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1.1 Introduction

The magic of Lie symmetries comes from the idea that if non trivial symmetry for an ode
can be found, the symmetry makes solving the ode much simpler. For first order differential
equation, the symmetry (or rather the tangent vectors associated with the symmetry) are
used to convert the ode to canonical coordinates where the original ode becomes a quadrature
ode solved by just integration, and this is regardless of how complicated the original ode was.

The ode in canonical coordinates is solved by integration and the solution is converted back
to the original natural coordinates giving the solution to the original ode.

For higher order ode’s, the symmetry is used to reduce the order of the ode by one. Making
it easier to solve.

Let us start by looking at first order ode’s first. Next section will consider second order ode’s
once I learn that subject more.

Given an ode in the space (z,y) which is called the natural coordinates to distinguish these
from the canonical coordinates (X,Y") used later in which the ode becomes a quadrature.
Assume the ode to solve is

W — w(w9) (1)

We look for one parameter group of symmetries that when applied to the above ode leaves it
in same form. i.e. invariant. This is called Lie continuous group of symmetries which depends
on one parameter. It is continuous group and not discrete symmetry group (as say with the



case of symmetries for a triangle) because symmetries depend on parameter € which is a real
number and whose value is continuous. This Lie parameter is typically called € but some
books call it A. These transformations are given by

z(z,y) = f(=z,y;¢) (2)
y(z,y) = g(z,y;¢€)
Where in the above f, g are independent functions of each others and continuous and analytic
in €. The ; before ¢ is used instead of comma, to indicate this is a parameter. Eq (2) is the

symmetry transformation that when applied to ode (1) results in an ode of same form as (1)
but using the new coordinates (Z, ).

We are interested in non trivial transformation (2). This means a transformation that maps
points on one solution curve of (1) to a different solution curve. If the transformation maps
point (z,y) to (Z,y) on the same solution curve, then it is called a trivial transformation.

The identity transformation in (2) is when ¢ = 0. Therefore

y=9g(z,y;0) =y
Every Lie group must have an identity element and this is given by ¢ = 0. (The Lie group
must also have a unique inverse element for each element in the set of transformations,
and the set be closed under application of the transformation. But not all Lie groups are
commutative or associative (i.e. Abelian). Consult more mathematical book on properties of
Lie group if interested. These notes will concentrate on the algorithmic aspect.

Looking back at (2), since f, g are analytic in £, they can be expanded in Taylor series near
€ = 0 which results in

izf(x,y;0)+a—f e+ O(e?) (4)
Oe |._

F=g@y0)+ 2| e O(e?)
68 e=0

Choosing € to be very small, higher order terms O(¢?) can be ignored. Also since f(z,y;0) = =
and g(z,y;0) = y because € = 0 is the identity transformation, (4) simplifies to

()

Typically, the term % .o s called &(z,y) and %L‘:O is called n(z,y). Therefore (5) is

written as

T =u1x+¢el(z,y) (6)



The functions &(z,y) ,n(x, y) are the most important quantities in Lie group symmetry. These
are called the Lie infinitesimals. Geometrically, these are the tangent vectors at the identity
on the tangent plane which is the Lie algebra. If these tangent vectors can be found for the
given ode, then the ode can be now transformed to quadrature in the canonical coordinates,
regardless of how complicated the original ode was.

The transformation (6) must leave the ode invariant. This is called the Lie invariance condition.
Therefore

da
2 =w(@,g) (7)
Whenever p
= w(@,y) (1)
Hence, starting with (7) it can be written as
dy & _
P % = w(Z,Y) (8)
Where % is the total derivative with respect to « and %is the total derivative with respect
to z. But
dy d
dr E(y +en(z,y))
_dy | _dn(z,y)
dx te dz

_dy dy

But % = w(z,y), therefore the above becomes

dx
o
= w e, +wn,) (9)
Similarly
dr d
I = g & Te€@y))
d
=1+ (e€(,9))
d
=1 +s(€x +£y£)
=1+e(6 +wéy) (10)

Substituting (9,10) into (8) gives

dy %
dz g
= w(Z, )



Hence the above becomes

w ~+ £(n + wny) _

1+e (& + wéy) Z9) (11)

= w(r + e,y +en)

Looking at left side of (11), the term m can be moved to numerator using binomial

expansion. Since -1- = (1 +z) ™", then using

1-|—z

n _ n(n_l) 2
(1+z) —1+na:+Tx + -

Therefore, using n = —1 the term (1 + &(¢, + wé,)) ™" becomes (using z = (&, + wE,) here)
(1+e(E +wg)) " =1— (6 +wEy) + (e +w§)’ -

But since ¢ is very small, all terms with O(e?) and higher can be ignored. The above becomes

(L+e(6 + wﬁy))_l =1-¢e( +wy)

Using the above into (11) gives

(w+e(ne +wny)) (1 — &6 +wéy)) = w(z + &€,y +en)
w—ew(& + w&y) + (e + wny) - 52((7728 + w"?y) (& + w€y)) =w(z + €€,y +en)

But since ¢ is very small, the above simplifies to
w — ew(&; +wéy) +e(n, +wny) = w(z + €&,y +en) (12)

Now we expand the right side of the above using Taylor series. Since w(z, y) is function of two
variables, we use Taylor series expansion for two variables. The expansion is made around
the point (z,y) as shown in this diagram

T+ ey +en) = wla,y) + €22 + enl +O(e2) +
T+ €€
ZL‘U \/\ /
* (z+ey+en)

Y + €1
Figure 1: Expanding w(z,y) in Taylor series
Hence approximation of the right side of (12) is

w(z + €€,y + en) = w(z,y) + e€w, + enwy + O (%) + - --
= w(z,y) + e(wz€ + wyn)



Substituting the above in (12) results in

w—ew(&y + wéy) + (e + wny) = w + e(wz€ + wyn)
—ew(éy + wéy) + e(ne +wny) = e(wz€ + wyn)
—w(& + w&y) + (N + wny) = we€ + wyn
—wE — Wy + e + Wil — W€ —wyn =0

Or

Ne + w(ny - €z) - w2€y - wz€ — Wyl = 0 (13)

The above equation (13) is what is used to solve for £, 7. It is the linearized symmetry condition.
There is an additional constraint not mentioned above which is that we must have

TGy # TyYo
PDE (13) is solved using ansatz. Examples below show how this is done.
OK, now let us assume that we have found the tangent vectors £, n by solving (13). What to

do next? Here comes the main point of using Lie symmetry. To make any first ode % =w(z,y)
solvable by quadrature, we impose transformation of the form

X=x (14)
Y=y+e¢

This transformation maps points on one solution curve to points on another solution curve,
but by only changing the y coordinate. Hence it is vertical displacement or shift. The X,Y
are called the canonical coordinates and these are functions of z, y. In other words, the above
can be written as

X(z,y) =1 (14(a))
Y(z,y)=y+e (14(b))
From (14 a) we obtain
0X
ndnlal =0
O¢ |._
dx dy
=X, — X, == 15
de 6:0+ Yde|._, (15)
But what are Z—z .o and % ‘g=o? These come from the earlier relation we had, which is
rT=x+¢€€
Therefore _
¢
de



But at € = 0, we have ¥ = z since the identity. Therefore

dz
% e=0 a £
Similarly
dy
E e=0 —
Now (14 a) becomes
0=X.£4+ X, (16)
Similarly (14 b) gives
ovy _,
O¢ |._g
d
— Yz d_.’L' + Y;/ _y
de |._, de |._,
=Y{+Yyn
Hence
1=Y:{+Yyn (17)

Equations (16,17) are now solved for Y (z,y) and X (z,y). Once these are found, we will find
the ode in canonical coordinates to be of the form

dy
ix = G(X)

always. In other words, one that can be solved by just integration. Equations (16,17) are
again the following

0= X+ Xyn (16)
1=Y,{+Yyn (17)
Each is solved by the standard method of characteristics in PDE. To apply this method, let us

start with (16). We assume the characteristics variable is 7 and say that X (7) = X (z(7) ,y(7)).
Hence

dX dx dy
Comparing (16, 16a) shows that
dX
= 0 (18)
dx
T =¢
dy _
dr "



And similarly, we let Y(7) = Y (z(7),y(7)), hence

day dx dy
=Y,—+Y,—~>
+ Ydr

kel a 1
dr dr (17 )

Comparing (17, 17a) shows that

— =1 (19)

Now we solve (18,19) for Y (z,y), X (z,y) since &, n are known. Examples below show how
this is done. At the end of this process, we will have Y, X and now we evaluate Z—}; using

dy ¥

o 4
dX %
Y, +Y,%
X+ X,
Yo+ Yw
X+ Xw

Everything on the RHS above is known, since we have solved for Y, X from (18,19). This
complete the process. All what is left is to solve this resulting ode, which should always be

4y
5 = 6(X)

This will give solution Y (X). Now this is converted back to y(x) using the known X (z,v),Y (z,y)
relations. This complete the algorithm using Lie symmetry for first order ode. Here is a sum-
mary of the steps.

1. First order ode % = w(z, y) is given.
2. Solve the Lie linearized symmetry pde 7, + w(n, — &) — w?§, — w,€ — w,n = 0 for the

tangent vectors 7, €.

3. Now that tangent vectors 7, £ are found, these are used to find canonical coordinates

X(z,y),Y (x,y). without knowing tangent vectors the canonical coordinates can not
be found.

4. Impose transformation to canonical coordinates using X = z,Y = y + . Solve the
resulting pair of pde which result due to this. These are 0 = X, + X,n and 1 =
Vo6 +Yyn.

5. Using method of method of characteristics, the above pair of pde’s are solved for
X(z,y),Y(z,y).



1.2

. Set up the ode % =

Yz +Yyw
T Xt Xyw

and simplify the RHS. It should come out as function of
X only.

Solve the ode X = G(X) by integration to find Y (X).

. Replace all Y, X in the solution above by y, x to convert the solution back from canonical

coordinates (X,Y) to natural coordinates (z,y).

Terminology used and high level introduction

. Sophus Lie was inspired by Galois theory for solving algebraic equations.

. The goal of Lie symmetry for solving first order ode is to transform the ode % = w(z,y)

to canonical coordinates % = F(X) where it is easily solved by quadrature. Once the
solution Y (X) is found, it is converted back to y(x) in the original z,y coordinates,
thus obtaining the solution y(z) to the original ode. This method works regardless of
how complicated the original ode happened to be (linear or not). But this requires
finding what is called the Lie infinitesimals &(x,y),n(z,y) which requires solving a
PDE using ansatz and this can be difficult. Different algorithms are designed to help

find &(z,y) ,n(x,y) using different forms of ansatz.



Convert solution Y (X) to x,y co-

/ Y =w(z,y) \

Generate the linearized symmetry PDE
Mo+ (1 — &) — w2, — wa — wyn = 0

/ \

Solve the above for £(z,y), n(x,y) using ansatz by
trial and error. The Lie transformation becomes

Solution y(z) found

ordinates solution y(x)

Calculate canonical coordinates X (z,y),Y (x,y)

) ) such that the new transformation becomes
Solve using quadrature to obtain Y—x

solution Y (X)

Y=Y+e¢

AN e

Convert the original ode from x,y
to canonical coordinates (X,Y)
ay _ Y, + }/yw
dX X, + Xyw
dy
(X
= (X)

Figure 2: Lie symmetry for solving first order ode

dy

3. z,y are the natural coordinates used in the input ode % = w(z,y). For example

y' = 2% + 92 Here w = 22 + y°. *

. %,y are called the Lie group (local) transformation coordinates. The Lie transformation
is one parameter transformation. Meaning it depends only on one parameter. Some
books call this A and some call it €. Here ¢ is used. Hence we write (zZ,y) = T(z,y; €)
to mean transformation T is applied on point (z,y) to obtain new point (Z, ) and this
transformation depends on the value used for €. The parameter ¢ is real value. The
ode % = w(Z,y) must remain invariant (i.e. same shape) but with new letters z, y that
replace each of the letters x,y in the original ode. If the new ode does not have same
exact form, then this is not valid Lie symmetry transformation that was used.

. The group transformation is defined as T; : {Z = ¢(z,y,¢),y = ¢¥(z,y,€)}. It is re-
quired that ¢(z,y,¢€),¥(z,y,€) are independent of each others, which means the Jaco-
Pz Py
Yo Yy

group when expanding ¢(z,y,€) ,¥(z,y,€) in Taylor series near (x,y) and keep linear
terms, which results in z ~ x + €€(z,y) ,y = y + en(z, y).

bian do not vanish. Hence # 0. Lie group comes from the above transformation

10



6.

10.

If given Transformation group 7. defined as = = ¢(z,y,¢€),y = ¢¥(z,y,¢€), then &, n are
found as follows.

dx
6 a % e=0
dy
= % e=0

For example. Given transformation z = zcos(g) + ysin () ,y = ycos () — zsin (¢),
then the above gives £ = y,7 = —x and the Lie transformation becomes

TR T+eEyY

YRy —€x

. The quantities (£,7n) define the tangent direction at (z,y) of the path that is taken

to move (z,y) to (Z,y). In other words, starting from any point (z,y) and calculating
(&,7m) at (x,y), then the line going from (z,y) to the point (x + £,y + en) for a very
small € value, will be tangent line to the path from (z,y) to (z, 7).

It is good to look at z = z +€€(z,y) as in kinematics, where x = x(0) + v,t, where now
¢ represents the time and z(0) is initial position and z is final position and £(z,y) is
the speed v, which is a function of position. Same for the y coordinate. y = y(0) + v,t.
In this view, as t increases the point moves more and all points covered in the path are
the orbit of point (z,y).

. The coordinates (X,Y’) (some books use lower case 7, s) are called the canonical coor-

dinates in which the input ode becomes a quadrature and therefore easily solved by
just integration. In other words, in canonical coordinates, Lie transformation is given

by
X=X
Y=Y +¢
Comparing with the original coordinates which is
T x+e€
ymyten
The ode is always solved in canonical coordinates (X,Y’) and not in (z,y) since it is

much simpler to solve it in those coordinates.

&(z,y) ,n(x,y) are called the Lie infinitesimals, also called tangent vectors. They are
functions of (x,y). These are the core quantities of Lie symmetry method. These can be
calculated knowing z,y. Also ,y can be calculated given &, 7. In practice, Z,y are not
given, and hence these have to be found using solving a PDE. It is £, which are the
most important quantities that need to be determined in order to find the canonical
coordinates X,Y.

11



11. The tangent vectors &, n are calculated at e = 0. They are defined as £ = % L:O ,N =

% o- The point (Z,y) (orbit of (z,y)) is given by T =z + e and § =y + ne.

12. Given

Expanding using Taylor series near € = 0 gives (see sections below for more details)

i::a:-l—@ 6+O(62>
€ e=0
=z +€f(z,y)
_ oy 9
F=y+ 5 €=0€+0(f)
=y+en(z,y)

The above shows the importance of £(x,y) ,n(x,y). These (along with the specific value
of €) determine the orbit of each point (z,y).

13. The orbit of a point A given by natural coordinates (z,y) is the set of all possible
points (Z,y) that the point A transforms to for all possible value of .

These points are the
orbit of point A

(Z,79)

7.7)_(7.7)
2

Figure 3: The orbit of point A using Lie transformation

14. The ultimate goal is write 3—:’; = w(z,y) in X,Y coordinates where symmetry have the
ideal form (X,Y) = (X,Y +¢) because this leads to ode of form 2¥ = f(X). The
right hand side should always be a function of X only in canonical coordinates.

15. The ideal transformation has the form (X,Y) — (X,Y +¢) as mentioned above,
because with this transformation the ode becomes quadrature in the transformed

12



16.

17.

18.

19.

20.

21.

22.

23.

coordinates. But because not all ode’s have this transformation as given, the ode is first
transformed to canonical coordinates (X,Y) where the transformation is (X' , S_’) —
(X,Y +¢) is imposed. If the transformation (Z,y) — (z,y + €) is already present in
original coordinates, then there will be no need for canonical coordinates (X,Y).

The main goal of Lie symmetry method is to determine X,Y and solve the ode % =
f(X) in that space instead in the natural coordinates (z,y). To be able to do this, the
quantities &, 7 must be determined first.

The remarkable thing about Lie symmetry method, is that regardless of how compli-
cated the original ode % = w(z,y) is, if the similarity condition PDE can be solved for
&,m, then X,Y can always be found and the ode becomes quadrature 4% % = f(X). The

ode is then solved in canonical coordinates and the solution transformed back to x,y.

The quantity € is called the Lie parameter. This is a real quantity which as it goes to
zero, gives the identity transformation. In other words, when € = 0 then (z,y) = (Z, y).

But there is no free lunch, even in Mathematics. The problem comes down to finding
&, n. This requires solving a PDE. This is done using ansatz and trial and error. This
reason possibly explains why the Lie symmetry method have not become standard in
textbooks for solving ODE’s as the algebra and computation needed to find &, n from
the PDE become very complex to do by hand.

Total derivative operator: Given f(z,y) then ~£ —f + 55;9 where it is assumed
that y(z) depends on z. Total derivative operator W111 be used extensively in all the
derivations below, so good to practice this. It is written as D, = 0, + 0,y for first
order ode, and as D, = 0, + 0,y + 0,y" for second order ode and as D, = 0, + 0,y +

Oy y" + O0yry™ for third order ode and so on.

The notation f, means partial derivative. Hence af is written as f,. Total derivative

will always be written as %. It is important to dlstlnguish between these two as the
algebra will get messy with Lie symmetry Sometimes we write f’ to mean df but it is
better to avoid f’ and just Wr1te When f is function of more than one varlable

Given first ode ﬁ = w(z,y), where § = y(z,y) and T = Z(z,y) then thenﬁ is given
by the following (using the total derivative operator)

dy _ Day
dz  D,T

Yo + Uy’
Ty + Ty
Yo + Yyw
Ty + Tyw

Given second order ode fiu = w(z,y,y’) where y = y(z,y,v') and T = Z(x,y,y’) then

13



d2

E_g is given by
— dy
2y _ D%
dz? D,z
A Y
T, + T,y

To simplify notation we have used ¢ for % in the above. The above simplifies to

Py Ty Ty
dz2 Tl + Ty’

Keeping in mind that (o), or (o), mean partial derivative.

24. Given third order ode % =w(z,y,y,y") where y = y(z,y,v,y") and = = z(z,y,v,y’)
then % is given by

#5_ 0.8
di* = D,z
Ge TG + Uy + Gy
- z, + Ty
Uo + 5,9 + Uy + Iy
- zL + Ty

To simplify notation we used ¢” for % above. And so on for higher order ode’s.

1.3 Additional notes

Given any first order ODE

Y = u(z.y) (*)

The first goal is to find a one parameter invariant Lie group transformation that keeps the
ode invariant. The Lie parameter the transformation depends on is called €. This means
finding transformation of (x,y) to new coordinates (z,y) that keeps the ode the same form
when written using z, y.

This view looks at the transformation on the ode itself. Another view is to look at the
family of the solution curves of the ode instead. Looking at solution curves transformation
is geometrical in nature and can lead to more insight.

What does the transformation mean when looking at solution curves instead of the ODE
itself? It is the mapping of a point (z,y) on one solution curve to another point (Z,y) on
another solution curve. If the mapping sends point (z,y) to another point (Z,y) on the same
solution curve, then it is called a trivial mapping or trivial transformation.

14



As an example, given the ode y' = 0, this has solutions y = ¢;. For any constant c; there is a
solution curve. There are infinite number of solution curves. All solution curves are horizontal
lines. The mapping (z,y) — (z + €,y) is trivial transformation as it moves the point (z,y)
to another point (Z,y) on the same solution curve.

The transformation (x,y) — (x,y + €) however is non trivial as it moves the point (z,y) to
point (Z,y) on another solution curve. Here £ = x and § = y + €. This can also be written
(z,y) — (z, e°y) which is the preferred way.

The transformation (z,y) — (z + €,y + €) is non trivial for this ode. The simplest non trivial
transformation that map all points on one solution curve to another solution curve is selected.
In canonical coordinates the transformation used has the form (X,Y) — (X,Y +e).

Another example is ' = y. This has solution curves given by y = ce”. This is a plot showing
two such curves for different ¢ values.

\J

Figure 4: Point transformation example for v/ = y

The above shows that a non trivial transformation is given by z = = + ¢,y = y. This can

be found analytically by solving the symmetry condition as will be illustrated below using
examples. For this case, the tangent vectors are £ = %

de L:o =landn= % o = 0. In Maple
this is found using

e B

ode:=diff (y(x),x)=y(x);
‘ DEtools:-symgen (ode)
L[_xi =1, _eta = 0]

~

But the following transformation z = x,y = y + € does not work

15




Figure 5: Possible Point transformation for ¢’ = y

o t+Guyy’ ~

This is because it does not keep the original ode invariant because 3—3_’ = y becomes === = g,
T To+Tyy
il
where now y, = 0,9, = 1,7, = 1,Z, = 0,§ = y + ¢, and hence % = g simplifies to
z Ty

Yy’ = y + € which is not the same ode. This shows that £ = z,y = y + € is not valid Lie point
symmetry.

However T = = + €,y = y leaves the ODE invariant. In this case y, = 0,9, = 1,2, = 1,7, =

0,y = y and hence gﬁ—% = ¢y becomes 3y’ = y which is the same ode.

The transformation must keep the ode invariant as this is the main definition of symmetry
transformation.

The goal is find the simplest transformation that move point (z,y) from one solution curve
to another solution curve, such that the transformation also leaves the ode invariant (same
form) in the new coordinates (z,¥). In the above example, this was T =z +€,§ = y.

In the above, the points on the path the point (z,y) travels on as it moves to (Z,%) as €
changes are called the orbit. Each point (x,y) travels on its orbit during transformation.

In all such transformations, there is a parameter € that the transformation depends on. This
is why this is called the Lie one parameter symmetry transformation group. There are infinite
number of such transformations.

Lie symmetry is hence called point symmetry, because of the above. It transforms points
from one solution curve to points on another solution curve for the same ODE. The identity
transformation is when € = 0, since then the point is transformed to itself.

An example using an ODE. The Clairaut ode of the form y = zf(p) p + g(p) where p = ¢/
and f(p) = p.

zp® —yp+m=0 (1)
m
y=ap+—
p

16



Where f(p) = p and g(p) = . Using the dilation transformation Lie group
T =Z(z,y;€) = x (2)
J=9y(z,y;€) = €y (3)

Eq. (1) is now expressed in the new coordinates Z,y . If this results in same ode form but
written in Z,y then the transformation is invariant. But how to find % ? This is done as

follows
— dy
W _
dz g—i
_ et Ui
T, + 7, %

In this example g, = 0,7, = €, T, = €*,Z, = 0. The above now becomes

dy efg—z
dz e
—edy
T dx
Writing (1) in terms of Z,§ now gives
_(dy\® _dj
) g2 = 4
w(ﬂ) gz Tm=0 4)
2 d
(e*z) (e‘e d?x/) — (ey) e_ed— +m=0
dy 2 dy
YY)y im=0 5
e (dw) Yz m (5)

Which gives the same ode. The above method starts by replacing the given ode by z, v, %
and finds if the result gives back the original ode in z, v, %' This is simpler than having to
transform the original ode to z, ¥, Z—g. This transformation can be verified in Maple as follows

‘{ode 1=x*diff (y(x),x) "2-y(x)*diff (y(x) ,x)+m=0; \‘
‘ the_tr:={x=X*exp(-2*s),y(x)=Y(X)*exp(-s)}; ‘
‘ newode:=PDEtools:-dchange(the_tr,ode,{Y(X),X}, 'known'={y(x)}, 'uknown'={Y(X) }i ;
Ldiff(Y(X), X)"2%X - Y(X)*diff(Y(X), X) + m = 0 J

Comparing (4) to (5) shows that the ode form did not change, only the letters changed from
z to T and y to y. The resulting ode must never have the parameter € shows in it as of course
this will make it different form than the original ode which do not have € in it.

The above shows how to verify that a transformation is invariant or not.
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In Lie group transformation there is only one parameter € and the transformation is obtained
by evaluating the group as € goes to zero.

But how does this help in solving the original ode? If the ode in z,y is hard to solve, then
the ode written with z,y will also be hard to solve since it is the same.

But Eq. (4) is not what is used to solve the ode. The above is just to verify the transformation
is ¢nvariant. Similarity transformation is used to determine the tangent vectors &,n only.
These are the most important quantities. These are then used to obtain the ode in canonical
coordinates X,Y’). In the canonical coordinates (X,Y’) the ode becomes quadrature and
solved by integration. The transformation found above is only one step toward finding (X,Y)
and it is these canonical coordinates that are the goal.

1.4 Outline of the steps in solving a differential equation using
Lie symmetry method

These are the steps in solving an ODE using Lie symmetry method.
1. Given an ode ¥’ = w(z,y) to solve in natural coordinates.
2. The tangent vector £(z,y),n(z,y) are found. There are two options to find these.

(a) If Lie group coordinates (Z, §) are given, then it is easy to determine &(z,y) , n(x, y)

using
oz
5(%3/) = E o
_ 9y
n(z,y) = Be| .

Lie group coordinates (Z, ) must also satisfy
«'i'xgy - :Eygx 7é 0

(b) In practice Lie group coordinates (Z, ) are not given and are not known. In this
case £(z,y) ,n(x, y) must be found by solving the similarity condition which results
in a PDE (derivation is given below). The PDE for first order ode 3y = w(z,y)
comes out to be

Ne +w(my — &) — W2€y —wz§ —wyn =0

3. &,m are now used to determine the canonical coordinates (X,Y"). In the canonical coor-
dinates, only S translation is needed to make the ode quadrature. The transformation
is (X,Y) — (X,Y +¢). This transforms the original ode y' = w(z,y) to & = f(X)
which is then solved by only integration. This is the main advantage of moving to
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canonical coordinates (X,Y"). In canonical coordinates Y is like the y and X is like
the z. i.e. dependent variable is Y (X) like y(z) in natural coordinates. The ODE in
canonical coordinates is much simpler to solve than in natural coordinates.

4. The ODE is solved in (X,Y") space where X = X (z,y),Y =Y (z,y). The transforma-
tion from (z,y) to (X,Y) is found by solving two set of PDEs using the characteristic

method. After finding X (z,y),Y (x,y) the ode will then be given by g—}; = ;:IZ%
which will be quadrature. If this ode does not come out as 2 = f(X) then something
went wrong in the process. This ode is now solved for Y (X). It is the symmetry of
the form (X,Y) — (X,Y + ¢) which is of the most interest in the Lie method. This is

called a translation transformation along the Y axis (i.e. vertical). This is because this

vertical transformation is what leads to an ode which is solved by just integration.
5. Solution is transformed from Y (X) to y(z).

6. An alternative to steps (3) to (5) (Which seems to be only applicable to first or-
der odes) is to use &,7n to determine an integrating factor u(z,y) which is given by
p(z,y) = @ then the general solution to ¥y = w(z,y) can be written directly as
[ u(z,y) (dy — wdz) = ¢1 or [ % = ¢; but this requires finding a function F(z,y)
whose differential is dF = d%:—‘gf)"” and now the solution becomes f dF =c¢; or F =¢;.
If we can integrate this using [ udy — [ pwdz = ¢; then this is the solution to the
ode. It is implicit in y(x). Currently my program does not implement Lie symmetry
to find an integrating factor due to difficulty of finding dF' that satisfies dF' = %
or in carrying out the integration in all general cases but hope to add this soon as a
backup algorithm if the main one fails. This method is similar to solving exact ode if

the integrating factor can be found.

7. An important property, at least for first order ode’s (I do not know now if this applies
to higher order) is that given £ = f(z,y),n = g(x,y), then it is always possible to shift
and use £ = 0,7 = g — wf where ¥ = w(z,y). This means everything can be based
on &£ = 0 after this shift is done. This can simplify some parts of the computation. Of
course if £ was found to be zero initially, i.e. just after solving the linearized similarity
PDE, then there is nothing more to do.

The most difficult step in all of the above is 2(b) which requires finding &(z,v), n(z,y). In
practice Lie group Z, y transformation is not given. Lie infinitesimal £(x,y),n(z,y) have to
be found directly from the linearized symmetry condition PDE using ansatz and by trial and
error. The following diagram illustrates the above steps.
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(14)

(24)

dy _
ar

U (34)
(1A) gives X = ¢; and (2A) gives
& = ¢;. Since constants are arbi-

trary, let ¢ = ¢;. This implies

X=uz

Canonical coordinates

Generate the linearized symmetry PDE

N +w iy —&) -

&)

Generate the X equations)

Solve the pde using ansatz (lots of algebra)

Generate the Y equations)

OX| _oXdr | OXdy
€ le=o 9z dele=0 Dy dele=o0
X  IX

=5 gy
X X
OZEE+"£Ty (1)

Y Y dx +07(]
e le )z =0 Jy dele=o
v v
o
Y
b (1)

Solve PDE using characteristics

Solve PDE using characteristics

Let the charaterstic variable be 7,
hence we want

X(r) = X(a(7), y(7))
Therefore

dX _ 90X dx

X dy
dr Oz dr

i @

Comparing (1,2) shows that
Xy (1)
(24)

(34)

Let the charaterstic variable be 7,
hence we want
Y(r) =Y (a(r),y(7))
Therefore
Y 9Ydr 9Y dy @
dr ~ drdr ' 9y dr
Comparing (1,2) shows that
dy
=1 (1B)
de
—_— = 2]
iy (2B)
dy
preiall] (3B)

T
Solve the Y equations

(1B)
(2B)

(3B)

Merging (1A.3A) gives the ode
dY 1

e
vo [
n

.

M. Abbasi

dovimagestuld.ipe

Figure 6:

(1A) gives X = ¢; and (3A) gives
y = c. Since constants are arbi-
trary, let ¢; = ¢5. This implies

X=y

]
Solve the Y equations

0 (1)
=¢ (2A)

dy _ ”

P A CEY]

(1A) gives X = ¢;.
Now we merge
(2A,3A) and obtain

differential
equation 2 = z

Able to solve the

Try again after shifting £ =0

¢1 = ca. This implies

y=

f(@, X). Solve for X

oL

T
Solve the Y equations

ay
=1 0B
de .
)]
dy
=n (3B)

7 function of
y only?

v _, aB) ode and obtain

dr soluti

il ool Apply shifting to make £ = 0

- I3 (2B)

ar

dy

Z—o (3B) Y(z,

dr YES n=1-wf (=3}
Merging (1A,2A) gives l £=0 X(z,y)
the ode 4% = {, hence Since constants are arbitrary, let

obtain the ode
day _ 1

dr
therefore

y =

Combine Combine Comb
(1A,2A) to (1A3A) to S

obtain the ode
ay _ 1

dy
therefore

I yo B
3 n

bine (2A.3A) to obtain the ode
2, And solve for y. Now combine
(1A,2A) and obtain the ode 2¥ = i

Now we replace each occurance of y in
£ by the solution y just found above,
This makes £ a function of x only.
Therefore

dr

dr
€
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Generate the ODE in canonical coordinates

&y  Y.+Y,%
aX T X, + X, %
_ Y +Yw
X, + X,w

And here is the tricky part. The RHS above will be a
function of z,y. Rewrite the above as function of X only
using the earlier findings, knowing what X was. The
result must depend on X only giving

dy

2 rx

x =™
Which is solved for ¥ by quadrature. The final step is
the easy one. Convert solution Y (X) back to y(x).

General steps for solving an ode using Lie symmetry method




1.5 Finding xi and eta knowing the first order ode type. Table
lookup method.

There is a short cut to obtaining &£(z,y), n(z,y) if the first order ode type is known or can
be determined. (of course, if we know the ode type, then a direct method for solving the ode
can be used which is much simpler, since the type is known and there is no need to use Lie
symmetry), but still Lie symmetry can be useful in this case, and also it allows us to find the
integrating factor quickly, which provides one more method to solve the ode. An example of
a first order ode which does not have known type is

(zcosy—e ™)y +1=0

The above can be solved using Lie symmetry but with functional form of ansatz £ =
f(z) g(y),n = 0. which gives £ = e~ 5% 5 = 0.

I am in the process of building table for ready to use infinitesimal based on the first ode
type. The following small list is the current ones determined. For some first order ode such
as linear ¢y’ = f(x) y(x) + g(x) or separable ¢y = f(x) g(y) the infinitesimals can be written
directly (but again, for these simple ode’s Lie method is not really needed but it provides
good illustration on how to use it. Lie method is meant to be used for ode’s which have no
known type or difficult to solve otherwise). For an ode type not given in this list, an ansatz
have to be used to solve the similarity PDE.

ode type form & n notes
linear ode y = 0 el fdz Notice that g(z) does not
f(@)y(z) + affect the result
g(z)
separable ode | y' = % 0 This works for any g function
f(z)g(y) that depends on y only
0 g

Currently the above are the ones I am able to determine for known first order ode’s. If 1
find more, will add them. The table lookup is much faster to use than having to solve the
similarity PDE each time using ansatz in order to find &, 7.
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1.6 The linearized symmetry condition

This was derived in the introduction

Nz + w(ny - gx) - w2§y —wz€ — Wyl = 0 (14)

The above equation (14) is what is used to determine £, 7. It is the linearized symmetry condition.
There is an additional constraint not mentioned above which is

T2Yy # Tyls
The restricted form of (14) is
Xe + XyW — Xwy =0
An important property is the following. Given any
§=An=B8B
Then we can always write the above as
£E=0,n=B—-wA

So that £ = 0 can always be used if needed to simplify some things.

After finding &, 1 from (14), the question now becomes is how to use them to solve the original
ODE?

1.7 Moving to canonical coordinates X,Y

The next step is to determine what is called the canonical coordinates (X,Y). In these
canonical coordinates the ODE becomes a quadrature and solved by integration. Once solved,
the solution is transformed back to (x,y). The canonical coordinates (X,Y) are found as
follows. Selecting the transformation to be

X(z,y) = X(z,y) (15)
Y(z,y) =Y (2,y) +e (16)
Eq. (15) becomes B _ _
OX| _ (0Xds\| |, (0Xdy
O€ |._o ~ \ Oz de 0 Oy de /| __,
But % = 9X and %| _ = ¢&(z,y) and similarly % o %—)y( and 9| _ =n(z,y). The
above becomes B
oX| _ox, ox
Oe |._, - Oz Oy
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But %—f = 0 since X = X. The above reduces to
e=0

L 9X, | 0X

0=3:5" 3y

This PDE have solution using symmetry method given by

dX

dx

7 =¢ (15B)
dy

The same procedure is applied to Eq. (16) which gives

o _ (¥ | (9Fdy
O€ | o ~ \ Oz de I Oy de /| _q
But % = % and %L:o = &(z,y) and similarly % = %—Z and % o =N(z,y) . The
above becomes _
ov| _ov, oy
O¢|._, Oz oy
But % .= 1 since Y =Y + e. The above reduces to
1= a_Y 4+ 3_Y
Oz Oy
This PDE have solution using symmetry method given by
ay
22 -1 16A
p” (16A)
dx
— = 16B
e (16B)
dy
29 _ 1
o = (16C)

Equations (15A,B,C) are used to solve for X (z,y) and equations (16A,B,C) are used to solve
for Y (z,y). Starting with X. In the case when & = 0 the equations become

dX

a0
dx
%_0
dy
%—77
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First equation above gives X = c¢;. Second equation gives x = c;. Letting ¢; = ¢y then
X=z

If £ # 0 then combining Egs. (15B,15C) gives

dy _n
dr &
X=Cl

The ODE Z—z = Zgl is solved first and the constant of integration is replaced by X. Hence X is
now found. Y (z,y) is found similarly using Egs. (16A,B,C). If £ = 0 then

ay
27 1
dt
dx
-0
dt
dy
at n
The first and third equations give
v _1
Y n
1
Y = / —dy
n

If £ # 0 then using the second and third equation gives
ay 1

de €
1
Y = / —dz
£
Now that X,Y are found and the problem is solved. The ode in (X,Y’) space is set up using

Y (X) Y, +Y, %
dX _thg%

(16)

Where g—g = w(z,y) which is given. The solution Y (X) is next converted back to y(z).

Examples below illustrate how this done on a number of ODE’s. Eq. (16) is solved by
quadrature. This is the whole point of Lie symmetry method, is that the original ode is solved
in canonical coordinates where it is much easier to solve and the solution is transformed back
to natural coordinates.

The only way to understand this method well, is to workout some problems. To learn more
about the theory of Lie transformation itself and why it works, there are many links in my
links page on the subject.
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1.8

1.

Definitions and various notes

infinitesimal generator operator. I' = &(x,y) 6% + n(z,y) a%' Any first order ode has

such generator. For instance, for the ode ¢y = w(z,y) then Tw = £ g—‘;’ + ng—‘;. The

ode ¥ = w(z,y) = ¥ +  has solution y = z* + z¢;, therefore the solution family is

o y==*
o(z,y) = y_m”z = ¢. Using £ = 0,7 = x then I'¢ = x% = 1. This is another

oz
2y(1) = -2 —-1+2¢ =% —1 1. I must be not applying the symmetry generator

correct as the result supposed to be 1. Need to visit this again. See book Bluman
and Anco, page 109. Maybe some of the assumptions for using this generator are not
satisfied for this ode.

o) | le)
example: using & = z,n = 2y, hence I'p = z——~ + 2ya—y = x(—m% — 1) +

. w(z,y) is invariant iff Tw = &(z, y) % +n(z,y) % =0.
. The linearized PDE from the symmetry condition is wé, + w?€, + w,€ = wyn + 1 +wny.

This is used to determine tangent vector (£(x,y),n(z,y)) which is one of the core parts
of the algorithm to solve the ode using symmetry methods. There are infinite number
of solutions and only one is needed.

. Symmetries and first integrals are the two most important structures of differential

equations. First integral is quantity that depends on z,y and when integrated over any
solution curve is constant.

Lie symmetry allows one to reduce the order of an ode by one. So if we have third
order ode and we know the symmetry for it, we can change the ode to second order
ode. Then if apply the symmetry for this second order ode, its order is reduced to one
now.

If £,1 are known then the canonical coordinates R, .S can now be found as functions of
x,y. We just £,7 to find R, S. Once R, S are known then % = f(R) can be formulated.
This ode is solved for S by quadrature. Final solution is found by replacing R, S back
by z,y. I have functions and a solver now written and complete to do all of this but
just for first order ode’s only. I need to start on second order ode’s after that. The main
and most difficult step is in finding &, 7. Currently I only use multivariable polynomial
ansatz up to second order for £ and multivariable polynomial ansatz up to third order
for n and then try all possible combinations. This is not very efficient. But works for
now. I need to add better and more efficient methods to finding &, 7 but need to do
more research on this.

. When using polynomial ansatz to find £,7 do not mix z,y in both ansatz. For example

if we use & = p(z) then can use n = q(z) or n = ¢(z,y) polynomial ansatz to find 7.
But do not try £ = p(x,y) ansatz with n = ¢(z,y) ansatz. In other words, if one ansatz
polynomial is multivariable, then the other should be single variable. Otherwise results
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10.

11.

12.

13.

14.
15.

16.

17.

will be complicated and this defeats the whole ides of using Lie symmetry as the ode
generated will be as complicated or more than the original ode we are trying to solve.
I found this the hard way. I was generating all permutations of &, ansatz’s but with
both as multivariable polynomials. This did not work well.

Symmetries on the ode itself, is same as talking about symmetries on solution curves.
i.e. given an ode 3y’ = w(zx,y) with solution y = f(z), then when we look for symmetry
on the ode which leaves the ode looking the same but using the new variables z, y. This
is the same as when we look for symmetry which maps any point (z,y) on solution
curve y = f(z) to another solution curve. In other words, the symmetry will map all
solution curves of ¥’ = w(z,y) to the same solution curves. i.e. a specific solution curve
y = f(z,c1) will be mapped to y = f(z,c2). All solution curves of ¥ = w(z,y) will be
mapped to the same of solution curves. But each curve maps to another curve within
the same set. If the same curve maps to itself, then this is called invariant curve.

. An orbit is the name given to the path the transformation moves the point (x,y) from

one solution curve to another point on another solution curve due to the symmetry
transformation.

A solution curve of y' = w(z,y) that maps to itself under the symmetry transformation
is called an invariant curve.

Not every first order ode has symmetry. At least according to Maple. For example
y' + 1% + zy? = 0 which is Abel ode type, it found no symmetries using way=all. May
be with special hint it can find symmetry?

After trying polynomials ansatz, I find it is limited. Since it will only find symmetries
that has polynomials form. A more powerful ansatz is the functional form. But these
are much harder to work with but they are more general at same time and can find
symmetries that can’t be found with just polynomials. So I have to learn how to use
functional ansatz’s. Currently I only use Polynomials.

&, n are called Lie infinitesimal and z, y are called the Lie group.
If we given the £, then we can find Lie group (Z,y). See example below.

If we are given Lie group (Z,y) then we can find the infinitesimal using &(z,y) = %a’cL:O
and n(z,y) = 27| _,

First order ode have infinite number of symmetries. Talking about symmetry of an ode
is the same as talking about symmetry between solution curves of the ode itself. i.e.

symmetry then becomes finding mapping that maps each solution curve to another one
in the same family of solutions of the ode.

&,m can also be used to find the integrating factor for the first order ode. This is given
by p(z,y) = @ where the ode is ¥'(z) = w(zx,y) . This gives an alternative approach
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to solve the ode. I still need to add examples using u(z,y).

18. For first order ode, to find Lie infinitesimal, we have to solve first order PDE in 2
variables. For second order ode, to find Lie infinitesimal, we have to solve second order
PDE in 3 variables. For third order ode, to find Lie infinitesimal, we have to solve third
order PDE in 4 variables and so on. Hence in general, for n® order ode, we have to
solve n'* order PDE in n + 1 variables to find the required Lie infinitesimal. For first
order, these variables are £,n and the PDE is 7, + w(n, — &) — w?{, — w€ —wyn = 0.
Currently my program only handles first order odes. Once I am more familiar with Lie
method for second order ode, will update these notes. See at the end a section on just
second order ode that I started working on.

1.9 Closer look at orbits and tangent vectors

This section takes a closer look at orbits and tangent vectors £,n which are the core of Lie
symmetry method. By definition

i
flay) = = o
e=0
-
n(z,y) = d—‘z .

Hence £(z,y) shows how Z changes as function of (z,y). And 7n(z,y) shows how ¢ changes
as function of (x,y). This is because

T=x+E&e (2)

Comparing (2) to equation of motion where Z represents final position and z is initial position,
then £ is the speed and € is the time. When time is zero, initial and final position is the same.
As time increases final position changes depending on the speed as time (here represented as
€) increases. So it helps to think of £, 7 as the rate at which Z, y change location depending
on the value €. £, are calculated when € is very small in the limit as it reaches zero.

As € increases the point (z,y) moves closer to the final destination point (Z,¥). So these
quantities &, n specify the orbit shape. The orbit is the path taken by point transformation
from (z,y) to (Z,y) and depends on € such that the ode remain invariant in Z,y and points
on solution curves are mapped to points on other solution curves.

Different £, n give different orbits between two solution curves. The following example shows

this. Given the ode
/ r—Yy

Y

This is Abel type ode. Also Homogeneous class A.

27



It has two solutions. One solution is given by Mathematica as y = —x — v/c1 + 222. A small
program was now written that plots the orbit for 4 solutions &,7 found for the similarity
conditions. The similarity solution were found by Maple’s symgen command.

> ode:=diff (y(x) ,x)={({x-y(x))/ (x+y(x)) ;
DEtools:-odeadvisor (ode) ;
DEtools:-symgen (ode ,way=all)
ode = A Wx) = B4 M)
de " i)

[ [ _homogeneocus, class 4], _rational, [ _Abel, 2nd tipe, class A]]

w1 - 1 - 12—;1,1'\'—\:‘ 1 5
e fmeme—t | Eml _gy=o— } =l f=————= ] = _._u?=0,[.~;=
X x4+ x+) Xx—y
1"—2.1‘1—1:' e X[x—2y) 12
- - _.}=0] [(E=x _n=yl.[£=2x+y _n=x].| &= : =, _n=—= }
x—3 x—y x+y

Figure 7: Command used to find &, 7

The program starts from the same (z,y) point from one solution curve and determines (Z, §)
location on anther solution curve using each pair of &, found. The same solution curves are
used in order to compare the orbits. The following plot was generated showing the result
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1 1 1
== —— E=0,n=——
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-3.75F -3.75F
-3.80} -3.80f
-3.85} -3.85}
2 2
—(x* — 2xy — y*~
&= ( y '/),7/:() E=2v+yn=u
7 = 1 . . . : . .
‘ ‘ Y ‘ ‘ : 1.46 1.47 1.48 1.49 1.50 1.51
1.46 1.47 1.48 1.49 1.50 1.51
-3.75F
-3.75}
-3.80F
-3.801
-3.85F
-3.85F

Figure 8: Different orbits using different &, n

The source code used to generate the above plot is

<<MaTeX"

ode=y' [x]==(x-y[x])/(x+y[x]);
ysol=DSolve [ode,y[x],x]
ysol=-—x-Sqrt [C[1]+2 x~2];

x1
yi

1.5;
ysol /. {C[1] -> 1, x -> x1};

ysol2=ysol/.C[1]->1.1

getSolutions[inf_List, titles_List, x_Symbol, ysoll_, ysol2_, x1_,
yil_, from_, to_] :=

Module [{xbar, ybar, eps, eq, soleps, p, data, n, xi, eta, texStylel},
data = Table[0, {n, Length@inf}];
texStyle = {FontFamily -> "Latin Modern Roman", FontSize -> 12};

Do[
xi = First[inf[[n]]];
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eta = Last[inf[[n]]];
xbar = x1 + eps*xi ;

ybar = yl1 + eps*eta;

eq = ybar == ysol2 /. x -> xbar;

soleps = SolveValues[eq, eps];

soleps = First@SortBy[soleps, Abs];
ybar = ybar /. eps -> soleps;

xbar = xbar /. eps -> soleps;

p = Plot[{ysoll, ysol2}, {x, from, to},

PlotLabel -> MaTeX[titles[[n]], Magnification -> 1.5],

BaseStyle -> texStyle,

Epilog -> {{Arrowheads[.02], Arrow[{{x1, y1}, {xbar, ybar}}1},
Text [MaTeX["\\left( x,y \\right)"l, {x1, yi1}, {-1, -1}]1,
Text [

MaTeX["\\left( \\bar{x},\\bar{y}\\right)"], {xbar, ybar}, {1,
131},
ImageSize -> 400];
datal[[n]] = p
{n, 1, Length@inf}
1;

data
1;

inf = {{1/x1, -1/x1},
{0, 1/(x1 + y1)},
{-(x172 - 2*x1*xyl - y1~2)/(x1 - y1), 0},
{2*x1 + y1, x1}
15
titles = {"\\xi=\\frac{1}{x},\\eta=-\\frac{1}{x}",
"\\xi=0, \\eta=\\frac{1}{x+y}",
"\\xi=\\frac{-(x"2-2 x y-y~2) Hzx=y},\\eta=0", "\\xi=2 x+y,\\eta=x"};
data = getSolutions[inf, titles, x, ysol /. C[1] -> 1, ysol2, x1, yi,
1.45, 1.51];
p = Grid[Partition[data, 2], Frame -> All, Spacings -> {1, 1}]
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1.10 Selection of ansatz to try

The following are selection of ansatz to try for solving the linearized PDE above generated
from the symmetry condition in order to solve for £(z,y),n(z,y). These use the functional
form. As a general rule, the simpler that ansatz that works, the better it is.

Functional form of ansatz is better than explicit polynomials but much harder to use and
implement. Maple’s symgen has 16 different algorithms that can be specified using HINT
option to support functional forms. The following are possible cases to use.

1. £=0,n= f(z)
2. £=0,1=f(y)
3. &= f(z),n=
4. &= fy),n=

5. & = f(z),n = xzg(y). An example: applied to ¢’ = Hcos(eijgﬂ)e_z) should give ¢ =

e”,n = xze~¥ which leads to solution y = In (2 arctan (M) - (1+2) e‘””).

= (cl +e—w) +1

=9g(y
7. £=0,n ( ) g(y). For example, applied to y' = = 1+y-+-1v+i+y+1+y should give f(z) =

1.11 To shift £ or not to shift

This section looks again on the option if we should shift £ to zero and what effect this can
have. As we mentioned above, given an ode % = w(z,y) and after finding the Lie symmetry
tangent vectors &, and if £ # 0 then we can do the following

Thew = Told — wgold
gnew =0

So now we have new tangent vectors where £ = 0 which simplifies the steps that follows.
Here we will show two examples showing what happens if we do the shift and compare the
solution when we do not do the shift.
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1.11.1 Example 1l y =zy?— 2 — L

2 1
Y = zy? — 4y —
x T
= w(z,y)
This has Lie tangents
E=2
n=—2y

Let solve it first without shifting. To find X we solve

dy _n
dr &
_ 2%
T
Hence
V=2
Therefore X = ¢; or
X = y2?
To find Y we evaluate
Yy = / dz
3
. dz
o T
=Inz
Hence the canonical coordinates are
X =y2?
Y=z

Now we need to find the ODE in the canonical coordinates space. This is found using

Y _ Y.+,
dX X, +wX,

but Y, = %, Y, =0, X, = 2yz, X, = z2. The above simplifies to

dy 1
dX o2 —1
_ 1
CX2-1
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We see as expected that the ODE in canonical coordinates is always quadrature. Solving this
gives
Y (X) = —arctanh (X) + ¢;

Converting back to natural coordinates x,y gives

Inz = — arctanh (ny) +c
—Inx + ¢; = arctanh (yxz)

yz® = tanh (—Inz + ¢;)
_tanh(—Inz +¢)

Y 2 (1)
Now we will solve the same ode using shifting. Hence, since £ = x,7 = —2y then
n=mn-—wg
2 1
= -2y — (a:yQ——y——3)a:
xT T
L 4o
St -
And
£=0

Since £ = 0 then

X==

v— [

n
:_x2/d—y
(z%y® — 1)

42 (ln (z%y — 1) — In (z%y + 1))

212

1
= —§(ln (mzy — 1) —In (ny + 1))
Now we need to find the ODE in the canonical coordinates space. This is found using

Yy _ Y, +uwY,
dX X, +wX,

Where now
2zy
Y, =——F7"F—
zhy? —1
2
T
Yy = _x4y2 -1
X, =1
X,=0

<
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Hence the ode in canonical coordinates becomes

2

dsS _:c42y€—1 + (ny - %:i - :c%) <_m452—1)
dR 1
1
oz
-1
"R
Solving gives
S=—-InR+c¢

Moving back to natural coordinates gives

—% (ln (xzy — 1) —In (mZy +1
In (x2y — 1) —In (x2y +

—_ —

In summary we have solution for ¢’ = zy? — 2;” =

—Inz+¢

=2Inz + ¢

(2)

1
— —3 as

solution using no shift | y = tanh(—gg*“ﬂ
solution using shift y = z;éﬁ;)

Maple 2025 gives the first solution as default. But when asked to use Lie method, it does

give the second solution, which means it used ¢ = 0.

Both solutions are verified correct. The solution using shifting is simpler since it involves no

functions at all.

1.11.2 Example 2 ¢ =z —y

This has Lie tangents



Let solve it first without shifting. To find R we solve

dy _n
dr ¢
=1
Hence
Yy=x+cC
Therefore X = ¢; or
X=y—=x
To find Y we evaluate
y= [&
§
= / dz
=z
Hence the canonical coordinates are
X=y—=x
Y ==z

Now we need to find the ODE in the canonical coordinates space. This is found using

Yy _ Y, +uwY,
dX X, +wX,

but Y; =1,Y, =0,X, = —1, X, = 1. The above simplifies to

av_ 1
dX —1+r—y
1
T/
1

We see as expected that the ODE in canonical coordinates is always quadrature. Solving this
gives

Y =—In(-X -1) = 2V=X —In (—1+ v=X) +In (1+ V=X) + ¢,

Converting back to natural coordinates x,y gives

x:—ln(—y—l-x—l)—Zm—ln(—l—l—\/W)-l—ln(l—i—m)—i-cl
g=—-In(—y+z-1)—-2y/z—y—In(-1+vVz—y)+In(l+v/z—y)+a (1)
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Now we will solve the same ode using shifting. Hence, since £ = 1,7 = 1 then

n=mn-—wf
—1-vEy
And
§=0
Since £ = 0 then

X
Y

i
/5
n
dy

[+

1-yz—y
=2z —y+2n(-1+z—y)

Now we need to find the ODE in the canonical coordinates space. This is found using

ay Y, +uwY,
dX X, +wX,
Where now
1 1
Y, = +
Vz—y (l+vVz-y)Vz—y
v 1 1
Y Vr—y (-l14+yz—y)/z—y
X, =1
X,=0

Hence the ode in canonical coordinates becomes

d_Y_ Y, +wY,
ax Xz +wX,
1

1

(ﬁ*(—lwxiywx—y%m(‘

=-1

VE—y

Solving gives
Y=-X +c

Moving back to natural coordinates gives

0V =y +2In (~1+ vz —7)

In summary we have solution for ¥’ = \/z — y as

—Z +C
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solution using no shift | z=—-In(—y+z—-1)—-2/z—y—In(-1++/z—y)+In(1++/z2—y)+c

solution using shift 2z —y+2ln(-14+/z—y)=—zx+c

Both are valid solutions. We notice that when using shifting the algebra can become more
complicated since Y = [ d# where 7 in this case becomes more complicated. But both
methods will produce valid solution.

1.12 Examples

1.12.1 Example 1 on how to find Lie group (z,y) given Lie infinitesimal xi and
eta

Given £ = 1,17 = 2z find Lie group z,y. Since

0z
g(.’l),y) — E o
Then
dz _
=1 (1)
Similarly, since
(5,9) = 22
/)7 73/ - 66 o
Then
dy o
== n(z,y)
=2y (2)

Where in both odes (1,2) we have the condition that at e = 0 then z = z,y = y. Starting
with (1), solving it gives
T=c¢e+c(z,y)

Where ¢;(z,y) is arbitrary function which acts like constant of integration since Z(z,y) is
function of two variables. At € = 0 then ¢;(z,y) = x. Hence the above is

T=¢c+z (3)

And from (2), solving give
y = 2Ze + c2(, y)

But at € =0,y = y, T = x then the above gives c; = y. Hence the above becomes
y=2xe+y
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But Z = € + z from (3), hence the above becomes

y=2€e+z)ety
=22+ 2z +y

Therefore Lie group is

=€+
y=26+2zx+y

1.12.2 Example how to find Lie group (z,y) given canonical coordinates X,Y

Given X = z,Y = ¥ find Lie group z,%. Solving for z,y from X,Y gives

=X

y=YX
Hence

z=X

7=YX

But Y =Y + € by definition of canonical coordinates and X = X by definition of canonical
coordinates. Hence the above becomes

rT=x
y=(g+e>a:
T
=y+tex

1.12.3 Example y' =%+

This is linear first order which can be easily solved using integrating factor. But this is just
to illustrate Lie symmetry method.

)
= — 1
Y x—i—x (1)

Y =w(z,y)
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The first step is to find £ and 7. Using lookup method, since this is linear ode of form

Y = f(z)y + g(x) then

£=0

The end of this problem shows also how to find these from the symmetry conditions. Therefore

we write
T=x+&e
=2z
y=y-+mne
=y +nz
The integrating factor is therefore
1
Hz,y) =
(z,y) "y
1
oz

Before solving this, let us first verify that transformation (2) is invariant which means it
leaves the ode in same form but using z,y. We do the same as in the above introduction.

— dy
4 _

~  dz
dz x

_ — dy
ym+yy%
— — dy
wz+xy%

But ¥, = 5,9y, = 1,7, = 1,Z, = 0 and the above becomes

@_e+§—g
dz 1

dy

_€—|—%

Substituting z, y, % in the original ode gives

dy

0.
itz 7
d €T
+_y:y+ +x
dz T
d
e-l——y:g—i-e-i-:c
dr =z
dy 'y
%—;-I-x



Which is the original ODE. Therefore (2) are indeed an invariant Lie group transformation
as it leaves the ODE unchanged. The next step is to determine what is called the canonical
coordinates X,Y. Where X is the independent variable and Y is the dependent variable. So
we are looking for Y (X)) function. This is done by using the standard characteristic equation

by writing
@w_W_ s
&
dr dy
i as (1)

The above comes from the requirements that (f a% + 77(%) Y (z,y) = 1. Which is a first order

PDE. This is solved for Y, which gives (1) using the method of characteristic to solve first
order PDE which is standard method. In the special case when & = 0 and 1 # 0 these give

X=x
n
1
T

T

We are free to set ¢ = 0, hence Y’ = £. Therefore the transformation to canonical coordinates
is
(z.9) > (X,Y) = (2, %)
x

The derivative in (X,Y) is found same as with % giving

dX X, +X,%

Ydx

But Y, = —%,Y, =1 X, =1,X, =0 and the above becomes

v _—htid
dX 1
y ldy
x2+xda:

But % = % + 2 hence the above becomes

ay' 'y 1lry >
dX  z2 + z (x +e
=1
Solving this gives
Y = X + C1
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But Y = ¥, X = . Therefore the above becomes

=4+

8 |

y=:c2—|-clx

Which is the solution to the original ode. Of course this was just an example showing how
to use Lie symmetry method. The original ode is linear and can be easily solved using an
integrating factor

Yy
y—==x
x
[=¢ /3t
— e—lnx
1
oz
Multiplying the ode by I gives
d
—Wl) =1
gy W) =1z
E:/EM
x x
=+

Hence
Y= % + zc;

Which is same solution. But Lie symmetry method works the same way for any given ode.
And this is where it powers are. It can solve much more complicated odes than this using
the same procedure. The main difficulty is in finding the infinitesimals for the group, which
are &, 7 that leaves the ode invariant.

Finding Lie symmetries for this example

y=2+2
x
=w(z,y)
The condition of symmetry is a the linearized PDE given above in equation (14) as
Mo + w(ny - gz) - w2§y - wx§ — Wy = 0 (14)

We first find the determining equation before solving for £, 7. Since w = ¢ + x then w, =
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=,wz = —% + 1. Hence the above becomes

S O A
et (4a)m —&(L+a ( +o?+2y) &~ (— 25 +1) 6
Multiplying by z? to normalize gives

2, + (yz +2°) my — & (yr +2°) — (P + 2" +2y2%) & — (—y+2°)E—an=0 (A)

Equation (A) is called the determining equation. Using different ansatz can result in more
solutions.

Trying ansatz
£€=0
n = byx
Plugging these into (A) and comparing coefficients to solve for the unknown gives
x%(by) —xn =0
boz® — z(boz) = 0

bo.’L‘2 - bo.’Ez =0

bo(0) = 0

So any by will work. Let by = 1. Hence

S m
Il
8 O

Now Trying ansatz as

E=ar+az
n=bo+ by

Then &, = a1,§, = 0,1, = 0,7, = b; and the determining equation (A) becomes

(bo + b1y) T + (ao + a1z) (2> — y) + b1 (—yz — 2°) + a1 (yz + 7°)
(bo + biy) z + (ap + a1z) (z° — y) + (b1 — a1) (—yz — z°)
xhy — yao + x2ag + 2°(2a; — by)

0
0
0
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Setting each coefficient to zero gives

bp =0
ag=0
ap =0
201 —b; =0

Hence the solution is ag = 0,by = 0,a; = %1 Using b; = 2 gives a; = 1 and therefore
E==x
n=2y
And Trying ansatz as
§=ao+ a1z + azy
n=>by+by+bx
Hence &, = a1,&, = ag,m, = ba,m, = by and the determining equation (A) becomes
(bo + b1y + boz) T + (a0 + a1z + a2y) (2° — y) + b1 (—yz — 2°) + ax (v* + 2* + 2y2?) + b (—2%) + a1 (yz +
z*(—as) + 7°(—2a1) + 2°y(—3as) + 2°(b1) + z*(—ao) + y(ao) — =

Setting each coefficient to zero gives

bp =0
ag=0
a; =0
by =0
a; =0
b =0

This shows there is no solution for this ansatz. There are more solutions depending on what
ansatz we used. We just need one to obtain the final solution. In Maple, these solutions can
be found as follows

ode:=diff (y(x),x)= y(x)/x+x;
DEtools:-symgen(ode,y(x) ,way=all)

[ xi =0, _eta = x],

[ xi = 0, _eta = x],

[xi =0, _eta=x"2-1y],

[xi = x, _eta = 2%y],

[xi =1, _eta = y/x],

[[xi = x72 +y, _eta = 4*yx*x],
[Lxi = x72 - 3%y, _eta = -4*xy~2/x]
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Trying ansatz using functional form. Let § = 0,7 = f(z) then &, =0,§, = 0,7, = f'(z),n, =
0 and the determining equation (A) becomes

2, + (yr + %)y — & (yr +2°) — (¥ + 2" +2y2?) &, — (—y +2°) E—2n =0
2’ f'(z) —zf(z) =0
zf'(z) — f(z) =0

This is easily solved to give f = cx. Hence £ = 0,7 = x by choosing ¢ = 1. We see that
this choice of ansatz was the easiest in this case, as the ode generated was linear. Let us try
another and see what happens.

Trying ansatz as £ = 0,7 = f(y) then & =0,§, =0,n, = 0,n, = f'(y) and the determining
equation (A) becomes

(yz +2°) f'(y) —zf(y) =

0
(y+2*) f'(y) — fly) =0

This is separable and its solution is f = ¢;(z? + y). Hence £ = 0,1 = (z® + y) by using ¢; = 1.
But this is not function of y only. So this choice did not work. Trying [€ = f(z),n =0],[§ = f(y),n = 0]
shows these also do not work.

&,m can be checked for validity by substituting them in the PDE. Maple’s symtest command
does this. These functional ansatz’s lead to an ode which have to be solved.

1.12.4 Example y = zy® — 2?9 -4

Solve

Yy =zy’'—— - (1)

Hence
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(At end shows how to obtain these). The integrating factor is therefore

1
p(z, y) =
(@9 = —e
_ 1
R )
$2
z_m
Now
T=zx+le=x+ex (3)

Yy=y+ne=y—2ye

This transformation Z = e‘z, §j = e >y is now verified that it keeps the ode invariant.

dz  z,+7z,% e dz
Substituting z, ¥, % in the original ode gives
j ., 25 1
iz 0 T T 3
s dy Coe v2 2(e7%y) 1
e € 2e
e *—= = (ex) (e — —
dc = DY Ty T
dy 26—3ey 6—36
3¢9 _ ,—3€.,2 _ _
© dw W x x3
dy s 2y 1
— =2 —_ = -
dz Y x oz

Which is the original ode. Hence the transformation (2) is invariant. It is important to use
(2) and not (3) when doing the verification.

The next step is to determine what is called the canonical coordinates X,Y. Where X is the
independent variable and Y is the dependent variable. So we are looking for Y'(X) function.
This is done by using the standard characteristic equation by writing

w_W_ gy

£ n

dx dy

—=—=dY 1
Pl (1)

The above comes from the requirements that <§ a% + n%) Y (z,y) = 1. Which is a first order

PDE. This is solved for S, which gives (1) using the method of characteristic to solve first
order PDE which is standard method. Starting with the first pair of ODE gives

y _ 2y
dr =z
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Integrating gives yx> = ¢ where c is constant of integration. In this method X is always c.

Hence
X = yz?

Y (z,y) is now found from the first equation in (1) and the last equation which gives

dz
dY = —
13
Y=/d_””
T
Y=Inz

Now that X (z,y),Y (z,y) are found, the ODE 4¢ = f(X) is setup. The ODE comes out to
be function of X only, so it is quadrature. This is the main idea of this method. But How to
find %? There is an equation to determine this given by

ay @ tw@y) g
dX & tw(z,y)
Y: +w(z,y)Y,
X +w(z,y) X,

Everything on the RHS is known. But

v _ 1

x
Y, =0
X, =2yzx
Xy=x2

Substituting gives

dX 2zy+ (zy2— 2 — %) a2
1
- 2xy + (myQ—% —m%)xQ
_ 1
|
But X = yz?, hence the above becomes
avy 1
dX X2-1

This is just quadrature. Integrating gives

Y = —arctanh (z) + ¢4
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This solution is converted back to z,y. Since S = Inz, R = yx?, the above becomes

In |z| = —arctanh (yz?) + ¢

—In|z| 4 ¢; = arctanh (yz°)
yz® = tanh (—In|z| + ¢;)
tanh (—In |z| + ¢1)
Y= 72

Which is the solution to the original ODE.

The above shows the basic steps in this method. Let us solve more ODE’s to practice this
method more.

Finding Lie symmetries for this example

The condition of symmetry is given above in equation (14) as

Ne + W(ny — &) — w2€y —wz§ —wyn =0 (14)

We now need to solve the above for £,n given a specific w(z,y) for the ODE at hand. This
PDE can not be solved as is for £, n without an ansatz. One common ansatz is to use £ = a(z)
and n = B(z)y + v(x) and plugging these into the above and then compare coefficients to
solve for a(z), B(x),v(x).

Another ansatz is to use a polynomials for £, 7. And this is what we will start with.

Using polynomial as ansatz

We start with order 1 polynomials. Hence

£E=ay+az (1)
n=bo+ by (2)

If this does not generate solution, we will try higher order polynomials. Eq (14) becomes

Nz + w(ny - gx) - w2§y - w:cf - wyn = 0
04w —ar) — w2(0) — wy(ao + a1z) —wy(bo + bry) =0

But in this ODE w = zy? — 2 — % hence w, = y* + % + % and w, = 2yz — 2. The above

becomes
2y 1 2y
2 2

(xy —;—;)(bl—al)—(y +P+—4)(a0+a1x

2 1 2 1 2 3 2 3
ry’by — —ybl - b — ry’a; + —yal + —a — y2ag — —:Z(IO — —00 — ry’a; — al—y —a1—3 — 2y1

T T x T T T T T

1 1

.’Ey2(b1 —a; —a; — 2b1) + %(—21)1 + 2@1 - 201 + 2b1) + CIT?’(_bl +ai — 3a1) + y2(—a0) + %(—2a0) + F(_
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Each coefficient to each monomial must be zero. Hence

—2a;—b=0
—b; —2a; =0
—2a; —2b; =0
ag =0
bp=0
These are overdetermined equations. Solving gives a; = —%bl and a9 = by = 0. Choosing

by = —2 gives a; = 1. Hence
E=aytar==x
n=bo+ by =—2y

Which is what we wanted to show for this ODE. These are the values we used earlier to solve
the ODE using symmetry method.

Using functions as ansatz

Now £, 7 are found using £ = a(z) and n = B(x) y + v(x) as ansatz. Eq. (14) is

Nz + w(ny - fx) - w2§y - wx‘f — Wy = 0 (14)
But
e = B'(z)y +7'(x)

And

Ny = B(x)
And

fy =0

§e = al(z)

Substituting the above into EQ. (14) gives

B(z)y+ v (z) + w(B(z) — &/ (z)) — wa(z) — wy(B(z)y +v(z)) =0

But in this ODE w = zy? — 2 — % hence w, = y* + % + % and w, = 2yz — 2. The above
becomes

2 1 2% 3 2
/ ! 2 _ - _ A 2, 29 _ _ N =
By +~ +(ry ~ x?,)(ﬂ ') <y +x2+x4)a (2yw x) (By+v)=0
Or
2 1. 3 1 2 2
Y4y + v - 5B- Sa—ylat —ad —2zyy— —ya —ay*B+ —ya/ —zy’d =0
X Xz X Xz X X
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Collecting on y gives

2 1 3 1 2 2

y° (’y' +-y— 56— o+ —3a') +y(6' —2zyy — Sa+ —o/> +y*(—a—zB—2d/) =0
x x x x x x

Each term above is zero. This gives the following equations

(@) + ()~ 5B) — Sale) + al(z) =0

§(@) ~ 2my(x) — —yala) + o(z) =

—a(z) — zB(x) — zd/(z) =
Solving these coupled ODE on the computer gives

1
a(z) = = (c3z* + c12* + ¢2)
z

B(z) = —4csz® — 2¢

C2
v(z) = —2¢5 — 2;
Where the ¢y, co, c3 above are constant of integration. Let c; = c¢3 = 0. Hence

1
a(z) = - (c32* + c17?)

B(x) = —4csz® — 2¢

7(z) =0
Let c3 = 0. Hence
a(z) = 1cla:
B(x) = —2¢;
v(z) =
Let ¢; = 1, hence
alz) ==
Bla) = —2
Y(z) =0

Therefore, since £ = a(x) and n = B(z)y + v(x) then £ = x,n = —2y which is the same
as the earlier method. After working using this ansatz, I find using the polynomial ansatz
better. First of all, I had to set constants above to values in order to obtain the same result
as earlier. Setting these constants other values will give different result. For example, the
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following are another set of possible solutions obtained from Maple for this ODE

{a@) = 180 =090 = - |

T 4

a(z) = —=,B(z) = 1,7(z) = 0
2

Which gives

— y+l 2
1.12.5 Example ¢/ = yT + Z—

,_y+1 y_2
T 3
Y =w(z,y)

This can be written as

Hence this has the form y' = £ 4 g(z) F () where g(z) = % and F = <1 + (%)2> Therefore
this is homogeneous class D. Lookup table gives

£=2?

n=xy
Another way to find &, 7 is by solving the symmetry condition PDE and this is shown at the
end of this problem. Hence

rT=x+¢&e
=z + 1€
Yy=y+ne
=y +Tye (2)
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The integrating factor is therefore

uz,y) =
(z,y) p—
_ 1

Ty — 22 (ﬂl_{_zﬁ)

T 3

B T
x? + 2
The ode is now verified that it remains invariant under (2) transformation.
9 _ a
dz &
Ue + Uy e
Ty + Ty 2L
But from (2) y, = ye, 9y = 1+ x¢,Z, = 1+ 2xe, T, = 0 and the above becomes

gg_1+u+x@%

dz 1+ 2ze
Substituting z, y, % in the original ode gives
dy y+1 2
dy _g+1, 7
dz z x3
1+ (14 ze) & _ (ytaye)+1  (y+aye)’
1+ 2ze 422 (z + x26)3
Which as lim._,q gives
dy _y+1l ¢
dz x x3

The same original ode showing the transformation is valid symmetry.

Y:=y/(1-s*x):
X:=x/(1-s*x):
eq:=(diff (Y,x)+diff(Y,y)*2)/(diff (X,x)+diff (X,y)*Z)=simplify ((Y+1)/X+Y"2/X"3):
solve(simplify(eq),Z)
y/x + 1/x + y°2/x73

Hence the transformation in (2) is invariant.

The next step is to determine what is called the canonical coordinates R, S. Where R is the
independent variable and S is the dependent variable. So we are looking for S(R) function.
This is done by using the standard characteristic equation by writing

dz _dy _ g

£ n

der dy

=2 _d 1
pe R S (1)
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The above comes from the requirements that ({ a% + 773%) Y (z,y) = 1. Which is a first order

PDE. We need to solve this for Y, which gives (1) using method of characteristic to solve
first order PDE which is standard method. Starting with the first pair of ODE in (1) gives

dy _zy_y

dr 12 =z

Integrating gives ¥ = ¢ where c is constant of integration. In this method X is always c.

Hence y
X(z,y) =2
(@,y) ="
Now we find Y (z,y) from the first equation in (1) and the last equation
dz
dY = —
£
dz
-1
y=""
x

Now that we found X and Y, we determine the ODE %X = f(X). The ODE comes out to be
function of X only, so it is quadrature. This is the whole idea of this method. By solving for
R we go back to z,y and solve for y(z). How to find 9%? There is an equation to determine

this given by v Y+ w(zg)Y,
Yy T W T, Y) Xy

dX ~ X, +w(z,y) X,
We know everything on the RHS. Substituting gives

dX ¥4 (Ll + ﬁ) 1
1
_ z?
—¥ 4+ (&1 + ﬁ) 1
oz 42
_ 1
L+ (1)’
But X = £, hence the above becomes
ay 1
dX 1+ X2

This is just quadrature. Integrating gives

Y =arctan (X) + 1

52



Now we go back to z,y. Since Y = —%, X =¥, then the above becomes
1
—— = arctan (Q) +c
x x

_1 Y
— 4 ¢y = arctan (—)
T T

-1
L tan (— + cz)
x x
-1
y(x) = ztan (7 + 02)
And the above is the solution to original ODE.

Finding Lie symmetries for this example

The symmetry condition was derived earlier as
e +w(ny — &) — W€y —wf —wyn =0 (14)
Let ansatz be
E=car+cytcs
1= C4X + C5Y + Cg
Eq 14 becomes

Ny + w("?y - gz) - wzéy - wzé. —Wyn = 0
cs+wlcs — ¢1) — w?ey — we(c1T + ey + ¢3) — wy(ca +csy +c6) =0

But in this ODE w = Y1 4+ ¥ hence w, = —¥4! —3% and w, = 1 + 2. The above becomes
2 2
y+1 y? y+1 o? y+1 _y 1 2y
C4+(T+E)(c5—cl)—(7+ﬁ = |~"3 —3; (1 + coy + ¢3) — ~t s (ca
1 1 1 1 2 2 3 1 1 1 1 1

207 2 + 20T % + Elﬂcl - gyzcz + ;4?/203 + gy?’@ - E?J2C5 - ;6?/402 — pve + 29637 3
zics — xtcy + 2Pcs — 20cg + 20397 ¢y — 22%yPcy + 3xyPes + viyPer — 3yPes — yres — whycy + xiycs — 2t
7t (c3 — ¢a) + 7°(cs5 — ¢5) + 23Y*(2¢1 — ¢s5) + 22Y*(—2¢2 + 3c3) + 2%y (c2) + ¥t (—c2) + 2ty(—ca + c3 — 2¢4) -

Each coefficient to each monomial must be zero. Hence

cs—ca=0

cs—cg =10

2c1 —c5 =0

—2c5+3c3 =0

c =0

—cgt+c3—2¢c4 =0

—2¢c6 =0
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Which simplifies to (since c2 = 0, cs = 0)

cs=0
cs =0
cp—c5=0
3c3=0

C3—204=O

Which simplifies to (since ¢z = 0,c5 = 0)

C5=O
01—0520
C4=0

Hence c5 = 0,¢; = 0,c4 = 0. We see that all ¢; = 0, therefore there is no solution using this
ansatz.

Trying ansatz

€ = ag + a1z + agy + asTy + asx’
n= bo + b1$ + be + ngy + b4y2

Eq 9 becomes
Nz + w(ny - fz) - w2€y — wz§ — wyn =0
Substituting the ansatz and simplifying gives

—x2y3a2+y4a2+x4(—a0+a2)+m2y2 (—3ao+2a2)+:cy4a3+2x3ybo+x4y(—ao+az+2b1)+:c5 (a3+bo—b2)+w3y2 (—f

Each coefficient to each monomial must be zero. Hence

a, =0

—ap+a; =0
—3ag +2a5 =0

a3 =0

bp=0
—ag+as+2b; =0
az3+bg—by =0
—2a1 +2a3+ b, =0
as— b3 =0

2a3 —2by, =0

a3 —by;, =0
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Since as = a3z = by = 0 the above simplifies to

—ap=0
—3ap=0
—ag+2b; =0
—by =0
—2a1+by,=0
as— b3 =0
—2by =0
—by=0

Since ag = b; = a4 = by = 0, The above now simplifies to
a4 — b3 =0
Therefore, if we let ay = 1 then b3 = 1 and the solution is

€ = ag + a1z + agy + aszy + asx’
n = by + b1z + boy + bszy + bsy?

Which is what we used above to solve the ode.

1.12.6 Example y = {162

y3+4a2y+x
Solve
,  y—4zy? — 1623
Vo ety +a
y =w(z,y)

The first step is to find £ and 7. This is shown at the end of this problem below.

§£=—y
n =4z
The integrating factor is therefore
1
T, y) =
(z,y) —
_ 1
4z +y (—y;;*ﬁ;;;ff)

_sytaty

4z + y?
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The next step is to determine what is called the canonical coordinates X,Y. Where X is the
independent variable and Y is the dependent variable. This is done by using the standard
characteristic equation by writing

dz _ dy _

13 n
dr _dy _

dY
= dY 1
" i (1)
The first pair of ode’s in (1) gives
dy _ 4z
dr vy
Solving gives

y=+vV-—-4x2+c
Where c is constant of integration (For y > 0 only). In this method X is always c. Hence
y? = —42° + ¢
X =y? + 4a? (2)
The first equation in (1) and the last equation gives

_d
¢

Y=-—[2Z
y

ay

But y = v/—4x2 + ¢. The above becomes
Y——/ dz
vV—4zx? +c
= —1 arctan (2—95)
2 V—4z? +c

1 ( 2:17)
= ——arctan [ —
2 Yy

For y > 0. Now that we found X and Y, we determine the ODE 4¢ = f(X). The ODE
comes out to be function of X only, so it is quadrature. This is the whole idea of this method.
By solving for X we go back to z,y and solve for y(x). How to find %? There is an equation

to determine this given by
&Y _ Yituw(ny)Y,

dX X, +w(z,y)X,
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We know everything on the RHS. Substituting gives
d 1 2z —4ay?—162° \ d 1 2z
Y @ (—5 arctan <7>) + (%) & (—5 arctan <7>>
X 4P A + (Y ﬁg;;ff) LN R

-1 <y 4xy®—1623 >
y(%ﬂ) S +datyte y2

4z y—4zy?—16x3
\/y2+4zz y3+4z2y+x N +4x2
— /41;2 + y
=-X
Hence IV
X
dX
This is just quadrature. Integrating gives
2
Y=—++c

2
Now we go back to z,y. Since Y = —% arctan (%””) , X = v/y? + 4x2, then the above becomes

1 2 2 + 422
——arctan (_x) = _(y-l—_x) +c
2 Y 2
y* 1

2
= — —arctan +222—c=0 y>0
2 2 y

And the above is the solution to original ODE.

Finding Lie symmetries for this example

The symmetry condition was derived earlier as
Mo +w(ny — &) — W2€y —we§ —wyn =0 (14)
Let ansatz be

E=cix+cy+cs
N = c4x + Ccs5Y + Cg

Eq 14 becomes

ey +w(es — c1) — wley — wy(eix + coy + ¢3) — wy(cax + csy +¢6) =0

—4y°—3222y® —8zy?+(—64x%—1)y—322°

_ y—4xy?—1623 — —
But in this ODE w 3% T iz7y e hence wy @y ia) and w,
642°+322%y> +4zy’ —82°y—2°+x A} ve bhecomes

(4z2y+y3+a)?

oot (y — 4oy — 16w3) (5 — 1) (y — 4ay® — 16x3>2 o (—4y5 — 322%y° — 8zy® + (—642* — 1)y — 325
Y +4z?y + Y +4z?y+ 2 (4z2y + 13 + z)°
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Which expands to

8ci1zy? 4cszy? 256¢oxty? 48cox’yt 16cyz3y 12cozy3
Ay + P+ A2y + P ta (dady+ P +a)? (day ot + o)’ (daty+yd+x)’ (dady+ o + o)
48x%cyy 1282°yc; 128z%ycs 32z3y3¢, 32x2y3¢c3
Wy+y+a (ey v o) (lytyita) (elyryite) (daly+y ta)
4xy%c, 4zy’cs ycL T 8x2ycy 8zyce
ey +y +2)* (de?y+yd+a)® (day+yP+a) dPy+yP+a 4Pyt
64x°csy 64z*y?cy 64x3y3cs 64z3y>cq 122%y%c, 16¢523
4oy + 2 +2)° (y+1P+1)° (o2y+13+12)° (Aely+d+a)’ (dely+9P+x)° o2y +13+
256¢9° 64c; 23 c1y 487%¢c4 dy3cy 4y2cs
 (4ay + 13 + x)2+4x2y +¥+z Ay +9°+ x+4x2y +ydi+z d?y+yi+ax dely+yd+o
162%c; 16z3c3 ycs CuT 64z5¢, 64x°cq
@yt +a) (@y+yita) (ey+p+e) Ayt (y+P+e) (Y +y+
N 3ycs 3y3cq B Co B 12z1°cs B 12z cq 4x3ycy
a2y +yP+2)° (da2y+yP+a) 4%y+y’+e (dePy+yP+a)’ (day+yP+a)’ (dady+y3 +
4xy%cs 4x?ycg 3ydcyx e=0

a2y +13+2)  (do2y+y3+2)°  (day+y® + )
Multiplying each term by (4z%y + v* + z)2 and expanding gives the multivariable polynomial

128x5ycl +64x3y3cl +801xy5 —256¢o18 —64c2x4y2+ 1602x2y4+4c2y6 —6428%¢c4— 16x4y204+4x2y4c4+04y6
— 128x5c5y—64m3y3c5 —8zy°cs —|—64m4yc;3+32:c2y303+403y5 —64z°cq —32x3y266 —4my4c6—|—48:v4cl +
82%y2c1 —c1y* +64cyr3y+16comy> +1623ycy+4yP csx—16c5 24 +812y  c5 43y c5+32x3 3 +8xy  cs+-82%ycs +2y co

Each monomial coefficient must be zero. This gives the following equations to solve for ¢;
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—256¢cy — 64c4 =0
128¢; — 128¢c5 =0

—64c =0
—64cy — 16¢c4 =0
64cs =0

48¢c; — 16¢c5 =0
64c; — 64c5 =0
—32¢c6 =0

64cy + 16¢c4 =0
32¢c3 =0

16cy +4c4, =0
32¢c3 =0

8c;1 + 8¢5 =0
8cs =0

8¢y — 8¢5 =0
—4cg =0

16cy +4c4, =0
8c3 =0

—cg =0

dcy +¢c4 =0
4e3 =0
c1+3c5=0
2c6 =0

c3=0
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Hence we see that cg = 0, c3 = 0. The above reduces to

256¢cy — 64cs =0
128¢; — 128¢c5 =0

64cy — 16¢c4 =0
48¢c; — 16¢c5 =0
64c; — 64c5 =0
64cy + 16¢c4 =0
8ci1 +8c5 =0
8c; — 8¢5 =0
16cy +4¢c4, =0
4cs+¢c4 =0
—c1+3c5=0

Hence Ac = b gives

0 —256 —64 0 0
128 0 0 —128 0
0 —64 —16 0 0
48 0 0 —16 0
64 0 0 —64]|(° 0
0 64 16 0 21 =10
0 16 4 0 “ 0
8 0 0 -8 |\® 0
0 16 4 0 0
0 4 1 0 0
1 0 o0 3 0

The rank of A is 3 and the number of columns is 4. Hence non-trivial solution exist. Solving
the above gives ¢4, = —4 and c; = 1 and all other coefficients are zero. this means that , since

E=cx+cy+cs
N =c4x + c5Y + C

Then

§=y
n = —4x

Which is what we wanted to show for this ODE.
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1.12.7 Example 3/ =

er—y

Solve

y/ — _y2
et —y

Y =w(z,y)

The symmetry condition results in the PDE

UE + W(ﬂy - gx) - w2€y - wxf - Wyﬂ =0

End of the problem shows how this is solved for £, n which results in

£(z,y) =1
n(z,y) =y
The integrating factor is therefore
1
u(z,y) =
(z,y) —
_ 1
(=2
()
1 —ye™®
Yy

The next step is to determine what is called the canonical coordinates X,Y. Where X is the
independent variable and Y is the dependent variable. So we are looking for Y'(X) function.
This is done by using the standard characteristic equation by writing

o _ W _ gy

& 0

der dy

T_?_dY (1)

The above comes from the requirements that (f a% + n%) Y (z,y) = 1. Which is a first order

PDE. This is solved for Y, which gives (1) using the method of characteristic to solve first
order PDE which is standard method. Starting with the first pair of ODE gives

dy _

dx_y

Integrating gives In |y| =  + ¢ or y = ce® where c is constant of integration. In this method
X is always c. Hence
X(z,y) =ye™”
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Y (z,y) is now found from the first equation in (1) and the last equation which gives

dz
dY = —
3
dz
Y —

d 1
dY =dx
Y=z

Hence
X =ye™®
Y ==z

Now that X (z,y),Y (z,y) are found, the ODE 4¢ = f(X) is setup. The ODE comes out to
be function of X only, so it is quadrature. This is the main idea of this method. By solving for
X we go back to z,y and solve for y(z). How to find %? There is an equation to determine
this given by

ay G twy)
dX  Htrw(zy) i
Yo +tw(z,y)Y,
o X +w(z,y) X,

Everything on the RHS is known. Y, =1, X, = —ye™, Y, = 0, X, = e””. Substituting gives

ay _ !
dxX

ye ¥ —1
ye~*

But X = ye™*, hence the above becomes

avy X-1
X~ X

This is just quadrature. Integrating gives

/ 2 Lix

—InX +C
This solution is converted back to z,y. Since Y = z, X = ye™*, the above becomes

r=ye " —In(ye®) +a
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Which is the solution to the original ODE.

Finding Lie symmetries for this example

The condition of symmetry is given above in equation (14) as
Nz + w(ny - gx) - w2§y - wx§ — Wyl = 0 (14)
Try

E=cix+cy+cs
N =c4x + c5Y + C

Hence &, = ¢1,€, = ¢2,my = ¢4,y = ¢5 and (14) becomes

Ne + w(ny - gm) - w2€y - wmg —Wyn = 0

cs+w(es — c1) — wlecy — wy(eix + ey + ¢3) — wy(ca + csy +¢c6) =0

But w = e;—ﬁz,wz = yz—ezg,w = (— 2y _ R 2> and the above becomes
y (ez—y)*? Y -y (e%-y)
2 2\ 2 2 2
— — e 2
Cat— (05—cl)—< - Y ) Cz—y—2(clx+02y+03)—(— - y __9¥ 2) (caz + sy + ¢c6) =
er —y er—vy (e* —y) e~y (e*—y)

Need to do this again. I should get c3 = 1,c5 = 1 and everything else zero.

=1
n=y
_ o/IFy+v/IFy+1+
1.12.8 Example 3/ = Y = y+ity

Solve

, /1t y+/1+y+1+y
y= 1+2x
Y =w(z,y)

The symmetry condition results in the pde

e +w(ny — &) — W€ — we€ —wyn =0 (1)
Let Ansatz be
£=0
n=f(z)gy)

Hence (1) becomes

o) . +0f(@) 5~ 0, (@) gy) = O
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_ d (evTFy+yTTy+l+y ) _ _ (y+1) _ e+142/I1y
But w, = £ ( W = and wy = 750 - Hence the above becomes

The numerator of the normal form of the above is

2 gm.x-l—Zy\/?f +2f—x +2 g\/? 2fg\/?+2f \/F fga:—|—2f—a:—|-2f
3)

We can now either collect on y or x and try. Let us start with collecting on all terms with y.
This gives

oI y( 200 + 25 - 2f )ty TN+ Ty balaf - oryGea +20)+ e +2
(3A)

The coefficients of all terms with g(y) or y in them are from the above are the following,

which each must be zero

2f =0

zf—f=0
2xf+2f=0

da . df _
2z %+2%—2f—0

Now we set each to zero and see if this produces f(z) which can be used. We have 4 choices
to try above. Starting from the most simple one. The first one above gives 2f =0 or f = 0.
But this is not function of . We try the next one zf — f = 0. This gives f =0 or z = 1.
Hence this does not give f as function of . Next we try 2z f 4+ 2f. This also does not give
f as function of x. The last one is 293% + 2l 2f =0 or % = T-% Solving this gives
f =ci(z+1). This is successful since f is functlon of z. Hence

f(z) = ci(z+1)

df

dz

Now we need to determine g(y). Substituting the above into (3) gives

d d d
2¢19(y)\/1 4+ yz+2+/1 + ycu (m—|—1)£y+2cl (x+1)d—za:y+2clg\/ 14+ y—2c¢1(z+1)g\/1 + y+2¢1 (x+1)d—Z\/1_

Which simplifies to

dg dg dg o dg dg
c1vy/1 2c1—= 2 1 2+/1 2c1—= dei —=zy—2 2c1—=4/1
+y yx+ C1 yx Yy—C19T 2y 01 \/ + yr+ \/ +y01dyy+ Cldyx + C1dyxy (:)1$9+ 01dy\/_

64



Now factoring on all terms with x, and these are {z, z?} gives

d d d
—cle(—2d—Zy+g - 2d—§) —clx<—2\/1 Ty y 2/1+y=2 — 2 y+g 2dz>+T =0
(4A)
Where T are terms that depends on y only. Each factor of z,z? must be zero. Hence the
first above implies

dg dg
—2—= —-2==0
dyy tg dy
g
o) —
Solving gives
g=c/1+y (5)

Substituting (5) into (4) gives
ci(l+z)c(l+y)=0

Which is not zero. Hence this term does not work. Now we try the second term in (4A) which
means

dg dg _dg dg
—2/1+y—=y—2/1+y— —2-=2 —22 =0
+ydyy +ydy dyy+g a
dg _ -9
dy —2/1+yy—2y1+y—2y—2

Solving gives

VIF
9(y) = G
14+1+y

Again, substituting the above back in (4) gives

1+y)z
1+ vIFv)’
Which is not zero. Therefore starting with f(z) = ¢;(z + 1) has failed to produce a valid g(y)

to satisfy the pde. This means we need to start all over again. Going back to (3) and now
collecting on all terms with z instead. Here is (3) again

Cl(]. + a:) Co

o NN T +2f—xy+2— VIt y-2fo\/THyt2f A fgx+2f—x+2fy——
"

Collecting on all terms that depend on x gives

d d d d d
z%(QgM)—i—f(Qymd—z—2g\/?+2—\/1+ +2y _+2d_z_ )+xf<2d—Zy—g+2d—Zy

(3B)
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Each term must be zero, hence this gives these trials

29y/1+y=0
dg dg
2 2 0
dyy g+ dyy

2y/1 + ——29«/14— +2—g\/1+ +2—+2ZZ g=0

Starting with the first one above 2¢g4/1 + y = 0 which gives g = 0 which does not match the
ansatz. Now we try the second one above, which gives

dg _ 9
dy 242y
Solving gives
g=c/1+y (6)

Which meets the requirements of the ansatz. Now we need to use the above to generate f(x).
We do not need to try the third one above unless this fails. Substituting (6) into (3) gives

df df df df _
02(2d—xy+2d—m+2d—y fy —|—2d =0
df df df df
2— 2— 2—y — 2
dacy+dx+d fy+ —f=0 (7)
Collecting on y gives
af af
1 2% z+27 ) =
a(l+y) ( T2 0
Hence 2%1‘ + 2% — f must be zero. This gives as solution
f)=cVi+z
a 1
de 22\/1 +x
Substituting the above into (7) to verify gives
2(c L )x +2(c L >x+2(c L ) <C\/1+x) +2(c L > coV1+ -
ovivz) VT N\ oy g ovivz) YT \® YT\ %oviys) @ '
1 1 1 1
Co—F——=TY + Ca—F—=T +¢C cV1l+zy+c —cV1l+z-
RV RV eV e A A
1 1 1 1
+ - —VItay+ ~Vi+tz)-
C“’(\/H—x””y Jitz itz RV ””)

Verified, Hence we have found f(z), g(y). Therefore

£€=0
n=f(z)g(y)
=vV1i+z\/1+y

66



Where we set ¢c; = c; = 1. The integrating factor is therefore

1

n—&w
1

Vito/Ity

The next step is to determine the canonical coordinates X,Y. Where X is the independent

wz,y) =

variable and Y is the dependent variable. This is done by using the standard characteristic

equation by writing
d d
oY _gy
£ M

For the special case £ = 0 we have X = z. Y(z,y) is now found from the last two pair of
equations which gives
dy

dy ==~
1

day =

Hence (constant of integration is set to zero)

X=x (2)

V1
y—o¥ity

Vi+z
Now that X (z,y),Y (z,y) are found, the ODE g—}; = f(X) is setup. The ODE comes out to
be function of X only, so it is quadrature. This is the main idea of this method. By solving for
X we go back to z,y and solve for y(z). How to find %7 There is an equation to determine
this given by

vy G tw@y) gy

IX T (o) &

_ Yotw(z,y)Y,

Xm +tw (CL‘ ’ y) Xy
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Everything on the RHS is known. Y, = — Y% X =1, Y,

1)) X, = 0. Substituting

_ 1
T Vifz/1+y?
into the above gives

ay 1+ 1
W VY |y
dX (14 2)2 Vi+zy/14+y
__\/m+(x\/1+y+\/1+y+1+y) 1
(1+2)? l+z Vitz/T+y
1
 Vz+1
B 1
X+1
Hence
ay 1
dX VX +1
This is quadrature. Solving gives
Y = 2\/ X + 1 + C1
Convecting back to z,y gives
VITY _,
2 =2Vrz+1+c
Vi+zx !
1.12.9 Example ¢/ = ﬁ
Solve
y/ — -y
2z — yeY
Yy =uw(z,y)
The symmetry condition results in the pde
Nz + w(ny - €z) - w2€y — wz€ — Wyl = 0 (1)

Let ansatz be

=9(v)
=0
Substituting this into (1) gives
w2@ —wyg =
dy °
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2 —
But w?= —¥ - w, = %( 4 ) = 2 __ The above becomes

(2z—yeY) 2z —yeY (2z—yeY)
(22 — yey)2 dy (2z — yey)2
dg
—y - —2yg =0
Y
dg 2
2% =0
dy - y’
This is linear ode. The solution is .
1
9==
Y2
Hence
1
G
1’] frd
But taking ¢; = 1. The integrating factor is therefore
1
HP\T,Y) =
(@) n—&w
B 1
o1 (—_y>
y2 \ 2z—yeV
= y(2z — ye¥)

The next step is to determine the canonical coordinates X,Y. Where X is the independent
variable and Y is the dependent variable. This is done by using the standard characteristic
equation by writing

d d

W _ gy

&

Since n = 0, then in this special case X = c¢; = y. To find Y we use dY = dg—”” or dY = y%dz.
Hence Y = ¢z + ¢; = c2z by taking c; = 0. Therefore S = y%z since ¢; = y.

X=y (2)
Y =%z
Now that X (z,y),Y (z,y) are found, the ODE 4¥ = f(X) is setup. The ODE comes out to
be function of X only, so it is quadrature. This is the main idea of this method. By solving for

X we go back to z,y and solve for y(z). How to find %? There is an equation to determine
this given by

dy G tw@y) &
dx O trw(ny &
_ Yo tw(z,y)Y,
X, tw(z,y) X,
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Everything on the RHS is known. Y, = 32, X, = 0,Y, = 2yz, X, = 1. Substituting into the
above gives

Yy’ +w(z,y) 2y
dxX w(z,y)

y* + (inzey> 2yz

-y
2x—yeY

= y2ey
Now we need to express the RHS in terms of X,Y. From (2) we see that y = X, hence the
above becomes

ay
el X2 X
ix ~— " °
This is quadrature. Solving gives
Y=(X?-2X+2)eX+¢
Convecting back to z,y gives

vir = (y2—2y+2)ey+cl

1.12.10 Example 3/ = =522

242y

Solve

J = —-1—-2yzx

x? + 2y

Yy =w(z,y)

The symmetry condition results in the pde
Ne + W(ﬂy - é’l)) - w2£y — wg€ — Wy = 0 (1)

Let ansatz be

§=0

n=f(z)g(y)
Substituting this into (1) gives

af dg
91z +wf@ —wyfg=0
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_ —1-2yz _ d(=1-2yx\ _ 2—2z3
But w = —75~ Ty Wy = dy( T2y ) = Grrog The above becomes

df —1-—2yz\ ,dg ( 2 — 223 )
ol Gecurmrvenll I il By =0
Yz ( z2 + 2y ) dy (22 + 2y)° 19
The numerator of the normal form is

d 2 d
g%(:c2 +2y)" + (2 + 2y) (-1 — Zyx)fd—z —(2—22%) fg=0

&

9o ot +47%y + 4y%) + (—22°y — 2% — 4oy’ — 2y) lel—z —(2—22%) fg=0 (2)

To solve this for f(z),g(y) we start by collecting on either = or y. Let us start by collecting
on y. This gives
df df df 4 3 dg 2 .1 49
49 22 + 2 —22% — 4z —2) f] (22 ) - Y =0
4L | )+ 1] o)+ | ot - (200 +2) 1] g (-2~ 402 1) (E) - [o1)
3)
The other option was to collect on z terms. This would give

-2+ 2] (22)-[21] (52 )-laaf] (w52 )+ |2~ 20| (+1a) (3L ) +lusl (4302 )+ 7]
(1

We start from (3), and if this yields no solutions for f(z),g(y) then we come back and try
(4). In either form, the terms inside the [-] must all be zero to satisfy the ode. From (3) this
gives

df
dw =0
d 5

%m‘* (—22°+2) f=0
(—2x3—4x—2)f=0

22f =0

If one of these results in f(z) which is function of z. Then we try it to solve for g(y). If the
solutions end up verifying the pde, then we are done. From the above, we start with the first
one. This gives f = ¢;. Which is not function of z. The second give same result. The this
option which is L% — (—22% + 2) f = 0 gives

323

e 3z

f(J?) =G 72

Which is function of z. We now use this to find g(y). It turns out this does not work. The
whole ansatz will fail. So need to try different ansatz.
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1.12.11 Example ¢y = 3,/yz

Solve

vy = 3\/yx

Yy =w(z,y)
The symmetry condition results in the pde
e+ w(ny — &) — W&y —w€ —wyn =0 (1)
Trying polynomial ansatz

§=ao+mx

n=bo+ b1y
And substituting these into (1) and simplifying gives
(—9a; + 3by) yxr — 3xby — 3yag =0

Setting all coefficients to zero gives

—9a1+3b1=0
bp =0
a0=0

Hence a; = %bl. Letting b; = 1 then a; = % and the infinitesimals are

1
§= gw
n=y
The integrating factor is therefore
1
T,Y) =
pw(z,y) —
_ 1
y - 52 (3v¥2)
__ytzyry
o oy

The next step is to determine the canonical coordinates X,Y. This is done by using the
standard characteristic equation by writing
dr dy

= =dYy
13 n
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The first pair of equations gives

dy _m_3y
dr ¢ =«
Solving gives
y=cz>
Hence y
X = C = :1?
And Y is found from p p
dy = 2 =32
13 T
Integrating gives
Y =3lnz+¢
=3lnz

By choosing ¢; = 0. Now that X (z,y),Y (z,y) are found, the ODE £
This is determined from

ay
dX

& twzy)
O tw(z,y) o
Yot w(r,y)Y,
X +w(z,y) X,

= f(X) is determined.

But Y, = 3, X, = -3%,Y, =0, X, = . Substituting these into the above gives
ay 3
dX —3% +w(z,y) x%
B 33
=3y +aw(z,y)
But w(z,y) = 3,/yz. The above becomes
v _
dX —3y+3zyz

$3

/YT — y
-1

T _ Y
23 3
But X = x% and the above becomes
av _ -1
dX X -vX
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Which is a quadrature. Solving gives

Jo =]
Y=—21n<ﬁ—1)+cl

3lnz = —2In (,/%—1) +a
T

Converting back to z,y gives

yi(z) = 22(2° + z/z01) —2° + 1
yo(z) = —2x(—x2 + :v\/xcl) -+

1.12.12 Example ¢y = 4(yx)%
Solve
y = 4(yx)’
Yy =w(z,y)
The symmetry condition results in the pde
e +w(iy — &) — W&y —we€ —wyn =0 (1)
Trying polynomial ansatz

§=ao+mx
n=bo+ b1y

And substituting these into (1) and simplifying gives
(—16a; + 8b) yx — 4xby — 4yag =0

Setting all coefficients to zero gives

—16&1 +8b1 =0
bp=0
a0=0
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Hence a; = 1b;. Letting b; = 1 then a; = ; and the infinitesimals are

1
£= 535
n=y
The integrating factor is therefore
1
u(z,y) =
(z,9) —
_ 1
= 1
Ve (1))
_ 1
y— 2z (ay)?

The next step is to determine the canonical coordinates X,Y. This is done by using the
standard characteristic equation by writing

dr _dy

— =dY
£ 0
The first pair of equations gives
dy_n_2%
dr ¢ =«
Solving gives
y = 12>
Hence y
X = Cc = E (2)
And Y is found from p p
dy = 2 =22
13 x
Integrating gives
Y =2lnzx+¢
=2lnzx

By choosing ¢; = 0. Now the ODE %X = f(X) is found from

dy G tw@y) &
dx O trw(ny &
_ Yo tw(z,y)Y,
X, tw(z,y) X,
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But S, = 2, R, = —2%, S, =0, R, = 4. Substituting these into the above and simplifying

gives
dy x?
hadul .
dX 2z (ya)s —y
. 1
2L (y2)° — %
_ 1
Zy%x_g — z%
1
= 1
2(%) - %
_ 1
2(X)5 — X
Hence
ay 1
dX  2X3 — X

Which is a quadrature. Solving gives

Jar=] s

:—51n< 2+X3)+01

Converting back to x,y gives

2
2lnx=—§ln —2—|—<£>3 +c
2 x2

The above can be simplified more if needed to solve for y(z) explicitly.

1.12.13 Example 3 = 2y + 3e*®
Solve

y/ — 2y+362x
Y =w(z,y)

From the lookup table, since this is linear ode y' = f(z)y + g(z) then

§£=0

n= effdm
:ef2dx
= ",
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If we were to use the integrating factor method, then
1

1 — &w

1

==

2x

w(z,y) =

:e_

Then the general solution is

[ ) (dy = o) =
/6_2”” (dy — (2y + 362””) dm) =q
/e‘zxdy — (2ye‘2x + 3) dr = ¢,

/e_hdy — 2ye g = /3dx +c

/d(e‘zmy) = /3dm+cl

ey =3z + ¢
y=e**(3z +c1)

Hence

But if we were to use the basic Lie symmetry method, then the next step is to determine
the canonical coordinates X, Y. This is done by using the standard characteristic equation

by writing
de dy

§ n

Since £ = 0 then this is the special case where X = z. And Y is found from

ay

dY = @ = e 2dy
n

Integrating gives
Y =e*y+c
=e %y
By choosing ¢; = 0. Now the ODE % = f(X) is found from

dy G tw@y) &
dx O trw(ny &
_ Yo tw(z,y)Y,
X, tw(z,y) X,
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But YV, = —2¢ %y, X, = 1,Y, = e 2,X, = 0. Substituting these into the above and
simplifying gives
dy
dax
= —2e ¥y 4+ 2ye™* 4+ 3
=3

—2e ¥y + (2y + 3e*) e **

Which is a quadrature. Solving gives
[y = [sax
Y=3X+4+¢
Converting back to x,y gives

e_%y =3r+c
y=(3x+c))e*

Of course, this ode is first order linear and can be solved much easier using integrating factor
method. But this is just to illustrate the Lie symmetry method.

— 12y+y’—a?
1.12.14 Example y' = 32—

Solve

, 12y +4° —a?
y =

3 x

y =w(z,y)

Using Maple the infinitesimals are

3
<= 213

Y

n=-—7

T3

(Will need to show how to obtain these). Lets solve this using the integration factor method
first. The integrating factor is given by

w(z,y) =




Then the general solution is
[ e (dy = o) =

12@/+y_3—m2) dx) _.,

du —
4 3 T

12y+y3—m2) >
- dr | =¢
x

[\
8
[\)
|| 8.
Nad
w
N

/N
w

e ) (2y—|—y3—z2) dz) =c
Y

2
3
Hence we need to find F(z,y) s.t. dF = (2 2“”_% sdy — (2 = > (2y +y® — %) d:v) which will

3223

make the solution F' = ¢. Therefore

oF oF
dF = %dx + 8_ydy

4
z3 2 =z 3 9
=2x2—y3dy_ (g—x2—y3> (2y+y -z )d:c

ol

Hence
OF __2ah@y+y’— )
or 3 x2 —y3

1)

oF T
= —9_ = 2
Oy x? —qy3 @)
Integrating (1) gives
2352y +y° —2?)
F=[/]-2
(/ 3 B W +9()
213 +y)V3
1 1 2 1 Yy 2
= 5@% 3 In (x% + 33y + y2> — g\/garctan 3 ( y > ~3 In (a:% - y) +g(y)
3)

Where g(y) acts as the integration constant but F' depends on z,y it becomes an arbitrary
function. Taking derivative of the above w.r.t. y gives

OF 5
P o / 4
A L) (@
Equating (4,2) gives

4 4

3 3
2a:2 I = 2z2 v +9'(v)
0=4'(y)
9(y) =
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Hence (3) becomes

2
F= éx% + gln (x% +x§y—|—y2> — 5\/§arctan

2ln<avg >+c
3 Yy 1

Therefore the solution is

F

Cc

M _gln(:pg—y

4
3

1 1 2 1
éx + 3 In (xg + xgy + y2> - g\/garctan 3 C2
Where constants c;,c were combined into c;. Now this ode will be solved using direct
symmetry by converting to canonical coordinates. This is done by using the standard

characteristic equation by writing

d d
oY% _ gy
§ n
d d
f _ Ty —dY
-1 T
2x3 x3
First pair of ode’s give
Yy
dy ) 2
de ~ 3; 327
23
Hence
Y= clx%
Therefore
X = y:c_g
And

Integrating gives

Wl DN
8
ol
QU
8

l~<
Il
—

Il
[N

8

NI

N =N =

8

By choosing ¢; = 0. Now the ODE 4% = f(X) is found from
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v )
ax = %—i—w(z,y)%
Y. +w(z,9)Y,

- X, +w(z,y) X

But Y, = 2x%,X$ = —%yw‘g,i@ =0,X, = 73, Substituting these into the above and

simplifying gives

dy %z%
dX  —2yz=3 4 w(z,y)z s
_ 2o
~2yo i 4 (St o
=257

But X = ya:_g ory = Xz3. The above becomes

av_ , =
dX — Tx2— X3z2
_ -2
T 1-X3

Which is a quadrature. Solving gives

/dy =

3ln (X*+z+1)— gx/garctan (%(1+2X) \/§> + gln(X— 1)+ ¢

Converting back to x,y gives

gt () 1) = S vBarctan (3 (14 2(57)) V) + 2 ((s}) -1) e

;x/garctan (il)’ <1 2yx” §> \/ﬁ) + gln (yx_§ B 1> ta

4
3

X

Wik

N|—= N~

1
z3 = —gln (yzgy—% +z+ 1)

1.12.15 Example y' =3 —2¢
This is homogeneous ODE of Class A of form 3’ = F(¥), hence from the lookup table

£
U

x
Y



The first step is to verify that T = ex,y = ey leaves the ode invariant.

94 _0+hy & _

At To+3y € 7
Hence the ode becomes
dy y
27 _g3_97
dzr x
y =3— 9%y
€T
—3-2Y
T

Verified. Now the ode is solved. The tangent curves are computed directly from the Lie group
symmetry given above

0x
g_as=0_x
o _
n= 66 €:0_y

The canonical coordinates (X,Y) are now found. Using

w_ W _ gy
&
dz _dy _ oy (1)
T )
The first pair gives
dy _y
dr =
Iny=Inx+ ¢
y=-cx
Hence
X=c
_Y
x

W _ gy
)
Y =Iny
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What is left is to find dY . This is given by

dY
- = [(X)
To find f(X), we use dY =Y,dz +Y,dy = %dy and dX = X,dz + X,dy = —%dz + >dy.
Hence
av _ W
dX — —Ydz+ ldy
dy
— dx
R
dy
_ dx
X2 XY
But % =3 — 2% =3 — 2X, hence
av 3-2X
dX —-X2+X(3-2X)
. 3-2x
3(X — X2)

Which is a quadrature. In Lie method, for first order ode, we always obtain % = f(X).
Integrating the above gives
3—-2X
dy =
Jo =] socxm™

lnX—gln(X—l)-l—cl

Final step is to replace X,Y back with x,y which gives

lny=ln%—lln<%—1>+cl

3
¥
:c—z
R
1
3 1
2=y’ -l
T xr
Y 1
s 1T

1
y:(02—3+1)x
x
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1.12.16 Example v/ = ¢

1-¥
T

This is homogeneous ODE of Class A of form 3’ = F(¥), hence from the lookup table

Canonical coordinates (X,Y) are found similar to the above which gives
x=Y
x
Y =Ilny
What is left is to find 4%. This is given by

dy
o (X
Which is the same as above
ds @
IR _dz
dR —R?+ R%
But in this problem, the only difference is that % = :i’f% = =342 hence
v _ T
iX T X2 1 X (3EX)
1 X-3
X X?2+2X-3

Which is a quadrature. In Lie method, for first order ode, we always obtain % = f(X).
Integrating the above gives

far=[5(sm=s)

Yy = (X)—Eln(X—l-?))—%ln( Dta

Final step is to replace X,Y back with z,y which gives

lnyzln(%) —%ln<%+3> —%ln(%—l)—l—cl

This can be solved for y if an explicit solution is needed.
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1+3(¥)?
2¥

1.12.17 Example ¢/ =

This is homogeneous ODE of Class A of form /' = F(%), hence from the lookup table

=1

n=y

The canonical ode is 4
ay fé

dX X2+ X%
The above is the same ode in canonical coordinates for any ode of the form y’ = F(%) We
just need to express ¥’ as function of X. In this case the above becomes

2
av _ S
2
AX X4 X (950)
_3X* 41
X34+ X

Integrating gives
Y=Ih(X(X*+1))+a

Final step is to replace X,Y back with z,y which gives
2
Iny =1n <y((g> + 1)> +c
x\\zx
2
o ((g) N 1)
x\ \x

Hence

y = £/ c323 — 22
= txv/c3x — 1

Finding &, 7 from symmetry condition for the above ode This shows how to find &, n directly
also. The condition of symmetry is given above in equation (14) as

Nz + w(ny - gx) - wzé.y - wx§ — Wyl = 0 (14)
Try Ansatz

E=co+cz

n=cy+c3y
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And given

Hence (14) becomes

12?4 3y 122 -3y, 13> —=x

T2 oy =3 yr? €_§ xy?

Therefore the above becomes
122 + 3y? 1 2% — 3y? 132 —z
3 oy T2 g @tav o oa—

Using the computer the above simplifies to

T 1 =z 1/1 13
—(C3—Cl)+—02——— —Cy ———62+—CO— =0
Yy Y T T

22y 2 2
Hence

C3—Cl=0
1
56220
1 —
9% =
3
—502:0
3
Zen=0
200

Solving gives ¢g = 0,co = 0 and c3 = ¢;. Hence the solution is

E=cx

n=csy

Let ¢; = 1, therefore c3 = 1 and we obtain



Which is the result we used in solving the above problem. Notice that any scaler will also
work. Hence

& =5z
And

¢ =10z

n =10y

This will also give same solution.

¢=2°
n=xy

Now we just need to find canonical coordinates (X,Y) since &, n are known. Using

o _ % _ gy
£ 0
de dy
— =-—=2=dY 1
2z (1)
The first pair gives
dy _y
dr =
lny=Inz+¢
y=cx
Hence
X=c
_Y
x

Now we find Y from the last pair of equations (we could also use the first and last equations

in (1)).

W _ gy
Ty
1
Y =—Iny
x
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What is left is to find %. This is given by

dYy

- — (X

= X)
_ Y +Yy
frd Xw—i—nyl

To find f(X), we use Y, = 3 Iny,Y, = % and X, = —%, X, = 1. Hence

dy  zhy+y
aX =+
—Iny -2y
y+azy
—Iny — 2y
y+azy
But y’ =¥+ 1f(¥) = X + 1 f(X). The above becomes
dy —Iny — % (X + Lf(X))
dX  y+z(X+1f(X))
_ —Iny—1- % f(X)
y+zX + f(X)
—Iny—1- z%f(X)
y+zl+ f(X)
1
iy —1-Lf(X)
2y + f(X)
Something is wrong. % should only be a function of X. Need to find out why. Let me try
the other pair of equations from (1) to solve for S and see what happens.

dw:dY

y=-1
x

x2

What is left is to find g—};. This is given by

dy
ix = G(X)

Y +Yy
X+ Xy

To find G(X), weuse Y, = 5,Y, =0and X, = —%, X, = 1. Hence



But y' = £ + 1F(%) = R+ 1F(R). The above becomes
ay 1
dX  —y+z(X+1f(X)
1

—y+zX + f(X)
1

-y +zi+ f(X)
1

F(x)

This worked. But why the first choice did not work? OK, let me continue now. Integrating

the above gives
—dX +c
/ f(X)

But Y = —%, hence

1 1
—;z/ f(r)dr-l-c

s 1 1
0:/ dr+c+ —
f(r) T

This example shows that when solving for Y from

d
§=@=w
T Ty

There are two choice. One is dY = % and the other dY = i—“ﬁ. Using the first choice did
not work here (unless I made a mistake, but do not see it)., Only the second choice worked
because we must end up with ¥ = G(X) where RHS is function of R only. I need to look
more into this. In theory, any choice should have worked.

Yy

_ 1,-¥
1.12.19 Example y = £ + le

8

This is homogeneous class D ' = ¥ + g(z) F(¥). Hence from lookup table

n=xry

From above we found the solution to be

1
Y:/de+c

In this case F(X) = e *. Hence

Y=/eXdX+c

Y=e+c¢
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Now we just need to find canonical coordinates (X,Y) since &, are known. From above

x="Y

T
1
Y=—-
T

Hence the solution becomes
Yy
—— =e€e= +cC
T
y 1

ez =Cy — —
z
1
g:lIl(CQ——)
z z
(¢=2)
y=zln|cy——
z

The nice thing about this method is that once we solve for one pattern of an ode, then the
same solution in canonical coordinates is used, the only change need is to plug-in in the RHS
of the original ode in the solution and integrate.

1.12.20 Example ¢/ = 1—y*+a?

1—|—y2—x2
, _ 1 _ y2 + 1:2
1+y2—2a?
= w(z,y)
Using ansatz it is found that
§=z—y
n=y—x
Hence
d d
& _%_4s
& n
d d
T - W _y4s (1)
T—yY Y—x

The first two give

Hence
y=-r+c (2)
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Therefore

X=Cl

To find Y, since both &, depend on both z,y, then % =dS or dg—x = dS can be used. Lets

try both to show same answer results.

But from (2), z = ¢; — y. The above becomes

_dy
y—(cl—y)
__dy
2y —

dY =

Hence 1
Y = éln(2y—cl)

But ¢; = y + z. So the above becomes

Y =l (y+2))

1
=5 In(y — z)
Let us now try the other ode
dx
— =dS
£
S — dx
r—y

But from (2) y = —z + ¢;. The above becomes

iy—__ %
z—(—z+c)
_ dzx
% —q

Therefore
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But ¢; = y + z. Therefore

=;In(z—-y) (4)

The constant of integration is set to zero when finding Y. What is left is to find %. This is

given by
ay Y, +Yw

dX ~ X, + Xw (5)

But, and using (4) for Y we have

X, =1
X, =1
-1
Y, =
Yy—x
1
sz
Yy—x

Hence (2) becomes

dY_i%+£w
dx 14w
w—1
=—_z_y
1+w
1—w

- (I+w)(z-y)
-~ (22
1+y2—x2

(1+ (7)) e -0

= —r — y
=—(z+y)
=-X
Hence
ay
ax=
X2
2
Converting back to x,y gives
(y +2)*
In(y—2)=-"—



1.12.21 Example y' = —1ze 2 + %L\/(e—?y)2 x2 + de~%

1 1
I T2 - —20\2 .2 _92
y = ze y+4\/(e v)  x2 + de=2
= w(z,y)
Using ansatz it is found that
E=x
=1
Hence
o _W_ s
&
dz
—=dy=d 1
o =dy=ds (1)
The first two give
dy _ 1
dr
Hence
y=lhz+¢
Therefore
X = C1
=y—Inz
And Y is found from either dy =dY or & =dY. Since n = 1, it is simpler to use dy =dY
instead.
W_ gy
n
dy =dY
Y=y
Where constant of integration is set to zero. What is left is to ﬁnd . This is given by
ay _ Y. +Yw 2)
dX X, + X,w
But
X, = 1
Tz
X, =1
Y, =0
Y, =1

<

©
w



Hence (2) becomes

dy w 1
dX -i+w -L141
1

1— 1
_ 1,2y 1 —29)2224 fe—2y
:c( 7re" 411/ (e7 ) z2+4e )

But y = X 4+ Inz. The above becomes

ay 1
dX 1- L

@ (_ Lpe=2(Rtinz) 4 1 \/(e—Q(R-Hn 2))242 4 4e—2R+1n z)

1
=1 -
z (_% we;#.,_% 1, /e—4R+4e—2R>
1
1-—

1
(FhePa Ve rae 7R)

14+4e2X _2X 1
\/ e~* arctanh
etX (\/ 1+4eX )

V1 +4e2X

Integrating gives

Y =

Converting back to z,y gives

144e2(y—In=) 2(y—Inz) 1
\/ oiG—me € arctanh Nl
y =

V1 + 4e2(y—Inz)

’r y—:cf(z2+ay2)
1.12.22 Example ¢’ = 2Tayf @2 tay?)

 _ y—zf(@® +ay?)

v= T+ ayf (22 + ay?)
= w(z,y)
Using ansatz it is found that
§=—ay
=z
Hence
o _ A _ s
£ n
dz _dy _ g (1)
—ay



The first two give

dy _ =
dr —ay

This is separable. Solving gives (taking one root)

Solving for ¢; gives

Hence

a(ac; — x?)
Yy=—"""
a
2 2
. T ta
a
2 2
x_rtay
a

Y is found from either % =dY or d?”” =dY. Using f—fy =dY then

But y = —Va(azl_xz) Hence

dz

=dY
dz
—————=dY
_a\/a(acl—xz)
d
& —dY

—v/a(ac; — x?)

—i arctan (L) =Y

Vva Veia? — z%a

enean
———arctan

Ja

Where constant of integration is set to zero. What is left is to find %. This is given by

But

ay Yo+ Yw 2)
dX X, + X,w



Hence (2) becomes

dY “i T (_a(1+f”2;‘2)) v

dX %”” + 2yw

But X = % The above becomes

Yy T

b ()

dX %”” + 2yw

To finish. Another hard part of this Lie method is to convert back %> = So +Syw

R:+Ryw

so that the

RHS is only a function of R. Need to find a robust way to do this. This is now a weak point

in my program as I have few ode’s that it can’t do it

1.13 Alternative form for the similarity condition PDE

This section shows how to obtain eq. (8) in paper "Computer Algebra Solving of First Order
ODEs Using Symmetry Methods" 1996 by Durate, Terrab, Mota. Which is an alternative
equation to solve instead of the main Lie condition for symmetry we were looking at above.

Starting with the main linearized symmetry pde

e +w(ny — &) — W€y —w€ —wyn =0
Assuming ansatz
n=E&w+x
Hence
Ne = &aw + §Ws + Xo
Ny = &w + Ewy + Xy
Then (14) becomes

(14)

(A)

(bow + wz + Xa) +w((§w + Ewy + Xy) — &) — Wy — wof — wy(€w +x) =0
§ow + EWg + Xa + gyw2 + gwyw + Xyw — wéz — w2§y — wz§ — gwwy —wyx =0

Ew+ X + €yw2 + Ewyw + Xyw — W&y — w2§y — fwwy —wyx =0

Xz + &w? + Ewyw + xyw — W€, — Ewwy —wyx =0

Xz + Ewyw + Xyw — Ewwy — wyx =0

Or
Xz + Xyw —wyx =0

1)

And hence (1) is now solved for x(z,y). If we are able to find x then we can use the ansatz

n = &w + x. This leaves only one unknown &. The paper does not explain how to solve for

this, £, which I assume is by using (14) again. The paper only said
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The knowledge of x, in turn, allows one to set £ and 7 as desired using (A)

Which is not too clear how in practice this is done. I need to work an example showing this.
The paper says that (1) is solved for x(z,y) by using bivariate polynomial ansatz. The degree
can be set by a user, or Maple internally determines this.

2 Second order ODE

Local contents
2.1 Linearized PDE of the similarity condition . . . . . . .. .. ... ... ... 97

2.1 Linearized PDE of the similarity condition

Obtaining the linearized PDE of the similarity condition for second order ode, which is used
to solve for &, 7 follows similar method as given earlier for the first order ode. The difference
is that instead of ¥y’ = w(x,y) the ode now ¥’ = w(z,y,y’).

PY _ (g0 %
de? Y 4

y' =w(z,y,Y) (A)
The linearized similarity condition for second order ode when w = 0 is

Nez + (2Ney — &oa) Yy + (Myy — 26ay) (Z’/)Q - §yy(yl)3 =0

Which is polynomial in ¢’ hence all the coefficients must be zero giving

2Ny — &oz =0
Myy — 262y =0
§yy =0
Nzz =0

And for general w(z,y,y’), the linearized similarity condition is

2

—nwy+(=3y'&, — 26 +ny) w_ng—i_(_y/ny + (y/)2 &+ Y& — nﬂﬂ) wy’+77m_§yy(y/)3+(77yy — 28y0) (¥)"4(2r

To continue
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3 Analysis of Maple’s symgen methods for finding
symmetries

This section gives an overview of Maple’s methods of solving for Lie symmetries. There are
16 total algorithms.

4 Notes, things to find out

1. Given an ODE ¢/'(z) = w(z,y) then we want to find nontrivial Lie symmetry. The
condition for this is that

n(z,y) # &(z,y) w(z,y)

so any values for n, £ must satisfies the above.

2. Can we always find £, n for non-trivial symmetry for first order ODE? When I tried some
in Maple, it could not find symmetries for some first order ODE’s. How does one check
if nontrivial symmetry exist before trying to find one? For example ¢/ + 3° + zy?> =0
which is Abel ode type, Maple found no symmetry using all methods.
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