Ten Hard Integrals
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March 5, 2014 Compiled on September 26, 2025 at 8:06pm

The first 10 integrals from [Kevin Charlwood’s 2008 article "Integration on Computer Algebral
are solved using different CAS systems.

The original post on this topic is [sci.math.symbolic by Martin|

These are the CAS systems used

1.

2.

10.

11.

Maple 18 on windows 7 (64 bit)

Mathematica 9.01 on windows 7

Rubi 4.1 on Mathematica 9.01 on windows 7

Sage 5.4 using the Sage web server notebook interface

Fricas 1.2 on Linux using sbcl lisp

. wxMaxima 12.04.0 (Maxima 5.28.02) on windows 7

. Axiom on windows 7 (May 2012) welcome screen image

sympy on linux (python 2.7.3 full installation. sympy 0.7.1.rc1-3) [starting image|

. reduce reduce-windows64-20110414 |help screen messagel with the algint package

loaded.
mupad engine in Matlab 2013a symbolic toolbox

xcas 2013 January, version 1.0 on windows 7

Optimal answer to each intergal taken from Rich’s referenced PDF below.

Downloads, references and links

1.

2.

3.

Mathematica downloads

o [Mathematica notebook of the first 20 integrals|

o Mathematica PDF of the first 20 integrals|

o [Mathematica HI'ML of the first 20 integrals|

Rubi downloads

e [Rubi notebook for the first 20 integrals|

o [Rubi PDF for the first 20 integrals|

e [Rubi HTML for the first 20 integrals|

Maple downloads

o [Maple worksheet in wm format|



mailto:nma@12000.org
https://php.radford.edu/~ejmt/ContentIndex.php#v2n2
https://php.radford.edu/~ejmt/ContentIndex.php#v2n2
https://groups.google.com/group/sci.math.symbolic/browse_thread/thread/5b821f0e38cd2440?hl=en
axiom_welcome_screen.png
sympy_welcome.png
reduce_version.png
mma/mma.nb
mma/mma.html
rubi/mma_rubi4.nb
rubi/mma_rubi4.html
maple/maple_18.mw

' T'M1L| worksheet in HTML
o [PDE worksheet in PDF
Maple Problem 10 trace entered as int (x~3*exp(1) “arcsin(x)/sqrt(1-x72),x);
.
- [PDF|
o [mw] Maple worksheet
Maple Problem 10 trace entered as int (x~3*exp(arcsin(x))/sqrt(1-x72),x);
.
- [PDE
e [mw] Maple worksheet
4. maxima.wxml| Maxima notebook.

5. |copy of Kevin Charlwood’s 2008 paper in PDF]

6. http://www.apmaths.uwo.ca/~arich/CharlwoodIntegrationProblems.pdf| Albert
Rich pdf file showing 50 integrals and the best antiderivatives expected

7. |nttp://www.apmaths.uwo.ca/ arich/CharlwoodProblems.m| The above is m format.

8. http://www.math.utah.edu/fag/reduce/|

9. http://www.reduce-algebra.com/packages.htm|

10. http://reduce-algebra.sourceforge.net/|

11. http://www.reduce-algebra.com/docs/reduce.pdf|

12. xCAS web page]

13. http://www.apmaths.uwo.ca/~arich/| Rubi Mathematica package home

The following is summary of results for each integral. Result with a () around it means the
antiderivative contains nonelementary functions.

system ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘ ) ‘ 6 ‘ 7 ‘ 8 ‘ 9 ‘10‘score‘
Mathematica 9.01 | v |V [V [V | (V)| (V)| ()| )| )|V | 100%
Rubi 4.1 VIVIXI D) ] 90%
Maple 18 VIV D) X 0%
Axiom May 2012) |V |V | X |V |V |V |V |V | X |/ ]| 80%
FriCAS 1.2 VIVIVIV I XX ] 8%
Sage 5.4 VIV XXX X[V | X |/ | X]| 40%
Maxima 528.02 |V |V [ X[ X | X | X |V | X | V | X | 40%
xcas 1.0 XXX/ X[/ X[ X] 4%
Sympy 0.7.2 X VXX X X | X[ X]| X |/]| 2%
Reduce 2008 XIVIX|V/] X X | X[ X]| X |X]| 2%
mupad 2013a XX X|/]| X X X X | vV | X] 2%



maple/maple.html
maple/maple_problem_10_done/maple_10.html
maple/maple_problem_10_done/maple_10.mw
maple/maple_problem_10_not_done/maple_10.html
maple/maple_problem_10_not_done/maple_10.mw
maxima.wxm
http://www.apmaths.uwo.ca/~arich/CharlwoodIntegrationProblems.pdf
http://www.apmaths.uwo.ca/~arich/CharlwoodProblems.m
http://www.math.utah.edu/faq/reduce/
http://www.reduce-algebra.com/packages.htm
http://reduce-algebra.sourceforge.net/
http://www.reduce-algebra.com/docs/reduce.pdf
http://www-fourier.ujf-grenoble.fr/~parisse/giac.html
http://www.apmaths.uwo.ca/~arich/

1 [ arcsin(z)ln(z) dx

optimal —2v/1— 22 + /1 — 22 log(z) + tanh™" (V1 — 22) — 2(1 — log(z)) sin~(z)
Integrate [AreSin([x] Log[x] , x]
M 9.01 -2 \._;'Il -x? +xArcSin[x] (-1 + Log[x]) +
-1+ \._;'I 1% | Log[x] + Log|1 + \_;'I 1-x2
Int[ArceSin[x] Log[x], x]
Rubi 4.1 . ~ — —
-2+ 1-x® —-xBrcSin[x] + ParcTanh[\_;' 1-x° ] ++/ 1 -x° Log[x]
> Irestart;
int (arcosin(x) *log(x) ,x) ;
1 . o [ 1
| -2 arcsin(x) tan - arcsin(x) |
1+tan[%arcs.1n 'r|| )
1 o)
Maple 18 1 \2 2 tan[ — arcsin(x) |
—Etﬂn[Tarcsm x) | In ~
) ’ 1+t:m[%arcs1n 'r||
= &
1 A ™ A
! | 2 tﬂn[ - arcsin(x) |
+ 2 arcsin(x) tan[Tarcﬂn x) |1n — o . —4 —ln[l
) ’ 1+t:m[%arcsm ‘r||
_ = s s
integral (arcsin(x) *1ln(x), =x)
Sage 5.4
(zlog(z) — x) arcsin(z) + /—x? + 1log(z) — 2/ —x2
féi -> integrate(asin(x)*log(x),
Fricas 1.2

) + (2log(x) - 4)\]- x

Type: Union(Expression(I


optimal/optimal_1_plot.png

sympy 0.7.1

>>> integrate(asin(x)*log(x),x)
Integral(log(x)*asin(x), x)

e

Axiom 5/12

(5) -> integrate(asin(x)*log(x),x)

+__

) + (2log(x) - 4)\]- :

Type: Union(Expressio

integrate (asin(x) *log(x) ,x) ;
Maxima 5.28.02 (. 1-x2 2| E— P
2 . _ . -
log —*—ras;n{:{]ix '_f:q[x]—:-_']+*\‘|l—:{‘ log{x)-2 a,,'i—:{‘
S
int (asin(x) *log{x) ,x

reduce 2008

/aru: sin(x }log(x) dx

H'T'MUI, of tracel
of trace

mupad 2013a

evalin(symengine,’int (asin(x)*log(x),x)’)

int (asin(x)*log(x), x)

XCas

int(asin(x)*log(x),x)

Simplification assuming x near 0+
Simplification assuming x near 0+

[ asin(x) *In(x) cbx

—_



reduce_logs/1/HTML/trace_1.html

x arcsin(z)

2 dx
v1—x2
optimal z —+/1—z?sin"!(x)
x AreSin[x]
Integrate [ _— x]
1 - %7
M 9.01
- "-_;'I 1-x° ArcSin[x]
X Arciin[x]
Int.[ r .‘.{]
Rubi 4.1 1-x
K- 1-x° Arciin[x]
> restart;
Maple 18 int(x*arcsin (x) J-"'sqr'!: (1-x"2) ,x) ;
x — arcsin(x) \/ 41
Sage 5.4 integral (x*arcsin(x) /sgrt(1-x~2), X)
—+/—2?% + 1 arcsin(z) + =
Fricas 1.2
Type: Union(Expression(
>>> integrate(x*asin(x)/sqrt(1-x*+*2),x)
sympy 0.7.1 X - (-x**2 + 1)**(1/2)*asin(x)
Axiom 5/12
Type: Union(Expression(In
Maxima 5.28.02 (%15) ;ntegraﬂie (x*asin (%) /sgrt (1-x"2),x);
($05) =x —1|| 1-x° asin(x)



optimal/optimal_2_plot.png

reduce 2008

int {x*asin(x) fegrt (1-x*2) ,x) ;

- <,l‘ —z? 4+ laresin(z) +x

mupad 2013a

evalin(symengine, ’int (x*asin(x)/sqrt(1-
x72),x)’)

int ((x*asin(x))/(1 - x72)~(1/2), x)

Xcas

int(x*asin(x)/sqrt(l1-="2),x)

Simplification assuming x near 0+
Simplification assuming x near 0+

[x*asin{x}

“ Vel 1)




3 / arcsin (\/ﬁ — \/5) dzx

(VatavaFl)y/ Vovaris — (x4 ) sin7! (Vo —Vz +1)

optimal _ 172
1K
&
-
i I [ iLE
Integrate [Arcsin ["-,n' x+1 - ‘\J’?] ; x]
—xhrcsin[‘u’?—‘mjl+x] -
(1+x) I::1+2:;—2‘~f;‘~.-'1+x:]2 [2 ﬂ\,l'll_x+'\.-'?‘~.-'1+x
M 9.01
I:—3—211+2*~."f;*-."1+x:]+3"-.,"|I—2—4x+4‘\.-"';‘\.-'1+x
I.Dg[ﬂ“-.,"ll—x+“-."f;“-.-'l+x +"‘-.,,'|II—2—4H.+4"‘-.."{;"‘-."1+J{ ”
(ev2 (-vx +3V1+x)® (1+x-vVxV1T+x)7)
Int.[.hrc.Si_n["q"Jc+1 -*.."x],x]
R'llb14]. |I —_—
- Su.‘l::-s1:[In1:[».p'1—:rr.2+.11:11.'—1+:rLE ,
—xﬂrc‘.ﬂin[n"x -V l+x ] + ! —
-h_.ln'z
> restart;
int (arcsin(sgrt({x+l) -sgrt(x))  x) ;
3
—[—arcsm[ Jyx+1 +\J{_]+—tan[—arcsm[ Jx+1 +-\J{_]] —%
3 7
+ ‘c]] —%tzm[%arcsin[—\."_‘c+1 + 'c]] +%arcsin[—w':c+1
Maple 18 +H]tan[%arcsin[—~,.":c+l +E]Ju+%arcsin[—\."_‘c+1 +‘,."T]t
- x+1 +\J{_]] +—arcsm( yx+1 +E]t3ﬂ[%arcsiu(—w':c+l
g
- x+1 +ﬁ]ta:n[%arcsin[—~,.":c+l +\J{?]] +%tan[%arcsin[—
[[1+tan[—ar-:sm[ yx+1 +\a{_]]] [—arcsnn[ yx+1 +\,.'f_
integral (arcsin(sqrt (x+1)-sgrt (x)), x)
Sage 5.4

evaluate



optimal/optimal_3_plot.png

Fricas 1.2

(18) -> integrate(asin(sqrt(x+1)-sqrt(x)),

(18)
.
=+ | -+ #
(8x + 3)atan( ) + (3\]x # \[x N2\ x \|

Type: Union(Expression(Inte

.;,I

sympy 0.7.1

>>> integrate(asin( sqrt(x+1) - sqrt(x) ),x)
Integral(-asin(x**(1/2) - (x + 1)**(1/2)), x)

>>> |

Axiom 5/12

(7) -=
(7) -= integrate(asin(sqri({x+1)-sqrt(x)),x)
7) -=
=> Error detected within library code:
failed - cannot handle that integrand

(7) -> }

Maxima 5.28.02

(%¥16) integrate(asin(sgrt(z+l)-sgrt(x)),=x):;

A

reduce 2008

int {(agin{sgrt (x+1) —agrt (=) ) ,x) ;

/ arcsin ( \':I‘ 41— \;) dx

mupad 2013a

evalin(symengine, ’int (asin(sqrt (x+1)-
sqrt(x)),x)’)

-int(asin(x~(1/2) - (x + 1)°(1/2)), x)

Xcas

int (asin(sqgrt (x+1) -sgrt (x) ), x)

Warning, choosing root of [1,0,%%%{-4 [1]1%%%}+%%%{-2.[0]%%%}.0
Warning, choosing root of [1.0.%5%%{-4 [11%2%5%}+%C%%{-2 [0]%%%2%} 0.
Warning, choosing oot of [1,0,%9%%{-4.[11%%%}+%%5%{-2,[0]%%%},0,
Warning, choosing root of [1.0.%%%{-4.[1]%%%}+%%%{. 2 [0]%%%}.0
Warning, choosing root of [1,0,%%%1{-4,[1]1%%%}+%%%{-2,[0]%%%}.0
Warning, choosing root of [1.0.%5%%{-4 [11%2%5%}+%C%%{-2 [0]%%%2%} 0.
Warning, choosing oot of [1,0,%9%%{-4.[11%%%}+%%5%{-2,[0]%%%},0,
Warning, choosing root of [1.0.%%%{-4.[1]%%%}+%%%{. 2 [0]%%%}.0
Warning, choosing root of [1.0.%2%5%{-4 [11%2%2%}+%C%C%{-2 [0]%%2%}. 0.

symZ2poly/r2sym(const gen & e const index_m & I,const ve

.




4 /ln (1+xm) dx

zlog (V@2 F1z+1)  +  (/2(1+VB)tan (VVE-2(VaZ+1+

optimal
2 (v/5—1)tanh™’ (\/2+ VE(Vz? + 1+x)) — 2z
Integrate [ch[l + x'\l' 1+ x° ] . x]
I'5+-'-.,-'?'I ArcTan[ | - x]
' ! ﬁ\,' 1+4'5
-2 x+ . +
|
,'I 10 (1+4/5)
, . ;
M 9.01 — — |:'—5+‘-.,,-'?.:I BrcT:
2 2 ~ \ J
||—|._ ﬁrcTan[ ||—|._ "-.‘,1+x_'r' ] -
'HI -1+4/5 ‘\ql -1++/5 |
|I lﬂ |_1
U
I 2 | 2  —  —
f — hrcTanh[ f — "-,‘1+xz]+xl.cg[l+x‘\,‘1+x:
Vo1+4/5 YV 1+4/5
H l
Int[Lc.g[l +x'\f1  x ] x]
1 — 1 | 2
21— — [1+v5 | Arn:‘.Tan[ | ——— x]+
W10 ¢ ' W15
L]
1, — | 2 |I 2
2,/ - (2+V5 | areTan| | —— x|+ | — —— A
Vo5 ! i ﬂ"-,l 1++/5 s [-1++5 |
5 1 i
bl &1 E—— 2 o,
1.'—!—1+‘-J"5| Arn:‘.Tan[ | ———— w\.‘1+x‘]+21|'_!_2+
V5! ' W -1 445 V5
i
| T
[ 1 — | 2 | 2
J = -1+ rcTamn| | ——— x|+ [ ———— 2
10 ¢ : *-.1I -1++/5 WJs[1+45 |
\ 1 i
|
| 2 — | | - f
*-.'I —[1++5 | Arn:Tanh[ | ————— 4/ 1+x° ] +:rr.L|:|g[1 + K
e ' Y 1+4/5



optimal/optimal_4_plot.png

> restart;
int (log(l+x*sgrt (1+x*2)) ,x) ;

7 A
Js ar-:’tanh[ =t arctanh| ——
- o -
1n(1+_‘c\,.’:c:+1)_‘c—2:c—|— Voot ) -
J-2+205 J -2+
y) y y) y
= LXK LX
y 3 arctan| —— arctan| ———
N [Jzﬁ+2;+ [J_ﬁ+_;
J2J5 +2 J2J5 +2
™
7 ——— [+ — 7 ———
— =JJ5 —2 5 arctanh vl o x + =245 J5 arctar
5 = 5
Ve T
f A f A
= \._‘L':+1—_‘C = \._‘L’]+1 — X
y 3 arctanh| ——— y 3 arctan| ——
Maple 18 1 245 ) 1 Jis —2 )
2 [———— 2
- '\.2"'\."'? - \.\."'?—2
= _ ' = _ A
J 5 arctanh| S arctanh| - R
_ 3 JJ/5-2 ) 1 V5 -2 )
10 - 2 =
E. !
f A i A
IS arctan \._'c:+1—:c arctan \.:cz+1—:c
J R R
_i \'—+\"|'? 4 _L 1~|_+\~|'|.? J
[—— 2 [————
1o J2+J5 < J2+J5
\.'f:_"]._'f\ \.'C:_F]. _'L"\
arctanh - - arctan| ———
_ 1 V2445 ) L1 Vs -2 )
2 [—— 2 —
integral (In(l+x*sqrt(1+x~2)), x)
Sage 5.4

:1:1:1:.'rg(+.”-*:.:'2 —|—1:13—|—1) — 2z + arctan(z) +Iﬁy’_§:_::

10



(12) -> integrate(log(l+x*sqrt(1+x~2)), x)

(12)
-
| +-+
A\J\|5 +1
atan
$reenns + + ==
+-+ | 2 +-+ | +
((\]5 - 1)\Ix +1 - x\|5 + x)\|\|
/
ROOT
+-+ 3 | 2
(- 8x\|5 16x 8x)\|x + 1
+
p.
16x + 4
+
$ocennn +
+-+ | 2 2 -4
- 2X\|2 \|x + 1 + (2x + 2)\|2
+
$eccmnana -
| +-4
AV
log
e + 4= -
+-4 | 2 +-+ | +
((\]5 + 1)\|x +1 - x\|5 - x)\|\|
+
2 +-+
(2x + 2)\|2
+
e + frozss==s +
| -+ | +-4 +-+ +-4
VIMIS - 1 log(\J\]5 -1 + x\|2 ) + 2x\|2 log
+
$reeenns + $omemenns +
| +-+ | +-+ +-+

- \INIS - 1 log(- \J\|S -1 + x\|2)

+
eoccemnns -
[ + -+
\IAIS -1
log
+ $rmmmmn
+-+ | 2 +-+ | +-+
((- N5 - 1)\|x + 1 + x\|5 + x)\|J\|5
+
2 + -+
(2x + 2)\|2
+
eommeanne +
$reccnnna - | +-+
| +-+ VIAIS + 1
- 4\I\I|5 + 1 atan(-----------=--crecnnnen-- ) - 4x)
frmmemmmnmn - +




sympy 0.7.1

Axiom 5/12

Maxima 5.28.02

>>> integrate(log(l+x* sqrt(l+x**2)),x)
Integral(log(x*(x**2 + 1)**(1/2) + 1), x)

(W5 + 1)\|x o AN EREEES AN AN I

2 +-+
(2%

+-+ +-+
-1 log(\|\]5 -1 2 ) + 2x\|2 log(x\|x

-AJ\5 - 1log(- \|\|5 -1 +x\|2)

+-+
((- %]5 - 1)\|x +1 + x\|5 + x)\|\]|5

2 +=
(2x + 2)\]|2

P
+-+ ' +-+ | +-+
((\]5 - 1D)v|x +1 - x\|5 + x)\|\|5
2\\]5 + 1 atan(

2
+ (- 2% - 2)\]2

Type: Union(Expression

integrate (log (l+x¥*sgrt (14+4x"2)) ,x);

232+1 { 2 ™
j dx +x.1ogkxwﬁx‘+1_+1j+atan{x]—2J

xz+1{33+x}+32+1

12



reduce 2008

14: int(log(l+x*sgrt(l+x*2)) ,x):

— r—
= —= 1,b.:r:--l--x — VYEi+l+z o
?-.".-'4..-5—?\-551('131'. —— —?H.-'\S—?arc'lan ——— —1:1-5—?'.

VVE+2 VVE+2

| ——

Vv V5 _:Jlag(ﬁi.'rf +1- ,,'"'\-'E_ 2 —-r) — V8- Elog(k'r:—-—l—-— V Ny +:) +21s

mupad 2013a

evalin(symengine, ’int (log(1+x*sqrt(1+x~2)),x)’)

result in mupad 4. txt]

XCcas

fint (log (1+x*sqrt (14x~2)), x)]

rootof([[1, -1

2

3,27 1 [1, 0, 6, 40, 29 ] J*n( x-{\/

64
roatof([[-1, 1, -3, 27 1, [1, 0, 6, -40, 29 ] J)*In( x+\/
- = .
rootof([[1, -1, 9, 23 ] [1, 0, -14, -40, 11 ] ])*atan(-
\
16 |

rootof([[-1, 2, 7 1 [1, 0, -14, -40, 11 ] D)*in( \/.xT

El El

32
2
rootof([[1, 2, 7 1. [1, 0, 14, -40, 11 ] D*in(Vx -

32

5 39 ] [1, 0, 6, -40, 29 ] Jy*atan

El 2 2

64

13


mupad_4.txt

cos?(x)

/ dx
v/cost(z) + cos?(z) + 1
. z 1 -1 sin(z) cos(z) (cos?(z)+1)
optimal = 3 + 3 tan (\/cos4(x)+cosz(x)+1 cos2(:1:)+1>
Cos[x]?
Inte-grate[ P X
Cos[x]®+Cosx]? +1
M 9.01 —|z :Cns[x]‘ElllptlcFl[— + , '_Arc'.Slnh[ o ——— Tan[x]] .
2 Wo-31+4/3 31+
| 2:iTan[x]® | 2iTan[x]® | AN i R
- — |14 — |/ | | -——=—— 15 :&8cCo=[2 x]
\ -3i+q/3 3i++/3 Vo-3144/3
Cos[x]?
Int.[ R x]
"q'rﬂ-crs [x]* + Cos[x]? + 1
. . . N N . | i 3 14
Rubi 4.1 EllipticFi [: [3-1+ 3 |, Arcﬂln[ j - — 'Ian[:-r.]] .
& | I "',l; 114+ 3 3i-
| 7 j ; 2y | Z Tan[x] £ ! Z Tan [x] 4
3 -—22_ [1+Tan[x]®) [1.2ZTEL |1, 2222
AT 3 FENE- A a-i+)3 4| 2+i-) 3
N ¥
> restart;
int (cos (x) *2/sqrt (cos (x) *4+cos (x) *2+41) ,x) ;
—[2 \,"r —[cns[z ‘c] + 4cos(2x) + 'a‘] [cns(i.‘cjl— 1] (—3
_ S 7] —
4 I\."?] ."r { 1+1.,)3 ] (cos(2x) —1 (cos(2.x)
W {—3 + I\."T] (cos(2x) + 1
+1)
Maple 18 / f
2 2 ey 1 _
2 cos(2x) +24+1,13 | I3 —cos(2x) — Elliptic

J (13 +3) (cos(2x) +1) 4 {—3+IJT]|:.:+:.5(2_3+13
[ (-1+1/3) (cos(20 —1) -3+1J3 [ (1+1/3) (-3+1
J (34103 ) (eosi2x)+1) " -1+1y3  (1y3 +3)(-1+1/)"
+1,3)

J[cus( x) — 1) (cos(22 ]+1)(cus[ :|+?+I-.~."'T]{I-\."'T—CUS(EI:I—

y’rcns[ )+4c05( :l+'.")

14


Martin_5_plot.png

Sage 5.4

integral (cos(x) ~2/5grt (cos (x) ~4+cos (x) ~2+1

J

COS |:.t} :

L.-'Fcus {z] 4-1—1:05 I::r} 2+1

dz

Fricas 1.2

cos(x)"2/sqrt(cos(x)"4 + cos(x)"2 +1)},

=» Error detected within library code:
Imaginary part is nonzero. Cannot retract.

(16) -> B

sympy 0.7.1

(waited one hr)

Axiom 5/12

, )

] 4 3
(cos(x) + 2cos(x) + cos(x) )sin(x)

\|cos(x) + 4cos(x) + 6Bcos(x) + 4cos(x) + 1

5]
dcos(x) - 2

Type: Union(Expression

Maxima 5.28.02

integrate (cos (x) *2/sgrt(cos (x) *4+cos (x) "2+1) ,x) ;

cos| X }lﬂ
j d x
\Jcos{x}4 -'-c::ns{x}c +1

reduce 2008

int( ceos {x]“Equrt{cr_}J[x “d+cos(x)"2+1) ,x) ;

f\/ Cl“w[l' —I—f:-;ﬁ[:f} + 1 cos(

r.:=0-{ r} -+ ma{ x)* 24+ 1

mupad 2013a

evalin(symengine, ’int (cos(x) "2/sqrt (cos(x) “4+cos(x) "2+1) ,x)’)

int(cos(x)"2/(cos(x)"4 + cos(x)"2 + 1)~(1/2), %)

Xcas

int (cos (x)*2/sqgrt (cos (x) “4+cos (x) “2+1) , %)




6 tan(x) \/ 1 + tan*(x) dz

tanh—1! < 1—tan2 (z) )
optimal $\V/tan(z) +1— ﬁ\b @) Lsinh™" (tan?(z))
M 9.01 lclick to view|
Int[Tan[:-L] A1 +Tan[x]? , x]
Rubi 4.1 - .
ArcTanh | —>—===lx
1 ) - Sl 2 %) LsTan[x]® 1
- — ArcSinh |Tan[x]*| - — — % 1+ Tar
2 ; - 2 2
> restart;
int (tan (x) *sgrt (l+tan (x) *4) ,x) ;
1 Ay . 2 1 . 2
Maple 18 7V {1 + tan(x) ]l — 2tan(x) ; arcsmh{tan[:r:,l ::l
2 AN )
L s L 2m0) 3
B ql{l %—tan(x]:}‘-— Etan(x]: J
integral (tan(x) *sgrt (1+tan(x) ~4), X)
Sage 5.4
[/tan(z)* + 1 tan(z) dz
(21) -» integrate( tan(x)*sqrt{l+tan(x)"4), x)
2log(\|tan(x) + 1 - tan(x) )
frsssssmmmm=
o 2 +=+ | :
+-+ (2n]2 tan(x) - 242 ):\|tan(x) + 1 + 3tan(x) - 2tan(x)
Fricas 1.2 \]2 log(

Type: Union(Expression(Integer)

sympy 0.7.1
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Axiom 5/12

Maxima 5.28.02

(10) -=
(10) -= integrate( tan(x)*sqrt(l+tan(x)"4),x)
(18) -=

(10)

-+ 4 +-+ 2
(4\]|2 cosi(x) - 2%|2 cos(x) )

\Y| cos(x)

4 2
Bcos(x) - Bcos(x)

4 2
(2cos(x) - 2cosix)

p
- dcos(x) + 2

lq.
cos(x)

cos(x)

Type: Union(Expressio

integrate (tan (=) *sgrt (l+tan (=) ~4) ,x);

Itan{x]than{x]4+1 dx

reduce 2008

int (tan(x) *sgrt(l+tan

(x)"4) ,x);
/‘\/’[an[’_x:}4 + 1 tan(.

mupad 2013a

evalin(symengine,’int (tan(x)*sqrt(1+tan(x)~4) ,x)’)

int (tan(x)*(tan(x)"4 + 1)°(1/2), x)

17



Xcas

jint (tan(x) *sgrt(l+tan(x)~4), =)

2 2 2
\/ X tanéx} ) +1 In( \/4 . tanéx}

2
)

+1=

2
2*tan(x)

> =21

A
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tan(x)

\/sec3(z) + 1

dx

optimal —2tanh™ ( sec?(z) + 1)
Tan[x]
In[23]:= Integrate[—, X
A sec[x]®+ 1
) ) | iCoalx] SEIZ'.-%-E Co3i_ 3.
out23= - |iCos[x]® |EllipticF|iArcSinh|+' 3 | —= , —
- SN —31443 T 314430
R o iCos[x] SEI:'.-: :
EllipticPi|- [3+1+/3 |, iArcSinh[+V3 _ — \
M 9.01 - PN 31443
_ V3 -3:Tan[%]® 3 .34
W (4 +3Cos[x] + Cos[3 x] Sec:xjg _"
| -3i+43 | 31+
| coslx] Sec|®] .
3. = 1+3Tan| —| |
N -3-143 -2
Tan[x]
In[Z2]:= Int[ P x]
Rubi 4.1 sec[x]®+1
2 Py
Outf22= - 3 ﬁrcTanh[ 1+ Bec[x] ]
restart;
Maple 18 int (tan(x) /sqrt (sec (x) *3+1) ,x) ;
—? arctanh(«,.-" slac:l::c‘_l3 + 1 }'
integral (tan(x)/sgrt (sec(x) ~3+1), X)
Sage 5.4
1 1 1 1
Elog _ -+1-1 —Elog -+1+1
cos (z) cos (z)
(17) ->
(17) -= integrate( tan(x)/sqrt(sec(x)”3+1), x)
3 2 |4cos(x) - 4dcos(x) + 4
Fricas 1.2

log((- cos(x) - cos(x) )

cos({x) + cos(x)

2

=
Type: Union(Expression(I
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sympy 0.7.1

>>> integrate(tan(x)/sqrt(sec(x)**3+1),x)
raceback (most recent call last):
File "=<stdin=", line 1, in <module=
NameError: name 'sec' is not defined

=

Axiom 5/12

(11)
(11) -= integrate( tan(x)/sqrt(sec(x)"3+1),x)
(11) -

(11)

6 ] 3 2
(- d4cos(x) - d4cos(x) - 2cos(x) - 2cos(x) )

|4cos(x) - 4cos(x) + 4

V| cos(x) + cos(x)

¥] 3
Bcos(x) + Bcos(x) + 1

Type: Union(Expressio

Maxima 5.28.02

_nteg?ate(tan xufscrt (sec j“?—ll,xu,

lr:g| -'-l l lr:ug| -'-l l
cr:us(x] CDSI:x:I J

reduce 2008

int (tan (x) /sgrt(sec(x) *3+1) ,x) :

/V/ser:[::r'}'?' + ltan(z)

sec(z)® + 1

dzx

mupad 2013a

evalin(symengine, ’int (tan(x)/sqrt(sec(x)~3+1),x)’)

int (tan(x)/(1/cos(x)”"3 + 1)"(1/2), %)

Xcas

int (tan (z) /sqrt (sec (z) “3+1), =)

Warning, integration of abs or sign assumes constant sign by intervals (c
Check Vector [abs(cos(x))]
Discontinuities at zeroes of cos(x) were not checked

)
B CGS{x]4+CGS{x] cos{x) >

20



8 / \/ tan®(z) + 2tan(z) + 2dx

. 1 —1 { V1+v5Btan(z)—V/V5-1 1 _ -1 { VV/5-1ta
optimal —~ \/2 (1 + ‘/5) tan <\/§\/tan(x)(tan(:v)+2)+2> \/2 (\/5 1) tanh <\/§\/taT(w
sinh™(tan(z) + 1)

M 9.01 click to view

Int["-.J'rTan[:-:]: +2Tan[x] +2 , x]

1 - 424 +
Rubi 4.1 ErcSinh[l + Tan[x]] - E iv1-21 E—‘;rn:Ianh_
2+/1-21 2+
1 —_— r 4+21)+072+21) Tan[x
—iv1l+231i ARrcTanh
< 2+/1+21 4/ 2+2Tan[x] + Tan[x]2
Maple 18 image
integral (sgrt(tan(x)~2+2*tan(x)+2), X)
Traceback (click to the left of this bl
Sage 5.4
RuntimeError: ECL says: Error executinc
cannot be imaginary; found %1
(18) -=
(18) -> integrate( sgrt(tan(x)~2+2*tan(x)+2), x)
Fricas 1.2 L )
Y tan(%A) + 2tan(%A) + 2 d%A
Type: Union(Expression(Ir
sympy 0.7.1 . J .
Axiom 5/12 HTML

(#112) integrate (sgrt(tan(x) *24+2*%tan(x)+2),x);
sign: argument canncot be imaginary; found %i

Maxima 5.28.02

—— an errcor. To debug this try: debugmode({trus),

int(sgrt(tan(x) *2+2*tan (x)+2) ,x) ;

duce 2008 ' '
reduce /\f/taﬂ{;l‘]z — ‘21:31‘1{33] + £ dI

evalin(symengine, ’int (sqrt (tan(x) "2+2*tan(x)+2) ,x)’)
mupad 2013a

int ((2*tan(x) + tan(x)"2 + 2)°(1/2), %)
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int (sgrt(tan(x)~242*tan(x)+2) ,x)

13 1 1
— 2
{(84) +8*8 }*In \/taﬂ (x) +2*an(x)+2=tan(x)) +(= \/_}
64

jT 3 17 {\/tEH{X} 2+2*tan{x}+ 2-tan{x}-£
{'(B }'B*{\@:HB*B }*atan{

1
r
8

XcCas 3 2

13 1 1
— 2
{-(84} -2 *8 }*In \/tan (x) +2*an(x)+2-tan(x)) +B \/_}
64

jT ’ 1? {\/taﬂ{.x:} 2+2*t8.ﬂ{.x}+ E-tan{_x;}--{
(=(8 ) +8*(\/2)+8*8 ") *atan(

1
2
8

32
IT=—

22



9 / sin(z) arctan ( sec(x) — 1) dx

optimal 1 cos(z)y/sec(z) — 1+ 3 tan™* ( sec(z) — 1> — cos(z) tan™! (w/sec(z) —
Fixi

M 9.01 lclick to view|
Int.[Sin[x] ﬁurr:.Tan["-.." Sec[x] - 1 ], :-:]

Rubi 4.1 L j
- E—‘Lrn:'.Ian[*-" -1+ 5Sec[x] | - E—‘Lrn:'.Ian[*-" -1+ 3ec[x] |Cos[x] + -
restart;

Maple 18 int({sin(x) *arctan (sgqrt (sec (x) _l},} LX)

|51'n|:_‘c:| arctan[w’ sec(x) — 1 } dx
integral (sin(x) *arctan(sqgrt(sec(x)-1)), X)
Sage 5.4 ] - M[E};
—cos(z) arctan| ./ — cosl@)1) _ + I arc
cos(2) (m{,; ; ) 2
2 -1
cos(2)
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Fricas 1.2

sympy 0.7.1

Axiom 5/12

Maxima 5.28.02

(19) -=
(19) -= integrate(sin(x)*atan(sgrt(sec(x)-1)),x)

== Error detected within library code:
failed - cannot handle that integrand

(19) -> |
update: per  [post on sci.math.symbolic on June 2

BTW: Current developement FriCAS can also do #9:

(3) -> integrate(sin(x)*atan(sqrt(sec(x) - 1)), x)

(3)
P
+
|- cos(x) +
cos(x) |-————————-
e
+ \l  cos(x)
- 2cos(x)atan(\|sec(x) - 1 ) + atan(-——---———————————-
)
cos(x) - 1
+
e +
|- cos(x) + 1
cos(x) |-—-—————————-
\|l  cos(x)
/
2

Type: Union(Expressi

>>> integrate( sin(x)*atan(sqrt(sec(x)-1)),x)
raceback (most recent call last):
File "=stdin=", line 1, in <module=
NameError: name 'sec' is not defined

g

(13) -=
(13) -= integrate( sin(x)*atan(sqrt(sec(x)-1)),x)
13) -=

=> Error detec Pd within library code:

failed - cannot handle that integrand

(13) -> |

integrate (sin(x) *atan(sgrt(sec(x)-1)),=x);

_J cos(x) - lw cnsix]—ll
atan -
cos{x)—1 | cos(x) cos(x)
—cos{x]atan| +
cos(X) 2ico=s(x)-1
cosix)

reduce 2008

int(sin(x) *atan (sgrt (sec(x)-1)) ,x)

arctan(-\/sect_:r'} — 1)

i
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mupad 2013a

evalin(symengine, ’int (sin(x)*atan(sqrt(sec(x)-

1)),x)’)
pretty(ans)
/
| 3 asin(cos(x)
cos(x) | ————————————-.
| 3/:
/11 \1/2 1\ \ 2 cos(x)
- atan| | --—--- -1 | cos(x) = —————————m e

\ \ cos(x) / /

XCcas

lint (sin (=) *atan (sgrt (sec(x)-1) ]L ®)

Warning, integration of abs or sign assumes constant sign by intervals (c
Check Vector [abs(cos(x))]

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Simplification assuming x near 0+

Discontinuities at zeroes of cos(x) were not checked
Evaluation time: 11.933

cos(z)?

—(— cos(x 2 cos(x)sign(cos(x)) cos(x
—atan(\/ (% cosla))eos(@)sign(cos(z)) cost )> cos (z) + 2(—sign(cos

. . 3
(sign(wsl(x))) — - 5 - zasin(2- —cos(z) + 1) + 2(sign(cos (z)))” - m

(sign(cos(m)))2(2w —(- cos(z))2+cos(m)—1) —(sign(cos(w)))2-|— 2¢/—(— cos(m))2+co

—2.— cos(z)—1 —2.— cos(z)—

1
abs(sign(cos(z))) atan ( abs(sign(cos(z)))-2
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3 jarcsin(x)

xIr'e
10 ——dx
V1 — 2
optimal % (w3 —3V1—222%2 —3V/1—22+ 3:1:) esin”' (@)
x? Exp[ArcSin[x]]
Int.egrate[ ' v_]
M 9.01 1-x°
1 ArcSin[x] ) z . - - e e .|
-— g ol |15 |—:vr.— vl-X | - 3Cos[3Arc3in[x]] + 5in|[:
40
x® Exp[ArcSin[x]]
Int.[ ' J{]
Rubi 4.1 1-x
i E?.rr:E:i:.:x: q - i E}.rr:E:i:.:n:: }LE _ i E?FEE:: H YE }LE B 3 EE!-:
10 10 10 10
> restart;
int (x*3*exp (1) *arcsin(x) /sgrt (1-x*2) ,x) ;
Maple 18 I - | 2 arcsin| ¥} 2 3 wesingy) | AN
apie T0 Lr—.~g —x |}Lj Ca A 0 g Lf—'g ¥
integral (x*3*exp(arcsin(x))/sgrt (1-x"2), |X
Sage 5.4
Fricas 1.2
e: Union(Expression(Integer),...)
/sqri(1l-x*+*2) ,x)
sympy 0.7.1 x**2 + 1)**(1/2)*exp(asin(x))/10 + 3*x*exp(asi
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(13) -=»
(13) -= integrate( x"3*exp(asin(x))/sgrt(l-x"2),x)
(13) -=»

Axiom 5/12
Type: Union(Expression(Integer),...
integrate (x*3%exp(asin(x) ) /sgrt (1-x"2) ,x);

Maxima 5.28.02 in(x

33 %Easun{ i

dx
1-x°
int( x*3%*exp(asin(x))/sgrt(1-x*2),x) ;
arcsin(x) .3

reduce 2008 T ae

V/ = .?,'2 +1

evalin(symengine, ’int (x"3*exp(asin(x))/sqrt(1-

~2) ,x)
mupad 2013a x72),x)")

int ((x"3*exp(asin(x)))/(1 - x72)°(1/2), x)

int(xz"3%exp(asin(x) ) sqrt(l1-="2),x)

Simplification assuming ¥ near 0+

xcas Simplification assuming x near 0+
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zlog(1 + z?) log(z + /1 + z2)

11
V14 2

dzx

j - j _— .
4x-2ArcTan[x] -2% 1 +x° Ln:g[:-r.—'x-' 1+x° | + Ln:g[l + X°

optimal ’

Fixi

Integrate[{(x«Log[l +x*2] v Log[x + Sgqrt[1 +x22]]) / Sqgrt [l + x~2], x]

M 9.01 , - , —_ L , - . —
4x-2RrcTan[x] -24% 1 +x° Lc:g[x—"-\-' 1+x° —Lc:g[l— x‘_ |—x—"-\-' 1+x° Lc:g[x—"-\-' 1+x°
Int[{x*Log[l+x"2] *Log[x+ Sgrt[1l+x"*2]]) /Sgrt[l+=x"2], x]

Rubi 4.1

4 x -2 ArcTan[x] —xLog[l+x2] -2 1+ x° I.Dg[m+—'\,I'IIIL+)-:2 ] +'\,I'II]_+:'-L2 Log[l+x2] Log[

=> restart;
intg:= x*log(l+x"2) *log (x+sgrt(1+x"2)) /sgrt(1+x"2);

ntg = ﬂn(xz + 1] ln(-’f + \/xz——i—l)
Maple 18 et

=> int (intg,x) ;
xln(x2 + l] ln(er N . +1 ) dx
v e +1
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M 9.01

Integrate [ArcTan[x + Sgri[l -x*~2]], x]

- 1 ( - —
xh.rcIan[x+\n'll—x‘ ] s = ‘—BMcSin[x] +2v2+2143
18

i — =1 ¢ = ) — — [ — I — i =
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=> restart;
intg:= arectan(sqgrt(l-x*2)+x);
int (intg, x) ;
intg = arctan( 2 + 1 +x)
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