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Internal problem ID [10325]
Internal file name [OUTPUT/9272_Monday_June_06_2022_01_45_19_PM_35985161/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, First-Order differential equations
Problem number: 1.1.1.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"

Maple gives the following as the ode type
[_quadrature]

y′ = f(x)

1.1.1 Solving as quadrature ode

Integrating both sides gives

y =
∫

f(x) dx

=
∫

f(x) dx+ c1

Summary
The solution(s) found are the following

(1)y =
∫

f(x) dx+ c1

Verification of solutions

y =
∫

f(x) dx+ c1

Verified OK.
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1.1.2 Maple step by step solution

Let’s solve
y′ = f(x)

• Highest derivative means the order of the ODE is 1
y′

• Integrate both sides with respect to x∫
y′dx =

∫
f(x) dx+ c1

• Evaluate integral
y =

∫
f(x) dx+ c1

• Solve for y
y =

∫
f(x) dx+ c1

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 10� �
dsolve(diff(y(x),x)=f(x),y(x), singsol=all)� �

y(x) =
∫

f(x) dx+ c1

3 Solution by Mathematica
Time used: 0.004 (sec). Leaf size: 18� �
DSolve[y'[x]==f[x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
∫ x

1
f(K[1])dK[1] + c1
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1.2 problem 1.1.2
1.2.1 Solving as quadrature ode . . . . . . . . . . . . . . . . . . . . . 7
1.2.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 8

Internal problem ID [10326]
Internal file name [OUTPUT/9273_Monday_June_06_2022_01_45_19_PM_3498373/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, First-Order differential equations
Problem number: 1.1.2.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"

Maple gives the following as the ode type
[_quadrature]

y′ − f(y) = 0

1.2.1 Solving as quadrature ode

Integrating both sides gives ∫ 1
f (y)dy =

∫
dx∫ y 1

f (_a)d_a = x+ c1

Summary
The solution(s) found are the following

(1)
∫ y 1

f (_a)d_a = x+ c1

Verification of solutions ∫ y 1
f (_a)d_a = x+ c1

Verified OK.
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1.2.2 Maple step by step solution

Let’s solve
y′ − f(y) = 0

• Highest derivative means the order of the ODE is 1
y′

• Separate variables
y′

f(y) = 1

• Integrate both sides with respect to x∫
y′

f(y)dx =
∫
1dx+ c1

• Cannot compute integral∫
y′

f(y)dx = x+ c1

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
<- separable successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 17� �
dsolve(diff(y(x),x)=f(y(x)),y(x), singsol=all)� �

x−

(∫ y(x) 1
f (_a)d_a

)
+ c1 = 0

3 Solution by Mathematica
Time used: 0.442 (sec). Leaf size: 33� �
DSolve[y'[x]==f[y[x]],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → InverseFunction
[∫ #1

1

1
f(K[1])dK[1]&

]
[x+ c1]

y(x) → f (−1)(0)
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Internal problem ID [10327]
Internal file name [OUTPUT/9274_Monday_June_06_2022_01_45_19_PM_45060263/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, First-Order differential equations
Problem number: 1.1.3.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "exact", "separable", "first_or-
der_ode_lie_symmetry_lookup"

Maple gives the following as the ode type
[_separable]

y′ − f(x) g(y) = 0

1.3.1 Solving as separable ode

In canonical form the ODE is

y′ = F (x, y)
= f(x)g(y)
= f(x) g(y)

Where f(x) = f(x) and g(y) = g(y). Integrating both sides gives

1
g (y) dy = f(x) dx∫ 1
g (y) dy =

∫
f(x) dx∫ y 1

g (_a)d_a =
∫

f(x) dx+ c1
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Which results in ∫ y 1
g (_a)d_a =

∫
f(x) dx+ c1

The solution is ∫ y 1
g (_a)d_a−

(∫
f(x) dx

)
− c1 = 0

Summary
The solution(s) found are the following

(1)
∫ y 1

g (_a)d_a−
(∫

f(x) dx
)
− c1 = 0

Verification of solutions∫ y 1
g (_a)d_a−

(∫
f(x) dx

)
− c1 = 0

Verified OK.

1.3.2 Solving as first order ode lie symmetry lookup ode

Writing the ode as

y′ = f(x) g(y)
y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is known. It is of type separable. Therefore we do not need to
solve the PDE (A), and can just use the lookup table shown below to find ξ, η
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Table 3: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form ξ η

linear ode y′ = f(x)y(x) + g(x) 0 e
∫
fdx

separable ode y′ = f(x) g(y) 1
f

0

quadrature ode y′ = f(x) 0 1

quadrature ode y′ = g(y) 1 0

homogeneous ODEs of
Class A

y′ = f
(
y
x

)
x y

homogeneous ODEs of
Class C

y′ = (a+ bx+ cy)
n
m 1 − b

c

homogeneous class D y′ = y
x
+ g(x)F

(
y
x

)
x2 xy

First order special
form ID 1

y′ = g(x) eh(x)+by + f(x) e−
∫
bf(x)dx−h(x)

g(x)
f(x)e−

∫
bf(x)dx−h(x)

g(x)

polynomial type ode y′ = a1x+b1y+c1
a2x+b2y+c2

a1b2x−a2b1x−b1c2+b2c1
a1b2−a2b1

a1b2y−a2b1y−a1c2−a2c1
a1b2−a2b1

Bernoulli ode y′ = f(x) y + g(x) yn 0 e−
∫
(n−1)f(x)dxyn

Reduced Riccati y′ = f1(x) y + f2(x) y2 0 e−
∫
f1dx

The above table shows that

ξ(x, y) = 1
f (x)

η(x, y) = 0 (A1)

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
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canonical coordinates, where S(R). Since η = 0 then in this special case

R = y

S is found from

S =
∫ 1

ξ
dx

=
∫ 1

1
f(x)

dx

Which results in

S =
∫

f(x) dx

1.3.3 Solving as exact ode

Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

M(x, y) +N(x, y) dy
dx

= 0 (A)

We assume there exists a function φ(x, y) = c where c is constant, that satisfies the
ode. Taking derivative of φ w.r.t. x gives

d

dx
φ(x, y) = 0

Hence
∂φ

∂x
+ ∂φ

∂y

dy

dx
= 0 (B)

Comparing (A,B) shows that

∂φ

∂x
= M

∂φ

∂y
= N

But since ∂2φ
∂x∂y

= ∂2φ
∂y∂x

then for the above to be valid, we require that

∂M

∂y
= ∂N

∂x

If the above condition is satisfied, then the original ode is called exact. We still need
to determine φ(x, y) but at least we know now that we can do that since the condition

13



∂2φ
∂x∂y

= ∂2φ
∂y∂x

is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(x, y) dx+N(x, y) dy = 0 (1A)

Therefore (
1

g (y)

)
dy = (f(x)) dx

(−f(x)) dx+
(

1
g (y)

)
dy = 0 (2A)

Comparing (1A) and (2A) shows that

M(x, y) = −f(x)

N(x, y) = 1
g (y)

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

∂M

∂y
= ∂N

∂x

Using result found above gives

∂M

∂y
= ∂

∂y
(−f(x))

= 0

And

∂N

∂x
= ∂

∂x

(
1

g (y)

)
= 0

Since ∂M
∂y

= ∂N
∂x

, then the ODE is exact The following equations are now set up to solve
for the function φ(x, y)

∂φ

∂x
= M (1)

∂φ

∂y
= N (2)
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Integrating (1) w.r.t. x gives∫
∂φ

∂x
dx =

∫
M dx∫

∂φ

∂x
dx =

∫
−f(x) dx

(3)φ =
∫ x

−f(_a) d_a+ f(y)

Where f(y) is used for the constant of integration since φ is a function of both x and
y. Taking derivative of equation (3) w.r.t y gives

(4)∂φ

∂y
= 0 + f ′(y)

But equation (2) says that ∂φ
∂y

= 1
g(y) . Therefore equation (4) becomes

(5)1
g (y) = 0 + f ′(y)

Solving equation (5) for f ′(y) gives

f ′(y) = 1
g (y)

Integrating the above w.r.t y gives

∫
f ′(y) dy =

∫ ( 1
g (y)

)
dy

f(y) =
∫ y

0

1
g (_a)d_a+ c1

Where c1 is constant of integration. Substituting result found above for f(y) into
equation (3) gives φ

φ =
∫ x

−f(_a) d_a+
∫ y

0

1
g (_a)d_a+ c1
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But since φ itself is a constant function, then let φ = c2 where c2 is new constant and
combining c1 and c2 constants into new constant c1 gives the solution as

c1 =
∫ x

−f(_a) d_a+
∫ y

0

1
g (_a)d_a

Summary
The solution(s) found are the following

(1)
∫ x

−f(_a) d_a+
∫ y

0

1
g (_a)d_a = c1

Verification of solutions∫ x

−f(_a) d_a+
∫ y

0

1
g (_a)d_a = c1

Verified OK.

1.3.4 Maple step by step solution

Let’s solve
y′ − f(x) g(y) = 0

• Highest derivative means the order of the ODE is 1
y′

• Separate variables
y′

g(y) = f(x)

• Integrate both sides with respect to x∫
y′

g(y)dx =
∫
f(x) dx+ c1

• Cannot compute integral∫
y′

g(y)dx =
∫
f(x) dx+ c1
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
<- separable successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 20� �
dsolve(diff(y(x),x)=f(x)*g(y(x)),y(x), singsol=all)� �

∫
f(x) dx−

(∫ y(x) 1
g (_a)d_a

)
+ c1 = 0

3 Solution by Mathematica
Time used: 0.452 (sec). Leaf size: 42� �
DSolve[y'[x]==f[x]*g[y[x]],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → InverseFunction
[∫ #1

1

1
g(K[1])dK[1]&

] [∫ x

1
f(K[2])dK[2] + c1

]
y(x) → g(−1)(0)
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1.4 problem 1.1.4
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Internal problem ID [10328]
Internal file name [OUTPUT/9275_Monday_June_06_2022_01_45_20_PM_51267741/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, First-Order differential equations
Problem number: 1.1.4.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "linear", "exactWithIntegrationFac-
tor", "first_order_ode_lie_symmetry_lookup"

Maple gives the following as the ode type
[_linear]

g(x) y′ − f1(x) y = f0(x)

1.4.1 Solving as linear ode

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = −f1(x)
g (x)

q(x) = f0(x)
g (x)

Hence the ode is

y′ − f1(x) y
g (x) = f0(x)

g (x)

18



The integrating factor µ is
µ = e

∫
− f1(x)

g(x) dx

The ode becomes

d
dx(µy) = (µ)

(
f0(x)
g (x)

)
d
dx

(
e
∫
− f1(x)

g(x) dxy
)
=
(
e
∫
− f1(x)

g(x) dx
)(f0(x)

g (x)

)

d
(
e
∫
− f1(x)

g(x) dxy
)
=

f0(x) e−
(∫ f1(x)

g(x) dx
)

g (x)

 dx

Integrating gives

e
∫
− f1(x)

g(x) dxy =
∫

f0(x) e−
(∫ f1(x)

g(x) dx
)

g (x) dx

e
∫
− f1(x)

g(x) dxy =
∫

f0(x) e−
(∫ f1(x)

g(x) dx
)

g (x) dx+ c1

Dividing both sides by the integrating factor µ = e
∫
− f1(x)

g(x) dx results in

y = e
∫ f1(x)

g(x) dx

∫ f0(x) e−
(∫ f1(x)

g(x) dx
)

g (x) dx

+ c1e
∫ f1(x)

g(x) dx

which simplifies to

y = e
∫ f1(x)

g(x) dx

∫ f0(x) e−
(∫ f1(x)

g(x) dx
)

g (x) dx+ c1


Summary
The solution(s) found are the following

(1)y = e
∫ f1(x)

g(x) dx

∫ f0(x) e−
(∫ f1(x)

g(x) dx
)

g (x) dx+ c1


Verification of solutions

y = e
∫ f1(x)

g(x) dx

∫ f0(x) e−
(∫ f1(x)

g(x) dx
)

g (x) dx+ c1


Verified OK.
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1.4.2 Solving as first order ode lie symmetry lookup ode

Writing the ode as

y′ = f1(x) y + f0(x)
g (x)

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is known. It is of type linear. Therefore we do not need to solve
the PDE (A), and can just use the lookup table shown below to find ξ, η

Table 6: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form ξ η

linear ode y′ = f(x)y(x) + g(x) 0 e
∫
fdx

separable ode y′ = f(x) g(y) 1
f

0

quadrature ode y′ = f(x) 0 1

quadrature ode y′ = g(y) 1 0

homogeneous ODEs of
Class A

y′ = f
(
y
x

)
x y

homogeneous ODEs of
Class C

y′ = (a+ bx+ cy)
n
m 1 − b

c

homogeneous class D y′ = y
x
+ g(x)F

(
y
x

)
x2 xy

First order special
form ID 1

y′ = g(x) eh(x)+by + f(x) e−
∫
bf(x)dx−h(x)

g(x)
f(x)e−

∫
bf(x)dx−h(x)

g(x)

polynomial type ode y′ = a1x+b1y+c1
a2x+b2y+c2

a1b2x−a2b1x−b1c2+b2c1
a1b2−a2b1

a1b2y−a2b1y−a1c2−a2c1
a1b2−a2b1

Bernoulli ode y′ = f(x) y + g(x) yn 0 e−
∫
(n−1)f(x)dxyn

Reduced Riccati y′ = f1(x) y + f2(x) y2 0 e−
∫
f1dx
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The above table shows that

ξ(x, y) = 0

η(x, y) = e
∫ f1(x)

g(x) dx (A1)

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x

S is found from

S =
∫ 1

η
dy

=
∫ 1

e
∫ f1(x)

g(x) dx
dy

1.4.3 Solving as exact ode

Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

M(x, y) +N(x, y) dy
dx

= 0 (A)

We assume there exists a function φ(x, y) = c where c is constant, that satisfies the
ode. Taking derivative of φ w.r.t. x gives

d

dx
φ(x, y) = 0

Hence
∂φ

∂x
+ ∂φ

∂y

dy

dx
= 0 (B)
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Comparing (A,B) shows that

∂φ

∂x
= M

∂φ

∂y
= N

But since ∂2φ
∂x∂y

= ∂2φ
∂y∂x

then for the above to be valid, we require that

∂M

∂y
= ∂N

∂x

If the above condition is satisfied, then the original ode is called exact. We still need
to determine φ(x, y) but at least we know now that we can do that since the condition
∂2φ
∂x∂y

= ∂2φ
∂y∂x

is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(x, y) dx+N(x, y) dy = 0 (1A)

Therefore

(g(x)) dy = (f1(x) y + f0(x)) dx
(−f1(x) y − f0(x)) dx+(g(x)) dy = 0 (2A)

Comparing (1A) and (2A) shows that

M(x, y) = −f1(x) y − f0(x)
N(x, y) = g(x)

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

∂M

∂y
= ∂N

∂x

Using result found above gives
∂M

∂y
= ∂

∂y
(−f1(x) y − f0(x))

= −f1(x)

And
∂N

∂x
= ∂

∂x
(g(x))

= g′(x)

22



Since ∂M
∂y

6= ∂N
∂x

, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

A = 1
N

(
∂M

∂y
− ∂N

∂x

)
= 1

g (x)((−f1(x))− (g′(x)))

= −f1(x)− g′(x)
g (x)

Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor µ is

µ = e
∫
Adx

= e
∫ −f1(x)−g′(x)

g(x) dx

The result of integrating gives

µ = e
∫ −f1(x)−g′(x)

g(x) dx

= e
−
(∫ f1(x)+g′(x)

g(x) dx

)

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N .

M = µM

= e
−
(∫ f1(x)+g′(x)

g(x) dx

)
(−f1(x) y − f0(x))

= −(f1(x) y + f0(x)) e
−
(∫ f1(x)+g′(x)

g(x) dx

)

And

N = µN

= e
−
(∫ f1(x)+g′(x)

g(x) dx

)
(g(x))

= g(x) e
−
(∫ f1(x)+g′(x)

g(x) dx

)

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M +N
dy
dx = 0(

−(f1(x) y + f0(x)) e
−
(∫ f1(x)+g′(x)

g(x) dx

))
+
(
g(x) e

−
(∫ f1(x)+g′(x)

g(x) dx

))
dy
dx = 0
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The following equations are now set up to solve for the function φ(x, y)

∂φ

∂x
= M (1)

∂φ

∂y
= N (2)

Integrating (1) w.r.t. x gives∫
∂φ

∂x
dx =

∫
M dx

∫
∂φ

∂x
dx =

∫
−(f1(x) y + f0(x)) e

−
(∫ f1(x)+g′(x)

g(x) dx

)
dx

(3)φ =
∫ x

−(f1(_a) y + f0(_a)) e
−
(∫ f1(_a)+ d

d_a g(_a)
g(_a) d_a

)
d_a+ f(y)

Where f(y) is used for the constant of integration since φ is a function of both x and
y. Taking derivative of equation (3) w.r.t y gives

(4)∂φ

∂y
= −

∫ x

f1(_a) e
−
(∫ f1(_a)+ d

d_a g(_a)
g(_a) d_a

)
d_a

+ f ′(y)

But equation (2) says that ∂φ
∂y

= g(x) e
−
(∫ f1(x)+g′(x)

g(x) dx

)
. Therefore equation (4) becomes

(5)g(x) e
−
(∫ f1(x)+g′(x)

g(x) dx

)
= −

∫ x

f1(_a) e
−
(∫ f1(_a)+ d

d_a g(_a)
g(_a) d_a

)
d_a

+ f ′(y)

Solving equation (5) for f ′(y) gives

f ′(y) = g(x) e
−
(∫ f1(x)+g′(x)

g(x) dx

)
+
∫ x

f1(_a) e
−
(∫ f1(_a)+ d

d_a g(_a)
g(_a) d_a

)
d_a
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Integrating the above w.r.t y gives

∫
f ′(y) dy =

∫ g(x) e
−
(∫ f1(x)+g′(x)

g(x) dx

)
+
∫ x

f1(_a) e
−
(∫ f1(_a)+ d

d_a g(_a)
g(_a) d_a

)
d_a

 dy

f(y) =
∫ y

0

g(x) e
−
(∫ f1(x)+g′(x)

g(x) dx

)
+
∫ x

f1(_a) e
−
(∫ f1(_a)+ d

d_a g(_a)
g(_a) d_a

)
d_a

 d_a

+ c1

Where c1 is constant of integration. Substituting result found above for f(y) into
equation (3) gives φ

φ =
∫ x

−(f1(_a) y + f0(_a)) e
−
(∫ f1(_a)+ d

d_a g(_a)
g(_a) d_a

)
d_a

+
∫ y

0

g(x) e
−
(∫ f1(x)+g′(x)

g(x) dx

)
+
∫ x

f1(_a) e
−
(∫ f1(_a)+ d

d_a g(_a)
g(_a) d_a

)
d_a

 d_a+ c1

But since φ itself is a constant function, then let φ = c2 where c2 is new constant and
combining c1 and c2 constants into new constant c1 gives the solution as

c1 =
∫ x

−(f1(_a) y + f0(_a)) e
−
(∫ f1(_a)+ d

d_a g(_a)
g(_a) d_a

)
d_a

+
∫ y

0

g(x) e
−
(∫ f1(x)+g′(x)

g(x) dx

)
+
∫ x

f1(_a) e
−
(∫ f1(_a)+ d

d_a g(_a)
g(_a) d_a

)
d_a

 d_a

Summary
The solution(s) found are the following

(1)

∫ x

−(f1(_a) y + f0(_a)) e
−
(∫ f1(_a)+ d

d_a g(_a)
g(_a) d_a

)
d_a

+
∫ y

0

g(x) e
−
(∫ f1(x)+g′(x)

g(x) dx

)

+
∫ x

f1(_a) e
−
(∫ f1(_a)+ d

d_a g(_a)
g(_a) d_a

)
d_a

 d_a = c1
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Verification of solutions

∫ x

−(f1(_a) y + f0(_a)) e
−
(∫ f1(_a)+ d

d_a g(_a)
g(_a) d_a

)
d_a

+
∫ y

0

g(x) e
−
(∫ f1(x)+g′(x)

g(x) dx

)
+
∫ x

f1(_a) e
−
(∫ f1(_a)+ d

d_a g(_a)
g(_a) d_a

)
d_a

 d_a = c1

Verified OK.

1.4.4 Maple step by step solution

Let’s solve
g(x) y′ − f1(x) y = f0(x)

• Highest derivative means the order of the ODE is 1
y′

• Isolate the derivative
y′ = f1(x)y

g(x) + f0(x)
g(x)

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE
y′ − f1(x)y

g(x) = f0(x)
g(x)

• The ODE is linear; multiply by an integrating factor µ(x)

µ(x)
(
y′ − f1(x)y

g(x)

)
= µ(x)f0(x)

g(x)

• Assume the lhs of the ODE is the total derivative d
dx
(µ(x) y)

µ(x)
(
y′ − f1(x)y

g(x)

)
= µ′(x) y + µ(x) y′

• Isolate µ′(x)
µ′(x) = −µ(x)f1(x)

g(x)

• Solve to find the integrating factor

µ(x) = e
∫
− f1(x)

g(x) dx

• Integrate both sides with respect to x∫ (
d
dx
(µ(x) y)

)
dx =

∫ µ(x)f0(x)
g(x) dx+ c1

• Evaluate the integral on the lhs
µ(x) y =

∫ µ(x)f0(x)
g(x) dx+ c1
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• Solve for y

y =
∫ µ(x)f0(x)

g(x) dx+c1

µ(x)

• Substitute µ(x) = e
∫
− f1(x)

g(x) dx

y =
∫ f0(x)e

∫
− f1(x)

g(x) dx

g(x) dx+c1

e
∫
− f1(x)

g(x) dx

• Simplify

y = e
∫ f1(x)

g(x) dx

(∫ f0(x)e
−
(∫ f1(x)

g(x) dx

)
g(x) dx+ c1

)

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 38� �
dsolve(g(x)*diff(y(x),x)=f__1(x)*y(x)+f__0(x),y(x), singsol=all)� �

y(x) =

∫ f0(x) e−
(∫ f1(x)

g(x) dx
)

g (x) dx+ c1

 e
∫ f1(x)

g(x) dx
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3 Solution by Mathematica
Time used: 0.135 (sec). Leaf size: 64� �
DSolve[g[x]*y'[x]==f1[x]*y[x]+f0[x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → exp
(∫ x

1

f1(K[1])
g(K[1]) dK[1]

)∫ x

1

exp
(
−
∫ K[2]
1

f1(K[1])
g(K[1]) dK[1]

)
f0(K[2])

g(K[2]) dK[2]

+ c1
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1.5 problem 1.1.5
1.5.1 Solving as first order ode lie symmetry lookup ode . . . . . . . 29
1.5.2 Solving as bernoulli ode . . . . . . . . . . . . . . . . . . . . . . 31

Internal problem ID [10329]
Internal file name [OUTPUT/9276_Monday_June_06_2022_01_45_20_PM_6215492/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, First-Order differential equations
Problem number: 1.1.5.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "bernoulli", "first_order_ode_lie_sym-
metry_lookup"

Maple gives the following as the ode type
[_Bernoulli]

g(x) y′ − f1(x) y − fn(x) yn = 0

1.5.1 Solving as first order ode lie symmetry lookup ode

Writing the ode as

y′ = f1(x) y + fn(x) yn
g (x)

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is known. It is of type Bernoulli. Therefore we do not need to
solve the PDE (A), and can just use the lookup table shown below to find ξ, η
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Table 9: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form ξ η

linear ode y′ = f(x)y(x) + g(x) 0 e
∫
fdx

separable ode y′ = f(x) g(y) 1
f

0

quadrature ode y′ = f(x) 0 1

quadrature ode y′ = g(y) 1 0

homogeneous ODEs of
Class A

y′ = f
(
y
x

)
x y

homogeneous ODEs of
Class C

y′ = (a+ bx+ cy)
n
m 1 − b

c

homogeneous class D y′ = y
x
+ g(x)F

(
y
x

)
x2 xy

First order special
form ID 1

y′ = g(x) eh(x)+by + f(x) e−
∫
bf(x)dx−h(x)

g(x)
f(x)e−

∫
bf(x)dx−h(x)

g(x)

polynomial type ode y′ = a1x+b1y+c1
a2x+b2y+c2

a1b2x−a2b1x−b1c2+b2c1
a1b2−a2b1

a1b2y−a2b1y−a1c2−a2c1
a1b2−a2b1

Bernoulli ode y′ = f(x) y + g(x) yn 0 e−
∫
(n−1)f(x)dxyn

Reduced Riccati y′ = f1(x) y + f2(x) y2 0 e−
∫
f1dx

The above table shows that

ξ(x, y) = 0

η(x, y) = yne(n−1)
(∫

− f1(x)
g(x) dx

)
(A1)

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
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canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x

S is found from

S =
∫ 1

η
dy

=
∫ 1

yne(n−1)
(∫

− f1(x)
g(x) dx

)dy

1.5.2 Solving as bernoulli ode

In canonical form, the ODE is

y′ = F (x, y)

= f1(x) y + fn(x) yn
g (x)

This is a Bernoulli ODE.
y′ = f1(x)

g (x) y +
fn(x)
g (x) y

n (1)

The standard Bernoulli ODE has the form

y′ = f0(x)y + f1(x)yn (2)

The first step is to divide the above equation by yn which gives

y′

yn
= f0(x)y1−n + f1(x) (3)

The next step is use the substitution w = y1−n in equation (3) which generates a new
ODE in w(x) which will be linear and can be easily solved using an integrating factor.
Backsubstitution then gives the solution y(x) which is what we want.

This method is now applied to the ODE at hand. Comparing the ODE (1) With (2)
Shows that

f0(x) =
f1(x)
g (x)

f1(x) =
fn(x)
g (x)

n = n
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Dividing both sides of ODE (1) by yn = yn gives

y′y−n = f1(x) y1−n

g (x) + fn(x)
g (x) (4)

Let

w = y1−n

= y1−n (5)

Taking derivative of equation (5) w.r.t x gives

w′ = (1− n) y−ny′ (6)

Substituting equations (5) and (6) into equation (4) gives
w′(x)
1− n

= f1(x)w(x)
g (x) + fn(x)

g (x)

w′ = (1− n) f1(x)w
g (x) + (1− n) fn(x)

g (x) (7)

The above now is a linear ODE in w(x) which is now solved.

Entering Linear first order ODE solver. In canonical form a linear first order is

w′(x) + p(x)w(x) = q(x)

Where here

p(x) = (n− 1) f1(x)
g (x)

q(x) = −(n− 1) fn(x)
g (x)

Hence the ode is

w′(x) + (n− 1) f1(x)w(x)
g (x) = −(n− 1) fn(x)

g (x)
The integrating factor µ is

µ = e
∫ (n−1)f1(x)

g(x) dx

The ode becomes
d
dx(µw) = (µ)

(
−(n− 1) fn(x)

g (x)

)
d
dx

(
e
∫ (n−1)f1(x)

g(x) dxw
)
=
(
e
∫ (n−1)f1(x)

g(x) dx
)(

−(n− 1) fn(x)
g (x)

)

d
(
e
∫ (n−1)f1(x)

g(x) dxw
)
=

−(n− 1) fn(x) e(n−1)
(∫ f1(x)

g(x) dx
)

g (x)

 dx
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Integrating gives

e
∫ (n−1)f1(x)

g(x) dxw =
∫

−(n− 1) fn(x) e(n−1)
(∫ f1(x)

g(x) dx
)

g (x) dx

e
∫ (n−1)f1(x)

g(x) dxw =
∫

−(n− 1) fn(x) e(n−1)
(∫ f1(x)

g(x) dx
)

g (x) dx+ c1

Dividing both sides by the integrating factor µ = e
∫ (n−1)f1(x)

g(x) dx results in

w(x) = e−(n−1)
(∫ f1(x)

g(x) dx
)∫ −(n− 1) fn(x) e(n−1)

(∫ f1(x)
g(x) dx

)
g (x) dx

+ c1e−(n−1)
(∫ f1(x)

g(x) dx
)

which simplifies to

w(x) = −e−(n−1)
(∫ f1(x)

g(x) dx
)(n− 1)

∫ fn(x) e(n−1)
(∫ f1(x)

g(x) dx
)

g (x) dx

− c1


Replacing w in the above by y1−n using equation (5) gives the final solution.

y1−n = −e−(n−1)
(∫ f1(x)

g(x) dx
)(n− 1)

∫ fn(x) e(n−1)
(∫ f1(x)

g(x) dx
)

g (x) dx

− c1


Summary
The solution(s) found are the following

(1)y1−n = −e−(n−1)
(∫ f1(x)

g(x) dx
)(n− 1)

∫ fn(x) e(n−1)
(∫ f1(x)

g(x) dx
)

g (x) dx

− c1


Verification of solutions

y1−n = −e−(n−1)
(∫ f1(x)

g(x) dx
)(n− 1)

∫ fn(x) e(n−1)
(∫ f1(x)

g(x) dx
)

g (x) dx

− c1


Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
<- Bernoulli successful`� �
3 Solution by Maple
Time used: 0.078 (sec). Leaf size: 74� �
dsolve(g(x)*diff(y(x),x)=f__1(x)*y(x)+f__n(x)*y(x)^n,y(x), singsol=all)� �
y(x)

= e
∫ f1(x)

g(x) dx

−n

∫ fn(x) e(n−1)
(∫ f1(x)

g(x) dx
)

g (x) dx

+ c1 +
∫

fn(x) e(n−1)
(∫ f1(x)

g(x) dx
)

g (x) dx

− 1
n−1

3 Solution by Mathematica
Time used: 14.019 (sec). Leaf size: 84� �
DSolve[g[x]*y'[x]==f1[x]*y[x]+fn[x]*y[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

exp
(
−
(
(n−1)

∫ x

1

f1(K[1])
g(K[1]) dK[1]

))−(n−1)
∫ x

1

exp
(
(n− 1)

∫ K[2]
1

f1(K[1])
g(K[1]) dK[1]

)
fn(K[2])

g(K[2]) dK[2]

+ c1

 1
1−n

34



1.6 problem 1.1.6
1.6.1 Solving as homogeneousTypeD2 ode . . . . . . . . . . . . . . . 35
1.6.2 Solving as first order ode lie symmetry calculated ode . . . . . . 37

Internal problem ID [10330]
Internal file name [OUTPUT/9277_Monday_June_06_2022_01_45_23_PM_73837130/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, First-Order differential equations
Problem number: 1.1.6.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "homogeneousTypeD2", "first_or-
der_ode_lie_symmetry_calculated"

Maple gives the following as the ode type
[[ _homogeneous , `class A`], _dAlembert]

y′ − f
(y
x

)
= 0

1.6.1 Solving as homogeneousTypeD2 ode

Using the change of variables y = u(x)x on the above ode results in new ode in u(x)

u′(x)x+ u(x)− f(u(x)) = 0

In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= −u+ f(u)
x
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Where f(x) = 1
x
and g(u) = −u+ f(u). Integrating both sides gives

1
−u+ f (u) du = 1

x
dx∫ 1

−u+ f (u) du =
∫ 1

x
dx∫ u 1

−_a+ f (_a)d_a = c2 + ln (x)

Which results in ∫ u 1
−_a+ f (_a)d_a = c2 + ln (x)

The solution is ∫ u(x) 1
−_a+ f (_a)d_a− c2 − ln (x) = 0

Replacing u(x) in the above solution by y
x
results in the solution for y in implicit form∫ y

x 1
−_a+ f (_a)d_a− c2 − ln (x) = 0∫ y

x 1
−_a+ f (_a)d_a− c2 − ln (x) = 0

Summary
The solution(s) found are the following

(1)
∫ y

x 1
−_a+ f (_a)d_a− c2 − ln (x) = 0

Verification of solutions∫ y
x 1
−_a+ f (_a)d_a− c2 − ln (x) = 0

Verified OK.
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1.6.2 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = f
(y
x

)
y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 1 to use as anstaz gives

(1E)ξ = xa2 + ya3 + a1

(2E)η = xb2 + yb3 + b1

Where the unknown coefficients are

{a1, a2, a3, b1, b2, b3}

Substituting equations (1E,2E) and ω into (A) gives

(5E)b2 + f
(y
x

)
(b3 − a2)− f

(y
x

)2
a3 +

D(f)
(
y
x

)
y(xa2 + ya3 + a1)

x2

−
D(f)

(
y
x

)
(xb2 + yb3 + b1)

x
= 0

Putting the above in normal form gives

−
f
(
y
x

)2
a3x

2 +D(f)
(
y
x

)
x2b2 −D(f)

(
y
x

)
xya2 +D(f)

(
y
x

)
xyb3 −D(f)

(
y
x

)
y2a3 + x2f

(
y
x

)
a2 − x2f

(
y
x

)
b3 +D(f)

(
y
x

)
xb1 −D(f)

(
y
x

)
ya1 − b2x

2

x2

= 0

Setting the numerator to zero gives

(6E)
−f
(y
x

)2
a3x

2 −D(f)
(y
x

)
x2b2 +D(f)

(y
x

)
xya2

−D(f)
(y
x

)
xyb3 +D(f)

(y
x

)
y2a3 − x2f

(y
x

)
a2

+ x2f
(y
x

)
b3 −D(f)

(y
x

)
xb1 +D(f)

(y
x

)
ya1 + b2x

2 = 0
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Looking at the above PDE shows the following are all the terms with {x, y} in them.

{
x, y, f

(y
x

)
, D(f)

(y
x

)}
The following substitution is now made to be able to collect on all terms with {x, y}
in them {

x = v1, y = v2, f
(y
x

)
= v3, D(f)

(y
x

)
= v4

}
The above PDE (6E) now becomes

(7E)−v23a3v
2
1 − v21v3a2 + v4v1v2a2 + v4v

2
2a3 − v4v

2
1b2

+ v21v3b3 − v4v1v2b3 + v4v2a1 − v4v1b1 + b2v
2
1 = 0

Collecting the above on the terms vi introduced, and these are

{v1, v2, v3, v4}

Equation (7E) now becomes

(8E)−v23a3v
2
1 + (b3 − a2) v21v3 − v4v

2
1b2 + b2v

2
1

+ (−b3 + a2) v1v2v4 − v4v1b1 + v4v
2
2a3 + v4v2a1 = 0

Setting each coefficients in (8E) to zero gives the following equations to solve

a1 = 0
a3 = 0
b2 = 0

−a3 = 0
−b1 = 0
−b2 = 0

−b3 + a2 = 0
b3 − a2 = 0
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Solving the above equations for the unknowns gives

a1 = 0
a2 = b3

a3 = 0
b1 = 0
b2 = 0
b3 = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = x

η = y

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Therefore

dy

dx
= η

ξ

= y

x

= y

x

This is easily solved to give

y = c1x

Where now the coordinate R is taken as the constant of integration. Hence

R = y

x
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And S is found from

dS = dx

ξ

= dx

x

Integrating gives

S =
∫

dx

T

= ln (x)

Where the constant of integration is set to zero as we just need one solution. Now
that R,S are found, we need to setup the ode in these coordinates. This is done by
evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)

Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = f
(y
x

)
Evaluating all the partial derivatives gives

Rx = − y

x2

Ry =
1
x

Sx = 1
x

Sy = 0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= x

xf
(
y
x

)
− y

(2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= 1

f (R)−R
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The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) =
∫ 1

f (R)−R
dR + c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

ln (x) =
∫ y

x 1
f (_a)− _ad_a+ c1

Which simplifies to

ln (x) =
∫ y

x 1
f (_a)− _ad_a+ c1

Summary
The solution(s) found are the following

(1)ln (x) =
∫ y

x 1
f (_a)− _ad_a+ c1

Verification of solutions

ln (x) =
∫ y

x 1
f (_a)− _ad_a+ c1

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying homogeneous types:
trying homogeneous D
<- homogeneous successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 27� �
dsolve(diff(y(x),x)=f(y(x)/x),y(x), singsol=all)� �

y(x) = RootOf
(
−
(∫ _Z

− 1
−f (_a) + _ad_a

)
+ ln (x) + c1

)
x

3 Solution by Mathematica
Time used: 0.106 (sec). Leaf size: 33� �
DSolve[y'[x]==f[y[x]/x],y[x],x,IncludeSingularSolutions -> True]� �

Solve
[∫ y(x)

x

1

1
K[1]− f(K[1])dK[1] = − log(x) + c1, y(x)

]
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2.1 problem 1
2.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 46

Internal problem ID [10331]
Internal file name [OUTPUT/9278_Monday_June_06_2022_01_45_23_PM_48991554/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 1.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − ay2 = bx+ c

2.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a y2 + bx+ c

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2 + bx+ c

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = bx+ c, f1(x) = 0 and f2(x) = a. Let

y = −u′

f2u

= −u′

au
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = a2(bx+ c)

Substituting the above terms back in equation (2) gives

au′′(x) + a2(bx+ c)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1AiryAi
(
−(ab)

1
3 (bx+ c)
b

)
+ c2AiryBi

(
−(ab)

1
3 (bx+ c)
b

)

The above shows that

u′(x) =
(
−AiryBi

(
1,−(ab)

1
3 (bx+ c)
b

)
c2 − AiryAi

(
1,−(ab)

1
3 (bx+ c)
b

)
c1

)
(ab)

1
3

Using the above in (1) gives the solution

y = −

(
−AiryBi

(
1,− (ab)

1
3 (bx+c)
b

)
c2 − AiryAi

(
1,− (ab)

1
3 (bx+c)
b

)
c1

)
(ab)

1
3

a

(
c1AiryAi

(
− (ab)

1
3 (bx+c)
b

)
+ c2AiryBi

(
− (ab)

1
3 (bx+c)
b

))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

(
AiryAi

(
1,− (ab)

1
3 (bx+c)
b

)
c3 +AiryBi

(
1,− (ab)

1
3 (bx+c)
b

))
(ab)

1
3

a

(
c3AiryAi

(
− (ab)

1
3 (bx+c)
b

)
+AiryBi

(
− (ab)

1
3 (bx+c)
b

))
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Summary
The solution(s) found are the following

(1)y =

(
AiryAi

(
1,− (ab)

1
3 (bx+c)
b

)
c3 +AiryBi

(
1,− (ab)

1
3 (bx+c)
b

))
(ab)

1
3

a

(
c3AiryAi

(
− (ab)

1
3 (bx+c)
b

)
+AiryBi

(
− (ab)

1
3 (bx+c)
b

))
Verification of solutions

y =

(
AiryAi

(
1,− (ab)

1
3 (bx+c)
b

)
c3 +AiryBi

(
1,− (ab)

1
3 (bx+c)
b

))
(ab)

1
3

a

(
c3AiryAi

(
− (ab)

1
3 (bx+c)
b

)
+AiryBi

(
− (ab)

1
3 (bx+c)
b

))
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

<- Abel AIR successful: ODE belongs to the 0F1 0-parameter (Airy type) class`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=a*y(x)^2+b*x+c,y(x), singsol=all)� �

y(x) =

(
b√
a

) 1
3

(
AiryAi

(
1,− bx+c(

b√
a

) 2
3

)
c1 +AiryBi

(
1,− bx+c(

b√
a

) 2
3

))
√
a

(
c1AiryAi

(
− bx+c(

b√
a

) 2
3

)
+AiryBi

(
− bx+c(

b√
a

) 2
3

))

3 Solution by Mathematica
Time used: 0.325 (sec). Leaf size: 143� �
DSolve[y'[x]==a*y[x]^2+b*x+c,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
b
(
AiryBiPrime

(
− a(c+bx)

(−ab)2/3

)
+ c1AiryAiPrime

(
− a(c+bx)

(−ab)2/3

))
(−ab)2/3

(
AiryBi

(
− a(c+bx)

(−ab)2/3

)
+ c1AiryAi

(
− a(c+bx)

(−ab)2/3

))
y(x) →

bAiryAiPrime
(
− a(c+bx)

(−ab)2/3

)
(−ab)2/3AiryAi

(
− a(c+bx)

(−ab)2/3

)
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2.2 problem 2
2.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 50

Internal problem ID [10332]
Internal file name [OUTPUT/9279_Monday_June_06_2022_01_45_24_PM_3663866/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 2.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = −a2x2 + 3a

2.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −a2x2 + y2 + 3a

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2x2 + y2 + 3a

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2x2 + 3a, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −a2x2 + 3a

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−a2x2 + 3a

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x
(√

π erf
(
x
√
−a
)√

−a c2 + c1
)
e−a x2

2 + c2e
a x2
2

The above shows that

u′(x) =
(
c2
√
π
(
x2(−a)

3
2 +

√
−a
)
erf
(
x
√
−a
)
− c1a x

2 + c1
)
e−a x2

2 − c2xa e
a x2
2

Using the above in (1) gives the solution

y = −

(
c2
√
π
(
x2(−a)

3
2 +

√
−a
)
erf
(
x
√
−a
)
− c1a x

2 + c1
)
e−a x2

2 − c2xa e
a x2
2

x
(√

π erf
(
x
√
−a
)√

−a c2 + c1
)
e−a x2

2 + c2e
a x2
2

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
xa ea x2 −

√
π
(
x2(−a)

3
2 +

√
−a
)
erf
(
x
√
−a
)
+ c3(a x2 − 1)

√
π
√
−a erf

(
x
√
−a
)
x+ ea x2 + c3x

Summary
The solution(s) found are the following

(1)y =
xa ea x2 −

√
π
(
x2(−a)

3
2 +

√
−a
)
erf
(
x
√
−a
)
+ c3(a x2 − 1)

√
π
√
−a erf

(
x
√
−a
)
x+ ea x2 + c3x
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Verification of solutions

y =
xa ea x2 −

√
π
(
x2(−a)

3
2 +

√
−a
)
erf
(
x
√
−a
)
+ c3(a x2 − 1)

√
π
√
−a erf

(
x
√
−a
)
x+ ea x2 + c3x

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a^2*x^2-3*a)*y(x), y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
<- Riccati to 2nd Order successful`� �

52



3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 82� �
dsolve(diff(y(x),x)=y(x)^2-a^2*x^2+3*a,y(x), singsol=all)� �

y(x) =
ea x2

c1ax− c1
√
π
(
(−a)

3
2 x2 +

√
−a
)
erf
(√

−a x
)
+ a x2 − 1

√
π
√
−a erf

(√
−a x

)
c1x+ ea x2c1 + x

3 Solution by Mathematica
Time used: 0.79 (sec). Leaf size: 192� �
DSolve[y'[x]==y[x]^2-a^2*x^2+3*a,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
axParabolicCylinderD

(
−2, i

√
2
√
ax
)
+ i

√
2
√
aParabolicCylinderD

(
−1, i

√
2
√
ax
)
− ac1xParabolicCylinderD

(
1,
√
2
√
ax
)
+
√
2
√
ac1 ParabolicCylinderD

(
2,
√
2
√
ax
)

ParabolicCylinderD
(
−2, i

√
2
√
ax
)
+ c1 ParabolicCylinderD

(
1,
√
2
√
ax
)

y(x) →
√
2
√
aParabolicCylinderD

(
2,
√
2
√
ax
)

ParabolicCylinderD
(
1,
√
2
√
ax
) − ax
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2.3 problem 3
2.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 54

Internal problem ID [10333]
Internal file name [OUTPUT/9280_Monday_June_06_2022_01_45_25_PM_48071204/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 3.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = a2x2 + bx+ c

2.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a2x2 + bx+ y2 + c

This is a Riccati ODE. Comparing the ODE to solve

y′ = a2x2 + bx+ y2 + c

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a2x2 + bx+ c, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = a2x2 + bx+ c

Substituting the above terms back in equation (2) gives

u′′(x) +
(
a2x2 + bx+ c

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−
ix
(
a2x+b

)
2a

(
2x a2c2 hypergeom

([
4ia2c+ 12a3 − ib2

16a3

]
,

[
3
2

]
,
i(2a2x+ b)2

4a3

)

+ bc2 hypergeom
([

4ia2c+ 12a3 − ib2

16a3

]
,

[
3
2

]
,
i(2a2x+ b)2

4a3

)

+ hypergeom
([

4ia2c+ 4a3 − ib2

16a3

]
,

[
1
2

]
,
i(2a2x+ b)2

4a3

)
c1

)

The above shows that

u′(x)

=

2

(a2x+ b
2

)2 (
ia3 − 1

3a
2c+ 1

12b
2) c2 hypergeom([4ia2c+28a3−ib2

16a3

]
,
[5
2

]
,
i
(
2a2x+b

)2
4a3

)
+

c1
(
−a2c+ 1

4 b
2+ia3

)(
a2x+ b

2

)
hypergeom

([
4ia2c+20a3−ib2

16a3

]
,
[ 3
2
]
,
i
(
2a2x+b

)2
4a3

)
2 − a3

(ia4x2 + ia2bx+ 1
4ib

2 − a3
)
c2 hypergeom

([
4ia2c+12a3−ib2

16a3

]
,
[3
2

]
,
i
(
2a2x+b

)2
4a3

)
+

ic1
(
a2x+ b

2

)
hypergeom

([
4ia2c+4a3−ib2

16a3

]
,
[ 1
2
]
,
i
(
2a2x+b

)2
4a3

)
2


 e−

ix
(
a2x+b

)
2a

a4

Using the above in (1) gives the solution

y =

−

2

(a2x+ b
2

)2 (
ia3 − 1

3a
2c+ 1

12b
2) c2 hypergeom([4ia2c+28a3−ib2

16a3

]
,
[5
2

]
,
i
(
2a2x+b

)2
4a3

)
+

c1
(
−a2c+ 1

4 b
2+ia3

)(
a2x+ b

2

)
hypergeom

([
4ia2c+20a3−ib2

16a3

]
,
[ 3
2
]
,
i
(
2a2x+b

)2
4a3

)
2 − a3

(ia4x2 + ia2bx+ 1
4ib

2 − a3
)
c2 hypergeom

([
4ia2c+12a3−ib2

16a3

]
,
[3
2

]
,
i
(
2a2x+b

)2
4a3

)
+

ic1
(
a2x+ b

2

)
hypergeom

([
4ia2c+4a3−ib2

16a3

]
,
[ 1
2
]
,
i
(
2a2x+b

)2
4a3

)
2




a4
(
2x a2c2 hypergeom

([4ia2c+12a3−ib2

16a3
]
,
[3
2

]
, i(2a

2x+b)2
4a3

)
+ bc2 hypergeom

([4ia2c+12a3−ib2

16a3
]
,
[3
2

]
, i(2a

2x+b)2
4a3

)
+ hypergeom

([4ia2c+4a3−ib2

16a3
]
,
[1
2

]
, i(2a

2x+b)2
4a3

)
c1
)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
4
(
−ia3 + 1

3a
2c− 1

12b
2) (a2x+ b

2

)2 hypergeom([4ia2c+28a3−ib2

16a3

]
,
[5
2

]
,
i
(
2a2x+b

)2
4a3

)
+ (4ia7x2 + 4ia5bx− 4a6 + ia3b2) hypergeom

([
4ia2c+12a3−ib2

16a3

]
,
[3
2

]
,
i
(
2a2x+b

)2
4a3

)
+ 2c3

(
a2x+ b

2

) ((
a2c− 1

4b
2 − ia3

)
hypergeom

([
4ia2c+20a3−ib2

16a3

]
,
[3
2

]
,
i
(
2a2x+b

)2
4a3

)
+ ia3 hypergeom

([
4ia2c+4a3−ib2

16a3

]
,
[1
2

]
,
i
(
2a2x+b

)2
4a3

))
4a4

(a2x+ b
2

)
hypergeom

([4ia2c+12a3−ib2

16a3
]
,
[3
2

]
, i(2a

2x+b)2
4a3

)
+

hypergeom
([

4ia2c+4a3−ib2
16a3

]
,
[ 1
2
]
,
i
(
2a2x+b

)2
4a3

)
c3

2


Summary
The solution(s) found are the following

(1)y

=
4
(
−ia3 + 1

3a
2c− 1

12b
2) (a2x+ b

2

)2 hypergeom([4ia2c+28a3−ib2

16a3

]
,
[5
2

]
,
i
(
2a2x+b

)2
4a3

)
+ (4ia7x2 + 4ia5bx− 4a6 + ia3b2) hypergeom

([
4ia2c+12a3−ib2

16a3

]
,
[3
2

]
,
i
(
2a2x+b

)2
4a3

)
+ 2c3

(
a2x+ b

2

) ((
a2c− 1

4b
2 − ia3

)
hypergeom

([
4ia2c+20a3−ib2

16a3

]
,
[3
2

]
,
i
(
2a2x+b

)2
4a3

)
+ ia3 hypergeom

([
4ia2c+4a3−ib2

16a3

]
,
[1
2

]
,
i
(
2a2x+b

)2
4a3

))
4a4

(a2x+ b
2

)
hypergeom

([4ia2c+12a3−ib2

16a3
]
,
[3
2

]
, i(2a

2x+b)2
4a3

)
+

hypergeom
([

4ia2c+4a3−ib2
16a3

]
,
[ 1
2
]
,
i
(
2a2x+b

)2
4a3

)
c3

2


Verification of solutions
y

=
4
(
−ia3 + 1

3a
2c− 1

12b
2) (a2x+ b

2

)2 hypergeom([4ia2c+28a3−ib2

16a3

]
,
[5
2

]
,
i
(
2a2x+b

)2
4a3

)
+ (4ia7x2 + 4ia5bx− 4a6 + ia3b2) hypergeom

([
4ia2c+12a3−ib2

16a3

]
,
[3
2

]
,
i
(
2a2x+b

)2
4a3

)
+ 2c3

(
a2x+ b

2

) ((
a2c− 1

4b
2 − ia3

)
hypergeom

([
4ia2c+20a3−ib2

16a3

]
,
[3
2

]
,
i
(
2a2x+b

)2
4a3

)
+ ia3 hypergeom

([
4ia2c+4a3−ib2

16a3

]
,
[1
2

]
,
i
(
2a2x+b

)2
4a3

))
4a4

(a2x+ b
2

)
hypergeom

([4ia2c+12a3−ib2

16a3
]
,
[3
2

]
, i(2a

2x+b)2
4a3

)
+

hypergeom
([

4ia2c+4a3−ib2
16a3

]
,
[ 1
2
]
,
i
(
2a2x+b

)2
4a3

)
c3

2


Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (-a^2*x^2-b*x-c)*y(x), y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: indirect Equivalence to 0F1 under \`\`^ @ Moebius\`\` is resolved

<- hypergeometric successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 393� �
dsolve(diff(y(x),x)=y(x)^2+a^2*x^2+b*x+c,y(x), singsol=all)� �
y(x)

=
−48

(
ia3 − 1

3a
2c+ 1

12b
2) (a2x+ b

2

)2
c1 hypergeom

([
4ia2c+28a3−ib2

16a3

]
,
[5
2

]
,
i
(
2a2x+b

)2
4a3

)
+ 48c1a3

(
ia4x2 + ia2bx+ 1

4ib
2 − a3

)
hypergeom

([
4ia2c+12a3−ib2

16a3

]
,
[3
2

]
,
i
(
2a2x+b

)2
4a3

)
+ 24

(
a2x+ b

2

) ((
−ia3 + a2c− 1

4b
2) hypergeom([4ia2c+20a3−ib2

16a3

]
,
[3
2

]
,
i
(
2a2x+b

)2
4a3

)
+ ia3 hypergeom

([
4ia2c+4a3−ib2

16a3

]
,
[1
2

]
,
i
(
2a2x+b

)2
4a3

))
48

(a2x+ b
2

)
c1 hypergeom

([4ia2c+12a3−ib2

16a3
]
,
[3
2

]
, i(2a

2x+b)2
4a3

)
+

hypergeom
([

4ia2c+4a3−ib2
16a3

]
,
[ 1
2
]
,
i
(
2a2x+b

)2
4a3

)
2

 a4

3 Solution by Mathematica
Time used: 1.582 (sec). Leaf size: 664� �
DSolve[y'[x]==y[x]^2+a^2*x^2+b*x+c,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
2i
√
2a2xParabolicCylinderD

(
1
8

(
− ib2

a3
+ 4ic

a
− 4
)
,−

( 1
2−

i
2
)(
2xa2+b

)
a3/2

)
+ 4(−1)3/4a3/2 ParabolicCylinderD

(
1
8

(
− ib2

a3
+ 4ic

a
+ 4
)
,−

( 1
2−

i
2
)(
2xa2+b

)
a3/2

)
+ i

√
2bParabolicCylinderD

(
1
8

(
− ib2

a3
+ 4ic

a
− 4
)
,−

( 1
2−

i
2
)(
2xa2+b

)
a3/2

)
+ 4 4

√
−1a3/2c1 ParabolicCylinderD

(
1
8

(
ib2

a3
− 4ic

a
+ 4
)
,
( 1
2+

i
2
)(
2xa2+b

)
a3/2

)
− i

√
2c1(2a2x+ b) ParabolicCylinderD

(
1
8

(
ib2

a3
− 4ic

a
− 4
)
,
( 1
2+

i
2
)(
2xa2+b

)
a3/2

)
2
√
2a
(
ParabolicCylinderD

(
1
8

(
− ib2

a3
+ 4ic

a
− 4
)
,−

( 1
2−

i
2
)
(2xa2+b)

a3/2

)
+ c1 ParabolicCylinderD

(
1
8

(
ib2

a3
− 4ic

a
− 4
)
,
( 1
2+

i
2
)
(2xa2+b)

a3/2

))
y(x) →

(1 + i)
√
aParabolicCylinderD

(
1
8

(
ib2

a3
− 4ic

a
+ 4
)
,
( 1
2+

i
2
)(
2xa2+b

)
a3/2

)
ParabolicCylinderD

(
1
8

(
ib2

a3
− 4ic

a
− 4
)
,
( 1
2+

i
2
)
(2xa2+b)

a3/2

) − i(2a2x+ b)
2a

y(x) →
(1 + i)

√
aParabolicCylinderD

(
1
8

(
ib2

a3
− 4ic

a
+ 4
)
,
( 1
2+

i
2
)(
2xa2+b

)
a3/2

)
ParabolicCylinderD

(
1
8

(
ib2

a3
− 4ic

a
− 4
)
,
( 1
2+

i
2
)
(2xa2+b)

a3/2

) − i(2a2x+ b)
2a
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2.4 problem 4
2.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 59

Internal problem ID [10334]
Internal file name [OUTPUT/9281_Monday_June_06_2022_01_45_26_PM_40145015/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 4.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[[_Riccati , _special ]]

y′ − ay2 = b xn

2.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a y2 + b xn

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2 + b xn

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b xn, f1(x) = 0 and f2(x) = a. Let

y = −u′

f2u

= −u′

au
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = b xna2

Substituting the above terms back in equation (2) gives

au′′(x) + b xna2u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(
BesselJ

(
1

2 + n
,
2
√
ab x1+n

2

2 + n

)
c1 + BesselY

(
1

2 + n
,
2
√
ab x1+n

2

2 + n

)
c2

)
√
x

The above shows that

u′(x)

=
−BesselJ

(
n+3
2+n

, 2
√
ab x1+n

2
2+n

)√
ab x1+n

2 c1 − BesselY
(

n+3
2+n

, 2
√
ab x1+n

2
2+n

)√
ab x1+n

2 c2 + BesselJ
(

1
2+n

, 2
√
ab x1+n

2
2+n

)
c1 + BesselY

(
1

2+n
, 2

√
ab x1+n

2
2+n

)
c2

√
x

Using the above in (1) gives the solution

y =

−
−BesselJ

(
n+3
2+n

, 2
√
ab x1+n

2
2+n

)√
ab x1+n

2 c1 − BesselY
(

n+3
2+n

, 2
√
ab x1+n

2
2+n

)√
ab x1+n

2 c2 + BesselJ
(

1
2+n

, 2
√
ab x1+n

2
2+n

)
c1 + BesselY

(
1

2+n
, 2

√
ab x1+n

2
2+n

)
c2

xa
(
BesselJ

(
1

2+n
, 2

√
ab x1+n

2
2+n

)
c1 + BesselY

(
1

2+n
, 2

√
ab x1+n

2
2+n

)
c2
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=

(
BesselJ

(
n+3
2+n

, 2
√
ab x1+n

2
2+n

)
c3 + BesselY

(
n+3
2+n

, 2
√
ab x1+n

2
2+n

))√
ab x1+n

2 − BesselJ
(

1
2+n

, 2
√
ab x1+n

2
2+n

)
c3 − BesselY

(
1

2+n
, 2

√
ab x1+n

2
2+n

)
xa
(
BesselJ

(
1

2+n
, 2

√
ab x1+n

2
2+n

)
c3 + BesselY

(
1

2+n
, 2

√
ab x1+n

2
2+n

))
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Summary
The solution(s) found are the following

(1)y

=

(
BesselJ

(
n+3
2+n

, 2
√
ab x1+n

2
2+n

)
c3 + BesselY

(
n+3
2+n

, 2
√
ab x1+n

2
2+n

))√
ab x1+n

2 − BesselJ
(

1
2+n

, 2
√
ab x1+n

2
2+n

)
c3 − BesselY

(
1

2+n
, 2

√
ab x1+n

2
2+n

)
xa
(
BesselJ

(
1

2+n
, 2

√
ab x1+n

2
2+n

)
c3 + BesselY

(
1

2+n
, 2

√
ab x1+n

2
2+n

))
Verification of solutions
y

=

(
BesselJ

(
n+3
2+n

, 2
√
ab x1+n

2
2+n

)
c3 + BesselY

(
n+3
2+n

, 2
√
ab x1+n

2
2+n

))√
ab x1+n

2 − BesselJ
(

1
2+n

, 2
√
ab x1+n

2
2+n

)
c3 − BesselY

(
1

2+n
, 2

√
ab x1+n

2
2+n

)
xa
(
BesselJ

(
1

2+n
, 2

√
ab x1+n

2
2+n

)
c3 + BesselY

(
1

2+n
, 2

√
ab x1+n

2
2+n

))
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
<- Riccati Special successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 207� �
dsolve(diff(y(x),x)=a*y(x)^2+b*x^n,y(x), singsol=all)� �
y(x)

=
BesselJ

(
3+n
n+2 ,

2
√
ab x

n
2 +1

n+2

)√
ab x

n
2+1c1 + BesselY

(
3+n
n+2 ,

2
√
ab x

n
2 +1

n+2

)√
ab x

n
2+1 − c1 BesselJ

(
1

n+2 ,
2
√
ab x

n
2 +1

n+2

)
− BesselY

(
1

n+2 ,
2
√
ab x

n
2 +1

n+2

)
xa
(
c1 BesselJ

(
1

n+2 ,
2
√
ab x

n
2 +1

n+2

)
+ BesselY

(
1

n+2 ,
2
√
ab x

n
2 +1

n+2

))
3 Solution by Mathematica
Time used: 0.696 (sec). Leaf size: 605� �
DSolve[y'[x]==a*y[x]^2+b*x^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

√
a
√
bx

n
2+1Gamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 − 1, 2
√
a
√
bx

n
2 +1

n+2

)
−

√
a
√
bx

n
2+1Gamma

(
1 + 1

n+2

)
BesselJ

(
1 + 1

n+2 ,
2
√
a
√
bx

n
2 +1

n+2

)
+Gamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 ,
2
√
a
√
bx

n
2 +1

n+2

)
−

√
a
√
bc1x

n
2+1Gamma

(
n+1
n+2

)
BesselJ

(
n+1
n+2 ,

2
√
a
√
bx

n
2 +1

n+2

)
+
√
a
√
bc1x

n
2+1Gamma

(
n+1
n+2

)
BesselJ

(
−n+3

n+2 ,
2
√
a
√
bx

n
2 +1

n+2

)
+ c1Gamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
bx

n
2 +1

n+2

)
2ax

(
Gamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 ,
2
√
a
√
bx

n
2 +1

n+2

)
+ c1Gamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
bx

n
2 +1

n+2

))

y(x) →

√
a
√
bxn/2

(
BesselJ

(
n+1
n+2 ,

2
√
a
√

bx
n
2 +1

n+2

)
−BesselJ

(
−n+3

n+2 ,
2
√

a
√
bx

n
2 +1

n+2

))
BesselJ

(
− 1

n+2 ,
2
√
a
√
bx

n
2 +1

n+2

) − 1
x

2a
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2.5 problem 5
2.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 63

Internal problem ID [10335]
Internal file name [OUTPUT/9282_Monday_June_06_2022_01_45_27_PM_95068594/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 5.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = an xn−1 − a2x2n

2.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + an xn−1 − a2x2n

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + an xn

x
− a2x2n

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = an xn−1 − a2x2n, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)

63



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = an xn−1 − a2x2n

Substituting the above terms back in equation (2) gives

u′′(x) +
(
an xn−1 − a2x2n)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = −
c2x

−1− 3n
2 (2 + n)2WhittakerM

(
2+n
2+2n ,

3+2n
2+2n ,−

2xn+1a
n+1

)
2 + c2

((
−n

2 − 1
)
x−1− 3n

2

+ a x−n
2

)
(n+ 1)WhittakerM

(
− n

2 + 2n,
3 + 2n
2 + 2n,−

2xn+1a

n+ 1

)
+ c1e−

xn+1a
n+1

The above shows that

u′(x) =

−

(
−

3c2
(( 1

3n
2+n+ 2

3
)
x−n

2 +ax x
n
2
(
n+ 4

3
))

(2+n)WhittakerM
(

2+n
2+2n , 3+2n

2+2n ,− 2xnxa
n+1

)
2 + c2

((
−1

2n
2 − 3

2n− 1
)
x−n

2 + ax
((

−n
2 − 1

)
x

n
2 + ax x

3n
2

))
(n+ 1)WhittakerM

(
− n

2+2n ,
3+2n
2+2n ,−

2xnxa
n+1

)
+ e

xnxa
n+1 c2x

−n
2 (2 + n)2

(3
2 + n

) (
−2xnxa

n+1

) 4+3n
2+2n + ac1x

2x2ne−
xnxa
n+1

)
x−n

x2

Using the above in (1) gives the solution

y

=

(
−

3c2
(( 1

3n
2+n+ 2

3
)
x−n

2 +ax x
n
2
(
n+ 4

3
))

(2+n)WhittakerM
(

2+n
2+2n , 3+2n

2+2n ,− 2xnxa
n+1

)
2 + c2

((
−1

2n
2 − 3

2n− 1
)
x−n

2 + ax
((

−n
2 − 1

)
x

n
2 + ax x

3n
2

))
(n+ 1)WhittakerM

(
− n

2+2n ,
3+2n
2+2n ,−

2xnxa
n+1

)
+ e

xnxa
n+1 c2x

−n
2 (2 + n)2

(3
2 + n

) (
−2xnxa

n+1

) 4+3n
2+2n + ac1x

2x2ne−
xnxa
n+1

)
x−n

x2
(
−

c2x
−1− 3n

2 (2+n)2 WhittakerM
(

2+n
2+2n , 3+2n

2+2n ,− 2xn+1a
n+1

)
2 + c2

((
−n

2 − 1
)
x−1− 3n

2 + a x−n
2

)
(n+ 1)WhittakerM

(
− n

2+2n ,
3+2n
2+2n ,−

2xn+1a
n+1

)
+ c1e−

xn+1a
n+1

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=

(
−

3 e
xnxa
n+1

(( 1
3n

2+n+ 2
3
)
x−n

2 +ax x
n
2
(
n+ 4

3
))

(2+n)WhittakerM
(

2+n
2+2n , 3+2n

2+2n ,− 2xnxa
n+1

)
2 + e

xnxa
n+1

((
−1

2n
2 − 3

2n− 1
)
x−n

2 + ax
((

−n
2 − 1

)
x

n
2 + ax x

3n
2

))
(n+ 1)WhittakerM

(
− n

2+2n ,
3+2n
2+2n ,−

2xnxa
n+1

)
+ x−n

2 (2 + n)2 e
2xnxa
n+1

(3
2 + n

) (
−2xnxa

n+1

) 4+3n
2+2n + ac3x

2x2n

)
x−n

x

(
−

x− 3n
2 e

xnxa
n+1 (2+n)2 WhittakerM

(
2+n
2+2n , 3+2n

2+2n ,− 2xnxa
n+1

)
2 + e

xnxa
n+1

(
ax x−n

2 − (2+n)x− 3n
2

2

)
(n+ 1)WhittakerM

(
− n

2+2n ,
3+2n
2+2n ,−

2xnxa
n+1

)
+ c3x

)

Summary
The solution(s) found are the following

(1)y

=

(
−

3 e
xnxa
n+1

(( 1
3n

2+n+ 2
3
)
x−n

2 +ax x
n
2
(
n+ 4

3
))

(2+n)WhittakerM
(

2+n
2+2n , 3+2n

2+2n ,− 2xnxa
n+1

)
2 + e

xnxa
n+1

((
−1

2n
2 − 3

2n− 1
)
x−n

2 + ax
((

−n
2 − 1

)
x

n
2 + ax x

3n
2

))
(n+ 1)WhittakerM

(
− n

2+2n ,
3+2n
2+2n ,−

2xnxa
n+1

)
+ x−n

2 (2 + n)2 e
2xnxa
n+1

(3
2 + n

) (
−2xnxa

n+1

) 4+3n
2+2n + ac3x

2x2n

)
x−n

x

(
−

x− 3n
2 e

xnxa
n+1 (2+n)2 WhittakerM

(
2+n
2+2n , 3+2n

2+2n ,− 2xnxa
n+1

)
2 + e

xnxa
n+1

(
ax x−n

2 − (2+n)x− 3n
2

2

)
(n+ 1)WhittakerM

(
− n

2+2n ,
3+2n
2+2n ,−

2xnxa
n+1

)
+ c3x

)
Verification of solutions
y

=

(
−

3 e
xnxa
n+1

(( 1
3n

2+n+ 2
3
)
x−n

2 +ax x
n
2
(
n+ 4

3
))

(2+n)WhittakerM
(

2+n
2+2n , 3+2n

2+2n ,− 2xnxa
n+1

)
2 + e

xnxa
n+1

((
−1

2n
2 − 3

2n− 1
)
x−n

2 + ax
((

−n
2 − 1

)
x

n
2 + ax x

3n
2

))
(n+ 1)WhittakerM

(
− n

2+2n ,
3+2n
2+2n ,−

2xnxa
n+1

)
+ x−n

2 (2 + n)2 e
2xnxa
n+1

(3
2 + n

) (
−2xnxa

n+1

) 4+3n
2+2n + ac3x

2x2n

)
x−n

x

(
−

x− 3n
2 e

xnxa
n+1 (2+n)2 WhittakerM

(
2+n
2+2n , 3+2n

2+2n ,− 2xnxa
n+1

)
2 + e

xnxa
n+1

(
ax x−n

2 − (2+n)x− 3n
2

2

)
(n+ 1)WhittakerM

(
− n

2+2n ,
3+2n
2+2n ,−

2xnxa
n+1

)
+ c3x

)

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (-a*n*x^(n-1)+a^2*x^(2*n))*y(x), y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 388� �
dsolve(diff(y(x),x)=y(x)^2+a*n*x^(n-1)-a^2*x^(2*n),y(x), singsol=all)� �
y(x)

=
−3(n+ 2) c1

((1
3n

2 + n+ 2
3

)
x− 3n

2 + ax x−n
2
(
n+ 4

3

))
e

ax xn

n+1 WhittakerM
(

n+2
2n+2 ,

2n+3
2n+2 ,−

2ax xn

n+1

)
+ 2c1e

ax xn

n+1 (n+ 1)
((

−1
2n

2 − 3
2n− 1

)
x− 3n

2 + xa
((
−n

2 − 1
)
x−n

2 + ax x
n
2
))

WhittakerM
(
− n

2n+2 ,
2n+3
2n+2 ,−

2ax xn

n+1

)
+ 2(n+ 2)2 c1

(
n+ 3

2

)
e

2ax xn

n+1 x− 3n
2
(
−2ax xn

n+1

) 3n+4
2n+2 + 2x2a xn

2
(
−

e
ax xn
n+1 x− 3n

2 c1(n+2)2 WhittakerM
(

n+2
2n+2 ,

2n+3
2n+2 ,−

2ax xn

n+1

)
2 + c1

((
−n

2 − 1
)
x− 3n

2 + ax x−n
2

)
e

ax xn

n+1 (n+ 1)WhittakerM
(
− n

2n+2 ,
2n+3
2n+2 ,−

2ax xn

n+1

)
+ x

)
x

3 Solution by Mathematica
Time used: 1.61 (sec). Leaf size: 227� �
DSolve[y'[x]==y[x]^2+a*n*x^(n-1)-a^2*x^(2*n),y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
2

1
n+1 (n+ 1)

(
−axn+1

n+1

) 1
n+1
(
axn − c1e

2axn+1
n+1

)
− ac1x

n+1Γ
(

1
n+1 ,−

2axn+1

n+1

)
2

1
n+1 (n+ 1)

(
−axn+1

n+1

) 1
n+1 − c1xΓ

( 1
n+1 ,−

2axn+1

n+1

)
y(x) →

2
1

n+1 (n+ 1)e
2axn+1

n+1

(
−axn+1

n+1

) 1
n+1

xΓ
( 1
n+1 ,−

2axn+1

n+1

) + axn
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2.6 problem 6
2.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 68

Internal problem ID [10336]
Internal file name [OUTPUT/9283_Monday_June_06_2022_01_46_32_PM_97394906/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 6.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − ay2 = b x2n + c xn−1

2.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a y2 + b x2n + c xn−1

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2 + b x2n + c xn

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b x2n + c xn−1, f1(x) = 0 and f2(x) = a. Let

y = −u′

f2u

= −u′

au
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = a2

(
b x2n + c xn−1)

Substituting the above terms back in equation (2) gives

au′′(x) + a2
(
b x2n + c xn−1)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x−n
2

(
c1WhittakerM

(
− i

√
a c√

b (2 + 2n)
,

1
2 + 2n,

2i
√
a
√
b xnx

n+ 1

)

+ c2WhittakerW
(
− i

√
a c√

b (2 + 2n)
,

1
2 + 2n,

2i
√
a
√
b xnx

n+ 1

))

The above shows that

u′(x)

=

(
−
(
i
√
a
√
b c− b(2 + n)

)
c1WhittakerM

(
− (−2n−2)

√
b+i

√
a c√

b (2+2n) , 1
2+2n ,

2i
√
a
√
b xnx

n+1

)
− 2c2b(n+ 1)WhittakerW

(
− (−2n−2)

√
b+i

√
a c√

b (2+2n) , 1
2+2n ,

2i
√
a
√
b xnx

n+1

)
+
(
2ib 3

2xxn
√
a+ i

√
a
√
b c− bn

)(
c1WhittakerM

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

)
+ c2WhittakerW

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

)))
x−n

2

2bx

Using the above in (1) gives the solution

y =

−
−
(
i
√
a
√
b c− b(2 + n)

)
c1WhittakerM

(
− (−2n−2)

√
b+i

√
a c√

b (2+2n) , 1
2+2n ,

2i
√
a
√
b xnx

n+1

)
− 2c2b(n+ 1)WhittakerW

(
− (−2n−2)

√
b+i

√
a c√

b (2+2n) , 1
2+2n ,

2i
√
a
√
b xnx

n+1

)
+
(
2ib 3

2xxn
√
a+ i

√
a
√
b c− bn

)(
c1WhittakerM

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

)
+ c2WhittakerW

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

))
2bxa

(
c1WhittakerM

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

)
+ c2WhittakerW

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=

(
i
√
a
√
b c− b(2 + n)

)
c3WhittakerM

(
− (−2n−2)

√
b+i

√
a c√

b (2+2n) , 1
2+2n ,

2i
√
a
√
b xnx

n+1

)
+ 2b(n+ 1)WhittakerW

(
− (−2n−2)

√
b+i

√
a c√

b (2+2n) , 1
2+2n ,

2i
√
a
√
b xnx

n+1

)
−
(
2ib 3

2xxn
√
a+ i

√
a
√
b c− bn

)(
c3WhittakerM

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

)
+WhittakerW

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

))
2bxa

(
c3WhittakerM

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

)
+WhittakerW

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

))
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Summary
The solution(s) found are the following

(1)y

=

(
i
√
a
√
b c− b(2 + n)

)
c3WhittakerM

(
− (−2n−2)

√
b+i

√
a c√

b (2+2n) , 1
2+2n ,

2i
√
a
√
b xnx

n+1

)
+ 2b(n+ 1)WhittakerW

(
− (−2n−2)

√
b+i

√
a c√

b (2+2n) , 1
2+2n ,

2i
√
a
√
b xnx

n+1

)
−
(
2ib 3

2xxn
√
a+ i

√
a
√
b c− bn

)(
c3WhittakerM

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

)
+WhittakerW

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

))
2bxa

(
c3WhittakerM

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

)
+WhittakerW

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

))
Verification of solutions
y

=

(
i
√
a
√
b c− b(2 + n)

)
c3WhittakerM

(
− (−2n−2)

√
b+i

√
a c√

b (2+2n) , 1
2+2n ,

2i
√
a
√
b xnx

n+1

)
+ 2b(n+ 1)WhittakerW

(
− (−2n−2)

√
b+i

√
a c√

b (2+2n) , 1
2+2n ,

2i
√
a
√
b xnx

n+1

)
−
(
2ib 3

2xxn
√
a+ i

√
a
√
b c− bn

)(
c3WhittakerM

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

)
+WhittakerW

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

))
2bxa

(
c3WhittakerM

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

)
+WhittakerW

(
− i

√
a c√

b (2+2n) ,
1

2+2n ,
2i
√
a
√
b xnx

n+1

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -a*(b*x^(2*n)+c*x^(n-1))*y(x), y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 357� �
dsolve(diff(y(x),x)=a*y(x)^2+b*x^(2*n)+c*x^(n-1),y(x), singsol=all)� �
y(x) =

−

((
n
2 + 1

)√
b− ic

√
a

2

)
WhittakerM

(
− (−2n−2)

√
b+ic

√
a√

b (2n+2) , 1
2n+2 ,

2i
√
a
√
b x xn

n+1

)
−
√
b c1(n+ 1)WhittakerW

(
− (−2n−2)

√
b+ic

√
a√

b (2n+2) , 1
2n+2 ,

2i
√
a
√
b x xn

n+1

)
+
(
WhittakerW

(
− i

√
a c√

b (2n+2) ,
1

2n+2 ,
2i
√
a
√
b x xn

n+1

)
c1 +WhittakerM

(
− i

√
a c√

b (2n+2) ,
1

2n+2 ,
2i
√
a
√
b x xn

n+1

))(
−

√
b n
2 + i

√
a
(
xxnb+ c

2

))
√
b
(
WhittakerW

(
− i

√
a c√

b (2n+2) ,
1

2n+2 ,
2i
√
a
√
b x xn

n+1

)
c1 +WhittakerM

(
− i

√
a c√

b (2n+2) ,
1

2n+2 ,
2i
√
a
√
b x xn

n+1

))
ax

3 Solution by Mathematica
Time used: 1.818 (sec). Leaf size: 982� �
DSolve[y'[x]==a*y[x]^2+b*x^(2*n)+c*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

xn

(
√
bc1(n+ 1)

√
−(n+ 1)2HypergeometricU

(
1
2

( √
ac√

b
√

−(n+1)2 +
n

n+1

)
, n
n+1 ,

2
√
a
√
bxn+1√

−(n+1)2

)
+ c1

(√
ac(n+ 1) +

√
b
√

−(n+ 1)2n
)
HypergeometricU

(
1
2

( √
ac√

b
√

−(n+1)2 +
3n+2
n+1

)
, n
n+1 + 1, 2

√
a
√
bxn+1√

−(n+1)2

)
+
√
b(n+ 1)

√
−(n+ 1)2

(
L
− 1

n+1

−
√
ac

2
√

b
√

−(n+1)2
− n

2(n+1)

(
2
√
a
√
bxn+1√

−(n+1)2

)
+ 2L

n
n+1

−
√
ac

2
√
b
√

−(n+1)2
− 3n+2

2n+2

(
2
√
a
√
bxn+1√

−(n+1)2

)))
√
a(n+ 1)2

(
L
− 1

n+1

−
√
ac

2
√
b
√

−(n+1)2
− n

2(n+1)

(
2
√
a
√
bxn+1√

−(n+1)2

)
+ c1HypergeometricU

(
1
2

( √
ac√

b
√

−(n+1)2 +
n

n+1

)
, n
n+1 ,

2
√
a
√
bxn+1√

−(n+1)2

))
y(x)

→

xn

−

(√
ac(n+1)+

√
b
√

−(n+1)2n
)
HypergeometricU

(
1
2

(
√
ac

√
b
√

−(n+1)2
+ n

n+1+2
)
, n
n+1+1, 2

√
a
√
bxn+1√

−(n+1)2

)

HypergeometricU
(

1
2

(
√
ac

√
b
√

−(n+1)2
+ n

n+1

)
, n
n+1 ,

2
√
a
√
bxn+1√

−(n+1)2

) −
√
b
√

−(n+ 1)2(n+ 1)


√
a(n+ 1)2

y(x)

→

xn

−

(√
ac(n+1)+

√
b
√

−(n+1)2n
)
HypergeometricU

(
1
2

(
√
ac

√
b
√

−(n+1)2
+ n

n+1+2
)
, n
n+1+1, 2

√
a
√
bxn+1√

−(n+1)2

)

HypergeometricU
(

1
2

(
√
ac

√
b
√

−(n+1)2
+ n

n+1

)
, n
n+1 ,

2
√
a
√
bxn+1√

−(n+1)2

) −
√
b
√

−(n+ 1)2(n+ 1)


√
a(n+ 1)2
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2.7 problem 7
2.7.1 Solving as first order ode lie symmetry calculated ode . . . . . . 73
2.7.2 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 78

Internal problem ID [10337]
Internal file name [OUTPUT/9284_Monday_June_06_2022_01_46_37_PM_54916221/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 7.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati", "first_order_ode_lie_sym-
metry_calculated"

Maple gives the following as the ode type
[[ _homogeneous , `class G`], _Riccati]

y′ − a xny2 = b x−n−2

2.7.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = a xny2 + b x−n−2

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 1 to use as anstaz gives

(1E)ξ = xa2 + ya3 + a1

(2E)η = xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, b1, b2, b3}

Substituting equations (1E,2E) and ω into (A) gives

(5E)b2 +
(
a xny2 + b x−n−2) (b3 − a2)−

(
a xny2 + b x−n−2)2 a3

−
(
a xnn y2

x
+ b x−n−2(−n− 2)

x

)
(xa2+ya3+a1)−2a xny(xb2+yb3+b1) = 0

Putting the above in normal form gives

−x2na2x y4a3 + 2xnx−n−2abx y2a3 + xnanx y2a2 + xnan y3a3 + xnan y2a1 + 2xna x2yb2 + xnax y2a2 + xnax y2b3 + x−4−2nb2xa3 + 2xnaxyb1 − x−n−2bnxa2 − x−n−2bnya3 − x−n−2bna1 − x−n−2bxa2 − x−n−2bxb3 − 2x−n−2bya3 − 2x−n−2ba1 − xb2
x

= 0

Setting the numerator to zero gives

(6E)
−x2na2x y4a3 − 2xnx−n−2abx y2a3 − xnanx y2a2 − xnan y3a3
− xnan y2a1 − 2xna x2yb2 − xnax y2a2 − xnax y2b3 − x−4−2nb2xa3
− 2xnaxyb1 + x−n−2bnxa2 + x−n−2bnya3 + x−n−2bna1
+ x−n−2bxa2 + x−n−2bxb3 + 2x−n−2bya3 + 2x−n−2ba1 + xb2 = 0

Simplifying the above gives

(6E)−(x4na2x4y4a3 + x3nan x4y2a2 + x3nan y3a3x
3 + x3nan y2a1x

3 + 2x3na x5yb2 + x3na x4y2a2 + x3na x4y2b3 + 2x3na x4yb1 + 2ab y2a3x2nx2 − x4b2x
2n − bna2x

nx2 − bnya3x
nx− bna1x

nx− ba2x
nx2 − bb3x

nx2 − 2bya3xnx− 2ba1xnx+ b2a3)x−2n

x3

= 0

Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y, xn}

The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2, x
n = v3}
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The above PDE (6E) now becomes

(7E)−v43a
2v41v

4
2a3 + v33anv

4
1v

2
2a2 + v33anv

3
2a3v

3
1 + v33anv

2
2a1v

3
1 + v33av

4
1v

2
2a2 + 2v33av51v2b2 + v33av

4
1v

2
2b3 + 2v33av41v2b1 + 2abv22a3v23v21 − v41b2v

2
3 − bna2v3v

2
1 − bnv2a3v3v1 − bna1v3v1 − ba2v3v

2
1 − 2bv2a3v3v1 − bb3v3v

2
1 − 2ba1v3v1 + b2a3

v23v
3
1

= 0

Collecting the above on the terms vi introduced, and these are

{v1, v2, v3}

Equation (7E) now becomes

(8E)
−2ab2v2v3v21 − a2a3v

2
3v1v

4
2 + (−ana2 − aa2 − ab3) v1v22v3

− 2ab1v3v1v2 + b2v1 − ana3v3v
3
2 − ana1v3v

2
2 −

2aba3v22
v1

+ bna2 + ba2 + bb3
v1v3

+ (bna3 + 2ba3) v2
v21v3

+ bna1 + 2ba1
v21v3

− b2a3
v23v

3
1
= 0

Setting each coefficients in (8E) to zero gives the following equations to solve

b2 = 0
−2ab1 = 0
−2ab2 = 0
−a2a3 = 0
−b2a3 = 0

−2aba3 = 0
−ana1 = 0
−ana3 = 0

bna1 + 2ba1 = 0
bna3 + 2ba3 = 0

−ana2 − aa2 − ab3 = 0
bna2 + ba2 + bb3 = 0
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Solving the above equations for the unknowns gives

a1 = 0
a2 = a2

a3 = 0
b1 = 0
b2 = 0
b3 = −(n+ 1) a2

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = x

η = −y(n+ 1)

Shifting is now applied to make ξ = 0 in order to simplify the rest of the computation

η = η − ω(x, y) ξ
= −y(n+ 1)−

(
a xny2 + b x−n−2) (x)

= −xnax y2 − b x−n

x
− ny − y

ξ = 0

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is
dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x

S is found from

S =
∫ 1

η
dy

=
∫ 1

−xnax y2 − b x−n

x
− ny − y

dy
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Which results in

S = −
2xnx arctan

(
2a x2+2ny+xn+1n+xn+1

√
−x2+2nn2+4a x2+2nb−2x2+2nn−x2+2n

)
√
−x2+2nn2 + 4a x2+2nb− 2x2+2nn− x2+2n

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)

Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = a xny2 + b x−n−2

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = − y xn(n+ 1)
a x2+2ny2 + y (n+ 1)xn+1 + b

Sy = − xn+1

a x2+2ny2 + y (n+ 1)xn+1 + b

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
dS

dR
= −1

x
(2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= − 1

R

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) = − ln (R) + c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

−
2 arctan

(
2a xn+1y+n+1√
4ab−n2−2n−1

)
√
4ab− n2 − 2n− 1

= − ln (x) + c1
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Which simplifies to

−
2 arctan

(
2a xn+1y+n+1√
4ab−n2−2n−1

)
√
4ab− n2 − 2n− 1

= − ln (x) + c1

Which gives

y = −

(
tan

(
− ln(x)

√
4ab−n2−2n−1

2 + c1
√
4ab−n2−2n−1

2

)√
4ab− n2 − 2n− 1 + n+ 1

)
x−n−1

2a
Summary
The solution(s) found are the following

y = −

(
tan

(
− ln(x)

√
4ab−n2−2n−1

2 + c1
√
4ab−n2−2n−1

2

)√
4ab− n2 − 2n− 1 + n+ 1

)
x−n−1

2a
(1)

Verification of solutions

y = −

(
tan

(
− ln(x)

√
4ab−n2−2n−1

2 + c1
√
4ab−n2−2n−1

2

)√
4ab− n2 − 2n− 1 + n+ 1

)
x−n−1

2a

Verified OK.

2.7.2 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a xny2 + b x−n−2

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xny2 + b x−n

x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b x−n−2, f1(x) = 0 and f2(x) = xna. Let

y = −u′

f2u

= −u′

xnau
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

an xn

x
f1f2 = 0
f 2
2 f0 = x2na2b x−n−2

Substituting the above terms back in equation (2) gives

xnau′′(x)− an xnu′(x)
x

+ x2na2b x−n−2u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x
n
2
√
x
(
x
√

−4ab+n2+2n+1
2 c1 + x−

√
−4ab+n2+2n+1

2 c2
)

The above shows that

u′(x)

=

(
c2
(
n+ 1−

√
−4ab+ n2 + 2n+ 1

)
x−

√
−4ab+n2+2n+1

2 + x
√

−4ab+n2+2n+1
2 c1

(
n+ 1 +

√
−4ab+ n2 + 2n+ 1

))
x

n
2

2
√
x

Using the above in (1) gives the solution

y =

−

(
c2
(
n+ 1−

√
−4ab+ n2 + 2n+ 1

)
x−

√
−4ab+n2+2n+1

2 + x
√

−4ab+n2+2n+1
2 c1

(
n+ 1 +

√
−4ab+ n2 + 2n+ 1

))
x−n

2xa
(
x
√

−4ab+n2+2n+1
2 c1 + x−

√
−4ab+n2+2n+1

2 c2
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=

((
−n− 1 +

√
−4ab+ n2 + 2n+ 1

)
x−

√
−4ab+n2+2n+1

2 − x
√

−4ab+n2+2n+1
2 c3

(
n+ 1 +

√
−4ab+ n2 + 2n+ 1

))
x−n

2xa
(
x
√

−4ab+n2+2n+1
2 c3 + x−

√
−4ab+n2+2n+1

2

)
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Summary
The solution(s) found are the following

(1)y

=

((
−n− 1 +

√
−4ab+ n2 + 2n+ 1

)
x−

√
−4ab+n2+2n+1

2 − x
√

−4ab+n2+2n+1
2 c3

(
n+ 1 +

√
−4ab+ n2 + 2n+ 1

))
x−n

2xa
(
x
√

−4ab+n2+2n+1
2 c3 + x−

√
−4ab+n2+2n+1

2

)
Verification of solutions
y

=

((
−n− 1 +

√
−4ab+ n2 + 2n+ 1

)
x−

√
−4ab+n2+2n+1

2 − x
√

−4ab+n2+2n+1
2 c3

(
n+ 1 +

√
−4ab+ n2 + 2n+ 1

))
x−n

2xa
(
x
√

−4ab+n2+2n+1
2 c3 + x−

√
−4ab+n2+2n+1

2

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying homogeneous G
<- homogeneous successful`� �
3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 62� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2+b*x^(-n-2),y(x), singsol=all)� �

y(x) = −
x−n−1

(
n+ 1− tan

(√
4ab−n2−2n−1 (ln(x)−c1)

2

)√
4ab− n2 − 2n− 1

)
2a
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3 Solution by Mathematica
Time used: 0.778 (sec). Leaf size: 135� �
DSolve[y'[x]==a*x^n*y[x]^2+b*x^(-n-2),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
x−n−1

(
−
(√

(n+ 1)2 − 4ab+ n+ 1
)
x
√

(n+1)2−4ab + c1
(√

(n+ 1)2 − 4ab− n− 1
))

2a
(
x
√

(n+1)2−4ab + c1
)

y(x) →
x−n−1

(√
(n+ 1)2 − 4ab− n− 1

)
2a
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2.8 problem 8
2.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 82

Internal problem ID [10338]
Internal file name [OUTPUT/9285_Monday_June_06_2022_01_46_38_PM_37397424/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 8.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a xny2 = b xm

2.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a xny2 + b xm

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xny2 + b xm

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b xm, f1(x) = 0 and f2(x) = xna. Let

y = −u′

f2u

= −u′

xnau
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

an xn

x
f1f2 = 0
f 2
2 f0 = b xma2x2n

Substituting the above terms back in equation (2) gives

xnau′′(x)− an xnu′(x)
x

+ b xma2x2nu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(
BesselY

(
−n− 1

m+ n+ 2 ,
2
√
ab x

m
2 +n

2+1

m+ n+ 2

)
c2

+ BesselJ
(

−n− 1
m+ n+ 2 ,

2
√
ab x

m
2 +n

2+1

m+ n+ 2

)
c1

)
x

n
2+

1
2

The above shows that

u′(x) = x
1
2+n+m

2
√
ab

(
−BesselY

(
m+ 1

m+ n+ 2 ,
2
√
ab x

m
2 +n

2+1

m+ n+ 2

)
c2

− BesselJ
(

m+ 1
m+ n+ 2 ,

2
√
ab x

m
2 +n

2+1

m+ n+ 2

)
c1

)

Using the above in (1) gives the solution

y =

−
x

1
2+n+m

2
√
ab
(
−BesselY

(
m+1

m+n+2 ,
2
√
ab x

m
2 +n

2 +1

m+n+2

)
c2 − BesselJ

(
m+1

m+n+2 ,
2
√
ab x

m
2 +n

2 +1

m+n+2

)
c1
)
x−nx−n

2−
1
2

a
(
BesselY

(
−n−1
m+n+2 ,

2
√
ab x

m
2 +n

2 +1

m+n+2

)
c2 + BesselJ

(
−n−1
m+n+2 ,

2
√
ab x

m
2 +n

2 +1

m+n+2

)
c1
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =
x

m
2 −n

2
√
ab
(
BesselJ

(
m+1

m+n+2 ,
2
√
ab x

m
2 +n

2 +1

m+n+2

)
c3 + BesselY

(
m+1

m+n+2 ,
2
√
ab x

m
2 +n

2 +1

m+n+2

))
a
(
BesselY

(
−n−1
m+n+2 ,

2
√
ab x

m
2 +n

2 +1

m+n+2

)
+ BesselJ

(
−n−1
m+n+2 ,

2
√
ab x

m
2 +n

2 +1

m+n+2

)
c3
)

Summary
The solution(s) found are the following

y =
x

m
2 −n

2
√
ab
(
BesselJ

(
m+1

m+n+2 ,
2
√
ab x

m
2 +n

2 +1

m+n+2

)
c3 + BesselY

(
m+1

m+n+2 ,
2
√
ab x

m
2 +n

2 +1

m+n+2

))
a
(
BesselY

(
−n−1
m+n+2 ,

2
√
ab x

m
2 +n

2 +1

m+n+2

)
+ BesselJ

(
−n−1
m+n+2 ,

2
√
ab x

m
2 +n

2 +1

m+n+2

)
c3
)

(1)
Verification of solutions

y =
x

m
2 −n

2
√
ab
(
BesselJ

(
m+1

m+n+2 ,
2
√
ab x

m
2 +n

2 +1

m+n+2

)
c3 + BesselY

(
m+1

m+n+2 ,
2
√
ab x

m
2 +n

2 +1

m+n+2

))
a
(
BesselY

(
−n−1
m+n+2 ,

2
√
ab x

m
2 +n

2 +1

m+n+2

)
+ BesselJ

(
−n−1
m+n+2 ,

2
√
ab x

m
2 +n

2 +1

m+n+2

)
c3
)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = n*(diff(y(x), x))/x-a*x^n*b*x^m*y(x), y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
<- Bessel successful

<- special function solution successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 170� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2+b*x^m,y(x), singsol=all)� �
y(x)

=
x−n

2+
m
2
√
ab
(
BesselY

(
1+m

n+m+2 ,
2
√
ab x

n
2 +m

2 +1

n+m+2

)
c1 + BesselJ

(
1+m

n+m+2 ,
2
√
ab x

n
2 +m

2 +1

n+m+2

))
a
(
BesselY

(
−n−1
n+m+2 ,

2
√
ab x

n
2 +m

2 +1

n+m+2

)
c1 + BesselJ

(
−n−1
n+m+2 ,

2
√
ab x

n
2 +m

2 +1

n+m+2

))
3 Solution by Mathematica
Time used: 2.978 (sec). Leaf size: 1805� �
DSolve[y'[x]==a*x^n*y[x]^2+b*x^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
a−

2m+3n+5
2(m+n+2) b−

n+1
2(m+n+2) (m+ n+ 1)

n+1
m+n+2 ((m+ n+ 1)2)

n+1
m+n+2−

1
2 x−n−1(xm+n+1)−

n+1
2(m+n+1)

(
a

n+1
2(m+n+2) b

n+1
2(m+n+2) (m+ n+ 1)−

n+1
m+n+2 (m+ n+ 2)

(
−
√
a
√
b(m+ n+ 1)BesselJ

(
m+1

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
(xm+n+1)

1
2

(
1+ 1

m+n+1

)
+
√
a
√
b(m+ n+ 1)BesselJ

(
−m+2n+3

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
(xm+n+1)

1
2

(
1+ 1

m+n+1

)
+ (n+ 1)

√
(m+ n+ 1)2 BesselJ

(
− n+1

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

))
c1Gamma

(
m+1

m+n+2

)
(xm+n+1)

n+1
2(m+n+1) + a

n+1
2(m+n+2) b

n+1
2(m+n+2) (n+ 1)2(m+ n+ 1)

n+1
m+n+2 ((m+ n+ 1)2)

m−n
2(m+n+2) BesselJ

(
n+1

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
Gamma

(
n+1

m+n+2

)
(xm+n+1)

n+1
2(m+n+1) + a

m+2n+3
2(m+n+2) b

m+2n+3
2(m+n+2) (n+ 1)(m+ n+ 1)

m+2n+3
m+n+2 ((m+ n+ 1)2)−

n+1
m+n+2

(
BesselJ

(
− m+1

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
− BesselJ

(
n+1

m+n+2 + 1, 2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

))
Gamma

(
n+1

m+n+2

)
(xm+n+1)

m+2n+3
2(m+n+1)

)
2
(
(m+ n+ 2)BesselJ

(
− n+1

m+n+2 ,
2
√
a
√
b(m+n+1)(xm+n+1)

1
2
(
1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
c1Gamma

(
m+1

m+n+2

)
((m+ n+ 1)2)

n+1
m+n+2 + (n+ 1)(m+ n+ 1)

2(n+1)
m+n+2 BesselJ

(
n+1

m+n+2 ,
2
√
a
√
b(m+n+1)(xm+n+1)

1
2
(
1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
Gamma

(
n+1

m+n+2

))
y(x)

→
x−n−1

(
√
a
√
b(m+ n+ 1) (xm+n+1)

1
2

(
1

m+n+1+1
)
BesselJ

(
m+1

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
−

√
a
√
b(m+ n+ 1) (xm+n+1)

1
2

(
1

m+n+1+1
)
BesselJ

(
−m+2n+3

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
− (n+ 1)

√
(m+ n+ 1)2 BesselJ

(
− n+1

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

))
2a
√

(m+ n+ 1)2 BesselJ
(
− n+1

m+n+2 ,
2
√
a
√
b(m+n+1)(xm+n+1)

1
2
(
1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
y(x)

→
x−n−1

(
√
a
√
b(m+ n+ 1) (xm+n+1)

1
2

(
1

m+n+1+1
)
BesselJ

(
m+1

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
−

√
a
√
b(m+ n+ 1) (xm+n+1)

1
2

(
1

m+n+1+1
)
BesselJ

(
−m+2n+3

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
− (n+ 1)

√
(m+ n+ 1)2 BesselJ

(
− n+1

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

))
2a
√

(m+ n+ 1)2 BesselJ
(
− n+1

m+n+2 ,
2
√
a
√
b(m+n+1)(xm+n+1)

1
2
(
1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
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2.9 problem 9
2.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 87

Internal problem ID [10339]
Internal file name [OUTPUT/9286_Monday_June_06_2022_01_46_40_PM_23997105/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 9.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = k(xa+ b)n (cx+ d)−n−4

2.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + k(xa+ b)n (cx+ d)−n−4

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + k(xa+ b)n (cx+ d)−n

(cx+ d)4

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = k(xa+ b)n (cx+ d)−n−4, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = k(xa+ b)n (cx+ d)−n−4

Substituting the above terms back in equation (2) gives

u′′(x) + k(xa+ b)n (cx+ d)−n−4 u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x) + k(xa+ b)n (cx+ d)−n−4_Y(x)
}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x) + k(xa+ b)n (cx+ d)−n−4_Y(x)

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y = −
∂
∂x

DESol
({

_Y′′(x) + k(xa+ b)n (cx+ d)−n−4_Y(x)
}
, {_Y(x)}

)
DESol

({
_Y′′ (x) + k (xa+ b)n (cx+ d)−n−4_Y (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol
({

_Y′′(x) + k(xa+ b)n (cx+ d)−n−4_Y(x)
}
, {_Y(x)}

)
DESol

({
_Y′′ (x) + k (xa+ b)n (cx+ d)−n−4_Y (x)

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

(1)y = −
∂
∂x

DESol
({

_Y′′(x) + k(xa+ b)n (cx+ d)−n−4_Y(x)
}
, {_Y(x)}

)
DESol

({
_Y′′ (x) + k (xa+ b)n (cx+ d)−n−4_Y (x)

}
, {_Y (x)}

)
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Verification of solutions

y = −
∂
∂x

DESol
({

_Y′′(x) + k(xa+ b)n (cx+ d)−n−4_Y(x)
}
, {_Y(x)}

)
DESol

({
_Y′′ (x) + k (xa+ b)n (cx+ d)−n−4_Y (x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -k*(a*x+b)^n*(c*x+d)^(-n-4)*y(x), y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((c^4*x^4/(c*x+d)^4+4*c^3*d*x^3/(c*x+d)^4+6*c^2*d^2*x^2/(c*x+d)^4+4*c*d^3*x/(c*x+

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+k*(a*x+b)^n*(c*x+d)^(-n-4),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+k*(a*x+b)^n*(c*x+d)^(-n-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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2.10 problem 10
2.10.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 92

Internal problem ID [10340]
Internal file name [OUTPUT/9287_Monday_June_06_2022_01_46_51_PM_95752007/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 10.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a xny2 = bmxm−1 − a b2xn+2m

2.10.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a xny2 + bmxm−1 − a b2xn+2m

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xny2 + b xmm

x
− a b2xnx2m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = bmxm−1 − a b2xn+2m, f1(x) = 0 and f2(x) = xna. Let

y = −u′

f2u

= −u′

xnau
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

an xn

x
f1f2 = 0
f 2
2 f0 = x2na2

(
bmxm−1 − a b2xn+2m)

Substituting the above terms back in equation (2) gives

xnau′′(x)− an xnu′(x)
x

+ x2na2
(
bmxm−1 − a b2xn+2m)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = −
x− 3m

2 −1−nc2(m+ 2n+ 2)2WhittakerM
(

m+2n+2
2+2m+2n ,

2m+3n+3
2+2m+2n ,−

2ab x1+m+n

1+m+n

)
2

+ (1 +m+ n) c2
((

−m

2 − n− 1
)
x− 3m

2 −1−n

+ x−m
2 ab
)
WhittakerM

(
− m

2 + 2m+ 2n,
2m+ 3n+ 3
2 + 2m+ 2n,−

2ab x1+m+n

1 +m+ n

)
+ c1e−

ab x1+m+n

1+m+n
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The above shows that

u′(x) =

−x−m−2−n

−
3(m+ 2n+ 2)

(
ab
(
m+ 4n

3 + 4
3

)
xn+1+m

2 + x−m
2 (m+2n+2)(1+m+n)

3

)
c2WhittakerM

(
m+2n+2
2+2m+2n ,

2m+3n+3
2+2m+2n ,−

2ab x1+m+n

1+m+n

)
2

+ (1 +m+ n)
(
a2x

3m
2 +2n+2b2

−
(
ab xn+1+m

2 + x−m
2 (1 +m+ n)

)
(m+ 2n+ 2)

2

)
c2WhittakerM

(
− m

2 + 2m+ 2n,
2m+ 3n+ 3
2 + 2m+ 2n,

−2ab x1+m+n

1 +m+ n

)
+
(
m+ 3n

2 + 3
2

)
(m+ 2n+ 2)2 x−m

2 c2e
ab x1+m+n

1+m+n

(
−2ab x1+m+n

1 +m+ n

) 3m+4n+4
2+2m+2n

+ abc1x
2+2m+2ne−

ab x1+m+n

1+m+n


Using the above in (1) gives the solution

y

=

x−m−2−n

−
3(m+2n+2)

(
ab
(
m+ 4n

3 + 4
3
)
xn+1+m

2 +x
−m

2 (m+2n+2)(1+m+n)
3

)
c2 WhittakerM

(
m+2n+2
2+2m+2n , 2m+3n+3

2+2m+2n ,− 2ab x1+m+n

1+m+n

)
2 + (1 +m+ n)

(
a2x

3m
2 +2n+2b2 −

(
ab xn+1+m

2 +x−m
2 (1+m+n)

)
(m+2n+2)

2

)
c2WhittakerM

(
− m

2+2m+2n ,
2m+3n+3
2+2m+2n ,−

2ab x1+m+n

1+m+n

)
+
(
m+ 3n

2 + 3
2

)
(m+ 2n+ 2)2 x−m

2 c2e
ab x1+m+n

1+m+n

(
−2ab x1+m+n

1+m+n

) 3m+4n+4
2+2m+2n + abc1x

2+2m+2ne−
ab x1+m+n

1+m+n

x−n

a

(
−

x− 3m
2 −1−nc2(m+2n+2)2 WhittakerM

(
m+2n+2
2+2m+2n , 2m+3n+3

2+2m+2n ,− 2ab x1+m+n

1+m+n

)
2 + (1 +m+ n) c2

((
−m

2 − n− 1
)
x− 3m

2 −1−n + x−m
2 ab
)
WhittakerM

(
− m

2+2m+2n ,
2m+3n+3
2+2m+2n ,−

2ab x1+m+n

1+m+n

)
+ c1e−

ab x1+m+n

1+m+n

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=

x−1−m−n

−
3 e

ab x1+m+n

1+m+n (m+2n+2)
(
ab
(
m+ 4n

3 + 4
3
)
xn+1+m

2 +x
−m

2 (m+2n+2)(1+m+n)
3

)
WhittakerM

(
m+2n+2
2+2m+2n , 2m+3n+3

2+2m+2n ,− 2ab x1+m+n

1+m+n

)
2 + e

ab x1+m+n

1+m+n (1 +m+ n)
(
a2x

3m
2 +2n+2b2 −

(
ab xn+1+m

2 +x−m
2 (1+m+n)

)
(m+2n+2)

2

)
WhittakerM

(
− m

2+2m+2n ,
2m+3n+3
2+2m+2n ,−

2ab x1+m+n

1+m+n

)
+
(
m+ 3n

2 + 3
2

)
(m+ 2n+ 2)2 x−m

2 e
2ab x1+m+n

1+m+n

(
−2ab x1+m+n

1+m+n

) 3m+4n+4
2+2m+2n + abc3x

2+2m+2n


(
−

x− 3m
2 e

ab x1+m+n
1+m+n (m+2n+2)2 WhittakerM

(
m+2n+2
2+2m+2n , 2m+3n+3

2+2m+2n ,− 2ab x1+m+n

1+m+n

)
2 + e

ab x1+m+n

1+m+n (1 +m+ n)
(
a x1−m

2 +nb− x− 3m
2 (m+2n+2)

2

)
WhittakerM

(
− m

2+2m+2n ,
2m+3n+3
2+2m+2n ,−

2ab x1+m+n

1+m+n

)
+ xn+1c3

)
a
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Summary
The solution(s) found are the following

(1)y

=

x−1−m−n

−
3 e

ab x1+m+n

1+m+n (m+2n+2)
(
ab
(
m+ 4n

3 + 4
3
)
xn+1+m

2 +x
−m

2 (m+2n+2)(1+m+n)
3

)
WhittakerM

(
m+2n+2
2+2m+2n , 2m+3n+3

2+2m+2n ,− 2ab x1+m+n

1+m+n

)
2 + e

ab x1+m+n

1+m+n (1 +m+ n)
(
a2x

3m
2 +2n+2b2 −

(
ab xn+1+m

2 +x−m
2 (1+m+n)

)
(m+2n+2)

2

)
WhittakerM

(
− m

2+2m+2n ,
2m+3n+3
2+2m+2n ,−

2ab x1+m+n

1+m+n

)
+
(
m+ 3n

2 + 3
2

)
(m+ 2n+ 2)2 x−m

2 e
2ab x1+m+n

1+m+n

(
−2ab x1+m+n

1+m+n

) 3m+4n+4
2+2m+2n + abc3x

2+2m+2n


(
−

x− 3m
2 e

ab x1+m+n
1+m+n (m+2n+2)2 WhittakerM

(
m+2n+2
2+2m+2n , 2m+3n+3

2+2m+2n ,− 2ab x1+m+n

1+m+n

)
2 + e

ab x1+m+n

1+m+n (1 +m+ n)
(
a x1−m

2 +nb− x− 3m
2 (m+2n+2)

2

)
WhittakerM

(
− m

2+2m+2n ,
2m+3n+3
2+2m+2n ,−

2ab x1+m+n

1+m+n

)
+ xn+1c3

)
a

Verification of solutions
y

=

x−1−m−n

−
3 e

ab x1+m+n

1+m+n (m+2n+2)
(
ab
(
m+ 4n

3 + 4
3
)
xn+1+m

2 +x
−m

2 (m+2n+2)(1+m+n)
3

)
WhittakerM

(
m+2n+2
2+2m+2n , 2m+3n+3

2+2m+2n ,− 2ab x1+m+n

1+m+n

)
2 + e

ab x1+m+n

1+m+n (1 +m+ n)
(
a2x

3m
2 +2n+2b2 −

(
ab xn+1+m

2 +x−m
2 (1+m+n)

)
(m+2n+2)

2

)
WhittakerM

(
− m

2+2m+2n ,
2m+3n+3
2+2m+2n ,−

2ab x1+m+n

1+m+n

)
+
(
m+ 3n

2 + 3
2

)
(m+ 2n+ 2)2 x−m

2 e
2ab x1+m+n

1+m+n

(
−2ab x1+m+n

1+m+n

) 3m+4n+4
2+2m+2n + abc3x

2+2m+2n


(
−

x− 3m
2 e

ab x1+m+n
1+m+n (m+2n+2)2 WhittakerM

(
m+2n+2
2+2m+2n , 2m+3n+3

2+2m+2n ,− 2ab x1+m+n

1+m+n

)
2 + e

ab x1+m+n

1+m+n (1 +m+ n)
(
a x1−m

2 +nb− x− 3m
2 (m+2n+2)

2

)
WhittakerM

(
− m

2+2m+2n ,
2m+3n+3
2+2m+2n ,−

2ab x1+m+n

1+m+n

)
+ xn+1c3

)
a

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = n*(diff(y(x), x))/x-a*x^n*b*(-x^(n+2*m)*b*a+x^(m-1)*m)*y(x), y(x)`

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 522� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2+b*m*x^(m-1)-a*b^2*x^(n+2*m),y(x), singsol=all)� �
y(x)

=

x−n−1

−
3
(
ab
(
m+ 4n

3 + 4
3
)
xn+1−m

2 +x
− 3m

2 (m+2n+2)(1+m+n)
3

)
c1(m+2n+2)e

ab x1+m+n

1+m+n WhittakerM
(

m+2n+2
2n+2m+2 ,

2m+3n+3
2n+2m+2 ,−

2ab x1+m+n

1+m+n

)
2 +

(
a2b2x2n+2+m

2 −
(
xn+1−m

2 ab+x− 3m
2 (1+m+n)

)
(m+2n+2)

2

)
(1 +m+ n) c1e

ab x1+m+n

1+m+n WhittakerM
(
− m

2n+2m+2 ,
2m+3n+3
2n+2m+2 ,−

2ab x1+m+n

1+m+n

)
+ e

2ab x1+m+n

1+m+n
(
m+ 3n

2 + 3
2

)
c1(m+ 2n+ 2)2 x− 3m

2

(
−2ab x1+m+n

1+m+n

) 3m+4n+4
2n+2m+2 + ab xm+2n+2


(
−

e
ab x1+m+n

1+m+n x− 3m
2 c1(m+2n+2)2 WhittakerM

(
m+2n+2
2n+2m+2 ,

2m+3n+3
2n+2m+2 ,−

2ab x1+m+n

1+m+n

)
2 + (1 +m+ n) c1

(
xn+1−m

2 ab− x− 3m
2 (m+2n+2)

2

)
e

ab x1+m+n

1+m+n WhittakerM
(
− m

2n+2m+2 ,
2m+3n+3
2n+2m+2 ,−

2ab x1+m+n

1+m+n

)
+ xn+1

)
a

3 Solution by Mathematica
Time used: 2.322 (sec). Leaf size: 306� �
DSolve[y'[x]==a*x^n*y[x]^2+b*m*x^(m-1)-a*b^2*x^(n+2*m),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
2

n+1
m+n+1 (m+ n+ 1)

(
−abxm+n+1

m+n+1

) n+1
m+n+1

(
abxm − c1e

2abxm+n+1
m+n+1

)
− abc1x

m+n+1Γ
(

n+1
m+n+1 ,−

2abxm+n+1

m+n+1

)
a
(
2

n+1
m+n+1 (m+ n+ 1)

(
−abxm+n+1

m+n+1

) n+1
m+n+1 − c1xn+1Γ

(
n+1

m+n+1 ,−
2abxm+n+1

m+n+1

))
y(x) → bxm −

b2
n+1

m+n+1xme
2abxm+n+1

m+n+1

(
−abxm+n+1

m+n+1

)− m
m+n+1

Γ
(

n+1
m+n+1 ,−

2abxm+n+1

m+n+1

)
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2.11 problem 11
2.11.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 98

Internal problem ID [10341]
Internal file name [OUTPUT/9288_Monday_June_06_2022_01_48_19_PM_41829524/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 11.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ −
(
a x2n + b xn−1) y2 = c

2.11.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= x2na y2 + xn−1b y2 + c

This is a Riccati ODE. Comparing the ODE to solve

y′ = x2na y2 + xnb y2

x
+ c

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c, f1(x) = 0 and f2(x) = a x2n + b xn−1. Let

y = −u′

f2u

= −u′

(a x2n + b xn−1)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

2a x2nn

x
+ b xn−1(n− 1)

x
f1f2 = 0

f 2
2 f0 =

(
a x2n + b xn−1)2 c

Substituting the above terms back in equation (2) gives

(
a x2n + b xn−1)u′′(x)−

(
2a x2nn

x
+ b xn−1(n− 1)

x

)
u′(x) +

(
a x2n + b xn−1)2 cu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=
−e−

i
√

c
√
a xn+1

n+1 (2 + n) c1
((

2ia 3
2 bn− 2a

√
c b2
)
x1+2n +

(
−a2

√
c b+ ia

5
2n
)
x2+3n + xn

(
−
√
c b+ i

√
a n
)
b2
)
hypergeom

([
(2+3n)

√
a+i

√
c b√

a (2+2n)

]
,
[1+2n

n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+ n

(
−
(
2
(
i(2 + n) c a 3

2 − a c
3
2 b
)
b x2+2n +

(
i(2 + n) c a 5

2 − c
3
2a2b

)
x3n+3 +

(
−c

3
2 b+ i(2 + n) c

√
a
)
b2xn+1

)
c2e

i
(
−4

√
c
√
a xn+1+π(2+n)

)
4n+4 hypergeom

([
(4+3n)

√
a+i

√
c b√

a (2+2n)

]
,
[3+2n

n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+
(
c2e

i
(
−4

√
c
√
a xn+1+π(2+n)

)
4n+4

((
2ia 3

2 bc− a2
√
c
)
x2+2n + ia

5
2x3n+3c+

((
i
√
a bc− 2a

√
c
)
xn+1 −

√
c b
)
b
)
hypergeom

([
(2+n)

√
a+i

√
c b√

a (2+2n)

]
,
[2+n
n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+ i
(√

a b2xn + 2a 3
2x1+2nb+ a

5
2x2+3n

)
e−

i
√
c
√

a xn+1
n+1 c1 hypergeom

([
i
√
c b+

√
an√

a (2+2n)

]
,
[

n
n+1

]
, 2i

√
c
√
a xn+1

n+1

))
(2 + n)

)
√
c (a xn+1 + b)2 n (2 + n)

The above shows that

u′(x)

=
e

i
(
−4

√
c
√
a xn+1+π(2+n)

)
4n+4 cc2(x5+5na4 + 4a3b x4n+4 + 6a2x3n+3b2 + 4x2+2na b3 + xn+1b4) hypergeom

([
(2+n)

√
a+i

√
c b√

a (2+2n)

]
,
[2+n
n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+ e−

i
√
c
√
a xn+1

n+1 hypergeom
([

i
√
c b+

√
an√

a (2+2n)

]
,
[

n
n+1

]
, 2i

√
c
√
a xn+1

n+1

)
c1(xnb4 + 4x1+2na b3 + 6x2+3na2b2 + 4x4n+3a3b+ x5n+4a4)

x (a xn+1 + b)3

Using the above in (1) gives the solution

y =

−

(
e

i
(
−4

√
c
√

a xn+1+π(2+n)
)

4n+4 cc2(x5+5na4 + 4a3b x4n+4 + 6a2x3n+3b2 + 4x2+2na b3 + xn+1b4) hypergeom
([

(2+n)
√
a+i

√
c b√

a (2+2n)

]
,
[2+n
n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+ e−

i
√

c
√
a xn+1

n+1 hypergeom
([

i
√
c b+

√
an√

a (2+2n)

]
,
[

n
n+1

]
, 2i

√
c
√
a xn+1

n+1

)
c1(xnb4 + 4x1+2na b3 + 6x2+3na2b2 + 4x4n+3a3b+ x5n+4a4)

)
√
c n(2 + n)

x (a xn+1 + b) (a x2n + b xn−1)
(
−e−

i
√
c
√
a xn+1

n+1 (2 + n) c1
((

2ia 3
2 bn− 2a

√
c b2
)
x1+2n +

(
−a2

√
c b+ ia

5
2n
)
x2+3n + xn

(
−
√
c b+ i

√
a n
)
b2
)
hypergeom

([
(2+3n)

√
a+i

√
c b√

a (2+2n)

]
,
[1+2n

n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+ n

(
−
(
2
(
i (2 + n) c a 3

2 − a c
3
2 b
)
b x2+2n +

(
i (2 + n) c a 5

2 − c
3
2a2b

)
x3n+3 +

(
−c

3
2 b+ i (2 + n) c

√
a
)
b2xn+1

)
c2e

i
(
−4

√
c
√
a xn+1+π(2+n)

)
4n+4 hypergeom

([
(4+3n)

√
a+i

√
c b√

a (2+2n)

]
,
[3+2n

n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+
(
c2e

i
(
−4

√
c
√

a xn+1+π(2+n)
)

4n+4

((
2ia 3

2 bc− a2
√
c
)
x2+2n + ia

5
2x3n+3c+

((
i
√
a bc− 2a

√
c
)
xn+1 −

√
c b
)
b
)
hypergeom

([
(2+n)

√
a+i

√
c b√

a (2+2n)

]
,
[2+n
n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+ i
(√

a b2xn + 2a 3
2x1+2nb+ a

5
2x2+3n

)
e−

i
√

c
√
a xn+1

n+1 c1 hypergeom
([

i
√
c b+

√
an√

a (2+2n)

]
,
[

n
n+1

]
, 2i

√
c
√
a xn+1

n+1

))
(2 + n)

))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
n

(
e

i
(
−4

√
c
√
a xn+1+π(2+n)

)
4n+4 c(a4x5+4n + 4a3b x4+3n + 6a2x3+2nb2 + 4a x2+nb3 + b4x) hypergeom

([
(2+n)

√
a+i

√
c b√

a (2+2n)

]
,
[2+n
n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+ e−

i
√
c
√
a xn+1

n+1 hypergeom
([

i
√
c b+

√
an√

a (2+2n)

]
,
[

n
n+1

]
, 2i

√
c
√
a xn+1

n+1

)
c3(a4x4n+4 + 4a3b x3n+3 + 6a2x2+2nb2 + 4a b3xn+1 + b4)

)
(2 + n)

√
c((

2
(
ia

3
2 bn− a

√
c b2
)
x1+2n +

(
−a2

√
c b+ ia

5
2n
)
x2+3n + xn

(
−
√
c b+ i

√
a n
)
b2
)
(2 + n) e−

i
√
c
√

a xn+1
n+1 c3 hypergeom

([
(2+3n)

√
a+i

√
c b√

a (2+2n)

]
,
[1+2n

n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+
((

2
(
i (2 + n) c a 3

2 − a c
3
2 b
)
b x2+2n +

(
i (2 + n) c a 5

2 − c
3
2a2b

)
x3n+3 +

(
−c

3
2 b+ i (2 + n) c

√
a
)
b2xn+1

)
e

i
(
−4

√
c
√

a xn+1+π(2+n)
)

4n+4 hypergeom
([

(4+3n)
√
a+i

√
c b√

a (2+2n)

]
,
[3+2n

n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+
(((

−2ia 3
2 bc+ a2

√
c
)
x2+2n − ia

5
2x3n+3c+

((
−i

√
a bc+ 2a

√
c
)
xn+1 +

√
c b
)
b
)
e

i
(
−4

√
c
√

a xn+1+π(2+n)
)

4n+4 hypergeom
([

(2+n)
√
a+i

√
c b√

a (2+2n)

]
,
[2+n
n+1

]
, 2i

√
c
√
a xn+1

n+1

)
− ie−

i
√
c
√
a xn+1

n+1

(√
a b2xn + 2a 3

2x1+2nb+ a
5
2x2+3n

)
c3 hypergeom

([
i
√
c b+

√
an√

a (2+2n)

]
,
[

n
n+1

]
, 2i

√
c
√
a xn+1

n+1

))
(2 + n)

)
n

)
(a xn+1 + b)2

Summary
The solution(s) found are the following

(1)y

=
n

(
e

i
(
−4

√
c
√
a xn+1+π(2+n)

)
4n+4 c(a4x5+4n + 4a3b x4+3n + 6a2x3+2nb2 + 4a x2+nb3 + b4x) hypergeom

([
(2+n)

√
a+i

√
c b√

a (2+2n)

]
,
[2+n
n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+ e−

i
√
c
√
a xn+1

n+1 hypergeom
([

i
√
c b+

√
an√

a (2+2n)

]
,
[

n
n+1

]
, 2i

√
c
√
a xn+1

n+1

)
c3(a4x4n+4 + 4a3b x3n+3 + 6a2x2+2nb2 + 4a b3xn+1 + b4)

)
(2 + n)

√
c((

2
(
ia

3
2 bn− a

√
c b2
)
x1+2n +

(
−a2

√
c b+ ia

5
2n
)
x2+3n + xn

(
−
√
c b+ i

√
a n
)
b2
)
(2 + n) e−

i
√
c
√

a xn+1
n+1 c3 hypergeom

([
(2+3n)

√
a+i

√
c b√

a (2+2n)

]
,
[1+2n

n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+
((

2
(
i (2 + n) c a 3

2 − a c
3
2 b
)
b x2+2n +

(
i (2 + n) c a 5

2 − c
3
2a2b

)
x3n+3 +

(
−c

3
2 b+ i (2 + n) c

√
a
)
b2xn+1

)
e

i
(
−4

√
c
√

a xn+1+π(2+n)
)

4n+4 hypergeom
([

(4+3n)
√
a+i

√
c b√

a (2+2n)

]
,
[3+2n

n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+
(((

−2ia 3
2 bc+ a2

√
c
)
x2+2n − ia

5
2x3n+3c+

((
−i

√
a bc+ 2a

√
c
)
xn+1 +

√
c b
)
b
)
e

i
(
−4

√
c
√

a xn+1+π(2+n)
)

4n+4 hypergeom
([

(2+n)
√
a+i

√
c b√

a (2+2n)

]
,
[2+n
n+1

]
, 2i

√
c
√
a xn+1

n+1

)
− ie−

i
√
c
√
a xn+1

n+1

(√
a b2xn + 2a 3

2x1+2nb+ a
5
2x2+3n

)
c3 hypergeom

([
i
√
c b+

√
an√

a (2+2n)

]
,
[

n
n+1

]
, 2i

√
c
√
a xn+1

n+1

))
(2 + n)

)
n

)
(a xn+1 + b)2

Verification of solutions
y

=
n

(
e

i
(
−4

√
c
√
a xn+1+π(2+n)

)
4n+4 c(a4x5+4n + 4a3b x4+3n + 6a2x3+2nb2 + 4a x2+nb3 + b4x) hypergeom

([
(2+n)

√
a+i

√
c b√

a (2+2n)

]
,
[2+n
n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+ e−

i
√
c
√
a xn+1

n+1 hypergeom
([

i
√
c b+

√
an√

a (2+2n)

]
,
[

n
n+1

]
, 2i

√
c
√
a xn+1

n+1

)
c3(a4x4n+4 + 4a3b x3n+3 + 6a2x2+2nb2 + 4a b3xn+1 + b4)

)
(2 + n)

√
c((

2
(
ia

3
2 bn− a

√
c b2
)
x1+2n +

(
−a2

√
c b+ ia

5
2n
)
x2+3n + xn

(
−
√
c b+ i

√
a n
)
b2
)
(2 + n) e−

i
√
c
√

a xn+1
n+1 c3 hypergeom

([
(2+3n)

√
a+i

√
c b√

a (2+2n)

]
,
[1+2n

n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+
((

2
(
i (2 + n) c a 3

2 − a c
3
2 b
)
b x2+2n +

(
i (2 + n) c a 5

2 − c
3
2a2b

)
x3n+3 +

(
−c

3
2 b+ i (2 + n) c

√
a
)
b2xn+1

)
e

i
(
−4

√
c
√

a xn+1+π(2+n)
)

4n+4 hypergeom
([

(4+3n)
√
a+i

√
c b√

a (2+2n)

]
,
[3+2n

n+1

]
, 2i

√
c
√
a xn+1

n+1

)
+
(((

−2ia 3
2 bc+ a2

√
c
)
x2+2n − ia

5
2x3n+3c+

((
−i

√
a bc+ 2a

√
c
)
xn+1 +

√
c b
)
b
)
e

i
(
−4

√
c
√

a xn+1+π(2+n)
)

4n+4 hypergeom
([

(2+n)
√
a+i

√
c b√

a (2+2n)

]
,
[2+n
n+1

]
, 2i

√
c
√
a xn+1

n+1

)
− ie−

i
√
c
√
a xn+1

n+1

(√
a b2xn + 2a 3

2x1+2nb+ a
5
2x2+3n

)
c3 hypergeom

([
i
√
c b+

√
an√

a (2+2n)

]
,
[

n
n+1

]
, 2i

√
c
√
a xn+1

n+1

))
(2 + n)

)
n

)
(a xn+1 + b)2

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (b*x^(n-1)*n+2*x^(2*n)*n*a-b*x^(n-1))*(diff(y(x), x))/(x*(a*x^(2*n)+b*

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

<- hyper3 successful: received ODE is equivalent to the 1F1 ODE
<- hypergeometric successful

<- special function solution successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1237� �
dsolve(diff(y(x),x)=(a*x^(2*n)+b*x^(n-1))*y(x)^2+c,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 2.128 (sec). Leaf size: 1384� �
DSolve[y'[x]==(a*x^(2*n)+b*x^(n-1))*y[x]^2+c,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

√
c(n+ 1)2x−n

(
L
− 1

n+1

−
√
cb

2
√

a
√

−(n+1)2
− n

2(n+1)

(
2
√
a
√
cxn+1√

−(n+1)2

)
+ c1HypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
n

n+1

)
, n
n+1 ,

2
√
a
√
cxn+1√

−(n+1)2

))
√
ac1(n+ 1)

√
−(n+ 1)2HypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
n

n+1

)
, n
n+1 ,

2
√
a
√
cxn+1√

−(n+1)2

)
+ c1

(√
a
√

−(n+ 1)2n+ b
√
c(n+ 1)

)
HypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
3n+2
n+1

)
, n
n+1 + 1, 2

√
a
√
cxn+1√

−(n+1)2

)
+
√
a(n+ 1)

√
−(n+ 1)2

(
L
− 1

n+1

−
√
cb

2
√
a
√

−(n+1)2
− n

2(n+1)

(
2
√
a
√
cxn+1√

−(n+1)2

)
+ 2L

n
n+1

−
√
cb

2
√

a
√

−(n+1)2
− 3n+2

2n+2

(
2
√
a
√
cxn+1√

−(n+1)2

))
y(x)

→

√
c(n+ 1)2x−nHypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
n

n+1

)
, n
n+1 ,

2
√
a
√
cxn+1√

−(n+1)2

)
√
a(n+ 1)

√
−(n+ 1)2HypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
n

n+1

)
, n
n+1 ,

2
√
a
√
cxn+1√

−(n+1)2

)
+
(√

a
√

−(n+ 1)2n+ b
√
c(n+ 1)

)
HypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
n

n+1 + 2
)
, n
n+1 + 1, 2

√
a
√
cxn+1√

−(n+1)2

)
y(x)

→

√
c(n+ 1)2x−nHypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
n

n+1

)
, n
n+1 ,

2
√
a
√
cxn+1√

−(n+1)2

)
√
a(n+ 1)

√
−(n+ 1)2HypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
n

n+1

)
, n
n+1 ,

2
√
a
√
cxn+1√

−(n+1)2

)
+
(√

a
√

−(n+ 1)2n+ b
√
c(n+ 1)

)
HypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
n

n+1 + 2
)
, n
n+1 + 1, 2

√
a
√
cxn+1√

−(n+1)2

)
y(x)

→

√
c(n+ 1)x−nL

− 1
n+1

−
√
cb

2
√
a
√

−(n+1)2
− n

2(n+1)

(
2
√
a
√
cxn+1√

−(n+1)2

)
√
a
√

−(n+ 1)2
(
2L

n
n+1

−
√
cb

2
√
a
√

−(n+1)2
− n

2(n+1)−1

(
2
√
a
√
cxn+1√

−(n+1)2

)
+ L

− 1
n+1

−
√
cb

2
√
a
√

−(n+1)2
− n

2(n+1)

(
2
√
a
√
cxn+1√

−(n+1)2

))
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2.12 problem 12
2.12.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 103

Internal problem ID [10342]
Internal file name [OUTPUT/9289_Monday_June_06_2022_01_49_06_PM_3413175/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 12.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

(a2x+ b2)
(
y′ + λy2

)
= −a0x− b0

2.12.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −y2a2λx+ y2b2λ+ a0x+ b0
a2x+ b2

This is a Riccati ODE. Comparing the ODE to solve

y′ = − y2a2λx

a2x+ b2
− y2b2λ

a2x+ b2
− a0x

a2x+ b2
− b0

a2x+ b2
With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a0x+b0
a2x+b2

, f1(x) = 0 and f2(x) = −λa2x+λb2
a2x+b2

. Let

y = −u′

f2u

= −u′

− (λa2x+λb2)u
a2x+b2

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − λa2

a2x+ b2
+ (λa2x+ λb2) a2

(a2x+ b2)2

f1f2 = 0

f 2
2 f0 = −(λa2x+ λb2)2 (a0x+ b0)

(a2x+ b2)3

Substituting the above terms back in equation (2) gives

−(λa2x+ λb2)u′′(x)
a2x+ b2

−
(
− λa2
a2x+ b2

+ (λa2x+ λb2) a2
(a2x+ b2)2

)
u′(x)− (λa2x+ λb2)2 (a0x+ b0)u(x)

(a2x+ b2)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1WhittakerM
(
i
√
λ (a0b2 − a2b0)

2a
3
2
2
√
a0

,
1
2 ,

2i√a0
√
λ (a2x+ b2)

a
3
2
2

)

+ c2WhittakerW
(
i
√
λ (a0b2 − a2b0)

2a
3
2
2
√
a0

,
1
2 ,

2i√a0
√
λ (a2x+ b2)

a
3
2
2

)

The above shows that

u′(x)

=

(
2a

3
2
2 a

3
2
0 +i(a0b2−a2b0)a0

√
λ

)
c1 WhittakerM

 i
√
λ (a0b2−a2b0)

2a
3
2
2

√
a0

+1, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2


2 − a

3
2
2 a

3
2
0 WhittakerW

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

+ 1, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

)
c2 + ia0

((
a2x+ b2

2

)
a0 + a2b0

2

)√
λ

(
c1WhittakerM

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

)
+ c2WhittakerW

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

))
√
a2 a

3
2
0 (a2x+ b2)

Using the above in (1) gives the solution

y

=

(
2a

3
2
2 a

3
2
0 +i(a0b2−a2b0)a0

√
λ

)
c1 WhittakerM

 i
√
λ (a0b2−a2b0)

2a
3
2
2

√
a0

+1, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2


2 − a

3
2
2 a

3
2
0 WhittakerW

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

+ 1, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

)
c2 + ia0

((
a2x+ b2

2

)
a0 + a2b0

2

)√
λ

(
c1WhittakerM

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

)
+ c2WhittakerW

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

))
√
a2 a

3
2
0 (λa2x+ λb2)

(
c1WhittakerM

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

)
+ c2WhittakerW

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

))
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=

c3

(
2a

3
2
2
√
a0+i

√
λ (a0b2−a2b0)

)
WhittakerM

 2a
3
2
2

√
a0+i

√
λ (a0b2−a2b0)

2a
3
2
2

√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2


2 − a

3
2
2 WhittakerW

(
2a

3
2
2
√
a0+i

√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

)
√
a0 + i

((
a0x+ b0

2

)
a2 + a0b2

2

)(
c3WhittakerM

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

)
+WhittakerW

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

))√
λ

√
a0

√
a2 λ (a2x+ b2)

(
c3WhittakerM

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

)
+WhittakerW

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

))

Summary
The solution(s) found are the following

(1)y

=

c3

(
2a

3
2
2
√
a0+i

√
λ (a0b2−a2b0)

)
WhittakerM

 2a
3
2
2

√
a0+i

√
λ (a0b2−a2b0)

2a
3
2
2

√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2


2 − a

3
2
2 WhittakerW

(
2a

3
2
2
√
a0+i

√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

)
√
a0 + i

((
a0x+ b0

2

)
a2 + a0b2

2

)(
c3WhittakerM

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

)
+WhittakerW

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

))√
λ

√
a0

√
a2 λ (a2x+ b2)

(
c3WhittakerM

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

)
+WhittakerW

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

))
Verification of solutions
y

=

c3

(
2a

3
2
2
√
a0+i

√
λ (a0b2−a2b0)

)
WhittakerM

 2a
3
2
2

√
a0+i

√
λ (a0b2−a2b0)

2a
3
2
2

√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2


2 − a

3
2
2 WhittakerW

(
2a

3
2
2
√
a0+i

√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

)
√
a0 + i

((
a0x+ b0

2

)
a2 + a0b2

2

)(
c3WhittakerM

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

)
+WhittakerW

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

))√
λ

√
a0

√
a2 λ (a2x+ b2)

(
c3WhittakerM

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

)
+WhittakerW

(
i
√
λ (a0b2−a2b0)

2a
3
2
2
√
a0

, 12 ,
2i√a0

√
λ (a2x+b2)

a
3
2
2

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Abel AIR successful: ODE belongs to the 1F1 2-parameter class`� �
3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 461� �
dsolve((a__2*x+b__2)*(diff(y(x),x)+lambda*y(x)^2)+a__0*x+b__0=0,y(x), singsol=all)� �
y(x) =

−

(
c1λ(a0b2−a2b0)KummerU

(
−
√

−a2λa0 a0b2−
√

−a2λa0 a2b0−2a0a
2
2

2a0a22
,1, 2(a2x+b2)

√
−a2λa0

a22

)
2 +

√
−a2λa0 a2

(
c1KummerU

(
−

√
−a2λa0 (a0b2−a2b0)

2a0a22
, 1, 2(a2x+b2)

√
−a2λa0

a22

)
+ λKummerM

(
−

√
−a2λa0 a0b2−

√
−a2λa0 a2b0−2a0a22

2a0a22
, 1, 2(a2x+b2)

√
−a2λa0

a22

)
+KummerM

(
−

√
−a2λa0 (a0b2−a2b0)

2a0a22
, 1, 2(a2x+b2)

√
−a2λa0

a22

)
λ
))

a0(
c1
√
−a2λa0 (a0b2−a2b0)KummerU

(
−
√

−a2λa0 a0b2−
√

−a2λa0 a2b0−2a0a22
2a0a22

,1, 2(a2x+b2)
√

−a2λa0
a22

)
2 + a0a22

(
KummerM

(
−

√
−a2λa0 (a0b2−a2b0)

2a0a22
, 1, 2(a2x+b2)

√
−a2λa0

a22

)
λ+ c1KummerU

(
−

√
−a2λa0 (a0b2−a2b0)

2a0a22
, 1, 2(a2x+b2)

√
−a2λa0

a22

)
− λKummerM

(
−

√
−a2λa0 a0b2−

√
−a2λa0 a2b0−2a0a22

2a0a22
, 1, 2(a2x+b2)

√
−a2λa0

a22

)))
λ
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3 Solution by Mathematica
Time used: 1.895 (sec). Leaf size: 690� �
DSolve[(a2*x+b2)*(y'[x]+\[Lambda]*y[x]^2)+a0*x+b0==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
c1
√
λ(a2b0− a0b2)HypergeometricU

(
i
√
λ(a2b0−a0b2)
2
√
a0a23/2 + 1, 1, 2i

√
a0(b2+a2x)√λ

a23/2

)
− i

√
a0a23/2

(
c1HypergeometricU

(
i(a2b0−a0b2)√λ

2
√
a0a23/2 , 0, 2i

√
a0(b2+a2x)√λ

a23/2

)
+ 2LaguerreL

(
i(a0b2−a2b0)√λ

2
√
a0a23/2 − 1, 2i

√
a0(b2+a2x)√λ

a23/2

)
+ L−1

i(a0b2−a2b0)√λ

2
√
a0a23/2

(
2i
√
a0(b2+a2x)√λ

a23/2

))

a22
√
λ

(
c1HypergeometricU

(
i(a2b0−a0b2)√λ

2
√
a0a23/2 , 0, 2i

√
a0(b2+a2x)√λ

a23/2

)
+ L−1

i(a0b2−a2b0)√λ

2
√
a0a23/2

(
2i
√
a0(b2+a2x)√λ

a23/2

))

y(x) →
(a2b0− a0b2)HypergeometricU

(
i
√
λ(a2b0−a0b2)
2
√
a0a23/2 + 1, 1, 2i

√
a0(b2+a2x)√λ

a23/2

)
a22HypergeometricU

(
i(a2b0−a0b2)√λ

2
√
a0a23/2 , 0, 2i

√
a0(b2+a2x)√λ

a23/2

)
− i

√
a0

√
a2
√
λ

y(x) →
(a2b0− a0b2)HypergeometricU

(
i
√
λ(a2b0−a0b2)
2
√
a0a23/2 + 1, 1, 2i

√
a0(b2+a2x)√λ

a23/2

)
a22HypergeometricU

(
i(a2b0−a0b2)√λ

2
√
a0a23/2 , 0, 2i

√
a0(b2+a2x)√λ

a23/2

)
− i

√
a0

√
a2
√
λ
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2.13 problem 13
2.13.1 Solving as first order ode lie symmetry calculated ode . . . . . . 108
2.13.2 Solving as exact ode . . . . . . . . . . . . . . . . . . . . . . . . 113
2.13.3 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 118

Internal problem ID [10343]
Internal file name [OUTPUT/9290_Monday_June_06_2022_01_49_09_PM_96814483/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 13.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati", "exactWithIntegra-
tionFactor", "first_order_ode_lie_symmetry_calculated"

Maple gives the following as the ode type
[[ _homogeneous , `class G`], _rational , [_Riccati , _special ]]

x2y′ − a x2y2 = b

2.13.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = a x2y2 + b

x2

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 1 to use as anstaz gives

(1E)ξ = xa2 + ya3 + a1

(2E)η = xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, b1, b2, b3}

Substituting equations (1E,2E) and ω into (A) gives

(5E)b2 +
(a x2y2 + b) (b3 − a2)

x2 − (a x2y2 + b)2 a3
x4

−
(
2a y2
x

− 2(a x2y2 + b)
x3

)
(xa2 + ya3 + a1)− 2ya(xb2 + yb3 + b1) = 0

Putting the above in normal form gives

−a2x4y4a3 + 2a x5yb2 + a x4y2a2 + a x4y2b3 + 2ab x2y2a3 + 2a x4yb1 − b2x
4 − b x2a2 − b x2b3 − 2bxya3 + b2a3 − 2bxa1

x4

= 0

Setting the numerator to zero gives

(6E)−a2x4y4a3 − 2a x5yb2 − a x4y2a2 − a x4y2b3 − 2ab x2y2a3
− 2a x4yb1 + b2x

4 + b x2a2 + b x2b3 + 2bxya3 − b2a3 + 2bxa1 = 0

Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y}

The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2}

The above PDE (6E) now becomes

(7E)−a2a3v
4
1v

4
2 − aa2v

4
1v

2
2 − 2ab2v51v2 − ab3v

4
1v

2
2 − 2aba3v21v22 − 2ab1v41v2

+ b2v
4
1 + ba2v

2
1 + 2ba3v1v2 + bb3v

2
1 − b2a3 + 2ba1v1 = 0

Collecting the above on the terms vi introduced, and these are

{v1, v2}
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Equation (7E) now becomes

(8E)−2ab2v51v2 − a2a3v
4
1v

4
2 + (−aa2 − ab3) v41v22 − 2ab1v41v2 + b2v

4
1

− 2aba3v21v22 + (ba2 + bb3) v21 + 2ba3v1v2 + 2ba1v1 − b2a3 = 0

Setting each coefficients in (8E) to zero gives the following equations to solve
b2 = 0

−2ab1 = 0
−2ab2 = 0
−a2a3 = 0
2ba1 = 0
2ba3 = 0

−b2a3 = 0
−2aba3 = 0

−aa2 − ab3 = 0
ba2 + bb3 = 0

Solving the above equations for the unknowns gives
a1 = 0
a2 = −b3

a3 = 0
b1 = 0
b2 = 0
b3 = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = −x

η = y

Shifting is now applied to make ξ = 0 in order to simplify the rest of the computation
η = η − ω(x, y) ξ

= y −
(
a x2y2 + b

x2

)
(−x)

= a x2y2 + yx+ b

x
ξ = 0
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The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is
dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x

S is found from

S =
∫ 1

η
dy

=
∫ 1

a x2y2+yx+b
x

dy

Which results in

S =
2x arctan

(
2a x2y+x√
4ab x2−x2

)
√
4ab x2 − x2

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)

Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = a x2y2 + b

x2

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = y

a x2y2 + yx+ b

Sy =
x

a x2y2 + yx+ b
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Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= 1

x
(2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= 1

R

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) = ln (R) + c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

2 arctan
(

2yax+1√
4ab−1

)
√
4ab− 1

= ln (x) + c1

Which simplifies to

2 arctan
(

2yax+1√
4ab−1

)
√
4ab− 1

= ln (x) + c1

Which gives

y =
tan

(
ln(x)

√
4ab−1
2 + c1

√
4ab−1
2

)√
4ab− 1− 1

2xa
Summary
The solution(s) found are the following

(1)y =
tan

(
ln(x)

√
4ab−1
2 + c1

√
4ab−1
2

)√
4ab− 1− 1

2xa
Verification of solutions

y =
tan

(
ln(x)

√
4ab−1
2 + c1

√
4ab−1
2

)√
4ab− 1− 1

2xa

Verified OK.
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2.13.2 Solving as exact ode

Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

M(x, y) +N(x, y) dy
dx

= 0 (A)

We assume there exists a function φ(x, y) = c where c is constant, that satisfies the
ode. Taking derivative of φ w.r.t. x gives

d

dx
φ(x, y) = 0

Hence
∂φ

∂x
+ ∂φ

∂y

dy

dx
= 0 (B)

Comparing (A,B) shows that

∂φ

∂x
= M

∂φ

∂y
= N

But since ∂2φ
∂x∂y

= ∂2φ
∂y∂x

then for the above to be valid, we require that

∂M

∂y
= ∂N

∂x

If the above condition is satisfied, then the original ode is called exact. We still need
to determine φ(x, y) but at least we know now that we can do that since the condition
∂2φ
∂x∂y

= ∂2φ
∂y∂x

is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(x, y) dx+N(x, y) dy = 0 (1A)

Therefore (
x2) dy =

(
a x2y2 + b

)
dx(

−a x2y2 − b
)
dx+

(
x2) dy = 0 (2A)

Comparing (1A) and (2A) shows that

M(x, y) = −a x2y2 − b

N(x, y) = x2
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The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

∂M

∂y
= ∂N

∂x

Using result found above gives

∂M

∂y
= ∂

∂y

(
−a x2y2 − b

)
= −2a x2y

And

∂N

∂x
= ∂

∂x

(
x2)

= 2x

Since ∂M
∂y

6= ∂N
∂x

, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

A = 1
N

(
∂M

∂y
− ∂N

∂x

)
= 1

x2

((
−2a x2y

)
− (2x)

)
= −2axy − 2

x

Since A depends on y, it can not be used to obtain an integrating factor. We will now
try a second method to find an integrating factor. Let

B = 1
M

(
∂N

∂x
− ∂M

∂y

)
= − 1

a x2y2 + b

(
(2x)−

(
−2a x2y

))
= −2x(axy + 1)

a x2y2 + b

Since B depends on x, it can not be used to obtain an integrating factor.We will now
try a third method to find an integrating factor. Let

R =
∂N
∂x

− ∂M
∂y

xM − yN

114



R is now checked to see if it is a function of only t = xy. Therefore

R =
∂N
∂x

− ∂M
∂y

xM − yN

= (2x)− (−2a x2y)
x (−a x2y2 − b)− y (x2)

= −2axy − 2
a x2y2 + yx+ b

Replacing all powers of terms xy by t gives

R = −2at− 2
a t2 + b+ t

Since R depends on t only, then it can be used to find an integrating factor. Let the
integrating factor be µ then

µ = e
∫
R dt

= e
∫ ( −2at−2

a t2+b+t

)
dt

The result of integrating gives

µ = e
− ln

(
a t2+b+t

)
−

2 arctan
(

2at+1√
4ab−1

)
√
4ab−1

= e−
2 arctan

(
2at+1√
4ab−1

)
√
4ab−1

a t2 + b+ t

Now t is replaced back with xy giving

µ = e−
2 arctan

(
2axy+1√
4ab−1

)
√
4ab−1

a x2y2 + yx+ b

Multiplying M and N by this integrating factor gives new M and new N which are
called M and N so not to confuse them with the original M and N

M = µM

= e−
2 arctan

(
2axy+1√
4ab−1

)
√
4ab−1

a x2y2 + yx+ b

(
−a x2y2 − b

)
= (−a x2y2 − b) e−

2 arctan
(

2axy+1√
4ab−1

)
√
4ab−1

a x2y2 + yx+ b
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And

N = µN

= e−
2 arctan

(
2axy+1√
4ab−1

)
√
4ab−1

a x2y2 + yx+ b

(
x2)

= x2e−
2 arctan

(
2axy+1√
4ab−1

)
√
4ab−1

a x2y2 + yx+ b

A modified ODE is now obtained from the original ODE, which is exact and can solved.
The modified ODE is

M +N
dy
dx = 0(−a x2y2 − b) e−

2 arctan
(

2axy+1√
4ab−1

)
√
4ab−1

a x2y2 + yx+ b

+

x2e−
2 arctan

(
2axy+1√
4ab−1

)
√
4ab−1

a x2y2 + yx+ b

 dy
dx = 0

The following equations are now set up to solve for the function φ(x, y)

∂φ

∂x
= M (1)

∂φ

∂y
= N (2)

Integrating (1) w.r.t. x gives∫
∂φ

∂x
dx =

∫
M dx

∫
∂φ

∂x
dx =

∫ (−a x2y2 − b) e−
2 arctan

(
2axy+1√
4ab−1

)
√
4ab−1

a x2y2 + yx+ b
dx

(3)φ = −e−
2 arctan

(
2axy+1√
4ab−1

)
√
4ab−1 x+ f(y)

Where f(y) is used for the constant of integration since φ is a function of both x and
y. Taking derivative of equation (3) w.r.t y gives

(4)∂φ

∂y
= 4x2a e−

2 arctan
(

2axy+1√
4ab−1

)
√
4ab−1

(4ab− 1)
(

(2axy+1)2
4ab−1 + 1

) + f ′(y)
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= x2e−
2 arctan

(
2axy+1√
4ab−1

)
√
4ab−1

a x2y2 + yx+ b
+ f ′(y)

But equation (2) says that ∂φ
∂y

= x2e
−

2 arctan
(

2axy+1√
4ab−1

)
√
4ab−1

a x2y2+yx+b
. Therefore equation (4) becomes

(5)x2e−
2 arctan

(
2axy+1√
4ab−1

)
√
4ab−1

a x2y2 + yx+ b
= x2e−

2 arctan
(

2axy+1√
4ab−1

)
√
4ab−1

a x2y2 + yx+ b
+ f ′(y)

Solving equation (5) for f ′(y) gives

f ′(y) = 0

Therefore
f(y) = c1

Where c1 is constant of integration. Substituting this result for f(y) into equation (3)
gives φ

φ = −e−
2 arctan

(
2axy+1√
4ab−1

)
√
4ab−1 x+ c1

But since φ itself is a constant function, then let φ = c2 where c2 is new constant and
combining c1 and c2 constants into new constant c1 gives the solution as

c1 = −e−
2 arctan

(
2axy+1√
4ab−1

)
√
4ab−1 x

The solution becomes

y = −
tan

(
ln
(
− c1

x

)√
4ab−1

2

)√
4ab− 1 + 1

2xa

Summary
The solution(s) found are the following

(1)y = −
tan

(
ln
(
− c1

x

)√
4ab−1

2

)√
4ab− 1 + 1

2xa
Verification of solutions

y = −
tan

(
ln
(
− c1

x

)√
4ab−1

2

)√
4ab− 1 + 1

2xa

Verified OK.
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2.13.3 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a x2y2 + b

x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2 + b

x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b
x2 , f1(x) = 0 and f2(x) = a. Let

y = −u′

f2u

= −u′

au
(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

a2b

x2

Substituting the above terms back in equation (2) gives

au′′(x) + a2bu(x)
x2 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
√
x
(
c1x

√
−4ab+1

2 + c2x
−

√
−4ab+1

2

)
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The above shows that

u′(x) =
−c2

(
−1 +

√
−4ab+ 1

)
x−

√
−4ab+1

2 + c1x
√
−4ab+1

2
(
1 +

√
−4ab+ 1

)
2
√
x

Using the above in (1) gives the solution

y = −
−c2

(
−1 +

√
−4ab+ 1

)
x−

√
−4ab+1

2 + c1x
√
−4ab+1

2
(
1 +

√
−4ab+ 1

)
2xa

(
c1x

√
−4ab+1

2 + c2x
−

√
−4ab+1

2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
(
−1 +

√
−4ab+ 1

)
x−

√
−4ab+1

2 − c3x
√
−4ab+1

2
(
1 +

√
−4ab+ 1

)
2xa

(
c3x

√
−4ab+1

2 + x−
√
−4ab+1

2

)
Summary
The solution(s) found are the following

(1)y =
(
−1 +

√
−4ab+ 1

)
x−

√
−4ab+1

2 − c3x
√
−4ab+1

2
(
1 +

√
−4ab+ 1

)
2xa

(
c3x

√
−4ab+1

2 + x−
√
−4ab+1

2

)
Verification of solutions

y =
(
−1 +

√
−4ab+ 1

)
x−

√
−4ab+1

2 − c3x
√
−4ab+1

2
(
1 +

√
−4ab+ 1

)
2xa

(
c3x

√
−4ab+1

2 + x−
√
−4ab+1

2

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying homogeneous G
<- homogeneous successful`� �
3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 40� �
dsolve(x^2*diff(y(x),x)=a*x^2*y(x)^2+b,y(x), singsol=all)� �

y(x) =
−1 + tan

(√
4ab−1 (ln(x)−c1)

2

)√
4ab− 1

2ax

3 Solution by Mathematica
Time used: 0.292 (sec). Leaf size: 77� �
DSolve[x^2*y'[x]==a*x^2*y[x]^2+b,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
−1 +

√
1− 4ab

(
−1 + 2c1

x
√
1−4ab+c1

)
2ax

y(x) →
√
1− 4ab− 1

2ax
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2.14 problem 14
2.14.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 121

Internal problem ID [10344]
Internal file name [OUTPUT/9291_Monday_June_06_2022_01_49_10_PM_88481665/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 14.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

x2y′ − x2y2 = −a2x4 + a(1− 2b)x2 − b(b+ 1)

2.14.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −a2x4 − 2ab x2 + x2y2 + a x2 − b2 − b

x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2x2 − 2ab+ y2 + a− b2

x2 − b

x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2x4−2ab x2+a x2−b2−b
x2 , f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

−a2x4 − 2ab x2 + a x2 − b2 − b

x2

Substituting the above terms back in equation (2) gives

u′′(x) + (−a2x4 − 2ab x2 + a x2 − b2 − b)u(x)
x2 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x−be−a x2
2

(
c2Γ
(
b+ 1

2

)
− c2Γ

(
b+ 1

2 ,−a x2
)
+ c1

)
The above shows that

u′(x) = −2
(
−
(
−c2Γ

(
b+ 1

2

)
+ c2Γ

(
b+ 1

2 ,−a x2)− c1
)
(a x2 + b) e−a x2

2

2

+ ea x2
2
(
−a x2)b− 1

2 c2a x
2

)
x−1−b

Using the above in (1) gives the solution

y =
2
(
−
(
−c2Γ

(
b+ 1

2
)
+c2Γ

(
b+ 1

2 ,−a x2)−c1
)(
a x2+b

)
e−

a x2
2

2 + ea x2
2 (−a x2)b−

1
2 c2a x

2

)
x−1−bxbea x2

2

c2Γ
(
b+ 1

2

)
− c2Γ

(
b+ 1

2 ,−a x2
)
+ c1

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−2x2a(−a x2)b−

1
2 ea x2 + (a x2 + b)

(
−Γ
(
b+ 1

2

)
+ Γ

(
b+ 1

2 ,−a x2)− c3
)

x
(
−Γ
(
b+ 1

2

)
+ Γ

(
b+ 1

2 ,−a x2
)
− c3

)
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Summary
The solution(s) found are the following

(1)y =
−2x2a(−a x2)b−

1
2 ea x2 + (a x2 + b)

(
−Γ
(
b+ 1

2

)
+ Γ

(
b+ 1

2 ,−a x2)− c3
)

x
(
−Γ
(
b+ 1

2

)
+ Γ

(
b+ 1

2 ,−a x2
)
− c3

)
Verification of solutions

y =
−2x2a(−a x2)b−

1
2 ea x2 + (a x2 + b)

(
−Γ
(
b+ 1

2

)
+ Γ

(
b+ 1

2 ,−a x2)− c3
)

x
(
−Γ
(
b+ 1

2

)
+ Γ

(
b+ 1

2 ,−a x2
)
− c3

)
Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a^2*x^4+2*a*b*x^2-a*x^2+b^2+b)*y(x)/x^2, y(x)` *** Sublevel 2 **

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
<- Riccati to 2nd Order successful`� �

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 84� �
dsolve(x^2*diff(y(x),x)=x^2*y(x)^2-a^2*x^4+a*(1-2*b)*x^2-b*(b+1),y(x), singsol=all)� �
y(x) =

−2(−a x2)b−
1
2 ea x2

c1a x
2 +

(
−c1Γ

(
b+ 1

2

)
+ c1Γ

(
b+ 1

2 ,−a x2)− 1
)
(a x2 + b)

x
(
−c1Γ

(
b+ 1

2

)
+ c1Γ

(
b+ 1

2 ,−a x2
)
− 1
)
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3 Solution by Mathematica
Time used: 1.225 (sec). Leaf size: 128� �
DSolve[x^2*y'[x]==x^2*y[x]^2-a^2*x^4+a*(1-2*b)*x^2-b*(b+1),y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
x2b+1(ax2 + b) Γ

(
b+ 1

2 ,−ax2)− 2(−ax2)b+
1
2
(
−eax

2
x2b+1 + c1(ax2 + b)

)
x2b+2Γ

(
b+ 1

2 ,−ax2
)
− 2c1x (−ax2)b+

1
2

y(x) → ax+ b

x
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2.15 problem 15
2.15.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 126

Internal problem ID [10345]
Internal file name [OUTPUT/9292_Monday_June_06_2022_01_49_11_PM_80921583/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 15.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

x2y′ − a x2y2 = b xn + c

2.15.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a x2y2 + b xn + c

x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2 + b xn

x2 + c

x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b xn+c
x2 , f1(x) = 0 and f2(x) = a. Let

y = −u′

f2u

= −u′

au
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

a2(b xn + c)
x2

Substituting the above terms back in equation (2) gives

au′′(x) + a2(b xn + c)u(x)
x2 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=
(
BesselY

(√
−4ca+ 1

n
,
2
√
ab x

n
2

n

)
c2 + BesselJ

(√
−4ca+ 1

n
,
2
√
ab x

n
2

n

)
c1

)
√
x

The above shows that

u′(x)

=
−2

√
ab
(
BesselJ

(√
−4ca+1+n

n
, 2

√
ab x

n
2

n

)
c1 + BesselY

(√
−4ca+1+n

n
, 2

√
ab x

n
2

n

)
c2
)
x

n
2 +

(
BesselY

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
c2 + BesselJ

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
c1
) (√

−4ca+ 1 + 1
)

2
√
x

Using the above in (1) gives the solution

y =

−
−2

√
ab
(
BesselJ

(√
−4ca+1+n

n
, 2

√
ab x

n
2

n

)
c1 + BesselY

(√
−4ca+1+n

n
, 2

√
ab x

n
2

n

)
c2
)
x

n
2 +

(
BesselY

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
c2 + BesselJ

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
c1
) (√

−4ca+ 1 + 1
)

2xa
(
BesselY

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
c2 + BesselJ

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
c1
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
2
√
ab
(
BesselJ

(√
−4ca+1

n
+ 1, 2

√
ab x

n
2

n

)
c3 + BesselY

(√
−4ca+1

n
+ 1, 2

√
ab x

n
2

n

))
x

n
2 −

(
BesselY

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
+ BesselJ

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
c3
) (√

−4ca+ 1 + 1
)

2xa
(
BesselY

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
+ BesselJ

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
c3
)
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Summary
The solution(s) found are the following

(1)y

=
2
√
ab
(
BesselJ

(√
−4ca+1

n
+ 1, 2

√
ab x

n
2

n

)
c3 + BesselY

(√
−4ca+1

n
+ 1, 2

√
ab x

n
2

n

))
x

n
2 −

(
BesselY

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
+ BesselJ

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
c3
) (√

−4ca+ 1 + 1
)

2xa
(
BesselY

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
+ BesselJ

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
c3
)

Verification of solutions
y

=
2
√
ab
(
BesselJ

(√
−4ca+1

n
+ 1, 2

√
ab x

n
2

n

)
c3 + BesselY

(√
−4ca+1

n
+ 1, 2

√
ab x

n
2

n

))
x

n
2 −

(
BesselY

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
+ BesselJ

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
c3
) (√

−4ca+ 1 + 1
)

2xa
(
BesselY

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
+ BesselJ

(√
−4ca+1

n
, 2

√
ab x

n
2

n

)
c3
)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -a*(x^(n-2)*b*x^2+c)*y(x)/x^2, y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
<- Bessel successful

<- special function solution successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 220� �
dsolve(x^2*diff(y(x),x)=a*x^2*y(x)^2+b*x^n+c,y(x), singsol=all)� �
y(x)

=
2
√
ab
(
BesselY

(√
−4ac+1

n
+ 1, 2

√
ab x

n
2

n

)
c1 + BesselJ

(√
−4ac+1

n
+ 1, 2

√
ab x

n
2

n

))
x

n
2 −

(√
−4ac+ 1 + 1

) (
BesselY

(√
−4ac+1

n
, 2

√
ab x

n
2

n

)
c1 + BesselJ

(√
−4ac+1

n
, 2

√
ab x

n
2

n

))
2xa

(
BesselY

(√
−4ac+1

n
, 2

√
ab x

n
2

n

)
c1 + BesselJ

(√
−4ac+1

n
, 2

√
ab x

n
2

n

))
3 Solution by Mathematica
Time used: 1.898 (sec). Leaf size: 1779� �
DSolve[x^2*y'[x]==a*x^2*y[x]^2+b*x^n+c,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
−a

i
√
4ac−1
n

+ 1
2n

2
√

(1−4ac)n2

n2 +1(xn)
i
√
4ac−1
n

+1 BesselJ
(√

(1−4ac)n2

n2 − 1, 2
√
a
√
b
√
xn

n

)
Gamma

(
n+

√
1−4ac
n

)
b

i
√
4ac−1
n

+ 1
2 + a

i
√
4ac−1
n

+ 1
2n

2
√

(1−4ac)n2

n2 +1(xn)
i
√
4ac−1
n

+1 BesselJ
(√

(1−4ac)n2

n2 + 1, 2
√
a
√
b
√
xn

n

)
Gamma

(
n+

√
1−4ac
n

)
b

i
√
4ac−1
n

+ 1
2 − a

i
√

4ac−1
n n

2
√

(1−4ac)n2

n2 +1(xn)
i
√

4ac−1
n

+ 1
2 BesselJ

(√
(1−4ac)n2

n2 , 2
√
a
√
b
√
xn

n

)
Gamma

(
n+

√
1−4ac
n

)
b

i
√

4ac−1
n − ia

i
√

4ac−1
n

√
4ac− 1n

2
√

(1−4ac)n2

n2 +1(xn)
i
√

4ac−1
n

+ 1
2 BesselJ

(√
(1−4ac)n2

n2 , 2
√
a
√
b
√
xn

n

)
Gamma

(
n+

√
1−4ac
n

)
b

i
√

4ac−1
n + a

i
√

4ac−1
n n

2
√

(1−4ac)n2

n2
√

(1− 4ac)n2(xn)
i
√

4ac−1
n

+ 1
2 BesselJ

(√
(1−4ac)n2

n2 , 2
√
a
√
b
√
xn

n

)
Gamma

(
n+

√
1−4ac
n

)
b

i
√

4ac−1
n − a

√
(1−4ac)n2

n2 n
2i

√
4ac−1
n

(
−i

√
4ac− 1n+ n+

√
(1− 4ac)n2

)
(xn)

√
(1−4ac)n2

n2 + 1
2 BesselJ

(
−
√

(1−4ac)n2

n2 , 2
√
a
√
b
√
xn

n

)
c1Gamma

(
1−

√
1−4ac
n

)
b

√
(1−4ac)n2

n2 − a

√
(1−4ac)n2

n2 + 1
2n

2i
√
4ac−1
n

+1(xn)
√

(1−4ac)n2

n2 +1 BesselJ
(
−
√

(1−4ac)n2

n2 − 1, 2
√
a
√
b
√
xn

n

)
c1Gamma

(
1−

√
1−4ac
n

)
b

√
(1−4ac)n2

n2 + 1
2 + a

√
(1−4ac)n2

n2 + 1
2n

2i
√

4ac−1
n

+1(xn)
√

(1−4ac)n2

n2 +1 BesselJ
(
1−

√
(1−4ac)n2

n2 , 2
√
a
√
b
√
xn

n

)
c1Gamma

(
1−

√
1−4ac
n

)
b

√
(1−4ac)n2

n2 + 1
2

2anx
√
xn

(
a

i
√

4ac−1
n b

i
√
4ac−1
n n

2
√

(1−4ac)n2

n2 BesselJ
(√

(1−4ac)n2

n2 , 2
√
a
√
b
√
xn

n

)
Gamma

(
n+

√
1−4ac
n

)
(xn)

i
√

4ac−1
n + a

√
(1−4ac)n2

n2 b

√
(1−4ac)n2

n2 n
2i

√
4ac−1
n BesselJ

(
−
√

(1−4ac)n2

n2 , 2
√
a
√
b
√
xn

n

)
c1Gamma

(
1−

√
1−4ac
n

)
(xn)

√
(1−4ac)n2

n2

)
y(x)

→

√
a
√
b
√
xn

(
BesselJ

(
1−

√
(1−4ac)n2

n2 , 2
√
a
√

b
√
xn

n

)
−BesselJ

(
−
√

(1−4ac)n2

n2 −1, 2
√
a
√
b
√
xn

n

))

BesselJ
(
−
√

(1−4ac)n2

n2 , 2
√
a
√
b
√
xn

n

) −
√

n2(1−4ac)
n

+ i
√
4ac− 1− 1

2ax
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2.16 problem 16
2.16.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 131

Internal problem ID [10346]
Internal file name [OUTPUT/9293_Monday_June_06_2022_01_49_12_PM_46893412/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 16.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

x2y′ − x2y2 = a x2m(b xm + c)n − n2

4 + 1
4

2.16.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= 4x2y2 + 4a x2m(b xm + c)n − n2 + 1
4x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a x2m(b xm + c)n

x2 − n2

4x2 + 1
4x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = 4a x2m(b xm+c)n−n2+1
4x2 , f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

4a x2m(b xm + c)n − n2 + 1
4x2

Substituting the above terms back in equation (2) gives

u′′(x) + (4a x2m(b xm + c)n − n2 + 1)u(x)
4x2 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x) + (4a x2m(b xm + c)n − n2 + 1)_Y(x)
4x2

}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x) + (4a x2m(b xm + c)n − n2 + 1)_Y(x)

4x2

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y = −
∂
∂x

DESol
({

_Y′′(x) +
(
4a x2m(b xm+c)n−n2+1

)_Y(x)
4x2

}
, {_Y(x)}

)
DESol

({
_Y′′ (x) + (4a x2m(b xm+c)n−n2+1)_Y(x)

4x2

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol
({

4x2m(b xm+c)n_Y(x)a+4_Y′′
(x)x2−_Y(x)n2+_Y(x)

4x2

}
, {_Y(x)}

)
DESol

({
4x2m(b xm+c)n_Y(x)a+4_Y′′

(x)x2−_Y(x)n2+_Y(x)
4x2

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y = −
∂
∂x

DESol
({

4x2m(b xm+c)n_Y(x)a+4_Y′′
(x)x2−_Y(x)n2+_Y(x)

4x2

}
, {_Y(x)}

)
DESol

({
4x2m(b xm+c)n_Y(x)a+4_Y′′

(x)x2−_Y(x)n2+_Y(x)
4x2

}
, {_Y (x)}

)
Verification of solutions

y = −
∂
∂x

DESol
({

4x2m(b xm+c)n_Y(x)a+4_Y′′
(x)x2−_Y(x)n2+_Y(x)

4x2

}
, {_Y(x)}

)
DESol

({
4x2m(b xm+c)n_Y(x)a+4_Y′′

(x)x2−_Y(x)n2+_Y(x)
4x2

}
, {_Y (x)}

)
Verified OK.

133



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(1/4)*(4*x^(2*m-2)*(b*x^m+c)^n*a*x^2-n^2+1)*y(x)/x^2, y(x)` ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(y(x)^2+y(x)+x^2*(x^(2*m-2)*a*(b*x^m+c)^n-(1/4)*n^2/x^2+(1/4)/x^2))/x, y(x), expl

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(x^2*diff(y(x),x)=x^2*y(x)^2+a*x^(2*m)*(b*x^m+c)^n+1/4*(1-n^2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y'[x]==x^2*y[x]^2+a*x^(2*m)*(b*x^m+c)^n+1/4*(1-n^2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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2.17 problem 17
2.17.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 136

Internal problem ID [10347]
Internal file name [OUTPUT/9294_Monday_June_06_2022_01_49_17_PM_87108479/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 17.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

(
c2x

2 + b2x+ a2
) (

y′ + λy2
)
= −a0

2.17.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −c2λx
2y2 + y2b2λx+ y2a2λ+ a0

c2x2 + b2x+ a2
This is a Riccati ODE. Comparing the ODE to solve

y′ = − y2c2λx
2

c2x2 + b2x+ a2
− y2b2λx

c2x2 + b2x+ a2
− y2a2λ

c2x2 + b2x+ a2
− a0

c2x2 + b2x+ a2
With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = − a0
c2x2+b2x+a2

, f1(x) = 0 and f2(x) = − c2λx2+λb2x+λa2
c2x2+b2x+a2

. Let

y = −u′

f2u

= −u′

− (c2λx2+λb2x+λa2)u
c2x2+b2x+a2

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − 2c2λx+ λb2

c2x2 + b2x+ a2
+ (c2λx2 + λb2x+ λa2) (2c2x+ b2)

(c2x2 + b2x+ a2)2

f1f2 = 0

f 2
2 f0 = −(c2λx2 + λb2x+ λa2)2 a0

(c2x2 + b2x+ a2)3

Substituting the above terms back in equation (2) gives

−(c2λx2 + λb2x+ λa2)u′′(x)
c2x2 + b2x+ a2

−
(
− 2c2λx+ λb2
c2x2 + b2x+ a2

+ (c2λx2 + λb2x+ λa2) (2c2x+ b2)
(c2x2 + b2x+ a2)2

)
u′(x)− (c2λx2 + λb2x+ λa2)2 a0u(x)

(c2x2 + b2x+ a2)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = −2
(
c2x−

√
−4a2c2 + b22

2 + b2
2

)c3

(
2c2x+ b2

+
√

−4a2c2 + b22

)−√
c2+

√
−4a0λ+c2

2√c2
hypergeom

([
−
−√

c2 +
√
−4a0λ+ c2

2√c2
,−

−3√c2 +
√
−4a0λ+ c2

2√c2

]
,

[√
c2 −

√
−4a0λ+ c2√
c2

]
,

2
√

−4a2c2 + b22

2c2x+ b2 +
√

−4a2c2 + b22

)
+ c4

(
2c2x+ b2

+
√

−4a2c2 + b22

)−
√
c2+

√
−4a0λ+c2

2√c2
hypergeom

([√
c2 +

√
−4a0λ+ c2

2√c2
,
3√c2 +

√
−4a0λ+ c2

2√c2

]
,

[√
c2 +

√
−4a0λ+ c2√
c2

]
,

2
√

−4a2c2 + b22

2c2x+ b2 +
√

−4a2c2 + b22

)
The above shows that

u′(x) =

−
4√c2

((
2c2x+ b2 +

√
−4a2c2 + b22

)−√
c2+

√
−4a0λ+c2

2√c2
(((

c2x+ b2
2

)√
−4a0λ+ c2 + c

3
2
2 x+

√
c2 b2
2

)√
−4a2c2 + b22 +

(
b22
2 + c2b2x+ c2(c2x2 − a2)

)√
−4a0λ+ c2 + (b2x− a2) c

3
2
2 + c

5
2
2 x

2 +
√
c2 b22
2

)
c3 hypergeom

([
−−√

c2+
√
−4a0λ+c2

2√c2
,−−√

c2+
√
−4a0λ+c2

2√c2

]
,
[√

c2−
√
−4a0λ+c2√
c2

]
,

2
√

−4a2c2+b22

2c2x+b2+
√

−4a2c2+b22

)
+
(
2c2x+ b2 +

√
−4a2c2 + b22

)−√
c2+

√
−4a0λ+c2

2√c2 c4 hypergeom
([√

c2+
√
−4a0λ+c2

2√c2
,
√
c2+

√
−4a0λ+c2

2√c2

]
,
[√

c2+
√
−4a0λ+c2√
c2

]
,

2
√

−4a2c2+b22

2c2x+b2+
√

−4a2c2+b22

)(((
−c2x− b2

2

)√
−4a0λ+ c2 + c

3
2
2 x+

√
c2 b2
2

)√
−4a2c2 + b22 +

(
−c22x

2 − c2b2x+ a2c2 − 1
2b

2
2
)√

−4a0λ+ c2 + (b2x− a2) c
3
2
2 + c

5
2
2 x

2 +
√
c2 b22
2

))
(
2c2x+ b2 +

√
−4a2c2 + b22

)2
Using the above in (1) gives the solution

Expression too large to display
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
4
(
hypergeom

([
1
2 +

√
−4a0λ+1

2 , 12 +
√
−4a0λ+1

2

]
,
[
1 +

√
−4a0λ+ 1

]
,

2
√

b22−4a2

2x+b2+
√

b22−4a2

)
c4
(
−1 +

√
−4a0λ+ 1

) (
2x+ b2 +

√
b22 − 4a2

)−√−4a0λ+1
2 −

(
2x+ b2 +

√
b22 − 4a2

)√−4a0λ+1
2 hypergeom

([
1
2 −

√
−4a0λ+1

2 , 12 −
√
−4a0λ+1

2

]
,
[
1−

√
−4a0λ+ 1

]
,

2
√

b22−4a2

2x+b2+
√

b22−4a2

)
c3
(
1 +

√
−4a0λ+ 1

))((
x+ b2

2

)√
b22 − 4a2 + x2 + b2x+ b22

2 − a2
)

(
2x+ b2 +

√
b22 − 4a2

)2 (
−
√
b22 − 4a2 + 2x+ b2

)
λ

(
c3
(
2x+ b2 +

√
b22 − 4a2

)√−4a0λ+1
2 hypergeom

([
1
2 −

√
−4a0λ+1

2 , 32 −
√
−4a0λ+1

2

]
,
[
1−

√
−4a0λ+ 1

]
,

2
√

b22−4a2

2x+b2+
√

b22−4a2

)
+ c4

(
2x+ b2 +

√
b22 − 4a2

)−√−4a0λ+1
2 hypergeom

([
1
2 +

√
−4a0λ+1

2 , 32 +
√
−4a0λ+1

2

]
,
[
1 +

√
−4a0λ+ 1

]
,

2
√

b22−4a2

2x+b2+
√

b22−4a2

))

Summary
The solution(s) found are the following

(1)y =

−
4
(
hypergeom

([
1
2 +

√
−4a0λ+1

2 , 12 +
√
−4a0λ+1

2

]
,
[
1 +

√
−4a0λ+ 1

]
,

2
√

b22−4a2

2x+b2+
√

b22−4a2

)
c4
(
−1 +

√
−4a0λ+ 1

) (
2x+ b2 +

√
b22 − 4a2

)−√−4a0λ+1
2 −

(
2x+ b2 +

√
b22 − 4a2

)√−4a0λ+1
2 hypergeom

([
1
2 −

√
−4a0λ+1

2 , 12 −
√
−4a0λ+1

2

]
,
[
1−

√
−4a0λ+ 1

]
,

2
√

b22−4a2

2x+b2+
√

b22−4a2

)
c3
(
1 +

√
−4a0λ+ 1

))((
x+ b2

2

)√
b22 − 4a2 + x2 + b2x+ b22

2 − a2
)

(
2x+ b2 +

√
b22 − 4a2

)2 (
−
√
b22 − 4a2 + 2x+ b2

)
λ

(
c3
(
2x+ b2 +

√
b22 − 4a2

)√−4a0λ+1
2 hypergeom

([
1
2 −

√
−4a0λ+1

2 , 32 −
√
−4a0λ+1

2

]
,
[
1−

√
−4a0λ+ 1

]
,

2
√

b22−4a2

2x+b2+
√

b22−4a2

)
+ c4

(
2x+ b2 +

√
b22 − 4a2

)−√−4a0λ+1
2 hypergeom

([
1
2 +

√
−4a0λ+1

2 , 32 +
√
−4a0λ+1

2

]
,
[
1 +

√
−4a0λ+ 1

]
,

2
√

b22−4a2

2x+b2+
√

b22−4a2

))
Verification of solutions
y =

−
4
(
hypergeom

([
1
2 +

√
−4a0λ+1

2 , 12 +
√
−4a0λ+1

2

]
,
[
1 +

√
−4a0λ+ 1

]
,

2
√

b22−4a2

2x+b2+
√

b22−4a2

)
c4
(
−1 +

√
−4a0λ+ 1

) (
2x+ b2 +

√
b22 − 4a2

)−√−4a0λ+1
2 −

(
2x+ b2 +

√
b22 − 4a2

)√−4a0λ+1
2 hypergeom

([
1
2 −

√
−4a0λ+1

2 , 12 −
√
−4a0λ+1

2

]
,
[
1−

√
−4a0λ+ 1

]
,

2
√

b22−4a2

2x+b2+
√

b22−4a2

)
c3
(
1 +

√
−4a0λ+ 1

))((
x+ b2

2

)√
b22 − 4a2 + x2 + b2x+ b22

2 − a2
)

(
2x+ b2 +

√
b22 − 4a2

)2 (
−
√
b22 − 4a2 + 2x+ b2

)
λ

(
c3
(
2x+ b2 +

√
b22 − 4a2

)√−4a0λ+1
2 hypergeom

([
1
2 −

√
−4a0λ+1

2 , 32 −
√
−4a0λ+1

2

]
,
[
1−

√
−4a0λ+ 1

]
,

2
√

b22−4a2

2x+b2+
√

b22−4a2

)
+ c4

(
2x+ b2 +

√
b22 − 4a2

)−√−4a0λ+1
2 hypergeom

([
1
2 +

√
−4a0λ+1

2 , 32 +
√
−4a0λ+1

2

]
,
[
1 +

√
−4a0λ+ 1

]
,

2
√

b22−4a2

2x+b2+
√

b22−4a2

))

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -a__0*lambda*y(x)/(c__2*x^2+b__2*x+a__2), y(x)` *** Sublevel 2 **

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 2F1 ODE

<- hypergeometric successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 1127� �
dsolve((c__2*x^2+b__2*x+a__2)*(diff(y(x),x)+lambda*y(x)^2)+a__0=0,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 5.964 (sec). Leaf size: 1046� �
DSolve[(c2*x^2+b2*x+a2)*(y'[x]+\[Lambda]*y[x]^2)+a0==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

(b2+ 2c2x)

8c2
(
b22 − 4a2c2

)
G2,0

2,2

−4c2(a2+x(b2+c2x))
b22

−4a2c2 |
1
4 −

√c2−4a0λ
4
√
c2 , 14

(√c2−4a0λ√
c2 + 1

)
0, 0

+ c1

(
8c2
(
b22 − 4a2c2

)
Hypergeometric2F1

(
3c2+

√
c2(c2−4a0λ)
4c2 , 14

(
3−

√
c2(c2−4a0λ)

c2

)
, 2,−4c2(a2+x(b2+c2x))

b22
−4a2c2

)
+
(√

c2(c2− 4a0λ)− 3c2
)(√

c2(c2− 4a0λ) + 3c2
)
(a2+ x(b2+ c2x))Hypergeometric2F1

(
7c2+

√
c2(c2−4a0λ)
4c2 , 14

(
7−

√
c2(c2−4a0λ)

c2

)
, 3,−4c2(a2+x(b2+c2x))

b22
−4a2c2

))
2λ
(
b22 − 4a2c2

)2G2,0
2,2

−4c2(a2+x(b2+c2x))
b22

−4a2c2 |
1
4

(
5−

√c2−4a0λ√
c2

)
, 14

(√c2−4a0λ√
c2 + 5

)
0, 1

−
4c2c1(a2+x(b2+c2x))Hypergeometric2F1

(
3c2+

√
c2(c2−4a0λ)

4c2 , 14

(
3−

√
c2(c2−4a0λ)

c2
)
,2,− 4c2(a2+x(b2+c2x))

b22
−4a2c2

)
4a2c2−b22


y(x)

→
(b2+ 2c2x)

(
2
(
b22 − 4a2c2

)
Hypergeometric2F1

(
3c2+

√
c2(c2−4a0λ)
4c2 , 14

(
3−

√
c2(c2−4a0λ)

c2

)
, 2,−4c2(a2+x(b2+c2x))

b22
−4a2c2

)
− (a0λ+ 2c2)(a2+ x(b2+ c2x))Hypergeometric2F1

(
7c2+

√
c2(c2−4a0λ)
4c2 , 14

(
7−

√
c2(c2−4a0λ)

c2

)
, 3,−4c2(a2+x(b2+c2x))

b22
−4a2c2

))
2λ
(
b22 − 4a2c2

)
(a2+ x(b2+ c2x))Hypergeometric2F1

(
3c2+

√
c2(c2−4a0λ)
4c2 , 14

(
3−

√
c2(c2−4a0λ)

c2

)
, 2,−4c2(a2+x(b2+c2x))

b22
−4a2c2

)
y(x)

→
(b2+ 2c2x)

(
2
(
b22 − 4a2c2

)
Hypergeometric2F1

(
3c2+

√
c2(c2−4a0λ)
4c2 , 14

(
3−

√
c2(c2−4a0λ)

c2

)
, 2,−4c2(a2+x(b2+c2x))

b22
−4a2c2

)
− (a0λ+ 2c2)(a2+ x(b2+ c2x))Hypergeometric2F1

(
7c2+

√
c2(c2−4a0λ)
4c2 , 14

(
7−

√
c2(c2−4a0λ)

c2

)
, 3,−4c2(a2+x(b2+c2x))

b22
−4a2c2

))
2λ
(
b22 − 4a2c2

)
(a2+ x(b2+ c2x))Hypergeometric2F1

(
3c2+

√
c2(c2−4a0λ)
4c2 , 14

(
3−

√
c2(c2−4a0λ)

c2

)
, 2,−4c2(a2+x(b2+c2x))

b22
−4a2c2

)
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2.18 problem 18
2.18.1 Solving as first order ode lie symmetry calculated ode . . . . . . 141
2.18.2 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 147

Internal problem ID [10348]
Internal file name [OUTPUT/9295_Monday_June_06_2022_01_49_21_PM_53621118/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 18.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati", "first_order_ode_lie_sym-
metry_calculated"

Maple gives the following as the ode type
[_rational , [_Riccati , _special ]]

x4y′ + x4y2 = −a2

2.18.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = −x4y2 + a2

x4

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 2 to use as anstaz gives

(1E)ξ = x2a4 + yxa5 + y2a6 + xa2 + ya3 + a1

(2E)η = x2b4 + yxb5 + y2b6 + xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, a4, a5, a6, b1, b2, b3, b4, b5, b6}

Substituting equations (1E,2E) and ω into (A) gives

(5E)

2xb4 + yb5 + b2 −
(x4y2 + a2) (−2xa4 + xb5 − ya5 + 2yb6 − a2 + b3)

x4

− (x4y2 + a2)2 (xa5 + 2ya6 + a3)
x8

−
(
−4y2

x
+ 4x4y2 + 4a2

x5

)(
x2a4 + yxa5 + y2a6 + xa2 + ya3 + a1

)
+ 2y

(
x2b4 + yxb5 + y2b6 + xb2 + yb3 + b1

)
= 0

Putting the above in normal form gives

−x9y4a5 + 2x8y5a6 + x8y4a3 − 2x10yb4 − 2x9y2a4 − x9y2b5 − x8y3a5 − 2x9yb2 − x8y2a2 − x8y2b3 + 2a2x5y2a5 + 4a2x4y3a6 − 2x9b4 − 2x8yb1 − yb5x
8 + 2a2x4y2a3 − b2x

8 + 2a2x5a4 + a2x5b5 + 3a2x4ya5 + 2a2x4yb6 + 4a2x3y2a6 + 3a2x4a2 + a2x4b3 + 4a2x3ya3 + a4xa5 + 2a4ya6 + 4a2x3a1 + a4a3
x8

= 0

Setting the numerator to zero gives

(6E)
−x9y4a5−2x8y5a6−x8y4a3+2x10yb4+2x9y2a4+x9y2b5+x8y3a5+2x9yb2
+ x8y2a2 + x8y2b3 − 2a2x5y2a5 − 4a2x4y3a6 + 2x9b4 + 2x8yb1 + yb5x

8

−2a2x4y2a3+ b2x
8−2a2x5a4−a2x5b5−3a2x4ya5−2a2x4yb6−4a2x3y2a6

− 3a2x4a2 − a2x4b3 − 4a2x3ya3 − a4xa5 − 2a4ya6 − 4a2x3a1 − a4a3 = 0

Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y}

The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2}

The above PDE (6E) now becomes

(7E)
−a5v

9
1v

4
2−2a6v81v52−a3v

8
1v

4
2+2a4v91v22+a5v

8
1v

3
2+2b4v101 v2+b5v

9
1v

2
2+a2v

8
1v

2
2

+ 2b2v91v2 + b3v
8
1v

2
2 − 2a2a5v51v22 − 4a2a6v41v32 + 2b1v81v2 + 2b4v91 + b5v

8
1v2

−2a2a3v41v22+b2v
8
1−2a2a4v51−3a2a5v41v2−4a2a6v31v22−a2b5v

5
1−2a2b6v41v2

− 3a2a2v41 − 4a2a3v31v2 − a2b3v
4
1 − a4a5v1 − 2a4a6v2 − 4a2a1v31 − a4a3 = 0
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Collecting the above on the terms vi introduced, and these are

{v1, v2}

Equation (7E) now becomes

(8E)

2b4v101 v2 − a5v
9
1v

4
2 + (2a4 + b5) v91v22 + 2b2v91v2 + 2b4v91 − 2a6v81v52

− a3v
8
1v

4
2 + a5v

8
1v

3
2 + (a2 + b3) v81v22 + (2b1 + b5) v81v2 + b2v

8
1

− 2a2a5v51v22 +
(
−2a2a4 − a2b5

)
v51 − 4a2a6v41v32 − 2a2a3v41v22

+
(
−3a2a5 − 2a2b6

)
v41v2 +

(
−3a2a2 − a2b3

)
v41 − 4a2a6v31v22

− 4a2a3v31v2 − 4a2a1v31 − a4a5v1 − 2a4a6v2 − a4a3 = 0

Setting each coefficients in (8E) to zero gives the following equations to solve

a5 = 0
b2 = 0

−a3 = 0
−a5 = 0
−2a6 = 0
2b2 = 0
2b4 = 0

−4a2a1 = 0
−4a2a3 = 0
−2a2a3 = 0
−2a2a5 = 0
−4a2a6 = 0
−a4a3 = 0
−a4a5 = 0
−2a4a6 = 0
a2 + b3 = 0
2a4 + b5 = 0
2b1 + b5 = 0

−3a2a2 − a2b3 = 0
−2a2a4 − a2b5 = 0
−3a2a5 − 2a2b6 = 0
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Solving the above equations for the unknowns gives

a1 = 0
a2 = 0
a3 = 0
a4 = b1

a5 = 0
a6 = 0
b1 = b1

b2 = 0
b3 = 0
b4 = 0
b5 = −2b1
b6 = 0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = x2

η = −2yx+ 1

Shifting is now applied to make ξ = 0 in order to simplify the rest of the computation

η = η − ω(x, y) ξ

= −2yx+ 1−
(
−x4y2 + a2

x4

)(
x2)

= x4y2 − 2y x3 + a2 + x2

x2

ξ = 0

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dy

η
= dS (1)
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The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x

S is found from

S =
∫ 1

η
dy

=
∫ 1

x4y2−2y x3+a2+x2

x2

dy

Which results in

S =
arctan

(
2x4y−2x3

2a x2

)
a

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)

Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = −x4y2 + a2

x4

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = 2yx− 1
x4y2 − 2y x3 + a2 + x2

Sy =
x2

x4y2 − 2y x3 + a2 + x2

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= − 1

x2 (2A)
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We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= − 1

R2

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) = 1
R

+ c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

arctan
(

x(xy−1)
a

)
a

= 1
x
+ c1

Which simplifies to

arctan
(

x(xy−1)
a

)
a

= 1
x
+ c1

Which gives

y =
tan

(
a(c1x+1)

x

)
a+ x

x2

Summary
The solution(s) found are the following

(1)y =
tan

(
a(c1x+1)

x

)
a+ x

x2

Verification of solutions

y =
tan

(
a(c1x+1)

x

)
a+ x

x2

Verified OK.
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2.18.2 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −x4y2 + a2

x4

This is a Riccati ODE. Comparing the ODE to solve

y′ = −y2 − a2

x4

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2

x4 , f1(x) = 0 and f2(x) = −1. Let

y = −u′

f2u

= −u′

−u
(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 = −a2

x4

Substituting the above terms back in equation (2) gives

−u′′(x)− a2u(x)
x4 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x
(
c1 sin

(a
x

)
+ c2 cos

(a
x

))
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The above shows that

u′(x) = c1 sin
(a
x

)
+ c2 cos

(a
x

)
+

a
(
−c1 cos

(
a
x

)
+ c2 sin

(
a
x

))
x

Using the above in (1) gives the solution

y =
c1 sin

(
a
x

)
+ c2 cos

(
a
x

)
+ a

(
−c1 cos

(
a
x

)
+c2 sin

(
a
x

))
x

x
(
c1 sin

(
a
x

)
+ c2 cos

(
a
x

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
(−ac3 + x) cos

(
a
x

)
+ sin

(
a
x

)
(c3x+ a)

x2
(
c3 sin

(
a
x

)
+ cos

(
a
x

))
Summary
The solution(s) found are the following

(1)y =
(−ac3 + x) cos

(
a
x

)
+ sin

(
a
x

)
(c3x+ a)

x2
(
c3 sin

(
a
x

)
+ cos

(
a
x

))
Verification of solutions

y =
(−ac3 + x) cos

(
a
x

)
+ sin

(
a
x

)
(c3x+ a)

x2
(
c3 sin

(
a
x

)
+ cos

(
a
x

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
<- Riccati Special successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 24� �
dsolve(x^4*diff(y(x),x)=-x^4*y(x)^2-a^2,y(x), singsol=all)� �

y(x) =
−a tan

(
a(c1x−1)

x

)
+ x

x2

3 Solution by Mathematica
Time used: 1.107 (sec). Leaf size: 87� �
DSolve[x^4*y'[x]==-x^4*y[x]^2-a^2,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −2ia2c1e
2ia
x + 2ac1xe

2ia
x + a− ix

x2
(
2ac1e

2ia
x − i

)
y(x) → x− ia

x2
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2.19 problem 19
2.19.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 150

Internal problem ID [10349]
Internal file name [OUTPUT/9296_Monday_June_06_2022_01_49_22_PM_49385801/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 19.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

a x2(x− 1)2
(
y′ + λy2

)
= −b x2 − cx− s

2.19.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −y2aλ x4 − 2y2aλ x3 + y2aλ x2 + b x2 + cx+ s

a x2 (x− 1)2

This is a Riccati ODE. Comparing the ODE to solve

y′ = − x2y2λ

(x− 1)2
+ 2x y2λ

(x− 1)2
− y2λ

(x− 1)2
− b

a (x− 1)2
− c

ax (x− 1)2
− s

a x2 (x− 1)2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = − b x2+cx+s
a x2(x−1)2 , f1(x) = 0 and f2(x) = −λax4−2λax3+λax2

a x2(x−1)2 . Let

y = −u′

f2u

= −u′

− (λax4−2λax3+λax2)u
ax2(x−1)2

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −4λa x3 − 6λa x2 + 2aλx

a x2 (x− 1)2
+ 2λa x4 − 4λa x3 + 2λa x2

a x3 (x− 1)2
+ 2λa x4 − 4λa x3 + 2λa x2

a x2 (x− 1)3

f1f2 = 0

f 2
2 f0 = −(λa x4 − 2λa x3 + λa x2)2 (b x2 + cx+ s)

a3x6 (x− 1)6

Substituting the above terms back in equation (2) gives

−(λa x4 − 2λa x3 + λa x2)u′′(x)
a x2 (x− 1)2

−
(
−4λa x3 − 6λa x2 + 2aλx

a x2 (x− 1)2
+ 2λa x4 − 4λa x3 + 2λa x2

a x3 (x− 1)2
+ 2λa x4 − 4λa x3 + 2λa x2

a x2 (x− 1)3
)
u′(x)− (λa x4 − 2λa x3 + λa x2)2 (b x2 + cx+ s)u(x)

a3x6 (x− 1)6
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = (x

−1)
√

a−
√

(−4b−4c−4s)λ+a

2
√
a

(
c2x

−−
√
a+

√
−4λs+a

2
√
a hypergeom

([
−
√
(−4b− 4c− 4s)λ+ a−

√
a+

√
−4λs+ a+

√
−4bλ+ a

2
√
a

,−
√

(−4b− 4c− 4s)λ+ a−
√
a+

√
−4λs+ a−

√
−4bλ+ a

2
√
a

]
,

[
1−

√
−4λs+ a√

a

]
, x

)

+c1x
√

−4λs+a+
√
a

2
√

a hypergeom
([

−
√

(−4b− 4c− 4s)λ+ a+
√
a+

√
−4λs+ a−

√
−4bλ+ a

2
√
a

,
−
√

(−4b− 4c− 4s)λ+ a+
√
a+

√
−4λs+ a+

√
−4bλ+ a

2
√
a

]
,

[
1+

√
−4λs+ a√

a

]
, x

))

The above shows that

u′(x) =

−
x

√
−4λs+a+

√
a

2
√
a (x− 1)

√
a−
√

(−4b−4c−4s)λ+a

2
√

a

(
2s
√

(−4b− 4c− 4s)λ+ a+ (−c− 2s)
√
−4λs+ a+

√
a c
)
c1 hypergeom

([
−
√

(−4b−4c−4s)λ+a−3
√
a−

√
−4λs+a+

√
−4bλ+a

2
√
a

,
−
√

(−4b−4c−4s)λ+a+3
√
a+

√
−4λs+a+

√
−4bλ+a

2
√
a

]
,
[
2
√
a+

√
−4λs+a√
a

]
, x
)
+
(
2s
√
(−4b− 4c− 4s)λ+ a+ (c+ 2s)

√
−4λs+ a+

√
a c
)
c2(x− 1)

√
a−
√

(−4b−4c−4s)λ+a

2
√

a x
−−

√
a+

√
−4λs+a

2
√

a hypergeom
([

−
√

(−4b−4c−4s)λ+a−3
√
a+

√
−4λs+a+

√
−4bλ+a

2
√
a

,−
√

(−4b−4c−4s)λ+a−3
√
a+

√
−4λs+a−

√
−4bλ+a

2
√
a

]
,
[
2
√
a−

√
−4λs+a√
a

]
, x
)
− 2s

((
x
−

√
−4λs+a+

√
a

2
√
a

(√
a−

√
−4λs+ a

)
(x− 1)

√
a−
√

(−4b−4c−4s)λ+a

2
√
a + x

−−
√
a+

√
−4λs+a

2
√
a (x− 1)−

√
a+
√

(−4b−4c−4s)λ+a

2
√

a

(√
a−

√
(−4b− 4c− 4s)λ+ a

))
c2 hypergeom

([
−
√

(−4b−4c−4s)λ+a−
√
a+

√
−4λs+a+

√
−4bλ+a

2
√
a

,−
√

(−4b−4c−4s)λ+a−
√
a+

√
−4λs+a−

√
−4bλ+a

2
√
a

]
,
[√

a−
√
−4λs+a√
a

]
, x
)
+
(
x

−
√

a+
√

−4λs+a
2
√

a
(√

−4λs+ a+
√
a
)
(x− 1)

√
a−
√

(−4b−4c−4s)λ+a

2
√
a + x

√
−4λs+a+

√
a

2
√
a (x− 1)−

√
a+
√

(−4b−4c−4s)λ+a

2
√
a

(√
a−

√
(−4b− 4c− 4s)λ+ a

))
hypergeom

([
−
√

(−4b−4c−4s)λ+a+
√
a+

√
−4λs+a−

√
−4bλ+a

2
√
a

,
−
√

(−4b−4c−4s)λ+a+
√
a+

√
−4λs+a+

√
−4bλ+a

2
√
a

]
,
[√

−4λs+a+
√
a√

a

]
, x
)
c1

)
4
√
a s

151



Using the above in (1) gives the solution

Expression too large to display

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

Expression too large to display

Summary
The solution(s) found are the following

(1)Expression too large to display
Verification of solutions

Expression too large to display

Warning, solution could not be verified
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(b*x^2+c*x+s)*lambda*y(x)/(a*x^2*(x^2-2*x+1)), y(x)` *** Subleve

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �

153



3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1087� �
dsolve(a*x^2*(x-1)^2*(diff(y(x),x)+lambda*y(x)^2)+b*x^2+c*x+s=0,y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[a*x^2*(x-1)^2*(y'[x]+\[Lambda]*y[x]^2)+b*x^2+c*x+s==0,y[x],x,IncludeSingularSolutions -> True]� �
Timed out

154



2.20 problem 20
2.20.1 Solving as first order ode lie symmetry calculated ode . . . . . . 155
2.20.2 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 162

Internal problem ID [10350]
Internal file name [OUTPUT/9297_Monday_June_06_2022_01_49_28_PM_64106840/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 20.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati", "first_order_ode_lie_sym-
metry_calculated"

Maple gives the following as the ode type
[_rational , _Riccati]

(
a x2 + bx+ c

)2 (
y′ + y2

)
= −A

2.20.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = −y2a2x4 + 2y2ab x3 + 2a x2y2c+ y2b2x2 + 2y2bcx+ c2y2 + A

(a x2 + bx+ c)2

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 2 to use as anstaz gives

(1E)ξ = x2a4 + yxa5 + y2a6 + xa2 + ya3 + a1

(2E)η = x2b4 + yxb5 + y2b6 + xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, a4, a5, a6, b1, b2, b3, b4, b5, b6}

Substituting equations (1E,2E) and ω into (A) gives

(5E)2xb4 + yb5 + b2

− (y2a2x4 + 2y2ab x3 + 2a x2y2c+ y2b2x2 + 2y2bcx+ c2y2 + A) (−2xa4 + xb5 − ya5 + 2yb6 − a2 + b3)
(a x2 + bx+ c)2

− (y2a2x4 + 2y2ab x3 + 2a x2y2c+ y2b2x2 + 2y2bcx+ c2y2 + A)2 (xa5 + 2ya6 + a3)
(a x2 + bx+ c)4

−
(
−4a2x3y2 + 6ab x2y2 + 4acx y2 + 2b2x y2 + 2bc y2

(a x2 + bx+ c)2

+2(y2a2x4 + 2y2ab x3 + 2a x2y2c+ y2b2x2 + 2y2bcx+ c2y2 + A) (2xa+ b)
(a x2 + bx+ c)3

)(
x2a4

+ yxa5 + y2a6 + xa2 + ya3 + a1
)

+(2a2x4y + 4ab x3y + 4ac x2y + 2b2x2y + 4bcxy + 2c2y) (x2b4 + yxb5 + y2b6 + xb2 + yb3 + b1)
(a x2 + bx+ c)2

= 0

Putting the above in normal form gives

Expression too large to display

Setting the numerator to zero gives

(6E)Expression too large to display

Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y}

The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2}

The above PDE (6E) now becomes

(7E)Expression too large to display
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Collecting the above on the terms vi introduced, and these are

{v1, v2}

Equation (7E) now becomes

(8E)Expression too large to display
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Setting each coefficients in (8E) to zero gives the following equations to solve
a4a5 = 0

−a4a5 = 0
−2a4a6 = 0
2a4b4 = 0
−c4a3 = 0
−2c4a6 = 0
4a3ba5 = 0

−8a3ba6 = 0
−8b c3a6 = 0

2a4a4 + a4b5 = 0
c4a5 − 4Ac2a6 = 0

12a2bca5 + 4a b3a5 = 0
4a3ca5 + 6a2b2a5 = 0

−8a c3a6 − 12b2c2a6 = 0
−24ab c2a6 − 8b3ca6 = 0
−24a2bca6 − 8a b3a6 = 0
−8a3ca6 − 12a2b2a6 = 0

−a4a3 − 4a3ba5 = 0
a4b2 + 8a3bb4 = 0
2a4b2 + 8a3bb4 = 0
−4b c3a3 − c4a5 = 0
4b c3a5 − 8Abca6 = 0

−12a2c2a6 − 24a b2ca6 − 2b4a6 = 0
−4a c3a3 − 6b2c2a3 − 4b c3a5 = 0
−4a3ba3 − 4a3ca5 − 6a2b2a5 = 0
4a3bb2 + 8a3cb4 + 12a2b2b4 = 0

12ab c2a5 + 4b3ca5 − 8Aaba6 = 0
−12ab c2a3 − 4a c3a5 − 4b3ca3 − 6b2c2a5 = 0
−4a3ca3 − 6a2b2a3 − 12a2bca5 − 4a b3a5 = 0

4a3cb2 + 6a2b2b2 + 24a2bcb4 + 8a b3b4 = 0
4a c3a5 + 6b2c2a5 − 8Aaca6 − 4Ab2a6 = 0
6a2c2a5 + 12a b2ca5 + b4a5 − 4Aa2a6 = 0

a4a2 + a4b3 + 8a3ba4 + 4a3bb5 = 0
c4a2 + c4b3 − 2Abca6 − 2Ac2a3 = 0

−6a2c2a3 − 12a b2ca3 − 12ab c2a5 − b4a3 − 4b3ca5 = 0
−12a2bca3 − 6a2c2a5 − 4a b3a3 − 12a b2ca5 − b4a5 = 0

2a4b1 + a4b5 + 8a3bb2 + 8a3cb4 + 12a2b2b4 = 0
c4b2 − 2Abca1 + Ac2a2 − Ac2b3 − A2a3 = 0

4a3ba2 + 4a3bb3 + 8a3ca4 + 4a3cb5 + 12a2b2a4 + 6a2b2b5 = 0
8a3bb1 + 4a3bb5 + 8a3cb2 + 12a2b2b2 + 24a2bcb4 + 8a b3b4 = 0

8b c3b1 + 4b c3b5 + 2c4b2 − 4Aaca3 − 2Ab2a3 − 4Abcb6 = 0
2c4b1 + c4b5 − 2Abca3 + Ac2a5 − 2Ac2b6 − 2A2a6 = 0

12a2bcb2 + 12a2c2b4 + 4a b3b2 + 24a b2cb4 + 2b4b4 − 2Aa2a4 − Aa2b5 = 0
4a3ca2 + 4a3cb3 + 6a2b2a2 + 6a2b2b3 + 24a2bca4 + 12a2bcb5 + 8a b3a4 + 4a b3b5 = 0

4b c3b2 + 2c4b4 − 4Aaca1 − 2Ab2a1 − 2Abcb3 + 2Ac2a4 − Ac2b5 − A2a5 = 0
4b c3a2 + 4b c3b3 + 2c4a4 + c4b5 − 4Aaca6 − 2Ab2a6 − 4Abca3 − 2Ac2a5 = 0

24a2bcb1 + 12a2bcb5 + 12a2c2b2 + 8a b3b1 + 4a b3b5 + 24a b2cb2 + 24ab c2b4 + 2b4b2 + 8b3cb4 = 0
8a3cb1 + 4a3cb5 + 12a2b2b1 + 6a2b2b5 + 24a2bcb2 + 12a2c2b4 + 8a b3b2 + 24a b2cb4 + 2b4b4 = 0
12ab c2b2 + 8a c3b4 + 4b3cb2 + 12b2c2b4 − 4Aa2a1 − 4Aaba2 − 2Aabb3 − 2Aacb5 − Ab2b5 = 0
6a2c2b2 + 12a b2cb2 + 24ab c2b4 + b4b2 + 8b3cb4 − 3Aa2a2 − Aa2b3 − 2Aaba4 − 2Aabb5 = 0

4a c3b2 + 6b2c2b2 + 8b c3b4 − 6Aaba1 − 2Aaca2 − 2Aacb3 − Ab2a2 − Ab2b3 + 2Abca4 − 2Abcb5 = 0
4a c3a2 + 4a c3b3 + 6b2c2a2 + 6b2c2b3 + 8b c3a4 + 4b c3b5 − 6Aaba6 − 4Aaca3 − 2Ab2a3 − 4Abca5 = 0

24ab c2b1 + 12ab c2b5 + 8a c3b2 + 8b3cb1 + 4b3cb5 + 12b2c2b2 + 8b c3b4 − 4Aa2a3 − 4Aaba5 − 4Aabb6 = 0
12a2bca2 + 12a2bcb3 + 12a2c2a4 + 6a2c2b5 + 4a b3a2 + 4a b3b3 + 24a b2ca4 + 12a b2cb5 + 2b4a4 + b4b5 − 2Aa2a5 = 0

8a c3b1 + 4a c3b5 + 12b2c2b1 + 6b2c2b5 + 8b c3b2 + 2c4b4 − 6Aaba3 − 2Aaca5 − 4Aacb6 − Ab2a5 − 2Ab2b6 = 0
6a2c2a2 + 6a2c2b3 + 12a b2ca2 + 12a b2cb3 + 24ab c2a4 + 12ab c2b5 + b4a2 + b4b3 + 8b3ca4 + 4b3cb5 − 2Aa2a3 − 4Aaba5 = 0

12a2c2b1 + 6a2c2b5 + 24a b2cb1 + 12a b2cb5 + 24ab c2b2 + 8a c3b4 + 2b4b1 + b4b5 + 8b3cb2 + 12b2c2b4 − 3Aa2a5 − 2Aa2b6 = 0
12ab c2a2 + 12ab c2b3 + 8a c3a4 + 4a c3b5 + 4b3ca2 + 4b3cb3 + 12b2c2a4 + 6b2c2b5 − 4Aa2a6 − 4Aaba3 − 4Aaca5 − 2Ab2a5 = 0
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Solving the above equations for the unknowns gives

a1 = −cb3
b

a2 = −b3

a3 = 0

a4 = −ab3
b

a5 = 0
a6 = 0

b1 = −ab3
b

b2 = 0
b3 = b3

b4 = 0

b5 =
2ab3
b

b6 = 0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = −a x2 + bx+ c

b

η = 2axy + by − a

b

Shifting is now applied to make ξ = 0 in order to simplify the rest of the computation

η = η − ω(x, y) ξ

= 2axy + by − a

b
−
(
−y2a2x4 + 2y2ab x3 + 2a x2y2c+ y2b2x2 + 2y2bcx+ c2y2 + A

(a x2 + bx+ c)2
)(

−a x2 + bx+ c

b

)
= −y2a2x4 − 2y2ab x3 + 2a2x3y − 2a x2y2c− y2b2x2 + 3ab x2y − 2y2bcx− a2x2 + 2acxy + b2xy − c2y2 − abx+ ybc− ca− A

ab x2 + b2x+ bc

ξ = 0

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.
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The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x

S is found from

S =
∫ 1

η
dy

=
∫ 1

−y2a2x4−2y2ab x3+2a2x3y−2a x2y2c−y2b2x2+3ab x2y−2y2bcx−a2x2+2acxy+b2xy−c2y2−abx+ybc−ca−A
ab x2+b2x+bc

dy

Which results in

S = −
2(ab x2 + b2x+ bc) arctan

(
2y
(
a2x4+2b x3a+2ac x2+b2x2+2bxc+c2

)
−2a2x3−3ab x2−2acx−b2x−bc√

4a3c x4−a2b2x4+4Aa2x4+8a2bc x3−2a b3x3+8Aab x3+8a2c2x2+2a b2c x2−b4x2+8Aac x2+4Ab2x2+8ab c2x−2b3cx+8Abcx+4a c3−b2c2+4Ac2

)
√
4a3c x4 − a2b2x4 + 4Aa2x4 + 8a2bc x3 − 2a b3x3 + 8Aab x3 + 8a2c2x2 + 2a b2c x2 − b4x2 + 8Aac x2 + 4Ab2x2 + 8ab c2x− 2b3cx+ 8Abcx+ 4a c3 − b2c2 + 4Ac2

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)

Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = −y2a2x4 + 2y2ab x3 + 2a x2y2c+ y2b2x2 + 2y2bcx+ c2y2 + A

(a x2 + bx+ c)2

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = − 2(4axy + 2by − 2a) b
(4ca− b2 + 4A)

(
(2a x2y+2bxy−2xa+2yc−b)2

4ca−b2+4A + 1
)

Sy = − 2(2a x2 + 2bx+ 2c) b
(4ca− b2 + 4A)

(
(2a x2y+2bxy−2xa+2yc−b)2

4ca−b2+4A + 1
)
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Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= b

a x2 + bx+ c
(2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= b

R2a+Rb+ c

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) =
2b arctan

(
2Ra+b√
4ca−b2

)
√
4ca− b2

+ c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

−
2 arctan

(
2a x2y+2ybx−2xa+2yc−b√

4ca−b2+4A

)
b

√
4ca− b2 + 4A

=
2b arctan

(
2xa+b√
4ca−b2

)
√
4ca− b2

+ c1

Which simplifies to

−
2 arctan

(
2a x2y+2ybx−2xa+2yc−b√

4ca−b2+4A

)
b

√
4ca− b2 + 4A

=
2b arctan

(
2xa+b√
4ca−b2

)
√
4ca− b2

+ c1

Which gives

y = −
tan

(√
4ca−b2+4A

(√
4ca−b2 c1+2b arctan

(
2xa+b√
4ca−b2

))
2
√
4ca−b2 b

)
√
4ca− b2 + 4A− 2xa− b

2 (a x2 + bx+ c)

Summary
The solution(s) found are the following

(1)y = −
tan

(√
4ca−b2+4A

(√
4ca−b2 c1+2b arctan

(
2xa+b√
4ca−b2

))
2
√
4ca−b2 b

)
√
4ca− b2 + 4A− 2xa− b

2 (a x2 + bx+ c)
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Verification of solutions

y = −
tan

(√
4ca−b2+4A

(√
4ca−b2 c1+2b arctan

(
2xa+b√
4ca−b2

))
2
√
4ca−b2 b

)
√
4ca− b2 + 4A− 2xa− b

2 (a x2 + bx+ c)

Verified OK.

2.20.2 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −y2a2x4 + 2y2ab x3 + 2a x2y2c+ y2b2x2 + 2y2bcx+ c2y2 + A

(a x2 + bx+ c)2

This is a Riccati ODE. Comparing the ODE to solve

y′ = − y2a2x4

(a x2 + bx+ c)2
− 2y2ab x3

(a x2 + bx+ c)2
− 2a x2y2c

(a x2 + bx+ c)2
− y2b2x2

(a x2 + bx+ c)2
− 2y2bcx
(a x2 + bx+ c)2

− c2y2

(a x2 + bx+ c)2
− A

(a x2 + bx+ c)2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = − A
(a x2+bx+c)2 , f1(x) = 0 and f2(x) = −a2x4+2b x3a+2ac x2+b2x2+2bxc+c2

(a x2+bx+c)2 .
Let

y = −u′

f2u

= −u′

− (a2x4+2b x3a+2ac x2+b2x2+2bxc+c2)u
(a x2+bx+c)2

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −4a2x3 + 6ab x2 + 4acx+ 2b2x+ 2bc

(a x2 + bx+ c)2
+ 2(a2x4 + 2b x3a+ 2ac x2 + b2x2 + 2bxc+ c2) (2xa+ b)

(a x2 + bx+ c)3

f1f2 = 0

f 2
2 f0 = −(a2x4 + 2b x3a+ 2ac x2 + b2x2 + 2bxc+ c2)2A

(a x2 + bx+ c)6
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Substituting the above terms back in equation (2) gives

−(a2x4 + 2b x3a+ 2ac x2 + b2x2 + 2bxc+ c2)u′′(x)
(a x2 + bx+ c)2

−
(
−4a2x3 + 6ab x2 + 4acx+ 2b2x+ 2bc

(a x2 + bx+ c)2
+ 2(a2x4 + 2b x3a+ 2ac x2 + b2x2 + 2bxc+ c2) (2xa+ b)

(a x2 + bx+ c)3
)
u′(x)− (a2x4 + 2b x3a+ 2ac x2 + b2x2 + 2bxc+ c2)2Au(x)

(a x2 + bx+ c)6
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =


(
−b+ i

√
4ca− b2 − 2xa

b+ i
√
4ca− b2 + 2xa

)a

√
−4ca+b2−4A

a2
2
√

−4ca+b2

c1

+
(
−b+ i

√
4ca− b2 − 2xa

b+ i
√
4ca− b2 + 2xa

)−
a

√
−4ca+b2−4A

a2
2
√

−4ca+b2

c2

√
a x2 + bx+ c

The above shows that

u′(x)

=

2

c2

(
i
√
4ca− b2

√
−4ca+b2−4A

a2
a− 2

√
−4ca+ b2

(
xa+ b

2

))(−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
−4ca+b2−4A

a2
2
√

−4ca+b2 −
(
i
√
4ca− b2

√
−4ca+b2−4A

a2
a+ 2

√
−4ca+ b2

(
xa+ b

2

))(−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
−4ca+b2−4A

a2
2
√

−4ca+b2 c1

 a
√
a x2 + bx+ c

√
−4ca+ b2

(
−b+ i

√
4ca− b2 − 2xa

) (
b+ i

√
4ca− b2 + 2xa

)
Using the above in (1) gives the solution

y

=

2

c2

(
i
√
4ca− b2

√
−4ca+b2−4A

a2
a− 2

√
−4ca+ b2

(
xa+ b

2

))(−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
−4ca+b2−4A

a2
2
√

−4ca+b2 −
(
i
√
4ca− b2

√
−4ca+b2−4A

a2
a+ 2

√
−4ca+ b2

(
xa+ b

2

))(−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
−4ca+b2−4A

a2
2
√

−4ca+b2 c1

 a(a x2 + bx+ c)2

√
−4ca+ b2

(
−b+ i

√
4ca− b2 − 2xa

) (
b+ i

√
4ca− b2 + 2xa

)
(a2x4 + 2b x3a+ 2ac x2 + b2x2 + 2bxc+ c2)

(−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
−4ca+b2−4A

a2
2
√

−4ca+b2 c1 +
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
−4ca+b2−4A

a2
2
√

−4ca+b2 c2


Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=

2

(i√4ca− b2
√

−4ca+b2−4A
a2

a− 2
√
−4ca+ b2

(
xa+ b

2

))(−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
−4ca+b2−4A

a2
2
√

−4ca+b2 −
(
i
√
4ca− b2

√
−4ca+b2−4A

a2
a+ 2

√
−4ca+ b2

(
xa+ b

2

))(−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
−4ca+b2−4A

a2
2
√

−4ca+b2 c3

 a

√
−4ca+ b2

(−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
−4ca+b2−4A

a2
2
√

−4ca+b2 c3 +
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
−4ca+b2−4A

a2
2
√

−4ca+b2

(−b+ i
√
4ca− b2 − 2xa

) (
b+ i

√
4ca− b2 + 2xa

)

Summary
The solution(s) found are the following

(1)y

=

2

(i√4ca− b2
√

−4ca+b2−4A
a2

a− 2
√
−4ca+ b2

(
xa+ b

2

))(−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
−4ca+b2−4A

a2
2
√

−4ca+b2 −
(
i
√
4ca− b2

√
−4ca+b2−4A

a2
a+ 2

√
−4ca+ b2

(
xa+ b

2

))(−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
−4ca+b2−4A

a2
2
√

−4ca+b2 c3

 a

√
−4ca+ b2

(−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
−4ca+b2−4A

a2
2
√

−4ca+b2 c3 +
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
−4ca+b2−4A

a2
2
√

−4ca+b2

(−b+ i
√
4ca− b2 − 2xa

) (
b+ i

√
4ca− b2 + 2xa

)
Verification of solutions
y

=

2

(i√4ca− b2
√

−4ca+b2−4A
a2

a− 2
√
−4ca+ b2

(
xa+ b

2

))(−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
−4ca+b2−4A

a2
2
√

−4ca+b2 −
(
i
√
4ca− b2

√
−4ca+b2−4A

a2
a+ 2

√
−4ca+ b2

(
xa+ b

2

))(−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
−4ca+b2−4A

a2
2
√

−4ca+b2 c3

 a

√
−4ca+ b2

(−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
−4ca+b2−4A

a2
2
√

−4ca+b2 c3 +
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
−4ca+b2−4A

a2
2
√

−4ca+b2

(−b+ i
√
4ca− b2 − 2xa

) (
b+ i

√
4ca− b2 + 2xa

)
Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -A*y(x)/(a^2*x^4+2*a*b*x^3+2*a*c*x^2+b^2*x^2+2*b*c*x+c^2), y(x)`

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 493� �
dsolve((a*x^2+b*x+c)^2*(diff(y(x),x)+y(x)^2)+A=0,y(x), singsol=all)� �
y(x)

=

2

c1

(
i
√

−4ac+b2−4A
a2

a
√
4ac− b2 − 2

√
−4ac+ b2

(
b
2 + ax

))(−b+i
√
4ac−b2−2ax

i
√
4ac−b2+2ax+b

)−a

√
−4ac+b2−4A

a2
2
√

−4ac+b2 −
(
i
√

−4ac+b2−4A
a2

a
√
4ac− b2 + 2

√
−4ac+ b2

(
b
2 + ax

))(−b+i
√
4ac−b2−2ax

i
√
4ac−b2+2ax+b

)a

√
−4ac+b2−4A

a2
2
√

−4ac+b2

 a

√
−4ac+ b2

(
i
√
4ac− b2 + 2ax+ b

) (
−b+ i

√
4ac− b2 − 2ax

)c1
(

−b+i
√
4ac−b2−2ax

i
√
4ac−b2+2ax+b

)−a

√
−4ac+b2−4A

a2
2
√

−4ac+b2 +
(

−b+i
√
4ac−b2−2ax

i
√
4ac−b2+2ax+b

)a

√
−4ac+b2−4A

a2
2
√

−4ac+b2


3 Solution by Mathematica
Time used: 5.579 (sec). Leaf size: 743� �
DSolve[(a*x^2+b*x+c)^2*(y'[x]+y[x]^2)+A==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
b2c1

(
− exp

(
2
√
4ac−b2

√
1− 4A

b2−4ac arctan
(

2ax+b√
4ac−b2

)
√
b2−4ac

))
+ bc1

√
b2 − 4ac

√
1− 4A

b2−4ac exp
(

2
√
4ac−b2

√
1− 4A

b2−4ac arctan
(

2ax+b√
4ac−b2

)
√
b2−4ac

)
+ 4Ac1 exp

(
2
√
4ac−b2

√
1− 4A

b2−4ac arctan
(

2ax+b√
4ac−b2

)
√
b2−4ac

)
+ 4acc1 exp

(
2
√
4ac−b2

√
1− 4A

b2−4ac arctan
(

2ax+b√
4ac−b2

)
√
b2−4ac

)
+ 2ac1x

√
b2 − 4ac

√
1− 4A

b2−4ac exp
(

2
√
4ac−b2

√
1− 4A

b2−4ac arctan
(

2ax+b√
4ac−b2

)
√
b2−4ac

)
+
√
b2 − 4ac

√
1− 4A

b2−4ac + 2ax+ b

2(x(ax+ b) + c)
(
1 + c1

√
b2 − 4ac

√
1− 4A

b2−4ac exp
(

2
√
4ac−b2

√
1− 4A

b2−4ac arctan
(

2ax+b√
4ac−b2

)
√
b2−4ac

))

y(x) →
2ax

√
b2 − 4ac

√
1− 4A

b2−4ac + b
√
b2 − 4ac

√
1− 4A

b2−4ac + 4ac+ 4A− b2

2
√
b2 − 4ac

√
1− 4A

b2−4ac(x(ax+ b) + c)
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2.21 problem 21
2.21.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 167

Internal problem ID [10351]
Internal file name [OUTPUT/9298_Monday_June_06_2022_01_49_29_PM_68667329/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 21.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

xn+1y′ − x2ny2a = c xm + d

2.21.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
=
(
x2na y2 + c xm + d

)
x−n−1

This is a Riccati ODE. Comparing the ODE to solve

y′ = xna y2

x
+ x−nc xm

x
+ x−nd

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = (c xm + d)x−n−1, f1(x) = 0 and f2(x) = x2na x−n−1. Let

y = −u′

f2u

= −u′

x2na x−n−1u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

2x2nna x−n−1

x
− x2na x−n−1(n+ 1)

x
f1f2 = 0
f 2
2 f0 = x4na2x−3n−3(c xm + d)

Substituting the above terms back in equation (2) gives

x2na x−n−1u′′(x)−
(
2x2nna x−n−1

x
− x2na x−n−1(n+ 1)

x

)
u′(x) + x4na2x−3n−3(c xm + d)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x
n
2

(
BesselY

(√
−4ad+ n2

m
,
2
√
ca x

m
2

m

)
c2

+ BesselJ
(√

−4ad+ n2

m
,
2
√
ca x

m
2

m

)
c1

)

The above shows that

u′(x)

=
x−1+n

2

(
−2
(
BesselJ

(√
−4ad+n2

m
+ 1, 2

√
ca x

m
2

m

)
c1 + BesselY

(√
−4ad+n2

m
+ 1, 2

√
ca x

m
2

m

)
c2
)√

ca x
m
2 +

(
BesselY

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
c2 + BesselJ

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
c1
) (√

−4ad+ n2 + n
))

2

Using the above in (1) gives the solution

y =

−
x−1+n

2

(
−2
(
BesselJ

(√
−4ad+n2

m
+ 1, 2

√
ca x

m
2

m

)
c1 + BesselY

(√
−4ad+n2

m
+ 1, 2

√
ca x

m
2

m

)
c2
)√

ca x
m
2 +

(
BesselY

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
c2 + BesselJ

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
c1
) (√

−4ad+ n2 + n
))

x−2nxn+1x−n
2

2a
(
BesselY

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
c2 + BesselJ

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
c1
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
−2
(
BesselJ

(√
−4ad+n2

m
+ 1, 2

√
ca x

m
2

m

)
c3 + BesselY

(√
−4ad+n2

m
+ 1, 2

√
ca x

m
2

m

))√
ca x

m
2 +

(
BesselY

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
+ BesselJ

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
c3
) (√

−4ad+ n2 + n
))

x−n

2a
(
BesselY

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
+ BesselJ

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
c3
)

Summary
The solution(s) found are the following

(1)y =

−

(
−2
(
BesselJ

(√
−4ad+n2

m
+ 1, 2

√
ca x

m
2

m

)
c3 + BesselY

(√
−4ad+n2

m
+ 1, 2

√
ca x

m
2

m

))√
ca x

m
2 +

(
BesselY

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
+ BesselJ

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
c3
) (√

−4ad+ n2 + n
))

x−n

2a
(
BesselY

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
+ BesselJ

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
c3
)

Verification of solutions
y =

−

(
−2
(
BesselJ

(√
−4ad+n2

m
+ 1, 2

√
ca x

m
2

m

)
c3 + BesselY

(√
−4ad+n2

m
+ 1, 2

√
ca x

m
2

m

))√
ca x

m
2 +

(
BesselY

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
+ BesselJ

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
c3
) (√

−4ad+ n2 + n
))

x−n

2a
(
BesselY

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
+ BesselJ

(√
−4ad+n2

m
, 2

√
ca x

m
2

m

)
c3
)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (n-1)*(diff(y(x), x))/x-x^(n-1)*a*(x^(-n-1+m)*c+x^(-n-1)*d)*y(x), y(x)

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
<- Bessel successful

<- special function solution successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 235� �
dsolve(x^(n+1)*diff(y(x),x)=a*x^(2*n)*y(x)^2+c*x^m+d,y(x), singsol=all)� �
y(x) =

−
x−n
(
−2

√
ac
(
BesselY

(√
−4ad+n2

m
+ 1, 2

√
ac x

m
2

m

)
c1 + BesselJ

(√
−4ad+n2

m
+ 1, 2

√
ac x

m
2

m

))
x

m
2 +

(
BesselY

(√
−4ad+n2

m
, 2

√
ac x

m
2

m

)
c1 + BesselJ

(√
−4ad+n2

m
, 2

√
ac x

m
2

m

)) (√
−4ad+ n2 + n

))
2a
(
BesselY

(√
−4ad+n2

m
, 2

√
ac x

m
2

m

)
c1 + BesselJ

(√
−4ad+n2

m
, 2

√
ac x

m
2

m

))
3 Solution by Mathematica
Time used: 2.124 (sec). Leaf size: 1890� �
DSolve[x^(n+1)*y'[x]==a*x^(2*n)*y[x]^2+c*x^m+d,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

x−n

a
√

n2−4ad
m m

2
√

m2
(
n2−4ad

)
m2

(√
m2 (n2 − 4ad)−m

(
n+

√
n2 − 4ad

))
(xm)

√
n2−4ad

m
+ 1

2 BesselJ
(√

m2(n2−4ad)
m2 , 2

√
a
√
c
√
xm

m

)
Gamma

(
m+

√
n2−4ad
m

)
c
√

n2−4ad
m − a

√
m2
(
n2−4ad

)
m2 m

2
√

n2−4ad
m

+1n(xm)

√
m2
(
n2−4ad

)
m2 + 1

2 BesselJ
(
−
√

m2(n2−4ad)
m2 , 2

√
a
√
c
√
xm

m

)
c1Gamma

(
1−

√
n2−4ad
m

)
c

√
m2
(
n2−4ad

)
m2 + a

√
m2
(
n2−4ad

)
m2 m

2
√

n2−4ad
m

+1√n2 − 4ad(xm)

√
m2
(
n2−4ad

)
m2 + 1

2 BesselJ
(
−
√

m2(n2−4ad)
m2 , 2

√
a
√
c
√
xm

m

)
c1Gamma

(
1−

√
n2−4ad
m

)
c

√
m2
(
n2−4ad

)
m2 − a

√
m2
(
n2−4ad

)
m2 m

2
√

n2−4ad
m

√
m2 (n2 − 4ad)(xm)

√
m2
(
n2−4ad

)
m2 + 1

2 BesselJ
(
−
√

m2(n2−4ad)
m2 , 2

√
a
√
c
√
xm

m

)
c1Gamma

(
1−

√
n2−4ad
m

)
c

√
m2
(
n2−4ad

)
m2 + a

√
n2−4ad

m
+ 1

2m
m2+2

√
m2
(
n2−4ad

)
m2 (xm)

m+
√

n2−4ad
m BesselJ

(
m2+

√
m2(n2−4ad)
m2 , 2

√
a
√
c
√
xm

m

)
Gamma

(
m+

√
n2−4ad
m

)
c
√

n2−4ad
m

+ 1
2 − a

√
n2−4ad

m
+ 1

2m
m2+2

√
m2
(
n2−4ad

)
m2 (xm)

m+
√

n2−4ad
m BesselJ

(√
m2(n2−4ad)

m2 − 1, 2
√
a
√
c
√
xm

m

)
Gamma

(
m+

√
n2−4ad
m

)
c
√

n2−4ad
m

+ 1
2 − a

√
m2
(
n2−4ad

)
m2 + 1

2m
2
√

n2−4ad
m

+1(xm)
m2+

√
m2
(
n2−4ad

)
m2 BesselJ

(
−
√

m2(n2−4ad)
m2 − 1, 2

√
a
√
c
√
xm

m

)
c1Gamma

(
1−

√
n2−4ad
m

)
c

√
m2
(
n2−4ad

)
m2 + 1

2 + a

√
m2
(
n2−4ad

)
m2 + 1

2m
2
√

n2−4ad
m

+1(xm)
m2+

√
m2
(
n2−4ad

)
m2 BesselJ

(
1−

√
m2(n2−4ad)

m2 , 2
√
a
√
c
√
xm

m

)
c1Gamma

(
1−

√
n2−4ad
m

)
c

√
m2
(
n2−4ad

)
m2 + 1

2


2am

√
xm

a
√

n2−4ad
m c

√
n2−4ad

m m
2
√

m2
(
n2−4ad

)
m2 BesselJ

(√
m2(n2−4ad)

m2 , 2
√
a
√
c
√
xm

m

)
Gamma

(
m+

√
n2−4ad
m

)
(xm)

√
n2−4ad

m + a

√
m2
(
n2−4ad

)
m2 c

√
m2
(
n2−4ad

)
m2 m

2
√

n2−4ad
m BesselJ

(
−
√

m2(n2−4ad)
m2 , 2

√
a
√
c
√
xm

m

)
c1Gamma

(
1−

√
n2−4ad
m

)
(xm)

√
m2
(
n2−4ad

)
m2


y(x)

→

x−n


√
a
√
c
√
xm

BesselJ

1−

√
m2
(
n2−4ad

)
m2 , 2

√
a
√
c
√
xm

m

−BesselJ

−

√
m2
(
n2−4ad

)
m2 −1, 2

√
a
√
c
√
xm

m


BesselJ

−

√
m2
(
n2−4ad

)
m2 , 2

√
a
√
c
√
xm

m

 −
√

m2(n2−4ad)
m

+
√
n2 − 4ad− n


2a
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2.22 problem 22
2.22.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 172

Internal problem ID [10352]
Internal file name [OUTPUT/9299_Monday_June_06_2022_01_49_31_PM_23841973/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 22.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

(xna+ b) y′ − by2 = a x−2+n

2.22.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2b+ a x−2+n

xna+ b

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2b

xna+ b
+ a xn

(xna+ b)x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a x−2+n

xna+b
, f1(x) = 0 and f2(x) = b

xna+b
. Let

y = −u′

f2u

= −u′

bu
xna+b

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − ban xn

(xna+ b)2 x
f1f2 = 0

f 2
2 f0 =

b2a x−2+n

(xna+ b)3

Substituting the above terms back in equation (2) gives

bu′′(x)
xna+ b

+ ban xnu′(x)
(xna+ b)2 x

+ b2a x−2+nu(x)
(xna+ b)3

= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
((

xna+ b

b

)− 2
n

c1x+ hypergeom
([

1, 1
n

]
,

[
1− 1

n

]
,−a xn

b

)
c2

)
(xna+ b)

1
n

The above shows that

u′(x) =

−
2
(
xna+b

b

)− 2
n a xnc1

xna+ b
+
(
xna+ b

b

)− 2
n

c1

−
anc2x

n−1 hypergeom
([
2, 1 + 1

n

]
,
[
2− 1

n

]
,−a xn

b

)
b (n− 1)

 (xna+ b)
1
n + a(xna

+ b)−
n−1
n xn

((
xna+ b

b

)− 2
n

c1 +
hypergeom

([
1, 1

n

]
,
[
1− 1

n

]
,−a xn

b

)
c2

x

)

Using the above in (1) gives the solution

y =

−

((
−

2
(

xna+b
b

)− 2
n
a xnc1

xna+b
+
(
xna+b

b

)− 2
n c1 −

anc2xn−1 hypergeom
([

2,1+ 1
n

]
,
[
2− 1

n

]
,−a xn

b

)
b(n−1)

)
(xna+ b)

1
n + a(xna+ b)−

n−1
n xn

((
xna+b

b

)− 2
n c1 +

hypergeom
([

1, 1
n

]
,
[
1− 1

n

]
,−a xn

b

)
c2

x

))
(xna+ b) (xna+ b)−

1
n

b
((

xna+b
b

)− 2
n c1x+ hypergeom

([
1, 1

n

]
,
[
1− 1

n

]
,−a xn

b

)
c2
)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
a
(
xna+b

b

) 2
n n(a2x3n + 2ab x2n + xnb2) hypergeom

([
2, n+1

n

]
,
[2n−1

n

]
,−a xn

b

)
− b
(
a
(
xna+b

b

) 2
n (a x2n + b xn) hypergeom

([
1, 1

n

]
,
[
n−1
n

]
,−a xn

b

)
+ bc3(a xn+1 + bx)

)
(n− 1)

b2 (n− 1)x
(
c3x+ hypergeom

([
1, 1

n

]
,
[
n−1
n

]
,−a xn

b

) (
xna+b

b

) 2
n

)
(xna+ b)

Summary
The solution(s) found are the following

(1)y

=
a
(
xna+b

b

) 2
n n(a2x3n + 2ab x2n + xnb2) hypergeom

([
2, n+1

n

]
,
[2n−1

n

]
,−a xn

b

)
− b
(
a
(
xna+b

b

) 2
n (a x2n + b xn) hypergeom

([
1, 1

n

]
,
[
n−1
n

]
,−a xn

b

)
+ bc3(a xn+1 + bx)

)
(n− 1)

b2 (n− 1)x
(
c3x+ hypergeom

([
1, 1

n

]
,
[
n−1
n

]
,−a xn

b

) (
xna+b

b

) 2
n

)
(xna+ b)

Verification of solutions
y

=
a
(
xna+b

b

) 2
n n(a2x3n + 2ab x2n + xnb2) hypergeom

([
2, n+1

n

]
,
[2n−1

n

]
,−a xn

b

)
− b
(
a
(
xna+b

b

) 2
n (a x2n + b xn) hypergeom

([
1, 1

n

]
,
[
n−1
n

]
,−a xn

b

)
+ bc3(a xn+1 + bx)

)
(n− 1)

b2 (n− 1)x
(
c3x+ hypergeom

([
1, 1

n

]
,
[
n−1
n

]
,−a xn

b

) (
xna+b

b

) 2
n

)
(xna+ b)

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -a*n*x^n*(diff(y(x), x))/((x^n*a+b)*x)-b*x^(n-2)*a*y(x)/(x^n*a+b)^2, y

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful

-> Trying to convert hypergeometric functions to elementary form...
<- elementary form could result into a too large expression - returning special function form of solution, free of un

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 224� �
dsolve((a*x^n+b)*diff(y(x),x)=b*y(x)^2+a*x^(n-2),y(x), singsol=all)� �
y(x)

=

(
a xn+b

b

) 2
n

(
anc1(a2x3n + 2ab x2n + b2xn) hypergeom

([
2, n+1

n

]
,
[2n−1

n

]
,−a xn

b

)
− (n− 1) b

(
ac1(a x2n + b xn) hypergeom

([
1, 1

n

]
,
[
n−1
n

]
,−a xn

b

)
+
(
a xn+b

b

)− 2
n b(xn+1a+ bx)

))
b2 (n− 1)x (a xn + b)

(
x+ hypergeom

([
1, 1

n

]
,
[
n−1
n

]
,−a xn

b

)
c1
(
a xn+b

b

) 2
n

)
3 Solution by Mathematica
Time used: 1.899 (sec). Leaf size: 289� �
DSolve[(a*x^n+b)*y'[x]==b*y[x]^2+a*x^(n-2),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
−b2(−1) 1

n (n− 1)
(
−axn

b

) 1
n − abc1(n− 1)xn

(
axn

b
+ 1
)2/nHypergeometric2F1

(
1, 1

n
, n−1

n
,−axn

b

)
+ ac1nx

n(axn + b)
(
axn

b
+ 1
)2/nHypergeometric2F1

(
2, 1 + 1

n
, 2− 1

n
,−axn

b

)
b2(n− 1)x

(
(−1) 1

n

(
−axn

b

) 1
n + c1

(
axn

b
+ 1
)2/nHypergeometric2F1

(
1, 1

n
, n−1

n
,−axn

b

))

y(x) →
axn−1

(
n(axn+b)Hypergeometric2F1

(
2,1+ 1

n
,2− 1

n
,−axn

b

)
Hypergeometric2F1

(
1, 1

n
,n−1

n
,−axn

b

) + b(−n) + b

)
b2(n− 1)
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2.23 problem 23
2.23.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 177

Internal problem ID [10353]
Internal file name [OUTPUT/9300_Monday_June_06_2022_01_49_33_PM_14490210/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 23.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

(xna+ b xm + c)
(
y′ − y2

)
= −an(n− 1)x−2+n − bm(m− 1)xm−2

2.23.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a xny2 + xmy2b− a n2x−2+n − bm2xm−2 + c y2 + an x−2+n + bmxm−2

xna+ b xm + c

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xny2

xna+ b xm + c
+ xmy2b

xna+ b xm + c
− a n2xn

(xna+ b xm + c)x2−
bm2xm

(xna+ b xm + c)x2+
c y2

xna+ b xm + c
+ an xn

(xna+ b xm + c)x2+
bmxm

(xna+ b xm + c)x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −an2x−2+n−bm2xm−2+anx−2+n+bmxm−2

xna+b xm+c
, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)

177



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

−a n2x−2+n − bm2xm−2 + an x−2+n + bmxm−2

xna+ b xm + c

Substituting the above terms back in equation (2) gives

u′′(x) + (−a n2x−2+n − bm2xm−2 + an x−2+n + bmxm−2)u(x)
xna+ b xm + c

= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
((∫ 1

(xna+ b xm + c)2
dx

)
c1 + c2

)
(xna+ b xm + c)

The above shows that

u′(x) = c1
xna+ b xm + c

+

((∫ 1
(xna+b xm+c)2dx

)
c1 + c2

)
(xnna+ b xmm)

x

Using the above in (1) gives the solution

y = −
c1

xna+b xm+c
+
((∫ 1

(xna+b xm+c)2
dx
)
c1+c2

)
(xnna+b xmm)

x((∫ 1
(xna+b xm+c)2dx

)
c1 + c2

)
(xna+ b xm + c)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
− c3

xna+b xm+c
−
((∫ 1

(xna+b xm+c)2
dx
)
c3+1

)
(xnna+b xmm)

x((∫ 1
(xna+b xm+c)2dx

)
c3 + 1

)
(xna+ b xm + c)
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Summary
The solution(s) found are the following

(1)y =
− c3

xna+b xm+c
−
((∫ 1

(xna+b xm+c)2
dx
)
c3+1

)
(xnna+b xmm)

x((∫ 1
(xna+b xm+c)2dx

)
c3 + 1

)
(xna+ b xm + c)

Verification of solutions

y =
− c3

xna+b xm+c
−
((∫ 1

(xna+b xm+c)2
dx
)
c3+1

)
(xnna+b xmm)

x((∫ 1
(xna+b xm+c)2dx

)
c3 + 1

)
(xna+ b xm + c)

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (b*m^2*x^(-2+m)+a*n^2*x^(n-2)-b*m*x^(-2+m)-a*n*x^(n-2))*y(x)/(x^n*a+b*

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 141� �
dsolve((a*x^n+b*x^m+c)*(diff(y(x),x)-y(x)^2)+a*n*(n-1)*x^(n-2)+b*m*(m-1)*x^(m-2)=0,y(x), singsol=all)� �
y(x)

=
−(an xn + bmxm) (a xn + b xm + c)

(∫ 1
(a xn+b xm+c)2dx

)
− x2mc1b

2m− b(a(n+m)xn + cm) c1xm − x2nc1a
2n− xnc1acn− x

(a xn + b xm + c)2 x
(
c1 +

∫ 1
(a xn+b xm+c)2dx

)
3 Solution by Mathematica
Time used: 35.099 (sec). Leaf size: 201� �
DSolve[(a*x^n+b*x^m+c)*(y'[x]-y[x]^2)+a*n*(n-1)*x^(n-2)+b*m*(m-1)*x^(m-2)==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
c1

(
(anxn+bmxm)

∫ x
1

1
(bK[1]m+aK[1]n+c)2

dK[1]

x
+ 1

axn+bxm+c

)
+ anxn−1 + bmxm−1

(axn + bxm + c)
(
1 + c1

∫ x

1
1

(bK[1]m+aK[1]n+c)2dK[1]
)

y(x) → −
1∫ x

1
1

(bK[1]m+aK[1]n+c)2
dK[1] +

(anxn+bmxm)(axn+bxm+c)
x

(axn + bxm + c)2
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2.24 problem 24
2.24.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 181

Internal problem ID [10354]
Internal file name [OUTPUT/9301_Monday_June_06_2022_01_49_47_PM_70081015/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 24.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − ay2 − yb = cx+ k

2.24.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a y2 + by + cx+ k

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2 + by + cx+ k

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = cx+ k, f1(x) = b and f2(x) = a. Let

y = −u′

f2u

= −u′

au
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = ab

f 2
2 f0 = a2(cx+ k)

Substituting the above terms back in equation (2) gives

au′′(x)− abu′(x) + a2(cx+ k)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e bx
2

AiryAi

−
(ca)

1
3

(
(cx+ k) a− b2

4

)
ac

 c1

+AiryBi

−
(ca)

1
3

(
(cx+ k) a− b2

4

)
ac

 c2


The above shows that

u′(x)

=
e bx

2

(
−2(ca)

1
3 AiryAi

(
1,−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c1 − 2(ca)

1
3 AiryBi

(
1,−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c2 + b

(
AiryAi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c1 +AiryBi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c2

))
2

Using the above in (1) gives the solution

y =

−
−2(ca)

1
3 AiryAi

(
1,−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c1 − 2(ca)

1
3 AiryBi

(
1,−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c2 + b

(
AiryAi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c1 +AiryBi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c2

)
2a
(
AiryAi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c1 +AiryBi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
−AiryAi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c3b− bAiryBi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
+ 2(ca)

1
3

(
AiryAi

(
1,−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c3 +AiryBi

(
1,−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

))
2a
(
AiryAi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c3 +AiryBi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

))
Summary
The solution(s) found are the following

(1)y

=
−AiryAi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c3b− bAiryBi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
+ 2(ca)

1
3

(
AiryAi

(
1,−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c3 +AiryBi

(
1,−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

))
2a
(
AiryAi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c3 +AiryBi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

))
Verification of solutions
y

=
−AiryAi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c3b− bAiryBi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
+ 2(ca)

1
3

(
AiryAi

(
1,−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c3 +AiryBi

(
1,−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

))
2a
(
AiryAi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

)
c3 +AiryBi

(
−

(ca)
1
3
(
(cx+k)a− b2

4

)
ac

))
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Abel AIR successful: ODE belongs to the 0F1 0-parameter (Airy type) class`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 194� �
dsolve(diff(y(x),x)=a*y(x)^2+b*y(x)+c*x+k,y(x), singsol=all)� �
y(x)

=
2
√
a
(

c√
a

) 1
3

(
AiryAi

(
1,−a(cx+k)− b2

4(
c√
a

) 2
3 a

)
c1 +AiryBi

(
1,−a(cx+k)− b2

4(
c√
a

) 2
3 a

))
− b

(
c1AiryAi

(
−a(cx+k)− b2

4(
c√
a

) 2
3 a

)
+AiryBi

(
−a(cx+k)− b2

4(
c√
a

) 2
3 a

))

2a
(
c1AiryAi

(
−a(cx+k)− b2

4(
c√
a

) 2
3 a

)
+AiryBi

(
−a(cx+k)− b2

4(
c√
a

) 2
3 a

))

3 Solution by Mathematica
Time used: 0.51 (sec). Leaf size: 359� �
DSolve[y'[x]==a*y[x]^2+b*y[x]+c*x+k,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
c
(
−b(−ac)2/3AiryBi

(
b2−4a(k+cx)
4(−ac)2/3

)
+ 2acAiryBiPrime

(
b2−4a(k+cx)
4(−ac)2/3

)
+ c1

(
2acAiryAiPrime

(
b2−4a(k+cx)
4(−ac)2/3

)
− b(−ac)2/3AiryAi

(
b2−4a(k+cx)
4(−ac)2/3

)))
2(−ac)5/3

(
AiryBi

(
b2−4a(k+cx)
4(−ac)2/3

)
+ c1AiryAi

(
b2−4a(k+cx)
4(−ac)2/3

))

y(x) → −

2 3
√
−acAiryAiPrime

(
b2−4a(k+cx)
4(−ac)2/3

)
AiryAi

(
b2−4a(k+cx)
4(−ac)2/3

) + b

2a

y(x) → −

2 3
√
−acAiryAiPrime

(
b2−4a(k+cx)
4(−ac)2/3

)
AiryAi

(
b2−4a(k+cx)
4(−ac)2/3

) + b

2a
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2.25 problem 25
2.25.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 185

Internal problem ID [10355]
Internal file name [OUTPUT/9302_Monday_June_06_2022_01_49_48_PM_63309599/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 25.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − a xny = a xn−1

2.25.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + a xny + a xn−1

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a xny + a xn

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a xn−1, f1(x) = xna and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = xna

f 2
2 f0 = a xn−1

Substituting the above terms back in equation (2) gives

u′′(x)− xnau′(x) + a xn−1u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c2e
a xn+1
2+2n (n+ 1)

(
a x−n

2 − nx−1− 3n
2

)
WhittakerM

(
−n− 2
2 + 2n ,

1 + 2n
2 + 2n,−

xn+1a

n+ 1

)
− x−1− 3n

2 e
a xn+1
2+2n WhittakerM

(
n

2 + 2n,
1 + 2n
2 + 2n,−

xn+1a

n+ 1

)
c2n

2 + c1x

The above shows that

u′(x)

=

(
e

xnax
2+2n c2(n+ 1)

(
ax x

n
2 + x−n

2 n2)WhittakerM
(−n−2
2+2n ,

1+2n
2+2n ,−

xnxa
n+1

)
+ c2n

(
x−n

2 n2 + ax x
n
2 (n+ 1)

)
e

xnax
2+2n WhittakerM

(
n

2+2n ,
1+2n
2+2n ,−

xnxa
n+1

)
− 2c2e

xnxa
n+1 x−n

2 n2(1
2 + n

) (
−xnxa

n+1

) 2+3n
2+2n + c1x

2xn
)
x−n

x2

Using the above in (1) gives the solution

y =

−

(
e

xnax
2+2n c2(n+ 1)

(
ax x

n
2 + x−n

2 n2)WhittakerM
(−n−2
2+2n ,

1+2n
2+2n ,−

xnxa
n+1

)
+ c2n

(
x−n

2 n2 + ax x
n
2 (n+ 1)

)
e

xnax
2+2n WhittakerM

(
n

2+2n ,
1+2n
2+2n ,−

xnxa
n+1

)
− 2c2e

xnxa
n+1 x−n

2 n2(1
2 + n

) (
−xnxa

n+1

) 2+3n
2+2n + c1x

2xn
)
x−n

x2
(
c2e

a xn+1
2+2n (n+ 1)

(
a x−n

2 − nx−1− 3n
2

)
WhittakerM

(−n−2
2+2n ,

1+2n
2+2n ,−

xn+1a
n+1

)
− x−1− 3n

2 e
a xn+1
2+2n WhittakerM

(
n

2+2n ,
1+2n
2+2n ,−

xn+1a
n+1

)
c2n2 + c1x

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−

(
e

xnax
2+2n (n+ 1)

(
ax x

n
2 + x−n

2 n2)WhittakerM
(−n−2
2+2n ,

1+2n
2+2n ,−

xnxa
n+1

)
+ n
(
x−n

2 n2 + ax x
n
2 (n+ 1)

)
e

xnax
2+2n WhittakerM

(
n

2+2n ,
1+2n
2+2n ,−

xnxa
n+1

)
− 2 e

xnxa
n+1 x−n

2 n2(1
2 + n

) (
−xnxa

n+1

) 2+3n
2+2n + c3x

2xn
)
x−n

x
(
e

xnax
2+2n (n+ 1)

(
x−n

2 ax− nx− 3n
2

)
WhittakerM

(−n−2
2+2n ,

1+2n
2+2n ,−

xnxa
n+1

)
− x− 3n

2 e
xnax
2+2n WhittakerM

(
n

2+2n ,
1+2n
2+2n ,−

xnxa
n+1

)
n2 + c3x2

)
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Summary
The solution(s) found are the following

(1)y =

−

(
e

xnax
2+2n (n+ 1)

(
ax x

n
2 + x−n

2 n2)WhittakerM
(−n−2
2+2n ,

1+2n
2+2n ,−

xnxa
n+1

)
+ n
(
x−n

2 n2 + ax x
n
2 (n+ 1)

)
e

xnax
2+2n WhittakerM

(
n

2+2n ,
1+2n
2+2n ,−

xnxa
n+1

)
− 2 e

xnxa
n+1 x−n

2 n2(1
2 + n

) (
−xnxa

n+1

) 2+3n
2+2n + c3x

2xn
)
x−n

x
(
e

xnax
2+2n (n+ 1)

(
x−n

2 ax− nx− 3n
2

)
WhittakerM

(−n−2
2+2n ,

1+2n
2+2n ,−

xnxa
n+1

)
− x− 3n

2 e
xnax
2+2n WhittakerM

(
n

2+2n ,
1+2n
2+2n ,−

xnxa
n+1

)
n2 + c3x2

)
Verification of solutions
y =

−

(
e

xnax
2+2n (n+ 1)

(
ax x

n
2 + x−n

2 n2)WhittakerM
(−n−2
2+2n ,

1+2n
2+2n ,−

xnxa
n+1

)
+ n
(
x−n

2 n2 + ax x
n
2 (n+ 1)

)
e

xnax
2+2n WhittakerM

(
n

2+2n ,
1+2n
2+2n ,−

xnxa
n+1

)
− 2 e

xnxa
n+1 x−n

2 n2(1
2 + n

) (
−xnxa

n+1

) 2+3n
2+2n + c3x

2xn
)
x−n

x
(
e

xnax
2+2n (n+ 1)

(
x−n

2 ax− nx− 3n
2

)
WhittakerM

(−n−2
2+2n ,

1+2n
2+2n ,−

xnxa
n+1

)
− x− 3n

2 e
xnax
2+2n WhittakerM

(
n

2+2n ,
1+2n
2+2n ,−

xnxa
n+1

)
n2 + c3x2

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 400� �
dsolve(diff(y(x),x)=y(x)^2+a*x^n*y(x)+a*x^(n-1),y(x), singsol=all)� �
y(x)

=
−e

xnax
2n+2

(
−ax xn

n+1

)− n
2n+2 (n+ 1)2 (xnax− n)WhittakerM

(−n−2
2n+2 ,

2n+1
2n+2 ,−

ax xn

n+1

)
− 2n

(
−

(n+1)n e
xnax
2n+2

(
−ax xn

n+1

)− n
2n+2 WhittakerM

(
n

2n+2 ,
2n+1
2n+2 ,−

ax xn

n+1

)
2 +

(
n+ 1

2

)
xxna

(
c1x− e

ax xn

n+1

))

x

(
e

xnax
2n+2

(
−ax xn

n+1

)− n
2n+2 (n+ 1)2 (xnax− n)WhittakerM

(−n−2
2n+2 ,

2n+1
2n+2 ,−

ax xn

n+1

)
+ 2n

(
−

(n+1)n e
xnax
2n+2

(
−ax xn

n+1

)− n
2n+2 WhittakerM

(
n

2n+2 ,
2n+1
2n+2 ,−

ax xn

n+1

)
2 + a x2c1xn

(
n+ 1

2

)))

3 Solution by Mathematica
Time used: 2.82 (sec). Leaf size: 136� �
DSolve[y'[x]==y[x]^2+a*x^n*y[x]+a*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

(
−axn+1

n+1

) 1
n+1 Γ

(
− 1

n+1 ,−
axn+1

n+1

)
− (n+ 1)

(
e

axn+1
n+1 + c1x

)
x
(
−
(
−axn+1

n+1

) 1
n+1 Γ

(
− 1

n+1 ,−
axn+1

n+1

)
+ c1(n+ 1)x

)
y(x) → −1

x
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2.26 problem 26
2.26.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 189

Internal problem ID [10356]
Internal file name [OUTPUT/9303_Monday_June_06_2022_01_50_21_PM_5228272/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 26.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − a xny = b xn−1

2.26.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + a xny + b xn−1

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a xny + b xn

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b xn−1, f1(x) = xna and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = xna

f 2
2 f0 = b xn−1

Substituting the above terms back in equation (2) gives

u′′(x)− xnau′(x) + b xn−1u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x

(
KummerM

(
a− b

a (n+ 1) ,
2 + n

n+ 1 ,
xn+1a

n+ 1

)
c1

+KummerU
(

a− b

a (n+ 1) ,
2 + n

n+ 1 ,
xn+1a

n+ 1

)
c2

)
The above shows that

u′(x)

=
ac1(n+ 1) (a− b)KummerM

(
− an+b

a(n+1) + 2, 2+n
n+1 ,

xn+1a
n+1

)
− b
(
c2(a− b)KummerU

(
(2+n)a−b
a(n+1) , 2+n

n+1 ,
xn+1a
n+1

)
− a
(
KummerM

(
a−b

a(n+1) ,
2+n
n+1 ,

xn+1a
n+1

)
c1 +KummerU

(
a−b

a(n+1) ,
2+n
n+1 ,

xn+1a
n+1

)
c2
)
(n+ 1)

)
a2 (n+ 1)

Using the above in (1) gives the solution

y =

−
ac1(n+ 1) (a− b)KummerM

(
− an+b

a(n+1) + 2, 2+n
n+1 ,

xn+1a
n+1

)
− b
(
c2(a− b)KummerU

(
(2+n)a−b
a(n+1) , 2+n

n+1 ,
xn+1a
n+1

)
− a
(
KummerM

(
a−b

a(n+1) ,
2+n
n+1 ,

xn+1a
n+1

)
c1 +KummerU

(
a−b

a(n+1) ,
2+n
n+1 ,

xn+1a
n+1

)
c2
)
(n+ 1)

)
a2 (n+ 1)x

(
KummerM

(
a−b

a(n+1) ,
2+n
n+1 ,

xn+1a
n+1

)
c1 +KummerU

(
a−b

a(n+1) ,
2+n
n+1 ,

xn+1a
n+1

)
c2
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
−ac3(n+ 1) (a− b)KummerM

(
2+n− b

a

n+1 , 2+n
n+1 ,

xnxa
n+1

)
+ b
(
(a− b)KummerU

(
2+n− b

a

n+1 , 2+n
n+1 ,

xnxa
n+1

)
− a
(
KummerM

(
a−b

a(n+1) ,
2+n
n+1 ,

xnxa
n+1

)
c3 +KummerU

(
a−b

a(n+1) ,
2+n
n+1 ,

xnxa
n+1

))
(n+ 1)

)
a2 (n+ 1)x

(
KummerM

(
a−b

a(n+1) ,
2+n
n+1 ,

xnxa
n+1

)
c3 +KummerU

(
a−b

a(n+1) ,
2+n
n+1 ,

xnxa
n+1

))
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Summary
The solution(s) found are the following

(1)y

=
−ac3(n+ 1) (a− b)KummerM

(
2+n− b

a

n+1 , 2+n
n+1 ,

xnxa
n+1

)
+ b
(
(a− b)KummerU

(
2+n− b

a

n+1 , 2+n
n+1 ,

xnxa
n+1

)
− a
(
KummerM

(
a−b

a(n+1) ,
2+n
n+1 ,

xnxa
n+1

)
c3 +KummerU

(
a−b

a(n+1) ,
2+n
n+1 ,

xnxa
n+1

))
(n+ 1)

)
a2 (n+ 1)x

(
KummerM

(
a−b

a(n+1) ,
2+n
n+1 ,

xnxa
n+1

)
c3 +KummerU

(
a−b

a(n+1) ,
2+n
n+1 ,

xnxa
n+1

))
Verification of solutions
y

=
−ac3(n+ 1) (a− b)KummerM

(
2+n− b

a

n+1 , 2+n
n+1 ,

xnxa
n+1

)
+ b
(
(a− b)KummerU

(
2+n− b

a

n+1 , 2+n
n+1 ,

xnxa
n+1

)
− a
(
KummerM

(
a−b

a(n+1) ,
2+n
n+1 ,

xnxa
n+1

)
c3 +KummerU

(
a−b

a(n+1) ,
2+n
n+1 ,

xnxa
n+1

))
(n+ 1)

)
a2 (n+ 1)x

(
KummerM

(
a−b

a(n+1) ,
2+n
n+1 ,

xnxa
n+1

)
c3 +KummerU

(
a−b

a(n+1) ,
2+n
n+1 ,

xnxa
n+1

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (diff(y(x), x))*x^n*a-b*x^(n-1)*y(x), y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 267� �
dsolve(diff(y(x),x)=y(x)^2+a*x^n*y(x)+b*x^(n-1),y(x), singsol=all)� �
y(x)

=
−a(n+ 1) (a− b)KummerM

(
a(n+2)−b
a(n+1) , n+2

n+1 ,
ax xn

n+1

)
+
(
(a− b) c1KummerU

(
2+n− b

a

n+1 , n+2
n+1 ,

ax xn

n+1

)
− a
(
KummerU

(
a−b

a(n+1) ,
n+2
n+1 ,

ax xn

n+1

)
c1 +KummerM

(
a−b

a(n+1) ,
n+2
n+1 ,

ax xn

n+1

))
(n+ 1)

)
b

a2 (n+ 1)x
(
KummerU

(
a−b

a(n+1) ,
n+2
n+1 ,

ax xn

n+1

)
c1 +KummerM

(
a−b

a(n+1) ,
n+2
n+1 ,

ax xn

n+1

))
3 Solution by Mathematica
Time used: 0.956 (sec). Leaf size: 453� �
DSolve[y'[x]==y[x]^2+a*x^n*y[x]+b*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
(xn)

1
n

(
−(−1)

1
n+1n(n+ 2)a

1
n+1 Hypergeometric1F1

(
a−b
na+a

, n+2
n+1 ,

a(xn)1+
1
n

n+1

)
+ xn

(
−(−1)

1
n+1n(a− b)a

1
n+1 (xn)

1
n Hypergeometric1F1

(
na+2a−b
na+a

, 2n+3
n+1 ,

a(xn)1+
1
n

n+1

)
+ bc1

( 1
n
+ 1
) 1

n+1 n
1

n+1 (n+ 2)Hypergeometric1F1
(

na+a−b
na+a

, 2n+1
n+1 ,

a(xn)1+
1
n

n+1

)))
n(n+ 2)x

(
(−1)

1
n+1a

1
n+1 (xn)

1
n Hypergeometric1F1

(
a−b
na+a

, n+2
n+1 ,

a(xn)1+
1
n

n+1

)
+ c1

( 1
n
+ 1
) 1

n+1 n
1

n+1 Hypergeometric1F1
(
− b

na+a
, n
n+1 ,

a(xn)1+
1
n

n+1

))

y(x) →
bxn−1(xn)

1
n Hypergeometric1F1

(
na+a−b
na+a

, 2n+1
n+1 ,

a(xn)1+
1
n

n+1

)
nHypergeometric1F1

(
− b

na+a
, n
n+1 ,

a(xn)1+
1
n

n+1

)
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2.27 problem 27
2.27.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 194

Internal problem ID [10357]
Internal file name [OUTPUT/9304_Monday_June_06_2022_01_50_23_PM_9360412/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 27.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − (αx+ β) y = a x2 + bx+ c

2.27.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a x2 + αxy + bx+ βy + y2 + c

This is a Riccati ODE. Comparing the ODE to solve

y′ = a x2 + αxy + bx+ βy + y2 + c

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a x2 + bx+ c, f1(x) = αx+ β and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = αx+ β

f 2
2 f0 = a x2 + bx+ c

Substituting the above terms back in equation (2) gives

u′′(x)− (αx+ β)u′(x) +
(
a x2 + bx+ c

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = 4

c2

(
−1
4α

2x+ xa− 1
4αβ

+1
2b
)
hypergeom


(−α3 − 2α2c+ (2βb+ 4a)α + (−2β2 + 8c) a− 2b2)

√
α2 − 4a+ 48

(
−α2

4 + a
)2

4 (−α2 + 4a)2

 ,

[
3
2

]
,
(−α2x+ 4xa− αβ + 2b)2

2 (α2 − 4a)
3
2



+
hypergeom

([ (
−α3−2α2c+(2βb+4a)α+

(
−2β2+8c

)
a−2b2

)√
α2−4a+16

(
−α2

4 +a
)2

4(−α2+4a)2

]
,
[1
2

]
,
(
−α2x+4xa−αβ+2b

)2
2(α2−4a)

3
2

)
c1

4

 e
(
−α2x+αx

√
α2−4a+4xa−2αβ+2β

√
α2−4a+4b

)
x

4
√

α2−4a

The above shows that
Expression too large to display

Using the above in (1) gives the solution

Expression too large to display

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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Expression too large to display

Summary
The solution(s) found are the following

(1)Expression too large to display
Verification of solutions

Expression too large to display

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (alpha*x+beta)*(diff(y(x), x))+(-a*x^2-b*x-c)*y(x), y(x)` *** Sub

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: indirect Equivalence to 0F1 under \`\`^ @ Moebius\`\` is resolved

<- hypergeometric successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 974� �
dsolve(diff(y(x),x)=y(x)^2+(alpha*x+beta)*y(x)+a*x^2+b*x+c,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 4.264 (sec). Leaf size: 1291� �
DSolve[y'[x]==y[x]^2+(\[Alpha]*x+\[Beta])*y[x]+a*x^2+b*x+c,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
2
(
2b+ 4ax+

(√
α2 − 4a− α

)
(xα + β)

)
Hypergeometric1F1

(
−

2b2−2αβb+α2
(
2c+α−

√
α2−4a

)
+2a

(
β2−4c−2α+2

√
α2−4a

)
4(α2−4a)3/2

, 12 ,
(2b+4ax−α(xα+β))2

2(α2−4a)3/2

)
(α2 − 4a)2 + 2(2b+ 4ax− α(xα + β))

(
2b2 − 2αβb+ α2(2c+ α−

√
α2 − 4a

)
+ 2a

(
β2 − 4c− 2α + 2

√
α2 − 4a

))
Hypergeometric1F1

(
−

2b2−2αβb+α2
(
2c+α−5

√
α2−4a

)
+2a

(
β2−4c−2α+10

√
α2−4a

)
4(α2−4a)3/2

, 32 ,
(2b+4ax−α(xα+β))2

2(α2−4a)3/2

)√
α2 − 4a+ (4a− α2) c1

(
2(4a− α2)

(
2b+ 4ax+

(√
α2 − 4a− α

)
(xα + β)

)
HermiteH

(
−

−2b2+2αβb+α2
(
−2c−α+

√
α2−4a

)
−2a

(
β2−4c−2α+2

√
α2−4a

)
2(α2−4a)3/2

, −2b−4ax+α(xα+β)√
2(α2−4a)3/4

)
− 2

√
2 4
√
α2 − 4a

(
2b2 − 2αβb+ α2(2c+ α−

√
α2 − 4a

)
+ 2a

(
β2 − 4c− 2α + 2

√
α2 − 4a

))
HermiteH

(
2b2−2αβb+α2

(
2c+α−3

√
α2−4a

)
+2a

(
β2−4c−2α+6

√
α2−4a

)
2(α2−4a)3/2

, −2b−4ax+α(xα+β)√
2(α2−4a)3/4

))
4 (α2 − 4a)5/2

(
c1HermiteH

(
−

−2b2+2αβb+α2
(
−2c−α+

√
α2−4a

)
−2a

(
β2−4c−2α+2

√
α2−4a

)
2(α2−4a)3/2

, −2b−4ax+α(xα+β)√
2(α2−4a)3/4

)
+Hypergeometric1F1

(
−

2b2−2αβb+α2
(
2c+α−

√
α2−4a

)
+2a

(
β2−4c−2α+2

√
α2−4a

)
4(α2−4a)3/2

, 12 ,
(2b+4ax−α(xα+β))2

2(α2−4a)3/2

))
y(x)

→

(4a− α2)
((√

α2 − 4a− α
)
(β + αx) + 4ax+ 2b

)
−

√
2

4
√
α2 − 4a

(
2a
(
2
√
α2−4a−2α+β2−4c

)
+α2

(
−
√
α2−4a+α+2c

)
+2b2−2αβb

)
HermiteH

 2b2−2αβb+α2(2c+α−3
√

α2−4a
)
+2a

(
β2−4c−2α+6

√
α2−4a

)
2
(
α2−4a

)3/2 ,−2b−4ax+α(xα+β)
√
2
(
α2−4a

)3/4


HermiteH

−
−2b2+2αβb+α2

(
−2c−α+

√
α2−4a

)
−2a

(
β2−4c−2α+2

√
α2−4a

)
2
(
α2−4a

)3/2 ,−2b−4ax+α(xα+β)
√

2
(
α2−4a

)3/4


2 (α2 − 4a)3/2

198



2.28 problem 28
2.28.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 199

Internal problem ID [10358]
Internal file name [OUTPUT/9305_Monday_June_06_2022_01_50_51_PM_42556060/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 28.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − a xny = −a xnb− b2

2.28.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + a xny − a xnb− b2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a xny − a xnb− b2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a xnb− b2, f1(x) = xna and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = xna

f 2
2 f0 = −a xnb− b2

Substituting the above terms back in equation (2) gives

u′′(x)− xnau′(x) +
(
−a xnb− b2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e
∫ −

∫ e
a xn+1+2bx(n+1)

n+1 dx

b+c1b+e
a xn+1+2bx(n+1)

n+1

∫
e
x(xna+2b(n+1))

n+1 dx−c1

dx

c2

The above shows that

u′(x) =

−
c2

(
−
(∫

e
x
(
xna+2b(n+1)

)
n+1 dx

)
b+ c1b+ e

x
(
xna+2b(n+1)

)
n+1

)
e
∫ −

∫ e
x
(
xna+2b(n+1)

)
n+1 dx

b+c1b+e
x
(
xna+2b(n+1)

)
n+1

∫
e
x(xna+2b(n+1))

n+1 dx−c1

dx

−
(∫

e
x(xna+2b(n+1))

n+1 dx
)
+ c1

Using the above in (1) gives the solution

y

=

(
−
(∫

e
x
(
xna+2b(n+1)

)
n+1 dx

)
b+ c1b+ e

x
(
xna+2b(n+1)

)
n+1

)
e
∫ −

∫ e
x
(
xna+2b(n+1)

)
n+1 dx

b+c1b+e
x
(
xna+2b(n+1)

)
n+1

∫
e
x(xna+2b(n+1))

n+1 dx−c1

dx

e
∫
−
∫
−b e

a xn+1+2bx(n+1)
n+1 dx+e

a xn+1+2bx(n+1)
n+1 +c1b∫

e
x(xna+2b(n+1))

n+1 dx−c1

dx

−
(∫

e
x(xna+2b(n+1))

n+1 dx
)
+ c1

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

200



y =

(∫
e

a xn+1+2bx(n+1)
n+1 dx− c3

)
b− e

a xn+1+2bx(n+1)
n+1∫

e
x(xna+2b(n+1))

n+1 dx− c3

Summary
The solution(s) found are the following

(1)y =

(∫
e

a xn+1+2bx(n+1)
n+1 dx− c3

)
b− e

a xn+1+2bx(n+1)
n+1∫

e
x(xna+2b(n+1))

n+1 dx− c3

Verification of solutions

y =

(∫
e

a xn+1+2bx(n+1)
n+1 dx− c3

)
b− e

a xn+1+2bx(n+1)
n+1∫

e
x(xna+2b(n+1))

n+1 dx− c3

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (diff(y(x), x))*x^n*a+(b*x^n*a+b^2)*y(x), y(x)` *** Sublevel 2 **

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(y(x)^2+y(x)+a*x^n*y(x)*x+x^2*(-b*x^n*a-b^2))/x, y(x), explicit` *** Subleve

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 74� �
dsolve(diff(y(x),x)=y(x)^2+a*x^n*y(x)-a*b*x^n-b^2,y(x), singsol=all)� �

(b− y(x))
(∫ x e

(_ana+2b(n+1)
)_a

n+1 d_a
)
+ c1b− c1y(x)− e

(
a xn+2b(n+1)

)
x

n+1

b− y (x) = 0

3 Solution by Mathematica
Time used: 1.948 (sec). Leaf size: 195� �
DSolve[y'[x]==y[x]^2+a*x^n*y[x]-a*b*x^n-b^2,y[x],x,IncludeSingularSolutions -> True]� �

Solve

∫ y(x)

1

 e
axn+1
n+1 +2bx

an(K[2]− b)2

−
∫ x

1

e
aK[1]n+1

n+1 +2bK[1](aK[1]n + b+K[2])
an(b−K[2])2 + e

aK[1]n+1
n+1 +2bK[1]

an(b−K[2])

 dK[1]

 dK[2]

+
∫ x

1

e
aK[1]n+1

n+1 +2bK[1](aK[1]n + b+ y(x))
an(b− y(x)) dK[1] = c1, y(x)



203



2.29 problem 29
2.29.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 204

Internal problem ID [10359]
Internal file name [OUTPUT/9306_Monday_June_06_2022_01_50_54_PM_18768528/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 29.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + (n+ 1)xny2 = a x1+m+n − a xm

2.29.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −xnn y2 − xny2 + a x1+m+n − a xm

This is a Riccati ODE. Comparing the ODE to solve

y′ = −xnn y2 − xny2 + ax xmxn − a xm

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a x1+m+n − a xm, f1(x) = 0 and f2(x) = −nxn − xn. Let

y = −u′

f2u

= −u′

(−nxn − xn)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −n2xn

x
− xnn

x
f1f2 = 0
f 2
2 f0 = (−nxn − xn)2

(
a x1+m+n − a xm

)
Substituting the above terms back in equation (2) gives

(−nxn − xn)u′′(x)−
(
−n2xn

x
− xnn

x

)
u′(x) + (−nxn − xn)2

(
a x1+m+n − a xm

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=DESol
({

−a_Y(x) (n+ 1)xm+2n+2 + a_Y(x) (n+ 1)x1+m+n − n_Y′(x) + _Y′′(x)x
x

}
, {_Y(x)}

)
The above shows that

u′(x)

= ∂

∂x
DESol

({
−a_Y(x) (n+ 1)xm+2n+2 + a_Y(x) (n+ 1)x1+m+n − n_Y′(x) + _Y′′(x)x

x

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y =

−
∂
∂x

DESol
({

−a_Y(x)(n+1)xm+2n+2+a_Y(x)(n+1)x1+m+n−n_Y′
(x)+_Y′′

(x)x
x

}
, {_Y(x)}

)
(−nxn − xn)DESol

({
−a_Y(x)(n+1)xm+2n+2+a_Y(x)(n+1)x1+m+n−n_Y′

(x)+_Y′′
(x)x

x

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=

(
∂
∂x

DESol
({

−a_Y(x)(n+1)xm+2n+2+a_Y(x)(n+1)x1+m+n−n_Y′
(x)+_Y′′

(x)x
x

}
, {_Y(x)}

))
x−n

(n+ 1)DESol
({

−a_Y(x)(n+1)xm+2n+2+a_Y(x)(n+1)x1+m+n−n_Y′
(x)+_Y′′

(x)x
x

}
, {_Y (x)}

)

205



Summary
The solution(s) found are the following

(1)y

=

(
∂
∂x

DESol
({

−a_Y(x)(n+1)xm+2n+2+a_Y(x)(n+1)x1+m+n−n_Y′
(x)+_Y′′

(x)x
x

}
, {_Y(x)}

))
x−n

(n+ 1)DESol
({

−a_Y(x)(n+1)xm+2n+2+a_Y(x)(n+1)x1+m+n−n_Y′
(x)+_Y′′

(x)x
x

}
, {_Y (x)}

)
Verification of solutions
y

=

(
∂
∂x

DESol
({

−a_Y(x)(n+1)xm+2n+2+a_Y(x)(n+1)x1+m+n−n_Y′
(x)+_Y′′

(x)x
x

}
, {_Y(x)}

))
x−n

(n+ 1)DESol
({

−a_Y(x)(n+1)xm+2n+2+a_Y(x)(n+1)x1+m+n−n_Y′
(x)+_Y′′

(x)x
x

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = n*(diff(y(x), x))/x+x^n*(n+1)*a*(x^(1+m+n)-x^m)*y(x), y(x)` *** S

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((-x^n*n-x^n)*y(x)^2+y(x)+x^2*(a*x^(1+m+n)-a*x^m))/x, y(x), explicit` *** Su

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=-(n+1)*x^n*y(x)^2+a*x^(n+m+1)-a*x^m,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-(n+1)*x^n*y[x]^2+a*x^(n+m+1)-a*x^m,y[x],x,IncludeSingularSolutions -> True]� �
Not solved

208



2.30 problem 30
2.30.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 209

Internal problem ID [10360]
Internal file name [OUTPUT/9307_Monday_June_06_2022_01_50_57_PM_28947109/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 30.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a xny2 − b xmy = bc xm − a c2xn

2.30.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a xny2 + xmby + bc xm − a c2xn

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xny2 + xmby + bc xm − a c2xn

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = bc xm − a c2xn, f1(x) = b xm and f2(x) = xna. Let

y = −u′

f2u

= −u′

xnau
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

an xn

x
f1f2 = b xmxna

f 2
2 f0 = x2na2

(
bc xm − a c2xn

)
Substituting the above terms back in equation (2) gives

xnau′′(x)−
(
an xn

x
+ b xmxna

)
u′(x) + x2na2

(
bc xm − a c2xn

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)=DESol
({

_Y′′(x)−_Y′(x)
(n
x
+b xm

)
+a_Y(x)

(
bc xm+n−a c2x2n)} , {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− _Y′(x)

(n
x
+ b xm

)
+ a_Y(x)

(
bc xm+n − a c2x2n)} , {_Y(x)}

)
Using the above in (1) gives the solution

y =

−
(

∂
∂x

DESol
({

_Y′′(x)− _Y′(x)
(
n
x
+ b xm

)
+ a_Y(x) (bc xm+n − a c2x2n)

}
, {_Y(x)}

))
x−n

aDESol
({

_Y′′ (x)− _Y′ (x)
(
n
x
+ b xm

)
+ a_Y (x) (bc xm+n − a c2x2n)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−

(
∂
∂x

DESol
({

−x2n_Y(x)a2c2x+xm+n_Y(x)abcx−xm+1_Y′
(x)b+_Y′′

(x)x−n_Y′
(x)

x

}
, {_Y(x)}

))
x−n

aDESol
({

−x1+2na2c2_Y(x)+abc x1+m+n_Y(x)+_Y′′
(x)x−_Y′

(x)(xm+1b+n)
x

}
, {_Y (x)}

)

210



Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

−x2n_Y(x)a2c2x+xm+n_Y(x)abcx−xm+1_Y′
(x)b+_Y′′

(x)x−n_Y′
(x)

x

}
, {_Y(x)}

))
x−n

aDESol
({

−x1+2na2c2_Y(x)+abc x1+m+n_Y(x)+_Y′′
(x)x−_Y′

(x)(xm+1b+n)
x

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({

−x2n_Y(x)a2c2x+xm+n_Y(x)abcx−xm+1_Y′
(x)b+_Y′′

(x)x−n_Y′
(x)

x

}
, {_Y(x)}

))
x−n

aDESol
({

−x1+2na2c2_Y(x)+abc x1+m+n_Y(x)+_Y′′
(x)x−_Y′

(x)(xm+1b+n)
x

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (x*x^m*b+n)*(diff(y(x), x))/x+a*x^n*c*(a*x^n*c-b*x^m)*y(x), y(x)`

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(a*x^n*y(x)^2+y(x)+b*x^m*y(x)*x+x^2*(x^m*b*c-a*c^2*x^n))/x, y(x), explicit`

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 98� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2+b*x^m*y(x)+b*c*x^m-a*c^2*x^n,y(x), singsol=all)� �
a(c+ y(x))

(∫ x e−
2
(
− b(n+1)_am

2 +a_anc(1+m)
)
_a

(1+m)(n+1) _and_a
)

+ c1y(x) + c1c+ e−
2
(
− b(n+1)xm

2 +a xnc(1+m)
)
x

(1+m)(n+1)

c+ y (x)
= 0

3 Solution by Mathematica
Time used: 3.436 (sec). Leaf size: 286� �
DSolve[y'[x]==a*x^n*y[x]^2+b*x^m*y[x]+b*c*x^m-a*c^2*x^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ y(x)

1

 e
bxm+1
m+1 − 2acxn+1

n+1

ab(m− n)(c+K[2])2

−
∫ x

1

−
exp

(
bK[1]m+1

m+1 − 2acK[1]n+1

n+1

)
K[1]n

b(m− n)(c+K[2]) −
exp

(
bK[1]m+1

m+1 − 2acK[1]n+1

n+1

)
(−bK[1]m + acK[1]n − aK[2]K[1]n)

ab(m− n)(c+K[2])2

 dK[1]

 dK[2]

+
∫ x

1

exp
(

bK[1]m+1

m+1 − 2acK[1]n+1

n+1

)
(−bK[1]m + acK[1]n − ay(x)K[1]n)

ab(m− n)(c+ y(x)) dK[1] = c1, y(x)
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2.31 problem 31
2.31.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 214

Internal problem ID [10361]
Internal file name [OUTPUT/9308_Monday_June_06_2022_01_51_00_PM_6355186/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 31.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a xny2 + a xn(b xm + c) y = bmxm−1

2.31.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −xnxmaby − xnacy + a xny2 + bmxm−1

This is a Riccati ODE. Comparing the ODE to solve

y′ = −xnxmaby − xnacy + a xny2 + b xmm

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = bmxm−1, f1(x) = −b xmxna− xnac and f2(x) = xna. Let

y = −u′

f2u

= −u′

xnau
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

an xn

x
f1f2 = (−b xmxna− xnac)xna

f 2
2 f0 = x2na2bmxm−1

Substituting the above terms back in equation (2) gives

xnau′′(x)−
(
(−b xmxna− xnac)xna+ an xn

x

)
u′(x) + x2na2bmxm−1u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=DESol
({

_Y′(x)x1+m+nab+ _Y′′(x)x+ abmxm+n_Y(x) + _Y′(x) (a xn+1c− n)
x

}
, {_Y(x)}

)
The above shows that

u′(x)

= ∂

∂x
DESol

({
_Y′(x)x1+m+nab+ _Y′′(x)x+ abmxm+n_Y(x) + _Y′(x) (a xn+1c− n)

x

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′
(x)x1+m+nab+_Y′′

(x)x+abmxm+n_Y(x)+_Y′
(x)
(
a xn+1c−n

)
x

}
, {_Y(x)}

))
x−n

aDESol
({_Y′

(x)x1+m+nab+_Y′′
(x)x+abmxm+n_Y(x)+_Y′

(x)(a xn+1c−n)
x

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−

(
∂
∂x

DESol
({

_Y′
(x)x1+m+nab+_Y′′

(x)x+abmxm+n_Y(x)+_Y′
(x)
(
a xn+1c−n

)
x

}
, {_Y(x)}

))
x−n

aDESol
({_Y′

(x)x1+m+nab+_Y′′
(x)x+abmxm+n_Y(x)+_Y′

(x)(a xn+1c−n)
x

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

_Y′
(x)x1+m+nab+_Y′′

(x)x+abmxm+n_Y(x)+_Y′
(x)
(
a xn+1c−n

)
x

}
, {_Y(x)}

))
x−n

aDESol
({_Y′

(x)x1+m+nab+_Y′′
(x)x+abmxm+n_Y(x)+_Y′

(x)(a xn+1c−n)
x

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({

_Y′
(x)x1+m+nab+_Y′′

(x)x+abmxm+n_Y(x)+_Y′
(x)
(
a xn+1c−n

)
x

}
, {_Y(x)}

))
x−n

aDESol
({_Y′

(x)x1+m+nab+_Y′′
(x)x+abmxm+n_Y(x)+_Y′

(x)(a xn+1c−n)
x

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(a*x^n*c*x+x^(n+m)*a*b*x-n)*(diff(y(x), x))/x-a*x^n*b*m*x^(m-1)*y(x),

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(a*x^n*y(x)^2+y(x)+(-x^(n+m)*a*b-a*x^n*c)*y(x)*x+x^2*b*m*x^(m-1))/x, y(x), explic

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2-a*x^n*(b*x^m+c)*y(x)+b*m*x^(m-1),y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 59.342 (sec). Leaf size: 353� �
DSolve[y'[x]==a*x^n*y[x]^2-a*x^n*(b*x^m+c)*y[x]+b*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
bm(bxm + c)2

(
1 + c1

∫ x

1
exp
(
aK[1]n+1

(
bK[1]m
m+n+1+

c
n+1

))
K[1]m−1

(bK[1]m+c)2 dK[1]
)

bc1m (bxm + c)
∫ x

1
exp
(
aK[1]n+1

(
bK[1]m
m+n+1+

c
n+1

))
K[1]m−1

(bK[1]m+c)2 dK[1] + c1e
axn+1

(
bxm

m+n+1+
c

n+1

)
+ b2mxm + bcm

y(x) →
bm(bxm + c)2

∫ x

1
exp
(
aK[1]n+1

(
bK[1]m
m+n+1+

c
n+1

))
K[1]m−1

(bK[1]m+c)2 dK[1]

bm (bxm + c)
∫ x

1
exp
(
aK[1]n+1

(
bK[1]m
m+n+1+

c
n+1

))
K[1]m−1

(bK[1]m+c)2 dK[1] + e
axn+1

(
bxm

m+n+1+
c

n+1

)
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2.32 problem 32
2.32.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 219

Internal problem ID [10362]
Internal file name [OUTPUT/9309_Monday_June_06_2022_01_51_03_PM_81658841/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 32.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + an xn−1y2 − c xm(xna+ b) y = −c xm

2.32.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −xn−1an y2 + xmxnacy + xmbcy − c xm

This is a Riccati ODE. Comparing the ODE to solve

y′ = −xnan y2

x
+ xmxnacy + xmbcy − c xm

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −c xm, f1(x) = ac xmxn + bc xm and f2(x) = −an xn−1. Let

y = −u′

f2u

= −u′

−an xn−1u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −an xn−1(n− 1)

x
f1f2 = −(ac xmxn + bc xm) an xn−1

f 2
2 f0 = −a2n2x2n−2c xm

Substituting the above terms back in equation (2) gives

−an xn−1u′′(x)−
(
−an xn−1(n− 1)

x
− (ac xmxn + bc xm) an xn−1

)
u′(x)− a2n2x2n−2c xmu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =

∫ xn−1e
(
a(m+1)xn+b(1+m+n)

)
c xmx

(m+1)(1+m+n)

(xna+ b)2
dx

 c2 + c1

 (xna+ b)

The above shows that

u′(x)

=

(
anc2(xna+ b)

(∫
xne

(
a(m+1)xn+b(1+m+n)

)
c xmx

(m+1)(1+m+n)

x(xna+b)2 dx

)
+ e

(
a(m+1)xn+b(1+m+n)

)
c xmx

(m+1)(1+m+n) c2 + anc1(xna+ b)
)
xn

x (xna+ b)

Using the above in (1) gives the solution

y

=

(
anc2(xna+ b)

(∫
xne

(
a(m+1)xn+b(1+m+n)

)
c xmx

(m+1)(1+m+n)

x(xna+b)2 dx

)
+ e

(
a(m+1)xn+b(1+m+n)

)
c xmx

(m+1)(1+m+n) c2 + anc1(xna+ b)
)
xnx1−n

x (xna+ b)2 an
((∫

xn−1e
(a(m+1)xn+b(1+m+n))c xmx

(m+1)(1+m+n)

(xna+b)2 dx

)
c2 + c1

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
an(xna+ b)

(∫
xne

(
a(m+1)xn+b(1+m+n)

)
c xmx

(m+1)(1+m+n)

x(xna+b)2 dx

)
+ a2nc3x

n + anc3b+ e
(
a(m+1)xn+b(1+m+n)

)
c xmx

(m+1)(1+m+n)

an (xna+ b)2
(∫

xne
(a(m+1)xn+b(1+m+n))c xmx

(m+1)(1+m+n)

x(xna+b)2 dx+ c3

)

Summary
The solution(s) found are the following

(1)y

=
an(xna+ b)

(∫
xne

(
a(m+1)xn+b(1+m+n)

)
c xmx

(m+1)(1+m+n)

x(xna+b)2 dx

)
+ a2nc3x

n + anc3b+ e
(
a(m+1)xn+b(1+m+n)

)
c xmx

(m+1)(1+m+n)

an (xna+ b)2
(∫

xne
(a(m+1)xn+b(1+m+n))c xmx

(m+1)(1+m+n)

x(xna+b)2 dx+ c3

)
Verification of solutions
y

=
an(xna+ b)

(∫
xne

(
a(m+1)xn+b(1+m+n)

)
c xmx

(m+1)(1+m+n)

x(xna+b)2 dx

)
+ a2nc3x

n + anc3b+ e
(
a(m+1)xn+b(1+m+n)

)
c xmx

(m+1)(1+m+n)

an (xna+ b)2
(∫

xne
(a(m+1)xn+b(1+m+n))c xmx

(m+1)(1+m+n)

x(xna+b)2 dx+ c3

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (x*x^m*b*c+x^(n+m)*a*c*x+n-1)*(diff(y(x), x))/x-a*n*x^(n-1)*c*x^m*y(x)

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(-a*n*x^(n-1)*y(x)^2+y(x)+(x^(n+m)*a*c+x^m*b*c)*y(x)*x-x^2*c*x^m)/x, y(x), explic

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`[0, exp(-b*c/(1+m)*x*x^m-a*c/(1+m+n)*x*x^m*x^n+2*ln(a*x^n+b))*(y-x^n/x/(x^(n-1)� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 199� �
dsolve(diff(y(x),x)=-a*n*x^(n-1)*y(x)^2+c*x^m*(a*x^n+b)*y(x)-c*x^m,y(x), singsol=all)� �
y(x)

=

an(a xn + b)

∫ xn−1e
c
(
a(1+m)x1+m+n+b x1+m(1+m+n)

)
(1+m)(1+m+n)

(a xn+b)2 dx

− xnc1a− c1b+ e
c
(
a(1+m)x1+m+n+b x1+m(1+m+n)

)
(1+m)(1+m+n)

(
a

(∫
xn−1e

x(a(1+m)xn+b(1+m+n))c xm

(1+m)(1+m+n)

(a xn+b)2 dx

)
n− c1

)
(a2x2n + 2xnab+ b2)

3 Solution by Mathematica
Time used: 8.659 (sec). Leaf size: 304� �
DSolve[y'[x]==-a*n*x^(n-1)*y[x]^2+c*x^m*(a*x^n+b)*y[x]-c*x^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
ac1n(axn + b)

∫ x

1
exp
(
cK[1]m+1

(
aK[1]n
m+n+1+

b
m+1

))
K[1]n−1

(aK[1]n+b)2 dK[1] + a2nxn + c1e
cxm+1

(
axn

m+n+1+
b

m+1

)
+ abn

an (axn + b)2
(
1 + c1

∫ x

1
exp
(
cK[1]m+1

(
aK[1]n
m+n+1+

b
m+1

))
K[1]n−1

(aK[1]n+b)2 dK[1]
)

y(x) →

e
cxm+1( axn

m+n+1+ b
m+1

)

an
∫ x
1

exp
(
cK[1]m+1

(
aK[1]n
m+n+1+ b

m+1

))
K[1]n−1

(aK[1]n+b)2
dK[1]

+ axn + b

(axn + b)2

223



2.33 problem 33
2.33.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 224

Internal problem ID [10363]
Internal file name [OUTPUT/9310_Monday_June_06_2022_01_51_07_PM_78619454/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 33.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a xny2 − b xmy = ck xk−1 − bc xk+m − a c2xn+2k

2.33.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a xny2 + xmby + ck xk−1 − bc xk+m − a c2xn+2k

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xny2 + xmby + ck xk

x
− bc xkxm − a c2xnx2k

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = ck xk−1 − bc xk+m − a c2xn+2k, f1(x) = b xm and f2(x) = xna. Let

y = −u′

f2u

= −u′

xnau
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

an xn

x
f1f2 = b xmxna

f 2
2 f0 = x2na2

(
ck xk−1 − bc xk+m − a c2xn+2k)

Substituting the above terms back in equation (2) gives

xnau′′(x)−
(
an xn

x
+ b xmxna

)
u′(x) + x2na2

(
ck xk−1 − bc xk+m − a c2xn+2k)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− _Y′(x)
(n
x
+ b xm

)
+ xna

(
ck xk−1 − bc xk+m − a c2xn+2k)_Y(x)} , {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− _Y′(x)

(n
x
+ b xm

)
+ xna

(
ck xk−1 − bc xk+m − a c2xn+2k)_Y(x)} , {_Y(x)}

)
Using the above in (1) gives the solution

y =

−
(

∂
∂x

DESol
({

_Y′′(x)− _Y′(x)
(
n
x
+ b xm

)
+ xna

(
ck xk−1 − bc xk+m − a c2xn+2k)_Y(x)} , {_Y(x)}))x−n

aDESol
({

_Y′′ (x)− _Y′ (x)
(
n
x
+ b xm

)
+ xna (ck xk−1 − bc xk+m − a c2xn+2k)_Y (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−

(
∂
∂x

DESol
({

−xn+2kxn+1_Y(x)a2c2−ac_Y(x)
(
−k xk−1+xk+mb

)
xn+1+_Y′′

(x)x−_Y′
(x)
(
xm+1b+n

)
x

}
, {_Y(x)}

))
x−n

aDESol
({

−x2n+2k+1_Y(x)a2c2−xk+1+m+n_Y(x)abc+_Y′′
(x)x+xk+n_Y(x)ack−_Y′

(x)(xm+1b+n)
x

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

−xn+2kxn+1_Y(x)a2c2−ac_Y(x)
(
−k xk−1+xk+mb

)
xn+1+_Y′′

(x)x−_Y′
(x)
(
xm+1b+n

)
x

}
, {_Y(x)}

))
x−n

aDESol
({

−x2n+2k+1_Y(x)a2c2−xk+1+m+n_Y(x)abc+_Y′′
(x)x+xk+n_Y(x)ack−_Y′

(x)(xm+1b+n)
x

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({

−xn+2kxn+1_Y(x)a2c2−ac_Y(x)
(
−k xk−1+xk+mb

)
xn+1+_Y′′

(x)x−_Y′
(x)
(
xm+1b+n

)
x

}
, {_Y(x)}

))
x−n

aDESol
({

−x2n+2k+1_Y(x)a2c2−xk+1+m+n_Y(x)abc+_Y′′
(x)x+xk+n_Y(x)ack−_Y′

(x)(xm+1b+n)
x

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (x*x^m*b+n)*(diff(y(x), x))/x-a*x^n*c*(-a*c*x^(n+2*k)+x^(-1+k)*k-x^(m+

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(a*x^n*y(x)^2+y(x)+b*x^m*y(x)*x+x^2*(c*k*x^(-1+k)-b*c*x^(m+k)-a*c^2*x^(n+2*k)))/x

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2+b*x^m*y(x)+c*k*x^(k-1)-b*c*x^(m+k)-a*c^2*x^(n+2*k),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==a*x^n*y[x]^2+b*x^m*y[x]+c*k*x^(k-1)-b*c*x^(m+k)-a*c^2*x^(n+2*k),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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2.34 problem 34
2.34.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 229

Internal problem ID [10364]
Internal file name [OUTPUT/9311_Monday_June_06_2022_01_51_13_PM_28351703/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 34.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

y′x− ay2 − yb = c x2b

2.34.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a y2 + by + c x2b

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2

x
+ c x2b

x
+ by

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c x2b

x
, f1(x) = b

x
and f2(x) = a

x
. Let

y = −u′

f2u

= −u′

au
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − a

x2

f1f2 =
ab

x2

f 2
2 f0 =

a2c x2b

x3

Substituting the above terms back in equation (2) gives

au′′(x)
x

−
(
− a

x2 + ab

x2

)
u′(x) + a2c x2bu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 sin
(
xb
√
ca

b

)
+ c2 cos

(
xb
√
ca

b

)

The above shows that

u′(x) =
xb
√
ca
(
c1 cos

(
xb√ca

b

)
− c2 sin

(
xb√ca

b

))
x

Using the above in (1) gives the solution

y = −
xb
√
ca
(
c1 cos

(
xb√ca

b

)
− c2 sin

(
xb√ca

b

))
a
(
c1 sin

(
xb

√
ca

b

)
+ c2 cos

(
xb

√
ca

b

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

(
−c3 cos

(
xb√ca

b

)
+ sin

(
xb√ca

b

))
xb
√
ca(

c3 sin
(

xb
√
ca

b

)
+ cos

(
xb

√
ca

b

))
a
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Summary
The solution(s) found are the following

(1)y =

(
−c3 cos

(
xb√ca

b

)
+ sin

(
xb√ca

b

))
xb
√
ca(

c3 sin
(

xb
√
ca

b

)
+ cos

(
xb

√
ca

b

))
a

Verification of solutions

y =

(
−c3 cos

(
xb√ca

b

)
+ sin

(
xb√ca

b

))
xb
√
ca(

c3 sin
(

xb
√
ca

b

)
+ cos

(
xb

√
ca

b

))
a

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 34� �
dsolve(x*diff(y(x),x)=a*y(x)^2+b*y(x)+c*x^(2*b),y(x), singsol=all)� �

y(x) =
tan

(
xb√a

√
c−c1b

b

)√
c xb

√
a
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3 Solution by Mathematica
Time used: 0.544 (sec). Leaf size: 139� �
DSolve[x*y'[x]==a*y[x]^2+b*y[x]+c*x^(2*b),y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

√
cxb
(
− cos

(√
a
√
cxb

b

)
+ c1 sin

(√
a
√
cxb

b

))
√
a
(
sin
(√

a
√
cxb

b

)
+ c1 cos

(√
a
√
cxb

b

))
y(x) →

√
cxb tan

(√
a
√
cxb

b

)
√
a
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2.35 problem 35
2.35.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 233

Internal problem ID [10365]
Internal file name [OUTPUT/9312_Monday_June_06_2022_01_51_13_PM_77067681/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 35.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

y′x− ay2 − yb = c xn

2.35.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a y2 + by + c xn

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2

x
+ c xn

x
+ by

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c xn

x
, f1(x) = b

x
and f2(x) = a

x
. Let

y = −u′

f2u

= −u′

au
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − a

x2

f1f2 =
ab

x2

f 2
2 f0 =

a2c xn

x3

Substituting the above terms back in equation (2) gives

au′′(x)
x

−
(
− a

x2 + ab

x2

)
u′(x) + a2c xnu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(
BesselJ

(
b

n
,
2
√
ca x

n
2

n

)
c1 + BesselY

(
b

n
,
2
√
ca x

n
2

n

)
c2

)
x

b
2

The above shows that

u′(x) = −x−1+ b
2

(√
ca x

n
2 BesselJ

(
b+ n

n
,
2
√
ca x

n
2

n

)
c1

+ BesselY
(
b+ n

n
,
2
√
ca x

n
2

n

)√
ca x

n
2 c2

− b

(
BesselJ

(
b

n
,
2
√
ca x

n
2

n

)
c1 + BesselY

(
b

n
,
2
√
ca x

n
2

n

)
c2

))

Using the above in (1) gives the solution

y

=
x−1+ b

2

(√
ca x

n
2 BesselJ

(
b+n
n
, 2

√
ca x

n
2

n

)
c1 + BesselY

(
b+n
n
, 2

√
ca x

n
2

n

)√
ca x

n
2 c2 − b

(
BesselJ

(
b
n
, 2

√
ca x

n
2

n

)
c1 + BesselY

(
b
n
, 2

√
ca x

n
2

n

)
c2
))

xx− b
2

a
(
BesselJ

(
b
n
, 2

√
ca x

n
2

n

)
c1 + BesselY

(
b
n
, 2

√
ca x

n
2

n

)
c2
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=

(
BesselJ

(
b+n
n
, 2

√
ca x

n
2

n

)
c3 + BesselY

(
b+n
n
, 2

√
ca x

n
2

n

))√
ca x

n
2 − b

(
BesselJ

(
b
n
, 2

√
ca x

n
2

n

)
c3 + BesselY

(
b
n
, 2

√
ca x

n
2

n

))
a
(
BesselJ

(
b
n
, 2

√
ca x

n
2

n

)
c3 + BesselY

(
b
n
, 2

√
ca x

n
2

n

))
Summary
The solution(s) found are the following

(1)y

=

(
BesselJ

(
b+n
n
, 2

√
ca x

n
2

n

)
c3 + BesselY

(
b+n
n
, 2

√
ca x

n
2

n

))√
ca x

n
2 − b

(
BesselJ

(
b
n
, 2

√
ca x

n
2

n

)
c3 + BesselY

(
b
n
, 2

√
ca x

n
2

n

))
a
(
BesselJ

(
b
n
, 2

√
ca x

n
2

n

)
c3 + BesselY

(
b
n
, 2

√
ca x

n
2

n

))
Verification of solutions
y

=

(
BesselJ

(
b+n
n
, 2

√
ca x

n
2

n

)
c3 + BesselY

(
b+n
n
, 2

√
ca x

n
2

n

))√
ca x

n
2 − b

(
BesselJ

(
b
n
, 2

√
ca x

n
2

n

)
c3 + BesselY

(
b
n
, 2

√
ca x

n
2

n

))
a
(
BesselJ

(
b
n
, 2

√
ca x

n
2

n

)
c3 + BesselY

(
b
n
, 2

√
ca x

n
2

n

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (b-1)*(diff(y(x), x))/x-a*c*x^(n-1)*y(x)/x, y(x)` *** Sublevel 2

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
<- Bessel successful

<- special function solution successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 164� �
dsolve(x*diff(y(x),x)=a*y(x)^2+b*y(x)+c*x^n,y(x), singsol=all)� �
y(x)

=

√
ac
(
BesselY

(
b+n
n
, 2

√
ac x

n
2

n

)
c1 + BesselJ

(
b+n
n
, 2

√
ac x

n
2

n

))
x

n
2 − b

(
BesselY

(
b
n
, 2

√
ac x

n
2

n

)
c1 + BesselJ

(
b
n
, 2

√
ac x

n
2

n

))
a
(
BesselY

(
b
n
, 2

√
ac x

n
2

n

)
c1 + BesselJ

(
b
n
, 2

√
ac x

n
2

n

))
3 Solution by Mathematica
Time used: 0.513 (sec). Leaf size: 402� �
DSolve[x*y'[x]==a*y[x]^2+b*y[x]+c*x^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

√
a
√
cxn/2

(
−2BesselJ

(
b
n
− 1, 2

√
a
√
cxn/2

n

)
+ c1

(
BesselJ

(
1− b

n
, 2

√
a
√
cxn/2

n

)
− BesselJ

(
− b+n

n
, 2

√
a
√
cxn/2

n

)))
− bc1 BesselJ

(
− b

n
, 2

√
a
√
cxn/2

n

)
2a
(
BesselJ

(
b
n
, 2

√
a
√
cxn/2

n

)
+ c1 BesselJ

(
− b

n
, 2

√
a
√
cxn/2

n

))
y(x) →

−
−
√
a
√
cxn/2 BesselJ

(
1− b

n
, 2

√
a
√
cxn/2

n

)
+
√
a
√
cxn/2 BesselJ

(
− b+n

n
, 2

√
a
√
cxn/2

n

)
+ bBesselJ

(
− b

n
, 2

√
a
√
cxn/2

n

)
2aBesselJ

(
− b

n
, 2

√
a
√
cxn/2

n

)
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2.36 problem 36
2.36.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 238

Internal problem ID [10366]
Internal file name [OUTPUT/9313_Monday_June_06_2022_01_51_14_PM_27493872/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 36.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

y′x− ay2 − (n+ b xn) y = c x2n

2.36.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= xnby + a y2 + c x2n + ny

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = xnby

x
+ a y2

x
+ c x2n

x
+ ny

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c x2n

x
, f1(x) = n+b xn

x
and f2(x) = a

x
. Let

y = −u′

f2u

= −u′

au
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − a

x2

f1f2 =
(n+ b xn) a

x2

f 2
2 f0 =

a2c x2n

x3

Substituting the above terms back in equation (2) gives

au′′(x)
x

−
(
− a

x2 + (n+ b xn) a
x2

)
u′(x) + a2c x2nu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = exnb
2n

c1 sinh

xn
√

−4ca+b2

n2

2

+ c2 cosh

xn
√

−4ca+b2

n2

2


The above shows that

u′(x)

=

((√
−4ca+b2

n2 nc1 + c2b

)
cosh

(
xn
√

−4ca+b2
n2

2

)
+ sinh

(
xn
√

−4ca+b2
n2

2

)(√
−4ca+b2

n2 nc2 + c1b

))
xn−1exnb

2n

2

Using the above in (1) gives the solution

y =

−

((√
−4ca+b2

n2 nc1 + c2b

)
cosh

(
xn
√

−4ca+b2
n2

2

)
+ sinh

(
xn
√

−4ca+b2
n2

2

)(√
−4ca+b2

n2 nc2 + c1b

))
xn−1x

2a
(
c1 sinh

(
xn
√

−4ca+b2
n2

2

)
+ c2 cosh

(
xn
√

−4ca+b2
n2

2

))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−
xn

((√
−4ca+b2

n2 nc3 + b

)
cosh

(
xn
√

−4ca+b2
n2

2

)
+ sinh

(
xn
√

−4ca+b2
n2

2

)(√
−4ca+b2

n2 n+ bc3

))
2a
(
c3 sinh

(
xn
√

−4ca+b2
n2

2

)
+ cosh

(
xn
√

−4ca+b2
n2

2

))

Summary
The solution(s) found are the following

(1)y =

−
xn

((√
−4ca+b2

n2 nc3 + b

)
cosh

(
xn
√

−4ca+b2
n2

2

)
+ sinh

(
xn
√

−4ca+b2
n2

2

)(√
−4ca+b2

n2 n+ bc3

))
2a
(
c3 sinh

(
xn
√

−4ca+b2
n2

2

)
+ cosh

(
xn
√

−4ca+b2
n2

2

))
Verification of solutions
y =

−
xn

((√
−4ca+b2

n2 nc3 + b

)
cosh

(
xn
√

−4ca+b2
n2

2

)
+ sinh

(
xn
√

−4ca+b2
n2

2

)(√
−4ca+b2

n2 n+ bc3

))
2a
(
c3 sinh

(
xn
√

−4ca+b2
n2

2

)
+ cosh

(
xn
√

−4ca+b2
n2

2

))
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 69� �
dsolve(x*diff(y(x),x)=a*y(x)^2+(n+b*x^n)*y(x)+c*x^(2*n),y(x), singsol=all)� �

y(x) = −
xn
(
b2 −

√
4a b2c− b4 tan

(√
4a b2c−b4 (b xn+c1n)

2b2n

))
2ab

3 Solution by Mathematica
Time used: 1.07 (sec). Leaf size: 114� �
DSolve[x*y'[x]==a*y[x]^2+(n+b*x^n)*y[x]+c*x^(2*n),y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

xn

−b+
√
b2−4ac

(
−e

xn
√

b2−4ac
n +c1

)

e
xn
√

b2−4ac
n +c1


2a

y(x) →
xn
(√

b2 − 4ac− b
)

2a
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2.37 problem 37
2.37.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 242

Internal problem ID [10367]
Internal file name [OUTPUT/9314_Monday_June_06_2022_01_51_15_PM_48702340/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 37.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

y′x− y2x− ay = b xn

2.37.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= x y2 + ya+ b xn

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + b xn

x
+ ya

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b xn

x
, f1(x) = a

x
and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 =
a

x

f 2
2 f0 =

b xn

x

Substituting the above terms back in equation (2) gives

u′′(x)− au′(x)
x

+ b xnu(x)
x

= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(
BesselY

(
−1− a

n+ 1 ,
2
√
b x

n
2+

1
2

n+ 1

)
c2 + BesselJ

(
−1− a

n+ 1 ,
2
√
b x

n
2+

1
2

n+ 1

)
c1

)
x

1
2+

a
2

The above shows that

u′(x) = x
a
2+

n
2
√
b

(
−BesselJ

(
−a+ n

n+ 1 ,
2
√
b x

n
2+

1
2

n+ 1

)
c1

− BesselY
(
−a+ n

n+ 1 ,
2
√
b x

n
2+

1
2

n+ 1

)
c2

)

Using the above in (1) gives the solution

y = −
x

a
2+

n
2
√
b
(
−BesselJ

(
−a+n
n+1 , 2

√
b x

n
2 +1

2
n+1

)
c1 − BesselY

(
−a+n
n+1 , 2

√
b x

n
2 +1

2
n+1

)
c2
)
x− 1

2−
a
2

BesselY
(

−1−a
n+1 ,

2
√
b x

n
2 +1

2
n+1

)
c2 + BesselJ

(
−1−a
n+1 ,

2
√
b x

n
2 +1

2
n+1

)
c1

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

√
b x− 1

2+
n
2

(
BesselJ

(
−a+n
n+1 , 2

√
b x

n
2 +1

2
n+1

)
c3 + BesselY

(
−a+n
n+1 , 2

√
b x

n
2 +1

2
n+1

))
BesselY

(
−1−a
n+1 ,

2
√
b x

n
2 +1

2
n+1

)
+ BesselJ

(
−1−a
n+1 ,

2
√
b x

n
2 +1

2
n+1

)
c3
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Summary
The solution(s) found are the following

(1)y =

√
b x− 1

2+
n
2

(
BesselJ

(
−a+n
n+1 , 2

√
b x

n
2 +1

2
n+1

)
c3 + BesselY

(
−a+n
n+1 , 2

√
b x

n
2 +1

2
n+1

))
BesselY

(
−1−a
n+1 ,

2
√
b x

n
2 +1

2
n+1

)
+ BesselJ

(
−1−a
n+1 ,

2
√
b x

n
2 +1

2
n+1

)
c3

Verification of solutions

y =

√
b x− 1

2+
n
2

(
BesselJ

(
−a+n
n+1 , 2

√
b x

n
2 +1

2
n+1

)
c3 + BesselY

(
−a+n
n+1 , 2

√
b x

n
2 +1

2
n+1

))
BesselY

(
−1−a
n+1 ,

2
√
b x

n
2 +1

2
n+1

)
+ BesselJ

(
−1−a
n+1 ,

2
√
b x

n
2 +1

2
n+1

)
c3

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (diff(y(x), x))*a/x-b*x^(n-1)*y(x), y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
<- Bessel successful

<- special function solution successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 139� �
dsolve(x*diff(y(x),x)=x*y(x)^2+a*y(x)+b*x^n,y(x), singsol=all)� �

y(x) =
x

n
2−

1
2
√
b
(
BesselY

(
−a+n
n+1 , 2

√
b x

n
2 +1

2
n+1

)
c1 + BesselJ

(
−a+n
n+1 , 2

√
b x

n
2 +1

2
n+1

))
BesselY

(
−a−1
n+1 ,

2
√
b x

n
2 +1

2
n+1

)
c1 + BesselJ

(
−a−1
n+1 ,

2
√
b x

n
2 +1

2
n+1

)
3 Solution by Mathematica
Time used: 1.381 (sec). Leaf size: 855� �
DSolve[x*y'[x]==x*y[x]^2+a*y[x]+b*x^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

√
b(xn)

n+1
2n Gamma

(
a+n+2
n+1

)
BesselJ

(
a−n
n+1 ,

2
√
b(xn)

n+1
2n

n+1

)
−
√
b(xn)

n+1
2n Gamma

(
a+n+2
n+1

)
BesselJ

(
a+n+2
n+1 , 2

√
b(xn)

n+1
2n

n+1

)
+ aGamma

(
a+n+2
n+1

)
BesselJ

(
a+1
n+1 ,

2
√
b(xn)

n+1
2n

n+1

)
+Gamma

(
a+n+2
n+1

)
BesselJ

(
a+1
n+1 ,

2
√
b(xn)

n+1
2n

n+1

)
−
√
bc1(xn)

n+1
2n Gamma

(
n−a
n+1

)
BesselJ

(
n−a
n+1 ,

2
√
b(xn)

n+1
2n

n+1

)
+
√
bc1(xn)

n+1
2n Gamma

(
n−a
n+1

)
BesselJ

(
−a+n+2

n+1 , 2
√
b(xn)

n+1
2n

n+1

)
+ (a+ 1)c1Gamma

(
n−a
n+1

)
BesselJ

(
− a+1

n+1 ,
2
√
b(xn)

n+1
2n

n+1

)
2x
(
Gamma

(
a+n+2
n+1

)
BesselJ

(
a+1
n+1 ,

2
√
b(xn)

n+1
2n

n+1

)
+ c1Gamma

(
n−a
n+1

)
BesselJ

(
− a+1

n+1 ,
2
√
b(xn)

n+1
2n

n+1

))

y(x) → −

√
b(xn)

n+1
2n

(
BesselJ

(
−a+n+2

n+1 ,
2
√
b
(
xn
)n+1

2n
n+1

)
−BesselJ

(
n−a
n+1 ,

2
√
b
(
xn
)n+1

2n
n+1

))

BesselJ
(
− a+1

n+1 ,
2
√
b(xn)

n+1
2n

n+1

) + a+ 1

2x

y(x) → −

√
b(xn)

n+1
2n

(
BesselJ

(
−a+n+2

n+1 ,
2
√
b
(
xn
)n+1

2n
n+1

)
−BesselJ

(
n−a
n+1 ,

2
√
b
(
xn
)n+1

2n
n+1

))

BesselJ
(
− a+1

n+1 ,
2
√
b(xn)

n+1
2n

n+1

) + a+ 1

2x
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2.38 problem 38
2.38.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 247

Internal problem ID [10368]
Internal file name [OUTPUT/9315_Monday_June_06_2022_01_51_16_PM_89246891/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 38.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

y′x+ a3xy
2 + a2y = −a1x− a0

2.38.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −a3x y
2 + a1x+ a2y + a0

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a3y
2 − a1 −

a2y

x
− a0

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a1x+a0
x

, f1(x) = −a2
x
and f2(x) = −a3. Let

y = −u′

f2u

= −u′

−a3u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 =
a2a3
x

f 2
2 f0 = −a23(a1x+ a0)

x

Substituting the above terms back in equation (2) gives

−a3u
′′(x)− a2a3u

′(x)
x

− a23(a1x+ a0)u(x)
x

= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−i
√
a1

√
a3 x

(
KummerM

(
ia0

√
a3 + a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

)
c1

+KummerU
(
ia0

√
a3 + a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

)
c2

)
The above shows that

u′(x) =

−

−

((
− 1

2a
2
2+a2

)
a
3
2
1 +a0

(
i
√
a3 a1−

a0a3
√
a1

2

))
c2 KummerU

( (a2+2)√a1+ia0
√

a3
2√a1

,a2,2i
√
a1

√
a3 x

)
2 −

c1

(
ia1

√
a3 a0+a

3
2
1 a2

)
KummerM

( (a2+2)√a1+ia0
√

a3
2√a1

,a2,2i
√
a1

√
a3 x

)
2 +

(
KummerM

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

)
c1 +KummerU

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

)
c2
)(

a
3
2
1 a2
2 + ia1

(
a1x+ a0

2

)√
a3

) e−i
√
a1

√
a3 x

a
3
2
1 x

Using the above in (1) gives the solution

y =

−
−

((
− 1

2a
2
2+a2

)
a
3
2
1 +a0

(
i
√
a3 a1−

a0a3
√
a1

2

))
c2 KummerU

( (a2+2)√a1+ia0
√

a3
2√a1

,a2,2i
√
a1

√
a3 x

)
2 −

c1

(
ia1

√
a3 a0+a

3
2
1 a2

)
KummerM

( (a2+2)√a1+ia0
√
a3

2√a1
,a2,2i

√
a1

√
a3 x

)
2 +

(
KummerM

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

)
c1 +KummerU

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

)
c2
)(

a
3
2
1 a2
2 + ia1

(
a1x+ a0

2

)√
a3

)
a

3
2
1 xa3

(
KummerM

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

)
c1 +KummerU

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

)
c2
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=

(
−
( 1
2a

2
2−a2

)
a
3
2
1 +ia1

√
a3 a0−

a20a3
√
a1

2

)
KummerU

( (a2+2)√a1+ia0
√
a3

2√a1
,a2,2i

√
a1

√
a3 x

)
2 +

c3

(
ia1

√
a3 a0+a

3
2
1 a2

)
KummerM

( (a2+2)√a1+ia0
√
a3

2√a1
,a2,2i

√
a1

√
a3 x

)
2 −

(
KummerM

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

)
c3 +KummerU

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

))(
a
3
2
1 a2
2 + ia1

(
a1x+ a0

2

)√
a3

)
a

3
2
1 xa3

(
KummerM

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

)
c3 +KummerU

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

))
Summary
The solution(s) found are the following

(1)y

=

(
−
( 1
2a

2
2−a2

)
a
3
2
1 +ia1

√
a3 a0−

a20a3
√
a1

2

)
KummerU

( (a2+2)√a1+ia0
√
a3

2√a1
,a2,2i

√
a1

√
a3 x

)
2 +

c3

(
ia1

√
a3 a0+a

3
2
1 a2

)
KummerM

( (a2+2)√a1+ia0
√
a3

2√a1
,a2,2i

√
a1

√
a3 x

)
2 −

(
KummerM

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

)
c3 +KummerU

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

))(
a
3
2
1 a2
2 + ia1

(
a1x+ a0

2

)√
a3

)
a

3
2
1 xa3

(
KummerM

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

)
c3 +KummerU

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

))
Verification of solutions
y

=

(
−
( 1
2a

2
2−a2

)
a
3
2
1 +ia1

√
a3 a0−

a20a3
√
a1

2

)
KummerU

( (a2+2)√a1+ia0
√
a3

2√a1
,a2,2i

√
a1

√
a3 x

)
2 +

c3

(
ia1

√
a3 a0+a

3
2
1 a2

)
KummerM

( (a2+2)√a1+ia0
√
a3

2√a1
,a2,2i

√
a1

√
a3 x

)
2 −

(
KummerM

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

)
c3 +KummerU

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

))(
a
3
2
1 a2
2 + ia1

(
a1x+ a0

2

)√
a3

)
a

3
2
1 xa3

(
KummerM

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

)
c3 +KummerU

(
ia0

√
a3+a2

√
a1

2√a1
, a2, 2i

√
a1

√
a3 x

))
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Abel AIR successful: ODE belongs to the 1F1 2-parameter class`� �
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3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 403� �
dsolve(x*diff(y(x),x)+a__3*x*y(x)^2+a__2*y(x)+a__1*x+a__0=0,y(x), singsol=all)� �
y(x) =

−
4a1

(
a31a3

(
a3a0 − a2

√
−a1a3

)
KummerM

(√
−a1a3 a0+a1(a2+2)

2a1 , a2 + 1, 2x
√
−a1a3

)
−

c1
(
a20a3+a1a22

)
KummerU

(√
−a1a3 a0+a1(a2+2)

2a1
,a2+1,2x

√
−a1a3

)
4 + a31a3

(
a2
√
−a1a3 + a3a0

)
KummerM

(√
−a1a3 a0+a1a2

2a1 , a2 + 1, 2x
√
−a1a3

)
+

KummerU
(√

−a1a3 a0+a1a2
2a1

,a2+1,2x
√
−a1a3

)
c1
(√

−a1a3 a0−a1a2
)

2

)
4a31a23

(√
−a1a3 a0 + a1a2

)
KummerM

(√
−a1a3 a0+a1(a2+2)

2a1 , a2 + 1, 2x
√
−a1a3

)
− c1

√
−a1a3 (a20a3 + a1a22)KummerU

(√
−a1a3 a0+a1(a2+2)

2a1 , a2 + 1, 2x
√
−a1a3

)
+ 2a1

(
−2a21a23

(√
−a1a3 a0 − a1a2

)
KummerM

(√
−a1a3 a0+a1a2

2a1 , a2 + 1, 2x
√
−a1a3

)
+KummerU

(√
−a1a3 a0+a1a2

2a1 , a2 + 1, 2x
√
−a1a3

)
c1
(
a2
√
−a1a3 + a3a0

))
3 Solution by Mathematica
Time used: 0.748 (sec). Leaf size: 541� �
DSolve[x*y'[x]+a3*x*y[x]^2+a2*y[x]+a1*x+a0==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
i

(√
a1c1HypergeometricU

(
1
2

(
i
√
a3a0√
a1 + a2

)
, a2, 2i

√
a1
√
a3x
)
+ c1

(√
a1a2+ ia0

√
a3
)
HypergeometricU

(
1
2

(
i
√
a3a0√
a1 + a2+ 2

)
, a2+ 1, 2i

√
a1
√
a3x
)
+
√
a1
(
2La2

− i
√
a3a0

2
√
a1 −a2

2 −1

(
2i
√
a1
√
a3x
)
+ La2−1

− i
√
a3a0

2
√
a1 −a2

2

(
2i
√
a1
√
a3x
)))

√
a3
(
c1HypergeometricU

(
1
2

(
i
√
a3a0√
a1 + a2

)
, a2, 2i

√
a1
√
a3x
)
+ La2−1

− i
√
a3a0

2
√
a1 −a2

2

(
2i
√
a1
√
a3x
))

y(x) →

(
a0
√
a3−i

√
a1a2

)
HypergeometricU

(
1
2

(
i

√
a3a0√
a1 +a2+2

)
,a2+1,2i

√
a1
√
a3x

)

HypergeometricU
(

1
2

(
i

√
a3a0√
a1 +a2

)
,a2,2i

√
a1
√
a3x

) − i
√
a1

√
a3

y(x) →

(
a0
√
a3−i

√
a1a2

)
HypergeometricU

(
1
2

(
i

√
a3a0√
a1 +a2+2

)
,a2+1,2i

√
a1
√
a3x

)

HypergeometricU
(

1
2

(
i

√
a3a0√
a1 +a2

)
,a2,2i

√
a1
√
a3x

) − i
√
a1

√
a3
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2.39 problem 39
2.39.1 Solving as first order ode lie symmetry calculated ode . . . . . . 251
2.39.2 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 256

Internal problem ID [10369]
Internal file name [OUTPUT/9316_Monday_June_06_2022_01_51_19_PM_59962069/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 39.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati", "first_order_ode_lie_sym-
metry_calculated"

Maple gives the following as the ode type
[[ _homogeneous , `class G`], _rational , _Riccati]

y′x− a xny2 − yb = c x−n

2.39.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = a xny2 + by + c x−n

x
y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 1 to use as anstaz gives

(1E)ξ = xa2 + ya3 + a1

(2E)η = xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, b1, b2, b3}

Substituting equations (1E,2E) and ω into (A) gives

(5E)
b2 +

(a xny2 + by + c x−n) (b3 − a2)
x

− (a xny2 + by + c x−n)2 a3
x2

−

(
xnan y2

x
− c x−nn

x

x
− a xny2 + by + c x−n

x2

)
(xa2 + ya3 + a1)

− (2a xny + b) (xb2 + yb3 + b1)
x

= 0

Putting the above in normal form gives

−2xnx−nac y2a3 + xnanx y2a2 + x2na2y4a3 − xna y3a3 − xna y2a1 − x−ncna1 − x−ncxb3 − x−ncya3 − b2x
2 + 2xnab y3a3 + xnan y3a3 + xnan y2a1 + 2xna x2yb2 + xnax y2b3 + 2xnaxyb1 + 2x−nbcya3 − x−ncnxa2 − x−ncnya3 + b2y2a3 + b x2b2 − b y2a3 + x−2nc2a3 + bxb1 − bya1 − x−nca1

x2

= 0

Setting the numerator to zero gives

(6E)
−2xnx−nac y2a3 − xnanx y2a2 − x2na2y4a3 + xna y3a3 + xna y2a1
+ x−ncna1 + x−ncxb3 + x−ncya3 + b2x

2 − 2xnab y3a3 − xnan y3a3
−xnan y2a1−2xna x2yb2−xnax y2b3−2xnaxyb1−2x−nbcya3+x−ncnxa2
+x−ncnya3−b2y2a3−b x2b2+b y2a3−x−2nc2a3−bxb1+bya1+x−nca1 = 0

Simplifying the above gives

(6E)

−
(
x3nanx y2a2 − b2x

2x2n − cna1x
n − cxb3x

n − cya3x
n + x4na2y4a3

− x3na y3a3 − x3na y2a1 + b2y2a3x
2n + b x2b2x

2n − b y2a3x
2n

+ bxb1x
2n − bya1x

2n + 2bcya3xn − cnxa2x
n − cnya3x

n

+ 2x3nab y3a3 + x3nan y3a3 + x3nan y2a1 + 2x3na x2yb2
+ x3nax y2b3 + 2x3naxyb1 + 2ac y2a3x2n + c2a3 − ca1x

n
)
x−2n = 0

Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y, xn}
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The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2, x
n = v3}

The above PDE (6E) now becomes

(7E)−v43a
2v42a3 + 2v33abv32a3 + v33anv1v

2
2a2 + v33anv

3
2a3 + v33anv

2
2a1 − v33av

3
2a3 + 2v33av21v2b2 + v33av1v

2
2b3 + 2acv22a3v23 − v33av

2
2a1 + 2v33av1v2b1 + b2v22a3v

2
3 − bv22a3v

2
3 + bv21b2v

2
3 + 2bcv2a3v3 − bv2a1v

2
3 + bv1b1v

2
3 − cnv1a2v3 − cnv2a3v3 − b2v

2
1v

2
3 − cna1v3 − cv2a3v3 − cv1b3v3 + c2a3 − ca1v3

v23
= 0

Collecting the above on the terms vi introduced, and these are

{v1, v2, v3}

Equation (7E) now becomes

(8E)

−2ab2v3v21v2 + (−bb2 + b2) v21 + (−ana2 − ab3) v1v22v3 − 2ab1v3v1v2

− bb1v1 +
(cna2 + cb3) v1

v3
− a2a3v

2
3v

4
2 + (−2aba3 − ana3 + aa3) v32v3

+ (−ana1 + aa1) v22v3 +
(
−2aca3 − b2a3 + ba3

)
v22 + ba1v2

+ (−2bca3 + cna3 + ca3) v2
v3

+ cna1 + ca1
v3

− c2a3
v23

= 0

Setting each coefficients in (8E) to zero gives the following equations to solve

ba1 = 0
−2ab1 = 0
−2ab2 = 0
−a2a3 = 0
−bb1 = 0
−c2a3 = 0

−bb2 + b2 = 0
−ana1 + aa1 = 0
cna1 + ca1 = 0

−ana2 − ab3 = 0
cna2 + cb3 = 0

−2aca3 − b2a3 + ba3 = 0
−2aba3 − ana3 + aa3 = 0
−2bca3 + cna3 + ca3 = 0
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Solving the above equations for the unknowns gives

a1 = 0
a2 = a2

a3 = 0
b1 = 0
b2 = 0
b3 = −na2

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = x

η = −ny

Shifting is now applied to make ξ = 0 in order to simplify the rest of the computation

η = η − ω(x, y) ξ

= −ny −
(
a xny2 + by + c x−n

x

)
(x)

= −a xny2 − by − c x−n − ny

ξ = 0

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is
dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x

S is found from

S =
∫ 1

η
dy

=
∫ 1

−a xny2 − by − c x−n − ny
dy
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Which results in

S = −
2xn arctan

(
2x2nay+b xn+nxn

√
−x2nb2−2x2nbn−x2nn2+4ca x2n

)
√
−x2nb2 − 2x2nbn− x2nn2 + 4ca x2n

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)

Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = a xny2 + by + c x−n

x

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = − ny xn−1

x2na y2 + y (b+ n)xn + c

Sy = − xn

x2na y2 + y (b+ n)xn + c

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= −1

x
(2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= − 1

R

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) = − ln (R) + c1 (4)
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To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

−
2 arctan

(
2a xny+b+n√

4ca−b2−2bn−n2

)
√
4ca− b2 − 2bn− n2

= − ln (x) + c1

Which simplifies to

−
2 arctan

(
2a xny+b+n√

4ca−b2−2bn−n2

)
√
4ca− b2 − 2bn− n2

= − ln (x) + c1

Which gives

y = −

(
tan

(
− ln(x)

√
4ca−b2−2bn−n2

2 + c1
√
4ca−b2−2bn−n2

2

)√
4ca− b2 − 2bn− n2 + b+ n

)
x−n

2a
Summary
The solution(s) found are the following
y

= −

(
tan

(
− ln(x)

√
4ca−b2−2bn−n2

2 + c1
√
4ca−b2−2bn−n2

2

)√
4ca− b2 − 2bn− n2 + b+ n

)
x−n

2a
(1)

Verification of solutions

y=−

(
tan

(
− ln(x)

√
4ca−b2−2bn−n2

2 + c1
√
4ca−b2−2bn−n2

2

)√
4ca− b2 − 2bn− n2 + b+ n

)
x−n

2a

Verified OK.

2.39.2 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a xny2 + by + c x−n

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = xna y2

x
+ c x−n

x
+ by

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = c x−n

x
, f1(x) = b

x
and f2(x) = a xn

x
. Let

y = −u′

f2u

= −u′

a xnu
x

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

an xn

x2 − a xn

x2

f1f2 =
ba xn

x2

f 2
2 f0 =

a2x2nc x−n

x3

Substituting the above terms back in equation (2) gives

a xnu′′(x)
x

−
(
an xn

x2 − a xn

x2 + ba xn

x2

)
u′(x) + a2x2nc x−nu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x
b
2x

n
2

(
x
√

−4ca+b2+2bn+n2
2 c1 + x−

√
−4ca+b2+2bn+n2

2 c2
)

The above shows that

u′(x) =

−
x

n
2

(
c2
(
−b− n+

√
−4ca+ b2 + 2bn+ n2

)
x−

√
−4ca+b2+2bn+n2

2 − x
√

−4ca+b2+2bn+n2
2 c1

(
b+ n+

√
−4ca+ b2 + 2bn+ n2

))
x

b
2

2x

Using the above in (1) gives the solution

y

=

(
c2
(
−b− n+

√
−4ca+ b2 + 2bn+ n2

)
x−

√
−4ca+b2+2bn+n2

2 − x
√

−4ca+b2+2bn+n2
2 c1

(
b+ n+

√
−4ca+ b2 + 2bn+ n2

))
x−n

2a
(
x
√

−4ca+b2+2bn+n2
2 c1 + x−

√
−4ca+b2+2bn+n2

2 c2
)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=

((
−b− n+

√
−4ca+ b2 + 2bn+ n2

)
x−

√
−4ca+b2+2bn+n2

2 − x
√

−4ca+b2+2bn+n2
2 c3

(
b+ n+

√
−4ca+ b2 + 2bn+ n2

))
x−n

2a
(
x
√

−4ca+b2+2bn+n2
2 c3 + x−

√
−4ca+b2+2bn+n2

2

)
Summary
The solution(s) found are the following

(1)y

=

((
−b− n+

√
−4ca+ b2 + 2bn+ n2

)
x−

√
−4ca+b2+2bn+n2

2 − x
√

−4ca+b2+2bn+n2
2 c3

(
b+ n+

√
−4ca+ b2 + 2bn+ n2

))
x−n

2a
(
x
√

−4ca+b2+2bn+n2
2 c3 + x−

√
−4ca+b2+2bn+n2

2

)
Verification of solutions
y

=

((
−b− n+

√
−4ca+ b2 + 2bn+ n2

)
x−

√
−4ca+b2+2bn+n2

2 − x
√

−4ca+b2+2bn+n2
2 c3

(
b+ n+

√
−4ca+ b2 + 2bn+ n2

))
x−n

2a
(
x
√

−4ca+b2+2bn+n2
2 c3 + x−

√
−4ca+b2+2bn+n2

2

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying homogeneous G
<- homogeneous successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 73� �
dsolve(x*diff(y(x),x)=a*x^n*y(x)^2+b*y(x)+c*x^(-n),y(x), singsol=all)� �

y(x) =
x−n
(
tan

(√
4ac−b2−2bn−n2 (ln(x)−c1)

2

)√
4ac− b2 − 2bn− n2 − b− n

)
2a

3 Solution by Mathematica
Time used: 0.978 (sec). Leaf size: 138� �
DSolve[x*y'[x]==a*x^n*y[x]^2+b*y[x]+c*x^(-n),y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
x−n

(√
−4ac+b2+2bn+n2

(
−x

√
−4ac+b2+2bn+n2+c1

)
x
√

−4ac+b2+2bn+n2+c1
− b− n

)
2a

y(x) →
x−n
(√

−4ac+ b2 + 2bn+ n2 − b− n
)

2a
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2.40 problem 40
2.40.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 260

Internal problem ID [10370]
Internal file name [OUTPUT/9317_Monday_June_06_2022_01_51_20_PM_83489069/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 40.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

y′x− a xny2 − ym = −a b2xn+2m

2.40.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a xny2 + ym− a b2xn+2m

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = xna y2

x
+ ym

x
− a b2xnx2m

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a b2xn+2m

x
, f1(x) = m

x
and f2(x) = a xn

x
. Let

y = −u′

f2u

= −u′

a xnu
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

an xn

x2 − a xn

x2

f1f2 =
maxn

x2

f 2
2 f0 = −a3x2nb2xn+2m

x3

Substituting the above terms back in equation (2) gives

a xnu′′(x)
x

−
(
an xn

x2 − a xn

x2 + maxn

x2

)
u′(x)− a3x2nb2xn+2mu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 sinh
(
ab xm+n

m+ n

)
+ c2 cosh

(
ab xm+n

m+ n

)

The above shows that

u′(x) = ab xm+n−1
(
c1 cosh

(
ab xm+n

m+ n

)
+ c2 sinh

(
ab xm+n

m+ n

))

Using the above in (1) gives the solution

y = −
b xm+n−1

(
c1 cosh

(
ab xm+n

m+n

)
+ c2 sinh

(
ab xm+n

m+n

))
x−nx

c1 sinh
(
ab xm+n

m+n

)
+ c2 cosh

(
ab xm+n

m+n

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
b xm

(
c3 cosh

(
ab xm+n

m+n

)
+ sinh

(
ab xm+n

m+n

))
c3 sinh

(
ab xm+n

m+n

)
+ cosh

(
ab xm+n

m+n

)
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Summary
The solution(s) found are the following

(1)y = −
b xm

(
c3 cosh

(
ab xm+n

m+n

)
+ sinh

(
ab xm+n

m+n

))
c3 sinh

(
ab xm+n

m+n

)
+ cosh

(
ab xm+n

m+n

)
Verification of solutions

y = −
b xm

(
c3 cosh

(
ab xm+n

m+n

)
+ sinh

(
ab xm+n

m+n

))
c3 sinh

(
ab xm+n

m+n

)
+ cosh

(
ab xm+n

m+n

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 34� �
dsolve(x*diff(y(x),x)=a*x^n*y(x)^2+m*y(x)-a*b^2*x^(n+2*m),y(x), singsol=all)� �

y(x) = i tan
(
c1(n+m) + iab xn+m

n+m

)
b xm
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3 Solution by Mathematica
Time used: 1.736 (sec). Leaf size: 43� �
DSolve[x*y'[x]==a*x^n*y[x]^2+m*y[x]-a*b^2*x^(n+2*m),y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
−b2xm tan

(
a
√
−b2xm+n

m+ n
+ c1

)
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2.41 problem 41
2.41.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 264

Internal problem ID [10371]
Internal file name [OUTPUT/9318_Monday_June_06_2022_01_51_21_PM_22191330/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 41.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

y′x− x2ny2 − (m− n) y = x2m

2.41.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= x2ny2 + ym− ny + x2m

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = x2ny2

x
+ ym

x
− ny

x
+ x2m

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = x2m

x
, f1(x) = m−n

x
and f2(x) = x2n

x
. Let

y = −u′

f2u

= −u′

x2nu
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

2x2nn

x2 − x2n

x2

f1f2 =
(m− n)x2n

x2

f 2
2 f0 =

x4nx2m

x3

Substituting the above terms back in equation (2) gives

x2nu′′(x)
x

−
(
2x2nn

x2 − x2n

x2 + (m− n)x2n

x2

)
u′(x) + x4nx2mu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 sin
(

xm+n

m+ n

)
+ c2 cos

(
xm+n

m+ n

)

The above shows that

u′(x) = xm+n−1
(
c1 cos

(
xm+n

m+ n

)
− c2 sin

(
xm+n

m+ n

))

Using the above in (1) gives the solution

y = −
xm+n−1

(
c1 cos

(
xm+n

m+n

)
− c2 sin

(
xm+n

m+n

))
x−2nx

c1 sin
(
xm+n

m+n

)
+ c2 cos

(
xm+n

m+n

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
xm−n

(
−c3 cos

(
xm+n

m+n

)
+ sin

(
xm+n

m+n

))
c3 sin

(
xm+n

m+n

)
+ cos

(
xm+n

m+n

)
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Summary
The solution(s) found are the following

(1)y =
xm−n

(
−c3 cos

(
xm+n

m+n

)
+ sin

(
xm+n

m+n

))
c3 sin

(
xm+n

m+n

)
+ cos

(
xm+n

m+n

)
Verification of solutions

y =
xm−n

(
−c3 cos

(
xm+n

m+n

)
+ sin

(
xm+n

m+n

))
c3 sin

(
xm+n

m+n

)
+ cos

(
xm+n

m+n

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 34� �
dsolve(x*diff(y(x),x)=x^(2*n)*y(x)^2+(m-n)*y(x)+x^(2*m),y(x), singsol=all)� �

y(x) = tan
(
xn+m + (−n−m) c1

n+m

)
x−n+m
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3 Solution by Mathematica
Time used: 0.727 (sec). Leaf size: 28� �
DSolve[x*y'[x]==x^(2*n)*y[x]^2+(m-n)*y[x]+x^(2*m),y[x],x,IncludeSingularSolutions -> True]� �

y(x) → xm−n tan
(

xm+n

m+ n
+ c1

)
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2.42 problem 42
2.42.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 268

Internal problem ID [10372]
Internal file name [OUTPUT/9319_Monday_June_06_2022_01_51_22_PM_29239198/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 42.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

y′x− a xny2 − yb = c xm

2.42.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a xny2 + by + c xm

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = xna y2

x
+ c xm

x
+ by

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c xm

x
, f1(x) = b

x
and f2(x) = a xn

x
. Let

y = −u′

f2u

= −u′

a xnu
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

an xn

x2 − a xn

x2

f1f2 =
ba xn

x2

f 2
2 f0 =

a2x2nc xm

x3

Substituting the above terms back in equation (2) gives

a xnu′′(x)
x

−
(
an xn

x2 − a xn

x2 + ba xn

x2

)
u′(x) + a2x2nc xmu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)=
(
BesselJ

(
−b− n

m+ n
,
2
√
ca x

m
2 +n

2

m+ n

)
c1+BesselY

(
−b− n

m+ n
,
2
√
ca x

m
2 +n

2

m+ n

)
c2

)
x

b
2+

n
2

The above shows that

u′(x) = x−1+ b
2+n+m

2
√
ca

(
−BesselY

(
−b+m

m+ n
,
2
√
ca x

m
2 +n

2

m+ n

)
c2

− BesselJ
(
−b+m

m+ n
,
2
√
ca x

m
2 +n

2

m+ n

)
c1

)
Using the above in (1) gives the solution

y =

−
x−1+ b

2+n+m
2
√
ca
(
−BesselY

(
−b+m
m+n

, 2
√
ca x

m
2 +n

2

m+n

)
c2 − BesselJ

(
−b+m
m+n

, 2
√
ca x

m
2 +n

2

m+n

)
c1
)
x−nxx− b

2−
n
2

a
(
BesselJ

(
−b−n
m+n

, 2
√
ca x

m
2 +n

2

m+n

)
c1 + BesselY

(
−b−n
m+n

, 2
√
ca x

m
2 +n

2

m+n

)
c2
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
x

m
2 −n

2
√
ca
(
BesselJ

(
−b+m
m+n

, 2
√
ca x

m
2 +n

2

m+n

)
c3 + BesselY

(
−b+m
m+n

, 2
√
ca x

m
2 +n

2

m+n

))
a
(
BesselJ

(
−b−n
m+n

, 2
√
ca x

m
2 +n

2

m+n

)
c3 + BesselY

(
−b−n
m+n

, 2
√
ca x

m
2 +n

2

m+n

))
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Summary
The solution(s) found are the following

(1)y =
x

m
2 −n

2
√
ca
(
BesselJ

(
−b+m
m+n

, 2
√
ca x

m
2 +n

2

m+n

)
c3 + BesselY

(
−b+m
m+n

, 2
√
ca x

m
2 +n

2

m+n

))
a
(
BesselJ

(
−b−n
m+n

, 2
√
ca x

m
2 +n

2

m+n

)
c3 + BesselY

(
−b−n
m+n

, 2
√
ca x

m
2 +n

2

m+n

))
Verification of solutions

y =
x

m
2 −n

2
√
ca
(
BesselJ

(
−b+m
m+n

, 2
√
ca x

m
2 +n

2

m+n

)
c3 + BesselY

(
−b+m
m+n

, 2
√
ca x

m
2 +n

2

m+n

))
a
(
BesselJ

(
−b−n
m+n

, 2
√
ca x

m
2 +n

2

m+n

)
c3 + BesselY

(
−b−n
m+n

, 2
√
ca x

m
2 +n

2

m+n

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (b+n-1)*(diff(y(x), x))/x-x^(n-1)*a*x^(m-1)*c*y(x), y(x)` *** Sub

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
<- Bessel successful

<- special function solution successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 166� �
dsolve(x*diff(y(x),x)=a*x^(n)*y(x)^2+b*y(x)+c*x^(m),y(x), singsol=all)� �

y(x) =
x−n

2+
m
2
√
ac
(
BesselY

(
−b+m
n+m

, 2
√
ac x

m
2 +n

2

n+m

)
c1 + BesselJ

(
−b+m
n+m

, 2
√
ac x

m
2 +n

2

n+m

))
a
(
BesselY

(
−b−n
n+m

, 2
√
ac x

m
2 +n

2

n+m

)
c1 + BesselJ

(
−b−n
n+m

, 2
√
ac x

m
2 +n

2

n+m

))
3 Solution by Mathematica
Time used: 1.49 (sec). Leaf size: 1321� �
DSolve[x*y'[x]==a*x^(n)*y[x]^2+b*y[x]+c*x^(m),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
x−n
(√

a
√
c(m+ n)xm+n BesselJ

(
m−b
m+n

, 2
√
a
√
c
√
xm+n√

(m+n)2

)
c1Gamma

(
m−b
m+n

)
((m+ n)2)

b+n
m+n −

√
a
√
cmxm+n BesselJ

(
− b+m+2n

m+n
, 2

√
a
√
c
√
xm+n√

(m+n)2

)
c1Gamma

(
m−b
m+n

)
((m+ n)2)

b+n
m+n −

√
a
√
cnxm+n BesselJ

(
− b+m+2n

m+n
, 2

√
a
√
c
√
xm+n√

(m+n)2

)
c1Gamma

(
m−b
m+n

)
((m+ n)2)

b+n
m+n − (b+ n)

√
xm+n BesselJ

(
− b+n

m+n
, 2

√
a
√
c
√
xm+n√

(m+n)2

)
c1Gamma

(
m−b
m+n

)
((m+ n)2)

2b+m+3n
2(m+n) − b(m+ n)

2(b+n)
m+n

√
xm+n BesselJ

(
b+n
m+n

, 2
√
a
√
c
√
xm+n√

(m+n)2

)
Gamma

(
b+m+2n
m+n

)√
(m+ n)2 − n(m+ n)

2(b+n)
m+n

√
xm+n BesselJ

(
b+n
m+n

, 2
√
a
√
c
√
xm+n√

(m+n)2

)
Gamma

(
b+m+2n
m+n

)√
(m+ n)2 −

√
a
√
cm(m+ n)

2(b+n)
m+n xm+n BesselJ

(
b−m
m+n

, 2
√
a
√
c
√
xm+n√

(m+n)2

)
Gamma

(
b+m+2n
m+n

)
−

√
a
√
cn(m+ n)

2(b+n)
m+n xm+n BesselJ

(
b−m
m+n

, 2
√
a
√
c
√
xm+n√

(m+n)2

)
Gamma

(
b+m+2n
m+n

)
+
√
a
√
cm(m+ n)

2(b+n)
m+n xm+n BesselJ

(
b+n
m+n

+ 1, 2
√
a
√
c
√
xm+n√

(m+n)2

)
Gamma

(
b+m+2n
m+n

)
+
√
a
√
cn(m+ n)

2(b+n)
m+n xm+n BesselJ

(
b+n
m+n

+ 1, 2
√
a
√
c
√
xm+n√

(m+n)2

)
Gamma

(
b+m+2n
m+n

))
2a
√

(m+ n)2
√
xm+n

(
BesselJ

(
− b+n

m+n
, 2

√
a
√
c
√
xm+n√

(m+n)2

)
c1Gamma

(
m−b
m+n

)
((m+ n)2)

b+n
m+n + (m+ n)

2(b+n)
m+n BesselJ

(
b+n
m+n

, 2
√
a
√
c
√
xm+n√

(m+n)2

)
Gamma

(
b+m+2n
m+n

))
y(x)

→
x−n
(√

a
√
c(m+ n)

√
xm+n BesselJ

(
m−b
m+n

, 2
√
a
√
c
√
xm+n√

(m+n)2

)
− (b+ n)

√
(m+ n)2 BesselJ

(
− b+n

m+n
, 2

√
a
√
c
√
xm+n√

(m+n)2

)
−

√
a
√
c(m+ n)

√
xm+n BesselJ

(
− b+m+2n

m+n
, 2

√
a
√
c
√
xm+n√

(m+n)2

))
2a
√

(m+ n)2 BesselJ
(
− b+n

m+n
, 2

√
a
√
c
√
xm+n√

(m+n)2

)
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2.43 problem 43
2.43.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 273

Internal problem ID [10373]
Internal file name [OUTPUT/9320_Monday_June_06_2022_01_51_23_PM_60768990/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 43.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

y′x− x2ny2a− (b xn − n) y = c

2.43.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= x2na y2 + xnby − ny + c

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = x2na y2

x
+ xnby

x
− ny

x
+ c

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c
x
, f1(x) = b xn−n

x
and f2(x) = x2na

x
. Let

y = −u′

f2u

= −u′

x2nau
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

2x2nna

x2 − a x2n

x2

f1f2 =
(b xn − n)x2na

x2

f 2
2 f0 =

x4na2c

x3

Substituting the above terms back in equation (2) gives

x2nau′′(x)
x

−
(
2x2nna

x2 − a x2n

x2 + (b xn − n)x2na

x2

)
u′(x) + x4na2cu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = exnb
2n

c1 sinh

xn
√

−4ca+b2

n2

2

+ c2 cosh

xn
√

−4ca+b2

n2

2


The above shows that

u′(x)

=
xn−1exnb

2n

((√
−4ca+b2

n2 nc1 + c2b

)
cosh

(
xn
√

−4ca+b2
n2

2

)
+ sinh

(
xn
√

−4ca+b2
n2

2

)(√
−4ca+b2

n2 nc2 + c1b

))
2

Using the above in (1) gives the solution

y =

−
xn−1

((√
−4ca+b2

n2 nc1 + c2b

)
cosh

(
xn
√

−4ca+b2
n2

2

)
+ sinh

(
xn
√

−4ca+b2
n2

2

)(√
−4ca+b2

n2 nc2 + c1b

))
x−2nx

2a
(
c1 sinh

(
xn
√

−4ca+b2
n2

2

)
+ c2 cosh

(
xn
√

−4ca+b2
n2

2

))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−
x−n

((√
−4ca+b2

n2 nc3 + b

)
cosh

(
xn
√

−4ca+b2
n2

2

)
+ sinh

(
xn
√

−4ca+b2
n2

2

)(√
−4ca+b2

n2 n+ bc3

))
2a
(
c3 sinh

(
xn
√

−4ca+b2
n2

2

)
+ cosh

(
xn
√

−4ca+b2
n2

2

))

Summary
The solution(s) found are the following

(1)y =

−
x−n

((√
−4ca+b2

n2 nc3 + b

)
cosh

(
xn
√

−4ca+b2
n2

2

)
+ sinh

(
xn
√

−4ca+b2
n2

2

)(√
−4ca+b2

n2 n+ bc3

))
2a
(
c3 sinh

(
xn
√

−4ca+b2
n2

2

)
+ cosh

(
xn
√

−4ca+b2
n2

2

))
Verification of solutions
y =

−
x−n

((√
−4ca+b2

n2 nc3 + b

)
cosh

(
xn
√

−4ca+b2
n2

2

)
+ sinh

(
xn
√

−4ca+b2
n2

2

)(√
−4ca+b2

n2 n+ bc3

))
2a
(
c3 sinh

(
xn
√

−4ca+b2
n2

2

)
+ cosh

(
xn
√

−4ca+b2
n2

2

))
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 72� �
dsolve(x*diff(y(x),x)=a*x^(2*n)*y(x)^2+(b*x^n-n)*y(x)+c,y(x), singsol=all)� �

y(x) =

(√
4a b2c− b4 tan

(√
4a b2c−b4 (b xn+c1n)

2b2n

)
− b2

)
x−n

2ba

3 Solution by Mathematica
Time used: 1.071 (sec). Leaf size: 118� �
DSolve[x*y'[x]==a*x^(2*n)*y[x]^2+(b*x^n-n)*y[x]+c,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

x−n

−b+
√
b2−4ac

(
−e

xn
√

b2−4ac
n +c1

)

e
xn
√

b2−4ac
n +c1


2a

y(x) →
x−n
(√

b2 − 4ac− b
)

2a
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2.44 problem 44
2.44.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 277

Internal problem ID [10374]
Internal file name [OUTPUT/9321_Monday_June_06_2022_01_51_24_PM_98601438/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 44.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

y′x− a xm+2ny2 −
(
b xm+n − n

)
y = c xm

2.44.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a xm+2ny2 + xm+nby + c xm − ny

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xmx2ny2

x
+ xmxnby

x
+ c xm

x
− ny

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c xm

x
, f1(x) = b xm+n−n

x
and f2(x) = xm+2na

x
. Let

y = −u′

f2u

= −u′

xm+2nau
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

xm+2n(m+ 2n) a
x2 − a xm+2n

x2

f1f2 =
(b xm+n − n)xm+2na

x2

f 2
2 f0 =

x2m+4na2c xm

x3

Substituting the above terms back in equation (2) gives

xm+2nau′′(x)
x

−
(
xm+2n(m+ 2n) a

x2 − a xm+2n

x2 + (b xm+n − n)xm+2na

x2

)
u′(x) + x2m+4na2c xmu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e
b xm+n

2m+2n

c1 sinh

xm+n
√

−4ca+b2

(m+n)2

2

+ c2 cosh

xm+n
√

−4ca+b2

(m+n)2

2


The above shows that

u′(x)

=

e
b xm+n

2m+2n xm+n−1

(c1(m+ n)
√

−4ca+b2

(m+n)2 + c2b
)
cosh

xm+n

√
−4ca+b2
(m+n)2

2

+
(
c2(m+ n)

√
−4ca+b2

(m+n)2 + c1b
)
sinh

xm+n

√
−4ca+b2
(m+n)2

2


2

Using the above in (1) gives the solution

y =

−

xm+n−1

(c1(m+ n)
√

−4ca+b2

(m+n)2 + c2b
)
cosh

xm+n

√
−4ca+b2
(m+n)2

2

+
(
c2(m+ n)

√
−4ca+b2

(m+n)2 + c1b
)
sinh

xm+n

√
−4ca+b2
(m+n)2

2

x−m−2nx

2a

c1 sinh

xm+n

√
−4ca+b2
(m+n)2

2

+ c2 cosh

xm+n

√
−4ca+b2
(m+n)2

2
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−

(c3(m+ n)
√

−4ca+b2

(m+n)2 + b
)
cosh

xm+n

√
−4ca+b2
(m+n)2

2

+
(
(m+ n)

√
−4ca+b2

(m+n)2 + bc3
)
sinh

xm+n

√
−4ca+b2
(m+n)2

2

x−n

2a

c3 sinh

xm+n

√
−4ca+b2
(m+n)2

2

+ cosh

xm+n

√
−4ca+b2
(m+n)2

2


Summary
The solution(s) found are the following

(1)y =

−

(c3(m+ n)
√

−4ca+b2

(m+n)2 + b
)
cosh

xm+n

√
−4ca+b2
(m+n)2

2

+
(
(m+ n)

√
−4ca+b2

(m+n)2 + bc3
)
sinh

xm+n

√
−4ca+b2
(m+n)2

2

x−n

2a

c3 sinh

xm+n

√
−4ca+b2
(m+n)2

2

+ cosh

xm+n

√
−4ca+b2
(m+n)2

2


Verification of solutions
y =

−

(c3(m+ n)
√

−4ca+b2

(m+n)2 + b
)
cosh

xm+n

√
−4ca+b2
(m+n)2

2

+
(
(m+ n)

√
−4ca+b2

(m+n)2 + bc3
)
sinh

xm+n

√
−4ca+b2
(m+n)2

2

x−n

2a

c3 sinh

xm+n

√
−4ca+b2
(m+n)2

2

+ cosh

xm+n

√
−4ca+b2
(m+n)2

2


Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 78� �
dsolve(x*diff(y(x),x)=a*x^(2*n+m)*y(x)^2+(b*x^(n+m)-n)*y(x)+c*x^m,y(x), singsol=all)� �

y(x) =
x−n
(√

4a b2c− b4 tan
( (

xn+mb+c1(n+m)
)√

4a b2c−b4

2b2(n+m)

)
− b2

)
2ab

3 Solution by Mathematica
Time used: 1.566 (sec). Leaf size: 126� �
DSolve[x*y'[x]==a*x^(2*n+m)*y[x]^2+(b*x^(n+m)-n)*y[x]+c*x^m,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

x−n

−b+
√
b2−4ac

(
−e

√
b2−4acxm+n

m+n +c1

)

e

√
b2−4acxm+n

m+n +c1


2a

y(x) →
x−n
(√

b2 − 4ac− b
)

2a
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2.45 problem 45
2.45.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 281

Internal problem ID [10375]
Internal file name [OUTPUT/9322_Monday_June_06_2022_01_51_26_PM_43318158/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 45.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

(a2x+ b2)
(
y′ + λy2

)
+ (a1x+ b1) y = −a0x− b0

2.45.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −y2a2λx+ y2b2λ+ ya1x+ a0x+ yb1 + b0
a2x+ b2

This is a Riccati ODE. Comparing the ODE to solve

y′ = − y2a2λx

a2x+ b2
− y2b2λ

a2x+ b2
− ya1x

a2x+ b2
− a0x

a2x+ b2
− yb1

a2x+ b2
− b0

a2x+ b2
With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a0x+b0
a2x+b2

, f1(x) = −a1x+b1
a2x+b2

and f2(x) = −λa2x+λb2
a2x+b2

. Let

y = −u′

f2u

= −u′

− (λa2x+λb2)u
a2x+b2

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − λa2

a2x+ b2
+ (λa2x+ λb2) a2

(a2x+ b2)2

f1f2 =
(a1x+ b1) (λa2x+ λb2)

(a2x+ b2)2

f 2
2 f0 = −(λa2x+ λb2)2 (a0x+ b0)

(a2x+ b2)3

Substituting the above terms back in equation (2) gives

−(λa2x+ λb2)u′′(x)
a2x+ b2

−
(
− λa2
a2x+ b2

+ (λa2x+ λb2) a2
(a2x+ b2)2

+ (a1x+ b1) (λa2x+ λb2)
(a2x+ b2)2

)
u′(x)− (λa2x+ λb2)2 (a0x+ b0)u(x)

(a2x+ b2)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−
(√

−4a0a2λ+a21+a1
)
x

2a2 (a2x

+b2)
b2a1+a22−a2b1

a22

(
KummerM

(
(b2a1 + 2a22 − a2b1)

√
−4a0a2λ+ a21 − 2a22b0λ+ (2a0λb2 + a1b1) a2 − a21b2

2
√
−4a0a2λ+ a21 a

2
2

,
b2a1 + 2a22 − a2b1

a22
,

√
−4a0a2λ+ a21 (a2x+ b2)

a22

)
c1

+KummerU
(
(b2a1 + 2a22 − a2b1)

√
−4a0a2λ+ a21 − 2a22b0λ+ (2a0λb2 + a1b1) a2 − a21b2

2
√

−4a0a2λ+ a21 a
2
2

,
b2a1 + 2a22 − a2b1

a22
,

√
−4a0a2λ+ a21 (a2x+ b2)

a22

)
c2

)

The above shows that

u′(x) =

−

2

( (a1x+b1)
√

−4a0a2λ+a21
4 + λ

(
a0x+ b0

2

)
a2 − x a21

4 + a0λb2
2 − a1b1

4

)
c1a2KummerM

( (
b2a1+2a22−a2b1

)√
−4a0a2λ+a21−2a22b0λ+(2a0λb2+a1b1)a2−a21b2

2
√

−4a0a2λ+a21 a
2
2

,
b2a1+2a22−a2b1

a22
,

√
−4a0a2λ+a21 (a2x+b2)

a22

)
+ c2

(
(a1x+b1)

√
−4a0a2λ+a21
4 + λ

(
a0x+ b0

2

)
a2 − x a21

4 + a0λb2
2 − a1b1

4

)
a2KummerU

( (
b2a1+2a22−a2b1

)√
−4a0a2λ+a21−2a22b0λ+(2a0λb2+a1b1)a2−a21b2

2
√

−4a0a2λ+a21 a
2
2

,
b2a1+2a22−a2b1

a22
,

√
−4a0a2λ+a21 (a2x+b2)

a22

)
+

((
− 1

2 b2a1−a22+
1
2a2b1

)√
−4a0a2λ+a21−a22b0λ+

(
a0λb2+a1b1

2

)
a2−

a21b2
2

)
c1 KummerM

(
2a0a2λb2−2a22b0λ+

√
−4a0a2λ+a21 a1b2−

√
−4a0a2λ+a21 a2b1−a21b2+a1a2b1

2a22
√

−4a0a2λ+a21
,
b2a1+2a22−a2b1

a22
,

√
−4a0a2λ+a21 (a2x+b2)

a22

)
2 +

√
−4a0a2λ+a21 KummerU

(
2a0a2λb2−2a22b0λ+

√
−4a0a2λ+a21 a1b2−

√
−4a0a2λ+a21 a2b1−a21b2+a1a2b1

2a22
√

−4a0a2λ+a21
,
b2a1+2a22−a2b1

a22
,

√
−4a0a2λ+a21 (a2x+b2)

a22

)
c2a22

2

 (a2x+ b2)
b2a1−a2b1

a22 e−
(√

−4a0a2λ+a21+a1
)
x

2a2

√
−4a0a2λ+ a21 a2

Using the above in (1) gives the solution

Expression too large to display
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

Expression too large to display

Summary
The solution(s) found are the following

(1)Expression too large to display
Verification of solutions

Expression too large to display

Verified OK.

283



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(a__1*x+b__1)*(diff(y(x), x))/(a__2*x+b__2)-lambda*(a__0*x+b__0)*y(x)

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 827� �
dsolve((a__2*x+b__2)*(diff(y(x),x)+lambda*y(x)^2)+(a__1*x+b__1)*y(x)+a__0*x+b__0=0,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 3.165 (sec). Leaf size: 1418� �
DSolve[(a2*x+b2)*(y'[x]+\[Lambda]*y[x]^2)+(a1*x+b1)*y[x]+a0*x+b0==0,y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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2.46 problem 46
2.46.1 Solving as first order ode lie symmetry calculated ode . . . . . . 286
2.46.2 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 292

Internal problem ID [10376]
Internal file name [OUTPUT/9323_Monday_June_06_2022_01_51_33_PM_76540793/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 46.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati", "first_order_ode_lie_sym-
metry_calculated"

Maple gives the following as the ode type
[[_1st_order , _with_linear_symmetries], _rational , _Riccati]

(xa+ c) y′ − α(ay + bx)2 − β(ay + bx) = −bx+ γ

2.46.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = a2α y2 + 2aαbxy + α b2x2 + aβy + bβx− bx+ γ

xa+ c

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 1 to use as anstaz gives

(1E)ξ = xa2 + ya3 + a1

(2E)η = xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, b1, b2, b3}

Substituting equations (1E,2E) and ω into (A) gives

(5E)

b2 +
(a2α y2 + 2aαbxy + α b2x2 + aβy + bβx− bx+ γ) (b3 − a2)

xa+ c

− (a2α y2 + 2aαbxy + α b2x2 + aβy + bβx− bx+ γ)2 a3
(xa+ c)2

−
(
2aαby + 2α b2x+ βb− b

xa+ c

− (a2α y2 + 2aαbxy + α b2x2 + aβy + bβx− bx+ γ) a
(xa+ c)2

)
(xa2 + ya3 + a1)

− (2a2αy + 2αaxb+ βa) (xb2 + yb3 + b1)
xa+ c

= 0

Putting the above in normal form gives

−a4α2y4a3 + 4a3α2bx y3a3 + 6a2α2b2x2y2a3 + 4aα2b3x3ya3 + α2b4x4a3 + 2a3αβ y3a3 + 6a2αbβx y2a3 + 6aα b2β x2ya3 + 2α b3β x3a3 + 2a3αx2yb2 + a3αx y2b3 − a3α y3a3 + 2a2αb x3b2 + 2a2αb x2ya2 − 2a2αbx y2a3 + 2aα b2x3a2 − aα b2x3b3 − 3aα b2x2ya3 − 2α b3x3a3 + 2a3αxyb1 − a3α y2a1 + 2a2αb x2b1 + 2a2αcxyb2 + a2αc y2a2 + a2αc y2b3 + 2a2αγ y2a3 + a2β2y2a3 + aα b2x2a1 + 2aαbc x2b2 + 4aαbcxya2 + 2aαbc y2a3 + 4aαbγxya3 + 2ab β2xya3 + 3α b2c x2a2 − α b2c x2b3 + 2α b2cxya3 + 2α b2γ x2a3 + b2β2x2a3 + 2a2αcyb1 + a2β x2b2 − a2β y2a3 + 2aαbcxb1 + 2aαbcya1 + abβ x2a2 − abβ x2b3 − 2abβxya3 + 2α b2cxa1 − 2b2β x2a3 + a2βxb1 − a2βya1 − a2x2b2 − ab x2a2 + ab x2b3 + aβcxb2 + aβcya2 + 2aβγya3 + b2x2a3 + 2bβcxa2 − bβcxb3 + bβcya3 + 2bβγxa3 + aβcb1 − 2acxb2 − aγxb3 − aγya3 + bβca1 − 2bcxa2 + bcxb3 − bcya3 − 2bγxa3 − aγa1 − bca1 − c2b2 + cγa2 − cγb3 + γ2a3

(xa+ c)2
= 0

Setting the numerator to zero gives

(6E)

−a4α2y4a3 − 4a3α2bx y3a3 − 6a2α2b2x2y2a3 − 4aα2b3x3ya3
− α2b4x4a3 − 2a3αβ y3a3 − 6a2αbβx y2a3 − 6aα b2β x2ya3
−2α b3β x3a3−2a3αx2yb2−a3αx y2b3+a3α y3a3−2a2αb x3b2
− 2a2αb x2ya2 + 2a2αbx y2a3 − 2aα b2x3a2 + aα b2x3b3
+ 3aα b2x2ya3 + 2α b3x3a3 − 2a3αxyb1 + a3α y2a1 − 2a2αb x2b1
− 2a2αcxyb2 − a2αc y2a2 − a2αc y2b3 − 2a2αγ y2a3 − a2β2y2a3
− aα b2x2a1 − 2aαbc x2b2 − 4aαbcxya2 − 2aαbc y2a3
− 4aαbγxya3 − 2ab β2xya3 − 3α b2c x2a2 + α b2c x2b3
− 2α b2cxya3 − 2α b2γ x2a3 − b2β2x2a3 − 2a2αcyb1 − a2β x2b2
+ a2β y2a3 − 2aαbcxb1 − 2aαbcya1 − abβ x2a2 + abβ x2b3
+ 2abβxya3 − 2α b2cxa1 + 2b2β x2a3 − a2βxb1 + a2βya1
+ a2x2b2 + ab x2a2 − ab x2b3 − aβcxb2 − aβcya2 − 2aβγya3
− b2x2a3 − 2bβcxa2 + bβcxb3 − bβcya3 − 2bβγxa3 − aβcb1
+ 2acxb2 + aγxb3 + aγya3 − bβca1 + 2bcxa2 − bcxb3 + bcya3
+ 2bγxa3 + aγa1 + bca1 + c2b2 − cγa2 + cγb3 − γ2a3 = 0
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Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y}

The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2}

The above PDE (6E) now becomes

(7E)

−a4α2a3v
4
2 − 4a3α2ba3v1v

3
2 − 6a2α2b2a3v

2
1v

2
2 − 4aα2b3a3v

3
1v2

− α2b4a3v
4
1 − 2a3αβa3v32 − 6a2αbβa3v1v22 − 6aα b2βa3v

2
1v2

− 2α b3βa3v
3
1 + a3αa3v

3
2 − 2a3αb2v21v2 − a3αb3v1v

2
2

− 2a2αba2v21v2 + 2a2αba3v1v22 − 2a2αbb2v31 − 2aα b2a2v
3
1

+3aα b2a3v
2
1v2+ aα b2b3v

3
1 +2α b3a3v

3
1 + a3αa1v

2
2 − 2a3αb1v1v2

−2a2αbb1v21−a2αca2v
2
2−2a2αcb2v1v2−a2αcb3v

2
2−2a2αγa3v22

−a2β2a3v
2
2−aα b2a1v

2
1−4aαbca2v1v2−2aαbca3v22−2aαbcb2v21

− 4aαbγa3v1v2 − 2ab β2a3v1v2 − 3α b2ca2v
2
1 − 2α b2ca3v1v2

+ α b2cb3v
2
1 − 2α b2γa3v

2
1 − b2β2a3v

2
1 − 2a2αcb1v2 + a2βa3v

2
2

− a2βb2v
2
1 − 2aαbca1v2 − 2aαbcb1v1 − abβa2v

2
1 + 2abβa3v1v2

+ abβb3v
2
1 − 2α b2ca1v1 + 2b2βa3v21 + a2βa1v2 − a2βb1v1

+ a2b2v
2
1 + aba2v

2
1 − abb3v

2
1 − aβca2v2 − aβcb2v1 − 2aβγa3v2

− b2a3v
2
1 − 2bβca2v1 − bβca3v2 + bβcb3v1 − 2bβγa3v1 − aβcb1

+2acb2v1+aγa3v2+aγb3v1− bβca1+2bca2v1+ bca3v2− bcb3v1
+ 2bγa3v1 + aγa1 + bca1 + c2b2 − cγa2 + cγb3 − γ2a3 = 0

Collecting the above on the terms vi introduced, and these are

{v1, v2}
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Equation (7E) now becomes

(8E)

−α2b4a3v
4
1 − 4aα2b3a3v

3
1v2

+
(
−2α b3βa3 − 2a2αbb2 − 2aα b2a2 + aα b2b3 + 2α b3a3

)
v31

− 6a2α2b2a3v
2
1v

2
2

+
(
−6aα b2βa3−2a3αb2−2a2αba2+3aα b2a3

)
v21v2+

(
−2a2αbb1

− aα b2a1 − 2aαbcb2 − 3α b2ca2 + α b2cb3 − 2α b2γa3 − b2β2a3
−a2βb2−abβa2+abβb3+2b2βa3+a2b2+aba2−abb3− b2a3

)
v21

− 4a3α2ba3v1v
3
2 +

(
−6a2αbβa3 − a3αb3 + 2a2αba3

)
v1v

2
2

+
(
−2a3αb1−2a2αcb2−4aαbca2−4aαbγa3−2ab β2a3−2α b2ca3

+2abβa3
)
v1v2+

(
−2aαbcb1−2α b2ca1−a2βb1−aβcb2−2bβca2

+ bβcb3 − 2bβγa3 + 2acb2 + aγb3 + 2bca2 − bcb3 + 2bγa3
)
v1

− a4α2a3v
4
2 +

(
−2a3αβa3 + a3αa3

)
v32 +

(
a3αa1 − a2αca2

−a2αcb3−2a2αγa3−a2β2a3−2aαbca3+a2βa3
)
v22+

(
−2a2αcb1

− 2aαbca1 + a2βa1 − aβca2 − 2aβγa3 − bβca3 + aγa3 + bca3
)
v2

− aβcb1 − bβca1 + aγa1 + bca1 + c2b2 − cγa2 + cγb3 − γ2a3 = 0

Setting each coefficients in (8E) to zero gives the following equations to solve

−a4α2a3 = 0
−α2b4a3 = 0

−4aα2b3a3 = 0
−6a2α2b2a3 = 0
−4a3α2ba3 = 0

−2a3αβa3 + a3αa3 = 0
−6a2αbβa3 − a3αb3 + 2a2αba3 = 0

−6aα b2βa3 − 2a3αb2 − 2a2αba2 + 3aα b2a3 = 0
−2α b3βa3 − 2a2αbb2 − 2aα b2a2 + aα b2b3 + 2α b3a3 = 0

a3αa1 − a2αca2 − a2αcb3 − 2a2αγa3 − a2β2a3 − 2aαbca3 + a2βa3 = 0
−2a3αb1 − 2a2αcb2 − 4aαbca2 − 4aαbγa3 − 2ab β2a3 − 2α b2ca3 + 2abβa3 = 0
−2a2αcb1 − 2aαbca1 + a2βa1 − aβca2 − 2aβγa3 − bβca3 + aγa3 + bca3 = 0

−aβcb1 − bβca1 + aγa1 + bca1 + c2b2 − cγa2 + cγb3 − γ2a3 = 0
−2aαbcb1 − 2α b2ca1 − a2βb1 − aβcb2 − 2bβca2 + bβcb3 − 2bβγa3 + 2acb2 + aγb3 + 2bca2 − bcb3 + 2bγa3 = 0

−2a2αbb1 − aα b2a1 − 2aαbcb2 − 3α b2ca2 + α b2cb3 − 2α b2γa3 − b2β2a3 − a2βb2 − abβa2 + abβb3 + 2b2βa3 + a2b2 + aba2 − abb3 − b2a3 = 0
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Solving the above equations for the unknowns gives

a1 = −b1a

b

a2 = −b1a
2

cb
a3 = 0
b1 = b1

b2 =
b1a

c
b3 = 0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = −a(xa+ c)
bc

η = xa+ c

c

Shifting is now applied to make ξ = 0 in order to simplify the rest of the computation

η = η − ω(x, y) ξ

= xa+ c

c
−
(
a2α y2 + 2aαbxy + α b2x2 + aβy + bβx− bx+ γ

xa+ c

)(
−a(xa+ c)

bc

)
= a3α y2 + 2a2αbxy + aα b2x2 + a2βy + abβx+ aγ + bc

bc
ξ = 0

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is
dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x
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S is found from

S =
∫ 1

η
dy

=
∫ 1

a3αy2+2a2αbxy+aα b2x2+a2βy+abβx+aγ+bc
bc

dy

Which results in

S =
2bc arctan

(
2a3αy+2αa2xb+a2β√
4a4αγ−a4β2+4a3αbc

)
√
4a4αγ − a4β2 + 4a3αbc

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)

Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = a2α y2 + 2aαbxy + α b2x2 + aβy + bβx− bx+ γ

xa+ c

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = b2c

a
(
a3α y2 + 2y

(
bxα + β

2

)
a2 + (α b2x2 + bβx+ γ) a+ bc

)
Sy =

bc

a3α y2 + 2y
(
bxα + β

2

)
a2 + (α b2x2 + bβx+ γ) a+ bc

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= bc

a (xa+ c) (2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= bc

a (Ra+ c)

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
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integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) = bc ln (Ra+ c)
a2

+ c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

2bc arctan
(√

a (2aαy+2bxα+β)√
(4αγ−β2)a+4bcα

)
a

3
2
√

(4αγ − β2) a+ 4bcα
= bc ln (xa+ c)

a2
+ c1

Which simplifies to

2bc arctan
(√

a (2aαy+2bxα+β)√
(4αγ−β2)a+4bcα

)
a

3
2
√

(4αγ − β2) a+ 4bcα
= bc ln (xa+ c)

a2
+ c1

Which gives

y =
−2

√
aαbx+ tan

(√
4αγa−a β2+4bcα

(
c1a2+bc ln(xa+c)

)
2
√
a bc

)√
4αγa− a β2 + 4bcα−

√
a β

2a 3
2α

Summary
The solution(s) found are the following

y =
−2

√
aαbx+ tan

(√
4αγa−a β2+4bcα

(
c1a2+bc ln(xa+c)

)
2
√
a bc

)√
4αγa− a β2 + 4bcα−

√
a β

2a 3
2α

(1)
Verification of solutions

y =
−2

√
aαbx+ tan

(√
4αγa−a β2+4bcα

(
c1a2+bc ln(xa+c)

)
2
√
a bc

)√
4αγa− a β2 + 4bcα−

√
a β

2a 3
2α

Verified OK.

2.46.2 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a2α y2 + 2aαbxy + α b2x2 + aβy + bβx− bx+ γ

xa+ c
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This is a Riccati ODE. Comparing the ODE to solve

y′ = a2α y2

xa+ c
+ 2aαbxy

xa+ c
+ α b2x2

xa+ c
+ aβy

xa+ c
+ bβx

xa+ c
− bx

xa+ c
+ γ

xa+ c

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = α b2x2+bβx−bx+γ
xa+c

, f1(x) = 2αaxb+βa
xa+c

and f2(x) = αa2

xa+c
. Let

y = −u′

f2u

= −u′

αa2u
xa+c

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − α a3

(xa+ c)2

f1f2 =
(2αaxb+ βa)α a2

(xa+ c)2

f 2
2 f0 =

α2a4(α b2x2 + bβx− bx+ γ)
(xa+ c)3

Substituting the above terms back in equation (2) gives
α a2u′′(x)
xa+ c

−
(
− α a3

(xa+ c)2
+ (2αaxb+ βa)α a2

(xa+ c)2
)
u′(x) + α2a4(α b2x2 + bβx− bx+ γ)u(x)

(xa+ c)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = ebxα
(xa+ c)

−2bcα+

√(
−4αγ+β2

)
a−4bcα

a a+βa

2a c1+(xa+ c)−
2bcα+

√(
−4αγ+β2

)
a−4bcα

a a−βa

2a c2


The above shows that

u′(x)

=

a ebxα
−c2

(
−2bxα +

√
(−4αγ+β2)a−4bcα

a
− β

)
(xa+ c)−

2bcα+

√(
−4αγ+β2

)
a−4bcα

a a−βa

2a + (xa+ c)
−2bcα+

√(
−4αγ+β2

)
a−4bcα

a a+βa

2a c1

(
2bxα +

√
(−4αγ+β2)a−4bcα

a
+ β

)
2xa+ 2c
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Using the above in (1) gives the solution

y =

−

−c2

(
−2bxα +

√
(−4αγ+β2)a−4bcα

a
− β

)
(xa+ c)−

2bcα+

√(
−4αγ+β2

)
a−4bcα

a a−βa

2a + (xa+ c)
−2bcα+

√(
−4αγ+β2

)
a−4bcα

a a+βa

2a c1

(
2bxα +

√
(−4αγ+β2)a−4bcα

a
+ β

) (xa+ c)

a (2xa+ 2c)α

(xa+ c)
−2bcα+

√(
−4αγ+β2

)
a−4bcα

a a+βa

2a c1 + (xa+ c)−
2bcα+

√(
−4αγ+β2

)
a−4bcα

a a−βa

2a c2


Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=

(
−2bxα +

√
(−4αγ+β2)a−4bcα

a
− β

)
(xa+ c)−

√(
−4αγ+β2

)
a−4bcα

a
2 − 2c3

bxα + β
2 +

√(
−4αγ+β2

)
a−4bcα

a

2

 (xa+ c)

√(
−4αγ+β2

)
a−4bcα

a
2

2αa

(xa+ c)

√(
−4αγ+β2

)
a−4bcα

a
2 c3 + (xa+ c)−

√(
−4αγ+β2

)
a−4bcα

a
2


Summary
The solution(s) found are the following

(1)y

=

(
−2bxα +

√
(−4αγ+β2)a−4bcα

a
− β

)
(xa+ c)−

√(
−4αγ+β2

)
a−4bcα

a
2 − 2c3

bxα + β
2 +

√(
−4αγ+β2

)
a−4bcα

a

2

 (xa+ c)

√(
−4αγ+β2

)
a−4bcα

a
2

2αa

(xa+ c)

√(
−4αγ+β2

)
a−4bcα

a
2 c3 + (xa+ c)−

√(
−4αγ+β2

)
a−4bcα

a
2


Verification of solutions
y

=

(
−2bxα +

√
(−4αγ+β2)a−4bcα

a
− β

)
(xa+ c)−

√(
−4αγ+β2

)
a−4bcα

a
2 − 2c3

bxα + β
2 +

√(
−4αγ+β2

)
a−4bcα

a

2

 (xa+ c)

√(
−4αγ+β2

)
a−4bcα

a
2

2αa

(xa+ c)

√(
−4αγ+β2

)
a−4bcα

a
2 c3 + (xa+ c)−

√(
−4αγ+β2

)
a−4bcα

a
2


Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
differential order: 1; found: 1 linear symmetries. Trying reduction of order
1st order, trying the canonical coordinates of the invariance group

-> Calling odsolve with the ODE`, diff(y(x), x) = (-a*x-c)*b/(a*(a*x+c)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

<- 1st order, canonical coordinates successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 94� �
dsolve((a*x+c)*diff(y(x),x)=alpha*(a*y(x)+b*x)^2+beta*(a*y(x)+b*x)-b*x+gamma,y(x), singsol=all)� �
y(x)

=
−2a2αxb− a2β +

√
− ((−4γα + β2) a− 4αbc) a3 tan

(
−2c1a2+ln(ax+c)

√
−((−4γα+β2)a−4αbc)a3
2a2

)
2a3α

3 Solution by Mathematica
Time used: 60.527 (sec). Leaf size: 98� �
DSolve[(a*x+c)*y'[x]==\[Alpha]*(a*y[x]+b*x)^2+\[Beta]*(a*y[x]+b*x)-b*x+\[Gamma],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
−aα

√
4aαγ−aβ2+4αbc

a3α2 tan
(

1
2aα log(ax+ c)

√
4aαγ−aβ2+4αbc

a3α2 + c1

)
+ 2αbx+ β

2aα
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2.47 problem 47
2.47.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 296

Internal problem ID [10377]
Internal file name [OUTPUT/9324_Monday_June_06_2022_01_51_35_PM_72746468/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 47.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

2x2y′ − 2y2 − xy = −2a2x

2.47.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −2a2x+ yx+ 2y2
2x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2

x
+ y

2x + y2

x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2

x
, f1(x) = 1

2x and f2(x) = 1
x2 . Let

y = −u′

f2u

= −u′

u
x2

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − 2

x3

f1f2 =
1
2x3

f 2
2 f0 = −a2

x5

Substituting the above terms back in equation (2) gives

u′′(x)
x2 + 3u′(x)

2x3 − a2u(x)
x5 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 sinh
(

2a√
x

)
+ c2 cosh

(
2a√
x

)

The above shows that

u′(x) =
a
(
−c1 cosh

(
2a√
x

)
− c2 sinh

(
2a√
x

))
x

3
2

Using the above in (1) gives the solution

y = −
a
√
x
(
−c1 cosh

(
2a√
x

)
− c2 sinh

(
2a√
x

))
c1 sinh

(
2a√
x

)
+ c2 cosh

(
2a√
x

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

(
c3 cosh

(
2a√
x

)
+ sinh

(
2a√
x

))
a
√
x

c3 sinh
(

2a√
x

)
+ cosh

(
2a√
x

)
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Summary
The solution(s) found are the following

(1)y =

(
c3 cosh

(
2a√
x

)
+ sinh

(
2a√
x

))
a
√
x

c3 sinh
(

2a√
x

)
+ cosh

(
2a√
x

)
Verification of solutions

y =

(
c3 cosh

(
2a√
x

)
+ sinh

(
2a√
x

))
a
√
x

c3 sinh
(

2a√
x

)
+ cosh

(
2a√
x

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 25� �
dsolve(2*x^2*diff(y(x),x)=2*y(x)^2+x*y(x)-2*a^2*x,y(x), singsol=all)� �

y(x) = tanh
(
ic1

√
x+ 2a√
x

)√
x a
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3 Solution by Mathematica
Time used: 0.619 (sec). Leaf size: 43� �
DSolve[2*x^2*y'[x]==2*y[x]^2+x*y[x]-2*a^2*x,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
√
−a2

√
x tan

(
2
√
−a2√
x

− c1

)
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2.48 problem 48
2.48.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 300

Internal problem ID [10378]
Internal file name [OUTPUT/9325_Monday_June_06_2022_01_51_35_PM_24216642/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 48.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

2x2y′ − 2y2 − 3xy = −2a2x

2.48.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −2a2x+ 3yx+ 2y2
2x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2

x
+ 3y

2x + y2

x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2

x
, f1(x) = 3

2x and f2(x) = 1
x2 . Let

y = −u′

f2u

= −u′

u
x2

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − 2

x3

f1f2 =
3
2x3

f 2
2 f0 = −a2

x5

Substituting the above terms back in equation (2) gives

u′′(x)
x2 + u′(x)

2x3 − a2u(x)
x5 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
√
x

(
c1 sinh

(
2a√
x

)
+ c2 cosh

(
2a√
x

))

The above shows that

u′(x) =

(
−2

√
x c1a+ c2x

)
cosh

(
2a√
x

)
+
(
−2

√
x c2a+ c1x

)
sinh

(
2a√
x

)
2x 3

2

Using the above in (1) gives the solution

y = −

(
−2

√
x c1a+ c2x

)
cosh

(
2a√
x

)
+
(
−2

√
x c2a+ c1x

)
sinh

(
2a√
x

)
2
(
c1 sinh

(
2a√
x

)
+ c2 cosh

(
2a√
x

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
sinh

(
2a√
x

) (
2a

√
x− c3x

)
+ 2
(√

x c3a− x
2

)
cosh

(
2a√
x

)
2c3 sinh

(
2a√
x

)
+ 2 cosh

(
2a√
x

)
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Summary
The solution(s) found are the following

(1)y =
sinh

(
2a√
x

) (
2a

√
x− c3x

)
+ 2
(√

x c3a− x
2

)
cosh

(
2a√
x

)
2c3 sinh

(
2a√
x

)
+ 2 cosh

(
2a√
x

)
Verification of solutions

y =
sinh

(
2a√
x

) (
2a

√
x− c3x

)
+ 2
(√

x c3a− x
2

)
cosh

(
2a√
x

)
2c3 sinh

(
2a√
x

)
+ 2 cosh

(
2a√
x

)
Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

-> Trying a Liouvillian solution using Kovacics algorithm
A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful
<- Abel AIR successful: ODE belongs to the 0F1 1-parameter (Bessel type) class`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 102� �
dsolve(2*x^2*diff(y(x),x)=2*y(x)^2+3*x*y(x)-2*a^2*x,y(x), singsol=all)� �

y(x) =

(
−2xc1

√
−a2

x
− x

)
sin
(
2
√
−a2

x

)
− x

(
c1 − 2

√
−a2

x

)
cos
(
2
√
−a2

x

)
2 cos

(
2
√
−a2

x

)
c1 + 2 sin

(
2
√

−a2

x

)
3 Solution by Mathematica
Time used: 0.457 (sec). Leaf size: 94� �
DSolve[2*x^2*y'[x]==2*y[x]^2+3*x*y[x]-2*a^2*x,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 4a2c1
√
x+ 2a

√
xe

4a√
x − xe

4a√
x + 2ac1x

2e
4a√
x − 4ac1

y(x) → a
(
−
√
x
)
− x

2
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2.49 problem 49
2.49.1 Solving as first order ode lie symmetry calculated ode . . . . . . 304
2.49.2 Solving as exact ode . . . . . . . . . . . . . . . . . . . . . . . . 309
2.49.3 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 314

Internal problem ID [10379]
Internal file name [OUTPUT/9326_Monday_June_06_2022_01_51_36_PM_57238639/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 49.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati", "exactWithIntegra-
tionFactor", "first_order_ode_lie_symmetry_calculated"

Maple gives the following as the ode type
[[ _homogeneous , `class G`], _rational , _Riccati]

x2y′ − a x2y2 − ybx = c

2.49.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = a x2y2 + bxy + c

x2

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 1 to use as anstaz gives

(1E)ξ = xa2 + ya3 + a1

(2E)η = xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, b1, b2, b3}

Substituting equations (1E,2E) and ω into (A) gives

(5E)
b2 +

(a x2y2 + bxy + c) (b3 − a2)
x2 − (a x2y2 + bxy + c)2 a3

x4

−
(
2ax y2 + by

x2 − 2(a x2y2 + bxy + c)
x3

)
(xa2 + ya3 + a1)

− (2a x2y + bx) (xb2 + yb3 + b1)
x2 = 0

Putting the above in normal form gives

−a2x4y4a3 + 2ab x3y3a3 + 2a x5yb2 + a x4y2a2 + a x4y2b3 + 2ac x2y2a3 + 2a x4yb1 + b2x2y2a3 + b x4b2 − b x2y2a3 + 2bcxya3 + b x3b1 − b x2ya1 − b2x
4 − c x2a2 − c x2b3 − 2cxya3 + c2a3 − 2cxa1

x4

= 0

Setting the numerator to zero gives

(6E)−a2x4y4a3 − 2ab x3y3a3 − 2a x5yb2 − a x4y2a2 − a x4y2b3 − 2ac x2y2a3
− 2a x4yb1 − b2x2y2a3 − b x4b2 + b x2y2a3 − 2bcxya3 − b x3b1
+ b x2ya1 + b2x

4 + c x2a2 + c x2b3 + 2cxya3 − c2a3 + 2cxa1 = 0

Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y}

The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2}

The above PDE (6E) now becomes

(7E)−a2a3v
4
1v

4
2 − 2aba3v31v32 − aa2v

4
1v

2
2 − 2ab2v51v2 − ab3v

4
1v

2
2 − 2aca3v21v22

− 2ab1v41v2 − b2a3v
2
1v

2
2 + ba3v

2
1v

2
2 − bb2v

4
1 − 2bca3v1v2 + ba1v

2
1v2

− bb1v
3
1 + b2v

4
1 + ca2v

2
1 + 2ca3v1v2 + cb3v

2
1 − c2a3 + 2ca1v1 = 0
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Collecting the above on the terms vi introduced, and these are

{v1, v2}

Equation (7E) now becomes

(8E)−2ab2v51v2 − a2a3v
4
1v

4
2 + (−aa2 − ab3) v41v22 − 2ab1v41v2 + (−bb2 + b2) v41

− 2aba3v31v32 − bb1v
3
1 +

(
−2aca3 − b2a3 + ba3

)
v21v

2
2 + ba1v

2
1v2

+ (ca2 + cb3) v21 + (−2bca3 + 2ca3) v1v2 + 2ca1v1 − c2a3 = 0

Setting each coefficients in (8E) to zero gives the following equations to solve

ba1 = 0
−2ab1 = 0
−2ab2 = 0
−a2a3 = 0
−bb1 = 0
2ca1 = 0

−c2a3 = 0
−2aba3 = 0

−bb2 + b2 = 0
−aa2 − ab3 = 0

−2bca3 + 2ca3 = 0
ca2 + cb3 = 0

−2aca3 − b2a3 + ba3 = 0

Solving the above equations for the unknowns gives

a1 = 0
a2 = −b3

a3 = 0
b1 = 0
b2 = 0
b3 = b3
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Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = −x

η = y

Shifting is now applied to make ξ = 0 in order to simplify the rest of the computation

η = η − ω(x, y) ξ

= y −
(
a x2y2 + bxy + c

x2

)
(−x)

= a x2y2 + bxy + yx+ c

x
ξ = 0

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is
dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x

S is found from

S =
∫ 1

η
dy

=
∫ 1

a x2y2+bxy+yx+c
x

dy

Which results in

S =
2x arctan

(
2a x2y+bx+x√

4ac x2−b2x2−2b x2−x2

)
√
4ac x2 − b2x2 − 2b x2 − x2

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)
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Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = a x2y2 + bxy + c

x2

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = y

a x2y2 + y (b+ 1)x+ c

Sy =
x

a x2y2 + y (b+ 1)x+ c

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= 1

x
(2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= 1

R

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) = ln (R) + c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

2 arctan
(

2yax+b+1√
4ca−b2−2b−1

)
√
4ca− b2 − 2b− 1

= ln (x) + c1

Which simplifies to

2 arctan
(

2yax+b+1√
4ca−b2−2b−1

)
√
4ca− b2 − 2b− 1

= ln (x) + c1
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Which gives

y =
tan

(
ln(x)

√
4ca−b2−2b−1

2 + c1
√
4ca−b2−2b−1

2

)√
4ca− b2 − 2b− 1− b− 1

2xa
Summary
The solution(s) found are the following

(1)y =
tan

(
ln(x)

√
4ca−b2−2b−1

2 + c1
√
4ca−b2−2b−1

2

)√
4ca− b2 − 2b− 1− b− 1

2xa
Verification of solutions

y =
tan

(
ln(x)

√
4ca−b2−2b−1

2 + c1
√
4ca−b2−2b−1

2

)√
4ca− b2 − 2b− 1− b− 1

2xa

Verified OK.

2.49.2 Solving as exact ode

Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

M(x, y) +N(x, y) dy
dx

= 0 (A)

We assume there exists a function φ(x, y) = c where c is constant, that satisfies the
ode. Taking derivative of φ w.r.t. x gives

d

dx
φ(x, y) = 0

Hence
∂φ

∂x
+ ∂φ

∂y

dy

dx
= 0 (B)

Comparing (A,B) shows that

∂φ

∂x
= M

∂φ

∂y
= N

But since ∂2φ
∂x∂y

= ∂2φ
∂y∂x

then for the above to be valid, we require that

∂M

∂y
= ∂N

∂x
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If the above condition is satisfied, then the original ode is called exact. We still need
to determine φ(x, y) but at least we know now that we can do that since the condition
∂2φ
∂x∂y

= ∂2φ
∂y∂x

is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(x, y) dx+N(x, y) dy = 0 (1A)

Therefore (
x2) dy =

(
a x2y2 + bxy + c

)
dx(

−a x2y2 − bxy − c
)
dx+

(
x2) dy = 0 (2A)

Comparing (1A) and (2A) shows that

M(x, y) = −a x2y2 − bxy − c

N(x, y) = x2

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

∂M

∂y
= ∂N

∂x

Using result found above gives

∂M

∂y
= ∂

∂y

(
−a x2y2 − bxy − c

)
= −2a x2y − bx

And
∂N

∂x
= ∂

∂x

(
x2)

= 2x

Since ∂M
∂y

6= ∂N
∂x

, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

A = 1
N

(
∂M

∂y
− ∂N

∂x

)
= 1

x2

((
−2a x2y − bx

)
− (2x)

)
= −2axy − b− 2

x
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Since A depends on y, it can not be used to obtain an integrating factor. We will now
try a second method to find an integrating factor. Let

B = 1
M

(
∂N

∂x
− ∂M

∂y

)
= − 1

a x2y2 + bxy + c

(
(2x)−

(
−2a x2y − bx

))
= − x(2axy + b+ 2)

a x2y2 + bxy + c

Since B depends on x, it can not be used to obtain an integrating factor.We will now
try a third method to find an integrating factor. Let

R =
∂N
∂x

− ∂M
∂y

xM − yN

R is now checked to see if it is a function of only t = xy. Therefore

R =
∂N
∂x

− ∂M
∂y

xM − yN

= (2x)− (−2a x2y − bx)
x (−a x2y2 − bxy − c)− y (x2)

= −2axy − b− 2
a x2y2 + y (b+ 1)x+ c

Replacing all powers of terms xy by t gives

R = −2at− b− 2
a t2 + (b+ 1) t+ c

Since R depends on t only, then it can be used to find an integrating factor. Let the
integrating factor be µ then

µ = e
∫
R dt

= e
∫ ( −2at−b−2

a t2+(b+1)t+c

)
dt

The result of integrating gives

µ = e
− ln

(
a t2+tb+c+t

)
−

2 arctan
(

2at+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1

= e−
2 arctan

(
2at+b+1√

4ca−b2−2b−1

)
√

4ca−b2−2b−1

a t2 + tb+ c+ t
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Now t is replaced back with xy giving

µ = e−
2 arctan

(
2axy+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1

a x2y2 + bxy + yx+ c

Multiplying M and N by this integrating factor gives new M and new N which are
called M and N so not to confuse them with the original M and N

M = µM

= e−
2 arctan

(
2axy+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1

a x2y2 + bxy + yx+ c

(
−a x2y2 − bxy − c

)

= −(a x2y2 + bxy + c) e−
2 arctan

(
2axy+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1

a x2y2 + y (b+ 1)x+ c

And

N = µN

= e−
2 arctan

(
2axy+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1

a x2y2 + bxy + yx+ c

(
x2)

= x2e−
2 arctan

(
2axy+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1

a x2y2 + y (b+ 1)x+ c

A modified ODE is now obtained from the original ODE, which is exact and can solved.
The modified ODE is

M +N
dy
dx = 0−(a x2y2 + bxy + c) e−

2 arctan
(

2axy+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1

a x2y2 + y (b+ 1)x+ c

+

x2e−
2 arctan

(
2axy+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1

a x2y2 + y (b+ 1)x+ c

 dy
dx = 0

The following equations are now set up to solve for the function φ(x, y)

∂φ

∂x
= M (1)

∂φ

∂y
= N (2)
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Integrating (1) w.r.t. x gives∫
∂φ

∂x
dx =

∫
M dx

∫
∂φ

∂x
dx =

∫
−(a x2y2 + bxy + c) e−

2 arctan
(

2axy+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1

a x2y2 + y (b+ 1)x+ c
dx

(3)φ = −e−
2 arctan

(
2axy+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1 x+ f(y)

Where f(y) is used for the constant of integration since φ is a function of both x and
y. Taking derivative of equation (3) w.r.t y gives

(4)∂φ

∂y
= 4x2a e−

2 arctan
(

2axy+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1

(4ca− b2 − 2b− 1)
(

(2axy+b+1)2
4ca−b2−2b−1 + 1

) + f ′(y)

= x2e−
2 arctan

(
2axy+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1

a x2y2 + y (b+ 1)x+ c
+ f ′(y)

But equation (2) says that ∂φ
∂y

= x2e
−

2 arctan
(

2axy+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1

a x2y2+y(b+1)x+c
. Therefore equation (4) becomes

(5)x2e−
2 arctan

(
2axy+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1

a x2y2 + y (b+ 1)x+ c
= x2e−

2 arctan
(

2axy+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1

a x2y2 + y (b+ 1)x+ c
+ f ′(y)

Solving equation (5) for f ′(y) gives

f ′(y) = 0

Therefore
f(y) = c1

Where c1 is constant of integration. Substituting this result for f(y) into equation (3)
gives φ

φ = −e−
2 arctan

(
2axy+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1 x+ c1
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But since φ itself is a constant function, then let φ = c2 where c2 is new constant and
combining c1 and c2 constants into new constant c1 gives the solution as

c1 = −e−
2 arctan

(
2axy+b+1√
4ca−b2−2b−1

)
√

4ca−b2−2b−1 x

The solution becomes

y = −
tan

(
ln
(
− c1

x

)√
4ca−b2−2b−1
2

)√
4ca− b2 − 2b− 1 + b+ 1

2xa

Summary
The solution(s) found are the following

(1)y = −
tan

(
ln
(
− c1

x

)√
4ca−b2−2b−1
2

)√
4ca− b2 − 2b− 1 + b+ 1

2xa
Verification of solutions

y = −
tan

(
ln
(
− c1

x

)√
4ca−b2−2b−1
2

)√
4ca− b2 − 2b− 1 + b+ 1

2xa

Verified OK.

2.49.3 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a x2y2 + bxy + c

x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2 + by

x
+ c

x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c
x2 , f1(x) = b

x
and f2(x) = a. Let

y = −u′

f2u

= −u′

au
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 =
ab

x

f 2
2 f0 =

a2c

x2

Substituting the above terms back in equation (2) gives

au′′(x)− abu′(x)
x

+ a2cu(x)
x2 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x
b
2
√
x
(
x
√

−4ca+b2+2b+1
2 c1 + x−

√
−4ca+b2+2b+1

2 c2
)

The above shows that

u′(x)

=

(
c2
(
1 + b−

√
−4ca+ b2 + 2b+ 1

)
x−

√
−4ca+b2+2b+1

2 + x
√

−4ca+b2+2b+1
2 c1

(
1 + b+

√
−4ca+ b2 + 2b+ 1

))
x

b
2

2
√
x

Using the above in (1) gives the solution

y =

−
c2
(
1 + b−

√
−4ca+ b2 + 2b+ 1

)
x−

√
−4ca+b2+2b+1

2 + x
√

−4ca+b2+2b+1
2 c1

(
1 + b+

√
−4ca+ b2 + 2b+ 1

)
2xa

(
x
√

−4ca+b2+2b+1
2 c1 + x−

√
−4ca+b2+2b+1

2 c2
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
(
−1− b+

√
−4ca+ b2 + 2b+ 1

)
x−

√
−4ca+b2+2b+1

2 − x
√

−4ca+b2+2b+1
2 c3

(
1 + b+

√
−4ca+ b2 + 2b+ 1

)
2xa

(
x
√

−4ca+b2+2b+1
2 c3 + x−

√
−4ca+b2+2b+1

2

)
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Summary
The solution(s) found are the following

(1)y

=
(
−1− b+

√
−4ca+ b2 + 2b+ 1

)
x−

√
−4ca+b2+2b+1

2 − x
√

−4ca+b2+2b+1
2 c3

(
1 + b+

√
−4ca+ b2 + 2b+ 1

)
2xa

(
x
√

−4ca+b2+2b+1
2 c3 + x−

√
−4ca+b2+2b+1

2

)
Verification of solutions
y

=
(
−1− b+

√
−4ca+ b2 + 2b+ 1

)
x−

√
−4ca+b2+2b+1

2 − x
√

−4ca+b2+2b+1
2 c3

(
1 + b+

√
−4ca+ b2 + 2b+ 1

)
2xa

(
x
√

−4ca+b2+2b+1
2 c3 + x−

√
−4ca+b2+2b+1

2

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying homogeneous G
<- homogeneous successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 59� �
dsolve(x^2*diff(y(x),x)=a*x^2*y(x)^2+b*x*y(x)+c,y(x), singsol=all)� �

y(x) =
−1− b+ tan

(√
4ac−b2−2b−1 (ln(x)−c1)

2

)√
4ac− b2 − 2b− 1

2ax

316



3 Solution by Mathematica
Time used: 0.43 (sec). Leaf size: 99� �
DSolve[x^2*y'[x]==a*x^2*y[x]^2+b*x*y[x]+c,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −

√
−4ac+ b2 + 2b+ 1

(
1− 2c1

x
√

−4ac+b2+2b+1+c1

)
+ b+ 1

2ax

y(x) → −−
√
−4ac+ b2 + 2b+ 1 + b+ 1

2ax
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2.50 problem 50
2.50.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 318

Internal problem ID [10380]
Internal file name [OUTPUT/9327_Monday_June_06_2022_01_51_39_PM_55641103/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 50.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

x2y′ − y2c x2 −
(
a x2 + bx

)
y = αx2 + βx+ γ

2.50.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2c x2 + a x2y + αx2 + bxy + βx+ γ

x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = c y2 + ya+ α + by

x
+ β

x
+ γ

x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = αx2+βx+γ
x2 , f1(x) = a x2+bx

x2 and f2(x) = c. Let

y = −u′

f2u

= −u′

cu
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 =
(a x2 + bx) c

x2

f 2
2 f0 =

c2(αx2 + βx+ γ)
x2

Substituting the above terms back in equation (2) gives

cu′′(x)− (a x2 + bx) cu′(x)
x2 + c2(αx2 + βx+ γ)u(x)

x2 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x
b
2 exa

2

(
c1WhittakerM

(
− ab− 2βc
2
√
a2 − 4αc

,

√
b2 − 4cγ + 2b+ 1

2 ,
√
a2 − 4αc x

)
+ c2WhittakerW

(
− ab− 2βc
2
√
a2 − 4αc

,

√
b2 − 4cγ + 2b+ 1

2 ,
√
a2 − 4αc x

))

The above shows that

u′(x)

=

(
−c1

(
ab− 2βc−

√
b2 − 4cγ + 2b+ 1

√
a2 − 4αc−

√
a2 − 4αc

)
WhittakerM

(
−ab−2βc−2

√
a2−4αc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
− 2WhittakerW

(
−ab−2βc−2

√
a2−4αc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
c2
√
a2 − 4αc+

(
c1WhittakerM

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
+ c2WhittakerW

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)) (
(xa+ b)

√
a2 − 4αc+ a2x+ ab− 4

(
αx+ β

2

)
c
))

x−1+ b
2 exa

2

2
√
a2 − 4αc

Using the above in (1) gives the solution

y =

−

(
−c1

(
ab− 2βc−

√
b2 − 4cγ + 2b+ 1

√
a2 − 4αc−

√
a2 − 4αc

)
WhittakerM

(
−ab−2βc−2

√
a2−4αc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
− 2WhittakerW

(
−ab−2βc−2

√
a2−4αc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
c2
√
a2 − 4αc+

(
c1WhittakerM

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
+ c2WhittakerW

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)) (
(xa+ b)

√
a2 − 4αc+ a2x+ ab− 4

(
αx+ β

2

)
c
))

x−1+ b
2x− b

2

2
√
a2 − 4αc c

(
c1WhittakerM

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
+ c2WhittakerW

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−
−c3

(
ab− 2βc−

√
b2 − 4cγ + 2b+ 1

√
a2 − 4αc−

√
a2 − 4αc

)
WhittakerM

(
−ab−2βc−2

√
a2−4αc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
− 2

√
a2 − 4αc WhittakerW

(
−ab−2βc−2

√
a2−4αc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
+
(
c3WhittakerM

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
+WhittakerW

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)) (
(xa+ b)

√
a2 − 4αc+ a2x+ ab− 4

(
αx+ β

2

)
c
)

2
√
a2 − 4αc cx

(
c3WhittakerM

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
+WhittakerW

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

))
Summary
The solution(s) found are the following

(1)y =

−
−c3

(
ab− 2βc−

√
b2 − 4cγ + 2b+ 1

√
a2 − 4αc−

√
a2 − 4αc

)
WhittakerM

(
−ab−2βc−2

√
a2−4αc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
− 2

√
a2 − 4αc WhittakerW

(
−ab−2βc−2

√
a2−4αc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
+
(
c3WhittakerM

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
+WhittakerW

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)) (
(xa+ b)

√
a2 − 4αc+ a2x+ ab− 4

(
αx+ β

2

)
c
)

2
√
a2 − 4αc cx

(
c3WhittakerM

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
+WhittakerW

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

))
Verification of solutions
y =

−
−c3

(
ab− 2βc−

√
b2 − 4cγ + 2b+ 1

√
a2 − 4αc−

√
a2 − 4αc

)
WhittakerM

(
−ab−2βc−2

√
a2−4αc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
− 2

√
a2 − 4αc WhittakerW

(
−ab−2βc−2

√
a2−4αc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
+
(
c3WhittakerM

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
+WhittakerW

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)) (
(xa+ b)

√
a2 − 4αc+ a2x+ ab− 4

(
αx+ β

2

)
c
)

2
√
a2 − 4αc cx

(
c3WhittakerM

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
+WhittakerW

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a*x+b)*(diff(y(x), x))/x-c*(alpha*x^2+beta*x+gamma)*y(x)/x^2, y(x)`

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 443� �
dsolve(x^2*diff(y(x),x)=c*x^2*y(x)^2+(a*x^2+b*x)*y(x)+alpha*x^2+beta*x+gamma,y(x), singsol=all)� �
y(x) =

−

(√
b2 − 4cγ + 2b+ 1

√
a2 − 4αc− ab+ 2βc+

√
a2 − 4αc

)
WhittakerM

(
−ab−2βc−2

√
a2−4αc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
− 2WhittakerW

(
−ab−2βc−2

√
a2−4αc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
c1
√
a2 − 4αc+

(
WhittakerW

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
c1 +WhittakerM

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)) (
(ax+ b)

√
a2 − 4αc+ a2x+ ab− 4

(
αx+ β

2

)
c
)

2
√
a2 − 4αc

(
WhittakerW

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
c1 +WhittakerM

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

))
cx

3 Solution by Mathematica
Time used: 1.712 (sec). Leaf size: 1584� �
DSolve[x^2*y'[x]==c*x^2*y[x]^2+(a*x^2+b*x)*y[x]+\[Alpha]*x^2+\[Beta]*x+\[Gamma],y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

(
b+ ax− x

√
a2 − 4cα +

√
b2 + 2b− 4cγ + 1 + 1

)
c1HypergeometricU

(
ab−2cβ+

√
a2−4cα

(√
b2+2b−4cγ+1+1

)
2
√
a2−4cα ,

√
b2 + 2b− 4cγ + 1 + 1, x

√
a2 − 4cα

)
− x
(
ab− 2cβ +

√
a2 − 4cα

(√
b2 + 2b− 4cγ + 1 + 1

))
c1HypergeometricU

(
ab−2cβ+

√
a2−4cα

(√
b2+2b−4cγ+1+3

)
2
√
a2−4cα ,

√
b2 + 2b− 4cγ + 1 + 2, x

√
a2 − 4cα

)
+ bL

√
b2+2b−4cγ+1

−ab+2cβ−
√

a2−4cα
(√

b2+2b−4cγ+1+1
)

2
√

a2−4cα

(
x
√
a2 − 4cα

)
+ axL

√
b2+2b−4cγ+1

−ab+2cβ−
√

a2−4cα
(√

b2+2b−4cγ+1+1
)

2
√

a2−4cα

(
x
√
a2 − 4cα

)
− x

√
a2 − 4cαL

√
b2+2b−4cγ+1

−ab+2cβ−
√

a2−4cα
(√

b2+2b−4cγ+1+1
)

2
√

a2−4cα

(
x
√
a2 − 4cα

)
+
√
b2 + 2b− 4cγ + 1L

√
b2+2b−4cγ+1

−ab+2cβ−
√

a2−4cα
(√

b2+2b−4cγ+1+1
)

2
√

a2−4cα

(
x
√
a2 − 4cα

)
+ L

√
b2+2b−4cγ+1

−ab+2cβ−
√

a2−4cα
(√

b2+2b−4cγ+1+1
)

2
√

a2−4cα

(
x
√
a2 − 4cα

)
− 2x

√
a2 − 4cαL

√
b2+2b−4cγ+1+1

−ab+2cβ−
√

a2−4cα
(√

b2+2b−4cγ+1+3
)

2
√

a2−4cα

(
x
√
a2 − 4cα

)

2cx

c1HypergeometricU
(

ab−2cβ+
√
a2−4cα

(√
b2+2b−4cγ+1+1

)
2
√
a2−4cα ,

√
b2 + 2b− 4cγ + 1 + 1, x

√
a2 − 4cα

)
+ L

√
b2+2b−4cγ+1

−ab+2cβ−
√

a2−4cα
(√

b2+2b−4cγ+1+1
)

2
√

a2−4cα

(
x
√
a2 − 4cα

)
y(x)

→

(√
a2−4αc

(√
b2+2b−4cγ+1+1

)
+ab−2βc

)
HypergeometricU

ab−2cβ+
√

a2−4cα
(√

b2+2b−4cγ+1+3
)

2
√

a2−4cα
,
√

b2+2b−4cγ+1+2,x
√
a2−4cα


HypergeometricU

ab−2cβ+
√

a2−4cα
(√

b2+2b−4cγ+1+1
)

2
√

a2−4cα
,
√

b2+2b−4cγ+1+1,x
√
a2−4cα

 − −x
√
a2−4αc+ax+

√
b2+2b−4cγ+1+b+1

x

2c
y(x)

→

(√
a2−4αc

(√
b2+2b−4cγ+1+1

)
+ab−2βc

)
HypergeometricU

ab−2cβ+
√

a2−4cα
(√

b2+2b−4cγ+1+3
)

2
√

a2−4cα
,
√

b2+2b−4cγ+1+2,x
√
a2−4cα


HypergeometricU

ab−2cβ+
√

a2−4cα
(√

b2+2b−4cγ+1+1
)

2
√

a2−4cα
,
√

b2+2b−4cγ+1+1,x
√
a2−4cα

 − −x
√
a2−4αc+ax+

√
b2+2b−4cγ+1+b+1

x

2c
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2.51 problem 51
2.51.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 323

Internal problem ID [10381]
Internal file name [OUTPUT/9328_Monday_June_06_2022_01_51_52_PM_78719202/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 51.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

x2y′ − a x2y2 − ybx = c xn + s

2.51.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a x2y2 + bxy + c xn + s

x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2 + by

x
+ c xn

x2 + s

x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c xn+s
x2 , f1(x) = b

x
and f2(x) = a. Let

y = −u′

f2u

= −u′

au
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 =
ab

x

f 2
2 f0 =

a2(c xn + s)
x2

Substituting the above terms back in equation (2) gives

au′′(x)− abu′(x)
x

+ a2(c xn + s)u(x)
x2 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x
b
2
√
x

(
BesselJ

(√
−4as+ b2 + 2b+ 1

n
,
2
√
ca x

n
2

n

)
c1

+ BesselY
(√

−4as+ b2 + 2b+ 1
n

,
2
√
ca x

n
2

n

)
c2

)

The above shows that

u′(x)

=

(
−2

√
ca
(
BesselJ

(√
−4as+b2+2b+1

n
+ 1, 2

√
ca x

n
2

n

)
c1 + BesselY

(√
−4as+b2+2b+1

n
+ 1, 2

√
ca x

n
2

n

)
c2
)
x

n
2 +

(
BesselJ

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

)
c1 + BesselY

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

)
c2
) (√

−4as+ b2 + 2b+ 1 + b+ 1
))

x
b
2−

1
2

2

Using the above in (1) gives the solution

y =

−

(
−2

√
ca
(
BesselJ

(√
−4as+b2+2b+1

n
+ 1, 2

√
ca x

n
2

n

)
c1 + BesselY

(√
−4as+b2+2b+1

n
+ 1, 2

√
ca x

n
2

n

)
c2
)
x

n
2 +

(
BesselJ

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

)
c1 + BesselY

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

)
c2
) (√

−4as+ b2 + 2b+ 1 + b+ 1
))

x
b
2−

1
2x− b

2

2a
√
x
(
BesselJ

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

)
c1 + BesselY

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

)
c2
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
2
√
ca
(
BesselJ

(√
−4as+b2+2b+1

n
+ 1, 2

√
ca x

n
2

n

)
c3 + BesselY

(√
−4as+b2+2b+1

n
+ 1, 2

√
ca x

n
2

n

))
x

n
2 −

(
BesselJ

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

)
c3 + BesselY

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

)) (√
−4as+ b2 + 2b+ 1 + b+ 1

)
2ax

(
BesselJ

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

)
c3 + BesselY

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

))
Summary
The solution(s) found are the following

(1)y

=
2
√
ca
(
BesselJ

(√
−4as+b2+2b+1

n
+ 1, 2

√
ca x

n
2

n

)
c3 + BesselY

(√
−4as+b2+2b+1

n
+ 1, 2

√
ca x

n
2

n

))
x

n
2 −

(
BesselJ

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

)
c3 + BesselY

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

)) (√
−4as+ b2 + 2b+ 1 + b+ 1

)
2ax

(
BesselJ

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

)
c3 + BesselY

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

))
Verification of solutions
y

=
2
√
ca
(
BesselJ

(√
−4as+b2+2b+1

n
+ 1, 2

√
ca x

n
2

n

)
c3 + BesselY

(√
−4as+b2+2b+1

n
+ 1, 2

√
ca x

n
2

n

))
x

n
2 −

(
BesselJ

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

)
c3 + BesselY

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

)) (√
−4as+ b2 + 2b+ 1 + b+ 1

)
2ax

(
BesselJ

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

)
c3 + BesselY

(√
−4as+b2+2b+1

n
, 2

√
ca x

n
2

n

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = b*(diff(y(x), x))/x-a*(x^(n-2)*c*x^2+s)*y(x)/x^2, y(x)` *** Suble

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
<- Bessel successful

<- special function solution successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 263� �
dsolve(x^2*diff(y(x),x)=a*x^2*y(x)^2+b*x*y(x)+c*x^n+s,y(x), singsol=all)� �
y(x)

=
2
(
BesselY

(√
−4as+b2+2b+1

n
+ 1, 2

√
ac x

n
2

n

)
c1 + BesselJ

(√
−4as+b2+2b+1

n
+ 1, 2

√
ac x

n
2

n

))√
ac x

n
2 −

(
BesselY

(√
−4as+b2+2b+1

n
, 2

√
ac x

n
2

n

)
c1 + BesselJ

(√
−4as+b2+2b+1

n
, 2

√
ac x

n
2

n

)) (√
−4as+ b2 + 2b+ 1 + b+ 1

)
2xa

(
BesselY

(√
−4as+b2+2b+1

n
, 2

√
ac x

n
2

n

)
c1 + BesselJ

(√
−4as+b2+2b+1

n
, 2

√
ac x

n
2

n

))
3 Solution by Mathematica
Time used: 2.637 (sec). Leaf size: 2281� �
DSolve[x^2*y'[x]==a*x^2*y[x]^2+b*x*y[x]+c*x^n+s,y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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2.52 problem 52
2.52.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 328

Internal problem ID [10382]
Internal file name [OUTPUT/9329_Monday_June_06_2022_01_51_53_PM_16676066/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 52.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

x2y′ − a x2y2 − ybx = c x2n + s xn

2.52.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a x2y2 + bxy + c x2n + s xn

x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2 + by

x
+ c x2n

x2 + s xn

x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c x2n+s xn

x2 , f1(x) = b
x
and f2(x) = a. Let

y = −u′

f2u

= −u′

au
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 =
ab

x

f 2
2 f0 =

a2(c x2n + s xn)
x2

Substituting the above terms back in equation (2) gives

au′′(x)− abu′(x)
x

+ a2(c x2n + s xn)u(x)
x2 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(
WhittakerW

(
− i

√
a s

2n
√
c
,
b+ 1
2n ,

2i
√
c
√
a xn

n

)
c2

+WhittakerM
(
− i

√
a s

2n
√
c
,
b+ 1
2n ,

2i
√
c
√
a xn

n

)
c1

)
x

b
2−

n
2+

1
2

The above shows that

u′(x)

=

(
−
(
i
√
a
√
c s− c(1 + b+ n)

)
c1WhittakerM

(
− i

√
a s−2n

√
c

2n
√
c

, b+1
2n , 2i

√
c
√
a xn

n

)
− 2cnc2WhittakerW

(
− i

√
a s−2n

√
c

2n
√
c

, b+1
2n , 2i

√
c
√
a xn

n

)
+
(
WhittakerW

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
c2 +WhittakerM

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
c1
)(

2i
√
a c

3
2xn + i

√
a
√
c s+ c(b− n+ 1)

))
x− 1

2+
b
2−

n
2

2c

Using the above in (1) gives the solution

y =

−

(
−
(
i
√
a
√
c s− c(1 + b+ n)

)
c1WhittakerM

(
− i

√
a s−2n

√
c

2n
√
c

, b+1
2n , 2i

√
c
√
a xn

n

)
− 2cnc2WhittakerW

(
− i

√
a s−2n

√
c

2n
√
c

, b+1
2n , 2i

√
c
√
a xn

n

)
+
(
WhittakerW

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
c2 +WhittakerM

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
c1
)(

2i
√
a c

3
2xn + i

√
a
√
c s+ c(b− n+ 1)

))
x− 1

2+
b
2−

n
2 x

n
2−

b
2−

1
2

2ca
(
WhittakerW

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
c2 +WhittakerM

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
c1
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=

(
i
√
a
√
c s− c(1 + b+ n)

)
c3WhittakerM

(
− i

√
a s

2n
√
c
+ 1, b+1

2n , 2i
√
c
√
a xn

n

)
+ 2WhittakerW

(
− i

√
a s

2n
√
c
+ 1, b+1

2n , 2i
√
c
√
a xn

n

)
cn−

(
WhittakerW

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
+WhittakerM

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
c3
)(

2i
√
a c

3
2xn + i

√
a
√
c s+ c(b− n+ 1)

)
2acx

(
WhittakerW

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
+WhittakerM

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
c3
)

Summary
The solution(s) found are the following

(1)y

=

(
i
√
a
√
c s− c(1 + b+ n)

)
c3WhittakerM

(
− i

√
a s

2n
√
c
+ 1, b+1

2n , 2i
√
c
√
a xn

n

)
+ 2WhittakerW

(
− i

√
a s

2n
√
c
+ 1, b+1

2n , 2i
√
c
√
a xn

n

)
cn−

(
WhittakerW

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
+WhittakerM

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
c3
)(

2i
√
a c

3
2xn + i

√
a
√
c s+ c(b− n+ 1)

)
2acx

(
WhittakerW

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
+WhittakerM

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
c3
)

Verification of solutions
y

=

(
i
√
a
√
c s− c(1 + b+ n)

)
c3WhittakerM

(
− i

√
a s

2n
√
c
+ 1, b+1

2n , 2i
√
c
√
a xn

n

)
+ 2WhittakerW

(
− i

√
a s

2n
√
c
+ 1, b+1

2n , 2i
√
c
√
a xn

n

)
cn−

(
WhittakerW

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
+WhittakerM

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
c3
)(

2i
√
a c

3
2xn + i

√
a
√
c s+ c(b− n+ 1)

)
2acx

(
WhittakerW

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
+WhittakerM

(
− i

√
a s

2n
√
c
, b+1

2n , 2i
√
c
√
a xn

n

)
c3
)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = b*(diff(y(x), x))/x-a*(x^(2*n-2)*c+x^(n-2)*s)*y(x), y(x)` *** Sub

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 373� �
dsolve(x^2*diff(y(x),x)=a*x^2*y(x)^2+b*x*y(x)+c*x^(2*n)+s*x^n,y(x), singsol=all)� �
y(x)

=
KummerM

(
(b−n+1)

√
c+i

√
a s

2
√
c n

, b+n+1
n

, 2i
√
a
√
c xn

n

) (
(−b− n− 1)

√
c+ i

√
a s
)
+ 2

√
c KummerU

(
(b−n+1)

√
c+i

√
a s

2
√
c n

, b+n+1
n

, 2i
√
a
√
c xn

n

)
c1n− 2

(
KummerU

(
(b+n+1)

√
c+i

√
a s

2
√
c n

, b+n+1
n

, 2i
√
a
√
c xn

n

)
c1 +KummerM

(
(b+n+1)

√
c+i

√
a s

2
√
c n

, b+n+1
n

, 2i
√
a
√
c xn

n

))(
(b−n+1)

√
c

2 + i
√
a
(
c xn + s

2

))
2
√
c xa

(
KummerU

(
(b+n+1)

√
c+i

√
a s

2
√
c n

, b+n+1
n

, 2i
√
a
√
c xn

n

)
c1 +KummerM

(
(b+n+1)

√
c+i

√
a s

2
√
c n

, b+n+1
n

, 2i
√
a
√
c xn

n

))
3 Solution by Mathematica
Time used: 1.839 (sec). Leaf size: 819� �
DSolve[x^2*y'[x]==a*x^2*y[x]^2+b*x*y[x]+c*x^(2*n)+s*x^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

i
√
ac1x

n
(√

c(b+ n+ 1)− i
√
as
)
HypergeometricU

(
b+3n− i

√
as√
c
+1

2n , b+2n+1
n

,−2i
√
a
√
cxn

n

)
+ c1n

(
i
√
a
√
cxn + b+ 1

)
HypergeometricU

(
b+n− i

√
as√
c
+1

2n , b+n+1
n

,−2i
√
a
√
cxn

n

)
+ n

(
2i
√
a
√
cxnL

b+n+1
n

−
b+3n− i

√
as√
c

+1

2n

(
−2i

√
a
√
cxn

n

)
+
(
i
√
a
√
cxn + b+ 1

)
L

b+1
n

−
b+n− i

√
as√
c

+1

2n

(
−2i

√
a
√
cxn

n

))

anx

(
c1HypergeometricU

(
b+n− i

√
as√
c
+1

2n , b+n+1
n

,−2i
√
a
√
cxn

n

)
+ L

b+1
n

−
b+n− i

√
as√
c

+1

2n

(
−2i

√
a
√
cxn

n

))
y(x)

→−

√
axn

(√
as+i

√
c(b+n+1)

)
HypergeometricU

 b+3n− i
√
as√
c

+1

2n , b+2n+1
n

,− 2i
√
a
√
cxn

n


nHypergeometricU

 b+n− i
√
as√
c

+1

2n , b+n+1
n

,− 2i
√
a
√
cxn

n

 + i
√
a
√
cxn + b+ 1

ax
y(x)

→−

√
axn

(√
as+i

√
c(b+n+1)

)
HypergeometricU

 b+3n− i
√
as√
c

+1

2n , b+2n+1
n

,− 2i
√
a
√
cxn

n


nHypergeometricU

 b+n− i
√
as√
c

+1

2n , b+n+1
n

,− 2i
√
a
√
cxn

n

 + i
√
a
√
cxn + b+ 1

ax
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2.53 problem 53
2.53.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 333

Internal problem ID [10383]
Internal file name [OUTPUT/9330_Monday_June_06_2022_01_51_58_PM_89123123/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 53.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

x2y′ − y2c x2 − (xna+ b)xy = αx2n + β xn + γ

2.53.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2c x2 + a xnxy + bxy + β xn + αx2n + γ

x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = c y2 + xnay

x
+ by

x
+ β xn

x2 + αx2n

x2 + γ

x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = αx2n+β xn+γ
x2 , f1(x) = xnax+bx

x2 and f2(x) = c. Let

y = −u′

f2u

= −u′

cu
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 =
(xnax+ bx) c

x2

f 2
2 f0 =

c2(αx2n + β xn + γ)
x2

Substituting the above terms back in equation (2) gives

cu′′(x)− (xnax+ bx) cu′(x)
x2 + c2(αx2n + β xn + γ)u(x)

x2 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=x
b
2−

n
2+

1
2 exna

2n

(
c1WhittakerM

(
−(b− n+ 1) a− 2βc

2
√
a2 − 4αc n

,

√
b2 − 4cγ + 2b+ 1

2n ,

√
a2 − 4αc xn

n

)

+ c2WhittakerW
(
−(b− n+ 1) a− 2βc

2
√
a2 − 4αc n

,

√
b2 − 4cγ + 2b+ 1

2n ,

√
a2 − 4αc xn

n

))

The above shows that

u′(x)

=

(
−x

n
2
(
−
√
b2 − 4cγ + 2b+ 1

√
a2 − 4αc−

√
a2 − 4αc n+ (b− n+ 1) a− 2βc

)
c1WhittakerM

(
−−2

√
a2−4αcn+(b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
− 2nc2x

n
2
√
a2 − 4αc WhittakerW

(
−−2

√
a2−4αcn+(b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
+
(
c1WhittakerM

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
+ c2WhittakerW

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

))((
(b− n+ 1)xn

2 + a x
3n
2

)√
a2 − 4αc+ ((b− n+ 1) a− 2βc)xn

2 + x
3n
2 (a2 − 4αc)

))
exna

2n x−n+ b
2−

1
2

2
√
a2 − 4αc

Using the above in (1) gives the solution

y =

−

(
−x

n
2
(
−
√
b2 − 4cγ + 2b+ 1

√
a2 − 4αc−

√
a2 − 4αc n+ (b− n+ 1) a− 2βc

)
c1WhittakerM

(
−−2

√
a2−4αcn+(b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
− 2nc2x

n
2
√
a2 − 4αc WhittakerW

(
−−2

√
a2−4αcn+(b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
+
(
c1WhittakerM

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
+ c2WhittakerW

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

))((
(b− n+ 1)xn

2 + a x
3n
2

)√
a2 − 4αc+ ((b− n+ 1) a− 2βc)xn

2 + x
3n
2 (a2 − 4αc)

))
x−n+ b

2−
1
2x

n
2−

b
2−

1
2

2
√
a2 − 4αc c

(
c1WhittakerM

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
+ c2WhittakerW

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
−x

n
2
(
−
√
b2 − 4cγ + 2b+ 1

√
a2 − 4αc−

√
a2 − 4αc n+ (b− n+ 1) a− 2βc

)
c3WhittakerM

(
−−2

√
a2−4αcn+(b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
− 2nx

n
2
√
a2 − 4αc WhittakerW

(
−−2

√
a2−4αcn+(b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
+
(
c3WhittakerM

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
+WhittakerW

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

))((
(b− n+ 1)xn

2 + a x
3n
2

)√
a2 − 4αc+ ((b− n+ 1) a− 2βc)xn

2 + x
3n
2 (a2 − 4αc)

))
x−n

2−1

2
√
a2 − 4αc c

(
c3WhittakerM

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
+WhittakerW

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

))
Summary
The solution(s) found are the following

(1)y =

−

(
−x

n
2
(
−
√
b2 − 4cγ + 2b+ 1

√
a2 − 4αc−

√
a2 − 4αc n+ (b− n+ 1) a− 2βc

)
c3WhittakerM

(
−−2

√
a2−4αcn+(b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
− 2nx

n
2
√
a2 − 4αc WhittakerW

(
−−2

√
a2−4αcn+(b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
+
(
c3WhittakerM

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
+WhittakerW

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

))((
(b− n+ 1)xn

2 + a x
3n
2

)√
a2 − 4αc+ ((b− n+ 1) a− 2βc)xn

2 + x
3n
2 (a2 − 4αc)

))
x−n

2−1

2
√
a2 − 4αc c

(
c3WhittakerM

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
+WhittakerW

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

))
Verification of solutions
y =

−

(
−x

n
2
(
−
√
b2 − 4cγ + 2b+ 1

√
a2 − 4αc−

√
a2 − 4αc n+ (b− n+ 1) a− 2βc

)
c3WhittakerM

(
−−2

√
a2−4αcn+(b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
− 2nx

n
2
√
a2 − 4αc WhittakerW

(
−−2

√
a2−4αcn+(b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
+
(
c3WhittakerM

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
+WhittakerW

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

))((
(b− n+ 1)xn

2 + a x
3n
2

)√
a2 − 4αc+ ((b− n+ 1) a− 2βc)xn

2 + x
3n
2 (a2 − 4αc)

))
x−n

2−1

2
√
a2 − 4αc c

(
c3WhittakerM

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
+WhittakerW

(
− (b−n+1)a−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (x^(n-1)*a*x+b)*(diff(y(x), x))/x-c*(x^(2*n-2)*alpha*x^2+x^(n-2)*beta*

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 560� �
dsolve(x^2*diff(y(x),x)=c*x^2*y(x)^2+(a*x^n+b)*x*y(x)+alpha*x^(2*n)+beta*x^n+gamma,y(x), singsol=all)� �
y(x) =

−

(√
b2 − 4cγ + 2b+ 1

√
a2 − 4αc+

√
a2 − 4αc n+ (n− b− 1) a+ 2βc

)
WhittakerM

(
−−2

√
a2−4αcn+a(b−n+1)−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
− 2WhittakerW

(
−−2

√
a2−4αcn+a(b−n+1)−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
c1n

√
a2 − 4αc+

(
WhittakerW

(
−a(b−n+1)−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
c1 +WhittakerM

(
−a(b−n+1)−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)) (
(a xn + b− n+ 1)

√
a2 − 4αc+ (a2 − 4αc)xn + a(b− n+ 1)− 2βc

)
2
√
a2 − 4αc

(
WhittakerW

(
−a(b−n+1)−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
c1 +WhittakerM

(
−a(b−n+1)−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

))
cx

3 Solution by Mathematica
Time used: 3.672 (sec). Leaf size: 1837� �
DSolve[x^2*y'[x]==c*x^2*y[x]^2+(a*x^n+b)*x*y[x]+\[Alpha]*x^(2*n)+\[Beta]*x^n+\[Gamma],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

−
((

−
((

n2 +
√

n2 (b2 + 2b− 4cγ + 1)
)
a2
)
+ n(−b+ n− 1)

√
a2 − 4cαa+ 2c

(
2αn2 +

√
a2 − 4cαβn+ 2α

√
n2 (b2 + 2b− 4cγ + 1)

))
c1HypergeometricU

((
3n2+

√
n2(b2+2b−4cγ+1)

)
a2+(b−n+1)n

√
a2−4cαa−2c

(
6αn2+

√
a2−4cαβn+2α

√
n2(b2+2b−4cγ+1)

)
2n2(a2−4cα) , 2n

2+
√

n2(b2+2b−4cγ+1)
n2 , x

n
√
a2−4cα
n

)
xn

)
− n

(
−a2nxn + 4cnαxn + an

√
a2 − 4cαxn +

√
a2 − 4cα

(
bn+ n+

√
n2 (b2 + 2b− 4cγ + 1)

))
c1HypergeometricU

((
n2+

√
n2(b2+2b−4cγ+1)

)
a2+(b−n+1)n

√
a2−4cαa−2c

(
2αn2+

√
a2−4cαβn+2α

√
n2(b2+2b−4cγ+1)

)
2n2(a2−4cα) , n

2+
√

n2(b2+2b−4cγ+1)
n2 , x

n
√
a2−4cα
n

)
− n

(−a2nxn + 4cnαxn + an
√
a2 − 4cαxn +

√
a2 − 4cα

(
bn+ n+

√
n2 (b2 + 2b− 4cγ + 1)

))
L

√
n2
(
b2+2b−4cγ+1

)
n2

−
((

n2+
√

n2
(
b2+2b−4cγ+1

))
a2
)
+n(−b+n−1)

√
a2−4cαa+2c

(
2αn2+

√
a2−4cαβn+2α

√
n2
(
b2+2b−4cγ+1

))
2n2

(
a2−4cα

)
(

xn
√
a2−4cα
n

)
− 2nxn(a2 − 4cα)L

n2+
√

n2
(
b2+2b−4cγ+1

)
n2

−
((

3n2+
√

n2
(
b2+2b−4cγ+1

))
a2
)
+n(−b+n−1)

√
a2−4cαa+2c

(
6αn2+

√
a2−4cαβn+2α

√
n2
(
b2+2b−4cγ+1

))
2n2

(
a2−4cα

)
(

xn
√
a2−4cα
n

)
2cn2x

√
a2 − 4cα

c1HypergeometricU
((

n2+
√

n2(b2+2b−4cγ+1)
)
a2+(b−n+1)n

√
a2−4cαa−2c

(
2αn2+

√
a2−4cαβn+2α

√
n2(b2+2b−4cγ+1)

)
2n2(a2−4cα) , n

2+
√

n2(b2+2b−4cγ+1)
n2 , x

n
√
a2−4cα
n

)
+ L

√
n2
(
b2+2b−4cγ+1

)
n2

−
((

n2+
√

n2
(
b2+2b−4cγ+1

))
a2
)
+n(−b+n−1)

√
a2−4cαa+2c

(
2αn2+

√
a2−4cαβn+2α

√
n2
(
b2+2b−4cγ+1

))
2n2

(
a2−4cα

)
(

xn
√
a2−4cα
n

)
y(x)

→

−
xn
(
2c
(
βn

√
a2−4αc+2α

√
n2(b2+2b−4cγ+1)+2αn2

)
−
(
a2
(√

n2(b2+2b−4cγ+1)+n2
))

+an(−b+n−1)
√
a2−4αc

)
HypergeometricU


(
3n2+

√
n2
(
b2+2b−4cγ+1

))
a2+(b−n+1)n

√
a2−4cαa−2c

(
6αn2+

√
a2−4cαβn+2α

√
n2
(
b2+2b−4cγ+1

))
2n2

(
a2−4cα

) ,
2n2+

√
n2
(
b2+2b−4cγ+1

)
n2 ,x

n
√

a2−4cα
n


HypergeometricU


(
n2+

√
n2
(
b2+2b−4cγ+1

))
a2+(b−n+1)n

√
a2−4cαa−2c

(
2αn2+

√
a2−4cαβn+2α

√
n2
(
b2+2b−4cγ+1

))
2n2

(
a2−4cα

) ,
n2+

√
n2
(
b2+2b−4cγ+1

)
n2 ,x

n
√

a2−4cα
n

 − n
(√

a2 − 4αc
(√

n2 (b2 + 2b− 4cγ + 1) + bn+ n
)
+ anxn

√
a2 − 4αc− a2nxn + 4αcnxn

)
2cn2x

√
a2 − 4αc
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2.54 problem 54
2.54.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 338

Internal problem ID [10384]
Internal file name [OUTPUT/9331_Monday_June_06_2022_01_52_31_PM_88664424/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 54.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

x2y′ −
(
αx2n + β xn + γ

)
y2 − (xna+ b)xy = c x2

2.54.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= x2nα y2 + a xnxy + xnβ y2 + bxy + c x2 + γ y2

x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = x2nα y2

x2 + xnay

x
+ xnβ y2

x2 + by

x
+ c+ γ y2

x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c, f1(x) = xnax+bx
x2 and f2(x) = αx2n+β xn+γ

x2 . Let

y = −u′

f2u

= −u′

(αx2n+β xn+γ)u
x2

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

2αx2nn
x

+ β xnn
x

x2 − 2(αx2n + β xn + γ)
x3

f1f2 =
(xnax+ bx) (αx2n + β xn + γ)

x4

f 2
2 f0 =

(αx2n + β xn + γ)2 c
x4

Substituting the above terms back in equation (2) gives

(αx2n + β xn + γ)u′′(x)
x2 −

(
2αx2nn

x
+ β xnn

x

x2 − 2(αx2n + β xn + γ)
x3 + (xnax+ bx) (αx2n + β xn + γ)

x4

)
u′(x) + (αx2n + β xn + γ)2 cu(x)

x4 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

Expression too large to display

The above shows that

u′(x)

=
c x− 3

2+
b
2

((
−n+

√
b2 − 4cγ − 2b+ 1

)(
(3γ2α + 3β2γ)x2n−

√
b2−4cγ−2b+1

2 + (6βγα + β3)x3n−
√

b2−4cγ−2b+1
2 + (3α2γ + 3αβ2)x4n−

√
b2−4cγ−2b+1

2 + γ3x−
√

b2−4cγ−2b+1
2 + 3γ2xn−

√
b2−4cγ−2b+1

2 β + 3x5n−
√

b2−4cγ−2b+1
2 β α2 + x6n−

√
b2−4cγ−2b+1

2 α3
)
c1 hypergeom

([
−
√

b2−4cγ−2b+1
√
a2−4αc+

√
a2−4αcn−2βc+a(b+n−1)

2
√
a2−4αcn

]
,
[
1−

√
b2−4cγ−2b+1

n

]
,
√
a2−4αc xn

n

)
+
(
n+

√
b2 − 4cγ − 2b+ 1

)
hypergeom

([√
b2−4cγ−2b+1

√
a2−4αc+

√
a2−4αcn−2βc+a(b+n−1)

2
√
a2−4αcn

]
,
[
1 +

√
b2−4cγ−2b+1

n

]
,
√
a2−4αc xn

n

)
c2

(
(3γ2α + 3β2γ)x2n+

√
b2−4cγ−2b+1

2 + (6βγα + β3)x3n+
√

b2−4cγ−2b+1
2 + (3α2γ + 3αβ2)x4n+

√
b2−4cγ−2b+1

2 + γ3x

√
b2−4cγ−2b+1

2 + 3γ2xn+
√

b2−4cγ−2b+1
2 β + 3x5n+

√
b2−4cγ−2b+1

2 β α2 + x6n+
√

b2−4cγ−2b+1
2 α3

))
e−

xn
(
−a+

√
a2−4αc

)
2n

(αx2n + β xn + γ)2

Using the above in (1) gives the solution

Expression too large to display

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

Expression too large to display

Summary
The solution(s) found are the following

(1)Expression too large to display
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Verification of solutions

Expression too large to display

Warning, solution could not be verified
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (x^(n-1)*x^(2*n-2)*a*alpha*x^3+x^(n-1)*x^(n-2)*a*beta*x^3+x^(2*n-2)*al

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

<- hyper3 successful: received ODE is equivalent to the 1F1 ODE
<- hypergeometric successful

<- special function solution successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 215200� �
dsolve(x^2*diff(y(x),x)=(alpha*x^(2*n)+beta*x^n+gamma)*y(x)^2+(a*x^n+b)*x*y(x)+c*x^2,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 4.676 (sec). Leaf size: 2649� �
DSolve[x^2*y'[x]==(\[Alpha]*x^(2*n)+\[Beta]*x^n+\[Gamma])*y[x]^2+(a*x^n+b)*x*y[x]+c*x^2,y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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2.55 problem 55
2.55.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 343

Internal problem ID [10385]
Internal file name [OUTPUT/9332_Monday_June_06_2022_01_56_49_PM_58358154/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 55.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

(
x2 − 1

)
y′ + λ

(
y2 − 2xy + 1

)
= 0

2.55.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −λ(−2yx+ y2 + 1)
x2 − 1

This is a Riccati ODE. Comparing the ODE to solve

y′ = 2λyx
x2 − 1 − λ y2

x2 − 1 − λ

x2 − 1
With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = − λ
x2−1 , f1(x) =

2λx
x2−1 and f2(x) = − λ

x2−1 . Let

y = −u′

f2u

= −u′

− λu
x2−1

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

2λx
(x2 − 1)2

f1f2 = − 2λ2x

(x2 − 1)2

f 2
2 f0 = − λ3

(x2 − 1)3

Substituting the above terms back in equation (2) gives

−λu′′(x)
x2 − 1 −

(
− 2λ2x

(x2 − 1)2
+ 2λx

(x2 − 1)2
)
u′(x)− λ3u(x)

(x2 − 1)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = (LegendreP (λ− 1, x) c1 + LegendreQ (λ− 1, x) c2)
(
x2 − 1

)λ
2

The above shows that

u′(x) = λ
(
x2 − 1

)−1+λ
2 (LegendreP (λ, x) c1 + LegendreQ (λ, x) c2)

Using the above in (1) gives the solution

y = (x2 − 1)−1+λ
2 (LegendreP (λ, x) c1 + LegendreQ (λ, x) c2) (x2 − 1) (x2 − 1)−

λ
2

LegendreP (λ− 1, x) c1 + LegendreQ (λ− 1, x) c2

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = LegendreP (λ, x) c3 + LegendreQ (λ, x)
LegendreP (λ− 1, x) c3 + LegendreQ (λ− 1, x)

Summary
The solution(s) found are the following

(1)y = LegendreP (λ, x) c3 + LegendreQ (λ, x)
LegendreP (λ− 1, x) c3 + LegendreQ (λ− 1, x)
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Verification of solutions

y = LegendreP (λ, x) c3 + LegendreQ (λ, x)
LegendreP (λ− 1, x) c3 + LegendreQ (λ− 1, x)

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Abel AIR successful: ODE belongs to the 2F1 3-parameter class`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 280� �
dsolve((x^2-1)*diff(y(x),x)+lambda*(y(x)^2-2*x*y(x)+1)=0,y(x), singsol=all)� �
y(x) =

−
2
((

−x
2 −

1
2

)−2λ (1 + x) (−1 + x)2HeunCPrime
(
0, 2λ− 1, 0, 0, λ2 − λ+ 1

2 ,
2

1+x

)
+ 8(−1 + x)2HeunCPrime

(
0,−2λ+ 1, 0, 0, λ2 − λ+ 1

2 ,
2

1+x

)
c1 − 8(1 + x)2

(((
λ− 1

2

)
x− λ

2 +
1
2

)
c1
( 1+x
−1+x

)−λ hypergeom
(
[1− λ, 1− λ] , [−2λ+ 2] ,− 2

−1+x

)
+

λ
(

1+x
−1+x

)λ(
−x

2−
1
2
)−2λ hypergeom

(
[λ,λ],[2λ],− 2

−1+x

)
(−1+x)

16

))(
−x

2 −
1
2

)2λ ( 1+x
−1+x

)λ
(
8c1 hypergeom

(
[1− λ, 1− λ] , [−2λ+ 2] ,− 2

−1+x

) (
−x

2 −
1
2

)2λ + hypergeom
(
[λ, λ] , [2λ] ,− 2

−1+x

) ( 1+x
−1+x

)2λ (−1 + x)
)
(1 + x)2 λ
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3 Solution by Mathematica
Time used: 0.643 (sec). Leaf size: 47� �
DSolve[(x^2-1)*y'[x]+\[Lambda]*(y[x]^2-2*x*y[x]+1)==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → LegendreQ(λ, x) + c1 LegendreP(λ, x)
LegendreQ(λ− 1, x) + c1 LegendreP(λ− 1, x)

y(x) → LegendreP(λ, x)
LegendreP(λ− 1, x)
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2.56 problem 56
2.56.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 347

Internal problem ID [10386]
Internal file name [OUTPUT/9333_Monday_June_06_2022_01_56_50_PM_34885414/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 56.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

(
a x2 + b

)
y′ + αy2 + βxy = −b(a+ β)

α

2.56.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −α2y2 + βxyα + ab+ βb

(a x2 + b)α

This is a Riccati ODE. Comparing the ODE to solve

y′ = − α y2

a x2 + b
− βxy

a x2 + b
− ba

(a x2 + b)α − bβ

(a x2 + b)α

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = − ab+βb
(a x2+b)α , f1(x) = − βx

a x2+b
and f2(x) = − α

ax2+b
. Let

y = −u′

f2u

= −u′

− αu
ax2+b

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

2αxa
(a x2 + b)2

f1f2 =
βxα

(a x2 + b)2

f 2
2 f0 = −α(ab+ βb)

(a x2 + b)3

Substituting the above terms back in equation (2) gives

− αu′′(x)
a x2 + b

−
(

βxα

(a x2 + b)2
+ 2αxa

(a x2 + b)2
)
u′(x)− α(ab+ βb)u(x)

(a x2 + b)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(
a x2 + b

)− β
4a

(
LegendreQ

(
β

2a,
2a+ β

2a ,
ax√
−ab

)
c2

+ LegendreP
(

β

2a,
2a+ β

2a ,
ax√
−ab

)
c1

)
The above shows that

u′(x) = x(a+ β)
(
a x2 + b

)− 4a+β
4a

(
−LegendreQ

(
β

2a,
2a+ β

2a ,
ax√
−ab

)
c2

− LegendreP
(

β

2a,
2a+ β

2a ,
ax√
−ab

)
c1

)
Using the above in (1) gives the solution

y

=
x(a+ β) (a x2 + b)−

4a+β
4a
(
−LegendreQ

(
β
2a ,

2a+β
2a , ax√

−ab

)
c2 − LegendreP

(
β
2a ,

2a+β
2a , ax√

−ab

)
c1
)
(a x2 + b) (a x2 + b)

β
4a

α
(
LegendreQ

(
β
2a ,

2a+β
2a , ax√

−ab

)
c2 + LegendreP

(
β
2a ,

2a+β
2a , ax√

−ab

)
c1
)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −(a+ β)x
α

Summary
The solution(s) found are the following

(1)y = −(a+ β)x
α

Verification of solutions

y = −(a+ β)x
α

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Abel AIR successful: ODE belongs to the 2F1 3-parameter class`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 517� �
dsolve((a*x^2+b)*diff(y(x),x)+alpha*y(x)^2+beta*x*y(x)+b/alpha*(a+beta)=0,y(x), singsol=all)� �
y(x) =

−

b a2

−
(
−−ax+

√
−ab

2
√
−ab

)β
a (

a x2+b
)(
a x2+2

√
−ab x−b

)
HeunCPrime

(
0,−1−β

a
,1+ β

2a ,0,
1
2+

β
2a+

β2

4a2 ,
2
√
−ab

−ax+
√
−ab

)
2 − 2c1b

(
(3a x2 − b)

√
−ab+ xa(a x2 − 3b)

)
aHeunCPrime

(
0, β

a
+ 1, 1 + β

2a , 0,
1
2 +

β
2a +

β2

4a2 ,
2
√
−ab

−ax+
√
−ab

)
+ (a x2 + b)

((
−−ax+

√
−ab

2
√
−ab

)β
a (

a x2−2
√
−ab x−b

)
hypergeom

([
1,− β

2a

]
,
[
−β

a

]
, 2

√
−ab

ax+
√

−ab

)
4 + c1

(
ax−

√
−ab

ax+
√
−ab

) β
2a ((−a2x2 + (−x2β − 2b) a− bβ)

√
−ab+ a2bx

))
(
−
(
−−ax+

√
−ab

2
√
−ab

)β
a √

−ab (a x2+b) hypergeom
([

1,− β
2a

]
,
[
−β

a

]
, 2

√
−ab

ax+
√
−ab

)
4 +

(
ax−

√
−ab

ax+
√
−ab

) β
2a
a2bc1

(
−
√
−ab x+ b

)) (
ax−

√
−ab

)2
α

3 Solution by Mathematica
Time used: 1.111 (sec). Leaf size: 27� �
DSolve[(a*x^2+b)*y'[x]+\[Alpha]*y[x]^2+\[Beta]*x*y[x]+b/\[Alpha]*(a+\[Beta])==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −x(a+ β)
α

y(x) → −x(a+ β)
α
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2.57 problem 57
2.57.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 351

Internal problem ID [10387]
Internal file name [OUTPUT/9334_Monday_June_06_2022_01_56_51_PM_67885841/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 57.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

(
a x2 + b

)
y′ + αy2 + βxy = −γ

2.57.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −α y2 + βxy + γ

a x2 + b

This is a Riccati ODE. Comparing the ODE to solve

y′ = − α y2

a x2 + b
− βxy

a x2 + b
− γ

a x2 + b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = − γ
a x2+b

, f1(x) = − βx
a x2+b

and f2(x) = − α
ax2+b

. Let

y = −u′

f2u

= −u′

− αu
ax2+b

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

2αxa
(a x2 + b)2

f1f2 =
βxα

(a x2 + b)2

f 2
2 f0 = − α2γ

(a x2 + b)3

Substituting the above terms back in equation (2) gives

− αu′′(x)
a x2 + b

−
(

βxα

(a x2 + b)2
+ 2αxa

(a x2 + b)2
)
u′(x)− α2γu(x)

(a x2 + b)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(
a x2 + b

)− β
4a

(
LegendreP

(
β

2a,
√
4αγa+ b β2

2a
√
b

,
ax√
−ab

)
c1

+ LegendreQ
(

β

2a,
√
4αγa+ b β2

2a
√
b

,
ax√
−ab

)
c2

)

The above shows that

u′(x)

=
(a x2 + b)−

4a+β
4a
((

−
√

4αγa+b β2 b
2 + b

3
2
(
a+ β

2

))
c1
√
−ab LegendreP

(
2a+β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
+
(
−
√

4αγa+b β2 b
2 + b

3
2
(
a+ β

2

))√
−ab c2 LegendreQ

(
2a+β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
− (a+ β) b 3

2

(
LegendreP

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
c1 + LegendreQ

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
c2
)
ax
)

a b
3
2

Using the above in (1) gives the solution

y

=
(a x2 + b)−

4a+β
4a
((

−
√

4αγa+b β2 b
2 + b

3
2
(
a+ β

2

))
c1
√
−ab LegendreP

(
2a+β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
+
(
−
√

4αγa+b β2 b
2 + b

3
2
(
a+ β

2

))√
−ab c2 LegendreQ

(
2a+β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
− (a+ β) b 3

2

(
LegendreP

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
c1 + LegendreQ

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
c2
)
ax
)
(a x2 + b) (a x2 + b)

β
4a

a b
3
2α
(
LegendreP

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
c1 + LegendreQ

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
c2
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
(−2a− β)

√
b+

√
4αγa+ b β2

)(
LegendreP

(
2a+β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
c3 + LegendreQ

(
2a+β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

))√
−ab+ 2ax

√
b
(
LegendreP

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
c3 + LegendreQ

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

))
(a+ β)

2
√
b aα

(
LegendreP

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
c3 + LegendreQ

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

))
Summary
The solution(s) found are the following

(1)y =

−

(
(−2a− β)

√
b+

√
4αγa+ b β2

)(
LegendreP

(
2a+β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
c3 + LegendreQ

(
2a+β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

))√
−ab+ 2ax

√
b
(
LegendreP

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
c3 + LegendreQ

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

))
(a+ β)

2
√
b aα

(
LegendreP

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
c3 + LegendreQ

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

))
Verification of solutions
y =

−

(
(−2a− β)

√
b+

√
4αγa+ b β2

)(
LegendreP

(
2a+β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
c3 + LegendreQ

(
2a+β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

))√
−ab+ 2ax

√
b
(
LegendreP

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
c3 + LegendreQ

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

))
(a+ β)

2
√
b aα

(
LegendreP

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

)
c3 + LegendreQ

(
β
2a ,

√
4αγa+b β2

2a
√
b

, ax√
−ab

))
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Abel AIR successful: ODE belongs to the 2F1 3-parameter class`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 858� �
dsolve((a*x^2+b)*diff(y(x),x)+alpha*y(x)^2+beta*x*y(x)+gamma=0,y(x), singsol=all)� �
y(x) =

−
b
(
ax−

√
−ab

)2
γ

(
−2
(

ax−
√
−ab

2
√
−ab

)β
a
(

ax−
√
−ab

ax+
√
−ab

)− β
2a hypergeom

([
2a−β
2a ,

√
4γαab+β2b2+(2a−β)b

2ab

]
,
[2a−β

a

]
, 2

√
−ab

ax+
√
−ab

)
c1
√
−ab+

(
ax−

√
−ab

ax+
√
−ab

) β
2a hypergeom

([
β
2a ,

bβ+
√

4γαab+β2b2

2ab

]
,
[
β
a

]
, 2

√
−ab

ax+
√
−ab

) (
ax+

√
−ab

))

2

−ab
(
−
√
−ab x+ b

)
(a x2 + b)HeunCPrime

(
0, −a+β

a
,−

√
4γαab+β2b2

2ab , 0, 2a2−2βa+β2

4a2 ,− 2
√
−ab

ax−
√
−ab

)
+ c1

(
ax−

√
−ab

2
√
−ab

)β
a ((a x2

2 −
√
−ab x− b

2

)√
4γαab+ β2b2 + ax (b+ x2 (a− β))

√
−ab+ b

((
a− β

2

)
b+ a x2

(
a− 3β

2

)))
b
(

ax−
√
−ab

ax+
√
−ab

)− β
2a hypergeom

([
2a−β
2a ,

√
4γαab+β2b2+(2a−β)b

2ab

]
,
[2a−β

a

]
, 2

√
−ab

ax+
√
−ab

)
+ 2a

(
ax−

√
−ab

2
√
−ab

)β
a
b2c1

(
a x2 + 2

√
−ab x− b

)
HeunCPrime

(
0, a−β

a
,−

√
4γαab+β2b2

2ab , 0, 2a2−2βa+β2

4a2 ,− 2
√
−ab

ax−
√
−ab

)
+

(
ax−

√
−ab

ax+
√
−ab

) β
2a hypergeom

([
β
2a ,

bβ+
√

4γαab+β2b2
2ab

]
,
[
β
a

]
, 2

√
−ab

ax+
√
−ab

)(√
−ab x+b

)(
−bβ+

√
4γαab+β2b2

)
(a x2+b)

4

 a

3 Solution by Mathematica
Time used: 1.098 (sec). Leaf size: 598� �
DSolve[(a*x^2+b)*y'[x]+\[Alpha]*y[x]^2+\[Beta]*x*y[x]+\[Gamma]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
i

(
c1
(√

4aαγ + bβ2 − 2a
√
b−

√
bβ
)
P

√
bβ2+4aαγ

2a
√
b

β
2a+1

(
i
√
ax√
b

)
+ 2i

√
ax(a+ β)Q

√
bβ2+4aαγ

2a
√
b

β
2a

(
i
√
ax√
b

)
+
(√

4aαγ + bβ2 − 2a
√
b−

√
bβ
)
Q

√
bβ2+4aαγ

2a
√

b
β
2a+1

(
i
√
ax√
b

))
− 2

√
ac1x(a+ β)P

√
bβ2+4aαγ

2a
√

b
β
2a

(
i
√
ax√
b

)
2
√
aα

(
c1P

√
bβ2+4aαγ

2a
√
b

β
2a

(
i
√
ax√
b

)
+Q

√
bβ2+4aαγ

2a
√
b

β
2a

(
i
√
ax√
b

))

y(x) →

−2x(a+ β) +
i
(√

4aαγ+bβ2−2a
√
b−

√
bβ
)
P

√
bβ2+4aαγ

2a
√
b

β
2a+1

(
i
√
ax√
b

)
√
aP

√
bβ2+4aαγ

2a
√
b

β
2a

(
i
√
ax√
b

)
2α
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2.58 problem 58
2.58.1 Solving as first order ode lie symmetry calculated ode . . . . . . 355
2.58.2 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 364

Internal problem ID [10388]
Internal file name [OUTPUT/9335_Monday_June_06_2022_01_56_55_PM_79509054/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 58.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati", "first_order_ode_lie_sym-
metry_calculated"

Maple gives the following as the ode type
[_rational , [_1st_order , `_with_symmetry_[F(x),G(x)]`],

_Riccati]

(
a x2 + b

)
y′ + y2 − 2xy = −(1− a)x2 + b

2.58.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = −−a x2 + x2 − 2yx+ y2 − b

a x2 + b

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 2 to use as anstaz gives

(1E)ξ = x2a4 + yxa5 + y2a6 + xa2 + ya3 + a1

(2E)η = x2b4 + yxb5 + y2b6 + xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, a4, a5, a6, b1, b2, b3, b4, b5, b6}

Substituting equations (1E,2E) and ω into (A) gives

(5E)

2xb4 + yb5 + b2

− (−a x2 + x2 − 2yx+ y2 − b) (−2xa4 + xb5 − ya5 + 2yb6 − a2 + b3)
a x2 + b

− (−a x2 + x2 − 2yx+ y2 − b)2 (xa5 + 2ya6 + a3)
(a x2 + b)2

−
(
−−2xa+ 2x− 2y

a x2 + b

+ 2(−a x2 + x2 − 2yx+ y2 − b)xa
(a x2 + b)2

)(
x2a4+yxa5+y2a6+xa2+ya3+a1

)
+ (−2x+ 2y) (x2b4 + yxb5 + y2b6 + xb2 + yb3 + b1)

a x2 + b
= 0

Putting the above in normal form gives

−2a2x5a4 + a2x5a5 − 2a2x5b4 − a2x5b5 + a2x4ya5 + 2a2x4ya6 − a2x4yb5 − 2a2x4yb6 + a2x4a2 + a2x4a3 − a2x4b2 − a2x4b3 − 2a x5a4 − 2a x5a5 + 2a x5b4 + a x5b5 + 2a x4ya4 + 3a x4ya5 − 4a x4ya6 − 2a x4yb4 + 2a x4yb6 − 2a x3y2a5 + 8a x3y2a6 − a x3y2b5 − 2a x3y2b6 + a x2y3a5 − 6a x2y3a6 + 2ax y4a6 + 4ab x3a4 + 2ab x3a5 − 4ab x3b4 − 2ab x3b5 + 2ab x2ya5 + 4ab x2ya6 − 2ab x2yb5 − 4ab x2yb6 − a x4a2 − 2a x4a3 + 2a x4b2 + a x4b3 + 4a x3ya3 − 2a x3yb2 + a x2y2a2 − 4a x2y2a3 − a x2y2b3 + 2ax y3a3 + x5a5 − 4x4ya5 + 2x4ya6 + 6x3y2a5 − 8x3y2a6 − 4x2y3a5 + 12x2y3a6 + x y4a5 − 8x y4a6 + 2y5a6 + 2ab x2a2 + 2ab x2a3 − 2ab x2b2 − 2ab x2b3 + 2a x3b1 − 2a x2ya1 − 2a x2yb1 + 2ax y2a1 − 4b x3a4 − 2b x3a5 + 2b x3b4 + b x3b5 + 6b x2ya4 + b x2ya5 − 4b x2ya6 − 2b x2yb4 + 2b x2yb6 − 2bx y2a4 + 2bx y2a5 + 6bx y2a6 − bx y2b5 − 2bx y2b6 − b y3a5 − 2b y3a6 + x4a3 − 4x3ya3 + 6x2y2a3 − 4x y3a3 + y4a3 + 2b2xa4 + b2xa5 − 2b2xb4 − b2xb5 + b2ya5 + 2b2ya6 − b2yb5 − 2b2yb6 − 3b x2a2 − 2b x2a3 + 2b x2b2 + b x2b3 + 4bxya2 + 2bxya3 − 2bxyb2 − b y2a2 − b y2b3 + b2a2 + b2a3 − b2b2 − b2b3 − 2bxa1 + 2bxb1 + 2bya1 − 2byb1
(a x2 + b)2

= 0
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Setting the numerator to zero gives

(6E)

−2a2x5a4 − a2x5a5 + 2a2x5b4 + a2x5b5 − a2x4ya5
− 2a2x4ya6 + a2x4yb5 + 2a2x4yb6 − a2x4a2 − a2x4a3
+ a2x4b2 + a2x4b3 + 2a x5a4 + 2a x5a5 − 2a x5b4 − a x5b5
− 2a x4ya4 − 3a x4ya5 + 4a x4ya6 + 2a x4yb4 − 2a x4yb6
+ 2a x3y2a5 − 8a x3y2a6 + a x3y2b5 + 2a x3y2b6 − a x2y3a5
+ 6a x2y3a6 − 2ax y4a6 − 4ab x3a4 − 2ab x3a5 + 4ab x3b4
+2ab x3b5− 2ab x2ya5− 4ab x2ya6+2ab x2yb5+4ab x2yb6
+a x4a2+2a x4a3− 2a x4b2−a x4b3− 4a x3ya3+2a x3yb2
− a x2y2a2 + 4a x2y2a3 + a x2y2b3 − 2ax y3a3 − x5a5
+ 4x4ya5 − 2x4ya6 − 6x3y2a5 + 8x3y2a6 + 4x2y3a5
− 12x2y3a6 − x y4a5 + 8x y4a6 − 2y5a6 − 2ab x2a2
− 2ab x2a3 + 2ab x2b2 + 2ab x2b3 − 2a x3b1 + 2a x2ya1
+2a x2yb1−2ax y2a1+4b x3a4+2b x3a5−2b x3b4− b x3b5
− 6b x2ya4 − b x2ya5 + 4b x2ya6 + 2b x2yb4 − 2b x2yb6
+ 2bx y2a4 − 2bx y2a5 − 6bx y2a6 + bx y2b5 + 2bx y2b6
+ b y3a5 + 2b y3a6 − x4a3 + 4x3ya3 − 6x2y2a3 + 4x y3a3
− y4a3− 2b2xa4− b2xa5+2b2xb4+ b2xb5− b2ya5− 2b2ya6
+ b2yb5 + 2b2yb6 + 3b x2a2 + 2b x2a3 − 2b x2b2 − b x2b3
− 4bxya2 − 2bxya3 + 2bxyb2 + b y2a2 + b y2b3 − b2a2
− b2a3 + b2b2 + b2b3 + 2bxa1 − 2bxb1 − 2bya1 + 2byb1 = 0

Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y}

The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2}
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The above PDE (6E) now becomes

−2a2a4v51 − a2a5v
5
1 − a2a5v

4
1v2 − 2a2a6v41v2 + 2a2b4v51 + a2b5v

5
1 + a2b5v

4
1v2 + 2a2b6v41v2

− a2a2v
4
1 − a2a3v

4
1 + a2b2v

4
1 + a2b3v

4
1 + 2aa4v51 − 2aa4v41v2 + 2aa5v51 − 3aa5v41v2

+2aa5v31v22 − aa5v
2
1v

3
2 +4aa6v41v2 − 8aa6v31v22 +6aa6v21v32 − 2aa6v1v42 − 2ab4v51 +2ab4v41v2

− ab5v
5
1 + ab5v

3
1v

2
2 − 2ab6v41v2 + 2ab6v31v22 − 4aba4v31 − 2aba5v31 − 2aba5v21v2 − 4aba6v21v2

+ 4abb4v31 + 2abb5v31 + 2abb5v21v2 + 4abb6v21v2 + aa2v
4
1 − aa2v

2
1v

2
2 + 2aa3v41 − 4aa3v31v2

+4aa3v21v22 − 2aa3v1v32 − 2ab2v41 +2ab2v31v2− ab3v
4
1 + ab3v

2
1v

2
2 − a5v

5
1 +4a5v41v2− 6a5v31v22

+ 4a5v21v32 − a5v1v
4
2 − 2a6v41v2 + 8a6v31v22 − 12a6v21v32 + 8a6v1v42 − 2a6v52 − 2aba2v21

− 2aba3v21 + 2abb2v21 + 2abb3v21 + 2aa1v21v2 − 2aa1v1v22 − 2ab1v31 + 2ab1v21v2 + 4ba4v31
− 6ba4v21v2 + 2ba4v1v22 + 2ba5v31 − ba5v

2
1v2 − 2ba5v1v22 + ba5v

3
2 + 4ba6v21v2 − 6ba6v1v22

+ 2ba6v32 − 2bb4v31 + 2bb4v21v2 − bb5v
3
1 + bb5v1v

2
2 − 2bb6v21v2 + 2bb6v1v22 − a3v

4
1 + 4a3v31v2

− 6a3v21v22 + 4a3v1v32 − a3v
4
2 − 2b2a4v1 − b2a5v1 − b2a5v2 − 2b2a6v2 + 2b2b4v1 + b2b5v1

+ b2b5v2 + 2b2b6v2 + 3ba2v21 − 4ba2v1v2 + ba2v
2
2 + 2ba3v21 − 2ba3v1v2 − 2bb2v21 + 2bb2v1v2

− bb3v
2
1 + bb3v

2
2 − b2a2 − b2a3 + b2b2 + b2b3 + 2ba1v1 − 2ba1v2 − 2bb1v1 + 2bb1v2 = 0

(7E)

Collecting the above on the terms vi introduced, and these are

{v1, v2}
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Equation (7E) now becomes

(8E)

(
−2a2a4−a2a5+2a2b4+a2b5+2aa4+2aa5−2ab4−ab5−a5

)
v51

+
(
−a2a5 − 2a2a6 + a2b5 + 2a2b6 − 2aa4

− 3aa5 + 4aa6 + 2ab4 − 2ab6 + 4a5 − 2a6
)
v41v2

+
(
−a2a2−a2a3+a2b2+a2b3+aa2+2aa3−2ab2−ab3−a3

)
v41

+ (2aa5 − 8aa6 + ab5 + 2ab6 − 6a5 + 8a6) v31v22
+ (−4aa3 + 2ab2 + 4a3) v31v2 + (−4aba4 − 2aba5
+ 4abb4 + 2abb5 − 2ab1 + 4ba4 + 2ba5 − 2bb4 − bb5) v31
+ (−aa5 + 6aa6 + 4a5 − 12a6) v21v32
+ (−aa2 + 4aa3 + ab3 − 6a3) v21v22 + (−2aba5 − 4aba6 + 2abb5
+ 4abb6 + 2aa1 + 2ab1 − 6ba4 − ba5 + 4ba6 + 2bb4 − 2bb6) v21v2
+(−2aba2−2aba3+2abb2+2abb3+3ba2+2ba3−2bb2−bb3) v21
+ (−2aa6 − a5 + 8a6) v1v42 + (−2aa3 + 4a3) v1v32
+ (−2aa1 + 2ba4 − 2ba5 − 6ba6 + bb5 + 2bb6) v1v22
+ (−4ba2 − 2ba3 + 2bb2) v1v2
+
(
−2b2a4 − b2a5 + 2b2b4 + b2b5 + 2ba1 − 2bb1

)
v1

− 2a6v52 − a3v
4
2 + (ba5 + 2ba6) v32 + (ba2 + bb3) v22

+
(
−b2a5 − 2b2a6 + b2b5 + 2b2b6 − 2ba1 + 2bb1

)
v2

− b2a2 − b2a3 + b2b2 + b2b3 = 0
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Setting each coefficients in (8E) to zero gives the following equations to solve

−a3 = 0
−2a6 = 0

−2aa3 + 4a3 = 0
ba2 + bb3 = 0

ba5 + 2ba6 = 0
−4aa3 + 2ab2 + 4a3 = 0
−2aa6 − a5 + 8a6 = 0

−4ba2 − 2ba3 + 2bb2 = 0
−aa5 + 6aa6 + 4a5 − 12a6 = 0
−aa2 + 4aa3 + ab3 − 6a3 = 0

−b2a2 − b2a3 + b2b2 + b2b3 = 0
2aa5 − 8aa6 + ab5 + 2ab6 − 6a5 + 8a6 = 0

−2b2a4 − b2a5 + 2b2b4 + b2b5 + 2ba1 − 2bb1 = 0
−b2a5 − 2b2a6 + b2b5 + 2b2b6 − 2ba1 + 2bb1 = 0
−2aa1 + 2ba4 − 2ba5 − 6ba6 + bb5 + 2bb6 = 0

−2aba2 − 2aba3 + 2abb2 + 2abb3 + 3ba2 + 2ba3 − 2bb2 − bb3 = 0
−a2a2 − a2a3 + a2b2 + a2b3 + aa2 + 2aa3 − 2ab2 − ab3 − a3 = 0

−2a2a4 − a2a5 + 2a2b4 + a2b5 + 2aa4 + 2aa5 − 2ab4 − ab5 − a5 = 0
−4aba4 − 2aba5 + 4abb4 + 2abb5 − 2ab1 + 4ba4 + 2ba5 − 2bb4 − bb5 = 0

−a2a5 − 2a2a6 + a2b5 + 2a2b6 − 2aa4 − 3aa5 + 4aa6 + 2ab4 − 2ab6 + 4a5 − 2a6 = 0
−2aba5 − 4aba6 + 2abb5 + 4abb6 + 2aa1 + 2ab1 − 6ba4 − ba5 + 4ba6 + 2bb4 − 2bb6 = 0
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Solving the above equations for the unknowns gives

a1 = b1

a2 = 0
a3 = 0

a4 =
ab1
b

a5 = 0
a6 = 0
b1 = b1

b2 = 0
b3 = 0

b4 =
ab1 + bb6

b
b5 = −2b6
b6 = b6

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = 0

η = x2 − 2yx+ y2

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x
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S is found from

S =
∫ 1

η
dy

=
∫ 1

x2 − 2yx+ y2
dy

Which results in

S = − 1
−x+ y

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)

Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = −−a x2 + x2 − 2yx+ y2 − b

a x2 + b

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = − 1
(x− y)2

Sy =
1

(x− y)2

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= − 1

a x2 + b
(2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= − 1

R2a+ b

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
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integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) = −
arctan

(
aR√
ab

)
√
ab

+ c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

1
x− y

= −
arctan

(
ax√
ab

)
√
ab

+ c1

Which simplifies to

1
x− y

= −
arctan

(
ax√
ab

)
√
ab

+ c1

Which gives

y =
c1
√
ab x− arctan

(
ax√
ab

)
x−

√
ab

c1
√
ab− arctan

(
ax√
ab

)
Summary
The solution(s) found are the following

(1)y =
c1
√
ab x− arctan

(
ax√
ab

)
x−

√
ab

c1
√
ab− arctan

(
ax√
ab

)
Verification of solutions

y =
c1
√
ab x− arctan

(
ax√
ab

)
x−

√
ab

c1
√
ab− arctan

(
ax√
ab

)
Verified OK.
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2.58.2 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −−a x2 + x2 − 2yx+ y2 − b

a x2 + b

This is a Riccati ODE. Comparing the ODE to solve

y′ = a x2

a x2 + b
− x2

a x2 + b
+ 2yx

a x2 + b
− y2

a x2 + b
+ b

a x2 + b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −−a x2+x2−b
a x2+b

, f1(x) = 2x
a x2+b

and f2(x) = − 1
a x2+b

. Let

y = −u′

f2u

= −u′

− u
ax2+b

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

2xa
(a x2 + b)2

f1f2 = − 2x
(a x2 + b)2

f 2
2 f0 = −−a x2 + x2 − b

(a x2 + b)3

Substituting the above terms back in equation (2) gives

− u′′(x)
a x2 + b

−
(

2xa
(a x2 + b)2

− 2x
(a x2 + b)2

)
u′(x)− (−a x2 + x2 − b)u(x)

(a x2 + b)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives
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u(x) =
(
arctan

(√
ab x

b

)
c2 + c1

)(
a x2 + b

) 1
2a

The above shows that

u′(x) =
(
a x2 + b

)− 2a−1
2a

(
arctan

(√
ab x

b

)
c2x+

√
ab c2 + c1x

)

Using the above in (1) gives the solution

y =
(a x2 + b)−

2a−1
2a
(
arctan

(√
ab x
b

)
c2x+

√
ab c2 + c1x

)
(a x2 + b) (a x2 + b)−

1
2a

arctan
(√

ab x
b

)
c2 + c1

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
arctan

(√
ab x
b

)
x+

√
ab+ c3x

arctan
(√

ab x
b

)
+ c3

Summary
The solution(s) found are the following

(1)y =
arctan

(√
ab x
b

)
x+

√
ab+ c3x

arctan
(√

ab x
b

)
+ c3

Verification of solutions

y =
arctan

(√
ab x
b

)
x+

√
ab+ c3x

arctan
(√

ab x
b

)
+ c3

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (d) successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 31� �
dsolve((a*x^2+b)*diff(y(x),x)+y(x)^2-2*x*y(x)+(1-a)*x^2-b=0,y(x), singsol=all)� �

y(x) = x+
√
ab

c1
√
ab+ arctan

(
ax√
ab

)
3 Solution by Mathematica
Time used: 0.562 (sec). Leaf size: 41� �
DSolve[(a*x^2+b)*y'[x]+y[x]^2-2*x*y[x]+(1-a)*x^2-b==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x+ 1
arctan

(√
ax√
b

)
√
a
√
b

+ c1

y(x) → x
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2.59 problem 59
2.59.1 Solving as first order ode lie symmetry calculated ode . . . . . . 367
2.59.2 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 373

Internal problem ID [10389]
Internal file name [OUTPUT/9336_Monday_June_06_2022_01_56_57_PM_94594974/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 59.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati", "first_order_ode_lie_sym-
metry_calculated"

Maple gives the following as the ode type
[_rational , [_1st_order , `_with_symmetry_[F(x),G(x)]`],

_Riccati]

(
a x2 + bx+ c

)
y′ − y2 − (2λx+ b) y = λ(λ− a)x2 + µ

2.59.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = −λx2a+ λ2x2 + 2λxy + by + y2 + µ

ax2 + bx+ c

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 2 to use as anstaz gives

(1E)ξ = x2a4 + yxa5 + y2a6 + xa2 + ya3 + a1

(2E)η = x2b4 + yxb5 + y2b6 + xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, a4, a5, a6, b1, b2, b3, b4, b5, b6}

Substituting equations (1E,2E) and ω into (A) gives

2xb4 + yb5 + b2

+ (−λx2a+ λ2x2 + 2λxy + by + y2 + µ) (−2xa4 + xb5 − ya5 + 2yb6 − a2 + b3)
a x2 + bx+ c

− (−λx2a+ λ2x2 + 2λxy + by + y2 + µ)2 (xa5 + 2ya6 + a3)
(a x2 + bx+ c)2

−
(
−2aλx+ 2λ2x+ 2λy

a x2 + bx+ c
− (−λx2a+ λ2x2 + 2λxy + by + y2 + µ) (2xa+ b)

(a x2 + bx+ c)2
)(

x2a4

+ yxa5 + y2a6 + xa2 + ya3 + a1
)
− (2λx+ b+ 2y) (x2b4 + yxb5 + y2b6 + xb2 + yb3 + b1)

a x2 + bx+ c
= 0

(5E)

Putting the above in normal form gives

Expression too large to display

Setting the numerator to zero gives

(6E)Expression too large to display

Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y}

The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2}

The above PDE (6E) now becomes

(7E)Expression too large to display

Collecting the above on the terms vi introduced, and these are

{v1, v2}

368



Equation (7E) now becomes

(8E)Expression too large to display

Setting each coefficients in (8E) to zero gives the following equations to solve

−2a6 = 0
−3ba6 − a3 = 0

2aa6 − 8λa6 − a5 = 0
6aλa6 − 12λ2a6 + aa5 − 4λa5 = 0

2aba6 − 8bλa6 + 2aa3 − 2ba5 − 4λa3 = 0
−b2a6 − 2cλa6 − ba3 − ca5 − 4µa6 = 0

8a λ2a6 − 8λ3a6 + 2aλa5 + 2aλb6 − 6λ2a5 − ab5 = 0
−bcb1 + bµa1 + c2b2 − cµa2 + cµb3 − µ2a3 = 0

−bca5 + bcb6 − 3bµa6 − 2cλa3 + ba1 − ca2 − cb3 − 2µa3 = 0
−a2λ2a5 + 2a λ3a5 − λ4a5 + 2a2λa4 − a2λb5 − 2a λ2a4 + a λ2b5 + 2a2b4 − 2aλb4 = 0

b2a1 − bca2 − bµa3 + c2b5 − 2cλa1 − cµa5 + 2cµb6 − 2µ2a6 − 2cb1 = 0
4abλa5 − 2abλb6 + 4a λ2a3 − 4b λ2a5 + 2b λ2b6 − 4λ3a3 + 2abb5 − 4bλa4 − 2ab2 − 2bb4 = 0

−2a2λ2a6 + 4a λ3a6 − 2λ4a6 + a2λa5 − 2a2λb6 + 3a λ2a5 + 2a λ2b6 − 4λ3a5 + a2b5 − 2aλa4 − 2ab4 = 0
2acλa1 − 2c λ2a1 + 2aµa1 − b2b1 + bcb2 + bµb3 + 2c2b4 − 2cλb1 − 2cµa4 + cµb5 − µ2a5 = 0

5abλa6 − 5b λ2a6 + aba5 + abb6 + 4aλa3 − 6bλa5 + 2bλb6 − 6λ2a3 + aa2 − ab3 − ba4 − bb5 = 0
2acλa3 − 2c λ2a3 + 2aba1 + 2aµa3 − 2bca4 + 2bcb5 − 2bµa5 + 2bµb6 − 4cλa2 − 4λµa3 − 2bb1 − 2cb2 = 0

−a2λ2a3 + 2a λ3a3 − λ4a3 + a2λa2 − a2λb3 + 3abλa4 − abλb5 − a λ2a2 + a λ2b3 − 3b λ2a4 + b λ2b5 + a2b2 + 3abb4 − 2aλb2 − 2bλb4 = 0
2acλa6 − 2c λ2a6 + 2aba3 + 2aµa6 − b2a5 + b2b6 − 4bλa3 − 4cλa5 + 2cλb6 − 8λµa6 + 2aa1 − bb3 − 2ca4 − cb5 − 2µa5 = 0

2abλa2 − abλb3 + 4acλa4 − acλb5 + 2aλµa5 − 2b λ2a2 + b λ2b3 − 4c λ2a4 + c λ2b5 − 2λ2µa5 + abb2 + 4acb4 − 2aλb1 + aµb5 + b2b4 − 2bλb2 − 2cλb4 = 0
abλa1 + 3acλa2 − acλb3 + 2aλµa3 − b λ2a1 − 3c λ2a2 + c λ2b3 − 2λ2µa3 − abb1 + 2acb2 + aµa2 + aµb3 + 3bcb4 − 2bλb1 − bµa4 + bµb5 − 2cλb2 = 0

3abλa3 + 3acλa5 − 2acλb6 + 4aλµa6 − 3b λ2a3 − 3c λ2a5 + 2c λ2b6 − 4λ2µa6 + aba2 + 2acb5 + 2aλa1 + aµa5 + 2aµb6 − b2a4 + b2b5 − 2bλa2 − 6cλa4 − 4λµa5 − 2ab1 − 2bb2 − 2cb4 = 0
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Solving the above equations for the unknowns gives

a1 =
ca2
b

a2 = a2

a3 = 0

a4 =
aa2
b

a5 = 0
a6 = 0

b1 =
bcλb6 + bµb6 − cλa2

b
b2 = λ(bb6 − a2)
b3 = bb6

b4 = −λ(−bλb6 + aa2)
b

b5 = 2λb6
b6 = b6

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = 0

η = λ2x2 + bλx+ 2λxy + by + cλ+ y2 + µ

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x
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S is found from

S =
∫ 1

η
dy

=
∫ 1

λ2x2 + bλx+ 2λxy + by + cλ+ y2 + µ
dy

Which results in

S =
2arctan

(
2λx+b+2y√
−b2+4cλ+4µ

)
√
−b2 + 4cλ+ 4µ

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)

Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = −λx2a+ λ2x2 + 2λxy + by + y2 + µ

ax2 + bx+ c

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = λ

λ2x2 + ((b+ 2y)x+ c)λ+ by + y2 + µ

Sy =
1

λ2x2 + ((b+ 2y)x+ c)λ+ by + y2 + µ

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= 1

a x2 + bx+ c
(2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= 1

R2a+Rb+ c

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
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integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) =
2 arctan

(
2Ra+b√
4ca−b2

)
√
4ca− b2

+ c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

2 arctan
(

2λx+b+2y√
−b2+4cλ+4µ

)
√
−b2 + 4cλ+ 4µ

=
2arctan

(
2xa+b√
4ca−b2

)
√
4ca− b2

+ c1

Which simplifies to

2 arctan
(

2λx+b+2y√
−b2+4cλ+4µ

)
√
−b2 + 4cλ+ 4µ

=
2arctan

(
2xa+b√
4ca−b2

)
√
4ca− b2

+ c1

Which gives

y =
tan

(√
−b2+4cλ+4µ

(√
4ca−b2 c1+2arctan

(
2xa+b√
4ca−b2

))
2
√
4ca−b2

)
√
−b2 + 4cλ+ 4µ

2 − λx− b

2

Summary
The solution(s) found are the following

(1)y =
tan

(√
−b2+4cλ+4µ

(√
4ca−b2 c1+2arctan

(
2xa+b√
4ca−b2

))
2
√
4ca−b2

)
√
−b2 + 4cλ+ 4µ

2 − λx− b

2
Verification of solutions

y =
tan

(√
−b2+4cλ+4µ

(√
4ca−b2 c1+2arctan

(
2xa+b√
4ca−b2

))
2
√
4ca−b2

)
√
−b2 + 4cλ+ 4µ

2 − λx− b

2

Verified OK.
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2.59.2 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −λx2a+ λ2x2 + 2λxy + by + y2 + µ

ax2 + bx+ c

This is a Riccati ODE. Comparing the ODE to solve

y′ = − λx2a

a x2 + bx+ c
+ λ2x2

a x2 + bx+ c
+ 2λxy
a x2 + bx+ c

+ by

a x2 + bx+ c
+ y2

a x2 + bx+ c
+ µ

ax2 + bx+ c

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −λx2a+λ2x2+µ
ax2+bx+c

, f1(x) = 2λx+b
a x2+bx+c

and f2(x) = 1
a x2+bx+c

. Let

y = −u′

f2u

= −u′

u
ax2+bx+c

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − 2xa+ b

(a x2 + bx+ c)2

f1f2 =
2λx+ b

(a x2 + bx+ c)2

f 2
2 f0 =

−λx2a+ λ2x2 + µ

(a x2 + bx+ c)3

Substituting the above terms back in equation (2) gives

u′′(x)
a x2 + bx+ c

−
(
− 2xa+ b

(a x2 + bx+ c)2
+ 2λx+ b

(a x2 + bx+ c)2
)
u′(x) + (−λx2a+ λ2x2 + µ)u(x)

(a x2 + bx+ c)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives
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u(x)

=
(

2xa+ b+
√
−4ca+ b2

−2xa− b+
√
−4ca+ b2

)− b

2
√

−4ca+b2
(
−2xa− b+

√
−4ca+ b2

2xa+ b+
√
−4ca+ b2

)− λb

2a
√

−4ca+b2 (
a x2

+ bx+ c
) λ

2a

c1

(
−b+ i

√
4ca− b2 − 2xa

b+ i
√
4ca− b2 + 2xa

)a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2

+ c2

(
−b+ i

√
4ca− b2 − 2xa

b+ i
√
4ca− b2 + 2xa

)−
a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2


The above shows that

u′(x)

=

8

(ia√4ca− b2
√

b2−4cλ−4µ
a2

−
√
−4ca+ b2 (2λx+ b)

)
c2
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2 −
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2
(
ia
√
4ca− b2

√
b2−4cλ−4µ

a2
+
√
−4ca+ b2 (2λx+ b)

)
c1

(−2xa−b+
√
−4ca+b2

2xa+b+
√
−4ca+b2

)− λb

2a
√

−4ca+b2 a2(a x2 + bx+ c)
λ
2a
(

2xa+b+
√
−4ca+b2

−2xa−b+
√
−4ca+b2

)− b

2
√

−4ca+b2 (a x2 + bx+ c)

√
−4ca+ b2

(
2xa+ b−

√
−4ca+ b2

) (
2xa+ b+

√
−4ca+ b2

) (
b+ i

√
4ca− b2 + 2xa

) (
−b+ i

√
4ca− b2 − 2xa

)
Using the above in (1) gives the solution

y =

−

8

(ia√4ca− b2
√

b2−4cλ−4µ
a2

−
√
−4ca+ b2 (2λx+ b)

)
c2
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2 −
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2
(
ia
√
4ca− b2

√
b2−4cλ−4µ

a2
+
√
−4ca+ b2 (2λx+ b)

)
c1

 a2(a x2 + bx+ c)2

√
−4ca+ b2

(
2xa+ b−

√
−4ca+ b2

) (
2xa+ b+

√
−4ca+ b2

) (
b+ i

√
4ca− b2 + 2xa

) (
−b+ i

√
4ca− b2 − 2xa

)c1
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2 + c2
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2


Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

8

(ia√4ca− b2
√

b2−4cλ−4µ
a2

−
√
−4ca+ b2 (2λx+ b)

)(
−b+i

√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2 −
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2
(
ia
√
4ca− b2

√
b2−4cλ−4µ

a2
+
√
−4ca+ b2 (2λx+ b)

)
c3

 a2(a x2 + bx+ c)2

√
−4ca+ b2

(
2xa+ b−

√
−4ca+ b2

) (
2xa+ b+

√
−4ca+ b2

) (
b+ i

√
4ca− b2 + 2xa

) (
−b+ i

√
4ca− b2 − 2xa

)c3
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2 +
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2


Summary
The solution(s) found are the following

(1)y =

−

8

(ia√4ca− b2
√

b2−4cλ−4µ
a2

−
√
−4ca+ b2 (2λx+ b)

)(
−b+i

√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2 −
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2
(
ia
√
4ca− b2

√
b2−4cλ−4µ

a2
+
√
−4ca+ b2 (2λx+ b)

)
c3

 a2(a x2 + bx+ c)2

√
−4ca+ b2

(
2xa+ b−

√
−4ca+ b2

) (
2xa+ b+

√
−4ca+ b2

) (
b+ i

√
4ca− b2 + 2xa

) (
−b+ i

√
4ca− b2 − 2xa

)c3
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2 +
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2


Verification of solutions
y =

−

8

(ia√4ca− b2
√

b2−4cλ−4µ
a2

−
√
−4ca+ b2 (2λx+ b)

)(
−b+i

√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2 −
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2
(
ia
√
4ca− b2

√
b2−4cλ−4µ

a2
+
√
−4ca+ b2 (2λx+ b)

)
c3

 a2(a x2 + bx+ c)2

√
−4ca+ b2

(
2xa+ b−

√
−4ca+ b2

) (
2xa+ b+

√
−4ca+ b2

) (
b+ i

√
4ca− b2 + 2xa

) (
−b+ i

√
4ca− b2 − 2xa

)c3
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2 +
(

−b+i
√
4ca−b2−2xa

b+i
√
4ca−b2+2xa

)−a

√
b2−4cλ−4µ

a2
2
√

−4ca+b2


Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -2*x*(a-lambda)*(diff(y(x), x))/(a*x^2+b*x+c)+(a*lambda*x^2-lambda^2*x

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 542� �
dsolve((a*x^2+b*x+c)*diff(y(x),x)=y(x)^2+(2*lambda*x+b)*y(x)+lambda*(lambda-a)*x^2+mu,y(x), singsol=all)� �
y(x) =

−

8

(ia√4ac− b2
√

b2−4cλ−4µ
a2

−
√
−4ac+ b2 (2xλ+ b)

)
c1
(

−b+i
√
4ac−b2−2ax

i
√
4ac−b2+2ax+b

)−a

√
b2−4cλ−4µ

a2
2
√

−4ac+b2 −
(
ia
√
4ac− b2

√
b2−4cλ−4µ

a2
+
√
−4ac+ b2 (2xλ+ b)

)(
−b+i

√
4ac−b2−2ax

i
√
4ac−b2+2ax+b

)a

√
b2−4cλ−4µ

a2
2
√

−4ac+b2

 (a x2 + bx+ c)2 a2

√
−4ac+ b2

(
2ax−

√
−4ac+ b2 + b

) (
2ax+

√
−4ac+ b2 + b

) (
i
√
4ac− b2 + 2ax+ b

) (
−b+ i

√
4ac− b2 − 2ax

)c1
(

−b+i
√
4ac−b2−2ax

i
√
4ac−b2+2ax+b

)−a

√
b2−4cλ−4µ

a2
2
√

−4ac+b2 +
(

−b+i
√
4ac−b2−2ax

i
√
4ac−b2+2ax+b

)a

√
b2−4cλ−4µ

a2
2
√

−4ac+b2


3 Solution by Mathematica
Time used: 17.168 (sec). Leaf size: 93� �
DSolve[(a*x^2+b*x+c)*y'[x]==y[x]^2+(2*\[Lambda]*x+b)*y[x]+\[Lambda]*(\[Lambda]-a)*x^2+\[Mu],y[x],x,IncludeSingularSolutions -> True]� �
y(x)→ 1

2

√4(cλ+ µ)− b2 tan

√
−b2 + 4cλ+ 4µ arctan

(
2ax+b√
4ac−b2

)
√
4ac− b2

+c1

−b−2λx



377



2.60 problem 60
2.60.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 378

Internal problem ID [10390]
Internal file name [OUTPUT/9337_Monday_June_06_2022_01_57_00_PM_79642548/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 60.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

(
a x2 + bx+ c

)
y′ − y2 − (xa+ µ) y = −λ2x2 + λ(b− µ)x+ cλ

2.60.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −λ2x2 + axy + bλx− λxµ+ cλ+ µy + y2

a x2 + bx+ c

This is a Riccati ODE. Comparing the ODE to solve

y′ = − λ2x2

a x2 + bx+ c
+ axy

a x2 + bx+ c
+ bλx

a x2 + bx+ c
− λxµ

a x2 + bx+ c
+ cλ

a x2 + bx+ c
+ µy

a x2 + bx+ c
+ y2

a x2 + bx+ c

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −λ2x2+bλx−λxµ+cλ
a x2+bx+c

, f1(x) = xa+µ
ax2+bx+c

and f2(x) = 1
a x2+bx+c

. Let

y = −u′

f2u

= −u′

u
ax2+bx+c

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − 2xa+ b

(a x2 + bx+ c)2

f1f2 =
xa+ µ

(a x2 + bx+ c)2

f 2
2 f0 =

−λ2x2 + bλx− λxµ+ cλ

(a x2 + bx+ c)3

Substituting the above terms back in equation (2) gives

u′′(x)
a x2 + bx+ c

−
(
− 2xa+ b

(a x2 + bx+ c)2
+ xa+ µ

(a x2 + bx+ c)2
)
u′(x) + (−λ2x2 + bλx− λxµ+ cλ)u(x)

(a x2 + bx+ c)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

Expression too large to display

The above shows that
Expression too large to display

Using the above in (1) gives the solution

Expression too large to display

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

Expression too large to display

Summary
The solution(s) found are the following

(1)Expression too large to display
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Verification of solutions

Expression too large to display

Warning, solution could not be verified
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(a*x+b-mu)*(diff(y(x), x))/(a*x^2+b*x+c)-lambda*(-lambda*x^2+b*x-mu*x

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 2F1 ODE

<- hypergeometric successful
<- special function solution successful

-> Trying to convert hypergeometric functions to elementary form...
<- elementary form is not straightforward to achieve - returning special function solution free of uncomputed integrals

<- Kovacics algorithm successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 6204� �
dsolve((a*x^2+b*x+c)*diff(y(x),x)=y(x)^2+(a*x+mu)*y(x)-lambda^2*x^2+lambda*(b-mu)*x+lambda*c,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 23.352 (sec). Leaf size: 433� �
DSolve[(a*x^2+b*x+c)*y'[x]==y[x]^2+(a*x+\[Mu])*y[x]-\[Lambda]^2*x^2+\[Lambda]*(b-\[Mu])*x+\[Lambda]*c,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

(x(ax+ b) + c)λ
a
− 1

2 exp
(
−

(a(b−2µ)+2bλ) arctan
(

2ax+b√
4ac−b2

)
a
√
4ac−b2

)λx(x(ax+ b) + c) 1
2−

λ
a exp

(
(a(b−2µ)+2bλ) arctan

(
2ax+b√
4ac−b2

)
a
√
4ac−b2

)∫ x

1 exp

−
2(2bλ+a(b−2µ)) arctan

(
b+2aK[1]√

4ac−b2

)
√

4ac−b2
+(a−2λ) log(c+K[1](b+aK[1]))

2a

 dK[1] + x

(
c1λ(x(ax+ b) + c) 1

2−
λ
a exp

(
(a(b−2µ)+2bλ) arctan

(
2ax+b√
4ac−b2

)
a
√
4ac−b2

)
− ax− b

)
− c


∫ x

1 exp

−
2(2bλ+a(b−2µ)) arctan

(
b+2aK[1]√

4ac−b2

)
√

4ac−b2
+(a−2λ) log(c+K[1](b+aK[1]))

2a

 dK[1] + c1

y(x) → λx
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2.61 problem 61
2.61.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 383

Internal problem ID [10391]
Internal file name [OUTPUT/9338_Monday_June_06_2022_02_01_30_PM_6267541/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 61.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

(
a2x

2 + b2x+ c2
)
y′ − y2 − (a1x+ b1) y = −λ(λ+ a1 − a2)x2 + λ(b2 − b1)x+ λc2

2.61.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −λx2a1 + λx2a2 − λ2x2 + a1xy − λxb1 + λxb2 + b1y + c2λ+ y2

a2x2 + b2x+ c2

This is a Riccati ODE. Comparing the ODE to solve

y′ = − λx2a1
a2x2 + b2x+ c2

+ λx2a2
a2x2 + b2x+ c2

− λ2x2

a2x2 + b2x+ c2
+ a1xy

a2x2 + b2x+ c2
− λxb1
a2x2 + b2x+ c2

+ λxb2
a2x2 + b2x+ c2

+ λc2
a2x2 + b2x+ c2

+ b1y

a2x2 + b2x+ c2
+ y2

a2x2 + b2x+ c2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = −λx2a1+λx2a2−λ2x2−λxb1+λxb2+c2λ
a2x2+b2x+c2

, f1(x) = a1x+b1
a2x2+b2x+c2

and f2(x) =
1

a2x2+b2x+c2
. Let

y = −u′

f2u

= −u′

u
a2x2+b2x+c2

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − 2a2x+ b2

(a2x2 + b2x+ c2)2

f1f2 =
a1x+ b1

(a2x2 + b2x+ c2)2

f 2
2 f0 =

−λx2a1 + λx2a2 − λ2x2 − λxb1 + λxb2 + c2λ

(a2x2 + b2x+ c2)3

Substituting the above terms back in equation (2) gives

u′′(x)
a2x2 + b2x+ c2

−
(
− 2a2x+ b2

(a2x2 + b2x+ c2)2
+ a1x+ b1

(a2x2 + b2x+ c2)2
)
u′(x) + (−λx2a1 + λx2a2 − λ2x2 − λxb1 + λxb2 + c2λ)u(x)

(a2x2 + b2x+ c2)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

Expression too large to display

The above shows that
Expression too large to display

Using the above in (1) gives the solution

Expression too large to display

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

Expression too large to display
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Summary
The solution(s) found are the following

(1)Expression too large to display
Verification of solutions

Expression too large to display

Warning, solution could not be verified
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a__1*x-2*a__2*x+b__1-b__2)*(diff(y(x), x))/(a__2*x^2+b__2*x+c__2)-lam

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 2F1 ODE

<- hypergeometric successful
<- special function solution successful

-> Trying to convert hypergeometric functions to elementary form...
<- elementary form is not straightforward to achieve - returning special function solution free of uncomputed integrals

<- Kovacics algorithm successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 5771� �
dsolve((a__2*x^2+b__2*x+c__2)*diff(y(x),x)=y(x)^2+(a__1*x+b__1)*y(x)-lambda*(lambda+a__1-a__2)*x^2+lambda*(b__2-b__1)*x+lambda*c__2,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 34.34 (sec). Leaf size: 284� �
DSolve[(a2*x^2+b2*x+c2)*y'[x]==y[x]^2+(a1*x+b1)*y[x]-\[Lambda]*(\[Lambda]+a1-a2)*x^2+\[Lambda]*(b2-b1)*x+\[Lambda]*c2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

λx
∫ x

1 exp


(a1−2a2+2λ) log(c2+K[1](b2+a2K[1]))−

2(b2(a1+2λ)−2a2b1) arctan

 b2+2a2K[1]√
4a2c2−b22


√

4a2c2−b22

2a2


dK[1] + (x(a2x+ b2) + c2)a1+2λ

2a2

− exp

 (2a2b1−b2(a1+2λ)) arctan

 2a2x+b2√
4a2c2−b22


a2
√

4a2c2−b22


+ c1λx

∫ x

1 exp


(a1−2a2+2λ) log(c2+K[1](b2+a2K[1]))−

2(b2(a1+2λ)−2a2b1) arctan

 b2+2a2K[1]√
4a2c2−b22


√

4a2c2−b22

2a2


dK[1] + c1

y(x) → λx
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2.62 problem 62
2.62.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 388

Internal problem ID [10392]
Internal file name [OUTPUT/9339_Monday_June_06_2022_02_08_40_PM_75216398/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 62.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

(
a2x

2 + b2x+ c2
)
y′ − y2 − (a1x+ b1) y = a0x

2 + b0x+ c0

2.62.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a0x
2 + a1xy + b0x+ b1y + y2 + c0

a2x2 + b2x+ c2

This is a Riccati ODE. Comparing the ODE to solve

y′ = a0x
2

a2x2 + b2x+ c2
+ a1xy

a2x2 + b2x+ c2
+ b0x

a2x2 + b2x+ c2
+ b1y

a2x2 + b2x+ c2
+ y2

a2x2 + b2x+ c2
+ c0
a2x2 + b2x+ c2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a0x2+b0x+c0
a2x2+b2x+c2

, f1(x) = a1x+b1
a2x2+b2x+c2

and f2(x) = 1
a2x2+b2x+c2

. Let

y = −u′

f2u

= −u′

u
a2x2+b2x+c2

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − 2a2x+ b2

(a2x2 + b2x+ c2)2

f1f2 =
a1x+ b1

(a2x2 + b2x+ c2)2

f 2
2 f0 =

a0x
2 + b0x+ c0

(a2x2 + b2x+ c2)3

Substituting the above terms back in equation (2) gives

u′′(x)
a2x2 + b2x+ c2

−
(
− 2a2x+ b2

(a2x2 + b2x+ c2)2
+ a1x+ b1

(a2x2 + b2x+ c2)2
)
u′(x) + (a0x2 + b0x+ c0)u(x)

(a2x2 + b2x+ c2)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

Expression too large to display

The above shows that
Expression too large to display

Using the above in (1) gives the solution

Expression too large to display

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

Expression too large to display

Summary
The solution(s) found are the following

(1)Expression too large to display
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Verification of solutions

Expression too large to display

Warning, solution could not be verified
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a__1*x-2*a__2*x+b__1-b__2)*(diff(y(x), x))/(a__2*x^2+b__2*x+c__2)-(a_

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 2F1 ODE

<- hypergeometric successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 6462� �
dsolve((a__2*x^2+b__2*x+c__2)*diff(y(x),x)=y(x)^2+(a__1*x+b__1)*y(x)+a__0*x^2+b__0*x+c__0,y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a2*x^2+b2*x+c2)*y'[x]==y[x]^2+(a1*x+b1)*y[x]+a0*x^2+b0*x+c0,y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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2.63 problem 63
2.63.1 Solving as first order ode lie symmetry calculated ode . . . . . . 393
2.63.2 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 398

Internal problem ID [10393]
Internal file name [OUTPUT/9340_Monday_June_06_2022_02_12_56_PM_17631241/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 63.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati", "first_order_ode_lie_sym-
metry_calculated"

Maple gives the following as the ode type
[_rational , [_1st_order , `_with_symmetry_[F(x),G(x)]`],

_Riccati]

(x− a) (x− b) y′ + y2 + k(y + x− a) (y + x− b) = 0

2.63.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = −abk − akx− aky − bkx− bky + k x2 + 2kxy + k y2 + y2

(a− x) (b− x)
y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 2 to use as anstaz gives

(1E)ξ = x2a4 + yxa5 + y2a6 + xa2 + ya3 + a1

(2E)η = x2b4 + yxb5 + y2b6 + xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, a4, a5, a6, b1, b2, b3, b4, b5, b6}

Substituting equations (1E,2E) and ω into (A) gives

(5E)2xb4 + yb5 + b2

− (abk − akx− aky − bkx− bky + k x2 + 2kxy + k y2 + y2) (−2xa4 + xb5 − ya5 + 2yb6 − a2 + b3)
(a− x) (b− x)

− (abk − akx− aky − bkx− bky + k x2 + 2kxy + k y2 + y2)2 (xa5 + 2ya6 + a3)
(a− x)2 (b− x)2

−
(
−−ak − bk + 2kx+ 2ky

(a− x) (b− x)

− abk − akx− aky − bkx− bky + k x2 + 2kxy + k y2 + y2

(a− x)2 (b− x)

− abk − akx− aky − bkx− bky + k x2 + 2kxy + k y2 + y2

(a− x) (b− x)2
)(

x2a4

+ yxa5 + y2a6 + xa2 + ya3 + a1
)

+ (−ak − bk + 2kx+ 2ky + 2y) (x2b4 + yxb5 + y2b6 + xb2 + yb3 + b1)
(a− x) (b− x) = 0

Putting the above in normal form gives

Expression too large to display

Setting the numerator to zero gives

(6E)Expression too large to display

Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y}

The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2}

The above PDE (6E) now becomes

(7E)Expression too large to display
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Collecting the above on the terms vi introduced, and these are

{v1, v2}

Equation (7E) now becomes

(8E)Expression too large to display

Setting each coefficients in (8E) to zero gives the following equations to solve

−2k2a6 − 4ka6 − 2a6 = 0
−4k2a5 − 12k2a6 − 5ka5 − 6ka6 − a5 = 0

−k2a5 + 2ka4 + 2kb4 − kb5 + 2b4 = 0
−k2a5 − 8k2a6 − 2ka5 − 10ka6 − a5 − 2a6 = 0
−6k2a5 − 8k2a6 − 2ka5 + kb5 − 2kb6 + b5 = 0

−a2b2k2a3 + a2b2ka2 − a2b2kb3 + a2b2b2 − a2bkb1 − a b2kb1 = 0
−4k2a5 − 2k2a6 + 2ka4 + ka5 + 2kb4 − 2kb6 + 2b4 + b5 = 0

4a k2a6 + 4b k2a6 + 5aka6 + 5bka6 − k2a3 + aa6 + ba6 − 2ka3 − a3 = 0
2a k2a5 + 12a k2a6 + 2b k2a5 + 12b k2a6 + 2aka5 + 6aka6 + 2bka5 + 6bka6 − 4k2a3 − 6ka3 − 2a3 = 0

−2a2b2k2a6 + a2b2ka5 − 2a2b2kb6 + 2a2b k2a3 + 2a b2k2a3 + a2b2b5 − a2bka2 − a b2ka2 − a2ka1 + 2abkb1 − b2ka1 + 2abb1 = 0
−2a2k2a6 − 8ab k2a6 − 2b2k2a6 − a2ka6 + abka5 − 4abka6 + 2a k2a3 − b2ka6 + 2b k2a3 + aba5 + 3aka3 + 3bka3 + aa3 + ba3 = 0

2a k2a5 + 2b k2a5 − 4aka4 − 3akb4 + 2akb5 − 4bka4 − 3bkb4 + 2bkb5 − k2a3 − 4ab4 − 4bb4 + ka2 + 2kb2 − kb3 + b2 = 0
−a2b2k2a5 + 2a2b2ka4 − a2b2kb5 + 2a2b k2a3 + 2a b2k2a3 + 2a2b2b4 − 2a2bka2 − a2bkb2 + 2a2bkb3 − 2a b2ka2 − a b2kb2 + 2a b2kb3 − 2a2bb2 + a2kb1 − 2a b2b2 + 4abkb1 + b2kb1 = 0

6a k2a5 + 4a k2a6 + 6b k2a5 + 4b k2a6 − 4aka4 − 2aka5 − 2akb4 + 4akb6 − 4bka4 − 2bka5 − 2bkb4 + 4bkb6 − 4k2a3 − 2ab4 − 2ab5 − 2bb4 − 2bb5 + 2kb2 + 2b2 = 0
4a2b k2a6 + 4a b2k2a6 − a2bka5 + a2bkb6 − a2k2a3 − a b2ka5 + a b2kb6 − 4ab k2a3 − b2k2a3 − a2ka3 + abka2 − 2abka3 + abkb3 − b2ka3 + aba2 + abb3 + aka1 + bka1 + aa1 + ba1 = 0

6a k2a5 + 12a k2a6 + 6b k2a5 + 12b k2a6 − aka4 + aka5 − akb5 + 3akb6 − bka4 + bka5 − bkb5 + 3bkb6 − 6k2a3 − aa4 − ab5 − ba4 − bb5 − ka2 − 4ka3 + kb3 − a2 + b3 = 0
−a2k2a5 − 4a2k2a6 − 4ab k2a5 − 16ab k2a6 − b2k2a5 − 4b2k2a6 − a2kb6 + 2abka4 + 2abka5 + abkb5 − 4abkb6 + 6a k2a3 − b2kb6 + 6b k2a3 + 2aba4 + abb5 + 4aka3 − akb3 + 4bka3 − bkb3 − ab3 − bb3 − 2ka1 − 2a1 = 0

2a2b k2a5 + 4a2b k2a6 + 2a b2k2a5 + 4a b2k2a6 − 2a2bka4 − 2a2bka5 + 4a2bkb6 − 2a2k2a3 − 2a b2ka4 − 2a b2ka5 + 4a b2kb6 − 8ab k2a3 − 2b2k2a3 − 2a2bb5 − 2a b2b5 + 4abka2 + 2abkb2 + 2abb2 + 2aka1 − 2akb1 + 2bka1 − 2bkb1 − 2ab1 − 2bb1 = 0
−a2k2a5 − 4ab k2a5 − b2k2a5 + 2a2ka4 + a2kb4 − a2kb5 + 8abka4 + 4abkb4 − 4abkb5 + 2a k2a3 + 2b2ka4 + b2kb4 − b2kb5 + 2b k2a3 + 2a2b4 + 8abb4 − 2aka2 − 3akb2 + 2akb3 + 2b2b4 − 2bka2 − 3bkb2 + 2bkb3 − 2ab2 − 2bb2 + 2kb1 = 0

2a2b k2a5 + 2a b2k2a5 − 4a2bka4 − a2bkb4 + 2a2bkb5 − a2k2a3 − 4a b2ka4 − a b2kb4 + 2a b2kb5 − 4ab k2a3 − b2k2a3 − 4a2bb4 + a2ka2 + a2kb2 − a2kb3 − 4a b2b4 + 4abka2 + 4abkb2 − 4abkb3 + b2ka2 + b2kb2 − b2kb3 + a2b2 + 4abb2 − 3akb1 + b2b2 − 3bkb1 = 0
−2a2k2a5 − 2a2k2a6 − 8ab k2a5 − 8ab k2a6 − 2b2k2a5 − 2b2k2a6 + a2ka4 + a2ka5 − 2a2kb6 + 8abka4 + 4abka5 + 2abkb4 − 8abkb6 + 6a k2a3 + b2ka4 + b2ka5 − 2b2kb6 + 6b k2a3 + a2b5 + 2abb4 + 4abb5 − aka2 − 2akb2 + b2b5 − bka2 − 2bkb2 − 2ab2 − 2bb2 − 2ka1 + 2kb1 + 2b1 = 0
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Solving the above equations for the unknowns gives

a1 = aba4

a2 = −(a+ b) a4
a3 = 0
a4 = a4

a5 = 0
a6 = 0
b1 = abb4

b2 = −(a+ b) b4

b3 = −aka4 + akb4 + bka4 + bkb4 + ab4 + bb4
k

b4 = b4

b5 =
2ka4 + 2kb4 + 2b4

k

b6 =
(k + 1) (ka4 + kb4 + b4)

k2

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = 0
η

= ab k2 − a k2x− a k2y − b k2x− b k2y + x2k2 + 2yx k2 + y2k2 − aky − bky + 2kxy + 2k y2 + y2

k2

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x
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S is found from

S =
∫ 1

η
dy

=
∫ 1

ab k2−a k2x−a k2y−b k2x−b k2y+x2k2+2yx k2+y2k2−aky−bky+2kxy+2k y2+y2

k2

dy

Which results in

S = k ln (−ak + kx+ ky + y)
(a− b) (k + 1) − k ln (−bk + kx+ ky + y)

(a− b) (k + 1)

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)

Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = −abk − akx− aky − bkx− bky + k x2 + 2kxy + k y2 + y2

(a− x) (b− x)

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = k3

(k + 1) ((a− x− y) k − y) (k (b− x− y)− y)

Sy =
k2

((a− x− y) k − y) (k (b− x− y)− y)

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= − k2

(a− x) (b− x) (k + 1) (2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= − k2

(−R + a) (−R + b) (k + 1)

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
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integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) = −
k2
(
− ln(R−b)

a−b
+ ln(R−a)

a−b

)
k + 1 + c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

k(ln (k(y + x− a) + y)− ln (k(y + x− b) + y))
(a− b) (k + 1) = −

k2
(
− ln(x−b)

a−b
+ ln(x−a)

a−b

)
k + 1 + c1

Which simplifies to

k ln (k(y + x− a) + y)− k ln (k(y + x− b) + y) + k2 ln (x− a)− k2 ln (x− b)− c1(a− b) (k + 1)
(a− b) (k + 1) = 0

Summary
The solution(s) found are the following

(1)k ln (k(y + x− a) + y)− k ln (k(y + x− b) + y) + k2 ln (x− a)− k2 ln (x− b)− c1(a− b) (k + 1)
(a− b) (k + 1)

= 0
Verification of solutions

k ln (k(y + x− a) + y)− k ln (k(y + x− b) + y) + k2 ln (x− a)− k2 ln (x− b)− c1(a− b) (k + 1)
(a− b) (k + 1)

= 0

Verified OK.

2.63.2 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −abk − akx− aky − bkx− bky + k x2 + 2kxy + k y2 + y2

(a− x) (b− x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = − abk

(a− x) (b− x)+
akx

(a− x) (b− x)+
aky

(a− x) (b− x)+
bkx

(a− x) (b− x)+
bky

(a− x) (b− x)−
k x2

(a− x) (b− x)−
2kxy

(a− x) (b− x)−
k y2

(a− x) (b− x)−
y2

(a− x) (b− x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = −abk−akx−bkx+k x2

(a−x)(b−x) , f1(x) = −−ak−bk+2kx
(a−x)(b−x) and f2(x) = − k+1

(a−x)(b−x) .
Let

y = −u′

f2u

= −u′

− (k+1)u
(a−x)(b−x)

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − k + 1

(a− x)2 (b− x)
− k + 1

(a− x) (b− x)2

f1f2 =
(−ak − bk + 2kx) (k + 1)

(a− x)2 (b− x)2

f 2
2 f0 = −(k + 1)2 (abk − akx− bkx+ k x2)

(a− x)3 (b− x)3

Substituting the above terms back in equation (2) gives

− (k + 1)u′′(x)
(a− x) (b− x) −

(
− k + 1
(a− x)2 (b− x)

− k + 1
(a− x) (b− x)2

+ (−ak − bk + 2kx) (k + 1)
(a− x)2 (b− x)2

)
u′(x)− (k + 1)2 (abk − akx− bkx+ k x2)u(x)

(a− x)3 (b− x)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1(b− x)−k + c2(a− x)−k

The above shows that

u′(x) = k
(
c1(b− x)−k−1 + c2(a− x)−k−1

)
Using the above in (1) gives the solution

y =
k
(
c1(b− x)−k−1 + c2(a− x)−k−1

)
(a− x) (b− x)

(k + 1)
(
c1 (b− x)−k + c2 (a− x)−k

)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
k(a− x)k+1 (b− x)k+1

(
c3(b− x)−k−1 + (a− x)−k−1

)
(k + 1)

(
c3 (a− x)k + (b− x)k

)
Summary
The solution(s) found are the following

(1)y =
k(a− x)k+1 (b− x)k+1

(
c3(b− x)−k−1 + (a− x)−k−1

)
(k + 1)

(
c3 (a− x)k + (b− x)k

)
Verification of solutions

y =
k(a− x)k+1 (b− x)k+1

(
c3(b− x)−k−1 + (a− x)−k−1

)
(k + 1)

(
c3 (a− x)k + (b− x)k

)
Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a*k+b*k-2*k*x+a+b-2*x)*(diff(y(x), x))/(a*b-a*x-b*x+x^2)-(1+k)*k*y(x)

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Reducible group (found another exponential solution)

<- Kovacics algorithm successful
<- Riccati to 2nd Order successful`� �

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 54� �
dsolve((x-a)*(x-b)*diff(y(x),x)+y(x)^2+k*(y(x)+x-a)*(y(x)+x-b)=0,y(x), singsol=all)� �

y(x) =
k
(
(b− x)1+k + c1(a− x)k (a− x)

)
(1 + k)

(
c1 (a− x)k + (b− x)k

)
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3 Solution by Mathematica
Time used: 60.572 (sec). Leaf size: 99� �
DSolve[(x-a)*(x-b)*y'[x]+y[x]^2+k*(y[x]+x-a)*(y[x]+x-b)==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → 1

2

k(a+ b− 2x)
k + 1

+

√
−k2(a− b)2

(k + 1)2 tan

(k + 1)
√
−k2(a−b)2

(k+1)2 (log(x− b)− log(x− a))
2(a− b) + c1
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2.64 problem 64
2.64.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 403

Internal problem ID [10394]
Internal file name [OUTPUT/9341_Monday_June_06_2022_02_12_57_PM_55541898/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 64.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

(
c2x

2 + b2x+ a2
) (

y′ + λy2
)
+ (b1x+ a1) y = −a0

2.64.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −c2λx
2y2 + y2b2λx+ y2a2λ+ yb1x+ ya1 + a0

c2x2 + b2x+ a2

This is a Riccati ODE. Comparing the ODE to solve

y′ = − y2c2λx
2

c2x2 + b2x+ a2
− y2b2λx

c2x2 + b2x+ a2
− y2a2λ

c2x2 + b2x+ a2
− yb1x

c2x2 + b2x+ a2
− ya1
c2x2 + b2x+ a2

− a0
c2x2 + b2x+ a2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = − a0
c2x2+b2x+a2

, f1(x) = − b1x+a1
c2x2+b2x+a2

and f2(x) = − c2λx2+λxb2+λa2
c2x2+b2x+a2

.
Let

y = −u′

f2u

= −u′

− (c2λx2+λxb2+λa2)u
c2x2+b2x+a2

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − 2c2λx+ λb2

c2x2 + b2x+ a2
+ (c2λx2 + λxb2 + λa2) (2c2x+ b2)

(c2x2 + b2x+ a2)2

f1f2 =
(b1x+ a1) (c2λx2 + λxb2 + λa2)

(c2x2 + b2x+ a2)2

f 2
2 f0 = −(c2λx2 + λxb2 + λa2)2 a0

(c2x2 + b2x+ a2)3

Substituting the above terms back in equation (2) gives

−(c2λx2 + λxb2 + λa2)u′′(x)
c2x2 + b2x+ a2

−
(
− 2c2λx+ λb2
c2x2 + b2x+ a2

+ (c2λx2 + λxb2 + λa2) (2c2x+ b2)
(c2x2 + b2x+ a2)2

+ (b1x+ a1) (c2λx2 + λxb2 + λa2)
(c2x2 + b2x+ a2)2

)
u′(x)− (c2λx2 + λxb2 + λa2)2 a0u(x)

(c2x2 + b2x+ a2)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

= c3 hypergeom

[−c2 − b1 +
√

c22 + (−4a0λ− 2b1) c2 + b21
2c2

,
−c2 + b1 +

√
c22 + (−4a0λ− 2b1) c2 + b21

2c2

]
,

b1
√

−4c2a2+b22
c22

c2 − 2c2a1 + b1b2

2c22
√

−4c2a2+b22
c22

 ,
−2
√

−4c2a2+b22
c22

x c22 −
√

−4c2a2+b22
c22

b2c2 + 4c2a2 − b22

8c2a2 − 2b22



+c4

(
2

√
−4c2a2 + b22

c22
x c22 +

√
−4c2a2 + b22

c22
b2c2 − 4c2a2 + b22

) c2
(
c2−

b1
2

)√√√√−4c2a2+b22
c22

+c2a1−
b1b2
2√√√√−4c2a2+b22

c22
c22 hypergeom


c2

(
c2 −

√
c22 + (−4a0λ− 2b1) c2 + b21

)√
−4c2a2+b22

c22
+ 2c2a1 − b1b2

2
√

−4c2a2+b22
c22

c22

,
c2
(
c2 +

√
c22 + (−4a0λ− 2b1) c2 + b21

)√
−4c2a2+b22

c22
+ 2c2a1 − b1b2

2
√

−4c2a2+b22
c22

c22

 ,

4c22
√

−4c2a2+b22
c22

− b1

√
−4c2a2+b22

c22
c2 + 2c2a1 − b1b2

2c22
√

−4c2a2+b22
c22

 ,
−2
√

−4c2a2+b22
c22

x c22 −
√

−4c2a2+b22
c22

b2c2 + 4c2a2 − b22

8c2a2 − 2b22


The above shows that

Expression too large to display
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Using the above in (1) gives the solution

Expression too large to display

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

Expression too large to display

Summary
The solution(s) found are the following

(1)Expression too large to display
Verification of solutions

Expression too large to display

Warning, solution could not be verified
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(b__1*x+a__1)*(diff(y(x), x))/(c__2*x^2+b__2*x+a__2)-a__0*lambda*y(x)

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 2160� �
dsolve((c__2*x^2+b__2*x+a__2)*(diff(y(x),x)+lambda*y(x)^2)+(b__1*x+a__1)*y(x)+a__0=0,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 14.836 (sec). Leaf size: 1986� �
DSolve[(c2*x^2+b2*x+a2)*(y'[x]+\[Lambda]*y[x]^2)+(b1*x+a1)*y[x]+a0==0,y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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2.65 problem 65
2.65.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 408

Internal problem ID [10395]
Internal file name [OUTPUT/9342_Monday_June_06_2022_02_14_05_PM_28407073/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 65.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

x3y′ − a x3y2 −
(
b x2 + c

)
y = sx

2.65.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a x3y2 + b x2y + yc+ sx

x3

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2 + by

x
+ yc

x3 + s

x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = s
x2 , f1(x) = b x2+c

x3 and f2(x) = a. Let

y = −u′

f2u

= −u′

au
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 =
(b x2 + c) a

x3

f 2
2 f0 =

a2s

x2

Substituting the above terms back in equation (2) gives

au′′(x)− (b x2 + c) au′(x)
x3 + a2su(x)

x2 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=
4
( (

(b−1)x2+c
)(

1−
√
−4as+b2+2b+1+b

)
c1 KummerM

(√
−4as+b2+2b+1

4 + b
4+

1
4 ,1+

√
−4as+b2+2b+1

2 , c
2x2

)
2 + x2

(
1
2 +

(b−1)
√
−4as+b2+2b+1

2 + as− b2

2

)
c1KummerM

(√
−4as+b2+2b+1

4 + b
4 −

3
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
− 4
( (

(−b+1)x2−c
)
KummerU

(√
−4as+b2+2b+1

4 + b
4+

1
4 ,1+

√
−4as+b2+2b+1

2 , c
2x2

)
2 +KummerU

(√
−4as+b2+2b+1

4 + b
4 −

3
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
x2

)
c2

)
x− 3

2+
b
2−

√
−4as+b2+2b+1

2 e−
c

2x2(
1−

√
−4as+ b2 + 2b+ 1 + b

) (√
−4as+ b2 + 2b+ 1 + b+ 1

)
The above shows that

u′(x)

=
8s2
(
c1
(
1−

√
−4as+ b2 + 2b+ 1 + b

)
KummerM

(√
−4as+b2+2b+1

4 + b
4 +

1
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
+ 4KummerU

(√
−4as+b2+2b+1

4 + b
4 +

1
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
c2
)
a2x− 1

2+
b
2−

√
−4as+b2+2b+1

2 e−
c

2x2(
1−

√
−4as+ b2 + 2b+ 1 + b

)2 (√−4as+ b2 + 2b+ 1 + b+ 1
)2

Using the above in (1) gives the solution

y =

−
2s2
(
c1
(
1−

√
−4as+ b2 + 2b+ 1 + b

)
KummerM

(√
−4as+b2+2b+1

4 + b
4 +

1
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
+ 4KummerU

(√
−4as+b2+2b+1

4 + b
4 +

1
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
c2
)
a x− 1

2+
b
2−

√
−4as+b2+2b+1

2 x
3
2−

b
2+

√
−4as+b2+2b+1

2

(
1−

√
−4as+ b2 + 2b+ 1 + b

) (√
−4as+ b2 + 2b+ 1 + b+ 1

)( ((b−1)x2+c)
(
1−

√
−4as+b2+2b+1+b

)
c1 KummerM

(√
−4as+b2+2b+1

4 + b
4+

1
4 ,1+

√
−4as+b2+2b+1

2 , c
2x2

)
2 + x2

(
1
2 +

(b−1)
√
−4as+b2+2b+1

2 + as− b2

2

)
c1KummerM

(√
−4as+b2+2b+1

4 + b
4 −

3
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
− 4

(
((−b+1)x2−c)KummerU

(√
−4as+b2+2b+1

4 + b
4+

1
4 ,1+

√
−4as+b2+2b+1

2 , c
2x2

)
2 +KummerU

(√
−4as+b2+2b+1

4 + b
4 −

3
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
x2

)
c2

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−
8s2xa

(
c3
(
1−

√
−4as+b2+2b+1+b

)
KummerM

(√
−4as+b2+2b+1

4 + b
4+

1
4 ,1+

√
−4as+b2+2b+1

2 , c
2x2

)
4 +KummerU

(√
−4as+b2+2b+1

4 + b
4 +

1
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

))
(

((b−1)x2+c)
(
1−

√
−4as+b2+2b+1+b

)
c3 KummerM

(√
−4as+b2+2b+1

4 + b
4+

1
4 ,1+

√
−4as+b2+2b+1

2 , c
2x2

)
2 + x2

(
1
2 +

(b−1)
√
−4as+b2+2b+1

2 + as− b2

2

)
c3KummerM

(√
−4as+b2+2b+1

4 + b
4 −

3
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
+ 2 ((b− 1)x2 + c)KummerU

(√
−4as+b2+2b+1

4 + b
4 +

1
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
− 4KummerU

(√
−4as+b2+2b+1

4 + b
4 −

3
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
x2

)(
1−

√
−4as+ b2 + 2b+ 1 + b

) (√
−4as+ b2 + 2b+ 1 + b+ 1

)
Summary
The solution(s) found are the following

(1)y =

−
8s2xa

(
c3
(
1−

√
−4as+b2+2b+1+b

)
KummerM

(√
−4as+b2+2b+1

4 + b
4+

1
4 ,1+

√
−4as+b2+2b+1

2 , c
2x2

)
4 +KummerU

(√
−4as+b2+2b+1

4 + b
4 +

1
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

))
(

((b−1)x2+c)
(
1−

√
−4as+b2+2b+1+b

)
c3 KummerM

(√
−4as+b2+2b+1

4 + b
4+

1
4 ,1+

√
−4as+b2+2b+1

2 , c
2x2

)
2 + x2

(
1
2 +

(b−1)
√
−4as+b2+2b+1

2 + as− b2

2

)
c3KummerM

(√
−4as+b2+2b+1

4 + b
4 −

3
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
+ 2 ((b− 1)x2 + c)KummerU

(√
−4as+b2+2b+1

4 + b
4 +

1
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
− 4KummerU

(√
−4as+b2+2b+1

4 + b
4 −

3
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
x2

)(
1−

√
−4as+ b2 + 2b+ 1 + b

) (√
−4as+ b2 + 2b+ 1 + b+ 1

)
Verification of solutions
y =

−
8s2xa

(
c3
(
1−

√
−4as+b2+2b+1+b

)
KummerM

(√
−4as+b2+2b+1

4 + b
4+

1
4 ,1+

√
−4as+b2+2b+1

2 , c
2x2

)
4 +KummerU

(√
−4as+b2+2b+1

4 + b
4 +

1
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

))
(

((b−1)x2+c)
(
1−

√
−4as+b2+2b+1+b

)
c3 KummerM

(√
−4as+b2+2b+1

4 + b
4+

1
4 ,1+

√
−4as+b2+2b+1

2 , c
2x2

)
2 + x2

(
1
2 +

(b−1)
√
−4as+b2+2b+1

2 + as− b2

2

)
c3KummerM

(√
−4as+b2+2b+1

4 + b
4 −

3
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
+ 2 ((b− 1)x2 + c)KummerU

(√
−4as+b2+2b+1

4 + b
4 +

1
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
− 4KummerU

(√
−4as+b2+2b+1

4 + b
4 −

3
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
x2

)(
1−

√
−4as+ b2 + 2b+ 1 + b

) (√
−4as+ b2 + 2b+ 1 + b+ 1

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (b*x^2+c)*(diff(y(x), x))/x^3-a*s*y(x)/x^2, y(x)` *** Sublevel 2

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 435� �
dsolve(x^3*diff(y(x),x)=a*x^3*y(x)^2+(b*x^2+c)*y(x)+s*x,y(x), singsol=all)� �
y(x) =

−

((
1−

√
−4as+b2+2b+1+b

)
KummerM

(√
−4as+b2+2b+1

4 + b
4+

1
4 ,1+

√
−4as+b2+2b+1

2 , c
2x2

)
4 + c1KummerU

(√
−4as+b2+2b+1

4 + b
4 +

1
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

))(√
−4as+ b2 + 2b+ 1 + b+ 1

)
x
(
1−

√
−4as+ b2 + 2b+ 1 + b

)
2a
(

((b−1)x2+c)
(
1−

√
−4as+b2+2b+1+b

)
KummerM

(√
−4as+b2+2b+1

4 + b
4+

1
4 ,1+

√
−4as+b2+2b+1

2 , c
2x2

)
2 +

(
1
2 +

(b−1)
√
−4as+b2+2b+1

2 + as− b2

2

)
x2KummerM

(√
−4as+b2+2b+1

4 + b
4 −

3
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
− 4c1

(
((−b+1)x2−c)KummerU

(√
−4as+b2+2b+1

4 + b
4+

1
4 ,1+

√
−4as+b2+2b+1

2 , c
2x2

)
2 +KummerU

(√
−4as+b2+2b+1

4 + b
4 −

3
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
x2

))

3 Solution by Mathematica
Time used: 3.199 (sec). Leaf size: 907� �
DSolve[x^3*y'[x]==a*x^3*y[x]^2+(b*x^2+c)*y[x]+s*x,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
−
((√

−4as+ b2 + 2b+ 1− b− 1
)
c

1
2
√
−4as+b2+2b+1( 1

x

)√−4as+b2+2b+1Hypergeometric1F1
(1
4

(
−b+

√
b2 + 2b− 4as+ 1− 1

)
, 12
(√

b2 + 2b− 4as+ 1 + 2
)
,− c

2x2

))
+
(√

−4as+b2+2b+1−b−1
)
c
1
2
√

−4as+b2+2b+1+1( 1
x

)√−4as+b2+2b+1+2 Hypergeometric1F1
(

1
4

(
−b+

√
b2+2b−4as+1+3

)
, 12

(√
b2+2b−4as+1+4

)
,− c

2x2

)
√
−4as+b2+2b+1+2 +

c12
1
2
√

−4as+b2+2b+1
(√

−4as+b2+2b+1+b+1
)(

x2
(√

−4as+b2+2b+1−2
)
Hypergeometric1F1

(
1
4

(
−b−

√
b2+2b−4as+1−1

)
,1− 1

2
√
b2+2b−4as+1,− c

2x2

)
+cHypergeometric1F1

(
1
4

(
−b−

√
b2+2b−4as+1+3

)
,2− 1

2
√
b2+2b−4as+1,− c

2x2

))
x2
(√

−4as+b2+2b+1−2
)

2ax
(
c

1
2
√
−4as+b2+2b+1 ( 1

x

)√−4as+b2+2b+1Hypergeometric1F1
(1
4

(
−b+

√
b2 + 2b− 4as+ 1− 1

)
, 12
(√

b2 + 2b− 4as+ 1 + 2
)
,− c

2x2

)
+ c12

1
2
√
−4as+b2+2b+1Hypergeometric1F1

(1
4

(
−b−

√
b2 + 2b− 4as+ 1− 1

)
, 1− 1

2

√
b2 + 2b− 4as+ 1,− c

2x2

))
y(x)

→

c
(
b
(√

−4as+b2+2b+1+4
)
+3

√
−4as+b2+2b+1−4as+b2+3

)
Hypergeometric1F1

(
1
4

(
−b−

√
b2+2b−4as+1+3

)
,2− 1

2
√
b2+2b−4as+1,− c

2x2

)
Hypergeometric1F1

(
1
4

(
−b−

√
b2+2b−4as+1−1

)
,1− 1

2
√
b2+2b−4as+1,− c

2x2

) + x2(−4as+ b2 + 2b− 3)
(√

−4as+ b2 + 2b+ 1 + b+ 1
)

2ax3 (4as− b2 − 2b+ 3)
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2.66 problem 66
2.66.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 413

Internal problem ID [10396]
Internal file name [OUTPUT/9343_Monday_June_06_2022_02_14_08_PM_49204472/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 66.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

x3y′ − a x3y2 − x(bx+ c) y = αx+ β

2.66.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a x3y2 + b x2y + ycx+ αx+ β

x3

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2 + by

x
+ yc

x2 + α

x2 + β

x3

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = αx+β
x3 , f1(x) = b x2+cx

x3 and f2(x) = a. Let

y = −u′

f2u

= −u′

au
(1)

413



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 =
(b x2 + cx) a

x3

f 2
2 f0 =

a2(αx+ β)
x3

Substituting the above terms back in equation (2) gives

au′′(x)− (b x2 + cx) au′(x)
x3 + a2(αx+ β)u(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=x
b
2+

1
2−

√
−4αa+b2+2b+1

2 e− c
x

(
KummerU

(√
−4αa+ b2 + 2b+ 1 c+ (3 + b) c− 2βa

2c , 1

+
√
−4αa+ b2 + 2b+ 1, c

x

)
c2

+KummerM
(√

−4αa+ b2 + 2b+ 1 c+ (3 + b) c− 2βa
2c , 1

+
√
−4αa+ b2 + 2b+ 1, c

x

)
c1

)

The above shows that

u′(x) =

−

(
x((αa+ b+ 2) c2 − aβ(3 + b) c+ a2β2) c2KummerU

(√
−4αa+b2+2b+1 c+(b+5)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
+ c
(
c1(−c2 − x(2 + b) c+ aβx)KummerM

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
− xc1

(
−

√
−4αa+b2+2b+1 c

2 + (−b−3)c
2 + βa

)
KummerM

(√
−4αa+b2+2b+1 c+(b+5)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
+ (−c2 − x(2 + b) c+ aβx)KummerU

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
c2
))

e− c
xx− 3

2+
b
2−

√
−4αa+b2+2b+1

2

c2

Using the above in (1) gives the solution

y

=

(
x((αa+ b+ 2) c2 − aβ(3 + b) c+ a2β2) c2KummerU

(√
−4αa+b2+2b+1 c+(b+5)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
+ c
(
c1(−c2 − x(2 + b) c+ aβx)KummerM

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
− xc1

(
−

√
−4αa+b2+2b+1 c

2 + (−b−3)c
2 + βa

)
KummerM

(√
−4αa+b2+2b+1 c+(b+5)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
+ (−c2 − x(2 + b) c+ aβx)KummerU

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
c2
))

x− 3
2+

b
2−

√
−4αa+b2+2b+1

2 x
√

−4αa+b2+2b+1
2 − b

2−
1
2

c2a
(
KummerU

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
c2 +KummerM

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
c1
)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
x((αa+ b+ 2) c2 − aβ(3 + b) c+ a2β2)KummerU

(√
−4αa+b2+2b+1 c+(b+5)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
−
(
−c3(−c2 − x(2 + b) c+ aβx)KummerM

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
+ (c2 + x(2 + b) c− aβx)KummerU

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
+ xc3

(
−

√
−4αa+b2+2b+1 c

2 + (−b−3)c
2 + βa

)
KummerM

(√
−4αa+b2+2b+1 c+(b+5)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

))
c

a c2x2
(
KummerU

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
+KummerM

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
c3
)

Summary
The solution(s) found are the following

(1)y

=
x((αa+ b+ 2) c2 − aβ(3 + b) c+ a2β2)KummerU

(√
−4αa+b2+2b+1 c+(b+5)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
−
(
−c3(−c2 − x(2 + b) c+ aβx)KummerM

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
+ (c2 + x(2 + b) c− aβx)KummerU

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
+ xc3

(
−

√
−4αa+b2+2b+1 c

2 + (−b−3)c
2 + βa

)
KummerM

(√
−4αa+b2+2b+1 c+(b+5)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

))
c

a c2x2
(
KummerU

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
+KummerM

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
c3
)

Verification of solutions
y

=
x((αa+ b+ 2) c2 − aβ(3 + b) c+ a2β2)KummerU

(√
−4αa+b2+2b+1 c+(b+5)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
−
(
−c3(−c2 − x(2 + b) c+ aβx)KummerM

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
+ (c2 + x(2 + b) c− aβx)KummerU

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
+ xc3

(
−

√
−4αa+b2+2b+1 c

2 + (−b−3)c
2 + βa

)
KummerM

(√
−4αa+b2+2b+1 c+(b+5)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

))
c

a c2x2
(
KummerU

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
+KummerM

(√
−4αa+b2+2b+1 c+(3+b)c−2βa

2c , 1 +
√
−4αa+ b2 + 2b+ 1, c

x

)
c3
)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (b*x+c)*(diff(y(x), x))/x^2-a*(alpha*x+beta)*y(x)/x^3, y(x)` ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 438� �
dsolve(x^3*diff(y(x),x)=a*x^3*y(x)^2+x*(b*x+c)*y(x)+alpha*x+beta,y(x), singsol=all)� �
y(x)

=
((aα + b+ 2) c2 − aβ(b+ 3) c+ a2β2)xc1KummerU

(√
−4aα+b2+2b+1 c+(b+5)c−2βa

2c , 1 +
√
−4aα + b2 + 2b+ 1, c

x

)
− c
(
(c2 + x(b+ 2) c− axβ)KummerM

(√
−4aα+b2+2b+1 c+c(b+3)−2βa

2c , 1 +
√
−4aα + b2 + 2b+ 1, c

x

)
− c1(−c2 − x(b+ 2) c+ axβ)KummerU

(√
−4aα+b2+2b+1 c+c(b+3)−2βa

2c , 1 +
√
−4aα + b2 + 2b+ 1, c

x

)
+ xKummerM

(√
−4aα+b2+2b+1 c+(b+5)c−2βa

2c , 1 +
√
−4aα + b2 + 2b+ 1, c

x

)(
−

√
−4aα+b2+2b+1 c

2 + (−b−3)c
2 + βa

))
c2x2a

(
KummerU

(√
−4aα+b2+2b+1 c+c(b+3)−2βa

2c , 1 +
√
−4aα + b2 + 2b+ 1, c

x

)
c1 +KummerM

(√
−4aα+b2+2b+1 c+c(b+3)−2βa

2c , 1 +
√
−4aα + b2 + 2b+ 1, c

x

))
3 Solution by Mathematica
Time used: 2.395 (sec). Leaf size: 908� �
DSolve[x^3*y'[x]==a*x^3*y[x]^2+x*(b*x+c)*y[x]+\[Alpha]*x+\[Beta],y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

c
√

−4aα+b2+2b+1( 1
x

)√−4aα+b2+2b+1+1
(
c
(√

−4aα+b2+2b+1−b−1
)
+2aβ

)
Hypergeometric1F1

(
1
2

(
−b+ 2aβ

c
+
√
b2+2b−4aα+1+1

)
,
√
b2+2b−4aα+1+2,− c

x

)
√
−4aα+b2+2b+1+1 −

(√
−4aα + b2 + 2b+ 1− b− 1

)
c
√
−4aα+b2+2b+1( 1

x

)√−4aα+b2+2b+1Hypergeometric1F1
(1
2

(
−b+ 2aβ

c
+
√
b2 + 2b− 4aα + 1− 1

)
,
√
b2 + 2b− 4aα + 1 + 1,− c

x

)
+

c1

((
c
(√

−4aα+b2+2b+1+b+1
)
−2aβ

)
Hypergeometric1F1

(
2aβ−c

(
b+
√

b2+2b−4aα+1−1
)

2c ,2−
√
b2+2b−4aα+1,− c

x

)
+x
(
−4aα+b

√
−4aα+b2+2b+1+b2+b

)
Hypergeometric1F1

(
2aβ−c

(
b+
√

b2+2b−4aα+1+1
)

2c ,1−
√
b2+2b−4aα+1,− c

x

))
x
(√

−4aα+b2+2b+1−1
)

2ax
(
c
√
−4aα+b2+2b+1

( 1
x

)√−4aα+b2+2b+1 Hypergeometric1F1
(1
2

(
−b+ 2aβ

c
+
√
b2 + 2b− 4aα + 1− 1

)
,
√
b2 + 2b− 4aα + 1 + 1,− c

x

)
+ c1Hypergeometric1F1

(
2aβ−c

(
b+

√
b2+2b−4aα+1+1

)
2c , 1−

√
b2 + 2b− 4aα + 1,− c

x

))
y(x)

→

(
c
(
b
(√

−4aα+b2+2b+1+3
)
+2
(
−2aα+

√
−4aα+b2+2b+1+1

)
+b2

)
−2aβ

(√
−4aα+b2+2b+1+1

))
Hypergeometric1F1

(
2aβ−c

(
b+
√

b2+2b−4aα+1−1
)

2c ,2−
√
b2+2b−4aα+1,− c

x

)

Hypergeometric1F1
(

2aβ−c
(
b+
√

b2+2b−4aα+1+1
)

2c ,1−
√
b2+2b−4aα+1,− c

x

) + x(−4aα + b2 + 2b)
(√

−4aα + b2 + 2b+ 1 + b+ 1
)

2ax2 (4aα− b2 − 2b)
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2.67 problem 67
2.67.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 418

Internal problem ID [10397]
Internal file name [OUTPUT/9344_Monday_June_06_2022_02_14_16_PM_45730703/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 67.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

x
(
x2 + a

) (
y′ + λy2

)
+
(
b x2 + c

)
y = −sx

2.67.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −y2λx3 + y2aλx+ b x2y + yc+ sx

x (x2 + a)
This is a Riccati ODE. Comparing the ODE to solve

y′ = − x2y2λ

x2 + a
− y2aλ

x2 + a
− xby

x2 + a
− yc

x (x2 + a) −
s

x2 + a

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = − s
x2+a

, f1(x) = − b x2+c
x(x2+a) and f2(x) = −λx3+aλx

x(x2+a) . Let

y = −u′

f2u

= −u′

− (λx3+aλx)u
x(x2+a)

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −3λx2 + λa

x (x2 + a) + λx3 + aλx

x2 (x2 + a) +
2λx3 + 2aλx
(x2 + a)2

f1f2 =
(b x2 + c) (λx3 + aλx)

x2 (x2 + a)2

f 2
2 f0 = −(λx3 + aλx)2 s

x2 (x2 + a)3

Substituting the above terms back in equation (2) gives

−(λx3 + aλx)u′′(x)
x (x2 + a) −

(
−3λx2 + λa

x (x2 + a) + λx3 + aλx

x2 (x2 + a) +
2λx3 + 2aλx
(x2 + a)2

+ (b x2 + c) (λx3 + aλx)
x2 (x2 + a)2

)
u′(x)− (λx3 + aλx)2 su(x)

x2 (x2 + a)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(
x2

+a
) (2−b)a+c

2a

(
x

a−c
a hypergeom

([
− b

4+
5
4+

√
b2 − 4λs− 2b+ 1

4 ,− b

4+
5
4−

√
b2 − 4λs− 2b+ 1

4

]
,

[
3a− c

2a

]
,

−x2

a

)
c1

+hypergeom
([

−
√
b2 − 4λs− 2b+ 1

4 − b

4+
3
4+

c

2a,
√
b2 − 4λs− 2b+ 1

4 − b

4+
3
4+

c

2a

]
,

[
1
2+

c

2a

]
,

−x2

a

)
c2

)

The above shows that

u′(x)

=
3
(
(x2 + a)x2((−λs+ b− 2) a2 + c(−3 + b) a− c2)

(
a− c

3

)
c2 hypergeom

([√
b2−4λs−2b+1

4 − b
4 +

7
4 +

c
2a ,−

√
b2−4λs−2b+1

4 − b
4 +

7
4 +

c
2a

]
,
[3
2 +

c
2a

]
,−x2

a

)
+
(
−x2((−2 + b) a− c)

(
a− c

3

)
c2 hypergeom

([
−

√
b2−4λs−2b+1

4 − b
4 +

3
4 +

c
2a ,

√
b2−4λs−2b+1

4 − b
4 +

3
4 +

c
2a

]
,
[1
2 +

c
2a

]
,−x2

a

)
+ a

(
2
(
a x

3a−c
a +x

5a−c
a

)(
−λs

2 +b−3
)
hypergeom

([
− b

4+
9
4+

√
b2−4λs−2b+1

4 ,− b
4+

9
4−

√
b2−4λs−2b+1

4

]
,
[ 5a−c

2a
]
,−x2

a

)
3 +

(
a− c

3

)
hypergeom

([
− b

4 +
5
4 +

√
b2−4λs−2b+1

4 ,− b
4 +

5
4 −

√
b2−4λs−2b+1

4

]
,
[3a−c

2a

]
,−x2

a

)(
(−b+ 3)x 3a−c

a + x
a−c
a (a− c)

))
c1

)
a(a+ c)

)
(x2 + a)

−ab+c
2a

a2x (a+ c) (3a− c)
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Using the above in (1) gives the solution

y

=
3
(
(x2 + a)x2((−λs+ b− 2) a2 + c(−3 + b) a− c2)

(
a− c

3

)
c2 hypergeom

([√
b2−4λs−2b+1

4 − b
4 +

7
4 +

c
2a ,−

√
b2−4λs−2b+1

4 − b
4 +

7
4 +

c
2a

]
,
[3
2 +

c
2a

]
,−x2

a

)
+
(
−x2((−2 + b) a− c)

(
a− c

3

)
c2 hypergeom

([
−

√
b2−4λs−2b+1

4 − b
4 +

3
4 +

c
2a ,

√
b2−4λs−2b+1

4 − b
4 +

3
4 +

c
2a

]
,
[1
2 +

c
2a

]
,−x2

a

)
+ a

(
2
(
a x

3a−c
a +x

5a−c
a

)(
−λs

2 +b−3
)
hypergeom

([
− b

4+
9
4+

√
b2−4λs−2b+1

4 ,− b
4+

9
4−

√
b2−4λs−2b+1

4

]
,
[ 5a−c

2a
]
,−x2

a

)
3 +

(
a− c

3

)
hypergeom

([
− b

4 +
5
4 +

√
b2−4λs−2b+1

4 ,− b
4 +

5
4 −

√
b2−4λs−2b+1

4

]
,
[3a−c

2a

]
,−x2

a

)(
(−b+ 3)x 3a−c

a + x
a−c
a (a− c)

))
c1

)
a(a+ c)

)
(x2 + a)

−ab+c
2a (x2 + a) (x2 + a)

ab−2a−c
2a

a2 (a+ c) (3a− c) (λx3 + aλx)
(
x

a−c
a hypergeom

([
− b

4 +
5
4 +

√
b2−4λs−2b+1

4 ,− b
4 +

5
4 −

√
b2−4λs−2b+1

4

]
,
[3a−c

2a

]
,−x2

a

)
c1 + hypergeom

([
−

√
b2−4λs−2b+1

4 − b
4 +

3
4 +

c
2a ,

√
b2−4λs−2b+1

4 − b
4 +

3
4 +

c
2a

]
,
[1
2 +

c
2a

]
,−x2

a

)
c2
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
((−λs+ b− 2) a2 + c(−3 + b) a− c2)

(
a− c

3

) (
a x

a+c
a + x

3a+c
a

)
hypergeom

([
−

√
b2−4λs−2b+1 a+ab−7a−2c

4a ,
√
b2−4λs−2b+1 a+(−b+7)a+2c

4a

]
,
[3a+c

2a

]
,−x2

a

)
+
(
−((−2 + b) a− c)xa+c

a

(
a− c

3

)
hypergeom

([
−

√
b2−4λs−2b+1 a+ab−3a−2c

4a ,
√
b2−4λs−2b+1 a+(−b+3)a+2c

4a

]
,
[
a+c
2a

]
,−x2

a

)
+
(

2
(
x2+a

)
x2
(
−λs

2 +b−3
)
hypergeom

([
− b

4+
9
4+

√
b2−4λs−2b+1

4 ,− b
4+

9
4−

√
b2−4λs−2b+1

4

]
,
[ 5a−c

2a
]
,−x2

a

)
3 + hypergeom

([
− b

4 +
5
4 +

√
b2−4λs−2b+1

4 ,− b
4 +

5
4 −

√
b2−4λs−2b+1

4

]
,
[3a−c

2a

]
,−x2

a

) (
a− c

3

)
(a− c+ (−b+ 3)x2)

)
ac3

)
a(a+ c)

(x2 + a)
(
x hypergeom

([
− b

4 +
5
4 +

√
b2−4λs−2b+1

4 ,− b
4 +

5
4 −

√
b2−4λs−2b+1

4

]
,
[3a−c

2a

]
,−x2

a

)
c3 + hypergeom

([
−

√
b2−4λs−2b+1 a+ab−3a−2c

4a ,
√
b2−4λs−2b+1 a+(−b+3)a+2c

4a

]
,
[
a+c
2a

]
,−x2

a

)
x

c
a

)
a2
(
a− c

3

)
λ (a+ c)

Summary
The solution(s) found are the following

(1)y

=
((−λs+ b− 2) a2 + c(−3 + b) a− c2)

(
a− c

3

) (
a x

a+c
a + x

3a+c
a

)
hypergeom

([
−

√
b2−4λs−2b+1 a+ab−7a−2c

4a ,
√
b2−4λs−2b+1 a+(−b+7)a+2c

4a

]
,
[3a+c

2a

]
,−x2

a

)
+
(
−((−2 + b) a− c)xa+c

a

(
a− c

3

)
hypergeom

([
−

√
b2−4λs−2b+1 a+ab−3a−2c

4a ,
√
b2−4λs−2b+1 a+(−b+3)a+2c

4a

]
,
[
a+c
2a

]
,−x2

a

)
+
(

2
(
x2+a

)
x2
(
−λs

2 +b−3
)
hypergeom

([
− b

4+
9
4+

√
b2−4λs−2b+1

4 ,− b
4+

9
4−

√
b2−4λs−2b+1

4

]
,
[ 5a−c

2a
]
,−x2

a

)
3 + hypergeom

([
− b

4 +
5
4 +

√
b2−4λs−2b+1

4 ,− b
4 +

5
4 −

√
b2−4λs−2b+1

4

]
,
[3a−c

2a

]
,−x2

a

) (
a− c

3

)
(a− c+ (−b+ 3)x2)

)
ac3

)
a(a+ c)

(x2 + a)
(
x hypergeom

([
− b

4 +
5
4 +

√
b2−4λs−2b+1

4 ,− b
4 +

5
4 −

√
b2−4λs−2b+1

4

]
,
[3a−c

2a

]
,−x2

a

)
c3 + hypergeom

([
−

√
b2−4λs−2b+1 a+ab−3a−2c

4a ,
√
b2−4λs−2b+1 a+(−b+3)a+2c

4a

]
,
[
a+c
2a

]
,−x2

a

)
x

c
a

)
a2
(
a− c

3

)
λ (a+ c)

Verification of solutions
y

=
((−λs+ b− 2) a2 + c(−3 + b) a− c2)

(
a− c

3

) (
a x

a+c
a + x

3a+c
a

)
hypergeom

([
−

√
b2−4λs−2b+1 a+ab−7a−2c

4a ,
√
b2−4λs−2b+1 a+(−b+7)a+2c

4a

]
,
[3a+c

2a

]
,−x2

a

)
+
(
−((−2 + b) a− c)xa+c

a

(
a− c

3

)
hypergeom

([
−

√
b2−4λs−2b+1 a+ab−3a−2c

4a ,
√
b2−4λs−2b+1 a+(−b+3)a+2c

4a

]
,
[
a+c
2a

]
,−x2

a

)
+
(

2
(
x2+a

)
x2
(
−λs

2 +b−3
)
hypergeom

([
− b

4+
9
4+

√
b2−4λs−2b+1

4 ,− b
4+

9
4−

√
b2−4λs−2b+1

4

]
,
[ 5a−c

2a
]
,−x2

a

)
3 + hypergeom

([
− b

4 +
5
4 +

√
b2−4λs−2b+1

4 ,− b
4 +

5
4 −

√
b2−4λs−2b+1

4

]
,
[3a−c

2a

]
,−x2

a

) (
a− c

3

)
(a− c+ (−b+ 3)x2)

)
ac3

)
a(a+ c)

(x2 + a)
(
x hypergeom

([
− b

4 +
5
4 +

√
b2−4λs−2b+1

4 ,− b
4 +

5
4 −

√
b2−4λs−2b+1

4

]
,
[3a−c

2a

]
,−x2

a

)
c3 + hypergeom

([
−

√
b2−4λs−2b+1 a+ab−3a−2c

4a ,
√
b2−4λs−2b+1 a+(−b+3)a+2c

4a

]
,
[
a+c
2a

]
,−x2

a

)
x

c
a

)
a2
(
a− c

3

)
λ (a+ c)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(b*x^2+c)*(diff(y(x), x))/(x*(x^2+a))-lambda*s*y(x)/(x^2+a), y(x)`

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 613� �
dsolve(x*(x^2+a)*(diff(y(x),x)+lambda*y(x)^2)+(b*x^2+c)*y(x)+s*x=0,y(x), singsol=all)� �
y(x)

=

(
a− c

3

)
((−λs+ b− 2) a2 + c(b− 3) a− c2)

(
a x

a+c
a + x

3a+c
a

)
c1 hypergeom

([
−

√
b2−4λs−2b+1 a+ab−7a−2c

4a ,
√
b2−4λs−2b+1 a+(−b+7)a+2c

4a

]
,
[3a+c

2a

]
,−x2

a

)
+
(
−
(
a− c

3

)
((b− 2) a− c) c1x

a+c
a hypergeom

([
−

√
b2−4λs−2b+1 a+ab−3a−2c

4a ,
√
b2−4λs−2b+1 a+(−b+3)a+2c

4a

]
,
[
a+c
2a

]
,−x2

a

)
+
(

2
(
x2+a

)
x2
(
−λs

2 +b−3
)
hypergeom

([
− b

4+
9
4+

√
b2−4λs−2b+1

4 ,− b
4+

9
4−

√
b2−4λs−2b+1

4

]
,
[ 5a−c

2a
]
,−x2

a

)
3 +

(
a− c

3

)
(a− c+ (−b+ 3)x2) hypergeom

([
− b

4 +
5
4 +

√
b2−4λs−2b+1

4 ,− b
4 +

5
4 −

√
b2−4λs−2b+1

4

]
,
[3a−c

2a

]
,−x2

a

))
a

)
(a+ c) a

(
a− c

3

) (
x hypergeom

([
− b

4 +
5
4 +

√
b2−4λs−2b+1

4 ,− b
4 +

5
4 −

√
b2−4λs−2b+1

4

]
,
[3a−c

2a

]
,−x2

a

)
+ hypergeom

([
−

√
b2−4λs−2b+1 a+ab−3a−2c

4a ,
√
b2−4λs−2b+1 a+(−b+3)a+2c

4a

]
,
[
a+c
2a

]
,−x2

a

)
c1x

c
a

)
(x2 + a) (a+ c) a2λ

3 Solution by Mathematica
Time used: 2.874 (sec). Leaf size: 862� �
DSolve[x*(x^2+a)*(y'[x]+\[Lambda]*y[x]^2)+(b*x^2+c)*y[x]+s*x==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
a

1
2
(
c
a
−3
)
(a− c)x− c

a Hypergeometric2F1
(

ba−
√
b2−2b−4sλ+1a+a−2c

4a ,
a
(
b+

√
b2−2b−4sλ+1+1

)
−2c

4a , 32 −
c
2a ,−

x2

a

)
+

a
1
2
(
c
a−5

)
x2− c

a

(
a
(√

b2−2b−4λs+1−b−1
)
+2c

)(
a
(√

b2−2b−4λs+1+b+1
)
−2c

)
Hypergeometric2F1

(
a
(
b−
√

b2−2b−4sλ+1+5
)
−2c

4a ,
a
(
b+
√

b2−2b−4sλ+1+5
)
−2c

4a , 52−
c
2a ,−

x2
a

)
4(3a−c) −

c1λsxHypergeometric2F1
(

1
4

(
b−

√
b2−2b−4sλ+1+3

)
, 14

(
b+

√
b2−2b−4sλ+1+3

)
, 12
(
c
a
+3
)
,−x2

a

)
a+c

λa
1
2
(
c
a
−1
)
x1− c

a Hypergeometric2F1
(

ba−
√
b2−2b−4sλ+1a+a−2c

4a ,
a
(
b+

√
b2−2b−4sλ+1+1

)
−2c

4a , 32 −
c
2a ,−

x2

a

)
+ c1λHypergeometric2F1

(1
4

(
b−

√
b2 − 2b− 4sλ+ 1− 1

)
, 14
(
b+

√
b2 − 2b− 4sλ+ 1− 1

)
, a+c

2a ,−x2

a

)
y(x) →

−
sxHypergeometric2F1

(
1
4

(
b−

√
b2 − 2b− 4sλ+ 1 + 3

)
, 14
(
b+

√
b2 − 2b− 4sλ+ 1 + 3

)
, 12
(
c
a
+ 3
)
,−x2

a

)
(a+ c)Hypergeometric2F1

(1
4

(
b−

√
b2 − 2b− 4sλ+ 1− 1

)
, 14
(
b+

√
b2 − 2b− 4sλ+ 1− 1

)
, a+c

2a ,−x2

a

)
y(x) →

−
sxHypergeometric2F1

(
1
4

(
b−

√
b2 − 2b− 4sλ+ 1 + 3

)
, 14
(
b+

√
b2 − 2b− 4sλ+ 1 + 3

)
, 12
(
c
a
+ 3
)
,−x2

a

)
(a+ c)Hypergeometric2F1

(1
4

(
b−

√
b2 − 2b− 4sλ+ 1− 1

)
, 14
(
b+

√
b2 − 2b− 4sλ+ 1− 1

)
, a+c

2a ,−x2

a

)
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2.68 problem 68
2.68.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 423

Internal problem ID [10398]
Internal file name [OUTPUT/9345_Monday_June_06_2022_02_14_18_PM_29258920/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 68.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

x2(x+ a)
(
y′ + λy2

)
+ x(bx+ c) y = −αx− β

2.68.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −y2aλ x2 + y2λx3 + b x2y + ycx+ αx+ β

x2 (x+ a)
This is a Riccati ODE. Comparing the ODE to solve

y′ = − y2aλ

x+ a
− x y2λ

x+ a
− by

x+ a
− yc

x (x+ a) −
α

x (x+ a) −
β

x2 (x+ a)
With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = − αx+β
x2(x+a) , f1(x) = − b x2+cx

x2(x+a) and f2(x) = −λx2a+λx3

x2(x+a) . Let

y = −u′

f2u

= −u′

− (λx2a+λx3)u
x2(x+a)

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −2aλx+ 3λx2

x2 (x+ a) + 2λx2a+ 2λx3

x3 (x+ a) + λx2a+ λx3

x2 (x+ a)2

f1f2 =
(b x2 + cx) (λx2a+ λx3)

x4 (x+ a)2

f 2
2 f0 = −(λx2a+ λx3)2 (αx+ β)

x6 (x+ a)3

Substituting the above terms back in equation (2) gives

−(λx2a+ λx3)u′′(x)
x2 (x+ a) −

(
−2aλx+ 3λx2

x2 (x+ a) + 2λx2a+ 2λx3

x3 (x+ a) + λx2a+ λx3

x2 (x+ a)2
+ (b x2 + cx) (λx2a+ λx3)

x4 (x+ a)2
)
u′(x)− (λx2a+ λx3)2 (αx+ β)u(x)

x6 (x+ a)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = (x

+a)
(−b+1)a+c

a

(
c2x

−
−a+c+

√
a2+(−4βλ−2c)a+c2

2a hypergeom
([

−
√
−4αλ+ b2 − 2b+ 1 a+ ab+

√
a2 + (−4βλ− 2c) a+ c2 − 2a− c

2a ,
−ab+

√
−4αλ+ b2 − 2b+ 1 a+ 2a+ c−

√
a2 + (−4βλ− 2c) a+ c2

2a

]
,

[
1−
√
a2 + (−4βλ− 2c) a+ c2

a

]
,

−x

a

)

+c1x
a−c+

√
a2+(−4βλ−2c)a+c2

2a hypergeom
([

−ab+
√
−4αλ+ b2 − 2b+ 1 a+ 2a+ c+

√
a2 + (−4βλ− 2c) a+ c2

2a ,
−ab−

√
−4αλ+ b2 − 2b+ 1 a+ 2a+ c+

√
a2 + (−4βλ− 2c) a+ c2

2a

]
,

[
1+
√
a2 + (−4βλ− 2c) a+ c2

a

]
,

−x

a

))

The above shows that
Expression too large to display

Using the above in (1) gives the solution

Expression too large to display

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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Expression too large to display

Summary
The solution(s) found are the following

(1)Expression too large to display
Verification of solutions

Expression too large to display

Warning, solution could not be verified
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(b*x+c)*(diff(y(x), x))/(x*(a+x))-lambda*(alpha*x+beta)*y(x)/(x^2*(a+

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1508� �
dsolve(x^2*(x+a)*(diff(y(x),x)+lambda*y(x)^2)+x*(b*x+c)*y(x)+alpha*x+beta=0,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 5.239 (sec). Leaf size: 1770� �
DSolve[x^2*(x+a)*(y'[x]+\[Lambda]*y[x]^2)+x*(b*x+c)*y[x]+\[Alpha]*x+\[Beta]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

2a
(
a− c+

√
a2 − 2(c+ 2βλ)a+ c2

)
Hypergeometric2F1

(
−c+a

(
b−

√
b2−2b−4αλ+1

)
+
√

a2−2(c+2βλ)a+c2

2a ,
−c+a

(
b+

√
b2−2b−4αλ+1

)
+
√

a2−2(c+2βλ)a+c2

2a , a+
√

a2−2(c+2βλ)a+c2

a
,−x

a

)
x

√
a2−2(c+2βλ)a+c2

a −

(
−c+a

(
b−

√
b2−2b−4αλ+1

)
+
√

a2−2(c+2βλ)a+c2
)(

−c+a
(
b+

√
b2−2b−4αλ+1

)
+
√

a2−2(c+2βλ)a+c2
)
Hypergeometric2F1

(
−c+a

(
b−
√

b2−2b−4αλ+1+2
)
+
√

a2−2(c+2βλ)a+c2

2a ,
−c+a

(
b+
√

b2−2b−4αλ+1+2
)
+
√

a2−2(c+2βλ)a+c2

2a ,

√
a2−2(c+2βλ)a+c2

a
+2,−x

a

)
x
a+
√

a2−2(c+2βλ)a+c2
a

a+
√

a2−2(c+2βλ)a+c2
+ 2a

a+
√

a2−2(c+2βλ)a+c2

a c1


(
c+a

(√
b2−2b−4αλ+1−b

)
+
√

a2−2(c+2βλ)a+c2
)(

c−a
(
b+

√
b2−2b−4αλ+1

)
+
√

a2−2(c+2βλ)a+c2
)
Hypergeometric2F1

(
−

c+a
(
−b+

√
b2−2b−4αλ+1−2

)
+
√

a2−2(c+2βλ)a+c2

2a ,−
c−a

(
b+
√

b2−2b−4αλ+1+2
)
+
√

a2−2(c+2βλ)a+c2

2a ,2−
√

a2−2(c+2βλ)a+c2

a
,−x

a

)
2a
(√

a2−2(c+2βλ)a+c2−a
) −

(
−a+c+

√
a2−2(c+2βλ)a+c2

)
Hypergeometric2F1

(
−

c+a
(√

b2−2b−4αλ+1−b
)
+
√

a2−2(c+2βλ)a+c2

2a ,−
c−a

(
b+
√

b2−2b−4αλ+1
)
+
√

a2−2(c+2βλ)a+c2

2a ,1−
√

a2−2(c+2βλ)a+c2

a
,−x

a

)
x

x

4a2xλ
(
c1Hypergeometric2F1

(
−

c+a
(√

b2−2b−4αλ+1−b
)
+
√

a2−2(c+2βλ)a+c2

2a ,−
c−a

(
b+

√
b2−2b−4αλ+1

)
+
√

a2−2(c+2βλ)a+c2

2a , 1−
√

a2−2(c+2βλ)a+c2

a
,−x

a

)
a

√
a2−2(c+2βλ)a+c2

a + x

√
a2−2(c+2βλ)a+c2

a Hypergeometric2F1
(

−c+a
(
b−

√
b2−2b−4αλ+1

)
+
√

a2−2(c+2βλ)a+c2

2a ,
−c+a

(
b+

√
b2−2b−4αλ+1

)
+
√

a2−2(c+2βλ)a+c2

2a , a+
√

a2−2(c+2βλ)a+c2

a
,−x

a

))
y(x)

→

a
(
c2−2a(2βλ+c)

)(√
a2−2a(2βλ+c)+c2−a+c

)
x

−

(
2αa3λ+a2

(
2αλ

√
a2−2a(2βλ+c)+c2+4bβλ+bc−2βλ

)
−a
(
bc
√

a2−2a(2βλ+c)+c2+2βλ
√

a2−2a(2βλ+c)+c2+bc2+c2+4βcλ
)
+c2

(√
a2−2a(2βλ+c)+c2+c

))
Hypergeometric2F1

(
−

c+a
(
−b+

√
b2−2b−4αλ+1−2

)
+
√

a2−2(c+2βλ)a+c2

2a ,−
c−a

(
b+
√

b2−2b−4αλ+1+2
)
+
√

a2−2(c+2βλ)a+c2

2a ,2−
√

a2−2(c+2βλ)a+c2

a
,−x

a

)

Hypergeometric2F1
(
−

c+a
(√

b2−2b−4αλ+1−b
)
+
√

a2−2(c+2βλ)a+c2

2a ,−
c−a

(
b+
√

b2−2b−4αλ+1
)
+
√

a2−2(c+2βλ)a+c2

2a ,1−
√

a2−2(c+2βλ)a+c2

a
,−x

a

)
2a2λ (2a(2βλ+ c)− c2)
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2.69 problem 69
2.69.1 Solving as homogeneousTypeD2 ode . . . . . . . . . . . . . . . 428
2.69.2 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 429

Internal problem ID [10399]
Internal file name [OUTPUT/9346_Monday_June_06_2022_02_14_39_PM_18970698/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 69.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati", "homogeneousTypeD2"

Maple gives the following as the ode type
[[ _homogeneous , `class D`], _rational , _Riccati]

(
a x2 + bx+ e

)
(y′x− y)− y2 = −x2

2.69.1 Solving as homogeneousTypeD2 ode

Using the change of variables y = u(x)x on the above ode results in new ode in u(x)(
a x2 + bx+ e

)
((u′(x)x+ u(x))x− u(x)x)− u(x)2 x2 = −x2

In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= u2 − 1
a x2 + bx+ e

Where f(x) = 1
a x2+bx+e

and g(u) = u2 − 1. Integrating both sides gives

1
u2 − 1 du = 1

a x2 + bx+ e
dx
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∫ 1
u2 − 1 du =

∫ 1
a x2 + bx+ e

dx

− arctanh (u) =
2 arctan

(
2xa+b√
4ae−b2

)
√
4ae− b2

+ c2

The solution is

− arctanh (u(x))−
2 arctan

(
2xa+b√
4ae−b2

)
√
4ae− b2

− c2 = 0

Replacing u(x) in the above solution by y
x
results in the solution for y in implicit form

− arctanh
(y
x

)
−

2 arctan
(

2xa+b√
4ae−b2

)
√
4ae− b2

− c2 = 0

− arctanh
(y
x

)
−

2 arctan
(

2xa+b√
4ae−b2

)
√
4ae− b2

− c2 = 0

Summary
The solution(s) found are the following

(1)− arctanh
(y
x

)
−

2 arctan
(

2xa+b√
4ae−b2

)
√
4ae− b2

− c2 = 0

Verification of solutions

− arctanh
(y
x

)
−

2 arctan
(

2xa+b√
4ae−b2

)
√
4ae− b2

− c2 = 0

Verified OK.

2.69.2 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a x2y + bxy + ye− x2 + y2

(a x2 + bx+ e)x

This is a Riccati ODE. Comparing the ODE to solve

y′ = xay

a x2 + bx+ e
+ by

a x2 + bx+ e
+ ye

(a x2 + bx+ e)x−
x

a x2 + bx+ e
+ y2

(a x2 + bx+ e)x
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With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = − x
a x2+bx+e

, f1(x) = 1
x
and f2(x) = 1

(a x2+bx+e)x . Let

y = −u′

f2u

= −u′

u
(a x2+bx+e)x

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − 2xa+ b

(a x2 + bx+ e)2 x
− 1

(a x2 + bx+ e)x2

f1f2 =
1

(a x2 + bx+ e)x2

f 2
2 f0 = − 1

(a x2 + bx+ e)3 x

Substituting the above terms back in equation (2) gives

u′′(x)
(a x2 + bx+ e)x + (2xa+ b)u′(x)

(a x2 + bx+ e)2 x
− u(x)

(a x2 + bx+ e)3 x
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 sinh

2 arctan
(

2xa+b√
4ae−b2

)
√
4ae− b2

+ c2 cosh

2 arctan
(

2xa+b√
4ae−b2

)
√
4ae− b2


The above shows that

u′(x) =
c1 cosh

(
2 arctan

(
2xa+b√
4ae−b2

)
√
4ae−b2

)
+ c2 sinh

(
2 arctan

(
2xa+b√
4ae−b2

)
√
4ae−b2

)
a x2 + bx+ e
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Using the above in (1) gives the solution

y = −

(
c1 cosh

(
2 arctan

(
2xa+b√
4ae−b2

)
√
4ae−b2

)
+ c2 sinh

(
2 arctan

(
2xa+b√
4ae−b2

)
√
4ae−b2

))
x

c1 sinh
(

2 arctan
(

2xa+b√
4ae−b2

)
√
4ae−b2

)
+ c2 cosh

(
2 arctan

(
2xa+b√
4ae−b2

)
√
4ae−b2

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −

(
c3 cosh

(
2 arctan

(
2xa+b√
4ae−b2

)
√
4ae−b2

)
+ sinh

(
2 arctan

(
2xa+b√
4ae−b2

)
√
4ae−b2

))
x

c3 sinh
(

2 arctan
(

2xa+b√
4ae−b2

)
√
4ae−b2

)
+ cosh

(
2 arctan

(
2xa+b√
4ae−b2

)
√
4ae−b2

)

Summary
The solution(s) found are the following

(1)y = −

(
c3 cosh

(
2 arctan

(
2xa+b√
4ae−b2

)
√
4ae−b2

)
+ sinh

(
2 arctan

(
2xa+b√
4ae−b2

)
√
4ae−b2

))
x

c3 sinh
(

2 arctan
(

2xa+b√
4ae−b2

)
√
4ae−b2

)
+ cosh

(
2 arctan

(
2xa+b√
4ae−b2

)
√
4ae−b2

)
Verification of solutions

y = −

(
c3 cosh

(
2 arctan

(
2xa+b√
4ae−b2

)
√
4ae−b2

)
+ sinh

(
2 arctan

(
2xa+b√
4ae−b2

)
√
4ae−b2

))
x

c3 sinh
(

2 arctan
(

2xa+b√
4ae−b2

)
√
4ae−b2

)
+ cosh

(
2 arctan

(
2xa+b√
4ae−b2

)
√
4ae−b2

)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying homogeneous D
<- homogeneous successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 58� �
dsolve((a*x^2+b*x+e)*(x*diff(y(x),x)-y(x))-y(x)^2+x^2=0,y(x), singsol=all)� �

y(x) = − tanh

c1
√
4ea− b2 + 2arctan

(
2ax+b√
4ea−b2

)
√
4ea− b2

x

3 Solution by Mathematica
Time used: 1.973 (sec). Leaf size: 116� �
DSolve[(a*x^2+b*x+e)*(x*y'[x]-y[x])-y[x]^2+x^2==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
x

(
−1 + exp

(
4 arctan

(
2ax+b√
4ae−b2

)
√
4ae−b2

+ 2c1

))

1 + exp
(

4 arctan
(

2ax+b√
4ae−b2

)
√
4ae−b2

+ 2c1

)
y(x) → −x
y(x) → x
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2.70 problem 70
2.70.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 433

Internal problem ID [10400]
Internal file name [OUTPUT/9347_Monday_June_06_2022_02_14_40_PM_15338845/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 70.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

x2(x2 + a
) (

y′ + λy2
)
+ x
(
b x2 + c

)
y = −s

2.70.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −y2λx4 + y2aλ x2 + b x3y + ycx+ s

x2 (x2 + a)
This is a Riccati ODE. Comparing the ODE to solve

y′ = − x2y2λ

x2 + a
− y2aλ

x2 + a
− xby

x2 + a
− yc

x (x2 + a) −
s

x2 (x2 + a)
With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = − s
x2(x2+a) , f1(x) = − b x3+cx

x2(x2+a) and f2(x) = −λx4+λx2a
x2(x2+a) . Let

y = −u′

f2u

= −u′

− (λx4+λx2a)u
x2(x2+a)

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −4λx3 + 2aλx

x2 (x2 + a) + 2λx4 + 2λx2a

x3 (x2 + a) + 2λx4 + 2λx2a

x (x2 + a)2

f1f2 =
(b x3 + cx) (λx4 + λx2a)

x4 (x2 + a)2

f 2
2 f0 = −(λx4 + λx2a)2 s

x6 (x2 + a)3

Substituting the above terms back in equation (2) gives

−(λx4 + λx2a)u′′(x)
x2 (x2 + a) −

(
−4λx3 + 2aλx

x2 (x2 + a) + 2λx4 + 2λx2a

x3 (x2 + a) + 2λx4 + 2λx2a

x (x2 + a)2
+ (b x3 + cx) (λx4 + λx2a)

x4 (x2 + a)2
)
u′(x)− (λx4 + λx2a)2 su(x)

x6 (x2 + a)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(
x2

+a
) (2−b)a+c

2a

(
c2x

−
−a+c+

√
a2+(−4λs−2c)a+c2

2a hypergeom
([

−
−3a− c+

√
a2 + (−4λs− 2c) a+ c2

4a ,
−2ab+ 5a+ c−

√
a2 + (−4λs− 2c) a+ c2

4a

]
,

[
1−
√
a2 + (−4λs− 2c) a+ c2

2a

]
,

−x2

a

)

+c1x
a−c+

√
a2+(−4λs−2c)a+c2

2a hypergeom
([

3a+ c+
√

a2 + (−4λs− 2c) a+ c2

4a ,
−2ab+ 5a+ c+

√
a2 + (−4λs− 2c) a+ c2

4a

]
,

[
1+
√

a2 + (−4λs− 2c) a+ c2

2a

]
,

−x2

a

))

The above shows that
Expression too large to display

Using the above in (1) gives the solution

Expression too large to display

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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Expression too large to display

Summary
The solution(s) found are the following

(1)Expression too large to display
Verification of solutions

Expression too large to display

Warning, solution could not be verified
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(b*x^2+c)*(diff(y(x), x))/(x*(x^2+a))-lambda*s*y(x)/(x^2*(x^2+a)), y(

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1329� �
dsolve(x^2*(x^2+a)*(diff(y(x),x)+lambda*y(x)^2)+x*(b*x^2+c)*y(x)+s=0,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 7.158 (sec). Leaf size: 1470� �
DSolve[x^2*(x^2+a)*(y'[x]+\[Lambda]*y[x]^2)+x*(b*x^2+c)*y[x]+s==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

(
a−c−

√
a2−2(c+2sλ)a+c2

)
c1

((
−2ba+a+c+

√
a2−2(c+2sλ)a+c2

)
Hypergeometric2F1

(
−

−5a+c+
√

a2−2(c+2sλ)a+c2

4a ,−
−a(2b+3)+c+

√
a2−2(c+2sλ)a+c2

4a ,2−
√

a2−2(c+2sλ)a+c2

2a ,−x2
a

)
x2+2a

(
2a−

√
a2−2(c+2sλ)a+c2

)
Hypergeometric2F1

(
−

−a+c+
√

a2−2(c+2sλ)a+c2

4a ,−
−2ba+a+c+

√
a2−2(c+2sλ)a+c2

4a ,1−
√

a2−2(c+2sλ)a+c2

2a ,−x2
a

))
a

√
a2−2(c+2sλ)a+c2

2a

2a−
√

a2−2(c+2sλ)a+c2
+ 2x

√
a2−2(c+2sλ)a+c2

a

(
a− c+

√
a2 − 2(c+ 2sλ)a+ c2

)
Hypergeometric2F1

(
−−2ba+a+c−

√
a2−2(c+2sλ)a+c2

4a , a−c+
√

a2−2(c+2sλ)a+c2

4a ,
√

a2−2(c+2sλ)a+c2

2a + 1,−x2

a

)
a−

x

√
a2−2(c+2sλ)a+c2

a +2
(
a−c+

√
a2−2(c+2sλ)a+c2

)(
a(2b−1)−c+

√
a2−2(c+2sλ)a+c2

)
Hypergeometric2F1

(
5a−c+

√
a2−2(c+2sλ)a+c2

4a ,
a(2b+3)−c+

√
a2−2(c+2sλ)a+c2

4a ,

√
a2−2(c+2sλ)a+c2

2a +2,−x2
a

)
2a+

√
a2−2(c+2sλ)a+c2

4a2xλ
(
c1Hypergeometric2F1

(
−−a+c+

√
a2−2(c+2sλ)a+c2

4a ,−−2ba+a+c+
√

a2−2(c+2sλ)a+c2

4a , 1−
√

a2−2(c+2sλ)a+c2

2a ,−x2

a

)
a

√
a2−2(c+2sλ)a+c2

2a + x

√
a2−2(c+2sλ)a+c2

a Hypergeometric2F1
(
−−2ba+a+c−

√
a2−2(c+2sλ)a+c2

4a , a−c+
√

a2−2(c+2sλ)a+c2

4a ,
√

a2−2(c+2sλ)a+c2

2a + 1,−x2

a

))
y(x)

→
x
(
a3(−b) + a2

(
b
√

a2 − 2a(c+ 2λs) + c2 − 4(b− 1)λs+ c
)
+ a
(
bc
(√

a2 − 2a(c+ 2λs) + c2 + c
)
− c
√

a2 − 2a(c+ 2λs) + c2 + 2λs
√

a2 − 2a(c+ 2λs) + c2 + 4cλs
)
− c2

(√
a2 − 2a(c+ 2λs) + c2 + c

))
Hypergeometric2F1

(
−−5a+c+

√
a2−2(c+2sλ)a+c2

4a ,−−a(2b+3)+c+
√

a2−2(c+2sλ)a+c2

4a , 2−
√

a2−2(c+2sλ)a+c2

2a ,−x2

a

)
2a2λ (3a2 + 2a(c+ 2λs)− c2)Hypergeometric2F1

(
−−a+c+

√
a2−2(c+2sλ)a+c2

4a ,−−2ba+a+c+
√

a2−2(c+2sλ)a+c2

4a , 1−
√

a2−2(c+2sλ)a+c2

2a ,−x2

a

)
−
√

a2 − 2a(c+ 2λs) + c2 − a+ c

2aλx
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2.71 problem 71
2.71.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 438

Internal problem ID [10401]
Internal file name [OUTPUT/9348_Monday_June_06_2022_02_14_54_PM_33630119/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 71.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

a
(
x2 − 1

) (
y′ + λy2

)
+ bx

(
x2 − 1

)
y = −c x2 − dx− s

2.71.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −y2aλ x2 + b x3y − y2aλ− bxy + c x2 + dx+ s

a (x2 − 1)
This is a Riccati ODE. Comparing the ODE to solve

y′ = −y2λx2

x2 − 1 − b x3y

a (x2 − 1) +
λ y2

x2 − 1 + bxy

a (x2 − 1) −
c x2

a (x2 − 1) −
dx

a (x2 − 1) −
s

a (x2 − 1)
With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = − c x2+dx+s
a(x2−1) , f1(x) = − b x3−bx

a(x2−1) and f2(x) = −λx2a−λa
a(x2−1) . Let

y = −u′

f2u

= −u′

− (λx2a−λa)u
a(x2−1)

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − 2λx

x2 − 1 + 2(λx2a− λa)x
a (x2 − 1)2

f1f2 =
(b x3 − bx) (λx2a− λa)

a2 (x2 − 1)2

f 2
2 f0 = −(λx2a− λa)2 (c x2 + dx+ s)

a3 (x2 − 1)3

Substituting the above terms back in equation (2) gives

−(λx2a− λa)u′′(x)
a (x2 − 1) −

(
− 2λx
x2 − 1 + 2(λx2a− λa)x

a (x2 − 1)2
+ (b x3 − bx) (λx2a− λa)

a2 (x2 − 1)2
)
u′(x)− (λx2a− λa)2 (c x2 + dx+ s)u(x)

a3 (x2 − 1)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)=DESol
({

_Y′′(x)− (−x3 + x) b_Y′(x)
a (x2 − 1) − (−c x2 − dx− s)λ_Y(x)

a (x2 − 1)

}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− (−x3 + x) b_Y′(x)

a (x2 − 1)

− (−c x2 − dx− s)λ_Y(x)
a (x2 − 1)

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y=

(
∂
∂x

DESol
({

_Y′′(x)−
(
−x3+x

)
b_Y′

(x)
a(x2−1) −

(
−c x2−dx−s

)
λ_Y(x)

a(x2−1)

}
, {_Y(x)}

))
a(x2 − 1)

(λx2a− λa)DESol
({

_Y′′ (x)− (−x3+x)b_Y′
(x)

a(x2−1) − (−c x2−dx−s)λ_Y(x)
a(x2−1)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =
∂
∂x

DESol
({

_Y′′
(x)a

(
x2−1

)
+b
(
x3−x

)_Y′
(x)+

(
c x2+dx+s

)
λ_Y(x)

a(x2−1)

}
, {_Y(x)}

)
λDESol

({_Y′′
(x)a(x2−1)+b(x3−x)_Y′

(x)+(c x2+dx+s)λ_Y(x)
a(x2−1)

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

(1)y =
∂
∂x

DESol
({

_Y′′
(x)a

(
x2−1

)
+b
(
x3−x

)_Y′
(x)+

(
c x2+dx+s

)
λ_Y(x)

a(x2−1)

}
, {_Y(x)}

)
λDESol

({_Y′′
(x)a(x2−1)+b(x3−x)_Y′

(x)+(c x2+dx+s)λ_Y(x)
a(x2−1)

}
, {_Y (x)}

)
Verification of solutions

y =
∂
∂x

DESol
({

_Y′′
(x)a

(
x2−1

)
+b
(
x3−x

)_Y′
(x)+

(
c x2+dx+s

)
λ_Y(x)

a(x2−1)

}
, {_Y(x)}

)
λDESol

({_Y′′
(x)a(x2−1)+b(x3−x)_Y′

(x)+(c x2+dx+s)λ_Y(x)
a(x2−1)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -b*x*(diff(y(x), x))/a-lambda*(c*x^2+d*x+s)*y(x)/(a*(x^2-1)), y(x)`

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

trying a solution in terms of MeijerG functions
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying to convert to an ODE of Bessel type

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((-lambda*x^2/(x^2-1)+lambda/(x^2-1))*y(x)^2+y(x)+(-b*x^3/(a*(x^2-1))+b*x/(a*(x^2

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �

441



7 Solution by Maple� �
dsolve(a*(x^2-1)*(diff(y(x),x)+lambda*y(x)^2)+b*x*(x^2-1)*y(x)+c*x^2+d*x+s=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[a*(x^2-1)*(y'[x]+\[Lambda]*y[x]^2)+b*x*(x^2-1)*y[x]+c*x^2+d*x+s==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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2.72 problem 72
2.72.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 443

Internal problem ID [10402]
Internal file name [OUTPUT/9349_Monday_June_06_2022_02_14_56_PM_31336711/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 72.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

xn+1y′ − x2ny2a− yxnb = c xm + d

2.72.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
=
(
x2na y2 + xnby + c xm + d

)
x−n−1

This is a Riccati ODE. Comparing the ODE to solve

y′ = xna y2

x
+ by

x
+ x−nc xm

x
+ x−nd

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = (c xm + d)x−n−1, f1(x) = xnb x−n−1 and f2(x) = x2na x−n−1. Let

y = −u′

f2u

= −u′

x2na x−n−1u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

2x2nna x−n−1

x
− x2na x−n−1(n+ 1)

x
f1f2 = xnb x−2n−2x2na

f 2
2 f0 = x4na2x−3n−3(c xm + d)

Substituting the above terms back in equation (2) gives

x2na x−n−1u′′(x)−
(
2x2nna x−n−1

x
− x2na x−n−1(n+ 1)

x
+ xnb x−2n−2x2na

)
u′(x) + x4na2x−3n−3(c xm + d)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x
b
2x

n
2

(
BesselY

(√
−4ad+ b2 + 2bn+ n2

m
,
2
√
ca x

m
2

m

)
c2

+ BesselJ
(√

−4ad+ b2 + 2bn+ n2

m
,
2
√
ca x

m
2

m

)
c1

)

The above shows that

u′(x)

=
x−1+ b

2+
n
2

(
−2
(
BesselJ

(√
−4ad+b2+2bn+n2

m
+ 1, 2

√
ca x

m
2

m

)
c1 + BesselY

(√
−4ad+b2+2bn+n2

m
+ 1, 2

√
ca x

m
2

m

)
c2
)√

ca x
m
2 +

(
BesselY

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
c2 + BesselJ

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
c1
) (√

−4ad+ b2 + 2bn+ n2 + b+ n
))

2

Using the above in (1) gives the solution

y =

−
x−1+ b

2+
n
2

(
−2
(
BesselJ

(√
−4ad+b2+2bn+n2

m
+ 1, 2

√
ca x

m
2

m

)
c1 + BesselY

(√
−4ad+b2+2bn+n2

m
+ 1, 2

√
ca x

m
2

m

)
c2
)√

ca x
m
2 +

(
BesselY

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
c2 + BesselJ

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
c1
) (√

−4ad+ b2 + 2bn+ n2 + b+ n
))

x−2nxn+1x− b
2x−n

2

2a
(
BesselY

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
c2 + BesselJ

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
c1
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−
x−n
(
−2
(
BesselJ

(√
−4ad+b2+2bn+n2

m
+ 1, 2

√
ca x

m
2

m

)
c3 + BesselY

(√
−4ad+b2+2bn+n2

m
+ 1, 2

√
ca x

m
2

m

))√
ca x

m
2 +

(
BesselY

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
+ BesselJ

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
c3
) (√

−4ad+ b2 + 2bn+ n2 + b+ n
))

2a
(
BesselY

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
+ BesselJ

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
c3
)

Summary
The solution(s) found are the following

(1)y =

−
x−n
(
−2
(
BesselJ

(√
−4ad+b2+2bn+n2

m
+ 1, 2

√
ca x

m
2

m

)
c3 + BesselY

(√
−4ad+b2+2bn+n2

m
+ 1, 2

√
ca x

m
2

m

))√
ca x

m
2 +

(
BesselY

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
+ BesselJ

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
c3
) (√

−4ad+ b2 + 2bn+ n2 + b+ n
))

2a
(
BesselY

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
+ BesselJ

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
c3
)

Verification of solutions
y =

−
x−n
(
−2
(
BesselJ

(√
−4ad+b2+2bn+n2

m
+ 1, 2

√
ca x

m
2

m

)
c3 + BesselY

(√
−4ad+b2+2bn+n2

m
+ 1, 2

√
ca x

m
2

m

))√
ca x

m
2 +

(
BesselY

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
+ BesselJ

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
c3
) (√

−4ad+ b2 + 2bn+ n2 + b+ n
))

2a
(
BesselY

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
+ BesselJ

(√
−4ad+b2+2bn+n2

m
, 2

√
ca x

m
2

m

)
c3
)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (b+n-1)*(diff(y(x), x))/x-x^(n-1)*a*(x^(-n-1+m)*c+x^(-n-1)*d)*y(x), y(

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
<- Bessel successful

<- special function solution successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 284� �
dsolve(x^(n+1)*diff(y(x),x)=a*x^(2*n)*y(x)^2+b*x^n*y(x)+c*x^m+d,y(x), singsol=all)� �
y(x)

=

√
ac
(
BesselY

(√
−4ad+b2+2bn+n2

m
+ 1, 2

√
ac x

m
2

m

)
c1 + BesselJ

(√
−4ad+b2+2bn+n2

m
+ 1, 2

√
ac x

m
2

m

))
x

m
2 −

(
BesselY

(√
−4ad+b2+2bn+n2

m
, 2

√
ac x

m
2

m

)
c1+BesselJ

(√
−4ad+b2+2bn+n2

m
, 2

√
ac x

m
2

m

))(√
−4ad+b2+2bn+n2+b+n

)
2

x−n

a
(
BesselY

(√
−4ad+b2+2bn+n2

m
, 2

√
ac x

m
2

m

)
c1 + BesselJ

(√
−4ad+b2+2bn+n2

m
, 2

√
ac x

m
2

m

))
3 Solution by Mathematica
Time used: 3.153 (sec). Leaf size: 2576� �
DSolve[x^(n+1)*y'[x]==a*x^(2*n)*y[x]^2+b*x^n*y[x]+c*x^m+d,y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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2.73 problem 73
2.73.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 448

Internal problem ID [10403]
Internal file name [OUTPUT/9350_Monday_June_06_2022_02_14_58_PM_25408529/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 73.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

x
(
a xk + b

)
y′ − αxny2 −

(
β − an xk

)
y = γ x−n

2.73.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −xkany − αxny2 − γ x−n − βy

x (a xk + b)
This is a Riccati ODE. Comparing the ODE to solve

y′ = − xkany

x (a xk + b) +
αxny2

x (a xk + b) +
γ x−n

x (a xk + b) +
βy

x (a xk + b)
With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = γ x−n

x
(
a xk+b

) , f1(x) = − anxk−β
x
(
a xk+b

) and f2(x) = αxn

x
(
a xk+b

) . Let
y = −u′

f2u

= −u′

αxnu
x
(
a xk+b

) (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

αxnn

x2 (a xk + b) −
αxn

x2 (a xk + b) −
αxnak xk

x2 (a xk + b)2

f1f2 = −
(
an xk − β

)
αxn

x2 (a xk + b)2

f 2
2 f0 =

α2x2nγ x−n

x3 (a xk + b)3

Substituting the above terms back in equation (2) gives

αxnu′′(x)
x (a xk + b) −

(
αxnn

x2 (a xk + b) −
αxn

x2 (a xk + b) −
αxnak xk

x2 (a xk + b)2
−
(
an xk − β

)
αxn

x2 (a xk + b)2

)
u′(x) + α2x2nγ x−nu(x)

x3 (a xk + b)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1x
k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2b
(
a xk + b

)− k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2bk

+ c2x
−k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2b
(
a xk + b

) k

√
b2n2+2βnb−4αγ+β2

k2a2
a−bn−β

2bk

The above shows that

u′(x)

=
−x

−k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2b c2

(
k
√

b2n2+2βnb−4αγ+β2

k2a2
a− bn− β

)(
a xk + b

) k

√
b2n2+2βnb−4αγ+β2

k2a2
a−bn−β

2bk + c1x
k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2b

(
k
√

b2n2+2βnb−4αγ+β2

k2a2
a+ bn+ β

)(
a xk + b

)− k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2bk

2x (a xk + b)

Using the above in (1) gives the solution

y =

−

−x
−k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2b c2

(
k
√

b2n2+2βnb−4αγ+β2

k2a2
a− bn− β

)(
a xk + b

) k

√
b2n2+2βnb−4αγ+β2

k2a2
a−bn−β

2bk + c1x
k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2b

(
k
√

b2n2+2βnb−4αγ+β2

k2a2
a+ bn+ β

)(
a xk + b

)− k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2bk

x−n

2α

c1x
k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2b (a xk + b)−
k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2bk + c2x
−k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2b (a xk + b)
k

√
b2n2+2βnb−4αγ+β2

k2a2
a−bn−β

2bk
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=

x
−k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2b

(
k
√

b2n2+2βnb−4αγ+β2

k2a2
a− bn− β

)(
a xk + b

) k

√
b2n2+2βnb−4αγ+β2

k2a2
a−bn−β

2bk − c3x
k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2b

(
k
√

b2n2+2βnb−4αγ+β2

k2a2
a+ bn+ β

)(
a xk + b

)− k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2bk

(a xk + b
) bn+β

2bk x− 3bn+β
2b

2α

x
k

√
b2n2+2βnb−4αγ+β2

k2a2
a

2b (a xk + b)−
√

b2n2+2βnb−4αγ+β2
k2a2

a

2b c3 + (a xk + b)

√
b2n2+2βnb−4αγ+β2

k2a2
a

2b x−
k

√
b2n2+2βnb−4αγ+β2

k2a2
a

2b


Summary
The solution(s) found are the following

(1)y

=

x
−k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2b

(
k
√

b2n2+2βnb−4αγ+β2

k2a2
a− bn− β

)(
a xk + b

) k

√
b2n2+2βnb−4αγ+β2

k2a2
a−bn−β

2bk − c3x
k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2b

(
k
√

b2n2+2βnb−4αγ+β2

k2a2
a+ bn+ β

)(
a xk + b

)− k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2bk

(a xk + b
) bn+β

2bk x− 3bn+β
2b

2α

x
k

√
b2n2+2βnb−4αγ+β2

k2a2
a

2b (a xk + b)−
√

b2n2+2βnb−4αγ+β2
k2a2

a

2b c3 + (a xk + b)

√
b2n2+2βnb−4αγ+β2

k2a2
a

2b x−
k

√
b2n2+2βnb−4αγ+β2

k2a2
a

2b


Verification of solutions
y

=

x
−k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2b

(
k
√

b2n2+2βnb−4αγ+β2

k2a2
a− bn− β

)(
a xk + b

) k

√
b2n2+2βnb−4αγ+β2

k2a2
a−bn−β

2bk − c3x
k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2b

(
k
√

b2n2+2βnb−4αγ+β2

k2a2
a+ bn+ β

)(
a xk + b

)− k

√
b2n2+2βnb−4αγ+β2

k2a2
a+bn+β

2bk

(a xk + b
) bn+β

2bk x− 3bn+β
2b

2α

x
k

√
b2n2+2βnb−4αγ+β2

k2a2
a

2b (a xk + b)−
√

b2n2+2βnb−4αγ+β2
k2a2

a

2b c3 + (a xk + b)

√
b2n2+2βnb−4αγ+β2

k2a2
a

2b x−
k

√
b2n2+2βnb−4αγ+β2

k2a2
a

2b


Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.032 (sec). Leaf size: 138� �
dsolve(x*(a*x^k+b)*diff(y(x),x)=alpha*x^n*y(x)^2+(beta-a*n*x^k)*y(x)+gamma*x^(-n),y(x), singsol=all)� �
y(x) =

−
x−n

(
tanh

( (
(−bn−β) ln

(
a xk+b

)
+((bn+β) ln(x)+c1b)k

)√
(bn+β)2(n2b2+2bβn−4γα+β2)

2kb(bn+β)2

)√
(bn+ β)2 (n2b2 + 2bβn− 4γα + β2) + (bn+ β)2

)
2α (bn+ β)

3 Solution by Mathematica
Time used: 4.641 (sec). Leaf size: 663� �
DSolve[x*(a*x^k+b)*y'[x]==\[Alpha]*x^n*y[x]^2+(\[Beta]-a*n*x^k)*y[x]+\[Gamma]*x^(-n),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

x−n

b

n

− exp

−
(
log
(
axk+b

)
+log(b)−k log(x)+log(k)

)(√
α
√
γ

√
−4αγ+b2n2+β2+2bβn

αγ
+bn+β

)
2bk


− c1n exp

−
(
log
(
axk+b

)
+log(b)−k log(x)+log(k)

)(
−
√
α
√
γ

√
−4αγ+b2n2+β2+2bβn

αγ
+bn+β

)
2bk


+ exp

(
− (bn+β)

(
log
(
axk+b

)
+log(b)−k log(x)+log(k)

)
bk

)(√α
√
γ
√

−4αγ+b2n2+β2+2bβn
αγ

+ β
)− exp

 (
log
(
axk+b

)
+log(b)−k log(x)+log(k)

)(
−
√
α
√
γ

√
−4αγ+b2n2+β2+2bβn

αγ
+bn+β

)
2bk


− c1

(
β −

√
α
√
γ
√

−4αγ+b2n2+β2+2bβn
αγ

)
exp

 (
log
(
axk+b

)
+log(b)−k log(x)+log(k)

)(√
α
√
γ

√
−4αγ+b2n2+β2+2bβn

αγ
+bn+β

)
2bk





2α

exp

−
(
log
(
axk+b

)
+log(b)−k log(x)+log(k)

)(√
α
√
γ

√
(bn+β)2

αγ
−4+bn+β

)
2bk

+ c1 exp

−
(
log
(
axk+b

)
+log(b)−k log(x)+log(k)

)(
−
√
α
√
γ

√
(bn+β)2

αγ
−4+bn+β

)
2bk




y(x) →
x−n
(√

α
√
γ
√

(bn+β)2
αγ

− 4− bn− β
)

2α
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2.74 problem 74
2.74.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 452

Internal problem ID [10404]
Internal file name [OUTPUT/9351_Monday_June_06_2022_02_15_01_PM_58658321/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 74.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

x2(xna− 1)
(
y′ + λy2

)
+ (p xn + q)xy = −r xn − s

2.74.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −xny2aλ x2 − y2λx2 + xnypx+ yqx+ r xn + s

x2 (xna− 1)
This is a Riccati ODE. Comparing the ODE to solve

y′ = − xny2aλ

xna− 1 + y2λ

xna− 1 − xnyp

x (xna− 1) −
yq

x (xna− 1) −
r xn

x2 (xna− 1) −
s

x2 (xna− 1)
With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = − r xn+s
x2(xna−1) , f1(x) = − xnpx+qx

x2(xna−1) and f2(x) = −xnaλx2−λx2

x2(xna−1) . Let

y = −u′

f2u

= −u′

− (xnaλx2−λx2)u
x2(xna−1)

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −xnnxaλ+ 2xnaλx− 2λx

x2 (xna− 1) + 2xnaλ x2 − 2λx2

x3 (xna− 1) + (xnaλ x2 − λx2)xnna

x3 (xna− 1)2

f1f2 =
(xnpx+ qx) (xnaλ x2 − λx2)

x4 (xna− 1)2

f 2
2 f0 = −(xnaλ x2 − λx2)2 (r xn + s)

x6 (xna− 1)3

Substituting the above terms back in equation (2) gives

−(xnaλ x2 − λx2)u′′(x)
x2 (xna− 1) −

(
−xnnxaλ+ 2xnaλx− 2λx

x2 (xna− 1) + 2xnaλ x2 − 2λx2

x3 (xna− 1) + (xnaλ x2 − λx2)xnna

x3 (xna− 1)2
+ (xnpx+ qx) (xnaλ x2 − λx2)

x4 (xna− 1)2
)
u′(x)− (xnaλ x2 − λx2)2 (r xn + s)u(x)

x6 (xna− 1)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=x
1
2+

q
2

(
c2x

−
√

4λs+q2+2q+1
2 hypergeom

([
−a

√
4λs+ q2 + 2q + 1 + aq +

√
a2 + (−4λr − 2p) a+ p2 + p

2an ,−
a
√
4λs+ q2 + 2q + 1− aq +

√
a2 + (−4λr − 2p) a+ p2 − p

2an

]
,

[
1−

√
4λs+ q2 + 2q + 1

n

]
, xna

)

+c1x

√
4λs+q2+2q+1

2 hypergeom
([

a
√
4λs+ q2 + 2q + 1 + aq +

√
a2 + (−4λr − 2p) a+ p2 + p

2an ,
a
√
4λs+ q2 + 2q + 1 + aq −

√
a2 + (−4λr − 2p) a+ p2 + p

2an

]
,

[
1+

√
4λs+ q2 + 2q + 1

n

]
, xna

))

The above shows that

u′(x) =

−
x

q
2−

1
2

(
xn−

√
4λs+q2+2q+1

2 c2
((

a q2

2 + (−an+a+p)q
2 + aλs+ λr − pn

2 + p
2

)√
4λs+ q2 + 2q + 1− a q3

2 +
(1
2an− a− 1

2p
)
q2 +

(
(a+p)n

2 − 2aλs− a
2 − p

)
q +

(
aλs+ λr + 1

2p
)
n− 2λps− p

2

)
hypergeom

([√
a2+(−4λr−2p)a+p2−a

√
4λs+q2+2q+1+(2n+q)a+p

2an , −
√

a2+(−4λr−2p)a+p2−a
√

4λs+q2+2q+1+(2n+q)a+p

2an

]
,
[
2n−

√
4λs+q2+2q+1

n

]
, xna

)
− xn+

√
4λs+q2+2q+1

2

((
a q2

2 + (−an+a+p)q
2 + aλs+ λr − pn

2 + p
2

)√
4λs+ q2 + 2q + 1 + a q3

2 +
(
a+ 1

2p−
1
2an
)
q2 +

(
(−a−p)n

2 + p+ a
2 + 2aλs

)
q +

(
−1

2p− λr − aλs
)
n+ p

2 + 2λps
)
c1 hypergeom

([√
a2+(−4λr−2p)a+p2+a

√
4λs+q2+2q+1+(2n+q)a+p

2an , −
√

a2+(−4λr−2p)a+p2+a
√

4λs+q2+2q+1+(2n+q)a+p

2an

]
,
[
2n+

√
4λs+q2+2q+1

n

]
, xna

)
+ 2
(
x−

√
4λs+q2+2q+1

2 c2
(
−1− q +

√
4λs+ q2 + 2q + 1

)
hypergeom

([
−a
√

4λs+q2+2q+1+aq+
√

a2+(−4λr−2p)a+p2+p

2an ,−a
√

4λs+q2+2q+1−aq+
√

a2+(−4λr−2p)a+p2−p

2an

]
,
[
n−
√

4λs+q2+2q+1
n

]
, xna

)
− c1x

√
4λs+q2+2q+1

2 hypergeom
([

a
√

4λs+q2+2q+1+aq+
√

a2+(−4λr−2p)a+p2+p

2an , a
√

4λs+q2+2q+1+aq−
√

a2+(−4λr−2p)a+p2+p

2an

]
,
[
n+
√

4λs+q2+2q+1
n

]
, xna

) (
1 + q +

√
4λs+ q2 + 2q + 1

)) (
λs− 1

4n
2 + 1

4q
2 + 1

2q +
1
4

))
4λs− n2 + q2 + 2q + 1

Using the above in (1) gives the solution

Expression too large to display

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

453



Expression too large to display

Summary
The solution(s) found are the following

(1)Expression too large to display
Verification of solutions

Expression too large to display

Warning, solution could not be verified
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(x^(n-1)*p*x+q)*(diff(y(x), x))/(x*(x^n*a-1))-(x^(n-2)*r*x^2+s)*lambd

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1222� �
dsolve(x^2*(a*x^n-1)*(diff(y(x),x)+lambda*y(x)^2)+(p*x^n+q)*x*y(x)+r*x^n+s=0,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 7.968 (sec). Leaf size: 2419� �
DSolve[x^2*(a*x^n-1)*(y'[x]+\[Lambda]*y[x]^2)+(p*x^n+q)*x*y[x]+r*x^n+s==0,y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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2.75 problem 75
2.75.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 457

Internal problem ID [10405]
Internal file name [OUTPUT/9352_Monday_June_06_2022_02_15_36_PM_48106836/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 75.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

(xna+ b xm + c) y′ − cy2 + b xm−1y = a x−2+n

2.75.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −b xm−1y − c y2 − a x−2+n

xna+ b xm + c

This is a Riccati ODE. Comparing the ODE to solve

y′ = − b xmy

(xna+ b xm + c)x + c y2

xna+ b xm + c
+ a xn

(xna+ b xm + c)x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a x−2+n

xna+b xm+c
, f1(x) = − xm−1b

xna+b xm+c
and f2(x) = c

xna+b xm+c
. Let

y = −u′

f2u

= −u′

cu
xna+b xm+c

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −

c
(
xnna
x

+ b xmm
x

)
(xna+ b xm + c)2

f1f2 = − xm−1bc

(xna+ b xm + c)2

f 2
2 f0 =

c2a x−2+n

(xna+ b xm + c)3

Substituting the above terms back in equation (2) gives

cu′′(x)
xna+ b xm + c

−

(
−

c
(
xnna
x

+ b xmm
x

)
(xna+ b xm + c)2

− xm−1bc

(xna+ b xm + c)2

)
u′(x) + c2a x−2+nu(x)

(xna+ b xm + c)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− _Y′(x) (−xnna− bmxm − b xm)
(xna+ b xm + c)x

+ ca x−2+n_Y(x)
(xna+ b xm + c)2

}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− _Y′(x) (−xnna− bmxm − b xm)

(xna+ b xm + c)x

+ ca x−2+n_Y(x)
(xna+ b xm + c)2

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x)− _Y′
(x)(−xnna−bmxm−b xm)

(xna+b xm+c)x + ca x−2+n_Y(x)
(xna+b xm+c)2

}
, {_Y(x)}

))
(xna+ b xm + c)

cDESol
({

_Y′′ (x)− _Y′
(x)(−xnna−bmxm−b xm)

(xna+b xm+c)x + ca x−2+n_Y(x)
(xna+b xm+c)2

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

458



y =

−
(xna+ b xm + c)

(
∂
∂x

DESol
({

x2(xna+b xm+c)2_Y′′
(x)+(xna+b xm+c)(b(m+1)xm+xnna)x_Y′

(x)+ac xn_Y(x)
x2(xna+b xm+c)2

}
, {_Y(x)}

))
cDESol

({
(x2mb2+a2x2n+2b(xna+c)xm+2xnac+c2)x2_Y′′

(x)+_Y′
(x)b2x(m+1)x2m+_Y′

(x)x2na2nx+((a(1+m+n)xn+c(m+1))b xm+xnacn)x_Y′
(x)+ac xn_Y(x)

x2(xna+b xm+c)2

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

(1)y =

−
(xna+ b xm + c)

(
∂
∂x

DESol
({

x2(xna+b xm+c)2_Y′′
(x)+(xna+b xm+c)(b(m+1)xm+xnna)x_Y′

(x)+ac xn_Y(x)
x2(xna+b xm+c)2

}
, {_Y(x)}

))
cDESol

({
(x2mb2+a2x2n+2b(xna+c)xm+2xnac+c2)x2_Y′′

(x)+_Y′
(x)b2x(m+1)x2m+_Y′

(x)x2na2nx+((a(1+m+n)xn+c(m+1))b xm+xnacn)x_Y′
(x)+ac xn_Y(x)

x2(xna+b xm+c)2

}
, {_Y (x)}

)
Verification of solutions
y =

−
(xna+ b xm + c)

(
∂
∂x

DESol
({

x2(xna+b xm+c)2_Y′′
(x)+(xna+b xm+c)(b(m+1)xm+xnna)x_Y′

(x)+ac xn_Y(x)
x2(xna+b xm+c)2

}
, {_Y(x)}

))
cDESol

({
(x2mb2+a2x2n+2b(xna+c)xm+2xnac+c2)x2_Y′′

(x)+_Y′
(x)b2x(m+1)x2m+_Y′

(x)x2na2nx+((a(1+m+n)xn+c(m+1))b xm+xnacn)x_Y′
(x)+ac xn_Y(x)

x2(xna+b xm+c)2

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(a*n*x^n+b*m*x^m+x^(m-1)*b*x)*(diff(y(x), x))/(x*(x^n*a+b*x^m+c))-c*x

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(c*y(x)^2/(x^n*a+b*x^m+c)+y(x)-x^(m-1)*b*y(x)*x/(x^n*a+b*x^m+c)+x^2*x^(n-2)*a/(x^

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful
trying Bernoulli
<- Bernoulli successful
<- Riccati reduced to Bernoulli successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1236� �
dsolve((a*x^n+b*x^m+c)*diff(y(x),x)=c*y(x)^2-b*x^(m-1)*y(x)+a*x^(n-2),y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^n+b*x^m+c)*y'[x]==c*y[x]^2-b*x^(m-1)*y[x]+a*x^(n-2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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2.76 problem 76
2.76.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 462

Internal problem ID [10406]
Internal file name [OUTPUT/9353_Monday_June_06_2022_02_16_17_PM_53182186/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 76.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

(xna+ b xm + c) y′ − a x−2+ny2 − b xm−1y = c

2.76.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a x−2+ny2 + b xm−1y + c

xna+ b xm + c

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xny2

(xna+ b xm + c)x2 + b xmy

(xna+ b xm + c)x + c

xna+ b xm + c

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c
xna+b xm+c

, f1(x) = xm−1b
xna+b xm+c

and f2(x) = a x−2+n

xna+b xm+c
. Let

y = −u′

f2u

= −u′

a x−2+nu
xna+b xm+c

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −

a x−2+n
(
xnna
x

+ b xmm
x

)
(xna+ b xm + c)2

+ a x−2+n(−2 + n)
(xna+ b xm + c)x

f1f2 =
xm−1ba x−2+n

(xna+ b xm + c)2

f 2
2 f0 =

a2x−4+2nc

(xna+ b xm + c)3

Substituting the above terms back in equation (2) gives

a x−2+nu′′(x)
xna+ b xm + c

−

(
−
a x−2+n

(
xnna
x

+ b xmm
x

)
(xna+ b xm + c)2

+ a x−2+n(−2 + n)
(xna+ b xm + c)x + xm−1ba x−2+n

(xna+ b xm + c)2

)
u′(x) + a2x−4+2ncu(x)

(xna+ b xm + c)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=DESol

_Y′′(x) (xna+ b xm + c)2 x+ ac x−2+n_Y(x)x+ 2
(

b(m−n+1)xm

2 + xna− c(−2+n)
2

)
(xna+ b xm + c)_Y′(x)

x (xna+ b xm + c)2

 , {_Y(x)}


The above shows that

u′(x)

= ∂

∂x
DESol

_Y′′(x) (xna+ b xm + c)2 x+ ac xn−1_Y(x) + 2
(

b(m−n+1)xm

2 + xna− c(−2+n)
2

)
(xna+ b xm + c)_Y′(x)

x (xna+ b xm + c)2

 , {_Y(x)}


Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({_Y′′

(x)(xna+b xm+c)2x+ac xn−1_Y(x)+2
(

b(m−n+1)xm
2 +xna− c(−2+n)

2

)
(xna+b xm+c)_Y′

(x)

x(xna+b xm+c)2

}
, {_Y(x)}

))
(xna+ b xm + c)x2−n

aDESol
({_Y′′

(x)(xna+b xm+c)2x+ac x−2+n_Y(x)x+2
(

b(m−n+1)xm
2 +xna− c(−2+n)

2

)
(xna+b xm+c)_Y′

(x)

x(xna+b xm+c)2

}
, {_Y (x)}

)

463



Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
x2−n(xna+ b xm + c)

(
∂
∂x

DESol
({

x1+2mb2_Y′′
(x)+x1+2na2_Y′′

(x)+2ab x1+m+n_Y′′
(x)+2c

(
a xn+1+xm+1b+ cx

2
)_Y′′

(x)+a_Y′
(x)b(m−n+3)xm+n+ac xn−1_Y(x)+2

(
b2(m−n+1)x2m

2 +a2x2n− c
(
−b(m−2n+3)xm+(−4+n)a xn+c(−2+n)

)
2

)
_Y′

(x)

x(xna+b xm+c)2

}
, {_Y(x)}

))

aDESol
({

x2(xna+b xm+c)2_Y′′
(x)+2

(
b(m−n+1)xm

2 +xna− c(−2+n)
2

)
(xna+b xm+c)x_Y′

(x)+ac xn_Y(x)

x2(xna+b xm+c)2

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−
x2−n(xna+ b xm + c)

(
∂
∂x

DESol
({

x1+2mb2_Y′′
(x)+x1+2na2_Y′′

(x)+2ab x1+m+n_Y′′
(x)+2c

(
a xn+1+xm+1b+ cx

2
)_Y′′

(x)+a_Y′
(x)b(m−n+3)xm+n+ac xn−1_Y(x)+2

(
b2(m−n+1)x2m

2 +a2x2n− c
(
−b(m−2n+3)xm+(−4+n)a xn+c(−2+n)

)
2

)
_Y′

(x)

x(xna+b xm+c)2

}
, {_Y(x)}

))

aDESol
({

x2(xna+b xm+c)2_Y′′
(x)+2

(
b(m−n+1)xm

2 +xna− c(−2+n)
2

)
(xna+b xm+c)x_Y′

(x)+ac xn_Y(x)

x2(xna+b xm+c)2

}
, {_Y (x)}

)
Verification of solutions
y =

−
x2−n(xna+ b xm + c)

(
∂
∂x

DESol
({

x1+2mb2_Y′′
(x)+x1+2na2_Y′′

(x)+2ab x1+m+n_Y′′
(x)+2c

(
a xn+1+xm+1b+ cx

2
)_Y′′

(x)+a_Y′
(x)b(m−n+3)xm+n+ac xn−1_Y(x)+2

(
b2(m−n+1)x2m

2 +a2x2n− c
(
−b(m−2n+3)xm+(−4+n)a xn+c(−2+n)

)
2

)
_Y′

(x)

x(xna+b xm+c)2

}
, {_Y(x)}

))

aDESol
({

x2(xna+b xm+c)2_Y′′
(x)+2

(
b(m−n+1)xm

2 +xna− c(−2+n)
2

)
(xna+b xm+c)x_Y′

(x)+ac xn_Y(x)

x2(xna+b xm+c)2

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(b*m*x^m-x^m*n*b-x^(m-1)*b*x+2*x^n*a+2*b*x^m-c*n+2*c)*(diff(y(x), x))

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(x^(n-2)*a*y(x)^2/(x^n*a+b*x^m+c)+y(x)+x^(m-1)*b*y(x)*x/(x^n*a+b*x^m+c)+x^2*c/(x^

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve((a*x^n+b*x^m+c)*diff(y(x),x)=a*x^(n-2)*y(x)^2+b*x^(m-1)*y(x)+c,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^n+b*x^m+c)*y'[x]==a*x^(n-2)*y[x]^2+b*x^(m-1)*y[x]+c,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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2.77 problem 77
2.77.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 467

Internal problem ID [10407]
Internal file name [OUTPUT/9354_Monday_June_06_2022_02_16_53_PM_78079711/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 77.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_rational , _Riccati]

Unable to solve or complete the solution.

(xna+ b xm + c) y′ − αxky2 − β xsy = −αλ2xk + βλxs

2.77.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= αxky2 + β xsy − αλ2xk + βλxs

xna+ b xm + c

This is a Riccati ODE. Comparing the ODE to solve

y′ = − αλ2xk

xna+ b xm + c
+ αxky2

xna+ b xm + c
+ βλxs

xna+ b xm + c
+ β xsy

xna+ b xm + c

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

467



Shows that f0(x) = −αλ2xk+βλxs

xna+b xm+c
, f1(x) = β xs

xna+b xm+c
and f2(x) = αxk

xna+b xm+c
. Let

y = −u′

f2u

= −u′

αxku
xna+b xm+c

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

αk xk

x (xna+ b xm + c) −
αxk

(
xnna
x

+ b xmm
x

)
(xna+ b xm + c)2

f1f2 =
β xsαxk

(xna+ b xm + c)2

f 2
2 f0 =

α2x2k(−αλ2xk + βλxs
)

(xna+ b xm + c)3

Substituting the above terms back in equation (2) gives

αxku′′(x)
xna+ b xm + c

−

(
αk xk

x (xna+ b xm + c) −
αxk

(
xnna
x

+ b xmm
x

)
(xna+ b xm + c)2

+ β xsαxk

(xna+ b xm + c)2

)
u′(x) +

α2x2k(−αλ2xk + βλxs
)
u(x)

(xna+ b xm + c)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (beta*x^s*x+x^n*a*k-a*n*x^n+x^m*b*k-b*m*x^m+c*k)*(diff(y(x), x))/(x*(x

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(x^k*alpha*y(x)^2/(x^n*a+b*x^m+c)+y(x)+beta*x^s*y(x)*x/(x^n*a+b*x^m+c)+x^2*(-alph

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 164� �
dsolve((a*x^n+b*x^m+c)*diff(y(x),x)=alpha*x^k*y(x)^2+beta*x^s*y(x)-alpha*lambda^2*x^k+beta*lambda*x^s,y(x), singsol=all)� �

y(x) =

−α

∫ xke
−
(∫ 2αxkλ−xsβ

a xn+b xm+c
dx

)
a xn+b xm+c

dx

λ− λc1 − e
−
(∫ 2αxkλ−xsβ

a xn+b xm+c
dx

)

c1 + α

(∫
xke

−
(∫ 2αxkλ−xsβ

a xn+b xm+c
dx

)
a xn+b xm+c

dx

)

3 Solution by Mathematica
Time used: 13.649 (sec). Leaf size: 389� �
DSolve[(a*x^n+b*x^m+c)*y'[x]==\[Alpha]*x^k*y[x]^2+\[Beta]*x^s*y[x]-\[Alpha]*\[Lambda]^2*x^k+\[Beta]*\[Lambda]*x^s,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

exp
(
−
∫ K[2]
1 − βK[1]s−2αλK[1]k

bK[1]m+aK[1]n+c
dK[1]

) (
−αλK[2]k + αy(x)K[2]k + βK[2]s

)
(k − s)αβ (bK[2]m + aK[2]n + c) (λ+ y(x)) dK[2]

+
∫ y(x)

1

−
∫ x

1

exp
(
−
∫ K[2]
1 − βK[1]s−2αλK[1]k

bK[1]m+aK[1]n+c
dK[1]

)
K[2]k

(k − s)β (bK[2]m + aK[2]n + c) (λ+K[3])−
exp

(
−
∫ K[2]
1 − βK[1]s−2αλK[1]k

bK[1]m+aK[1]n+c
dK[1]

) (
−αλK[2]k + αK[3]K[2]k + βK[2]s

)
(k − s)αβ (bK[2]m + aK[2]n + c) (λ+K[3])2

 dK[2]

−
exp

(
−
∫ x

1 − βK[1]s−2αλK[1]k
bK[1]m+aK[1]n+c

dK[1]
)

(k − s)αβ(λ+K[3])2

 dK[3] = c1, y(x)
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2.78 problem 78
2.78.1 Solving as homogeneousTypeD2 ode . . . . . . . . . . . . . . . 471
2.78.2 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 472

Internal problem ID [10408]
Internal file name [OUTPUT/9355_Monday_June_06_2022_02_18_02_PM_79181218/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 78.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati", "homogeneousTypeD2"

Maple gives the following as the ode type
[[ _homogeneous , `class D`], _rational , _Riccati]

(xna+ b xm + c) (y′x− y) + s xk
(
y2 − λx2) = 0

2.78.1 Solving as homogeneousTypeD2 ode

Using the change of variables y = u(x)x on the above ode results in new ode in u(x)

(xna+ b xm + c) ((u′(x)x+ u(x))x− u(x)x) + s xk
(
u(x)2 x2 − λx2) = 0

In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= − s xk(u2 − λ)
xna+ b xm + c

Where f(x) = − s xk

xna+b xm+c
and g(u) = u2 − λ. Integrating both sides gives

1
u2 − λ

du = − s xk

xna+ b xm + c
dx
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∫ 1
u2 − λ

du =
∫

− s xk

xna+ b xm + c
dx

−
arctanh

(
u√
λ

)
√
λ

=
∫

− s xk

xna+ b xm + c
dx+ c2

The solution is

−
arctanh

(
u(x)√

λ

)
√
λ

−
(∫

− s xk

xna+ b xm + c
dx

)
− c2 = 0

Replacing u(x) in the above solution by y
x
results in the solution for y in implicit form

−
arctanh

(
y

x
√
λ

)
√
λ

−
(∫

− s xk

xna+ b xm + c
dx

)
− c2 = 0

−
arctanh

(
y

x
√
λ

)
√
λ

+ s

(∫
xk

xna+ b xm + c
dx

)
− c2 = 0

Summary
The solution(s) found are the following

(1)−
arctanh

(
y

x
√
λ

)
√
λ

+ s

(∫
xk

xna+ b xm + c
dx

)
− c2 = 0

Verification of solutions

−
arctanh

(
y

x
√
λ

)
√
λ

+ s

(∫
xk

xna+ b xm + c
dx

)
− c2 = 0

Verified OK.

2.78.2 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −−xkλs x2 + y2xks− a xny − b xmy − yc

x (xna+ b xm + c)

This is a Riccati ODE. Comparing the ODE to solve

y′ = xxkλs

xna+ b xm + c
− y2xks

x (xna+ b xm + c)+
a xny

x (xna+ b xm + c)+
b xmy

(xna+ b xm + c)x+
yc

x (xna+ b xm + c)
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With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = xxkλs
xna+b xm+c

, f1(x) = − −xna−b xm−c
x(xna+b xm+c) and f2(x) = − s xk

x(xna+b xm+c) . Let

y = −u′

f2u

= −u′

− s xku
x(xna+b xm+c)

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − sk xk

x2 (xna+ b xm + c) +
s xk

x2 (xna+ b xm + c) +
s xk

(
xnna
x

+ b xmm
x

)
x (xna+ b xm + c)2

f1f2 =
(−xna− b xm − c) s xk

x2 (xna+ b xm + c)2

f 2
2 f0 =

s3x3kλ

x (xna+ b xm + c)3

Substituting the above terms back in equation (2) gives

− s xku′′(x)
x (xna+ b xm + c) −

(
− sk xk

x2 (xna+ b xm + c) +
s xk

x2 (xna+ b xm + c) +
s xk

(
xnna
x

+ b xmm
x

)
x (xna+ b xm + c)2

+ (−xna− b xm − c) s xk

x2 (xna+ b xm + c)2

)
u′(x) + s3x3kλu(x)

x (xna+ b xm + c)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1e
is
(∫

xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

)

+ c2e
−is
(∫

xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

)

The above shows that

u′(x)

= is xk

√
− λ

a2x2n + 2a xm+nb+ 2xnac+ x2mb2 + 2bc xm + c2

(
c1e

is
(∫

xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

)

− c2e
−is
(∫

xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

))
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Using the above in (1) gives the solution

y

=
i
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2

(
c1e

is
(∫

xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

)
− c2e

−is
(∫

xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

))
x(xna+ b xm + c)

c1e
is
(∫

xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

)
+ c2e

−is
(∫

xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
i
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2

(
c3e

is
(∫

xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

)
− e−is

(∫
xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

))
x(xna+ b xm + c)

c3e
is
(∫

xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

)
+ e−is

(∫
xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

)

Summary
The solution(s) found are the following

(1)y

=
i
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2

(
c3e

is
(∫

xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

)
− e−is

(∫
xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

))
x(xna+ b xm + c)

c3e
is
(∫

xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

)
+ e−is

(∫
xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

)
Verification of solutions
y

=
i
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2

(
c3e

is
(∫

xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

)
− e−is

(∫
xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

))
x(xna+ b xm + c)

c3e
is
(∫

xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

)
+ e−is

(∫
xk
√

− λ
a2x2n+2a xm+nb+2xnac+x2mb2+2bc xm+c2 dx

)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying homogeneous D
<- homogeneous successful`� �
3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 37� �
dsolve((a*x^n+b*x^m+c)*(x*diff(y(x),x)-y(x))+s*x^k*(y(x)^2-lambda*x^2)=0,y(x), singsol=all)� �

y(x) = tanh
(
s
√
λ

(∫
xk

a xn + b xm + c
dx+ c1

))
x
√
λ

3 Solution by Mathematica
Time used: 22.652 (sec). Leaf size: 53� �
DSolve[(a*x^n+b*x^m+c)*(x*y'[x]-y[x])+s*x^k*(y[x]^2-\[Lambda]*x^2)==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
λ(−x) tanh

(√
λ

(∫ x

1
− sK[1]k
bK[1]m + aK[1]n + c

dK[1] + c1

))
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3 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.3. Equations Containing
Exponential Functions

3.1 problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 477
3.2 problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 482
3.3 problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 487
3.4 problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 492
3.5 problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 497
3.6 problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 501
3.7 problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 505
3.8 problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 510
3.9 problem 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 515
3.10 problem 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 521
3.11 problem 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 526
3.12 problem 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 535
3.13 problem 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 539
3.14 problem 14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 544
3.15 problem 15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 548
3.16 problem 16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 554
3.17 problem 17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 559
3.18 problem 18 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 562
3.19 problem 19 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 567
3.20 problem 20 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 571
3.21 problem 21 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 575
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3.1 problem 1
3.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 477

Internal problem ID [10409]
Internal file name [OUTPUT/9356_Monday_June_06_2022_02_18_04_PM_49329698/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 1.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − ay2 = b eλx

3.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a y2 + b eλx

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2 + b eλx

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b eλx, f1(x) = 0 and f2(x) = a. Let

y = −u′

f2u

= −u′

au
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = eλxa2b

Substituting the above terms back in equation (2) gives

au′′(x) + eλxa2bu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 BesselJ
(
0, 2

√
a
√
b eλx

2

λ

)
+ c2 BesselY

(
0, 2

√
a
√
b eλx

2

λ

)

The above shows that

u′(x) =
√
a
√
b eλx

2

(
−BesselJ

(
1, 2

√
a
√
b eλx

2

λ

)
c1 − BesselY

(
1, 2

√
a
√
b eλx

2

λ

)
c2

)

Using the above in (1) gives the solution

y = −

√
b eλx

2

(
−BesselJ

(
1, 2

√
a
√
b e

λx
2

λ

)
c1 − BesselY

(
1, 2

√
a
√
b e

λx
2

λ

)
c2

)
√
a

(
c1 BesselJ

(
0, 2

√
a
√
b e

λx
2

λ

)
+ c2 BesselY

(
0, 2

√
a
√
b e

λx
2

λ

))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

√
b eλx

2

(
BesselJ

(
1, 2

√
a
√
b e

λx
2

λ

)
c3 + BesselY

(
1, 2

√
a
√
b e

λx
2

λ

))
√
a

(
c3 BesselJ

(
0, 2

√
a
√
b e

λx
2

λ

)
+ BesselY

(
0, 2

√
a
√
b e

λx
2

λ

))
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Summary
The solution(s) found are the following

(1)y =

√
b eλx

2

(
BesselJ

(
1, 2

√
a
√
b e

λx
2

λ

)
c3 + BesselY

(
1, 2

√
a
√
b e

λx
2

λ

))
√
a

(
c3 BesselJ

(
0, 2

√
a
√
b e

λx
2

λ

)
+ BesselY

(
0, 2

√
a
√
b e

λx
2

λ

))
Verification of solutions

y =

√
b eλx

2

(
BesselJ

(
1, 2

√
a
√
b e

λx
2

λ

)
c3 + BesselY

(
1, 2

√
a
√
b e

λx
2

λ

))
√
a

(
c3 BesselJ

(
0, 2

√
a
√
b e

λx
2

λ

)
+ BesselY

(
0, 2

√
a
√
b e

λx
2

λ

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -a*b*exp(lambda*x)*y(x), y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

a*b*u(t)+lambda^2*diff(u(t),t)+lambda^2*t*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �480



3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 96� �
dsolve(diff(y(x),x)=a*y(x)^2+b*exp(lambda*x),y(x), singsol=all)� �

y(x) =

√
b exλ

2

(
BesselY

(
1, 2

√
a
√
b e

xλ
2

λ

)
c1 + BesselJ

(
1, 2

√
a
√
b e

xλ
2

λ

))
√
a

(
c1 BesselY

(
0, 2

√
a
√
b e

xλ
2

λ

)
+ BesselJ

(
0, 2

√
a
√
b e

xλ
2

λ

))
3 Solution by Mathematica
Time used: 0.551 (sec). Leaf size: 266� �
DSolve[y'[x]==a*y[x]^2+b*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

√
beλx

(
2BesselY

(
1, 2

√
a
√
bexλ

λ

)
+ c1 BesselJ

(
1, 2

√
a
√
bexλ

λ

))
√
a
(
2BesselY

(
0, 2

√
a
√
bexλ

λ

)
+ c1 BesselJ

(
0, 2

√
a
√
bexλ

λ

))
y(x) →

√
beλx BesselJ

(
1, 2

√
a
√
bexλ

λ

)
√
aBesselJ

(
0, 2

√
a
√
bexλ

λ

)
y(x) →

√
beλx BesselJ

(
1, 2

√
a
√
bexλ

λ

)
√
aBesselJ

(
0, 2

√
a
√
bexλ

λ

)
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3.2 problem 2
3.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 482

Internal problem ID [10410]
Internal file name [OUTPUT/9357_Monday_June_06_2022_02_18_05_PM_73417862/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 2.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = aλ eλx − a2e2λx

3.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + aλ eλx − a2e2λx

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + aλ eλx − a2e2λx

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = aλ eλx − a2e2λx, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)

482



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = aλ eλx − a2e2λx

Substituting the above terms back in equation (2) gives

u′′(x) +
(
aλ eλx − a2e2λx

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−a eλx
λ

(
c1 + expIntegral1

(
−2a eλx

λ

)
c2

)

The above shows that

u′(x) = −
(
eλx expIntegral1

(
−2a eλx

λ

)
c2a+ e 2a eλx

λ λc2 + eλxc1a
)
e−a eλx

λ

Using the above in (1) gives the solution

y =
eλx expIntegral1

(
−2a eλx

λ

)
c2a+ e 2a eλx

λ λc2 + eλxc1a

c1 + expIntegral1
(
−2a eλx

λ

)
c2

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
expIntegral1

(
−2a eλx

λ

)
eλxa+ e 2a eλx

λ λ+ eλxc3a

c3 + expIntegral1
(
−2a eλx

λ

)
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Summary
The solution(s) found are the following

(1)y =
expIntegral1

(
−2a eλx

λ

)
eλxa+ e 2a eλx

λ λ+ eλxc3a

c3 + expIntegral1
(
−2a eλx

λ

)
Verification of solutions

y =
expIntegral1

(
−2a eλx

λ

)
eλxa+ e 2a eλx

λ λ+ eλxc3a

c3 + expIntegral1
(
−2a eλx

λ

)
Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (-a*lambda*exp(lambda*x)+a^2*exp(2*lambda*x))*y(x), y(x)` *** Sub

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

(-a^2*t+a*lambda)*u(t)+lambda^2*diff(u(t),t)+lambda^2*t*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 63� �
dsolve(diff(y(x),x)=y(x)^2+a*lambda*exp(lambda*x)-a^2*exp(2*lambda*x),y(x), singsol=all)� �

y(x) =
exλ expIntegral1

(
−2a exλ

λ

)
c1a+ e 2a exλ

λ c1λ+ exλa

expIntegral1
(
−2a exλ

λ

)
c1 + 1

3 Solution by Mathematica
Time used: 2.507 (sec). Leaf size: 79� �
DSolve[y'[x]==y[x]^2+a*\[Lambda]*Exp[\[Lambda]*x]-a^2*Exp[2*\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
aeλx ExpIntegralEi

(
2aexλ

λ

)
+ λ
(
−e

2aeλx
λ

)
+ ac1e

λx

ExpIntegralEi
(

2aexλ
λ

)
+ c1

y(x) → aeλx
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3.3 problem 3
3.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 487

Internal problem ID [10411]
Internal file name [OUTPUT/9358_Monday_June_06_2022_02_18_06_PM_56615204/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 3.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − σy2 = a+ b eλx + c e2λx

3.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= σ y2 + a+ b eλx + c e2λx

This is a Riccati ODE. Comparing the ODE to solve

y′ = σ y2 + a+ b eλx + c e2λx

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a+ b eλx + c e2λx, f1(x) = 0 and f2(x) = σ. Let

y = −u′

f2u

= −u′

σu
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = σ2(a+ b eλx + c e2λx

)
Substituting the above terms back in equation (2) gives

σu′′(x) + σ2(a+ b eλx + c e2λx
)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−λx
2

(
WhittakerM

(
−i

√
σ b

2λ
√
c
,
i
√
σ
√
a

λ
,
2i
√
σ
√
c eλx

λ

)
c1

+WhittakerW
(
−i

√
σ b

2λ
√
c
,
i
√
σ
√
a

λ
,
2i
√
σ
√
c eλx

λ

)
c2

)
The above shows that

u′(x)

=
e−λx

2

(
c1WhittakerM

(
− i

√
σ b−2λ

√
c

2λ
√
c

, i
√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)(
i
(√

c
√
a− b

2

)√
σ + λ

√
c

2

)
−WhittakerW

(
− i

√
σ b−2λ

√
c

2λ
√
c

, i
√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)
c2λ

√
c+

(
i
√
σ c eλx + i

√
σ b
2 − λ

√
c

2

)(
WhittakerM

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)
c1 +WhittakerW

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)
c2
))

√
c

Using the above in (1) gives the solution

y =

−
c1WhittakerM

(
− i

√
σ b−2λ

√
c

2λ
√
c

, i
√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)(
i
(√

c
√
a− b

2

)√
σ + λ

√
c

2

)
−WhittakerW

(
− i

√
σ b−2λ

√
c

2λ
√
c

, i
√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)
c2λ

√
c+

(
i
√
σ c eλx + i

√
σ b
2 − λ

√
c

2

)(
WhittakerM

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)
c1 +WhittakerW

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)
c2
)

√
c σ
(
WhittakerM

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)
c1 +WhittakerW

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)
c2
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
−c3WhittakerM

(
− i

√
σ b−2λ

√
c

2λ
√
c

, i
√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)(
i
(√

c
√
a− b

2

)√
σ + λ

√
c

2

)
+ λWhittakerW

(
− i

√
σ b−2λ

√
c

2λ
√
c

, i
√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)√
c+

(
−i

√
σ c eλx − i

√
σ b
2 + λ

√
c

2

)(
WhittakerM

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)
c3 +WhittakerW

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

))
√
c σ
(
WhittakerM

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)
c3 +WhittakerW

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

))

488



Summary
The solution(s) found are the following

(1)y

=
−c3WhittakerM

(
− i

√
σ b−2λ

√
c

2λ
√
c

, i
√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)(
i
(√

c
√
a− b

2

)√
σ + λ

√
c

2

)
+ λWhittakerW

(
− i

√
σ b−2λ

√
c

2λ
√
c

, i
√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)√
c+

(
−i

√
σ c eλx − i

√
σ b
2 + λ

√
c

2

)(
WhittakerM

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)
c3 +WhittakerW

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

))
√
c σ
(
WhittakerM

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)
c3 +WhittakerW

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

))
Verification of solutions
y

=
−c3WhittakerM

(
− i

√
σ b−2λ

√
c

2λ
√
c

, i
√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)(
i
(√

c
√
a− b

2

)√
σ + λ

√
c

2

)
+ λWhittakerW

(
− i

√
σ b−2λ

√
c

2λ
√
c

, i
√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)√
c+

(
−i

√
σ c eλx − i

√
σ b
2 + λ

√
c

2

)(
WhittakerM

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)
c3 +WhittakerW

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

))
√
c σ
(
WhittakerM

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

)
c3 +WhittakerW

(
− i

√
σ b

2λ
√
c
, i

√
σ
√
a

λ
, 2i

√
σ
√
c eλx

λ

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -sigma*(a+b*exp(lambda*x)+c*exp(2*lambda*x))*y(x), y(x)` *** Subl

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

(c*sigma*t^2+b*sigma*t+a*sigma)*u(t)+lambda^2*t*diff(u(t),t)+lambda^2*t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 348� �
dsolve(diff(y(x),x)=sigma*y(x)^2+a+b*exp(lambda*x)+c*exp(2*lambda*x),y(x), singsol=all)� �
y(x)

=
−WhittakerM

(
− i

√
σ b−2λ

√
c

2λ
√
c

, i
√
a
√
σ

λ
, 2i

√
σ
√
c exλ

λ

)(
i
(√

c
√
a− b

2

)√
σ + λ

√
c

2

)
+ λc1WhittakerW

(
− i

√
σ b−2λ

√
c

2λ
√
c

, i
√
a
√
σ

λ
, 2i

√
σ
√
c exλ

λ

)√
c+

(
−iexλc

√
σ − i

√
σ b
2 + λ

√
c

2

)(
WhittakerW

(
− i

√
σ b

2λ
√
c
, i

√
a
√
σ

λ
, 2i

√
σ
√
c exλ

λ

)
c1 +WhittakerM

(
− i

√
σ b

2λ
√
c
, i

√
a
√
σ

λ
, 2i

√
σ
√
c exλ

λ

))
√
c σ
(
WhittakerW

(
− i

√
σ b

2λ
√
c
, i

√
a
√
σ

λ
, 2i

√
σ
√
c exλ

λ

)
c1 +WhittakerM

(
− i

√
σ b

2λ
√
c
, i

√
a
√
σ

λ
, 2i

√
σ
√
c exλ

λ

))
3 Solution by Mathematica
Time used: 3.251 (sec). Leaf size: 1081� �
DSolve[y'[x]==sigma*y[x]^2+a+b*Exp[\[Lambda]*x]+c*Exp[2*\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

i

(
c1λ
(√

a−
√
ceλx

)
HypergeometricU

(
i
√
σb√
c

+λ+2i
√
a
√
σ

2λ , 2i
√
a
√
σ

λ
+ 1, 2i

√
cexλ

√
σ

λ

)
− ic1e

λx
(
b
√
σ +

√
c
(
2
√
a
√
σ − iλ

))
HypergeometricU

(
i
√
σb√
c

+3λ+2i
√
a
√
σ

2λ , 2i
√
a
√
σ

λ
+ 2, 2i

√
cexλ

√
σ

λ

)
+ λ

((√
a−

√
ceλx

)
L

2i
√
a
√

σ
λ

−
i
√
σb√
c

+λ+2i
√

a
√
σ

2λ

(
2i
√
cexλ

√
σ

λ

)
− 2

√
ceλxL

2i
√
a
√
σ

λ
+1

−
i
√
σb√
c

+3λ+2i
√

a
√
σ

2λ

(
2i
√
cexλ

√
σ

λ

)))

λ
√
σ

(
c1HypergeometricU

(
i
√
σb√
c

+λ+2i
√
a
√
σ

2λ , 2i
√
a
√
σ

λ
+ 1, 2i

√
cexλ

√
σ

λ

)
+ L

2i
√
a
√
σ

λ

−
i
√
σb√
c

+λ+2i
√

a
√
σ

2λ

(
2i
√
cexλ

√
σ

λ

))
y(x)

→

−
eλx
(
b
√
σ+

√
c
(
2
√
a
√
σ−iλ

))
HypergeometricU

 i
√
σb√
c

+3λ+2i
√
a
√
σ

2λ , 2i
√
a
√
σ

λ
+2, 2i

√
cexλ

√
σ

λ


λHypergeometricU

 i
√
σb√
c

+λ+2i
√
a
√
σ

2λ , 2i
√
a
√
σ

λ
+1, 2i

√
cexλ

√
σ

λ

 − i
(√

a−
√
ceλx

)
√
σ

y(x)

→

−
eλx
(
b
√
σ+

√
c
(
2
√
a
√
σ−iλ

))
HypergeometricU

 i
√
σb√
c

+3λ+2i
√
a
√
σ

2λ , 2i
√
a
√
σ

λ
+2, 2i

√
cexλ

√
σ

λ


λHypergeometricU

 i
√
σb√
c

+λ+2i
√
a
√
σ

2λ , 2i
√
a
√
σ

λ
+1, 2i

√
cexλ

√
σ

λ

 − i
(√

a−
√
ceλx

)
√
σ
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3.4 problem 4
3.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 492

Internal problem ID [10412]
Internal file name [OUTPUT/9359_Monday_June_06_2022_02_18_10_PM_32604344/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 4.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − σy2 − ay = b ex + c

3.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= σ y2 + ya+ b ex + c

This is a Riccati ODE. Comparing the ODE to solve

y′ = σ y2 + ya+ b ex + c

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b ex + c, f1(x) = a and f2(x) = σ. Let

y = −u′

f2u

= −u′

σu
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = σa

f 2
2 f0 = σ2(b ex + c)

Substituting the above terms back in equation (2) gives

σu′′(x)− σau′(x) + σ2(b ex + c)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = exa
2

(
BesselJ

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)
c1+BesselY

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)
c2
)

The above shows that

u′(x) = −c1
√
b
√
σ e

(1+a)x
2 BesselJ

(√
a2 − 4σc+ 1, 2

√
σ
√
b ex

2

)
− c2

√
b
√
σ e

(1+a)x
2 BesselY

(√
a2 − 4σc+ 1, 2

√
σ
√
b ex

2

)
+
exa

2

(
BesselJ

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)
c1 + BesselY

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)
c2
) (√

a2 − 4σc+ a
)

2

Using the above in (1) gives the solution

y =

−

(
−c1

√
b
√
σ e

(1+a)x
2 BesselJ

(√
a2 − 4σc+ 1, 2

√
σ
√
b ex

2

)
− c2

√
b
√
σ e

(1+a)x
2 BesselY

(√
a2 − 4σc+ 1, 2

√
σ
√
b ex

2

)
+

e
xa
2
(
BesselJ

(√
a2−4σc,2

√
σ
√
b e

x
2
)
c1+BesselY

(√
a2−4σc,2

√
σ
√
b e

x
2
)
c2
)(√

a2−4σc+a
)

2

)
e−xa

2

σ
(
BesselJ

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)
c1 + BesselY

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)
c2
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
2c3

√
b
√
σ ex

2 BesselJ
(√

a2 − 4σc+ 1, 2
√
σ
√
b ex

2

)
+ 2BesselY

(√
a2 − 4σc+ 1, 2

√
σ
√
b ex

2

)√
σ
√
b ex

2 −
(
BesselJ

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)
c3 + BesselY

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)) (√
a2 − 4σc+ a

)
2σ
(
BesselJ

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)
c3 + BesselY

(√
a2 − 4σc, 2

√
σ
√
b ex

2

))
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Summary
The solution(s) found are the following

(1)y

=
2c3

√
b
√
σ ex

2 BesselJ
(√

a2 − 4σc+ 1, 2
√
σ
√
b ex

2

)
+ 2BesselY

(√
a2 − 4σc+ 1, 2

√
σ
√
b ex

2

)√
σ
√
b ex

2 −
(
BesselJ

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)
c3 + BesselY

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)) (√
a2 − 4σc+ a

)
2σ
(
BesselJ

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)
c3 + BesselY

(√
a2 − 4σc, 2

√
σ
√
b ex

2

))
Verification of solutions
y

=
2c3

√
b
√
σ ex

2 BesselJ
(√

a2 − 4σc+ 1, 2
√
σ
√
b ex

2

)
+ 2BesselY

(√
a2 − 4σc+ 1, 2

√
σ
√
b ex

2

)√
σ
√
b ex

2 −
(
BesselJ

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)
c3 + BesselY

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)) (√
a2 − 4σc+ a

)
2σ
(
BesselJ

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)
c3 + BesselY

(√
a2 − 4σc, 2

√
σ
√
b ex

2

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (diff(y(x), x))*a-sigma*(b*exp(x)+c)*y(x), y(x)` *** Sublevel 2 *

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful
Change of variables used:

[x = ln(t)]
Linear ODE actually solved:

(b*sigma*t+c*sigma)*u(t)+(-a*t+t)*diff(u(t),t)+t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 200� �
dsolve(diff(y(x),x)=sigma*y(x)^2+a*y(x)+b*exp(x)+c,y(x), singsol=all)� �
y(x) =

−
−2

√
b ex

2 BesselJ
(√

a2 − 4σc+ 1, 2
√
σ
√
b ex

2

)
σ − 2

√
b ex

2 BesselY
(√

a2 − 4σc+ 1, 2
√
σ
√
b ex

2

)
c1σ +

√
σ
(
BesselY

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)
c1 + BesselJ

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)) (√
a2 − 4σc+ a

)
σ

3
2

(
2BesselY

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)
c1 + 2BesselJ

(√
a2 − 4σc, 2

√
σ
√
b ex

2

))
3 Solution by Mathematica
Time used: 0.971 (sec). Leaf size: 546� �
DSolve[y'[x]==sigma*y[x]^2+a*y[x]+b*Exp[x]+c,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
a
√
bσexGamma

(√
a2 − 4cσ + 1

)
BesselJ

(√
a2 − 4cσ, 2

√
bexσ

)
+ bσex Gamma

(√
a2 − 4cσ + 1

)
BesselJ

(√
a2 − 4cσ − 1, 2

√
bexσ

)
− bσexGamma

(√
a2 − 4cσ + 1

)
BesselJ

(√
a2 − 4cσ + 1, 2

√
bexσ

)
+ ac1

√
bσex Gamma

(
1−

√
a2 − 4cσ

)
BesselJ

(
−
√
a2 − 4cσ, 2

√
bexσ

)
+ bc1σe

x Gamma
(
1−

√
a2 − 4cσ

)
BesselJ

(
−
√
a2 − 4cσ − 1, 2

√
bexσ

)
− bc1σe

x Gamma
(
1−

√
a2 − 4cσ

)
BesselJ

(
1−

√
a2 − 4cσ, 2

√
bexσ

)
2σ

√
bσex

(
Gamma

(√
a2 − 4cσ + 1

)
BesselJ

(√
a2 − 4cσ, 2

√
bexσ

)
+ c1Gamma

(
1−

√
a2 − 4cσ

)
BesselJ

(
−
√
a2 − 4cσ, 2

√
bexσ

))

y(x) →

√
bσex

(
BesselJ

(
1−

√
a2−4cσ,2

√
bexσ

)
−BesselJ

(
−
√
a2−4cσ−1,2

√
bexσ

))
BesselJ

(
−
√
a2−4cσ,2

√
bexσ

) − a

2σ
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3.5 problem 5
3.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 497

Internal problem ID [10413]
Internal file name [OUTPUT/9360_Monday_June_06_2022_02_18_11_PM_50198122/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 5.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − yb = a(λ− b) eλx − a2e2λx

3.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −a eλxb+ aλ eλx − a2e2λx + by + y2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a eλxb+ aλ eλx − a2e2λx + by + y2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a eλxb+ aλ eλx − a2e2λx, f1(x) = b and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = b

f 2
2 f0 = −a eλxb+ aλ eλx − a2e2λx

Substituting the above terms back in equation (2) gives

u′′(x)− bu′(x) +
(
−a eλxb+ aλ eλx − a2e2λx

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
((∫

e bλx+2 eλxa
λ dx

)
c1 + c2

)
e−a eλx

λ

The above shows that

u′(x) = −a

((∫
e bλx+2 eλxa

λ dx

)
c1 + c2

)
eλ2x−eλxa

λ + c1e
bλx+eλxa

λ

Using the above in (1) gives the solution

y = −

(
−a
((∫

e bλx+2 eλxa
λ dx

)
c1 + c2

)
eλ2x−eλxa

λ + c1e
bλx+eλxa

λ

)
ea eλx

λ(∫
e bλx+2 eλxa

λ dx
)
c1 + c2

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
ea eλx

λ

(
a
((∫

e bλx+2 eλxa
λ dx

)
c3 + 1

)
eλ2x−eλxa

λ − c3e
bλx+eλxa

λ

)
(∫

e bλx+2 eλxa
λ dx

)
c3 + 1
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Summary
The solution(s) found are the following

(1)y =
ea eλx

λ

(
a
((∫

e bλx+2 eλxa
λ dx

)
c3 + 1

)
eλ2x−eλxa

λ − c3e
bλx+eλxa

λ

)
(∫

e bλx+2 eλxa
λ dx

)
c3 + 1

Verification of solutions

y =
ea eλx

λ

(
a
((∫

e bλx+2 eλxa
λ dx

)
c3 + 1

)
eλ2x−eλxa

λ − c3e
bλx+eλxa

λ

)
(∫

e bλx+2 eλxa
λ dx

)
c3 + 1

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (diff(y(x), x))*b+(a*b*exp(lambda*x)-a*lambda*exp(lambda*x)+a^2*exp(2*

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 80� �
dsolve(diff(y(x),x)=y(x)^2+b*y(x)+a*(lambda-b)*exp(lambda*x)-a^2*exp(2*lambda*x),y(x), singsol=all)� �

y(x) =
exλa

(∫
e bλx+2 exλa

λ dx
)
+ exλc1a− e bλx+2 exλa

λ∫
e bλx+2 exλa

λ dx+ c1

3 Solution by Mathematica
Time used: 3.226 (sec). Leaf size: 191� �
DSolve[y'[x]==y[x]^2+b*y[x]+a*(\[Lambda]-b)*Exp[\[Lambda]*x]-a^2*Exp[2*\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
−2b/λ

(
b− aeλx

) (
aeλx

λ

)b/λ
L

b
λ

− b
λ

(
2aexλ

λ

)
+ aeλx

(
2 b+λ

λ

(
aeλx

λ

)b/λ
L

b+λ
λ

− b+λ
λ

(
2aexλ

λ

)
+ c1

)
2b/λ

(
aeλx

λ

)b/λ
L

b
λ

− b
λ

(
2aexλ

λ

)
+ c1

y(x) → aeλx
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3.6 problem 6
3.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 501

Internal problem ID [10414]
Internal file name [OUTPUT/9361_Monday_June_06_2022_02_18_12_PM_24173088/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 6.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − a eλxy = −a eλxb− b2

3.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + a eλxy − a eλxb− b2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a eλxy − a eλxb− b2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a eλxb− b2, f1(x) = eλxa and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = eλxa
f 2
2 f0 = −a eλxb− b2

Substituting the above terms back in equation (2) gives

u′′(x)− eλxau′(x) +
(
−a eλxb− b2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−λ2x+eλxa
2λ

(
WhittakerM

(
−2b+ λ

2λ ,
b

λ
,
a eλx
λ

)
c1

+WhittakerW
(
−2b+ λ

2λ ,
b

λ
,
a eλx
λ

)
c2

)

The above shows that

u′(x) = 2

c2

(
eλxa+ 3b

2 − λ

)
WhittakerW

(
−2b+ λ

2λ ,
b

λ
,
a eλx
λ

)

−
bc1

(
−2 ea eλx

2λ

(
a eλx
λ

) 2b+λ
2λ +WhittakerM

(
−2b+λ

2λ , b
λ
, a e

λx

λ

))
2

 e−λ2x+eλxa
2λ

Using the above in (1) gives the solution

y =

−

2

c2
(
eλxa+ 3b

2 − λ
)
WhittakerW

(
−2b+λ

2λ , b
λ
, a e

λx

λ

)
−

bc1

(
−2 e

a eλx
2λ

(
a eλx

λ

) 2b+λ
2λ +WhittakerM

(
−2b+λ

2λ , b
λ
,a eλx

λ

))
2


WhittakerM

(
−2b+λ

2λ , b
λ
, a e

λx

λ

)
c1 +WhittakerW

(
−2b+λ

2λ , b
λ
, a e

λx

λ

)
c2
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=

(
−2 eλxa− 3b+ 2λ

)
WhittakerW

(
−2b+λ

2λ , b
λ
, a e

λx

λ

)
− 2c3

(
ea eλx

2λ

(
a eλx
λ

) 2b+λ
2λ −

WhittakerM
(

−2b+λ
2λ , b

λ
,a eλx

λ

)
2

)
b

WhittakerM
(

−2b+λ
2λ , b

λ
, a e

λx

λ

)
c3 +WhittakerW

(
−2b+λ

2λ , b
λ
, a e

λx

λ

)
Summary
The solution(s) found are the following

(1)y

=

(
−2 eλxa− 3b+ 2λ

)
WhittakerW

(
−2b+λ

2λ , b
λ
, a e

λx

λ

)
− 2c3

(
ea eλx

2λ

(
a eλx
λ

) 2b+λ
2λ −

WhittakerM
(

−2b+λ
2λ , b

λ
,a eλx

λ

)
2

)
b

WhittakerM
(

−2b+λ
2λ , b

λ
, a e

λx

λ

)
c3 +WhittakerW

(
−2b+λ

2λ , b
λ
, a e

λx

λ

)
Verification of solutions
y

=

(
−2 eλxa− 3b+ 2λ

)
WhittakerW

(
−2b+λ

2λ , b
λ
, a e

λx

λ

)
− 2c3

(
ea eλx

2λ

(
a eλx
λ

) 2b+λ
2λ −

WhittakerM
(

−2b+λ
2λ , b

λ
,a eλx

λ

)
2

)
b

WhittakerM
(

−2b+λ
2λ , b

λ
, a e

λx

λ

)
c3 +WhittakerW

(
−2b+λ

2λ , b
λ
, a e

λx

λ

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 73� �
dsolve(diff(y(x),x)=y(x)^2+a*exp(lambda*x)*y(x)-a*b*exp(lambda*x)-b^2,y(x), singsol=all)� �

y(x) =
−b
(∫

e 2bλx+exλa
λ dx

)
+ c1b+ e 2bλx+exλa

λ

−
(∫

e 2bλx+exλa
λ dx

)
+ c1

3 Solution by Mathematica
Time used: 0.944 (sec). Leaf size: 115� �
DSolve[y'[x]==y[x]^2+a*Exp[\[Lambda]*x]*y[x]-a*b*Exp[\[Lambda]*x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
b

(
−2λeaeλx

λ

(
−aeλx

λ

) 2b
λ + 2bΓ

(
2b
λ
, 0,−aexλ

λ

)
+ c1λ(−1)b/λ

)
2bΓ

(
2b
λ
, 0,−aexλ

λ

)
+ c1λ(−1)b/λ

y(x) → b
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3.7 problem 7
3.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 505

Internal problem ID [10415]
Internal file name [OUTPUT/9362_Monday_June_06_2022_02_18_15_PM_89074729/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 7.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = a e2λx
(
eλx + b

)n − λ2

4

3.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2 + a e2λx
(
eλx + b

)n − λ2

4
This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a e2λx
(
eλx + b

)n − λ2

4
With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a e2λx
(
eλx + b

)n − λ2

4 , f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 = a e2λx

(
eλx + b

)n − λ2

4
Substituting the above terms back in equation (2) gives

u′′(x) +
(
a e2λx

(
eλx + b

)n − λ2

4

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=
− csc

(
π(n+3)
2+n

)
c1 BesselI

(
− 1

2+n
, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)
π
(
−a

(
eλx+b

)2+n

λ2(2+n)2

) 1
4+2n

e−λx
2 + Γ

(
n+3
2+n

)2 (−a
(
eλx+b

)2+n

λ2(2+n)2

)− 1
4+2n

BesselI
(

1
2+n

, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)
c2(2 + n)

(
eλx

2 + e−λx
2 b
)

(2 + n) Γ
(
n+3
2+n

)
The above shows that

u′(x) =

−
λ

(
−2Γ

(
n+3
2+n

)2 (−a
(
eλx+b

)2+n

λ2(2+n)2

) n+1
4+2n

c2(2 + n)2
(
eλx

2 b+ e 3λx
2

)
BesselI

(
n+3
2+n

, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)
+ Γ

(
n+3
2+n

)2 (−a
(
eλx+b

)2+n

λ2(2+n)2

)− 1
4+2n

BesselI
(

1
2+n

, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)
c2(2 + n)

(
e−λx

2 b2 − e 3λx
2

)
− π

(
BesselI

(
− 1

2+n
, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)(
eλx

2 + e−λx
2 b
)(

−a
(
eλx+b

)2+n

λ2(2+n)2

) 1
4+2n

− 2BesselI
(

n+1
2+n

, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)(
−a

(
eλx+b

)2+n

λ2(2+n)2

) n+3
4+2n

(2 + n) eλx
2

)
csc
(

π(n+3)
2+n

)
c1

)
2 (eλx + b) (2 + n) Γ

(
n+3
2+n

)
Using the above in (1) gives the solution

y

=
λ

(
−2Γ

(
n+3
2+n

)2 (−a
(
eλx+b

)2+n

λ2(2+n)2

) n+1
4+2n

c2(2 + n)2
(
eλx

2 b+ e 3λx
2

)
BesselI

(
n+3
2+n

, 2
√
−a

(
eλx+b

)2+n

λ2(2+n)2

)
+ Γ

(
n+3
2+n

)2 (−a
(
eλx+b

)2+n

λ2(2+n)2

)− 1
4+2n

BesselI
(

1
2+n

, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)
c2(2 + n)

(
e−λx

2 b2 − e 3λx
2

)
− π

(
BesselI

(
− 1

2+n
, 2
√
−a

(
eλx+b

)2+n

λ2(2+n)2

)(
eλx

2 + e−λx
2 b
)(

−a
(
eλx+b

)2+n

λ2(2+n)2

) 1
4+2n

− 2BesselI
(

n+1
2+n

, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)(
−a

(
eλx+b

)2+n

λ2(2+n)2

) n+3
4+2n

(2 + n) eλx
2

)
csc
(

π(n+3)
2+n

)
c1

)

2 (eλx + b)
(
− csc

(
π(n+3)
2+n

)
c1 BesselI

(
− 1

2+n
, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)
π
(
−a

(
eλx+b

)2+n

λ2(2+n)2

) 1
4+2n

e−λx
2 + Γ

(
n+3
2+n

)2 (−a
(
eλx+b

)2+n

λ2(2+n)2

)− 1
4+2n

BesselI
(

1
2+n

, 2
√
−a

(
eλx+b

)2+n

λ2(2+n)2

)
c2 (2 + n)

(
eλx

2 + e−λx
2 b
))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=

(
−2Γ

(
n+3
2+n

)2 (−a
(
eλx+b

)2+n

λ2(2+n)2

) n+1
4+2n

(2 + n)2
(
b eλx + e2λx

)
BesselI

(
n+3
2+n

, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)
+ Γ

(
n+3
2+n

)2 (−a
(
eλx+b

)2+n

λ2(2+n)2

)− 1
4+2n

BesselI
(

1
2+n

, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)(
b2 − e2λx

)
(2 + n)− π

((
eλx + b

)
BesselI

(
− 1

2+n
, 2
√
−a

(
eλx+b

)2+n

λ2(2+n)2

)(
−a

(
eλx+b

)2+n

λ2(2+n)2

) 1
4+2n

− 2BesselI
(

n+1
2+n

, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)
eλx
(
−a

(
eλx+b

)2+n

λ2(2+n)2

) n+3
4+2n

(2 + n)
)
csc
(

π(n+3)
2+n

)
c3

)
λ

2 (eλx + b)
(
−c3 csc

(
π(n+3)
2+n

)(
−a

(
eλx+b

)2+n

λ2(2+n)2

) 1
4+2n

BesselI
(
− 1

2+n
, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)
π + Γ

(
n+3
2+n

)2 (−a
(
eλx+b

)2+n

λ2(2+n)2

)− 1
4+2n

BesselI
(

1
2+n

, 2
√
−a

(
eλx+b

)2+n

λ2(2+n)2

)
(2 + n) (eλx + b)

)

Summary
The solution(s) found are the following

(1)y

=

(
−2Γ

(
n+3
2+n

)2 (−a
(
eλx+b

)2+n

λ2(2+n)2

) n+1
4+2n

(2 + n)2
(
b eλx + e2λx

)
BesselI

(
n+3
2+n

, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)
+ Γ

(
n+3
2+n

)2 (−a
(
eλx+b

)2+n

λ2(2+n)2

)− 1
4+2n

BesselI
(

1
2+n

, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)(
b2 − e2λx

)
(2 + n)− π

((
eλx + b

)
BesselI

(
− 1

2+n
, 2
√
−a

(
eλx+b

)2+n

λ2(2+n)2

)(
−a

(
eλx+b

)2+n

λ2(2+n)2

) 1
4+2n

− 2BesselI
(

n+1
2+n

, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)
eλx
(
−a

(
eλx+b

)2+n

λ2(2+n)2

) n+3
4+2n

(2 + n)
)
csc
(

π(n+3)
2+n

)
c3

)
λ

2 (eλx + b)
(
−c3 csc

(
π(n+3)
2+n

)(
−a

(
eλx+b

)2+n

λ2(2+n)2

) 1
4+2n

BesselI
(
− 1

2+n
, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)
π + Γ

(
n+3
2+n

)2 (−a
(
eλx+b

)2+n

λ2(2+n)2

)− 1
4+2n

BesselI
(

1
2+n

, 2
√
−a

(
eλx+b

)2+n

λ2(2+n)2

)
(2 + n) (eλx + b)

)
Verification of solutions
y

=

(
−2Γ

(
n+3
2+n

)2 (−a
(
eλx+b

)2+n

λ2(2+n)2

) n+1
4+2n

(2 + n)2
(
b eλx + e2λx

)
BesselI

(
n+3
2+n

, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)
+ Γ

(
n+3
2+n

)2 (−a
(
eλx+b

)2+n

λ2(2+n)2

)− 1
4+2n

BesselI
(

1
2+n

, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)(
b2 − e2λx

)
(2 + n)− π

((
eλx + b

)
BesselI

(
− 1

2+n
, 2
√
−a

(
eλx+b

)2+n

λ2(2+n)2

)(
−a

(
eλx+b

)2+n

λ2(2+n)2

) 1
4+2n

− 2BesselI
(

n+1
2+n

, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)
eλx
(
−a

(
eλx+b

)2+n

λ2(2+n)2

) n+3
4+2n

(2 + n)
)
csc
(

π(n+3)
2+n

)
c3

)
λ

2 (eλx + b)
(
−c3 csc

(
π(n+3)
2+n

)(
−a

(
eλx+b

)2+n

λ2(2+n)2

) 1
4+2n

BesselI
(
− 1

2+n
, 2
√

−a
(
eλx+b

)2+n

λ2(2+n)2

)
π + Γ

(
n+3
2+n

)2 (−a
(
eλx+b

)2+n

λ2(2+n)2

)− 1
4+2n

BesselI
(

1
2+n

, 2
√
−a

(
eλx+b

)2+n

λ2(2+n)2

)
(2 + n) (eλx + b)

)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (-a*exp(2*lambda*x)*(exp(lambda*x)+b)^n+(1/4)*lambda^2)*y(x), y(x)`

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 0F1 ODE

<- Whittaker successful
<- special function solution successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

(4*a*t^2*(t+b)^n-lambda^2)*u(t)+4*lambda^2*t*diff(u(t),t)+4*lambda^2*t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1342� �
dsolve(diff(y(x),x)=y(x)^2+a*exp(2*lambda*x)*(exp(lambda*x)+b)^n-1/4*lambda^2,y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+a*Exp[2*\[Lambda]*x]*(Exp[\[Lambda]*x]+b)^n-1/4*\[Lambda]^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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3.8 problem 8
3.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 510

Internal problem ID [10416]
Internal file name [OUTPUT/9363_Monday_June_06_2022_02_18_57_PM_81881186/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 8.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = a e8λx + b e6λx + c e4λx − λ2

3.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + a e8λx + b e6λx + c e4λx − λ2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a e8λx + b e6λx + c e4λx − λ2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a e8λx + b e6λx + c e4λx − λ2, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = a e8λx + b e6λx + c e4λx − λ2

Substituting the above terms back in equation (2) gives

u′′(x) +
(
a e8λx + b e6λx + c e4λx − λ2)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1e−
ie4λxa+4λ2x

√
a+ie2λxb

4λ
√
a hypergeom

([
8λ a 3

2 + 4ica− ib2

32λ a 3
2

]
,

[
1
2

]
,
i
(
2 e2λxa+ b

)2
8λ a 3

2

)

+c2 hypergeom
([

24λ a 3
2 + 4ica− ib2

32λ a 3
2

]
,

[
3
2

]
,
i
(
2 e2λxa+ b

)2
8λ a 3

2

)(
2a e−

−4λ2x
√
a+ie4λxa+ie2λxb

4λ
√
a

+ e−
ie4λxa+4λ2x

√
a+ie2λxb

4λ
√
a b

)
The above shows that

Expression too large to display

Using the above in (1) gives the solution

Expression too large to display

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

Expression too large to display

Summary
The solution(s) found are the following

(1)Expression too large to display
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Verification of solutions

Expression too large to display

Warning, solution could not be verified
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (-a*exp(8*lambda*x)-b*exp(6*lambda*x)-c*exp(4*lambda*x)+lambda^2)*y(x)

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: indirect Equivalence to 0F1 under \`\`^ @ Moebius\`\` is resolved

<- hypergeometric successful
<- special function solution successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

(a*t^8+b*t^6+c*t^4-lambda^2)*u(t)+lambda^2*t*diff(u(t),t)+lambda^2*t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1078� �
dsolve(diff(y(x),x)=y(x)^2+a*exp(8*lambda*x)+b*exp(6*lambda*x)+c*exp(4*lambda*x)-lambda^2,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 4.991 (sec). Leaf size: 1282� �
DSolve[y'[x]==y[x]^2+a*Exp[8*\[Lambda]*x]+b*Exp[6*\[Lambda]*x]+c*Exp[4*\[Lambda]*x]-\[Lambda]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
−e2xλHypergeometric1F1

(
−ib2+4iac+40a3/2λ

32a3/2λ , 32 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
b3 − 2ae4xλHypergeometric1F1

(
−ib2+4iac+40a3/2λ

32a3/2λ , 32 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
b2 + 8ia3/2e2xλλHypergeometric1F1

(
−ib2+4iac+8a3/2λ

32a3/2λ , 12 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
b+ 4ace2xλHypergeometric1F1

(
−ib2+4iac+40a3/2λ

32a3/2λ , 32 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
b− 8ia3/2e2xλλHypergeometric1F1

(
−ib2+4iac+40a3/2λ

32a3/2λ , 32 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
b+ 8a3/2λ

(
2ie4xλa+ 2λ

√
a+ ibe2xλ

)
c1HermiteH

(
i
(
b2−4ac+8ia3/2λ

)
16a3/2λ ,

( 1
4+

i
4
)(
2e2xλa+b

)
a3/4

√
λ

)
+ 2 4

√
−1

√
2a3/4e2xλ

√
λ
(
−ib2 + 4iac+ 8a3/2λ

)
c1HermiteH

(
i
(
b2−4ac+24ia3/2λ

)
16a3/2λ ,

( 1
4+

i
4
)(
2e2xλa+b

)
a3/4

√
λ

)
+ 16a2λ2Hypergeometric1F1

(
−ib2+4iac+8a3/2λ

32a3/2λ , 12 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
+ 16ia5/2e4xλλHypergeometric1F1

(
−ib2+4iac+8a3/2λ

32a3/2λ , 12 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
+ 8a2ce4xλHypergeometric1F1

(
−ib2+4iac+40a3/2λ

32a3/2λ , 32 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
− 16ia5/2e4xλλHypergeometric1F1

(
−ib2+4iac+40a3/2λ

32a3/2λ , 32 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
16a2λ

(
c1HermiteH

(
i
(
b2−4ac+8ia3/2λ

)
16a3/2λ ,

( 1
4+

i
4
)(
2e2xλa+b

)
a3/4

√
λ

)
+Hypergeometric1F1

(
−ib2+4iac+8a3/2λ

32a3/2λ , 12 ,
i
(
2e2xλa+b

)2
8a3/2λ

))
y(x) →

(1
8 +

i
8

)
e2λx

(
8a3/2λ+ 4iac− ib2

)
HermiteH

(
i
(
b2−4ac+24ia3/2λ

)
16a3/2λ ,

( 1
4+

i
4
)(
2e2xλa+b

)
a3/4

√
λ

)
a5/4

√
λHermiteH

(
i
(
b2−4ac+8ia3/2λ

)
16a3/2λ ,

( 1
4+

i
4
)(
2e2xλa+b

)
a3/4

√
λ

)
+ ibe2λx

2
√
a

+ i
√
ae4λx + λ
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3.9 problem 9
3.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 515

Internal problem ID [10417]
Internal file name [OUTPUT/9364_Monday_June_06_2022_02_18_59_PM_79365723/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 9.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a ekxy2 = b esx

3.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a ekxy2 + b esx

This is a Riccati ODE. Comparing the ODE to solve

y′ = a ekxy2 + b esx

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b esx, f1(x) = 0 and f2(x) = a ekx. Let

y = −u′

f2u

= −u′

a ekxu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = ak ekx

f1f2 = 0
f 2
2 f0 = e2kxesxa2b

Substituting the above terms back in equation (2) gives

a ekxu′′(x)− ak ekxu′(x) + e2kxesxa2bu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =

−
e− sx

2

(
e

x(k+s)
2 BesselJ

(
k+2s
k+s

, 2
√
a
√
b e

x(k+s)
2

k+s

)
√
a
√
b c1 + BesselY

(
k+2s
k+s

, 2
√
a
√
b e

x(k+s)
2

k+s

)
e

x(k+s)
2

√
a
√
b c2 − s

(
c1 BesselJ

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

)
+ c2 BesselY

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

)))
√
b
√
a

The above shows that

u′(x) =
(
−c1 BesselJ

(
s

k + s
,
2
√
a
√
b e

x(k+s)
2

k + s

)

− c2 BesselY
(

s

k + s
,
2
√
a
√
b e

x(k+s)
2

k + s

))
√
a
√
b e

x(2k+s)
2

Using the above in (1) gives the solution

y

=

(
−c1 BesselJ

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

)
− c2 BesselY

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

))
b e

x(2k+s)
2 e−kxe sx

2

e
x(k+s)

2 BesselJ
(

k+2s
k+s

, 2
√
a
√
b e

x(k+s)
2

k+s

)
√
a
√
b c1 + BesselY

(
k+2s
k+s

, 2
√
a
√
b e

x(k+s)
2

k+s

)
e

x(k+s)
2

√
a
√
b c2 − s

(
c1 BesselJ

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

)
+ c2 BesselY

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−
b esx

(
c3 BesselJ

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

)
+ BesselY

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

))
e

x(k+s)
2 BesselJ

(
k+2s
k+s

, 2
√
a
√
b e

x(k+s)
2

k+s

)
√
a
√
b c3 + BesselY

(
k+2s
k+s

, 2
√
a
√
b e

x(k+s)
2

k+s

)
√
a
√
b e

x(k+s)
2 − s

(
c3 BesselJ

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

)
+ BesselY

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

))

Summary
The solution(s) found are the following

(1)y =

−
b esx

(
c3 BesselJ

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

)
+ BesselY

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

))
e

x(k+s)
2 BesselJ

(
k+2s
k+s

, 2
√
a
√
b e

x(k+s)
2

k+s

)
√
a
√
b c3 + BesselY

(
k+2s
k+s

, 2
√
a
√
b e

x(k+s)
2

k+s

)
√
a
√
b e

x(k+s)
2 − s

(
c3 BesselJ

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

)
+ BesselY

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

))
Verification of solutions
y =

−
b esx

(
c3 BesselJ

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

)
+ BesselY

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

))
e

x(k+s)
2 BesselJ

(
k+2s
k+s

, 2
√
a
√
b e

x(k+s)
2

k+s

)
√
a
√
b c3 + BesselY

(
k+2s
k+s

, 2
√
a
√
b e

x(k+s)
2

k+s

)
√
a
√
b e

x(k+s)
2 − s

(
c3 BesselJ

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

)
+ BesselY

(
s

k+s
, 2

√
a
√
b e

x(k+s)
2

k+s

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = k*(diff(y(x), x))-a*exp(k*x)*b*exp(s*x)*y(x), y(x)` *** Sublevel

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful
Change of variables used:

[x = ln(t)/(s+k)]
Linear ODE actually solved:

a*b*u(t)+(k*s+s^2)*diff(u(t),t)+(k^2*t+2*k*s*t+s^2*t)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 228� �
dsolve(diff(y(x),x)=a*exp(k*x)*y(x)^2+b*exp(s*x),y(x), singsol=all)� �
y(x) =

−
b esx

(
BesselY

(
s

s+k
, 2

√
a
√
b e

x(s+k)
2

s+k

)
c1 + BesselJ

(
s

s+k
, 2

√
a
√
b e

x(s+k)
2

s+k

))
BesselJ

(
2s+k
s+k

, 2
√
a
√
b e

x(s+k)
2

s+k

)
√
a
√
b e

x(s+k)
2 +

√
a
√
b e

x(s+k)
2 BesselY

(
2s+k
s+k

, 2
√
a
√
b e

x(s+k)
2

s+k

)
c1 − s

(
BesselY

(
s

s+k
, 2

√
a
√
b e

x(s+k)
2

s+k

)
c1 + BesselJ

(
s

s+k
, 2

√
a
√
b e

x(s+k)
2

s+k

))
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3 Solution by Mathematica
Time used: 6.491 (sec). Leaf size: 1097� �
DSolve[y'[x]==a*Exp[k*x]*y[x]^2+b*Exp[s*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

e−kx

−kK k log
(
ek+s

)
(k+s)2

2

√
−ab

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

− c1k(−1)
k log

(
ek+s

)
(k+s)2 BesselI

k log
(
ek+s

)
(k+s)2 , 2

√
−ab

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+ (k + s)

√
−ab log2

(
ek+s

)((
ek+s

)x) k+s

log
(
ek+s

)
(k+s)4

K k log
(
ek+s

)
−(k+s)2

(k+s)2

2

√
−ab

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+K k log
(
ek+s

)
(k+s)2 +1

2

√
−ab

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

− c1(−1)
k log

(
ek+s

)
(k+s)2

BesselI

k log
(
ek+s

)
−(k+s)2

(k+s)2 , 2

√
−ab

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+ BesselI

k log
(
ek+s

)
(k+s)2 + 1, 2

√
−ab

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4






2a

K k log
(
ek+s

)
(k+s)2

2

√
−ab

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+ c1(−1)
k log

(
ek+s

)
(k+s)2 BesselI

k log
(
ek+s

)
(k+s)2 , 2

√
−ab

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4




y(x)

→

e−kx


−

(k+s)

√√√√√
−

ab log2
(
ek+s

)((
ek+s

)x) k+s

log
(
ek+s

)
(k+s)4

BesselI

 k log
(
ek+s

)
(k+s)2 −1,2

√√√√√
−

ab
((

ek+s
)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+BesselI

 k log
(
ek+s

)
(k+s)2 +1,2

√√√√√
−

ab
((

ek+s
)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4




BesselI

 k log
(
ek+s

)
(k+s)2 ,2

√√√√√
−

ab
((

ek+s
)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4


− k


2a

y(x)

→

e−kx


−

(k+s)

√√√√√
−

ab log2
(
ek+s

)((
ek+s

)x) k+s

log
(
ek+s

)
(k+s)4

BesselI

 k log
(
ek+s

)
(k+s)2 −1,2

√√√√√
−

ab
((

ek+s
)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+BesselI

 k log
(
ek+s

)
(k+s)2 +1,2

√√√√√
−

ab
((

ek+s
)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4




BesselI

 k log
(
ek+s

)
(k+s)2 ,2

√√√√√
−

ab
((

ek+s
)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4


− k


2a
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3.10 problem 10
3.10.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 521

Internal problem ID [10418]
Internal file name [OUTPUT/9365_Monday_June_06_2022_02_19_01_PM_15885292/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 10.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − b exµy2 = aλ eλx − a2b e(µ+2λ)x

3.10.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= b exµy2 + aλ eλx − a2b e(µ+2λ)x

This is a Riccati ODE. Comparing the ODE to solve

y′ = b exµy2 + aλ eλx − a2b e2λxexµ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = aλ eλx − a2b e(µ+2λ)x, f1(x) = 0 and f2(x) = b exµ. Let

y = −u′

f2u

= −u′

b exµu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = bµ exµ

f1f2 = 0
f 2
2 f0 = b2e2xµ

(
aλ eλx − a2b e(µ+2λ)x)

Substituting the above terms back in equation (2) gives

b exµu′′(x)− bµ exµu′(x) + b2e2xµ
(
aλ eλx − a2b e(µ+2λ)x)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

−e2x(λ+µ)_Y(x) a2b2 + ex(λ+µ)_Y(x) abλ− µ_Y′(x)
+ _Y′′(x)

}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
−e2x(λ+µ)_Y(x) a2b2 + ex(λ+µ)_Y(x) abλ− µ_Y′(x)

+ _Y′′(x)
}
, {_Y(x)}

)
Using the above in (1) gives the solution

y =

−
(

∂
∂x

DESol
({

−e2x(λ+µ)_Y(x) a2b2 + ex(λ+µ)_Y(x) abλ− µ_Y′(x) + _Y′′(x)
}
, {_Y(x)}

))
e−xµ

bDESol ({−e2x(λ+µ)_Y (x) a2b2 + ex(λ+µ)_Y (x) abλ− µ_Y′ (x) + _Y′′ (x)} , {_Y (x)})

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
(

∂
∂x

DESol
({

−e2x(λ+µ)_Y(x) a2b2 + ex(λ+µ)_Y(x) abλ− µ_Y′(x) + _Y′′(x)
}
, {_Y(x)}

))
e−xµ

bDESol ({−e2x(λ+µ)_Y (x) a2b2 + ex(λ+µ)_Y (x) abλ− µ_Y′ (x) + _Y′′ (x)} , {_Y (x)})
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Summary
The solution(s) found are the following

(1)y =

−
(

∂
∂x

DESol
({

−e2x(λ+µ)_Y(x) a2b2 + ex(λ+µ)_Y(x) abλ− µ_Y′(x) + _Y′′(x)
}
, {_Y(x)}

))
e−xµ

bDESol ({−e2x(λ+µ)_Y (x) a2b2 + ex(λ+µ)_Y (x) abλ− µ_Y′ (x) + _Y′′ (x)} , {_Y (x)})
Verification of solutions
y =

−
(

∂
∂x

DESol
({

−e2x(λ+µ)_Y(x) a2b2 + ex(λ+µ)_Y(x) abλ− µ_Y′(x) + _Y′′(x)
}
, {_Y(x)}

))
e−xµ

bDESol ({−e2x(λ+µ)_Y (x) a2b2 + ex(λ+µ)_Y (x) abλ− µ_Y′ (x) + _Y′′ (x)} , {_Y (x)})

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = mu*(diff(y(x), x))-b*exp(x*mu)*a*(-exp(2*lambda*x+mu*x)*a*b+lambda*exp

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(b*exp(x*mu)*y(x)^2+y(x)+x^2*(a*lambda*exp(lambda*x)-a^2*b*exp(2*lambda*x+mu*x)))

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=b*exp(mu*x)*y(x)^2+a*lambda*exp(lambda*x)-a^2*b*exp((mu+2*lambda)*x),y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 8.808 (sec). Leaf size: 844� �
DSolve[y'[x]==b*Exp[\[Mu]*x]*y[x]^2+a*\[Lambda]*Exp[\[Lambda]*x]-a^2*b*Exp[(\[Mu]+2*\[Lambda])*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

eµ(−x)

−2ab log
(
eλ+µ

) ((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
2(λ+ µ)L

µ log
(
eλ+µ

)
(λ+µ)2 +1

−
log
(
eλ+µ

)
2(λ+µ) − 3

2

−2ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2

+ c1
(
log
(
eλ+µ

)
+ λ+ µ

)
HypergeometricU

1
2

(
log
(
eλ+µ

)
λ+µ

+ 3
)
,
2(λ+µ)2+µ log

(
eλ+µ

)
(λ+µ)2 ,−2ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2

− c1(λ+ µ)
(
log
(
eλ+µ

)(
2ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
+ µ

)
+ µ(λ+ µ)

)
HypergeometricU

λ+µ+log
(
eλ+µ

)
2(λ+µ) ,

µ log
(
eλ+µ

)
(λ+µ)2 + 1,−2ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2

− (λ+ µ)
(
log
(
eλ+µ

)(
2ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
+ µ

)
+ µ(λ+ µ)

)
L

µ log
(
eλ+µ

)
(λ+µ)2

−
λ+µ+log

(
eλ+µ

)
2(λ+µ)

−2ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2


2b(λ+ µ)2

L

µ log
(
eλ+µ

)
(λ+µ)2

−
λ+µ+log

(
eλ+µ

)
2(λ+µ)

−2ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2

+ c1HypergeometricU

λ+µ+log
(
eλ+µ

)
2(λ+µ) ,

µ log
(
eλ+µ

)
(λ+µ)2 + 1,−2ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2


y(x) →

−

aeµ(−x) log
(
eλ+µ

) (
log
(
eλ+µ

)
+ λ+ µ

) ((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
HypergeometricU

1
2

(
log
(
eλ+µ

)
λ+µ

+ 3
)
,
2(λ+µ)2+µ log

(
eλ+µ

)
(λ+µ)2 ,−2ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2


(λ+ µ)2HypergeometricU

λ+µ+log
(
eλ+µ

)
2(λ+µ) ,

µ log
(
eλ+µ

)
(λ+µ)2 + 1,−2ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2



−
eµ(−x)

(
log
(
eλ+µ

)(
2ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
+ µ

)
+ µ(λ+ µ)

)
2b(λ+ µ)
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3.11 problem 11
3.11.1 Solving as first order ode lie symmetry calculated ode . . . . . . 526
3.11.2 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 531

Internal problem ID [10419]
Internal file name [OUTPUT/9366_Monday_June_06_2022_02_19_03_PM_98824791/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 11.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati", "first_order_ode_lie_sym-
metry_calculated"

Maple gives the following as the ode type
[[_1st_order , _with_linear_symmetries], _Riccati]

y′ − a eλxy2 − yb = c e−λx

3.11.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = eλxa y2 + by + c e−λx

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 1 to use as anstaz gives

(1E)ξ = xa2 + ya3 + a1

(2E)η = xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, b1, b2, b3}

Substituting equations (1E,2E) and ω into (A) gives

(5E)b2 +
(
eλxa y2 + by + c e−λx

)
(b3 − a2)−

(
eλxa y2 + by + c e−λx

)2
a3

−
(
λ eλxa y2 − cλ e−λx

)
(xa2 + ya3 + a1)−

(
2a eλxy + b

)
(xb2 + yb3 + b1) = 0

Putting the above in normal form gives

−e2λxa2y4a3 − 2 eλxe−λxac y2a3 − 2 eλxab y3a3 − eλxaλx y2a2 − eλxaλ y3a3
− eλxaλ y2a1 − 2 eλxaxyb2 − eλxa y2a2 − eλxa y2b3 − e−2λxc2a3
− 2 e−λxbcya3 + e−λxcλxa2 + e−λxcλya3 − b2y2a3 − 2 eλxayb1
+ e−λxcλa1 − e−λxca2 + e−λxcb3 − bxb2 − bya2 − bb1 + b2 = 0

Setting the numerator to zero gives

(6E)
−e2λxa2y4a3 − 2 eλxe−λxac y2a3 − 2 eλxab y3a3 − eλxaλx y2a2 − eλxaλ y3a3
− eλxaλ y2a1 − 2 eλxaxyb2 − eλxa y2a2 − eλxa y2b3 − e−2λxc2a3
− 2 e−λxbcya3 + e−λxcλxa2 + e−λxcλya3 − b2y2a3 − 2 eλxayb1
+ e−λxcλa1 − e−λxca2 + e−λxcb3 − bxb2 − bya2 − bb1 + b2 = 0

Simplifying the above gives

(6E)
−e2λxa2y4a3 − 2ac y2a3 − 2 eλxab y3a3 − eλxaλx y2a2 − eλxaλ y3a3
− eλxaλ y2a1 − 2 eλxaxyb2 − eλxa y2a2 − eλxa y2b3 − e−2λxc2a3
− 2 e−λxbcya3 + e−λxcλxa2 + e−λxcλya3 − b2y2a3 − 2 eλxayb1
+ e−λxcλa1 − e−λxca2 + e−λxcb3 − bxb2 − bya2 − bb1 + b2 = 0

Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y, eλx, e−2λx, e−λx, e2λx}

The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2, eλx = v3, e−2λx = v4, e−λx = v5, e2λx = v6}
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The above PDE (6E) now becomes

(7E)−v6a
2v42a3 − 2v3abv32a3 − v3aλv1v

2
2a2 − v3aλv

3
2a3 − v3aλv

2
2a1 − 2acv22a3

−v3av
2
2a2−2v3av1v2b2−v3av

2
2b3−b2v22a3−2v5bcv2a3+v5cλv1a2+v5cλv2a3

− 2v3av2b1 − v4c
2a3 + v5cλa1 − bv2a2 − bv1b2 − v5ca2 + v5cb3 − bb1 + b2 = 0

Collecting the above on the terms vi introduced, and these are

{v1, v2, v3, v4, v5, v6}

Equation (7E) now becomes

(8E)
−v3aλv1v

2
2a2 − 2v3av1v2b2 + v5cλv1a2 − bv1b2 − v6a

2v42a3
+ (−2a3ab− λa3a) v32v3 + (−aλa1 − a2a− b3a) v22v3
+
(
−2a3ac− a3b

2) v22 − 2v3av2b1 + (−2a3bc+ λa3c) v2v5
− bv2a2 − v4c

2a3 + (cλa1 − ca2 + cb3) v5 − bb1 + b2 = 0

Setting each coefficients in (8E) to zero gives the following equations to solve

cλa2 = 0
−2ab1 = 0
−2ab2 = 0
−bb2 = 0
−c2a3 = 0
−a2b = 0
−a3a

2 = 0
−λa2a = 0

−bb1 + b2 = 0
−2a3ac− a3b

2 = 0
−2a3ab− λa3a = 0
−2a3bc+ λa3c = 0

−aλa1 − a2a− b3a = 0
cλa1 − ca2 + cb3 = 0
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Solving the above equations for the unknowns gives

a1 = a1

a2 = 0
a3 = 0
b1 = 0
b2 = 0
b3 = −λa1

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = 1
η = −λy

Shifting is now applied to make ξ = 0 in order to simplify the rest of the computation

η = η − ω(x, y) ξ
= −λy −

(
eλxa y2 + by + c e−λx

)
(1)

= −eλxa y2 − by − λy − c e−λx

ξ = 0

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x

S is found from

S =
∫ 1

η
dy

=
∫ 1

−eλxa y2 − by − λy − c e−λx
dy

529



Which results in

S = −
2 eλx arctan

(
2 e2λxay+b eλx+λ eλx√

−e2λxb2−2 e2λxbλ−e2λxλ2+4c e2λxa

)
√
−e2λxb2 − 2 e2λxbλ− e2λxλ2 + 4c e2λxa

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)

Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = eλxa y2 + by + c e−λx

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = − eλxλy
e2λxa y2 + y (b+ λ) eλx + c

Sy = − eλx
e2λxa y2 + y (b+ λ) eλx + c

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= −1 (2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= −1

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) = −R + c1 (4)
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To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

−
2 arctan

(
2a eλxy+b+λ√
4ca−b2−2bλ−λ2

)
√
4ca− b2 − 2bλ− λ2

= c1 − x

Which simplifies to

−
2 arctan

(
2a eλxy+b+λ√
4ca−b2−2bλ−λ2

)
√
4ca− b2 − 2bλ− λ2

= c1 − x

Which gives

y = −

(
tan

(
c1
√
4ca−b2−2bλ−λ2

2 − x
√
4ca−b2−2bλ−λ2

2

)√
4ca− b2 − 2bλ− λ2 + b+ λ

)
e−λx

2a

Summary
The solution(s) found are the following

y = −

(
tan

(
c1
√
4ca−b2−2bλ−λ2

2 − x
√
4ca−b2−2bλ−λ2

2

)√
4ca− b2 − 2bλ− λ2 + b+ λ

)
e−λx

2a
(1)

Verification of solutions

y = −

(
tan

(
c1
√
4ca−b2−2bλ−λ2

2 − x
√
4ca−b2−2bλ−λ2

2

)√
4ca− b2 − 2bλ− λ2 + b+ λ

)
e−λx

2a

Verified OK.

3.11.2 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= eλxa y2 + by + c e−λx

This is a Riccati ODE. Comparing the ODE to solve

y′ = eλxa y2 + by + c e−λx

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = c e−λx, f1(x) = b and f2(x) = eλxa. Let

y = −u′

f2u

= −u′

eλxau (1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = aλ eλx

f1f2 = a eλxb
f 2
2 f0 = e2λxa2c e−λx

Substituting the above terms back in equation (2) gives

eλxau′′(x)−
(
aλ eλx + a eλxb

)
u′(x) + e2λxa2c e−λxu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1e
(
b+λ+

√
−4ca+b2+2bλ+λ2

)
x

2 + c2e
(
b+λ−

√
−4ca+b2+2bλ+λ2

)
x

2

The above shows that

u′(x) =
c2
(
b+ λ−

√
−4ca+ b2 + 2bλ+ λ2

)
e
(
b+λ−

√
−4ca+b2+2bλ+λ2

)
x

2

2

+
c1e

(
b+λ+

√
−4ca+b2+2bλ+λ2

)
x

2
(
b+ λ+

√
−4ca+ b2 + 2bλ+ λ2

)
2

Using the above in (1) gives the solution

y =

−

 c2
(
b+λ−

√
−4ca+b2+2bλ+λ2

)
e

(
b+λ−

√
−4ca+b2+2bλ+λ2

)
x

2

2 +
c1e

(
b+λ+

√
−4ca+b2+2bλ+λ2

)
x

2
(
b+λ+

√
−4ca+b2+2bλ+λ2

)
2

 e−λx

a

(
c1e

(
b+λ+

√
−4ca+b2+2bλ+λ2

)
x

2 + c2e
(
b+λ−

√
−4ca+b2+2bλ+λ2

)
x

2

)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−

((
b+ λ−

√
−4ca+ b2 + 2bλ+ λ2

)
e
(
b+λ−

√
−4ca+b2+2bλ+λ2

)
x

2 + c3e
(
b+λ+

√
−4ca+b2+2bλ+λ2

)
x

2
(
b+ λ+

√
−4ca+ b2 + 2bλ+ λ2

))
e−λx

2a
(
c3e

(
b+λ+

√
−4ca+b2+2bλ+λ2

)
x

2 + e
(
b+λ−

√
−4ca+b2+2bλ+λ2

)
x

2

)

Summary
The solution(s) found are the following

(1)y =

−

((
b+ λ−

√
−4ca+ b2 + 2bλ+ λ2

)
e
(
b+λ−

√
−4ca+b2+2bλ+λ2

)
x

2 + c3e
(
b+λ+

√
−4ca+b2+2bλ+λ2

)
x

2
(
b+ λ+

√
−4ca+ b2 + 2bλ+ λ2

))
e−λx

2a
(
c3e

(
b+λ+

√
−4ca+b2+2bλ+λ2

)
x

2 + e
(
b+λ−

√
−4ca+b2+2bλ+λ2

)
x

2

)
Verification of solutions
y =

−

((
b+ λ−

√
−4ca+ b2 + 2bλ+ λ2

)
e
(
b+λ−

√
−4ca+b2+2bλ+λ2

)
x

2 + c3e
(
b+λ+

√
−4ca+b2+2bλ+λ2

)
x

2
(
b+ λ+

√
−4ca+ b2 + 2bλ+ λ2

))
e−λx

2a
(
c3e

(
b+λ+

√
−4ca+b2+2bλ+λ2

)
x

2 + e
(
b+λ−

√
−4ca+b2+2bλ+λ2

)
x

2

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 96� �
dsolve(diff(y(x),x)=a*exp(lambda*x)*y(x)^2+b*y(x)+c*exp(-lambda*x),y(x), singsol=all)� �
y(x) =

−

(
−
√

(b+ λ)2 (4ac− b2 − 2λb− λ2) tan
(

((b+λ)x+c1)
√

(b+λ)2(4ac−b2−2λb−λ2)
2(b+λ)2

)
+ (b+ λ)2

)
e−xλ

2a (b+ λ)

3 Solution by Mathematica
Time used: 0.927 (sec). Leaf size: 188� �
DSolve[y'[x]==a*Exp[\[Lambda]*x]*y[x]^2+b*y[x]+c*Exp[-\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
eλ(−x)

(
−
√
−4ac+ b2 + 2bλ+ λ2 + 2

1√
−4ac+b2+2bλ+λ2

+c1ex
√

−4ac+b2+2bλ+λ2
− b− λ

)
2a

y(x) →

−
eλ(−x)(b(√−4ac+ b2 + 2bλ+ λ2 + 2λ

)
+ λ
(√

−4ac+ b2 + 2bλ+ λ2 + λ
)
− 4ac+ b2

)
2a

√
−4ac+ b2 + 2bλ+ λ2

534



3.12 problem 12
3.12.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 535

Internal problem ID [10420]
Internal file name [OUTPUT/9367_Monday_June_06_2022_02_19_04_PM_92605250/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 12.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a exµy2 − λy = −a b2e(µ+2λ)x

3.12.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a exµy2 + λy − a b2e(µ+2λ)x

This is a Riccati ODE. Comparing the ODE to solve

y′ = a exµy2 + λy − a b2e2λxexµ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a b2e(µ+2λ)x, f1(x) = λ and f2(x) = a exµ. Let

y = −u′

f2u

= −u′

a exµu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = aµ exµ

f1f2 = λa exµ

f 2
2 f0 = −a3e2xµb2e(µ+2λ)x

Substituting the above terms back in equation (2) gives

a exµu′′(x)− (aµ exµ + λa exµ)u′(x)− a3e2xµb2e(µ+2λ)xu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 sin
(
ab
√
−e2λxe2xµ
λ+ µ

)
+ c2 cos

(
ab
√
−e2λxe2xµ
λ+ µ

)

The above shows that

u′(x) =
ab e2x(λ+µ)

(
−c1 cos

(
ab
√

−e2λxe2xµ
λ+µ

)
+ c2 sin

(
ab
√

−e2λxe2xµ
λ+µ

))
√
−e2λxe2xµ

Using the above in (1) gives the solution

y = −
b e2x(λ+µ)

(
−c1 cos

(
ab
√

−e2λxe2xµ
λ+µ

)
+ c2 sin

(
ab
√

−e2λxe2xµ
λ+µ

))
e−xµ

√
−e2λxe2xµ

(
c1 sin

(
ab
√

−e2λxe2xµ
λ+µ

)
+ c2 cos

(
ab
√

−e2λxe2xµ
λ+µ

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
b e(µ+2λ)x

(
c3 cos

(
ab
√

−e2λxe2xµ
λ+µ

)
− sin

(
ab
√

−e2λxe2xµ
λ+µ

))
√
−e2λxe2xµ

(
c3 sin

(
ab
√

−e2λxe2xµ
λ+µ

)
+ cos

(
ab
√

−e2λxe2xµ
λ+µ

))
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Summary
The solution(s) found are the following

(1)y =
b e(µ+2λ)x

(
c3 cos

(
ab
√

−e2λxe2xµ
λ+µ

)
− sin

(
ab
√

−e2λxe2xµ
λ+µ

))
√
−e2λxe2xµ

(
c3 sin

(
ab
√

−e2λxe2xµ
λ+µ

)
+ cos

(
ab
√

−e2λxe2xµ
λ+µ

))
Verification of solutions

y =
b e(µ+2λ)x

(
c3 cos

(
ab
√

−e2λxe2xµ
λ+µ

)
− sin

(
ab
√

−e2λxe2xµ
λ+µ

))
√
−e2λxe2xµ

(
c3 sin

(
ab
√

−e2λxe2xµ
λ+µ

)
+ cos

(
ab
√

−e2λxe2xµ
λ+µ

))
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (lambda+mu)*(diff(y(x), x))+a^2*exp(x*mu)*b^2*exp(2*lambda*x+mu*x)*y(x

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 79� �
dsolve(diff(y(x),x)=a*exp(mu*x)*y(x)^2+lambda*y(x)-a*b^2*exp((mu+2*lambda)*x),y(x), singsol=all)� �

y(x) = −
b
(
c1 sinh

(
ab ex(λ+µ)

λ+µ

)
+ cosh

(
ab ex(λ+µ)

λ+µ

))
exλ

c1 cosh
(

ab ex(λ+µ)

λ+µ

)
+ sinh

(
ab ex(λ+µ)

λ+µ

)
3 Solution by Mathematica
Time used: 2.706 (sec). Leaf size: 286� �
DSolve[y'[x]==a*Exp[\[Mu]*x]*y[x]^2+\[Lambda]*y[x]-a*b^2*Exp[(\[Mu]+2*\[Lambda])*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
tan

ab2ex(2λ+µ)
√

− e−2xλ
b2

λ+µ
−c1


√

− e−2xλ
b2

if condition
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3.13 problem 13
3.13.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 539

Internal problem ID [10421]
Internal file name [OUTPUT/9368_Monday_June_06_2022_02_19_05_PM_49258887/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 13.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − eλxy2 − a exµy = aλ e(µ−λ)x

3.13.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= eλxy2 + a exµy + aλ e(µ−λ)x

This is a Riccati ODE. Comparing the ODE to solve

y′ = eλxy2 + a exµy + aλ e−λxexµ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = aλ e(µ−λ)x, f1(x) = a exµ and f2(x) = eλx. Let

y = −u′

f2u

= −u′

eλxu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = λ eλx

f1f2 = a exµeλx

f 2
2 f0 = e2λxaλ e(µ−λ)x

Substituting the above terms back in equation (2) gives

eλxu′′(x)−
(
a exµeλx + λ eλx

)
u′(x) + e2λxaλ e(µ−λ)xu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1eλx + c2 hypergeom
([

−λ

µ

]
,

[
µ− λ

µ

]
,
a exµ
µ

)

The above shows that

u′(x) = −

(
c2 hypergeom

([
µ−λ
µ

]
,
[
−λ+2µ

µ

]
, a e

xµ

µ

)
a exµ − eλxc1(µ− λ)

)
λ

µ− λ

Using the above in (1) gives the solution

y =

(
c2 hypergeom

([
µ−λ
µ

]
,
[
−λ+2µ

µ

]
, a e

xµ

µ

)
a exµ − eλxc1(µ− λ)

)
λ e−λx

(µ− λ)
(
c1eλx + c2 hypergeom

([
−λ

µ

]
,
[
µ−λ
µ

]
, a e

xµ

µ

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

(
hypergeom

([
µ−λ
µ

]
,
[
−λ+2µ

µ

]
, a e

xµ

µ

)
a e(µ−λ)x − c3(µ− λ)

)
λ

(µ− λ)
(
c3eλx + hypergeom

([
−λ

µ

]
,
[
µ−λ
µ

]
, a e

xµ

µ

))
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Summary
The solution(s) found are the following

(1)y =

(
hypergeom

([
µ−λ
µ

]
,
[
−λ+2µ

µ

]
, a e

xµ

µ

)
a e(µ−λ)x − c3(µ− λ)

)
λ

(µ− λ)
(
c3eλx + hypergeom

([
−λ

µ

]
,
[
µ−λ
µ

]
, a e

xµ

µ

))
Verification of solutions

y =

(
hypergeom

([
µ−λ
µ

]
,
[
−λ+2µ

µ

]
, a e

xµ

µ

)
a e(µ−λ)x − c3(µ− λ)

)
λ

(µ− λ)
(
c3eλx + hypergeom

([
−λ

µ

]
,
[
µ−λ
µ

]
, a e

xµ

µ

))
Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a*exp(x*mu)+lambda)*(diff(y(x), x))-exp(lambda*x)*a*lambda*exp(-lambd

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Kummer successful

<- special function solution successful
Solution using Kummer functions still has integrals. Trying a hypergeometric solution.
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE
-> Trying to convert hypergeometric functions to elementary form...
<- elementary form could result into a too large expression - returning special function form of solution, free of un

<- Kovacics algorithm successful
Change of variables used:

[x = ln(t)/mu]
Linear ODE actually solved:

a*lambda*u(t)+(-a*mu*t-lambda*mu+mu^2)*diff(u(t),t)+mu^2*t*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 97� �
dsolve(diff(y(x),x)=exp(lambda*x)*y(x)^2+a*exp(mu*x)*y(x)+a*lambda*exp((mu-lambda)*x),y(x), singsol=all)� �

y(x) =
λ
(
ac1e(µ−λ)x hypergeom

([
µ−λ
µ

]
,
[
−λ+2µ

µ

]
, a e

xµ

µ

)
+ λ− µ

)
(µ− λ)

(
c1 hypergeom

([
−λ

µ

]
,
[
µ−λ
µ

]
, a e

xµ

µ

)
+ exλ

)
3 Solution by Mathematica
Time used: 4.392 (sec). Leaf size: 148� �
DSolve[y'[x]==Exp[\[Lambda]*x]*y[x]^2+a*Exp[\[Mu]*x]*y[x]+a*\[Lambda]*Exp[(\[Mu]-\[Lambda])*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
eλ(−x)

(
−λ
(
−aeµx

µ

)λ/µ
Γ
(
−λ

µ
,−aexµ

µ

)
+ µe

aeµx

µ + c1λ(eµx)λ/µ
)

−
(
−aeµx

µ

)λ/µ
Γ
(
−λ

µ
,−aexµ

µ

)
+ c1 (eµx)λ/µ

y(x) → λ
(
−eλ(−x))
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3.14 problem 14
3.14.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 544

Internal problem ID [10422]
Internal file name [OUTPUT/9369_Monday_June_06_2022_02_19_06_PM_308271/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 14.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + eλxy2λ− a exµy = −a e(µ−λ)x

3.14.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −λ eλxy2 + a exµy − a e(µ−λ)x

This is a Riccati ODE. Comparing the ODE to solve

y′ = −λ eλxy2 + a exµy − a e−λxexµ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a e(µ−λ)x, f1(x) = a exµ and f2(x) = −λ eλx. Let

y = −u′

f2u

= −u′

−λ eλxu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −eλxλ2

f1f2 = −a exµλ eλx

f 2
2 f0 = −λ2e2λxa e(µ−λ)x

Substituting the above terms back in equation (2) gives

−λ eλxu′′(x)−
(
−a exµλ eλx − eλxλ2)u′(x)− λ2e2λxa e(µ−λ)xu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1eλx + c2 hypergeom
([

−λ

µ

]
,

[
µ− λ

µ

]
,
a exµ
µ

)

The above shows that

u′(x) = −

(
c2 hypergeom

([
µ−λ
µ

]
,
[
−λ+2µ

µ

]
, a e

xµ

µ

)
a exµ − eλxc1(µ− λ)

)
λ

µ− λ

Using the above in (1) gives the solution

y = −

(
c2 hypergeom

([
µ−λ
µ

]
,
[
−λ+2µ

µ

]
, a e

xµ

µ

)
a exµ − eλxc1(µ− λ)

)
e−λx

(µ− λ)
(
c1eλx + c2 hypergeom

([
−λ

µ

]
,
[
µ−λ
µ

]
, a e

xµ

µ

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
− hypergeom

([
µ−λ
µ

]
,
[
−λ+2µ

µ

]
, a e

xµ

µ

)
a e(µ−λ)x + c3(µ− λ)

(µ− λ)
(
c3eλx + hypergeom

([
−λ

µ

]
,
[
µ−λ
µ

]
, a e

xµ

µ

))
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Summary
The solution(s) found are the following

(1)y =
− hypergeom

([
µ−λ
µ

]
,
[
−λ+2µ

µ

]
, a e

xµ

µ

)
a e(µ−λ)x + c3(µ− λ)

(µ− λ)
(
c3eλx + hypergeom

([
−λ

µ

]
,
[
µ−λ
µ

]
, a e

xµ

µ

))
Verification of solutions

y =
− hypergeom

([
µ−λ
µ

]
,
[
−λ+2µ

µ

]
, a e

xµ

µ

)
a e(µ−λ)x + c3(µ− λ)

(µ− λ)
(
c3eλx + hypergeom

([
−λ

µ

]
,
[
µ−λ
µ

]
, a e

xµ

µ

))
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 96� �
dsolve(diff(y(x),x)=-lambda*exp(lambda*x)*y(x)^2+a*exp(mu*x)*y(x)-a*exp((mu-lambda)*x),y(x), singsol=all)� �

y(x) =
ac1e(µ−λ)x hypergeom

([
µ−λ
µ

]
,
[
−λ+2µ

µ

]
, a e

xµ

µ

)
+ λ− µ

(λ− µ)
(
c1 hypergeom

([
−λ

µ

]
,
[
µ−λ
µ

]
, a e

xµ

µ

)
+ exλ

)
3 Solution by Mathematica
Time used: 4.358 (sec). Leaf size: 147� �
DSolve[y'[x]==-\[Lambda]*Exp[\[Lambda]*x]*y[x]^2+a*Exp[\[Mu]*x]*y[x]-a*Exp[(\[Mu]-\[Lambda])*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
eλ(−x)

(
−λ
(
−aeµx

µ

)λ/µ
Γ
(
−λ

µ
,−aexµ

µ

)
+ µe

aeµx

µ + c1λ(eµx)λ/µ
)

λ

(
−
(
−aeµx

µ

)λ/µ
Γ
(
−λ

µ
,−aexµ

µ

)
+ c1 (eµx)λ/µ

)
y(x) → eλ(−x)
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3.15 problem 15
3.15.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 548

Internal problem ID [10423]
Internal file name [OUTPUT/9370_Monday_June_06_2022_02_19_07_PM_49470304/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 15.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a exµy2 − ab ex(λ+µ)y = −bλ eλx

3.15.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a exµy2 + ab ex(λ+µ)y − bλ eλx

This is a Riccati ODE. Comparing the ODE to solve

y′ = a exµy2 + ab eλxexµy − bλ eλx

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −bλ eλx, f1(x) = ex(λ+µ)ab and f2(x) = a exµ. Let

y = −u′

f2u

= −u′

a exµu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = aµ exµ

f1f2 = ex(λ+µ)a2b exµ

f 2
2 f0 = −e2xµeλxa2bλ

Substituting the above terms back in equation (2) gives

a exµu′′(x)−
(
aµ exµ + ex(λ+µ)a2b exµ

)
u′(x)− e2xµeλxa2bλu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = 4
(
µ+ λ

2

)2

e
ex(λ+µ)ab−2(λ+µ)

(
3λ
2 +µ

)
x

2λ+2µ c2WhittakerM
(

λ+ 2µ
2λ+ 2µ,

2λ+ 3µ
2λ+ 2µ,

ab ex(λ+µ)

λ+ µ

)
+ (λ+ µ)

(
(λ+ 2µ) e

ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ

+ ba e
ex(λ+µ)ab−xλ(λ+µ)

2λ+2µ

)
c2WhittakerM

(
− λ

2λ+ 2µ,
2λ+ 3µ
2λ+ 2µ,

ab ex(λ+µ)

λ+ µ

)
+ c1e

ab ex(λ+µ)
λ+µ
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The above shows that

u′(x) = 6

−
2
(
µ+ λ

2

)
(λ+ µ) e

ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ

3

+ a e
ex(λ+µ)ab−xλ(λ+µ)

2λ+2µ b

(
2λ
3 + µ

)(µ
+ λ

2

)
c2WhittakerM

(
λ+ 2µ
2λ+ 2µ,

2λ+ 3µ
2λ+ 2µ,

ab ex(λ+µ)

λ+ µ

)
+
((

−λ2 − 3λµ− 2µ2) e ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ

+
(
a e

ex(λ+µ)ab+2(λ+µ)x
(
µ+λ

2
)

2λ+2µ b+ 2
(
µ+ λ

2

)
e

ex(λ+µ)ab−xλ(λ+µ)
2λ+2µ

)
ab

)
(λ

+ µ) c2WhittakerM
(
− λ

2λ+ 2µ,
2λ+ 3µ
2λ+ 2µ,

ab ex(λ+µ)

λ+ µ

)
+ 12 e−

x(3λ+2µ)
2

(
µ+ λ

2

)2(2λ
3 + µ

)
c2

(
ab ex(λ+µ)

λ+ µ

) 3λ+4µ
2λ+2µ

+ abc1e
ex(λ+µ)ab+x(λ+µ)2

λ+µ

Using the above in (1) gives the solution

y =

−

6

−
2
(
µ+λ

2

)
(λ+µ)e

ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ

3 + a e
ex(λ+µ)ab−xλ(λ+µ)

2λ+2µ b
(2λ

3 + µ
)(µ+ λ

2

)
c2WhittakerM

(
λ+2µ
2λ+2µ ,

2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+
(
(−λ2 − 3λµ− 2µ2) e

ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ +
(
a e

ex(λ+µ)ab+2(λ+µ)x
(
µ+λ

2
)

2λ+2µ b+ 2
(
µ+ λ

2

)
e

ex(λ+µ)ab−xλ(λ+µ)
2λ+2µ

)
ab

)
(λ+ µ) c2WhittakerM

(
− λ

2λ+2µ ,
2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+ 12 e−

x(3λ+2µ)
2

(
µ+ λ

2

)2 (2λ
3 + µ

)
c2
(

ab ex(λ+µ)

λ+µ

) 3λ+4µ
2λ+2µ + abc1e

ex(λ+µ)ab+x(λ+µ)2
λ+µ

 e−xµ

a

(
4
(
µ+ λ

2

)2 e ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ c2WhittakerM
(

λ+2µ
2λ+2µ ,

2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+ (λ+ µ)

(
(λ+ 2µ) e

ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ + ba e
ex(λ+µ)ab−xλ(λ+µ)

2λ+2µ

)
c2WhittakerM

(
− λ

2λ+2µ ,
2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+ c1e

ab ex(λ+µ)
λ+µ

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−

e−xµ

6

−
2
(
µ+λ

2

)
(λ+µ)e

ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ

3 + a e
ex(λ+µ)ab−xλ(λ+µ)

2λ+2µ b
(2λ

3 + µ
)(µ+ λ

2

)
WhittakerM

(
λ+2µ
2λ+2µ ,

2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+
(
(−λ2 − 3λµ− 2µ2) e

ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ +
(
a e

ex(λ+µ)ab+2(λ+µ)x
(
µ+λ

2
)

2λ+2µ b+ 2
(
µ+ λ

2

)
e

ex(λ+µ)ab−xλ(λ+µ)
2λ+2µ

)
ab

)
(λ+ µ)WhittakerM

(
− λ

2λ+2µ ,
2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+ 12 e−

x(3λ+2µ)
2

(
µ+ λ

2

)2 (2λ
3 + µ

) (
ab ex(λ+µ)

λ+µ

) 3λ+4µ
2λ+2µ + abc3e

ex(λ+µ)ab+x(λ+µ)2
λ+µ


(
4
(
µ+ λ

2

)2 e ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ WhittakerM
(

λ+2µ
2λ+2µ ,

2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+
(
(λ+ 2µ) e

ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ + ba e
ex(λ+µ)ab−xλ(λ+µ)

2λ+2µ

)
(λ+ µ)WhittakerM

(
− λ

2λ+2µ ,
2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+ c3e

ab ex(λ+µ)
λ+µ

)
a
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Summary
The solution(s) found are the following

(1)y =

−

e−xµ

6

−
2
(
µ+λ

2

)
(λ+µ)e

ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ

3 + a e
ex(λ+µ)ab−xλ(λ+µ)

2λ+2µ b
(2λ

3 + µ
)(µ+ λ

2

)
WhittakerM

(
λ+2µ
2λ+2µ ,

2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+
(
(−λ2 − 3λµ− 2µ2) e

ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ +
(
a e

ex(λ+µ)ab+2(λ+µ)x
(
µ+λ

2
)

2λ+2µ b+ 2
(
µ+ λ

2

)
e

ex(λ+µ)ab−xλ(λ+µ)
2λ+2µ

)
ab

)
(λ+ µ)WhittakerM

(
− λ

2λ+2µ ,
2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+ 12 e−

x(3λ+2µ)
2

(
µ+ λ

2

)2 (2λ
3 + µ

) (
ab ex(λ+µ)

λ+µ

) 3λ+4µ
2λ+2µ + abc3e

ex(λ+µ)ab+x(λ+µ)2
λ+µ


(
4
(
µ+ λ

2

)2 e ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ WhittakerM
(

λ+2µ
2λ+2µ ,

2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+
(
(λ+ 2µ) e

ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ + ba e
ex(λ+µ)ab−xλ(λ+µ)

2λ+2µ

)
(λ+ µ)WhittakerM

(
− λ

2λ+2µ ,
2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+ c3e

ab ex(λ+µ)
λ+µ

)
a

Verification of solutions
y =

−

e−xµ

6

−
2
(
µ+λ

2

)
(λ+µ)e

ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ

3 + a e
ex(λ+µ)ab−xλ(λ+µ)

2λ+2µ b
(2λ

3 + µ
)(µ+ λ

2

)
WhittakerM

(
λ+2µ
2λ+2µ ,

2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+
(
(−λ2 − 3λµ− 2µ2) e

ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ +
(
a e

ex(λ+µ)ab+2(λ+µ)x
(
µ+λ

2
)

2λ+2µ b+ 2
(
µ+ λ

2

)
e

ex(λ+µ)ab−xλ(λ+µ)
2λ+2µ

)
ab

)
(λ+ µ)WhittakerM

(
− λ

2λ+2µ ,
2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+ 12 e−

x(3λ+2µ)
2

(
µ+ λ

2

)2 (2λ
3 + µ

) (
ab ex(λ+µ)

λ+µ

) 3λ+4µ
2λ+2µ + abc3e

ex(λ+µ)ab+x(λ+µ)2
λ+µ


(
4
(
µ+ λ

2

)2 e ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ WhittakerM
(

λ+2µ
2λ+2µ ,

2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+
(
(λ+ 2µ) e

ex(λ+µ)ab−2(λ+µ)
(
3λ
2 +µ

)
x

2λ+2µ + ba e
ex(λ+µ)ab−xλ(λ+µ)

2λ+2µ

)
(λ+ µ)WhittakerM

(
− λ

2λ+2µ ,
2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+ c3e

ab ex(λ+µ)
λ+µ

)
a

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (b*a*exp(lambda*x+mu*x)+mu)*(diff(y(x), x))+b*exp(x*mu)*exp(lambda*x)*

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
Change of variables used:

[x = ln(t)/(lambda+mu)]
Linear ODE actually solved:

-a*b*lambda*u(t)+(-a*b*lambda*t-a*b*mu*t+lambda^2+lambda*mu)*diff(u(t),t)+(lambda^2*t+2*lambda*mu*t+mu^2*t)*diff(diff(u(
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 629� �
dsolve(diff(y(x),x)=a*exp(mu*x)*y(x)^2+a*b*exp((lambda+mu)*x)*y(x)-b*lambda*exp(lambda*x),y(x), singsol=all)� �
y(x)

=

−6

−
2(λ+µ)

(
µ+λ

2

)
e
ab ex(λ+µ)−4(λ+µ)x

(
µ+3λ

4
)

2λ+2µ

3 + a e
ab ex(λ+µ)−2(λ+µ)x

(
µ+λ

2
)

2λ+2µ b
(2λ

3 + µ
) c1

(
µ+ λ

2

)
WhittakerM

(
λ+2µ
2λ+2µ ,

2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
−

(
(−λ2 − 3µλ− 2µ2) e

ab ex(λ+µ)−4(λ+µ)x
(
µ+3λ

4
)

2λ+2µ +
(
(λ+ 2µ) e

ab ex(λ+µ)−2(λ+µ)x
(
µ+λ

2
)

2λ+2µ + a e
ab ex(λ+µ)+xλ(λ+µ)

2λ+2µ b

)
ba

)
(λ+ µ) c1WhittakerM

(
− λ

2λ+2µ ,
2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
− 12 e−

(3λ+4µ)x
2

(2λ
3 + µ

)
c1
(
µ+ λ

2

)2 (ab ex(λ+µ)

λ+µ

) 3λ+4µ
2λ+2µ − b e

ab ex(λ+µ)+xλ(λ+µ)
λ+µ a

(
4 e

ab ex(λ+µ)−2(λ+µ)x
(
3λ
2 +µ

)
2λ+2µ c1

(
µ+ λ

2

)2WhittakerM
(

λ+2µ
2λ+2µ ,

2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+ (λ+ µ) c1

(
(λ+ 2µ) e

ab ex(λ+µ)−2(λ+µ)x
(
3λ
2 +µ

)
2λ+2µ + ba e

ab ex(λ+µ)−xλ(λ+µ)
2λ+2µ

)
WhittakerM

(
− λ

2λ+2µ ,
2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+ e

ab ex(λ+µ)
λ+µ

)
a

3 Solution by Mathematica
Time used: 12.587 (sec). Leaf size: 902� �
DSolve[y'[x]==a*Exp[\[Mu]*x]*y[x]^2+a*b*Exp[(\[Lambda]+\[Mu])*x]*y[x]-b*\[Lambda]*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

eµ(−x)

ab log
(
eλ+µ

) ((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
2(λ+ µ)L

µ log
(
eλ+µ

)
(λ+µ)2 +1

−
log
(
eλ+µ

)
2(λ+µ) − 3

2

ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2

+ c1
(
log
(
eλ+µ

)
+ λ+ µ

)
HypergeometricU

1
2

(
log
(
eλ+µ

)
λ+µ

+ 3
)
,
2(λ+µ)2+µ log

(
eλ+µ

)
(λ+µ)2 ,

ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2

− c1(λ+ µ)
(
(λ+ µ)

(
ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
+ µ

)
+ log

(
eλ+µ

)(
µ− ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)))
HypergeometricU

λ+µ+log
(
eλ+µ

)
2(λ+µ) ,

µ log
(
eλ+µ

)
(λ+µ)2 + 1, ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2

− (λ+ µ)
(
(λ+ µ)

(
ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
+ µ

)
+ log

(
eλ+µ

)(
µ− ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)))
L

µ log
(
eλ+µ

)
(λ+µ)2

−
λ+µ+log

(
eλ+µ

)
2(λ+µ)

ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2


2a(λ+ µ)2

L

µ log
(
eλ+µ

)
(λ+µ)2

−
λ+µ+log

(
eλ+µ

)
2(λ+µ)

ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2

+ c1HypergeometricU

λ+µ+log
(
eλ+µ

)
2(λ+µ) ,

µ log
(
eλ+µ

)
(λ+µ)2 + 1, ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2


y(x)

→

beµ(−x) log
(
eλ+µ

) (
log
(
eλ+µ

)
+ λ+ µ

) ((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
HypergeometricU

1
2

(
log
(
eλ+µ

)
λ+µ

+ 3
)
,
µ log

(
eλ+µ

)
(λ+µ)2 + 2, ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2


2(λ+ µ)2HypergeometricU

λ+µ+log
(
eλ+µ

)
2(λ+µ) ,

µ log
(
eλ+µ

)
(λ+µ)2 + 1, ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2



−
eµ(−x)

(
(λ+ µ)

(
ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
+ µ

)
+ log

(
eλ+µ

)(
µ− ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)))
2a(λ+ µ)
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3.16 problem 16
3.16.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 554

Internal problem ID [10424]
Internal file name [OUTPUT/9371_Monday_June_06_2022_02_19_38_PM_36966880/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 16.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a ekxy2 − yb = c esx + d e−kx

3.16.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a ekxy2 + by + c esx + d e−kx

This is a Riccati ODE. Comparing the ODE to solve

y′ = a ekxy2 + by + c esx + d e−kx

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c esx + d e−kx, f1(x) = b and f2(x) = a ekx. Let

y = −u′

f2u

= −u′

a ekxu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = ak ekx

f1f2 = ba ekx

f 2
2 f0 = a2e2kx

(
c esx + d e−kx

)
Substituting the above terms back in equation (2) gives

a ekxu′′(x)−
(
ba ekx + ak ekx

)
u′(x) + a2e2kx

(
c esx + d e−kx

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e
(b+k)x

2

(
BesselJ

(√
−4ad+ b2 + 2bk + k2

k + s
,
2
√
c
√
a e

x(k+s)
2

k + s

)
c1

+ BesselY
(√

−4ad+ b2 + 2bk + k2

k + s
,
2
√
c
√
a e

x(k+s)
2

k + s

)
c2

)

The above shows that

u′(x) = −

(
BesselJ

(√
−4ad+ b2 + 2bk + k2 + k + s

k + s
,
2
√
c
√
a e

x(k+s)
2

k + s

)
c1

+ BesselY
(√

−4ad+ b2 + 2bk + k2 + k + s

k + s
,
2
√
c
√
a e

x(k+s)
2

k + s

)
c2

)
√
a
√
c e

x(b+s+2k)
2

+
e

(b+k)x
2

(
BesselJ

(
√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

)
c1 + BesselY

(
√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

)
c2

)(√
−4ad+ b2 + 2bk + k2 + b+ k

)
2

Using the above in (1) gives the solution

y =

−

−
(
BesselJ

(
√
−4ad+b2+2bk+k2+k+s

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

)
c1 + BesselY

(
√
−4ad+b2+2bk+k2+k+s

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

)
c2

)
√
a
√
c e

x(b+s+2k)
2 +

e
(b+k)x

2

(
BesselJ

(√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√

a e
x(k+s)

2
k+s

)
c1+BesselY

(√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

)
c2

)(√
−4ad+b2+2bk+k2+b+k

)
2

 e−kxe−
(b+k)x

2

a

(
BesselJ

(
√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

)
c1 + BesselY

(
√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

)
c2

)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
e−

x(3k+b)
2

(
−2
(
BesselJ

(
√
−4ad+b2+2bk+k2+k+s

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

)
c3 + BesselY

(
√
−4ad+b2+2bk+k2+k+s

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

))
√
a
√
c e

x(b+s+2k)
2 + e

(b+k)x
2

(
BesselJ

(
√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

)
c3 + BesselY

(
√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

))(√
−4ad+ b2 + 2bk + k2 + b+ k

))
2a
(
BesselJ

(
√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

)
c3 + BesselY

(
√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

))

Summary
The solution(s) found are the following

(1)y =

−
e−

x(3k+b)
2

(
−2
(
BesselJ

(
√
−4ad+b2+2bk+k2+k+s

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

)
c3 + BesselY

(
√
−4ad+b2+2bk+k2+k+s

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

))
√
a
√
c e

x(b+s+2k)
2 + e

(b+k)x
2

(
BesselJ

(
√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

)
c3 + BesselY

(
√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

))(√
−4ad+ b2 + 2bk + k2 + b+ k

))
2a
(
BesselJ

(
√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

)
c3 + BesselY

(
√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

))
Verification of solutions
y =

−
e−

x(3k+b)
2

(
−2
(
BesselJ

(
√
−4ad+b2+2bk+k2+k+s

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

)
c3 + BesselY

(
√
−4ad+b2+2bk+k2+k+s

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

))
√
a
√
c e

x(b+s+2k)
2 + e

(b+k)x
2

(
BesselJ

(
√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

)
c3 + BesselY

(
√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

))(√
−4ad+ b2 + 2bk + k2 + b+ k

))
2a
(
BesselJ

(
√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

)
c3 + BesselY

(
√
−4ad+b2+2bk+k2

k+s
, 2

√
c
√
a e

x(k+s)
2

k+s

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (b+k)*(diff(y(x), x))-a*exp(k*x)*(c*exp(s*x)+d*exp(-k*x))*y(x), y(x)`

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful
Change of variables used:

[x = ln(t)/(s+k)]
Linear ODE actually solved:

(a*c*t+a*d)*u(t)+(-b*k*t-b*s*t+k*s*t+s^2*t)*diff(u(t),t)+(k^2*t^2+2*k*s*t^2+s^2*t^2)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 332� �
dsolve(diff(y(x),x)=a*exp(k*x)*y(x)^2+b*y(x)+c*exp(s*x)+d*exp(-k*x),y(x), singsol=all)� �
y(x)

=

√
c a

(
BesselY

(
√
−4ad+b2+2kb+k2+s+k

s+k
, 2

√
c
√
a e

x(s+k)
2

s+k

)
c1 + BesselJ

(
√
−4ad+b2+2kb+k2+s+k

s+k
, 2

√
c
√
a e

x(s+k)
2

s+k

))
e

x(s+k)
2 −

√
a

(
BesselY

(√
−4ad+b2+2kb+k2

s+k
, 2

√
c
√

a e
x(s+k)

2
s+k

)
c1+BesselJ

(√
−4ad+b2+2kb+k2

s+k
, 2

√
c
√
a e

x(s+k)
2

s+k

))(√
−4ad+b2+2kb+k2+b+k

)
2

 e−kx

a
3
2

(
BesselY

(
√
−4ad+b2+2kb+k2

s+k
, 2

√
c
√
a e

x(s+k)
2

s+k

)
c1 + BesselJ

(
√
−4ad+b2+2kb+k2

s+k
, 2

√
c
√
a e

x(s+k)
2

s+k

))
3 Solution by Mathematica
Time used: 18.386 (sec). Leaf size: 1636� �
DSolve[y'[x]==a*Exp[k*x]*y[x]^2+b*y[x]+c*Exp[s*x]+d*Exp[-k*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

e−kx

−

(b+ k)K√(
b2+2kb+k2−4ad

)
(k+s)4 log2

(
ek+s

)
(k+s)4

2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4


+ (−1)

k4+4sk3+6s2k2+4s3k+s4+
√(

b2+2kb+k2−4ad
)
(k+s)4 log2

(
ek+s

)
(k+s)4 (b+ k) BesselI

√
(b2+2kb+k2−4ad)(k+s)4 log2

(
ek+s

)
(k+s)4 , 2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

 c1 + (k + s)

K
−

k4+4sk3+6s2k2+4s3k+s4−
√(

b2+2kb+k2−4ad
)
(k+s)4 log2

(
ek+s

)
(k+s)4

2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+K
k4+4sk3+6s2k2+4s3k+s4+

√(
b2+2kb+k2−4ad

)
(k+s)4 log2

(
ek+s

)
(k+s)4

2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+ (−1)
k4+4sk3+6s2k2+4s3k+s4+

√(
b2+2kb+k2−4ad

)
(k+s)4 log2

(
ek+s

)
(k+s)4

BesselI

−
k4+4sk3+6s2k2+4s3k+s4−

√
(b2+2kb+k2−4ad)(k+s)4 log2

(
ek+s

)
(k+s)4 , 2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+ BesselI

k4+4sk3+6s2k2+4s3k+s4+
√

(b2+2kb+k2−4ad)(k+s)4 log2
(
ek+s

)
(k+s)4 , 2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4


 c1


√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4


2a

K√(
b2+2kb+k2−4ad

)
(k+s)4 log2

(
ek+s

)
(k+s)4

2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

− (−1)
k4+4sk3+6s2k2+4s3k+s4+

√(
b2+2kb+k2−4ad

)
(k+s)4 log2

(
ek+s

)
(k+s)4 BesselI

√
(b2+2kb+k2−4ad)(k+s)4 log2

(
ek+s

)
(k+s)4 , 2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

 c1


y(x)

→

e−kx

−(b+ k)(k + s)3

√
−ac log2

(
ek+s

)((
ek+s

)x) k+s

log
(
ek+s

)
(k+s)4 BesselI

√
(b2+2kb+k2−4ad)(k+s)4 log2

(
ek+s

)
(k+s)4 , 2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+ ac log2
(
ek+s

) ((
ek+s

)x) k+s

log
(
ek+s

)
BesselI

k4+4sk3+6s2k2+4s3k+s4+
√

(b2+2kb+k2−4ad)(k+s)4 log2
(
ek+s

)
(k+s)4 , 2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+ ac log2
(
ek+s

) ((
ek+s

)x) k+s

log
(
ek+s

)
BesselI

k4+4sk3+6s2k2+4s3k+s4+
√

(b2+2kb+k2−4ad)(k+s)4 log2
(
ek+s

)
(k+s)4 − 2, 2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4




2a(k + s)3

√
−ac log2

(
ek+s

)((
ek+s

)x) k+s

log
(
ek+s

)
(k+s)4 BesselI

√
(b2+2kb+k2−4ad)(k+s)4 log2

(
ek+s

)
(k+s)4 , 2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4



558



3.17 problem 17
3.17.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 559

Internal problem ID [10425]
Internal file name [OUTPUT/9372_Monday_June_06_2022_02_19_40_PM_7352493/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 17.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

y′ − a e(µ+2λ)xy2 −
(
ex(λ+µ)b− λ

)
y = c exµ

3.17.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a e(µ+2λ)xy2 + ex(λ+µ)by + c exµ − λy

This is a Riccati ODE. Comparing the ODE to solve

y′ = a e2λxexµy2 + eλxexµby + c exµ − λy

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c exµ, f1(x) = ex(λ+µ)b− λ and f2(x) = e(µ+2λ)xa. Let

y = −u′

f2u

= −u′

e(µ+2λ)xau
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = (µ+ 2λ) e(µ+2λ)xa

f1f2 =
(
ex(λ+µ)b− λ

)
e(µ+2λ)xa

f 2
2 f0 = e2(µ+2λ)xa2c exµ

Substituting the above terms back in equation (2) gives

e(µ+2λ)xau′′(x)−
(
(µ+ 2λ) e(µ+2λ)xa+

(
ex(λ+µ)b− λ

)
e(µ+2λ)xa

)
u′(x) + e2(µ+2λ)xa2c exµu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 79� �
dsolve(diff(y(x),x)=a*exp((2*lambda+mu)*x)*y(x)^2+(b*exp((lambda+mu)*x)-lambda)*y(x)+c*exp(mu*x),y(x), singsol=all)� �

y(x) =
e−xλ

(√
4a b2c− b4 tan

( (
ex(λ+µ)b+(λ+µ)c1

)√
4a b2c−b4

2b2(λ+µ)

)
− b2

)
2ab

3 Solution by Mathematica
Time used: 6.375 (sec). Leaf size: 349� �
DSolve[y'[x]==a*Exp[(2*\[Lambda]+\[Mu])*x]*y[x]^2+(b*Exp[(\[Lambda]+\[Mu])*x]-\[Lambda])*y[x]+c*Exp[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

eλ(−x)

b2ex(λ+µ)

π + ic1

e

√(
b2−4ac

)
e2x(λ+µ)

(λ+µ)2 − 1

− b(λ+ µ)
√

(b2−4ac)e2x(λ+µ)

(λ+µ)2

π − ic1

e

√(
b2−4ac

)
e2x(λ+µ)

(λ+µ)2 + 1

− 4acex(λ+µ)

π + ic1

e

√(
b2−4ac

)
e2x(λ+µ)

(λ+µ)2 − 1


2a(λ+ µ)

√
(b2−4ac)e2x(λ+µ)

(λ+µ)2

π − ic1

e

√(
b2−4ac

)
e2x(λ+µ)

(λ+µ)2 + 1



y(x) →
eλ(−x)

(
−(λ+ µ)e−x(λ+µ)

√
(b2−4ac)e2x(λ+µ)

(λ+µ)2 tanh
(

1
2

√
(b2−4ac)e2x(λ+µ)

(λ+µ)2

)
− b

)
2a
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3.18 problem 18
3.18.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 562

Internal problem ID [10426]
Internal file name [OUTPUT/9373_Monday_June_06_2022_02_19_41_PM_60059753/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 18.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a ekxy2 − yb = c eknx + d ek(1+2n)x

3.18.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a ekxy2 + by + c eknx + d ek(1+2n)x

This is a Riccati ODE. Comparing the ODE to solve

y′ = a ekxy2 + by + c eknx + d e2knxekx

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c eknx + d ek(1+2n)x, f1(x) = b and f2(x) = a ekx. Let

y = −u′

f2u

= −u′

a ekxu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = ak ekx

f1f2 = ba ekx

f 2
2 f0 = a2e2kx

(
c eknx + d ek(1+2n)x)

Substituting the above terms back in equation (2) gives

a ekxu′′(x)−
(
ba ekx + ak ekx

)
u′(x) + a2e2kx

(
c eknx + d ek(1+2n)x)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

e2kx(n+1)_Y(x) ad+ ekx(n+1)_Y(x) ac+ _Y′′(x)
+ (−b− k)_Y′(x)

}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
e2kx(n+1)_Y(x) ad+ ekx(n+1)_Y(x) ac+ _Y′′(x)

+ (−b− k)_Y′(x)
}
, {_Y(x)}

)
Using the above in (1) gives the solution

y =

−
(

∂
∂x

DESol
({

e2kx(n+1)_Y(x) ad+ ekx(n+1)_Y(x) ac+ _Y′′(x) + (−b− k)_Y′(x)
}
, {_Y(x)}

))
e−kx

aDESol ({e2kx(n+1)_Y (x) ad+ ekx(n+1)_Y (x) ac+ _Y′′ (x) + (−b− k)_Y′ (x)} , {_Y (x)})

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
(

∂
∂x

DESol
({

e2kx(n+1)_Y(x) ad+ ekx(n+1)_Y(x) ac+ _Y′′(x) + (−b− k)_Y′(x)
}
, {_Y(x)}

))
e−kx

aDESol ({e2kx(n+1)_Y (x) ad+ ekx(n+1)_Y (x) ac+ _Y′′ (x) + (−b− k)_Y′ (x)} , {_Y (x)})
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Summary
The solution(s) found are the following

(1)y =

−
(

∂
∂x

DESol
({

e2kx(n+1)_Y(x) ad+ ekx(n+1)_Y(x) ac+ _Y′′(x) + (−b− k)_Y′(x)
}
, {_Y(x)}

))
e−kx

aDESol ({e2kx(n+1)_Y (x) ad+ ekx(n+1)_Y (x) ac+ _Y′′ (x) + (−b− k)_Y′ (x)} , {_Y (x)})
Verification of solutions
y =

−
(

∂
∂x

DESol
({

e2kx(n+1)_Y(x) ad+ ekx(n+1)_Y(x) ac+ _Y′′(x) + (−b− k)_Y′(x)
}
, {_Y(x)}

))
e−kx

aDESol ({e2kx(n+1)_Y (x) ad+ ekx(n+1)_Y (x) ac+ _Y′′ (x) + (−b− k)_Y′ (x)} , {_Y (x)})

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (b+k)*(diff(y(x), x))-a*exp(k*x)*(c*exp(k*n*x)+d*exp(2*k*n*x+k*x))*y(x

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(a*exp(k*x)*y(x)^2+y(x)+y(x)*b*x+x^2*(c*exp(k*n*x)+d*exp(2*k*n*x+k*x)))/x, y(x),

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=a*exp(k*x)*y(x)^2+b*y(x)+c*exp(k*n*x)+d*exp(k*(2*n+1)*x),y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 27.598 (sec). Leaf size: 2503� �
DSolve[y'[x]==a*Exp[k*x]*y[x]^2+b*y[x]+c*Exp[k*n*x]+d*Exp[k*(2*n+1)*x],y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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3.19 problem 19
3.19.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 567

Internal problem ID [10427]
Internal file name [OUTPUT/9374_Monday_June_06_2022_02_19_43_PM_62152854/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 19.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[[_1st_order , `_with_symmetry_[F(x),G(x)]`], _Riccati]

y′ − exµ
(
y − b eλx

)2 = bλ eλx

3.19.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= exµe2λxb2 − 2 eλxexµby + exµy2 + bλ eλx

This is a Riccati ODE. Comparing the ODE to solve

y′ = exµe2λxb2 − 2 eλxexµby + exµy2 + bλ eλx

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = exµe2λxb2 + bλ eλx, f1(x) = −2b eλxexµ and f2(x) = exµ. Let

y = −u′

f2u

= −u′

exµu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = µ exµ

f1f2 = −2b eλxe2xµ

f 2
2 f0 = e2xµ

(
exµe2λxb2 + bλ eλx

)
Substituting the above terms back in equation (2) gives

exµu′′(x)−
(
µ exµ − 2b eλxe2xµ

)
u′(x) + e2xµ

(
exµe2λxb2 + bλ eλx

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e
−2 ex(λ+µ)b+xµ(λ+µ)

2λ+2µ

(
c1 sinh

(xµ
2

)
+ c2 cosh

(xµ
2

))
The above shows that

u′(x) = −
((

ex(λ+µ)c2b−
µ(c1 + c2)

2

)
cosh

(xµ
2

)
+
(
ex(λ+µ)bc1 −

µ(c1 + c2)
2

)
sinh

(xµ
2

))
e

−2 ex(λ+µ)b+xµ(λ+µ)
2λ+2µ

Using the above in (1) gives the solution

y =

((
ex(λ+µ)c2b− µ(c1+c2)

2

)
cosh

(
xµ
2

)
+
(
ex(λ+µ)bc1 − µ(c1+c2)

2

)
sinh

(
xµ
2

))
e−xµ

c1 sinh
(
xµ
2

)
+ c2 cosh

(
xµ
2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

((
ex(λ+µ)b− µ(c3+1)

2

)
cosh

(
xµ
2

)
+
(
ex(λ+µ)bc3 − µ(c3+1)

2

)
sinh

(
xµ
2

))
e−xµ

c3 sinh
(
xµ
2

)
+ cosh

(
xµ
2

)
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Summary
The solution(s) found are the following

(1)y =

((
ex(λ+µ)b− µ(c3+1)

2

)
cosh

(
xµ
2

)
+
(
ex(λ+µ)bc3 − µ(c3+1)

2

)
sinh

(
xµ
2

))
e−xµ

c3 sinh
(
xµ
2

)
+ cosh

(
xµ
2

)
Verification of solutions

y =

((
ex(λ+µ)b− µ(c3+1)

2

)
cosh

(
xµ
2

)
+
(
ex(λ+µ)bc3 − µ(c3+1)

2

)
sinh

(
xµ
2

))
e−xµ

c3 sinh
(
xµ
2

)
+ cosh

(
xµ
2

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular polynomial solution successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 44� �
dsolve(diff(y(x),x)=exp(mu*x)*(y(x)-b*exp(lambda*x))^2+b*lambda*exp(lambda*x),y(x), singsol=all)� �

y(x) =
(
ex(λ+µ)c1bµ+ b exλ − c1µ

2) e−xµ

c1µ+ e−xµ
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3 Solution by Mathematica
Time used: 1.524 (sec). Leaf size: 40� �
DSolve[y'[x]==Exp[\[Mu]*x]*(y[x]-b*Exp[\[Lambda]*x])^2+b*\[Lambda]*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → beλx + µ

−eµx + c1µ

y(x) → beλx
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3.20 problem 20
3.20.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 571

Internal problem ID [10428]
Internal file name [OUTPUT/9375_Monday_June_06_2022_02_19_44_PM_77437593/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 20.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

(
eλxa+ b exµ + c

)
y′ − y2 − k eνxy = −m2 + km eνx

3.20.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2 + k eνxy −m2 + km eνx
eλxa+ b exµ + c

This is a Riccati ODE. Comparing the ODE to solve

y′ = km eνx
eλxa+ b exµ + c

+ k eνxy
eλxa+ b exµ + c

− m2

eλxa+ b exµ + c
+ y2

eλxa+ b exµ + c

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −m2+km eνx
eλxa+b exµ+c

, f1(x) = k eνx
eλxa+b exµ+c

and f2(x) = 1
eλxa+b exµ+c

. Let

y = −u′

f2u

= −u′

u
eλxa+b exµ+c

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − aλ eλx + bµ exµ

(eλxa+ b exµ + c)2

f1f2 =
k eνx

(eλxa+ b exµ + c)2

f 2
2 f0 =

−m2 + km eνx

(eλxa+ b exµ + c)3

Substituting the above terms back in equation (2) gives

u′′(x)
eλxa+ b exµ + c

−
(
− aλ eλx + bµ exµ

(eλxa+ b exµ + c)2
+ k eνx

(eλxa+ b exµ + c)2
)
u′(x) + (−m2 + km eνx)u(x)

(eλxa+ b exµ + c)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=DESol
({

(2_Y′′(x) + _Y′(x) (λ+ µ)) ab ex(λ+µ) − ka_Y′(x) ex(λ+ν) − k_Y′(x) b ex(µ+ν) + a2(_Y′(x)λ+ _Y′′(x)) e2λx + b2(µ_Y′(x) + _Y′′(x)) e2xµ + 2c
(
eλxa+ b exµ + c

2

)
_Y′′(x) + eλx_Y′(x) acλ+ exµ_Y′(x) bcµ+ k(_Y(x)m− c_Y′(x)) eνx − _Y(x)m2

(eλxa+ b exµ + c)2

}
, {_Y(x)}

)

The above shows that

u′(x)

= ∂

∂x
DESol

({
(2_Y′′(x) + _Y′(x) (λ+ µ)) ab ex(λ+µ) − ka_Y′(x) ex(λ+ν) − k_Y′(x) b ex(µ+ν) + a2(_Y′(x)λ+ _Y′′(x)) e2λx + b2(µ_Y′(x) + _Y′′(x)) e2xµ + 2c

(
eλxa+ b exµ + c

2

)
_Y′′(x) + eλx_Y′(x) acλ+ exµ_Y′(x) bcµ+ k(_Y(x)m− c_Y′(x)) eνx − _Y(x)m2

(eλxa+ b exµ + c)2

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({(

2_Y′′
(x)+_Y′

(x)(λ+µ)
)
ab ex(λ+µ)−ka_Y′

(x)ex(λ+ν)−k_Y′
(x)b ex(µ+ν)+a2

(
_Y′

(x)λ+_Y′′
(x)
)
e2λx+b2

(
µ_Y′

(x)+_Y′′
(x)
)
e2xµ+2c

(
eλxa+b exµ+ c

2
)_Y′′

(x)+eλx_Y′
(x)acλ+exµ_Y′

(x)bcµ+k
(
_Y(x)m−c_Y′

(x)
)
eνx−_Y(x)m2(

eλxa+b exµ+c
)2

}
, {_Y(x)}

))(
eλxa+ b exµ + c

)
DESol

({(
2_Y′′

(x)+_Y′
(x)(λ+µ)

)
ab ex(λ+µ)−ka_Y′

(x)ex(λ+ν)−k_Y′
(x)b ex(µ+ν)+a2

(
_Y′

(x)λ+_Y′′
(x)
)
e2λx+b2

(
µ_Y′

(x)+_Y′′
(x)
)
e2xµ+2c

(
eλxa+b exµ+ c

2
)_Y′′

(x)+eλx_Y′
(x)acλ+exµ_Y′

(x)bcµ+k
(
_Y(x)m−c_Y′

(x)
)
eνx−_Y(x)m2(

eλxa+b exµ+c
)2

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
∂
∂x

DESol
({(

2_Y′′
(x)+_Y′

(x)(λ+µ)
)
ab ex(λ+µ)−ka_Y′

(x)ex(λ+ν)−k_Y′
(x)b ex(µ+ν)+a2

(
_Y′

(x)λ+_Y′′
(x)
)
e2λx+b2

(
µ_Y′

(x)+_Y′′
(x)
)
e2xµ+2c

(
eλxa+b exµ+ c

2
)_Y′′

(x)+eλx_Y′
(x)acλ+exµ_Y′

(x)bcµ+k
(
_Y(x)m−c_Y′

(x)
)
eνx−_Y(x)m2(

eλxa+b exµ+c
)2

}
, {_Y(x)}

))(
eλxa+ b exµ + c

)
DESol

({(
2_Y′′

(x)+_Y′
(x)(λ+µ)

)
ab ex(λ+µ)−ka_Y′

(x)ex(λ+ν)−k_Y′
(x)b ex(µ+ν)+a2

(
_Y′

(x)λ+_Y′′
(x)
)
e2λx+b2

(
µ_Y′

(x)+_Y′′
(x)
)
e2xµ+2c

(
eλxa+b exµ+ c

2
)_Y′′

(x)+eλx_Y′
(x)acλ+exµ_Y′

(x)bcµ+k
(
_Y(x)m−c_Y′

(x)
)
eνx−_Y(x)m2(

eλxa+b exµ+c
)2

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({(

2_Y′′
(x)+_Y′

(x)(λ+µ)
)
ab ex(λ+µ)−ka_Y′

(x)ex(λ+ν)−k_Y′
(x)b ex(µ+ν)+a2

(
_Y′

(x)λ+_Y′′
(x)
)
e2λx+b2

(
µ_Y′

(x)+_Y′′
(x)
)
e2xµ+2c

(
eλxa+b exµ+ c

2
)_Y′′

(x)+eλx_Y′
(x)acλ+exµ_Y′

(x)bcµ+k
(
_Y(x)m−c_Y′

(x)
)
eνx−_Y(x)m2(

eλxa+b exµ+c
)2

}
, {_Y(x)}

))(
eλxa+ b exµ + c

)
DESol

({(
2_Y′′

(x)+_Y′
(x)(λ+µ)

)
ab ex(λ+µ)−ka_Y′

(x)ex(λ+ν)−k_Y′
(x)b ex(µ+ν)+a2

(
_Y′

(x)λ+_Y′′
(x)
)
e2λx+b2

(
µ_Y′

(x)+_Y′′
(x)
)
e2xµ+2c

(
eλxa+b exµ+ c

2
)_Y′′

(x)+eλx_Y′
(x)acλ+exµ_Y′

(x)bcµ+k
(
_Y(x)m−c_Y′

(x)
)
eνx−_Y(x)m2(

eλxa+b exµ+c
)2

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({(

2_Y′′
(x)+_Y′

(x)(λ+µ)
)
ab ex(λ+µ)−ka_Y′

(x)ex(λ+ν)−k_Y′
(x)b ex(µ+ν)+a2

(
_Y′

(x)λ+_Y′′
(x)
)
e2λx+b2

(
µ_Y′

(x)+_Y′′
(x)
)
e2xµ+2c

(
eλxa+b exµ+ c

2
)_Y′′

(x)+eλx_Y′
(x)acλ+exµ_Y′

(x)bcµ+k
(
_Y(x)m−c_Y′

(x)
)
eνx−_Y(x)m2(

eλxa+b exµ+c
)2

}
, {_Y(x)}

))(
eλxa+ b exµ + c

)
DESol

({(
2_Y′′

(x)+_Y′
(x)(λ+µ)

)
ab ex(λ+µ)−ka_Y′

(x)ex(λ+ν)−k_Y′
(x)b ex(µ+ν)+a2

(
_Y′

(x)λ+_Y′′
(x)
)
e2λx+b2

(
µ_Y′

(x)+_Y′′
(x)
)
e2xµ+2c

(
eλxa+b exµ+ c

2
)_Y′′

(x)+eλx_Y′
(x)acλ+exµ_Y′

(x)bcµ+k
(
_Y(x)m−c_Y′

(x)
)
eνx−_Y(x)m2(

eλxa+b exµ+c
)2

}
, {_Y (x)}

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 202� �
dsolve((a*exp(lambda*x)+b*exp(mu*x)+c)*diff(y(x),x)=y(x)^2+k*exp(nu*x)*y(x)-m^2+k*m*exp(nu*x),y(x), singsol=all)� �
y(x)

=
−m

(∫ e
k

(∫ eνx
exλa+b exµ+c

dx

)
−2m

(∫ 1
exλa+b exµ+c

dx

)
exλa+b exµ+c

dx

)
+ c1m− ek

(∫ eνx
exλa+b exµ+c

dx
)
−2m

(∫ 1
exλa+b exµ+c

dx
)

∫ e
k

(∫ eνx
exλa+b exµ+c

dx

)
−2m

(∫ 1
exλa+b exµ+c

dx

)
exλa+b exµ+c

dx− c1

3 Solution by Mathematica
Time used: 16.545 (sec). Leaf size: 358� �
DSolve[(a*Exp[\[Lambda]*x]+b*Exp[\[Mu]*x]+c)*y'[x]==y[x]^2+k*Exp[\[Nu]*x]*y[x]-m^2+k*m*Exp[\[Nu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1
−
exp

(
−
∫ K[2]
1 − eνK[1]k−2m

eλK[1]a+beµK[1]+c
dK[1]

) (
eνK[2]k −m+ y(x)

)
(eλK[2]a+ beµK[2] + c) kν(m+ y(x)) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1 − eνK[1]k−2m
eλK[1]a+beµK[1]+c

dK[1]
)

kν(m+K[3])2

−
∫ x

1

exp
(
−
∫ K[2]
1 − eνK[1]k−2m

eλK[1]a+beµK[1]+c
dK[1]

) (
eνK[2]k −m+K[3]

)
(eλK[2]a+ beµK[2] + c) kν(m+K[3])2 −

exp
(
−
∫ K[2]
1 − eνK[1]k−2m

eλK[1]a+beµK[1]+c
dK[1]

)
(eλK[2]a+ beµK[2] + c) kν(m+K[3])

 dK[2]

 dK[3] = c1, y(x)
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3.21 problem 21
3.21.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 575

Internal problem ID [10429]
Internal file name [OUTPUT/9376_Monday_June_06_2022_02_20_48_PM_50645941/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 21.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

(
eλxa+ b exµ + c

) (
y′ − y2

)
= −a λ2eλx − b µ2exµ

3.21.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= eλxa y2 − a λ2eλx + b exµy2 − b µ2exµ + c y2

eλxa+ b exµ + c

This is a Riccati ODE. Comparing the ODE to solve

y′ = − a λ2eλx
eλxa+ b exµ + c

+ eλxa y2
eλxa+ b exµ + c

− b µ2exµ
eλxa+ b exµ + c

+ b exµy2
eλxa+ b exµ + c

+ c y2

eλxa+ b exµ + c

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −aλ2eλx−b µ2exµ
eλxa+b exµ+c

, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

−a λ2eλx − b µ2exµ
eλxa+ b exµ + c

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−a λ2eλx − b µ2exµ

)
u(x)

eλxa+ b exµ + c
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
((∫ 1

(eλxa+ b exµ + c)2
dx

)
c1 + c2

)(
eλxa+ b exµ + c

)
The above shows that

u′(x)

=

(
(λ+ µ) ex(λ+µ)ab+ a2λ e2λx + e2xµb2µ+ c

(
aλ eλx + bµ exµ

))
c1
(∫ 1(

eλxa+b exµ+c
)2dx

)
+ abc2(λ+ µ) ex(λ+µ) + e2λxc2a2λ+ eλxc2acλ+ e2xµc2b2µ+ exµc2bcµ+ c1

eλxa+ b exµ + c

Using the above in (1) gives the solution

y =

−

(
(λ+ µ) ex(λ+µ)ab+ a2λ e2λx + e2xµb2µ+ c

(
aλ eλx + bµ exµ

))
c1
(∫ 1(

eλxa+b exµ+c
)2dx

)
+ abc2(λ+ µ) ex(λ+µ) + e2λxc2a2λ+ eλxc2acλ+ e2xµc2b2µ+ exµc2bcµ+ c1

(eλxa+ b exµ + c)2
((∫ 1(

eλxa+b exµ+c
)2dx

)
c1 + c2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
−
(
(λ+ µ) ex(λ+µ)ab+ a2λ e2λx + e2xµb2µ+ c

(
aλ eλx + bµ exµ

))
c3
(∫ 1(

eλxa+b exµ+c
)2dx

)
− (λ+ µ) ex(λ+µ)ab− a2λ e2λx − caλ eλx − e2xµb2µ− cbµ exµ − c3

(eλxa+ b exµ + c)2
((∫ 1(

eλxa+b exµ+c
)2dx

)
c3 + 1

)
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Summary
The solution(s) found are the following

(1)y

=
−
(
(λ+ µ) ex(λ+µ)ab+ a2λ e2λx + e2xµb2µ+ c

(
aλ eλx + bµ exµ

))
c3
(∫ 1(

eλxa+b exµ+c
)2dx

)
− (λ+ µ) ex(λ+µ)ab− a2λ e2λx − caλ eλx − e2xµb2µ− cbµ exµ − c3

(eλxa+ b exµ + c)2
((∫ 1(

eλxa+b exµ+c
)2dx

)
c3 + 1

)
Verification of solutions
y

=
−
(
(λ+ µ) ex(λ+µ)ab+ a2λ e2λx + e2xµb2µ+ c

(
aλ eλx + bµ exµ

))
c3
(∫ 1(

eλxa+b exµ+c
)2dx

)
− (λ+ µ) ex(λ+µ)ab− a2λ e2λx − caλ eλx − e2xµb2µ− cbµ exµ − c3

(eλxa+ b exµ + c)2
((∫ 1(

eλxa+b exµ+c
)2dx

)
c3 + 1

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a*lambda^2*exp(lambda*x)+mu^2*exp(x*mu)*b)*y(x)/(exp(lambda*x)*a+b*ex

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 176� �
dsolve((a*exp(lambda*x)+b*exp(mu*x)+c)*(diff(y(x),x)-y(x)^2)+a*lambda^2*exp(lambda*x)+b*mu^2*exp(mu*x)=0,y(x), singsol=all)� �
y(x)

=

(
−ab(λ+ µ) ex(λ+µ) − a2λ e2xλ − e2xµb2µ− c

(
aλ exλ + bµ exµ

)) (∫ 1(
exλa+b exµ+c

)2dx
)
− abc1(λ+ µ) ex(λ+µ) − e2xλc1a2λ− exλc1acλ− e2xµc1b2µ− exµc1bcµ− 1

(exλa+ b exµ + c)2
(
c1 +

∫ 1(
exλa+b exµ+c

)2dx
)

3 Solution by Mathematica
Time used: 24.922 (sec). Leaf size: 393� �
DSolve[(a*Exp[\[Lambda]*x]+b*Exp[\[Mu]*x]+c)*(y'[x]-y[x]^2)+a*\[Lambda]^2*Exp[\[Lambda]*x]+b*\[Mu]^2*Exp[\[Mu]*x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1

− −aeλK[1]λ2 − beµK[1]µ2 + aeλK[1]y(x)2 + beµK[1]y(x)2 + cy(x)2

(eλK[1]a+ beµK[1] + c) (aeλK[1]λ+ beµK[1]µ+ aeλK[1]y(x) + beµK[1]y(x) + cy(x))2
dK[1]

+
∫ y(x)

1

(
1

(aexλλ+ bexµµ+ aexλK[2] + bexµK[2] + cK[2])2

−
∫ x

1

(
2
(
−aeλK[1]λ2 − beµK[1]µ2 + aeλK[1]K[2]2 + beµK[1]K[2]2 + cK[2]2

)
(aeλK[1]λ+ beµK[1]µ+ aeλK[1]K[2] + beµK[1]K[2] + cK[2])3

− 2aeλK[1]K[2] + 2beµK[1]K[2] + 2cK[2]
(eλK[1]a+ beµK[1] + c) (aeλK[1]λ+ beµK[1]µ+ aeλK[1]K[2] + beµK[1]K[2] + cK[2])2

)
dK[1]

)
dK[2] = c1, y(x)

]
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4 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.3-2. Equations with power and
exponential functions

4.1 problem 22 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 580
4.2 problem 23 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 584
4.3 problem 24 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 592
4.4 problem 25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 597
4.5 problem 26 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 602
4.6 problem 27 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 606
4.7 problem 28 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 611
4.8 problem 29 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 616
4.9 problem 30 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 620
4.10 problem 31 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 625
4.11 problem 32 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 630
4.12 problem 33 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 635
4.13 problem 34 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 639
4.14 problem 35 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 643
4.15 problem 36 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 647
4.16 problem 37 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 651
4.17 problem 38 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 656
4.18 problem 39 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 660
4.19 problem 40 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 664
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4.1 problem 22
4.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 580

Internal problem ID [10430]
Internal file name [OUTPUT/9377_Monday_June_06_2022_02_20_50_PM_93195118/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 22.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − ax eλxy = eλxa

4.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + eλxaxy + eλxa

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + eλxaxy + eλxa

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = eλxa, f1(x) = ax eλx and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = ax eλx

f 2
2 f0 = eλxa

Substituting the above terms back in equation (2) gives

u′′(x)− ax eλxu′(x) + eλxau(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
x

(
c2λ

2 +
(∫ e

(λx−1)eλxa

λ2

x2 dx

)
c1

)
λ2

The above shows that

u′(x) =
c2λ

2x+ c1

(∫ e
(λx−1)eλxa

λ2

x2 dx

)
x+ e

(λx−1)eλxa

λ2 c1

λ2x

Using the above in (1) gives the solution

y = −
c2λ

2x+ c1

(∫ e
(λx−1)eλxa

λ2

x2 dx

)
x+ e

(λx−1)eλxa

λ2 c1

x2

(
c2λ2 +

(∫ e
(λx−1)eλxa

λ2

x2 dx

)
c1

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−λ2x− c3

(∫ e
(λx−1)eλxa

λ2

x2 dx

)
x− e

(λx−1)eλxa

λ2 c3

x2

(
λ2 +

(∫ e
(λx−1)eλxa

λ2

x2 dx

)
c3

)
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Summary
The solution(s) found are the following

(1)y =
−λ2x− c3

(∫ e
(λx−1)eλxa

λ2

x2 dx

)
x− e

(λx−1)eλxa

λ2 c3

x2

(
λ2 +

(∫ e
(λx−1)eλxa

λ2

x2 dx

)
c3

)
Verification of solutions

y =
−λ2x− c3

(∫ e
(λx−1)eλxa

λ2

x2 dx

)
x− e

(λx−1)eλxa

λ2 c3

x2

(
λ2 +

(∫ e
(λx−1)eλxa

λ2

x2 dx

)
c3

)

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=y(x)^2+a*x*exp(lambda*x)*y(x)+a*exp(lambda*x),y(x), singsol=all)� �

y(x) =
−c1λ

2x+
(∫ e

exλa(xλ−1)
λ2

x2 dx

)
x+ e

exλa(xλ−1)
λ2

x2

(
c1λ2 −

(∫ e
exλa(xλ−1)

λ2

x2 dx

))

3 Solution by Mathematica
Time used: 2.132 (sec). Leaf size: 110� �
DSolve[y'[x]==y[x]^2+a*x*Exp[\[Lambda]*x]*y[x]+a*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
x
∫ x

1
e
aeλK[1](λK[1]−1)

λ2

K[1]2 dK[1] + e
aeλx(λx−1)

λ2 + c1x

x2

(∫ x

1
e
aeλK[1](λK[1]−1)

λ2

K[1]2 dK[1] + c1

)
y(x) → −1

x
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4.2 problem 23
4.2.1 Solving as first order ode lie symmetry calculated ode . . . . . . 584
4.2.2 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 589

Internal problem ID [10431]
Internal file name [OUTPUT/9378_Monday_June_06_2022_02_20_51_PM_54210900/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 23.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati", "first_order_ode_lie_sym-
metry_calculated"

Maple gives the following as the ode type
[[_1st_order , _with_linear_symmetries], _Riccati]

y′ − a eλxy2 = b e−λx

4.2.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = eλxa y2 + b e−λx

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 1 to use as anstaz gives

(1E)ξ = xa2 + ya3 + a1

(2E)η = xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, b1, b2, b3}

Substituting equations (1E,2E) and ω into (A) gives

(5E)b2 +
(
eλxa y2 + b e−λx

)
(b3 − a2)−

(
eλxa y2 + b e−λx

)2
a3

−
(
eλxaλ y2 − bλ e−λx

)
(xa2 + ya3 + a1)− 2a eλxy(xb2 + yb3 + b1) = 0

Putting the above in normal form gives

−e2λxa2y4a3 − 2 eλxe−λxab y2a3 − eλxaλx y2a2 − eλxaλ y3a3 − eλxaλ y2a1
− 2 eλxaxyb2 − eλxa y2a2 − eλxa y2b3 − e−2λxb2a3 + e−λxbλxa2
+ e−λxbλya3 − 2 eλxayb1 + e−λxbλa1 − e−λxba2 + e−λxbb3 + b2 = 0

Setting the numerator to zero gives

(6E)−e2λxa2y4a3 − 2 eλxe−λxab y2a3 − eλxaλx y2a2 − eλxaλ y3a3 − eλxaλ y2a1
− 2 eλxaxyb2 − eλxa y2a2 − eλxa y2b3 − e−2λxb2a3 + e−λxbλxa2
+ e−λxbλya3 − 2 eλxayb1 + e−λxbλa1 − e−λxba2 + e−λxbb3 + b2 = 0

Simplifying the above gives

(6E)−e2λxa2y4a3 − 2ab y2a3 − eλxaλx y2a2 − eλxaλ y3a3 − eλxaλ y2a1
− 2 eλxaxyb2 − eλxa y2a2 − eλxa y2b3 − e−2λxb2a3 + e−λxbλxa2
+ e−λxbλya3 − 2 eλxayb1 + e−λxbλa1 − e−λxba2 + e−λxbb3 + b2 = 0

Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y, eλx, e−2λx, e−λx, e2λx}

The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2, eλx = v3, e−2λx = v4, e−λx = v5, e2λx = v6}

585



The above PDE (6E) now becomes

(7E)−v6a
2v42a3 − v3aλv1v

2
2a2 − v3aλv

3
2a3 − v3aλv

2
2a1 − 2abv22a3

− v3av
2
2a2 − 2v3av1v2b2 − v3av

2
2b3 + v5bλv1a2 + v5bλv2a3

− 2v3av2b1 − v4b
2a3 + v5bλa1 − v5ba2 + v5bb3 + b2 = 0

Collecting the above on the terms vi introduced, and these are

{v1, v2, v3, v4, v5, v6}

Equation (7E) now becomes

(8E)−v3aλv1v
2
2a2 − 2v3av1v2b2 + v5bλv1a2 − v6a

2v42a3 − v3aλv
3
2a3

+ (−aλa1 − aa2 − ab3) v22v3 − 2abv22a3 − 2v3av2b1
+ v5bλv2a3 − v4b

2a3 + (bλa1 − ba2 + bb3) v5 + b2 = 0

Setting each coefficients in (8E) to zero gives the following equations to solve

b2 = 0
bλa2 = 0
λa3b = 0

−2ab1 = 0
−2ab2 = 0
−b2a3 = 0
−a3a

2 = 0
−aλa2 = 0
−λa3a = 0
−2a3ab = 0

−aλa1 − aa2 − ab3 = 0
bλa1 − ba2 + bb3 = 0

Solving the above equations for the unknowns gives

a1 = a1

a2 = 0
a3 = 0
b1 = 0
b2 = 0
b3 = −λa1
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Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = 1
η = −λy

Shifting is now applied to make ξ = 0 in order to simplify the rest of the computation

η = η − ω(x, y) ξ
= −λy −

(
eλxa y2 + b e−λx

)
(1)

= −eλxa y2 − λy − b e−λx

ξ = 0

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x

S is found from

S =
∫ 1

η
dy

=
∫ 1

−eλxa y2 − λy − b e−λx
dy

Which results in

S = −
2 eλx arctan

(
2 e2λxay+λ eλx√
4 e2λxab−e2λxλ2

)
√
4 e2λxab− e2λxλ2

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)
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Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = eλxa y2 + b e−λx

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = − eλxλy
e2λxa y2 + eλxλy + b

Sy = − eλx
e2λxa y2 + eλxλy + b

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= −1 (2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= −1

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) = −R + c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

−
2 arctan

(
2a eλxy+λ√

4ab−λ2

)
√
4ab− λ2

= c1 − x

Which simplifies to

−
2 arctan

(
2a eλxy+λ√

4ab−λ2

)
√
4ab− λ2

= c1 − x
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Which gives

y = −

(
tan

(
c1
√
4ab−λ2

2 − x
√
4ab−λ2

2

)√
4ab− λ2 + λ

)
e−λx

2a

Summary
The solution(s) found are the following

(1)y = −

(
tan

(
c1
√
4ab−λ2

2 − x
√
4ab−λ2

2

)√
4ab− λ2 + λ

)
e−λx

2a
Verification of solutions

y = −

(
tan

(
c1
√
4ab−λ2

2 − x
√
4ab−λ2

2

)√
4ab− λ2 + λ

)
e−λx

2a

Verified OK.

4.2.2 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= eλxa y2 + b e−λx

This is a Riccati ODE. Comparing the ODE to solve

y′ = eλxa y2 + b e−λx

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b e−λx, f1(x) = 0 and f2(x) = eλxa. Let

y = −u′

f2u

= −u′

eλxau (1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)
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But

f ′
2 = aλ eλx

f1f2 = 0
f 2
2 f0 = e2λxa2b e−λx

Substituting the above terms back in equation (2) gives

eλxau′′(x)− aλ eλxu′(x) + e2λxa2b e−λxu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1e
(
λ+
√

−4ab+λ2
)
x

2 + c2e−
(
−λ+

√
−4ab+λ2

)
x

2

The above shows that

u′(x) =
c2
(
λ−

√
−4ab+ λ2

)
e−

(
−λ+

√
−4ab+λ2

)
x

2

2 +
c1e

(
λ+
√

−4ab+λ2
)
x

2
(
λ+

√
−4ab+ λ2

)
2

Using the above in (1) gives the solution

y = −

 c2
(
λ−

√
−4ab+λ2

)
e−
(
−λ+

√
−4ab+λ2

)
x

2

2 +
c1e

(
λ+
√

−4ab+λ2
)
x

2
(
λ+

√
−4ab+λ2

)
2

 e−λx

a

(
c1e

(
λ+
√

−4ab+λ2
)
x

2 + c2e−
(
−λ+

√
−4ab+λ2

)
x

2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −

((
λ−

√
−4ab+ λ2

)
e−

(
−λ+

√
−4ab+λ2

)
x

2 + c3e
(
λ+
√

−4ab+λ2
)
x

2
(
λ+

√
−4ab+ λ2

))
e−λx

2a
(
c3e

(
λ+
√

−4ab+λ2
)
x

2 + e−
(
−λ+

√
−4ab+λ2

)
x

2

)
Summary
The solution(s) found are the following

y = −

((
λ−

√
−4ab+ λ2

)
e−

(
−λ+

√
−4ab+λ2

)
x

2 + c3e
(
λ+
√

−4ab+λ2
)
x

2
(
λ+

√
−4ab+ λ2

))
e−λx

2a
(
c3e

(
λ+
√

−4ab+λ2
)
x

2 + e−
(
−λ+

√
−4ab+λ2

)
x

2

)
(1)
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Verification of solutions

y = −

((
λ−

√
−4ab+ λ2

)
e−

(
−λ+

√
−4ab+λ2

)
x

2 + c3e
(
λ+
√

−4ab+λ2
)
x

2
(
λ+

√
−4ab+ λ2

))
e−λx

2a
(
c3e

(
λ+
√

−4ab+λ2
)
x

2 + e−
(
−λ+

√
−4ab+λ2

)
x

2

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 64� �
dsolve(diff(y(x),x)=a*exp(lambda*x)*y(x)^2+b*exp(-lambda*x),y(x), singsol=all)� �

y(x) = −

(
λ2 − tan

(√
4ab λ2−λ4 (xλ+c1)

2λ2

)√
4ab λ2 − λ4

)
e−xλ

2aλ

3 Solution by Mathematica
Time used: 0.624 (sec). Leaf size: 123� �
DSolve[y'[x]==a*Exp[\[Lambda]*x]*y[x]^2+b*Exp[-\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
eλ(−x)

(
−
√
λ2 − 4ab+ 2

1√
λ2−4ab

+c1ex
√

λ2−4ab
− λ

)
2a

y(x) →
eλ(−x)(4ab− λ

(√
λ2 − 4ab+ λ

))
2a

√
λ2 − 4ab
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4.3 problem 24
4.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 592

Internal problem ID [10432]
Internal file name [OUTPUT/9379_Monday_June_06_2022_02_20_52_PM_89615702/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 24.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a eλxy2 = b xn−1n− a b2eλxx2n

4.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= eλxa y2 + b xn−1n− a b2eλxx2n

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a b2eλxx2n + eλxa y2 + b xnn

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b xn−1n− a b2eλxx2n, f1(x) = 0 and f2(x) = eλxa. Let

y = −u′

f2u

= −u′

eλxau (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = aλ eλx

f1f2 = 0
f 2
2 f0 = e2λxa2

(
b xn−1n− a b2eλxx2n)

Substituting the above terms back in equation (2) gives

eλxau′′(x)− aλ eλxu′(x) + e2λxa2
(
b xn−1n− a b2eλxx2n)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

−x2ne2λx_Y(x) a2b2 + eλxxn−1_Y(x) abn− _Y′(x)λ
+ _Y′′(x)

}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
−x2ne2λx_Y(x) a2b2 + eλxxn−1_Y(x) abn− _Y′(x)λ

+ _Y′′(x)
}
, {_Y(x)}

)
Using the above in (1) gives the solution

y =

−
(

∂
∂x

DESol
({

−x2ne2λx_Y(x) a2b2 + eλxxn−1_Y(x) abn− _Y′(x)λ+ _Y′′(x)
}
, {_Y(x)}

))
e−λx

aDESol ({−x2ne2λx_Y (x) a2b2 + eλxxn−1_Y (x) abn− _Y′ (x)λ+ _Y′′ (x)} , {_Y (x)})

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
(

∂
∂x

DESol
({

−x2ne2λx_Y(x) a2b2 + eλxxn−1_Y(x) abn− _Y′(x)λ+ _Y′′(x)
}
, {_Y(x)}

))
e−λx

aDESol ({−x2ne2λx_Y (x) a2b2 + eλxxn−1_Y (x) abn− _Y′ (x)λ+ _Y′′ (x)} , {_Y (x)})
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Summary
The solution(s) found are the following

(1)y =

−
(

∂
∂x

DESol
({

−x2ne2λx_Y(x) a2b2 + eλxxn−1_Y(x) abn− _Y′(x)λ+ _Y′′(x)
}
, {_Y(x)}

))
e−λx

aDESol ({−x2ne2λx_Y (x) a2b2 + eλxxn−1_Y (x) abn− _Y′ (x)λ+ _Y′′ (x)} , {_Y (x)})
Verification of solutions
y =

−
(

∂
∂x

DESol
({

−x2ne2λx_Y(x) a2b2 + eλxxn−1_Y(x) abn− _Y′(x)λ+ _Y′′(x)
}
, {_Y(x)}

))
e−λx

aDESol ({−x2ne2λx_Y (x) a2b2 + eλxxn−1_Y (x) abn− _Y′ (x)λ+ _Y′′ (x)} , {_Y (x)})

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (diff(y(x), x))*lambda-exp(lambda*x)*a*b*(-x^(2*n)*exp(lambda*x)*a*b+x

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(exp(lambda*x)*a*y(x)^2+y(x)+x^2*(b*x^(n-1)*n-a*b^2*exp(lambda*x)*x^(2*n)))/x, y(

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=a*exp(lambda*x)*y(x)^2+b*n*x^(n-1)-a*b^2*exp(lambda*x)*x^(2*n),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==a*Exp[\[Lambda]*x]*y[x]^2+b*n*x^(n-1)-a*b^2*Exp[\[Lambda]*x]*x^(2*n),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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4.4 problem 25
4.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 597

Internal problem ID [10433]
Internal file name [OUTPUT/9380_Monday_June_06_2022_02_20_55_PM_76225887/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 25.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − eλxy2 − a xny = aλ xne−λx

4.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= eλxy2 + a xny + aλ xne−λx

This is a Riccati ODE. Comparing the ODE to solve

y′ = eλxy2 + a xny + aλ xne−λx

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = aλ xne−λx, f1(x) = xna and f2(x) = eλx. Let

y = −u′

f2u

= −u′

eλxu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = λ eλx

f1f2 = eλxxna

f 2
2 f0 = e2λxaλ xne−λx

Substituting the above terms back in equation (2) gives

eλxu′′(x)−
(
eλxxna+ λ eλx

)
u′(x) + e2λxaλ xne−λxu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e
∫
∫ e

a xn+1−λx(n+1)
n+1 dx

λ−c1λ+e
a xn+1−λx(n+1)

n+1

∫
e
x(xna−λ(n+1))

n+1 dx−c1

dx

c2

The above shows that

u′(x)

=
c2

((∫
e

x
(
xna−λ(n+1)

)
n+1 dx

)
λ− c1λ+ e

x
(
xna−λ(n+1)

)
n+1

)
e
∫
∫ e

x
(
xna−λ(n+1)

)
n+1 dx

λ−c1λ+e
x
(
xna−λ(n+1)

)
n+1

∫
e
x(xna−λ(n+1))

n+1 dx−c1

dx

∫
e

x(xna−λ(n+1))
n+1 dx− c1

Using the above in (1) gives the solution

y =

−

((∫
e

x
(
xna−λ(n+1)

)
n+1 dx

)
λ− c1λ+ e

x
(
xna−λ(n+1)

)
n+1

)
e
∫
∫ e

x
(
xna−λ(n+1)

)
n+1 dx

λ−c1λ+e
x
(
xna−λ(n+1)

)
n+1

∫
e
x(xna−λ(n+1))

n+1 dx−c1

dx

e−λxe
∫
−
∫
λ e

a xn+1−λx(n+1)
n+1 dx+e

a xn+1−λx(n+1)
n+1 −c1λ∫

e
x(xna−λ(n+1))

n+1 dx−c1

dx

∫
e

x(xna−λ(n+1))
n+1 dx− c1

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y = −
e−λx

((∫
e

a xn+1−λx(n+1)
n+1 dx

)
λ− λc3 + e

a xn+1−λx(n+1)
n+1

)
∫
e

x(xna−λ(n+1))
n+1 dx− c3

Summary
The solution(s) found are the following

(1)y = −
e−λx

((∫
e

a xn+1−λx(n+1)
n+1 dx

)
λ− λc3 + e

a xn+1−λx(n+1)
n+1

)
∫
e

x(xna−λ(n+1))
n+1 dx− c3

Verification of solutions

y = −
e−λx

((∫
e

a xn+1−λx(n+1)
n+1 dx

)
λ− λc3 + e

a xn+1−λx(n+1)
n+1

)
∫
e

x(xna−λ(n+1))
n+1 dx− c3

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (x^n*a+lambda)*(diff(y(x), x))-exp(lambda*x)*a*lambda*x^n*exp(-lambda*

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(exp(lambda*x)*y(x)^2+y(x)+a*x^n*y(x)*x+x^2*a*lambda*x^n*exp(-lambda*x))/x, y(x),

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`[0, exp(-1/(n+1)*a*x^(n+1)+2*x*lambda)*(y+lambda/exp(x*lambda))^2]� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 89� �
dsolve(diff(y(x),x)=exp(lambda*x)*y(x)^2+a*x^(n)*y(x)+a*lambda*x^n*exp(-lambda*x),y(x), singsol=all)� �

y(x) = −
e−xλ

((∫
e

xn+1a−xλ(n+1)
n+1 dx

)
λ+ λc1 + e

xn+1a−xλ(n+1)
n+1

)
c1 +

∫
e

x(a xn−(n+1)λ)
n+1 dx

3 Solution by Mathematica
Time used: 1.93 (sec). Leaf size: 254� �
DSolve[y'[x]==Exp[\[Lambda]*x]*y[x]^2+a*x^(n)*y[x]+a*\[Lambda]*x^n*Exp[-\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ y(x)

1

 e
axn+1
n+1

(λ+ exλK[2])2

−
∫ x

1

2e
aK[1]n+1

n+1
(
aλK[1]n + aeλK[1]K[2]K[1]n + e2λK[1]K[2]2

)
(λ+ eλK[1]K[2])3

−
e

aK[1]n+1
n+1 −λK[1](aeλK[1]K[1]n + 2e2λK[1]K[2]

)
(λ+ eλK[1]K[2])2

 dK[1]

 dK[2]

+
∫ x

1
−
e

aK[1]n+1
n+1 −λK[1](aλK[1]n + aeλK[1]y(x)K[1]n + e2λK[1]y(x)2

)
(λ+ eλK[1]y(x))2

dK[1] = c1, y(x)
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4.5 problem 26
4.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 602

Internal problem ID [10434]
Internal file name [OUTPUT/9381_Monday_June_06_2022_02_20_59_PM_24609640/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 26.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + eλxy2λ− a xny eλx = −xna

4.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −λ eλxy2 + a xny eλx − xna

This is a Riccati ODE. Comparing the ODE to solve

y′ = −λ eλxy2 + a xny eλx − xna

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −xna, f1(x) = eλxxna and f2(x) = −λ eλx. Let

y = −u′

f2u

= −u′

−λ eλxu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −eλxλ2

f1f2 = −e2λxxnaλ

f 2
2 f0 = −e2λxxna λ2

Substituting the above terms back in equation (2) gives

−λ eλxu′′(x)−
(
−e2λxxnaλ− eλxλ2)u′(x)− e2λxxna λ2u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
eλx
((∫

e−λx+a
(∫

eλxxndx
)
dx
)
c2 + c1λ

)
λ

The above shows that

u′(x) =
eλx
(∫

e−λx+a
(∫

eλxxndx
)
dx
)
c2λ+ eλxc1λ2 + c2ea

(∫
eλxxndx

)
λ

Using the above in (1) gives the solution

y =

(
eλx
(∫

e−λx+a
(∫

eλxxndx
)
dx
)
c2λ+ eλxc1λ2 + c2ea

(∫
eλxxndx

))
e−2λx

λ
((∫

e−λx+a
(∫

eλxxndx
)
dx
)
c2 + c1λ

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

(
eλx
(∫

e−λx+a
(∫

eλxxndx
)
dx
)
λ+ eλxc3λ2 + ea

(∫
eλxxndx

))
e−2λx

λ
(∫

e−λx+a
(∫

eλxxndx
)
dx+ λc3

)
Summary
The solution(s) found are the following

(1)y =

(
eλx
(∫

e−λx+a
(∫

eλxxndx
)
dx
)
λ+ eλxc3λ2 + ea

(∫
eλxxndx

))
e−2λx

λ
(∫

e−λx+a
(∫

eλxxndx
)
dx+ λc3

)
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Verification of solutions

y =

(
eλx
(∫

e−λx+a
(∫

eλxxndx
)
dx
)
λ+ eλxc3λ2 + ea

(∫
eλxxndx

))
e−2λx

λ
(∫

e−λx+a
(∫

eλxxndx
)
dx+ λc3

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a*x^n*exp(lambda*x)+lambda)*(diff(y(x), x))-a*lambda*exp(lambda*x)*x^

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

a*(ln(t)/lambda)^n*u(t)-a*(ln(t)/lambda)^n*t*diff(u(t),t)+t*lambda*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 92� �
dsolve(diff(y(x),x)=-lambda*exp(lambda*x)*y(x)^2+a*x^(n)*exp(lambda*x)*y(x)-a*x^n,y(x), singsol=all)� �

y(x) =
e−xλ

(∫
e−xλ+a

(∫
exλxndx

)
dx
)
c1λ+ λ2e−xλ + c1e−2xλ+a

(∫
exλxndx

)
λ
((∫

e−xλ+a
(∫

exλxndx
)
dx
)
c1 + λ

)
3 Solution by Mathematica
Time used: 6.627 (sec). Leaf size: 185� �
DSolve[y'[x]==-\[Lambda]*Exp[\[Lambda]*x]*y[x]^2+a*x^(n)*Exp[\[Lambda]*x]*y[x]-a*x^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

e−2λx

eλx
∫ exλ

1

exp

aΓ(n+1,− log(K[1]))(− log(K[1]))−n
(

log(K[1])
λ

)n
λ


K[1]2 dK[1] + exp

a
(
− log

(
eλx
))−n

(
log
(
eλx

)
λ

)n

Γ
(
n+1,− log

(
exλ
))

λ

+ c1e
λx


∫ exλ

1

exp

aΓ(n+1,− log(K[1]))(− log(K[1]))−n
(

log(K[1])
λ

)n
λ


K[1]2 dK[1] + c1

y(x) → eλ(−x)
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4.6 problem 27
4.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 606

Internal problem ID [10435]
Internal file name [OUTPUT/9382_Monday_June_06_2022_02_21_00_PM_76993873/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 27.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a eλxy2 + ab xneλxy = b xn−1n

4.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= eλxa y2 − ab xneλxy + b xn−1n

This is a Riccati ODE. Comparing the ODE to solve

y′ = eλxa y2 − ab xneλxy + b xnn

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b xn−1n, f1(x) = −ab xneλx and f2(x) = eλxa. Let

y = −u′

f2u

= −u′

eλxau (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = aλ eλx

f1f2 = −a2b xne2λx

f 2
2 f0 = e2λxa2b xn−1n

Substituting the above terms back in equation (2) gives

eλxau′′(x)−
(
−a2b xne2λx + aλ eλx

)
u′(x) + e2λxa2b xn−1nu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−ab
(∫

eλxxndx
)(

c1 +
(∫

eλx+ab
(∫

eλxxndx
)
dx

)
λc2

)
The above shows that

u′(x) = −ab xneλx−ab
(∫

eλxxndx
)(

c1 +
(∫

eλx+ab
(∫

eλxxndx
)
dx

)
λc2

)
+ c2λ eλx

Using the above in (1) gives the solution

y=−

(
−ab xneλx−ab

(∫
eλxxndx

)(
c1 +

(∫
eλx+ab

(∫
eλxxndx

)
dx
)
λc2
)
+ c2λ eλx

)
e−λxe

∫
ab xneλxdx

a
(
c1 +

(∫
eλx+ab

(∫
eλxxndx

)
dx
)
λc2
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
e−λx+ab

(∫
eλxxndx

)(
ab xneλx−ab

(∫
eλxxndx

)(
c3 + λ

(∫
eλx+ab

(∫
eλxxndx

)
dx
))

− λ eλx
)

a
(
c3 + λ

(∫
eλx+ab

(∫
eλxxndx

)
dx
))

Summary
The solution(s) found are the following

y =
e−λx+ab

(∫
eλxxndx

)(
ab xneλx−ab

(∫
eλxxndx

)(
c3 + λ

(∫
eλx+ab

(∫
eλxxndx

)
dx
))

− λ eλx
)

a
(
c3 + λ

(∫
eλx+ab

(∫
eλxxndx

)
dx
))

(1)
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Verification of solutions

y =
e−λx+ab

(∫
eλxxndx

)(
ab xneλx−ab

(∫
eλxxndx

)(
c3 + λ

(∫
eλx+ab

(∫
eλxxndx

)
dx
))

− λ eλx
)

a
(
c3 + λ

(∫
eλx+ab

(∫
eλxxndx

)
dx
))

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (-exp(lambda*x)*x^n*a*b+lambda)*(diff(y(x), x))-exp(lambda*x)*y(x)*x^(

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
<- 2nd order exact_linear successful

Change of variables used:
[x = ln(t)/lambda]

Linear ODE actually solved:
b*(ln(t)/lambda)^n/ln(t)*lambda*n*a*u(t)+t*(ln(t)/lambda)^n*a*b*lambda*diff(u(t),t)+lambda^2*t*diff(diff(u(t),t),t) = 0

<- change of variables successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 88� �
dsolve(diff(y(x),x)=a*exp(lambda*x)*y(x)^2-a*b*x^(n)*exp(lambda*x)*y(x)+b*n*x^(n-1),y(x), singsol=all)� �

y(x) =
xnλ

(∫
exλ+ab

(∫
exλxndx

)
dx
)
c1ab+ xnab− c1λ eab

(∫
exλxndx

)
a
(
λ
(∫

exλ+ab
(∫

exλxndx
)
dx
)
c1 + 1

)
3 Solution by Mathematica
Time used: 63.132 (sec). Leaf size: 188� �
DSolve[y'[x]==a*Exp[\[Lambda]*x]*y[x]^2-a*b*x^(n)*Exp[\[Lambda]*x]*y[x]+b*n*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

abc1
(

log
(
eλx
)

λ

)n ∫ exλ

1 exp
(

abΓ(n+1,− log(K[1]))(− log(K[1]))−n
(

log(K[1])
λ

)n
λ

)
dK[1]− c1λ exp

ab
(
− log

(
eλx
))−n

(
log
(
eλx

)
λ

)n

Γ
(
n+1,− log

(
exλ
))

λ

+ ab
(

log
(
eλx
)

λ

)n
a+ ac1

∫ exλ

1 exp
(

abΓ(n+1,− log(K[1]))(− log(K[1]))−n
(

log(K[1])
λ

)n
λ

)
dK[1]
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4.7 problem 28
4.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 611

Internal problem ID [10436]
Internal file name [OUTPUT/9383_Monday_June_06_2022_02_21_02_PM_33130912/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 28.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a xny2 = bλ eλx − a b2xne2λx

4.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a xny2 + bλ eλx − a b2xne2λx

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xny2 + bλ eλx − a b2xne2λx

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = bλ eλx − a b2xne2λx, f1(x) = 0 and f2(x) = xna. Let

y = −u′

f2u

= −u′

xnau
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

xnna

x
f1f2 = 0
f 2
2 f0 = x2na2

(
bλ eλx − a b2xne2λx

)
Substituting the above terms back in equation (2) gives

xnau′′(x)− xnnau′(x)
x

+ x2na2
(
bλ eλx − a b2xne2λx

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=DESol
({

−x1+2ne2λx_Y(x) a2b2 + eλxxn+1_Y(x) abλ+ _Y′′(x)x− n_Y′(x)
x

}
, {_Y(x)}

)

The above shows that

u′(x)

= ∂

∂x
DESol

({
−x1+2ne2λx_Y(x) a2b2 + eλxxn+1_Y(x) abλ+ _Y′′(x)x− n_Y′(x)

x

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y=−

(
∂
∂x

DESol
({

−x1+2ne2λx_Y(x)a2b2+eλxxn+1_Y(x)abλ+_Y′′
(x)x−n_Y′

(x)
x

}
, {_Y(x)}

))
x−n

aDESol
({

−x1+2ne2λx_Y(x)a2b2+eλxxn+1_Y(x)abλ+_Y′′
(x)x−n_Y′

(x)
x

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y=−

(
∂
∂x

DESol
({

−x1+2ne2λx_Y(x)a2b2+eλxxn+1_Y(x)abλ+_Y′′
(x)x−n_Y′

(x)
x

}
, {_Y(x)}

))
x−n

aDESol
({

−x1+2ne2λx_Y(x)a2b2+eλxxn+1_Y(x)abλ+_Y′′
(x)x−n_Y′

(x)
x

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

−x1+2ne2λx_Y(x)a2b2+eλxxn+1_Y(x)abλ+_Y′′
(x)x−n_Y′

(x)
x

}
, {_Y(x)}

))
x−n

aDESol
({

−x1+2ne2λx_Y(x)a2b2+eλxxn+1_Y(x)abλ+_Y′′
(x)x−n_Y′

(x)
x

}
, {_Y (x)}

)
Verification of solutions

y=−

(
∂
∂x

DESol
({

−x1+2ne2λx_Y(x)a2b2+eλxxn+1_Y(x)abλ+_Y′′
(x)x−n_Y′

(x)
x

}
, {_Y(x)}

))
x−n

aDESol
({

−x1+2ne2λx_Y(x)a2b2+eλxxn+1_Y(x)abλ+_Y′′
(x)x−n_Y′

(x)
x

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = n*(diff(y(x), x))/x+a*x^n*b*(x^n*exp(2*lambda*x)*a*b-lambda*exp(lambda

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(a*x^n*y(x)^2+y(x)+x^2*(b*lambda*exp(lambda*x)-a*b^2*x^n*exp(2*lambda*x)))/x, y(x

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2+b*lambda*exp(lambda*x)-a*b^2*x^n*exp(2*lambda*x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==a*x^n*y[x]^2+b*\[Lambda]*Exp[\[Lambda]*x]-a*b^2*x^n*Exp[2*\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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4.8 problem 29
4.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 616

Internal problem ID [10437]
Internal file name [OUTPUT/9384_Monday_June_06_2022_02_21_04_PM_3481108/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 29.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a xny2 − λy = −a b2xne2λx

4.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a xny2 + λy − a b2xne2λx

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xny2 + λy − a b2xne2λx

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a b2xne2λx, f1(x) = λ and f2(x) = xna. Let

y = −u′

f2u

= −u′

xnau
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

xnna

x
f1f2 = λa xn

f 2
2 f0 = −x3na3b2e2λx

Substituting the above terms back in equation (2) gives

xnau′′(x)−
(
xnna

x
+ λa xn

)
u′(x)− x3na3b2e2λxu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = −c1 sinh
(
xnab

(
(Γ(n,−λx)n− Γ(n+ 1)) (−λx)−n + eλx

)
λ

)

+ c2 cosh
(
xnab

(
(Γ(n,−λx)n− Γ(n+ 1)) (−λx)−n + eλx

)
λ

)

The above shows that

u′(x) = ab xneλx
(
c2 sinh

(
xnab

(
(Γ(n,−λx)n− Γ(n+ 1)) (−λx)−n + eλx

)
λ

)

− c1 cosh
(
xnab

(
(Γ(n,−λx)n− Γ(n+ 1)) (−λx)−n + eλx

)
λ

))

Using the above in (1) gives the solution

y =

−
b eλx

(
c2 sinh

(
xnab

(
(Γ(n,−λx)n−Γ(n+1))(−λx)−n+eλx

)
λ

)
− c1 cosh

(
xnab

(
(Γ(n,−λx)n−Γ(n+1))(−λx)−n+eλx

)
λ

))
−c1 sinh

(
xnab

(
(Γ(n,−λx)n−Γ(n+1))(−λx)−n+eλx

)
λ

)
+ c2 cosh

(
xnab

(
(Γ(n,−λx)n−Γ(n+1))(−λx)−n+eλx

)
λ

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
b eλx

(
sinh

(
(−λx)−nxnab

(
eλx(−λx)n+Γ(n,−λx)n−Γ(n+1)

)
λ

)
− c3 cosh

(
(−λx)−nxnab

(
eλx(−λx)n+Γ(n,−λx)n−Γ(n+1)

)
λ

))
c3 sinh

(
(−λx)−nxnab

(
eλx(−λx)n+Γ(n,−λx)n−Γ(n+1)

)
λ

)
− cosh

(
(−λx)−nxnab

(
eλx(−λx)n+Γ(n,−λx)n−Γ(n+1)

)
λ

)
Summary
The solution(s) found are the following

(1)y

=
b eλx

(
sinh

(
(−λx)−nxnab

(
eλx(−λx)n+Γ(n,−λx)n−Γ(n+1)

)
λ

)
− c3 cosh

(
(−λx)−nxnab

(
eλx(−λx)n+Γ(n,−λx)n−Γ(n+1)

)
λ

))
c3 sinh

(
(−λx)−nxnab

(
eλx(−λx)n+Γ(n,−λx)n−Γ(n+1)

)
λ

)
− cosh

(
(−λx)−nxnab

(
eλx(−λx)n+Γ(n,−λx)n−Γ(n+1)

)
λ

)
Verification of solutions
y

=
b eλx

(
sinh

(
(−λx)−nxnab

(
eλx(−λx)n+Γ(n,−λx)n−Γ(n+1)

)
λ

)
− c3 cosh

(
(−λx)−nxnab

(
eλx(−λx)n+Γ(n,−λx)n−Γ(n+1)

)
λ

))
c3 sinh

(
(−λx)−nxnab

(
eλx(−λx)n+Γ(n,−λx)n−Γ(n+1)

)
λ

)
− cosh

(
(−λx)−nxnab

(
eλx(−λx)n+Γ(n,−λx)n−Γ(n+1)

)
λ

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 62� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2+lambda*y(x)-a*b^2*x^n*exp(2*lambda*x),y(x), singsol=all)� �

y(x) = tanh
(
−ab xn(nΓ(n,−xλ)− Γ(n+ 1)) (−xλ)−n − ba exλxn + iλc1

λ

)
b exλ

618



3 Solution by Mathematica
Time used: 1.69 (sec). Leaf size: 57� �
DSolve[y'[x]==a*x^n*y[x]^2+\[Lambda]*y[x]-a*b^2*x^n*Exp[2*\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
−b2eλx tan

(
a
√
−b2xn(λ(−x))−nΓ(n+ 1,−xλ)

λ
+ c1

)
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4.9 problem 30
4.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 620

Internal problem ID [10438]
Internal file name [OUTPUT/9385_Monday_June_06_2022_02_21_05_PM_40185526/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 30.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a xny2 + ab xneλxy = bλ eλx

4.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a xny2 − ab xneλxy + bλ eλx

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xny2 − ab xneλxy + bλ eλx

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = bλ eλx, f1(x) = −ab xneλx and f2(x) = xna. Let

y = −u′

f2u

= −u′

xnau
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

xnna

x
f1f2 = −a2b x2neλx

f 2
2 f0 = eλxx2na2bλ

Substituting the above terms back in equation (2) gives

xnau′′(x)−
(
−a2b x2neλx + xnna

x

)
u′(x) + eλxx2na2bλu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

ab eλx(λ_Y(x) + _Y′(x))xn+1 + _Y′′(x)x− n_Y′(x)
x

}
, {_Y(x)}

)
The above shows that

u′(x)

= ∂

∂x
DESol

({
ab eλx(λ_Y(x) + _Y′(x))xn+1 + _Y′′(x)x− n_Y′(x)

x

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y = −

(
∂
∂x

DESol
({

ab eλx
(
λ_Y(x)+_Y′

(x)
)
xn+1+_Y′′

(x)x−n_Y′
(x)

x

}
, {_Y(x)}

))
x−n

aDESol
({

ab eλx
(
λ_Y(x)+_Y′

(x)
)
xn+1+_Y′′

(x)x−n_Y′
(x)

x

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −

(
∂
∂x

DESol
({

ab eλx
(
λ_Y(x)+_Y′

(x)
)
xn+1+_Y′′

(x)x−n_Y′
(x)

x

}
, {_Y(x)}

))
x−n

aDESol
({

ab eλx
(
λ_Y(x)+_Y′

(x)
)
xn+1+_Y′′

(x)x−n_Y′
(x)

x

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

y = −

(
∂
∂x

DESol
({

ab eλx
(
λ_Y(x)+_Y′

(x)
)
xn+1+_Y′′

(x)x−n_Y′
(x)

x

}
, {_Y(x)}

))
x−n

aDESol
({

ab eλx
(
λ_Y(x)+_Y′

(x)
)
xn+1+_Y′′

(x)x−n_Y′
(x)

x

}
, {_Y (x)}

)
(1)

Verification of solutions

y = −

(
∂
∂x

DESol
({

ab eλx
(
λ_Y(x)+_Y′

(x)
)
xn+1+_Y′′

(x)x−n_Y′
(x)

x

}
, {_Y(x)}

))
x−n

aDESol
({

ab eλx
(
λ_Y(x)+_Y′

(x)
)
xn+1+_Y′′

(x)x−n_Y′
(x)

x

}
, {_Y (x)}

)
Verified OK.

622



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(exp(lambda*x)*x^n*a*b*x-n)*(diff(y(x), x))/x-b*a*lambda*exp(lambda*x

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(a*x^n*y(x)^2+y(x)-b*a*exp(lambda*x)*x^n*y(x)*x+exp(lambda*x)*b*lambda*x^2)/x, y(

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2-a*b*x^n*exp(lambda*x)*y(x)+b*lambda*exp(lambda*x),y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 53.05 (sec). Leaf size: 190� �
DSolve[y'[x]==a*x^n*y[x]^2-a*b*x^n*Exp[\[Lambda]*x]*y[x]+b*\[Lambda]*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

be2λx

∫ exλ

1

exp

abΓ(n+1,− log(K[1]))(− log(K[1]))−n
(

log(K[1])
λ

)n
λ


K[1]2 dK[1] + c1



eλx
∫ exλ

1

exp

abΓ(n+1,− log(K[1]))(− log(K[1]))−n
(

log(K[1])
λ

)n
λ


K[1]2 dK[1] + exp

ab
(
− log

(
eλx
))−n

(
log
(
eλx

)
λ

)n

Γ
(
n+1,− log

(
exλ
))

λ

+ c1eλx

y(x) → beλx
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4.10 problem 31
4.10.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 625

Internal problem ID [10439]
Internal file name [OUTPUT/9386_Monday_June_06_2022_02_21_08_PM_74422371/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 31.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + (k + 1)xky2 − a xk+1eλxy = −eλxa

4.10.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −xky2k + a xk+1eλxy − xky2 − eλxa

This is a Riccati ODE. Comparing the ODE to solve

y′ = −xky2k + a xkx eλxy − xky2 − eλxa

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −eλxa, f1(x) = xk+1eλxa and f2(x) = −xkk − xk. Let

y = −u′

f2u

= −u′

(−xkk − xk)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −k2xk

x
− k xk

x
f1f2 = xk+1eλxa

(
−xkk − xk

)
f 2
2 f0 = −

(
−xkk − xk

)2 eλxa
Substituting the above terms back in equation (2) gives

(
−xkk − xk

)
u′′(x)−

(
−k2xk

x
− k xk

x
+ xk+1eλxa

(
−xkk − xk

))
u′(x)−

(
−xkk − xk

)2 eλxau(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = xk+1
((∫

x−2k−2e
∫ (

xk+1eλxa+ k
x

)
dx
dx

)
c2 + c1

)

The above shows that

u′(x) = c2x
−k−1e

∫
a xk+2eλx+k

x
dx + xk(k + 1)

((∫
e
∫

a xk+2eλx+k
x

dxx−2k−2dx

)
c2 + c1

)

Using the above in (1) gives the solution

y=−

(
c2x

−k−1e
∫

a xk+2eλx+k
x

dx + xk(k + 1)
((∫

e
∫

a xk+2eλx+k
x

dxx−2k−2dx
)
c2 + c1

))
x−k−1

(−xkk − xk)
((∫

x−2k−2e
∫ (

xk+1eλxa+ k
x

)
dx
dx

)
c2 + c1

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
(k + 1)

(∫
x−2k−2e

∫ (
xk+1eλxa+ k

x

)
dx
dx+ c3

)
x−k−1 + x−3k−2e

∫ (
xk+1eλxa+ k

x

)
dx

(k + 1)
(∫

e
∫

a xk+2eλx+k
x

dxx−2k−2dx+ c3
)
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Summary
The solution(s) found are the following

(1)y =
(k + 1)

(∫
x−2k−2e

∫ (
xk+1eλxa+ k

x

)
dx
dx+ c3

)
x−k−1 + x−3k−2e

∫ (
xk+1eλxa+ k

x

)
dx

(k + 1)
(∫

e
∫

a xk+2eλx+k
x

dxx−2k−2dx+ c3
)

Verification of solutions

y =
(k + 1)

(∫
x−2k−2e

∫ (
xk+1eλxa+ k

x

)
dx
dx+ c3

)
x−k−1 + x−3k−2e

∫ (
xk+1eλxa+ k

x

)
dx

(k + 1)
(∫

e
∫

a xk+2eλx+k
x

dxx−2k−2dx+ c3
)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (x^(1+k)*exp(lambda*x)*a*x+k)*(diff(y(x), x))/x-x^k*(1+k)*a*exp(lambda

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((-x^k*k-x^k)*y(x)^2+y(x)+a*x^(1+k)*exp(lambda*x)*y(x)*x-x^2*exp(lambda*x)*a)/x,

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2� �
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3 Solution by Maple
Time used: 0.032 (sec). Leaf size: 184� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+a*x^(k+1)*exp(lambda*x)*y(x)-a*exp(lambda*x),y(x), singsol=all)� �
y(x)

=
x−1−k

(
x1+ke

∫
x1+kexλax−2k−2

x
dx +

(∫
xkea

(∫
x1+kexλdx

)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k +

∫
xkea

(∫
x1+kexλdx

)
−2
(∫ 1

x
dx
)
(1+k)dx− c1

)
(∫

xkea
(∫

x1+kexλdx
)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k +

∫
xkea

(∫
x1+kexλdx

)
−2
(∫ 1

x
dx
)
(1+k)dx− c1

3 Solution by Mathematica
Time used: 86.249 (sec). Leaf size: 280� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+a*x^(k+1)*Exp[\[Lambda]*x]*y[x]-a*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

aλ exp

a
(
− log

(
eλx
))−k

(
log
(
eλx

)
λ

)k

Γ
(
k+2,− log

(
exλ
))

λ2

(1 + c1
∫ exλ

1 exp
(
−

aΓ(k+2,− log(K[1]))(− log(K[1]))−k
(

log(K[1])
λ

)k
λ2

)
dK[1]

)

ac1λ
(

log
(
eλx
)

λ

)k+1
exp

a
(
− log

(
eλx
))−k

(
log
(
eλx

)
λ

)k

Γ
(
k+2,− log

(
exλ
))

λ2

∫ exλ

1 exp
(
−

aΓ(k+2,− log(K[1]))(− log(K[1]))−k
(

log(K[1])
λ

)k
λ2

)
dK[1] + aλ

(
log
(
eλx
)

λ

)k+1
exp

a
(
− log

(
eλx
))−k

(
log
(
eλx

)
λ

)k

Γ
(
k+2,− log

(
exλ
))

λ2

− c1λ2
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4.11 problem 32
4.11.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 630

Internal problem ID [10440]
Internal file name [OUTPUT/9387_Monday_June_06_2022_02_21_12_PM_78437714/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 32.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a xny2 + a xn
(
b eλx + c

)
y = c xn

4.11.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −ab xneλxy − xnacy + a xny2 + c xn

This is a Riccati ODE. Comparing the ODE to solve

y′ = −ab xneλxy − xnacy + a xny2 + c xn

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c xn, f1(x) = −ab xneλx − xnac and f2(x) = xna. Let

y = −u′

f2u

= −u′

xnau
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

xnna

x
f1f2 =

(
−ab xneλx − xnac

)
xna

f 2
2 f0 = x3na2c

Substituting the above terms back in equation (2) gives

xnau′′(x)−
((

−ab xneλx − xnac
)
xna+ xnna

x

)
u′(x) + x3na2cu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=DESol
({

ac x1+2n_Y(x) + _Y′′(x)x+ _Y′(x)
(
xn+1(b eλx + c

)
a− n

)
x

}
, {_Y(x)}

)

The above shows that

u′(x)

= ∂

∂x
DESol

({
ac x1+2n_Y(x) + _Y′′(x)x+ _Y′(x)

(
xn+1(b eλx + c

)
a− n

)
x

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y = −

(
∂
∂x

DESol
({

ac x1+2n_Y(x)+_Y′′
(x)x+_Y′

(x)
(
xn+1(b eλx+c

)
a−n

)
x

}
, {_Y(x)}

))
x−n

aDESol
({

ac x1+2n_Y(x)+_Y′′
(x)x+_Y′

(x)
(
xn+1

(
b eλx+c

)
a−n

)
x

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −

(
∂
∂x

DESol
({

ac x1+2n_Y(x)+_Y′′
(x)x+_Y′

(x)
(
xn+1(b eλx+c

)
a−n

)
x

}
, {_Y(x)}

))
x−n

aDESol
({

ac x1+2n_Y(x)+_Y′′
(x)x+_Y′

(x)
(
xn+1

(
b eλx+c

)
a−n

)
x

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

y = −

(
∂
∂x

DESol
({

ac x1+2n_Y(x)+_Y′′
(x)x+_Y′

(x)
(
xn+1(b eλx+c

)
a−n

)
x

}
, {_Y(x)}

))
x−n

aDESol
({

ac x1+2n_Y(x)+_Y′′
(x)x+_Y′

(x)
(
xn+1

(
b eλx+c

)
a−n

)
x

}
, {_Y (x)}

)
(1)

Verification of solutions

y = −

(
∂
∂x

DESol
({

ac x1+2n_Y(x)+_Y′′
(x)x+_Y′

(x)
(
xn+1(b eλx+c

)
a−n

)
x

}
, {_Y(x)}

))
x−n

aDESol
({

ac x1+2n_Y(x)+_Y′′
(x)x+_Y′

(x)
(
xn+1

(
b eλx+c

)
a−n

)
x

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(exp(lambda*x)*x^n*a*b*x+a*x^n*c*x-n)*(diff(y(x), x))/x-a*(x^n)^2*c*y

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(a*x^n*y(x)^2+y(x)+(-exp(lambda*x)*x^n*a*b-a*x^n*c)*y(x)*x+x^2*c*x^n)/x, y(x), ex

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2-a*x^n*(b*exp(lambda*x)+c)*y(x)+c*x^n,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==a*x^n*y[x]^2-a*x^n*(b*Exp[\[Lambda]*x]+c)*y[x]+c*x^n,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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4.12 problem 33
4.12.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 635

Internal problem ID [10441]
Internal file name [OUTPUT/9388_Monday_June_06_2022_02_21_15_PM_99041241/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 33.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a xne2λxy2 −
(
b xneλx − λ

)
y = c xn

4.12.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a xne2λxy2 + xneλxby + c xn − λy

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xne2λxy2 + xneλxby + c xn − λy

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c xn, f1(x) = b xneλx − λ and f2(x) = xne2λxa. Let

y = −u′

f2u

= −u′

xne2λxau (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

xnn e2λxa
x

+ 2 e2λxxnaλ

f1f2 =
(
b xneλx − λ

)
xne2λxa

f 2
2 f0 = x3ne4λxa2c

Substituting the above terms back in equation (2) gives

xne2λxau′′(x)−
(
xnn e2λxa

x
+ 2 e2λxxnaλ+

(
b xneλx − λ

)
xne2λxa

)
u′(x) + x3ne4λxa2cu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−
∫tan

√4a b2c−b4
(
Γ(n,−λx)xnb(−λx)−nn−xn(−λx)−nΓ(n+1)b+b xneλx+c1λ

)
2b2λ

√4a b2c−b4−b2
xneλxdx

2b c2

The above shows that

u′(x) =

−
c2x

neλx−
∫tan

√4a b2c−b4
(
Γ(n,−λx)xnb(−λx)−nn−xn(−λx)−nΓ(n+1)b+b xneλx+c1λ

)
2b2λ

√4a b2c−b4−b2
xneλxdx

2b

(
tan

(√
4a b2c−b4

(
Γ(n,−λx)xnb(−λx)−nn−xn(−λx)−nΓ(n+1)b+b xneλx+c1λ

)
2b2λ

)√
4a b2c− b4 − b2

)
2b

Using the above in (1) gives the solution

y

=
eλx−

∫tan

√4a b2c−b4
(
Γ(n,−λx)xnb(−λx)−nn−xn(−λx)−nΓ(n+1)b+b xneλx+c1λ

)
2b2λ

√4a b2c−b4−b2
xneλxdx

2b

(
tan

(√
4a b2c−b4

(
Γ(n,−λx)xnb(−λx)−nn−xn(−λx)−nΓ(n+1)b+b xneλx+c1λ

)
2b2λ

)√
4a b2c− b4 − b2

)
e−2λxe

∫
−

− tan

√4a b2c−b4
(
Γ(n,−λx)xnb(−λx)−nn−xn(−λx)−nΓ(n+1)b+b xneλx+c1λ

)
2b2λ

√4a b2c−b4+b2
xneλx

2b dx

2ba

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
e−λx

(
tan

(√
4a b2c−b4

(
Γ(n,−λx)xnb(−λx)−nn−xn(−λx)−nΓ(n+1)b+b xneλx+λc3

)
2b2λ

)√
4a b2c− b4 − b2

)
2ab

Summary
The solution(s) found are the following

(1)y

=
e−λx

(
tan

(√
4a b2c−b4

(
Γ(n,−λx)xnb(−λx)−nn−xn(−λx)−nΓ(n+1)b+b xneλx+λc3

)
2b2λ

)√
4a b2c− b4 − b2

)
2ab

Verification of solutions
y

=
e−λx

(
tan

(√
4a b2c−b4

(
Γ(n,−λx)xnb(−λx)−nn−xn(−λx)−nΓ(n+1)b+b xneλx+λc3

)
2b2λ

)√
4a b2c− b4 − b2

)
2ab

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
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3 Solution by Maple
Time used: 0.032 (sec). Leaf size: 114� �
dsolve(diff(y(x),x)=a*x^n*exp(2*lambda*x)*y(x)^2+(b*x^n*exp(lambda*x)-lambda)*y(x)+c*x^n,y(x), singsol=all)� �
y(x)

=

(
tan

(√
4a b2c−b4

(
xn(−xλ)−nΓ(n,−xλ)bn−xn(−xλ)−nΓ(n+1)b+exλxnb+λc1

)
2b2λ

)√
4a b2c− b4 − b2

)
e−xλ

2ab

3 Solution by Mathematica
Time used: 3.112 (sec). Leaf size: 102� �
DSolve[y'[x]==a*x^n*Exp[2*\[Lambda]*x]*y[x]^2+(b*x^n*Exp[\[Lambda]*x]-\[Lambda])*y[x]+c*x^n,y[x],x,IncludeSingularSolutions -> True]� �

Solve

∫ √
ae2xλ

c
y(x)

1

1

K[1]2 −
√

b2

ac
K[1] + 1

dK[1] =
cxneλ(−x)(λ(−x))−n

√
ae2λx

c
Γ(n+ 1,−xλ)

λ

+ c1, y(x)
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4.13 problem 34
4.13.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 639

Internal problem ID [10442]
Internal file name [OUTPUT/9389_Monday_June_06_2022_02_21_19_PM_91254245/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 34.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[[_1st_order , `_with_symmetry_[F(x),G(x)]`], _Riccati]

y′ − a eλx(y − b xn − c)2 = b xn−1n

4.13.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a b2eλxx2n + 2xneλxabc− 2ab xneλxy + eλxa c2 − 2 eλxacy + eλxa y2 + b xn−1n

This is a Riccati ODE. Comparing the ODE to solve

y′ = a b2eλxx2n + 2xneλxabc− 2ab xneλxy + eλxa c2 − 2 eλxacy + eλxa y2 + b xnn

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a b2eλxx2n + 2xneλxabc + eλxa c2 + b xn−1n, f1(x) = −2ab xneλx −
2 eλxac and f2(x) = eλxa. Let

y = −u′

f2u

= −u′

eλxau (1)

639



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = aλ eλx

f1f2 =
(
−2ab xneλx − 2 eλxac

)
eλxa

f 2
2 f0 = e2λxa2

(
a b2eλxx2n + 2xneλxabc+ eλxa c2 + b xn−1n

)
Substituting the above terms back in equation (2) gives

eλxau′′(x)−
(
aλ eλx +

(
−2ab xneλx − 2 eλxac

)
eλxa

)
u′(x) + e2λxa2

(
a b2eλxx2n + 2xneλxabc+ eλxa c2 + b xn−1n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−
(∫ (

2a
(
b xn+c

)
eλx−λ

)
dx
)

2

(
c1 sinh

(
λx

2

)
+ c2 cosh

(
λx

2

))

The above shows that

u′(x) = −
((

ac2(b xn + c) eλx − λ(c1 + c2)
2

)
cosh

(
λx

2

)
+ sinh

(
λx

2

)(
ac1(b xn + c) eλx − λ(c1 + c2)

2

))
e−

(∫ (
2a
(
b xn+c

)
eλx−λ

)
dx
)

2

Using the above in (1) gives the solution

y

=

((
ac2(b xn + c) eλx − λ(c1+c2)

2

)
cosh

(
λx
2

)
+ sinh

(
λx
2

) (
ac1(b xn + c) eλx − λ(c1+c2)

2

))
e−λx

a
(
c1 sinh

(
λx
2

)
+ c2 cosh

(
λx
2

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=

(
−λ(c3 + 1) e−λx + 2(b xn + c) a

)
cosh

(
λx
2

)
+ 2
(
−λ(c3+1)e−λx

2 + (b xn + c) c3a
)
sinh

(
λx
2

)
2
(
c3 sinh

(
λx
2

)
+ cosh

(
λx
2

))
a
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Summary
The solution(s) found are the following

(1)y

=

(
−λ(c3 + 1) e−λx + 2(b xn + c) a

)
cosh

(
λx
2

)
+ 2
(
−λ(c3+1)e−λx

2 + (b xn + c) c3a
)
sinh

(
λx
2

)
2
(
c3 sinh

(
λx
2

)
+ cosh

(
λx
2

))
a

Verification of solutions
y

=

(
−λ(c3 + 1) e−λx + 2(b xn + c) a

)
cosh

(
λx
2

)
+ 2
(
−λ(c3+1)e−λx

2 + (b xn + c) c3a
)
sinh

(
λx
2

)
2
(
c3 sinh

(
λx
2

)
+ cosh

(
λx
2

))
a

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular polynomial solution successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 50� �
dsolve(diff(y(x),x)=a*exp(lambda*x)*(y(x)-b*x^n-c)^2+b*n*x^(n-1),y(x), singsol=all)� �

y(x) = ac1λ(b xn + c) exλ + xnab− c1λ
2 + ac

(λc1exλ + 1) a
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3 Solution by Mathematica
Time used: 1.563 (sec). Leaf size: 40� �
DSolve[y'[x]==a*Exp[\[Lambda]*x]*(y[x]-b*x^n-c)^2+b*n*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �

y(x) → λ

−aeλx + c1λ
+ bxn + c

y(x) → bxn + c
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4.14 problem 35
4.14.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 643

Internal problem ID [10443]
Internal file name [OUTPUT/9390_Monday_June_06_2022_02_21_21_PM_25838751/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 35.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− a eλxy2 − ky = a b2x2keλx

4.14.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= eλxa y2 + ky + a b2x2keλx
x

This is a Riccati ODE. Comparing the ODE to solve

y′ = a b2x2keλx
x

+ eλxa y2
x

+ ky

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a b2x2keλx
x

, f1(x) = k
x
and f2(x) = a eλx

x
. Let

y = −u′

f2u

= −u′

a eλxu
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −a eλx

x2 + aλ eλx
x

f1f2 =
ka eλx
x2

f 2
2 f0 =

a3e3λxb2x2k

x3

Substituting the above terms back in equation (2) gives

a eλxu′′(x)
x

−
(
−a eλx

x2 + aλ eλx
x

+ ka eλx
x2

)
u′(x) + a3e3λxb2x2ku(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 sin
(
ab xk(−λx)−k (Γ(k)− Γ(k,−λx))

)
+ c2 cos

(
ab xk(−λx)−k (Γ(k)− Γ(k,−λx))

)
The above shows that

u′(x) =
(
c1 cos

(
ab xk(−λx)−k (Γ(k)− Γ(k,−λx))

)
− c2 sin

(
ab xk(−λx)−k (Γ(k)− Γ(k,−λx))

))
ab xk−1eλx

Using the above in (1) gives the solution

y =

−

(
c1 cos

(
ab xk(−λx)−k (Γ(k)− Γ(k,−λx))

)
− c2 sin

(
ab xk(−λx)−k (Γ(k)− Γ(k,−λx))

))
b xk−1x

c1 sin
(
ab xk (−λx)−k (Γ (k)− Γ (k,−λx))

)
+ c2 cos

(
ab xk (−λx)−k (Γ (k)− Γ (k,−λx))

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
b xk
(
−c3 cos

(
ab xk(−λx)−k (Γ(k)− Γ(k,−λx))

)
+ sin

(
ab xk(−λx)−k (Γ(k)− Γ(k,−λx))

))
c3 sin

(
ab xk (−λx)−k (Γ (k)− Γ (k,−λx))

)
+ cos

(
ab xk (−λx)−k (Γ (k)− Γ (k,−λx))

)
Summary
The solution(s) found are the following

(1)y

=
b xk
(
−c3 cos

(
ab xk(−λx)−k (Γ(k)− Γ(k,−λx))

)
+ sin

(
ab xk(−λx)−k (Γ(k)− Γ(k,−λx))

))
c3 sin

(
ab xk (−λx)−k (Γ (k)− Γ (k,−λx))

)
+ cos

(
ab xk (−λx)−k (Γ (k)− Γ (k,−λx))

)
Verification of solutions
y

=
b xk
(
−c3 cos

(
ab xk(−λx)−k (Γ(k)− Γ(k,−λx))

)
+ sin

(
ab xk(−λx)−k (Γ(k)− Γ(k,−λx))

))
c3 sin

(
ab xk (−λx)−k (Γ (k)− Γ (k,−λx))

)
+ cos

(
ab xk (−λx)−k (Γ (k)− Γ (k,−λx))

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 38� �
dsolve(x*diff(y(x),x)=a*exp(lambda*x)*y(x)^2+k*y(x)+a*b^2*x^(2*k)*exp(lambda*x),y(x), singsol=all)� �

y(x) = − tan
(
ab xk(Γ(k,−xλ)− Γ(k)) (−xλ)−k + c1

)
b xk
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3 Solution by Mathematica
Time used: 1.593 (sec). Leaf size: 47� �
DSolve[x*y'[x]==a*Exp[\[Lambda]*x]*y[x]^2+k*y[x]+a*b^2*x^(2*k)*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(
−a

√
b2xk(λ(−x))−kΓ(k,−xλ) + c1

)
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4.15 problem 36
4.15.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 647

Internal problem ID [10444]
Internal file name [OUTPUT/9391_Monday_June_06_2022_02_21_22_PM_4099908/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 36.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− a x2neλxy2 −
(
b xneλx − n

)
y = eλxc

4.15.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a x2neλxy2 + xneλxby + eλxc− ny

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = a x2neλxy2
x

+ eλxxnby

x
+ eλxc

x
− ny

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = eλxc
x
, f1(x) = b xneλx−n

x
and f2(x) = x2neλxa

x
. Let

y = −u′

f2u

= −u′

x2neλxau
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

2x2nn eλxa
x2 + x2nλ eλxa

x
− eλxa x2n

x2

f1f2 =
(
b xneλx − n

)
x2neλxa

x2

f 2
2 f0 =

x4ne3λxa2c
x3

Substituting the above terms back in equation (2) gives

x2neλxau′′(x)
x

−

(
2x2nn eλxa

x2 + x2nλ eλxa
x

− eλxa x2n

x2 +
(
b xneλx − n

)
x2neλxa

x2

)
u′(x) + x4ne3λxa2cu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(
c1 BesselJ

(√
3
√
−ca

8b ,

√
3
√
2
√
ca x2n x−n

8b

)

+ c2 BesselY
(√

3
√
−ca

8b ,

√
3
√
2
√
ca x2n x−n

8b

))
e

(∫( b xneλx
x +λ+3n

x

)
dx

)
2

The above shows that

u′(x)

=
e

(∫ b xneλx+λx+3n
x dx

)
2

(
c1 BesselJ

(√
3
√
−ca

8b ,
√
3
√
2
√
ca x2n x−n

8b

)
+ c2 BesselY

(√
3
√
−ca

8b ,
√
3
√
2
√
ca x2n x−n

8b

)) (
b xneλx + λx+ 3n

)
2x

Using the above in (1) gives the solution

y = −
e

(∫ b xneλx+λx+3n
x dx

)
2

(
b xneλx + λx+ 3n

)
x−2ne−λxe

∫ (
− b xn−1eλx

2 −λ
2−

3n
2x

)
dx

2a

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

648



y = −
(
(λx+ 3n) e−λx + b xn

)
x−2n

2a

Summary
The solution(s) found are the following

(1)y = −
(
(λx+ 3n) e−λx + b xn

)
x−2n

2a
Verification of solutions

y = −
(
(λx+ 3n) e−λx + b xn

)
x−2n

2a

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 86� �
dsolve(x*diff(y(x),x)=a*x^(2*n)*exp(lambda*x)*y(x)^2+(b*x^n*exp(lambda*x)-n)*y(x)+c*exp(lambda*x),y(x), singsol=all)� �

y(x) = −

(
tan

((
xnb(Γ(n,−xλ)−Γ(n))(−xλ)−n−c1

)√
4a b2c−b4

2b2

)√
4a b2c− b4 + b2

)
x−n

2ab
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3 Solution by Mathematica
Time used: 3.62 (sec). Leaf size: 87� �
DSolve[x*y'[x]==a*x^(2*n)*Exp[\[Lambda]*x]*y[x]^2+(b*x^n*Exp[\[Lambda]*x]-n)*y[x]+c*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

Solve

∫ √
ax2n

c
y(x)

1

1

K[1]2 −
√

b2

ac
K[1] + 1

dK[1] =

−c(λ(−x))−n

√
ax2n

c
Γ(n,−xλ) + c1, y(x)
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4.16 problem 37
4.16.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 651

Internal problem ID [10445]
Internal file name [OUTPUT/9392_Monday_June_06_2022_02_21_24_PM_52456256/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 37.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = 2aλx eλx2 − a2e2λx2

4.16.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + 2aλx eλx2 − a2e2λx2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + 2aλx eλx2 − a2e2λx2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = 2aλx eλx2 − a2e2λx2 , f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = 2aλx eλx2 − a2e2λx2

Substituting the above terms back in equation (2) gives

u′′(x) +
(
2aλx eλx2 − a2e2λx2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

−e2λx2_Y(x) a2 + 2 eλx2_Y(x) aλx+ _Y′′(x)
}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
−e2λx2_Y(x) a2 + 2 eλx2_Y(x) aλx+ _Y′′(x)

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y = −
∂
∂x

DESol
({

−e2λx2_Y(x) a2 + 2 eλx2_Y(x) aλx+ _Y′′(x)
}
, {_Y(x)}

)
DESol ({−e2λx2_Y (x) a2 + 2 eλx2_Y (x) aλx+ _Y′′ (x)} , {_Y (x)})

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol
({

−e2λx2_Y(x) a2 + 2 eλx2_Y(x) aλx+ _Y′′(x)
}
, {_Y(x)}

)
DESol ({−e2λx2_Y (x) a2 + 2 eλx2_Y (x) aλx+ _Y′′ (x)} , {_Y (x)})

Summary
The solution(s) found are the following

(1)y = −
∂
∂x

DESol
({

−e2λx2_Y(x) a2 + 2 eλx2_Y(x) aλx+ _Y′′(x)
}
, {_Y(x)}

)
DESol ({−e2λx2_Y (x) a2 + 2 eλx2_Y (x) aλx+ _Y′′ (x)} , {_Y (x)})
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Verification of solutions

y = −
∂
∂x

DESol
({

−e2λx2_Y(x) a2 + 2 eλx2_Y(x) aλx+ _Y′′(x)
}
, {_Y(x)}

)
DESol ({−e2λx2_Y (x) a2 + 2 eλx2_Y (x) aλx+ _Y′′ (x)} , {_Y (x)})

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (-2*a*lambda*x*exp(x^2*lambda)+a^2*exp(2*x^2*lambda))*y(x), y(x)`

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(y(x)^2+y(x)+x^2*(2*a*lambda*x*exp(x^2*lambda)-a^2*exp(2*x^2*lambda)))/x, y(x), e

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+2*a*lambda*x*exp(lambda*x^2)-a^2*exp(2*lambda*x^2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+2*a*\[Lambda]*x*Exp[\[Lambda]*x^2]-a^2*Exp[2*\[Lambda]*x^2],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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4.17 problem 38
4.17.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 656

Internal problem ID [10446]
Internal file name [OUTPUT/9393_Monday_June_06_2022_02_21_27_PM_31744357/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 38.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a e−λx2
y2 − yλx = a b2

4.17.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a e−λx2

y2 + λxy + a b2

This is a Riccati ODE. Comparing the ODE to solve

y′ = a e−λx2
y2 + λxy + a b2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a b2, f1(x) = λx and f2(x) = e−λx2
a. Let

y = −u′

f2u

= −u′

e−λx2au
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −2λx e−λx2

a

f1f2 = λx e−λx2
a

f 2
2 f0 = e−2λx2

a3b2

Substituting the above terms back in equation (2) gives

e−λx2
au′′(x) + λx e−λx2

au′(x) + e−2λx2
a3b2u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 sin

√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ

+ c2 cos

√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ


The above shows that

u′(x)= ab e−λx2
2

c1 cos

√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ

−c2 sin

√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ


Using the above in (1) gives the solution

y = −
b e−λx2

2

(
c1 cos

(√
2 ab

√
π erf

(
x
√
2
√

λ
2

)
2
√
λ

)
− c2 sin

(√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ

))
eλx2

c1 sin
(√

2 ab
√
π erf

(
x
√
2
√

λ
2

)
2
√
λ

)
+ c2 cos

(√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
b eλx2

2

(
−c3 cos

(√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ

)
+ sin

(√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ

))
c3 sin

(√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ

)
+ cos

(√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ

)
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Summary
The solution(s) found are the following

(1)y =
b eλx2

2

(
−c3 cos

(√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ

)
+ sin

(√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ

))
c3 sin

(√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ

)
+ cos

(√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ

)
Verification of solutions

y =
b eλx2

2

(
−c3 cos

(√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ

)
+ sin

(√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ

))
c3 sin

(√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ

)
+ cos

(√
2 ab

√
π erf

(
x
√
2
√
λ

2

)
2
√
λ

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 45� �
dsolve(diff(y(x),x)=a*exp(-lambda*x^2)*y(x)^2+lambda*x*y(x)+a*b^2,y(x), singsol=all)� �

y(x) = tan

ab
√
π
√
2 erf

(√
2
√
λx

2

)
− 2c1

√
λ

2
√
λ

 b ex2λ
2
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3 Solution by Mathematica
Time used: 2.252 (sec). Leaf size: 63� �
DSolve[y'[x]==a*Exp[-\[Lambda]*x^2]*y[x]^2+\[Lambda]*x*y[x]+a*b^2,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2e

λx2
2 tan

√π
2a

√
b2erf

(√
λx√
2

)
√
λ

+ c1
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4.18 problem 39
4.18.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 660

Internal problem ID [10447]
Internal file name [OUTPUT/9394_Monday_June_06_2022_02_21_28_PM_93629603/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 39.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a xny2 − yλx = a b2xneλx2

4.18.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a xny2 + λxy + a b2xneλx2

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xny2 + λxy + a b2xneλx2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a b2xneλx2 , f1(x) = λx and f2(x) = xna. Let

y = −u′

f2u

= −u′

xnau
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

xnna

x
f1f2 = λxxna

f 2
2 f0 = x3na3b2eλx2

Substituting the above terms back in equation (2) gives

xnau′′(x)−
(
xnna

x
+ λxxna

)
u′(x) + x3na3b2eλx2

u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 sin
(
ab xn+12− 1

2+
n
2
(
−λx2)−n

2−
1
2

(
Γ
(
n

2 + 1
2

)
− Γ

(
n

2 + 1
2 ,−

λx2

2

)))
+ c2 cos

(
ab xn+12− 1

2+
n
2
(
−λx2)−n

2−
1
2

(
Γ
(
n

2 + 1
2

)
− Γ

(
n

2 + 1
2 ,−

λx2

2

)))

The above shows that

u′(x)

= ab xneλx2
2

(
c1 cos

(
ab xn+12− 1

2+
n
2
(
−λx2)−n

2−
1
2

(
Γ
(
n

2 + 1
2

)
−Γ
(
n

2 + 1
2 ,−

λx2

2

)))
− c2 sin

(
ab xn+12− 1

2+
n
2
(
−λx2)−n

2−
1
2

(
Γ
(
n

2 + 1
2

)
− Γ

(
n

2 + 1
2 ,−

λx2

2

))))

Using the above in (1) gives the solution

y =

−
b eλx2

2

(
c1 cos

(
ab xn+12− 1

2+
n
2 (−λx2)−

n
2−

1
2
(
Γ
(
n
2 + 1

2

)
− Γ

(
n
2 + 1

2 ,−
λx2

2

)))
− c2 sin

(
ab xn+12− 1

2+
n
2 (−λx2)−

n
2−

1
2
(
Γ
(
n
2 + 1

2

)
− Γ

(
n
2 + 1

2 ,−
λx2

2

))))
c1 sin

(
ab xn+12− 1

2+
n
2 (−λx2)−

n
2−

1
2
(
Γ
(
n
2 + 1

2

)
− Γ

(
n
2 + 1

2 ,−
λx2

2

)))
+ c2 cos

(
ab xn+12− 1

2+
n
2 (−λx2)−

n
2−

1
2
(
Γ
(
n
2 + 1

2

)
− Γ

(
n
2 + 1

2 ,−
λx2

2

)))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−
b eλx2

2

(
c3 cos

(
ab xn+12− 1

2+
n
2 (−λx2)−

n
2−

1
2
(
Γ
(
n
2 + 1

2

)
− Γ

(
n
2 + 1

2 ,−
λx2

2

)))
− sin

(
ab xn+12− 1

2+
n
2 (−λx2)−

n
2−

1
2
(
Γ
(
n
2 + 1

2

)
− Γ

(
n
2 + 1

2 ,−
λx2

2

))))
c3 sin

(
ab xn+12− 1

2+
n
2 (−λx2)−

n
2−

1
2
(
Γ
(
n
2 + 1

2

)
− Γ

(
n
2 + 1

2 ,−
λx2

2

)))
+ cos

(
ab xn+12− 1

2+
n
2 (−λx2)−

n
2−

1
2
(
Γ
(
n
2 + 1

2

)
− Γ

(
n
2 + 1

2 ,−
λx2

2

)))
Summary
The solution(s) found are the following

(1)y =

−
b eλx2

2

(
c3 cos

(
ab xn+12− 1

2+
n
2 (−λx2)−

n
2−

1
2
(
Γ
(
n
2 + 1

2

)
− Γ

(
n
2 + 1

2 ,−
λx2

2

)))
− sin

(
ab xn+12− 1

2+
n
2 (−λx2)−

n
2−

1
2
(
Γ
(
n
2 + 1

2

)
− Γ

(
n
2 + 1

2 ,−
λx2

2

))))
c3 sin

(
ab xn+12− 1

2+
n
2 (−λx2)−

n
2−

1
2
(
Γ
(
n
2 + 1

2

)
− Γ

(
n
2 + 1

2 ,−
λx2

2

)))
+ cos

(
ab xn+12− 1

2+
n
2 (−λx2)−

n
2−

1
2
(
Γ
(
n
2 + 1

2

)
− Γ

(
n
2 + 1

2 ,−
λx2

2

)))
Verification of solutions
y =

−
b eλx2

2

(
c3 cos

(
ab xn+12− 1

2+
n
2 (−λx2)−

n
2−

1
2
(
Γ
(
n
2 + 1

2

)
− Γ

(
n
2 + 1

2 ,−
λx2

2

)))
− sin

(
ab xn+12− 1

2+
n
2 (−λx2)−

n
2−

1
2
(
Γ
(
n
2 + 1

2

)
− Γ

(
n
2 + 1

2 ,−
λx2

2

))))
c3 sin

(
ab xn+12− 1

2+
n
2 (−λx2)−

n
2−

1
2
(
Γ
(
n
2 + 1

2

)
− Γ

(
n
2 + 1

2 ,−
λx2

2

)))
+ cos

(
ab xn+12− 1

2+
n
2 (−λx2)−

n
2−

1
2
(
Γ
(
n
2 + 1

2

)
− Γ

(
n
2 + 1

2 ,−
λx2

2

)))
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 90� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2+lambda*x*y(x)+a*b^2*x^n*exp(lambda*x^2),y(x), singsol=all)� �

y(x) = − tan
(
−ab2n

2−
1
2xn+1Γ

(
n

2 + 1
2

)(
−x2λ

)−n
2−

1
2

+ ab2n
2−

1
2xn+1(−x2λ

)−n
2−

1
2 Γ
(
n

2 + 1
2 ,−

x2λ

2

)
+ c1

)
b ex2λ

2

3 Solution by Mathematica
Time used: 2.366 (sec). Leaf size: 83� �
DSolve[y'[x]==a*x^n*y[x]^2+\[Lambda]*x*y[x]+a*b^2*x^n*Exp[\[Lambda]*x^2],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2e

λx2
2 tan

(
a
√
b2λ2n−1

2 xn+3(λ(−x2))−n
2−

3
2 Γ
(
n+ 1
2 ,−x2λ

2

)
+ c1

)
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4.19 problem 40
4.19.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 664

Internal problem ID [10448]
Internal file name [OUTPUT/9395_Monday_June_06_2022_02_21_29_PM_90333248/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 40.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

x4(y′ − y2
)
= a+ b e k

x + c e 2k
x

4.19.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= x4y2 + b e k
x + c e 2k

x + a

x4

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + b e k
x

x4 + c e 2k
x

x4 + a

x4

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a+b e
k
x+c e

2k
x

x4 , f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

a+ b e k
x + c e 2k

x

x4

Substituting the above terms back in equation (2) gives

u′′(x) +

(
a+ b e k

x + c e 2k
x

)
u(x)

x4 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x e− k
2x

(
WhittakerM

(
− ib

2k
√
c
,
i
√
a

k
,
2i
√
c e k

x

k

)
c1

+WhittakerW
(
− ib

2k
√
c
,
i
√
a

k
,
2i
√
c e k

x

k

)
c2

)

The above shows that

u′(x) =

−
e− k

2x

(((
i
√
a+ k

2

)√
c− ib

2

)
c1WhittakerM

(
− ib−2k

√
c

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
−WhittakerW

(
− ib−2k

√
c

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c2k

√
c+

(
ic e k

x +
(
−k

2 − x
)√

c+ ib
2

)(
WhittakerM

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c1 +WhittakerW

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c2

))
√
c x

Using the above in (1) gives the solution

y

=

((
i
√
a+ k

2

)√
c− ib

2

)
c1WhittakerM

(
− ib−2k

√
c

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
−WhittakerW

(
− ib−2k

√
c

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c2k

√
c+

(
ic e k

x +
(
−k

2 − x
)√

c+ ib
2

)(
WhittakerM

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c1 +WhittakerW

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c2

)
√
c x2

(
WhittakerM

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c1 +WhittakerW

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
−
((
−2i

√
a−k

)√
c+ib

)
c3 WhittakerM

(
− ib−2k

√
c

2k
√
c

, i
√
a

k
, 2i

√
c e

k
x

k

)
2 − kWhittakerW

(
− ib−2k

√
c

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
√
c+

(
ic e k

x +
(
−k

2 − x
)√

c+ ib
2

)(
WhittakerM

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c3 +WhittakerW

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

))
√
c x2

(
WhittakerM

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c3 +WhittakerW

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

))

Summary
The solution(s) found are the following

(1)y

=
−
((
−2i

√
a−k

)√
c+ib

)
c3 WhittakerM

(
− ib−2k

√
c

2k
√
c

, i
√
a

k
, 2i

√
c e

k
x

k

)
2 − kWhittakerW

(
− ib−2k

√
c

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
√
c+

(
ic e k

x +
(
−k

2 − x
)√

c+ ib
2

)(
WhittakerM

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c3 +WhittakerW

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

))
√
c x2

(
WhittakerM

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c3 +WhittakerW

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

))
Verification of solutions
y

=
−
((
−2i

√
a−k

)√
c+ib

)
c3 WhittakerM

(
− ib−2k

√
c

2k
√
c

, i
√
a

k
, 2i

√
c e

k
x

k

)
2 − kWhittakerW

(
− ib−2k

√
c

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
√
c+

(
ic e k

x +
(
−k

2 − x
)√

c+ ib
2

)(
WhittakerM

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c3 +WhittakerW

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

))
√
c x2

(
WhittakerM

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c3 +WhittakerW

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(a+b*exp(k/x)+c*exp(2*k/x))*y(x)/x^4, y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful
Change of variables used:

[x = 1/ln(t)]
Linear ODE actually solved:

(ln(t)*a+ln(t)*b*t^k+ln(t)*c*(t^k)^2)*u(t)+(t*ln(t)+2*t)*diff(u(t),t)+ln(t)*t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 302� �
dsolve(x^4*(diff(y(x),x)-y(x)^2)=a+b*exp(k/x)+c*exp(2*k/x),y(x), singsol=all)� �
y(x)

=

((
i
√
a+ k

2

)√
c− ib

2

)
WhittakerM

(
− ib−2k

√
c

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
− c1kWhittakerW

(
− ib−2k

√
c

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
√
c+

(
WhittakerW

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c1 +WhittakerM

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

))(
ie k

x c+
(
−k

2 − x
)√

c+ ib
2

)
√
c x2

(
WhittakerW

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c1 +WhittakerM

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

))
3 Solution by Mathematica
Time used: 4.039 (sec). Leaf size: 940� �
DSolve[x^4*(y'[x]-y[x]^2)==a+b*Exp[k/x]+c*Exp[2*k/x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
ek/x log

(
ek/x

)(
c1
(
b+

√
c
(
2
√
a− ik

))
HypergeometricU

(
ib√
c
+3k+2i

√
a

2k , 2i
√
a

k
+ 2, 2i

√
cek/x

k

)
− 2i

√
ckL
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√
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−
ib√
c
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(
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√
cek/x
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k − i log
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ek/x
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cek/x
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HypergeometricU

(
ib√
c
+k+2i

√
a

2k , 2i
√
a

k
+ 1, 2i

√
cek/x

k

)
− k
(
k − i log

(
ek/x

) (√
a−

√
cek/x

))
L

2i
√

a
k

−
ib√
c
+k+2i

√
a

2k

(
2i
√
cek/x

k

)
kx2 log (ek/x)

(
c1HypergeometricU

(
ib√
c
+k+2i

√
a

2k , 2i
√
a

k
+ 1, 2i

√
cek/x

k

)
+ L

2i
√
a

k

−
ib√
c
+k+2i

√
a

2k

(
2i
√
cek/x

k

))
y(x)

→

ek/x
(
b+

√
c
(
2
√
a−ik

))
HypergeometricU

(
ib√
c
+3k+2i

√
a

2k , 2i
√
a

k
+2, 2i

√
cek/x

k

)

kHypergeometricU
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ib√
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√
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√
cek/x

k
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− k

log
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ek/x
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x2

y(x)

→

ek/x
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b+

√
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(
2
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a−ik

))
HypergeometricU

(
ib√
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+3k+2i

√
a

2k , 2i
√
a

k
+2, 2i

√
cek/x

k

)

kHypergeometricU
(
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2k , 2i
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k
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cek/x

k

) + i
(√

a−
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cek/x

)
− k

log
(
ek/x

)
x2
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5 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.4-1. Equations with hyperbolic
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5.1 problem 1
5.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 670

Internal problem ID [10449]
Internal file name [OUTPUT/9396_Monday_June_06_2022_02_21_32_PM_22140854/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 1.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = −a2 + aλ sinh (λx)− a2 sinh (λx)2

5.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 − a2 + aλ sinh (λx)− a2 sinh (λx)2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 − a2 + aλ sinh (λx)− a2 sinh (λx)2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 + aλ sinh (λx)− a2 sinh (λx)2, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −a2 + aλ sinh (λx)− a2 sinh (λx)2

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−a2 + aλ sinh (λx)− a2 sinh (λx)2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e
a sinh(λx)

λ

(
c1HeunC

(
4ia
λ

,−1
2 ,−

1
2 ,

2ia
λ

,−8ia− 3λ
8λ ,−i sinh (λx)

2 + 1
2

)
+ c2 sinh

(
iπ

4 + λx

2

)
HeunC

(
4ia
λ

,
1
2 ,−

1
2 ,

2ia
λ

,−8ia− 3λ
8λ ,−i sinh (λx)

2 + 1
2

))
The above shows that

u′(x) =

−
e

a sinh(λx)
λ

(
c2
(
−2a sinh

(
iπ
4 + λx

2

)
cosh (λx)− λ cosh

(
iπ
4 + λx

2

))
HeunC

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
+
(
i sinh

(
iπ
4 + λx

2

)
HeunCPrime

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
c2λ+ iHeunCPrime

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
c1λ− 2aHeunC

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
c1
)
cosh (λx)

)
2

Using the above in (1) gives the solution

y

=
c2
(
−2a sinh

(
iπ
4 + λx

2

)
cosh (λx)− λ cosh

(
iπ
4 + λx

2

))
HeunC

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
+
(
i sinh

(
iπ
4 + λx

2

)
HeunCPrime

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
c2λ+ iHeunCPrime

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
c1λ− 2aHeunC

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
c1
)
cosh (λx)

2c1HeunC
(

4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
+ 2c2 sinh

(
iπ
4 + λx

2

)
HeunC

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=

(
−2a sinh

(
iπ
4 + λx

2

)
cosh (λx)− λ cosh

(
iπ
4 + λx

2

))
HeunC

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
+
(
−2aHeunC

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
c3 + iλ

(
c3HeunCPrime

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
+HeunCPrime

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
sinh

(
iπ
4 + λx

2

)))
cosh (λx)

2 sinh
(
iπ
4 + λx

2

)
HeunC

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
+ 2c3HeunC

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)

671



Summary
The solution(s) found are the following

(1)y

=

(
−2a sinh

(
iπ
4 + λx

2

)
cosh (λx)− λ cosh

(
iπ
4 + λx

2

))
HeunC

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
+
(
−2aHeunC

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
c3 + iλ

(
c3HeunCPrime

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
+HeunCPrime

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
sinh

(
iπ
4 + λx

2

)))
cosh (λx)

2 sinh
(
iπ
4 + λx

2

)
HeunC

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
+ 2c3HeunC

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
Verification of solutions
y

=

(
−2a sinh

(
iπ
4 + λx

2

)
cosh (λx)− λ cosh

(
iπ
4 + λx

2

))
HeunC

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
+
(
−2aHeunC

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
c3 + iλ

(
c3HeunCPrime

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
+HeunCPrime

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
sinh

(
iπ
4 + λx

2

)))
cosh (λx)

2 sinh
(
iπ
4 + λx

2

)
HeunC

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
+ 2c3HeunC

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(λx)
2 + 1

2

)
Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a^2-a*lambda*sinh(lambda*x)+a^2*sinh(lambda*x)^2)*y(x), y(x)` **

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunC ODE, case a <> 0, e <> 0, c = 0

<- Kovacics algorithm successful
Change of variables used:

[x = arcsinh(t)/lambda]
Linear ODE actually solved:

(-2*a^2*t^2+2*a*lambda*t-2*a^2)*u(t)+2*lambda^2*t*diff(u(t),t)+(2*lambda^2*t^2+2*lambda^2)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 318� �
dsolve(diff(y(x),x)=y(x)^2-a^2+a*lambda*sinh(lambda*x)-a^2*sinh(lambda*x)^2,y(x), singsol=all)� �
y(x)

=

(
−2 sinh

(
iπ
4 + xλ

2

)
cosh (xλ) c1a− cosh

(
iπ
4 + xλ

2

)
c1λ
)
HeunC

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(xλ)
2 + 1

2

)
+ cosh (xλ)

(
−2HeunC

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(xλ)
2 + 1

2

)
a+ iλ

(
HeunCPrime

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(xλ)
2 + 1

2

)
c1 sinh

(
iπ
4 + xλ

2

)
+HeunCPrime

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(xλ)
2 + 1

2

)))
2 sinh

(
iπ
4 + xλ

2

)
HeunC

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(xλ)
2 + 1

2

)
c1 + 2HeunC

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(xλ)
2 + 1

2

)
3 Solution by Mathematica
Time used: 11.807 (sec). Leaf size: 162� �
DSolve[y'[x]==y[x]^2-a^2+a*\[Lambda]*Sinh[\[Lambda]*x]-a^2*Sinh[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

eλ(−x)

a
(
e2λx + 1

) ∫ exλ

1
e

a
(
K[1]2−1

)
λK[1]

K[1] dK[1]− 2λe
aeλ(−x)(e2λx−1

)
λ

+λx + ac1e
2λx + ac1


2

∫ exλ

1
e

a
(
K[1]2−1

)
λK[1]

K[1] dK[1] + c1


y(x) → 1

2ae
λ(−x)(e2λx + 1

)
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5.2 problem 2
5.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 675

Internal problem ID [10450]
Internal file name [OUTPUT/9397_Monday_June_06_2022_02_21_36_PM_50210798/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 2.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − a sinh (βx) y = ab sinh (βx)− b2

5.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + a sinh (βx) y + ab sinh (βx)− b2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a sinh (βx) y + ab sinh (βx)− b2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = ab sinh (βx)− b2, f1(x) = sinh (βx) a and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = sinh (βx) a
f 2
2 f0 = ab sinh (βx)− b2

Substituting the above terms back in equation (2) gives

u′′(x)− sinh (βx) au′(x) +
(
ab sinh (βx)− b2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = ebx
(
c1 + c2β

(∫
e

−2bβx+a cosh(βx)
β dx

))

The above shows that

u′(x) = ebx
((∫

e
−2bβx+a cosh(βx)

β dx

)
c2bβ + c2β e

−2bβx+a cosh(βx)
β + c1b

)

Using the above in (1) gives the solution

y = −

(∫
e

−2bβx+a cosh(βx)
β dx

)
c2bβ + c2β e

−2bβx+a cosh(βx)
β + c1b

c1 + c2β
(∫

e
−2bβx+a cosh(βx)

β dx
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−
(∫

e
−2bβx+a cosh(βx)

β dx
)
bβ − e

−2bβx+a cosh(βx)
β β − bc3

c3 + β
(∫

e
−2bβx+a cosh(βx)

β dx
)
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Summary
The solution(s) found are the following

(1)y =
−
(∫

e
−2bβx+a cosh(βx)

β dx
)
bβ − e

−2bβx+a cosh(βx)
β β − bc3

c3 + β
(∫

e
−2bβx+a cosh(βx)

β dx
)

Verification of solutions

y =
−
(∫

e
−2bβx+a cosh(βx)

β dx
)
bβ − e

−2bβx+a cosh(βx)
β β − bc3

c3 + β
(∫

e
−2bβx+a cosh(βx)

β dx
)

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 73� �
dsolve(diff(y(x),x)=y(x)^2+a*sinh(beta*x)*y(x)+a*b*sinh(beta*x)-b^2,y(x), singsol=all)� �

y(x) =
b
(∫

e
−2bβx+a cosh(xβ)

β dx
)
− c1b+ e

−2bβx+a cosh(xβ)
β

−
(∫

e
−2bβx+a cosh(xβ)

β dx
)
+ c1
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3 Solution by Mathematica
Time used: 9.168 (sec). Leaf size: 183� �
DSolve[y'[x]==y[x]^2+a*Sinh[\[Beta]*x]*y[x]+a*b*Sinh[\[Beta]*x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1
−e

a cosh(βK[1])
β

−2bK[1](−b+ a sinh(βK[1]) + y(x))
aβ(b+ y(x)) dK[1]

+
∫ y(x)

1

(
e

a cosh(xβ)
β

−2bx

aβ(b+K[2])2

−
∫ x

1

(
e

a cosh(βK[1])
β

−2bK[1](−b+K[2] + a sinh(βK[1]))
aβ(b+K[2])2 − e

a cosh(βK[1])
β

−2bK[1]

aβ(b+K[2])

)
dK[1]

)
dK[2] = c1, y(x)

]
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5.3 problem 3
5.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 679

Internal problem ID [10451]
Internal file name [OUTPUT/9398_Monday_June_06_2022_02_21_38_PM_36739669/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 3.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − ax sinh (bx)m y = a sinh (bx)m

5.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + ax sinh (bx)m y + a sinh (bx)m

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + ax sinh (bx)m y + a sinh (bx)m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a sinh (bx)m, f1(x) = xa sinh (bx)m and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = xa sinh (bx)m

f 2
2 f0 = a sinh (bx)m

Substituting the above terms back in equation (2) gives

u′′(x)− xa sinh (bx)m u′(x) + a sinh (bx)m u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
x
(
c2
(∫ e

∫ (
xa sinh(bx)m−tanh(bx)b

)
dx cosh(bx)

x2 dx
)
+ c1b

)
b

The above shows that

u′(x)

=
c2e

∫
(xa sinh(bx)m−tanh(bx)b)dx cosh (bx) + c2

(∫ e
∫ (

xa sinh(bx)m−tanh(bx)b
)
dx cosh(bx)

x2 dx
)
x+ c1bx

bx

Using the above in (1) gives the solution

y=−
c2e

∫
(xa sinh(bx)m−tanh(bx)b)dx cosh (bx) + c2

(∫ e
∫ (

xa sinh(bx)m−tanh(bx)b
)
dx cosh(bx)

x2 dx
)
x+ c1bx

x2
(
c2
(∫ e

∫
(xa sinh(bx)m−tanh(bx)b)dx cosh(bx)

x2 dx
)
+ c1b

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−e

∫
(xa sinh(bx)m−tanh(bx)b)dx cosh (bx)−

(∫ e
∫ (

xa sinh(bx)m−tanh(bx)b
)
dx cosh(bx)

x2 dx
)
x− c3bx

x2
(∫ e

∫
(xa sinh(bx)m−tanh(bx)b)dx cosh(bx)

x2 dx+ bc3
)
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Summary
The solution(s) found are the following

y =
−e

∫
(xa sinh(bx)m−tanh(bx)b)dx cosh (bx)−

(∫ e
∫ (

xa sinh(bx)m−tanh(bx)b
)
dx cosh(bx)

x2 dx
)
x− c3bx

x2
(∫ e

∫
(xa sinh(bx)m−tanh(bx)b)dx cosh(bx)

x2 dx+ bc3
)

(1)
Verification of solutions

y =
−e

∫
(xa sinh(bx)m−tanh(bx)b)dx cosh (bx)−

(∫ e
∫ (

xa sinh(bx)m−tanh(bx)b
)
dx cosh(bx)

x2 dx
)
x− c3bx

x2
(∫ e

∫
(xa sinh(bx)m−tanh(bx)b)dx cosh(bx)

x2 dx+ bc3
)

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=y(x)^2+a*x*sinh(b*x)^m*y(x)+a*sinh(b*x)^m,y(x), singsol=all)� �

y(x) =
−e

∫ sinh(bx)mx2a−2
x

dxx−
(∫

e
∫ sinh(bx)mx2a−2

x
dxdx

)
+ c1(

−c1 +
∫
e
∫ sinh(bx)mx2a−2

x
dxdx

)
x
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3 Solution by Mathematica
Time used: 7.437 (sec). Leaf size: 379� �
DSolve[y'[x]==y[x]^2+a*x*Sinh[b*x]^m*y[x]+a*Sinh[b*x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
∫ x

1

exp
(
−

a
(
−e−bK[1]+ebK[1])m(2−2e2bK[1])−m(

3F2
(
−m,−m

2 ,−m
2 ;1−m

2 ,1−m
2 ;e2bK[1])+bmHypergeometric2F1

(
−m,−m

2 ,1−m
2 ,e2bK[1])K[1]

)
b2m2

)
K[1]2 dK[1] +

exp
(
−

a
(
ebx−e−bx

)m(
2−2e2bx

)−m(
3F2

(
−m,−m

2 ,−m
2 ;1−m

2 ,1−m
2 ;e2bx

)
+bmxHypergeometric2F1

(
−m,−m

2 ,1−m
2 ,e2bx

))
b2m2

)
x

+ c1

x

∫ x

1

exp
(
−

a
(
−e−bK[1]+ebK[1]

)m(
2−2e2bK[1]

)−m(
3F2

(
−m,−m

2 ,−m
2 ;1−m

2 ,1−m
2 ;e2bK[1]

)
+bmHypergeometric2F1

(
−m,−m

2 ,1−m
2 ,e2bK[1]

)
K[1]

)
b2m2

)
K[1]2 dK[1] + c1


y(x) → −1

x
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5.4 problem 4
5.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 683

Internal problem ID [10452]
Internal file name [OUTPUT/9399_Monday_June_06_2022_02_21_43_PM_13728466/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 4.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ sinh (λx) y2 = −λ sinh (λx)3

5.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= sinh (λx)λ y2 − λ sinh (λx)3

This is a Riccati ODE. Comparing the ODE to solve

y′ = sinh (λx)λ y2 − λ sinh (λx)3

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −λ sinh (λx)3, f1(x) = 0 and f2(x) = λ sinh (λx). Let

y = −u′

f2u

= −u′

λ sinh (λx)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = λ2 cosh (λx)

f1f2 = 0
f 2
2 f0 = −λ3 sinh (λx)5

Substituting the above terms back in equation (2) gives

λ sinh (λx)u′′(x)− λ2 cosh (λx)u′(x)− λ3 sinh (λx)5 u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−
cosh(λx)2

2 (c1 + c2 erfi (cosh (λx)))

The above shows that

u′(x) = −

(√
π cosh (λx) (c1 + c2 erfi (cosh (λx))) e−

cosh(λx)2
2 − 2c2e

cosh(λx)2
2

)
λ sinh (λx)

√
π

Using the above in (1) gives the solution

y =

(√
π cosh (λx) (c1 + c2 erfi (cosh (λx))) e−

cosh(λx)2
2 − 2c2e

cosh(λx)2
2

)
e

cosh(2λx)
4 + 1

4

√
π (c1 + c2 erfi (cosh (λx)))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −2 ecosh(λx)2 + cosh (λx)
√
π (c3 + erfi (cosh (λx)))√

π (c3 + erfi (cosh (λx)))

Summary
The solution(s) found are the following

(1)y = −2 ecosh(λx)2 + cosh (λx)
√
π (c3 + erfi (cosh (λx)))√

π (c3 + erfi (cosh (λx)))
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Verification of solutions

y = −2 ecosh(λx)2 + cosh (λx)
√
π (c3 + erfi (cosh (λx)))√

π (c3 + erfi (cosh (λx)))

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = lambda*cosh(lambda*x)*(diff(y(x), x))/sinh(lambda*x)+lambda^2*sinh(lam

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
Change of variables used:

[x = arccosh(t)/lambda]
Linear ODE actually solved:

-16*(t-1)^(1/2)*(t+1)^(1/2)*(t^4-2*t^2+1)*u(t)+16*(t-1)^(1/2)*(t+1)^(1/2)*(t^2-1)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 51� �
dsolve(diff(y(x),x)=lambda*sinh(lambda*x)*y(x)^2-lambda*sinh(lambda*x)^3,y(x), singsol=all)� �

y(x) = −
2
(
e

cosh(2xλ)
2 + 1

2 c1 − cosh(xλ)
√
π (erfi(cosh(xλ))c1+1)

2

)
√
π (erfi (cosh (xλ)) c1 + 1)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*Sinh[\[Lambda]*x]*y[x]^2-\[Lambda]*Sinh[\[Lambda]*x]^3,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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5.5 problem 5
5.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 688

Internal problem ID [10453]
Internal file name [OUTPUT/9400_Monday_June_06_2022_02_21_45_PM_17419007/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 5.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ −
(
a sinh (λx)2 − λ

)
y2 = −a sinh (λx)2 + λ− a

5.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= sinh (λx)2 a y2 − a sinh (λx)2 − λ y2 − a+ λ

This is a Riccati ODE. Comparing the ODE to solve

y′ = sinh (λx)2 a y2 − a sinh (λx)2 − λ y2 − a+ λ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a sinh (λx)2 + λ− a, f1(x) = 0 and f2(x) = a sinh (λx)2 − λ. Let

y = −u′

f2u

= −u′(
a sinh (λx)2 − λ

)
u

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 2a sinh (λx)λ cosh (λx)

f1f2 = 0

f 2
2 f0 =

(
a sinh (λx)2 − λ

)2 (−a sinh (λx)2 + λ− a
)

Substituting the above terms back in equation (2) gives(
a sinh (λx)2 − λ

)
u′′(x)− 2a sinh (λx)λ cosh (λx)u′(x) +

(
a sinh (λx)2 − λ

)2 (−a sinh (λx)2 + λ− a
)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = −2 e−
cosh(2λx)a

4λ sinh (λx)
(
c2λ

(∫
−e

cosh(2λx)a
2λ

(
a− csch (λx)2 λ

)
dx

)
− c1

2

)
The above shows that

u′(x) =
(
sinh (2λx)

(∫
−e

cosh(2λx)a
2λ

(
a− csch (λx)2 λ

)
dx

)
c2λ e−

cosh(2λx)a
4λ

− sinh (2λx) c1e−
cosh(2λx)a

4λ

2 + 2c2λ e
cosh(2λx)a

4λ

)
csch (λx)

(
a sinh (λx)2 − λ

)
Using the above in (1) gives the solution

y

=

(
sinh (2λx)

(∫
−e

cosh(2λx)a
2λ

(
a− csch (λx)2 λ

)
dx
)
c2λ e−

cosh(2λx)a
4λ − sinh(2λx)c1e−

cosh(2λx)a
4λ

2 + 2c2λ e
cosh(2λx)a

4λ

)
csch (λx) e

cosh(2λx)a
4λ

2 sinh (λx)
(
c2λ
(∫

−e
cosh(2λx)a

2λ
(
a− csch (λx)2 λ

)
dx
)
− c1

2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
−2 e

cosh(2λx)a
2λ csch (λx)2 λ− 2λ

(∫
−e

cosh(2λx)a
2λ

(
a− csch (λx)2 λ

)
dx
)
coth (λx) + c3 coth (λx)

−2λ
(∫

−e
cosh(2λx)a

2λ
(
a− csch (λx)2 λ

)
dx
)
+ c3
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Summary
The solution(s) found are the following

(1)y

=
−2 e

cosh(2λx)a
2λ csch (λx)2 λ− 2λ

(∫
−e

cosh(2λx)a
2λ

(
a− csch (λx)2 λ

)
dx
)
coth (λx) + c3 coth (λx)

−2λ
(∫

−e
cosh(2λx)a

2λ
(
a− csch (λx)2 λ

)
dx
)
+ c3

Verification of solutions
y

=
−2 e

cosh(2λx)a
2λ csch (λx)2 λ− 2λ

(∫
−e

cosh(2λx)a
2λ

(
a− csch (λx)2 λ

)
dx
)
coth (λx) + c3 coth (λx)

−2λ
(∫

−e
cosh(2λx)a

2λ
(
a− csch (λx)2 λ

)
dx
)
+ c3

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = 2*sinh(lambda*x)*a*lambda*cosh(lambda*x)*(diff(y(x), x))/(sinh(lambda*

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful
Change of variables used:

[x = 1/2*arccosh(t)/lambda]
Linear ODE actually solved:

(-4*a^3*t^3+4*a^3*t^2+24*a^2*lambda*t^2+4*a^3*t-16*a^2*lambda*t-48*a*lambda^2*t-4*a^3-8*a^2*lambda+16*a*lambda^2+32*lamb
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 104� �
dsolve(diff(y(x),x)=(a*sinh(lambda*x)^2-lambda)*y(x)^2-a*sinh(lambda*x)^2+lambda-a,y(x), singsol=all)� �
y(x)

=
2 coth (xλ)λ

(∫
−e

a cosh(2xλ)
2λ

(
a− csch (xλ)2 λ

)
dx
)
c1 + 2 csch (xλ)2 e

a cosh(2xλ)
2λ c1λ− coth (xλ)

2λ
(∫

−e
a cosh(2xλ)

2λ
(
a− csch (xλ)2 λ

)
dx
)
c1 − 1

3 Solution by Mathematica
Time used: 50.151 (sec). Leaf size: 211� �
DSolve[y'[x]==(a*Sinh[\[Lambda]*x]^2-\[Lambda])*y[x]^2-a*Sinh[\[Lambda]*x]^2+\[Lambda]-a,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
csch2(λx)

(
c1 sinh(2λx)

∫ x

1 e
a sinh2(λK[1])

λ csch2(λK[1])
(
λ− a sinh2(λK[1])

)
dK[1] + 2c1e

a sinh2(λx)
λ + sinh(2λx)

)
2 + 2c1

∫ x

1 e
a sinh2(λK[1])

λ csch2(λK[1])
(
λ− a sinh2(λK[1])

)
dK[1]

y(x) → 1
2csch

2(λx)
(

2e
a sinh2(λx)

λ∫ x

1 e
a sinh2(λK[1])

λ csch2(λK[1])
(
λ− a sinh2(λK[1])

)
dK[1]

+ sinh(2λx)
)
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5.6 problem 6
5.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 693

Internal problem ID [10454]
Internal file name [OUTPUT/9401_Monday_June_06_2022_02_22_19_PM_6503264/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 6.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

(a sinh (λx) + b) y′ − y2 − c sinh (xµ) y = −d2 + cd sinh (xµ)

5.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2 + c sinh (xµ) y − d2 + cd sinh (xµ)
a sinh (λx) + b

This is a Riccati ODE. Comparing the ODE to solve

y′ = cd sinh (xµ)
a sinh (λx) + b

+ c sinh (xµ) y
a sinh (λx) + b

− d2

a sinh (λx) + b
+ y2

a sinh (λx) + b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = −d2+cd sinh(xµ)
a sinh(λx)+b

, f1(x) = c sinh(xµ)
a sinh(λx)+b

and f2(x) = 1
a sinh(λx)+b

. Let

y = −u′

f2u

= −u′

u
a sinh(λx)+b

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − aλ cosh (λx)

(a sinh (λx) + b)2

f1f2 =
c sinh (xµ)

(a sinh (λx) + b)2

f 2
2 f0 =

−d2 + cd sinh (xµ)
(a sinh (λx) + b)3

Substituting the above terms back in equation (2) gives

u′′(x)
a sinh (λx) + b

−
(
− aλ cosh (λx)
(a sinh (λx) + b)2

+ c sinh (xµ)
(a sinh (λx) + b)2

)
u′(x) + (−d2 + cd sinh (xµ))u(x)

(a sinh (λx) + b)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 253� �
dsolve((a*sinh(lambda*x)+b)*diff(y(x),x)=y(x)^2+c*sinh(mu*x)*y(x)-d^2+c*d*sinh(mu*x),y(x), singsol=all)� �
y(x)

=

−d

∫ e

c

(∫ sinh(xµ)
sinh(xλ)a+b

dx

)
λ
√

a2+b2+4d arctanh

− tanh
(
xλ
2
)
b+a√

a2+b2


λ
√

a2+b2

sinh(xλ)a+b
dx

+ dc1 − e
c

(∫ sinh(xµ)
sinh(xλ)a+b

dx

)
λ
√

a2+b2+4d arctanh

− tanh
(
xλ
2
)
b+a√

a2+b2


λ
√

a2+b2

∫ e

c

(∫ sinh(xµ)
sinh(xλ)a+b

dx

)
λ
√

a2+b2+4d arctanh

− tanh
(
xλ
2
)
b+a√

a2+b2


λ
√

a2+b2

sinh(xλ)a+b
dx− c1

3 Solution by Mathematica
Time used: 28.506 (sec). Leaf size: 289� �
DSolve[(a*Sinh[\[Lambda]*x]+b)*y'[x]==y[x]^2+c*Sinh[\[Mu]*x]*y[x]-d^2+c*d*Sinh[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1
−
exp

(
−
∫ K[2]
1

2d−c sinh(µK[1])
b+a sinh(λK[1]) dK[1]

)
(−d+ c sinh(µK[2]) + y(x))

cµ(b+ a sinh(λK[2]))(d+ y(x)) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1
2d−c sinh(µK[1])
b+a sinh(λK[1]) dK[1]

)
cµ(d+K[3])2

−
∫ x

1

exp
(
−
∫ K[2]
1

2d−c sinh(µK[1])
b+a sinh(λK[1]) dK[1]

)
(−d+K[3] + c sinh(µK[2]))

cµ(d+K[3])2(b+ a sinh(λK[2])) −
exp

(
−
∫ K[2]
1

2d−c sinh(µK[1])
b+a sinh(λK[1]) dK[1]

)
cµ(d+K[3])(b+ a sinh(λK[2]))

 dK[2]

 dK[3] = c1, y(x)
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5.7 problem 7
5.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 697

Internal problem ID [10455]
Internal file name [OUTPUT/9402_Monday_June_06_2022_02_23_34_PM_5846101/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 7.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

(a sinh (λx) + b)
(
y′ − y2

)
= −a λ2 sinh (λx)

5.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= sinh (λx) y2a− a λ2 sinh (λx) + y2b

a sinh (λx) + b

This is a Riccati ODE. Comparing the ODE to solve

y′ = − a λ2 sinh (λx)
a sinh (λx) + b

+ sinh (λx) y2a
a sinh (λx) + b

+ y2b

a sinh (λx) + b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −aλ2 sinh(λx)
a sinh(λx)+b

, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 = − a λ2 sinh (λx)

a sinh (λx) + b

Substituting the above terms back in equation (2) gives

u′′(x)− a λ2 sinh (λx)u(x)
a sinh (λx) + b

= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = −ac1 cosh
(
λx

2

)(
a2 + b2

) 3
2

(
a sinh

(
λx

2

)
+ b cosh

(
λx

2

))
− 2
(
sinh

(
λx

2

)
a cosh

(
λx

2

)
+ b

2

)(
arctanh

(
−b tanh

(
λx
2

)
+ a

√
a2 + b2

)
a2b2c1

+ arctanh
(
−b tanh

(
λx
2

)
+ a

√
a2 + b2

)
b4c1 − c2

)

The above shows that

u′(x) =

−

4

(cosh (λx2 )2 + sinh
(
λx
2

)2)(arctanh(−b tanh
(

λx
2

)
+a

√
a2+b2

)
a2b2c1 + arctanh

(
−b tanh

(
λx
2

)
+a

√
a2+b2

)
b4c1 − c2

)
a

(
−

tanh
(

λx
2

)2
b

2 + tanh
(
λx
2

)
a+ b

2

)
√
a2 + b2 +

c1
(
a2+b2

)2−
b

(
a2 sinh

(
λx
2
)2

+a2 cosh
(
λx
2
)2

−b2
)

tanh
(
λx
2
)2

2 +a2
(
a sinh

(
λx
2

)2
+a cosh

(
λx
2

)2
+2 sinh

(
λx
2

)
b cosh

(
λx
2

))
tanh

(
λx
2

)
+

b

(
a2 sinh

(
λx
2
)2

+a2 cosh
(
λx
2
)2

−b2
)

2


2

λ

√
a2 + b2

(
−2 tanh

(
λx
2

)2
b+ 4 tanh

(
λx
2

)
a+ 2b

)
Using the above in (1) gives the solution

y

=

4

(cosh (λx2 )2 + sinh
(
λx
2

)2)(arctanh(−b tanh
(

λx
2

)
+a

√
a2+b2

)
a2b2c1 + arctanh

(
−b tanh

(
λx
2

)
+a

√
a2+b2

)
b4c1 − c2

)
a

(
−

tanh
(

λx
2

)2
b

2 + tanh
(
λx
2

)
a+ b

2

)
√
a2 + b2 +

c1
(
a2+b2

)2−
b

(
a2 sinh

(
λx
2
)2

+a2 cosh
(
λx
2
)2

−b2
)

tanh
(
λx
2
)2

2 +a2
(
a sinh

(
λx
2

)2
+a cosh

(
λx
2

)2
+2 sinh

(
λx
2

)
b cosh

(
λx
2

))
tanh

(
λx
2

)
+

b

(
a2 sinh

(
λx
2
)2

+a2 cosh
(
λx
2
)2

−b2
)

2


2

λ

√
a2 + b2

(
−2 tanh

(
λx
2

)2
b+ 4 tanh

(
λx
2

)
a+ 2b

)(
−ac1 cosh

(
λx
2

)
(a2 + b2)

3
2
(
a sinh

(
λx
2

)
+ b cosh

(
λx
2

))
− 2

(
sinh

(
λx
2

)
a cosh

(
λx
2

)
+ b

2

)(
arctanh

(
−b tanh

(
λx
2

)
+a

√
a2+b2

)
a2b2c1 + arctanh

(
−b tanh

(
λx
2

)
+a

√
a2+b2

)
b4c1 − c2

))
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
4
((

arctanh
(

−b tanh
(

λx
2

)
+a

√
a2+b2

)
a2b2c3 + arctanh

(
−b tanh

(
λx
2

)
+a

√
a2+b2

)
b4c3 − 1

)
a
(
cosh

(
λx
2

)2 − 1
2

)√
a2 + b2 +

c3

(
a2 cosh

(
λx
2

)2
+sinh

(
λx
2

)
ab cosh

(
λx
2

)
−a2

2 − b2
2

)(
a2+b2

)2
2

)
λ

√
a2 + b2

(
2ac3 cosh

(
λx
2

)
(a2 + b2)

3
2
(
a sinh

(
λx
2

)
+ b cosh

(
λx
2

))
+ 4

(
sinh

(
λx
2

)
a cosh

(
λx
2

)
+ b

2

)(
arctanh

(
−b tanh

(
λx
2

)
+a

√
a2+b2

)
a2b2c3 + arctanh

(
−b tanh

(
λx
2

)
+a

√
a2+b2

)
b4c3 − 1

))

Summary
The solution(s) found are the following

(1)y =

−
4
((

arctanh
(

−b tanh
(

λx
2

)
+a

√
a2+b2

)
a2b2c3 + arctanh

(
−b tanh

(
λx
2

)
+a

√
a2+b2

)
b4c3 − 1

)
a
(
cosh

(
λx
2

)2 − 1
2

)√
a2 + b2 +

c3

(
a2 cosh

(
λx
2

)2
+sinh

(
λx
2

)
ab cosh

(
λx
2

)
−a2

2 − b2
2

)(
a2+b2

)2
2

)
λ

√
a2 + b2

(
2ac3 cosh

(
λx
2

)
(a2 + b2)

3
2
(
a sinh

(
λx
2

)
+ b cosh

(
λx
2

))
+ 4

(
sinh

(
λx
2

)
a cosh

(
λx
2

)
+ b

2

)(
arctanh

(
−b tanh

(
λx
2

)
+a

√
a2+b2

)
a2b2c3 + arctanh

(
−b tanh

(
λx
2

)
+a

√
a2+b2

)
b4c3 − 1

))
Verification of solutions
y =

−
4
((

arctanh
(

−b tanh
(

λx
2

)
+a

√
a2+b2

)
a2b2c3 + arctanh

(
−b tanh

(
λx
2

)
+a

√
a2+b2

)
b4c3 − 1

)
a
(
cosh

(
λx
2

)2 − 1
2

)√
a2 + b2 +

c3

(
a2 cosh

(
λx
2

)2
+sinh

(
λx
2

)
ab cosh

(
λx
2

)
−a2

2 − b2
2

)(
a2+b2

)2
2

)
λ

√
a2 + b2

(
2ac3 cosh

(
λx
2

)
(a2 + b2)

3
2
(
a sinh

(
λx
2

)
+ b cosh

(
λx
2

))
+ 4

(
sinh

(
λx
2

)
a cosh

(
λx
2

)
+ b

2

)(
arctanh

(
−b tanh

(
λx
2

)
+a

√
a2+b2

)
a2b2c3 + arctanh

(
−b tanh

(
λx
2

)
+a

√
a2+b2

)
b4c3 − 1

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = lambda^2*sinh(lambda*x)*a*y(x)/(sinh(lambda*x)*a+b), y(x)` *** Su

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful

<- Riccati to 2nd Order successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 250� �
dsolve((a*sinh(lambda*x)+b)*(diff(y(x),x)-y(x)^2)+a*lambda^2*sinh(lambda*x)=0,y(x), singsol=all)� �
y(x) =

−
4
((

arctanh
(

− tanh
(

xλ
2

)
b+a

√
a2+b2

)
a2b2 + arctanh

(
− tanh

(
xλ
2

)
b+a

√
a2+b2

)
b4 − c1

)
a
(
cosh

(
xλ
2

)2 − 1
2

)√
a2 + b2 +

(
a2+b2

)2(
a2 cosh

(
xλ
2

)2
+ab cosh

(
xλ
2

)
sinh

(
xλ
2

)
−a2

2 − b2
2

)
2

)
λ

√
a2 + b2

(
2a cosh

(
xλ
2

)
(a2 + b2)

3
2
(
a sinh

(
xλ
2

)
+ b cosh

(
xλ
2

))
+ 4

(
arctanh

(
− tanh

(
xλ
2

)
b+a

√
a2+b2

)
a2b2 + arctanh

(
− tanh

(
xλ
2

)
b+a

√
a2+b2

)
b4 − c1

)(
sinh

(
xλ
2

)
a cosh

(
xλ
2

)
+ b

2

))
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3 Solution by Mathematica
Time used: 24.532 (sec). Leaf size: 202� �
DSolve[(a*Sinh[\[Lambda]*x]+b)*(y'[x]-y[x]^2)+a*\[Lambda]^2*Sinh[\[Lambda]*x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
λ

(√
−a2 − b2(b− a sinh(λx)) + a cosh(λx)

(
2b arctan

(
a−b tanh

(
λx
2

)
√
−a2−b2

)
− c1λ(−a2 − b2)3/2

))
−a

√
−a2 − b2 cosh(λx) + (a sinh(λx) + b)

(
2b arctan

(
a−b tanh

(
λx
2

)
√
−a2−b2

)
− c1λ (−a2 − b2)3/2

)
y(x) → − aλ cosh(λx)

a sinh(λx) + b
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5.8 problem 8
5.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 702

Internal problem ID [10456]
Internal file name [OUTPUT/9403_Monday_June_06_2022_02_24_26_PM_28185864/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 8.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − αy2 = β + γ cosh (x)

5.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= α y2 + β + γ cosh (x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = α y2 + β + γ cosh (x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = β + γ cosh (x), f1(x) = 0 and f2(x) = α. Let

y = −u′

f2u

= −u′

αu
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = α2(β + γ cosh (x))

Substituting the above terms back in equation (2) gives

αu′′(x) + α2(β + γ cosh (x))u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1MathieuC
(
−4αβ, 2αγ, ix2

)
+ c2MathieuS

(
−4αβ, 2αγ, ix2

)
The above shows that

u′(x) =
i
(
c2MathieuSPrime

(
−4αβ, 2αγ, ix2

)
+ c1MathieuCPrime

(
−4αβ, 2αγ, ix2

))
2

Using the above in (1) gives the solution

y = −
i
(
c2MathieuSPrime

(
−4αβ, 2αγ, ix2

)
+ c1MathieuCPrime

(
−4αβ, 2αγ, ix2

))
2α
(
c1MathieuC

(
−4αβ, 2αγ, ix2

)
+ c2MathieuS

(
−4αβ, 2αγ, ix2

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
i
(
MathieuSPrime

(
−4αβ, 2αγ, ix2

)
+ c3MathieuCPrime

(
−4αβ, 2αγ, ix2

))
2α
(
c3MathieuC

(
−4αβ, 2αγ, ix2

)
+MathieuS

(
−4αβ, 2αγ, ix2

))
Summary
The solution(s) found are the following

(1)y = −
i
(
MathieuSPrime

(
−4αβ, 2αγ, ix2

)
+ c3MathieuCPrime

(
−4αβ, 2αγ, ix2

))
2α
(
c3MathieuC

(
−4αβ, 2αγ, ix2

)
+MathieuS

(
−4αβ, 2αγ, ix2

))
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Verification of solutions

y = −
i
(
MathieuSPrime

(
−4αβ, 2αγ, ix2

)
+ c3MathieuCPrime

(
−4αβ, 2αγ, ix2

))
2α
(
c3MathieuC

(
−4αβ, 2αγ, ix2

)
+MathieuS

(
−4αβ, 2αγ, ix2

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -alpha*(beta+gamma*cosh(x))*y(x), y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius
Equivalence transformation and function parameters: {z = 1/2*t+1/2}, {kappa = -16*alpha*beta+16*alpha*gamma-4, mu = 3
<- Equivalence to the rational form of Mathieu ODE successful

<- Mathieu successful
<- special function solution successful
Change of variables used:

[x = arccosh(t)]
Linear ODE actually solved:

(alpha*gamma*t+alpha*beta)*u(t)+t*diff(u(t),t)+(t^2-1)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 70� �
dsolve(diff(y(x),x)=alpha*y(x)^2+beta+gamma*cosh(x),y(x), singsol=all)� �
y(x) = −

i
(
c1MathieuSPrime

(
−4αβ, 2γα, ix2

)
+MathieuCPrime

(
−4αβ, 2γα, ix2

))
2α
(
c1MathieuS

(
−4αβ, 2γα, ix2

)
+MathieuC

(
−4αβ, 2γα, ix2

))
3 Solution by Mathematica
Time used: 0.543 (sec). Leaf size: 140� �
DSolve[y'[x]==\[Alpha]*y[x]^2+\[Beta]+\[Gamma]*Cosh[x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
ic1MathieuCPrime

[
−4αβ, 2αγ, ix2

]
− iMathieuSPrime

[
−4αβ, 2αγ, ix2

]
2αc1MathieuC

[
−4αβ, 2αγ, ix2

]
− 2αMathieuS

[
−4αβ, 2αγ, ix2

]
y(x) → −

iMathieuCPrime
[
−4αβ, 2αγ, ix2

]
2αMathieuC

[
−4αβ, 2αγ, ix2

]
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5.9 problem 9
5.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 707

Internal problem ID [10457]
Internal file name [OUTPUT/9404_Monday_June_06_2022_02_24_28_PM_71061260/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 9.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − a cosh (βx) y = ab cosh (βx)− b2

5.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + a cosh (βx) y + ab cosh (βx)− b2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a cosh (βx) y + ab cosh (βx)− b2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = ab cosh (βx)− b2, f1(x) = a cosh (βx) and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = a cosh (βx)
f 2
2 f0 = ab cosh (βx)− b2

Substituting the above terms back in equation (2) gives

u′′(x)− a cosh (βx)u′(x) +
(
ab cosh (βx)− b2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1HeunD
(
−2a

β
,
4b(a− b)

β2 ,
4a
β
,
4b(a+ b)

β2 , coth
(
βx

2

))
+ c2HeunD

(
2a
β
,
4b(a− b)

β2 ,
4a
β
,
4b(a+ b)

β2 , coth
(
βx

2

))
e

a sinh(βx)
β

The above shows that

u′(x) = −
csch

(
βx
2

)2
c1β HeunDPrime

(
−2a

β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
2

+

−
csch

(
βx
2

)2HeunDPrime
(

2a
β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
β

2

+ aHeunD
(
2a
β
,
4b(a− b)

β2 ,
4a
β
,
4b(a+ b)

β2 , coth
(
βx

2

))
cosh (βx)

 c2e
a sinh(βx)

β

Using the above in (1) gives the solution

y =

−
−

csch
(

βx
2

)2
c1βHeunDPrime

(
− 2a

β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 ,coth
(

βx
2

))
2 +

(
−

csch
(

βx
2

)2
HeunDPrime

(
2a
β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 ,coth
(

βx
2

))
β

2 + aHeunD
(

2a
β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
cosh (βx)

)
c2e

a sinh(βx)
β

c1HeunD
(
−2a

β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
+ c2HeunD

(
2a
β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
e

a sinh(βx)
β
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
−2 e

a sinh(βx)
β aHeunD

(
2a
β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
cosh (βx) + β csch

(
βx
2

)2 (ea sinh(βx)
β HeunDPrime

(
2a
β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
+ c3HeunDPrime

(
−2a

β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

)))
2HeunD

(
2a
β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
e

a sinh(βx)
β + 2c3HeunD

(
−2a

β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
Summary
The solution(s) found are the following

(1)y

=
−2 e

a sinh(βx)
β aHeunD

(
2a
β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
cosh (βx) + β csch

(
βx
2

)2 (ea sinh(βx)
β HeunDPrime

(
2a
β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
+ c3HeunDPrime

(
−2a

β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

)))
2HeunD

(
2a
β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
e

a sinh(βx)
β + 2c3HeunD

(
−2a

β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
Verification of solutions
y

=
−2 e

a sinh(βx)
β aHeunD

(
2a
β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
cosh (βx) + β csch

(
βx
2

)2 (ea sinh(βx)
β HeunDPrime

(
2a
β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
+ c3HeunDPrime

(
−2a

β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

)))
2HeunD

(
2a
β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
e

a sinh(βx)
β + 2c3HeunD

(
−2a

β
, 4b(a−b)

β2 , 4a
β
, 4b(a+b)

β2 , coth
(
βx
2

))
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 73� �
dsolve(diff(y(x),x)=y(x)^2+a*cosh(beta*x)*y(x)+a*b*cosh(beta*x)-b^2,y(x), singsol=all)� �

y(x) =
b
(∫

e
−2bβx+sinh(xβ)a

β dx
)
− c1b+ e

−2bβx+sinh(xβ)a
β

−
(∫

e
−2bβx+sinh(xβ)a

β dx
)
+ c1

3 Solution by Mathematica
Time used: 9.815 (sec). Leaf size: 242� �
DSolve[y'[x]==y[x]^2+a*Cosh[\[Beta]*x]*y[x]+a*b*Cosh[\[Beta]*x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
b
∫ exβ

1 e
a
(
K[1]2−1

)
2βK[1] K[1]−

2b
β
−1dK[1] + βe

aeβ(−x)(e2βx−1
)

2β
(
eβx
)− 2b

β + bc1∫ exβ

1 e
a
(
K[1]2−1

)
2βK[1] K[1]−

2b
β
−1dK[1] + c1

y(x) → −b

y(x) → −
βe

aeβ(−x)(e2βx−1
)

2β
(
eβx
)− 2b

β∫ exβ

1 e
a
(
K[1]2−1

)
2βK[1] K[1]−

2b
β
−1dK[1]

− b
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5.10 problem 10
5.10.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 711

Internal problem ID [10458]
Internal file name [OUTPUT/9405_Monday_June_06_2022_02_24_32_PM_77442611/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 10.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − ax cosh (bx)m y = a cosh (bx)m

5.10.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + ax cosh (bx)m y + a cosh (bx)m

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + ax cosh (bx)m y + a cosh (bx)m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a cosh (bx)m, f1(x) = cosh (bx)m ax and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = cosh (bx)m ax

f 2
2 f0 = a cosh (bx)m

Substituting the above terms back in equation (2) gives

u′′(x)− cosh (bx)m axu′(x) + a cosh (bx)m u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x

(
c1

(∫
e
∫ cosh(bx)max2−2

x
dxdx

)
+ c2

)

The above shows that

u′(x) = c1

(∫
e
∫ cosh(bx)max2−2

x
dxdx

)
+ c2 + xc1e

∫ cosh(bx)max2−2
x

dx

Using the above in (1) gives the solution

y = −
c1
(∫

e
∫ cosh(bx)max2−2

x
dxdx

)
+ c2 + xc1e

∫ cosh(bx)max2−2
x

dx

x
(
c1
(∫

e
∫ cosh(bx)max2−2

x
dxdx

)
+ c2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−c3

(∫
e
∫ cosh(bx)max2−2

x
dxdx

)
− 1− xc3e

∫ cosh(bx)max2−2
x

dx

x
(
c3
(∫

e
∫ cosh(bx)max2−2

x
dxdx

)
+ 1
)
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Summary
The solution(s) found are the following

(1)y =
−c3

(∫
e
∫ cosh(bx)max2−2

x
dxdx

)
− 1− xc3e

∫ cosh(bx)max2−2
x

dx

x
(
c3
(∫

e
∫ cosh(bx)max2−2

x
dxdx

)
+ 1
)

Verification of solutions

y =
−c3

(∫
e
∫ cosh(bx)max2−2

x
dxdx

)
− 1− xc3e

∫ cosh(bx)max2−2
x

dx

x
(
c3
(∫

e
∫ cosh(bx)max2−2

x
dxdx

)
+ 1
)

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=y(x)^2+a*x*cosh(b*x)^m*y(x)+a*cosh(b*x)^m,y(x), singsol=all)� �

y(x) =
−e

∫ cosh(bx)mx2a−2
x

dxx−
(∫

e
∫ cosh(bx)mx2a−2

x
dxdx

)
+ c1(

−c1 +
∫
e
∫ cosh(bx)mx2a−2

x
dxdx

)
x
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3 Solution by Mathematica
Time used: 7.557 (sec). Leaf size: 394� �
DSolve[y'[x]==y[x]^2+a*x*Cosh[b*x]^m*y[x]+a*Cosh[b*x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
∫ x

1

exp
(
−

2−ma
(
e−bK[1]+ebK[1])m(1+e2bK[1])−m(

3F2
(
−m,−m

2 ,−m
2 ;1−m

2 ,1−m
2 ;−e2bK[1])+bmHypergeometric2F1

(
−m,−m

2 ,1−m
2 ,−e2bK[1])K[1]

)
b2m2

)
K[1]2 dK[1] +

exp
(
−

a2−m
(
e−bx+ebx

)m(
e2bx+1

)−m(
3F2

(
−m,−m

2 ,−m
2 ;1−m

2 ,1−m
2 ;−e2bx

)
+bmxHypergeometric2F1

(
−m,−m

2 ,1−m
2 ,−e2bx

))
b2m2

)
x

+ c1

x

∫ x

1

exp
(
−

2−ma
(
e−bK[1]+ebK[1]

)m(
1+e2bK[1]

)−m(
3F2

(
−m,−m

2 ,−m
2 ;1−m

2 ,1−m
2 ;−e2bK[1]

)
+bmHypergeometric2F1

(
−m,−m

2 ,1−m
2 ,−e2bK[1]

)
K[1]

)
b2m2

)
K[1]2 dK[1] + c1


y(x) → −1

x
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5.11 problem 11
5.11.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 715

Internal problem ID [10459]
Internal file name [OUTPUT/9406_Monday_June_06_2022_02_24_34_PM_92845045/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 11.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ −
(
a cosh (λx)2 − λ

)
y2 = −a cosh (λx)2 + a+ λ

5.11.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= cosh (λx)2 a y2 − a cosh (λx)2 − λ y2 + a+ λ

This is a Riccati ODE. Comparing the ODE to solve

y′ = cosh (λx)2 a y2 − a cosh (λx)2 − λ y2 + a+ λ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a cosh (λx)2 + a+ λ, f1(x) = 0 and f2(x) = a cosh (λx)2 − λ. Let

y = −u′

f2u

= −u′(
a cosh (λx)2 − λ

)
u

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 2a sinh (λx)λ cosh (λx)

f1f2 = 0

f 2
2 f0 =

(
a cosh (λx)2 − λ

)2 (−a cosh (λx)2 + a+ λ
)

Substituting the above terms back in equation (2) gives(
a cosh (λx)2 − λ

)
u′′(x)− 2a sinh (λx)λ cosh (λx)u′(x) +

(
a cosh (λx)2 − λ

)2 (−a cosh (λx)2 + a+ λ
)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = −2 e−
cosh(2λx)a

4λ

(
c2λ

(∫
−e

cosh(2λx)a
2λ

(
a− sech (λx)2 λ

)
dx

)
− c1

2

)
cosh (λx)

The above shows that

u′(x) =
(
a cosh (λx)2

− λ
)
sech (λx)

(
sinh (2λx)

(∫
−e

cosh(2λx)a
2λ

(
a− sech (λx)2 λ

)
dx

)
c2λ e−

cosh(2λx)a
4λ

− sinh (2λx) c1e−
cosh(2λx)a

4λ

2 + 2c2λ e
cosh(2λx)a

4λ

)

Using the above in (1) gives the solution

y

=
sech (λx)

(
sinh (2λx)

(∫
−e

cosh(2λx)a
2λ

(
a− sech (λx)2 λ

)
dx
)
c2λ e−

cosh(2λx)a
4λ − sinh(2λx)c1e−

cosh(2λx)a
4λ

2 + 2c2λ e
cosh(2λx)a

4λ

)
e

cosh(2λx)a
4λ

2
(
c2λ
(∫

−e
cosh(2λx)a

2λ
(
a− sech (λx)2 λ

)
dx
)
− c1

2

)
cosh (λx)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
−2 e

cosh(2λx)a
2λ sech (λx)2 λ− 2λ

(∫
−e

cosh(2λx)a
2λ

(
a− sech (λx)2 λ

)
dx
)
tanh (λx) + c3 tanh (λx)

−2λ
(∫

−e
cosh(2λx)a

2λ
(
a− sech (λx)2 λ

)
dx
)
+ c3

Summary
The solution(s) found are the following

(1)y

=
−2 e

cosh(2λx)a
2λ sech (λx)2 λ− 2λ

(∫
−e

cosh(2λx)a
2λ

(
a− sech (λx)2 λ

)
dx
)
tanh (λx) + c3 tanh (λx)

−2λ
(∫

−e
cosh(2λx)a

2λ
(
a− sech (λx)2 λ

)
dx
)
+ c3

Verification of solutions
y

=
−2 e

cosh(2λx)a
2λ sech (λx)2 λ− 2λ

(∫
−e

cosh(2λx)a
2λ

(
a− sech (λx)2 λ

)
dx
)
tanh (λx) + c3 tanh (λx)

−2λ
(∫

−e
cosh(2λx)a

2λ
(
a− sech (λx)2 λ

)
dx
)
+ c3

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = 2*a*cosh(lambda*x)*lambda*sinh(lambda*x)*(diff(y(x), x))/(a*cosh(lambd

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful
Change of variables used:

[x = 1/2*arccosh(t)/lambda]
Linear ODE actually solved:

(-4*a^3*t^3-4*a^3*t^2+24*a^2*lambda*t^2+4*a^3*t+16*a^2*lambda*t-48*a*lambda^2*t+4*a^3-8*a^2*lambda-16*a*lambda^2+32*lamb
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 104� �
dsolve(diff(y(x),x)=(a*cosh(lambda*x)^2-lambda)*y(x)^2+a+lambda-a*cosh(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
2 tanh (xλ)λ

(∫
−e

a cosh(2xλ)
2λ

(
a− sech (xλ)2 λ

)
dx
)
c1 + 2 sech (xλ)2 e

a cosh(2xλ)
2λ c1λ− tanh (xλ)

2λ
(∫

−e
a cosh(2xλ)

2λ
(
a− sech (xλ)2 λ

)
dx
)
c1 − 1

3 Solution by Mathematica
Time used: 49.81 (sec). Leaf size: 211� �
DSolve[y'[x]==(a*Cosh[\[Lambda]*x]^2-\[Lambda])*y[x]^2+a+\[Lambda]-a*Cosh[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
sech2(λx)

(
c1 sinh(2λx)

∫ x

1 e
a cosh2(λK[1])

λ

(
λ− a cosh2(λK[1])

)
sech2(λK[1])dK[1] + 2c1e

a cosh2(λx)
λ + sinh(2λx)

)
2 + 2c1

∫ x

1 e
a cosh2(λK[1])

λ

(
λ− a cosh2(λK[1])

)
sech2(λK[1])dK[1]

y(x) → 1
2sech

2(λx)
(

2e
a cosh2(λx)

λ∫ x

1 e
a cosh2(λK[1])

λ

(
λ− a cosh2(λK[1])

)
sech2(λK[1])dK[1]

+ sinh(2λx)
)
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5.12 problem 12
5.12.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 720

Internal problem ID [10460]
Internal file name [OUTPUT/9407_Monday_June_06_2022_02_24_39_PM_73916692/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 12.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

2y′ − (a− λ+ a cosh (λx)) y2 = a+ λ− a cosh (λx)

5.12.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= cosh (λx) a y2
2 + a y2

2 − λ y2

2 + a

2 + λ

2 − a cosh (λx)
2

This is a Riccati ODE. Comparing the ODE to solve

y′ = cosh (λx) a y2
2 + a y2

2 − λ y2

2 + a

2 + λ

2 − a cosh (λx)
2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a
2 +

λ
2 −

a cosh(λx)
2 , f1(x) = 0 and f2(x) = a

2 −
λ
2 +

a cosh(λx)
2 . Let

y = −u′

f2u

= −u′(
a
2 −

λ
2 +

a cosh(λx)
2

)
u

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

aλ sinh (λx)
2

f1f2 = 0

f 2
2 f0 =

(
a

2 − λ

2 + a cosh (λx)
2

)2(
a

2 + λ

2 − a cosh (λx)
2

)
Substituting the above terms back in equation (2) gives(
a

2 − λ

2 + a cosh (λx)
2

)
u′′(x)− aλ sinh (λx)u′(x)

2 +
(
a

2 − λ

2 + a cosh (λx)
2

)2(
a

2 + λ

2 − a cosh (λx)
2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = −
cosh

(
λx
2

)
e−

cosh(λx)a
2λ

(
c2λ
(∫

e
cosh(λx)a

λ

(
−2a+ sech

(
λx
2

)2
λ
)
dx
)
− 2c1

)
2

The above shows that

u′(x)

=
sech

(
λx
2

)
(a− λ+ a cosh (λx))

(
4 e

cosh(λx)a
2λ c2λ+ sinh (λx)

(∫
e

cosh(λx)a
λ

(
−2a+ sech

(
λx
2

)2
λ
)
dx
)
c2λ e−

cosh(λx)a
2λ − 2 sinh (λx) c1e−

cosh(λx)a
2λ

)
8

Using the above in (1) gives the solution

y

=
sech

(
λx
2

)
(a− λ+ a cosh (λx))

(
4 e

cosh(λx)a
2λ c2λ+ sinh (λx)

(∫
e

cosh(λx)a
λ

(
−2a+ sech

(
λx
2

)2
λ
)
dx
)
c2λ e−

cosh(λx)a
2λ − 2 sinh (λx) c1e−

cosh(λx)a
2λ

)
e

cosh(λx)a
2λ

4
(

a
2 −

λ
2 +

a cosh(λx)
2

)
cosh

(
λx
2

) (
c2λ
(∫

e
cosh(λx)a

λ

(
−2a+ sech

(
λx
2

)2
λ
)
dx
)
− 2c1

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
sech

(
λx
2

)2 (4 e cosh(λx)a
λ λ+ λ

(∫
e

cosh(λx)a
λ

(
−2a+ sech

(
λx
2

)2
λ
)
dx
)
sinh (λx)− 2c3 sinh (λx)

)
2λ
(∫

e
cosh(λx)a

λ

(
−2a+ sech

(
λx
2

)2
λ
)
dx
)
− 4c3
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Summary
The solution(s) found are the following

(1)y

=
sech

(
λx
2

)2 (4 e cosh(λx)a
λ λ+ λ

(∫
e

cosh(λx)a
λ

(
−2a+ sech

(
λx
2

)2
λ
)
dx
)
sinh (λx)− 2c3 sinh (λx)

)
2λ
(∫

e
cosh(λx)a

λ

(
−2a+ sech

(
λx
2

)2
λ
)
dx
)
− 4c3

Verification of solutions
y

=
sech

(
λx
2

)2 (4 e cosh(λx)a
λ λ+ λ

(∫
e

cosh(λx)a
λ

(
−2a+ sech

(
λx
2

)2
λ
)
dx
)
sinh (λx)− 2c3 sinh (λx)

)
2λ
(∫

e
cosh(λx)a

λ

(
−2a+ sech

(
λx
2

)2
λ
)
dx
)
− 4c3

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = sinh(lambda*x)*a*lambda*(diff(y(x), x))/(a-lambda+a*cosh(lambda*x))+(1

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful
Change of variables used:

[x = arccosh(t)/lambda]
Linear ODE actually solved:

(-4*a^3*t^3-4*a^3*t^2+12*a^2*lambda*t^2+4*a^3*t+8*a^2*lambda*t-12*a*lambda^2*t+4*a^3-4*a^2*lambda-4*a*lambda^2+4*lambda^
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 101� �
dsolve(2*diff(y(x),x)=(a-lambda+a*cosh(lambda*x))*y(x)^2+a+lambda-a*cosh(lambda*x),y(x), singsol=all)� �
y(x)

=
tanh

(
xλ
2

)
λ
(∫

e
a cosh(xλ)

λ

(
−2a+ sech

(
xλ
2

)2
λ
)
dx
)
c1 + 2 sech

(
xλ
2

)2 ea cosh(xλ)
λ c1λ− 2 tanh

(
xλ
2

)
λ
(∫

e
a cosh(xλ)

λ

(
−2a+ sech

(
xλ
2

)2
λ
)
dx
)
c1 − 2

3 Solution by Mathematica
Time used: 59.899 (sec). Leaf size: 338� �
DSolve[2*y'[x]==(a-\[Lambda]+a*Cosh[\[Lambda]*x])*y[x]^2+a+\[Lambda]-a*Cosh[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
sech2(λx

2

)(
c1 sinh(λx)

∫ x

1 −e
2a cosh2

(
1
2λK[1]

)
λ (cosh(λK[1])a+ a− λ)sech2(1

2λK[1]
)
dK[1] + 4c1e

2a cosh2
(
λx
2
)

λ + sinh(λx)
)

2 + 2c1
∫ x

1 −e
2a cosh2

(
1
2λK[1]

)
λ (cosh(λK[1])a+ a− λ)sech2 (1

2λK[1]
)
dK[1]

y(x)→ 1
2sech

2
(
λx

2

) 4e
2a cosh2

(
λx
2
)

λ∫ x

1 −e
2a cosh2

(
1
2λK[1]

)
λ (cosh(λK[1])a+ a− λ)sech2 (1

2λK[1]
)
dK[1]

+ sinh(λx)


y(x)→ 1

2sech
2
(
λx

2

) 4e
2a cosh2

(
λx
2
)

λ∫ x

1 −e
2a cosh2

(
1
2λK[1]

)
λ (cosh(λK[1])a+ a− λ)sech2 (1

2λK[1]
)
dK[1]

+ sinh(λx)
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5.13 problem 13
5.13.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 725

Internal problem ID [10461]
Internal file name [OUTPUT/9408_Monday_June_06_2022_02_24_42_PM_90381490/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 13.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = −λ2 + a cosh (λx)n sinh (λx)−n−4

5.13.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 − λ2 + a cosh (λx)n sinh (λx)−n−4

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 − λ2 + a cosh (λx)n sinh (λx)−n

sinh (λx)4

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −λ2 + a cosh (λx)n sinh (λx)−n−4, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −λ2 + a cosh (λx)n sinh (λx)−n−4

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−λ2 + a cosh (λx)n sinh (λx)−n−4)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

cosh (λx)n sinh (λx)−n−4_Y(x) a− _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
The above shows that

u′(x)= ∂

∂x
DESol

({
cosh (λx)n sinh (λx)−n−4_Y(x) a−_Y(x)λ2+_Y′′(x)

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y = −
∂
∂x

DESol
({

cosh (λx)n sinh (λx)−n−4_Y(x) a− _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
cosh (λx)n sinh (λx)−n−4_Y (x) a− _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol
({

cosh (λx)n sinh (λx)−n−4_Y(x) a− _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
cosh (λx)n sinh (λx)−n−4_Y (x) a− _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

y = −
∂
∂x

DESol
({

cosh (λx)n sinh (λx)−n−4_Y(x) a− _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
cosh (λx)n sinh (λx)−n−4_Y (x) a− _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
(1)
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Verification of solutions

y = −
∂
∂x

DESol
({

cosh (λx)n sinh (λx)−n−4_Y(x) a− _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
cosh (λx)n sinh (λx)−n−4_Y (x) a− _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (lambda^2-a*cosh(lambda*x)^n*sinh(lambda*x)^(-n-4))*y(x), y(x)` *

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(y(x)^2+y(x)+x^2*(-lambda^2+a*cosh(lambda*x)^n*sinh(lambda*x)^(-n-4)))/x, y(x), e

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2-lambda^2+a*cosh(lambda*x)^n*sinh(lambda*x)^(-n-4),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2-\[Lambda]^2+a*Cosh[\[Lambda]*x]^n*Sinh[\[Lambda]*x]^(-n-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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5.14 problem 14
5.14.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 730

Internal problem ID [10462]
Internal file name [OUTPUT/9409_Monday_June_06_2022_02_27_10_PM_68507380/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 14.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − sinh (λx) y2a = b sinh (λx) cosh (λx)n

5.14.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= sinh (λx) y2a+ b sinh (λx) cosh (λx)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = sinh (λx) y2a+ b sinh (λx) cosh (λx)n

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b sinh (λx) cosh (λx)n, f1(x) = 0 and f2(x) = a sinh (λx). Let

y = −u′

f2u

= −u′

a sinh (λx)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = aλ cosh (λx)

f1f2 = 0
f 2
2 f0 = a2 sinh (λx)3 b cosh (λx)n

Substituting the above terms back in equation (2) gives

a sinh (λx)u′′(x)− aλ cosh (λx)u′(x) + a2 sinh (λx)3 b cosh (λx)n u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
√

cosh (λx)
(
c1 BesselJ

(
1

2 + n
,
2
√
a
√
b cosh (λx)1+

n
2

λ (2 + n)

)

+ c2 BesselY
(

1
2 + n

,
2
√
a
√
b cosh (λx)1+

n
2

λ (2 + n)

))

The above shows that

u′(x) =

−

(√
a
√
b BesselJ

(
n+3
2+n

, 2
√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)
cosh (λx)1+

n
2 c1 + BesselY

(
n+3
2+n

, 2
√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)√
a
√
b cosh (λx)1+

n
2 c2 − λ

(
c1 BesselJ

(
1

2+n
, 2

√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)
+ c2 BesselY

(
1

2+n
, 2

√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)))
sinh (λx)√

cosh (λx)

Using the above in (1) gives the solution

y

=

√
a
√
b BesselJ

(
n+3
2+n

, 2
√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)
cosh (λx)1+

n
2 c1 + BesselY

(
n+3
2+n

, 2
√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)√
a
√
b cosh (λx)1+

n
2 c2 − λ

(
c1 BesselJ

(
1

2+n
, 2

√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)
+ c2 BesselY

(
1

2+n
, 2

√
a
√
b cosh(λx)1+

n
2

λ(2+n)

))
cosh (λx) a

(
c1 BesselJ

(
1

2+n
, 2

√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)
+ c2 BesselY

(
1

2+n
, 2

√
a
√
b cosh(λx)1+

n
2

λ(2+n)

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
−
√
b
(
BesselJ

(
n+3
2+n

, 2
√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)
c3 + BesselY

(
n+3
2+n

, 2
√
a
√
b cosh(λx)1+

n
2

λ(2+n)

))
cosh (λx)1+

n
2
√
a+ λ

(
c3 BesselJ

(
1

2+n
, 2

√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)
+ BesselY

(
1

2+n
, 2

√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)))
sech (λx)(

c3 BesselJ
(

1
2+n

, 2
√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)
+ BesselY

(
1

2+n
, 2

√
a
√
b cosh(λx)1+

n
2

λ(2+n)

))
a

Summary
The solution(s) found are the following

(1)y =

−

(
−
√
b
(
BesselJ

(
n+3
2+n

, 2
√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)
c3 + BesselY

(
n+3
2+n

, 2
√
a
√
b cosh(λx)1+

n
2

λ(2+n)

))
cosh (λx)1+

n
2
√
a+ λ

(
c3 BesselJ

(
1

2+n
, 2

√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)
+ BesselY

(
1

2+n
, 2

√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)))
sech (λx)(

c3 BesselJ
(

1
2+n

, 2
√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)
+ BesselY

(
1

2+n
, 2

√
a
√
b cosh(λx)1+

n
2

λ(2+n)

))
a

Verification of solutions
y =

−

(
−
√
b
(
BesselJ

(
n+3
2+n

, 2
√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)
c3 + BesselY

(
n+3
2+n

, 2
√
a
√
b cosh(λx)1+

n
2

λ(2+n)

))
cosh (λx)1+

n
2
√
a+ λ

(
c3 BesselJ

(
1

2+n
, 2

√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)
+ BesselY

(
1

2+n
, 2

√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)))
sech (λx)(

c3 BesselJ
(

1
2+n

, 2
√
a
√
b cosh(λx)1+

n
2

λ(2+n)

)
+ BesselY

(
1

2+n
, 2

√
a
√
b cosh(λx)1+

n
2

λ(2+n)

))
a

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = lambda*cosh(lambda*x)*(diff(y(x), x))/sinh(lambda*x)-sinh(lambda*x)^2*

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
<- Bessel successful

<- special function solution successful
Change of variables used:

[x = arccosh(t)/lambda]
Linear ODE actually solved:

4*(t-1)^(1/2)*(t+1)^(1/2)*t^n*a*b*(t^2-1)*u(t)+4*(t-1)^(1/2)*(t+1)^(1/2)*lambda^2*(t^2-1)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 245� �
dsolve(diff(y(x),x)=a*sinh(lambda*x)*y(x)^2+b*sinh(lambda*x)*cosh(lambda*x)^n,y(x), singsol=all)� �
y(x)

=
sech (xλ)

(
−λ

√
a
(
BesselY

(
1

n+2 ,
2
√
a
√
b cosh(xλ)

n
2 +1

λ(n+2)

)
c1 + BesselJ

(
1

n+2 ,
2
√
a
√
b cosh(xλ)

n
2 +1

λ(n+2)

))
+
(
BesselY

(
3+n
n+2 ,

2
√
a
√
b cosh(xλ)

n
2 +1

λ(n+2)

)
c1 + BesselJ

(
3+n
n+2 ,

2
√
a
√
b cosh(xλ)

n
2 +1

λ(n+2)

))
a
√
b cosh (xλ)

n
2+1
)

a
3
2

(
BesselY

(
1

n+2 ,
2
√
a
√
b cosh(xλ)

n
2 +1

λ(n+2)

)
c1 + BesselJ

(
1

n+2 ,
2
√
a
√
b cosh(xλ)

n
2 +1

λ(n+2)

))
3 Solution by Mathematica
Time used: 1.376 (sec). Leaf size: 667� �
DSolve[y'[x]==a*Sinh[\[Lambda]*x]*y[x]^2+b*Sinh[\[Lambda]*x]*Cosh[\[Lambda]*x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

√
a
√
bc1Gamma

(
n+1
n+2

)
cosh

n
2 (λx) BesselJ

(
n+1
n+2 ,

2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

)
− sech(λx)

(
Gamma

(
1 + 1

n+2

) (√
a
√
b cosh

n
2+1(λx)

(
BesselJ

(
1

n+2 − 1, 2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

)
− BesselJ

(
1 + 1

n+2 ,
2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

))
+ λBesselJ

(
1

n+2 ,
2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

))
+
√
a
√
bc1Gamma

(
n+1
n+2

)
cosh

n
2+1(λx) BesselJ

(
−n+3

n+2 ,
2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

)
+ c1λGamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

))
2a
(
Gamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 ,
2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

)
+ c1Gamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

))
y(x)

→

√
a
√
b cosh

n
2 (λx)

(
BesselJ

(
n+1
n+2 ,

2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

)
−BesselJ

(
−n+3

n+2 ,
2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

))
BesselJ

(
− 1

n+2 ,
2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

) − λsech(λx)

2a
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5.15 problem 15
5.15.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 735

Internal problem ID [10463]
Internal file name [OUTPUT/9410_Monday_June_06_2022_02_27_12_PM_40133814/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 15.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 cosh (λx) a = b cosh (λx) sinh (λx)n

5.15.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= cosh (λx) a y2 + b cosh (λx) sinh (λx)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = cosh (λx) a y2 + b cosh (λx) sinh (λx)n

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b cosh (λx) sinh (λx)n, f1(x) = 0 and f2(x) = a cosh (λx). Let

y = −u′

f2u

= −u′

a cosh (λx)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = aλ sinh (λx)

f1f2 = 0
f 2
2 f0 = a2 cosh (λx)3 b sinh (λx)n

Substituting the above terms back in equation (2) gives

a cosh (λx)u′′(x)− aλ sinh (λx)u′(x) + a2 cosh (λx)3 b sinh (λx)n u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=
− csc

(
π(n+3)
2+n

)
c1 BesselI

(
− 1

2+n
, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
π
(
−ab sinh(λx)2+n

λ2(2+n)2

) 1
4+2n + c2 sinh (λx) BesselI

(
1

2+n
, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sinh(λx)2+n

λ2(2+n)2

)− 1
4+2n (2 + n)

(2 + n) Γ
(
n+3
2+n

)
The above shows that

u′(x)

=

(
Γ
(
n+3
2+n

)2 (−ab sinh(λx)2+n

λ2(2+n)2

) n+1
4+2n

c2 cosh (λx) (2 + n) BesselI
(

n+3
2+n

, 2
√
−ab sinh(λx)2+n

λ2(2+n)2

)
+ cosh (λx) c2 BesselI

(
1

2+n
, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sinh(λx)2+n

λ2(2+n)2

)− 1
4+2n − πc1 coth (λx) csc

(
π(n+3)
2+n

)(
−ab sinh(λx)2+n

λ2(2+n)2

) n+3
4+2n BesselI

(
n+1
2+n

, 2
√
−ab sinh(λx)2+n

λ2(2+n)2

))
λ

Γ
(
n+3
2+n

)
Using the above in (1) gives the solution

y =

−

(
Γ
(
n+3
2+n

)2 (−ab sinh(λx)2+n

λ2(2+n)2

) n+1
4+2n

c2 cosh (λx) (2 + n) BesselI
(

n+3
2+n

, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
+ cosh (λx) c2 BesselI

(
1

2+n
, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sinh(λx)2+n

λ2(2+n)2

)− 1
4+2n − πc1 coth (λx) csc

(
π(n+3)
2+n

)(
−ab sinh(λx)2+n

λ2(2+n)2

) n+3
4+2n BesselI

(
n+1
2+n

, 2
√
−ab sinh(λx)2+n

λ2(2+n)2

))
λ(2 + n)

a cosh (λx)
(
− csc

(
π(n+3)
2+n

)
c1 BesselI

(
− 1

2+n
, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
π
(
−ab sinh(λx)2+n

λ2(2+n)2

) 1
4+2n + c2 sinh (λx) BesselI

(
1

2+n
, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sinh(λx)2+n

λ2(2+n)2

)− 1
4+2n (2 + n)

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−
λ(2 + n)

(
Γ
(
n+3
2+n

)2 (−ab sinh(λx)2+n

λ2(2+n)2

) n+1
4+2n (2 + n) BesselI

(
n+3
2+n

, 2
√
−ab sinh(λx)2+n

λ2(2+n)2

)
− csch (λx) πc3 csc

(
π(n+3)
2+n

)(
−ab sinh(λx)2+n

λ2(2+n)2

) n+3
4+2n BesselI

(
n+1
2+n

, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
+ BesselI

(
1

2+n
, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sinh(λx)2+n

λ2(2+n)2

)− 1
4+2n

)
(
− csc

(
π(n+3)
2+n

)
c3 BesselI

(
− 1

2+n
, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
π
(
−ab sinh(λx)2+n

λ2(2+n)2

) 1
4+2n + sinh (λx) BesselI

(
1

2+n
, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sinh(λx)2+n

λ2(2+n)2

)− 1
4+2n (2 + n)

)
a

Summary
The solution(s) found are the following

(1)y =

−
λ(2 + n)

(
Γ
(
n+3
2+n

)2 (−ab sinh(λx)2+n

λ2(2+n)2

) n+1
4+2n (2 + n) BesselI

(
n+3
2+n

, 2
√
−ab sinh(λx)2+n

λ2(2+n)2

)
− csch (λx) πc3 csc

(
π(n+3)
2+n

)(
−ab sinh(λx)2+n

λ2(2+n)2

) n+3
4+2n BesselI

(
n+1
2+n

, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
+ BesselI

(
1

2+n
, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sinh(λx)2+n

λ2(2+n)2

)− 1
4+2n

)
(
− csc

(
π(n+3)
2+n

)
c3 BesselI

(
− 1

2+n
, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
π
(
−ab sinh(λx)2+n

λ2(2+n)2

) 1
4+2n + sinh (λx) BesselI

(
1

2+n
, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sinh(λx)2+n

λ2(2+n)2

)− 1
4+2n (2 + n)

)
a

Verification of solutions
y =

−
λ(2 + n)

(
Γ
(
n+3
2+n

)2 (−ab sinh(λx)2+n

λ2(2+n)2

) n+1
4+2n (2 + n) BesselI

(
n+3
2+n

, 2
√
−ab sinh(λx)2+n

λ2(2+n)2

)
− csch (λx) πc3 csc

(
π(n+3)
2+n

)(
−ab sinh(λx)2+n

λ2(2+n)2

) n+3
4+2n BesselI

(
n+1
2+n

, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
+ BesselI

(
1

2+n
, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sinh(λx)2+n

λ2(2+n)2

)− 1
4+2n

)
(
− csc

(
π(n+3)
2+n

)
c3 BesselI

(
− 1

2+n
, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
π
(
−ab sinh(λx)2+n

λ2(2+n)2

) 1
4+2n + sinh (λx) BesselI

(
1

2+n
, 2
√

−ab sinh(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sinh(λx)2+n

λ2(2+n)2

)− 1
4+2n (2 + n)

)
a

Verified OK.

737



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = lambda*sinh(lambda*x)*(diff(y(x), x))/cosh(lambda*x)-a*cosh(lambda*x)^

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 0F1 ODE

<- Kummer successful
<- special function solution successful
Change of variables used:

[x = arccosh(t)/lambda]
Linear ODE actually solved:

4*a*b*(t^2-1)^(1/2*n)*t^3*u(t)+4*lambda^2*diff(u(t),t)+(4*lambda^2*t^3-4*lambda^2*t)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 951� �
dsolve(diff(y(x),x)=a*cosh(lambda*x)*y(x)^2+b*cosh(lambda*x)*sinh(lambda*x)^n,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 1.277 (sec). Leaf size: 633� �
DSolve[y'[x]==a*Cosh[\[Lambda]*x]*y[x]^2+b*Cosh[\[Lambda]*x]*Sinh[\[Lambda]*x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
csch(λx)

(
−λGamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 ,
2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

)
+
√
a
√
b sinh

n
2+1(λx)

(
Gamma

(
1 + 1

n+2

) (
BesselJ

(
1 + 1

n+2 ,
2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

)
− BesselJ

(
1

n+2 − 1, 2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

))
+ c1Gamma

(
n+1
n+2

)
BesselJ

(
n+1
n+2 ,

2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

)
− c1Gamma

(
n+1
n+2

)
BesselJ

(
−n+3

n+2 ,
2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

))
− c1λGamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

))
2a
(
Gamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 ,
2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

)
+ c1Gamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

))
y(x)

→

√
a
√
b sinh

n
2 (λx)

(
BesselJ

(
n+1
n+2 ,

2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

)
−BesselJ

(
−n+3

n+2 ,
2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

))
BesselJ

(
− 1

n+2 ,
2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

) − λcsch(λx)

2a
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5.16 problem 16
5.16.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 740

Internal problem ID [10464]
Internal file name [OUTPUT/9411_Monday_June_06_2022_02_27_14_PM_53299429/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 16.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

(a cosh (λx) + b) y′ − y2 − c cosh (xµ) y = −d2 + cd cosh (xµ)

5.16.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2 + c cosh (xµ) y − d2 + cd cosh (xµ)
a cosh (λx) + b

This is a Riccati ODE. Comparing the ODE to solve

y′ = cd cosh (xµ)
a cosh (λx) + b

+ c cosh (xµ) y
a cosh (λx) + b

− d2

a cosh (λx) + b
+ y2

a cosh (λx) + b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = −d2+cd cosh(xµ)
a cosh(λx)+b

, f1(x) = c cosh(xµ)
a cosh(λx)+b

and f2(x) = 1
a cosh(λx)+b

. Let

y = −u′

f2u

= −u′

u
a cosh(λx)+b

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − aλ sinh (λx)

(a cosh (λx) + b)2

f1f2 =
c cosh (xµ)

(a cosh (λx) + b)2

f 2
2 f0 =

−d2 + cd cosh (xµ)
(a cosh (λx) + b)3

Substituting the above terms back in equation (2) gives

u′′(x)
a cosh (λx) + b

−
(
− aλ sinh (λx)
(a cosh (λx) + b)2

+ c cosh (xµ)
(a cosh (λx) + b)2

)
u′(x) + (−d2 + cd cosh (xµ))u(x)

(a cosh (λx) + b)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 268� �
dsolve((a*cosh(lambda*x)+b)*diff(y(x),x)=y(x)^2+c*cosh(mu*x)*y(x)-d^2+c*d*cosh(mu*x),y(x), singsol=all)� �
y(x)

=

−d

∫ e

c

(∫ cosh(xµ)
a cosh(xλ)+b

dx

)√
a2−b2 λ−4d arctan

 (a−b) tanh
(
xλ
2
)

√
a2−b2


√

a2−b2 λ

a cosh(xλ)+b
dx

+ dc1 − e
c

(∫ cosh(xµ)
a cosh(xλ)+b

dx

)√
a2−b2 λ−4d arctan

 (a−b) tanh
(
xλ
2
)

√
a2−b2


√

a2−b2 λ

∫ e

c

(∫ cosh(xµ)
a cosh(xλ)+b

dx

)√
a2−b2 λ−4d arctan

 (a−b) tanh
(
xλ
2
)

√
a2−b2


√

a2−b2 λ

a cosh(xλ)+b
dx− c1

3 Solution by Mathematica
Time used: 24.309 (sec). Leaf size: 289� �
DSolve[(a*Cosh[\[Lambda]*x]+b)*y'[x]==y[x]^2+c*Cosh[\[Mu]*x]*y[x]-d^2+c*d*Cosh[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1
−
exp

(
−
∫ K[2]
1

2d−c cosh(µK[1])
b+a cosh(λK[1]) dK[1]

)
(−d+ c cosh(µK[2]) + y(x))

cµ(b+ a cosh(λK[2]))(d+ y(x)) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1
2d−c cosh(µK[1])
b+a cosh(λK[1]) dK[1]

)
cµ(d+K[3])2

−
∫ x

1

exp
(
−
∫ K[2]
1

2d−c cosh(µK[1])
b+a cosh(λK[1]) dK[1]

)
(−d+ c cosh(µK[2]) +K[3])

cµ(b+ a cosh(λK[2]))(d+K[3])2 −
exp

(
−
∫ K[2]
1

2d−c cosh(µK[1])
b+a cosh(λK[1]) dK[1]

)
cµ(b+ a cosh(λK[2]))(d+K[3])

 dK[2]

 dK[3] = c1, y(x)
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5.17 problem 17
5.17.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 744

Internal problem ID [10465]
Internal file name [OUTPUT/9412_Monday_June_06_2022_02_28_26_PM_5814984/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 17.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

(a cosh (λx) + b)
(
y′ − y2

)
= −a λ2 cosh (λx)

5.17.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= cosh (λx) a y2 − a λ2 cosh (λx) + y2b

a cosh (λx) + b

This is a Riccati ODE. Comparing the ODE to solve

y′ = − a λ2 cosh (λx)
a cosh (λx) + b

+ cosh (λx) a y2
a cosh (λx) + b

+ y2b

a cosh (λx) + b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −aλ2 cosh(λx)
a cosh(λx)+b

, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 = − a λ2 cosh (λx)

a cosh (λx) + b

Substituting the above terms back in equation (2) gives

u′′(x)− a λ2 cosh (λx)u(x)
a cosh (λx) + b

= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = −2c1

(
a cosh

(
λx

2

)2

− a

2 + b

2

)
b arctan

(
tanh

(
λx
2

)
(a− b)

√
a2 − b2

)

+ sinh
(
λx

2

)
cosh

(
λx

2

)√
a2 − b2 c1a+ 2c2

(
a cosh

(
λx

2

)2

− a

2 + b

2

)

The above shows that

u′(x)

=

(
−2c1a cosh

(
λx
2

)
sinh

(
λx
2

)
b arctan

(
tanh

(
λx
2

)
(a−b)

√
a2−b2

)√
a2 − b2 + 2 sinh

(
λx
2

)
c2a cosh

(
λx
2

)√
a2 − b2 + c1(a− b) (a+ b)

(
a cosh

(
λx
2

)2 − a
2 −

b
2

))
λ

√
a2 − b2

Using the above in (1) gives the solution

y =

−

(
−2c1a cosh

(
λx
2

)
sinh

(
λx
2

)
b arctan

(
tanh

(
λx
2

)
(a−b)

√
a2−b2

)√
a2 − b2 + 2 sinh

(
λx
2

)
c2a cosh

(
λx
2

)√
a2 − b2 + c1(a− b) (a+ b)

(
a cosh

(
λx
2

)2 − a
2 −

b
2

))
λ

√
a2 − b2

(
−2c1

(
a cosh

(
λx
2

)2 − a
2 +

b
2

)
b arctan

(
tanh

(
λx
2

)
(a−b)

√
a2−b2

)
+ sinh

(
λx
2

)
cosh

(
λx
2

)√
a2 − b2 c1a+ 2c2

(
a cosh

(
λx
2

)2 − a
2 +

b
2

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
λ

(
−2c3a cosh

(
λx
2

)
sinh

(
λx
2

)
b arctan

(
tanh

(
λx
2

)
(a−b)

√
a2−b2

)√
a2 − b2 + 2 sinh

(
λx
2

)
cosh

(
λx
2

)√
a2 − b2 a+ c3(a− b) (a+ b)

(
a cosh

(
λx
2

)2 − a
2 −

b
2

))
√
a2 − b2

(
2c3
(
a cosh

(
λx
2

)2 − a
2 +

b
2

)
b arctan

(
tanh

(
λx
2

)
(a−b)

√
a2−b2

)
− sinh

(
λx
2

)
cosh

(
λx
2

)√
a2 − b2 c3a− 2a cosh

(
λx
2

)2 + a− b

)

Summary
The solution(s) found are the following

(1)y

=
λ

(
−2c3a cosh

(
λx
2

)
sinh

(
λx
2

)
b arctan

(
tanh

(
λx
2

)
(a−b)

√
a2−b2

)√
a2 − b2 + 2 sinh

(
λx
2

)
cosh

(
λx
2

)√
a2 − b2 a+ c3(a− b) (a+ b)

(
a cosh

(
λx
2

)2 − a
2 −

b
2

))
√
a2 − b2

(
2c3
(
a cosh

(
λx
2

)2 − a
2 +

b
2

)
b arctan

(
tanh

(
λx
2

)
(a−b)

√
a2−b2

)
− sinh

(
λx
2

)
cosh

(
λx
2

)√
a2 − b2 c3a− 2a cosh

(
λx
2

)2 + a− b

)
Verification of solutions
y

=
λ

(
−2c3a cosh

(
λx
2

)
sinh

(
λx
2

)
b arctan

(
tanh

(
λx
2

)
(a−b)

√
a2−b2

)√
a2 − b2 + 2 sinh

(
λx
2

)
cosh

(
λx
2

)√
a2 − b2 a+ c3(a− b) (a+ b)

(
a cosh

(
λx
2

)2 − a
2 −

b
2

))
√
a2 − b2

(
2c3
(
a cosh

(
λx
2

)2 − a
2 +

b
2

)
b arctan

(
tanh

(
λx
2

)
(a−b)

√
a2−b2

)
− sinh

(
λx
2

)
cosh

(
λx
2

)√
a2 − b2 c3a− 2a cosh

(
λx
2

)2 + a− b

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = a*lambda^2*cosh(lambda*x)*y(x)/(a*cosh(lambda*x)+b), y(x)` *** Su

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful

<- Riccati to 2nd Order successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 204� �
dsolve((a*cosh(lambda*x)+b)*(diff(y(x),x)-y(x)^2)+a*lambda^2*cosh(lambda*x)=0,y(x), singsol=all)� �
y(x)

=
λ

(
−2 arctan

(
(a−b) tanh

(
xλ
2

)
√
a2−b2

)√
a2 − b2 ab cosh

(
xλ
2

)
sinh

(
xλ
2

)
+ 2

√
a2 − b2 c1a cosh

(
xλ
2

)
sinh

(
xλ
2

)
+ (a+ b)

(
cosh

(
xλ
2

)2
a− a

2 −
b
2

)
(a− b)

)
√
a2 − b2

(
2
(
cosh

(
xλ
2

)2
a− a

2 +
b
2

)
b arctan

(
(a−b) tanh

(
xλ
2

)
√
a2−b2

)
−

√
a2 − b2 a cosh

(
xλ
2

)
sinh

(
xλ
2

)
− 2c1

(
cosh

(
xλ
2

)2
a− a

2 +
b
2

))
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3 Solution by Mathematica
Time used: 7.749 (sec). Leaf size: 246� �
DSolve[(a*Cosh[\[Lambda]*x]+b)*(y'[x]-y[x]^2)+a*\[Lambda]^2*Cosh[\[Lambda]*x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
λ

(
a sinh(λx)

(
2b arctan

(
(b−a) tanh

(
λx
2

)
√
a2−b2

)
+ c1λ(a2 − b2)3/2

)
+ a

√
a2 − b2 cosh(λx) + b

(
−
√
a2 − b2

))
b

(
2b arctan

(
(b−a) tanh

(
λx
2

)
√
a2−b2

)
+ c1λ (a2 − b2)3/2

)
+ a cosh(λx)

(
2b arctan

(
(b−a) tanh

(
λx
2

)
√
a2−b2

)
+ c1λ (a2 − b2)3/2

)
+ a

√
a2 − b2 sinh(λx)

y(x) → − aλ sinh(λx)
a cosh(λx) + b
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6.1 problem 18
6.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 750

Internal problem ID [10466]
Internal file name [OUTPUT/9413_Monday_June_06_2022_02_28_29_PM_65894832/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 18.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = λa− a(a+ λ) tanh (λx)2

6.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −a2 tanh (λx)2 − a tanh (λx)2 λ+ λa+ y2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2 tanh (λx)2 − a tanh (λx)2 λ+ λa+ y2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 tanh (λx)2 − a tanh (λx)2 λ+ λa, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −a2 tanh (λx)2 − a tanh (λx)2 λ+ λa

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−a2 tanh (λx)2 − a tanh (λx)2 λ+ λa

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 LegendreP
(a
λ
,
a

λ
, tanh (λx)

)
+ c2 LegendreQ

(a
λ
,
a

λ
, tanh (λx)

)
The above shows that

u′(x) = −LegendreP
(
a+ λ

λ
,
a

λ
, tanh (λx)

)
c1λ

− LegendreQ
(
a+ λ

λ
,
a

λ
, tanh (λx)

)
c2λ

+ tanh (λx)
(
c1 LegendreP

(a
λ
,
a

λ
, tanh (λx)

)
+ c2 LegendreQ

(a
λ
,
a

λ
, tanh (λx)

))
(a+ λ)

Using the above in (1) gives the solution

y =

−
−LegendreP

(
a+λ
λ
, a
λ
, tanh (λx)

)
c1λ− LegendreQ

(
a+λ
λ
, a
λ
, tanh (λx)

)
c2λ+ tanh (λx)

(
c1 LegendreP

(
a
λ
, a
λ
, tanh (λx)

)
+ c2 LegendreQ

(
a
λ
, a
λ
, tanh (λx)

))
(a+ λ)

c1 LegendreP
(
a
λ
, a
λ
, tanh (λx)

)
+ c2 LegendreQ

(
a
λ
, a
λ
, tanh (λx)

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
LegendreP

(
a+λ
λ
, a
λ
, tanh (λx)

)
c3λ+ LegendreQ

(
a+λ
λ
, a
λ
, tanh (λx)

)
λ− tanh (λx)

(
c3 LegendreP

(
a
λ
, a
λ
, tanh (λx)

)
+ LegendreQ

(
a
λ
, a
λ
, tanh (λx)

))
(a+ λ)

c3 LegendreP
(
a
λ
, a
λ
, tanh (λx)

)
+ LegendreQ

(
a
λ
, a
λ
, tanh (λx)

)
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Summary
The solution(s) found are the following

(1)y

=
LegendreP

(
a+λ
λ
, a
λ
, tanh (λx)

)
c3λ+ LegendreQ

(
a+λ
λ
, a
λ
, tanh (λx)

)
λ− tanh (λx)

(
c3 LegendreP

(
a
λ
, a
λ
, tanh (λx)

)
+ LegendreQ

(
a
λ
, a
λ
, tanh (λx)

))
(a+ λ)

c3 LegendreP
(
a
λ
, a
λ
, tanh (λx)

)
+ LegendreQ

(
a
λ
, a
λ
, tanh (λx)

)
Verification of solutions
y

=
LegendreP

(
a+λ
λ
, a
λ
, tanh (λx)

)
c3λ+ LegendreQ

(
a+λ
λ
, a
λ
, tanh (λx)

)
λ− tanh (λx)

(
c3 LegendreP

(
a
λ
, a
λ
, tanh (λx)

)
+ LegendreQ

(
a
λ
, a
λ
, tanh (λx)

))
(a+ λ)

c3 LegendreP
(
a
λ
, a
λ
, tanh (λx)

)
+ LegendreQ

(
a
λ
, a
λ
, tanh (λx)

)
Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a^2*tanh(lambda*x)^2+a*tanh(lambda*x)^2*lambda-a*lambda)*y(x), y(x)`

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Legendre successful

<- special function solution successful
-> Trying to convert hypergeometric functions to elementary form...
<- elementary form could result into a too large expression - returning special function form of solution, free of un

<- Kovacics algorithm successful
Change of variables used:

[x = arctanh(t)/lambda]
Linear ODE actually solved:

(-a^2*t^2-a*lambda*t^2+a*lambda)*u(t)+(2*lambda^2*t^3-2*lambda^2*t)*diff(u(t),t)+(lambda^2*t^4-2*lambda^2*t^2+lambda^2)*
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 122� �
dsolve(diff(y(x),x)=y(x)^2+a*lambda-a*(a+lambda)*tanh(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
LegendreP

(
a+λ
λ
, a
λ
, tanh (xλ)

)
λ+ LegendreQ

(
a+λ
λ
, a
λ
, tanh (xλ)

)
c1λ− tanh (xλ)

(
c1 LegendreQ

(
a
λ
, a
λ
, tanh (xλ)

)
+ LegendreP

(
a
λ
, a
λ
, tanh (xλ)

))
(a+ λ)

c1 LegendreQ
(
a
λ
, a
λ
, tanh (xλ)

)
+ LegendreP

(
a
λ
, a
λ
, tanh (xλ)

)
3 Solution by Mathematica
Time used: 8.574 (sec). Leaf size: 177� �
DSolve[y'[x]==y[x]^2+a*\[Lambda]-a*(a+\[Lambda])*Tanh[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
a
(
−λ
(
e2λx − 1

)
Hypergeometric2F1

(
−2a

λ
,− a

λ
, 1− a

λ
,−e2xλ

)
− 2λ

(
e2λx + 1

) 2a
λ
+1 + ac1

(
e2λx − 1

) (
e2λx

)a/λ)
(e2λx + 1)

(
−λHypergeometric2F1

(
−2a

λ
,− a

λ
, 1− a

λ
,−e2xλ

)
+ ac1 (e2λx)a/λ

)
y(x) →

a
(
e2λx − 1

)
e2λx + 1
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6.2 problem 19
6.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 755

Internal problem ID [10467]
Internal file name [OUTPUT/9414_Monday_June_06_2022_02_28_31_PM_34807093/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 19.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = 3λa− λ2 − a(a+ λ) tanh (λx)2

6.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −a2 tanh (λx)2 − a tanh (λx)2 λ+ 3λa− λ2 + y2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2 tanh (λx)2 − a tanh (λx)2 λ+ 3λa− λ2 + y2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 tanh (λx)2−a tanh (λx)2 λ+3λa−λ2, f1(x) = 0 and f2(x) = 1.
Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −a2 tanh (λx)2 − a tanh (λx)2 λ+ 3λa− λ2

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−a2 tanh (λx)2 − a tanh (λx)2 λ+ 3λa− λ2)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 LegendreP
(
a

λ
,
a− λ

λ
, tanh (λx)

)
+ c2 LegendreQ

(
a

λ
,
a− λ

λ
, tanh (λx)

)

The above shows that

u′(x) = −2 LegendreP
(
a+ λ

λ
,
a− λ

λ
, tanh (λx)

)
c1λ

− 2 LegendreQ
(
a+ λ

λ
,
a− λ

λ
, tanh (λx)

)
c2λ

+ tanh (λx)
(
c1 LegendreP

(
a

λ
,
a− λ

λ
, tanh (λx)

)
+ c2 LegendreQ

(
a

λ
,
a− λ

λ
, tanh (λx)

))
(a+ λ)

Using the above in (1) gives the solution

y =

−
−2 LegendreP

(
a+λ
λ
, a−λ

λ
, tanh (λx)

)
c1λ− 2 LegendreQ

(
a+λ
λ
, a−λ

λ
, tanh (λx)

)
c2λ+ tanh (λx)

(
c1 LegendreP

(
a
λ
, a−λ

λ
, tanh (λx)

)
+ c2 LegendreQ

(
a
λ
, a−λ

λ
, tanh (λx)

))
(a+ λ)

c1 LegendreP
(
a
λ
, a−λ

λ
, tanh (λx)

)
+ c2 LegendreQ

(
a
λ
, a−λ

λ
, tanh (λx)

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
2LegendreP

(
a+λ
λ
, a−λ

λ
, tanh (λx)

)
c3λ+ 2LegendreQ

(
a+λ
λ
, a−λ

λ
, tanh (λx)

)
λ− tanh (λx)

(
c3 LegendreP

(
a
λ
, a−λ

λ
, tanh (λx)

)
+ LegendreQ

(
a
λ
, a−λ

λ
, tanh (λx)

))
(a+ λ)

c3 LegendreP
(
a
λ
, a−λ

λ
, tanh (λx)

)
+ LegendreQ

(
a
λ
, a−λ

λ
, tanh (λx)

)
Summary
The solution(s) found are the following

(1)y

=
2LegendreP

(
a+λ
λ
, a−λ

λ
, tanh (λx)

)
c3λ+ 2LegendreQ

(
a+λ
λ
, a−λ

λ
, tanh (λx)

)
λ− tanh (λx)

(
c3 LegendreP

(
a
λ
, a−λ

λ
, tanh (λx)

)
+ LegendreQ

(
a
λ
, a−λ

λ
, tanh (λx)

))
(a+ λ)

c3 LegendreP
(
a
λ
, a−λ

λ
, tanh (λx)

)
+ LegendreQ

(
a
λ
, a−λ

λ
, tanh (λx)

)
Verification of solutions
y

=
2LegendreP

(
a+λ
λ
, a−λ

λ
, tanh (λx)

)
c3λ+ 2LegendreQ

(
a+λ
λ
, a−λ

λ
, tanh (λx)

)
λ− tanh (λx)

(
c3 LegendreP

(
a
λ
, a−λ

λ
, tanh (λx)

)
+ LegendreQ

(
a
λ
, a−λ

λ
, tanh (λx)

))
(a+ λ)

c3 LegendreP
(
a
λ
, a−λ

λ
, tanh (λx)

)
+ LegendreQ

(
a
λ
, a−λ

λ
, tanh (λx)

)
Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a^2*tanh(lambda*x)^2+a*tanh(lambda*x)^2*lambda-3*a*lambda+lambda^2)*y

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Legendre successful

<- special function solution successful
-> Trying to convert hypergeometric functions to elementary form...
<- elementary form could result into a too large expression - returning special function form of solution, free of un

<- Kovacics algorithm successful
Change of variables used:

[x = arctanh(t)/lambda]
Linear ODE actually solved:

(-a^2*t^2-a*lambda*t^2+3*a*lambda-lambda^2)*u(t)+(2*lambda^2*t^3-2*lambda^2*t)*diff(u(t),t)+(lambda^2*t^4-2*lambda^2*t^2
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 148� �
dsolve(diff(y(x),x)=y(x)^2+3*a*lambda-lambda^2-a*(a+lambda)*tanh(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
2LegendreP

(
a+λ
λ
, a−λ

λ
, tanh (xλ)

)
λ+ 2LegendreQ

(
a+λ
λ
, a−λ

λ
, tanh (xλ)

)
c1λ− tanh (xλ)

(
c1 LegendreQ

(
a
λ
, a−λ

λ
, tanh (xλ)

)
+ LegendreP

(
a
λ
, a−λ

λ
, tanh (xλ)

))
(a+ λ)

c1 LegendreQ
(
a
λ
, a−λ

λ
, tanh (xλ)

)
+ LegendreP

(
a
λ
, a−λ

λ
, tanh (xλ)

)
3 Solution by Mathematica
Time used: 12.804 (sec). Leaf size: 631� �
DSolve[y'[x]==y[x]^2+3*a*\[Lambda]-\[Lambda]^2-a*(a+\[Lambda])*Tanh[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
−λ(a− 2λ)

(
e2λx − 1

) (
e2λx + 1

) 2a
λ

(
1

e2λx−1 + 1
)a/λ (

a
(
4e2λx + e4λx − 1

)
+ λ− λe4λx

)
AppellF1

(
1− a

λ
, a
λ
,−2a

λ
, 2− a

λ
, 1
1−e2xλ

,− 2
−1+e2xλ

)
+ (a− λ)

(
8aλe2λx

(
1

e2λx−1 + 1
)a/λ (

e2λx + 1
) 2a

λ
+1AppellF1

(
2− a

λ
, a
λ
, 1− 2a

λ
, 3− a

λ
, 1
1−e2xλ

,− 2
−1+e2xλ

)
− 2aλe2λx

(
1

e2λx−1 + 1
)a/λ (

e2λx + 1
) 2a

λ
+1AppellF1

(
2− a

λ
, a+λ

λ
,−2a

λ
, 3− a

λ
, 1
1−e2xλ

,− 2
−1+e2xλ

)
+ c1(2λ− a)

(
e2λx − 1

)2 (
e2λx

)a/λ ( 2
e2λx−1 + 1

) 2a
λ
(
λ
(
e2λx + 1

)2 − a
(
e2λx − 1

)2))
(2λ− a) (e2λx − 1)2 (e2λx + 1)

(
−λ (e2λx + 1)

2a
λ

(
1

e2λx−1 + 1
)a/λ

AppellF1
(
1− a

λ
, a
λ
,−2a

λ
, 2− a

λ
, 1
1−e2xλ

,− 2
−1+e2xλ

)
+ c1(λ− a) (e2λx − 1) (e2λx)a/λ

(
2

e2λx−1 + 1
) 2a

λ

)
y(x) →

a
(
e2λx − 1

)2 − λ
(
e2λx + 1

)2
e4λx − 1
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6.3 problem 20
6.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 760

Internal problem ID [10468]
Internal file name [OUTPUT/9415_Monday_June_06_2022_02_28_33_PM_45959373/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 20.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − ax tanh (bx)m y = a tanh (bx)m

6.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + ax tanh (bx)m y + a tanh (bx)m

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + ax tanh (bx)m y + a tanh (bx)m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a tanh (bx)m, f1(x) = tanh (bx)m ax and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = tanh (bx)m ax

f 2
2 f0 = a tanh (bx)m

Substituting the above terms back in equation (2) gives

u′′(x)− tanh (bx)m axu′(x) + a tanh (bx)m u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x

(
c1

(∫
e
∫ tanh(bx)max2−2

x
dxdx

)
+ c2

)

The above shows that

u′(x) = c1

(∫
e
∫ tanh(bx)max2−2

x
dxdx

)
+ c2 + xc1e

∫ tanh(bx)max2−2
x

dx

Using the above in (1) gives the solution

y = −
c1
(∫

e
∫ tanh(bx)max2−2

x
dxdx

)
+ c2 + xc1e

∫ tanh(bx)max2−2
x

dx

x
(
c1
(∫

e
∫ tanh(bx)max2−2

x
dxdx

)
+ c2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−c3

(∫
e
∫ tanh(bx)max2−2

x
dxdx

)
− 1− xc3e

∫ tanh(bx)max2−2
x

dx

x
(
c3
(∫

e
∫ tanh(bx)max2−2

x
dxdx

)
+ 1
)
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Summary
The solution(s) found are the following

(1)y =
−c3

(∫
e
∫ tanh(bx)max2−2

x
dxdx

)
− 1− xc3e

∫ tanh(bx)max2−2
x

dx

x
(
c3
(∫

e
∫ tanh(bx)max2−2

x
dxdx

)
+ 1
)

Verification of solutions

y =
−c3

(∫
e
∫ tanh(bx)max2−2

x
dxdx

)
− 1− xc3e

∫ tanh(bx)max2−2
x

dx

x
(
c3
(∫

e
∫ tanh(bx)max2−2

x
dxdx

)
+ 1
)

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step`� �
3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=y(x)^2+a*x*tanh(b*x)^m*y(x)+a*tanh(b*x)^m,y(x), singsol=all)� �

y(x) =
−e

∫ a tanh(bx)mx2−2
x

dxx−
(∫

e
∫ a tanh(bx)mx2−2

x
dxdx

)
+ c1(

−c1 +
∫
e
∫ a tanh(bx)mx2−2

x
dxdx

)
x
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3 Solution by Mathematica
Time used: 12.331 (sec). Leaf size: 126� �
DSolve[y'[x]==y[x]^2+a*x*Tanh[b*x]^m*y[x]+a*Tanh[b*x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
exp

(
−
∫ x

1 −aK[1] tanhm(bK[1])dK[1]
)
+ x

∫ x

1
exp
(
−
∫K[2]
1 −aK[1] tanhm(bK[1])dK[1]

)
K[2]2 dK[2] + c1x

x2
(∫ x

1
exp
(
−
∫K[2]
1 −aK[1] tanhm(bK[1])dK[1]

)
K[2]2 dK[2] + c1

)
y(x) → −1

x
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6.4 problem 21
6.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 764

Internal problem ID [10469]
Internal file name [OUTPUT/9416_Monday_June_06_2022_02_28_36_PM_97894842/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 21.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

(a tanh (λx) + b) y′ − y2 − c tanh (xµ) y = −d2 + cd tanh (xµ)

6.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2 + c tanh (xµ) y − d2 + cd tanh (xµ)
a tanh (λx) + b

This is a Riccati ODE. Comparing the ODE to solve

y′ = cd tanh (xµ)
a tanh (λx) + b

+ c tanh (xµ) y
a tanh (λx) + b

− d2

a tanh (λx) + b
+ y2

a tanh (λx) + b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = −d2+cd tanh(xµ)
a tanh(λx)+b

, f1(x) = c tanh(xµ)
a tanh(λx)+b

and f2(x) = 1
a tanh(λx)+b

. Let

y = −u′

f2u

= −u′

u
a tanh(λx)+b

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −

aλ
(
1− tanh (λx)2

)
(a tanh (λx) + b)2

f1f2 =
c tanh (xµ)

(a tanh (λx) + b)2

f 2
2 f0 =

−d2 + cd tanh (xµ)
(a tanh (λx) + b)3

Substituting the above terms back in equation (2) gives

u′′(x)
a tanh (λx) + b

−

(
−
aλ
(
1− tanh (λx)2

)
(a tanh (λx) + b)2

+ c tanh (xµ)
(a tanh (λx) + b)2

)
u′(x) + (−d2 + cd tanh (xµ))u(x)

(a tanh (λx) + b)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 302� �
dsolve((a*tanh(lambda*x)+b)*diff(y(x),x)=y(x)^2+c*tanh(mu*x)*y(x)-d^2+c*d*tanh(mu*x),y(x), singsol=all)� �
y(x)

=

−ec
(∫ tanh(xµ)

a tanh(xλ)+b
dx
)
(tanh (xλ) + 1)

d
λ(a−b) (tanh (xλ)− 1)

d
λ(a+b) (a tanh (xλ) + b)

− 2ad
λ
(
a2−b2

)
− d

∫ (a tanh (xλ) + b)

(
−a2+b2

)
λ−2ad

λ
(
a2−b2

)
(tanh (xλ)− 1)

d
λ(a+b) (tanh (xλ) + 1)

d
λ(a−b) ec

(∫ tanh(xµ)
a tanh(xλ)+b

dx
)
dx− c1


∫
(a tanh (xλ) + b)

(
−a2+b2

)
λ−2ad

λ
(
a2−b2

)
(tanh (xλ)− 1)

d
λ(a+b) (tanh (xλ) + 1)

d
λ(a−b) ec

(∫ tanh(xµ)
a tanh(xλ)+b

dx
)
dx− c1

3 Solution by Mathematica
Time used: 163.692 (sec). Leaf size: 800� �
DSolve[(a*Tanh[\[Lambda]*x]+b)*y'[x]==y[x]^2+c*Tanh[\[Mu]*x]*y[x]-d^2+c*d*Tanh[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

e−
∫K[2]
1

sech(µK[1])(2d cosh(λK[1]−µK[1])+2d cosh(λK[1]+µK[1])+c sinh(λK[1]−µK[1])−c sinh(λK[1]+µK[1]))
2(b cosh(λK[1])+a sinh(λK[1])) dK[1](d cosh(λK[2]− µK[2])− y(x) cosh(λK[2]− µK[2]) + d cosh(λK[2] + µK[2]) + c sinh(λK[2]− µK[2])− c sinh(λK[2] + µK[2])− cosh(λK[2] + µK[2])y(x))

cµ(b cosh(λK[2]− µK[2]) + b cosh(λK[2] + µK[2]) + a sinh(λK[2]− µK[2]) + a sinh(λK[2] + µK[2]))(d+ y(x)) dK[2]

+
∫ y(x)

1

e−
∫ x
1

sech(µK[1])(2d cosh(λK[1]−µK[1])+2d cosh(λK[1]+µK[1])+c sinh(λK[1]−µK[1])−c sinh(λK[1]+µK[1]))
2(b cosh(λK[1])+a sinh(λK[1])) dK[1]

cµ(d+K[3])2

−
∫ x

1

e−
∫K[2]
1

sech(µK[1])(2d cosh(λK[1]−µK[1])+2d cosh(λK[1]+µK[1])+c sinh(λK[1]−µK[1])−c sinh(λK[1]+µK[1]))
2(b cosh(λK[1])+a sinh(λK[1])) dK[1](− cosh(λK[2]− µK[2])− cosh(λK[2] + µK[2]))

cµ(d+K[3])(b cosh(λK[2]− µK[2]) + b cosh(λK[2] + µK[2]) + a sinh(λK[2]− µK[2]) + a sinh(λK[2] + µK[2])) − e−
∫K[2]
1

sech(µK[1])(2d cosh(λK[1]−µK[1])+2d cosh(λK[1]+µK[1])+c sinh(λK[1]−µK[1])−c sinh(λK[1]+µK[1]))
2(b cosh(λK[1])+a sinh(λK[1])) dK[1](d cosh(λK[2]− µK[2])−K[3] cosh(λK[2]− µK[2]) + d cosh(λK[2] + µK[2])− cosh(λK[2] + µK[2])K[3] + c sinh(λK[2]− µK[2])− c sinh(λK[2] + µK[2]))

cµ(d+K[3])2(b cosh(λK[2]− µK[2]) + b cosh(λK[2] + µK[2]) + a sinh(λK[2]− µK[2]) + a sinh(λK[2] + µK[2]))

 dK[2]

 dK[3] = c1, y(x)
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6.5 problem 22
6.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 768

Internal problem ID [10470]
Internal file name [OUTPUT/9417_Monday_June_06_2022_02_29_55_PM_36680957/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 22.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = λa− a(a+ λ) coth (λx)2

6.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −a2 coth (λx)2 − a coth (λx)2 λ+ λa+ y2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2 coth (λx)2 − a coth (λx)2 λ+ λa+ y2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 coth (λx)2 − a coth (λx)2 λ+ λa, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −a2 coth (λx)2 − a coth (λx)2 λ+ λa

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−a2 coth (λx)2 − a coth (λx)2 λ+ λa

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 LegendreP
(a
λ
,
a

λ
, coth (λx)

)
+ c2 LegendreQ

(a
λ
,
a

λ
, coth (λx)

)
The above shows that

u′(x) =−LegendreP
(
a+ λ

λ
,
a

λ
, coth (λx)

)
c1λ−LegendreQ

(
a+ λ

λ
,
a

λ
, coth (λx)

)
c2λ

+ coth (λx)
(
c1 LegendreP

(a
λ
,
a

λ
, coth (λx)

)
+ c2 LegendreQ

(a
λ
,
a

λ
, coth (λx)

))
(a+ λ)

Using the above in (1) gives the solution

y =

−
−LegendreP

(
a+λ
λ
, a
λ
, coth (λx)

)
c1λ− LegendreQ

(
a+λ
λ
, a
λ
, coth (λx)

)
c2λ+ coth (λx)

(
c1 LegendreP

(
a
λ
, a
λ
, coth (λx)

)
+ c2 LegendreQ

(
a
λ
, a
λ
, coth (λx)

))
(a+ λ)

c1 LegendreP
(
a
λ
, a
λ
, coth (λx)

)
+ c2 LegendreQ

(
a
λ
, a
λ
, coth (λx)

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
LegendreP

(
a+λ
λ
, a
λ
, coth (λx)

)
c3λ+ LegendreQ

(
a+λ
λ
, a
λ
, coth (λx)

)
λ− coth (λx)

(
c3 LegendreP

(
a
λ
, a
λ
, coth (λx)

)
+ LegendreQ

(
a
λ
, a
λ
, coth (λx)

))
(a+ λ)

c3 LegendreP
(
a
λ
, a
λ
, coth (λx)

)
+ LegendreQ

(
a
λ
, a
λ
, coth (λx)

)
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Summary
The solution(s) found are the following

(1)y

=
LegendreP

(
a+λ
λ
, a
λ
, coth (λx)

)
c3λ+ LegendreQ

(
a+λ
λ
, a
λ
, coth (λx)

)
λ− coth (λx)

(
c3 LegendreP

(
a
λ
, a
λ
, coth (λx)

)
+ LegendreQ

(
a
λ
, a
λ
, coth (λx)

))
(a+ λ)

c3 LegendreP
(
a
λ
, a
λ
, coth (λx)

)
+ LegendreQ

(
a
λ
, a
λ
, coth (λx)

)
Verification of solutions
y

=
LegendreP

(
a+λ
λ
, a
λ
, coth (λx)

)
c3λ+ LegendreQ

(
a+λ
λ
, a
λ
, coth (λx)

)
λ− coth (λx)

(
c3 LegendreP

(
a
λ
, a
λ
, coth (λx)

)
+ LegendreQ

(
a
λ
, a
λ
, coth (λx)

))
(a+ λ)

c3 LegendreP
(
a
λ
, a
λ
, coth (λx)

)
+ LegendreQ

(
a
λ
, a
λ
, coth (λx)

)
Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a^2*coth(lambda*x)^2+a*coth(lambda*x)^2*lambda-a*lambda)*y(x), y(x)`

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Legendre successful

<- special function solution successful
-> Trying to convert hypergeometric functions to elementary form...
<- elementary form could result into a too large expression - returning special function form of solution, free of un

<- Kovacics algorithm successful
Change of variables used:

[x = arccoth(t)/lambda]
Linear ODE actually solved:

(-a^2*t^2-a*lambda*t^2+a*lambda)*u(t)+(2*lambda^2*t^3-2*lambda^2*t)*diff(u(t),t)+(lambda^2*t^4-2*lambda^2*t^2+lambda^2)*
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 122� �
dsolve(diff(y(x),x)=y(x)^2+a*lambda-a*(a+lambda)*coth(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
LegendreP

(
a+λ
λ
, a
λ
, coth (xλ)

)
λ+ LegendreQ

(
a+λ
λ
, a
λ
, coth (xλ)

)
c1λ− coth (xλ)

(
c1 LegendreQ

(
a
λ
, a
λ
, coth (xλ)

)
+ LegendreP

(
a
λ
, a
λ
, coth (xλ)

))
(a+ λ)

c1 LegendreQ
(
a
λ
, a
λ
, coth (xλ)

)
+ LegendreP

(
a
λ
, a
λ
, coth (xλ)

)
3 Solution by Mathematica
Time used: 8.402 (sec). Leaf size: 175� �
DSolve[y'[x]==y[x]^2+a*\[Lambda]-a*(a+\[Lambda])*Coth[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
a
(
−λ
(
e2λx + 1

)
Hypergeometric2F1

(
−2a

λ
,− a

λ
, 1− a

λ
, e2xλ

)
+ 2λ

(
1− e2λx

) 2a
λ
+1 + ac1

(
e2λx + 1

) (
e2λx

)a/λ)
(e2λx − 1)

(
−λHypergeometric2F1

(
−2a

λ
,− a

λ
, 1− a

λ
, e2xλ

)
+ ac1 (e2λx)a/λ

)
y(x) →

a
(
e2λx + 1

)
e2λx − 1
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6.6 problem 23
6.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 773

Internal problem ID [10471]
Internal file name [OUTPUT/9418_Monday_June_06_2022_02_29_57_PM_21366693/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 23.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = 3λa− λ2 − a(a+ λ) coth (λx)2

6.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −a2 coth (λx)2 − a coth (λx)2 λ+ 3λa− λ2 + y2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2 coth (λx)2 − a coth (λx)2 λ+ 3λa− λ2 + y2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 coth (λx)2−a coth (λx)2 λ+3λa−λ2, f1(x) = 0 and f2(x) = 1.
Let

y = −u′

f2u

= −u′

u
(1)

773



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −a2 coth (λx)2 − a coth (λx)2 λ+ 3λa− λ2

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−a2 coth (λx)2 − a coth (λx)2 λ+ 3λa− λ2)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 LegendreP
(
a

λ
,
a− λ

λ
, coth (λx)

)
+ c2 LegendreQ

(
a

λ
,
a− λ

λ
, coth (λx)

)

The above shows that

u′(x) = −2 LegendreP
(
a+ λ

λ
,
a− λ

λ
, coth (λx)

)
c1λ

− 2 LegendreQ
(
a+ λ

λ
,
a− λ

λ
, coth (λx)

)
c2λ

+ coth (λx)
(
c1 LegendreP

(
a

λ
,
a− λ

λ
, coth (λx)

)
+ c2 LegendreQ

(
a

λ
,
a− λ

λ
, coth (λx)

))
(a+ λ)

Using the above in (1) gives the solution

y =

−
−2 LegendreP

(
a+λ
λ
, a−λ

λ
, coth (λx)

)
c1λ− 2 LegendreQ

(
a+λ
λ
, a−λ

λ
, coth (λx)

)
c2λ+ coth (λx)

(
c1 LegendreP

(
a
λ
, a−λ

λ
, coth (λx)

)
+ c2 LegendreQ

(
a
λ
, a−λ

λ
, coth (λx)

))
(a+ λ)

c1 LegendreP
(
a
λ
, a−λ

λ
, coth (λx)

)
+ c2 LegendreQ

(
a
λ
, a−λ

λ
, coth (λx)

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
2LegendreP

(
a+λ
λ
, a−λ

λ
, coth (λx)

)
c3λ+ 2LegendreQ

(
a+λ
λ
, a−λ

λ
, coth (λx)

)
λ− coth (λx)

(
c3 LegendreP

(
a
λ
, a−λ

λ
, coth (λx)

)
+ LegendreQ

(
a
λ
, a−λ

λ
, coth (λx)

))
(a+ λ)

c3 LegendreP
(
a
λ
, a−λ

λ
, coth (λx)

)
+ LegendreQ

(
a
λ
, a−λ

λ
, coth (λx)

)
Summary
The solution(s) found are the following

(1)y

=
2LegendreP

(
a+λ
λ
, a−λ

λ
, coth (λx)

)
c3λ+ 2LegendreQ

(
a+λ
λ
, a−λ

λ
, coth (λx)

)
λ− coth (λx)

(
c3 LegendreP

(
a
λ
, a−λ

λ
, coth (λx)

)
+ LegendreQ

(
a
λ
, a−λ

λ
, coth (λx)

))
(a+ λ)

c3 LegendreP
(
a
λ
, a−λ

λ
, coth (λx)

)
+ LegendreQ

(
a
λ
, a−λ

λ
, coth (λx)

)
Verification of solutions
y

=
2LegendreP

(
a+λ
λ
, a−λ

λ
, coth (λx)

)
c3λ+ 2LegendreQ

(
a+λ
λ
, a−λ

λ
, coth (λx)

)
λ− coth (λx)

(
c3 LegendreP

(
a
λ
, a−λ

λ
, coth (λx)

)
+ LegendreQ

(
a
λ
, a−λ

λ
, coth (λx)

))
(a+ λ)

c3 LegendreP
(
a
λ
, a−λ

λ
, coth (λx)

)
+ LegendreQ

(
a
λ
, a−λ

λ
, coth (λx)

)
Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a^2*coth(lambda*x)^2+a*coth(lambda*x)^2*lambda-3*a*lambda+lambda^2)*y

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Legendre successful

<- special function solution successful
-> Trying to convert hypergeometric functions to elementary form...
<- elementary form could result into a too large expression - returning special function form of solution, free of un

<- Kovacics algorithm successful
Change of variables used:

[x = arccoth(t)/lambda]
Linear ODE actually solved:

(-a^2*t^2-a*lambda*t^2+3*a*lambda-lambda^2)*u(t)+(2*lambda^2*t^3-2*lambda^2*t)*diff(u(t),t)+(lambda^2*t^4-2*lambda^2*t^2
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 148� �
dsolve(diff(y(x),x)=y(x)^2-lambda^2+3*a*lambda-a*(a+lambda)*coth(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
2LegendreP

(
a+λ
λ
, a−λ

λ
, coth (xλ)

)
λ+ 2LegendreQ

(
a+λ
λ
, a−λ

λ
, coth (xλ)

)
c1λ− coth (xλ)

(
c1 LegendreQ

(
a
λ
, a−λ

λ
, coth (xλ)

)
+ LegendreP

(
a
λ
, a−λ

λ
, coth (xλ)

))
(a+ λ)

c1 LegendreQ
(
a
λ
, a−λ

λ
, coth (xλ)

)
+ LegendreP

(
a
λ
, a−λ

λ
, coth (xλ)

)
3 Solution by Mathematica
Time used: 14.312 (sec). Leaf size: 659� �
DSolve[y'[x]==y[x]^2-\[Lambda]^2+3*a*\[Lambda]-a*(a+\[Lambda])*Coth[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
−λ(a− 2λ)

(
e2λx + 1

) (
1− e2λx

) 2a
λ

(
e2λx

e2λx+1

)a/λ (
a
(
−4e2λx + e4λx − 1

)
+ λ− λe4λx

)
AppellF1

(
1− a

λ
,−2a

λ
, a
λ
, 2− a

λ
, 2
1+e2xλ

, 1
1+e2xλ

)
+ (a− λ)

(
8aλe2λx

(
e2λx

e2λx+1

)a/λ (
1− e2λx

) 2a
λ
+1AppellF1

(
2− a

λ
, 1− 2a

λ
, a
λ
, 3− a

λ
, 2
1+e2xλ

, 1
1+e2xλ

)
− 2aλe2λx

(
e2λx

e2λx+1

)a/λ (
1− e2λx

) 2a
λ
+1AppellF1

(
2− a

λ
,−2a

λ
, a+λ

λ
, 3− a

λ
, 2
1+e2xλ

, 1
1+e2xλ

)
+ c1(a− 2λ)

(
e2λx + 1

)2 (
e2λx

)a/λ ( e2λx−1
e2λx+1

) 2a
λ
(
a
(
e2λx + 1

)2 − λ
(
e2λx − 1

)2))
(2λ− a) (e2λx − 1) (e2λx + 1)2

(
−λ (1− e2λx)

2a
λ

(
e2λx

e2λx+1

)a/λ
AppellF1

(
1− a

λ
,−2a

λ
, a
λ
, 2− a

λ
, 2
1+e2xλ

, 1
1+e2xλ

)
+ c1(λ− a) (e2λx + 1) (e2λx)a/λ

(
e2λx−1
e2λx+1

) 2a
λ

)
y(x) →

a
(
e2λx + 1

)2 − λ
(
e2λx − 1

)2
e4λx − 1
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6.7 problem 24
6.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 778

Internal problem ID [10472]
Internal file name [OUTPUT/9419_Monday_June_06_2022_02_30_00_PM_88007401/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 24.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − ax coth (bx)m y = a coth (bx)m

6.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + ax coth (bx)m y + a coth (bx)m

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + ax coth (bx)m y + a coth (bx)m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a coth (bx)m, f1(x) = a coth (bx)m x and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = a coth (bx)m x

f 2
2 f0 = a coth (bx)m

Substituting the above terms back in equation (2) gives

u′′(x)− a coth (bx)m xu′(x) + a coth (bx)m u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x

((∫
e
∫ coth(bx)max2−2

x
dxdx

)
c1 + c2

)

The above shows that

u′(x) =
(∫

e
∫ coth(bx)max2−2

x
dxdx

)
c1 + c2 + x e

∫ coth(bx)max2−2
x

dxc1

Using the above in (1) gives the solution

y = −

(∫
e
∫ coth(bx)max2−2

x
dxdx

)
c1 + c2 + x e

∫ coth(bx)max2−2
x

dxc1

x
((∫

e
∫ coth(bx)max2−2

x
dxdx

)
c1 + c2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−
(∫

e
∫ coth(bx)max2−2

x
dxdx

)
c3 − 1− x e

∫ coth(bx)max2−2
x

dxc3

x
((∫

e
∫ coth(bx)max2−2

x
dxdx

)
c3 + 1

)
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Summary
The solution(s) found are the following

(1)y =
−
(∫

e
∫ coth(bx)max2−2

x
dxdx

)
c3 − 1− x e

∫ coth(bx)max2−2
x

dxc3

x
((∫

e
∫ coth(bx)max2−2

x
dxdx

)
c3 + 1

)
Verification of solutions

y =
−
(∫

e
∫ coth(bx)max2−2

x
dxdx

)
c3 − 1− x e

∫ coth(bx)max2−2
x

dxc3

x
((∫

e
∫ coth(bx)max2−2

x
dxdx

)
c3 + 1

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=y(x)^2+a*x*coth(b*x)^m*y(x)+a*coth(b*x)^m,y(x), singsol=all)� �

y(x) =
−e

∫ a coth(bx)mx2−2
x

dxx−
(∫

e
∫ a coth(bx)mx2−2

x
dxdx

)
+ c1(

−c1 +
∫
e
∫ a coth(bx)mx2−2

x
dxdx

)
x

780



3 Solution by Mathematica
Time used: 11.817 (sec). Leaf size: 126� �
DSolve[y'[x]==y[x]^2+a*x*Coth[b*x]^m*y[x]+a*Coth[b*x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
exp

(
−
∫ x

1 −a cothm(bK[1])K[1]dK[1]
)
+ x

∫ x

1
exp
(
−
∫K[2]
1 −a cothm(bK[1])K[1]dK[1]

)
K[2]2 dK[2] + c1x

x2
(∫ x

1
exp
(
−
∫K[2]
1 −a cothm(bK[1])K[1]dK[1]

)
K[2]2 dK[2] + c1

)
y(x) → −1

x
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6.8 problem 25
6.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 782

Internal problem ID [10473]
Internal file name [OUTPUT/9420_Monday_June_06_2022_02_30_03_PM_79434428/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 25.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

(a coth (λx) + b) y′ − y2 − c coth (xµ) y = −d2 + cd coth (xµ)

6.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2 + c coth (xµ) y − d2 + cd coth (xµ)
a coth (λx) + b

This is a Riccati ODE. Comparing the ODE to solve

y′ = cd coth (xµ)
a coth (λx) + b

+ c coth (xµ) y
a coth (λx) + b

− d2

a coth (λx) + b
+ y2

a coth (λx) + b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = −d2+cd coth(xµ)
a coth(λx)+b

, f1(x) = c coth(xµ)
a coth(λx)+b

and f2(x) = 1
a coth(λx)+b

. Let

y = −u′

f2u

= −u′

u
a coth(λx)+b

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −

aλ
(
1− coth (λx)2

)
(a coth (λx) + b)2

f1f2 =
c coth (xµ)

(a coth (λx) + b)2

f 2
2 f0 =

−d2 + cd coth (xµ)
(a coth (λx) + b)3

Substituting the above terms back in equation (2) gives

u′′(x)
a coth (λx) + b

−

(
−
aλ
(
1− coth (λx)2

)
(a coth (λx) + b)2

+ c coth (xµ)
(a coth (λx) + b)2

)
u′(x) + (−d2 + cd coth (xµ))u(x)

(a coth (λx) + b)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
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3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 302� �
dsolve((a*coth(lambda*x)+b)*diff(y(x),x)=y(x)^2+c*coth(mu*x)*y(x)-d^2+c*d*coth(mu*x),y(x), singsol=all)� �
y(x)

=

−ec
(∫ coth(xµ)

a coth(xλ)+b
dx
)
(coth (xλ) + 1)

d
λ(a−b) (coth (xλ)− 1)

d
λ(a+b) (a coth (xλ) + b)

− 2ad
λ
(
a2−b2

)
− d

∫ (a coth (xλ) + b)

(
−a2+b2

)
λ−2ad

λ
(
a2−b2

)
(coth (xλ)− 1)

d
λ(a+b) (coth (xλ) + 1)

d
λ(a−b) ec

(∫ coth(xµ)
a coth(xλ)+b

dx
)
dx− c1


∫
(a coth (xλ) + b)

(
−a2+b2

)
λ−2ad

λ
(
a2−b2

)
(coth (xλ)− 1)

d
λ(a+b) (coth (xλ) + 1)

d
λ(a−b) ec

(∫ coth(xµ)
a coth(xλ)+b

dx
)
dx− c1

3 Solution by Mathematica
Time used: 153.106 (sec). Leaf size: 808� �
DSolve[(a*Coth[\[Lambda]*x]+b)*y'[x]==y[x]^2+c*Coth[\[Mu]*x]*y[x]-d^2+c*d*Coth[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

−e−
∫K[2]
1

csch(µK[1])(−2d cosh(λK[1]−µK[1])+2d cosh(λK[1]+µK[1])−c sinh(λK[1]−µK[1])−c sinh(λK[1]+µK[1]))
2(a cosh(λK[1])+b sinh(λK[1])) dK[1](d cosh(λK[2]− µK[2])− y(x) cosh(λK[2]− µK[2])− d cosh(λK[2] + µK[2]) + c sinh(λK[2]− µK[2]) + c sinh(λK[2] + µK[2]) + cosh(λK[2] + µK[2])y(x))

cµ(b cosh(λK[2]− µK[2])− b cosh(λK[2] + µK[2]) + a sinh(λK[2]− µK[2])− a sinh(λK[2] + µK[2]))(d+ y(x)) dK[2]

+
∫ y(x)

1

−
∫ x

1

e−
∫K[2]
1

csch(µK[1])(−2d cosh(λK[1]−µK[1])+2d cosh(λK[1]+µK[1])−c sinh(λK[1]−µK[1])−c sinh(λK[1]+µK[1]))
2(a cosh(λK[1])+b sinh(λK[1])) dK[1](d cosh(λK[2]− µK[2])−K[3] cosh(λK[2]− µK[2])− d cosh(λK[2] + µK[2]) + cosh(λK[2] + µK[2])K[3] + c sinh(λK[2]− µK[2]) + c sinh(λK[2] + µK[2]))

cµ(d+K[3])2(b cosh(λK[2]− µK[2])− b cosh(λK[2] + µK[2]) + a sinh(λK[2]− µK[2])− a sinh(λK[2] + µK[2])) − e−
∫K[2]
1

csch(µK[1])(−2d cosh(λK[1]−µK[1])+2d cosh(λK[1]+µK[1])−c sinh(λK[1]−µK[1])−c sinh(λK[1]+µK[1]))
2(a cosh(λK[1])+b sinh(λK[1])) dK[1](cosh(λK[2] + µK[2])− cosh(λK[2]− µK[2]))

cµ(d+K[3])(b cosh(λK[2]− µK[2])− b cosh(λK[2] + µK[2]) + a sinh(λK[2]− µK[2])− a sinh(λK[2] + µK[2]))

 dK[2]

− e−
∫ x
1

csch(µK[1])(−2d cosh(λK[1]−µK[1])+2d cosh(λK[1]+µK[1])−c sinh(λK[1]−µK[1])−c sinh(λK[1]+µK[1]))
2(a cosh(λK[1])+b sinh(λK[1])) dK[1]

cµ(d+K[3])2

 dK[3] = c1, y(x)
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6.9 problem 26
6.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 786

Internal problem ID [10474]
Internal file name [OUTPUT/9421_Monday_June_06_2022_02_31_39_PM_41931427/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 26.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = −2 tanh (λx)2 λ2 − 2λ2 coth (λx)2

6.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 − 2 tanh (λx)2 λ2 − 2λ2 coth (λx)2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 − 2 tanh (λx)2 λ2 − 2λ2 coth (λx)2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −2 tanh (λx)2 λ2 − 2λ2 coth (λx)2, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −2 tanh (λx)2 λ2 − 2λ2 coth (λx)2

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−2 tanh (λx)2 λ2 − 2λ2 coth (λx)2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = sech (λx) csch (λx)
(
c2 ln (coth (λx)− 1)− c2 ln (coth (λx) + 1) + c1

+ 2 sinh (λx) cosh (λx)
(
2 cosh (λx)2 − 1

)
c2
)

The above shows that

u′(x) = −2λ sech (λx)2 csch (λx)2
(
c2

(
cosh (λx)2 − 1

2

)
ln (coth (λx)− 1)

+ c2

(
− cosh (λx)2 + 1

2

)
ln (coth (λx) + 1)− 4 cosh (λx)5 sinh (λx) c2

+ 4c2 cosh (λx)3 sinh (λx) + cosh (λx)2 c1 + c2 cosh (λx) sinh (λx)−
c1
2

)
Using the above in (1) gives the solution

y

=
2λ sech (λx) csch (λx)

(
c2
(
cosh (λx)2 − 1

2

)
ln (coth (λx)− 1) + c2

(
− cosh (λx)2 + 1

2

)
ln (coth (λx) + 1)− 4 cosh (λx)5 sinh (λx) c2 + 4c2 cosh (λx)3 sinh (λx) + cosh (λx)2 c1 + c2 cosh (λx) sinh (λx)− c1

2

)
c2 ln (coth (λx)− 1)− c2 ln (coth (λx) + 1) + c1 + 2 sinh (λx) cosh (λx)

(
2 cosh (λx)2 − 1

)
c2

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
sech (λx) csch (λx)

(
8 cosh (λx)5 sinh (λx)− 8 sinh (λx) cosh (λx)3 − 2 cosh (λx)2 ln (coth (λx)− 1) + 2 cosh (λx)2 ln (coth (λx) + 1)− 2 cosh (λx)2 c3 − 2 cosh (λx) sinh (λx) + ln (coth (λx)− 1)− ln (coth (λx) + 1) + c3

)
λ

−4 sinh (λx) cosh (λx)3 + 2 cosh (λx) sinh (λx)− ln (coth (λx)− 1) + ln (coth (λx) + 1)− c3
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Summary
The solution(s) found are the following

(1)y

=
sech (λx) csch (λx)

(
8 cosh (λx)5 sinh (λx)− 8 sinh (λx) cosh (λx)3 − 2 cosh (λx)2 ln (coth (λx)− 1) + 2 cosh (λx)2 ln (coth (λx) + 1)− 2 cosh (λx)2 c3 − 2 cosh (λx) sinh (λx) + ln (coth (λx)− 1)− ln (coth (λx) + 1) + c3

)
λ

−4 sinh (λx) cosh (λx)3 + 2 cosh (λx) sinh (λx)− ln (coth (λx)− 1) + ln (coth (λx) + 1)− c3

Verification of solutions
y

=
sech (λx) csch (λx)

(
8 cosh (λx)5 sinh (λx)− 8 sinh (λx) cosh (λx)3 − 2 cosh (λx)2 ln (coth (λx)− 1) + 2 cosh (λx)2 ln (coth (λx) + 1)− 2 cosh (λx)2 c3 − 2 cosh (λx) sinh (λx) + ln (coth (λx)− 1)− ln (coth (λx) + 1) + c3

)
λ

−4 sinh (λx) cosh (λx)3 + 2 cosh (λx) sinh (λx)− ln (coth (λx)− 1) + ln (coth (λx) + 1)− c3

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (2*lambda^2*tanh(lambda*x)^2+2*lambda^2*coth(lambda*x)^2)*y(x), y(x)`

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
Change of variables used:

[x = arccoth(t)/lambda]
Linear ODE actually solved:

(-2*t^4-2)*u(t)+(2*t^5-2*t^3)*diff(u(t),t)+(t^6-2*t^4+t^2)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 143� �
dsolve(diff(y(x),x)=y(x)^2-2*lambda^2*tanh(lambda*x)^2-2*lambda^2*coth(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
2
(
−1

2 + c1
(
− cosh (xλ)2 + 1

2

)
ln (coth (xλ)− 1) + c1

(
cosh (xλ)2 − 1

2

)
ln (coth (xλ) + 1) + 4 cosh (xλ)5 c1 sinh (xλ)− 4 cosh (xλ)3 c1 sinh (xλ)− sinh (xλ) cosh (xλ) c1 + cosh (xλ)2

)
λ csch (xλ) sech (xλ)

−4 cosh (xλ)3 c1 sinh (xλ) + 2 sinh (xλ) cosh (xλ) c1 + ln (coth (xλ) + 1) c1 − ln (coth (xλ)− 1) c1 + 1

3 Solution by Mathematica
Time used: 7.989 (sec). Leaf size: 132� �
DSolve[y'[x]==y[x]^2-2*\[Lambda]^2*Tanh[\[Lambda]*x]^2-2*\[Lambda]^2*Coth[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)→−

2λ
(
e12λx + 2e4λx

(
e4λx + 1

)
log
(
e4λx

)
+ (−7 + c1)

(
−e4λx

)
− (7 + c1)e8λx − 1

)
(e4λx − 1) (e8λx − 2e4λx log (e4λx) + c1e4λx − 1)

y(x) →
2λ
(
e4λx + 1

)
e4λx − 1
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6.10 problem 27
6.10.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 791

Internal problem ID [10475]
Internal file name [OUTPUT/9422_Monday_June_06_2022_02_31_42_PM_84409171/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 27.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = −2ab+ λa+ bλ− a(a+ λ) tanh (λx)2 − b(b+ λ) coth (λx)2

6.10.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −b2 coth (λx)2 − b coth (λx)2 λ− a2 tanh (λx)2 − a tanh (λx)2 λ− 2ab+ λa+ bλ+ y2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −b2 coth (λx)2− b coth (λx)2 λ−a2 tanh (λx)2−a tanh (λx)2 λ−2ab+λa+ bλ+y2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −b2 coth (λx)2 − b coth (λx)2 λ − a2 tanh (λx)2 − a tanh (λx)2 λ −
2ab+ λa+ bλ, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)

791



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −b2 coth (λx)2 − b coth (λx)2 λ− a2 tanh (λx)2 − a tanh (λx)2 λ− 2ab+ λa+ bλ

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−b2 coth (λx)2 − b coth (λx)2 λ− a2 tanh (λx)2 − a tanh (λx)2 λ− 2ab+ λa+ bλ

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = csch (λx)
−a−b

λ

(
c1 coth (λx)−

a
λ
(
− csch (λx)2

)a+b
λ

+ c2 coth (λx)
a+λ
λ hypergeom

([
1, 12 − b

λ

]
,

[
3
2 + a

λ

]
, coth (λx)2

))

The above shows that

u′(x)

=
4
(

coth(λx)
a+λ
λ c2((b−λ) coth(λx)+tanh(λx)(a+λ))

(
3λ
2 +a

)
hypergeom

([
1, 12−

b
λ

]
,
[ 3
2+

a
λ

]
,coth(λx)2

)
2 + coth (λx)

a+λ
λ c2

(
−λ

2 + b
)
(coth (λx)− 1) (coth (λx) + 1) coth (λx)λ hypergeom

([
2,− b

λ
+ 3

2

]
,
[
a
λ
+ 5

2

]
, coth (λx)2

)
+ c1

(
− csch (λx)2

)a+b
λ
(3λ

2 + a
) (

(−a− b) coth (λx)
λ−a
λ +

((
a+ b

2

)
coth (λx)− a tanh(λx)

2

)
coth (λx)−

a
λ

))
csch (λx)

−a−b
λ

2a+ 3λ

Using the above in (1) gives the solution

y =

−
4
(

coth(λx)
a+λ
λ c2((b−λ) coth(λx)+tanh(λx)(a+λ))

(
3λ
2 +a

)
hypergeom

([
1, 12−

b
λ

]
,
[ 3
2+

a
λ

]
,coth(λx)2

)
2 + coth (λx)

a+λ
λ c2

(
−λ

2 + b
)
(coth (λx)− 1) (coth (λx) + 1) coth (λx)λ hypergeom

([
2,− b

λ
+ 3

2

]
,
[
a
λ
+ 5

2

]
, coth (λx)2

)
+ c1

(
− csch (λx)2

)a+b
λ
(3λ

2 + a
) (

(−a− b) coth (λx)
λ−a
λ +

((
a+ b

2

)
coth (λx)− a tanh(λx)

2

)
coth (λx)−

a
λ

))

(2a+ 3λ)
(
c1 coth (λx)−

a
λ
(
− csch (λx)2

)a+b
λ + c2 coth (λx)

a+λ
λ hypergeom

([
1, 12 −

b
λ

]
,
[3
2 +

a
λ

]
, coth (λx)2

))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
−4 coth (λx)

2a+2λ
λ λ csch (λx)2

(
−λ

2 + b
)
hypergeom

([
2,−2b−3λ

2λ

]
,
[2a+5λ

2λ

]
, coth (λx)2

)
+
(
((−3a− 3b)λ− 2ab) coth (λx)

2a+2λ
λ − 2 coth (λx)

2a+λ
λ

(
−

5λ
(
a+ 3λ

5

)
sech(λx) csch(λx)

2 + a2 tanh (λx)
))

hypergeom
([
1, −2b+λ

2λ

]
,
[2a+3λ

2λ

]
, coth (λx)2

)
+ 2
(3λ

2 + a
)
(b coth (λx) + a tanh (λx)) c3

(
− csch (λx)2

)a+b
λ(

c3
(
− csch (λx)2

)a+b
λ + hypergeom

([
1, −2b+λ

2λ

]
,
[2a+3λ

2λ

]
, coth (λx)2

)
coth (λx)

2a+λ
λ

)
(2a+ 3λ)

Summary
The solution(s) found are the following

(1)y

=
−4 coth (λx)

2a+2λ
λ λ csch (λx)2

(
−λ

2 + b
)
hypergeom

([
2,−2b−3λ

2λ

]
,
[2a+5λ

2λ

]
, coth (λx)2

)
+
(
((−3a− 3b)λ− 2ab) coth (λx)

2a+2λ
λ − 2 coth (λx)

2a+λ
λ

(
−

5λ
(
a+ 3λ

5

)
sech(λx) csch(λx)

2 + a2 tanh (λx)
))

hypergeom
([
1, −2b+λ

2λ

]
,
[2a+3λ

2λ

]
, coth (λx)2

)
+ 2
(3λ

2 + a
)
(b coth (λx) + a tanh (λx)) c3

(
− csch (λx)2

)a+b
λ(

c3
(
− csch (λx)2

)a+b
λ + hypergeom

([
1, −2b+λ

2λ

]
,
[2a+3λ

2λ

]
, coth (λx)2

)
coth (λx)

2a+λ
λ

)
(2a+ 3λ)

Verification of solutions
y

=
−4 coth (λx)

2a+2λ
λ λ csch (λx)2

(
−λ

2 + b
)
hypergeom

([
2,−2b−3λ

2λ

]
,
[2a+5λ

2λ

]
, coth (λx)2

)
+
(
((−3a− 3b)λ− 2ab) coth (λx)

2a+2λ
λ − 2 coth (λx)

2a+λ
λ

(
−

5λ
(
a+ 3λ

5

)
sech(λx) csch(λx)

2 + a2 tanh (λx)
))

hypergeom
([
1, −2b+λ

2λ

]
,
[2a+3λ

2λ

]
, coth (λx)2

)
+ 2
(3λ

2 + a
)
(b coth (λx) + a tanh (λx)) c3

(
− csch (λx)2

)a+b
λ(

c3
(
− csch (λx)2

)a+b
λ + hypergeom

([
1, −2b+λ

2λ

]
,
[2a+3λ

2λ

]
, coth (λx)2

)
coth (λx)

2a+λ
λ

)
(2a+ 3λ)

Verified OK.

793



Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (b^2*coth(lambda*x)^2+b*coth(lambda*x)^2*lambda+a^2*tanh(lambda*x)^2+a

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful

-> Trying to convert hypergeometric functions to elementary form...
<- elementary form could result into a too large expression - returning special function form of solution, free of un

<- Kovacics algorithm successful
Change of variables used:

[x = arccoth(t)/lambda]
Linear ODE actually solved:

(-b^2*t^4-b*lambda*t^4-2*a*b*t^2+a*lambda*t^2+b*lambda*t^2-a^2-a*lambda)*u(t)+(2*lambda^2*t^5-2*lambda^2*t^3)*diff(u(t),
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 289� �
dsolve(diff(y(x),x)=y(x)^2+a*lambda+b*lambda-2*a*b-a*(a+lambda)*tanh(lambda*x)^2-b*(b+lambda)*coth(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
−4c1λ

(
b− λ

2

)
coth (xλ)

2a+2λ
λ csch (xλ)2 hypergeom

([
2,−2b−3λ

2λ

]
,
[2a+5λ

2λ

]
, coth (xλ)2

)
− 2c1

(((3a
2 + 3b

2

)
λ+ ab

)
coth (xλ)

2a+2λ
λ +

(
−

5 sech(xλ)λ
(
a+ 3λ

5

)
csch(xλ)

2 + a2 tanh (xλ)
)
coth (xλ)

2a+λ
λ

)
hypergeom

([
1, −2b+λ

2λ

]
,
[2a+3λ

2λ

]
, coth (xλ)2

)
+ 2(a tanh (xλ) + coth (xλ) b)

(
a+ 3λ

2

) (
− csch (xλ)2

)a+b
λ(

hypergeom
([
1, −2b+λ

2λ

]
,
[2a+3λ

2λ

]
, coth (xλ)2

)
c1 coth (xλ)

2a+λ
λ +

(
− csch (xλ)2

)a+b
λ

)
(2a+ 3λ)

3 Solution by Mathematica
Time used: 40.238 (sec). Leaf size: 493� �
DSolve[y'[x]==y[x]^2+a*\[Lambda]+b*\[Lambda]-2*a*b-a*(a+\[Lambda])*Tanh[\[Lambda]*x]^2-b*(b+\[Lambda])*Coth[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
(a+ b)

(
e2λx

)a+b
λ

(
2λ
(
a
(
e2λx−1

)2+b
(
e2λx+1

)2)(
e2λx

)−a+b
λ AppellF1

(
−a+b

λ
,− 2b

λ
,− 2a

λ
,−a+b−λ

λ
,e2xλ,−e2xλ

)
(a+b)

(
e2λx−1

)(
e2λx+1

) + 4λ
(
e2λx

)−a+b
λ AppellF1

(
−a+b

λ
,−2b

λ
,−2a

λ
,−a+b−λ

λ
, e2xλ,−e2xλ

)
+

8λ
(
e2λx

)−a+b−λ
λ

(
aAppellF1

(
1−a+b

λ
,− 2b

λ
,1− 2a

λ
,−a+b−2λ

λ
,e2xλ,−e2xλ

)
−bAppellF1

(
1−a+b

λ
,1− 2b

λ
,− 2a

λ
,−a+b−2λ

λ
,e2xλ,−e2xλ

))
−a−b+λ

−
2c1
(
a
(
e2λx−1

)2+b
(
e2λx+1

)2)
e4λx−1

)
2
(
−λAppellF1

(
−a+b

λ
,−2b

λ
,−2a

λ
,−a+b−λ

λ
, e2xλ,−e2xλ

)
+ c1(a+ b) (e2λx)

a+b
λ

)
y(x) →

a
(
e2λx − 1

)2 + b
(
e2λx + 1

)2
e4λx − 1

795



7 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.5-1. Equations Containing
Logarithmic Functions

7.1 problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 797
7.2 problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 802
7.3 problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 807
7.4 problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 812
7.5 problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 817
7.6 problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 822
7.7 problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 827
7.8 problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 832
7.9 problem 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 837
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7.1 problem 1
7.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 797

Internal problem ID [10476]
Internal file name [OUTPUT/9423_Monday_June_06_2022_02_31_52_PM_82473112/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 1.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a ln (x)n y2 = bmxm−1 − a b2x2m ln (x)n

7.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a ln (x)n y2 + bmxm−1 − a b2x2m ln (x)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a b2x2m ln (x)n + a ln (x)n y2 + b xmm

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = bmxm−1 − a b2x2m ln (x)n, f1(x) = 0 and f2(x) = ln (x)n a. Let

y = −u′

f2u

= −u′

ln (x)n au (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

ln (x)n na
x ln (x)

f1f2 = 0
f 2
2 f0 = ln (x)2n a2

(
bmxm−1 − a b2x2m ln (x)n

)
Substituting the above terms back in equation (2) gives

ln (x)n au′′(x)− ln (x)n nau′(x)
x ln (x) + ln (x)2n a2

(
bmxm−1 − a b2x2m ln (x)n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− n_Y′(x)
x ln (x)

+ a_Y(x)
(
ln (x)n bmxm−1 − a b2x2m ln (x)2n

)}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− n_Y′(x)

x ln (x)

+ a_Y(x)
(
ln (x)n bmxm−1 − a b2x2m ln (x)2n

)}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x)− n_Y′
(x)

x ln(x) + a_Y(x)
(
ln (x)n bmxm−1 − a b2x2m ln (x)2n

)}
, {_Y(x)}

))
ln (x)−n

aDESol
({

_Y′′ (x)− n_Y′
(x)

x ln(x) + a_Y (x)
(
ln (x)n bmxm−1 − a b2x2m ln (x)2n

)}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
∂
∂x

DESol
({

_Y′′(x)− n_Y′
(x)

x ln(x) + a_Y(x)
(
ln (x)n bmxm−1 − a b2x2m ln (x)2n

)}
, {_Y(x)}

))
ln (x)−n

aDESol
({

−a2b2_Y(x) ln(x)1+2nx1+2m+abmxm_Y(x) ln(x)n+1+_Y′′
(x) ln(x)x−n_Y′

(x)
ln(x)x

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

_Y′′(x)− n_Y′
(x)

x ln(x) + a_Y(x)
(
ln (x)n bmxm−1 − a b2x2m ln (x)2n

)}
, {_Y(x)}

))
ln (x)−n

aDESol
({

−a2b2_Y(x) ln(x)1+2nx1+2m+abmxm_Y(x) ln(x)n+1+_Y′′
(x) ln(x)x−n_Y′

(x)
ln(x)x

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({

_Y′′(x)− n_Y′
(x)

x ln(x) + a_Y(x)
(
ln (x)n bmxm−1 − a b2x2m ln (x)2n

)}
, {_Y(x)}

))
ln (x)−n

aDESol
({

−a2b2_Y(x) ln(x)1+2nx1+2m+abmxm_Y(x) ln(x)n+1+_Y′′
(x) ln(x)x−n_Y′

(x)
ln(x)x

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = n*(diff(y(x), x))/(x*ln(x))+a*ln(x)^n*b*(ln(x)^n*x^(2*m)*a*b-x^(m-1)*m

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(a*ln(x)^n*y(x)^2+y(x)+x^2*(b*m*x^(m-1)-a*b^2*x^(2*m)*ln(x)^n))/x, y(x), explicit

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=a*(ln(x))^n*y(x)^2+b*m*x^(m-1)-a*b^2*x^(2*m)*(ln(x))^n,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==a*(Log[x])^n*y[x]^2+b*m*x^(m-1)-a*b^2*x^(2*m)*(Log[x])^n,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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7.2 problem 2
7.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 802

Internal problem ID [10477]
Internal file name [OUTPUT/9424_Monday_June_06_2022_02_31_55_PM_71859029/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 2.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− ay2 = b ln (x) + c

7.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a y2 + b ln (x) + c

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2

x
+ b ln (x)

x
+ c

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b ln(x)+c
x

, f1(x) = 0 and f2(x) = a
x
. Let

y = −u′

f2u

= −u′

au
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − a

x2

f1f2 = 0

f 2
2 f0 =

a2(b ln (x) + c)
x3

Substituting the above terms back in equation (2) gives

au′′(x)
x

+ au′(x)
x2 + a2(b ln (x) + c)u(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1AiryAi
(
−(ab)

1
3 (b ln (x) + c)

b

)
+ c2AiryBi

(
−(ab)

1
3 (b ln (x) + c)

b

)

The above shows that

u′(x) =

(
−AiryAi

(
1,− (ab)

1
3 (b ln(x)+c)

b

)
c1 − AiryBi

(
1,− (ab)

1
3 (b ln(x)+c)

b

)
c2

)
(ab)

1
3

x

Using the above in (1) gives the solution

y = −

(
−AiryAi

(
1,− (ab)

1
3 (b ln(x)+c)

b

)
c1 − AiryBi

(
1,− (ab)

1
3 (b ln(x)+c)

b

)
c2

)
(ab)

1
3

a

(
c1AiryAi

(
− (ab)

1
3 (b ln(x)+c)

b

)
+ c2AiryBi

(
− (ab)

1
3 (b ln(x)+c)

b

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

(
AiryAi

(
1,− (ab)

1
3 (b ln(x)+c)

b

)
c3 +AiryBi

(
1,− (ab)

1
3 (b ln(x)+c)

b

))
(ab)

1
3

a

(
c3AiryAi

(
− (ab)

1
3 (b ln(x)+c)

b

)
+AiryBi

(
− (ab)

1
3 (b ln(x)+c)

b

))
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Summary
The solution(s) found are the following

(1)y =

(
AiryAi

(
1,− (ab)

1
3 (b ln(x)+c)

b

)
c3 +AiryBi

(
1,− (ab)

1
3 (b ln(x)+c)

b

))
(ab)

1
3

a

(
c3AiryAi

(
− (ab)

1
3 (b ln(x)+c)

b

)
+AiryBi

(
− (ab)

1
3 (b ln(x)+c)

b

))
Verification of solutions

y =

(
AiryAi

(
1,− (ab)

1
3 (b ln(x)+c)

b

)
c3 +AiryBi

(
1,− (ab)

1
3 (b ln(x)+c)

b

))
(ab)

1
3

a

(
c3AiryAi

(
− (ab)

1
3 (b ln(x)+c)

b

)
+AiryBi

(
− (ab)

1
3 (b ln(x)+c)

b

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(diff(y(x), x))/x-a*(ln(x)*b+c)*y(x)/x^2, y(x)` *** Sublevel 2 *

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful
Change of variables used:

[x = exp(t)]
Linear ODE actually solved:

(a*b*t+a*c)*u(t)+diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 91� �
dsolve(x*diff(y(x),x)=a*y(x)^2+b*ln(x)+c,y(x), singsol=all)� �

y(x) =
(ab)

1
3

(
AiryBi

(
1,− (ab)

1
3 (b ln(x)+c)

b

)
c1 +AiryAi

(
1,− (ab)

1
3 (b ln(x)+c)

b

))
a

(
c1AiryBi

(
− (ab)

1
3 (b ln(x)+c)

b

)
+AiryAi

(
− (ab)

1
3 (b ln(x)+c)

b

))
3 Solution by Mathematica
Time used: 1.682 (sec). Leaf size: 149� �
DSolve[x*y'[x]==a*y[x]^2+b*Log[x]+c,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
b
(
AiryBiPrime

(
−a(c+b log(x))

(−ab)2/3

)
+ c1AiryAiPrime

(
−a(c+b log(x))

(−ab)2/3

))
(−ab)2/3

(
AiryBi

(
−a(c+b log(x))

(−ab)2/3

)
+ c1AiryAi

(
−a(c+b log(x))

(−ab)2/3

))
y(x) →

bAiryAiPrime
(
−a(c+b log(x))

(−ab)2/3

)
(−ab)2/3AiryAi

(
−a(c+b log(x))

(−ab)2/3

)
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7.3 problem 3
7.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 807

Internal problem ID [10478]
Internal file name [OUTPUT/9425_Monday_June_06_2022_02_31_57_PM_8846351/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 3.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− ay2 = b ln (x)k + c ln (x)2k+2

7.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a y2 + b ln (x)k + c ln (x)2k+2

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2

x
+ b ln (x)k

x
+ c ln (x)2k ln (x)2

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b ln(x)k+c ln(x)2k+2

x
, f1(x) = 0 and f2(x) = a

x
. Let

y = −u′

f2u

= −u′

au
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − a

x2

f1f2 = 0

f 2
2 f0 =

a2
(
b ln (x)k + c ln (x)2k+2

)
x3

Substituting the above terms back in equation (2) gives

au′′(x)
x

+ au′(x)
x2 +

a2
(
b ln (x)k + c ln (x)2k+2

)
u(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

= e−
i
√
c
√
a ln(x)k+2
k+2

(
hypergeom

([
(k + 1)

√
c+ i

√
a b√

c (4 + 2k)

]
,

[
k + 1
k + 2

]
,
2i
√
c
√
a ln (x)k+2

k + 2

)
c1

+ hypergeom
([

(3 + k)
√
c+ i

√
a b√

c (4 + 2k)

]
,

[
3 + k

k + 2

]
,
2i
√
c
√
a ln (x)k+2

k + 2

)
c2 ln (x)

)

The above shows that

u′(x) =

−

(
− ln (x)k+1 (3 + k)

(
i(k + 1)

√
c
√
a− ab

)
c1 hypergeom

([
(5+3k)

√
c+i

√
a b√

c (4+2k)

]
,
[3+2k

k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
+ (k + 1)

(
−
(
i(3 + k)

√
c
√
a− ab

)
ln (x)k+2 c2 hypergeom

([
(7+3k)

√
c+i

√
a b√

c (4+2k)

]
,
[5+2k

k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
+
(
c2
(
i
√
c
√
a ln (x)k+2 − 1

)
hypergeom

([
(3+k)

√
c+i

√
a b√

c (4+2k)

]
,
[3+k
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
+ ic1 ln (x)k+1√a

√
c hypergeom

([
(k+1)

√
c+i

√
a b√

c (4+2k)

]
,
[
k+1
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

))
(3 + k)

))
e−

i
√
c
√
a ln(x)k+2
k+2

(3 + k)x (k + 1)

Using the above in (1) gives the solution

y

=
− ln (x)k+1 (3 + k)

(
i(k + 1)

√
c
√
a− ab

)
c1 hypergeom

([
(5+3k)

√
c+i

√
a b√

c (4+2k)

]
,
[3+2k

k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
+ (k + 1)

(
−
(
i(3 + k)

√
c
√
a− ab

)
ln (x)k+2 c2 hypergeom

([
(7+3k)

√
c+i

√
a b√

c (4+2k)

]
,
[5+2k

k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
+
(
c2
(
i
√
c
√
a ln (x)k+2 − 1

)
hypergeom

([
(3+k)

√
c+i

√
a b√

c (4+2k)

]
,
[3+k
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
+ ic1 ln (x)k+1√a

√
c hypergeom

([
(k+1)

√
c+i

√
a b√

c (4+2k)

]
,
[
k+1
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

))
(3 + k)

)
(3 + k) (k + 1) a

(
hypergeom

([
(k+1)

√
c+i

√
a b√

c (4+2k)

]
,
[
k+1
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
c1 + hypergeom

([
(3+k)

√
c+i

√
a b√

c (4+2k)

]
,
[3+k
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
c2 ln (x)

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
− ln (x)k+1 (3 + k)

(
i(k + 1)

√
c
√
a− ab

)
c3 hypergeom

([
(5+3k)

√
c+i

√
a b√

c (4+2k)

]
,
[3+2k

k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
+ (k + 1)

(
−
(
i(3 + k)

√
c
√
a− ab

)
ln (x)k+2 hypergeom

([
(7+3k)

√
c+i

√
a b√

c (4+2k)

]
,
[5+2k

k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
+
((

i
√
c
√
a ln (x)k+2 − 1

)
hypergeom

([
(3+k)

√
c+i

√
a b√

c (4+2k)

]
,
[3+k
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
+ ic3 ln (x)k+1√a

√
c hypergeom

([
(k+1)

√
c+i

√
a b√

c (4+2k)

]
,
[
k+1
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

))
(3 + k)

)
(3 + k) (k + 1) a

(
hypergeom

([
(k+1)

√
c+i

√
a b√

c (4+2k)

]
,
[
k+1
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
c3 + hypergeom

([
(3+k)

√
c+i

√
a b√

c (4+2k)

]
,
[3+k
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
ln (x)

)
Summary
The solution(s) found are the following

(1)y

=
− ln (x)k+1 (3 + k)

(
i(k + 1)

√
c
√
a− ab

)
c3 hypergeom

([
(5+3k)

√
c+i

√
a b√

c (4+2k)

]
,
[3+2k

k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
+ (k + 1)

(
−
(
i(3 + k)

√
c
√
a− ab

)
ln (x)k+2 hypergeom

([
(7+3k)

√
c+i

√
a b√

c (4+2k)

]
,
[5+2k

k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
+
((

i
√
c
√
a ln (x)k+2 − 1

)
hypergeom

([
(3+k)

√
c+i

√
a b√

c (4+2k)

]
,
[3+k
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
+ ic3 ln (x)k+1√a

√
c hypergeom

([
(k+1)

√
c+i

√
a b√

c (4+2k)

]
,
[
k+1
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

))
(3 + k)

)
(3 + k) (k + 1) a

(
hypergeom

([
(k+1)

√
c+i

√
a b√

c (4+2k)

]
,
[
k+1
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
c3 + hypergeom

([
(3+k)

√
c+i

√
a b√

c (4+2k)

]
,
[3+k
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
ln (x)

)
Verification of solutions
y

=
− ln (x)k+1 (3 + k)

(
i(k + 1)

√
c
√
a− ab

)
c3 hypergeom

([
(5+3k)

√
c+i

√
a b√

c (4+2k)

]
,
[3+2k

k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
+ (k + 1)

(
−
(
i(3 + k)

√
c
√
a− ab

)
ln (x)k+2 hypergeom

([
(7+3k)

√
c+i

√
a b√

c (4+2k)

]
,
[5+2k

k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
+
((

i
√
c
√
a ln (x)k+2 − 1

)
hypergeom

([
(3+k)

√
c+i

√
a b√

c (4+2k)

]
,
[3+k
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
+ ic3 ln (x)k+1√a

√
c hypergeom

([
(k+1)

√
c+i

√
a b√

c (4+2k)

]
,
[
k+1
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

))
(3 + k)

)
(3 + k) (k + 1) a

(
hypergeom

([
(k+1)

√
c+i

√
a b√

c (4+2k)

]
,
[
k+1
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
c3 + hypergeom

([
(3+k)

√
c+i

√
a b√

c (4+2k)

]
,
[3+k
k+2

]
, 2i

√
c
√
a ln(x)k+2

k+2

)
ln (x)

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(diff(y(x), x))/x-a*(b*ln(x)^k+c*ln(x)^(2+2*k))*y(x)/x^2, y(x)`

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful
Change of variables used:

[x = exp(t)]
Linear ODE actually solved:

a*(b*t^k+c*t^(2+2*k))*u(t)+diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 480� �
dsolve(x*diff(y(x),x)=a*y(x)^2+b*(ln(x))^k+c*(ln(x))^(2*k+2),y(x), singsol=all)� �
y(x)

=
− ln (x)1+k (k + 3)

(
i
√
c (1 + k)

√
a− ab

)
hypergeom

([
(3k+5)

√
c+i

√
a b√

c (2k+4)

]
,
[2k+3

k+2

]
, 2i

√
a
√
c ln(x)k+2

k+2

)
+
(
−
(
i(k + 3)

√
c
√
a− ab

)
ln (x)k+2 c1 hypergeom

([
(3k+7)

√
c+i

√
a b√

c (2k+4)

]
,
[2k+5

k+2

]
, 2i

√
a
√
c ln(x)k+2

k+2

)
+ (k + 3)

((
i
√
a
√
c ln (x)k+2 − 1

)
c1 hypergeom

([
(k+3)

√
c+i

√
a b√

c (2k+4)

]
,
[
k+3
k+2

]
, 2i

√
a
√
c ln(x)k+2

k+2

)
+ i ln (x)1+k √a

√
c hypergeom

([
(1+k)

√
c+i

√
a b√

c (2k+4)

]
,
[1+k
k+2

]
, 2i

√
a
√
c ln(x)k+2

k+2

)))
(1 + k)(

hypergeom
([

(k+3)
√
c+i

√
a b√

c (2k+4)

]
,
[
k+3
k+2

]
, 2i

√
a
√
c ln(x)k+2

k+2

)
ln (x) c1 + hypergeom

([
(1+k)

√
c+i

√
a b√

c (2k+4)

]
,
[1+k
k+2

]
, 2i

√
a
√
c ln(x)k+2

k+2

))
a (k + 3) (1 + k)

3 Solution by Mathematica
Time used: 3.775 (sec). Leaf size: 807� �
DSolve[x*y'[x]==a*y[x]^2+b*(Log[x])^k+c*(Log[x])^(2*k+2),y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

logk+1(x)
(
√
cc1(k + 2)

√
−(k + 2)2HypergeometricU

(
1
2

( √
ab√

c
√

−(k+2)2 +
k+1
k+2

)
, k+1
k+2 ,

2
√
a
√
c logk+2(x)√
−(k+2)2

)
+ c1

(√
ab(k + 2) +

√
c
√

−(k + 2)2(k + 1)
)
HypergeometricU

(
1
2

( √
ab√

c
√

−(k+2)2 +
3k+5
k+2

)
, 2k+3

k+2 ,
2
√
a
√
c logk+2(x)√
−(k+2)2

)
+
√
c(k + 2)

√
−(k + 2)2

(
L
− 1

k+2

−
√

ab

2
√
c
√

−(k+2)2
− k+1

2k+4

(
2
√
a
√
c logk+2(x)√
−(k+2)2

)
+ 2L

k+1
k+2

−
√

ab

2
√
c
√

−(k+2)2
− 3k+5

2k+4

(
2
√
a
√
c logk+2(x)√
−(k+2)2

)))
√
a(k + 2)2

(
L
− 1

k+2

−
√
ab

2
√
c
√

−(k+2)2
− k+1

2k+4

(
2
√
a
√
c logk+2(x)√
−(k+2)2

)
+ c1HypergeometricU

(
1
2

( √
ab√

c
√

−(k+2)2 +
k+1
k+2

)
, k+1
k+2 ,

2
√
a
√
c logk+2(x)√
−(k+2)2

))
y(x)

→

logk+1(x)

−

(√
ab(k+2)+

√
c
√

−(k+2)2(k+1)
)
HypergeometricU

(
1
2

(
√
ab

√
c
√

−(k+2)2
+ 3k+5

k+2

)
, 2k+3
k+2 , 2

√
a
√
c logk+2(x)√
−(k+2)2

)

HypergeometricU
(

1
2

(
√
ab

√
c
√

−(k+2)2
+ k+1

k+2

)
, k+1
k+2 ,

2
√
a
√

c logk+2(x)√
−(k+2)2

) −
√
c
√

−(k + 2)2(k + 2)


√
a(k + 2)2
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7.4 problem 4
7.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 812

Internal problem ID [10479]
Internal file name [OUTPUT/9426_Monday_June_06_2022_02_32_00_PM_24545857/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 4.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− y2x = −a2x ln (βx)2 + a

7.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −a2x ln (βx)2 − x y2 − a

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2 ln (βx)2 + y2 + a

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2x ln(βx)2−a
x

, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 = −a2x ln (βx)2 − a

x

Substituting the above terms back in equation (2) gives

u′′(x)−
(
a2x ln (βx)2 − a

)
u(x)

x
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)−
(
a2x ln (βx)2 − a

)
_Y(x)

x

}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)−

(
a2x ln (βx)2 − a

)
_Y(x)

x

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y = −

∂
∂x

DESol
({

_Y′′(x)−
(
a2x ln(βx)2−a

)
_Y(x)

x

}
, {_Y(x)}

)
DESol

({
_Y′′ (x)−

(
a2x ln(βx)2−a

)
_Y(x)

x

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −

∂
∂x

DESol
({_Y′′

(x)x−a
(
ln(βx)2ax−1

)
_Y(x)

x

}
, {_Y(x)}

)
DESol

({_Y′′
(x)x−a

(
ln(βx)2ax−1

)
_Y(x)

x

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y = −

∂
∂x

DESol
({_Y′′

(x)x−a
(
ln(βx)2ax−1

)
_Y(x)

x

}
, {_Y(x)}

)
DESol

({_Y′′
(x)x−a

(
ln(βx)2ax−1

)
_Y(x)

x

}
, {_Y (x)}

)
Verification of solutions

y = −

∂
∂x

DESol
({_Y′′

(x)x−a
(
ln(βx)2ax−1

)
_Y(x)

x

}
, {_Y(x)}

)
DESol

({_Y′′
(x)x−a

(
ln(βx)2ax−1

)
_Y(x)

x

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = a*(ln(beta*x)^2*a*x-1)*y(x)/x, y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(y(x)^2+y(x)+x^2*(-ln(beta*x)^2*a^2+a/x))/x, y(x), explicit` *** Sublevel 2

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(x*diff(y(x),x)=x*y(x)^2-a^2*x*(ln(beta*x))^2+a,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y'[x]==x*y[x]^2-a^2*x*(Log[\[Beta]*x])^2+a,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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7.5 problem 5
7.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 817

Internal problem ID [10480]
Internal file name [OUTPUT/9427_Monday_June_06_2022_02_32_05_PM_43314102/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 5.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− y2x = −a2x ln (βx)2k + ak ln (βx)k−1

7.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −−x y2 + a2x ln (βx)2k − ak ln (βx)k−1

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 − a2 ln (βx)2k + ak ln (βx)k

x ln (βx)
With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2x ln(βx)2k−ak ln(βx)k−1

x
, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 = −a2x ln (βx)2k − ak ln (βx)k−1

x

Substituting the above terms back in equation (2) gives

u′′(x)−

(
a2x ln (βx)2k − ak ln (βx)k−1

)
u(x)

x
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol

_Y′′(x)−

(
a2x ln (βx)2k − ak ln (βx)k−1

)
_Y(x)

x

 , {_Y(x)}


The above shows that

u′(x) = ∂

∂x
DESol

_Y′′(x)−

(
a2x ln (βx)2k − ak ln (βx)k−1

)
_Y(x)

x

 , {_Y(x)}


Using the above in (1) gives the solution

y = −

∂
∂x

DESol
({

_Y′′(x)−
(
a2x ln(βx)2k−ak ln(βx)k−1

)
_Y(x)

x

}
, {_Y(x)}

)
DESol

({
_Y′′ (x)−

(
a2x ln(βx)2k−ak ln(βx)k−1

)
_Y(x)

x

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −

∂
∂x

DESol
({

_Y′′(x)−
(
a2x ln(βx)2k−ak ln(βx)k−1

)
_Y(x)

x

}
, {_Y(x)}

)
DESol

({
− ln(βx)1+2k_Y(x)a2x+ln(βx)k_Y(x)ak+_Y′′

(x) ln(βx)x
ln(βx)x

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y = −

∂
∂x

DESol
({

_Y′′(x)−
(
a2x ln(βx)2k−ak ln(βx)k−1

)
_Y(x)

x

}
, {_Y(x)}

)
DESol

({
− ln(βx)1+2k_Y(x)a2x+ln(βx)k_Y(x)ak+_Y′′

(x) ln(βx)x
ln(βx)x

}
, {_Y (x)}

)
Verification of solutions

y = −

∂
∂x

DESol
({

_Y′′(x)−
(
a2x ln(βx)2k−ak ln(βx)k−1

)
_Y(x)

x

}
, {_Y(x)}

)
DESol

({
− ln(βx)1+2k_Y(x)a2x+ln(βx)k_Y(x)ak+_Y′′

(x) ln(βx)x
ln(βx)x

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = a*(ln(beta*x)^(2*k)*a*x-ln(beta*x)^(-1+k)*k)*y(x)/x, y(x)` *** Su

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(y(x)^2+y(x)+x^2*(-ln(beta*x)^(2*k)*a^2+a*ln(beta*x)^(-1+k)*k/x))/x, y(x), explic

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(x*diff(y(x),x)=x*y(x)^2-a^2*x*(ln(beta*x))^(2*k)+a*k*(ln(beta*x))^(k-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y'[x]==x*y[x]^2-a^2*x*(Log[\[Beta]*x])^(2*k)+a*k*(Log[\[Beta]*x])^(k-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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7.6 problem 6
7.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 822

Internal problem ID [10481]
Internal file name [OUTPUT/9428_Monday_June_06_2022_02_32_08_PM_61700309/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 6.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− a xny2 = b− a b2xn ln (x)2

7.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −a b2xn ln (x)2 − a xny2 − b

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a b2xn ln (x)2

x
+ a xny2

x
+ b

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −−b+a b2xn ln(x)2
x

, f1(x) = 0 and f2(x) = a xn

x
. Let

y = −u′

f2u

= −u′

a xnu
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

a xnn

x2 − a xn

x2

f1f2 = 0

f 2
2 f0 = −

a2x2n(−b+ a b2xn ln (x)2
)

x3

Substituting the above terms back in equation (2) gives

a xnu′′(x)
x

−
(
a xnn

x2 − a xn

x2

)
u′(x)−

a2x2n(−b+ a b2xn ln (x)2
)
u(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− (n− 1)_Y′(x)
x

−
a xn

(
−b+ a b2xn ln (x)2

)
_Y(x)

x2

}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− (n− 1)_Y′(x)

x

−
a xn

(
−b+ a b2xn ln (x)2

)
_Y(x)

x2

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y=−

(
∂
∂x

DESol
({

_Y′′(x)− (n−1)_Y′
(x)

x
−

a xn
(
−b+a b2xn ln(x)2

)
_Y(x)

x2

}
, {_Y(x)}

))
x−nx

aDESol
({

_Y′′ (x)− (n−1)_Y′
(x)

x
−

a xn
(
−b+a b2xn ln(x)2

)
_Y(x)

x2

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y=−
x1−n

(
∂
∂x

DESol
({_Y′′

(x)x2−ln(x)2x2n_Y(x)a2b2−(n−1)_Y′
(x)x+xn_Y(x)ab

x2

}
, {_Y(x)}

))
aDESol

({_Y′′
(x)x2−ln(x)2x2n_Y(x)a2b2−(n−1)_Y′

(x)x+xn_Y(x)ab
x2

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

(1)y =

−
x1−n

(
∂
∂x

DESol
({_Y′′

(x)x2−ln(x)2x2n_Y(x)a2b2−(n−1)_Y′
(x)x+xn_Y(x)ab

x2

}
, {_Y(x)}

))
aDESol

({_Y′′
(x)x2−ln(x)2x2n_Y(x)a2b2−(n−1)_Y′

(x)x+xn_Y(x)ab
x2

}
, {_Y (x)}

)
Verification of solutions

y=−
x1−n

(
∂
∂x

DESol
({_Y′′

(x)x2−ln(x)2x2n_Y(x)a2b2−(n−1)_Y′
(x)x+xn_Y(x)ab

x2

}
, {_Y(x)}

))
aDESol

({_Y′′
(x)x2−ln(x)2x2n_Y(x)a2b2−(n−1)_Y′

(x)x+xn_Y(x)ab
x2

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (n-1)*(diff(y(x), x))/x+x^(n-1)*a*b*(x^(n-1)*b*a*ln(x)^2*x-1)*y(x)/x,

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(x^(n-1)*a*y(x)^2+y(x)+x^2*(-x^(n-1)*b^2*a*ln(x)^2+b/x))/x, y(x), explicit`

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(x*diff(y(x),x)=a*x^n*y(x)^2+b-a*b^2*x^n*(ln(x))^2,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y'[x]==a*x^n*y[x]^2+b-a*b^2*x^n*(Log[x])^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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7.7 problem 7
7.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 827

Internal problem ID [10482]
Internal file name [OUTPUT/9429_Monday_June_06_2022_02_32_10_PM_31193013/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 7.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

x2y′ − x2y2 = a ln (x)2 + b ln (x) + c

7.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= x2y2 + a ln (x)2 + b ln (x) + c

x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a ln (x)2

x2 + b ln (x)
x2 + c

x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a ln(x)2+b ln(x)+c
x2 , f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

a ln (x)2 + b ln (x) + c

x2

Substituting the above terms back in equation (2) gives

u′′(x) +
(
a ln (x)2 + b ln (x) + c

)
u(x)

x2 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=x
− ib−

√
a

2
√
a e−

i ln(x)2
√

a
2

(
2 ln (x) hypergeom

([
12a 3

2 + i(4c− 1) a− ib2

16a 3
2

]
,

[
3
2

]
,
i(2a ln (x) + b)2

4a 3
2

)
c2a

+ hypergeom
([

12a 3
2 + i(4c− 1) a− ib2

16a 3
2

]
,

[
3
2

]
,
i(2a ln (x) + b)2

4a 3
2

)
c2b

+ c1 hypergeom
([

4a 3
2 + i(4c− 1) a− ib2

16a 3
2

]
,

[
1
2

]
,
i(2a ln (x) + b)2

4a 3
2

))

The above shows that

u′(x) =

−

2x− ib+
√
a

2
√
a

−
(

b ln(x)(b ln(x)−4c+1)a
5
2

12 +
(
b ln(x)−c+ 1

4
)
b2a

3
2

12 − ln(x)2
(
c− 1

4
)
a
7
2

3 + b4
√
a

48 + i
(
a ln (x) + b

2

)2
a2
)
c2 hypergeom

([
28a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[5
2

]
, i(2a ln(x)+b)2

4a
3
2

)
−

c1

− ln(x)
(
c− 1

4
)
a
5
2+

b
(
b ln(x)−2c+1

2
)
a
3
2

4 +
√
a b3
8 +i

(
a ln(x)+ b

2

)
a2

hypergeom
([

20a
3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 3
2
]
, i(2a ln(x)+b)2

4a
3
2

)
2 +

(
−a

5
2 b
4 +

(
− ln(x)

2 − 1
)
a

7
2 + i

(
a ln (x) + b

2

)2
a2
)
c2 hypergeom

([
12a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[3
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+

c1 hypergeom
([

4a
3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 1
2
]
, i(2a ln(x)+b)2

4a
3
2

)(
i ln(x)a3+ ia2b

2 −a
5
2
2

)
2

 e−
i ln(x)2

√
a

2

a
5
2

Using the above in (1) gives the solution
y

=

2x− ib+
√
a

2
√

a

−
(

b ln(x)(b ln(x)−4c+1)a
5
2

12 +
(
b ln(x)−c+ 1

4
)
b2a

3
2

12 − ln(x)2
(
c− 1

4
)
a
7
2

3 + b4
√
a

48 + i
(
a ln (x) + b

2

)2
a2
)
c2 hypergeom

([
28a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[5
2

]
, i(2a ln(x)+b)2

4a
3
2

)
−

c1

− ln(x)
(
c− 1

4
)
a
5
2+

b
(
b ln(x)−2c+1

2
)
a
3
2

4 +
√
a b3
8 +i

(
a ln(x)+ b

2

)
a2

hypergeom
([

20a
3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 3
2
]
, i(2a ln(x)+b)2

4a
3
2

)
2 +

(
−a

5
2 b
4 +

(
− ln(x)

2 − 1
)
a

7
2 + i

(
a ln (x) + b

2

)2
a2
)
c2 hypergeom

([
12a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[3
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+

c1 hypergeom
([

4a
3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 1
2
]
, i(2a ln(x)+b)2

4a
3
2

)(
i ln(x)a3+ ia2b

2 −a
5
2
2

)
2

x
ib−

√
a

2
√
a

a
5
2

(
2 ln (x) hypergeom

([
12a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[3
2

]
, i(2a ln(x)+b)2

4a
3
2

)
c2a+ hypergeom

([
12a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[3
2

]
, i(2a ln(x)+b)2

4a
3
2

)
c2b+ c1 hypergeom

([
4a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[1
2

]
, i(2a ln(x)+b)2

4a
3
2

))
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=

(
− b ln(x)(b ln(x)−4c+1)a

5
2

12 −
(
b ln(x)−c+ 1

4
)
b2a

3
2

12 + ln(x)2
(
c− 1

4
)
a
7
2

3 − b4
√
a

48 − i
(
a ln (x) + b

2

)2
a2
)
hypergeom

([
28a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[5
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+
(
−a

5
2 b
4 +

(
− ln(x)

2 − 1
)
a

7
2 + i

(
a ln (x) + b

2

)2
a2
)
hypergeom

([
12a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[3
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+

c3

ln(x)
(
c− 1

4
)
a
5
2−

b
(
b ln(x)−2c+1

2
)
a
3
2

4 −
√

a b3
8 −i

(
a ln(x)+ b

2

)
a2

hypergeom
([

20a
3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 3
2
]
, i(2a ln(x)+b)2

4a
3
2

)
+hypergeom

([
4a

3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 1
2
]
, i(2a ln(x)+b)2

4a
3
2

)(
i ln(x)a3+ ia2b

2 −a
5
2
2

)
2

a
5
2x

(a ln (x) + b
2

)
hypergeom

([
12a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[3
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+

c3 hypergeom
([

4a
3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 1
2
]
, i(2a ln(x)+b)2

4a
3
2

)
2


Summary
The solution(s) found are the following

(1)y

=

(
− b ln(x)(b ln(x)−4c+1)a

5
2

12 −
(
b ln(x)−c+ 1

4
)
b2a

3
2

12 + ln(x)2
(
c− 1

4
)
a
7
2

3 − b4
√
a

48 − i
(
a ln (x) + b

2

)2
a2
)
hypergeom

([
28a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[5
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+
(
−a

5
2 b
4 +

(
− ln(x)

2 − 1
)
a

7
2 + i

(
a ln (x) + b

2

)2
a2
)
hypergeom

([
12a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[3
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+

c3

ln(x)
(
c− 1

4
)
a
5
2−

b
(
b ln(x)−2c+1

2
)
a
3
2

4 −
√

a b3
8 −i

(
a ln(x)+ b

2

)
a2

hypergeom
([

20a
3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 3
2
]
, i(2a ln(x)+b)2

4a
3
2

)
+hypergeom

([
4a

3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 1
2
]
, i(2a ln(x)+b)2

4a
3
2

)(
i ln(x)a3+ ia2b

2 −a
5
2
2

)
2

a
5
2x

(a ln (x) + b
2

)
hypergeom

([
12a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[3
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+

c3 hypergeom
([

4a
3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 1
2
]
, i(2a ln(x)+b)2

4a
3
2

)
2


Verification of solutions
y

=

(
− b ln(x)(b ln(x)−4c+1)a

5
2

12 −
(
b ln(x)−c+ 1

4
)
b2a

3
2

12 + ln(x)2
(
c− 1

4
)
a
7
2

3 − b4
√
a

48 − i
(
a ln (x) + b

2

)2
a2
)
hypergeom

([
28a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[5
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+
(
−a

5
2 b
4 +

(
− ln(x)

2 − 1
)
a

7
2 + i

(
a ln (x) + b

2

)2
a2
)
hypergeom

([
12a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[3
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+

c3

ln(x)
(
c− 1

4
)
a
5
2−

b
(
b ln(x)−2c+1

2
)
a
3
2

4 −
√

a b3
8 −i

(
a ln(x)+ b

2

)
a2

hypergeom
([

20a
3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 3
2
]
, i(2a ln(x)+b)2

4a
3
2

)
+hypergeom

([
4a

3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 1
2
]
, i(2a ln(x)+b)2

4a
3
2

)(
i ln(x)a3+ ia2b

2 −a
5
2
2

)
2

a
5
2x

(a ln (x) + b
2

)
hypergeom

([
12a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[3
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+

c3 hypergeom
([

4a
3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 1
2
]
, i(2a ln(x)+b)2

4a
3
2

)
2


Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(a*ln(x)^2+ln(x)*b+c)*y(x)/x^2, y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: indirect Equivalence to 0F1 under \`\`^ @ Moebius\`\` is resolved

<- hypergeometric successful
<- special function solution successful
Change of variables used:

[x = exp(t)]
Linear ODE actually solved:

(a*t^2+b*t+c)*u(t)-diff(u(t),t)+diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 477� �
dsolve(x^2*diff(y(x),x)=x^2*y(x)^2+a*(ln(x))^2+b*ln(x)+c,y(x), singsol=all)� �
y(x)

=

(
− b ln(x)(b ln(x)−4c+1)a

5
2

12 −
(
b ln(x)−c+ 1

4
)
b2a

3
2

12 +
(
c− 1

4
)
ln(x)2a

7
2

3 −
√
a b4

48 − i
(
a ln (x) + b

2

)2
a2
)
c1 hypergeom

([
28a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[5
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+ c1

(
−a

5
2 b
4 +

(
−1− ln(x)

2

)
a

7
2 + i

(
a ln (x) + b

2

)2
a2
)
hypergeom

([
12a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[3
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+

(c− 1
4
)
ln(x)a

5
2−

b
(
b ln(x)−2c+1

2
)
a
3
2

4 −
√
a b3
8 −i

(
a ln(x)+ b

2

)
a2

hypergeom
([

20a
3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 3
2
]
, i(2a ln(x)+b)2

4a
3
2

)
2 +

(
ia3 ln(x)+ ia2b

2 −a
5
2
2

)
hypergeom

([
4a

3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 1
2
]
, i(2a ln(x)+b)2

4a
3
2

)
2

a
5
2x

c1
(
a ln (x) + b

2

)
hypergeom

([
12a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[3
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+

hypergeom
([

4a
3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 1
2
]
, i(2a ln(x)+b)2

4a
3
2

)
2


3 Solution by Mathematica
Time used: 1.151 (sec). Leaf size: 868� �
DSolve[x^2*y'[x]==x^2*y[x]^2+a*(Log[x])^2+b*Log[x]+c,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
ibParabolicCylinderD

(
−ib2−4a3/2+ia(4c−1)

8a3/2 ,−
( 1
2−

i
2
)
(b+2a log(x))
a3/4

)
+ 2ia log(x) ParabolicCylinderD

(
−ib2−4a3/2+ia(4c−1)

8a3/2 ,−
( 1
2−

i
2
)
(b+2a log(x))
a3/4

)
−
√
aParabolicCylinderD

(
−ib2−4a3/2+ia(4c−1)

8a3/2 ,−
( 1
2−

i
2
)
(b+2a log(x))
a3/4

)
+ 2(−1)3/4

√
2a3/4 ParabolicCylinderD

(
−ib2+4a3/2+ia(4c−1)

8a3/2 ,−
( 1
2−

i
2
)
(b+2a log(x))
a3/4

)
− ic1

(
2a log(x)− i

√
a+ b

)
ParabolicCylinderD

(
ib2−4a3/2+ia−4iac

8a3/2 ,
( 1
2+

i
2
)
(b+2a log(x))
a3/4

)
+ 2 4

√
−1

√
2a3/4c1 ParabolicCylinderD

(
ib2+4a3/2−ia(4c−1)

8a3/2 ,
( 1
2+

i
2
)
(b+2a log(x))
a3/4

)
2
√
ax
(
ParabolicCylinderD

(
−ib2−4a3/2+ia(4c−1)

8a3/2 ,−
( 1
2−

i
2
)
(b+2a log(x))
a3/4

)
+ c1 ParabolicCylinderD

(
ib2−4a3/2−ia(4c−1)

8a3/2 ,
( 1
2+

i
2
)
(b+2a log(x))
a3/4

))
y(x) →

−

−
2

4
√
−1√2 4

√
aParabolicCylinderD

(
ib2+4a3/2−ia(4c−1)

8a3/2
,

(
1
2+ i

2
)
(b+2a log(x))

a3/4

)

ParabolicCylinderD
(

ib2−4a3/2−ia(4c−1)
8a3/2

,

(
1
2+ i

2
)
(b+2a log(x))

a3/4

) + ib√
a
+ 2i

√
a log(x) + 1

2x
y(x) →

−

−
2

4
√
−1√2 4

√
aParabolicCylinderD

(
ib2+4a3/2−ia(4c−1)

8a3/2
,

(
1
2+ i

2
)
(b+2a log(x))

a3/4

)

ParabolicCylinderD
(

ib2−4a3/2−ia(4c−1)
8a3/2

,

(
1
2+ i

2
)
(b+2a log(x))

a3/4

) + ib√
a
+ 2i

√
a log(x) + 1

2x
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7.8 problem 8
7.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 832

Internal problem ID [10483]
Internal file name [OUTPUT/9430_Monday_June_06_2022_02_32_12_PM_7672516/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 8.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

x2y′ − x2y2 = a(b ln (x) + c)n + 1
4

7.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= 4x2y2 + 4a(b ln (x) + c)n + 1
4x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a(b ln (x) + c)n

x2 + 1
4x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = 4a(b ln(x)+c)n+1
4x2 , f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)

832



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

4a(b ln (x) + c)n + 1
4x2

Substituting the above terms back in equation (2) gives

u′′(x) + (4a(b ln (x) + c)n + 1)u(x)
4x2 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x) + (4a(b ln (x) + c)n + 1)_Y(x)
4x2

}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x) + (4a(b ln (x) + c)n + 1)_Y(x)

4x2

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y = −
∂
∂x

DESol
({

_Y′′(x) + (4a(b ln(x)+c)n+1)_Y(x)
4x2

}
, {_Y(x)}

)
DESol

({
_Y′′ (x) + (4a(b ln(x)+c)n+1)_Y(x)

4x2

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol
({

4(b ln(x)+c)n_Y(x)a+4_Y′′
(x)x2+_Y(x)

4x2

}
, {_Y(x)}

)
DESol

({
4(b ln(x)+c)n_Y(x)a+4_Y′′

(x)x2+_Y(x)
4x2

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y = −
∂
∂x

DESol
({

4(b ln(x)+c)n_Y(x)a+4_Y′′
(x)x2+_Y(x)

4x2

}
, {_Y(x)}

)
DESol

({
4(b ln(x)+c)n_Y(x)a+4_Y′′

(x)x2+_Y(x)
4x2

}
, {_Y (x)}

)
Verification of solutions

y = −
∂
∂x

DESol
({

4(b ln(x)+c)n_Y(x)a+4_Y′′
(x)x2+_Y(x)

4x2

}
, {_Y(x)}

)
DESol

({
4(b ln(x)+c)n_Y(x)a+4_Y′′

(x)x2+_Y(x)
4x2

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(1/4)*(4*a*(ln(x)*b+c)^n+1)*y(x)/x^2, y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(y(x)^2+y(x)+x^2*(a*(ln(x)*b+c)^n/x^2+(1/4)/x^2))/x, y(x), explicit` *** Sub

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(x^2*diff(y(x),x)=x^2*y(x)^2+a*(b*ln(x)+c)^n+1/4,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y'[x]==x^2*y[x]^2+a*(b*Log[x]+c)^n+1/4,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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7.9 problem 9
7.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 837

Internal problem ID [10484]
Internal file name [OUTPUT/9431_Monday_June_06_2022_02_32_14_PM_30986494/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 9.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

x2 ln (xa)
(
y′ − y2

)
= 1

7.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2 ln (xa)x2 + 1
x2 ln (xa)

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + 1
x2 ln (xa)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = 1
x2 ln(xa) , f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

1
x2 ln (xa)

Substituting the above terms back in equation (2) gives

u′′(x) + u(x)
x2 ln (xa) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = − ln (xa) expIntegral1 (− ln (xa)) c2 − c2ax+ c1 ln (xa)

The above shows that

u′(x) = − expIntegral1 (− ln (xa)) c2 + c1
x

Using the above in (1) gives the solution

y = − − expIntegral1 (− ln (xa)) c2 + c1
x (− ln (xa) expIntegral1 (− ln (xa)) c2 − c2ax+ c1 ln (xa))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = − expIntegral1 (− ln (xa)) + c3
x (expIntegral1 (− ln (xa)) ln (xa)− c3 ln (xa) + xa)

Summary
The solution(s) found are the following

(1)y = − expIntegral1 (− ln (xa)) + c3
x (expIntegral1 (− ln (xa)) ln (xa)− c3 ln (xa) + xa)
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Verification of solutions

y = − expIntegral1 (− ln (xa)) + c3
x (expIntegral1 (− ln (xa)) ln (xa)− c3 ln (xa) + xa)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -y(x)/(x^2*ln(a*x)), y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful
Change of variables used:

[x = exp(t)/a]
Linear ODE actually solved:

u(t)-t*diff(u(t),t)+t*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 45� �
dsolve(x^2*ln(a*x)*(diff(y(x),x)-y(x)^2)=1,y(x), singsol=all)� �

y(x) = −c1 expIntegral1 (− ln (ax)) + 1
x ((c1 expIntegral1 (− ln (ax))− 1) ln (ax) + c1ax)

3 Solution by Mathematica
Time used: 0.616 (sec). Leaf size: 74� �
DSolve[x^2*Log[a*x]*(y'[x]-y[x]^2)==1,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → a+ c1 LogIntegral(ax)
−c1xLogIntegral(ax) log(ax) + ac1x2 − ax log(ax)

y(x) → LogIntegral(ax)
ax2 − xLogIntegral(ax) log(ax)
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8 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.5-2

8.1 problem 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 843
8.2 problem 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 847
8.3 problem 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 851
8.4 problem 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 856
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8.1 problem 10
8.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 843

Internal problem ID [10485]
Internal file name [OUTPUT/9432_Monday_June_06_2022_02_32_15_PM_13889787/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 10.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − a ln (βx) y = −ab ln (βx)− b2

8.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + a ln (βx) y − ab ln (βx)− b2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a ln (βx) y − ab ln (βx)− b2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −ab ln (βx)− b2, f1(x) = ln (βx) a and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = ln (βx) a
f 2
2 f0 = −ab ln (βx)− b2

Substituting the above terms back in equation (2) gives

u′′(x)− ln (βx) au′(x) +
(
−ab ln (βx)− b2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = −
(∫

(βx)xa e−x(a−2b)dx+ c1

)
c2e−bx

The above shows that

u′(x) = c2

(
b e−bx

(∫
(βx)xa e−x(a−2b)dx

)
+ b e−bxc1 − e−x(a−b)(βx)xa

)

Using the above in (1) gives the solution

y =
(
b e−bx

(∫
(βx)xa e−x(a−2b)dx

)
+ b e−bxc1 − e−x(a−b)(βx)xa

)
ebx∫

(βx)xa e−x(a−2b)dx+ c1

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
(∫

(βx)xa e−x(a−2b)dx+ c3
)
b− (βx)xa e−x(a−2b)∫

(βx)xa e−x(a−2b)dx+ c3

Summary
The solution(s) found are the following

(1)y =
(∫

(βx)xa e−x(a−2b)dx+ c3
)
b− (βx)xa e−x(a−2b)∫

(βx)xa e−x(a−2b)dx+ c3
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Verification of solutions

y =
(∫

(βx)xa e−x(a−2b)dx+ c3
)
b− (βx)xa e−x(a−2b)∫

(βx)xa e−x(a−2b)dx+ c3

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 74� �
dsolve(diff(y(x),x)=y(x)^2+a*ln(beta*x)*y(x)-a*b*ln(beta*x)-b^2,y(x), singsol=all)� �

y(x) =
(∫

(xβ)ax e−(a−2b)xdx− c1
)
b− (xβ)ax e−(a−2b)x∫

(xβ)ax e−(a−2b)xdx− c1
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3 Solution by Mathematica
Time used: 1.584 (sec). Leaf size: 187� �
DSolve[y'[x]==y[x]^2+a*Log[\[Beta]*x]*y[x]-a*b*Log[\[Beta]*x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1

e2bK[1]−aK[1](βK[1])aK[1](b+ a log(βK[1]) + y(x))
a(b− y(x)) dK[1]

+
∫ y(x)

1

(
e2bx−ax(xβ)ax
a(K[2]− b)2

−
∫ x

1

(
e2bK[1]−aK[1](b+K[2] + a log(βK[1]))(βK[1])aK[1]

a(b−K[2])2 + e2bK[1]−aK[1](βK[1])aK[1]

a(b−K[2])

)
dK[1]

)
dK[2] = c1, y(x)

]
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8.2 problem 11
8.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 847

Internal problem ID [10486]
Internal file name [OUTPUT/9433_Monday_June_06_2022_02_32_17_PM_25607459/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 11.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − ax ln (bx)m y = a ln (bx)m

8.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + ax ln (bx)m y + a ln (bx)m

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + ax ln (bx)m y + a ln (bx)m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a ln (bx)m, f1(x) = a ln (bx)m x and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = a ln (bx)m x

f 2
2 f0 = a ln (bx)m

Substituting the above terms back in equation (2) gives

u′′(x)− a ln (bx)m xu′(x) + a ln (bx)m u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x

((∫
e
∫ ln(bx)max2−2

x
dxdx

)
c1 + c2

)

The above shows that

u′(x) =
(∫

e
∫ ln(bx)max2−2

x
dxdx

)
c1 + c2 + x e

∫ ln(bx)max2−2
x

dxc1

Using the above in (1) gives the solution

y = −

(∫
e
∫ ln(bx)max2−2

x
dxdx

)
c1 + c2 + x e

∫ ln(bx)max2−2
x

dxc1

x
((∫

e
∫ ln(bx)max2−2

x
dxdx

)
c1 + c2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−
(∫

e
∫ ln(bx)max2−2

x
dxdx

)
c3 − 1− x e

∫ ln(bx)max2−2
x

dxc3

x
((∫

e
∫ ln(bx)max2−2

x
dxdx

)
c3 + 1

)
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Summary
The solution(s) found are the following

(1)y =
−
(∫

e
∫ ln(bx)max2−2

x
dxdx

)
c3 − 1− x e

∫ ln(bx)max2−2
x

dxc3

x
((∫

e
∫ ln(bx)max2−2

x
dxdx

)
c3 + 1

)
Verification of solutions

y =
−
(∫

e
∫ ln(bx)max2−2

x
dxdx

)
c3 − 1− x e

∫ ln(bx)max2−2
x

dxc3

x
((∫

e
∫ ln(bx)max2−2

x
dxdx

)
c3 + 1

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=y(x)^2+a*x*(ln(b*x))^m*y(x)+a*(ln(b*x))^m,y(x), singsol=all)� �

y(x) =
−e

∫ a ln(bx)mx2−2
x

dxx−
(∫

e
∫ a ln(bx)mx2−2

x
dxdx

)
+ c1(

−c1 +
∫
e
∫ a ln(bx)mx2−2

x
dxdx

)
x
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3 Solution by Mathematica
Time used: 3.589 (sec). Leaf size: 181� �
DSolve[y'[x]==y[x]^2+a*x*(Log[b*x])^m*y[x]+a*(Log[b*x])^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
x
∫ x

1

exp
(

2−m−1aΓ(m+1,−2 log(bK[1]))(− log(bK[1]))−m logm(bK[1])
b2

)
K[1]2 dK[1] + exp

(
a2−m−1(− log(bx))−m logm(bx)Γ(m+1,−2 log(bx))

b2

)
+ c1x

x2
(∫ x

1
exp
(

2−m−1aΓ(m+1,−2 log(bK[1]))(− log(bK[1]))−m logm(bK[1])
b2

)
K[1]2 dK[1] + c1

)
y(x) → −1

x
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8.3 problem 12
8.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 851

Internal problem ID [10487]
Internal file name [OUTPUT/9434_Monday_June_06_2022_02_32_18_PM_89796833/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 12.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a xny2 + ab xn+1 ln (x) y = b ln (x) + b

8.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a xny2 − ab xn+1 ln (x) y + b ln (x) + b

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xny2 − ab xnx ln (x) y + b ln (x) + b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b ln (x) + b, f1(x) = −a ln (x)xn+1b and f2(x) = xna. Let

y = −u′

f2u

= −u′

xnau
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

xnna

x
f1f2 = −a2 ln (x)xn+1b xn

f 2
2 f0 = x2na2(b ln (x) + b)

Substituting the above terms back in equation (2) gives

xnau′′(x)−
(
xnna

x
− a2 ln (x)xn+1b xn

)
u′(x) + x2na2(b ln (x) + b)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=DESol
({

a_Y(x) b(1 + ln (x))xn+1 + _Y′′(x)x+ _Y′(x) (a ln (x)x2+nb− n)
x

}
, {_Y(x)}

)
The above shows that

u′(x)

= ∂

∂x
DESol

({
a_Y(x) b(1 + ln (x))xn+1 + _Y′′(x)x+ _Y′(x) (a ln (x)x2+nb− n)

x

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y=−

(
∂
∂x

DESol
({

a_Y(x)b(1+ln(x))xn+1+_Y′′
(x)x+_Y′

(x)
(
a ln(x)x2+nb−n

)
x

}
, {_Y(x)}

))
x−n

aDESol
({

a_Y(x)b(1+ln(x))xn+1+_Y′′
(x)x+_Y′

(x)(a ln(x)x2+nb−n)
x

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y=−

(
∂
∂x

DESol
({

a_Y(x)b(1+ln(x))xn+1+_Y′′
(x)x+_Y′

(x)
(
a ln(x)x2+nb−n

)
x

}
, {_Y(x)}

))
x−n

aDESol
({

a_Y(x)b(1+ln(x))xn+1+_Y′′
(x)x+_Y′

(x)(a ln(x)x2+nb−n)
x

}
, {_Y (x)}

)

852



Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

a_Y(x)b(1+ln(x))xn+1+_Y′′
(x)x+_Y′

(x)
(
a ln(x)x2+nb−n

)
x

}
, {_Y(x)}

))
x−n

aDESol
({

a_Y(x)b(1+ln(x))xn+1+_Y′′
(x)x+_Y′

(x)(a ln(x)x2+nb−n)
x

}
, {_Y (x)}

)
Verification of solutions

y=−

(
∂
∂x

DESol
({

a_Y(x)b(1+ln(x))xn+1+_Y′′
(x)x+_Y′

(x)
(
a ln(x)x2+nb−n

)
x

}
, {_Y(x)}

))
x−n

aDESol
({

a_Y(x)b(1+ln(x))xn+1+_Y′′
(x)x+_Y′

(x)(a ln(x)x2+nb−n)
x

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(x^(n+1)*ln(x)*a*b*x-n)*(diff(y(x), x))/x-a*x^n*b*(ln(x)+1)*y(x), y(x

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(a*x^n*y(x)^2+y(x)-a*b*x^(n+1)*ln(x)*y(x)*x+x^2*(ln(x)*b+b))/x, y(x), explicit`

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �

854



7 Solution by Maple� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2-a*b*x^(n+1)*ln(x)*y(x)+b*ln(x)+b,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==a*x^n*y[x]^2-a*b*x^(n+1)*Log[x]*y[x]+b*Log[x]+b,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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8.4 problem 13
8.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 856

Internal problem ID [10488]
Internal file name [OUTPUT/9435_Monday_June_06_2022_02_32_20_PM_19258479/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 13.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + (n+ 1)xny2 − a xn+1 ln (x)m y = −a ln (x)m

8.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a xn+1 ln (x)m y − xny2n− xny2 − a ln (x)m

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xnx ln (x)m y − xny2n− xny2 − a ln (x)m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a ln (x)m, f1(x) = a ln (x)m xn+1 and f2(x) = −nxn − xn. Let

y = −u′

f2u

= −u′

(−nxn − xn)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −n2xn

x
− xnn

x
f1f2 = a ln (x)m xn+1(−nxn − xn)
f 2
2 f0 = −(−nxn − xn)2 a ln (x)m

Substituting the above terms back in equation (2) gives

(−nxn − xn)u′′(x)−
(
−n2xn

x
− xnn

x
+ a ln (x)m xn+1(−nxn − xn)

)
u′(x)− (−nxn − xn)2 a ln (x)m u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = xn+1
((∫

x−2n−2e
∫ (

a ln(x)mxn+1+n
x

)
dxdx

)
c2 + c1

)

The above shows that

u′(x) = xn(n+ 1)
((∫

e
∫ a ln(x)mx2+n+n

x
dxx−2n−2dx

)
c2 + c1

)
+ c2x

−n−1e
∫ a ln(x)mx2+n+n

x
dx

Using the above in (1) gives the solution

y =

−

(
xn(n+ 1)

((∫
e
∫ a ln(x)mx2+n+n

x
dxx−2n−2dx

)
c2 + c1

)
+ c2x

−n−1e
∫ a ln(x)mx2+n+n

x
dx
)
x−n−1

(−nxn − xn)
((∫

x−2n−2e
∫ (

a ln(x)mxn+1+n
x

)
dxdx

)
c2 + c1

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

(∫
x−2n−2e

∫ (
a ln(x)mxn+1+n

x

)
dxdx+ c3

)
(n+ 1)x−n−1 + x−2−3ne

∫ (
a ln(x)mxn+1+n

x

)
dx

(n+ 1)
(∫

e
∫ a ln(x)mx2+n+n

x
dxx−2n−2dx+ c3

)

857



Summary
The solution(s) found are the following

y =

(∫
x−2n−2e

∫ (
a ln(x)mxn+1+n

x

)
dxdx+ c3

)
(n+ 1)x−n−1 + x−2−3ne

∫ (
a ln(x)mxn+1+n

x

)
dx

(n+ 1)
(∫

e
∫ a ln(x)mx2+n+n

x
dxx−2n−2dx+ c3

)
(1)

Verification of solutions

y =

(∫
x−2n−2e

∫ (
a ln(x)mxn+1+n

x

)
dxdx+ c3

)
(n+ 1)x−n−1 + x−2−3ne

∫ (
a ln(x)mxn+1+n

x

)
dx

(n+ 1)
(∫

e
∫ a ln(x)mx2+n+n

x
dxx−2n−2dx+ c3

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a*x^(n+1)*ln(x)^m*x+n)*(diff(y(x), x))/x-x^n*(n+1)*a*ln(x)^m*y(x), y(

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((-x^n*n-x^n)*y(x)^2+y(x)+a*x^(n+1)*ln(x)^m*y(x)*x-x^2*a*ln(x)^m)/x, y(x), explic

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 184� �
dsolve(diff(y(x),x)=-(n+1)*x^n*y(x)^2+a*x^(n+1)*(ln(x))^m*y(x)-a*(ln(x))^m,y(x), singsol=all)� �
y(x)

=
x−n−1

(
xn+1e

∫ a xn+1 ln(x)mx−2n−2
x

dx +
(∫

xnea
(∫

xn+1 ln(x)mdx
)
−2
(∫ 1

x
dx
)
(n+1)dx

)
n+

∫
xnea

(∫
xn+1 ln(x)mdx

)
−2
(∫ 1

x
dx
)
(n+1)dx− c1

)
(∫

xnea
(∫

xn+1 ln(x)mdx
)
−2
(∫ 1

x
dx
)
(n+1)dx

)
n+

∫
xnea

(∫
xn+1 ln(x)mdx

)
−2
(∫ 1

x
dx
)
(n+1)dx− c1

3 Solution by Mathematica
Time used: 5.364 (sec). Leaf size: 311� �
DSolve[y'[x]==-(n+1)*x^n*y[x]^2+a*x^(n+1)*(Log[x])^m*y[x]-a*(Log[x])^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
x−2(n+1)

(
c1(n+ 1)xn+1 ∫ x

1 exp
(

aΓ(m+1,−((n+2) log(K[1]))) logm(K[1])(−((n+2) log(K[1])))−m

n+2 − (n+ 2) log(K[1])
)
dK[1] + c1 exp

(
a logm(x)(−((n+2) log(x)))−mΓ(m+1,−((n+2) log(x)))

n+2

)
+ (n+ 1)xn+1

)
(n+ 1)

(
1 + c1

∫ x

1 exp
(

aΓ(m+1,−((n+2) log(K[1]))) logm(K[1])(−((n+2) log(K[1])))−m

n+2 − (n+ 2) log(K[1])
)
dK[1]

)
y(x)

→
x−2(n+1)

(
exp
(

a logm(x)(−((n+2) log(x)))−mΓ(m+1,−((n+2) log(x)))
n+2

)
∫ x
1 exp

(
aΓ(m+1,−((n+2) log(K[1]))) logm(K[1])(−((n+2) log(K[1])))−m

n+2 −(n+2) log(K[1])
)
dK[1]

+ (n+ 1)xn+1

)
n+ 1
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8.5 problem 14
8.5.1 Solving as linear ode . . . . . . . . . . . . . . . . . . . . . . . . 861
8.5.2 Solving as first order ode lie symmetry lookup ode . . . . . . . 862
8.5.3 Solving as exact ode . . . . . . . . . . . . . . . . . . . . . . . . 864
8.5.4 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 868

Internal problem ID [10489]
Internal file name [OUTPUT/9436_Monday_June_06_2022_02_32_23_PM_88598672/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 14.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "linear", "exactWithIntegrationFac-
tor", "first_order_ode_lie_symmetry_lookup"

Maple gives the following as the ode type
[_linear]

y′ − a ln (x)n y + abx ln (x)n+1 y = b ln (x) + b

8.5.1 Solving as linear ode

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = − ln (x)n a(1− ln (x) bx)
q(x) = b(1 + ln (x))

Hence the ode is

y′ − ln (x)n a(1− ln (x) bx) y = b(1 + ln (x))

The integrating factor µ is

µ = e
∫
− ln(x)na(1−ln(x)bx)dx
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The ode becomes
d
dx(µy) = (µ) (b(1 + ln (x)))

d
dx

(
e
∫
− ln(x)na(1−ln(x)bx)dxy

)
=
(
e
∫
− ln(x)na(1−ln(x)bx)dx

)
(b(1 + ln (x)))

d
(
e
∫
− ln(x)na(1−ln(x)bx)dxy

)
=
(
b(1 + ln (x)) ea

(∫
ln(x)n(−1+ln(x)bx)dx

))
dx

Integrating gives

e
∫
− ln(x)na(1−ln(x)bx)dxy =

∫
b(1 + ln (x)) ea

(∫
ln(x)n(−1+ln(x)bx)dx

)
dx

e
∫
− ln(x)na(1−ln(x)bx)dxy =

∫
b(1 + ln (x)) ea

(∫
ln(x)n(−1+ln(x)bx)dx

)
dx+ c1

Dividing both sides by the integrating factor µ = e
∫
− ln(x)na(1−ln(x)bx)dx results in

y = e−a
(∫

ln(x)n(−1+ln(x)bx)dx
)(∫

b(1 + ln (x)) ea
(∫

ln(x)n(−1+ln(x)bx)dx
)
dx

)
+ c1e−a

(∫
ln(x)n(−1+ln(x)bx)dx

)

which simplifies to

y = e−a
(∫

ln(x)n(−1+ln(x)bx)dx
)(

b

(∫
(1 + ln (x)) ea

(∫
ln(x)n(−1+ln(x)bx)dx

)
dx

)
+ c1

)
Summary
The solution(s) found are the following

(1)y = e−a
(∫

ln(x)n(−1+ln(x)bx)dx
)(

b

(∫
(1 + ln (x)) ea

(∫
ln(x)n(−1+ln(x)bx)dx

)
dx

)
+ c1

)
Verification of solutions

y = e−a
(∫

ln(x)n(−1+ln(x)bx)dx
)(

b

(∫
(1 + ln (x)) ea

(∫
ln(x)n(−1+ln(x)bx)dx

)
dx

)
+ c1

)
Verified OK.

8.5.2 Solving as first order ode lie symmetry lookup ode

Writing the ode as

y′ = a ln (x)n y − abx ln (x)n+1 y + b ln (x) + b

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)
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The type of this ode is known. It is of type linear. Therefore we do not need to solve
the PDE (A), and can just use the lookup table shown below to find ξ, η

Table 11: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form ξ η

linear ode y′ = f(x)y(x) + g(x) 0 e
∫
fdx

separable ode y′ = f(x) g(y) 1
f

0

quadrature ode y′ = f(x) 0 1

quadrature ode y′ = g(y) 1 0

homogeneous ODEs of
Class A

y′ = f
(
y
x

)
x y

homogeneous ODEs of
Class C

y′ = (a+ bx+ cy)
n
m 1 − b

c

homogeneous class D y′ = y
x
+ g(x)F

(
y
x

)
x2 xy

First order special
form ID 1

y′ = g(x) eh(x)+by + f(x) e−
∫
bf(x)dx−h(x)

g(x)
f(x)e−

∫
bf(x)dx−h(x)

g(x)

polynomial type ode y′ = a1x+b1y+c1
a2x+b2y+c2

a1b2x−a2b1x−b1c2+b2c1
a1b2−a2b1

a1b2y−a2b1y−a1c2−a2c1
a1b2−a2b1

Bernoulli ode y′ = f(x) y + g(x) yn 0 e−
∫
(n−1)f(x)dxyn

Reduced Riccati y′ = f1(x) y + f2(x) y2 0 e−
∫
f1dx

The above table shows that

ξ(x, y) = 0
η(x, y) = e

∫
ln(x)na(1−ln(x)bx)dx (A1)

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dy

η
= dS (1)
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The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x

S is found from

S =
∫ 1

η
dy

=
∫ 1

e
∫
ln(x)na(1−ln(x)bx)dxdy

8.5.3 Solving as exact ode

Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

M(x, y) +N(x, y) dy
dx

= 0 (A)

We assume there exists a function φ(x, y) = c where c is constant, that satisfies the
ode. Taking derivative of φ w.r.t. x gives

d

dx
φ(x, y) = 0

Hence
∂φ

∂x
+ ∂φ

∂y

dy

dx
= 0 (B)

Comparing (A,B) shows that

∂φ

∂x
= M

∂φ

∂y
= N

But since ∂2φ
∂x∂y

= ∂2φ
∂y∂x

then for the above to be valid, we require that

∂M

∂y
= ∂N

∂x

If the above condition is satisfied, then the original ode is called exact. We still need
to determine φ(x, y) but at least we know now that we can do that since the condition
∂2φ
∂x∂y

= ∂2φ
∂y∂x

is satisfied. If this condition is not satisfied then this method will not work
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and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(x, y) dx+N(x, y) dy = 0 (1A)
Therefore

dy =
(
a ln (x)n y − abx ln (x)n+1 y + b ln (x) + b

)
dx(

−a ln (x)n y + abx ln (x)n+1 y − b ln (x)− b
)
dx+dy = 0 (2A)

Comparing (1A) and (2A) shows that

M(x, y) = −a ln (x)n y + abx ln (x)n+1 y − b ln (x)− b

N(x, y) = 1

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

∂M

∂y
= ∂N

∂x

Using result found above gives
∂M

∂y
= ∂

∂y

(
−a ln (x)n y + abx ln (x)n+1 y − b ln (x)− b

)
= ln (x)n a(−1 + ln (x) bx)

And
∂N

∂x
= ∂

∂x
(1)

= 0

Since ∂M
∂y

6= ∂N
∂x

, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

A = 1
N

(
∂M

∂y
− ∂N

∂x

)
= 1
((
− ln (x)n a+ ln (x)n+1 axb

)
− (0)

)
= ln (x)n a(−1 + ln (x) bx)

Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor µ is

µ = e
∫
Adx

= e
∫
ln(x)na(−1+ln(x)bx) dx
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The result of integrating gives

µ = e
∫
ln(x)na(−1+ln(x)bx)dx

= ea
(∫

ln(x)n(−1+ln(x)bx)dx
)

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N .

M = µM

= ea
(∫

ln(x)n(−1+ln(x)bx)dx
)(
−a ln (x)n y + abx ln (x)n+1 y − b ln (x)− b

)
= (ay(−1 + ln (x) bx) ln (x)n − b(1 + ln (x))) ea

(∫
ln(x)n(−1+ln(x)bx)dx

)

And

N = µN

= ea
(∫

ln(x)n(−1+ln(x)bx)dx
)
(1)

= ea
(∫

ln(x)n(−1+ln(x)bx)dx
)

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M +N
dy
dx = 0(

(ay(−1 + ln (x) bx) ln (x)n − b(1 + ln (x))) ea
(∫

ln(x)n(−1+ln(x)bx)dx
))

+
(
ea
(∫

ln(x)n(−1+ln(x)bx)dx
)) dy

dx = 0

The following equations are now set up to solve for the function φ(x, y)

∂φ

∂x
= M (1)

∂φ

∂y
= N (2)

Integrating (1) w.r.t. x gives∫
∂φ

∂x
dx =

∫
M dx∫

∂φ

∂x
dx =

∫
(ay(−1 + ln (x) bx) ln (x)n − b(1 + ln (x))) ea

(∫
ln(x)n(−1+ln(x)bx)dx

)
dx

(3)φ =
∫ x

(ay(−1 + ln (_a) b_a) ln (_a)n

− b(1 + ln (_a))) ea
(∫

ln(_a)n(−1+ln(_a)b_a)d_a
)
d_a+ f(y)
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Where f(y) is used for the constant of integration since φ is a function of both x and
y. Taking derivative of equation (3) w.r.t y gives

(4)∂φ

∂y
= ea

(∫ x ln(_a)n(−1+ln(_a)b_a)d_a
)
+ f ′(y)

But equation (2) says that ∂φ
∂y

= ea
(∫

ln(x)n(−1+ln(x)bx)dx
)
. Therefore equation (4) becomes

(5)ea
(∫

ln(x)n(−1+ln(x)bx)dx
)
= ea

(∫ x ln(_a)n(−1+ln(_a)b_a)d_a
)
+ f ′(y)

Solving equation (5) for f ′(y) gives

f ′(y) = −ea
(∫ x ln(_a)n(−1+ln(_a)b_a)d_a

)
+ ea

(∫
ln(x)n(−1+ln(x)bx)dx

)

Integrating the above w.r.t y gives∫
f ′(y) dy =

∫ (
−ea

(∫ x ln(_a)n(−1+ln(_a)b_a)d_a
)
+ ea

(∫
ln(x)n(−1+ln(x)bx)dx

))
dy

f(y) =
∫ y

0

(
−ea

(∫ x ln(_a)n(−1+ln(_a)b_a)d_a
)
+ ea

(∫
ln(x)n(−1+ln(x)bx)dx

))
d_a+ c1

Where c1 is constant of integration. Substituting result found above for f(y) into
equation (3) gives φ

φ =
∫ x

(ay(−1 + ln (_a) b_a) ln (_a)n − b(1 + ln (_a))) ea
(∫

ln(_a)n(−1+ln(_a)b_a)d_a
)
d_a

+
∫ y

0

(
−ea

(∫ x ln(_a)n(−1+ln(_a)b_a)d_a
)
+ ea

(∫
ln(x)n(−1+ln(x)bx)dx

))
d_a+ c1

But since φ itself is a constant function, then let φ = c2 where c2 is new constant and
combining c1 and c2 constants into new constant c1 gives the solution as

c1 =
∫ x

(ay(−1+ ln (_a) b_a) ln (_a)n− b(1+ ln (_a))) ea
(∫

ln(_a)n(−1+ln(_a)b_a)d_a
)
d_a

+
∫ y

0

(
−ea

(∫ x ln(_a)n(−1+ln(_a)b_a)d_a
)
+ ea

(∫
ln(x)n(−1+ln(x)bx)dx

))
d_a
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Summary
The solution(s) found are the following

(1)

∫ x

(ay(−1 + ln (_a) b_a) ln (_a)n

− b(1 + ln (_a))) ea
(∫

ln(_a)n(−1+ln(_a)b_a)d_a
)
d_a

+
∫ y

0

(
−ea

(∫ x ln(_a)n(−1+ln(_a)b_a)d_a
)
+ ea

(∫
ln(x)n(−1+ln(x)bx)dx

))
d_a = c1

Verification of solutions∫ x

(ay(−1+ ln (_a) b_a) ln (_a)n − b(1+ ln (_a))) ea
(∫

ln(_a)n(−1+ln(_a)b_a)d_a
)
d_a

+
∫ y

0

(
−ea

(∫ x ln(_a)n(−1+ln(_a)b_a)d_a
)
+ ea

(∫
ln(x)n(−1+ln(x)bx)dx

))
d_a = c1

Verified OK.

8.5.4 Maple step by step solution

Let’s solve
y′ − a ln (x)n y + abx ln (x)n+1 y = b ln (x) + b

• Highest derivative means the order of the ODE is 1
y′

• Isolate the derivative
y′ =

(
ln (x)n a− ln (x)n+1 axb

)
y + b ln (x) + b

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE
y′ +

(
− ln (x)n a+ ln (x)n+1 axb

)
y = b ln (x) + b

• The ODE is linear; multiply by an integrating factor µ(x)
µ(x)

(
y′ +

(
− ln (x)n a+ ln (x)n+1 axb

)
y
)
= µ(x) (b ln (x) + b)

• Assume the lhs of the ODE is the total derivative d
dx
(µ(x) y)

µ(x)
(
y′ +

(
− ln (x)n a+ ln (x)n+1 axb

)
y
)
= µ′(x) y + µ(x) y′

• Isolate µ′(x)
µ′(x) = µ(x)

(
− ln (x)n a+ ln (x)n+1 axb

)
• Solve to find the integrating factor

µ(x) = e
∫
ln(x)na(−1+ln(x)bx)dx
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• Integrate both sides with respect to x∫ (
d
dx
(µ(x) y)

)
dx =

∫
µ(x) (b ln (x) + b) dx+ c1

• Evaluate the integral on the lhs
µ(x) y =

∫
µ(x) (b ln (x) + b) dx+ c1

• Solve for y

y =
∫
µ(x)(b ln(x)+b)dx+c1

µ(x)

• Substitute µ(x) = e
∫
ln(x)na(−1+ln(x)bx)dx

y =
∫
e
∫
ln(x)na(−1+ln(x)bx)dx(b ln(x)+b)dx+c1

e
∫
ln(x)na(−1+ln(x)bx)dx

• Simplify

y = e−a
(∫

ln(x)n(−1+ln(x)bx)dx
)(
b
(∫

(1 + ln (x)) ea
(∫

ln(x)n(−1+ln(x)bx)dx
)
dx
)
+ c1

)

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 51� �
dsolve(diff(y(x),x)=a*(ln(x))^n*y(x)-a*b*x*(ln(x))^(n+1)*y(x)+b*ln(x)+b,y(x), singsol=all)� �

y(x) =
(
b

(∫
ea
(∫

ln(x)n(−1+ln(x)bx)dx
)
(ln (x) + 1) dx

)
+ c1

)
e−a

(∫
ln(x)n(−1+ln(x)bx)dx

)
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3 Solution by Mathematica
Time used: 0.86 (sec). Leaf size: 124� �
DSolve[y'[x]==a*(Log[x])^n*y[x]-a*b*x*(Log[x])^(n+1)*y[x]+b*Log[x]+b,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → exp

(
a2−n−2(− log(x))−n logn(x)

(
bΓ(n+ 2,−2 log(x))

+2n+2Γ(n+1,− log(x))
))(∫ x

1
b exp

(
−2−n−2a

(
2n+2Γ(n+1,− log(K[1]))+bΓ(n+2,−2 log(K[1]))

)
(− log(K[1]))−n logn(K[1])

)
(log(K[1])

+ 1)dK[1] + c1

)
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8.6 problem 15
8.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 871

Internal problem ID [10490]
Internal file name [OUTPUT/9437_Monday_June_06_2022_02_32_25_PM_74432929/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 15.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[[_1st_order , `_with_symmetry_[F(x),G(x)]`], _Riccati]

y′ − a ln (x)k (y − b xn − c)2 = b xn−1n

8.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= x2n ln (x)k a b2 + 2xn ln (x)k abc− 2xn ln (x)k aby + ln (x)k a c2 − 2 ln (x)k acy + ln (x)k a y2 + b xn−1n

This is a Riccati ODE. Comparing the ODE to solve

y′ = x2n ln (x)k a b2+2xn ln (x)k abc−2xn ln (x)k aby+ln (x)k a c2−2 ln (x)k acy+ln (x)k a y2+b xnn

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = x2n ln (x)k a b2 + 2xn ln (x)k abc + ln (x)k a c2 + b xn−1n, f1(x) =
−2 ln (x)k a xnb− 2 ln (x)k ac and f2(x) = ln (x)k a. Let

y = −u′

f2u

= −u′

ln (x)k au
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

ln (x)k ka
x ln (x)

f1f2 =
(
−2 ln (x)k a xnb− 2 ln (x)k ac

)
ln (x)k a

f 2
2 f0 = ln (x)2k a2

(
x2n ln (x)k a b2 + 2xn ln (x)k abc+ ln (x)k a c2 + b xn−1n

)
Substituting the above terms back in equation (2) gives

ln (x)k au′′(x)−
(
ln (x)k ka
x ln (x) +

(
−2 ln (x)k a xnb− 2 ln (x)k ac

)
ln (x)k a

)
u′(x) + ln (x)2k a2

(
x2n ln (x)k a b2 + 2xn ln (x)k abc+ ln (x)k a c2 + b xn−1n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=
(− ln (x))−k

(
−c2

(
x(− ln (x))k + Γ(k,− ln (x)) k − Γ(k + 1)

)
ln (x)

k
2 + ln (x)−

k
2 c1(− ln (x))k

)
e−

(∫(
2 ln(x)ka xnb+2 ln(x)kac− 1

x− k
x ln(x)

)
dx

)
2

√
x

The above shows that

u′(x)

=
(− ln (x))−k

((
(xn+1b+ cx) (− ln (x))k − (b xn + c) (−Γ(k,− ln (x)) k + Γ(k + 1))

)
ac2 ln (x)

3k
2 − (− ln (x))k ln (x)

k
2 (xnc1ab+ c1ca+ c2)

)
e−

(∫(
2 ln(x)ka xnb+2 ln(x)kac− 1

x− k
x ln(x)

)
dx

)
2

√
x

Using the above in (1) gives the solution

y =

−

((
(xn+1b+ cx) (− ln (x))k − (b xn + c) (−Γ(k,− ln (x)) k + Γ(k + 1))

)
ac2 ln (x)

3k
2 − (− ln (x))k ln (x)

k
2 (xnc1ab+ c1ca+ c2)

)
ln (x)−k

a
(
−c2

(
x (− ln (x))k + Γ (k,− ln (x)) k − Γ (k + 1)

)
ln (x)

k
2 + ln (x)−

k
2 c1 (− ln (x))k

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
ln (x)−k

(
−(− ln (x))k ln (x)

k
2 (xnc3ab+ c3ca+ 1) + ln (x)

3k
2 a
(
(xn+1b+ cx) (− ln (x))k + (Γ(k,− ln (x)) k − Γ(k + 1)) (b xn + c)

))
((

x (− ln (x))k + Γ (k,− ln (x)) k − Γ (k + 1)
)
ln (x)

k
2 − ln (x)−

k
2 c3 (− ln (x))k

)
a

Summary
The solution(s) found are the following

(1)y

=
ln (x)−k

(
−(− ln (x))k ln (x)

k
2 (xnc3ab+ c3ca+ 1) + ln (x)

3k
2 a
(
(xn+1b+ cx) (− ln (x))k + (Γ(k,− ln (x)) k − Γ(k + 1)) (b xn + c)

))
((

x (− ln (x))k + Γ (k,− ln (x)) k − Γ (k + 1)
)
ln (x)

k
2 − ln (x)−

k
2 c3 (− ln (x))k

)
a

Verification of solutions
y

=
ln (x)−k

(
−(− ln (x))k ln (x)

k
2 (xnc3ab+ c3ca+ 1) + ln (x)

3k
2 a
(
(xn+1b+ cx) (− ln (x))k + (Γ(k,− ln (x)) k − Γ(k + 1)) (b xn + c)

))
((

x (− ln (x))k + Γ (k,− ln (x)) k − Γ (k + 1)
)
ln (x)

k
2 − ln (x)−

k
2 c3 (− ln (x))k

)
a

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (d) successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 24� �
dsolve(diff(y(x),x)=a*(ln(x))^k*(y(x)-b*x^n-c)^2+b*n*x^(n-1),y(x), singsol=all)� �

y(x) = b xn + c+ 1
c1 − a

(∫
ln (x)k dx

)
3 Solution by Mathematica
Time used: 1.572 (sec). Leaf size: 51� �
DSolve[y'[x]==a*(Log[x])^k*(y[x]-b*x^n-c)^2+b*n*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
−a(− log(x))−k logk(x)Γ(k + 1,− log(x)) + c1

+ bxn + c

y(x) → bxn + c
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8.7 problem 16
8.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 875

Internal problem ID [10491]
Internal file name [OUTPUT/9438_Monday_June_06_2022_02_32_27_PM_544547/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 16.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a ln (x)n y2 − b ln (x)m y = bc ln (x)m − a c2 ln (x)n

8.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a ln (x)n y2 + b ln (x)m y + bc ln (x)m − a c2 ln (x)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = a ln (x)n y2 + b ln (x)m y + bc ln (x)m − a c2 ln (x)n

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = bc ln (x)m − a c2 ln (x)n, f1(x) = ln (x)m b and f2(x) = ln (x)n a. Let

y = −u′

f2u

= −u′

ln (x)n au (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

ln (x)n na
x ln (x)

f1f2 = ln (x)m b ln (x)n a
f 2
2 f0 = ln (x)2n a2

(
bc ln (x)m − a c2 ln (x)n

)
Substituting the above terms back in equation (2) gives

ln (x)n au′′(x)−
(
ln (x)n na
x ln (x) + ln (x)m b ln (x)n a

)
u′(x) + ln (x)2n a2

(
bc ln (x)m − a c2 ln (x)n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− _Y′(x)
(

n

x ln (x) + ln (x)m b

)
+ a_Y(x)

(
bc ln (x)m+n − a c2 ln (x)2n

)}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− _Y′(x)

(
n

x ln (x) + ln (x)m b

)
+ a_Y(x)

(
bc ln (x)m+n − a c2 ln (x)2n

)}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x)− _Y′(x)
(

n
x ln(x) + ln (x)m b

)
+ a_Y(x)

(
bc ln (x)m+n − a c2 ln (x)2n

)}
, {_Y(x)}

))
ln (x)−n

aDESol
({

_Y′′ (x)− _Y′ (x)
(

n
x ln(x) + ln (x)m b

)
+ a_Y (x)

(
bc ln (x)m+n − a c2 ln (x)2n

)}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
∂
∂x

DESol
({

− ln(x) ln(x)2n_Y(x)a2c2x+ln(x) ln(x)m+n_Y(x)abcx−ln(x)m+1_Y′
(x)bx+_Y′′

(x) ln(x)x−n_Y′
(x)

ln(x)x

}
, {_Y(x)}

))
ln (x)−n

aDESol
({

−x a2c2_Y(x) ln(x)1+2n+abcx_Y(x) ln(x)1+m+n−ln(x)m+1_Y′
(x)bx+_Y′′

(x) ln(x)x−n_Y′
(x)

x ln(x)

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

− ln(x) ln(x)2n_Y(x)a2c2x+ln(x) ln(x)m+n_Y(x)abcx−ln(x)m+1_Y′
(x)bx+_Y′′

(x) ln(x)x−n_Y′
(x)

ln(x)x

}
, {_Y(x)}

))
ln (x)−n

aDESol
({

−x a2c2_Y(x) ln(x)1+2n+abcx_Y(x) ln(x)1+m+n−ln(x)m+1_Y′
(x)bx+_Y′′

(x) ln(x)x−n_Y′
(x)

x ln(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({

− ln(x) ln(x)2n_Y(x)a2c2x+ln(x) ln(x)m+n_Y(x)abcx−ln(x)m+1_Y′
(x)bx+_Y′′

(x) ln(x)x−n_Y′
(x)

ln(x)x

}
, {_Y(x)}

))
ln (x)−n

aDESol
({

−x a2c2_Y(x) ln(x)1+2n+abcx_Y(x) ln(x)1+m+n−ln(x)m+1_Y′
(x)bx+_Y′′

(x) ln(x)x−n_Y′
(x)

x ln(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (ln(x)^m*ln(x)*b*x+n)*(diff(y(x), x))/(x*ln(x))-ln(x)^n*a*c*(-ln(x)^n*

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(a*ln(x)^n*y(x)^2+y(x)+ln(x)^m*b*y(x)*x+x^2*(b*c*ln(x)^m-a*c^2*ln(x)^n))/x, y(x),

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 99� �
dsolve(diff(y(x),x)=a*(ln(x))^n*y(x)^2+b*(ln(x))^m*y(x)+b*c*(ln(x))^m-a*c^2*(ln(x))^n,y(x), singsol=all)� �

y(x) =
−ca

(∫
ln (x)n e−

(∫
(2 ln(x)nac−ln(x)mb)dx

)
dx
)
− c1c− e−

(∫
(2 ln(x)nac−ln(x)mb)dx

)
c1 + a

(∫
ln (x)n e−

(∫
(2 ln(x)nac−ln(x)mb)dx

)
dx
)

3 Solution by Mathematica
Time used: 3.927 (sec). Leaf size: 385� �
DSolve[y'[x]==a*(Log[x])^n*y[x]^2+b*(Log[x])^m*y[x]+b*c*(Log[x])^m-a*c^2*(Log[x])^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1

exp (bΓ(m+ 1,− log(K[1]))(− log(K[1]))−m logm(K[1])− 2acΓ(n+ 1,− log(K[1]))(− log(K[1]))−n logn(K[1])) (−b logm(K[1]) + ac logn(K[1])− ay(x) logn(K[1]))
ab(m− n)(c+ y(x)) dK[1]

+
∫ y(x)

1

(
exp (bΓ(m+ 1,− log(x))(− log(x))−m logm(x)− 2acΓ(n+ 1,− log(x))(− log(x))−n logn(x))

ab(m− n)(c+K[2])2

−
∫ x

1

(
−exp (bΓ(m+ 1,− log(K[1]))(− log(K[1]))−m logm(K[1])− 2acΓ(n+ 1,− log(K[1]))(− log(K[1]))−n logn(K[1])) logn(K[1])

b(m− n)(c+K[2]) − exp (bΓ(m+ 1,− log(K[1]))(− log(K[1]))−m logm(K[1])− 2acΓ(n+ 1,− log(K[1]))(− log(K[1]))−n logn(K[1])) (−b logm(K[1]) + ac logn(K[1])− aK[2] logn(K[1]))
ab(m− n)(c+K[2])2

)
dK[1]

)
dK[2] = c1, y(x)

]
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8.8 problem 17
8.8.1 Solving as first order ode lie symmetry calculated ode . . . . . . 880
8.8.2 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 885

Internal problem ID [10492]
Internal file name [OUTPUT/9439_Monday_June_06_2022_02_32_31_PM_90703748/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 17.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati", "first_order_ode_lie_sym-
metry_calculated"

Maple gives the following as the ode type
[[_1st_order , _with_linear_symmetries], _Riccati]

y′x− (ay + b ln (x))2 = 0

8.8.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = (ya+ b ln (x))2

x
y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 1 to use as anstaz gives

(1E)ξ = xa2 + ya3 + a1

(2E)η = xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, b1, b2, b3}

Substituting equations (1E,2E) and ω into (A) gives

(5E)

b2 +
(ya+ b ln (x))2 (b3 − a2)

x
− (ya+ b ln (x))4 a3

x2

−

(
2(ya+ b ln (x)) b

x2 − (ya+ b ln (x))2

x2

)
(xa2 + ya3 + a1)

− 2(ya+ b ln (x)) a(xb2 + yb3 + b1)
x

= 0

Putting the above in normal form gives

− ln (x)4 b4a3 + 4 ln (x)3 a b3ya3 + 6 ln (x)2 a2b2y2a3 + 4 ln (x) a3b y3a3 + a4y4a3 − ln (x)2 b2xb3 − ln (x)2 b2ya3 + 2 ln (x) ab x2b2 − 2 ln (x) ab y2a3 + 2a2x2yb2 + a2x y2b3 − a2y3a3 − ln (x)2 b2a1 + 2 ln (x) abxb1 − 2 ln (x) abya1 + 2 ln (x) b2xa2 + 2 ln (x) b2ya3 + 2a2xyb1 − a2y2a1 + 2abxya2 + 2ab y2a3 + 2 ln (x) b2a1 + 2abya1 − b2x
2

x2

= 0

Setting the numerator to zero gives

(6E)

− ln (x)4 b4a3 − 4 ln (x)3 a b3ya3 − 6 ln (x)2 a2b2y2a3 − 4 ln (x) a3b y3a3
− a4y4a3 + ln (x)2 b2xb3 + ln (x)2 b2ya3 − 2 ln (x) ab x2b2 + 2 ln (x) ab y2a3
− 2a2x2yb2 − a2x y2b3 + a2y3a3 + ln (x)2 b2a1 − 2 ln (x) abxb1
+ 2 ln (x) abya1 − 2 ln (x) b2xa2 − 2 ln (x) b2ya3 − 2a2xyb1 + a2y2a1
− 2abxya2 − 2ab y2a3 − 2 ln (x) b2a1 − 2abya1 + b2x

2 = 0

Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y, ln (x)}

The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2, ln (x) = v3}

The above PDE (6E) now becomes

(7E)
−a4v42a3 − 4v3a3bv32a3 − 6v23a2b2v22a3 − 4v33a b3v2a3 − v43b

4a3 + a2v32a3
− 2a2v21v2b2 − a2v1v

2
2b3 + 2v3abv22a3 − 2v3abv21b2 + v23b

2v2a3 + v23b
2v1b3

+ a2v22a1 − 2a2v1v2b1 + 2v3abv2a1 − 2abv1v2a2 − 2abv22a3 − 2v3abv1b1
+ v23b

2a1 − 2v3b2v1a2 − 2v3b2v2a3 − 2abv2a1 − 2v3b2a1 + b2v
2
1 = 0
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Collecting the above on the terms vi introduced, and these are

{v1, v2, v3}

Equation (7E) now becomes

(8E)
−2a2v21v2b2 − 2v3abv21b2 + b2v

2
1 − a2v1v

2
2b3 +

(
−2a2b1 − 2aba2

)
v1v2

+ v23b
2v1b3 +

(
−2abb1 − 2b2a2

)
v1v3 − a4v42a3 − 4v3a3bv32a3 + a2v32a3

− 6v23a2b2v22a3 + 2v3abv22a3 +
(
a2a1 − 2aba3

)
v22 − 4v33a b3v2a3 + v23b

2v2a3

+
(
2aba1 − 2b2a3

)
v2v3 − 2abv2a1 − v43b

4a3 + v23b
2a1 − 2v3b2a1 = 0

Setting each coefficients in (8E) to zero gives the following equations to solve

b2 = 0
a2a3 = 0
b2a1 = 0
b2a3 = 0
b2b3 = 0

−2a2b2 = 0
−a2b3 = 0
−a4a3 = 0
−2b2a1 = 0
−b4a3 = 0

−2aba1 = 0
2aba3 = 0

−2abb2 = 0
−4a b3a3 = 0
−6a2b2a3 = 0
−4a3ba3 = 0

2aba1 − 2b2a3 = 0
a2a1 − 2aba3 = 0

−2abb1 − 2b2a2 = 0
−2a2b1 − 2aba2 = 0
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Solving the above equations for the unknowns gives

a1 = 0

a2 = −ab1
b

a3 = 0
b1 = b1

b2 = 0
b3 = 0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = −ax

b

η = 1

Shifting is now applied to make ξ = 0 in order to simplify the rest of the computation

η = η − ω(x, y) ξ

= 1−
(
(ya+ b ln (x))2

x

)(
−ax

b

)
= ln (x)2 a b2 + 2 ln (x) a2by + a3y2 + b

b
ξ = 0

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x
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S is found from

S =
∫ 1

η
dy

=
∫ 1

ln(x)2a b2+2 ln(x)a2by+a3y2+b
b

dy

Which results in

S =
b arctan

(
2y a3+2 ln(x)a2b

2a
√
ab

)
a
√
ab

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)

Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = (ya+ b ln (x))2

x

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = b2

ax
(
ln (x)2 a b2 + 2 ln (x) a2by + a3y2 + b

)
Sy =

b

ln (x)2 a b2 + 2 ln (x) a2by + a3y2 + b

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= b

ax
(2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= b

aR

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
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integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) = b ln (R)
a

+ c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

√
b arctan

(√
a (ay+b ln(x))√

b

)
a

3
2

= b ln (x)
a

+ c1

Which simplifies to
√
b arctan

(√
a (ay+b ln(x))√

b

)
a

3
2

= b ln (x)
a

+ c1

Which gives

y = −
b ln (x)

√
a− tan

(√
a (c1a+b ln(x))√

b

)√
b

a
3
2

Summary
The solution(s) found are the following

(1)y = −
b ln (x)

√
a− tan

(√
a (c1a+b ln(x))√

b

)√
b

a
3
2

Verification of solutions

y = −
b ln (x)

√
a− tan

(√
a (c1a+b ln(x))√

b

)√
b

a
3
2

Verified OK.

8.8.2 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= (ya+ b ln (x))2

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = ln (x)2 b2
x

+ 2 ln (x) aby
x

+ a2y2

x
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With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = ln(x)2b2
x

, f1(x) = 2ab ln(x)
x

and f2(x) = a2

x
. Let

y = −u′

f2u

= −u′

a2u
x

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −a2

x2

f1f2 =
2a3b ln (x)

x2

f 2
2 f0 =

a4 ln (x)2 b2
x3

Substituting the above terms back in equation (2) gives

a2u′′(x)
x

−
(
−a2

x2 + 2a3b ln (x)
x2

)
u′(x) + a4 ln (x)2 b2u(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e
ln(x)2ab

2

(
x−

√
−abc2 + x

√
−abc1

)
The above shows that

u′(x) =
e

ln(x)2ab
2

(
c2
(
a ln (x) b−

√
−ab

)
x−

√
−ab + c1x

√
−ab
(
a ln (x) b+

√
−ab

))
x

Using the above in (1) gives the solution

y = −
c2
(
a ln (x) b−

√
−ab

)
x−

√
−ab + c1x

√
−ab
(
a ln (x) b+

√
−ab

)
a2
(
x−

√
−abc2 + x

√
−abc1

)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−c3

(
a ln (x) b+

√
−ab

)
x2

√
−ab − a ln (x) b+

√
−ab

a2
(
1 + x2

√
−abc3

)
Summary
The solution(s) found are the following

(1)y =
−c3

(
a ln (x) b+

√
−ab

)
x2

√
−ab − a ln (x) b+

√
−ab

a2
(
1 + x2

√
−abc3

)
Verification of solutions

y =
−c3

(
a ln (x) b+

√
−ab

)
x2

√
−ab − a ln (x) b+

√
−ab

a2
(
1 + x2

√
−abc3

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
differential order: 1; found: 1 linear symmetries. Trying reduction of order
1st order, trying the canonical coordinates of the invariance group

-> Calling odsolve with the ODE`, diff(y(x), x) = -b/(a*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

<- 1st order, canonical coordinates successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 32� �
dsolve(x*diff(y(x),x)=(a*y(x)+b*ln(x))^2,y(x), singsol=all)� �

y(x) =
− ln (x) ab+ tan

(
(ln (x) + c1)

√
ab
)√

ab

a2

3 Solution by Mathematica
Time used: 6.524 (sec). Leaf size: 43� �
DSolve[x*y'[x]==(a*y[x]+b*Log[x])^2,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −b log(x)
a

+
√

b

a3
tan

(
a2
√

b

a3
log(x) + c1

)
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8.9 problem 18
8.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 889

Internal problem ID [10493]
Internal file name [OUTPUT/9440_Monday_June_06_2022_02_32_32_PM_95367239/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 18.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− a ln (λx)m y2 − ky = a b2x2k ln (λx)m

8.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a ln (λx)m y2 + ky + a b2x2k ln (λx)m

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = a b2x2k ln (λx)m

x
+ a ln (λx)m y2

x
+ ky

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a b2x2k ln(λx)m
x

, f1(x) = k
x
and f2(x) = a ln(λx)m

x
. Let

y = −u′

f2u

= −u′

a ln(λx)mu
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

a ln (λx)m m

x2 ln (λx) − a ln (λx)m

x2

f1f2 =
ka ln (λx)m

x2

f 2
2 f0 =

a3 ln (λx)3m b2x2k

x3

Substituting the above terms back in equation (2) gives

a ln (λx)m u′′(x)
x

−
(
a ln (λx)m m

x2 ln (λx) − a ln (λx)m

x2 + ka ln (λx)m

x2

)
u′(x) + a3 ln (λx)3m b2x2ku(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1eiab
(∫

xk−1 ln(λx)mdx
)
+ c2e−iab

(∫
xk−1 ln(λx)mdx

)

The above shows that

u′(x) = iab xk−1 ln (λx)m e−iab
(∫

xk−1 ln(λx)mdx
)(
c1e2iab

(∫
xk−1 ln(λx)mdx

)
− c2

)
Using the above in (1) gives the solution

y = −
ib xk−1e−iab

(∫
xk−1 ln(λx)mdx

)(
c1e2iab

(∫
xk−1 ln(λx)mdx

)
− c2

)
x

c1eiab
(∫

xk−1 ln(λx)mdx
)
+ c2e−iab

(∫
xk−1 ln(λx)mdx

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
ib xk

(
c3e2iab

(∫
xk−1 ln(λx)mdx

)
− 1
)

c3e2iab
(∫

xk−1 ln(λx)mdx
)
+ 1
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Summary
The solution(s) found are the following

(1)y = −
ib xk

(
c3e2iab

(∫
xk−1 ln(λx)mdx

)
− 1
)

c3e2iab
(∫

xk−1 ln(λx)mdx
)
+ 1

Verification of solutions

y = −
ib xk

(
c3e2iab

(∫
xk−1 ln(λx)mdx

)
− 1
)

c3e2iab
(∫

xk−1 ln(λx)mdx
)
+ 1

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 31� �
dsolve(x*diff(y(x),x)=a*(ln(lambda*x))^m*y(x)^2+k*y(x)+a*b^2*x^(2*k)*(ln(lambda*x))^m,y(x), singsol=all)� �

y(x) = − tan
(
−ab

(∫
x−1+k ln (xλ)m dx

)
+ c1

)
b xk
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3 Solution by Mathematica
Time used: 2.161 (sec). Leaf size: 70� �
DSolve[x*y'[x]==a*(Log[\[Lambda]*x])^m*y[x]^2+k*y[x]+a*b^2*x^(2*k)*(Log[\[Lambda]*x])^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x)→

√
b2xk tan

(
a
√
b2xk(λx)−k logm(λx)(−k log(λx))−mΓ(m+ 1,−k log(xλ))

k
+c1

)
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8.10 problem 19
8.10.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 893

Internal problem ID [10494]
Internal file name [OUTPUT/9441_Monday_June_06_2022_02_32_34_PM_36674882/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 19.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[[_1st_order , `_with_symmetry_[F(x),G(x)]`], _Riccati]

y′x− a xn(y + b ln (x))2 = −b

8.10.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a b2xn ln (x)2 + 2 ln (x)xnaby + a xny2 − b

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = ln (x)2 xna b2

x
+ 2 ln (x)xnaby

x
+ xna y2

x
− b

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −b+a b2xn ln(x)2
x

, f1(x) = 2ab xn ln(x)
x

and f2(x) = a xn

x
. Let

y = −u′

f2u

= −u′

a xnu
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

a xnn

x2 − a xn

x2

f1f2 =
2a2b x2n ln (x)

x2

f 2
2 f0 =

a2x2n(−b+ a b2xn ln (x)2
)

x3

Substituting the above terms back in equation (2) gives

a xnu′′(x)
x

−
(
a xnn

x2 − a xn

x2 + 2a2b x2n ln (x)
x2

)
u′(x) +

a2x2n(−b+ a b2xn ln (x)2
)
u(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−
ab xn

n2
(
x

ab xn

n c1 + x
n2+a xnb

n c2
)

The above shows that

u′(x) =

(
ln (x)x 2n2+a xnb

n c2ab+ ln (x)xn2+a xnb
n c1ab+ x

n2+a xnb
n c2n

)
e−

ab xn

n2

x

Using the above in (1) gives the solution

y = −

(
ln (x)x 2n2+a xnb

n c2ab+ ln (x)xn2+a xnb
n c1ab+ x

n2+a xnb
n c2n

)
x−n

a
(
x

ab xn

n c1 + x
n2+a xnb

n c2
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
x−ab xn

n

(
ab x

n2+a xnb
n ln (x) + x

ab xn

n (ln (x) c3ab+ n)
)

a (xn + c3)
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Summary
The solution(s) found are the following

(1)y = −
x−ab xn

n

(
ab x

n2+a xnb
n ln (x) + x

ab xn

n (ln (x) c3ab+ n)
)

a (xn + c3)
Verification of solutions

y = −
x−ab xn

n

(
ab x

n2+a xnb
n ln (x) + x

ab xn

n (ln (x) c3ab+ n)
)

a (xn + c3)

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (d) successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 24� �
dsolve(x*diff(y(x),x)=a*x^n*(y(x)+b*ln(x))^2-b,y(x), singsol=all)� �

y(x) = −b ln (x) + n

c1n− a xn
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3 Solution by Mathematica
Time used: 0.649 (sec). Leaf size: 35� �
DSolve[x*y'[x]==a*x^n*(y[x]+b*Log[x])^2-b,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −b log(x) + n

−axn + c1n
y(x) → −b log(x)
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8.11 problem 20
8.11.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 897

Internal problem ID [10495]
Internal file name [OUTPUT/9442_Monday_June_06_2022_02_32_35_PM_83494421/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 20.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− a x2n ln (x) y2 − (b xn ln (x)− n) y = c ln (x)

8.11.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a x2n ln (x) y2 + xn ln (x) by + c ln (x)− ny

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = a x2n ln (x) y2
x

+ xn ln (x) by
x

+ c ln (x)
x

− ny

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c ln(x)
x

, f1(x) = b xn ln(x)−n
x

and f2(x) = x2n ln(x)a
x

. Let

y = −u′

f2u

= −u′

x2n ln(x)au
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

2x2nn ln (x) a
x2 + a x2n

x2 − ln (x) a x2n

x2

f1f2 =
(b xn ln (x)− n)x2n ln (x) a

x2

f 2
2 f0 =

x4n ln (x)3 a2c
x3

Substituting the above terms back in equation (2) gives

x2n ln (x) au′′(x)
x

−
(
2x2nn ln (x) a

x2 + a x2n

x2 − ln (x) a x2n

x2 + (b xn ln (x)− n)x2n ln (x) a
x2

)
u′(x) + x4n ln (x)3 a2cu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(
c1 BesselJ

(√
3
√
−ca

8b ,

√
3
√
2
√
ca x2n x−n

8b

)

+ c2 BesselY
(√

3
√
−ca

8b ,

√
3
√
2
√
ca x2n x−n

8b

))√
ln (x)x b xn+3n2

2n e−
b xn

2n2

The above shows that

u′(x)

=
x

−2n+b xn+3n2
2n e−

b xn

2n2
(
1 + ln (x)2 xnb+ 3n ln (x)

) (
c1 BesselJ

(√
3
√
−ca

8b ,
√
3
√
2
√
ca x2n x−n

8b

)
+ c2 BesselY

(√
3
√
−ca

8b ,
√
3
√
2
√
ca x2n x−n

8b

))
2
√

ln (x)

Using the above in (1) gives the solution

y = −
x

−2n+b xn+3n2
2n

(
1 + ln (x)2 xnb+ 3n ln (x)

)
x−2nxx− b xn+3n2

2n

2 ln (x)2 a

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y = −
x−2n(1 + ln (x)2 xnb+ 3n ln (x)

)
2a ln (x)2

Summary
The solution(s) found are the following

(1)y = −
x−2n(1 + ln (x)2 xnb+ 3n ln (x)

)
2a ln (x)2

Verification of solutions

y = −
x−2n(1 + ln (x)2 xnb+ 3n ln (x)

)
2a ln (x)2

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.032 (sec). Leaf size: 80� �
dsolve(x*diff(y(x),x)=a*x^(2*n)*ln(x)*y(x)^2+(b*x^n*ln(x)-n)*y(x)+c*ln(x),y(x), singsol=all)� �

y(x) =

(
tan

( (
b(n ln(x)−1)xn+c1n2)√4a b2c−b4

2b2n2

)√
4a b2c− b4 − b2

)
x−n

2ab
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3 Solution by Mathematica
Time used: 1.872 (sec). Leaf size: 130� �
DSolve[x*y'[x]==a*x^(2*n)*Log[x]*y[x]^2+(b*x^n*Log[x]-n)*y[x]+c*Log[x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

x−n

−b+

√
b2−4ac

−e
xn
√

b2−4ac(n log(x)−1)
n2 +c1


e
xn
√

b2−4ac(n log(x)−1)
n2 +c1


2a

y(x) →
x−n
(√

b2 − 4ac− b
)

2a
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8.12 problem 21
8.12.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 901

Internal problem ID [10496]
Internal file name [OUTPUT/9443_Monday_June_06_2022_02_32_37_PM_81719794/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 21.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

x2y′ − y2a2x2 + xy = b2 ln (x)n

8.12.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2a2x2 − yx+ b2 ln (x)n

x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = a2y2 + b2 ln (x)n

x2 − y

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b2 ln(x)n
x2 , f1(x) = − 1

x
and f2(x) = a2. Let

y = −u′

f2u

= −u′

a2u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = −a2

x

f 2
2 f0 =

a4b2 ln (x)n

x2

Substituting the above terms back in equation (2) gives

a2u′′(x) + a2u′(x)
x

+ a4b2 ln (x)n u(x)
x2 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(
BesselJ

(
1

2 + n
,
2
√
a2b2 ln (x)1+

n
2

2 + n

)
c1

+ BesselY
(

1
2 + n

,
2
√
a2b2 ln (x)1+

n
2

2 + n

)
c2

)√
ln (x)

The above shows that

u′(x)

=
−
√
a2b2 ln (x)1+

n
2 BesselJ

(
n+3
2+n

, 2
√
a2b2 ln(x)1+

n
2

2+n

)
c1 −

√
a2b2 ln (x)1+

n
2 BesselY

(
n+3
2+n

, 2
√
a2b2 ln(x)1+

n
2

2+n

)
c2 + BesselJ

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

)
c1 + BesselY

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

)
c2√

ln (x)x

Using the above in (1) gives the solution

y =

−
−
√
a2b2 ln (x)1+

n
2 BesselJ

(
n+3
2+n

, 2
√
a2b2 ln(x)1+

n
2

2+n

)
c1 −

√
a2b2 ln (x)1+

n
2 BesselY

(
n+3
2+n

, 2
√
a2b2 ln(x)1+

n
2

2+n

)
c2 + BesselJ

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

)
c1 + BesselY

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

)
c2

ln (x)x a2
(
BesselJ

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

)
c1 + BesselY

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

)
c2
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
ln (x)1+

n
2

(
BesselJ

(
n+3
2+n

, 2
√
a2b2 ln(x)1+

n
2

2+n

)
c3 + BesselY

(
n+3
2+n

, 2
√
a2b2 ln(x)1+

n
2

2+n

))√
a2b2 − BesselJ

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

)
c3 − BesselY

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

)
ln (x)x a2

(
BesselJ

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

)
c3 + BesselY

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

))
Summary
The solution(s) found are the following

(1)y

=
ln (x)1+

n
2

(
BesselJ

(
n+3
2+n

, 2
√
a2b2 ln(x)1+

n
2

2+n

)
c3 + BesselY

(
n+3
2+n

, 2
√
a2b2 ln(x)1+

n
2

2+n

))√
a2b2 − BesselJ

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

)
c3 − BesselY

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

)
ln (x)x a2

(
BesselJ

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

)
c3 + BesselY

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

))
Verification of solutions
y

=
ln (x)1+

n
2

(
BesselJ

(
n+3
2+n

, 2
√
a2b2 ln(x)1+

n
2

2+n

)
c3 + BesselY

(
n+3
2+n

, 2
√
a2b2 ln(x)1+

n
2

2+n

))√
a2b2 − BesselJ

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

)
c3 − BesselY

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

)
ln (x)x a2

(
BesselJ

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

)
c3 + BesselY

(
1

2+n
, 2

√
a2b2 ln(x)1+

n
2

2+n

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(diff(y(x), x))/x-a^2*b^2*ln(x)^n*y(x)/x^2, y(x)` *** Sublevel 2

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
<- Bessel successful

<- special function solution successful
Change of variables used:

[x = exp(t)]
Linear ODE actually solved:

a^2*b^2*t^n*u(t)+diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
904



3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 251� �
dsolve(x^2*diff(y(x),x)=a^2*x^2*y(x)^2-x*y(x)+b^2*(ln(x))^n,y(x), singsol=all)� �
y(x)

=
ln (x)

n
2+1 BesselY

(
3+n
n+2 ,

2
√
a2b2 ln(x)

n
2 +1

n+2

)√
a2b2 c1 + BesselJ

(
3+n
n+2 ,

2
√
a2b2 ln(x)

n
2 +1

n+2

)√
a2b2 ln (x)

n
2+1 − BesselY

(
1

n+2 ,
2
√
a2b2 ln(x)

n
2 +1

n+2

)
c1 − BesselJ

(
1

n+2 ,
2
√
a2b2 ln(x)

n
2 +1

n+2

)
(
BesselY

(
1

n+2 ,
2
√
a2b2 ln(x)

n
2 +1

n+2

)
c1 + BesselJ

(
1

n+2 ,
2
√
a2b2 ln(x)

n
2 +1

n+2

))
a2x ln (x)

3 Solution by Mathematica
Time used: 45.846 (sec). Leaf size: 1769� �
DSolve[x^2*y'[x]==a^2*x^2*y[x]^2-x*y[x]+b^2*(Log[x])^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
2b2
√

b
2

n+1 (n+ 2)2
(
(n+ 2)

2(n+1)
n+2 BesselJ

(
n+1
n+2 ,

2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
Gamma

(2n+3
n+2

)
b

2
n+2 +

(
b

2
n+1 (n+ 2)2

)n+1
n+2 BesselJ

(
−n+1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
c1Gamma

( 1
n+2

))
logn+1(x)

√(
b2 logn+1(x)

)1+ 1
n+1

x

(
2a(n+ 2)

2(n+1)
n+2 BesselJ

(
− 1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
Gamma

(2n+3
n+2

) (
b2 logn+1(x)

)1+ 1
n+1 b

2
n+2 + an(n+ 2)

2(n+1)
n+2 BesselJ

(
− 1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
Gamma

(2n+3
n+2

) (
b2 logn+1(x)

)1+ 1
n+1 b

2
n+2 − 2a(n+ 2)

2(n+1)
n+2 BesselJ

(
2n+3
n+2 ,

2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
Gamma

(2n+3
n+2

) (
b2 logn+1(x)

)1+ 1
n+1 b

2
n+2 − an(n+ 2)

2(n+1)
n+2 BesselJ

(
2n+3
n+2 ,

2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
Gamma

(2n+3
n+2

) (
b2 logn+1(x)

)1+ 1
n+1 b

2
n+2 + n(n+ 2)

2(n+1)
n+2

√
b

2
n+1 (n+ 2)2 BesselJ

(
n+1
n+2 ,

2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
Gamma

(2n+3
n+2

)√(
b2 logn+1(x)

)1+ 1
n+1 b

2
n+2 + (n+ 2)

2(n+1)
n+2

√
b

2
n+1 (n+ 2)2 BesselJ

(
n+1
n+2 ,

2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
Gamma

(2n+3
n+2

)√(
b2 logn+1(x)

)1+ 1
n+1 b

2
n+2 − a(n+ 2)

(
b

2
n+1 (n+ 2)2

)n+1
n+2 BesselJ

(
1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
c1Gamma

( 1
n+2

) (
b2 logn+1(x)

)1+ 1
n+1 + a(n+ 2)

(
b

2
n+1 (n+ 2)2

)n+1
n+2 BesselJ

(
−2n+3

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
c1Gamma

( 1
n+2

) (
b2 logn+1(x)

)1+ 1
n+1 + n

(
b

2
n+1 (n+ 2)2

) 3n+4
2n+4 BesselJ

(
−n+1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
c1Gamma

( 1
n+2

)√(
b2 logn+1(x)

)1+ 1
n+1 +

(
b

2
n+1 (n+ 2)2

) 3n+4
2n+4 BesselJ

(
−n+1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
c1Gamma

( 1
n+2

)√(
b2 logn+1(x)

)1+ 1
n+1

)
y(x)

→
2b2
√

(n+ 2)2b
2

n+1 logn+1(x)
√(

b2 logn+1(x)
) 1

n+1+1 BesselJ
(
−n+1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
x

(
−a(n+ 2)

(
b2 logn+1(x)

) 1
n+1+1 BesselJ

(
1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
+ a(n+ 2)

(
b2 logn+1(x)

) 1
n+1+1 BesselJ

(
−2n+3

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
+ (n+ 1)

√
(n+ 2)2b

2
n+1

√(
b2 logn+1(x)

) 1
n+1+1 BesselJ

(
−n+1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

))
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8.13 problem 22
8.13.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 906

Internal problem ID [10497]
Internal file name [OUTPUT/9444_Monday_June_06_2022_02_32_39_PM_53703409/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 22.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

(a ln (x) + b) y′ − y2 − c ln (x)n y = −λ2 + λc ln (x)n

8.13.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2 + c ln (x)n y − λ2 + λc ln (x)n

a ln (x) + b

This is a Riccati ODE. Comparing the ODE to solve

y′ = λc ln (x)n

a ln (x) + b
+ c ln (x)n y

a ln (x) + b
− λ2

a ln (x) + b
+ y2

a ln (x) + b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −λ2+λc ln(x)n
a ln(x)+b

, f1(x) = c ln(x)n
a ln(x)+b

and f2(x) = 1
a ln(x)+b

. Let

y = −u′

f2u

= −u′

u
a ln(x)+b

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − a

(a ln (x) + b)2 x

f1f2 =
c ln (x)n

(a ln (x) + b)2

f 2
2 f0 =

−λ2 + λc ln (x)n

(a ln (x) + b)3

Substituting the above terms back in equation (2) gives

u′′(x)
a ln (x) + b

−
(
− a

(a ln (x) + b)2 x
+ c ln (x)n

(a ln (x) + b)2
)
u′(x) + (−λ2 + λc ln (x)n)u(x)

(a ln (x) + b)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)−
(
−a

x
+ ln (x)n c

)
_Y′(x)

a ln (x) + b

+ (−λ2 + λc ln (x)n)_Y(x)
(a ln (x) + b)2

}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)−

(
−a

x
+ ln (x)n c

)
_Y′(x)

a ln (x) + b

+ (−λ2 + λc ln (x)n)_Y(x)
(a ln (x) + b)2

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x)−
(
− a

x
+ln(x)nc

)_Y′
(x)

a ln(x)+b
+
(
−λ2+λc ln(x)n

)_Y(x)
(a ln(x)+b)2

}
, {_Y(x)}

))
(a ln (x) + b)

DESol
({

_Y′′ (x)−
(
− a

x
+ln(x)nc

)_Y′
(x)

a ln(x)+b
+ (−λ2+λc ln(x)n)_Y(x)

(a ln(x)+b)2

}
, {_Y (x)}

)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−

(
∂
∂x

DESol
({

−acx ln(x)n+1_Y′
(x)+_Y′′

(x)(a ln(x)+b)2x+(−b ln(x)ncx+(a ln(x)+b)a)_Y′
(x)+λ(ln(x)nc−λ)_Y(x)x

(a ln(x)+b)2x

}
, {_Y(x)}

))
(a ln (x) + b)

DESol
({

−acx ln(x)n+1_Y′
(x)+_Y′′

(x)(a ln(x)+b)2x+(−b ln(x)ncx+(a ln(x)+b)a)_Y′
(x)+λ(ln(x)nc−λ)_Y(x)x

(a ln(x)+b)2x

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

−acx ln(x)n+1_Y′
(x)+_Y′′

(x)(a ln(x)+b)2x+(−b ln(x)ncx+(a ln(x)+b)a)_Y′
(x)+λ(ln(x)nc−λ)_Y(x)x

(a ln(x)+b)2x

}
, {_Y(x)}

))
(a ln (x) + b)

DESol
({

−acx ln(x)n+1_Y′
(x)+_Y′′

(x)(a ln(x)+b)2x+(−b ln(x)ncx+(a ln(x)+b)a)_Y′
(x)+λ(ln(x)nc−λ)_Y(x)x

(a ln(x)+b)2x

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({

−acx ln(x)n+1_Y′
(x)+_Y′′

(x)(a ln(x)+b)2x+(−b ln(x)ncx+(a ln(x)+b)a)_Y′
(x)+λ(ln(x)nc−λ)_Y(x)x

(a ln(x)+b)2x

}
, {_Y(x)}

))
(a ln (x) + b)

DESol
({

−acx ln(x)n+1_Y′
(x)+_Y′′

(x)(a ln(x)+b)2x+(−b ln(x)ncx+(a ln(x)+b)a)_Y′
(x)+λ(ln(x)nc−λ)_Y(x)x

(a ln(x)+b)2x

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (ln(x)^n*c*x-a)*(diff(y(x), x))/((ln(x)*a+b)*x)-lambda*(ln(x)^n*c-lamb

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(y(x)^2/(ln(x)*a+b)+y(x)+c*ln(x)^n*y(x)*x/(ln(x)*a+b)+x^2*(lambda*c*ln(x)^n/(ln(x

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful`� �

909



3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 107� �
dsolve((a*ln(x)+b)*diff(y(x),x)=y(x)^2+c*(ln(x))^n*y(x)-lambda^2+lambda*c*(ln(x))^n,y(x), singsol=all)� �

y(x) =
−

(∫ e
∫ ln(x)nc−2λ

a ln(x)+b
dx

a ln(x)+b
dx

)
λ− λc1 − e

∫ ln(x)nc−2λ
a ln(x)+b

dx

c1 +
∫ e

∫ ln(x)nc−2λ
a ln(x)+b

dx

a ln(x)+b
dx

3 Solution by Mathematica
Time used: 5.348 (sec). Leaf size: 275� �
DSolve[(a*Log[x]+b)*y'[x]==y[x]^2+c*(Log[x])^n*y[x]-\[Lambda]^2+\[Lambda]*c*(Log[x])^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1
−
exp

(
−
∫ K[2]
1

2λ−c logn(K[1])
b+a log(K[1]) dK[1]

)
(c logn(K[2])− λ+ y(x))

cn(b+ a log(K[2]))(λ+ y(x)) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1
2λ−c logn(K[1])
b+a log(K[1]) dK[1]

)
cn(λ+K[3])2

−
∫ x

1

exp
(
−
∫ K[2]
1

2λ−c logn(K[1])
b+a log(K[1]) dK[1]

)
(c logn(K[2])− λ+K[3])

cn(λ+K[3])2(b+ a log(K[2])) −
exp

(
−
∫ K[2]
1

2λ−c logn(K[1])
b+a log(K[1]) dK[1]

)
cn(λ+K[3])(b+ a log(K[2]))

 dK[2]

 dK[3] = c1, y(x)
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8.14 problem 23
8.14.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 911

Internal problem ID [10498]
Internal file name [OUTPUT/9445_Monday_June_06_2022_02_32_43_PM_25188570/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 23.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

(a ln (x) + b) y′ − ln (x)n y2 − yc = −λ2 ln (x)n + cλ

8.14.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= ln (x)n y2 + yc− λ2 ln (x)n + cλ

a ln (x) + b

This is a Riccati ODE. Comparing the ODE to solve

y′ = − λ2 ln (x)n

a ln (x) + b
+ ln (x)n y2

a ln (x) + b
+ cλ

a ln (x) + b
+ yc

a ln (x) + b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −λ2 ln(x)n+cλ
a ln(x)+b

, f1(x) = c
a ln(x)+b

and f2(x) = ln(x)n
a ln(x)+b

. Let

y = −u′

f2u

= −u′

ln(x)nu
a ln(x)+b

(1)

911



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

ln (x)n n
x ln (x) (a ln (x) + b) −

ln (x)n a
(a ln (x) + b)2 x

f1f2 =
c ln (x)n

(a ln (x) + b)2

f 2
2 f0 =

ln (x)2n (−λ2 ln (x)n + cλ)
(a ln (x) + b)3

Substituting the above terms back in equation (2) gives

ln (x)n u′′(x)
a ln (x) + b

−
(

ln (x)n n
x ln (x) (a ln (x) + b) −

ln (x)n a
(a ln (x) + b)2 x

+ c ln (x)n

(a ln (x) + b)2
)
u′(x) + ln (x)2n (−λ2 ln (x)n + cλ)u(x)

(a ln (x) + b)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

= DESol
({

_Y′′(x)

− (a ln (x) + b)_Y′(x)
(

n

x ln (x) (a ln (x) + b) −
a

(a ln (x) + b)2 x
+ c

(a ln (x) + b)2
)

+
_Y(x)

(
− ln (x)2n λ2 + λc ln (x)n

)
(a ln (x) + b)2

}
, {_Y(x)}

)

The above shows that

u′(x)

= ∂

∂x
DESol

({
_Y′′(x)

− (a ln (x) + b)_Y′(x)
(

n

x ln (x) (a ln (x) + b) −
a

(a ln (x) + b)2 x
+ c

(a ln (x) + b)2
)

+
_Y(x)

(
− ln (x)2n λ2 + λc ln (x)n

)
(a ln (x) + b)2

}
, {_Y(x)}

)
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Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x)− (a ln (x) + b)_Y′(x)
(

n
x ln(x)(a ln(x)+b) −

a
(a ln(x)+b)2x + c

(a ln(x)+b)2

)
+

_Y(x)
(
− ln(x)2nλ2+λc ln(x)n

)
(a ln(x)+b)2

}
, {_Y(x)}

))
ln (x)−n (a ln (x) + b)

DESol
({

_Y′′ (x)− (a ln (x) + b)_Y′ (x)
(

n
x ln(x)(a ln(x)+b) −

a
(a ln(x)+b)2x + c

(a ln(x)+b)2

)
+

_Y(x)
(
− ln(x)2nλ2+λc ln(x)n

)
(a ln(x)+b)2

}
, {_Y (x)}

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−

(
∂
∂x

DESol
({

−x_Y(x) ln(x)1+2nλ2+cxλ_Y(x) ln(x)n+1+(a ln(x)+b)
(
x ln(x)(a ln(x)+b)_Y′′

(x)−((a(n−1)+cx) ln(x)+bn)_Y′
(x)
)

x ln(x)(a ln(x)+b)2

}
, {_Y(x)}

))
ln (x)−n (a ln (x) + b)

DESol
({

−x_Y(x) ln(x)1+2nλ2+cxλ_Y(x) ln(x)n+1+(a ln(x)+b)
(
x ln(x)(a ln(x)+b)_Y′′

(x)−((a(n−1)+cx) ln(x)+bn)_Y′
(x)
)

x ln(x)(a ln(x)+b)2

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

−x_Y(x) ln(x)1+2nλ2+cxλ_Y(x) ln(x)n+1+(a ln(x)+b)
(
x ln(x)(a ln(x)+b)_Y′′

(x)−((a(n−1)+cx) ln(x)+bn)_Y′
(x)
)

x ln(x)(a ln(x)+b)2

}
, {_Y(x)}

))
ln (x)−n (a ln (x) + b)

DESol
({

−x_Y(x) ln(x)1+2nλ2+cxλ_Y(x) ln(x)n+1+(a ln(x)+b)
(
x ln(x)(a ln(x)+b)_Y′′

(x)−((a(n−1)+cx) ln(x)+bn)_Y′
(x)
)

x ln(x)(a ln(x)+b)2

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({

−x_Y(x) ln(x)1+2nλ2+cxλ_Y(x) ln(x)n+1+(a ln(x)+b)
(
x ln(x)(a ln(x)+b)_Y′′

(x)−((a(n−1)+cx) ln(x)+bn)_Y′
(x)
)

x ln(x)(a ln(x)+b)2

}
, {_Y(x)}

))
ln (x)−n (a ln (x) + b)

DESol
({

−x_Y(x) ln(x)1+2nλ2+cxλ_Y(x) ln(x)n+1+(a ln(x)+b)
(
x ln(x)(a ln(x)+b)_Y′′

(x)−((a(n−1)+cx) ln(x)+bn)_Y′
(x)
)

x ln(x)(a ln(x)+b)2

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (ln(x)*a*n+c*x*ln(x)-ln(x)*a+b*n)*(diff(y(x), x))/(x*ln(x)*(ln(x)*a+b)

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(ln(x)^n*y(x)^2/(ln(x)*a+b)+y(x)+c*y(x)*x/(ln(x)*a+b)+x^2*(-ln(x)^n*lambda^2/(ln(

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 124� �
dsolve((a*ln(x)+b)*diff(y(x),x)=(ln(x))^n*y(x)^2+c*y(x)-lambda^2*(ln(x))^n+c*lambda,y(x), singsol=all)� �

y(x) =
−λc1 −

(∫ ln(x)ne
−
(∫ 2 ln(x)nλ−c

a ln(x)+b
dx

)
a ln(x)+b

dx

)
λ− e−

(∫ 2 ln(x)nλ−c
a ln(x)+b

dx
)

c1 +
∫ ln(x)ne

−
(∫ 2 ln(x)nλ−c

a ln(x)+b
dx

)
a ln(x)+b

dx

3 Solution by Mathematica
Time used: 5.137 (sec). Leaf size: 286� �
DSolve[(a*Log[x]+b)*y'[x]==(Log[x])^n*y[x]^2+c*y[x]-\[Lambda]^2*(Log[x])^n+c*\[Lambda],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

exp
(
−
∫ K[2]
1 − c−2λ logn(K[1])

b+a log(K[1]) dK[1]
)
(−λ logn(K[2]) + y(x) logn(K[2]) + c)

cn(b+ a log(K[2]))(λ+ y(x)) dK[2]

+
∫ y(x)

1

−
∫ x

1

exp
(
−
∫ K[2]
1 − c−2λ logn(K[1])

b+a log(K[1]) dK[1]
)
logn(K[2])

cn(λ+K[3])(b+ a log(K[2])) −
exp

(
−
∫ K[2]
1 − c−2λ logn(K[1])

b+a log(K[1]) dK[1]
)
(−λ logn(K[2]) +K[3] logn(K[2]) + c)

cn(λ+K[3])2(b+ a log(K[2]))

 dK[2]

−
exp

(
−
∫ x

1 − c−2λ logn(K[1])
b+a log(K[1]) dK[1]

)
cn(λ+K[3])2

 dK[3] = c1, y(x)
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9 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.6-1. Equations with sine

9.1 problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 917
9.2 problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 922
9.3 problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 927
9.4 problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 929
9.5 problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 933
9.6 problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 938
9.7 problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 943
9.8 problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 948
9.9 problem 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 953
9.10 problem 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 958
9.11 problem 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 962
9.12 problem 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 965
9.13 problem 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 968
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9.1 problem 1
9.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 917

Internal problem ID [10499]
Internal file name [OUTPUT/9446_Monday_June_06_2022_02_32_55_PM_8580992/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 1.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − αy2 = β + γ sin (λx)

9.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= α y2 + β + γ sin (λx)

This is a Riccati ODE. Comparing the ODE to solve

y′ = α y2 + β + γ sin (λx)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = β + γ sin (λx), f1(x) = 0 and f2(x) = α. Let

y = −u′

f2u

= −u′

αu
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = α2(β + γ sin (λx))

Substituting the above terms back in equation (2) gives

αu′′(x) + α2(β + γ sin (λx))u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1MathieuC
(
4αβ
λ2 ,−2αγ

λ2 ,−π

4 + λx

2

)
+ c2MathieuS

(
4αβ
λ2 ,−2αγ

λ2 ,−π

4 + λx

2

)

The above shows that

u′(x)

=
λ
(
c1MathieuCPrime

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

)
+ c2MathieuSPrime

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

))
2

Using the above in (1) gives the solution

y =

−
λ
(
c1MathieuCPrime

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

)
+ c2MathieuSPrime

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

))
2α
(
c1MathieuC

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

)
+ c2MathieuS

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y=−
λ
(
c3MathieuCPrime

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

)
+MathieuSPrime

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

))
2α
(
c3MathieuC

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

)
+MathieuS

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

))
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Summary
The solution(s) found are the following

(1)y =

−
λ
(
c3MathieuCPrime

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

)
+MathieuSPrime

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

))
2α
(
c3MathieuC

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

)
+MathieuS

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

))
Verification of solutions

y=−
λ
(
c3MathieuCPrime

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

)
+MathieuSPrime

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

))
2α
(
c3MathieuC

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

)
+MathieuS

(4αβ
λ2 ,−2αγ

λ2 ,−π
4 + λx

2

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -alpha*(beta+gamma*sin(lambda*x))*y(x), y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius
Equivalence transformation and function parameters: {t = 1/2*t+1/2}, {kappa = 4*(4*alpha*beta-4*alpha*gamma-lambda^2)
<- Equivalence to the rational form of Mathieu ODE successful

<- Mathieu successful
<- special function solution successful
Change of variables used:

[x = 1/lambda*arccos(t)]
Linear ODE actually solved:

alpha*(beta+gamma*(-t^2+1)^(1/2))*u(t)-lambda^2*t*diff(u(t),t)+(-lambda^2*t^2+lambda^2)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 110� �
dsolve(diff(y(x),x)=alpha*y(x)^2+beta+gamma*sin(lambda*x),y(x), singsol=all)� �
y(x) =

−
λ
(
c1MathieuSPrime

(4αβ
λ2 ,−2γα

λ2 ,−π
4 + xλ

2

)
+MathieuCPrime

(4αβ
λ2 ,−2γα

λ2 ,−π
4 + xλ

2

))
2α
(
c1MathieuS

(4αβ
λ2 ,−2γα

λ2 ,−π
4 + xλ

2

)
+MathieuC

(4αβ
λ2 ,−2γα

λ2 ,−π
4 + xλ

2

))
3 Solution by Mathematica
Time used: 0.612 (sec). Leaf size: 191� �
DSolve[y'[x]==\[Alpha]*y[x]^2+\[Beta]+\[Gamma]*Sin[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
λ
(
MathieuSPrime

[4αβ
λ2 ,−2αγ

λ2 ,
1
4(π − 2λx)

]
+ c1MathieuCPrime

[4αβ
λ2 ,−2αγ

λ2 ,
1
4(2λx− π)

])
2α
(
MathieuS

[4αβ
λ2 ,−2αγ

λ2 ,
1
4(2λx− π)

]
+ c1MathieuC

[4αβ
λ2 ,−2αγ

λ2 ,
1
4(π − 2λx)

])
y(x) →

λMathieuCPrime
[4αβ

λ2 ,−2αγ
λ2 ,

1
4(π − 2λx)

]
2αMathieuC

[4αβ
λ2 ,−2αγ

λ2 ,
1
4(π − 2λx)

]
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9.2 problem 2
9.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 922

Internal problem ID [10500]
Internal file name [OUTPUT/9447_Monday_June_06_2022_02_32_58_PM_31295989/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 2.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = −a2 + aλ sin (λx) + a2 sin (λx)2

9.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 − a2 + aλ sin (λx) + a2 sin (λx)2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 − a2 + aλ sin (λx) + a2 sin (λx)2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 + aλ sin (λx) + a2 sin (λx)2, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −a2 + aλ sin (λx) + a2 sin (λx)2

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−a2 + aλ sin (λx) + a2 sin (λx)2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e
sin(λx)a

λ

(
c1HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
,
8a+ 3λ

8λ ,
sin (λx)

2 + 1
2

)
+ c2HeunC

(
4a
λ
,
1
2 ,−

1
2 ,−

2a
λ
,
8a+ 3λ

8λ ,
sin (λx)

2 + 1
2

)
sin
(
π

4 + λx

2

))
The above shows that

u′(x) =

c2

(
cos (λx) sin

(
π

4 + λx

2

)
a+

λ cos
(
π
4 + λx

2

)
2

)
HeunC

(
4a
λ
,
1
2 ,−

1
2 ,

−2a
λ
,
8a+ 3λ

8λ ,
sin (λx)

2 + 1
2

)

+ cos (λx)

c2λHeunCPrime
(

4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
sin
(
π
4 + λx

2

)
2

+ HeunC
(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
,
8a+ 3λ

8λ ,
sin (λx)

2 + 1
2

)
c1a

+
c1λHeunCPrime

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
2

 e
sin(λx)a

λ

Using the above in (1) gives the solution

y =

−
c2

(
cos (λx) sin

(
π
4 + λx

2

)
a+

λ cos
(

π
4+

λx
2

)
2

)
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
+ cos (λx)

(
c2λHeunCPrime

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
sin
(

π
4+

λx
2

)
2 +HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
c1a+

c1λHeunCPrime
(

4a
λ
,− 1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
2

)
c1HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
+ c2HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
sin
(
π
4 + λx

2

)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
−
(
cos (λx) sin

(
π
4 + λx

2

)
a+

λ cos
(

π
4+

λx
2

)
2

)
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
− cos (λx)

(
λHeunCPrime

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
sin
(

π
4+

λx
2

)
2 +HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
c3a+

c3λHeunCPrime
(

4a
λ
,− 1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
2

)
c3HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
+ sin

(
π
4 + λx

2

)
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
Summary
The solution(s) found are the following

(1)y

=
−
(
cos (λx) sin

(
π
4 + λx

2

)
a+

λ cos
(

π
4+

λx
2

)
2

)
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
− cos (λx)

(
λHeunCPrime

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
sin
(

π
4+

λx
2

)
2 +HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
c3a+

c3λHeunCPrime
(

4a
λ
,− 1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
2

)
c3HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
+ sin

(
π
4 + λx

2

)
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
Verification of solutions
y

=
−
(
cos (λx) sin

(
π
4 + λx

2

)
a+

λ cos
(

π
4+

λx
2

)
2

)
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
− cos (λx)

(
λHeunCPrime

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
sin
(

π
4+

λx
2

)
2 +HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
c3a+

c3λHeunCPrime
(

4a
λ
,− 1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
2

)
c3HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
+ sin

(
π
4 + λx

2

)
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(λx)2 + 1
2

)
Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a^2-a*lambda*sin(lambda*x)-a^2*sin(lambda*x)^2)*y(x), y(x)` ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunC ODE, case a <> 0, e <> 0, c = 0

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful
Change of variables used:

[x = arccos(t)/lambda]
Linear ODE actually solved:

(2*a*lambda*(-t^2+1)^(1/2)-2*a^2*t^2)*u(t)-2*lambda^2*t*diff(u(t),t)+(-2*lambda^2*t^2+2*lambda^2)*diff(diff(u(t),t),t) =
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 289� �
dsolve(diff(y(x),x)=y(x)^2-a^2+a*lambda*sin(lambda*x)+a^2*sin(lambda*x)^2,y(x), singsol=all)� �
y(x)

=

(
−2ac1 cos (xλ) sin

(
π
4 + xλ

2

)
− c1λ cos

(
π
4 + xλ

2

))
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(xλ)2 + 1
2

)
− 2
(
aHeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(xλ)2 + 1
2

)
+

λ
(
HeunCPrime

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(xλ)2 + 1
2

)
c1 sin

(
π
4+

xλ
2

)
+HeunCPrime

(
4a
λ
,− 1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(xλ)2 + 1
2

))
2

)
cos (xλ)

2HeunC
(

4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(xλ)2 + 1
2

)
sin
(
π
4 + xλ

2

)
c1 + 2HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(xλ)2 + 1
2

)
3 Solution by Mathematica
Time used: 4.337 (sec). Leaf size: 132� �
DSolve[y'[x]==y[x]^2-a^2+a*\[Lambda]*Sin[\[Lambda]*x]+a^2*Sin[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
ac1 cos(λx)

∫ x

1 e−
2a sin(λK[1])

λ dK[1] + a cos(λx) + c1e
− 2a sin(λx)

λ

1 + c1
∫ x

1 e−
2a sin(λK[1])

λ dK[1]

y(x) → − e−
2a sin(λx)

λ∫ x

1 e−
2a sin(λK[1])

λ dK[1]
− a cos(λx)
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9.3 problem 3
9.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 927

Internal problem ID [10501]
Internal file name [OUTPUT/9448_Monday_June_06_2022_02_33_01_PM_4199649/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 3.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

y′ − y2 = λ2 + c sin (λx+ a)n sin (λx+ b)−n−4

9.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + λ2 + c sin (λx+ a)n sin (λx+ b)−n−4

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + λ2 + c(sin (λx) cos (a) + cos (λx) sin (a))n sin (λx+ b)−n

(sin (λx) cos (b) + cos (λx) sin (b))4

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = λ2 + c sin (λx+ a)n sin (λx+ b)−n−4, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = λ2 + c sin (λx+ a)n sin (λx+ b)−n−4

Substituting the above terms back in equation (2) gives

u′′(x) +
(
λ2 + c sin (λx+ a)n sin (λx+ b)−n−4)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+lambda^2+c*sin(lambda*x+a)^n*sin(lambda*x+b)^(-n-4),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+\[Lambda]^2+c*Sin[\[Lambda]*x+a]^n*Sin[\[Lambda]*x+b]^(-n-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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9.4 problem 4
9.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 929

Internal problem ID [10502]
Internal file name [OUTPUT/9449_Monday_June_06_2022_02_36_09_PM_13360096/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 4.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − a sin (βx) y = ab sin (βx)− b2

9.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + a sin (βx) y + ab sin (βx)− b2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a sin (βx) y + ab sin (βx)− b2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = ab sin (βx)− b2, f1(x) = sin (βx) a and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)

929



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = sin (βx) a
f 2
2 f0 = ab sin (βx)− b2

Substituting the above terms back in equation (2) gives

u′′(x)− sin (βx) au′(x) +
(
ab sin (βx)− b2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(
−ic2β

(∫
e

−2bβx−a cos(βx)
β dx

)
+ c1

)
ebx

The above shows that

u′(x) =
(
−i

(∫
e

−2bβx−a cos(βx)
β dx

)
c2bβ − ic2β e

−2bβx−a cos(βx)
β + c1b

)
ebx

Using the above in (1) gives the solution

y = −
−i
(∫

e
−2bβx−a cos(βx)

β dx
)
c2bβ − ic2β e

−2bβx−a cos(βx)
β + c1b

−ic2β
(∫

e
−2bβx−a cos(βx)

β dx
)
+ c1

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−
(∫

e
−2bβx−a cos(βx)

β dx
)
bβ − ibc3 − e

−2bβx−a cos(βx)
β β

β
(∫

e
−2bβx−a cos(βx)

β dx
)
+ ic3
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Summary
The solution(s) found are the following

(1)y =
−
(∫

e
−2bβx−a cos(βx)

β dx
)
bβ − ibc3 − e

−2bβx−a cos(βx)
β β

β
(∫

e
−2bβx−a cos(βx)

β dx
)
+ ic3

Verification of solutions

y =
−
(∫

e
−2bβx−a cos(βx)

β dx
)
bβ − ibc3 − e

−2bβx−a cos(βx)
β β

β
(∫

e
−2bβx−a cos(βx)

β dx
)
+ ic3

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 76� �
dsolve(diff(y(x),x)=y(x)^2+a*sin(beta*x)*y(x)+a*b*sin(beta*x)-b^2,y(x), singsol=all)� �

y(x) =
b
(∫

e
−2bβx−a cos(xβ)

β dx
)
− c1b+ e

−2bβx−a cos(xβ)
β

−
(∫

e
−2bβx−a cos(xβ)

β dx
)
+ c1
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3 Solution by Mathematica
Time used: 9.066 (sec). Leaf size: 187� �
DSolve[y'[x]==y[x]^2+a*Sin[\[Beta]*x]*y[x]+a*b*Sin[\[Beta]*x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1
−e−

a cos(βK[1])
β

−2bK[1](−b+ a sin(βK[1]) + y(x))
aβ(b+ y(x)) dK[1]+

∫ y(x)

1

(
e−2bx−a cos(xβ)

β

aβ(b+K[2])2

−
∫ x

1

(
e−

a cos(βK[1])
β

−2bK[1](−b+K[2] + a sin(βK[1]))
aβ(b+K[2])2 − e−

a cos(βK[1])
β

−2bK[1]

aβ(b+K[2])

)
dK[1]

)
dK[2] = c1, y(x)

]

932



9.5 problem 5
9.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 933

Internal problem ID [10503]
Internal file name [OUTPUT/9450_Monday_June_06_2022_02_36_25_PM_10230958/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 5.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − a sin (bx)m y = a sin (bx)m

9.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + a sin (bx)m y + a sin (bx)m

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a sin (bx)m y + a sin (bx)m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a sin (bx)m, f1(x) = a sin (bx)m and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = a sin (bx)m

f 2
2 f0 = a sin (bx)m

Substituting the above terms back in equation (2) gives

u′′(x)− a sin (bx)m u′(x) + a sin (bx)m u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol ({_Y′′(x) + a sin (bx)m (−_Y′(x) + _Y(x))} , {_Y(x)})

The above shows that

u′(x) = ∂

∂x
DESol ({_Y′′(x) + a sin (bx)m (−_Y′(x) + _Y(x))} , {_Y(x)})

Using the above in (1) gives the solution

y = −
∂
∂x

DESol ({_Y′′(x) + a sin (bx)m (−_Y′(x) + _Y(x))} , {_Y(x)})
DESol ({_Y′′ (x) + a sin (bx)m (−_Y′ (x) + _Y (x))} , {_Y (x)})

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol ({_Y′′(x) + a sin (bx)m (−_Y′(x) + _Y(x))} , {_Y(x)})
DESol ({_Y′′ (x) + a sin (bx)m (−_Y′ (x) + _Y (x))} , {_Y (x)})

Summary
The solution(s) found are the following

(1)y = −
∂
∂x

DESol ({_Y′′(x) + a sin (bx)m (−_Y′(x) + _Y(x))} , {_Y(x)})
DESol ({_Y′′ (x) + a sin (bx)m (−_Y′ (x) + _Y (x))} , {_Y (x)})
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Verification of solutions

y = −
∂
∂x

DESol ({_Y′′(x) + a sin (bx)m (−_Y′(x) + _Y(x))} , {_Y(x)})
DESol ({_Y′′ (x) + a sin (bx)m (−_Y′ (x) + _Y (x))} , {_Y (x)})

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = a*sin(x*b)^m*(diff(y(x), x))-a*sin(x*b)^m*y(x), y(x)` *** Subleve

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> trying with_periodic_functions in the coefficients

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(y(x)^2+y(x)+a*sin(x*b)^m*y(x)*x+x^2*a*sin(x*b)^m)/x, y(x), explicit` *** Su

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+a*sin(b*x)^m*y(x)+a*sin(b*x)^m,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+a*Sin[b*x]^m*y[x]+a*Sin[b*x]^m,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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9.6 problem 6
9.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 938

Internal problem ID [10504]
Internal file name [OUTPUT/9451_Monday_June_06_2022_02_36_31_PM_98522936/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 6.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ sin (λx) y2 = λ sin (λx)3

9.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= sin (λx)λ y2 + λ sin (λx)3

This is a Riccati ODE. Comparing the ODE to solve

y′ = sin (λx)λ y2 + λ sin (λx)3

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = λ sin (λx)3, f1(x) = 0 and f2(x) = λ sin (λx). Let

y = −u′

f2u

= −u′

λ sin (λx)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = λ2 cos (λx)

f1f2 = 0
f 2
2 f0 = λ3 sin (λx)5

Substituting the above terms back in equation (2) gives

λ sin (λx)u′′(x)− λ2 cos (λx)u′(x) + λ3 sin (λx)5 u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−
cos(λx)2

2 (c2 erfi (cos (λx)) + c1)

The above shows that

u′(x) =
λ sin (λx)

(√
π cos (λx) (c2 erfi (cos (λx)) + c1) e−

cos(λx)2
2 − 2c2e

cos(λx)2
2

)
√
π

Using the above in (1) gives the solution

y = −

(√
π cos (λx) (c2 erfi (cos (λx)) + c1) e−

cos(λx)2
2 − 2c2e

cos(λx)2
2

)
e

cos(2λx)
4 + 1

4

√
π (c2 erfi (cos (λx)) + c1)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −−2 ecos(λx)2 + cos (λx)
√
π (erfi (cos (λx)) + c3)√

π (erfi (cos (λx)) + c3)

Summary
The solution(s) found are the following

(1)y = −−2 ecos(λx)2 + cos (λx)
√
π (erfi (cos (λx)) + c3)√

π (erfi (cos (λx)) + c3)
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Verification of solutions

y = −−2 ecos(λx)2 + cos (λx)
√
π (erfi (cos (λx)) + c3)√

π (erfi (cos (λx)) + c3)

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = lambda*cos(lambda*x)*(diff(y(x), x))/sin(lambda*x)-lambda^2*sin(lambda

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
Change of variables used:

[x = arccos(t)/lambda]
Linear ODE actually solved:

16*(-t^2+1)^(1/2)*(t^4-2*t^2+1)*u(t)+16*(-t^2+1)^(3/2)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 51� �
dsolve(diff(y(x),x)=lambda*sin(lambda*x)*y(x)^2+lambda*sin(lambda*x)^3,y(x), singsol=all)� �

y(x) = 2 e
cos(2xλ)

2 + 1
2 c1 − cos (xλ)

√
π (erfi (cos (xλ)) c1 + 1)√

π (erfi (cos (xλ)) c1 + 1)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*Sin[\[Lambda]*x]*y[x]^2+\[Lambda]*Sin[\[Lambda]*x]^3,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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9.7 problem 7
9.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 943

Internal problem ID [10505]
Internal file name [OUTPUT/9452_Monday_June_06_2022_02_36_32_PM_15666899/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 7.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

2y′ − (λ+ a− a sin (λx)) y2 = −a+ λ− a sin (λx)

9.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −sin (λx) a y2
2 + a y2

2 + λ y2

2 + λ

2 − a

2 − a sin (λx)
2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −sin (λx) a y2
2 + a y2

2 + λ y2

2 + λ

2 − a

2 − a sin (λx)
2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = λ
2 −

a
2 −

a sin(λx)
2 , f1(x) = 0 and f2(x) = a

2 +
λ
2 −

a sin(λx)
2 . Let

y = −u′

f2u

= −u′(
a
2 +

λ
2 −

a sin(λx)
2

)
u

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −aλ cos (λx)

2
f1f2 = 0

f 2
2 f0 =

(
a

2 + λ

2 − a sin (λx)
2

)2(
λ

2 − a

2 − a sin (λx)
2

)
Substituting the above terms back in equation (2) gives(
a

2 + λ

2 − a sin (λx)
2

)
u′′(x) + aλ cos (λx)u′(x)

2 +
(
a

2 + λ

2 − a sin (λx)
2

)2(
λ

2 − a

2 − a sin (λx)
2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=

√
sin (λx) cos

(
π
4 + λx

2

)
e

−a sin(λx)+λ2(a+λ)
(∫ cot(λx)

a sin(λx)−a−λ
dx

)
2λ

(
c1 + c2

(∫ sin(λx) ((−1+_a)a−λ)e
_aa
λ

(−1+_a) 32√_a+1
d_a

))
√
a sin (λx)− a− λ

The above shows that

u′(x) =

−
csc
(
π
4 + λx

2

)
sec
(
π
4 + λx

2

)2 e−a sin(λx)+λ2(a+λ)
(∫ cot(λx)

a sin(λx)−a−λ
dx

)
2λ

(
sin
(
π
4 + λx

2

)(
c1 + c2

(∫ sin(λx) ((−1+_a)a−λ)e
_aa
λ

(−1+_a) 32√_a+1
d_a

))(
(2a+ λ) sin (λx) + a cos (λx)2 − 2a− λ

) (
cos (λx) cos

(
π
4 + λx

2

)
a+ λ sin

(
π
4 + λx

2

))
csgn

(
sin
(
π
4 + λx

2

))√
− cos

(
π
4 + λx

2

)2 − e
sin(λx)a

λ cos
(
π
4 + λx

2

)
cos (λx)

(
a2 cos (λx)2 + 2a(a+ λ) sin (λx)− 2a2 − 2λa− λ2)λc2)√sin (λx) csgn

(
sin
(
π
4 + λx

2

))
4
√

− cos
(
π
4 + λx

2

)2 (a sin (λx)− a− λ)
3
2

Using the above in (1) gives the solution

y

=
csc
(
π
4 + λx

2

)
sec
(
π
4 + λx

2

)2(sin (π4 + λx
2

)(
c1 + c2

(∫ sin(λx) ((−1+_a)a−λ)e
_aa
λ

(−1+_a) 32√_a+1
d_a

))(
(2a+ λ) sin (λx) + a cos (λx)2 − 2a− λ

) (
cos (λx) cos

(
π
4 + λx

2

)
a+ λ sin

(
π
4 + λx

2

))
csgn

(
sin
(
π
4 + λx

2

))√
− cos

(
π
4 + λx

2

)2 − e
sin(λx)a

λ cos
(
π
4 + λx

2

)
cos (λx)

(
a2 cos (λx)2 + 2a(a+ λ) sin (λx)− 2a2 − 2λa− λ2)λc2) csgn

(
sin
(
π
4 + λx

2

))
4
√
− cos

(
π
4 + λx

2

)2 (a sin (λx)− a− λ)
(

a
2 +

λ
2 −

a sin(λx)
2

)
cos
(
π
4 + λx

2

)(
c1 + c2

(∫ sin(λx) ((−1+_a)a−λ)e
_aa
λ

(−1+_a) 32√_a+1
d_a

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−
sec
(
π
4 + λx

2

)2√2
(√

2
√

sin (λx)− 1
(
a cos (λx)2 + 2

(
a+ λ

2

)
(sin (λx)− 1)

)
csgn

(
sin
(
π
4 + λx

2

)) (
cos (λx) a+ tan

(
π
4 + λx

2

)
λ
)(∫ sin(λx) ((−1+_a)a−λ)e

_aa
λ

(−1+_a) 32√_a+1
d_a

)
+ c3

√
2
√

sin (λx)− 1
(
a cos (λx)2 + 2

(
a+ λ

2

)
(sin (λx)− 1)

) (
cos (λx) a+ tan

(
π
4 + λx

2

)
λ
)
csgn

(
sin
(
π
4 + λx

2

))
− 2
(
a2 cos (λx)2 + 2a(a+ λ) sin (λx)− 2a2 − 2λa− λ2) csc (π4 + λx

2

)
cos (λx)λ e

sin(λx)a
λ

)
csgn

(
sin
(
π
4 + λx

2

))
4
√

sin (λx)− 1 (a sin (λx)− a− λ)2
(
c3 +

∫ sin(λx) ((−1+_a)a−λ)e
_aa
λ

(−1+_a) 32√_a+1
d_a

)

Simplifying the solution y = −
sec
(

π
4+

λx
2

)2√
2

√
2
√

sin(λx)−1
(
a cos(λx)2+2

(
a+λ

2

)
(sin(λx)−1)

)
csgn

(
sin
(

π
4+

λx
2

))(
cos(λx)a+tan

(
π
4+

λx
2

)
λ
)∫ sin(λx)

((
−1+_a)a−λ

)
e
_aa
λ(

−1+_a) 32√_a+1
d_a

+c3
√
2
√

sin(λx)−1
(
a cos(λx)2+2

(
a+λ

2

)
(sin(λx)−1)

)(
cos(λx)a+tan

(
π
4+

λx
2

)
λ
)
csgn

(
sin
(

π
4+

λx
2

))
−2
(
a2 cos(λx)2+2a(a+λ) sin(λx)−2a2−2λa−λ2

)
csc
(

π
4+

λx
2

)
cos(λx)λ e

sin(λx)a
λ

 csgn
(
sin
(

π
4+

λx
2

))

4
√

sin(λx)−1 (a sin(λx)−a−λ)2
c3+

∫ sin(λx)
((

−1+_a)a−λ
)
e
_aa
λ(

−1+_a) 32√_a+1
d_a



to y = −
sec
(

π
4+

λx
2

)2√
2

√
2
√

sin(λx)−1
(
a cos(λx)2+2

(
a+λ

2

)
(sin(λx)−1)

)(
cos(λx)a+tan

(
π
4+

λx
2

)
λ
)∫ sin(λx)

((
−1+_a)a−λ

)
e
_aa
λ(

−1+_a) 32√_a+1
d_a

+c3
√
2
√

sin(λx)−1
(
a cos(λx)2+2

(
a+λ

2

)
(sin(λx)−1)

)(
cos(λx)a+tan

(
π
4+

λx
2

)
λ
)
−2
(
a2 cos(λx)2+2a(a+λ) sin(λx)−2a2−2λa−λ2

)
csc
(

π
4+

λx
2

)
cos(λx)λ e

sin(λx)a
λ


4
√

sin(λx)−1 (a sin(λx)−a−λ)2
c3+

∫ sin(λx)
((

−1+_a)a−λ
)
e
_aa
λ(

−1+_a) 32√_a+1
d_a


Summary
The solution(s) found are the following

(1)y =

−
sec
(
π
4 + λx

2

)2√2
(√

2
√

sin (λx)− 1
(
a cos (λx)2 + 2

(
a+ λ

2

)
(sin (λx)− 1)

) (
cos (λx) a+ tan

(
π
4 + λx

2

)
λ
)(∫ sin(λx) ((−1+_a)a−λ)e

_aa
λ

(−1+_a) 32√_a+1
d_a

)
+ c3

√
2
√

sin (λx)− 1
(
a cos (λx)2 + 2

(
a+ λ

2

)
(sin (λx)− 1)

) (
cos (λx) a+ tan

(
π
4 + λx

2

)
λ
)
− 2
(
a2 cos (λx)2 + 2a(a+ λ) sin (λx)− 2a2 − 2λa− λ2) csc (π4 + λx

2

)
cos (λx)λ e

sin(λx)a
λ

)
4
√

sin (λx)− 1 (a sin (λx)− a− λ)2
(
c3 +

∫ sin(λx) ((−1+_a)a−λ)e
_aa
λ

(−1+_a) 32√_a+1
d_a

)
Verification of solutions
y =

−
sec
(
π
4 + λx

2

)2√2
(√

2
√

sin (λx)− 1
(
a cos (λx)2 + 2

(
a+ λ

2

)
(sin (λx)− 1)

) (
cos (λx) a+ tan

(
π
4 + λx

2

)
λ
)(∫ sin(λx) ((−1+_a)a−λ)e

_aa
λ

(−1+_a) 32√_a+1
d_a

)
+ c3

√
2
√

sin (λx)− 1
(
a cos (λx)2 + 2

(
a+ λ

2

)
(sin (λx)− 1)

) (
cos (λx) a+ tan

(
π
4 + λx

2

)
λ
)
− 2
(
a2 cos (λx)2 + 2a(a+ λ) sin (λx)− 2a2 − 2λa− λ2) csc (π4 + λx

2

)
cos (λx)λ e

sin(λx)a
λ

)
4
√

sin (λx)− 1 (a sin (λx)− a− λ)2
(
c3 +

∫ sin(λx) ((−1+_a)a−λ)e
_aa
λ

(−1+_a) 32√_a+1
d_a

)
Warning, solution could not be verified
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = a*lambda*cos(lambda*x)*(diff(y(x), x))/(-lambda-a+a*sin(lambda*x))-(1/

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful
Change of variables used:

[x = arccos(t)/lambda]
Linear ODE actually solved:

(8*a^2*lambda*(-t^2+1)^(1/2)+12*lambda^2*a*(-t^2+1)^(1/2)+4*a^3*t^2+12*a^2*lambda*t^2-8*a^2*lambda-4*a^3*(-t^2+1)^(1/2)*
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 220� �
dsolve(2*diff(y(x),x)=(lambda+a-a*sin(lambda*x))*y(x)^2+lambda-a-a*sin(lambda*x),y(x), singsol=all)� �
y(x) =

−

(((∫ sin(xλ) (a(_a−1)−λ)e
a_a
λ

(_a−1)
3
2
√_a+1

d_a
)
c1 + 1

)√
− cos

(
π
4 + xλ

2

)2 (
a cos (xλ) + tan

(
π
4 + xλ

2

)
λ
)
csgn

(
sin
(
π
4 + xλ

2

))
+

sec
(

π
4+

xλ
2

)2
csc
(

π
4+

xλ
2

)
cos(xλ)e

a sin(xλ)
λ c1λ(−λ−a+a sin(xλ))

2

)
csgn

(
sin
(
π
4 + xλ

2

))
√
− cos

(
π
4 + xλ

2

)2 ((∫ sin(xλ) (a(_a−1)−λ)e
a_a
λ

(_a−1)
3
2
√_a+1

d_a
)
c1 + 1

)
(−λ− a+ a sin (xλ))

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[2*y'[x]==(\[Lambda]+a-a*Sin[\[Lambda]*x])*y[x]^2+\[Lambda]-a-a*Sin[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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9.8 problem 8
9.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 948

Internal problem ID [10506]
Internal file name [OUTPUT/9453_Monday_June_06_2022_02_36_43_PM_56838212/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 8.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ −
(
λ+ sin (λx)2 a

)
y2 = −a+ λ+ sin (λx)2 a

9.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= sin (λx)2 a y2 + sin (λx)2 a+ λ y2 − a+ λ

This is a Riccati ODE. Comparing the ODE to solve

y′ = sin (λx)2 a y2 + sin (λx)2 a+ λ y2 − a+ λ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a+ λ+ sin (λx)2 a, f1(x) = 0 and f2(x) = λ+ sin (λx)2 a. Let

y = −u′

f2u

= −u′(
λ+ sin (λx)2 a

)
u

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 2 sin (λx) aλ cos (λx)

f1f2 = 0

f 2
2 f0 =

(
λ+ sin (λx)2 a

)2 (−a+ λ+ sin (λx)2 a
)

Substituting the above terms back in equation (2) gives(
λ+ sin (λx)2 a

)
u′′(x)− 2 sin (λx) aλ cos (λx)u′(x) +

(
λ+ sin (λx)2 a

)2 (−a+ λ+ sin (λx)2 a
)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = sin (λx) e−
cos(2λx)a

4λ

(
c1 + 2ic2λ

(∫
e

cos(2λx)a
2λ

(
csc (λx)2 λ+ a

)
dx

))

The above shows that

u′(x) = csc (λx)
(
λ

+ sin (λx)2 a
)(

i sin (2λx)
(∫

e
cos(2λx)a

2λ
(
csc (λx)2 λ+ a

)
dx

)
c2λ e−

cos(2λx)a
4λ

+ 2ic2λ e
cos(2λx)a

4λ + sin (2λx) c1e−
cos(2λx)a

4λ

2

)

Using the above in (1) gives the solution

y =

−
csc (λx)

(
i sin (2λx)

(∫
e

cos(2λx)a
2λ

(
csc (λx)2 λ+ a

)
dx
)
c2λ e−

cos(2λx)a
4λ + 2ic2λ e

cos(2λx)a
4λ + sin(2λx)c1e−

cos(2λx)a
4λ

2

)
e

cos(2λx)a
4λ

sin (λx)
(
c1 + 2ic2λ

(∫
e

cos(2λx)a
2λ

(
csc (λx)2 λ+ a

)
dx
))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =
2 e

cos(2λx)a
2λ csc (λx)2 λ− ic3 cot (λx) + 2λ

(∫
e

cos(2λx)a
2λ

(
csc (λx)2 λ+ a

)
dx
)
cot (λx)

ic3 − 2λ
(∫

e
cos(2λx)a

2λ
(
csc (λx)2 λ+ a

)
dx
)

Summary
The solution(s) found are the following

y =
2 e

cos(2λx)a
2λ csc (λx)2 λ− ic3 cot (λx) + 2λ

(∫
e

cos(2λx)a
2λ

(
csc (λx)2 λ+ a

)
dx
)
cot (λx)

ic3 − 2λ
(∫

e
cos(2λx)a

2λ
(
csc (λx)2 λ+ a

)
dx
)

(1)
Verification of solutions

y =
2 e

cos(2λx)a
2λ csc (λx)2 λ− ic3 cot (λx) + 2λ

(∫
e

cos(2λx)a
2λ

(
csc (λx)2 λ+ a

)
dx
)
cot (λx)

ic3 − 2λ
(∫

e
cos(2λx)a

2λ
(
csc (λx)2 λ+ a

)
dx
)

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = 2*sin(lambda*x)*a*lambda*cos(lambda*x)*(diff(y(x), x))/(lambda+sin(lam

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful
Change of variables used:

[x = 1/2*arccos(t)/lambda]
Linear ODE actually solved:

(-4*a^3*t^3+4*a^3*t^2+24*a^2*lambda*t^2+4*a^3*t-16*a^2*lambda*t-48*a*lambda^2*t-4*a^3-8*a^2*lambda+16*a*lambda^2+32*lamb
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 102� �
dsolve(diff(y(x),x)=(lambda+a*sin(lambda*x)^2)*y(x)^2+lambda-a+a*sin(lambda*x)^2,y(x), singsol=all)� �
y(x)=

2 cot (xλ)λ
(∫

e
a cos(2xλ)

2λ
(
csc (xλ)2 λ+ a

)
dx
)
c1 + 2 csc (xλ)2 e

a cos(2xλ)
2λ c1λ− i cot (xλ)

−2λ
(∫

e
a cos(2xλ)

2λ
(
csc (xλ)2 λ+ a

)
dx
)
c1 + i

3 Solution by Mathematica
Time used: 41.676 (sec). Leaf size: 187� �
DSolve[y'[x]==(\[Lambda]+a*Sin[\[Lambda]*x]^2)*y[x]^2+\[Lambda]-a+a*Sin[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
2
(
c1 cot(λx)

∫ x

1 e−
a sin2(λK[1])

λ (λ csc2(λK[1]) + a) dK[1] + c1 csc2(λx)e−
a sin2(λx)

λ + cot(λx)
)

2 + 2c1
∫ x

1 e−
a sin2(λK[1])

λ (λ csc2(λK[1]) + a) dK[1]

y(x) → − csc2(λx)e−
a sin2(λx)

λ∫ x

1 e−
a sin2(λK[1])

λ (λ csc2(λK[1]) + a) dK[1]
− cot(λx)
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9.9 problem 9
9.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 953

Internal problem ID [10507]
Internal file name [OUTPUT/9454_Monday_June_06_2022_02_37_24_PM_58114225/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 9.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + (k + 1)xky2 − a xk+1 sin (x)m y = −a sin (x)m

9.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a xk+1 sin (x)m y − xky2k − xky2 − a sin (x)m

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xkx sin (x)m y − xky2k − xky2 − a sin (x)m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a sin (x)m, f1(x) = xk+1 sin (x)m a and f2(x) = −xkk − xk. Let

y = −u′

f2u

= −u′

(−xkk − xk)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −k2xk

x
− k xk

x
f1f2 = xk+1 sin (x)m a

(
−xkk − xk

)
f 2
2 f0 = −

(
−xkk − xk

)2
a sin (x)m

Substituting the above terms back in equation (2) gives(
−xkk − xk

)
u′′(x)−

(
−k2xk

x
− k xk

x
+ xk+1 sin (x)m a

(
−xkk − xk

))
u′(x)−

(
−xkk − xk

)2
a sin (x)m u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = xk+1
(
c1 + c2

(∫
x−2k−2e

∫ (
xk+1 sin(x)ma+ k

x

)
dx
dx

))
The above shows that

u′(x) =
(
c2x

−2k−1e
∫ (

xk+1 sin(x)ma+ k
x

)
dx

+
(
c1 + c2

(∫
x−2k−2e

∫ (
xk+1 sin(x)ma+ k

x

)
dx
dx

))
(k + 1)

)
xk

Using the above in (1) gives the solution

y =

−

(
c2x

−2k−1e
∫ (

xk+1 sin(x)ma+ k
x

)
dx +

(
c1 + c2

(∫
x−2k−2e

∫ (
xk+1 sin(x)ma+ k

x

)
dx
dx

))
(k + 1)

)
xkx−k−1

(−xkk − xk)
(
c1 + c2

(∫
x−2k−2e

∫ (
xk+1 sin(x)ma+ k

x

)
dx
dx

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y=
x−k−1

(
x−2k−1e

∫ (
xk+1 sin(x)ma+ k

x

)
dx +

(
c3 +

∫
x−2k−2e

∫ (
xk+1 sin(x)ma+ k

x

)
dx
dx

)
(k + 1)

)
(k + 1)

(
c3 +

∫
e
∫ a xk+2 sin(x)m+k

x
dxx−2k−2dx

)
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Summary
The solution(s) found are the following
y

=
x−k−1

(
x−2k−1e

∫ (
xk+1 sin(x)ma+ k

x

)
dx +

(
c3 +

∫
x−2k−2e

∫ (
xk+1 sin(x)ma+ k

x

)
dx
dx

)
(k + 1)

)
(k + 1)

(
c3 +

∫
e
∫ a xk+2 sin(x)m+k

x
dxx−2k−2dx

)
(1)

Verification of solutions

y=
x−k−1

(
x−2k−1e

∫ (
xk+1 sin(x)ma+ k

x

)
dx +

(
c3 +

∫
x−2k−2e

∫ (
xk+1 sin(x)ma+ k

x

)
dx
dx

)
(k + 1)

)
(k + 1)

(
c3 +

∫
e
∫ a xk+2 sin(x)m+k

x
dxx−2k−2dx

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (x^(1+k)*sin(x)^m*a*x+k)*(diff(y(x), x))/x-x^k*(1+k)*a*sin(x)^m*y(x),

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> trying with_periodic_functions in the coefficients

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((-x^k*k-x^k)*y(x)^2+y(x)+a*x^(1+k)*sin(x)^m*y(x)*x-x^2*a*sin(x)^m)/x, y(x), expl

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 174� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+a*x^(k+1)*sin(x)^m*y(x)-a*sin(x)^m,y(x), singsol=all)� �
y(x)

=
x−1−k

(
x1+ke

∫ x1+k sin(x)max−2k−2
x

dx +
(∫

xke
∫ x1+k sin(x)max−2k−2

x
dxdx

)
k +

∫
xke

∫ x1+k sin(x)max−2k−2
x

dxdx− c1

)
(∫

xke
∫ a xk+2 sin(x)m−2k−2

x
dxdx

)
k +

∫
xke

∫ a xk+2 sin(x)m−2k−2
x

dxdx− c1

3 Solution by Mathematica
Time used: 16.483 (sec). Leaf size: 248� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+a*x^(k+1)*Sin[x]^m*y[x]-a*Sin[x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
x−k−1

(
c1x exp

(∫ x

1 −−a sinm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
+ c1(k + 1)

∫ x

1 exp
(∫ K[2]

1 −−a sinm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
dK[2] + k + 1

)
(k + 1)

(
1 + c1

∫ x

1 exp
(∫ K[2]

1 −−a sinm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
dK[2]

)

y(x) →
x−k

(
exp
(∫ x

1 −−a sinm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
∫ x
1 exp

(∫K[2]
1 −−a sinm(K[1])K[1]k+2+k+2

K[1] dK[1]
)
dK[2]

+ k+1
x

)
k + 1
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9.10 problem 10
9.10.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 958

Internal problem ID [10508]
Internal file name [OUTPUT/9455_Monday_June_06_2022_02_37_33_PM_50920785/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 10.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[[_1st_order , `_with_symmetry_[F(x),G(x)]`], _Riccati]

y′ − a sin (λx+ µ)k (y − b xn − c)2 = b xn−1n

9.10.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= x2n sin (λx+ µ)k a b2 + 2xn sin (λx+ µ)k abc− 2xn sin (λx+ µ)k aby + sin (λx+ µ)k a c2 − 2 sin (λx+ µ)k acy + sin (λx+ µ)k a y2 + b xn−1n

This is a Riccati ODE. Comparing the ODE to solve

y′ = x2n(sin (λx) cos (µ) + cos (λx) sin (µ))k a b2+2xn(sin (λx) cos (µ) + cos (λx) sin (µ))k abc−2xn(sin (λx) cos (µ) + cos (λx) sin (µ))k aby+(sin (λx) cos (µ) + cos (λx) sin (µ))k a c2−2(sin (λx) cos (µ) + cos (λx) sin (µ))k acy+(sin (λx) cos (µ) + cos (λx) sin (µ))k a y2+b xnn

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = x2n sin (λx+ µ)k a b2 + 2xn sin (λx+ µ)k abc + sin (λx+ µ)k a c2 +
b xn−1n, f1(x) = −2 sin (λx+ µ)k a xnb− 2 sin (λx+ µ)k ac and f2(x) = sin (λx+ µ)k a.
Let

y = −u′

f2u

= −u′

sin (λx+ µ)k au
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

sin (λx+ µ)k kλ cos (λx+ µ) a
sin (λx+ µ)

f1f2 =
(
−2 sin (λx+ µ)k a xnb− 2 sin (λx+ µ)k ac

)
sin (λx+ µ)k a

f 2
2 f0 = sin (λx+ µ)2k a2

(
x2n sin (λx+ µ)k a b2 + 2xn sin (λx+ µ)k abc+ sin (λx+ µ)k a c2 + b xn−1n

)
Substituting the above terms back in equation (2) gives

sin (λx+ µ)k au′′(x)−
(
sin (λx+ µ)k kλ cos (λx+ µ) a

sin (λx+ µ) +
(
−2 sin (λx+ µ)k a xnb− 2 sin (λx+ µ)k ac

)
sin (λx+ µ)k a

)
u′(x) + sin (λx+ µ)2k a2

(
x2n sin (λx+ µ)k a b2 + 2xn sin (λx+ µ)k abc+ sin (λx+ µ)k a c2 + b xn−1n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−
(∫ (

2a
(
b xn+c

)
sin(λx+µ)k−cot(λx+µ)λ(k−1)

)
dx
)

2 sin (λx

+ µ)
(
c1 LegendreP

(
k

2 − 1
2 ,

k

2 + 1
2 , cos (λx+ µ)

)
+ c2 LegendreQ

(
k

2 − 1
2 ,

k

2 + 1
2 , cos (λx+ µ)

))
The above shows that

u′(x) = −a sin (λx+ µ)k e−
(∫ (

2a
(
b xn+c

)
sin(λx+µ)k−cot(λx+µ)λ(k−1)

)
dx
)

2 sin (λx

+ µ)
(
c1 LegendreP

(
k

2 − 1
2 ,

k

2 + 1
2 , cos (λx+ µ)

)
+ c2 LegendreQ

(
k

2 − 1
2 ,

k

2 + 1
2 , cos (λx+ µ)

))
(b xn + c)

Using the above in (1) gives the solution

y = b xn + c

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y = b xn + c

Summary
The solution(s) found are the following

(1)y = b xn + c

Verification of solutions

y = b xn + c

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (d) successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 37� �
dsolve(diff(y(x),x)=a*sin(lambda*x+mu)^k*(y(x)-b*x^n-c)^2+b*n*x^(n-1),y(x), singsol=all)� �

y(x) = b xn + c+ 1
c1 − a

(∫
(sin (xλ) cos (µ) + cos (xλ) sin (µ))k dx

)
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3 Solution by Mathematica
Time used: 5.928 (sec). Leaf size: 93� �
DSolve[y'[x]==a*Sin[\[Lambda]*x+\[Mu]]^k*(y[x]-b*x^n-c)^2+b*n*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �
y(x) → 1

−
a
√

cos2(µ+λx) sec(µ+λx) sink+1(µ+λx)Hypergeometric2F1
(

1
2 ,

k+1
2 , k+3

2 ,sin2(xλ+µ)
)

(k+1)λ + c1

+ bxn + c
y(x) → bxn + c
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9.11 problem 11
9.11.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 962

Internal problem ID [10509]
Internal file name [OUTPUT/9456_Monday_June_06_2022_02_38_20_PM_86812107/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 11.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− a sin (λx)m y2 − ky = a b2x2k sin (λx)m

9.11.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a sin (λx)m y2 + ky + a b2x2k sin (λx)m

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = a b2x2k sin (λx)m

x
+ a sin (λx)m y2

x
+ ky

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a b2x2k sin(λx)m
x

, f1(x) = k
x
and f2(x) = a sin(λx)m

x
. Let

y = −u′

f2u

= −u′

a sin(λx)mu
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

a sin (λx)m mλ cos (λx)
sin (λx)x − a sin (λx)m

x2

f1f2 =
ka sin (λx)m

x2

f 2
2 f0 =

a3 sin (λx)3m b2x2k

x3

Substituting the above terms back in equation (2) gives

a sin (λx)m u′′(x)
x

−
(
a sin (λx)m mλ cos (λx)

sin (λx)x − a sin (λx)m

x2 + ka sin (λx)m

x2

)
u′(x) + a3 sin (λx)3m b2x2ku(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1eiab
(∫

xk−1 sin(λx)mdx
)
+ c2e−iab

(∫
xk−1 sin(λx)mdx

)

The above shows that

u′(x) = iab xk−1 sin (λx)m
(
c1eiab

(∫
xk−1 sin(λx)mdx

)
− c2e−iab

(∫
xk−1 sin(λx)mdx

))
Using the above in (1) gives the solution

y = −
ib xk−1

(
c1eiab

(∫
xk−1 sin(λx)mdx

)
− c2e−iab

(∫
xk−1 sin(λx)mdx

))
x

c1eiab
(∫

xk−1 sin(λx)mdx
)
+ c2e−iab

(∫
xk−1 sin(λx)mdx

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
ib xk

(
c3eiab

(∫
xk−1 sin(λx)mdx

)
− e−iab

(∫
xk−1 sin(λx)mdx

))
c3eiab

(∫
xk−1 sin(λx)mdx

)
+ e−iab

(∫
xk−1 sin(λx)mdx

)
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Summary
The solution(s) found are the following

(1)y = −
ib xk

(
c3eiab

(∫
xk−1 sin(λx)mdx

)
− e−iab

(∫
xk−1 sin(λx)mdx

))
c3eiab

(∫
xk−1 sin(λx)mdx

)
+ e−iab

(∫
xk−1 sin(λx)mdx

)
Verification of solutions

y = −
ib xk

(
c3eiab

(∫
xk−1 sin(λx)mdx

)
− e−iab

(∫
xk−1 sin(λx)mdx

))
c3eiab

(∫
xk−1 sin(λx)mdx

)
+ e−iab

(∫
xk−1 sin(λx)mdx

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 31� �
dsolve(x*diff(y(x),x)=a*sin(lambda*x)^m*y(x)^2+k*y(x)+a*b^2*x^(2*k)*sin(lambda*x)^m,y(x), singsol=all)� �

y(x) = − tan
(
−ab

(∫
x−1+k sin (xλ)m dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 1.774 (sec). Leaf size: 50� �
DSolve[x*y'[x]==a*Sin[\[Lambda]*x]^m*y[x]^2+k*y[x]+a*b^2*x^(2*k)*Sin[\[Lambda]*x]^m,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(√
b2
∫ x

1
aK[1]k−1 sinm(λK[1])dK[1] + c1

)
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9.12 problem 12
9.12.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 965

Internal problem ID [10510]
Internal file name [OUTPUT/9457_Monday_June_06_2022_02_38_23_PM_57207150/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 12.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

(a sin (λx) + b) y′ − y2 − c sin (xµ) y = −d2 + cd sin (xµ)

9.12.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2 + c sin (xµ) y − d2 + cd sin (xµ)
a sin (λx) + b

This is a Riccati ODE. Comparing the ODE to solve

y′ = cd sin (xµ)
a sin (λx) + b

+ c sin (xµ) y
a sin (λx) + b

− d2

a sin (λx) + b
+ y2

a sin (λx) + b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −d2+cd sin(xµ)
a sin(λx)+b

, f1(x) = c sin(xµ)
a sin(λx)+b

and f2(x) = 1
a sin(λx)+b

. Let

y = −u′

f2u

= −u′

u
a sin(λx)+b

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − aλ cos (λx)

(a sin (λx) + b)2

f1f2 =
c sin (xµ)

(a sin (λx) + b)2

f 2
2 f0 =

−d2 + cd sin (xµ)
(a sin (λx) + b)3

Substituting the above terms back in equation (2) gives

u′′(x)
a sin (λx) + b

−
(
− aλ cos (λx)
(a sin (λx) + b)2

+ c sin (xµ)
(a sin (λx) + b)2

)
u′(x) + (−d2 + cd sin (xµ))u(x)

(a sin (λx) + b)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 265� �
dsolve((a*sin(lambda*x)+b)*diff(y(x),x)=y(x)^2+c*sin(mu*x)*y(x)-d^2+c*d*sin(mu*x),y(x), singsol=all)� �
y(x)

=

−d

∫ e

c

(∫ sin(xµ)
a sin(xλ)+b

dx

)√
−a2+b2 λ−4d arctan

 tan
(
xλ
2
)
b+a√

−a2+b2


√

−a2+b2 λ

a sin(xλ)+b
dx

+ dc1 − e
c

(∫ sin(xµ)
a sin(xλ)+b

dx

)√
−a2+b2 λ−4d arctan

 tan
(
xλ
2
)
b+a√

−a2+b2


√

−a2+b2 λ

∫ e

c

(∫ sin(xµ)
a sin(xλ)+b

dx

)√
−a2+b2 λ−4d arctan

 tan
(
xλ
2
)
b+a√

−a2+b2


√

−a2+b2 λ

a sin(xλ)+b
dx− c1

3 Solution by Mathematica
Time used: 15.846 (sec). Leaf size: 289� �
DSolve[(a*Sin[\[Lambda]*x]+b)*y'[x]==y[x]^2+c*Sin[\[Mu]*x]*y[x]-d^2+c*d*Sin[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1
−
exp

(
−
∫ K[2]
1

2d−c sin(µK[1])
b+a sin(λK[1]) dK[1]

)
(−d+ c sin(µK[2]) + y(x))

cµ(b+ a sin(λK[2]))(d+ y(x)) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1
2d−c sin(µK[1])
b+a sin(λK[1]) dK[1]

)
cµ(d+K[3])2

−
∫ x

1

exp
(
−
∫ K[2]
1

2d−c sin(µK[1])
b+a sin(λK[1]) dK[1]

)
(−d+K[3] + c sin(µK[2]))

cµ(d+K[3])2(b+ a sin(λK[2])) −
exp

(
−
∫ K[2]
1

2d−c sin(µK[1])
b+a sin(λK[1]) dK[1]

)
cµ(d+K[3])(b+ a sin(λK[2]))

 dK[2]

 dK[3] = c1, y(x)
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9.13 problem 13
9.13.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 968

Internal problem ID [10511]
Internal file name [OUTPUT/9458_Monday_June_06_2022_02_39_36_PM_69357783/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 13.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

(a sin (λx) + b)
(
y′ − y2

)
= a λ2 sin (λx)

9.13.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2 sin (λx) a+ a λ2 sin (λx) + y2b

a sin (λx) + b

This is a Riccati ODE. Comparing the ODE to solve

y′ = a λ2 sin (λx)
a sin (λx) + b

+ y2 sin (λx) a
a sin (λx) + b

+ y2b

a sin (λx) + b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = aλ2 sin(λx)
a sin(λx)+b

, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

a λ2 sin (λx)
a sin (λx) + b

Substituting the above terms back in equation (2) gives

u′′(x) + a λ2 sin (λx)u(x)
a sin (λx) + b

= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = 2c1(a− b) (a+ b) b2
(
sin
(
λx

2

)
a cos

(
λx

2

)
+ b

2

)
arctan

(
b tan

(
λx
2

)
+ a

√
−a2 + b2

)
+ ac1 cos

(
λx

2

)
(a− b) (a+ b)

(
a sin

(
λx

2

)
+ b cos

(
λx

2

))√
−a2 + b2

+ 2c2
(
sin
(
λx

2

)
a cos

(
λx

2

)
+ b

2

)

The above shows that

u′(x) =

−

(
−2c1

(
cos
(
λx
2

)2 − 1
2

)
(a− b) (a+ b) a

√
−a2 + b2 b2 arctan

(
b tan

(
λx
2

)
+a

√
−a2+b2

)
− 2
(
cos
(
λx
2

)2 − 1
2

)
c2a

√
−a2 + b2 + c1(a− b)2 (a+ b)2

(
a2 cos

(
λx
2

)2 − sin
(
λx
2

)
ab cos

(
λx
2

)
− a2

2 + b2

2

))
λ

√
−a2 + b2

Using the above in (1) gives the solution

y

=

(
−2c1

(
cos
(
λx
2

)2 − 1
2

)
(a− b) (a+ b) a

√
−a2 + b2 b2 arctan

(
b tan

(
λx
2

)
+a

√
−a2+b2

)
− 2
(
cos
(
λx
2

)2 − 1
2

)
c2a

√
−a2 + b2 + c1(a− b)2 (a+ b)2

(
a2 cos

(
λx
2

)2 − sin
(
λx
2

)
ab cos

(
λx
2

)
− a2

2 + b2

2

))
λ

√
−a2 + b2

(
2c1 (a− b) (a+ b) b2

(
sin
(
λx
2

)
a cos

(
λx
2

)
+ b

2

)
arctan

(
b tan

(
λx
2

)
+a

√
−a2+b2

)
+ ac1 cos

(
λx
2

)
(a− b) (a+ b)

(
a sin

(
λx
2

)
+ b cos

(
λx
2

))√
−a2 + b2 + 2c2

(
sin
(
λx
2

)
a cos

(
λx
2

)
+ b

2

))
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
λ

(
−2c3

(
cos
(
λx
2

)2 − 1
2

)
(a− b) (a+ b) a

√
−a2 + b2 b2 arctan

(
b tan

(
λx
2

)
+a

√
−a2+b2

)
+ a
(
−2 cos

(
λx
2

)2 + 1
)√

−a2 + b2 + c3(a− b)2 (a+ b)2
(
a2 cos

(
λx
2

)2 − sin
(
λx
2

)
ab cos

(
λx
2

)
− a2

2 + b2

2

))
√
−a2 + b2

(
2c3 (a− b) (a+ b) b2

(
sin
(
λx
2

)
a cos

(
λx
2

)
+ b

2

)
arctan

(
b tan

(
λx
2

)
+a

√
−a2+b2

)
+ ac3 cos

(
λx
2

)
(a− b) (a+ b)

(
a sin

(
λx
2

)
+ b cos

(
λx
2

))√
−a2 + b2 + 2 sin

(
λx
2

)
a cos

(
λx
2

)
+ b

)

Summary
The solution(s) found are the following

(1)y

=
λ

(
−2c3

(
cos
(
λx
2

)2 − 1
2

)
(a− b) (a+ b) a

√
−a2 + b2 b2 arctan

(
b tan

(
λx
2

)
+a

√
−a2+b2

)
+ a
(
−2 cos

(
λx
2

)2 + 1
)√

−a2 + b2 + c3(a− b)2 (a+ b)2
(
a2 cos

(
λx
2

)2 − sin
(
λx
2

)
ab cos

(
λx
2

)
− a2

2 + b2

2

))
√
−a2 + b2

(
2c3 (a− b) (a+ b) b2

(
sin
(
λx
2

)
a cos

(
λx
2

)
+ b

2

)
arctan

(
b tan

(
λx
2

)
+a

√
−a2+b2

)
+ ac3 cos

(
λx
2

)
(a− b) (a+ b)

(
a sin

(
λx
2

)
+ b cos

(
λx
2

))√
−a2 + b2 + 2 sin

(
λx
2

)
a cos

(
λx
2

)
+ b

)
Verification of solutions
y

=
λ

(
−2c3

(
cos
(
λx
2

)2 − 1
2

)
(a− b) (a+ b) a

√
−a2 + b2 b2 arctan

(
b tan

(
λx
2

)
+a

√
−a2+b2

)
+ a
(
−2 cos

(
λx
2

)2 + 1
)√

−a2 + b2 + c3(a− b)2 (a+ b)2
(
a2 cos

(
λx
2

)2 − sin
(
λx
2

)
ab cos

(
λx
2

)
− a2

2 + b2

2

))
√
−a2 + b2

(
2c3 (a− b) (a+ b) b2

(
sin
(
λx
2

)
a cos

(
λx
2

)
+ b

2

)
arctan

(
b tan

(
λx
2

)
+a

√
−a2+b2

)
+ ac3 cos

(
λx
2

)
(a− b) (a+ b)

(
a sin

(
λx
2

)
+ b cos

(
λx
2

))√
−a2 + b2 + 2 sin

(
λx
2

)
a cos

(
λx
2

)
+ b

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -a*lambda^2*sin(lambda*x)*y(x)/(a*sin(lambda*x)+b), y(x)` *** Sub

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful

<- Riccati to 2nd Order successful`� �
3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 261� �
dsolve((a*sin(lambda*x)+b)*(diff(y(x),x)-y(x)^2)-a*lambda^2*sin(lambda*x)=0,y(x), singsol=all)� �
y(x)

=

(
−2(a− b) b2(a+ b)

(
cos
(
xλ
2

)2 − 1
2

)
a
√
−a2 + b2 arctan

(
tan
(

xλ
2

)
b+a

√
−a2+b2

)
+ 2c1

(
cos
(
xλ
2

)2 − 1
2

)
a
√
−a2 + b2 + (a− b)2

(
a2 cos

(
xλ
2

)2 − sin
(
xλ
2

)
ab cos

(
xλ
2

)
− a2

2 + b2

2

)
(a+ b)2

)
λ

√
−a2 + b2

(
2 (a− b) b2 (a+ b)

(
sin
(
xλ
2

)
a cos

(
xλ
2

)
+ b

2

)
arctan

(
tan
(

xλ
2

)
b+a

√
−a2+b2

)
+ a cos

(
xλ
2

)
(a− b) (a+ b)

(
a sin

(
xλ
2

)
+ b cos

(
xλ
2

))√
−a2 + b2 − 2c1

(
sin
(
xλ
2

)
a cos

(
xλ
2

)
+ b

2

))
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3 Solution by Mathematica
Time used: 24.795 (sec). Leaf size: 189� �
DSolve[(a*Sin[\[Lambda]*x]+b)*(y'[x]-y[x]^2)-a*\[Lambda]^2*Sin[\[Lambda]*x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
λ

(
2ab cos(λx) arctan

(
a+b tan

(
λx
2

)
√
b2−a2

)
+
√
b2 − a2(−ac1λ(a2 − b2) cos(λx)− a sin(λx) + b)

)
−2b(a sin(λx) + b) arctan

(
a+b tan

(
λx
2

)
√
b2−a2

)
+
√
b2 − a2 (−a cos(λx) + c1λ (a2 − b2) (a sin(λx) + b))

y(x) → − aλ cos(λx)
a sin(λx) + b
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10 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.6-2. Equations with cosine.

10.1 problem 14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 974
10.2 problem 15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 979
10.3 problem 16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 984
10.4 problem 17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 986
10.5 problem 18 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 990
10.6 problem 19 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 995
10.7 problem 20 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1000
10.8 problem 21 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1005
10.9 problem 22 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1010
10.10problem 23 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1015
10.11problem 24 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1019
10.12problem 25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1022
10.13problem 26 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1025
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10.1 problem 14
10.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 974

Internal problem ID [10512]
Internal file name [OUTPUT/9459_Monday_June_06_2022_02_40_18_PM_5103947/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 14.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − αy2 = β + γ cos (λx)

10.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= α y2 + β + γ cos (λx)

This is a Riccati ODE. Comparing the ODE to solve

y′ = α y2 + β + γ cos (λx)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = β + γ cos (λx), f1(x) = 0 and f2(x) = α. Let

y = −u′

f2u

= −u′

αu
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = α2(β + γ cos (λx))

Substituting the above terms back in equation (2) gives

αu′′(x) + α2(β + γ cos (λx))u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1MathieuC
(
4αβ
λ2 ,−2αγ

λ2 ,
λx

2

)
+ c2MathieuS

(
4αβ
λ2 ,−2αγ

λ2 ,
λx

2

)
The above shows that

u′(x) =
λ
(
c1MathieuCPrime

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

)
+ c2MathieuSPrime

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

))
2

Using the above in (1) gives the solution

y = −
λ
(
c1MathieuCPrime

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

)
+ c2MathieuSPrime

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

))
2α
(
c1MathieuC

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

)
+ c2MathieuS

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
λ
(
c3MathieuCPrime

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

)
+MathieuSPrime

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

))
2α
(
c3MathieuC

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

)
+MathieuS

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

))
Summary
The solution(s) found are the following

(1)y = −
λ
(
c3MathieuCPrime

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

)
+MathieuSPrime

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

))
2α
(
c3MathieuC

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

)
+MathieuS

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

))
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Verification of solutions

y = −
λ
(
c3MathieuCPrime

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

)
+MathieuSPrime

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

))
2α
(
c3MathieuC

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

)
+MathieuS

(4αβ
λ2 ,−2αγ

λ2 ,
λx
2

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -alpha*(beta+gamma*cos(lambda*x))*y(x), y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius
Equivalence transformation and function parameters: {z = 1/2*t+1/2}, {kappa = 4*(4*alpha*beta-4*alpha*gamma-lambda^2)
<- Equivalence to the rational form of Mathieu ODE successful

<- Mathieu successful
<- special function solution successful
Change of variables used:

[x = arccos(t)/lambda]
Linear ODE actually solved:

(alpha*gamma*t+alpha*beta)*u(t)-lambda^2*t*diff(u(t),t)+(-lambda^2*t^2+lambda^2)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 94� �
dsolve(diff(y(x),x)=alpha*y(x)^2+beta+gamma*cos(lambda*x),y(x), singsol=all)� �

y(x) = −
λ
(
c1MathieuSPrime

(4αβ
λ2 ,−2γα

λ2 ,
xλ
2

)
+MathieuCPrime

(4αβ
λ2 ,−2γα

λ2 ,
xλ
2

))
2α
(
c1MathieuS

(4αβ
λ2 ,−2γα

λ2 ,
xλ
2

)
+MathieuC

(4αβ
λ2 ,−2γα

λ2 ,
xλ
2

))
3 Solution by Mathematica
Time used: 0.577 (sec). Leaf size: 163� �
DSolve[y'[x]==\[Alpha]*y[x]^2+\[Beta]+\[Gamma]*Cos[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
λ
(
MathieuSPrime

[4αβ
λ2 ,−2αγ

λ2 ,
λx
2

]
+ c1MathieuCPrime

[4αβ
λ2 ,−2αγ

λ2 ,
λx
2

])
2α
(
MathieuS

[4αβ
λ2 ,−2αγ

λ2 ,
λx
2

]
+ c1MathieuC

[4αβ
λ2 ,−2αγ

λ2 ,
λx
2

])
y(x) → −

λMathieuCPrime
[4αβ

λ2 ,−2αγ
λ2 ,

λx
2

]
2αMathieuC

[4αβ
λ2 ,−2αγ

λ2 ,
λx
2

]
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10.2 problem 15
10.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 979

Internal problem ID [10513]
Internal file name [OUTPUT/9460_Monday_June_06_2022_02_40_20_PM_50369115/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 15.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = −a2 + aλ cos (λx) + a2 cos (λx)2

10.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 − a2 + aλ cos (λx) + a2 cos (λx)2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 − a2 + aλ cos (λx) + a2 cos (λx)2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 + aλ cos (λx) + a2 cos (λx)2, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −a2 + aλ cos (λx) + a2 cos (λx)2

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−a2 + aλ cos (λx) + a2 cos (λx)2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e
a cos(λx)

λ

(
c1HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
,
8a+ 3λ

8λ ,
cos (λx)

2 + 1
2

)
+ c2 cos

(
λx

2

)
HeunC

(
4a
λ
,
1
2 ,−

1
2 ,−

2a
λ
,
8a+ 3λ

8λ ,
cos (λx)

2 + 1
2

))
The above shows that

u′(x) = −2 e
a cos(λx)

λ

c2
(
cos (λx) a+ a+ λ

2

)
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
2

+
(1 + cos (λx)) c2λHeunCPrime

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
4

+ c1 cos
(
λx

2

)aHeunC
(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
,
8a+ 3λ

8λ ,
cos (λx)

2 + 1
2

)

+
λHeunCPrime

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
2

 sin
(
λx

2

)

Using the above in (1) gives the solution

y

=
2
(

c2
(
cos(λx)a+a+λ

2

)
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
2 +

(1+cos(λx))c2λHeunCPrime
(

4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
4 + c1 cos

(
λx
2

)(
aHeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
+

λHeunCPrime
(

4a
λ
,− 1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
2

))
sin
(
λx
2

)
c1HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
+ c2 cos

(
λx
2

)
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
2
((

cos(λx)a+a+λ
2

)
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
2 +

(1+cos(λx))HeunCPrime
(

4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
λ

4 + c3 cos
(
λx
2

)(
aHeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
+

λHeunCPrime
(

4a
λ
,− 1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
2

))
sin
(
λx
2

)
c3HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
+HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
cos
(
λx
2

)
Summary
The solution(s) found are the following

(1)y

=
2
((

cos(λx)a+a+λ
2

)
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
2 +

(1+cos(λx))HeunCPrime
(

4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
λ

4 + c3 cos
(
λx
2

)(
aHeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
+

λHeunCPrime
(

4a
λ
,− 1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
2

))
sin
(
λx
2

)
c3HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
+HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
cos
(
λx
2

)
Verification of solutions
y

=
2
((

cos(λx)a+a+λ
2

)
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
2 +

(1+cos(λx))HeunCPrime
(

4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
λ

4 + c3 cos
(
λx
2

)(
aHeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
+

λHeunCPrime
(

4a
λ
,− 1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
2

))
sin
(
λx
2

)
c3HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
+HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(λx)2 + 1
2

)
cos
(
λx
2

)
Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a^2-a*lambda*cos(lambda*x)-cos(lambda*x)^2*a^2)*y(x), y(x)` ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunC ODE, case a <> 0, e <> 0, c = 0

<- Kovacics algorithm successful
Change of variables used:

[x = arccos(t)/lambda]
Linear ODE actually solved:

(2*a^2*t^2+2*a*lambda*t-2*a^2)*u(t)-2*lambda^2*t*diff(u(t),t)+(-2*lambda^2*t^2+2*lambda^2)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 272� �
dsolve(diff(y(x),x)=y(x)^2-a^2+a*lambda*cos(lambda*x)+a^2*cos(lambda*x)^2,y(x), singsol=all)� �
y(x)

=

(
2ac1 sin (xλ) cos

(
xλ
2

)
+ c1λ sin

(
xλ
2

))
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(xλ)2 + 1
2

)
+ 2 sin (xλ)

(
aHeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(xλ)2 + 1
2

)
+

λ
(
HeunCPrime

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(xλ)2 + 1
2

)
c1 cos

(
xλ
2

)
+HeunCPrime

(
4a
λ
,− 1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(xλ)2 + 1
2

))
2

)
2 cos

(
xλ
2

)
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(xλ)2 + 1
2

)
c1 + 2HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(xλ)2 + 1
2

)
3 Solution by Mathematica
Time used: 3.942 (sec). Leaf size: 131� �
DSolve[y'[x]==y[x]^2-a^2+a*\[Lambda]*Cos[\[Lambda]*x]+a^2*Cos[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
ac1 sin(λx)

∫ x

1 e−
2a cos(λK[1])

λ dK[1] + a sin(λx) + c1
(
−e−

2a cos(λx)
λ

)
1 + c1

∫ x

1 e−
2a cos(λK[1])

λ dK[1]

y(x) → a sin(λx)− e−
2a cos(λx)

λ∫ x

1 e−
2a cos(λK[1])

λ dK[1]
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10.3 problem 16
10.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 984

Internal problem ID [10514]
Internal file name [OUTPUT/9461_Monday_June_06_2022_02_40_22_PM_53437655/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 16.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

y′ − y2 = λ2 + c cos (λx+ a)n cos (λx+ b)−n−4

10.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + λ2 + c cos (λx+ a)n cos (λx+ b)−n−4

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + λ2 + c(cos (λx) cos (a)− sin (λx) sin (a))n cos (λx+ b)−n

(cos (λx) cos (b)− sin (λx) sin (b))4

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = λ2 + c cos (λx+ a)n cos (λx+ b)−n−4, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = λ2 + c cos (λx+ a)n cos (λx+ b)−n−4

Substituting the above terms back in equation (2) gives

u′′(x) +
(
λ2 + c cos (λx+ a)n cos (λx+ b)−n−4)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+lambda^2+c*cos(lambda*x+a)^n*cos(lambda*x+b)^(-n-4),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+\[Lambda]^2+c*Cos[\[Lambda]*x+a]^n*Cos[\[Lambda]*x+b]^(-n-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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10.4 problem 17
10.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 986

Internal problem ID [10515]
Internal file name [OUTPUT/9462_Monday_June_06_2022_02_43_31_PM_724295/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 17.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − a cos (βx) y = ab cos (βx)− b2

10.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + a cos (βx) y + ab cos (βx)− b2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a cos (βx) y + ab cos (βx)− b2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = ab cos (βx)− b2, f1(x) = a cos (βx) and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = a cos (βx)
f 2
2 f0 = ab cos (βx)− b2

Substituting the above terms back in equation (2) gives

u′′(x)− a cos (βx)u′(x) +
(
ab cos (βx)− b2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1e−
b(−2βx+π)

2β + ic2ebxβ
(∫

e
−2bβx+sin(βx)a+πb

β dx

)

The above shows that

u′(x) = c1b e−
b(−2βx+π)

2β + ic2b ebxβ
(∫

e
−2bβx+sin(βx)a+πb

β dx

)
+ iβc2e

sin(βx)a−b(βx−π)
β

Using the above in (1) gives the solution

y = −
c1b e−

b(−2βx+π)
2β + ic2b ebxβ

(∫
e

−2bβx+sin(βx)a+πb
β dx

)
+ iβc2e

sin(βx)a−b(βx−π)
β

c1e−
b(−2βx+π)

2β + ic2ebxβ
(∫

e
−2bβx+sin(βx)a+πb

β dx
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
β e

sin(βx)a−b(βx−π)
β − b

(
ic3e−

b(−2βx+π)
2β − ebxβ

(∫
e

−2bβx+sin(βx)a+πb
β dx

))
ic3e−

b(−2βx+π)
2β − ebxβ

(∫
e

−2bβx+sin(βx)a+πb
β dx

)
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Summary
The solution(s) found are the following

(1)y =
β e

sin(βx)a−b(βx−π)
β − b

(
ic3e−

b(−2βx+π)
2β − ebxβ

(∫
e

−2bβx+sin(βx)a+πb
β dx

))
ic3e−

b(−2βx+π)
2β − ebxβ

(∫
e

−2bβx+sin(βx)a+πb
β dx

)
Verification of solutions

y =
β e

sin(βx)a−b(βx−π)
β − b

(
ic3e−

b(−2βx+π)
2β − ebxβ

(∫
e

−2bβx+sin(βx)a+πb
β dx

))
ic3e−

b(−2βx+π)
2β − ebxβ

(∫
e

−2bβx+sin(βx)a+πb
β dx

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 73� �
dsolve(diff(y(x),x)=y(x)^2+a*cos(beta*x)*y(x)+a*b*cos(beta*x)-b^2,y(x), singsol=all)� �

y(x) =
b
(∫

e
−2bβx+sin(xβ)a

β dx
)
− c1b+ e

−2bβx+sin(xβ)a
β

−
(∫

e
−2bβx+sin(xβ)a

β dx
)
+ c1
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3 Solution by Mathematica
Time used: 9.071 (sec). Leaf size: 183� �
DSolve[y'[x]==y[x]^2+a*Cos[\[Beta]*x]*y[x]+a*b*Cos[\[Beta]*x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1

e
a sin(βK[1])

β
−2bK[1](−b+ a cos(βK[1]) + y(x))

aβ(b+ y(x)) dK[1]

+
∫ y(x)

1

(
−
∫ x

1

(
e

a sin(βK[1])
β

−2bK[1]

aβ(b+K[2]) − e
a sin(βK[1])

β
−2bK[1](−b+ a cos(βK[1]) +K[2])

aβ(b+K[2])2

)
dK[1]

− e
a sin(xβ)

β
−2bx

aβ(b+K[2])2

)
dK[2] = c1, y(x)

]
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10.5 problem 18
10.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 990

Internal problem ID [10516]
Internal file name [OUTPUT/9463_Monday_June_06_2022_02_44_05_PM_18158228/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 18.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − a cos (bx)m y = a cos (bx)m

10.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + a cos (bx)m y + a cos (bx)m

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a cos (bx)m y + a cos (bx)m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a cos (bx)m, f1(x) = a cos (bx)m and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = a cos (bx)m

f 2
2 f0 = a cos (bx)m

Substituting the above terms back in equation (2) gives

u′′(x)− a cos (bx)m u′(x) + a cos (bx)m u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol ({_Y′′(x) + a cos (bx)m (−_Y′(x) + _Y(x))} , {_Y(x)})

The above shows that

u′(x) = ∂

∂x
DESol ({_Y′′(x) + a cos (bx)m (−_Y′(x) + _Y(x))} , {_Y(x)})

Using the above in (1) gives the solution

y = −
∂
∂x

DESol ({_Y′′(x) + a cos (bx)m (−_Y′(x) + _Y(x))} , {_Y(x)})
DESol ({_Y′′ (x) + a cos (bx)m (−_Y′ (x) + _Y (x))} , {_Y (x)})

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol ({_Y′′(x) + a cos (bx)m (−_Y′(x) + _Y(x))} , {_Y(x)})
DESol ({_Y′′ (x) + a cos (bx)m (−_Y′ (x) + _Y (x))} , {_Y (x)})

Summary
The solution(s) found are the following

(1)y = −
∂
∂x

DESol ({_Y′′(x) + a cos (bx)m (−_Y′(x) + _Y(x))} , {_Y(x)})
DESol ({_Y′′ (x) + a cos (bx)m (−_Y′ (x) + _Y (x))} , {_Y (x)})
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Verification of solutions

y = −
∂
∂x

DESol ({_Y′′(x) + a cos (bx)m (−_Y′(x) + _Y(x))} , {_Y(x)})
DESol ({_Y′′ (x) + a cos (bx)m (−_Y′ (x) + _Y (x))} , {_Y (x)})

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = a*cos(x*b)^m*(diff(y(x), x))-a*cos(x*b)^m*y(x), y(x)` *** Subleve

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> trying with_periodic_functions in the coefficients

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(y(x)^2+y(x)+a*cos(x*b)^m*y(x)*x+x^2*a*cos(x*b)^m)/x, y(x), explicit` *** Su

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+a*cos(b*x)^m*y(x)+a*cos(b*x)^m,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+a*Cos[b*x]^m*y[x]+a*Cos[b*x]^m,y[x],x,IncludeSingularSolutions -> True]� �
Not solved

994



10.6 problem 19
10.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 995

Internal problem ID [10517]
Internal file name [OUTPUT/9464_Monday_June_06_2022_02_44_10_PM_6467390/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 19.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − cos (λx) y2λ = λ cos (λx)3

10.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= cos (λx)λ y2 + λ cos (λx)3

This is a Riccati ODE. Comparing the ODE to solve

y′ = cos (λx)λ y2 + λ cos (λx)3

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = λ cos (λx)3, f1(x) = 0 and f2(x) = λ cos (λx). Let

y = −u′

f2u

= −u′

λ cos (λx)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − sin (λx)λ2

f1f2 = 0
f 2
2 f0 = λ3 cos (λx)5

Substituting the above terms back in equation (2) gives

λ cos (λx)u′′(x) + sin (λx)λ2u′(x) + λ3 cos (λx)5 u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
e− sin(λx)2− cos(λx)2

2

(
(c1 − 2c2) erf

(√
− sin (λx)2

)
+ 2c2

)
sin (λx)

√
π

2
√
− sin (λx)2

The above shows that

u′(x)

=
λ

(
−

√
π sin(λx)2(c1−2c2) erf

(√
− sin(λx)2

)
2 + esin(λx)2(c1 − 2c2)

√
− sin (λx)2 − sin (λx)2

√
π c2

)
e

cos(λx)2
2 −1 cos (λx)√

− sin (λx)2

Using the above in (1) gives the solution

y =

−
2
(
−

√
π sin(λx)2(c1−2c2) erf

(√
− sin(λx)2

)
2 + esin(λx)2(c1 − 2c2)

√
− sin (λx)2 − sin (λx)2

√
π c2

)
e

cos(λx)2
2 −1e 3

4−
cos(2λx)

4(
(c1 − 2c2) erf

(√
− sin (λx)2

)
+ 2c2

)
sin (λx)

√
π

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−
2
(
−

sin(λx)
√
π (c3−2) erf

(√
− sin(λx)2

)
2 + csc (λx) esin(λx)2(c3 − 2)

√
− sin (λx)2 − sin (λx)

√
π

)
(
(c3 − 2) erf

(√
− sin (λx)2

)
+ 2
)
√
π

Summary
The solution(s) found are the following

(1)y =

−
2
(
−

sin(λx)
√
π (c3−2) erf

(√
− sin(λx)2

)
2 + csc (λx) esin(λx)2(c3 − 2)

√
− sin (λx)2 − sin (λx)

√
π

)
(
(c3 − 2) erf

(√
− sin (λx)2

)
+ 2
)
√
π

Verification of solutions
y =

−
2
(
−

sin(λx)
√
π (c3−2) erf

(√
− sin(λx)2

)
2 + csc (λx) esin(λx)2(c3 − 2)

√
− sin (λx)2 − sin (λx)

√
π

)
(
(c3 − 2) erf

(√
− sin (λx)2

)
+ 2
)
√
π

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -lambda*sin(lambda*x)*(diff(y(x), x))/cos(lambda*x)-cos(lambda*x)^4*la

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful

-> Trying to convert hypergeometric functions to elementary form...
<- elementary form is not straightforward to achieve - returning special function solution free of uncomputed integra

<- Kovacics algorithm successful
Change of variables used:

[x = arccos(t)/lambda]
Linear ODE actually solved:

16*t^5*u(t)-16*diff(u(t),t)+(-16*t^3+16*t)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 95� �
dsolve(diff(y(x),x)=lambda*cos(lambda*x)*y(x)^2+lambda*cos(lambda*x)^3,y(x), singsol=all)� �
y(x) =

−
4 csc (xλ)

(
−

√
π sin(xλ)2

(
c1− 1

2
)
erf
(√

− sin(xλ)2
)

2 +
(
c1 − 1

2

)
esin(xλ)2

√
− sin (xλ)2 + sin(xλ)2

√
π c1

2

)
√
π

(
erf
(√

− sin (xλ)2
)
(2c1 − 1)− 2c1

)
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*Cos[\[Lambda]*x]*y[x]^2+\[Lambda]*Cos[\[Lambda]*x]^3,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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10.7 problem 20
10.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1000

Internal problem ID [10518]
Internal file name [OUTPUT/9465_Monday_June_06_2022_02_44_12_PM_8959918/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 20.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

2y′ − (λ+ a− cos (λx) a) y2 = −a+ λ− cos (λx) a

10.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −cos (λx) a y2
2 + a y2

2 + λ y2

2 + λ

2 − a

2 − cos (λx) a
2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −cos (λx) a y2
2 + a y2

2 + λ y2

2 + λ

2 − a

2 − cos (λx) a
2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = λ
2 −

a
2 −

cos(λx)a
2 , f1(x) = 0 and f2(x) = a

2 +
λ
2 −

cos(λx)a
2 . Let

y = −u′

f2u

= −u′(
a
2 +

λ
2 −

cos(λx)a
2

)
u

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

aλ sin (λx)
2

f1f2 = 0

f 2
2 f0 =

(
a

2 + λ

2 − cos (λx) a
2

)2(
λ

2 − a

2 − cos (λx) a
2

)
Substituting the above terms back in equation (2) gives(
a

2 + λ

2 − cos (λx) a
2

)
u′′(x)− aλ sin (λx)u′(x)

2 +
(
a

2 + λ

2 − cos (λx) a
2

)2(
λ

2 − a

2 − cos (λx) a
2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
sin
(
λx
2

)
e−

a cos(λx)
2λ

(
ic2λ

(∫
e

a cos(λx)
λ

(
2a+ csc

(
λx
2

)2
λ
)
dx
)
+ 2c1

)
2

The above shows that

u′(x) =

−
csc
(
λx
2

)
(cos (λx) a− a− λ)

(
i sin (λx)

(∫
e

a cos(λx)
λ

(
2a+ csc

(
λx
2

)2
λ
)
dx
)
c2λ e−

a cos(λx)
2λ + 4ie

a cos(λx)
2λ c2λ+ 2 sin (λx) c1e−

a cos(λx)
2λ

)
8

Using the above in (1) gives the solution

y

=
csc
(
λx
2

)
(cos (λx) a− a− λ)

(
i sin (λx)

(∫
e

a cos(λx)
λ

(
2a+ csc

(
λx
2

)2
λ
)
dx
)
c2λ e−

a cos(λx)
2λ + 4ie

a cos(λx)
2λ c2λ+ 2 sin (λx) c1e−

a cos(λx)
2λ

)
e

a cos(λx)
2λ

4
(

a
2 +

λ
2 −

cos(λx)a
2

)
sin
(
λx
2

) (
ic2λ

(∫
e

a cos(λx)
λ

(
2a+ csc

(
λx
2

)2
λ
)
dx
)
+ 2c1

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −

2

i sin (λx) c3 −
λ

(∫
e
a cos(λx)

λ

(
2a+csc

(
λx
2

)2
λ

)
dx

)
sin(λx)

2 − 2λ e
a cos(λx)

λ

 csc
(
λx
2

)2
4ic3 − 2λ

(∫
e

a cos(λx)
λ

(
2a+ csc

(
λx
2

)2
λ
)
dx
)
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Summary
The solution(s) found are the following

(1)y = −

2

i sin (λx) c3 −
λ

(∫
e
a cos(λx)

λ

(
2a+csc

(
λx
2

)2
λ

)
dx

)
sin(λx)

2 − 2λ e
a cos(λx)

λ

 csc
(
λx
2

)2
4ic3 − 2λ

(∫
e

a cos(λx)
λ

(
2a+ csc

(
λx
2

)2
λ
)
dx
)

Verification of solutions

y = −

2

i sin (λx) c3 −
λ

(∫
e
a cos(λx)

λ

(
2a+csc

(
λx
2

)2
λ

)
dx

)
sin(λx)

2 − 2λ e
a cos(λx)

λ

 csc
(
λx
2

)2
4ic3 − 2λ

(∫
e

a cos(λx)
λ

(
2a+ csc

(
λx
2

)2
λ
)
dx
)

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -a*lambda*sin(lambda*x)*(diff(y(x), x))/(-lambda-a+a*cos(lambda*x))-(1

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful
Change of variables used:

[x = arccos(t)/lambda]
Linear ODE actually solved:

(4*a^3*t^3-4*a^3*t^2-12*a^2*lambda*t^2-4*a^3*t+8*a^2*lambda*t+12*a*lambda^2*t+4*a^3+4*a^2*lambda-4*a*lambda^2-4*lambda^3
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 122� �
dsolve(2*diff(y(x),x)=(lambda+a-a*cos(lambda*x))*y(x)^2+lambda-a-a*cos(lambda*x),y(x), singsol=all)� �
y(x)

=
− cot

(
xλ
2

)
λ
(∫

e
a cos(xλ)

λ csgn
(
sin
(
xλ
2

)) (
csc
(
xλ
2

)2
λ+ 2a

)
dx
)
c1 − 2 csc

(
xλ
2

)2 csgn (sin (xλ2 )) ea cos(xλ)
λ c1λ+ 2i cot

(
xλ
2

)
λ
(∫

e
a cos(xλ)

λ csgn
(
sin
(
xλ
2

)) (
csc
(
xλ
2

)2
λ+ 2a

)
dx
)
c1 − 2i

3 Solution by Mathematica
Time used: 34.139 (sec). Leaf size: 234� �
DSolve[2*y'[x]==(\[Lambda]+a-a*Cos[\[Lambda]*x])*y[x]^2+\[Lambda]-a-a*Cos[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
2
(
c1 cot

(
λx
2

) ∫ x

1 e−
2a sin2

(
1
2λK[1]

)
λ

(
λ csc2

(1
2λK[1]

)
+ 2a

)
dK[1] + 2c1 csc2

(
λx
2

)
e−

2a sin2
(
λx
2
)

λ + cot
(
λx
2

))
2 + 2c1

∫ x

1 e−
2a sin2

(
1
2λK[1]

)
λ

(
λ csc2

(1
2λK[1]

)
+ 2a

)
dK[1]

y(x) → 1
2 csc2

(
λx

2

)− 4e−
2a sin2

(
λx
2
)

λ∫ x

1 e−
2a sin2

(
1
2λK[1]

)
λ

(
λ csc2

(1
2λK[1]

)
+ 2a

)
dK[1]

− sin(λx)
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10.8 problem 21
10.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1005

Internal problem ID [10519]
Internal file name [OUTPUT/9466_Monday_June_06_2022_02_44_15_PM_26441355/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 21.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ −
(
λ+ a cos (λx)2

)
y2 = −a+ λ+ a cos (λx)2

10.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= cos (λx)2 a y2 + a cos (λx)2 + λ y2 − a+ λ

This is a Riccati ODE. Comparing the ODE to solve

y′ = cos (λx)2 a y2 + a cos (λx)2 + λ y2 − a+ λ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a+ λ+ a cos (λx)2, f1(x) = 0 and f2(x) = λ+ a cos (λx)2. Let

y = −u′

f2u

= −u′(
λ+ a cos (λx)2

)
u

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −2 sin (λx) aλ cos (λx)

f1f2 = 0

f 2
2 f0 =

(
λ+ a cos (λx)2

)2 (−a+ λ+ a cos (λx)2
)

Substituting the above terms back in equation (2) gives(
λ+ a cos (λx)2

)
u′′(x) + 2 sin (λx) aλ cos (λx)u′(x) +

(
λ+ a cos (λx)2

)2 (−a+ λ+ a cos (λx)2
)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = cos (λx) e
cos(2λx)a

4λ

(
c1 + 2ic2λ

(∫
e−

cos(2λx)a
2λ

(
sec (λx)2 λ+ a

)
dx

))

The above shows that

u′(x) =

−
sec (λx)

(
λ+ a cos (λx)2

) (
2i sin (2λx)

(∫
e−

cos(2λx)a
2λ

(
sec (λx)2 λ+ a

)
dx
)
c2λ e

cos(2λx)a
4λ + sin (2λx) c1e

cos(2λx)a
4λ − 4iλc2e−

cos(2λx)a
4λ

)
2

Using the above in (1) gives the solution

y

=
sec (λx)

(
2i sin (2λx)

(∫
e−

cos(2λx)a
2λ

(
sec (λx)2 λ+ a

)
dx
)
c2λ e

cos(2λx)a
4λ + sin (2λx) c1e

cos(2λx)a
4λ − 4iλc2e−

cos(2λx)a
4λ

)
e−

cos(2λx)a
4λ

2 cos (λx)
(
c1 + 2ic2λ

(∫
e−

cos(2λx)a
2λ

(
sec (λx)2 λ+ a

)
dx
))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y=
ic3 tan (λx)− 2λ

(∫
e−

cos(2λx)a
2λ

(
sec (λx)2 λ+ a

)
dx
)
tan (λx) + 2 sec (λx)2 e−

cos(2λx)a
2λ λ

ic3 − 2λ
(∫

e−
cos(2λx)a

2λ
(
sec (λx)2 λ+ a

)
dx
)
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Summary
The solution(s) found are the following
y

=
ic3 tan (λx)− 2λ

(∫
e−

cos(2λx)a
2λ

(
sec (λx)2 λ+ a

)
dx
)
tan (λx) + 2 sec (λx)2 e−

cos(2λx)a
2λ λ

ic3 − 2λ
(∫

e−
cos(2λx)a

2λ
(
sec (λx)2 λ+ a

)
dx
)

(1)
Verification of solutions

y=
ic3 tan (λx)− 2λ

(∫
e−

cos(2λx)a
2λ

(
sec (λx)2 λ+ a

)
dx
)
tan (λx) + 2 sec (λx)2 e−

cos(2λx)a
2λ λ

ic3 − 2λ
(∫

e−
cos(2λx)a

2λ
(
sec (λx)2 λ+ a

)
dx
)

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -2*a*cos(lambda*x)*lambda*sin(lambda*x)*(diff(y(x), x))/(lambda+cos(la

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful
Change of variables used:

[x = 1/2*arccos(t)/lambda]
Linear ODE actually solved:

(4*a^3*t^3+4*a^3*t^2+24*a^2*lambda*t^2-4*a^3*t+16*a^2*lambda*t+48*a*lambda^2*t-4*a^3-8*a^2*lambda+16*a*lambda^2+32*lambd
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 102� �
dsolve(diff(y(x),x)=(lambda+a*cos(lambda*x)^2)*y(x)^2+lambda-a+a*cos(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
2 sec (xλ)2 e−

a cos(2xλ)
2λ c1λ− 2 tan (xλ)λ

(∫
e−

a cos(2xλ)
2λ

(
sec (xλ)2 λ+ a

)
dx
)
c1 + i tan (xλ)

−2λ
(∫

e−
a cos(2xλ)

2λ
(
sec (xλ)2 λ+ a

)
dx
)
c1 + i

3 Solution by Mathematica
Time used: 36.333 (sec). Leaf size: 263� �
DSolve[y'[x]==(\[Lambda]+a*Cos[\[Lambda]*x]^2)*y[x]^2+\[Lambda]-a+a*Cos[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
2
(
c1 tan(λx)

∫ x

1 e−
a cos2(λK[1])

λ (λ sec2(λK[1]) + a) dK[1] + c1 sec2(λx)
(
−e−

a cos2(λx)
λ

)
+ tan(λx)

)
2 + 2c1

∫ x

1 e−
a cos2(λK[1])

λ (λ sec2(λK[1]) + a) dK[1]

y(x) → 1
2 sec2(λx)

(
sin(2λx)− 2e−

a cos2(λx)
λ∫ x

1 e−
a cos2(λK[1])

λ (λ sec2(λK[1]) + a) dK[1]

)

y(x) → 1
2 sec2(λx)

(
sin(2λx)− 2e−

a cos2(λx)
λ∫ x

1 e−
a cos2(λK[1])

λ (λ sec2(λK[1]) + a) dK[1]

)
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10.9 problem 22
10.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1010

Internal problem ID [10520]
Internal file name [OUTPUT/9467_Monday_June_06_2022_02_45_03_PM_33788457/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 22.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + (k + 1)xky2 − a xk+1 cos (x)m y = −a cos (x)m

10.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a xk+1 cos (x)m y − xky2k − xky2 − a cos (x)m

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xkx cos (x)m y − xky2k − xky2 − a cos (x)m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a cos (x)m, f1(x) = a cos (x)m xk+1 and f2(x) = −xkk − xk. Let

y = −u′

f2u

= −u′

(−xkk − xk)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −k2xk

x
− k xk

x
f1f2 = a cos (x)m xk+1(−xkk − xk

)
f 2
2 f0 = −

(
−xkk − xk

)2
a cos (x)m

Substituting the above terms back in equation (2) gives(
−xkk − xk

)
u′′(x)−

(
−k2xk

x
− k xk

x
+ a cos (x)m xk+1(−xkk − xk

))
u′(x)−

(
−xkk − xk

)2
a cos (x)m u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = xk+1
(
c1 + c2

(∫
x−2k−2e

∫ (
a cos(x)mxk+1+ k

x

)
dx
dx

))
The above shows that

u′(x) = xk

(
c2x

−2k−1e
∫ (

a cos(x)mxk+1+ k
x

)
dx

+
(
c1 + c2

(∫
x−2k−2e

∫ (
a cos(x)mxk+1+ k

x

)
dx
dx

))
(k + 1)

)
Using the above in (1) gives the solution

y =

−
xk

(
c2x

−2k−1e
∫ (

a cos(x)mxk+1+ k
x

)
dx +

(
c1 + c2

(∫
x−2k−2e

∫ (
a cos(x)mxk+1+ k

x

)
dx
dx

))
(k + 1)

)
x−k−1

(−xkk − xk)
(
c1 + c2

(∫
x−2k−2e

∫ (
a cos(x)mxk+1+ k

x

)
dx
dx

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y=
x−k−1

(
x−2k−1e

∫ (
a cos(x)mxk+1+ k

x

)
dx +

(
c3 +

∫
x−2k−2e

∫ (
a cos(x)mxk+1+ k

x

)
dx
dx

)
(k + 1)

)
(k + 1)

(
c3 +

∫
e
∫ a xk+2 cos(x)m+k

x
dxx−2k−2dx

)
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Summary
The solution(s) found are the following
y

=
x−k−1

(
x−2k−1e

∫ (
a cos(x)mxk+1+ k

x

)
dx +

(
c3 +

∫
x−2k−2e

∫ (
a cos(x)mxk+1+ k

x

)
dx
dx

)
(k + 1)

)
(k + 1)

(
c3 +

∫
e
∫ a xk+2 cos(x)m+k

x
dxx−2k−2dx

)
(1)

Verification of solutions

y=
x−k−1

(
x−2k−1e

∫ (
a cos(x)mxk+1+ k

x

)
dx +

(
c3 +

∫
x−2k−2e

∫ (
a cos(x)mxk+1+ k

x

)
dx
dx

)
(k + 1)

)
(k + 1)

(
c3 +

∫
e
∫ a xk+2 cos(x)m+k

x
dxx−2k−2dx

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (cos(x)^m*x^(1+k)*a*x+k)*(diff(y(x), x))/x-x^k*(1+k)*a*cos(x)^m*y(x),

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> trying with_periodic_functions in the coefficients

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((-x^k*k-x^k)*y(x)^2+y(x)+a*x^(1+k)*cos(x)^m*y(x)*x-x^2*a*cos(x)^m)/x, y(x), expl

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2� �

1013



3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 174� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+a*x^(k+1)*cos(x)^m*y(x)-a*cos(x)^m,y(x), singsol=all)� �
y(x)

=
x−1−k

(
x1+ke

∫ cos(x)mx1+kax−2k−2
x

dx +
(∫

xke
∫ cos(x)mx1+kax−2k−2

x
dxdx

)
k +

∫
xke

∫ cos(x)mx1+kax−2k−2
x

dxdx− c1

)
(∫

xke
∫ a xk+2 cos(x)m−2k−2

x
dxdx

)
k +

∫
xke

∫ a xk+2 cos(x)m−2k−2
x

dxdx− c1

3 Solution by Mathematica
Time used: 20.002 (sec). Leaf size: 248� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+a*x^(k+1)*Cos[x]^m*y[x]-a*Cos[x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
x−k−1

(
c1x exp

(∫ x

1 −−a cosm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
+ c1(k + 1)

∫ x

1 exp
(∫ K[2]

1 −−a cosm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
dK[2] + k + 1

)
(k + 1)

(
1 + c1

∫ x

1 exp
(∫ K[2]

1 −−a cosm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
dK[2]

)

y(x) →
x−k

(
exp
(∫ x

1 −−a cosm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
∫ x
1 exp

(∫K[2]
1 −−a cosm(K[1])K[1]k+2+k+2

K[1] dK[1]
)
dK[2]

+ k+1
x

)
k + 1
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10.10 problem 23
10.10.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1015

Internal problem ID [10521]
Internal file name [OUTPUT/9468_Monday_June_06_2022_02_45_15_PM_21042046/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 23.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[[_1st_order , `_with_symmetry_[F(x),G(x)]`], _Riccati]

y′ − a cos (λx+ µ)k (y − b xn − c)2 = b xn−1n

10.10.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= x2n cos (λx+ µ)k a b2 + 2xn cos (λx+ µ)k abc− 2xn cos (λx+ µ)k aby + cos (λx+ µ)k a c2 − 2 cos (λx+ µ)k acy + cos (λx+ µ)k a y2 + b xn−1n

This is a Riccati ODE. Comparing the ODE to solve

y′ = x2n(cos (µ) cos (λx)− sin (λx) sin (µ))k a b2+2xn(cos (µ) cos (λx)− sin (λx) sin (µ))k abc−2xn(cos (µ) cos (λx)− sin (λx) sin (µ))k aby+(cos (µ) cos (λx)− sin (λx) sin (µ))k a c2−2(cos (µ) cos (λx)− sin (λx) sin (µ))k acy+(cos (µ) cos (λx)− sin (λx) sin (µ))k a y2+b xnn

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = x2n cos (λx+ µ)k a b2 + 2xn cos (λx+ µ)k abc+ cos (λx+ µ)k a c2 +
b xn−1n, f1(x) = −2a xnb cos (λx+ µ)k − 2ca cos (λx+ µ)k and f2(x) = a cos (λx+ µ)k.
Let

y = −u′

f2u

= −u′

a cos (λx+ µ)k u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −a cos (λx+ µ)k kλ sin (λx+ µ)

cos (λx+ µ)
f1f2 =

(
−2a xnb cos (λx+ µ)k − 2ca cos (λx+ µ)k

)
a cos (λx+ µ)k

f 2
2 f0 = a2 cos (λx+ µ)2k

(
x2n cos (λx+ µ)k a b2 + 2xn cos (λx+ µ)k abc+ cos (λx+ µ)k a c2 + b xn−1n

)
Substituting the above terms back in equation (2) gives

a cos (λx+ µ)k u′′(x)−
(
−a cos (λx+ µ)k kλ sin (λx+ µ)

cos (λx+ µ) +
(
−2a xnb cos (λx+ µ)k − 2ca cos (λx+ µ)k

)
a cos (λx+ µ)k

)
u′(x) + a2 cos (λx+ µ)2k

(
x2n cos (λx+ µ)k a b2 + 2xn cos (λx+ µ)k abc+ cos (λx+ µ)k a c2 + b xn−1n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(
c1 − ic2λ

(∫
cos (λx+ µ)k dx

))√
sin (λx+ µ) (cos (µ) cos (λx)

− sin (λx) sin (µ))−
k
2 e−

(∫ (
2 sec(λx+µ)a

(
b xn+c

)
cos(λx+µ)k+1+λ(tan(λx+µ)k+cot(λx+µ))

)
dx
)

2

The above shows that

u′(x) =

(cos (µ) cos (λx)− sin (λx) sin (µ))
(
ic2a(b xn + c)λ

(∫
cos (λx+ µ)k dx

)
− xnc1ab− ic2λ− c1ca

)
cos (λx+ µ)k+1

+
k
(
ic2λ

(∫
cos (λx+ µ)k dx

)
− c1

)
((− sin (λx) cos (µ)− cos (λx) sin (µ)) cos (λx+ µ) + sin (λx+ µ) (cos (µ) cos (λx)− sin (λx) sin (µ)))λ

2

√sin (λx+ µ) sec (λx

+ µ) (cos (µ) cos (λx)

− sin (λx) sin (µ))−
k
2−1 e−

(∫ (
2 sec(λx+µ)a

(
b xn+c

)
cos(λx+µ)k+1+λ(tan(λx+µ)k+cot(λx+µ))

)
dx
)

2

Using the above in (1) gives the solution

y =

−

(
(cos (µ) cos (λx)− sin (λx) sin (µ))

(
ic2a(b xn + c)λ

(∫
cos (λx+ µ)k dx

)
− xnc1ab− ic2λ− c1ca

)
cos (λx+ µ)k+1 +

k
(
ic2λ

(∫
cos(λx+µ)kdx

)
−c1

)
((− sin(λx) cos(µ)−cos(λx) sin(µ)) cos(λx+µ)+sin(λx+µ)(cos(µ) cos(λx)−sin(λx) sin(µ)))λ

2

)
sec (λx+ µ) (cos (µ) cos (λx)− sin (λx) sin (µ))−

k
2−1 cos (λx+ µ)−k cos (λx+ µ)

k
2

a
(
c1 − ic2λ

(∫
cos (λx+ µ)k dx

))
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
a(b xn + c)λ

(∫
cos (λx+ µ)k dx

)
+ ixnc3ab− λ+ ic3ca

a
(
λ
(∫

cos (λx+ µ)k dx
)
+ ic3

)
Summary
The solution(s) found are the following

(1)y =
a(b xn + c)λ

(∫
cos (λx+ µ)k dx

)
+ ixnc3ab− λ+ ic3ca

a
(
λ
(∫

cos (λx+ µ)k dx
)
+ ic3

)
Verification of solutions

y =
a(b xn + c)λ

(∫
cos (λx+ µ)k dx

)
+ ixnc3ab− λ+ ic3ca

a
(
λ
(∫

cos (λx+ µ)k dx
)
+ ic3

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (d) successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 38� �
dsolve(diff(y(x),x)=a*cos(lambda*x+mu)^k*(y(x)-b*x^n-c)^2+b*n*x^(n-1),y(x), singsol=all)� �

y(x) = b xn + c+ 1
c1 − a

(∫
(cos (xλ) cos (µ)− sin (xλ) sin (µ))k dx

)
3 Solution by Mathematica
Time used: 6.016 (sec). Leaf size: 92� �
DSolve[y'[x]==a*Cos[\[Lambda]*x+\[Mu]]^k*(y[x]-b*x^n-c)^2+b*n*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �
y(x)→ 1

a
√

sin2(µ+λx) csc(µ+λx) cosk+1(µ+λx)Hypergeometric2F1
(

1
2 ,

k+1
2 , k+3

2 ,cos2(xλ+µ)
)

(k+1)λ + c1

+ bxn + c

y(x) → bxn + c
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10.11 problem 24
10.11.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1019

Internal problem ID [10522]
Internal file name [OUTPUT/9469_Monday_June_06_2022_02_45_54_PM_50478589/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 24.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− a cos (λx)m y2 − ky = a b2x2k cos (λx)m

10.11.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a cos (λx)m y2 + ky + a b2x2k cos (λx)m

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = a b2x2k cos (λx)m

x
+ a cos (λx)m y2

x
+ ky

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a b2x2k cos(λx)m
x

, f1(x) = k
x
and f2(x) = a cos(λx)m

x
. Let

y = −u′

f2u

= −u′

a cos(λx)mu
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −a cos (λx)m mλ sin (λx)

cos (λx)x − a cos (λx)m

x2

f1f2 =
ka cos (λx)m

x2

f 2
2 f0 =

a3 cos (λx)3m b2x2k

x3

Substituting the above terms back in equation (2) gives

a cos (λx)m u′′(x)
x

−
(
−a cos (λx)m mλ sin (λx)

cos (λx)x − a cos (λx)m

x2 + ka cos (λx)m

x2

)
u′(x) + a3 cos (λx)3m b2x2ku(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1eiab
(∫

xk−1 cos(λx)mdx
)
+ c2e−iab

(∫
xk−1 cos(λx)mdx

)

The above shows that

u′(x) = iab xk−1 cos (λx)m
(
c1eiab

(∫
xk−1 cos(λx)mdx

)
− c2e−iab

(∫
xk−1 cos(λx)mdx

))
Using the above in (1) gives the solution

y = −
ib xk−1

(
c1eiab

(∫
xk−1 cos(λx)mdx

)
− c2e−iab

(∫
xk−1 cos(λx)mdx

))
x

c1eiab
(∫

xk−1 cos(λx)mdx
)
+ c2e−iab

(∫
xk−1 cos(λx)mdx

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
ib xk

(
c3eiab

(∫
xk−1 cos(λx)mdx

)
− e−iab

(∫
xk−1 cos(λx)mdx

))
c3eiab

(∫
xk−1 cos(λx)mdx

)
+ e−iab

(∫
xk−1 cos(λx)mdx

)
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Summary
The solution(s) found are the following

(1)y = −
ib xk

(
c3eiab

(∫
xk−1 cos(λx)mdx

)
− e−iab

(∫
xk−1 cos(λx)mdx

))
c3eiab

(∫
xk−1 cos(λx)mdx

)
+ e−iab

(∫
xk−1 cos(λx)mdx

)
Verification of solutions

y = −
ib xk

(
c3eiab

(∫
xk−1 cos(λx)mdx

)
− e−iab

(∫
xk−1 cos(λx)mdx

))
c3eiab

(∫
xk−1 cos(λx)mdx

)
+ e−iab

(∫
xk−1 cos(λx)mdx

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.032 (sec). Leaf size: 31� �
dsolve(x*diff(y(x),x)=a*cos(lambda*x)^m*y(x)^2+k*y(x)+a*b^2*x^(2*k)*cos(lambda*x)^m,y(x), singsol=all)� �

y(x) = − tan
(
−ab

(∫
x−1+k cos (xλ)m dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 1.628 (sec). Leaf size: 50� �
DSolve[x*y'[x]==a*Cos[\[Lambda]*x]^m*y[x]^2+k*y[x]+a*b^2*x^(2*k)*Cos[\[Lambda]*x]^m,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(√
b2
∫ x

1
a cosm(λK[1])K[1]k−1dK[1] + c1

)
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10.12 problem 25
10.12.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1022

Internal problem ID [10523]
Internal file name [OUTPUT/9470_Monday_June_06_2022_02_45_57_PM_6452655/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 25.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

(cos (λx) a+ b) y′ − y2 − c cos (xµ) y = −d2 + cd cos (xµ)

10.12.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2 + c cos (xµ) y − d2 + cd cos (xµ)
cos (λx) a+ b

This is a Riccati ODE. Comparing the ODE to solve

y′ = cd cos (xµ)
cos (λx) a+ b

+ c cos (xµ) y
cos (λx) a+ b

− d2

cos (λx) a+ b
+ y2

cos (λx) a+ b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −d2+cd cos(xµ)
cos(λx)a+b

, f1(x) = c cos(xµ)
cos(λx)a+b

and f2(x) = 1
cos(λx)a+b

. Let

y = −u′

f2u

= −u′

u
cos(λx)a+b

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

aλ sin (λx)
(cos (λx) a+ b)2

f1f2 =
c cos (xµ)

(cos (λx) a+ b)2

f 2
2 f0 =

−d2 + cd cos (xµ)
(cos (λx) a+ b)3

Substituting the above terms back in equation (2) gives

u′′(x)
cos (λx) a+ b

−
(

aλ sin (λx)
(cos (λx) a+ b)2

+ c cos (xµ)
(cos (λx) a+ b)2

)
u′(x) + (−d2 + cd cos (xµ))u(x)

(cos (λx) a+ b)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 268� �
dsolve((a*cos(lambda*x)+b)*diff(y(x),x)=y(x)^2+c*cos(mu*x)*y(x)-d^2+c*d*cos(mu*x),y(x), singsol=all)� �
y(x)

=

−d

∫ e

c

(∫ cos(xµ)
a cos(xλ)+b

dx

)√
a2−b2 λ−4d arctanh

 (a−b) tan
(
xλ
2
)

√
a2−b2


√

a2−b2 λ

a cos(xλ)+b
dx

+ dc1 − e
c

(∫ cos(xµ)
a cos(xλ)+b

dx

)√
a2−b2 λ−4d arctanh

 (a−b) tan
(
xλ
2
)

√
a2−b2


√

a2−b2 λ

∫ e

c

(∫ cos(xµ)
a cos(xλ)+b

dx

)√
a2−b2 λ−4d arctanh

 (a−b) tan
(
xλ
2
)

√
a2−b2


√

a2−b2 λ

a cos(xλ)+b
dx− c1

3 Solution by Mathematica
Time used: 12.31 (sec). Leaf size: 289� �
DSolve[(a*Cos[\[Lambda]*x]+b)*y'[x]==y[x]^2+c*Cos[\[Mu]*x]*y[x]-d^2+c*d*Cos[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

exp
(
−
∫ K[2]
1

2d−c cos(µK[1])
b+a cos(λK[1]) dK[1]

)
(−d+ c cos(µK[2]) + y(x))

cµ(b+ a cos(λK[2]))(d+ y(x)) dK[2]

+
∫ y(x)

1

−
∫ x

1

exp
(
−
∫ K[2]
1

2d−c cos(µK[1])
b+a cos(λK[1]) dK[1]

)
cµ(b+ a cos(λK[2]))(d+K[3]) −

exp
(
−
∫ K[2]
1

2d−c cos(µK[1])
b+a cos(λK[1]) dK[1]

)
(−d+ c cos(µK[2]) +K[3])

cµ(b+ a cos(λK[2]))(d+K[3])2

 dK[2]

−
exp

(
−
∫ x

1
2d−c cos(µK[1])
b+a cos(λK[1]) dK[1]

)
cµ(d+K[3])2

 dK[3] = c1, y(x)
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10.13 problem 26
10.13.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1025

Internal problem ID [10524]
Internal file name [OUTPUT/9471_Monday_June_06_2022_02_47_08_PM_56852219/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 26.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

(cos (λx) a+ b)
(
y′ − y2

)
= a λ2 cos (λx)

10.13.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a y2 cos (λx) + a λ2 cos (λx) + y2b

cos (λx) a+ b

This is a Riccati ODE. Comparing the ODE to solve

y′ = a λ2 cos (λx)
cos (λx) a+ b

+ a y2 cos (λx)
cos (λx) a+ b

+ y2b

cos (λx) a+ b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = aλ2 cos(λx)
cos(λx)a+b

, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

a λ2 cos (λx)
cos (λx) a+ b

Substituting the above terms back in equation (2) gives

u′′(x) + a λ2 cos (λx)u(x)
cos (λx) a+ b

= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = −2c1b
(
cos
(
λx

2

)2

a− a

2 + b

2

)
arctanh

(
tan

(
λx
2

)
(a− b)

√
a2 − b2

)

+ sin
(
λx

2

)
cos
(
λx

2

)√
a2 − b2 c1a+ 2c2

(
cos
(
λx

2

)2

a− a

2 + b

2

)

The above shows that

u′(x)

=

(
2
√
a2 − b2 arctanh

(
tan
(

λx
2

)
(a−b)

√
a2−b2

)
c1ab cos

(
λx
2

)
sin
(
λx
2

)
− 2

√
a2 − b2 c2a cos

(
λx
2

)
sin
(
λx
2

)
+ c1(a− b) (a+ b)

(
cos
(
λx
2

)2
a− a

2 −
b
2

))
λ

√
a2 − b2

Using the above in (1) gives the solution

y =

−

(
2
√
a2 − b2 arctanh

(
tan
(

λx
2

)
(a−b)

√
a2−b2

)
c1ab cos

(
λx
2

)
sin
(
λx
2

)
− 2

√
a2 − b2 c2a cos

(
λx
2

)
sin
(
λx
2

)
+ c1(a− b) (a+ b)

(
cos
(
λx
2

)2
a− a

2 −
b
2

))
λ

√
a2 − b2

(
−2c1b

(
cos
(
λx
2

)2
a− a

2 +
b
2

)
arctanh

(
tan
(

λx
2

)
(a−b)

√
a2−b2

)
+ sin

(
λx
2

)
cos
(
λx
2

)√
a2 − b2 c1a+ 2c2

(
cos
(
λx
2

)2
a− a

2 +
b
2

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
λ

(
2
√
a2 − b2 arctanh

(
tan
(

λx
2

)
(a−b)

√
a2−b2

)
c3ab cos

(
λx
2

)
sin
(
λx
2

)
− 2

√
a2 − b2 sin

(
λx
2

)
cos
(
λx
2

)
a+ c3(a− b) (a+ b)

(
cos
(
λx
2

)2
a− a

2 −
b
2

))
√
a2 − b2

(
2c3b

(
cos
(
λx
2

)2
a− a

2 +
b
2

)
arctanh

(
tan
(

λx
2

)
(a−b)

√
a2−b2

)
− sin

(
λx
2

)
cos
(
λx
2

)√
a2 − b2 c3a− 2 cos

(
λx
2

)2
a+ a− b

)

Summary
The solution(s) found are the following

(1)y

=
λ

(
2
√
a2 − b2 arctanh

(
tan
(

λx
2

)
(a−b)

√
a2−b2

)
c3ab cos

(
λx
2

)
sin
(
λx
2

)
− 2

√
a2 − b2 sin

(
λx
2

)
cos
(
λx
2

)
a+ c3(a− b) (a+ b)

(
cos
(
λx
2

)2
a− a

2 −
b
2

))
√
a2 − b2

(
2c3b

(
cos
(
λx
2

)2
a− a

2 +
b
2

)
arctanh

(
tan
(

λx
2

)
(a−b)

√
a2−b2

)
− sin

(
λx
2

)
cos
(
λx
2

)√
a2 − b2 c3a− 2 cos

(
λx
2

)2
a+ a− b

)
Verification of solutions
y

=
λ

(
2
√
a2 − b2 arctanh

(
tan
(

λx
2

)
(a−b)

√
a2−b2

)
c3ab cos

(
λx
2

)
sin
(
λx
2

)
− 2

√
a2 − b2 sin

(
λx
2

)
cos
(
λx
2

)
a+ c3(a− b) (a+ b)

(
cos
(
λx
2

)2
a− a

2 −
b
2

))
√
a2 − b2

(
2c3b

(
cos
(
λx
2

)2
a− a

2 +
b
2

)
arctanh

(
tan
(

λx
2

)
(a−b)

√
a2−b2

)
− sin

(
λx
2

)
cos
(
λx
2

)√
a2 − b2 c3a− 2 cos

(
λx
2

)2
a+ a− b

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -a*lambda^2*cos(lambda*x)*y(x)/(a*cos(lambda*x)+b), y(x)` *** Sub

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful

<- Riccati to 2nd Order successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 204� �
dsolve((a*cos(lambda*x)+b)*(diff(y(x),x)-y(x)^2)-a*lambda^2*cos(lambda*x)=0,y(x), singsol=all)� �
y(x)

=

(
2 arctanh

(
(a−b) tan

(
xλ
2

)
√
a2−b2

)√
a2 − b2 ab cos

(
xλ
2

)
sin
(
xλ
2

)
− 2

√
a2 − b2 c1a cos

(
xλ
2

)
sin
(
xλ
2

)
+
(
a cos

(
xλ
2

)2 − a
2 −

b
2

)
(a+ b) (a− b)

)
λ

√
a2 − b2

(
2
(
a cos

(
xλ
2

)2 − a
2 +

b
2

)
b arctanh

(
(a−b) tan

(
xλ
2

)
√
a2−b2

)
−

√
a2 − b2 a cos

(
xλ
2

)
sin
(
xλ
2

)
− 2c1

(
a cos

(
xλ
2

)2 − a
2 +

b
2

))
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3 Solution by Mathematica
Time used: 7.903 (sec). Leaf size: 202� �
DSolve[(a*Cos[\[Lambda]*x]+b)*(y'[x]-y[x]^2)-a*\[Lambda]^2*Cos[\[Lambda]*x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
λ

(
−2ab sin(λx)arctanh

(
(b−a) tan

(
λx
2

)
√
a2−b2

)
+
√
a2 − b2(−ac1λ(a2 − b2) sin(λx) + a cos(λx)− b)

)
2b(a cos(λx) + b)arctanh

(
(b−a) tan

(
λx
2

)
√
a2−b2

)
+
√
a2 − b2 (bc1λ (a2 − b2) + ac1λ (a2 − b2) cos(λx) + a sin(λx))

y(x) → aλ sin(λx)
a cos(λx) + b
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11.1 problem 27
11.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1031

Internal problem ID [10525]
Internal file name [OUTPUT/9472_Monday_June_06_2022_02_47_10_PM_81937076/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 27.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = λa+ a(λ− a) tan (λx)2

11.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −a2 tan (λx)2 + a tan (λx)2 λ+ λa+ y2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2 tan (λx)2 + a tan (λx)2 λ+ λa+ y2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 tan (λx)2 + a tan (λx)2 λ+ λa, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −a2 tan (λx)2 + a tan (λx)2 λ+ λa

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−a2 tan (λx)2 + a tan (λx)2 λ+ λa

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
√
cos (λx)

(
c1 LegendreP

(
2a− λ

2λ ,
2a− λ

2λ , sin (λx)
)

+ c2 LegendreQ
(
2a− λ

2λ ,
2a− λ

2λ , sin (λx)
))

The above shows that

u′(x)

=
sin (λx) LegendreP

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
)
c1a+ sin (λx) LegendreQ

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
)
c2a− λ

(
c1 LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)
+ c2 LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
))√

cos (λx)

Using the above in (1) gives the solution

y =

−
sin (λx) LegendreP

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
)
c1a+ sin (λx) LegendreQ

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
)
c2a− λ

(
c1 LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)
+ c2 LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
))

cos (λx)
(
c1 LegendreP

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
)
+ c2 LegendreQ

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
sec (λx)

(
sin (λx) LegendreP

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
)
c3a+ sin (λx) LegendreQ

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
)
a− λ

(
c3 LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)))

c3 LegendreP
(2a−λ

2λ , 2a−λ
2λ , sin (λx)

)
+ LegendreQ

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
)
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Summary
The solution(s) found are the following

(1)y =

−
sec (λx)

(
sin (λx) LegendreP

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
)
c3a+ sin (λx) LegendreQ

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
)
a− λ

(
c3 LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)))

c3 LegendreP
(2a−λ

2λ , 2a−λ
2λ , sin (λx)

)
+ LegendreQ

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
)

Verification of solutions
y =

−
sec (λx)

(
sin (λx) LegendreP

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
)
c3a+ sin (λx) LegendreQ

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
)
a− λ

(
c3 LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)))

c3 LegendreP
(2a−λ

2λ , 2a−λ
2λ , sin (λx)

)
+ LegendreQ

(2a−λ
2λ , 2a−λ

2λ , sin (λx)
)

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a^2*tan(lambda*x)^2-a*tan(lambda*x)^2*lambda-a*lambda)*y(x), y(x)`

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful

-> Trying to convert hypergeometric functions to elementary form...
<- elementary form is not straightforward to achieve - returning special function solution free of uncomputed integra

<- Kovacics algorithm successful
Change of variables used:

[x = 1/lambda*arccos(t)]
Linear ODE actually solved:

(a^2*t^2-a^2+a*lambda)*u(t)-t^3*lambda^2*diff(u(t),t)+(-lambda^2*t^4+lambda^2*t^2)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 205� �
dsolve(diff(y(x),x)=y(x)^2+a*lambda+a*(lambda-a)*tan(lambda*x)^2,y(x), singsol=all)� �
y(x) =

−
(
sin (xλ) LegendreP

(2a−λ
2λ , 2a−λ

2λ , sin (xλ)
)
a+ LegendreQ

(2a−λ
2λ , 2a−λ

2λ , sin (xλ)
)
c1a sin (xλ)− λ

(
LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (xλ)
)
c1 + LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (xλ)
)))

sec (xλ)
LegendreQ

(2a−λ
2λ , 2a−λ

2λ , sin (xλ)
)
c1 + LegendreP

(2a−λ
2λ , 2a−λ

2λ , sin (xλ)
)

3 Solution by Mathematica
Time used: 2.982 (sec). Leaf size: 259� �
DSolve[y'[x]==y[x]^2+a*\[Lambda]+a*(\[Lambda]-a)*Tan[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
2
(
ac1 sin2(λx)Hypergeometric2F1

(1
2 ,

1
2 −

a
λ
, 32 −

a
λ
, cos2(xλ)

)
+ (2a− λ)

√
sin2(λx)

(
a sin(λx) cos 2a

λ
−1(λx)− c1

))
2(2a− λ)

√
sin2(λx) cos 2a

λ (λx) + c1 sin(2λx)Hypergeometric2F1
(1
2 ,

1
2 −

a
λ
, 32 −

a
λ
, cos2(xλ)

)
y(x)

→
tan(λx)

(
a
√

sin2(λx)Hypergeometric2F1
(1
2 ,

1
2 −

a
λ
, 32 −

a
λ
, cos2(xλ)

)
− 2a+ λ

)
√

sin2(λx)Hypergeometric2F1
(1
2 ,

1
2 −

a
λ
, 32 −

a
λ
, cos2(xλ)

)
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11.2 problem 28
11.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1036

Internal problem ID [10526]
Internal file name [OUTPUT/9473_Monday_June_06_2022_02_47_13_PM_89469444/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 28.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = 3λa+ λ2 + a(λ− a) tan (λx)2

11.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −a2 tan (λx)2 + a tan (λx)2 λ+ 3λa+ λ2 + y2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2 tan (λx)2 + a tan (λx)2 λ+ 3λa+ λ2 + y2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 tan (λx)2 + a tan (λx)2 λ+ 3λa+ λ2, f1(x) = 0 and f2(x) = 1.
Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −a2 tan (λx)2 + a tan (λx)2 λ+ 3λa+ λ2

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−a2 tan (λx)2 + a tan (λx)2 λ+ 3λa+ λ2)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
√

cos (λx)
(
c1 LegendreP

(
2a+ λ

2λ ,
2a− λ

2λ , sin (λx)
)

+ c2 LegendreQ
(
2a+ λ

2λ ,
2a− λ

2λ , sin (λx)
))

The above shows that

u′(x)

=
−2 LegendreP

(2a+3λ
2λ , 2a−λ

2λ , sin (λx)
)
c1λ− 2 LegendreQ

(2a+3λ
2λ , 2a−λ

2λ , sin (λx)
)
c2λ+ sin (λx)

(
c1 LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)
+ c2 LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
))

(a+ λ)√
cos (λx)

Using the above in (1) gives the solution

y =

−
−2 LegendreP

(2a+3λ
2λ , 2a−λ

2λ , sin (λx)
)
c1λ− 2 LegendreQ

(2a+3λ
2λ , 2a−λ

2λ , sin (λx)
)
c2λ+ sin (λx)

(
c1 LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)
+ c2 LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
))

(a+ λ)
cos (λx)

(
c1 LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)
+ c2 LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
sec (λx)

(
−2 LegendreP

(2a+3λ
2λ , 2a−λ

2λ , sin (λx)
)
c3λ− 2 LegendreQ

(2a+3λ
2λ , 2a−λ

2λ , sin (λx)
)
λ+ sin (λx)

(
c3 LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
))

(a+ λ)
)

c3 LegendreP
(2a+λ

2λ , 2a−λ
2λ , sin (λx)

)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)
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Summary
The solution(s) found are the following

(1)y =

−
sec (λx)

(
−2 LegendreP

(2a+3λ
2λ , 2a−λ

2λ , sin (λx)
)
c3λ− 2 LegendreQ

(2a+3λ
2λ , 2a−λ

2λ , sin (λx)
)
λ+ sin (λx)

(
c3 LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
))

(a+ λ)
)

c3 LegendreP
(2a+λ

2λ , 2a−λ
2λ , sin (λx)

)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)

Verification of solutions
y =

−
sec (λx)

(
−2 LegendreP

(2a+3λ
2λ , 2a−λ

2λ , sin (λx)
)
c3λ− 2 LegendreQ

(2a+3λ
2λ , 2a−λ

2λ , sin (λx)
)
λ+ sin (λx)

(
c3 LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
))

(a+ λ)
)

c3 LegendreP
(2a+λ

2λ , 2a−λ
2λ , sin (λx)

)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (λx)
)

Verified OK.

1038



Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a^2*tan(lambda*x)^2-a*tan(lambda*x)^2*lambda-3*a*lambda-lambda^2)*y(x

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful

-> Trying to convert hypergeometric functions to elementary form...
<- elementary form is not straightforward to achieve - returning special function solution free of uncomputed integra

<- Kovacics algorithm successful
Change of variables used:

[x = 1/lambda*arccos(t)]
Linear ODE actually solved:

(a^2*t^2+2*a*lambda*t^2+lambda^2*t^2-a^2+a*lambda)*u(t)-t^3*lambda^2*diff(u(t),t)+(-lambda^2*t^4+lambda^2*t^2)*diff(diff
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 200� �
dsolve(diff(y(x),x)=y(x)^2+lambda^2+3*a*lambda+a*(lambda-a)*tan(lambda*x)^2,y(x), singsol=all)� �
y(x) =

−
(
−2 LegendreP

(2a+3λ
2λ , 2a−λ

2λ , sin (xλ)
)
λ− 2 LegendreQ

(2a+3λ
2λ , 2a−λ

2λ , sin (xλ)
)
c1λ+ sin (xλ)

(
LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (xλ)
)
c1 + LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (xλ)
))

(a+ λ)
)
sec (xλ)

LegendreQ
(2a+λ

2λ , 2a−λ
2λ , sin (xλ)

)
c1 + LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (xλ)
)

3 Solution by Mathematica
Time used: 76.241 (sec). Leaf size: 319� �
DSolve[y'[x]==y[x]^2+\[Lambda]^2+3*a*\[Lambda]+a*(\[Lambda]-a)*Tan[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
sin−a+λ

λ (2λx)e−
aarctanh(cos(2λx))

λ

(
c1 sin

a
λ (2λx)((a+ λ) cos(2λx)− a+ λ)e

aarctanh(cos(2λx))
λ

∫ x

1 e−
(a−λ)arctanh(cos(2λK[1]))

λ sin−a+λ
λ (2λK[1])dK[1] + sin a

λ (2λx)((a+ λ) cos(2λx)− a+ λ)e
aarctanh(cos(2λx))

λ + c1e
arctanh(cos(2λx))

)
1 + c1

∫ x

1 e−
(a−λ)arctanh(cos(2λK[1]))

λ sin−a+λ
λ (2λK[1])dK[1]

y(x) → csc(2λx)
(
− sin− a

λ (2λx)e−
(a−λ)arctanh(cos(2λx))

λ∫ x

1 e−
(a−λ)arctanh(cos(2λK[1]))

λ sin−a+λ
λ (2λK[1])dK[1]

− (a+ λ) cos(2λx)

+ a− λ

)

1040



11.3 problem 29
11.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1041

Internal problem ID [10527]
Internal file name [OUTPUT/9474_Monday_June_06_2022_02_47_15_PM_7792648/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 29.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − ay2 − b tan (x) y = c

11.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a y2 + b tan (x) y + c

This is a Riccati ODE. Comparing the ODE to solve

y′ = a y2 + b tan (x) y + c

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = c, f1(x) = b tan (x) and f2(x) = a. Let

y = −u′

f2u

= −u′

au
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = b tan (x) a
f 2
2 f0 = a2c

Substituting the above terms back in equation (2) gives

au′′(x)− b tan (x) au′(x) + a2cu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = cos (x)−
b
2+

1
2

(
c1 LegendreP

(√
4ca+ b2

2 − 1
2 ,

b

2 − 1
2 , sin (x)

)

+ c2 LegendreQ
(√

4ca+ b2

2 − 1
2 ,

b

2 − 1
2 , sin (x)

))

The above shows that

u′(x) =

−

(
c1
(
cos (x) sin (x)

√
4ca+ b2 + cos (x) sin (x)− tan (x) (sin (x)− 1) (sin (x) + 1) (b− 1)

)
LegendreP

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

)
+ c2

(
cos (x) sin (x)

√
4ca+ b2 + cos (x) sin (x)− tan (x) (sin (x)− 1) (sin (x) + 1) (b− 1)

)
LegendreQ

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

)
− cos (x)

(
c1 LegendreP

(√
4ca+b2

2 + 1
2 ,

b
2 −

1
2 , sin (x)

)
+ c2 LegendreQ

(√
4ca+b2

2 + 1
2 ,

b
2 −

1
2 , sin (x)

)) (
−b+

√
4ca+ b2 + 2

))
cos (x)−

b
2+

1
2

2 sin (x)2 − 2

Using the above in (1) gives the solution

y

=
c1
(
cos (x) sin (x)

√
4ca+ b2 + cos (x) sin (x)− tan (x) (sin (x)− 1) (sin (x) + 1) (b− 1)

)
LegendreP

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

)
+ c2

(
cos (x) sin (x)

√
4ca+ b2 + cos (x) sin (x)− tan (x) (sin (x)− 1) (sin (x) + 1) (b− 1)

)
LegendreQ

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

)
− cos (x)

(
c1 LegendreP

(√
4ca+b2

2 + 1
2 ,

b
2 −

1
2 , sin (x)

)
+ c2 LegendreQ

(√
4ca+b2

2 + 1
2 ,

b
2 −

1
2 , sin (x)

)) (
−b+

√
4ca+ b2 + 2

)
(
2 sin (x)2 − 2

)
a
(
c1 LegendreP

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

)
+ c2 LegendreQ

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=

(
−
(
c3 LegendreP

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

)
+ LegendreQ

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

)) (√
4ca+ b2 + b

)
sin (x) +

(
−b+

√
4ca+ b2 + 2

) (
c3 LegendreP

(√
4ca+b2

2 + 1
2 ,

b
2 −

1
2 , sin (x)

)
+ LegendreQ

(√
4ca+b2

2 + 1
2 ,

b
2 −

1
2 , sin (x)

)))
sec (x)

2
(
c3 LegendreP

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

)
+ LegendreQ

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

))
a

Summary
The solution(s) found are the following

(1)y

=

(
−
(
c3 LegendreP

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

)
+ LegendreQ

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

)) (√
4ca+ b2 + b

)
sin (x) +

(
−b+

√
4ca+ b2 + 2

) (
c3 LegendreP

(√
4ca+b2

2 + 1
2 ,

b
2 −

1
2 , sin (x)

)
+ LegendreQ

(√
4ca+b2

2 + 1
2 ,

b
2 −

1
2 , sin (x)

)))
sec (x)

2
(
c3 LegendreP

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

)
+ LegendreQ

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

))
a

Verification of solutions
y

=

(
−
(
c3 LegendreP

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

)
+ LegendreQ

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

)) (√
4ca+ b2 + b

)
sin (x) +

(
−b+

√
4ca+ b2 + 2

) (
c3 LegendreP

(√
4ca+b2

2 + 1
2 ,

b
2 −

1
2 , sin (x)

)
+ LegendreQ

(√
4ca+b2

2 + 1
2 ,

b
2 −

1
2 , sin (x)

)))
sec (x)

2
(
c3 LegendreP

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

)
+ LegendreQ

(√
4ca+b2

2 − 1
2 ,

b
2 −

1
2 , sin (x)

))
a

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = b*tan(x)*(diff(y(x), x))-a*c*y(x), y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Legendre successful

<- special function solution successful
Change of variables used:

[x = arcsin(t)]
Linear ODE actually solved:

a*c*u(t)+(-b*t-t)*diff(u(t),t)+(-t^2+1)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �1044



3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 187� �
dsolve(diff(y(x),x)=a*y(x)^2+b*tan(x)*y(x)+c,y(x), singsol=all)� �
y(x)

=
sec (x)

(
−
(
LegendreQ

(√
4ac+b2

2 − 1
2 ,−

1
2 +

b
2 , sin (x)

)
c1 + LegendreP

(√
4ac+b2

2 − 1
2 ,−

1
2 +

b
2 , sin (x)

)) (
b+

√
4ac+ b2

)
sin (x) +

(√
4ac+ b2 − b+ 2

) (
LegendreQ

(√
4ac+b2

2 + 1
2 ,−

1
2 +

b
2 , sin (x)

)
c1 + LegendreP

(√
4ac+b2

2 + 1
2 ,−

1
2 +

b
2 , sin (x)

)))
2
(
LegendreQ

(√
4ac+b2

2 − 1
2 ,−

1
2 +

b
2 , sin (x)

)
c1 + LegendreP

(√
4ac+b2

2 − 1
2 ,−

1
2 +

b
2 , sin (x)

))
a

3 Solution by Mathematica
Time used: 2.211 (sec). Leaf size: 608� �
DSolve[y'[x]==a*y[x]^2+b*Tan[x]*y[x]+c,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
sin(x)

(
(−b3 + 3b2 + b− 3)Hypergeometric2F1

(1
4

(
−b−

√
b2 + 4ac+ 2

)
, 14
(
−b+

√
b2 + 4ac+ 2

)
, 3−b

2 , cos2(x)
)
+ cos(x)

(
(b+ 1) cos(x)(ac+ b− 1)Hypergeometric2F1

(1
4

(
−b−

√
b2 + 4ac+ 6

)
, 14
(
−b+

√
b2 + 4ac+ 6

)
, 5−b

2 , cos2(x)
)
+ aib+1(b− 3)cc1 cosb(x)Hypergeometric2F1

(1
4

(
b−

√
b2 + 4ac+ 4

)
, 14
(
b+

√
b2 + 4ac+ 4

)
, b+3

2 , cos2(x)
)))

a(b− 3)(b+ 1)
(
cos(x)Hypergeometric2F1

(1
4

(
−b−

√
b2 + 4ac+ 2

)
, 14
(
−b+

√
b2 + 4ac+ 2

)
, 3−b

2 , cos2(x)
)
− iibc1 cosb(x)Hypergeometric2F1

(1
4

(
b−

√
b2 + 4ac

)
, 14
(
b+

√
b2 + 4ac

)
, b+1

2 , cos2(x)
))

y(x) →

−
c sin(x) cos(x)Hypergeometric2F1

(1
4

(
b−

√
b2 + 4ac+ 4

)
, 14
(
b+

√
b2 + 4ac+ 4

)
, b+3

2 , cos2(x)
)

(b+ 1)Hypergeometric2F1
(1
4

(
b−

√
b2 + 4ac

)
, 14
(
b+

√
b2 + 4ac

)
, b+1

2 , cos2(x)
)

y(x) →

−
c sin(x) cos(x)Hypergeometric2F1

(1
4

(
b−

√
b2 + 4ac+ 4

)
, 14
(
b+

√
b2 + 4ac+ 4

)
, b+3

2 , cos2(x)
)

(b+ 1)Hypergeometric2F1
(1
4

(
b−

√
b2 + 4ac

)
, 14
(
b+

√
b2 + 4ac

)
, b+1

2 , cos2(x)
)
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11.4 problem 30
11.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1046

Internal problem ID [10528]
Internal file name [OUTPUT/9475_Monday_June_06_2022_02_47_17_PM_43109865/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 30.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[[_1st_order , `_with_symmetry_[F(x),G(x)]`], _Riccati]

y′ − ay2 − 2ab tan (x) y = b(ab− 1) tan (x)2

11.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= tan (x)2 a b2 + 2ab tan (x) y − b tan (x)2 + a y2

This is a Riccati ODE. Comparing the ODE to solve

y′ = tan (x)2 a b2 + 2ab tan (x) y − b tan (x)2 + a y2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = tan (x)2 a b2 − b tan (x)2, f1(x) = 2b tan (x) a and f2(x) = a. Let

y = −u′

f2u

= −u′

au
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 2b tan (x) a2

f 2
2 f0 = a2

(
tan (x)2 a b2 − b tan (x)2

)
Substituting the above terms back in equation (2) gives

au′′(x)− 2b tan (x) a2u′(x) + a2
(
tan (x)2 a b2 − b tan (x)2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = cos (x)−ab
(
c1 sinh

(√
−ab x

)
+ c2 cosh

(√
−ab x

))
The above shows that

u′(x) =
((

ac2b tan (x) + c1
√
−ab

)
cosh

(√
−ab x

)
+ sinh

(√
−ab x

)(
abc1 tan (x) + c2

√
−ab

))
cos (x)−ab

Using the above in (1) gives the solution

y=−
(
ac2b tan (x) + c1

√
−ab

)
cosh

(√
−ab x

)
+ sinh

(√
−ab x

) (
abc1 tan (x) + c2

√
−ab

)
a
(
c1 sinh

(√
−ab x

)
+ c2 cosh

(√
−ab x

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
(
−abc3 tan (x)−

√
−ab

)
sinh

(√
−ab x

)
−
(
b tan (x) a+ c3

√
−ab

)
cosh

(√
−ab x

)(
c3 sinh

(√
−ab x

)
+ cosh

(√
−ab x

))
a

Summary
The solution(s) found are the following

y =
(
−abc3 tan (x)−

√
−ab

)
sinh

(√
−ab x

)
−
(
b tan (x) a+ c3

√
−ab

)
cosh

(√
−ab x

)(
c3 sinh

(√
−ab x

)
+ cosh

(√
−ab x

))
a

(1)
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Verification of solutions

y =
(
−abc3 tan (x)−

√
−ab

)
sinh

(√
−ab x

)
−
(
b tan (x) a+ c3

√
−ab

)
cosh

(√
−ab x

)(
c3 sinh

(√
−ab x

)
+ cosh

(√
−ab x

))
a

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular polynomial solution successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 87� �
dsolve(diff(y(x),x)=a*y(x)^2+2*a*b*tan(x)*y(x)+b*(a*b-1)*tan(x)^2,y(x), singsol=all)� �

y(x) = 2c1ab− 2i tan (x) a 3
2 b

3
2 c1 + i

√
a
√
b e−2i

√
a
√
b x − tan (x) e−2i

√
a
√
b xab

a
(
2ic1

√
a
√
b+ e−2i

√
a
√
b x
)
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3 Solution by Mathematica
Time used: 12.833 (sec). Leaf size: 37� �
DSolve[y'[x]==a*y[x]^2+2*a*b*Tan[x]*y[x]+b*(a*b-1)*Tan[x]^2,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −b tan(x) +
√

b

a
tan

(
ax

√
b

a
+ c1

)
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11.5 problem 31
11.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1050

Internal problem ID [10529]
Internal file name [OUTPUT/9476_Monday_June_06_2022_02_47_18_PM_75210480/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 31.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − a tan (βx) y = ab tan (βx)− b2

11.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + a tan (βx) y + ab tan (βx)− b2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a tan (βx) y + ab tan (βx)− b2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = ab tan (βx)− b2, f1(x) = tan (βx) a and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = tan (βx) a
f 2
2 f0 = ab tan (βx)− b2

Substituting the above terms back in equation (2) gives

u′′(x)− tan (βx) au′(x) +
(
ab tan (βx)− b2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1(tan (βx) + i)
ib
2β (tan (βx)− i)−

ib
2β

+ c2(tan (βx) + i)
−ib+a

2β hypergeom
([

1, a
β

]
,

[
−2ib+ a+ 2β

2β

]
,
1
2

− i tan (βx)
2

)
(tan (βx)− i)

ib+a
2β

The above shows that

u′(x)

=

c1b(tan (βx)− i)−
ib
2β (tan (βx) + i)

ib
2β

2− 2i tan (βx) − i(tan (βx)− i)−
ib+2β
2β c1b(tan (βx) + i)

ib
2β

2

+
(−ib+ a) c2(tan (βx)− i)

ib+a
2β (tan (βx) + i)

−ib+a−2β
2β hypergeom

([
1, a

β

]
,
[
−2ib+a+2β

2β

]
, 12 −

i tan(βx)
2

)
2

+
c2(tan (βx) + i)

−ib+a
2β a hypergeom

([
2, a+β

β

]
,
[
−2ib+a+4β

2β

]
, 12 −

i tan(βx)
2

)
β(tan (βx)− i)

ib+a
2β

ia+ 2iβ + 2b

+
(tan (βx)− i)

ib+a−2β
2β c2(tan (βx) + i)

−ib+a
2β hypergeom

([
1, a

β

]
,
[
−2ib+a+2β

2β

]
, 12 −

i tan(βx)
2

)
(ib+ a)

2

(1
+ tan (βx)2

)
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Using the above in (1) gives the solution

y =

−

(
c1b(tan(βx)−i)−

ib
2β (tan(βx)+i)

ib
2β

2−2i tan(βx) − i(tan(βx)−i)−
ib+2β
2β c1b(tan(βx)+i)

ib
2β

2 +
(−ib+a)c2(tan(βx)−i)

ib+a
2β (tan(βx)+i)

−ib+a−2β
2β hypergeom

([
1, a

β

]
,
[
−2ib+a+2β

2β

]
, 12−

i tan(βx)
2

)
2 +

c2(tan(βx)+i)
−ib+a

2β a hypergeom
([

2,a+β
β

]
,
[
−2ib+a+4β

2β

]
, 12−

i tan(βx)
2

)
β(tan(βx)−i)

ib+a
2β

ia+2iβ+2b +
(tan(βx)−i)

ib+a−2β
2β c2(tan(βx)+i)

−ib+a
2β hypergeom

([
1, a

β

]
,
[
−2ib+a+2β

2β

]
, 12−

i tan(βx)
2

)
(ib+a)

2

)(
1 + tan (βx)2

)
c1 (tan (βx) + i)

ib
2β (tan (βx)− i)−

ib
2β + c2 (tan (βx) + i)

−ib+a
2β hypergeom

([
1, a

β

]
,
[
−2ib+a+2β

2β

]
, 12 −

i tan(βx)
2

)
(tan (βx)− i)

ib+a
2β

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=

(
1 + tan (βx)2

) (
2β(tan (βx)− i)

ib+a
2β a(tan (βx) + i)

−ib+a
2β hypergeom

([
2, a+β

β

]
,
[
−2ib+a+4β

2β

]
, 12 −

i tan(βx)
2

)
(tan (βx) + i) +

(
((−2ib2 − (−3a− 2β) b+ ia(a+ 2β)) tan (βx) + 2b2 + ib(3a+ 2β)− a(a+ 2β)) (tan (βx)− i)

ib+a
2β (tan (βx) + i)

−ib+a−2β
2β + ((2ib2 − (−a+ 2β) b+ ia(a+ 2β)) tan (βx)− 2b2 + i(a− 2β) b− a(a+ 2β)) (tan (βx)− i)

ib+a−2β
2β (tan (βx) + i)

−ib+a
2β

)
hypergeom

([
1, a

β

]
,
[
−2ib+a+2β

2β

]
, 12 −

i tan(βx)
2

)
+ c3(tan (βx) + i)

ib
2β b
(
(tan (βx)− i)−

ib+2β
2β (tan (βx) (−2ib+ a+ 2β) + 2b+ ia+ 2iβ) + (2ib− a− 2β) (tan (βx)− i)−

ib
2β

))
4 (1− i tan (βx))

(
c3 (tan (βx) + i)

ib
2β (tan (βx)− i)−

ib
2β + (tan (βx) + i)

−ib+a
2β hypergeom

([
1, a

β

]
,
[
−2ib+a+2β

2β

]
, 12 −

i tan(βx)
2

)
(tan (βx)− i)

ib+a
2β

) (
−ib+ a

2 + β
)

Summary
The solution(s) found are the following

(1)y

=

(
1 + tan (βx)2

) (
2β(tan (βx)− i)

ib+a
2β a(tan (βx) + i)

−ib+a
2β hypergeom

([
2, a+β

β

]
,
[
−2ib+a+4β

2β

]
, 12 −

i tan(βx)
2

)
(tan (βx) + i) +

(
((−2ib2 − (−3a− 2β) b+ ia(a+ 2β)) tan (βx) + 2b2 + ib(3a+ 2β)− a(a+ 2β)) (tan (βx)− i)

ib+a
2β (tan (βx) + i)

−ib+a−2β
2β + ((2ib2 − (−a+ 2β) b+ ia(a+ 2β)) tan (βx)− 2b2 + i(a− 2β) b− a(a+ 2β)) (tan (βx)− i)

ib+a−2β
2β (tan (βx) + i)

−ib+a
2β

)
hypergeom

([
1, a

β

]
,
[
−2ib+a+2β

2β

]
, 12 −

i tan(βx)
2

)
+ c3(tan (βx) + i)

ib
2β b
(
(tan (βx)− i)−

ib+2β
2β (tan (βx) (−2ib+ a+ 2β) + 2b+ ia+ 2iβ) + (2ib− a− 2β) (tan (βx)− i)−

ib
2β

))
4 (1− i tan (βx))

(
c3 (tan (βx) + i)

ib
2β (tan (βx)− i)−

ib
2β + (tan (βx) + i)

−ib+a
2β hypergeom

([
1, a

β

]
,
[
−2ib+a+2β

2β

]
, 12 −

i tan(βx)
2

)
(tan (βx)− i)

ib+a
2β

) (
−ib+ a

2 + β
)

Verification of solutions
y

=

(
1 + tan (βx)2

) (
2β(tan (βx)− i)

ib+a
2β a(tan (βx) + i)

−ib+a
2β hypergeom

([
2, a+β

β

]
,
[
−2ib+a+4β

2β

]
, 12 −

i tan(βx)
2

)
(tan (βx) + i) +

(
((−2ib2 − (−3a− 2β) b+ ia(a+ 2β)) tan (βx) + 2b2 + ib(3a+ 2β)− a(a+ 2β)) (tan (βx)− i)

ib+a
2β (tan (βx) + i)

−ib+a−2β
2β + ((2ib2 − (−a+ 2β) b+ ia(a+ 2β)) tan (βx)− 2b2 + i(a− 2β) b− a(a+ 2β)) (tan (βx)− i)

ib+a−2β
2β (tan (βx) + i)

−ib+a
2β

)
hypergeom

([
1, a

β

]
,
[
−2ib+a+2β

2β

]
, 12 −

i tan(βx)
2

)
+ c3(tan (βx) + i)

ib
2β b
(
(tan (βx)− i)−

ib+2β
2β (tan (βx) (−2ib+ a+ 2β) + 2b+ ia+ 2iβ) + (2ib− a− 2β) (tan (βx)− i)−

ib
2β

))
4 (1− i tan (βx))

(
c3 (tan (βx) + i)

ib
2β (tan (βx)− i)−

ib
2β + (tan (βx) + i)

−ib+a
2β hypergeom

([
1, a

β

]
,
[
−2ib+a+2β

2β

]
, 12 −

i tan(βx)
2

)
(tan (βx)− i)

ib+a
2β

) (
−ib+ a

2 + β
)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 81� �
dsolve(diff(y(x),x)=y(x)^2+a*tan(beta*x)*y(x)+a*b*tan(beta*x)-b^2,y(x), singsol=all)� �

y(x) =
−
(
sec (xβ)2

) a
2β e−2bx − b

(∫ (
sec (xβ)2

) a
2β e−2bxdx− c1

)
∫ (

sec (xβ)2
) a

2β e−2bxdx− c1

3 Solution by Mathematica
Time used: 25.611 (sec). Leaf size: 408� �
DSolve[y'[x]==y[x]^2+a*Tan[\[Beta]*x]*y[x]+a*b*Tan[\[Beta]*x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
2−

a
β cos−

a
β (βx)

(
ib(a+ 2ib+ 2β)Hypergeometric2F1

(
1,−a−2ib

2β , a+2ib+2β
2β ,−e2ixβ

)
(sin(2βx) csc(βx))a/β − (a+ 2ib)

(
(a+ 2ib+ 2β)

(
e−iβx + eiβx

)a/β (1 + abβc1e
2bx cos

a
β (βx)

)
− ibe2iβx Hypergeometric2F1

(
1,−a−2ib−2β

2β , a+2ib+4β
2β ,−e2ixβ

)
(sin(2βx) csc(βx))a/β

))
(a+ 2ib)

(
aβc1e2bx(a+ 2ib+ 2β) cos

a
β (βx)− ie2iβx Hypergeometric2F1

(
1,−a−2ib−2β

2β , a+2ib+4β
2β ,−e2ixβ

))
− i(a+ 2ib+ 2β)Hypergeometric2F1

(
1,−a−2ib

2β , a+2ib+2β
2β ,−e2ixβ

)
y(x) → −b
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11.6 problem 32
11.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1054

Internal problem ID [10530]
Internal file name [OUTPUT/9477_Monday_June_06_2022_02_47_20_PM_47973751/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 32.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − ax tan (bx)m y = a tan (bx)m

11.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + ax tan (bx)m y + a tan (bx)m

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + ax tan (bx)m y + a tan (bx)m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a tan (bx)m, f1(x) = tan (bx)m ax and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = tan (bx)m ax

f 2
2 f0 = a tan (bx)m

Substituting the above terms back in equation (2) gives

u′′(x)− tan (bx)m axu′(x) + a tan (bx)m u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = −
x
(
c2
(∫ e

∫ (
tan(bx)max−cot(bx)b

)
dx sin(bx)

x2 dx
)
− c1b

)
b

The above shows that

u′(x) =
−c2e

∫
(tan(bx)max−cot(bx)b)dx sin (bx)−

(∫ e
∫ (

tan(bx)max−cot(bx)b
)
dx sin(bx)

x2 dx
)
c2x+ c1bx

bx

Using the above in (1) gives the solution

y =
−c2e

∫
(tan(bx)max−cot(bx)b)dx sin (bx)−

(∫ e
∫ (

tan(bx)max−cot(bx)b
)
dx sin(bx)

x2 dx
)
c2x+ c1bx

x2
(
c2
(∫ e

∫
(tan(bx)max−cot(bx)b)dx sin(bx)

x2 dx
)
− c1b

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−e

∫
(tan(bx)max−cot(bx)b)dx sin (bx)−

(∫ e
∫ (

tan(bx)max−cot(bx)b
)
dx sin(bx)

x2 dx
)
x+ c3bx

x2
(∫ e

∫
(tan(bx)max−cot(bx)b)dx sin(bx)

x2 dx− bc3
)
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Summary
The solution(s) found are the following

(1)y =
−e

∫
(tan(bx)max−cot(bx)b)dx sin (bx)−

(∫ e
∫ (

tan(bx)max−cot(bx)b
)
dx sin(bx)

x2 dx
)
x+ c3bx

x2
(∫ e

∫
(tan(bx)max−cot(bx)b)dx sin(bx)

x2 dx− bc3
)

Verification of solutions

y =
−e

∫
(tan(bx)max−cot(bx)b)dx sin (bx)−

(∫ e
∫ (

tan(bx)max−cot(bx)b
)
dx sin(bx)

x2 dx
)
x+ c3bx

x2
(∫ e

∫
(tan(bx)max−cot(bx)b)dx sin(bx)

x2 dx− bc3
)

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=y(x)^2+a*x*tan(b*x)^m*y(x)+a*tan(b*x)^m,y(x), singsol=all)� �

y(x) =
−e

∫ a tan(bx)mx2−2
x

dxx−
(∫

e
∫ a tan(bx)mx2−2

x
dxdx

)
+ c1(

−c1 +
∫
e
∫ a tan(bx)mx2−2

x
dxdx

)
x
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3 Solution by Mathematica
Time used: 8.199 (sec). Leaf size: 126� �
DSolve[y'[x]==y[x]^2+a*x*Tan[b*x]^m*y[x]+a*Tan[b*x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
exp

(
−
∫ x

1 −aK[1] tanm(bK[1])dK[1]
)
+ x

∫ x

1
exp
(
−
∫K[2]
1 −aK[1] tanm(bK[1])dK[1]

)
K[2]2 dK[2] + c1x

x2
(∫ x

1
exp
(
−
∫K[2]
1 −aK[1] tanm(bK[1])dK[1]

)
K[2]2 dK[2] + c1

)
y(x) → −1

x
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11.7 problem 33
11.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1058

Internal problem ID [10531]
Internal file name [OUTPUT/9478_Monday_June_06_2022_02_47_58_PM_52864866/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 33.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + (k + 1)xky2 − a xk+1 tan (x)m y = −a tan (x)m

11.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a xk+1 tan (x)m y − xky2k − xky2 − a tan (x)m

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xkx tan (x)m y − xky2k − xky2 − a tan (x)m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a tan (x)m, f1(x) = xk+1 tan (x)m a and f2(x) = −xkk − xk. Let

y = −u′

f2u

= −u′

(−xkk − xk)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −k2xk

x
− k xk

x
f1f2 = xk+1 tan (x)m a

(
−xkk − xk

)
f 2
2 f0 = −

(
−xkk − xk

)2
a tan (x)m

Substituting the above terms back in equation (2) gives(
−xkk − xk

)
u′′(x)−

(
−k2xk

x
− k xk

x
+ xk+1 tan (x)m a

(
−xkk − xk

))
u′(x)−

(
−xkk − xk

)2
a tan (x)m u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = xk+1
(
c1 + c2

(∫
x−2k−2e

∫ (
xk+1 tan(x)ma+ k

x

)
dx
dx

))
The above shows that

u′(x) = xk

(
c2x

−2k−1e
∫ (

xk+1 tan(x)ma+ k
x

)
dx

+
(
c1 + c2

(∫
x−2k−2e

∫ (
xk+1 tan(x)ma+ k

x

)
dx
dx

))
(k + 1)

)
Using the above in (1) gives the solution

y =

−
xk

(
c2x

−2k−1e
∫ (

xk+1 tan(x)ma+ k
x

)
dx +

(
c1 + c2

(∫
x−2k−2e

∫ (
xk+1 tan(x)ma+ k

x

)
dx
dx

))
(k + 1)

)
x−k−1

(−xkk − xk)
(
c1 + c2

(∫
x−2k−2e

∫ (
xk+1 tan(x)ma+ k

x

)
dx
dx

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y=
x−k−1

(
x−2k−1e

∫ (
xk+1 tan(x)ma+ k

x

)
dx +

(
c3 +

∫
x−2k−2e

∫ (
xk+1 tan(x)ma+ k

x

)
dx
dx

)
(k + 1)

)
(k + 1)

(
c3 +

∫
e
∫ a xk+2 tan(x)m+k

x
dxx−2k−2dx

)
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Summary
The solution(s) found are the following

(1)y

=
x−k−1

(
x−2k−1e

∫ (
xk+1 tan(x)ma+ k

x

)
dx +

(
c3 +

∫
x−2k−2e

∫ (
xk+1 tan(x)ma+ k

x

)
dx
dx

)
(k + 1)

)
(k + 1)

(
c3 +

∫
e
∫ a xk+2 tan(x)m+k

x
dxx−2k−2dx

)
Verification of solutions

y=
x−k−1

(
x−2k−1e

∫ (
xk+1 tan(x)ma+ k

x

)
dx +

(
c3 +

∫
x−2k−2e

∫ (
xk+1 tan(x)ma+ k

x

)
dx
dx

)
(k + 1)

)
(k + 1)

(
c3 +

∫
e
∫ a xk+2 tan(x)m+k

x
dxx−2k−2dx

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (x^(1+k)*tan(x)^m*a*x+k)*(diff(y(x), x))/x-x^k*(1+k)*a*tan(x)^m*y(x),

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> trying with_periodic_functions in the coefficients

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((-x^k*k-x^k)*y(x)^2+y(x)+a*x^(1+k)*tan(x)^m*y(x)*x-x^2*a*tan(x)^m)/x, y(x), expl

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 174� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+a*x^(k+1)*tan(x)^m*y(x)-a*tan(x)^m,y(x), singsol=all)� �
y(x)

=
x−1−k

(
x1+ke

∫ x1+k tan(x)max−2k−2
x

dx +
(∫

xke
∫ x1+k tan(x)max−2k−2

x
dxdx

)
k +

∫
xke

∫ x1+k tan(x)max−2k−2
x

dxdx− c1

)
(∫

xke
∫ a xk+2 tan(x)m−2k−2

x
dxdx

)
k +

∫
xke

∫ a xk+2 tan(x)m−2k−2
x

dxdx− c1

3 Solution by Mathematica
Time used: 19.083 (sec). Leaf size: 248� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+a*x^(k+1)*Tan[x]^m*y[x]-a*Tan[x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
x−k−1

(
c1x exp

(∫ x

1 −−a tanm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
+ c1(k + 1)

∫ x

1 exp
(∫ K[2]

1 −−a tanm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
dK[2] + k + 1

)
(k + 1)

(
1 + c1

∫ x

1 exp
(∫ K[2]

1 −−a tanm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
dK[2]

)

y(x) →
x−k

(
exp
(∫ x

1 −−a tanm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
∫ x
1 exp

(∫K[2]
1 −−a tanm(K[1])K[1]k+2+k+2

K[1] dK[1]
)
dK[2]

+ k+1
x

)
k + 1
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11.8 problem 34
11.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1063

Internal problem ID [10532]
Internal file name [OUTPUT/9479_Monday_June_06_2022_02_48_09_PM_7980074/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 34.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a tan (λx)n y2 = −a b2 tan (λx)2+n + bλ tan (λx)2 + bλ

11.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a tan (λx)n y2 − a b2 tan (λx)2+n + bλ tan (λx)2 + bλ

This is a Riccati ODE. Comparing the ODE to solve

y′ = a tan (λx)n y2 − a b2 tan (λx)2 tan (λx)n + bλ tan (λx)2 + bλ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a b2 tan (λx)2+n + bλ tan (λx)2 + bλ, f1(x) = 0 and f2(x) =
tan (λx)n a. Let

y = −u′

f2u

= −u′

tan (λx)n au (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

tan (λx)n nλ
(
1 + tan (λx)2

)
a

tan (λx)
f1f2 = 0
f 2
2 f0 = tan (λx)2n a2

(
−a b2 tan (λx)2+n + bλ tan (λx)2 + bλ

)
Substituting the above terms back in equation (2) gives

tan (λx)n au′′(x)−
tan (λx)n nλ

(
1 + tan (λx)2

)
au′(x)

tan (λx) + tan (λx)2n a2
(
−a b2 tan (λx)2+n + bλ tan (λx)2 + bλ

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

= e
a

∫
(
−a

(∫
tan(λx)n+1e

∫
cot(λx)

(
2 tan(λx)2+nab−λ tan(λx)2−λ

)
dx

dx

)
b+c1b+e

∫
cot(λx)

(
2 tan(λx)2+nab−λ tan(λx)2−λ

)
dx
)

tan(λx)n+1

a

(∫
tan(λx)n+1e

∫
cot(λx)

(
2 tan(λx)2+nab−λ tan(λx)2−λ

)
dx

dx

)
−c1

dx


c2

The above shows that

u′(x)

=
tan (λx)n+1

(
−a

(∫
tan (λx)n+1 e

∫ (
2ab tan(λx)n+1−sec(λx) csc(λx)λ

)
dx
dx

)
b+ c1b+ e

∫ (
2ab tan(λx)n+1−sec(λx) csc(λx)λ

)
dx

)
e
a

∫ tan(λx)n+1
(
−a

(∫
tan(λx)n+1e

∫ (
2ab tan(λx)n+1−sec(λx) csc(λx)λ

)
dx

dx

)
b+c1b+e

∫ (
2ab tan(λx)n+1−sec(λx) csc(λx)λ

)
dx
)

a

(∫
tan(λx)n+1e

∫ (
2ab tan(λx)n+1−sec(λx) csc(λx)λ

)
dx

dx

)
−c1

dx


c2a

a

(∫
tan (λx)n+1 e

∫
cot(λx)

(
2 tan(λx)2+nab−λ tan(λx)2−λ

)
dx
dx

)
− c1

Using the above in (1) gives the solution

y =

−
tan (λx)n+1

(
−a

(∫
tan (λx)n+1 e

∫ (
2ab tan(λx)n+1−sec(λx) csc(λx)λ

)
dx
dx

)
b+ c1b+ e

∫ (
2ab tan(λx)n+1−sec(λx) csc(λx)λ

)
dx

)
e
a

∫ tan(λx)n+1
(
−a

(∫
tan(λx)n+1e

∫ (
2ab tan(λx)n+1−sec(λx) csc(λx)λ

)
dx

dx

)
b+c1b+e

∫ (
2ab tan(λx)n+1−sec(λx) csc(λx)λ

)
dx
)

a

(∫
tan(λx)n+1e

∫ (
2ab tan(λx)n+1−sec(λx) csc(λx)λ

)
dx

dx

)
−c1

dx


tan (λx)−n e

∫ a

(∫
−ab tan(λx)n+1e

∫
cot(λx)

(
2 tan(λx)2+nab−λ tan(λx)2−λ

)
dx

dx+e
∫
cot(λx)

(
2 tan(λx)2+nab−λ tan(λx)2−λ

)
dx

+c1b
)

tan(λx)n+1

−
(∫

tan(λx)n+1a e
∫
cot(λx)

(
2 tan(λx)2+nab−λ tan(λx)2−λ

)
dx

dx

)
+c1

dx

a

(∫
tan (λx)n+1 e

∫
cot(λx)

(
2 tan(λx)2+nab−λ tan(λx)2−λ

)
dx
dx

)
− c1
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
tan (λx)

(
a

(∫
tan (λx)n+1 e

∫ (
2ab tan(λx)n+1−sec(λx) csc(λx)λ

)
dx
dx

)
b− bc3 − e

∫ (
2ab tan(λx)n+1−sec(λx) csc(λx)λ

)
dx

)
a

(∫
tan (λx)n+1 e

∫
cot(λx)

(
2 tan(λx)2+nab−λ tan(λx)2−λ

)
dx
dx

)
− c3

Summary
The solution(s) found are the following

(1)y

=
tan (λx)

(
a

(∫
tan (λx)n+1 e

∫ (
2ab tan(λx)n+1−sec(λx) csc(λx)λ

)
dx
dx

)
b− bc3 − e

∫ (
2ab tan(λx)n+1−sec(λx) csc(λx)λ

)
dx

)
a

(∫
tan (λx)n+1 e

∫
cot(λx)

(
2 tan(λx)2+nab−λ tan(λx)2−λ

)
dx
dx

)
− c3

Verification of solutions
y

=
tan (λx)

(
a

(∫
tan (λx)n+1 e

∫ (
2ab tan(λx)n+1−sec(λx) csc(λx)λ

)
dx
dx

)
b− bc3 − e

∫ (
2ab tan(λx)n+1−sec(λx) csc(λx)λ

)
dx

)
a

(∫
tan (λx)n+1 e

∫
cot(λx)

(
2 tan(λx)2+nab−λ tan(λx)2−λ

)
dx
dx

)
− c3

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = n*lambda*(1+tan(lambda*x)^2)*(diff(y(x), x))/tan(lambda*x)-a*tan(lambd

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> trying with_periodic_functions in the coefficients

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(a*tan(lambda*x)^n*y(x)^2+y(x)+x^2*(-a*b^2*tan(lambda*x)^(n+2)+b*lambda*tan(lambd

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=a*tan(lambda*x)^n*y(x)^2-a*b^2*tan(lambda*x)^(n+2)+b*lambda*tan(lambda*x)^2+b*lambda,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==a*Tan[\[Lambda]*x]^n*y[x]^2-a*b^2*Tan[\[Lambda]*x]^(n+2)+b*\[Lambda]*Tan[\[Lambda]*x]^2+b*\[Lambda],y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1067



11.9 problem 35
11.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1068

Internal problem ID [10533]
Internal file name [OUTPUT/9480_Monday_June_06_2022_02_48_23_PM_47763726/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 35.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[[_1st_order , `_with_symmetry_[F(x),G(x)]`], _Riccati]

Unable to solve or complete the solution.

y′ − a tan (λx+ µ)k (y − b xn − c)2 = b xn−1n

11.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= x2n tan (λx+ µ)k a b2 + 2xn tan (λx+ µ)k abc− 2xn tan (λx+ µ)k aby + tan (λx+ µ)k a c2 − 2 tan (λx+ µ)k acy + tan (λx+ µ)k a y2 + b xn−1n

This is a Riccati ODE. Comparing the ODE to solve

y′ = x2n
(

tan (µ)
1− tan (µ) tan (λx) +

tan (λx)
1− tan (µ) tan (λx)

)k

a b2+2xn

(
tan (µ)

1− tan (µ) tan (λx) +
tan (λx)

1− tan (µ) tan (λx)

)k

abc−2xn

(
tan (µ)

1− tan (µ) tan (λx) +
tan (λx)

1− tan (µ) tan (λx)

)k

aby+
(

tan (µ)
1− tan (µ) tan (λx) +

tan (λx)
1− tan (µ) tan (λx)

)k

a c2−2
(

tan (µ)
1− tan (µ) tan (λx) +

tan (λx)
1− tan (µ) tan (λx)

)k

acy+
(

tan (µ)
1− tan (µ) tan (λx) +

tan (λx)
1− tan (µ) tan (λx)

)k

a y2+b xnn

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = x2n tan (λx+ µ)k a b2 + 2xn tan (λx+ µ)k abc+ tan (λx+ µ)k a c2 +
b xn−1n, f1(x) = −2 tan (λx+ µ)k a xnb−2 tan (λx+ µ)k ac and f2(x) = tan (λx+ µ)k a.
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Let

y = −u′

f2u

= −u′

tan (λx+ µ)k au
(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

tan (λx+ µ)k kλ
(
1 + tan (λx+ µ)2

)
a

tan (λx+ µ)
f1f2 =

(
−2 tan (λx+ µ)k a xnb− 2 tan (λx+ µ)k ac

)
tan (λx+ µ)k a

f 2
2 f0 = tan (λx+ µ)2k a2

(
x2n tan (λx+ µ)k a b2 + 2xn tan (λx+ µ)k abc+ tan (λx+ µ)k a c2 + b xn−1n

)
Substituting the above terms back in equation (2) gives

tan (λx+ µ)k au′′(x)−
(
tan (λx+ µ)k kλ

(
1 + tan (λx+ µ)2

)
a

tan (λx+ µ) +
(
−2 tan (λx+ µ)k a xnb− 2 tan (λx+ µ)k ac

)
tan (λx+ µ)k a

)
u′(x) + tan (λx+ µ)2k a2

(
x2n tan (λx+ µ)k a b2 + 2xn tan (λx+ µ)k abc+ tan (λx+ µ)k a c2 + b xn−1n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (d) successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 42� �
dsolve(diff(y(x),x)=a*tan(lambda*x+mu)^k*(y(x)-b*x^n-c)^2+b*n*x^(n-1),y(x), singsol=all)� �

y(x) = b xn + c+ 1

c1 − a

(∫ (
− tan(µ)+tan(xλ)

tan(µ) tan(xλ)−1

)k
dx

)
3 Solution by Mathematica
Time used: 6.024 (sec). Leaf size: 75� �
DSolve[y'[x]==a*Tan[\[Lambda]*x+mu]^k*(y[x]-b*x^n-c)^2+b*n*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1

−
a tank+1(µ+λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 ,− tan2(µ+xλ)

)
(k+1)λ + c1

+ bxn + c

y(x) → bxn + c
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11.10 problem 36
11.10.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1071

Internal problem ID [10534]
Internal file name [OUTPUT/9481_Monday_June_06_2022_02_49_19_PM_25084523/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 36.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− a tan (λx)m y2 − ky = a b2x2k tan (λx)m

11.10.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a tan (λx)m y2 + ky + a b2x2k tan (λx)m

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = a b2x2k tan (λx)m

x
+ a tan (λx)m y2

x
+ ky

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a b2x2k tan(λx)m
x

, f1(x) = k
x
and f2(x) = a tan(λx)m

x
. Let

y = −u′

f2u

= −u′

a tan(λx)mu
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

a tan (λx)m mλ
(
1 + tan (λx)2

)
tan (λx)x − a tan (λx)m

x2

f1f2 =
ka tan (λx)m

x2

f 2
2 f0 =

a3 tan (λx)3m b2x2k

x3

Substituting the above terms back in equation (2) gives

a tan (λx)m u′′(x)
x

−

(
a tan (λx)m mλ

(
1 + tan (λx)2

)
tan (λx)x − a tan (λx)m

x2 + ka tan (λx)m

x2

)
u′(x) + a3 tan (λx)3m b2x2ku(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1eiab
(∫

xk−1 tan(λx)mdx
)
+ c2e−iab

(∫
xk−1 tan(λx)mdx

)

The above shows that

u′(x) = iab xk−1 tan (λx)m
(
c1eiab

(∫
xk−1 tan(λx)mdx

)
− c2e−iab

(∫
xk−1 tan(λx)mdx

))
Using the above in (1) gives the solution

y = −
ib xk−1

(
c1eiab

(∫
xk−1 tan(λx)mdx

)
− c2e−iab

(∫
xk−1 tan(λx)mdx

))
x

c1eiab
(∫

xk−1 tan(λx)mdx
)
+ c2e−iab

(∫
xk−1 tan(λx)mdx

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
ib xk

(
c3eiab

(∫
xk−1 tan(λx)mdx

)
− e−iab

(∫
xk−1 tan(λx)mdx

))
c3eiab

(∫
xk−1 tan(λx)mdx

)
+ e−iab

(∫
xk−1 tan(λx)mdx

)
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Summary
The solution(s) found are the following

(1)y = −
ib xk

(
c3eiab

(∫
xk−1 tan(λx)mdx

)
− e−iab

(∫
xk−1 tan(λx)mdx

))
c3eiab

(∫
xk−1 tan(λx)mdx

)
+ e−iab

(∫
xk−1 tan(λx)mdx

)
Verification of solutions

y = −
ib xk

(
c3eiab

(∫
xk−1 tan(λx)mdx

)
− e−iab

(∫
xk−1 tan(λx)mdx

))
c3eiab

(∫
xk−1 tan(λx)mdx

)
+ e−iab

(∫
xk−1 tan(λx)mdx

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 31� �
dsolve(x*diff(y(x),x)=a*tan(lambda*x)^m*y(x)^2+k*y(x)+a*b^2*x^(2*k)*tan(lambda*x)^m,y(x), singsol=all)� �

y(x) = − tan
(
−ab

(∫
x−1+k tan (xλ)m dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 1.817 (sec). Leaf size: 50� �
DSolve[x*y'[x]==a*Tan[\[Lambda]*x]^m*y[x]^2+k*y[x]+a*b^2*x^(2*k)*Tan[\[Lambda]*x]^m,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(√
b2
∫ x

1
aK[1]k−1 tanm(λK[1])dK[1] + c1

)
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11.11 problem 37
11.11.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1074

Internal problem ID [10535]
Internal file name [OUTPUT/9482_Monday_June_06_2022_02_49_22_PM_50388009/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 37.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

(a tan (λx) + b) y′ − y2 − k tan (xµ) y = −d2 + kd tan (xµ)

11.11.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2 + k tan (xµ) y − d2 + kd tan (xµ)
a tan (λx) + b

This is a Riccati ODE. Comparing the ODE to solve

y′ = kd tan (xµ)
a tan (λx) + b

+ k tan (xµ) y
a tan (λx) + b

− d2

a tan (λx) + b
+ y2

a tan (λx) + b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = −d2+kd tan(xµ)
a tan(λx)+b

, f1(x) = k tan(xµ)
a tan(λx)+b

and f2(x) = 1
a tan(λx)+b

. Let

y = −u′

f2u

= −u′

u
a tan(λx)+b

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −

aλ
(
1 + tan (λx)2

)
(a tan (λx) + b)2

f1f2 =
k tan (xµ)

(a tan (λx) + b)2

f 2
2 f0 =

−d2 + kd tan (xµ)
(a tan (λx) + b)3

Substituting the above terms back in equation (2) gives

u′′(x)
a tan (λx) + b

−

(
−
aλ
(
1 + tan (λx)2

)
(a tan (λx) + b)2

+ k tan (xµ)
(a tan (λx) + b)2

)
u′(x) + (−d2 + kd tan (xµ))u(x)

(a tan (λx) + b)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 351� �
dsolve((a*tan(lambda*x)+b)*diff(y(x),x)=y(x)^2+k*tan(mu*x)*y(x)-d^2+k*d*tan(mu*x),y(x), singsol=all)� �
y(x)

=

−
(
sec (xλ)2

) ad

λ
(
a2+b2

)
(a tan (xλ) + b)

− 2ad
λ
(
a2+b2

)
e

λk
(
a2+b2

)(∫ tan(xµ)
a tan(xλ)+b

dx

)
−2 arctan(tan(xλ))bd

λ
(
a2+b2

)
− d

∫ (a tan (xλ) + b)

(
−a2−b2

)
λ−2ad

λ
(
a2+b2

) (
sec (xλ)2

) ad

λ
(
a2+b2

)
e

λk
(
a2+b2

)(∫ tan(xµ)
a tan(xλ)+b

dx

)
−2 arctan(tan(xλ))bd

λ
(
a2+b2

)
dx− c1


∫
(a tan (xλ) + b)

(
−a2−b2

)
λ−2ad

λ
(
a2+b2

) (
sec (xλ)2

) ad

λ
(
a2+b2

)
e

λk
(
a2+b2

)(∫ tan(xµ)
a tan(xλ)+b

dx

)
−2 arctan(tan(xλ))bd

λ
(
a2+b2

)
dx− c1

3 Solution by Mathematica
Time used: 130.719 (sec). Leaf size: 800� �
DSolve[(a*Tan[\[Lambda]*x]+b)*y'[x]==y[x]^2+k*Tan[\[Mu]*x]*y[x]-d^2+k*d*Tan[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1

e−
∫K[2]
1

sec(µK[1])(2d cos(λK[1]−µK[1])+2d cos(λK[1]+µK[1])+k sin(λK[1]−µK[1])−k sin(λK[1]+µK[1]))
2(b cos(λK[1])+a sin(λK[1])) dK[1](d cos(λK[2]− µK[2])− y(x) cos(λK[2]− µK[2]) + d cos(λK[2] + µK[2]) + k sin(λK[2]− µK[2])− k sin(λK[2] + µK[2])− cos(λK[2] + µK[2])y(x))

kµ(b cos(λK[2]− µK[2]) + b cos(λK[2] + µK[2]) + a sin(λK[2]− µK[2]) + a sin(λK[2] + µK[2]))(d+ y(x)) dK[2]

+
∫ y(x)

1

(
e−

∫ x
1

sec(µK[1])(2d cos(λK[1]−µK[1])+2d cos(λK[1]+µK[1])+k sin(λK[1]−µK[1])−k sin(λK[1]+µK[1]))
2(b cos(λK[1])+a sin(λK[1])) dK[1]

kµ(d+K[3])2

−
∫ x

1

(
e−

∫K[2]
1

sec(µK[1])(2d cos(λK[1]−µK[1])+2d cos(λK[1]+µK[1])+k sin(λK[1]−µK[1])−k sin(λK[1]+µK[1]))
2(b cos(λK[1])+a sin(λK[1])) dK[1](− cos(λK[2]− µK[2])− cos(λK[2] + µK[2]))

kµ(d+K[3])(b cos(λK[2]− µK[2]) + b cos(λK[2] + µK[2]) + a sin(λK[2]− µK[2]) + a sin(λK[2] + µK[2])) − e−
∫K[2]
1

sec(µK[1])(2d cos(λK[1]−µK[1])+2d cos(λK[1]+µK[1])+k sin(λK[1]−µK[1])−k sin(λK[1]+µK[1]))
2(b cos(λK[1])+a sin(λK[1])) dK[1](d cos(λK[2]− µK[2])−K[3] cos(λK[2]− µK[2]) + d cos(λK[2] + µK[2])− cos(λK[2] + µK[2])K[3] + k sin(λK[2]− µK[2])− k sin(λK[2] + µK[2]))

kµ(d+K[3])2(b cos(λK[2]− µK[2]) + b cos(λK[2] + µK[2]) + a sin(λK[2]− µK[2]) + a sin(λK[2] + µK[2]))

)
dK[2]

)
dK[3] = c1, y(x)

]
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12 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.6-4. Equations with cotangent.

12.1 problem 38 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1079
12.2 problem 39 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1084
12.3 problem 40 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1089
12.4 problem 41 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1094
12.5 problem 42 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1098
12.6 problem 43 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1102
12.7 problem 44 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1107
12.8 problem 45 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1110
12.9 problem 46 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1113
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12.1 problem 38
12.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1079

Internal problem ID [10536]
Internal file name [OUTPUT/9483_Monday_June_06_2022_02_50_30_PM_22071506/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 38.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = λa+ a(λ− a) cot (λx)2

12.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −a2 cot (λx)2 + a cot (λx)2 λ+ λa+ y2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2 cot (λx)2 + a cot (λx)2 λ+ λa+ y2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 cot (λx)2 + a cot (λx)2 λ+ λa, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −a2 cot (λx)2 + a cot (λx)2 λ+ λa

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−a2 cot (λx)2 + a cot (λx)2 λ+ λa

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
√
sin (λx)

(
c1 LegendreP

(
2a− λ

2λ ,
2a− λ

2λ , cos (λx)
)

+ c2 LegendreQ
(
2a− λ

2λ ,
2a− λ

2λ , cos (λx)
))

The above shows that

u′(x) =

−
cos (λx) LegendreP

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
c1a+ cos (λx) LegendreQ

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
c2a− λ

(
c1 LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)
+ c2 LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
))√

sin (λx)

Using the above in (1) gives the solution

y

=
cos (λx) LegendreP

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
c1a+ cos (λx) LegendreQ

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
c2a− λ

(
c1 LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)
+ c2 LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
))

sin (λx)
(
c1 LegendreP

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
+ c2 LegendreQ

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
(
cos (λx) LegendreP

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
c3a+ cos (λx) LegendreQ

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
a− λ

(
c3 LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)))

csc (λx)
c3 LegendreP

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
+ LegendreQ

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
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Summary
The solution(s) found are the following

(1)y

=
(
cos (λx) LegendreP

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
c3a+ cos (λx) LegendreQ

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
a− λ

(
c3 LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)))

csc (λx)
c3 LegendreP

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
+ LegendreQ

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)

Verification of solutions
y

=
(
cos (λx) LegendreP

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
c3a+ cos (λx) LegendreQ

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
a− λ

(
c3 LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)))

csc (λx)
c3 LegendreP

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)
+ LegendreQ

(2a−λ
2λ , 2a−λ

2λ , cos (λx)
)

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a^2*cot(lambda*x)^2-a*cot(lambda*x)^2*lambda-a*lambda)*y(x), y(x)`

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Legendre successful

<- special function solution successful
-> Trying to convert hypergeometric functions to elementary form...
<- elementary form is not straightforward to achieve - returning special function solution free of uncomputed integra

<- Kovacics algorithm successful
Change of variables used:

[x = 1/lambda*arccos(t)]
Linear ODE actually solved:

(a^2*t^2-a*lambda)*u(t)+(-lambda^2*t^3+lambda^2*t)*diff(u(t),t)+(-lambda^2*t^4+2*lambda^2*t^2-lambda^2)*diff(diff(u(t),t
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 204� �
dsolve(diff(y(x),x)=y(x)^2+a*lambda+a*(lambda-a)*cot(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
(
cos (xλ) LegendreP

(2a−λ
2λ , 2a−λ

2λ , cos (xλ)
)
a+ LegendreQ

(2a−λ
2λ , 2a−λ

2λ , cos (xλ)
)
cos (xλ) c1a− λ

(
LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (xλ)
)
c1 + LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (xλ)
)))

csc (xλ)
LegendreQ

(2a−λ
2λ , 2a−λ

2λ , cos (xλ)
)
c1 + LegendreP

(2a−λ
2λ , 2a−λ

2λ , cos (xλ)
)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+a*\[Lambda]+a*(\[Lambda]-a)*Cot[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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12.2 problem 39
12.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1084

Internal problem ID [10537]
Internal file name [OUTPUT/9484_Monday_June_06_2022_02_50_33_PM_71867773/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 39.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = 3λa+ λ2 + a(λ− a) cot (λx)2

12.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −a2 cot (λx)2 + a cot (λx)2 λ+ 3λa+ λ2 + y2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2 cot (λx)2 + a cot (λx)2 λ+ 3λa+ λ2 + y2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 cot (λx)2 + a cot (λx)2 λ+ 3λa+ λ2, f1(x) = 0 and f2(x) = 1.
Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −a2 cot (λx)2 + a cot (λx)2 λ+ 3λa+ λ2

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−a2 cot (λx)2 + a cot (λx)2 λ+ 3λa+ λ2)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
√

sin (λx)
(
c1 LegendreP

(
2a+ λ

2λ ,
2a− λ

2λ , cos (λx)
)

+ c2 LegendreQ
(
2a+ λ

2λ ,
2a− λ

2λ , cos (λx)
))

The above shows that

u′(x) =

−
−2 LegendreP

(2a+3λ
2λ , 2a−λ

2λ , cos (λx)
)
c1λ− 2 LegendreQ

(2a+3λ
2λ , 2a−λ

2λ , cos (λx)
)
c2λ+ cos (λx)

(
c1 LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)
+ c2 LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
))

(a+ λ)√
sin (λx)

Using the above in (1) gives the solution

y

=
−2 LegendreP

(2a+3λ
2λ , 2a−λ

2λ , cos (λx)
)
c1λ− 2 LegendreQ

(2a+3λ
2λ , 2a−λ

2λ , cos (λx)
)
c2λ+ cos (λx)

(
c1 LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)
+ c2 LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
))

(a+ λ)
sin (λx)

(
c1 LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)
+ c2 LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
csc (λx)

(
−2 LegendreP

(2a+3λ
2λ , 2a−λ

2λ , cos (λx)
)
c3λ− 2 LegendreQ

(2a+3λ
2λ , 2a−λ

2λ , cos (λx)
)
λ+ cos (λx)

(
c3 LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
))

(a+ λ)
)

c3 LegendreP
(2a+λ

2λ , 2a−λ
2λ , cos (λx)

)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)
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Summary
The solution(s) found are the following

(1)y

=
csc (λx)

(
−2 LegendreP

(2a+3λ
2λ , 2a−λ

2λ , cos (λx)
)
c3λ− 2 LegendreQ

(2a+3λ
2λ , 2a−λ

2λ , cos (λx)
)
λ+ cos (λx)

(
c3 LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
))

(a+ λ)
)

c3 LegendreP
(2a+λ

2λ , 2a−λ
2λ , cos (λx)

)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)

Verification of solutions
y

=
csc (λx)

(
−2 LegendreP

(2a+3λ
2λ , 2a−λ

2λ , cos (λx)
)
c3λ− 2 LegendreQ

(2a+3λ
2λ , 2a−λ

2λ , cos (λx)
)
λ+ cos (λx)

(
c3 LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
))

(a+ λ)
)

c3 LegendreP
(2a+λ

2λ , 2a−λ
2λ , cos (λx)

)
+ LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (λx)
)

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a^2*cot(lambda*x)^2-a*cot(lambda*x)^2*lambda-3*a*lambda-lambda^2)*y(x

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Legendre successful

<- special function solution successful
-> Trying to convert hypergeometric functions to elementary form...
<- elementary form is not straightforward to achieve - returning special function solution free of uncomputed integra

<- Kovacics algorithm successful
Change of variables used:

[x = 1/lambda*arccos(t)]
Linear ODE actually solved:

(a^2*t^2+2*a*lambda*t^2+lambda^2*t^2-3*a*lambda-lambda^2)*u(t)+(-lambda^2*t^3+lambda^2*t)*diff(u(t),t)+(-lambda^2*t^4+2*
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 199� �
dsolve(diff(y(x),x)=y(x)^2+lambda^2+3*a*lambda+a*(lambda-a)*cot(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
csc (xλ)

(
−2 LegendreP

(2a+3λ
2λ , 2a−λ

2λ , cos (xλ)
)
λ− 2 LegendreQ

(2a+3λ
2λ , 2a−λ

2λ , cos (xλ)
)
c1λ+ cos (xλ)

(
LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (xλ)
)
c1 + LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (xλ)
))

(a+ λ)
)

LegendreQ
(2a+λ

2λ , 2a−λ
2λ , cos (xλ)

)
c1 + LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (xλ)
)

3 Solution by Mathematica
Time used: 67.099 (sec). Leaf size: 306� �
DSolve[y'[x]==y[x]^2+\[Lambda]^2+3*a*\[Lambda]+a*(\[Lambda]-a)*Cot[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
sin−a+λ

λ (2λx)e−arctanh(cos(2λx))
(
c1 sin

a
λ (2λx)((a+ λ) cos(2λx) + a− λ)earctanh(cos(2λx))

∫ x

1 e
(a−λ)arctanh(cos(2λK[1]))

λ sin−a+λ
λ (2λK[1])dK[1] + sin a

λ (2λx)((a+ λ) cos(2λx) + a− λ)earctanh(cos(2λx)) + c1e
aarctanh(cos(2λx))

λ

)
1 + c1

∫ x

1 e
(a−λ)arctanh(cos(2λK[1]))

λ sin−a+λ
λ (2λK[1])dK[1]

y(x) → csc(2λx)
(
− sin− a

λ (2λx)e
(a−λ)arctanh(cos(2λx))

λ∫ x

1 e
(a−λ)arctanh(cos(2λK[1]))

λ sin−a+λ
λ (2λK[1])dK[1]

− (a+ λ) cos(2λx)

− a+ λ

)
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12.3 problem 40
12.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1089

Internal problem ID [10538]
Internal file name [OUTPUT/9485_Monday_June_06_2022_02_50_37_PM_8560361/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 40.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 + 2ab cot (xa) y = −a2 + b2

12.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 − 2ab cot (xa) y + b2 − a2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 − 2ab cot (xa) y + b2 − a2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 + b2, f1(x) = −2 cot (xa) ab and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = −2 cot (xa) ab
f 2
2 f0 = −a2 + b2

Substituting the above terms back in equation (2) gives

u′′(x) + 2 cot (xa) abu′(x) +
(
−a2 + b2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = sin (xa)−b+ 1
2

(
c1 LegendreP

(
−a+ 2

√
(b2 − 1) a2 + b2

2a , b− 1
2 , cos (xa)

)

+ c2 LegendreQ
(
−a+ 2

√
(b2 − 1) a2 + b2

2a , b− 1
2 , cos (xa)

))

The above shows that

u′(x) =

−
2
(
c1
(
− cos (xa) sin (xa)

√
(b2 − 1) a2 + b2 + a

(
− cos(xa) sin(xa)

2 + (cos (xa)− 1)
(
b− 1

2

)
cot (xa) (cos (xa) + 1)

))
LegendreP

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+ c2

(
− cos (xa) sin (xa)

√
(b2 − 1) a2 + b2 + a

(
− cos(xa) sin(xa)

2 + (cos (xa)− 1)
(
b− 1

2

)
cot (xa) (cos (xa) + 1)

))
LegendreQ

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
−
(
−
√
(b2 − 1) a2 + b2 + (b− 1) a

)(
c1 LegendreP

(
a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+ LegendreQ

(
a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
c2
)
sin (xa)

)
sin (xa)−b+ 1

2

2 cos (xa)2 − 2

Using the above in (1) gives the solution

y

=
2c1
(
− cos (xa) sin (xa)

√
(b2 − 1) a2 + b2 + a

(
− cos(xa) sin(xa)

2 + (cos (xa)− 1)
(
b− 1

2

)
cot (xa) (cos (xa) + 1)

))
LegendreP

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+ 2c2

(
− cos (xa) sin (xa)

√
(b2 − 1) a2 + b2 + a

(
− cos(xa) sin(xa)

2 + (cos (xa)− 1)
(
b− 1

2

)
cot (xa) (cos (xa) + 1)

))
LegendreQ

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
− 2
(
−
√

(b2 − 1) a2 + b2 + (b− 1) a
)(

c1 LegendreP
(

a+2
√

(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+ LegendreQ

(
a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
c2
)
sin (xa)(

2 cos (xa)2 − 2
) (

c1 LegendreP
(

−a+2
√

(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+ c2 LegendreQ

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=

(
cos (xa) c3

(
ab+

√
(b2 − 1) a2 + b2

)
LegendreP

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+ cos (xa)

(
ab+

√
(b2 − 1) a2 + b2

)
LegendreQ

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+
(
−
√

(b2 − 1) a2 + b2 + (b− 1) a
)(

c3 LegendreP
(

a+2
√

(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+ LegendreQ

(
a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)))
csc (xa)

c3 LegendreP
(

−a+2
√

(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+ LegendreQ

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
Summary
The solution(s) found are the following

(1)y

=

(
cos (xa) c3

(
ab+

√
(b2 − 1) a2 + b2

)
LegendreP

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+ cos (xa)

(
ab+

√
(b2 − 1) a2 + b2

)
LegendreQ

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+
(
−
√

(b2 − 1) a2 + b2 + (b− 1) a
)(

c3 LegendreP
(

a+2
√

(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+ LegendreQ

(
a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)))
csc (xa)

c3 LegendreP
(

−a+2
√

(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+ LegendreQ

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
Verification of solutions
y

=

(
cos (xa) c3

(
ab+

√
(b2 − 1) a2 + b2

)
LegendreP

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+ cos (xa)

(
ab+

√
(b2 − 1) a2 + b2

)
LegendreQ

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+
(
−
√

(b2 − 1) a2 + b2 + (b− 1) a
)(

c3 LegendreP
(

a+2
√

(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+ LegendreQ

(
a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)))
csc (xa)

c3 LegendreP
(

−a+2
√

(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
+ LegendreQ

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (xa)

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -2*a*b*cot(a*x)*(diff(y(x), x))+(a^2-b^2)*y(x), y(x)` *** Subleve

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful
Change of variables used:

[x = 1/a*arcsin(t)]
Linear ODE actually solved:

(-a^2*t+b^2*t)*u(t)+(-2*a^2*b*t^2-a^2*t^2+2*a^2*b)*diff(u(t),t)+(-a^2*t^3+a^2*t)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 291� �
dsolve(diff(y(x),x)=y(x)^2-2*a*b*cot(a*x)*y(x)+b^2-a^2,y(x), singsol=all)� �
y(x)

=

(
cos (ax)

(
ab+

√
(b2 − 1) a2 + b2

)
LegendreP

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (ax)

)
+ c1 cos (ax)

(
ab+

√
(b2 − 1) a2 + b2

)
LegendreQ

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (ax)

)
+
(
LegendreQ

(
a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (ax)

)
c1 + LegendreP

(
a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (ax)

))(
−
√

(b2 − 1) a2 + b2 + (b− 1) a
))

csc (ax)

LegendreQ
(

−a+2
√

(b2−1)a2+b2

2a , b− 1
2 , cos (ax)

)
c1 + LegendreP

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (ax)

)
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2-2*a*b*Cot[a*x]*y[x]+b^2-a^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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12.4 problem 41
12.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1094

Internal problem ID [10539]
Internal file name [OUTPUT/9486_Monday_June_06_2022_02_50_49_PM_24821107/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 41.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − a cot (βx) y = ab cot (βx)− b2

12.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + a cot (βx) y + ab cot (βx)− b2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a cot (βx) y + ab cot (βx)− b2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = ab cot (βx)− b2, f1(x) = cot (βx) a and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = cot (βx) a
f 2
2 f0 = ab cot (βx)− b2

Substituting the above terms back in equation (2) gives

u′′(x)− cot (βx) au′(x) +
(
ab cot (βx)− b2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = −
ebx
(
ic2β

(∫
sec
(
π
4 + βx

2

)
csc
(
π
4 + βx

2

)
sin (βx)

a
β cos (βx) e−2bxdx

)
− 2c1

)
2

The above shows that

u′(x) = −
i
(∫

sec
(
π
4 + βx

2

)
csc
(
π
4 + βx

2

)
sin (βx)

a
β cos (βx) e−2bxdx

)
c2bβ ebx

2

−
i cos (βx) sin (βx)

a
β csc

(
π
4 + βx

2

)
sec
(
π
4 + βx

2

)
βc2e−bx

2 + c1b ebx

Using the above in (1) gives the solution

y

=
2
(
−

i

(∫
sec
(

π
4+

βx
2

)
csc
(

π
4+

βx
2

)
sin(βx)

a
β cos(βx)e−2bxdx

)
c2bβ ebx

2 −
i cos(βx) sin(βx)

a
β csc

(
π
4+

βx
2

)
sec
(

π
4+

βx
2

)
βc2e−bx

2 + c1b ebx
)
e−bx

ic2β
(∫

sec
(
π
4 + βx

2

)
csc
(
π
4 + βx

2

)
sin (βx)

a
β cos (βx) e−2bxdx

)
− 2c1

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
−β sec

(
π
4 + βx

2

)
csc
(
π
4 + βx

2

)
sin (βx)

a
β cos (βx) e−2bx − 2ibc3 − β

(∫
sec
(
π
4 + βx

2

)
csc
(
π
4 + βx

2

)
sin (βx)

a
β cos (βx) e−2bxdx

)
b

β
(∫

sec
(
π
4 + βx

2

)
csc
(
π
4 + βx

2

)
sin (βx)

a
β cos (βx) e−2bxdx

)
+ 2ic3
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Summary
The solution(s) found are the following

(1)y

=
−β sec

(
π
4 + βx

2

)
csc
(
π
4 + βx

2

)
sin (βx)

a
β cos (βx) e−2bx − 2ibc3 − β

(∫
sec
(
π
4 + βx

2

)
csc
(
π
4 + βx

2

)
sin (βx)

a
β cos (βx) e−2bxdx

)
b

β
(∫

sec
(
π
4 + βx

2

)
csc
(
π
4 + βx

2

)
sin (βx)

a
β cos (βx) e−2bxdx

)
+ 2ic3

Verification of solutions
y

=
−β sec

(
π
4 + βx

2

)
csc
(
π
4 + βx

2

)
sin (βx)

a
β cos (βx) e−2bx − 2ibc3 − β

(∫
sec
(
π
4 + βx

2

)
csc
(
π
4 + βx

2

)
sin (βx)

a
β cos (βx) e−2bxdx

)
b

β
(∫

sec
(
π
4 + βx

2

)
csc
(
π
4 + βx

2

)
sin (βx)

a
β cos (βx) e−2bxdx

)
+ 2ic3

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 81� �
dsolve(diff(y(x),x)=y(x)^2+a*cot(beta*x)*y(x)+a*b*cot(beta*x)-b^2,y(x), singsol=all)� �

y(x) =
−
(
csc (xβ)2

)− a
2β e−2bx − b

(∫ (
csc (xβ)2

)− a
2β e−2bxdx− c1

)
∫ (

csc (xβ)2
)− a

2β e−2bxdx− c1

3 Solution by Mathematica
Time used: 26.26 (sec). Leaf size: 462� �
DSolve[y'[x]==y[x]^2+a*Cot[\[Beta]*x]*y[x]+a*b*Cot[\[Beta]*x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
b(ia+ 2b− 2iβ)

(
−ie−iβx

(
−1 + e2iβx

))a/β Hypergeometric2F1
(
1, a+2ib

2β ,−a−2ib−2β
2β , e2ixβ

)
+ (a− 2ib)

(
(a− 2ib− 2β)

((
−ie−iβx

(
−1 + e2iβx

))a/β − abβc12a/βe2bx
)
− ibe2iβx

(
−ie−iβx

(
−1 + e2iβx

))a/β Hypergeometric2F1
(
1, a+2ib+2β

2β ,−a−2ib−4β
2β , e2ixβ

))
i(−a+ 2ib+ 2β) (−ie−iβx (−1 + e2iβx))a/β Hypergeometric2F1

(
1, a+2ib

2β ,−a−2ib−2β
2β , e2ixβ

)
+ (a− 2ib)

(
ie2iβx (−ie−iβx (−1 + e2iβx))a/β Hypergeometric2F1

(
1, a+2ib+2β

2β ,−a−2ib−4β
2β , e2ixβ

)
+ aβc12a/βe2bx(a− 2ib− 2β)

)
y(x) → −b
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12.5 problem 42
12.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1098

Internal problem ID [10540]
Internal file name [OUTPUT/9487_Monday_June_06_2022_02_51_45_PM_23649721/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 42.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − ax cot (bx)m y = a cot (bx)m

12.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + ax cot (bx)m y + a cot (bx)m

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + ax cot (bx)m y + a cot (bx)m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a cot (bx)m, f1(x) = xa cot (bx)m and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = xa cot (bx)m

f 2
2 f0 = a cot (bx)m

Substituting the above terms back in equation (2) gives

u′′(x)− xa cot (bx)m u′(x) + a cot (bx)m u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x

(
c1

(∫
e
∫ cot(bx)max2−2

x
dxdx

)
+ c2

)

The above shows that

u′(x) = c1

(∫
e
∫ cot(bx)max2−2

x
dxdx

)
+ c2 + xc1e

∫ cot(bx)max2−2
x

dx

Using the above in (1) gives the solution

y = −
c1
(∫

e
∫ cot(bx)max2−2

x
dxdx

)
+ c2 + xc1e

∫ cot(bx)max2−2
x

dx

x
(
c1
(∫

e
∫ cot(bx)max2−2

x
dxdx

)
+ c2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−c3

(∫
e
∫ cot(bx)max2−2

x
dxdx

)
− 1− xc3e

∫ cot(bx)max2−2
x

dx

x
(
c3
(∫

e
∫ cot(bx)max2−2

x
dxdx

)
+ 1
)
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Summary
The solution(s) found are the following

(1)y =
−c3

(∫
e
∫ cot(bx)max2−2

x
dxdx

)
− 1− xc3e

∫ cot(bx)max2−2
x

dx

x
(
c3
(∫

e
∫ cot(bx)max2−2

x
dxdx

)
+ 1
)

Verification of solutions

y =
−c3

(∫
e
∫ cot(bx)max2−2

x
dxdx

)
− 1− xc3e

∫ cot(bx)max2−2
x

dx

x
(
c3
(∫

e
∫ cot(bx)max2−2

x
dxdx

)
+ 1
)

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=y(x)^2+a*x*cot(b*x)^m*y(x)+a*cot(b*x)^m,y(x), singsol=all)� �

y(x) =
−e

∫ a cot(bx)mx2−2
x

dxx−
(∫

e
∫ a cot(bx)mx2−2

x
dxdx

)
+ c1(

−c1 +
∫
e
∫ a cot(bx)mx2−2

x
dxdx

)
x
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3 Solution by Mathematica
Time used: 8.36 (sec). Leaf size: 126� �
DSolve[y'[x]==y[x]^2+a*x*Cot[b*x]^m*y[x]+a*Cot[b*x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
exp

(
−
∫ x

1 −a cotm(bK[1])K[1]dK[1]
)
+ x

∫ x

1
exp
(
−
∫K[2]
1 −a cotm(bK[1])K[1]dK[1]

)
K[2]2 dK[2] + c1x

x2
(∫ x

1
exp
(
−
∫K[2]
1 −a cotm(bK[1])K[1]dK[1]

)
K[2]2 dK[2] + c1

)
y(x) → −1

x
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12.6 problem 43
12.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1102

Internal problem ID [10541]
Internal file name [OUTPUT/9488_Monday_June_06_2022_02_51_48_PM_37851356/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 43.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + (k + 1)xky2 − a xk+1 cot (x)m y = −a cot (x)m

12.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a xk+1 cot (x)m y − xky2k − xky2 − a cot (x)m

This is a Riccati ODE. Comparing the ODE to solve

y′ = a xkx cot (x)m y − xky2k − xky2 − a cot (x)m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a cot (x)m, f1(x) = a cot (x)m xk+1 and f2(x) = −xkk − xk. Let

y = −u′

f2u

= −u′

(−xkk − xk)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −k2xk

x
− k xk

x
f1f2 = a cot (x)m xk+1(−xkk − xk

)
f 2
2 f0 = −

(
−xkk − xk

)2
a cot (x)m

Substituting the above terms back in equation (2) gives(
−xkk − xk

)
u′′(x)−

(
−k2xk

x
− k xk

x
+ a cot (x)m xk+1(−xkk − xk

))
u′(x)−

(
−xkk − xk

)2
a cot (x)m u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = xk+1
(
c1 + c2

(∫
x−2k−2e

∫ (
a cot(x)mxk+1+ k

x

)
dx
dx

))
The above shows that

u′(x) =
(
c2x

−2k−1e
∫ (

a cot(x)mxk+1+ k
x

)
dx

+
(
c1 + c2

(∫
x−2k−2e

∫ (
a cot(x)mxk+1+ k

x

)
dx
dx

))
(k + 1)

)
xk

Using the above in (1) gives the solution

y =

−

(
c2x

−2k−1e
∫ (

a cot(x)mxk+1+ k
x

)
dx +

(
c1 + c2

(∫
x−2k−2e

∫ (
a cot(x)mxk+1+ k

x

)
dx
dx

))
(k + 1)

)
xkx−k−1

(−xkk − xk)
(
c1 + c2

(∫
x−2k−2e

∫ (
a cot(x)mxk+1+ k

x

)
dx
dx

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y=
x−k−1

(
x−2k−1e

∫ (
a cot(x)mxk+1+ k

x

)
dx +

(
c3 +

∫
x−2k−2e

∫ (
a cot(x)mxk+1+ k

x

)
dx
dx

)
(k + 1)

)
(k + 1)

(
c3 +

∫
e
∫ a xk+2 cot(x)m+k

x
dxx−2k−2dx

)
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Summary
The solution(s) found are the following
y

=
x−k−1

(
x−2k−1e

∫ (
a cot(x)mxk+1+ k

x

)
dx +

(
c3 +

∫
x−2k−2e

∫ (
a cot(x)mxk+1+ k

x

)
dx
dx

)
(k + 1)

)
(k + 1)

(
c3 +

∫
e
∫ a xk+2 cot(x)m+k

x
dxx−2k−2dx

)
(1)

Verification of solutions

y=
x−k−1

(
x−2k−1e

∫ (
a cot(x)mxk+1+ k

x

)
dx +

(
c3 +

∫
x−2k−2e

∫ (
a cot(x)mxk+1+ k

x

)
dx
dx

)
(k + 1)

)
(k + 1)

(
c3 +

∫
e
∫ a xk+2 cot(x)m+k

x
dxx−2k−2dx

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (x^(1+k)*cot(x)^m*a*x+k)*(diff(y(x), x))/x-x^k*(1+k)*a*cot(x)^m*y(x),

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> trying with_periodic_functions in the coefficients

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((-x^k*k-x^k)*y(x)^2+y(x)+a*x^(1+k)*cot(x)^m*y(x)*x-x^2*a*cot(x)^m)/x, y(x), expl

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2� �
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3 Solution by Maple
Time used: 0.062 (sec). Leaf size: 170� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+a*x^(k+1)*cot(x)^m*y(x)-a*cot(x)^m,y(x), singsol=all)� �
y(x)

=
x−1−k

(
x1+ke

∫ x1+k cot(x)max−2k−2
x

dx +
(∫

xke
∫ x1+k cot(x)max−2k−2

x
dxdx

)
k +

∫
xke

∫ x1+k cot(x)max−2k−2
x

dxdx+ c1

)
(∫

xke
∫ a xk+2 cot(x)m−2k−2

x
dxdx

)
k + c1 +

∫
xke

∫ a xk+2 cot(x)m−2k−2
x

dxdx

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+a*x^(k+1)*Cot[x]^m*y[x]-a*Cot[x]^m,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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12.7 problem 44
12.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1107

Internal problem ID [10542]
Internal file name [OUTPUT/9489_Monday_June_06_2022_02_51_58_PM_60994990/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 44.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[[_1st_order , `_with_symmetry_[F(x),G(x)]`], _Riccati]

Unable to solve or complete the solution.

y′ − a cot (λx+ µ)k (y − b xn − c)2 = b xn−1n

12.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= x2n cot (λx+ µ)k a b2 + 2xn cot (λx+ µ)k abc− 2xn cot (λx+ µ)k aby + cot (λx+ µ)k a c2 − 2 cot (λx+ µ)k acy + cot (λx+ µ)k a y2 + b xn−1n

This is a Riccati ODE. Comparing the ODE to solve

y′ = x2n
(
− 1
cot (µ) + cot (λx) +

cot (µ) cot (λx)
cot (µ) + cot (λx)

)k

a b2+2xn

(
− 1
cot (µ) + cot (λx) +

cot (µ) cot (λx)
cot (µ) + cot (λx)

)k

abc−2xn

(
− 1
cot (µ) + cot (λx) +

cot (µ) cot (λx)
cot (µ) + cot (λx)

)k

aby+
(
− 1
cot (µ) + cot (λx) +

cot (µ) cot (λx)
cot (µ) + cot (λx)

)k

a c2−2
(
− 1
cot (µ) + cot (λx) +

cot (µ) cot (λx)
cot (µ) + cot (λx)

)k

acy+
(
− 1
cot (µ) + cot (λx) +

cot (µ) cot (λx)
cot (µ) + cot (λx)

)k

a y2+b xnn

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = x2n cot (λx+ µ)k a b2 + 2xn cot (λx+ µ)k abc+ cot (λx+ µ)k a c2 +
b xn−1n, f1(x) = −2a xnb cot (λx+ µ)k − 2a cot (λx+ µ)k c and f2(x) = a cot (λx+ µ)k.
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Let

y = −u′

f2u

= −u′

a cot (λx+ µ)k u
(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

a cot (λx+ µ)k kλ
(
−1− cot (λx+ µ)2

)
cot (λx+ µ)

f1f2 =
(
−2a xnb cot (λx+ µ)k − 2a cot (λx+ µ)k c

)
a cot (λx+ µ)k

f 2
2 f0 = a2 cot (λx+ µ)2k

(
x2n cot (λx+ µ)k a b2 + 2xn cot (λx+ µ)k abc+ cot (λx+ µ)k a c2 + b xn−1n

)
Substituting the above terms back in equation (2) gives

a cot (λx+ µ)k u′′(x)−
(
a cot (λx+ µ)k kλ

(
−1− cot (λx+ µ)2

)
cot (λx+ µ) +

(
−2a xnb cot (λx+ µ)k − 2a cot (λx+ µ)k c

)
a cot (λx+ µ)k

)
u′(x) + a2 cot (λx+ µ)2k

(
x2n cot (λx+ µ)k a b2 + 2xn cot (λx+ µ)k abc+ cot (λx+ µ)k a c2 + b xn−1n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (d) successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 41� �
dsolve(diff(y(x),x)=a*cot(lambda*x+mu)^k*(y(x)-b*x^n-c)^2+b*n*x^(n-1),y(x), singsol=all)� �

y(x) = b xn + c+ 1

c1 − a

(∫ (−1+cot(µ) cot(xλ)
cot(µ)+cot(xλ)

)k
dx

)
3 Solution by Mathematica
Time used: 5.758 (sec). Leaf size: 74� �
DSolve[y'[x]==a*Cot[\[Lambda]*x+mu]^k*(y[x]-b*x^n-c)^2+b*n*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
a cotk+1(µ+λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 ,− cot2(µ+xλ)

)
(k+1)λ + c1

+ bxn + c

y(x) → bxn + c
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12.8 problem 45
12.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1110

Internal problem ID [10543]
Internal file name [OUTPUT/9490_Monday_June_06_2022_02_53_05_PM_83446516/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 45.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− a cot (λx)m y2 − ky = a b2x2k cot (λx)m

12.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a cot (λx)m y2 + ky + a b2x2k cot (λx)m

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = a b2x2k cot (λx)m

x
+ a cot (λx)m y2

x
+ ky

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a b2x2k cot(λx)m
x

, f1(x) = k
x
and f2(x) = a cot(λx)m

x
. Let

y = −u′

f2u

= −u′

a cot(λx)mu
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

a cot (λx)m mλ
(
−1− cot (λx)2

)
cot (λx)x − a cot (λx)m

x2

f1f2 =
ka cot (λx)m

x2

f 2
2 f0 =

a3 cot (λx)3m b2x2k

x3

Substituting the above terms back in equation (2) gives

a cot (λx)m u′′(x)
x

−

(
a cot (λx)m mλ

(
−1− cot (λx)2

)
cot (λx)x − a cot (λx)m

x2 + ka cot (λx)m

x2

)
u′(x) + a3 cot (λx)3m b2x2ku(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1eiab
(∫

xk−1 cot(λx)mdx
)
+ c2e−iab

(∫
xk−1 cot(λx)mdx

)

The above shows that

u′(x) = iab xk−1 cot (λx)m
(
c1eiab

(∫
xk−1 cot(λx)mdx

)
− c2e−iab

(∫
xk−1 cot(λx)mdx

))
Using the above in (1) gives the solution

y = −
ib xk−1

(
c1eiab

(∫
xk−1 cot(λx)mdx

)
− c2e−iab

(∫
xk−1 cot(λx)mdx

))
x

c1eiab
(∫

xk−1 cot(λx)mdx
)
+ c2e−iab

(∫
xk−1 cot(λx)mdx

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
ib xk

(
c3eiab

(∫
xk−1 cot(λx)mdx

)
− e−iab

(∫
xk−1 cot(λx)mdx

))
c3eiab

(∫
xk−1 cot(λx)mdx

)
+ e−iab

(∫
xk−1 cot(λx)mdx

)
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Summary
The solution(s) found are the following

(1)y = −
ib xk

(
c3eiab

(∫
xk−1 cot(λx)mdx

)
− e−iab

(∫
xk−1 cot(λx)mdx

))
c3eiab

(∫
xk−1 cot(λx)mdx

)
+ e−iab

(∫
xk−1 cot(λx)mdx

)
Verification of solutions

y = −
ib xk

(
c3eiab

(∫
xk−1 cot(λx)mdx

)
− e−iab

(∫
xk−1 cot(λx)mdx

))
c3eiab

(∫
xk−1 cot(λx)mdx

)
+ e−iab

(∫
xk−1 cot(λx)mdx

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 31� �
dsolve(x*diff(y(x),x)=a*cot(lambda*x)^m*y(x)^2+k*y(x)+a*b^2*x^(2*k)*cot(lambda*x)^m,y(x), singsol=all)� �

y(x) = − tan
(
−ab

(∫
x−1+k cot (xλ)m dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 1.805 (sec). Leaf size: 50� �
DSolve[x*y'[x]==a*Cot[\[Lambda]*x]^m*y[x]^2+k*y[x]+a*b^2*x^(2*k)*Cot[\[Lambda]*x]^m,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(√
b2
∫ x

1
a cotm(λK[1])K[1]k−1dK[1] + c1

)
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12.9 problem 46
12.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1113

Internal problem ID [10544]
Internal file name [OUTPUT/9491_Monday_June_06_2022_02_53_25_PM_4136660/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 46.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

(a cot (λx) + b) y′ − y2 − c cot (xµ) y = −d2 + cd cot (xµ)

12.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2 + c cot (xµ) y − d2 + cd cot (xµ)
a cot (λx) + b

This is a Riccati ODE. Comparing the ODE to solve

y′ = cd cot (xµ)
a cot (λx) + b

+ c cot (xµ) y
a cot (λx) + b

− d2

a cot (λx) + b
+ y2

a cot (λx) + b

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = −d2+cd cot(xµ)
a cot(λx)+b

, f1(x) = c cot(xµ)
a cot(λx)+b

and f2(x) = 1
a cot(λx)+b

. Let

y = −u′

f2u

= −u′

u
a cot(λx)+b

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −

λ
(
−1− cot (λx)2

)
a

(a cot (λx) + b)2

f1f2 =
c cot (xµ)

(a cot (λx) + b)2

f 2
2 f0 =

−d2 + cd cot (xµ)
(a cot (λx) + b)3

Substituting the above terms back in equation (2) gives

u′′(x)
a cot (λx) + b

−

(
−
λ
(
−1− cot (λx)2

)
a

(a cot (λx) + b)2
+ c cot (xµ)

(a cot (λx) + b)2

)
u′(x) + (−d2 + cd cot (xµ))u(x)

(a cot (λx) + b)3
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 366� �
dsolve((a*cot(lambda*x)+b)*diff(y(x),x)=y(x)^2+c*cot(mu*x)*y(x)-d^2+c*d*cot(mu*x),y(x), singsol=all)� �
y(x)

=

−e
λc
(
a2+b2

)(∫ cot(xµ)
a cot(xλ)+b

dx

)
−2d

(
arccot(cot(xλ))−π

2
)
b

λ
(
a2+b2

) (
csc (xλ)2

)− ad

λ
(
a2+b2

)
(a cot (xλ) + b)

2ad
λ
(
a2+b2

)
− d

∫ (a cot (xλ) + b)

(
−a2−b2

)
λ+2ad

λ
(
a2+b2

)
e

λc
(
a2+b2

)(∫ cot(xµ)
a cot(xλ)+b

dx

)
−2d

(
arccot(cot(xλ))−π

2
)
b

λ
(
a2+b2

) (
csc (xλ)2

)− ad

λ
(
a2+b2

)
dx− c1


∫
(a cot (xλ) + b)

(
−a2−b2

)
λ+2ad

λ
(
a2+b2

)
e

λc
(
a2+b2

)(∫ cot(xµ)
a cot(xλ)+b

dx

)
−2d

(
arccot(cot(xλ))−π

2
)
b

λ
(
a2+b2

) (
csc (xλ)2

)− ad

λ
(
a2+b2

)
dx− c1

3 Solution by Mathematica
Time used: 87.594 (sec). Leaf size: 799� �
DSolve[(a*Cot[\[Lambda]*x]+b)*y'[x]==y[x]^2+c*Cot[\[Mu]*x]*y[x]-d^2+c*d*Cot[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1

e−
∫K[2]
1 − csc(µK[1])(−2d cos(λK[1]−µK[1])+2d cos(λK[1]+µK[1])+c sin(λK[1]−µK[1])+c sin(λK[1]+µK[1]))

2(a cos(λK[1])+b sin(λK[1])) dK[1](−d cos(λK[2]− µK[2]) + y(x) cos(λK[2]− µK[2]) + d cos(λK[2] + µK[2]) + c sin(λK[2]− µK[2]) + c sin(λK[2] + µK[2])− cos(λK[2] + µK[2])y(x))
cµ(b cos(λK[2]− µK[2])− b cos(λK[2] + µK[2])− a sin(λK[2]− µK[2]) + a sin(λK[2] + µK[2]))(d+ y(x)) dK[2]

+
∫ y(x)

1

(
−
∫ x

1

(
e−

∫K[2]
1 − csc(µK[1])(−2d cos(λK[1]−µK[1])+2d cos(λK[1]+µK[1])+c sin(λK[1]−µK[1])+c sin(λK[1]+µK[1]))

2(a cos(λK[1])+b sin(λK[1])) dK[1](cos(λK[2]− µK[2])− cos(λK[2] + µK[2]))
cµ(d+K[3])(b cos(λK[2]− µK[2])− b cos(λK[2] + µK[2])− a sin(λK[2]− µK[2]) + a sin(λK[2] + µK[2])) − e−

∫K[2]
1 − csc(µK[1])(−2d cos(λK[1]−µK[1])+2d cos(λK[1]+µK[1])+c sin(λK[1]−µK[1])+c sin(λK[1]+µK[1]))

2(a cos(λK[1])+b sin(λK[1])) dK[1](−d cos(λK[2]− µK[2]) +K[3] cos(λK[2]− µK[2]) + d cos(λK[2] + µK[2])− cos(λK[2] + µK[2])K[3] + c sin(λK[2]− µK[2]) + c sin(λK[2] + µK[2]))
cµ(d+K[3])2(b cos(λK[2]− µK[2])− b cos(λK[2] + µK[2])− a sin(λK[2]− µK[2]) + a sin(λK[2] + µK[2]))

)
dK[2]

− e−
∫ x
1 − csc(µK[1])(−2d cos(λK[1]−µK[1])+2d cos(λK[1]+µK[1])+c sin(λK[1]−µK[1])+c sin(λK[1]+µK[1]))

2(a cos(λK[1])+b sin(λK[1])) dK[1]

cµ(d+K[3])2

)
dK[3] = c1, y(x)

]
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13 Chapter 1, section 1.2. Riccati Equation.
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13.1 problem 47
13.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1118

Internal problem ID [10545]
Internal file name [OUTPUT/9492_Monday_June_06_2022_02_54_38_PM_68260555/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 47.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = λ2 + c sin (λx)n cos (λx)−n−4

13.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + λ2 + c sin (λx)n cos (λx)−n−4

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + λ2 + c sin (λx)n cos (λx)−n

cos (λx)4

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = λ2 + c sin (λx)n cos (λx)−n−4, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = λ2 + c sin (λx)n cos (λx)−n−4

Substituting the above terms back in equation (2) gives

u′′(x) +
(
λ2 + c sin (λx)n cos (λx)−n−4)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

sin (λx)n cos (λx)−n−4_Y(x) c+ _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
sin (λx)n cos (λx)−n−4_Y(x) c+ _Y(x)λ2 + _Y′′(x)

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y = −
∂
∂x

DESol
({

sin (λx)n cos (λx)−n−4_Y(x) c+ _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
sin (λx)n cos (λx)−n−4_Y (x) c+ _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol
({

sin (λx)n cos (λx)−n−4_Y(x) c+ _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
sin (λx)n cos (λx)−n−4_Y (x) c+ _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

y = −
∂
∂x

DESol
({

sin (λx)n cos (λx)−n−4_Y(x) c+ _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
sin (λx)n cos (λx)−n−4_Y (x) c+ _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
(1)
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Verification of solutions

y = −
∂
∂x

DESol
({

sin (λx)n cos (λx)−n−4_Y(x) c+ _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
sin (λx)n cos (λx)−n−4_Y (x) c+ _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (-lambda^2-c*sin(lambda*x)^n*cos(lambda*x)^(-n-4))*y(x), y(x)` **

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying to convert to an ODE of Bessel type
-> trying with_periodic_functions in the coefficients

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(y(x)^2+y(x)+x^2*(lambda^2+c*sin(lambda*x)^n*cos(lambda*x)^(-n-4)))/x, y(x), expl

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+lambda^2+c*sin(lambda*x)^n*cos(lambda*x)^(-n-4),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+\[Lambda]^2+c*Sin[\[Lambda]*x]^n*Cos[\[Lambda]*x]^(-n-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1122



13.2 problem 48
13.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1123

Internal problem ID [10546]
Internal file name [OUTPUT/9493_Monday_June_06_2022_02_55_37_PM_29498587/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 48.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 sin (λx) a = b sin (λx) cos (λx)n

13.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 sin (λx) a+ b sin (λx) cos (λx)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 sin (λx) a+ b sin (λx) cos (λx)n

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b sin (λx) cos (λx)n, f1(x) = 0 and f2(x) = a sin (λx). Let

y = −u′

f2u

= −u′

a sin (λx)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = aλ cos (λx)

f1f2 = 0
f 2
2 f0 = a2 sin (λx)3 b cos (λx)n

Substituting the above terms back in equation (2) gives

a sin (λx)u′′(x)− aλ cos (λx)u′(x) + a2 sin (λx)3 b cos (λx)n u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
√

cos (λx)

c1 BesselJ

 1
2 + n

,
2
√

ab
λ2 cos (λx)1+

n
2

2 + n


+ c2 BesselY

 1
2 + n

,
2
√

ab
λ2 cos (λx)1+

n
2

2 + n


The above shows that

u′(x)

=
sin (λx)λ

(
BesselJ

(
n+3
2+n

,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)
cos (λx)1+

n
2

√
ab
λ2 c1 + cos (λx)1+

n
2

√
ab
λ2 BesselY

(
n+3
2+n

,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)
c2 − c1 BesselJ

(
1

2+n
,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)
− c2 BesselY

(
1

2+n
,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

))
√

cos (λx)

Using the above in (1) gives the solution

y =

−
λ

(
BesselJ

(
n+3
2+n

,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)
cos (λx)1+

n
2

√
ab
λ2 c1 + cos (λx)1+

n
2

√
ab
λ2 BesselY

(
n+3
2+n

,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)
c2 − c1 BesselJ

(
1

2+n
,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)
− c2 BesselY

(
1

2+n
,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

))
cos (λx) a

(
c1 BesselJ

(
1

2+n
,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)
+ c2 BesselY

(
1

2+n
,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=

(
−BesselJ

(
n+3
2+n

,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)
cos (λx)1+

n
2

√
ab
λ2 c3 − BesselY

(
n+3
2+n

,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)√
ab
λ2 cos (λx)1+

n
2 + c3 BesselJ

(
1

2+n
,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)
+ BesselY

(
1

2+n
,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

))
sec (λx)λ(

c3 BesselJ
(

1
2+n

,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)
+ BesselY

(
1

2+n
,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

))
a

Summary
The solution(s) found are the following

(1)y

=

(
−BesselJ

(
n+3
2+n

,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)
cos (λx)1+

n
2

√
ab
λ2 c3 − BesselY

(
n+3
2+n

,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)√
ab
λ2 cos (λx)1+

n
2 + c3 BesselJ

(
1

2+n
,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)
+ BesselY

(
1

2+n
,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

))
sec (λx)λ(

c3 BesselJ
(

1
2+n

,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)
+ BesselY

(
1

2+n
,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

))
a

Verification of solutions
y

=

(
−BesselJ

(
n+3
2+n

,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)
cos (λx)1+

n
2

√
ab
λ2 c3 − BesselY

(
n+3
2+n

,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)√
ab
λ2 cos (λx)1+

n
2 + c3 BesselJ

(
1

2+n
,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)
+ BesselY

(
1

2+n
,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

))
sec (λx)λ(

c3 BesselJ
(

1
2+n

,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

)
+ BesselY

(
1

2+n
,
2
√

ab
λ2 cos(λx)1+

n
2

2+n

))
a

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = lambda*cos(lambda*x)*(diff(y(x), x))/sin(lambda*x)-a*sin(lambda*x)^2*b

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
<- Bessel successful

<- special function solution successful
Change of variables used:

[x = arccos(t)/lambda]
Linear ODE actually solved:

4*a*b*t^n*(-t^2+1)^(3/2)*u(t)+4*(-t^2+1)^(3/2)*lambda^2*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 256� �
dsolve(diff(y(x),x)=a*sin(lambda*x)*y(x)^2+b*sin(lambda*x)*cos(lambda*x)^n,y(x), singsol=all)� �
y(x)

=

(
−
√

ab
λ2 BesselY

(
3+n
n+2 ,

2
√

ab
λ2 cos(xλ)

n
2 +1

n+2

)
cos (xλ)

n
2+1 c1 − BesselJ

(
3+n
n+2 ,

2
√

ab
λ2 cos(xλ)

n
2 +1

n+2

)√
ab
λ2 cos (xλ)

n
2+1 + BesselY

(
1

n+2 ,
2
√

ab
λ2 cos(xλ)

n
2 +1

n+2

)
c1 + BesselJ

(
1

n+2 ,
2
√

ab
λ2 cos(xλ)

n
2 +1

n+2

))
sec (xλ)λ(

BesselY
(

1
n+2 ,

2
√

ab
λ2 cos(xλ)

n
2 +1

n+2

)
c1 + BesselJ

(
1

n+2 ,
2
√

ab
λ2 cos(xλ)

n
2 +1

n+2

))
a

3 Solution by Mathematica
Time used: 1.409 (sec). Leaf size: 695� �
DSolve[y'[x]==a*Sin[\[Lambda]*x]*y[x]^2+b*Sin[\[Lambda]*x]*Cos[\[Lambda]*x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

√
a
√
bGamma

(
1 + 1

n+2

)
cosn

2 (λx) BesselJ
(

1
n+2 − 1, 2

√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)
−

√
a
√
bGamma

(
1 + 1

n+2

)
cosn

2 (λx) BesselJ
(
1 + 1

n+2 ,
2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)
+ λGamma

(
1 + 1

n+2

)
sec(λx) BesselJ

(
1

n+2 ,
2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)
−
√
a
√
bc1Gamma

(
n+1
n+2

)
cosn

2 (λx) BesselJ
(

n+1
n+2 ,

2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)
+
√
a
√
bc1Gamma

(
n+1
n+2

)
cosn

2 (λx) BesselJ
(
−n+3

n+2 ,
2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)
+ c1λGamma

(
n+1
n+2

)
sec(λx) BesselJ

(
− 1

n+2 ,
2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)
2aGamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 ,
2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)
+ 2ac1Gamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)

y(x)→

√
a
√
b cos

n
2 (λx)

(
BesselJ

(
−n+3

n+2 ,
2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)
−BesselJ

(
n+1
n+2 ,

2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

))
BesselJ

(
− 1

n+2 ,
2
√

a
√
b cos

n
2 +1(xλ)

nλ+2λ

) + λ sec(λx)

2a
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13.3 problem 49
13.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1128

Internal problem ID [10547]
Internal file name [OUTPUT/9494_Monday_June_06_2022_02_55_40_PM_10899333/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 49.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ sin (λx) y2 − a cos (λx)n y = −a cos (λx)n−1

13.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= λ sin (λx) y2 + a cos (λx)n y − a cos (λx)n−1

This is a Riccati ODE. Comparing the ODE to solve

y′ = λ sin (λx) y2 + a cos (λx)n y − a cos (λx)n

cos (λx)
With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a cos (λx)n−1, f1(x) = a cos (λx)n and f2(x) = λ sin (λx). Let

y = −u′

f2u

= −u′

λ sin (λx)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = λ2 cos (λx)

f1f2 = a cos (λx)n λ sin (λx)
f 2
2 f0 = −λ2 sin (λx)2 a cos (λx)n−1

Substituting the above terms back in equation (2) gives

λ sin (λx)u′′(x)−
(
λ2 cos (λx) + a cos (λx)n λ sin (λx)

)
u′(x)− λ2 sin (λx)2 a cos (λx)n−1 u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

− sin (λx) cos (λx)n−1 aλ_Y(x)− cos (λx)n_Y′(x) a
− cot (λx)_Y′(x)λ+ _Y′′(x)

}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
− sin (λx) cos (λx)n−1 aλ_Y(x)− cos (λx)n_Y′(x) a

− cot (λx)_Y′(x)λ+ _Y′′(x)
}
, {_Y(x)}

)
Using the above in (1) gives the solution

y =

−
∂
∂x

DESol
({

− sin (λx) cos (λx)n−1 aλ_Y(x)− cos (λx)n_Y′(x) a− cot (λx)_Y′(x)λ+ _Y′′(x)
}
, {_Y(x)}

)
λ sin (λx)DESol

({
− sin (λx) cos (λx)n−1 aλ_Y (x)− cos (λx)n_Y′ (x) a− cot (λx)_Y′ (x)λ+ _Y′′ (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
csc (λx)

(
∂
∂x

DESol
({

− sin (λx) cos (λx)n−1 aλ_Y(x)− cos (λx)n_Y′(x) a− cot (λx)_Y′(x)λ+ _Y′′(x)
}
, {_Y(x)}

))
DESol

({
− sin (λx) cos (λx)n−1 aλ_Y (x)− cos (λx)n_Y′ (x) a− cot (λx)_Y′ (x)λ+ _Y′′ (x)

}
, {_Y (x)}

)
λ
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Summary
The solution(s) found are the following

(1)y =

−
csc (λx)

(
∂
∂x

DESol
({

− sin (λx) cos (λx)n−1 aλ_Y(x)− cos (λx)n_Y′(x) a− cot (λx)_Y′(x)λ+ _Y′′(x)
}
, {_Y(x)}

))
DESol

({
− sin (λx) cos (λx)n−1 aλ_Y (x)− cos (λx)n_Y′ (x) a− cot (λx)_Y′ (x)λ+ _Y′′ (x)

}
, {_Y (x)}

)
λ

Verification of solutions
y =

−
csc (λx)

(
∂
∂x

DESol
({

− sin (λx) cos (λx)n−1 aλ_Y(x)− cos (λx)n_Y′(x) a− cot (λx)_Y′(x)λ+ _Y′′(x)
}
, {_Y(x)}

))
DESol

({
− sin (λx) cos (λx)n−1 aλ_Y (x)− cos (λx)n_Y′ (x) a− cot (λx)_Y′ (x)λ+ _Y′′ (x)

}
, {_Y (x)}

)
λ

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (cos(lambda*x)^n*sin(lambda*x)*a+lambda*cos(lambda*x))*(diff(y(x), x))

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> trying with_periodic_functions in the coefficients

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(lambda*sin(lambda*x)*y(x)^2+y(x)+a*cos(lambda*x)^n*y(x)*x-x^2*a*cos(lambda*x)^(n

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*sin(lambda*x)*y(x)^2+a*cos(lambda*x)^n*y(x)-a*cos(lambda*x)^(n-1),y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 150.623 (sec). Leaf size: 467� �
DSolve[y'[x]==\[Lambda]*Sin[\[Lambda]*x]*y[x]^2+a*Cos[\[Lambda]*x]^n*y[x]-a*Cos[\[Lambda]*x]^(n-1),y[x],x,IncludeSingularSolutions -> True]� �

Solve

∫ x

1

−
exp

(
−a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1

( 1
2 ,

n+1
2 ,n+3

2 ,cos2(λK[1])
)√

sin2(λK[1])
(n+1)λ

)
tan(λK[1]) (−a csc(λK[1]) cosn(λK[1]) + a csc(λK[1])y(x) cosn+1(λK[1]) + λy(x)2 cos(λK[1]))
(cos(λK[1])y(x)− 1)2 dK[1]

+
∫ y(x)

1

exp
(
−a cosn+1(xλ) csc(xλ)Hypergeometric2F1

( 1
2 ,

n+1
2 ,n+3

2 ,cos2(xλ)
)√

sin2(xλ)
(n+1)λ

)
(cos(xλ)K[2]− 1)2

−
∫ x

1

2 exp
(
−a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1

( 1
2 ,

n+1
2 ,n+3

2 ,cos2(λK[1])
)√

sin2(λK[1])
(n+1)λ

)
(−a csc(λK[1]) cosn(λK[1]) + a csc(λK[1])K[2] cosn+1(λK[1]) + λK[2]2 cos(λK[1])) sin(λK[1])

(cos(λK[1])K[2]− 1)3 −
exp

(
−a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1

( 1
2 ,

n+1
2 ,n+3

2 ,cos2(λK[1])
)√

sin2(λK[1])
(n+1)λ

)
(a csc(λK[1]) cosn+1(λK[1]) + 2λK[2] cos(λK[1])) tan(λK[1])

(cos(λK[1])K[2]− 1)2

 dK[1]

 dK[2] = c1, y(x)
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13.4 problem 50
13.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1133

Internal problem ID [10548]
Internal file name [OUTPUT/9495_Monday_June_06_2022_02_56_33_PM_78479147/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 50.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 cos (λx) a = b cos (λx) sin (λx)n

13.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 cos (λx) a+ b cos (λx) sin (λx)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 cos (λx) a+ b cos (λx) sin (λx)n

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b cos (λx) sin (λx)n, f1(x) = 0 and f2(x) = cos (λx) a. Let

y = −u′

f2u

= −u′

cos (λx) au (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −aλ sin (λx)

f1f2 = 0
f 2
2 f0 = cos (λx)3 a2b sin (λx)n

Substituting the above terms back in equation (2) gives

cos (λx) au′′(x) + aλ sin (λx)u′(x) + cos (λx)3 a2b sin (λx)n u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=
− csc

(
π(n+3)
2+n

)
c1 BesselI

(
− 1

2+n
, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
π
(
−ab sin(λx)2+n

λ2(2+n)2

) 1
4+2n + c2 sin (λx) BesselI

(
1

2+n
, 2
√
−ab sin(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sin(λx)2+n

λ2(2+n)2

)− 1
4+2n (2 + n)

(2 + n) Γ
(
n+3
2+n

)
The above shows that

u′(x)

=

(
Γ
(
n+3
2+n

)2 (−ab sin(λx)2+n

λ2(2+n)2

) n+1
4+2n

c2 cos (λx) (2 + n) BesselI
(

n+3
2+n

, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
+ cos (λx) c2 BesselI

(
1

2+n
, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sin(λx)2+n

λ2(2+n)2

)− 1
4+2n − πc1 cot (λx) csc

(
π(n+3)
2+n

)(
−ab sin(λx)2+n

λ2(2+n)2

) n+3
4+2n BesselI

(
n+1
2+n

, 2
√

−ab sin(λx)2+n

λ2(2+n)2

))
λ

Γ
(
n+3
2+n

)
Using the above in (1) gives the solution

y =

−

(
Γ
(
n+3
2+n

)2 (−ab sin(λx)2+n

λ2(2+n)2

) n+1
4+2n

c2 cos (λx) (2 + n) BesselI
(

n+3
2+n

, 2
√
−ab sin(λx)2+n

λ2(2+n)2

)
+ cos (λx) c2 BesselI

(
1

2+n
, 2
√
−ab sin(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sin(λx)2+n

λ2(2+n)2

)− 1
4+2n − πc1 cot (λx) csc

(
π(n+3)
2+n

)(
−ab sin(λx)2+n

λ2(2+n)2

) n+3
4+2n BesselI

(
n+1
2+n

, 2
√

−ab sin(λx)2+n

λ2(2+n)2

))
λ(2 + n)

cos (λx) a
(
− csc

(
π(n+3)
2+n

)
c1 BesselI

(
− 1

2+n
, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
π
(
−ab sin(λx)2+n

λ2(2+n)2

) 1
4+2n + c2 sin (λx) BesselI

(
1

2+n
, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sin(λx)2+n

λ2(2+n)2

)− 1
4+2n (2 + n)

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
Γ
(
n+3
2+n

)2 (−ab sin(λx)2+n

λ2(2+n)2

) n+1
4+2n (2 + n) BesselI

(
n+3
2+n

, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
− csc (λx) πc3 csc

(
π(n+3)
2+n

)(
−ab sin(λx)2+n

λ2(2+n)2

) n+3
4+2n BesselI

(
n+1
2+n

, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
+ BesselI

(
1

2+n
, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sin(λx)2+n

λ2(2+n)2

)− 1
4+2n

)
(2 + n)λ(

− csc
(

π(n+3)
2+n

)
c3 BesselI

(
− 1

2+n
, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
π
(
−ab sin(λx)2+n

λ2(2+n)2

) 1
4+2n + sin (λx) BesselI

(
1

2+n
, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sin(λx)2+n

λ2(2+n)2

)− 1
4+2n (2 + n)

)
a

Summary
The solution(s) found are the following

(1)y =

−

(
Γ
(
n+3
2+n

)2 (−ab sin(λx)2+n

λ2(2+n)2

) n+1
4+2n (2 + n) BesselI

(
n+3
2+n

, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
− csc (λx) πc3 csc

(
π(n+3)
2+n

)(
−ab sin(λx)2+n

λ2(2+n)2

) n+3
4+2n BesselI

(
n+1
2+n

, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
+ BesselI

(
1

2+n
, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sin(λx)2+n

λ2(2+n)2

)− 1
4+2n

)
(2 + n)λ(

− csc
(

π(n+3)
2+n

)
c3 BesselI

(
− 1

2+n
, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
π
(
−ab sin(λx)2+n

λ2(2+n)2

) 1
4+2n + sin (λx) BesselI

(
1

2+n
, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sin(λx)2+n

λ2(2+n)2

)− 1
4+2n (2 + n)

)
a

Verification of solutions
y =

−

(
Γ
(
n+3
2+n

)2 (−ab sin(λx)2+n

λ2(2+n)2

) n+1
4+2n (2 + n) BesselI

(
n+3
2+n

, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
− csc (λx) πc3 csc

(
π(n+3)
2+n

)(
−ab sin(λx)2+n

λ2(2+n)2

) n+3
4+2n BesselI

(
n+1
2+n

, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
+ BesselI

(
1

2+n
, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sin(λx)2+n

λ2(2+n)2

)− 1
4+2n

)
(2 + n)λ(

− csc
(

π(n+3)
2+n

)
c3 BesselI

(
− 1

2+n
, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
π
(
−ab sin(λx)2+n

λ2(2+n)2

) 1
4+2n + sin (λx) BesselI

(
1

2+n
, 2
√

−ab sin(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−ab sin(λx)2+n

λ2(2+n)2

)− 1
4+2n (2 + n)

)
a

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -lambda*sin(lambda*x)*(diff(y(x), x))/cos(lambda*x)-a*cos(lambda*x)^2*

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 0F1 ODE

<- Kummer successful
<- special function solution successful
Change of variables used:

[x = arccos(t)/lambda]
Linear ODE actually solved:

4*a*b*(-t^2+1)^(1/2*n)*t^3*u(t)-4*lambda^2*diff(u(t),t)+(-4*lambda^2*t^3+4*lambda^2*t)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 949� �
dsolve(diff(y(x),x)=a*cos(lambda*x)*y(x)^2+b*cos(lambda*x)*sin(lambda*x)^n,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 1.376 (sec). Leaf size: 633� �
DSolve[y'[x]==a*Cos[\[Lambda]*x]*y[x]^2+b*Cos[\[Lambda]*x]*Sin[\[Lambda]*x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
csc(λx)

(
−λGamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 ,
2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

)
+
√
a
√
b sinn

2+1(λx)
(
Gamma

(
1 + 1

n+2

) (
BesselJ

(
1 + 1

n+2 ,
2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

)
− BesselJ

(
1

n+2 − 1, 2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

))
+ c1Gamma

(
n+1
n+2

)
BesselJ

(
n+1
n+2 ,

2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

)
− c1Gamma

(
n+1
n+2

)
BesselJ

(
−n+3

n+2 ,
2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

))
− c1λGamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

))
2a
(
Gamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 ,
2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

)
+ c1Gamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

))

y(x) →

√
a
√
b sin

n
2 (λx)

(
BesselJ

(
n+1
n+2 ,

2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

)
−BesselJ

(
−n+3

n+2 ,
2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

))
BesselJ

(
− 1

n+2 ,
2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

) − λ csc(λx)

2a
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13.5 problem 51
13.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1138

Internal problem ID [10549]
Internal file name [OUTPUT/9496_Monday_June_06_2022_02_57_09_PM_54105406/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 51.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ sin (λx) y2 − a xn cos (λx) y = −xna

13.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= λ sin (λx) y2 + a xn cos (λx) y − xna

This is a Riccati ODE. Comparing the ODE to solve

y′ = λ sin (λx) y2 + a xn cos (λx) y − xna

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −xna, f1(x) = xn cos (λx) a and f2(x) = λ sin (λx). Let

y = −u′

f2u

= −u′

λ sin (λx)u (1)

1138



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = λ2 cos (λx)

f1f2 = xn cos (λx) aλ sin (λx)
f 2
2 f0 = −xna λ2 sin (λx)2

Substituting the above terms back in equation (2) gives

λ sin (λx)u′′(x)−
(
xn cos (λx) aλ sin (λx) + λ2 cos (λx)

)
u′(x)− xna λ2 sin (λx)2 u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = − cos (λx)
(
c2λ

(∫
e
∫
(xn cos(λx)a+2 tan(λx)λ)dx sin (λx) dx

)
− c1

)

The above shows that

u′(x) = −λ sin (λx)
(
cos (λx) c2e

∫
(xn cos(λx)a+2 tan(λx)λ)dx

− c2λ

(∫
e
∫
(xn cos(λx)a+2 tan(λx)λ)dx sin (λx) dx

)
+ c1

)

Using the above in (1) gives the solution

y=−
cos (λx) c2e

∫
(xn cos(λx)a+2 tan(λx)λ)dx − c2λ

(∫
e
∫
(xn cos(λx)a+2 tan(λx)λ)dx sin (λx) dx

)
+ c1

cos (λx)
(
c2λ
(∫

e
∫
(xn cos(λx)a+2 tan(λx)λ)dx sin (λx) dx

)
− c1

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y=
sec (λx)λ

(∫
e
∫
(xn cos(λx)a+2 tan(λx)λ)dx sin (λx) dx

)
− sec (λx) c3 − e

∫
(xn cos(λx)a+2 tan(λx)λ)dx

λ
(∫

e
∫
(xn cos(λx)a+2 tan(λx)λ)dx sin (λx) dx

)
− c3
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Summary
The solution(s) found are the following

(1)y

=
sec (λx)λ

(∫
e
∫
(xn cos(λx)a+2 tan(λx)λ)dx sin (λx) dx

)
− sec (λx) c3 − e

∫
(xn cos(λx)a+2 tan(λx)λ)dx

λ
(∫

e
∫
(xn cos(λx)a+2 tan(λx)λ)dx sin (λx) dx

)
− c3

Verification of solutions

y=
sec (λx)λ

(∫
e
∫
(xn cos(λx)a+2 tan(λx)λ)dx sin (λx) dx

)
− sec (λx) c3 − e

∫
(xn cos(λx)a+2 tan(λx)λ)dx

λ
(∫

e
∫
(xn cos(λx)a+2 tan(λx)λ)dx sin (λx) dx

)
− c3

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = cos(lambda*x)*(a*x^n*sin(lambda*x)+lambda)*(diff(y(x), x))/sin(lambda*

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
<- linear symmetries successful

Change of variables used:
[x = arccos(t)/lambda]

Linear ODE actually solved:
(2*(-t^2+1)^(1/2)*a*(arccos(t)/lambda)^n*t^2-2*(-t^2+1)^(1/2)*a*(arccos(t)/lambda)^n)*u(t)+(-2*(arccos(t)/lambda)^n*a*(-

<- change of variables successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 103� �
dsolve(diff(y(x),x)=lambda*sin(lambda*x)*y(x)^2+a*x^n*cos(lambda*x)*y(x)-a*x^n,y(x), singsol=all)� �
y(x)

=
−c1e

∫
(xn cos(xλ)a+2 tan(xλ)λ)dx + sec (xλ)λ

(∫
e
∫
(xn cos(xλ)a+2 tan(xλ)λ)dx sin (xλ) dx

)
c1 − sec (xλ)

λ
(∫

e
∫
(xn cos(xλ)a+2 tan(xλ)λ)dx sin (xλ) dx

)
c1 − 1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*Sin[\[Lambda]*x]*y[x]^2+a*x^n*Cos[\[Lambda]*x]*y[x]-a*x^n,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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13.6 problem 52
13.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1143

Internal problem ID [10550]
Internal file name [OUTPUT/9497_Monday_June_06_2022_02_57_18_PM_24345774/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 52.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

sin (2x)n+1 y′ − ay2 sin (x)2n = b cos (x)2n

13.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
=
(
a y2 sin (x)2n + b cos (x)2n

)
sin (2x)−n−1

This is a Riccati ODE. Comparing the ODE to solve

y′ =
a y2 sin (x)2n

(
sin(2x)

2

)−n

2−n

2 cos (x) sin (x) +
b cos (x)2n

(
sin(2x)

2

)−n

2−n

2 cos (x) sin (x)
With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = sin (2x)−n−1 cos (x)2n b, f1(x) = 0 and f2(x) = sin (2x)−n−1 sin (x)2n a.
Let

y = −u′

f2u

= −u′

sin (x)2n a sin (2x)−n−1 u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

2 sin (2x)−n−1 sin (x)2n n cos (x) a
sin (x) − 2 sin (x)2n a sin (2x)−n−1 (n+ 1) cos (2x)

sin (2x)
f1f2 = 0
f 2
2 f0 = sin (x)4n a2 sin (2x)−3−3n b cos (x)2n

Substituting the above terms back in equation (2) gives

sin (x)2n a sin (2x)−n−1 u′′(x)−
(
2 sin (2x)−n−1 sin (x)2n n cos (x) a

sin (x) − 2 sin (x)2n a sin (2x)−n−1 (n+ 1) cos (2x)
sin (2x)

)
u′(x) + sin (x)4n a2 sin (2x)−3−3n b cos (x)2n u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = cot (x)−
n
2

(
c1 cot (x)

√
−b4−na+n2

2 + c2 cot (x)−
√

−b4−na+n2
2

)

The above shows that

u′(x)

=
(cot (x) + tan (x))

(
c2
(
n+

√
−b4−na+ n2

)
cot (x)−

√
−b4−na+n2

2 − cot (x)
√

−b4−na+n2
2 c1

(
−n+

√
−b4−na+ n2

))
cot (x)−

n
2

2

Using the above in (1) gives the solution

y =

−
(cot (x) + tan (x))

(
c2
(
n+

√
−b4−na+ n2

)
cot (x)−

√
−b4−na+n2

2 − cot (x)
√

−b4−na+n2
2 c1

(
−n+

√
−b4−na+ n2

))
sin (x)−2n sin (2x)n+1

2a
(
c1 cot (x)

√
−b4−na+n2

2 + c2 cot (x)−
√

−b4−na+n2
2

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

1144



y =

−
sin (x)−2n sec (x) csc (x) sin (2x)n+1

((
n+

√
−b4−na+ n2

)
cot (x)−

√
−b4−na+n2

2 − cot (x)
√

−b4−na+n2
2 c3

(
−n+

√
−b4−na+ n2

))
2
(
c3 cot (x)

√
−b4−na+n2

2 + cot (x)−
√

−b4−na+n2
2

)
a

Summary
The solution(s) found are the following

(1)y =

−
sin (x)−2n sec (x) csc (x) sin (2x)n+1

((
n+

√
−b4−na+ n2

)
cot (x)−

√
−b4−na+n2

2 − cot (x)
√

−b4−na+n2
2 c3

(
−n+

√
−b4−na+ n2

))
2
(
c3 cot (x)

√
−b4−na+n2

2 + cot (x)−
√

−b4−na+n2
2

)
a

Verification of solutions
y =

−
sin (x)−2n sec (x) csc (x) sin (2x)n+1

((
n+

√
−b4−na+ n2

)
cot (x)−

√
−b4−na+n2

2 − cot (x)
√

−b4−na+n2
2 c3

(
−n+

√
−b4−na+ n2

))
2
(
c3 cot (x)

√
−b4−na+n2

2 + cot (x)−
√

−b4−na+n2
2

)
a

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (sin(x)^2*n+cos(x)^2*n+sin(x)^2-cos(x)^2)*(diff(y(x), x))/(cos(x)*sin(

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful
Change of variables used:

[x = arccos(t)]
Linear ODE actually solved:

b*a*(-t^2+1)^n*t^(2*n)*u(t)+2^(2*n+2)*t^(2*n+1)*(-t^2+1)^(n+1)*(-3*t^2+n+1)*diff(u(t),t)+2^(2*n+2)*t^(2*n+2)*(-t^2+1)^(n
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.172 (sec). Leaf size: 232� �
dsolve(sin(2*x)^(n+1)*diff(y(x),x)=a*y(x)^2*sin(x)^(2*n)+b*cos(x)^(2*n),y(x), singsol=all)� �
y(x) =

−
csc (x) sin (2x)n

(
sin (x)

√
n2−4−nab

2
(
n+

√
n2 − 4−nab

)
cos (x)−

√
n2−4−nab

2 − cos (x)
√

n2−4−nab
2 sin (x)−

√
n2−4−nab

2 c1
(
−n+

√
n2 − 4−nab

))
sin (x)−2n+1

a

(
cos (x)

√
n2−4−nab

2 sin (x)−
√

n2−4−nab
2 c1 + cos (x)−

√
n2−4−nab

2 sin (x)
√

n2−4−nab
2

)
3 Solution by Mathematica
Time used: 33.745 (sec). Leaf size: 132� �
DSolve[Sin[2*x]^(n+1)*y'[x]==a*y[x]^2*Sin[x]^(2*n)+b*Cos[x]^(2*n),y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ √
a cos−2n(x) sin2n(x)

b
y(x)

1

1

K[1]2 −
√

22n+2n2

ab
K[1] + 1

dK[1] = 1
2b sin

−n(2x) cos2n(x)
(
log
(
tan

(x
2

))

− log
(
cos(x) sec2

(x
2

)))√a sin2n(x) cos−2n(x)
b

+ c1, y(x)
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13.7 problem 53
13.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1148

Internal problem ID [10551]
Internal file name [OUTPUT/9498_Monday_June_06_2022_02_58_18_PM_50440844/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 53.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 + tan (x) y = a(1− a) cot (x)2

13.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −a2 cot (x)2 + cot (x)2 a− tan (x) y + y2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2 cot (x)2 + cot (x)2 a− tan (x) y + y2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 cot (x)2 + cot (x)2 a, f1(x) = − tan (x) and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = − tan (x)
f 2
2 f0 = −a2 cot (x)2 + cot (x)2 a

Substituting the above terms back in equation (2) gives

u′′(x) + tan (x)u′(x) +
(
−a2 cot (x)2 + cot (x)2 a

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 sin (x)a + c2 sin (x)1−a

The above shows that

u′(x) = cot (x)
(
−c2(−1 + a) sin (x)1−a + c1 sin (x)a a

)
Using the above in (1) gives the solution

y = −
cot (x)

(
−c2(−1 + a) sin (x)1−a + c1 sin (x)a a

)
c1 sin (x)a + c2 sin (x)1−a

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = − cot (x) c3 sin (x)2a a+ cos (x) (−1 + a)
c3 sin (x)2a + sin (x)

Summary
The solution(s) found are the following

(1)y = − cot (x) c3 sin (x)2a a+ cos (x) (−1 + a)
c3 sin (x)2a + sin (x)
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Verification of solutions

y = − cot (x) c3 sin (x)2a a+ cos (x) (−1 + a)
c3 sin (x)2a + sin (x)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -tan(x)*(diff(y(x), x))+(a^2*cot(x)^2-a*cot(x)^2)*y(x), y(x)` ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
<- LODE of Euler type successful
Change of variables used:

[x = arcsin(t)]
Linear ODE actually solved:

(a^2-a)*u(t)-t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 37� �
dsolve(diff(y(x),x)=y(x)^2-y(x)*tan(x)+a*(1-a)*cot(x)^2,y(x), singsol=all)� �

y(x) = − cot (x) sin (x)2a a+ c1 cos (x) (a− 1)
c1 sin (x) + sin (x)2a

3 Solution by Mathematica
Time used: 7.444 (sec). Leaf size: 230� �
DSolve[y'[x]==y[x]^2-y[x]*Tan[x]+a*(1-a)*Cot[x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
i cot(x)

((√
a− 1

√
a
√

− (2a−1)2
(a−1)a − i

)
(− sin2(x))

1
2 i
√
a−1

√
a

√
− (2a−1)2

(a−1)a −
(√

a− 1
√
a
√

− (2a−1)2
(a−1)a + i

)
c1

)

2
(
(− sin2(x))

1
2 i
√
a−1

√
a
√

1
a−a2−4 + c1

)
y(x) → 1

2i
(
√
a− 1

√
a

√
1

a− a2
− 4 + i

)
cot(x)
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13.8 problem 54
13.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1153

Internal problem ID [10552]
Internal file name [OUTPUT/9499_Monday_June_06_2022_02_58_20_PM_18999849/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 54.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 +my tan (x) = b2 cos (x)2m

13.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 −my tan (x) + b2 cos (x)2m

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 −my tan (x) + b2 cos (x)2m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b2 cos (x)2m, f1(x) = −m tan (x) and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = −m tan (x)
f 2
2 f0 = b2 cos (x)2m

Substituting the above terms back in equation (2) gives

u′′(x) +m tan (x)u′(x) + b2 cos (x)2m u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 sin
(
b

√
cos (x)2m cos (x)−m sin (x) hypergeom

([
1
2 ,

1
2−

m

2

]
,

[
3
2

]
, sin (x)2

))
+c2 cos

(
b

√
cos (x)2m−2 cos (x)−m+1 sin (x) hypergeom

([
1
2 ,

1
2−

m

2

]
,

[
3
2

]
, sin (x)2

))
The above shows that

u′(x) = b cos (x)−m+1

(
−
sin (x)2 (m− 1) hypergeom

([3
2 ,

3
2 −

m
2

]
,
[5
2

]
, sin (x)2

)
3

+hypergeom
([

1
2 ,

1
2−

m

2

]
,

[
3
2

]
, sin (x)2

))(
− cos (x)

√
cos (x)2m−2 sin

(
b

√
cos (x)2m−2 cos (x)−m+1 sin (x) hypergeom

([
1
2 ,

1
2−

m

2

]
,

[
3
2

]
, sin (x)2

))
c2

+cos
(
b

√
cos (x)2m cos (x)−m sin (x) hypergeom

([
1
2 ,

1
2−

m

2

]
,

[
3
2

]
, sin (x)2

))√
cos (x)2m c1

)
Using the above in (1) gives the solution

y =

−
b cos (x)−m+1

(
−

sin(x)2(m−1) hypergeom
([ 3

2 ,
3
2−

m
2
]
,
[ 5
2
]
,sin(x)2

)
3 + hypergeom

([1
2 ,

1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))(
− cos (x)

√
cos (x)2m−2 sin

(
b
√

cos (x)2m−2 cos (x)−m+1 sin (x) hypergeom
([1

2 ,
1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))
c2 + cos

(
b
√
cos (x)2m cos (x)−m sin (x) hypergeom

([1
2 ,

1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))√
cos (x)2m c1

)
c1 sin

(
b
√

cos (x)2m cos (x)−m sin (x) hypergeom
([1

2 ,
1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))
+ c2 cos

(
b
√
cos (x)2m−2 cos (x)−m+1 sin (x) hypergeom

([1
2 ,

1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=

(
cos (x)

√
cos (x)2m−2 sin

(
b
√

cos (x)2m−2 cos (x)−m+1 sin (x) hypergeom
([1

2 ,
1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))
− cos

(
b
√

cos (x)2m cos (x)−m sin (x) hypergeom
([1

2 ,
1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))√
cos (x)2m c3

)
b cos (x)−m+1

(
−

sin(x)2(m−1) hypergeom
([ 3

2 ,
3
2−

m
2
]
,
[ 5
2
]
,sin(x)2

)
3 + hypergeom

([1
2 ,

1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))
c3 sin

(
b
√
cos (x)2m cos (x)−m sin (x) hypergeom

([1
2 ,

1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))
+ cos

(
b
√

cos (x)2m−2 cos (x)−m+1 sin (x) hypergeom
([1

2 ,
1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))

Summary
The solution(s) found are the following

(1)y

=

(
cos (x)

√
cos (x)2m−2 sin

(
b
√

cos (x)2m−2 cos (x)−m+1 sin (x) hypergeom
([1

2 ,
1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))
− cos

(
b
√

cos (x)2m cos (x)−m sin (x) hypergeom
([1

2 ,
1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))√
cos (x)2m c3

)
b cos (x)−m+1

(
−

sin(x)2(m−1) hypergeom
([ 3

2 ,
3
2−

m
2
]
,
[ 5
2
]
,sin(x)2

)
3 + hypergeom

([1
2 ,

1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))
c3 sin

(
b
√
cos (x)2m cos (x)−m sin (x) hypergeom

([1
2 ,

1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))
+ cos

(
b
√

cos (x)2m−2 cos (x)−m+1 sin (x) hypergeom
([1

2 ,
1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))
Verification of solutions
y

=

(
cos (x)

√
cos (x)2m−2 sin

(
b
√

cos (x)2m−2 cos (x)−m+1 sin (x) hypergeom
([1

2 ,
1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))
− cos

(
b
√

cos (x)2m cos (x)−m sin (x) hypergeom
([1

2 ,
1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))√
cos (x)2m c3

)
b cos (x)−m+1

(
−

sin(x)2(m−1) hypergeom
([ 3

2 ,
3
2−

m
2
]
,
[ 5
2
]
,sin(x)2

)
3 + hypergeom

([1
2 ,

1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))
c3 sin

(
b
√
cos (x)2m cos (x)−m sin (x) hypergeom

([1
2 ,

1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))
+ cos

(
b
√

cos (x)2m−2 cos (x)−m+1 sin (x) hypergeom
([1

2 ,
1
2 −

m
2

]
,
[3
2

]
, sin (x)2

))
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -m*tan(x)*(diff(y(x), x))-b^2*cos(x)^(2*m)*y(x), y(x)` *** Sublev

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful
Change of variables used:

[x = arcsin(t)]
Linear ODE actually solved:

b^2*(-t^2+1)^m*u(t)+(m*t-t)*diff(u(t),t)+(-t^2+1)*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 222� �
dsolve(diff(y(x),x)=y(x)^2-m*y(x)*tan(x)+b^2*cos(x)^(2*m),y(x), singsol=all)� �
y(x)

=

(
−

sin(x)2(m−1) hypergeom
([ 3

2 ,−
m
2 + 3

2
]
,
[ 5
2
]
,sin(x)2

)
3 + hypergeom

([1
2 ,−

m
2 + 1

2

]
,
[3
2

]
, sin (x)2

))
b cos (x)−m+1

(
sin
(
b
√

cos (x)2m−2 cos (x)−m+1 sin (x) hypergeom
([1

2 ,−
m
2 + 1

2

]
,
[3
2

]
, sin (x)2

))√
cos (x)2m−2 cos (x) c1 −

√
cos (x)2m cos

(
b
√

cos (x)2m cos (x)−m sin (x) hypergeom
([1

2 ,−
m
2 + 1

2

]
,
[3
2

]
, sin (x)2

)))
c1 cos

(
b
√

cos (x)2m−2 cos (x)−m+1 sin (x) hypergeom
([1

2 ,−
m
2 + 1

2

]
,
[3
2

]
, sin (x)2

))
+ sin

(
b
√

cos (x)2m cos (x)−m sin (x) hypergeom
([1

2 ,−
m
2 + 1

2

]
,
[3
2

]
, sin (x)2

))
3 Solution by Mathematica
Time used: 4.179 (sec). Leaf size: 73� �
DSolve[y'[x]==y[x]^2-m*y[x]*Tan[x]+b^2*Cos[x]^(2*m),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
√
b2 cosm(x) tan

(
−
√
b2
√

sin2(x) csc(x) cosm+1(x)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , cos2(x)
)

m+ 1

+ c1

)
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13.9 problem 55
13.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1158

Internal problem ID [10553]
Internal file name [OUTPUT/9500_Monday_June_06_2022_02_58_37_PM_44320937/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 55.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 −my cot (x) = b2 sin (x)2m

13.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 +my cot (x) + b2 sin (x)2m

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 +my cot (x) + b2 sin (x)2m

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b2 sin (x)2m, f1(x) = cot (x)m and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = cot (x)m
f 2
2 f0 = b2 sin (x)2m

Substituting the above terms back in equation (2) gives

u′′(x)− cot (x)mu′(x) + b2 sin (x)2m u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

= c1 sin
(√(

csc (x)2
)−m sin (x)4 csc (x)2

(
csc (x)2

)m
2 cot (x) hypergeom

([
1
2 , 1+

m

2

]
,

[
3
2

]
,

− cot (x)2
)
b

)
+c2 cos

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([
1
2 , 1+

m

2

]
,

[
3
2

]
,

− cot (x)2
)
b

)
The above shows that

u′(x)

=
b
(
csc (x)2

)−m
2

(
−

cot(x)2(2+m) hypergeom
([ 3

2 ,2+
m
2
]
,
[ 5
2
]
,− cot(x)2

)
3 + hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

))(
c2 sin

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

)
− c1 cos

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

))
√(

csc (x)2
)−m sin (x)4

Using the above in (1) gives the solution

y =

−
b
(
csc (x)2

)−m
2

(
−

cot(x)2(2+m) hypergeom
([ 3

2 ,2+
m
2
]
,
[ 5
2
]
,− cot(x)2

)
3 + hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

))(
c2 sin

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

)
− c1 cos

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

))
√(

csc (x)2
)−m sin (x)4

(
c1 sin

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

)
+ c2 cos

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

))
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=

(
− sin

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

)
+ c3 cos

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

))
b
(
csc (x)2

)−m
2

(
−

cot(x)2(2+m) hypergeom
([ 3

2 ,2+
m
2
]
,
[ 5
2
]
,− cot(x)2

)
3 + hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

))
(
c3 sin

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

)
+ cos

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

))√(
csc (x)2

)−m sin (x)4

Summary
The solution(s) found are the following

(1)y

=

(
− sin

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

)
+ c3 cos

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

))
b
(
csc (x)2

)−m
2

(
−

cot(x)2(2+m) hypergeom
([ 3

2 ,2+
m
2
]
,
[ 5
2
]
,− cot(x)2

)
3 + hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

))
(
c3 sin

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

)
+ cos

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

))√(
csc (x)2

)−m sin (x)4

Verification of solutions
y

=

(
− sin

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

)
+ c3 cos

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

))
b
(
csc (x)2

)−m
2

(
−

cot(x)2(2+m) hypergeom
([ 3

2 ,2+
m
2
]
,
[ 5
2
]
,− cot(x)2

)
3 + hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

))
(
c3 sin

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

)
+ cos

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

))√(
csc (x)2

)−m sin (x)4

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = m*cot(x)*(diff(y(x), x))-b^2*sin(x)^(2*m)*y(x), y(x)` *** Subleve

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful
Change of variables used:

[x = arccot(t)]
Linear ODE actually solved:

b^2*u(t)+t*(m*t^2+2*t^2+m+2)*(t^2+1)^m*diff(u(t),t)+(t^4+2*t^2+1)*(t^2+1)^m*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 281� �
dsolve(diff(y(x),x)=y(x)^2+m*y(x)*cot(x)+b^2*sin(x)^(2*m),y(x), singsol=all)� �
y(x)

=

√(
csc (x)2

)−m sin (x)4
(
−c1 sin

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

)
+ cos

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

))(
csc (x)2

)m
2 b csc (x)6

(
−

hypergeom
([ 3

2 ,2+
m
2
]
,
[ 5
2
]
,− cot(x)2

)
cos(x)2(m+2)

3 + hypergeom
([1

2 , 1 +
m
2

]
,
[3
2

]
,− cot (x)2

)
sin (x)2

)
c1 cos

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

)
+ sin

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

)
3 Solution by Mathematica
Time used: 5.352 (sec). Leaf size: 72� �
DSolve[y'[x]==y[x]^2+m*y[x]*Cot[x]+b^2*Sin[x]^(2*m),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
√
b2 sinm(x) tan

(√
b2
√

cos2(x) sec(x) sinm+1(x)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , sin2(x)
)

m+ 1

+ c1

)
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13.10 problem 56
13.10.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1163

Internal problem ID [10554]
Internal file name [OUTPUT/9501_Monday_June_06_2022_02_59_13_PM_29078961/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 56.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

y′ − y2 = −2λ2 tan (x)2 − 2λ2 cot (λx)2

13.10.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 − 2λ2 tan (x)2 − 2λ2 cot (λx)2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 − 2λ2 tan (x)2 − 2λ2 cot (λx)2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −2λ2 tan (x)2 − 2λ2 cot (λx)2, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −2λ2 tan (x)2 − 2λ2 cot (λx)2

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−2λ2 tan (x)2 − 2λ2 cot (λx)2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2-2*lambda^2*tan(x)^2-2*lambda^2*cot(lambda*x)^2,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2-2*\[Lambda]^2*Tan[x]^2-2*\[Lambda]^2*Cot[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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13.11 problem 57
13.11.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1165

Internal problem ID [10555]
Internal file name [OUTPUT/9502_Monday_June_06_2022_02_59_50_PM_45559588/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 57.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = 2ab+ λa+ bλ+ a(λ− a) tan (λx)2 + b(λ− b) cot (λx)2

13.11.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −b2 cot (λx)2 + b cot (λx)2 λ− a2 tan (λx)2 + a tan (λx)2 λ+ 2ab+ λa+ bλ+ y2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −b2 cot (λx)2 + b cot (λx)2 λ− a2 tan (λx)2 + a tan (λx)2 λ+ 2ab+ λa+ bλ+ y2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −b2 cot (λx)2 + b cot (λx)2 λ− a2 tan (λx)2 + a tan (λx)2 λ + 2ab +
λa+ bλ, f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −b2 cot (λx)2 + b cot (λx)2 λ− a2 tan (λx)2 + a tan (λx)2 λ+ 2ab+ λa+ bλ

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−b2 cot (λx)2 + b cot (λx)2 λ− a2 tan (λx)2 + a tan (λx)2 λ+ 2ab+ λa+ bλ

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1 cos (λx)
a
λ sin (λx)

b
λ

+c2 cos (λx)
λ−a
λ sin (λx)

λ−b
λ hypergeom

([
1, −b+ λ− a

λ

]
,

[
−−3λ+ 2a

2λ

]
, cos (λx)2

)
The above shows that

u′(x)

=
−4 cos (λx)

2λ−a
λ sin (λx)

2λ−b
λ c2λ(a+ b− λ) hypergeom

([
2, 2λ−a−b

λ

]
,
[
−−5λ+2a

2λ

]
, cos (λx)2

)
− 2
(
−3λ

2 + a
) (

−c2 sin (λx)
λ−b
λ ((λ− b) cot (λx) + tan (λx) (a− λ)) cos (λx)

λ−a
λ hypergeom

([
1, −b+λ−a

λ

]
,
[
−−3λ+2a

2λ

]
, cos (λx)2

)
+ cos (λx)

a
λ sin (λx)

b
λ c1(− cot (λx) b+ a tan (λx))

)
−3λ+ 2a

Using the above in (1) gives the solution

y =

−
−4 cos (λx)

2λ−a
λ sin (λx)

2λ−b
λ c2λ(a+ b− λ) hypergeom

([
2, 2λ−a−b

λ

]
,
[
−−5λ+2a

2λ

]
, cos (λx)2

)
− 2
(
−3λ

2 + a
) (

−c2 sin (λx)
λ−b
λ ((λ− b) cot (λx) + tan (λx) (a− λ)) cos (λx)

λ−a
λ hypergeom

([
1, −b+λ−a

λ

]
,
[
−−3λ+2a

2λ

]
, cos (λx)2

)
+ cos (λx)

a
λ sin (λx)

b
λ c1(− cot (λx) b+ a tan (λx))

)
(−3λ+ 2a)

(
c1 cos (λx)

a
λ sin (λx)

b
λ + c2 cos (λx)

λ−a
λ sin (λx)

λ−b
λ hypergeom

([
1, −b+λ−a

λ

]
,
[
−−3λ+2a

2λ

]
, cos (λx)2

))
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
4λ cos (λx)2 sin (λx)2 (a+ b− λ) hypergeom

([
2, 2λ−a−b

λ

]
,
[
−−5λ+2a

2λ

]
, cos (λx)2

)
+
(
(6λ2 + (−7a− 3b)λ+ 2ab) cos (λx)2 − 2a2 sin (λx)2 + 5λa− 3λ2) hypergeom ([1, −b+λ−a

λ

]
,
[
−−3λ+2a

2λ

]
, cos (λx)2

)
+ 2
(
−3λ

2 + a
)
sin (λx)

2b
λ (− cot (λx) b+ a tan (λx)) c3 cos (λx)

2a
λ

(−3λ+ 2a)
(
c3 cos (λx)

2a
λ sin (λx)

2b
λ + cos (λx) sin (λx) hypergeom

([
1, −b+λ−a

λ

]
,
[
−−3λ+2a

2λ

]
, cos (λx)2

))
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Summary
The solution(s) found are the following

(1)y

=
4λ cos (λx)2 sin (λx)2 (a+ b− λ) hypergeom

([
2, 2λ−a−b

λ

]
,
[
−−5λ+2a

2λ

]
, cos (λx)2

)
+
(
(6λ2 + (−7a− 3b)λ+ 2ab) cos (λx)2 − 2a2 sin (λx)2 + 5λa− 3λ2) hypergeom ([1, −b+λ−a

λ

]
,
[
−−3λ+2a

2λ

]
, cos (λx)2

)
+ 2
(
−3λ

2 + a
)
sin (λx)

2b
λ (− cot (λx) b+ a tan (λx)) c3 cos (λx)

2a
λ

(−3λ+ 2a)
(
c3 cos (λx)

2a
λ sin (λx)

2b
λ + cos (λx) sin (λx) hypergeom

([
1, −b+λ−a

λ

]
,
[
−−3λ+2a

2λ

]
, cos (λx)2

))
Verification of solutions
y

=
4λ cos (λx)2 sin (λx)2 (a+ b− λ) hypergeom

([
2, 2λ−a−b

λ

]
,
[
−−5λ+2a

2λ

]
, cos (λx)2

)
+
(
(6λ2 + (−7a− 3b)λ+ 2ab) cos (λx)2 − 2a2 sin (λx)2 + 5λa− 3λ2) hypergeom ([1, −b+λ−a

λ

]
,
[
−−3λ+2a

2λ

]
, cos (λx)2

)
+ 2
(
−3λ

2 + a
)
sin (λx)

2b
λ (− cot (λx) b+ a tan (λx)) c3 cos (λx)

2a
λ

(−3λ+ 2a)
(
c3 cos (λx)

2a
λ sin (λx)

2b
λ + cos (λx) sin (λx) hypergeom

([
1, −b+λ−a

λ

]
,
[
−−3λ+2a

2λ

]
, cos (λx)2

))
Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a^2*tan(lambda*x)^2-a*tan(lambda*x)^2*lambda+b^2*cot(lambda*x)^2-b*co

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful

-> Trying to convert hypergeometric functions to elementary form...
<- elementary form for at least one hypergeometric solution is achieved - returning with no uncomputed integrals

<- Kovacics algorithm successful
Change of variables used:

[x = 1/lambda*arccos(t)]
Linear ODE actually solved:

(a^2*t^4+2*a*b*t^4+b^2*t^4-2*a^2*t^2-2*a*b*t^2+a*lambda*t^2-b*lambda*t^2+a^2-a*lambda)*u(t)+(-lambda^2*t^5+lambda^2*t^3)
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 268� �
dsolve(diff(y(x),x)=y(x)^2+lambda*a+lambda*b+2*a*b+a*(lambda-a)*tan(lambda*x)^2+b*(lambda-b)*cot(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
4c1λ cos (xλ)2 sin (xλ)2 (b− λ+ a) hypergeom

([
2, 2λ−b−a

λ

]
,
[
−2a−5λ

2λ

]
, cos (xλ)2

)
− 2c1

((
−3λ2 +

(7a
2 + 3b

2

)
λ− ab

)
cos (xλ)2 + a2 sin (xλ)2 −

5
(
a− 3λ

5

)
λ

2

)
hypergeom

([
1, −b+λ−a

λ

]
,
[
−2a−3λ

2λ

]
, cos (xλ)2

)
+ 2
(
a− 3λ

2

)
sin (xλ)

2b
λ (a tan (xλ)− b cot (xλ)) cos (xλ)

2a
λ

(2a− 3λ)
(
c1 cos (xλ) sin (xλ) hypergeom

([
1, −b+λ−a

λ

]
,
[
−2a−3λ

2λ

]
, cos (xλ)2

)
+ cos (xλ)

2a
λ sin (xλ)

2b
λ

)
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+\[Lambda]*a+\[Lambda]*b+2*a*b+a*(\[Lambda]-a)*Tan[\[Lambda]*x]^2+b*(\[Lambda]-b)*Cot[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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13.12 problem 58
13.12.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1170

Internal problem ID [10556]
Internal file name [OUTPUT/9503_Monday_June_06_2022_02_59_53_PM_14938955/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 58.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = −λ2

2 − 3λ2 tan (λx)2

4 + a cos (λx)2 sin (λx)n

13.12.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2 − λ2

2 − 3λ2 tan (λx)2

4 + a cos (λx)2 sin (λx)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 − λ2

2 − 3λ2 tan (λx)2

4 + a cos (λx)2 sin (λx)n

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = −λ2

2 − 3λ2 tan(λx)2
4 + a cos (λx)2 sin (λx)n, f1(x) = 0 and f2(x) = 1.

Let

y = −u′

f2u

= −u′

u
(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 = −λ2

2 − 3λ2 tan (λx)2

4 + a cos (λx)2 sin (λx)n

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−λ2

2 − 3λ2 tan (λx)2

4 + a cos (λx)2 sin (λx)n
)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=
− csc

(
π(n+3)
2+n

)
c1 BesselI

(
− 1

2+n
, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
π
(
−a sin(λx)2+n

λ2(2+n)2

) 1
4+2n + c2 sin (λx) BesselI

(
1

2+n
, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−a sin(λx)2+n

λ2(2+n)2

)− 1
4+2n (2 + n)√

cos (λx) (2 + n) Γ
(
n+3
2+n

)
The above shows that

u′(x)

=

(
2Γ
(
n+3
2+n

)2 (−a sin(λx)2+n

λ2(2+n)2

) n+1
4+2n

c2 cos (λx)2 (2 + n)2 BesselI
(

n+3
2+n

, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
+ c2 BesselI

(
1

2+n
, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−a sin(λx)2+n

λ2(2+n)2

)− 1
4+2n (cos (λx)2 + 1

)
(2 + n)− πc1

(
BesselI

(
− 1

2+n
, 2
√
−a sin(λx)2+n

λ2(2+n)2

)
sin (λx)

(
−a sin(λx)2+n

λ2(2+n)2

) 1
4+2n + 2(2 + n) BesselI

(
n+1
2+n

, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
cot (λx) cos (λx)

(
−a sin(λx)2+n

λ2(2+n)2

) n+3
4+2n

)
csc
(

π(n+3)
2+n

))
λ

2 cos (λx)
3
2 (2 + n) Γ

(
n+3
2+n

)
Using the above in (1) gives the solution

y =

−

(
2Γ
(
n+3
2+n

)2 (−a sin(λx)2+n

λ2(2+n)2

) n+1
4+2n

c2 cos (λx)2 (2 + n)2 BesselI
(

n+3
2+n

, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
+ c2 BesselI

(
1

2+n
, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−a sin(λx)2+n

λ2(2+n)2

)− 1
4+2n (cos (λx)2 + 1

)
(2 + n)− πc1

(
BesselI

(
− 1

2+n
, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
sin (λx)

(
−a sin(λx)2+n

λ2(2+n)2

) 1
4+2n + 2(2 + n) BesselI

(
n+1
2+n

, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
cot (λx) cos (λx)

(
−a sin(λx)2+n

λ2(2+n)2

) n+3
4+2n

)
csc
(

π(n+3)
2+n

))
λ

2 cos (λx)
(
− csc

(
π(n+3)
2+n

)
c1 BesselI

(
− 1

2+n
, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
π
(
−a sin(λx)2+n

λ2(2+n)2

) 1
4+2n + c2 sin (λx) BesselI

(
1

2+n
, 2
√
−a sin(λx)2+n

λ2(2+n)2

)
Γ
(
n+3
2+n

)2 (−a sin(λx)2+n

λ2(2+n)2

)− 1
4+2n (2 + n)

)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=

(
−2Γ

(
n+3
2+n

)2 sin(π(n+3)
2+n

)(
−a sin(λx)2+n

λ2(2+n)2

) n+1
4+2n cos (λx) (2 + n)2 BesselI

(
n+3
2+n

, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
+ 2
(
−a sin(λx)2+n

λ2(2+n)2

) n+3
4+2n

πc3 cot (λx) (2 + n) BesselI
(

n+1
2+n

, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
+ tan (λx) c3 BesselI

(
− 1

2+n
, 2
√
−a sin(λx)2+n

λ2(2+n)2

)
π
(
−a sin(λx)2+n

λ2(2+n)2

) 1
4+2n − Γ

(
n+3
2+n

)2 sin(π(n+3)
2+n

)(
−a sin(λx)2+n

λ2(2+n)2

)− 1
4+2n BesselI

(
1

2+n
, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
(cos (λx) + sec (λx)) (2 + n)

)
λ

−2c3 BesselI
(
− 1

2+n
, 2
√
−a sin(λx)2+n

λ2(2+n)2

)
π
(
−a sin(λx)2+n

λ2(2+n)2

) 1
4+2n + 2Γ

(
n+3
2+n

)2 BesselI( 1
2+n

, 2
√

−a sin(λx)2+n

λ2(2+n)2

)(
−a sin(λx)2+n

λ2(2+n)2

)− 1
4+2n sin (λx) sin

(
π(n+3)
2+n

)
(2 + n)

Summary
The solution(s) found are the following

(1)y

=

(
−2Γ

(
n+3
2+n

)2 sin(π(n+3)
2+n

)(
−a sin(λx)2+n

λ2(2+n)2

) n+1
4+2n cos (λx) (2 + n)2 BesselI

(
n+3
2+n

, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
+ 2
(
−a sin(λx)2+n

λ2(2+n)2

) n+3
4+2n

πc3 cot (λx) (2 + n) BesselI
(

n+1
2+n

, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
+ tan (λx) c3 BesselI

(
− 1

2+n
, 2
√
−a sin(λx)2+n

λ2(2+n)2

)
π
(
−a sin(λx)2+n

λ2(2+n)2

) 1
4+2n − Γ

(
n+3
2+n

)2 sin(π(n+3)
2+n

)(
−a sin(λx)2+n

λ2(2+n)2

)− 1
4+2n BesselI

(
1

2+n
, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
(cos (λx) + sec (λx)) (2 + n)

)
λ

−2c3 BesselI
(
− 1

2+n
, 2
√
−a sin(λx)2+n

λ2(2+n)2

)
π
(
−a sin(λx)2+n

λ2(2+n)2

) 1
4+2n + 2Γ

(
n+3
2+n

)2 BesselI( 1
2+n

, 2
√

−a sin(λx)2+n

λ2(2+n)2

)(
−a sin(λx)2+n

λ2(2+n)2

)− 1
4+2n sin (λx) sin

(
π(n+3)
2+n

)
(2 + n)

Verification of solutions
y

=

(
−2Γ

(
n+3
2+n

)2 sin(π(n+3)
2+n

)(
−a sin(λx)2+n

λ2(2+n)2

) n+1
4+2n cos (λx) (2 + n)2 BesselI

(
n+3
2+n

, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
+ 2
(
−a sin(λx)2+n

λ2(2+n)2

) n+3
4+2n

πc3 cot (λx) (2 + n) BesselI
(

n+1
2+n

, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
+ tan (λx) c3 BesselI

(
− 1

2+n
, 2
√
−a sin(λx)2+n

λ2(2+n)2

)
π
(
−a sin(λx)2+n

λ2(2+n)2

) 1
4+2n − Γ

(
n+3
2+n

)2 sin(π(n+3)
2+n

)(
−a sin(λx)2+n

λ2(2+n)2

)− 1
4+2n BesselI

(
1

2+n
, 2
√

−a sin(λx)2+n

λ2(2+n)2

)
(cos (λx) + sec (λx)) (2 + n)

)
λ

−2c3 BesselI
(
− 1

2+n
, 2
√
−a sin(λx)2+n

λ2(2+n)2

)
π
(
−a sin(λx)2+n

λ2(2+n)2

) 1
4+2n + 2Γ

(
n+3
2+n

)2 BesselI( 1
2+n

, 2
√

−a sin(λx)2+n

λ2(2+n)2

)(
−a sin(λx)2+n

λ2(2+n)2

)− 1
4+2n sin (λx) sin

(
π(n+3)
2+n

)
(2 + n)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = ((1/2)*lambda^2+(3/4)*lambda^2*tan(lambda*x)^2-a*cos(lambda*x)^2*sin(l

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 0F1 ODE

<- Whittaker successful
<- special function solution successful
Change of variables used:

[x = arccos(t)/lambda]
Linear ODE actually solved:

(4*a*(-t^2+1)^(1/2*n)*t^4+lambda^2*t^2-3*lambda^2)*u(t)-4*t^3*lambda^2*diff(u(t),t)+(-4*lambda^2*t^4+4*lambda^2*t^2)*dif
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1194� �
dsolve(diff(y(x),x)=y(x)^2-1/2*lambda^2-3/4*lambda^2*tan(lambda*x)^2+a*cos(lambda*x)^2*sin(lambda*x)^n,y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2-1/2*\[Lambda]^2-3/4*\[Lambda]^2*Tan[\[Lambda]*x]^2+a*Cos[\[Lambda]*x]^2*Sin[\[Lambda]*x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1174



13.13 problem 59
13.13.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1175

Internal problem ID [10557]
Internal file name [OUTPUT/9504_Monday_June_06_2022_03_00_31_PM_30962163/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 59.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ sin (λx) y2 − a sin (λx) y = −a tan (λx)

13.13.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= λ sin (λx) y2 + a sin (λx) y − a tan (λx)

This is a Riccati ODE. Comparing the ODE to solve

y′ = λ sin (λx) y2 + a sin (λx) y − a tan (λx)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a tan (λx), f1(x) = a sin (λx) and f2(x) = λ sin (λx). Let

y = −u′

f2u

= −u′

λ sin (λx)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = λ2 cos (λx)

f1f2 = a sin (λx)2 λ
f 2
2 f0 = −a tan (λx)λ2 sin (λx)2

Substituting the above terms back in equation (2) gives

λ sin (λx)u′′(x)−
(
a sin (λx)2 λ+ λ2 cos (λx)

)
u′(x)− a tan (λx)λ2 sin (λx)2 u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = −e−
a cos(λx)

λ c2λ+ cos (λx)
(
a expIntegral1

(
a cos (λx)

λ

)
c2 + c1

)

The above shows that

u′(x) = −λ sin (λx)
(
a expIntegral1

(
a cos (λx)

λ

)
c2 + c1

)

Using the above in (1) gives the solution

y =
a expIntegral1

(
a cos(λx)

λ

)
c2 + c1

−e−
a cos(λx)

λ c2λ+ cos (λx)
(
a expIntegral1

(
a cos(λx)

λ

)
c2 + c1

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
expIntegral1

(
a cos(λx)

λ

)
a+ c3

−e−
a cos(λx)

λ λ+ cos (λx)
(
expIntegral1

(
a cos(λx)

λ

)
a+ c3

)
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Summary
The solution(s) found are the following

(1)y =
expIntegral1

(
a cos(λx)

λ

)
a+ c3

−e−
a cos(λx)

λ λ+ cos (λx)
(
expIntegral1

(
a cos(λx)

λ

)
a+ c3

)
Verification of solutions

y =
expIntegral1

(
a cos(λx)

λ

)
a+ c3

−e−
a cos(λx)

λ λ+ cos (λx)
(
expIntegral1

(
a cos(λx)

λ

)
a+ c3

)
Verified OK.

1177



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (sin(lambda*x)^2*a+lambda*cos(lambda*x))*(diff(y(x), x))/sin(lambda*x)

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful
Change of variables used:

[x = arccos(t)/lambda]
Linear ODE actually solved:

(-2*a*t^4+4*a*t^2-2*a)*u(t)+(2*a*t^5-4*a*t^3+2*a*t)*diff(u(t),t)+(2*lambda*t^5-4*lambda*t^3+2*lambda*t)*diff(diff(u(t),t
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 61� �
dsolve(diff(y(x),x)=lambda*sin(lambda*x)*y(x)^2+a*sin(lambda*x)*y(x)-a*tan(lambda*x),y(x), singsol=all)� �

y(x) =
expIntegral1

(
a cos(xλ)

λ

)
c1a+ 1

cos (xλ) expIntegral1
(

a cos(xλ)
λ

)
c1a− e−

a cos(xλ)
λ c1λ+ cos (xλ)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*Sin[\[Lambda]*x]*y[x]^2+a*Sin[\[Lambda]*x]*y[x]-a*Tan[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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14 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.7-1. Equations containing
arcsine.

14.1 problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1181
14.2 problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1186
14.3 problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1190
14.4 problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1195
14.5 problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1200
14.6 problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1205
14.7 problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1210
14.8 problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1214
14.9 problem 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1217
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14.1 problem 1
14.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1181

Internal problem ID [10558]
Internal file name [OUTPUT/9505_Monday_June_06_2022_03_00_33_PM_57882991/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 1.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − λ arcsin (x)n y = −a2 + aλ arcsin (x)n

14.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + λ arcsin (x)n y − a2 + aλ arcsin (x)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + λ arcsin (x)n y − a2 + aλ arcsin (x)n

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 + aλ arcsin (x)n, f1(x) = arcsin (x)n λ and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = arcsin (x)n λ
f 2
2 f0 = −a2 + aλ arcsin (x)n

Substituting the above terms back in equation (2) gives

u′′(x)− arcsin (x)n λu′(x) +
(
−a2 + aλ arcsin (x)n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e
∫ a

(∫
e−
(∫ (

− arcsin(x)nλ+2a
)
dx
)
dx

)
−c1a+e−

(∫ (
− arcsin(x)nλ+2a

)
dx
)

−c1+
∫
e−(

∫
(− arcsin(x)nλ+2a)dx)dx

dx
c2

The above shows that

u′(x)

=

(
a
(∫

e−
(∫

(− arcsin(x)nλ+2a)dx
)
dx
)
− c1a+ e−

(∫
(− arcsin(x)nλ+2a)dx

))
e
∫ a

(∫
e−
(∫ (

− arcsin(x)nλ+2a
)
dx
)
dx

)
−c1a+e−

(∫ (
− arcsin(x)nλ+2a

)
dx
)

−c1+
∫
e−(

∫
(− arcsin(x)nλ+2a)dx)dx

dx
c2

−c1 +
∫
e−
(∫

(− arcsin(x)nλ+2a)dx
)
dx

Using the above in (1) gives the solution

y = −
a
(∫

e−
(∫

(− arcsin(x)nλ+2a)dx
)
dx
)
− c1a+ e−

(∫
(− arcsin(x)nλ+2a)dx

)
−c1 +

∫
e−
(∫

(− arcsin(x)nλ+2a)dx
)
dx

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−a
(∫

e−
(∫

(− arcsin(x)nλ+2a)dx
)
dx
)
+ c3a− e−

(∫
(− arcsin(x)nλ+2a)dx

)
−c3 +

∫
e−
(∫

(− arcsin(x)nλ+2a)dx
)
dx
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Summary
The solution(s) found are the following

(1)y =
−a
(∫

e−
(∫

(− arcsin(x)nλ+2a)dx
)
dx
)
+ c3a− e−

(∫
(− arcsin(x)nλ+2a)dx

)
−c3 +

∫
e−
(∫

(− arcsin(x)nλ+2a)dx
)
dx

Verification of solutions

y =
−a
(∫

e−
(∫

(− arcsin(x)nλ+2a)dx
)
dx
)
+ c3a− e−

(∫
(− arcsin(x)nλ+2a)dx

)
−c3 +

∫
e−
(∫

(− arcsin(x)nλ+2a)dx
)
dx

Verified OK.

1183



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = lambda*arcsin(x)^n*(diff(y(x), x))+(a^2-a*lambda*arcsin(x)^n)*y(x), y(

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(y(x)^2+y(x)+lambda*arcsin(x)^n*y(x)*x+x^2*(-a^2+a*lambda*arcsin(x)^n))/x, y(x),

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 71� �
dsolve(diff(y(x),x)=y(x)^2+lambda*arcsin(x)^n*y(x)-a^2+a*lambda*arcsin(x)^n,y(x), singsol=all)� �

y(x) =
−c1a− a

(∫
e−
(∫

(−λ arcsin(x)n+2a)dx
)
dx
)
− e−

(∫
(−λ arcsin(x)n+2a)dx

)
c1 +

∫
e−
(∫

(−λ arcsin(x)n+2a)dx
)
dx

3 Solution by Mathematica
Time used: 6.556 (sec). Leaf size: 398� �
DSolve[y'[x]==y[x]^2+\[Lambda]*ArcSin[x]^n*y[x]-a^2+a*\[Lambda]*ArcSin[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

−
exp

(
1
2iλ arcsin(K[1])n (arcsin(K[1])2)−n ((−i arcsin(K[1]))nΓ(n+ 1, i arcsin(K[1]))− (i arcsin(K[1]))nΓ(n+ 1,−i arcsin(K[1])))− 2aK[1]

)
(λ arcsin(K[1])n − a+ y(x))

nλ(a+ y(x)) dK[1]

+
∫ y(x)

1

exp
(

1
2iλ arcsin(x)

n (arcsin(x)2)−n ((−i arcsin(x))nΓ(n+ 1, i arcsin(x))− (i arcsin(x))nΓ(n+ 1,−i arcsin(x)))− 2ax
)

nλ(a+K[2])2

−
∫ x

1

exp
(

1
2iλ arcsin(K[1])n (arcsin(K[1])2)−n ((−i arcsin(K[1]))nΓ(n+ 1, i arcsin(K[1]))− (i arcsin(K[1]))nΓ(n+ 1,−i arcsin(K[1])))− 2aK[1]

)
(λ arcsin(K[1])n − a+K[2])

nλ(a+K[2])2 −
exp

(
1
2iλ arcsin(K[1])n (arcsin(K[1])2)−n ((−i arcsin(K[1]))nΓ(n+ 1, i arcsin(K[1]))− (i arcsin(K[1]))nΓ(n+ 1,−i arcsin(K[1])))− 2aK[1]

)
nλ(a+K[2])

 dK[1]

 dK[2] = c1, y(x)
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14.2 problem 2
14.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1186

Internal problem ID [10559]
Internal file name [OUTPUT/9506_Monday_June_06_2022_03_00_35_PM_80242153/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 2.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − λx arcsin (x)n y = arcsin (x)n λ

14.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + arcsin (x)n λxy + arcsin (x)n λ

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + arcsin (x)n λxy + arcsin (x)n λ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = arcsin (x)n λ, f1(x) = arcsin (x)n λx and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = arcsin (x)n λx
f 2
2 f0 = arcsin (x)n λ

Substituting the above terms back in equation (2) gives

u′′(x)− arcsin (x)n λxu′(x) + arcsin (x)n λu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x

(
c1

(∫
e
∫ arcsin(x)nλx2−2

x
dxdx

)
+ c2

)

The above shows that

u′(x) = c1

(∫
e
∫ arcsin(x)nλx2−2

x
dxdx

)
+ c2 + xc1e

∫ arcsin(x)nλx2−2
x

dx

Using the above in (1) gives the solution

y = −
c1
(∫

e
∫ arcsin(x)nλx2−2

x
dxdx

)
+ c2 + xc1e

∫ arcsin(x)nλx2−2
x

dx

x
(
c1
(∫

e
∫ arcsin(x)nλx2−2

x
dxdx

)
+ c2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−c3

(∫
e
∫ arcsin(x)nλx2−2

x
dxdx

)
− 1− xc3e

∫ arcsin(x)nλx2−2
x

dx

x
(
c3
(∫

e
∫ arcsin(x)nλx2−2

x
dxdx

)
+ 1
)
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Summary
The solution(s) found are the following

(1)y =
−c3

(∫
e
∫ arcsin(x)nλx2−2

x
dxdx

)
− 1− xc3e

∫ arcsin(x)nλx2−2
x

dx

x
(
c3
(∫

e
∫ arcsin(x)nλx2−2

x
dxdx

)
+ 1
)

Verification of solutions

y =
−c3

(∫
e
∫ arcsin(x)nλx2−2

x
dxdx

)
− 1− xc3e

∫ arcsin(x)nλx2−2
x

dx

x
(
c3
(∫

e
∫ arcsin(x)nλx2−2

x
dxdx

)
+ 1
)

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 78� �
dsolve(diff(y(x),x)=y(x)^2+lambda*x*arcsin(x)^n*y(x)+lambda*arcsin(x)^n,y(x), singsol=all)� �

y(x) = e
∫ λ arcsin(x)nx2−2

x
dxx+

∫
e
∫ λ arcsin(x)nx2−2

x
dxdx− c1(

c1 −
(∫

e
∫ λ arcsin(x)nx2−2

x
dxdx

))
x
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3 Solution by Mathematica
Time used: 4.147 (sec). Leaf size: 256� �
DSolve[y'[x]==y[x]^2+\[Lambda]*x*ArcSin[x]^n*y[x]+\[Lambda]*ArcSin[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
∫ x

1
exp
(
−2−n−3λ arcsin(K[1])n

(
arcsin(K[1])2

)−n(Γ(n+1,2i arcsin(K[1]))(−i arcsin(K[1]))n+(i arcsin(K[1]))nΓ(n+1,−2i arcsin(K[1])))
)

K[1]2 dK[1] +
exp
(
λ
(
−2−n−3) arcsin(x)n(arcsin(x)2)−n((−i arcsin(x))nΓ(n+1,2i arcsin(x))+(i arcsin(x))nΓ(n+1,−2i arcsin(x)))

)
x

+ c1

x

(∫ x

1
exp
(
−2−n−3λ arcsin(K[1])n(arcsin(K[1])2)−n(Γ(n+1,2i arcsin(K[1]))(−i arcsin(K[1]))n+(i arcsin(K[1]))nΓ(n+1,−2i arcsin(K[1])))

)
K[1]2 dK[1] + c1

)
y(x) → −1

x
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14.3 problem 3
14.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1190

Internal problem ID [10560]
Internal file name [OUTPUT/9507_Monday_June_06_2022_03_00_41_PM_35430875/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 3.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + (k + 1)xky2 − λ arcsin (x)n
(
xk+1y − 1

)
= 0

14.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= xk+1 arcsin (x)n λy − xky2k − xky2 − arcsin (x)n λ

This is a Riccati ODE. Comparing the ODE to solve

y′ = xkx arcsin (x)n λy − xky2k − xky2 − arcsin (x)n λ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = − arcsin (x)n λ, f1(x) = xk+1 arcsin (x)n λ and f2(x) = −xkk − xk.
Let

y = −u′

f2u

= −u′

(−xkk − xk)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −k2xk

x
− k xk

x
f1f2 = xk+1 arcsin (x)n λ

(
−xkk − xk

)
f 2
2 f0 = −

(
−xkk − xk

)2 arcsin (x)n λ
Substituting the above terms back in equation (2) gives(
−xkk − xk

)
u′′(x)−

(
−k2xk

x
− k xk

x
+ xk+1 arcsin (x)n λ

(
−xkk − xk

))
u′(x)−

(
−xkk − xk

)2 arcsin (x)n λu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = xk+1
((∫

x−2k−2e
∫ (

xk+1 arcsin(x)nλ+ k
x

)
dx
dx

)
c2 + c1

)
The above shows that

u′(x)

= c2x
−k−1e

∫ xk+2λ arcsin(x)n+k
x

dx + (k + 1)
((∫

e
∫ xk+2λ arcsin(x)n+k

x
dxx−2k−2dx

)
c2 + c1

)
xk

Using the above in (1) gives the solution

y =

−

(
c2x

−k−1e
∫ xk+2λ arcsin(x)n+k

x
dx + (k + 1)

((∫
e
∫ xk+2λ arcsin(x)n+k

x
dxx−2k−2dx

)
c2 + c1

)
xk

)
x−k−1

(−xkk − xk)
((∫

x−2k−2e
∫ (

xk+1 arcsin(x)nλ+ k
x

)
dx
dx

)
c2 + c1

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y=
(k + 1)

(∫
x−2k−2e

∫ (
xk+1 arcsin(x)nλ+ k

x

)
dx
dx+ c3

)
x−k−1 + x−3k−2e

∫ (
xk+1 arcsin(x)nλ+ k

x

)
dx

(k + 1)
(∫

e
∫ xk+2λ arcsin(x)n+k

x
dxx−2k−2dx+ c3

)
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Summary
The solution(s) found are the following

(1)y

=
(k + 1)

(∫
x−2k−2e

∫ (
xk+1 arcsin(x)nλ+ k

x

)
dx
dx+ c3

)
x−k−1 + x−3k−2e

∫ (
xk+1 arcsin(x)nλ+ k

x

)
dx

(k + 1)
(∫

e
∫ xk+2λ arcsin(x)n+k

x
dxx−2k−2dx+ c3

)
Verification of solutions

y=
(k + 1)

(∫
x−2k−2e

∫ (
xk+1 arcsin(x)nλ+ k

x

)
dx
dx+ c3

)
x−k−1 + x−3k−2e

∫ (
xk+1 arcsin(x)nλ+ k

x

)
dx

(k + 1)
(∫

e
∫ xk+2λ arcsin(x)n+k

x
dxx−2k−2dx+ c3

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (arcsin(x)^n*x^(1+k)*lambda*x+k)*(diff(y(x), x))/x-x^k*(1+k)*lambda*ar

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((-x^k*k-x^k)*y(x)^2+y(x)+arcsin(x)^n*x^(1+k)*lambda*y(x)*x-x^2*lambda*arcsin(x)^

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 180� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+lambda*arcsin(x)^n*(x^(k+1)*y(x)-1),y(x), singsol=all)� �
y(x)

=
x−1−k

(
x1+ke

∫ arcsin(x)nx1+kλx−2k−2
x

dx +
(∫

xkeλ
(∫

arcsin(x)nx1+kdx
)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k +

∫
xkeλ

(∫
arcsin(x)nx1+kdx

)
−2
(∫ 1

x
dx
)
(1+k)dx+ c1

)
(∫

xkeλ
(∫

arcsin(x)nx1+kdx
)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k +

∫
xkeλ

(∫
arcsin(x)nx1+kdx

)
−2
(∫ 1

x
dx
)
(1+k)dx+ c1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+\[Lambda]*ArcSin[x]^n*(x^(k+1)*y[x]-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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14.4 problem 4
14.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1195

Internal problem ID [10561]
Internal file name [OUTPUT/9508_Monday_June_06_2022_03_00_49_PM_11041830/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 4.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ arcsin (x)n y2 − ay = ab− b2λ arcsin (x)n

14.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= λ arcsin (x)n y2 + ya+ ab− b2λ arcsin (x)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = λ arcsin (x)n y2 + ya+ ab− b2λ arcsin (x)n

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = ab− b2λ arcsin (x)n, f1(x) = a and f2(x) = arcsin (x)n λ. Let

y = −u′

f2u

= −u′

arcsin (x)n λu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

arcsin (x)n nλ√
−x2 + 1 arcsin (x)

f1f2 = aλ arcsin (x)n

f 2
2 f0 = arcsin (x)2n λ2(ab− b2λ arcsin (x)n

)
Substituting the above terms back in equation (2) gives

arcsin (x)n λu′′(x)−
(

arcsin (x)n nλ√
−x2 + 1 arcsin (x)

+ aλ arcsin (x)n
)
u′(x) + arcsin (x)2n λ2(ab− b2λ arcsin (x)n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− n_Y′(x)√
−x2 + 1 arcsin (x)

− a_Y′(x)− arcsin (x)2n b2λ2_Y(x)

+ arcsin (x)n abλ_Y(x)
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− n_Y′(x)√

−x2 + 1 arcsin (x)
− a_Y′(x)

− arcsin (x)2n b2λ2_Y(x) + arcsin (x)n abλ_Y(x)
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x)− n_Y′
(x)√

−x2+1 arcsin(x) − a_Y′(x)− arcsin (x)2n b2λ2_Y(x) + arcsin (x)n abλ_Y(x)
}
, {_Y(x)}

))
arcsin (x)−n

λDESol
({

_Y′′ (x)− n_Y′
(x)√

−x2+1 arcsin(x) − a_Y′ (x)− arcsin (x)2n b2λ2_Y (x) + arcsin (x)n abλ_Y (x)
}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
∂
∂x

DESol
({(

− arcsin(x)1+2n_Y(x)b2λ2+arcsin(x)n+1_Y(x)abλ−arcsin(x)
(
a_Y′

(x)−_Y′′
(x)
))√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y(x)}

))
arcsin (x)−n

λDESol
({(

− arcsin(x)1+2n_Y(x)b2λ2+arcsin(x)n+1_Y(x)abλ−arcsin(x)
(
a_Y′

(x)−_Y′′
(x)
))√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({(

− arcsin(x)1+2n_Y(x)b2λ2+arcsin(x)n+1_Y(x)abλ−arcsin(x)
(
a_Y′

(x)−_Y′′
(x)
))√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y(x)}

))
arcsin (x)−n

λDESol
({(

− arcsin(x)1+2n_Y(x)b2λ2+arcsin(x)n+1_Y(x)abλ−arcsin(x)
(
a_Y′

(x)−_Y′′
(x)
))√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({(

− arcsin(x)1+2n_Y(x)b2λ2+arcsin(x)n+1_Y(x)abλ−arcsin(x)
(
a_Y′

(x)−_Y′′
(x)
))√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y(x)}

))
arcsin (x)−n

λDESol
({(

− arcsin(x)1+2n_Y(x)b2λ2+arcsin(x)n+1_Y(x)abλ−arcsin(x)
(
a_Y′

(x)−_Y′′
(x)
))√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a*(-x^2+1)^(1/2)*arcsin(x)+n)*(diff(y(x), x))/((-x^2+1)^(1/2)*arcsin(

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(lambda*arcsin(x)^n*y(x)^2+y(x)+y(x)*a*x+x^2*(a*b-b^2*lambda*arcsin(x)^n))/x, y(x

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 87� �
dsolve(diff(y(x),x)=lambda*arcsin(x)^n*y(x)^2+a*y(x)+a*b-b^2*lambda*arcsin(x)^n,y(x), singsol=all)� �

y(x) =
−bλ

(∫
arcsin (x)n e−

(∫
(2 arcsin(x)nλb−a)dx

)
dx
)
− c1b− e−

(∫
(2 arcsin(x)nλb−a)dx

)
c1 + λ

(∫
arcsin (x)n e−

(∫
(2 arcsin(x)nλb−a)dx

)
dx
)

3 Solution by Mathematica
Time used: 7.093 (sec). Leaf size: 428� �
DSolve[y'[x]==\[Lambda]*ArcSin[x]^n*y[x]^2+a*y[x]+a*b-b^2*\[Lambda]*ArcSin[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

i exp
(
aK[1]− ibλ arcsin(K[1])n (arcsin(K[1])2)−n ((−i arcsin(K[1]))nΓ(n+ 1, i arcsin(K[1]))− (i arcsin(K[1]))nΓ(n+ 1,−i arcsin(K[1])))

)
(−bλ arcsin(K[1])n + λy(x) arcsin(K[1])n + a)

anλ(b+ y(x)) dK[1]

+
∫ y(x)

1

−
∫ x

1

i exp
(
aK[1]− ibλ arcsin(K[1])n (arcsin(K[1])2)−n ((−i arcsin(K[1]))nΓ(n+ 1, i arcsin(K[1]))− (i arcsin(K[1]))nΓ(n+ 1,−i arcsin(K[1])))

)
arcsin(K[1])n

an(b+K[2]) −
i exp

(
aK[1]− ibλ arcsin(K[1])n (arcsin(K[1])2)−n ((−i arcsin(K[1]))nΓ(n+ 1, i arcsin(K[1]))− (i arcsin(K[1]))nΓ(n+ 1,−i arcsin(K[1])))

)
(−bλ arcsin(K[1])n + λK[2] arcsin(K[1])n + a)

anλ(b+K[2])2

 dK[1]

−
i exp

(
ax− ibλ arcsin(x)n (arcsin(x)2)−n ((−i arcsin(x))nΓ(n+ 1, i arcsin(x))− (i arcsin(x))nΓ(n+ 1,−i arcsin(x)))

)
anλ(b+K[2])2

 dK[2] = c1, y(x)
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14.5 problem 5
14.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1200

Internal problem ID [10562]
Internal file name [OUTPUT/9509_Monday_June_06_2022_03_00_54_PM_61372346/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 5.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ arcsin (x)n y2 + bλ xm arcsin (x)n y = bmxm−1

14.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= λ arcsin (x)n y2 − bλ xm arcsin (x)n y + bmxm−1

This is a Riccati ODE. Comparing the ODE to solve

y′ = λ arcsin (x)n y2 − bλ xm arcsin (x)n y + b xmm

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = bmxm−1, f1(x) = −bλ xm arcsin (x)n and f2(x) = arcsin (x)n λ. Let

y = −u′

f2u

= −u′

arcsin (x)n λu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

arcsin (x)n nλ√
−x2 + 1 arcsin (x)

f1f2 = −b λ2xm arcsin (x)2n

f 2
2 f0 = arcsin (x)2n λ2bmxm−1

Substituting the above terms back in equation (2) gives

arcsin (x)n λu′′(x)−
(
−b λ2xm arcsin (x)2n + arcsin (x)n nλ√

−x2 + 1 arcsin (x)

)
u′(x) + arcsin (x)2n λ2bmxm−1u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x) + b xmλ arcsin (x)n_Y′(x)− n_Y′(x)√
−x2 + 1 arcsin (x)

+ bmxm−1λ_Y(x) arcsin (x)n
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x) + b xmλ arcsin (x)n_Y′(x)− n_Y′(x)√

−x2 + 1 arcsin (x)

+ bmxm−1λ_Y(x) arcsin (x)n
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x) + b xmλ arcsin (x)n_Y′(x)− n_Y′
(x)√

−x2+1 arcsin(x) + bmxm−1λ_Y(x) arcsin (x)n
}
, {_Y(x)}

))
arcsin (x)−n

λDESol
({

_Y′′ (x) + b xmλ arcsin (x)n_Y′ (x)− n_Y′
(x)√

−x2+1 arcsin(x) + bmxm−1λ_Y (x) arcsin (x)n
}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
∂
∂x

DESol
({(

bλ
(
m_Y(x)xm−1+_Y′

(x)xm
)
arcsin(x)n+1+arcsin(x)_Y′′

(x)
)√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y(x)}

))
arcsin (x)−n

λDESol
({(

bλ
(
mxm_Y(x)+_Y′

(x)xm+1
)
arcsin(x)n+1+arcsin(x)_Y′′

(x)x
)√

−x2+1−_Y′
(x)xn

√
−x2+1x arcsin(x)

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({(

bλ
(
m_Y(x)xm−1+_Y′

(x)xm
)
arcsin(x)n+1+arcsin(x)_Y′′

(x)
)√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y(x)}

))
arcsin (x)−n

λDESol
({(

bλ
(
mxm_Y(x)+_Y′

(x)xm+1
)
arcsin(x)n+1+arcsin(x)_Y′′

(x)x
)√

−x2+1−_Y′
(x)xn

√
−x2+1x arcsin(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({(

bλ
(
m_Y(x)xm−1+_Y′

(x)xm
)
arcsin(x)n+1+arcsin(x)_Y′′

(x)
)√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y(x)}

))
arcsin (x)−n

λDESol
({(

bλ
(
mxm_Y(x)+_Y′

(x)xm+1
)
arcsin(x)n+1+arcsin(x)_Y′′

(x)x
)√

−x2+1−_Y′
(x)xn

√
−x2+1x arcsin(x)

}
, {_Y (x)}

)
Verified OK.

1202



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(x^m*(-x^2+1)^(1/2)*arcsin(x)*arcsin(x)^n*b*lambda-n)*(diff(y(x), x))

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(lambda*arcsin(x)^n*y(x)^2+y(x)-b*lambda*x^m*arcsin(x)^n*y(x)*x+x^2*b*m*x^(m-1))/

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*arcsin(x)^n*y(x)^2-b*lambda*x^m*arcsin(x)^n*y(x)+b*m*x^(m-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*ArcSin[x]^n*y[x]^2-b*\[Lambda]*x^m*ArcSin[x]^n*y[x]+b*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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14.6 problem 6
14.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1205

Internal problem ID [10563]
Internal file name [OUTPUT/9510_Monday_June_06_2022_03_01_01_PM_44105884/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 6.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ arcsin (x)n y2 = βmxm−1 − λβ2x2m arcsin (x)n

14.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= λ arcsin (x)n y2 + βmxm−1 − λβ2x2m arcsin (x)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = −λβ2x2m arcsin (x)n + λ arcsin (x)n y2 + βmxm

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = βmxm−1−λβ2x2m arcsin (x)n, f1(x) = 0 and f2(x) = arcsin (x)n λ.
Let

y = −u′

f2u

= −u′

arcsin (x)n λu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

arcsin (x)n nλ√
−x2 + 1 arcsin (x)

f1f2 = 0
f 2
2 f0 = arcsin (x)2n λ2(βmxm−1 − λβ2x2m arcsin (x)n

)
Substituting the above terms back in equation (2) gives

arcsin (x)n λu′′(x)− arcsin (x)n nλu′(x)√
−x2 + 1 arcsin (x)

+ arcsin (x)2n λ2(βmxm−1 − λβ2x2m arcsin (x)n
)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− n_Y′(x)√
−x2 + 1 arcsin (x)

− x2mβ2_Y(x)λ2 arcsin (x)2n

+mβ xm−1λ_Y(x) arcsin (x)n
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− n_Y′(x)√

−x2 + 1 arcsin (x)
− x2mβ2_Y(x)λ2 arcsin (x)2n

+mβ xm−1λ_Y(x) arcsin (x)n
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x)− n_Y′
(x)√

−x2+1 arcsin(x) − x2mβ2_Y(x)λ2 arcsin (x)2n +mβ xm−1λ_Y(x) arcsin (x)n
}
, {_Y(x)}

))
arcsin (x)−n

λDESol
({

_Y′′ (x)− n_Y′
(x)√

−x2+1 arcsin(x) − x2mβ2_Y (x)λ2 arcsin (x)2n +mβ xm−1λ_Y (x) arcsin (x)n
}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
∂
∂x

DESol
({(

−x2m arcsin(x)1+2n_Y(x)β2λ2+xm−1 arcsin(x)n+1_Y(x)βλm+arcsin(x)_Y′′
(x)
)√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y(x)}

))
arcsin (x)−n

λDESol
({(

−x1+2mβ2λ2 arcsin(x)1+2n_Y(x)+mβ xmλ arcsin(x)n+1_Y(x)+arcsin(x)_Y′′
(x)x

)√
−x2+1−_Y′

(x)xn
√
−x2+1x arcsin(x)

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({(

−x2m arcsin(x)1+2n_Y(x)β2λ2+xm−1 arcsin(x)n+1_Y(x)βλm+arcsin(x)_Y′′
(x)
)√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y(x)}

))
arcsin (x)−n

λDESol
({(

−x1+2mβ2λ2 arcsin(x)1+2n_Y(x)+mβ xmλ arcsin(x)n+1_Y(x)+arcsin(x)_Y′′
(x)x

)√
−x2+1−_Y′

(x)xn
√
−x2+1x arcsin(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({(

−x2m arcsin(x)1+2n_Y(x)β2λ2+xm−1 arcsin(x)n+1_Y(x)βλm+arcsin(x)_Y′′
(x)
)√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y(x)}

))
arcsin (x)−n

λDESol
({(

−x1+2mβ2λ2 arcsin(x)1+2n_Y(x)+mβ xmλ arcsin(x)n+1_Y(x)+arcsin(x)_Y′′
(x)x

)√
−x2+1−_Y′

(x)xn
√
−x2+1x arcsin(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = n*(diff(y(x), x))/((-x^2+1)^(1/2)*arcsin(x))+lambda*arcsin(x)^n*beta*(

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying with_periodic_functions in the coefficients

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(lambda*arcsin(x)^n*y(x)^2+y(x)+x^2*(beta*m*x^(m-1)-lambda*beta^2*x^(2*m)*arcsin(

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*arcsin(x)^n*y(x)^2+beta*m*x^(m-1)-lambda*beta^2*x^(2*m)*arcsin(x)^n,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*ArcSin[x]^n*y[x]^2+\[Beta]*m*x^(m-1)-\[Lambda]*\[Beta]^2*x^(2*m)*ArcSin[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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14.7 problem 7
14.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1210

Internal problem ID [10564]
Internal file name [OUTPUT/9511_Monday_June_06_2022_03_01_08_PM_99759205/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 7.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[[_1st_order , `_with_symmetry_[F(x),G(x)]`], _Riccati]

y′ − λ arcsin (x)n (y − a xm − b)2 = amxm−1

14.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= x2m arcsin (x)n a2λ+ 2xm arcsin (x)n abλ− 2xm arcsin (x)n aλy + b2λ arcsin (x)n − 2 arcsin (x)n bλy + λ arcsin (x)n y2 + amxm−1

This is a Riccati ODE. Comparing the ODE to solve

y′ = x2m arcsin (x)n a2λ+2xm arcsin (x)n abλ−2xm arcsin (x)n aλy+b2λ arcsin (x)n−2 arcsin (x)n bλy+λ arcsin (x)n y2+amxm

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = x2m arcsin (x)n a2λ+2xm arcsin (x)n abλ+b2λ arcsin (x)n+amxm−1,
f1(x) = −2aλ xm arcsin (x)n − 2 arcsin (x)n λb and f2(x) = arcsin (x)n λ. Let

y = −u′

f2u

= −u′

arcsin (x)n λu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

arcsin (x)n nλ√
−x2 + 1 arcsin (x)

f1f2 = (−2aλ xm arcsin (x)n − 2 arcsin (x)n λb) arcsin (x)n λ
f 2
2 f0 = arcsin (x)2n λ2(x2m arcsin (x)n a2λ+ 2xm arcsin (x)n abλ+ b2λ arcsin (x)n + amxm−1)
Substituting the above terms back in equation (2) gives

arcsin (x)n λu′′(x)−
(

arcsin (x)n nλ√
−x2 + 1 arcsin (x)

+ (−2aλ xm arcsin (x)n − 2 arcsin (x)n λb) arcsin (x)n λ
)
u′(x) + arcsin (x)2n λ2(x2m arcsin (x)n a2λ+ 2xm arcsin (x)n abλ+ b2λ arcsin (x)n + amxm−1)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=DESol

−n_Y′
(x)√

−x2+1 + arcsin (x)
(
λ2_Y(x) (a2x2m + 2ab xm + b2) arcsin (x)2n + _Y′′(x) + arcsin (x)n amxm−1λ_Y(x) + 2λ(a xm + b) arcsin (x)n _Y′(x)

)
arcsin (x)

 , {_Y(x)}


The above shows that

u′(x)

= ∂

∂x
DESol

−n_Y′
(x)√

−x2+1 + λ2_Y(x) (a2x2m + 2ab xm + b2) arcsin (x)1+2n + (a xm−1m_Y(x) + 2_Y′(x) (a xm + b))λ arcsin (x)n+1 + arcsin (x)_Y′′(x)
arcsin (x)

 , {_Y(x)}


Using the above in (1) gives the solution

y =

−

 ∂
∂x

DESol

−n_Y′
(x)√

−x2+1
+λ2_Y(x)

(
a2x2m+2ab xm+b2

)
arcsin(x)1+2n+

(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arcsin(x)n+1+arcsin(x)_Y′′

(x)

arcsin(x)

 , {_Y(x)}

 arcsin (x)−n

λDESol

−n_Y′
(x)√

−x2+1
+arcsin(x)

(
λ2_Y(x)(a2x2m+2ab xm+b2) arcsin(x)2n+_Y′′

(x)+arcsin(x)namxm−1λ_Y(x)+2λ(a xm+b) arcsin(x)n_Y′
(x)
)

arcsin(x)

 , {_Y (x)}


Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
∂
∂x

DESol
({(

λ2_Y(x)
(
a2x2m+2ab xm+b2

)
arcsin(x)1+2n+

(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arcsin(x)n+1+arcsin(x)_Y′′

(x)
)√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y(x)}

))
arcsin (x)−n

λDESol
({(

λ2_Y(x)(a2x2m+2ab xm+b2) arcsin(x)1+2n+
(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arcsin(x)n+1+arcsin(x)_Y′′

(x)
)√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({(

λ2_Y(x)
(
a2x2m+2ab xm+b2

)
arcsin(x)1+2n+

(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arcsin(x)n+1+arcsin(x)_Y′′

(x)
)√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y(x)}

))
arcsin (x)−n

λDESol
({(

λ2_Y(x)(a2x2m+2ab xm+b2) arcsin(x)1+2n+
(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arcsin(x)n+1+arcsin(x)_Y′′

(x)
)√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({(

λ2_Y(x)
(
a2x2m+2ab xm+b2

)
arcsin(x)1+2n+

(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arcsin(x)n+1+arcsin(x)_Y′′

(x)
)√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y(x)}

))
arcsin (x)−n

λDESol
({(

λ2_Y(x)(a2x2m+2ab xm+b2) arcsin(x)1+2n+
(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arcsin(x)n+1+arcsin(x)_Y′′

(x)
)√

−x2+1−n_Y′
(x)

√
−x2+1 arcsin(x)

}
, {_Y (x)}

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (d) successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 24� �
dsolve(diff(y(x),x)=lambda*arcsin(x)^n*(y(x)-a*x^m-b)^2+a*m*x^(m-1),y(x), singsol=all)� �

y(x) = a xm + b+ 1
c1 − λ

(∫
arcsin (x)n dx

)
3 Solution by Mathematica
Time used: 4.054 (sec). Leaf size: 87� �
DSolve[y'[x]==\[Lambda]*ArcSin[x]^n*(y[x]-a*x^m-b)^2+a*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �
y(x) → axm

+ 1
1
2iλ arcsin(x)n (arcsin(x)2)

−n ((i arcsin(x))nΓ(n+ 1,−i arcsin(x))− (−i arcsin(x))nΓ(n+ 1, i arcsin(x))) + c1
+ b

y(x) → axm + b
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14.8 problem 8
14.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1214

Internal problem ID [10565]
Internal file name [OUTPUT/9512_Monday_June_06_2022_03_01_23_PM_37025169/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 8.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− λ arcsin (x)n y2 − ky = λ b2x2k arcsin (x)n

14.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= λ arcsin (x)n y2 + ky + λ b2x2k arcsin (x)n

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = λ b2x2k arcsin (x)n

x
+ λ arcsin (x)n y2

x
+ ky

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = λ b2x2k arcsin(x)n
x

, f1(x) = k
x
and f2(x) = λ arcsin(x)n

x
. Let

y = −u′

f2u

= −u′

λ arcsin(x)nu
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −λ arcsin (x)n

x2 + λ arcsin (x)n n
x
√
−x2 + 1 arcsin (x)

f1f2 =
kλ arcsin (x)n

x2

f 2
2 f0 =

λ3 arcsin (x)3n b2x2k

x3

Substituting the above terms back in equation (2) gives

λ arcsin (x)n u′′(x)
x

−
(
−λ arcsin (x)n

x2 + λ arcsin (x)n n
x
√
−x2 + 1 arcsin (x)

+ kλ arcsin (x)n

x2

)
u′(x) + λ3 arcsin (x)3n b2x2ku(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1eibλ
(∫

xk−1 arcsin(x)ndx
)
+ c2e−ibλ

(∫
xk−1 arcsin(x)ndx

)

The above shows that

u′(x) = ib xk−1λ arcsin (x)n e−ibλ
(∫

xk−1 arcsin(x)ndx
)(
c1e2ibλ

(∫
xk−1 arcsin(x)ndx

)
− c2

)
Using the above in (1) gives the solution

y = −
ib xk−1e−ibλ

(∫
xk−1 arcsin(x)ndx

)(
c1e2ibλ

(∫
xk−1 arcsin(x)ndx

)
− c2

)
x

c1eibλ
(∫

xk−1 arcsin(x)ndx
)
+ c2e−ibλ

(∫
xk−1 arcsin(x)ndx

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
ib xk

(
c3e2ibλ

(∫
xk−1 arcsin(x)ndx

)
− 1
)

c3e2ibλ
(∫

xk−1 arcsin(x)ndx
)
+ 1
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Summary
The solution(s) found are the following

(1)y = −
ib xk

(
c3e2ibλ

(∫
xk−1 arcsin(x)ndx

)
− 1
)

c3e2ibλ
(∫

xk−1 arcsin(x)ndx
)
+ 1

Verification of solutions

y = −
ib xk

(
c3e2ibλ

(∫
xk−1 arcsin(x)ndx

)
− 1
)

c3e2ibλ
(∫

xk−1 arcsin(x)ndx
)
+ 1

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 29� �
dsolve(x*diff(y(x),x)=lambda*arcsin(x)^n*y(x)^2+k*y(x)+lambda*b^2*x^(2*k)*arcsin(x)^n,y(x), singsol=all)� �

y(x) = − tan
(
−λb

(∫
x−1+k arcsin (x)n dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 1.716 (sec). Leaf size: 48� �
DSolve[x*y'[x]==\[Lambda]*ArcSin[x]^n*y[x]^2+k*y[x]+\[Lambda]*b^2*x^(2*k)*ArcSin[x]^n,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(√
b2
∫ x

1
λ arcsin(K[1])nK[1]k−1dK[1] + c1

)
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14.9 problem 9
14.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1217

Internal problem ID [10566]
Internal file name [OUTPUT/9513_Monday_June_06_2022_03_01_26_PM_22323186/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 9.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x−
(
a x2my2 + yxnb+ c

)
arcsin (x)m + yn = 0

14.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= arcsin (x)m x2ma y2 + arcsin (x)m xnby + arcsin (x)m c− ny

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = arcsin (x)m x2ma y2

x
+ arcsin (x)m xnby

x
+ arcsin (x)m c

x
− ny

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = arcsin(x)mc
x

, f1(x) = arcsin(x)mxnb−n
x

and f2(x) = arcsin(x)mx2ma
x

. Let

y = −u′

f2u

= −u′

arcsin(x)mx2mau
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

arcsin (x)m mx2ma√
−x2 + 1 arcsin (x)x

+ 2arcsin (x)m x2mma

x2 − arcsin (x)m x2ma

x2

f1f2 =
(arcsin (x)m xnb− n) arcsin (x)m x2ma

x2

f 2
2 f0 =

arcsin (x)3m x4ma2c

x3

Substituting the above terms back in equation (2) gives

arcsin (x)m x2mau′′(x)
x

−
(

arcsin (x)m mx2ma√
−x2 + 1 arcsin (x)x

+ 2arcsin (x)m x2mma

x2 − arcsin (x)m x2ma

x2 + (arcsin (x)m xnb− n) arcsin (x)m x2ma

x2

)
u′(x) + arcsin (x)3m x4ma2cu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =DESol
({

_Y′′(x)− 2m_Y′(x)
x

+ n_Y′(x)
x

−b xn−1 arcsin (x)m _Y′(x)+_Y′(x)
x

− m_Y′(x)
arcsin (x)

√
−x2 + 1

+ ac x2m−2_Y(x) arcsin (x)2m
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− 2m_Y′(x)

x
+ n_Y′(x)

x
− b xn−1 arcsin (x)m _Y′(x)

+ _Y′(x)
x

− m_Y′(x)
arcsin (x)

√
−x2 + 1

+ ac x2m−2_Y(x) arcsin (x)2m
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x)− 2m_Y′
(x)

x
+ n_Y′

(x)
x

− b xn−1 arcsin (x)m _Y′(x) + _Y′
(x)

x
− m_Y′

(x)
arcsin(x)

√
−x2+1 + ac x2m−2_Y(x) arcsin (x)2m

}
, {_Y(x)}

))
arcsin (x)−m x−2mx

aDESol
({

_Y′′ (x)− 2m_Y′
(x)

x
+ n_Y′

(x)
x

− b xn−1 arcsin (x)m _Y′ (x) + _Y′
(x)

x
− m_Y′

(x)
arcsin(x)

√
−x2+1 + ac x2m−2_Y (x) arcsin (x)2m

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

x−2m+1 arcsin (x)−m

 ∂
∂x

DESol



(
arcsin(x)1+2mx2m−1_Y(x)ac−xn arcsin(x)m+1_Y′

(x)b−2
(
−_Y

′′
(x)x

2 +_Y′
(x)
(
m−n

2−
1
2
))

arcsin(x)
)
√
−x2+1−m_Y′

(x)x
√
−x2+1 arcsin(x)x

 , {_Y(x)}




aDESol



(
a x2mc arcsin(x)1+2m_Y(x)−b xn+1 arcsin(x)m+1_Y′

(x)−2
(
−_Y

′′
(x)x

2 +_Y′
(x)
(
m−n

2−
1
2
))

arcsin(x)x
)
√
−x2+1−m_Y′

(x)x2

√
−x2+1x2 arcsin(x)

 , {_Y (x)}


Summary
The solution(s) found are the following

(1)y =

−

x−2m+1 arcsin (x)−m

 ∂
∂x

DESol



(
arcsin(x)1+2mx2m−1_Y(x)ac−xn arcsin(x)m+1_Y′

(x)b−2
(
−_Y

′′
(x)x

2 +_Y′
(x)
(
m−n

2−
1
2
))

arcsin(x)
)
√
−x2+1−m_Y′

(x)x
√
−x2+1 arcsin(x)x

 , {_Y(x)}




aDESol



(
a x2mc arcsin(x)1+2m_Y(x)−b xn+1 arcsin(x)m+1_Y′

(x)−2
(
−_Y

′′
(x)x

2 +_Y′
(x)
(
m−n

2−
1
2
))

arcsin(x)x
)
√
−x2+1−m_Y′

(x)x2

√
−x2+1x2 arcsin(x)

 , {_Y (x)}


Verification of solutions
y =

−

x−2m+1 arcsin (x)−m

 ∂
∂x

DESol



(
arcsin(x)1+2mx2m−1_Y(x)ac−xn arcsin(x)m+1_Y′

(x)b−2
(
−_Y

′′
(x)x

2 +_Y′
(x)
(
m−n

2−
1
2
))

arcsin(x)
)
√
−x2+1−m_Y′

(x)x
√
−x2+1 arcsin(x)x

 , {_Y(x)}




aDESol



(
a x2mc arcsin(x)1+2m_Y(x)−b xn+1 arcsin(x)m+1_Y′

(x)−2
(
−_Y

′′
(x)x

2 +_Y′
(x)
(
m−n

2−
1
2
))

arcsin(x)x
)
√
−x2+1−m_Y′

(x)x2

√
−x2+1x2 arcsin(x)

 , {_Y (x)}


Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (b*x^(n-1)*arcsin(x)^m*x*(-x^2+1)^(1/2)*arcsin(x)+2*(-x^2+1)^(1/2)*arc

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(x^(-1+2*m)*arcsin(x)^m*a*y(x)^2+y(x)+(b*x^(n-1)*arcsin(x)^m-n/x)*y(x)*x+x*arcsin

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(x*diff(y(x),x)=(a*x^(2*m)*y(x)^2+b*x^n*y(x)+c)*arcsin(x)^m-n*y(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y'[x]==(a*x^(2*m)*y[x]^2+b*x^n*y[x]+c)*ArcSin[x]^m-n*y[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1221



15 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.7-2. Equations containing
arccosine.

15.1 problem 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1223
15.2 problem 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1227
15.3 problem 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1231
15.4 problem 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1236
15.5 problem 14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1241
15.6 problem 15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1246
15.7 problem 16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1251
15.8 problem 17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1255
15.9 problem 18 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1258

1222



15.1 problem 10
15.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1223

Internal problem ID [10567]
Internal file name [OUTPUT/9514_Monday_June_06_2022_03_01_38_PM_72944279/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 10.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − λ arccos (x)n y = −a2 + aλ arccos (x)n

15.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + λ arccos (x)n y − a2 + aλ arccos (x)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + λ arccos (x)n y − a2 + aλ arccos (x)n

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 + aλ arccos (x)n, f1(x) = arccos (x)n λ and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = arccos (x)n λ
f 2
2 f0 = −a2 + aλ arccos (x)n

Substituting the above terms back in equation (2) gives

u′′(x)− arccos (x)n λu′(x) +
(
−a2 + aλ arccos (x)n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

Expression too large to display

The above shows that
Expression too large to display

Using the above in (1) gives the solution

Expression too large to display

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

Expression too large to display

Summary
The solution(s) found are the following

(1)Expression too large to display
Verification of solutions

Expression too large to display

Warning, solution could not be verified
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = arccos(x)^n*lambda*(diff(y(x), x))+(a^2-a*lambda*arccos(x)^n)*y(x), y(

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(y(x)^2+y(x)+arccos(x)^n*lambda*y(x)*x+x^2*(-a^2+a*lambda*arccos(x)^n))/x, y(x),

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 386� �
dsolve(diff(y(x),x)=y(x)^2+lambda*arccos(x)^n*y(x)-a^2+a*lambda*arccos(x)^n,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 8.046 (sec). Leaf size: 404� �
DSolve[y'[x]==y[x]^2+\[Lambda]*ArcCos[x]^n*y[x]-a^2+a*\[Lambda]*ArcCos[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1

i exp
(1
2λ arccos(K[1])nΓ(n+ 1,−i arccos(K[1]))(−i arccos(K[1]))−n + 1

2λ(i arccos(K[1]))−n arccos(K[1])nΓ(n+ 1, i arccos(K[1]))− 2aK[1]
)
(λ arccos(K[1])n − a+ y(x))

nλ(a+ y(x)) dK[1]

+
∫ y(x)

1

(
−
∫ x

1

(
i exp

(1
2λ arccos(K[1])nΓ(n+ 1,−i arccos(K[1]))(−i arccos(K[1]))−n + 1

2λ(i arccos(K[1]))−n arccos(K[1])nΓ(n+ 1, i arccos(K[1]))− 2aK[1]
)

nλ(a+K[2]) −
i exp

(1
2λ arccos(K[1])nΓ(n+ 1,−i arccos(K[1]))(−i arccos(K[1]))−n + 1

2λ(i arccos(K[1]))−n arccos(K[1])nΓ(n+ 1, i arccos(K[1]))− 2aK[1]
)
(λ arccos(K[1])n − a+K[2])

nλ(a+K[2])2

)
dK[1]

−
i exp

(1
2λ arccos(x)

nΓ(n+ 1,−i arccos(x))(−i arccos(x))−n − 2ax+ 1
2λ(i arccos(x))

−n arccos(x)nΓ(n+ 1, i arccos(x))
)

nλ(a+K[2])2

)
dK[2] = c1, y(x)

]
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15.2 problem 11
15.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1227

Internal problem ID [10568]
Internal file name [OUTPUT/9515_Monday_June_06_2022_03_02_52_PM_27537007/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 11.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − λx arccos (x)n y = arccos (x)n λ

15.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + arccos (x)n λxy + arccos (x)n λ

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + arccos (x)n λxy + arccos (x)n λ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = arccos (x)n λ, f1(x) = arccos (x)n λx and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = arccos (x)n λx
f 2
2 f0 = arccos (x)n λ

Substituting the above terms back in equation (2) gives

u′′(x)− arccos (x)n λxu′(x) + arccos (x)n λu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x

((∫
e
∫ arccos(x)nλx2−2

x
dxdx

)
c1 + c2

)

The above shows that

u′(x) =
(∫

e
∫ arccos(x)nλx2−2

x
dxdx

)
c1 + c2 + x e

∫ arccos(x)nλx2−2
x

dxc1

Using the above in (1) gives the solution

y = −

(∫
e
∫ arccos(x)nλx2−2

x
dxdx

)
c1 + c2 + x e

∫ arccos(x)nλx2−2
x

dxc1

x
((∫

e
∫ arccos(x)nλx2−2

x
dxdx

)
c1 + c2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−
(∫

e
∫ arccos(x)nλx2−2

x
dxdx

)
c3 − 1− x e

∫ arccos(x)nλx2−2
x

dxc3

x
((∫

e
∫ arccos(x)nλx2−2

x
dxdx

)
c3 + 1

)
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Summary
The solution(s) found are the following

(1)y =
−
(∫

e
∫ arccos(x)nλx2−2

x
dxdx

)
c3 − 1− x e

∫ arccos(x)nλx2−2
x

dxc3

x
((∫

e
∫ arccos(x)nλx2−2

x
dxdx

)
c3 + 1

)
Verification of solutions

y =
−
(∫

e
∫ arccos(x)nλx2−2

x
dxdx

)
c3 − 1− x e

∫ arccos(x)nλx2−2
x

dxc3

x
((∫

e
∫ arccos(x)nλx2−2

x
dxdx

)
c3 + 1

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 78� �
dsolve(diff(y(x),x)=y(x)^2+lambda*x*arccos(x)^n*y(x)+lambda*arccos(x)^n,y(x), singsol=all)� �

y(x) = e
∫ arccos(x)nλx2−2

x
dxx+

∫
e
∫ arccos(x)nλx2−2

x
dxdx− c1(

c1 −
(∫

e
∫ arccos(x)nλx2−2

x
dxdx

))
x
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3 Solution by Mathematica
Time used: 5.617 (sec). Leaf size: 253� �
DSolve[y'[x]==y[x]^2+\[Lambda]*x*ArcCos[x]^n*y[x]+\[Lambda]*ArcCos[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
x
∫ x

1
exp
(
2−n−3λ arccos(K[1])n

(
arccos(K[1])2

)−n(Γ(n+1,2i arccos(K[1]))(−i arccos(K[1]))n+(i arccos(K[1]))nΓ(n+1,−2i arccos(K[1])))
)

K[1]2 dK[1] + exp
(
λ2−n−3 arccos(x)n (arccos(x)2)−n ((−i arccos(x))nΓ(n+ 1, 2i arccos(x)) + (i arccos(x))nΓ(n+ 1,−2i arccos(x)))

)
+ c1x

x2
(∫ x

1
exp
(
2−n−3λ arccos(K[1])n(arccos(K[1])2)−n(Γ(n+1,2i arccos(K[1]))(−i arccos(K[1]))n+(i arccos(K[1]))nΓ(n+1,−2i arccos(K[1])))

)
K[1]2 dK[1] + c1

)
y(x) → −1

x
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15.3 problem 12
15.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1231

Internal problem ID [10569]
Internal file name [OUTPUT/9516_Monday_June_06_2022_03_02_55_PM_9309576/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 12.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + (k + 1)xky2 − λ arccos (x)n
(
xk+1y − 1

)
= 0

15.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= xk+1 arccos (x)n λy − xky2k − xky2 − arccos (x)n λ

This is a Riccati ODE. Comparing the ODE to solve

y′ = xkx arccos (x)n λy − xky2k − xky2 − arccos (x)n λ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = − arccos (x)n λ, f1(x) = xk+1 arccos (x)n λ and f2(x) = −xkk − xk.
Let

y = −u′

f2u

= −u′

(−xkk − xk)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −k2xk

x
− k xk

x
f1f2 = xk+1 arccos (x)n λ

(
−xkk − xk

)
f 2
2 f0 = −

(
−xkk − xk

)2 arccos (x)n λ
Substituting the above terms back in equation (2) gives

(
−xkk − xk

)
u′′(x)−

(
−k2xk

x
− k xk

x
+ xk+1 arccos (x)n λ

(
−xkk − xk

))
u′(x)−

(
−xkk − xk

)2 arccos (x)n λu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = xk+1
((∫

x−2k−2e
∫ (

xk+1 arccos(x)nλ+ k
x

)
dx
dx

)
c2 + c1

)
The above shows that

u′(x)= c2x
−k−1e

∫ xk+2λ arccos(x)n+k
x

dx+(k+1)
((∫

e
∫ xk+2λ arccos(x)n+k

x
dxx−2k−2dx

)
c2+c1

)
xk

Using the above in (1) gives the solution

y =

−

(
c2x

−k−1e
∫ xk+2λ arccos(x)n+k

x
dx + (k + 1)

((∫
e
∫ xk+2λ arccos(x)n+k

x
dxx−2k−2dx

)
c2 + c1

)
xk

)
x−k−1

(−xkk − xk)
((∫

x−2k−2e
∫ (

xk+1 arccos(x)nλ+ k
x

)
dx
dx

)
c2 + c1

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y=
(k + 1)

(∫
x−2k−2e

∫ (
xk+1 arccos(x)nλ+ k

x

)
dx
dx+ c3

)
x−k−1 + x−3k−2e

∫ (
xk+1 arccos(x)nλ+ k

x

)
dx

(k + 1)
(∫

e
∫ xk+2λ arccos(x)n+k

x
dxx−2k−2dx+ c3

)
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Summary
The solution(s) found are the following

(1)y

=
(k + 1)

(∫
x−2k−2e

∫ (
xk+1 arccos(x)nλ+ k

x

)
dx
dx+ c3

)
x−k−1 + x−3k−2e

∫ (
xk+1 arccos(x)nλ+ k

x

)
dx

(k + 1)
(∫

e
∫ xk+2λ arccos(x)n+k

x
dxx−2k−2dx+ c3

)
Verification of solutions

y=
(k + 1)

(∫
x−2k−2e

∫ (
xk+1 arccos(x)nλ+ k

x

)
dx
dx+ c3

)
x−k−1 + x−3k−2e

∫ (
xk+1 arccos(x)nλ+ k

x

)
dx

(k + 1)
(∫

e
∫ xk+2λ arccos(x)n+k

x
dxx−2k−2dx+ c3

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (arccos(x)^n*x^(1+k)*lambda*x+k)*(diff(y(x), x))/x-x^k*(1+k)*arccos(x)

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((-x^k*k-x^k)*y(x)^2+y(x)+arccos(x)^n*x^(1+k)*lambda*y(x)*x-arccos(x)^n*lambda*x^

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2� �

1234



3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 180� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+lambda*arccos(x)^n*(x^(k+1)*y(x)-1),y(x), singsol=all)� �
y(x)

=
x−1−k

(
x1+ke

∫ arccos(x)nx1+kλx−2k−2
x

dx +
(∫

xkeλ
(∫

arccos(x)nx1+kdx
)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k +

∫
xkeλ

(∫
arccos(x)nx1+kdx

)
−2
(∫ 1

x
dx
)
(1+k)dx+ c1

)
(∫

xkeλ
(∫

arccos(x)nx1+kdx
)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k +

∫
xkeλ

(∫
arccos(x)nx1+kdx

)
−2
(∫ 1

x
dx
)
(1+k)dx+ c1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+\[Lambda]*ArcCos[x]^n*(x^(k+1)*y[x]-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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15.4 problem 13
15.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1236

Internal problem ID [10570]
Internal file name [OUTPUT/9517_Monday_June_06_2022_03_03_02_PM_51106550/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 13.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ arccos (x)n y2 − ay = ab− b2λ arccos (x)n

15.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= arccos (x)n λ y2 + ya+ ab− b2λ arccos (x)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = arccos (x)n λ y2 + ya+ ab− b2λ arccos (x)n

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = ab− b2λ arccos (x)n, f1(x) = a and f2(x) = arccos (x)n λ. Let

y = −u′

f2u

= −u′

arccos (x)n λu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − arccos (x)n nλ√

−x2 + 1 arccos (x)
f1f2 = aλ arccos (x)n

f 2
2 f0 = arccos (x)2n λ2(ab− b2λ arccos (x)n

)
Substituting the above terms back in equation (2) gives

arccos (x)n λu′′(x)−
(
− arccos (x)n nλ√

−x2 + 1 arccos (x)
+ aλ arccos (x)n

)
u′(x) + arccos (x)2n λ2(ab− b2λ arccos (x)n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x) + n_Y′(x)
arccos (x)

√
−x2 + 1

− a_Y′(x)− arccos (x)2n b2λ2_Y(x)

+ arccos (x)n abλ_Y(x)
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x) + n_Y′(x)

arccos (x)
√
−x2 + 1

− a_Y′(x)

− arccos (x)2n b2λ2_Y(x) + arccos (x)n abλ_Y(x)
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x) + n_Y′
(x)

arccos(x)
√
−x2+1 − a_Y′(x)− arccos (x)2n b2λ2_Y(x) + arccos (x)n abλ_Y(x)

}
, {_Y(x)}

))
arccos (x)−n

λDESol
({

_Y′′ (x) + n_Y′
(x)

arccos(x)
√
−x2+1 − a_Y′ (x)− arccos (x)2n b2λ2_Y (x) + arccos (x)n abλ_Y (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
∂
∂x

DESol
({(

− arccos(x)1+2n_Y(x)b2λ2+arccos(x)n+1_Y(x)abλ−arccos(x)
(
a_Y′

(x)−_Y′′
(x)
))√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y(x)}

))
arccos (x)−n

λDESol
({(

− arccos(x)1+2n_Y(x)b2λ2+arccos(x)n+1_Y(x)abλ−arccos(x)
(
a_Y′

(x)−_Y′′
(x)
))√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({(

− arccos(x)1+2n_Y(x)b2λ2+arccos(x)n+1_Y(x)abλ−arccos(x)
(
a_Y′

(x)−_Y′′
(x)
))√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y(x)}

))
arccos (x)−n

λDESol
({(

− arccos(x)1+2n_Y(x)b2λ2+arccos(x)n+1_Y(x)abλ−arccos(x)
(
a_Y′

(x)−_Y′′
(x)
))√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({(

− arccos(x)1+2n_Y(x)b2λ2+arccos(x)n+1_Y(x)abλ−arccos(x)
(
a_Y′

(x)−_Y′′
(x)
))√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y(x)}

))
arccos (x)−n

λDESol
({(

− arccos(x)1+2n_Y(x)b2λ2+arccos(x)n+1_Y(x)abλ−arccos(x)
(
a_Y′

(x)−_Y′′
(x)
))√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a*(-x^2+1)^(1/2)*arccos(x)-n)*(diff(y(x), x))/((-x^2+1)^(1/2)*arccos(

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(arccos(x)^n*lambda*y(x)^2+y(x)+y(x)*a*x+x^2*(a*b-b^2*lambda*arccos(x)^n))/x, y(x

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 382� �
dsolve(diff(y(x),x)=lambda*arccos(x)^n*y(x)^2+a*y(x)+a*b-b^2*lambda*arccos(x)^n,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 9.288 (sec). Leaf size: 420� �
DSolve[y'[x]==\[Lambda]*ArcCos[x]^n*y[x]^2+a*y[x]+a*b-b^2*\[Lambda]*ArcCos[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1

−i exp (−bλ arccos(K[1])nΓ(n+ 1,−i arccos(K[1]))(−i arccos(K[1]))−n − bλ(i arccos(K[1]))−n arccos(K[1])nΓ(n+ 1, i arccos(K[1])) + aK[1]) (−bλ arccos(K[1])n + λy(x) arccos(K[1])n + a)
anλ(b+ y(x)) dK[1]

+
∫ y(x)

1

(
i exp (−bλ arccos(x)nΓ(n+ 1,−i arccos(x))(−i arccos(x))−n + ax− bλ(i arccos(x))−n arccos(x)nΓ(n+ 1, i arccos(x)))

anλ(b+K[2])2

−
∫ x

1

(
i exp (−bλ arccos(K[1])nΓ(n+ 1,−i arccos(K[1]))(−i arccos(K[1]))−n − bλ(i arccos(K[1]))−n arccos(K[1])nΓ(n+ 1, i arccos(K[1])) + aK[1]) (−bλ arccos(K[1])n + λK[2] arccos(K[1])n + a)

anλ(b+K[2])2 − i exp (−bλ arccos(K[1])nΓ(n+ 1,−i arccos(K[1]))(−i arccos(K[1]))−n − bλ(i arccos(K[1]))−n arccos(K[1])nΓ(n+ 1, i arccos(K[1])) + aK[1]) arccos(K[1])n
an(b+K[2])

)
dK[1]

)
dK[2] = c1, y(x)

]
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15.5 problem 14
15.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1241

Internal problem ID [10571]
Internal file name [OUTPUT/9518_Monday_June_06_2022_03_03_13_PM_87171803/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 14.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ arccos (x)n y2 + bλ xm arccos (x)n y = bmxm−1

15.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= arccos (x)n λ y2 − bλ xm arccos (x)n y + bmxm−1

This is a Riccati ODE. Comparing the ODE to solve

y′ = arccos (x)n λ y2 − bλ xm arccos (x)n y + b xmm

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = bmxm−1, f1(x) = −bλ xm arccos (x)n and f2(x) = arccos (x)n λ.
Let

y = −u′

f2u

= −u′

arccos (x)n λu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − arccos (x)n nλ√

−x2 + 1 arccos (x)
f1f2 = −b λ2xm arccos (x)2n

f 2
2 f0 = arccos (x)2n λ2bmxm−1

Substituting the above terms back in equation (2) gives

arccos (x)n λu′′(x)−
(
−b λ2xm arccos (x)2n − arccos (x)n nλ√

−x2 + 1 arccos (x)

)
u′(x) + arccos (x)2n λ2bmxm−1u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x) + b xmλ arccos (x)n_Y′(x) + n_Y′(x)
arccos (x)

√
−x2 + 1

+ bmxm−1λ_Y(x) arccos (x)n
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x) + b xmλ arccos (x)n_Y′(x) + n_Y′(x)

arccos (x)
√
−x2 + 1

+ bmxm−1λ_Y(x) arccos (x)n
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x) + b xmλ arccos (x)n_Y′(x) + n_Y′
(x)

arccos(x)
√
−x2+1 + bmxm−1λ_Y(x) arccos (x)n

}
, {_Y(x)}

))
arccos (x)−n

λDESol
({

_Y′′ (x) + b xmλ arccos (x)n_Y′ (x) + n_Y′
(x)

arccos(x)
√
−x2+1 + bmxm−1λ_Y (x) arccos (x)n

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
∂
∂x

DESol
({(

bλ
(
m_Y(x)xm−1+_Y′

(x)xm
)
arccos(x)n+1+arccos(x)_Y′′

(x)
)√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y(x)}

))
arccos (x)−n

λDESol
({(

bλ
(
mxm_Y(x)+_Y′

(x)xm+1
)
arccos(x)n+1+arccos(x)_Y′′

(x)x
)√

−x2+1+_Y′
(x)xn

√
−x2+1x arccos(x)

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({(

bλ
(
m_Y(x)xm−1+_Y′

(x)xm
)
arccos(x)n+1+arccos(x)_Y′′

(x)
)√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y(x)}

))
arccos (x)−n

λDESol
({(

bλ
(
mxm_Y(x)+_Y′

(x)xm+1
)
arccos(x)n+1+arccos(x)_Y′′

(x)x
)√

−x2+1+_Y′
(x)xn

√
−x2+1x arccos(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({(

bλ
(
m_Y(x)xm−1+_Y′

(x)xm
)
arccos(x)n+1+arccos(x)_Y′′

(x)
)√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y(x)}

))
arccos (x)−n

λDESol
({(

bλ
(
mxm_Y(x)+_Y′

(x)xm+1
)
arccos(x)n+1+arccos(x)_Y′′

(x)x
)√

−x2+1+_Y′
(x)xn

√
−x2+1x arccos(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -((-x^2+1)^(1/2)*x^m*arccos(x)*arccos(x)^n*b*lambda+n)*(diff(y(x), x))

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(arccos(x)^n*lambda*y(x)^2+y(x)-b*lambda*x^m*arccos(x)^n*y(x)*x+x^2*b*m*x^(m-1))/

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*arccos(x)^n*y(x)^2-b*lambda*x^m*arccos(x)^n*y(x)+b*m*x^(m-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*ArcCos[x]^n*y[x]^2-b*\[Lambda]*x^m*ArcCos[x]^n*y[x]+b*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1245



15.6 problem 15
15.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1246

Internal problem ID [10572]
Internal file name [OUTPUT/9519_Monday_June_06_2022_03_03_20_PM_88076586/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 15.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ arccos (x)n y2 = βmxm−1 − λβ2x2m arccos (x)n

15.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= arccos (x)n λ y2 + βmxm−1 − λβ2x2m arccos (x)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = −λβ2x2m arccos (x)n + arccos (x)n λ y2 + βmxm

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = βmxm−1−λβ2x2m arccos (x)n, f1(x) = 0 and f2(x) = arccos (x)n λ.
Let

y = −u′

f2u

= −u′

arccos (x)n λu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − arccos (x)n nλ√

−x2 + 1 arccos (x)
f1f2 = 0
f 2
2 f0 = arccos (x)2n λ2(βmxm−1 − λβ2x2m arccos (x)n

)
Substituting the above terms back in equation (2) gives

arccos (x)n λu′′(x) + arccos (x)n nλu′(x)√
−x2 + 1 arccos (x)

+ arccos (x)2n λ2(βmxm−1 − λβ2x2m arccos (x)n
)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x) + n_Y′(x)
arccos (x)

√
−x2 + 1

− x2mβ2_Y(x)λ2 arccos (x)2n

+mβ xm−1λ_Y(x) arccos (x)n
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x) + n_Y′(x)

arccos (x)
√
−x2 + 1

− x2mβ2_Y(x)λ2 arccos (x)2n

+mβ xm−1λ_Y(x) arccos (x)n
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x) + n_Y′
(x)

arccos(x)
√
−x2+1 − x2mβ2_Y(x)λ2 arccos (x)2n +mβ xm−1λ_Y(x) arccos (x)n

}
, {_Y(x)}

))
arccos (x)−n

λDESol
({

_Y′′ (x) + n_Y′
(x)

arccos(x)
√
−x2+1 − x2mβ2_Y (x)λ2 arccos (x)2n +mβ xm−1λ_Y (x) arccos (x)n

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
∂
∂x

DESol
({(

−x2m arccos(x)1+2n_Y(x)β2λ2+xm−1 arccos(x)n+1_Y(x)βλm+arccos(x)_Y′′
(x)
)√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y(x)}

))
arccos (x)−n

λDESol
({(

− arccos(x)1+2nλ2β2x1+2m_Y(x)+arccos(x)n+1βλmxm_Y(x)+arccos(x)_Y′′
(x)x

)√
−x2+1+_Y′

(x)xn
√
−x2+1x arccos(x)

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({(

−x2m arccos(x)1+2n_Y(x)β2λ2+xm−1 arccos(x)n+1_Y(x)βλm+arccos(x)_Y′′
(x)
)√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y(x)}

))
arccos (x)−n

λDESol
({(

− arccos(x)1+2nλ2β2x1+2m_Y(x)+arccos(x)n+1βλmxm_Y(x)+arccos(x)_Y′′
(x)x

)√
−x2+1+_Y′

(x)xn
√
−x2+1x arccos(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({(

−x2m arccos(x)1+2n_Y(x)β2λ2+xm−1 arccos(x)n+1_Y(x)βλm+arccos(x)_Y′′
(x)
)√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y(x)}

))
arccos (x)−n

λDESol
({(

− arccos(x)1+2nλ2β2x1+2m_Y(x)+arccos(x)n+1βλmxm_Y(x)+arccos(x)_Y′′
(x)x

)√
−x2+1+_Y′

(x)xn
√
−x2+1x arccos(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -n*(diff(y(x), x))/((-x^2+1)^(1/2)*arccos(x))+arccos(x)^n*lambda*beta*

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying with_periodic_functions in the coefficients

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(arccos(x)^n*lambda*y(x)^2+y(x)+x^2*(beta*m*x^(m-1)-lambda*beta^2*x^(2*m)*arccos(

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*arccos(x)^n*y(x)^2+beta*m*x^(m-1)-lambda*beta^2*x^(2*m)*arccos(x)^n,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*ArcCos[x]^n*y[x]^2+\[Beta]*m*x^(m-1)-\[Lambda]*\[Beta]^2*x^(2*m)*ArcCos[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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15.7 problem 16
15.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1251

Internal problem ID [10573]
Internal file name [OUTPUT/9520_Monday_June_06_2022_03_03_27_PM_85306196/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 16.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[[_1st_order , `_with_symmetry_[F(x),G(x)]`], _Riccati]

y′ − λ arccos (x)n (y − a xm − b)2 = amxm−1

15.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= x2m arccos (x)n a2λ+ 2xm arccos (x)n abλ− 2xm arccos (x)n aλy + b2λ arccos (x)n − 2 arccos (x)n bλy + arccos (x)n λ y2 + amxm−1

This is a Riccati ODE. Comparing the ODE to solve

y′ = x2m arccos (x)n a2λ+2xm arccos (x)n abλ−2xm arccos (x)n aλy+b2λ arccos (x)n−2 arccos (x)n bλy+arccos (x)n λ y2+amxm

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = x2m arccos (x)n a2λ+2xm arccos (x)n abλ+b2λ arccos (x)n+amxm−1,
f1(x) = −2aλ xm arccos (x)n − 2 arccos (x)n λb and f2(x) = arccos (x)n λ. Let

y = −u′

f2u

= −u′

arccos (x)n λu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − arccos (x)n nλ√

−x2 + 1 arccos (x)
f1f2 = (−2aλ xm arccos (x)n − 2 arccos (x)n λb) arccos (x)n λ
f 2
2 f0 = arccos (x)2n λ2(x2m arccos (x)n a2λ+ 2xm arccos (x)n abλ+ b2λ arccos (x)n + amxm−1)
Substituting the above terms back in equation (2) gives

arccos (x)n λu′′(x)−
(
− arccos (x)n nλ√

−x2 + 1 arccos (x)
+ (−2aλ xm arccos (x)n − 2 arccos (x)n λb) arccos (x)n λ

)
u′(x) + arccos (x)2n λ2(x2m arccos (x)n a2λ+ 2xm arccos (x)n abλ+ b2λ arccos (x)n + amxm−1)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=DESol


n_Y′

(x)√
−x2+1 + arccos (x)

(
λ2_Y(x) (a2x2m + 2ab xm + b2) arccos (x)2n + _Y′′(x) + xm−1 arccos (x)n amλ_Y(x) + 2λ(a xm + b) arccos (x)n _Y′(x)

)
arccos (x)

 , {_Y(x)}


The above shows that

u′(x)

= ∂

∂x
DESol


n_Y′

(x)√
−x2+1 + λ2_Y(x) (a2x2m + 2ab xm + b2) arccos (x)1+2n + (a xm−1m_Y(x) + 2_Y′(x) (a xm + b))λ arccos (x)n+1 + arccos (x)_Y′′(x)

arccos (x)

 , {_Y(x)}


Using the above in (1) gives the solution

y =

−

 ∂
∂x

DESol

 n_Y′
(x)√

−x2+1
+λ2_Y(x)

(
a2x2m+2ab xm+b2

)
arccos(x)1+2n+

(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arccos(x)n+1+arccos(x)_Y′′

(x)

arccos(x)

 , {_Y(x)}

 arccos (x)−n

λDESol

 n_Y′
(x)√

−x2+1
+arccos(x)

(
λ2_Y(x)(a2x2m+2ab xm+b2) arccos(x)2n+_Y′′

(x)+xm−1 arccos(x)namλ_Y(x)+2λ(a xm+b) arccos(x)n_Y′
(x)
)

arccos(x)

 , {_Y (x)}


Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
∂
∂x

DESol
({(

λ2_Y(x)
(
a2x2m+2ab xm+b2

)
arccos(x)1+2n+

(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arccos(x)n+1+arccos(x)_Y′′

(x)
)√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y(x)}

))
arccos (x)−n

λDESol
({(

λ2_Y(x)(a2x2m+2ab xm+b2) arccos(x)1+2n+
(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arccos(x)n+1+arccos(x)_Y′′

(x)
)√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({(

λ2_Y(x)
(
a2x2m+2ab xm+b2

)
arccos(x)1+2n+

(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arccos(x)n+1+arccos(x)_Y′′

(x)
)√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y(x)}

))
arccos (x)−n

λDESol
({(

λ2_Y(x)(a2x2m+2ab xm+b2) arccos(x)1+2n+
(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arccos(x)n+1+arccos(x)_Y′′

(x)
)√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({(

λ2_Y(x)
(
a2x2m+2ab xm+b2

)
arccos(x)1+2n+

(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arccos(x)n+1+arccos(x)_Y′′

(x)
)√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y(x)}

))
arccos (x)−n

λDESol
({(

λ2_Y(x)(a2x2m+2ab xm+b2) arccos(x)1+2n+
(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arccos(x)n+1+arccos(x)_Y′′

(x)
)√

−x2+1+n_Y′
(x)

√
−x2+1 arccos(x)

}
, {_Y (x)}

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (d) successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 165� �
dsolve(diff(y(x),x)=lambda*arccos(x)^n*(y(x)-a*x^m-b)^2+a*m*x^(m-1),y(x), singsol=all)� �
y(x)

=
λ(a xm + b)

(
(n+ 2)LommelS1

(
n+ 1

2 ,
1
2 , arccos (x)

)
− LommelS1

(
n+ 3

2 ,
3
2 , arccos (x)

)
arccos (x) + arccos (x)n+

3
2

)√
−x2 + 1−

(
λ arccos (x) (a x1+m + bx) LommelS1

(
n+ 1

2 ,
1
2 , arccos (x)

)
−
√

arccos (x) (xmc1a+ c1b+ 1)
)
(n+ 2)

λ
(
(n+ 2)LommelS1

(
n+ 1

2 ,
1
2 , arccos (x)

)
− LommelS1

(
n+ 3

2 ,
3
2 , arccos (x)

)
arccos (x) + arccos (x)n+

3
2

)√
−x2 + 1 + (n+ 2)

(
−xλLommelS1

(
n+ 1

2 ,
1
2 , arccos (x)

)
arccos (x) + c1

√
arccos (x)

)
3 Solution by Mathematica
Time used: 4.776 (sec). Leaf size: 86� �
DSolve[y'[x]==\[Lambda]*ArcCos[x]^n*(y[x]-a*x^m-b)^2+a*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �
y(x) → axm

+ 1
−1

2λ arccos(x)n(−i arccos(x))−nΓ(n+ 1,−i arccos(x))− 1
2λ(i arccos(x))−n arccos(x)nΓ(n+ 1, i arccos(x)) + c1

+ b
y(x) → axm + b
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15.8 problem 17
15.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1255

Internal problem ID [10574]
Internal file name [OUTPUT/9521_Monday_June_06_2022_03_03_44_PM_79556931/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 17.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− λ arccos (x)n y2 − ky = λ b2x2k arccos (x)n

15.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= arccos (x)n λ y2 + ky + λ b2x2k arccos (x)n

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = λ b2x2k arccos (x)n

x
+ arccos (x)n λ y2

x
+ ky

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = λ b2x2k arccos(x)n
x

, f1(x) = k
x
and f2(x) = arccos(x)nλ

x
. Let

y = −u′

f2u

= −u′

arccos(x)nλu
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − arccos (x)n nλ√

−x2 + 1 arccos (x)x
− arccos (x)n λ

x2

f1f2 =
k arccos (x)n λ

x2

f 2
2 f0 =

arccos (x)3n λ3b2x2k

x3

Substituting the above terms back in equation (2) gives

arccos (x)n λu′′(x)
x

−
(
− arccos (x)n nλ√

−x2 + 1 arccos (x)x
− arccos (x)n λ

x2 + k arccos (x)n λ
x2

)
u′(x) + arccos (x)3n λ3b2x2ku(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1eibλ
(∫

xk−1 arccos(x)ndx
)
+ c2e−ibλ

(∫
xk−1 arccos(x)ndx

)

The above shows that

u′(x) = ib xk−1λ arccos (x)n e−ibλ
(∫

xk−1 arccos(x)ndx
)(
e2ibλ

(∫
xk−1 arccos(x)ndx

)
c1 − c2

)
Using the above in (1) gives the solution

y = −
ib xk−1e−ibλ

(∫
xk−1 arccos(x)ndx

)(
e2ibλ

(∫
xk−1 arccos(x)ndx

)
c1 − c2

)
x

c1eibλ
(∫

xk−1 arccos(x)ndx
)
+ c2e−ibλ

(∫
xk−1 arccos(x)ndx

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
ib xk

(
e2ibλ

(∫
xk−1 arccos(x)ndx

)
c3 − 1

)
e2ibλ

(∫
xk−1 arccos(x)ndx

)
c3 + 1
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Summary
The solution(s) found are the following

(1)y = −
ib xk

(
e2ibλ

(∫
xk−1 arccos(x)ndx

)
c3 − 1

)
e2ibλ

(∫
xk−1 arccos(x)ndx

)
c3 + 1

Verification of solutions

y = −
ib xk

(
e2ibλ

(∫
xk−1 arccos(x)ndx

)
c3 − 1

)
e2ibλ

(∫
xk−1 arccos(x)ndx

)
c3 + 1

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 29� �
dsolve(x*diff(y(x),x)=lambda*arccos(x)^n*y(x)^2+k*y(x)+lambda*b^2*x^(2*k)*arccos(x)^n,y(x), singsol=all)� �

y(x) = − tan
(
−λb

(∫
x−1+k arccos (x)n dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 2.128 (sec). Leaf size: 48� �
DSolve[x*y'[x]==\[Lambda]*ArcCos[x]^n*y[x]^2+k*y[x]+\[Lambda]*b^2*x^(2*k)*ArcCos[x]^n,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(√
b2
∫ x

1
λ arccos(K[1])nK[1]k−1dK[1] + c1

)
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15.9 problem 18
15.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1258

Internal problem ID [10575]
Internal file name [OUTPUT/9522_Monday_June_06_2022_03_03_46_PM_39589339/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 18.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x−
(
a x2my2 + yxnb+ c

)
arccos (x)m + yn = 0

15.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= arccos (x)m x2ma y2 + arccos (x)m xnby + arccos (x)m c− ny

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = arccos (x)m x2ma y2

x
+ arccos (x)m xnby

x
+ arccos (x)m c

x
− ny

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = arccos(x)mc
x

, f1(x) = arccos(x)mxnb−n
x

and f2(x) = arccos(x)mx2ma
x

. Let

y = −u′

f2u

= −u′

arccos(x)mx2mau
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − arccos (x)m mx2ma√

−x2 + 1 arccos (x)x
+ 2arccos (x)m x2mma

x2 − arccos (x)m x2ma

x2

f1f2 =
(arccos (x)m xnb− n) arccos (x)m x2ma

x2

f 2
2 f0 =

arccos (x)3m x4ma2c

x3

Substituting the above terms back in equation (2) gives

arccos (x)m x2mau′′(x)
x

−
(
− arccos (x)m mx2ma√

−x2 + 1 arccos (x)x
+ 2arccos (x)m x2mma

x2 − arccos (x)m x2ma

x2 + (arccos (x)m xnb− n) arccos (x)m x2ma

x2

)
u′(x) + arccos (x)3m x4ma2cu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x) + m_Y′(x)
arccos (x)

√
−x2 + 1

− b xn−1 arccos (x)m _Y′(x)

+ ac x2m−2_Y(x) arccos (x)2m + n_Y′(x)
x

− 2m_Y′(x)
x

+ _Y′(x)
x

}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x) + m_Y′(x)

arccos (x)
√
−x2 + 1

− b xn−1 arccos (x)m _Y′(x)

+ac x2m−2_Y(x) arccos (x)2m+ n_Y′(x)
x

− 2m_Y′(x)
x

+ _Y′(x)
x

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x) + m_Y′
(x)

arccos(x)
√
−x2+1 − b xn−1 arccos (x)m _Y′(x) + ac x2m−2_Y(x) arccos (x)2m + n_Y′

(x)
x

− 2m_Y′
(x)

x
+ _Y′

(x)
x

}
, {_Y(x)}

))
arccos (x)−m x−2mx

aDESol
({

_Y′′ (x) + m_Y′
(x)

arccos(x)
√
−x2+1 − b xn−1 arccos (x)m _Y′ (x) + ac x2m−2_Y (x) arccos (x)2m + n_Y′

(x)
x

− 2m_Y′
(x)

x
+ _Y′

(x)
x

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

x−2m+1 arccos (x)−m

 ∂
∂x

DESol



(
ac x2m−1_Y(x) arccos(x)1+2m−b xn arccos(x)m+1_Y′

(x)−2
(
−_Y

′′
(x)x

2 +_Y′
(x)
(
m−n

2−
1
2
))

arccos(x)
)
√
−x2+1+m_Y′

(x)x
√
−x2+1 arccos(x)x

 , {_Y(x)}




aDESol



(
x2m arccos(x)1+2m_Y(x)ac−arccos(x)m+1xn+1_Y′

(x)b−2
(
−_Y

′′
(x)x

2 +_Y′
(x)
(
m−n

2−
1
2
))

arccos(x)x
)
√
−x2+1+m_Y′

(x)x2

√
−x2+1 arccos(x)x2

 , {_Y (x)}


Summary
The solution(s) found are the following

(1)y =

−

x−2m+1 arccos (x)−m

 ∂
∂x

DESol



(
ac x2m−1_Y(x) arccos(x)1+2m−b xn arccos(x)m+1_Y′

(x)−2
(
−_Y

′′
(x)x

2 +_Y′
(x)
(
m−n

2−
1
2
))

arccos(x)
)
√
−x2+1+m_Y′

(x)x
√
−x2+1 arccos(x)x

 , {_Y(x)}




aDESol



(
x2m arccos(x)1+2m_Y(x)ac−arccos(x)m+1xn+1_Y′

(x)b−2
(
−_Y

′′
(x)x

2 +_Y′
(x)
(
m−n

2−
1
2
))

arccos(x)x
)
√
−x2+1+m_Y′

(x)x2

√
−x2+1 arccos(x)x2

 , {_Y (x)}


Verification of solutions
y =

−

x−2m+1 arccos (x)−m

 ∂
∂x

DESol



(
ac x2m−1_Y(x) arccos(x)1+2m−b xn arccos(x)m+1_Y′

(x)−2
(
−_Y

′′
(x)x

2 +_Y′
(x)
(
m−n

2−
1
2
))

arccos(x)
)
√
−x2+1+m_Y′

(x)x
√
−x2+1 arccos(x)x

 , {_Y(x)}




aDESol



(
x2m arccos(x)1+2m_Y(x)ac−arccos(x)m+1xn+1_Y′

(x)b−2
(
−_Y

′′
(x)x

2 +_Y′
(x)
(
m−n

2−
1
2
))

arccos(x)x
)
√
−x2+1+m_Y′

(x)x2

√
−x2+1 arccos(x)x2

 , {_Y (x)}


Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (x^(n-1)*(-x^2+1)^(1/2)*arccos(x)*arccos(x)^m*b*x+2*(-x^2+1)^(1/2)*arc

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(x^(-1+2*m)*a*arccos(x)^m*y(x)^2+y(x)+(x^(n-1)*arccos(x)^m*b-n/x)*y(x)*x+x*arccos

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(x*diff(y(x),x)=(a*x^(2*m)*y(x)^2+b*x^n*y(x)+c)*arccos(x)^m-n*y(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y'[x]==(a*x^(2*m)*y[x]^2+b*x^n*y[x]+c)*ArcCos[x]^m-n*y[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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16 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.7-3. Equations containing
arctangent.

16.1 problem 19 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1264
16.2 problem 20 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1269
16.3 problem 21 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1273
16.4 problem 22 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1278
16.5 problem 23 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1283
16.6 problem 24 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1288
16.7 problem 25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1293
16.8 problem 26 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1297
16.9 problem 27 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1300
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16.1 problem 19
16.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1264

Internal problem ID [10576]
Internal file name [OUTPUT/9523_Monday_June_06_2022_03_04_01_PM_31783764/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 19.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − λ arctan (x)n y = −a2 + aλ arctan (x)n

16.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + λ arctan (x)n y − a2 + aλ arctan (x)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + λ arctan (x)n y − a2 + aλ arctan (x)n

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 + aλ arctan (x)n, f1(x) = arctan (x)n λ and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = arctan (x)n λ
f 2
2 f0 = −a2 + aλ arctan (x)n

Substituting the above terms back in equation (2) gives

u′′(x)− arctan (x)n λu′(x) +
(
−a2 + aλ arctan (x)n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e
∫ a

(∫
e−
(∫ (

− arctan(x)nλ+2a
)
dx
)
dx

)
−c1a+e−

(∫ (
− arctan(x)nλ+2a

)
dx
)

−c1+
∫
e−(

∫
(− arctan(x)nλ+2a)dx)dx

dx
c2

The above shows that

u′(x)

=

(
a
(∫

e−
(∫

(− arctan(x)nλ+2a)dx
)
dx
)
− c1a+ e−

(∫
(− arctan(x)nλ+2a)dx

))
e
∫ a

(∫
e−
(∫ (

− arctan(x)nλ+2a
)
dx
)
dx

)
−c1a+e−

(∫ (
− arctan(x)nλ+2a

)
dx
)

−c1+
∫
e−(

∫
(− arctan(x)nλ+2a)dx)dx

dx
c2

−c1 +
∫
e−
(∫

(− arctan(x)nλ+2a)dx
)
dx

Using the above in (1) gives the solution

y = −
a
(∫

e−
(∫

(− arctan(x)nλ+2a)dx
)
dx
)
− c1a+ e−

(∫
(− arctan(x)nλ+2a)dx

)
−c1 +

∫
e−
(∫

(− arctan(x)nλ+2a)dx
)
dx

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−a
(∫

e−
(∫

(− arctan(x)nλ+2a)dx
)
dx
)
+ c3a− e−

(∫
(− arctan(x)nλ+2a)dx

)
−c3 +

∫
e−
(∫

(− arctan(x)nλ+2a)dx
)
dx
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Summary
The solution(s) found are the following

(1)y =
−a
(∫

e−
(∫

(− arctan(x)nλ+2a)dx
)
dx
)
+ c3a− e−

(∫
(− arctan(x)nλ+2a)dx

)
−c3 +

∫
e−
(∫

(− arctan(x)nλ+2a)dx
)
dx

Verification of solutions

y =
−a
(∫

e−
(∫

(− arctan(x)nλ+2a)dx
)
dx
)
+ c3a− e−

(∫
(− arctan(x)nλ+2a)dx

)
−c3 +

∫
e−
(∫

(− arctan(x)nλ+2a)dx
)
dx

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = arctan(x)^n*lambda*(diff(y(x), x))+(a^2-a*lambda*arctan(x)^n)*y(x), y(

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(y(x)^2+y(x)+arctan(x)^n*lambda*y(x)*x+x^2*(-a^2+a*lambda*arctan(x)^n))/x, y(x),

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 71� �
dsolve(diff(y(x),x)=y(x)^2+lambda*arctan(x)^n*y(x)-a^2+a*lambda*arctan(x)^n,y(x), singsol=all)� �

y(x) =
−c1a− a

(∫
e−
(∫

(− arctan(x)nλ+2a)dx
)
dx
)
− e−

(∫
(− arctan(x)nλ+2a)dx

)
c1 +

∫
e−
(∫

(− arctan(x)nλ+2a)dx
)
dx

3 Solution by Mathematica
Time used: 7.862 (sec). Leaf size: 210� �
DSolve[y'[x]==y[x]^2+\[Lambda]*ArcTan[x]^n*y[x]-a^2+a*\[Lambda]*ArcTan[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

exp
(
−
∫ K[2]
1 (2a− λ arctan(K[1])n) dK[1]

)
(−λ arctan(K[2])n + a− y(x))

nλ(a+ y(x)) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1 (2a− λ arctan(K[1])n) dK[1]
)

nλ(a+K[3])2

−
∫ x

1

−
exp

(
−
∫ K[2]
1 (2a− λ arctan(K[1])n) dK[1]

)
(−λ arctan(K[2])n + a−K[3])

nλ(a+K[3])2 −
exp

(
−
∫ K[2]
1 (2a− λ arctan(K[1])n) dK[1]

)
nλ(a+K[3])

 dK[2]

 dK[3] = c1, y(x)



1268



16.2 problem 20
16.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1269

Internal problem ID [10577]
Internal file name [OUTPUT/9524_Monday_June_06_2022_03_04_08_PM_65810070/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 20.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − λx arctan (x)n y = arctan (x)n λ

16.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + arctan (x)n λxy + arctan (x)n λ

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + arctan (x)n λxy + arctan (x)n λ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = arctan (x)n λ, f1(x) = arctan (x)n λx and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)

1269



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = arctan (x)n λx
f 2
2 f0 = arctan (x)n λ

Substituting the above terms back in equation (2) gives

u′′(x)− arctan (x)n λxu′(x) + arctan (x)n λu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x

c1 + c2

∫ e
∫ x

(
2+
(
x2+1

)
arctan(x)nλ

)
x2+1 dx

x2 (x2 + 1) dx




The above shows that

u′(x)

=

(x2 + 1)xc2

∫ e
∫ x

(
2+
(
x2+1

)
arctan(x)nλ

)
x2+1

dx

x2(x2+1) dx

+ c2e
∫ x

(
2+
(
x2+1

)
arctan(x)nλ

)
x2+1 dx + c1x(x2 + 1)

x (x2 + 1)

Using the above in (1) gives the solution

y=−

(x2 + 1)xc2

∫ e
∫ x

(
2+
(
x2+1

)
arctan(x)nλ

)
x2+1

dx

x2(x2+1) dx

+ c2e
∫ x

(
2+
(
x2+1

)
arctan(x)nλ

)
x2+1 dx + c1x(x2 + 1)

x2 (x2 + 1)

c1 + c2

∫ e
∫ x

(
2+
(
x2+1

)
arctan(x)nλ

)
x2+1

dx

x2(x2+1) dx


Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

(−x3 − x)

∫ e
∫ x

(
2+
(
x2+1

)
arctan(x)nλ

)
x2+1

dx

x2(x2+1) dx

− c3x
3 − c3x− e

∫ x
(
2+
(
x2+1

)
arctan(x)nλ

)
x2+1 dx

x2 (x2 + 1)

c3 +
∫ e

∫ x
(
2+
(
x2+1

)
arctan(x)nλ

)
x2+1

dx

x2(x2+1) dx


Summary
The solution(s) found are the following

y =

(−x3 − x)

∫ e
∫ x

(
2+
(
x2+1

)
arctan(x)nλ

)
x2+1

dx

x2(x2+1) dx

− c3x
3 − c3x− e

∫ x
(
2+
(
x2+1

)
arctan(x)nλ

)
x2+1 dx

x2 (x2 + 1)

c3 +
∫ e

∫ x
(
2+
(
x2+1

)
arctan(x)nλ

)
x2+1

dx

x2(x2+1) dx


(1)

Verification of solutions

y =

(−x3 − x)

∫ e
∫ x

(
2+
(
x2+1

)
arctan(x)nλ

)
x2+1

dx

x2(x2+1) dx

− c3x
3 − c3x− e

∫ x
(
2+
(
x2+1

)
arctan(x)nλ

)
x2+1 dx

x2 (x2 + 1)

c3 +
∫ e

∫ x
(
2+
(
x2+1

)
arctan(x)nλ

)
x2+1

dx

x2(x2+1) dx


Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 78� �
dsolve(diff(y(x),x)=y(x)^2+lambda*x*arctan(x)^n*y(x)+lambda*arctan(x)^n,y(x), singsol=all)� �

y(x) = e
∫ arctan(x)nλx2−2

x
dxx+

∫
e
∫ arctan(x)nλx2−2

x
dxdx− c1(

c1 −
(∫

e
∫ arctan(x)nλx2−2

x
dxdx

))
x

3 Solution by Mathematica
Time used: 7.063 (sec). Leaf size: 120� �
DSolve[y'[x]==y[x]^2+\[Lambda]*x*ArcTan[x]^n*y[x]+\[Lambda]*ArcTan[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
exp

(
−
∫ x

1 −λ arctan(K[1])nK[1]dK[1]
)
+ x

∫ x

1
exp
(
−
∫K[2]
1 −λ arctan(K[1])nK[1]dK[1]

)
K[2]2 dK[2] + c1x

x2
(∫ x

1
exp
(
−
∫K[2]
1 −λ arctan(K[1])nK[1]dK[1]

)
K[2]2 dK[2] + c1

)
y(x) → −1

x

1272



16.3 problem 21
16.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1273

Internal problem ID [10578]
Internal file name [OUTPUT/9525_Monday_June_06_2022_03_04_13_PM_78552728/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 21.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + (k + 1)xky2 − λ arctan (x)n
(
xk+1y − 1

)
= 0

16.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= xk+1 arctan (x)n λy − xky2k − xky2 − arctan (x)n λ

This is a Riccati ODE. Comparing the ODE to solve

y′ = xkx arctan (x)n λy − xky2k − xky2 − arctan (x)n λ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = − arctan (x)n λ, f1(x) = xk+1 arctan (x)n λ and f2(x) = −xkk − xk.
Let

y = −u′

f2u

= −u′

(−xkk − xk)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −k2xk

x
− k xk

x
f1f2 = xk+1 arctan (x)n λ

(
−xkk − xk

)
f 2
2 f0 = −

(
−xkk − xk

)2 arctan (x)n λ
Substituting the above terms back in equation (2) gives(
−xkk − xk

)
u′′(x)−

(
−k2xk

x
− k xk

x
+ xk+1 arctan (x)n λ

(
−xkk − xk

))
u′(x)−

(
−xkk − xk

)2 arctan (x)n λu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = xk+1
((∫

x−2k−2e
∫ (

xk+1 arctan(x)nλ+ k
x

)
dx
dx

)
c2 + c1

)
The above shows that

u′(x) = c2x
−k−1e

∫ xk+2λ arctan(x)n+k
x

dx

+ (k + 1)
((∫

e
∫ xk+2λ arctan(x)n+k

x
dxx−2k−2dx

)
c2 + c1

)
xk

Using the above in (1) gives the solution

y =

−

(
c2x

−k−1e
∫ xk+2λ arctan(x)n+k

x
dx + (k + 1)

((∫
e
∫ xk+2λ arctan(x)n+k

x
dxx−2k−2dx

)
c2 + c1

)
xk

)
x−k−1

(−xkk − xk)
((∫

x−2k−2e
∫ (

xk+1 arctan(x)nλ+ k
x

)
dx
dx

)
c2 + c1

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y=
(k + 1)

(∫
x−2k−2e

∫ (
xk+1 arctan(x)nλ+ k

x

)
dx
dx+ c3

)
x−k−1 + x−3k−2e

∫ (
xk+1 arctan(x)nλ+ k

x

)
dx

(k + 1)
(∫

e
∫ xk+2λ arctan(x)n+k

x
dxx−2k−2dx+ c3

)
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Summary
The solution(s) found are the following

(1)y

=
(k + 1)

(∫
x−2k−2e

∫ (
xk+1 arctan(x)nλ+ k

x

)
dx
dx+ c3

)
x−k−1 + x−3k−2e

∫ (
xk+1 arctan(x)nλ+ k

x

)
dx

(k + 1)
(∫

e
∫ xk+2λ arctan(x)n+k

x
dxx−2k−2dx+ c3

)
Verification of solutions

y=
(k + 1)

(∫
x−2k−2e

∫ (
xk+1 arctan(x)nλ+ k

x

)
dx
dx+ c3

)
x−k−1 + x−3k−2e

∫ (
xk+1 arctan(x)nλ+ k

x

)
dx

(k + 1)
(∫

e
∫ xk+2λ arctan(x)n+k

x
dxx−2k−2dx+ c3

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (x^(1+k)*arctan(x)^n*x*lambda+k)*(diff(y(x), x))/x-x^k*(1+k)*arctan(x)

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((-x^k*k-x^k)*y(x)^2+y(x)+arctan(x)^n*x^(1+k)*lambda*y(x)*x-arctan(x)^n*lambda*x^

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 180� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+lambda*arctan(x)^n*(x^(k+1)*y(x)-1),y(x), singsol=all)� �
y(x)

=
x−1−k

((∫
xkeλ

(∫
arctan(x)nx1+kdx

)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k + x1+ke

∫ x1+k arctan(x)nxλ−2k−2
x

dx +
∫
xkeλ

(∫
arctan(x)nx1+kdx

)
−2
(∫ 1

x
dx
)
(1+k)dx+ c1

)
(∫

xkeλ
(∫

arctan(x)nx1+kdx
)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k +

∫
xkeλ

(∫
arctan(x)nx1+kdx

)
−2
(∫ 1

x
dx
)
(1+k)dx+ c1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+\[Lambda]*ArcTan[x]^n*(x^(k+1)*y[x]-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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16.4 problem 22
16.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1278

Internal problem ID [10579]
Internal file name [OUTPUT/9526_Monday_June_06_2022_03_04_23_PM_74571615/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 22.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ arctan (x)n y2 − ay = ab− b2λ arctan (x)n

16.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= λ arctan (x)n y2 + ya+ ab− b2λ arctan (x)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = λ arctan (x)n y2 + ya+ ab− b2λ arctan (x)n

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = ab− b2λ arctan (x)n, f1(x) = a and f2(x) = arctan (x)n λ. Let

y = −u′

f2u

= −u′

arctan (x)n λu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

arctan (x)n nλ
(x2 + 1) arctan (x)

f1f2 = aλ arctan (x)n

f 2
2 f0 = arctan (x)2n λ2(ab− b2λ arctan (x)n

)
Substituting the above terms back in equation (2) gives

arctan (x)n λu′′(x)−
(

arctan (x)n nλ
(x2 + 1) arctan (x) + aλ arctan (x)n

)
u′(x) + arctan (x)2n λ2(ab− b2λ arctan (x)n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− n_Y′(x)
(x2 + 1) arctan (x) − a_Y′(x)− arctan (x)2n b2λ2_Y(x)

+ arctan (x)n abλ_Y(x)
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− n_Y′(x)

(x2 + 1) arctan (x) − a_Y′(x)

− arctan (x)2n b2λ2_Y(x) + arctan (x)n abλ_Y(x)
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x)− n_Y′
(x)

(x2+1) arctan(x) − a_Y′(x)− arctan (x)2n b2λ2_Y(x) + arctan (x)n abλ_Y(x)
}
, {_Y(x)}

))
arctan (x)−n

λDESol
({

_Y′′ (x)− n_Y′
(x)

(x2+1) arctan(x) − a_Y′ (x)− arctan (x)2n b2λ2_Y (x) + arctan (x)n abλ_Y (x)
}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
∂
∂x

DESol
({

−b2_Y(x)λ2 arctan(x)1+2n(x2+1
)
+abλ_Y(x) arctan(x)n+1(x2+1

)
+_Y′′

(x)
(
x2+1

)
arctan(x)−_Y′

(x)
(
a
(
x2+1

)
arctan(x)+n

)
(x2+1) arctan(x)

}
, {_Y(x)}

))
arctan (x)−n

λDESol
({

−b2_Y(x)λ2 arctan(x)1+2n(x2+1)+abλ_Y(x) arctan(x)n+1(x2+1)+_Y′′
(x)(x2+1) arctan(x)−_Y′

(x)(a(x2+1) arctan(x)+n)
(x2+1) arctan(x)

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

−b2_Y(x)λ2 arctan(x)1+2n(x2+1
)
+abλ_Y(x) arctan(x)n+1(x2+1

)
+_Y′′

(x)
(
x2+1

)
arctan(x)−_Y′

(x)
(
a
(
x2+1

)
arctan(x)+n

)
(x2+1) arctan(x)

}
, {_Y(x)}

))
arctan (x)−n

λDESol
({

−b2_Y(x)λ2 arctan(x)1+2n(x2+1)+abλ_Y(x) arctan(x)n+1(x2+1)+_Y′′
(x)(x2+1) arctan(x)−_Y′

(x)(a(x2+1) arctan(x)+n)
(x2+1) arctan(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({

−b2_Y(x)λ2 arctan(x)1+2n(x2+1
)
+abλ_Y(x) arctan(x)n+1(x2+1

)
+_Y′′

(x)
(
x2+1

)
arctan(x)−_Y′

(x)
(
a
(
x2+1

)
arctan(x)+n

)
(x2+1) arctan(x)

}
, {_Y(x)}

))
arctan (x)−n

λDESol
({

−b2_Y(x)λ2 arctan(x)1+2n(x2+1)+abλ_Y(x) arctan(x)n+1(x2+1)+_Y′′
(x)(x2+1) arctan(x)−_Y′

(x)(a(x2+1) arctan(x)+n)
(x2+1) arctan(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (arctan(x)*a*x^2+a*arctan(x)+n)*(diff(y(x), x))/((x^2+1)*arctan(x))+ar

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(arctan(x)^n*lambda*y(x)^2+y(x)+y(x)*a*x+x^2*(a*b-b^2*lambda*arctan(x)^n))/x, y(x

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 87� �
dsolve(diff(y(x),x)=lambda*arctan(x)^n*y(x)^2+a*y(x)+a*b-b^2*lambda*arctan(x)^n,y(x), singsol=all)� �

y(x) =
−bλ

(∫
arctan (x)n e−

(∫
(2 arctan(x)nλb−a)dx

)
dx
)
− c1b− e−

(∫
(2 arctan(x)nλb−a)dx

)
c1 + λ

(∫
arctan (x)n e−

(∫
(2 arctan(x)nλb−a)dx

)
dx
)

3 Solution by Mathematica
Time used: 10.998 (sec). Leaf size: 240� �
DSolve[y'[x]==\[Lambda]*ArcTan[x]^n*y[x]^2+a*y[x]+a*b-b^2*\[Lambda]*ArcTan[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

exp
(
−
∫ K[2]
1 (2bλ arctan(K[1])n − a) dK[1]

)
(−bλ arctan(K[2])n + λy(x) arctan(K[2])n + a)

anλ(b+ y(x)) dK[2]

+
∫ y(x)

1

−
∫ x

1

exp
(
−
∫ K[2]
1 (2bλ arctan(K[1])n − a) dK[1]

)
arctan(K[2])n

an(b+K[3]) −
exp

(
−
∫ K[2]
1 (2bλ arctan(K[1])n − a) dK[1]

)
(−bλ arctan(K[2])n + λK[3] arctan(K[2])n + a)

anλ(b+K[3])2

 dK[2]

−
exp

(
−
∫ x

1 (2bλ arctan(K[1])n − a) dK[1]
)

anλ(b+K[3])2

 dK[3] = c1, y(x)
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16.5 problem 23
16.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1283

Internal problem ID [10580]
Internal file name [OUTPUT/9527_Monday_June_06_2022_03_04_28_PM_46831198/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 23.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ arctan (x)n y2 + bλ xm arctan (x)n y = bmxm−1

16.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= λ arctan (x)n y2 − bλ xm arctan (x)n y + bmxm−1

This is a Riccati ODE. Comparing the ODE to solve

y′ = λ arctan (x)n y2 − bλ xm arctan (x)n y + b xmm

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = bmxm−1, f1(x) = −bλ xm arctan (x)n and f2(x) = arctan (x)n λ.
Let

y = −u′

f2u

= −u′

arctan (x)n λu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

arctan (x)n nλ
(x2 + 1) arctan (x)

f1f2 = −b λ2xm arctan (x)2n

f 2
2 f0 = arctan (x)2n λ2bmxm−1

Substituting the above terms back in equation (2) gives

arctan (x)n λu′′(x)−
(

arctan (x)n nλ
(x2 + 1) arctan (x) − b λ2xm arctan (x)2n

)
u′(x) + arctan (x)2n λ2bmxm−1u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− n_Y′(x)
(x2 + 1) arctan (x) + arctan (x)n bλ xm_Y′(x)

+ arctan (x)n λbmxm−1_Y(x)
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− n_Y′(x)

(x2 + 1) arctan (x) + arctan (x)n bλ xm_Y′(x)

+ arctan (x)n λbmxm−1_Y(x)
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x)− n_Y′
(x)

(x2+1) arctan(x) + arctan (x)n bλ xm_Y′(x) + arctan (x)n λbmxm−1_Y(x)
}
, {_Y(x)}

))
arctan (x)−n

λDESol
({

_Y′′ (x)− n_Y′
(x)

(x2+1) arctan(x) + arctan (x)n bλ xm_Y′ (x) + arctan (x)n λbmxm−1_Y (x)
}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
∂
∂x

DESol
({

bλ
(
x2+1

)(
m_Y(x)xm−1+_Y′

(x)xm
)
arctan(x)n+1+_Y′′

(x)
(
x2+1

)
arctan(x)−n_Y′

(x)
(x2+1) arctan(x)

}
, {_Y(x)}

))
arctan (x)−n

λDESol
({

bλ
(
mxm_Y(x)+m_Y(x)x2+m+_Y′

(x)x3+m+_Y′
(x)xm+1

)
arctan(x)n+1−x

(
(−x2−1) arctan(x)_Y′′

(x)+n_Y′
(x)
)

(x2+1) arctan(x)x

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

bλ
(
x2+1

)(
m_Y(x)xm−1+_Y′

(x)xm
)
arctan(x)n+1+_Y′′

(x)
(
x2+1

)
arctan(x)−n_Y′

(x)
(x2+1) arctan(x)

}
, {_Y(x)}

))
arctan (x)−n

λDESol
({

bλ
(
mxm_Y(x)+m_Y(x)x2+m+_Y′

(x)x3+m+_Y′
(x)xm+1

)
arctan(x)n+1−x

(
(−x2−1) arctan(x)_Y′′

(x)+n_Y′
(x)
)

(x2+1) arctan(x)x

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({

bλ
(
x2+1

)(
m_Y(x)xm−1+_Y′

(x)xm
)
arctan(x)n+1+_Y′′

(x)
(
x2+1

)
arctan(x)−n_Y′

(x)
(x2+1) arctan(x)

}
, {_Y(x)}

))
arctan (x)−n

λDESol
({

bλ
(
mxm_Y(x)+m_Y(x)x2+m+_Y′

(x)x3+m+_Y′
(x)xm+1

)
arctan(x)n+1−x

(
(−x2−1) arctan(x)_Y′′

(x)+n_Y′
(x)
)

(x2+1) arctan(x)x

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(x^m*arctan(x)^n*arctan(x)*b*lambda*x^2+b*lambda*x^m*arctan(x)^n*arct

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(arctan(x)^n*lambda*y(x)^2+y(x)-b*lambda*x^m*arctan(x)^n*y(x)*x+x^2*b*m*x^(m-1))/

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*arctan(x)^n*y(x)^2-b*lambda*x^m*arctan(x)^n*y(x)+b*m*x^(m-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*ArcTan[x]^n*y[x]^2-b*\[Lambda]*x^m*ArcTan[x]^n*y[x]+b*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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16.6 problem 24
16.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1288

Internal problem ID [10581]
Internal file name [OUTPUT/9528_Monday_June_06_2022_03_04_39_PM_60608499/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 24.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ arctan (x)n y2 = βmxm−1 − λβ2x2m arctan (x)n

16.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= λ arctan (x)n y2 + βmxm−1 − λβ2x2m arctan (x)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = −λβ2x2m arctan (x)n + λ arctan (x)n y2 + βmxm

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = βmxm−1−λβ2x2m arctan (x)n, f1(x) = 0 and f2(x) = arctan (x)n λ.
Let

y = −u′

f2u

= −u′

arctan (x)n λu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

arctan (x)n nλ
(x2 + 1) arctan (x)

f1f2 = 0
f 2
2 f0 = arctan (x)2n λ2(βmxm−1 − λβ2x2m arctan (x)n

)
Substituting the above terms back in equation (2) gives

arctan (x)n λu′′(x)− arctan (x)n nλu′(x)
(x2 + 1) arctan (x) + arctan (x)2n λ2(βmxm−1 − λβ2x2m arctan (x)n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− n_Y′(x)
(x2 + 1) arctan (x) − arctan (x)2n x2mβ2λ2_Y(x)

+ arctan (x)n βmxm−1λ_Y(x)
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− n_Y′(x)

(x2 + 1) arctan (x) − arctan (x)2n x2mβ2λ2_Y(x)

+ arctan (x)n βmxm−1λ_Y(x)
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x)− n_Y′
(x)

(x2+1) arctan(x) − arctan (x)2n x2mβ2λ2_Y(x) + arctan (x)n βmxm−1λ_Y(x)
}
, {_Y(x)}

))
arctan (x)−n

λDESol
({

_Y′′ (x)− n_Y′
(x)

(x2+1) arctan(x) − arctan (x)2n x2mβ2λ2_Y (x) + arctan (x)n βmxm−1λ_Y (x)
}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
∂
∂x

DESol
({

_Y′′
(x)
(
x2+1

)
arctan(x)−n_Y′

(x)−β2_Y(x)x2mλ2 arctan(x)1+2n(x2+1
)
+mβλ_Y(x) arctan(x)n+1xm−1(x2+1

)
(x2+1) arctan(x)

}
, {_Y(x)}

))
arctan (x)−n

λDESol
({

−β2λ2_Y(x)(x3+2m+x1+2m) arctan(x)1+2n+mβλ_Y(x)(xm+x2+m) arctan(x)n+1−x
(
(−x2−1) arctan(x)_Y′′

(x)+n_Y′
(x)
)

x(x2+1) arctan(x)

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

_Y′′
(x)
(
x2+1

)
arctan(x)−n_Y′

(x)−β2_Y(x)x2mλ2 arctan(x)1+2n(x2+1
)
+mβλ_Y(x) arctan(x)n+1xm−1(x2+1

)
(x2+1) arctan(x)

}
, {_Y(x)}

))
arctan (x)−n

λDESol
({

−β2λ2_Y(x)(x3+2m+x1+2m) arctan(x)1+2n+mβλ_Y(x)(xm+x2+m) arctan(x)n+1−x
(
(−x2−1) arctan(x)_Y′′

(x)+n_Y′
(x)
)

x(x2+1) arctan(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({

_Y′′
(x)
(
x2+1

)
arctan(x)−n_Y′

(x)−β2_Y(x)x2mλ2 arctan(x)1+2n(x2+1
)
+mβλ_Y(x) arctan(x)n+1xm−1(x2+1

)
(x2+1) arctan(x)

}
, {_Y(x)}

))
arctan (x)−n

λDESol
({

−β2λ2_Y(x)(x3+2m+x1+2m) arctan(x)1+2n+mβλ_Y(x)(xm+x2+m) arctan(x)n+1−x
(
(−x2−1) arctan(x)_Y′′

(x)+n_Y′
(x)
)

x(x2+1) arctan(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = n*(diff(y(x), x))/((x^2+1)*arctan(x))-arctan(x)^n*lambda*beta*(-arctan

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(arctan(x)^n*lambda*y(x)^2+y(x)+x^2*(beta*m*x^(m-1)-lambda*beta^2*x^(2*m)*arctan(

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*arctan(x)^n*y(x)^2+beta*m*x^(m-1)-lambda*beta^2*x^(2*m)*arctan(x)^n,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*ArcTan[x]^n*y[x]^2+\[Beta]*m*x^(m-1)-\[Lambda]*\[Beta]^2*x^(2*m)*ArcTan[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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16.7 problem 25
16.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1293

Internal problem ID [10582]
Internal file name [OUTPUT/9529_Monday_June_06_2022_03_04_55_PM_64490874/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 25.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[[_1st_order , `_with_symmetry_[F(x),G(x)]`], _Riccati]

y′ − λ arctan (x)n (y − a xm − b)2 = amxm−1

16.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= x2m arctan (x)n a2λ+ 2xm arctan (x)n abλ− 2xm arctan (x)n aλy + b2λ arctan (x)n − 2 arctan (x)n bλy + λ arctan (x)n y2 + amxm−1

This is a Riccati ODE. Comparing the ODE to solve

y′ = x2m arctan (x)n a2λ+2xm arctan (x)n abλ−2xm arctan (x)n aλy+b2λ arctan (x)n−2 arctan (x)n bλy+λ arctan (x)n y2+amxm

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = x2m arctan (x)n a2λ+2xm arctan (x)n abλ+b2λ arctan (x)n+amxm−1,
f1(x) = −2aλ xm arctan (x)n − 2 arctan (x)n λb and f2(x) = arctan (x)n λ. Let

y = −u′

f2u

= −u′

arctan (x)n λu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

arctan (x)n nλ
(x2 + 1) arctan (x)

f1f2 = (−2aλ xm arctan (x)n − 2 arctan (x)n λb) arctan (x)n λ
f 2
2 f0 = arctan (x)2n λ2(x2m arctan (x)n a2λ+ 2xm arctan (x)n abλ+ b2λ arctan (x)n + amxm−1)
Substituting the above terms back in equation (2) gives

arctan (x)n λu′′(x)−
(

arctan (x)n nλ
(x2 + 1) arctan (x) + (−2aλ xm arctan (x)n − 2 arctan (x)n λb) arctan (x)n λ

)
u′(x) + arctan (x)2n λ2(x2m arctan (x)n a2λ+ 2xm arctan (x)n abλ+ b2λ arctan (x)n + amxm−1)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− n_Y′(x)
(x2 + 1) arctan (x) + 2 arctan (x)n λxma_Y′(x)

+ 2 arctan (x)n bλ_Y′(x) + arctan (x)2n x2ma2λ2_Y(x)
+ 2 arctan (x)2n xmab λ2_Y(x) + arctan (x)2n b2λ2_Y(x)

+ arctan (x)n amxm−1λ_Y(x)
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− n_Y′(x)

(x2 + 1) arctan (x) + 2 arctan (x)n λxma_Y′(x)

+ 2 arctan (x)n bλ_Y′(x) + arctan (x)2n x2ma2λ2_Y(x)
+ 2 arctan (x)2n xmab λ2_Y(x) + arctan (x)2n b2λ2_Y(x)

+ arctan (x)n amxm−1λ_Y(x)
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x)− n_Y′
(x)

(x2+1) arctan(x) + 2arctan (x)n λxma_Y′(x) + 2 arctan (x)n bλ_Y′(x) + arctan (x)2n x2ma2λ2_Y(x) + 2 arctan (x)2n xmab λ2_Y(x) + arctan (x)2n b2λ2_Y(x) + arctan (x)n amxm−1λ_Y(x)
}
, {_Y(x)}

))
arctan (x)−n

λDESol
({

_Y′′ (x)− n_Y′
(x)

(x2+1) arctan(x) + 2arctan (x)n λxma_Y′ (x) + 2 arctan (x)n bλ_Y′ (x) + arctan (x)2n x2ma2λ2_Y (x) + 2 arctan (x)2n xmab λ2_Y (x) + arctan (x)2n b2λ2_Y (x) + arctan (x)n amxm−1λ_Y (x)
}
, {_Y (x)}

)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−

(
∂
∂x

DESol
({

λ2_Y(x)
(
x2+1

)(
a2x2m+2ab xm+b2

)
arctan(x)1+2n+

(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ
(
x2+1

)
arctan(x)n+1+_Y′′

(x)
(
x2+1

)
arctan(x)−n_Y′

(x)
(x2+1) arctan(x)

}
, {_Y(x)}

))
arctan (x)−n

λDESol
({_Y(x)(a2x1+2m+a2x3+2m+2a x3+mb+2a xm+1b+b2x(x2+1))λ2 arctan(x)1+2n+

(
2a x3+m_Y′

(x)+2a xm+1_Y′
(x)+a x2+mm_Y(x)+2bx(x2+1)_Y′

(x)+amxm_Y(x)
)
λ arctan(x)n+1−x

(
(−x2−1) arctan(x)_Y′′

(x)+n_Y′
(x)
)

x(x2+1) arctan(x)

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

λ2_Y(x)
(
x2+1

)(
a2x2m+2ab xm+b2

)
arctan(x)1+2n+

(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ
(
x2+1

)
arctan(x)n+1+_Y′′

(x)
(
x2+1

)
arctan(x)−n_Y′

(x)
(x2+1) arctan(x)

}
, {_Y(x)}

))
arctan (x)−n

λDESol
({_Y(x)(a2x1+2m+a2x3+2m+2a x3+mb+2a xm+1b+b2x(x2+1))λ2 arctan(x)1+2n+

(
2a x3+m_Y′

(x)+2a xm+1_Y′
(x)+a x2+mm_Y(x)+2bx(x2+1)_Y′

(x)+amxm_Y(x)
)
λ arctan(x)n+1−x

(
(−x2−1) arctan(x)_Y′′

(x)+n_Y′
(x)
)

x(x2+1) arctan(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({

λ2_Y(x)
(
x2+1

)(
a2x2m+2ab xm+b2

)
arctan(x)1+2n+

(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ
(
x2+1

)
arctan(x)n+1+_Y′′

(x)
(
x2+1

)
arctan(x)−n_Y′

(x)
(x2+1) arctan(x)

}
, {_Y(x)}

))
arctan (x)−n

λDESol
({_Y(x)(a2x1+2m+a2x3+2m+2a x3+mb+2a xm+1b+b2x(x2+1))λ2 arctan(x)1+2n+

(
2a x3+m_Y′

(x)+2a xm+1_Y′
(x)+a x2+mm_Y(x)+2bx(x2+1)_Y′

(x)+amxm_Y(x)
)
λ arctan(x)n+1−x

(
(−x2−1) arctan(x)_Y′′

(x)+n_Y′
(x)
)

x(x2+1) arctan(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (d) successful`� �
3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 24� �
dsolve(diff(y(x),x)=lambda*arctan(x)^n*(y(x)-a*x^m-b)^2+a*m*x^(m-1),y(x), singsol=all)� �

y(x) = a xm + b+ 1
c1 − λ

(∫
arctan (x)n dx

)
3 Solution by Mathematica
Time used: 2.089 (sec). Leaf size: 44� �
DSolve[y'[x]==\[Lambda]*ArcTan[x]^n*(y[x]-a*x^m-b)^2+a*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
−
∫ x

1 λ arctan(K[2])ndK[2] + c1
+ axm + b

y(x) → axm + b
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16.8 problem 26
16.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1297

Internal problem ID [10583]
Internal file name [OUTPUT/9530_Monday_June_06_2022_03_05_10_PM_55650788/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 26.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− λ arctan (x)n y2 − ky = λ b2x2k arctan (x)n

16.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= λ arctan (x)n y2 + ky + λ b2x2k arctan (x)n

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = λ b2x2k arctan (x)n

x
+ λ arctan (x)n y2

x
+ ky

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = λ b2x2k arctan(x)n
x

, f1(x) = k
x
and f2(x) = arctan(x)nλ

x
. Let

y = −u′

f2u

= −u′

arctan(x)nλu
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

arctan (x)n nλ
(x2 + 1) arctan (x)x − λ arctan (x)n

x2

f1f2 =
k arctan (x)n λ

x2

f 2
2 f0 =

arctan (x)3n λ3b2x2k

x3

Substituting the above terms back in equation (2) gives

arctan (x)n λu′′(x)
x

−
(

arctan (x)n nλ
(x2 + 1) arctan (x)x − λ arctan (x)n

x2 + k arctan (x)n λ
x2

)
u′(x) + arctan (x)3n λ3b2x2ku(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1eibλ
(∫

xk−1 arctan(x)ndx
)
+ c2e−ibλ

(∫
xk−1 arctan(x)ndx

)

The above shows that

u′(x) = ib xk−1λ arctan (x)n e−ibλ
(∫

xk−1 arctan(x)ndx
)(
c1e2ibλ

(∫
xk−1 arctan(x)ndx

)
− c2

)
Using the above in (1) gives the solution

y = −
ib xk−1e−ibλ

(∫
xk−1 arctan(x)ndx

)(
c1e2ibλ

(∫
xk−1 arctan(x)ndx

)
− c2

)
x

c1eibλ
(∫

xk−1 arctan(x)ndx
)
+ c2e−ibλ

(∫
xk−1 arctan(x)ndx

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
ib xk

(
c3e2ibλ

(∫
xk−1 arctan(x)ndx

)
− 1
)

c3e2ibλ
(∫

xk−1 arctan(x)ndx
)
+ 1
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Summary
The solution(s) found are the following

(1)y = −
ib xk

(
c3e2ibλ

(∫
xk−1 arctan(x)ndx

)
− 1
)

c3e2ibλ
(∫

xk−1 arctan(x)ndx
)
+ 1

Verification of solutions

y = −
ib xk

(
c3e2ibλ

(∫
xk−1 arctan(x)ndx

)
− 1
)

c3e2ibλ
(∫

xk−1 arctan(x)ndx
)
+ 1

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 29� �
dsolve(x*diff(y(x),x)=lambda*arctan(x)^n*y(x)^2+k*y(x)+lambda*b^2*x^(2*k)*arctan(x)^n,y(x), singsol=all)� �

y(x) = − tan
(
−λb

(∫
x−1+k arctan (x)n dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 1.992 (sec). Leaf size: 48� �
DSolve[x*y'[x]==\[Lambda]*ArcTan[x]^n*y[x]^2+k*y[x]+\[Lambda]*b^2*x^(2*k)*ArcTan[x]^n,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(√
b2
∫ x

1
λ arctan(K[1])nK[1]k−1dK[1] + c1

)
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16.9 problem 27
16.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1300

Internal problem ID [10584]
Internal file name [OUTPUT/9531_Monday_June_06_2022_03_05_13_PM_92844768/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 27.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x−
(
a x2my2 + yxnb+ c

)
arctan (x)m + yn = 0

16.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= arctan (x)m x2ma y2 + arctan (x)m xnby + arctan (x)m c− ny

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = arctan (x)m x2ma y2

x
+ arctan (x)m xnby

x
+ arctan (x)m c

x
− ny

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = arctan(x)mc
x

, f1(x) = arctan(x)mxnb−n
x

and f2(x) = arctan(x)mx2ma
x

. Let

y = −u′

f2u

= −u′

arctan(x)mx2mau
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

arctan (x)m mx2ma

(x2 + 1) arctan (x)x + 2arctan (x)m x2mma

x2 − arctan (x)m x2ma

x2

f1f2 =
(arctan (x)m xnb− n) arctan (x)m x2ma

x2

f 2
2 f0 =

arctan (x)3m x4ma2c

x3

Substituting the above terms back in equation (2) gives

arctan (x)m x2mau′′(x)
x

−
(

arctan (x)m mx2ma

(x2 + 1) arctan (x)x + 2arctan (x)m x2mma

x2 − arctan (x)m x2ma

x2 + (arctan (x)m xnb− n) arctan (x)m x2ma

x2

)
u′(x) + arctan (x)3m x4ma2cu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− m_Y′(x)
arctan (x) (x2 + 1) −

2m_Y′(x)
x

+ _Y′(x)
x

− b xn−1 arctan (x)m _Y′(x) + n_Y′(x)
x

+ ac x2m−2_Y(x) arctan (x)2m
}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− m_Y′(x)

arctan (x) (x2 + 1) −
2m_Y′(x)

x
+ _Y′(x)

x

− b xn−1 arctan (x)m _Y′(x) + n_Y′(x)
x

+ ac x2m−2_Y(x) arctan (x)2m
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x)− m_Y′
(x)

arctan(x)(x2+1) −
2m_Y′

(x)
x

+ _Y′
(x)

x
− b xn−1 arctan (x)m _Y′(x) + n_Y′

(x)
x

+ ac x2m−2_Y(x) arctan (x)2m
}
, {_Y(x)}

))
arctan (x)−m x−2mx

aDESol
({

_Y′′ (x)− m_Y′
(x)

arctan(x)(x2+1) −
2m_Y′

(x)
x

+ _Y′
(x)

x
− b xn−1 arctan (x)m _Y′ (x) + n_Y′

(x)
x

+ ac x2m−2_Y (x) arctan (x)2m
}
, {_Y (x)}

)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
x−2m+1 arctan (x)−m

(
∂
∂x

DESol
({

ac x2m−1_Y(x) arctan(x)1+2m(x2+1
)
−b xn arctan(x)m+1(x2+1

)_Y′
(x)+_Y′′

(x)
(
x2+1

)
arctan(x)x−2

((
m−n

2−
1
2
)(
x2+1

)
arctan(x)+mx

2
)_Y′

(x)
x(x2+1) arctan(x)

}
, {_Y(x)}

))

aDESol




ac_Y(x)(x2m+x2+2m) arctan(x)1+2m−_Y′
(x)b(xn+1+xn+3) arctan(x)m+1−2

−
_Y′′

(x)
(
x2+1

)
arctan(x)x

2 +
((
m−n

2−
1
2
)
(x2+1) arctan(x)+mx

2
)_Y′

(x)

x

(x2+1)x2 arctan(x)

 , {_Y (x)}


Summary
The solution(s) found are the following

(1)y =

−
x−2m+1 arctan (x)−m

(
∂
∂x

DESol
({

ac x2m−1_Y(x) arctan(x)1+2m(x2+1
)
−b xn arctan(x)m+1(x2+1

)_Y′
(x)+_Y′′

(x)
(
x2+1

)
arctan(x)x−2

((
m−n

2−
1
2
)(
x2+1

)
arctan(x)+mx

2
)_Y′

(x)
x(x2+1) arctan(x)

}
, {_Y(x)}

))

aDESol




ac_Y(x)(x2m+x2+2m) arctan(x)1+2m−_Y′
(x)b(xn+1+xn+3) arctan(x)m+1−2

−
_Y′′

(x)
(
x2+1

)
arctan(x)x

2 +
((
m−n

2−
1
2
)
(x2+1) arctan(x)+mx

2
)_Y′

(x)

x

(x2+1)x2 arctan(x)

 , {_Y (x)}


Verification of solutions
y =

−
x−2m+1 arctan (x)−m

(
∂
∂x

DESol
({

ac x2m−1_Y(x) arctan(x)1+2m(x2+1
)
−b xn arctan(x)m+1(x2+1

)_Y′
(x)+_Y′′

(x)
(
x2+1

)
arctan(x)x−2

((
m−n

2−
1
2
)(
x2+1

)
arctan(x)+mx

2
)_Y′

(x)
x(x2+1) arctan(x)

}
, {_Y(x)}

))

aDESol




ac_Y(x)(x2m+x2+2m) arctan(x)1+2m−_Y′
(x)b(xn+1+xn+3) arctan(x)m+1−2

−
_Y′′

(x)
(
x2+1

)
arctan(x)x

2 +
((
m−n

2−
1
2
)
(x2+1) arctan(x)+mx

2
)_Y′

(x)

x

(x2+1)x2 arctan(x)

 , {_Y (x)}


Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (arctan(x)^m*arctan(x)*x^(n-1)*b*x^3+b*x^(n-1)*arctan(x)^m*arctan(x)*x

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(x^(-1+2*m)*a*arctan(x)^m*y(x)^2+y(x)+(b*x^(n-1)*arctan(x)^m-n/x)*y(x)*x+x*arctan

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(x*diff(y(x),x)=(a*x^(2*m)*y(x)^2+b*x^n*y(x)+c)*arctan(x)^m-n*y(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y'[x]==(a*x^(2*m)*y[x]^2+b*x^n*y[x]+c)*ArcTan[x]^m-n*y[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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17 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.7-4. Equations containing
arccotangent.

17.1 problem 28 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1306
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17.1 problem 28
17.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1306

Internal problem ID [10585]
Internal file name [OUTPUT/9532_Monday_June_06_2022_03_05_30_PM_38612860/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-4. Equations containing
arccotangent.
Problem number: 28.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − λ arccot (x)n y = −a2 + aλ arccot (x)n

17.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + λ arccot (x)n y − a2 + aλ arccot (x)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + λ arccot (x)n y − a2 + aλ arccot (x)n

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 + aλ arccot (x)n, f1(x) = arccot (x)n λ and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)

1306



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = arccot (x)n λ
f 2
2 f0 = −a2 + aλ arccot (x)n

Substituting the above terms back in equation (2) gives

u′′(x)− arccot (x)n λu′(x) +
(
−a2 + aλ arccot (x)n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e
∫ a

(∫
e−
(∫ (

− arccot(x)nλ+2a
)
dx
)
dx

)
−c1a+e−

(∫ (
− arccot(x)nλ+2a

)
dx
)

−c1+
∫
e−(

∫
(− arccot(x)nλ+2a)dx)dx

dx
c2

The above shows that

u′(x)

=

(
a
(∫

e−
(∫

(− arccot(x)nλ+2a)dx
)
dx
)
− c1a+ e−

(∫
(− arccot(x)nλ+2a)dx

))
e
∫ a

(∫
e−
(∫ (

− arccot(x)nλ+2a
)
dx
)
dx

)
−c1a+e−

(∫ (
− arccot(x)nλ+2a

)
dx
)

−c1+
∫
e−(

∫
(− arccot(x)nλ+2a)dx)dx

dx
c2

−c1 +
∫
e−
(∫

(− arccot(x)nλ+2a)dx
)
dx

Using the above in (1) gives the solution

y = −
a
(∫

e−
(∫

(− arccot(x)nλ+2a)dx
)
dx
)
− c1a+ e−

(∫
(− arccot(x)nλ+2a)dx

)
−c1 +

∫
e−
(∫

(− arccot(x)nλ+2a)dx
)
dx

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−a
(∫

e−
(∫

(− arccot(x)nλ+2a)dx
)
dx
)
+ c3a− e−

(∫
(− arccot(x)nλ+2a)dx

)
−c3 +

∫
e−
(∫

(− arccot(x)nλ+2a)dx
)
dx
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Summary
The solution(s) found are the following

(1)y =
−a
(∫

e−
(∫

(− arccot(x)nλ+2a)dx
)
dx
)
+ c3a− e−

(∫
(− arccot(x)nλ+2a)dx

)
−c3 +

∫
e−
(∫

(− arccot(x)nλ+2a)dx
)
dx

Verification of solutions

y =
−a
(∫

e−
(∫

(− arccot(x)nλ+2a)dx
)
dx
)
+ c3a− e−

(∫
(− arccot(x)nλ+2a)dx

)
−c3 +

∫
e−
(∫

(− arccot(x)nλ+2a)dx
)
dx

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = arccot(x)^n*lambda*(diff(y(x), x))+(a^2-a*lambda*arccot(x)^n)*y(x), y(

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(y(x)^2+y(x)+arccot(x)^n*lambda*y(x)*x+x^2*(-a^2+a*lambda*arccot(x)^n))/x, y(x),

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 71� �
dsolve(diff(y(x),x)=y(x)^2+lambda*arccot(x)^n*y(x)-a^2+a*lambda*arccot(x)^n,y(x), singsol=all)� �

y(x) =
−c1a− a

(∫
e−
(∫

(− arccot(x)nλ+2a)dx
)
dx
)
− e−

(∫
(− arccot(x)nλ+2a)dx

)
c1 +

∫
e−
(∫

(− arccot(x)nλ+2a)dx
)
dx

3 Solution by Mathematica
Time used: 8.548 (sec). Leaf size: 210� �
DSolve[y'[x]==y[x]^2+\[Lambda]*ArcCot[x]^n*y[x]-a^2+a*\[Lambda]*ArcCot[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

−
exp

(
−
∫ K[2]
1 (2a− λ cot−1(K[1])n) dK[1]

)
(−λ cot−1(K[2])n + a− y(x))

nλ(a+ y(x)) dK[2]

+
∫ y(x)

1

−
∫ x

1

exp
(
−
∫ K[2]
1 (2a− λ cot−1(K[1])n) dK[1]

)
(−λ cot−1(K[2])n + a−K[3])

nλ(a+K[3])2 +
exp

(
−
∫ K[2]
1 (2a− λ cot−1(K[1])n) dK[1]

)
nλ(a+K[3])

 dK[2]

−
exp

(
−
∫ x

1 (2a− λ cot−1(K[1])n) dK[1]
)

nλ(a+K[3])2

 dK[3] = c1, y(x)
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18 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.7-3. Equations containing
arctangent.

18.1 problem 29 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1312
18.2 problem 30 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1316
18.3 problem 31 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1321
18.4 problem 32 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1326
18.5 problem 33 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1331
18.6 problem 34 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1336
18.7 problem 35 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1340
18.8 problem 36 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1343
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18.1 problem 29
18.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1312

Internal problem ID [10586]
Internal file name [OUTPUT/9533_Monday_June_06_2022_03_05_36_PM_11542127/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 29.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − λx arccot (x)n y = arccot (x)n λ

18.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + arccot (x)n λxy + arccot (x)n λ

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + arccot (x)n λxy + arccot (x)n λ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = arccot (x)n λ, f1(x) = arccot (x)n λx and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)

1312



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = arccot (x)n λx
f 2
2 f0 = arccot (x)n λ

Substituting the above terms back in equation (2) gives

u′′(x)− arccot (x)n λxu′(x) + arccot (x)n λu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x

c1 − c2

∫ e
∫ x

(
2+
(
x2+1

)
arccot(x)nλ

)
x2+1 dx

x2 (x2 + 1) dx




The above shows that

u′(x)

=

−(x2 + 1)xc2

∫ e
∫ x

(
2+
(
x2+1

)
arccot(x)nλ

)
x2+1

dx

x2(x2+1) dx

− c2e
∫ x

(
2+
(
x2+1

)
arccot(x)nλ

)
x2+1 dx + c1x(x2 + 1)

x (x2 + 1)

Using the above in (1) gives the solution

y =

−

−(x2 + 1)xc2

∫ e
∫ x

(
2+
(
x2+1

)
arccot(x)nλ

)
x2+1

dx

x2(x2+1) dx

− c2e
∫ x

(
2+
(
x2+1

)
arccot(x)nλ

)
x2+1 dx + c1x(x2 + 1)

x2 (x2 + 1)

c1 − c2

∫ e
∫ x

(
2+
(
x2+1

)
arccot(x)nλ

)
x2+1

dx

x2(x2+1) dx


Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

(x3 + x)

∫ e
∫ x

(
2+
(
x2+1

)
arccot(x)nλ

)
x2+1

dx

x2(x2+1) dx

− c3x
3 − c3x+ e

∫ x
(
2+
(
x2+1

)
arccot(x)nλ

)
x2+1 dx

x2 (x2 + 1)

c3 −

∫ e
∫ x

(
2+
(
x2+1

)
arccot(x)nλ

)
x2+1

dx

x2(x2+1) dx


Summary
The solution(s) found are the following

(1)y =

(x3 + x)

∫ e
∫ x

(
2+
(
x2+1

)
arccot(x)nλ

)
x2+1

dx

x2(x2+1) dx

− c3x
3 − c3x+ e

∫ x
(
2+
(
x2+1

)
arccot(x)nλ

)
x2+1 dx

x2 (x2 + 1)

c3 −

∫ e
∫ x

(
2+
(
x2+1

)
arccot(x)nλ

)
x2+1

dx

x2(x2+1) dx


Verification of solutions

y =

(x3 + x)

∫ e
∫ x

(
2+
(
x2+1

)
arccot(x)nλ

)
x2+1

dx

x2(x2+1) dx

− c3x
3 − c3x+ e

∫ x
(
2+
(
x2+1

)
arccot(x)nλ

)
x2+1 dx

x2 (x2 + 1)

c3 −

∫ e
∫ x

(
2+
(
x2+1

)
arccot(x)nλ

)
x2+1

dx

x2(x2+1) dx


Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 78� �
dsolve(diff(y(x),x)=y(x)^2+lambda*x*arccot(x)^n*y(x)+lambda*arccot(x)^n,y(x), singsol=all)� �

y(x) = e
∫ x2 arccot(x)nλ−2

x
dxx+

∫
e
∫ x2 arccot(x)nλ−2

x
dxdx− c1(

c1 −
(∫

e
∫ x2 arccot(x)nλ−2

x
dxdx

))
x

3 Solution by Mathematica
Time used: 7.258 (sec). Leaf size: 120� �
DSolve[y'[x]==y[x]^2+\[Lambda]*x*ArcCot[x]^n*y[x]+\[Lambda]*ArcCot[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
exp

(
−
∫ x

1 −λ cot−1(K[1])nK[1]dK[1]
)
+ x

∫ x

1
exp
(
−
∫K[2]
1 −λ cot−1(K[1])nK[1]dK[1]

)
K[2]2 dK[2] + c1x

x2
(∫ x

1
exp
(
−
∫K[2]
1 −λ cot−1(K[1])nK[1]dK[1]

)
K[2]2 dK[2] + c1

)
y(x) → −1

x
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18.2 problem 30
18.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1316

Internal problem ID [10587]
Internal file name [OUTPUT/9534_Monday_June_06_2022_03_05_40_PM_62741443/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 30.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + (k + 1)xky2 − λ arccot (x)n
(
xk+1y − 1

)
= 0

18.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= xk+1 arccot (x)n λy − xky2k − xky2 − arccot (x)n λ

This is a Riccati ODE. Comparing the ODE to solve

y′ = xkx arccot (x)n λy − xky2k − xky2 − arccot (x)n λ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = − arccot (x)n λ, f1(x) = xk+1 arccot (x)n λ and f2(x) = −xkk − xk.
Let

y = −u′

f2u

= −u′

(−xkk − xk)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −k2xk

x
− k xk

x
f1f2 = xk+1 arccot (x)n λ

(
−xkk − xk

)
f 2
2 f0 = −

(
−xkk − xk

)2 arccot (x)n λ
Substituting the above terms back in equation (2) gives

(
−xkk − xk

)
u′′(x)−

(
−k2xk

x
− k xk

x
+ xk+1 arccot (x)n λ

(
−xkk − xk

))
u′(x)−

(
−xkk − xk

)2 arccot (x)n λu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = xk+1
((∫

x−2k−2e
∫ (

xk+1 arccot(x)nλ+ k
x

)
dx
dx

)
c2 + c1

)
The above shows that

u′(x)= c2x
−k−1e

∫ xk+2λ arccot(x)n+k
x

dx+(k+1)
((∫

e
∫ xk+2λ arccot(x)n+k

x
dxx−2k−2dx

)
c2+c1

)
xk

Using the above in (1) gives the solution

y =

−

(
c2x

−k−1e
∫ xk+2λ arccot(x)n+k

x
dx + (k + 1)

((∫
e
∫ xk+2λ arccot(x)n+k

x
dxx−2k−2dx

)
c2 + c1

)
xk

)
x−k−1

(−xkk − xk)
((∫

x−2k−2e
∫ (

xk+1 arccot(x)nλ+ k
x

)
dx
dx

)
c2 + c1

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y=
(k + 1)

(∫
x−2k−2e

∫ (
xk+1 arccot(x)nλ+ k

x

)
dx
dx+ c3

)
x−k−1 + x−3k−2e

∫ (
xk+1 arccot(x)nλ+ k

x

)
dx

(k + 1)
(∫

e
∫ xk+2λ arccot(x)n+k

x
dxx−2k−2dx+ c3

)
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Summary
The solution(s) found are the following

(1)y

=
(k + 1)

(∫
x−2k−2e

∫ (
xk+1 arccot(x)nλ+ k

x

)
dx
dx+ c3

)
x−k−1 + x−3k−2e

∫ (
xk+1 arccot(x)nλ+ k

x

)
dx

(k + 1)
(∫

e
∫ xk+2λ arccot(x)n+k

x
dxx−2k−2dx+ c3

)
Verification of solutions

y=
(k + 1)

(∫
x−2k−2e

∫ (
xk+1 arccot(x)nλ+ k

x

)
dx
dx+ c3

)
x−k−1 + x−3k−2e

∫ (
xk+1 arccot(x)nλ+ k

x

)
dx

(k + 1)
(∫

e
∫ xk+2λ arccot(x)n+k

x
dxx−2k−2dx+ c3

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (x^(1+k)*arccot(x)^n*x*lambda+k)*(diff(y(x), x))/x-x^k*(1+k)*arccot(x)

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((-x^k*k-x^k)*y(x)^2+y(x)+x^(1+k)*arccot(x)^n*lambda*y(x)*x-arccot(x)^n*lambda*x^

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 184� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+lambda*arccot(x)^n*(x^(k+1)*y(x)-1),y(x), singsol=all)� �
y(x)

=
x−1−k

((∫
xkeλ

(∫
x1+k arccot(x)ndx

)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k + x1+ke

∫ x1+k arccot(x)nxλ−2k−2
x

dx +
∫
xkeλ

(∫
x1+k arccot(x)ndx

)
−2
(∫ 1

x
dx
)
(1+k)dx− c1

)
(∫

xkeλ
(∫

x1+k arccot(x)ndx
)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k +

∫
xkeλ

(∫
x1+k arccot(x)ndx

)
−2
(∫ 1

x
dx
)
(1+k)dx− c1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+\[Lambda]*ArcCot[x]^n*(x^(k+1)*y[x]-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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18.3 problem 31
18.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1321

Internal problem ID [10588]
Internal file name [OUTPUT/9535_Monday_June_06_2022_03_05_51_PM_82945462/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 31.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ arccot (x)n y2 − ay = ab− b2λ arccot (x)n

18.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= λ arccot (x)n y2 + ya+ ab− b2λ arccot (x)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = λ arccot (x)n y2 + ya+ ab− b2λ arccot (x)n

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = ab− b2λ arccot (x)n, f1(x) = a and f2(x) = arccot (x)n λ. Let

y = −u′

f2u

= −u′

arccot (x)n λu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − arccot (x)n nλ

(x2 + 1) arccot (x)
f1f2 = aλ arccot (x)n

f 2
2 f0 = arccot (x)2n λ2(ab− b2λ arccot (x)n

)
Substituting the above terms back in equation (2) gives

arccot (x)n λu′′(x)−
(
− arccot (x)n nλ
(x2 + 1) arccot (x) + aλ arccot (x)n

)
u′(x) + arccot (x)2n λ2(ab− b2λ arccot (x)n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x) + n_Y′(x)
arccot (x) (x2 + 1) − a_Y′(x)− arccot (x)2n b2λ2_Y(x)

+ arccot (x)n abλ_Y(x)
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)+ n_Y′(x)

arccot (x) (x2 + 1) − a_Y′(x)− arccot (x)2n b2λ2_Y(x)

+ arccot (x)n abλ_Y(x)
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x) + n_Y′
(x)

arccot(x)(x2+1) − a_Y′(x)− arccot (x)2n b2λ2_Y(x) + arccot (x)n abλ_Y(x)
}
, {_Y(x)}

))
arccot (x)−n

λDESol
({

_Y′′ (x) + n_Y′
(x)

arccot(x)(x2+1) − a_Y′ (x)− arccot (x)2n b2λ2_Y (x) + arccot (x)n abλ_Y (x)
}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
∂
∂x

DESol
({

−b2_Y(x)λ2 arccot(x)1+2n(x2+1
)
+abλ_Y(x) arccot(x)n+1(x2+1

)
+_Y′′

(x)
(
x2+1

)
arccot(x)−

(
a
(
x2+1

)
arccot(x)−n

)_Y′
(x)

arccot(x)(x2+1)

}
, {_Y(x)}

))
arccot (x)−n

λDESol
({

−b2_Y(x)λ2 arccot(x)1+2n(x2+1)+abλ_Y(x) arccot(x)n+1(x2+1)+_Y′′
(x)(x2+1) arccot(x)−(a(x2+1) arccot(x)−n)_Y′

(x)
arccot(x)(x2+1)

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

−b2_Y(x)λ2 arccot(x)1+2n(x2+1
)
+abλ_Y(x) arccot(x)n+1(x2+1

)
+_Y′′

(x)
(
x2+1

)
arccot(x)−

(
a
(
x2+1

)
arccot(x)−n

)_Y′
(x)

arccot(x)(x2+1)

}
, {_Y(x)}

))
arccot (x)−n

λDESol
({

−b2_Y(x)λ2 arccot(x)1+2n(x2+1)+abλ_Y(x) arccot(x)n+1(x2+1)+_Y′′
(x)(x2+1) arccot(x)−(a(x2+1) arccot(x)−n)_Y′

(x)
arccot(x)(x2+1)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({

−b2_Y(x)λ2 arccot(x)1+2n(x2+1
)
+abλ_Y(x) arccot(x)n+1(x2+1

)
+_Y′′

(x)
(
x2+1

)
arccot(x)−

(
a
(
x2+1

)
arccot(x)−n

)_Y′
(x)

arccot(x)(x2+1)

}
, {_Y(x)}

))
arccot (x)−n

λDESol
({

−b2_Y(x)λ2 arccot(x)1+2n(x2+1)+abλ_Y(x) arccot(x)n+1(x2+1)+_Y′′
(x)(x2+1) arccot(x)−(a(x2+1) arccot(x)−n)_Y′

(x)
arccot(x)(x2+1)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (arccot(x)*a*x^2+a*arccot(x)-n)*(diff(y(x), x))/((x^2+1)*arccot(x))+ar

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(arccot(x)^n*lambda*y(x)^2+y(x)+y(x)*a*x+x^2*(a*b-b^2*lambda*arccot(x)^n))/x, y(x

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 87� �
dsolve(diff(y(x),x)=lambda*arccot(x)^n*y(x)^2+a*y(x)+a*b-b^2*lambda*arccot(x)^n,y(x), singsol=all)� �

y(x) =
−bλ

(∫
arccot (x)n e−

(∫
(2 arccot(x)nλb−a)dx

)
dx
)
− c1b− e−

(∫
(2 arccot(x)nλb−a)dx

)
c1 + λ

(∫
arccot (x)n e−

(∫
(2 arccot(x)nλb−a)dx

)
dx
)

3 Solution by Mathematica
Time used: 11.807 (sec). Leaf size: 240� �
DSolve[y'[x]==\[Lambda]*ArcCot[x]^n*y[x]^2+a*y[x]+a*b-b^2*\[Lambda]*ArcCot[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

−
exp

(
−
∫ K[2]
1 (2bλ cot−1(K[1])n − a) dK[1]

)
(−bλ cot−1(K[2])n + λy(x) cot−1(K[2])n + a)

anλ(b+ y(x)) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1 (2bλ cot−1(K[1])n − a) dK[1]
)

anλ(b+K[3])2

−
∫ x

1

exp
(
−
∫ K[2]
1 (2bλ cot−1(K[1])n − a) dK[1]

)
(−bλ cot−1(K[2])n + λK[3] cot−1(K[2])n + a)

anλ(b+K[3])2 −
exp

(
−
∫ K[2]
1 (2bλ cot−1(K[1])n − a) dK[1]

)
cot−1(K[2])n

an(b+K[3])

 dK[2]

 dK[3] = c1, y(x)
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18.4 problem 32
18.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1326

Internal problem ID [10589]
Internal file name [OUTPUT/9536_Monday_June_06_2022_03_05_59_PM_97148518/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 32.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ arccot (x)n y2 + bλ xm arccot (x)n y = bmxm−1

18.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= λ arccot (x)n y2 − bλ xm arccot (x)n y + bmxm−1

This is a Riccati ODE. Comparing the ODE to solve

y′ = λ arccot (x)n y2 − bλ xm arccot (x)n y + b xmm

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = bmxm−1, f1(x) = −bλ xm arccot (x)n and f2(x) = arccot (x)n λ.
Let

y = −u′

f2u

= −u′

arccot (x)n λu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − arccot (x)n nλ

(x2 + 1) arccot (x)
f1f2 = −b λ2xm arccot (x)2n

f 2
2 f0 = arccot (x)2n λ2bmxm−1

Substituting the above terms back in equation (2) gives

arccot (x)n λu′′(x)−
(
− arccot (x)n nλ
(x2 + 1) arccot (x) − b λ2xm arccot (x)2n

)
u′(x) + arccot (x)2n λ2bmxm−1u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x) + n_Y′(x)
arccot (x) (x2 + 1) + arccot (x)n bλ xm_Y′(x)

+ arccot (x)n λbmxm−1_Y(x)
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x) + n_Y′(x)

arccot (x) (x2 + 1) + arccot (x)n bλ xm_Y′(x)

+ arccot (x)n λbmxm−1_Y(x)
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x) + n_Y′
(x)

arccot(x)(x2+1) + arccot (x)n bλ xm_Y′(x) + arccot (x)n λbmxm−1_Y(x)
}
, {_Y(x)}

))
arccot (x)−n

λDESol
({

_Y′′ (x) + n_Y′
(x)

arccot(x)(x2+1) + arccot (x)n bλ xm_Y′ (x) + arccot (x)n λbmxm−1_Y (x)
}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
∂
∂x

DESol
({

bλ
(
x2+1

)(
m_Y(x)xm−1+_Y′

(x)xm
)
arccot(x)n+1+_Y′′

(x)
(
x2+1

)
arccot(x)+n_Y′

(x)
arccot(x)(x2+1)

}
, {_Y(x)}

))
arccot (x)−n

λDESol
({

bλ
(
mxm_Y(x)+m_Y(x)x2+m+_Y′

(x)x3+m+_Y′
(x)xm+1

)
arccot(x)n+1+x

(
_Y′′

(x)(x2+1) arccot(x)+n_Y′
(x)
)

(x2+1) arccot(x)x

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

bλ
(
x2+1

)(
m_Y(x)xm−1+_Y′

(x)xm
)
arccot(x)n+1+_Y′′

(x)
(
x2+1

)
arccot(x)+n_Y′

(x)
arccot(x)(x2+1)

}
, {_Y(x)}

))
arccot (x)−n

λDESol
({

bλ
(
mxm_Y(x)+m_Y(x)x2+m+_Y′

(x)x3+m+_Y′
(x)xm+1

)
arccot(x)n+1+x

(
_Y′′

(x)(x2+1) arccot(x)+n_Y′
(x)
)

(x2+1) arccot(x)x

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({

bλ
(
x2+1

)(
m_Y(x)xm−1+_Y′

(x)xm
)
arccot(x)n+1+_Y′′

(x)
(
x2+1

)
arccot(x)+n_Y′

(x)
arccot(x)(x2+1)

}
, {_Y(x)}

))
arccot (x)−n

λDESol
({

bλ
(
mxm_Y(x)+m_Y(x)x2+m+_Y′

(x)x3+m+_Y′
(x)xm+1

)
arccot(x)n+1+x

(
_Y′′

(x)(x2+1) arccot(x)+n_Y′
(x)
)

(x2+1) arccot(x)x

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(x^m*arccot(x)*arccot(x)^n*b*lambda*x^2+x^m*arccot(x)^n*lambda*b*arcc

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(arccot(x)^n*lambda*y(x)^2+y(x)-x^m*arccot(x)^n*lambda*b*y(x)*x+x^2*b*m*x^(m-1))/

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*arccot(x)^n*y(x)^2-b*lambda*x^m*arccot(x)^n*y(x)+b*m*x^(m-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*ArcCot[x]^n*y[x]^2-b*\[Lambda]*x^m*ArcCot[x]^n*y[x]+b*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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18.5 problem 33
18.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1331

Internal problem ID [10590]
Internal file name [OUTPUT/9537_Monday_June_06_2022_03_06_10_PM_51668749/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 33.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ arccot (x)n y2 = βmxm−1 − λβ2x2m arccot (x)n

18.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= λ arccot (x)n y2 + βmxm−1 − λβ2x2m arccot (x)n

This is a Riccati ODE. Comparing the ODE to solve

y′ = −λβ2x2m arccot (x)n + λ arccot (x)n y2 + βmxm

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = βmxm−1−λβ2x2m arccot (x)n, f1(x) = 0 and f2(x) = arccot (x)n λ.
Let

y = −u′

f2u

= −u′

arccot (x)n λu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − arccot (x)n nλ

(x2 + 1) arccot (x)
f1f2 = 0
f 2
2 f0 = arccot (x)2n λ2(βmxm−1 − λβ2x2m arccot (x)n

)
Substituting the above terms back in equation (2) gives

arccot (x)n λu′′(x) + arccot (x)n nλu′(x)
(x2 + 1) arccot (x) + arccot (x)2n λ2(βmxm−1 − λβ2x2m arccot (x)n

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x) + n_Y′(x)
arccot (x) (x2 + 1) − x2m arccot (x)2n β2λ2_Y(x)

+ xm−1 arccot (x)n βmλ_Y(x)
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x) + n_Y′(x)

arccot (x) (x2 + 1) − x2m arccot (x)2n β2λ2_Y(x)

+ xm−1 arccot (x)n βmλ_Y(x)
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x) + n_Y′
(x)

arccot(x)(x2+1) − x2m arccot (x)2n β2λ2_Y(x) + xm−1 arccot (x)n βmλ_Y(x)
}
, {_Y(x)}

))
arccot (x)−n

λDESol
({

_Y′′ (x) + n_Y′
(x)

arccot(x)(x2+1) − x2m arccot (x)2n β2λ2_Y (x) + xm−1 arccot (x)n βmλ_Y (x)
}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

1332



y =

−

(
∂
∂x

DESol
({

_Y′′
(x)
(
x2+1

)
arccot(x)+n_Y′

(x)−β2_Y(x)x2mλ2 arccot(x)1+2n(x2+1
)
+mβλ_Y(x) arccot(x)n+1xm−1(x2+1

)
(x2+1) arccot(x)

}
, {_Y(x)}

))
arccot (x)−n

λDESol
({

−β2λ2_Y(x)(x3+2m+x1+2m) arccot(x)1+2n+mβλ_Y(x)(xm+x2+m) arccot(x)n+1+x
(
_Y′′

(x)(x2+1) arccot(x)+n_Y′
(x)
)

(x2+1) arccot(x)x

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

_Y′′
(x)
(
x2+1

)
arccot(x)+n_Y′

(x)−β2_Y(x)x2mλ2 arccot(x)1+2n(x2+1
)
+mβλ_Y(x) arccot(x)n+1xm−1(x2+1

)
(x2+1) arccot(x)

}
, {_Y(x)}

))
arccot (x)−n

λDESol
({

−β2λ2_Y(x)(x3+2m+x1+2m) arccot(x)1+2n+mβλ_Y(x)(xm+x2+m) arccot(x)n+1+x
(
_Y′′

(x)(x2+1) arccot(x)+n_Y′
(x)
)

(x2+1) arccot(x)x

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({

_Y′′
(x)
(
x2+1

)
arccot(x)+n_Y′

(x)−β2_Y(x)x2mλ2 arccot(x)1+2n(x2+1
)
+mβλ_Y(x) arccot(x)n+1xm−1(x2+1

)
(x2+1) arccot(x)

}
, {_Y(x)}

))
arccot (x)−n

λDESol
({

−β2λ2_Y(x)(x3+2m+x1+2m) arccot(x)1+2n+mβλ_Y(x)(xm+x2+m) arccot(x)n+1+x
(
_Y′′

(x)(x2+1) arccot(x)+n_Y′
(x)
)

(x2+1) arccot(x)x

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -n*(diff(y(x), x))/((x^2+1)*arccot(x))+arccot(x)^n*lambda*beta*(x^(2*m

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(arccot(x)^n*lambda*y(x)^2+y(x)+x^2*(beta*m*x^(m-1)-lambda*beta^2*x^(2*m)*arccot(

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*arccot(x)^n*y(x)^2+beta*m*x^(m-1)-lambda*beta^2*x^(2*m)*arccot(x)^n,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*ArcCot[x]^n*y[x]^2+\[Beta]*m*x^(m-1)-\[Lambda]*\[Beta]^2*x^(2*m)*ArcCot[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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18.6 problem 34
18.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1336

Internal problem ID [10591]
Internal file name [OUTPUT/9538_Monday_June_06_2022_03_06_31_PM_7594206/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 34.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[[_1st_order , `_with_symmetry_[F(x),G(x)]`], _Riccati]

y′ − λ arccot (x)n (y − a xm − b)2 = amxm−1

18.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= x2m arccot (x)n a2λ+ 2xm arccot (x)n abλ− 2xm arccot (x)n aλy + b2λ arccot (x)n − 2 arccot (x)n bλy + λ arccot (x)n y2 + amxm−1

This is a Riccati ODE. Comparing the ODE to solve

y′ = x2m arccot (x)n a2λ+2xm arccot (x)n abλ−2xm arccot (x)n aλy+b2λ arccot (x)n−2 arccot (x)n bλy+λ arccot (x)n y2+amxm

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = x2m arccot (x)n a2λ+2xm arccot (x)n abλ+b2λ arccot (x)n+amxm−1,
f1(x) = −2aλ xm arccot (x)n − 2 arccot (x)n λb and f2(x) = arccot (x)n λ. Let

y = −u′

f2u

= −u′

arccot (x)n λu (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − arccot (x)n nλ

(x2 + 1) arccot (x)
f1f2 = (−2aλ xm arccot (x)n − 2 arccot (x)n λb) arccot (x)n λ
f 2
2 f0 = arccot (x)2n λ2(x2m arccot (x)n a2λ+ 2xm arccot (x)n abλ+ b2λ arccot (x)n + amxm−1)
Substituting the above terms back in equation (2) gives

arccot (x)n λu′′(x)−
(
− arccot (x)n nλ
(x2 + 1) arccot (x) + (−2aλ xm arccot (x)n − 2 arccot (x)n λb) arccot (x)n λ

)
u′(x) + arccot (x)2n λ2(x2m arccot (x)n a2λ+ 2xm arccot (x)n abλ+ b2λ arccot (x)n + amxm−1)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x) + n_Y′(x)
arccot (x) (x2 + 1) + 2 arccot (x)n xmaλ_Y′(x)

+ 2 arccot (x)n bλ_Y′(x) + x2m arccot (x)2n a2λ2_Y(x)
+ 2xm arccot (x)2n ab λ2_Y(x) + arccot (x)2n b2λ2_Y(x)

+ xm−1 arccot (x)n amλ_Y(x)
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x) + n_Y′(x)

arccot (x) (x2 + 1) + 2 arccot (x)n xmaλ_Y′(x)

+ 2 arccot (x)n bλ_Y′(x) + x2m arccot (x)2n a2λ2_Y(x)
+ 2xm arccot (x)2n ab λ2_Y(x) + arccot (x)2n b2λ2_Y(x)

+ xm−1 arccot (x)n amλ_Y(x)
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x) + n_Y′
(x)

arccot(x)(x2+1) + 2arccot (x)n xmaλ_Y′(x) + 2 arccot (x)n bλ_Y′(x) + x2m arccot (x)2n a2λ2_Y(x) + 2xm arccot (x)2n ab λ2_Y(x) + arccot (x)2n b2λ2_Y(x) + xm−1 arccot (x)n amλ_Y(x)
}
, {_Y(x)}

))
arccot (x)−n

λDESol
({

_Y′′ (x) + n_Y′
(x)

arccot(x)(x2+1) + 2arccot (x)n xmaλ_Y′ (x) + 2 arccot (x)n bλ_Y′ (x) + x2m arccot (x)2n a2λ2_Y (x) + 2xm arccot (x)2n ab λ2_Y (x) + arccot (x)2n b2λ2_Y (x) + xm−1 arccot (x)n amλ_Y (x)
}
, {_Y (x)}

)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−

(
∂
∂x

DESol
({

λ2_Y(x)
(
x2+1

)(
a2x2m+2ab xm+b2

)
arccot(x)1+2n+

(
x2+1

)(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arccot(x)n+1+_Y′′

(x)
(
x2+1

)
arccot(x)+n_Y′

(x)
arccot(x)(x2+1)

}
, {_Y(x)}

))
arccot (x)−n

λDESol
({

(a2x1+2m+a2x3+2m+2a x3+mb+2a xm+1b+b2x(x2+1))_Y(x)λ2 arccot(x)1+2n+
(
2a x3+m_Y′

(x)+2a xm+1_Y′
(x)+a x2+mm_Y(x)+2bx(x2+1)_Y′

(x)+amxm_Y(x)
)
λ arccot(x)n+1+x

(
_Y′′

(x)(x2+1) arccot(x)+n_Y′
(x)
)

x(x2+1) arccot(x)

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

λ2_Y(x)
(
x2+1

)(
a2x2m+2ab xm+b2

)
arccot(x)1+2n+

(
x2+1

)(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arccot(x)n+1+_Y′′

(x)
(
x2+1

)
arccot(x)+n_Y′

(x)
arccot(x)(x2+1)

}
, {_Y(x)}

))
arccot (x)−n

λDESol
({

(a2x1+2m+a2x3+2m+2a x3+mb+2a xm+1b+b2x(x2+1))_Y(x)λ2 arccot(x)1+2n+
(
2a x3+m_Y′

(x)+2a xm+1_Y′
(x)+a x2+mm_Y(x)+2bx(x2+1)_Y′

(x)+amxm_Y(x)
)
λ arccot(x)n+1+x

(
_Y′′

(x)(x2+1) arccot(x)+n_Y′
(x)
)

x(x2+1) arccot(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({

λ2_Y(x)
(
x2+1

)(
a2x2m+2ab xm+b2

)
arccot(x)1+2n+

(
x2+1

)(
a xm−1m_Y(x)+2_Y′

(x)(a xm+b)
)
λ arccot(x)n+1+_Y′′

(x)
(
x2+1

)
arccot(x)+n_Y′

(x)
arccot(x)(x2+1)

}
, {_Y(x)}

))
arccot (x)−n

λDESol
({

(a2x1+2m+a2x3+2m+2a x3+mb+2a xm+1b+b2x(x2+1))_Y(x)λ2 arccot(x)1+2n+
(
2a x3+m_Y′

(x)+2a xm+1_Y′
(x)+a x2+mm_Y(x)+2bx(x2+1)_Y′

(x)+amxm_Y(x)
)
λ arccot(x)n+1+x

(
_Y′′

(x)(x2+1) arccot(x)+n_Y′
(x)
)

x(x2+1) arccot(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (d) successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 24� �
dsolve(diff(y(x),x)=lambda*arccot(x)^n*(y(x)-a*x^m-b)^2+a*m*x^(m-1),y(x), singsol=all)� �

y(x) = a xm + b+ 1
c1 − λ

(∫
arccot (x)n dx

)
3 Solution by Mathematica
Time used: 2.259 (sec). Leaf size: 44� �
DSolve[y'[x]==\[Lambda]*ArcCot[x]^n*(y[x]-a*x^m-b)^2+a*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
−
∫ x

1 λ cot−1(K[2])ndK[2] + c1
+ axm + b

y(x) → axm + b
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18.7 problem 35
18.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1340

Internal problem ID [10592]
Internal file name [OUTPUT/9539_Monday_June_06_2022_03_06_51_PM_86672655/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 35.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− λ arccot (x)n y2 − ky = λ b2x2k arccot (x)n

18.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= λ arccot (x)n y2 + ky + λ b2x2k arccot (x)n

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = λ b2x2k arccot (x)n

x
+ λ arccot (x)n y2

x
+ ky

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = λ b2x2k arccot(x)n
x

, f1(x) = k
x
and f2(x) = arccot(x)nλ

x
. Let

y = −u′

f2u

= −u′

arccot(x)nλu
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − arccot (x)n nλ

(x2 + 1) arccot (x)x − arccot (x)n λ
x2

f1f2 =
k arccot (x)n λ

x2

f 2
2 f0 =

arccot (x)3n λ3b2x2k

x3

Substituting the above terms back in equation (2) gives

arccot (x)n λu′′(x)
x

−
(
− arccot (x)n nλ
(x2 + 1) arccot (x)x − arccot (x)n λ

x2 + k arccot (x)n λ
x2

)
u′(x) + arccot (x)3n λ3b2x2ku(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1eibλ
(∫

xk−1 arccot(x)ndx
)
+ c2e−ibλ

(∫
xk−1 arccot(x)ndx

)

The above shows that

u′(x) = ib xk−1λ arccot (x)n e−ibλ
(∫

xk−1 arccot(x)ndx
)(
e2ibλ

(∫
xk−1 arccot(x)ndx

)
c1 − c2

)
Using the above in (1) gives the solution

y = −
ib xk−1e−ibλ

(∫
xk−1 arccot(x)ndx

)(
e2ibλ

(∫
xk−1 arccot(x)ndx

)
c1 − c2

)
x

c1eibλ
(∫

xk−1 arccot(x)ndx
)
+ c2e−ibλ

(∫
xk−1 arccot(x)ndx

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
ib xk

(
e2ibλ

(∫
xk−1 arccot(x)ndx

)
c3 − 1

)
e2ibλ

(∫
xk−1 arccot(x)ndx

)
c3 + 1
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Summary
The solution(s) found are the following

(1)y = −
ib xk

(
e2ibλ

(∫
xk−1 arccot(x)ndx

)
c3 − 1

)
e2ibλ

(∫
xk−1 arccot(x)ndx

)
c3 + 1

Verification of solutions

y = −
ib xk

(
e2ibλ

(∫
xk−1 arccot(x)ndx

)
c3 − 1

)
e2ibλ

(∫
xk−1 arccot(x)ndx

)
c3 + 1

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 29� �
dsolve(x*diff(y(x),x)=lambda*arccot(x)^n*y(x)^2+k*y(x)+lambda*b^2*x^(2*k)*arccot(x)^n,y(x), singsol=all)� �

y(x) = − tan
(
−λb

(∫
x−1+k arccot (x)n dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 2.591 (sec). Leaf size: 48� �
DSolve[x*y'[x]==\[Lambda]*ArcCot[x]^n*y[x]^2+k*y[x]+\[Lambda]*b^2*x^(2*k)*ArcCot[x]^n,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(√
b2
∫ x

1
λ cot−1(K[1])nK[1]k−1dK[1] + c1

)
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18.8 problem 36
18.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1343

Internal problem ID [10593]
Internal file name [OUTPUT/9540_Monday_June_06_2022_03_06_54_PM_87619199/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 36.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x−
(
a x2my2 + yxnb+ c

)
arccot (x)m + yn = 0

18.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= arccot (x)m x2ma y2 + arccot (x)m xnby + arccot (x)m c− ny

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = arccot (x)m x2ma y2

x
+ arccot (x)m xnby

x
+ arccot (x)m c

x
− ny

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = arccot(x)mc
x

, f1(x) = arccot(x)mxnb−n
x

and f2(x) = arccot(x)mx2ma
x

. Let

y = −u′

f2u

= −u′

arccot(x)mx2mau
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = − arccot (x)m mx2ma

(x2 + 1) arccot (x)x + 2arccot (x)m x2mma

x2 − arccot (x)m x2ma

x2

f1f2 =
(arccot (x)m xnb− n) arccot (x)m x2ma

x2

f 2
2 f0 =

arccot (x)3m x4ma2c

x3

Substituting the above terms back in equation (2) gives

arccot (x)m x2mau′′(x)
x

−
(
− arccot (x)m mx2ma

(x2 + 1) arccot (x)x + 2arccot (x)m x2mma

x2 − arccot (x)m x2ma

x2 + (arccot (x)m xnb− n) arccot (x)m x2ma

x2

)
u′(x) + arccot (x)3m x4ma2cu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x) + m_Y′(x)
(x2 + 1) arccot (x) −

2m_Y′(x)
x

+ _Y′(x)
x

− b xn−1 arccot (x)m _Y′(x) + n_Y′(x)
x

+ ac x2m−2_Y(x) arccot (x)2m
}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x) + m_Y′(x)

(x2 + 1) arccot (x) −
2m_Y′(x)

x
+ _Y′(x)

x

− b xn−1 arccot (x)m _Y′(x) + n_Y′(x)
x

+ ac x2m−2_Y(x) arccot (x)2m
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x) + m_Y′
(x)

(x2+1) arccot(x) −
2m_Y′

(x)
x

+ _Y′
(x)

x
− b xn−1 arccot (x)m _Y′(x) + n_Y′

(x)
x

+ ac x2m−2_Y(x) arccot (x)2m
}
, {_Y(x)}

))
arccot (x)−m x−2mx

aDESol
({

_Y′′ (x) + m_Y′
(x)

(x2+1) arccot(x) −
2m_Y′

(x)
x

+ _Y′
(x)

x
− b xn−1 arccot (x)m _Y′ (x) + n_Y′

(x)
x

+ ac x2m−2_Y (x) arccot (x)2m
}
, {_Y (x)}

)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
x−2m+1 arccot (x)−m

(
∂
∂x

DESol
({

ac x2m−1_Y(x) arccot(x)1+2m(x2+1
)
−b xn arccot(x)m+1(x2+1

)_Y′
(x)+_Y′′

(x)
(
x2+1

)
arccot(x)x−2

((
m−n

2−
1
2
)(
x2+1

)
arccot(x)−mx

2
)_Y′

(x)
x(x2+1) arccot(x)

}
, {_Y(x)}

))

aDESol




ac_Y(x)(x2m+x2+2m) arccot(x)1+2m−_Y′
(x)b(xn+1+xn+3) arccot(x)m+1−2

−
_Y′′

(x)
(
x2+1

)
arccot(x)x

2 +
((
m−n

2−
1
2
)
(x2+1) arccot(x)−mx

2
)_Y′

(x)

x

(x2+1)x2 arccot(x)

 , {_Y (x)}


Summary
The solution(s) found are the following

(1)y =

−
x−2m+1 arccot (x)−m

(
∂
∂x

DESol
({

ac x2m−1_Y(x) arccot(x)1+2m(x2+1
)
−b xn arccot(x)m+1(x2+1

)_Y′
(x)+_Y′′

(x)
(
x2+1

)
arccot(x)x−2

((
m−n

2−
1
2
)(
x2+1

)
arccot(x)−mx

2
)_Y′

(x)
x(x2+1) arccot(x)

}
, {_Y(x)}

))

aDESol




ac_Y(x)(x2m+x2+2m) arccot(x)1+2m−_Y′
(x)b(xn+1+xn+3) arccot(x)m+1−2

−
_Y′′

(x)
(
x2+1

)
arccot(x)x

2 +
((
m−n

2−
1
2
)
(x2+1) arccot(x)−mx

2
)_Y′

(x)

x

(x2+1)x2 arccot(x)

 , {_Y (x)}


Verification of solutions
y =

−
x−2m+1 arccot (x)−m

(
∂
∂x

DESol
({

ac x2m−1_Y(x) arccot(x)1+2m(x2+1
)
−b xn arccot(x)m+1(x2+1

)_Y′
(x)+_Y′′

(x)
(
x2+1

)
arccot(x)x−2

((
m−n

2−
1
2
)(
x2+1

)
arccot(x)−mx

2
)_Y′

(x)
x(x2+1) arccot(x)

}
, {_Y(x)}

))

aDESol




ac_Y(x)(x2m+x2+2m) arccot(x)1+2m−_Y′
(x)b(xn+1+xn+3) arccot(x)m+1−2

−
_Y′′

(x)
(
x2+1

)
arccot(x)x

2 +
((
m−n

2−
1
2
)
(x2+1) arccot(x)−mx

2
)_Y′

(x)

x

(x2+1)x2 arccot(x)

 , {_Y (x)}


Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (arccot(x)*x^(n-1)*arccot(x)^m*b*x^3+x^(n-1)*arccot(x)^m*b*arccot(x)*x

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(x^(-1+2*m)*arccot(x)^m*a*y(x)^2+y(x)+(x^(n-1)*arccot(x)^m*b-n/x)*y(x)*x+x*arccot

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(x*diff(y(x),x)=(a*x^(2*m)*y(x)^2+b*x^n*y(x)+c)*arccot(x)^m-n*y(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y'[x]==(a*x^(2*m)*y[x]^2+b*x^n*y[x]+c)*ArcCot[x]^m-n*y[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their
derivatives).

19.1 problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1349
19.2 problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1353
19.3 problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1358
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19.15problem 15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1412
19.16problem 16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1415
19.17problem 17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1420
19.18problem 18 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1424
19.19problem 19 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1429
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19.28problem 28 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1471
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19.31problem 31 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1486
19.32problem 32 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1491
19.33problem 33 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1495
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19.1 problem 1
19.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1349

Internal problem ID [10594]
Internal file name [OUTPUT/9541_Monday_June_06_2022_03_07_16_PM_10349265/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 1.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − f(x) y = −a2 − f(x) a

19.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + f(x) y − a2 − f(x) a

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + f(x) y − a2 − f(x) a

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2 − f(x) a, f1(x) = f(x) and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = f(x)
f 2
2 f0 = −a2 − f(x) a

Substituting the above terms back in equation (2) gives

u′′(x)− f(x)u′(x) +
(
−a2 − f(x) a

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
((∫

e2xa+
∫
f(x)dxdx

)
c1 + c2

)
e−xa

The above shows that

u′(x) = −e−xa

(∫
e2xa+

∫
f(x)dxdx

)
c1a− e−xac2a+ c1exa+

∫
f(x)dx

Using the above in (1) gives the solution

y = −
(
−e−xa

(∫
e2xa+

∫
f(x)dxdx

)
c1a− e−xac2a+ c1exa+

∫
f(x)dx) exa(∫

e2xa+
∫
f(x)dxdx

)
c1 + c2

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−c3e2xa+

∫
f(x)dx + a

(∫
e2xa+

∫
f(x)dxdx

)
c3 + a(∫

e2xa+
∫
f(x)dxdx

)
c3 + 1

Summary
The solution(s) found are the following

(1)y =
−c3e2xa+

∫
f(x)dx + a

(∫
e2xa+

∫
f(x)dxdx

)
c3 + a(∫

e2xa+
∫
f(x)dxdx

)
c3 + 1
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Verification of solutions

y =
−c3e2xa+

∫
f(x)dx + a

(∫
e2xa+

∫
f(x)dxdx

)
c3 + a(∫

e2xa+
∫
f(x)dxdx

)
c3 + 1

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 52� �
dsolve(diff(y(x),x)=y(x)^2+f(x)*y(x)-a^2-a*f(x),y(x), singsol=all)� �

y(x) =
−a
(∫

e
∫
f(x)dx+2axdx

)
+ c1a+ e

∫
f(x)dx+2ax

−
(∫

e
∫
f(x)dx+2axdx

)
+ c1
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3 Solution by Mathematica
Time used: 0.719 (sec). Leaf size: 166� �
DSolve[y'[x]==y[x]^2+f[x]*y[x]-a^2-a*f[x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

exp
(
−
∫ K[2]
1 (−2a− f(K[1]))dK[1]

)
(a+ f(K[2]) + y(x))

a− y(x) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1 (−2a− f(K[1]))dK[1]
)

(K[3]− a)2

−
∫ x

1

exp
(
−
∫ K[2]
1 (−2a− f(K[1]))dK[1]

)
(a+ f(K[2]) +K[3])

(a−K[3])2 +
exp

(
−
∫ K[2]
1 (−2a− f(K[1]))dK[1]

)
a−K[3]

 dK[2]

 dK[3] = c1, y(x)



1352



19.2 problem 2
19.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1353

Internal problem ID [10595]
Internal file name [OUTPUT/9542_Monday_June_06_2022_03_07_17_PM_47552009/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 2.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x) + ay = −ab− b2f(x)

19.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 − ya− ab− b2f(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) y2 − ya− ab− b2f(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −ab− b2f(x), f1(x) = −a and f2(x) = f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = −f(x) a
f 2
2 f0 = f(x)2

(
−ab− b2f(x)

)
Substituting the above terms back in equation (2) gives

f(x)u′′(x)− (f ′(x)− f(x) a)u′(x) + f(x)2
(
−ab− b2f(x)

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e
∫ f(x)

(
b
(∫

f(x)e−(
∫
(2f(x)b+a)dx)dx

)
−c1b+e−(

∫
(2f(x)b+a)dx))

−c1+
∫
f(x)e−(

∫
(2f(x)b+a)dx)dx

dx
c2

The above shows that

u′(x)

=
f(x)

(
b
(∫

f(x) e−
(∫

(2f(x)b+a)dx
)
dx
)
− c1b+ e−

(∫
(2f(x)b+a)dx

))
e
∫ f(x)

(
b
(∫

f(x)e−(
∫
(2f(x)b+a)dx)dx

)
−c1b+e−(

∫
(2f(x)b+a)dx))

−c1+
∫
f(x)e−(

∫
(2f(x)b+a)dx)dx

dx
c2

−c1 +
∫
f (x) e−

(∫
(2f(x)b+a)dx

)
dx

Using the above in (1) gives the solution

y = −
b
(∫

f(x) e−
(∫

(2f(x)b+a)dx
)
dx
)
− c1b+ e−

(∫
(2f(x)b+a)dx

)
−c1 +

∫
f (x) e−

(∫
(2f(x)b+a)dx

)
dx

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
b
(∫

f(x) e−
(∫

(2f(x)b+a)dx
)
dx
)
− bc3 + e−

(∫
(2f(x)b+a)dx

)
c3 −

(∫
f (x) e−

(∫
(2f(x)b+a)dx

)
dx
)
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Summary
The solution(s) found are the following

(1)y =
b
(∫

f(x) e−
(∫

(2f(x)b+a)dx
)
dx
)
− bc3 + e−

(∫
(2f(x)b+a)dx

)
c3 −

(∫
f (x) e−

(∫
(2f(x)b+a)dx

)
dx
)

Verification of solutions

y =
b
(∫

f(x) e−
(∫

(2f(x)b+a)dx
)
dx
)
− bc3 + e−

(∫
(2f(x)b+a)dx

)
c3 −

(∫
f (x) e−

(∫
(2f(x)b+a)dx

)
dx
)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(a*f(x)-(diff(f(x), x)))*(diff(y(x), x))/f(x)+f(x)*b*(f(x)*b+a)*y(x),

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(f(x)*y(x)^2+y(x)-y(x)*a*x+x^2*(-a*b-b^2*f(x)))/x, y(x), explicit` *** Suble

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 65� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*y(x)-a*b-b^2*f(x),y(x), singsol=all)� �

y(x) =
−c1b− b

(∫
f(x) e−

(∫
(2f(x)b+a)dx

)
dx
)
− e−

(∫
(2f(x)b+a)dx

)
c1 +

∫
f (x) e−

(∫
(2f(x)b+a)dx

)
dx

3 Solution by Mathematica
Time used: 0.955 (sec). Leaf size: 185� �
DSolve[y'[x]==f[x]*y[x]^2-a*y[x]-a*b-b^2*f[x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

exp
(
−
∫ K[2]
1 (a+ 2bf(K[1]))dK[1]

)
(a+ bf(K[2])− f(K[2])y(x))

a(b+ y(x)) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1 (a+ 2bf(K[1]))dK[1]
)

a(b+K[3])2

−
∫ x

1

−
exp

(
−
∫ K[2]
1 (a+ 2bf(K[1]))dK[1]

)
f(K[2])

a(b+K[3]) −
exp

(
−
∫ K[2]
1 (a+ 2bf(K[1]))dK[1]

)
(a+ bf(K[2])− f(K[2])K[3])

a(b+K[3])2

 dK[2]

 dK[3] = c1, y(x)
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19.3 problem 3
19.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1358

Internal problem ID [10596]
Internal file name [OUTPUT/9543_Monday_June_06_2022_03_07_19_PM_13365483/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 3.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 − xf(x) y = f(x)

19.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + f(x)xy + f(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + f(x)xy + f(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = f(x), f1(x) = xf(x) and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = xf(x)
f 2
2 f0 = f(x)

Substituting the above terms back in equation (2) gives

u′′(x)− xf(x)u′(x) + f(x)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x

((∫
e
∫ f(x)x2−2

x
dxdx

)
c1 + c2

)

The above shows that

u′(x) =
(∫

e
∫ f(x)x2−2

x
dxdx

)
c1 + c2 + x e

∫ f(x)x2−2
x

dxc1

Using the above in (1) gives the solution

y = −

(∫
e
∫ f(x)x2−2

x
dxdx

)
c1 + c2 + x e

∫ f(x)x2−2
x

dxc1

x
((∫

e
∫ f(x)x2−2

x
dxdx

)
c1 + c2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−
(∫

e
∫ f(x)x2−2

x
dxdx

)
c3 − 1− x e

∫ f(x)x2−2
x

dxc3

x
((∫

e
∫ f(x)x2−2

x
dxdx

)
c3 + 1

)
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Summary
The solution(s) found are the following

(1)y =
−
(∫

e
∫ f(x)x2−2

x
dxdx

)
c3 − 1− x e

∫ f(x)x2−2
x

dxc3

x
((∫

e
∫ f(x)x2−2

x
dxdx

)
c3 + 1

)
Verification of solutions

y =
−
(∫

e
∫ f(x)x2−2

x
dxdx

)
c3 − 1− x e

∫ f(x)x2−2
x

dxc3

x
((∫

e
∫ f(x)x2−2

x
dxdx

)
c3 + 1

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 69� �
dsolve(diff(y(x),x)=y(x)^2+x*f(x)*y(x)+f(x),y(x), singsol=all)� �

y(x) = e
∫ f(x)x2−2

x
dxx+

∫
e
∫ f(x)x2−2

x
dxdx− c1(

c1 −
(∫

e
∫ f(x)x2−2

x
dxdx

))
x
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3 Solution by Mathematica
Time used: 1.074 (sec). Leaf size: 111� �
DSolve[y'[x]==y[x]^2+x*f[x]*y[x]+f[x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
exp

(
−
∫ x

1 −f(K[1])K[1]dK[1]
)
+ x

∫ x

1
exp
(
−
∫K[2]
1 −f(K[1])K[1]dK[1]

)
K[2]2 dK[2] + c1x

x2
(∫ x

1
exp
(
−
∫K[2]
1 −f(K[1])K[1]dK[1]

)
K[2]2 dK[2] + c1

)
y(x) → −1

x
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19.4 problem 4
19.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1362

Internal problem ID [10597]
Internal file name [OUTPUT/9544_Monday_June_06_2022_03_07_20_PM_89866051/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 4.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x) + a xnf(x) y = an xn−1

19.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 − a xnf(x) y + an xn−1

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) y2 − a xnf(x) y + xnna

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = an xn−1, f1(x) = −f(x) a xn and f2(x) = f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = −f(x)2 a xn

f 2
2 f0 = f(x)2 an xn−1

Substituting the above terms back in equation (2) gives

f(x)u′′(x)−
(
−f(x)2 a xn + f ′(x)

)
u′(x) + f(x)2 an xn−1u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−a
(∫

f(x)xndx
)(

c1 +
(∫

f(x) ea
(∫

f(x)xndx
)
dx

)
c2

)
The above shows that

u′(x)= f(x)
(
−xne−a

(∫
f(x)xndx

)(∫
f(x) ea

(∫
f(x)xndx

)
dx

)
c2a−xne−a

(∫
f(x)xndx

)
c1a+c2

)
Using the above in (1) gives the solution

y =

−

(
−xne−a

(∫
f(x)xndx

)(∫
f(x) ea

(∫
f(x)xndx

)
dx
)
c2a− xne−a

(∫
f(x)xndx

)
c1a+ c2

)
e
∫
f(x)a xndx

c1 +
(∫

f (x) ea
(∫

f(x)xndx
)
dx
)
c2

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
ac3x

n + a
(∫

f(x) ea
(∫

f(x)xndx
)
dx
)
xn − ea

(∫
f(x)xndx

)
c3 +

∫
f (x) ea

(∫
f(x)xndx

)
dx

Summary
The solution(s) found are the following

(1)y =
ac3x

n + a
(∫

f(x) ea
(∫

f(x)xndx
)
dx
)
xn − ea

(∫
f(x)xndx

)
c3 +

∫
f (x) ea

(∫
f(x)xndx

)
dx
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Verification of solutions

y =
ac3x

n + a
(∫

f(x) ea
(∫

f(x)xndx
)
dx
)
xn − ea

(∫
f(x)xndx

)
c3 +

∫
f (x) ea

(∫
f(x)xndx

)
dx

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(a*x^n*f(x)^2-(diff(f(x), x)))*(diff(y(x), x))/f(x)-f(x)*a*n*x^(n-1)*

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(f(x)*y(x)^2+y(x)-a*x^n*f(x)*y(x)*x+x^2*a*n*x^(n-1))/x, y(x), explicit` ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*x^n*f(x)*y(x)+a*n*x^(n-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a*x^n*f[x]*y[x]+a*n*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.5 problem 5
19.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1367

Internal problem ID [10598]
Internal file name [OUTPUT/9545_Monday_June_06_2022_03_07_22_PM_12930354/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 5.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x) = an xn−1 − a2x2nf(x)

19.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 + an xn−1 − a2x2nf(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2x2nf(x) + f(x) y2 + xnna

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = an xn−1 − a2x2nf(x), f1(x) = 0 and f2(x) = f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = 0
f 2
2 f0 = f(x)2

(
an xn−1 − a2x2nf(x)

)
Substituting the above terms back in equation (2) gives

f(x)u′′(x)− f ′(x)u′(x) + f(x)2
(
an xn−1 − a2x2nf(x)

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− f ′(x)_Y′(x)
f (x)

+ f(x)
(
an xn−1 − a2x2nf(x)

)
_Y(x)

}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− f ′(x)_Y′(x)

f (x)

+ f(x)
(
an xn−1 − a2x2nf(x)

)
_Y(x)

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y =

−
∂
∂x

DESol
({

_Y′′(x)− f ′(x)_Y′
(x)

f(x) + f(x) (an xn−1 − a2x2nf(x))_Y(x)
}
, {_Y(x)}

)
f (x)DESol

({
_Y′′ (x)− f ′(x)_Y′

(x)
f(x) + f (x) (an xn−1 − a2x2nf (x))_Y (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
∂
∂x

DESol
({

_Y′′(x)− f ′(x)_Y′
(x)

f(x) + f(x) (an xn−1 − a2x2nf(x))_Y(x)
}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3x1+2n_Y(x)a2+f(x)2xn_Y(x)an+_Y′′

(x)xf(x)−f ′(x)_Y′
(x)x

xf(x)

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y =

−
∂
∂x

DESol
({

_Y′′(x)− f ′(x)_Y′
(x)

f(x) + f(x) (an xn−1 − a2x2nf(x))_Y(x)
}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3x1+2n_Y(x)a2+f(x)2xn_Y(x)an+_Y′′

(x)xf(x)−f ′(x)_Y′
(x)x

xf(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−
∂
∂x

DESol
({

_Y′′(x)− f ′(x)_Y′
(x)

f(x) + f(x) (an xn−1 − a2x2nf(x))_Y(x)
}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3x1+2n_Y(x)a2+f(x)2xn_Y(x)an+_Y′′

(x)xf(x)−f ′(x)_Y′
(x)x

xf(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(2*a*x^(2*n)*n*f(x)+a*x^(2*n)*(diff(f(x), x))*x-x^(n-1)*n^2+x^(n-1)*n)/(x*(f
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+a*n*x^(n-1)-a^2*x^(2*n)*f(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2+a*n*x^(n-1)-a^2*x^(2*n)*f[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.6 problem 6
19.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1372

Internal problem ID [10599]
Internal file name [OUTPUT/9546_Monday_June_06_2022_03_07_28_PM_86558589/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 6.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + (n+ 1)xny2 − xn+1f(x) y = −f(x)

19.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −xny2n+ xn+1f(x) y − xny2 − f(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = −xny2n+ xnxf(x) y − xny2 − f(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −f(x), f1(x) = f(x)xn+1 and f2(x) = −nxn − xn. Let

y = −u′

f2u

= −u′

(−nxn − xn)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −n2xn

x
− xnn

x
f1f2 = f(x)xn+1(−nxn − xn)
f 2
2 f0 = −(−nxn − xn)2 f(x)

Substituting the above terms back in equation (2) gives

(−nxn − xn)u′′(x)−
(
−n2xn

x
− xnn

x
+ f(x)xn+1(−nxn − xn)

)
u′(x)− (−nxn − xn)2 f(x)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = xn+1
((∫

x−2n−2e
∫ (

f(x)xn+1+n
x

)
dxdx

)
c2 + c1

)

The above shows that

u′(x) = xn(n+ 1)
((∫

e
∫ f(x)x2+n+n

x
dxx−2n−2dx

)
c2 + c1

)
+ c2x

−n−1e
∫ f(x)x2+n+n

x
dx

Using the above in (1) gives the solution

y = −

(
xn(n+ 1)

((∫
e
∫ f(x)x2+n+n

x
dxx−2n−2dx

)
c2 + c1

)
+ c2x

−n−1e
∫ f(x)x2+n+n

x
dx
)
x−n−1

(−nxn − xn)
((∫

x−2n−2e
∫ (

f(x)xn+1+n
x

)
dxdx

)
c2 + c1

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
(n+ 1)

(∫
x−2n−2e

∫ (
f(x)xn+1+n

x

)
dxdx+ c3

)
x−n−1 + x−2−3ne

∫ (
f(x)xn+1+n

x

)
dx

(n+ 1)
(∫

e
∫ f(x)x2+n+n

x
dxx−2n−2dx+ c3

)
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Summary
The solution(s) found are the following

(1)y =
(n+ 1)

(∫
x−2n−2e

∫ (
f(x)xn+1+n

x

)
dxdx+ c3

)
x−n−1 + x−2−3ne

∫ (
f(x)xn+1+n

x

)
dx

(n+ 1)
(∫

e
∫ f(x)x2+n+n

x
dxx−2n−2dx+ c3

)
Verification of solutions

y =
(n+ 1)

(∫
x−2n−2e

∫ (
f(x)xn+1+n

x

)
dxdx+ c3

)
x−n−1 + x−2−3ne

∫ (
f(x)xn+1+n

x

)
dx

(n+ 1)
(∫

e
∫ f(x)x2+n+n

x
dxx−2n−2dx+ c3

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (x^(n+1)*f(x)*x+n)*(diff(y(x), x))/x-x^n*(n+1)*f(x)*y(x), y(x)` *

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((-x^n*n-x^n)*y(x)^2+y(x)+x^(n+1)*f(x)*y(x)*x-f(x)*x^2)/x, y(x), explicit` *

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 169� �
dsolve(diff(y(x),x)=-(n+1)*x^n*y(x)^2+x^(n+1)*f(x)*y(x)-f(x),y(x), singsol=all)� �
y(x)

=
x−n−1

(
xn+1e

∫ xn+1f(x)x−2n−2
x

dx +
(∫

xne
∫
xn+1f(x)dx+(−2n−2)

(∫ 1
x
dx
)
dx
)
n+

∫
xne

∫
xn+1f(x)dx+(−2n−2)

(∫ 1
x
dx
)
dx− c1

)
(∫

xne
∫
xn+1f(x)dx+(−2n−2)

(∫ 1
x
dx
)
dx
)
n+

∫
xne

∫
xn+1f(x)dx+(−2n−2)

(∫ 1
x
dx
)
dx− c1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-(n+1)*x^n*y[x]^2+x^(n+1)*f[x]*y[x]-f[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.7 problem 7
19.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1377

Internal problem ID [10600]
Internal file name [OUTPUT/9547_Monday_June_06_2022_03_07_31_PM_8322341/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 7.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− y2f(x)− yn = f(x)x2na

19.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= f(x) y2 + ny + f(x)x2na

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) a x2n

x
+ f(x) y2

x
+ ny

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = f(x)a x2n

x
, f1(x) = n

x
and f2(x) = f(x)

x
. Let

y = −u′

f2u

= −u′

f(x)u
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

f ′(x)
x

− f(x)
x2

f1f2 =
nf(x)
x2

f 2
2 f0 =

f(x)3 a x2n

x3

Substituting the above terms back in equation (2) gives

f(x)u′′(x)
x

−
(
f ′(x)
x

− f(x)
x2 + nf(x)

x2

)
u′(x) + f(x)3 a x2nu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1ei
√
a
(∫

f(x)xn−1dx
)
+ c2e−i

√
a
(∫

f(x)xn−1dx
)

The above shows that

u′(x) = ixn−1f(x)
√
a e−i

√
a
(∫

f(x)xn−1dx
)(
c1e2i

√
a
(∫

f(x)xn−1dx
)
− c2

)
Using the above in (1) gives the solution

y = −
ixn−1√a e−i

√
a
(∫

f(x)xn−1dx
)(
c1e2i

√
a
(∫

f(x)xn−1dx
)
− c2

)
x

c1ei
√
a
(∫

f(x)xn−1dx
)
+ c2e−i

√
a
(∫

f(x)xn−1dx
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
ixn

√
a
(
c3e2i

√
a
(∫

f(x)xn−1dx
)
− 1
)

c3e2i
√
a
(∫

f(x)xn−1dx
)
+ 1
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Summary
The solution(s) found are the following

(1)y = −
ixn

√
a
(
c3e2i

√
a
(∫

f(x)xn−1dx
)
− 1
)

c3e2i
√
a
(∫

f(x)xn−1dx
)
+ 1

Verification of solutions

y = −
ixn

√
a
(
c3e2i

√
a
(∫

f(x)xn−1dx
)
− 1
)

c3e2i
√
a
(∫

f(x)xn−1dx
)
+ 1

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 30� �
dsolve(x*diff(y(x),x)=f(x)*y(x)^2+n*y(x)+a*x^(2*n)*f(x),y(x), singsol=all)� �

y(x) = − tan
(
−
√
a

(∫
f(x)xn−1dx

)
+ c1

)√
a xn

3 Solution by Mathematica
Time used: 0.577 (sec). Leaf size: 41� �
DSolve[x*y'[x]==f[x]*y[x]^2+n*y[x]+a*x^(2*n)*f[x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
axn tan

(√
a

∫ x

1
f(K[1])K[1]n−1dK[1] + c1

)
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19.8 problem 8
19.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1380

Internal problem ID [10601]
Internal file name [OUTPUT/9548_Monday_June_06_2022_03_07_32_PM_96364581/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 8.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− x2nf(x) y2 − (f(x) a xn − n) y = f(x) b

19.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a xnf(x) y + x2nf(x) y2 + f(x) b− ny

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = xnf(x) ay
x

+ x2nf(x) y2
x

+ f(x) b
x

− ny

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = f(x)b
x

, f1(x) = f(x)a xn−n
x

and f2(x) = f(x)x2n

x
. Let

y = −u′

f2u

= −u′

f(x)x2nu
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

f ′(x)x2n

x
+ 2f(x)x2nn

x2 − f(x)x2n

x2

f1f2 =
(f(x) a xn − n) f(x)x2n

x2

f 2
2 f0 =

f(x)3 x4nb

x3

Substituting the above terms back in equation (2) gives

f(x)x2nu′′(x)
x

−
(
f ′(x)x2n

x
+ 2f(x)x2nn

x2 − f(x)x2n

x2 + (f(x) a xn − n) f(x)x2n

x2

)
u′(x) + f(x)3 x4nbu(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(
c1 BesselJ

(√
3
√
−b

8a ,

√
3
√
2
√
b x2n x−n

8a

)

+ c2 BesselY
(√

3
√
−b

8a ,

√
3
√
2
√
b x2n x−n

8a

))
e

(∫(a xnf(x)
x + f ′(x)

f(x) + 3n
x

)
dx

)
2

The above shows that

u′(x)

=

(
c1 BesselJ

(√
3
√
−b

8a ,
√
3
√
2
√
b x2n x−n

8a

)
+ c2 BesselY

(√
3
√
−b

8a ,
√
3
√
2
√
b x2n x−n

8a

)) (
f(x)2 a xn + f ′(x)x+ 3nf(x)

)
e

(∫ f(x)2a xn+f ′(x)x+3nf(x)
f(x)x dx

)
2

2xf (x)

Using the above in (1) gives the solution

y =

−
(
f(x)2 a xn + f ′(x)x+ 3nf(x)

)
e

(∫ f(x)2a xn+f ′(x)x+3nf(x)
f(x)x dx

)
2 x−2ne

∫ (
−a xn−1f(x)

2 − f ′(x)
2f(x)−

3n
2x

)
dx

2f (x)2

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y = −
(
f(x)2 a xn + f ′(x)x+ 3nf(x)

)
x−2n

2f (x)2

Summary
The solution(s) found are the following

(1)y = −
(
f(x)2 a xn + f ′(x)x+ 3nf(x)

)
x−2n

2f (x)2

Verification of solutions

y = −
(
f(x)2 a xn + f ′(x)x+ 3nf(x)

)
x−2n

2f (x)2

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 65� �
dsolve(x*diff(y(x),x)=x^(2*n)*f(x)*y(x)^2+(a*x^n*f(x)-n)*y(x)+b*f(x),y(x), singsol=all)� �

y(x) = −

(
a2 + tanh

(√
a2(a2−4b)

(
a
(∫

f(x)xn−1dx
)
+c1

)
2a2

)√
a2 (a2 − 4b)

)
x−n

2a
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3 Solution by Mathematica
Time used: 2.272 (sec). Leaf size: 82� �
DSolve[x*y'[x]==x^(2*n)*f[x]*y[x]^2+(a*x^n*f[x]-n)*y[x]+b*f[x],y[x],x,IncludeSingularSolutions -> True]� �

Solve

∫ √
x2n
b

y(x)

1

1

K[1]2 −
√

a2

b
K[1] + 1

dK[1] =
∫ x

1

bf(K[2])
√

K[2]2n
b

K[2] dK[2] + c1, y(x)
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19.9 problem 9
19.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1384

Internal problem ID [10602]
Internal file name [OUTPUT/9549_Monday_June_06_2022_03_07_35_PM_92126063/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 9.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x)− g(x) y = −f(x) a2 − ag(x)

19.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 + g(x) y − f(x) a2 − ag(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) y2 + g(x) y − f(x) a2 − ag(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −f(x) a2 − ag(x), f1(x) = g(x) and f2(x) = f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = g(x) f(x)
f 2
2 f0 = f(x)2

(
−f(x) a2 − ag(x)

)
Substituting the above terms back in equation (2) gives

f(x)u′′(x)− (f ′(x) + g(x) f(x))u′(x) + f(x)2
(
−f(x) a2 − ag(x)

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = −
(∫

e
∫
(2f(x)a+g(x))dxf(x) dx+ c1

)
e−a

(∫
f(x)dx

)
c2

The above shows that

u′(x) = c2f(x)
(
−e

∫
(2f(x)a+g(x))dx−a

(∫
f(x)dx

)

+ a e−a
(∫

f(x)dx
)(∫

e
∫
(2f(x)a+g(x))dxf(x) dx+ c1

))

Using the above in (1) gives the solution

y=

(
−e

∫
(2f(x)a+g(x))dx−a

(∫
f(x)dx

)
+ a e−a

(∫
f(x)dx

)(∫
e
∫
(2f(x)a+g(x))dxf(x) dx+ c1

))
e
∫
f(x)adx∫

e
∫
(2f(x)a+g(x))dxf (x) dx+ c1

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−e

∫
(2f(x)a+g(x))dx + c3a+

(∫
e
∫
(2f(x)a+g(x))dxf(x) dx

)
a∫

e
∫
(2f(x)a+g(x))dxf (x) dx+ c3
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Summary
The solution(s) found are the following

(1)y =
−e

∫
(2f(x)a+g(x))dx + c3a+

(∫
e
∫
(2f(x)a+g(x))dxf(x) dx

)
a∫

e
∫
(2f(x)a+g(x))dxf (x) dx+ c3

Verification of solutions

y =
−e

∫
(2f(x)a+g(x))dx + c3a+

(∫
e
∫
(2f(x)a+g(x))dxf(x) dx

)
a∫

e
∫
(2f(x)a+g(x))dxf (x) dx+ c3

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (b) successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 67� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+g(x)*y(x)-a^2*f(x)-a*g(x),y(x), singsol=all)� �

y(x) =
−a
(∫

e
∫
g(x)dx+2a

(∫
f(x)dx

)
f(x) dx

)
+ c1a+ e

∫
g(x)dx+2a

(∫
f(x)dx

)
−
(∫

e
∫
g(x)dx+2a

(∫
f(x)dx

)
f (x) dx

)
+ c1
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3 Solution by Mathematica
Time used: 1.122 (sec). Leaf size: 201� �
DSolve[y'[x]==f[x]*y[x]^2+g[x]*y[x]-a^2*f[x]-a*g[x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

−
exp

(
−
∫ K[2]
1 (−2af(K[1])− g(K[1]))dK[1]

)
(af(K[2]) + y(x)f(K[2]) + g(K[2]))

a− y(x) dK[2]

+
∫ y(x)

1

−
∫ x

1

−
exp

(
−
∫ K[2]
1 (−2af(K[1])− g(K[1]))dK[1]

)
f(K[2])

a−K[3] −
exp

(
−
∫ K[2]
1 (−2af(K[1])− g(K[1]))dK[1]

)
(af(K[2]) +K[3]f(K[2]) + g(K[2]))

(a−K[3])2

 dK[2]

−
exp

(
−
∫ x

1 (−2af(K[1])− g(K[1]))dK[1]
)

(K[3]− a)2

 dK[3] = c1, y(x)
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19.10 problem 10
19.10.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1388

Internal problem ID [10603]
Internal file name [OUTPUT/9550_Monday_June_06_2022_03_07_36_PM_81058003/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 10.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x)− g(x) y = an xn−1 − a xng(x)− a2x2nf(x)

19.10.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 + g(x) y + an xn−1 − a xng(x)− a2x2nf(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2x2nf(x)− a xng(x) + f(x) y2 + xnna

x
+ g(x) y

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = an xn−1 − a xng(x) − a2x2nf(x), f1(x) = g(x) and f2(x) = f(x).
Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = g(x) f(x)
f 2
2 f0 = f(x)2

(
an xn−1 − a xng(x)− a2x2nf(x)

)
Substituting the above terms back in equation (2) gives

f(x)u′′(x)− (f ′(x) + g(x) f(x))u′(x) + f(x)2
(
an xn−1 − a xng(x)− a2x2nf(x)

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− (f ′(x) + g(x) f(x))_Y′(x)
f (x)

+ f(x)
(
an xn−1 − a xng(x)− a2x2nf(x)

)
_Y(x)

}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− (f ′(x) + g(x) f(x))_Y′(x)

f (x)

+ f(x)
(
an xn−1 − a xng(x)− a2x2nf(x)

)
_Y(x)

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y =

−
∂
∂x

DESol
({

_Y′′(x)− (f ′(x)+g(x)f(x))_Y′
(x)

f(x) + f(x) (an xn−1 − a xng(x)− a2x2nf(x))_Y(x)
}
, {_Y(x)}

)
f (x)DESol

({
_Y′′ (x)− (f ′(x)+g(x)f(x))_Y′

(x)
f(x) + f (x) (an xn−1 − a xng (x)− a2x2nf (x))_Y (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
∂
∂x

DESol
({

_Y′′(x)− (f ′(x)+g(x)f(x))_Y′
(x)

f(x) + f(x) (an xn−1 − a xng(x)− a2x2nf(x))_Y(x)
}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3x1+2n_Y(x)a2+_Y′′

(x)xf(x)−f(x)2g(x)xn+1_Y(x)a−(f ′(x)+g(x)f(x))_Y′
(x)x+f(x)2xn_Y(x)an

xf(x)

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y =

−
∂
∂x

DESol
({

_Y′′(x)− (f ′(x)+g(x)f(x))_Y′
(x)

f(x) + f(x) (an xn−1 − a xng(x)− a2x2nf(x))_Y(x)
}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3x1+2n_Y(x)a2+_Y′′

(x)xf(x)−f(x)2g(x)xn+1_Y(x)a−(f ′(x)+g(x)f(x))_Y′
(x)x+f(x)2xn_Y(x)an

xf(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−
∂
∂x

DESol
({

_Y′′(x)− (f ′(x)+g(x)f(x))_Y′
(x)

f(x) + f(x) (an xn−1 − a xng(x)− a2x2nf(x))_Y(x)
}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3x1+2n_Y(x)a2+_Y′′

(x)xf(x)−f(x)2g(x)xn+1_Y(x)a−(f ′(x)+g(x)f(x))_Y′
(x)x+f(x)2xn_Y(x)an

xf(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (g(x)*f(x)+diff(f(x), x))*(diff(y(x), x))/f(x)+f(x)*a*(f(x)*x^(2*n)*a+

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(f(x)*y(x)^2+y(x)+g(x)*y(x)*x+x^2*(a*n*x^(n-1)-x^n*g(x)*a-a^2*x^(2*n)*f(x)))/x, y

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �

1391



7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+g(x)*y(x)+a*n*x^(n-1)-a*x^n*g(x)-a^2*f(x)*x^(2*n),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2+g[x]*y[x]+a*n*x^(n-1)-a*x^n*g[x]-a^2*f[x]*x^(2*n),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.11 problem 11
19.11.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1393

Internal problem ID [10604]
Internal file name [OUTPUT/9551_Monday_June_06_2022_03_08_07_PM_96640301/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 11.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x) + a xng(x) y = an xn−1 + a2x2n(g(x)− f(x))

19.11.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a2x2ng(x)− a2x2nf(x)− xng(x) ay + an xn−1 + f(x) y2

This is a Riccati ODE. Comparing the ODE to solve

y′ = a2x2ng(x)− a2x2nf(x)− xng(x) ay + xnna

x
+ f(x) y2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a2x2ng(x)− a2x2nf(x) + an xn−1, f1(x) = −a xng(x) and f2(x) =
f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = −xnf(x) g(x) a
f 2
2 f0 = f(x)2

(
a2x2ng(x)− a2x2nf(x) + an xn−1)

Substituting the above terms back in equation (2) gives

f(x)u′′(x)− (−xnf(x) g(x) a+ f ′(x))u′(x) + f(x)2
(
a2x2ng(x)− a2x2nf(x) + an xn−1)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− (−xnf(x) g(x) a+ f ′(x))_Y′(x)
f (x)

+ f(x)
(
a2x2ng(x)− a2x2nf(x) + an xn−1)_Y(x)} , {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− (−xnf(x) g(x) a+ f ′(x))_Y′(x)

f (x)

+ f(x)
(
a2x2ng(x)− a2x2nf(x) + an xn−1)_Y(x)} , {_Y(x)}

)
Using the above in (1) gives the solution

y =

−
∂
∂x

DESol
({

_Y′′(x)− (−xnf(x)g(x)a+f ′(x))_Y′
(x)

f(x) + f(x) (a2x2ng(x)− a2x2nf(x) + an xn−1)_Y(x)
}
, {_Y(x)}

)
f (x)DESol

({
_Y′′ (x)− (−xnf(x)g(x)a+f ′(x))_Y′

(x)
f(x) + f (x) (a2x2ng (x)− a2x2nf (x) + an xn−1)_Y (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
∂
∂x

DESol
({

_Y′′(x)− (−xnf(x)g(x)a+f ′(x))_Y′
(x)

f(x) + f(x) (a2x2ng(x)− a2x2nf(x) + an xn−1)_Y(x)
}
, {_Y(x)}

)
f (x)DESol

({
−f(x)2_Y(x)a2(f(x)−g(x))x1+2n+f(x)2xn_Y(x)an+a xn+1f(x)g(x)_Y′

(x)−f ′(x)_Y′
(x)x+_Y′′

(x)xf(x)
f(x)x

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y =

−
∂
∂x

DESol
({

_Y′′(x)− (−xnf(x)g(x)a+f ′(x))_Y′
(x)

f(x) + f(x) (a2x2ng(x)− a2x2nf(x) + an xn−1)_Y(x)
}
, {_Y(x)}

)
f (x)DESol

({
−f(x)2_Y(x)a2(f(x)−g(x))x1+2n+f(x)2xn_Y(x)an+a xn+1f(x)g(x)_Y′

(x)−f ′(x)_Y′
(x)x+_Y′′

(x)xf(x)
f(x)x

}
, {_Y (x)}

)
Verification of solutions
y =

−
∂
∂x

DESol
({

_Y′′(x)− (−xnf(x)g(x)a+f ′(x))_Y′
(x)

f(x) + f(x) (a2x2ng(x)− a2x2nf(x) + an xn−1)_Y(x)
}
, {_Y(x)}

)
f (x)DESol

({
−f(x)2_Y(x)a2(f(x)−g(x))x1+2n+f(x)2xn_Y(x)an+a xn+1f(x)g(x)_Y′

(x)−f ′(x)_Y′
(x)x+_Y′′

(x)xf(x)
f(x)x

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(f(x)*x^n*g(x)*a-(diff(f(x), x)))*(diff(y(x), x))/f(x)-f(x)*a*(g(x)*x

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(f(x)*y(x)^2+y(x)-a*x^n*g(x)*y(x)*x+x^2*(x^(2*n)*g(x)*a^2-a^2*x^(2*n)*f(x)+a*n*x^

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*x^n*g(x)*y(x)+a*n*x^(n-1)+a^2*x^(2*n)*(g(x)-f(x)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a*x^n*g[x]*y[x]+a*n*x^(n-1)+a^2*x^(2*n)*(g[x]-f[x]),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.12 problem 12
19.12.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1398

Internal problem ID [10605]
Internal file name [OUTPUT/9552_Monday_June_06_2022_03_08_37_PM_49442143/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 12.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − a eλxy2 − a eλxf(x) y = λf(x)

19.12.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= eλxa y2 + a eλxf(x) y + λf(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = eλxa y2 + a eλxf(x) y + λf(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = λf(x), f1(x) = a eλxf(x) and f2(x) = eλxa. Let

y = −u′

f2u

= −u′

eλxau (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = aλ eλx

f1f2 = a2e2λxf(x)
f 2
2 f0 = e2λxf(x) a2λ

Substituting the above terms back in equation (2) gives

eλxau′′(x)−
(
a2e2λxf(x) + aλ eλx

)
u′(x) + e2λxf(x) a2λu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
eλx
((∫

e−λx+a
(∫

eλxf(x)dx
)
dx
)
c2 + c1λ

)
λ

The above shows that

u′(x) =
eλx
(∫

e−λx+a
(∫

eλxf(x)dx
)
dx
)
c2λ+ eλxc1λ2 + c2ea

(∫
eλxf(x)dx

)
λ

Using the above in (1) gives the solution

y = −

(
eλx
(∫

e−λx+a
(∫

eλxf(x)dx
)
dx
)
c2λ+ eλxc1λ2 + c2ea

(∫
eλxf(x)dx

))
e−2λx

a
((∫

e−λx+a
(∫

eλxf(x)dx
)
dx
)
c2 + c1λ

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −

(
eλx
(∫

e−λx+a
(∫

eλxf(x)dx
)
dx
)
λ+ eλxc3λ2 + ea

(∫
eλxf(x)dx

))
e−2λx

a
(∫

e−λx+a
(∫

eλxf(x)dx
)
dx+ λc3

)
Summary
The solution(s) found are the following

(1)y = −

(
eλx
(∫

e−λx+a
(∫

eλxf(x)dx
)
dx
)
λ+ eλxc3λ2 + ea

(∫
eλxf(x)dx

))
e−2λx

a
(∫

e−λx+a
(∫

eλxf(x)dx
)
dx+ λc3

)
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Verification of solutions

y = −

(
eλx
(∫

e−λx+a
(∫

eλxf(x)dx
)
dx
)
λ+ eλxc3λ2 + ea

(∫
eλxf(x)dx

))
e−2λx

a
(∫

e−λx+a
(∫

eλxf(x)dx
)
dx+ λc3

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (a*exp(lambda*x)*f(x)+lambda)*(diff(y(x), x))-exp(lambda*x)*a*lambda*f

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

a*f(ln(t)/lambda)*u(t)-a*t*f(ln(t)/lambda)*diff(u(t),t)+t*lambda*diff(diff(u(t),t),t) = 0
<- change of variables successful

<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 92� �
dsolve(diff(y(x),x)=a*exp(lambda*x)*y(x)^2+a*exp(lambda*x)*f(x)*y(x)+lambda*f(x),y(x), singsol=all)� �

y(x) =
−c1e−2xλ+a

(∫
exλf(x)dx

)
− e−xλ

(∫
e−xλ+a

(∫
exλf(x)dx

)
dx
)
c1λ− λ2e−xλ

a
((∫

e−xλ+a
(∫

exλf(x)dx
)
dx
)
c1 + λ

)
3 Solution by Mathematica
Time used: 4.45 (sec). Leaf size: 166� �
DSolve[y'[x]==a*Exp[\[Lambda]*x]*y[x]^2+a*Exp[\[Lambda]*x]*f[x]*y[x]+\[Lambda]*f[x],y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

λe−2λx

exp
(
−
∫ exλ

1 −
af
(

log(K[1])
λ

)
λ

dK[1]
)
+ eλx

∫ exλ

1

exp

−
∫K[2]
1 −

af

(
log(K[1])

λ

)
λ

dK[1]


K[2]2 dK[2] + c1e

λx



a

∫ exλ

1

exp

−
∫K[2]
1 −

af

(
log(K[1])

λ

)
λ

dK[1]


K[2]2 dK[2] + c1


y(x) → −λeλ(−x)

a
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19.13 problem 13
19.13.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1402

Internal problem ID [10606]
Internal file name [OUTPUT/9553_Monday_June_06_2022_03_08_39_PM_4505664/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 13.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x) + a eλxf(x) y = aλ eλx

19.13.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 − a eλxf(x) y + aλ eλx

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) y2 − a eλxf(x) y + aλ eλx

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = aλ eλx, f1(x) = −a eλxf(x) and f2(x) = f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = −f(x)2 eλxa
f 2
2 f0 = λf(x)2 a eλx

Substituting the above terms back in equation (2) gives

f(x)u′′(x)−
(
−f(x)2 eλxa+ f ′(x)

)
u′(x) + λf(x)2 a eλxu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−a
(∫

eλxf(x)dx
)(

c1 +
(∫

f(x) ea
(∫

eλxf(x)dx
)
dx

)
c2

)
The above shows that

u′(x) = −
(
a

(
c1 +

(∫
f(x) ea

(∫
eλxf(x)dx

)
dx

)
c2

)
eλx−a

(∫
eλxf(x)dx

)
− c2

)
f(x)

Using the above in (1) gives the solution

y =

(
a
(
c1 +

(∫
f(x) ea

(∫
eλxf(x)dx

)
dx
)
c2
)
eλx−a

(∫
eλxf(x)dx

)
− c2

)
e
∫
a eλxf(x)dx

c1 +
(∫

f (x) ea
(∫

eλxf(x)dx
)
dx
)
c2

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

(
a
(
c3 +

∫
f(x) ea

(∫
eλxf(x)dx

)
dx
)
eλx−a

(∫
eλxf(x)dx

)
− 1
)
ea
(∫

eλxf(x)dx
)

c3 +
∫
f (x) ea

(∫
eλxf(x)dx

)
dx

Summary
The solution(s) found are the following

(1)y =

(
a
(
c3 +

∫
f(x) ea

(∫
eλxf(x)dx

)
dx
)
eλx−a

(∫
eλxf(x)dx

)
− 1
)
ea
(∫

eλxf(x)dx
)

c3 +
∫
f (x) ea

(∫
eλxf(x)dx

)
dx
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Verification of solutions

y =

(
a
(
c3 +

∫
f(x) ea

(∫
eλxf(x)dx

)
dx
)
eλx−a

(∫
eλxf(x)dx

)
− 1
)
ea
(∫

eλxf(x)dx
)

c3 +
∫
f (x) ea

(∫
eλxf(x)dx

)
dx

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(exp(lambda*x)*f(x)^2*a-(diff(f(x), x)))*(diff(y(x), x))/f(x)-exp(lam

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(f(x)*y(x)^2+y(x)-a*exp(lambda*x)*f(x)*y(x)*x+x^2*a*lambda*exp(lambda*x))/x, y(x)

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*exp(lambda*x)*f(x)*y(x)+a*lambda*exp(lambda*x),y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 48.456 (sec). Leaf size: 207� �
DSolve[y'[x]==f[x]*y[x]^2-a*Exp[\[Lambda]*x]*f[x]*y[x]+a*\[Lambda]*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

a exp
(∫ exλ

1 −
af
(

log(K[1])
λ

)
λ

dK[1] + 2λx
)∫ exλ

1

exp

−
∫K[2]
1 −

af

(
log(K[1])

λ

)
λ

dK[1]


K[2]2 dK[2] + c1



exp
(∫ exλ

1 −
af
(

log(K[1])
λ

)
λ

dK[1] + λx

)∫ exλ

1

exp

−
∫K[2]
1 −

af

(
log(K[1])

λ

)
λ

dK[1]


K[2]2 dK[2] + c1 exp

(∫ exλ

1 −
af
(

log(K[1])
λ

)
λ

dK[1] + λx

)
+ 1

y(x) → aeλx
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19.14 problem 14
19.14.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1407

Internal problem ID [10607]
Internal file name [OUTPUT/9554_Monday_June_06_2022_03_08_42_PM_50840373/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 14.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x) = aλ eλx − a2e2λxf(x)

19.14.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 + aλ eλx − a2e2λxf(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) y2 + aλ eλx − a2e2λxf(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = aλ eλx − a2e2λxf(x), f1(x) = 0 and f2(x) = f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = 0
f 2
2 f0 = f(x)2

(
aλ eλx − a2e2λxf(x)

)
Substituting the above terms back in equation (2) gives

f(x)u′′(x)− f ′(x)u′(x) + f(x)2
(
aλ eλx − a2e2λxf(x)

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=DESol
({

−f(x)3 e2λx_Y(x) a2 + f(x)2 eλx_Y(x) aλ+ _Y′′(x) f(x)− f ′(x)_Y′(x)
f (x)

}
, {_Y(x)}

)

The above shows that

u′(x)

= ∂

∂x
DESol

({
−f(x)3 e2λx_Y(x) a2 + f(x)2 eλx_Y(x) aλ+ _Y′′(x) f(x)− f ′(x)_Y′(x)

f (x)

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y=−
∂
∂x

DESol
({

−f(x)3e2λx_Y(x)a2+f(x)2eλx_Y(x)aλ+_Y′′
(x)f(x)−f ′(x)_Y′

(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3e2λx_Y(x)a2+f(x)2eλx_Y(x)aλ+_Y′′

(x)f(x)−f ′(x)_Y′
(x)

f(x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y=−
∂
∂x

DESol
({

−f(x)3e2λx_Y(x)a2+f(x)2eλx_Y(x)aλ+_Y′′
(x)f(x)−f ′(x)_Y′

(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3e2λx_Y(x)a2+f(x)2eλx_Y(x)aλ+_Y′′

(x)f(x)−f ′(x)_Y′
(x)

f(x)

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y =

−
∂
∂x

DESol
({

−f(x)3e2λx_Y(x)a2+f(x)2eλx_Y(x)aλ+_Y′′
(x)f(x)−f ′(x)_Y′

(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3e2λx_Y(x)a2+f(x)2eλx_Y(x)aλ+_Y′′

(x)f(x)−f ′(x)_Y′
(x)

f(x)

}
, {_Y (x)}

)
Verification of solutions

y=−
∂
∂x

DESol
({

−f(x)3e2λx_Y(x)a2+f(x)2eλx_Y(x)aλ+_Y′′
(x)f(x)−f ′(x)_Y′

(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3e2λx_Y(x)a2+f(x)2eλx_Y(x)aλ+_Y′′

(x)f(x)−f ′(x)_Y′
(x)

f(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+a*lambda*exp(lambda*x)-a^2*exp(2*lambda*x)*f(x),y(x), singsol=all)� �

No solution found
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2+a*\[Lambda]*Exp[\[Lambda]*x]-a^2*Exp[2*\[Lambda]*x]*f[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.15 problem 15
19.15.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1412

Internal problem ID [10608]
Internal file name [OUTPUT/9555_Monday_June_06_2022_03_08_45_PM_80987473/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 15.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x)− λy = a2e2λxf(x)

19.15.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 + λy + a2e2λxf(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) y2 + λy + a2e2λxf(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a2e2λxf(x), f1(x) = λ and f2(x) = f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = λf(x)
f 2
2 f0 = f(x)3 e2λxa2

Substituting the above terms back in equation (2) gives

f(x)u′′(x)− (f ′(x) + λf(x))u′(x) + f(x)3 e2λxa2u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1eia
(∫

eλxf(x)dx
)
+ c2e−ia

(∫
eλxf(x)dx

)

The above shows that

u′(x) = ia eλxf(x)
(
c1eia

(∫
eλxf(x)dx

)
− c2e−ia

(∫
eλxf(x)dx

))
Using the above in (1) gives the solution

y = −
ia eλx

(
c1eia

(∫
eλxf(x)dx

)
− c2e−ia

(∫
eλxf(x)dx

))
c1eia

(∫
eλxf(x)dx

)
+ c2e−ia

(∫
eλxf(x)dx

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
ia eλx

(
c3eia

(∫
eλxf(x)dx

)
− e−ia

(∫
eλxf(x)dx

))
c3eia

(∫
eλxf(x)dx

)
+ e−ia

(∫
eλxf(x)dx

)

Summary
The solution(s) found are the following

(1)y = −
ia eλx

(
c3eia

(∫
eλxf(x)dx

)
− e−ia

(∫
eλxf(x)dx

))
c3eia

(∫
eλxf(x)dx

)
+ e−ia

(∫
eλxf(x)dx

)

1413



Verification of solutions

y = −
ia eλx

(
c3eia

(∫
eλxf(x)dx

)
− e−ia

(∫
eλxf(x)dx

))
c3eia

(∫
eλxf(x)dx

)
+ e−ia

(∫
eλxf(x)dx

)
Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.032 (sec). Leaf size: 26� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+lambda*y(x)+a^2*exp(2*lambda*x)*f(x),y(x), singsol=all)� �

y(x) = − tan
(
−a

(∫
exλf(x) dx

)
+ c1

)
a exλ

3 Solution by Mathematica
Time used: 0.615 (sec). Leaf size: 47� �
DSolve[y'[x]==f[x]*y[x]^2+\[Lambda]*y[x]+a^2*Exp[2*\[Lambda]*x]*f[x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
a2eλx tan

(√
a2
∫ x

1
eλK[1]f(K[1])dK[1] + c1

)
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19.16 problem 16
19.16.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1415

Internal problem ID [10609]
Internal file name [OUTPUT/9556_Monday_June_06_2022_03_08_46_PM_10138442/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 16.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x) + f(x)
(
eλxa+ b

)
y = aλ eλx

19.16.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −a eλxf(x) y + aλ eλx − f(x) by + f(x) y2

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a eλxf(x) y + aλ eλx − f(x) by + f(x) y2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = aλ eλx, f1(x) = −a eλxf(x)− f(x) b and f2(x) = f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 =
(
−a eλxf(x)− f(x) b

)
f(x)

f 2
2 f0 = λf(x)2 a eλx

Substituting the above terms back in equation (2) gives

f(x)u′′(x)−
((
−a eλxf(x)− f(x) b

)
f(x) + f ′(x)

)
u′(x) + λf(x)2 a eλxu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−
(∫

f(x)
(
eλxa+b

)
dx
)(

c1 +
(∫

f(x) e
∫
f(x)

(
eλxa+b

)
dxdx

)
c2

)
The above shows that

u′(x) = −
(
a

(
c1 +

(∫
f(x) e

∫
f(x)

(
eλxa+b

)
dxdx

)
c2

)
eλx−

(∫
f(x)

(
eλxa+b

)
dx
)

+ e−
(∫

f(x)
(
eλxa+b

)
dx
)(∫

f(x) e
∫
f(x)

(
eλxa+b

)
dxdx

)
c2b+ e−

(∫
f(x)

(
eλxa+b

)
dx
)
c1b

− c2

)
f(x)

Using the above in (1) gives the solution

y

=

(
a
(
c1 +

(∫
f(x) e

∫
f(x)

(
eλxa+b

)
dxdx

)
c2
)
eλx−

(∫
f(x)

(
eλxa+b

)
dx
)
+ e−

(∫
f(x)

(
eλxa+b

)
dx
)(∫

f(x) e
∫
f(x)

(
eλxa+b

)
dxdx

)
c2b+ e−

(∫
f(x)

(
eλxa+b

)
dx
)
c1b− c2

)
e
∫
f(x)

(
eλxa+b

)
dx

c1 +
(∫

f (x) e
∫
f(x)

(
eλxa+b

)
dxdx

)
c2

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

(
eλxa+ b

) (∫
f(x) e

∫
f(x)

(
eλxa+b

)
dxdx

)
+ eλxc3a+ bc3 − e

∫
f(x)

(
eλxa+b

)
dx

c3 +
∫
f (x) e

∫
f(x)

(
eλxa+b

)
dxdx
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Summary
The solution(s) found are the following

(1)y =

(
eλxa+ b

) (∫
f(x) e

∫
f(x)

(
eλxa+b

)
dxdx

)
+ eλxc3a+ bc3 − e

∫
f(x)

(
eλxa+b

)
dx

c3 +
∫
f (x) e

∫
f(x)

(
eλxa+b

)
dxdx

Verification of solutions

y =

(
eλxa+ b

) (∫
f(x) e

∫
f(x)

(
eλxa+b

)
dxdx

)
+ eλxc3a+ bc3 − e

∫
f(x)

(
eλxa+b

)
dx

c3 +
∫
f (x) e

∫
f(x)

(
eλxa+b

)
dxdx

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (-exp(lambda*x)*f(x)^2*a-f(x)^2*b+diff(f(x), x))*(diff(y(x), x))/f(x)-

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(f(x)*y(x)^2+y(x)+(-a*exp(lambda*x)*f(x)-f(x)*b)*y(x)*x+x^2*a*lambda*exp(lambda*x

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-f(x)*(a*exp(lambda*x)+b)*y(x)+a*lambda*exp(lambda*x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-f[x]*(a*Exp[\[Lambda]*x]+b)*y[x]+a*\[Lambda]*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.17 problem 17
19.17.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1420

Internal problem ID [10610]
Internal file name [OUTPUT/9557_Monday_June_06_2022_03_08_52_PM_9131604/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 17.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − eλxf(x) y2 − (f(x) a− λ) y = b e−λxf(x)

19.17.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= eλxf(x) y2 + b e−λxf(x) + f(x) ay − λy

This is a Riccati ODE. Comparing the ODE to solve

y′ = eλxf(x) y2 + b e−λxf(x) + f(x) ay − λy

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = b e−λxf(x), f1(x) = f(x) a− λ and f2(x) = eλxf(x). Let

y = −u′

f2u

= −u′

eλxf (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f(x) eλxλ+ eλxf ′(x)

f1f2 = (f(x) a− λ) eλxf(x)
f 2
2 f0 = e2λxf(x)3 b e−λx

Substituting the above terms back in equation (2) gives

eλxf(x)u′′(x)−
(
f(x) eλxλ+ eλxf ′(x) + (f(x) a− λ) eλxf(x)

)
u′(x) + e2λxf(x)3 b e−λxu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e
a(
∫
f(x)dx)
2 cosh

(√
a2 (a2 − 4b)

(
a
(∫

f(x) dx
)
+ c1

)
2a2

)
c2

The above shows that

u′(x)

=
c2e

a(
∫
f(x)dx)
2 f(x)

(
a2 cosh

(√
a2(a2−4b)

(
a
(∫

f(x)dx
)
+c1

)
2a2

)
+
√
a2 (a2 − 4b) sinh

(√
a2(a2−4b)

(
a
(∫

f(x)dx
)
+c1

)
2a2

))
2a

Using the above in (1) gives the solution

y =

−

(
a2 cosh

(√
a2(a2−4b)

(
a
(∫

f(x)dx
)
+c1

)
2a2

)
+
√

a2 (a2 − 4b) sinh
(√

a2(a2−4b)
(
a
(∫

f(x)dx
)
+c1

)
2a2

))
e−λx

2a cosh
(√

a2(a2−4b)
(
a
(∫

f(x)dx
)
+c1

)
2a2

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −

(
a2 + tanh

(√
a2(a2−4b)

(
a
(∫

f(x)dx
)
+c3

)
2a2

)√
a2 (a2 − 4b)

)
e−λx

2a

1421



Summary
The solution(s) found are the following

(1)y = −

(
a2 + tanh

(√
a2(a2−4b)

(
a
(∫

f(x)dx
)
+c3

)
2a2

)√
a2 (a2 − 4b)

)
e−λx

2a
Verification of solutions

y = −

(
a2 + tanh

(√
a2(a2−4b)

(
a
(∫

f(x)dx
)
+c3

)
2a2

)√
a2 (a2 − 4b)

)
e−λx

2a

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 59� �
dsolve(diff(y(x),x)=exp(lambda*x)*f(x)*y(x)^2+(a*f(x)-lambda)*y(x)+b*exp(-lambda*x)*f(x),y(x), singsol=all)� �

y(x) = −

(
a2 + tanh

(√
a2(a2−4b)

(
a
(∫

f(x)dx
)
+c1

)
2a2

)√
a2 (a2 − 4b)

)
e−xλ

2a
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3 Solution by Mathematica
Time used: 1.392 (sec). Leaf size: 87� �
DSolve[y'[x]==Exp[\[Lambda]*x]*f[x]*y[x]^2+(a*f[x]-\[Lambda])*y[x]+b*Exp[-\[Lambda]*x]*f[x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ √
e2xλ

b
y(x)

1

1

K[1]2 −
√

a2

b
K[1] + 1

dK[1] =
∫ x

1
be−λK[2]

√
e2λK[2]

b
f(K[2])dK[2]

+ c1, y(x)
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19.18 problem 18
19.18.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1424

Internal problem ID [10611]
Internal file name [OUTPUT/9558_Monday_June_06_2022_03_08_54_PM_11539278/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 18.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x)− g(x) y = aλ eλx − a eλxg(x)− a2e2λxf(x)

19.18.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 + g(x) y + aλ eλx − a eλxg(x)− a2e2λxf(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) y2 + g(x) y + aλ eλx − a eλxg(x)− a2e2λxf(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = aλ eλx−a eλxg(x)−a2e2λxf(x), f1(x) = g(x) and f2(x) = f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = g(x) f(x)
f 2
2 f0 = f(x)2

(
aλ eλx − a eλxg(x)− a2e2λxf(x)

)
Substituting the above terms back in equation (2) gives

f(x)u′′(x)− (f ′(x) + g(x) f(x))u′(x) + f(x)2
(
aλ eλx − a eλxg(x)− a2e2λxf(x)

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=DESol
({

−f(x)3 e2λx_Y(x) a2 + _Y′′(x) f(x) + af(x)2_Y(x) (λ− g(x)) eλx − (f ′(x) + g(x) f(x))_Y′(x)
f (x)

}
, {_Y(x)}

)

The above shows that

u′(x)

= ∂

∂x
DESol

({
−f(x)3 e2λx_Y(x) a2 + _Y′′(x) f(x) + af(x)2_Y(x) (λ− g(x)) eλx − (f ′(x) + g(x) f(x))_Y′(x)

f (x)

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−
∂
∂x

DESol
({

−f(x)3e2λx_Y(x)a2+_Y′′
(x)f(x)+af(x)2_Y(x)(λ−g(x))eλx−(f ′(x)+g(x)f(x))_Y′

(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3e2λx_Y(x)a2+_Y′′

(x)f(x)+af(x)2_Y(x)(λ−g(x))eλx−(f ′(x)+g(x)f(x))_Y′
(x)

f(x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
∂
∂x

DESol
({

−f(x)3e2λx_Y(x)a2+_Y′′
(x)f(x)+af(x)2_Y(x)(λ−g(x))eλx−(f ′(x)+g(x)f(x))_Y′

(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3e2λx_Y(x)a2+_Y′′

(x)f(x)+af(x)2_Y(x)(λ−g(x))eλx−(f ′(x)+g(x)f(x))_Y′
(x)

f(x)

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y =

−
∂
∂x

DESol
({

−f(x)3e2λx_Y(x)a2+_Y′′
(x)f(x)+af(x)2_Y(x)(λ−g(x))eλx−(f ′(x)+g(x)f(x))_Y′

(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3e2λx_Y(x)a2+_Y′′

(x)f(x)+af(x)2_Y(x)(λ−g(x))eλx−(f ′(x)+g(x)f(x))_Y′
(x)

f(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−
∂
∂x

DESol
({

−f(x)3e2λx_Y(x)a2+_Y′′
(x)f(x)+af(x)2_Y(x)(λ−g(x))eλx−(f ′(x)+g(x)f(x))_Y′

(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3e2λx_Y(x)a2+_Y′′

(x)f(x)+af(x)2_Y(x)(λ−g(x))eλx−(f ′(x)+g(x)f(x))_Y′
(x)

f(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (g(x)*f(x)+diff(f(x), x))*(diff(y(x), x))/f(x)+f(x)*a*(f(x)*exp(2*lamb

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(f(x)*y(x)^2+y(x)+g(x)*y(x)*x+x^2*(a*lambda*exp(lambda*x)-a*exp(lambda*x)*g(x)-f(

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+g(x)*y(x)+a*lambda*exp(lambda*x)-a*exp(lambda*x)*g(x)-a^2*exp(2*lambda*x)*f(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2+g[x]*y[x]+a*\[Lambda]*Exp[\[Lambda]*x]-a*Exp[\[Lambda]*x]*g[x]-a^2*Exp[2*\[Lambda]*x]*f[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.19 problem 19
19.19.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1429

Internal problem ID [10612]
Internal file name [OUTPUT/9559_Monday_June_06_2022_03_08_58_PM_23846366/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 19.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x) + a eλxg(x) y = aλ eλx + a2e2λx(g(x)− f(x))

19.19.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= a2e2λxg(x)− a2e2λxf(x)− g(x) eλxay + aλ eλx + f(x) y2

This is a Riccati ODE. Comparing the ODE to solve

y′ = a2e2λxg(x)− a2e2λxf(x)− g(x) eλxay + aλ eλx + f(x) y2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a2e2λxg(x)− a2e2λxf(x) + aλ eλx, f1(x) = −a eλxg(x) and f2(x) =
f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = −f(x) g(x) eλxa
f 2
2 f0 = f(x)2

(
a2e2λxg(x)− a2e2λxf(x) + aλ eλx

)
Substituting the above terms back in equation (2) gives

f(x)u′′(x)−
(
−f(x) g(x) eλxa+ f ′(x)

)
u′(x) + f(x)2

(
a2e2λxg(x)− a2e2λxf(x) + aλ eλx

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=DESol
({

−a2f(x)2_Y(x) (f(x)− g(x)) e2λx + _Y′′(x) f(x) + f(x) a(λf(x)_Y(x) + g(x)_Y′(x)) eλx − f ′(x)_Y′(x)
f (x)

}
, {_Y(x)}

)

The above shows that

u′(x)

= ∂

∂x
DESol

({
−a2f(x)2_Y(x) (f(x)− g(x)) e2λx + _Y′′(x) f(x) + f(x) a(λf(x)_Y(x) + g(x)_Y′(x)) eλx − f ′(x)_Y′(x)

f (x)

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

∂
∂x

DESol
({

−a2f(x)2_Y(x)(f(x)−g(x))e2λx+_Y′′
(x)f(x)+f(x)a

(
λf(x)_Y(x)+g(x)_Y′

(x)
)
eλx−f ′(x)_Y′

(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−a2f(x)2_Y(x)(f(x)−g(x))e2λx+_Y′′

(x)f(x)+f(x)a
(
λf(x)_Y(x)+g(x)_Y′

(x)
)
eλx−f ′(x)_Y′

(x)
f(x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−

∂
∂x

DESol
({

−a2f(x)2_Y(x)(f(x)−g(x))e2λx+_Y′′
(x)f(x)+f(x)a

(
λf(x)_Y(x)+g(x)_Y′

(x)
)
eλx−f ′(x)_Y′

(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−a2f(x)2_Y(x)(f(x)−g(x))e2λx+_Y′′

(x)f(x)+f(x)a
(
λf(x)_Y(x)+g(x)_Y′

(x)
)
eλx−f ′(x)_Y′

(x)
f(x)

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y =

−

∂
∂x

DESol
({

−a2f(x)2_Y(x)(f(x)−g(x))e2λx+_Y′′
(x)f(x)+f(x)a

(
λf(x)_Y(x)+g(x)_Y′

(x)
)
eλx−f ′(x)_Y′

(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−a2f(x)2_Y(x)(f(x)−g(x))e2λx+_Y′′

(x)f(x)+f(x)a
(
λf(x)_Y(x)+g(x)_Y′

(x)
)
eλx−f ′(x)_Y′

(x)
f(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

∂
∂x

DESol
({

−a2f(x)2_Y(x)(f(x)−g(x))e2λx+_Y′′
(x)f(x)+f(x)a

(
λf(x)_Y(x)+g(x)_Y′

(x)
)
eλx−f ′(x)_Y′

(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−a2f(x)2_Y(x)(f(x)−g(x))e2λx+_Y′′

(x)f(x)+f(x)a
(
λf(x)_Y(x)+g(x)_Y′

(x)
)
eλx−f ′(x)_Y′

(x)
f(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (-exp(lambda*x)*f(x)*g(x)*a+diff(f(x), x))*(diff(y(x), x))/f(x)+f(x)*a

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(f(x)*y(x)^2+y(x)-a*exp(lambda*x)*g(x)*y(x)*x+x^2*(-f(x)*exp(2*lambda*x)*a^2+exp(

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*exp(lambda*x)*g(x)*y(x)+a*lambda*exp(lambda*x)+a^2*exp(2*lambda*x)*(g(x)-f(x)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a*Exp[\[Lambda]*x]*g[x]*y[x]+a*\[Lambda]*Exp[\[Lambda]*x]+a^2*Exp[2*\[Lambda]*x]*(g[x]-f[x]),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.20 problem 20
19.20.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1434

Internal problem ID [10613]
Internal file name [OUTPUT/9560_Monday_June_06_2022_03_09_05_PM_90585740/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 20.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x) = 2aλx eλx2 − a2f(x) e2λx2

19.20.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 + 2aλx eλx2 − a2f(x) e2λx2

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) y2 + 2aλx eλx2 − a2f(x) e2λx2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = 2aλx eλx2 − a2f(x) e2λx2 , f1(x) = 0 and f2(x) = f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = 0

f 2
2 f0 = f(x)2

(
2aλx eλx2 − a2f(x) e2λx2

)
Substituting the above terms back in equation (2) gives

f(x)u′′(x)− f ′(x)u′(x) + f(x)2
(
2aλx eλx2 − a2f(x) e2λx2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=DESol
({

−f(x)3 e2λx2_Y(x) a2 + 2f(x)2 eλx2_Y(x) aλx− f ′(x)_Y′(x) + _Y′′(x) f(x)
f (x)

}
, {_Y(x)}

)

The above shows that

u′(x)

= ∂

∂x
DESol

({
−f(x)3 e2λx2_Y(x) a2 + 2f(x)2 eλx2_Y(x) aλx− f ′(x)_Y′(x) + _Y′′(x) f(x)

f (x)

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−
∂
∂x

DESol
({

−f(x)3e2λx2_Y(x)a2+2f(x)2eλx2_Y(x)aλx−f ′(x)_Y′
(x)+_Y′′

(x)f(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3e2λx2_Y(x)a2+2f(x)2eλx2_Y(x)aλx−f ′(x)_Y′

(x)+_Y′′
(x)f(x)

f(x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
∂
∂x

DESol
({

−f(x)3e2λx2_Y(x)a2+2f(x)2eλx2_Y(x)aλx−f ′(x)_Y′
(x)+_Y′′

(x)f(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3e2λx2_Y(x)a2+2f(x)2eλx2_Y(x)aλx−f ′(x)_Y′

(x)+_Y′′
(x)f(x)

f(x)

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y =

−
∂
∂x

DESol
({

−f(x)3e2λx2_Y(x)a2+2f(x)2eλx2_Y(x)aλx−f ′(x)_Y′
(x)+_Y′′

(x)f(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3e2λx2_Y(x)a2+2f(x)2eλx2_Y(x)aλx−f ′(x)_Y′

(x)+_Y′′
(x)f(x)

f(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−
∂
∂x

DESol
({

−f(x)3e2λx2_Y(x)a2+2f(x)2eλx2_Y(x)aλx−f ′(x)_Y′
(x)+_Y′′

(x)f(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3e2λx2_Y(x)a2+2f(x)2eλx2_Y(x)aλx−f ′(x)_Y′

(x)+_Y′′
(x)f(x)

f(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*((diff(f(x), x))*exp(2*x^2*lambda)*a+4*f(x)*x*lambda*exp(2*x^2*lambda)*a-2*l
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1437



7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+2*a*lambda*x*exp(lambda*x^2)-a^2*f(x)*exp(2*lambda*x^2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2+2*a*\[Lambda]*x*Exp[\[Lambda]*x^2]-a^2*f[x]*Exp[2*\[Lambda]*x^2],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.21 problem 21
19.21.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1439

Internal problem ID [10614]
Internal file name [OUTPUT/9561_Monday_June_06_2022_03_09_08_PM_29123275/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 21.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x)− yλx = a eλxf(x)

19.21.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 + λxy + a eλxf(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) y2 + λxy + a eλxf(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a eλxf(x), f1(x) = λx and f2(x) = f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = f(x)λx
f 2
2 f0 = f(x)3 eλxa

Substituting the above terms back in equation (2) gives

f(x)u′′(x)− (f(x)λx+ f ′(x))u′(x) + f(x)3 eλxau(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=DESol
({

_Y′′(x) f(x) + f(x)3 eλxa_Y(x)− (f(x)λx+ f ′(x))_Y′(x)
f (x)

}
, {_Y(x)}

)

The above shows that

u′(x)

= ∂

∂x
DESol

({
_Y′′(x) f(x) + f(x)3 eλxa_Y(x)− (f(x)λx+ f ′(x))_Y′(x)

f (x)

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y = −
∂
∂x

DESol
({_Y′′

(x)f(x)+f(x)3eλxa_Y(x)−(f(x)λx+f ′(x))_Y′
(x)

f(x)

}
, {_Y(x)}

)
f (x)DESol

({_Y′′
(x)f(x)+f(x)3eλxa_Y(x)−(f(x)λx+f ′(x))_Y′

(x)
f(x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol
({_Y′′

(x)f(x)+f(x)3eλxa_Y(x)−(f(x)λx+f ′(x))_Y′
(x)

f(x)

}
, {_Y(x)}

)
f (x)DESol

({_Y′′
(x)f(x)+f(x)3eλxa_Y(x)−(f(x)λx+f ′(x))_Y′

(x)
f(x)

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y = −
∂
∂x

DESol
({_Y′′

(x)f(x)+f(x)3eλxa_Y(x)−(f(x)λx+f ′(x))_Y′
(x)

f(x)

}
, {_Y(x)}

)
f (x)DESol

({_Y′′
(x)f(x)+f(x)3eλxa_Y(x)−(f(x)λx+f ′(x))_Y′

(x)
f(x)

}
, {_Y (x)}

)
Verification of solutions

y = −
∂
∂x

DESol
({_Y′′

(x)f(x)+f(x)3eλxa_Y(x)−(f(x)λx+f ′(x))_Y′
(x)

f(x)

}
, {_Y(x)}

)
f (x)DESol

({_Y′′
(x)f(x)+f(x)3eλxa_Y(x)−(f(x)λx+f ′(x))_Y′

(x)
f(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (f(x)*lambda*x+diff(f(x), x))*(diff(y(x), x))/f(x)-exp(lambda*x)*f(x)^

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(f(x)*y(x)^2+y(x)+x^2*lambda*y(x)+exp(lambda*x)*f(x)*a*x^2)/x, y(x), explicit`

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+lambda*x*y(x)+a*f(x)*exp(lambda*x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2+\[Lambda]*x*y[x]+a*f[x]*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.22 problem 22
19.22.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1444

Internal problem ID [10615]
Internal file name [OUTPUT/9562_Monday_June_06_2022_03_09_10_PM_16193780/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 22.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

y′ − y2f(x) = −a tanh (λx)2 (f(x) a+ λ) + λa

19.22.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= − tanh (λx)2 f(x) a2 − a tanh (λx)2 λ+ f(x) y2 + λa

This is a Riccati ODE. Comparing the ODE to solve

y′ = − tanh (λx)2 f(x) a2 − a tanh (λx)2 λ+ f(x) y2 + λa

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

1444



Shows that f0(x) = − tanh (λx)2 f(x) a2 − a tanh (λx)2 λ+ λa, f1(x) = 0 and f2(x) =
f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = 0
f 2
2 f0 = f(x)2

(
− tanh (λx)2 f(x) a2 − a tanh (λx)2 λ+ λa

)
Substituting the above terms back in equation (2) gives

f(x)u′′(x)− f ′(x)u′(x) + f(x)2
(
− tanh (λx)2 f(x) a2 − a tanh (λx)2 λ+ λa

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*tanh(lambda*x)*(-2*f(x)*tanh(lambda*x)^2*a*lambda-2*lambda^2*tanh(lambda*x)^
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*tanh(lambda*x)^2*(a*f(x)+lambda)+a*lambda,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a*Tanh[\[Lambda]*x]^2*(a*f[x]+\[Lambda])+a*\[Lambda],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.23 problem 23
19.23.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1448

Internal problem ID [10616]
Internal file name [OUTPUT/9563_Monday_June_06_2022_03_09_18_PM_28124635/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 23.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

y′ − y2f(x) = −a coth (λx)2 (f(x) a+ λ) + λa

19.23.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= − coth (λx)2 f(x) a2 − a coth (λx)2 λ+ f(x) y2 + λa

This is a Riccati ODE. Comparing the ODE to solve

y′ = − coth (λx)2 f(x) a2 − a coth (λx)2 λ+ f(x) y2 + λa

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = − coth (λx)2 f(x) a2 − a coth (λx)2 λ + λa, f1(x) = 0 and f2(x) =
f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = 0
f 2
2 f0 = f(x)2

(
− coth (λx)2 f(x) a2 − a coth (λx)2 λ+ λa

)
Substituting the above terms back in equation (2) gives

f(x)u′′(x)− f ′(x)u′(x) + f(x)2
(
− coth (λx)2 f(x) a2 − a coth (λx)2 λ+ λa

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+coth(lambda*x)*y(x)*(-2*f(x)*coth(lambda*x)^2*a*lambda-2*lambda^2*coth(lambda*x)^
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*coth(lambda*x)^2*(a*f(x)+lambda)+a*lambda,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a*Coth[\[Lambda]*x]^2*(a*f[x]+\[Lambda])+a*\[Lambda],y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1451



19.24 problem 24
19.24.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1452

Internal problem ID [10617]
Internal file name [OUTPUT/9564_Monday_June_06_2022_03_09_30_PM_15801037/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 24.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x) = −f(x) a2 + aλ sinh (λx)− sinh (λx)2 f(x) a2

19.24.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 − f(x) a2 + aλ sinh (λx)− sinh (λx)2 f(x) a2

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) y2 − f(x) a2 + aλ sinh (λx)− sinh (λx)2 f(x) a2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −f(x) a2+ aλ sinh (λx)− sinh (λx)2 f(x) a2, f1(x) = 0 and f2(x) =
f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = 0
f 2
2 f0 = f(x)2

(
−f(x) a2 + aλ sinh (λx)− sinh (λx)2 f(x) a2

)
Substituting the above terms back in equation (2) gives

f(x)u′′(x)− f ′(x)u′(x) + f(x)2
(
−f(x) a2 + aλ sinh (λx)− sinh (λx)2 f(x) a2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− f ′(x)_Y′(x)
f (x)

+
(
−f(x) a2 + aλ sinh (λx)− sinh (λx)2 f(x) a2

)
f(x)_Y(x)

}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− f ′(x)_Y′(x)

f (x)

+
(
−f(x) a2 + aλ sinh (λx)− sinh (λx)2 f(x) a2

)
f(x)_Y(x)

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y =

−
∂
∂x

DESol
({

_Y′′(x)− f ′(x)_Y′
(x)

f(x) +
(
−f(x) a2 + aλ sinh (λx)− sinh (λx)2 f(x) a2

)
f(x)_Y(x)

}
, {_Y(x)}

)
f (x)DESol

({
_Y′′ (x)− f ′(x)_Y′

(x)
f(x) +

(
−f (x) a2 + aλ sinh (λx)− sinh (λx)2 f (x) a2

)
f (x)_Y (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
∂
∂x

DESol
({

−f(x)3 cosh(λx)2_Y(x)a2+f(x)2 sinh(λx)_Y(x)aλ+_Y′′
(x)f(x)−f ′(x)_Y′

(x)
f(x)

}
, {_Y(x)}

)
DESol

({
−f(x)3 cosh(λx)2_Y(x)a2+f(x)2 sinh(λx)_Y(x)aλ+_Y′′

(x)f(x)−f ′(x)_Y′
(x)

f(x)

}
, {_Y (x)}

)
f (x)
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Summary
The solution(s) found are the following

(1)y =

−
∂
∂x

DESol
({

−f(x)3 cosh(λx)2_Y(x)a2+f(x)2 sinh(λx)_Y(x)aλ+_Y′′
(x)f(x)−f ′(x)_Y′

(x)
f(x)

}
, {_Y(x)}

)
DESol

({
−f(x)3 cosh(λx)2_Y(x)a2+f(x)2 sinh(λx)_Y(x)aλ+_Y′′

(x)f(x)−f ′(x)_Y′
(x)

f(x)

}
, {_Y (x)}

)
f (x)

Verification of solutions
y =

−
∂
∂x

DESol
({

−f(x)3 cosh(λx)2_Y(x)a2+f(x)2 sinh(λx)_Y(x)aλ+_Y′′
(x)f(x)−f ′(x)_Y′

(x)
f(x)

}
, {_Y(x)}

)
DESol

({
−f(x)3 cosh(λx)2_Y(x)a2+f(x)2 sinh(λx)_Y(x)aλ+_Y′′

(x)f(x)−f ′(x)_Y′
(x)

f(x)

}
, {_Y (x)}

)
f (x)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x) = -4*y(x)*x/(a^2-2*x^2), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(2*sinh(2*lambda*x)*f(x)*a*lambda+cosh(2*lambda*x)*(diff(f(x), x))*a-2*cosh(
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+4*y(x)*x/(a^2-2*x^2), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a^2*f(x)+a*lambda*sinh(lambda*x)-a^2*f(x)*sinh(lambda*x)^2,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a^2*f[x]+a*\[Lambda]*Sinh[\[Lambda]*x]-a^2*f[x]*Sinh[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.25 problem 25
19.25.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1457

Internal problem ID [10618]
Internal file name [OUTPUT/9565_Monday_June_06_2022_03_09_39_PM_54305745/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 25.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′x− y2f(x) = a− a2f(x) ln (x)2

19.25.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −a2f(x) ln (x)2 − f(x) y2 − a

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = −a2f(x) ln (x)2

x
+ f(x) y2

x
+ a

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −−a+a2f(x) ln(x)2
x

, f1(x) = 0 and f2(x) = f(x)
x
. Let

y = −u′

f2u

= −u′

f(x)u
x

(1)

1457



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

f ′(x)
x

− f(x)
x2

f1f2 = 0

f 2
2 f0 = −

f(x)2
(
−a+ a2f(x) ln (x)2

)
x3

Substituting the above terms back in equation (2) gives

f(x)u′′(x)
x

−
(
f ′(x)
x

− f(x)
x2

)
u′(x)−

f(x)2
(
−a+ a2f(x) ln (x)2

)
u(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol

_Y′′(x)−

(
f ′(x)
x

− f(x)
x2

)
x_Y′(x)

f (x)

−
f(x)

(
−a+ a2f(x) ln (x)2

)
_Y(x)

x2

 , {_Y(x)}


The above shows that

u′(x) = ∂

∂x
DESol

_Y′′(x)−

(
f ′(x)
x

− f(x)
x2

)
x_Y′(x)

f (x)

−
f(x)

(
−a+ a2f(x) ln (x)2

)
_Y(x)

x2

 , {_Y(x)}


Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x)−
(

f ′(x)
x

− f(x)
x2

)
x_Y′

(x)
f(x) −

f(x)
(
−a+a2f(x) ln(x)2

)
_Y(x)

x2

}
, {_Y(x)}

))
x

f (x)DESol
({

_Y′′ (x)−
(

f ′(x)
x

− f(x)
x2

)
x_Y′

(x)
f(x) −

f(x)
(
−a+a2f(x) ln(x)2

)
_Y(x)

x2

}
, {_Y (x)}

)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−

(
∂
∂x

DESol
({

−f(x)3 ln(x)2_Y(x)a2−f(x)2a_Y(x)−_Y′′
(x)x2f(x)+f ′(x)_Y′

(x)x2−f(x)_Y′
(x)x

x2f(x)

}
, {_Y(x)}

))
x

f (x)DESol
({

−f(x)3 ln(x)2_Y(x)a2−f(x)2a_Y(x)−_Y′′
(x)x2f(x)+f ′(x)_Y′

(x)x2−f(x)_Y′
(x)x

x2f(x)

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({

−f(x)3 ln(x)2_Y(x)a2−f(x)2a_Y(x)−_Y′′
(x)x2f(x)+f ′(x)_Y′

(x)x2−f(x)_Y′
(x)x

x2f(x)

}
, {_Y(x)}

))
x

f (x)DESol
({

−f(x)3 ln(x)2_Y(x)a2−f(x)2a_Y(x)−_Y′′
(x)x2f(x)+f ′(x)_Y′

(x)x2−f(x)_Y′
(x)x

x2f(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({

−f(x)3 ln(x)2_Y(x)a2−f(x)2a_Y(x)−_Y′′
(x)x2f(x)+f ′(x)_Y′

(x)x2−f(x)_Y′
(x)x

x2f(x)

}
, {_Y(x)}

))
x

f (x)DESol
({

−f(x)3 ln(x)2_Y(x)a2−f(x)2a_Y(x)−_Y′′
(x)x2f(x)+f ′(x)_Y′

(x)x2−f(x)_Y′
(x)x

x2f(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
7 Solution by Maple� �
dsolve(x*diff(y(x),x)=f(x)*y(x)^2+a-a^2*f(x)*(ln(x))^2,y(x), singsol=all)� �

No solution found
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y'[x]==f[x]*y[x]^2+a-a^2*f[x]*(Log[x])^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.26 problem 26
19.26.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1462

Internal problem ID [10619]
Internal file name [OUTPUT/9566_Monday_June_06_2022_03_09_41_PM_20497896/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 26.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[[_1st_order , `_with_symmetry_[F(x),G(x)]`], _Riccati]

y′x− f(x) (y + a ln (x))2 = −a

19.26.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= a2f(x) ln (x)2 + 2 ln (x) f(x) ay + f(x) y2 − a

x

This is a Riccati ODE. Comparing the ODE to solve

y′ = a2f(x) ln (x)2

x
+ 2 ln (x) f(x) ay

x
+ f(x) y2

x
− a

x

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a+a2f(x) ln(x)2
x

, f1(x) = 2af(x) ln(x)
x

and f2(x) = f(x)
x
. Let

y = −u′

f2u

= −u′

f(x)u
x

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

f ′(x)
x

− f(x)
x2

f1f2 =
2af(x)2 ln (x)

x2

f 2
2 f0 =

f(x)2
(
−a+ a2f(x) ln (x)2

)
x3

Substituting the above terms back in equation (2) gives

f(x)u′′(x)
x

−

(
f ′(x)
x

− f(x)
x2 + 2af(x)2 ln (x)

x2

)
u′(x) +

f(x)2
(
−a+ a2f(x) ln (x)2

)
u(x)

x3 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol

_Y′′(x)−

(
f ′(x)
x

− f(x)
x2 + 2af(x)2 ln(x)

x2

)
x_Y′(x)

f (x)

+
f(x)

(
−a+ a2f(x) ln (x)2

)
_Y(x)

x2

 , {_Y(x)}


The above shows that

u′(x) = ∂

∂x
DESol

_Y′′(x)−

(
f ′(x)
x

− f(x)
x2 + 2af(x)2 ln(x)

x2

)
x_Y′(x)

f (x)

+
f(x)

(
−a+ a2f(x) ln (x)2

)
_Y(x)

x2

 , {_Y(x)}


Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

_Y′′(x)−

(
f ′(x)

x
− f(x)

x2 + 2af(x)2 ln(x)
x2

)
x_Y′

(x)

f(x) +
f(x)

(
−a+a2f(x) ln(x)2

)
_Y(x)

x2

}
, {_Y(x)}

))
x

f (x)DESol
({

_Y′′ (x)−
(

f ′(x)
x

− f(x)
x2 + 2af(x)2 ln(x)

x2

)
x_Y′

(x)
f(x) +

f(x)
(
−a+a2f(x) ln(x)2

)
_Y(x)

x2

}
, {_Y (x)}

)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−

(
∂
∂x

DESol
({_Y′′

(x)x2f(x)−2
(
f(x)2 ln(x)a+ f ′(x)x

2 − f(x)
2

)
x_Y′

(x)+f(x)2a
(
f(x) ln(x)2a−1

)
_Y(x)

x2f(x)

}
, {_Y(x)}

))
x

f (x)DESol
({_Y′′

(x)x2f(x)−2
(
f(x)2 ln(x)a+ f ′(x)x

2 − f(x)
2

)
x_Y′

(x)+f(x)2a
(
f(x) ln(x)2a−1

)
_Y(x)

x2f(x)

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
∂
∂x

DESol
({_Y′′

(x)x2f(x)−2
(
f(x)2 ln(x)a+ f ′(x)x

2 − f(x)
2

)
x_Y′

(x)+f(x)2a
(
f(x) ln(x)2a−1

)
_Y(x)

x2f(x)

}
, {_Y(x)}

))
x

f (x)DESol
({_Y′′

(x)x2f(x)−2
(
f(x)2 ln(x)a+ f ′(x)x

2 − f(x)
2

)
x_Y′

(x)+f(x)2a
(
f(x) ln(x)2a−1

)
_Y(x)

x2f(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
∂
∂x

DESol
({_Y′′

(x)x2f(x)−2
(
f(x)2 ln(x)a+ f ′(x)x

2 − f(x)
2

)
x_Y′

(x)+f(x)2a
(
f(x) ln(x)2a−1

)
_Y(x)

x2f(x)

}
, {_Y(x)}

))
x

f (x)DESol
({_Y′′

(x)x2f(x)−2
(
f(x)2 ln(x)a+ f ′(x)x

2 − f(x)
2

)
x_Y′

(x)+f(x)2a
(
f(x) ln(x)2a−1

)
_Y(x)

x2f(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (d) successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 24� �
dsolve(x*diff(y(x),x)=f(x)*(y(x)+a*ln(x))^2-a,y(x), singsol=all)� �

y(x) = −a ln (x) + 1
c1 −

(∫ f(x)
x
dx
)

3 Solution by Mathematica
Time used: 0.48 (sec). Leaf size: 42� �
DSolve[x*y'[x]==f[x]*(y[x]+a*Log[x])^2-a,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −a log(x) + 1
−
∫ x

1
f(K[2])
K[2] dK[2] + c1

y(x) → −a log(x)
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19.27 problem 27
19.27.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1466

Internal problem ID [10620]
Internal file name [OUTPUT/9567_Monday_June_06_2022_03_09_43_PM_63722438/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 27.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x) + ax ln (x) f(x) y = a ln (x) + a

19.27.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 − ax ln (x) f(x) y + a ln (x) + a

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) y2 − ax ln (x) f(x) y + a ln (x) + a

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a ln (x) + a, f1(x) = −f(x) ln (x) ax and f2(x) = f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = −xf(x)2 ln (x) a
f 2
2 f0 = f(x)2 (a ln (x) + a)

Substituting the above terms back in equation (2) gives

f(x)u′′(x)−
(
−xf(x)2 ln (x) a+ f ′(x)

)
u′(x) + f(x)2 (a ln (x) + a)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)−
(
−xf(x)2 ln (x) a+ f ′(x)

)
_Y′(x)

f (x)

+ a(1 + ln (x)) f(x)_Y(x)
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)−

(
−xf(x)2 ln (x) a+ f ′(x)

)
_Y′(x)

f (x)

+ a(1 + ln (x)) f(x)_Y(x)
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

∂
∂x

DESol
({

_Y′′(x)−
(
−xf(x)2 ln(x)a+f ′(x)

)
_Y′

(x)
f(x) + a(1 + ln (x)) f(x)_Y(x)

}
, {_Y(x)}

)
f (x)DESol

({
_Y′′ (x)−

(
−xf(x)2 ln(x)a+f ′(x)

)
_Y′

(x)
f(x) + a (1 + ln (x)) f (x)_Y (x)

}
, {_Y (x)}

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y=−

∂
∂x

DESol
({_Y′′

(x)f(x)+
(
xf(x)2 ln(x)a−f ′(x)

)
_Y′

(x)+a(1+ln(x))f(x)2_Y(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({_Y′′
(x)f(x)+

(
xf(x)2 ln(x)a−f ′(x)

)
_Y′

(x)+a(1+ln(x))f(x)2_Y(x)
f(x)

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

∂
∂x

DESol
({_Y′′

(x)f(x)+
(
xf(x)2 ln(x)a−f ′(x)

)
_Y′

(x)+a(1+ln(x))f(x)2_Y(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({_Y′′
(x)f(x)+

(
xf(x)2 ln(x)a−f ′(x)

)
_Y′

(x)+a(1+ln(x))f(x)2_Y(x)
f(x)

}
, {_Y (x)}

)
Verification of solutions

y=−

∂
∂x

DESol
({_Y′′

(x)f(x)+
(
xf(x)2 ln(x)a−f ′(x)

)
_Y′

(x)+a(1+ln(x))f(x)2_Y(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({_Y′′
(x)f(x)+

(
xf(x)2 ln(x)a−f ′(x)

)
_Y′

(x)+a(1+ln(x))f(x)2_Y(x)
f(x)

}
, {_Y (x)}

)
Verified OK.

1468



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (-f(x)^2*ln(x)*a*x+diff(f(x), x))*(diff(y(x), x))/f(x)-f(x)*a*(ln(x)+1

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(f(x)*y(x)^2+y(x)-f(x)*ln(x)*a*x^2*y(x)+x^2*(ln(x)*a+a))/x, y(x), explicit`

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*x*ln(x)*f(x)*y(x)+a*ln(x)+a,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a*x*Log[x]*f[x]*y[x]+a*Log[x]+a,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.28 problem 28
19.28.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1471

Internal problem ID [10621]
Internal file name [OUTPUT/9568_Monday_June_06_2022_03_09_45_PM_32821835/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 28.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + a ln (x) y2 − af(x) (ln (x)x− x) y = −f(x)

19.28.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= ax ln (x) f(x) y − f(x) axy − a ln (x) y2 − f(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = ax ln (x) f(x) y − f(x) axy − a ln (x) y2 − f(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −f(x), f1(x) = f(x) ln (x) ax− axf(x) and f2(x) = −a ln (x). Let

y = −u′

f2u

= −u′

−a ln (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −a

x
f1f2 = −(f(x) ln (x) ax− axf(x)) a ln (x)
f 2
2 f0 = −a2f(x) ln (x)2

Substituting the above terms back in equation (2) gives

−a ln (x)u′′(x)−
(
−(f(x) ln (x) ax− axf(x)) a ln (x)− a

x

)
u′(x)− a2f(x) ln (x)2 u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = x(ln (x)− 1)

c2

∫ e
∫ f(x) ln(x)2a x2−f(x) ln(x)a x2+1

x ln(x) dx

x2 (ln (x)− 1)2
dx

+ c1


The above shows that

u′(x)

=
xc2 ln (x) (ln (x)− 1)

(∫ e
∫ f(x) ln(x)2a x2−f(x) ln(x)a x2+1

x ln(x) dx

x2(ln(x)−1)2 dx

)
+ c2e

∫ f(x) ln(x)2a x2−f(x) ln(x)a x2+1
x ln(x) dx + c1x ln (x) (ln (x)− 1)

x (ln (x)− 1)

Using the above in (1) gives the solution

y

=
xc2 ln (x) (ln (x)− 1)

(∫ e
∫ f(x) ln(x)2a x2−f(x) ln(x)a x2+1

x ln(x) dx

x2(ln(x)−1)2 dx

)
+ c2e

∫ f(x) ln(x)2a x2−f(x) ln(x)a x2+1
x ln(x) dx + c1x ln (x) (ln (x)− 1)

x2 (ln (x)− 1)2 a ln (x)
(
c2

(∫ e
∫ f(x) ln(x)2a x2−f(x) ln(x)a x2+1

x ln(x) dx

x2(ln(x)−1)2 dx

)
+ c1

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y

=
x ln (x) (ln (x)− 1)

(∫ e
∫ f(x) ln(x)2a x2−f(x) ln(x)a x2+1

x ln(x) dx

x2(ln(x)−1)2 dx

)
+ c3x ln (x)2 − ln (x) c3x+ e

∫ f(x) ln(x)2a x2−f(x) ln(x)a x2+1
x ln(x) dx

x2 (ln (x)− 1)2 a ln (x)
(∫ e

∫ f(x) ln(x)2a x2−f(x) ln(x)a x2+1
x ln(x) dx

x2(ln(x)−1)2 dx+ c3

)

Summary
The solution(s) found are the following

(1)y

=
x ln (x) (ln (x)− 1)

(∫ e
∫ f(x) ln(x)2a x2−f(x) ln(x)a x2+1

x ln(x) dx

x2(ln(x)−1)2 dx

)
+ c3x ln (x)2 − ln (x) c3x+ e

∫ f(x) ln(x)2a x2−f(x) ln(x)a x2+1
x ln(x) dx

x2 (ln (x)− 1)2 a ln (x)
(∫ e

∫ f(x) ln(x)2a x2−f(x) ln(x)a x2+1
x ln(x) dx

x2(ln(x)−1)2 dx+ c3

)
Verification of solutions
y

=
x ln (x) (ln (x)− 1)

(∫ e
∫ f(x) ln(x)2a x2−f(x) ln(x)a x2+1

x ln(x) dx

x2(ln(x)−1)2 dx

)
+ c3x ln (x)2 − ln (x) c3x+ e

∫ f(x) ln(x)2a x2−f(x) ln(x)a x2+1
x ln(x) dx

x2 (ln (x)− 1)2 a ln (x)
(∫ e

∫ f(x) ln(x)2a x2−f(x) ln(x)a x2+1
x ln(x) dx

x2(ln(x)−1)2 dx+ c3

)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (ln(x)^2*f(x)*a*x^2-ln(x)*f(x)*a*x^2+1)*(diff(y(x), x))/(ln(x)*x)-f(x)

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(-a*ln(x)*y(x)^2+y(x)+(ln(x)*f(x)*a*x-a*x*f(x))*y(x)*x-f(x)*x^2)/x, y(x), explici

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 227� �
dsolve(diff(y(x),x)=-a*ln(x)*y(x)^2+a*f(x)*(x*ln(x)-x)*y(x)-f(x),y(x), singsol=all)� �
y(x)

=
−x(ln (x)− 1) e

∫ f(x) ln(x)2a x2+
(
−2x2af(x)−2

)
ln(x)+x2af(x)

x(ln(x)−1) dx + c1a−

(∫
ln (x) e

a

(∫ xf(x) ln(x)2
ln(x)−1 dx

)
−2a

(∫ xf(x) ln(x)
ln(x)−1 dx

)
+a
(∫ xf(x)

ln(x)−1dx
)
−2
(∫ ln(x)

x(ln(x)−1)dx
)
dx

)

ax (ln (x)− 1)
(
c1a−

(∫
ln (x) ea

(∫ xf(x) ln(x)2
ln(x)−1 dx

)
−2a

(∫ xf(x) ln(x)
ln(x)−1 dx

)
+a
(∫ xf(x)

ln(x)−1dx
)
−2
(∫ ln(x)

x(ln(x)−1)dx
)
dx

))
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-a*Log[x]*y[x]^2+a*f[x]*(x*Log[x]-x)*y[x]-f[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.29 problem 29
19.29.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1476

Internal problem ID [10622]
Internal file name [OUTPUT/9569_Monday_June_06_2022_03_09_51_PM_66941966/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 29.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − λ sin (λx) y2 − f(x) cos (λx) y = −f(x)

19.29.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= λ sin (λx) y2 + f(x) cos (λx) y − f(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = λ sin (λx) y2 + f(x) cos (λx) y − f(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −f(x), f1(x) = cos (λx) f(x) and f2(x) = λ sin (λx). Let

y = −u′

f2u

= −u′

λ sin (λx)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = λ2 cos (λx)

f1f2 = cos (λx) f(x)λ sin (λx)
f 2
2 f0 = −λ2 sin (λx)2 f(x)

Substituting the above terms back in equation (2) gives

λ sin (λx)u′′(x)−
(
cos (λx) f(x)λ sin (λx) + λ2 cos (λx)

)
u′(x)− λ2 sin (λx)2 f(x)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = − cos (λx)
(
c2λ

(∫
e
∫
(cos(λx)f(x)+2 tan(λx)λ)dx sin (λx) dx

)
− c1

)

The above shows that

u′(x) = −λ sin (λx)
(
cos (λx) c2e

∫
(cos(λx)f(x)+2 tan(λx)λ)dx

− c2λ

(∫
e
∫
(cos(λx)f(x)+2 tan(λx)λ)dx sin (λx) dx

)
+ c1

)

Using the above in (1) gives the solution

y=−
cos (λx) c2e

∫
(cos(λx)f(x)+2 tan(λx)λ)dx − c2λ

(∫
e
∫
(cos(λx)f(x)+2 tan(λx)λ)dx sin (λx) dx

)
+ c1

cos (λx)
(
c2λ
(∫

e
∫
(cos(λx)f(x)+2 tan(λx)λ)dx sin (λx) dx

)
− c1

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y

=
sec (λx)λ

(∫
e
∫
(cos(λx)f(x)+2 tan(λx)λ)dx sin (λx) dx

)
− sec (λx) c3 − e

∫
(cos(λx)f(x)+2 tan(λx)λ)dx

λ
(∫

e
∫
(cos(λx)f(x)+2 tan(λx)λ)dx sin (λx) dx

)
− c3
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Summary
The solution(s) found are the following

(1)y

=
sec (λx)λ

(∫
e
∫
(cos(λx)f(x)+2 tan(λx)λ)dx sin (λx) dx

)
− sec (λx) c3 − e

∫
(cos(λx)f(x)+2 tan(λx)λ)dx

λ
(∫

e
∫
(cos(λx)f(x)+2 tan(λx)λ)dx sin (λx) dx

)
− c3

Verification of solutions
y

=
sec (λx)λ

(∫
e
∫
(cos(λx)f(x)+2 tan(λx)λ)dx sin (λx) dx

)
− sec (λx) c3 − e

∫
(cos(λx)f(x)+2 tan(λx)λ)dx

λ
(∫

e
∫
(cos(λx)f(x)+2 tan(λx)λ)dx sin (λx) dx

)
− c3

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = cos(lambda*x)*(sin(lambda*x)*f(x)+lambda)*(diff(y(x), x))/sin(lambda*x

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
<- linear symmetries successful

Change of variables used:
[x = arccos(t)/lambda]

Linear ODE actually solved:
(2*(-t^2+1)^(1/2)*f(arccos(t)/lambda)*t^2-2*(-t^2+1)^(1/2)*f(arccos(t)/lambda))*u(t)+(-2*f(arccos(t)/lambda)*(-t^2+1)^(1

<- change of variables successful
<- Riccati to 2nd Order successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 97� �
dsolve(diff(y(x),x)=lambda*sin(lambda*x)*y(x)^2+f(x)*cos(lambda*x)*y(x)-f(x),y(x), singsol=all)� �
y(x)

=
sec (xλ)λ

(∫
e
∫
(f(x) cos(xλ)+2 tan(xλ)λ)dx sin (xλ) dx

)
c1 − c1e

∫
(f(x) cos(xλ)+2 tan(xλ)λ)dx − sec (xλ)

λ
(∫

e
∫
(f(x) cos(xλ)+2 tan(xλ)λ)dx sin (xλ) dx

)
c1 − 1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*Sin[\[Lambda]*x]*y[x]^2+f[x]*Cos[\[Lambda]*x]*y[x]-f[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.30 problem 30
19.30.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1481

Internal problem ID [10623]
Internal file name [OUTPUT/9570_Monday_June_06_2022_03_09_54_PM_68250168/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 30.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2f(x) = −f(x) a2 + aλ sin (λx) + a2f(x) sin (λx)2

19.30.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 − f(x) a2 + aλ sin (λx) + a2f(x) sin (λx)2

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) y2 − f(x) a2 + aλ sin (λx) + a2f(x) sin (λx)2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −f(x) a2+aλ sin (λx)+a2f(x) sin (λx)2, f1(x) = 0 and f2(x) = f(x).
Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = 0
f 2
2 f0 = f(x)2

(
−f(x) a2 + aλ sin (λx) + a2f(x) sin (λx)2

)
Substituting the above terms back in equation (2) gives

f(x)u′′(x)− f ′(x)u′(x) + f(x)2
(
−f(x) a2 + aλ sin (λx) + a2f(x) sin (λx)2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− f ′(x)_Y′(x)
f (x)

+ f(x)
(
−f(x) a2 + aλ sin (λx) + a2f(x) sin (λx)2

)
_Y(x)

}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
_Y′′(x)− f ′(x)_Y′(x)

f (x)

+ f(x)
(
−f(x) a2 + aλ sin (λx) + a2f(x) sin (λx)2

)
_Y(x)

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y =

−
∂
∂x

DESol
({

_Y′′(x)− f ′(x)_Y′
(x)

f(x) + f(x)
(
−f(x) a2 + aλ sin (λx) + a2f(x) sin (λx)2

)
_Y(x)

}
, {_Y(x)}

)
f (x)DESol

({
_Y′′ (x)− f ′(x)_Y′

(x)
f(x) + f (x)

(
−f (x) a2 + aλ sin (λx) + a2f (x) sin (λx)2

)
_Y (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
∂
∂x

DESol
({

f(x)2 sin(λx)_Y(x)aλ−f(x)3_Y(x)a2 cos(λx)2+_Y′′
(x)f(x)−f ′(x)_Y′

(x)
f(x)

}
, {_Y(x)}

)
DESol

({
f(x)2 sin(λx)_Y(x)aλ−f(x)3_Y(x)a2 cos(λx)2+_Y′′

(x)f(x)−f ′(x)_Y′
(x)

f(x)

}
, {_Y (x)}

)
f (x)
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Summary
The solution(s) found are the following

(1)y =

−
∂
∂x

DESol
({

f(x)2 sin(λx)_Y(x)aλ−f(x)3_Y(x)a2 cos(λx)2+_Y′′
(x)f(x)−f ′(x)_Y′

(x)
f(x)

}
, {_Y(x)}

)
DESol

({
f(x)2 sin(λx)_Y(x)aλ−f(x)3_Y(x)a2 cos(λx)2+_Y′′

(x)f(x)−f ′(x)_Y′
(x)

f(x)

}
, {_Y (x)}

)
f (x)

Verification of solutions
y =

−
∂
∂x

DESol
({

f(x)2 sin(λx)_Y(x)aλ−f(x)3_Y(x)a2 cos(λx)2+_Y′′
(x)f(x)−f ′(x)_Y′

(x)
f(x)

}
, {_Y(x)}

)
DESol

({
f(x)2 sin(λx)_Y(x)aλ−f(x)3_Y(x)a2 cos(λx)2+_Y′′

(x)f(x)−f ′(x)_Y′
(x)

f(x)

}
, {_Y (x)}

)
f (x)

Verified OK.

1483



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(-2*sin(2*lambda*x)*f(x)*a*lambda+cos(2*lambda*x)*(diff(f(x), x))*a-2*lambda
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a^2*f(x)+a*lambda*sin(lambda*x)+a^2*f(x)*sin(lambda*x)^2,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a^2*f[x]+a*\[Lambda]*Sin[\[Lambda]*x]+a^2*f[x]*Sin[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.31 problem 31
19.31.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1486

Internal problem ID [10624]
Internal file name [OUTPUT/9571_Monday_June_06_2022_03_10_03_PM_24124929/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 31.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − f(x) y2 = −a2f(x) + aλ cos (λx) + a2f(x) cos (λx)2

19.31.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 − a2f(x) + aλ cos (λx) + a2f(x) cos (λx)2

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) y2 − a2f(x) + aλ cos (λx) + a2f(x) cos (λx)2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −a2f(x)+aλ cos (λx)+a2f(x) cos (λx)2, f1(x) = 0 and f2(x) = f(x).
Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = 0
f 2
2 f0 = f(x)2

(
−a2f(x) + aλ cos (λx) + a2f(x) cos (λx)2

)
Substituting the above terms back in equation (2) gives

f(x)u′′(x)− f ′(x)u′(x) + f(x)2
(
−a2f(x) + aλ cos (λx) + a2f(x) cos (λx)2

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− f ′(x)_Y′(x)
f (x)

+ f(x)
(
−a2f(x) + aλ cos (λx) + a2f(x) cos (λx)2

)
_Y(x)

}
, {_Y(x)}

)
The above shows that

u′(x) = d

dx
DESol

({
_Y′′(x)− f ′(x)_Y′(x)

f (x)

+ f(x)
(
−a2f(x) + aλ cos (λx) + a2f(x) cos (λx)2

)
_Y(x)

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y =

−
d
dx

DESol
({

_Y′′(x)− f ′(x)_Y′
(x)

f(x) + f(x)
(
−a2f(x) + aλ cos (λx) + a2f(x) cos (λx)2

)
_Y(x)

}
, {_Y(x)}

)
f (x)DESol

({
_Y′′ (x)− f ′(x)_Y′

(x)
f(x) + f (x)

(
−a2f (x) + aλ cos (λx) + a2f (x) cos (λx)2

)
_Y (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
d
dx

DESol
({

−f(x)3 sin(λx)2_Y(x)a2+cos(λx)f(x)2_Y(x)aλ−f ′(x)_Y′
(x)+_Y′′

(x)f(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3 sin(λx)2_Y(x)a2+cos(λx)f(x)2_Y(x)aλ−f ′(x)_Y′

(x)+_Y′′
(x)f(x)

f(x)

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y =

−
d
dx

DESol
({

−f(x)3 sin(λx)2_Y(x)a2+cos(λx)f(x)2_Y(x)aλ−f ′(x)_Y′
(x)+_Y′′

(x)f(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3 sin(λx)2_Y(x)a2+cos(λx)f(x)2_Y(x)aλ−f ′(x)_Y′

(x)+_Y′′
(x)f(x)

f(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−
d
dx

DESol
({

−f(x)3 sin(λx)2_Y(x)a2+cos(λx)f(x)2_Y(x)aλ−f ′(x)_Y′
(x)+_Y′′

(x)f(x)
f(x)

}
, {_Y(x)}

)
f (x)DESol

({
−f(x)3 sin(λx)2_Y(x)a2+cos(λx)f(x)2_Y(x)aλ−f ′(x)_Y′

(x)+_Y′′
(x)f(x)

f(x)

}
, {_Y (x)}

)
Verified OK.

1488



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(2*sin(2*lambda*x)*f(x)*a*lambda+2*lambda^2*sin(lambda*x)-cos(2*lambda*x)*(d
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a^2*f(x)+a*lambda*cos(lambda*x)+a^2*f(x)*cos(lambda*x)^2,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a^2*f[x]+a*\[Lambda]*cos[\[Lambda]*x]+a^2*f[x]*Cos[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.32 problem 32
19.32.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1491

Internal problem ID [10625]
Internal file name [OUTPUT/9572_Monday_June_06_2022_03_10_12_PM_82219677/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 32.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

y′ − f(x) y2 = −a tan (λx)2 (af(x)− λ) + aλ

19.32.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −f(x) tan (λx)2 a2 + tan (λx)2 aλ+ f(x) y2 + aλ

This is a Riccati ODE. Comparing the ODE to solve

y′ = −f(x) tan (λx)2 a2 + tan (λx)2 aλ+ f(x) y2 + aλ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = −f(x) tan (λx)2 a2+tan (λx)2 aλ+aλ, f1(x) = 0 and f2(x) = f(x).
Let

y = −u′

f2u

= −u′

f (x)u (1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = 0
f 2
2 f0 = f(x)2

(
−f(x) tan (λx)2 a2 + tan (λx)2 aλ+ aλ

)
Substituting the above terms back in equation (2) gives

f(x)u′′(x)− f ′(x)u′(x) + f(x)2
(
−f(x) tan (λx)2 a2 + tan (λx)2 aλ+ aλ

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+tan(lambda*x)*y(x)*(2*f(x)*tan(lambda*x)^2*a*lambda-2*lambda^2*tan(lambda*x)^2+2*
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*tan(lambda*x)^2*(a*f(x)-lambda)+a*lambda,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a*Tan[\[Lambda]*x]^2*(a*f[x]-\[Lambda])+a*\[Lambda],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.33 problem 33
19.33.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1495

Internal problem ID [10626]
Internal file name [OUTPUT/9573_Monday_June_06_2022_03_10_25_PM_94623270/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 33.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

y′ − f(x) y2 = −a cot (λx)2 (af(x)− λ) + aλ

19.33.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −f(x) cot (λx)2 a2 + cot (λx)2 aλ+ f(x) y2 + aλ

This is a Riccati ODE. Comparing the ODE to solve

y′ = −f(x) cot (λx)2 a2 + cot (λx)2 aλ+ f(x) y2 + aλ

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = −f(x) cot (λx)2 a2 + cot (λx)2 aλ+ aλ, f1(x) = 0 and f2(x) = f(x).
Let

y = −u′

f2u

= −u′

f (x)u (1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = 0
f 2
2 f0 = f(x)2

(
−f(x) cot (λx)2 a2 + cot (λx)2 aλ+ aλ

)
Substituting the above terms back in equation (2) gives

f(x)u′′(x)− f ′(x)u′(x) + f(x)2
(
−f(x) cot (λx)2 a2 + cot (λx)2 aλ+ aλ

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives Unable
to solve. Terminating.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-cot(lambda*x)*y(x)*(2*cot(lambda*x)^2*f(x)*a*lambda-2*lambda^2*cot(lambda*x)^2-co
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1497



7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*cot(lambda*x)^2*(a*f(x)-lambda)+a*lambda,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a*Cot[\[Lambda]*x]^2*(a*f[x]-\[Lambda])+a*\[Lambda],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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20 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.

20.1 problem 34 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1500
20.2 problem 35 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1505
20.3 problem 36 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1510
20.4 problem 37 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1515
20.5 problem 38 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1518
20.6 problem 39 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1523
20.7 problem 40 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1528
20.8 problem 41 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1533
20.9 problem 42 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1536
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20.1 problem 34
20.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1500

Internal problem ID [10627]
Internal file name [OUTPUT/9574_Monday_June_06_2022_03_10_37_PM_73313790/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 34.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = −f(x)2 + f ′(x)

20.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 − f(x)2 + f ′(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 − f(x)2 + f ′(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −f(x)2 + f ′(x), f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = −f(x)2 + f ′(x)

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−f(x)2 + f ′(x)

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(∫

e2
(∫

f(x)dx
)
dx+ c1

)
e−
(∫

f(x)dx
)
c2

The above shows that

u′(x) = c2

(
e
∫
f(x)dx − f(x) c1e−

(∫
f(x)dx

)
− f(x)

(∫
e2
(∫

f(x)dx
)
dx

)
e−
(∫

f(x)dx
))

Using the above in (1) gives the solution

y = −

(
e
∫
f(x)dx − f(x) c1e−

(∫
f(x)dx

)
− f(x)

(∫
e2
(∫

f(x)dx
)
dx
)
e−
(∫

f(x)dx
))

e
∫
f(x)dx∫

e2
(∫

f(x)dx
)
dx+ c1

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−e2

(∫
f(x)dx

)
+ c3f(x) +

(∫
e2
(∫

f(x)dx
)
dx
)
f(x)∫

e2
(∫

f(x)dx
)
dx+ c3

Summary
The solution(s) found are the following

(1)y =
−e2

(∫
f(x)dx

)
+ c3f(x) +

(∫
e2
(∫

f(x)dx
)
dx
)
f(x)∫

e2
(∫

f(x)dx
)
dx+ c3
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Verification of solutions

y =
−e2

(∫
f(x)dx

)
+ c3f(x) +

(∫
e2
(∫

f(x)dx
)
dx
)
f(x)∫

e2
(∫

f(x)dx
)
dx+ c3

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (f(x)^2-(diff(f(x), x)))*y(x), y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(y(x)^2+y(x)+x^2*(-f(x)^2+diff(f(x), x)))/x, y(x), explicit` *** Sublevel 2

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

<- Riccati particular solution successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 45� �
dsolve(diff(y(x),x)=y(x)^2-f(x)^2+diff(f(x),x),y(x), singsol=all)� �

y(x) =
−f(x)

(∫
e2
(∫

f(x)dx
)
dx
)
+ f(x) c1 + e2

(∫
f(x)dx

)
c1 −

(∫
e2
(∫

f(x)dx
)
dx
)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2-f[x]^2+f'[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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20.2 problem 35
20.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1505

Internal problem ID [10628]
Internal file name [OUTPUT/9575_Monday_June_06_2022_03_10_38_PM_90443355/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 35.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − f(x) y2 + f(x) g(x) y = g′(x)

20.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 − f(x) g(x) y + g′(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) y2 − f(x) g(x) y + g′(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = g′(x), f1(x) = −f(x) g(x) and f2(x) = f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = −f(x)2 g(x)
f 2
2 f0 = f(x)2 g′(x)

Substituting the above terms back in equation (2) gives

f(x)u′′(x)−
(
f ′(x)− f(x)2 g(x)

)
u′(x) + f(x)2 g′(x)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = e−
(∫

f(x)g(x)dx
)(

c1 +
(∫

f(x) e
∫
f(x)g(x)dxdx

)
c2

)

The above shows that

u′(x)

= f(x)
(
−g(x) e−

(∫
f(x)g(x)dx

)(∫
f(x) e

∫
f(x)g(x)dxdx

)
c2 − g(x) e−

(∫
f(x)g(x)dx

)
c1 + c2

)

Using the above in (1) gives the solution

y =

−

(
−g(x) e−

(∫
f(x)g(x)dx

)(∫
f(x) e

∫
f(x)g(x)dxdx

)
c2 − g(x) e−

(∫
f(x)g(x)dx

)
c1 + c2

)
e
∫
f(x)g(x)dx

c1 +
(∫

f (x) e
∫
f(x)g(x)dxdx

)
c2

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
(∫

f(x) e
∫
f(x)g(x)dxdx

)
g(x) + c3g(x)− e

∫
f(x)g(x)dx

c3 +
∫
f (x) e

∫
f(x)g(x)dxdx
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Summary
The solution(s) found are the following

(1)y =
(∫

f(x) e
∫
f(x)g(x)dxdx

)
g(x) + c3g(x)− e

∫
f(x)g(x)dx

c3 +
∫
f (x) e

∫
f(x)g(x)dxdx

Verification of solutions

y =
(∫

f(x) e
∫
f(x)g(x)dxdx

)
g(x) + c3g(x)− e

∫
f(x)g(x)dx

c3 +
∫
f (x) e

∫
f(x)g(x)dxdx

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(f(x)^2*g(x)-(diff(f(x), x)))*(diff(y(x), x))/f(x)-y(x)*f(x)*(diff(g(

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(f(x)*y(x)^2+y(x)-g(x)*f(x)*y(x)*x+(diff(g(x), x))*x^2)/x, y(x), explicit` *

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-f(x)*g(x)*y(x)+diff(g(x),x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-f[x]*g[x]*y[x]+g'[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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20.3 problem 36
20.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1510

Internal problem ID [10629]
Internal file name [OUTPUT/9576_Monday_June_06_2022_03_10_40_PM_92412809/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 36.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ + f ′(x) y2 − f(x) g(x) y = −g(x)

20.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= −f ′(x) y2 + f(x) g(x) y − g(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = −f ′(x) y2 + f(x) g(x) y − g(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −g(x), f1(x) = f(x) g(x) and f2(x) = −f ′(x). Let

y = −u′

f2u

= −u′

−f ′ (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −f ′′(x)

f1f2 = −f(x) g(x) f ′(x)
f 2
2 f0 = −f ′(x)2g(x)

Substituting the above terms back in equation (2) gives

−f ′(x)u′′(x)− (−f ′′(x)− f(x) g(x) f ′(x))u′(x)− f ′(x)2g(x)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = f(x)

c1 + c2

∫ e
∫ f(x)g(x)f ′(x)+f ′′(x)

f ′(x) dx

f (x)2
dx


The above shows that

u′(x) =
f ′(x) f(x)

(∫ e
∫ f(x)g(x)f ′(x)+f ′′(x)

f ′(x) dx

f(x)2 dx

)
c2 + f ′(x) f(x) c1 + c2e

∫ f(x)g(x)f ′(x)+f ′′(x)
f ′(x) dx

f (x)

Using the above in (1) gives the solution

y =
f ′(x) f(x)

(∫ e
∫ f(x)g(x)f ′(x)+f ′′(x)

f ′(x) dx

f(x)2 dx

)
c2 + f ′(x) f(x) c1 + c2e

∫ f(x)g(x)f ′(x)+f ′′(x)
f ′(x) dx

f (x)2 f ′ (x)
(
c1 + c2

(∫ e
∫ f(x)g(x)f ′(x)+f ′′(x)

f ′(x) dx

f(x)2 dx

))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

(∫ e
∫ f(x)g(x)f ′(x)+f ′′(x)

f ′(x) dx

f(x)2 dx

)
f(x) f ′(x) + f ′(x) f(x) c3 + e

∫ f(x)g(x)f ′(x)+f ′′(x)
f ′(x) dx

f (x)2 f ′ (x)
(
c3 +

∫ e
∫ f(x)g(x)f ′(x)+f ′′(x)

f ′(x) dx

f(x)2 dx

)
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Summary
The solution(s) found are the following

(1)y =

(∫ e
∫ f(x)g(x)f ′(x)+f ′′(x)

f ′(x) dx

f(x)2 dx

)
f(x) f ′(x) + f ′(x) f(x) c3 + e

∫ f(x)g(x)f ′(x)+f ′′(x)
f ′(x) dx

f (x)2 f ′ (x)
(
c3 +

∫ e
∫ f(x)g(x)f ′(x)+f ′′(x)

f ′(x) dx

f(x)2 dx

)
Verification of solutions

y =

(∫ e
∫ f(x)g(x)f ′(x)+f ′′(x)

f ′(x) dx

f(x)2 dx

)
f(x) f ′(x) + f ′(x) f(x) c3 + e

∫ f(x)g(x)f ′(x)+f ′′(x)
f ′(x) dx

f (x)2 f ′ (x)
(
c3 +

∫ e
∫ f(x)g(x)f ′(x)+f ′′(x)

f ′(x) dx

f(x)2 dx

)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (g(x)*f(x)*(diff(f(x), x))+diff(diff(f(x), x), x))*(diff(y(x), x))/(di

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(-(diff(f(x), x))*y(x)^2+y(x)+g(x)*f(x)*y(x)*x-x^2*g(x))/x, y(x), explicit`

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 102� �
dsolve(diff(y(x),x)=-diff(f(x),x)*y(x)^2+f(x)*g(x)*y(x)-g(x),y(x), singsol=all)� �

y(x) =
f(x) e

∫ g(x)f(x)2−2 d
dx

f(x)
f(x) dx +

∫ (
d
dx
f(x)

)
e
∫
g(x)f(x)dx−2

(∫ d
dx

f(x)
f(x) dx

)
dx− c1

f (x)
(∫ (

d
dx
f (x)

)
e
∫
g(x)f(x)dx−2

(∫ d
dx

f(x)
f(x) dx

)
dx− c1

)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-f'[x]*y[x]^2+f[x]*g[x]*y[x]-g[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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20.4 problem 37
20.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1515

Internal problem ID [10630]
Internal file name [OUTPUT/9577_Monday_June_06_2022_03_10_45_PM_76170662/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 37.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[[_1st_order , `_with_symmetry_[F(x),G(x)]`], _Riccati]

y′ − g(x) (y − f(x))2 = f ′(x)

20.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x)2 g(x)− 2f(x) g(x) y + g(x) y2 + f ′(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x)2 g(x)− 2f(x) g(x) y + g(x) y2 + f ′(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = f(x)2 g(x) + f ′(x), f1(x) = −2f(x) g(x) and f2(x) = g(x). Let

y = −u′

f2u

= −u′

g (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = g′(x)

f1f2 = −2f(x) g(x)2

f 2
2 f0 = g(x)2

(
f(x)2 g(x) + f ′(x)

)
Substituting the above terms back in equation (2) gives

g(x)u′′(x)−
(
g′(x)− 2f(x) g(x)2

)
u′(x) + g(x)2

(
f(x)2 g(x) + f ′(x)

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) =
(
c1 +

∫
g(x) dx

)
e−
(∫

f(x)g(x)dx
)
c2

The above shows that

u′(x) = g(x) e−
(∫

f(x)g(x)dx
)
c2

(
1− f(x)

(∫
g(x) dx

)
− c1f(x)

)

Using the above in (1) gives the solution

y = −
1− f(x)

(∫
g(x) dx

)
− c1f(x)

c1 +
∫
g (x) dx

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−1 + f(x)

(∫
g(x) dx

)
+ c3f(x)

c3 +
∫
g (x) dx

Summary
The solution(s) found are the following

(1)y =
−1 + f(x)

(∫
g(x) dx

)
+ c3f(x)

c3 +
∫
g (x) dx
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Verification of solutions

y =
−1 + f(x)

(∫
g(x) dx

)
+ c3f(x)

c3 +
∫
g (x) dx

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

<- Riccati particular case Kamke (d) successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 17� �
dsolve(diff(y(x),x)=g(x)*(y(x)-f(x))^2+diff(f(x),x),y(x), singsol=all)� �

y(x) = f(x) + 1
c1 −

(∫
g (x) dx

)
3 Solution by Mathematica
Time used: 0.35 (sec). Leaf size: 31� �
DSolve[y'[x]==g[x]*(y[x]-f[x])^2+f'[x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → f(x) + 1
−
∫ x

1 g(K[2])dK[2] + c1
y(x) → f(x)
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20.5 problem 38
20.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1518

Internal problem ID [10631]
Internal file name [OUTPUT/9578_Monday_June_06_2022_03_10_47_PM_6587525/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 38.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − f ′(x) y2
g (x) = −g′(x)

f (x)

20.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= f ′(x) y2f(x)− g(x) g′(x)
g (x) f (x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = f ′(x) y2
g (x) − g′(x)

f (x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) = −g′(x)
f(x) , f1(x) = 0 and f2(x) = f ′(x)

g(x) . Let

y = −u′

f2u

= −u′

f ′(x)u
g(x)

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −f ′(x) g′(x)

g (x)2
+ f ′′(x)

g (x)
f1f2 = 0

f 2
2 f0 = −f ′(x)2g′(x)

g (x)2 f (x)

Substituting the above terms back in equation (2) gives

f ′(x)u′′(x)
g (x) −

(
−f ′(x) g′(x)

g (x)2
+ f ′′(x)

g (x)

)
u′(x)− f ′(x)2g′(x)u(x)

g (x)2 f (x)
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol

_Y′′(x)−

(
−f ′(x)g′(x)

g(x)2 + f ′′(x)
g(x)

)
g(x)_Y′(x)

f ′ (x)

− f ′(x) g′(x)_Y(x)
g (x) f (x)

 , {_Y(x)}


The above shows that

u′(x) = d

dx
DESol

_Y′′(x)−

(
−f ′(x)g′(x)

g(x)2 + f ′′(x)
g(x)

)
g(x)_Y′(x)

f ′ (x)

− f ′(x) g′(x)_Y(x)
g (x) f (x)

 , {_Y(x)}
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Using the above in (1) gives the solution

y =

−

(
d
dx

DESol
({

_Y′′(x)−
(
− f ′(x)g′(x)

g(x)2
+ f ′′(x)

g(x)

)
g(x)_Y′

(x)

f ′(x) − f ′(x)g′(x)_Y(x)
g(x)f(x)

}
, {_Y(x)}

))
g(x)

f ′ (x)DESol
({

_Y′′ (x)−
(
− f ′(x)g′(x)

g(x)2
+ f ′′(x)

g(x)

)
g(x)_Y′

(x)

f ′(x) − f ′(x)g′(x)_Y(x)
g(x)f(x)

}
, {_Y (x)}

)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−

(
d
dx

DESol
({_Y′′

(x)g(x)f(x)f ′(x)−f(x)g(x)f ′′(x)_Y′
(x)+f ′(x)g′(x)

(
_Y′

(x)f(x)−_Y(x)f ′(x)
)

g(x)f ′(x)f(x)

}
, {_Y(x)}

))
g(x)

f ′ (x)DESol
({_Y′′

(x)g(x)f(x)f ′(x)−f(x)g(x)f ′′(x)_Y′
(x)+f ′(x)g′(x)

(
_Y′

(x)f(x)−_Y(x)f ′(x)
)

g(x)f ′(x)f(x)

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y =

−

(
d
dx

DESol
({_Y′′

(x)g(x)f(x)f ′(x)−f(x)g(x)f ′′(x)_Y′
(x)+f ′(x)g′(x)

(
_Y′

(x)f(x)−_Y(x)f ′(x)
)

g(x)f ′(x)f(x)

}
, {_Y(x)}

))
g(x)

f ′ (x)DESol
({_Y′′

(x)g(x)f(x)f ′(x)−f(x)g(x)f ′′(x)_Y′
(x)+f ′(x)g′(x)

(
_Y′

(x)f(x)−_Y(x)f ′(x)
)

g(x)f ′(x)f(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
d
dx

DESol
({_Y′′

(x)g(x)f(x)f ′(x)−f(x)g(x)f ′′(x)_Y′
(x)+f ′(x)g′(x)

(
_Y′

(x)f(x)−_Y(x)f ′(x)
)

g(x)f ′(x)f(x)

}
, {_Y(x)}

))
g(x)

f ′ (x)DESol
({_Y′′

(x)g(x)f(x)f ′(x)−f(x)g(x)f ′′(x)_Y′
(x)+f ′(x)g′(x)

(
_Y′

(x)f(x)−_Y(x)f ′(x)
)

g(x)f ′(x)f(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = ((diff(diff(f(x), x), x))*g(x)-(diff(f(x), x))*(diff(g(x), x)))*(diff(

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((diff(f(x), x))*y(x)^2/g(x)+y(x)-x^2*(diff(g(x), x))/f(x))/x, y(x), explicit`

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`[0, f(x)^2*(y+g(x)/f(x))^2]� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 58� �
dsolve(diff(y(x),x)=diff(f(x),x)/g(x)*y(x)^2-diff(g(x),x)/f(x),y(x), singsol=all)� �

y(x) =
−
(∫ d

dx
f(x)

g(x)f(x)2dx
)
g(x) f(x)− c1f(x) g(x)− 1

f (x)2
(∫ d

dx
f(x)

g(x)f(x)2dx+ c1
)

3 Solution by Mathematica
Time used: 0.347 (sec). Leaf size: 160� �
DSolve[y'[x]==f'[x]/g[x]*y[x]^2-g'[x]/f[x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ y(x)

1

(
1

(g(x) + f(x)K[2])2

−
∫ x

1

(
2(f(K[1])K[2]2f ′(K[1])− g(K[1])g′(K[1]))

g(K[1])(g(K[1]) + f(K[1])K[2])3 − 2K[2]f ′(K[1])
g(K[1])(g(K[1]) + f(K[1])K[2])2

)
dK[1]

)
dK[2]

+
∫ x

1
− f(K[1])y(x)2f ′(K[1])− g(K[1])g′(K[1])
f(K[1])g(K[1])(g(K[1]) + f(K[1])y(x))2dK[1] = c1, y(x)

]
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20.6 problem 39
20.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1523

Internal problem ID [10632]
Internal file name [OUTPUT/9579_Monday_June_06_2022_03_10_49_PM_7500533/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 39.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

f(x)2 y′ − f ′(x) y2 + g(x) (y − f(x)) = 0

20.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= f ′(x) y2 + f(x) g(x)− yg(x)
f (x)2

This is a Riccati ODE. Comparing the ODE to solve

y′ = f ′(x) y2

f (x)2
+ g(x)

f (x) −
g(x) y
f (x)2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = g(x)
f(x) , f1(x) = − g(x)

f(x)2 and f2(x) = f ′(x)
f(x)2 . Let

y = −u′

f2u

= −u′

f ′(x)u
f(x)2

(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = −2f ′(x)2

f (x)3
+ f ′′(x)

f (x)2

f1f2 = −g(x) f ′(x)
f (x)4

f 2
2 f0 =

f ′(x)2g(x)
f (x)5

Substituting the above terms back in equation (2) gives

f ′(x)u′′(x)
f (x)2

−

(
−2f ′(x)2

f (x)3
+ f ′′(x)

f (x)2
− g(x) f ′(x)

f (x)4

)
u′(x) + f ′(x)2g(x)u(x)

f (x)5
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=DESol
({

2f ′(x)2f(x)2_Y′(x) + _Y′′(x) f(x)3 f ′(x)− f(x)3 f ′′(x)_Y′(x) + f ′(x)2g(x)_Y(x) + f ′(x) f(x) g(x)_Y′(x)
f (x)3 f ′ (x)

}
, {_Y(x)}

)

The above shows that

u′(x)

= d

dx
DESol

({
2f ′(x)2f(x)2_Y′(x) + _Y′′(x) f(x)3 f ′(x)− f(x)3 f ′′(x)_Y′(x) + f ′(x)2g(x)_Y(x) + f ′(x) f(x) g(x)_Y′(x)

f (x)3 f ′ (x)

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
d
dx

DESol
({

2f ′(x)2f(x)2_Y′
(x)+_Y′′

(x)f(x)3f ′(x)−f(x)3f ′′(x)_Y′
(x)+f ′(x)2g(x)_Y(x)+f ′(x)f(x)g(x)_Y′

(x)
f(x)3f ′(x)

}
, {_Y(x)}

))
f(x)2

f ′ (x)DESol
({

2f ′(x)2f(x)2_Y′
(x)+_Y′′

(x)f(x)3f ′(x)−f(x)3f ′′(x)_Y′
(x)+f ′(x)2g(x)_Y(x)+f ′(x)f(x)g(x)_Y′

(x)
f(x)3f ′(x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution
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y =

−

(
d
dx

DESol
({

2f ′(x)2f(x)2_Y′
(x)+_Y′′

(x)f(x)3f ′(x)−f(x)3f ′′(x)_Y′
(x)+f ′(x)2g(x)_Y(x)+f ′(x)f(x)g(x)_Y′

(x)
f(x)3f ′(x)

}
, {_Y(x)}

))
f(x)2

f ′ (x)DESol
({

2f ′(x)2f(x)2_Y′
(x)+_Y′′

(x)f(x)3f ′(x)−f(x)3f ′′(x)_Y′
(x)+f ′(x)2g(x)_Y(x)+f ′(x)f(x)g(x)_Y′

(x)
f(x)3f ′(x)

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

(1)y =

−

(
d
dx

DESol
({

2f ′(x)2f(x)2_Y′
(x)+_Y′′

(x)f(x)3f ′(x)−f(x)3f ′′(x)_Y′
(x)+f ′(x)2g(x)_Y(x)+f ′(x)f(x)g(x)_Y′

(x)
f(x)3f ′(x)

}
, {_Y(x)}

))
f(x)2

f ′ (x)DESol
({

2f ′(x)2f(x)2_Y′
(x)+_Y′′

(x)f(x)3f ′(x)−f(x)3f ′′(x)_Y′
(x)+f ′(x)2g(x)_Y(x)+f ′(x)f(x)g(x)_Y′

(x)
f(x)3f ′(x)

}
, {_Y (x)}

)
Verification of solutions
y =

−

(
d
dx

DESol
({

2f ′(x)2f(x)2_Y′
(x)+_Y′′

(x)f(x)3f ′(x)−f(x)3f ′′(x)_Y′
(x)+f ′(x)2g(x)_Y(x)+f ′(x)f(x)g(x)_Y′

(x)
f(x)3f ′(x)

}
, {_Y(x)}

))
f(x)2

f ′ (x)DESol
({

2f ′(x)2f(x)2_Y′
(x)+_Y′′

(x)f(x)3f ′(x)−f(x)3f ′′(x)_Y′
(x)+f ′(x)2g(x)_Y(x)+f ′(x)f(x)g(x)_Y′

(x)
f(x)3f ′(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(-(diff(diff(f(x), x), x))*f(x)^2+2*f(x)*(diff(f(x), x))^2+(diff(f(x)

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type

-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((diff(f(x), x))*y(x)^2/f(x)^2+y(x)-g(x)*y(x)*x/f(x)^2+x^2*g(x)/f(x))/x, y(x), ex

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(f(x)^2*diff(y(x),x)-diff(f(x),x)*y(x)^2+g(x)*(y(x)-f(x))=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[f[x]^2*y'[x]-f'[x]*y[x]^2+g[x]*(y[x]-f[x])==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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20.7 problem 40
20.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1528

Internal problem ID [10633]
Internal file name [OUTPUT/9580_Monday_June_06_2022_03_10_52_PM_112628/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 40.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − f ′(x) y2 − a eλxf(x) y = a eλx

20.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f ′(x) y2 + a eλxf(x) y + a eλx

This is a Riccati ODE. Comparing the ODE to solve

y′ = f ′(x) y2 + a eλxf(x) y + a eλx

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a eλx, f1(x) = a eλxf(x) and f2(x) = f ′(x). Let

y = −u′

f2u

= −u′

f ′ (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′′(x)

f1f2 = a eλxf(x) f ′(x)
f 2
2 f0 = f ′(x)2a eλx

Substituting the above terms back in equation (2) gives

f ′(x)u′′(x)−
(
f ′′(x) + a eλxf(x) f ′(x)

)
u′(x) + f ′(x)2a eλxu(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = f(x)

c1 + c2

∫ e
∫ f ′′(x)+a eλxf(x)f ′(x)

f ′(x) dx

f (x)2
dx


The above shows that

u′(x)=
f ′(x) f(x)

(∫ e
∫ f ′′(x)+a eλxf(x)f ′(x)

f ′(x) dx

f(x)2 dx

)
c2 + f ′(x) f(x) c1 + c2e

∫ f ′′(x)+a eλxf(x)f ′(x)
f ′(x) dx

f (x)

Using the above in (1) gives the solution

y = −
f ′(x) f(x)

(∫ e
∫ f ′′(x)+a eλxf(x)f ′(x)

f ′(x) dx

f(x)2 dx

)
c2 + f ′(x) f(x) c1 + c2e

∫ f ′′(x)+a eλxf(x)f ′(x)
f ′(x) dx

f (x)2 f ′ (x)
(
c1 + c2

(∫ e
∫ f ′′(x)+a eλxf(x)f ′(x)

f ′(x) dx

f(x)2 dx

))

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =
−

(∫ e
∫ f ′′(x)+a eλxf(x)f ′(x)

f ′(x) dx

f(x)2 dx

)
f(x) f ′(x)− f ′(x) f(x) c3 − e

∫ f ′′(x)+a eλxf(x)f ′(x)
f ′(x) dx

f (x)2 f ′ (x)
(
c3 +

∫ e
∫ f ′′(x)+a eλxf(x)f ′(x)

f ′(x) dx

f(x)2 dx

)
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Summary
The solution(s) found are the following

(1)y =
−

(∫ e
∫ f ′′(x)+a eλxf(x)f ′(x)

f ′(x) dx

f(x)2 dx

)
f(x) f ′(x)− f ′(x) f(x) c3 − e

∫ f ′′(x)+a eλxf(x)f ′(x)
f ′(x) dx

f (x)2 f ′ (x)
(
c3 +

∫ e
∫ f ′′(x)+a eλxf(x)f ′(x)

f ′(x) dx

f(x)2 dx

)
Verification of solutions

y =
−

(∫ e
∫ f ′′(x)+a eλxf(x)f ′(x)

f ′(x) dx

f(x)2 dx

)
f(x) f ′(x)− f ′(x) f(x) c3 − e

∫ f ′′(x)+a eλxf(x)f ′(x)
f ′(x) dx

f (x)2 f ′ (x)
(
c3 +

∫ e
∫ f ′′(x)+a eλxf(x)f ′(x)

f ′(x) dx

f(x)2 dx

)

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (exp(lambda*x)*f(x)*a*(diff(f(x), x))+diff(diff(f(x), x), x))*(diff(y(

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients

<- unable to find a useful change of variables
trying a symmetry of the form [xi=0, eta=F(x)]

trying to convert to an ODE of Bessel type
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-((diff(f(x), x))*y(x)^2+y(x)+a*exp(lambda*x)*f(x)*y(x)*x+x^2*exp(lambda*x)*a)/x,

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 114� �
dsolve(diff(y(x),x)=diff(f(x),x)*y(x)^2+a*exp(lambda*x)*f(x)*y(x)+a*exp(lambda*x),y(x), singsol=all)� �

y(x) =
−f(x) e

∫ exλf(x)2a−2 d
dx

f(x)
f(x) dx −

(∫ (
d
dx
f(x)

)
e
a
(∫

exλf(x)dx
)
−2
(∫ d

dx
f(x)

f(x) dx

)
dx

)
− c1

f (x)
(
c1 +

∫ (
d
dx
f (x)

)
e
a
(∫

exλf(x)dx
)
−2
(∫ d

dx
f(x)

f(x) dx

)
dx

)

3 Solution by Mathematica
Time used: 84.356 (sec). Leaf size: 167� �
DSolve[y'[x]==f'[x]*y[x]^2+a*Exp[\[Lambda]*x]*f[x]*y[x]+a*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
a exp

(∫ exλ

1 −
af
(

log(K[1])
λ

)
λ

dK[1]
)(

1 + c1
∫ exλ

1 exp
(
−
∫ K[2]
1 −

af
(

log(K[1])
λ

)
λ

dK[1]
)
dK[2]

)
af
(

log
(
eλx
)

λ

)
exp

(∫ exλ

1 −
af
(

log(K[1])
λ

)
λ

dK[1]
)(

1 + c1
∫ exλ

1 exp
(
−
∫ K[2]
1 −

af
(

log(K[1])
λ

)
λ

dK[1]
)
dK[2]

)
− c1λ
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20.8 problem 41
20.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1533

Internal problem ID [10634]
Internal file name [OUTPUT/9581_Monday_June_06_2022_03_10_54_PM_90496217/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 41.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − f(x) y2 − g′(x) y = af(x) e2g(x)

20.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 + g′(x) y + af(x) e2g(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) y2 + g′(x) y + af(x) e2g(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = af(x) e2g(x), f1(x) = g′(x) and f2(x) = f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = f(x) g′(x)
f 2
2 f0 = f(x)3 a e2g(x)

Substituting the above terms back in equation (2) gives

f(x)u′′(x)− (f ′(x) + f(x) g′(x))u′(x) + f(x)3 a e2g(x)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = c1ei
√
a
(∫

f(x)eg(x)dx
)
+ c2e−i

√
a
(∫

f(x)eg(x)dx
)

The above shows that

u′(x) = i
√
a f(x) eg(x)

(
c1ei

√
a
(∫

f(x)eg(x)dx
)
− c2e−i

√
a
(∫

f(x)eg(x)dx
))

Using the above in (1) gives the solution

y = −
i
√
a eg(x)

(
c1ei

√
a
(∫

f(x)eg(x)dx
)
− c2e−i

√
a
(∫

f(x)eg(x)dx
))

c1ei
√
a
(∫

f(x)eg(x)dx
)
+ c2e−i

√
a
(∫

f(x)eg(x)dx
)

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
i
√
a eg(x)

(
c3ei

√
a
(∫

f(x)eg(x)dx
)
− e−i

√
a
(∫

f(x)eg(x)dx
))

c3ei
√
a
(∫

f(x)eg(x)dx
)
+ e−i

√
a
(∫

f(x)eg(x)dx
)

Summary
The solution(s) found are the following

(1)y = −
i
√
a eg(x)

(
c3ei

√
a
(∫

f(x)eg(x)dx
)
− e−i

√
a
(∫

f(x)eg(x)dx
))

c3ei
√
a
(∫

f(x)eg(x)dx
)
+ e−i

√
a
(∫

f(x)eg(x)dx
)
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Verification of solutions

y = −
i
√
a eg(x)

(
c3ei

√
a
(∫

f(x)eg(x)dx
)
− e−i

√
a
(∫

f(x)eg(x)dx
))

c3ei
√
a
(∫

f(x)eg(x)dx
)
+ e−i

√
a
(∫

f(x)eg(x)dx
)

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
<- Chini successful`� �
3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 28� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+diff(g(x),x)*y(x)+a*f(x)*exp(2*g(x)),y(x), singsol=all)� �

y(x) = − tan
(
−
√
a

(∫
f(x) eg(x)dx

)
+ c1

)√
a eg(x)

3 Solution by Mathematica
Time used: 0.635 (sec). Leaf size: 41� �
DSolve[y'[x]==f[x]*y[x]^2+g'[x]*y[x]+a*f[x]*Exp[2*g[x]],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
aeg(x) tan

(√
a

∫ x

1
eg(K[1])f(K[1])dK[1] + c1

)
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20.9 problem 42
Internal problem ID [10635]
Internal file name [OUTPUT/9582_Monday_June_06_2022_03_10_56_PM_41579351/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 42.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_Riccati]

Unable to solve or complete the solution.

y′ − y2 = −f ′′(x)
f (x)
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (diff(diff(f(x), x), x))*y(x)/f(x), y(x)` *** Sublevel 2 ***

Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful

<- Riccati to 2nd Order successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 44� �
dsolve(diff(y(x),x)=y(x)^2-diff(f(x),x$2)/f(x),y(x), singsol=all)� �

y(x) =
−
(∫ 1

f(x)2dx
) (

d
dx
f(x)

)
f(x)−

(
d
dx
f(x)

)
c1f(x)− 1(∫ 1

f(x)2dx+ c1
)
f (x)2
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3 Solution by Mathematica
Time used: 0.365 (sec). Leaf size: 132� �
DSolve[y'[x]==y[x]^2-f''[x]/f[x],y[x],x,IncludeSingularSolutions -> True]� �

Solve
[∫ y(x)

1

(
1

(f(x)K[2] + f ′(x))2

−
∫ x

1

(
2(f(K[1])K[2]2 − f ′′(K[1]))
(f(K[1])K[2] + f ′(K[1]))3

− 2K[2]
(f(K[1])K[2] + f ′(K[1]))2

)
dK[1]

)
dK[2]

+
∫ x

1
− f(K[1])y(x)2 − f ′′(K[1])
f(K[1]) (f(K[1])y(x) + f ′(K[1]))2

dK[1] = c1, y(x)
]
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21 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.9. Some Transformations

21.1 problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1540
21.2 problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1544
21.3 problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1549
21.4 problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1554
21.5 problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1559
21.6 problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1564
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21.9 problem 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1580
21.10problem 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1585
21.11problem 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1590
21.12problem 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1595
21.13problem 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1600
21.14problem 14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1605
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21.1 problem 1
21.1.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1540

Internal problem ID [10636]
Internal file name [OUTPUT/9583_Monday_June_06_2022_03_10_56_PM_78843346/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 1.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = a2f(ax+ b)

21.1.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= y2 + a2f(ax+ b)

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + a2f(ax+ b)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = a2f(ax+ b), f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0
f 2
2 f0 = a2f(ax+ b)

Substituting the above terms back in equation (2) gives

u′′(x) + a2f(ax+ b)u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

a2f(ax+ b)_Y(x) + _Y′′(x)
}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
a2f(ax+ b)_Y(x) + _Y′′(x)

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y = −
∂
∂x

DESol ({a2f(ax+ b)_Y(x) + _Y′′(x)} , {_Y(x)})
DESol ({a2f (ax+ b)_Y (x) + _Y′′ (x)} , {_Y (x)})

Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol ({a2f(ax+ b)_Y(x) + _Y′′(x)} , {_Y(x)})
DESol ({a2f (ax+ b)_Y (x) + _Y′′ (x)} , {_Y (x)})

Summary
The solution(s) found are the following

(1)y = −
∂
∂x

DESol ({a2f(ax+ b)_Y(x) + _Y′′(x)} , {_Y(x)})
DESol ({a2f (ax+ b)_Y (x) + _Y′′ (x)} , {_Y (x)})
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Verification of solutions

y = −
∂
∂x

DESol ({a2f(ax+ b)_Y(x) + _Y′′(x)} , {_Y(x)})
DESol ({a2f (ax+ b)_Y (x) + _Y′′ (x)} , {_Y (x)})

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+a^2*f(a*x+b),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+a^2*f[a*x+b],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.2 problem 2
21.2.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1544

Internal problem ID [10637]
Internal file name [OUTPUT/9584_Monday_June_06_2022_03_10_58_PM_85596946/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 2.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 =
f
( 1
x

)
x4

21.2.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

=
y2x4 + f

( 1
x

)
x4

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 +
f
( 1
x

)
x4

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) =
f
( 1
x

)
x4 , f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

f
( 1
x

)
x4

Substituting the above terms back in equation (2) gives

u′′(x) +
f
( 1
x

)
u(x)

x4 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

f
( 1
x

)
_Y(x)
x4 + _Y′′(x)

}
, {_Y(x)}

)

The above shows that

u′(x) = d

dx
DESol

({
f
( 1
x

)
_Y(x)
x4 + _Y′′(x)

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y = −

d
dx

DESol
({

f
( 1
x

)_Y(x)
x4 + _Y′′(x)

}
, {_Y(x)}

)
DESol

({
f
( 1
x

)_Y(x)
x4 + _Y′′ (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −

d
dx

DESol
({

_Y′′
(x)x4+f

( 1
x

)_Y(x)
x4

}
, {_Y(x)}

)
DESol

({
_Y′′

(x)x4+f
( 1
x

)_Y(x)
x4

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y = −

d
dx

DESol
({

_Y′′
(x)x4+f

( 1
x

)_Y(x)
x4

}
, {_Y(x)}

)
DESol

({
_Y′′

(x)x4+f
( 1
x

)_Y(x)
x4

}
, {_Y (x)}

)
Verification of solutions

y = −

d
dx

DESol
({

_Y′′
(x)x4+f

( 1
x

)_Y(x)
x4

}
, {_Y(x)}

)
DESol

({
_Y′′

(x)x4+f
( 1
x

)_Y(x)
x4

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+1/x^4*f(1/x),y(x), singsol=all)� �

No solution found
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+1/x^4*f[1/x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.3 problem 3
21.3.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1549

Internal problem ID [10638]
Internal file name [OUTPUT/9585_Monday_June_06_2022_03_10_59_PM_98380475/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 3.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 =
f
(
ax+b
cx+d

)
(cx+ d)4

21.3.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

=
c4x4y2 + 4c3d x3y2 + 6c2d2x2y2 + 4c d3x y2 + d4y2 + f

(
ax+b
cx+d

)
(cx+ d)4

This is a Riccati ODE. Comparing the ODE to solve

y′ = c4x4y2

(cx+ d)4
+ 4c3d x3y2

(cx+ d)4
+ 6c2d2x2y2

(cx+ d)4
+ 4c d3x y2

(cx+ d)4
+ d4y2

(cx+ d)4
+

f
(
ax+b
cx+d

)
(cx+ d)4

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) =
f
(

ax+b
cx+d

)
(cx+d)4 , f1(x) = 0 and f2(x) = c4x4+4c3d x3+6c2d2x2+4c d3x+d4

(cx+d)4 . Let

y = −u′

f2u

= −u′

(c4x4+4c3d x3+6c2d2x2+4c d3x+d4)u
(cx+d)4

(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

4c4x3 + 12c3d x2 + 12c2d2x+ 4c d3

(cx+ d)4
− 4(c4x4 + 4c3d x3 + 6c2d2x2 + 4c d3x+ d4) c

(cx+ d)5

f1f2 = 0

f 2
2 f0 =

(c4x4 + 4c3d x3 + 6c2d2x2 + 4c d3x+ d4)2 f
(
ax+b
cx+d

)
(cx+ d)12

Substituting the above terms back in equation (2) gives

(c4x4 + 4c3d x3 + 6c2d2x2 + 4c d3x+ d4)u′′(x)
(cx+ d)4

−
(
4c4x3 + 12c3d x2 + 12c2d2x+ 4c d3

(cx+ d)4
− 4(c4x4 + 4c3d x3 + 6c2d2x2 + 4c d3x+ d4) c

(cx+ d)5
)
u′(x) +

(c4x4 + 4c3d x3 + 6c2d2x2 + 4c d3x+ d4)2 f
(
ax+b
cx+d

)
u(x)

(cx+ d)12
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

f
(
ax+b
cx+d

)
_Y(x) + _Y′′(x) (cx+ d)4

(cx+ d)4

}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
f
(
ax+b
cx+d

)
_Y(x) + _Y′′(x) (cx+ d)4

(cx+ d)4

}
, {_Y(x)}

)

Using the above in (1) gives the solution

y =

−

(
∂
∂x

DESol
({

f
(

ax+b
cx+d

)
_Y(x)+_Y′′

(x)(cx+d)4

(cx+d)4

}
, {_Y(x)}

))
(cx+ d)4

(c4x4 + 4c3d x3 + 6c2d2x2 + 4c d3x+ d4)DESol
({

f
(

ax+b
cx+d

)
_Y(x)+_Y′′

(x)(cx+d)4

(cx+d)4

}
, {_Y (x)}

)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −

∂
∂x

DESol
({

f
(

ax+b
cx+d

)
_Y(x)+_Y′′

(x)(cx+d)4

(cx+d)4

}
, {_Y(x)}

)
DESol

({
f
(

ax+b
cx+d

)
_Y(x)+_Y′′

(x)(cx+d)4

(cx+d)4

}
, {_Y (x)}

)

Summary
The solution(s) found are the following

(1)y = −

∂
∂x

DESol
({

f
(

ax+b
cx+d

)
_Y(x)+_Y′′

(x)(cx+d)4

(cx+d)4

}
, {_Y(x)}

)
DESol

({
f
(

ax+b
cx+d

)
_Y(x)+_Y′′

(x)(cx+d)4

(cx+d)4

}
, {_Y (x)}

)
Verification of solutions

y = −

∂
∂x

DESol
({

f
(

ax+b
cx+d

)
_Y(x)+_Y′′

(x)(cx+d)4

(cx+d)4

}
, {_Y(x)}

)
DESol

({
f
(

ax+b
cx+d

)
_Y(x)+_Y′′

(x)(cx+d)4

(cx+d)4

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-2*(2*c*d^3*x+y(x))/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-2*(70*c*d^3*x+y(x))/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-(35*c*d^3*x+2*y(x))/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-(7*c*d^3*x+2*y(x))/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-2*(7*c*d^3*x+y(x))/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+1/(c*x+d)^4*f((a*x+b)/(c*x+d)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+1/(c*x+d)^4*f[(a*x+b)/(c*x+d)],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.4 problem 4
21.4.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1554

Internal problem ID [10639]
Internal file name [OUTPUT/9586_Monday_June_06_2022_03_11_01_PM_74540310/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 4.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

x2y′ − x4f(x) y2 = 1

21.4.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= x4f(x) y2 + 1
x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = x2f(x) y2 + 1
x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = 1
x2 , f1(x) = 0 and f2(x) = x2f(x). Let

y = −u′

f2u

= −u′

x2f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 2f(x)x+ x2f ′(x)

f1f2 = 0
f 2
2 f0 = x2f(x)2

Substituting the above terms back in equation (2) gives

x2f(x)u′′(x)−
(
2f(x)x+ x2f ′(x)

)
u′(x) + x2f(x)2 u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y′′(x)− (2f(x)x+ x2f ′(x))_Y′(x)
x2f (x) + f(x)_Y(x)

}
, {_Y(x)}

)

The above shows that

u′(x) = d

dx
DESol

({
_Y′′(x)− (2f(x)x+ x2f ′(x))_Y′(x)

x2f (x) + f(x)_Y(x)
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y = −

d
dx

DESol
({

_Y′′(x)−
(
2f(x)x+x2f ′(x)

)_Y′
(x)

x2f(x) + f(x)_Y(x)
}
, {_Y(x)}

)
x2f (x)DESol

({
_Y′′ (x)− (2f(x)x+x2f ′(x))_Y′

(x)
x2f(x) + f (x)_Y (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
d
dx

DESol
({_Y′′

(x)xf(x)+(−xf ′(x)−2f(x))_Y′
(x)+f(x)2_Y(x)x

xf(x)

}
, {_Y(x)}

)
x2f (x)DESol

({_Y′′
(x)xf(x)+(−xf ′(x)−2f(x))_Y′

(x)+f(x)2_Y(x)x
xf(x)

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y = −
d
dx

DESol
({_Y′′

(x)xf(x)+(−xf ′(x)−2f(x))_Y′
(x)+f(x)2_Y(x)x

xf(x)

}
, {_Y(x)}

)
x2f (x)DESol

({_Y′′
(x)xf(x)+(−xf ′(x)−2f(x))_Y′

(x)+f(x)2_Y(x)x
xf(x)

}
, {_Y (x)}

)
Verification of solutions

y = −
d
dx

DESol
({_Y′′

(x)xf(x)+(−xf ′(x)−2f(x))_Y′
(x)+f(x)2_Y(x)x

xf(x)

}
, {_Y(x)}

)
x2f (x)DESol

({_Y′′
(x)xf(x)+(−xf ′(x)−2f(x))_Y′

(x)+f(x)2_Y(x)x
xf(x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
7 Solution by Maple� �
dsolve(x^2*diff(y(x),x)=x^4*f(x)*y(x)^2+1,y(x), singsol=all)� �

No solution found
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y'[x]==x^4*f[x]*y[x]^2+1,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.5 problem 5
21.5.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1559

Internal problem ID [10640]
Internal file name [OUTPUT/9587_Monday_June_06_2022_03_11_03_PM_91047867/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 5.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

x2y′ − y2x4 = x2nf(a xn + b)− n2

4 + 1
4

21.5.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= 4y2x4 + 4x2nf(a xn + b)− n2 + 1
4x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = x2y2 + x2nf(a xn + b)
x2 − n2

4x2 + 1
4x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = 4x2nf(a xn+b)−n2+1
4x2 , f1(x) = 0 and f2(x) = x2. Let

y = −u′

f2u

= −u′

x2u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 2x

f1f2 = 0

f 2
2 f0 =

x2(4x2nf(a xn + b)− n2 + 1)
4

Substituting the above terms back in equation (2) gives

x2u′′(x)− 2xu′(x) + x2(4x2nf(a xn + b)− n2 + 1)u(x)
4 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({(

x2nf(a xn+ b)− n2

4 + 1
4

)
_Y(x)− 2_Y′(x)

x
+_Y′′(x)

}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({(
x2nf(a xn + b)− n2

4 + 1
4

)
_Y(x)− 2_Y′(x)

x

+ _Y′′(x)
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y=−
∂
∂x

DESol
({(

x2nf(a xn + b)− n2

4 + 1
4

)
_Y(x)− 2_Y′

(x)
x

+ _Y′′(x)
}
, {_Y(x)}

)
x2DESol

({(
x2nf (a xn + b)− n2

4 + 1
4

)
_Y (x)− 2_Y′

(x)
x

+ _Y′′ (x)
}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol
({(

x2nf(a xn + b)− n2

4 + 1
4

)
_Y(x)− 2_Y′

(x)
x

+ _Y′′(x)
}
, {_Y(x)}

)
x2DESol

({
4x2n+1_Y(x)f(a xn+b)+4_Y′′

(x)x−8_Y′
(x)+x(−n2+1)_Y(x)

4x

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

y = −
∂
∂x

DESol
({(

x2nf(a xn + b)− n2

4 + 1
4

)
_Y(x)− 2_Y′

(x)
x

+ _Y′′(x)
}
, {_Y(x)}

)
x2DESol

({
4x2n+1_Y(x)f(a xn+b)+4_Y′′

(x)x−8_Y′
(x)+x(−n2+1)_Y(x)

4x

}
, {_Y (x)}

)
(1)

Verification of solutions

y = −
∂
∂x

DESol
({(

x2nf(a xn + b)− n2

4 + 1
4

)
_Y(x)− 2_Y′

(x)
x

+ _Y′′(x)
}
, {_Y(x)}

)
x2DESol

({
4x2n+1_Y(x)f(a xn+b)+4_Y′′

(x)x−8_Y′
(x)+x(−n2+1)_Y(x)

4x

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
7 Solution by Maple� �
dsolve(x^2*diff(y(x),x)=x^4*y(x)^2+x^(2*n)*f(a*x^n+b)+1/4*(1-n^2),y(x), singsol=all)� �

No solution found
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y'[x]==x^4*y[x]^2+x^(2*n)*f[a*x^n+b]+1/4*(1-n^2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.6 problem 6
21.6.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1564

Internal problem ID [10641]
Internal file name [OUTPUT/9588_Monday_June_06_2022_03_11_05_PM_78843544/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 6.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − f(x) y2 − g(x) y = h(x)

21.6.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)
= f(x) y2 + yg(x) + h(x)

This is a Riccati ODE. Comparing the ODE to solve

y′ = f(x) y2 + yg(x) + h(x)

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = h(x), f1(x) = g(x) and f2(x) = f(x). Let

y = −u′

f2u

= −u′

f (x)u (1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = f ′(x)

f1f2 = f(x) g(x)
f 2
2 f0 = h(x) f(x)2

Substituting the above terms back in equation (2) gives

f(x)u′′(x)− (f(x) g(x) + f ′(x))u′(x) + h(x) f(x)2 u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

h(x) f(x)_Y(x)− (f(x) g(x) + f ′(x))_Y′(x)
f (x) +_Y′′(x)

}
, {_Y(x)}

)

The above shows that

u′(x) = d

dx
DESol

({
h(x) f(x)_Y(x)− (f(x) g(x) + f ′(x))_Y′(x)

f (x)

+ _Y′′(x)
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y = −
d
dx

DESol
({

h(x) f(x)_Y(x)− (f(x)g(x)+f ′(x))_Y′
(x)

f(x) + _Y′′(x)
}
, {_Y(x)}

)
f (x)DESol

({
h (x) f (x)_Y (x)− (f(x)g(x)+f ′(x))_Y′

(x)
f(x) + _Y′′ (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
d
dx

DESol
({

h(x) f(x)_Y(x)− (f(x)g(x)+f ′(x))_Y′
(x)

f(x) + _Y′′(x)
}
, {_Y(x)}

)
f (x)DESol

({
h (x) f (x)_Y (x)− (f(x)g(x)+f ′(x))_Y′

(x)
f(x) + _Y′′ (x)

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

y = −
d
dx

DESol
({

h(x) f(x)_Y(x)− (f(x)g(x)+f ′(x))_Y′
(x)

f(x) + _Y′′(x)
}
, {_Y(x)}

)
f (x)DESol

({
h (x) f (x)_Y (x)− (f(x)g(x)+f ′(x))_Y′

(x)
f(x) + _Y′′ (x)

}
, {_Y (x)}

)
(1)

Verification of solutions

y = −
d
dx

DESol
({

h(x) f(x)_Y(x)− (f(x)g(x)+f ′(x))_Y′
(x)

f(x) + _Y′′(x)
}
, {_Y(x)}

)
f (x)DESol

({
h (x) f (x)_Y (x)− (f(x)g(x)+f ′(x))_Y′

(x)
f(x) + _Y′′ (x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = (g(x)*f(x)+diff(f(x), x))*(diff(y(x), x))/f(x)-f(x)*h(x)*y(x), y(x)`

Methods for second order ODEs:
-> Trying a change of variables to reduce to Bernoulli
-> Calling odsolve with the ODE`, diff(y(x), x)-(f(x)*y(x)^2+y(x)+g(x)*y(x)*x+x^2*h(x))/x, y(x), explicit` *** Sublevel 2 **

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:

trying Riccati_symmetries
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation

-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+g(x)*y(x)+h(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2+g[x]*y[x]+h[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.7 problem 7
21.7.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1569

Internal problem ID [10642]
Internal file name [OUTPUT/9589_Monday_June_06_2022_03_11_07_PM_128411/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 7.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = e2λxf
(
eλx
)
− λ2

4

21.7.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= y2 + e2λxf
(
eλx
)
− λ2

4
This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + e2λxf
(
eλx
)
− λ2

4
With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = e2λxf
(
eλx
)
− λ2

4 , f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 = e2λxf

(
eλx
)
− λ2

4

Substituting the above terms back in equation (2) gives

u′′(x) +
(
e2λxf

(
eλx
)
− λ2

4

)
u(x) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y(x) e2λxf
(
eλx
)
− _Y(x)λ2

4 + _Y′′(x)
}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
_Y(x) e2λxf

(
eλx
)
− _Y(x)λ2

4 + _Y′′(x)
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y = −
∂
∂x

DESol
({

_Y(x) e2λxf
(
eλx
)
− _Y(x)λ2

4 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
_Y (x) e2λxf (eλx)− _Y(x)λ2

4 + _Y′′ (x)
}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol
({

_Y(x) e2λxf
(
eλx
)
− _Y(x)λ2

4 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
_Y (x) e2λxf (eλx)− _Y(x)λ2

4 + _Y′′ (x)
}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y = −
∂
∂x

DESol
({

_Y(x) e2λxf
(
eλx
)
− _Y(x)λ2

4 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
_Y (x) e2λxf (eλx)− _Y(x)λ2

4 + _Y′′ (x)
}
, {_Y (x)}

)
Verification of solutions

y = −
∂
∂x

DESol
({

_Y(x) e2λxf
(
eλx
)
− _Y(x)λ2

4 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
_Y (x) e2λxf (eλx)− _Y(x)λ2

4 + _Y′′ (x)
}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x) = -8*y(x)*x/((lambda-2*x)*(2*x+lambda)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+4*y(x)*lambda*(2*exp(2*lambda*x)*f(exp(lambda*x))+exp(3*lambda*x)*(D(f))(exp(lamb
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-2*lambda*K[1], y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+8*y(x)*x/((lambda-2*x)*(2*x+lambda)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+exp(2*lambda*x)*f(exp(lambda*x))-1/4*lambda^2,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+Exp[2*\[Lambda]*x]*f[Exp[\[Lambda]*x]]-1/4*\[Lambda]^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.8 problem 8
21.8.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1574

Internal problem ID [10643]
Internal file name [OUTPUT/9590_Monday_June_06_2022_03_11_12_PM_76019185/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 8.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = −λ2

4 +
e2λxf

(
a eλx+b
c eλx+d

)
(c eλx + d)4

21.8.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

=
−e4λxc4λ2 + 4 e4λxc4y2 − 4 e3λxc3d λ2 + 16 e3λxc3d y2 − 6 e2λxc2d2λ2 + 24 e2λxc2d2y2 − 4 eλxc d3λ2 + 16 eλxc d3y2 − d4λ2 + 4d4y2 + 4 e2λxf

(
a eλx+b
c eλx+d

)
4 (c eλx + d)4

This is a Riccati ODE. Comparing the ODE to solve

y′ = − 3 e2λxc2d2λ2

2 (c eλx + d)4
+6 e2λxc2d2y2

(c eλx + d)4
− eλxc d3λ2

(c eλx + d)4
+ 4 eλxc d3y2

(c eλx + d)4
− e4λxc4λ2

4 (c eλx + d)4
+ e4λxc4y2

(c eλx + d)4
− e3λxc3d λ2

(c eλx + d)4
+4 e3λxc3d y2

(c eλx + d)4
− d4λ2

4 (c eλx + d)4
+ d4y2

(c eλx + d)4
+
e2λxf

(
a eλx+b
c eλx+d

)
(c eλx + d)4

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) =
−e4λxc4λ2−4 e3λxc3d λ2−6 e2λxc2d2λ2−4 eλxc d3λ2−d4λ2+4 e2λxf

(
a eλx+b

c eλx+d

)
4
(
c eλx+d

)4 , f1(x) =

0 and f2(x) = 16c eλxd3+4 e4λxc4+16 e3λxc3d+24c2d2e2λx+4d4
4
(
c eλx+d

)4 . Let

y = −u′

f2u

= −u′(
16c eλxd3+4 e4λxc4+16 e3λxc3d+24c2d2e2λx+4d4

)
u

4
(
c eλx+d

)4 (1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 =

16 e4λxc4λ+ 48 e3λxc3dλ+ 48 e2λxc2d2λ+ 16c eλxd3λ
4 (c eλx + d)4

−
(
16c eλxd3 + 4 e4λxc4 + 16 e3λxc3d+ 24c2d2e2λx + 4d4

)
cλ eλx

(c eλx + d)5

f1f2 = 0

f 2
2 f0 =

(
16c eλxd3 + 4 e4λxc4 + 16 e3λxc3d+ 24c2d2e2λx + 4d4

)2 (−e4λxc4λ2 − 4 e3λxc3d λ2 − 6 e2λxc2d2λ2 − 4 eλxc d3λ2 − d4λ2 + 4 e2λxf
(

a eλx+b
c eλx+d

))
64 (c eλx + d)12

Substituting the above terms back in equation (2) gives(
16c eλxd3 + 4 e4λxc4 + 16 e3λxc3d+ 24c2d2e2λx + 4d4

)
u′′(x)

4 (c eλx + d)4
−

(
16 e4λxc4λ+ 48 e3λxc3dλ+ 48 e2λxc2d2λ+ 16c eλxd3λ

4 (c eλx + d)4
−
(
16c eλxd3 + 4 e4λxc4 + 16 e3λxc3d+ 24c2d2e2λx + 4d4

)
cλ eλx

(c eλx + d)5

)
u′(x) +

(
16c eλxd3 + 4 e4λxc4 + 16 e3λxc3d+ 24c2d2e2λx + 4d4

)2 (−e4λxc4λ2 − 4 e3λxc3d λ2 − 6 e2λxc2d2λ2 − 4 eλxc d3λ2 − d4λ2 + 4 e2λxf
(

a eλx+b
c eλx+d

))
u(x)

64 (c eλx + d)12
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x)

=DESol



e2λxf

(
a eλx+b
c eλx+d

)
_Y(x) + 6

(
c2d2e2λx + 2 e3λxc3d

3 + e4λxc4
6 +

2d3
(
c eλx+ d

4

)
3

)(
−_Y(x)λ2

4 + _Y′′(x)
)

e4λxc4 + 4 e3λxc3d+ 6c2d2e2λx + 4c eλxd3 + d4

 , {_Y(x)}


The above shows that

u′(x)

= ∂

∂x
DESol



e2λxf

(
a eλx+b
c eλx+d

)
_Y(x) + 6

(
c2d2e2λx + 2 e3λxc3d

3 + e4λxc4
6 +

2d3
(
c eλx+ d

4

)
3

)(
−_Y(x)λ2

4 + _Y′′(x)
)

e4λxc4 + 4 e3λxc3d+ 6c2d2e2λx + 4c eλxd3 + d4

 , {_Y(x)}
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Using the above in (1) gives the solution

y =

−

4

 ∂
∂x

DESol




e2λxf
(

a eλx+b

c eλx+d

)
_Y(x)+6

(
c2d2e2λx+ 2 e3λxc3d

3 + e4λxc4
6 +

2d3
(
c eλx+ d

4
)

3

)(
−_Y(x)λ2

4 +_Y′′
(x)
)

e4λxc4+4 e3λxc3d+6c2d2e2λx+4c eλxd3+d4

 , {_Y(x)}


(c eλx + d

)4

(16c eλxd3 + 4 e4λxc4 + 16 e3λxc3d+ 24c2d2e2λx + 4d4)DESol




e2λxf
(

a eλx+b

c eλx+d

)
_Y(x)+6

(
c2d2e2λx+ 2 e3λxc3d

3 + e4λxc4
6 +

2d3
(
c eλx+ d

4
)

3

)(
−_Y(x)λ2

4 +_Y′′
(x)
)

e4λxc4+4 e3λxc3d+6c2d2e2λx+4c eλxd3+d4

 , {_Y (x)}


Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−

∂
∂x

DESol




e2λxf
(

a eλx+b

c eλx+d

)
_Y(x)+6

(
c2d2e2λx+ 2 e3λxc3d

3 + e4λxc4
6 +

2d3
(
c eλx+ d

4
)

3

)(
−_Y(x)λ2

4 +_Y′′
(x)
)

e4λxc4+4 e3λxc3d+6c2d2e2λx+4c eλxd3+d4

 , {_Y(x)}


DESol




e2λxf
(

a eλx+b

c eλx+d

)
_Y(x)+6

(
c2d2e2λx+ 2 e3λxc3d

3 + e4λxc4
6 +

2d3
(
c eλx+ d

4
)

3

)(
−_Y(x)λ2

4 +_Y′′
(x)
)

e4λxc4+4 e3λxc3d+6c2d2e2λx+4c eλxd3+d4

 , {_Y (x)}


Summary
The solution(s) found are the following

(1)y =

−

∂
∂x

DESol




e2λxf
(

a eλx+b

c eλx+d

)
_Y(x)+6

(
c2d2e2λx+ 2 e3λxc3d

3 + e4λxc4
6 +

2d3
(
c eλx+ d

4
)

3

)(
−_Y(x)λ2

4 +_Y′′
(x)
)

e4λxc4+4 e3λxc3d+6c2d2e2λx+4c eλxd3+d4

 , {_Y(x)}


DESol




e2λxf
(

a eλx+b

c eλx+d

)
_Y(x)+6

(
c2d2e2λx+ 2 e3λxc3d

3 + e4λxc4
6 +

2d3
(
c eλx+ d

4
)

3

)(
−_Y(x)λ2

4 +_Y′′
(x)
)

e4λxc4+4 e3λxc3d+6c2d2e2λx+4c eλxd3+d4

 , {_Y (x)}
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Verification of solutions
y =

−

∂
∂x

DESol




e2λxf
(

a eλx+b

c eλx+d

)
_Y(x)+6

(
c2d2e2λx+ 2 e3λxc3d

3 + e4λxc4
6 +

2d3
(
c eλx+ d

4
)

3

)(
−_Y(x)λ2

4 +_Y′′
(x)
)

e4λxc4+4 e3λxc3d+6c2d2e2λx+4c eλxd3+d4

 , {_Y(x)}


DESol




e2λxf
(

a eλx+b

c eλx+d

)
_Y(x)+6

(
c2d2e2λx+ 2 e3λxc3d

3 + e4λxc4
6 +

2d3
(
c eλx+ d

4
)

3

)(
−_Y(x)λ2

4 +_Y′′
(x)
)

e4λxc4+4 e3λxc3d+6c2d2e2λx+4c eλxd3+d4

 , {_Y (x)}


Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-2*lambda*K[1], y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+2*lambda*K[1], y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+4*y(x)*lambda*(2*f((exp(lambda*x)*a+b)/(exp(lambda*x)*c+d))*exp(2*lambda*x)*d^2-2
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)-2*lambda*d^4, y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+4*(-35*lambda^3*d^4+140*lambda*d^4*x^2+2*y(x)*x)/((lambda-2*x)*(2*x+lambda)), y(x
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(-lambda^3*d^4+4*lambda*d^4*x^2+8*y(x)*x)/((lambda-2*x)*(2*x+lambda)), y(x)`
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(-21*lambda^3*d^4+84*lambda*d^4*x^2+8*y(x)*x)/((lambda-2*x)*(2*x+lambda)), y(x)`
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(2/3)*(-7*lambda^3*d^4+28*lambda*d^4*x^2+12*y(x)*x)/((lambda-2*x)*(2*x+lambda)),
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2-lambda^2/4+exp(2*lambda*x)/(c*exp(lambda*x)+d)^4*f((a*exp(lambda*x)+b)/(c*exp(lambda*x)+d)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2-\[Lambda]^2/4+Exp[2*\[Lambda]*x]/(c*Exp[\[Lambda]*x]+d)^4*f[(a*Exp[\[Lambda]*x]+b)/(c*Exp[\[Lambda]*x]+d)],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.9 problem 9
21.9.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1580

Internal problem ID [10644]
Internal file name [OUTPUT/9591_Monday_June_06_2022_03_11_19_PM_91442332/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 9.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = −λ2 + f(coth (λx))
sinh (λx)4

21.9.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= −λ2 sinh (λx)4 + y2 sinh (λx)4 + f(coth (λx))
sinh (λx)4

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 − λ2 + f(coth (λx))
sinh (λx)4

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = −λ2 sinh(λx)4+f(coth(λx))
sinh(λx)4 , f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

−λ2 sinh (λx)4 + f(coth (λx))
sinh (λx)4

Substituting the above terms back in equation (2) gives

u′′(x) +
(
−λ2 sinh (λx)4 + f(coth (λx))

)
u(x)

sinh (λx)4
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

f(coth (λx)) csch (λx)4_Y(x)− _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
f(coth (λx)) csch (λx)4_Y(x)− _Y(x)λ2 + _Y′′(x)

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y = −
∂
∂x

DESol
({

f(coth (λx)) csch (λx)4_Y(x)− _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
f (coth (λx)) csch (λx)4_Y (x)− _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol
({

f(coth (λx)) csch (λx)4_Y(x)− _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
f (coth (λx)) csch (λx)4_Y (x)− _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

y = −
∂
∂x

DESol
({

f(coth (λx)) csch (λx)4_Y(x)− _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
f (coth (λx)) csch (λx)4_Y (x)− _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
(1)
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Verification of solutions

y = −
∂
∂x

DESol
({

f(coth (λx)) csch (λx)4_Y(x)− _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
f (coth (λx)) csch (λx)4_Y (x)− _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+2*y(x)*x/((lambda-x)*(lambda+x)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x) = -2*y(x)*x/((lambda-x)*(lambda+x)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*lambda*(sinh(lambda*x)*(D(f))(coth(lambda*x))*coth(lambda*x)^2-(D(f))(coth(l
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2-lambda^2+sinh(lambda*x)^(-4)*f(coth(lambda*x)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2-\[Lambda]^2+Sinh[\[Lambda]*x]^(-4)*f[Coth[\[Lambda]*x]],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.10 problem 10
21.10.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1585

Internal problem ID [10645]
Internal file name [OUTPUT/9592_Monday_June_06_2022_03_11_25_PM_41454593/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 10.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = −λ2 + f(tanh (λx))
cosh (λx)4

21.10.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= − cosh (λx)4 λ2 + cosh (λx)4 y2 + f(tanh (λx))
cosh (λx)4

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 − λ2 + f(tanh (λx))
cosh (λx)4

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = − cosh(λx)4λ2+f(tanh(λx))
cosh(λx)4 , f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

− cosh (λx)4 λ2 + f(tanh (λx))
cosh (λx)4

Substituting the above terms back in equation (2) gives

u′′(x) +
(
− cosh (λx)4 λ2 + f(tanh (λx))

)
u(x)

cosh (λx)4
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

f(tanh (λx)) sech (λx)4_Y(x)− _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
f(tanh (λx)) sech (λx)4_Y(x)− _Y(x)λ2 + _Y′′(x)

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y = −
∂
∂x

DESol
({

f(tanh (λx)) sech (λx)4_Y(x)− _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
f (tanh (λx)) sech (λx)4_Y (x)− _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol
({

f(tanh (λx)) sech (λx)4_Y(x)− _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
f (tanh (λx)) sech (λx)4_Y (x)− _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

y = −
∂
∂x

DESol
({

f(tanh (λx)) sech (λx)4_Y(x)− _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
f (tanh (λx)) sech (λx)4_Y (x)− _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
(1)
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Verification of solutions

y = −
∂
∂x

DESol
({

f(tanh (λx)) sech (λx)4_Y(x)− _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
f (tanh (λx)) sech (λx)4_Y (x)− _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*lambda*(cosh(lambda*x)*(D(f))(tanh(lambda*x))*tanh(lambda*x)^2+4*f(tanh(lamb
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2-lambda^2+cosh(lambda*x)^(-4)*f(tanh(lambda*x)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2-\[Lambda]^2+Cosh[\[Lambda]*x]^(-4)*f[Tanh[\[Lambda]*x]],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.11 problem 11
21.11.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1590

Internal problem ID [10646]
Internal file name [OUTPUT/9593_Monday_June_06_2022_03_11_31_PM_11209688/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 11.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

x2y′ − x2y2 = f(a ln (x) + b) + 1
4

21.11.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= 4x2y2 + 4f(a ln (x) + b) + 1
4x2

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + f(a ln (x) + b)
x2 + 1

4x2

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = 4f(a ln(x)+b)+1
4x2 , f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

4f(a ln (x) + b) + 1
4x2

Substituting the above terms back in equation (2) gives

u′′(x) + (4f(a ln (x) + b) + 1)u(x)
4x2 = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

(4f(a ln (x) + b) + 1)_Y(x)
4x2 + _Y′′(x)

}
, {_Y(x)}

)

The above shows that

u′(x) = ∂

∂x
DESol

({
(4f(a ln (x) + b) + 1)_Y(x)

4x2 + _Y′′(x)
}
, {_Y(x)}

)

Using the above in (1) gives the solution

y = −
∂
∂x

DESol
({

(4f(a ln(x)+b)+1)_Y(x)
4x2 + _Y′′(x)

}
, {_Y(x)}

)
DESol

({
(4f(a ln(x)+b)+1)_Y(x)

4x2 + _Y′′ (x)
}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol
({

4_Y′′
(x)x2+4_Y(x)f(a ln(x)+b)+_Y(x)

4x2

}
, {_Y(x)}

)
DESol

({
4_Y′′

(x)x2+4_Y(x)f(a ln(x)+b)+_Y(x)
4x2

}
, {_Y (x)}

)
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Summary
The solution(s) found are the following

(1)y = −
∂
∂x

DESol
({

4_Y′′
(x)x2+4_Y(x)f(a ln(x)+b)+_Y(x)

4x2

}
, {_Y(x)}

)
DESol

({
4_Y′′

(x)x2+4_Y(x)f(a ln(x)+b)+_Y(x)
4x2

}
, {_Y (x)}

)
Verification of solutions

y = −
∂
∂x

DESol
({

4_Y′′
(x)x2+4_Y(x)f(a ln(x)+b)+_Y(x)

4x2

}
, {_Y(x)}

)
DESol

({
4_Y′′

(x)x2+4_Y(x)f(a ln(x)+b)+_Y(x)
4x2

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
7 Solution by Maple� �
dsolve(x^2*diff(y(x),x)=x^2*y(x)^2+f(a*ln(x)+b)+1/4,y(x), singsol=all)� �

No solution found
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y'[x]==x^2*y[x]^2+f[a*Log[x]+b]+1/4,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.12 problem 12
21.12.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1595

Internal problem ID [10647]
Internal file name [OUTPUT/9594_Monday_June_06_2022_03_11_32_PM_45494961/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 12.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = λ2 + f(cot (λx))
sin (λx)4

21.12.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= λ2 sin (λx)4 + y2 sin (λx)4 + f(cot (λx))
sin (λx)4

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + λ2 + f(cot (λx))
sin (λx)4

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = λ2 sin(λx)4+f(cot(λx))
sin(λx)4 , f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)

1595



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

λ2 sin (λx)4 + f(cot (λx))
sin (λx)4

Substituting the above terms back in equation (2) gives

u′′(x) +
(
λ2 sin (λx)4 + f(cot (λx))

)
u(x)

sin (λx)4
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y(x)λ2 + _Y′′(x) + csc (λx)4 f(cot (λx))_Y(x)
}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
_Y(x)λ2 + _Y′′(x) + csc (λx)4 f(cot (λx))_Y(x)

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y = −
∂
∂x

DESol
({

_Y(x)λ2 + _Y′′(x) + csc (λx)4 f(cot (λx))_Y(x)
}
, {_Y(x)}

)
DESol

({
_Y (x)λ2 + _Y′′ (x) + csc (λx)4 f (cot (λx))_Y (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol
({

_Y(x)λ2 + _Y′′(x) + csc (λx)4 f(cot (λx))_Y(x)
}
, {_Y(x)}

)
DESol

({
_Y (x)λ2 + _Y′′ (x) + csc (λx)4 f (cot (λx))_Y (x)

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

(1)y = −
∂
∂x

DESol
({

_Y(x)λ2 + _Y′′(x) + csc (λx)4 f(cot (λx))_Y(x)
}
, {_Y(x)}

)
DESol

({
_Y (x)λ2 + _Y′′ (x) + csc (λx)4 f (cot (λx))_Y (x)

}
, {_Y (x)}

)
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Verification of solutions

y = −
∂
∂x

DESol
({

_Y(x)λ2 + _Y′′(x) + csc (λx)4 f(cot (λx))_Y(x)
}
, {_Y(x)}

)
DESol

({
_Y (x)λ2 + _Y′′ (x) + csc (λx)4 f (cot (λx))_Y (x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-2*y(x)*x/(lambda^2+x^2), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x) = 2*y(x)*x/(lambda^2+x^2), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*lambda*((D(f))(cot(lambda*x))*cot(lambda*x)^2*sin(lambda*x)+4*f(cot(lambda*x
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+lambda^2+sin(lambda*x)^(-4)*f(cot(lambda*x)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+\[Lambda]^2+Sin[\[Lambda]*x]^(-4)*f[Cot[\[Lambda]*x]],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.13 problem 13
21.13.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1600

Internal problem ID [10648]
Internal file name [OUTPUT/9595_Monday_June_06_2022_03_11_40_PM_48937354/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 13.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = λ2 + f(tan (λx))
cos (λx)4

21.13.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

= cos (λx)4 λ2 + cos (λx)4 y2 + f(tan (λx))
cos (λx)4

This is a Riccati ODE. Comparing the ODE to solve

y′ = y2 + λ2 + f(tan (λx))
cos (λx)4

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2

Shows that f0(x) = cos(λx)4λ2+f(tan(λx))
cos(λx)4 , f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

cos (λx)4 λ2 + f(tan (λx))
cos (λx)4

Substituting the above terms back in equation (2) gives

u′′(x) +
(
cos (λx)4 λ2 + f(tan (λx))

)
u(x)

cos (λx)4
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

f(tan (λx)) sec (λx)4_Y(x) + _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
f(tan (λx)) sec (λx)4_Y(x) + _Y(x)λ2 + _Y′′(x)

}
, {_Y(x)}

)
Using the above in (1) gives the solution

y = −
∂
∂x

DESol
({

f(tan (λx)) sec (λx)4_Y(x) + _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
f (tan (λx)) sec (λx)4_Y (x) + _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y = −
∂
∂x

DESol
({

f(tan (λx)) sec (λx)4_Y(x) + _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
f (tan (λx)) sec (λx)4_Y (x) + _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

(1)y = −
∂
∂x

DESol
({

f(tan (λx)) sec (λx)4_Y(x) + _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
f (tan (λx)) sec (λx)4_Y (x) + _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
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Verification of solutions

y = −
∂
∂x

DESol
({

f(tan (λx)) sec (λx)4_Y(x) + _Y(x)λ2 + _Y′′(x)
}
, {_Y(x)}

)
DESol

({
f (tan (λx)) sec (λx)4_Y (x) + _Y (x)λ2 + _Y′′ (x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x) = 0, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*lambda*(cos(lambda*x)*(D(f))(tan(lambda*x))*tan(lambda*x)^2+(D(f))(tan(lambd
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+lambda^2+cos(lambda*x)^(-4)*f(tan(lambda*x)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+\[Lambda]^2+Cos[\[Lambda]*x]^(-4)*f[Tan[\[Lambda]*x]],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.14 problem 14
21.14.1 Solving as riccati ode . . . . . . . . . . . . . . . . . . . . . . . . 1605

Internal problem ID [10649]
Internal file name [OUTPUT/9596_Monday_June_06_2022_03_11_50_PM_77761706/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 14.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type
[_Riccati]

y′ − y2 = λ2 +
f
(

sin(λx+a)
sin(λx+b)

)
sin (λx+ b)4

21.14.1 Solving as riccati ode

In canonical form the ODE is

y′ = F (x, y)

=
λ2 sin (λx+ b)4 + y2 sin (λx+ b)4 + f

(
sin(λx+a)
sin(λx+b)

)
sin (λx+ b)4

This is a Riccati ODE. Comparing the ODE to solve

y′ = λ2 sin (λx)4 cos (b)4

(sin (λx) cos (b) + cos (λx) sin (b))4
+4λ2 sin (λx)3 cos (b)3 cos (λx) sin (b)
(sin (λx) cos (b) + cos (λx) sin (b))4

+6λ2 sin (λx)2 cos (b)2 cos (λx)2 sin (b)2

(sin (λx) cos (b) + cos (λx) sin (b))4
+4λ2 sin (λx) cos (b) cos (λx)3 sin (b)3

(sin (λx) cos (b) + cos (λx) sin (b))4
+ λ2 cos (λx)4 sin (b)4

(sin (λx) cos (b) + cos (λx) sin (b))4
+ y2 sin (λx)4 cos (b)4

(sin (λx) cos (b) + cos (λx) sin (b))4
+4y2 sin (λx)3 cos (b)3 cos (λx) sin (b)
(sin (λx) cos (b) + cos (λx) sin (b))4

+6y2 sin (λx)2 cos (b)2 cos (λx)2 sin (b)2

(sin (λx) cos (b) + cos (λx) sin (b))4
+4y2 sin (λx) cos (b) cos (λx)3 sin (b)3

(sin (λx) cos (b) + cos (λx) sin (b))4
+ y2 cos (λx)4 sin (b)4

(sin (λx) cos (b) + cos (λx) sin (b))4
+

f
(

sin(λx+a)
sin(λx+b)

)
(sin (λx) cos (b) + cos (λx) sin (b))4

With Riccati ODE standard form

y′ = f0(x) + f1(x)y + f2(x)y2
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Shows that f0(x) =
λ2 sin(λx+b)4+f

(
sin(λx+a)
sin(λx+b)

)
sin(λx+b)4 , f1(x) = 0 and f2(x) = 1. Let

y = −u′

f2u

= −u′

u
(1)

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(x) which is

f2u
′′(x)− (f ′

2 + f1f2)u′(x) + f 2
2 f0u(x) = 0 (2)

But

f ′
2 = 0

f1f2 = 0

f 2
2 f0 =

λ2 sin (λx+ b)4 + f
(

sin(λx+a)
sin(λx+b)

)
sin (λx+ b)4

Substituting the above terms back in equation (2) gives

u′′(x) +

(
λ2 sin (λx+ b)4 + f

(
sin(λx+a)
sin(λx+b)

))
u(x)

sin (λx+ b)4
= 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol
({

_Y(x)λ2 + _Y′′(x)
+ csc (λx+ b)4 f(csc (λx+ b) sin (λx+ a))_Y(x)

}
, {_Y(x)}

)
The above shows that

u′(x) = ∂

∂x
DESol

({
_Y(x)λ2 + _Y′′(x)

+ csc (λx+ b)4 f(csc (λx+ b) sin (λx+ a))_Y(x)
}
, {_Y(x)}

)
Using the above in (1) gives the solution

y =

−
∂
∂x

DESol
({

_Y(x)λ2 + _Y′′(x) + csc (λx+ b)4 f(csc (λx+ b) sin (λx+ a))_Y(x)
}
, {_Y(x)}

)
DESol

({
_Y (x)λ2 + _Y′′ (x) + csc (λx+ b)4 f (csc (λx+ b) sin (λx+ a))_Y (x)

}
, {_Y (x)}

)
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Dividing both numerator and denominator by c1 gives, after renaming the constant
c2
c1

= c3 the following solution

y =

−
∂
∂x

DESol
({

_Y(x)λ2 + _Y′′(x) + csc (λx+ b)4 f(csc (λx+ b) sin (λx+ a))_Y(x)
}
, {_Y(x)}

)
DESol

({
_Y (x)λ2 + _Y′′ (x) + csc (λx+ b)4 f (csc (λx+ b) sin (λx+ a))_Y (x)

}
, {_Y (x)}

)
Summary
The solution(s) found are the following

(1)y =

−
∂
∂x

DESol
({

_Y(x)λ2 + _Y′′(x) + csc (λx+ b)4 f(csc (λx+ b) sin (λx+ a))_Y(x)
}
, {_Y(x)}

)
DESol

({
_Y (x)λ2 + _Y′′ (x) + csc (λx+ b)4 f (csc (λx+ b) sin (λx+ a))_Y (x)

}
, {_Y (x)}

)
Verification of solutions
y =

−
∂
∂x

DESol
({

_Y(x)λ2 + _Y′′(x) + csc (λx+ b)4 f(csc (λx+ b) sin (λx+ a))_Y(x)
}
, {_Y(x)}

)
DESol

({
_Y (x)λ2 + _Y′′ (x) + csc (λx+ b)4 f (csc (λx+ b) sin (λx+ a))_Y (x)

}
, {_Y (x)}

)
Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying inverse_Riccati
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
`, `-> Computing symmetries using: way = 6
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*lambda*(sin(lambda*x+a)*cos(lambda*x+b)*(D(f))(sin(lambda*x+a)/sin(lambda*x+
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+lambda^2+sin(lambda*x+b)^(-4)*f(sin(lambda*x+a)/sin(lambda*x+b)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+\[Lambda]^2+Sin[\[Lambda]*x+b]^(-4)*f[Sin[\[Lambda]*x+a]/Sin[\[Lambda]*x+b]],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22 Chapter 1, section 1.3. Abel Equations of the
Second Kind. Form yy′ − y = f (x). subsection
1.3.1-2. Solvable equations and their solutions

22.1 problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1613
22.2 problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1616
22.3 problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1623
22.4 problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1625
22.5 problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1627
22.6 problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1629
22.7 problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1632
22.8 problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1634
22.9 problem 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1636
22.10problem 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1638
22.11problem 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1641
22.12problem 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1643
22.13problem 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1646
22.14problem 14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1648
22.15problem 15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1650
22.16problem 16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1651
22.17problem 17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1653
22.18problem 18 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1655
22.19problem 19 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1657
22.20problem 20 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1659
22.21problem 21 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1662
22.22problem 22 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1665
22.23problem 23 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1667
22.24problem 24 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1669
22.25problem 25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1671
22.26problem 26 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1673
22.27problem 27 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1675
22.28problem 28 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1678
22.29problem 29 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1681
22.30problem 30 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1684
22.31problem 31 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1685
22.32problem 32 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1688
22.33problem 33 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1690
22.34problem 34 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1692
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22.35problem 35 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1694
22.36problem 36 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1696
22.37problem 37 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1698
22.38problem 38 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1700
22.39problem 39 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1703
22.40problem 40 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1706
22.41problem 41 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1708
22.42problem 42 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1711
22.43problem 43 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1714
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22.1 problem 1
22.1.1 Solving as quadrature ode . . . . . . . . . . . . . . . . . . . . . 1613
22.1.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 1614

Internal problem ID [10650]
Internal file name [OUTPUT/9597_Monday_June_06_2022_03_13_08_PM_16682338/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 1.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"

Maple gives the following as the ode type
[_quadrature]

yy′ − y = A

22.1.1 Solving as quadrature ode

Integrating both sides gives ∫
y

y + A
dy = x+ c1

y − A ln (y + A) = x+ c1

Solving for y gives these solutions

y1 = −A

(
LambertW

(
−e−

A+c1+x
A

A

)
+ 1
)

= −A

(
LambertW

(
−e−A−x

A

c1A

)
+ 1
)

Summary
The solution(s) found are the following

(1)y = −A

(
LambertW

(
−e−A−x

A

c1A

)
+ 1
)
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Verification of solutions

y = −A

(
LambertW

(
−e−A−x

A

c1A

)
+ 1
)

Verified OK.

22.1.2 Maple step by step solution

Let’s solve
yy′ − y = A

• Highest derivative means the order of the ODE is 1
y′

• Separate variables
y′y
y+A

= 1

• Integrate both sides with respect to x∫
y′y
y+A

dx =
∫
1dx+ c1

• Evaluate integral
y − A ln (y + A) = x+ c1

• Solve for y

y = −A

(
LambertW

(
− e−

A+c1+x
A

A

)
+ 1
)

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
<- separable successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 30� �
dsolve(y(x)*diff(y(x),x)-y(x)=A,y(x), singsol=all)� �

y(x) = −A

(
LambertW

(
−e

−A−c1−x
A

A

)
+ 1
)

3 Solution by Mathematica
Time used: 60.032 (sec). Leaf size: 28� �
DSolve[y[x]*y'[x]-y[x]==A,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −A

(
1 +W

(
−e−

A+x+c1
A

A

))
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22.2 problem 2
22.2.1 Solving as first order ode lie symmetry calculated ode . . . . . . 1616

Internal problem ID [10651]
Internal file name [OUTPUT/9598_Monday_June_06_2022_03_13_09_PM_4007698/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 2.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "first_order_ode_lie_symme-
try_calculated"

Maple gives the following as the ode type
[[ _homogeneous , `class C`], _rational , [_Abel , `2nd type `, `

class A`]]

yy′ − y = Ax+B

22.2.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = Ax+B + y

y

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 1 to use as anstaz gives

(1E)ξ = xa2 + ya3 + a1

(2E)η = xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, b1, b2, b3}

Substituting equations (1E,2E) and ω into (A) gives

(5E)b2 +
(Ax+B + y) (b3 − a2)

y
− (Ax+B + y)2 a3

y2

− A(xa2 + ya3 + a1)
y

−
(
1
y
− Ax+B + y

y2

)
(xb2 + yb3 + b1) = 0

Putting the above in normal form gives

−A2x2a3 + 2ABxa3 − Ax2b2 + 2Axya2 + 2Axya3 − 2Axyb3 + Ay2a3 − Axb1 + Aya1 +B2a3 −Bxb2 +Bya2 + 2Bya3 − 2Byb3 + y2a2 + y2a3 − b2y
2 − y2b3 −Bb1

y2

= 0

Setting the numerator to zero gives

(6E)−A2x2a3 − 2ABxa3 + Ax2b2 − 2Axya2 − 2Axya3 + 2Axyb3
− Ay2a3 + Axb1 − Aya1 −B2a3 +Bxb2 −Bya2
− 2Bya3 + 2Byb3 − y2a2 − y2a3 + b2y

2 + y2b3 +Bb1 = 0

Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y}

The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2}

The above PDE (6E) now becomes

(7E)−A2a3v
2
1 − 2ABa3v1 − 2Aa2v1v2 − 2Aa3v1v2 − Aa3v

2
2 + Ab2v

2
1

+ 2Ab3v1v2 − Aa1v2 + Ab1v1 −B2a3 −Ba2v2 − 2Ba3v2
+Bb2v1 + 2Bb3v2 − a2v

2
2 − a3v

2
2 + b2v

2
2 + b3v

2
2 +Bb1 = 0
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Collecting the above on the terms vi introduced, and these are

{v1, v2}

Equation (7E) now becomes

(8E)
(
−A2a3 + Ab2

)
v21 + (−2Aa2 − 2Aa3 + 2Ab3) v1v2

+ (−2ABa3 + Ab1 +Bb2) v1 + (−Aa3 − a2 − a3 + b2 + b3) v22
+ (−Aa1 −Ba2 − 2Ba3 + 2Bb3) v2 −B2a3 +Bb1 = 0

Setting each coefficients in (8E) to zero gives the following equations to solve

−A2a3 + Ab2 = 0
−B2a3 +Bb1 = 0

−2Aa2 − 2Aa3 + 2Ab3 = 0
−2ABa3 + Ab1 +Bb2 = 0

−Aa1 −Ba2 − 2Ba3 + 2Bb3 = 0
−Aa3 − a2 − a3 + b2 + b3 = 0

Solving the above equations for the unknowns gives

a1 = a1

a2 =
Aa1
B

a3 = a3

b1 = Ba3

b2 = Aa3

b3 =
Aa1 +Ba3

B

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = Ax+B

B

η = Ay

B
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Shifting is now applied to make ξ = 0 in order to simplify the rest of the computation

η = η − ω(x, y) ξ

= Ay

B
−
(
Ax+B + y

y

)(
Ax+B

B

)
= −A2x2 − 2ABx− Axy + Ay2 −B2 −By

By

ξ = 0

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x

S is found from

S =
∫ 1

η
dy

=
∫ 1

−A2x2−2ABx−Axy+Ay2−B2−By
By

dy

Which results in

S = B

 ln (A2x2 + 2ABx+ Axy − Ay2 +B2 +By)
2A +

(Ax+B) arctanh
(

Ax−2Ay+B√
4A3x2+8A2Bx+A2x2+4AB2+2ABx+B2

)
A
√
4A3x2 + 8A2Bx+ A2x2 + 4AB2 + 2ABx+B2


Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)
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Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = Ax+B + y

y

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = B(Ax+B + y)
A2x2 + (2Bx+ y (x− y))A+B (B + y)

Sy = − By

A2x2 + (2Bx+ y (x− y))A+B (B + y)

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= 0 (2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= 0

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) = c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

B
(
ln (A2x2 + (2Bx+ y(x− y))A+B(B + y))

√
4A+ 1 + 2 arctanh

(
(x−2y)A+B√
4A+1 (Ax+B)

))
2
√
4A+ 1A

= c1

Which simplifies to

B
(
ln (A2x2 + (2Bx+ y(x− y))A+B(B + y))

√
4A+ 1 + 2 arctanh

(
(x−2y)A+B√
4A+1 (Ax+B)

))
2
√
4A+ 1A

= c1
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Summary
The solution(s) found are the following

B
(
ln (A2x2 + (2Bx+ y(x− y))A+B(B + y))

√
4A+ 1 + 2 arctanh

(
(x−2y)A+B√
4A+1 (Ax+B)

))
2
√
4A+ 1A

= c1
(1)

Verification of solutions

B
(
ln (A2x2 + (2Bx+ y(x− y))A+B(B + y))

√
4A+ 1 + 2 arctanh

(
(x−2y)A+B√
4A+1 (Ax+B)

))
2
√
4A+ 1A

= c1

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying homogeneous C
trying homogeneous types:
trying homogeneous D
<- homogeneous successful
<- homogeneous successful`� �
3 Solution by Maple
Time used: 4.266 (sec). Leaf size: 68� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*x+B,y(x), singsol=all)� �
y(x) =

−
(xA+B) RootOf

(
_Z2 − A+ _Z+ eRootOf

(
(xA+B)2

(
−2 e_Z cosh

(
(_Z+2 ln(xA+B)+2c1)

√
4A+1

)
+4A−2 e_Z+1

)))
A
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3 Solution by Mathematica
Time used: 0.184 (sec). Leaf size: 88� �
DSolve[y[x]*y'[x]-y[x]==A*x+B,y[x],x,IncludeSingularSolutions -> True]� �

Solve

−
2 arctan

( 2Ay(x)
Ax+B −1
√
−4A−1

)
√
−4A−1 + log

(
− Ay(x)2

(Ax+B)2 +
y(x)

Ax+B
+ 1
)

2A = log(Ax+B)
A

+ c1, y(x)
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22.3 problem 3
Internal problem ID [10652]
Internal file name [OUTPUT/9599_Monday_June_06_2022_03_13_14_PM_3277166/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 3.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −2x
9 + A+ B√

x

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 90� �
dsolve(y(x)*diff(y(x),x)-y(x)=-2/9*x+A+B*x^(-1/2),y(x), singsol=all)� �
y(x) =

−
9
(
A
√
x+B − 2x

3
2

9

)
A

3A
√
x+ 3RootOf

(
18A3

(∫ _Z 1
−2_a3B2+9_aA3−9A3d_a

)
− 9A

(∫ 1
9xA−2x2+9B

√
x
dx
)
+ 2c1

)
B

3 Solution by Mathematica
Time used: 8.154 (sec). Leaf size: 415� �
DSolve[y[x]*y'[x]-y[x]==-2/9*x+A+B*x^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �
Solve

[
6RootSum

[
8#16 − 72#14A− 36#14y(x)− 72#13B + 162#12A2

+ 162#12Ay(x) + 54#12y(x)2 + 324#1AB + 162#1By(x)− 81Ay(x)2 + 162B2

−27y(x)3&,
−2#13 log

(√
x−#1

)
+ 9#1A log

(√
x−#1

)
+ 9B log

(√
x−#1

)
+ 9#1y(x) log

(√
x−#1

)
8#15 − 48#13A− 24#13y(x)− 36#12B + 54#1A2 + 54#1Ay(x) + 18#1y(x)2 + 54AB + 27By(x)

&
]

+
∫ y(x)

1

(
162K[1]

8x3 − 72Ax2 − 36K[1]x2 − 72Bx3/2 + 162A2x+ 54K[1]2x+ 162AK[1]x+ 324AB
√
x+ 162BK[1]

√
x− 27K[1]3 + 162B2 − 81AK[1]2

+ 162K[1]
−8x3 + 72Ax2 + 36K[1]x2 + 72Bx3/2 − 162A2x− 54K[1]2x− 162AK[1]x− 324AB

√
x− 162BK[1]

√
x+ 27K[1]3 − 162B2 + 81AK[1]2

)
dK[1] = c1, y(x)

]
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22.4 problem 4
Internal problem ID [10653]
Internal file name [OUTPUT/9600_Monday_June_06_2022_03_13_15_PM_16949097/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 4.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = 2A
(√

x+ 4A+ 3A2
√
x

)

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 120� �
dsolve(y(x)*diff(y(x),x)-y(x)=2*A*(x^(1/2)+4*A+3*A^2*x^(-1/2)),y(x), singsol=all)� �
−
√

−6A2−8A
√
x−2x+2y(x)

y(x)

√
2 + 4

√
− A2

y(x) arctanh

 √
− A2

y(x)
(
3A+

√
x
)√

−3A2−4A
√
x−x+y(x)

y(x) A

+ c1
√

− A2

y(x)√
− A2

y(x)

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==2*A*(x^(1/2)+4*A+3*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.5 problem 5
Internal problem ID [10654]
Internal file name [OUTPUT/9601_Monday_June_06_2022_03_13_16_PM_16781380/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 5.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = Ax+ B

x
− B2

x3

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 179� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*x+B/x-B^2*x^(-3),y(x), singsol=all)� �
(−y(x)x2B −B2x)

∫ − x2
2y(x)x+2B e

2 arctanh
(

4A_a−1√
4A+1

)
√
4A+1

(
4A_a2−2_a−1

)
_a2 d_a

+ 2y(x)
(
−y(x)2 x2 + (x3 − 2Bx) y(x) + Ax4 +B x2 −B2) e− 2 arctanh

(
2Ax2+y(x)x+B√
4A+1 (y(x)x+B)

)
√
4A+1 + xc1(y(x)x+B)

x (y (x)x+B)
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==A*x+B/x-B^2*x^(-3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.6 problem 6
Internal problem ID [10655]
Internal file name [OUTPUT/9602_Monday_June_06_2022_03_13_18_PM_90018615/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 6.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − y = Axk−1 − kB xk + k B2x2k−1

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(2*k^2*B^2*x^(-1+2*k)-k*B^2*x^(-1+2*k)-k^2*B*x^k+A*x^(-1+k)*k-A*x^(-1+k))/(x
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = 0, y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x) = -y(x)/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*x^(k-1)-k*B*x^k+k*B^2*x^(2*k-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==A*x^(k-1)-k*B*x^k+k*B^2*x^(2*k-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.7 problem 7
Internal problem ID [10656]
Internal file name [OUTPUT/9603_Monday_June_06_2022_03_13_21_PM_1762640/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 7.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = A

x
− A2

x3

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 118� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*x^(-1)-A^2*x^(-3),y(x), singsol=all)� �
y(x) =

−

(
−c1x

2 + A eRootOf
(
2_ZA e2_Z−x2e2_Z+2c1x2e_Z−c21x

2−2A e2_Z+2Ac1e_Z)) e−RootOf
(
2_ZA e2_Z−x2e2_Z+2c1x2e_Z−c21x

2−2A e2_Z+2Ac1e_Z)
x

3 Solution by Mathematica
Time used: 0.569 (sec). Leaf size: 63� �
DSolve[y[x]*y'[x]-y[x]==A*x^(-1)-A^2*x^(-3),y[x],x,IncludeSingularSolutions -> True]� �

Solve

x2

− 1
A

+
2x2 log

(
x2

A+xy(x)

)
+ 2A− c1x

2 + 2xy(x)

(A− x2 + xy(x))2

 = 0, y(x)
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22.8 problem 8
Internal problem ID [10657]
Internal file name [OUTPUT/9604_Monday_June_06_2022_03_13_22_PM_9151881/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 8.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − y = A+B e− 2x
A

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 76� �
dsolve(y(x)*diff(y(x),x)-y(x)=A+B*exp(-2*x/A),y(x), singsol=all)� �
c1 − 2 arctan

 y(x) + A

y (x)
√

−AB e−
2x
A −(y(x)+A)2

y(x)2

A− 2

√
−AB e− 2x

A − (y (x) + A)2

y (x)2
y(x) = 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==A+B*Exp[-2*x/A],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.9 problem 9
Internal problem ID [10658]
Internal file name [OUTPUT/9605_Monday_June_06_2022_03_13_23_PM_32679015/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 9.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − y = A
(
e 2x

A − 1
)

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 82� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*(exp(2*x/A)-1),y(x), singsol=all)� �

c1 + 2A arctan

 A− y(x)

y (x)
√

e
2x
A A2−(A−y(x))2

y(x)2

+ 2y(x)

√
e 2x

A A2 − (A− y (x))2

y (x)2
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==A*(Exp[2*x/A]-1),y[x],x,IncludeSingularSolutions -> True]� �
{}
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22.10 problem 10
Internal problem ID [10659]
Internal file name [OUTPUT/9606_Monday_June_06_2022_03_13_24_PM_76864051/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 10.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − y = −2(m+ 1)
(m+ 3)2

+ Axm

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*A*x^m*m*(m+3)^2/(x*(A*x^m*m^2+6*A*x^m*m+9*A*x^m-2*m-2)), y(x)` *** Subl
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = 2*(1+m)*y(x)/((m^2*x+6*m*x-2*m+9*x-2)*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x) = -y(x)*A*x^m*m*(m+3)^2/(x*(A*x^m*m^2+6*A*x^m*m+9*A*x^m-2*m-2)), y(x)` *** S
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-2*(1+m)*y(x)/((m^2*x+6*m*x-2*m+9*x-2)*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-(2*(m+1))/(m+3)^2+A*x^m,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-(2*(m+1))/(m+3)^2+A*x^m,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.11 problem 11
Internal problem ID [10660]
Internal file name [OUTPUT/9607_Monday_June_06_2022_03_13_26_PM_78895175/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 11.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −2x
9 + 6A2

(
1 + 2A√

x

)

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 354� �
dsolve(y(x)*diff(y(x),x)-y(x)=-2/9*x+6*A^2*(1+2*A*x^(-1/2)),y(x), singsol=all)� �
y(x)

= −108A3 − 54A2√x+ 2x 3
2

3 e
RootOf

(
36A2e_Z ln(2)+18A2e_Z ln

( (
3A−

√
x
)(

6A−
√
x
)(

36A2−x
)

(
9A2−x

)(
6A+

√
x
)(

3A+
√
x
)(

e_Z+9
)2
)
+108A2c1e_Z+36A2e_Z_Z+6A

√
x e_Z ln(2)+3A

√
x e_Z ln

( (
3A−

√
x
)(

6A−
√

x
)(

36A2−x
)

(
9A2−x

)(
6A+

√
x
)(

3A+
√
x
)(

e_Z+9
)2
)
+18A

√
x c1e_Z+6A

√
x e_Z_Z+108A2e_Z−18A

√
x e_Z−2 e_Zx ln(2)−e_Zx ln

( (
3A−

√
x
)(

6A−
√
x
)(

36A2−x
)

(
9A2−x

)(
6A+

√
x
)(

3A+
√

x
)(

e_Z+9
)2
)
−6c1x e_Z−2 e_Z_Zx+324A2+54A

√
x−18x

)
A+ 9A+ 3

√
x

3 Solution by Mathematica
Time used: 12.331 (sec). Leaf size: 488� �
DSolve[y[x]*y'[x]-y[x]==-2/9*x+6*A^2*(1+2*A*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �

Solve



22/3
(

− 6
(
6A−

√
x
)(

3A+
√
x
)2

y(x) −9
√
x

3√
A3

+ 54
)(

6
(
6A−

√
x
)(
3A+

√
x
)2+9

√
xy(x)

3√
A3y(x)

+ 27
)−

(
3
(
3

3√
A3+

√
x

)
y(x)+2

(
6A−

√
x
)(
3A+

√
x
)2) log

 1
272

2/3

− 6
(
6A−

√
x
)(

3A+
√
x
)2

y(x) −9
√
x

3√
A3

+54




9
3√
A3y(x)

+
(

2
(
6A−

√
x
)(
3A+

√
x
)2+3

√
xy(x)

9
3√
A3y(x)

+ 1
)
log
(

1
272

2/3
(

6
(
6A−

√
x
)(
3A+

√
x
)2+9

√
xy(x)

3√
A3y(x)

+ 27
))

− 3


6561

((
2
(
6A−

√
x
)(
3A+

√
x
)2+3

√
xy(x)

)3
729A3y(x)3 + − 6

(
6A−

√
x
)(

3A+
√
x
)2

y(x) −9
√
x

9
3√
A3

− 2
) =

22/3(A3)2/3
(
2arctanh

(
1
3 −

2
√
x

9A

)
+ 9A

3A+
√
x

)
9A2

+ c1, y(x)
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22.12 problem 12
Internal problem ID [10661]
Internal file name [OUTPUT/9608_Monday_June_06_2022_03_13_31_PM_8547601/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 12.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = 2m− 2
(m− 3)2

+
2A
(
m(m+ 3)

√
x+ (4m2 + 3m+ 9)A+ 3m(m+3)A2

√
x

)
(m− 3)2

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/2)*A*y(x)*m*(3*A^2-x)*(m+3)/(4*A^2*x^(3/2)*m^2+3*A^3*m^2*x+3*A^2*x^(3/2)*m+9*A
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(1/12)*(12*A^3*y(x)*m^2+36*A^3*y(x)*m-8*A^2*m^2*x-6*A^2*m*x-x^2*m^2-18*A^2*x+6*m*

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+2*(4*A^2*y(x)*m^2+3*A^2*y(x)*m-A*m^2*x+9*A^2*y(x)-3*A*m*x+y(x)*m-y(x))/(x*(8*A^2*
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=2*(m-1)/(m-3)^2+2*A/(m-3)^2*(m*(m+3)*x^(1/2)+(4*m^2+3*m+9)*A+3*m*(m+3)*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==2*(m-1)/(m-3)^2+2*A/(m-3)^2*(m*(m+3)*x^(1/2)+(4*m^2+3*m+9)*A+3*m*(m+3)*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1645



22.13 problem 13
Internal problem ID [10662]
Internal file name [OUTPUT/9609_Monday_June_06_2022_03_13_33_PM_8713158/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 13.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = (2m+ 1)x
4m2 + A

x
− A2

x3

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 166� �
dsolve(y(x)*diff(y(x),x)-y(x)=(2*m+1)/(4*m^2)*x+A*1/x-A^2*1/(x^3),y(x), singsol=all)� �
2−

m
1+my(x)

(
−2y(x)mx−2Am−x2

2y(x)x+2A

) 1
1+m (y(x)x+ A)

(
(−1−2m)x2+2y(x)mx+2Am

y(x)x+A

) 1+2m
1+m − x

(
A

(∫ − x2
2y(x)x+2A (−m+_a) 1

1+m ((2_a+1)m+_a) 1+2m
1+m

_a2 d_a
)
− c1

)
x

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==(2*m+1)/(4*m^2)*x+A*1/x-A^2*1/(x^3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.14 problem 14
Internal problem ID [10663]
Internal file name [OUTPUT/9610_Monday_June_06_2022_03_13_35_PM_29052279/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 14.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − y = 4
9x+ 2Ax2 + 2A2x3

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 177� �
dsolve(y(x)*diff(y(x),x)-y(x)=4/9*x+2*A*x^2+2*A^2*x^3,y(x), singsol=all)� �

−

27

Ay(x) 3 1
4
(
xA+ 1

3

) (A
(
9A2x2−9y(x)A+9xA+2

)(
3Ax2+3y(x)+x

)
(−9y(x)A+3xA+1)2

) 1
4 −

∫ (3xA+1)2
−9y(x)A+3xA+1

(_a2−1
) 1
4√_a d_a+c1

( 1
3−3y(x)A+xA

)√ (3xA+1)2
−9y(x)A+3xA+1

9


√

(3xA+1)2
−9y(x)A+3xA+1 (−9y (x)A+ 3xA+ 1)

= 0

3 Solution by Mathematica
Time used: 3.439 (sec). Leaf size: 170� �
DSolve[y[x]*y'[x]-y[x]==4/9*x+2*A*x^2+2*A^2*x^3,y[x],x,IncludeSingularSolutions -> True]� �

Solve

 4

√
(−9Ay(x) + 3Ax+ 1)2

(3Ax+ 1)4 − 1


(−9Ay(x) + 3Ax+ 1)Hypergeometric2F1

(
1
2 ,

3
4 ,

3
2 ,

(3Ax−9Ay(x)+1)2
(3Ax+1)4

)
2 4
√
3(3Ax+ 1)

√
(3Ax+ 1)2 4

√
A (6(3Ax+ 1)y(x)− 27Ay(x)2 + x(3Ax+ 2)(3Ax+ 1)2)

(3Ax+ 1)4

+
√
(3Ax+ 1)2

+ c1 = 0, y(x)
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22.15 problem 15
Internal problem ID [10664]
Internal file name [OUTPUT/9611_Monday_June_06_2022_03_13_36_PM_76543715/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 15.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −3x
16 + 5A

x
1
3
− 12A2

x
5
3

Unable to determine ODE type.

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-3/16*x+5*A*x^(-1/3)-12*A^2*x^(-5/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-3/16*x+5*A*x^(-1/3)-12*A^2*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.16 problem 16
Internal problem ID [10665]
Internal file name [OUTPUT/9612_Monday_June_06_2022_03_15_48_PM_62995207/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 16.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = A

x

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 57� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*1/x,y(x), singsol=all)� �

erf
(

(y(x)−x)
√
2

2
√
−A

)√
2
√
π x− 2 e

(y(x)−x)2
2A

√
−A+ c1x

x
= 0

3 Solution by Mathematica
Time used: 0.827 (sec). Leaf size: 64� �
DSolve[y[x]*y'[x]-y[x]==A*1/x,y[x],x,IncludeSingularSolutions -> True]� �

Solve

− x√
A

= 2e
(x−y(x))2

2A

√
2πerfi

(
y(x)−x√

2
√
A

)
+ 2c1

, y(x)
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22.17 problem 17
Internal problem ID [10666]
Internal file name [OUTPUT/9613_Monday_June_06_2022_03_15_49_PM_99424666/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 17.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −x

4 +
A
(√

x+ 5A+ 3A2
√
x

)
4

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step

<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 257� �
dsolve(y(x)*diff(y(x),x)-y(x)=-1/4*x+1/4*A*(x^(1/2)+5*A+3*A^2*x^(-1/2)),y(x), singsol=all)� �

−

3

−4
((∫ 6A

√
x−2x+3y(x)

12A2−4A
√
x+2y(x) e−

2
2_a+1√2_a+1√

2_a−3 d_a
)
A+ c1

2

)(
A2 − A

√
x

3 + y(x)
6

)√
−

(
3A−

√
x
)2

6A2−2A
√
x+y(x) +

√
3A2+2A

√
x−x+2y(x)

6A2−2A
√
x+y(x) y(x)e

−6A2+2A
√
x−y(x)

3A2+2A
√

x−x+2y(x) (3A−
√
x
)

3


√

−
(
3A−

√
x
)2

6A2−2A
√
x+y(x)

(
6A2 − 2A

√
x+ y (x)

)
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-1/4*x+1/4*A*(x^(1/2)+5*A+3*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.18 problem 18
Internal problem ID [10667]
Internal file name [OUTPUT/9614_Monday_June_06_2022_03_15_50_PM_41390442/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 18.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = 2a2√
8a2 + x2

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 715� �
dsolve(y(x)*diff(y(x),x)-y(x)=2*a^2/sqrt(x^2+8*a^2),y(x), singsol=all)� �
512
(
−33

(
a4+ 23

66a
2x2+ 1

66x
4)x√8a2+x2

64 + a6 + 75a4x2

64 + 27a2x4

128 + x6

128

)
e
−

(−y(x)+x)2
(
−64

√
8a2+x2 a6−108

√
8a2+x2 a4x2−25

√
8a2+x2 a2x4−

√
8a2+x2 x6+328a6x+200a4x3+29a2x5+x7

)2
2
(
128a6+150a4x2−66

√
8a2+x2 a4x+27a2x4−23

√
8a2+x2 a2x3+x6−

√
8a2+x2 x5

)2
a2
(
−
√

8a2+x2 x+4a2+x2
)

a− 128
(√

2
√
π erf

(
(−y(x)+x)

√
2
(
−
(
−64a6−108a4x2−25a2x4−x6)√8a2+x2−328a6x−200a4x3−29a2x5−x7

)
2
√

−
√
8a2+x2 x+4a2+x2

(
(−66x a5−23a3x3−a x5)

√
8a2+x2+128a7+150a5x2+27a3x4+a x6

)
)
− c1

)
((

a4+ 21
32a

2x2+ 1
32x

4)y(x)− 33
(
a4+23

66a2x2+ 1
66x4

)
x

16

)
√
8a2+x2

4 +
(
−25a4x− 25

4 a2x3− 1
4x

5)y(x)
32 + a6 + 75a4x2

64 + 27a2x4

128 + x6

128

√−
√
8a2 + x2 x+ 4a2 + x2

√
−
√
8a2 + x2 x+ 4a2 + x2

(
((32a4 + 21a2x2 + x4) y (x)− 66a4x− 23a2x3 − x5)

√
8a2 + x2 + (−100a4x− 25a2x3 − x5) y (x) + 128a6 + 150a4x2 + 27a2x4 + x6

)
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==2*a^2/Sqrt[x^2+8*a^2],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.19 problem 19
Internal problem ID [10668]
Internal file name [OUTPUT/9615_Monday_June_06_2022_03_15_54_PM_62818123/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 19.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = 2x+ A

x2

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 170� �
dsolve(y(x)*diff(y(x),x)-y(x)=2*x+A*x^(-2),y(x), singsol=all)� �
6

√
3 arctanh


√

x
(
A2
) 1
3

A
(−2x+y(x))√(

4x3−4y(x)x2+y(x)2x+2A
)(

A2
) 1
3

y(x)2A
y(x)

A+ c1
6

x

√
x(A2)

1
3

A
+ 2

√
3 y(x)

(
−x3 − y(x)x2

2 + y(x)2x
2 + A

)√(
4x3−4y(x)x2+y(x)2x+2A

)
(A2)

1
3

y(x)2A√
x(A2)

1
3

A
x

= 0

3 Solution by Mathematica
Time used: 2.08 (sec). Leaf size: 233� �
DSolve[y[x]*y'[x]-y[x]==2*x+A*x^(-2),y[x],x,IncludeSingularSolutions -> True]� �

Solve

c1 =

−
i
√

−2A+4x3−4x2y(x)+xy(x)2
A

(
−6

√
Ax3/2arcsinh

(√
x(2x−y(x))√

2
√
A

)
+ x2(−y(x))

√
2A+4x3−4x2y(x)+xy(x)2

A
+ xy(x)2

√
2A+4x3−4x2y(x)+xy(x)2

A
+ 2(A− x3)

√
2A+4x3−4x2y(x)+xy(x)2

A

)
4
√
Ax3/2

√
2A+4x3−4x2y(x)+xy(x)2

A

, y(x)
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22.20 problem 20
Internal problem ID [10669]
Internal file name [OUTPUT/9616_Monday_June_06_2022_03_15_55_PM_70549492/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 20.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −6X
25 +

2A
(
2
√
x+ 19A+ 6A2

√
x

)
25

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-A*y(x)*(3*A^2-x)/(19*A^2*x^(3/2)+6*A^3*x-3*x^(3/2)*X+2*x^2*A), y(x)` *** Sub
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(1/24)*(24*A^3*y(x)-38*A^2*x+6*X*x-25*x^2)/(A^3*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+2*(19*A^2*y(x)-2*A*x-3*y(x)*X)/(x*(38*A^2-6*X+25*x)), y(x)` *** Sublevel 2 *
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-6/25*X+2/25*A*(2*x^(1/2)+19*A+6*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-6/25*X+2/25*A*(2*x^(1/2)+19*A+6*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.21 problem 21
Internal problem ID [10670]
Internal file name [OUTPUT/9617_Monday_June_06_2022_03_16_03_PM_37437657/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 21.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = 3x
8 + 3

√
a2 + x2

8 − a2

16
√
a2 + x2

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(6*(a^2+x^2)^(1/2)*a^2+6*(a^2+x^2)^(1/2)*x^2+7*x*a^2+6*x^3)/((a^2+x^2)*(5*a^
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(y(x)-2*x)/x, y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/5)*(5*y(x)-6*x)/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=3/8*x+3/8*sqrt(x^2+a^2)-a^2/(16*sqrt(x^2+a^2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==3/8*x+3/8*Sqrt[x^2+a^2]-a^2/(16*Sqrt[x^2+a^2]),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.22 problem 22
Internal problem ID [10671]
Internal file name [OUTPUT/9618_Monday_June_06_2022_03_16_06_PM_10022587/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 22.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −4x
25 + A√

x

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 270� �
dsolve(y(x)*diff(y(x),x)-y(x)=-4/25*x+A*x^(-1/2),y(x), singsol=all)� �
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√
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√
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√
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-4/25*x+A*x^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.23 problem 23
Internal problem ID [10672]
Internal file name [OUTPUT/9619_Monday_June_06_2022_03_16_07_PM_474942/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 23.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = − 9x
100 + A

x
5
3

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 581� �
dsolve(y(x)*diff(y(x),x)-y(x)=-9/100*x+A*x^(-5/3),y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 60.566 (sec). Leaf size: 7909� �
DSolve[y[x]*y'[x]-y[x]==-9/100*x+A*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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22.24 problem 24
Internal problem ID [10673]
Internal file name [OUTPUT/9620_Monday_June_06_2022_03_16_08_PM_55707895/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 24.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −12x
49 +

2A
(
5
√
x+ 34A+ 15A2

√
x

)
49

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step

<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 270� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/49*x+2/49*A*(5*x^(1/2)+34*A+15*A^2*x^(-1/2)),y(x), singsol=all)� �(
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-12/49*x+2/49*A*(5*x^(1/2)+34*A+15*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.25 problem 25
Internal problem ID [10674]
Internal file name [OUTPUT/9621_Monday_June_06_2022_03_16_10_PM_91589618/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 25.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −12x
49 +

A
(
25
√
x+ 41A+ 10A2

√
x

)
98

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1531� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/49*x+1/98*A*(25*x^(1/2)+41*A+10*A^2*x^(-1/2)),y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-12/49*x+1/98*A*(25*x^(1/2)+41*A+10*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.26 problem 26
Internal problem ID [10675]
Internal file name [OUTPUT/9622_Monday_June_06_2022_03_16_12_PM_56059788/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 26.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −2x
9 + A√

x

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 134� �
dsolve(y(x)*diff(y(x),x)-y(x)=-2/9*x+A*x^(-1/2),y(x), singsol=all)� �
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3 Solution by Mathematica
Time used: 1.355 (sec). Leaf size: 282� �
DSolve[y[x]*y'[x]-y[x]==-2/9*x+A*x^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �
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22.27 problem 27
Internal problem ID [10676]
Internal file name [OUTPUT/9623_Monday_June_06_2022_03_16_17_PM_43567883/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 27.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −5x
36 + A

x
7
5

Unable to determine ODE type.

1675



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/5)*y(x)*(25*x^(12/5)+252*A)/(-5*x^(17/5)+36*A*x), y(x)` *** Sublevel 2 **
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �1676



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-5/36*x+A*x^(-7/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-5/36*x+A*x^(-7/5),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.28 problem 28
Internal problem ID [10677]
Internal file name [OUTPUT/9624_Monday_June_06_2022_03_16_20_PM_40767146/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 28.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −12x
49 +

6A
(
−3

√
x+ 23A+ 12A2

√
x

)
49

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/2)*y(x)*(12*A^3+3*A*x+4*x^(3/2))/(23*A^2*x^(3/2)-2*x^(5/2)+12*A^3*x-3*x^2*A),
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(A*y(x)-x)/(A*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/144)*(144*A^3*y(x)-138*A^2*x-49*x^2)/(A^3*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+6*A*(23*A*y(x)+3*x)/(x*(138*A^2+49*x)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1679



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/49*x+6/49*A*(-3*x^(1/2)+23*A+12*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-12/49*x+6/49*A*(-3*x^(1/2)+23*A+12*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.29 problem 29
Internal problem ID [10678]
Internal file name [OUTPUT/9625_Monday_June_06_2022_03_16_24_PM_71158636/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 29.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −30x
121 +

3A
(
21
√
x+ 35A+ 6A2

√
x

)
242

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/2)*y(x)*(6*A^3-21*A*x+40*x^(3/2))/(35*A^2*x^(3/2)-20*x^(5/2)+6*A^3*x+21*x^2*A)
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(1/7)*(7*A*y(x)+10*x)/(A*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/36)*(36*A^3*y(x)-105*A^2*x-242*x^2)/(A^3*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+21*A*(5*A*y(x)-3*x)/(x*(105*A^2+242*x)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1682



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-30/121*x+3/242*A*(21*x^(1/2)+35*A+6*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-30/121*x+3/242*A*(21*x^(1/2)+35*A+6*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.30 problem 30
Internal problem ID [10679]
Internal file name [OUTPUT/9626_Monday_June_06_2022_03_16_31_PM_19939040/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 30.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −3x
16 + A

x
5
3

Unable to determine ODE type.

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-3/16*x+A*x^(-5/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-3/16*x+A*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.31 problem 31
Internal problem ID [10680]
Internal file name [OUTPUT/9627_Monday_June_06_2022_03_16_41_PM_51445858/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 31.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −12x
49 +

4A
(
−10

√
x+ 27A+ 10A2

√
x

)
49

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(5*A^3+5*A*x+3*x^(3/2))/(10*A^3*x+27*A^2*x^(3/2)-3*x^(5/2)-10*x^2*A), y(x)`
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(1/20)*(20*A*y(x)-9*x)/(A*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/80)*(80*A^3*y(x)-108*A^2*x-49*x^2)/(A^3*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+4*A*(27*A*y(x)+10*x)/(x*(108*A^2+49*x)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1686



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/49*x+4/49*A*(-10*x^(1/2)+27*A+10*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-12/49*x+4/49*A*(-10*x^(1/2)+27*A+10*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.32 problem 32
Internal problem ID [10681]
Internal file name [OUTPUT/9628_Monday_June_06_2022_03_16_45_PM_69846556/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 32.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = A√
x

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �

1688



3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 222� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*x^(-1/2),y(x), singsol=all)� �(
AiryBi

(
−

2
1
3
(
−A2x

3
2
) 2

3 (y(x)−x)
2A2x

)
c1 − AiryAi
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−

2
1
3
(
−A2x

3
2
) 2

3 (y(x)−x)
2A2x

))
2 2

3

(
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3
2

) 1
3 − 2A

(
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(
1,−

2
1
3
(
−A2x

3
2
) 2
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2A2x

)
c1 +AiryAi

(
1,−

2
1
3
(
−A2x

3
2
) 2

3 (y(x)−x)
2A2x

))

2 2
3

(
−A2x

3
2

) 1
3 AiryBi

(
−

2
1
3
(
−A2x

3
2
) 2

3 (y(x)−x)
2A2x

)
+ 2AiryBi

(
1,−

2
1
3
(
−A2x

3
2
) 2

3 (y(x)−x)
2A2x

)
A

= 0

3 Solution by Mathematica
Time used: 0.566 (sec). Leaf size: 139� �
DSolve[y[x]*y'[x]-y[x]==A*x^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �

Solve


3
√
−122/3

√
xAiryAi

( (
− 1

2
)2/3(x−y(x))
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)
+ 2 3√
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√
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+ c1 = 0, y(x)
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22.33 problem 33
Internal problem ID [10682]
Internal file name [OUTPUT/9629_Monday_June_06_2022_03_16_46_PM_8383073/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 33.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = A

x2

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 279� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*x^(-2),y(x), singsol=all)� �
−
(
AiryBi

(
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(
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= 0

3 Solution by Mathematica
Time used: 1.053 (sec). Leaf size: 201� �
DSolve[y[x]*y'[x]-y[x]==A*x^(-2),y[x],x,IncludeSingularSolutions -> True]� �

Solve
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22.34 problem 34
Internal problem ID [10683]
Internal file name [OUTPUT/9630_Monday_June_06_2022_03_16_47_PM_24109604/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 34.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = A(2 + n)
(√

x+ 2(2 + n)A+ (1 + n) (n+ 3)A2
√
x

)

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

<- Abel successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 410� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*(n+2)*(x^(1/2)+2*(n+2)*A+(n+1)*(n+3)*A^2*x^(-1/2)),y(x), singsol=all)� �
(n+ 2)

(
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√
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√
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√
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√
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√
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)
− BesselK
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1
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√
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√
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A
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√
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(n+2)2A2 (n+ 2)BesselI
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(n+2)2A2

)
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==A*(n+2)*(x^(1/2)+2*(n+2)*A+(n+1)*(n+3)*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.35 problem 35
Internal problem ID [10684]
Internal file name [OUTPUT/9631_Monday_June_06_2022_03_16_49_PM_20236254/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 35.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = A(2 + n)
(√

x+ 2(2 + n)A+ (3 + 2n)A2
√
x

)

Unable to determine ODE type.

1694



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 474� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*(n+2)*(x^(1/2)+2*(n+2)*A+(2*n+3)*A^2*x^(-1/2)),y(x), singsol=all)� �
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+ BesselI
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√
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==A*(n+2)*(x^(1/2)+2*(n+2)*A+(2*n+3)*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.36 problem 36
Internal problem ID [10685]
Internal file name [OUTPUT/9632_Monday_June_06_2022_03_16_55_PM_1338498/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 36.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = A
√
x+ 2A2 + B√

x

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 407� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*x^(1/2)+2*A^2+B*x^(-1/2),y(x), singsol=all)� �
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√
x

)
BesselI

(√
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√
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)
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==A*x^(1/2)+2*A^2+B*x^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.37 problem 37
Internal problem ID [10686]
Internal file name [OUTPUT/9633_Monday_June_06_2022_03_16_58_PM_33792140/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 37.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − y = 2A2 − A
√
x

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 228� �
dsolve(y(x)*diff(y(x),x)-y(x)=2*A^2-A*x^(1/2),y(x), singsol=all)� �
(
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√
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)
BesselK

(
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)
+ BesselK
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√
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√
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√
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√
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√
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(
−2A+

√
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BesselI

(
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√
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√
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ABesselI

(
0,
√
−2A

√
x−x+y(x)
A2

)√
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√
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A2 +

(
−2A+

√
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BesselI

(
1,
√

−2A
√
x−x+y(x)
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)
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==2*A^2-A*x^(1/2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.38 problem 38
Internal problem ID [10687]
Internal file name [OUTPUT/9634_Monday_June_06_2022_03_16_59_PM_96412727/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 38.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −x

4 +
6A
(√

x+ 8A+ 5A2
√
x

)
49

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(60*A^3-12*A*x+49*x^(3/2))/(120*A^3*x+192*A^2*x^(3/2)-49*x^(5/2)+24*x^2*A),
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(1/16)*(16*A*y(x)+49*x)/(A*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/60)*(60*A^3*y(x)-48*A^2*x-49*x^2)/(x*A^3), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+6*A*(8*A*y(x)-x)/(x*(48*A^2+49*x)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1701



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/48*x+6/49*A*(x^(1/2)+8*A+5*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-12/48*x+6/49*A*(x^(1/2)+8*A+5*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1702



22.39 problem 39
Internal problem ID [10688]
Internal file name [OUTPUT/9635_Monday_June_06_2022_03_17_03_PM_29636547/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 39.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −6x
25 +

6A
(
2
√
x+ 7A+ 4A2

√
x

)
25

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(2*A^3-A*x+x^(3/2))/(7*A^2*x^(3/2)-x^(5/2)+4*A^3*x+2*x^2*A), y(x)` ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(1/4)*(4*A*y(x)+3*x)/(A*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/48)*(48*A^3*y(x)-42*A^2*x-25*x^2)/(A^3*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+6*A*(7*A*y(x)-2*x)/(x*(42*A^2+25*x)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1704



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-6/25*x+6/25*A*(2*x^(1/2)+7*A+4*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-6/25*x+6/25*A*(2*x^(1/2)+7*A+4*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.40 problem 40
Internal problem ID [10689]
Internal file name [OUTPUT/9636_Monday_June_06_2022_03_17_06_PM_3102030/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 40.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −3x
16 + 3A

x
1
3
− 12A2

x
5
3

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

trying Riccati to 2nd Order
-> Calling odsolve with the ODE`, diff(diff(y(x), x), x) = -(4*x-3)*(diff(y(x), x))/(x*(x-1))-2*y(x)/((x-1)*x), y(x)` *** Sublevel

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful

<- Riccati to 2nd Order successful
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1488� �
dsolve(y(x)*diff(y(x),x)-y(x)=-3/16*x+3*A*x^(-1/3)-12*A^2*x^(-5/3),y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-3/16*x+3*A*x^(-1/3)-12*A^2*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.41 problem 41
Internal problem ID [10690]
Internal file name [OUTPUT/9637_Monday_June_06_2022_03_17_13_PM_36887324/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 41.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = 3x
8 + 3

√
b2 + x2

8 + 3b2

16
√
b2 + x2

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(2*(b^2+x^2)^(1/2)*b^2+2*(b^2+x^2)^(1/2)*x^2+b^2*x+2*x^3)/((b^2+x^2)*(3*b^2+
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(1/3)*(3*y(x)-2*x)/x, y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=3/8*x+3/8*sqrt(x^2+b^2)+3*b^2/(16*sqrt(x^2+b^2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==3/8*x+3/8*Sqrt[x^2+b^2]+3*b^2/(16*Sqrt[x^2+b^2]),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.42 problem 42
Internal problem ID [10691]
Internal file name [OUTPUT/9638_Monday_June_06_2022_03_17_16_PM_88301991/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 42.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = 9x
32 + 15

√
b2 + x2

32 + 3b2

64
√
b2 + x2

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(6*(b^2+x^2)^(1/2)*b^2+6*(b^2+x^2)^(1/2)*x^2+9*b^2*x+10*x^3)/((b^2+x^2)*(11*
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(1/3)*(3*y(x)-10*x)/x, y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/11)*(11*y(x)-6*x)/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=9/32*x+15/32*sqrt(x^2+b^2)+3*b^2/(64*sqrt(x^2+b^2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==9/32*x+15/32*Sqrt[x^2+b^2]+3*b^2/(64*Sqrt[x^2+b^2]),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.43 problem 43
Internal problem ID [10692]
Internal file name [OUTPUT/9639_Monday_June_06_2022_03_17_22_PM_54791991/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 43.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −3x
32 − 3

√
a2 + x2

32 + 15a2

64
√
a2 + x2

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(2*(a^2+x^2)^(1/2)*a^2+2*(a^2+x^2)^(1/2)*x^2+7*x*a^2+2*x^3)/((a^2+x^2)*(-3*a
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(1/3)*(3*y(x)+2*x)/x, y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-3/32*x-3/32*sqrt(x^2+a^2)+15*a^2/(64*sqrt(x^2+a^2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-3/32*x-3/32*Sqrt[x^2+a^2]+15*a^2/(64*Sqrt[x^2+a^2]),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.44 problem 44
Internal problem ID [10693]
Internal file name [OUTPUT/9640_Monday_June_06_2022_03_17_25_PM_32058918/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 44.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − y = Ax2 − 9
625A

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 186� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*x^2-9/625*A^(-1),y(x), singsol=all)� �
−

125 2
5
6

(
−46875A2y(x)2+

(
37500A2x+4500A

)
y(x)+31250

(
xA− 3

25
)(

xA+ 3
25
)2

(50xA−125y(x)A+6)2

) 1
6
Ay(x)

√
25xA+3

2 + 50
(
xA− 5y(x)A

2 + 3
25

)(
(25xA+3)

3
2

50xA−125y(x)A+6

) 1
3
(∫ − 2(25xA+3)

3
2

125y(x)A−50xA−6
(_a2−6

) 1
6

_a 1
3

d_a+ c1

)
(

(25xA+3)
3
2

50xA−125y(x)A+6

) 1
3

(50xA− 125y (x)A+ 6)

= 0

3 Solution by Mathematica
Time used: 2.438 (sec). Leaf size: 198� �
DSolve[y[x]*y'[x]-y[x]==A*x^2-9/625*A^(-1),y[x],x,IncludeSingularSolutions -> True]� �

Solve



6

√
46875A2y(x)2 − 1500A(25Ax+ 3)y(x)− 2(25Ax− 3)(25Ax+ 3)2

(25Ax+ 3)3


(−125Ay(x)+50Ax+6)Hypergeometric2F1

(
1
2 ,

5
6 ,

3
2 ,

3(50Ax−125Ay(x)+6)2

2(25Ax+3)3

)
3
√
2√3(25Ax+3)3/2 6

√
−46875A2y(x)2 + 1500A(25Ax+ 3)y(x) + 2(25Ax− 3)(25Ax+ 3)2

(25Ax+ 3)3

+
√
25Ax+3√

6


6
√
2

+ c1 = 0, y(x)
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22.45 problem 45
Internal problem ID [10694]
Internal file name [OUTPUT/9641_Monday_June_06_2022_03_17_26_PM_14824341/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 45.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − y = − 6
25x− Ax2

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 132� �
dsolve(y(x)*diff(y(x),x)-y(x)=-6/25*x-A*x^2,y(x), singsol=all)� �
c1

+
(2x− 5y(x))

(∫ − 10
√
−xAx

−2x+5y(x)
(_a2−6

) 1
6

_a 1
3

d_a
)
−

5 2
5
6

(
−50Ax3−12x2+60y(x)x−75y(x)2

(−2x+5y(x))2

) 1
6
5
2
3
√
−xAy(x)

2
(
−

√
−xAx

−2x+5y(x)

) 1
3

2x− 5y (x)
= 0

3 Solution by Mathematica
Time used: 2.139 (sec). Leaf size: 162� �
DSolve[y[x]*y'[x]-y[x]==-6/25*x-A*x^2,y[x],x,IncludeSingularSolutions -> True]� �

Solve


c1 =

i
6

√
−2x2(25Ax+ 6) + 60xy(x)− 75y(x)2

Ax3

25Ax2 −
6
√
2 3
√
5(2x−5y(x))Hypergeometric2F1

(
1
2 ,

5
6 ,

3
2 ,−

3(2x−5y(x))2

50Ax3

)
6

√
2x2(25Ax+ 6)− 60xy(x) + 75y(x)2

Ax3


5 22/3

√
3 3
√
5
√
Ax3/2

, y(x)
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22.46 problem 46
Internal problem ID [10695]
Internal file name [OUTPUT/9642_Monday_June_06_2022_03_17_27_PM_31935674/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 46.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − y = 6
25x− Ax2

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 180� �
dsolve(y(x)*diff(y(x),x)-y(x)=6/25*x-A*x^2,y(x), singsol=all)� �

−
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5 1
32 5
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−

1250
(

3y(x)2A
2 +

(
− 6xA

5 + 36
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) 1
6
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√
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)∫ 2(−25xA+6)
3
2
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) 1
6
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3
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3
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) 1
3
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(

(−25xA+6)
3
2

−50xA+125y(x)A+12

) 1
3

(100xA− 250y (x)A− 24)

= 0

3 Solution by Mathematica
Time used: 3.324 (sec). Leaf size: 189� �
DSolve[y[x]*y'[x]-y[x]==6/25*x-A*x^2,y[x],x,IncludeSingularSolutions -> True]� �

Solve



3
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√
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22.47 problem 47
Internal problem ID [10696]
Internal file name [OUTPUT/9643_Monday_June_06_2022_03_17_27_PM_31172118/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 47.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = 12x+ A

x
5
2

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 110� �
dsolve(y(x)*diff(y(x),x)-y(x)=12*x+A*x^(-5/2),y(x), singsol=all)� �
c1
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12
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3
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2 2
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5
2

)
√

−Ax
7
2

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==12*x+A*x^(-5/2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.48 problem 48
Internal problem ID [10697]
Internal file name [OUTPUT/9644_Monday_June_06_2022_03_17_29_PM_17392824/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 48.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = 63x
4 + A

x
5
3

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/3)*y(x)*(-189*x^(8/3)+20*A)/(63*x^(11/3)+4*A*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �1726



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=63/4*x+A*x^(-5/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==63/4*x+A*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.49 problem 49
Internal problem ID [10698]
Internal file name [OUTPUT/9645_Monday_June_06_2022_03_17_32_PM_34499080/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 49.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = 2x+ 2A
(
10
√
x+ 31A+ 30A2

√
x

)

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step

<- Abel successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 196� �
dsolve(y(x)*diff(y(x),x)-y(x)=2*x+2*A*(10*x^(1/2)+31*A+30*A^2*x^(-1/2)),y(x), singsol=all)� �
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==2*x+2*A*(10*x^(1/2)+31*A+30*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.50 problem 50
Internal problem ID [10699]
Internal file name [OUTPUT/9646_Monday_June_06_2022_03_17_33_PM_58193520/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 50.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = 2x+ 2A
(
−10

√
x+ 19A+ 30A2

√
x

)

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(15*A^3+5*A*x-x^(3/2))/(30*A^3*x+19*A^2*x^(3/2)+x^(5/2)-10*x^2*A), y(x)`
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(1/20)*(20*A*y(x)+3*x)/(A*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/120)*(120*A^3*y(x)-38*A^2*x-x^2)/(A^3*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+2*A*(19*A*y(x)+10*x)/(x*(38*A^2+x)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=2*x+2*A*(-10*x^(1/2)+19*A+30*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==2*x+2*A*(-10*x^(1/2)+19*A+30*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.51 problem 51
Internal problem ID [10700]
Internal file name [OUTPUT/9647_Monday_June_06_2022_03_17_37_PM_70045049/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 51.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −28x
121 +

2A
(
5
√
x+ 106A+ 65A2

√
x

)
121

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/2)*y(x)*(65*A^3-5*A*x+28*x^(3/2))/(106*A^2*x^(3/2)-14*x^(5/2)+65*A^3*x+5*x^2*A
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(1/5)*(5*A*y(x)+21*x)/(A*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/260)*(260*A^3*y(x)-212*A^2*x-121*x^2)/(A^3*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+2*A*(106*A*y(x)-5*x)/(x*(212*A^2+121*x)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1734



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-28/121*x+2/121*A*(5*x^(1/2)+106*A+65*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-28/121*x+2/121*A*(5*x^(1/2)+106*A+65*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.52 problem 52
Internal problem ID [10701]
Internal file name [OUTPUT/9648_Monday_June_06_2022_03_17_41_PM_60740551/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 52.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −12x
49 +

A
(
5
√
x+ 262A+ 65A2

√
x

)
49

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 4129� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/49*x+1/49*A*(5*x^(1/2)+262*A+65*A^2*x^(-1/2)),y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-28/121*x+2/121*A*(5*x^(1/2)+262*A+65*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.53 problem 53
Internal problem ID [10702]
Internal file name [OUTPUT/9649_Monday_June_06_2022_03_17_48_PM_70219559/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 53.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − y = −12x
49 + A

√
x

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 133� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/49*x+A*x^(1/2),y(x), singsol=all)� �
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-12/49*x+A*x^(1/2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.54 problem 54
Internal problem ID [10703]
Internal file name [OUTPUT/9650_Monday_June_06_2022_03_17_50_PM_13823638/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 54.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = 6x+ A

x4

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step
<- Abel successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 217� �
dsolve(y(x)*diff(y(x),x)-y(x)=6*x+A*x^(-4),y(x), singsol=all)� �
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3 Solution by Mathematica
Time used: 2.079 (sec). Leaf size: 213� �
DSolve[y[x]*y'[x]-y[x]==6*x+A*x^(-4),y[x],x,IncludeSingularSolutions -> True]� �
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2A

)
− 5 25/6x4y(x)Hypergeometric2F1

(
1
6 ,

1
2 ,

3
2 ,−

3x3(2x+y(x))2
2A

)
+ A

(
2A+12x5+12x4y(x)+3x3y(x)2

A

)5/6)
2 3
√
2
√
3
√
Ax5/2

(
2A+12x5+12x4y(x)+3x3y(x)2

A

)5/6 , y(x)
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22.55 problem 55
Internal problem ID [10704]
Internal file name [OUTPUT/9651_Monday_June_06_2022_03_17_51_PM_68427508/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 55.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = 20x+ A√
x

Unable to determine ODE type.

1743



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/2)*y(x)*(-40*x^(3/2)+A)/(20*x^(5/2)+A*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(1/2)*(2*A*y(x)-x^2)/(A*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=20*x+A*x^(-1/2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==20*x+A*x^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.56 problem 56
Internal problem ID [10705]
Internal file name [OUTPUT/9652_Monday_June_06_2022_03_17_53_PM_60286823/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 56.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = 15x
4 + A

x7

Unable to determine ODE type.

1746



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=15/4*x+A*x^(-7),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==15/4*x+A*x^(-7),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.57 problem 57
Internal problem ID [10706]
Internal file name [OUTPUT/9653_Monday_June_06_2022_03_17_55_PM_19715917/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 57.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −10x
49 +

2A
(
4
√
x+ 61A+ 12A2

√
x

)
49

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step

<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 200� �
dsolve(y(x)*diff(y(x),x)-y(x)=-10/49*x+2/49*A*(4*x^(1/2)+61*A+12*A^2*x^(-1/2)),y(x), singsol=all)� �

c1 −

(
3A+

√
x
)
2 2

3

(
3A2+16A

√
x+5x−7y(x)

6A2+2A
√
x+y(x)

) 5
6
y(x)

2
√ (

3A+
√
x
)2

6A2+2A
√
x+y(x)

(
−24A2−2A

√
x+2x−7y(x)

6A2+2A
√
x+y(x)

) 1
3 (6A2 + 2A

√
x+ y (x)

)
A

−

(∫ 6A
√
x+2x−3y(x)

12A2+4A
√
x+2y(x) (10_a+ 1)

5
6

√
2_a+ 3 (_a− 2)

1
3
d_a

)
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-10/49*x+2/49*A*(4*x^(1/2)+61*A+12*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.58 problem 58
Internal problem ID [10707]
Internal file name [OUTPUT/9654_Monday_June_06_2022_03_17_57_PM_56089828/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 58.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −12x
49 +

2A
(√

x+ 166A+ 55A2
√
x

)
49

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 686� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/49*x+2/49*A*(x^(1/2)+166*A+55*A^2*x^(-1/2)),y(x), singsol=all)� �
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-12/49*x+2/49*A*(x^(1/2)+166*A+55*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.59 problem 59
Internal problem ID [10708]
Internal file name [OUTPUT/9655_Monday_June_06_2022_03_18_01_PM_51997936/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 59.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −4x
25 +

A
(
7
√
x+ 49A+ 6A2

√
x

)
50

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/2)*y(x)*(6*A^3-7*A*x+16*x^(3/2))/(49*A^2*x^(3/2)-8*x^(5/2)+6*A^3*x+7*x^2*A), y
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(1/7)*(7*A*y(x)+12*x)/(A*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/12)*(12*A^3*y(x)-49*A^2*x-50*x^2)/(A^3*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+7*A*(7*A*y(x)-x)/(x*(49*A^2+50*x)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-4/25*x+1/50*A*(7*x^(1/2)+49*A+6*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-4/25*x+1/50*A*(7*x^(1/2)+49*A+6*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.60 problem 60
Internal problem ID [10709]
Internal file name [OUTPUT/9656_Monday_June_06_2022_03_18_05_PM_56043275/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 60.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = 15x
4 + 6A

x
1
3
− 3A2

x
5
3

Unable to determine ODE type.

1756



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/3)*y(x)*(15*x^(8/3)-8*A*x^(4/3)+20*A^2)/(-5*x^(11/3)-8*A*x^(7/3)+4*A^2*x), y(x
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �1757



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=15/4*x+6*A*x^(-1/3)-3*A^2*x^(-5/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==15/4*x+6*A*x^(-1/3)-3*A^2*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.61 problem 61
Internal problem ID [10710]
Internal file name [OUTPUT/9657_Monday_June_06_2022_03_18_13_PM_97476693/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 61.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −3x
16 + A

x
1
3
+ B

x
5
3

Unable to determine ODE type.

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-3/16*x+A*x^(-1/3)+B*x^(-5/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-3/16*x+A*x^(-1/3)+B*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.62 problem 62
Internal problem ID [10711]
Internal file name [OUTPUT/9658_Monday_June_06_2022_03_20_15_PM_11874362/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 62.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −5x
36 + A

x
3
5
− B

x
7
5

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/5)*y(x)*(25*x^(12/5)+108*A*x^(4/5)-252*B)/(-5*x^(17/5)+36*A*x^(9/5)-36*B*x), y
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �1761



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-5/36*x+A*x^(-3/5)-B*x^(-7/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-5/36*x+A*x^(-3/5)-B*x^(-7/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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22.63 problem 63
Internal problem ID [10712]
Internal file name [OUTPUT/9659_Monday_June_06_2022_03_20_24_PM_10202307/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 63.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = k√
Ax2 +Bx+ c

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/2)*y(x)*(2*A*x+B)/(A*x^2+B*x+c), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)-(1/2)*(B*x^2-2*k*y(x))/(k*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=k*(A*x^2+B*x+c)^(-1/2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==k*(A*x^2+B*x+c)^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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22.64 problem 64
Internal problem ID [10713]
Internal file name [OUTPUT/9660_Monday_June_06_2022_03_20_26_PM_79963363/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 64.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −12x
49 + 3A

(
1
49 +B

)√
x+ 3A2

(
4
49 − 5B

2

)
+

15A3( 1
49 −

5B
4

)
4
√
x

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/2)*y(x)*(1225*A^3*B+784*x*B*A-20*A^3+16*A*x-128*x^(3/2))/(1960*A^2*B*x^(3/2)+1
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(49*A*B*y(x)+A*y(x)+6*x)/(A*(1+49*B)*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/15)*(3675*A^3*B*y(x)-60*A^3*y(x)-2940*A^2*B*x+96*A^2*x+392*x^2)/(A^3*x*(-4+245
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+3*A*(245*A*B*y(x)-8*A*y(x)+98*B*x+2*x)/(x*(735*A^2*B-24*A^2-98*x)), y(x)` **
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/49*x+3*A*(1/49+B)*x^(1/2)+3*A^2*(4/49-5/2*B)+15/4*A^3*(1/49-5/4*B)*x^(-1/2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-12/49*x+3*A*(1/49+B)*x^(1/2)+3*A^2*(4/49-5/2*B)+15/4*A^3*(1/49-5/4*B)*x^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.65 problem 65
Internal problem ID [10714]
Internal file name [OUTPUT/9661_Monday_June_06_2022_03_20_32_PM_46669422/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 65.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −6x
25 +

4B2
(
(2− A)x 1

3 − 3B(2A+1)
2 + B2(1−3A)

x
1
3

− AB3

x
2
3

)
75

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 3187� �
dsolve(y(x)*diff(y(x),x)-y(x)=-6/25*x+4/75*B^2*((2-A)*x^(1/3)-3/2*B*(2*A+1)+B^2*(1-3*A)*x^(-1/3)-A*B^3*x^(-2/3)),y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-6/25*x+4/75*B^2*((2-A)*x^(1/3)-3/2*B*(2*A+1)+B^2*(1-3*A)*x^(-1/3)-A*B^3*x^(-2/3)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1770



22.66 problem 66
Internal problem ID [10715]
Internal file name [OUTPUT/9662_Monday_June_06_2022_03_20_40_PM_45829850/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 66.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = 3x
4 − 3Ax

1
3

2 + 3A2

4x 1
3
− 27A4

625x 5
3

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(5/3)*y(x)*(375*x^(8/3)-250*x^2*A-125*A^2*x^(4/3)+36*A^4)/(-625*x^(11/3)-625*A^2*
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(4*A*x+y(x))/x, y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/3)*(2*A*x+3*y(x))/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1772



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=3/4*x-3/2*A*x^(1/3)+3/4*A^2*x^(-1/3)-27/625*A^4*x^(-5/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==3/4*x-3/2*A*x^(1/3)+3/4*A^2*x^(-1/3)-27/625*A^4*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.67 problem 67
Internal problem ID [10716]
Internal file name [OUTPUT/9663_Monday_June_06_2022_03_20_46_PM_36629386/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 67.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −6x
25 + 7Ax

1
3

5 + 31A2

3x 1
3

− 100A4

3x 5
3

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/3)*y(x)*(-54*x^(8/3)+105*x^2*A-775*A^2*x^(4/3)+12500*A^4)/(18*x^(11/3)-775*A^2
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(1/3)*(35*A*x+3*y(x))/x, y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/63)*(620*A*x-63*y(x))/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-6/25*x+7/5*A*x^(1/3)+31/3*A^2*x^(-1/3)-100/3*A^4*x^(-5/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-6/25*x+7/5*A*x^(1/3)+31/3*A^2*x^(-1/3)-100/3*A^4*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1776



22.68 problem 68
Internal problem ID [10717]
Internal file name [OUTPUT/9664_Monday_June_06_2022_03_20_56_PM_3960468/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 68.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −10x
49 + 13A2

5x 1
5

− 7A3

20x 4
5

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(4/5)*y(x)*(-250*x^(9/5)-637*A^2*x^(3/5)+343*A^3)/(200*x^(14/5)-2548*A^2*x^(8/5)+
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(1/13)*(13*A^2*y(x)-4*x^2)/(A^2*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-10/49*x+13/5*A^2*x^(-1/5)-7/20*A^3*x^(-4/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-10/49*x+13/5*A^2*x^(-1/5)-7/20*A^3*x^(-4/5),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.69 problem 69
Internal problem ID [10718]
Internal file name [OUTPUT/9665_Monday_June_06_2022_03_21_00_PM_67032086/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 69.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −33x
169 + 286A2

3x 5
11

− 770A3

9x 13
11

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/11)*y(x)*(-297*x^(24/11)-65910*A^2*x^(8/11)+153790*A^3)/(27*x^(35/11)-13182*A^
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �1781



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-33/169*x+286/3*A^2*x^(-5/11)-770/9*A^3*x^(-13/11),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-33/169*x+286/3*A^2*x^(-5/11)-770/9*A^3*x^(-13/11),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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22.70 problem 70
Internal problem ID [10719]
Internal file name [OUTPUT/9666_Monday_June_06_2022_03_21_05_PM_82138169/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 70.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = −21x
100 +

7A2
(

123
x
1
7
+ 280A

x
5
7

− 400A2

x
9
7

)
9

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/7)*y(x)*(-189*x^(16/7)-12300*A^2*x^(8/7)-140000*A^3*x^(4/7)+360000*A^4)/(27*x^
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �1784



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-21/100*x+7/9*A^2*(123*x^(-1/7)+280*A*x^(-5/7)-400*A^2*x^(-9/7)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-21/100*x+7/9*A^2*(123*x^(-1/7)+280*A*x^(-5/7)-400*A^2*x^(-9/7)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.71 problem 71
Internal problem ID [10720]
Internal file name [OUTPUT/9667_Monday_June_06_2022_03_21_15_PM_67997614/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 71.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − y = ax+ b xm

Unable to determine ODE type.

1786



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(b*m*x^m+a*x)/(x*(a*x+b*x^m)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = -y(x)*(b*m*x^m+a*x)/(x*(a*x+b*x^m)), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-a*K[1]/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1787



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=a*x+b*x^m,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==a*x+b*x^m,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.72 problem 72
Internal problem ID [10721]
Internal file name [OUTPUT/9668_Monday_June_06_2022_03_21_16_PM_27444372/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 72.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − y = −(m+ 1)x
(m+ 2)2

+ Ax2m+1 +B x3m+1

Unable to determine ODE type.

1789



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(2*A*x^(1+2*m)*m^3+3*B*x^(1+3*m)*m^3+9*A*x^(1+2*m)*m^2+13*B*x^(1+3*m)*m^2+12
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+K[1]*(1+m)/(x*(m+2)^2), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1790



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-(m+1)/(m+2)^2*x+A*x^(2*m+1)+B*x^(3*m+1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-(m+1)/(m+2)^2*x+A*x^(2*m+1)+B*x^(3*m+1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1791



22.73 problem 73
Internal problem ID [10722]
Internal file name [OUTPUT/9669_Monday_June_06_2022_03_21_23_PM_99331213/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 73.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − y = a2λ e2λx − a(bλ+ 1) eλx + b

Unable to determine ODE type.

1792



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*a*lambda*(2*exp(2*lambda*x)*a*lambda-b*lambda*exp(lambda*x)-exp(lambda*x))/(
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = -y(x)*b/(x*(b+x)), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*b/(x*(b+x)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(-2*lambda*x*K[1]+y(x))/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(-lambda*x*K[1]+y(x))/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1793



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=a^2*lambda*exp(2*lambda*x)-a*(b*lambda+1)*exp(lambda*x)+b,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==a^2*\[Lambda]*Exp[2*\[Lambda]*x]-a*(b*\[Lambda]+1)*Exp[\[Lambda]*x]+b,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.74 problem 74
Internal problem ID [10723]
Internal file name [OUTPUT/9670_Monday_June_06_2022_03_21_25_PM_61614408/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 74.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − y = a2λ e2λx + aλx eλx + b eλx

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*lambda*(2*a^2*lambda*exp(2*lambda*x)+exp(lambda*x)*a*lambda*x+exp(lambda*x)*
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(-lambda*K[1]*x+y(x))/x, y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(-a*lambda*x*K[1]-b*lambda*x*K[1]+y(x)*b)/(b*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(-2*lambda*K[1]*x+y(x))/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1796



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=a^2*lambda*exp(2*lambda*x)+a*lambda*x*exp(lambda*x)+b*exp(lambda*x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==a^2*\[Lambda]*Exp[2*\[Lambda]*x]+a*\[Lambda]*x*Exp[\[Lambda]*x]+b*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1797



22.75 problem 75
Internal problem ID [10724]
Internal file name [OUTPUT/9671_Monday_June_06_2022_03_21_27_PM_94139464/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 75.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − y = 2a2λ sin (2λx) + 2a sin (λx)

Unable to determine ODE type.

1798



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*lambda*(2*a*lambda*cos(2*lambda*x)+cos(lambda*x))/(sin(2*lambda*x)*a*lambda+
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = -y(x)*lambda*(2*a*lambda*cos(2*lambda*x)+cos(lambda*x))/(sin(2*lambda*x)*a*lamb

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1799



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=2*a^2*lambda*sin(2*lambda*x)+2*a*sin(lambda*x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==2*a^2*\[Lambda]*Sin[2*\[Lambda]*x]+2*a*Sin[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.76 problem 76
Internal problem ID [10725]
Internal file name [OUTPUT/9672_Monday_June_06_2022_03_21_31_PM_37296922/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 76.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y = a2f ′(x) f ′′(x)− (f(x) + b)2 f ′′(x)
f ′ (x)3

1801



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(a^2*(diff(f(x), x))^5*(diff(diff(diff(f(x), x), x), x))+a^2*(diff(diff(f(x)
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(y(x)*a^2+2*x*b)/(a^2*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1802



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=a^2*diff(f(x),x)*diff(f(x),x$2)-(f(x)+b)^2/( diff(f(x),x)^3)*diff(f(x),x$2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==a^2*f'[x]*f''[x]-(f[x]+b)^2/( (f'[x])^3)*f''[x],y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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23 Chapter 1, section 1.3. Abel Equations of the
Second Kind. subsection 1.3.2. Equations of the
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23.1 problem 1
Internal problem ID [10726]
Internal file name [OUTPUT/9673_Monday_June_06_2022_03_21_32_PM_48237524/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 1.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − (ax+ b) y = 1

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 215� �
dsolve(y(x)*diff(y(x),x)=(a*x+b)*y(x)+1,y(x), singsol=all)� �
(ax+ b)

(
AiryBi

(
−
(
−2ay(x)+(ax+b)2

)
2
2
3

4(−a2)
1
3

)
c1 − AiryAi

(
−
(
−2ay(x)+(ax+b)2

)
2
2
3

4(−a2)
1
3

))
(−a2)

1
3 2 1

3 + 2
(
AiryBi

(
1,−

(
−2ay(x)+(ax+b)2

)
2
2
3

4(−a2)
1
3

)
c1 − AiryAi

(
1,−

(
−2ay(x)+(ax+b)2

)
2
2
3

4(−a2)
1
3

))
a

2 1
3 (−a2)

1
3 (ax+ b)AiryBi

(
−
(
−2ay(x)+(ax+b)2

)
2
2
3

4(−a2)
1
3

)
+ 2AiryBi

(
1,−

(
−2ay(x)+(ax+b)2

)
2
2
3

4(−a2)
1
3

)
a

= 0

3 Solution by Mathematica
Time used: 0.901 (sec). Leaf size: 161� �
DSolve[y[x]*y'[x]==(a*x+b)*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �

Solve


3
√
2(ax+ b)AiryAi

(
(b+ax)2−2ay(x)

2
3
√
2a2/3

)
− 2 3

√
aAiryAiPrime

(
(b+ax)2−2ay(x)

2
3
√
2a2/3

)
3
√
2(ax+ b)AiryBi

(
(b+ax)2−2ay(x)

2
3
√
2a2/3

)
− 2 3

√
aAiryBiPrime

(
(b+ax)2−2ay(x)

2
3
√
2a2/3

)

+ c1 = 0, y(x)
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23.2 problem 2
Internal problem ID [10727]
Internal file name [OUTPUT/9674_Monday_June_06_2022_03_21_33_PM_94051857/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 2.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − y

(ax+ b)2
= 1

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 557� �
dsolve(y(x)*diff(y(x),x)=(a*x+b)^(-2)*y(x)+1,y(x), singsol=all)� �
−a

(
−AiryBi

(
−

2
2
3

(
−a2(ax+b)2y(x)2

2 +
(
−a2x−ab

)
y(x)+a4x3+3a3b x2+3a2b2x+a b3− 1

2

)
2(a2)

1
3 (ax+b)2

)
c1 +AiryAi

(
−

2
2
3

(
−a2(ax+b)2y(x)2

2 +
(
−a2x−ab

)
y(x)+a4x3+3a3b x2+3a2b2x+a b3− 1

2

)
2(a2)

1
3 (ax+b)2

))
(1 + a(ax+ b) y(x)) 2 1

3 + 2(ax+ b) (a2)
2
3

(
AiryBi

(
1,−

2
2
3

(
−a2(ax+b)2y(x)2

2 +
(
−a2x−ab

)
y(x)+a4x3+3a3b x2+3a2b2x+a b3− 1

2

)
2(a2)

1
3 (ax+b)2

)
c1 − AiryAi

(
1,−

2
2
3

(
−a2(ax+b)2y(x)2

2 +
(
−a2x−ab

)
y(x)+a4x3+3a3b x2+3a2b2x+a b3− 1

2

)
2(a2)

1
3 (ax+b)2

))

a2 1
3 (1 + a (ax+ b) y (x))AiryBi

(
−

2
2
3
(
−a2(ax+b)2y(x)2

2 +(−a2x−ab)y(x)+a4x3+3a3b x2+3a2b2x+a b3− 1
2

)
2(a2)

1
3 (ax+b)2

)
+ 2AiryBi

(
1,−

2
2
3
(
−a2(ax+b)2y(x)2

2 +(−a2x−ab)y(x)+a4x3+3a3b x2+3a2b2x+a b3− 1
2

)
2(a2)

1
3 (ax+b)2

)
(a2)

2
3 (ax+ b)

= 0

3 Solution by Mathematica
Time used: 2.233 (sec). Leaf size: 561� �
DSolve[y[x]*y'[x]==(a*x+b)^(-2)*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �

Solve

ay(x)(ax+ b)AiryAi
(

−2x3a4−6bx2a3+(b+ax)2y(x)2a2−6b2xa2−2b3a+2(b+ax)y(x)a+1

2
3
√
2(a(b+ax)3)2/3

)
+AiryAi

(
−2x3a4−6bx2a3+(b+ax)2y(x)2a2−6b2xa2−2b3a+2(b+ax)y(x)a+1

2
3
√
2(a(b+ax)3)2/3

)
+ 22/3 3

√
a(ax+ b)3AiryAiPrime

(
−2x3a4−6bx2a3+(b+ax)2y(x)2a2−6b2xa2−2b3a+2(b+ax)y(x)a+1

2
3
√
2(a(b+ax)3)2/3

)
ay(x)(ax+ b)AiryBi

(
−2x3a4−6bx2a3+(b+ax)2y(x)2a2−6b2xa2−2b3a+2(b+ax)y(x)a+1

2
3
√
2(a(b+ax)3)2/3

)
+AiryBi

(
−2x3a4−6bx2a3+(b+ax)2y(x)2a2−6b2xa2−2b3a+2(b+ax)y(x)a+1

2
3
√
2(a(b+ax)3)2/3

)
+ 22/3 3

√
a(ax+ b)3AiryBiPrime

(
−2x3a4−6bx2a3+(b+ax)2y(x)2a2−6b2xa2−2b3a+2(b+ax)y(x)a+1

2
3
√
2(a(b+ax)3)2/3

)

+ c1 = 0, y(x)
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23.3 problem 3
Internal problem ID [10728]
Internal file name [OUTPUT/9675_Monday_June_06_2022_03_21_35_PM_22910527/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 3.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ −
(
a− 1

ax

)
y = 1

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 39� �
dsolve(y(x)*diff(y(x),x)=(a-1/(a*x))*y(x)+1,y(x), singsol=all)� �

y(x) =
a2x− RootOf

(
−e_Z − expIntegral1 (−_Z) a2x+ c1a

2x
)

a

3 Solution by Mathematica
Time used: 0.268 (sec). Leaf size: 37� �
DSolve[y[x]*y'[x]==(a-1/(a*x))*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �

Solve
[
ExpIntegralEi(a(ax− y(x))) + c1 =

ea(ax−y(x))

a2x
, y(x)

]
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23.4 problem 4
23.4.1 Solving as first order ode lie symmetry calculated ode . . . . . . 1811

Internal problem ID [10729]
Internal file name [OUTPUT/9676_Monday_June_06_2022_03_21_36_PM_48846722/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 4.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "first_order_ode_lie_symme-
try_calculated"

Maple gives the following as the ode type
[[_1st_order , _with_linear_symmetries], [_Abel , `2nd type `, `

class B`]]

yy′ − y√
ax+ b

= 1

23.4.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = y +
√
ax+ b√

ax+ b y

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 1 to use as anstaz gives

(1E)ξ = xa2 + ya3 + a1

(2E)η = xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, b1, b2, b3}

Substituting equations (1E,2E) and ω into (A) gives

(5E)

b2 +
(
y +

√
ax+ b

)
(b3 − a2)√

ax+ b y
−
(
y +

√
ax+ b

)2
a3

(ax+ b) y2

−

(
a

2 (ax+ b) y −
(
y +

√
ax+ b

)
a

2 (ax+ b)
3
2 y

)
(xa2 + ya3 + a1)

−
(

1
y
√
ax+ b

− y +
√
ax+ b√

ax+ b y2

)
(xb2 + yb3 + b1) = 0

Putting the above in normal form gives

−a2x2y2a2 − a2x y3a3 − a2x y2a1 − ab y3a3 − ab y2a1 − 2(ax+ b)
3
2 a x2b2 + (ax+ b)

3
2 a y2a3 − 2(ax+ b)

3
2 b y2b2 − 2(ax+ b)

3
2 axb1 + (ax+ b)

3
2 aya1 − 2(ax+ b)

3
2 bxb2 + 2(ax+ b)

3
2 bya2 − 4(ax+ b)

3
2 byb3 − 2a2x2y2b3 + 4a2x2ya3 −

√
ax+ b abxya2 + 2(ax+ b)

3
2 y2a3 − 2(ax+ b)

3
2 bb1 + 2b2y2a2 − 2b2y2b3 + 4b2ya3 − 4abx y2b3 + 8abxya3 + 3abx y2a2 − 2(ax+ b)

3
2 ax y2b2 + 3(ax+ b)

3
2 axya2 − 4(ax+ b)

3
2 axyb3 −

√
ax+ b a2x2ya2 −

√
ax+ b a2x y2a3 −

√
ax+ b a2xya1 −

√
ax+ b ab y2a3 −

√
ax+ b abya1 + 2(ax+ b)

5
2 a3

2 (ax+ b)
5
2 y2

= 0

Setting the numerator to zero gives

(6E)

−a2x2y2a2+a2x y3a3+a2x y2a1+ab y3a3+ab y2a1+2(ax+b)
3
2 a x2b2

−(ax+b)
3
2 a y2a3+2(ax+b)

3
2 b y2b2+2(ax+b)

3
2 axb1−(ax+b)

3
2 aya1

+ 2(ax+ b)
3
2 bxb2 − 2(ax+ b)

3
2 bya2 + 4(ax+ b)

3
2 byb3 + 2a2x2y2b3

− 4a2x2ya3 +
√
ax+ b abxya2 − 2(ax+ b)

3
2 y2a3 + 2(ax+ b)

3
2 bb1

− 2b2y2a2 + 2b2y2b3 − 4b2ya3 + 4abx y2b3 − 8abxya3 − 3abx y2a2
+ 2(ax+ b)

3
2 ax y2b2 − 3(ax+ b)

3
2 axya2 + 4(ax+ b)

3
2 axyb3

+
√
ax+ b a2x2ya2 +

√
ax+ b a2x y2a3 +

√
ax+ b a2xya1

+
√
ax+ b ab y2a3 +

√
ax+ b abya1 − 2(ax+ b)

5
2 a3 = 0
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Simplifying the above gives

(6E)

a2x2y2a2+a2x y3a3+a2x y2a1+ab y3a3+ab y2a1+2(ax+ b)
3
2 a x2b2

−(ax+b)
3
2 a y2a3+2(ax+b)

3
2 b y2b2+2(ax+b)

3
2 axb1−(ax+b)

3
2 aya1

+2(ax+b)
3
2 bxb2−2(ax+b)

3
2 bya2+4(ax+b)

3
2 byb3−2(ax+b) b y2a2

+2(ax+ b) b y2b3+
√
ax+ b abxya2−4(ax+ b)2 ya3−2(ax+ b)

3
2 y2a3

+ 2(ax+ b)
3
2 bb1 + abx y2a2 + 2(ax+ b)

3
2 ax y2b2 − 3(ax+ b)

3
2 axya2

+ 4(ax+ b)
3
2 axyb3 − 2(ax+ b) ax y2a2 + 2(ax+ b) ax y2b3

+
√
ax+ b a2x2ya2 +

√
ax+ b a2x y2a3 +

√
ax+ b a2xya1

+
√
ax+ b ab y2a3 +

√
ax+ b abya1 − 2(ax+ b)

5
2 a3 = 0

Since the PDE has radicals, simplifying gives

−2b2
√
ax+ b ya2 + 4b2

√
ax+ b yb3 − 2b

√
ax+ b y2a3 + 2a2x3√ax+ b b2

− 2a2x2√ax+ b a3 + 2a2x2√ax+ b b1 + 2b2
√
ax+ b y2b2

+ 2b2x
√
ax+ b b2 − a2x2y2a2 + a2x y3a3 + a2x y2a1 + ab y3a3 + ab y2a1

+ 2a2x2y2b3 − 4a2x2ya3 + 4abx
√
ax+ b y2b2 + 8abx

√
ax+ b yb3

− 4
√
ax+ b abxya2 − 2b2y2a2 + 2b2y2b3 − 4b2ya3 + 2b2

√
ax+ b b1

− 2b2
√
ax+ b a3 + 4abx y2b3 − 8abxya3 − 3abx y2a2 − 2

√
ax+ b a2x2ya2

+ 2a2x2√ax+ b y2b2 + 4a2x2√ax+ b yb3 + 4ab x2√ax+ b b2
− 2ax

√
ax+ b y2a3 − 4abx

√
ax+ b a3 + 4abx

√
ax+ b b1 = 0

Looking at the above PDE shows the following are all the terms with {x, y} in them.{
x, y,

√
ax+ b

}
The following substitution is now made to be able to collect on all terms with {x, y}
in them {

x = v1, y = v2,
√
ax+ b = v3

}
The above PDE (6E) now becomes

(7E)

2a2v21v3v22b2 − a2v21v
2
2a2 − 2v3a2v21v2a2 + a2v1v

3
2a3 + 2a2v31v3b2

+ 2a2v21v22b3 + 4a2v21v3v2b3 + 4abv1v3v22b2 + a2v1v
2
2a1 − 4a2v21v2a3

− 2a2v21v3a3 + 2a2v21v3b1 − 3abv1v22a2 − 4v3abv1v2a2 + abv32a3
+4abv21v3b2+4abv1v22b3+8abv1v3v2b3− 2av1v3v22a3+2b2v3v22b2+ abv22a1
− 8abv1v2a3 − 4abv1v3a3 + 4abv1v3b1 − 2b2v22a2 − 2b2v3v2a2 + 2b2v1v3b2
+ 2b2v22b3 + 4b2v3v2b3 − 2bv3v22a3 − 4b2v2a3 − 2b2v3a3 + 2b2v3b1 = 0
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Collecting the above on the terms vi introduced, and these are

{v1, v2, v3}

Equation (7E) now becomes

(8E)

2a2v31v3b2 + 2a2v21v3v22b2 +
(
−a2a2 + 2a2b3

)
v21v

2
2

+
(
−2a2a2 + 4a2b3

)
v21v2v3 − 4a2v21v2a3 +

(
−2a2a3 + 2a2b1 + 4abb2

)
v21v3

+ a2v1v
3
2a3 + (4abb2 − 2aa3) v1v22v3 +

(
a2a1 − 3aba2 + 4abb3

)
v1v

2
2

+ (−4aba2 + 8abb3) v1v2v3 − 8abv1v2a3 +
(
−4aba3 + 4abb1 + 2b2b2

)
v1v3

+ abv32a3 +
(
2b2b2 − 2ba3

)
v22v3 +

(
aba1 − 2b2a2 + 2b2b3

)
v22

+
(
−2b2a2 + 4b2b3

)
v2v3 − 4b2v2a3 +

(
−2b2a3 + 2b2b1

)
v3 = 0

Setting each coefficients in (8E) to zero gives the following equations to solve

a2a3 = 0
aba3 = 0

−4a2a3 = 0
2a2b2 = 0

−4b2a3 = 0
−8aba3 = 0

−2a2a2 + 4a2b3 = 0
−a2a2 + 2a2b3 = 0
−2b2a2 + 4b2b3 = 0
−2b2a3 + 2b2b1 = 0

2b2b2 − 2ba3 = 0
−4aba2 + 8abb3 = 0

4abb2 − 2aa3 = 0
aba1 − 2b2a2 + 2b2b3 = 0
a2a1 − 3aba2 + 4abb3 = 0

−4aba3 + 4abb1 + 2b2b2 = 0
−2a2a3 + 2a2b1 + 4abb2 = 0
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Solving the above equations for the unknowns gives

a1 =
2bb3
a

a2 = 2b3
a3 = 0
b1 = 0
b2 = 0
b3 = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = 2ax+ 2b
a

η = y

Shifting is now applied to make ξ = 0 in order to simplify the rest of the computation

η = η − ω(x, y) ξ

= y −
(
y +

√
ax+ b√

ax+ b y

)(
2ax+ 2b

a

)
= a y2 − 2ax− 2b− 2

√
ax+ b y

ay

ξ = 0

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x
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S is found from

S =
∫ 1

η
dy

=
∫ 1

a y2−2ax−2b−2
√
ax+b y

ay

dy

Which results in

S =
ln
(
−a y2 + 2ax+ 2b+ 2

√
ax+ b y

)
2 +

√
ax+ b arctanh

(
−2ay+2

√
ax+b

2
√
2a2x+2ab+ax+b

)
√
2a2x+ 2ab+ ax+ b

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)

Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = y +
√
ax+ b√

ax+ b y

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx =
4a
(((

− y2
2 +x

)
a+y2+b

)√
ax+b

2 +
((

−y2

4 + x
)
a+ b

)
y

)
√
ax+ b

(
−a y2 + 2ax+ 2b+ 2

√
ax+ b y

)2
Sy = −

2
(((

−y2

2 + x
)
a+ b

)√
ax+ b+ (ax+ b) y

)
ay

√
ax+ b

(
−a y2 + 2ax+ 2b+ 2

√
ax+ b y

)2
Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= 0 (2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= 0
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The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) = c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

√
ax+ b arctanh

(
−ay+

√
ax+b√

(2a+1)(ax+b)

)
√

(2a+ 1) (ax+ b)
+

ln
(
2y

√
ax+ b+ (−y2 + 2x) a+ 2b

)
2 = c1

Which simplifies to
√
ax+ b arctanh

(
−ay+

√
ax+b√

(2a+1)(ax+b)

)
√

(2a+ 1) (ax+ b)
+

ln
(
2y

√
ax+ b+ (−y2 + 2x) a+ 2b

)
2 = c1

Summary
The solution(s) found are the following

(1)

√
ax+ b arctanh

(
−ay+

√
ax+b√

(2a+1)(ax+b)

)
√

(2a+ 1) (ax+ b)
+

ln
(
2y

√
ax+ b+ (−y2 + 2x) a+ 2b

)
2 = c1

Verification of solutions
√
ax+ b arctanh

(
−ay+

√
ax+b√

(2a+1)(ax+b)

)
√

(2a+ 1) (ax+ b)
+

ln
(
2y

√
ax+ b+ (−y2 + 2x) a+ 2b

)
2 = c1

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
differential order: 1; found: 1 linear symmetries. Trying reduction of order
1st order, trying the canonical coordinates of the invariance group

-> Calling odsolve with the ODE`, diff(y(x), x) = y(x)*a/(2*a*x+2*b), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

<- 1st order, canonical coordinates successful`� �
3 Solution by Maple
Time used: 0.203 (sec). Leaf size: 153� �
dsolve(y(x)*diff(y(x),x)=(a*x+b)^(-1/2)*y(x)+1,y(x), singsol=all)� �

2 arctanh
(

−
√
ax+b y(x)a+ax+b√
(1+2a)(ax+b)2

)
ax√

(1 + 2a) (ax+ b)2

+ ln
((

ay(x)2 − 2ax− 2b
)√

ax+ b− 2(ax+ b) y(x)
)

+
2 arctanh

(
−
√
ax+b y(x)a+ax+b√
(1+2a)(ax+b)2

)
b√

(1 + 2a) (ax+ b)2
− ln (ax+ b)

2 − c1 = 0
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3 Solution by Mathematica
Time used: 0.256 (sec). Leaf size: 90� �
DSolve[y[x]*y'[x]==(a*x+b)^(-1/2)*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �

Solve

−
2 arctan

 ay(x)√
ax+b

−1
√
−2a−1


√
−2a−1 + log

(
−ay(x)2

ax+b
+ 2y(x)√

ax+b
+ 2
)

a
= log(ax+ b)

a
+ c1, y(x)
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23.5 problem 5
Internal problem ID [10730]
Internal file name [OUTPUT/9677_Monday_June_06_2022_03_21_38_PM_47417038/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 5.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − 3y√
a x

3
2 + 8x

= 1

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 293� �
dsolve(y(x)*diff(y(x),x)=3*(a*x^(3/2)+8*x)^(-1/2)*y(x)+1,y(x), singsol=all)� �
(
−

a
√
x
(
−2a x

3
2+

√
x ay(x)2−8

√
x
(
8+

√
x a
)
y(x)−16x

)
(√

x ay(x)−4
√

x
(
8+

√
x a
))2

) 1
4√

2
√
x a+ 16 a

√
x y(x) + 4

√
−
√

2
√
x a+16

√
x
(
8+

√
x a
)

√
x ay(x)−4

√
x
(
8+

√
x a
) (√x ay(x)− 4

√
x
(
8 +

√
x a
))∫ −

√
2
√
x a+16

√
x
(
8+

√
x a
)

√
x ay(x)−4

√
x
(
8+

√
x a
) (_a2−1

) 1
4

√_a d_a+ c1
4


√

−
√

2
√
x a+16

√
x
(
8+

√
x a
)

√
x ay(x)−4

√
x
(
8+

√
x a
) (√x ay (x)− 4

√
x
(
8 +

√
x a
))

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==3*(a*x^(3/2)+8*x)^(-1/2)*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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23.6 problem 6
Internal problem ID [10731]
Internal file name [OUTPUT/9678_Monday_June_06_2022_03_21_43_PM_99671830/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 6.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ −
(

a

x
2
3
− 2

3a x 1
3

)
y = 1

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 187� �
dsolve(y(x)*diff(y(x),x)=(a*x^(-2/3)-2/3*a^(-1)*x^(-1/3))*y(x)+1,y(x), singsol=all)� �
−
√

x
2
3+ay(x)

a4
BesselI

1, 2
√

x
2
3 +ay(x)

a4
3

 c1a
2 + BesselK

1,−2

√
x
2
3 +ay(x)

a4
3

√x
2
3+ay(x)

a4
a2 + x

1
3 BesselI

0, 2
√

x
2
3 +ay(x)

a4
3

 c1 − x
1
3 BesselK

0,−2

√
x
2
3 +ay(x)

a4
3


−BesselI

1, 2
√

x
2
3 +ay(x)

a4
3

√x
2
3+ay(x)

a4
a2 + x

1
3 BesselI

0, 2
√

x
2
3 +ay(x)

a4
3


= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*x^(-2/3)-2/3*a^(-1)*x^(-1/3))*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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23.7 problem 7
Internal problem ID [10732]
Internal file name [OUTPUT/9679_Monday_June_06_2022_03_21_45_PM_42964674/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 7.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − eλxya = 1

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 83� �
dsolve(y(x)*diff(y(x),x)=a*exp(lambda*x)*y(x)+1,y(x), singsol=all)� �

c1 + a erf
((

λy(x)− exλa
)√

2
2
√
−λ

)
√
2
√
π − 2

√
−λ e

y(x)2λ2−2y(x)exλaλ+a2e2xλ−2xλ2
2λ = 0

3 Solution by Mathematica
Time used: 1.687 (sec). Leaf size: 83� �
DSolve[y[x]*y'[x]==a*Exp[\[Lambda]*x]*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �

Solve

−aeλx√
λ

= 2e
(
aeλx−λy(x)

)2
2λ

√
2πerfi

(
λy(x)−aeλx√

2
√
λ

)
+ 2c1

, y(x)
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23.8 problem 8
Internal problem ID [10733]
Internal file name [OUTPUT/9680_Monday_June_06_2022_03_21_47_PM_71577788/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 8.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ −
(
a eλx + b e−λx

)
y = 1

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries

-> Calling odsolve with the ODE`, diff(y(x), x) = (x*exp(lambda*y(x))*lambda+(exp(lambda*y(x)))^2*a-b)/(exp(lambda*y(x))*lambda),
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 5
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(f__1(x), x), f__1(x)` *** Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(f__1(x), x)-lambda^2*x/b, f__1(x)` *** Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> Calling odsolve with the ODE`, diff(f__1(x), x)+(f__1(x)+2*a)/x, f__1(x)` *** Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(f__1(y), y) = 0, f__1(y)` *** Sublevel 3 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(f__1(y), y) = f__1(y)*lambda*(exp(lambda*y)*a+exp(-lambda*y)*b)/(exp(lambda*y)*a-exp
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(f__2(x), x)+f__2(x)/x, f__2(x)` *** Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(f__2(x), x)+lambda*K[1], f__2(x)` *** Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(f__2(x), x)-lambda*K[1], f__2(x)` *** Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(f__2(x), x)-lambda^2*K[1]*x, f__2(x)` *** Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> Calling odsolve with the ODE`, diff(f__2(x), x)+lambda^2*K[1]*x, f__2(x)` *** Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> Calling odsolve with the ODE`, diff(f__2(x), x) = 0, f__2(x)` *** Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(f__2(x), x) = -f__2(x)/x, f__2(x)` *** Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(f__1(y), y), f__1(y)` *** Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(f__1(y), y)-lambda*(f__1(y)*exp(lambda*y)*a+f__1(y)*exp(-lambda*y)*b+K[1])/(exp(lamb
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(f__1(y), y)-f__1(y)*lambda*(exp(lambda*y)*a+exp(-lambda*y)*b)/(exp(lambda*y)*a-exp(-
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*lambda*(b*exp(-lambda*x)-exp(lambda*x)*a)/(exp(lambda*x)*a+b*exp(-lambda*x))
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = y(x)*lambda*(b*exp(-lambda*x)-exp(lambda*x)*a)/(exp(lambda*x)*a+b*exp(-lambda*x

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-lambda*K[1], y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+lambda*K[1], y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/3)*lambda*K[1]/(b*x*a), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/3)*lambda*K[1]/(b*x*a), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(a*exp(lambda*x)+b*exp(-lambda*x))*y(x)+1,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*Exp[\[Lambda]*x]+b*Exp[-\[Lambda]*x])*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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23.9 problem 9
Internal problem ID [10734]
Internal file name [OUTPUT/9681_Monday_June_06_2022_03_21_49_PM_97771181/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 9.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − ay cosh (x) = 1

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries

-> Calling odsolve with the ODE`, diff(y(x), x) = a*sinh(y(x))+x, y(x), implicit` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 5
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+sinh(x)*y(x)/cosh(x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = -sinh(x)*y(x)/cosh(x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=a*y(x)*cosh(x)+1,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==a*y[x]*Cosh[x]+1,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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23.10 problem 10
Internal problem ID [10735]
Internal file name [OUTPUT/9682_Monday_June_06_2022_03_21_52_PM_3984291/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 10.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − ay sinh (x) = 1

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries

-> Calling odsolve with the ODE`, diff(y(x), x) = a*cosh(y(x))+x, y(x), implicit` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 5
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*cosh(x)/sinh(x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = -y(x)*cosh(x)/sinh(x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1833



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=a*y(x)*sinh(x)+1,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==a*y[x]*Sinh[x]+1,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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23.11 problem 11
Internal problem ID [10736]
Internal file name [OUTPUT/9683_Monday_June_06_2022_03_21_55_PM_71241704/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 11.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − a cos (λx) y = 1

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries

-> Calling odsolve with the ODE`, diff(y(x), x) = (lambda*x+a*sin(lambda*y(x)))/lambda, y(x), implicit` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 5
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(f__1(y), y) = cos(lambda*y)*f__1(y)*lambda/sin(lambda*y), f__1(y)` *** Su
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(f__2(x), x), f__2(x)` *** Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(f__1(y), y)-lambda*(cos(lambda*y)*f__1(y)*a+K[1])/(a*sin(lambda*y)), f__1(y)`
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(f__1(y), y)-cos(lambda*y)*f__1(y)*lambda/sin(lambda*y), f__1(y)` *** Subl
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*lambda*sin(lambda*x)/cos(lambda*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = y(x)*lambda*sin(lambda*x)/cos(lambda*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=a*cos(lambda*x)*y(x)+1,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==a*Cos[\[Lambda]*x]*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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23.12 problem 12
Internal problem ID [10737]
Internal file name [OUTPUT/9684_Monday_June_06_2022_03_21_58_PM_79559776/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 12.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − sin (λx) ya = 1

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries

-> Calling odsolve with the ODE`, diff(y(x), x) = -(a*cos(lambda*y(x))-lambda*x)/lambda, y(x), implicit` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 5
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(f__1(y), y) = -f__1(y)*lambda*sin(lambda*y)/cos(lambda*y), f__1(y)` *** S
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(f__1(y), y)+lambda*(sin(lambda*y)*f__1(y)*a+K[1])/(a*cos(lambda*y)), f__1(y)`
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(f__1(y), y)+f__1(y)*lambda*sin(lambda*y)/cos(lambda*y), f__1(y)` *** Subl
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*lambda*cos(lambda*x)/sin(lambda*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = -y(x)*lambda*cos(lambda*x)/sin(lambda*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=a*sin(lambda*x)*y(x)+1,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==a*Sin[\[Lambda]*x]*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24 Chapter 1, section 1.3. Abel Equations of the
Second Kind. subsection 1.3.3-2. Equations of
the form yy′ = f1(x)y + f0(x)

24.1 problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1844
24.2 problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1846
24.3 problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1855
24.4 problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1857
24.5 problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1860
24.6 problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1862
24.7 problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1864
24.8 problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1866
24.9 problem 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1868
24.10problem 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1870
24.11problem 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1873
24.12problem 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1874
24.13problem 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1875
24.14problem 14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1876
24.15problem 15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1879
24.16problem 16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1881
24.17problem 17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1883
24.18problem 18 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1885
24.19problem 19 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1888
24.20problem 20 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1890
24.21problem 21 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1893
24.22problem 22 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1894
24.23problem 23 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1895
24.24problem 24 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1898
24.25problem 25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1901
24.26problem 26 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1902
24.27problem 27 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1905
24.28problem 28 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1908
24.29problem 29 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1910
24.30problem 30 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1913
24.31problem 31 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1916
24.32problem 32 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1918
24.33problem 33 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1921
24.34problem 34 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1924
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24.35problem 35 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1927
24.36problem 36 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1930
24.37problem 37 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1932
24.38problem 38 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1935
24.39problem 39 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1938
24.40problem 40 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1940
24.41problem 41 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1943
24.42problem 42 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1946
24.43problem 43 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1949
24.44problem 44 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1951
24.45problem 45 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1954
24.46problem 46 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1957
24.47problem 47 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1960
24.48problem 48 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1963
24.49problem 49 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1966
24.50problem 50 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1969
24.51problem 51 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1972
24.52problem 52 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1974
24.53problem 53 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1976
24.54problem 54 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1978
24.55problem 55 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1981
24.56problem 56 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1982
24.57problem 57 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1984
24.58problem 58 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1987
24.59problem 59 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1990
24.60problem 60 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1992
24.61problem 61 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1995
24.62problem 62 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1998
24.63problem 63 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2001
24.64problem 64 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2004
24.65problem 65 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2007
24.66problem 66 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2010
24.67problem 67 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2013
24.68problem 68 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2015
24.69problem 69 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2018
24.70problem 70 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2020
24.71problem 71 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2022
24.72problem 72 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2025
24.73problem 73 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2027
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24.74problem 74 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2029
24.75problem 75 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2031
24.76problem 76 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2034
24.77problem 77 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2037
24.78problem 78 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2039
24.79problem 79 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2042
24.80problem 80 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2045
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24.1 problem 1
Internal problem ID [10738]
Internal file name [OUTPUT/9685_Monday_June_06_2022_03_22_01_PM_52889186/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 1.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − (ax+ 3b) y = −ab x2 + c x3 − 2b2x

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 224� �
dsolve(y(x)*diff(y(x),x)=(a*x+3*b)*y(x)+c*x^3-a*b*x^2-2*b^2*x,y(x), singsol=all)� �
x
(

−2y(x)2+x(ax+4b)y(x)−ab x3+c x4−2b2x2

(bx−y(x))2

) 1
4 e−

a arctanh
(

−abx+2c x2+ay(x)
(−bx+y(x))

√
a2+8c

)
2
√

a2+8c y(x) +
√

x2

−bx+y(x) (bx− y(x))


∫ x2

−bx+y(x)
(_a2c+a_a−2

) 1
4 e

−
a arctanh

(
2c_a+a√

a2+8c

)
2
√

a2+8c
√_a d_a

 b+ c1


√

x2

−bx+y(x) (bx− y (x))
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*x+3*b)*y[x]+c*x^3-a*b*x^2-2*b^2*x,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.2 problem 2
24.2.1 Solving as first order ode lie symmetry calculated ode . . . . . . 1846

Internal problem ID [10739]
Internal file name [OUTPUT/9686_Monday_June_06_2022_03_22_02_PM_81500461/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 2.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "first_order_ode_lie_symme-
try_calculated"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

yy′ − (3ax+ b) y = −x3a2 − ab x2 + cx

24.2.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = −x3a2 − ab x2 + 3axy + by + cx

y

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 3 to use as anstaz gives

(1E)ξ = x3a7 + x2ya8 + x y2a9 + y3a10 + x2a4 + xya5 + y2a6 + xa2 + ya3 + a1

(2E)η = x3b7 + x2yb8 + x y2b9 + y3b10 + x2b4 + xyb5 + y2b6 + xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, a4, a5, a6, a7, a8, a9, a10, b1, b2, b3, b4, b5, b6, b7, b8, b9, b10}

Substituting equations (1E,2E) and ω into (A) gives

(5E)3x2b7 + 2xyb8 + y2b9 + 2xb4 + yb5 + b2

+(−x3a2 − ab x2 + 3axy + by + cx) (−3x2a7 + x2b8 − 2xya8 + 2xyb9 − y2a9 + 3y2b10 − 2xa4 + xb5 − ya5 + 2yb6 − a2 + b3)
y

− (−x3a2 − ab x2 + 3axy + by + cx)2 (x2a8 + 2xya9 + 3y2a10 + xa5 + 2ya6 + a3)
y2

− (−3a2x2 − 2abx+ 3ay + c) (x3a7 + x2ya8 + x y2a9 + y3a10 + x2a4 + xya5 + y2a6 + xa2 + ya3 + a1)
y

−
(
3ax+ b

y
− −x3a2 − ab x2 + 3axy + by + cx

y2

)(
x3b7 + x2yb8

+ x y2b9 + y3b10 + x2b4 + xyb5 + y2b6 + xb2 + yb3 + b1
)
= 0

Putting the above in normal form gives

Expression too large to display

Setting the numerator to zero gives

(6E)Expression too large to display

Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y}

The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2}

The above PDE (6E) now becomes

(7E)Expression too large to display

Collecting the above on the terms vi introduced, and these are

{v1, v2}
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Equation (7E) now becomes

(8E)Expression too large to display
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Setting each coefficients in (8E) to zero gives the following equations to solve

cb1 = 0
−3aa10 = 0

−24a2a10 = 0
18a3a10 = 0
−a4a8 = 0
−2a4a9 = 0
−3a4a10 = 0

−ca1 = 0
−a4a5 − 2a3ba8 = 0

−6a3ba10 + 12a3a9 = 0
−2a4a6 − 4a3ba9 + 6a3a8 = 0
−16aba10 − 6aa9 + 9ab10 = 0

24a2ba10 − 14a2a9 − 4a2b10 = 0
−abb1 − c2a3 + cb2 = 0

2aba1 − 2bca3 − 2ca2 + 2cb3 = 0
−a4a3 − 2a3ba5 − a2b2a8 + 2a2ca8 − a2b7 = 0

2abca3 − a2b1 − abb2 − c2a5 + cb4 = 0
−b2a3 − 3aa1 − ba2 + bb3 − ca3 + b2 = 0

−2b2a6 − 3aa3 − ba5 + 2bb6 − ca6 + b5 = 0
−2a3ba3 − a2b2a5 + 2a2ca5 + 2abca8 − a2b4 − abb7 = 0

−3a2b2a10 + 12a3a6 + 16a2ba9 + 6a2ca10 − 4a2a8 − 3a2b9 = 0
−3b2a10 − 3aa6 − ba9 + 3bb10 − ca10 + b9 = 0

−a2b2a3 + 2a2ca3 + 2abca5 − a2b2 − abb4 − c2a8 + cb7 = 0
−4a3ba6 − 2a2b2a9 + 6a3a5 + 8a2ba8 + 4a2ca9 + 6a2a7 − 2a2b8 = 0
6a b2a10 − 15a2a6 − 9aba9 − 4abb10 − 18aca10 − 9aa8 + 6ab9 = 0

2a b2a3 + 3a2a1 + 3aba2 − 2abb3 − 6aca3 − 2bca5 − 2c2a6 − 3ca4 + 2cb5 = 0
−4aba3 − b2a5 − 4bca6 − 6aa2 + 3ab3 − 2ba4 + bb5 − 2ca5 + 3cb6 + 2b4 = 0

16a2ba6 + 4a b2a9 + 6abca10 − 5a2a5 − 3a2b6 − 2aba8 − 3abb9 − 12aca9 − 12aa7 + 3ab8 = 0
−10aba6 − 2b2a9 − 6bca10 − 6aa5 + 6ab6 − 2ba8 + 2bb9 − 2ca9 + 4cb10 + 2b8 = 0

−2a2b2a6 + 6a3a3 + 8a2ba5 + 4a2ca6 + 2a b2a8 + 4abca9 + 5a2a4 − 2a2b5 + 5aba7 − 2abb8 − 6aca8 = 0
8a2ba3 + 2a b2a5 + 4abca6 + 4a2a2 − 2a2b3 + 4aba4 − 2abb5 − 6aca5 − 2bca8 − 2c2a9 − 4ca7 + 2cb8 = 0

4a b2a6 − 6a2a3 − 3aba5 − 3abb6 − 12aca6 − b2a8 − 4bca9 − 3c2a10 − 9aa4 + 3ab5 − 3ba7 + bb8 − 3ca8 + 3cb9 + 3b7 = 0
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Solving the above equations for the unknowns gives

a1 = 0

a2 =
cb6
a

a3 = a3

a4 = −bb6

a5 = 0
a6 = 0
a7 = −ab6

a8 = 0
a9 = 0
a10 = 0
b1 = 0
b2 = ca3

b3 =
aba3 + cb6

a
b4 = −aba3

b5 = 3aa3 − 2bb6
b6 = b6

b7 = −a2a3

b8 = −3ab6
b9 = 0
b10 = 0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = −x(a2x2 + abx− c)
a

η = −y(3a2x2 + 2abx− ay − c)
a
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Shifting is now applied to make ξ = 0 in order to simplify the rest of the computation

η = η − ω(x, y) ξ

= −y(3a2x2 + 2abx− ay − c)
a

−
(
−x3a2 − ab x2 + 3axy + by + cx

y

)(
−x(a2x2 + abx− c)

a

)
= −a4x6 − 2a3b x5 + 3a3x4y − a2b2x4 + 4a2b x3y + 2a2c x4 − 3a2x2y2 + a b2x2y + 2abc x3 − 2abx y2 − 3ac x2y + a y3 − bcxy − c2x2 + c y2

ay

ξ = 0

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x

S is found from

S =
∫ 1

η
dy

=
∫ 1

−a4x6−2a3b x5+3a3x4y−a2b2x4+4a2b x3y+2a2c x4−3a2x2y2+a b2x2y+2abc x3−2abx y2−3ac x2y+a y3−bcxy−c2x2+c y2

ay

dy

Which results in

S = a

− ln (−a2x2 − abx+ ay + c)
c

+
ln
(
a2x4+ab x3−2a x2y−bxy−c x2+y2

)
2 −

bx arctanh
(

−2a x2−bx+2y√
b2x2+4c x2

)
√
b2x2+4c x2

c


Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)
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Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = −x3a2 − ab x2 + 3axy + by + cx

y

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = − a(x3a2 + ab x2 + (−3ay − c)x− by)
(a2x4 + ab x3 + (−2ay − c)x2 − bxy + y2) (a2x2 + abx− ay − c)

Sy = − ay

(a2x4 + ab x3 + (−2ay − c)x2 − bxy + y2) (a2x2 + abx− ay − c)

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= 0 (2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= 0

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) = c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

a
(
2b arctanh

(
2a x2+bx−2y
x
√
b2+4c

)
− 2 ln (−a2x2 + (−bx+ y) a+ c)

√
b2 + 4c+ ln (a2x4 + ab x3 + (−2ay − c)x2 − bxy + y2)

√
b2 + 4c

)
2
√
b2 + 4c c

= c1

Which simplifies to

a
(
2b arctanh

(
2a x2+bx−2y
x
√
b2+4c

)
− 2 ln (−a2x2 + (−bx+ y) a+ c)

√
b2 + 4c+ ln (a2x4 + ab x3 + (−2ay − c)x2 − bxy + y2)

√
b2 + 4c

)
2
√
b2 + 4c c

= c1
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Summary
The solution(s) found are the following

(1)
a
(
2b arctanh

(
2a x2+bx−2y
x
√
b2+4c

)
− 2 ln (−a2x2 + (−bx+ y) a+ c)

√
b2 + 4c+ ln (a2x4 + ab x3 + (−2ay − c)x2 − bxy + y2)

√
b2 + 4c

)
2
√
b2 + 4c c

= c1

Verification of solutions

a
(
2b arctanh

(
2a x2+bx−2y
x
√
b2+4c

)
− 2 ln (−a2x2 + (−bx+ y) a+ c)

√
b2 + 4c+ ln (a2x4 + ab x3 + (−2ay − c)x2 − bxy + y2)

√
b2 + 4c

)
2
√
b2 + 4c c

= c1

Verified OK.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 826� �
dsolve(y(x)*diff(y(x),x)=(3*a*x+b)*y(x)-a^2*x^3-a*b*x^2+c*x,y(x), singsol=all)� �
y(x)

= 9x(b2 + 3c) (a2x2 + abx− c)

−b e
RootOf

2a b8 arctanh

 b2
(
9b2+27c+2 e_Z

)
9
√

b2
(
b2+4c

)(
b2+3c

)2
+20a b6c arctanh

 b2
(
9b2+27c+2 e_Z

)
9
√

b2
(
b2+4c

)(
b2+3c

)2
+66a b4c2 arctanh

 b2
(
9b2+27c+2 e_Z

)
9
√

b2
(
b2+4c

)(
b2+3c

)2
+72a b2c3 arctanh

 b2
(
9b2+27c+2 e_Z

)
9
√

b2
(
b2+4c

)(
b2+3c

)2
+

√
b2(b2+4c)(b2+3c)2 ln

(
−

(
2b2+9c

)(
a2x2+abx−c

)
x2
(
81b4c−9b4e_Z+486b2c2−27b2c e_Z−b2e2_Z+729c3

)
)
a b4+2

√
b2(b2+4c)(b2+3c)2 _Za b4−2

√
b2(b2+4c)(b2+3c)2

√
a2(b2+4c) b3 arctanh

 a(2ax+b)√
a2
(
b2+4c

)
+7

√
b2(b2+4c)(b2+3c)2 ln

(
−

(
2b2+9c

)(
a2x2+abx−c

)
x2
(
81b4c−9b4e_Z+486b2c2−27b2c e_Z−b2e2_Z+729c3

)
)
a b2c+6

√
b2(b2+4c)(b2+3c)2 c1a b2c+14

√
b2(b2+4c)(b2+3c)2 _Za b2c−6

√
b2(b2+4c)(b2+3c)2

√
a2(b2+4c) bc arctanh

 a(2ax+b)√
a2
(
b2+4c

)
+12

√
b2(b2+4c)(b2+3c)2 ln

(
−

(
2b2+9c

)(
a2x2+abx−c

)
x2
(
81b4c−9b4e_Z+486b2c2−27b2c e_Z−b2e2_Z+729c3

)
)
a c2+24

√
b2(b2+4c)(b2+3c)2 c1a c2+24

√
b2(b2+4c)(b2+3c)2 _Za c2


+ 9ax (b2 + 3c)
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3 Solution by Mathematica
Time used: 6.592 (sec). Leaf size: 194� �
DSolve[y[x]*y'[x]==(3*a*x+b)*y[x]-a^2*x^3-a*b*x^2+c*x,y[x],x,IncludeSingularSolutions -> True]� �

Solve

2ab
(
RootSum

[
#14a2 +#13ab− 2#12ay(x)−#12c−#1by(x) + y(x)2&, −2#13

a2 log(x−#1)−#12
ab log(x−#1)+2#1ay(x) log(x−#1)+by(x) log(x−#1)+#1c log(x−#1)
−4#13

a2−3#12
ab+4#1ay(x)+2#1c+by(x)

&
]
− log (a(−ax2 − bx+ y(x)) + c)

)
c(3a+ b+ c− 1) = c1, y(x)
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24.3 problem 3
Internal problem ID [10740]
Internal file name [OUTPUT/9687_Monday_June_06_2022_03_22_05_PM_72048347/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 3.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

2yy′ − (7ax+ 5b) y = −3x3a2 − 3b2x− 2c x2

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 4589� �
dsolve(2*y(x)*diff(y(x),x)=(7*a*x+5*b)*y(x)-3*a^2*x^3-2*c*x^2-3*b^2*x,y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[2*y[x]*y'[x]==(7*a*x+5*b)*y[x]-3*a^2*x^3-2*c*x^2-3*b^2*x,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.4 problem 4
Internal problem ID [10741]
Internal file name [OUTPUT/9688_Monday_June_06_2022_03_22_13_PM_18411353/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 4.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − ((3−m)x− 1) y = −(m− 1) ax

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=((3-m)*x-1)*y(x)+(m-1)*(x^2-x^2-a*x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==((3-m)*x-1)*y[x]+(m-1)*(x^2-x^2-a*x),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.5 problem 5
Internal problem ID [10742]
Internal file name [OUTPUT/9689_Monday_June_06_2022_03_22_16_PM_26947723/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 5.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ + x
(
a x2 + b

)
y = −x

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 179� �
dsolve(y(x)*diff(y(x),x)+x*(a*x^2+b)*y(x)+x=0,y(x), singsol=all)� �
2AiryBi

(
1, 4ay(x)+

(
a x2+b

)2
4a

2
3

)
a

1
3 c1 + c1(a x2 + b)AiryBi

(
4ay(x)+

(
a x2+b

)2
4a

2
3

)
− 2AiryAi

(
1, 4ay(x)+

(
a x2+b

)2
4a

2
3

)
a

1
3 − (a x2 + b)AiryAi

(
4ay(x)+

(
a x2+b

)2
4a

2
3

)
2AiryBi

(
1, 4ay(x)+(a x2+b)2

4a
2
3

)
a

1
3 +AiryBi

(
4ay(x)+(a x2+b)2

4a
2
3

)
(a x2 + b)

= 0

3 Solution by Mathematica
Time used: 0.492 (sec). Leaf size: 143� �
DSolve[y[x]*y'[x]+x*(a*x^2+b)*y[x]+x==0,y[x],x,IncludeSingularSolutions -> True]� �

Solve

(ax2 + b)AiryAi
( (

ax2+b
)2+4ay(x)

4a2/3

)
+ 2 3

√
aAiryAiPrime

( (
ax2+b

)2+4ay(x)
4a2/3

)
(ax2 + b)AiryBi

(
(ax2+b)2+4ay(x)

4a2/3

)
+ 2 3

√
aAiryBiPrime

(
(ax2+b)2+4ay(x)

4a2/3

)
+ c1 = 0, y(x)
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24.6 problem 6
Internal problem ID [10743]
Internal file name [OUTPUT/9690_Monday_June_06_2022_03_22_17_PM_23437655/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 6.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + a

(
1− 1

x

)
y = a2

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 27� �
dsolve(y(x)*diff(y(x),x)+a*(1-x^(-1))*y(x)=a^2,y(x), singsol=all)� �

y(x) = a
(
−x+RootOf

(
−e_Z − expIntegral1 (−_Z)x+ c1x

))
3 Solution by Mathematica
Time used: 0.208 (sec). Leaf size: 30� �
DSolve[y[x]*y'[x]+a*(1-x^(-1))*y[x]==a^2,y[x],x,IncludeSingularSolutions -> True]� �

Solve
[
ExpIntegralEi

(
x+ y(x)

a

)
+ c1 =

e
y(x)
a

+x

x
, y(x)

]
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24.7 problem 7
Internal problem ID [10744]
Internal file name [OUTPUT/9691_Monday_June_06_2022_03_22_18_PM_56791468/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 7.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − a

(
1− b

x

)
y = a2b

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 29� �
dsolve(y(x)*diff(y(x),x)-a*(1-b*x^(-1))*y(x)=a^2*b,y(x), singsol=all)� �

y(x) = a
(
−RootOf

(
−e_Zb− expIntegral1 (−_Z)x+ c1x

)
b+ x

)
3 Solution by Mathematica
Time used: 0.293 (sec). Leaf size: 45� �
DSolve[y[x]*y'[x]-a*(1-b*x^(-1))*y[x]==a^2*b,y[x],x,IncludeSingularSolutions -> True]� �

Solve
[
ExpIntegralEi

(
ax− y(x)

ab

)
+ c1 =

be
ax−y(x)

ab

x
, y(x)

]
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24.8 problem 8
Internal problem ID [10745]
Internal file name [OUTPUT/9692_Monday_June_06_2022_03_22_19_PM_7903388/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 8.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − xn−1((2n+ 1)x+ an) y = −nx2n(x+ a)

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 153� �
dsolve(y(x)*diff(y(x),x)=x^(n-1)*((1+2*n)*x+a*n)*y(x)-n*x^(2*n)*(x+a),y(x), singsol=all)� �
y(x) =

−

2

−

√
−n2 x tan

RootOf
(
−2an e_Z+_a−nx e_Z+_a−tan

(_a√−n2
2

)
_Z√−n2 x+2c1x e_a

)√
−n2

2


2 + n

(
a+ x

2

)
xn

tan
(

RootOf
(
−2an e_Z+_a−nx e_Z+_a−tan

(_a√−n2
2

)
_Z√

−n2 x+2c1x e_a
)√

−n2

2

)
√
−n2 − n

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==x^(n-1)*((1+2*n)*x+a*n)*y[x]-n*x^(2*n)*(x+a),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.9 problem 9
Internal problem ID [10746]
Internal file name [OUTPUT/9693_Monday_June_06_2022_03_22_23_PM_14690200/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 9.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − a(−nb+ x)xn−1y = c
(
x2 − (2n+ 1) bx+ n(1 + n) b2

)
x−1+2n

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1972� �
dsolve(y(x)*diff(y(x),x)=a*(x-n*b)*x^(n-1)*y(x)+c*(x^2-(2*n+1)*b*x+n*(n+1)*b^2)*x^(2*n-1),y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 0.744 (sec). Leaf size: 200� �
DSolve[y[x]*y'[x]==a*(x-n*b)*x^(n-1)*y[x]+c*(x^2-(2*n+1)*b*x+n*(n+1)*b^2)*x^(2*n-1),y[x],x,IncludeSingularSolutions -> True]� �

Solve



a2

−
2aarctanh

a2− 2ac(n+1)y(x)
−bcxn−bcnxn+cxn+1

a
√

a2+4c(n+1)


√

a2+4c(n+1) − log
(
a2
(

ay(x)
−bcxn−bcnxn+cxn+1 + 1

)
− a2c(n+1)y(x)2

(−bcxn−bcnxn+cxn+1)2

)
2c(n+ 1) = a2(log(x− b(n+ 1)) + n log(x))

c(n+ 1)

+ c1, y(x)
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24.10 problem 10
Internal problem ID [10747]
Internal file name [OUTPUT/9694_Monday_June_06_2022_03_22_25_PM_92796696/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 10.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ −
(
a(2n+ k)xk + b

)
xn−1y =

(
−a2nx2k − ab xk + c

)
x−1+2n

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(x^k*k^2*a+3*x^k*k*a*n+2*x^k*a*n^2-a*x^k*k-2*a*n*x^k+b*n-b)/(x*(a*x^k*k+2*a*
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(2*a^2*n*x^(2*k)*k+2*x^(2*k)*a^2*n^2+x^k*a*b*k+2*x^k*a*b*n-a^2*n*x^(2*k)-a*b
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(a*(2*n+k)*x^k+b)*x^(n-1)*y(x)+(-a^2*n*x^(2*k)-a*b*x^k+c)*x^(2*n-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*(2*n+k)*x^k+b)*x^(n-1)*y[x]+(-a^2*n*x^(2*k)-a*b*x^k+c)*x^(2*n-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.11 problem 11
Internal problem ID [10748]
Internal file name [OUTPUT/9695_Monday_June_06_2022_03_22_44_PM_84902151/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 11.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ −
(
a(2n+ k)x2k + b(2m− k)

)
xm−k−1y = −a2mx4k + c x2k + b2m

x

Unable to determine ODE type.

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(a*(2*n+k)*x^(2*k)+b*(2*m-k))*x^(m-k-1)*y(x)-(a^2*m*x^(4*k)+c*x^(2*k)+b^2*m)*x^(2*m-2*m-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*(2*n+k)*x^(2*k)+b*(2*m-k))*x^(m-k-1)*y[x]-(a^2*m*x^(4*k)+c*x^(2*k)+b^2*m)*x^(2*m-2*m-1),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.12 problem 12
Internal problem ID [10749]
Internal file name [OUTPUT/9696_Monday_June_06_2022_03_24_54_PM_95434992/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 12.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − ((m+ 2L− 3)x+ n− 2L+ 3) y
x

=
(
(m− L− 1)x2 + (n−m− 2L+ 3)x− n+ L− 2

)
x1−2L

Unable to determine ODE type.

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=((m+2*L-3)*x+n-2*L+3)*1/x*y(x)+((m-L-1)*x^2+(n-m-2*L+3)*x-n+L-2)*x^(1-2*L),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==((m+2*L-3)*x+n-2*L+3)*1/x*y[x]+((m-L-1)*x^2+(n-m-2*L+3)*x-n+L-2)*x^(1-2*L),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.13 problem 13
Internal problem ID [10750]
Internal file name [OUTPUT/9697_Monday_June_06_2022_03_26_59_PM_64549683/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 13.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ −
(
a(2n+ 1)x2 + cx+ b(−1 + 2n)

)
xn−2y = −

(
n a2x4 + ac x3 + n b2 + bcx+ d x2)x2n−3

Unable to determine ODE type.

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(a*(2*n+1)*x^2+c*x+b*(2*n-1))*x^(n-2)*y(x)-(n*a^2*x^4+a*c*x^3+d*x^2+b*c*x+n*b^2)*x^(2*n-3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*(2*n+1)*x^2+c*x+b*(2*n-1))*x^(n-2)*y[x]-(n*a^2*x^4+a*c*x^3+d*x^2+b*c*x+n*b^2)*x^(2*n-3),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.14 problem 14
Internal problem ID [10751]
Internal file name [OUTPUT/9698_Monday_June_06_2022_03_28_49_PM_67334612/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 14.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − (a(n− 1)x+ b(2λ+ n))xλ−1(ax+ b)−λ−2 y = −(anx+ b(λ+ n))x2λ−1(ax+ b)−2λ−3

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(3*a^2*n*x^2-2*a*b*lambda*n*x+4*a*b*lambda*x+4*a*b*n*x-2*b^2*lambda^2-2*b^2*
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(2*a^2*n*x^2-a*b*lambda*n*x-2*a^2*x^2+7*a*b*lambda*x+3*a*b*n*x-2*b^2*lambda^
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(a*(n-1)*x+b*(2*lambda+n))*x^(lambda-1)*(a*x+b)^(-lambda-2)*y(x)-(a*n*x+b*(lambda+n))*x^(2*lambda-1)*(a*x+b)^(-2*lambda-3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*(n-1)*x+b*(2*\[Lambda]+n))*x^(\[Lambda]-1)*(a*x+b)^(-\[Lambda]-2)*y[x]-(a*n*x+b*(\[Lambda]+n))*x^(2*\[Lambda]-1)*(a*x+b)^(-2*\[Lambda]-3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.15 problem 15
Internal problem ID [10752]
Internal file name [OUTPUT/9699_Monday_June_06_2022_03_29_10_PM_72950326/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 15.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − a((m− 1)x+ 1) y
x

= a2(mx+ 1) (x− 1)
x

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 279� �
dsolve(y(x)*diff(y(x),x)-a*((m-1)*x+1)*1/x*y(x)=a^2*1/x*(m*x+1)*(x-1),y(x), singsol=all)� �
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) 1
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(
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2
)

27

)
m (2m3 + 3m2 − 3m− 2) ax

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*((m-1)*x+1)*1/x*y[x]==a^2*1/x*(m*x+1)*(x-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.16 problem 16
Internal problem ID [10753]
Internal file name [OUTPUT/9700_Monday_June_06_2022_03_29_14_PM_62636486/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 16.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − a

(
1− b√

x

)
y = a2b√

x

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 269� �
dsolve(y(x)*diff(y(x),x)-a*(1-b*x^(-1/2))*y(x)=a^2*b*x^(-1/2),y(x), singsol=all)� �
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3 Solution by Mathematica
Time used: 1.905 (sec). Leaf size: 323� �
DSolve[y[x]*y'[x]-a*(1-b*x^(-1/2))*y[x]==a^2*b*x^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �
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24.17 problem 17
Internal problem ID [10754]
Internal file name [OUTPUT/9701_Monday_June_06_2022_03_29_16_PM_5596839/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 17.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − 3y
(ax+ b)

1
3 x

5
3

= 3
(ax+ b)

2
3 x

7
3

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 143� �
dsolve(y(x)*diff(y(x),x)=3*(a*x+b)^(-1/3)*x^(-5/3)*y(x)+3*(a*x+b)^(-2/3)*x^(-7/3),y(x), singsol=all)� �
y(x) =
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√
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) 2
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2
3 x

7
3dx

)
− 6_Z

)))

3 Solution by Mathematica
Time used: 1.769 (sec). Leaf size: 312� �
DSolve[y[x]*y'[x]==3*(a*x+b)^(-1/3)*x^(-5/3)*y[x]+3*(a*x+b)^(-2/3)*x^(-7/3),y[x],x,IncludeSingularSolutions -> True]� �
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24.18 problem 18
Internal problem ID [10755]
Internal file name [OUTPUT/9702_Monday_June_06_2022_03_29_21_PM_54352336/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 18.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

3yy′ − (−7λs(3s+ 4λ)x+ 6s− 2λ) y
x

1
3

= 6λsx− 6
x

2
3

+ 2(λs(3s+ 4λ)x+ 5λ) (−λs(3s+ 4λ)x+ 3s+ 4λ)x 1
3

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+(2/3)*y(x)*(28*lambda^2*s*x+21*lambda*s^2*x-lambda+3*s)/(x*(28*lambda^2*s*x+21*la
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/3)*y(x)*(112*lambda^4*s^2*x^3+168*lambda^3*s^3*x^3+63*lambda^2*s^4*x^3+16*lamb
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(1/9)*(-x^2*lambda+3*s*x^2+9*y(x))/x, y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/3)*(28*lambda*s*x^2+21*s^2*x^2+30*lambda*y(x)+27*y(x)*s)/((10*lambda+9*s)*x),
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(3*y(x)*diff(y(x),x)=(-7*lambda*s*(3*s+4*lambda)*x+6*s-2*lambda)*x^(-1/3)*y(x)+6*(lambda*s*x-1)*x^(-2/3)+2*(lambda*s*(3*s+4*lambda)*x+5*lambda)*(-lambda*s*(3*s+4*lambda)*x+3*s+4*lambda)*x^(1/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[3*y[x]*y'[x]==(-7*\[Lambda]*s*(3*s+4*\[Lambda])*x+6*s-2*\[Lambda])*x^(-1/3)*y[x]+6*(\[Lambda]*s*x-1)*x^(-2/3)+2*(\[Lambda]*s*(3*s+4*\[Lambda])*x+5*\[Lambda])*(-\[Lambda]*s*(3*s+4*\[Lambda])*x+3*s+4*\[Lambda])*x^(1/3),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.19 problem 19
Internal problem ID [10756]
Internal file name [OUTPUT/9703_Monday_June_06_2022_03_29_28_PM_56850454/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 19.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + a(6x− 1) y
2x = −a2(x− 1) (4x− 1)

2x

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
<- Abel successful`� �
3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 364� �
dsolve(y(x)*diff(y(x),x)+1/2*a*(6*x-1)*1/x*y(x)=-1/2*a^2*(x-1)*(4*x-1)*1/x,y(x), singsol=all)� �
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/2*a*(6*x-1)*1/x*y[x]==-1/2*a^2*(x-1)*(4*x-1)*1/x,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.20 problem 20
Internal problem ID [10757]
Internal file name [OUTPUT/9704_Monday_June_06_2022_03_29_35_PM_3440477/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 20.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ −
a
(
1 + 2b

x2

)
y

2 =
a2
(
3x+ 4b

x

)
16

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/2*a*(1+2*b*x^(-2))*y(x)=1/16*a^2*(3*x+4*b/x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/2*a*(1+2*b*x^(-2))*y[x]==1/16*a^2*(3*x+4*b/x),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.21 problem 21
Internal problem ID [10758]
Internal file name [OUTPUT/9705_Monday_June_06_2022_03_29_39_PM_44919740/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 21.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + a(13x− 20) y
14x 9

7
= −3a2(x− 1) (x− 8)

14x 11
17

Unable to determine ODE type.

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/14*a*(13*x-20)*x^(-9/7)*y(x)=-3/14*a^2*(x-1)*(x-8)*x^(-11/17),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/14*a*(13*x-20)*x^(-9/7)*y[x]==-3/14*a^2*(x-1)*(x-8)*x^(-11/17),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.22 problem 22
Internal problem ID [10759]
Internal file name [OUTPUT/9706_Monday_June_06_2022_03_31_43_PM_93423319/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 22.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + 5a(23x− 16) y
56x 9

7
= −3a2(x− 1) (25x− 32)

56x 11
17

Unable to determine ODE type.

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+5/56*a*(23*x-16)*x^(-9/7)*y(x)=-3/56*a^2*(x-1)*(25*x-32)*x^(-11/17),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+5/56*a*(23*x-16)*x^(-9/7)*y[x]==-3/56*a^2*(x-1)*(25*x-32)*x^(-11/17),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.23 problem 23
Internal problem ID [10760]
Internal file name [OUTPUT/9707_Monday_June_06_2022_03_33_51_PM_26459903/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 23.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + a(19x+ 85) y
26x 18

13
= −3a2(x− 1) (x+ 25)

26x 23
13

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(5/13)*y(x)*(19*x+306)/(x*(19*x+85)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/13)*y(x)*(3*x^2-240*x+575)/((x-1)*x*(x+25)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1896



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/26*a*(19*x+85)*x^(-18/13)*y(x)=-3/26*a^2*(x-1)*(x+25)*x^(-23/13),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/26*a*(19*x+85)*x^(-18/13)*y[x]==-3/26*a^2*(x-1)*(x+25)*x^(-23/13),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

1897



24.24 problem 24
Internal problem ID [10761]
Internal file name [OUTPUT/9708_Monday_June_06_2022_03_33_56_PM_57206178/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 24.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + a(13x− 18) y
15x 7

5
= −4a2(x− 1) (x− 6)

15x 9
5

Unable to determine ODE type.

1898



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(2/5)*y(x)*(13*x-63)/(x*(13*x-18)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/5)*y(x)*(x^2+28*x-54)/((x-1)*x*(x-6)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1899



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/15*a*(13*x-18)*x^(-7/5)*y(x)=-4/15*a^2*(x-1)*(x-6)*x^(-9/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/15*a*(13*x-18)*x^(-7/5)*y[x]==-4/15*a^2*(x-1)*(x-6)*x^(-9/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

1900



24.25 problem 25
Internal problem ID [10762]
Internal file name [OUTPUT/9709_Monday_June_06_2022_03_34_00_PM_79407301/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 25.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + a(5x+ 1) y
2
√
x

= a2
(
−x2 + 1

)
Unable to determine ODE type.

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/2*a*(5*x+1)*x^(-1/2)*y(x)=a^2*(1-x^2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/2*a*(5*x+1)*x^(-1/2)*y[x]==a^2*(1-x^2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1901



24.26 problem 26
Internal problem ID [10763]
Internal file name [OUTPUT/9710_Monday_June_06_2022_04_47_16_PM_49734204/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 26.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ + 3a(19x− 14)x 7
5y

35 = −4a2(x− 1) (9x− 14)x 9
5

35

Unable to determine ODE type.

1902



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+(2/5)*y(x)*(114*x-49)/(x*(19*x-14)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/5)*y(x)*(171*x^2-322*x+126)/(x*(9*x-14)*(x^(1/5)-1)*(x^(4/5)+x^(3/5)+x^(2/5)+x
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(72/35)*a/x, y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1903



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+3/35*a*(19*x-14)*x^(7/5)*y(x)=-4/35*a^2*(x-1)*(9*x-14)*x^(9/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+3/35*a*(19*x-14)*x^(7/5)*y[x]==-4/35*a^2*(x-1)*(9*x-14)*x^(9/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

1904



24.27 problem 27
Internal problem ID [10764]
Internal file name [OUTPUT/9711_Monday_June_06_2022_04_47_19_PM_1175050/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 27.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + 3a(3x+ 7) y
10x 13

10
= −a2(x− 1) (x+ 9)

5x 8
5

Unable to determine ODE type.

1905



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/10)*y(x)*(9*x+91)/(x*(3*x+7)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(2/5)*y(x)*(x-6)^2/(x*(x^(1/10)-1)*(x^(1/10)+1)*(x^(2/5)+x^(3/10)+x^(1/5)+x^(1/10
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1906



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+3/10*a*(3*x+7)*x^(-13/10)*y(x)=-1/5*a^2*(x-1)*(x+9)*x^(-8/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+3/10*a*(3*x+7)*x^(-13/10)*y[x]==-1/5*a^2*(x-1)*(x+9)*x^(-8/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

1907



24.28 problem 28
Internal problem ID [10765]
Internal file name [OUTPUT/9712_Monday_June_06_2022_04_47_22_PM_62025219/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 28.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + a(7x− 12) y
10x 7

5
= −a2(x− 1) (x− 16)

10x 9
5

Unable to determine ODE type.

1908



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 758� �
dsolve(y(x)*diff(y(x),x)+1/10*a*(7*x-12)*x^(-7/5)*y(x)=-1/10*a^2*(x-1)*(x-16)*x^(-9/5),y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/10*a*(7*x-12)*x^(-7/5)*y[x]==-1/10*a^2*(x-1)*(x-16)*x^(-9/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

1909



24.29 problem 29
Internal problem ID [10766]
Internal file name [OUTPUT/9713_Monday_June_06_2022_04_47_24_PM_53594480/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 29.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + 3a(13x− 8) y
20x 7

5
= −a2(x− 1) (27x− 32)

20x 9
5

Unable to determine ODE type.

1910



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(2/5)*y(x)*(13*x-28)/(x*(13*x-8)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/5)*y(x)*(27*x^2+236*x-288)/((x-1)*x*(27*x-32)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1911



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+3/20*a*(13*x-8)*x^(-7/5)*y(x)=-1/20*a^2*(x-1)*(27*x-32)*x^(-9/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+3/20*a*(13*x-8)*x^(-7/5)*y[x]==-1/20*a^2*(x-1)*(27*x-32)*x^(-9/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

1912



24.30 problem 30
Internal problem ID [10767]
Internal file name [OUTPUT/9714_Monday_June_06_2022_04_47_27_PM_70978277/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 30.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + 3a(3x+ 11) y
14x 10

7
= −a2(x− 1) (x− 27)

14x 13
7

Unable to determine ODE type.

1913



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/7)*y(x)*(9*x+110)/(x*(3*x+11)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/7)*y(x)*(x^2+168*x-351)/((x-1)*x*(x-27)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1914



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+3/14*a*(3*x+11)*x^(-10/7)*y(x)=-1/14*a^2*(x-1)*(x-27)*x^(-13/7),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+3/14*a*(3*x+11)*x^(-10/7)*y[x]==-1/14*a^2*(x-1)*(x-27)*x^(-13/7),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

1915



24.31 problem 31
Internal problem ID [10768]
Internal file name [OUTPUT/9715_Monday_June_06_2022_04_47_30_PM_61373009/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 31.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − a(1 + x) y
2x 7

4
= a2(x− 1) (3x+ 5)

4x 5
2

Unable to determine ODE type.

1916



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 187� �
dsolve(y(x)*diff(y(x),x)-1/2*a*(x+1)*x^(-7/4)*y(x)=1/4*a^2*(x-1)*(3*x+5)*x^(-5/2),y(x), singsol=all)� �
36
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)

143
(
x
3
4 y(x)+ax

)
_a√11_a−90 (13_a+90)

5
6

(143_a+180)
4
3
(
20449_a3−1190700_a−1458000

)d_a+ c1
1458000


(

a

x
3
4
(
y(x)+x

1
4 a
)
) 4

3

x

(
a

x
3
4
(
y(x)+x

1
4 a
)
) 4

3

x

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/2*a*(x+1)*x^(-7/4)*y[x]==1/4*a^2*(x-1)*(3*x+5)*x^(-5/2),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.32 problem 32
Internal problem ID [10769]
Internal file name [OUTPUT/9716_Monday_June_06_2022_04_47_32_PM_87061287/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 32.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − a(1 + x) y
2x 7

4
= a2(x− 1) (x+ 5)

4x 5
2

Unable to determine ODE type.

1918



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/2)*y(x)*(x^2+12*x-25)/(x*(x+5)*(x^(1/4)-1)*(x^(1/4)+1)*(x^(1/2)+1)), y(x)`
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �1919



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/2*a*(x+1)*x^(-7/4)*y(x)=1/4*a^2*(x-1)*(x+5)*x^(-5/2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/2*a*(x+1)*x^(-7/4)*y[x]==1/4*a^2*(x-1)*(x+5)*x^(-5/2),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.33 problem 33
Internal problem ID [10770]
Internal file name [OUTPUT/9717_Monday_June_06_2022_04_47_35_PM_8570371/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 33.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − a(4x+ 3) y
14x 8

7
= −a2(x− 1) (16x+ 5)

14x 9
7

Unable to determine ODE type.

1921



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(4/7)*y(x)*(x+6)/(x*(4*x+3)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/7)*y(x)*(80*x^2+22*x+45)/((x-1)*x*(16*x+5)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/14*a*(4*x+3)*x^(-8/7)*y(x)=-1/14*a^2*(x-1)*(16*x+5)*x^(-9/7),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/14*a*(4*x+3)*x^(-8/7)*y[x]==-1/14*a^2*(x-1)*(16*x+5)*x^(-9/7),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

1923



24.34 problem 34
Internal problem ID [10771]
Internal file name [OUTPUT/9718_Monday_June_06_2022_04_47_38_PM_68775627/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 34.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + a(13x− 3) y
6x 2

3
= −a2(x− 1) (5x− 1)

6x 1
3

Unable to determine ODE type.

1924



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/3)*y(x)*(13*x+6)/(x*(13*x-3)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/3)*y(x)*(25*x^2-12*x-1)/(x*(x^(1/3)-1)*(x^(2/3)+x^(1/3)+1)*(-1+5*x)), y(x)`
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(8/13)*a/x, y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/9)*a/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1925



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/6*a*(13*x-3)*x^(-2/3)*y(x)=-1/6*a^2*(x-1)*(5*x-1)*x^(-1/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/6*a*(13*x-3)*x^(-2/3)*y[x]==-1/6*a^2*(x-1)*(5*x-1)*x^(-1/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.35 problem 35
Internal problem ID [10772]
Internal file name [OUTPUT/9719_Monday_June_06_2022_04_47_41_PM_49926942/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 35.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − a(8x− 1) y
28x 8

7
= a2(x− 1) (32x+ 3)

28x 9
7

Unable to determine ODE type.

1927



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(8/7)*y(x)*(x^(1/7)-1)*(x^(6/7)+x^(5/7)+x^(4/7)+x^(3/7)+x^(2/7)+x^(1/7)+1)/(x*(8*
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/7)*y(x)*(160*x^2+58*x+27)/((x-1)*x*(32*x+3)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1928



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/28*a*(8*x-1)*x^(-8/7)*y(x)=1/28*a^2*(x-1)*(32*x+3)*x^(-9/7),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/28*a*(8*x-1)*x^(-8/7)*y[x]==1/28*a^2*(x-1)*(32*x+3)*x^(-9/7),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.36 problem 36
Internal problem ID [10773]
Internal file name [OUTPUT/9720_Monday_June_06_2022_04_47_44_PM_87836436/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 36.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − a(5x− 4) y
x4 = a2(x− 1) (3x− 1)

x7

Unable to determine ODE type.

1930



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 167� �
dsolve(y(x)*diff(y(x),x)-a*(5*x-4)*x^(-4)*y(x)=a^2*(x-1)*(3*x-1)*x^(-7),y(x), singsol=all)� �

c1 −
9 2 2

3

√
x3y(x)+ax−a
(y(x)x2+a)x

(
x− 3

4

)
5 1

6

5x
(
− a

(y(x)x2+a)x

) 1
3
(

3x3y(x)+3ax−a
(y(x)x2+a)x

) 1
6

− 729

∫
9x3y(x)

5 +9ax
5 − 27a

20(
y(x)x2+a

)
x _a

√
20_a− 9

(5_a− 9)
1
3 (9 + 4_a)

1
6 (400_a3 − 1701_a+ 729)

d_a


= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*(5*x-4)*x^(-4)*y[x]==a^2*(x-1)*(3*x-1)*x^(-7),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.37 problem 37
Internal problem ID [10774]
Internal file name [OUTPUT/9721_Monday_June_06_2022_04_47_46_PM_92742251/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 37.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − 2a(3x− 10) y
5x4 = a2(x− 1) (8x− 5)

5x7

Unable to determine ODE type.

1932



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1933



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-2/5*a*(3*x-10)*x^(-4)*y(x)=1/5*a^2*(x-1)*(8*x-5)*x^(-7),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-2/5*a*(3*x-10)*x^(-4)*y[x]==1/5*a^2*(x-1)*(8*x-5)*x^(-7),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.38 problem 38
Internal problem ID [10775]
Internal file name [OUTPUT/9722_Monday_June_06_2022_04_47_48_PM_48890699/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 38.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + a(39x− 4) y
42x 9

7
= −a2(x− 1) (9x− 1)

42x 11
7

Unable to determine ODE type.

1935



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(6/7)*y(x)*(13*x-6)/(x*(39*x-4)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/7)*y(x)*(27*x^2+40*x-11)/((x-1)*x*(9*x-1)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1936



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/42*a*(39*x-4)*x^(-9/7)*y(x)=-1/42*a^2*(x-1)*(9*x-1)*x^(-11/7),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/42*a*(39*x-4)*x^(-9/7)*y[x]==-1/42*a^2*(x-1)*(9*x-1)*x^(-11/7),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.39 problem 39
Internal problem ID [10776]
Internal file name [OUTPUT/9723_Monday_June_06_2022_04_47_51_PM_99545307/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 39.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + a(x− 2) y
x

= 2a2(x− 1)
x

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 116� �
dsolve(y(x)*diff(y(x),x)+a*(x-2)*x^(-1)*y(x)=2*a^2*(x-1)*x^(-1),y(x), singsol=all)� �√

(1−x)a−y(x)
ax+y(x) e

ax+y(x)
2a y(x) + x

(∫ a
ax+y(x)

√_a−1 e
1

2_a
√_a d_a+ c1

)√
a

ax+y(x) (ax+ y(x))√
a

ax+y(x) x (ax+ y (x))
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+a*(x-2)*x^(-1)*y[x]==2*a^2*(x-1)*x^(-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1939



24.40 problem 40
Internal problem ID [10777]
Internal file name [OUTPUT/9724_Monday_June_06_2022_04_47_52_PM_55668297/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 40.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + a(3x− 2) y
x

= −2a2(x− 1)2

x

Unable to determine ODE type.

1940



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1941



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+a*(3*x-2)*x^(-1)*y(x)=-2*a^2*(x-1)^2*x^(-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+a*(3*x-2)*x^(-1)*y[x]==-2*a^2*(x-1)^2*x^(-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1942



24.41 problem 41
Internal problem ID [10778]
Internal file name [OUTPUT/9725_Monday_June_06_2022_04_47_55_PM_34886484/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 41.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ +
a
(
1− b

x2

)
y

x
= a2b

x

Unable to determine ODE type.

1943



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1944



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+a*(1-b*x^(-2))*x^(-1)*y(x)=a^2*b*x^(-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+a*(1-b*x^(-2))*x^(-1)*y[x]==a^2*b*x^(-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1945



24.42 problem 42
Internal problem ID [10779]
Internal file name [OUTPUT/9726_Monday_June_06_2022_04_47_57_PM_92274431/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 42.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − a(3x− 4) y
4x 5

2
= a2(x− 1) (x+ 2)

4x4

Unable to determine ODE type.

1946



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/2)*y(x)*(9*x-20)/(x*(3*x-4)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(2*x^2+3*x-8)/(x*(x+2)*(x^(1/2)-1)*(x^(1/2)+1)), y(x)` *** Sublevel 2 *
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1947



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/4*a*(3*x-4)*x^(-5/2)*y(x)=1/4*a^2*(x-1)*(x+2)*x^(-4),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/4*a*(3*x-4)*x^(-5/2)*y[x]==1/4*a^2*(x-1)*(x+2)*x^(-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1948



24.43 problem 43
Internal problem ID [10780]
Internal file name [OUTPUT/9727_Monday_June_06_2022_04_48_00_PM_3906511/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 43.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + a(33x+ 2) y
30x 6

5
= −a2(x− 1) (9x− 4)

30x 7
5

Unable to determine ODE type.

1949



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 4330� �
dsolve(y(x)*diff(y(x),x)+1/30*a*(33*x+2)*x^(-6/5)*y(x)=-1/30*a^2*(x-1)*(9*x-4)*x^(-7/5),y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/30*a*(33*x+2)*x^(-6/5)*y[x]==-1/30*a^2*(x-1)*(9*x-4)*x^(-7/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

1950



24.44 problem 44
Internal problem ID [10781]
Internal file name [OUTPUT/9728_Monday_June_06_2022_04_48_03_PM_71952739/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 44.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − a(x− 8) y
8x 5

2
= −a2(x− 1) (3x− 4)

8x4

Unable to determine ODE type.

1951



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/2)*y(x)*(3*x-40)/(x*(x-8)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(6*x^2-21*x+16)/(x*(3*x-4)*(x^(1/2)-1)*(x^(1/2)+1)), y(x)` *** Sublevel
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1952



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/8*a*(x-8)*x^(-5/2)*y(x)=-1/8*a^2*(x-1)*(3*x-4)*x^(-4),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/8*a*(x-8)*x^(-5/2)*y[x]==-1/8*a^2*(x-1)*(3*x-4)*x^(-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1953



24.45 problem 45
Internal problem ID [10782]
Internal file name [OUTPUT/9729_Monday_June_06_2022_04_48_06_PM_22405435/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 45.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + a(17x+ 18) y
30x 22

15
= −a2(x− 1) (x+ 4)

30x 29
15

Unable to determine ODE type.

1954



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/15)*y(x)*(119*x+396)/(x*(17*x+18)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/15)*y(x)*(x^2-42*x+116)/((x-1)*x*(x+4)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1955



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/30*a*(17*x+18)*x^(-22/15)*y(x)=-1/30*a^2*(x-1)*(x+4)*x^(-29/15),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/30*a*(17*x+18)*x^(-22/15)*y[x]==-1/30*a^2*(x-1)*(x+4)*x^(-29/15),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

1956



24.46 problem 46
Internal problem ID [10783]
Internal file name [OUTPUT/9730_Monday_June_06_2022_04_48_09_PM_74919152/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 46.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − a(6x− 13) y
13x 5

2
= −a2(x− 1) (x− 13)

26x4

Unable to determine ODE type.

1957



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/2)*y(x)*(18*x-65)/(x*(6*x-13)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-2*y(x)*(x^2-21*x+26)/(x*(x^(1/2)-1)*(x^(1/2)+1)*(x-13)), y(x)` *** Sublevel
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1958



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/13*a*(6*x-13)*x^(-5/2)*y(x)=-1/26*a^2*(x-1)*(x-13)*x^(-4),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/13*a*(6*x-13)*x^(-5/2)*y[x]==-1/26*a^2*(x-1)*(x-13)*x^(-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1959



24.47 problem 47
Internal problem ID [10784]
Internal file name [OUTPUT/9731_Monday_June_06_2022_04_48_13_PM_60336236/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 47.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + a(24x+ 11)x 27
20y

30 = −a2(x− 1) (9x+ 1)
60x 17

10

Unable to determine ODE type.

1960



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+(3/20)*y(x)*(376*x+99)/(x*(24*x+11)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/10)*y(x)*(27*x^2+56*x+17)/(x*(9*x+1)*(x-1)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1961



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/30*a*(24*x+11)*x^(27/20)*y(x)=-1/60*a^2*(x-1)*(9*x+1)*x^(-17/10),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/30*a*(24*x+11)*x^(27/20)*y[x]==-1/60*a^2*(x-1)*(9*x+1)*x^(-17/10),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

1962



24.48 problem 48
Internal problem ID [10785]
Internal file name [OUTPUT/9732_Monday_June_06_2022_04_48_19_PM_49754049/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 48.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − 2a(3x+ 2) y
5x 8

5
= a2(x− 1) (8x+ 1)

5x 11
5

Unable to determine ODE type.

1963



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/5)*y(x)*(9*x+16)/(x*(3*x+2)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/5)*y(x)*(4*x+1)*(2*x-11)/((x-1)*x*(8*x+1)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1964



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-2/5*a*(3*x+2)*x^(-8/5)*y(x)=1/5*a^2*(x-1)*(8*x+1)*x^(-11/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-2/5*a*(3*x+2)*x^(-8/5)*y[x]==1/5*a^2*(x-1)*(8*x+1)*x^(-11/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

1965



24.49 problem 49
Internal problem ID [10786]
Internal file name [OUTPUT/9733_Monday_June_06_2022_04_48_22_PM_38261084/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 49.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − 6a(4x+ 1) y
5x 7

5
= a2(x− 1) (27x+ 8)

5x 9
5

Unable to determine ODE type.

1966



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/5)*y(x)*(8*x+7)/(x*(4*x+1)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/5)*y(x)*(27*x^2+76*x+72)/((x-1)*x*(27*x+8)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1967



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-6/5*a*(4*x+1)*x^(-7/5)*y(x)=1/5*a^2*(x-1)*(27*x+8)*x^(-9/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-6/5*a*(4*x+1)*x^(-7/5)*y[x]==1/5*a^2*(x-1)*(27*x+8)*x^(-9/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

1968



24.50 problem 50
Internal problem ID [10787]
Internal file name [OUTPUT/9734_Monday_June_06_2022_04_48_25_PM_64664074/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 50.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − a(x+ 4) y
5x 8

5
= a2(x− 1) (3x+ 7)

5x 3
5

Unable to determine ODE type.

1969



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/5)*y(x)*(3*x+32)/(x*(x+4)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/5)*y(x)*(21*x^2+8*x+21)/(x*(3*x+7)*(x-1)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+7*y(x)*a/(x*(7*a-x)), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1970



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/5*a*(x+4)*x^(-8/5)*y(x)=1/5*a^2*(x-1)*(3*x+7)*x^(-3/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/5*a*(x+4)*x^(-8/5)*y[x]==1/5*a^2*(x-1)*(3*x+7)*x^(-3/5),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1971



24.51 problem 51
Internal problem ID [10788]
Internal file name [OUTPUT/9735_Monday_June_06_2022_04_48_29_PM_62088419/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 51.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − a(x+ 4) y
5x 8

5
= a2(x− 1) (3x+ 7)

5x 11
5

Unable to determine ODE type.

1972



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
<- Abel successful`� �
3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 190� �
dsolve(y(x)*diff(y(x),x)-1/5*a*(x+4)*x^(-8/5)*y(x)=1/5*a^2*(x-1)*(3*x+7)*x^(-11/5),y(x), singsol=all)� �
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/5*a*(x+4)*x^(-8/5)*y[x]==1/5*a^2*(x-1)*(3*x+7)*x^(-11/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

1973



24.52 problem 52
Internal problem ID [10789]
Internal file name [OUTPUT/9736_Monday_June_06_2022_04_48_31_PM_33126839/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 52.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − a(2x− 1) y
x

5
2

= a2(x− 1) (3x+ 1)
2x4

Unable to determine ODE type.

1974



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 189� �
dsolve(y(x)*diff(y(x),x)-a*(2*x-1)*x^(-5/2)*y(x)=1/2*a^2*(x-1)*(3*x+1)*x^(-4),y(x), singsol=all)� �
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*(2*x-1)*x^(-5/2)*y[x]==1/2*a^2*(x-1)*(3*x+1)*x^(-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1975



24.53 problem 53
Internal problem ID [10790]
Internal file name [OUTPUT/9737_Monday_June_06_2022_04_48_34_PM_47478066/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 53.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + a(x− 6) y
5x 7

5
= 2a2(x− 1) (x+ 4)

5x 9
5

Unable to determine ODE type.

1976



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 156� �
dsolve(y(x)*diff(y(x),x)+1/5*a*(x-6)*x^(-7/5)*y(x)=2/5*a^2*(x-1)*(x+4)*x^(-9/5),y(x), singsol=all)� �
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/5*a*(x-6)*x^(-7/5)*y[x]==2/5*a^2*(x-1)*(x+4)*x^(-9/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

1977



24.54 problem 54
Internal problem ID [10791]
Internal file name [OUTPUT/9738_Monday_June_06_2022_04_48_36_PM_24600607/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 54.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ + a(21x+ 19) y
5x 7

5
= −2a2(x− 1) (9x− 4)

5x 9
5

Unable to determine ODE type.

1978



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-(7/5)*y(x)*(6*x+19)/(x*(21*x+19)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/5)*y(x)*(9*x^2+52*x-36)/((x-1)*x*(9*x-4)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1979



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/5*a*(21*x+19)*x^(-7/5)*y(x)=-2/5*a^2*(x-1)*(9*x-4)*x^(-9/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/5*a*(21*x+19)*x^(-7/5)*y[x]==-2/5*a^2*(x-1)*(9*x-4)*x^(-9/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

1980



24.55 problem 55
Internal problem ID [10792]
Internal file name [OUTPUT/9739_Monday_June_06_2022_04_48_39_PM_54450107/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 55.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − 3ay
x

7
4

= a2(x− 1) (x− 9)
4x 5

2

Unable to determine ODE type.

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-3*a*x^(-7/4)*y(x)=1/4*a^2*(x-1)*(x-9)*x^(-5/2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-3*a*x^(-7/4)*y[x]==1/4*a^2*(x-1)*(x-9)*x^(-5/2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1981



24.56 problem 56
Internal problem ID [10793]
Internal file name [OUTPUT/9740_Monday_June_06_2022_04_51_00_PM_3336046/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 56.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

yy′ − a((1 + k)x− 1) y
x2 = a2(1 + k) (x− 1)

x2

Unable to determine ODE type.

1982



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step
<- Abel successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 143� �
dsolve(y(x)*diff(y(x),x)-a*((k+1)*x-1)*x^(-2)*y(x)=a^2*(k+1)*(x-1)*x^(-2),y(x), singsol=all)� �
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1
1+kd_a− c1

)
(−y(x)x+ a)

−y (x)x+ a
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*((k+1)*x-1)*x^(-2)*y[x]==a^2*(k+1)*(x-1)*x^(-2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1983



24.57 problem 57
Internal problem ID [10794]
Internal file name [OUTPUT/9741_Monday_June_06_2022_09_30_54_PM_9550685/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 57.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − a((k − 2)x+ 2k − 3)x−ky = a2(k − 2) (x− 1)2 x1−2k

Unable to determine ODE type.

1984



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(k^2*x+2*k^2-3*k*x-3*k+2*x)/(x*(k*x+2*k-2*x-3)), y(x)` *** Sublevel 2 *
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-(2*k*x-2*k-3*x+1)*y(x)/(x*(x-1)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = (2*k*x-2*k-3*x+1)*y(x)/(x*(x-1)), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1985



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-a*( (k-2)*x + 2*k - 3)*x^(-k)*y(x)=a^2*(k-2)*(x-1)^2*x^(1-2*k),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*( (k-2)*x + 2*k - 3)*x^(-k)*y[x]==a^2*(k-2)*(x-1)^2*x^(1-2*k),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1986



24.58 problem 58
Internal problem ID [10795]
Internal file name [OUTPUT/9742_Monday_June_06_2022_09_31_03_PM_18647736/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 58.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − a((4k − 7)x− 4k + 5)x−ky

2 = a2(−3 + 2k) (x− 1)2 x1−2k

2

Unable to determine ODE type.

1987



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(4*k^2*x-4*k^2-11*k*x+5*k+7*x)/(x*(4*k*x-4*k-7*x+5)), y(x)` *** Subleve
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �1988



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/2*a*( (4*k-7)*x - 4*k + 5)*x^(-k)*y(x)=1/2*a^2*(2*k-3)*(x-1)^2*x^(1-2*k),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/2*a*( (4*k-7)*x - 4*k + 5)*x^(-k)*y[x]==1/2*a^2*(2*k-3)*(x-1)^2*x^(1-2*k),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1989



24.59 problem 59
Internal problem ID [10796]
Internal file name [OUTPUT/9743_Monday_June_06_2022_09_31_13_PM_94900719/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 59.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − ((−1 + 2n)x− an)x−n−1y = n(x− a)x−2n

Unable to determine ODE type.

1990



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 151� �
dsolve(y(x)*diff(y(x),x)-((2*n-1)*x-a*n)*x^(-n-1)*y(x)=n*(x-a)*x^(-2*n),y(x), singsol=all)� �
y(x)

=

2

−

√
−n2 x tan

RootOf
(
−2an e_Z+_a+nx e_Z+_a−tan

(_a√−n2
2

)
_Z√−n2 x+2c1x e_a

)√
−n2

2


2 +

(
a− x

2

)
n

x−n

tan
(

RootOf
(
−2an e_Z+_a+nx e_Z+_a−tan

(_a√−n2
2

)
_Z√

−n2 x+2c1x e_a
)√

−n2

2

)
√
−n2 + n

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-((2*n-1)*x-a*n)*x^(-n-1)*y[x]==n*(x-a)*x^(-2*n),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1991



24.60 problem 60
Internal problem ID [10797]
Internal file name [OUTPUT/9744_Monday_June_06_2022_09_31_16_PM_78988747/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 60.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − ((1 + n)x− an)xn−1(x− a)−2−n y = nx2n(x− a)−2n−3

Unable to determine ODE type.

1992



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(2*a*n+3*x)/(x*(a-x)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(a^2*n^2-a*n^2*x-a^2*n+2*a*n*x-2*n*x^2-2*x^2)/(x*(a-x)*(a*n-n*x-x)), y(x)`
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = -y(x)*(2*a*n+3*x)/(x*(a-x)), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1993



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-((n+1)*x-a*n)*x^(n-1)*(x-a)^(-n-2)*y(x)=n*x^(2*n)*(x-a)^(-2*n-3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-((n+1)*x-a*n)*x^(n-1)*(x-a)^(-n-2)*y[x]==n*x^(2*n)*(x-a)^(-2*n-3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1994



24.61 problem 61
Internal problem ID [10798]
Internal file name [OUTPUT/9745_Monday_June_06_2022_09_31_26_PM_14092097/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 61.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − a((−3 + 2k)x+ 1)x−ky = a2(k − 2) ((k − 1)x+ 1)x2−2k

Unable to determine ODE type.

1995



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(2*k^2*x-5*k*x+k+3*x)/(x*(2*k*x-3*x+1)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-(-1+k)*(2*k*x-3*x+2)*y(x)/(x*(k*x-x+1)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = (-1+k)*(2*k*x-3*x+2)*y(x)/(x*(k*x-x+1)), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1996



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-a*((2*k-3)*x+1)*x^(-k)*y(x)=a^2*(k-2)*((k-1)*x+1)*x^(2*(1-k)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*((2*k-3)*x+1)*x^(-k)*y[x]==a^2*(k-2)*((k-1)*x+1)*x^(2*(1-k)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

1997



24.62 problem 62
Internal problem ID [10799]
Internal file name [OUTPUT/9746_Monday_June_06_2022_09_31_34_PM_1142874/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 62.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − a((n+ 2k − 3)x+ 3− 2k)x−ky = a2
(
(k + n− 1)x2 − (n+ 2k − 3)x+ k − 2

)
x1−2k

Unable to determine ODE type.

1998



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(2*k^2*x+k*n*x-2*k^2-5*k*x-n*x+3*k+3*x)/(x*(2*k*x+n*x-2*k-3*x+3)), y(x)`
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(2*k^2*x^2+2*k*n*x^2-4*k^2*x-2*k*n*x-5*k*x^2-3*n*x^2+2*k^2+10*k*x+2*n*x+3*x^
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

1999



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-a*((n+2*k-3)*x+3-2*k)*x^(-k)*y(x)=a^2*((n+k-1)*x^2-(n+2*k-3)*x+k-2)*x^(1-2*k),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*((n+2*k-3)*x+3-2*k)*x^(-k)*y[x]==a^2*((n+k-1)*x^2-(n+2*k-3)*x+k-2)*x^(1-2*k),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

2000



24.63 problem 63
Internal problem ID [10800]
Internal file name [OUTPUT/9747_Wednesday_June_08_2022_05_53_12_PM_9550685/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 63.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − a((2 + n)x− 2)x− 2n+1
n y

n
= a2((1 + n)x2 − 2x− n+ 1)x− 2+3n

n

n

Unable to determine ODE type.

2001



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(n^2*x+3*n*x-4*n+2*x-2)/(n*x*(n*x+2*x-2)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(n^2*x^2+3*n*x^2-3*n^2-4*n*x+2*x^2+n-4*x+2)/(x*n*(x-1)*(n*x+n+x-1)), y(x)`
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

2002



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-a/n*((n+2)*x-2)*x^(-(2*n+1)/n)*y(x)=a^2/n*((n+1)*x^2-2*x-n+1)*x^(-(3*n+2)/n),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a/n*((n+2)*x-2)*x^(-(2*n+1)/n)*y[x]==a^2/n*((n+1)*x^2-2*x-n+1)*x^(-(3*n+2)/n),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

2003



24.64 problem 64
Internal problem ID [10801]
Internal file name [OUTPUT/9748_Wednesday_June_08_2022_05_53_20_PM_36010500/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 64.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ −
a
(

(n+4)x
2+n

− 2
)
x− 2n+1

n y

n
= a2(2x2 + (n2 + n− 4)x− (n− 1) (2 + n))x− 2+3n

n

n (2 + n)

Unable to determine ODE type.

2004



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(n^2*x-4*n^2+5*n*x-10*n+4*x-4)/(n*x*(n*x-2*n+4*x-4)), y(x)` *** Subleve
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(2*n^3*x-3*n^3+4*n^2*x+2*n*x^2-5*n^2-6*n*x+4*x^2+4*n-8*x+4)/(x*n*(x-1)*(n^2+
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

2005



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-a/n*((n+4)/(n+2)*x-2)*x^(-(2*n+1)/n)*y(x)=a^2/(n*(n+2))*(2*x^2+(n^2+n-4)*x-(n-1)*(n+2))*x^(-(3*n+2)/n),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a/n*((n+4)/(n+2)*x-2)*x^(-(2*n+1)/n)*y[x]==a^2/(n*(n+2))*(2*x^2+(n^2+n-4)*x-(n-1)*(n+2))*x^(-(3*n+2)/n),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

2006



24.65 problem 65
Internal problem ID [10802]
Internal file name [OUTPUT/9749_Wednesday_June_08_2022_05_53_31_PM_98114476/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 65.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ +
a
(

(3n+5)x
2 + n−1

1+n

)
x−n+4

n+3y

n+ 3 = −
a2
(
(1 + n)x2 −

(
n2+2n+5

)
x

1+n
+ 4

1+n

)
x−n+5

n+3

2n+ 6

Unable to determine ODE type.

2007



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(3*n^2*x+2*n^2+8*n*x+6*n+5*x-8)/(x*(3+n)*(3*n^2*x+8*n*x+2*n+5*x-2)), y(x)`
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(n^3*x^2+3*n^2*x^2+2*n^2*x+3*n*x^2+4*n*x+x^2-4*n+10*x-20)/(x*(x-1)*(3+n)*(n^
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

2008



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+a/(n+3)*((3*n+5)/(2)*x+(n-1)/(n+1))*x^(-(n+4)/(n+3))*y(x)=-a^2/(2*(n+3))*((n+1)*x^2-(n^2+2*n+5)/(n+1)*x+4/(n+1))*x^(-(n+5)/(n+3)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+a/(n+3)*((3*n+5)/(2)*x+(n-1)/(n+1))*x^(-(n+4)/(n+3))*y[x]==-a^2/(2*(n+3))*((n+1)*x^2-(n^2+2*n+5)/(n+1)*x+4/(n+1))*x^(-(n+5)/(n+3)),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

2009



24.66 problem 66
Internal problem ID [10803]
Internal file name [OUTPUT/9750_Wednesday_June_08_2022_05_54_02_PM_41902957/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 66.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − a

(
2 + n

n
+ b xn

)
y = −

a2x
(1+n

n
+ b xn

)
n

Unable to determine ODE type.

2010



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

<- Abel successful`� �
3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 192� �
dsolve(y(x)*diff(y(x),x)-a*((n+2)/n+b*x^n)*y(x)=-a^2/n*x*((n+1)/n+b*x^n),y(x), singsol=all)� �

−n

√
−(n+ 1)2

n2


∫ 2 arctan

 2xn+1abn+(n+1)(ax−y(x)n)√
− (n+1)2

n2 n(ax−y(x)n)


√

− (n+1)2
n2 tan

_a
√

− (n+1)2
n2

2

 e−_ad_a



+ (−2bn xn − n− 1) e
−

2 arctan

 2xn+1abn+(n+1)(ax−y(x)n)√
− (n+1)2

n2 n(ax−y(x)n)


√

− (n+1)2
n2 + c1 = 0

2011



7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*((n+2)/n+b*x^n)*y[x]==-a^2/n*x*((n+1)/n+b*x^n),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

2012



24.67 problem 67
Internal problem ID [10804]
Internal file name [OUTPUT/9751_Wednesday_June_08_2022_05_54_05_PM_43706231/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 67.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − (a ex + b) y = c e2x − ab ex − b2

Unable to determine ODE type.

2013



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 153� �
dsolve(y(x)*diff(y(x),x)=(a*exp(x)+b)*y(x)+c*exp(2*x)-a*b*exp(x)-b^2,y(x), singsol=all)� �

√
c e2x − (b− y (x)) (a ex + b− y (x))

(b− y (x))2
y(x) e−

a arctanh
(

(b−y(x))a−2 exc√
a2+4c (b−y(x))

)
√

a2+4c

− b

∫ ex
−b+y(x)

√
_a2c+ a_a− 1 e−

a arctanh
(

2c_a+a√
a2+4c

)
√

a2+4c

_a d_a

+ c1 = 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*Exp[x]+b)*y[x]+c*Exp[2*x]-a*b*Exp[x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved

2014



24.68 problem 68
Internal problem ID [10805]
Internal file name [OUTPUT/9752_Wednesday_June_08_2022_05_54_07_PM_90009543/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 68.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ −
(
a(2µ+ λ) eλx + b

)
eµxy =

(
−a2µ e2λx − ab eλx + c

)
e2µx

Unable to determine ODE type.

2015



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(a*lambda^2*exp(lambda*x+mu*x)+3*a*mu*lambda*exp(lambda*x+mu*x)+2*a*mu^2*exp
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(2*a^2*mu*exp(2*lambda*x+2*mu*x)*lambda+2*a^2*mu^2*exp(2*lambda*x+2*mu*x)+a*
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(a*lambda^2*exp(x*(lambda+mu))+3*a*mu*lambda*exp(x*(lambda+mu))+2*a*mu^2*exp

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(2*a^2*mu*exp(2*x*(lambda+mu))*lambda+2*a^2*mu^2*exp(2*x*(lambda+mu))+a*b*ex
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

2016



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(a*(2*mu+lambda)*exp(lambda*x)+b)*exp(mu*x)*y(x)+(-a^2*mu*exp(2*lambda*x)-a*b*exp(lambda*x)+c)*exp(2*mu*x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*(2*\[Mu]+\[Lambda])*Exp[\[Lambda]*x]+b)*Exp[\[Mu]*x]*y[x]+(-a^2*\[Mu]*Exp[2*\[Lambda]*x]-a*b*Exp[\[Lambda]*x]+c)*Exp[2*\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved

2017



24.69 problem 69
Internal problem ID [10806]
Internal file name [OUTPUT/9753_Wednesday_June_08_2022_05_54_10_PM_38000994/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 69.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ −
(
a eλx + b

)
y = c

(
a2e2λx + ab(λx+ 1) eλx + b2λx

)
Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �

2018



3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 257� �
dsolve(y(x)*diff(y(x),x)=(a*exp(lambda*x)+b)*y(x)+c*(a^2*exp(2*lambda*x)+a*b*(lambda*x+1)*exp(lambda*x)+b^2*lambda*x),y(x), singsol=all)� �√

(4cλ+ 1) (3cλ+ 1)2
(
cλ
2 + 1

6

)
ln
(

(3cλ+1)2
(
b2c λ2x2+2 exλabcλx+e2xλa2c+bλxy(x)+a exλy(x)−λy(x)2

)
c

(9cλ+2)y(x)2

)
− 3
(
cλ+ 1

3

)2 arctanh( (3cλ+1)
(
2bcλx+2 exλac+y(x)

)√
(4cλ+1)(3cλ+1)2 y(x)

)
+
√
(4cλ+ 1) (3cλ+ 1)2

((
−cλ− 1

3

)
ln
(

(3cλ+1)
(
bλx+exλa

)
c

y(x)

)
+
(
cλ+ 1

3

)
ln
(
bλx+ exλa

)
− c1cλ

)
√

(4cλ+ 1) (3cλ+ 1)2 cλ
= 0

3 Solution by Mathematica
Time used: 0.494 (sec). Leaf size: 134� �
DSolve[y[x]*y'[x]==(a*Exp[\[Lambda]*x]+b)*y[x]+c*(a^2*Exp[2*\[Lambda]*x]+a*b*(\[Lambda]*x+1)*Exp[\[Lambda]*x]+b^2*\[Lambda]*x),y[x],x,IncludeSingularSolutions -> True]� �

Solve

−
2 arctan

 2cλy(x)
aceλx+bcλx

−1
√
−4cλ−1


√
−4cλ−1 + log

(
− cλy(x)2(

aceλx+bcλx
)2 + y(x)

aceλx+bcλx
+ 1
)

2cλ =
log
(
aceλx + bcλx

)
cλ

+ c1, y(x)
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24.70 problem 70
Internal problem ID [10807]
Internal file name [OUTPUT/9754_Wednesday_June_08_2022_05_54_12_PM_60456762/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 70.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − eλx(2aλx+ a+ b) y = −e2λx
(
a2λx2 + abx+ c

)
Unable to determine ODE type.

2020



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 118� �
dsolve(y(x)*diff(y(x),x)=exp(lambda*x)*(2*a*lambda*x+a+b)*y(x)-exp(2*lambda*x)*(a^2*lambda*x^2+a*b*x+c),y(x), singsol=all)� �
y(x)

=

tan

RootOf

2axλ e_Z+_a−
√

− b2−4cλ
a2 tan

_a
√

− b2−4cλ
a2

2

_Za+b e_Z+_a+2c1a e_a
√−b2+4cλ

a2

2

 a
√

−b2+4cλ
a2

+ 2xaλ+ b

 exλ

2λ

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==Exp[\[Lambda]*x]*(2*a*\[Lambda]*x+a+b)*y[x]-Exp[2*\[Lambda]*x]*(a^2*\[Lambda]*x^2+a*b*x+c),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

2021



24.71 problem 71
Internal problem ID [10808]
Internal file name [OUTPUT/9755_Wednesday_June_08_2022_05_54_27_PM_62639740/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 71.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − eax
(
2a x2 + b+ 2x

)
y = e2ax

(
−a x4 − b x2 + c

)
Unable to determine ODE type.

2022



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(2*a^2*x^2+a*b+6*a*x+2)/(2*a*x^2+b+2*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+2*y(x)*(a^2*x^4+a*b*x^2+2*a*x^3-a*c+b*x)/(a*x^4+b*x^2-c), y(x)` *** Sublevel
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = -y(x)*(2*a^2*x^2+a*b+6*a*x+2)/(2*a*x^2+b+2*x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/4)*K[1]/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> Calling odsolve with the ODE`, diff(y(x), x)-c*K[1]*(a*b-2)/(x*b^3), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(3/4)*a*b*K[1]/(x*(3*a*b+1)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/3)*K[1]*(a*c+b^2)/(x*b^2), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> Calling odsolve with the ODE`, diff(y(x), x)-(1/6)*K[1]*(2*a^2*c-a*b^2-2*b)/(x*b*(a*b+2)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �

2023



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=exp(a*x)*(2*a*x^2+2*x+b)*y(x)+exp(2*a*x)*(-a*x^4-b*x^2+c),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==Exp[a*x]*(2*a*x^2+2*x+b)*y[x]+Exp[2*a*x]*(-a*x^4-b*x^2+c),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.72 problem 72
Internal problem ID [10809]
Internal file name [OUTPUT/9756_Thursday_June_09_2022_12_57_29_AM_9550685/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 72.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ + a(2bx+ 1) ebxy = −a2b x2e2bx

Unable to determine ODE type.

Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
<- Abel successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 53� �
dsolve(y(x)*diff(y(x),x)+a*(1+2*b*x)*exp(b*x)*y(x)=-a^2*b*x^2*exp(2*b*x),y(x), singsol=all)� �

y(x) = −
ebxa

(
bxRootOf

(
−e_Zbx− expIntegral1 (−_Z) + c1

)
− 1
)

RootOf (−e_Zbx− expIntegral1 (−_Z) + c1) b

3 Solution by Mathematica
Time used: 0.736 (sec). Leaf size: 59� �
DSolve[y[x]*y'[x]+a*(1+2*b*x)*Exp[b*x]*y[x]==-a^2*b*x^2*Exp[2*b*x],y[x],x,IncludeSingularSolutions -> True]� �

Solve
[
bxe

aebx

abxebx+by(x) = ExpIntegralEi
(

aebx

abebxx+ by(x)

)
+ c1, y(x)

]

2026



24.73 problem 73
Internal problem ID [10810]
Internal file name [OUTPUT/9757_Thursday_June_09_2022_12_57_31_AM_11538751/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 73.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − a(1 + 2n+ 2n(1 + n)x) e(1+n)xy = −a2n(1 + n) (xn+ 1)x e2(1+n)x

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
<- Abel successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 130� �
dsolve(y(x)*diff(y(x),x)-a*(1+2*n+2*n*(n+1)*x)*exp((n+1)*x)*y(x)=-a^2*n*(n+1)*(1+n*x)*x*exp(2*(n+1)*x),y(x), singsol=all)� �
y(x)

=

e(n+1)xa

1 + 2xn2 +

tan


RootOf

2xn2e_Z+_a−tan

_a
√

− (n+1)2
n2

2

_Z
√

− (n+1)2
n2 n+2nx e_Z+_a+n e_Z+_a+2c1n e_a+e_Z+_a


√

− (n+1)2
n2

2


√

− (n+1)2
n2 + 2x+ 1

n


2n+ 2

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*(1+2*n+2*n*(n+1)*x)*Exp[(n+1)*x]*y[x]==-a^2*n*(n+1)*(1+n*x)*x*Exp[2*(n+1)*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.74 problem 74
Internal problem ID [10811]
Internal file name [OUTPUT/9758_Thursday_June_09_2022_12_57_33_AM_22585268/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 74.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ + a
(
1 + 2b

√
x
)
e2b

√
xy = −a2b x

3
2 e4b

√
x

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 307� �
dsolve(y(x)*diff(y(x),x)+a*(1+2*b*x^(1/2))*exp(2*b*x^(1/2))*y(x)=-a^2*b*x^(3/2)*exp(4*b*x^(1/2)),y(x), singsol=all)� �√

a e2b
√
x

b2
(
e2b

√
xax+y(x)

) √x BesselI
(
1,
√

a e2b
√
x

b2
(
e2b

√
xax+y(x)

)) c1b− BesselK
(
1,−

√
a e2b

√
x

b2
(
e2b

√
xax+y(x)

))√ a e2b
√

x

b2
(
e2b

√
xax+y(x)

) b√x− BesselI
(
0,
√

a e2b
√
x

b2
(
e2b

√
xax+y(x)

)) c1 + BesselK
(
0,−

√
a e2b

√
x

b2
(
e2b

√
xax+y(x)

))
BesselI

(
1,
√

a e2b
√
x

b2
(
e2b

√
xax+y(x)

))√ a e2b
√
x

b2
(
e2b

√
xax+y(x)

) b√x− BesselI
(
0,
√

a e2b
√
x

b2
(
e2b

√
xax+y(x)

))
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+a*(1+2*b*x^(1/2))*Exp[2*b*x^(1/2)]*y[x]==-a^2*b*x^(3/2)*exp(4*b*x^(1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.75 problem 75
Internal problem ID [10812]
Internal file name [OUTPUT/9759_Thursday_June_09_2022_12_57_35_AM_77570412/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 75.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − (a cosh (x) + b) y = −ab sinh (x) + c

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries

-> Calling odsolve with the ODE`, diff(y(x), x) = (sinh(y(x))*exp(-x*b)*a*b-exp(-x*b)*c-b)/(b*exp(-x*b)), y(x), implicit` **
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 5
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(f__1(y), y)-cosh(y)*f__1(y)/sinh(y), f__1(y)` *** Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type

-> Calling odsolve with the ODE`, -exp(-y(x)*b)*(a*b*sinh(x)-c)/b+exp(-y(x)*b)/(diff(y(x), x))+1 = 0, y(x), explicit` *** Su
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying an equivalence to an Abel ODE
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 5
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(f__1(x), x), f__1(x)` *** Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(f__1(x), x)-cosh(x)*f__1(x)*a*b/(a*b*sinh(x)-c), f__1(x)` *** Sublevel 3
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+sinh(x)*y(x)*a/(cosh(x)*a+b), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+cosh(x)*y(x)*a*b/(a*b*sinh(x)-c), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = -sinh(x)*y(x)*a/(cosh(x)*a+b), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x) = -cosh(x)*y(x)*a*b/(a*b*sinh(x)-c), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(y(x)*b^3-c*x*K[1])/(b^3*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*c/(x*(b*x+c)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(b*x*K[1]+y(x)*c)/(x*(3*b*x+c)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(b*x*K[1]+2*y(x)*c)/(x*(3*b*x+2*c)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+K[1]*b^2/c^2, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(3*y(x)*c*b-x^2*K[1])/(b*x*(2*b*x+3*c)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(3*y(x)*c*b-x^2*K[1])/(b*x*(b*x+3*c)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(a*cosh(x)+b)*y(x)-a*b*sinh(x)+c,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*Cosh[x]+b)*y[x]-a*b*Sinh[x]+c,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.76 problem 76
Internal problem ID [10813]
Internal file name [OUTPUT/9760_Thursday_June_09_2022_12_57_43_AM_66301418/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 76.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − (a sinh (x) + b) y = −ab cosh (x) + c

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries

-> Calling odsolve with the ODE`, diff(y(x), x) = (cosh(y(x))*exp(-x*b)*a*b-exp(-x*b)*c-b)/(b*exp(-x*b)), y(x), implicit` **
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 5
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(f__1(y), y)-sinh(y)*f__1(y)/cosh(y), f__1(y)` *** Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type

-> Calling odsolve with the ODE`, -exp(-y(x)*b)*(a*b*cosh(x)-c)/b+exp(-y(x)*b)/(diff(y(x), x))+1 = 0, y(x), explicit` *** Su
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying an equivalence to an Abel ODE
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 5
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(f__1(x), x)-f__1(x)*sinh(x)*a*b/(a*b*cosh(x)-c), f__1(x)` *** Sublevel 3
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+sinh(x)*y(x)*a*b/(a*b*cosh(x)-c), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+cosh(x)*y(x)*a/(sinh(x)*a+b), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = -cosh(x)*y(x)*a/(sinh(x)*a+b), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x) = -sinh(x)*y(x)*a*b/(a*b*cosh(x)-c), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(y(x)*b^3-c*x*K[1])/(b^3*x), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(b*K[1]*x+y(x)*c)/(x*(3*b*x+c)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(b*K[1]*x+2*y(x)*c)/(x*(3*b*x+2*c)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+b^2*K[1]/c^2, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(3*y(x)*c*b-K[1]*x^2)/(b*x*(2*b*x+3*c)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(3*y(x)*c*b-K[1]*x^2)/(b*x*(b*x+3*c)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(a*sinh(x)+b)*y(x)-a*b*cosh(x)+c,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*Sinh[x]+b)*y[x]-a*b*Cosh[x]+c,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.77 problem 77
Internal problem ID [10814]
Internal file name [OUTPUT/9761_Thursday_June_09_2022_12_57_50_AM_87747449/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 77.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − (2 ln (x) + a+ 1) y = x
(
− ln (x)2 − a ln (x) + b

)
Unable to determine ODE type.

2037



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 163� �
dsolve(y(x)*diff(y(x),x)=(2*ln(x)+a+1)*y(x)+x*( -(ln(x))^2-a*ln(x)+b),y(x), singsol=all)� �
y(x)

=

x

− tanh


RootOf

−
√
a2+4b tanh

(_Z√a2+4b
2

)
e_Z+e

−
2 arctanh

(
2_a−a√
a2+4b

)
√

a2+4b tanh
(_Z√a2+4b

2

)√
a2+4b+2 ln(x)e_Z+e_Za−e

−
2 arctanh

(
2_a−a√
a2+4b

)
√

a2+4b a+2c1

√
a2+4b

2


√
a2 + 4b+ 2 ln (x) + a


2

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(2*Log[x]+a+1)*y[x]+x*( -(Log[x])^2-a*Log[x]+b),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.78 problem 78
Internal problem ID [10815]
Internal file name [OUTPUT/9762_Thursday_June_09_2022_12_57_51_AM_85664660/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 78.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ −
(
2 ln (x)2 + 2 ln (x) + a

)
y = x

(
− ln (x)4 − ln (x)2 a+ b

)
Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+2*y(x)*(2*ln(x)+1)/(x*(2*ln(x)^2+2*ln(x)+a)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(ln(x)^4+4*ln(x)^3+a*ln(x)^2+2*ln(x)*a-b)/(x*(ln(x)^4+a*ln(x)^2-b)), y(x)`
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x) = -2*y(x)*(2*ln(x)+1)/(x*(2*ln(x)^2+2*ln(x)+a)), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/4)*K[1]/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> Calling odsolve with the ODE`, diff(y(x), x)-K[1]*b*(a-2)/(x*a^3), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(3/4)*a*K[1]/(x*(3*a+1)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/3)*K[1]*(a^2+b)/(x*a^2), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> Calling odsolve with the ODE`, diff(y(x), x)+(1/6)*K[1]*(a^2+2*a-2*b)/(x*a*(a+2)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
<- quadrature successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(2*(ln(x))^2+2*ln(x)+a)*y(x)+x*(- (ln(x))^4-a*(ln(x))^2+b),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(2*(Log[x])^2+2*Log[x]+a)*y[x]+x*(- (Log[x])^4-a*(Log[x])^2+b),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.79 problem 79
Internal problem ID [10816]
Internal file name [OUTPUT/9763_Thursday_June_09_2022_12_57_53_AM_44345512/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 79.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − ax cos
(
λx2) y = x

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(-2*x^2*lambda*sin(x^2*lambda)+cos(x^2*lambda))/(x*cos(x^2*lambda)), y(x)`
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �2043



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=a*x*cos(lambda*x^2)*y(x)+x,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==a*x*Cos[\[Lambda]*x^2]*y[x]+x,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.80 problem 80
Internal problem ID [10817]
Internal file name [OUTPUT/9764_Thursday_June_09_2022_12_57_54_AM_98898086/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 80.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

yy′ − ax sin
(
λx2) y = x

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+y(x)*(2*cos(x^2*lambda)*lambda*x^2+sin(x^2*lambda))/(x*sin(x^2*lambda)), y(x)`
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �2046



7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=a*x*sin(lambda*x^2)*y(x)+x,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==a*x*Sin[\[Lambda]*x^2]*y[x]+x,y[x],x,IncludeSingularSolutions -> True]� �
Not solved

2047



25 Chapter 1, section 1.3. Abel Equations of the
Second Kind. subsection 1.3.4-2. Equations of
the form (g1(x) + g0(x))y′ = f2(x)y2 + f1(x)y + f0(x)

25.1 problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2049
25.2 problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2060
25.3 problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2067
25.4 problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2068
25.5 problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2074
25.6 problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2077
25.7 problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2080
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25.1 problem 1
25.1.1 Solving as first order ode lie symmetry calculated ode . . . . . . 2049
25.1.2 Solving as exact ode . . . . . . . . . . . . . . . . . . . . . . . . 2054
25.1.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2057

Internal problem ID [10818]
Internal file name [OUTPUT/9765_Thursday_June_09_2022_12_57_56_AM_13344031/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.4-2.
Equations of the form (g1(x) + g0(x))y′ = f2(x)y2 + f1(x)y + f0(x)
Problem number: 1.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "exact", "first_order_ode_lie_sym-
metry_calculated"

Maple gives the following as the ode type
[[ _homogeneous , `class C`], _exact , _rational , [_Abel , `2nd

type `, `class A`]]

(Ay +Bx+ a) y′ +By = −kx− b

25.1.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = − By + kx+ b

Ay +Bx+ a

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 1 to use as anstaz gives

(1E)ξ = xa2 + ya3 + a1

(2E)η = xb2 + yb3 + b1

2049



Where the unknown coefficients are

{a1, a2, a3, b1, b2, b3}

Substituting equations (1E,2E) and ω into (A) gives

(5E)

b2 −
(By + kx+ b) (b3 − a2)

Ay +Bx+ a
− (By + kx+ b)2 a3

(Ay +Bx+ a)2

−
(
− k

Ay +Bx+ a
+ (By + kx+ b)B

(Ay +Bx+ a)2
)
(xa2 + ya3 + a1)

−
(
− B

Ay +Bx+ a
+ (By + kx+ b)A

(Ay +Bx+ a)2
)
(xb2 + yb3 + b1) = 0

Putting the above in normal form gives

A2y2b2 + 2ABxyb2 + AB y2a2 − AB y2b3 − Ak x2b2 + 2Akxya2 − 2Akxyb3 + Ak y2a3 + 2B2x2b2 − 2B2y2a3 +Bk x2a2 −Bk x2b3 − 2Bkxya3 − k2x2a3 + 2Aayb2 − Abxb2 + Abya2 − 2Abyb3 − Akxb1 + Akya1 +B2xb1 −B2ya1 + 3Baxb2 +Baya2 −Bbxb3 − 3Bbya3 + 2akxa2 − akxb3 + akya3 − 2bkxa3 − Abb1 +Bab1 −Bba1 + a2b2 + aba2 − abb3 + aka1 − b2a3

(Ay +Bx+ a)2
= 0

Setting the numerator to zero gives

(6E)
A2y2b2+2ABxyb2+AB y2a2−AB y2b3−Ak x2b2+2Akxya2−2Akxyb3
+Ak y2a3+2B2x2b2−2B2y2a3+Bk x2a2−Bk x2b3−2Bkxya3−k2x2a3
+2Aayb2 −Abxb2 +Abya2 − 2Abyb3 −Akxb1 +Akya1 +B2xb1 −B2ya1
+ 3Baxb2 +Baya2 −Bbxb3 − 3Bbya3 + 2akxa2 − akxb3 + akya3
− 2bkxa3 −Abb1 +Bab1 −Bba1 + a2b2 + aba2 − abb3 + aka1 − b2a3 = 0

Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y}

The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2}
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The above PDE (6E) now becomes

(7E)

A2b2v
2
2 + ABa2v

2
2 + 2ABb2v1v2 − ABb3v

2
2 + 2Aka2v1v2 + Aka3v

2
2

− Akb2v
2
1 − 2Akb3v1v2 − 2B2a3v

2
2 + 2B2b2v

2
1 +Bka2v

2
1 − 2Bka3v1v2

−Bkb3v
2
1 − k2a3v

2
1 + 2Aab2v2 + Aba2v2 − Abb2v1 − 2Abb3v2

+ Aka1v2 − Akb1v1 −B2a1v2 +B2b1v1 +Baa2v2 + 3Bab2v1
− 3Bba3v2 −Bbb3v1 + 2aka2v1 + aka3v2 − akb3v1 − 2bka3v1
− Abb1 +Bab1 −Bba1 + a2b2 + aba2 − abb3 + aka1 − b2a3 = 0

Collecting the above on the terms vi introduced, and these are

{v1, v2}

Equation (7E) now becomes

(8E)

(
−Akb2 + 2B2b2 +Bka2 −Bkb3 − k2a3

)
v21

+ (2ABb2 + 2Aka2 − 2Akb3 − 2Bka3) v1v2
+
(
−Abb2 − Akb1 +B2b1 + 3Bab2 −Bbb3 + 2aka2 − akb3 − 2bka3

)
v1

+
(
A2b2 + ABa2 − ABb3 + Aka3 − 2B2a3

)
v22

+
(
2Aab2 + Aba2 − 2Abb3 + Aka1 −B2a1 +Baa2 − 3Bba3 + aka3

)
v2

− Abb1 +Bab1 −Bba1 + a2b2 + aba2 − abb3 + aka1 − b2a3 = 0

Setting each coefficients in (8E) to zero gives the following equations to solve

2ABb2 + 2Aka2 − 2Akb3 − 2Bka3 = 0
−Akb2 + 2B2b2 +Bka2 −Bkb3 − k2a3 = 0
A2b2 + ABa2 − ABb3 + Aka3 − 2B2a3 = 0

2Aab2 + Aba2 − 2Abb3 + Aka1 −B2a1 +Baa2 − 3Bba3 + aka3 = 0
−Abb2 − Akb1 +B2b1 + 3Bab2 −Bbb3 + 2aka2 − akb3 − 2bka3 = 0

−Abb1 +Bab1 −Bba1 + a2b2 + aba2 − abb3 + aka1 − b2a3 = 0
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Solving the above equations for the unknowns gives

a1 = −ABbb2 + Aakb2 − Abkb3 − 2B2ab2 +Bakb3
k (Ak −B2)

a2 = −2Bb2 − kb3
k

a3 = −Ab2
k

b1 =
Abb2 −Bab2 −Bbb3 + akb3

Ak −B2

b2 = b2

b3 = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = Akx−B2x+ Ab−Ba

Ak −B2

η = Aky −B2y −Bb+ ak

Ak −B2

Shifting is now applied to make ξ = 0 in order to simplify the rest of the computation

η = η − ω(x, y) ξ

= Aky −B2y −Bb+ ak

Ak −B2 −
(
− By + kx+ b

Ay +Bx+ a

)(
Akx−B2x+ Ab−Ba

Ak −B2

)
= A2k y2 − AB2y2 + 2ABkxy + Ak2x2 − 2B3xy −B2k x2 + 2Aaky + 2Abkx− 2B2ay − 2B2bx+ Ab2 − 2Bab+ a2k

A2ky − AB2y + ABkx− xB3 + Aak −B2a

ξ = 0

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is
dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x
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S is found from

S =
∫ 1

η
dy

=
∫ 1

A2k y2−AB2y2+2ABkxy+Ak2x2−2B3xy−B2k x2+2Aaky+2Abkx−2B2ay−2B2bx+Ab2−2Bab+a2k
A2ky−AB2y+ABkx−xB3+Aak−B2a

dy

Which results in

S = ln (A2k y2 − AB2y2 + 2ABkxy + Ak2x2 − 2B3xy −B2k x2 + 2Aaky + 2Abkx− 2B2ay − 2B2bx+ Ab2 − 2Bab+ a2k)
2

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)

Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = − By + kx+ b

Ay +Bx+ a

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = (By + kx+ b) (Ak −B2)
A2k y2 + (−B2y2 + 2Bkxy + k2x2 + (2ay + 2bx) k + b2)A− 2

(
B2y +

(
kx
2 + b

)
B − ak

2

)
(Bx+ a)

Sy =
(Ak −B2) (Ay +Bx+ a)

A2k y2 + (−B2y2 + 2Bkxy + k2x2 + (2ay + 2bx) k + b2)A− 2
(
B2y +

(
kx
2 + b

)
B − ak

2

)
(Bx+ a)

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= 0 (2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= 0

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by

2053



integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) = c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

ln
(
Ak2x2 +

(
−B2x2 + 2ABxy + 2Abx+ (Ay + a)2

)
k − (By + b) (2B2x+ (Ay + 2a)B − Ab)

)
2 = c1

Which simplifies to

ln
(
Ak2x2 +

(
−B2x2 + 2ABxy + 2Abx+ (Ay + a)2

)
k − (By + b) (2B2x+ (Ay + 2a)B − Ab)

)
2 = c1

Summary
The solution(s) found are the following

(1)
ln
(
Ak2x2 +

(
−B2x2 + 2ABxy + 2Abx+ (Ay + a)2

)
k − (By + b) (2B2x+ (Ay + 2a)B − Ab)

)
2= c1

Verification of solutions

ln
(
Ak2x2 +

(
−B2x2 + 2ABxy + 2Abx+ (Ay + a)2

)
k − (By + b) (2B2x+ (Ay + 2a)B − Ab)

)
2= c1

Verified OK.

25.1.2 Solving as exact ode

Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

M(x, y) +N(x, y) dy
dx

= 0 (A)

We assume there exists a function φ(x, y) = c where c is constant, that satisfies the
ode. Taking derivative of φ w.r.t. x gives

d

dx
φ(x, y) = 0

Hence
∂φ

∂x
+ ∂φ

∂y

dy

dx
= 0 (B)
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Comparing (A,B) shows that

∂φ

∂x
= M

∂φ

∂y
= N

But since ∂2φ
∂x∂y

= ∂2φ
∂y∂x

then for the above to be valid, we require that

∂M

∂y
= ∂N

∂x

If the above condition is satisfied, then the original ode is called exact. We still need
to determine φ(x, y) but at least we know now that we can do that since the condition
∂2φ
∂x∂y

= ∂2φ
∂y∂x

is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(x, y) dx+N(x, y) dy = 0 (1A)

Therefore

(Ay +Bx+ a) dy = (−By − kx− b) dx
(By + kx+ b) dx+(Ay +Bx+ a) dy = 0 (2A)

Comparing (1A) and (2A) shows that

M(x, y) = By + kx+ b

N(x, y) = Ay +Bx+ a

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

∂M

∂y
= ∂N

∂x

Using result found above gives
∂M

∂y
= ∂

∂y
(By + kx+ b)

= B

And
∂N

∂x
= ∂

∂x
(Ay +Bx+ a)

= B
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Since ∂M
∂y

= ∂N
∂x

, then the ODE is exact The following equations are now set up to solve
for the function φ(x, y)

∂φ

∂x
= M (1)

∂φ

∂y
= N (2)

Integrating (1) w.r.t. x gives∫
∂φ

∂x
dx =

∫
M dx∫

∂φ

∂x
dx =

∫
By + kx+ b dx

(3)φ = k x2

2 + (By + b)x+ f(y)

Where f(y) is used for the constant of integration since φ is a function of both x and
y. Taking derivative of equation (3) w.r.t y gives

(4)∂φ

∂y
= Bx+ f ′(y)

But equation (2) says that ∂φ
∂y

= Ay +Bx+ a. Therefore equation (4) becomes

(5)Ay +Bx+ a = Bx+ f ′(y)

Solving equation (5) for f ′(y) gives

f ′(y) = Ay + a

Integrating the above w.r.t y gives∫
f ′(y) dy =

∫
(Ay + a) dy

f(y) = 1
2Ay2 + ay + c1

2056



Where c1 is constant of integration. Substituting result found above for f(y) into
equation (3) gives φ

φ = k x2

2 + (By + b)x+ Ay2

2 + ay + c1

But since φ itself is a constant function, then let φ = c2 where c2 is new constant and
combining c1 and c2 constants into new constant c1 gives the solution as

c1 =
k x2

2 + (By + b)x+ Ay2

2 + ay

Summary
The solution(s) found are the following

(1)k x2

2 + (By + b)x+ Ay2

2 + ay = c1

Verification of solutions

k x2

2 + (By + b)x+ Ay2

2 + ay = c1

Verified OK.

25.1.3 Maple step by step solution

Let’s solve
(Ay +Bx+ a) y′ +By = −kx− b

• Highest derivative means the order of the ODE is 1
y′

� Check if ODE is exact
◦ ODE is exact if the lhs is the total derivative of a C2 function

F ′(x, y) = 0
◦ Compute derivative of lhs

F ′(x, y) +
(

∂
∂y
F (x, y)

)
y′ = 0

◦ Evaluate derivatives
B = B
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◦ Condition met, ODE is exact
• Exact ODE implies solution will be of this form[

F (x, y) = c1,M(x, y) = F ′(x, y) , N(x, y) = ∂
∂y
F (x, y)

]
• Solve for F (x, y) by integratingM(x, y) with respect to x

F (x, y) =
∫
(By + kx+ b) dx+ f1(y)

• Evaluate integral
F (x, y) = Bxy + k x2

2 + bx+ f1(y)

• Take derivative of F (x, y) with respect to y
N(x, y) = ∂

∂y
F (x, y)

• Compute derivative
Ay +Bx+ a = Bx+ d

dy
f1(y)

• Isolate for d
dy
f1(y)

d
dy
f1(y) = Ay + a

• Solve for f1(y)
f1(y) = 1

2Ay2 + ay

• Substitute f1(y) into equation for F (x, y)
F (x, y) = Bxy + 1

2k x
2 + bx+ 1

2Ay2 + ay

• Substitute F (x, y) into the solution of the ODE
Bxy + 1

2k x
2 + bx+ 1

2Ay2 + ay = c1

• Solve for y{
y = −Bx−

√
−Ak x2+B2x2−2Abx+2Bax+2Ac1+a2+a

A
, y = −Bx+

√
−Ak x2+B2x2−2Abx+2Bax+2Ac1+a2+a

A

}

2058



Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying homogeneous C
trying homogeneous types:
trying homogeneous D
<- homogeneous successful
<- homogeneous successful`� �
3 Solution by Maple
Time used: 0.344 (sec). Leaf size: 87� �
dsolve((A*y(x)+B*x+a)*diff(y(x),x)+B*y(x)+k*x+b=0,y(x), singsol=all)� �
y(x)

=
−
√

− (Ak −B2) ((kx+ b)A−B2x−Ba)2 c21 + A+ (k(−Bx− a)A+ xB3 + aB2) c1
Ac1 (Ak −B2)

3 Solution by Mathematica
Time used: 18.19 (sec). Leaf size: 106� �
DSolve[(A*y[x]+B*x+a)*y'[x]+B*y[x]+k*x+b==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −

√
(a+Bx)2

A
+Ac1−x(2b+kx)√

1
A

+ a+Bx

A

y(x) → −a+Bx

A
+
√

1
A

√
(a+Bx)2

A
+ Ac1 − x(2b+ kx)
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25.2 problem 2
25.2.1 Solving as first order ode lie symmetry calculated ode . . . . . . 2060

Internal problem ID [10819]
Internal file name [OUTPUT/9766_Thursday_June_09_2022_12_57_57_AM_92691934/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.4-2.
Equations of the form (g1(x) + g0(x))y′ = f2(x)y2 + f1(x)y + f0(x)
Problem number: 2.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "first_order_ode_lie_symme-
try_calculated"

Maple gives the following as the ode type
[[ _homogeneous , `class C`], _rational , [_Abel , `2nd type `, `

class A`]]

(y + ax+ b) y′ − αy = βx+ γ

25.2.1 Solving as first order ode lie symmetry calculated ode

Writing the ode as

y′ = αy + βx+ γ

ax+ b+ y

y′ = ω(x, y)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηy − ξx)− ω2ξy − ωxξ − ωyη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 1 to use as anstaz gives

(1E)ξ = xa2 + ya3 + a1

(2E)η = xb2 + yb3 + b1
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Where the unknown coefficients are

{a1, a2, a3, b1, b2, b3}

Substituting equations (1E,2E) and ω into (A) gives

(5E)

b2 +
(αy + βx+ γ) (b3 − a2)

ax+ b+ y
− (αy + βx+ γ)2 a3

(ax+ b+ y)2

−
(

β

ax+ b+ y
− (αy + βx+ γ) a

(ax+ b+ y)2
)
(xa2 + ya3 + a1)

−
(

α

ax+ b+ y
− αy + βx+ γ

(ax+ b+ y)2
)
(xb2 + yb3 + b1) = 0

Putting the above in normal form gives

a2x2b2 − aα x2b2 + aα y2a3 − aβ x2a2 + aβ x2b3 − α2y2a3 − 2αβxya3 − β2x2a3 − aαxb1 + aαya1 + 2abxb2 + aγxb3 + aγya3 + 2axyb2 − αbxb2 − αbya2 − 2αγya3 − α y2a2 + α y2b3 − 2bβxa2 + bβxb3 − bβya3 − 2βγxa3 + β x2b2 − 2βxya2 + 2βxyb3 − β y2a3 + aγa1 − αbb1 + b2b2 − bβa1 − bγa2 + bγb3 + 2byb2 + βxb1 − βya1 − γ2a3 + γxb2 − γya2 + 2γyb3 + y2b2 + γb1

(ax+ b+ y)2
= 0

Setting the numerator to zero gives

(6E)
a2x2b2 − aα x2b2 + aα y2a3 − aβ x2a2 + aβ x2b3 − α2y2a3 − 2αβxya3
− β2x2a3 − aαxb1 + aαya1 + 2abxb2 + aγxb3 + aγya3 + 2axyb2 − αbxb2
−αbya2− 2αγya3−α y2a2+α y2b3− 2bβxa2+ bβxb3− bβya3− 2βγxa3
+ β x2b2 − 2βxya2 +2βxyb3 − β y2a3 + aγa1 −αbb1 + b2b2 − bβa1 − bγa2
+bγb3+2byb2+βxb1−βya1−γ2a3+γxb2−γya2+2γyb3+y2b2+γb1 = 0

Looking at the above PDE shows the following are all the terms with {x, y} in them.

{x, y}

The following substitution is now made to be able to collect on all terms with {x, y}
in them

{x = v1, y = v2}
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The above PDE (6E) now becomes

(7E)

a2b2v
2
1 + aαa3v

2
2 − aαb2v

2
1 − aβa2v

2
1 + aβb3v

2
1 − α2a3v

2
2 − 2αβa3v1v2

− β2a3v
2
1 + aαa1v2 − aαb1v1 + 2abb2v1 + aγa3v2 + aγb3v1 + 2ab2v1v2

− αba2v2 − αbb2v1 − 2αγa3v2 − αa2v
2
2 + αb3v

2
2 − 2bβa2v1 − bβa3v2

+ bβb3v1 − 2βγa3v1 − 2βa2v1v2 − βa3v
2
2 + βb2v

2
1 + 2βb3v1v2

+ aγa1 − αbb1 + b2b2 − bβa1 − bγa2 + bγb3 + 2bb2v2 − βa1v2
+ βb1v1 − γ2a3 − γa2v2 + γb2v1 + 2γb3v2 + b2v

2
2 + γb1 = 0

Collecting the above on the terms vi introduced, and these are

{v1, v2}

Equation (7E) now becomes

(8E)

(
a2b2 − aαb2 − aβa2 + aβb3 − β2a3 + βb2

)
v21

+ (−2αβa3 + 2ab2 − 2βa2 + 2βb3) v1v2
+ (−aαb1 + 2abb2 + aγb3 − αbb2 − 2bβa2 + bβb3 − 2βγa3 + βb1 + γb2) v1
+
(
aαa3 − α2a3 − αa2 + αb3 − βa3 + b2

)
v22

+ (aαa1 + aγa3 − αba2 − 2αγa3 − bβa3 + 2bb2 − βa1 − γa2 + 2γb3) v2
+ aγa1 − αbb1 + b2b2 − bβa1 − bγa2 + bγb3 − γ2a3 + γb1 = 0

Setting each coefficients in (8E) to zero gives the following equations to solve

−2αβa3 + 2ab2 − 2βa2 + 2βb3 = 0
aαa3 − α2a3 − αa2 + αb3 − βa3 + b2 = 0

a2b2 − aαb2 − aβa2 + aβb3 − β2a3 + βb2 = 0
aγa1 − αbb1 + b2b2 − bβa1 − bγa2 + bγb3 − γ2a3 + γb1 = 0

aαa1 + aγa3 − αba2 − 2αγa3 − bβa3 + 2bb2 − βa1 − γa2 + 2γb3 = 0
−aαb1 + 2abb2 + aγb3 − αbb2 − 2bβa2 + bβb3 − 2βγa3 + βb1 + γb2 = 0

2062



Solving the above equations for the unknowns gives

a1 =
aαba3 − α2ba3 + αbb3 + αγa3 − bβa3 − γb3

aα− β

a2 = aa3 − αa3 + b3

a3 = a3

b1 =
αbβa3 + aγb3 − bβb3 − βγa3

aα− β

b2 = βa3

b3 = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = aαx+ bα− βx− γ

aα− β

η = aαy + aγ − bβ − βy

aα− β

Shifting is now applied to make ξ = 0 in order to simplify the rest of the computation

η = η − ω(x, y) ξ

= aαy + aγ − bβ − βy

aα− β
−
(
αy + βx+ γ

ax+ b+ y

)(
aαx+ bα− βx− γ

aα− β

)
= a2αxy − aα2xy − aαβ x2 + a2γx+ aαby − aαγx+ aα y2 − abβx− aβxy − α2by − αbβx+ αβxy + β2x2 + bγa+ aγy − bγα + αγy − b2β − 2bβy + 2βγx− β y2 + γ2

a2αx+ aαb+ aαy − aβx− bβ − βy

ξ = 0

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, y) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is
dx

ξ
= dy

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂y

)
S(x, y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x
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S is found from

S =
∫ 1

η
dy

=
∫ 1

a2αxy−aα2xy−aαβ x2+a2γx+aαby−aαγx+aα y2−abβx−aβxy−α2by−αbβx+αβxy+β2x2+bγa+aγy−bγα+αγy−b2β−2bβy+2βγx−β y2+γ2

a2αx+aαb+aαy−aβx−bβ−βy

dy

Which results in

S = (aα− β)

 ln (a2αxy − aα2xy − aαβ x2 + a2γx+ aαby − aαγx+ aα y2 − abβx− aβxy − α2by − αbβx+ αβxy + β2x2 + bγa+ aγy − bγα + αγy − b2β − 2bβy + 2βγx− β y2 + γ2)
2aα− 2β +

2
(
ax+ b− a2αx−aα2x+aαb−aβx−α2b+αβx+aγ+αγ−2bβ

2(aα−β)

)
arctan

(
2(aα−β)y+a2αx−aα2x+aαb−aβx−α2b+αβx+aγ+αγ−2bβ√

−a4α2x2+2a3α3x2−a2α4x2−2a3α2bx+2a3αβ x2+4a2α3bx−8a2α2β x2−2aα4bx+2aα3β x2+2a3αγx−a2α2b2−4a2α2γx+2a2αbβx−a2β2x2+2aα3b2+2aα3γx−12aα2bβx+10aαβ2x2−α4b2+2α3bβx−α2β2x2+2a2αbγ−2a2βγx−4aα2bγ+12aαβγx+2α3bγ−4α2b2β−2α2βγx+8αb β2x−4β3x2−a2γ2+2aα γ2−α2γ2+8αbβγ−8β2γx−4β γ2

)
√
−a4α2x2 + 2a3α3x2 − a2α4x2 − 2a3α2bx+ 2a3αβ x2 + 4a2α3bx− 8a2α2β x2 − 2aα4bx+ 2aα3β x2 + 2a3αγx− a2α2b2 − 4a2α2γx+ 2a2αbβx− a2β2x2 + 2aα3b2 + 2aα3γx− 12aα2bβx+ 10aα β2x2 − α4b2 + 2α3bβx− α2β2x2 + 2a2αbγ − 2a2βγx− 4aα2bγ + 12aαβγx+ 2α3bγ − 4α2b2β − 2α2βγx+ 8αb β2x− 4β3x2 − a2γ2 + 2aα γ2 − α2γ2 + 8αbβγ − 8β2γx− 4β γ2


Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, y)Sy

Rx + ω(x, y)Ry
(2)

Where in the above Rx, Ry, Sx, Sy are all partial derivatives and ω(x, y) is the right
hand side of the original ode given by

ω(x, y) = αy + βx+ γ

ax+ b+ y

Evaluating all the partial derivatives gives

Rx = 1
Ry = 0

Sx = − (αy + βx+ γ) (aα− β)
−y (ax+ b)α2 + (a2xy + (−x2β − γx+ y (b+ y)) a− (βx+ γ) (b− y))α + a2γx− (βx− γ) (b+ y) a+ β2x2 + 2βγx− (b+ y)2 β + γ2

Sy =
(aα− β) (ax+ b+ y)

−y (ax+ b)α2 + (a2xy + (−x2β − γx+ y (b+ y)) a− (βx+ γ) (b− y))α + a2γx− (βx− γ) (b+ y) a+ β2x2 + 2βγx− (b+ y)2 β + γ2

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= 0 (2A)

We now need to express the RHS as function of R only. This is done by solving for x, y
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= 0

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
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integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) = c1 (4)

To complete the solution, we just need to transform (4) back to x, y coordinates. This
results in

ln
((

−aαβ+β2)x2+(((−a+α)y+2γ+(−α−a)b)β+a(αy+γ)(a−α))x−(b+y)2β+(ay+γ+b(a−α))(αy+γ)
)√

−a2+2aα−α2−4β
2 + arctan

(
(a−α)(aα−β)x+(bα+2αy+γ)a+(−2b−2y)β−α2b+αγ√

−a2+2aα−α2−4β ((aα−β)x+bα−γ)

)
(α + a)

√
−a2 + 2aα− α2 − 4β

= c1

Which simplifies to

ln
((

−aαβ+β2)x2+(((−a+α)y+2γ+(−α−a)b)β+a(αy+γ)(a−α))x−(b+y)2β+(ay+γ+b(a−α))(αy+γ)
)√

−a2+2aα−α2−4β
2 + arctan

(
(a−α)(aα−β)x+(bα+2αy+γ)a+(−2b−2y)β−α2b+αγ√

−a2+2aα−α2−4β ((aα−β)x+bα−γ)

)
(α + a)

√
−a2 + 2aα− α2 − 4β

= c1

Summary
The solution(s) found are the following

(1)

ln
((

−aαβ+β2)x2+(((−a+α)y+2γ+(−α−a)b)β+a(αy+γ)(a−α))x−(b+y)2β+(ay+γ+b(a−α))(αy+γ)
)√

−a2+2aα−α2−4β
2 + arctan

(
(a−α)(aα−β)x+(bα+2αy+γ)a+(−2b−2y)β−α2b+αγ√

−a2+2aα−α2−4β ((aα−β)x+bα−γ)

)
(α + a)

√
−a2 + 2aα− α2 − 4β

= c1

Verification of solutions

ln
((

−aαβ+β2)x2+(((−a+α)y+2γ+(−α−a)b)β+a(αy+γ)(a−α))x−(b+y)2β+(ay+γ+b(a−α))(αy+γ)
)√

−a2+2aα−α2−4β
2 + arctan

(
(a−α)(aα−β)x+(bα+2αy+γ)a+(−2b−2y)β−α2b+αγ√

−a2+2aα−α2−4β ((aα−β)x+bα−γ)

)
(α + a)

√
−a2 + 2aα− α2 − 4β

= c1

Verified OK.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying homogeneous C
trying homogeneous types:
trying homogeneous D
<- homogeneous successful
<- homogeneous successful`� �
3 Solution by Maple
Time used: 0.219 (sec). Leaf size: 211� �
dsolve((y(x)+a*x+b)*diff(y(x),x)=alpha*y(x)+beta*x+gamma,y(x), singsol=all)� �
y(x)

=
((ax+ b)α− xβ − γ)

√
−a2 + 2aα− α2 − 4β tan

(
RootOf

(
−2

√
−a2 + 2aα− α2 − 4β ln (2) +

√
−a2 + 2aα− α2 − 4β ln

(
− sec (_Z)2 (a2 − 2aα + α2 + 4β) (aαx+ bα− xβ − γ)2

)
+ 2c1

√
−a2 + 2aα− α2 − 4β + 2_Za+ 2_Zα

))
+ (ax+ b)α2 + (−a2x− ab− xβ − γ)α + (xβ − γ) a+ 2bβ

2aα− 2β

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(y[x]*a*x+b)*y'[x]==\[Alpha]*y[x]+\[Beta]*x+\[Gamma],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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25.3 problem 3
Internal problem ID [10820]
Internal file name [OUTPUT/9801_Sunday_June_19_2022_08_04_07_PM_9550685/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.4-2.
Equations of the form (g1(x) + g0(x))y′ = f2(x)y2 + f1(x)y + f0(x)
Problem number: 3.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

(
y + ak x2 + bx+ c

)
y′ + y2a− 2yakx− ym = k(k + b−m)x+ s

Unable to determine ODE type.

7 Solution by Maple� �
dsolve((y(x)+a*k*x^2+b*x+c)*diff(y(x),x)=-a*y(x)^2+2*a*k*x*y(x)+m*y(x)+k*(k+b-m)*x+s,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(y[x]+a*k*x^2+b*x+c)*y'[x]==-a*y[x]^2+2*a*k*x*y[x]+m*y[x]+k*(k+b-m)*x+s,y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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25.4 problem 4
25.4.1 Solving as exact ode . . . . . . . . . . . . . . . . . . . . . . . . 2068
25.4.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2071

Internal problem ID [10821]
Internal file name [OUTPUT/9802_Sunday_June_19_2022_09_25_19_PM_24093222/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.4-2.
Equations of the form (g1(x) + g0(x))y′ = f2(x)y2 + f1(x)y + f0(x)
Problem number: 4.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "exact"

Maple gives the following as the ode type
[_exact , _rational , [_1st_order , `_with_symmetry_[F(x),G(x)]`],

[_Abel , `2nd type `, `class A`]]

(y + Axn + a) y′ + nAxn−1y = −k xm − b

25.4.1 Solving as exact ode

Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

M(x, y) +N(x, y) dy
dx

= 0 (A)

We assume there exists a function φ(x, y) = c where c is constant, that satisfies the
ode. Taking derivative of φ w.r.t. x gives

d

dx
φ(x, y) = 0

Hence
∂φ

∂x
+ ∂φ

∂y

dy

dx
= 0 (B)
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Comparing (A,B) shows that

∂φ

∂x
= M

∂φ

∂y
= N

But since ∂2φ
∂x∂y

= ∂2φ
∂y∂x

then for the above to be valid, we require that

∂M

∂y
= ∂N

∂x

If the above condition is satisfied, then the original ode is called exact. We still need
to determine φ(x, y) but at least we know now that we can do that since the condition
∂2φ
∂x∂y

= ∂2φ
∂y∂x

is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(x, y) dx+N(x, y) dy = 0 (1A)

Therefore

(y + Axn + a) dy =
(
−nAxn−1y − k xm − b

)
dx(

nAxn−1y + k xm + b
)
dx+(y + Axn + a) dy = 0 (2A)

Comparing (1A) and (2A) shows that

M(x, y) = nAxn−1y + k xm + b

N(x, y) = y + Axn + a

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

∂M

∂y
= ∂N

∂x

Using result found above gives
∂M

∂y
= ∂

∂y

(
nAxn−1y + k xm + b

)
= Axn−1n

And
∂N

∂x
= ∂

∂x
(y + Axn + a)

= Axn−1n
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Since ∂M
∂y

= ∂N
∂x

, then the ODE is exact The following equations are now set up to solve
for the function φ(x, y)

∂φ

∂x
= M (1)

∂φ

∂y
= N (2)

Integrating (1) w.r.t. x gives∫
∂φ

∂x
dx =

∫
M dx∫

∂φ

∂x
dx =

∫
nAxn−1y + k xm + b dx

(3)φ = bx+ k xm+1

m+ 1 + Ay xn + f(y)

Where f(y) is used for the constant of integration since φ is a function of both x and
y. Taking derivative of equation (3) w.r.t y gives

(4)∂φ

∂y
= Axn + f ′(y)

But equation (2) says that ∂φ
∂y

= y + Axn + a. Therefore equation (4) becomes

(5)y + Axn + a = Axn + f ′(y)

Solving equation (5) for f ′(y) gives

f ′(y) = a+ y

Integrating the above w.r.t y gives∫
f ′(y) dy =

∫
(a+ y) dy

f(y) = ay + 1
2y

2 + c1
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Where c1 is constant of integration. Substituting result found above for f(y) into
equation (3) gives φ

φ = bx+ k xm+1

m+ 1 + Ay xn + ay + y2

2 + c1

But since φ itself is a constant function, then let φ = c2 where c2 is new constant and
combining c1 and c2 constants into new constant c1 gives the solution as

c1 = bx+ k xm+1

m+ 1 + Ay xn + ay + y2

2

Summary
The solution(s) found are the following

(1)bx+ k xm+1

m+ 1 + Ayxn + ay + y2

2 = c1

Verification of solutions

bx+ k xm+1

m+ 1 + Ayxn + ay + y2

2 = c1

Verified OK.

25.4.2 Maple step by step solution

Let’s solve
(y + Axn + a) y′ + nAxn−1y = −k xm − b

• Highest derivative means the order of the ODE is 1
y′

� Check if ODE is exact
◦ ODE is exact if the lhs is the total derivative of a C2 function

F ′(x, y) = 0
◦ Compute derivative of lhs

F ′(x, y) +
(

∂
∂y
F (x, y)

)
y′ = 0

◦ Evaluate derivatives
Axn−1n = Axnn

x
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◦ Simplify
Axn−1n = Axn−1n

◦ Condition met, ODE is exact
• Exact ODE implies solution will be of this form[

F (x, y) = c1,M(x, y) = F ′(x, y) , N(x, y) = ∂
∂y
F (x, y)

]
• Solve for F (x, y) by integratingM(x, y) with respect to x

F (x, y) =
∫
(nAxn−1y + k xm + b) dx+ f1(y)

• Evaluate integral
F (x, y) = bx+ k xm+1

m+1 + Ay xn + f1(y)

• Take derivative of F (x, y) with respect to y
N(x, y) = ∂

∂y
F (x, y)

• Compute derivative
y + Axn + a = Axn + d

dy
f1(y)

• Isolate for d
dy
f1(y)

d
dy
f1(y) = a+ y

• Solve for f1(y)
f1(y) = ay + 1

2y
2

• Substitute f1(y) into equation for F (x, y)

F (x, y) = bx+ k xm+1

m+1 + Ay xn + ay + y2

2

• Substitute F (x, y) into the solution of the ODE

bx+ k xm+1

m+1 + Ay xn + ay + y2

2 = c1

• Solve for y{
y = −Amxn+Axn+am−

√
A2(xn)2m2+2A2(xn)2m+2Axnam2+A2(xn)2+4Axnam+m2a2−2bm2x+2Axna−2xm+1km+2c1m2+2a2m−4bxm−2k xm+1+4c1m+a2−2bx+2c1+a

m+1 , y = −Amxn+Axn+am+
√

A2(xn)2m2+2A2(xn)2m+2Axnam2+A2(xn)2+4Axnam+m2a2−2bm2x+2Axna−2xm+1km+2c1m2+2a2m−4bxm−2k xm+1+4c1m+a2−2bx+2c1+a

m+1

}
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
<- exact successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 149� �
dsolve((y(x)+A*x^n+a)*diff(y(x),x)+n*A*x^(n-1)*y(x)+k*x^m+b=0,y(x), singsol=all)� �
y(x)

=
√

(−2x1+mk + (1 +m) (x2nA2 + 2Axna+ a2 − 2bx− 2c1)) (1 +m) + A(−m− 1)xn − am− a

1 +m
y(x)

= −
√

(−2x1+mk + (1 +m) (x2nA2 + 2Axna+ a2 − 2bx− 2c1)) (1 +m) + A(−m− 1)xn − am− a

1 +m

3 Solution by Mathematica
Time used: 21.171 (sec). Leaf size: 118� �
DSolve[(y[x]+A*x^n+a)*y'[x]+n*A*x^(n-1)*y[x]+k*x^m+b==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
√

1
x

√
x

(
(a+ Axn)2 − 2x (bm+ b+ kxm)

m+ 1 + c1

)
− a− Axn

y(x) →
√

1
x

√
x

(
(a+ Axn)2 − 2x (bm+ b+ kxm)

m+ 1 + c1

)
− a− Axn
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25.5 problem 5
Internal problem ID [10822]
Internal file name [OUTPUT/9803_Sunday_June_19_2022_09_25_21_PM_56552507/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.4-2.
Equations of the form (g1(x) + g0(x))y′ = f2(x)y2 + f1(x)y + f0(x)
Problem number: 5.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class A`]]

Unable to solve or complete the solution.

(
y + a x1+n + b xn

)
y′ −

(
xnna+ c xn−1) y = 0

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+(x^n*y(x)*a*n^2+x^(n-1)*y(x)*c*n-x^n*a*n*x-x^(n-1)*y(x)*c-x^(n-1)*c*x)/(x*(a*n*x^
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(x^(n+1)*x^n*a^2*n+2*x^(n+1)*x^(n-1)*a*c+x^n*x^(n-1)*b*c)/((x^(n+1)*a+b*x^n)
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x), y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)/x, y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve((y(x)+a*x^(n+1)+b*x^n)*diff(y(x),x)=(a*n*x^n+c*x^(n-1))*y(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(y[x]+a*x^(n+1)+b*x^n)*y'[x]==(a*n*x^n+c*x^(n-1))*y[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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25.6 problem 6
Internal problem ID [10823]
Internal file name [OUTPUT/9804_Sunday_June_19_2022_09_25_42_PM_60888452/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.4-2.
Equations of the form (g1(x) + g0(x))y′ = f2(x)y2 + f1(x)y + f0(x)
Problem number: 6.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

xyy′ − y2a− yb = xnc+ s

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel

Looking for potential symmetries
Looking for potential symmetries

Looking for potential symmetries
trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
`, `-> Computing symmetries using: way = 3
`, `-> Computing symmetries using: way = 4
`, `-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
`, `-> Computing symmetries using: way = HINT

-> Calling odsolve with the ODE`, diff(y(x), x)+(x^n*y(x)*c*n-x^n*y(x)*c-y(x)*s+2*a*x)/(x*(x^n*c+s)), y(x)` *** Sublevel 2 *
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

`, `-> Computing symmetries using: way = HINT
-> Calling odsolve with the ODE`, diff(y(x), x)+(-x*n+y(x))/x, y(x)` *** Sublevel 2 ***

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> Calling odsolve with the ODE`, diff(y(x), x)-y(x)*(a*x^2-s)/(x*(a*x^2+b*x+s)), y(x)` *** Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type`� �
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7 Solution by Maple� �
dsolve(x*y(x)*diff(y(x),x)=a*y(x)^2+b*y(x)+c*x^n+s,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y[x]*y'[x]==a*y[x]^2+b*y[x]+c*x^n+s,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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25.7 problem 7
Internal problem ID [10824]
Internal file name [OUTPUT/9805_Sunday_June_19_2022_09_25_56_PM_53983030/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.4-2.
Equations of the form (g1(x) + g0(x))y′ = f2(x)y2 + f1(x)y + f0(x)
Problem number: 7.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_rational , [_Abel , `2nd type `, `class B`]]

Unable to solve or complete the solution.

xyy′ + y2n− a(2n+ 1)xy − yb = −a2nx2 − abx+ c

Unable to determine ODE type.
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Maple trace

� �
`Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
trying Abel
Looking for potential symmetries
found: 2 potential symmetries. Proceeding with integration step
<- Abel successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 224� �
dsolve(x*y(x)*diff(y(x),x)=-n*y(x)^2+a*(2*n+1)*x*y(x)+b*y(x)-a^2*n*x^2-a*b*x+c,y(x), singsol=all)� �
(

−ny(x)2+(2axn+b)y(x)−a2nx2−abx+c

(ax−y(x))2

)− 1
2n
(

1
ax−y(x)

) 1
n
y(x) e

b arctanh
(

−abx+by(x)+2c√
b2+4cn (−ax+y(x))

)
√

b2+4cnn −

∫ 1
ax−y(x) (_a2c− _ab− n)−

1
2n e

b arctanh
(

−2c_a+b√
b2+4cn

)
n
√

b2+4cn _a 1
nd_a

 a− c1

 (ax− y(x))x

x (ax− y (x))
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y[x]*y'[x]==-n*y[x]^2+a*(2*n+1)*x*y[x]+b*y[x]-a^2*n*x^2-a*b*x+c,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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26 Chapter 2, Second-Order Differential
Equations. section 2.1.2 Equations Containing
Power Functions. page 213

26.1 problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2083
26.2 problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2091
26.3 problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2095
26.4 problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2104
26.5 problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2108
26.6 problem 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2117
26.7 problem 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2122
26.8 problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2125
26.9 problem 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2128
26.10problem 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2131

2082



26.1 problem 1
26.1.1 Solving as second order linear constant coeff ode . . . . . . . . 2083
26.1.2 Solving as second order ode can be made integrable ode . . . . 2085
26.1.3 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2086
26.1.4 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2089

Internal problem ID [10825]
Internal file name [OUTPUT/9806_Sunday_June_19_2022_09_25_58_PM_6187875/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 1.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_lin-
ear_constant_coeff", "second_order_ode_can_be_made_integrable"

Maple gives the following as the ode type
[[_2nd_order , _missing_x ]]

y′′ + ay = 0

26.1.1 Solving as second order linear constant coeff ode

This is second order with constant coefficients homogeneous ODE. In standard form
the ODE is

Ay′′(x) +By′(x) + Cy(x) = 0

Where in the above A = 1, B = 0, C = a. Let the solution be y = eλx. Substituting this
into the ODE gives

λ2eλx + a eλx = 0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by eλx gives

λ2 + a = 0 (2)
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Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = 1, B = 0, C = a into the above gives

λ1,2 =
0

(2) (1) ±
1

(2) (1)
√

02 − (4) (1) (a)

= ±
√
−a

Hence
λ1 = +

√
−a

λ2 = −
√
−a

Which simplifies to
λ1 =

√
−a

λ2 = −
√
−a

Since roots are real and distinct, then the solution is

y = c1e
λ1x + c2e

λ2x

y = c1e
(√

−a
)
x + c2e

(
−
√
−a
)
x

Or
y = c1e

√
−a x + c2e−

√
−a x

Summary
The solution(s) found are the following

(1)y = c1e
√
−a x + c2e−

√
−a x

Verification of solutions

y = c1e
√
−a x + c2e−

√
−a x

Verified OK.
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26.1.2 Solving as second order ode can be made integrable ode

Multiplying the ode by y′ gives

y′y′′ + ay′y = 0

Integrating the above w.r.t x gives∫
(y′y′′ + ay′y) dx = 0

y′2

2 + y2a

2 = c2

Which is now solved for y. Solving the given ode for y′ results in 2 differential equations
to solve. Each one of these will generate a solution. The equations generated are

y′ =
√

−y2a+ 2c1 (1)
y′ = −

√
−y2a+ 2c1 (2)

Now each one of the above ODE is solved.

Solving equation (1)

Integrating both sides gives ∫ 1√
−a y2 + 2c1

dy =
∫

dx

arctan
( √

a y√
−y2a+2c1

)
√
a

= x+ c2

Solving equation (2)

Integrating both sides gives ∫
− 1√

−a y2 + 2c1
dy =

∫
dx

−
arctan

( √
a y√

−y2a+2c1

)
√
a

= x+ c3

2085



Summary
The solution(s) found are the following

(1)
arctan

( √
a y√

−y2a+2c1

)
√
a

= x+ c2

(2)−
arctan

( √
a y√

−y2a+2c1

)
√
a

= x+ c3

Verification of solutions

arctan
( √

a y√
−y2a+2c1

)
√
a

= x+ c2

Verified OK.

−
arctan

( √
a y√

−y2a+2c1

)
√
a

= x+ c3

Verified OK.

26.1.3 Solving using Kovacic algorithm

Writing the ode as

y′′ + ay = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = 0 (3)
C = a

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2
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Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −a

1 (6)

Comparing the above to (5) shows that

s = −a

t = 1

Therefore eq. (4) becomes

z′′(x) = (−a) z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 17: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 0
= 0
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There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is 0 then the necessary conditions for case
one are met. Therefore

L = [1]

Since r = −a is not a function of x, then there is no need run Kovacic algorithm to
obtain a solution for transformed ode z′′ = rz as one solution is

z1(x) = e
√
−a x

Using the above, the solution for the original ode can now be found. The first solution
to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

Since B = 0 then the above reduces to

y1 = z1

= e
√
−a x

Which simplifies to

y1 = e
√
−a x

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Since B = 0 then the above becomes

y2 = y1

∫ 1
y21

dx

= e
√
−a x

∫ 1
e2

√
−a x

dx

= e
√
−a x

(
−e−2

√
−a x

2
√
−a

)

Therefore the solution is
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y = c1y1 + c2y2

= c1
(
e
√
−a x
)
+ c2

(
e
√
−a x

(
−e−2

√
−a x

2
√
−a

))

Summary
The solution(s) found are the following

(1)y = c1e
√
−a x − c2e−

√
−a x

2
√
−a

Verification of solutions

y = c1e
√
−a x − c2e−

√
−a x

2
√
−a

Verified OK.

26.1.4 Maple step by step solution

Let’s solve
y′′ + ay = 0

• Highest derivative means the order of the ODE is 2
y′′

• Characteristic polynomial of ODE
r2 + a = 0

• Use quadratic formula to solve for r

r = 0±
(√

−4a
)

2

• Roots of the characteristic polynomial
r =

(√
−a,−

√
−a
)

• 1st solution of the ODE
y1(x) = e

√
−a x

• 2nd solution of the ODE
y2(x) = e−

√
−a x

• General solution of the ODE
y = c1y1(x) + c2y2(x)
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• Substitute in solutions
y = c1e

√
−a x + c2e−

√
−a x

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
<- constant coefficients successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 21� �
dsolve(diff(y(x),x$2)+a*y(x)=0,y(x), singsol=all)� �

y(x) = c1 sin
(√

a x
)
+ c2 cos

(√
a x
)

3 Solution by Mathematica
Time used: 0.028 (sec). Leaf size: 28� �
DSolve[y''[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cos
(√

ax
)
+ c2 sin

(√
ax
)
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26.2 problem 2
26.2.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2091
26.2.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2092

Internal problem ID [10826]
Internal file name [OUTPUT/9807_Sunday_June_19_2022_09_25_59_PM_19397890/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 2.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ − (ax+ b) y = 0

26.2.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
−a x3 − b x2) y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
n = −1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Verification of solutions

y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Verified OK.

26.2.2 Maple step by step solution

Let’s solve
y′′ + (−ax− b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m
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xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

−a0b+ 2a2 +
(

∞∑
k=1

(ak+2(k + 2) (k + 1)− akb− ak−1a)xk

)
= 0

• Each term must be 0
−a0b+ 2a2 = 0

• Each term in the series must be 0, giving the recursion relation
(k2 + 3k + 2) ak+2 − ak−1a− akb = 0

• Shift index using k− >k + 1(
(k + 1)2 + 3k + 5

)
ak+3 − aka− ak+1b = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+3 = aka+ak+1b

k2+5k+6 ,−a0b+ 2a2 = 0
]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 33� �
dsolve(diff(y(x),x$2)-(a*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) = c1AiryAi
(
ax+ b

(−a)
2
3

)
+ c2AiryBi

(
ax+ b

(−a)
2
3

)

3 Solution by Mathematica
Time used: 0.029 (sec). Leaf size: 36� �
DSolve[y''[x]-(a*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1AiryAi
(
b+ ax

a2/3

)
+ c2AiryBi

(
b+ ax

a2/3

)
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26.3 problem 3
26.3.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2095
26.3.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2096
26.3.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2102

Internal problem ID [10827]
Internal file name [OUTPUT/9808_Sunday_June_19_2022_09_25_59_PM_52272737/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 3.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ −
(
a2x2 + a

)
y = 0

26.3.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
−a2x4 − a x2) y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
n = −1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Verification of solutions

y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Verified OK.

26.3.2 Solving using Kovacic algorithm

Writing the ode as

y′′ +
(
−a2x2 − a

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = 0 (3)
C = −a2x2 − a

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)
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Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a(a x2 + 1)
1 (6)

Comparing the above to (5) shows that

s = a
(
a x2 + 1

)
t = 1

Therefore eq. (4) becomes

z′′(x) =
(
a
(
a x2 + 1

))
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 20: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 2
= −2

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −2 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −2 then

v = −Or(∞)
2 = 2

2 = 1

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
1∑

i=0

aix
i (8)

Let a be the coefficient of xv = x1 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ ax+ 1

2x−
1

8a x3 +
1

16a2x5 −
5

128a3x7 +
7

256a4x9 −
21

1024a5x11 +
33

2048a6x13 + . . . (9)

Comparing Eq. (9) with Eq. (8) shows that

a = a

From Eq. (9) the sum up to v = 1 gives

[
√
r]∞ =

1∑
i=0

aix
i

= ax (10)

Now we need to find b, where b be the coefficient of xv−1 = x0 = 1 in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = a2x2
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This shows that the coefficient of 1 in the above is 0. Now we need to find the coefficient
of 1 in r. How this is done depends on if v = 0 or not. Since v = 1 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of 1 in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= a(a x2 + 1)
1

= Q+ R

1
=
(
a2x2 + a

)
+ (0)

= a2x2 + a

We see that the coefficient of the term 1
x
in the quotient is a. Now b can be found.

b = (a)− (0)
= a

Hence

[
√
r]∞ = ax

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(a
a
− 1
)

= 0

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−a

a
− 1
)
= −1

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = a
(
a x2 + 1

)
Order of r at ∞ [

√
r]∞ α+

∞ α−
∞

−2 ax 0 −1

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c
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Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α+

∞ = 0, and since there are no poles, then

d = α+
∞

= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

Substituting the above values in the above results in

ω = (+)[
√
r]∞

= 0 + (ax)
= ax

= ax

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2(ax) (0) +
(
(a) + (ax)2 −

(
a
(
a x2 + 1

)))
= 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫
axdx

= ea x2
2

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx
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Since B = 0 then the above reduces to

y1 = z1

= ea x2
2

Which simplifies to

y1 = ea x2
2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Since B = 0 then the above becomes

y2 = y1

∫ 1
y21

dx

= ea x2
2

∫ 1
ea x2 dx

= ea x2
2

(√
π erf

(√
a x
)

2
√
a

)

Therefore the solution is

y = c1y1 + c2y2

= c1
(
ea x2

2

)
+ c2

(
ea x2

2

(√
π erf

(√
a x
)

2
√
a

))

Summary
The solution(s) found are the following

(1)y = c1e
a x2
2 +

c2e
a x2
2
√
π erf

(√
a x
)

2
√
a

Verification of solutions

y = c1e
a x2
2 +

c2e
a x2
2
√
π erf

(√
a x
)

2
√
a

Verified OK.
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26.3.3 Maple step by step solution

Let’s solve
y′′ + (−a2x2 − a) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

−a0a+ 2a2 + (6a3 − a1a)x+
(

∞∑
k=2

(ak+2(k + 2) (k + 1)− aak − ak−2a
2)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 − a0a = 0, 6a3 − a1a = 0]

• Solve for the dependent coefficient(s){
a2 = a0a

2 , a3 = a1a
6

}
• Each term in the series must be 0, giving the recursion relation

(k2 + 3k + 2) ak+2 − ak−2a
2 − aak = 0

• Shift index using k− >k + 2
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(
(k + 2)2 + 3k + 8

)
ak+4 − aka

2 − aak+2 = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+4 = a(aak+ak+2)

k2+7k+12 , a2 = a0a
2 , a3 = a1a

6

]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 22� �
dsolve(diff(y(x),x$2)-(a^2*x^2+a)*y(x)=0,y(x), singsol=all)� �

y(x) = ea x2
2
(
c1 + erf

(√
a x
)
c2
)

3 Solution by Mathematica
Time used: 0.041 (sec). Leaf size: 43� �
DSolve[y''[x]-(a^2*x^2+a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → c1 ParabolicCylinderD

(
−1,

√
2
√
ax
)
+ c2 ParabolicCylinderD

(
0, i

√
2
√
ax
)
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26.4 problem 4
26.4.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2104
26.4.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2105

Internal problem ID [10828]
Internal file name [OUTPUT/9809_Sunday_June_19_2022_09_26_00_PM_50643366/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 4.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ −
(
a x2 + b

)
y = 0

26.4.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
−a x4 − b x2) y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
n = −1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Verification of solutions

y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Verified OK.

26.4.2 Maple step by step solution

Let’s solve
y′′ + (−a x2 − b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m
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xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

−a0b+ 2a2 + (6a3 − a1b)x+
(

∞∑
k=2

(ak+2(k + 2) (k + 1)− akb− ak−2a)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 − a0b = 0, 6a3 − a1b = 0]

• Solve for the dependent coefficient(s){
a2 = a0b

2 , a3 = a1b
6

}
• Each term in the series must be 0, giving the recursion relation

(k2 + 3k + 2) ak+2 − ak−2a− akb = 0
• Shift index using k− >k + 2(

(k + 2)2 + 3k + 8
)
ak+4 − aka− ak+2b = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+4 = aka+ak+2b

k2+7k+12 , a2 =
a0b
2 , a3 = a1b

6

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 43� �
dsolve(diff(y(x),x$2)-(a*x^2+b)*y(x)=0,y(x), singsol=all)� �

y(x) =
c1WhittakerM

(
− b

4
√
a
, 14 ,

√
a x2

)
+ c2WhittakerW

(
− b

4
√
a
, 14 ,

√
a x2

)
√
x

3 Solution by Mathematica
Time used: 0.047 (sec). Leaf size: 68� �
DSolve[y''[x]-(a*x^2+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 ParabolicCylinderD
(
− b

2
√
a
− 1

2 ,
√
2 4
√
ax

)
+ c2 ParabolicCylinderD

(
1
2

(
b√
a
− 1
)
, i
√
2 4
√
ax

)

2107



26.5 problem 5
26.5.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2108
26.5.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2109
26.5.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2115

Internal problem ID [10829]
Internal file name [OUTPUT/9810_Sunday_June_19_2022_09_26_01_PM_87384003/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 5.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ + a3x(−ax+ 2) y = 0

26.5.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
−a4x4 + 2a3x3) y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
n = −1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Verification of solutions

y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Verified OK.

26.5.2 Solving using Kovacic algorithm

Writing the ode as

y′′ +
(
−a4x2 + 2a3x

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = 0 (3)
C = −a4x2 + 2a3x

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)
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Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a3x(ax− 2)
1 (6)

Comparing the above to (5) shows that

s = a3x(ax− 2)
t = 1

Therefore eq. (4) becomes

z′′(x) =
(
a3x(ax− 2)

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 23: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 2
= −2

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −2 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −2 then

v = −Or(∞)
2 = 2

2 = 1

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
1∑

i=0

aix
i (8)

Let a be the coefficient of xv = x1 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ a2x− a− 1

2x − 1
2a x2 − 5

8a2x3 − 7
8a3x4 − 21

16a4x5 − 33
16a5x6 + . . . (9)

Comparing Eq. (9) with Eq. (8) shows that

a = a2

From Eq. (9) the sum up to v = 1 gives

[
√
r]∞ =

1∑
i=0

aix
i

= a2x− a (10)

Now we need to find b, where b be the coefficient of xv−1 = x0 = 1 in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = a4x2 − 2a3x+ a2
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This shows that the coefficient of 1 in the above is a2. Now we need to find the coefficient
of 1 in r. How this is done depends on if v = 0 or not. Since v = 1 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of 1 in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= a3x(ax− 2)
1

= Q+ R

1
=
(
a4x2 − 2a3x

)
+ (0)

= a4x2 − 2a3x

We see that the coefficient of the term 1
x
in the quotient is 0. Now b can be found.

b = (0)−
(
a2
)

= −a2

Hence

[
√
r]∞ = a2x− a

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
−a2

a2
− 1
)

= −1

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−−a2

a2
− 1
)

= 0

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = a3x(ax− 2)

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−2 a2x− a −1 0

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c
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Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 0, and since there are no poles then

d = α−
∞

= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω = (−)[
√
r]∞

= 0 + (−)
(
a2x− a

)
= −a2x+ a

= −a2x+ a

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
−a2x+ a

)
(0) +

((
−a2

)
+
(
−a2x+ a

)2 − (a3x(ax− 2)
))

= 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ (

−a2x+a
)
dx

= e−
ax(ax−2)

2

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx
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Since B = 0 then the above reduces to

y1 = z1

= e−
ax(ax−2)

2

Which simplifies to

y1 = e−
ax(ax−2)

2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Since B = 0 then the above becomes

y2 = y1

∫ 1
y21

dx

= e−
ax(ax−2)

2

∫ 1
e−ax(ax−2) dx

= e−
ax(ax−2)

2

(
−i

√
π e−1 erf (iax− i)

2a

)

Therefore the solution is

y = c1y1 + c2y2

= c1
(
e−

ax(ax−2)
2

)
+ c2

(
e−

ax(ax−2)
2

(
−i

√
π e−1 erf (iax− i)

2a

))

Summary
The solution(s) found are the following

(1)y = c1e−
ax(ax−2)

2 − ic2e−1− 1
2a

2x2+ax
√
π erf (iax− i)

2a
Verification of solutions

y = c1e−
ax(ax−2)

2 − ic2e−1− 1
2a

2x2+ax
√
π erf (iax− i)

2a

Verified OK.
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26.5.3 Maple step by step solution

Let’s solve
y′′ + (−a4x2 + 2a3x) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 1..2

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

2a2 + (2a0a3 + 6a3)x+
(

∞∑
k=2

(ak+2(k + 2) (k + 1) + 2a3ak−1 − ak−2a
4)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 = 0, 2a0a3 + 6a3 = 0]

• Solve for the dependent coefficient(s){
a2 = 0, a3 = −a0a3

3

}
• Each term in the series must be 0, giving the recursion relation

(k2 + 3k + 2) ak+2 − ak−2a
4 + 2a3ak−1 = 0

• Shift index using k− >k + 2
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(
(k + 2)2 + 3k + 8

)
ak+4 − aka

4 + 2a3ak+1 = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+4 = a3(aak−2ak+1)

k2+7k+12 , a2 = 0, a3 = −a0a3

3

]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 28� �
dsolve(diff(y(x),x$2)+a^3*x*(2-a*x)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
ax(ax−2)

2 (c1 + erf (iax− i) c2)

3 Solution by Mathematica
Time used: 0.28 (sec). Leaf size: 50� �
DSolve[y''[x]+a^3*x*(2-a*x)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e−

1
2ax(ax−2)−1(2eac1 −√

πc2erfi(1− ax)
)

2a
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26.6 problem 6
26.6.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2117
26.6.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2118

Internal problem ID [10830]
Internal file name [OUTPUT/9811_Sunday_June_19_2022_09_26_02_PM_61895003/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 6.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ −
(
a x2 + bcx

)
y = 0

26.6.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
−a x4 − bc x3) y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
n = −1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Verification of solutions

y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Verified OK.

26.6.2 Maple step by step solution

Let’s solve
y′′ + (−a x2 − bcx) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 1..2

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m
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xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

2a2 + (6a3 − a0bc)x+
(

∞∑
k=2

(ak+2(k + 2) (k + 1)− ak−1bc− ak−2a)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 = 0, 6a3 − a0bc = 0]

• Solve for the dependent coefficient(s){
a2 = 0, a3 = a0bc

6

}
• Each term in the series must be 0, giving the recursion relation

(k2 + 3k + 2) ak+2 − ak−1bc− ak−2a = 0
• Shift index using k− >k + 2(

(k + 2)2 + 3k + 8
)
ak+4 − ak+1bc− aka = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+4 = ak+1bc+aka

k2+7k+12 , a2 = 0, a3 = a0bc
6

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: indirect Equivalence to 0F1 under \`\`^ @ Moebius\`\` is resolved

<- hypergeometric successful
<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.046 (sec). Leaf size: 142� �
dsolve(diff(y(x),x$2)-(a*x^2+b*x*c)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
x(ax+bc)

2
√
a

(
2xac2 hypergeom

([
−b2c2 − 12a 3

2

16a 3
2

]
,

[
3
2

]
,
(2ax+ bc)2

4a 3
2

)

+ cbc2 hypergeom
([

−b2c2 − 12a 3
2

16a 3
2

]
,

[
3
2

]
,
(2ax+ bc)2

4a 3
2

)

+ hypergeom
([

−b2c2 − 4a 3
2

16a 3
2

]
,

[
1
2

]
,
(2ax+ bc)2

4a 3
2

)
c1

)

3 Solution by Mathematica
Time used: 0.08 (sec). Leaf size: 92� �
DSolve[y''[x]-(a*x^2+b*x*c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c2 ParabolicCylinderD
(
− b2c2

8a3/2

− 1
2 ,

i(bc+ 2ax)√
2a3/4

)
+ c1 ParabolicCylinderD

(
1
8

(
b2c2

a3/2
− 4
)
,
bc+ 2ax√

2a3/4

)
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26.7 problem 7
26.7.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2122

Internal problem ID [10831]
Internal file name [OUTPUT/9812_Sunday_June_19_2022_09_26_03_PM_88912945/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 7.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_Emden , _Fowler ]]

y′′ − a xny = 0

26.7.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ − a x2xny = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
√
−a

2 + n

n = − 1
2 + n

γ = 1 + n

2

Substituting all the above into (4) gives the solution as

y = c1
√
x BesselJ

(
− 1
2 + n

,
2
√
−a x1+n

2

2 + n

)
+ c2

√
x BesselY

(
− 1
2 + n

,
2
√
−a x1+n

2

2 + n

)
Summary
The solution(s) found are the following

y = c1
√
x BesselJ

(
− 1
2 + n

,
2
√
−a x1+n

2

2 + n

)
+ c2

√
x BesselY

(
− 1
2 + n

,
2
√
−a x1+n

2

2 + n

)
(1)

Verification of solutions

y = c1
√
x BesselJ

(
− 1
2 + n

,
2
√
−a x1+n

2

2 + n

)
+ c2

√
x BesselY

(
− 1
2 + n

,
2
√
−a x1+n

2

2 + n

)
Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
<- Bessel successful

<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.281 (sec). Leaf size: 63� �
dsolve(diff(y(x),x$2)-a*x^n*y(x)=0,y(x), singsol=all)� �
y(x) =

√
x

(
BesselY

(
1

n+ 2 ,
2
√
−a x

n
2+1

n+ 2

)
c2 + BesselJ

(
1

n+ 2 ,
2
√
−a x

n
2+1

n+ 2

)
c1

)
3 Solution by Mathematica
Time used: 0.125 (sec). Leaf size: 119� �
DSolve[y''[x]-a*x^n*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → (n+ 2)−
1

n+2
√
xa

1
2n+4

(
c1Gamma

(
n+ 1
n+ 2

)
BesselI

(
− 1
n+ 2 ,

2
√
ax

n
2+1

n+ 2

)
+ c2(−1)

1
n+2 Gamma

(
1 + 1

n+ 2

)
BesselI

(
1

n+ 2 ,
2
√
ax

n
2+1

n+ 2

))
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26.8 problem 8
26.8.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2125

Internal problem ID [10832]
Internal file name [OUTPUT/9813_Sunday_June_19_2022_09_26_04_PM_77415254/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 8.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ − a
(
a x2n + nxn−1) y = 0

26.8.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
−x2x2na2 − xnanx

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
n = −1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Verification of solutions

y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful`� �
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3 Solution by Maple
Time used: 0.203 (sec). Leaf size: 136� �
dsolve(diff(y(x),x$2)-a*(a*x^(2*n)+n*x^(n-1))*y(x)=0,y(x), singsol=all)� �
y(x) =

c2x
− 3n

2 −1(n+ 2)2WhittakerM
(

n+2
2n+2 ,

2n+3
2n+2 ,

2a xn+1

n+1

)
2 +

((n
2 + 1

)
x− 3n

2 −1

+ a x−n
2

)
(n+ 1) c2WhittakerM

(
− n

2n+ 2 ,
2n+ 3
2n+ 2 ,

2a xn+1

n+ 1

)
+ c1e

a xn+1
n+1

3 Solution by Mathematica
Time used: 0.596 (sec). Leaf size: 81� �
DSolve[y''[x]-a*(a*x^(2*n)+n*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
axn+1
n+1

c2 −
c12−

1
n+1x

(
axn+1

n+1

)− 1
n+1 Γ

(
1

n+1 ,
2axn+1

n+1

)
n+ 1
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26.9 problem 9
26.9.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2128

Internal problem ID [10833]
Internal file name [OUTPUT/9814_Sunday_June_19_2022_09_26_05_PM_30632592/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 9.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ − a xn−2(a xn + n+ 1) y = 0

26.9.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
−x2na2 − xnna− a xn

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
n = −1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Verification of solutions

y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful`� �
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3 Solution by Maple
Time used: 0.187 (sec). Leaf size: 113� �
dsolve(diff(y(x),x$2)-a*x^(n-2)*(a*x^n+n+1)*y(x)=0,y(x), singsol=all)� �
y(x) =

c2x
− 3n

2 + 1
2 (n− 1)2WhittakerM

(
n−1
2n , 2n−1

2n , 2a x
n

n

)
2

+
(
(n− 1)x− 3n

2 + 1
2

2 + x−n
2+

1
2a

)
nc2WhittakerM

(
−n+ 1

2n ,
2n− 1
2n ,

2a xn

n

)
+ c1x e

a xn

n

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]-a*x^(n-2)*(a*x^n+n+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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26.10 problem 10
26.10.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2131

Internal problem ID [10834]
Internal file name [OUTPUT/9815_Sunday_June_19_2022_09_26_07_PM_32066164/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 10.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ +
(
a x2n + b xn−1) y = 0

26.10.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
x2a x2n + xnbx

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
n = −1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Verification of solutions

y = −c1
√
x BesselJ

(
1, 2

√
x
)
− c2

√
x BesselY

(
1, 2

√
x
)

Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.375 (sec). Leaf size: 89� �
dsolve(diff(y(x),x$2)+(a*x^(2*n)+b*x^(n-1))*y(x)=0,y(x), singsol=all)� �

y(x) = x−n
2

(
c1WhittakerM

(
− ib√

a (2n+ 2)
,

1
2n+ 2 ,

2i
√
a x xn

n+ 1

)
+ c2WhittakerW

(
− ib√

a (2n+ 2)
,

1
2n+ 2 ,

2i
√
a x xn

n+ 1

))
3 Solution by Mathematica
Time used: 0.399 (sec). Leaf size: 225� �
DSolve[y''[x]+(a*x^(2*n)+b*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ 2
n

2n+2x−n/2(xn+1) n
2n+2 e

−
√

axn+1√
−(n+1)2

c1HypergeometricU

−
(n+ 1)

(
nb+ b+

√
an
√

−(n+ 1)2
)

2
√
a (−(n+ 1)2)3/2

,
n

n+ 1 ,
2
√
axn+1√

−(n+ 1)2

+c2L
− 1

n+1

(n+1)
(
nb+b+

√
an
√

−(n+1)2
)

2
√
a
(
−(n+1)2

)3/2

(
2
√
axn+1√

−(n+ 1)2

)
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27 Chapter 2, Second-Order Differential
Equations. section 2.1.2-2 Equation of form
y′′ + f (x)y′ + g(x)y = 0

27.1 problem 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2136
27.2 problem 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2143
27.3 problem 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2146
27.4 problem 14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2150
27.5 problem 15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2159
27.6 problem 16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2168
27.7 problem 17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2170
27.8 problem 18 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2173
27.9 problem 19 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2176
27.10problem 20 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2179
27.11problem 21 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2182
27.12problem 22 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2186
27.13problem 23 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2190
27.14problem 24 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2194
27.15problem 25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2206
27.16problem 26 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2220
27.17problem 27 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2229
27.18problem 28 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2238
27.19problem 29 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2242
27.20problem 30 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2245
27.21problem 31 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2254
27.22problem 32 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2258
27.23problem 33 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2261
27.24problem 34 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2271
27.25problem 35 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2281
27.26problem 36 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2290
27.27problem 37 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2299
27.28problem 38 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2303
27.29problem 39 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2314
27.30problem 40 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2324
27.31problem 41 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2334
27.32problem 42 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2343
27.33problem 43 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2358
27.34problem 44 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2369

2134



27.35problem 45 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2373
27.36problem 46 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2376
27.37problem 47 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2380
27.38problem 48 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2383
27.39problem 49 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2386
27.40problem 50 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2389
27.41problem 51 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2392
27.42problem 52 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2394
27.43problem 53 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2397
27.44problem 54 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2400
27.45problem 55 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2403
27.46problem 56 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2408
27.47problem 57 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2415
27.48problem 58 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2422
27.49problem 59 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2425
27.50problem 60 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2428

2135



27.1 problem 11
27.1.1 Solving as second order linear constant coeff ode . . . . . . . . 2136
27.1.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2138
27.1.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2141

Internal problem ID [10835]
Internal file name [OUTPUT/9816_Sunday_June_19_2022_09_26_08_PM_26525654/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 11.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_lin-
ear_constant_coeff"

Maple gives the following as the ode type
[[_2nd_order , _missing_x ]]

y′′ + ay′ + yb = 0

27.1.1 Solving as second order linear constant coeff ode

This is second order with constant coefficients homogeneous ODE. In standard form
the ODE is

Ay′′(x) +By′(x) + Cy(x) = 0
Where in the above A = 1, B = a, C = b. Let the solution be y = eλx. Substituting this
into the ODE gives

λ2eλx + aλ eλx + b eλx = 0 (1)
Since exponential function is never zero, then dividing Eq(2) throughout by eλx gives

aλ+ λ2 + b = 0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC
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Substituting A = 1, B = a, C = b into the above gives

λ1,2 =
−a

(2) (1) ±
1

(2) (1)
√

a2 − (4) (1) (b)

= −a

2 ±
√
a2 − 4b
2

Hence

λ1 = −a

2 +
√
a2 − 4b
2

λ2 = −a

2 −
√
a2 − 4b
2

Which simplifies to

λ1 = −a

2 +
√
a2 − 4b
2

λ2 = −a

2 −
√
a2 − 4b
2

Since roots are real and distinct, then the solution is

y = c1e
λ1x + c2e

λ2x

y = c1e

(
−a

2+
√

a2−4b
2

)
x
+ c2e

(
−a

2−
√

a2−4b
2

)
x

Or

y = c1e
(
−a

2+
√

a2−4b
2

)
x
+ c2e

(
−a

2−
√

a2−4b
2

)
x

Summary
The solution(s) found are the following

(1)y = c1e
(
−a

2+
√

a2−4b
2

)
x
+ c2e

(
−a

2−
√

a2−4b
2

)
x

Verification of solutions

y = c1e
(
−a

2+
√

a2−4b
2

)
x
+ c2e

(
−a

2−
√

a2−4b
2

)
x

Verified OK.
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27.1.2 Solving using Kovacic algorithm

Writing the ode as

y′′ + ay′ + yb = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = a (3)
C = b

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2 − 4b
4 (6)

Comparing the above to (5) shows that

s = a2 − 4b
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
a2

4 − b

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx
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The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 26: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 0
= 0

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is 0 then the necessary conditions for case
one are met. Therefore

L = [1]

Since r = a2

4 − b is not a function of x, then there is no need run Kovacic algorithm to
obtain a solution for transformed ode z′′ = rz as one solution is

z1(x) = e
x
√

a2−4b
2

Using the above, the solution for the original ode can now be found. The first solution
to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx
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= z1e
−
∫ 1

2
a
1 dx

= z1e
−ax

2

= z1
(
e−ax

2
)

Which simplifies to

y1 = e
(
−a+

√
a2−4b

)
x

2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−a

1 dx

(y1)2
dx

= y1

∫
e−ax

(y1)2
dx

= y1

(
−e−x

√
a2−4b

√
a2 − 4b

)

Therefore the solution is

y = c1y1 + c2y2

= c1

(
e
(
−a+

√
a2−4b

)
x

2

)
+ c2

(
e
(
−a+

√
a2−4b

)
x

2

(
−e−x

√
a2−4b

√
a2 − 4b

))

Summary
The solution(s) found are the following

(1)y = c1e
(
−a+

√
a2−4b

)
x

2 − c2e−
(
a+
√

a2−4b
)
x

2
√
a2 − 4b

Verification of solutions

y = c1e
(
−a+

√
a2−4b

)
x

2 − c2e−
(
a+
√

a2−4b
)
x

2
√
a2 − 4b

Verified OK.
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27.1.3 Maple step by step solution

Let’s solve
y′′ + ay′ + yb = 0

• Highest derivative means the order of the ODE is 2
y′′

• Characteristic polynomial of ODE
ar + r2 + b = 0

• Use quadratic formula to solve for r

r =
(−a)±

(√
a2−4b

)
2

• Roots of the characteristic polynomial

r =
(
−a

2 −
√
a2−4b
2 ,−a

2 +
√
a2−4b
2

)
• 1st solution of the ODE

y1(x) = e
(
−a

2−
√

a2−4b
2

)
x

• 2nd solution of the ODE

y2(x) = e
(
−a

2+
√

a2−4b
2

)
x

• General solution of the ODE
y = c1y1(x) + c2y2(x)

• Substitute in solutions

y = c1e
(
−a

2−
√

a2−4b
2

)
x
+ c2e

(
−a

2+
√

a2−4b
2

)
x

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
<- constant coefficients successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 41� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
(
−a+

√
a2−4b

)
x

2 + c2e−
(
a+
√

a2−4b
)
x

2

3 Solution by Mathematica
Time used: 0.048 (sec). Leaf size: 47� �
DSolve[y''[x]+a*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
− 1

2x
(√

a2−4b+a
)(

c2e
x
√
a2−4b + c1

)
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27.2 problem 12
27.2.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2143

Internal problem ID [10836]
Internal file name [OUTPUT/9817_Sunday_June_19_2022_09_26_09_PM_36062604/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 12.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + ay′ + (bx+ c) y = 0

27.2.1 Maple step by step solution

Let’s solve
y′′ + ay′ + (bx+ c) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑

k=max(0,−m)
akx

k+m
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◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert y′ to series expansion

y′ =
∞∑
k=1

akk x
k−1

◦ Shift index using k− >k + 1

y′ =
∞∑
k=0

ak+1(k + 1)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

aa1 + a0c+ 2a2 +
(

∞∑
k=1

(ak+2(k + 2) (k + 1) + aak+1(k + 1) + akc+ bak−1)xk

)
= 0

• Each term must be 0
aa1 + a0c+ 2a2 = 0

• Each term in the series must be 0, giving the recursion relation
(k2 + 3k + 2) ak+2 + aak+1k + aak+1 + bak−1 + akc = 0

• Shift index using k− >k + 1(
(k + 1)2 + 3k + 5

)
ak+3 + aak+2(k + 1) + aak+2 + bak + ak+1c = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+3 = −akak+2+2aak+2+bak+ak+1c

k2+5k+6 , aa1 + a0c+ 2a2 = 0
]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 49� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)+(b*x+c)*y(x)=0,y(x), singsol=all)� �

y(x) = e−ax
2

(
AiryAi

(
a2 − 4bx− 4c

4b 2
3

)
c1 +AiryBi

(
a2 − 4bx− 4c

4b 2
3

)
c2

)
3 Solution by Mathematica
Time used: 0.046 (sec). Leaf size: 67� �
DSolve[y''[x]+a*y'[x]+(b*x+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
ax
2

(
c1AiryAi

(
a2 − 4(c+ bx)

4(−b)2/3

)
+ c2AiryBi

(
a2 − 4(c+ bx)

4(−b)2/3

))
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27.3 problem 13
27.3.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2146

Internal problem ID [10837]
Internal file name [OUTPUT/9818_Sunday_June_19_2022_09_26_10_PM_23841255/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 13.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + ay′ −
(
b x2 + c

)
y = 0

27.3.1 Maple step by step solution

Let’s solve
y′′ + ay′ + (−b x2 − c) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑

k=max(0,−m)
akx

k+m
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◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert y′ to series expansion

y′ =
∞∑
k=1

akk x
k−1

◦ Shift index using k− >k + 1

y′ =
∞∑
k=0

ak+1(k + 1)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

a1a− a0c+ 2a2 + (2aa2 − a1c+ 6a3)x+
(

∞∑
k=2

(ak+2(k + 2) (k + 1) + aak+1(k + 1)− akc− bak−2)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 + a1a− a0c = 0, 2aa2 − a1c+ 6a3 = 0]

• Solve for the dependent coefficient(s){
a2 = −a1a

2 + a0c
2 , a3 = 1

6a1a
2 − 1

6a0ac+
1
6a1c

}
• Each term in the series must be 0, giving the recursion relation

(k2 + 3k + 2) ak+2 + aak+1k + aak+1 − bak−2 − akc = 0
• Shift index using k− >k + 2(

(k + 2)2 + 3k + 8
)
ak+4 + aak+3(k + 2) + aak+3 − bak − ak+2c = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+4 = −akak+3+3aak+3−bak−ak+2c

k2+7k+12 , a2 = −a1a
2 + a0c

2 , a3 = 1
6a1a

2 − 1
6a0ac+

1
6a1c

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.079 (sec). Leaf size: 74� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)-(b*x^2+c)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
x
(√

b x+a
)

2 x

(
KummerM

(
a2 + 12

√
b+ 4c

16
√
b

,
3
2 ,

√
b x2

)
c1

+KummerU
(
a2 + 12

√
b+ 4c

16
√
b

,
3
2 ,

√
b x2

)
c2

)
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3 Solution by Mathematica
Time used: 0.088 (sec). Leaf size: 96� �
DSolve[y''[x]+a*y'[x]-(b*x^2+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
− 1

2x
(
a+

√
bx
)c1HermiteH

−a2 − 4
(
c+

√
b
)

8
√
b

,
4√
bx


+ c2Hypergeometric1F1

a2 + 4
(
c+

√
b
)

16
√
b

,
1
2 ,

√
bx2
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27.4 problem 14
27.4.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2150
27.4.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2156

Internal problem ID [10838]
Internal file name [OUTPUT/9819_Sunday_June_19_2022_09_26_13_PM_40437218/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 14.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries], [_2nd_order , _linear , `

_with_symmetry_ [0,F(x)]`]]

y′′ + ay′ + b
(
−b x2 + ax+ 1

)
y = 0

27.4.1 Solving using Kovacic algorithm

Writing the ode as

y′′ + ay′ +
(
−b2x2 + abx+ b

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = a (3)
C = −b2x2 + abx+ b

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = 4b2x2 − 4abx+ a2 − 4b
4 (6)

Comparing the above to (5) shows that

s = 4b2x2 − 4abx+ a2 − 4b
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
b2x2 − abx+ 1

4a
2 − b

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 30: Necessary conditions for each Kovacic case

2151



The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 2
= −2

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −2 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −2 then

v = −Or(∞)
2 = 2

2 = 1

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
1∑

i=0

aix
i (8)

Let a be the coefficient of xv = x1 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ bx−a

2−
1
2x−

a

4b x2−
a2

8b2x3−
a3

16b3x4−
1

8b x3−
a4

32b4x5−
3a

16b2x4−
a5

64b5x6−
3a2

16b3x5−
5a3

32b4x6−
1

16b2x5−
5a

32b3x6+. . .

(9)
Comparing Eq. (9) with Eq. (8) shows that

a = b

From Eq. (9) the sum up to v = 1 gives

[
√
r]∞ =

1∑
i=0

aix
i

= −a

2 + bx (10)
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Now we need to find b, where b be the coefficient of xv−1 = x0 = 1 in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4a
2 − abx+ b2x2

This shows that the coefficient of 1 in the above is a2

4 . Now we need to find the coefficient
of 1 in r. How this is done depends on if v = 0 or not. Since v = 1 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of 1 in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= 4b2x2 − 4abx+ a2 − 4b
4

= Q+ R

4

=
(
b2x2 − abx+ 1

4a
2 − b

)
+ (0)

= b2x2 − abx+ 1
4a

2 − b

We see that the coefficient of the term 1
x
in the quotient is a2

4 − b. Now b can be found.

b =
(
a2

4 − b

)
−
(
a2

4

)
= −b

Hence

[
√
r]∞ = −a

2 + bx

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
−b

b
− 1
)

= −1

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−−b

b
− 1
)

= 0

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = b2x2 − abx+ 1
4a

2 − b
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Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−2 −a
2 + bx −1 0

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 0, and since there are no poles then

d = α−
∞

= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω = (−)[
√
r]∞

= 0 + (−)
(
−a

2 + bx
)

= a

2 − bx

= a

2 − bx

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(a
2 − bx

)
(0) +

(
(−b) +

(a
2 − bx

)2
−
(
b2x2 − abx+ 1

4a
2 − b

))
= 0

0 = 0
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The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ (

a
2−bx

)
dx

= e
x(−bx+a)

2

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
a
1 dx

= z1e
−ax

2

= z1
(
e−ax

2
)

Which simplifies to

y1 = e− b x2
2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−a

1 dx

(y1)2
dx

= y1

∫
e−ax

(y1)2
dx

= y1

√
π e−a2

4b erf
(

−2bx+a
2
√
−b

)
2
√
−b


Therefore the solution is

y = c1y1 + c2y2

= c1
(
e− b x2

2

)
+ c2

e− b x2
2

√
π e−a2

4b erf
(

−2bx+a
2
√
−b

)
2
√
−b
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Summary
The solution(s) found are the following

(1)y = c1e−
b x2
2 +

c2
√
π e− 2b2x2+a2

4b erf
(

−2bx+a
2
√
−b

)
2
√
−b

Verification of solutions

y = c1e−
b x2
2 +

c2
√
π e− 2b2x2+a2

4b erf
(

−2bx+a
2
√
−b

)
2
√
−b

Verified OK.

27.4.2 Maple step by step solution

Let’s solve
y′′ + ay′ + (−b2x2 + abx+ b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert y′ to series expansion

y′ =
∞∑
k=1

akk x
k−1

◦ Shift index using k− >k + 1

y′ =
∞∑
k=0

ak+1(k + 1)xk

◦ Convert y′′ to series expansion
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y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

a1a+ a0b+ 2a2 + (a0ab+ 2aa2 + a1b+ 6a3)x+
(

∞∑
k=2

(ak+2(k + 2) (k + 1) + aak+1(k + 1) + akb+ ak−1ab− ak−2b
2)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 + a1a+ a0b = 0, a0ab+ 2aa2 + a1b+ 6a3 = 0]

• Solve for the dependent coefficient(s){
a2 = −a1a

2 − a0b
2 , a3 = 1

6a1a
2 − 1

6a1b
}

• Each term in the series must be 0, giving the recursion relation
(k2 + 3k + 2) ak+2 + (bak−1 + ak+1(k + 1)) a− ak−2b

2 + akb = 0
• Shift index using k− >k + 2(

(k + 2)2 + 3k + 8
)
ak+4 + (bak+1 + ak+3(k + 3)) a− akb

2 + ak+2b = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+4 = −abak+1+akak+3−akb

2+3aak+3+ak+2b
k2+7k+12 , a2 = −a1a

2 − a0b
2 , a3 = 1

6a1a
2 − 1

6a1b

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 30� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)+b*(-b*x^2+a*x+1)*y(x)=0,y(x), singsol=all)� �

y(x) = e−x2b
2

(
c1 erf

(
−2bx+ a

2
√
−b

)
+ c2

)
3 Solution by Mathematica
Time used: 0.28 (sec). Leaf size: 67� �
DSolve[y''[x]+a*y'[x]+b*(-b*x^2+a*x+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
2e

− bx2
2

√
πc2e

−a2
4b erfi

(
2bx−a
2
√
b

)
√
b

+ 2c1
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27.5 problem 15
27.5.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2159
27.5.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2165

Internal problem ID [10839]
Internal file name [OUTPUT/9820_Sunday_June_19_2022_09_26_14_PM_9090230/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 15.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries], [_2nd_order , _linear , `

_with_symmetry_ [0,F(x)]`]]

y′′ + ay′ + bx
(
−x3b+ ax+ 2

)
y = 0

27.5.1 Solving using Kovacic algorithm

Writing the ode as

y′′ + ay′ + bx
(
−x3b+ ax+ 2

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = a (3)
C = bx

(
−x3b+ ax+ 2

)
Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = 4b2x4 − 4ab x2 + a2 − 8bx
4 (6)

Comparing the above to (5) shows that

s = 4b2x4 − 4ab x2 + a2 − 8bx
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
1
4a

2 + b2x4 − ab x2 − 2bx
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 32: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 4
= −4

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −4 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −4 then

v = −Or(∞)
2 = 4

2 = 2

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
2∑

i=0

aix
i (8)

Let a be the coefficient of xv = x2 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ b x2 − a

2 − 1
x
− a

2b x3 − a2

4b2x5 − 1
2b x4 − a3

8b3x7 − 3a
4b2x6 − 1

2b2x7 + . . . (9)

Comparing Eq. (9) with Eq. (8) shows that

a = b

From Eq. (9) the sum up to v = 2 gives

[
√
r]∞ =

2∑
i=0

aix
i

= −a

2 + b x2 (10)
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Now we need to find b, where b be the coefficient of xv−1 = x1 = x in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4a
2 − ab x2 + b2x4

This shows that the coefficient of x in the above is 0. Now we need to find the coefficient
of x in r. How this is done depends on if v = 0 or not. Since v = 2 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of x in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= 4b2x4 − 4ab x2 + a2 − 8bx
4

= Q+ R

4

=
(
1
4a

2 + b2x4 − ab x2 − 2bx
)
+ (0)

= 1
4a

2 + b2x4 − ab x2 − 2bx

We see that the coefficient of the term 1
x
in the quotient is −2b. Now b can be found.

b = (−2b)− (0)
= −2b

Hence

[
√
r]∞ = −a

2 + b x2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
−2b
b

− 2
)

= −2

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−−2b

b
− 2
)

= 0

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = 1
4a

2 + b2x4 − ab x2 − 2bx
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Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−4 −a
2 + b x2 −2 0

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 0, and since there are no poles then

d = α−
∞

= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω = (−)[
√
r]∞

= 0 + (−)
(
−a

2 + b x2
)

= a

2 − b x2

= a

2 − b x2

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(a
2 − b x2

)
(0) +

(
(−2bx) +

(a
2 − b x2

)2
−
(
1
4a

2 + b2x4 − ab x2 − 2bx
))

= 0

0 = 0
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The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ (

a
2−b x2)dx

= e 1
2ax−

1
3x

3b

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
a
1 dx

= z1e
−ax

2

= z1
(
e−ax

2
)

Which simplifies to

y1 = e−x3b
3

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−a

1 dx

(y1)2
dx

= y1

∫
e−ax

(y1)2
dx

= y1

(∫
e−ax+ 2

3x
3bdx

)
Therefore the solution is

y = c1y1 + c2y2

= c1
(
e−x3b

3

)
+ c2

(
e−x3b

3

(∫
e−ax+ 2

3x
3bdx

))
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Summary
The solution(s) found are the following

(1)y = c1e−
x3b
3 + c2e−

x3b
3

(∫
e−ax+ 2

3x
3bdx

)
Verification of solutions

y = c1e−
x3b
3 + c2e−

x3b
3

(∫
e−ax+ 2

3x
3bdx

)
Verified OK.

27.5.2 Maple step by step solution

Let’s solve
y′′ + ay′ + bx(−x3b+ ax+ 2) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 1..4

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert y′ to series expansion

y′ =
∞∑
k=1

akk x
k−1

◦ Shift index using k− >k + 1

y′ =
∞∑
k=0

ak+1(k + 1)xk

◦ Convert y′′ to series expansion
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y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

a1a+ 2a2 + (2aa2 + 2a0b+ 6a3)x+ (a0ab+ 3aa3 + 2a1b+ 12a4)x2 + (a1ab+ 4aa4 + 2ba2 + 20a5)x3 +
(

∞∑
k=4

(ak+2(k + 2) (k + 1) + aak+1(k + 1) + 2bak−1 + ak−2ab− ak−4b
2)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 + a1a = 0, 2aa2 + 2a0b+ 6a3 = 0, a0ab+ 3aa3 + 2a1b+ 12a4 = 0, a1ab+ 4aa4 + 2ba2 + 20a5 = 0]

• Solve for the dependent coefficient(s){
a2 = −a1a

2 , a3 = a1a2

6 − a0b
3 , a4 = − 1

24a1a
3 − 1

6a1b, a5 =
1

120a1a
4 + 1

30a1ab
}

• Each term in the series must be 0, giving the recursion relation
(k2 + 3k + 2) ak+2 + (bak−2 + ak+1(k + 1)) a− ak−4b

2 + 2bak−1 = 0
• Shift index using k− >k + 4(

(k + 4)2 + 3k + 14
)
ak+6 + (bak+2 + ak+5(k + 5)) a− akb

2 + 2bak+3 = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+6 = −abak+2+akak+5−akb

2+5aak+5+2bak+3
k2+11k+30 , a2 = −a1a

2 , a3 = a1a2

6 − a0b
3 , a4 = − 1

24a1a
3 − 1

6a1b, a5 =
1

120a1a
4 + 1

30a1ab

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 30� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)+b*x*(-b*x^3+a*x+2)*y(x)=0,y(x), singsol=all)� �

y(x) =
((∫

e−ax+ 2
3x

3bdx

)
c1 + c2

)
e−x3b

3

3 Solution by Mathematica
Time used: 0.913 (sec). Leaf size: 46� �
DSolve[y''[x]+a*y'[x]+b*x*(-b*x^3+a*x+2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
bx3
3

(
c2

∫ x

1
e

2
3 bK[1]3−aK[1]dK[1] + c1

)
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27.6 problem 16
Internal problem ID [10840]
Internal file name [OUTPUT/9821_Sunday_June_19_2022_09_26_15_PM_78099300/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 16.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries], [_2nd_order , _linear , `

_with_symmetry_ [0,F(x)]`]]

Unable to solve or complete the solution.

y′′ + ay′ + b
(
−b x2n + a xn + nxn−1) y = 0

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 48� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)+b*(-b*x^(2*n)+a*x^n+n*x^(n-1))*y(x)=0,y(x), singsol=all)� �

y(x) =
((∫

e
2b xn+1−xa(n+1)

n+1 dx

)
c1 + c2

)
e−

b xn+1
n+1
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+a*y'[x]+b*(-b*x^(2*n)+a*x^n+n*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.7 problem 17
Internal problem ID [10841]
Internal file name [OUTPUT/9822_Sunday_June_19_2022_09_26_17_PM_68406290/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 17.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + ay′ + b
(
−b x2n − a xn + nxn−1) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful
<- 2nd order, integrating factors of the form mu(x,y) successful`� �

3 Solution by Maple
Time used: 0.187 (sec). Leaf size: 51� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)+b*(-b*x^(2*n)-a*x^n+n*x^(n-1))*y(x)=0,y(x), singsol=all)� �

y(x) = e−
x
(
b xn+a(n+1)

)
n+1

(
c1 +

(∫
e

x
(
2b xn+a(n+1)

)
n+1 dx

)
c2

)
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+a*y'[x]+b*(-b*x^(2*n)-a*x^n+n*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.8 problem 18
27.8.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2173

Internal problem ID [10842]
Internal file name [OUTPUT/9823_Sunday_June_19_2022_09_26_19_PM_9788249/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 18.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + y′x+ (n− 1) y = 0

27.8.1 Maple step by step solution

Let’s solve
y′′ + y′x+ (n− 1) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite DE with series expansions
◦ Convert x · y′ to series expansion

x · y′ =
∞∑
k=0

akk x
k
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◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite DE with series expansions
∞∑
k=0

(ak+2(k + 2) (k + 1) + ak(k + n− 1))xk = 0

• Each term in the series must be 0, giving the recursion relation
(k2 + 3k + 2) ak+2 + ak(k + n− 1) = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+2 = −ak(k+n−1)

k2+3k+2

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.062 (sec). Leaf size: 104� �
dsolve(diff(y(x),x$2)+x*diff(y(x),x)+(n-1)*y(x)=0,y(x), singsol=all)� �
y(x) =

−

(
−2
(
−x2

2 + n+ 1
2

)
c1nKummerM

(
−n

2 + 1
2 ,

3
2 ,

x2

2

)
+ 2(−x2 + 2n+ 1) c2KummerU

(
−n

2 + 1
2 ,

3
2 ,

x2

2

)
+ nc1(n+ 2)KummerM

(
−n

2 − 1
2 ,

3
2 ,

x2

2

)
+ 4KummerU

(
−n

2 − 1
2 ,

3
2 ,

x2

2

)
c2
)
x e−x2

2

n (n− 1)

3 Solution by Mathematica
Time used: 0.048 (sec). Leaf size: 51� �
DSolve[y''[x]+x*y'[x]+(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → e−

x2
2

(
c1HermiteH

(
n− 2, x√

2

)
+ c2Hypergeometric1F1

(
1− n

2 ,
1
2 ,

x2

2

))
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27.9 problem 19
27.9.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2176

Internal problem ID [10843]
Internal file name [OUTPUT/9824_Sunday_June_19_2022_09_26_21_PM_41558290/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 19.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ − 2y′x+ 2yn = 0

27.9.1 Maple step by step solution

Let’s solve
y′′ − 2y′x+ 2yn = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite DE with series expansions
◦ Convert x · y′ to series expansion

x · y′ =
∞∑
k=0

akk x
k
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◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite DE with series expansions
∞∑
k=0

(ak+2(k + 2) (k + 1)− 2ak(k − n))xk = 0

• Each term in the series must be 0, giving the recursion relation
(k2 + 3k + 2) ak+2 − 2ak(k − n) = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+2 = 2ak(k−n)

k2+3k+2

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 31� �
dsolve(diff(y(x),x$2)-2*x*diff(y(x),x)+2*n*y(x)=0,y(x), singsol=all)� �

y(x) = x

(
KummerU

(
−n

2 + 1
2 ,

3
2 , x

2
)
c2 +KummerM

(
−n

2 + 1
2 ,

3
2 , x

2
)
c1

)
3 Solution by Mathematica
Time used: 0.032 (sec). Leaf size: 27� �
DSolve[y''[x]-2*x*y'[x]+2*n*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1HermiteH(n, x) + c2Hypergeometric1F1
(
−n

2 ,
1
2 , x

2
)
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27.10 problem 20
27.10.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2179

Internal problem ID [10844]
Internal file name [OUTPUT/9825_Sunday_June_19_2022_09_26_22_PM_2454462/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 20.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + axy′ + yb = 0

27.10.1 Maple step by step solution

Let’s solve
y′′ + axy′ + yb = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite DE with series expansions
◦ Convert x · y′ to series expansion

x · y′ =
∞∑
k=0

akk x
k
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◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite DE with series expansions
∞∑
k=0

(ak+2(k + 2) (k + 1) + ak(ak + b))xk = 0

• Each term in the series must be 0, giving the recursion relation
(k2 + 3k + 2) ak+2 + ak(ak + b) = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+2 = −ak(ak+b)

k2+3k+2

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.062 (sec). Leaf size: 58� �
dsolve(diff(y(x),x$2)+a*x*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �
y(x) = e−a x2

2 x

(
KummerM

(
−b+ 2a

2a ,
3
2 ,

a x2

2

)
c1+KummerU

(
−b+ 2a

2a ,
3
2 ,

a x2

2

)
c2

)
3 Solution by Mathematica
Time used: 0.061 (sec). Leaf size: 67� �
DSolve[y''[x]+a*x*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → e−

ax2
2

(
c1HermiteH

(
b

a
− 1,

√
ax√
2

)
+ c2Hypergeometric1F1

(
a− b

2a ,
1
2 ,

ax2

2

))
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27.11 problem 21
27.11.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2182

Internal problem ID [10845]
Internal file name [OUTPUT/9826_Sunday_June_19_2022_09_26_24_PM_7626222/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 21.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + axy′ + bxy = 0

27.11.1 Maple step by step solution

Let’s solve
y′′ + axy′ + bxy = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert x · y to series expansion

x · y =
∞∑
k=0

akx
k+1

2182



◦ Shift index using k− >k − 1

x · y =
∞∑
k=1

ak−1x
k

◦ Convert x · y′ to series expansion

x · y′ =
∞∑
k=0

akk x
k

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

2a2 +
(

∞∑
k=1

(ak+2(k + 2) (k + 1) + aakk + bak−1)xk

)
= 0

• Each term must be 0
2a2 = 0

• Each term in the series must be 0, giving the recursion relation
(k2 + 3k + 2) ak+2 + aakk + bak−1 = 0

• Shift index using k− >k + 1(
(k + 1)2 + 3k + 5

)
ak+3 + aak+1(k + 1) + bak = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+3 = −akak+1+aak+1+bak

k2+5k+6 , 2a2 = 0
]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 70� �
dsolve(diff(y(x),x$2)+a*x*diff(y(x),x)+b*x*y(x)=0,y(x), singsol=all)� �

y(x) = e− bx
a

(
KummerM

(
b2

2a3 ,
1
2 ,−

(a2x− 2b)2

2a3

)
c1

+KummerU
(

b2

2a3 ,
1
2 ,−

(a2x− 2b)2

2a3

)
c2

)
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3 Solution by Mathematica
Time used: 0.106 (sec). Leaf size: 96� �
DSolve[y''[x]+a*x*y'[x]+b*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
bx
a
−ax2

2

(
c2Hypergeometric1F1

(
1
2 − b2

2a3 ,
1
2 ,

(a2x− 2b)2

2a3

)

+ c1HermiteH
(
b2

a3
− 1, a

2x− 2b√
2a3/2

))
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27.12 problem 22
27.12.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2186

Internal problem ID [10846]
Internal file name [OUTPUT/9827_Sunday_June_19_2022_09_26_25_PM_30342709/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 22.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + axy′ + (bx+ c) y = 0

27.12.1 Maple step by step solution

Let’s solve
y′′ + axy′ + (bx+ c) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑

k=max(0,−m)
akx

k+m
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◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert x · y′ to series expansion

x · y′ =
∞∑
k=0

akk x
k

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

a0c+ 2a2 +
(

∞∑
k=1

(ak+2(k + 2) (k + 1) + ak(ak + c) + bak−1)xk

)
= 0

• Each term must be 0
a0c+ 2a2 = 0

• Each term in the series must be 0, giving the recursion relation
(k2 + 3k + 2) ak+2 + aakk + bak−1 + akc = 0

• Shift index using k− >k + 1(
(k + 1)2 + 3k + 5

)
ak+3 + aak+1(k + 1) + bak + ak+1c = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+3 = −akak+1+aak+1+bak+ak+1c

k2+5k+6 , a0c+ 2a2 = 0
]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 82� �
dsolve(diff(y(x),x$2)+a*x*diff(y(x),x)+(b*x+c)*y(x)=0,y(x), singsol=all)� �

y(x) = e− bx
a

(
KummerM

(
a2c+ b2

2a3 ,
1
2 ,−

(a2x− 2b)2

2a3

)
c1

+KummerU
(
a2c+ b2

2a3 ,
1
2 ,−

(a2x− 2b)2

2a3

)
c2

)
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3 Solution by Mathematica
Time used: 0.085 (sec). Leaf size: 108� �
DSolve[y''[x]+a*x*y'[x]+(b*x+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
bx
a
−ax2

2

(
c2Hypergeometric1F1

(
−−a3 + ca2 + b2

2a3 ,
1
2 ,

(a2x− 2b)2

2a3

)

+ c1HermiteH
(
b2

a3
+ c

a
− 1, a

2x− 2b√
2a3/2

))
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27.13 problem 23
27.13.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2190

Internal problem ID [10847]
Internal file name [OUTPUT/9828_Sunday_June_19_2022_09_26_27_PM_54499846/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 23.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + 2axy′ +
(
b x4 + a2x2 + cx+ a

)
y = 0

27.13.1 Maple step by step solution

Let’s solve
y′′ + 2axy′ + (b x4 + a2x2 + cx+ a) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..4

xm · y =
∞∑

k=max(0,−m)
akx

k+m

2190



◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert x · y′ to series expansion

x · y′ =
∞∑
k=0

akk x
k

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

a0a+ 2a2 + (6a3 + 3a1a+ a0c)x+ (a0a2 + 5aa2 + a1c+ 12a4)x2 + (a1a2 + 7aa3 + a2c+ 20a5)x3 +
(

∞∑
k=4

(ak+2(k + 2) (k + 1) + aak(2k + 1) + ak−1c+ ak−2a
2 + ak−4b)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 + a0a = 0, 6a3 + 3a1a+ a0c = 0, a0a2 + 5aa2 + a1c+ 12a4 = 0, a1a2 + 7aa3 + a2c+ 20a5 = 0]

• Solve for the dependent coefficient(s){
a2 = −a0a

2 , a3 = −a1a
2 − a0c

6 , a4 = a0a2

8 − a1c
12 , a5 =

1
8a1a

2 + 1
12a0ac

}
• Each term in the series must be 0, giving the recursion relation

(k2 + 3k + 2) ak+2 + ak−2a
2 + aak(2k + 1) + ak−4b+ ak−1c = 0

• Shift index using k− >k + 4(
(k + 4)2 + 3k + 14

)
ak+6 + ak+2a

2 + aak+4(2k + 9) + akb+ ak+3c = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+6 = −ak+2a

2+2akak+4+9aak+4+akb+ak+3c
k2+11k+30 , a2 = −a0a

2 , a3 = −a1a
2 − a0c

6 , a4 = a0a2

8 − a1c
12 , a5 =

1
8a1a

2 + 1
12a0ac

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.14 (sec). Leaf size: 80� �
dsolve(diff(y(x),x$2)+2*a*x*diff(y(x),x)+(b*x^4+a^2*x^2+c*x+a)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
(
i
√
b x+3a

2
)
x2

3 x

(
KummerM

(
ic+ 4

√
b

6
√
b

,
4
3 ,

2i
√
b x3

3

)
c1

+KummerU
(
ic+ 4

√
b

6
√
b

,
4
3 ,

2i
√
b x3

3

)
c2

)
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3 Solution by Mathematica
Time used: 0.322 (sec). Leaf size: 121� �
DSolve[y''[x]+2*a*x*y'[x]+(b*x^4+a^2*x^2+c*x+a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

3
√
2 3√

x3e
1
6 ix

2
(
2
√
bx+3ia

)(
c1HypergeometricU

(
1
3 −

ic
6
√
b
, 23 ,−

2
3i
√
bx3
)
+ c2L

− 1
3

ic
6
√

b
− 1

3

(
−2

3i
√
bx3
))

x
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27.14 problem 24
27.14.1 Solving as second order ode non constant coeff transformation

on B ode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2194
27.14.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2197
27.14.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2203

Internal problem ID [10848]
Internal file name [OUTPUT/9829_Sunday_June_19_2022_09_26_29_PM_78344309/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 24.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_ode_non_con-
stant_coeff_transformation_on_B"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ + (ax+ b) y′ − ay = 0

27.14.1 Solving as second order ode non constant coeff transformation on
B ode

Given an ode of the form

Ay′′ +By′ + Cy = F (x)

This method reduces the order ode the ODE by one by applying the transformation

y = Bv

This results in

y′ = B′v + v′B

y′′ = B′′v +B′v′ + v′′B + v′B′

= v′′B + 2v′ +B′ +B′′v
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And now the original ode becomes

A(v′′B + 2v′B′ +B′′v) +B(B′v + v′B) + CBv = 0
ABv′′ +

(
2AB′ +B2) v′ + (AB′′ +BB′ + CB) v = 0 (1)

If the term AB′′ +BB′ +CB is zero, then this method works and can be used to solve

ABv′′ +
(
2AB′ +B2) v′ = 0

By Using u = v′ which reduces the order of the above ode to one. The new ode is

ABu′ +
(
2AB′ +B2)u = 0

The above ode is first order ode which is solved for u. Now a new ode v′ = u is solved
for v as first order ode. Then the final solution is obtain from y = Bv.

This method works only if the term AB′′ +BB′ + CB is zero. The given ODE shows
that

A = 1
B = ax+ b

C = −a

F = 0

The above shows that for this ode

AB′′ +BB′ + CB = (1) (0) + (ax+ b) (a) + (−a) (ax+ b)
= 0

Hence the ode in v given in (1) now simplifies to

ax+ bv′′ +
(
2a+ (ax+ b)2

)
v′ = 0

Now by applying v′ = u the above becomes

(ax+ b)u′(x) +
(
a2x2 + 2abx+ b2 + 2a

)
u(x) = 0

Which is now solved for u. In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= −(a2x2 + 2abx+ b2 + 2a)u
ax+ b
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Where f(x) = −a2x2+2abx+b2+2a
ax+b

and g(u) = u. Integrating both sides gives
1
u
du = −a2x2 + 2abx+ b2 + 2a

ax+ b
dx∫ 1

u
du =

∫
−a2x2 + 2abx+ b2 + 2a

ax+ b
dx

ln (u) = −a x2

2 − bx− 2 ln (ax+ b) + c1

u = e−a x2
2 −bx−2 ln(ax+b)+c1

= c1e−
a x2
2 −bx−2 ln(ax+b)

The ode for v now becomes

v′ = u

= c1e−
a x2
2 −bx−2 ln(ax+b)

Which is now solved for v. Integrating both sides gives

v(x) =
∫

c1e−
a x2
2 −bx−2 ln(ax+b) dx

= c1

−e−
(ax+b)2

2a + b2
2a

a (ax+ b) −

√
π e b2

2a
√
2 erf

(√
2 (ax+b)
2
√
a

)
2a 3

2

+ c2

Therefore the solution is

y(x) = Bv

= (ax+ b)

c1

−e−
(ax+b)2

2a + b2
2a

a (ax+ b) −

√
π e b2

2a
√
2 erf

(√
2 (ax+b)
2
√
a

)
2a 3

2

+ c2


= −

√
π e b2

2a c1
√
2 (ax+ b) erf

(√
2 (ax+b)
2
√
a

)
+ 2 e−

x(ax+2b)
2 c1

√
a− 2c2

(
a

3
2 b+ a

5
2x
)

2a 3
2

Summary
The solution(s) found are the following

(1)y = −

√
π e b2

2a c1
√
2 (ax+ b) erf

(√
2 (ax+b)
2
√
a

)
+ 2 e−

x(ax+2b)
2 c1

√
a− 2c2

(
a

3
2 b+ a

5
2x
)

2a 3
2

Verification of solutions

y = −

√
π e b2

2a c1
√
2 (ax+ b) erf

(√
2 (ax+b)
2
√
a

)
+ 2 e−

x(ax+2b)
2 c1

√
a− 2c2

(
a

3
2 b+ a

5
2x
)

2a 3
2

Verified OK.
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27.14.2 Solving using Kovacic algorithm

Writing the ode as

y′′ + (ax+ b) y′ − ay = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = ax+ b (3)
C = −a

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2x2 + 2abx+ b2 + 6a
4 (6)

Comparing the above to (5) shows that

s = a2x2 + 2abx+ b2 + 6a
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
3
2a+

1
4a

2x2 + 1
2abx+ 1

4b
2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx
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The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 40: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 2
= −2

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −2 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −2 then

v = −Or(∞)
2 = 2

2 = 1

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.
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Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
1∑

i=0

aix
i (8)

Let a be the coefficient of xv = x1 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ ax

2 + b

2+
3
2x−

3b
2a x2+

3b2
2a2x3−

9
4a x3−

3b3
2a3x4+

27b
4a2x4+

3b4
2a4x5−

27b2
2a3x5−

3b5
2a5x6+

27
4a2x5+

45b3
2a4x6−

135b
4a3x6+. . .

(9)
Comparing Eq. (9) with Eq. (8) shows that

a = a

2

From Eq. (9) the sum up to v = 1 gives

[
√
r]∞ =

1∑
i=0

aix
i

= ax

2 + b

2 (10)

Now we need to find b, where b be the coefficient of xv−1 = x0 = 1 in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4a
2x2 + 1

2abx+ 1
4b

2

This shows that the coefficient of 1 in the above is b2

4 . Now we need to find the coefficient
of 1 in r. How this is done depends on if v = 0 or not. Since v = 1 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of 1 in r will be
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the coefficient this term in the quotient. Doing long division gives

r = s

t

= a2x2 + 2abx+ b2 + 6a
4

= Q+ R

4

=
(
3
2a+

1
4a

2x2 + 1
2abx+ 1

4b
2
)
+ (0)

= 3
2a+

1
4a

2x2 + 1
2abx+ 1

4b
2

We see that the coefficient of the term 1
x
in the quotient is 3a

2 + b2

4 . Now b can be found.

b =
(
3a
2 + b2

4

)
−
(
b2

4

)
= 3a

2

Hence

[
√
r]∞ = ax

2 + b

2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

( 3a
2
a
2
− 1
)

= 1

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−

3a
2
a
2
− 1
)

= −2

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = 3
2a+

1
4a

2x2 + 1
2abx+ 1

4b
2

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−2 ax
2 + b

2 1 −2

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c
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Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α+

∞ = 1, and since there are no poles, then

d = α+
∞

= 1

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

Substituting the above values in the above results in

ω = (+)[
√
r]∞

= 0 +
(
ax

2 + b

2

)
= ax

2 + b

2
= ax

2 + b

2
Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 1 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = x+ a0 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
ax

2 + b

2

)
(1) +

((a
2

)
+
(
ax

2 + b

2

)2

−
(
3
2a+

1
4a

2x2 + 1
2abx+ 1

4b
2
))

= 0

−aa0 + b = 0

Solving for the coefficients ai in the above using method of undetermined coefficients
gives {

a0 =
b

a

}
Substituting these coefficients in p(x) in eq. (2A) results in

p(x) = x+ b

a
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Therefore the first solution to the ode z′′ = rz is

z1(x) = pe
∫
ω dx

=
(
x+ b

a

)
e
∫ (

ax
2 + b

2

)
dx

=
(
x+ b

a

)
e 1

4a x
2+ 1

2 bx

= (ax+ b) e
x(ax+2b)

4

a

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
ax+b

1 dx

= z1e
− 1

4a x
2− 1

2 bx

= z1
(
e−

x(ax+2b)
4

)
Which simplifies to

y1 =
ax+ b

a

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−ax+b

1 dx

(y1)2
dx

= y1

∫
e−

1
2a x

2−bx

(y1)2
dx

= y1

−

(√
2
√
π e b2

2a (ax+ b) erf
(√

2 (ax+b)
2
√
a

)
+ 2 e−

x(ax+2b)
2

√
a
)√

a

2ax+ 2b


Therefore the solution is
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y = c1y1 + c2y2

= c1

(
ax+ b

a

)

+ c2

ax+ b

a

−

(√
2
√
π e b2

2a (ax+ b) erf
(√

2 (ax+b)
2
√
a

)
+ 2 e−

x(ax+2b)
2

√
a
)√

a

2ax+ 2b


Summary
The solution(s) found are the following

(1)y = c1(ax+ b)
a

−
c2
(√

2
√
π e b2

2a (ax+ b) erf
(√

2 (ax+b)
2
√
a

)
+ 2 e−

x(ax+2b)
2

√
a
)

2
√
a

Verification of solutions

y = c1(ax+ b)
a

−
c2
(√

2
√
π e b2

2a (ax+ b) erf
(√

2 (ax+b)
2
√
a

)
+ 2 e−

x(ax+2b)
2

√
a
)

2
√
a

Verified OK.

27.14.3 Maple step by step solution

Let’s solve
y′′ + (ax+ b) y′ − ay = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite DE with series expansions
◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk
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◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite DE with series expansions
∞∑
k=0

(ak+2(k + 2) (k + 1) + ak+1(k + 1) b+ aak(k − 1))xk = 0

• Each term in the series must be 0, giving the recursion relation
k2ak+2 + (aak + ak+1b+ 3ak+2) k − aak + ak+1b+ 2ak+2 = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+2 = −aakk+ak+1bk−aak+ak+1b

k2+3k+2

]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 65� �
dsolve(diff(y(x),x$2)+(a*x+b)*diff(y(x),x)-a*y(x)=0,y(x), singsol=all)� �

y(x) = e b2
2aπc2(ax+ b) erf

(√
2 (ax+ b)
2
√
a

)
+
√
π
√
2
√
a e−

x(ax+2b)
2 c2 + c1(ax+ b)

3 Solution by Mathematica
Time used: 0.959 (sec). Leaf size: 82� �
DSolve[y''[x]+(a*x+b)*y'[x]-a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(ax+ b)

(
−
√

π
2 c2erf

(
ax+b√
2
√
a

)
a3/2

− c2e
− (ax+b)2

2a
a(ax+b) + c1

)
b
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27.15 problem 25
27.15.1 Solving as second order integrable as is ode . . . . . . . . . . . 2206
27.15.2 Solving as type second_order_integrable_as_is (not using ABC

version) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2208
27.15.3 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2209
27.15.4 Solving as exact linear second order ode ode . . . . . . . . . . . 2215
27.15.5 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2218

Internal problem ID [10849]
Internal file name [OUTPUT/9830_Sunday_June_19_2022_09_26_30_PM_79768022/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 25.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "exact linear second
order ode", "second_order_integrable_as_is"

Maple gives the following as the ode type
[[_2nd_order , _exact , _linear , _homogeneous ]]

y′′ + (ax+ b) y′ + ay = 0

27.15.1 Solving as second order integrable as is ode

Integrating both sides of the ODE w.r.t x gives∫
(y′′ + (ax+ b) y′ + ay) dx = 0

(ax+ b) y + y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = ax+ b

q(x) = c1

Hence the ode is

(ax+ b) y + y′ = c1

The integrating factor µ is

µ = e
∫
(ax+b)dx

= e 1
2a x

2+bx

Which simplifies to

µ = e
x(ax+2b)

2

The ode becomes
d
dx(µy) = (µ) (c1)

d
dx

(
e

x(ax+2b)
2 y

)
=
(
e

x(ax+2b)
2

)
(c1)

d
(
e

x(ax+2b)
2 y

)
=
(
c1e

x(ax+2b)
2

)
dx

Integrating gives

e
x(ax+2b)

2 y =
∫

c1e
x(ax+2b)

2 dx

e
x(ax+2b)

2 y = −
c1
√
π e− b2

2a erf
(
−

√
−2a x
2 + b√

−2a

)
√
−2a

+ c2

Dividing both sides by the integrating factor µ = e
x(ax+2b)

2 results in

y = −
e−

x(ax+2b)
2 c1

√
π e− b2

2a erf
(
−

√
−2a x
2 + b√

−2a

)
√
−2a

+ e−
x(ax+2b)

2 c2

Summary
The solution(s) found are the following

(1)y = −
e−

x(ax+2b)
2 c1

√
π e− b2

2a erf
(
−

√
−2a x
2 + b√

−2a

)
√
−2a

+ e−
x(ax+2b)

2 c2
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Verification of solutions

y = −
e−

x(ax+2b)
2 c1

√
π e− b2

2a erf
(
−

√
−2a x
2 + b√

−2a

)
√
−2a

+ e−
x(ax+2b)

2 c2

Verified OK.

27.15.2 Solving as type second_order_integrable_as_is (not using ABC
version)

Writing the ode as
y′′ + (ax+ b) y′ + ay = 0

Integrating both sides of the ODE w.r.t x gives∫
(y′′ + (ax+ b) y′ + ay) dx = 0

(ax+ b) y + y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = ax+ b

q(x) = c1

Hence the ode is

(ax+ b) y + y′ = c1

The integrating factor µ is

µ = e
∫
(ax+b)dx

= e 1
2a x

2+bx

Which simplifies to

µ = e
x(ax+2b)

2
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The ode becomes
d
dx(µy) = (µ) (c1)

d
dx

(
e

x(ax+2b)
2 y

)
=
(
e

x(ax+2b)
2

)
(c1)

d
(
e

x(ax+2b)
2 y

)
=
(
c1e

x(ax+2b)
2

)
dx

Integrating gives

e
x(ax+2b)

2 y =
∫

c1e
x(ax+2b)

2 dx

e
x(ax+2b)

2 y = −
c1
√
π e− b2

2a erf
(
−

√
−2a x
2 + b√

−2a

)
√
−2a

+ c2

Dividing both sides by the integrating factor µ = e
x(ax+2b)

2 results in

y = −
e−

x(ax+2b)
2 c1

√
π e− b2

2a erf
(
−

√
−2a x
2 + b√

−2a

)
√
−2a

+ e−
x(ax+2b)

2 c2

Summary
The solution(s) found are the following

(1)y = −
e−

x(ax+2b)
2 c1

√
π e− b2

2a erf
(
−

√
−2a x
2 + b√

−2a

)
√
−2a

+ e−
x(ax+2b)

2 c2

Verification of solutions

y = −
e−

x(ax+2b)
2 c1

√
π e− b2

2a erf
(
−

√
−2a x
2 + b√

−2a

)
√
−2a

+ e−
x(ax+2b)

2 c2

Verified OK.

27.15.3 Solving using Kovacic algorithm

Writing the ode as

y′′ + (ax+ b) y′ + ay = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = ax+ b (3)
C = a
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Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2x2 + 2abx+ b2 − 2a
4 (6)

Comparing the above to (5) shows that

s = a2x2 + 2abx+ b2 − 2a
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
−1
2a+

1
4a

2x2 + 1
2abx+ 1

4b
2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.
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Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 42: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 2
= −2

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −2 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −2 then

v = −Or(∞)
2 = 2

2 = 1

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
1∑

i=0

aix
i (8)
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Let a be the coefficient of xv = x1 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ ax

2 + b

2−
1
2x+

b

2a x2−
b2

2a2x3−
1

4a x3+
b3

2a3x4+
3b

4a2x4−
b4

2a4x5−
3b2

2a3x5+
b5

2a5x6−
1

4a2x5+
5b3

2a4x6+
5b

4a3x6+. . .

(9)
Comparing Eq. (9) with Eq. (8) shows that

a = a

2
From Eq. (9) the sum up to v = 1 gives

[
√
r]∞ =

1∑
i=0

aix
i

= ax

2 + b

2 (10)

Now we need to find b, where b be the coefficient of xv−1 = x0 = 1 in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4a
2x2 + 1

2abx+ 1
4b

2

This shows that the coefficient of 1 in the above is b2

4 . Now we need to find the coefficient
of 1 in r. How this is done depends on if v = 0 or not. Since v = 1 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of 1 in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= a2x2 + 2abx+ b2 − 2a
4

= Q+ R

4

=
(
−1
2a+

1
4a

2x2 + 1
2abx+ 1

4b
2
)
+ (0)

= −1
2a+

1
4a

2x2 + 1
2abx+ 1

4b
2

We see that the coefficient of the term 1
x
in the quotient is −a

2 +
b2

4 . Now b can be found.

b =
(
−a

2 + b2

4

)
−
(
b2

4

)
= −a

2
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Hence

[
√
r]∞ = ax

2 + b

2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(−a
2

a
2

− 1
)

= −1

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−
−a

2
a
2

− 1
)

= 0

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = −1
2a+

1
4a

2x2 + 1
2abx+ 1

4b
2

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−2 ax
2 + b

2 −1 0

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 0, and since there are no poles then

d = α−
∞

= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω = (−)[
√
r]∞

= 0 + (−)
(
ax

2 + b

2

)
= −ax

2 − b

2
= −ax

2 − b

2
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Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
−ax

2 − b

2

)
(0) +

((
−a

2

)
+
(
−ax

2 − b

2

)2

−
(
−1
2a+

1
4a

2x2 + 1
2abx+ 1

4b
2
))

= 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ (

−ax
2 − b

2

)
dx

= e−
x(ax+2b)

4

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
ax+b

1 dx

= z1e
− 1

4a x
2− 1

2 bx

= z1
(
e−

x(ax+2b)
4

)
Which simplifies to

y1 = e−
x(ax+2b)

2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx
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Substituting gives

y2 = y1

∫
e
∫
−ax+b

1 dx

(y1)2
dx

= y1

∫
e−

1
2a x

2−bx

(y1)2
dx

= y1

−

√
π e− b2

2a
√
2 erf

(
(ax+b)

√
2

2
√
−a

)
2
√
−a


Therefore the solution is

y = c1y1 + c2y2

= c1
(
e−

x(ax+2b)
2

)
+ c2

e−
x(ax+2b)

2

−

√
π e− b2

2a
√
2 erf

(
(ax+b)

√
2

2
√
−a

)
2
√
−a


Summary
The solution(s) found are the following

(1)y = c1e−
x(ax+2b)

2 −
c2
√
2
√
π e−

(ax+b)2
2a erf

(
(ax+b)

√
2

2
√
−a

)
2
√
−a

Verification of solutions

y = c1e−
x(ax+2b)

2 −
c2
√
2
√
π e−

(ax+b)2
2a erf

(
(ax+b)

√
2

2
√
−a

)
2
√
−a

Verified OK.

27.15.4 Solving as exact linear second order ode ode

An ode of the form

p(x) y′′ + q(x) y′ + r(x) y = s(x)

is exact if

p′′(x)− q′(x) + r(x) = 0 (1)
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For the given ode we have

p(x) = 1
q(x) = ax+ b

r(x) = a

s(x) = 0

Hence

p′′(x) = 0
q′(x) = a

Therefore (1) becomes

0− (a) + (a) = 0

Hence the ode is exact. Since we now know the ode is exact, it can be written as

(p(x) y′ + (q(x)− p′(x)) y)′ = s(x)

Integrating gives

p(x) y′ + (q(x)− p′(x)) y =
∫

s(x) dx

Substituting the above values for p, q, r, s gives

(ax+ b) y + y′ = c1

We now have a first order ode to solve which is

(ax+ b) y + y′ = c1

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = ax+ b

q(x) = c1

Hence the ode is

(ax+ b) y + y′ = c1
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The integrating factor µ is

µ = e
∫
(ax+b)dx

= e 1
2a x

2+bx

Which simplifies to

µ = e
x(ax+2b)

2

The ode becomes

d
dx(µy) = (µ) (c1)

d
dx

(
e

x(ax+2b)
2 y

)
=
(
e

x(ax+2b)
2

)
(c1)

d
(
e

x(ax+2b)
2 y

)
=
(
c1e

x(ax+2b)
2

)
dx

Integrating gives

e
x(ax+2b)

2 y =
∫

c1e
x(ax+2b)

2 dx

e
x(ax+2b)

2 y = −
c1
√
π e− b2

2a erf
(
−

√
−2a x
2 + b√

−2a

)
√
−2a

+ c2

Dividing both sides by the integrating factor µ = e
x(ax+2b)

2 results in

y = −
e−

x(ax+2b)
2 c1

√
π e− b2

2a erf
(
−

√
−2a x
2 + b√

−2a

)
√
−2a

+ e−
x(ax+2b)

2 c2

Summary
The solution(s) found are the following

(1)y = −
e−

x(ax+2b)
2 c1

√
π e− b2

2a erf
(
−

√
−2a x
2 + b√

−2a

)
√
−2a

+ e−
x(ax+2b)

2 c2

Verification of solutions

y = −
e−

x(ax+2b)
2 c1

√
π e− b2

2a erf
(
−

√
−2a x
2 + b√

−2a

)
√
−2a

+ e−
x(ax+2b)

2 c2

Verified OK.
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27.15.5 Maple step by step solution

Let’s solve
y′′ + (ax+ b) y′ + ay = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite DE with series expansions
◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite DE with series expansions
∞∑
k=0

(ak+2(k + 2) (k + 1) + ak+1(k + 1) b+ aak(k + 1))xk = 0

• Each term in the series must be 0, giving the recursion relation
(k + 1) (ak+2(k + 2) + ak+1b+ aak) = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+2 = −aak+ak+1b

k+2

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 36� �
dsolve(diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+a*y(x)=0,y(x), singsol=all)� �

y(x) =
(
erf
(
(ax+ b)

√
2

2
√
−a

)
c1 + c2

)
e−

x(ax+2b)
2

3 Solution by Mathematica
Time used: 0.067 (sec). Leaf size: 79� �
DSolve[y''[x]+(a*x+b)*y'[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e−

(ax+b)2
2a

(
2
√
ac2e

b2
2a +

√
2πc1erfi

(
ax+b√
2
√
a

))
2
√
a
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27.16 problem 26
27.16.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2220
27.16.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2226

Internal problem ID [10850]
Internal file name [OUTPUT/9831_Sunday_June_19_2022_09_26_31_PM_50554008/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 26.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ + (ax+ b) y′ + c(ax+ b− c) y = 0

27.16.1 Solving using Kovacic algorithm

Writing the ode as

y′′ + (ax+ b) y′ + c(ax+ b− c) y = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = ax+ b (3)
C = c(ax+ b− c)

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2x2 + 2abx− 4acx+ b2 − 4bc+ 4c2 + 2a
4 (6)

Comparing the above to (5) shows that

s = a2x2 + 2abx− 4acx+ b2 − 4bc+ 4c2 + 2a
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
1
2a+

1
4a

2x2 + 1
2abx+ 1

4b
2 − acx− bc+ c2

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 44: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 2
= −2

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −2 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −2 then

v = −Or(∞)
2 = 2

2 = 1

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
1∑

i=0

aix
i (8)

Let a be the coefficient of xv = x1 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ b

2−c+ax

2 + 1
2x−

2bc
a2x3+

3b2c
a3x4−

6b c2
a3x4−

4b3c
a4x5+

12b2c2
a4x5 −16b c3

a4x5 + 6bc
a3x5+

5b4c
a5x6−

20b3c2
a5x6 +40b2c3

a5x6 −40b c4
a5x6 −15b2c

a4x6 +
30b c2
a4x6 − 1

4a x3+
1

4a2x5−
6c2
a3x5+

16c5
a5x6−

20c3
a4x6+

5c
2a3x6+

c

a x2+
2c2
a2x3+

4c3
a3x4−

3c
2a2x4+

8c4
a4x5−

5b
4a3x6−

b

2a x2+
b2

2a2x3−
b3

2a3x4+
3b

4a2x4+
b4

2a4x5−
3b2

2a3x5−
b5

2a5x6+
5b3

2a4x6+. . .

(9)
Comparing Eq. (9) with Eq. (8) shows that

a = a

2

From Eq. (9) the sum up to v = 1 gives

[
√
r]∞ =

1∑
i=0

aix
i

= b

2 − c+ ax

2 (10)
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Now we need to find b, where b be the coefficient of xv−1 = x0 = 1 in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4b
2 − bc+ 1

2abx+ c2 − acx+ 1
4a

2x2

This shows that the coefficient of 1 in the above is 1
4b

2 − bc+ c2. Now we need to find
the coefficient of 1 in r. How this is done depends on if v = 0 or not. Since v = 1 which
is not zero, then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of 1 in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= a2x2 + 2abx− 4acx+ b2 − 4bc+ 4c2 + 2a
4

= Q+ R

4

=
(
a2x2

4 +
(
1
2ab− ac

)
x+ a

2 + b2

4 − bc+ c2
)
+ (0)

= a2x2

4 +
(
1
2ab− ac

)
x+ a

2 + b2

4 − bc+ c2

We see that the coefficient of the term 1
x
in the quotient is 1

2a+
1
4b

2 − bc+ c2. Now b

can be found.

b =
(
1
2a+

1
4b

2 − bc+ c2
)
−
(
1
4b

2 − bc+ c2
)

= a

2
Hence

[
√
r]∞ = b

2 − c+ ax

2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

( a
2
a
2
− 1
)

= 0

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−

a
2
a
2
− 1
)

= −1

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = 1
2a+

1
4a

2x2 + 1
2abx+ 1

4b
2 − acx− bc+ c2
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Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−2 b
2 − c+ ax

2 0 −1

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α+

∞ = 0, and since there are no poles, then

d = α+
∞

= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

Substituting the above values in the above results in

ω = (+)[
√
r]∞

= 0 +
(
b

2 − c+ ax

2

)
= b

2 − c+ ax

2
= b

2 − c+ ax

2
Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
b

2 − c+ ax

2

)
(0) +

((a
2

)
+
(
b

2 − c+ ax

2

)2

−
(
1
2a+

1
4a

2x2 + 1
2abx+ 1

4b
2 − acx− bc+ c2

))
= 0

0 = 0
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The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ (

b
2−c+ax

2

)
dx

= e
x(ax+2b−4c)

4

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
ax+b

1 dx

= z1e
− 1

4a x
2− 1

2 bx

= z1
(
e−

x(ax+2b)
4

)
Which simplifies to

y1 = e−cx

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−ax+b

1 dx

(y1)2
dx

= y1

∫
e−

1
2a x

2−bx

(y1)2
dx

= y1

√
π e

(b−2c)2
2a

√
2 erf

(√
2 (ax+b−2c)

2
√
a

)
2
√
a


Therefore the solution is
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y = c1y1 + c2y2

= c1
(
e−cx

)
+ c2

e−cx

√
π e

(b−2c)2
2a

√
2 erf

(√
2 (ax+b−2c)

2
√
a

)
2
√
a




Summary
The solution(s) found are the following

(1)y = c1e−cx +
c2
√
2
√
π e

−2acx+(b−2c)2
2a erf

(√
2 (ax+b−2c)

2
√
a

)
2
√
a

Verification of solutions

y = c1e−cx +
c2
√
2
√
π e

−2acx+(b−2c)2
2a erf

(√
2 (ax+b−2c)

2
√
a

)
2
√
a

Verified OK.

27.16.2 Maple step by step solution

Let’s solve
y′′ + (ax+ b) y′ + c(ax+ b− c) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 0..1
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xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

2a2 + a1b+ a0(bc− c2) +
(

∞∑
k=1

(ak+2(k + 2) (k + 1) + ak+1(k + 1) b+ ak(ak + bc− c2) + ak−1ac)xk

)
= 0

• Each term must be 0
2a2 + a1b+ a0(bc− c2) = 0

• Each term in the series must be 0, giving the recursion relation
k2ak+2 + (aak + ak+1b+ 3ak+2) k + 2ak+2 + (bc− c2) ak + ak−1ac+ ak+1b = 0

• Shift index using k− >k + 1
(k + 1)2 ak+3 + (aak+1 + ak+2b+ 3ak+3) (k + 1) + 2ak+3 + (bc− c2) ak+1 + akac+ ak+2b = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+3 = −akac+akak+1+bcak+1+bkak+2−c2ak+1+aak+1+2ak+2b

k2+5k+6 , 2a2 + a1b+ a0(bc− c2) = 0
]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 31� �
dsolve(diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+c*(a*x+b-c)*y(x)=0,y(x), singsol=all)� �

y(x) = e−cx

(
c1 + erf

(√
2 (ax+ b− 2c)

2
√
a

)
c2

)

3 Solution by Mathematica
Time used: 0.091 (sec). Leaf size: 70� �
DSolve[y''[x]+(a*x+b)*y'[x]+c*(a*x+b-c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
1
2x(ax+2b−2c)

(
c1HermiteH

(
−1, b− 2c+ ax√

2
√
a

)
+ c2e

(ax+b−2c)2
2a

)
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27.17 problem 27
27.17.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2229
27.17.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2235

Internal problem ID [10851]
Internal file name [OUTPUT/10107_Sunday_December_24_2023_05_12_22_PM_16279652/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 27.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ + (ax+ 2b) y′ +
(
abx+ b2 − a

)
y = 0

27.17.1 Solving using Kovacic algorithm

Writing the ode as

y′′ + (ax+ 2b) y′ +
(
abx+ b2 − a

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = ax+ 2b (3)
C = abx+ b2 − a

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a(a x2 + 6)
4 (6)

Comparing the above to (5) shows that

s = a
(
a x2 + 6

)
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
a(a x2 + 6)

4

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 46: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 2
= −2

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −2 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −2 then

v = −Or(∞)
2 = 2

2 = 1

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
1∑

i=0

aix
i (8)

Let a be the coefficient of xv = x1 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ ax

2 + 3
2x − 9

4a x3 + 27
4a2x5 − 405

16a3x7 + 1701
16a4x9 − 15309

32a5x11 + 72171
32a6x13 + . . . (9)

Comparing Eq. (9) with Eq. (8) shows that

a = a

2

From Eq. (9) the sum up to v = 1 gives

[
√
r]∞ =

1∑
i=0

aix
i

= ax

2 (10)
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Now we need to find b, where b be the coefficient of xv−1 = x0 = 1 in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = a2x2

4
This shows that the coefficient of 1 in the above is 0. Now we need to find the coefficient
of 1 in r. How this is done depends on if v = 0 or not. Since v = 1 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of 1 in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= a(a x2 + 6)
4

= Q+ R

4

=
(
3
2a+

1
4a

2x2
)
+ (0)

= 3
2a+

1
4a

2x2

We see that the coefficient of the term 1
x
in the quotient is 3a

2 . Now b can be found.

b =
(
3a
2

)
− (0)

= 3a
2

Hence

[
√
r]∞ = ax

2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

( 3a
2
a
2
− 1
)

= 1

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−

3a
2
a
2
− 1
)

= −2

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = a(a x2 + 6)
4
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Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−2 ax
2 1 −2

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α+

∞ = 1, and since there are no poles, then

d = α+
∞

= 1

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

Substituting the above values in the above results in

ω = (+)[
√
r]∞

= 0 +
(ax
2

)
= ax

2
= ax

2
Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 1 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = x+ a0 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(ax
2

)
(1) +

((a
2

)
+
(ax
2

)2
−
(
a(a x2 + 6)

4

))
= 0

−aa0 = 0
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Solving for the coefficients ai in the above using method of undetermined coefficients
gives

{a0 = 0}
Substituting these coefficients in p(x) in eq. (2A) results in

p(x) = x

Therefore the first solution to the ode z′′ = rz is

z1(x) = pe
∫
ω dx

= (x) e
∫

ax
2 dx

= (x) ea x2
4

= x ea x2
4

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
ax+2b

1 dx

= z1e
− 1

4a x
2−bx

= z1
(
e−

x(ax+4b)
4

)
Which simplifies to

y1 = x e−bx

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−ax+2b

1 dx

(y1)2
dx

= y1

∫
e−

1
2a x

2−2bx

(y1)2
dx

= y1

−
√
a
√
π
√
2 erf

(√
2
√
a x

2

)
x− 2 e−a x2

2

2x
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Therefore the solution is

y = c1y1 + c2y2

= c1
(
x e−bx

)
+ c2

x e−bx

−
√
a
√
π
√
2 erf

(√
2
√
a x

2

)
x− 2 e−a x2

2

2x


Summary
The solution(s) found are the following

(1)y = c1x e−bx −
c2e−bx

(√
a
√
π
√
2 erf

(√
2
√
a x

2

)
x+ 2 e−a x2

2

)
2

Verification of solutions

y = c1x e−bx −
c2e−bx

(√
a
√
π
√
2 erf

(√
2
√
a x

2

)
x+ 2 e−a x2

2

)
2

Verified OK.

27.17.2 Maple step by step solution

Let’s solve
y′′ + (ax+ 2b) y′ + (abx+ b2 − a) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 0..1
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xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

2a2 + 2a1b+ a0(b2 − a) +
(

∞∑
k=1

(ak+2(k + 2) (k + 1) + 2ak+1(k + 1) b+ ak(ak + b2 − a) + ak−1ab)xk

)
= 0

• Each term must be 0
2a2 + 2a1b+ a0(b2 − a) = 0

• Each term in the series must be 0, giving the recursion relation
akb

2 + (aak−1 + 2kak+1 + 2ak+1) b+ k2ak+2 + (aak + 3ak+2) k − aak + 2ak+2 = 0
• Shift index using k− >k + 1

ak+1b
2 + (aak + 2(k + 1) ak+2 + 2ak+2) b+ (k + 1)2 ak+3 + (aak+1 + 3ak+3) (k + 1)− aak+1 + 2ak+3 = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+3 = −akab+akak+1+ak+1b

2+2bkak+2+4bak+2
k2+5k+6 , 2a2 + 2a1b+ a0(b2 − a) = 0

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 49� �
dsolve(diff(y(x),x$2)+(a*x+2*b)*diff(y(x),x)+(a*b*x-a+b^2)*y(x)=0,y(x), singsol=all)� �

y(x) = 2 e−
x(ax+2b)

2 c2 + e−bxx

(
c2
√
a
√
π
√
2 erf

(√
2
√
a x

2

)
+ c1

)

3 Solution by Mathematica
Time used: 0.405 (sec). Leaf size: 64� �
DSolve[y''[x]+(a*x+2*b)*y'[x]+(a*b*x-a+b^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → xe−bx

(
−
√

π

2
√
ac2erf

(√
ax√
2

)
− c2e

−ax2
2

x
+ c1

)
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27.18 problem 28
27.18.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2238

Internal problem ID [10852]
Internal file name [OUTPUT/10108_Sunday_December_24_2023_05_12_23_PM_84918379/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 28.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + (ax+ b) y′ + (cx+ d) y = 0

27.18.1 Maple step by step solution

Let’s solve
y′′ + (ax+ b) y′ + (cx+ d) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑

k=max(0,−m)
akx

k+m
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◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

a1b+ a0d+ 2a2 +
(

∞∑
k=1

(ak+2(k + 2) (k + 1) + ak+1(k + 1) b+ ak(ak + d) + ak−1c)xk

)
= 0

• Each term must be 0
a1b+ a0d+ 2a2 = 0

• Each term in the series must be 0, giving the recursion relation
k2ak+2 + (aak + ak+1b+ 3ak+2) k + ak+1b+ ak−1c+ akd+ 2ak+2 = 0

• Shift index using k− >k + 1
(k + 1)2 ak+3 + (aak+1 + ak+2b+ 3ak+3) (k + 1) + ak+2b+ akc+ ak+1d+ 2ak+3 = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+3 = −akak+1+bkak+2+aak+1+2ak+2b+akc+ak+1d

k2+5k+6 , a1b+ a0d+ 2a2 = 0
]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 98� �
dsolve(diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+(c*x+d)*y(x)=0,y(x), singsol=all)� �

y(x) = e− cx
a

(
KummerM

(
d a2 − abc+ c2

2a3 ,
1
2 ,−

(a2x+ ab− 2c)2

2a3

)
c1

+KummerU
(
d a2 − abc+ c2

2a3 ,
1
2 ,−

(a2x+ ab− 2c)2

2a3

)
c2

)
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3 Solution by Mathematica
Time used: 0.116 (sec). Leaf size: 132� �
DSolve[y''[x]+(a*x+b)*y'[x]+(c*x+d)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → e

cx
a
−ax2

2 −bx

(
c2Hypergeometric1F1

(
a3 − da2 + bca− c2

2a3 ,
1
2 ,

(xa2 + ba− 2c)2

2a3

)

+ c1HermiteH
(
−a3 + da2 − bca+ c2

a3
,
xa2 + ba− 2c√

2a3/2

))
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27.19 problem 29
27.19.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2242

Internal problem ID [10853]
Internal file name [OUTPUT/10109_Sunday_December_24_2023_05_12_23_PM_15034228/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 29.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + (ax+ b) y′ + c
(
(a− c)x2 + bx+ 1

)
y = 0

27.19.1 Maple step by step solution

Let’s solve
y′′ + (ax+ b) y′ + c((a− c)x2 + bx+ 1) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = −c(a x2 − c x2 + bx+ 1) y − (ax+ b) y′

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + (ax+ b) y′ + c(a x2 − c x2 + bx+ 1) y = 0

• Assume series solution for y

2242



y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

a1b+ a0c+ 2a2 + (6a3 + 2a2b+ a1(a+ c) + a0bc)x+
(

∞∑
k=2

(ak+2(k + 2) (k + 1) + ak+1(k + 1) b+ ak(ak + c) + ak−1bc+ ak−2c(a− c))xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 + a1b+ a0c = 0, 6a3 + 2a2b+ a1(a+ c) + a0bc = 0]

• Solve for the dependent coefficient(s){
a2 = −a1b

2 − a0c
2 , a3 = 1

6a1b
2 − 1

6a1a−
1
6a1c

}
• Each term in the series must be 0, giving the recursion relation

−ak−2c
2 + (aak−2 + bak−1 + ak) c+ k2ak+2 + (aak + ak+1b+ 3ak+2) k + ak+1b+ 2ak+2 = 0

• Shift index using k− >k + 2
−akc

2 + (aak + ak+1b+ ak+2) c+ (k + 2)2 ak+4 + (aak+2 + ak+3b+ 3ak+4) (k + 2) + ak+3b+ 2ak+4 = 0
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• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+4 = −akac+akak+2+bcak+1+bkak+3−akc

2+2aak+2+3ak+3b+cak+2
k2+7k+12 , a2 = −a1b

2 − a0c
2 , a3 = 1

6a1b
2 − 1

6a1a−
1
6a1c

]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 36� �
dsolve(diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+c*((a-c)*x^2+b*x+1)*y(x)=0,y(x), singsol=all)� �

y(x) = e− c x2
2

(
c1 + erf

(
(−2c+ a)x+ b√

2a− 4c

)
c2

)
3 Solution by Mathematica
Time used: 0.135 (sec). Leaf size: 81� �
DSolve[y''[x]+(a*x+b)*y'[x]+c*((a-c)*x^2+b*x+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
1
2x(x(a−c)+2b)

(
c1HermiteH

(
−1, b+ (a− 2c)x√

2
√
a− 2c

)
+ c2e

(x(a−2c)+b)2
2(a−2c)

)
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27.20 problem 30
27.20.1 Solving as second order change of variable on y method 1 ode . 2245
27.20.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2248
27.20.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2251

Internal problem ID [10854]
Internal file name [OUTPUT/10110_Sunday_December_24_2023_05_12_24_PM_53542549/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 30.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_change_of_vari-
able_on_y_method_1"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ + 2(ax+ b) y′ +
(
a2x2 + 2abx+ c

)
y = 0

27.20.1 Solving as second order change of variable on y method 1 ode

In normal form the given ode is written as

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = 2ax+ 2b
q(x) = a2x2 + 2abx+ c

2245



Calculating the Liouville ode invariant Q given by

Q = q − p′

2 − p2

4

= a2x2 + 2abx+ c− (2ax+ 2b)′

2 − (2ax+ 2b)2

4

= a2x2 + 2abx+ c− (2a)
2 −

(
(2ax+ 2b)2

)
4

= a2x2 + 2abx+ c− (a)− (2ax+ 2b)2

4
= −b2 − a+ c

Since the Liouville ode invariant does not depend on the independent variable x then
the transformation

y = v(x) z(x) (3)

is used to change the original ode to a constant coefficients ode in v. In (3) the term
z(x) is given by

z(x) = e−
(∫ p(x)

2 dx
)

= e−
∫ 2ax+2b

2

= e−
x(ax+2b)

2 (5)

Hence (3) becomes

y = v(x) e−
x(ax+2b)

2 (4)

Applying this change of variable to the original ode results in

−e−
x(ax+2b)

2
(
v(x) b2 + av(x)− v(x) c− v′′(x)

)
= 0

Which is now solved for v(x) This is second order with constant coefficients homogeneous
ODE. In standard form the ODE is

Av′′(x) +Bv′(x) + Cv(x) = 0

Where in the above A = −1, B = 0, C = b2 + a − c. Let the solution be v(x) = eλx.
Substituting this into the ODE gives

−λ2eλx +
(
b2 + a− c

)
eλx = 0 (1)
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Since exponential function is never zero, then dividing Eq(2) throughout by eλx gives

b2 − λ2 + a− c = 0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = −1, B = 0, C = b2 + a− c into the above gives

λ1,2 =
0

(2) (−1) ±
1

(2) (−1)
√
02 − (4) (−1) (b2 + a− c)

= ±−
√
b2 + a− c

Hence
λ1 = +−

√
b2 + a− c

λ2 = −−
√
b2 + a− c

Which simplifies to

λ1 = −
√
b2 + a− c

λ2 =
√
b2 + a− c

Since roots are real and distinct, then the solution is

v(x) = c1e
λ1x + c2e

λ2x

v(x) = c1e

(
−
√
b2+a−c

)
x + c2e

(√
b2+a−c

)
x

Or
v(x) = c1e−

√
b2+a−c x + c2e

√
b2+a−c x

Now that v(x) is known, then

y = v(x) z(x)

=
(
c1e−

√
b2+a−c x + c2e

√
b2+a−c x

)
(z(x)) (7)

But from (5)

z(x) = e−
x(ax+2b)

2
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Hence (7) becomes

y =
(
c1e−

√
b2+a−c x + c2e

√
b2+a−c x

)
e−

x(ax+2b)
2

Summary
The solution(s) found are the following

(1)y =
(
c1e−

√
b2+a−c x + c2e

√
b2+a−c x

)
e−

x(ax+2b)
2

Verification of solutions

y =
(
c1e−

√
b2+a−c x + c2e

√
b2+a−c x

)
e−

x(ax+2b)
2

Verified OK.

27.20.2 Solving using Kovacic algorithm

Writing the ode as

y′′ + (2ax+ 2b) y′ +
(
a2x2 + 2abx+ c

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = 2ax+ 2b (3)
C = a2x2 + 2abx+ c

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = b2 + a− c

1 (6)
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Comparing the above to (5) shows that

s = b2 + a− c

t = 1

Therefore eq. (4) becomes

z′′(x) =
(
b2 + a− c

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 50: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 0
= 0

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is 0 then the necessary conditions for case
one are met. Therefore

L = [1]
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Since r = b2 + a− c is not a function of x, then there is no need run Kovacic algorithm
to obtain a solution for transformed ode z′′ = rz as one solution is

z1(x) = e
√
b2+a−c x

Using the above, the solution for the original ode can now be found. The first solution
to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
2ax+2b

1 dx

= z1e
− 1

2a x
2−bx

= z1
(
e−

x(ax+2b)
2

)
Which simplifies to

y1 = e−
x
(
ax−2

√
b2+a−c+2b

)
2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
− 2ax+2b

1 dx

(y1)2
dx

= y1

∫
e−a x2−2bx

(y1)2
dx

= y1

(
− e−2

√
b2+a−c x

2
√
b2 + a− c

)

Therefore the solution is

y = c1y1 + c2y2

= c1

(
e−

x
(
ax−2

√
b2+a−c+2b

)
2

)
+ c2

(
e−

x
(
ax−2

√
b2+a−c+2b

)
2

(
− e−2

√
b2+a−c x

2
√
b2 + a− c

))
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Summary
The solution(s) found are the following

(1)y = c1e−
x
(
ax−2

√
b2+a−c+2b

)
2 − c2e−

x
(
ax+2

√
b2+a−c+2b

)
2

2
√
b2 + a− c

Verification of solutions

y = c1e−
x
(
ax−2

√
b2+a−c+2b

)
2 − c2e−

x
(
ax+2

√
b2+a−c+2b

)
2

2
√
b2 + a− c

Verified OK.

27.20.3 Maple step by step solution

Let’s solve
y′′ + (2ax+ 2b) y′ + (a2x2 + 2abx+ c) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion
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y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

2a1b+ a0c+ 2a2 + (6a3 + 4a2b+ a1(2a+ c) + 2a0ab)x+
(

∞∑
k=2

(ak+2(k + 2) (k + 1) + 2ak+1(k + 1) b+ ak(2ak + c) + 2ak−1ab+ ak−2a
2)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 + 2a1b+ a0c = 0, 6a3 + 4a2b+ a1(2a+ c) + 2a0ab = 0]

• Solve for the dependent coefficient(s){
a2 = −a1b− a0c

2 , a3 = −1
3a0ab+

2
3a1b

2 + 1
3a0bc−

1
3a1a−

1
6a1c

}
• Each term in the series must be 0, giving the recursion relation

k2ak+2 + (2aak + 2ak+1b+ 3ak+2) k + ak−2a
2 + 2ak−1ab+ 2ak+1b+ akc+ 2ak+2 = 0

• Shift index using k− >k + 2
(k + 2)2 ak+4 + (2aak+2 + 2ak+3b+ 3ak+4) (k + 2) + aka

2 + 2ak+1ab+ 2ak+3b+ ak+2c+ 2ak+4 = 0
• Recursion relation that defines the series solution to the ODE[

y =
∞∑
k=0

akx
k, ak+4 = −aka

2+2ak+1ab+2akak+2+2bkak+3+4aak+2+6ak+3b+ak+2c
k2+7k+12 , a2 = −a1b− a0c

2 , a3 = −1
3a0ab+

2
3a1b

2 + 1
3a0bc−

1
3a1a−

1
6a1c

]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 55� �
dsolve(diff(y(x),x$2)+2*(a*x+b)*diff(y(x),x)+(a^2*x^2+2*a*b*x+c)*y(x)=0,y(x), singsol=all)� �

y(x) = c1e−
x
(
ax−2

√
b2+a−c+2b

)
2 + c2e−

x
(
ax+2

√
b2+a−c+2b

)
2

3 Solution by Mathematica
Time used: 0.228 (sec). Leaf size: 86� �
DSolve[y''[x]+2*(a*x+b)*y'[x]+(a^2*x^2+2*a*b*x+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e
− 1

2x
(
2
√
a+b2−c+ax+2b

)(
c2e

2x
√
a+b2−c + 2c1

√
a+ b2 − c

)
2
√
a+ b2 − c
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27.21 problem 31
27.21.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2254

Internal problem ID [10855]
Internal file name [OUTPUT/10111_Sunday_December_24_2023_05_12_32_PM_77209391/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 31.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + (ax+ b) y′ +
(
αx2 + βx+ γ

)
y = 0

27.21.1 Maple step by step solution

Let’s solve
y′′ + (ax+ b) y′ + (αx2 + βx+ γ) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑

k=max(0,−m)
akx

k+m
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◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

a1b+ a0γ + 2a2 + (6a3 + 2a2b+ a1(a+ γ) + a0β)x+
(

∞∑
k=2

(ak+2(k + 2) (k + 1) + ak+1(k + 1) b+ ak(ak + γ) + ak−1β + ak−2α)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 + a1b+ a0γ = 0, 6a3 + 2a2b+ a1(a+ γ) + a0β = 0]

• Solve for the dependent coefficient(s){
a2 = −a1b

2 − a0γ
2 , a3 = 1

6a1b
2 + 1

6a0bγ − 1
6a1a−

1
6a0β − 1

6a1γ
}

• Each term in the series must be 0, giving the recursion relation
k2ak+2 + (aak + ak+1b+ 3ak+2) k + ak+1b+ ak−1β + ak−2α + akγ + 2ak+2 = 0

• Shift index using k− >k + 2
(k + 2)2 ak+4 + (aak+2 + ak+3b+ 3ak+4) (k + 2) + ak+3b+ ak+1β + akα + ak+2γ + 2ak+4 = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+4 = −akak+2+bkak+3+2aak+2+akα+3ak+3b+ak+1β+ak+2γ

k2+7k+12 , a2 = −a1b
2 − a0γ

2 , a3 = 1
6a1b

2 + 1
6a0bγ − 1

6a1a−
1
6a0β − 1

6a1γ

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: indirect Equivalence to 0F1 under \`\`^ @ Moebius\`\` is resolved

<- hypergeometric successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.046 (sec). Leaf size: 254� �
dsolve(diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+(alpha*x^2+beta*x+gamma)*y(x)=0,y(x), singsol=all)� �
y(x) = e−

x
(
(ax+2b)

√
a2−4α+x

(
a2−4α

)
+2ab−4β

)
4
√

a2−4α

(
c2
(
a2x+ ab− 4αx

−2β
)
hypergeom

([
3(a2 − 4α)

3
2 + a3 − 2a2γ + 2(bβ − 2α) a+ 2(−b2 + 4γ)α− 2β2

4 (a2 − 4α)
3
2

]
,

[
3
2

]
,
(a2x+ ab− 4αx− 2β)2

2 (a2 − 4α)
3
2

)

+hypergeom
([

(a2 − 4α)
3
2 + a3 − 2a2γ + (2bβ − 4α) a+ (−2b2 + 8γ)α− 2β2

4 (a2 − 4α)
3
2

]
,

[
1
2

]
,
(a2x+ ab− 4αx− 2β)2

2 (a2 − 4α)
3
2

)
c1

)
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3 Solution by Mathematica
Time used: 0.467 (sec). Leaf size: 307� �
DSolve[y''[x]+(a*x+b)*y'[x]+(\[Alpha]*x^2+\[Beta]*x+\[Gamma])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ exp
(
−
x
(
2b
√
a2 − 4α + a

(
x
√
a2 − 4α + 2b

)
+ a2x− 4(β + αx)

)
4
√
a2 − 4α

)(
c1HermiteH

(
−a3 −

(√
a2 − 4α− 2γ

)
a2 + (4α− 2bβ)a+ 2

(
αb2 + β2 + 2

√
a2 − 4αα− 4αγ

)
2 (a2 − 4α)3/2

,
xa2 + ba− 2(2xα + β)

√
2 (a2 − 4α)3/4

)
+c2Hypergeometric1F1

(
a3 +

(√
a2 − 4α− 2γ

)
a2 + (2bβ − 4α)a− 2

(
αb2 + β2 + 2

√
a2 − 4αα− 4αγ

)
4 (a2 − 4α)3/2

,
1
2 ,

(xa2 + ba− 2(2xα + β))2

2 (a2 − 4α)3/2

))
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27.22 problem 32
Internal problem ID [10856]
Internal file name [OUTPUT/10112_Sunday_December_24_2023_05_12_34_PM_89403799/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 32.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + (ax+ b) y′ + c
(
−c x2n + a x1+n + b xn + nxn−1) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �

2259



7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+c*(-c*x^(2*n)+a*x^(n+1)+b*x^n+n*x^(n-1) )*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*x+b)*y'[x]+c*(-c*x^(2*n)+a*x^(n+1)+b*x^n+n*x^(n-1) )*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.23 problem 33
27.23.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2261
27.23.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2267

Internal problem ID [10857]
Internal file name [OUTPUT/10113_Sunday_December_24_2023_05_12_34_PM_15390749/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 33.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ + a
(
−b2 + x2) y′ − a(x+ b) y = 0

27.23.1 Solving using Kovacic algorithm

Writing the ode as

y′′ + a
(
−b2 + x2) y′ − a(x+ b) y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B =

(
−b2 + x2) a (3)

C = −a(x+ b)

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a(a b4 − 2a b2x2 + a x4 + 4b+ 8x)
4 (6)

Comparing the above to (5) shows that

s = a
(
a b4 − 2a b2x2 + a x4 + 4b+ 8x

)
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
a(a b4 − 2a b2x2 + a x4 + 4b+ 8x)

4

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 53: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 4
= −4

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −4 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −4 then

v = −Or(∞)
2 = 4

2 = 2

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
2∑

i=0

aix
i (8)

Let a be the coefficient of xv = x2 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ −a b2

2 + a x2

2 + b5

x6 + 2b4
x5 + b3

x4 + 2b2
x3 + b

x2 + 2
x
− 13b2

a x6 − 4b
a x5 − 4

a x4 + . . . (9)

Comparing Eq. (9) with Eq. (8) shows that

a = a

2

From Eq. (9) the sum up to v = 2 gives

[
√
r]∞ =

2∑
i=0

aix
i

= −1
2a b

2 + 1
2a x

2 (10)

2263



Now we need to find b, where b be the coefficient of xv−1 = x1 = x in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4a
2b4 − 1

2a
2b2x2 + 1

4a
2x4

This shows that the coefficient of x in the above is 0. Now we need to find the coefficient
of x in r. How this is done depends on if v = 0 or not. Since v = 2 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of x in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= a(a b4 − 2a b2x2 + a x4 + 4b+ 8x)
4

= Q+ R

4

=
(
a2x4

4 − a2b2x2

2 + 2ax+ ab(b3a+ 4)
4

)
+ (0)

= a2x4

4 − a2b2x2

2 + 2ax+ ab(b3a+ 4)
4

We see that the coefficient of the term 1
x
in the quotient is 2a. Now b can be found.

b = (2a)− (0)
= 2a

Hence

[
√
r]∞ = −1

2a b
2 + 1

2a x
2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
2a
a
2

− 2
)

= 1

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−2a

a
2

− 2
)

= −3

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = a(a b4 − 2a b2x2 + a x4 + 4b+ 8x)
4
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Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−4 −1
2a b

2 + 1
2a x

2 1 −3

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α+

∞ = 1, and since there are no poles, then

d = α+
∞

= 1

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

Substituting the above values in the above results in

ω = (+)[
√
r]∞

= 0 +
(
−1
2a b

2 + 1
2a x

2
)

= −1
2a b

2 + 1
2a x

2

= −a(b2 − x2)
2

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 1 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = x+ a0 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
−1
2a b

2 + 1
2a x

2
)
(1) +

(
(ax) +

(
−1
2a b

2 + 1
2a x

2
)2

−
(
a(a b4 − 2a b2x2 + a x4 + 4b+ 8x)

4

))
= 0

−a(a0 + b) (x+ b) = 0
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Solving for the coefficients ai in the above using method of undetermined coefficients
gives

{a0 = −b}
Substituting these coefficients in p(x) in eq. (2A) results in

p(x) = x− b

Therefore the first solution to the ode z′′ = rz is

z1(x) = pe
∫
ω dx

= (x− b) e
∫ (

− 1
2a b

2+ 1
2a x

2)dx
= (x− b) e−

a
(
b2x− 1

3x3
)

2

= −(−x+ b) e−
ax

(
b2−x2

3

)
2

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2

(
−b2+x2

)
a

1 dx

= z1e
−

a
(
−b2x+1

3x3
)

2

= z1

(
e

ax
(
3b2−x2

)
6

)
Which simplifies to

y1 = x− b

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−
(
−b2+x2

)
a

1 dx

(y1)2
dx

= y1

∫
ea b

2x− 1
3a x

3

(y1)2
dx

= y1

(∫ ea b2x− 1
3a x

3

(−x+ b)2
dx

)
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Therefore the solution is

y = c1y1 + c2y2

= c1(x− b) + c2

(
x− b

(∫ ea b2x− 1
3a x

3

(−x+ b)2
dx

))

Summary
The solution(s) found are the following

(1)y = c1(x− b)− c2(−x+ b)
(∫ ea b2x− 1

3a x
3

(−x+ b)2
dx

)
Verification of solutions

y = c1(x− b)− c2(−x+ b)
(∫ ea b2x− 1

3a x
3

(−x+ b)2
dx

)

Verified OK.

27.23.2 Maple step by step solution

Let’s solve
y′′ + a(−b2 + x2) y′ − a(x+ b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = a(x+ b) y + a(b2 − x2) y′

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ − a(b2 − x2) y′ − a(x+ b) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑

k=max(0,−m)
akx

k+m
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◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

−a1a b
2 − aa0b+ 2a2 +

(
∞∑
k=1

(ak+2(k + 2) (k + 1)− ak+1(k + 1) a b2 − aakb+ ak−1a(k − 2))xk

)
= 0

• Each term must be 0
−a1a b

2 − aa0b+ 2a2 = 0
• Each term in the series must be 0, giving the recursion relation

((−b2ak+1 + ak−1) k − b2ak+1 − bak − 2ak−1) a+ ak+2(k + 2) (k + 1) = 0
• Shift index using k− >k + 1

((−b2ak+2 + ak) (k + 1)− b2ak+2 − bak+1 − 2ak) a+ ak+3(k + 3) (k + 2) = 0
• Recursion relation that defines the series solution to the ODE[

y =
∞∑
k=0

akx
k, ak+3 =

(
b2kak+2+2b2ak+2+bak+1−akk+ak

)
a

(k+3)(k+2) ,−a1a b
2 − aa0b+ 2a2 = 0

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunT ODE, case c = 0

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.297 (sec). Leaf size: 141� �
dsolve(diff(y(x),x$2)+a*(x^2-b^2)*diff(y(x),x)-a*(x+b)*y(x)=0,y(x), singsol=all)� �
y(x) = c1HeunT

(
− a3 2

3 b

(a2)
1
3
,−6 csgn (a) ,−a2b23 1

3

(a2)
2
3
,
3 2

3 (a2)
1
6 x

3

)
e

x
(
3b2−x2

)
csgn(a)a(csgn(a)+1)

6

+ c2HeunT
(
− a3 2

3 b

(a2)
1
3
, 6 csgn (a) ,−a2b23 1

3

(a2)
2
3
,

−3 2
3 (a2)

1
6 x

3

)
e

x
(
3b2−x2

)
csgn(a)a(csgn(a)−1)

6

3 Solution by Mathematica
Time used: 3.893 (sec). Leaf size: 55� �
DSolve[y''[x]+a*(x^2-b^2)*y'[x]-a*(x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(b− x)

(
c2
∫ x

1
eab

2K[1]− 1
3aK[1]3

(b−K[1])2 dK[1] + c1
)

b
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27.24 problem 34
27.24.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2271
27.24.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2277

Internal problem ID [10858]
Internal file name [OUTPUT/10114_Sunday_December_24_2023_05_12_35_PM_24279716/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 34.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ +
(
a x2 + b

)
y′ + c

(
a x2 + b− c

)
y = 0

27.24.1 Solving using Kovacic algorithm

Writing the ode as

y′′ +
(
a x2 + b

)
y′ + c

(
a x2 + b− c

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = a x2 + b (3)
C = c

(
a x2 + b− c

)
Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2x4 + 2ab x2 − 4ac x2 + 4ax+ b2 − 4bc+ 4c2
4 (6)

Comparing the above to (5) shows that

s = a2x4 + 2ab x2 − 4ac x2 + 4ax+ b2 − 4bc+ 4c2

t = 4

Therefore eq. (4) becomes

z′′(x) =
(
ax+ 1

4a
2x4 + 1

2ab x
2 + 1

4b
2 − ac x2 − bc+ c2

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 55: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 4
= −4

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −4 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −4 then

v = −Or(∞)
2 = 4

2 = 2

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
2∑

i=0

aix
i (8)

Let a be the coefficient of xv = x2 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ a x2

2 + b

2−c+ 1
x
− b

a x3 +
2c
a x3 −

1
a x4 +

b2

a2x5 −
4bc
a2x5 +

4c2
a2x5 +

3b
a2x6 −

6c
a2x6 + . . . (9)

Comparing Eq. (9) with Eq. (8) shows that

a = a

2

From Eq. (9) the sum up to v = 2 gives

[
√
r]∞ =

2∑
i=0

aix
i

= b

2 − c+ a x2

2 (10)
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Now we need to find b, where b be the coefficient of xv−1 = x1 = x in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4b
2 − bc+ 1

2ab x
2 + c2 − ac x2 + 1

4a
2x4

This shows that the coefficient of x in the above is 0. Now we need to find the coefficient
of x in r. How this is done depends on if v = 0 or not. Since v = 2 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of x in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= a2x4 + 2ab x2 − 4ac x2 + 4ax+ b2 − 4bc+ 4c2
4

= Q+ R

4

=
(
a2x4

4 +
(
1
2ab− ac

)
x2 + ax+ b2

4 − bc+ c2
)
+ (0)

= a2x4

4 +
(
1
2ab− ac

)
x2 + ax+ b2

4 − bc+ c2

We see that the coefficient of the term 1
x
in the quotient is a. Now b can be found.

b = (a)− (0)
= a

Hence

[
√
r]∞ = b

2 − c+ a x2

2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
a
a
2
− 2
)

= 0

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−a

a
2
− 2
)

= −2

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = ax+ 1
4a

2x4 + 1
2ab x

2 + 1
4b

2 − ac x2 − bc+ c2
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Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−4 b
2 − c+ a x2

2 0 −2

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α+

∞ = 0, and since there are no poles, then

d = α+
∞

= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

Substituting the above values in the above results in

ω = (+)[
√
r]∞

= 0 +
(
b

2 − c+ a x2

2

)
= b

2 − c+ a x2

2

= b

2 − c+ a x2

2
Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
b

2 − c+ a x2

2

)
(0) +

(
(ax) +

(
b

2 − c+ a x2

2

)2

−
(
ax+ 1

4a
2x4 + 1

2ab x
2 + 1

4b
2 − ac x2 − bc+ c2

))
= 0

0 = 0
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The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ (

b
2−c+a x2

2

)
dx

= e
x
(
a x2+3b−6c

)
6

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
a x2+b

1 dx

= z1e
− 1

6a x
3− 1

2 bx

= z1

(
e−

x
(
a x2+3b

)
6

)

Which simplifies to
y1 = e−cx

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−a x2+b

1 dx

(y1)2
dx

= y1

∫
e−

1
3a x

3−bx

(y1)2
dx

= y1

(∫
e−

x
(
a x2+3b−6c

)
3 dx

)
Therefore the solution is

y = c1y1 + c2y2

= c1
(
e−cx

)
+ c2

(
e−cx

(∫
e−

x
(
a x2+3b−6c

)
3 dx

))
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Summary
The solution(s) found are the following

(1)y = c1e−cx + c2e−cx

(∫
e−

x
(
a x2+3b−6c

)
3 dx

)
Verification of solutions

y = c1e−cx + c2e−cx

(∫
e−

x
(
a x2+3b−6c

)
3 dx

)
Verified OK.

27.24.2 Maple step by step solution

Let’s solve
y′′ + (a x2 + b) y′ + c(a x2 + b− c) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion
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y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

2a2 + a1b+ ca0(b− c) + (6a3 + 2a2b+ ca1(b− c))x+
(

∞∑
k=2

(ak+2(k + 2) (k + 1) + ak+1(k + 1) b+ cak(b− c) + aak−1(k − 1) + ak−2ac)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 + a1b+ ca0(b− c) = 0, 6a3 + 2a2b+ ca1(b− c) = 0]

• Solve for the dependent coefficient(s){
a2 = −1

2a0bc+
1
2a0c

2 − 1
2a1b, a3 =

1
6a0b

2c− 1
6a0b c

2 + 1
6a1b

2 − 1
6a1bc+

1
6a1c

2}
• Each term in the series must be 0, giving the recursion relation

k2ak+2 + (aak−1 + ak+1b+ 3ak+2) k + 2ak+2 + (cak−2 − ak−1) a+ (cak + ak+1) b− akc
2 = 0

• Shift index using k− >k + 2
(k + 2)2 ak+4 + (aak+1 + bak+3 + 3ak+4) (k + 2) + 2ak+4 + (cak − ak+1) a+ (cak+2 + ak+3) b− ak+2c

2 = 0
• Recursion relation that defines the series solution to the ODE[

y =
∞∑
k=0

akx
k, ak+4 = −akac+akak+1+bcak+2+bkak+3−ak+2c

2+aak+1+3bak+3
k2+7k+12 , a2 = −1

2a0bc+
1
2a0c

2 − 1
2a1b, a3 =

1
6a0b

2c− 1
6a0b c

2 + 1
6a1b

2 − 1
6a1bc+

1
6a1c

2
]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunT ODE, case c = 0

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.203 (sec). Leaf size: 134� �
dsolve(diff(y(x),x$2)+(a*x^2+b)*diff(y(x),x)+c*(a*x^2+b-c)*y(x)=0,y(x), singsol=all)� �

y(x) = c1HeunT
(
0,

−3 csgn (a) , a(b− 2c) 3 1
3

(a2)
2
3

,
3 2

3 (a2)
1
6 x

3

)
e−

x
((

a x2+3b
)
csgn(a)+a x2+3b−6c

)
csgn(a)

6

+ c2HeunT
(
0, 3 csgn (a) , a(b− 2c) 3 1

3

(a2)
2
3

,

−3 2
3 (a2)

1
6 x

3

)
e−

x
((

a x2+3b
)
csgn(a)−a x2−3b+6c

)
csgn(a)

6

3 Solution by Mathematica
Time used: 0.915 (sec). Leaf size: 46� �
DSolve[y''[x]+(a*x^2+b)*y'[x]+c*(a*x^2+b-c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−cx

(
c2

∫ x

1
e−

1
3K[1]

(
aK[1]2+3b−6c

)
dK[1] + c1

)
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27.25 problem 35
27.25.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2281
27.25.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2287

Internal problem ID [10859]
Internal file name [OUTPUT/10115_Sunday_December_24_2023_05_12_36_PM_4955882/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 35.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ +
(
a x2 + 2b

)
y′ +

(
ab x2 − ax+ b2

)
y = 0

27.25.1 Solving using Kovacic algorithm

Writing the ode as

y′′ +
(
a x2 + 2b

)
y′ +

((
b x2 − x

)
a+ b2

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = a x2 + 2b (3)
C =

(
b x2 − x

)
a+ b2

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = ax(a x3 + 8)
4 (6)

Comparing the above to (5) shows that

s = ax
(
a x3 + 8

)
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
ax(a x3 + 8)

4

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 57: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 4
= −4

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −4 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −4 then

v = −Or(∞)
2 = 4

2 = 2

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
2∑

i=0

aix
i (8)

Let a be the coefficient of xv = x2 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ a x2

2 + 2
x
− 4

a x4 + 16
a2x7 − 80

a3x10 + 448
a4x13 − 2688

a5x16 + 16896
a6x19 + . . . (9)

Comparing Eq. (9) with Eq. (8) shows that

a = a

2

From Eq. (9) the sum up to v = 2 gives

[
√
r]∞ =

2∑
i=0

aix
i

= a x2

2 (10)
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Now we need to find b, where b be the coefficient of xv−1 = x1 = x in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = a2x4

4
This shows that the coefficient of x in the above is 0. Now we need to find the coefficient
of x in r. How this is done depends on if v = 0 or not. Since v = 2 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of x in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= ax(a x3 + 8)
4

= Q+ R

4

=
(
2ax+ 1

4a
2x4
)
+ (0)

= 2ax+ 1
4a

2x4

We see that the coefficient of the term 1
x
in the quotient is 2a. Now b can be found.

b = (2a)− (0)
= 2a

Hence

[
√
r]∞ = a x2

2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
2a
a
2

− 2
)

= 1

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−2a

a
2

− 2
)

= −3

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = ax(a x3 + 8)
4
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Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−4 a x2

2 1 −3

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α+

∞ = 1, and since there are no poles, then

d = α+
∞

= 1

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

Substituting the above values in the above results in

ω = (+)[
√
r]∞

= 0 +
(
a x2

2

)
= a x2

2

= a x2

2
Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 1 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = x+ a0 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
a x2

2

)
(1) +

(
(ax) +

(
a x2

2

)2

−
(
ax(a x3 + 8)

4

))
= 0

−axa0 = 0
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Solving for the coefficients ai in the above using method of undetermined coefficients
gives

{a0 = 0}
Substituting these coefficients in p(x) in eq. (2A) results in

p(x) = x

Therefore the first solution to the ode z′′ = rz is

z1(x) = pe
∫
ω dx

= (x) e
∫

a x2
2 dx

= (x) ea x3
6

= x ea x3
6

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
a x2+2b

1 dx

= z1e
− 1

6a x
3−bx

= z1

(
e−

x
(
a x2+6b

)
6

)

Which simplifies to
y1 = x e−bx

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−a x2+2b

1 dx

(y1)2
dx

= y1

∫
e−

1
3a x

3−2bx

(y1)2
dx

= y1

(∫ e−a x3
3

x2 dx

)
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Therefore the solution is

y = c1y1 + c2y2

= c1
(
x e−bx

)
+ c2

(
x e−bx

(∫ e−a x3
3

x2 dx

))

Summary
The solution(s) found are the following

(1)y = c1x e−bx + c2x e−bx

(∫ e−a x3
3

x2 dx

)
Verification of solutions

y = c1x e−bx + c2x e−bx

(∫ e−a x3
3

x2 dx

)

Verified OK.

27.25.2 Maple step by step solution

Let’s solve
y′′ + (a x2 + 2b) y′ + ((b x2 − x) a+ b2) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = (−ab x2 + ax− b2) y − (a x2 + 2b) y′

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + (a x2 + 2b) y′ + (ab x2 − ax+ b2) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑

k=max(0,−m)
akx

k+m
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◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

a0b
2 + 2a1b+ 2a2 + (a1b2 − a0a+ 4a2b+ 6a3)x+

(
∞∑
k=2

(ak+2(k + 2) (k + 1) + 2ak+1(k + 1) b+ akb
2 + ak−1a(k − 2) + ak−2ab)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 + a0b

2 + 2a1b = 0, a1b2 − a0a+ 4a2b+ 6a3 = 0]
• Solve for the dependent coefficient(s){

a2 = −1
2a0b

2 − a1b, a3 = 1
3a0b

3 + 1
2a1b

2 + 1
6a0a

}
• Each term in the series must be 0, giving the recursion relation

akb
2 + (aak−2 + 2kak+1 + 2ak+1) b+ k2ak+2 + (ak−1a+ 3ak+2) k − 2ak−1a+ 2ak+2 = 0

• Shift index using k− >k + 2
ak+2b

2 + (aka+ 2(k + 2) ak+3 + 2ak+3) b+ (k + 2)2 ak+4 + (ak+1a+ 3ak+4) (k + 2)− 2ak+1a+ 2ak+4 = 0
• Recursion relation that defines the series solution to the ODE[

y =
∞∑
k=0

akx
k, ak+4 = −akab+akak+1+ak+2b

2+2bkak+3+6bak+3
k2+7k+12 , a2 = −1

2a0b
2 − a1b, a3 = 1

3a0b
3 + 1

2a1b
2 + 1

6a0a

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 91� �
dsolve(diff(y(x),x$2)+(a*x^2+2*b)*diff(y(x),x)+(a*b*x^2-a*x+b^2)*y(x)=0,y(x), singsol=all)� �
y(x)

=

5

3 2
3 c2a(a x3)

1
3 (a x3 + 2) e−

x
(
a x2+6b

)
6 +

9x2

c2a2x e−bx WhittakerM
(

1
3 ,

5
6 ,

a x3
3

)
+c1e

x
(
a x2−6b

)
6


5

 e−a x3
6

9x

3 Solution by Mathematica
Time used: 0.407 (sec). Leaf size: 51� �
DSolve[y''[x]+(a*x^2+2*b)*y'[x]+(a*b*x^2-a*x+b^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
9e

−bx

(
9c1x− 32/3c2

3√
ax3Γ

(
−1
3 ,

ax3

3

))
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27.26 problem 36
27.26.1 Solving as second order change of variable on y method 1 ode . 2290
27.26.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2293
27.26.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2296

Internal problem ID [10860]
Internal file name [OUTPUT/10116_Sunday_December_24_2023_05_12_36_PM_17868219/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 36.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_change_of_vari-
able_on_y_method_1"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ +
(
2x2 + a

)
y′ +

(
x4 + a x2 + b+ 2x

)
y = 0

27.26.1 Solving as second order change of variable on y method 1 ode

In normal form the given ode is written as

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = 2x2 + a

q(x) = x4 + a x2 + b+ 2x
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Calculating the Liouville ode invariant Q given by

Q = q − p′

2 − p2

4

= x4 + a x2 + b+ 2x− (2x2 + a)′

2 − (2x2 + a)2

4

= x4 + a x2 + b+ 2x− (4x)
2 −

(
(2x2 + a)2

)
4

= x4 + a x2 + b+ 2x− (2x)− (2x2 + a)2

4

= b− a2

4
Since the Liouville ode invariant does not depend on the independent variable x then
the transformation

y = v(x) z(x) (3)

is used to change the original ode to a constant coefficients ode in v. In (3) the term
z(x) is given by

z(x) = e−
(∫ p(x)

2 dx
)

= e−
∫ 2x2+a

2

= e− 1
3x

3− 1
2ax (5)

Hence (3) becomes

y = v(x) e− 1
3x

3− 1
2ax (4)

Applying this change of variable to the original ode results in

−e−
x
(
2x2+3a

)
6

(
v(x) a2 − 4v(x) b− 4v′′(x)

)
= 0

Which is now solved for v(x) This is second order with constant coefficients homogeneous
ODE. In standard form the ODE is

Av′′(x) +Bv′(x) + Cv(x) = 0

Where in the above A = −4, B = 0, C = a2 − 4b. Let the solution be v(x) = eλx.
Substituting this into the ODE gives

−4λ2eλx +
(
a2 − 4b

)
eλx = 0 (1)
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Since exponential function is never zero, then dividing Eq(2) throughout by eλx gives

a2 − 4λ2 − 4b = 0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = −4, B = 0, C = a2 − 4b into the above gives

λ1,2 =
0

(2) (−4) ±
1

(2) (−4)
√
02 − (4) (−4) (a2 − 4b)

= ±−
√
a2 − 4b
2

Hence

λ1 = +−
√
a2 − 4b
2

λ2 = −−
√
a2 − 4b
2

Which simplifies to

λ1 = −
√
a2 − 4b
2

λ2 =
√
a2 − 4b
2

Since roots are real and distinct, then the solution is

v(x) = c1e
λ1x + c2e

λ2x

v(x) = c1e

(
−
√

a2−4b
2

)
x
+ c2e

(√
a2−4b
2

)
x

Or

v(x) = c1e−
x
√

a2−4b
2 + c2e

x
√

a2−4b
2

Now that v(x) is known, then

y = v(x) z(x)

=
(
c1e−

x
√

a2−4b
2 + c2e

x
√

a2−4b
2

)
(z(x)) (7)
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But from (5)

z(x) = e− 1
3x

3− 1
2ax

Hence (7) becomes

y =
(
c1e−

x
√

a2−4b
2 + c2e

x
√

a2−4b
2

)
e− 1

3x
3− 1

2ax

Summary
The solution(s) found are the following

(1)y =
(
c1e−

x
√

a2−4b
2 + c2e

x
√

a2−4b
2

)
e− 1

3x
3− 1

2ax

Verification of solutions

y =
(
c1e−

x
√

a2−4b
2 + c2e

x
√

a2−4b
2

)
e− 1

3x
3− 1

2ax

Verified OK.

27.26.2 Solving using Kovacic algorithm

Writing the ode as

y′′ +
(
2x2 + a

)
y′ +

(
x4 + a x2 + b+ 2x

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = 2x2 + a (3)
C = x4 + a x2 + b+ 2x

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2
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Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2 − 4b
4 (6)

Comparing the above to (5) shows that

s = a2 − 4b
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
a2

4 − b

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 59: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 0
= 0
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There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is 0 then the necessary conditions for case
one are met. Therefore

L = [1]

Since r = a2

4 − b is not a function of x, then there is no need run Kovacic algorithm to
obtain a solution for transformed ode z′′ = rz as one solution is

z1(x) = e
x
√

a2−4b
2

Using the above, the solution for the original ode can now be found. The first solution
to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
2x2+a

1 dx

= z1e
− 1

3x
3− 1

2ax

= z1
(
e− 1

3x
3− 1

2ax
)

Which simplifies to

y1 = e−x3
3 −ax

2 +x
√

a2−4b
2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
− 2x2+a

1 dx

(y1)2
dx

= y1

∫
e−

2
3x

3−ax

(y1)2
dx

= y1

(
−e−x

√
a2−4b

√
a2 − 4b

)

Therefore the solution is
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y = c1y1 + c2y2

= c1
(
e−x3

3 −ax
2 +x

√
a2−4b
2

)
+ c2

(
e−x3

3 −ax
2 +x

√
a2−4b
2

(
−e−x

√
a2−4b

√
a2 − 4b

))

Summary
The solution(s) found are the following

(1)y = c1e−
x3
3 −ax

2 +x
√

a2−4b
2 − c2e−

x
(
2x2+3

√
a2−4b+3a

)
6

√
a2 − 4b

Verification of solutions

y = c1e−
x3
3 −ax

2 +x
√

a2−4b
2 − c2e−

x
(
2x2+3

√
a2−4b+3a

)
6

√
a2 − 4b

Verified OK.

27.26.3 Maple step by step solution

Let’s solve
y′′ + (2x2 + a) y′ + (x4 + a x2 + b+ 2x) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..4

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m
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◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

a1a+ a0b+ 2a2 + (2aa2 + a1b+ 2a0 + 6a3)x+ (a0a+ 3aa3 + a2b+ 4a1 + 12a4)x2 + (a1a+ 4aa4 + a3b+ 6a2 + 20a5)x3 +
(

∞∑
k=4

(ak+2(k + 2) (k + 1) + aak+1(k + 1) + akb+ 2ak−1k + ak−2a+ ak−4)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 + a1a+ a0b = 0, 2aa2 + a1b+ 2a0 + 6a3 = 0, a0a+ 3aa3 + a2b+ 4a1 + 12a4 = 0, a1a+ 4aa4 + a3b+ 6a2 + 20a5 = 0]

• Solve for the dependent coefficient(s){
a2 = −a1a

2 − a0b
2 , a3 = 1

6a1a
2 + 1

6a0ab−
1
6a1b−

1
3a0, a4 = − 1

24a1a
3 − 1

24a0a
2b+ 1

12a1ab+
1
24a0b

2 − 1
3a1, a5 =

1
120a1a

4 + 1
120a0a

3b− 1
40a1a

2b− 1
60a0a b

2 + 1
120a1b

2 + 1
6a1a+

1
6a0b

}
• Each term in the series must be 0, giving the recursion relation

k2ak+2 + (aak+1 + 2ak−1 + 3ak+2) k + 2ak+2 + (ak−2 + ak+1) a+ akb+ ak−4 = 0
• Shift index using k− >k + 4

(k + 4)2 ak+6 + (aak+5 + 2ak+3 + 3ak+6) (k + 4) + 2ak+6 + (ak+2 + ak+5) a+ ak+4b+ ak = 0
• Recursion relation that defines the series solution to the ODE[

y =
∞∑
k=0

akx
k, ak+6 = −akak+5+aak+2+5aak+5+ak+4b+2kak+3+ak+8ak+3

k2+11k+30 , a2 = −a1a
2 − a0b

2 , a3 = 1
6a1a

2 + 1
6a0ab−

1
6a1b−

1
3a0, a4 = − 1

24a1a
3 − 1

24a0a
2b+ 1

12a1ab+
1
24a0b

2 − 1
3a1, a5 =

1
120a1a

4 + 1
120a0a

3b− 1
40a1a

2b− 1
60a0a b

2 + 1
120a1b

2 + 1
6a1a+

1
6a0b

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 57� �
dsolve(diff(y(x),x$2)+(2*x^2+a)*diff(y(x),x)+(x^4+a*x^2+2*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
x
(
−2x2+3

√
a2−4b−3a

)
6 + c2e−

x
(
2x2+3

√
a2−4b+3a

)
6

3 Solution by Mathematica
Time used: 0.217 (sec). Leaf size: 79� �
DSolve[y''[x]+(2*x^2+a)*y'[x]+(x^4+a*x^2+2*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e
− 1

6x
(
3
√
a2−4b+3a+2x2

)(
c2e

x
√
a2−4b + c1

√
a2 − 4b

)
√
a2 − 4b
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27.27 problem 37
27.27.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2299

Internal problem ID [10861]
Internal file name [OUTPUT/10117_Sunday_December_24_2023_05_12_38_PM_85001203/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 37.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ +
(
a x2 + bx

)
y′ +

(
αx2 + βx+ γ

)
y = 0

27.27.1 Maple step by step solution

Let’s solve
y′′ + x(ax+ b) y′ + (αx2 + βx+ γ) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑

k=max(0,−m)
akx

k+m
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◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 1..2

xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

a0γ + 2a2 + (6a3 + a1(b+ γ) + a0β)x+
(

∞∑
k=2

(ak+2(k + 2) (k + 1) + ak(bk + γ) + ak−1(a(k − 1) + β) + ak−2α)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 + a0γ = 0, 6a3 + a1(b+ γ) + a0β = 0]

• Solve for the dependent coefficient(s){
a2 = −a0γ

2 , a3 = −1
6a1b−

1
6a0β − 1

6a1γ
}

• Each term in the series must be 0, giving the recursion relation
k2ak+2 + (aak−1 + bak + 3ak+2) k + (−a+ β) ak−1 + ak−2α + akγ + 2ak+2 = 0

• Shift index using k− >k + 2
(k + 2)2 ak+4 + (aak+1 + bak+2 + 3ak+4) (k + 2) + (−a+ β) ak+1 + akα + ak+2γ + 2ak+4 = 0

• Recursion relation that defines the series solution to the ODE[
y =

∞∑
k=0

akx
k, ak+4 = −akak+1+bkak+2+aak+1+akα+2bak+2+βak+1+ak+2γ

k2+7k+12 , a2 = −a0γ
2 , a3 = −1

6a1b−
1
6a0β − 1

6a1γ

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

trying a solution in terms of MeijerG functions
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunT ODE, case c = 0 `� �
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3 Solution by Maple
Time used: 0.265 (sec). Leaf size: 271� �
dsolve(diff(y(x),x$2)+(a*x^2+b*x)*diff(y(x),x)+(alpha*x^2+beta*x+gamma)*y(x)=0,y(x), singsol=all)� �
y(x)

= c1e−
csgn(a)x

(
2a2x2 csgn(a)+3abx csgn(a)+2a2x2+3abx−12α

)
12a HeunT

(
3 2

3 (2a2γ − abβ + α b2 + 2α2)
2a2 (a2)

1
3

,

−3(a2 − βa+ bα) csgn (a)
a2

,−3 1
3 (b2 + 8α)
4 (a2)

2
3

,
3 2

3a(2ax+ b)
6 (a2)

5
6

)

+c2e−
csgn(a)x

(
2a2x2 csgn(a)+3abx csgn(a)−2a2x2−3abx+12α

)
12a HeunT

(
3 2

3 (2a2γ − abβ + α b2 + 2α2)
2a2 (a2)

1
3

,
3(a2 − βa+ bα) csgn (a)

a2
,

−3 1
3 (b2 + 8α)
4 (a2)

2
3

,−3 2
3a(2ax+ b)
6 (a2)

5
6

)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*x^2+b*x)*y'[x]+(\[Alpha]*x^2+\[Beta]*x+\[Gamma])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.28 problem 38
27.28.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2303
27.28.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2310

Internal problem ID [10862]
Internal file name [OUTPUT/10118_Sunday_December_24_2023_05_12_38_PM_96398998/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 38.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ +
(
ab x2 + bx+ 2a

)
y′ + a2

(
b x2 + 1

)
y = 0

27.28.1 Solving using Kovacic algorithm

Writing the ode as

y′′ +
((
a x2 + x

)
b+ 2a

)
y′ + a2

(
b x2 + 1

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B =

(
a x2 + x

)
b+ 2a (3)

C = a2
(
b x2 + 1

)
Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = b(a2b x4 + 2ab x3 + b x2 + 8ax+ 2)
4 (6)

Comparing the above to (5) shows that

s = b
(
a2b x4 + 2ab x3 + b x2 + 8ax+ 2

)
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
b(a2b x4 + 2ab x3 + b x2 + 8ax+ 2)

4

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 62: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 4
= −4

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −4 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −4 then

v = −Or(∞)
2 = 4

2 = 2

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
2∑

i=0

aix
i (8)

Let a be the coefficient of xv = x2 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ ab x2

2 +bx

2 +2
x
− 3
2a x2+

3
2a2x3−

4
ab x4−

3
2a3x4+

10
a2b x5+

3
2a4x5−

73
4a3b x6−

3
2a5x6+. . .

(9)
Comparing Eq. (9) with Eq. (8) shows that

a = ab

2

From Eq. (9) the sum up to v = 2 gives

[
√
r]∞ =

2∑
i=0

aix
i

= 1
2bx+ 1

2ab x
2 (10)

2305



Now we need to find b, where b be the coefficient of xv−1 = x1 = x in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4b
2x2 + 1

2a b
2x3 + 1

4a
2b2x4

This shows that the coefficient of x in the above is 0. Now we need to find the coefficient
of x in r. How this is done depends on if v = 0 or not. Since v = 2 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of x in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= b(a2b x4 + 2ab x3 + b x2 + 8ax+ 2)
4

= Q+ R

4

=
(
2abx+ 1

2b+
1
4a

2b2x4 + 1
2a b

2x3 + 1
4b

2x2
)
+ (0)

= 2abx+ 1
2b+

1
4a

2b2x4 + 1
2a b

2x3 + 1
4b

2x2

We see that the coefficient of the term 1
x
in the quotient is 2ab. Now b can be found.

b = (2ab)− (0)
= 2ab

Hence

[
√
r]∞ = 1

2bx+ 1
2ab x

2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
2ab
ab
2

− 2
)

= 1

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−2ab

ab
2

− 2
)

= −3

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = b(a2b x4 + 2ab x3 + b x2 + 8ax+ 2)
4
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Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−4 1
2bx+ 1

2ab x
2 1 −3

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α+

∞ = 1, and since there are no poles, then

d = α+
∞

= 1

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

Substituting the above values in the above results in

ω = (+)[
√
r]∞

= 0 +
(
1
2bx+ 1

2ab x
2
)

= 1
2bx+ 1

2ab x
2

= bx(ax+ 1)
2

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 1 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = x+ a0 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
1
2bx+ 1

2ab x
2
)
(1) +

((
abx+ 1

2b
)
+
(
1
2bx+ 1

2ab x
2
)2

−
(
b(a2b x4 + 2ab x3 + b x2 + 8ax+ 2)

4

))
= 0

−bx(aa0 − 1) = 0
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Solving for the coefficients ai in the above using method of undetermined coefficients
gives {

a0 =
1
a

}
Substituting these coefficients in p(x) in eq. (2A) results in

p(x) = x+ 1
a

Therefore the first solution to the ode z′′ = rz is

z1(x) = pe
∫
ω dx

=
(
x+ 1

a

)
e
∫ ( 1

2 bx+
1
2ab x

2)dx

=
(
x+ 1

a

)
e

b
(
1
3a x3+1

2x2
)

2

= (ax+ 1) e 1
6ab x

3+ 1
4 b x

2

a

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2

(
a x2+x

)
b+2a

1 dx

= z1e
− 1

6ab x
3− 1

4 b x
2−ax

= z1

(
e−

x
(
ab x2+3

2 bx+6a
)

6

)

Which simplifies to

y1 =
(ax+ 1) e−ax

a

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx
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Substituting gives

y2 = y1

∫
e
∫
−
(
a x2+x

)
b+2a

1 dx

(y1)2
dx

= y1

∫
e−

x
(
ab x2+3

2 bx+6a
)

3

(y1)2
dx

= y1

∫ a2e−
x2
(
ax+3

2
)
b

3

(ax+ 1)2
dx


Therefore the solution is

y = c1y1 + c2y2

= c1

(
(ax+ 1) e−ax

a

)
+ c2

(ax+ 1) e−ax

a

∫ a2e−
x2
(
ax+3

2
)
b

3

(ax+ 1)2
dx


Summary
The solution(s) found are the following

(1)y = c1(ax+ 1) e−ax

a
+ c2(ax+ 1) e−axa

∫ e−
x2
(
ax+3

2
)
b

3

(ax+ 1)2
dx


Verification of solutions

y = c1(ax+ 1) e−ax

a
+ c2(ax+ 1) e−axa

∫ e−
x2
(
ax+3

2
)
b

3

(ax+ 1)2
dx


Verified OK.
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27.28.2 Maple step by step solution

Let’s solve
y′′ + ((a x2 + x) b+ 2a) y′ + a2(b x2 + 1) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = −(ab x2 + bx+ 2a) y′ − a2(b x2 + 1) y

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + (ab x2 + bx+ 2a) y′ + a2(b x2 + 1) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk
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Rewrite ODE with series expansions

a0a
2 + 2a1a+ 2a2 + (6a3 + 4aa2 + a1(a2 + b))x+

(
∞∑
k=2

(ak+2(k + 2) (k + 1) + 2aak+1(k + 1) + ak(a2 + bk) + ak−1(k − 1) ab+ ak−2a
2b)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 + a0a

2 + 2a1a = 0, 6a3 + 4aa2 + a1(a2 + b) = 0]
• Solve for the dependent coefficient(s){

a2 = −1
2a0a

2 − a1a, a3 = 1
3a0a

3 + 1
2a1a

2 − 1
6a1b

}
• Each term in the series must be 0, giving the recursion relation

(bak−2 + ak) a2 + ((bak−1 + 2ak+1) k − bak−1 + 2ak+1) a+ k2ak+2 + (bak + 3ak+2) k + 2ak+2 = 0
• Shift index using k− >k + 2

(bak + ak+2) a2 + ((bak+1 + 2ak+3) (k + 2)− bak+1 + 2ak+3) a+ (k + 2)2 ak+4 + (bak+2 + 3ak+4) (k + 2) + 2ak+4 = 0
• Recursion relation that defines the series solution to the ODE[

y =
∞∑
k=0

akx
k, ak+4 = −aka

2b+abkak+1+a2ak+2+abak+1+2akak+3+bkak+2+6aak+3+2bak+2
k2+7k+12 , a2 = −1

2a0a
2 − a1a, a3 = 1

3a0a
3 + 1

2a1a
2 − 1

6a1b

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunT ODE, case c = 0

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.36 (sec). Leaf size: 294� �
dsolve(diff(y(x),x$2)+(a*b*x^2+b*x+2*a)*diff(y(x),x)+a^2*(b*x^2+1)*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
−

x
(
2a2b2x2+2ab x2

√
a2b2+3a b2x+3bx

√
a2b2+12a

√
a2b2

)
12
√

a2b2 HeunT
(

b3 2
3

2 (a2b2)
1
3
,− 6ab√

a2b2
,

− b23 1
3

4 (a2b2)
2
3
,
3 2

3a b2(2ax+ 1)
6 (a2b2)

5
6

)

+ c2e
−
(
−2a2b2x2+2ab x2

√
a2b2−3a b2x+3bx

√
a2b2+12a

√
a2b2

)
x

12
√

a2b2 HeunT
(

b3 2
3

2 (a2b2)
1
3
,

6ab√
a2b2

,

− b23 1
3

4 (a2b2)
2
3
,−
(
ax+ 1

2

)
3 2

3 b2a

3 (a2b2)
5
6

)

3 Solution by Mathematica
Time used: 2.136 (sec). Leaf size: 57� �
DSolve[y''[x]+(a*b*x^2+b*x+2*a)*y'[x]+a^2*(b*x^2+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−ax(ax+ 1)
(
c2

∫ x

1

e−
1
6 bK[1]2(2aK[1]+3)

(aK[1] + 1)2 dK[1] + c1

)
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27.29 problem 39
27.29.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2314
27.29.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2320

Internal problem ID [10863]
Internal file name [OUTPUT/10119_Sunday_December_24_2023_05_12_39_PM_10954655/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 39.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ +
(
a x2 + bx+ c

)
y′ + x

(
ab x2 + bc+ 2a

)
y = 0

27.29.1 Solving using Kovacic algorithm

Writing the ode as

y′′ +
(
a x2 + bx+ c

)
y′ + x

((
a x2 + c

)
b+ 2a

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = a x2 + bx+ c (3)
C = x

((
a x2 + c

)
b+ 2a

)
Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2x4 − 2ab x3 + 2ac x2 + b2x2 − 2bcx− 4ax+ c2 + 2b
4 (6)

Comparing the above to (5) shows that

s = a2x4 − 2ab x3 + 2ac x2 + b2x2 − 2bcx− 4ax+ c2 + 2b
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
−ax+ 1

2b+
1
4a

2x4 − 1
2ab x

3 + 1
2ac x

2 + 1
4b

2x2 − 1
2bcx+ 1

4c
2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 64: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 4
= −4

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −4 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −4 then

v = −Or(∞)
2 = 4

2 = 2

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
2∑

i=0

aix
i (8)

Let a be the coefficient of xv = x2 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ a x2

2 −bx

2 + c

2−
1
x
− b

2a x2+
c

a x3−
b2

2a2x3+
3bc

2a2x4−
b3

2a3x4−
1

a x4−
c2

a2x5+
2b2c
a3x5−

b4

2a4x5−
2b
a2x5+. . .

(9)
Comparing Eq. (9) with Eq. (8) shows that

a = a

2

From Eq. (9) the sum up to v = 2 gives

[
√
r]∞ =

2∑
i=0

aix
i

= 1
2c−

1
2bx+ 1

2a x
2 (10)
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Now we need to find b, where b be the coefficient of xv−1 = x1 = x in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4c
2 − 1

2bcx+ 1
2ac x

2 + 1
4b

2x2 − 1
2ab x

3 + 1
4a

2x4

This shows that the coefficient of x in the above is − bc
2 . Now we need to find the

coefficient of x in r. How this is done depends on if v = 0 or not. Since v = 2 which is
not zero, then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of x in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= a2x4 − 2ab x3 + 2ac x2 + b2x2 − 2bcx− 4ax+ c2 + 2b
4

= Q+ R

4

=
(
a2x4

4 − ab x3

2 +
(
ac

2 + b2

4

)
x2 +

(
−a− bc

2

)
x+ b

2 + c2

4

)
+ (0)

= a2x4

4 − ab x3

2 +
(
ac

2 + b2

4

)
x2 +

(
−a− bc

2

)
x+ b

2 + c2

4

We see that the coefficient of the term 1
x
in the quotient is −a− bc

2 . Now b can be found.

b =
(
−a− bc

2

)
−
(
−bc

2

)
= −a

Hence

[
√
r]∞ = 1

2c−
1
2bx+ 1

2a x
2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
−a
a
2

− 2
)

= −2

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−−a

a
2

− 2
)

= 0

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = −ax+ 1
2b+

1
4a

2x4 − 1
2ab x

3 + 1
2ac x

2 + 1
4b

2x2 − 1
2bcx+ 1

4c
2
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Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−4 1
2c−

1
2bx+ 1

2a x
2 −2 0

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 0, and since there are no poles then

d = α−
∞

= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω = (−)[
√
r]∞

= 0 + (−)
(
1
2c−

1
2bx+ 1

2a x
2
)

= −1
2c+

1
2bx− 1

2a x
2

= −1
2c+

1
2bx− 1

2a x
2

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
−1
2c+

1
2bx− 1

2a x
2
)
(0) +

((
b

2 − ax

)
+
(
−1
2c+

1
2bx− 1

2a x
2
)2

−
(
−ax+ 1

2b+
1
4a

2x4 − 1
2ab x

3 + 1
2ac x

2 + 1
4b

2x2 − 1
2bcx+ 1

4c
2
))

= 0

0 = 0
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The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ (

− 1
2 c+

1
2 bx−

1
2a x

2)dx
= e−

(
a x2− 3

2 bx+3c
)
x

6

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
a x2+bx+c

1 dx

= z1e
− 1

6a x
3− 1

4 b x
2− 1

2 cx

= z1

(
e−

x
(
a x2+3

2 bx+3c
)

6

)

Which simplifies to

y1 = e− 1
3a x

3−cx

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−a x2+bx+c

1 dx

(y1)2
dx

= y1

∫
e−

x
(
a x2+3

2 bx+3c
)

3

(y1)2
dx

= y1

(∫
e 1

3a x
3− 1

2 b x
2+cxdx

)
Therefore the solution is

y = c1y1 + c2y2

= c1
(
e− 1

3a x
3−cx

)
+ c2

(
e− 1

3a x
3−cx

(∫
e 1

3a x
3− 1

2 b x
2+cxdx

))
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Summary
The solution(s) found are the following

(1)y = c1e−
1
3a x

3−cx + c2e−
x
(
a x2+3c

)
3

(∫
e 1

3a x
3− 1

2 b x
2+cxdx

)
Verification of solutions

y = c1e−
1
3a x

3−cx + c2e−
x
(
a x2+3c

)
3

(∫
e 1

3a x
3− 1

2 b x
2+cxdx

)
Verified OK.

27.29.2 Maple step by step solution

Let’s solve
y′′ + (a x2 + bx+ c) y′ + x((a x2 + c) b+ 2a) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = −(a x2 + bx+ c) y′ − x(ab x2 + bc+ 2a) y

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + (a x2 + bx+ c) y′ + x(ab x2 + bc+ 2a) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 1..3

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m
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◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

a1c+ 2a2 + (6a3 + 2a2c+ a1b+ a0(bc+ 2a))x+ (12a4 + 3a3c+ 2a2b+ a1(bc+ 3a))x2 +
(

∞∑
k=3

(ak+2(k + 2) (k + 1) + ak+1(k + 1) c+ akkb+ ak−1(a(k − 1) + bc+ 2a) + ak−3ab)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 + a1c = 0, 6a3 + 2a2c+ a1b+ a0(bc+ 2a) = 0, 12a4 + 3a3c+ 2a2b+ a1(bc+ 3a) = 0]

• Solve for the dependent coefficient(s){
a2 = −a1c

2 , a3 = −1
6a0bc+

1
6a1c

2 − 1
3a0a−

1
6a1b, a4 =

1
24a0b c

2 − 1
24a1c

3 + 1
12a0ac+

1
24a1bc−

1
4a1a

}
• Each term in the series must be 0, giving the recursion relation

k2ak+2 + (aak−1 + bak + ak+1c+ 3ak+2) k + (bc+ a) ak−1 + ak−3ab+ ak+1c+ 2ak+2 = 0
• Shift index using k− >k + 3

(k + 3)2 ak+5 + (aak+2 + bak+3 + ak+4c+ 3ak+5) (k + 3) + (bc+ a) ak+2 + akab+ ak+4c+ 2ak+5 = 0
• Recursion relation that defines the series solution to the ODE[

y =
∞∑
k=0

akx
k, ak+5 = −akab+akak+2+bcak+2+bkak+3+ckak+4+4aak+2+3bak+3+4ak+4c

k2+9k+20 , a2 = −a1c
2 , a3 = −1

6a0bc+
1
6a1c

2 − 1
3a0a−

1
6a1b, a4 =

1
24a0b c

2 − 1
24a1c

3 + 1
12a0ac+

1
24a1bc−

1
4a1a

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunT ODE, case c = 0

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.344 (sec). Leaf size: 169� �
dsolve(diff(y(x),x$2)+(a*x^2+b*x+c)*diff(y(x),x)+x*(a*b*x^2+b*c+2*a)*y(x)=0,y(x), singsol=all)� �
y(x)

= c1e−
x csgn(a)

((
a x2+3

2 bx+3c
)
csgn(a)+a x2− 3bx

2 +3c
)

6 HeunT
(
0, 3 csgn (a) , 3

1
3 (4ac− b2)
4 (a2)

2
3

,
3 2

3a(2ax− b)
6 (a2)

5
6

)

+ c2e−
x
((

a x2+3
2 bx+3c

)
csgn(a)−a x2+3bx

2 −3c
)
csgn(a)

6 HeunT
(
0,−3 csgn (a) , 3

1
3 (4ac− b2)
4 (a2)

2
3

,

−
3 2

3
(
ax− b

2

)
a

3 (a2)
5
6

)

3 Solution by Mathematica
Time used: 1.085 (sec). Leaf size: 59� �
DSolve[y''[x]+(a*x^2+b*x+c)*y'[x]+x*(a*b*x^2+b*c+2*a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
1
3x
(
ax2+3c

)(
c2

∫ x

1
exp

(
1
6K[1](6c+K[1](2aK[1]− 3b))

)
dK[1] + c1

)
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27.30 problem 40
27.30.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2324
27.30.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2330

Internal problem ID [10864]
Internal file name [OUTPUT/10120_Sunday_December_24_2023_05_12_40_PM_89868459/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 40.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ +
(
a x2 + bx+ c

)
y′ +

(
ab x3 + ac x2 + b

)
y = 0

27.30.1 Solving using Kovacic algorithm

Writing the ode as

y′′ +
(
a x2 + bx+ c

)
y′ +

(
x2(bx+ c) a+ b

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = a x2 + bx+ c (3)
C = x2(bx+ c) a+ b

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2x4 − 2ab x3 − 2ac x2 + b2x2 + 2bcx+ 4ax+ c2 − 2b
4 (6)

Comparing the above to (5) shows that

s = a2x4 − 2ab x3 − 2ac x2 + b2x2 + 2bcx+ 4ax+ c2 − 2b
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
ax− 1

2b+
1
4a

2x4 − 1
2ab x

3 − 1
2ac x

2 + 1
4b

2x2 + 1
2bcx+ 1

4c
2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 66: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 4
= −4

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −4 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −4 then

v = −Or(∞)
2 = 4

2 = 2

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
2∑

i=0

aix
i (8)

Let a be the coefficient of xv = x2 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ a x2

2 −bx

2 − c

2+
1
x
+ b

2a x2+
c

a x3+
b2

2a2x3+
3bc

2a2x4+
b3

2a3x4−
1

a x4+
c2

a2x5+
2b2c
a3x5+

b4

2a4x5−
2b
a2x5+. . .

(9)
Comparing Eq. (9) with Eq. (8) shows that

a = a

2

From Eq. (9) the sum up to v = 2 gives

[
√
r]∞ =

2∑
i=0

aix
i

= −1
2c−

1
2bx+ 1

2a x
2 (10)
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Now we need to find b, where b be the coefficient of xv−1 = x1 = x in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4c
2 + 1

2bcx− 1
2ac x

2 + 1
4b

2x2 − 1
2ab x

3 + 1
4a

2x4

This shows that the coefficient of x in the above is bc
2 . Now we need to find the coefficient

of x in r. How this is done depends on if v = 0 or not. Since v = 2 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of x in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= a2x4 − 2ab x3 − 2ac x2 + b2x2 + 2bcx+ 4ax+ c2 − 2b
4

= Q+ R

4

=
(
a2x4

4 − ab x3

2 +
(
−ac

2 + b2

4

)
x2 +

(
bc

2 + a

)
x− b

2 + c2

4

)
+ (0)

= a2x4

4 − ab x3

2 +
(
−ac

2 + b2

4

)
x2 +

(
bc

2 + a

)
x− b

2 + c2

4

We see that the coefficient of the term 1
x
in the quotient is bc

2 + a. Now b can be found.

b =
(
bc

2 + a

)
−
(
bc

2

)
= a

Hence

[
√
r]∞ = −1

2c−
1
2bx+ 1

2a x
2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
a
a
2
− 2
)

= 0

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−a

a
2
− 2
)

= −2

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = ax− 1
2b+

1
4a

2x4 − 1
2ab x

3 − 1
2ac x

2 + 1
4b

2x2 + 1
2bcx+ 1

4c
2
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Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−4 −1
2c−

1
2bx+ 1

2a x
2 0 −2

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α+

∞ = 0, and since there are no poles, then

d = α+
∞

= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

Substituting the above values in the above results in

ω = (+)[
√
r]∞

= 0 +
(
−1
2c−

1
2bx+ 1

2a x
2
)

= −1
2c−

1
2bx+ 1

2a x
2

= −1
2c−

1
2bx+ 1

2a x
2

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
−1
2c−

1
2bx+ 1

2a x
2
)
(0) +

((
ax− b

2

)
+
(
−1
2c−

1
2bx+ 1

2a x
2
)2

−
(
ax− 1

2b+
1
4a

2x4 − 1
2ab x

3 − 1
2ac x

2 + 1
4b

2x2 + 1
2bcx+ 1

4c
2
))

= 0

0 = 0
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The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ (

− 1
2 c−

1
2 bx+

1
2a x

2)dx
= e− 1

2 cx−
1
4 b x

2+ 1
6a x

3

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
a x2+bx+c

1 dx

= z1e
− 1

6a x
3− 1

4 b x
2− 1

2 cx

= z1

(
e−

x
(
a x2+3

2 bx+3c
)

6

)

Which simplifies to

y1 = e−
x(bx+2c)

2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−a x2+bx+c

1 dx

(y1)2
dx

= y1

∫
e−

x
(
a x2+3

2 bx+3c
)

3

(y1)2
dx

= y1

(∫
e−

(
a x2− 3

2 bx−3c
)
x

3 dx

)
Therefore the solution is

y = c1y1 + c2y2

= c1
(
e−

x(bx+2c)
2

)
+ c2

(
e−

x(bx+2c)
2

(∫
e−

(
a x2− 3

2 bx−3c
)
x

3 dx

))
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Summary
The solution(s) found are the following

(1)y = c1e−
x(bx+2c)

2 + c2e−
x(bx+2c)

2

(∫
e−

(
a x2− 3

2 bx−3c
)
x

3 dx

)
Verification of solutions

y = c1e−
x(bx+2c)

2 + c2e−
x(bx+2c)

2

(∫
e−

(
a x2− 3

2 bx−3c
)
x

3 dx

)
Verified OK.

27.30.2 Maple step by step solution

Let’s solve
y′′ + (a x2 + bx+ c) y′ + (x2(bx+ c) a+ b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = (−ab x3 − ac x2 − b) y − (a x2 + bx+ c) y′

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + (a x2 + bx+ c) y′ + (ab x3 + ac x2 + b) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..3

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m
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◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

a0b+ a1c+ 2a2 + (2a1b+ 2a2c+ 6a3)x+ (a0ac+ a1a+ 3a2b+ 3a3c+ 12a4)x2 +
(

∞∑
k=3

(ak+2(k + 2) (k + 1) + ak+1(k + 1) c+ akb(k + 1) + aak−1(k − 1) + ak−2ac+ ak−3ab)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 + a1c+ a0b = 0, 2a1b+ 2a2c+ 6a3 = 0, a0ac+ a1a+ 3a2b+ 3a3c+ 12a4 = 0]

• Solve for the dependent coefficient(s){
a2 = −a0b

2 − a1c
2 , a3 = 1

6a0bc+
1
6a1c

2 − 1
3a1b, a4 = − 1

24a0b c
2 − 1

24a1c
3 − 1

12a0ac+
1
8a0b

2 + 5
24a1bc−

1
12a1a

}
• Each term in the series must be 0, giving the recursion relation

k2ak+2 + (aak−1 + akb+ ak+1c+ 3ak+2) k + (bak−3 + cak−2 − ak−1) a+ akb+ ak+1c+ 2ak+2 = 0
• Shift index using k− >k + 3

(k + 3)2 ak+5 + (aak+2 + ak+3b+ ak+4c+ 3ak+5) (k + 3) + (akb+ ak+1c− ak+2) a+ ak+3b+ ak+4c+ 2ak+5 = 0
• Recursion relation that defines the series solution to the ODE[

y =
∞∑
k=0

akx
k, ak+5 = −akab+acak+1+akak+2+bkak+3+ckak+4+2aak+2+4ak+3b+4ak+4c

k2+9k+20 , a2 = −a0b
2 − a1c

2 , a3 = 1
6a0bc+

1
6a1c

2 − 1
3a1b, a4 = − 1

24a0b c
2 − 1

24a1c
3 − 1

12a0ac+
1
8a0b

2 + 5
24a1bc−

1
12a1a

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunT ODE, case c = 0

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.344 (sec). Leaf size: 165� �
dsolve(diff(y(x),x$2)+(a*x^2+b*x+c)*diff(y(x),x)+(a*b*x^3+a*c*x^2+b)*y(x)=0,y(x), singsol=all)� �
y(x) = c1e−

x csgn(a)
((

a x2+3
2 bx+3c

)
csgn(a)+a x2− 3bx

2 −3c
)

6 HeunT
(
0,−3 csgn (a) ,

−3 1
3 (4ac+ b2)
4 (a2)

2
3

,
3 2

3a(2ax− b)
6 (a2)

5
6

)

+ c2e−
x csgn(a)

((
a x2+3

2 bx+3c
)
csgn(a)−a x2+3bx

2 +3c
)

6 HeunT
(
0, 3 csgn (a) ,−3 1

3 (4ac+ b2)
4 (a2)

2
3

,

−
3 2

3
(
ax− b

2

)
a

3 (a2)
5
6

)

3 Solution by Mathematica
Time used: 1.096 (sec). Leaf size: 57� �
DSolve[y''[x]+(a*x^2+b*x+c)*y'[x]+(a*b*x^3+a*c*x^2+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
1
2x(bx+2c)

(
c2

∫ x

1
exp

(
1
6K[1](6c+K[1](3b− 2aK[1]))

)
dK[1] + c1

)
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27.31 problem 41
27.31.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2334
27.31.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2340

Internal problem ID [10865]
Internal file name [OUTPUT/10121_Sunday_December_24_2023_05_12_41_PM_73326468/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 41.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ +
(
a x3 + 2b

)
y′ +

(
ab x3 − a x2 + b2

)
y = 0

27.31.1 Solving using Kovacic algorithm

Writing the ode as

y′′ +
(
a x3 + 2b

)
y′ +

(
ab x3 − a x2 + b2

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = a x3 + 2b (3)
C = ab x3 − a x2 + b2

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a x2(a x4 + 10)
4 (6)

Comparing the above to (5) shows that

s = a x2(a x4 + 10
)

t = 4

Therefore eq. (4) becomes

z′′(x) =
(
a x2(a x4 + 10)

4

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 68: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 6
= −6

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −6 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −6 then

v = −Or(∞)
2 = 6

2 = 3

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
3∑

i=0

aix
i (8)

Let a be the coefficient of xv = x3 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ a x3

2 + 5
2x − 25

4a x5 +
125
4a2x9 −

3125
16a3x13 +

21875
16a4x17 −

328125
32a5x21 +

2578125
32a6x25 + . . . (9)

Comparing Eq. (9) with Eq. (8) shows that

a = a

2

From Eq. (9) the sum up to v = 3 gives

[
√
r]∞ =

3∑
i=0

aix
i

= a x3

2 (10)
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Now we need to find b, where b be the coefficient of xv−1 = x2 = x2 in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = a2x6

4
This shows that the coefficient of x2 in the above is 0. Now we need to find the coefficient
of x2 in r. How this is done depends on if v = 0 or not. Since v = 3 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of x2 in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= a x2(a x4 + 10)
4

= Q+ R

4

=
(
5
2a x

2 + 1
4a

2x6
)
+ (0)

= 5
2a x

2 + 1
4a

2x6

We see that the coefficient of the term 1
x
in the quotient is 5a

2 . Now b can be found.

b =
(
5a
2

)
− (0)

= 5a
2

Hence

[
√
r]∞ = a x3

2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

( 5a
2
a
2
− 3
)

= 1

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−

5a
2
a
2
− 3
)

= −4

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = a x2(a x4 + 10)
4
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Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−6 a x3

2 1 −4

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α+

∞ = 1, and since there are no poles, then

d = α+
∞

= 1

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

Substituting the above values in the above results in

ω = (+)[
√
r]∞

= 0 +
(
a x3

2

)
= a x3

2

= a x3

2
Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 1 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = x+ a0 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
a x3

2

)
(1) +

((
3a x2

2

)
+
(
a x3

2

)2

−
(
a x2(a x4 + 10)

4

))
= 0

−a x2a0 = 0
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Solving for the coefficients ai in the above using method of undetermined coefficients
gives

{a0 = 0}
Substituting these coefficients in p(x) in eq. (2A) results in

p(x) = x

Therefore the first solution to the ode z′′ = rz is

z1(x) = pe
∫
ω dx

= (x) e
∫

a x3
2 dx

= (x) ea x4
8

= x ea x4
8

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
a x3+2b

1 dx

= z1e
− 1

8a x
4−bx

= z1

(
e−

x
(
a x3+8b

)
8

)

Which simplifies to
y1 = x e−bx

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−a x3+2b

1 dx

(y1)2
dx

= y1

∫
e−

1
4a x

4−2bx

(y1)2
dx

= y1

(∫ e−a x4
4

x2 dx

)
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Therefore the solution is

y = c1y1 + c2y2

= c1
(
x e−bx

)
+ c2

(
x e−bx

(∫ e−a x4
4

x2 dx

))

Summary
The solution(s) found are the following

(1)y = c1x e−bx + c2x e−bx

(∫ e−a x4
4

x2 dx

)
Verification of solutions

y = c1x e−bx + c2x e−bx

(∫ e−a x4
4

x2 dx

)

Verified OK.

27.31.2 Maple step by step solution

Let’s solve
y′′ + (a x3 + 2b) y′ + (ab x3 − a x2 + b2) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..3

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 0..3
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xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

a0b
2 + 2a1b+ 2a2 + (a1b2 + 4a2b+ 6a3)x+ (a2b2 − a0a+ 6a3b+ 12a4)x2 +

(
∞∑
k=3

(ak+2(k + 2) (k + 1) + 2ak+1(k + 1) b+ akb
2 + ak−2a(k − 3) + ak−3ab)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 + a0b

2 + 2a1b = 0, a1b2 + 4a2b+ 6a3 = 0, a2b2 − a0a+ 6a3b+ 12a4 = 0]
• Solve for the dependent coefficient(s){

a2 = −1
2a0b

2 − a1b, a3 = 1
3a0b

3 + 1
2a1b

2, a4 = −1
8a0b

4 − 1
6a1b

3 + 1
12a0a

}
• Each term in the series must be 0, giving the recursion relation

akb
2 + (aak−3 + 2kak+1 + 2ak+1) b+ k2ak+2 + (ak−2a+ 3ak+2) k − 3ak−2a+ 2ak+2 = 0

• Shift index using k− >k + 3
ak+3b

2 + (aka+ 2(k + 3) ak+4 + 2ak+4) b+ (k + 3)2 ak+5 + (ak+1a+ 3ak+5) (k + 3)− 3ak+1a+ 2ak+5 = 0
• Recursion relation that defines the series solution to the ODE[

y =
∞∑
k=0

akx
k, ak+5 = −akab+akak+1+ak+3b

2+2bkak+4+8bak+4
k2+9k+20 , a2 = −1

2a0b
2 − a1b, a3 = 1

3a0b
3 + 1

2a1b
2, a4 = −1

8a0b
4 − 1

6a1b
3 + 1

12a0a

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 85� �
dsolve(diff(y(x),x$2)+(a*x^3+2*b)*diff(y(x),x)+(a*b*x^3-a*x^2+b^2)*y(x)=0,y(x), singsol=all)� �
y(x)

=
7 2

1
4 c2a

(
x4a

) 3
8
(
x4a+3

)
e−

x
(
a x3+4b

)
4

8 + e−
x
(
a x3+8b

)
8 WhittakerM

(
3
8 ,

7
8 ,

x4a
4

)
c2a

2x4 + e−bxc1x
5
2

x
3
2

3 Solution by Mathematica
Time used: 0.431 (sec). Leaf size: 51� �
DSolve[y''[x]+(a*x^3+2*b)*y'[x]+(a*b*x^3-a*x^2+b^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
8e

−bx

(
8c1x−

√
2c2

4√
ax4Γ

(
−1
4 ,

ax4

4

))
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27.32 problem 42
27.32.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2343
27.32.2 Solving as second order ode lagrange adjoint equation method ode2350
27.32.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2354

Internal problem ID [10866]
Internal file name [OUTPUT/10122_Sunday_December_24_2023_05_12_41_PM_63694197/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 42.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ +
(
a x3 + bx

)
y′ + 2

(
2a x2 + b

)
y = 0

27.32.1 Solving using Kovacic algorithm

Writing the ode as

y′′ + x
(
a x2 + b

)
y′ +

(
4a x2 + 2b

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = x

(
a x2 + b

)
(3)

C = 4a x2 + 2b

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2x6 + 2ab x4 + b2x2 − 10a x2 − 6b
4 (6)

Comparing the above to (5) shows that

s = a2x6 + 2ab x4 + b2x2 − 10a x2 − 6b
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
−5
2a x

2 − 3
2b+

1
4a

2x6 + 1
2ab x

4 + 1
4b

2x2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 70: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 6
= −6

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −6 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −6 then

v = −Or(∞)
2 = 6

2 = 3

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
3∑

i=0

aix
i (8)

Let a be the coefficient of xv = x3 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ a x3

2 +bx

2 − 5
2x+

b

a x3−
b2

a2x5−
25

4a x5+
b3

a3x7+
45b
4a2x7−

b4

a4x9−
69b2
4a3x9−

125
4a2x9+

b5

a5x11+
97b3
4a4x11+

100b
a3x11+. . .

(9)
Comparing Eq. (9) with Eq. (8) shows that

a = a

2

From Eq. (9) the sum up to v = 3 gives

[
√
r]∞ =

3∑
i=0

aix
i

= 1
2bx+ 1

2a x
3 (10)
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Now we need to find b, where b be the coefficient of xv−1 = x2 = x2 in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4b
2x2 + 1

2ab x
4 + 1

4a
2x6

This shows that the coefficient of x2 in the above is b2

4 . Now we need to find the
coefficient of x2 in r. How this is done depends on if v = 0 or not. Since v = 3 which is
not zero, then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of x2 in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= a2x6 + 2ab x4 + b2x2 − 10a x2 − 6b
4

= Q+ R

4

=
(
a2x6

4 + ab x4

2 +
(
−5a

2 + b2

4

)
x2 − 3b

2

)
+ (0)

= a2x6

4 + ab x4

2 +
(
−5a

2 + b2

4

)
x2 − 3b

2

We see that the coefficient of the term 1
x
in the quotient is −5a

2 + b2

4 . Now b can be
found.

b =
(
−5a

2 + b2

4

)
−
(
b2

4

)
= −5a

2
Hence

[
√
r]∞ = 1

2bx+ 1
2a x

3

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(−5a
2

a
2

− 3
)

= −4

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−
−5a

2
a
2

− 3
)

= 1

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = −5
2a x

2 − 3
2b+

1
4a

2x6 + 1
2ab x

4 + 1
4b

2x2
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Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−6 1
2bx+ 1

2a x
3 −4 1

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 1, and since there are no poles then

d = α−
∞

= 1

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω = (−)[
√
r]∞

= 0 + (−)
(
1
2bx+ 1

2a x
3
)

= −1
2bx− 1

2a x
3

= −x(a x2 + b)
2

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 1 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = x+ a0 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
−1
2bx− 1

2a x
3
)
(1) +

((
− b

2 − 3a x2

2

)
+
(
−1
2bx− 1

2a x
3
)2

−
(
−5
2a x

2 − 3
2b+

1
4a

2x6 + 1
2ab x

4 + 1
4b

2x2
))

= 0

a0
(
a x2 + b

)
= 0
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Solving for the coefficients ai in the above using method of undetermined coefficients
gives

{a0 = 0}

Substituting these coefficients in p(x) in eq. (2A) results in

p(x) = x

Therefore the first solution to the ode z′′ = rz is

z1(x) = pe
∫
ω dx

= (x) e
∫ (

− 1
2 bx−

1
2a x

3)dx
= (x) e−

(
a x2+b

)2
8a

= x e−
(
a x2+b

)2
8a

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
x
(
a x2+b

)
1 dx

= z1e
−
(
a x2+b

)2
8a

= z1

(
e−

(
a x2+b

)2
8a

)

Which simplifies to

y1 = x e−
(
a x2+b

)2
4a

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

2348



Substituting gives

y2 = y1

∫
e
∫
−

x
(
a x2+b

)
1 dx

(y1)2
dx

= y1

∫
e−

(
a x2+b

)2
4a

(y1)2
dx

= y1

∫ e
(
a x2+b

)2
4a

x2 dx


Therefore the solution is

y = c1y1 + c2y2

= c1

(
x e−

(
a x2+b

)2
4a

)
+ c2

x e−
(
a x2+b

)2
4a

∫ e
(
a x2+b

)2
4a

x2 dx




Summary
The solution(s) found are the following

(1)y = c1x e−
(
a x2+b

)2
4a + c2x e−

(
a x2+b

)2
4a

∫ e
(
a x2+b

)2
4a

x2 dx


Verification of solutions

y = c1x e−
(
a x2+b

)2
4a + c2x e−

(
a x2+b

)2
4a

∫ e
(
a x2+b

)2
4a

x2 dx


Verified OK.
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27.32.2 Solving as second order ode lagrange adjoint equation method ode

In normal form the ode

y′′ + x
(
a x2 + b

)
y′ +

(
4a x2 + 2b

)
y = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = r(x) (2)

Where

p(x) = x
(
a x2 + b

)
q(x) = 4a x2 + 2b
r(x) = 0

The Lagrange adjoint ode is given by

ξ
′′ − (ξ p)′ + ξq = 0

ξ
′′ −

(
x
(
a x2 + b

)
ξ(x)

)′ + ((4a x2 + 2b
)
ξ(x)

)
= 0

ξ′′(x)− x
(
a x2 + b

)
ξ′(x) +

(
a x2 + b

)
ξ(x) = 0

Which is solved for ξ(x). In normal form the ode

ξ′′(x) +
(
−a x3 − bx

)
ξ′(x) +

(
a x2 + b

)
ξ(x) = 0 (1)

Becomes

ξ′′(x) + p(x) ξ′(x) + q(x) ξ(x) = 0 (2)

Where

p(x) = −a x3 − bx

q(x) = a x2 + b

Applying change of variables on the depndent variable ξ(x) = v(x)xn to (2) gives the
following ode where the dependent variables is v(x) and not ξ(x).

v′′(x) +
(
2n
x

+ p

)
v′(x) +

(
n(n− 1)

x2 + np

x
+ q

)
v(x) = 0 (3)

Let the coefficient of v(x) above be zero. Hence

n(n− 1)
x2 + np

x
+ q = 0 (4)
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Substituting the earlier values found for p(x) and q(x) into (4) gives

n(n− 1)
x2 + n(−a x3 − bx)

x
+ a x2 + b = 0 (5)

Solving (5) for n gives

n = 1 (6)

Substituting this value in (3) gives

v′′(x) +
(
2
x
− a x3 − bx

)
v′(x) = 0

v′′(x) +
(
2
x
− a x3 − bx

)
v′(x) = 0 (7)

Using the substitution

u(x) = v′(x)

Then (7) becomes

u′(x) +
(
2
x
− a x3 − bx

)
u(x) = 0 (8)

The above is now solved for u(x). In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= u(a x4 + b x2 − 2)
x

Where f(x) = a x4+b x2−2
x

and g(u) = u. Integrating both sides gives

1
u
du = a x4 + b x2 − 2

x
dx∫ 1

u
du =

∫
a x4 + b x2 − 2

x
dx

ln (u) = a x4

4 + b x2

2 − 2 ln (x) + c1

u = ea x4
4 + b x2

2 −2 ln(x)+c1

= c1e
a x4
4 + b x2

2 −2 ln(x)
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Now that u(x) is known, then

v′(x) = u(x)

v(x) =
∫

u(x) dx+ c2

=
∫

c1e
a x4
4 + b x2

2 −2 ln(x)dx+ c2

Hence

ξ(x) = v(x)xn

=
(∫

c1e
a x4
4 + b x2

2 −2 ln(x)dx+ c2

)
x

=

c1

∫ e
x2
(
a x2+2b

)
4

x2 dx

+ c2

x

The original ode (2) now reduces to first order ode

ξ(x) y′ − yξ′(x) + ξ(x) p(x) y =
∫

ξ(x) r(x) dx

y′ + y

(
p(x)− ξ′(x)

ξ (x)

)
=
∫
ξ(x) r(x) dx

ξ (x)

y′ + y

x
(
a x2 + b

)
−

c3e
a x4
4 + b x2

2 −2 ln(x)x+
∫
c3e

a x4
4 + b x2

2 −2 ln(x)dx+ c2(∫
c3e

a x4
4 + b x2

2 −2 ln(x)dx+ c2
)
x

 = 0

Which is now a first order ode. This is now solved for y. In canonical form the ODE is

y′ = F (x, y)
= f(x)g(y)

= −
y
((∫

c3e
a x4
4 + b x2

2 −2 ln(x)dx
)
a x4 + c2a x

4 +
(∫

c3e
a x4
4 + b x2

2 −2 ln(x)dx
)
b x2 + c2b x

2 − c3e
a x4
4 + b x2

2 −2 ln(x)x−
(∫

c3e
a x4
4 + b x2

2 −2 ln(x)dx
)
− c2

)
(∫

c3e
a x4
4 + b x2

2 −2 ln(x)dx+ c2
)
x
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Where f(x) = −

(∫
c3e

a x4
4 + b x2

2 −2 ln(x)dx

)
a x4+c2a x4+

(∫
c3e

a x4
4 + b x2

2 −2 ln(x)dx

)
b x2+c2b x2−c3e

a x4
4 + b x2

2 −2 ln(x)x−
(∫

c3e
a x4
4 + b x2

2 −2 ln(x)dx

)
−c2(∫

c3e
a x4
4 + b x2

2 −2 ln(x)dx+c2

)
x

and g(y) = y. Integrating both sides gives

1
y
dy = −

(∫
c3e

a x4
4 + b x2

2 −2 ln(x)dx
)
a x4 + c2a x

4 +
(∫

c3e
a x4
4 + b x2

2 −2 ln(x)dx
)
b x2 + c2b x

2 − c3e
a x4
4 + b x2

2 −2 ln(x)x−
(∫

c3e
a x4
4 + b x2

2 −2 ln(x)dx
)
− c2(∫

c3e
a x4
4 + b x2

2 −2 ln(x)dx+ c2
)
x

dx

∫ 1
y
dy =

∫
−

(∫
c3e

a x4
4 + b x2

2 −2 ln(x)dx
)
a x4 + c2a x

4 +
(∫

c3e
a x4
4 + b x2

2 −2 ln(x)dx
)
b x2 + c2b x

2 − c3e
a x4
4 + b x2

2 −2 ln(x)x−
(∫

c3e
a x4
4 + b x2

2 −2 ln(x)dx
)
− c2(∫

c3e
a x4
4 + b x2

2 −2 ln(x)dx+ c2
)
x

dx

ln (y) =
∫

−

(∫
c3e

a x4
4 + b x2

2 −2 ln(x)dx
)
a x4 + c2a x

4 +
(∫

c3e
a x4
4 + b x2

2 −2 ln(x)dx
)
b x2 + c2b x

2 − c3e
a x4
4 + b x2

2 −2 ln(x)x−
(∫

c3e
a x4
4 + b x2

2 −2 ln(x)dx
)
− c2(∫

c3e
a x4
4 + b x2

2 −2 ln(x)dx+ c2
)
x

dx+ c3

y = e

∫
−

∫ c3e
a x4
4 + b x2

2 −2 ln(x)
dx

a x4+c2a x4+

∫ c3e
a x4
4 + b x2

2 −2 ln(x)
dx

b x2+c2b x2−c3e
a x4
4 + b x2

2 −2 ln(x)
x−

∫ c3e
a x4
4 + b x2

2 −2 ln(x)
dx

−c2(∫
c3e

a x4
4 + b x2

2 −2 ln(x)
dx+c2

)
x

dx+c3

= c3e

∫
−

∫ c3e
a x4
4 + b x2

2 −2 ln(x)
dx

a x4+c2a x4+

∫ c3e
a x4
4 + b x2

2 −2 ln(x)
dx

b x2+c2b x2−c3e
a x4
4 + b x2

2 −2 ln(x)
x−

∫ c3e
a x4
4 + b x2

2 −2 ln(x)
dx

−c2(∫
c3e

a x4
4 + b x2

2 −2 ln(x)
dx+c2

)
x

dx

Hence, the solution found using Lagrange adjoint equation method is

y

= c3e

∫
−

∫ c3e
a x4
4 + b x2

2 −2 ln(x)
dx

a x4+c2a x4+

∫ c3e
a x4
4 + b x2

2 −2 ln(x)
dx

b x2+c2b x2−c3e
a x4
4 + b x2

2 −2 ln(x)
x−

∫ c3e
a x4
4 + b x2

2 −2 ln(x)
dx

−c2(∫
c3e

a x4
4 + b x2

2 −2 ln(x)
dx+c2

)
x

dx

Summary
The solution(s) found are the following

(1)y

= c3e

∫
−

∫ c3e
a x4
4 + b x2

2 −2 ln(x)
dx

a x4+c2a x4+

∫ c3e
a x4
4 + b x2

2 −2 ln(x)
dx

b x2+c2b x2−c3e
a x4
4 + b x2

2 −2 ln(x)
x−

∫ c3e
a x4
4 + b x2

2 −2 ln(x)
dx

−c2(∫
c3e

a x4
4 + b x2

2 −2 ln(x)
dx+c2

)
x

dx

Verification of solutions
y

= c3e

∫
−

∫ c3e
a x4
4 + b x2

2 −2 ln(x)
dx

a x4+c2a x4+

∫ c3e
a x4
4 + b x2

2 −2 ln(x)
dx

b x2+c2b x2−c3e
a x4
4 + b x2

2 −2 ln(x)
x−

∫ c3e
a x4
4 + b x2

2 −2 ln(x)
dx

−c2(∫
c3e

a x4
4 + b x2

2 −2 ln(x)
dx+c2

)
x

dx

Verified OK.
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27.32.3 Maple step by step solution

Let’s solve
y′′ + x(a x2 + b) y′ + (4a x2 + 2b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 1..3

xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk

Rewrite ODE with series expansions

2a0b+ 2a2 + (3a1b+ 6a3)x+
(

∞∑
k=2

(ak+2(k + 2) (k + 1) + akb(k + 2) + ak−2a(k + 2))xk

)
= 0

• The coefficients of each power of x must be 0
[2a0b+ 2a2 = 0, 3a1b+ 6a3 = 0]
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• Solve for the dependent coefficient(s){
a2 = −a0b, a3 = −a1b

2

}
• Each term in the series must be 0, giving the recursion relation

(k + 2) (ak−2a+ akb+ kak+2 + ak+2) = 0
• Shift index using k− >k + 2

(k + 4) (aka+ ak+2b+ (k + 2) ak+4 + ak+4) = 0
• Recursion relation that defines the series solution to the ODE[

y =
∞∑
k=0

akx
k, ak+4 = −aka+ak+2b

k+3 , a2 = −a0b, a3 = −a1b
2

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunB ODE, case c = 0

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.406 (sec). Leaf size: 70� �
dsolve(diff(y(x),x$2)+(a*x^3+b*x)*diff(y(x),x)+2*(2*a*x^2+b)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
(
a x2+2b

)
x2

4

(
HeunB

(
1
2 ,

b√
a
,
5
2 ,−

3b
2
√
a
,

√
a x2

2

)
c1x

+HeunB
(
−1
2 ,

b√
a
,
5
2 ,−

3b
2
√
a
,

√
a x2

2

)
c2

)
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3 Solution by Mathematica
Time used: 2.589 (sec). Leaf size: 63� �
DSolve[y''[x]+(a*x^3+b*x)*y'[x]+2*(2*a*x^2+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → xe−
1
4x

2(ax2+2b
)(

c2

∫ x

1

e
1
4
(
aK[1]4+2bK[1]2

)
K[1]2 dK[1] + c1

)
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27.33 problem 43
27.33.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2358
27.33.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2365

Internal problem ID [10867]
Internal file name [OUTPUT/10123_Sunday_December_24_2023_05_12_43_PM_85035290/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 43.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ +
(
ab x3 + b x2 + 2a

)
y′ + a2

(
x3b+ 1

)
y = 0

27.33.1 Solving using Kovacic algorithm

Writing the ode as

y′′ +
((
a x3 + x2) b+ 2a

)
y′ + a2

(
x3b+ 1

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B =

(
a x3 + x2) b+ 2a (3)

C = a2
(
x3b+ 1

)
Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = bx(a2b x5 + 2ab x4 + x3b+ 10ax+ 4)
4 (6)

Comparing the above to (5) shows that

s = bx
(
a2b x5 + 2ab x4 + x3b+ 10ax+ 4

)
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
bx(a2b x5 + 2ab x4 + x3b+ 10ax+ 4)

4

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 72: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 6
= −6

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −6 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −6 then

v = −Or(∞)
2 = 6

2 = 3

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
3∑

i=0

aix
i (8)

Let a be the coefficient of xv = x3 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ ab x3

2 + b x2

2 + 5
2x−

3
2a x2 +

3
2a2x3 −

25
4ab x5 −

3
2a3x4 +

55
4a2b x6 +

3
2a4x5 −

3
2a5x6 + . . .

(9)
Comparing Eq. (9) with Eq. (8) shows that

a = ab

2

From Eq. (9) the sum up to v = 3 gives

[
√
r]∞ =

3∑
i=0

aix
i

= 1
2b x

2 + 1
2ab x

3 (10)
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Now we need to find b, where b be the coefficient of xv−1 = x2 = x2 in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4b
2x4 + 1

2a b
2x5 + 1

4a
2b2x6

This shows that the coefficient of x2 in the above is 0. Now we need to find the coefficient
of x2 in r. How this is done depends on if v = 0 or not. Since v = 3 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of x2 in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= bx(a2b x5 + 2ab x4 + x3b+ 10ax+ 4)
4

= Q+ R

4

=
(
5
2ab x

2 + bx+ 1
4a

2b2x6 + 1
2a b

2x5 + 1
4b

2x4
)
+ (0)

= 5
2ab x

2 + bx+ 1
4a

2b2x6 + 1
2a b

2x5 + 1
4b

2x4

We see that the coefficient of the term 1
x
in the quotient is 5ab

2 . Now b can be found.

b =
(
5ab
2

)
− (0)

= 5ab
2

Hence

[
√
r]∞ = 1

2b x
2 + 1

2ab x
3

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
5ab
2
ab
2

− 3
)

= 1

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−

5ab
2
ab
2

− 3
)

= −4

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = bx(a2b x5 + 2ab x4 + x3b+ 10ax+ 4)
4
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Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−6 1
2b x

2 + 1
2ab x

3 1 −4

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α+

∞ = 1, and since there are no poles, then

d = α+
∞

= 1

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

Substituting the above values in the above results in

ω = (+)[
√
r]∞

= 0 +
(
1
2b x

2 + 1
2ab x

3
)

= 1
2b x

2 + 1
2ab x

3

= b x2(ax+ 1)
2

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 1 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = x+ a0 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
1
2b x

2 + 1
2ab x

3
)
(1) +

((
3
2ab x

2 + bx

)
+
(
1
2b x

2 + 1
2ab x

3
)2

−
(
bx(a2b x5 + 2ab x4 + x3b+ 10ax+ 4)

4

))
= 0

−b x2(aa0 − 1) = 0
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Solving for the coefficients ai in the above using method of undetermined coefficients
gives {

a0 =
1
a

}
Substituting these coefficients in p(x) in eq. (2A) results in

p(x) = x+ 1
a

Therefore the first solution to the ode z′′ = rz is

z1(x) = pe
∫
ω dx

=
(
x+ 1

a

)
e
∫ ( 1

2 b x
2+ 1

2ab x
3)dx

=
(
x+ 1

a

)
e

b
(
1
4a x4+1

3x3
)

2

= (ax+ 1) e 1
8ab x

4+ 1
6x

3b

a

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2

(
a x3+x2

)
b+2a

1 dx

= z1e
− 1

8ab x
4− 1

6x
3b−ax

= z1

(
e−

x
(
ab x3+4

3 b x2+8a
)

8

)

Which simplifies to

y1 =
(ax+ 1) e−ax

a

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx
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Substituting gives

y2 = y1

∫
e
∫
−
(
a x3+x2

)
b+2a

1 dx

(y1)2
dx

= y1

∫
e−

x
(
ab x3+4

3 b x2+8a
)

4

(y1)2
dx

= y1

∫ a2e−
x3
(
ax+4

3
)
b

4

(ax+ 1)2
dx


Therefore the solution is

y = c1y1 + c2y2

= c1

(
(ax+ 1) e−ax

a

)
+ c2

(ax+ 1) e−ax

a

∫ a2e−
x3
(
ax+4

3
)
b

4

(ax+ 1)2
dx


Summary
The solution(s) found are the following

(1)y = c1(ax+ 1) e−ax

a
+ c2(ax+ 1) e−axa

∫ e−
x3
(
ax+4

3
)
b

4

(ax+ 1)2
dx


Verification of solutions

y = c1(ax+ 1) e−ax

a
+ c2(ax+ 1) e−axa

∫ e−
x3
(
ax+4

3
)
b

4

(ax+ 1)2
dx


Verified OK.
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27.33.2 Maple step by step solution

Let’s solve
y′′ + ((a x3 + x2) b+ 2a) y′ + a2(x3b+ 1) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = −(ab x3 + b x2 + 2a) y′ − a2(x3b+ 1) y

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + (ab x3 + b x2 + 2a) y′ + a2(x3b+ 1) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..3

xm · y =
∞∑

k=max(0,−m)
akx

k+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=max(0,−m)+m

ak−mx
k

◦ Convert xm · y′ to series expansion form = 0..3

xm · y′ =
∞∑

k=max(0,1−m)
akk x

k−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=max(0,1−m)+m−1
ak+1−m(k + 1−m)xk

◦ Convert y′′ to series expansion

y′′ =
∞∑
k=2

akk(k − 1)xk−2

◦ Shift index using k− >k + 2

y′′ =
∞∑
k=0

ak+2(k + 2) (k + 1)xk
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Rewrite ODE with series expansions

a0a
2 + 2a1a+ 2a2 + (a1a2 + 4aa2 + 6a3)x+ (a2a2 + 6aa3 + a1b+ 12a4)x2 +

(
∞∑
k=3

(ak+2(k + 2) (k + 1) + 2aak+1(k + 1) + aka
2 + ak−1(k − 1) b+ ak−2(k − 2) ab+ ak−3a

2b)xk

)
= 0

• The coefficients of each power of x must be 0
[2a2 + a0a

2 + 2a1a = 0, a1a2 + 4aa2 + 6a3 = 0, a2a2 + 6aa3 + a1b+ 12a4 = 0]
• Solve for the dependent coefficient(s){

a2 = −1
2a0a

2 − a1a, a3 = 1
3a0a

3 + 1
2a1a

2, a4 = −1
8a0a

4 − 1
6a1a

3 − 1
12a1b

}
• Each term in the series must be 0, giving the recursion relation

(bak−3 + ak) a2 + (ak−2(k − 2) b+ 2ak+1(k + 1)) a+ ak−1(k − 1) b+ ak+2(k + 2) (k + 1) = 0
• Shift index using k− >k + 3

(bak + ak+3) a2 + (ak+1(k + 1) b+ 2ak+4(k + 4)) a+ ak+2(k + 2) b+ ak+5(k + 5) (k + 4) = 0
• Recursion relation that defines the series solution to the ODE[

y =
∞∑
k=0

akx
k, ak+5 = −aka

2b+abkak+1+a2ak+3+abak+1+2akak+4+bkak+2+8aak+4+2bak+2
(k+5)(k+4) , a2 = −1

2a0a
2 − a1a, a3 = 1

3a0a
3 + 1

2a1a
2, a4 = −1

8a0a
4 − 1

6a1a
3 − 1

12a1b

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.437 (sec). Leaf size: 41� �
dsolve(diff(y(x),x$2)+(a*b*x^3+b*x^2+2*a)*diff(y(x),x)+a^2*(b*x^3+1)*y(x)=0,y(x), singsol=all)� �

y(x) = e−ax

c2

∫ e−
b x3

(
ax+4

3
)

4

(ax+ 1)2
dx

+ c1

 (ax+ 1)
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3 Solution by Mathematica
Time used: 3.356 (sec). Leaf size: 57� �
DSolve[y''[x]+(a*b*x^3+b*x^2+2*a)*y'[x]+a^2*(b*x^3+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−ax(ax+ 1)
(
c2

∫ x

1

e−
1
12 bK[1]3(3aK[1]+4)

(aK[1] + 1)2 dK[1] + c1

)
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27.34 problem 44
27.34.1 Solving as second order ode missing y ode . . . . . . . . . . . . 2369
27.34.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2371

Internal problem ID [10868]
Internal file name [OUTPUT/10124_Sunday_December_24_2023_05_12_44_PM_40460358/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 44.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_ode_missing_y"

Maple gives the following as the ode type
[[_2nd_order , _missing_y ]]

y′′ + a xny′ = 0

27.34.1 Solving as second order ode missing y ode

This is second order ode with missing dependent variable y. Let

p(x) = y′

Then

p′(x) = y′′

Hence the ode becomes

p′(x) + a xnp(x) = 0

Which is now solve for p(x) as first order ode. In canonical form the ODE is

p′ = F (x, p)
= f(x)g(p)
= −a xnp
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Where f(x) = −a xn and g(p) = p. Integrating both sides gives

1
p
dp = −a xn dx∫ 1

p
dp =

∫
−a xn dx

ln (p) = −a x1+n

1 + n
+ c1

p = e−
a x1+n

1+n
+c1

= c1e−
a x1+n

1+n

Since p = y′ then the new first order ode to solve is

y′ = c1e−
a x1+n

1+n

Integrating both sides gives

y =
∫

c1e−
a x1+n

1+n dx

=

c1
(

a
1+n

)− 1
1+n

 (1+n)2x
1

1+n+ n
1+n−1−n

(
a

1+n

) 1
1+n

(
x1+nan2

1+n
+ 2x1+nan

1+n
+n2+a x1+n

1+n
+3n+2

)(
a x1+n

1+n

)− 2+n
2(1+n) e

−a x1+n

2(1+n) WhittakerM
(

1
1+n

− 2+n
2(1+n) ,

2+n
2+2n+ 1

2 ,
a x1+n

1+n

)
(2+n)(3+2n)a +

(1+n)2x
1

1+n+ n
1+n−1−n

(
a

1+n

) 1
1+n (2+n)

(
a x1+n

1+n

)− 2+n
2(1+n) e

−a x1+n

2(1+n) WhittakerM
(

1
1+n

− 2+n
2(1+n)+1, 2+n

2+2n+ 1
2 ,

a x1+n

1+n

)
(3+2n)a


1 + n

+ c2

Summary
The solution(s) found are the following

(1)y

=

c1
(

a
1+n

)− 1
1+n

 (1+n)2x
1

1+n+ n
1+n−1−n

(
a

1+n

) 1
1+n

(
x1+nan2

1+n
+ 2x1+nan

1+n
+n2+a x1+n

1+n
+3n+2

)(
a x1+n

1+n

)− 2+n
2(1+n) e

−a x1+n

2(1+n) WhittakerM
(

1
1+n

− 2+n
2(1+n) ,

2+n
2+2n+ 1

2 ,
a x1+n

1+n

)
(2+n)(3+2n)a +

(1+n)2x
1

1+n+ n
1+n−1−n

(
a

1+n

) 1
1+n (2+n)

(
a x1+n

1+n

)− 2+n
2(1+n) e

−a x1+n

2(1+n) WhittakerM
(

1
1+n

− 2+n
2(1+n)+1, 2+n

2+2n+ 1
2 ,

a x1+n

1+n

)
(3+2n)a


1 + n

+ c2

Verification of solutions
y

=

c1
(

a
1+n

)− 1
1+n

 (1+n)2x
1

1+n+ n
1+n−1−n

(
a

1+n

) 1
1+n

(
x1+nan2

1+n
+ 2x1+nan

1+n
+n2+a x1+n

1+n
+3n+2

)(
a x1+n

1+n

)− 2+n
2(1+n) e

−a x1+n

2(1+n) WhittakerM
(

1
1+n

− 2+n
2(1+n) ,

2+n
2+2n+ 1

2 ,
a x1+n

1+n

)
(2+n)(3+2n)a +

(1+n)2x
1

1+n+ n
1+n−1−n

(
a

1+n

) 1
1+n (2+n)

(
a x1+n

1+n

)− 2+n
2(1+n) e

−a x1+n

2(1+n) WhittakerM
(

1
1+n

− 2+n
2(1+n)+1, 2+n

2+2n+ 1
2 ,

a x1+n

1+n

)
(3+2n)a


1 + n

+ c2

Verified OK.
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27.34.2 Maple step by step solution

Let’s solve
y′′ + a xny′ = 0

• Highest derivative means the order of the ODE is 2
y′′

• Make substitution u = y′ to reduce order of ODE
u′(x) + a xnu(x) = 0

• Separate variables
u′(x)
u(x) = −a xn

• Integrate both sides with respect to x∫ u′(x)
u(x) dx =

∫
−a xndx+ c1

• Evaluate integral
ln (u(x)) = −a x1+n

1+n
+ c1

• Solve for u(x)

u(x) = e−
−c1n+a x1+n−c1

1+n

• Solve 1st ODE for u(x)

u(x) = e−
−c1n+a x1+n−c1

1+n

• Make substitution u = y′

y′ = e−
−c1n+a x1+n−c1

1+n

• Integrate both sides to solve for y∫
y′dx =

∫
e−

−c1n+a x1+n−c1
1+n dx+ c2

• Compute integrals

y =
e−

−c1n−c1
1+n

(
a

1+n

)− 1
1+n

 (1+n)2x
1

1+n+ n
1+n−1−n( a

1+n

) 1
1+n

(
x1+nan2

1+n +2x1+nan
1+n +n2+a x1+n

1+n +3n+2
)(

a x1+n

1+n

)− 2+n
2(1+n) e

−a x1+n

2(1+n) WhittakerM
(

1
1+n− 2+n

2(1+n) ,
2+n

2(1+n)+
1
2 , a x1+n

1+n

)
(2+n)(3+2n)a +

(1+n)2x
1

1+n+ n
1+n−1−n( a

1+n

) 1
1+n (2+n)

(
a x1+n

1+n

)− 2+n
2(1+n) e

−a x1+n

2(1+n) WhittakerM
(

1
1+n− 2+n

2(1+n)+1, 2+n
2(1+n)+

1
2 , a x1+n

1+n

)
(3+2n)a


1+n

+ c2
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
<- LODE missing y successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 244� �
dsolve(diff(y(x),x$2)+a*x^n*diff(y(x),x)=0,y(x), singsol=all)� �
y(x)

=
x−n
((

ax xn

n+1

)−n−2
2n+2 c2

(
a

n+1

) 1
n+1 e−

xnax
2n+2 (n+ 2)2 (n+ 1)2WhittakerM

(
n+2
2n+2 ,

2n+3
2n+2 ,

ax xn

n+1

)
+
(
ax xn

n+1

)−n−2
2n+2 c2

(
a

n+1

) 1
n+1 e−

xnax
2n+2 (n+ 1)3 (xnax+ n+ 2)WhittakerM

(
− n

2n+2 ,
2n+3
2n+2 ,

ax xn

n+1

)
+ 2c1(n+ 2) a

(
n+ 3

2

)
xn
)

(n+ 2) (2n+ 3) a

3 Solution by Mathematica
Time used: 0.054 (sec). Leaf size: 56� �
DSolve[y''[x]+a*x^n*y'[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c2 −
c1x
(

axn+1

n+1

)− 1
n+1 Γ

(
1

n+1 ,
axn+1

n+1

)
n+ 1
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27.35 problem 45
Internal problem ID [10869]
Internal file name [OUTPUT/10125_Sunday_December_24_2023_05_13_38_PM_31232604/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 45.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + a xny′ + yxn−1b = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.407 (sec). Leaf size: 96� �
dsolve(diff(y(x),x$2)+a*x^n*diff(y(x),x)+b*x^(n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = x

(
KummerU

(
1 + n− b

a

n+ 1 ,
n+ 2
n+ 1 ,

ax xn

n+ 1

)
c2

+KummerM
(
1 + n− b

a

n+ 1 ,
n+ 2
n+ 1 ,

ax xn

n+ 1

)
c1

)
e−

ax xn

n+1
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3 Solution by Mathematica
Time used: 0.143 (sec). Leaf size: 120� �
DSolve[y''[x]+a*x^n*y'[x]+b*x^(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c2

(
1
n
+ 1
)− 1

n+1

n− 1
n+1a

1
n+1 (xn)

1
n Hypergeometric1F1

(
a+ b

na+ a
,
n+ 2
n+ 1 ,

−a(xn)1+
1
n

n+ 1

)
+ c1Hypergeometric1F1

(
b

na+ a
,

n

n+ 1 ,−
a(xn)1+

1
n

n+ 1

)
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27.36 problem 46
27.36.1 Solving as linear second order ode solved by an integrating factor

ode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2376
27.36.2 Solving as second order change of variable on y method 1 ode . 2377

Internal problem ID [10870]
Internal file name [OUTPUT/10126_Sunday_December_24_2023_05_13_38_PM_911658/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 46.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_change_of_vari-
able_on_y_method_1", "linear_second_order_ode_solved_by_an_inte-
grating_factor"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ + 2a xny′ + a
(
a x2n + nxn−1) y = 0

27.36.1 Solving as linear second order ode solved by an integrating factor
ode

The ode satisfies this form

y′′ + p(x) y′ +
(
p(x)2 + p′(x)

)
y

2 = f(x)

Where p(x) = 2a xn. Therefore, there is an integrating factor given by

M(x) = e
1
2
∫
p dx

= e
∫
2a xn dx

= e
a x1+n

1+n
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Multiplying both sides of the ODE by the integrating factor M(x) makes the left side
of the ODE a complete differential

(M(x)y) ′′ = 0(
e

a x1+n

1+n y
)

′′ = 0

Integrating once gives (
e

a x1+n

1+n y
)′

= c1

Integrating again gives (
e

a x1+n

1+n y
)
= c1x+ c2

Hence the solution is

y = c1x+ c2

e
a x1+n

1+n

Or

y = c1x e−
a xn+1
n+1 + c2e−

a xn+1
n+1

Summary
The solution(s) found are the following

(1)y = c1x e−
a xn+1
n+1 + c2e−

a xn+1
n+1

Verification of solutions

y = c1x e−
a xn+1
n+1 + c2e−

a xn+1
n+1

Verified OK.

27.36.2 Solving as second order change of variable on y method 1 ode

In normal form the given ode is written as

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = 2a xn

q(x) = x2na2 + an xn

x
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Calculating the Liouville ode invariant Q given by

Q = q − p′

2 − p2

4

= x2na2 + an xn

x
− (2a xn)′

2 − (2a xn)2

4

= x2na2 + an xn

x
−
(2anxn

x

)
2 − (4x2na2)

4

= x2na2 + an xn

x
−
(
an xn

x

)
− x2na2

= 0

Since the Liouville ode invariant does not depend on the independent variable x then
the transformation

y = v(x) z(x) (3)

is used to change the original ode to a constant coefficients ode in v. In (3) the term
z(x) is given by

z(x) = e−
(∫ p(x)

2 dx
)

= e−
∫ 2a xn

2

= e−
a xn+1
n+1 (5)

Hence (3) becomes

y = v(x) e−
a xn+1
n+1 (4)

Applying this change of variable to the original ode results in

v′′(x) e−
a xn+1
n+1 = 0

Which is now solved for v(x) Integrating twice gives the solution

v(x) = c1x+ c2

Now that v(x) is known, then

y = v(x) z(x)
= (c1x+ c2) (z(x)) (7)
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But from (5)

z(x) = e−
a xn+1
n+1

Hence (7) becomes

y = e−
a xn+1
n+1 (c1x+ c2)

Summary
The solution(s) found are the following

(1)y = e−
a xn+1
n+1 (c1x+ c2)

Verification of solutions

y = e−
a xn+1
n+1 (c1x+ c2)

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 24� �
dsolve(diff(y(x),x$2)+2*a*x^n*diff(y(x),x)+a*(a*x^(2*n)+n*x^(n-1))*y(x)=0,y(x), singsol=all)� �

y(x) = e−
a xn+1
n+1 (c2x+ c1)

3 Solution by Mathematica
Time used: 0.112 (sec). Leaf size: 28� �
DSolve[y''[x]+2*a*x^n*y'[x]+a*(a*x^(2*n)+n*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → (c2x+ c1)e−
axn+1
n+1
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27.37 problem 47
Internal problem ID [10871]
Internal file name [OUTPUT/10127_Sunday_December_24_2023_05_13_44_PM_32460967/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 47.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + a xny′ +
(
b x2n + c xn−1) y = 0

2380



Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.375 (sec). Leaf size: 171� �
dsolve(diff(y(x),x$2)+a*x^n*diff(y(x),x)+(b*x^(2*n)+c*x^(n-1))*y(x)=0,y(x), singsol=all)� �
y(x)

= e−
xn+1(a+√a2−4b

)
2n+2 x

(
KummerM

(
(n+ 2)

√
a2 − 4b+ an− 2c√

a2 − 4b (2n+ 2)
,
n+ 2
n+ 1 ,

√
a2 − 4b xn+1

n+ 1

)
c1

+KummerU
(
(n+ 2)

√
a2 − 4b+ an− 2c√

a2 − 4b (2n+ 2)
,
n+ 2
n+ 1 ,

√
a2 − 4b xn+1

n+ 1

)
c2

)
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3 Solution by Mathematica
Time used: 0.492 (sec). Leaf size: 333� �
DSolve[y''[x]+a*x^n*y'[x]+(b*x^(2*n)+c*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ 2
n

2n+2x−n/2(xn+1) n
2n+2 exp

(
−1
2x

n+1

( √
a2 − 4b√
(n+ 1)2

+ a

n+ 1

))c1HypergeometricU

n
(√

(n+ 1)2a2 +
√
a2 − 4b(n+ 1)a− 4b

√
(n+ 1)2

)
− 2

√
a2 − 4bc(n+ 1)

2 (a2 − 4b) (n+ 1)
√

(n+ 1)2
,

n

n+ 1 ,
√
a2 − 4bxn+1√
(n+ 1)2



+ c2L
− 1

n+1

2
√

a2−4bc(n+1)−n

(√
(n+1)2a2+

√
a2−4b(n+1)a−4b

√
(n+1)2

)
2
(
a2−4b

)
(n+1)

√
(n+1)2

(√
a2 − 4bxn+1√
(n+ 1)2

)
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27.38 problem 48
Internal problem ID [10872]
Internal file name [OUTPUT/10128_Sunday_December_24_2023_05_13_45_PM_9092565/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 48.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + a xny′ − b
(
a xm+n + b x2m +mxm−1) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(diff(y(x),x$2)+a*x^n*diff(y(x),x)-b*(a*x^(n+m)+b*x^(2*m)+m*x^(m-1))*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+a*x^n*y'[x]-b*(a*x^(n+m)+b*x^(2*m)+m*x^(m-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.39 problem 49
Internal problem ID [10873]
Internal file name [OUTPUT/10129_Sunday_December_24_2023_05_13_46_PM_18930705/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 49.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + 2a xny′ +
(
x2na2 + b x2m + an xn−1 + c xm−1) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.406 (sec). Leaf size: 147� �
dsolve(diff(y(x),x$2)+2*a*x^n*diff(y(x),x)+(a^2*x^(2*n)+b*x^(2*m)+a*n*x^(n-1)+c*x^(m-1))*y(x)=0,y(x), singsol=all)� �
y(x)

= x

(
KummerM

(
(m+ 2)

√
b+ ic√

b (2m+ 2)
,
m+ 2
1 +m

,
2i
√
b x1+m

1 +m

)
c1

+KummerU
(
(m+ 2)

√
b+ ic√

b (2m+ 2)
,
m+ 2
1 +m

,
2i
√
b x1+m

1 +m

)
c2

)
e

−i(n+1)
√
b x1+m−xn+1a(1+m)
(n+1)(1+m)
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3 Solution by Mathematica
Time used: 0.376 (sec). Leaf size: 236� �
DSolve[y''[x]+2*a*x^n*y'[x]+(a^2*x^(2*n)+b*x^(2*m)+a*n*x^(n-1)+c*x^(m-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ 2
m

2m+2x−m/2(xm+1) m
2m+2 exp

(
−x

(
axn

n+ 1+
√
bxm√

−(m+ 1)2

))c1HypergeometricU

−
(m+ 1)

(
mc+ c+

√
bm
√

−(m+ 1)2
)

2
√
b (−(m+ 1)2)3/2

,
m

m+ 1 ,
2
√
bxm+1√

−(m+ 1)2

+c2L
− 1

m+1

(m+1)
(
mc+c+

√
bm
√

−(m+1)2
)

2
√
b
(
−(m+1)2

)3/2

(
2
√
bxm+1√

−(m+ 1)2

)
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27.40 problem 50
Internal problem ID [10874]
Internal file name [OUTPUT/10130_Sunday_December_24_2023_05_13_59_PM_72771316/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 50.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + (a xn + b) y′ + c(a xn + b− c) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*x^n+b)*diff(y(x),x)+c*(a*x^n+b-c)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*x^n+b)*y'[x]+c*(a*x^n+b-c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.41 problem 51
Internal problem ID [10875]
Internal file name [OUTPUT/10131_Sunday_December_24_2023_05_14_00_PM_4386285/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 51.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + (a xn + 2b) y′ +
(
ab xn − a xn−1 + b2

)
y = 0

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful`� �

2392



3 Solution by Maple
Time used: 0.203 (sec). Leaf size: 167� �
dsolve(diff(y(x),x$2)+(a*x^n+2*b)*diff(y(x),x)+(a*b*x^n-a*x^(n-1)+b^2)*y(x)=0,y(x), singsol=all)� �
y(x) = e−

(
a xn+2(n+1)b

)
x

2n+2 c2(n+ 1)
(
a x−n

2

+ x− 3n
2 −1n

)
WhittakerM

(
−n− 2
2n+ 2 ,

2n+ 1
2n+ 2 ,

a xn+1

n+ 1

)
+ c2n

2x− 3n
2 −1e−

(
a xn+2(n+1)b

)
x

2n+2 WhittakerM
(

n

2n+ 2 ,
2n+ 1
2n+ 2 ,

a xn+1

n+ 1

)
+ c1e−bxx

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*x^n+2*b)*y'[x]+(a*b*x^n-a*x^(n-1)+b^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.42 problem 52
Internal problem ID [10876]
Internal file name [OUTPUT/10132_Sunday_December_24_2023_05_14_01_PM_22677750/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 52.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ +
(
ab xn + b xn−1 + 2a

)
y′ + a2(b xn + 1) y = 0

2394



Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*b*x^n+b*x^(n-1)+2*a)*diff(y(x),x)+a^2*(b*x^n+1)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*b*x^n+b*x^(n-1)+2*a)*y'[x]+a^2*(b*x^n+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.43 problem 53
Internal problem ID [10877]
Internal file name [OUTPUT/10133_Sunday_December_24_2023_05_14_02_PM_16480413/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 53.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ +
(
ab xn + 2b xn−1 − a2x

)
y′ + a

(
ab xn + b xn−1 − a2x

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*b*x^n+2*b*x^(n-1)-a^2*x)*diff(y(x),x)+a*(a*b*x^n+b*x^(n-1)-a^2*x)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*b*x^n+2*b*x^(n-1)-a^2*x)*y'[x]+a*(a*b*x^n+b*x^(n-1)-a^2*x)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.44 problem 54
Internal problem ID [10878]
Internal file name [OUTPUT/10134_Sunday_December_24_2023_05_14_03_PM_1011614/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 54.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + xn
(
a x2 + (ac+ b)x+ bc

)
y′ − xn(ax+ b) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
<- linear symmetries successful`� �

3 Solution by Maple
Time used: 0.484 (sec). Leaf size: 78� �
dsolve(diff(y(x),x$2)+x^n*(a*x^2+(a*c+b)*x+b*c)*diff(y(x),x)-x^n*(a*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) = −(x+ c)


∫ e−

(
a x2(n+2)(n+1)+(ac+b)x(3+n)(n+1)+bc(3+n)(n+2)

)
xn+1

(3+n)(n+1)(n+2)

(x+ c)2
dx

 c1 + c2
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+x^n*(a*x^2+(a*c+b)*x+b*c)*y'[x]-x^n*(a*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.45 problem 55
27.45.1 Solving as second order change of variable on y method 2 ode . 2403

Internal problem ID [10879]
Internal file name [OUTPUT/10135_Sunday_December_24_2023_05_14_04_PM_3647982/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 55.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_change_of_vari-
able_on_y_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ + (a xn + b xm) y′ −
(
a xn−1 + b xm−1) y = 0

27.45.1 Solving as second order change of variable on y method 2 ode

In normal form the ode

y′′ + (a xn + b xm) y′ + (−a xn − b xm) y
x

= 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = a xn + b xm

q(x) = −a xn − b xm

x

Applying change of variables on the depndent variable y = v(x)xn to (2) gives the
following ode where the dependent variables is v(x) and not y.

v′′(x) +
(
2n
x

+ p

)
v′(x) +

(
n(n− 1)

x2 + np

x
+ q

)
v(x) = 0 (3)
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Let the coefficient of v(x) above be zero. Hence
n(n− 1)

x2 + np

x
+ q = 0 (4)

Substituting the earlier values found for p(x) and q(x) into (4) gives
n(n− 1)

x2 + n(a xn + b xm)
x

+ −a xn − b xm

x
= 0 (5)

Solving (5) for n gives

n = 1 (6)

Substituting this value in (3) gives

v′′(x) +
(
2
x
+ a xn + b xm

)
v′(x) = 0

v′′(x) +
(
2
x
+ a xn + b xm

)
v′(x) = 0 (7)

Using the substitution

u(x) = v′(x)

Then (7) becomes

u′(x) +
(
2
x
+ a xn + b xm

)
u(x) = 0 (8)

The above is now solved for u(x). In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= −u(ax xn + xmbx+ 2)
x

Where f(x) = −ax xn+xmbx+2
x

and g(u) = u. Integrating both sides gives
1
u
du = −ax xn + xmbx+ 2

x
dx∫ 1

u
du =

∫
−ax xn + xmbx+ 2

x
dx

ln (u) = −2 ln (x)− ax en ln(x)

n+ 1 − bx em ln(x)

m+ 1 + c1

u = e−2 ln(x)−ax en ln(x)
n+1 − bx em ln(x)

m+1 +c1

= c1e−2 ln(x)−ax en ln(x)
n+1 − bx em ln(x)

m+1
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Which simplifies to

u(x) = c1e−
a xn+1
n+1 e−

b xm+1
m+1

x2

Now that u(x) is known, then

v′(x) = u(x)

v(x) =
∫

u(x) dx+ c2

=
∫

c1e−
a xn+1
n+1 e−

b xm+1
m+1

x2 dx+ c2

Hence

y = v(x)xn

=

∫ c1e−
a xn+1
n+1 e−

b xm+1
m+1

x2 dx+ c2

x

=

c1

∫ e−
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

x2 dx

+ c2

x

Summary
The solution(s) found are the following

(1)y =

∫ c1e−
a xn+1
n+1 e−

b xm+1
m+1

x2 dx+ c2

x

Verification of solutions

y =

∫ c1e−
a xn+1
n+1 e−

b xm+1
m+1

x2 dx+ c2

x

Verified OK.
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]

One independent solution has integrals. Trying a hypergeometric solution free of integrals...
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

No hypergeometric solution was found.
<- linear_1 successful
<- 2nd order, integrating factors of the form mu(x,y) successful`� �

2406



3 Solution by Maple
Time used: 0.328 (sec). Leaf size: 47� �
dsolve(diff(y(x),x$2)+(a*x^n+b*x^m)*diff(y(x),x)-(a*x^(n-1)+b*x^(m-1))*y(x)=0,y(x), singsol=all)� �

y(x) = x

c1 + c2

∫ e−
(
b(n+1)xm+a(1+m)xn

)
x

(1+m)(n+1)

x2 dx


3 Solution by Mathematica
Time used: 1.216 (sec). Leaf size: 55� �
DSolve[y''[x]+(a*x^n+b*x^m)*y'[x]-(a*x^(n-1)+b*x^(m-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x

c2

∫ x

1

exp
(
K[1]

(
− bK[1]m

m+1 − aK[1]n
n+1

))
K[1]2 dK[1] + c1
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27.46 problem 56
27.46.1 Solving as second order integrable as is ode . . . . . . . . . . . 2408
27.46.2 Solving as type second_order_integrable_as_is (not using ABC

version) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2410
27.46.3 Solving as exact linear second order ode ode . . . . . . . . . . . 2412

Internal problem ID [10880]
Internal file name [OUTPUT/10136_Sunday_December_24_2023_05_14_06_PM_36119654/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 56.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "exact linear second order ode",
"second_order_integrable_as_is"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries], [_2nd_order , _linear , `

_with_symmetry_ [0,F(x)]`]]

y′′ + (a xn + b xm) y′ +
(
an xn−1 + xm−1bm

)
y = 0

27.46.1 Solving as second order integrable as is ode

Integrating both sides of the ODE w.r.t x gives∫ (
y′′ + (a xn + b xm) y′ + (xnna+ b xmm) y

x

)
dx = 0

(ax xn + xmbx) y
x

+ y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

2408



Where here

p(x) = a xn + b xm

q(x) = c1

Hence the ode is

y′ + (a xn + b xm) y = c1

The integrating factor µ is

µ = e
∫
(a xn+b xm)dx

= e
a xn+1
n+1 + b xm+1

m+1

Which simplifies to

µ = e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

The ode becomes

d
dx(µy) = (µ) (c1)

d
dx

(
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) y

)
=
(
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

)
(c1)

d
(
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) y

)
=
(
c1e

(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

)
dx

Integrating gives

e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) y =
∫

c1e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx

e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) y =
∫

c1e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx+ c2

Dividing both sides by the integrating factor µ = e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) results in

y = e−
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

(∫
c1e

(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx

)
+ c2e−

(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

which simplifies to

y = e−
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

(
c1

(∫
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx

)
+ c2

)
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Summary
The solution(s) found are the following

(1)y = e−
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

(
c1

(∫
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx

)
+ c2

)
Verification of solutions

y = e−
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

(
c1

(∫
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx

)
+ c2

)
Verified OK.

27.46.2 Solving as type second_order_integrable_as_is (not using ABC
version)

Writing the ode as

y′′ + (a xn + b xm) y′ + (xnna+ b xmm) y
x

= 0

Integrating both sides of the ODE w.r.t x gives∫ (
y′′ + (a xn + b xm) y′ + (xnna+ b xmm) y

x

)
dx = 0

(ax xn + xmbx) y
x

+ y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = a xn + b xm

q(x) = c1

Hence the ode is

y′ + (a xn + b xm) y = c1

The integrating factor µ is

µ = e
∫
(a xn+b xm)dx

= e
a xn+1
n+1 + b xm+1

m+1
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Which simplifies to

µ = e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

The ode becomes

d
dx(µy) = (µ) (c1)

d
dx

(
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) y

)
=
(
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

)
(c1)

d
(
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) y

)
=
(
c1e

(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

)
dx

Integrating gives

e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) y =
∫

c1e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx

e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) y =
∫

c1e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx+ c2

Dividing both sides by the integrating factor µ = e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) results in

y = e−
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

(∫
c1e

(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx

)
+ c2e−

(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

which simplifies to

y = e−
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

(
c1

(∫
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx

)
+ c2

)
Summary
The solution(s) found are the following

(1)y = e−
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

(
c1

(∫
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx

)
+ c2

)
Verification of solutions

y = e−
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

(
c1

(∫
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx

)
+ c2

)
Verified OK.
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27.46.3 Solving as exact linear second order ode ode

An ode of the form

p(x) y′′ + q(x) y′ + r(x) y = s(x)

is exact if

p′′(x)− q′(x) + r(x) = 0 (1)

For the given ode we have

p(x) = 1
q(x) = a xn + b xm

r(x) = xnna+ b xmm

x
s(x) = 0

Hence

p′′(x) = 0

q′(x) = an xn

x
+ xmbm

x

Therefore (1) becomes

0−
(
an xn

x
+ xmbm

x

)
+
(
xnna+ b xmm

x

)
= 0

Hence the ode is exact. Since we now know the ode is exact, it can be written as

(p(x) y′ + (q(x)− p′(x)) y)′ = s(x)

Integrating gives

p(x) y′ + (q(x)− p′(x)) y =
∫

s(x) dx

Substituting the above values for p, q, r, s gives

y′ + (a xn + b xm) y = c1

We now have a first order ode to solve which is

y′ + (a xn + b xm) y = c1
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Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = a xn + b xm

q(x) = c1

Hence the ode is

y′ + (a xn + b xm) y = c1

The integrating factor µ is

µ = e
∫
(a xn+b xm)dx

= e
a xn+1
n+1 + b xm+1

m+1

Which simplifies to

µ = e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

The ode becomes

d
dx(µy) = (µ) (c1)

d
dx

(
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) y

)
=
(
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

)
(c1)

d
(
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) y

)
=
(
c1e

(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

)
dx

Integrating gives

e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) y =
∫

c1e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx

e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) y =
∫

c1e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx+ c2

Dividing both sides by the integrating factor µ = e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) results in

y = e−
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

(∫
c1e

(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx

)
+ c2e−

(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)
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which simplifies to

y = e−
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

(
c1

(∫
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx

)
+ c2

)
Summary
The solution(s) found are the following

(1)y = e−
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

(
c1

(∫
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx

)
+ c2

)
Verification of solutions

y = e−
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

(
c1

(∫
e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1) dx

)
+ c2

)
Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]

One independent solution has integrals. Trying a hypergeometric solution free of integrals...
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

No hypergeometric solution was found.
<- linear_1 successful`� �
3 Solution by Maple
Time used: 0.063 (sec). Leaf size: 72� �
dsolve(diff(y(x),x$2)+(a*x^n+b*x^m)*diff(y(x),x)+(a*n*x^(n-1)+b*m*x^(m-1))*y(x)=0,y(x), singsol=all)� �

y(x) =
(
c1

(∫
e
(
b(n+1)xm+a(1+m)xn

)
x

(1+m)(n+1) dx

)
+ c2

)
e−

(
b(n+1)xm+a(1+m)xn

)
x

(1+m)(n+1)

3 Solution by Mathematica
Time used: 0.139 (sec). Leaf size: 74� �
DSolve[y''[x]+(a*x^n+b*x^m)*y'[x]+(a*n*x^(n-1)+b*m*x^(m-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
x
(
− axn

n+1−
bxm

m+1

)(∫ x

1
exp

(
K[1]

(
bK[1]m
m+ 1 + aK[1]n

n+ 1

))
c1dK[1] + c2

)
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27.47 problem 57
27.47.1 Solving as second order ode lagrange adjoint equation method ode2415

Internal problem ID [10881]
Internal file name [OUTPUT/10137_Sunday_December_24_2023_05_14_34_PM_28021992/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 57.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ + (a xn + b xm) y′ +
(
a(n+ 1)xn−1 + b(m+ 1)xm−1) y = 0

27.47.1 Solving as second order ode lagrange adjoint equation method ode

In normal form the ode

y′′ + (a xn + b xm) y′ + (b(m+ 1)xm + a(n+ 1)xn) y
x

= 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = r(x) (2)

Where

p(x) = a xn + b xm

q(x) = b(m+ 1)xm + a(n+ 1)xn

x
r(x) = 0
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The Lagrange adjoint ode is given by

ξ
′′ − (ξ p)′ + ξq = 0

ξ
′′ − ((a xn + b xm) ξ(x))′ +

(
(b(m+ 1)xm + a(n+ 1)xn) ξ(x)

x

)
= 0

ξ′′(x) + (−a xn − b xm) ξ′(x) +
(
b(m+ 1)xm + a(n+ 1)xn

x
− an xn

x
− xmbm

x

)
ξ(x) = 0

Which is solved for ξ(x). In normal form the ode

−ξ′′(x)x+ (a xn + b xm) ξ′(x)x+ (−a xn − b xm) ξ(x) = 0 (1)

Becomes

ξ′′(x) + p(x) ξ′(x) + q(x) ξ(x) = 0 (2)

Where

p(x) = −a xn − b xm

q(x) = a xn + b xm

x

Applying change of variables on the depndent variable ξ(x) = v(x)xn to (2) gives the
following ode where the dependent variables is v(x) and not ξ(x).

v′′(x) +
(
2n
x

+ p

)
v′(x) +

(
n(n− 1)

x2 + np

x
+ q

)
v(x) = 0 (3)

Let the coefficient of v(x) above be zero. Hence
n(n− 1)

x2 + np

x
+ q = 0 (4)

Substituting the earlier values found for p(x) and q(x) into (4) gives
n(n− 1)

x2 + n(−a xn − b xm)
x

+ a xn + b xm

x
= 0 (5)

Solving (5) for n gives

n = 1 (6)

Substituting this value in (3) gives

v′′(x) +
(
2
x
− a xn − b xm

)
v′(x) = 0

v′′(x) +
(
2
x
− a xn − b xm

)
v′(x) = 0 (7)
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Using the substitution

u(x) = v′(x)

Then (7) becomes

u′(x) +
(
2
x
− a xn − b xm

)
u(x) = 0 (8)

The above is now solved for u(x). In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= u(ax xn + xmbx− 2)
x

Where f(x) = ax xn+xmbx−2
x

and g(u) = u. Integrating both sides gives

1
u
du = ax xn + xmbx− 2

x
dx∫ 1

u
du =

∫
ax xn + xmbx− 2

x
dx

ln (u) = −2 ln (x) + ax en ln(x)

n+ 1 + bx em ln(x)

m+ 1 + c1

u = e−2 ln(x)+ax en ln(x)
n+1 + bx em ln(x)

m+1 +c1

= c1e−2 ln(x)+ax en ln(x)
n+1 + bx em ln(x)

m+1

Which simplifies to

u(x) = c1e
ax xn

n+1 e
b xmx
m+1

x2

Now that u(x) is known, then

v′(x) = u(x)

v(x) =
∫

u(x) dx+ c2

=
∫

c1e
ax xn

n+1 e
b xmx
m+1

x2 dx+ c2
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Hence

ξ(x) = v(x)xn

=
(∫

c1e
ax xn

n+1 e
b xmx
m+1

x2 dx+ c2

)
x

=

c1

∫ e
(
a xn(m+1)+b xm(n+1)

)
x

(n+1)(m+1)

x2 dx

+ c2

x

The original ode (2) now reduces to first order ode

ξ(x) y′ − yξ′(x) + ξ(x) p(x) y =
∫

ξ(x) r(x) dx

y′ + y

(
p(x)− ξ′(x)

ξ (x)

)
=
∫
ξ(x) r(x) dx

ξ (x)

y′ + y

a xn + b xm −
c3e

ax xn

n+1 e
b xmx
m+1

x
+
∫

c3e
ax xn

n+1 e
b xmx
m+1

x2 dx+ c2(∫
c3e

ax xn
n+1 e

b xmx
m+1

x2 dx+ c2

)
x

 = 0

Which is now a first order ode. This is now solved for y. In canonical form the ODE is

y′ = F (x, y)
= f(x)g(y)

= −
y

(
a xnx2

(∫
c3e

ax xn

n+1 e
b xmx
m+1

x2 dx

)
+ a xnx2c2 + b xmx2

(∫
c3e

ax xn

n+1 e
b xmx
m+1

x2 dx

)
+ b xmx2c2 − c3e

ax xn

n+1 e
b xmx
m+1 −

(∫
c3e

ax xn

n+1 e
b xmx
m+1

x2 dx

)
x− c2x

)
x2
(∫

c3e
ax xn
n+1 e

b xmx
m+1

x2 dx+ c2

)
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Where f(x) = −
a xnx2

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2 dx

+a xnx2c2+b xmx2

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2 dx

+b xmx2c2−c3e
ax xn

n+1 e
b xmx
m+1 −

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2 dx

x−c2x

x2

(∫ c3e
ax xn
n+1 e

b xmx
m+1

x2 dx+c2

)
and g(y) = y. Integrating both sides gives

1
y
dy = −

a xnx2
(∫

c3e
ax xn

n+1 e
b xmx
m+1

x2 dx

)
+ a xnx2c2 + b xmx2

(∫
c3e

ax xn

n+1 e
b xmx
m+1

x2 dx

)
+ b xmx2c2 − c3e

ax xn

n+1 e
b xmx
m+1 −

(∫
c3e

ax xn

n+1 e
b xmx
m+1

x2 dx

)
x− c2x

x2
(∫

c3e
ax xn
n+1 e

b xmx
m+1

x2 dx+ c2

) dx

∫ 1
y
dy =

∫
−
a xnx2

(∫
c3e

ax xn

n+1 e
b xmx
m+1

x2 dx

)
+ a xnx2c2 + b xmx2

(∫
c3e

ax xn

n+1 e
b xmx
m+1

x2 dx

)
+ b xmx2c2 − c3e

ax xn

n+1 e
b xmx
m+1 −

(∫
c3e

ax xn

n+1 e
b xmx
m+1

x2 dx

)
x− c2x

x2
(∫

c3e
ax xn
n+1 e

b xmx
m+1

x2 dx+ c2

) dx

ln (y) =
∫

−
a xnx2

(∫
c3e

ax xn

n+1 e
b xmx
m+1

x2 dx

)
+ a xnx2c2 + b xmx2

(∫
c3e

ax xn

n+1 e
b xmx
m+1

x2 dx

)
+ b xmx2c2 − c3e

ax xn

n+1 e
b xmx
m+1 −

(∫
c3e

ax xn

n+1 e
b xmx
m+1

x2 dx

)
x− c2x

x2
(∫

c3e
ax xn
n+1 e

b xmx
m+1

x2 dx+ c2

) dx+ c3

y = e

∫
−

a xnx2

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2
dx

+a xnx2c2+b xmx2

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2
dx

+b xmx2c2−c3e
ax xn

n+1 e
b xmx
m+1 −

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2
dx

x−c2x

x2

∫ c3e
ax xn
n+1 e

b xmx
m+1

x2
dx+c2


dx+c3

= c3e

∫
−

a xnx2

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2
dx

+a xnx2c2+b xmx2

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2
dx

+b xmx2c2−c3e
ax xn

n+1 e
b xmx
m+1 −

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2
dx

x−c2x

x2

∫ c3e
ax xn
n+1 e

b xmx
m+1

x2
dx+c2


dx

Hence, the solution found using Lagrange adjoint equation method is

y

= c3e

∫
−

a xnx2

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2
dx

+a xnx2c2+b xmx2

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2
dx

+b xmx2c2−c3e
ax xn

n+1 e
b xmx
m+1 −

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2
dx

x−c2x

x2

∫ c3e
ax xn
n+1 e

b xmx
m+1

x2
dx+c2


dx

Summary
The solution(s) found are the following

(1)y

= c3e

∫
−

a xnx2

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2
dx

+a xnx2c2+b xmx2

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2
dx

+b xmx2c2−c3e
ax xn

n+1 e
b xmx
m+1 −

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2
dx

x−c2x

x2

∫ c3e
ax xn
n+1 e

b xmx
m+1

x2
dx+c2


dx
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Verification of solutions
y

= c3e

∫
−

a xnx2

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2
dx

+a xnx2c2+b xmx2

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2
dx

+b xmx2c2−c3e
ax xn

n+1 e
b xmx
m+1 −

∫ c3e
ax xn

n+1 e
b xmx
m+1

x2
dx

x−c2x

x2

∫ c3e
ax xn
n+1 e

b xmx
m+1

x2
dx+c2


dx

Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful
<- 2nd order, integrating factors of the form mu(x,y) successful`� �
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3 Solution by Maple
Time used: 0.313 (sec). Leaf size: 77� �
dsolve(diff(y(x),x$2)+(a*x^n+b*x^m)*diff(y(x),x)+(a*(n+1)*x^(n-1)+b*(m+1)*x^(m-1))*y(x)=0,y(x), singsol=all)� �

y(x) = x

c1 +

∫ e
(
b(n+1)xm+a(1+m)xn

)
x

(1+m)(n+1)

x2 dx

 c2

 e−
(
b(n+1)xm+a(1+m)xn

)
x

(1+m)(n+1)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*x^n+b*x^m)*y'[x]+(a*(n+1)*x^(n-1)+b*(m+1)*x^(m-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.48 problem 58
Internal problem ID [10882]
Internal file name [OUTPUT/10138_Sunday_December_24_2023_05_14_43_PM_8065640/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 58.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + (a xn + b xm) y′ + c(a xn + b xm − c) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
<- symmetry pattern of the form [0, F(x)*G(y)] successful
<- Riccati with symmetry pattern of the form [0,F(x)*G(y)] successful

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*x^n+b*x^m)*diff(y(x),x)+c*(a*x^n+b*x^m-c)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*x^n+b*x^m)*y'[x]+c*(a*x^n+b*x^m-c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.49 problem 59
Internal problem ID [10883]
Internal file name [OUTPUT/10139_Sunday_December_24_2023_05_14_43_PM_65340826/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 59.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + (a xn + b xm) y′ +
(
xm+nab+ b(m+ 1)xm−1 − a xn−1) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*x^n+b*x^m)*diff(y(x),x)+(a*b*x^(n+m)+b*(m+1)*x^(m-1)-a*x^(n-1))*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*x^n+b*x^m)*y'[x]+(a*b*x^(n+m)+b*(m+1)*x^(m-1)-a*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.50 problem 60
Internal problem ID [10884]
Internal file name [OUTPUT/10140_Sunday_December_24_2023_05_14_44_PM_40192406/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 60.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + (a xn + b xm + c) y′ +
(
xm+nab+ xmbc+ an xn−1) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*x^n+b*x^m+c)*diff(y(x),x)+(a*b*x^(n+m)+b*c*x^m+a*n*x^(n-1))*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*x^n+b*x^m+c)*y'[x]+(a*b*x^(n+m)+b*c*x^m+a*n*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.1 problem 61
28.1.1 Solving as second order change of variable on x method 2 ode . 2433
28.1.2 Solving as second order change of variable on x method 1 ode . 2436
28.1.3 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2438
28.1.4 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2439
28.1.5 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2444

Internal problem ID [10885]
Internal file name [OUTPUT/10141_Sunday_December_24_2023_05_14_45_PM_71262164/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 61.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode",
"second_order_change_of_variable_on_x_method_1", "second_order_change_of_vari-
able_on_x_method_2"

Maple gives the following as the ode type
[[_Emden , _Fowler], [_2nd_order , _linear , `_with_symmetry_ [0,F(

x)]`]]

xy′′ + y′

2 + ay = 0

28.1.1 Solving as second order change of variable on x method 2 ode

In normal form the ode

xy′′ + y′

2 + ay = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)
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Where

p(x) = 1
2x

q(x) = a

x

Applying change of variables τ = g(x) to (2) gives
d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫ 1

2xdx
)
dx

=
∫

e−
ln(x)

2 dx

=
∫ 1√

x
dx

= 2
√
x (6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

=
a
x
1
x

= a (7)

Substituting the above in (3) and noting that now p1 = 0 results in
d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) + ay(τ) = 0
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The above ode is now solved for y(τ).This is second order with constant coefficients
homogeneous ODE. In standard form the ODE is

Ay′′(τ) +By′(τ) + Cy(τ) = 0

Where in the above A = 1, B = 0, C = a. Let the solution be y(τ) = eλτ . Substituting
this into the ODE gives

λ2eλτ + a eλτ = 0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by eλτ gives

λ2 + a = 0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = 1, B = 0, C = a into the above gives

λ1,2 =
0

(2) (1) ±
1

(2) (1)
√

02 − (4) (1) (a)

= ±
√
−a

Hence
λ1 = +

√
−a

λ2 = −
√
−a

Which simplifies to
λ1 =

√
−a

λ2 = −
√
−a

Since roots are real and distinct, then the solution is

y(τ) = c1e
λ1τ + c2e

λ2τ

y(τ) = c1e
(√

−a
)
τ + c2e

(
−
√
−a
)
τ

Or
y(τ) = c1e

√
−a τ + c2e−

√
−a τ
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The above solution is now transformed back to y using (6) which results in

y = c1e2
√
−a

√
x + c2e−2

√
−a

√
x

Summary
The solution(s) found are the following

(1)y = c1e2
√
−a

√
x + c2e−2

√
−a

√
x

Verification of solutions

y = c1e2
√
−a

√
x + c2e−2

√
−a

√
x

Verified OK.

28.1.2 Solving as second order change of variable on x method 1 ode

In normal form the ode

xy′′ + y′

2 + ay = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = 1
2x

q(x) = a

x

Applying change of variables τ = g(x) to (2) results
d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let q1 = c2 where c is some constant. Therefore from (5)

τ ′ = 1
c

√
q

=
√

a
x

c
(6)

τ ′′ = − a

2c
√

a
x
x2
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Substituting the above into (4) results in

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2

=
− a

2c
√

a
x
x2

+ 1
2x

√
a
x

c(√
a
x

c

)2

= 0

Therefore ode (3) now becomes

y(τ)′′ + p1y(τ)′ + q1y(τ) = 0
d2

dτ 2
y(τ) + c2y(τ) = 0 (7)

The above ode is now solved for y(τ). Since the ode is now constant coefficients, it can
be easily solved to give

y(τ) = c1 cos (cτ) + c2 sin (cτ)

Now from (6)

τ =
∫ 1

c

√
q dx

=
∫ √

a
x
dx

c

=
2x
√

a
x

c

Substituting the above into the solution obtained gives

y = c1 cos
(
2
√
a
√
x
)
+ c2 sin

(
2
√
a
√
x
)

Summary
The solution(s) found are the following

(1)y = c1 cos
(
2
√
a
√
x
)
+ c2 sin

(
2
√
a
√
x
)

Verification of solutions

y = c1 cos
(
2
√
a
√
x
)
+ c2 sin

(
2
√
a
√
x
)

Verified OK.
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28.1.3 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + y′x

2 + yax = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)

Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
4

β = 2
√
a

n = 1
2

γ = 1
2

Substituting all the above into (4) gives the solution as

y =
c1x

1
4 sin

(
2
√
a
√
x
)

√
π
√√

a
√
x

−
c2x

1
4 cos

(
2
√
a
√
x
)

√
π
√√

a
√
x

Summary
The solution(s) found are the following

(1)y =
c1x

1
4 sin

(
2
√
a
√
x
)

√
π
√√

a
√
x

−
c2x

1
4 cos

(
2
√
a
√
x
)

√
π
√√

a
√
x

Verification of solutions

y =
c1x

1
4 sin

(
2
√
a
√
x
)

√
π
√√

a
√
x

−
c2x

1
4 cos

(
2
√
a
√
x
)

√
π
√√

a
√
x

Verified OK.
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28.1.4 Solving using Kovacic algorithm

Writing the ode as

xy′′ + y′

2 + ay = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x

B = 1
2 (3)

C = a

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −16ax− 3
16x2 (6)

Comparing the above to (5) shows that

s = −16ax− 3
t = 16x2

Therefore eq. (4) becomes

z′′(x) =
(
−16ax− 3

16x2

)
z(x) (7)
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Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 75: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 2− 1
= 1

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 16x2. There is a pole at x = 0 of order 2. Since there is a pole of order 2
then necessary conditions for case two are met. Therefore

L = [2]

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is

r = − 3
16x2 − a

x
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For the pole at x = 0 let b be the coefficient of 1
x2 in the partial fractions decomposition

of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}

Since the order of r at ∞ is 1 < 2 then

E∞ = {1}

The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.

pole c location pole order Ec

0 2 {1, 2, 3}

Order of r at ∞ E∞

1 {1}

Using the family {e1, e2, . . . , e∞} given by

e1 = 1, e∞ = 1

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(1− (1))

= 0

We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

(
1

(x− (0))

)
= 1

2x
Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)
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Since d = 0, then letting
p = 1 (2A)

Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1

Now that p(x) is found let

φ = θ + p′

p

= 1
2x

Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 − w

2x + 16ax+ 1
16x2 = 0

Solving for ω gives

ω = 1 + 4
√
−ax

4x
Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫ 1+4

√
−ax

4x dx

= x
1
4 e2

√
−ax

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2

1
2
x
dx

= z1e
− ln(x)

4

= z1

(
1
x

1
4

)
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Which simplifies to

y1 = e2
√
−ax

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−

1
2
x
dx

(y1)2
dx

= y1

∫
e−

ln(x)
2

(y1)2
dx

= y1

√
−ax

(
−1 + e−4

√
−ax
)

2
√
x a


Therefore the solution is

y = c1y1 + c2y2

= c1
(
e2

√
−ax
)
+ c2

e2
√
−ax

√
−ax

(
−1 + e−4

√
−ax
)

2
√
x a


Summary
The solution(s) found are the following

(1)y = c1e2
√
−ax +

c2
√
−ax

(
−e2

√
−ax + e−2

√
−ax
)

2
√
x a

Verification of solutions

y = c1e2
√
−ax +

c2
√
−ax

(
−e2

√
−ax + e−2

√
−ax
)

2
√
x a

Verified OK.
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28.1.5 Maple step by step solution

Let’s solve
y′′x+ y′

2 + ay = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = − y′

2x − ay
x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + y′

2x + ay
x
= 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = 1
2x , P3(x) = a

x

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 1
2

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
2y′′x+ 2ay + y′ = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert y′ to series expansion

y′ =
∞∑
k=0

ak(k + r)xk+r−1

◦ Shift index using k− >k + 1
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y′ =
∞∑

k=−1
ak+1(k + 1 + r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1

x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−1 + 2r)x−1+r +
(

∞∑
k=0

(ak+1(k + 1 + r) (2k + 1 + 2r) + 2aak)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−1 + 2r) = 0

• Values of r that satisfy the indicial equation
r ∈

{
0, 12
}

• Each term in the series must be 0, giving the recursion relation
2(k + 1 + r)

(
k + 1

2 + r
)
ak+1 + 2aak = 0

• Recursion relation that defines series solution to ODE
ak+1 = − 2aak

(k+1+r)(2k+1+2r)

• Recursion relation for r = 0
ak+1 = − 2aak

(k+1)(2k+1)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+1 = − 2aak

(k+1)(2k+1)

]
• Recursion relation for r = 1

2

ak+1 = − 2aak(
k+ 3

2
)
(2k+2)

• Solution for r = 1
2[

y =
∞∑
k=0

akx
k+ 1

2 , ak+1 = − 2aak(
k+ 3

2
)
(2k+2)

]
• Combine solutions and rename parameters
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[
y =

(
∞∑
k=0

bkx
k

)
+
(

∞∑
k=0

ckx
k+ 1

2

)
, b1+k = − 2abk

(1+k)(2k+1) , c1+k = − 2ack(
k+ 3

2
)
(2k+2)

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 27� �
dsolve(x*diff(y(x),x$2)+1/2*diff(y(x),x)+a*y(x)=0,y(x), singsol=all)� �

y(x) = c1 sin
(
2
√
x
√
a
)
+ c2 cos

(
2
√
x
√
a
)

3 Solution by Mathematica
Time used: 0.035 (sec). Leaf size: 38� �
DSolve[x*y''[x]+1/2*y'[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cos
(
2
√
a
√
x
)
+ c2 sin

(
2
√
a
√
x
)
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28.2 problem 62
28.2.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2447
28.2.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2448

Internal problem ID [10886]
Internal file name [OUTPUT/10142_Sunday_December_24_2023_05_14_46_PM_39518988/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 62.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_Emden , _Fowler ]]

xy′′ + ay′ + yb = 0

28.2.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + axy′ + bxy = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)

2447



Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2 − a

2
β = 2

√
b

n = −a+ 1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = c1x
1
2−

a
2 BesselJ

(
−a+ 1, 2

√
b
√
x
)
+ c2x

1
2−

a
2 BesselY

(
−a+ 1, 2

√
b
√
x
)

Summary
The solution(s) found are the following

(1)y = c1x
1
2−

a
2 BesselJ

(
−a+ 1, 2

√
b
√
x
)
+ c2x

1
2−

a
2 BesselY

(
−a+ 1, 2

√
b
√
x
)

Verification of solutions

y = c1x
1
2−

a
2 BesselJ

(
−a+ 1, 2

√
b
√
x
)
+ c2x

1
2−

a
2 BesselY

(
−a+ 1, 2

√
b
√
x
)

Verified OK.

28.2.2 Maple step by step solution

Let’s solve
y′′x+ ay′ + yb = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = −ay′

x
− by

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + ay′

x
+ by

x
= 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = a
x
, P3(x) = b

x

]
◦ x · P2(x) is analytic at x = 0
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(x · P2(x))
∣∣∣∣
x=0

= a

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ ay′ + yb = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert y′ to series expansion

y′ =
∞∑
k=0

ak(k + r)xk+r−1

◦ Shift index using k− >k + 1

y′ =
∞∑

k=−1
ak+1(k + 1 + r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1

x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−1 + r + a)x−1+r +
(

∞∑
k=0

(ak+1(k + 1 + r) (k + r + a) + akb)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−1 + r + a) = 0

• Values of r that satisfy the indicial equation
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r ∈ {0,−a+ 1}
• Each term in the series must be 0, giving the recursion relation

ak+1(k + 1 + r) (k + r + a) + akb = 0
• Recursion relation that defines series solution to ODE

ak+1 = − akb
(k+1+r)(k+r+a)

• Recursion relation for r = 0
ak+1 = − akb

(k+1)(k+a)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+1 = − akb

(k+1)(k+a)

]
• Recursion relation for r = −a+ 1

ak+1 = − akb
(k+2−a)(k+1)

• Solution for r = −a+ 1[
y =

∞∑
k=0

akx
k−a+1, ak+1 = − akb

(k+2−a)(k+1)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ckx
k

)
+
(

∞∑
k=0

dkx
k−a+1

)
, c1+k = − ckb

(1+k)(k+a) , d1+k = − dkb
(k+2−a)(1+k)

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 83� �
dsolve(x*diff(y(x),x$2)+a*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �
y(x)

=

(
−
√
x BesselJ

(
a+ 1, 2

√
b
√
x
)√

b c1 −
√
x BesselY

(
a+ 1, 2

√
b
√
x
)√

b c2 + a
(
BesselJ

(
a, 2

√
b
√
x
)
c1 + BesselY

(
a, 2

√
b
√
x
)
c2
))

x−a
2

√
b

3 Solution by Mathematica
Time used: 0.111 (sec). Leaf size: 77� �
DSolve[x*y''[x]+a*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → b
1
2−

a
2x

1
2−

a
2

(
c2Gamma(2− a) BesselJ

(
1− a, 2

√
b
√
x
)

+ c1Gamma(a) BesselJ
(
a− 1, 2

√
b
√
x
))
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28.3 problem 63
28.3.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2452
28.3.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2453

Internal problem ID [10887]
Internal file name [OUTPUT/10143_Sunday_December_24_2023_05_14_47_PM_22794471/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 63.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ + ay′ + bxy = 0

28.3.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + axy′ + b x2y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2 − a

2
β =

√
b

n = 1
2 − a

2
γ = 1

Substituting all the above into (4) gives the solution as

y = c1x
1
2−

a
2 BesselJ

(
1
2 − a

2 , x
√
b

)
+ c2x

1
2−

a
2 BesselY

(
1
2 − a

2 , x
√
b

)
Summary
The solution(s) found are the following

(1)y = c1x
1
2−

a
2 BesselJ

(
1
2 − a

2 , x
√
b

)
+ c2x

1
2−

a
2 BesselY

(
1
2 − a

2 , x
√
b

)
Verification of solutions

y = c1x
1
2−

a
2 BesselJ

(
1
2 − a

2 , x
√
b

)
+ c2x

1
2−

a
2 BesselY

(
1
2 − a

2 , x
√
b

)
Verified OK.

28.3.2 Maple step by step solution

Let’s solve
y′′x+ ay′ + bxy = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = −ay′

x
− yb

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + ay′

x
+ yb = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions
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[
P2(x) = a

x
, P3(x) = b

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= a

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ ay′ + bxy = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert x · y to series expansion

x · y =
∞∑
k=0

akx
k+r+1

◦ Shift index using k− >k − 1

x · y =
∞∑
k=1

ak−1x
k+r

◦ Convert y′ to series expansion

y′ =
∞∑
k=0

ak(k + r)xk+r−1

◦ Shift index using k− >k + 1

y′ =
∞∑

k=−1
ak+1(k + r + 1)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1
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x · y′′ =
∞∑

k=−1
ak+1(k + r + 1) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−1 + r + a)x−1+r + a1(1 + r) (r + a)xr +
(

∞∑
k=1

(ak+1(k + r + 1) (k + r + a) + bak−1)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−1 + r + a) = 0

• Values of r that satisfy the indicial equation
r ∈ {0,−a+ 1}

• Each term must be 0
a1(1 + r) (r + a) = 0

• Each term in the series must be 0, giving the recursion relation
ak+1(k + r + 1) (k + r + a) + bak−1 = 0

• Shift index using k− >k + 1
ak+2(k + 2 + r) (k + 1 + r + a) + bak = 0

• Recursion relation that defines series solution to ODE
ak+2 = − bak

(k+2+r)(k+1+r+a)

• Recursion relation for r = 0
ak+2 = − bak

(k+2)(k+1+a)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+2 = − bak

(k+2)(k+1+a) , a1a = 0
]

• Recursion relation for r = −a+ 1
ak+2 = − bak

(k+3−a)(k+2)

• Solution for r = −a+ 1[
y =

∞∑
k=0

akx
k−a+1, ak+2 = − bak

(k+3−a)(k+2) , a1(−a+ 2) = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

ckx
k

)
+
(

∞∑
k=0

dkx
k−a+1

)
, ck+2 = − bck

(k+2)(k+1+a) , c1a = 0, dk+2 = − bdk
(k+3−a)(k+2) , d1(−a+ 2) = 0

]

2455



Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 39� �
dsolve(x*diff(y(x),x$2)+a*diff(y(x),x)+b*x*y(x)=0,y(x), singsol=all)� �

y(x) =
(
BesselJ

(
a

2 − 1
2 ,

√
b x

)
c1 + BesselY

(
a

2 − 1
2 ,

√
b x

)
c2

)
x−a

2+
1
2

3 Solution by Mathematica
Time used: 0.057 (sec). Leaf size: 54� �
DSolve[x*y''[x]+a*y'[x]+b*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x
1
2−

a
2

(
c1 BesselJ

(
a− 1
2 ,

√
bx

)
+ c2 BesselY

(
a− 1
2 ,

√
bx

))

2456



28.4 problem 64
28.4.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2457
28.4.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2458

Internal problem ID [10888]
Internal file name [OUTPUT/10144_Sunday_December_24_2023_05_14_49_PM_65619040/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 64.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ + ay′ + (bx+ c) y = 0

28.4.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + axy′ +
(
b x2 + cx

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2 − a

2
β = 2
n = −a+ 1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = c1x
1
2−

a
2 BesselJ

(
−a+ 1, 2

√
x
)
+ c2x

1
2−

a
2 BesselY

(
−a+ 1, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = c1x
1
2−

a
2 BesselJ

(
−a+ 1, 2

√
x
)
+ c2x

1
2−

a
2 BesselY

(
−a+ 1, 2

√
x
)

Verification of solutions

y = c1x
1
2−

a
2 BesselJ

(
−a+ 1, 2

√
x
)
+ c2x

1
2−

a
2 BesselY

(
−a+ 1, 2

√
x
)

Verified OK.

28.4.2 Maple step by step solution

Let’s solve
y′′x+ ay′ + (bx+ c) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = − (bx+c)y

x
− ay′

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + ay′

x
+ (bx+c)y

x
= 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = a
x
, P3(x) = bx+c

x

]
◦ x · P2(x) is analytic at x = 0
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(x · P2(x))
∣∣∣∣
x=0

= a

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ ay′ + (bx+ c) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert y′ to series expansion

y′ =
∞∑
k=0

ak(k + r)xk+r−1

◦ Shift index using k− >k + 1

y′ =
∞∑

k=−1
ak+1(k + 1 + r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1

x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions
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a0r(−1 + r + a)x−1+r + (a1(1 + r) (r + a) + a0c)xr +
(

∞∑
k=1

(ak+1(k + 1 + r) (k + r + a) + akc+ bak−1)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−1 + r + a) = 0

• Values of r that satisfy the indicial equation
r ∈ {0,−a+ 1}

• Each term must be 0
a1(1 + r) (r + a) + a0c = 0

• Each term in the series must be 0, giving the recursion relation
ak+1(k + 1 + r) (k + r + a) + akc+ bak−1 = 0

• Shift index using k− >k + 1
ak+2(k + 2 + r) (k + 1 + r + a) + ak+1c+ bak = 0

• Recursion relation that defines series solution to ODE
ak+2 = − bak+ak+1c

(k+2+r)(k+1+r+a)

• Recursion relation for r = 0
ak+2 = − bak+ak+1c

(k+2)(k+1+a)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+2 = − bak+ak+1c

(k+2)(k+1+a) , a1a+ a0c = 0
]

• Recursion relation for r = −a+ 1
ak+2 = − bak+ak+1c

(k+3−a)(k+2)

• Solution for r = −a+ 1[
y =

∞∑
k=0

akx
k−a+1, ak+2 = − bak+ak+1c

(k+3−a)(k+2) , a1(−a+ 2) + a0c = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

dkx
k

)
+
(

∞∑
k=0

ekx
k−a+1

)
, dk+2 = − bdk+cd1+k

(k+2)(k+1+a) , ad1 + cd0 = 0, ek+2 = − bek+ce1+k

(k+3−a)(k+2) , e1(−a+ 2) + e0c = 0
]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.078 (sec). Leaf size: 66� �
dsolve(x*diff(y(x),x$2)+a*diff(y(x),x)+(b*x+c)*y(x)=0,y(x), singsol=all)� �

y(x) = e−i
√
b x

(
KummerU

(
ic+ a

√
b

2
√
b

, a, 2i
√
b x

)
c2

+KummerM
(
ic+ a

√
b

2
√
b

, a, 2i
√
b x

)
c1

)

3 Solution by Mathematica
Time used: 0.099 (sec). Leaf size: 85� �
DSolve[x*y''[x]+a*y'[x]+(b*x+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → e−i

√
bx

(
c1HypergeometricU

(
1
2

(
a+ ic√

b

)
, a, 2i

√
bx

)
+ c2L

a−1
−a

2−
ic

2
√
b

(
2i
√
bx
))
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28.5 problem 65
28.5.1 Solving as second order change of variable on x method 2 ode . 2462
28.5.2 Solving as second order change of variable on x method 1 ode . 2465

Internal problem ID [10889]
Internal file name [OUTPUT/10145_Sunday_December_24_2023_05_15_08_PM_11268123/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 65.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_change_of_vari-
able_on_x_method_1", "second_order_change_of_variable_on_x_method_2"

Maple gives the following as the ode type
[[_Emden , _Fowler], [_2nd_order , _linear , `_with_symmetry_ [0,F(

x)]`]]

xy′′ + ny′ + b x1−2ny = 0

28.5.1 Solving as second order change of variable on x method 2 ode

In normal form the ode

xy′′ + ny′ + b x1−2ny = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = n

x
q(x) = b x−2n
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Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫

n
x
dx
)
dx

=
∫

e−n ln(x) dx

=
∫

x−ndx

= − x1−n

n− 1 (6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

= b x−2n

x−2n

= b (7)

Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) + by(τ) = 0
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The above ode is now solved for y(τ).This is second order with constant coefficients
homogeneous ODE. In standard form the ODE is

Ay′′(τ) +By′(τ) + Cy(τ) = 0

Where in the above A = 1, B = 0, C = b. Let the solution be y(τ) = eλτ . Substituting
this into the ODE gives

λ2eλτ + b eλτ = 0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by eλτ gives

λ2 + b = 0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = 1, B = 0, C = b into the above gives

λ1,2 =
0

(2) (1) ±
1

(2) (1)
√

02 − (4) (1) (b)

= ±
√
−b

Hence
λ1 = +

√
−b

λ2 = −
√
−b

Which simplifies to
λ1 =

√
−b

λ2 = −
√
−b

Since roots are real and distinct, then the solution is

y(τ) = c1e
λ1τ + c2e

λ2τ

y(τ) = c1e
(√

−b
)
τ + c2e

(
−
√
−b
)
τ

Or
y(τ) = c1e

√
−b τ + c2e−

√
−b τ
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The above solution is now transformed back to y using (6) which results in

y = c1e−
√
−b x1−n

n−1 + c2e
√
−b x1−n

n−1

Summary
The solution(s) found are the following

(1)y = c1e−
√
−b x1−n

n−1 + c2e
√
−b x1−n

n−1

Verification of solutions

y = c1e−
√
−b x1−n

n−1 + c2e
√
−b x1−n

n−1

Verified OK.

28.5.2 Solving as second order change of variable on x method 1 ode

In normal form the ode

xy′′ + ny′ + b x1−2ny = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = n

x
q(x) = b x−2n

Applying change of variables τ = g(x) to (2) results
d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let q1 = c2 where c is some constant. Therefore from (5)

τ ′ = 1
c

√
q

=
√
b x−2n

c
(6)

τ ′′ = − b x−2nn

c
√
b x−2n x
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Substituting the above into (4) results in

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2

=
− b x−2nn

c
√
b x−2n x

+ n
x

√
b x−2n

c(√
b x−2n

c

)2
= 0

Therefore ode (3) now becomes

y(τ)′′ + p1y(τ)′ + q1y(τ) = 0
d2

dτ 2
y(τ) + c2y(τ) = 0 (7)

The above ode is now solved for y(τ). Since the ode is now constant coefficients, it can
be easily solved to give

y(τ) = c1 cos (cτ) + c2 sin (cτ)

Now from (6)

τ =
∫ 1

c

√
q dx

=
∫ √

b x−2ndx

c

= −x
√
b x−2n

c (n− 1)
Substituting the above into the solution obtained gives

y = c1 cos
(
x1−n

√
b

n− 1

)
− c2 sin

(
x1−n

√
b

n− 1

)

Summary
The solution(s) found are the following

(1)y = c1 cos
(
x1−n

√
b

n− 1

)
− c2 sin

(
x1−n

√
b

n− 1

)
Verification of solutions

y = c1 cos
(
x1−n

√
b

n− 1

)
− c2 sin

(
x1−n

√
b

n− 1

)

Verified OK.
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 43� �
dsolve(x*diff(y(x),x$2)+n*diff(y(x),x)+b*x^(1-2*n)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 sin
(
x−n+1

√
b

n− 1

)
+ c2 cos

(
x−n+1

√
b

n− 1

)

3 Solution by Mathematica
Time used: 0.072 (sec). Leaf size: 52� �
DSolve[x*y''[x]+n*y'[x]+b*x^(1-2*n)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cos
(√

bx1−n

n− 1

)
+ c2 sin

(√
bx1−n

1− n

)
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28.6 problem 66
28.6.1 Solving as second order ode lagrange adjoint equation method ode2468

Internal problem ID [10890]
Internal file name [OUTPUT/10146_Sunday_December_24_2023_05_15_09_PM_18821174/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 66.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_Emden , _Fowler ]]

Unable to solve or complete the solution.

xy′′ + (1− 3n) y′ − a2n2x−1+2ny = 0

28.6.1 Solving as second order ode lagrange adjoint equation method ode

In normal form the ode

xy′′ + (1− 3n) y′ − a2n2x−1+2ny = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = r(x) (2)

Where

p(x) = 1− 3n
x

q(x) = −x2n−2a2n2

r(x) = 0

2468



The Lagrange adjoint ode is given by

ξ
′′ − (ξ p)′ + ξq = 0

ξ
′′ −

(
(1− 3n) ξ(x)

x

)′

+
(
−x2n−2a2n2ξ(x)

)
= 0

ξ′′(x)− (1− 3n) ξ′(x)
x

+
(
1− 3n
x2 − x2n−2a2n2

)
ξ(x) = 0

Which is solved for ξ(x).
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful`� �
3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 62� �
dsolve(x*diff(y(x),x$2)+(1-3*n)*diff(y(x),x)-a^2*n^2*x^(2*n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = c2e−a xn
(
a xn + x−n

√
x2n
)
− ea xn

c1
(
a xn − x−n

√
x2n
)

3 Solution by Mathematica
Time used: 0.196 (sec). Leaf size: 77� �
DSolve[x*y''[x]+(1-3*n)*y'[x]-a^2*n^2*x^(2*n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(
c1 −

3
8iac2

√
x2n
)
cosh

(
a
√
x2n
)
+ 1

8

(
3ic2 − 8ac1

√
x2n
)
sinh

(
a
√
x2n
)
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28.7 problem 67
28.7.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2470

Internal problem ID [10891]
Internal file name [OUTPUT/10147_Sunday_December_24_2023_05_15_10_PM_64440882/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 67.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_Emden , _Fowler ]]

xy′′ + ay′ + b xny = 0

28.7.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + axy′ + xnbxy = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2 − a

2

β = 2
√
b

n+ 1
n = −a− 1

n+ 1
γ = n

2 + 1
2

Substituting all the above into (4) gives the solution as

y = c1x
1
2−

a
2 BesselJ

(
−a− 1
n+ 1 ,

2
√
b x

n
2+

1
2

n+ 1

)
+ c2x

1
2−

a
2 BesselY

(
−a− 1
n+ 1 ,

2
√
b x

n
2+

1
2

n+ 1

)
Summary
The solution(s) found are the following

y = c1x
1
2−

a
2 BesselJ

(
−a− 1
n+ 1 ,

2
√
b x

n
2+

1
2

n+ 1

)
+ c2x

1
2−

a
2 BesselY

(
−a− 1
n+ 1 ,

2
√
b x

n
2+

1
2

n+ 1

)
(1)

Verification of solutions

y = c1x
1
2−

a
2 BesselJ

(
−a− 1
n+ 1 ,

2
√
b x

n
2+

1
2

n+ 1

)
+ c2x

1
2−

a
2 BesselY

(
−a− 1
n+ 1 ,

2
√
b x

n
2+

1
2

n+ 1

)

Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
<- Bessel successful

<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.218 (sec). Leaf size: 71� �
dsolve(x*diff(y(x),x$2)+a*diff(y(x),x)+b*x^n*y(x)=0,y(x), singsol=all)� �
y(x) =

(
BesselY

(
a− 1
n+ 1 ,

2
√
b x

n
2+

1
2

n+ 1

)
c2 + BesselJ

(
a− 1
n+ 1 ,

2
√
b x

n
2+

1
2

n+ 1

)
c1

)
x−a

2+
1
2

3 Solution by Mathematica
Time used: 0.245 (sec). Leaf size: 165� �
DSolve[x*y''[x]+a*y'[x]+b*x^n*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

(
1
n

+1
) a−1

n+1

n
a−1
n+1 b

1−a
2n+2 (xn)−

a−1
2n

(
c2Gamma

(
−a+ n+ 2

n+ 1

)
BesselJ

(
1− a

n+ 1 ,
2
√
b(xn)

n+1
2n

n+ 1

)

+ c1Gamma
(
a+ n

n+ 1

)
BesselJ

(
a− 1
n+ 1 ,

2
√
b(xn)

n+1
2n

n+ 1

))
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28.8 problem 68
28.8.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2473

Internal problem ID [10892]
Internal file name [OUTPUT/10148_Sunday_December_24_2023_05_15_11_PM_52030711/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 68.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ + ay′ + b xn
(
−b xn+1 + a+ n

)
y = 0

28.8.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + axy′ +
(
−x2nb2x2 + xnabx+ xnbnx

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2 − a

2
β = 2
n = −a+ 1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = c1x
1
2−

a
2 BesselJ

(
−a+ 1, 2

√
x
)
+ c2x

1
2−

a
2 BesselY

(
−a+ 1, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = c1x
1
2−

a
2 BesselJ

(
−a+ 1, 2

√
x
)
+ c2x

1
2−

a
2 BesselY

(
−a+ 1, 2

√
x
)

Verification of solutions

y = c1x
1
2−

a
2 BesselJ

(
−a+ 1, 2

√
x
)
+ c2x

1
2−

a
2 BesselY

(
−a+ 1, 2

√
x
)

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful`� �
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3 Solution by Maple
Time used: 0.594 (sec). Leaf size: 166� �
dsolve(x*diff(y(x),x$2)+a*diff(y(x),x)+b*x^n*(-b*x^(n+1)+a+n)*y(x)=0,y(x), singsol=all)� �
y(x) = −

(
(a− n− 2)x− 3n

2 −a
2−1 + 2b x−n

2−
a
2

)
c2(n

+ 1)WhittakerM
(
−a− n

2n+ 2 ,
−a+ 2n+ 3

2n+ 2 ,−2b xn+1

n+ 1

)
+ x− 3n

2 −a
2−1c2(a− n− 2)2WhittakerM

(
n+ 2− a

2n+ 2 ,
−a+ 2n+ 3

2n+ 2 ,−2b xn+1

n+ 1

)
+ c1e−

b xn+1
n+1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+a*y'[x]+b*x^n*(-b*x^(n+1)+a+n)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved

2475



28.9 problem 69
28.9.1 Solving as second order integrable as is ode . . . . . . . . . . . 2476
28.9.2 Solving as type second_order_integrable_as_is (not using ABC

version) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2478
28.9.3 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2479
28.9.4 Solving as exact linear second order ode ode . . . . . . . . . . . 2486
28.9.5 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2488

Internal problem ID [10893]
Internal file name [OUTPUT/10149_Sunday_December_24_2023_05_15_33_PM_49026519/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 69.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "exact linear second
order ode", "second_order_integrable_as_is"

Maple gives the following as the ode type
[[_2nd_order , _exact , _linear , _homogeneous ]]

xy′′ + axy′ + ay = 0

28.9.1 Solving as second order integrable as is ode

Integrating both sides of the ODE w.r.t x gives∫
(xy′′ + axy′ + ay) dx = 0

(ax− 1) y + y′x = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = −−ax+ 1
x

q(x) = c1
x

Hence the ode is

y′ − (−ax+ 1) y
x

= c1
x

The integrating factor µ is

µ = e
∫
−−ax+1

x
dx

= eax−ln(x)

Which simplifies to

µ = eax
x

The ode becomes

d
dx(µy) = (µ)

(c1
x

)
d
dx

(
eaxy
x

)
=
(
eax
x

)(c1
x

)
d
(
eaxy
x

)
=
(
c1eax
x2

)
dx

Integrating gives

eaxy
x

=
∫

c1eax
x2 dx

eaxy
x

= c1a

(
−eax
ax

− expIntegral1 (−ax)
)
+ c2

Dividing both sides by the integrating factor µ = eax
x

results in

y = x e−axc1a

(
−eax
ax

− expIntegral1 (−ax)
)
+ c2x e−ax

which simplifies to

y = − expIntegral1 (−ax) c1ax e−ax − c1 + c2x e−ax
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Summary
The solution(s) found are the following

(1)y = − expIntegral1 (−ax) c1ax e−ax − c1 + c2x e−ax

Verification of solutions

y = − expIntegral1 (−ax) c1ax e−ax − c1 + c2x e−ax

Verified OK.

28.9.2 Solving as type second_order_integrable_as_is (not using ABC
version)

Writing the ode as
xy′′ + axy′ + ay = 0

Integrating both sides of the ODE w.r.t x gives∫
(xy′′ + axy′ + ay) dx = 0

(ax− 1) y + y′x = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = −−ax+ 1
x

q(x) = c1
x

Hence the ode is

y′ − (−ax+ 1) y
x

= c1
x

The integrating factor µ is

µ = e
∫
−−ax+1

x
dx

= eax−ln(x)

Which simplifies to

µ = eax
x
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The ode becomes
d
dx(µy) = (µ)

(c1
x

)
d
dx

(
eaxy
x

)
=
(
eax
x

)(c1
x

)
d
(
eaxy
x

)
=
(
c1eax
x2

)
dx

Integrating gives
eaxy
x

=
∫

c1eax
x2 dx

eaxy
x

= c1a

(
−eax
ax

− expIntegral1 (−ax)
)
+ c2

Dividing both sides by the integrating factor µ = eax
x

results in

y = x e−axc1a

(
−eax
ax

− expIntegral1 (−ax)
)
+ c2x e−ax

which simplifies to

y = − expIntegral1 (−ax) c1ax e−ax − c1 + c2x e−ax

Summary
The solution(s) found are the following

(1)y = − expIntegral1 (−ax) c1ax e−ax − c1 + c2x e−ax

Verification of solutions

y = − expIntegral1 (−ax) c1ax e−ax − c1 + c2x e−ax

Verified OK.

28.9.3 Solving using Kovacic algorithm

Writing the ode as

xy′′ + axy′ + ay = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x

B = ax (3)
C = a
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Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a(ax− 4)
4x (6)

Comparing the above to (5) shows that

s = a(ax− 4)
t = 4x

Therefore eq. (4) becomes

z′′(x) =
(
a(ax− 4)

4x

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.
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Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 80: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 1− 1
= 0

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4x. There is a pole at x = 0 of order 1. Since there is no odd order pole
larger than 2 and the order at ∞ is 0 then the necessary conditions for case one are
met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Looking at poles of order 1. For the pole at x = 0 of order 1 then

[
√
r]c = 0
α+
c = 1

α−
c = 1

Since the order of r at ∞ is Or(∞) = 0 then

v = −Or(∞)
2 = 0

2 = 0
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[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
0∑

i=0

aix
i (8)

Let a be the coefficient of xv = x0 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ a

2 − 1
x
− 1

a x2 − 2
a2x3 − 5

a3x4 − 14
a4x5 − 42

a5x6 − 132
a6x7 + . . . (9)

Comparing Eq. (9) with Eq. (8) shows that

a = a

2

From Eq. (9) the sum up to v = 0 gives

[
√
r]∞ =

0∑
i=0

aix
i

= a

2 (10)

Now we need to find b, where b be the coefficient of xv−1 = x−1 = 1
x
in r minus the

coefficient of same term but in
(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = a2

4
This shows that the coefficient of 1

x
in the above is 0. Now we need to find the coefficient

of 1
x
in r. How this is done depends on if v = 0 or not. Since v = 0 then starting from

r = s
t
and doing long division in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of 1
x
in r will be

the coefficient in R of the term in x of degree of t minus one, divided by the leading
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coefficient in t. Doing long division gives

r = s

t

= a(ax− 4)
4x

= Q+ R

4x

=
(
a2

4

)
+
(
−a

x

)
= a2

4 − a

x

Since the degree of t is 1, then we see that the coefficient of the term 1 in the remainder
R is −4a. Dividing this by leading coefficient in t which is 4 gives −a. Now b can be
found.

b = (−a)− (0)
= −a

Hence

[
√
r]∞ = a

2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
−a
a
2

− 0
)

= −1

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−−a

a
2

− 0
)

= 1

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = a(ax− 4)
4x

pole c location pole order [
√
r]c α+

c α−
c

0 1 0 0 1

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

0 a
2 −1 1

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c
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Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 1 then

d = α−
∞ −

(
α−
c1

)
= 1− (1)
= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+ (−)[

√
r]∞

= 1
x
+ (−)

(a
2

)
= 1

x
− a

2
= 1

x
− a

2
Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
1
x
− a

2

)
(0) +

((
− 1
x2

)
+
(
1
x
− a

2

)2

−
(
a(ax− 4)

4x

))
= 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ ( 1

x
−a

2
)
dx

= x e−ax
2
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The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
ax
x

dx

= z1e
−ax

2

= z1
(
e−ax

2
)

Which simplifies to
y1 = x e−ax

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−ax

x
dx

(y1)2
dx

= y1

∫
e−ax

(y1)2
dx

= y1

(
− expIntegral1 (−ax) ax− eax

x

)
Therefore the solution is

y = c1y1 + c2y2

= c1
(
x e−ax

)
+ c2

(
x e−ax

(
− expIntegral1 (−ax) ax− eax

x

))
Summary
The solution(s) found are the following

(1)y = c1x e−ax + c2
(
− expIntegral1 (−ax) ax e−ax − 1

)
Verification of solutions

y = c1x e−ax + c2
(
− expIntegral1 (−ax) ax e−ax − 1

)
Verified OK.
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28.9.4 Solving as exact linear second order ode ode

An ode of the form

p(x) y′′ + q(x) y′ + r(x) y = s(x)

is exact if

p′′(x)− q′(x) + r(x) = 0 (1)

For the given ode we have

p(x) = x

q(x) = ax

r(x) = a

s(x) = 0

Hence

p′′(x) = 0
q′(x) = a

Therefore (1) becomes

0− (a) + (a) = 0

Hence the ode is exact. Since we now know the ode is exact, it can be written as

(p(x) y′ + (q(x)− p′(x)) y)′ = s(x)

Integrating gives

p(x) y′ + (q(x)− p′(x)) y =
∫

s(x) dx

Substituting the above values for p, q, r, s gives

(ax− 1) y + y′x = c1

We now have a first order ode to solve which is

(ax− 1) y + y′x = c1

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = −−ax+ 1
x

q(x) = c1
x

Hence the ode is

y′ − (−ax+ 1) y
x

= c1
x

The integrating factor µ is

µ = e
∫
−−ax+1

x
dx

= eax−ln(x)

Which simplifies to

µ = eax
x

The ode becomes

d
dx(µy) = (µ)

(c1
x

)
d
dx

(
eaxy
x

)
=
(
eax
x

)(c1
x

)
d
(
eaxy
x

)
=
(
c1eax
x2

)
dx

Integrating gives

eaxy
x

=
∫

c1eax
x2 dx

eaxy
x

= c1a

(
−eax
ax

− expIntegral1 (−ax)
)
+ c2

Dividing both sides by the integrating factor µ = eax
x

results in

y = x e−axc1a

(
−eax
ax

− expIntegral1 (−ax)
)
+ c2x e−ax

which simplifies to

y = − expIntegral1 (−ax) c1ax e−ax − c1 + c2x e−ax
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Summary
The solution(s) found are the following

(1)y = − expIntegral1 (−ax) c1ax e−ax − c1 + c2x e−ax

Verification of solutions

y = − expIntegral1 (−ax) c1ax e−ax − c1 + c2x e−ax

Verified OK.

28.9.5 Maple step by step solution

Let’s solve
y′′x+ axy′ + ay = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = −ay′ − ay

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + ay′ + ay

x
= 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = a, P3(x) = a
x

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 0

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ axy′ + ay = 0
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• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert x · y′ to series expansion

x · y′ =
∞∑
k=0

ak(k + r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1

x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−1 + r)x−1+r +
(

∞∑
k=0

(ak+1(k + 1 + r) (k + r) + aak(k + 1 + r))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−1 + r) = 0

• Values of r that satisfy the indicial equation
r ∈ {0, 1}

• Each term in the series must be 0, giving the recursion relation
(k + 1 + r) (ak+1(k + r) + aak) = 0

• Recursion relation that defines series solution to ODE
ak+1 = − aak

k+r

• Recursion relation for r = 0
ak+1 = −aak

k

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+1 = −aak

k

]
• Recursion relation for r = 1

ak+1 = − aak
k+1

• Solution for r = 1
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[
y =

∞∑
k=0

akx
k+1, ak+1 = − aak

k+1

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

bkx
k

)
+
(

∞∑
k=0

ckx
1+k

)
, b1+k = −abk

k
, c1+k = − ack

1+k

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 29� �
dsolve(x*diff(y(x),x$2)+a*x*diff(y(x),x)+a*y(x)=0,y(x), singsol=all)� �

y(x) = expIntegral1 (−ax) c1ax e−ax + c1 + c2x e−ax

3 Solution by Mathematica
Time used: 0.177 (sec). Leaf size: 35� �
DSolve[x*y''[x]+a*x*y'[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−ax(ac2xExpIntegralEi(ax)− c2e
ax + c1x)
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28.10 problem 70
28.10.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2491

Internal problem ID [10894]
Internal file name [OUTPUT/10150_Sunday_December_24_2023_05_15_35_PM_2570596/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 70.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_Laguerre]

Unable to solve or complete the solution.

xy′′ + (−x+ b) y′ − ay = 0

28.10.1 Maple step by step solution

Let’s solve
y′′x+ (−x+ b) y′ − ay = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = ay
x
− (−x+b)y′

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (−x+b)y′
x

− ay
x
= 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions
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[
P2(x) = −x+b

x
, P3(x) = −a

x

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= b

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (−x+ b) y′ − ay = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1

x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−1 + r + b)x−1+r +
(

∞∑
k=0

(ak+1(k + 1 + r) (k + r + b)− ak(k + r + a))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
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r(−1 + r + b) = 0
• Values of r that satisfy the indicial equation

r ∈ {0,−b+ 1}
• Each term in the series must be 0, giving the recursion relation

ak+1(k + 1 + r) (k + r + b)− ak(k + r + a) = 0
• Recursion relation that defines series solution to ODE

ak+1 = ak(k+r+a)
(k+1+r)(k+r+b)

• Recursion relation for r = 0
ak+1 = ak(k+a)

(k+1)(k+b)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+1 = ak(k+a)

(k+1)(k+b)

]
• Recursion relation for r = −b+ 1

ak+1 = ak(k−b+1+a)
(k+2−b)(k+1)

• Solution for r = −b+ 1[
y =

∞∑
k=0

akx
k−b+1, ak+1 = ak(k−b+1+a)

(k+2−b)(k+1)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ckx
k

)
+
(

∞∑
k=0

dkx
k−b+1

)
, c1+k = ck(k+a)

(1+k)(k+b) , d1+k = dk(k−b+1+a)
(k+2−b)(1+k)

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 17� �
dsolve(x*diff(y(x),x$2)+(b-x)*diff(y(x),x)-a*y(x)=0,y(x), singsol=all)� �

y(x) = c1KummerM (a, b, x) + c2KummerU (a, b, x)

3 Solution by Mathematica
Time used: 0.049 (sec). Leaf size: 24� �
DSolve[x*y''[x]+(b-x)*y'[x]-a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1HypergeometricU(a, b, x) + c2L
b−1
−a (x)
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28.11 problem 71
28.11.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2495

Internal problem ID [10895]
Internal file name [OUTPUT/10151_Sunday_December_24_2023_05_15_36_PM_79692819/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 71.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xy′′ + (ax+ b) y′ + c((a− c)x+ b) y = 0

28.11.1 Maple step by step solution

Let’s solve
y′′x+ (ax+ b) y′ + c((a− c)x+ b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − c(ax−cx+b)y
x

− (ax+b)y′
x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (ax+b)y′
x

+ c(ax−cx+b)y
x

= 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions
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[
P2(x) = ax+b

x
, P3(x) = c(ax−cx+b)

x

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= b

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (ax+ b) y′ + c(ax− cx+ b) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1
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x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−1 + r + b)x−1+r + (a1(1 + r) (r + b) + a0(ar + bc))xr +
(

∞∑
k=1

(ak+1(k + 1 + r) (k + r + b) + ak(ak + ar + bc) + cak−1(a− c))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−1 + r + b) = 0

• Values of r that satisfy the indicial equation
r ∈ {0,−b+ 1}

• Each term must be 0
a1(1 + r) (r + b) + a0(ar + bc) = 0

• Each term in the series must be 0, giving the recursion relation
ak+1(k + 1 + r) (k + r + b) + akak + arak + (bak + ak−1(a− c)) c = 0

• Shift index using k− >k + 1
ak+2(k + 2 + r) (k + 1 + r + b) + a(k + 1) ak+1 + arak+1 + (bak+1 + ak(a− c)) c = 0

• Recursion relation that defines series solution to ODE

ak+2 = −akac+akak+1+arak+1+bcak+1−akc
2+aak+1

(k+2+r)(k+1+r+b)

• Recursion relation for r = 0

ak+2 = −akac+akak+1+bcak+1−akc
2+aak+1

(k+2)(k+1+b)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+2 = −akac+akak+1+bcak+1−akc

2+aak+1
(k+2)(k+1+b) , a0bc+ a1b = 0

]
• Recursion relation for r = −b+ 1

ak+2 = −akac+akak+1+a(−b+1)ak+1+bcak+1−akc
2+aak+1

(k+3−b)(k+2)

• Solution for r = −b+ 1[
y =

∞∑
k=0

akx
k−b+1, ak+2 = −akac+akak+1+a(−b+1)ak+1+bcak+1−akc

2+aak+1
(k+3−b)(k+2) , a1(2− b) + a0(a(−b+ 1) + bc) = 0

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

dkx
k

)
+
(

∞∑
k=0

ekx
k−b+1

)
, dk+2 = −acdk+akd1+k+bcd1+k−c2dk+ad1+k

(k+2)(k+1+b) , bcd0 + bd1 = 0, ek+2 = − ekac+ake1+k+a(−b+1)e1+k+bce1+k−ekc
2+ae1+k

(k+3−b)(k+2) , e1(2− b) + e0(a(−b+ 1) + bc) = 0
]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 40� �
dsolve(x*diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+c*((a-c)*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) = c1e−cx + c2x
− b

2 WhittakerM
(
− b

2 ,
1
2 − b

2 , (−2c+ a)x
)
e−ax

2

3 Solution by Mathematica
Time used: 0.333 (sec). Leaf size: 50� �
DSolve[x*y''[x]+(a*x+b)*y'[x]+c*((a-c)*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−cx
(
c1 − c2x

1−b(x(a− 2c))b−1Γ(1− b, (a− 2c)x)
)
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28.12 problem 72
28.12.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2499
28.12.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2504

Internal problem ID [10896]
Internal file name [OUTPUT/10152_Sunday_December_24_2023_05_15_37_PM_13557728/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 72.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ + (2ax+ b) y′ + a(ax+ b) y = 0

28.12.1 Solving using Kovacic algorithm

Writing the ode as

xy′′ + (2ax+ b) y′ + a(ax+ b) y = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x

B = 2ax+ b (3)
C = (ax+ b) a

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = b(−2 + b)
4x2 (6)

Comparing the above to (5) shows that

s = b(−2 + b)
t = 4x2

Therefore eq. (4) becomes

z′′(x) =
(
b(−2 + b)

4x2

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 84: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 2− 0
= 2

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4x2. There is a pole at x = 0 of order 2. Since there is no odd order pole
larger than 2 and the order at ∞ is 2 then the necessary conditions for case one are met.
Since there is a pole of order 2 then necessary conditions for case two are met. Since
pole order is not larger than 2 and the order at ∞ is 2 then the necessary conditions
for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Unable to find solution using case one

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is

r = b(−2 + b)
4x2

For the pole at x = 0 let b be the coefficient of 1
x2 in the partial fractions decomposition

of r given above. Therefore b = b(−2+b)
4 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

=
{
2, 2− 2

√
(b− 1)2, 2 + 2

√
(b− 1)2

}
Since the order of r at ∞ is 2 then let b be the coefficient of 1

x2 in the Laurent series
expansion of r at ∞. which can be found by dividing the leading coefficient of s by the
leading coefficient of t from

r = s

t
= b(−2 + b)

4x2

Since the gcd(s, t) = 1. This gives b = 1
4 . Hence

E∞ = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {2}

The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.
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pole c location pole order Ec

0 2
{
2, 2− 2

√
(b− 1)2, 2 + 2

√
(b− 1)2

}
Order of r at ∞ E∞

2 {2}

Using the family {e1, e2, . . . , e∞} given by

e1 = 2, e∞ = 2

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(2− (2))

= 0

We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

(
2

(x− (0))

)
= 1

x

Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)

Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1
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Now that p(x) is found let

φ = θ + p′

p

= 1
x

Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 − w

x
− b(−2 + b)

4x2 = 0

Solving for ω gives

ω = −−2 + b

2x
Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫
−−2+b

2x dx

= x1− b
2

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
2ax+b

x
dx

= z1e
−ax− b ln(x)

2

= z1
(
x− b

2 e−ax
)

Which simplifies to
y1 = x−b+1e−ax

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx
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Substituting gives

y2 = y1

∫
e
∫
− 2ax+b

x
dx

(y1)2
dx

= y1

∫
e−2ax−b ln(x)

(y1)2
dx

= y1

(
xb−1

b− 1

)
Therefore the solution is

y = c1y1 + c2y2

= c1
(
x−b+1e−ax

)
+ c2

(
x−b+1e−ax

(
xb−1

b− 1

))

Summary
The solution(s) found are the following

(1)y = c1x
−b+1e−ax + c2e−ax

b− 1
Verification of solutions

y = c1x
−b+1e−ax + c2e−ax

b− 1

Verified OK.

28.12.2 Maple step by step solution

Let’s solve
y′′x+ (2ax+ b) y′ + a(ax+ b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − (ax+b)ay
x

− (2ax+b)y′
x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (2ax+b)y′
x

+ (ax+b)ay
x

= 0
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� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = 2ax+b
x

, P3(x) = (ax+b)a
x

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= b

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (2ax+ b) y′ + a(ax+ b) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion

2505



x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1

x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−1 + r + b)x−1+r + (a1(1 + r) (r + b) + aa0(2r + b))xr +
(

∞∑
k=1

(ak+1(k + 1 + r) (k + r + b) + aak(2k + 2r + b) + ak−1a
2)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−1 + r + b) = 0

• Values of r that satisfy the indicial equation
r ∈ {0,−b+ 1}

• Each term must be 0
a1(1 + r) (r + b) + aa0(2r + b) = 0

• Each term in the series must be 0, giving the recursion relation
ak+1(k + 1 + r) (k + r + b) + aak(2k + 2r + b) + ak−1a

2 = 0
• Shift index using k− >k + 1

ak+2(k + 2 + r) (k + 1 + r + b) + aak+1(2k + 2 + 2r + b) + aka
2 = 0

• Recursion relation that defines series solution to ODE

ak+2 = −a(aak+bak+1+2kak+1+2rak+1+2ak+1)
(k+2+r)(k+1+r+b)

• Recursion relation for r = 0

ak+2 = −a(aak+bak+1+2kak+1+2ak+1)
(k+2)(k+1+b)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+2 = −a(aak+bak+1+2kak+1+2ak+1)

(k+2)(k+1+b) , aa0b+ a1b = 0
]

• Recursion relation for r = −b+ 1

ak+2 = −a(aak+bak+1+2kak+1+2(−b+1)ak+1+2ak+1)
(k+3−b)(k+2)

• Solution for r = −b+ 1[
y =

∞∑
k=0

akx
k−b+1, ak+2 = −a(aak+bak+1+2kak+1+2(−b+1)ak+1+2ak+1)

(k+3−b)(k+2) , a1(2− b) + aa0(2− b) = 0
]

• Combine solutions and rename parameters
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[
y =

(
∞∑
k=0

ckx
k

)
+
(

∞∑
k=0

dkx
k−b+1

)
, ck+2 = −a(ack+bc1+k+2kc1+k+2c1+k)

(k+2)(k+1+b) , abc0 + bc1 = 0, dk+2 = −a(adk+bd1+k+2kd1+k+2(−b+1)d1+k+2d1+k)
(k+3−b)(k+2) , d1(2− b) + ad0(2− b) = 0

]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Reducible group (found another exponential solution)

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 21� �
dsolve(x*diff(y(x),x$2)+(2*a*x+b)*diff(y(x),x)+a*(a*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) = e−ax
(
c1 + x−b+1c2

)
3 Solution by Mathematica
Time used: 0.233 (sec). Leaf size: 70� �
DSolve[x*y''[x]+(2*a*x+b)*y'[x]+a*(a*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e−axx

1
2

(
−b−

√
(b−1)2+1

)(
c2x

√
(b−1)2 +

√
(b− 1)2c1

)
√
(b− 1)2
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28.13 problem 73
28.13.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2508

Internal problem ID [10897]
Internal file name [OUTPUT/10153_Sunday_December_24_2023_05_15_38_PM_12477976/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 73.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xy′′ + ((a+ b)x+ n+m) y′ + (abx+ an+ bm) y = 0

28.13.1 Maple step by step solution

Let’s solve
y′′x+ ((a+ b)x+ n+m) y′ + ((bx+ n) a+ bm) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − (abx+an+bm)y
x

− (ax+bx+m+n)y′
x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (ax+bx+m+n)y′
x

+ (abx+an+bm)y
x

= 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions
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[
P2(x) = ax+bx+m+n

x
, P3(x) = abx+an+bm

x

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= m+ n

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (ax+ bx+m+ n) y′ + (abx+ an+ bm) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1
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x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−1 + r +m+ n)x−1+r + (a1(1 + r) (r +m+ n) + a0(an+ ar + bm+ br))xr +
(

∞∑
k=1

(ak+1(k + 1 + r) (k + r +m+ n) + ak(ak + an+ ar + bk + bm+ br) + ak−1ab)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−1 + r +m+ n) = 0

• Values of r that satisfy the indicial equation
r ∈ {0,−m− n+ 1}

• Each term must be 0
a1(1 + r) (r +m+ n) + a0(an+ ar + bm+ br) = 0

• Each term in the series must be 0, giving the recursion relation
ak+1(k + 1 + r) (k + r +m+ n) + ak(a+ b) k + ak(a+ b) r + (an+ bm) ak + ak−1ab = 0

• Shift index using k− >k + 1
ak+2(k + 2 + r) (k + 1 + r +m+ n) + ak+1(a+ b) (k + 1) + ak+1(a+ b) r + (an+ bm) ak+1 + akab = 0

• Recursion relation that defines series solution to ODE
ak+2 = −akab+akak+1+anak+1+arak+1+bkak+1+bmak+1+brak+1+aak+1+bak+1

(k+2+r)(k+1+r+m+n)

• Recursion relation for r = 0
ak+2 = −akab+akak+1+anak+1+bkak+1+bmak+1+aak+1+bak+1

(k+2)(k+1+m+n)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+2 = −akab+akak+1+anak+1+bkak+1+bmak+1+aak+1+bak+1

(k+2)(k+1+m+n) , a1(m+ n) + a0(an+ bm) = 0
]

• Recursion relation for r = −m− n+ 1

ak+2 = −akab+akak+1+anak+1+a(−m−n+1)ak+1+bkak+1+bmak+1+b(−m−n+1)ak+1+aak+1+bak+1
(k+3−m−n)(k+2)

• Solution for r = −m− n+ 1[
y =

∞∑
k=0

akx
k−m−n+1, ak+2 = −akab+akak+1+anak+1+a(−m−n+1)ak+1+bkak+1+bmak+1+b(−m−n+1)ak+1+aak+1+bak+1

(k+3−m−n)(k+2) , a1(2−m− n) + a0(an+ a(−m− n+ 1) + bm+ b(−m− n+ 1)) = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

ckx
k

)
+
(

∞∑
k=0

dkx
k−m−n+1

)
, ck+2 = −abck+akc1+k+anc1+k+bkc1+k+bmc1+k+ac1+k+bc1+k

(k+2)(k+1+m+n) , c1(m+ n) + c0(an+ bm) = 0, dk+2 = −dkab+akd1+k+and1+k+a(−m−n+1)d1+k+bkd1+k+bmd1+k+b(−m−n+1)d1+k+ad1+k+bd1+k

(k+3−m−n)(k+2) , d1(2−m− n) + d0(an+ a(−m− n+ 1) + bm+ b(−m− n+ 1)) = 0
]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.062 (sec). Leaf size: 39� �
dsolve(x*diff(y(x),x$2)+((a+b)*x+n+m)*diff(y(x),x)+(a*b*x+a*n+b*m)*y(x)=0,y(x), singsol=all)� �
y(x) = e−ax(KummerU (m,n+m, (a− b)x) c2 +KummerM (m,n+m, (a− b)x) c1)

3 Solution by Mathematica
Time used: 0.131 (sec). Leaf size: 46� �
DSolve[x*y''[x]+((a+b)*x+n+m)*y'[x]+(a*b*x+a*n+b*m)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−ax(c1HypergeometricU(m,m+ n, (a− b)x) + c2L
m+n−1
−m ((a− b)x))
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28.14 problem 74
28.14.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2512

Internal problem ID [10898]
Internal file name [OUTPUT/10154_Sunday_December_24_2023_05_15_39_PM_52312670/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 74.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xy′′ + (ax+ b) y′ + (cx+ d) y = 0

28.14.1 Maple step by step solution

Let’s solve
y′′x+ (ax+ b) y′ + (cx+ d) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − (cx+d)y
x

− (ax+b)y′
x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (ax+b)y′
x

+ (cx+d)y
x

= 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions
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[
P2(x) = ax+b

x
, P3(x) = cx+d

x

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= b

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (ax+ b) y′ + (cx+ d) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1

2513



x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−1 + r + b)x−1+r + (a1(1 + r) (r + b) + a0(ar + d))xr +
(

∞∑
k=1

(ak+1(k + 1 + r) (k + r + b) + ak(ak + ar + d) + ak−1c)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−1 + r + b) = 0

• Values of r that satisfy the indicial equation
r ∈ {0,−b+ 1}

• Each term must be 0
a1(1 + r) (r + b) + a0(ar + d) = 0

• Each term in the series must be 0, giving the recursion relation
ak+1(k + 1 + r) (k + r + b) + akak + arak + ak−1c+ akd = 0

• Shift index using k− >k + 1
ak+2(k + 2 + r) (k + 1 + r + b) + a(k + 1) ak+1 + arak+1 + akc+ ak+1d = 0

• Recursion relation that defines series solution to ODE
ak+2 = −akak+1+arak+1+aak+1+akc+ak+1d

(k+2+r)(k+1+r+b)

• Recursion relation for r = 0
ak+2 = −akak+1+aak+1+akc+ak+1d

(k+2)(k+1+b)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+2 = −akak+1+aak+1+akc+ak+1d

(k+2)(k+1+b) , a1b+ a0d = 0
]

• Recursion relation for r = −b+ 1

ak+2 = −akak+1+a(−b+1)ak+1+aak+1+akc+ak+1d
(k+3−b)(k+2)

• Solution for r = −b+ 1[
y =

∞∑
k=0

akx
k−b+1, ak+2 = −akak+1+a(−b+1)ak+1+aak+1+akc+ak+1d

(k+3−b)(k+2) , a1(2− b) + a0(a(−b+ 1) + d) = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

ekx
k

)
+
(

∞∑
k=0

fkx
k−b+1

)
, ek+2 = −ake1+k+ae1+k+cek+de1+k

(k+2)(k+1+b) , be1 + de0 = 0, fk+2 = −akf1+k+a(−b+1)f1+k+af1+k+fkc+f1+kd
(k+3−b)(k+2) , f1(2− b) + f0(a(−b+ 1) + d) = 0

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.093 (sec). Leaf size: 109� �
dsolve(x*diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+(c*x+d)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
x
(√

a2−4c+a
)

2

(
KummerM

(
b
√
a2 − 4c+ ab− 2d
2
√
a2 − 4c

, b,
√
a2 − 4c x

)
c1

+KummerU
(
b
√
a2 − 4c+ ab− 2d
2
√
a2 − 4c

, b,
√
a2 − 4c x

)
c2

)
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3 Solution by Mathematica
Time used: 0.135 (sec). Leaf size: 135� �
DSolve[x*y''[x]+(a*x+b)*y'[x]+(c*x+d)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → e

− 1
2x
(√

a2−4c+a
)(

c1HypergeometricU
(
ab+

√
a2 − 4cb− 2d

2
√
a2 − 4c

, b,
√
a2 − 4cx

)

+ c2L
b−1
−ab+

√
a2−4cb−2d

2
√

a2−4c

(√
a2 − 4cx

))
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28.15 problem 75
28.15.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2517
28.15.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2524

Internal problem ID [10899]
Internal file name [OUTPUT/10155_Sunday_December_24_2023_05_15_40_PM_71475027/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 75.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ − (ax+ 1) y′ − b x2(bx+ a) y = 0

28.15.1 Solving using Kovacic algorithm

Writing the ode as

xy′′ + (−ax− 1) y′ +
(
−b2x3 − ab x2) y = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x

B = −ax− 1 (3)
C = −b2x3 − ab x2

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = 4b2x4 + 4ab x3 + a2x2 + 2ax+ 3
4x2 (6)

Comparing the above to (5) shows that

s = 4b2x4 + 4ab x3 + a2x2 + 2ax+ 3
t = 4x2

Therefore eq. (4) becomes

z′′(x) =
(
4b2x4 + 4ab x3 + a2x2 + 2ax+ 3

4x2

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 88: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 2− 4
= −2

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4x2. There is a pole at x = 0 of order 2. Since there is no odd order pole
larger than 2 and the order at ∞ is −2 then the necessary conditions for case one are
met. Since there is a pole of order 2 then necessary conditions for case two are met.
Therefore

L = [1, 2]

Attempting to find a solution using case n = 1.

Looking at poles of order 2. The partial fractions decomposition of r is

r = b2x2 + abx+ a2

4 + 3
4x2 + a

2x

For the pole at x = 0 let b be the coefficient of 1
x2 in the partial fractions decomposition

of r given above. Therefore b = 3
4 . Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 3

2
α−
c = 1

2 −
√
1 + 4b = −1

2

Since the order of r at ∞ is Or(∞) = −2 then

v = −Or(∞)
2 = 2

2 = 1

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
1∑

i=0

aix
i (8)
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Let a be the coefficient of xv = x1 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ bx+a

2+
a

4b x2−
a2

8b2x3+
a3

16b3x4+
3

8b x3−
a4

32b4x5−
3a

16b2x4+
a5

64b5x6+
a2

16b3x5−
a6

128b6x7−
3a4

128b5x7−
3a

32b3x6+
9a2

64b4x7−
9

128b3x7+. . .

(9)
Comparing Eq. (9) with Eq. (8) shows that

a = b

From Eq. (9) the sum up to v = 1 gives

[
√
r]∞ =

1∑
i=0

aix
i

= a

2 + bx (10)

Now we need to find b, where b be the coefficient of xv−1 = x0 = 1 in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = b2x2 + abx+ 1

4a
2

This shows that the coefficient of 1 in the above is a2

4 . Now we need to find the coefficient
of 1 in r. How this is done depends on if v = 0 or not. Since v = 1 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of 1 in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= 4b2x4 + 4ab x3 + a2x2 + 2ax+ 3
4x2

= Q+ R

4x2

=
(
b2x2 + abx+ 1

4a
2
)
+
(
2ax+ 3
4x2

)
= b2x2 + abx+ a2

4 + 2ax+ 3
4x2

We see that the coefficient of the term x in the quotient is a2

4 . Now b can be found.

b =
(
a2

4

)
−
(
a2

4

)
= 0
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Hence

[
√
r]∞ = a

2 + bx

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
0
b
− 1
)

= −1
2

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−0
b
− 1
)

= −1
2

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = 4b2x4 + 4ab x3 + a2x2 + 2ax+ 3
4x2

pole c location pole order [
√
r]c α+

c α−
c

0 2 0 3
2 −1

2

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−2 a
2 + bx −1

2 −1
2

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = −1
2 then

d = α−
∞ −

(
α−
c1

)
= −1

2 −
(
−1
2

)
= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞
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The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+ (−)[

√
r]∞

= − 1
2x + (−)

(a
2 + bx

)
= − 1

2x − a

2 − bx

= − 1
2x − a

2 − bx

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
− 1
2x − a

2 − bx

)
(0) +

((
1
2x2 − b

)
+
(
− 1
2x − a

2 − bx

)2

−
(
4b2x4 + 4ab x3 + a2x2 + 2ax+ 3

4x2

))
= 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ (

− 1
2x−

a
2−bx

)
dx

= e−
x(bx+a)

2
√
x

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
−ax−1

x
dx

= z1e
ax
2 + ln(x)

2

= z1
(√

x eax
2
)
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Which simplifies to

y1 = e− b x2
2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−−ax−1

x
dx

(y1)2
dx

= y1

∫
eax+ln(x)

(y1)2
dx

= y1

−
a
√
π e−a2

4b erf
(

2bx+a
2
√
−b

)
+ 2 ex(bx+a)√−b

4 (−b)
3
2


Therefore the solution is

y = c1y1 + c2y2

= c1
(
e− b x2

2

)
+ c2

e− b x2
2

−
a
√
π e−a2

4b erf
(

2bx+a
2
√
−b

)
+ 2 ex(bx+a)√−b

4 (−b)
3
2


Summary
The solution(s) found are the following

(1)y = c1e−
b x2
2 −

c2e−
b x2
2

(
a
√
π e−a2

4b erf
(

2bx+a
2
√
−b

)
+ 2 ex(bx+a)√−b

)
4 (−b)

3
2

Verification of solutions

y = c1e−
b x2
2 −

c2e−
b x2
2

(
a
√
π e−a2

4b erf
(

2bx+a
2
√
−b

)
+ 2 ex(bx+a)√−b

)
4 (−b)

3
2

Verified OK.
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28.15.2 Maple step by step solution

Let’s solve
y′′x+ (−ax− 1) y′ + (−b2x3 − ab x2) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = bx(bx+ a) y + (ax+1)y′
x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ − (ax+1)y′
x

− bx(bx+ a) y = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = −ax+1
x

, P3(x) = −bx(bx+ a)
]

◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= −1

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (−ax− 1) y′ − b x2(bx+ a) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 2..3

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m
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xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1

x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−2 + r)x−1+r + (a1(1 + r) (−1 + r)− a0ar)xr + (a2(2 + r) r − aa1(1 + r))x1+r + (a3(3 + r) (1 + r)− aa2(2 + r)− a0ab)x2+r +
(

∞∑
k=3

(ak+1(k + 1 + r) (k + r − 1)− aak(k + r)− ak−2ab− ak−3b
2)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−2 + r) = 0

• Values of r that satisfy the indicial equation
r ∈ {0, 2}

• The coefficients of each power of x must be 0
[a1(1 + r) (−1 + r)− a0ar = 0, a2(2 + r) r − aa1(1 + r) = 0, a3(3 + r) (1 + r)− aa2(2 + r)− a0ab = 0]

• Solve for the dependent coefficient(s){
a1 = a0ar

r2−1 , a2 =
a2a0

r2+r−2 , a3 =
aa0
(
a2+br−b

)
r3+3r2−r−3

}
• Each term in the series must be 0, giving the recursion relation

ak+1(k + 1 + r) (k + r − 1) + (−bak−2 − kak − rak) a− ak−3b
2 = 0

• Shift index using k− >k + 3
ak+4(k + 4 + r) (k + 2 + r) + (−bak+1 − (k + 3) ak+3 − rak+3) a− akb

2 = 0
• Recursion relation that defines series solution to ODE

ak+4 = abak+1+akak+3+arak+3+akb
2+3aak+3

(k+4+r)(k+2+r)
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• Recursion relation for r = 0

ak+4 = abak+1+akak+3+akb
2+3aak+3

(k+4)(k+2)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+4 = abak+1+akak+3+akb

2+3aak+3
(k+4)(k+2) , a1 = 0, a2 = −a2a0

2 , a3 = −aa0
(
a2−b

)
3

]
• Recursion relation for r = 2

ak+4 = abak+1+akak+3+akb
2+5aak+3

(k+6)(k+4)

• Solution for r = 2[
y =

∞∑
k=0

akx
k+2, ak+4 = abak+1+akak+3+akb

2+5aak+3
(k+6)(k+4) , a1 = 2aa0

3 , a2 = a2a0
4 , a3 = aa0

(
a2+b

)
15

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ckx
k

)
+
(

∞∑
k=0

dkx
k+2
)
, ck+4 = abc1+k+akck+3+b2ck+3ack+3

(k+4)(k+2) , c1 = 0, c2 = −a2c0
2 , c3 = −ac0

(
a2−b

)
3 , dk+4 = abd1+k+akdk+3+b2dk+5adk+3

(k+6)(k+4) , d1 = 2ad0
3 , d2 = a2d0

4 , d3 = ad0
(
a2+b

)
15

]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 73� �
dsolve(x*diff(y(x),x$2)-(a*x+1)*diff(y(x),x)-b*x^2*(b*x+a)*y(x)=0,y(x), singsol=all)� �

y(x) = −e− 2b2x2+a2
4b

√
π
√
−b erf

(
2bx+ a

2
√
−b

)
c2a+ 2 e 1

2x
2b+axc2b+ c1e−

x2b
2
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3 Solution by Mathematica
Time used: 0.444 (sec). Leaf size: 88� �
DSolve[x*y''[x]-(a*x+1)*y'[x]-b*x^2*(b*x+a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e−

bx2
2

(
2
√
b
(
c2e

x(a+bx) + 2bc1
)
−

√
πac2e

−a2
4b erfi

(
a+2bx
2
√
b

))
4b3/2
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28.16 problem 76
28.16.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2528
28.16.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2535

Internal problem ID [10900]
Internal file name [OUTPUT/10156_Sunday_December_31_2023_11_03_00_AM_16279652/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 76.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ − (2ax+ 1) y′ +
(
x3b+ a2x+ a

)
y = 0

28.16.1 Solving using Kovacic algorithm

Writing the ode as

xy′′ + (−2ax− 1) y′ +
(
x3b+ a2x+ a

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x

B = −2ax− 1 (3)
C = x3b+ a2x+ a

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −4b x4 + 3
4x2 (6)

Comparing the above to (5) shows that

s = −4b x4 + 3
t = 4x2

Therefore eq. (4) becomes

z′′(x) =
(
−4b x4 + 3

4x2

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 90: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 2− 4
= −2

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4x2. There is a pole at x = 0 of order 2. Since there is no odd order pole
larger than 2 and the order at ∞ is −2 then the necessary conditions for case one are
met. Since there is a pole of order 2 then necessary conditions for case two are met.
Therefore

L = [1, 2]

Attempting to find a solution using case n = 1.

Looking at poles of order 2. The partial fractions decomposition of r is

r = −b x2 + 3
4x2

For the pole at x = 0 let b be the coefficient of 1
x2 in the partial fractions decomposition

of r given above. Therefore b = 3
4 . Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 3

2
α−
c = 1

2 −
√
1 + 4b = −1

2

Since the order of r at ∞ is Or(∞) = −2 then

v = −Or(∞)
2 = 2

2 = 1

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
1∑

i=0

aix
i (8)

2530



Let a be the coefficient of xv = x1 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ i

√
b x− 3i

8
√
b x3

− 9i
128b 3

2x7
− 27i
1024b 5

2x11
− 405i
32768b 7

2x15
− 1701i
262144b 9

2x19
− 15309i
4194304b 11

2 x23
− 72171i
33554432b 13

2 x27
+. . .

(9)
Comparing Eq. (9) with Eq. (8) shows that

a = i
√
b

From Eq. (9) the sum up to v = 1 gives

[
√
r]∞ =

1∑
i=0

aix
i

= i
√
b x (10)

Now we need to find b, where b be the coefficient of xv−1 = x0 = 1 in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = −b x2

This shows that the coefficient of 1 in the above is 0. Now we need to find the coefficient
of 1 in r. How this is done depends on if v = 0 or not. Since v = 1 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of 1 in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= −4b x4 + 3
4x2

= Q+ R

4x2

=
(
−b x2)+ ( 3

4x2

)
= −b x2 + 3

4x2

We see that the coefficient of the term x in the quotient is 0. Now b can be found.

b = (0)− (0)
= 0
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Hence

[
√
r]∞ = i

√
b x

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
0

i
√
b
− 1
)

= −1
2

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
− 0
i
√
b
− 1
)

= −1
2

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = −4b x4 + 3
4x2

pole c location pole order [
√
r]c α+

c α−
c

0 2 0 3
2 −1

2

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−2 i
√
b x −1

2 −1
2

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = −1
2 then

d = α−
∞ −

(
α−
c1

)
= −1

2 −
(
−1
2

)
= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞
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The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+ (−)[

√
r]∞

= − 1
2x + (−)

(
i
√
b x
)

= − 1
2x − i

√
b x

= −2i
√
b x2 − 1
2x

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
− 1
2x − i

√
b x

)
(0) +

((
1
2x2 − i

√
b

)
+
(
− 1
2x − i

√
b x

)2

−
(
−4b x4 + 3

4x2

))
= 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ (

− 1
2x−i

√
b x
)
dx

= e− i
√
b x2
2

√
x

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
−2ax−1

x
dx

= z1e
ax+ ln(x)

2

= z1
(√

x eax
)
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Which simplifies to

y1 = eax− i
√
b x2
2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−−2ax−1

x
dx

(y1)2
dx

= y1

∫
e2ax+ln(x)

(y1)2
dx

= y1

(
−iei

√
b x2

2
√
b

)

Therefore the solution is

y = c1y1 + c2y2

= c1
(
eax− i

√
b x2
2

)
+ c2

(
eax− i

√
b x2
2

(
−iei

√
b x2

2
√
b

))

Summary
The solution(s) found are the following

(1)y = c1eax−
i
√
b x2
2 − ic2e

x
(
i
√
b x+2a

)
2

2
√
b

Verification of solutions

y = c1eax−
i
√
b x2
2 − ic2e

x
(
i
√
b x+2a

)
2

2
√
b

Verified OK.
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28.16.2 Maple step by step solution

Let’s solve
y′′x+ (−2ax− 1) y′ + (x3b+ a2x+ a) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
x3b+a2x+a

)
y

x
+ (2ax+1)y′

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ − (2ax+1)y′
x

+
(
x3b+a2x+a

)
y

x
= 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = −2ax+1
x

, P3(x) = x3b+a2x+a
x

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= −1

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (−2ax− 1) y′ + (x3b+ a2x+ a) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..3

xm · y =
∞∑
k=0

akx
k+r+m
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◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1

x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−2 + r)x−1+r + (a1(1 + r) (−1 + r)− aa0(−1 + 2r))xr + (a2(2 + r) r − aa1(1 + 2r) + a0a
2)x1+r + (a3(3 + r) (1 + r)− aa2(3 + 2r) + a1a

2)x2+r +
(

∞∑
k=3

(ak+1(k + 1 + r) (k + r − 1)− aak(2k + 2r − 1) + ak−1a
2 + ak−3b)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−2 + r) = 0

• Values of r that satisfy the indicial equation
r ∈ {0, 2}

• The coefficients of each power of x must be 0
[a1(1 + r) (−1 + r)− aa0(−1 + 2r) = 0, a2(2 + r) r − aa1(1 + 2r) + a0a

2 = 0, a3(3 + r) (1 + r)− aa2(3 + 2r) + a1a
2 = 0]

• Solve for the dependent coefficient(s){
a1 = aa0(−1+2r)

r2−1 , a2 = 3a2ra0
r3+2r2−r−2 , a3 =

2a3a0(1+2r)
r4+5r3+5r2−5r−6

}
• Each term in the series must be 0, giving the recursion relation

ak+1(k + 1 + r) (k + r − 1) + ak−1a
2 − 2ak

(
k + r − 1

2

)
a+ ak−3b = 0

• Shift index using k− >k + 3
ak+4(k + 4 + r) (k + 2 + r) + ak+2a

2 − 2ak+3
(
k + 5

2 + r
)
a+ akb = 0

• Recursion relation that defines series solution to ODE
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ak+4 = −ak+2a
2−2akak+3−2arak+3−5aak+3+akb

(k+4+r)(k+2+r)

• Recursion relation for r = 0

ak+4 = −ak+2a
2−2akak+3−5aak+3+akb

(k+4)(k+2)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+4 = −ak+2a

2−2akak+3−5aak+3+akb
(k+4)(k+2) , a1 = a0a, a2 = 0, a3 = −a3a0

3

]
• Recursion relation for r = 2

ak+4 = −ak+2a
2−2akak+3−9aak+3+akb

(k+6)(k+4)

• Solution for r = 2[
y =

∞∑
k=0

akx
k+2, ak+4 = −ak+2a

2−2akak+3−9aak+3+akb
(k+6)(k+4) , a1 = a0a, a2 = a0a2

2 , a3 = a3a0
6

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ckx
k

)
+
(

∞∑
k=0

dkx
k+2
)
, ck+4 = −a2ck+2−2akck+3−5ack+3+bck

(k+4)(k+2) , c1 = c0a, c2 = 0, c3 = −a3c0
3 , dk+4 = −a2dk+2−2akdk+3−9adk+3+bdk

(k+6)(k+4) , d1 = ad0, d2 = a2d0
2 , d3 = a3d0

6

]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 39� �
dsolve(x*diff(y(x),x$2)-(2*a*x+1)*diff(y(x),x)+(b*x^3+a^2*x+a)*y(x)=0,y(x), singsol=all)� �

y(x) = c1eax+
x2

√
−b

2 + c2eax−
x2

√
−b

2
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3 Solution by Mathematica
Time used: 0.276 (sec). Leaf size: 59� �
DSolve[x*y''[x]-(2*a*x+1)*y'[x]+(b*x^3+a^2*x+a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
2e

ax− 1
2 i
√
bx2

(
2c1 −

ic2e
i
√
bx2

√
b

)
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28.17 problem 77
28.17.1 Solving as second order ode missing y ode . . . . . . . . . . . . 2539
28.17.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2541

Internal problem ID [10901]
Internal file name [OUTPUT/10157_Sunday_December_31_2023_11_03_01_AM_84918379/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 77.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_ode_missing_y"

Maple gives the following as the ode type
[[_2nd_order , _missing_y ]]

xy′′ + (ax+ b) y′ = −cx
(
−c x2 + ax+ b+ 1

)
28.17.1 Solving as second order ode missing y ode

This is second order ode with missing dependent variable y. Let

p(x) = y′

Then

p′(x) = y′′

Hence the ode becomes

p′(x)x+ (ax+ b) p(x) + cx
(
−c x2 + ax+ b+ 1

)
= 0

Which is now solve for p(x) as first order ode.

Entering Linear first order ODE solver. In canonical form a linear first order is

p′(x) + p(x)p(x) = q(x)
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Where here

p(x) = −−ax− b

x
q(x) = −c

(
−c x2 + ax+ b+ 1

)
Hence the ode is

p′(x)− (−ax− b) p(x)
x

= −c
(
−c x2 + ax+ b+ 1

)
The integrating factor µ is

µ = e
∫
−−ax−b

x
dx

= eax+b ln(x)

Which simplifies to
µ = xbeax

The ode becomes

d
dx(µp) = (µ)

(
−c
(
−c x2 + ax+ b+ 1

))
d
dx
(
xbeaxp

)
=
(
xbeax

) (
−c
(
−c x2 + ax+ b+ 1

))
d
(
xbeaxp

)
=
(
−c
(
−c x2 + ax+ b+ 1

)
xbeax

)
dx

Integrating gives

xbeaxp =
∫

−c
(
−c x2 + ax+ b+ 1

)
xbeax dx

xbeaxp = −
(−a)−b c2

(
xb(−a)b b(b2 + 3b+ 2)Γ(b) (−ax)−b − xb(−a)b (a2x2 − abx− 2ax+ b2 + 3b+ 2) eax − xb(−a)b b(b2 + 3b+ 2) (−ax)−b Γ(b,−ax)

)
a3

−
(−a)−b c

(
xb(−a)b (1 + b) bΓ(b) (−ax)−b + xb(−a)b (ax− b− 1) eax − xb(−a)b (1 + b) b(−ax)−b Γ(b,−ax)

)
a

+
bc(−a)−b

(
xb(−a)b bΓ(b) (−ax)−b − xb(−a)b eax − xb(−a)b b(−ax)−b Γ(b,−ax)

)
a

+
(−a)−b c

(
xb(−a)b bΓ(b) (−ax)−b − xb(−a)b eax − xb(−a)b b(−ax)−b Γ(b,−ax)

)
a

+ c1

Dividing both sides by the integrating factor µ = xbeax results in

p(x) = x−be−ax

−
(−a)−b c2

(
xb(−a)b b(b2 + 3b+ 2)Γ(b) (−ax)−b − xb(−a)b (a2x2 − abx− 2ax+ b2 + 3b+ 2) eax − xb(−a)b b(b2 + 3b+ 2) (−ax)−b Γ(b,−ax)

)
a3

−
(−a)−b c

(
xb(−a)b (1 + b) bΓ(b) (−ax)−b + xb(−a)b (ax− b− 1) eax − xb(−a)b (1 + b) b(−ax)−b Γ(b,−ax)

)
a

+
bc(−a)−b

(
xb(−a)b bΓ(b) (−ax)−b − xb(−a)b eax − xb(−a)b b(−ax)−b Γ(b,−ax)

)
a

+
(−a)−b c

(
xb(−a)b bΓ(b) (−ax)−b − xb(−a)b eax − xb(−a)b b(−ax)−b Γ(b,−ax)

)
a

+ c1x
−be−ax

which simplifies to

p(x) = c2e−ax((b3 + 3b2 + 2b) Γ(b,−ax)− Γ(b+ 3)) (−ax)−b + x−bc1a
3e−ax − c((−a2x2 + x(2 + b) a− b2 − 3b− 2) c+ a3x)

a3
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Since p = y′ then the new first order ode to solve is

y′ = c2e−ax((b3 + 3b2 + 2b) Γ(b,−ax)− Γ(b+ 3)) (−ax)−b + x−bc1a
3e−ax − c((−a2x2 + x(2 + b) a− b2 − 3b− 2) c+ a3x)

a3

Integrating both sides gives

y =
∫ (−ax)−b b3c2Γ(b,−ax) e−ax + a2c2x2 + 3(−ax)−b b2c2Γ(b,−ax) e−ax − a3cx− a c2bx+ x−bc1a

3e−ax + 2b c2(−ax)−b Γ(b,−ax) e−ax − 2a c2x+ c2b2 − c2(−ax)−b Γ(b+ 3) e−ax + 3b c2 + 2c2
a3

dx

=
∫ (−ax)−b b3c2Γ(b,−ax) e−ax + a2c2x2 + 3(−ax)−b b2c2Γ(b,−ax) e−ax − a3cx− a c2bx+ x−bc1a

3e−ax + 2b c2(−ax)−b Γ(b,−ax) e−ax − 2a c2x+ c2b2 − c2(−ax)−b Γ(b+ 3) e−ax + 3b c2 + 2c2
a3

dx+ c2

Summary
The solution(s) found are the following

(1)y

=
∫ (−ax)−b b3c2Γ(b,−ax) e−ax + a2c2x2 + 3(−ax)−b b2c2Γ(b,−ax) e−ax − a3cx− a c2bx+ x−bc1a

3e−ax + 2b c2(−ax)−b Γ(b,−ax) e−ax − 2a c2x+ c2b2 − c2(−ax)−b Γ(b+ 3) e−ax + 3b c2 + 2c2
a3

dx

+ c2

Verification of solutions
y

=
∫ (−ax)−b b3c2Γ(b,−ax) e−ax + a2c2x2 + 3(−ax)−b b2c2Γ(b,−ax) e−ax − a3cx− a c2bx+ x−bc1a

3e−ax + 2b c2(−ax)−b Γ(b,−ax) e−ax − 2a c2x+ c2b2 − c2(−ax)−b Γ(b+ 3) e−ax + 3b c2 + 2c2
a3

dx

+ c2

Verified OK.

28.17.2 Maple step by step solution

Let’s solve
y′′x+ (ax+ b) y′ = −cx(−c x2 + ax+ b+ 1)

• Highest derivative means the order of the ODE is 2
y′′

• Make substitution u = y′ to reduce order of ODE
u′(x)x+ (ax+ b)u(x) = −cx(−c x2 + ax+ b+ 1)

• Isolate the derivative
u′(x) = − (ax+b)u(x)

x
− c(−c x2 + ax+ b+ 1)

• Group terms with u(x) on the lhs of the ODE and the rest on the rhs of the ODE
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u′(x) + (ax+b)u(x)
x

= −c(−c x2 + ax+ b+ 1)

• The ODE is linear; multiply by an integrating factor µ(x)

µ(x)
(
u′(x) + (ax+b)u(x)

x

)
= −µ(x) c(−c x2 + ax+ b+ 1)

• Assume the lhs of the ODE is the total derivative d
dx
(µ(x)u(x))

µ(x)
(
u′(x) + (ax+b)u(x)

x

)
= µ′(x)u(x) + µ(x)u′(x)

• Isolate µ′(x)
µ′(x) = µ(x)(ax+b)

x

• Solve to find the integrating factor
µ(x) = xbeax

• Integrate both sides with respect to x∫ (
d
dx
(µ(x)u(x))

)
dx =

∫
−µ(x) c(−c x2 + ax+ b+ 1) dx+ c1

• Evaluate the integral on the lhs
µ(x)u(x) =

∫
−µ(x) c(−c x2 + ax+ b+ 1) dx+ c1

• Solve for u(x)

u(x) =
∫
−µ(x)c

(
−c x2+ax+b+1

)
dx+c1

µ(x)

• Substitute µ(x) = xbeax

u(x) =
∫
−c
(
−c x2+ax+b+1

)
xbeaxdx+c1

xbeax

• Evaluate the integrals on the rhs

u(x) = −
(−a)−bc2

(
xb(−a)bb

(
b2+3b+2

)
Γ(b)(−ax)−b−xb(−a)b

(
a2x2−abx−2ax+b2+3b+2

)
eax−xb(−a)bb

(
b2+3b+2

)
(−ax)−bΓ(b,−ax)

)
a3 −

(−a)−bc
(
xb(−a)b(1+b)bΓ(b)(−ax)−b+xb(−a)b(ax−b−1)eax−xb(−a)b(1+b)b(−ax)−bΓ(b,−ax)

)
a

+
bc(−a)−b

(
xb(−a)bbΓ(b)(−ax)−b−xb(−a)beax−xb(−a)bb(−ax)−bΓ(b,−ax)

)
a

+
(−a)−bc

(
xb(−a)bbΓ(b)(−ax)−b−xb(−a)beax−xb(−a)bb(−ax)−bΓ(b,−ax)

)
a

+c1

xbeax

• Simplify

u(x) = c2e−ax
((
b3+3b2+2b

)
Γ(b,−ax)−Γ(b+3)

)
(−ax)−b+x−bc1a3e−ax−c

((
−a2x2+x(2+b)a−b2−3b−2

)
c+a3x

)
a3

• Solve 1st ODE for u(x)

u(x) = c2e−ax
((
b3+3b2+2b

)
Γ(b,−ax)−Γ(b+3)

)
(−ax)−b+x−bc1a3e−ax−c

((
−a2x2+x(2+b)a−b2−3b−2

)
c+a3x

)
a3

• Make substitution u = y′

y′ = c2e−ax
((
b3+3b2+2b

)
Γ(b,−ax)−Γ(b+3)

)
(−ax)−b+x−bc1a3e−ax−c

((
−a2x2+x(2+b)a−b2−3b−2

)
c+a3x

)
a3

• Integrate both sides to solve for y∫
y′dx =

∫ c2e−ax
((
b3+3b2+2b

)
Γ(b,−ax)−Γ(b+3)

)
(−ax)−b+x−bc1a3e−ax−c

((
−a2x2+x(2+b)a−b2−3b−2

)
c+a3x

)
a3

dx+ c2
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• Compute integrals

y =
∫ c2e−ax

((
b3+3b2+2b

)
Γ(b,−ax)−Γ(b+3)

)
(−ax)−b+x−bc1a3e−ax−c

((
−a2x2+x(2+b)a−b2−3b−2

)
c+a3x

)
a3

dx+ c2

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
-> Calling odsolve with the ODE`, diff(_b(_a), _a) = -(-c^2*_a^3+c*_a^2*a+_a*_b(_a)*a+_a*b*c+_b(_a)*b+c*_a)/_a, _b(_a)` *** Sublev

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

<- high order exact linear fully integrable successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 115� �
dsolve(x*diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+c*x*(-c*x^2+a*x+b+1)=0,y(x), singsol=all)� �
y(x)

=
c2a

3 −
(∫ (

−c2((b3 + 3b2 + 2b) Γ(b,−ax)− Γ(b+ 3)) e−ax(−ax)−b − e−axx−bc1a
3 + ((−b2 + (ax− 3) b− a2x2 + 2ax− 2) c+ a3x) c

)
dx
)

a3

3 Solution by Mathematica
Time used: 61.322 (sec). Leaf size: 92� �
DSolve[x*y''[x]+(a*x+b)*y'[x]+c*x*(-c*x^2+a*x+b+1)==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
∫ x

1
e−aK[1]K[1]−b

(
c(−((b+ 1)Γ(b+ 1,−aK[1])a2) + Γ(b+ 2,−aK[1])a2 + cΓ(b+ 3,−aK[1]))K[1]b(−aK[1])−b

a3

+ c1

)
dK[1] + c2
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28.18 problem 78
28.18.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2544

Internal problem ID [10902]
Internal file name [OUTPUT/10158_Sunday_December_31_2023_11_03_03_AM_20057251/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 78.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xy′′ − (2ax+ 1) y′ + yb x3 = 0

28.18.1 Maple step by step solution

Let’s solve
y′′x+ (−2ax− 1) y′ + yb x3 = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −x2by + (2ax+1)y′
x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ − (2ax+1)y′
x

+ x2by = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions
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[
P2(x) = −2ax+1

x
, P3(x) = b x2]

◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= −1

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (−2ax− 1) y′ + yb x3 = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert x3 · y to series expansion

x3 · y =
∞∑
k=0

akx
k+r+3

◦ Shift index using k− >k − 3

x3 · y =
∞∑
k=3

ak−3x
k+r

◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1
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x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−2 + r)x−1+r + (a1(1 + r) (−1 + r)− 2a0ar)xr + (a2(2 + r) r − 2aa1(1 + r))x1+r + (a3(3 + r) (1 + r)− 2aa2(2 + r))x2+r +
(

∞∑
k=3

(ak+1(k + 1 + r) (k + r − 1)− 2aak(k + r) + ak−3b)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−2 + r) = 0

• Values of r that satisfy the indicial equation
r ∈ {0, 2}

• The coefficients of each power of x must be 0
[a1(1 + r) (−1 + r)− 2a0ar = 0, a2(2 + r) r − 2aa1(1 + r) = 0, a3(3 + r) (1 + r)− 2aa2(2 + r) = 0]

• Solve for the dependent coefficient(s){
a1 = 2a0ar

r2−1 , a2 =
4a2a0

r2+r−2 , a3 =
8a3a0

r3+3r2−r−3

}
• Each term in the series must be 0, giving the recursion relation

ak+1(k + 1 + r) (k + r − 1)− 2aak(k + r) + ak−3b = 0
• Shift index using k− >k + 3

ak+4(k + 4 + r) (k + 2 + r)− 2aak+3(k + r + 3) + akb = 0
• Recursion relation that defines series solution to ODE

ak+4 = 2akak+3+2arak+3+6aak+3−akb
(k+4+r)(k+2+r)

• Recursion relation for r = 0
ak+4 = 2akak+3+6aak+3−akb

(k+4)(k+2)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+4 = 2akak+3+6aak+3−akb

(k+4)(k+2) , a1 = 0, a2 = −2a2a0, a3 = −8a3a0
3

]
• Recursion relation for r = 2

ak+4 = 2akak+3+10aak+3−akb
(k+6)(k+4)

• Solution for r = 2[
y =

∞∑
k=0

akx
k+2, ak+4 = 2akak+3+10aak+3−akb

(k+6)(k+4) , a1 = 4aa0
3 , a2 = a2a0, a3 = 8a3a0

15

]
• Combine solutions and rename parameters
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[
y =

(
∞∑
k=0

ckx
k

)
+
(

∞∑
k=0

dkx
k+2
)
, ck+4 = 2akck+3+6ack+3−bck

(k+4)(k+2) , c1 = 0, c2 = −2a2c0, c3 = −8a3c0
3 , dk+4 = 2akdk+3+10adk+3−bdk

(k+6)(k+4) , d1 = 4ad0
3 , d2 = a2d0, d3 = 8a3d0

15

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

trying a solution in terms of MeijerG functions
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunB ODE, case c = 0 `� �
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3 Solution by Maple
Time used: 0.188 (sec). Leaf size: 106� �
dsolve(x*diff(y(x),x$2)-(2*a*x+1)*diff(y(x),x)+b*x^3*y(x)=0,y(x), singsol=all)� �

y(x) = x2HeunB
(
2, 0, a2√

−b
,− 2ia

(−b)
1
4
, i(−b)

1
4 x

)
eax+

x2
√
−b

2

c1

+ c2


∫ e−x2√−b

HeunB
(
2, 0, a2√

−b
,− 2ia

(−b)
1
4
, i (−b)

1
4 x

)2

x3

dx




7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]-(2*a*x+1)*y'[x]+b*x^3*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.19 problem 79
28.19.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2549

Internal problem ID [10903]
Internal file name [OUTPUT/10159_Sunday_December_31_2023_11_03_03_AM_54718002/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 79.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xy′′ +
(
ab x2 + b− 5

)
y′ + 2a2(−2 + b)x3y = 0

28.19.1 Maple step by step solution

Let’s solve
y′′x+ (ab x2 + b− 5) y′ + 2a2(−2 + b)x3y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
ab x2+b−5

)
y′

x
− 2x2a2(−2 + b) y

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
ab x2+b−5

)
y′

x
+ 2x2a2(−2 + b) y = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions
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[
P2(x) = ab x2+b−5

x
, P3(x) = 2a2x2(−2 + b)

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= b− 5

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (ab x2 + b− 5) y′ + 2a2(−2 + b)x3y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert x3 · y to series expansion

x3 · y =
∞∑
k=0

akx
k+r+3

◦ Shift index using k− >k − 3

x3 · y =
∞∑
k=3

ak−3x
k+r

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1
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x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−6 + r + b)x−1+r + a1(1 + r) (−5 + r + b)xr + (a2(2 + r) (−4 + r + b) + a0abr)x1+r + (a3(3 + r) (−3 + r + b) + a1(1 + r) ab)x2+r +
(

∞∑
k=3

(ak+1(k + 1 + r) (k − 5 + r + b) + ak−1(k + r − 1) ab+ 2ak−3a
2(−2 + b))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−6 + r + b) = 0

• Values of r that satisfy the indicial equation
r ∈ {0,−b+ 6}

• The coefficients of each power of x must be 0
[a1(1 + r) (−5 + r + b) = 0, a2(2 + r) (−4 + r + b) + a0abr = 0, a3(3 + r) (−3 + r + b) + a1(1 + r) ab = 0]

• Solve for the dependent coefficient(s){
a1 = 0, a2 = − a0abr

rb+r2+2b−2r−8 , a3 = 0
}

• Each term in the series must be 0, giving the recursion relation
ak+1(k + 1 + r) (k − 5 + r + b) + ak−1(k + r − 1) ab+ 2ak−3a

2(−2 + b) = 0
• Shift index using k− >k + 3

ak+4(k + 4 + r) (k − 2 + r + b) + ak+2(k + 2 + r) ab+ 2aka2(−2 + b) = 0
• Recursion relation that defines series solution to ODE

ak+4 = −a(2abak+bkak+2+brak+2−4aak+2bak+2)
(k+4+r)(k−2+r+b)

• Recursion relation for r = 0

ak+4 = −a(2abak+bkak+2−4aak+2bak+2)
(k+4)(k−2+b)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+4 = −a(2abak+bkak+2−4aak+2bak+2)

(k+4)(k−2+b) , a1 = 0, a2 = 0, a3 = 0
]

• Recursion relation for r = −b+ 6

ak+4 = −a(2abak+bkak+2+b(−b+6)ak+2−4aak+2bak+2)
(k+10−b)(k+4)

• Solution for r = −b+ 6[
y =

∞∑
k=0

akx
k−b+6, ak+4 = −a(2abak+bkak+2+b(−b+6)ak+2−4aak+2bak+2)

(k+10−b)(k+4) , a1 = 0, a2 = − a0ab(−b+6)
(−b+6)b+(−b+6)2+4b−20 , a3 = 0

]
• Combine solutions and rename parameters
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[
y =

(
∞∑
k=0

ckx
k

)
+
(

∞∑
k=0

dkx
k−b+6

)
, ck+4 = −a(2abck+bkck+2−4ack+2bck+2)

(k+4)(k−2+b) , c1 = 0, c2 = 0, c3 = 0, dk+4 = −a(2abdk+bkdk+2+b(−b+6)dk+2−4adk+2bdk+2)
(k+10−b)(k+4) , d1 = 0, d2 = − d0ab(−b+6)

(−b+6)b+(−b+6)2+4b−20 , d3 = 0
]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful

-> Trying to convert hypergeometric functions to elementary form...
<- elementary form could result into a too large expression - returning special function form of solution, free of uncomputed

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.187 (sec). Leaf size: 92� �
dsolve(x*diff(y(x),x$2)+(a*b*x^2+b-5)*diff(y(x),x)+2*a^2*(b-2)*x^3*y(x)=0,y(x), singsol=all)� �
y(x)

=

(
−3KummerU

(
b
2 + 1,−2 + b

2 ,
a(b−4)x2

2

)
c2b+ (a(b− 4)x2 + b+ 4) c2KummerU

(
b
2 ,−2 + b

2 ,
a(b−4)x2

2

)
+ 2c1e

a(b−4)x2
2 (a x2 + 1)

)
e−

a(b−2)x2
2

2
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3 Solution by Mathematica
Time used: 3.578 (sec). Leaf size: 67� �
DSolve[x*y''[x]+(a*b*x^2+b-5)*y'[x]+2*a^2*(b-2)*x^3*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−ax2(
ax2 + 1

)(
c2

∫ x

1

e−
1
2a(b−4)K[1]2K[1]5−b

(aK[1]2 + 1)2
dK[1] + c1

)
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28.20 problem 80
28.20.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2554

Internal problem ID [10904]
Internal file name [OUTPUT/10160_Sunday_December_31_2023_11_03_04_AM_75682043/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 80.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ +
(
a x2 + bx

)
y′ −

(
ac x2 +

(
bc+ c2 + a

)
x+ b+ 2c

)
y = 0

28.20.1 Solving using Kovacic algorithm

Writing the ode as

xy′′ + x(ax+ b) y′ +
(
−c2x+

(
−a x2 − bx− 2

)
c− ax− b

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x

B = (ax+ b)x (3)
C = −c2x+

(
−a x2 − bx− 2

)
c− ax− b

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)
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Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = x3a2 + 2ab x2 + 4ac x2 + b2x+ 4bcx+ 4c2x+ 6ax+ 4b+ 8c
4x (6)

Comparing the above to (5) shows that

s = x3a2 + 2ab x2 + 4ac x2 + b2x+ 4bcx+ 4c2x+ 6ax+ 4b+ 8c
t = 4x

Therefore eq. (4) becomes

z′′(x) =
(
x3a2 + 2ab x2 + 4ac x2 + b2x+ 4bcx+ 4c2x+ 6ax+ 4b+ 8c

4x

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 95: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 1− 3
= −2

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4x. There is a pole at x = 0 of order 1. Since there is no odd order pole
larger than 2 and the order at ∞ is −2 then the necessary conditions for case one are
met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Looking at poles of order 1. For the pole at x = 0 of order 1 then

[
√
r]c = 0
α+
c = 1

α−
c = 1

Since the order of r at ∞ is Or(∞) = −2 then

v = −Or(∞)
2 = 2

2 = 1

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
1∑

i=0

aix
i (8)

Let a be the coefficient of xv = x1 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ b

2+c+ax

2 + 3
2x+

2bc
a2x3−

3b2c
a3x4−

6b c2
a3x4+

4b3c
a4x5+

12b2c2
a4x5 +16b c3

a4x5 −22bc
a3x5−

5b4c
a5x6−

20b3c2
a5x6 −40b2c3

a5x6 −40b c4
a5x6 +45b2c

a4x6 +
90b c2
a4x6 − 9

4a x3+
27

4a2x5+
2c2
a2x3−

4c3
a3x4+

15b
4a2x4+

15c
2a2x4+

8c4
a4x5−

11b2
2a3x5−

22c2
a3x5−

16c5
a5x6+

15b3
2a4x6+

60c3
a4x6−

81b
4a3x6−

81c
2a3x6−

c

a x2−
b

2a x2+
b2

2a2x3−
b3

2a3x4+
b4

2a4x5−
b5

2a5x6+. . .

(9)
Comparing Eq. (9) with Eq. (8) shows that

a = a

2
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From Eq. (9) the sum up to v = 1 gives

[
√
r]∞ =

1∑
i=0

aix
i

= b

2 + c+ ax

2 (10)

Now we need to find b, where b be the coefficient of xv−1 = x0 = 1 in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4b
2 + bc+ 1

2abx+ c2 + acx+ 1
4a

2x2

This shows that the coefficient of 1 in the above is 1
4b

2 + bc+ c2. Now we need to find
the coefficient of 1 in r. How this is done depends on if v = 0 or not. Since v = 1 which
is not zero, then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of 1 in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= x3a2 + 2ab x2 + 4ac x2 + b2x+ 4bcx+ 4c2x+ 6ax+ 4b+ 8c
4x

= Q+ R

4x

=
(
a2x2

4 +
(
1
2ab+ ac

)
x+ b2

4 + bc+ c2 + 3a
2

)
+
(
4b+ 8c
4x

)
= a2x2

4 +
(
1
2ab+ ac

)
x+ b2

4 + bc+ c2 + 3a
2 + 4b+ 8c

4x

We see that the coefficient of the term 1 in the quotient is 1
4b

2 + bc + c2 + 3
2a. Now b

can be found.

b =
(
1
4b

2 + bc+ c2 + 3
2a
)
−
(
1
4b

2 + bc+ c2
)

= 3a
2
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Hence

[
√
r]∞ = b

2 + c+ ax

2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

( 3a
2
a
2
− 1
)

= 1

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−

3a
2
a
2
− 1
)

= −2

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = x3a2 + 2ab x2 + 4ac x2 + b2x+ 4bcx+ 4c2x+ 6ax+ 4b+ 8c
4x

pole c location pole order [
√
r]c α+

c α−
c

0 1 0 0 1

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−2 b
2 + c+ ax

2 1 −2

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α+

∞ = 1 then

d = α+
∞ −

(
α−
c1

)
= 1− (1)
= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞
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Substituting the above values in the above results in

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+ (+)[

√
r]∞

= 1
x
+
(
b

2 + c+ ax

2

)
= 1

x
+ b

2 + c+ ax

2
= 1

x
+ b

2 + c+ ax

2

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
1
x
+ b

2 + c+ ax

2

)
(0) +

((
− 1
x2 + a

2

)
+
(
1
x
+ b

2 + c+ ax

2

)2

−
(
x3a2 + 2ab x2 + 4ac x2 + b2x+ 4bcx+ 4c2x+ 6ax+ 4b+ 8c

4x

))
= 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ ( 1

x
+ b

2+c+ax
2

)
dx

= x e
x(ax+2b+4c)

4

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
(ax+b)x

x
dx

= z1e
− 1

4a x
2− 1

2 bx

= z1
(
e−

x(ax+2b)
4

)

2559



Which simplifies to
y1 = x ecx

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
− (ax+b)x

x
dx

(y1)2
dx

= y1

∫
e−

1
2a x

2−bx

(y1)2
dx

= y1

(∫ e−
x(ax+2b+4c)

2

x2 dx

)

Therefore the solution is

y = c1y1 + c2y2

= c1(x ecx) + c2

(
x ecx

(∫ e−
x(ax+2b+4c)

2

x2 dx

))

Summary
The solution(s) found are the following

(1)y = c1x ecx + c2x ecx
(∫ e−

x(ax+2b+4c)
2

x2 dx

)
Verification of solutions

y = c1x ecx + c2x ecx
(∫ e−

x(ax+2b+4c)
2

x2 dx

)

Verified OK.

2560



Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunB ODE, case c = 0

Special function solution also has integrals. Returning default Liouvillian solution.
<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 8.546 (sec). Leaf size: 34� �
dsolve(x*diff(y(x),x$2)+(a*x^2+b*x)*diff(y(x),x)-(a*c*x^2+(a+b*c+c^2)*x+b+2*c)*y(x)=0,y(x), singsol=all)� �

y(x) = ecxx
(
c1 + c2

(∫ e−
x(ax+2b+4c)

2

x2 dx

))
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3 Solution by Mathematica
Time used: 3.129 (sec). Leaf size: 49� �
DSolve[x*y''[x]+(a*x^2+b*x)*y'[x]-(a*c*x^2+(a+b*c+c^2)*x+b+2*c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → xecx

(
c2

∫ x

1

e−
1
2K[1](2b+4c+aK[1])

K[1]2 dK[1] + c1

)
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28.21 problem 81
28.21.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2563
28.21.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2570

Internal problem ID [10905]
Internal file name [OUTPUT/10161_Sunday_December_31_2023_11_03_05_AM_43663572/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 81.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ +
(
a x2 + bx+ 2

)
y′ + yb = 0

28.21.1 Solving using Kovacic algorithm

Writing the ode as

xy′′ +
(
a x2 + bx+ 2

)
y′ + yb = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x

B = a x2 + bx+ 2 (3)
C = b

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2x2 + 2abx+ b2 + 6a
4 (6)

Comparing the above to (5) shows that

s = a2x2 + 2abx+ b2 + 6a
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
1
4a

2x2 + 1
2abx+ 1

4b
2 + 3

2a
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 96: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 2
= −2

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −2 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −2 then

v = −Or(∞)
2 = 2

2 = 1

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
1∑

i=0

aix
i (8)

Let a be the coefficient of xv = x1 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ ax

2 + b

2+
3
2x−

3b
2a x2+

3b2
2a2x3−

9
4a x3−

3b3
2a3x4+

27b
4a2x4+

3b4
2a4x5−

27b2
2a3x5−

3b5
2a5x6+

27
4a2x5+

45b3
2a4x6−

135b
4a3x6+. . .

(9)
Comparing Eq. (9) with Eq. (8) shows that

a = a

2

From Eq. (9) the sum up to v = 1 gives

[
√
r]∞ =

1∑
i=0

aix
i

= ax

2 + b

2 (10)
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Now we need to find b, where b be the coefficient of xv−1 = x0 = 1 in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4a
2x2 + 1

2abx+ 1
4b

2

This shows that the coefficient of 1 in the above is b2

4 . Now we need to find the coefficient
of 1 in r. How this is done depends on if v = 0 or not. Since v = 1 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of 1 in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= a2x2 + 2abx+ b2 + 6a
4

= Q+ R

4

=
(
1
4a

2x2 + 1
2abx+ 1

4b
2 + 3

2a
)
+ (0)

= 1
4a

2x2 + 1
2abx+ 1

4b
2 + 3

2a

We see that the coefficient of the term 1
x
in the quotient is 3a

2 + b2

4 . Now b can be found.

b =
(
3a
2 + b2

4

)
−
(
b2

4

)
= 3a

2
Hence

[
√
r]∞ = ax

2 + b

2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

( 3a
2
a
2
− 1
)

= 1

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−

3a
2
a
2
− 1
)

= −2

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = 1
4a

2x2 + 1
2abx+ 1

4b
2 + 3

2a
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Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−2 ax
2 + b

2 1 −2

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α+

∞ = 1, and since there are no poles, then

d = α+
∞

= 1

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

Substituting the above values in the above results in

ω = (+)[
√
r]∞

= 0 +
(
ax

2 + b

2

)
= ax

2 + b

2
= ax

2 + b

2
Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 1 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = x+ a0 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
ax

2 + b

2

)
(1) +

((a
2

)
+
(
ax

2 + b

2

)2

−
(
1
4a

2x2 + 1
2abx+ 1

4b
2 + 3

2a
))

= 0

−aa0 + b = 0
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Solving for the coefficients ai in the above using method of undetermined coefficients
gives {

a0 =
b

a

}
Substituting these coefficients in p(x) in eq. (2A) results in

p(x) = x+ b

a

Therefore the first solution to the ode z′′ = rz is

z1(x) = pe
∫
ω dx

=
(
x+ b

a

)
e
∫ (

ax
2 + b

2

)
dx

=
(
x+ b

a

)
e 1

4a x
2+ 1

2 bx

= (ax+ b) e
x(ax+2b)

4

a

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
a x2+bx+2

x
dx

= z1e
−a x2

4 − bx
2 −ln(x)

= z1

(
e−

x(ax+2b)
4

x

)

Which simplifies to

y1 =
ax+ b

xa

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx
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Substituting gives

y2 = y1

∫
e
∫
−a x2+bx+2

x
dx

(y1)2
dx

= y1

∫
e−

a x2
2 −bx−2 ln(x)

(y1)2
dx

= y1

−

(√
2
√
π e b2

2a (ax+ b) erf
(√

2 (ax+b)
2
√
a

)
+ 2 e−

x(ax+2b)
2

√
a
)√

a

2ax+ 2b


Therefore the solution is

y = c1y1 + c2y2

= c1

(
ax+ b

xa

)

+ c2

ax+ b

xa

−

(√
2
√
π e b2

2a (ax+ b) erf
(√

2 (ax+b)
2
√
a

)
+ 2 e−

x(ax+2b)
2

√
a
)√

a

2ax+ 2b


Summary
The solution(s) found are the following

(1)y = c1(ax+ b)
xa

−
c2
(√

2
√
π e b2

2a (ax+ b) erf
(√

2 (ax+b)
2
√
a

)
+ 2 e−

x(ax+2b)
2

√
a
)

2
√
a x

Verification of solutions

y = c1(ax+ b)
xa

−
c2
(√

2
√
π e b2

2a (ax+ b) erf
(√

2 (ax+b)
2
√
a

)
+ 2 e−

x(ax+2b)
2

√
a
)

2
√
a x

Verified OK.
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28.21.2 Maple step by step solution

Let’s solve
y′′x+ (a x2 + bx+ 2) y′ + yb = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − by
x
−
(
a x2+bx+2

)
y′

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
a x2+bx+2

)
y′

x
+ by

x
= 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = a x2+bx+2
x

, P3(x) = b
x

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 2

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (a x2 + bx+ 2) y′ + yb = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m
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◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1

x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(1 + r)x−1+r + (a1(1 + r) (2 + r) + a0b(1 + r))xr +
(

∞∑
k=1

(ak+1(k + 1 + r) (k + 2 + r) + akb(k + 1 + r) + ak−1(k + r − 1) a)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(1 + r) = 0

• Values of r that satisfy the indicial equation
r ∈ {−1, 0}

• Each term must be 0
a1(1 + r) (2 + r) + a0b(1 + r) = 0

• Each term in the series must be 0, giving the recursion relation
ak+1(k + 1 + r) (k + 2 + r) + akb(k + 1 + r) + ak−1(k + r − 1) a = 0

• Shift index using k− >k + 1
ak+2(k + 2 + r) (k + 3 + r) + ak+1b(k + 2 + r) + ak(k + r) a = 0

• Recursion relation that defines series solution to ODE
ak+2 = −akak+arak+bkak+1+brak+1+2bak+1

(k+2+r)(k+3+r)

• Recursion relation for r = −1
ak+2 = −akak+bkak+1−aak+bak+1

(k+1)(k+2)

• Solution for r = −1[
y =

∞∑
k=0

akx
k−1, ak+2 = −akak+bkak+1−aak+bak+1

(k+1)(k+2) , 0 = 0
]

• Recursion relation for r = 0
ak+2 = −akak+bkak+1+2bak+1

(k+2)(k+3)
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• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+2 = −akak+bkak+1+2bak+1

(k+2)(k+3) , a0b+ 2a1 = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

ckx
k−1
)
+
(

∞∑
k=0

dkx
k

)
, ck+2 = −akck+bkc1+k−ack+bc1+k

(1+k)(k+2) , 0 = 0, dk+2 = −akdk+bkd1+k+2bd1+k

(k+2)(k+3) , bd0 + 2d1 = 0
]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 69� �
dsolve(x*diff(y(x),x$2)+(a*x^2+b*x+2)*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �

y(x) =
e b2

2aπc2(ax+ b) erf
(√

2 (ax+b)
2
√
a

)
+
√
π
√
2
√
a e−

x(ax+2b)
2 c2 + c1(ax+ b)

x

3 Solution by Mathematica
Time used: 0.535 (sec). Leaf size: 85� �
DSolve[x*y''[x]+(a*x^2+b*x+2)*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(ax+ b)

(
−
√

π
2 c2erf

(
ax+b√
2
√
a

)
a3/2

− c2e
− (ax+b)2

2a
a(ax+b) + c1

)
bx
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28.22 problem 82
28.22.1 Solving as second order integrable as is ode . . . . . . . . . . . 2573
28.22.2 Solving as type second_order_integrable_as_is (not using ABC

version) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2575
28.22.3 Solving as exact linear second order ode ode . . . . . . . . . . . 2577
28.22.4 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2579

Internal problem ID [10906]
Internal file name [OUTPUT/10162_Sunday_December_31_2023_11_03_06_AM_31797229/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 82.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "exact linear second order ode",
"second_order_integrable_as_is"

Maple gives the following as the ode type
[[_2nd_order , _exact , _linear , _homogeneous ]]

xy′′ +
(
a x2 + bx+ c

)
y′ + (2ax+ b) y = 0

28.22.1 Solving as second order integrable as is ode

Integrating both sides of the ODE w.r.t x gives∫ (
xy′′ +

(
a x2 + bx+ c

)
y′ + (2ax+ b) y

)
dx = 0(

a x2 + bx+ c− 1
)
y + y′x = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = −−a x2 − bx− c+ 1
x

q(x) = c1
x

Hence the ode is

y′ − (−a x2 − bx− c+ 1) y
x

= c1
x

The integrating factor µ is

µ = e
∫
−−a x2−bx−c+1

x
dx

= ea x2
2 +bx+(c−1) ln(x)

Which simplifies to

µ = xc−1e
x(ax+2b)

2

The ode becomes

d
dx(µy) = (µ)

(c1
x

)
d
dx

(
xc−1e

x(ax+2b)
2 y

)
=
(
xc−1e

x(ax+2b)
2

)(c1
x

)
d
(
xc−1e

x(ax+2b)
2 y

)
=
(
c1x

c−2e
x(ax+2b)

2

)
dx

Integrating gives

xc−1e
x(ax+2b)

2 y =
∫

c1x
c−2e

x(ax+2b)
2 dx

xc−1e
x(ax+2b)

2 y =
∫

c1x
c−2e

x(ax+2b)
2 dx+ c2

Dividing both sides by the integrating factor µ = xc−1e
x(ax+2b)

2 results in

y = x−c+1e−
x(ax+2b)

2

(∫
c1x

c−2e
x(ax+2b)

2 dx

)
+ c2x

−c+1e−
x(ax+2b)

2

which simplifies to

y = x−c+1e−
x(ax+2b)

2

(
c1

(∫
xc−2e 1

2a x
2+bxdx

)
+ c2

)
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Summary
The solution(s) found are the following

(1)y = x−c+1e−
x(ax+2b)

2

(
c1

(∫
xc−2e 1

2a x
2+bxdx

)
+ c2

)
Verification of solutions

y = x−c+1e−
x(ax+2b)

2

(
c1

(∫
xc−2e 1

2a x
2+bxdx

)
+ c2

)
Verified OK.

28.22.2 Solving as type second_order_integrable_as_is (not using ABC
version)

Writing the ode as

xy′′ +
(
a x2 + bx+ c

)
y′ + (2ax+ b) y = 0

Integrating both sides of the ODE w.r.t x gives∫ (
xy′′ +

(
a x2 + bx+ c

)
y′ + (2ax+ b) y

)
dx = 0(

a x2 + bx+ c− 1
)
y + y′x = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = −−a x2 − bx− c+ 1
x

q(x) = c1
x

Hence the ode is

y′ − (−a x2 − bx− c+ 1) y
x

= c1
x

The integrating factor µ is

µ = e
∫
−−a x2−bx−c+1

x
dx

= ea x2
2 +bx+(c−1) ln(x)
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Which simplifies to

µ = xc−1e
x(ax+2b)

2

The ode becomes

d
dx(µy) = (µ)

(c1
x

)
d
dx

(
xc−1e

x(ax+2b)
2 y

)
=
(
xc−1e

x(ax+2b)
2

)(c1
x

)
d
(
xc−1e

x(ax+2b)
2 y

)
=
(
c1x

c−2e
x(ax+2b)

2

)
dx

Integrating gives

xc−1e
x(ax+2b)

2 y =
∫

c1x
c−2e

x(ax+2b)
2 dx

xc−1e
x(ax+2b)

2 y =
∫

c1x
c−2e

x(ax+2b)
2 dx+ c2

Dividing both sides by the integrating factor µ = xc−1e
x(ax+2b)

2 results in

y = x−c+1e−
x(ax+2b)

2

(∫
c1x

c−2e
x(ax+2b)

2 dx

)
+ c2x

−c+1e−
x(ax+2b)

2

which simplifies to

y = x−c+1e−
x(ax+2b)

2

(
c1

(∫
xc−2e 1

2a x
2+bxdx

)
+ c2

)
Summary
The solution(s) found are the following

(1)y = x−c+1e−
x(ax+2b)

2

(
c1

(∫
xc−2e 1

2a x
2+bxdx

)
+ c2

)
Verification of solutions

y = x−c+1e−
x(ax+2b)

2

(
c1

(∫
xc−2e 1

2a x
2+bxdx

)
+ c2

)
Verified OK.
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28.22.3 Solving as exact linear second order ode ode

An ode of the form

p(x) y′′ + q(x) y′ + r(x) y = s(x)

is exact if

p′′(x)− q′(x) + r(x) = 0 (1)

For the given ode we have

p(x) = x

q(x) = a x2 + bx+ c

r(x) = 2ax+ b

s(x) = 0

Hence

p′′(x) = 0
q′(x) = 2ax+ b

Therefore (1) becomes

0− (2ax+ b) + (2ax+ b) = 0

Hence the ode is exact. Since we now know the ode is exact, it can be written as

(p(x) y′ + (q(x)− p′(x)) y)′ = s(x)

Integrating gives

p(x) y′ + (q(x)− p′(x)) y =
∫

s(x) dx

Substituting the above values for p, q, r, s gives(
a x2 + bx+ c− 1

)
y + y′x = c1

We now have a first order ode to solve which is(
a x2 + bx+ c− 1

)
y + y′x = c1

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = −−a x2 − bx− c+ 1
x

q(x) = c1
x

Hence the ode is

y′ − (−a x2 − bx− c+ 1) y
x

= c1
x

The integrating factor µ is

µ = e
∫
−−a x2−bx−c+1

x
dx

= ea x2
2 +bx+(c−1) ln(x)

Which simplifies to

µ = xc−1e
x(ax+2b)

2

The ode becomes

d
dx(µy) = (µ)

(c1
x

)
d
dx

(
xc−1e

x(ax+2b)
2 y

)
=
(
xc−1e

x(ax+2b)
2

)(c1
x

)
d
(
xc−1e

x(ax+2b)
2 y

)
=
(
c1x

c−2e
x(ax+2b)

2

)
dx

Integrating gives

xc−1e
x(ax+2b)

2 y =
∫

c1x
c−2e

x(ax+2b)
2 dx

xc−1e
x(ax+2b)

2 y =
∫

c1x
c−2e

x(ax+2b)
2 dx+ c2

Dividing both sides by the integrating factor µ = xc−1e
x(ax+2b)

2 results in

y = x−c+1e−
x(ax+2b)

2

(∫
c1x

c−2e
x(ax+2b)

2 dx

)
+ c2x

−c+1e−
x(ax+2b)

2

which simplifies to

y = x−c+1e−
x(ax+2b)

2

(
c1

(∫
xc−2e 1

2a x
2+bxdx

)
+ c2

)
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Summary
The solution(s) found are the following

(1)y = x−c+1e−
x(ax+2b)

2

(
c1

(∫
xc−2e 1

2a x
2+bxdx

)
+ c2

)
Verification of solutions

y = x−c+1e−
x(ax+2b)

2

(
c1

(∫
xc−2e 1

2a x
2+bxdx

)
+ c2

)
Verified OK.

28.22.4 Maple step by step solution

Let’s solve
y′′x+ (a x2 + bx+ c) y′ + (2ax+ b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − (2ax+b)y
x

−
(
a x2+bx+c

)
y′

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
a x2+bx+c

)
y′

x
+ (2ax+b)y

x
= 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = a x2+bx+c
x

, P3(x) = 2ax+b
x

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= c

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0
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• Multiply by denominators
y′′x+ (a x2 + bx+ c) y′ + (2ax+ b) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1

x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−1 + r + c)x−1+r + (a1(1 + r) (r + c) + a0b(1 + r))xr +
(

∞∑
k=1

(ak+1(k + 1 + r) (k + r + c) + akb(k + 1 + r) + ak−1a(k + 1 + r))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−1 + r + c) = 0

• Values of r that satisfy the indicial equation
r ∈ {0,−c+ 1}

• Each term must be 0
a1(1 + r) (r + c) + a0b(1 + r) = 0

2580



• Each term in the series must be 0, giving the recursion relation
(k + 1 + r) (ak+1(k + r + c) + akb+ ak−1a) = 0

• Shift index using k− >k + 1
(k + r + 2) (ak+2(k + 1 + r + c) + ak+1b+ aka) = 0

• Recursion relation that defines series solution to ODE
ak+2 = −aka+ak+1b

k+1+r+c

• Recursion relation for r = 0
ak+2 = −aka+ak+1b

k+1+c

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+2 = −aka+ak+1b

k+1+c
, a0b+ a1c = 0

]
• Recursion relation for r = −c+ 1

ak+2 = −aka+ak+1b
k+2

• Solution for r = −c+ 1[
y =

∞∑
k=0

akx
k−c+1, ak+2 = −aka+ak+1b

k+2 , a1(−c+ 2) + a0b(−c+ 2) = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

dkx
k

)
+
(

∞∑
k=0

ekx
k−c+1

)
, dk+2 = −adk+bd1+k

k+1+c
, bd0 + cd1 = 0, ek+2 = −aek+be1+k

k+2 , e1(−c+ 2) + e0b(−c+ 2) = 0
]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]

One independent solution has integrals. Trying a hypergeometric solution free of integrals...
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

No hypergeometric solution was found.
<- linear_1 successful`� �

2581



3 Solution by Maple
Time used: 0.109 (sec). Leaf size: 46� �
dsolve(x*diff(y(x),x$2)+(a*x^2+b*x+c)*diff(y(x),x)+(2*a*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) = x−c+1e−
x(ax+2b)

2

(
c1

(∫
xc−2e 1

2a x
2+bxdx

)
+ c2

)
3 Solution by Mathematica
Time used: 1.772 (sec). Leaf size: 63� �
DSolve[x*y''[x]+(a*x^2+b*x+c)*y'[x]+(2*a*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x1−ce−
1
2x(ax+2b)

(
c2

∫ x

1
e

1
2aK[1]2+bK[1]K[1]c−2dK[1] + c1

)
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28.23 problem 83
28.23.1 Solving as second order change of variable on y method 2 ode . 2583
28.23.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2586

Internal problem ID [10907]
Internal file name [OUTPUT/10163_Sunday_December_31_2023_11_03_11_AM_95428243/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 83.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_change_of_vari-
able_on_y_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ +
(
a x2 + bx+ c

)
y′ + (c− 1) (ax+ b) y = 0

28.23.1 Solving as second order change of variable on y method 2 ode

In normal form the ode

xy′′ +
(
a x2 + bx+ c

)
y′ + (c− 1) (ax+ b) y = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = a x2 + bx+ c

x

q(x) = (c− 1) (ax+ b)
x
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Applying change of variables on the depndent variable y = v(x)xn to (2) gives the
following ode where the dependent variables is v(x) and not y.

v′′(x) +
(
2n
x

+ p

)
v′(x) +

(
n(n− 1)

x2 + np

x
+ q

)
v(x) = 0 (3)

Let the coefficient of v(x) above be zero. Hence

n(n− 1)
x2 + np

x
+ q = 0 (4)

Substituting the earlier values found for p(x) and q(x) into (4) gives

n(n− 1)
x2 + n(a x2 + bx+ c)

x2 + (c− 1) (ax+ b)
x

= 0 (5)

Solving (5) for n gives

n = −c+ 1 (6)

Substituting this value in (3) gives

v′′(x) +
(
−2c+ 2

x
+ a x2 + bx+ c

x

)
v′(x) = 0

v′′(x) + (a x2 + bx− c+ 2) v′(x)
x

= 0 (7)

Using the substitution

u(x) = v′(x)

Then (7) becomes

u′(x) + (a x2 + bx− c+ 2)u(x)
x

= 0 (8)

The above is now solved for u(x). In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= −(a x2 + bx− c+ 2)u
x
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Where f(x) = −a x2+bx−c+2
x

and g(u) = u. Integrating both sides gives

1
u
du = −a x2 + bx− c+ 2

x
dx∫ 1

u
du =

∫
−a x2 + bx− c+ 2

x
dx

ln (u) = −a x2

2 − bx− (−c+ 2) ln (x) + c1

u = e−a x2
2 −bx−(−c+2) ln(x)+c1

= c1e−
a x2
2 −bx−(−c+2) ln(x)

Which simplifies to

u(x) = c1e−
a x2
2 e−bxxc

x2

Now that u(x) is known, then

v′(x) = u(x)

v(x) =
∫

u(x) dx+ c2

=
∫

c1e−
a x2
2 e−bxxc

x2 dx+ c2

Hence

y = v(x)xn

=
(∫

c1e−
a x2
2 e−bxxc

x2 dx+ c2

)
x−c+1

= x−c+1
(
c1

(∫
xc−2e− 1

2a x
2−bxdx

)
+ c2

)

Summary
The solution(s) found are the following

(1)y =
(∫

c1e−
a x2
2 e−bxxc

x2 dx+ c2

)
x−c+1
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Verification of solutions

y =
(∫

c1e−
a x2
2 e−bxxc

x2 dx+ c2

)
x−c+1

Verified OK.

28.23.2 Maple step by step solution

Let’s solve
y′′x+ (a x2 + bx+ c) y′ + (c− 1) (ax+ b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − (c−1)(ax+b)y
x

−
(
a x2+bx+c

)
y′

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
a x2+bx+c

)
y′

x
+ (c−1)(ax+b)y

x
= 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = a x2+bx+c
x

, P3(x) = (c−1)(ax+b)
x

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= c

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (a x2 + bx+ c) y′ + (c− 1) (ax+ b) y = 0

• Assume series solution for y
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y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1

x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−1 + r + c)x−1+r + (a1(1 + r) (r + c) + a0b(−1 + r + c))xr +
(

∞∑
k=1

(ak+1(k + 1 + r) (k + r + c) + akb(k + r + c− 1) + ak−1a(k − 2 + r + c))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−1 + r + c) = 0

• Values of r that satisfy the indicial equation
r ∈ {0,−c+ 1}

• Each term must be 0
a1(1 + r) (r + c) + a0b(−1 + r + c) = 0

• Each term in the series must be 0, giving the recursion relation
ak+1(k + 1 + r) (k + r + c) + akb(k + r + c− 1) + ak−1a(k − 2 + r + c) = 0

• Shift index using k− >k + 1
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ak+2(k + 2 + r) (k + 1 + r + c) + ak+1b(k + r + c) + aka(k + r + c− 1) = 0
• Recursion relation that defines series solution to ODE

ak+2 = −akac+akak+arak+bcak+1+bkak+1+brak+1−aka
(k+2+r)(k+1+r+c)

• Recursion relation for r = 0
ak+2 = −akac+akak+bcak+1+bkak+1−aka

(k+2)(k+1+c)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+2 = −akac+akak+bcak+1+bkak+1−aka

(k+2)(k+1+c) , a1c+ a0b(c− 1) = 0
]

• Recursion relation for r = −c+ 1

ak+2 = −akac+akak+a(−c+1)ak+bcak+1+bkak+1+b(−c+1)ak+1−aka
(k+3−c)(k+2)

• Solution for r = −c+ 1[
y =

∞∑
k=0

akx
k−c+1, ak+2 = −akac+akak+a(−c+1)ak+bcak+1+bkak+1+b(−c+1)ak+1−aka

(k+3−c)(k+2) , a1(−c+ 2) = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

dkx
k

)
+
(

∞∑
k=0

ekx
k−c+1

)
, dk+2 = −acdk+akdk+bcd1+k+bkd1+k−adk

(k+2)(k+1+c) , d1c+ d0b(c− 1) = 0, ek+2 = − ekac+akek+a(−c+1)ek+bce1+k+bke1+k+b(−c+1)e1+k−eka
(k+3−c)(k+2) , e1(−c+ 2) = 0

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunB ODE, case c = 0

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.297 (sec). Leaf size: 102� �
dsolve(x*diff(y(x),x$2)+(a*x^2+b*x+c)*diff(y(x),x)+(c-1)*(a*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
x(ax+2b)

2

(
HeunB

(
c− 1, b

√
2√
a
, c− 3,−

√
2 b(c− 2)√

a
,

√
2
√
a x

2

)
c1

+HeunB
(
−c+ 1, b

√
2√
a
, c− 3,−

√
2 b(c− 2)√

a
,

√
2
√
a x

2

)
x−c+1c2

)
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3 Solution by Mathematica
Time used: 1.579 (sec). Leaf size: 49� �
DSolve[x*y''[x]+(a*x^2+b*x+c)*y'[x]+(c-1)*(a*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x1−c

(
c2

∫ x

1
e−

1
2K[1](2b+aK[1])K[1]c−2dK[1] + c1

)
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28.24 problem 84
28.24.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2591

Internal problem ID [10908]
Internal file name [OUTPUT/10164_Sunday_December_31_2023_11_03_13_AM_15472296/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 84.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xy′′ +
(
a x2 + bx+ c

)
y′ +

(
Ax2 +Bx+ C0

)
y = 0

28.24.1 Maple step by step solution

Let’s solve
y′′x+ (a x2 + bx+ c) y′ + (Ax2 +Bx+ C0 ) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
Ax2+Bx+C0

)
y

x
−
(
a x2+bx+c

)
y′

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
a x2+bx+c

)
y′

x
+
(
Ax2+Bx+C0

)
y

x
= 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions
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[
P2(x) = a x2+bx+c

x
, P3(x) = Ax2+Bx+C0

x

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= c

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (a x2 + bx+ c) y′ + (Ax2 +Bx+ C0 ) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1
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x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−1 + r + c)x−1+r + (a1(1 + r) (r + c) + a0(br + C0 ))xr + (a2(2 + r) (1 + r + c) + a1(br + C0 + b) + a0(ar +B))x1+r +
(

∞∑
k=2

(ak+1(k + 1 + r) (k + r + c) + ak(bk + br + C0 ) + ak−1(a(k − 1) + ar +B) + Aak−2)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−1 + r + c) = 0

• Values of r that satisfy the indicial equation
r ∈ {0,−c+ 1}

• The coefficients of each power of x must be 0
[a1(1 + r) (r + c) + a0(br + C0 ) = 0, a2(2 + r) (1 + r + c) + a1(br + C0 + b) + a0(ar +B) = 0]

• Solve for the dependent coefficient(s){
a1 = − a0(br+C0 )

rc+r2+c+r
, a2 = −a0

(
a r2c+a r3−b2r2+Brc+B r2−2brC0+arc+a r2−b2r+Bc+Br−C02−C0b

)
r2c2+2r3c+r4+3r c2+7r2c+4r3+2c2+7rc+5r2+2c+2r

}
• Each term in the series must be 0, giving the recursion relation

ak+1(k + 1 + r) (k + r + c) + ak((k + r) b+ C0 ) + ak−1((k + r − 1) a+B) + Aak−2 = 0
• Shift index using k− >k + 2

ak+3(k + 3 + r) (k + 2 + r + c) + ak+2((k + 2 + r) b+ C0 ) + ak+1((k + 1 + r) a+B) + Aak = 0
• Recursion relation that defines series solution to ODE

ak+3 = −akak+1+arak+1+bkak+2+brak+2+Aak+Bak+1+C0ak+2+aak+1+2bak+2
(k+3+r)(k+2+r+c)

• Recursion relation for r = 0
ak+3 = −akak+1+bkak+2+Aak+Bak+1+C0ak+2+aak+1+2bak+2

(k+3)(k+2+c)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+3 = −akak+1+bkak+2+Aak+Bak+1+C0ak+2+aak+1+2bak+2

(k+3)(k+2+c) , a1 = −a0C0
c

, a2 = −a0
(
Bc−C02−C0b

)
2c2+2c

]
• Recursion relation for r = −c+ 1

ak+3 = −akak+1+a(−c+1)ak+1+bkak+2+b(−c+1)ak+2+Aak+Bak+1+C0ak+2+aak+1+2bak+2
(k+4−c)(k+3)

• Solution for r = −c+ 1[
y =

∞∑
k=0

akx
k−c+1, ak+3 = −akak+1+a(−c+1)ak+1+bkak+2+b(−c+1)ak+2+Aak+Bak+1+C0ak+2+aak+1+2bak+2

(k+4−c)(k+3) , a1 = − a0(b(−c+1)+C0 )
(−c+1)c+(−c+1)2+1 , a2 = −

a0
(
a(−c+1)2c+a(−c+1)3−b2(−c+1)2+B(−c+1)c+B(−c+1)2−2b(−c+1)C0+a(−c+1)c+a(−c+1)2−b2(−c+1)+Bc+B(−c+1)−C02−C0b

)
(−c+1)2c2+2(−c+1)3c+(−c+1)4+3(−c+1)c2+7(−c+1)2c+4(−c+1)3+2c2+7(−c+1)c+5(−c+1)2+2

]
• Combine solutions and rename parameters
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[
y =

(
∞∑
k=0

dkx
k

)
+
(

∞∑
k=0

ekx
k−c+1

)
, dk+3 = −akd1+k+bkdk+2+Adk+Bd1+k+C0dk+2+ad1+k+2bdk+2

(k+3)(k+2+c) , d1 = −d0C0
c

, d2 = −d0
(
Bc−C02−C0b

)
2c2+2c , ek+3 = −ake1+k+a(−c+1)e1+k+bkek+2+b(−c+1)ek+2+Aek+Be1+k+C0ek+2+ae1+k+2bek+2

(k+4−c)(k+3) , e1 = − e0(b(−c+1)+C0 )
(−c+1)c+(−c+1)2+1 , e2 = −

e0
(
a(−c+1)2c+a(−c+1)3−b2(−c+1)2+B(−c+1)c+B(−c+1)2−2b(−c+1)C0+a(−c+1)c+a(−c+1)2−b2(−c+1)+Bc+B(−c+1)−C02−C0b

)
(−c+1)2c2+2(−c+1)3c+(−c+1)4+3(−c+1)c2+7(−c+1)2c+4(−c+1)3+2c2+7(−c+1)c+5(−c+1)2+2

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

trying a solution in terms of MeijerG functions
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunB ODE, case c = 0 `� �
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3 Solution by Maple
Time used: 0.281 (sec). Leaf size: 186� �
dsolve(x*diff(y(x),x$2)+(a*x^2+b*x+c)*diff(y(x),x)+(A*x^2+B*x+C0)*y(x)=0,y(x), singsol=all)� �
y(x) = e

x
(
−a2x−2ab+2A

)
2a

(
x−c+1 HeunB

(
−c+ 1,

−
√
2 (−ab+ 2A)

a
3
2

,
(−c− 1) a3 + 2B a2 − 2Aab+ 2A2

a3
,
(bc− 2C0)

√
2√

a
,

√
2
√
a x

2

)
c2

+HeunB
(
c− 1,

−
√
2 (−ab+ 2A)

a
3
2

,
(−c− 1) a3 + 2B a2 − 2Aab+ 2A2

a3
,
(bc− 2C0)

√
2√

a
,

√
2
√
a x

2

)
c1

)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+(a*x^2+b*x+c)*y'[x]+(A*x^2+B*x+C0)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.25 problem 85
28.25.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2596

Internal problem ID [10909]
Internal file name [OUTPUT/10165_Sunday_December_31_2023_11_03_13_AM_53294476/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 85.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xy′′ +
(
a x2 + bx+ 2

)
y′ +

(
c x2 + dx+ b

)
y = 0

28.25.1 Maple step by step solution

Let’s solve
y′′x+ (a x2 + bx+ 2) y′ + (c x2 + dx+ b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
c x2+dx+b

)
y

x
−
(
a x2+bx+2

)
y′

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
a x2+bx+2

)
y′

x
+
(
c x2+dx+b

)
y

x
= 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions
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[
P2(x) = a x2+bx+2

x
, P3(x) = c x2+dx+b

x

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 2

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (a x2 + bx+ 2) y′ + (c x2 + dx+ b) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1
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x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(1 + r)x−1+r + (a1(1 + r) (2 + r) + a0b(1 + r))xr + (a2(2 + r) (3 + r) + a1b(2 + r) + a0(ar + d))x1+r +
(

∞∑
k=2

(ak+1(k + 1 + r) (k + 2 + r) + akb(k + 1 + r) + ak−1(a(k − 1) + ar + d) + ak−2c)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(1 + r) = 0

• Values of r that satisfy the indicial equation
r ∈ {−1, 0}

• The coefficients of each power of x must be 0
[a1(1 + r) (2 + r) + a0b(1 + r) = 0, a2(2 + r) (3 + r) + a1b(2 + r) + a0(ar + d) = 0]

• Solve for the dependent coefficient(s){
a1 = − a0b

2+r
, a2 = −a0

(
ar−b2+d

)
r2+5r+6

}
• Each term in the series must be 0, giving the recursion relation

ak+1(k + 1 + r) (k + 2 + r) + akb(k + 1 + r) + ak−1((k + r − 1) a+ d) + ak−2c = 0
• Shift index using k− >k + 2

ak+3(k + 3 + r) (k + 4 + r) + ak+2b(k + 3 + r) + ak+1((k + 1 + r) a+ d) + akc = 0
• Recursion relation that defines series solution to ODE

ak+3 = −akak+1+arak+1+bkak+2+brak+2+aak+1+3bak+2+akc+dak+1
(k+3+r)(k+4+r)

• Recursion relation for r = −1
ak+3 = −akak+1+bkak+2+2bak+2+akc+dak+1

(k+2)(k+3)

• Solution for r = −1[
y =

∞∑
k=0

akx
k−1, ak+3 = −akak+1+bkak+2+2bak+2+akc+dak+1

(k+2)(k+3) , a1 = −a0b, a2 = −a0
(
−b2−a+d

)
2

]
• Recursion relation for r = 0

ak+3 = −akak+1+bkak+2+aak+1+3bak+2+akc+dak+1
(k+3)(k+4)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+3 = −akak+1+bkak+2+aak+1+3bak+2+akc+dak+1

(k+3)(k+4) , a1 = −a0b
2 , a2 = −a0

(
−b2+d

)
6

]
• Combine solutions and rename parameters
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[
y =

(
∞∑
k=0

ekx
k−1
)
+
(

∞∑
k=0

fkx
k

)
, ek+3 = −ake1+k+bkek+2+2bek+2+cek+de1+k

(k+2)(k+3) , e1 = −e0b, e2 = − e0
(
−b2−a+d

)
2 , fk+3 = −akf1+k+bkfk+2+af1+k+3bfk+2+cfk+df1+k

(k+3)(k+4) , f1 = −f0b
2 , f2 = −f0

(
−b2+d

)
6

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: indirect Equivalence to 0F1 under \`\`^ @ Moebius\`\` is resolved

<- hypergeometric successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.046 (sec). Leaf size: 143� �
dsolve(x*diff(y(x),x$2)+(a*x^2+b*x+2)*diff(y(x),x)+(c*x^2+d*x+b)*y(x)=0,y(x), singsol=all)� �
y(x)

=
e−

x
(
a2x+2ab−2c

)
2a

(
hypergeom

([
3a3−d a2+abc−c2

2a3

]
,
[3
2

]
,
(
a2x+ab−2c

)2
2a3

)
(a2x+ ab− 2c) c2 + c1 hypergeom

([
2a3−d a2+abc−c2

2a3

]
,
[1
2

]
,
(
a2x+ab−2c

)2
2a3

))
x
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3 Solution by Mathematica
Time used: 0.155 (sec). Leaf size: 134� �
DSolve[x*y''[x]+(a*x^2+b*x+2)*y'[x]+(c*x^2+d*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
e−

1
2x
(
− 2c

a
+ax+2b

)(
c2Hypergeometric1F1

(
−−2a3+da2−bca+c2

2a3 , 12 ,
(
xa2+ba−2c

)2
2a3

)
+ c1HermiteH

(
−2a3+da2−bca+c2

a3
, xa

2+ba−2c√
2a3/2

))
x

2600



28.26 problem 86
28.26.1 Solving as second order change of variable on y method 2 ode . 2601
28.26.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2604

Internal problem ID [10910]
Internal file name [OUTPUT/10166_Sunday_December_31_2023_11_03_14_AM_61480679/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 86.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_change_of_vari-
able_on_y_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ +
(
a x3 + b

)
y′ + a(b− 1)x2y = 0

28.26.1 Solving as second order change of variable on y method 2 ode

In normal form the ode

xy′′ +
(
a x3 + b

)
y′ + a(b− 1)x2y = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = a x3 + b

x
q(x) = ax(b− 1)
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Applying change of variables on the depndent variable y = v(x)xn to (2) gives the
following ode where the dependent variables is v(x) and not y.

v′′(x) +
(
2n
x

+ p

)
v′(x) +

(
n(n− 1)

x2 + np

x
+ q

)
v(x) = 0 (3)

Let the coefficient of v(x) above be zero. Hence

n(n− 1)
x2 + np

x
+ q = 0 (4)

Substituting the earlier values found for p(x) and q(x) into (4) gives

n(n− 1)
x2 + n(a x3 + b)

x2 + ax(b− 1) = 0 (5)

Solving (5) for n gives

n = −b+ 1 (6)

Substituting this value in (3) gives

v′′(x) +
(
−2b+ 2

x
+ a x3 + b

x

)
v′(x) = 0

v′′(x) + (a x3 − b+ 2) v′(x)
x

= 0 (7)

Using the substitution

u(x) = v′(x)

Then (7) becomes

u′(x) + (a x3 − b+ 2)u(x)
x

= 0 (8)

The above is now solved for u(x). In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= −(a x3 − b+ 2)u
x
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Where f(x) = −a x3−b+2
x

and g(u) = u. Integrating both sides gives

1
u
du = −a x3 − b+ 2

x
dx∫ 1

u
du =

∫
−a x3 − b+ 2

x
dx

ln (u) = −a x3

3 − (2− b) ln (x) + c1

u = e−a x3
3 −(2−b) ln(x)+c1

= c1e−
a x3
3 −(2−b) ln(x)

Which simplifies to

u(x) = c1e−
a x3
3 xb

x2

Now that u(x) is known, then

v′(x) = u(x)

v(x) =
∫

u(x) dx+ c2

= 3− 4
3+

b
3a−

b
3+

1
3 c1

3− b
6+

8
3x2+ba

2
3+

b
3 (a x3)−

1
3−

b
6 e−a x3

6 WhittakerM
(

1
3 +

b
6 ,

b
6 +

5
6 ,

a x3

3

)
(b− 1) (2 + b) (5 + b) +

3− b
6+

8
3x−4+ba−

4
3+

b
3 (a x3 + b+ 2) (a x3)−

1
3−

b
6 e−a x3

6 WhittakerM
(

4
3 +

b
6 ,

b
6 +

5
6 ,

a x3

3

)
(b− 1) (2 + b)

+ c2

Hence

y = v(x)xn

=

3− 4
3+

b
3a−

b
3+

1
3 c1

3− b
6+

8
3x2+ba

2
3+

b
3 (a x3)−

1
3−

b
6 e−a x3

6 WhittakerM
(

1
3 +

b
6 ,

b
6 +

5
6 ,

a x3

3

)
(b− 1) (2 + b) (5 + b) +

3− b
6+

8
3x−4+ba−

4
3+

b
3 (a x3 + b+ 2) (a x3)−

1
3−

b
6 e−a x3

6 WhittakerM
(

4
3 +

b
6 ,

b
6 +

5
6 ,

a x3

3

)
(b− 1) (2 + b)

+ c2

x−b+1

=
3 4

3+
b
6ac1x

3(a x3)−
1
3−

b
6 e−a x3

6 WhittakerM
(

1
3 +

b
6 ,

b
6 +

5
6 ,

a x3

3

)
+ (5 + b)

(
c1(a x3 + b+ 2) e−a x3

3 + c2x
−b+1(2 + b) (b− 1)

)
(2 + b) (5 + b) (b− 1)
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Summary
The solution(s) found are the following

(1)y

=

3− 4
3+

b
3a−

b
3+

1
3 c1

3− b
6+

8
3x2+ba

2
3+

b
3 (a x3)−

1
3−

b
6 e−a x3

6 WhittakerM
(

1
3 +

b
6 ,

b
6 +

5
6 ,

a x3

3

)
(b− 1) (2 + b) (5 + b)

+
3− b

6+
8
3x−4+ba−

4
3+

b
3 (a x3 + b+ 2) (a x3)−

1
3−

b
6 e−a x3

6 WhittakerM
(

4
3 +

b
6 ,

b
6 +

5
6 ,

a x3

3

)
(b− 1) (2 + b)


+ c2

x−b+1

Verification of solutions
y

=

3− 4
3+

b
3a−

b
3+

1
3 c1

3− b
6+

8
3x2+ba

2
3+

b
3 (a x3)−

1
3−

b
6 e−a x3

6 WhittakerM
(

1
3 +

b
6 ,

b
6 +

5
6 ,

a x3

3

)
(b− 1) (2 + b) (5 + b)

+
3− b

6+
8
3x−4+ba−

4
3+

b
3 (a x3 + b+ 2) (a x3)−

1
3−

b
6 e−a x3

6 WhittakerM
(

4
3 +

b
6 ,

b
6 +

5
6 ,

a x3

3

)
(b− 1) (2 + b)


+ c2

x−b+1

Verified OK.

28.26.2 Maple step by step solution

Let’s solve
y′′x+ (a x3 + b) y′ + a(b− 1)x2y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
a x3+b

)
y′

x
− ax(b− 1) y

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
a x3+b

)
y′

x
+ ax(b− 1) y = 0
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� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = a x3+b
x

, P3(x) = ax(b− 1)
]

◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= b

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (a x3 + b) y′ + a(b− 1)x2y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert x2 · y to series expansion

x2 · y =
∞∑
k=0

akx
k+r+2

◦ Shift index using k− >k − 2

x2 · y =
∞∑
k=2

ak−2x
k+r

◦ Convert xm · y′ to series expansion form = 0..3

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion
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x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1

x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−1 + r + b)x−1+r + a1(1 + r) (r + b)xr + a2(2 + r) (1 + r + b)x1+r +
(

∞∑
k=2

(ak+1(k + 1 + r) (k + r + b) + ak−2a(k − 3 + r + b))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−1 + r + b) = 0

• Values of r that satisfy the indicial equation
r ∈ {0,−b+ 1}

• The coefficients of each power of x must be 0
[a1(1 + r) (r + b) = 0, a2(2 + r) (1 + r + b) = 0]

• Solve for the dependent coefficient(s)
{a1 = 0, a2 = 0}

• Each term in the series must be 0, giving the recursion relation
ak+1(k + 1 + r) (k + r + b) + ak−2a(k − 3 + r + b) = 0

• Shift index using k− >k + 2
ak+3(k + 3 + r) (k + 2 + r + b) + aka(k + r + b− 1) = 0

• Recursion relation that defines series solution to ODE
ak+3 = − aka(k+r+b−1)

(k+3+r)(k+2+r+b)

• Recursion relation for r = 0
ak+3 = − aka(k−1+b)

(k+3)(k+2+b)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+3 = − aka(k−1+b)

(k+3)(k+2+b) , a1 = 0, a2 = 0
]

• Recursion relation for r = −b+ 1
ak+3 = − akak

(k+4−b)(k+3)

• Solution for r = −b+ 1
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[
y =

∞∑
k=0

akx
k−b+1, ak+3 = − akak

(k+4−b)(k+3) , a1 = 0, a2 = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

ckx
k

)
+
(

∞∑
k=0

dkx
k−b+1

)
, ck+3 = − cka(k−1+b)

(k+3)(k+2+b) , c1 = 0, c2 = 0, dk+3 = − dkak
(k+4−b)(k+3) , d1 = 0, d2 = 0

]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 107� �
dsolve(x*diff(y(x),x$2)+(a*x^3+b)*diff(y(x),x)+a*(b-1)*x^2*y(x)=0,y(x), singsol=all)� �
y(x)

=
9c2a2x− b

2+3e−a x3
6 WhittakerM

(
1
3 +

b
6 ,

b
6 +

5
6 ,

a x3

3

)
+
(
a x− b

2+3 + x− b
2 (b+ 2)

)
c2e−

a x3
3 a3− b

6+
2
3 (b+ 5) (a x3)

1
3+

b
6 + 9c1x−b+2

9x

3 Solution by Mathematica
Time used: 0.424 (sec). Leaf size: 60� �
DSolve[x*y''[x]+(a*x^3+b)*y'[x]+a*(b-1)*x^2*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1x
1−b − 3 b−4

3 c2
(
ax3) 1

3−
b
3 Γ
(
b− 1
3 ,

ax3

3

)
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28.27 problem 87
28.27.1 Solving as second order integrable as is ode . . . . . . . . . . . 2608
28.27.2 Solving as type second_order_integrable_as_is (not using ABC

version) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2610
28.27.3 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2612
28.27.4 Solving as exact linear second order ode ode . . . . . . . . . . . 2618

Internal problem ID [10911]
Internal file name [OUTPUT/10167_Sunday_December_31_2023_11_03_15_AM_41317649/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 87.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "exact linear second
order ode", "second_order_integrable_as_is"

Maple gives the following as the ode type
[[_2nd_order , _exact , _linear , _homogeneous ]]

xy′′ + x
(
a x2 + b

)
y′ +

(
3a x2 + b

)
y = 0

28.27.1 Solving as second order integrable as is ode

Integrating both sides of the ODE w.r.t x gives∫ (
xy′′ + x

(
a x2 + b

)
y′ +

(
3a x2 + b

)
y
)
dx = 0(

a x3 + bx− 1
)
y + y′x = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = −−a x3 − bx+ 1
x

q(x) = c1
x

Hence the ode is

y′ − (−a x3 − bx+ 1) y
x

= c1
x

The integrating factor µ is

µ = e
∫
−−a x3−bx+1

x
dx

= ea x3
3 +bx−ln(x)

Which simplifies to

µ = e
x
(
a x2+3b

)
3

x

The ode becomes
d
dx(µy) = (µ)

(c1
x

)
d
dx

e
x
(
a x2+3b

)
3 y

x

 =

e
x
(
a x2+3b

)
3

x

(c1
x

)

d

e
x
(
a x2+3b

)
3 y

x

 =

c1e
x
(
a x2+3b

)
3

x2

 dx

Integrating gives

e
x
(
a x2+3b

)
3 y

x
=
∫

c1e
x
(
a x2+3b

)
3

x2 dx

e
x
(
a x2+3b

)
3 y

x
=
∫

c1e
x
(
a x2+3b

)
3

x2 dx+ c2

Dividing both sides by the integrating factor µ = e
x
(
a x2+3b

)
3
x

results in

y = x e−
x
(
a x2+3b

)
3

∫ c1e
x
(
a x2+3b

)
3

x2 dx

+ c2x e−
x
(
a x2+3b

)
3
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which simplifies to

y = x e−
x
(
a x2+3b

)
3

c1

∫ e
x
(
a x2+3b

)
3

x2 dx

+ c2


Summary
The solution(s) found are the following

(1)y = x e−
x
(
a x2+3b

)
3

c1

∫ e
x
(
a x2+3b

)
3

x2 dx

+ c2


Verification of solutions

y = x e−
x
(
a x2+3b

)
3

c1

∫ e
x
(
a x2+3b

)
3

x2 dx

+ c2


Verified OK.

28.27.2 Solving as type second_order_integrable_as_is (not using ABC
version)

Writing the ode as
xy′′ + x

(
a x2 + b

)
y′ +

(
3a x2 + b

)
y = 0

Integrating both sides of the ODE w.r.t x gives∫ (
xy′′ + x

(
a x2 + b

)
y′ +

(
3a x2 + b

)
y
)
dx = 0(

a x3 + bx− 1
)
y + y′x = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = −−a x3 − bx+ 1
x

q(x) = c1
x
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Hence the ode is

y′ − (−a x3 − bx+ 1) y
x

= c1
x

The integrating factor µ is

µ = e
∫
−−a x3−bx+1

x
dx

= ea x3
3 +bx−ln(x)

Which simplifies to

µ = e
x
(
a x2+3b

)
3

x

The ode becomes
d
dx(µy) = (µ)

(c1
x

)
d
dx

e
x
(
a x2+3b

)
3 y

x

 =

e
x
(
a x2+3b

)
3

x

(c1
x

)

d

e
x
(
a x2+3b

)
3 y

x

 =

c1e
x
(
a x2+3b

)
3

x2

 dx

Integrating gives

e
x
(
a x2+3b

)
3 y

x
=
∫

c1e
x
(
a x2+3b

)
3

x2 dx

e
x
(
a x2+3b

)
3 y

x
=
∫

c1e
x
(
a x2+3b

)
3

x2 dx+ c2

Dividing both sides by the integrating factor µ = e
x
(
a x2+3b

)
3
x

results in

y = x e−
x
(
a x2+3b

)
3

∫ c1e
x
(
a x2+3b

)
3

x2 dx

+ c2x e−
x
(
a x2+3b

)
3

which simplifies to

y = x e−
x
(
a x2+3b

)
3

c1

∫ e
x
(
a x2+3b

)
3

x2 dx

+ c2
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Summary
The solution(s) found are the following

(1)y = x e−
x
(
a x2+3b

)
3

c1

∫ e
x
(
a x2+3b

)
3

x2 dx

+ c2


Verification of solutions

y = x e−
x
(
a x2+3b

)
3

c1

∫ e
x
(
a x2+3b

)
3

x2 dx

+ c2


Verified OK.

28.27.3 Solving using Kovacic algorithm

Writing the ode as

xy′′ + x
(
a x2 + b

)
y′ +

(
3a x2 + b

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x

B = x
(
a x2 + b

)
(3)

C = 3a x2 + b

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = x5a2 + 2ab x3 − 8a x2 + b2x− 4b
4x (6)
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Comparing the above to (5) shows that

s = x5a2 + 2ab x3 − 8a x2 + b2x− 4b
t = 4x

Therefore eq. (4) becomes

z′′(x) =
(
x5a2 + 2ab x3 − 8a x2 + b2x− 4b

4x

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 103: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 1− 5
= −4

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4x. There is a pole at x = 0 of order 1. Since there is no odd order pole
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larger than 2 and the order at ∞ is −4 then the necessary conditions for case one are
met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Looking at poles of order 1. For the pole at x = 0 of order 1 then

[
√
r]c = 0
α+
c = 1

α−
c = 1

Since the order of r at ∞ is Or(∞) = −4 then

v = −Or(∞)
2 = 4

2 = 2

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
2∑

i=0

aix
i (8)

Let a be the coefficient of xv = x2 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ a x2

2 + b

2 − 2
x
+ b

a x3 − 4
a x4 − b2

a2x5 + 8b
a2x6 + b3

a3x7 − 16
a2x7 + . . . (9)

Comparing Eq. (9) with Eq. (8) shows that

a = a

2
From Eq. (9) the sum up to v = 2 gives

[
√
r]∞ =

2∑
i=0

aix
i

= a x2

2 + b

2 (10)

Now we need to find b, where b be the coefficient of xv−1 = x1 = x in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4a
2x4 + 1

2ab x
2 + 1

4b
2
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This shows that the coefficient of x in the above is 0. Now we need to find the coefficient
of x in r. How this is done depends on if v = 0 or not. Since v = 2 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of x in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= x5a2 + 2ab x3 − 8a x2 + b2x− 4b
4x

= Q+ R

4x

=
(
1
4a

2x4 + 1
2ab x

2 − 2ax+ 1
4b

2
)
+
(
− b

x

)
= a2x4

4 + ab x2

2 − 2ax+ b2

4 − b

x

We see that the coefficient of the term 1 in the quotient is −2a. Now b can be found.

b = (−2a)− (0)
= −2a

Hence

[
√
r]∞ = a x2

2 + b

2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
−2a

a
2

− 2
)

= −3

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−−2a

a
2

− 2
)

= 1

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = x5a2 + 2ab x3 − 8a x2 + b2x− 4b
4x

pole c location pole order [
√
r]c α+

c α−
c

0 1 0 0 1

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−4 a x2

2 + b
2 −3 1
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Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 1 then

d = α−
∞ −

(
α−
c1

)
= 1− (1)
= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+ (−)[

√
r]∞

= 1
x
+ (−)

(
a x2

2 + b

2

)
= 1

x
− a x2

2 − b

2

= 1
x
− a x2

2 − b

2
Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
1
x
− a x2

2 − b

2

)
(0) +

((
− 1
x2 − ax

)
+
(
1
x
− a x2

2 − b

2

)2

−
(
x5a2 + 2ab x3 − 8a x2 + b2x− 4b

4x

))
= 0

0 = 0
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The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ ( 1

x
−a x2

2 − b
2

)
dx

= x e−
x
(
a x2+3b

)
6

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
x
(
a x2+b

)
x

dx

= z1e
− 1

2 bx−
1
6a x

3

= z1

(
e−

x
(
a x2+3b

)
6

)

Which simplifies to

y1 = x e−
x
(
a x2+3b

)
3

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−

x
(
a x2+b

)
x

dx

(y1)2
dx

= y1

∫
e−

1
3a x

3−bx

(y1)2
dx

= y1

∫ e
x
(
a x2+3b

)
3

x2 dx


Therefore the solution is
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y = c1y1 + c2y2

= c1

(
x e−

x
(
a x2+3b

)
3

)
+ c2

x e−
x
(
a x2+3b

)
3

∫ e
x
(
a x2+3b

)
3

x2 dx


Summary
The solution(s) found are the following

(1)y = c1x e−
x
(
a x2+3b

)
3 + c2x e−

x
(
a x2+3b

)
3

∫ e
x
(
a x2+3b

)
3

x2 dx


Verification of solutions

y = c1x e−
x
(
a x2+3b

)
3 + c2x e−

x
(
a x2+3b

)
3

∫ e
x
(
a x2+3b

)
3

x2 dx


Verified OK.

28.27.4 Solving as exact linear second order ode ode

An ode of the form

p(x) y′′ + q(x) y′ + r(x) y = s(x)

is exact if

p′′(x)− q′(x) + r(x) = 0 (1)

For the given ode we have

p(x) = x

q(x) = x
(
a x2 + b

)
r(x) = 3a x2 + b

s(x) = 0

Hence

p′′(x) = 0
q′(x) = 3a x2 + b

Therefore (1) becomes

0−
(
3a x2 + b

)
+
(
3a x2 + b

)
= 0
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Hence the ode is exact. Since we now know the ode is exact, it can be written as

(p(x) y′ + (q(x)− p′(x)) y)′ = s(x)

Integrating gives

p(x) y′ + (q(x)− p′(x)) y =
∫

s(x) dx

Substituting the above values for p, q, r, s gives

y′x+
(
x
(
a x2 + b

)
− 1
)
y = c1

We now have a first order ode to solve which is

y′x+
(
x
(
a x2 + b

)
− 1
)
y = c1

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = −−a x3 − bx+ 1
x

q(x) = c1
x

Hence the ode is

y′ − (−a x3 − bx+ 1) y
x

= c1
x

The integrating factor µ is

µ = e
∫
−−a x3−bx+1

x
dx

= ea x3
3 +bx−ln(x)

Which simplifies to

µ = e
x
(
a x2+3b

)
3

x
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The ode becomes
d
dx(µy) = (µ)

(c1
x

)
d
dx

e
x
(
a x2+3b

)
3 y

x

 =

e
x
(
a x2+3b

)
3

x

(c1
x

)

d

e
x
(
a x2+3b

)
3 y

x

 =

c1e
x
(
a x2+3b

)
3

x2

 dx

Integrating gives

e
x
(
a x2+3b

)
3 y

x
=
∫

c1e
x
(
a x2+3b

)
3

x2 dx

e
x
(
a x2+3b

)
3 y

x
=
∫

c1e
x
(
a x2+3b

)
3

x2 dx+ c2

Dividing both sides by the integrating factor µ = e
x
(
a x2+3b

)
3
x

results in

y = x e−
x
(
a x2+3b

)
3

∫ c1e
x
(
a x2+3b

)
3

x2 dx

+ c2x e−
x
(
a x2+3b

)
3

which simplifies to

y = x e−
x
(
a x2+3b

)
3

c1

∫ e
x
(
a x2+3b

)
3

x2 dx

+ c2


Summary
The solution(s) found are the following

(1)y = x e−
x
(
a x2+3b

)
3

c1

∫ e
x
(
a x2+3b

)
3

x2 dx

+ c2


Verification of solutions

y = x e−
x
(
a x2+3b

)
3

c1

∫ e
x
(
a x2+3b

)
3

x2 dx

+ c2


Verified OK.
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]

One independent solution has integrals. Trying a hypergeometric solution free of integrals...
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

No hypergeometric solution was found.
<- linear_1 successful`� �
3 Solution by Maple
Time used: 0.141 (sec). Leaf size: 42� �
dsolve(x*diff(y(x),x$2)+x*(a*x^2+b)*diff(y(x),x)+(3*a*x^2+b)*y(x)=0,y(x), singsol=all)� �

y(x) = x e−
x
(
a x2+3b

)
3

c1

∫ e
x
(
a x2+3b

)
3

x2 dx

+ c2


3 Solution by Mathematica
Time used: 2.43 (sec). Leaf size: 56� �
DSolve[x*y''[x]+x*(a*x^2+b)*y'[x]+(3*a*x^2+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → xe−
ax3
3 −bx

(
c2

∫ x

1

e
1
3aK[1]3+bK[1]

K[1]2 dK[1] + c1

)
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28.28 problem 88
28.28.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2622
28.28.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2628

Internal problem ID [10912]
Internal file name [OUTPUT/10168_Sunday_December_31_2023_11_03_18_AM_67796438/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 88.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ +
(
a x3 + b x2 + 2

)
y′ + bxy = 0

28.28.1 Solving using Kovacic algorithm

Writing the ode as

xy′′ +
(
a x3 + b x2 + 2

)
y′ + bxy = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x

B = a x3 + b x2 + 2 (3)
C = bx

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2x4 + 2ab x3 + b2x2 + 8ax+ 2b
4 (6)

Comparing the above to (5) shows that

s = a2x4 + 2ab x3 + b2x2 + 8ax+ 2b
t = 4

Therefore eq. (4) becomes

z′′(x) =
(
1
4a

2x4 + 1
2ab x

3 + 1
4b

2x2 + 2ax+ 1
2b
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 104: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 4
= −4

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is −4 then the necessary conditions for
case one are met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Since the order of r at ∞ is Or(∞) = −4 then

v = −Or(∞)
2 = 4

2 = 2

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
2∑

i=0

aix
i (8)

Let a be the coefficient of xv = x2 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ a x2

2 + bx

2 + 2
x
− 3b
2a x2 +

3b2
2a2x3 −

3b3
2a3x4 −

4
a x4 +

3b4
2a4x5 +

10b
a2x5 −

3b5
2a5x6 −

73b2
4a3x6 +. . .

(9)
Comparing Eq. (9) with Eq. (8) shows that

a = a

2

From Eq. (9) the sum up to v = 2 gives

[
√
r]∞ =

2∑
i=0

aix
i

= 1
2bx+ 1

2a x
2 (10)
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Now we need to find b, where b be the coefficient of xv−1 = x1 = x in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4b
2x2 + 1

2ab x
3 + 1

4a
2x4

This shows that the coefficient of x in the above is 0. Now we need to find the coefficient
of x in r. How this is done depends on if v = 0 or not. Since v = 2 which is not zero,
then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of x in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= a2x4 + 2ab x3 + b2x2 + 8ax+ 2b
4

= Q+ R

4

=
(
1
4a

2x4 + 1
2ab x

3 + 1
4b

2x2 + 2ax+ 1
2b
)
+ (0)

= 1
4a

2x4 + 1
2ab x

3 + 1
4b

2x2 + 2ax+ 1
2b

We see that the coefficient of the term 1
x
in the quotient is 2a. Now b can be found.

b = (2a)− (0)
= 2a

Hence

[
√
r]∞ = 1

2bx+ 1
2a x

2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
2a
a
2

− 2
)

= 1

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−2a

a
2

− 2
)

= −3

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = 1
4a

2x4 + 1
2ab x

3 + 1
4b

2x2 + 2ax+ 1
2b
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Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−4 1
2bx+ 1

2a x
2 1 −3

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α+

∞ = 1, and since there are no poles, then

d = α+
∞

= 1

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

Substituting the above values in the above results in

ω = (+)[
√
r]∞

= 0 +
(
1
2bx+ 1

2a x
2
)

= 1
2bx+ 1

2a x
2

= (ax+ b)x
2

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 1 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = x+ a0 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
1
2bx+ 1

2a x
2
)
(1) +

((
ax+ b

2

)
+
(
1
2bx+ 1

2a x
2
)2

−
(
1
4a

2x4 + 1
2ab x

3 + 1
4b

2x2 + 2ax+ 1
2b
))

= 0

−x(aa0 − b) = 0
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Solving for the coefficients ai in the above using method of undetermined coefficients
gives {

a0 =
b

a

}
Substituting these coefficients in p(x) in eq. (2A) results in

p(x) = x+ b

a

Therefore the first solution to the ode z′′ = rz is

z1(x) = pe
∫
ω dx

=
(
x+ b

a

)
e
∫ ( 1

2 bx+
1
2a x

2)dx

=
(
x+ b

a

)
e 1

6a x
3+ 1

4 b x
2

= (ax+ b) e 1
6a x

3+ 1
4 b x

2

a

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
a x3+b x2+2

x
dx

= z1e
−a x3

6 − b x2
4 −ln(x)

= z1

(
e− 1

6a x
3− 1

4 b x
2

x

)

Which simplifies to

y1 =
ax+ b

xa

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx
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Substituting gives

y2 = y1

∫
e
∫
−a x3+b x2+2

x
dx

(y1)2
dx

= y1

∫
e−

a x3
3 − b x2

2 −2 ln(x)

(y1)2
dx

= y1

(∫ e− 1
3a x

3− 1
2 b x

2
a2

(ax+ b)2
dx

)

Therefore the solution is

y = c1y1 + c2y2

= c1

(
ax+ b

xa

)
+ c2

(
ax+ b

xa

(∫ e− 1
3a x

3− 1
2 b x

2
a2

(ax+ b)2
dx

))

Summary
The solution(s) found are the following

(1)y = c1(ax+ b)
xa

+
c2(ax+ b) a

(∫ e−
1
3a x3− 1

2 b x2

(ax+b)2 dx
)

x

Verification of solutions

y = c1(ax+ b)
xa

+
c2(ax+ b) a

(∫ e−
1
3a x3− 1

2 b x2

(ax+b)2 dx
)

x

Verified OK.

28.28.2 Maple step by step solution

Let’s solve
y′′x+ (a x3 + b x2 + 2) y′ + bxy = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
a x3+b x2+2

)
y′

x
− yb

2628



• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
a x3+b x2+2

)
y′

x
+ yb = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = a x3+b x2+2
x

, P3(x) = b
]

◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 2

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (a x3 + b x2 + 2) y′ + bxy = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert x · y to series expansion

x · y =
∞∑
k=0

akx
k+r+1

◦ Shift index using k− >k − 1

x · y =
∞∑
k=1

ak−1x
k+r

◦ Convert xm · y′ to series expansion form = 0..3

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r
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◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1

x · y′′ =
∞∑

k=−1
ak+1(k + r + 1) (k + r)xk+r

Rewrite ODE with series expansions

a0r(1 + r)x−1+r + a1(1 + r) (2 + r)xr + (a2(2 + r) (3 + r) + ba0(1 + r))x1+r +
(

∞∑
k=2

(ak+1(k + r + 1) (k + 2 + r) + bak−1(k + r) + ak−2(k − 2 + r) a)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(1 + r) = 0

• Values of r that satisfy the indicial equation
r ∈ {−1, 0}

• The coefficients of each power of x must be 0
[a1(1 + r) (2 + r) = 0, a2(2 + r) (3 + r) + ba0(1 + r) = 0]

• Solve for the dependent coefficient(s){
a1 = 0, a2 = − ba0(1+r)

r2+5r+6

}
• Each term in the series must be 0, giving the recursion relation

ak+1(k + r + 1) (k + 2 + r) + bak−1(k + r) + ak−2(k − 2 + r) a = 0
• Shift index using k− >k + 2

ak+3(k + 3 + r) (k + 4 + r) + bak+1(k + 2 + r) + ak(k + r) a = 0
• Recursion relation that defines series solution to ODE

ak+3 = −akak+arak+bkak+1+brak+1+2bak+1
(k+3+r)(k+4+r)

• Recursion relation for r = −1
ak+3 = −akak+bkak+1−aak+bak+1

(k+2)(k+3)

• Solution for r = −1[
y =

∞∑
k=0

akx
k−1, ak+3 = −akak+bkak+1−aak+bak+1

(k+2)(k+3) , a1 = 0, a2 = 0
]

• Recursion relation for r = 0
ak+3 = −akak+bkak+1+2bak+1

(k+3)(k+4)
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• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+3 = −akak+bkak+1+2bak+1

(k+3)(k+4) , a1 = 0, a2 = −a0b
6

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ckx
k−1
)
+
(

∞∑
k=0

dkx
k

)
, ck+3 = −akck+bkc1+k−ack+bc1+k

(k+2)(k+3) , c1 = 0, c2 = 0, dk+3 = −akdk+bkd1+k+2bd1+k

(k+3)(k+4) , d1 = 0, d2 = −d0b
6

]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunT ODE, case c = 0

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.281 (sec). Leaf size: 143� �
dsolve(x*diff(y(x),x$2)+(a*x^3+b*x^2+2)*diff(y(x),x)+b*x*y(x)=0,y(x), singsol=all)� �
y(x)

=
c1e−

csgn(a)x2(csgn(a)+1)
(
ax+3b

2
)

6 HeunT
(

3
2
3 b

2(a2)
1
3
,−6 csgn (a) ,− b23

1
3

4(a2)
2
3
, 3

2
3 a(2ax+b)
6(a2)

5
6

)
+ c2e−

csgn(a)x2(csgn(a)−1)
(
ax+3b

2
)

6 HeunT
(

3
2
3 b

2(a2)
1
3
, 6 csgn (a) ,− b23

1
3

4(a2)
2
3
,−3

2
3 a(2ax+b)
6(a2)

5
6

)
x

3 Solution by Mathematica
Time used: 1.962 (sec). Leaf size: 58� �
DSolve[x*y''[x]+(a*x^3+b*x^2+2)*y'[x]+b*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(ax+ b)

(
c2
∫ x

1
e−

1
6K[1]2(3b+2aK[1])

(b+aK[1])2 dK[1] + c1
)

bx
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28.29 problem 89
28.29.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2633
28.29.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2640

Internal problem ID [10913]
Internal file name [OUTPUT/10169_Sunday_December_31_2023_11_03_19_AM_96435749/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 89.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ +
(
ab x3 + b x2 + ax− 1

)
y′ + a2b x3y = 0

28.29.1 Solving using Kovacic algorithm

Writing the ode as

xy′′ +
(
ab x3 + b x2 + ax− 1

)
y′ + a2b x3y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x

B = ab x3 + b x2 + ax− 1 (3)
C = a2b x3

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2b2x6 + 2a b2x5 − 2a2b x4 + b2x4 + 4ab x3 + a2x2 − 2ax+ 3
4x2 (6)

Comparing the above to (5) shows that

s = a2b2x6 + 2a b2x5 − 2a2b x4 + b2x4 + 4ab x3 + a2x2 − 2ax+ 3
t = 4x2

Therefore eq. (4) becomes

z′′(x) =
(
a2b2x6 + 2a b2x5 − 2a2b x4 + b2x4 + 4ab x3 + a2x2 − 2ax+ 3

4x2

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 106: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 2− 6
= −4

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4x2. There is a pole at x = 0 of order 2. Since there is no odd order pole
larger than 2 and the order at ∞ is −4 then the necessary conditions for case one are
met. Since there is a pole of order 2 then necessary conditions for case two are met.
Therefore

L = [1, 2]

Attempting to find a solution using case n = 1.

Looking at poles of order 2. The partial fractions decomposition of r is

r = a2b2x4

4 + a b2x3

2 − a2b x2

2 + b2x2

4 + abx+ a2

4 + 3
4x2 − a

2x

For the pole at x = 0 let b be the coefficient of 1
x2 in the partial fractions decomposition

of r given above. Therefore b = 3
4 . Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 3

2
α−
c = 1

2 −
√
1 + 4b = −1

2

Since the order of r at ∞ is Or(∞) = −4 then

v = −Or(∞)
2 = 4

2 = 2

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
2∑

i=0

aix
i (8)
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Let a be the coefficient of xv = x2 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ ab x2

2 +bx

2 −a

2+
3
2x−

3
2a x2+

1
b x3+

3
2a2x3−

4
ab x4+

1
b2x5−

3
2a3x4+

10
a2b x5+

3
2a4x5+. . .

(9)
Comparing Eq. (9) with Eq. (8) shows that

a = ab

2
From Eq. (9) the sum up to v = 2 gives

[
√
r]∞ =

2∑
i=0

aix
i

= −1
2a+

1
2bx+ 1

2ab x
2 (10)

Now we need to find b, where b be the coefficient of xv−1 = x1 = x in r minus the
coefficient of same term but in

(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = 1

4a
2 − 1

2abx− 1
2a

2b x2 + 1
4b

2x2 + 1
2a b

2x3 + 1
4a

2b2x4

This shows that the coefficient of x in the above is −ab
2 . Now we need to find the

coefficient of x in r. How this is done depends on if v = 0 or not. Since v = 2 which is
not zero, then starting r = s

t
, we do long division and write this in the form

r = Q+ R

t
Where Q is the quotient and R is the remainder. Then the coefficient of x in r will be
the coefficient this term in the quotient. Doing long division gives

r = s

t

= a2b2x6 + 2a b2x5 − 2a2b x4 + b2x4 + 4ab x3 + a2x2 − 2ax+ 3
4x2

= Q+ R

4x2

=
(
a2b2x4

4 + a b2x3

2 +
(
−1
2a

2b+ 1
4b

2
)
x2 + abx+ a2

4

)
+
(
−2ax+ 3

4x2

)
= a2b2x4

4 + a b2x3

2 +
(
−1
2a

2b+ 1
4b

2
)
x2 + abx+ a2

4 + −2ax+ 3
4x2

We see that the coefficient of the term x in the quotient is ab. Now b can be found.

b = (ab)−
(
−ab

2

)
= 3ab

2
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Hence

[
√
r]∞ = −1

2a+
1
2bx+ 1

2ab x
2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
3ab
2
ab
2

− 2
)

= 1
2

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−

3ab
2
ab
2

− 2
)

= −5
2

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = a2b2x6 + 2a b2x5 − 2a2b x4 + b2x4 + 4ab x3 + a2x2 − 2ax+ 3
4x2

pole c location pole order [
√
r]c α+

c α−
c

0 2 0 3
2 −1

2

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

−4 −1
2a+

1
2bx+ 1

2ab x
2 1

2 −5
2

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α+

∞ = 1
2 then

d = α+
∞ −

(
α−
c1

)
= 1

2 −
(
−1
2

)
= 1

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞
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Substituting the above values in the above results in

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+ (+)[

√
r]∞

= − 1
2x +

(
−1
2a+

1
2bx+ 1

2ab x
2
)

= − 1
2x − a

2 + bx

2 + ab x2

2

= (b x2 − 1) (ax+ 1)
2x

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 1 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = x+ a0 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
− 1
2x − a

2 + bx

2 + ab x2

2

)
(1) +

((
1
2x2 + b

2 + abx

)
+
(
− 1
2x − a

2 + bx

2 + ab x2

2

)2

−
(
a2b2x6 + 2a b2x5 − 2a2b x4 + b2x4 + 4ab x3 + a2x2 − 2ax+ 3

4x2

))
= 0

−(b x2 − 1) (aa0 − 1)
x

= 0

Solving for the coefficients ai in the above using method of undetermined coefficients
gives {

a0 =
1
a

}
Substituting these coefficients in p(x) in eq. (2A) results in

p(x) = x+ 1
a

Therefore the first solution to the ode z′′ = rz is

z1(x) = pe
∫
ω dx

=
(
x+ 1

a

)
e
∫ (

− 1
2x−

a
2+

bx
2 +ab x2

2

)
dx

=
(
x+ 1

a

)
e b x2

4 +ab x3
6 −ax

2 − ln(x)
2

= (ax+ 1) e 1
4 b x

2+ 1
6ab x

3− 1
2ax

a
√
x
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The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
ab x3+b x2+ax−1

x
dx

= z1e
−ab x3

6 − b x2
4 −ax

2 + ln(x)
2

= z1

(√
x e−

x
(
ab x2+3

2 bx+3a
)

6

)
Which simplifies to

y1 =
(ax+ 1) e−ax

a

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−ab x3+b x2+ax−1

x
dx

(y1)2
dx

= y1

∫
e−

ab x3
3 − b x2

2 −ax+ln(x)

(y1)2
dx

= y1

∫ x a2e−
(
ab x2+3

2 bx−3a
)
x

3

(ax+ 1)2
dx


Therefore the solution is

y = c1y1 + c2y2

= c1

(
(ax+ 1) e−ax

a

)
+ c2

(ax+ 1) e−ax

a

∫ x a2e−
(
ab x2+3

2 bx−3a
)
x

3

(ax+ 1)2
dx


Summary
The solution(s) found are the following

(1)y = c1(ax+ 1) e−ax

a
+ c2(ax+ 1) e−axa

∫ x e−
(
ab x2+3

2 bx−3a
)
x

3

(ax+ 1)2
dx
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Verification of solutions

y = c1(ax+ 1) e−ax

a
+ c2(ax+ 1) e−axa

∫ x e−
(
ab x2+3

2 bx−3a
)
x

3

(ax+ 1)2
dx


Verified OK.

28.29.2 Maple step by step solution

Let’s solve
y′′x+ (ab x3 + b x2 + ax− 1) y′ + a2b x3y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −a2b x2y −
(
ab x3+b x2+ax−1

)
y′

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
ab x3+b x2+ax−1

)
y′

x
+ a2b x2y = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = ab x3+b x2+ax−1
x

, P3(x) = a2b x2
]

◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= −1

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (ab x3 + b x2 + ax− 1) y′ + a2b x3y = 0

• Assume series solution for y
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y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert x3 · y to series expansion

x3 · y =
∞∑
k=0

akx
k+r+3

◦ Shift index using k− >k − 3

x3 · y =
∞∑
k=3

ak−3x
k+r

◦ Convert xm · y′ to series expansion form = 0..3

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1

x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−2 + r)x−1+r + (a1(1 + r) (−1 + r) + a0ar)xr + (a2(2 + r) r + aa1(1 + r) + a0br)x1+r + (a3(3 + r) (1 + r) + aa2(2 + r) + a1(1 + r) b+ a0abr)x2+r +
(

∞∑
k=3

(ak+1(k + 1 + r) (k + r − 1) + aak(k + r) + ak−1(k + r − 1) b+ ak−2(k + r − 2) ab+ a2bak−3)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−2 + r) = 0

• Values of r that satisfy the indicial equation
r ∈ {0, 2}

• The coefficients of each power of x must be 0
[a1(1 + r) (−1 + r) + a0ar = 0, a2(2 + r) r + aa1(1 + r) + a0br = 0, a3(3 + r) (1 + r) + aa2(2 + r) + a1(1 + r) b+ a0abr = 0]

• Solve for the dependent coefficient(s){
a1 = − a0ar

r2−1 , a2 =
a0
(
a2−br+b

)
r2+r−2 , a3 = −aa0

(
b r2+a2−3br+b

)
r3+3r2−r−3

}
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• Each term in the series must be 0, giving the recursion relation
(a2ak−3 + ak−2(k + r − 2) a+ ak−1(k + r − 1)) b+ aak(k + r) + ak+1(k + 1 + r) (k + r − 1) = 0

• Shift index using k− >k + 3
(a2ak + ak+1(k + 1 + r) a+ ak+2(k + 2 + r)) b+ aak+3(k + r + 3) + ak+4(k + 4 + r) (k + 2 + r) = 0

• Recursion relation that defines series solution to ODE

ak+4 = −a2bak+abkak+1+abrak+1+abak+1+akak+3+arak+3+bkak+2+brak+2+3aak+3+2bak+2
(k+4+r)(k+2+r)

• Recursion relation for r = 0

ak+4 = −a2bak+abkak+1+abak+1+akak+3+bkak+2+3aak+3+2bak+2
(k+4)(k+2)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+4 = −a2bak+abkak+1+abak+1+akak+3+bkak+2+3aak+3+2bak+2

(k+4)(k+2) , a1 = 0, a2 = −a0
(
a2+b

)
2 , a3 = aa0

(
a2+b

)
3

]
• Recursion relation for r = 2

ak+4 = −a2bak+abkak+1+3abak+1+akak+3+bkak+2+5aak+3+4bak+2
(k+6)(k+4)

• Solution for r = 2[
y =

∞∑
k=0

akx
k+2, ak+4 = −a2bak+abkak+1+3abak+1+akak+3+bkak+2+5aak+3+4bak+2

(k+6)(k+4) , a1 = −2aa0
3 , a2 = a0

(
a2−b

)
4 , a3 = −aa0

(
a2−b

)
15

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ckx
k

)
+
(

∞∑
k=0

dkx
k+2
)
, ck+4 = −a2bck+abkc1+k+abc1+k+akck+3+bkck+2+3ack+3+2bck+2

(k+4)(k+2) , c1 = 0, c2 = − c0
(
a2+b

)
2 , c3 = ac0

(
a2+b

)
3 , dk+4 = −a2bdk+abkd1+k+3abd1+k+akdk+3+bkdk+2+5adk+3+4bdk+2

(k+6)(k+4) , d1 = −2ad0
3 , d2 = d0

(
a2−b

)
4 , d3 = −ad0

(
a2−b

)
15

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.313 (sec). Leaf size: 48� �
dsolve(x*diff(y(x),x$2)+(a*b*x^3+b*x^2+a*x-1)*diff(y(x),x)+a^2*b*x^3*y(x)=0,y(x), singsol=all)� �

y(x) = e−ax

c2

∫ x e−
(
ab x2+3

2 bx−3a
)
x

3

(ax+ 1)2
dx

+ c1

 (ax+ 1)
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3 Solution by Mathematica
Time used: 4.606 (sec). Leaf size: 72� �
DSolve[x*y''[x]+(a*b*x^3+b*x^2+a*x-1)*y'[x]+a^2*b*x^3*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e−ax(ax+ 1)

(
c2
∫ x

1
a2 exp

(
− 1

6K[1]
(
3bK[1]+2a

(
bK[1]2−3

)))
K[1]

(aK[1]+1)2 dK[1] + c1
)

a
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28.30 problem 90
28.30.1 Solving as second order change of variable on y method 2 ode . 2645
28.30.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2648

Internal problem ID [10914]
Internal file name [OUTPUT/10170_Sunday_December_31_2023_11_03_20_AM_5802521/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 90.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_change_of_vari-
able_on_y_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ +
(
a x3 + b x2 + cx+ d

)
y′ + (d− 1)

(
a x2 + bx+ c

)
y = 0

28.30.1 Solving as second order change of variable on y method 2 ode

In normal form the ode

xy′′ +
(
a x3 + b x2 + cx+ d

)
y′ + (d− 1)

(
a x2 + bx+ c

)
y = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = a x3 + b x2 + cx+ d

x

q(x) = (d− 1) (a x2 + bx+ c)
x
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Applying change of variables on the depndent variable y = v(x)xn to (2) gives the
following ode where the dependent variables is v(x) and not y.

v′′(x) +
(
2n
x

+ p

)
v′(x) +

(
n(n− 1)

x2 + np

x
+ q

)
v(x) = 0 (3)

Let the coefficient of v(x) above be zero. Hence

n(n− 1)
x2 + np

x
+ q = 0 (4)

Substituting the earlier values found for p(x) and q(x) into (4) gives

n(n− 1)
x2 + n(a x3 + b x2 + cx+ d)

x2 + (d− 1) (a x2 + bx+ c)
x

= 0 (5)

Solving (5) for n gives

n = −d+ 1 (6)

Substituting this value in (3) gives

v′′(x) +
(
−2d+ 2

x
+ a x3 + b x2 + cx+ d

x

)
v′(x) = 0

v′′(x) + (a x3 + b x2 + cx− d+ 2) v′(x)
x

= 0 (7)

Using the substitution

u(x) = v′(x)

Then (7) becomes

u′(x) + (a x3 + b x2 + cx− d+ 2)u(x)
x

= 0 (8)

The above is now solved for u(x). In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= −(a x3 + b x2 + cx− d+ 2)u
x
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Where f(x) = −a x3+b x2+cx−d+2
x

and g(u) = u. Integrating both sides gives

1
u
du = −a x3 + b x2 + cx− d+ 2

x
dx∫ 1

u
du =

∫
−a x3 + b x2 + cx− d+ 2

x
dx

ln (u) = −a x3

3 − b x2

2 − cx− (2− d) ln (x) + c1

u = e−a x3
3 − b x2

2 −cx−(2−d) ln(x)+c1

= c1e−
a x3
3 − b x2

2 −cx−(2−d) ln(x)

Now that u(x) is known, then

v′(x) = u(x)

v(x) =
∫

u(x) dx+ c2

=
∫

c1e−
a x3
3 − b x2

2 −cx−(2−d) ln(x)dx+ c2

Hence

y = v(x)xn

=
(∫

c1e−
a x3
3 − b x2

2 −cx−(2−d) ln(x)dx+ c2

)
x−d+1

= x−d+1
(
c1

(∫
xd−2e− 1

3a x
3− 1

2 b x
2−cxdx

)
+ c2

)

Summary
The solution(s) found are the following

(1)y =
(∫

c1e−
a x3
3 − b x2

2 −cx−(2−d) ln(x)dx+ c2

)
x−d+1

Verification of solutions

y =
(∫

c1e−
a x3
3 − b x2

2 −cx−(2−d) ln(x)dx+ c2

)
x−d+1

Verified OK.
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28.30.2 Maple step by step solution

Let’s solve
y′′x+ (a x3 + b x2 + cx+ d) y′ + (d− 1) (a x2 + bx+ c) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − (d−1)
(
a x2+bx+c

)
y

x
−
(
a x3+b x2+cx+d

)
y′

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
a x3+b x2+cx+d

)
y′

x
+ (d−1)

(
a x2+bx+c

)
y

x
= 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = a x3+b x2+cx+d
x

, P3(x) = (d−1)
(
a x2+bx+c

)
x

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= d

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x+ (a x3 + b x2 + cx+ d) y′ + (d− 1) (a x2 + bx+ c) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m
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◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 0..3

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x · y′′ to series expansion

x · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−1

◦ Shift index using k− >k + 1

x · y′′ =
∞∑

k=−1
ak+1(k + 1 + r) (k + r)xk+r

Rewrite ODE with series expansions

a0r(−1 + r + d)x−1+r + (a1(1 + r) (r + d) + a0c(−1 + r + d))xr + (a2(2 + r) (1 + r + d) + a1c(r + d) + ba0(−1 + r + d))x1+r +
(

∞∑
k=2

(ak+1(k + 1 + r) (k + r + d) + akc(k + r + d− 1) + bak−1(k − 2 + r + d) + ak−2a(k − 3 + r + d))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−1 + r + d) = 0

• Values of r that satisfy the indicial equation
r ∈ {0,−d+ 1}

• The coefficients of each power of x must be 0
[a1(1 + r) (r + d) + a0c(−1 + r + d) = 0, a2(2 + r) (1 + r + d) + a1c(r + d) + ba0(−1 + r + d) = 0]

• Solve for the dependent coefficient(s){
a1 = −a0c(−1+r+d)

rd+r2+d+r
, a2 = −a0

(
bdr+b r2−c2d−c2r+bd+c2−b

)
r2d+r3+3rd+4r2+2d+5r+2

}
• Each term in the series must be 0, giving the recursion relation

ak+1(k + 1 + r) (k + r + d) + akc(k + r + d− 1) + bak−1(k − 2 + r + d) + ak−2a(k − 3 + r + d) = 0
• Shift index using k− >k + 2

ak+3(k + 3 + r) (k + 2 + r + d) + ak+2c(k + 1 + r + d) + bak+1(k + r + d) + aka(k + r + d− 1) = 0
• Recursion relation that defines series solution to ODE
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ak+3 = −akad+akak+arak+bdak+1+bkak+1+brak+1+cdak+2+ckak+2+crak+2−aka+cak+2
(k+3+r)(k+2+r+d)

• Recursion relation for r = 0
ak+3 = −akad+akak+bdak+1+bkak+1+cdak+2+ckak+2−aka+cak+2

(k+3)(k+2+d)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+3 = −akad+akak+bdak+1+bkak+1+cdak+2+ckak+2−aka+cak+2

(k+3)(k+2+d) , a1 = −a0c(d−1)
d

, a2 = −a0
(
−c2d+bd+c2−b

)
2d+2

]
• Recursion relation for r = −d+ 1

ak+3 = −akad+akak+a(−d+1)ak+bdak+1+bkak+1+b(−d+1)ak+1+cdak+2+ckak+2+c(−d+1)ak+2−aka+cak+2
(k+4−d)(k+3)

• Solution for r = −d+ 1[
y =

∞∑
k=0

akx
k−d+1, ak+3 = −akad+akak+a(−d+1)ak+bdak+1+bkak+1+b(−d+1)ak+1+cdak+2+ckak+2+c(−d+1)ak+2−aka+cak+2

(k+4−d)(k+3) , a1 = 0, a2 = −
a0
(
bd(−d+1)+b(−d+1)2−c2d−c2(−d+1)+bd+c2−b

)
(−d+1)2d+(−d+1)3+3(−d+1)d+4(−d+1)2−3d+7

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ekx
k

)
+
(

∞∑
k=0

fkx
k−d+1

)
, ek+3 = −adek+akek+bde1+k+bke1+k+cdek+2+ckek+2−aek+cek+2

(k+3)(k+2+d) , e1 = − e0c(d−1)
d

, e2 = − e0
(
−c2d+bd+c2−b

)
2d+2 , fk+3 = −fkad+akfk+a(−d+1)fk+bdf1+k+bkf1+k+b(−d+1)f1+k+cdfk+2+ckfk+2+c(−d+1)fk+2−fka+cfk+2

(k+4−d)(k+3) , f1 = 0, f2 = −
f0
(
bd(−d+1)+b(−d+1)2−c2d−c2(−d+1)+bd+c2−b

)
(−d+1)2d+(−d+1)3+3(−d+1)d+4(−d+1)2−3d+7

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.359 (sec). Leaf size: 42� �
dsolve(x*diff(y(x),x$2)+(a*x^3+b*x^2+c*x+d)*diff(y(x),x)+(d-1)*(a*x^2+b*x+c)*y(x)=0,y(x), singsol=all)� �

y(x) = x−d+1
((∫

xd−2e− 1
3a x

3− 1
2x

2b−cxdx

)
c2 + c1

)
3 Solution by Mathematica
Time used: 1.839 (sec). Leaf size: 57� �
DSolve[x*y''[x]+(a*x^3+b*x^2+c*x+d)*y'[x]+(d-1)*(a*x^2+b*x+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x1−d

(
c2

∫ x

1
exp

(
−1
6K[1](6c+K[1](3b+ 2aK[1]))

)
K[1]d−2dK[1] + c1

)
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28.31 problem 91
Internal problem ID [10915]
Internal file name [OUTPUT/10171_Sunday_December_31_2023_11_03_21_AM_13522463/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 91.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xy′′ + a xny′ +
(
ab xn − a xn−1 − b2x+ 2b

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(x*diff(y(x),x$2)+a*x^n*diff(y(x),x)+(a*b*x^n-a*x^(n-1)-b^2*x+2*b)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+a*x^n*y'[x]+(a*b*x^n-a*x^(n-1)-b^2*x+2*b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.32 problem 92
28.32.1 Solving as second order change of variable on y method 2 ode . 2656

Internal problem ID [10916]
Internal file name [OUTPUT/10172_Sunday_December_31_2023_11_03_22_AM_74756653/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 92.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_change_of_vari-
able_on_y_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ + (a xn + 2) y′ + xn−1ay = 0

28.32.1 Solving as second order change of variable on y method 2 ode

In normal form the ode

xy′′ + (a xn + 2) y′ + xn−1ay = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = a xn + 2
x

q(x) = a xn−2

Applying change of variables on the depndent variable y = v(x)xn to (2) gives the
following ode where the dependent variables is v(x) and not y.

v′′(x) +
(
2n
x

+ p

)
v′(x) +

(
n(n− 1)

x2 + np

x
+ q

)
v(x) = 0 (3)
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Let the coefficient of v(x) above be zero. Hence

n(n− 1)
x2 + np

x
+ q = 0 (4)

Substituting the earlier values found for p(x) and q(x) into (4) gives

n(n− 1)
x2 + n(a xn + 2)

x2 + a xn−2 = 0 (5)

Solving (5) for n gives

n = −1 (6)

Substituting this value in (3) gives

v′′(x) +
(
−2
x
+ a xn + 2

x

)
v′(x) = 0

v′′(x) + a xn−1v′(x) = 0 (7)

Using the substitution

u(x) = v′(x)

Then (7) becomes

u′(x) + a xn−1u(x) = 0 (8)

The above is now solved for u(x). In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)
= −a xn−1u

Where f(x) = −a xn−1 and g(u) = u. Integrating both sides gives
1
u
du = −a xn−1 dx∫ 1

u
du =

∫
−a xn−1 dx

ln (u) = −a xn

n
+ c1

u = e−a xn

n
+c1

= c1e−
a xn

n
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Now that u(x) is known, then

v′(x) = u(x)

v(x) =
∫

u(x) dx+ c2

=
c1
(
a
n

)− 1
n

(
n3x1−n

(
a
n

) 1
n (a xn+n+1)

(
a xn

n

)−n+1
2n e−

a xn

2n WhittakerM
(

1
n
−n+1

2n ,n+1
2n + 1

2 ,
a xn

n

)
(n+1)(2n+1)a +

n2x1−n
(
a
n

) 1
n (n+1)

(
a xn

n

)−n+1
2n e−

a xn

2n WhittakerM
(

1
n
−n+1

2n +1,n+1
2n + 1

2 ,
a xn

n

)
a(2n+1)

)
n

+ c2

Hence

y = v(x)xn

=

c1
(
a
n

)− 1
n

n3x1−n
(
a
n

) 1
n (a xn+n+1

)(a xn
n

)−n+1
2n e−

a xn

2n WhittakerM
(
1
n−n+1

2n ,n+1
2n +1

2 , a xn
n

)
(n+1)(2n+1)a +

n2x1−n
(
a
n

) 1
n (n+1)

(
a xn
n

)−n+1
2n e−

a xn

2n WhittakerM
(
1
n−n+1

2n +1, n+1
2n +1

2 , a xn
n

)
a(2n+1)


n

+ c2
x

=
nc1x

1−ne−a xn

2n
(
a xn

n

)−n+1
2n (n+ 1)2WhittakerM

(
n+1
2n , 2n+1

2n , a x
n

n

)
+ ((n+ 1)x1−n + ax)

(
a xn

n

)−n+1
2n e−a xn

2n n2c1WhittakerM
(
−n−1

2n , 2n+1
2n , a x

n

n

)
+ 2
(
n+ 1

2

)
ac2(n+ 1)

(n+ 1) (2n+ 1) ax

Summary
The solution(s) found are the following

(1)y

=

c1
(
a
n

)− 1
n

n3x1−n
(
a
n

) 1
n (a xn+n+1

)(a xn
n

)−n+1
2n e−

a xn

2n WhittakerM
(
1
n−n+1

2n ,n+1
2n +1

2 , a xn
n

)
(n+1)(2n+1)a +

n2x1−n
(
a
n

) 1
n (n+1)

(
a xn
n

)−n+1
2n e−

a xn

2n WhittakerM
(
1
n−n+1

2n +1, n+1
2n +1

2 , a xn
n

)
a(2n+1)


n

+ c2
x

Verification of solutions
y

=

c1
(
a
n

)− 1
n

n3x1−n
(
a
n

) 1
n (a xn+n+1

)(a xn
n

)−n+1
2n e−

a xn

2n WhittakerM
(
1
n−n+1

2n ,n+1
2n +1

2 , a xn
n

)
(n+1)(2n+1)a +

n2x1−n
(
a
n

) 1
n (n+1)

(
a xn
n

)−n+1
2n e−

a xn

2n WhittakerM
(
1
n−n+1

2n +1, n+1
2n +1

2 , a xn
n

)
a(2n+1)


n

+ c2
x

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful`� �
3 Solution by Maple
Time used: 0.203 (sec). Leaf size: 122� �
dsolve(x*diff(y(x),x$2)+(a*x^n+2)*diff(y(x),x)+a*x^(n-1)*y(x)=0,y(x), singsol=all)� �
y(x)

=
nc2e−

a xn

2n

(
(n+ 1)x− 3n

2 + 1
2 + x−n

2+
1
2a
)
WhittakerM

(
−n−1

2n , 2n+1
2n , a x

n

n

)
+ c2x

− 3n
2 + 1

2 e−a xn

2n (n+ 1)2WhittakerM
(
n+1
2n , 2n+1

2n , a x
n

n

)
+ c1

x

3 Solution by Mathematica
Time used: 0.099 (sec). Leaf size: 62� �
DSolve[x*y''[x]+(a*x^n+2)*y'[x]+a*x^(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → (−1)−1/nn
1
n
−1a−1/n(xn)−1/n

(
c1(−1) 1

nΓ
(
1
n
, 0, ax

n

n

)
+ c2n

)
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28.33 problem 93
Internal problem ID [10917]
Internal file name [OUTPUT/10173_Sunday_December_31_2023_11_03_23_AM_45823441/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 93.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xy′′ + (xn + 1− n) y′ + b x−1+2ny = 0

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful`� �
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3 Solution by Maple
Time used: 0.046 (sec). Leaf size: 53� �
dsolve(x*diff(y(x),x$2)+(x^n+1-n)*diff(y(x),x)+b*x^(2*n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = e−xn

2n

c1 sinh

xn
√

−4b+1
n2

2

+ c2 cosh

xn
√

−4b+1
n2

2


3 Solution by Mathematica
Time used: 0.094 (sec). Leaf size: 53� �
DSolve[x*y''[x]+(x^n+1-n)*y'[x]+b*x^(2*n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
(√

1−4b+1
)
xn

2n

(
c2e

√
1−4bxn

n + c1
)
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28.34 problem 94
28.34.1 Solving as second order integrable as is ode . . . . . . . . . . . 2662
28.34.2 Solving as type second_order_integrable_as_is (not using ABC

version) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2664
28.34.3 Solving as exact linear second order ode ode . . . . . . . . . . . 2666

Internal problem ID [10918]
Internal file name [OUTPUT/10174_Sunday_December_31_2023_11_03_24_AM_32701816/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 94.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "exact linear second order ode",
"second_order_integrable_as_is"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries], [_2nd_order , _linear , `

_with_symmetry_ [0,F(x)]`]]

xy′′ + (a xn + b) y′ + yxn−1an = 0

28.34.1 Solving as second order integrable as is ode

Integrating both sides of the ODE w.r.t x gives∫ (
xy′′ + (a xn + b) y′ + yxn−1an

)
dx = 0

(a xn + b− 1) y + y′x = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = −−a xn − b+ 1
x

q(x) = c1
x

Hence the ode is

y′ − (−a xn − b+ 1) y
x

= c1
x

The integrating factor µ is

µ = e
∫
−−a xn−b+1

x
dx

= e
a xn+(b−1) ln

(
xn
)

n

Which simplifies to

µ = (xn)
b−1
n ea xn

n

The ode becomes
d
dx(µy) = (µ)

(c1
x

)
d
dx

(
(xn)

b−1
n ea xn

n y
)
=
(
(xn)

b−1
n ea xn

n

)(c1
x

)
d
(
(xn)

b−1
n ea xn

n y
)
=
(
c1(xn)

b−1
n ea xn

n

x

)
dx

Integrating gives

(xn)
b−1
n ea xn

n y =
∫

c1(xn)
b−1
n ea xn

n

x
dx

(xn)
b−1
n ea xn

n y =
∫

c1(xn)
b−1
n ea xn

n

x
dx+ c2

Dividing both sides by the integrating factor µ = (xn)
b−1
n ea xn

n results in

y = e−a xn

n (xn)
−b+1

n

(∫
c1(xn)

b−1
n ea xn

n

x
dx

)
+ c2e−

a xn

n (xn)
−b+1

n

which simplifies to

y = (xn)
−b+1

n e−a xn

n

(
c1

(∫ (xn)
b−1
n ea xn

n

x
dx

)
+ c2

)
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Summary
The solution(s) found are the following

(1)y = (xn)
−b+1

n e−a xn

n

(
c1

(∫ (xn)
b−1
n ea xn

n

x
dx

)
+ c2

)
Verification of solutions

y = (xn)
−b+1

n e−a xn

n

(
c1

(∫ (xn)
b−1
n ea xn

n

x
dx

)
+ c2

)

Verified OK.

28.34.2 Solving as type second_order_integrable_as_is (not using ABC
version)

Writing the ode as
xy′′ + (a xn + b) y′ + yxn−1an = 0

Integrating both sides of the ODE w.r.t x gives∫ (
xy′′ + (a xn + b) y′ + yxn−1an

)
dx = 0

(a xn + b− 1) y + y′x = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = −−a xn − b+ 1
x

q(x) = c1
x

Hence the ode is

y′ − (−a xn − b+ 1) y
x

= c1
x

The integrating factor µ is

µ = e
∫
−−a xn−b+1

x
dx

= e
a xn+(b−1) ln

(
xn
)

n

2664



Which simplifies to

µ = (xn)
b−1
n ea xn

n

The ode becomes

d
dx(µy) = (µ)

(c1
x

)
d
dx

(
(xn)

b−1
n ea xn

n y
)
=
(
(xn)

b−1
n ea xn

n

)(c1
x

)
d
(
(xn)

b−1
n ea xn

n y
)
=
(
c1(xn)

b−1
n ea xn

n

x

)
dx

Integrating gives

(xn)
b−1
n ea xn

n y =
∫

c1(xn)
b−1
n ea xn

n

x
dx

(xn)
b−1
n ea xn

n y =
∫

c1(xn)
b−1
n ea xn

n

x
dx+ c2

Dividing both sides by the integrating factor µ = (xn)
b−1
n ea xn

n results in

y = e−a xn

n (xn)
−b+1

n

(∫
c1(xn)

b−1
n ea xn

n

x
dx

)
+ c2e−

a xn

n (xn)
−b+1

n

which simplifies to

y = (xn)
−b+1

n e−a xn

n

(
c1

(∫ (xn)
b−1
n ea xn

n

x
dx

)
+ c2

)

Summary
The solution(s) found are the following

(1)y = (xn)
−b+1

n e−a xn

n

(
c1

(∫ (xn)
b−1
n ea xn

n

x
dx

)
+ c2

)
Verification of solutions

y = (xn)
−b+1

n e−a xn

n

(
c1

(∫ (xn)
b−1
n ea xn

n

x
dx

)
+ c2

)

Verified OK.
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28.34.3 Solving as exact linear second order ode ode

An ode of the form

p(x) y′′ + q(x) y′ + r(x) y = s(x)

is exact if

p′′(x)− q′(x) + r(x) = 0 (1)

For the given ode we have

p(x) = x

q(x) = a xn + b

r(x) = an xn−1

s(x) = 0

Hence

p′′(x) = 0

q′(x) = an xn

x

Therefore (1) becomes

0−
(
an xn

x

)
+
(
an xn−1) = 0

Hence the ode is exact. Since we now know the ode is exact, it can be written as

(p(x) y′ + (q(x)− p′(x)) y)′ = s(x)

Integrating gives

p(x) y′ + (q(x)− p′(x)) y =
∫

s(x) dx

Substituting the above values for p, q, r, s gives

(a xn + b− 1) y + y′x = c1

We now have a first order ode to solve which is

(a xn + b− 1) y + y′x = c1
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Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = −−a xn − b+ 1
x

q(x) = c1
x

Hence the ode is

y′ − (−a xn − b+ 1) y
x

= c1
x

The integrating factor µ is

µ = e
∫
−−a xn−b+1

x
dx

= e
a xn+(b−1) ln

(
xn
)

n

Which simplifies to

µ = (xn)
b−1
n ea xn

n

The ode becomes
d
dx(µy) = (µ)

(c1
x

)
d
dx

(
(xn)

b−1
n ea xn

n y
)
=
(
(xn)

b−1
n ea xn

n

)(c1
x

)
d
(
(xn)

b−1
n ea xn

n y
)
=
(
c1(xn)

b−1
n ea xn

n

x

)
dx

Integrating gives

(xn)
b−1
n ea xn

n y =
∫

c1(xn)
b−1
n ea xn

n

x
dx

(xn)
b−1
n ea xn

n y =
∫

c1(xn)
b−1
n ea xn

n

x
dx+ c2

Dividing both sides by the integrating factor µ = (xn)
b−1
n ea xn

n results in

y = e−a xn

n (xn)
−b+1

n

(∫
c1(xn)

b−1
n ea xn

n

x
dx

)
+ c2e−

a xn

n (xn)
−b+1

n
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which simplifies to

y = (xn)
−b+1

n e−a xn

n

(
c1

(∫ (xn)
b−1
n ea xn

n

x
dx

)
+ c2

)

Summary
The solution(s) found are the following

(1)y = (xn)
−b+1

n e−a xn

n

(
c1

(∫ (xn)
b−1
n ea xn

n

x
dx

)
+ c2

)
Verification of solutions

y = (xn)
−b+1

n e−a xn

n

(
c1

(∫ (xn)
b−1
n ea xn

n

x
dx

)
+ c2

)

Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]

One independent solution has integrals. Trying a hypergeometric solution free of integrals...
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE
-> Trying to convert hypergeometric functions to elementary form...
<- elementary form is not straightforward to achieve - returning hypergeometric solution free of uncomputed integrals

<- linear_1 successful`� �
3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 53� �
dsolve(x*diff(y(x),x$2)+(a*x^n+b)*diff(y(x),x)+a*n*x^(n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = e−a xn

n

(
hypergeom

([
b− 1
n

]
,

[
b+ n− 1

n

]
,
a xn

n

)
c1 + x−b+1c2

)

2668



3 Solution by Mathematica
Time used: 0.244 (sec). Leaf size: 121� �
DSolve[x*y''[x]+(a*x^n+b)*y'[x]+a*n*x^(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → (−1)− b
nn

b−n−1
n a

1−b
n e−

axn

n (xn)
1−b
n

(
−(b− 1)c1(−1) 1

nΓ
(
b− 1
n

,−axn

n

)
+ c2n(−1)b/n + (b− 1)c1(−1) 1

n Gamma
(
b− 1
n

))
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28.35 problem 95
28.35.1 Solving as second order change of variable on y method 2 ode . 2670

Internal problem ID [10919]
Internal file name [OUTPUT/10175_Sunday_December_31_2023_11_03_31_AM_34888450/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 95.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_change_of_vari-
able_on_y_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ + (a xn + b) y′ + a(b− 1)xn−1y = 0

28.35.1 Solving as second order change of variable on y method 2 ode

In normal form the ode

xy′′ + (a xn + b) y′ + a(b− 1)xn−1y = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = a xn + b

x
q(x) = a xn−2(b− 1)

Applying change of variables on the depndent variable y = v(x)xn to (2) gives the
following ode where the dependent variables is v(x) and not y.

v′′(x) +
(
2n
x

+ p

)
v′(x) +

(
n(n− 1)

x2 + np

x
+ q

)
v(x) = 0 (3)
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Let the coefficient of v(x) above be zero. Hence
n(n− 1)

x2 + np

x
+ q = 0 (4)

Substituting the earlier values found for p(x) and q(x) into (4) gives
n(n− 1)

x2 + n(a xn + b)
x2 + a xn−2(b− 1) = 0 (5)

Solving (5) for n gives

n = −b+ 1 (6)

Substituting this value in (3) gives

v′′(x) +
(
−2b+ 2

x
+ a xn + b

x

)
v′(x) = 0

v′′(x) + (−b+ 2 + a xn) v′(x)
x

= 0 (7)

Using the substitution

u(x) = v′(x)

Then (7) becomes

u′(x) + (−b+ 2 + a xn)u(x)
x

= 0 (8)

The above is now solved for u(x). In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= −(−b+ 2 + a xn)u
x

Where f(x) = −−b+2+a xn

x
and g(u) = u. Integrating both sides gives
1
u
du = −−b+ 2 + a xn

x
dx∫ 1

u
du =

∫
−−b+ 2 + a xn

x
dx

ln (u) = −a xn + (2− b) ln (xn)
n

+ c1

u = e−
a xn+(2−b) ln

(
xn
)

n
+c1

= c1e−
a xn+(2−b) ln

(
xn
)

n
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Which simplifies to

u(x) = c1e−
a xn

n (xn)−
2
n (xn)

b
n

Now that u(x) is known, then

v′(x) = u(x)

v(x) =
∫

u(x) dx+ c2

=

(
a
n

)− b
n
+ 1

n c1(xn)
−2+b

n x2−b

(
n3x−n+b−1( a

n

) b
n− 1

n (a xn+b+n−1)
(

a xn

n

)− b+n−1
2n e−

a xn

2n WhittakerM
(

b−1
n

− b+n−1
2n , b+n−1

2n + 1
2 ,

a xn

n

)
(b−1)(b+n−1)(b+2n−1)a +

n2x−n+b−1( a
n

) b
n− 1

n (b+n−1)
(

a xn

n

)− b+n−1
2n e−

a xn

2n WhittakerM
(

b−1
n

− b+n−1
2n +1, b+n−1

2n + 1
2 ,

a xn

n

)
(b−1)a(b+2n−1)

)
n

+ c2

Hence

y = v(x)xn

=


(
a
n

)− b
n
+ 1

n c1(xn)
−2+b

n x2−b

(
n3x−n+b−1( a

n

) b
n− 1

n (a xn+b+n−1)
(

a xn

n

)− b+n−1
2n e−

a xn

2n WhittakerM
(

b−1
n

− b+n−1
2n , b+n−1

2n + 1
2 ,

a xn

n

)
(b−1)(b+n−1)(b+2n−1)a +

n2x−n+b−1( a
n

) b
n− 1

n (b+n−1)
(

a xn

n

)− b+n−1
2n e−

a xn

2n WhittakerM
(

b−1
n

− b+n−1
2n +1, b+n−1

2n + 1
2 ,

a xn

n

)
(b−1)a(b+2n−1)

)
n

+ c2

x−b+1

=
x−b+1

((
a xn

n

)− b+n−1
2n n2c1e−

a xn

2n (xn)
−2+b

n ((b+ n− 1)x1−n + ax)WhittakerM
(−n+b−1

2n , b+2n−1
2n , a x

n

n

)
+
(
(xn)

−2+b
n e−a xn

2n
(
a xn

n

)− b+n−1
2n nc1x

1−n(b+ n− 1)WhittakerM
(
b+n−1

2n , b+2n−1
2n , a x

n

n

)
+ ac2(b− 1) (b+ 2n− 1)

)
(b+ n− 1)

)
a (b− 1) (b+ n− 1) (b+ 2n− 1)

Summary
The solution(s) found are the following

(1)y

=


(
a
n

)− b
n
+ 1

n c1(xn)
−2+b

n x2−b

(
n3x−n+b−1( a

n

) b
n− 1

n (a xn+b+n−1)
(

a xn

n

)− b+n−1
2n e−

a xn

2n WhittakerM
(

b−1
n

− b+n−1
2n , b+n−1

2n + 1
2 ,

a xn

n

)
(b−1)(b+n−1)(b+2n−1)a +

n2x−n+b−1( a
n

) b
n− 1

n (b+n−1)
(

a xn

n

)− b+n−1
2n e−

a xn

2n WhittakerM
(

b−1
n

− b+n−1
2n +1, b+n−1

2n + 1
2 ,

a xn

n

)
(b−1)a(b+2n−1)

)
n

+ c2

x−b+1

2672



Verification of solutions
y

=


(
a
n

)− b
n
+ 1

n c1(xn)
−2+b

n x2−b

(
n3x−n+b−1( a

n

) b
n− 1

n (a xn+b+n−1)
(

a xn

n

)− b+n−1
2n e−

a xn

2n WhittakerM
(

b−1
n

− b+n−1
2n , b+n−1

2n + 1
2 ,

a xn

n

)
(b−1)(b+n−1)(b+2n−1)a +

n2x−n+b−1( a
n

) b
n− 1

n (b+n−1)
(

a xn

n

)− b+n−1
2n e−

a xn

2n WhittakerM
(

b−1
n

− b+n−1
2n +1, b+n−1

2n + 1
2 ,

a xn

n

)
(b−1)a(b+2n−1)

)
n

+ c2

x−b+1

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful`� �
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3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 143� �
dsolve(x*diff(y(x),x$2)+(a*x^n+b)*diff(y(x),x)+a*(b-1)*x^(n-1)*y(x)=0,y(x), singsol=all)� �
y(x) = e−a xn

2n nc2
(
(b+ n− 1)x− 3n

2 + 1
2−

b
2

+ a x
1
2−

b
2−

n
2

)
WhittakerM

(
b− n− 1

2n ,
b+ 2n− 1

2n ,
a xn

n

)
+ x− 3n

2 + 1
2−

b
2 e−a xn

2n c2(b+ n− 1)2WhittakerM
(
b+ n− 1

2n ,
b+ 2n− 1

2n ,
a xn

n

)
+ c1x

−b+1

3 Solution by Mathematica
Time used: 0.182 (sec). Leaf size: 90� �
DSolve[x*y''[x]+(a*x^n+b)*y'[x]+a*(b-1)*x^(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → (−1)− b

nn
b−n−1

n a
1−b
n (xn)

1−b
n

(
(b− 1)c1(−1)b/nΓ

(
b− 1
n

, 0, ax
n

n

)
+ c2(−1) 1

nn

)
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28.36 problem 96
28.36.1 Solving as second order ode lagrange adjoint equation method ode2675

Internal problem ID [10920]
Internal file name [OUTPUT/10176_Sunday_December_31_2023_11_03_32_AM_23395983/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 96.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ + (a xn + b) y′ + a(b+ n− 1)xn−1y = 0

28.36.1 Solving as second order ode lagrange adjoint equation method ode

In normal form the ode

xy′′ + (a xn + b) y′ + a(b+ n− 1)xn−1y = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = r(x) (2)

Where

p(x) = a xn + b

x
q(x) = a xn−2(b+ n− 1)
r(x) = 0

2675



The Lagrange adjoint ode is given by

ξ
′′ − (ξ p)′ + ξq = 0

ξ
′′ −

(
(a xn + b) ξ(x)

x

)′

+
(
a xn−2(b+ n− 1) ξ(x)

)
= 0

ξ′′(x)− (a xn + b) ξ′(x)
x

+
(
−an xn

x2 + a xn + b

x2 + a xn−2(b+ n− 1)
)
ξ(x) = 0

Which is solved for ξ(x). In normal form the ode

ξ′′(x)x2 + (−a xn − b) ξ′(x)x+ b(a xn + 1) ξ(x) = 0 (1)

Becomes

ξ′′(x) + p(x) ξ′(x) + q(x) ξ(x) = 0 (2)

Where

p(x) = −a xn − b

x

q(x) = b(a xn + 1)
x2

Applying change of variables on the depndent variable ξ(x) = v(x)xn to (2) gives the
following ode where the dependent variables is v(x) and not ξ(x).

v′′(x) +
(
2n
x

+ p

)
v′(x) +

(
n(n− 1)

x2 + np

x
+ q

)
v(x) = 0 (3)

Let the coefficient of v(x) above be zero. Hence
n(n− 1)

x2 + np

x
+ q = 0 (4)

Substituting the earlier values found for p(x) and q(x) into (4) gives
n(n− 1)

x2 + n(−a xn − b)
x2 + b(a xn + 1)

x2 = 0 (5)

Solving (5) for n gives

n = b (6)

Substituting this value in (3) gives

v′′(x) +
(
2b
x

+ −a xn − b

x

)
v′(x) = 0

v′′(x) + (b− a xn) v′(x)
x

= 0 (7)
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Using the substitution

u(x) = v′(x)

Then (7) becomes

u′(x) + (b− a xn)u(x)
x

= 0 (8)

The above is now solved for u(x). In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= u(−b+ a xn)
x

Where f(x) = −b+a xn

x
and g(u) = u. Integrating both sides gives

1
u
du = −b+ a xn

x
dx∫ 1

u
du =

∫
−b+ a xn

x
dx

ln (u) = a xn

n
− b ln (xn)

n
+ c1

u = ea xn

n
− b ln

(
xn
)

n
+c1

= c1e
a xn

n
− b ln

(
xn
)

n

Which simplifies to

u(x) = c1e
a xn

n (xn)−
b
n

Now that u(x) is known, then

v′(x) = u(x)

v(x) =
∫

u(x) dx+ c2

=
∫

c1e
a xn

n (xn)−
b
n dx+ c2
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Hence

ξ(x) = v(x)xn

=
(∫

c1e
a xn

n (xn)−
b
n dx+ c2

)
xb

=
(
c1

(∫
ea xn

n (xn)−
b
n dx

)
+ c2

)
xb

The original ode (2) now reduces to first order ode

ξ(x) y′ − yξ′(x) + ξ(x) p(x) y =
∫

ξ(x) r(x) dx

y′ + y

(
p(x)− ξ′(x)

ξ (x)

)
=
∫
ξ(x) r(x) dx

ξ (x)

y′ + y


a xn + b

x
−

(
c3e

a xn

n (xn)−
b
n xb +

(∫
c3e

a xn
n (xn)−

b
n dx+c2

)
xbb

x

)
x−b

∫
c3e

a xn

n (xn)−
b
n dx+ c2

 = 0

Which is now a first order ode. This is now solved for y. In canonical form the ODE is

y′ = F (x, y)
= f(x)g(y)

= −
y
(
xn(xn)

b
n

(∫
c3e

a xn

n (xn)−
b
n dx

)
a+ a xn(xn)

b
n c2 − c3e

a xn

n x
)
(xn)−

b
n

x
(∫

c3e
a xn

n (xn)−
b
n dx+ c2

)
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Where f(x) = −

(
xn(xn)

b
n

(∫
c3e

a xn
n (xn)−

b
n dx

)
a+a xn(xn)

b
n c2−c3e

a xn
n x

)
(xn)−

b
n

x

(∫
c3e

a xn
n (xn)−

b
n dx+c2

) and g(y) = y.

Integrating both sides gives

1
y
dy = −

(
xn(xn)

b
n

(∫
c3e

a xn

n (xn)−
b
n dx

)
a+ a xn(xn)

b
n c2 − c3e

a xn

n x
)
(xn)−

b
n

x
(∫

c3e
a xn

n (xn)−
b
n dx+ c2

) dx

∫ 1
y
dy =

∫
−

(
xn(xn)

b
n

(∫
c3e

a xn

n (xn)−
b
n dx

)
a+ a xn(xn)

b
n c2 − c3e

a xn

n x
)
(xn)−

b
n

x
(∫

c3e
a xn

n (xn)−
b
n dx+ c2

) dx

ln (y) =
∫

−

(
xn(xn)

b
n

(∫
c3e

a xn

n (xn)−
b
n dx

)
a+ a xn(xn)

b
n c2 − c3e

a xn

n x
)
(xn)−

b
n

x
(∫

c3e
a xn

n (xn)−
b
n dx+ c2

) dx+ c3

y = e

∫
−

(
xn
(
xn
) b
n

(∫
c3e

a xn
n

(
xn
)− b

n dx

)
a+a xn

(
xn
) b
n c2−c3e

a xn
n x

)(
xn
)− b

n

x

(∫
c3e

a xn
n (xn)−

b
n dx+c2

) dx+c3

= c3e

∫
−

(
xn
(
xn
) b
n

(∫
c3e

a xn
n

(
xn
)− b

n dx

)
a+a xn

(
xn
) b
n c2−c3e

a xn
n x

)(
xn
)− b

n

x

(∫
c3e

a xn
n (xn)−

b
n dx+c2

) dx

Hence, the solution found using Lagrange adjoint equation method is

y = c3e

∫
−

(
xn
(
xn
) b
n

(∫
c3e

a xn
n

(
xn
)− b

n dx

)
a+a xn

(
xn
) b
n c2−c3e

a xn
n x

)(
xn
)− b

n

x

(∫
c3e

a xn
n (xn)−

b
n dx+c2

) dx

Summary
The solution(s) found are the following

(1)y = c3e

∫
−

(
xn
(
xn
) b
n

(∫
c3e

a xn
n

(
xn
)− b

n dx

)
a+a xn

(
xn
) b
n c2−c3e

a xn
n x

)(
xn
)− b

n

x

(∫
c3e

a xn
n (xn)−

b
n dx+c2

) dx

Verification of solutions

y = c3e

∫
−

(
xn
(
xn
) b
n

(∫
c3e

a xn
n

(
xn
)− b

n dx

)
a+a xn

(
xn
) b
n c2−c3e

a xn
n x

)(
xn
)− b

n

x

(∫
c3e

a xn
n (xn)−

b
n dx+c2

) dx

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Kummer successful

<- special function solution successful
Solution using Kummer functions still has integrals. Trying a hypergeometric solution.
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE
-> Trying to convert hypergeometric functions to elementary form...
<- elementary form could result into a too large expression - returning special function form of solution, free of uncomput

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful`� �
3 Solution by Maple
Time used: 0.11 (sec). Leaf size: 56� �
dsolve(x*diff(y(x),x$2)+(a*x^n+b)*diff(y(x),x)+a*(b+n-1)*x^(n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = e−a xn

n

(
c1 + x−b+1c2 hypergeom

([
−b+ 1

n

]
,

[
−b+ n+ 1

n

]
,
a xn

n

))
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3 Solution by Mathematica
Time used: 0.178 (sec). Leaf size: 93� �
DSolve[x*y''[x]+(a*x^n+b)*y'[x]+a*(b+n-1)*x^(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
(−1)−1/ne−

axn

n

(
(b− 1)c2(−1)b/nΓ

(1−b
n
,−axn

n

)
− (b− 1)c2(−1)b/n Gamma

(1−b
n

)
+ c1(−1) 1

nn
)

n
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28.37 problem 97
Internal problem ID [10921]
Internal file name [OUTPUT/10177_Sunday_December_31_2023_11_03_35_AM_43007570/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 97.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xy′′ + (a xn + b) y′ + c(a xn − cx+ b) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(x*diff(y(x),x$2)+(a*x^n+b)*diff(y(x),x)+c*(a*x^n-c*x+b)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+(a*x^n+b)*y'[x]+c*(a*x^n-c*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.38 problem 98
Internal problem ID [10922]
Internal file name [OUTPUT/10178_Sunday_December_31_2023_11_03_36_AM_49956565/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 98.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xy′′ + (ab xn + b− 3n+ 1) y′ + a2n(−n+ b)x−1+2ny = 0

7 Solution by Maple� �
dsolve(x*diff(y(x),x$2)+(a*b*x^n+b-3*n+1)*diff(y(x),x)+a^2*n*(b-n)*x^(2*n-1)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+(a*b*x^n+b-3*n+1)*y'[x]+a^2*n*(b-n)*x^(2*n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.39 problem 99
Internal problem ID [10923]
Internal file name [OUTPUT/10179_Sunday_December_31_2023_11_03_36_AM_5864548/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 99.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xy′′ + (a xn + b) y′ +
(
x−1+2nc+ d xn−1) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.172 (sec). Leaf size: 156� �
dsolve(x*diff(y(x),x$2)+(a*x^n+b)*diff(y(x),x)+(c*x^(2*n-1)+d*x^(n-1))*y(x)=0,y(x), singsol=all)� �
y(x)

= e−
xn
(√

a2−4c+a
)

2n

(
KummerU

(
(b+ n− 1)

√
a2 − 4c+ a(b+ n− 1)− 2d
2
√
a2 − 4c n

,
b+ n− 1

n
,

√
a2 − 4c xn

n

)
c2

+KummerM
(
(b+ n− 1)

√
a2 − 4c+ a(b+ n− 1)− 2d
2
√
a2 − 4c n

,
b+ n− 1

n
,

√
a2 − 4c xn

n

)
c1

)
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3 Solution by Mathematica
Time used: 0.38 (sec). Leaf size: 255� �
DSolve[x*y''[x]+(a*x^n+b)*y'[x]+(c*x^(2*n-1)+d*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ 2 b+n−1
2n x

1
2−

n
2 (xn)

n−1
2n e−

(√
a2−4c+a

)
xn

2n

c1HypergeometricU
(
(b+ n− 1)a2 +

√
a2 − 4c(b+ n− 1)a− 2

√
a2 − 4cd− 4c(b+ n− 1)

2 (a2 − 4c)n ,
b+ n− 1

n
,

√
a2 − 4cxn

n

)

+ c2L
b−1
n

− (b+n−1)a2+
√

a2−4c(b+n−1)a−2
√

a2−4cd−4c(b+n−1)
2
(
a2−4c

)
n

(√
a2 − 4cxn

n

)
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28.40 problem 100
Internal problem ID [10924]
Internal file name [OUTPUT/10180_Sunday_December_31_2023_11_03_37_AM_34545972/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 100.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xy′′ +
(
a xn + b xn−1 + 2

)
y′ + yxn−2b = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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3 Solution by Maple
Time used: 0.344 (sec). Leaf size: 53� �
dsolve(x*diff(y(x),x$2)+(a*x^n+b*x^(n-1)+2)*diff(y(x),x)+(b*x^(n-2))*y(x)=0,y(x), singsol=all)� �

y(x) =
(ax+ b)

(
c2

(∫ e
− (ax(n−1)+bn)xn−1

n(n−1)

(ax+b)2 dx

)
+ c1

)
x

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+(a*x^n+b*x^(n-1)+2)*y'[x]+(b*x^(n-2))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.41 problem 101
Internal problem ID [10925]
Internal file name [OUTPUT/10181_Sunday_December_31_2023_11_03_38_AM_61021467/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 101.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xy′′ + (a xn + bx) y′ +
(
ab xn + an xn−1 − b

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(x*diff(y(x),x$2)+(a*x^n+b*x)*diff(y(x),x)+(a*b*x^n+a*n*x^(n-1)-b)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+(a*x^n+b*x)*y'[x]+(a*b*x^n+a*n*x^(n-1)-b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.42 problem 102
Internal problem ID [10926]
Internal file name [OUTPUT/10182_Sunday_December_31_2023_11_03_39_AM_77566012/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 102.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xy′′ +
(
ab xn + b xn−1 + ax− 1

)
y′ + a2b xny = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(x*diff(y(x),x$2)+(a*b*x^n+b*x^(n-1)+a*x-1)*diff(y(x),x)+(a^2*b*x^n)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+(a*b*x^n+b*x^(n-1)+a*x-1)*y'[x]+(a^2*b*x^n)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.43 problem 103
28.43.1 Solving as second order change of variable on y method 2 ode . 2698

Internal problem ID [10927]
Internal file name [OUTPUT/10183_Sunday_December_31_2023_11_03_40_AM_86763740/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 103.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_change_of_vari-
able_on_y_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xy′′ + (a xn + b xm + c) y′ + (c− 1)
(
a xn−1 + b xm−1) y = 0

28.43.1 Solving as second order change of variable on y method 2 ode

In normal form the ode

xy′′ + (a xn + b xm + c) y′ + (c− 1) (a xn + b xm) y
x

= 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = a xn + b xm + c

x

q(x) = (c− 1) (a xn + b xm)
x2

Applying change of variables on the depndent variable y = v(x)xn to (2) gives the
following ode where the dependent variables is v(x) and not y.

v′′(x) +
(
2n
x

+ p

)
v′(x) +

(
n(n− 1)

x2 + np

x
+ q

)
v(x) = 0 (3)
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Let the coefficient of v(x) above be zero. Hence
n(n− 1)

x2 + np

x
+ q = 0 (4)

Substituting the earlier values found for p(x) and q(x) into (4) gives
n(n− 1)

x2 + n(a xn + b xm + c)
x2 + (c− 1) (a xn + b xm)

x2 = 0 (5)

Solving (5) for n gives

n = −c+ 1 (6)

Substituting this value in (3) gives

v′′(x) +
(
−2c+ 2

x
+ a xn + b xm + c

x

)
v′(x) = 0

v′′(x) + (−c+ 2 + a xn + b xm) v′(x)
x

= 0 (7)

Using the substitution

u(x) = v′(x)

Then (7) becomes

u′(x) + (−c+ 2 + a xn + b xm)u(x)
x

= 0 (8)

The above is now solved for u(x). In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= −(−c+ 2 + a xn + b xm)u
x

Where f(x) = −−c+2+a xn+b xm

x
and g(u) = u. Integrating both sides gives

1
u
du = −−c+ 2 + a xn + b xm

x
dx∫ 1

u
du =

∫
−−c+ 2 + a xn + b xm

x
dx

ln (u) = (c− 2) ln (x)− b em ln(x)

m
− a en ln(x)

n
+ c1

u = e(c−2) ln(x)− b em ln(x)
m

−a en ln(x)
n

+c1

= c1e(c−2) ln(x)− b em ln(x)
m

−a en ln(x)
n
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Which simplifies to

u(x) = c1x
ce− b xm

m e−a xn

n

x2

Now that u(x) is known, then

v′(x) = u(x)

v(x) =
∫

u(x) dx+ c2

=
∫

c1x
ce− b xm

m e−a xn

n

x2 dx+ c2

Hence

y = v(x)xn

=
(∫

c1x
ce− b xm

m e−a xn

n

x2 dx+ c2

)
x−c+1

= x−c+1
(
c1

(∫
xc−2e− b xm

m
−a xn

n dx

)
+ c2

)

Summary
The solution(s) found are the following

(1)y =
(∫

c1x
ce− b xm

m e−a xn

n

x2 dx+ c2

)
x−c+1

Verification of solutions

y =
(∫

c1x
ce− b xm

m e−a xn

n

x2 dx+ c2

)
x−c+1

Verified OK.
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(x*diff(y(x),x$2)+(a*x^n+b*x^m+c)*diff(y(x),x)+(c-1)*(a*x^(n-1)+b*x^(m-1))*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+(a*x^n+b*x^m+c)*y'[x]+(c-1)*(a*x^(n-1)+b*x^(m-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.44 problem 104
Internal problem ID [10928]
Internal file name [OUTPUT/10184_Sunday_December_31_2023_11_03_41_AM_16119579/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 104.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xy′′ +
(
xm+nab+ xnna+ b xm + 1− 2n

)
y′ + a2bn x2n+m−1y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(x*diff(y(x),x$2)+(a*b*x^(n+m)+a*n*x^n+b*x^m+1-2*n)*diff(y(x),x)+a^2*b*n*x^(2*n+m-1)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+(a*b*x^(n+m)+a*n*x^n+b*x^m+1-2*n)*y'[x]+a^2*b*n*x^(2*n+m-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.45 problem 105
28.45.1 Solving as second order integrable as is ode . . . . . . . . . . . 2706
28.45.2 Solving as type second_order_integrable_as_is (not using ABC

version) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2708
28.45.3 Solving as exact linear second order ode ode . . . . . . . . . . . 2710
28.45.4 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2712

Internal problem ID [10929]
Internal file name [OUTPUT/10185_Sunday_December_31_2023_11_03_43_AM_1225267/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 105.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "exact linear second order ode",
"second_order_integrable_as_is"

Maple gives the following as the ode type
[[_2nd_order , _exact , _linear , _homogeneous ]]

(x+ a) y′′ + (bx+ c) y′ + yb = 0

28.45.1 Solving as second order integrable as is ode

Integrating both sides of the ODE w.r.t x gives∫
((x+ a) y′′ + (bx+ c) y′ + yb) dx = 0

(bx+ c− 1) y + (x+ a) y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = −−bx− c+ 1
x+ a

q(x) = c1
x+ a

Hence the ode is

y′ − (−bx− c+ 1) y
x+ a

= c1
x+ a

The integrating factor µ is

µ = e
∫
−−bx−c+1

x+a
dx

= ebx+(−ab+c−1) ln(x+a)

Which simplifies to

µ = (x+ a)−ab+c−1 ebx

The ode becomes

d
dx(µy) = (µ)

(
c1

x+ a

)
d
dx

(
(x+ a)−ab+c−1 ebxy

)
=
(
(x+ a)−ab+c−1 ebx

)( c1
x+ a

)
d
(
(x+ a)−ab+c−1 ebxy

)
=
(
c1(x+ a)−ab+c−2 ebx

)
dx

Integrating gives

(x+ a)−ab+c−1 ebxy =
∫

c1(x+ a)−ab+c−2 ebx dx

(x+ a)−ab+c−1 ebxy =
∫

c1(x+ a)−ab+c−2 ebxdx+ c2

Dividing both sides by the integrating factor µ = (x+ a)−ab+c−1 ebx results in

y = (x+ a)ab−c+1 e−bx

(∫
c1(x+ a)−ab+c−2 ebxdx

)
+ c2(x+ a)ab−c+1 e−bx

which simplifies to

y = (x+ a)ab−c+1 e−bx

(
c1

(∫
(x+ a)−ab+c−2 ebxdx

)
+ c2

)
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Summary
The solution(s) found are the following

(1)y = (x+ a)ab−c+1 e−bx

(
c1

(∫
(x+ a)−ab+c−2 ebxdx

)
+ c2

)
Verification of solutions

y = (x+ a)ab−c+1 e−bx

(
c1

(∫
(x+ a)−ab+c−2 ebxdx

)
+ c2

)
Verified OK.

28.45.2 Solving as type second_order_integrable_as_is (not using ABC
version)

Writing the ode as
(x+ a) y′′ + (bx+ c) y′ + yb = 0

Integrating both sides of the ODE w.r.t x gives∫
((x+ a) y′′ + (bx+ c) y′ + yb) dx = 0

(bx+ c− 1) y + (x+ a) y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = −−bx− c+ 1
x+ a

q(x) = c1
x+ a

Hence the ode is

y′ − (−bx− c+ 1) y
x+ a

= c1
x+ a

The integrating factor µ is

µ = e
∫
−−bx−c+1

x+a
dx

= ebx+(−ab+c−1) ln(x+a)
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Which simplifies to

µ = (x+ a)−ab+c−1 ebx

The ode becomes

d
dx(µy) = (µ)

(
c1

x+ a

)
d
dx

(
(x+ a)−ab+c−1 ebxy

)
=
(
(x+ a)−ab+c−1 ebx

)( c1
x+ a

)
d
(
(x+ a)−ab+c−1 ebxy

)
=
(
c1(x+ a)−ab+c−2 ebx

)
dx

Integrating gives

(x+ a)−ab+c−1 ebxy =
∫

c1(x+ a)−ab+c−2 ebx dx

(x+ a)−ab+c−1 ebxy =
∫

c1(x+ a)−ab+c−2 ebxdx+ c2

Dividing both sides by the integrating factor µ = (x+ a)−ab+c−1 ebx results in

y = (x+ a)ab−c+1 e−bx

(∫
c1(x+ a)−ab+c−2 ebxdx

)
+ c2(x+ a)ab−c+1 e−bx

which simplifies to

y = (x+ a)ab−c+1 e−bx

(
c1

(∫
(x+ a)−ab+c−2 ebxdx

)
+ c2

)
Summary
The solution(s) found are the following

(1)y = (x+ a)ab−c+1 e−bx

(
c1

(∫
(x+ a)−ab+c−2 ebxdx

)
+ c2

)
Verification of solutions

y = (x+ a)ab−c+1 e−bx

(
c1

(∫
(x+ a)−ab+c−2 ebxdx

)
+ c2

)
Verified OK.
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28.45.3 Solving as exact linear second order ode ode

An ode of the form

p(x) y′′ + q(x) y′ + r(x) y = s(x)

is exact if

p′′(x)− q′(x) + r(x) = 0 (1)

For the given ode we have

p(x) = x+ a

q(x) = bx+ c

r(x) = b

s(x) = 0

Hence

p′′(x) = 0
q′(x) = b

Therefore (1) becomes

0− (b) + (b) = 0

Hence the ode is exact. Since we now know the ode is exact, it can be written as

(p(x) y′ + (q(x)− p′(x)) y)′ = s(x)

Integrating gives

p(x) y′ + (q(x)− p′(x)) y =
∫

s(x) dx

Substituting the above values for p, q, r, s gives

(bx+ c− 1) y + (x+ a) y′ = c1

We now have a first order ode to solve which is

(bx+ c− 1) y + (x+ a) y′ = c1

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = −−bx− c+ 1
x+ a

q(x) = c1
x+ a

Hence the ode is

y′ − (−bx− c+ 1) y
x+ a

= c1
x+ a

The integrating factor µ is

µ = e
∫
−−bx−c+1

x+a
dx

= ebx+(−ab+c−1) ln(x+a)

Which simplifies to

µ = (x+ a)−ab+c−1 ebx

The ode becomes

d
dx(µy) = (µ)

(
c1

x+ a

)
d
dx

(
(x+ a)−ab+c−1 ebxy

)
=
(
(x+ a)−ab+c−1 ebx

)( c1
x+ a

)
d
(
(x+ a)−ab+c−1 ebxy

)
=
(
c1(x+ a)−ab+c−2 ebx

)
dx

Integrating gives

(x+ a)−ab+c−1 ebxy =
∫

c1(x+ a)−ab+c−2 ebx dx

(x+ a)−ab+c−1 ebxy =
∫

c1(x+ a)−ab+c−2 ebxdx+ c2

Dividing both sides by the integrating factor µ = (x+ a)−ab+c−1 ebx results in

y = (x+ a)ab−c+1 e−bx

(∫
c1(x+ a)−ab+c−2 ebxdx

)
+ c2(x+ a)ab−c+1 e−bx

which simplifies to

y = (x+ a)ab−c+1 e−bx

(
c1

(∫
(x+ a)−ab+c−2 ebxdx

)
+ c2

)
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Summary
The solution(s) found are the following

(1)y = (x+ a)ab−c+1 e−bx

(
c1

(∫
(x+ a)−ab+c−2 ebxdx

)
+ c2

)
Verification of solutions

y = (x+ a)ab−c+1 e−bx

(
c1

(∫
(x+ a)−ab+c−2 ebxdx

)
+ c2

)
Verified OK.

28.45.4 Maple step by step solution

Let’s solve
(x+ a) y′′ + (bx+ c) y′ + yb = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − by
x+a

− (bx+c)y′
x+a

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (bx+c)y′
x+a

+ by
x+a

= 0

� Check to see if x0 = −a is a regular singular point
◦ Define functions[

P2(x) = bx+c
x+a

, P3(x) = b
x+a

]
◦ (x+ a) · P2(x) is analytic at x = −a

((x+ a) · P2(x))
∣∣∣∣
x=−a

= −ab+ c

◦ (x+ a)2 · P3(x) is analytic at x = −a(
(x+ a)2 · P3(x)

) ∣∣∣∣
x=−a

= 0

◦ x = −ais a regular singular point
Check to see if x0 = −a is a regular singular point
x0 = −a

• Multiply by denominators
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(x+ a) y′′ + (bx+ c) y′ + yb = 0
• Change variables using x = u− a so that the regular singular point is at u = 0

u
(

d2

du2y(u)
)
+ (−ab+ bu+ c)

(
d
du
y(u)

)
+ by(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert u ·
(

d2

du2y(u)
)

to series expansion

u ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−1

◦ Shift index using k− >k + 1

u ·
(

d2

du2y(u)
)
=

∞∑
k=−1

ak+1(k + 1 + r) (k + r)uk+r

Rewrite ODE with series expansions

−a0r(ab− c− r + 1)u−1+r +
(

∞∑
k=0

(−ak+1(k + 1 + r) (ab− c− k − r) + bak(k + 1 + r))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−r(ab− c− r + 1) = 0

• Values of r that satisfy the indicial equation
r ∈ {0, ab− c+ 1}

• Each term in the series must be 0, giving the recursion relation
−(k + 1 + r) (ak+1(ab− c− k − r)− bak) = 0

• Recursion relation that defines series solution to ODE
ak+1 = bak

ab−c−k−r

• Recursion relation for r = 0
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ak+1 = bak
ab−c−k

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = bak

ab−c−k

]
• Revert the change of variables u = x+ a[

y =
∞∑
k=0

ak(x+ a)k , ak+1 = bak
ab−c−k

]
• Recursion relation for r = ab− c+ 1

ak+1 = bak
−k−1

• Solution for r = ab− c+ 1[
y(u) =

∞∑
k=0

aku
ab−c+k+1, ak+1 = bak

−k−1

]
• Revert the change of variables u = x+ a[

y =
∞∑
k=0

ak(x+ a)ab−c+k+1 , ak+1 = bak
−k−1

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

dk(x+ a)k
)
+
(

∞∑
k=0

ek(x+ a)ab−c+k+1
)
, d1+k = bdk

ab−c−k
, e1+k = bek

−k−1

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]

One independent solution has integrals. Trying a hypergeometric solution free of integrals...
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE
-> Trying to convert hypergeometric functions to elementary form...
<- elementary form is not straightforward to achieve - returning hypergeometric solution free of uncomputed integrals

<- linear_1 successful`� �
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3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 78� �
dsolve((x+a)*diff(y(x),x$2)+(b*x+c)*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �
y(x) = −

(
−(a+ x)ab−c+1 c1 + (Γ(−ab+ c) + Γ(−ab+ c− 1,−b(a+ x)) (ab− c+ 1)) b(a

+ x) c2(−b(a+ x))ab−c
)
e−bx

3 Solution by Mathematica
Time used: 0.559 (sec). Leaf size: 90� �
DSolve[(x+a)*y''[x]+(b*x+c)*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−b(a+x)(a+ x)1−c(−b(a+ x))−c
(
c1e

ab(a+ x)ab(−b(a+ x))c

+ bc2(−b(a+ x))ab(a+ x)cΓ(−ab+ c− 1,−b(a+ x))
)
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28.46 problem 106
28.46.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2716

Internal problem ID [10930]
Internal file name [OUTPUT/10186_Sunday_December_31_2023_11_03_44_AM_97751028/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 106.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(a1x+ a0) y′′ + (b1x+ b0) y′ −mb1y = 0

28.46.1 Maple step by step solution

Let’s solve
(a1x+ a0) y′′ + (b1x+ b0) y′ −mb1y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = b1my
a1x+a0

− (b1x+b0)y′
a1x+a0

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (b1x+b0)y′
a1x+a0

− b1my
a1x+a0

= 0

� Check to see if x0 = −a0
a1

is a regular singular point

◦ Define functions
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[
P2(x) = b1x+b0

a1x+a0
, P3(x) = − b1m

a1x+a0

]
◦
(
x+ a0

a1

)
· P2(x) is analytic at x = −a0

a1((
x+ a0

a1

)
· P2(x)

) ∣∣∣∣
x=−a0

a1

=
− b1a0

a1
+b0

a1

◦
(
x+ a0

a1

)2
· P3(x) is analytic at x = −a0

a1((
x+ a0

a1

)2
· P3(x)

) ∣∣∣∣
x=−a0

a1

= 0

◦ x = −a0
a1
is a regular singular point

Check to see if x0 = −a0
a1

is a regular singular point

x0 = −a0
a1

• Multiply by denominators
(a1x+ a0) y′′ + (b1x+ b0) y′ −mb1y = 0

• Change variables using x = u− a0
a1

so that the regular singular point is at u = 0

a1u
(

d2

du2y(u)
)
+
(
b1u− b1a0

a1
+ b0

) (
d
du
y(u)

)
− b1my(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert u ·
(

d2

du2y(u)
)

to series expansion

u ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−1

◦ Shift index using k− >k + 1

u ·
(

d2

du2y(u)
)
=

∞∑
k=−1

ak+1(k + 1 + r) (k + r)uk+r
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Rewrite ODE with series expansions

−a0r
(
−a21r+a0b1+a21−a1b0

)
u−1+r

a1
+
(

∞∑
k=0

(
−ak+1(k+1+r)

(
−a21(k+1)−a21r+a0b1+a21−a1b0

)
a1

+ akb1(k + r −m)
)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation

− r
(
−a21r+a0b1+a21−a1b0

)
a1

= 0

• Values of r that satisfy the indicial equation

r ∈
{
0, a0b1+a21−a1b0

a21

}
• Each term in the series must be 0, giving the recursion relation

ak+1(k+1+r)(k+r)a21+(b0(k+1+r)ak+1+akb1(k+r−m))a1−a0b1ak+1(k+1+r)
a1

= 0

• Recursion relation that defines series solution to ODE
ak+1 = akb1(k+r−m)a1

(k+1+r)
(
−a21k−a21r+a0b1−a1b0

)
• Recursion relation for r = 0

ak+1 = akb1(k−m)a1
(k+1)

(
−a21k+a0b1−a1b0

)
• Solution for r = 0[

y(u) =
∞∑
k=0

aku
k, ak+1 = akb1(k−m)a1

(k+1)
(
−a21k+a0b1−a1b0

)
]

• Revert the change of variables u = x+ a0
a1[

y =
∞∑
k=0

ak
(
x+ a0

a1

)k
, ak+1 = akb1(k−m)a1

(k+1)
(
−a21k+a0b1−a1b0

)
]

• Recursion relation for r = a0b1+a21−a1b0
a21

ak+1 =
akb1

(
k+a0b1+a21−a1b0

a21
−m

)
a1(

k+1+a0b1+a21−a1b0
a21

)(
−a21k−a21

)
• Solution for r = a0b1+a21−a1b0

a21[
y(u) =

∞∑
k=0

aku
k+a0b1+a21−a1b0

a21 , ak+1 =
akb1

(
k+a0b1+a21−a1b0

a21
−m

)
a1(

k+1+a0b1+a21−a1b0
a21

)(
−a21k−a21

)
]

• Revert the change of variables u = x+ a0
a1[

y =
∞∑
k=0

ak
(
x+ a0

a1

)k+a0b1+a21−a1b0
a21 , ak+1 =

akb1

(
k+a0b1+a21−a1b0

a21
−m

)
a1(

k+1+a0b1+a21−a1b0
a21

)(
−a21k−a21

)
]
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• Combine solutions and rename parameters[
y =

(
∞∑
k=0

ak
(
x+ a0

a1

)k)
+
(

∞∑
k=0

bk
(
x+ a0

a1

)k+a0b1+a21−a1b0
a21

)
, a1+k = akb1(−m+k)a1

(1+k)
(
−a21k+a0b1−a1b0

) , b1+k =
bkb1

(
k+a0b1+a21−a1b0

a21
−m

)
a1(

k+1+a0b1+a21−a1b0
a21

)(
−a21k−a21

)
]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.063 (sec). Leaf size: 101� �
dsolve((a__1*x+a__0)*diff(y(x),x$2)+(b__1*x+b__0)*diff(y(x),x)-m*b__1*y(x)=0,y(x), singsol=all)� �
y(x) = (a1x

+ a0)
a0b1+a21−a1b0

a21 e−
b1x
a1

(
KummerM

(
1 +m,

a0b1 + 2a21 − a1b0
a21

,
b1(a1x+ a0)

a21

)
c1

+KummerU
(
1 +m,

a0b1 + 2a21 − a1b0
a21

,
b1(a1x+ a0)

a21

)
c2

)
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3 Solution by Mathematica
Time used: 0.278 (sec). Leaf size: 102� �
DSolve[(a1*x+a0)*y''[x]+(b1*x+b0)*y'[x]-m*b1*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
b1x
a1 (a0+ a1x)

a0b1+a12−a1b0
a12

(
c1HypergeometricU

(
m+ 1,−b0

a1 + a0b1
a12

+ 2, b1(a0+ a1x)
a12

)
+ c2L

a12−b0a1+a0b1
a12

−m−1

(
b1(a0+ a1x)

a12
))
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28.47 problem 107
28.47.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2721

Internal problem ID [10931]
Internal file name [OUTPUT/10187_Sunday_December_31_2023_11_03_45_AM_79548268/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 107.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(ax+ b) y′′ + s(cx+ d) y′ − s2((a+ c)x+ b+ d) y = 0

28.47.1 Maple step by step solution

Let’s solve
(ax+ b) y′′ + s(cx+ d) y′ − s2((a+ c)x+ b+ d) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = s2(ax+cx+b+d)y
ax+b

− s(cx+d)y′
ax+b

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + s(cx+d)y′
ax+b

− s2(ax+cx+b+d)y
ax+b

= 0

� Check to see if x0 = − b
a
is a regular singular point

◦ Define functions
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[
P2(x) = s(cx+d)

ax+b
, P3(x) = − s2(ax+cx+b+d)

ax+b

]
◦
(
x+ b

a

)
· P2(x) is analytic at x = − b

a((
x+ b

a

)
· P2(x)

) ∣∣∣∣
x=− b

a

=
s
(
− bc

a
+d
)

a

◦
(
x+ b

a

)2 · P3(x) is analytic at x = − b
a((

x+ b
a

)2 · P3(x)
) ∣∣∣∣

x=− b
a

= 0

◦ x = − b
a
is a regular singular point

Check to see if x0 = − b
a
is a regular singular point

x0 = − b
a

• Multiply by denominators
(ax+ b) y′′ + s(cx+ d) y′ − s2(ax+ cx+ b+ d) y = 0

• Change variables using x = u− b
a
so that the regular singular point is at u = 0

au
(

d2

du2y(u)
)
+
(
scu− csb

a
+ ds

) (
d
du
y(u)

)
+
(
−s2au− s2cu+ s2bc

a
− d s2

)
y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um · y(u) to series expansion form = 0..1

um · y(u) =
∞∑
k=0

aku
k+r+m

◦ Shift index using k− >k −m

um · y(u) =
∞∑

k=m

ak−mu
k+r

◦ Convert um ·
(

d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert u ·
(

d2

du2y(u)
)

to series expansion
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u ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−1

◦ Shift index using k− >k + 1

u ·
(

d2

du2y(u)
)
=

∞∑
k=−1

ak+1(k + 1 + r) (k + r)uk+r

Rewrite ODE with series expansions
a0r
(
a2r+dsa−bcs−a2

)
u−1+r

a
+
(

a1(1+r)
(
a2r+dsa−bcs

)
a

+ a0s(acr−dsa+bcs)
a

)
ur +

(
∞∑
k=1

(
ak+1(k+1+r)

(
a2(k+1)+a2r+dsa−bcs−a2

)
a

+ aks(ack+acr−dsa+bcs)
a

− s2ak−1(a+ c)
)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r
(
a2r+dsa−bcs−a2

)
a

= 0

• Values of r that satisfy the indicial equation

r ∈
{
0, −dsa+bcs+a2

a2

}
• Each term must be 0

a1(1+r)
(
a2r+dsa−bcs

)
a

+ a0s(acr−dsa+bcs)
a

= 0

• Each term in the series must be 0, giving the recursion relation(
−s2ak−1+ak+1(k+1+r)(k+r)

)
a2+s((−cak−1−dak)s+d(k+1+r)ak+1+cak(k+r))a−c(−aks+ak+1(k+1+r))bs

a
= 0

• Shift index using k− >k + 1(
−s2ak+ak+2(k+2+r)(k+1+r)

)
a2+s((−cak−dak+1)s+d(k+2+r)ak+2+cak+1(k+1+r))a−c(−ak+1s+ak+2(k+2+r))bs

a
= 0

• Recursion relation that defines series solution to ODE

ak+2 = s
(
a2sak−ackak+1−acrak+1+acsak+adsak+1−bcsak+1−acak+1

)
(k+2+r)(a2k+a2r+dsa−bcs+a2)

• Recursion relation for r = 0

ak+2 = s
(
a2sak−ackak+1+acsak+adsak+1−bcsak+1−acak+1

)
(k+2)(a2k+dsa−bcs+a2)

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+2 = s

(
a2sak−ackak+1+acsak+adsak+1−bcsak+1−acak+1

)
(k+2)(a2k+dsa−bcs+a2) , a1(dsa−bcs)

a
+ a0s(−dsa+bcs)

a
= 0
]

• Revert the change of variables u = x+ b
a[

y =
∞∑
k=0

ak
(
x+ b

a

)k
, ak+2 = s

(
a2sak−ackak+1+acsak+adsak+1−bcsak+1−acak+1

)
(k+2)(a2k+dsa−bcs+a2) , a1(dsa−bcs)

a
+ a0s(−dsa+bcs)

a
= 0
]

• Recursion relation for r = −dsa+bcs+a2

a2
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ak+2 =
s

(
a2sak−ackak+1−

c
(
−dsa+bcs+a2

)
ak+1

a
+acsak+adsak+1−bcsak+1−acak+1

)
(
k+2+−dsa+bcs+a2

a2

)
(a2k+2a2)

• Solution for r = −dsa+bcs+a2

a2y(u) = ∞∑
k=0

aku
k+−dsa+bcs+a2

a2 , ak+2 =
s

(
a2sak−ackak+1−

c
(
−dsa+bcs+a2

)
ak+1

a
+acsak+adsak+1−bcsak+1−acak+1

)
(
k+2+−dsa+bcs+a2

a2

)
(a2k+2a2)

, a1
(
1 + −dsa+bcs+a2

a2

)
a+

a0s

(
c
(
−dsa+bcs+a2

)
a

−dsa+bcs

)
a

= 0


• Revert the change of variables u = x+ b

ay =
∞∑
k=0

ak
(
x+ b

a

)k+−dsa+bcs+a2
a2 , ak+2 =

s

(
a2sak−ackak+1−

c
(
−dsa+bcs+a2

)
ak+1

a
+acsak+adsak+1−bcsak+1−acak+1

)
(
k+2+−dsa+bcs+a2

a2

)
(a2k+2a2)

, a1
(
1 + −dsa+bcs+a2

a2

)
a+

a0s

(
c
(
−dsa+bcs+a2

)
a

−dsa+bcs

)
a

= 0


• Combine solutions and rename parametersy =

(
∞∑
k=0

ek
(
x+ b

a

)k)+
(

∞∑
k=0

fk
(
x+ b

a

)k+−dsa+bcs+a2
a2

)
, ek+2 = s

(
a2sek−acke1+k+acsek+adse1+k−bcse1+k−ace1+k

)
(k+2)(a2k+dsa−bcs+a2) , e1(dsa−bcs)

a
+ e0s(−dsa+bcs)

a
= 0, fk+2 =

s

(
a2sfk−ackf1+k−

c
(
−dsa+bcs+a2

)
f1+k

a
+acsfk+adsf1+k−bcsf1+k−acf1+k

)
(
k+2+−dsa+bcs+a2

a2

)
(a2k+2a2)

, f1
(
1 + −dsa+bcs+a2

a2

)
a+

f0s

(
c
(
−dsa+bcs+a2

)
a

−dsa+bcs

)
a

= 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful

-> Trying to convert hypergeometric functions to elementary form...
<- elementary form could result into a too large expression - returning special function form of solution, free of uncomputed

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 166� �
dsolve((a*x+b)*diff(y(x),x$2)+s*(c*x+d)*diff(y(x),x)-s^2*((a+c)*x+b+d)*y(x)=0,y(x), singsol=all)� �
y(x)

=

(
((−c1 + c2) a2 + adsc1 − bcsc1) Γ

(
−dsa+bcs+a2

a2
, s(2a+c)(ax+b)

a2

)
+ Γ

(
−dsa+bcs+2a2

a2

)
c1a

2
)
(ax+ b)

−dsa+bcs+a2
a2

(
s(2a+c)(ax+b)

a2

) dsa−bcs−a2
a2 e

s
(
a2x+2ab+bc

)
a2

a2
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3 Solution by Mathematica
Time used: 1.269 (sec). Leaf size: 122� �
DSolve[(a*x+b)*y''[x]+s*(c*x+d)*y'[x]-s^2*((a+c)*x+b+d)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)
→ c1e

sx

−
c2e

s
(

b(2a+c)
a2 +x

)
(ax+ b)

s(bc−ad)
a2 +1

(
s(2a+c)(ax+b)

a2

) s(ad−bc)
a2 −1

Γ
(

a2−dsa+bcs
a2

, (2a+c)s(b+ax)
a2

)
a
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28.48 problem 108
28.48.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2727

Internal problem ID [10932]
Internal file name [OUTPUT/10188_Sunday_December_31_2023_11_03_46_AM_19163397/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 108.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(a2x+ b2) y′′ + (a1x+ b1) y′ + (a0x+ b0) y = 0

28.48.1 Maple step by step solution

Let’s solve
(a2x+ b2) y′′ + (a1x+ b1) y′ + (a0x+ b0) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − (a0x+b0)y
a2x+b2

− (a1x+b1)y′
a2x+b2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (a1x+b1)y′
a2x+b2

+ (a0x+b0)y
a2x+b2

= 0

� Check to see if x0 = − b2
a2

is a regular singular point

◦ Define functions
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[
P2(x) = a1x+b1

a2x+b2
, P3(x) = a0x+b0

a2x+b2

]
◦
(
x+ b2

a2

)
· P2(x) is analytic at x = − b2

a2((
x+ b2

a2

)
· P2(x)

) ∣∣∣∣
x=− b2

a2

=
−a1b2

a2
+b1

a2

◦
(
x+ b2

a2

)2
· P3(x) is analytic at x = − b2

a2((
x+ b2

a2

)2
· P3(x)

) ∣∣∣∣
x=− b2

a2

= 0

◦ x = − b2
a2
is a regular singular point

Check to see if x0 = − b2
a2

is a regular singular point

x0 = − b2
a2

• Multiply by denominators
(a2x+ b2) y′′ + (a1x+ b1) y′ + (a0x+ b0) y = 0

• Change variables using x = u− b2
a2

so that the regular singular point is at u = 0

a2u
(

d2

du2y(u)
)
+
(
a1u− a1b2

a2
+ b1

) (
d
du
y(u)

)
+
(
a0u− a0b2

a2
+ b0

)
y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um · y(u) to series expansion form = 0..1

um · y(u) =
∞∑
k=0

aku
k+r+m

◦ Shift index using k− >k −m

um · y(u) =
∞∑

k=m

ak−mu
k+r

◦ Convert um ·
(

d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r
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◦ Convert u ·
(

d2

du2y(u)
)

to series expansion

u ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−1

◦ Shift index using k− >k + 1

u ·
(

d2

du2y(u)
)
=

∞∑
k=−1

ak+1(k + 1 + r) (k + r)uk+r

Rewrite ODE with series expansions

−a0r
(
−a22r+a1b2+a22−a2b1

)
u−1+r

a2
+
(
−a1(1+r)

(
−a22r+a1b2−a2b1

)
a2

− a0(−a1a2r+a0b2−a2b0)
a2

)
ur +

(
∞∑
k=1

(
−ak+1(k+1+r)

(
−a22(k+1)−a22r+a1b2+a22−a2b1

)
a2

− ak(−a1a2k−a1a2r+a0b2−a2b0)
a2

+ ak−1a0
)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation

− r
(
−a22r+a1b2+a22−a2b1

)
a2

= 0

• Values of r that satisfy the indicial equation

r ∈
{
0, a1b2+a22−a2b1

a22

}
• Each term must be 0

−a1(1+r)
(
−a22r+a1b2−a2b1

)
a2

− a0(−a1a2r+a0b2−a2b0)
a2

= 0

• Each term in the series must be 0, giving the recursion relation
ak+1(k+1+r)(k+r)a22+(b1(k+1+r)ak+1+ka1ak+ra1ak+ak−1a0+akb0)a2−b2(a1(k+1+r)ak+1+aka0)

a2
= 0

• Shift index using k− >k + 1
ak+2(k+2+r)(k+1+r)a22+(b1(k+2+r)ak+2+(k+1)a1ak+1+ra1ak+1+aka0+ak+1b0)a2−b2(a1(k+2+r)ak+2+ak+1a0)

a2
= 0

• Recursion relation that defines series solution to ODE
ak+2 = a1a2kak+1+a1a2rak+1+a0a2ak−a0b2ak+1+a1a2ak+1+a2b0ak+1

(k+2+r)
(
−a22k−a22r+a1b2−a22−a2b1

)
• Recursion relation for r = 0

ak+2 = a1a2kak+1+a0a2ak−a0b2ak+1+a1a2ak+1+a2b0ak+1
(k+2)

(
−a22k+a1b2−a22−a2b1

)
• Solution for r = 0[

y(u) =
∞∑
k=0

aku
k, ak+2 = a1a2kak+1+a0a2ak−a0b2ak+1+a1a2ak+1+a2b0ak+1

(k+2)
(
−a22k+a1b2−a22−a2b1

) ,−a1(a1b2−a2b1)
a2

− a0(a0b2−a2b0)
a2

= 0
]

• Revert the change of variables u = x+ b2
a2[

y =
∞∑
k=0

ak
(
x+ b2

a2

)k
, ak+2 = a1a2kak+1+a0a2ak−a0b2ak+1+a1a2ak+1+a2b0ak+1

(k+2)
(
−a22k+a1b2−a22−a2b1

) ,−a1(a1b2−a2b1)
a2

− a0(a0b2−a2b0)
a2

= 0
]
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• Recursion relation for r = a1b2+a22−a2b1
a22

ak+2 =
a1a2kak+1+

a1
(
a1b2+a22−a2b1

)
ak+1

a2
+a0a2ak−a0b2ak+1+a1a2ak+1+a2b0ak+1(

k+2+a1b2+a22−a2b1
a22

)(
−a22k−2a22

)
• Solution for r = a1b2+a22−a2b1

a22y(u) = ∞∑
k=0

aku
k+a1b2+a22−a2b1

a22 , ak+2 =
a1a2kak+1+

a1
(
a1b2+a22−a2b1

)
ak+1

a2
+a0a2ak−a0b2ak+1+a1a2ak+1+a2b0ak+1(

k+2+a1b2+a22−a2b1
a22

)(
−a22k−2a22

) , a1
(
1 + a1b2+a22−a2b1

a22

)
a2 −

a0

(
−

a1
(
a1b2+a22−a2b1

)
a2

+a0b2−a2b0

)
a2

= 0


• Revert the change of variables u = x+ b2

a2y =
∞∑
k=0

ak
(
x+ b2

a2

)k+a1b2+a22−a2b1
a22 , ak+2 =

a1a2kak+1+
a1
(
a1b2+a22−a2b1

)
ak+1

a2
+a0a2ak−a0b2ak+1+a1a2ak+1+a2b0ak+1(

k+2+a1b2+a22−a2b1
a22

)(
−a22k−2a22

) , a1
(
1 + a1b2+a22−a2b1

a22

)
a2 −

a0

(
−

a1
(
a1b2+a22−a2b1

)
a2

+a0b2−a2b0

)
a2

= 0


• Combine solutions and rename parametersy =

(
∞∑
k=0

ak
(
x+ b2

a2

)k)
+
(

∞∑
k=0

bk
(
x+ b2

a2

)k+a1b2+a22−a2b1
a22

)
, ak+2 = a1a2ka1+k+a0a2ak−a0b2a1+k+a1a2a1+k+a2b0a1+k

(k+2)
(
−a22k+a1b2−a22−a2b1

) ,−a1(a1b2−a2b1)
a2

− a0(a0b2−a2b0)
a2

= 0, bk+2 =
a1a2kb1+k+

a1
(
a1b2+a22−a2b1

)
b1+k

a2
+a0a2bk−a0b2b1+k+a1a2b1+k+a2b0b1+k(

k+2+a1b2+a22−a2b1
a22

)(
−a22k−2a22

) , b1
(
1 + a1b2+a22−a2b1

a22

)
a2 −

b0

(
−

a1
(
a1b2+a22−a2b1

)
a2

+a0b2−a2b0

)
a2

= 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 248� �
dsolve((a__2*x+b__2)*diff(y(x),x$2)+(a__1*x+b__1)*diff(y(x),x)+(a__0*x+b__0)*y(x)=0,y(x), singsol=all)� �
y(x) = (a2x

+b2)
a1b2+a22−a2b1

a22 e−
(√

−4a0a2+a21+a1
)
x

2a2

(
KummerM

(
(a1b2 + 2a22 − a2b1)

√
−4a0a2 + a21 − 2a22b0 + (2a0b2 + b1a1) a2 − a21b2

2
√
−4a0a2 + a21 a

2
2

,
a1b2 + 2a22 − a2b1

a22
,

√
−4a0a2 + a21 (a2x+ b2)

a22

)
c1

+KummerU
(
(a1b2 + 2a22 − a2b1)

√
−4a0a2 + a21 − 2a22b0 + (2a0b2 + b1a1) a2 − a21b2

2
√

−4a0a2 + a21 a
2
2

,
a1b2 + 2a22 − a2b1

a22
,

√
−4a0a2 + a21 (a2x+ b2)

a22

)
c2

)
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3 Solution by Mathematica
Time used: 0.526 (sec). Leaf size: 301� �
DSolve[(a2*x+b2)*y''[x]+(a1*x+b1)*y'[x]+(a0*x+b0)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → e−

x

(√
a12−4a0a2+a1

)
2a2 (a2x

+b2)
a1b2+a22−a2b1

a22

c1HypergeometricU

2
(√

a12 − 4a0a2− b0
)
a22 +

(
a1b1−

√
a12 − 4a0a2b1+ 2a0b2

)
a2+ a1

(√
a12 − 4a0a2− a1

)
b2

2a22
√
a12 − 4a0a2

,

−b1
a2 + a1b2

a22 + 2,
√
a12 − 4a0a2(b2+ a2x)

a22


+c2L

a22−b1a2+a1b2
a22

−2
(√

a12−4a0a2−b0
)
a22+

(
−a1b1+

√
a12−4a0a2b1−2a0b2

)
a2+a1

(
a1−

√
a12−4a0a2

)
b2

2a22
√
a12−4a0a2

(√
a12 − 4a0a2(b2+ a2x)

a22

)
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28.49 problem 109
28.49.1 Solving as second order integrable as is ode . . . . . . . . . . . 2733
28.49.2 Solving as type second_order_integrable_as_is (not using ABC

version) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2735
28.49.3 Solving as exact linear second order ode ode . . . . . . . . . . . 2737

Internal problem ID [10933]
Internal file name [OUTPUT/10189_Sunday_December_31_2023_11_03_49_AM_24274775/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 109.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "exact linear second order ode",
"second_order_integrable_as_is"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries], [_2nd_order , _linear , `

_with_symmetry_ [0,F(x)]`]]

(x+ γ) y′′ + (a xn + b xm + c) y′ +
(
an xn−1 + xm−1bm

)
y = 0

28.49.1 Solving as second order integrable as is ode

Integrating both sides of the ODE w.r.t x gives∫ (
(x+ γ) y′′ + (a xn + b xm + c) y′ + (xnna+ b xmm) y

x

)
dx = 0

(ax xn + xmbx+ cx− x) y
x

+ (x+ γ) y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = −−a xn − b xm − c+ 1
x+ γ

q(x) = c1
x+ γ

Hence the ode is

y′ − (−a xn − b xm − c+ 1) y
x+ γ

= c1
x+ γ

The integrating factor µ is
µ = e

∫
−−a xn−b xm−c+1

x+γ
dx

The ode becomes
d
dx(µy) = (µ)

(
c1

x+ γ

)
d
dx

(
e
∫
−−a xn−b xm−c+1

x+γ
dxy
)
=
(
e
∫
−−a xn−b xm−c+1

x+γ
dx
)( c1

x+ γ

)
d
(
e
∫
−−a xn−b xm−c+1

x+γ
dxy
)
=
(
c1e

∫
a xn+b xm+c−1

x+γ
dx

x+ γ

)
dx

Integrating gives

e
∫
−−a xn−b xm−c+1

x+γ
dxy =

∫
c1e

∫
a xn+b xm+c−1

x+γ
dx

x+ γ
dx

e
∫
−−a xn−b xm−c+1

x+γ
dxy =

∫
c1e

∫
a xn+b xm+c−1

x+γ
dx

x+ γ
dx+ c2

Dividing both sides by the integrating factor µ = e
∫
−−a xn−b xm−c+1

x+γ
dx results in

y = e−
(∫

a xn+b xm+c−1
x+γ

dx
)(∫

c1e
∫

a xn+b xm+c−1
x+γ

dx

x+ γ
dx

)
+ c2e−

(∫
a xn+b xm+c−1

x+γ
dx
)

which simplifies to

y = e−
(∫

a xn+b xm+c−1
x+γ

dx
)(

c1

(∫ e
∫

a xn+b xm+c−1
x+γ

dx

x+ γ
dx

)
+ c2

)
Summary
The solution(s) found are the following

(1)y = e−
(∫

a xn+b xm+c−1
x+γ

dx
)(

c1

(∫ e
∫

a xn+b xm+c−1
x+γ

dx

x+ γ
dx

)
+ c2

)
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Verification of solutions

y = e−
(∫

a xn+b xm+c−1
x+γ

dx
)(

c1

(∫ e
∫

a xn+b xm+c−1
x+γ

dx

x+ γ
dx

)
+ c2

)

Verified OK.

28.49.2 Solving as type second_order_integrable_as_is (not using ABC
version)

Writing the ode as

(x+ γ) y′′ + (a xn + b xm + c) y′ + (xnna+ b xmm) y
x

= 0

Integrating both sides of the ODE w.r.t x gives∫ (
(x+ γ) y′′ + (a xn + b xm + c) y′ + (xnna+ b xmm) y

x

)
dx = 0

(ax xn + xmbx+ cx− x) y
x

+ (x+ γ) y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = −−a xn − b xm − c+ 1
x+ γ

q(x) = c1
x+ γ

Hence the ode is

y′ − (−a xn − b xm − c+ 1) y
x+ γ

= c1
x+ γ

The integrating factor µ is
µ = e

∫
−−a xn−b xm−c+1

x+γ
dx
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The ode becomes

d
dx(µy) = (µ)

(
c1

x+ γ

)
d
dx

(
e
∫
−−a xn−b xm−c+1

x+γ
dxy
)
=
(
e
∫
−−a xn−b xm−c+1

x+γ
dx
)( c1

x+ γ

)
d
(
e
∫
−−a xn−b xm−c+1

x+γ
dxy
)
=
(
c1e

∫
a xn+b xm+c−1

x+γ
dx

x+ γ

)
dx

Integrating gives

e
∫
−−a xn−b xm−c+1

x+γ
dxy =

∫
c1e

∫
a xn+b xm+c−1

x+γ
dx

x+ γ
dx

e
∫
−−a xn−b xm−c+1

x+γ
dxy =

∫
c1e

∫
a xn+b xm+c−1

x+γ
dx

x+ γ
dx+ c2

Dividing both sides by the integrating factor µ = e
∫
−−a xn−b xm−c+1

x+γ
dx results in

y = e−
(∫

a xn+b xm+c−1
x+γ

dx
)(∫

c1e
∫

a xn+b xm+c−1
x+γ

dx

x+ γ
dx

)
+ c2e−

(∫
a xn+b xm+c−1

x+γ
dx
)

which simplifies to

y = e−
(∫

a xn+b xm+c−1
x+γ

dx
)(

c1

(∫ e
∫

a xn+b xm+c−1
x+γ

dx

x+ γ
dx

)
+ c2

)

Summary
The solution(s) found are the following

(1)y = e−
(∫

a xn+b xm+c−1
x+γ

dx
)(

c1

(∫ e
∫

a xn+b xm+c−1
x+γ

dx

x+ γ
dx

)
+ c2

)
Verification of solutions

y = e−
(∫

a xn+b xm+c−1
x+γ

dx
)(

c1

(∫ e
∫

a xn+b xm+c−1
x+γ

dx

x+ γ
dx

)
+ c2

)

Verified OK.
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28.49.3 Solving as exact linear second order ode ode

An ode of the form

p(x) y′′ + q(x) y′ + r(x) y = s(x)

is exact if

p′′(x)− q′(x) + r(x) = 0 (1)

For the given ode we have

p(x) = x+ γ

q(x) = a xn + b xm + c

r(x) = xnna+ b xmm

x
s(x) = 0

Hence

p′′(x) = 0

q′(x) = an xn

x
+ b xmm

x

Therefore (1) becomes

0−
(
an xn

x
+ b xmm

x

)
+
(
xnna+ b xmm

x

)
= 0

Hence the ode is exact. Since we now know the ode is exact, it can be written as

(p(x) y′ + (q(x)− p′(x)) y)′ = s(x)

Integrating gives

p(x) y′ + (q(x)− p′(x)) y =
∫

s(x) dx

Substituting the above values for p, q, r, s gives

(x+ γ) y′ + (a xn + b xm + c− 1) y = c1

We now have a first order ode to solve which is

(x+ γ) y′ + (a xn + b xm + c− 1) y = c1
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Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = −−a xn − b xm − c+ 1
x+ γ

q(x) = c1
x+ γ

Hence the ode is

y′ − (−a xn − b xm − c+ 1) y
x+ γ

= c1
x+ γ

The integrating factor µ is
µ = e

∫
−−a xn−b xm−c+1

x+γ
dx

The ode becomes

d
dx(µy) = (µ)

(
c1

x+ γ

)
d
dx

(
e
∫
−−a xn−b xm−c+1

x+γ
dxy
)
=
(
e
∫
−−a xn−b xm−c+1

x+γ
dx
)( c1

x+ γ

)
d
(
e
∫
−−a xn−b xm−c+1

x+γ
dxy
)
=
(
c1e

∫
a xn+b xm+c−1

x+γ
dx

x+ γ

)
dx

Integrating gives

e
∫
−−a xn−b xm−c+1

x+γ
dxy =

∫
c1e

∫
a xn+b xm+c−1

x+γ
dx

x+ γ
dx

e
∫
−−a xn−b xm−c+1

x+γ
dxy =

∫
c1e

∫
a xn+b xm+c−1

x+γ
dx

x+ γ
dx+ c2

Dividing both sides by the integrating factor µ = e
∫
−−a xn−b xm−c+1

x+γ
dx results in

y = e−
(∫

a xn+b xm+c−1
x+γ

dx
)(∫

c1e
∫

a xn+b xm+c−1
x+γ

dx

x+ γ
dx

)
+ c2e−

(∫
a xn+b xm+c−1

x+γ
dx
)

which simplifies to

y = e−
(∫

a xn+b xm+c−1
x+γ

dx
)(

c1

(∫ e
∫

a xn+b xm+c−1
x+γ

dx

x+ γ
dx

)
+ c2

)
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Summary
The solution(s) found are the following

(1)y = e−
(∫

a xn+b xm+c−1
x+γ

dx
)(

c1

(∫ e
∫

a xn+b xm+c−1
x+γ

dx

x+ γ
dx

)
+ c2

)
Verification of solutions

y = e−
(∫

a xn+b xm+c−1
x+γ

dx
)(

c1

(∫ e
∫

a xn+b xm+c−1
x+γ

dx

x+ γ
dx

)
+ c2

)

Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 63� �
dsolve((x+gamma)*diff(y(x),x$2)+(a*x^n+b*x^m+c)*diff(y(x),x)+(a*n*x^(n-1)+b*m*x^(m-1))*y(x)=0,y(x), singsol=all)� �

y(x) =
(
c1

(∫ e
∫

a xn+b xm+c−1
x+γ

dx

x+ γ
dx

)
+ c2

)
e−
(∫

a xn+b xm+c−1
x+γ

dx
)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(x+\[Gamma])*y''[x]+(a*x^n+b*x^m+c)*y'[x]+(a*n*x^(n-1)+b*m*x^(m-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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29.1 problem 110
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29.1.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2748

Internal problem ID [10934]
Internal file name [OUTPUT/10190_Sunday_December_31_2023_11_03_51_AM_72514253/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 110.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_eu-
ler_ode"

Maple gives the following as the ode type
[[_Emden , _Fowler ]]

x2y′′ + ay = 0

29.1.1 Solving as second order euler ode ode

This is Euler second order ODE. Let the solution be y = xr, then y′ = rxr−1 and
y′′ = r(r − 1)xr−2. Substituting these back into the given ODE gives

x2(r(r − 1))xr−2 + 0rxr−1 + a xr = 0

Simplifying gives
r(r − 1)xr + 0xr + a xr = 0

Since xr 6= 0 then dividing throughout by xr gives

r(r − 1) + 0 + a = 0

Or
r2 + a− r = 0 (1)
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Equation (1) is the characteristic equation. Its roots determine the form of the general
solution. Using the quadratic equation the roots are

r1 =
1
2 −

√
1− 4a
2

r2 =
1
2 +

√
1− 4a
2

Since the roots are real and distinct, then the general solution is

y = c1y1 + c2y2

Where y1 = xr1 and y2 = xr2 . Hence

y = c1x
1
2−

√
1−4a
2 + c2x

1
2+

√
1−4a
2

Summary
The solution(s) found are the following

(1)y = c1x
1
2−

√
1−4a
2 + c2x

1
2+

√
1−4a
2

Verification of solutions

y = c1x
1
2−

√
1−4a
2 + c2x

1
2+

√
1−4a
2

Verified OK.

29.1.2 Solving using Kovacic algorithm

Writing the ode as

x2y′′ + ay = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x2

B = 0 (3)
C = a

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −a

x2 (6)

Comparing the above to (5) shows that

s = −a

t = x2

Therefore eq. (4) becomes

z′′(x) =
(
− a

x2

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 113: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 2− 0
= 2

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = x2. There is a pole at x = 0 of order 2. Since there is no odd order pole
larger than 2 and the order at ∞ is 2 then the necessary conditions for case one are met.
Since there is a pole of order 2 then necessary conditions for case two are met. Since
pole order is not larger than 2 and the order at ∞ is 2 then the necessary conditions
for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Unable to find solution using case one

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is

r = − a

x2

For the pole at x = 0 let b be the coefficient of 1
x2 in the partial fractions decomposition

of r given above. Therefore b = −a. Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

=
{
2, 2− 2

√
1− 4a, 2 + 2

√
1− 4a

}
Since the order of r at ∞ is 2 then let b be the coefficient of 1

x2 in the Laurent series
expansion of r at ∞. which can be found by dividing the leading coefficient of s by the
leading coefficient of t from

r = s

t
= − a

x2

Since the gcd(s, t) = 1. This gives b = −1. Hence

E∞ = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {2}

The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.
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pole c location pole order Ec

0 2
{
2, 2− 2

√
1− 4a, 2 + 2

√
1− 4a

}
Order of r at ∞ E∞

2 {2}

Using the family {e1, e2, . . . , e∞} given by

e1 = 2, e∞ = 2

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(2− (2))

= 0

We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

(
2

(x− (0))

)
= 1

x

Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)

Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1
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Now that p(x) is found let

φ = θ + p′

p

= 1
x

Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 − w

x
+ a

x2 = 0

Solving for ω gives

ω = 1 +
√
1− 4a
2x

Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫ 1+

√
1−4a
2x dx

= x
1
2+

√
1−4a
2

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

Since B = 0 then the above reduces to

y1 = z1

= x
1
2+

√
1−4a
2

Which simplifies to

y1 = x
1
2+

√
1−4a
2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx
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Since B = 0 then the above becomes

y2 = y1

∫ 1
y21

dx

= x
1
2+

√
1−4a
2

∫ 1
x1+

√
1−4a

dx

= x
1
2+

√
1−4a
2

(
− x−

√
1−4a

√
1− 4a

)

Therefore the solution is

y = c1y1 + c2y2

= c1
(
x

1
2+

√
1−4a
2

)
+ c2

(
x

1
2+

√
1−4a
2

(
− x−

√
1−4a

√
1− 4a

))

Summary
The solution(s) found are the following

(1)y = c1x
1
2+

√
1−4a
2 − c2x

1
2−

√
1−4a
2

√
1− 4a

Verification of solutions

y = c1x
1
2+

√
1−4a
2 − c2x

1
2−

√
1−4a
2

√
1− 4a

Verified OK.

29.1.3 Maple step by step solution

Let’s solve
y′′x2 + ay = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = −ay

x2
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• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + ay

x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = 0, P3(x) = a
x2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 0

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= a

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 + ay = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite DE with series expansions
◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite DE with series expansions
∞∑
k=0

ak(k2 + 2kr + r2 + a− k − r)xk+r = 0

• a0cannot be 0 by assumption, giving the indicial equation
r = 0

• Each term in the series must be 0, giving the recursion relation
ak(k2 + a− k) = 0

• Recursion relation that defines series solution to ODE
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ak = 0
• Recursion relation for r = 0

ak = 0
• Solution for r = 0[

y =
∞∑
k=0

akx
k, ak = 0

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
<- LODE of Euler type successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 35� �
dsolve(x^2*diff(y(x),x$2)+a*y(x)=0,y(x), singsol=all)� �

y(x) =
√
x
(
c1x

√
−4a+1

2 + c2x
−

√
−4a+1

2

)
3 Solution by Mathematica
Time used: 0.057 (sec). Leaf size: 42� �
DSolve[x^2*y''[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x
1
2−

1
2
√
1−4a

(
c2x

√
1−4a + c1

)
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29.2 problem 111
29.2.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2751
29.2.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2752

Internal problem ID [10935]
Internal file name [OUTPUT/10191_Sunday_December_31_2023_11_03_52_AM_93987930/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 111.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ + (ax+ b) y = 0

29.2.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + (ax+ b) y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
√
a

n =
√
−4b+ 1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = c1
√
x BesselJ

(√
−4b+ 1, 2

√
a
√
x
)
+ c2

√
x BesselY

(√
−4b+ 1, 2

√
a
√
x
)

Summary
The solution(s) found are the following

(1)y = c1
√
x BesselJ

(√
−4b+ 1, 2

√
a
√
x
)
+ c2

√
x BesselY

(√
−4b+ 1, 2

√
a
√
x
)

Verification of solutions

y = c1
√
x BesselJ

(√
−4b+ 1, 2

√
a
√
x
)
+ c2

√
x BesselY

(√
−4b+ 1, 2

√
a
√
x
)

Verified OK.

29.2.2 Maple step by step solution

Let’s solve
y′′x2 + (ax+ b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = − (ax+b)y

x2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + (ax+b)y

x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = 0, P3(x) = ax+b
x2

]
◦ x · P2(x) is analytic at x = 0
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(x · P2(x))
∣∣∣∣
x=0

= 0

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= b

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 + (ax+ b) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

a0(r2 + b− r)xr +
(

∞∑
k=1

(ak(k2 + 2kr + r2 + b− k − r) + ak−1a)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r2 + b− r = 0

• Values of r that satisfy the indicial equation

r ∈
{

1
2 −

√
−4b+1
2 ,

√
−4b+1
2 + 1

2

}
• Each term in the series must be 0, giving the recursion relation

(k2 + (2r − 1) k + r2 + b− r) ak + ak−1a = 0
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• Shift index using k− >k + 1(
(k + 1)2 + (2r − 1) (k + 1) + r2 + b− r

)
ak+1 + aka = 0

• Recursion relation that defines series solution to ODE
ak+1 = − aka

k2+2kr+r2+b+k+r

• Recursion relation for r = 1
2 −

√
−4b+1
2

ak+1 = − aka

k2+2k
(

1
2−

√
−4b+1

2

)
+
(

1
2−

√
−4b+1

2

)2
+b+k+ 1

2−
√
−4b+1

2

• Solution for r = 1
2 −

√
−4b+1
2[

y =
∞∑
k=0

akx
k+ 1

2−
√
−4b+1

2 , ak+1 = − aka

k2+2k
(

1
2−

√
−4b+1

2

)
+
(

1
2−

√
−4b+1

2

)2
+b+k+ 1

2−
√
−4b+1

2

]
• Recursion relation for r =

√
−4b+1
2 + 1

2

ak+1 = − aka

k2+2k
(√

−4b+1
2 + 1

2

)
+
(√

−4b+1
2 + 1

2

)2
+b+k+

√
−4b+1

2 + 1
2

• Solution for r =
√
−4b+1
2 + 1

2[
y =

∞∑
k=0

akx
k+

√
−4b+1

2 + 1
2 , ak+1 = − aka

k2+2k
(√

−4b+1
2 + 1

2

)
+
(√

−4b+1
2 + 1

2

)2
+b+k+

√
−4b+1

2 + 1
2

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ckx
k+ 1

2−
√

−4b+1
2

)
+
(

∞∑
k=0

dkx
k+

√
−4b+1

2 + 1
2

)
, c1+k = − cka

k2+2k
(

1
2−

√
−4b+1

2

)
+
(

1
2−

√
−4b+1

2

)2
+b+k+ 1

2−
√

−4b+1
2

, d1+k = − dka

k2+2k
(√

−4b+1
2 + 1

2

)
+
(√

−4b+1
2 + 1

2

)2
+b+k+

√
−4b+1

2 + 1
2

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 45� �
dsolve(x^2*diff(y(x),x$2)+(a*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) =
(
BesselJ

(√
−4b+ 1, 2

√
x
√
a
)
c1 + BesselY

(√
−4b+ 1, 2

√
x
√
a
)
c2
)√

x

3 Solution by Mathematica
Time used: 0.147 (sec). Leaf size: 95� �
DSolve[x^2*y''[x]+(a*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
a
√
x
(
c1Gamma

(
1−

√
1− 4b

)
BesselJ

(
−
√
1− 4b, 2

√
a
√
x
)

+ c2Gamma
(√

1− 4b+ 1
)
BesselJ

(√
1− 4b, 2

√
a
√
x
))
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29.3 problem 112
29.3.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2756
29.3.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2757

Internal problem ID [10936]
Internal file name [OUTPUT/10192_Sunday_December_31_2023_11_03_53_AM_39922936/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 112.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ +
(
a2x2 − n(n+ 1)

)
y = 0

29.3.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
a2x2 − n2 − n

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = a

n = −n− 1
2

γ = 1

Substituting all the above into (4) gives the solution as

y = c1
√
x BesselJ

(
−n− 1

2 , ax
)
+ c2

√
x BesselY

(
−n− 1

2 , ax
)

Summary
The solution(s) found are the following

(1)y = c1
√
x BesselJ

(
−n− 1

2 , ax
)
+ c2

√
x BesselY

(
−n− 1

2 , ax
)

Verification of solutions

y = c1
√
x BesselJ

(
−n− 1

2 , ax
)
+ c2

√
x BesselY

(
−n− 1

2 , ax
)

Verified OK.

29.3.2 Maple step by step solution

Let’s solve
y′′x2 + (a2x2 − n2 − n) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
a2x2−n2−n

)
y

x2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
a2x2−n2−n

)
y

x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions
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[
P2(x) = 0, P3(x) = a2x2−n2−n

x2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 0

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= −n2 − n

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 + (a2x2 − n2 − n) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

a0(r + n) (r − 1− n)xr + a1(r + n+ 1) (r − n)x1+r +
(

∞∑
k=2

(ak(r + n+ k) (r − 1− n+ k) + ak−2a
2)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
(r + n) (r − 1− n) = 0

• Values of r that satisfy the indicial equation
r ∈ {−n, n+ 1}
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• Each term must be 0
a1(r + n+ 1) (r − n) = 0

• Solve for the dependent coefficient(s)
a1 = 0

• Each term in the series must be 0, giving the recursion relation
ak(r + n+ k) (r − 1− n+ k) + ak−2a

2 = 0
• Shift index using k− >k + 2

ak+2(r + n+ k + 2) (r + 1− n+ k) + aka
2 = 0

• Recursion relation that defines series solution to ODE

ak+2 = − aka
2

(r+n+k+2)(r+1−n+k)

• Recursion relation for r = −n

ak+2 = − aka
2

(k+2)(−2n+1+k)

• Solution for r = −n[
y =

∞∑
k=0

akx
k−n, ak+2 = − aka

2

(k+2)(−2n+1+k) , a1 = 0
]

• Recursion relation for r = n+ 1

ak+2 = − aka
2

(2n+3+k)(k+2)

• Solution for r = n+ 1[
y =

∞∑
k=0

akx
k+n+1, ak+2 = − aka

2

(2n+3+k)(k+2) , a1 = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

bkx
k−n

)
+
(

∞∑
k=0

ckx
k+n+1

)
, bk+2 = − bka

2

(k+2)(−2n+1+k) , b1 = 0, ck+2 = − cka
2

(2n+3+k)(k+2) , c1 = 0
]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 27� �
dsolve(x^2*diff(y(x),x$2)+(a^2*x^2-n*(n+1))*y(x)=0,y(x), singsol=all)� �

y(x) =
(
BesselJ

(
n+ 1

2 , ax
)
c1 + BesselY

(
n+ 1

2 , ax
)
c2

)√
x

3 Solution by Mathematica
Time used: 0.056 (sec). Leaf size: 36� �
DSolve[x^2*y''[x]+(a^2*x^2-n*(n+1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
x

(
c1 BesselJ

(
n+ 1

2 , ax
)
+ c2 BesselY

(
n+ 1

2 , ax
))
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29.4 problem 113
29.4.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2761
29.4.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2762

Internal problem ID [10937]
Internal file name [OUTPUT/10193_Sunday_December_31_2023_11_03_54_AM_32349464/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 113.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ −
(
a2x2 + n(n+ 1)

)
y = 0

29.4.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
−a2x2 − n2 − n

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = ia

n = −n− 1
2

γ = 1

Substituting all the above into (4) gives the solution as

y = c1
√
x BesselJ

(
−n− 1

2 , iax
)
+ c2

√
x BesselY

(
−n− 1

2 , iax
)

Summary
The solution(s) found are the following

(1)y = c1
√
x BesselJ

(
−n− 1

2 , iax
)
+ c2

√
x BesselY

(
−n− 1

2 , iax
)

Verification of solutions

y = c1
√
x BesselJ

(
−n− 1

2 , iax
)
+ c2

√
x BesselY

(
−n− 1

2 , iax
)

Verified OK.

29.4.2 Maple step by step solution

Let’s solve
y′′x2 + (−a2x2 − n2 − n) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ =
(
a2x2+n2+n

)
y

x2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ −
(
a2x2+n2+n

)
y

x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions
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[
P2(x) = 0, P3(x) = −a2x2+n2+n

x2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 0

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= −n2 − n

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 + (−a2x2 − n2 − n) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

a0(r + n) (r − 1− n)xr + a1(r + n+ 1) (r − n)x1+r +
(

∞∑
k=2

(ak(r + n+ k) (r − 1− n+ k)− ak−2a
2)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
(r + n) (r − 1− n) = 0

• Values of r that satisfy the indicial equation
r ∈ {−n, n+ 1}

2763



• Each term must be 0
a1(r + n+ 1) (r − n) = 0

• Solve for the dependent coefficient(s)
a1 = 0

• Each term in the series must be 0, giving the recursion relation
ak(r + n+ k) (r − 1− n+ k)− ak−2a

2 = 0
• Shift index using k− >k + 2

ak+2(r + n+ k + 2) (r + 1− n+ k)− aka
2 = 0

• Recursion relation that defines series solution to ODE

ak+2 = aka
2

(r+n+k+2)(r+1−n+k)

• Recursion relation for r = −n

ak+2 = aka
2

(k+2)(−2n+1+k)

• Solution for r = −n[
y =

∞∑
k=0

akx
k−n, ak+2 = aka

2

(k+2)(−2n+1+k) , a1 = 0
]

• Recursion relation for r = n+ 1

ak+2 = aka
2

(2n+3+k)(k+2)

• Solution for r = n+ 1[
y =

∞∑
k=0

akx
k+n+1, ak+2 = aka

2

(2n+3+k)(k+2) , a1 = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

bkx
k−n

)
+
(

∞∑
k=0

ckx
k+n+1

)
, bk+2 = bka

2

(k+2)(−2n+1+k) , b1 = 0, ck+2 = cka
2

(2n+3+k)(k+2) , c1 = 0
]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 39� �
dsolve(x^2*diff(y(x),x$2)-(a^2*x^2+n*(n+1))*y(x)=0,y(x), singsol=all)� �

y(x) =
√
x

(
BesselJ

(
n+ 1

2 ,
√
−a2 x

)
c1 + BesselY

(
n+ 1

2 ,
√
−a2 x

)
c2

)
3 Solution by Mathematica
Time used: 0.054 (sec). Leaf size: 42� �
DSolve[x^2*y''[x]-(a^2*x^2+n*(n+1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
x

(
c1 BesselJ

(
n+ 1

2 ,−iax

)
+ c2 BesselY

(
n+ 1

2 ,−iax

))
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29.5 problem 114
29.5.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2766
29.5.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2767

Internal problem ID [10938]
Internal file name [OUTPUT/10194_Sunday_December_31_2023_11_03_55_AM_29510659/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 114.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ −
(
a2x2 + 2abx+ b2 − b

)
y = 0

29.5.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
−a2x2 − 2abx− b2 + b

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
n = 1− 2b

γ = 1
2

Substituting all the above into (4) gives the solution as

y = c1
√
x BesselJ

(
1− 2b, 2

√
x
)
+ c2

√
x BesselY

(
1− 2b, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = c1
√
x BesselJ

(
1− 2b, 2

√
x
)
+ c2

√
x BesselY

(
1− 2b, 2

√
x
)

Verification of solutions

y = c1
√
x BesselJ

(
1− 2b, 2

√
x
)
+ c2

√
x BesselY

(
1− 2b, 2

√
x
)

Verified OK.

29.5.2 Maple step by step solution

Let’s solve
y′′x2 + (−a2x2 − 2abx− b2 + b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ =
(
a2x2+2abx+b2−b

)
y

x2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ −
(
a2x2+2abx+b2−b

)
y

x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = 0, P3(x) = −a2x2+2abx+b2−b
x2

]
◦ x · P2(x) is analytic at x = 0
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(x · P2(x))
∣∣∣∣
x=0

= 0

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= −b2 + b

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 + (−a2x2 − 2abx− b2 + b) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

−a0(r − 1 + b) (−r + b)xr + (−a1(r + b) (−r − 1 + b)− 2a0ab)x1+r +
(

∞∑
k=2

(−ak(r − 1 + k + b) (−r − k + b)− 2ak−1ab− ak−2a
2)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−(r − 1 + b) (−r + b) = 0

• Values of r that satisfy the indicial equation
r ∈ {b,−b+ 1}

• Each term must be 0
−a1(r + b) (−r − 1 + b)− 2a0ab = 0
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• Solve for the dependent coefficient(s)
a1 = − 2a0ab

b2−r2−b−r

• Each term in the series must be 0, giving the recursion relation
−ak(r − 1 + k + b) (−r − k + b)− 2ak−1ab− ak−2a

2 = 0
• Shift index using k− >k + 2

−ak+2(r + 1 + k + b) (−r − k − 2 + b)− 2ak+1ab− aka
2 = 0

• Recursion relation that defines series solution to ODE

ak+2 = − a(aak+2bak+1)
(r+1+k+b)(−r−k−2+b)

• Recursion relation for r = b

ak+2 = − a(aak+2bak+1)
(2b+1+k)(−k−2)

• Solution for r = b[
y =

∞∑
k=0

akx
k+b, ak+2 = − a(aak+2bak+1)

(2b+1+k)(−k−2) , a1 = aa0

]
• Recursion relation for r = −b+ 1

ak+2 = − a(aak+2bak+1)
(k+2)(2b−3−k)

• Solution for r = −b+ 1[
y =

∞∑
k=0

akx
k−b+1, ak+2 = − a(aak+2bak+1)

(k+2)(2b−3−k) , a1 = − 2a0ab
b2−(−b+1)2−1

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ckx
k+b

)
+
(

∞∑
k=0

dkx
k−b+1

)
, ck+2 = − a(ack+2bc1+k)

(2b+1+k)(−k−2) , c1 = ac0, dk+2 = − a(adk+2bd1+k)
(k+2)(2b−3−k) , d1 = − 2d0ab

b2−(−b+1)2−1

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 29� �
dsolve(x^2*diff(y(x),x$2)-(a^2*x^2+2*a*b*x+b^2-b)*y(x)=0,y(x), singsol=all)� �

y(x) = c1x
beax + c2WhittakerM

(
−b,

1
2 − b, 2ax

)
3 Solution by Mathematica
Time used: 0.055 (sec). Leaf size: 38� �
DSolve[x^2*y''[x]-(a^2*x^2+2*a*b*x+b^2-b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1M−b,b− 1
2
(2ax) + c2W−b,b− 1

2
(2ax)
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29.6 problem 115
29.6.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2771
29.6.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2772

Internal problem ID [10939]
Internal file name [OUTPUT/10195_Sunday_December_31_2023_11_04_23_AM_68992916/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 115.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ +
(
a x2 + bx+ c

)
y = 0

29.6.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
a x2 + bx+ c

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
n =

√
−4c+ 1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = c1
√
x BesselJ

(√
−4c+ 1, 2

√
x
)
+ c2

√
x BesselY

(√
−4c+ 1, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = c1
√
x BesselJ

(√
−4c+ 1, 2

√
x
)
+ c2

√
x BesselY

(√
−4c+ 1, 2

√
x
)

Verification of solutions

y = c1
√
x BesselJ

(√
−4c+ 1, 2

√
x
)
+ c2

√
x BesselY

(√
−4c+ 1, 2

√
x
)

Verified OK.

29.6.2 Maple step by step solution

Let’s solve
y′′x2 + (a x2 + bx+ c) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
a x2+bx+c

)
y

x2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
a x2+bx+c

)
y

x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = 0, P3(x) = a x2+bx+c
x2

]
◦ x · P2(x) is analytic at x = 0
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(x · P2(x))
∣∣∣∣
x=0

= 0

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= c

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 + (a x2 + bx+ c) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

a0(r2 + c− r)xr + ((r2 + c+ r) a1 + a0b)x1+r +
(

∞∑
k=2

(ak(k2 + 2kr + r2 + c− k − r) + bak−1 + ak−2a)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r2 + c− r = 0

• Values of r that satisfy the indicial equation

r ∈
{

1
2 −

√
−4c+1
2 ,

√
−4c+1
2 + 1

2

}
• Each term must be 0

(r2 + c+ r) a1 + a0b = 0
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• Solve for the dependent coefficient(s)
a1 = − a0b

r2+c+r

• Each term in the series must be 0, giving the recursion relation
(k2 + (2r − 1) k + r2 + c− r) ak + ak−2a+ bak−1 = 0

• Shift index using k− >k + 2(
(k + 2)2 + (2r − 1) (k + 2) + r2 + c− r

)
ak+2 + aka+ bak+1 = 0

• Recursion relation that defines series solution to ODE
ak+2 = − aka+bak+1

k2+2kr+r2+c+3k+3r+2

• Recursion relation for r = 1
2 −

√
−4c+1
2

ak+2 = − aka+bak+1

k2+2k
(

1
2−

√
−4c+1

2

)
+
(

1
2−

√
−4c+1

2

)2
+c+3k+ 7

2−
3
√
−4c+1
2

• Solution for r = 1
2 −

√
−4c+1
2[

y =
∞∑
k=0

akx
k+ 1

2−
√
−4c+1

2 , ak+2 = − aka+bak+1

k2+2k
(

1
2−

√
−4c+1

2

)
+
(

1
2−

√
−4c+1

2

)2
+c+3k+ 7

2−
3
√
−4c+1
2

, a1 = − a0b(
1
2−

√
−4c+1

2

)2
+c+ 1

2−
√
−4c+1

2

]
• Recursion relation for r =

√
−4c+1
2 + 1

2

ak+2 = − aka+bak+1

k2+2k
(√

−4c+1
2 + 1

2

)
+
(√

−4c+1
2 + 1

2

)2
+c+3k+ 3

√
−4c+1
2 + 7

2

• Solution for r =
√
−4c+1
2 + 1

2[
y =

∞∑
k=0

akx
k+

√
−4c+1

2 + 1
2 , ak+2 = − aka+bak+1

k2+2k
(√

−4c+1
2 + 1

2

)
+
(√

−4c+1
2 + 1

2

)2
+c+3k+ 3

√
−4c+1
2 + 7

2

, a1 = − a0b(√
−4c+1

2 + 1
2

)2
+c+

√
−4c+1

2 + 1
2

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

dkx
k+ 1

2−
√
−4c+1

2

)
+
(

∞∑
k=0

ekx
k+

√
−4c+1

2 + 1
2

)
, dk+2 = − adk+bd1+k

k2+2k
(

1
2−

√
−4c+1

2

)
+
(

1
2−

√
−4c+1

2

)2
+c+3k+ 7

2−
3
√
−4c+1
2

, d1 = − d0b(
1
2−

√
−4c+1

2

)2
+c+ 1

2−
√
−4c+1

2

, ek+2 = − aek+be1+k

k2+2k
(√

−4c+1
2 + 1

2

)
+
(√

−4c+1
2 + 1

2

)2
+c+3k+ 3

√
−4c+1
2 + 7

2

, e1 = − e0b(√
−4c+1

2 + 1
2

)2
+c+

√
−4c+1

2 + 1
2

]

2774



Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.078 (sec). Leaf size: 57� �
dsolve(x^2*diff(y(x),x$2)+(a*x^2+b*x+c)*y(x)=0,y(x), singsol=all)� �

y(x) = c1WhittakerM
(
− ib

2
√
a
,

√
−4c+ 1

2 , 2i
√
a x

)
+ c2WhittakerW

(
− ib

2
√
a
,

√
−4c+ 1

2 , 2i
√
a x

)
3 Solution by Mathematica
Time used: 0.067 (sec). Leaf size: 88� �
DSolve[x^2*y''[x]+(a*x^2+b*x+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1M− ib
2
√
a
,− 1

2 i
√
4c−1

(
2i
√
ax
)
+ c2W− ib

2
√
a
,− 1

2 i
√
4c−1

(
2i
√
ax
)

2775



29.7 problem 116
29.7.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2776
29.7.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2777
29.7.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2783

Internal problem ID [10940]
Internal file name [OUTPUT/10196_Sunday_December_31_2023_11_05_12_AM_19421269/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 116.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ −
(
a x3 + 5

16

)
y = 0

29.7.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
−a x3 − 5

16

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
√
−a

3
n = −1

2
γ = 3

2
Substituting all the above into (4) gives the solution as

y =
c1
√
x
√
2
√
6 cos

(
2
√
−a x

3
2

3

)
2
√
π

√√
−a x

3
2

+
c2
√
x
√
2
√
6 sin

(
2
√
−a x

3
2

3

)
2
√
π

√√
−a x

3
2

Summary
The solution(s) found are the following

(1)y =
c1
√
x
√
2
√
6 cos

(
2
√
−a x

3
2

3

)
2
√
π

√√
−a x

3
2

+
c2
√
x
√
2
√
6 sin

(
2
√
−a x

3
2

3

)
2
√
π

√√
−a x

3
2

Verification of solutions

y =
c1
√
x
√
2
√
6 cos

(
2
√
−a x

3
2

3

)
2
√
π

√√
−a x

3
2

+
c2
√
x
√
2
√
6 sin

(
2
√
−a x

3
2

3

)
2
√
π

√√
−a x

3
2

Verified OK.

29.7.2 Solving using Kovacic algorithm

Writing the ode as

x2y′′ +
(
−a x3 − 5

16

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x2

B = 0 (3)

C = −a x3 − 5
16
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Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = 16a x3 + 5
16x2 (6)

Comparing the above to (5) shows that

s = 16a x3 + 5
t = 16x2

Therefore eq. (4) becomes

z′′(x) =
(
16a x3 + 5

16x2

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.
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Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 120: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 2− 3
= −1

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 16x2. There is a pole at x = 0 of order 2. Since there is a pole of order 2
then necessary conditions for case two are met. Therefore

L = [2]

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is

r = ax+ 5
16x2

For the pole at x = 0 let b be the coefficient of 1
x2 in the partial fractions decomposition

of r given above. Therefore b = 5
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {−1, 2, 5}

Since the order of r at ∞ is −1 < 2 then

E∞ = {−1}
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The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.

pole c location pole order Ec

0 2 {−1, 2, 5}

Order of r at ∞ E∞

−1 {−1}

Using the family {e1, e2, . . . , e∞} given by

e1 = −1, e∞ = −1

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(−1− (−1))

= 0

We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

(
−1

(x− (0))

)
= − 1

2x
Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)

Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1
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Now that p(x) is found let

φ = θ + p′

p

= − 1
2x

Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 + w

2x + −16a x3 + 1
16x2 = 0

Solving for ω gives

ω = −1 + 4x
√
ax

4x

Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫ −1+4x

√
ax

4x dx

= e 2x
√
ax

3

x
1
4

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

Since B = 0 then the above reduces to

y1 = z1

= e 2x
√
ax

3

x
1
4

Which simplifies to

y1 =
e 2x

√
ax

3

x
1
4
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The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Since B = 0 then the above becomes

y2 = y1

∫ 1
y21

dx

= e 2x
√
ax

3

x
1
4

∫ 1
e
4x

√
ax

3√
x

dx

= e 2x
√
ax

3

x
1
4

−

√
x
(
−1 + e− 4x

√
ax

3

)
2
√
ax



Therefore the solution is

y = c1y1 + c2y2

= c1

(
e 2x

√
ax

3

x
1
4

)
+ c2

e 2x
√
ax

3

x
1
4

−

√
x
(
−1 + e− 4x

√
ax

3

)
2
√
ax


Summary
The solution(s) found are the following

(1)y = c1e
2x

√
ax

3

x
1
4

+
c2x

1
4

(
e 2x

√
ax

3 − e− 2x
√
ax

3

)
2
√
ax

Verification of solutions

y = c1e
2x

√
ax

3

x
1
4

+
c2x

1
4

(
e 2x

√
ax

3 − e− 2x
√
ax

3

)
2
√
ax

Verified OK.
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29.7.3 Maple step by step solution

Let’s solve
y′′x2 +

(
−a x3 − 5

16

)
y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ =
(
16a x3+5

)
y

16x2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ −
(
16a x3+5

)
y

16x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = 0, P3(x) = −16a x3+5
16x2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 0

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= − 5
16

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
16y′′x2 + (−16a x3 − 5) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..3

xm · y =
∞∑
k=0

akx
k+r+m
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◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

a0(1 + 4r) (−5 + 4r)xr + a1(5 + 4r) (−1 + 4r)x1+r + a2(9 + 4r) (3 + 4r)x2+r +
(

∞∑
k=3

(ak(4k + 4r + 1) (4k + 4r − 5)− 16ak−3a)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
(1 + 4r) (−5 + 4r) = 0

• Values of r that satisfy the indicial equation
r ∈

{
−1

4 ,
5
4

}
• The coefficients of each power of x must be 0

[a1(5 + 4r) (−1 + 4r) = 0, a2(9 + 4r) (3 + 4r) = 0]
• Solve for the dependent coefficient(s)

{a1 = 0, a2 = 0}
• Each term in the series must be 0, giving the recursion relation

16
(
k + r − 5

4

) (
k + r + 1

4

)
ak − 16ak−3a = 0

• Shift index using k− >k + 3
16
(
k + 7

4 + r
) (

k + 13
4 + r

)
ak+3 − 16aka = 0

• Recursion relation that defines series solution to ODE
ak+3 = 16aka

(4k+7+4r)(4k+13+4r)

• Recursion relation for r = −1
4

ak+3 = 16aka
(4k+6)(4k+12)

• Solution for r = −1
4[

y =
∞∑
k=0

akx
k− 1

4 , ak+3 = 16aka
(4k+6)(4k+12) , a1 = 0, a2 = 0

]
• Recursion relation for r = 5

4

ak+3 = 16aka
(4k+12)(4k+18)
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• Solution for r = 5
4[

y =
∞∑
k=0

akx
k+ 5

4 , ak+3 = 16aka
(4k+12)(4k+18) , a1 = 0, a2 = 0

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

bkx
k− 1

4

)
+
(

∞∑
k=0

ckx
k+ 5

4

)
, bk+3 = 16bka

(4k+6)(4k+12) , b1 = 0, b2 = 0, ck+3 = 16cka
(4k+12)(4k+18) , c1 = 0, c2 = 0

]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.032 (sec). Leaf size: 31� �
dsolve(x^2*diff(y(x),x$2)-(a*x^3+5/16)*y(x)=0,y(x), singsol=all)� �

y(x) =
c1 sinh

(
2x

3
2
√
a

3

)
+ c2 cosh

(
2x

3
2
√
a

3

)
x

1
4

3 Solution by Mathematica
Time used: 0.102 (sec). Leaf size: 60� �
DSolve[x^2*y''[x]-(a*x^3+5/16)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e−

2
3
√
ax3/2

(
2c1e

4
3
√
ax3/2 − c2√

a

)
2 4
√
x
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29.8 problem 117
29.8.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2786
29.8.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2787

Internal problem ID [10941]
Internal file name [OUTPUT/10197_Sunday_December_31_2023_11_05_15_AM_29391360/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 117.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ −
(
a2x4 + a(−1 + 2b)x2 + b(1 + b)

)
y = 0

29.8.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
−a2x4 − 2ab x2 + a x2 − b2 − b

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
n = −2b− 1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = c1
√
x BesselJ

(
−2b− 1, 2

√
x
)
+ c2

√
x BesselY

(
−2b− 1, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = c1
√
x BesselJ

(
−2b− 1, 2

√
x
)
+ c2

√
x BesselY

(
−2b− 1, 2

√
x
)

Verification of solutions

y = c1
√
x BesselJ

(
−2b− 1, 2

√
x
)
+ c2

√
x BesselY

(
−2b− 1, 2

√
x
)

Verified OK.

29.8.2 Maple step by step solution

Let’s solve
y′′x2 +

(
−a2x4 − 2

(
b− 1

2

)
x2a− b2 − b

)
y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ =
(
a2x4+2ab x2−a x2+b2+b

)
y

x2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ −
(
a2x4+2ab x2−a x2+b2+b

)
y

x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = 0, P3(x) = −a2x4+2ab x2−a x2+b2+b
x2

]
◦ x · P2(x) is analytic at x = 0
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(x · P2(x))
∣∣∣∣
x=0

= 0

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= −b2 − b

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 + (−a2x4 − 2ab x2 + a x2 − b2 − b) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..4

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

−a0(r + b) (−r + 1 + b)xr − a1(r + 1 + b) (−r + b)x1+r + (−a2(r + 2 + b) (−r − 1 + b)− a0a(−1 + 2b))x2+r + (−a3(r + 3 + b) (−r − 2 + b)− a1a(−1 + 2b))x3+r +
(

∞∑
k=4

(−ak(r + k + b) (−r + 1− k + b)− ak−2a(−1 + 2b)− ak−4a
2)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−(r + b) (−r + 1 + b) = 0

• Values of r that satisfy the indicial equation
r ∈ {−b, 1 + b}

• The coefficients of each power of x must be 0
[−a1(r + 1 + b) (−r + b) = 0,−a2(r + 2 + b) (−r − 1 + b)− a0a(−1 + 2b) = 0,−a3(r + 3 + b) (−r − 2 + b)− a1a(−1 + 2b) = 0]
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• Solve for the dependent coefficient(s){
a1 = 0, a2 = − a0a(−1+2b)

b2−r2+b−3r−2 , a3 = 0
}

• Each term in the series must be 0, giving the recursion relation
−ak(r + k + b) (−r + 1− k + b)− a(aak−4 + 2bak−2 − ak−2) = 0

• Shift index using k− >k + 4
−ak+4(r + k + 4 + b) (−r − 3− k + b)− a(aka+ 2bak+2 − ak+2) = 0

• Recursion relation that defines series solution to ODE

ak+4 = − a(aka+2bak+2−ak+2)
(r+k+4+b)(−r−3−k+b)

• Recursion relation for r = −b

ak+4 = −a(aka+2bak+2−ak+2)
(k+4)(2b−3−k)

• Solution for r = −b[
y =

∞∑
k=0

akx
k−b, ak+4 = −a(aka+2bak+2−ak+2)

(k+4)(2b−3−k) , a1 = 0, a2 = −a0a(−1+2b)
−2+4b , a3 = 0

]
• Recursion relation for r = 1 + b

ak+4 = −a(aka+2bak+2−ak+2)
(5+2b+k)(−k−4)

• Solution for r = 1 + b[
y =

∞∑
k=0

akx
k+1+b, ak+4 = −a(aka+2bak+2−ak+2)

(5+2b+k)(−k−4) , a1 = 0, a2 = − a0a(−1+2b)
b2−(1+b)2−2b−5 , a3 = 0

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ckx
k−b

)
+
(

∞∑
k=0

dkx
k+1+b

)
, ck+4 = −a(ack+2bck+2−ck+2)

(k+4)(2b−3−k) , c1 = 0, c2 = − c0a(−1+2b)
−2+4b , c3 = 0, dk+4 = −a(adk+2bdk+2−dk+2)

(5+2b+k)(−k−4) , d1 = 0, d2 = − d0a(−1+2b)
b2−(1+b)2−2b−5 , d3 = 0

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 38� �
dsolve(x^2*diff(y(x),x$2)-(a^2*x^4+a*(2*b-1)*x^2+b*(b+1))*y(x)=0,y(x), singsol=all)� �

y(x) = x−be−a x2
2

(
c2Γ
(
b+ 1

2

)
− c2Γ

(
b+ 1

2 ,−a x2
)
+ c1

)
3 Solution by Mathematica
Time used: 0.45 (sec). Leaf size: 66� �
DSolve[x^2*y''[x]-(a^2*x^4+a*(2*b-1)*x^2+b*(b+1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
2e

−ax2
2 x−b

(
ac2x

2b+3(−ax2)−b− 3
2 Γ
(
b+ 1

2 ,−ax2
)
+ 2c1

)
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29.9 problem 118
29.9.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2791

Internal problem ID [10942]
Internal file name [OUTPUT/10198_Sunday_December_31_2023_11_06_30_AM_50299776/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 118.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ + (a xn + b) y = 0

29.9.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + (a xn + b) y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
√
a

n

n =
√
−4b+ 1
n

γ = n

2

Substituting all the above into (4) gives the solution as

y = c1
√
x BesselJ

(√
−4b+ 1
n

,
2
√
a x

n
2

n

)
+ c2

√
x BesselY

(√
−4b+ 1
n

,
2
√
a x

n
2

n

)
Summary
The solution(s) found are the following

(1)y = c1
√
x BesselJ

(√
−4b+ 1
n

,
2
√
a x

n
2

n

)
+ c2

√
x BesselY

(√
−4b+ 1
n

,
2
√
a x

n
2

n

)
Verification of solutions

y = c1
√
x BesselJ

(√
−4b+ 1
n

,
2
√
a x

n
2

n

)
+ c2

√
x BesselY

(√
−4b+ 1
n

,
2
√
a x

n
2

n

)
Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
<- Bessel successful

<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 63� �
dsolve(x^2*diff(y(x),x$2)+(a*x^n+b)*y(x)=0,y(x), singsol=all)� �
y(x) =

(
BesselJ

(√
−4b+ 1
n

,
2
√
a x

n
2

n

)
c1 + BesselY

(√
−4b+ 1
n

,
2
√
a x

n
2

n

)
c2

)√
x

3 Solution by Mathematica
Time used: 0.343 (sec). Leaf size: 351� �
DSolve[x^2*y''[x]+(a*x^n+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→n−
√

(1−4b)n2+i
√
4b−1n+n

n2 a
−
√

(1−4b)n2−i
√

4b−1n+n

2n2 (xn)
−
√

(1−4b)n2−i
√
4b−1n+n

2n2

(
c2n

2
√

(1−4b)n2

n2 a
i
√

4b−1
n (xn)

i
√
4b−1
n Gamma

(
n+

√
1− 4b
n

)
BesselJ

(√
(1− 4b)n2

n2 ,
2
√
a
√
xn

n

)

+ c1n
2i

√
4b−1
n a

√
(1−4b)n2

n2 (xn)
√

(1−4b)n2

n2 Gamma
(
1

−
√
1− 4b
n

)
BesselJ

(
−
√

(1− 4b)n2

n2 ,
2
√
a
√
xn

n

))
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29.10 problem 119
29.10.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2794

Internal problem ID [10943]
Internal file name [OUTPUT/10199_Sunday_December_31_2023_11_06_31_AM_12918249/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 119.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ −
(
x2na2 + a(2b+ n− 1)xn + b(b− 1)

)
y = 0

29.10.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
−x2na2 − 2ab xn − xnna+ a xn − b2 + b

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
n = 1− 2b

γ = 1
2

Substituting all the above into (4) gives the solution as

y = c1
√
x BesselJ

(
1− 2b, 2

√
x
)
+ c2

√
x BesselY

(
1− 2b, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = c1
√
x BesselJ

(
1− 2b, 2

√
x
)
+ c2

√
x BesselY

(
1− 2b, 2

√
x
)

Verification of solutions

y = c1
√
x BesselJ

(
1− 2b, 2

√
x
)
+ c2

√
x BesselY

(
1− 2b, 2

√
x
)

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful`� �
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3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 134� �
dsolve(x^2*diff(y(x),x$2)-(a^2*x^(2*n)+a*(2*b+n-1)*x^n+b*(b-1))*y(x)=0,y(x), singsol=all)� �
y(x) = 2

(
b− 1

2 − n

2

)2

c2x
− 3n

2 + 1
2 WhittakerM

(
n− 2b+ 1

2n ,−2b− 2n− 1
2n ,

2a xn

n

)
+ n

((
−b+ 1

2 + n

2

)
x− 3n

2 + 1
2 + x−n

2+
1
2a

)
c2WhittakerM

(
−2b+ n− 1

2n ,

−2b− 2n− 1
2n ,

2a xn

n

)
+ c1x

bea xn

n

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y''[x]-(a^2*x^(2*n)+a*(2*b+n-1)*x^n+b*(b-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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29.11 problem 120
29.11.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2797

Internal problem ID [10944]
Internal file name [OUTPUT/10200_Sunday_December_31_2023_11_06_58_AM_48794329/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 120.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ +
(
a x2n + b xn + c

)
y = 0

29.11.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
a x2n + b xn + c

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
n =

√
−4c+ 1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = c1
√
x BesselJ

(√
−4c+ 1, 2

√
x
)
+ c2

√
x BesselY

(√
−4c+ 1, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = c1
√
x BesselJ

(√
−4c+ 1, 2

√
x
)
+ c2

√
x BesselY

(√
−4c+ 1, 2

√
x
)

Verification of solutions

y = c1
√
x BesselJ

(√
−4c+ 1, 2

√
x
)
+ c2

√
x BesselY

(√
−4c+ 1, 2

√
x
)

Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.172 (sec). Leaf size: 90� �
dsolve(x^2*diff(y(x),x$2)+(a*x^(2*n)+b*x^n+c)*y(x)=0,y(x), singsol=all)� �

y(x) = x−n
2
√
x

(
WhittakerW

(
− ib

2
√
a n

,
i
√
4c− 1
2n ,

2i
√
a xn

n

)
c2

+WhittakerM
(
− ib

2
√
a n

,
i
√
4c− 1
2n ,

2i
√
a xn

n

)
c1

)
3 Solution by Mathematica
Time used: 0.313 (sec). Leaf size: 236� �
DSolve[x^2*y''[x]+(a*x^(2*n)+b*x^n+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ 2
√

(1−4c)n2+n2

2n2 x
1
2−

n
2 e

i
√
axn

n (xn)
√

(1−4c)n2+n2

2n2

c1HypergeometricU
(
1
2

(
− ib√

an
+
√

(1− 4c)n2

n2 +1
)
,

√
(1− 4c)n2

n2

+ 1,−2i
√
axn

n

)
+ c2L

√
(1−4c)n2

n2

1
2

(
ib√
an

−
√

(1−4c)n2

n2 −1
)
(
−2i

√
axn

n

)

2799



29.12 problem 121
29.12.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2800

Internal problem ID [10945]
Internal file name [OUTPUT/10201_Sunday_December_31_2023_11_07_54_AM_35512270/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 121.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ +
(
a x3n + b x2n + 1

4 − n2

4

)
y = 0

29.12.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
a x3n + b x2n + 1

4 − n2

4

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
n = n

γ = 1
2

Substituting all the above into (4) gives the solution as

y = c1
√
x BesselJ

(
n, 2

√
x
)
+ c2

√
x BesselY

(
n, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = c1
√
x BesselJ

(
n, 2

√
x
)
+ c2

√
x BesselY

(
n, 2

√
x
)

Verification of solutions

y = c1
√
x BesselJ

(
n, 2

√
x
)
+ c2

√
x BesselY

(
n, 2

√
x
)

Verified OK.
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: indirect Equivalence to 0F1 under \`\`^ @ Moebius\`\` is resolved

<- hypergeometric successful
<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.297 (sec). Leaf size: 177� �
dsolve(x^2*diff(y(x),x$2)+(a*x^(3*n)+b*x^(2*n)+1/4-1/4*n^2)*y(x)=0,y(x), singsol=all)� �
y(x)

=

2 3
5
6 πc2(a xn+b) BesselI

 1
3 ,

2
√

−x3na3−3x2na2b−3xna b2−b3
n2a2
3


3 + c1 BesselI

(
−1

3 ,
2
√

−x3na3−3x2na2b−3xna b2−b3
n2a2
3

)
Γ
(2
3

)2 3 2
3

(
− (a xn+b)3

a2n2

) 1
3

x−n
2+

1
2

3
(
− (a xn+b)3

a2n2

) 1
6Γ
(2
3

)
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y''[x]+(a*x^(3*n)+b*x^(2*n)+1/4-1/4*n^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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29.13 problem 122
Internal problem ID [10946]
Internal file name [OUTPUT/10202_Sunday_December_31_2023_11_08_17_AM_31922755/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 122.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2y′′ +
(
a x2n(b xn + c)m + 1

4 − n2

4

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
7 Solution by Maple� �
dsolve(x^2*diff(y(x),x$2)+(a*x^(2*n)*(b*x^n+c)^m+1/4-1/4*n^2)*y(x)=0,y(x), singsol=all)� �

No solution found
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y''[x]+(a*x^(2*n)*(b*x^n+c)^m+1/4-1/4*n^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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29.14 problem 123
29.14.1 Solving as second order euler ode ode . . . . . . . . . . . . . . . 2807
29.14.2 Solving as second order change of variable on x method 2 ode . 2808
29.14.3 Solving as second order change of variable on y method 2 ode . 2811
29.14.4 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2814
29.14.5 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2819

Internal problem ID [10947]
Internal file name [OUTPUT/10203_Sunday_December_31_2023_11_08_18_AM_20323320/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 123.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_eu-
ler_ode", "second_order_change_of_variable_on_x_method_2", "second_or-
der_change_of_variable_on_y_method_2"

Maple gives the following as the ode type
[[_Emden , _Fowler ]]

x2y′′ + axy′ + yb = 0

29.14.1 Solving as second order euler ode ode

This is Euler second order ODE. Let the solution be y = xr, then y′ = rxr−1 and
y′′ = r(r − 1)xr−2. Substituting these back into the given ODE gives

x2(r(r − 1))xr−2 + axrxr−1 + b xr = 0

Simplifying gives
r(r − 1)xr + ar xr + b xr = 0

Since xr 6= 0 then dividing throughout by xr gives

r(r − 1) + ar + b = 0
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Or
r2 + (a− 1) r + b = 0 (1)

Equation (1) is the characteristic equation. Its roots determine the form of the general
solution. Using the quadratic equation the roots are

r1 = −a

2 + 1
2 −

√
a2 − 2a− 4b+ 1

2

r2 = −a

2 + 1
2 +

√
a2 − 2a− 4b+ 1

2

Since the roots are real and distinct, then the general solution is

y = c1y1 + c2y2

Where y1 = xr1 and y2 = xr2 . Hence

y = c1x
−a

2+
1
2−

√
a2−2a−4b+1

2 + c2x
−a

2+
1
2+

√
a2−2a−4b+1

2

Summary
The solution(s) found are the following

(1)y = c1x
−a

2+
1
2−

√
a2−2a−4b+1

2 + c2x
−a

2+
1
2+

√
a2−2a−4b+1

2

Verification of solutions

y = c1x
−a

2+
1
2−

√
a2−2a−4b+1

2 + c2x
−a

2+
1
2+

√
a2−2a−4b+1

2

Verified OK.

29.14.2 Solving as second order change of variable on x method 2 ode

In normal form the ode

x2y′′ + axy′ + yb = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = a

x

q(x) = b

x2
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Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫

a
x
dx
)
dx

=
∫

e−a ln(x) dx

=
∫

x−adx

= −x−a+1

a− 1 (6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

=
b
x2

x−2a

= b x−2+2a (7)

Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) + b x−2+2ay(τ) = 0
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But in terms of τ

b x−2+2a = b

(a− 1)2 τ 2

Hence the above ode becomes

d2

dτ 2
y(τ) + by(τ)

(a− 1)2 τ 2
= 0

The above ode is now solved for y(τ). The ode can be written as(
d2

dτ 2
y(τ)

)
(a− 1)2 τ 2 + by(τ) = 0

Which shows it is a Euler ODE. This is Euler second order ODE. Let the solution be
y(τ) = τ r, then y′ = rτ r−1 and y′′ = r(r − 1)τ r−2. Substituting these back into the
given ODE gives

(a− 1)2 τ 2(r(r − 1))τ r−2 + 0rτ r−1 + b τ r = 0

Simplifying gives
(a− 1)2 r(r − 1) τ r + 0 τ r + b τ r = 0

Since τ r 6= 0 then dividing throughout by τ r gives

(a− 1)2 r(r − 1) + 0 + b = 0

Or (
a2 − 2a+ 1

)
r2 +

(
−a2 + 2a− 1

)
r + b = 0 (1)

Equation (1) is the characteristic equation. Its roots determine the form of the general
solution. Using the quadratic equation the roots are

r1 = −−a+ 1 +
√
a2 − 2a− 4b+ 1

2 (a− 1)

r2 =
a− 1 +

√
a2 − 2a− 4b+ 1
−2 + 2a

Since the roots are real and distinct, then the general solution is

y(τ) = c1y1 + c2y2

Where y1 = τ r1 and y2 = τ r2 . Hence

y(τ) = c1τ
−−a+1+

√
a2−2a−4b+1

2(a−1) + c2τ
a−1+

√
a2−2a−4b+1
−2+2a
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The above solution is now transformed back to y using (6) which results in

y = c1

(
−x−a+1

a− 1

)a−1−
√

a2−2a−4b+1
−2+2a

+ c2

(
−x−a+1

a− 1

)a−1+
√

a2−2a−4b+1
−2+2a

Summary
The solution(s) found are the following

(1)y = c1

(
−x−a+1

a− 1

)a−1−
√

a2−2a−4b+1
−2+2a

+ c2

(
−x−a+1

a− 1

)a−1+
√

a2−2a−4b+1
−2+2a

Verification of solutions

y = c1

(
−x−a+1

a− 1

)a−1−
√

a2−2a−4b+1
−2+2a

+ c2

(
−x−a+1

a− 1

)a−1+
√

a2−2a−4b+1
−2+2a

Verified OK.

29.14.3 Solving as second order change of variable on y method 2 ode

In normal form the ode

x2y′′ + axy′ + yb = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = a

x

q(x) = b

x2

Applying change of variables on the depndent variable y = v(x)xn to (2) gives the
following ode where the dependent variables is v(x) and not y.

v′′(x) +
(
2n
x

+ p

)
v′(x) +

(
n(n− 1)

x2 + np

x
+ q

)
v(x) = 0 (3)

Let the coefficient of v(x) above be zero. Hence

n(n− 1)
x2 + np

x
+ q = 0 (4)
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Substituting the earlier values found for p(x) and q(x) into (4) gives

n(n− 1)
x2 + na

x2 + b

x2 = 0 (5)

Solving (5) for n gives

n = −a

2 + 1
2 +

√
a2 − 2a− 4b+ 1

2 (6)

Substituting this value in (3) gives

v′′(x) +
(
−a+ 1 +

√
a2 − 2a− 4b+ 1
x

+ a

x

)
v′(x) = 0

v′′(x) +
(
1 +

√
a2 − 2a− 4b+ 1

)
v′(x)

x
= 0 (7)

Using the substitution

u(x) = v′(x)

Then (7) becomes

u′(x) +
(
1 +

√
a2 − 2a− 4b+ 1

)
u(x)

x
= 0 (8)

The above is now solved for u(x). In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

=
(
−1−

√
a2 − 2a− 4b+ 1

)
u

x

Where f(x) = −1−
√
a2−2a−4b+1

x
and g(u) = u. Integrating both sides gives

1
u
du = −1−

√
a2 − 2a− 4b+ 1

x
dx∫ 1

u
du =

∫
−1−

√
a2 − 2a− 4b+ 1

x
dx

ln (u) =
(
−1−

√
a2 − 2a− 4b+ 1

)
ln (x) + c1

u = e
(
−1−

√
a2−2a−4b+1

)
ln(x)+c1

= c1e
(
−1−

√
a2−2a−4b+1

)
ln(x)
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Which simplifies to

u(x) = c1x
−
√
a2−2a−4b+1

x

Now that u(x) is known, then

v′(x) = u(x)

v(x) =
∫

u(x) dx+ c2

= − c1x
−
√
a2−2a−4b+1

√
a2 − 2a− 4b+ 1

+ c2

Hence

y = v(x)xn

=
(
− c1x

−
√
a2−2a−4b+1

√
a2 − 2a− 4b+ 1

+ c2

)
x−a

2+
1
2+

√
a2−2a−4b+1

2

= −
x−a

2+
1
2−

√
a2−2a−4b+1

2

(
−c2

√
a2 − 2a− 4b+ 1x

√
a2−2a−4b+1 + c1

)
√
a2 − 2a− 4b+ 1

Summary
The solution(s) found are the following

(1)y =
(
− c1x

−
√
a2−2a−4b+1

√
a2 − 2a− 4b+ 1

+ c2

)
x−a

2+
1
2+

√
a2−2a−4b+1

2

Verification of solutions

y =
(
− c1x

−
√
a2−2a−4b+1

√
a2 − 2a− 4b+ 1

+ c2

)
x−a

2+
1
2+

√
a2−2a−4b+1

2

Verified OK.
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29.14.4 Solving using Kovacic algorithm

Writing the ode as

x2y′′ + axy′ + yb = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x2

B = ax (3)
C = b

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2 − 2a− 4b
4x2 (6)

Comparing the above to (5) shows that

s = a2 − 2a− 4b
t = 4x2

Therefore eq. (4) becomes

z′′(x) =
(
a2 − 2a− 4b

4x2

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx
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The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 123: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 2− 0
= 2

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4x2. There is a pole at x = 0 of order 2. Since there is no odd order pole
larger than 2 and the order at ∞ is 2 then the necessary conditions for case one are met.
Since there is a pole of order 2 then necessary conditions for case two are met. Since
pole order is not larger than 2 and the order at ∞ is 2 then the necessary conditions
for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Unable to find solution using case one

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is

r =
1
4a

2 − 1
2a− b

x2
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For the pole at x = 0 let b be the coefficient of 1
x2 in the partial fractions decomposition

of r given above. Therefore b = 1
4a

2 − 1
2a− b. Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

=
{
2, 2− 2

√
a2 − 2a− 4b+ 1, 2 + 2

√
a2 − 2a− 4b+ 1

}
Since the order of r at ∞ is 2 then let b be the coefficient of 1

x2 in the Laurent series
expansion of r at ∞. which can be found by dividing the leading coefficient of s by the
leading coefficient of t from

r = s

t
= a2 − 2a− 4b

4x2

Since the gcd(s, t) = 1. This gives b = 1
4 . Hence

E∞ = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {2}

The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.

pole c location pole order Ec

0 2
{
2, 2− 2

√
a2 − 2a− 4b+ 1, 2 + 2

√
a2 − 2a− 4b+ 1

}
Order of r at ∞ E∞

2 {2}

Using the family {e1, e2, . . . , e∞} given by

e1 = 2, e∞ = 2

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(2− (2))

= 0

2816



We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

(
2

(x− (0))

)
= 1

x

Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)

Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1

Now that p(x) is found let

φ = θ + p′

p

= 1
x

Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 − w

x
+ −a2 + 2a+ 4b

4x2 = 0

Solving for ω gives

ω = 1 +
√
a2 − 2a− 4b+ 1

2x
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Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫ 1+

√
a2−2a−4b+1

2x dx

= x
1
2+

√
a2−2a−4b+1

2

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
ax
x2 dx

= z1e
−a ln(x)

2

= z1
(
x−a

2
)

Which simplifies to

y1 = x−a
2+

1
2+

√
a2−2a−4b+1

2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
− ax

x2 dx

(y1)2
dx

= y1

∫
e−a ln(x)

(y1)2
dx

= y1

(
− x−

√
a2−2a−4b+1

√
a2 − 2a− 4b+ 1

)

Therefore the solution is

y = c1y1 + c2y2

= c1
(
x−a

2+
1
2+

√
a2−2a−4b+1

2

)
+ c2

(
x−a

2+
1
2+

√
a2−2a−4b+1

2

(
− x−

√
a2−2a−4b+1

√
a2 − 2a− 4b+ 1

))
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Summary
The solution(s) found are the following

(1)y = c1x
−a

2+
1
2+

√
a2−2a−4b+1

2 − c2x
−a

2+
1
2−

√
a2−2a−4b+1

2
√
a2 − 2a− 4b+ 1

Verification of solutions

y = c1x
−a

2+
1
2+

√
a2−2a−4b+1

2 − c2x
−a

2+
1
2−

√
a2−2a−4b+1

2
√
a2 − 2a− 4b+ 1

Verified OK.

29.14.5 Maple step by step solution

Let’s solve
y′′x2 + axy′ + yb = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = −ay′

x
− by

x2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + ay′

x
+ by

x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = a
x
, P3(x) = b

x2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= a

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= b

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0
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• Multiply by denominators
y′′x2 + axy′ + yb = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite DE with series expansions
◦ Convert x · y′ to series expansion

x · y′ =
∞∑
k=0

ak(k + r)xk+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite DE with series expansions
∞∑
k=0

ak(ak + ar + k2 + 2kr + r2 + b− k − r)xk+r = 0

• a0cannot be 0 by assumption, giving the indicial equation
r = 0

• Each term in the series must be 0, giving the recursion relation
(k2 + (a− 1) k + b) ak = 0

• Recursion relation that defines series solution to ODE
ak = 0

• Recursion relation for r = 0
ak = 0

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak = 0

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
<- LODE of Euler type successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 52� �
dsolve(x^2*diff(y(x),x$2)+a*x*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �

y(x) = x−a
2
√
x
(
x
√

a2−2a−4b+1
2 c1 + x−

√
a2−2a−4b+1

2 c2
)

3 Solution by Mathematica
Time used: 0.069 (sec). Leaf size: 57� �
DSolve[x^2*y''[x]+a*x*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x
1
2

(
−
√
a2−2a−4b+1−a+1

)(
c2x

√
a2−2a−4b+1 + c1

)
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29.15 problem 124
29.15.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2822
29.15.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2823

Internal problem ID [10948]
Internal file name [OUTPUT/10204_Sunday_December_31_2023_11_08_22_AM_32927791/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 124.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ + y′x+
(
x2 −

(
n+ 1

2

)2
)
y = 0

29.15.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + y′x+
(
x2 − n2 − n− 1

4

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 0
β = 1

n = −n− 1
2

γ = 1

Substituting all the above into (4) gives the solution as

y = c1 BesselJ
(
−n− 1

2 , x
)
+ c2 BesselY

(
−n− 1

2 , x
)

Summary
The solution(s) found are the following

(1)y = c1 BesselJ
(
−n− 1

2 , x
)
+ c2 BesselY

(
−n− 1

2 , x
)

Verification of solutions

y = c1 BesselJ
(
−n− 1

2 , x
)
+ c2 BesselY

(
−n− 1

2 , x
)

Verified OK.

29.15.2 Maple step by step solution

Let’s solve
y′′x2 + y′x+

(
x2 − n2 − n− 1

4

)
y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ =
(
4n2−4x2+4n+1

)
y

4x2 − y′

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + y′

x
−
(
4n2−4x2+4n+1

)
y

4x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions
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[
P2(x) = 1

x
, P3(x) = −4n2−4x2+4n+1

4x2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 1

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= −n2 − n− 1
4

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
4y′′x2 + 4y′x+ (−4n2 + 4x2 − 4n− 1) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert x · y′ to series expansion

x · y′ =
∞∑
k=0

ak(k + r)xk+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

a0(2r + 1 + 2n) (2r − 1− 2n)xr + a1(2r + 3 + 2n) (2r + 1− 2n)x1+r +
(

∞∑
k=2

(ak(2r + 1 + 2n+ 2k) (2r − 1− 2n+ 2k) + 4ak−2)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
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(2r + 1 + 2n) (2r − 1− 2n) = 0
• Values of r that satisfy the indicial equation

r ∈
{
−n− 1

2 , n+ 1
2

}
• Each term must be 0

a1(2r + 3 + 2n) (2r + 1− 2n) = 0
• Solve for the dependent coefficient(s)

a1 = 0
• Each term in the series must be 0, giving the recursion relation

ak(2r + 1 + 2n+ 2k) (2r − 1− 2n+ 2k) + 4ak−2 = 0
• Shift index using k− >k + 2

ak+2(2r + 5 + 2n+ 2k) (2r + 3− 2n+ 2k) + 4ak = 0
• Recursion relation that defines series solution to ODE

ak+2 = − 4ak
(2r+5+2n+2k)(2r+3−2n+2k)

• Recursion relation for r = −n− 1
2

ak+2 = − 4ak
(4+2k)(−4n+2+2k)

• Solution for r = −n− 1
2[

y =
∞∑
k=0

akx
k−n− 1

2 , ak+2 = − 4ak
(4+2k)(−4n+2+2k) , a1 = 0

]
• Recursion relation for r = n+ 1

2

ak+2 = − 4ak
(4n+6+2k)(4+2k)

• Solution for r = n+ 1
2[

y =
∞∑
k=0

akx
k+n+ 1

2 , ak+2 = − 4ak
(4n+6+2k)(4+2k) , a1 = 0

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

akx
k−n− 1

2

)
+
(

∞∑
k=0

bkx
k+n+ 1

2

)
, ak+2 = − 4ak

(4+2k)(−4n+2+2k) , a1 = 0, bk+2 = − 4bk
(4n+6+2k)(4+2k) , b1 = 0

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 19� �
dsolve(x^2*diff(y(x),x$2)+x*diff(y(x),x)+(x^2-(n+1/2)^2)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 BesselJ
(
n+ 1

2 , x
)
+ c2 BesselY

(
n+ 1

2 , x
)

3 Solution by Mathematica
Time used: 0.387 (sec). Leaf size: 26� �
DSolve[x^2*y''[x]+x*y'[x]+(x^2-(n+1/2)^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 BesselJ
(
n+ 1

2 , x
)
+ c2 BesselY

(
n+ 1

2 , x
)
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29.16 problem 125
29.16.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2827
29.16.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2828

Internal problem ID [10949]
Internal file name [OUTPUT/10205_Sunday_December_31_2023_11_08_24_AM_80160225/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 125.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ + y′x−

(
x2 +

(
n+ 1

2

)2
)
y = 0

29.16.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + y′x+
(
−x2 − n2 − n− 1

4

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 0
β = i

n = −n− 1
2

γ = 1

Substituting all the above into (4) gives the solution as

y = c1 BesselJ
(
−n− 1

2 , ix
)
+ c2 BesselY

(
−n− 1

2 , ix
)

Summary
The solution(s) found are the following

(1)y = c1 BesselJ
(
−n− 1

2 , ix
)
+ c2 BesselY

(
−n− 1

2 , ix
)

Verification of solutions

y = c1 BesselJ
(
−n− 1

2 , ix
)
+ c2 BesselY

(
−n− 1

2 , ix
)

Verified OK.

29.16.2 Maple step by step solution

Let’s solve
y′′x2 + y′x+

(
−x2 − n2 − n− 1

4

)
y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ =
(
4n2+4x2+4n+1

)
y

4x2 − y′

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + y′

x
−
(
4n2+4x2+4n+1

)
y

4x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions
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[
P2(x) = 1

x
, P3(x) = −4n2+4x2+4n+1

4x2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 1

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= −n2 − n− 1
4

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
4y′′x2 + 4y′x+ (−4n2 − 4x2 − 4n− 1) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert x · y′ to series expansion

x · y′ =
∞∑
k=0

ak(k + r)xk+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

a0(2r + 1 + 2n) (2r − 1− 2n)xr + a1(2r + 3 + 2n) (2r + 1− 2n)x1+r +
(

∞∑
k=2

(ak(2r + 1 + 2n+ 2k) (2r − 1− 2n+ 2k)− 4ak−2)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
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(2r + 1 + 2n) (2r − 1− 2n) = 0
• Values of r that satisfy the indicial equation

r ∈
{
−n− 1

2 , n+ 1
2

}
• Each term must be 0

a1(2r + 3 + 2n) (2r + 1− 2n) = 0
• Solve for the dependent coefficient(s)

a1 = 0
• Each term in the series must be 0, giving the recursion relation

ak(2r + 1 + 2n+ 2k) (2r − 1− 2n+ 2k)− 4ak−2 = 0
• Shift index using k− >k + 2

ak+2(2r + 5 + 2n+ 2k) (2r + 3− 2n+ 2k)− 4ak = 0
• Recursion relation that defines series solution to ODE

ak+2 = 4ak
(2r+5+2n+2k)(2r+3−2n+2k)

• Recursion relation for r = −n− 1
2

ak+2 = 4ak
(4+2k)(−4n+2+2k)

• Solution for r = −n− 1
2[

y =
∞∑
k=0

akx
k−n− 1

2 , ak+2 = 4ak
(4+2k)(−4n+2+2k) , a1 = 0

]
• Recursion relation for r = n+ 1

2

ak+2 = 4ak
(4n+6+2k)(4+2k)

• Solution for r = n+ 1
2[

y =
∞∑
k=0

akx
k+n+ 1

2 , ak+2 = 4ak
(4n+6+2k)(4+2k) , a1 = 0

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

akx
k−n− 1

2

)
+
(

∞∑
k=0

bkx
k+n+ 1

2

)
, ak+2 = 4ak

(4+2k)(−4n+2+2k) , a1 = 0, bk+2 = 4bk
(4n+6+2k)(4+2k) , b1 = 0

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 19� �
dsolve(x^2*diff(y(x),x$2)+x*diff(y(x),x)-(x^2+(n+1/2)^2)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 BesselI
(
n+ 1

2 , x
)
+ c2 BesselK

(
n+ 1

2 , x
)

3 Solution by Mathematica
Time used: 0.056 (sec). Leaf size: 34� �
DSolve[x^2*y''[x]+x*y'[x]-(x^2+(n+1/2)^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 BesselJ
(
n+ 1

2 ,−ix

)
+ c2 BesselY

(
n+ 1

2 ,−ix

)
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29.17 problem 126
29.17.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2832
29.17.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2833

Internal problem ID [10950]
Internal file name [OUTPUT/10206_Sunday_December_31_2023_11_08_26_AM_33239479/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 126.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[_Bessel]

x2y′′ + y′x+
(
−ν2 + x2) y = 0

29.17.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + y′x+
(
−ν2 + x2) y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 0
β = 1
n = ν

γ = 1

Substituting all the above into (4) gives the solution as

y = c1 BesselJ (ν, x) + c2 BesselY (ν, x)

Summary
The solution(s) found are the following

(1)y = c1 BesselJ (ν, x) + c2 BesselY (ν, x)
Verification of solutions

y = c1 BesselJ (ν, x) + c2 BesselY (ν, x)

Verified OK.

29.17.2 Maple step by step solution

Let’s solve
y′′x2 + y′x+ (−ν2 + x2) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ =
(
ν2−x2)y

x2 − y′

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + y′

x
−
(
ν2−x2)y

x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = 1
x
, P3(x) = −ν2−x2

x2

]
◦ x · P2(x) is analytic at x = 0
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(x · P2(x))
∣∣∣∣
x=0

= 1

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= −ν2

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 + y′x+ (−ν2 + x2) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert x · y′ to series expansion

x · y′ =
∞∑
k=0

ak(k + r)xk+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

a0(ν + r) (−ν + r)xr + a1(1 + ν + r) (1− ν + r)x1+r +
(

∞∑
k=2

(ak(k + ν + r) (k − ν + r) + ak−2)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
(ν + r) (−ν + r) = 0

• Values of r that satisfy the indicial equation
r ∈ {ν,−ν}
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• Each term must be 0
a1(1 + ν + r) (1− ν + r) = 0

• Solve for the dependent coefficient(s)
a1 = 0

• Each term in the series must be 0, giving the recursion relation
ak(k + ν + r) (k − ν + r) + ak−2 = 0

• Shift index using k− >k + 2
ak+2(k + 2 + ν + r) (k + 2− ν + r) + ak = 0

• Recursion relation that defines series solution to ODE
ak+2 = − ak

(k+2+ν+r)(k+2−ν+r)

• Recursion relation for r = ν

ak+2 = − ak
(k+2+2ν)(k+2)

• Solution for r = ν[
y =

∞∑
k=0

akx
k+ν , ak+2 = − ak

(k+2+2ν)(k+2) , a1 = 0
]

• Recursion relation for r = −ν

ak+2 = − ak
(k+2)(k+2−2ν)

• Solution for r = −ν[
y =

∞∑
k=0

akx
k−ν , ak+2 = − ak

(k+2)(k+2−2ν) , a1 = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

akx
k+ν

)
+
(

∞∑
k=0

bkx
k−ν

)
, ak+2 = − ak

(k+2+2ν)(k+2) , a1 = 0, bk+2 = − bk
(k+2)(k+2−2ν) , b1 = 0

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 15� �
dsolve(x^2*diff(y(x),x$2)+x*diff(y(x),x)+(x^2-nu^2)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 BesselJ (ν, x) + c2 BesselY (ν, x)

3 Solution by Mathematica
Time used: 0.102 (sec). Leaf size: 26� �
DSolve[x^2*y''[x]+x*y'[x]+(x^2-\[Nu])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 BesselJ
(√

ν, x
)
+ c2 BesselY

(√
ν, x
)
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29.18 problem 127
29.18.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2837
29.18.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2838

Internal problem ID [10951]
Internal file name [OUTPUT/10207_Sunday_December_31_2023_11_08_27_AM_25912510/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 127.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_Bessel , _modified ]]

x2y′′ + y′x−
(
ν2 + x2) y = 0

29.18.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + y′x+
(
−ν2 − x2) y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 0
β = i

n = ν

γ = 1

Substituting all the above into (4) gives the solution as

y = c1 BesselJ (ν, ix) + c2 BesselY (ν, ix)

Summary
The solution(s) found are the following

(1)y = c1 BesselJ (ν, ix) + c2 BesselY (ν, ix)
Verification of solutions

y = c1 BesselJ (ν, ix) + c2 BesselY (ν, ix)

Verified OK.

29.18.2 Maple step by step solution

Let’s solve
y′′x2 + y′x+ (−ν2 − x2) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ =
(
ν2+x2)y

x2 − y′

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + y′

x
−
(
ν2+x2)y

x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = 1
x
, P3(x) = −ν2+x2

x2

]
◦ x · P2(x) is analytic at x = 0
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(x · P2(x))
∣∣∣∣
x=0

= 1

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= −ν2

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 + y′x+ (−ν2 − x2) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert x · y′ to series expansion

x · y′ =
∞∑
k=0

ak(k + r)xk+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

a0(ν + r) (−ν + r)xr + a1(1 + ν + r) (1− ν + r)x1+r +
(

∞∑
k=2

(ak(k + ν + r) (k − ν + r)− ak−2)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
(ν + r) (−ν + r) = 0

• Values of r that satisfy the indicial equation
r ∈ {ν,−ν}
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• Each term must be 0
a1(1 + ν + r) (1− ν + r) = 0

• Solve for the dependent coefficient(s)
a1 = 0

• Each term in the series must be 0, giving the recursion relation
ak(k + ν + r) (k − ν + r)− ak−2 = 0

• Shift index using k− >k + 2
ak+2(k + 2 + ν + r) (k + 2− ν + r)− ak = 0

• Recursion relation that defines series solution to ODE
ak+2 = ak

(k+2+ν+r)(k+2−ν+r)

• Recursion relation for r = ν

ak+2 = ak
(k+2+2ν)(k+2)

• Solution for r = ν[
y =

∞∑
k=0

akx
k+ν , ak+2 = ak

(k+2+2ν)(k+2) , a1 = 0
]

• Recursion relation for r = −ν

ak+2 = ak
(k+2)(k+2−2ν)

• Solution for r = −ν[
y =

∞∑
k=0

akx
k−ν , ak+2 = ak

(k+2)(k+2−2ν) , a1 = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

akx
k+ν

)
+
(

∞∑
k=0

bkx
k−ν

)
, ak+2 = ak

(k+2+2ν)(k+2) , a1 = 0, bk+2 = bk
(k+2)(k+2−2ν) , b1 = 0

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 15� �
dsolve(x^2*diff(y(x),x$2)+x*diff(y(x),x)-(x^2+nu^2)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 BesselI (ν, x) + c2 BesselK (ν, x)

3 Solution by Mathematica
Time used: 0.038 (sec). Leaf size: 34� �
DSolve[x^2*y''[x]+x*y'[x]-(x^2+\[Nu])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 BesselJ
(√

ν,−ix
)
+ c2 BesselY

(√
ν,−ix

)
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29.19 problem 128
29.19.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2842
29.19.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2843
29.19.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2850

Internal problem ID [10952]
Internal file name [OUTPUT/10208_Sunday_December_31_2023_11_08_29_AM_14546133/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 128.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ + 2y′x−
(
a2x2 + 2

)
y = 0

29.19.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + 2y′x+
(
−a2x2 − 2

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = −1
2

β = ia

n = −3
2

γ = 1

Substituting all the above into (4) gives the solution as

y = −ic1
√
2 (sinh (ax) ax− cosh (ax))

x
3
2
√
π
√
iax a

− c2
√
2 (− cosh (ax) ax+ sinh (ax))

x
3
2
√
π
√
iax a

Summary
The solution(s) found are the following

(1)y = −ic1
√
2 (sinh (ax) ax− cosh (ax))

x
3
2
√
π
√
iax a

− c2
√
2 (− cosh (ax) ax+ sinh (ax))

x
3
2
√
π
√
iax a

Verification of solutions

y = −ic1
√
2 (sinh (ax) ax− cosh (ax))

x
3
2
√
π
√
iax a

− c2
√
2 (− cosh (ax) ax+ sinh (ax))

x
3
2
√
π
√
iax a

Verified OK.

29.19.2 Solving using Kovacic algorithm

Writing the ode as

x2y′′ + 2y′x+
(
−a2x2 − 2

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x2

B = 2x (3)
C = −a2x2 − 2

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2x2 + 2
x2 (6)

Comparing the above to (5) shows that

s = a2x2 + 2
t = x2

Therefore eq. (4) becomes

z′′(x) =
(
a2x2 + 2

x2

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 129: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 2− 2
= 0

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = x2. There is a pole at x = 0 of order 2. Since there is no odd order pole
larger than 2 and the order at ∞ is 0 then the necessary conditions for case one are
met. Since there is a pole of order 2 then necessary conditions for case two are met.
Therefore

L = [1, 2]

Attempting to find a solution using case n = 1.

Looking at poles of order 2. The partial fractions decomposition of r is

r = a2 + 2
x2

For the pole at x = 0 let b be the coefficient of 1
x2 in the partial fractions decomposition

of r given above. Therefore b = 2. Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 2

α−
c = 1

2 −
√
1 + 4b = −1

Since the order of r at ∞ is Or(∞) = 0 then

v = −Or(∞)
2 = 0

2 = 0

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
0∑

i=0

aix
i (8)
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Let a be the coefficient of xv = x0 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ a+ 1

a x2 − 1
2a3x4 + 1

2a5x6 − 5
8a7x8 + 7

8a9x10 − 21
16a11x12 + 33

16a13x14 + . . . (9)

Comparing Eq. (9) with Eq. (8) shows that

a = a

From Eq. (9) the sum up to v = 0 gives

[
√
r]∞ =

0∑
i=0

aix
i

= a (10)

Now we need to find b, where b be the coefficient of xv−1 = x−1 = 1
x
in r minus the

coefficient of same term but in
(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = a2

This shows that the coefficient of 1
x
in the above is 0. Now we need to find the coefficient

of 1
x
in r. How this is done depends on if v = 0 or not. Since v = 0 then starting from

r = s
t
and doing long division in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of 1
x
in r will be

the coefficient in R of the term in x of degree of t minus one, divided by the leading
coefficient in t. Doing long division gives

r = s

t

= a2x2 + 2
x2

= Q+ R

x2

=
(
a2
)
+
(

2
x2

)
= a2 + 2

x2

Since the degree of t is 2, then we see that the coefficient of the term x in the remainder
R is 0. Dividing this by leading coefficient in t which is 1 gives 0. Now b can be found.

b = (0)− (0)
= 0
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Hence

[
√
r]∞ = a

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(
0
a
− 0
)

= 0

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−0
a
− 0
)

= 0

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = a2x2 + 2
x2

pole c location pole order [
√
r]c α+

c α−
c

0 2 0 2 −1

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

0 a 0 0

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 0 then

d = α−
∞ −

(
α−
c1

)
= 0− (−1)
= 1

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞
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The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+ (−)[

√
r]∞

= −1
x
+ (−) (a)

= −1
x
− a

= −ax− 1
x

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 1 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = x+ a0 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
−1
x
− a

)
(1) +

((
1
x2

)
+
(
−1
x
− a

)2

−
(
a2x2 + 2

x2

))
= 0

2aa0 − 2
x

= 0

Solving for the coefficients ai in the above using method of undetermined coefficients
gives {

a0 =
1
a

}
Substituting these coefficients in p(x) in eq. (2A) results in

p(x) = x+ 1
a

Therefore the first solution to the ode z′′ = rz is

z1(x) = pe
∫
ω dx

=
(
x+ 1

a

)
e
∫ (

− 1
x
−a
)
dx

=
(
x+ 1

a

)
e−ax−ln(x)

= (ax+ 1) e−ax

ax
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The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
2x
x2 dx

= z1e
− ln(x)

= z1

(
1
x

)

Which simplifies to

y1 =
(ax+ 1) e−ax

a x2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
− 2x

x2 dx

(y1)2
dx

= y1

∫
e−2 ln(x)

(y1)2
dx

= y1

(
(ax− 1) e2ax
2 (ax+ 1) a

)
Therefore the solution is

y = c1y1 + c2y2

= c1

(
(ax+ 1) e−ax

a x2

)
+ c2

(
(ax+ 1) e−ax

a x2

(
(ax− 1) e2ax
2 (ax+ 1) a

))

Summary
The solution(s) found are the following

(1)y = c1(ax+ 1) e−ax

a x2 + c2(ax− 1) eax
2a2x2
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Verification of solutions

y = c1(ax+ 1) e−ax

a x2 + c2(ax− 1) eax
2a2x2

Verified OK.

29.19.3 Maple step by step solution

Let’s solve
y′′x2 + 2y′x+ (−a2x2 − 2) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ =
(
a2x2+2

)
y

x2 − 2y′
x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + 2y′
x
−
(
a2x2+2

)
y

x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = 2
x
, P3(x) = −a2x2+2

x2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 2

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= −2

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 + 2y′x+ (−a2x2 − 2) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r
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� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert x · y′ to series expansion

x · y′ =
∞∑
k=0

ak(k + r)xk+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

a0(2 + r) (−1 + r)xr + a1(3 + r) r x1+r +
(

∞∑
k=2

(ak(k + r + 2) (k + r − 1)− ak−2a
2)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
(2 + r) (−1 + r) = 0

• Values of r that satisfy the indicial equation
r ∈ {−2, 1}

• Each term must be 0
a1(3 + r) r = 0

• Solve for the dependent coefficient(s)
a1 = 0

• Each term in the series must be 0, giving the recursion relation
ak(k + r + 2) (k + r − 1)− ak−2a

2 = 0
• Shift index using k− >k + 2

ak+2(k + 4 + r) (k + 1 + r)− aka
2 = 0

• Recursion relation that defines series solution to ODE

ak+2 = aka
2

(k+4+r)(k+1+r)

• Recursion relation for r = −2
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ak+2 = aka
2

(k+2)(k−1)

• Solution for r = −2[
y =

∞∑
k=0

akx
k−2, ak+2 = aka

2

(k+2)(k−1) , a1 = 0
]

• Recursion relation for r = 1

ak+2 = aka
2

(k+5)(k+2)

• Solution for r = 1[
y =

∞∑
k=0

akx
k+1, ak+2 = aka

2

(k+5)(k+2) , a1 = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

bkx
k−2
)
+
(

∞∑
k=0

ckx
1+k

)
, bk+2 = bka

2

(k+2)(k−1) , b1 = 0, ck+2 = cka
2

(k+5)(k+2) , c1 = 0
]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Reducible group (found another exponential solution)

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 32� �
dsolve(x^2*diff(y(x),x$2)+2*x*diff(y(x),x)-(a^2*x^2+2)*y(x)=0,y(x), singsol=all)� �

y(x) = c2e−ax(ax+ 1) + c1eax(ax− 1)
x2

2852



3 Solution by Mathematica
Time used: 0.042 (sec). Leaf size: 29� �
DSolve[x^2*y''[x]+2*x*y'[x]-(a^2*x^2+2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1j−2(iax)− c2y−2(iax)
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29.20 problem 129
29.20.1 Solving as second order change of variable on y method 1 ode . 2854
29.20.2 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2857
29.20.3 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2858
29.20.4 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2861

Internal problem ID [10953]
Internal file name [OUTPUT/10209_Sunday_December_31_2023_11_08_32_AM_83452150/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 129.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode",
"second_order_change_of_variable_on_y_method_1"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ − 2axy′ +
(
b2x2 + a(a+ 1)

)
y = 0

29.20.1 Solving as second order change of variable on y method 1 ode

In normal form the given ode is written as

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = −2a
x

q(x) = b2x2 + a2 + a

x2
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Calculating the Liouville ode invariant Q given by

Q = q − p′

2 − p2

4

= b2x2 + a2 + a

x2 −
(
−2a

x

)′
2 −

(
−2a

x

)2
4

= b2x2 + a2 + a

x2 −
( 2a
x2

)
2 −

(
4a2
x2

)
4

= b2x2 + a2 + a

x2 −
( a

x2

)
− a2

x2

= b2

Since the Liouville ode invariant does not depend on the independent variable x then
the transformation

y = v(x) z(x) (3)

is used to change the original ode to a constant coefficients ode in v. In (3) the term
z(x) is given by

z(x) = e−
(∫ p(x)

2 dx
)

= e−
∫ − 2a

x
2

= xa (5)

Hence (3) becomes

y = v(x)xa (4)

Applying this change of variable to the original ode results in

xa+2(v(x) b2 + v′′(x)
)
= 0

Which is now solved for v(x) This is second order with constant coefficients homogeneous
ODE. In standard form the ODE is

Av′′(x) +Bv′(x) + Cv(x) = 0

Where in the above A = 1, B = 0, C = b2. Let the solution be v(x) = eλx. Substituting
this into the ODE gives

λ2eλx + b2eλx = 0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by eλx gives

b2 + λ2 = 0 (2)
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Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = 1, B = 0, C = b2 into the above gives

λ1,2 =
0

(2) (1) ±
1

(2) (1)
√
02 − (4) (1) (b2)

= ±
√
−b2

Hence
λ1 = +

√
−b2

λ2 = −
√
−b2

Which simplifies to

λ1 =
√
−b2

λ2 = −
√
−b2

Since roots are real and distinct, then the solution is

v(x) = c1e
λ1x + c2e

λ2x

v(x) = c1e

(√
−b2

)
x + c2e

(
−
√
−b2

)
x

Or
v(x) = c1e

√
−b2 x + c2e−

√
−b2 x

Now that v(x) is known, then

y = v(x) z(x)

=
(
c1e

√
−b2 x + c2e−

√
−b2 x

)
(z(x)) (7)

But from (5)

z(x) = xa

Hence (7) becomes

y =
(
c1e

√
−b2 x + c2e−

√
−b2 x

)
xa
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Summary
The solution(s) found are the following

(1)y =
(
c1e

√
−b2 x + c2e−

√
−b2 x

)
xa

Verification of solutions

y =
(
c1e

√
−b2 x + c2e−

√
−b2 x

)
xa

Verified OK.

29.20.2 Solving as second order bessel ode ode

Writing the ode as

x2y′′ − 2axy′ +
(
b2x2 + a2 + a

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)

Comparing (3) to (1) and solving for α, β, n, γ gives

α = a+ 1
2

β = b

n = −1
2

γ = 1

Substituting all the above into (4) gives the solution as

y = c1x
a+ 1

2
√
2 cos (bx)

√
π
√
bx

+ c2x
a+ 1

2
√
2 sin (bx)

√
π
√
bx

Summary
The solution(s) found are the following

(1)y = c1x
a+ 1

2
√
2 cos (bx)

√
π
√
bx

+ c2x
a+ 1

2
√
2 sin (bx)

√
π
√
bx
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Verification of solutions

y = c1x
a+ 1

2
√
2 cos (bx)

√
π
√
bx

+ c2x
a+ 1

2
√
2 sin (bx)

√
π
√
bx

Verified OK.

29.20.3 Solving using Kovacic algorithm

Writing the ode as

x2y′′ − 2axy′ +
(
b2x2 + a2 + a

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x2

B = −2ax (3)
C = b2x2 + a2 + a

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −b2

1 (6)

Comparing the above to (5) shows that

s = −b2

t = 1
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Therefore eq. (4) becomes

z′′(x) =
(
−b2

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 131: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 0
= 0

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is 0 then the necessary conditions for case
one are met. Therefore

L = [1]

Since r = −b2 is not a function of x, then there is no need run Kovacic algorithm to
obtain a solution for transformed ode z′′ = rz as one solution is

z1(x) = e
√
−b2 x
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Using the above, the solution for the original ode can now be found. The first solution
to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
−2ax
x2 dx

= z1e
a ln(x)

= z1(xa)

Which simplifies to

y1 = e
√
−b2 xxa

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−−2ax

x2 dx

(y1)2
dx

= y1

∫
e2a ln(x)

(y1)2
dx

= y1

(√
−b2 e−2

√
−b2 x

2b2

)

Therefore the solution is

y = c1y1 + c2y2

= c1
(
e
√
−b2 xxa

)
+ c2

(
e
√
−b2 xxa

(√
−b2 e−2

√
−b2 x

2b2

))

Summary
The solution(s) found are the following

(1)y = c1e
√
−b2 xxa + c2x

a
√
−b2 e−

√
−b2 x

2b2
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Verification of solutions

y = c1e
√
−b2 xxa + c2x

a
√
−b2 e−

√
−b2 x

2b2

Verified OK.

29.20.4 Maple step by step solution

Let’s solve
y′′x2 − 2axy′ + (b2x2 + a2 + a) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
b2x2+a2+a

)
y

x2 + 2ay′
x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ − 2ay′
x

+
(
b2x2+a2+a

)
y

x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = −2a
x
, P3(x) = b2x2+a2+a

x2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= −2a

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= a2 + a

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 − 2axy′ + (b2x2 + a2 + a) y = 0

• Assume series solution for y
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y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert x · y′ to series expansion

x · y′ =
∞∑
k=0

ak(k + r)xk+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

a0(−r + 1 + a) (−r + a)xr + a1(−r + a) (−r − 1 + a)x1+r +
(

∞∑
k=2

(ak(−r + 1− k + a) (−r − k + a) + ak−2b
2)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
(−r + 1 + a) (−r + a) = 0

• Values of r that satisfy the indicial equation
r ∈ {a, a+ 1}

• Each term must be 0
a1(−r + a) (−r − 1 + a) = 0

• Solve for the dependent coefficient(s)
a1 = 0

• Each term in the series must be 0, giving the recursion relation
ak(−r + 1− k + a) (−r − k + a) + ak−2b

2 = 0
• Shift index using k− >k + 2

ak+2(−r − 1− k + a) (−r − k − 2 + a) + akb
2 = 0

• Recursion relation that defines series solution to ODE

ak+2 = − akb
2

(−r−1−k+a)(−r−k−2+a)
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• Recursion relation for r = a

ak+2 = − akb
2

(−1−k)(−k−2)

• Solution for r = a[
y =

∞∑
k=0

akx
k+a, ak+2 = − akb

2

(−1−k)(−k−2) , a1 = 0
]

• Recursion relation for r = a+ 1

ak+2 = − akb
2

(−k−2)(−3−k)

• Solution for r = a+ 1[
y =

∞∑
k=0

akx
k+a+1, ak+2 = − akb

2

(−k−2)(−3−k) , a1 = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

ckx
k+a

)
+
(

∞∑
k=0

dkx
k+a+1

)
, ck+2 = − ckb

2

(−1−k)(−k−2) , c1 = 0, dk+2 = − dkb
2

(−k−2)(−k−3) , d1 = 0
]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 21� �
dsolve(x^2*diff(y(x),x$2)-2*a*x*diff(y(x),x)+(b^2*x^2+a*(a+1))*y(x)=0,y(x), singsol=all)� �

y(x) = xa(c1 sin (bx) + c2 cos (bx))
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3 Solution by Mathematica
Time used: 0.066 (sec). Leaf size: 42� �
DSolve[x^2*y''[x]-2*a*x*y'[x]+(b^2*x^2+a*(a+1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1x
ae−ibx − ic2x

aeibx

2b
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29.21 problem 130
29.21.1 Solving as second order change of variable on y method 1 ode . 2865
29.21.2 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2868
29.21.3 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2869
29.21.4 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2872

Internal problem ID [10954]
Internal file name [OUTPUT/10210_Sunday_December_31_2023_11_08_35_AM_56902748/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 130.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode",
"second_order_change_of_variable_on_y_method_1"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ − 2axy′ +
(
−b2x2 + a(a+ 1)

)
y = 0

29.21.1 Solving as second order change of variable on y method 1 ode

In normal form the given ode is written as

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = −2a
x

q(x) = −b2x2 + a2 + a

x2
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Calculating the Liouville ode invariant Q given by

Q = q − p′

2 − p2

4

= −b2x2 + a2 + a

x2 −
(
−2a

x

)′
2 −

(
−2a

x

)2
4

= −b2x2 + a2 + a

x2 −
( 2a
x2

)
2 −

(
4a2
x2

)
4

= −b2x2 + a2 + a

x2 −
( a

x2

)
− a2

x2

= −b2

Since the Liouville ode invariant does not depend on the independent variable x then
the transformation

y = v(x) z(x) (3)

is used to change the original ode to a constant coefficients ode in v. In (3) the term
z(x) is given by

z(x) = e−
(∫ p(x)

2 dx
)

= e−
∫ − 2a

x
2

= xa (5)

Hence (3) becomes

y = v(x)xa (4)

Applying this change of variable to the original ode results in

−xa+2(v(x) b2 − v′′(x)
)
= 0

Which is now solved for v(x) This is second order with constant coefficients homogeneous
ODE. In standard form the ODE is

Av′′(x) +Bv′(x) + Cv(x) = 0

Where in the above A = −1, B = 0, C = b2. Let the solution be v(x) = eλx. Substituting
this into the ODE gives

−λ2eλx + b2eλx = 0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by eλx gives

b2 − λ2 = 0 (2)
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Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = −1, B = 0, C = b2 into the above gives

λ1,2 =
0

(2) (−1) ±
1

(2) (−1)
√
02 − (4) (−1) (b2)

= ±−
√
b2

Hence
λ1 = +−

√
b2

λ2 = −−
√
b2

Which simplifies to

λ1 = −
√
b2

λ2 =
√
b2

Since roots are real and distinct, then the solution is

v(x) = c1e
λ1x + c2e

λ2x

v(x) = c1e

(
−
√
b2
)
x + c2e

(√
b2
)
x

Or
v(x) = c1e−

√
b2 x + c2e

√
b2 x

Now that v(x) is known, then

y = v(x) z(x)

=
(
c1e−

√
b2 x + c2e

√
b2 x
)
(z(x)) (7)

But from (5)

z(x) = xa

Hence (7) becomes

y =
(
c1e−

√
b2 x + c2e

√
b2 x
)
xa
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Summary
The solution(s) found are the following

(1)y =
(
c1e−

√
b2 x + c2e

√
b2 x
)
xa

Verification of solutions

y =
(
c1e−

√
b2 x + c2e

√
b2 x
)
xa

Verified OK.

29.21.2 Solving as second order bessel ode ode

Writing the ode as

x2y′′ − 2axy′ +
(
−b2x2 + a2 + a

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)

Comparing (3) to (1) and solving for α, β, n, γ gives

α = a+ 1
2

β = ib

n = −1
2

γ = 1

Substituting all the above into (4) gives the solution as

y = c1x
a+ 1

2
√
2 cosh (bx)

√
π
√
ibx

+ ic2x
a+ 1

2
√
2 sinh (bx)

√
π
√
ibx

Summary
The solution(s) found are the following

(1)y = c1x
a+ 1

2
√
2 cosh (bx)

√
π
√
ibx

+ ic2x
a+ 1

2
√
2 sinh (bx)

√
π
√
ibx
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Verification of solutions

y = c1x
a+ 1

2
√
2 cosh (bx)

√
π
√
ibx

+ ic2x
a+ 1

2
√
2 sinh (bx)

√
π
√
ibx

Verified OK.

29.21.3 Solving using Kovacic algorithm

Writing the ode as

x2y′′ − 2axy′ +
(
−b2x2 + a2 + a

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x2

B = −2ax (3)
C = −b2x2 + a2 + a

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = b2

1 (6)

Comparing the above to (5) shows that

s = b2

t = 1
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Therefore eq. (4) becomes

z′′(x) =
(
b2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 133: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0− 0
= 0

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is 0 then the necessary conditions for case
one are met. Therefore

L = [1]

Since r = b2 is not a function of x, then there is no need run Kovacic algorithm to
obtain a solution for transformed ode z′′ = rz as one solution is

z1(x) = e
√
b2 x
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Using the above, the solution for the original ode can now be found. The first solution
to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
−2ax
x2 dx

= z1e
a ln(x)

= z1(xa)

Which simplifies to
y1 = ecsgn(b)bxxa

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−−2ax

x2 dx

(y1)2
dx

= y1

∫
e2a ln(x)

(y1)2
dx

= y1

(
−csgn (b) e−2 csgn(b)bx

2b

)
Therefore the solution is

y = c1y1 + c2y2

= c1
(
ecsgn(b)bxxa

)
+ c2

(
ecsgn(b)bxxa

(
−csgn (b) e−2 csgn(b)bx

2b

))

Simplifying the solution y = c1ecsgn(b)bxxa − c2xa csgn(b)e− csgn(b)bx

2b to y = c1ebxxa − c2xae−bx

2b
Summary
The solution(s) found are the following

(1)y = c1ebxxa − c2x
ae−bx

2b
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Verification of solutions

y = c1ebxxa − c2x
ae−bx

2b

Verified OK.

29.21.4 Maple step by step solution

Let’s solve
y′′x2 − 2axy′ + (−b2x2 + a2 + a) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
−b2x2+a2+a

)
y

x2 + 2ay′
x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ − 2ay′
x

+
(
−b2x2+a2+a

)
y

x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = −2a
x
, P3(x) = −b2x2+a2+a

x2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= −2a

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= a2 + a

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 − 2axy′ + (−b2x2 + a2 + a) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r
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� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert x · y′ to series expansion

x · y′ =
∞∑
k=0

ak(k + r)xk+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

a0(−r + 1 + a) (−r + a)xr + a1(−r + a) (−r − 1 + a)x1+r +
(

∞∑
k=2

(ak(−r + 1− k + a) (−r − k + a)− ak−2b
2)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
(−r + 1 + a) (−r + a) = 0

• Values of r that satisfy the indicial equation
r ∈ {a, a+ 1}

• Each term must be 0
a1(−r + a) (−r − 1 + a) = 0

• Solve for the dependent coefficient(s)
a1 = 0

• Each term in the series must be 0, giving the recursion relation
ak(−r + 1− k + a) (−r − k + a)− ak−2b

2 = 0
• Shift index using k− >k + 2

ak+2(−r − 1− k + a) (−r − k − 2 + a)− akb
2 = 0

• Recursion relation that defines series solution to ODE

ak+2 = akb
2

(−r−1−k+a)(−r−k−2+a)

• Recursion relation for r = a
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ak+2 = akb
2

(−1−k)(−k−2)

• Solution for r = a[
y =

∞∑
k=0

akx
k+a, ak+2 = akb

2

(−1−k)(−k−2) , a1 = 0
]

• Recursion relation for r = a+ 1

ak+2 = akb
2

(−k−2)(−3−k)

• Solution for r = a+ 1[
y =

∞∑
k=0

akx
k+a+1, ak+2 = akb

2

(−k−2)(−3−k) , a1 = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

ckx
k+a

)
+
(

∞∑
k=0

dkx
k+a+1

)
, ck+2 = ckb

2

(−1−k)(−k−2) , c1 = 0, dk+2 = dkb
2

(−k−2)(−k−3) , d1 = 0
]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Reducible group (found another exponential solution)

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 21� �
dsolve(x^2*diff(y(x),x$2)-2*a*x*diff(y(x),x)+(-b^2*x^2+a*(a+1))*y(x)=0,y(x), singsol=all)� �

y(x) = xa(c1 sinh (bx) + c2 cosh (bx))
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3 Solution by Mathematica
Time used: 0.08 (sec). Leaf size: 35� �
DSolve[x^2*y''[x]-2*a*x*y'[x]+(-b^2*x^2+a*(a+1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1x
ae−bx + c2x

aebx

2b
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29.22 problem 131
29.22.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2876
29.22.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2877

Internal problem ID [10955]
Internal file name [OUTPUT/10211_Sunday_December_31_2023_11_08_37_AM_37366069/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 131.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ + λxy′ +
(
a x2 + bx+ c

)
y = 0

29.22.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + λxy′ +
(
a x2 + bx+ c

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2 − λ

2
β = 2
n =

√
λ2 − 4c− 2λ+ 1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = c1x
1
2−

λ
2 BesselJ

(√
λ2 − 4c− 2λ+ 1, 2

√
x
)
+ c2x

1
2−

λ
2 BesselY

(√
λ2 − 4c− 2λ+ 1, 2

√
x
)

Summary
The solution(s) found are the following

(1)
y = c1x

1
2−

λ
2 BesselJ

(√
λ2 − 4c− 2λ+ 1, 2

√
x
)

+ c2x
1
2−

λ
2 BesselY

(√
λ2 − 4c− 2λ+ 1, 2

√
x
)

Verification of solutions

y = c1x
1
2−

λ
2 BesselJ

(√
λ2 − 4c− 2λ+ 1, 2

√
x
)

+ c2x
1
2−

λ
2 BesselY

(√
λ2 − 4c− 2λ+ 1, 2

√
x
)

Verified OK.

29.22.2 Maple step by step solution

Let’s solve
y′′x2 + λxy′ + (a x2 + bx+ c) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
a x2+bx+c

)
y

x2 − λy′

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + λy′

x
+
(
a x2+bx+c

)
y

x2 = 0

� Check to see if x0 = 0 is a regular singular point
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◦ Define functions[
P2(x) = λ

x
, P3(x) = a x2+bx+c

x2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= λ

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= c

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 + λxy′ + (a x2 + bx+ c) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert x · y′ to series expansion

x · y′ =
∞∑
k=0

ak(k + r)xk+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

a0(λr + r2 + c− r)xr + ((λr + r2 + c+ λ+ r) a1 + a0b)x1+r +
(

∞∑
k=2

(ak(k2 + λk + 2kr + λr + r2 + c− k − r) + bak−1 + ak−2a)xk+r

)
= 0
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• a0cannot be 0 by assumption, giving the indicial equation
λr + r2 + c− r = 0

• Values of r that satisfy the indicial equation

r ∈
{

1
2 −

λ
2 −

√
λ2−4c−2λ+1

2 , 12 −
λ
2 +

√
λ2−4c−2λ+1

2

}
• Each term must be 0

(λr + r2 + c+ λ+ r) a1 + a0b = 0
• Solve for the dependent coefficient(s)

a1 = − a0b
λr+r2+c+λ+r

• Each term in the series must be 0, giving the recursion relation
(k2 + (2r + λ− 1) k + r2 + (λ− 1) r + c) ak + ak−2a+ bak−1 = 0

• Shift index using k− >k + 2(
(k + 2)2 + (2r + λ− 1) (k + 2) + r2 + (λ− 1) r + c

)
ak+2 + aka+ bak+1 = 0

• Recursion relation that defines series solution to ODE
ak+2 = − aka+bak+1

k2+λk+2kr+λr+r2+c+3k+2λ+3r+2

• Recursion relation for r = 1
2 −

λ
2 −

√
λ2−4c−2λ+1

2

ak+2 = − aka+bak+1

k2+λk+2k
(

1
2−

λ
2−

√
λ2−4c−2λ+1

2

)
+λ

(
1
2−

λ
2−

√
λ2−4c−2λ+1

2

)
+
(

1
2−

λ
2−

√
λ2−4c−2λ+1

2

)2
+c+3k+λ

2+
7
2−

3
√

λ2−4c−2λ+1
2

• Solution for r = 1
2 −

λ
2 −

√
λ2−4c−2λ+1

2y =
∞∑
k=0

akx
k+ 1

2−
λ
2−

√
λ2−4c−2λ+1

2 , ak+2 = − aka+bak+1

k2+λk+2k
(

1
2−

λ
2−

√
λ2−4c−2λ+1

2

)
+λ

(
1
2−

λ
2−

√
λ2−4c−2λ+1

2

)
+
(

1
2−

λ
2−

√
λ2−4c−2λ+1

2

)2
+c+3k+λ

2+
7
2−

3
√

λ2−4c−2λ+1
2

, a1 = − a0b

λ

(
1
2−

λ
2−

√
λ2−4c−2λ+1

2

)
+
(

1
2−

λ
2−

√
λ2−4c−2λ+1

2

)2
+c+λ

2+
1
2−

√
λ2−4c−2λ+1

2


• Recursion relation for r = 1

2 −
λ
2 +

√
λ2−4c−2λ+1

2

ak+2 = − aka+bak+1

k2+λk+2k
(

1
2−

λ
2+

√
λ2−4c−2λ+1

2

)
+λ

(
1
2−

λ
2+

√
λ2−4c−2λ+1

2

)
+
(

1
2−

λ
2+

√
λ2−4c−2λ+1

2

)2
+c+3k+λ

2+
7
2+

3
√

λ2−4c−2λ+1
2

• Solution for r = 1
2 −

λ
2 +

√
λ2−4c−2λ+1

2y =
∞∑
k=0

akx
k+ 1

2−
λ
2+

√
λ2−4c−2λ+1

2 , ak+2 = − aka+bak+1

k2+λk+2k
(

1
2−

λ
2+

√
λ2−4c−2λ+1

2

)
+λ

(
1
2−

λ
2+

√
λ2−4c−2λ+1

2

)
+
(

1
2−

λ
2+

√
λ2−4c−2λ+1

2

)2
+c+3k+λ

2+
7
2+

3
√

λ2−4c−2λ+1
2

, a1 = − a0b

λ

(
1
2−

λ
2+

√
λ2−4c−2λ+1

2

)
+
(

1
2−

λ
2+

√
λ2−4c−2λ+1

2

)2
+c+λ

2+
1
2+

√
λ2−4c−2λ+1

2


• Combine solutions and rename parameters
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y =
(

∞∑
k=0

dkx
k+ 1

2−
λ
2−

√
λ2−4c−2λ+1

2

)
+
(

∞∑
k=0

ekx
k+ 1

2−
λ
2+

√
λ2−4c−2λ+1

2

)
, dk+2 = − adk+bd1+k

k2+λk+2k
(

1
2−

λ
2−

√
λ2−4c−2λ+1

2

)
+λ

(
1
2−

λ
2−

√
λ2−4c−2λ+1

2

)
+
(

1
2−

λ
2−

√
λ2−4c−2λ+1

2

)2
+c+3k+λ

2+
7
2−

3
√

λ2−4c−2λ+1
2

, d1 = − d0b

λ

(
1
2−

λ
2−

√
λ2−4c−2λ+1

2

)
+
(

1
2−

λ
2−

√
λ2−4c−2λ+1

2

)2
+c+λ

2+
1
2−

√
λ2−4c−2λ+1

2

, ek+2 = − aek+be1+k

k2+λk+2k
(

1
2−

λ
2+

√
λ2−4c−2λ+1

2

)
+λ

(
1
2−

λ
2+

√
λ2−4c−2λ+1

2

)
+
(

1
2−

λ
2+

√
λ2−4c−2λ+1

2

)2
+c+3k+λ

2+
7
2+

3
√

λ2−4c−2λ+1
2

, e1 = − e0b

λ

(
1
2−

λ
2+

√
λ2−4c−2λ+1

2

)
+
(

1
2−

λ
2+

√
λ2−4c−2λ+1

2

)2
+c+λ

2+
1
2+

√
λ2−4c−2λ+1

2



Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.11 (sec). Leaf size: 75� �
dsolve(x^2*diff(y(x),x$2)+lambda*x*diff(y(x),x)+(a*x^2+b*x+c)*y(x)=0,y(x), singsol=all)� �

y(x) = x−λ
2

(
WhittakerW

(
− ib

2
√
a
,

√
λ2 − 4c− 2λ+ 1

2 , 2i
√
a x

)
c2

+WhittakerM
(
− ib

2
√
a
,

√
λ2 − 4c− 2λ+ 1

2 , 2i
√
a x

)
c1

)

3 Solution by Mathematica
Time used: 0.224 (sec). Leaf size: 159� �
DSolve[x^2*y''[x]+\[Lambda]*x*y'[x]+(a*x^2+b*x+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ e−i
√
axx

1
2

(√
(λ−1)2−4c−λ+1

)(
c1HypergeometricU

(
1
2

(
ib√
a
+
√
(λ− 1)2 − 4c+1

)
,
√

(λ− 1)2 − 4c

+ 1, 2i
√
ax

)
+ c2L

√
(λ−1)2−4c

1
2

(
− ib√

a
−
√

(λ−1)2−4c−1
)(2i√ax

))
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29.23 problem 132
29.23.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2882

Internal problem ID [10956]
Internal file name [OUTPUT/10212_Sunday_December_31_2023_11_09_42_AM_75486021/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 132.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ + axy′ + (b xn + c) y = 0

29.23.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + axy′ + (b xn + c) y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2 − a

2

β = 2
√
b

n

n =
√
a2 − 2a− 4c+ 1

n

γ = n

2

Substituting all the above into (4) gives the solution as

y = c1x
1
2−

a
2 BesselJ

(√
a2 − 2a− 4c+ 1

n
,
2
√
b x

n
2

n

)
+ c2x

1
2−

a
2 BesselY

(√
a2 − 2a− 4c+ 1

n
,
2
√
b x

n
2

n

)

Summary
The solution(s) found are the following

(1)
y = c1x

1
2−

a
2 BesselJ

(√
a2 − 2a− 4c+ 1

n
,
2
√
b x

n
2

n

)

+ c2x
1
2−

a
2 BesselY

(√
a2 − 2a− 4c+ 1

n
,
2
√
b x

n
2

n

)
Verification of solutions

y = c1x
1
2−

a
2 BesselJ

(√
a2 − 2a− 4c+ 1

n
,
2
√
b x

n
2

n

)

+ c2x
1
2−

a
2 BesselY

(√
a2 − 2a− 4c+ 1

n
,
2
√
b x

n
2

n

)

Verified OK.
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
<- Bessel successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 80� �
dsolve(x^2*diff(y(x),x$2)+a*x*diff(y(x),x)+(b*x^n+c)*y(x)=0,y(x), singsol=all)� �

y(x) = x−a
2
√
x

(
BesselY

(√
a2 − 2a− 4c+ 1

n
,
2
√
b x

n
2

n

)
c2

+ BesselJ
(√

a2 − 2a− 4c+ 1
n

,
2
√
b x

n
2

n

)
c1

)

3 Solution by Mathematica
Time used: 0.287 (sec). Leaf size: 168� �
DSolve[x^2*y''[x]+a*x*y'[x]+(b*x^n+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ n
a−1
n b−

a−1
2n (xn)−

a−1
2n

(
c1Gamma

(
1

−
√
a2 − 2a− 4c+ 1

n

)
BesselJ

(
−
√
a2 − 2a− 4c+ 1

n
,
2
√
b
√
xn

n

)

+ c2Gamma
(
n+

√
a2 − 2a− 4c+ 1

n

)
BesselJ

(√
a2 − 2a− 4c+ 1

n
,
2
√
b
√
xn

n

))
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29.24 problem 133
29.24.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 2885

Internal problem ID [10957]
Internal file name [OUTPUT/10213_Sunday_December_31_2023_11_09_46_AM_10467483/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 133.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ + axy′ + xn(b xn + c) y = 0

29.24.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + axy′ +
(
b x2n + xnc

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2 − a

2
β = 2
n = −a+ 1

γ = 1
2

Substituting all the above into (4) gives the solution as

y = c1x
1
2−

a
2 BesselJ

(
−a+ 1, 2

√
x
)
+ c2x

1
2−

a
2 BesselY

(
−a+ 1, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = c1x
1
2−

a
2 BesselJ

(
−a+ 1, 2

√
x
)
+ c2x

1
2−

a
2 BesselY

(
−a+ 1, 2

√
x
)

Verification of solutions

y = c1x
1
2−

a
2 BesselJ

(
−a+ 1, 2

√
x
)
+ c2x

1
2−

a
2 BesselY

(
−a+ 1, 2

√
x
)

Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.218 (sec). Leaf size: 82� �
dsolve(x^2*diff(y(x),x$2)+a*x*diff(y(x),x)+x^n*(b*x^n+c)*y(x)=0,y(x), singsol=all)� �

y(x) =
(
WhittakerM

(
− ic

2n
√
b
,
a− 1
2n ,

2i
√
b xn

n

)
c1

+WhittakerW
(
− ic

2n
√
b
,
a− 1
2n ,

2i
√
b xn

n

)
c2

)
x−a

2−
n
2+

1
2

3 Solution by Mathematica
Time used: 0.269 (sec). Leaf size: 165� �
DSolve[x^2*y''[x]+a*x*y'[x]+x^n*(b*x^n+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ 2a+n−1
2n x

1
2 (−a−n+1)(xn)

a+n−1
2n e

i
√
bxn

n

(
c1HypergeometricU

(
−
−a+ ic√

b
− n+ 1

2n ,
a+ n− 1

n
,

−2i
√
bxn

n

)
+ c2L

a−1
n

−
a− ic√

b
+n−1

2n

(
−2i

√
bxn

n

))

2887



29.25 problem 134
Internal problem ID [10958]
Internal file name [OUTPUT/10214_Sunday_December_31_2023_11_10_05_AM_77954774/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 134.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2y′′ + (ax+ b) y′ + yc = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.093 (sec). Leaf size: 114� �
dsolve(x^2*diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+c*y(x)=0,y(x), singsol=all)� �
y(x) = x−

√
a2−2a−4c+1

2 −a
2+

1
2

(
KummerU

(
−1
2 +

√
a2 − 2a− 4c+ 1

2 + a

2 , 1

+
√
a2 − 2a− 4c+ 1, b

x

)
c2

+KummerM
(
−1
2 +

√
a2 − 2a− 4c+ 1

2 + a

2 , 1 +
√
a2 − 2a− 4c+ 1, b

x

)
c1

)
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3 Solution by Mathematica
Time used: 0.574 (sec). Leaf size: 243� �
DSolve[x^2*y''[x]+(a*x+b)*y'[x]+c*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−i−
√
a2−2a−4c+1+a+1b

1
2

(
−
√
a2−2a−4c+1+a−1

)(1
x

) 1
2

(
−
√
a2−2a−4c+1+a−1

)(
c2i

2
√
a2−2a−4c+1b

√
a2−2a−4c+1

(
1
x

)√
a2−2a−4c+1

Hypergeometric1F1
(
1
2

(
a+

√
a2 − 2a− 4c+ 1−1

)
,
√
a2 − 2a− 4c+ 1

+ 1, b
x

)
+ c1Hypergeometric1F1

(
1
2

(
a−

√
a2 − 2a− 4c+ 1− 1

)
, 1

−
√
a2 − 2a− 4c+ 1, b

x

))
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29.26 problem 135
29.26.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2891

Internal problem ID [10959]
Internal file name [OUTPUT/10215_Sunday_December_31_2023_11_10_06_AM_80813510/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 135.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2y′′ + a x2y′ +
(
b x2 + cx+ d

)
y = 0

29.26.1 Maple step by step solution

Let’s solve
y′′x2 + a x2y′ + (b x2 + cx+ d) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −ay′ −
(
b x2+cx+d

)
y

x2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + ay′ +
(
b x2+cx+d

)
y

x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions
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[
P2(x) = a, P3(x) = b x2+cx+d

x2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 0

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= d

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 + a x2y′ + (b x2 + cx+ d) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert x2 · y′ to series expansion

x2 · y′ =
∞∑
k=0

ak(k + r)xk+r+1

◦ Shift index using k− >k − 1

x2 · y′ =
∞∑
k=1

ak−1(k − 1 + r)xk+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k − 1 + r)xk+r

Rewrite ODE with series expansions
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a0(r2 + d− r)xr + ((r2 + d+ r) a1 + a0(ar + c))x1+r +
(

∞∑
k=2

(ak(k2 + 2kr + r2 + d− k − r) + ak−1(a(k − 1) + ar + c) + ak−2b)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r2 + d− r = 0

• Values of r that satisfy the indicial equation

r ∈
{

1
2 −

√
1−4d
2 , 12 +

√
1−4d
2

}
• Each term must be 0

(r2 + d+ r) a1 + a0(ar + c) = 0
• Solve for the dependent coefficient(s)

a1 = −a0(ar+c)
r2+d+r

• Each term in the series must be 0, giving the recursion relation
(k2 + (2r − 1) k + r2 + d− r) ak + (ak + ar − a+ c) ak−1 + ak−2b = 0

• Shift index using k− >k + 2(
(k + 2)2 + (2r − 1) (k + 2) + r2 + d− r

)
ak+2 + (a(k + 2) + ar − a+ c) ak+1 + akb = 0

• Recursion relation that defines series solution to ODE
ak+2 = −akak+1+arak+1+aak+1+akb+cak+1

k2+2kr+r2+d+3k+3r+2

• Recursion relation for r = 1
2 −

√
1−4d
2

ak+2 = −
akak+1+a

(
1
2−

√
1−4d
2

)
ak+1+aak+1+akb+cak+1

k2+2k
(

1
2−

√
1−4d
2

)
+
(

1
2−

√
1−4d
2

)2
+d+3k+ 7

2−
3
√
1−4d
2

• Solution for r = 1
2 −

√
1−4d
2[

y =
∞∑
k=0

akx
k+ 1

2−
√
1−4d
2 , ak+2 = −

akak+1+a
(

1
2−

√
1−4d
2

)
ak+1+aak+1+akb+cak+1

k2+2k
(

1
2−

√
1−4d
2

)
+
(

1
2−

√
1−4d
2

)2
+d+3k+ 7

2−
3
√
1−4d
2

, a1 = −
a0
(
a
(

1
2−

√
1−4d
2

)
+c
)

(
1
2−

√
1−4d
2

)2
+d+ 1

2−
√

1−4d
2

]
• Recursion relation for r = 1

2 +
√
1−4d
2

ak+2 = −
akak+1+a

(
1
2+

√
1−4d
2

)
ak+1+aak+1+akb+cak+1

k2+2k
(

1
2+

√
1−4d
2

)
+
(

1
2+

√
1−4d
2

)2
+d+3k+ 7

2+
3
√
1−4d
2

• Solution for r = 1
2 +

√
1−4d
2[

y =
∞∑
k=0

akx
k+ 1

2+
√
1−4d
2 , ak+2 = −

akak+1+a
(

1
2+

√
1−4d
2

)
ak+1+aak+1+akb+cak+1

k2+2k
(

1
2+

√
1−4d
2

)
+
(

1
2+

√
1−4d
2

)2
+d+3k+ 7

2+
3
√
1−4d
2

, a1 = −
a0
(
a
(

1
2+

√
1−4d
2

)
+c
)

(
1
2+

√
1−4d
2

)2
+d+ 1

2+
√
1−4d
2

]
• Combine solutions and rename parameters
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[
y =

(
∞∑
k=0

ekx
k+ 1

2−
√
1−4d
2

)
+
(

∞∑
k=0

fkx
k+ 1

2+
√
1−4d
2

)
, ek+2 = −

ake1+k+a
(

1
2−

√
1−4d
2

)
e1+k+ae1+k+ekb+ce1+k

k2+2k
(

1
2−

√
1−4d
2

)
+
(

1
2−

√
1−4d
2

)2
+d+3k+ 7

2−
3
√
1−4d
2

, e1 = −
e0
(
a
(

1
2−

√
1−4d
2

)
+c
)

(
1
2−

√
1−4d
2

)2
+d+ 1

2−
√
1−4d
2

, fk+2 = −
akf1+k+a

(
1
2+

√
1−4d
2

)
f1+k+af1+k+fkb+cf1+k

k2+2k
(

1
2+

√
1−4d
2

)
+
(

1
2+

√
1−4d
2

)2
+d+3k+ 7

2+
3
√
1−4d
2

, f1 = −
f0
(
a
(

1
2+

√
1−4d
2

)
+c
)

(
1
2+

√
1−4d
2

)2
+d+ 1

2+
√

1−4d
2

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.078 (sec). Leaf size: 79� �
dsolve(x^2*diff(y(x),x$2)+a*x^2*diff(y(x),x)+(b*x^2+c*x+d)*y(x)=0,y(x), singsol=all)� �

y(x) = e−ax
2

(
WhittakerM

(
c√

a2 − 4b
,

√
1− 4d
2 ,

√
a2 − 4b x

)
c1

+WhittakerW
(

c√
a2 − 4b

,

√
1− 4d
2 ,

√
a2 − 4b x

)
c2

)
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3 Solution by Mathematica
Time used: 0.228 (sec). Leaf size: 157� �
DSolve[x^2*y''[x]+a*x^2*y'[x]+(b*x^2+c*x+d)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→x
1
2
(√

1−4d+1
)
e
− 1

2x
(√

a2−4b+a
)(

c1HypergeometricU
(
1
2

(
− 2c√

a2 − 4b
+
√
1− 4d+1

)
,
√
1− 4d

+ 1,
√
a2 − 4bx

)
+ c2L

√
1−4d

c√
a2−4b

− 1
2
√
1−4d− 1

2

(√
a2 − 4bx

))
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29.27 problem 136
Internal problem ID [10960]
Internal file name [OUTPUT/10216_Sunday_December_31_2023_11_10_06_AM_94347684/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 136.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2y′′ +
(
a x2 + b

)
y′ + c

(
(a− c)x2 + b

)
y = 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunD ODE, case c = 0

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.485 (sec). Leaf size: 243� �
dsolve(x^2*diff(y(x),x$2)+(a*x^2+b)*diff(y(x),x)+c*((a-c)*x^2+b)*y(x)=0,y(x), singsol=all)� �
y(x) =

√
x

(
HeunD

(
−4
√

−b (−2c+ a),−4
√
−b (−2c+ a)− 1

+ (−4a+ 8c) b, 8
√

−b (−2c+ a),−4
√

−b (−2c+ a) + 1

+ (−8c+ 4a) b,
√

−b (−2c+ a)x− b√
−b (−2c+ a)x+ b

)
e−x(a−c)c2 +HeunD

(
4
√
−b (−2c+ a),

−4
√

−b (−2c+ a)− 1 + (−4a+ 8c) b, 8
√

−b (−2c+ a),−4
√

−b (−2c+ a) + 1

+ (−8c+ 4a) b,
√

−b (−2c+ a)x− b√
−b (−2c+ a)x+ b

)
e−c x2+b

x c1

)

3 Solution by Mathematica
Time used: 1.026 (sec). Leaf size: 44� �
DSolve[x^2*y''[x]+(a*x^2+b)*y'[x]+c*((a-c)*x^2+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−cx

(
c2

∫ x

1
e

b
K[1]−aK[1]+2cK[1]dK[1] + c1

)
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29.28 problem 137
29.28.1 Solving as second order ode lagrange adjoint equation method ode2899
29.28.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2902

Internal problem ID [10961]
Internal file name [OUTPUT/10217_Sunday_December_31_2023_11_10_08_AM_81546286/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 137.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ +
(
a x2 + bx

)
y′ − yb = 0

29.28.1 Solving as second order ode lagrange adjoint equation method ode

In normal form the ode

x2y′′ + x(ax+ b) y′ − yb = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = r(x) (2)

Where

p(x) = ax+ b

x

q(x) = − b

x2

r(x) = 0
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The Lagrange adjoint ode is given by

ξ
′′ − (ξ p)′ + ξq = 0

ξ
′′ −

(
(ax+ b) ξ(x)

x

)′

+
(
−bξ(x)

x2

)
= 0

ξ′′(x)− (ax+ b) ξ′(x)
x

+
(
−a

x
+ ax+ b

x2 − b

x2

)
ξ(x) = 0

Which is solved for ξ(x). This is second order ode with missing dependent variable ξ(x).
Let

p(x) = ξ′(x)

Then

p′(x) = ξ′′(x)

Hence the ode becomes

p′(x)x+ (−ax− b) p(x) = 0

Which is now solve for p(x) as first order ode. In canonical form the ODE is

p′ = F (x, p)
= f(x)g(p)

= p(ax+ b)
x

Where f(x) = ax+b
x

and g(p) = p. Integrating both sides gives

1
p
dp = ax+ b

x
dx∫ 1

p
dp =

∫
ax+ b

x
dx

ln (p) = ax+ b ln (x) + c1

p = eax+b ln(x)+c1

= c1eax+b ln(x)

Which simplifies to
p(x) = c1x

beax

Since p = ξ′(x) then the new first order ode to solve is

ξ′(x) = c1x
beax
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Integrating both sides gives

ξ(x) =
∫

c1x
beax dx

= −
c1(−a)−b

(
xb(−a)b bΓ(b) (−ax)−b − xb(−a)b eax − xb(−a)b b(−ax)−b Γ(b,−ax)

)
a

+ c2

The original ode (2) now reduces to first order ode

ξ(x) y′ − yξ′(x) + ξ(x) p(x) y =
∫

ξ(x) r(x) dx

y′ + y

(
p(x)− ξ′(x)

ξ (x)

)
=
∫
ξ(x) r(x) dx

ξ (x)

y′ + y

ax+ b

x
+

c3(−a)−b
(
−xbb(−a)beax

x
− xb(−a)b a eax − xb(−a)b b(−ax)−b a(−ax)b−1 eax

)
a

(
−

c3(−a)−b
(
xb(−a)bbΓ(b)(−ax)−b−xb(−a)beax−xb(−a)bb(−ax)−bΓ(b,−ax)

)
a

+ c2

)
 = 0

Which is now a first order ode. This is now solved for y. In canonical form the ODE is

y′ = F (x, y)
= f(x)g(y)

=
y
(
c3(−a)−b a xb(−a)b b(−ax)−b (−ax)b−1 eaxx+ xb(−a)−b (−a)b (−ax)−b Γ(b) c3abx− xb(−a)−b (−a)b (−ax)−b Γ(b,−ax) c3abx+ xb(−a)−b (−a)b (−ax)−b Γ(b) c3b2 − xb(−a)−b (−a)b (−ax)−b Γ(b,−ax) c3b2 − c2a

2x− c2ab
)

x
(
−c3 (−a)−b xb (−a)b bΓ (b) (−ax)−b + c3 (−a)−b xb (−a)b b (−ax)−b Γ (b,−ax) + c3 (−a)−b xb (−a)b eax + c2a

)
Where f(x) = c3(−a)−ba xb(−a)bb(−ax)−b(−ax)b−1eaxx+xb(−a)−b(−a)b(−ax)−bΓ(b)c3abx−xb(−a)−b(−a)b(−ax)−bΓ(b,−ax)c3abx+xb(−a)−b(−a)b(−ax)−bΓ(b)c3b2−xb(−a)−b(−a)b(−ax)−bΓ(b,−ax)c3b2−c2a2x−c2ab(

−c3(−a)−bxb(−a)bbΓ(b)(−ax)−b+c3(−a)−bxb(−a)bb(−ax)−bΓ(b,−ax)+c3(−a)−bxb(−a)beax+c2a
)
x

and g(y) = y. Integrating both sides gives

1
y
dy = c3(−a)−b a xb(−a)b b(−ax)−b (−ax)b−1 eaxx+ xb(−a)−b (−a)b (−ax)−b Γ(b) c3abx− xb(−a)−b (−a)b (−ax)−b Γ(b,−ax) c3abx+ xb(−a)−b (−a)b (−ax)−b Γ(b) c3b2 − xb(−a)−b (−a)b (−ax)−b Γ(b,−ax) c3b2 − c2a

2x− c2ab(
−c3 (−a)−b xb (−a)b bΓ (b) (−ax)−b + c3 (−a)−b xb (−a)b b (−ax)−b Γ (b,−ax) + c3 (−a)−b xb (−a)b eax + c2a

)
x

dx

∫ 1
y
dy =

∫
c3(−a)−b a xb(−a)b b(−ax)−b (−ax)b−1 eaxx+ xb(−a)−b (−a)b (−ax)−b Γ(b) c3abx− xb(−a)−b (−a)b (−ax)−b Γ(b,−ax) c3abx+ xb(−a)−b (−a)b (−ax)−b Γ(b) c3b2 − xb(−a)−b (−a)b (−ax)−b Γ(b,−ax) c3b2 − c2a

2x− c2ab(
−c3 (−a)−b xb (−a)b bΓ (b) (−ax)−b + c3 (−a)−b xb (−a)b b (−ax)−b Γ (b,−ax) + c3 (−a)−b xb (−a)b eax + c2a

)
x

dx

ln (y) =
∫

c3(−a)−b a xb(−a)b b(−ax)−b (−ax)b−1 eaxx+ xb(−a)−b (−a)b (−ax)−b Γ(b) c3abx− xb(−a)−b (−a)b (−ax)−b Γ(b,−ax) c3abx+ xb(−a)−b (−a)b (−ax)−b Γ(b) c3b2 − xb(−a)−b (−a)b (−ax)−b Γ(b,−ax) c3b2 − c2a
2x− c2ab(

−c3 (−a)−b xb (−a)b bΓ (b) (−ax)−b + c3 (−a)−b xb (−a)b b (−ax)−b Γ (b,−ax) + c3 (−a)−b xb (−a)b eax + c2a
)
x

dx+ c3

y = e
∫ c3(−a)−ba xb(−a)bb(−ax)−b(−ax)b−1eaxx+xb(−a)−b(−a)b(−ax)−bΓ(b)c3abx−xb(−a)−b(−a)b(−ax)−bΓ(b,−ax)c3abx+xb(−a)−b(−a)b(−ax)−bΓ(b)c3b

2−xb(−a)−b(−a)b(−ax)−bΓ(b,−ax)c3b
2−c2a

2x−c2ab(
−c3(−a)−bxb(−a)bbΓ(b)(−ax)−b+c3(−a)−bxb(−a)bb(−ax)−bΓ(b,−ax)+c3(−a)−bxb(−a)beax+c2a

)
x

dx+c3

= c3e
∫ c3(−a)−ba xb(−a)bb(−ax)−b(−ax)b−1eaxx+xb(−a)−b(−a)b(−ax)−bΓ(b)c3abx−xb(−a)−b(−a)b(−ax)−bΓ(b,−ax)c3abx+xb(−a)−b(−a)b(−ax)−bΓ(b)c3b

2−xb(−a)−b(−a)b(−ax)−bΓ(b,−ax)c3b
2−c2a

2x−c2ab(
−c3(−a)−bxb(−a)bbΓ(b)(−ax)−b+c3(−a)−bxb(−a)bb(−ax)−bΓ(b,−ax)+c3(−a)−bxb(−a)beax+c2a

)
x

dx
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Hence, the solution found using Lagrange adjoint equation method is

y

= c3e
∫ c3(−a)−ba xb(−a)bb(−ax)−b(−ax)b−1eaxx+xb(−a)−b(−a)b(−ax)−bΓ(b)c3abx−xb(−a)−b(−a)b(−ax)−bΓ(b,−ax)c3abx+xb(−a)−b(−a)b(−ax)−bΓ(b)c3b

2−xb(−a)−b(−a)b(−ax)−bΓ(b,−ax)c3b
2−c2a

2x−c2ab(
−c3(−a)−bxb(−a)bbΓ(b)(−ax)−b+c3(−a)−bxb(−a)bb(−ax)−bΓ(b,−ax)+c3(−a)−bxb(−a)beax+c2a

)
x

dx

Summary
The solution(s) found are the following

(1)y

= c3e
∫ c3(−a)−ba xb(−a)bb(−ax)−b(−ax)b−1eaxx+xb(−a)−b(−a)b(−ax)−bΓ(b)c3abx−xb(−a)−b(−a)b(−ax)−bΓ(b,−ax)c3abx+xb(−a)−b(−a)b(−ax)−bΓ(b)c3b

2−xb(−a)−b(−a)b(−ax)−bΓ(b,−ax)c3b
2−c2a

2x−c2ab(
−c3(−a)−bxb(−a)bbΓ(b)(−ax)−b+c3(−a)−bxb(−a)bb(−ax)−bΓ(b,−ax)+c3(−a)−bxb(−a)beax+c2a

)
x

dx

Verification of solutions
y

= c3e
∫ c3(−a)−ba xb(−a)bb(−ax)−b(−ax)b−1eaxx+xb(−a)−b(−a)b(−ax)−bΓ(b)c3abx−xb(−a)−b(−a)b(−ax)−bΓ(b,−ax)c3abx+xb(−a)−b(−a)b(−ax)−bΓ(b)c3b

2−xb(−a)−b(−a)b(−ax)−bΓ(b,−ax)c3b
2−c2a

2x−c2ab(
−c3(−a)−bxb(−a)bbΓ(b)(−ax)−b+c3(−a)−bxb(−a)bb(−ax)−bΓ(b,−ax)+c3(−a)−bxb(−a)beax+c2a

)
x

dx

Verified OK.

29.28.2 Maple step by step solution

Let’s solve
y′′x2 + x(ax+ b) y′ − yb = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − (ax+b)y′
x

+ by
x2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (ax+b)y′
x

− by
x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions[

P2(x) = ax+b
x

, P3(x) = − b
x2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= b

◦ x2 · P3(x) is analytic at x = 0
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(x2 · P3(x))
∣∣∣∣
x=0

= −b

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 + x(ax+ b) y′ − yb = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y′ to series expansion form = 1..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

a0(r − 1) (b+ r)xr +
(

∞∑
k=1

(ak(k + r − 1) (k + b+ r) + aak−1(k + r − 1))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
(r − 1) (b+ r) = 0

• Values of r that satisfy the indicial equation
r ∈ {1,−b}

• Each term in the series must be 0, giving the recursion relation
(k + r − 1) (ak(k + b+ r) + aak−1) = 0

• Shift index using k− >k + 1
(k + r) (ak+1(k + 1 + b+ r) + aak) = 0

• Recursion relation that defines series solution to ODE
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ak+1 = − aak
k+1+b+r

• Recursion relation for r = 1
ak+1 = − aak

k+2+b

• Solution for r = 1[
y =

∞∑
k=0

akx
k+1, ak+1 = − aak

k+2+b

]
• Recursion relation for r = −b

ak+1 = − aak
k+1

• Solution for r = −b[
y =

∞∑
k=0

akx
k−b, ak+1 = − aak

k+1

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ckx
1+k

)
+
(

∞∑
k=0

dkx
k−b

)
, c1+k = − ack

k+2+b
, d1+k = − adk

1+k

]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 51� �
dsolve(x^2*diff(y(x),x$2)+(a*x^2+b*x)*diff(y(x),x)-b*y(x)=0,y(x), singsol=all)� �

y(x) = −e−axc2(Γ(b,−ax) b− Γ(b+ 1)) (−ax)−b + c1x
−be−ax − c2
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3 Solution by Mathematica
Time used: 0.04 (sec). Leaf size: 43� �
DSolve[x^2*y''[x]+(a*x^2+b*x)*y'[x]-b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−ax

(
c1(−ax)−bΓ(b+ 1,−ax)

a
+ c2x

−b

)
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29.29 problem 138
29.29.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2906

Internal problem ID [10962]
Internal file name [OUTPUT/10218_Sunday_December_31_2023_11_10_11_AM_65170388/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 138.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2y′′ +
(
a x2 + bx

)
y′ +

(
k(a− k)x2 + (an+ bk − 2kn)x+ n(−n+ b− 1)

)
y = 0

29.29.1 Maple step by step solution

Let’s solve
y′′x2 + x(ax+ b) y′ + (−n2 + ((a− 2k)x+ b− 1)n+ kx((a− k)x+ b)) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
ak x2−k2x2+anx+kxb−2knx+nb−n2−n

)
y

x2 − (ax+b)y′
x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (ax+b)y′
x

+
(
ak x2−k2x2+anx+kxb−2knx+nb−n2−n

)
y

x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions
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[
P2(x) = ax+b

x
, P3(x) = ak x2−k2x2+anx+kxb−2knx+nb−n2−n

x2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= b

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= nb− n2 − n

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 + x(ax+ b) y′ + (ak x2 − k2x2 + anx+ kxb− 2knx+ nb− n2 − n) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 1..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions

2907



a0(n+ r) (b+ r − 1− n)xr + (a1(1 + n+ r) (b+ r − n) + a0(an+ ar + bk − 2kn))x1+r +
(

∞∑
k=2

(ak(k + n+ r) (k + b+ r − 1− n) + ak−1(a(k − 1) + an+ ar + bk − 2kn) + kak−2(a− k))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
(n+ r) (b+ r − 1− n) = 0

• Values of r that satisfy the indicial equation
r ∈ {−n, n− b+ 1}

• Each term must be 0
a1(1 + n+ r) (b+ r − n) + a0(an+ ar + bk − 2kn) = 0

• Solve for the dependent coefficient(s)
a1 = − a0(an+ar+bk−2kn)

nb+br−n2+r2+b−n+r

• Each term in the series must be 0, giving the recursion relation
ak(k + n+ r) (k + b+ r − 1− n) + ((k + n+ r − 1) a+ k(−2n+ b)) ak−1 + kak−2(a− k) = 0

• Shift index using k− >k + 2
ak+2(k + 2 + n+ r) (k + 1 + b+ r − n) + ((k + 1 + n+ r) a+ k(−2n+ b)) ak+1 + kak(a− k) = 0

• Recursion relation that defines series solution to ODE

ak+2 = −akak+akak+1+anak+1+arak+1+bkak+1−akk
2−2knak+1+aak+1

(k+2+n+r)(k+1+b+r−n)

• Recursion relation for r = −n

ak+2 = −akak+akak+1+bkak+1−akk
2−2knak+1+aak+1

(k+2)(k+1+b−2n)

• Solution for r = −n[
y =

∞∑
k=0

akx
k−n, ak+2 = −akak+akak+1+bkak+1−akk

2−2knak+1+aak+1
(k+2)(k+1+b−2n) , a1 = −a0(bk−2kn)

−2n+b

]
• Recursion relation for r = n− b+ 1

ak+2 = −akak+akak+1+anak+1+a(n−b+1)ak+1+bkak+1−akk
2−2knak+1+aak+1

(k+3+2n−b)(k+2)

• Solution for r = n− b+ 1[
y =

∞∑
k=0

akx
k+n−b+1, ak+2 = −akak+akak+1+anak+1+a(n−b+1)ak+1+bkak+1−akk

2−2knak+1+aak+1
(k+3+2n−b)(k+2) , a1 = − a0(an+a(n−b+1)+bk−2kn)

nb+b(n−b+1)−n2+(n−b+1)2+1

]
• Combine solutions and rename parameters[

y =
(

∞∑
m=0

cmx
m−n

)
+
(

∞∑
m=0

dmx
m+n−b+1

)
, cm+2 = −akcm+amcm+1+bkcm+1−k2cm−2kncm+1+acm+1

(m+2)(m+1+b−2n) , c1 = − c0(bk−2kn)
−2n+b

, dm+2 = −dmak+amdm+1+andm+1+a(n−b+1)dm+1+bkdm+1−dmk2−2kndm+1+adm+1
(m+3+2n−b)(m+2) , d1 = − d0(an+a(n−b+1)+bk−2kn)

nb+b(n−b+1)−n2+(n−b+1)2+1

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 48� �
dsolve(x^2*diff(y(x),x$2)+(a*x^2+b*x)*diff(y(x),x)+(k*(a-k)*x^2+(a*n+b*k-2*k*n)*x+n*(b-n-1))*y(x)=0,y(x), singsol=all)� �

y(x) = c1x
−ne−kx + c2x

− b
2 WhittakerM

(
− b

2 + n,− b

2 + n+ 1
2 , (−2k + a)x

)
e−ax

2

3 Solution by Mathematica
Time used: 0.504 (sec). Leaf size: 64� �
DSolve[x^2*y''[x]+(a*x^2+b*x)*y'[x]+(k*(a-k)*x^2+(a*n+b*k-2*k*n)*x+n*(b-n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−kxx−n
(
c1 − c2x

−b+2n+1(x(a− 2k))b−2n−1Γ(−b+ 2n+ 1, (a− 2k)x)
)
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29.30 problem 139
29.30.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2910

Internal problem ID [10963]
Internal file name [OUTPUT/10219_Sunday_December_31_2023_11_10_12_AM_23575013/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 139.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

a2x
2y′′ +

(
a1x

2 + b1x
)
y′ +

(
x2a0 + b0x+ c0

)
y = 0

29.30.1 Maple step by step solution

Let’s solve
a2x

2y′′ + x(a1x+ b1) y′ + (x2a0 + b0x+ c0) y = 0
• Highest derivative means the order of the ODE is 2

y′′

• Isolate 2nd derivative

y′′ = −
(
x2a0+b0x+c0

)
y

a2x2 − (a1x+b1)y′
xa2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (a1x+b1)y′
xa2

+
(
x2a0+b0x+c0

)
y

a2x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions
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[
P2(x) = a1x+b1

a2x
, P3(x) = x2a0+b0x+c0

a2x2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= b1
a2

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= c0
a2

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
a2x

2y′′ + x(a1x+ b1) y′ + (x2a0 + b0x+ c0) y = 0
• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 1..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions
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a0(a2r2 − a2r + b1r + c0)xr + ((a2r2 + a2r + b1r + b1 + c0) a1 + a0(a1r + b0))x1+r +
(

∞∑
k=2

(ak(a2k2 + 2a2kr + a2r
2 − a2k − a2r + b1k + b1r + c0) + ak−1(a1(k − 1) + a1r + b0) + ak−2a0)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
a2r

2 − a2r + b1r + c0 = 0
• Values of r that satisfy the indicial equation

r ∈
{

a2−b1+
√

a22−2a2b1−4c0a2+b21
2a2 ,−

−a2+b1+
√

a22−2a2b1−4c0a2+b21
2a2

}
• Each term must be 0

(a2r2 + a2r + b1r + b1 + c0) a1 + a0(a1r + b0) = 0
• Solve for the dependent coefficient(s)

a1 = − a0(a1r+b0)
a2r2+a2r+b1r+b1+c0

• Each term in the series must be 0, giving the recursion relation
((k + r) (k + r − 1) a2 + b1k + b1r + c0) ak + a1kak−1 + a1rak−1 + (−a1 + b0) ak−1 + ak−2a0 = 0

• Shift index using k− >k + 2
((k + 2 + r) (k + 1 + r) a2 + b1(k + 2) + b1r + c0) ak+2 + a1(k + 2) ak+1 + a1rak+1 + (−a1 + b0) ak+1 + aka0 = 0

• Recursion relation that defines series solution to ODE
ak+2 = − a1kak+1+a1rak+1+aka0+a1ak+1+b0ak+1

a2k2+2a2kr+a2r2+3a2k+3a2r+b1k+b1r+2a2+2b1+c0

• Recursion relation for r =
a2−b1+

√
a22−2a2b1−4c0a2+b21

2a2

ak+2 = −
a1kak+1+

a1
(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)
ak+1

2a2
+aka0+a1ak+1+b0ak+1

a2k2+k

(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)
+

(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)2
4a2

+3a2k+ 7a2
2 + b1

2 +
3
√

a22−2a2b1−4c0a2+b21
2 +b1k+

b1
(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)
2a2

+c0

• Solution for r =
a2−b1+

√
a22−2a2b1−4c0a2+b21

2a2y =
∞∑
k=0

akx
k+

a2−b1+
√

a22−2a2b1−4c0a2+b21
2a2 , ak+2 = −

a1kak+1+
a1
(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)
ak+1

2a2
+aka0+a1ak+1+b0ak+1

a2k2+k

(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)
+

(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)2
4a2

+3a2k+ 7a2
2 + b1

2 +
3
√

a22−2a2b1−4c0a2+b21
2 +b1k+

b1
(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)
2a2

+c0

, a1 = −
a0

a1
(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)
2a2

+b0


(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)2
4a2

+a2
2 + b1

2 +
√

a22−2a2b1−4c0a2+b21
2 +

b1
(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)
2a2

+c0


• Recursion relation for r = −

−a2+b1+
√

a22−2a2b1−4c0a2+b21
2a2

ak+2 = −
a1kak+1−

a1
(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)
ak+1

2a2
+aka0+a1ak+1+b0ak+1

a2k2−k

(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)
+

(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)2
4a2

+3a2k+ 7a2
2 + b1

2 −
3
√

a22−2a2b1−4c0a2+b21
2 +b1k−

b1
(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)
2a2

+c0
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• Solution for r = −
−a2+b1+

√
a22−2a2b1−4c0a2+b21

2a2y =
∞∑
k=0

akx
k−

−a2+b1+
√

a22−2a2b1−4c0a2+b21
2a2 , ak+2 = −

a1kak+1−
a1
(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)
ak+1

2a2
+aka0+a1ak+1+b0ak+1

a2k2−k

(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)
+

(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)2
4a2

+3a2k+ 7a2
2 + b1

2 −
3
√

a22−2a2b1−4c0a2+b21
2 +b1k−

b1
(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)
2a2

+c0

, a1 = −
a0

−
a1
(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)
2a2

+b0


(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)2
4a2

+a2
2 + b1

2 −
√

a22−2a2b1−4c0a2+b21
2 −

b1
(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)
2a2

+c0


• Combine solutions and rename parametersy =

(
∞∑
k=0

akx
k+

a2−b1+
√

a22−2a2b1−4c0a2+b21
2a2

)
+
(

∞∑
k=0

bkx
k−

−a2+b1+
√

a22−2a2b1−4c0a2+b21
2a2

)
, ak+2 = −

a1ka1+k+
a1
(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)
a1+k

2a2
+aka0+a1a1+k+b0a1+k

a2k2+k

(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)
+

(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)2
4a2

+3a2k+ 7a2
2 + b1

2 +
3
√

a22−2a2b1−4c0a2+b21
2 +b1k+

b1
(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)
2a2

+c0

, a1 = −
a0

a1
(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)
2a2

+b0


(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)2
4a2

+a2
2 + b1

2 +
√

a22−2a2b1−4c0a2+b21
2 +

b1
(
a2−b1+

√
a22−2a2b1−4c0a2+b21

)
2a2

+c0

, bk+2 = −
a1kb1+k−

a1
(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)
b1+k

2a2
+bka0+a1b1+k+b0b1+k

a2k2−k

(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)
+

(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)2
4a2

+3a2k+ 7a2
2 + b1

2 −
3
√

a22−2a2b1−4c0a2+b21
2 +b1k−

b1
(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)
2a2

+c0

, b1 = −
b0

−
a1
(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)
2a2

+b0


(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)2
4a2

+a2
2 + b1

2 −
√

a22−2a2b1−4c0a2+b21
2 −

b1
(
−a2+b1+

√
a22−2a2b1−4c0a2+b21

)
2a2

+c0



Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.11 (sec). Leaf size: 150� �
dsolve(a__2*x^2*diff(y(x),x$2)+(a__1*x^2+b__1*x)*diff(y(x),x)+(a__0*x^2+b__0*x+c__0)*y(x)=0,y(x), singsol=all)� �
y(x)

= e−
a1x
2a2 x

− b1
2a2

(
c1WhittakerM

(
− b1a1 − 2a2b0
2a2
√

−4a0a2 + a21
,

√
a22 + (−2b1 − 4c0) a2 + b21

2a2
,

√
−4a0a2 + a21 x

a2

)

+WhittakerW
(
− b1a1 − 2a2b0
2a2
√

−4a0a2 + a21
,

√
a22 + (−2b1 − 4c0) a2 + b21

2a2
,

√
−4a0a2 + a21 x

a2

)
c2

)

3 Solution by Mathematica
Time used: 0.538 (sec). Leaf size: 272� �
DSolve[a2*x^2*y''[x]+(a1*x^2+b1*x)*y'[x]+(a0*x^2+b0*x+c0)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ e−
x

(√
a12−4a0a2+a1

)
2a2 x

√
a22−2a2(b1+2c0)+b12+a2−b1

2a2

c1HypergeometricU

− 2b0a2√
a12−4a0a2

+ a2+ a1b1√
a12−4a0a2

+
√

a22 − 2(b1+ 2c0)a2+ b12

2a2 ,
a2+

√
a22 − 2(b1+ 2c0)a2+ b12

a2 ,

√
a12 − 4a0a2x

a2


+ c2L

√
a22−2(b1+2c0)a2+b12

a2

−
− 2b0a2√

a12−4a0a2
+a2+ a1b1√

a12−4a0a2
+
√
a22−2(b1+2c0)a2+b12

2a2

(√
a12 − 4a0a2x

a2

)
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29.31 problem 140
29.31.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2915

Internal problem ID [10964]
Internal file name [OUTPUT/10220_Sunday_December_31_2023_11_10_14_AM_28903513/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 140.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ +
(
a x2 + (ab− 1)x+ b

)
y′ + a2bxy = 0

29.31.1 Solving using Kovacic algorithm

Writing the ode as

x2y′′ +
(
abx+ a x2 + b− x

)
y′ + a2bxy = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x2

B = abx+ a x2 + b− x (3)
C = a2bx

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)
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Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2b2x2 − 2a2b x3 + a2x4 + 2a b2x− 2ab x2 − 2a x3 + b2 − 6bx+ 3x2

4x4 (6)

Comparing the above to (5) shows that

s = a2b2x2 − 2a2b x3 + a2x4 + 2a b2x− 2ab x2 − 2a x3 + b2 − 6bx+ 3x2

t = 4x4

Therefore eq. (4) becomes

z′′(x) =
(
a2b2x2 − 2a2b x3 + a2x4 + 2a b2x− 2ab x2 − 2a x3 + b2 − 6bx+ 3x2

4x4

)
z(x)

(7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 140: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 4
= 0

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4x4. There is a pole at x = 0 of order 4. Since there is no odd order pole
larger than 2 and the order at ∞ is 0 then the necessary conditions for case one are
met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Looking at higher order poles of order 2v≥4 (must be even order for case one).Then
for each pole c, [

√
r]c is the sum of terms 1

(x−c)i for 2 ≤ i ≤ v in the Laurent series
expansion of

√
r expanded around each pole c. Hence

[
√
r]c =

v∑
2

ai
(x− c)i (1B)

Let a be the coefficient of the term 1
(x−c)v in the above where v is the pole order divided

by 2. Let b be the coefficient of 1
(x−c)v+1 in r minus the coefficient of 1

(x−c)v+1 in [
√
r]c.

Then

α+
c = 1

2

(
b

a
+ v

)
α−
c = 1

2

(
− b

a
+ v

)
The partial fraction decomposition of r is

r = a2

4 + b2

4x4 +
1
2a b

2 − 3
2b

x3 +
1
4a

2b2 − 1
2ab+

3
4

x2 +
−1

2a
2b− 1

2a

x

There is pole in r at x = 0 of order 4, hence v = 2. Expanding
√
r as Laurent series

about this pole c = 0 gives

[
√
r]c ≈

b

2x2+
2a b2 − 6b

4bx +
b
(

a2b2−2ab+3
2b2 −

(
2a b2−6b

)2
8b4

)
2 +

b
(

−2a2b−2a
2b2 −

(
2a b2−6b

)(
a2b2−2ab+3

)
4b4 +

(
2a b2−6b

)3
16b6

)
x

2 +
b
(

a2

2b2 −
(
2a b2−6b

)(
−2a2b−2a

)
4b4 −

(
a2b2−2ab+3

)2
8b4 + 3

(
2a b2−6b

)2(
a2b2−2ab+3

)
16b6 − 5

(
2a b2−6b

)4
128b8

)
x2

2 +

b

−
(
2a b2−6b

)
a2

4b4 −
(
a2b2−2ab+3

)(
−2a2b−2a

)
4b4 +

(
2a b2−6b

)2(−2a2b−2a
)

16b6 +
(
2a b2−6b

)(
a2b2−2ab+3

)2
8b6 −

(
−

64
(
2a b2−6b

)(
−2a2b−2a

)
b4 −

32
(
a2b2−2ab+3

)2
b4

)(
2a b2−6b

)
512b2 − 5

(
2a b2−6b

)3(
a2b2−2ab+3

)
32b8 + 7

(
2a b2−6b

)5
256b10

x3

2 +. . .

(2B)
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Using eq. (1B), taking the sum up to v = 2 the above becomes

[
√
r]c =

b

2x2 (3B)

The above shows that the coefficient of 1
(x−0)2 is

a = b

2

Now we need to find b. let b be the coefficient of the term 1
(x−c)v+1 in r minus the

coefficient of the same term but in the sum [
√
r]c found in eq. (3B). Here c is current

pole which is c = 0. This term becomes 1
x3 . The coefficient of this term in the sum

[
√
r]c is seen to be 0 and the coefficient of this term r is found from the partial fraction

decomposition from above to be 1
2a b

2 − 3
2b. Therefore

b =
(
1
2a b

2 − 3
2b
)
− (0)

= 1
2a b

2 − 3
2b

Hence

[
√
r]c =

b

2x2

α+
c = 1

2

(
b

a
+ v

)
= 1

2

(
1
2a b

2 − 3
2b

b
2

+ 2
)

=
1
2a b

2 − 3
2b

b
+ 1

α−
c = 1

2

(
− b

a
+ v

)
= 1

2

(
−

1
2a b

2 − 3
2b

b
2

+ 2
)

= −
1
2a b

2 − 3
2b

b
+ 1

Since the order of r at ∞ is Or(∞) = 0 then

v = −Or(∞)
2 = 0

2 = 0

[
√
r]∞ is the sum of terms involving xi for 0 ≤ i ≤ v in the Laurent series for

√
r at ∞.

Therefore

[
√
r]∞ =

v∑
i=0

aix
i

=
0∑

i=0

aix
i (8)
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Let a be the coefficient of xv = x0 in the above sum. The Laurent series of
√
r at ∞ is

√
r ≈ a

2−
1
2x−

ab

2x−
13b2
4a x4−

163b4
4a2x7−

20b3
a2x6−

23b2
4a3x6+

11b
4a3x5+

14b2
a4x7+

11b
2a4x6+

3b
a5x7−

3
4a6x7−

b6

2x7−
b5

2x6−
b4

2x5−
b3

2x4−
b2

2x3−
17b5
2a x7−

13b4
2a x6−

19b3
4a x5−

b

x2−
b

2a2x4−
3

4a5x6+
1

2a x2+
1

2a2x3+
1

4a3x4−
1

4a4x5−
2b
a x3−

29b2
4a2x5−

97b3
2a3x7+. . .

(9)
Comparing Eq. (9) with Eq. (8) shows that

a = a

2

From Eq. (9) the sum up to v = 0 gives

[
√
r]∞ =

0∑
i=0

aix
i

= a

2 (10)

Now we need to find b, where b be the coefficient of xv−1 = x−1 = 1
x
in r minus the

coefficient of same term but in
(
[
√
r]∞
)2 where [

√
r]∞ was found above in Eq (10).

Hence (
[
√
r]∞
)2 = a2

4
This shows that the coefficient of 1

x
in the above is 0. Now we need to find the coefficient

of 1
x
in r. How this is done depends on if v = 0 or not. Since v = 0 then starting from

r = s
t
and doing long division in the form

r = Q+ R

t

Where Q is the quotient and R is the remainder. Then the coefficient of 1
x
in r will be

the coefficient in R of the term in x of degree of t minus one, divided by the leading
coefficient in t. Doing long division gives

r = s

t

= a2b2x2 − 2a2b x3 + a2x4 + 2a b2x− 2ab x2 − 2a x3 + b2 − 6bx+ 3x2

4x4

= Q+ R

4x4

=
(
a2

4

)
+
(
(−2a2b− 2a)x3 + (a2b2 − 2ab+ 3)x2 + (2a b2 − 6b)x+ b2

4x4

)
= a2

4 + (−2a2b− 2a)x3 + (a2b2 − 2ab+ 3)x2 + (2a b2 − 6b)x+ b2

4x4
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Since the degree of t is 4, then we see that the coefficient of the term x3 in the remainder
R is −2a2b− 2a. Dividing this by leading coefficient in t which is 4 gives −1

2a
2b− 1

2a.
Now b can be found.

b =
(
−1
2a

2b− 1
2a
)
− (0)

= −1
2a

2b− 1
2a

Hence

[
√
r]∞ = a

2

α+
∞ = 1

2

(
b

a
− v

)
= 1

2

(−1
2a

2b− 1
2a

a
2

− 0
)

=
−1

2a
2b− 1

2a

a

α−
∞ = 1

2

(
− b

a
− v

)
= 1

2

(
−
−1

2a
2b− 1

2a
a
2

− 0
)

= −
−1

2a
2b− 1

2a

a

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = a2b2x2 − 2a2b x3 + a2x4 + 2a b2x− 2ab x2 − 2a x3 + b2 − 6bx+ 3x2

4x4

pole c location pole order [
√
r]c α+

c α−
c

0 4 b
2x2

1
2a b

2− 3
2 b

b
+ 1 −

1
2a b

2− 3
2 b

b
+ 1

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

0 a
2

− 1
2a

2b− 1
2a

a
−− 1

2a
2b− 1

2a

a

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = −− 1
2a

2b− 1
2a

a
then

d = α−
∞ −

(
α+
c1

)
= −

−1
2a

2b− 1
2a

a
−
(
−
−1

2a
2b− 1

2a

a
− 1
)

= 1
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Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω =
(
(+)[

√
r]c1 +

α+
c1

x− c1

)
+ (−)[

√
r]∞

= b

2x2 +
1
2a b

2− 3
2 b

b
+ 1

x
+ (−)

(a
2

)
= b

2x2 +
1
2a b

2− 3
2 b

b
+ 1

x
− a

2

= (−x+ b) (ax+ 1)
2x2

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 1 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = x+ a0 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(

b

2x2 +
1
2a b

2− 3
2 b

b
+ 1

x
− a

2

)
(1) +

(− b

x3 −
1
2a b

2− 3
2 b

b
+ 1

x2

)
+
(

b

2x2 +
1
2a b

2− 3
2 b

b
+ 1

x
− a

2

)2

−
(
a2b2x2 − 2a2b x3 + a2x4 + 2a b2x− 2ab x2 − 2a x3 + b2 − 6bx+ 3x2

4x4

) = 0

−(−x+ b) (aa0 − 1)
x2 = 0

Solving for the coefficients ai in the above using method of undetermined coefficients
gives {

a0 =
1
a

}
Substituting these coefficients in p(x) in eq. (2A) results in

p(x) = x+ 1
a
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Therefore the first solution to the ode z′′ = rz is

z1(x) = pe
∫
ω dx

=
(
x+ 1

a

)
e
∫ b

2x2+
1
2a b2− 3

2 b

b
+1

x
−a

2

dx

=
(
x+ 1

a

)
e− b

2x−
ax
2 + ln(x)ab

2 − ln(x)
2

= x
ab
2 − 1

2 (ax+ 1) e−a x2+b
2x

a

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
abx+a x2+b−x

x2 dx

= z1e
−ax

2 + b
2x−

(ab−1) ln(x)
2

= z1
(
x−ab

2 + 1
2 e−a x2+b

2x

)
Which simplifies to

y1 =
(ax+ 1) e−ax

a

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−abx+a x2+b−x

x2 dx

(y1)2
dx

= y1

∫
e−ax+ b

x
−ln(x)ab+ln(x)

(y1)2
dx

= y1

(∫
x−ab+1a2ea x2+b

x

(ax+ 1)2
dx

)

Therefore the solution is
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y = c1y1 + c2y2

= c1

(
(ax+ 1) e−ax

a

)
+ c2

(
(ax+ 1) e−ax

a

(∫
x−ab+1a2ea x2+b

x

(ax+ 1)2
dx

))

Summary
The solution(s) found are the following

(1)y = c1(ax+ 1) e−ax

a
+ c2a(ax+ 1) e−ax

(∫
x−ab+1ea x2+b

x

(ax+ 1)2
dx

)
Verification of solutions

y = c1(ax+ 1) e−ax

a
+ c2a(ax+ 1) e−ax

(∫
x−ab+1ea x2+b

x

(ax+ 1)2
dx

)

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunD ODE, case c = 0

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.312 (sec). Leaf size: 199� �
dsolve(x^2*diff(y(x),x$2)+(a*x^2+(a*b-1)*x+b)*diff(y(x),x)+a^2*b*x*y(x)=0,y(x), singsol=all)� �
y(x) =

(
HeunD

(
4
√
ab,−a2b2 + 4ab− 8

√
ab− 4,−8

√
ab (ab− 1) , a2b2 − 4ab− 8

√
ab

+ 4,
√
ab x− b√
ab x+ b

)
e−a x2+b

x c1 +HeunD
(
−4

√
ab,−a2b2 + 4ab− 8

√
ab− 4,

−8
√
ab (ab− 1) , a2b2 − 4ab− 8

√
ab+ 4,

√
ab x− b√
ab x+ b

)
c2

)
x1−ab

2

3 Solution by Mathematica
Time used: 4.002 (sec). Leaf size: 67� �
DSolve[x^2*y''[x]+(a*x^2+(a*b-1)*x+b)*y'[x]+a^2*b*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e−ax(ax+ 1)

(
c2
∫ x

1
a2e

b
K[1]+aK[1]

K[1]1−ab

(aK[1]+1)2 dK[1] + c1

)
a
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29.32 problem 141
Internal problem ID [10965]
Internal file name [OUTPUT/10221_Sunday_December_31_2023_11_10_17_AM_90655406/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 141.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2y′′ − 2x
(
x2 − a

)
y′ +

(
2nx2 + ((−1)n − 1) a

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.125 (sec). Leaf size: 81� �
dsolve(x^2*diff(y(x),x$2)-2*x*(x^2-a)*diff(y(x),x)+(2*n*x^2+( (-1)^n-1)*a )*y(x)=0,y(x), singsol=all)� �

y(x) = x−a− 1
2 ex2

2

(
WhittakerM

(
a

2 + n

2 + 1
4 ,
√

1− 4a (−1)n + 4a2
4 , x2

)
c1

+WhittakerW
(
a

2 + n

2 + 1
4 ,
√

1− 4a (−1)n + 4a2
4 , x2

)
c2

)

2927



3 Solution by Mathematica
Time used: 0.646 (sec). Leaf size: 231� �
DSolve[x^2*y''[x]-2*x*(x^2-a)*y'[x]+(2*n*x^2+( (-1)^n-1)*a )*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ i−a(−1)
1
4

(
1−
√

4a2−4a(−1)n+1
)
x

1
2

(
−
√

4a2−4a(−1)n+1−2a+1
)(

c1Hypergeometric1F1
(
1
4

(
−2a−2n−

√
4a2 − 4(−1)na+ 1+1

)
, 1

− 1
2
√
4a2 − 4(−1)na+ 1, x2

)
+c2i

√
4a2−4a(−1)n+1x

√
4a2−4a(−1)n+1Hypergeometric1F1

(
1
4

(
−2a−2n+

√
4a2 − 4(−1)na+ 1+1

)
,
1
2

(√
4a2 − 4(−1)na+ 1+2

)
, x2
))
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29.33 problem 142
29.33.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2929

Internal problem ID [10966]
Internal file name [OUTPUT/10222_Sunday_December_31_2023_11_10_18_AM_21141346/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 142.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2y′′ + x
(
a x2 + bx+ c

)
y′ +

(
Ax3 +B x2 + Cx+ d

)
y = 0

29.33.1 Maple step by step solution

Let’s solve
y′′x2 + x(a x2 + bx+ c) y′ + (Ax3 +B x2 + Cx+ d) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
Ax3+B x2+Cx+d

)
y

x2 −
(
a x2+bx+c

)
y′

x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
a x2+bx+c

)
y′

x
+
(
Ax3+B x2+Cx+d

)
y

x2 = 0

� Check to see if x0 = 0 is a regular singular point
◦ Define functions

2929



[
P2(x) = a x2+bx+c

x
, P3(x) = Ax3+B x2+Cx+d

x2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= c

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= d

◦ x = 0is a regular singular point
Check to see if x0 = 0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2 + x(a x2 + bx+ c) y′ + (Ax3 +B x2 + Cx+ d) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..3

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 1..3

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert x2 · y′′ to series expansion

x2 · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r

Rewrite ODE with series expansions
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a0(cr + r2 + d− r)xr + ((cr + r2 + c+ d+ r) a1 + a0(br + C))x1+r + ((cr + r2 + 2c+ d+ 3r + 2) a2 + a1(br + C + b) + a0(ar +B))x2+r +
(

∞∑
k=3

(ak(ck + cr + k2 + 2kr + r2 + d− k − r) + ak−1(b(k − 1) + br + C) + ak−2(a(k − 2) + ar +B) + Aak−3)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
cr + r2 + d− r = 0

• Values of r that satisfy the indicial equation

r ∈
{
− c

2 +
1
2 +

√
c2−2c−4d+1

2 ,− c
2 −

√
c2−2c−4d+1

2 + 1
2

}
• The coefficients of each power of x must be 0

[(cr + r2 + c+ d+ r) a1 + a0(br + C) = 0, (cr + r2 + 2c+ d+ 3r + 2) a2 + a1(br + C + b) + a0(ar +B) = 0]
• Solve for the dependent coefficient(s){

a1 = − a0(br+C)
cr+r2+c+d+r

, a2 = − a0
(
a r2c+a r3−b2r2+Bcr+B r2−2brC+arc+ard+a r2−b2r+Bc+Bd+Br−C2−Cb

)
c2r2+2c r3+r4+3c2r+2crd+7c r2+2r2d+4r3+2c2+3cd+7cr+d2+4dr+5r2+2c+2d+2r

}
• Each term in the series must be 0, giving the recursion relation

(k2 + (c+ 2r − 1) k + r2 + (c− 1) r + d) ak + (aak−2 + bak−1) k + (aak−2 + bak−1) r + (B − 2a) ak−2 + (C − b) ak−1 + Aak−3 = 0
• Shift index using k− >k + 3(

(k + 3)2 + (c+ 2r − 1) (k + 3) + r2 + (c− 1) r + d
)
ak+3 + (aak+1 + bak+2) (k + 3) + (aak+1 + bak+2) r + (B − 2a) ak+1 + (C − b) ak+2 + Aak = 0

• Recursion relation that defines series solution to ODE
ak+3 = −akak+1+arak+1+bkak+2+brak+2+Aak+Bak+1+Cak+2+aak+1+2bak+2

ck+cr+k2+2kr+r2+3c+d+5k+5r+6

• Recursion relation for r = − c
2 +

1
2 +

√
c2−2c−4d+1

2

ak+3 = −
akak+1+a

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
ak+1+bkak+2+b

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
ak+2+Aak+Bak+1+Cak+2+aak+1+2bak+2

ck+c

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+k2+2k

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+
(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
+ c

2+d+5k+ 17
2 + 5

√
c2−2c−4d+1

2

• Solution for r = − c
2 +

1
2 +

√
c2−2c−4d+1

2y =
∞∑
k=0

akx
k− c

2+
1
2+

√
c2−2c−4d+1

2 , ak+3 = −
akak+1+a

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
ak+1+bkak+2+b

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
ak+2+Aak+Bak+1+Cak+2+aak+1+2bak+2

ck+c

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+k2+2k

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+
(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
+ c

2+d+5k+ 17
2 + 5

√
c2−2c−4d+1

2

, a1 = −
a0

(
b

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+C

)
c

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+
(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
+ c

2+d+ 1
2+

√
c2−2c−4d+1

2

, a2 = −
a0

(
a

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
c+a

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)3
−b2

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
+Bc

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+B

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
−2b

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
C+a

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
c+a

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
d+a

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
−b2

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+Bc+Bd+B

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
−C2−Cb

)

c2
(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
+2c

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)3
+
(
− c

2+
1
2+

√
c2−2c−4d+1

2

)4
+3c2

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+2c

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
d+7c

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
+2
(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
d+4

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)3
+2c2+3cd+7c

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+d2+4d

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+5
(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
+c+2d+1+

√
c2−2c−4d+1


• Recursion relation for r = − c

2 −
√
c2−2c−4d+1

2 + 1
2

ak+3 = −
akak+1+a

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
ak+1+bkak+2+b

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
ak+2+Aak+Bak+1+Cak+2+aak+1+2bak+2

ck+c

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+k2+2k

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+
(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
+ c

2+d+5k− 5
√

c2−2c−4d+1
2 + 17

2

• Solution for r = − c
2 −

√
c2−2c−4d+1

2 + 1
2
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y =
∞∑
k=0

akx
k− c

2−
√

c2−2c−4d+1
2 + 1

2 , ak+3 = −
akak+1+a

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
ak+1+bkak+2+b

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
ak+2+Aak+Bak+1+Cak+2+aak+1+2bak+2

ck+c

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+k2+2k

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+
(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
+ c

2+d+5k− 5
√

c2−2c−4d+1
2 + 17

2

, a1 = −
a0

(
b

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+C

)
c

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+
(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
+ c

2+d−
√

c2−2c−4d+1
2 + 1

2

, a2 = −
a0

(
a

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
c+a

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)3
−b2

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
+Bc

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+B

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
−2b

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
C+a

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
c+a

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
d+a

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
−b2

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+Bc+Bd+B

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
−C2−Cb

)

c2
(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
+2c

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)3
+
(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)4
+3c2

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+2c

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
d+7c

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
+2
(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
d+4

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)3
+2c2+3cd+7c

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+d2+4d

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+5
(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
+c+2d−

√
c2−2c−4d+1+1


• Combine solutions and rename parametersy =

(
∞∑
k=0

ekx
k− c

2+
1
2+

√
c2−2c−4d+1

2

)
+
(

∞∑
k=0

fkx
k− c

2−
√

c2−2c−4d+1
2 + 1

2

)
, ek+3 = −

ake1+k+a

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
e1+k+bkek+2+b

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
ek+2+Aek+Be1+k+Cek+2+ae1+k+2bek+2

ck+c

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+k2+2k

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+
(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
+ c

2+d+5k+ 17
2 + 5

√
c2−2c−4d+1

2

, e1 = −
e0

(
b

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+C

)
c

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+
(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
+ c

2+d+ 1
2+

√
c2−2c−4d+1

2

, e2 = −
e0

(
a

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
c+a

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)3
−b2

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
+Bc

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+B

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
−2b

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
C+a

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
c+a

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
d+a

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
−b2

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+Bc+Bd+B

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
−C2−Cb

)

c2
(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
+2c

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)3
+
(
− c

2+
1
2+

√
c2−2c−4d+1

2

)4
+3c2

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+2c

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
d+7c

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
+2
(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
d+4

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)3
+2c2+3cd+7c

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+d2+4d

(
− c

2+
1
2+

√
c2−2c−4d+1

2

)
+5
(
− c

2+
1
2+

√
c2−2c−4d+1

2

)2
+c+2d+1+

√
c2−2c−4d+1

, fk+3 = −
akf1+k+a

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
f1+k+bkfk+2+b

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
fk+2+Afk+Bf1+k+Cfk+2+af1+k+2bfk+2

ck+c

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+k2+2k

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+
(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
+ c

2+d+5k− 5
√

c2−2c−4d+1
2 + 17

2

, f1 = −
f0

(
b

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+C

)
c

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+
(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
+ c

2+d−
√

c2−2c−4d+1
2 + 1

2

, f2 = −
f0

(
a

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
c+a

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)3
−b2

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
+Bc

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+B

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
−2b

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
C+a

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
c+a

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
d+a

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
−b2

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+Bc+Bd+B

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
−C2−Cb

)

c2
(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
+2c

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)3
+
(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)4
+3c2

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+2c

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
d+7c

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
+2
(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
d+4

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)3
+2c2+3cd+7c

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+d2+4d

(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)
+5
(
− c

2−
√

c2−2c−4d+1
2 + 1

2

)2
+c+2d−

√
c2−2c−4d+1+1



Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

trying a solution in terms of MeijerG functions
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunB ODE, case c = 0 `� �
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3 Solution by Maple
Time used: 0.328 (sec). Leaf size: 232� �
dsolve(x^2*diff(y(x),x$2)+x*(a*x^2+b*x+c)*diff(y(x),x)+(A*x^3+B*x^2+C*x+d)*y(x)=0,y(x), singsol=all)� �
y(x)

= x− c
2+

1
2 e

x
(
−a2x−2ab+2A

)
2a

(
c1x

√
c2−2c−4d+1

2 HeunB
(
√
c2 − 2c− 4d+ 1,

√
2 (−ab+ 2A)

a
3
2

,

−c− 2Ab
a2

+ 2B
a

− 1 + 2A2

a3
,

√
2 (−bc+ 2C)√

a
,−

√
2
√
a x

2

)

+ c2x
−
√

c2−2c−4d+1
2 HeunB

(
−
√
c2 − 2c− 4d+ 1,

√
2 (−ab+ 2A)

a
3
2

,−c− 2Ab
a2

+ 2B
a

− 1 + 2A2

a3
,

√
2 (−bc+ 2C)√

a
,−

√
2
√
a x

2

))

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y''[x]+x*(a*x^2+b*x+c)*y'[x]+(A*x^3+B*x^2+C0*x+d)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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29.34 problem 143
Internal problem ID [10967]
Internal file name [OUTPUT/10223_Sunday_December_31_2023_11_10_20_AM_8686326/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 143.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2y′′ + a xny′ −
(
ab xn + ac xn−1 + b2x2 + 2bcx+ c2 − c

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(x^2*diff(y(x),x$2)+a*x^n*diff(y(x),x)-(a*b*x^n+a*c*x^(n-1)+b^2*x^2+2*b*c*x+c^2-c)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y''[x]+a*x^n*y'[x]-(a*b*x^n+a*c*x^(n-1)+b^2*x^2+2*b*c*x+c^2-c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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29.35 problem 144
Internal problem ID [10968]
Internal file name [OUTPUT/10224_Sunday_December_31_2023_11_10_21_AM_39182112/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 144.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2y′′ + a xny′ +
(
ab xn+2m − b2x4m+2 + amxn−1 −m2 −m

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(x^2*diff(y(x),x$2)+a*x^n*diff(y(x),x)+(a*b*x^(n+2*m)-b^2*x^(4*m+2)+a*m*x^(n-1)-m^2-m)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y''[x]+a*x^n*y'[x]+(a*b*x^(n+2*m)-b^2*x^(4*m+2)+a*m*x^(n-1)-m^2-m)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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29.36 problem 145
29.36.1 Solving as second order change of variable on y method 2 ode . 2940

Internal problem ID [10969]
Internal file name [OUTPUT/10225_Sunday_December_31_2023_11_10_22_AM_99014734/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 145.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_change_of_vari-
able_on_y_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2y′′ + x(a xn + b) y′ + b(a xn − 1) y = 0

29.36.1 Solving as second order change of variable on y method 2 ode

In normal form the ode

x2y′′ + x(a xn + b) y′ + b(a xn − 1) y = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = a xn + b

x

q(x) = b(a xn − 1)
x2

Applying change of variables on the depndent variable y = v(x)xn to (2) gives the
following ode where the dependent variables is v(x) and not y.

v′′(x) +
(
2n
x

+ p

)
v′(x) +

(
n(n− 1)

x2 + np

x
+ q

)
v(x) = 0 (3)
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Let the coefficient of v(x) above be zero. Hence
n(n− 1)

x2 + np

x
+ q = 0 (4)

Substituting the earlier values found for p(x) and q(x) into (4) gives
n(n− 1)

x2 + n(a xn + b)
x2 + b(a xn − 1)

x2 = 0 (5)

Solving (5) for n gives

n = −b (6)

Substituting this value in (3) gives

v′′(x) +
(
−2b

x
+ a xn + b

x

)
v′(x) = 0

v′′(x) + (−b+ a xn) v′(x)
x

= 0 (7)

Using the substitution

u(x) = v′(x)

Then (7) becomes

u′(x) + (−b+ a xn)u(x)
x

= 0 (8)

The above is now solved for u(x). In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= −(−b+ a xn)u
x

Where f(x) = −−b+a xn

x
and g(u) = u. Integrating both sides gives

1
u
du = −−b+ a xn

x
dx∫ 1

u
du =

∫
−−b+ a xn

x
dx

ln (u) = −a xn

n
+ b ln (xn)

n
+ c1

u = e−a xn

n
+ b ln

(
xn
)

n
+c1

= c1e−
a xn

n
+ b ln

(
xn
)

n
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Which simplifies to

u(x) = c1e−
a xn

n (xn)
b
n

Now that u(x) is known, then

v′(x) = u(x)

v(x) =
∫

u(x) dx+ c2

=
c1(xn)

b
n x−b

(
a
n

)− b
n
− 1

n

(
n3xb−n+1( a

n

) b
n+ 1

n (a xn+b+n+1)
(

a xn

n

)−n+b+1
2n e−

a xn

2n WhittakerM
(

1+b
n

−n+b+1
2n ,n+b+1

2n + 1
2 ,

a xn

n

)
(1+b)(n+b+1)(2n+b+1)a +

n2xb−n+1( a
n

) b
n+ 1

n (n+b+1)
(

a xn

n

)−n+b+1
2n e−

a xn

2n WhittakerM
(

1+b
n

−n+b+1
2n +1,n+b+1

2n + 1
2 ,

a xn

n

)
(1+b)a(2n+b+1)

)
n

+ c2

Hence

y = v(x)xn

=


c1(xn)

b
n x−b

(
a
n

)− b
n
− 1

n

(
n3xb−n+1( a

n

) b
n+ 1

n (a xn+b+n+1)
(

a xn

n

)−n+b+1
2n e−

a xn

2n WhittakerM
(

1+b
n

−n+b+1
2n ,n+b+1

2n + 1
2 ,

a xn

n

)
(1+b)(n+b+1)(2n+b+1)a +

n2xb−n+1( a
n

) b
n+ 1

n (n+b+1)
(

a xn

n

)−n+b+1
2n e−

a xn

2n WhittakerM
(

1+b
n

−n+b+1
2n +1,n+b+1

2n + 1
2 ,

a xn

n

)
(1+b)a(2n+b+1)

)
n

+ c2

x−b

=
x−b
((

a xn

n

)−n+b+1
2n ((n+ b+ 1)x1−n + ax)n2c1e−

a xn

2n (xn)
b
n WhittakerM

(
b−n+1

2n , 2n+b+1
2n , a x

n

n

)
+ (n+ b+ 1)

(
(xn)

b
n e−a xn

2n
(
a xn

n

)−n+b+1
2n nc1x

1−n(n+ b+ 1)WhittakerM
(
n+b+1

2n , 2n+b+1
2n , a x

n

n

)
+ c2a(1 + b) (2n+ b+ 1)

))
(1 + b) (n+ b+ 1) (2n+ b+ 1) a

Summary
The solution(s) found are the following

(1)y

=


c1(xn)

b
n x−b

(
a
n

)− b
n
− 1

n

(
n3xb−n+1( a

n

) b
n+ 1

n (a xn+b+n+1)
(

a xn

n

)−n+b+1
2n e−

a xn

2n WhittakerM
(

1+b
n

−n+b+1
2n ,n+b+1

2n + 1
2 ,

a xn

n

)
(1+b)(n+b+1)(2n+b+1)a +

n2xb−n+1( a
n

) b
n+ 1

n (n+b+1)
(

a xn

n

)−n+b+1
2n e−

a xn

2n WhittakerM
(

1+b
n

−n+b+1
2n +1,n+b+1

2n + 1
2 ,

a xn

n

)
(1+b)a(2n+b+1)

)
n

+ c2

x−b
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Verification of solutions
y

=


c1(xn)

b
n x−b

(
a
n

)− b
n
− 1

n

(
n3xb−n+1( a

n

) b
n+ 1

n (a xn+b+n+1)
(

a xn

n

)−n+b+1
2n e−

a xn

2n WhittakerM
(

1+b
n

−n+b+1
2n ,n+b+1

2n + 1
2 ,

a xn

n

)
(1+b)(n+b+1)(2n+b+1)a +

n2xb−n+1( a
n

) b
n+ 1

n (n+b+1)
(

a xn

n

)−n+b+1
2n e−

a xn

2n WhittakerM
(

1+b
n

−n+b+1
2n +1,n+b+1

2n + 1
2 ,

a xn

n

)
(1+b)a(2n+b+1)

)
n

+ c2

x−b

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful`� �
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3 Solution by Maple
Time used: 0.11 (sec). Leaf size: 141� �
dsolve(x^2*diff(y(x),x$2)+x*(a*x^n+b)*diff(y(x),x)+b*(a*x^n-1)*y(x)=0,y(x), singsol=all)� �
y(x) = e−a xn

2n

(
(b+ n+ 1)x− 3n

2 + 1
2−

b
2

+ a x
1
2−

b
2−

n
2

)
nc2WhittakerM

(
b− n+ 1

2n ,
b+ 2n+ 1

2n ,
a xn

n

)
+ x− 3n

2 + 1
2−

b
2 e−a xn

2n c2(b+ n+ 1)2WhittakerM
(
b+ n+ 1

2n ,
b+ 2n+ 1

2n ,
a xn

n

)
+ c1x

−b

3 Solution by Mathematica
Time used: 0.146 (sec). Leaf size: 76� �
DSolve[x^2*y''[x]+x*(a*x^n+b)*y'[x]+b*(a*x^n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → (−1)− b
nn

b
n
−1a−

b
n (xn)−

b
n

(
(b+ 1)c1(−1)b/nΓ

(
b+ 1
n

, 0, ax
n

n

)
+ c2n

)

2944



29.37 problem 146
Internal problem ID [10970]
Internal file name [OUTPUT/10226_Sunday_December_31_2023_11_10_23_AM_15916150/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 146.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2y′′ + x(a xn + b) y′ +
(
αx2n + β xn + γ

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.187 (sec). Leaf size: 148� �
dsolve(x^2*diff(y(x),x$2)+x*(a*x^n+b)*diff(y(x),x)+(alpha*x^(2*n)+beta*x^n+gamma)*y(x)=0,y(x), singsol=all)� �
y(x)

=x
1
2−

b
2−

n
2 e−a xn

2n

(
c1WhittakerM

(
−a(b+ n− 1)− 2β

2
√
a2 − 4αn

,

√
b2 − 2b− 4γ + 1

2n ,

√
a2 − 4αxn

n

)

+ c2WhittakerW
(
−a(b+ n− 1)− 2β

2
√
a2 − 4αn

,

√
b2 − 2b− 4γ + 1

2n ,

√
a2 − 4αxn

n

))
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3 Solution by Mathematica
Time used: 0.485 (sec). Leaf size: 420� �
DSolve[x^2*y''[x]+x*(a*x^n+b)*y'[x]+(\[Alpha]*x^(2*n)+\[Beta]*x^n+\[Gamma])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→x
1
2−

n
2 2

1
2


√

n2
(
b2−2b−4γ+1

)
n2 +1


e−

(√
a2−4α+a

)
xn

2n (xn)

√
n2
(
b2−2b−4γ+1

)
−bn+n2

2n2

c1HypergeometricU


(
n2 +

√
n2 (b2 − 2b− 4γ + 1)

)
a2 + n(b+ n− 1)

√
a2 − 4αa− 2

(
2αn2 +

√
a2 − 4αβn+ 2α

√
n2 (b2 − 2b− 4γ + 1)

)
2n2 (a2 − 4α) ,

n2 +
√

n2 (b2 − 2b− 4γ + 1)
n2 ,

xn
√
a2 − 4α
n


+c2L

√
n2
(
b2−2b−4γ+1

)
n2

−
((

n2+
√

n2
(
b2−2b−4γ+1

))
a2
)
−n(b+n−1)

√
a2−4αa+4n2α+2n

√
a2−4αβ+4α

√
n2
(
b2−2b−4γ+1

)
2n2

(
a2−4α

)

(
xn

√
a2 − 4α
n

)
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29.38 problem 147
Internal problem ID [10971]
Internal file name [OUTPUT/10227_Sunday_December_31_2023_11_10_24_AM_96377248/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 147.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2y′′ + x(2a xn + b) y′ +
(
x2na2 + a(b+ n− 1)xn + αx2m + β xm + γ

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.172 (sec). Leaf size: 115� �
dsolve(x^2*diff(y(x),x$2)+x*(2*a*x^n+b)*diff(y(x),x)+(a^2*x^(2*n)+a*(b+n-1)*x^n+alpha*x^(2*m)+beta*x^m+gamma)*y(x)=0,y(x), singsol=all)� �
y(x) = x− b

2x−m
2
√
x e−a xn

n

(
c1WhittakerM

(
− iβ

2m
√
α
,

√
b2 − 2b− 4γ + 1

2m ,
2i
√
αxm

m

)
+ c2WhittakerW

(
− iβ

2m
√
α
,

√
b2 − 2b− 4γ + 1

2m ,
2i
√
αxm

m

))
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3 Solution by Mathematica
Time used: 0.47 (sec). Leaf size: 291� �
DSolve[x^2*y''[x]+x*(2*a*x^n+b)*y'[x]+(a^2*x^(2*n)+a*(b+n-1)*x^n+\[Alpha]*x^(2*m)+\[Beta]*x^m+\[Gamma])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→x
1
2−

m
2 2

1
2


√

m2
(
b2−2b−4γ+1

)
m2 +1


(xn)−

b
2n (xm)

1
2


√

m2
(
b2−2b−4γ+1

)
m2 +1


e−

axn

n
+ i

√
αxm

m

c1HypergeometricU
(
m2 − iβm√

α
+
√

m2 (b2 − 2b− 4γ + 1)
2m2 ,

m2 +
√

m2 (b2 − 2b− 4γ + 1)
m2 ,

−2ixm
√
α

m

)
+ c2L

√
m2
(
b2−2b−4γ+1

)
m2

−
m2− iβm√

α
+
√

m2
(
b2−2b−4γ+1

)
2m2

(
−2ixm

√
α

m

)
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29.39 problem 148
Internal problem ID [10972]
Internal file name [OUTPUT/10228_Sunday_December_31_2023_11_10_26_AM_19684180/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 148.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2y′′ +
(
a x2+n + b x2 + c

)
y′ +

(
an xn+1 + xnac+ bc

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(x^2*diff(y(x),x$2)+(a*x^(n+2)+b*x^2+c)*diff(y(x),x)+(a*n*x^(n+1)+a*c*x^n+b*c)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y''[x]+(a*x^(n+2)+b*x^2+c)*y'[x]+(a*n*x^(n+1)+a*c*x^n+b*c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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30 Chapter 2, Second-Order Differential
Equations. section 2.1.2-5 Equation of form
(ax2 + bx + c)y′′ + f (x)y′ + g(x)y = 0

30.1 problem 149 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2955
30.2 problem 150 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2960
30.3 problem 151 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2965
30.4 problem 152 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2980
30.5 problem 153 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2995
30.6 problem 154 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2999
30.7 problem 155 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3003
30.8 problem 156 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3013
30.9 problem 157 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3017
30.10problem 158 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3021
30.11problem 159 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3026
30.12problem 160 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3031
30.13problem 161 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3036
30.14problem 162 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3041
30.15problem 163 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3055
30.16problem 164 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3063
30.17problem 165 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3067
30.18problem 166 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3074
30.19problem 167 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3076
30.20problem 168 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3082
30.21problem 169 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3087
30.22problem 170 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3090
30.23problem 171 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3093
30.24problem 172 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3097
30.25problem 173 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3102
30.26problem 174 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3107
30.27problem 175 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3122
30.28problem 176 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3134
30.29problem 177 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3142
30.30problem 178 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3158
30.31problem 179 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3169
30.32problem 180 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3175
30.33problem 181 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3181
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30.1 problem 149
30.1.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2955

Internal problem ID [10973]
Internal file name [OUTPUT/10229_Sunday_December_31_2023_11_10_27_AM_99537949/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 149.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_Gegenbauer]

Unable to solve or complete the solution.

(
−x2 + 1

)
y′′ + n(n− 1) y = 0

30.1.1 Maple step by step solution

Let’s solve
(−x2 + 1) y′′ + (n2 − n) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = n(n−1)y

x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ − n(n−1)y

x2−1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = 0, P3(x) = − (n−1)n

x2−1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= 0

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= 0

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x2 − 1)− n(n− 1) y = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u2 − 2u)
(

d2

du2y(u)
)
+ (−n2 + n) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions

−2a0r(−1 + r)u−1+r +
(

∞∑
k=0

(−2ak+1(k + 1 + r) (k + r) + ak(r − 1 + n+ k) (r − n+ k))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−2r(−1 + r) = 0

• Values of r that satisfy the indicial equation
r ∈ {0, 1}
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• Each term in the series must be 0, giving the recursion relation
−2ak+1(k + 1 + r) (k + r) + ak(r − 1 + n+ k) (r − n+ k) = 0

• Recursion relation that defines series solution to ODE
ak+1 = ak(r−1+n+k)(r−n+k)

2(k+1+r)(k+r)

• Recursion relation for r = 0
ak+1 = ak(−1+n+k)(−n+k)

2(k+1)k

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = ak(−1+n+k)(−n+k)

2(k+1)k

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k , ak+1 = ak(−1+n+k)(−n+k)
2(k+1)k

]
• Recursion relation for r = 1

ak+1 = ak(n+k)(1−n+k)
2(k+2)(k+1)

• Solution for r = 1[
y(u) =

∞∑
k=0

aku
k+1, ak+1 = ak(n+k)(1−n+k)

2(k+2)(k+1)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k+1 , ak+1 = ak(n+k)(1−n+k)
2(k+2)(k+1)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ak(1 + x)k
)
+
(

∞∑
k=0

bk(1 + x)1+k

)
, a1+k = ak(k+n−1)(−n+k)

2(1+k)k , b1+k = bk(k+n)(1−n+k)
2(k+2)(1+k)

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 2F1 ODE

<- hypergeometric successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.078 (sec). Leaf size: 52� �
dsolve((1-x^2)*diff(y(x),x$2)+n*(n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = −(−1 + x) (1 + x)
(
hypergeom

([
n

2 + 1, 32 − n

2

]
,

[
3
2

]
, x2
)
c2x

+ c1 hypergeom
([

−n

2 + 1, n2 + 1
2

]
,

[
1
2

]
, x2
))
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3 Solution by Mathematica
Time used: 0.149 (sec). Leaf size: 56� �
DSolve[(1-x^2)*y''[x]+n*(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → ic2xHypergeometric2F1
(
1
2 − n

2 ,
n

2 ,
3
2 , x

2
)

+ c1Hypergeometric2F1
(
n− 1
2 ,−n

2 ,
1
2 , x

2
)
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30.2 problem 150
30.2.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2960

Internal problem ID [10974]
Internal file name [OUTPUT/10230_Sunday_December_31_2023_11_10_28_AM_77036271/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 150.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
−a2 + x2) y′′ + y′b− 6y = 0

30.2.1 Maple step by step solution

Let’s solve
(−a2 + x2) y′′ + y′b− 6y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = − 6y

a2−x2 + by′

a2−x2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ − by′

a2−x2 + 6y
a2−x2 = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = − b

a2−x2 , P3(x) = 6
a2−x2

]
◦ (x− a) · P2(x) is analytic at x = a

((x− a) · P2(x))
∣∣∣∣
x=a

= b
2a

◦ (x− a)2 · P3(x) is analytic at x = a(
(x− a)2 · P3(x)

) ∣∣∣∣
x=a

= 0

◦ x = ais a regular singular point
Check to see if x0 is a regular singular point
x0 = a

• Multiply by denominators
y′′(a2 − x2)− y′b+ 6y = 0

• Change variables using x = u+ a so that the regular singular point is at u = 0

(−2ua− u2)
(

d2

du2y(u)
)
− b
(

d
du
y(u)

)
+ 6y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert d

du
y(u) to series expansion

d
du
y(u) =

∞∑
k=0

ak(k + r)uk+r−1

◦ Shift index using k− >k + 1
d
du
y(u) =

∞∑
k=−1

ak+1(k + 1 + r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
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−a0r(2ar − 2a+ b)ur−1 +
(

∞∑
k=0

(−ak+1(k + 1 + r) (2a(k + 1) + 2ar − 2a+ b)− ak(k + r + 2) (k + r − 3))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−r(2ar − 2a+ b) = 0

• Values of r that satisfy the indicial equation
r ∈

{
0, 2a−b

2a

}
• Each term in the series must be 0, giving the recursion relation

−2(k + 1 + r)
(
ak + ar + 1

2b
)
ak+1 − ak(k + r + 2) (k + r − 3) = 0

• Recursion relation that defines series solution to ODE
ak+1 = − ak(k+r+2)(k+r−3)

(k+1+r)(2ak+2ar+b)

• Recursion relation for r = 0 ; series terminates at k = 3
ak+1 = −ak(k+2)(k−3)

(k+1)(2ak+b)

• Apply recursion relation for k = 0
a1 = 6a0

b

• Apply recursion relation for k = 1
a2 = 3a1

2a+b

• Express in terms of a0
a2 = 18a0

b(2a+b)

• Apply recursion relation for k = 2
a3 = 4a2

3(4a+b)

• Express in terms of a0
a3 = 24a0

b(2a+b)(4a+b)

• Terminating series solution of the ODE for r = 0 . Use reduction of order to find the second linearly independent solution

y(u) = a0 ·
(
1 + 6u

b
+ 18u2

b(2a+b) +
24u3

b(2a+b)(4a+b)

)
• Revert the change of variables u = x− a[

y = a0
(
−10a2b−24a2x+b3+6b2x+18b x2+24x3)

b(2a+b)(4a+b)

]
• Recursion relation for r = 2a−b

2a

ak+1 = −
ak

(
k+ 2a−b

2a +2
)(

k+ 2a−b
2a −3

)
(
k+1+ 2a−b

2a

)
(2ak+2a)
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• Solution for r = 2a−b
2a[

y(u) =
∞∑
k=0

aku
k+ 2a−b

2a , ak+1 = −
ak

(
k+ 2a−b

2a +2
)(

k+ 2a−b
2a −3

)
(
k+1+ 2a−b

2a

)
(2ak+2a)

]
• Revert the change of variables u = x− a[

y =
∞∑
k=0

ak(x− a)k+
2a−b
2a , ak+1 = −

ak

(
k+ 2a−b

2a +2
)(

k+ 2a−b
2a −3

)
(
k+1+ 2a−b

2a

)
(2ak+2a)

]
• Combine solutions and rename parameters[

y = c0
(
−10a2b−24a2x+b3+6b2x+18b x2+24x3)

b(2a+b)(4a+b) +
(

∞∑
k=0

dk(x− a)k+
2a−b
2a

)
, d1+k = −

dk

(
k+ 2a−b

2a +2
)(

k+ 2a−b
2a −3

)
(
k+1+ 2a−b

2a

)
(2ak+2a)

]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Reducible group (found another exponential solution)

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 76� �
dsolve((x^2-a^2)*diff(y(x),x$2)+b*diff(y(x),x)-6*y(x)=0,y(x), singsol=all)� �

y(x) = −c1(10a2b+ 24a2x− b3 − 6b2x− 18x2b− 24x3)
24

+ c2(a+ x) (a− x) (b− 4x)
(
a+ x

a− x

) b
2a
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3 Solution by Mathematica
Time used: 13.059 (sec). Leaf size: 1171� �
DSolve[(x^2-a^2)*y''[x]+b*y'[x]-6*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ e

barctanh
(
x
a

)
2a +

(
b5−20a2b3+64a4b+

√
b2
(
64a4−20b2a2+b4

)2)RootSum
[
−b3−6#1b2+10a2b−18#12b−24#13+24a2#1&,log(x−#1)&

]
2
(
b5−20a2b3+64a4b

)
(a

+ x)
1
2−

√
b2
(
64a4−20b2a2+b4

)2
4ab

(
32a3−16ba2−2b2a+b3

)
(4x

− b)
b5

2
(
b5−20a2b3+64a4b

)− 10a2b3
b5−20a2b3+64a4b+

32a4b
b5−20a2b3+64a4b−

√
b2
(
64a4−20b2a2+b4

)2
2
(
b5−20a2b3+64a4b

)
c2

∫ x

1

−e
−

(
b5−20a2b3+64a4b+

√
b2
(
64a4−20b2a2+b4

)2)RootSum
[
−b3−6#1b2+10a2b−18#12b−24#13+24a2#1&,log(K[1]−#1)&

]
b5−20a2b3+64a4b (K[1]− a)

√
b2
(
64a4−20b2a2+b4

)2
2a(4a−b)b(2a+b)(4a+b) (a+K[1])

√
b2
(
64a4−20b2a2+b4

)2
2ab

(
32a3−16ba2−2b2a+b3

)−1
(4K[1]− b)−

b5
b5−20a2b3+64a4b+

20a2b3
b5−20a2b3+64a4b−

64a4b
b5−20a2b3+64a4b+

√
b2
(
64a4−20b2a2+b4

)2
b5−20a2b3+64a4b

a−K[1] dK[1](x

− a)
1
2−

√
b2
(
64a4−20b2a2+b4

)2
4a(4a−b)b(2a+b)(4a+b)

+e

1
2

 barctanh
(
x
a

)
a

+

(
b5−20a2b3+64a4b+

√(
b5−20a2b3+64a4b

)2)RootSum
[
−b3−6#1b2+10a2b−18#12b−24#13+24a2#1&,log(x−#1)&

]
b5−20a2b3+64a4b


(a

+ x)
1
4

2−

√(
b5−20a2b3+64a4b

)2
ab
(
32a3−16ba2−2b2a+b3

)

(4x− b)

b5−20a2b3+64a4b−
√(

b5−20a2b3+64a4b
)2

2
(
b5−20a2b3+64a4b

)
c1(x

− a)
1
2−

√(
b5−20a2b3+64a4b

)2
4a(4a−b)b(2a+b)(4a+b)
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30.3 problem 151
30.3.1 Solving as second order change of variable on x method 2 ode . 2965
30.3.2 Solving as second order change of variable on x method 1 ode . 2968
30.3.3 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2970
30.3.4 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2976

Internal problem ID [10975]
Internal file name [OUTPUT/10231_Sunday_December_31_2023_11_10_29_AM_95943088/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 151.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_change_of_vari-
able_on_x_method_1", "second_order_change_of_variable_on_x_method_2"

Maple gives the following as the ode type
[_Gegenbauer , [_2nd_order , _linear , `_with_symmetry_ [0,F(x)]`]]

(
x2 − 1

)
y′′ + y′x+ ay = 0

30.3.1 Solving as second order change of variable on x method 2 ode

In normal form the ode (
x2 − 1

)
y′′ + y′x+ ay = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = x

x2 − 1
q(x) = a

x2 − 1
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Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫

x
x2−1dx

)
dx

=
∫

e−
ln(x−1)

2 − ln(1+x)
2 dx

=
∫ 1√

x− 1
√
1 + x

dx

=
√
(x− 1) (1 + x) ln

(
x+

√
x2 − 1

)
√
x− 1

√
1 + x

(6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

=
a

x2−1
1

(x−1)(1+x)

= a (7)

Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) + ay(τ) = 0
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The above ode is now solved for y(τ).This is second order with constant coefficients
homogeneous ODE. In standard form the ODE is

Ay′′(τ) +By′(τ) + Cy(τ) = 0

Where in the above A = 1, B = 0, C = a. Let the solution be y(τ) = eλτ . Substituting
this into the ODE gives

λ2eλτ + a eλτ = 0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by eλτ gives

λ2 + a = 0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = 1, B = 0, C = a into the above gives

λ1,2 =
0

(2) (1) ±
1

(2) (1)
√

02 − (4) (1) (a)

= ±
√
−a

Hence
λ1 = +

√
−a

λ2 = −
√
−a

Which simplifies to
λ1 =

√
−a

λ2 = −
√
−a

Since roots are real and distinct, then the solution is

y(τ) = c1e
λ1τ + c2e

λ2τ

y(τ) = c1e
(√

−a
)
τ + c2e

(
−
√
−a
)
τ

Or
y(τ) = c1e

√
−a τ + c2e−

√
−a τ
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The above solution is now transformed back to y using (6) which results in

y = c1
(
x+

√
x2 − 1

)√
−a

√
x2−1√

x−1
√

1+x + c2
(
x+

√
x2 − 1

)−√
−a

√
x2−1√

x−1
√
1+x

Summary
The solution(s) found are the following

(1)y = c1
(
x+

√
x2 − 1

)√
−a

√
x2−1√

x−1
√

1+x + c2
(
x+

√
x2 − 1

)−√
−a

√
x2−1√

x−1
√
1+x

Verification of solutions

y = c1
(
x+

√
x2 − 1

)√
−a

√
x2−1√

x−1
√

1+x + c2
(
x+

√
x2 − 1

)−√
−a

√
x2−1√

x−1
√
1+x

Verified OK.

30.3.2 Solving as second order change of variable on x method 1 ode

In normal form the ode (
x2 − 1

)
y′′ + y′x+ ay = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = x

x2 − 1
q(x) = a

x2 − 1

Applying change of variables τ = g(x) to (2) results

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)
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Let q1 = c2 where c is some constant. Therefore from (5)

τ ′ = 1
c

√
q

=
√

a
x2−1

c
(6)

τ ′′ = − ax

c
√

a
x2−1 (x2 − 1)2

Substituting the above into (4) results in

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2

=
− ax

c
√

a
x2−1 (x2−1)2

+ x
x2−1

√
a

x2−1
c(√

a
x2−1
c

)2

= 0

Therefore ode (3) now becomes

y(τ)′′ + p1y(τ)′ + q1y(τ) = 0
d2

dτ 2
y(τ) + c2y(τ) = 0 (7)

The above ode is now solved for y(τ). Since the ode is now constant coefficients, it can
be easily solved to give

y(τ) = c1 cos (cτ) + c2 sin (cτ)

Now from (6)

τ =
∫ 1

c

√
q dx

=
∫ √

a
x2−1dx

c

=
√

a
x2−1

√
x2 − 1 ln

(
x+

√
x2 − 1

)
c

Substituting the above into the solution obtained gives

y = c1 cos
(
√
a

√
1

x2 − 1
√
x2 − 1 ln

(
x+

√
x2 − 1

))

+ c2 sin
(
√
a

√
1

x2 − 1
√
x2 − 1 ln

(
x+

√
x2 − 1

))
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Summary
The solution(s) found are the following

(1)
y = c1 cos

(
√
a

√
1

x2 − 1
√
x2 − 1 ln

(
x+

√
x2 − 1

))

+ c2 sin
(
√
a

√
1

x2 − 1
√
x2 − 1 ln

(
x+

√
x2 − 1

))
Verification of solutions

y = c1 cos
(
√
a

√
1

x2 − 1
√
x2 − 1 ln

(
x+

√
x2 − 1

))

+ c2 sin
(
√
a

√
1

x2 − 1
√
x2 − 1 ln

(
x+

√
x2 − 1

))

Verified OK.

30.3.3 Solving using Kovacic algorithm

Writing the ode as (
x2 − 1

)
y′′ + y′x+ ay = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x2 − 1
B = x (3)
C = a

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2
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Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −4a x2 − x2 + 4a− 2
4 (x2 − 1)2

(6)

Comparing the above to (5) shows that

s = −4a x2 − x2 + 4a− 2

t = 4
(
x2 − 1

)2
Therefore eq. (4) becomes

z′′(x) =
(
−4a x2 − x2 + 4a− 2

4 (x2 − 1)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 144: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 2
= 2
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The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4(x2 − 1)2. There is a pole at x = 1 of order 2. There is a pole at x = −1
of order 2. Since there is no odd order pole larger than 2 and the order at ∞ is 2 then
the necessary conditions for case one are met. Since there is a pole of order 2 then
necessary conditions for case two are met. Since pole order is not larger than 2 and the
order at ∞ is 2 then the necessary conditions for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Unable to find solution using case one

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is

r = − 3
16 (x− 1)2

+
1
16 −

a
2

x− 1 − 3
16 (1 + x)2

+
− 1

16 +
a
2

1 + x

For the pole at x = 1 let b be the coefficient of 1
(x−1)2 in the partial fractions decompo-

sition of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}

For the pole at x = −1 let b be the coefficient of 1
(1+x)2 in the partial fractions decom-

position of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}

Since the order of r at ∞ is 2 then let b be the coefficient of 1
x2 in the Laurent series

expansion of r at ∞. which can be found by dividing the leading coefficient of s by the
leading coefficient of t from

r = s

t
= −4a x2 − x2 + 4a− 2

4 (x2 − 1)2

Since the gcd(s, t) = 1. This gives b = −1. Hence

E∞ = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {2}

The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.
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pole c location pole order Ec

1 2 {1, 2, 3}

−1 2 {1, 2, 3}

Order of r at ∞ E∞

2 {2}

Using the family {e1, e2, . . . , e∞} given by

e1 = 1, e2 = 1, e∞ = 2

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(2− (1 + (1)))

= 0

We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

(
1

(x− (1)) +
1

(x− (−1))

)
= 1

2x− 2 + 1
2 + 2x

Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)

Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1
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Now that p(x) is found let

φ = θ + p′

p

= 1
2x− 2 + 1

2 + 2x
Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 −
(

1
2x− 2 + 1

2 + 2x

)
w + 4a x2 + x2 − 4a

4 (x2 − 1)2
= 0

Solving for ω gives

ω = x+ 2
√
−a (x2 − 1)

2 (x− 1) (1 + x)

Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫ x+2

√
−a
(
x2−1

)
2(x−1)(1+x) dx

=
(
x2 − 1

) 1
4 e

−
√
a arctan

 √
a x√(

−x2+1
)
a



The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
x

x2−1 dx

= z1e
− ln(x−1)

4 − ln(1+x)
4

= z1

(
1

(x− 1)
1
4 (1 + x)

1
4

)

Which simplifies to

y1 =
(x2 − 1)

1
4 e−

√
a arctan

(
x
√

− 1
x2−1

)
(x− 1)

1
4 (1 + x)

1
4
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The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
− x

x2−1 dx

(y1)2
dx

= y1

∫
e−

ln(x−1)
2 − ln(1+x)

2

(y1)2
dx

= y1

∫ e2
√
a arctan

(
x
√

− 1
x2−1

)
√
x2 − 1

dx


Therefore the solution is

y = c1y1 + c2y2

= c1

(x2 − 1)
1
4 e−

√
a arctan

(
x
√

− 1
x2−1

)
(x− 1)

1
4 (1 + x)

1
4


+ c2

(x2 − 1)
1
4 e−

√
a arctan

(
x
√

− 1
x2−1

)
(x− 1)

1
4 (1 + x)

1
4

∫ e2
√
a arctan

(
x
√

− 1
x2−1

)
√
x2 − 1

dx


Summary
The solution(s) found are the following

(1)

y = c1(x2 − 1)
1
4 e−

√
a arctan

(
x
√

− 1
x2−1

)
(x− 1)

1
4 (1 + x)

1
4

+
c2(x2 − 1)

1
4 e−

√
a arctan

(
x
√

− 1
x2−1

)(∫ e
2
√
a arctan

(
x

√
− 1

x2−1

)
√
x2−1 dx

)
(x− 1)

1
4 (1 + x)

1
4
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Verification of solutions

y = c1(x2 − 1)
1
4 e−

√
a arctan

(
x
√

− 1
x2−1

)
(x− 1)

1
4 (1 + x)

1
4

+
c2(x2 − 1)

1
4 e−

√
a arctan

(
x
√

− 1
x2−1

)(∫ e
2
√
a arctan

(
x

√
− 1

x2−1

)
√
x2−1 dx

)
(x− 1)

1
4 (1 + x)

1
4

Verified OK.

30.3.4 Maple step by step solution

Let’s solve
y′′(x2 − 1) + y′x+ ay = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = − xy′

x2−1 −
ay

x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + xy′

x2−1 +
ay

x2−1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = x
x2−1 , P3(x) = a

x2−1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= 1
2

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= 0

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
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y′′(x2 − 1) + y′x+ ay = 0
• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u2 − 2u)
(

d2

du2y(u)
)
+ (u− 1)

(
d
du
y(u)

)
+ ay(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions

−a0r(−1 + 2r)u−1+r +
(

∞∑
k=0

(−ak+1(k + 1 + r) (2k + 1 + 2r) + ak(k2 + 2kr + r2 + a))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−r(−1 + 2r) = 0

• Values of r that satisfy the indicial equation
r ∈

{
0, 12
}

• Each term in the series must be 0, giving the recursion relation
−2
(
k + 1

2 + r
)
(k + 1 + r) ak+1 + ak(k2 + 2kr + r2 + a) = 0

• Recursion relation that defines series solution to ODE

ak+1 = ak
(
k2+2kr+r2+a

)
(2k+1+2r)(k+1+r)

• Recursion relation for r = 0
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ak+1 = ak
(
k2+a

)
(2k+1)(k+1)

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = ak

(
k2+a

)
(2k+1)(k+1)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k , ak+1 = ak
(
k2+a

)
(2k+1)(k+1)

]
• Recursion relation for r = 1

2

ak+1 =
ak
(
k2+a+k+ 1

4
)

(2k+2)
(
k+ 3

2
)

• Solution for r = 1
2[

y(u) =
∞∑
k=0

aku
k+ 1

2 , ak+1 =
ak
(
k2+a+k+ 1

4
)

(2k+2)
(
k+ 3

2
)
]

• Revert the change of variables u = 1 + x[
y =

∞∑
k=0

ak(1 + x)k+
1
2 , ak+1 =

ak
(
k2+a+k+ 1

4
)

(2k+2)
(
k+ 3

2
)
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

bk(1 + x)k
)
+
(

∞∑
k=0

ck(1 + x)k+
1
2

)
, b1+k = bk

(
k2+a

)
(2k+1)(1+k) , c1+k =

ck
(
k2+a+k+ 1

4
)

(2k+2)
(
k+ 3

2
)
]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 41� �
dsolve((x^2-1)*diff(y(x),x$2)+x*diff(y(x),x)+a*y(x)=0,y(x), singsol=all)� �

y(x) = c1
(
x+

√
x2 − 1

)i√a

+ c2
(
x+

√
x2 − 1

)−i
√
a

3 Solution by Mathematica
Time used: 0.144 (sec). Leaf size: 97� �
DSolve[(x^2-1)*y''[x]+x*y'[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cos
(
1
2
√
a

(
log
(
1− x√

x2 − 1

)
− log

(
x√

x2 − 1
+ 1
)))

− c2 sin
(
1
2
√
a

(
log
(
1− x√

x2 − 1

)
− log

(
x√

x2 − 1
+ 1
)))
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30.4 problem 152
30.4.1 Solving as second order change of variable on x method 2 ode . 2980
30.4.2 Solving as second order change of variable on x method 1 ode . 2983
30.4.3 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 2985
30.4.4 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2991

Internal problem ID [10976]
Internal file name [OUTPUT/10232_Sunday_December_31_2023_11_10_31_AM_33496255/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 152.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_change_of_vari-
able_on_x_method_1", "second_order_change_of_variable_on_x_method_2"

Maple gives the following as the ode type
[_Gegenbauer , [_2nd_order , _linear , `_with_symmetry_ [0,F(x)]`]]

(
−x2 + 1

)
y′′ − y′x+ yn2 = 0

30.4.1 Solving as second order change of variable on x method 2 ode

In normal form the ode (
−x2 + 1

)
y′′ − y′x+ yn2 = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = x

x2 − 1

q(x) = n2

−x2 + 1
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Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫

x
x2−1dx

)
dx

=
∫

e−
ln(x−1)

2 − ln(1+x)
2 dx

=
∫ 1√

x− 1
√
1 + x

dx

=
√
(x− 1) (1 + x) ln

(
x+

√
x2 − 1

)
√
x− 1

√
1 + x

(6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

=
n2

−x2+1
1

(x−1)(1+x)

= −n2 (7)

Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ)− n2y(τ) = 0
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The above ode is now solved for y(τ).This is second order with constant coefficients
homogeneous ODE. In standard form the ODE is

Ay′′(τ) +By′(τ) + Cy(τ) = 0

Where in the above A = 1, B = 0, C = −n2. Let the solution be y(τ) = eλτ . Substituting
this into the ODE gives

λ2eλτ − n2eλτ = 0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by eλτ gives

λ2 − n2 = 0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = 1, B = 0, C = −n2 into the above gives

λ1,2 =
0

(2) (1) ±
1

(2) (1)
√

02 − (4) (1) (−n2)

= ±
√
n2

Hence
λ1 = +

√
n2

λ2 = −
√
n2

Which simplifies to

λ1 =
√
n2

λ2 = −
√
n2

Since roots are real and distinct, then the solution is

y(τ) = c1e
λ1τ + c2e

λ2τ

y(τ) = c1e

(√
n2
)
τ + c2e

(
−
√
n2
)
τ

Or
y(τ) = c1e

√
n2 τ + c2e−

√
n2 τ
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The above solution is now transformed back to y using (6) which results in

y = c1
(
x+

√
x2 − 1

)n
+ c2

(
x+

√
x2 − 1

)−n

Summary
The solution(s) found are the following

(1)y = c1
(
x+

√
x2 − 1

)n
+ c2

(
x+

√
x2 − 1

)−n

Verification of solutions

y = c1
(
x+

√
x2 − 1

)n
+ c2

(
x+

√
x2 − 1

)−n

Verified OK.

30.4.2 Solving as second order change of variable on x method 1 ode

In normal form the ode (
−x2 + 1

)
y′′ − y′x+ yn2 = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = x

x2 − 1

q(x) = − n2

x2 − 1

Applying change of variables τ = g(x) to (2) results

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)
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Let q1 = c2 where c is some constant. Therefore from (5)

τ ′ = 1
c

√
q

=

√
− n2

x2−1

c
(6)

τ ′′ = n2x

c
√
− n2

x2−1 (x2 − 1)2

Substituting the above into (4) results in

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2

=

n2x

c

√
− n2

x2−1 (x2−1)2
+ x

x2−1

√
− n2

x2−1

c√
− n2

x2−1

c

2

= 0

Therefore ode (3) now becomes

y(τ)′′ + p1y(τ)′ + q1y(τ) = 0
d2

dτ 2
y(τ) + c2y(τ) = 0 (7)

The above ode is now solved for y(τ). Since the ode is now constant coefficients, it can
be easily solved to give

y(τ) = c1 cos (cτ) + c2 sin (cτ)

Now from (6)

τ =
∫ 1

c

√
q dx

=

∫ √
− n2

x2−1dx

c

=

√
− n2

x2−1

√
x2 − 1 ln

(
x+

√
x2 − 1

)
c
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Substituting the above into the solution obtained gives

y = c1 cos
(
n

√
− 1
x2 − 1

√
x2 − 1 ln

(
x+

√
x2 − 1

))

+ c2 sin
(
n

√
− 1
x2 − 1

√
x2 − 1 ln

(
x+

√
x2 − 1

))

Summary
The solution(s) found are the following

(1)
y = c1 cos

(
n

√
− 1
x2 − 1

√
x2 − 1 ln

(
x+

√
x2 − 1

))

+ c2 sin
(
n

√
− 1
x2 − 1

√
x2 − 1 ln

(
x+

√
x2 − 1

))
Verification of solutions

y = c1 cos
(
n

√
− 1
x2 − 1

√
x2 − 1 ln

(
x+

√
x2 − 1

))

+ c2 sin
(
n

√
− 1
x2 − 1

√
x2 − 1 ln

(
x+

√
x2 − 1

))

Verified OK.

30.4.3 Solving using Kovacic algorithm

Writing the ode as (
−x2 + 1

)
y′′ − y′x+ yn2 = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = −x2 + 1
B = −x (3)
C = n2

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = 4n2x2 − 4n2 − x2 − 2
4 (x2 − 1)2

(6)

Comparing the above to (5) shows that

s = 4n2x2 − 4n2 − x2 − 2

t = 4
(
x2 − 1

)2
Therefore eq. (4) becomes

z′′(x) =
(
4n2x2 − 4n2 − x2 − 2

4 (x2 − 1)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 146: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 2
= 2

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4(x2 − 1)2. There is a pole at x = 1 of order 2. There is a pole at x = −1
of order 2. Since there is no odd order pole larger than 2 and the order at ∞ is 2 then
the necessary conditions for case one are met. Since there is a pole of order 2 then
necessary conditions for case two are met. Since pole order is not larger than 2 and the
order at ∞ is 2 then the necessary conditions for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Unable to find solution using case one

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is

r = − 3
16 (x− 1)2

+
1
16 +

n2

2
x− 1 − 3

16 (1 + x)2
+

−n2

2 − 1
16

1 + x

For the pole at x = 1 let b be the coefficient of 1
(x−1)2 in the partial fractions decompo-

sition of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}

For the pole at x = −1 let b be the coefficient of 1
(1+x)2 in the partial fractions decom-

position of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}

Since the order of r at ∞ is 2 then let b be the coefficient of 1
x2 in the Laurent series

expansion of r at ∞. which can be found by dividing the leading coefficient of s by the
leading coefficient of t from

r = s

t
= 4n2x2 − 4n2 − x2 − 2

4 (x2 − 1)2
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Since the gcd(s, t) = 1. This gives b = 1. Hence

E∞ = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {2}

The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.

pole c location pole order Ec

1 2 {1, 2, 3}

−1 2 {1, 2, 3}

Order of r at ∞ E∞

2 {2}

Using the family {e1, e2, . . . , e∞} given by

e1 = 1, e2 = 1, e∞ = 2

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(2− (1 + (1)))

= 0

We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

(
1

(x− (1)) +
1

(x− (−1))

)
= 1

2x− 2 + 1
2 + 2x

Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)
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Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1

Now that p(x) is found let

φ = θ + p′

p

= 1
2x− 2 + 1

2 + 2x
Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 −
(

1
2x− 2 + 1

2 + 2x

)
w + −4n2x2 + 4n2 + x2

4 (x2 − 1)2
= 0

Solving for ω gives

ω = x+ 2n
√
x2 − 1

2 (x− 1) (1 + x)

Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫ x+2n

√
x2−1

2(x−1)(1+x) dx

=
(
x2 − 1

) 1
4
(
x+

√
x2 − 1

)n
The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
−x

−x2+1 dx

= z1e
− ln(x−1)

4 − ln(1+x)
4

= z1

(
1

(x− 1)
1
4 (1 + x)

1
4

)
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Which simplifies to

y1 =
(x2 − 1)

1
4
(
x+

√
x2 − 1

)n
(x− 1)

1
4 (1 + x)

1
4

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
− −x

−x2+1 dx

(y1)2
dx

= y1

∫
e−

ln(x−1)
2 − ln(1+x)

2

(y1)2
dx

= y1

(
−
(
x+

√
x2 − 1

)−2n

2n

)

Therefore the solution is

y = c1y1 + c2y2

= c1

(
(x2 − 1)

1
4
(
x+

√
x2 − 1

)n
(x− 1)

1
4 (1 + x)

1
4

)

+ c2

(
(x2 − 1)

1
4
(
x+

√
x2 − 1

)n
(x− 1)

1
4 (1 + x)

1
4

(
−
(
x+

√
x2 − 1

)−2n

2n

))

Summary
The solution(s) found are the following

(1)y =
c1(x2 − 1)

1
4
(
x+

√
x2 − 1

)n
(x− 1)

1
4 (1 + x)

1
4

−
c2(x2 − 1)

1
4
(
x+

√
x2 − 1

)−n

2n (1 + x)
1
4 (x− 1)

1
4

Verification of solutions

y =
c1(x2 − 1)

1
4
(
x+

√
x2 − 1

)n
(x− 1)

1
4 (1 + x)

1
4

−
c2(x2 − 1)

1
4
(
x+

√
x2 − 1

)−n

2n (1 + x)
1
4 (x− 1)

1
4

Verified OK.
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30.4.4 Maple step by step solution

Let’s solve
(−x2 + 1) y′′ − y′x+ yn2 = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − xy′

x2−1 +
n2y
x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + xy′

x2−1 −
n2y
x2−1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = x
x2−1 , P3(x) = − n2

x2−1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= 1
2

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= 0

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x2 − 1) + y′x− yn2 = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u2 − 2u)
(

d2

du2y(u)
)
+ (u− 1)

(
d
du
y(u)

)
− n2y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
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◦ Convert um ·
(

d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions

−a0r(−1 + 2r)u−1+r +
(

∞∑
k=0

(−ak+1(k + 1 + r) (2k + 1 + 2r) + ak(k + n+ r) (k − n+ r))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−r(−1 + 2r) = 0

• Values of r that satisfy the indicial equation
r ∈

{
0, 12
}

• Each term in the series must be 0, giving the recursion relation
−2
(
k + 1

2 + r
)
(k + 1 + r) ak+1 + ak(k + n+ r) (k − n+ r) = 0

• Recursion relation that defines series solution to ODE
ak+1 = ak(k+n+r)(k−n+r)

(2k+1+2r)(k+1+r)

• Recursion relation for r = 0
ak+1 = ak(k+n)(k−n)

(2k+1)(k+1)

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = ak(k+n)(k−n)

(2k+1)(k+1)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k , ak+1 = ak(k+n)(k−n)
(2k+1)(k+1)

]
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• Recursion relation for r = 1
2

ak+1 =
ak
(
k+n+ 1

2
)(
k−n+ 1

2
)

(2k+2)
(
k+ 3

2
)

• Solution for r = 1
2[

y(u) =
∞∑
k=0

aku
k+ 1

2 , ak+1 =
ak
(
k+n+ 1

2
)(
k−n+ 1

2
)

(2k+2)
(
k+ 3

2
)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k+
1
2 , ak+1 =

ak
(
k+n+ 1

2
)(
k−n+ 1

2
)

(2k+2)
(
k+ 3

2
)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ak(1 + x)k
)
+
(

∞∑
k=0

bk(1 + x)k+
1
2

)
, a1+k = ak(k+n)(k−n)

(2k+1)(1+k) , b1+k =
bk
(
k+n+ 1

2
)(
k−n+ 1

2
)

(2k+2)
(
k+ 3

2
)

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 33� �
dsolve((1-x^2)*diff(y(x),x$2)-x*diff(y(x),x)+n^2*y(x)=0,y(x), singsol=all)� �

y(x) = c1
(
x+

√
x2 − 1

)−n

+ c2
(
x+

√
x2 − 1

)n
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3 Solution by Mathematica
Time used: 0.139 (sec). Leaf size: 91� �
DSolve[(1-x^2)*y''[x]-x*y'[x]+n^2*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cosh
(
1
2n
(
log
(
1− x√

x2 − 1

)
− log

(
x√

x2 − 1
+ 1
)))

− ic2 sinh
(
1
2n
(
log
(
1− x√

x2 − 1

)
− log

(
x√

x2 − 1
+ 1
)))

2994



30.5 problem 153
30.5.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2995

Internal problem ID [10977]
Internal file name [OUTPUT/10233_Sunday_December_31_2023_11_10_33_AM_23421686/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 153.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_Gegenbauer]

Unable to solve or complete the solution.

(
−x2 + 1

)
y′′ − 2y′x+ n(n+ 1) y = 0

30.5.1 Maple step by step solution

Let’s solve
(−x2 + 1) y′′ − 2y′x+ (n2 + n) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = n(n+1)y

x2−1 − 2xy′
x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + 2xy′

x2−1 −
n(n+1)y
x2−1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = 2x

x2−1 , P3(x) = −n(n+1)
x2−1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= 1

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= 0

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x2 − 1) + 2y′x− n(n+ 1) y = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u2 − 2u)
(

d2

du2y(u)
)
+ (2u− 2)

(
d
du
y(u)

)
+ (−n2 − n) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
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−2a0r2u−1+r +
(

∞∑
k=0

(
−2ak+1(k + 1 + r)2 + ak(r + 1 + n+ k) (r − n+ k)

)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−2r2 = 0

• Values of r that satisfy the indicial equation
r = 0

• Each term in the series must be 0, giving the recursion relation
−2ak+1(k + 1)2 + ak(1 + n+ k) (−n+ k) = 0

• Recursion relation that defines series solution to ODE
ak+1 = ak(1+n+k)(−n+k)

2(k+1)2

• Recursion relation for r = 0
ak+1 = ak(1+n+k)(−n+k)

2(k+1)2

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = ak(1+n+k)(−n+k)

2(k+1)2

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k , ak+1 = ak(1+n+k)(−n+k)
2(k+1)2

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Legendre successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 15� �
dsolve((1-x^2)*diff(y(x),x$2)-2*x*diff(y(x),x)+n*(n+1)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 LegendreP (n, x) + c2 LegendreQ (n, x)

3 Solution by Mathematica
Time used: 0.042 (sec). Leaf size: 18� �
DSolve[(1-x^2)*y''[x]-2*x*y'[x]+n*(n+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 LegendreP(n, x) + c2 LegendreQ(n, x)
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30.6 problem 154
30.6.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 2999

Internal problem ID [10978]
Internal file name [OUTPUT/10234_Sunday_December_31_2023_11_10_34_AM_21094205/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 154.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_Gegenbauer]

Unable to solve or complete the solution.

(
−x2 + 1

)
y′′ − 2y′x+ ν(ν + 1) y = 0

30.6.1 Maple step by step solution

Let’s solve
(−x2 + 1) y′′ − 2y′x+ (ν2 + ν) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = ν(ν+1)y

x2−1 − 2xy′
x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + 2xy′

x2−1 −
ν(ν+1)y
x2−1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = 2x

x2−1 , P3(x) = −ν(ν+1)
x2−1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= 1

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= 0

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x2 − 1) + 2y′x− ν(ν + 1) y = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u2 − 2u)
(

d2

du2y(u)
)
+ (2u− 2)

(
d
du
y(u)

)
+ (−ν2 − ν) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
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−2a0r2u−1+r +
(

∞∑
k=0

(
−2ak+1(k + 1 + r)2 + ak(r + 1 + ν + k) (r − ν + k)

)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−2r2 = 0

• Values of r that satisfy the indicial equation
r = 0

• Each term in the series must be 0, giving the recursion relation
−2ak+1(k + 1)2 + ak(1 + ν + k) (−ν + k) = 0

• Recursion relation that defines series solution to ODE
ak+1 = ak(1+ν+k)(−ν+k)

2(k+1)2

• Recursion relation for r = 0
ak+1 = ak(1+ν+k)(−ν+k)

2(k+1)2

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = ak(1+ν+k)(−ν+k)

2(k+1)2

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k , ak+1 = ak(1+ν+k)(−ν+k)
2(k+1)2

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Legendre successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.062 (sec). Leaf size: 15� �
dsolve((1-x^2)*diff(y(x),x$2)-2*x*diff(y(x),x)+nu*(nu+1)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 LegendreP (ν, x) + c2 LegendreQ (ν, x)

3 Solution by Mathematica
Time used: 0.042 (sec). Leaf size: 18� �
DSolve[(1-x^2)*y''[x]-2*x*y'[x]+\[Nu]*(\[Nu]+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 LegendreP(ν, x) + c2 LegendreQ(ν, x)
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30.7 problem 155
30.7.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3003
30.7.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3009

Internal problem ID [10979]
Internal file name [OUTPUT/10235_Sunday_December_31_2023_11_10_35_AM_79879110/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 155.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[_Gegenbauer]

(
−x2 + 1

)
y′′ − 3y′x+ ny(2 + n) = 0

30.7.1 Solving using Kovacic algorithm

Writing the ode as (
−x2 + 1

)
y′′ − 3y′x+

(
n2 + 2n

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = −x2 + 1
B = −3x (3)
C = n2 + 2n

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = 4n2x2 + 8nx2 − 4n2 + 3x2 − 8n− 6
4 (x2 − 1)2

(6)

Comparing the above to (5) shows that

s = 4n2x2 + 8nx2 − 4n2 + 3x2 − 8n− 6

t = 4
(
x2 − 1

)2
Therefore eq. (4) becomes

z′′(x) =
(
4n2x2 + 8nx2 − 4n2 + 3x2 − 8n− 6

4 (x2 − 1)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 150: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 2
= 2

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4(x2 − 1)2. There is a pole at x = 1 of order 2. There is a pole at x = −1
of order 2. Since there is no odd order pole larger than 2 and the order at ∞ is 2 then
the necessary conditions for case one are met. Since there is a pole of order 2 then
necessary conditions for case two are met. Since pole order is not larger than 2 and the
order at ∞ is 2 then the necessary conditions for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Unable to find solution using case one

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is

r = − 3
16 (x− 1)2

+
9
16 +

1
2n

2 + n

x− 1 − 3
16 (1 + x)2

+
− 9

16 −
1
2n

2 − n

1 + x

For the pole at x = 1 let b be the coefficient of 1
(x−1)2 in the partial fractions decompo-

sition of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}

For the pole at x = −1 let b be the coefficient of 1
(1+x)2 in the partial fractions decom-

position of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}

Since the order of r at ∞ is 2 then let b be the coefficient of 1
x2 in the Laurent series

expansion of r at ∞. which can be found by dividing the leading coefficient of s by the
leading coefficient of t from

r = s

t
= 4n2x2 + 8nx2 − 4n2 + 3x2 − 8n− 6

4 (x2 − 1)2
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Since the gcd(s, t) = 1. This gives b = 1. Hence

E∞ = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {2}

The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.

pole c location pole order Ec

1 2 {1, 2, 3}

−1 2 {1, 2, 3}

Order of r at ∞ E∞

2 {2}

Using the family {e1, e2, . . . , e∞} given by

e1 = 1, e2 = 1, e∞ = 2

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(2− (1 + (1)))

= 0

We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

(
1

(x− (1)) +
1

(x− (−1))

)
= 1

2x− 2 + 1
2 + 2x

Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)
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Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1

Now that p(x) is found let

φ = θ + p′

p

= 1
2x− 2 + 1

2 + 2x
Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 −
(

1
2x− 2 + 1

2 + 2x

)
w + −4n2x2 − 8nx2 + 4n2 − 3x2 + 8n+ 4

4 (x2 − 1)2
= 0

Solving for ω gives

ω = 2n
√
x2 − 1 + 2

√
x2 − 1 + x

2 (x− 1) (1 + x)

Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫ 2n

√
x2−1+2

√
x2−1+x

2(x−1)(1+x) dx

=
(
x2 − 1

) 1
4
(
x+

√
x2 − 1

)n+1

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
−3x

−x2+1 dx

= z1e
− 3 ln(x−1)

4 − 3 ln(1+x)
4

= z1

(
1

(x− 1)
3
4 (1 + x)

3
4

)
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Which simplifies to

y1 =
(x2 − 1)

1
4
(
x+

√
x2 − 1

)n+1

(x− 1)
3
4 (1 + x)

3
4

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
− −3x

−x2+1 dx

(y1)2
dx

= y1

∫
e−

3 ln(x−1)
2 − 3 ln(1+x)

2

(y1)2
dx

= y1

(
−
(
x+

√
x2 − 1

)−2n−2

2 + 2n

)

Therefore the solution is

y = c1y1 + c2y2

= c1

(
(x2 − 1)

1
4
(
x+

√
x2 − 1

)n+1

(x− 1)
3
4 (1 + x)

3
4

)

+ c2

(
(x2 − 1)

1
4
(
x+

√
x2 − 1

)n+1

(x− 1)
3
4 (1 + x)

3
4

(
−
(
x+

√
x2 − 1

)−2n−2

2 + 2n

))

Summary
The solution(s) found are the following

(1)y =
c1(x2 − 1)

1
4
(
x+

√
x2 − 1

)n+1

(x− 1)
3
4 (1 + x)

3
4

−
c2(x2 − 1)

1
4
(
x+

√
x2 − 1

)−n−1

(x− 1)
3
4 (1 + x)

3
4 (2 + 2n)

Verification of solutions

y =
c1(x2 − 1)

1
4
(
x+

√
x2 − 1

)n+1

(x− 1)
3
4 (1 + x)

3
4

−
c2(x2 − 1)

1
4
(
x+

√
x2 − 1

)−n−1

(x− 1)
3
4 (1 + x)

3
4 (2 + 2n)

Verified OK.
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30.7.2 Maple step by step solution

Let’s solve
(−x2 + 1) y′′ − 3y′x+ (n2 + 2n) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = n(2+n)y

x2−1 − 3xy′
x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + 3xy′

x2−1 −
n(2+n)y
x2−1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = 3x
x2−1 , P3(x) = −n(2+n)

x2−1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= 3
2

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= 0

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x2 − 1) + 3y′x− ny(2 + n) = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u2 − 2u)
(

d2

du2y(u)
)
+ (3u− 3)

(
d
du
y(u)

)
+ (−n2 − 2n) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
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◦ Convert um ·
(

d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions

−a0r(1 + 2r)u−1+r +
(

∞∑
k=0

(−ak+1(k + 1 + r) (2k + 3 + 2r) + ak(r + 2 + n+ k) (r − n+ k))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−r(1 + 2r) = 0

• Values of r that satisfy the indicial equation
r ∈

{
0,−1

2

}
• Each term in the series must be 0, giving the recursion relation

ak(r + 2 + n+ k) (r − n+ k)− 2
(
k + 3

2 + r
)
(k + 1 + r) ak+1 = 0

• Recursion relation that defines series solution to ODE
ak+1 = ak(r+2+n+k)(r−n+k)

(2k+3+2r)(k+1+r)

• Recursion relation for r = 0
ak+1 = ak(2+n+k)(−n+k)

(2k+3)(k+1)

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = ak(2+n+k)(−n+k)

(2k+3)(k+1)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k , ak+1 = ak(2+n+k)(−n+k)
(2k+3)(k+1)

]
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• Recursion relation for r = −1
2

ak+1 =
ak
( 3
2+n+k

)(
− 1

2−n+k
)

(2k+2)
(
k+ 1

2
)

• Solution for r = −1
2[

y(u) =
∞∑
k=0

aku
k− 1

2 , ak+1 =
ak
( 3
2+n+k

)(
− 1

2−n+k
)

(2k+2)
(
k+ 1

2
)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k−
1
2 , ak+1 =

ak
( 3
2+n+k

)(
− 1

2−n+k
)

(2k+2)
(
k+ 1

2
)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ak(1 + x)k
)
+
(

∞∑
k=0

bk(1 + x)k−
1
2

)
, a1+k = ak(2+n+k)(−n+k)

(2k+3)(1+k) , b1+k =
bk
( 3
2+n+k

)(
− 1

2−n+k
)

(2k+2)
(
k+ 1

2
)

]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.063 (sec). Leaf size: 68� �
dsolve((1-x^2)*diff(y(x),x$2)-3*x*diff(y(x),x)+n*(n+2)*y(x)=0,y(x), singsol=all)� �

y(x) =
c1
(
−
√
x2 − 1 + x

) (
x+

√
x2 − 1

)−n−1 − c2
(
x+

√
x2 − 1

)n
√
x2 − 1

(
−
√
x2 − 1 + x

)
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3 Solution by Mathematica
Time used: 0.061 (sec). Leaf size: 42� �
DSolve[(1-x^2)*y''[x]-3*x*y'[x]+n*(n+2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
c1P

1
2
n+ 1

2
(x) + c2Q

1
2
n+ 1

2
(x)

4
√
x2 − 1
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30.8 problem 156
30.8.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3013

Internal problem ID [10980]
Internal file name [OUTPUT/10236_Sunday_December_31_2023_11_10_36_AM_51136809/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 156.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_Gegenbauer]

Unable to solve or complete the solution.

(
x2 − 1

)
y′′ + 2(n+ 1)xy′ − (ν + n+ 1) (ν − n) y = 0

30.8.1 Maple step by step solution

Let’s solve
y′′(x2 − 1) + (2xn+ 2x) y′ + (n2 − ν2 + n− ν) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
n2−ν2+n−ν

)
y

x2−1 − 2(n+1)xy′
x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + 2(n+1)xy′
x2−1 +

(
n2−ν2+n−ν

)
y

x2−1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = 2(n+1)x

x2−1 , P3(x) = n2−ν2+n−ν
x2−1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= n+ 1

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= 0

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x2 − 1) + 2(n+ 1)xy′ + (n2 − ν2 + n− ν) y = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u2 − 2u)
(

d2

du2y(u)
)
+ (2nu− 2n+ 2u− 2)

(
d
du
y(u)

)
+ (n2 − ν2 + n− ν) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
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−2a0r(r + n)u−1+r +
(

∞∑
k=0

(−2ak+1(k + 1 + r) (k + 1 + r + n) + ak(k + n+ ν + r + 1) (r − ν + n+ k))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−2r(r + n) = 0

• Values of r that satisfy the indicial equation
r ∈ {0,−n}

• Each term in the series must be 0, giving the recursion relation
−2ak+1(k + 1 + r) (k + 1 + r + n) + ak(k + n+ ν + r + 1) (r − ν + n+ k) = 0

• Recursion relation that defines series solution to ODE
ak+1 = ak(k+n+ν+r+1)(r−ν+n+k)

2(k+1+r)(k+1+r+n)

• Recursion relation for r = 0
ak+1 = ak(k+n+ν+1)(−ν+n+k)

2(k+1)(k+1+n)

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = ak(k+n+ν+1)(−ν+n+k)

2(k+1)(k+1+n)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k , ak+1 = ak(k+n+ν+1)(−ν+n+k)
2(k+1)(k+1+n)

]
• Recursion relation for r = −n

ak+1 = ak(k+ν+1)(−ν+k)
2(k+1−n)(k+1)

• Solution for r = −n[
y(u) =

∞∑
k=0

aku
k−n, ak+1 = ak(k+ν+1)(−ν+k)

2(k+1−n)(k+1)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k−n , ak+1 = ak(k+ν+1)(−ν+k)
2(k+1−n)(k+1)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ak(1 + x)k
)
+
(

∞∑
k=0

bk(1 + x)−n+k

)
, a1+k = ak(k+n+ν+1)(−ν+n+k)

2(1+k)(k+1+n) , b1+k = bk(k+ν+1)(−ν+k)
2(k+1−n)(1+k)

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Legendre successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.062 (sec). Leaf size: 27� �
dsolve((x^2-1)*diff(y(x),x$2)+2*(n+1)*x*diff(y(x),x)-(nu+n+1)*(nu-n)*y(x)=0,y(x), singsol=all)� �

y(x) = (LegendreP (ν, n, x) c1 + LegendreQ (ν, n, x) c2)
(
x2 − 1

)−n
2

3 Solution by Mathematica
Time used: 0.069 (sec). Leaf size: 32� �
DSolve[(x^2-1)*y''[x]+2*(n+1)*x*y'[x]-(\[Nu]+n+1)*(\[Nu]-n)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(
x2 − 1

)−n/2 (c1P n
ν (x) + c2Q

n
ν (x))

3016



30.9 problem 157
30.9.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3017

Internal problem ID [10981]
Internal file name [OUTPUT/10237_Sunday_December_31_2023_11_10_37_AM_18961001/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 157.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_Gegenbauer]

Unable to solve or complete the solution.

(
x2 − 1

)
y′′ − 2(n− 1)xy′ − (ν − n+ 1) (ν + n) y = 0

30.9.1 Maple step by step solution

Let’s solve
y′′(x2 − 1) + (−2xn+ 2x) y′ + (n2 − ν2 − n− ν) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
n2−ν2−n−ν

)
y

x2−1 + 2(n−1)xy′
x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ − 2(n−1)xy′
x2−1 +

(
n2−ν2−n−ν

)
y

x2−1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions

3017



[
P2(x) = −2x(n−1)

x2−1 , P3(x) = n2−ν2−n−ν
x2−1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= 1− n

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= 0

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x2 − 1)− 2(n− 1)xy′ + (n2 − ν2 − n− ν) y = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u2 − 2u)
(

d2

du2y(u)
)
+ (−2un+ 2n+ 2u− 2)

(
d
du
y(u)

)
+ (n2 − ν2 − n− ν) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions

3018



−2a0r(r − n)u−1+r +
(

∞∑
k=0

(−2ak+1(k + 1 + r) (k + 1 + r − n) + ak(k − n+ ν + r + 1) (r − ν − n+ k))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−2r(r − n) = 0

• Values of r that satisfy the indicial equation
r ∈ {0, n}

• Each term in the series must be 0, giving the recursion relation
−2ak+1(k + 1 + r) (k + 1 + r − n) + ak(k − n+ ν + r + 1) (r − ν − n+ k) = 0

• Recursion relation that defines series solution to ODE
ak+1 = ak(k−n+ν+r+1)(r−ν−n+k)

2(k+1+r)(k+1+r−n)

• Recursion relation for r = 0
ak+1 = ak(k−n+ν+1)(−ν−n+k)

2(k+1)(k+1−n)

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = ak(k−n+ν+1)(−ν−n+k)

2(k+1)(k+1−n)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k , ak+1 = ak(k−n+ν+1)(−ν−n+k)
2(k+1)(k+1−n)

]
• Recursion relation for r = n

ak+1 = ak(k+ν+1)(−ν+k)
2(k+1+n)(k+1)

• Solution for r = n[
y(u) =

∞∑
k=0

aku
k+n, ak+1 = ak(k+ν+1)(−ν+k)

2(k+1+n)(k+1)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k+n , ak+1 = ak(k+ν+1)(−ν+k)
2(k+1+n)(k+1)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ak(1 + x)k
)
+
(

∞∑
k=0

bk(1 + x)k+n

)
, a1+k = ak(k−n+ν+1)(−ν−n+k)

2(1+k)(k+1−n) , b1+k = bk(k+ν+1)(−ν+k)
2(k+1+n)(1+k)

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Legendre successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.062 (sec). Leaf size: 27� �
dsolve((x^2-1)*diff(y(x),x$2)-2*(n-1)*x*diff(y(x),x)-(nu-n+1)*(nu+n)*y(x)=0,y(x), singsol=all)� �

y(x) = (LegendreP (ν, n, x) c1 + LegendreQ (ν, n, x) c2)
(
x2 − 1

)n
2

3 Solution by Mathematica
Time used: 0.064 (sec). Leaf size: 32� �
DSolve[(x^2-1)*y''[x]-2*(n-1)*x*y'[x]-(\[Nu]-n+1)*(\[Nu]+n)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(
x2 − 1

)n/2 (c1P n
ν (x) + c2Q

n
ν (x))

3020



30.10 problem 158
30.10.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3021

Internal problem ID [10982]
Internal file name [OUTPUT/10238_Sunday_December_31_2023_11_10_39_AM_64591386/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 158.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
x2 − 1

)
y′′ + (2a+ 1) y′ − b(2a+ b) y = 0

30.10.1 Maple step by step solution

Let’s solve
y′′(x2 − 1) + (2a+ 1) y′ + (−2ab− b2) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = b(2a+b)y
x2−1 − (2a+1)y′

x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (2a+1)y′
x2−1 − b(2a+b)y

x2−1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions

3021



[
P2(x) = 2a+1

x2−1 , P3(x) = − b(2a+b)
x2−1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= −a− 1
2

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= 0

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x2 − 1) + (2a+ 1) y′ − b(2a+ b) y = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u2 − 2u)
(

d2

du2y(u)
)
+ (2a+ 1)

(
d
du
y(u)

)
+ (−2ab− b2) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert d

du
y(u) to series expansion

d
du
y(u) =

∞∑
k=0

ak(k + r)uk+r−1

◦ Shift index using k− >k + 1
d
du
y(u) =

∞∑
k=−1

ak+1(k + 1 + r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
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a0r(3− 2r + 2a)u−1+r +
(

∞∑
k=0

(ak+1(k + 1 + r) (−2k + 1− 2r + 2a)− ak(2ab+ b2 − k2 − 2kr − r2 + k + r))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(3− 2r + 2a) = 0

• Values of r that satisfy the indicial equation
r ∈

{
0, 32 + a

}
• Each term in the series must be 0, giving the recursion relation

ak+1(k + 1 + r) (−2k + 1− 2r + 2a) + (r2 + (2k − 1) r − 2ab− b2 + k2 − k) ak = 0
• Recursion relation that defines series solution to ODE

ak+1 =
(
2ab+b2−k2−2kr−r2+k+r

)
ak

(k+1+r)(−2k+1−2r+2a)

• Recursion relation for r = 0

ak+1 =
(
2ab+b2−k2+k

)
ak

(k+1)(−2k+1+2a)

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 =

(
2ab+b2−k2+k

)
ak

(k+1)(−2k+1+2a)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k , ak+1 =
(
2ab+b2−k2+k

)
ak

(k+1)(−2k+1+2a)

]
• Recursion relation for r = 3

2 + a

ak+1 =
(
2ab+b2−k2−2k

( 3
2+a

)
−
( 3
2+a

)2+k+ 3
2+a

)
ak(

k+ 5
2+a

)
(−2k−2)

• Solution for r = 3
2 + a[

y(u) =
∞∑
k=0

aku
k+ 3

2+a, ak+1 =
(
2ab+b2−k2−2k

( 3
2+a

)
−
( 3
2+a

)2+k+ 3
2+a

)
ak(

k+ 5
2+a

)
(−2k−2)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k+
3
2+a , ak+1 =

(
2ab+b2−k2−2k

( 3
2+a

)
−
( 3
2+a

)2+k+ 3
2+a

)
ak(

k+ 5
2+a

)
(−2k−2)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ck(1 + x)k
)
+
(

∞∑
k=0

dk(1 + x)k+
3
2+a

)
, c1+k =

(
2ab+b2−k2+k

)
ck

(1+k)(−2k+1+2a) , d1+k =
(
2ab+b2−k2−2k

( 3
2+a

)
−
( 3
2+a

)2+k+ 3
2+a

)
dk(

k+ 5
2+a

)
(−2k−2)

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.078 (sec). Leaf size: 112� �
dsolve((x^2-1)*diff(y(x),x$2)+(2*a+1)*diff(y(x),x)-b*(2*a+b)*y(x)=0,y(x), singsol=all)� �
y(x) = c1 hypergeom

([
−1
2−

√
8ab+ 4b2 + 1

2 ,

√
8ab+ 4b2 + 1

2 − 1
2

]
,

[
−a− 1

2

]
,
1
2+

x

2

)

+ c2

(
1
2 + x

2

)a+ 3
2

hypergeom
([

1−
√
8ab+ 4b2 + 1

2 + a,

√
8ab+ 4b2 + 1

2 + 1

+ a

]
,

[
5
2 + a

]
,
1
2 + x

2

)
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3 Solution by Mathematica
Time used: 0.304 (sec). Leaf size: 152� �
DSolve[(x^2-1)*y''[x]+(2*a+1)*y'[x]-b*(2*a+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → 2a− 1

2 c2(x− 1) 1
2−aHypergeometric2F1

(
−a

− 1
2
√
4b2 + 8ab+ 1, 12

√
4b2 + 8ab+ 1− a,

3
2 − a,

1
2 − x

2

)
+ c1Hypergeometric2F1

(
1
2

(
−
√
4b2 + 8ab+ 1− 1

)
,
1
2

(√
4b2 + 8ab+ 1− 1

)
, a

+ 1
2 ,

1− x

2

)

3025



30.11 problem 159
30.11.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3026

Internal problem ID [10983]
Internal file name [OUTPUT/10239_Sunday_December_31_2023_11_10_39_AM_59917378/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 159.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_Gegenbauer]

Unable to solve or complete the solution.

(
−x2 + 1

)
y′′ + (2a− 3)xy′ + (n+ 1) (n+ 2a− 1) y = 0

30.11.1 Maple step by step solution

Let’s solve
(−x2 + 1) y′′ + (2a− 3)xy′ + ((2 + 2n) a+ n2 − 1) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ =
(
2an+n2+2a−1

)
y

x2−1 + x(2a−3)y′
x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ − x(2a−3)y′
x2−1 −

(
2an+n2+2a−1

)
y

x2−1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions

3026



[
P2(x) = −x(2a−3)

x2−1 , P3(x) = −2an+n2+2a−1
x2−1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= 3
2 − a

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= 0

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x2 − 1)− (2a− 3)xy′ + (−2an− n2 − 2a+ 1) y = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u2 − 2u)
(

d2

du2y(u)
)
+ (−2ua+ 2a+ 3u− 3)

(
d
du
y(u)

)
+ (−2an− n2 − 2a+ 1) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
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a0r(−1− 2r + 2a)u−1+r +
(

∞∑
k=0

(ak+1(k + 1 + r) (−2k − 3− 2r + 2a)− ak(k + n+ r + 1) (−k + 2a− r − 1 + n))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(−1− 2r + 2a) = 0

• Values of r that satisfy the indicial equation
r ∈

{
0,−1

2 + a
}

• Each term in the series must be 0, giving the recursion relation
ak+1(k + 1 + r) (−2k − 3− 2r + 2a) + ak(k + n+ r + 1) (k − 2a+ r + 1− n) = 0

• Recursion relation that defines series solution to ODE
ak+1 = ak(k+n+r+1)(−k+2a−r−1+n)

(k+1+r)(−2k−3−2r+2a)

• Recursion relation for r = 0
ak+1 = ak(k+n+1)(−k+2a−1+n)

(k+1)(−2k−3+2a)

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = ak(k+n+1)(−k+2a−1+n)

(k+1)(−2k−3+2a)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k , ak+1 = ak(k+n+1)(−k+2a−1+n)
(k+1)(−2k−3+2a)

]
• Recursion relation for r = −1

2 + a

ak+1 =
ak
(
k+n+ 1

2+a
)(
−k+a− 1

2+n
)(

k+ 1
2+a

)
(−2k−2)

• Solution for r = −1
2 + a[

y(u) =
∞∑
k=0

aku
k− 1

2+a, ak+1 =
ak
(
k+n+ 1

2+a
)(
−k+a− 1

2+n
)(

k+ 1
2+a

)
(−2k−2)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k−
1
2+a , ak+1 =

ak
(
k+n+ 1

2+a
)(
−k+a− 1

2+n
)(

k+ 1
2+a

)
(−2k−2)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

bk(1 + x)k
)
+
(

∞∑
k=0

ck(1 + x)k−
1
2+a

)
, b1+k = bk(k+n+1)(−k+2a−1+n)

(1+k)(−2k−3+2a) , c1+k =
ck
(
k+n+ 1

2+a
)(
−k+a− 1

2+n
)(

k+ 1
2+a

)
(−2k−2)

]

3028



Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Legendre successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.062 (sec). Leaf size: 39� �
dsolve((1-x^2)*diff(y(x),x$2)+(2*a-3)*x*diff(y(x),x)+(n+1)*(n+2*a-1)*y(x)=0,y(x), singsol=all)� �
y(x) =

(
LegendreP

(
a+n− 1

2 , a−
1
2 , x

)
c1+LegendreQ

(
a+n− 1

2 , a−
1
2 , x

)
c2

)(
x2

− 1
)a

2−
1
4
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3 Solution by Mathematica
Time used: 0.325 (sec). Leaf size: 158� �
DSolve[(1-x^2)*y''[x]+(2*a-3)*y'[x]+(n+1)*(n+2*a-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 2 1
2−ac2(x− 1)a− 1

2 Hypergeometric2F1
(
a− 1

2
√
4n2 + 8a(n+ 1)− 3− 1, a

+ 1
2
√

4n2 + 8a(n+ 1)− 3− 1, a+ 1
2 ,

1− x

2

)
+ c1Hypergeometric2F1

(
1
2

(
−
√

4n2 + 8a(n+ 1)− 3

− 1
)
,
1
2

(√
4n2 + 8a(n+ 1)− 3− 1

)
,
3
2 − a,

1− x

2

)
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30.12 problem 160
30.12.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3031

Internal problem ID [10984]
Internal file name [OUTPUT/10240_Sunday_December_31_2023_11_10_41_AM_52504833/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 160.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
−x2 + 1

)
y′′ + (β − α− (α + β + 2)x) y′ + n(n+ α + β + 1) y = 0

30.12.1 Maple step by step solution

Let’s solve
(−x2 + 1) y′′ + ((−β − α− 2)x+ β − α) y′ + n(n+ α + β + 1) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = n(n+α+β+1)y
x2−1 − (xα+βx+α−β+2x)y′

x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (xα+βx+α−β+2x)y′
x2−1 − n(n+α+β+1)y

x2−1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = xα+βx+α−β+2x

x2−1 , P3(x) = −n(n+α+β+1)
x2−1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= β + 1

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= 0

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x2 − 1) + (xα + βx+ α− β + 2x) y′ − n(n+ α + β + 1) y = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u2 − 2u)
(

d2

du2y(u)
)
+ (αu+ βu− 2β + 2u− 2)

(
d
du
y(u)

)
+ (−αn− βn− n2 − n) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
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−2a0r(r + β)u−1+r +
(

∞∑
k=0

(−2ak+1(k + 1 + r) (k + 1 + r + β) + ak(k − n+ r) (k + α + β + r + 1 + n))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−2r(r + β) = 0

• Values of r that satisfy the indicial equation
r ∈ {0,−β}

• Each term in the series must be 0, giving the recursion relation
−2ak+1(k + 1 + r) (k + 1 + r + β) + ak(k − n+ r) (k + α + β + r + 1 + n) = 0

• Recursion relation that defines series solution to ODE
ak+1 = ak(k−n+r)(k+α+β+r+1+n)

2(k+1+r)(k+1+r+β)

• Recursion relation for r = 0
ak+1 = ak(k−n)(k+α+β+1+n)

2(k+1)(k+1+β)

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = ak(k−n)(k+α+β+1+n)

2(k+1)(k+1+β)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k , ak+1 = ak(k−n)(k+α+β+1+n)
2(k+1)(k+1+β)

]
• Recursion relation for r = −β

ak+1 = ak(k−n−β)(k+α+1+n)
2(k+1−β)(k+1)

• Solution for r = −β[
y(u) =

∞∑
k=0

aku
k−β, ak+1 = ak(k−n−β)(k+α+1+n)

2(k+1−β)(k+1)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k−β , ak+1 = ak(k−n−β)(k+α+1+n)
2(k+1−β)(k+1)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ak(1 + x)k
)
+
(

∞∑
k=0

bk(1 + x)k−β

)
, a1+k = ak(k−n)(k+α+β+1+n)

2(1+k)(k+1+β) , b1+k = bk(k−n−β)(k+α+1+n)
2(k+1−β)(1+k)

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 61� �
dsolve((1-x^2)*diff(y(x),x$2)+(beta-alpha-(alpha+beta+2)*x)*diff(y(x),x)+n*(n+alpha+beta+1)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 hypergeom
(
[−n, n+ α+ β + 1] , [β + 1] , 12 + x

2

)
+ c2

(
1
2 + x

2

)−β

hypergeom
(
[−n− β, n+ α+ 1] , [1− β] , 12 + x

2

)
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3 Solution by Mathematica
Time used: 0.28 (sec). Leaf size: 69� �
DSolve[(1-x^2)*y''[x]+(\[Beta]-\[Alpha]-(\[Alpha]+\[Beta]+2)*x)*y'[x]+n*(n+\[Alpha]+\[Beta]+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 2αc2(x− 1)−αHypergeometric2F1
(
−n− α, n+ β + 1, 1− α,

1− x

2

)
+ c1Hypergeometric2F1

(
−n, n+ α+ β + 1, α+ 1, 1− x

2

)
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30.13 problem 161
30.13.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3036

Internal problem ID [10985]
Internal file name [OUTPUT/10241_Sunday_December_31_2023_11_10_43_AM_21876183/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 161.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
−x2 + 1

)
y′′ + (α− β + (α + β − 2)x) y′ + (n+ 1) (n+ α + β) y = 0

30.13.1 Maple step by step solution

Let’s solve
(−x2 + 1) y′′ + (α− β + (α + β − 2)x) y′ + (n+ 1) (n+ α + β) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = (n+1)(n+α+β)y
x2−1 + (xα+βx+α−β−2x)y′

x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ − (xα+βx+α−β−2x)y′
x2−1 − (n+1)(n+α+β)y

x2−1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = −xα+βx+α−β−2x

x2−1 , P3(x) = − (n+1)(n+α+β)
x2−1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= −β + 1

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= 0

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x2 − 1) + (−xα− βx− α + β + 2x) y′ − (n+ 1) (n+ α + β) y = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u2 − 2u)
(

d2

du2y(u)
)
+ (−αu− βu+ 2β + 2u− 2)

(
d
du
y(u)

)
+ (−αn− βn− n2 − α− β − n) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
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2a0r(−r + β)u−1+r +
(

∞∑
k=0

(2ak+1(k + 1 + r) (−k − 1− r + β)− ak(k + n+ r + 1) (−k + α + β − r + n))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
2r(−r + β) = 0

• Values of r that satisfy the indicial equation
r ∈ {0, β}

• Each term in the series must be 0, giving the recursion relation
(k + n+ r + 1) (k + r − β − α− n) ak − 2ak+1(k + 1 + r) (k + r − β + 1) = 0

• Recursion relation that defines series solution to ODE
ak+1 = (k+n+r+1)(−k+α+β−r+n)ak

2(k+1+r)(−k−1−r+β)

• Recursion relation for r = 0
ak+1 = (k+n+1)(−k+α+β+n)ak

2(k+1)(−k−1+β)

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = (k+n+1)(−k+α+β+n)ak

2(k+1)(−k−1+β)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k , ak+1 = (k+n+1)(−k+α+β+n)ak
2(k+1)(−k−1+β)

]
• Recursion relation for r = β

ak+1 = (k+n+β+1)(−k+α+n)ak
2(k+1+β)(−k−1)

• Solution for r = β[
y(u) =

∞∑
k=0

aku
k+β, ak+1 = (k+n+β+1)(−k+α+n)ak

2(k+1+β)(−k−1)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k+β , ak+1 = (k+n+β+1)(−k+α+n)ak
2(k+1+β)(−k−1)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ak(1 + x)k
)
+
(

∞∑
k=0

bk(1 + x)k+β

)
, a1+k = (k+n+1)(−k+α+β+n)ak

2(1+k)(−k−1+β) , b1+k = (k+n+β+1)(−k+α+n)bk
2(k+1+β)(−k−1)

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 64� �
dsolve((1-x^2)*diff(y(x),x$2)+(alpha-beta+(alpha+beta-2)*x)*diff(y(x),x)+(n+1)*(n+alpha+beta)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 hypergeom
(
[n+ 1,−n− β − α] , [1− β] , 12 + x

2

)
+ c2

(
1
2 + x

2

)β

hypergeom
(
[−n− α, n+ β + 1] , [β + 1] , 12 + x

2

)
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3 Solution by Mathematica
Time used: 0.225 (sec). Leaf size: 74� �
DSolve[(1-x^2)*y''[x]+(\[Alpha]-\[Beta]+(\[Alpha]+\[Beta]-2)*x)*y'[x]+(n+1)*(n+\[Alpha]+\[Beta])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 2−αc2(x− 1)αHypergeometric2F1
(
n+ α+ 1,−n− β, α+ 1, 1− x

2

)
+ c1Hypergeometric2F1

(
n+ 1,−n− α− β, 1− α,

1− x

2

)
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30.14 problem 162
30.14.1 Solving as second order change of variable on x method 2 ode . 3041
30.14.2 Solving as second order change of variable on x method 1 ode . 3044
30.14.3 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3046

Internal problem ID [10986]
Internal file name [OUTPUT/10242_Sunday_December_31_2023_11_10_44_AM_62076601/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 162.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_change_of_vari-
able_on_x_method_1", "second_order_change_of_variable_on_x_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries], [_2nd_order , _linear , `

_with_symmetry_ [0,F(x)]`]]

(
a x2 + b

)
y′′ + axy′ + yc = 0

30.14.1 Solving as second order change of variable on x method 2 ode

In normal form the ode (
a x2 + b

)
y′′ + axy′ + yc = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = ax

a x2 + b

q(x) = c

a x2 + b
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Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫

ax
a x2+b

dx
)
dx

=
∫

e−
ln
(
a x2+b

)
2 dx

=
∫ 1√

a x2 + b
dx

=
ln
(√

a x+
√
a x2 + b

)
√
a

(6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

=
c

a x2+b
1

a x2+b

= c (7)

Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) + cy(τ) = 0
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The above ode is now solved for y(τ).This is second order with constant coefficients
homogeneous ODE. In standard form the ODE is

Ay′′(τ) +By′(τ) + Cy(τ) = 0

Where in the above A = 1, B = 0, C = c. Let the solution be y(τ) = eλτ . Substituting
this into the ODE gives

λ2eλτ + c eλτ = 0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by eλτ gives

λ2 + c = 0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = 1, B = 0, C = c into the above gives

λ1,2 =
0

(2) (1) ±
1

(2) (1)
√
02 − (4) (1) (c)

= ±
√
−c

Hence
λ1 = +

√
−c

λ2 = −
√
−c

Which simplifies to
λ1 =

√
−c

λ2 = −
√
−c

Since roots are real and distinct, then the solution is

y(τ) = c1e
λ1τ + c2e

λ2τ

y(τ) = c1e
(√

−c
)
τ + c2e

(
−
√
−c
)
τ

Or
y(τ) = c1e

√
−c τ + c2e−

√
−c τ
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The above solution is now transformed back to y using (6) which results in

y = c1
(√

a x+
√
a x2 + b

)√
−c√
a + c2

(√
a x+

√
a x2 + b

)−√
−c√
a

Summary
The solution(s) found are the following

(1)y = c1
(√

a x+
√
a x2 + b

)√
−c√
a + c2

(√
a x+

√
a x2 + b

)−√
−c√
a

Verification of solutions

y = c1
(√

a x+
√
a x2 + b

)√
−c√
a + c2

(√
a x+

√
a x2 + b

)−√
−c√
a

Verified OK.

30.14.2 Solving as second order change of variable on x method 1 ode

In normal form the ode (
a x2 + b

)
y′′ + axy′ + yc = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = ax

a x2 + b

q(x) = c

a x2 + b

Applying change of variables τ = g(x) to (2) results

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)
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Let q1 = c2 where c is some constant. Therefore from (5)

τ ′ = 1
c

√
q

=
√

c
a x2+b

c
(6)

τ ′′ = − cax

c
√

c
a x2+b

(a x2 + b)2

Substituting the above into (4) results in

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2

=
− cax

c
√

c
a x2+b

(a x2+b)2
+ ax

a x2+b

√
c

a x2+b

c(√
c

a x2+b

c

)2

= 0

Therefore ode (3) now becomes

y(τ)′′ + p1y(τ)′ + q1y(τ) = 0
d2

dτ 2
y(τ) + c2y(τ) = 0 (7)

The above ode is now solved for y(τ). Since the ode is now constant coefficients, it can
be easily solved to give

y(τ) = c1 cos (cτ) + c2 sin (cτ)

Now from (6)

τ =
∫ 1

c

√
q dx

=
∫ √

c
a x2+b

dx

c

=
√

c
a x2+b

√
a x2 + b ln

(√
a x+

√
a x2 + b

)
c
√
a

Substituting the above into the solution obtained gives

y = c1 cos
(√

c ln
(√

a x+
√
a x2 + b

)
√
a

)
+ c2 sin

(√
c ln

(√
a x+

√
a x2 + b

)
√
a

)
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Summary
The solution(s) found are the following

(1)y = c1 cos
(√

c ln
(√

a x+
√
a x2 + b

)
√
a

)
+ c2 sin

(√
c ln

(√
a x+

√
a x2 + b

)
√
a

)
Verification of solutions

y = c1 cos
(√

c ln
(√

a x+
√
a x2 + b

)
√
a

)
+ c2 sin

(√
c ln

(√
a x+

√
a x2 + b

)
√
a

)

Verified OK.

30.14.3 Solving using Kovacic algorithm

Writing the ode as (
a x2 + b

)
y′′ + axy′ + yc = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = a x2 + b

B = ax (3)
C = c

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −a2x2 − 4ac x2 + 2ab− 4bc
4 (a x2 + b)2

(6)
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Comparing the above to (5) shows that

s = −a2x2 − 4ac x2 + 2ab− 4bc

t = 4
(
a x2 + b

)2
Therefore eq. (4) becomes

z′′(x) =
(
−a2x2 − 4ac x2 + 2ab− 4bc

4 (a x2 + b)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 158: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 2
= 2

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4(a x2 + b)2. There is a pole at x =

√
−ab
a

of order 2. There is a pole at

3047



x = −
√
−ab
a

of order 2. Since there is no odd order pole larger than 2 and the order at
∞ is 2 then the necessary conditions for case one are met. Since there is a pole of order
2 then necessary conditions for case two are met. Since pole order is not larger than 2
and the order at ∞ is 2 then the necessary conditions for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Unable to find solution using case one

Attempting to find a solution using case n = 2.

Unable to find solution using case two.

Attempting to find a solution using n = 4.

Looking at poles of order 2. The partial fractions decomposition of r is

r = − 3

16
(
x−

√
− b

a

)2 − 3

16
(
x+

√
− b

a

)2
+ −ab+ 8bc

16
(
− b

a

) 3
2 a2

(
x−

√
− b

a

) − −ab+ 8bc

16
(
− b

a

) 3
2 a2

(
x+

√
− b

a

)
For the pole at x =

√
−ab
a

let b be the coefficient of 1(
x−

√
−ab
a

)2 in the partial fractions

decomposition of r given above. This shows that b = 0. Hence

Ec =
{
6 + 12k

n

√
1 + 4b|k = 0,±1,±2, . . . ,±n

2

}
∩ Z

Where n for case 3 is 4, 6 or 12. For the current case n = 4. Hence the above becomes

Ec = {0, 3, 6, 9, 12}

For the pole at x = −
√
−ab
a

let b be the coefficient of 1(
x+

√
−ab
a

)2 in the partial fractions

decomposition of r given above. This shows that b = 0. Hence

Ec =
{
6 + 12k

n

√
1 + 4b|k = 0,±1,±2, . . . ,±n

2

}
∩ Z

Where n for case 3 is 4, 6 or 12. For the current case n = 4. Hence the above becomes

Ec = {0, 3, 6, 9, 12}
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Let

E∞ =
{
6 + 12k

n

√
1 + 4b|k = 0,±1,±2, . . . ,±n

2

}
∩ Z (B1)

Where b is the coefficient of 1
x2 in the Laurent series for r at ∞ given by

r ≈ −a2 − 4ac
4a2x2 +

−
(
−a2−4ac

)
b

2a3 + 2ab−4bc
4a2

x4 +
3
(
−a2−4ac

)
b2

4a4 − (2ab−4bc)b
2a3

x6 +
−
(
−a2−4ac

)
b3

a5
+ 3(2ab−4bc)b2

4a4

x8 +
5
(
−a2−4ac

)
b4

4a6 − (2ab−4bc)b3
a5

x10 +
−3

(
−a2−4ac

)
b5

2a7 + 5(2ab−4bc)b4
4a6

x12 +· · ·

The above shows that
b = −1

4
The value of n in eq. (B1) for case 3 is 4, 6 or 2.For the current case n = 4. eq. (B1)
simplifies to the following, after removing any duplicate and non integer entries in the
set.

E∞ = {6}

The following table summarizes the results found so far for poles and for the order of r
at ∞ for case 3 of Kovacic algorithm using n = 4.

pole c location pole order set {Ec}
√
−ab
a

2 {0, 3, 6, 9, 12}

−
√
−ab
a

2 {0, 3, 6, 9, 12}

Order of r at ∞ set {E∞}

2 {6}

Now that Ec sets for all poles are found and E∞ set is found, the next step is to
determine a non negative integer d using the following

d = n

12

(
e∞ −

∑
c∈Γ

ec

)

Where in the above ec is a distinct element from each corresponding Ec. This means all
possible tuples {ec1 , ec2 , . . . , ecn} are tried in the sum above, where eci is one element
of each Ec found earlier. Using the following family {e1, e2, . . . , e∞} given by

e1 = 3, e2 = 3, e∞ = 6
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Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = n

12

(
e∞ −

∑
c∈Γ

ec

)

= 4
12(6− (3 + (3)))

= 0

The following rational function is

θ = n

12
∑
c∈Γ

ec
x− c

= 4
12

 3(
x−

(√
−ab
a

)) + 3(
x−

(
−

√
−ab
a

))


= 2ax
a x2 + b

And

S =
∏
c∈Γ

(x− c)

=
(
x−

√
−ab

a

)(
x+

√
−ab

a

)
The polynomial p(x) is now determined. Since the degree of the polynomial is d = 0,
then let

p(x) = 1

The following set of equations are set up in order to determine the coefficients ai (if
any) of the above polynomial

Pn = −p(x)
= −1

Pi−1 = −Sp′i + ((n− i)S ′ − Sθ)Pi − (n− 1)(i+ 1)S2rPi+1 i = n, n− 1, . . . , 0
(1A)

The coefficients ai are solved for from

P−1 = 0 (2A)
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By using method of undetermined coefficients. Carrying the above computation in
eq. (1A) gives the following sequence of polynomials Pi (noting that n = 4 and r =
−a2x2−4ac x2+2ab−4bc

4(a x2+b)2 ).

P4 = −p
= −1

P3 = 2x

P2 =
−3a2x2 − 4ac x2 − 4bc

a2

P1 =
3x(a x2(a+ 4c) + 4bc)

a2

P0 = −3(a2x2 + 4ac x2 + 4bc)2

2a4

P−1 = 0

Because P−1 = 0 then z = e
∫
ω is a solution. ω is found by finding a solution to the

equation generated by the following sum
n∑

i=0

Si Pi

(n− i)!ω
i = 0

4∑
i=0

Si Pi

(4− i)!ω
i = 0

Where the Pi are the polynomials found earlier. Computing the above sum gives

1
16a4

(
−
(
4a2x4ω2 − 4a2x3ω + 8ab ω2x2 + a2x2 − 4abωx+ 4ac x2 + 4b2ω2 + 4bc

)2) = 0
(3A)

The solution ω of eq. 3A is found as

ω = 1
2a x2 + 2b

(
ax− 2

√
− (a x2 + b) c

)
This ω is used to find a solution to z′′ = rz.

z1(x) = e
∫
ω dx (5A)
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Doing the integration gives in eq. (4A) gives

z1(x) = e
∫
ω dx

= e
∫ ax−2

√
−
(
a x2+b

)
c

2a x2+2b dx

=
(
a x2 + b

) 1
4 e

c arctan

 √
ac x√

−
(
a x2+b

)
c


√
ac

Which simplifies to

z1(x) =
(
a x2 + b

) 1
4 e

c arctan
(
x
√

− a
a x2+b

)
√
ac

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
ax

a x2+b
dx

= z1e
−

ln
(
a x2+b

)
4

= z1

(
1

(a x2 + b)
1
4

)

Which simplifies to

y1 = e
c arctan

(
x
√

− a
a x2+b

)
√
ac

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx
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Substituting gives

y2 = y1

∫
e
∫
− ax

a x2+b
dx

(y1)2
dx

= y1

∫
e−

ln
(
a x2+b

)
2

(y1)2
dx

= y1


∫ e−

2c arctan
(
x
√

− a
a x2+b

)
√
ac

√
a x2 + b

dx


Therefore the solution is

y = c1y1 + c2y2

= c1

e
c arctan

(
x
√

− a
a x2+b

)
√
ac

+ c2

e
c arctan

(
x
√

− a
a x2+b

)
√
ac


∫ e−

2c arctan
(
x
√

− a
a x2+b

)
√
ac

√
a x2 + b

dx




Summary
The solution(s) found are the following

(1)y = c1e
c arctan

(
x
√

− a
a x2+b

)
√

ac + c2e
c arctan

(
x
√

− a
a x2+b

)
√
ac


∫ e−

2c arctan
(
x
√

− a
a x2+b

)
√
ac

√
a x2 + b

dx


Verification of solutions

y = c1e
c arctan

(
x
√

− a
a x2+b

)
√

ac + c2e
c arctan

(
x
√

− a
a x2+b

)
√
ac


∫ e−

2c arctan
(
x
√

− a
a x2+b

)
√
ac

√
a x2 + b

dx


Verified OK.

3053



Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 59� �
dsolve((a*x^2+b)*diff(y(x),x$2)+a*x*diff(y(x),x)+c*y(x)=0,y(x), singsol=all)� �

y(x) = c1
(√

a x+
√
a x2 + b

) i
√

c√
a + c2

(√
a x+

√
a x2 + b

)− i
√
c√
a

3 Solution by Mathematica
Time used: 0.196 (sec). Leaf size: 74� �
DSolve[(a*x^2+b)*y''[x]+a*x*y'[x]+c*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cos

√
carctanh

( √
ax√

ax2+b

)
√
a

+ c2 sin

√
carctanh

( √
ax√

ax2+b

)
√
a
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30.15 problem 163
30.15.1 Solving as second order integrable as is ode . . . . . . . . . . . 3055
30.15.2 Solving as type second_order_integrable_as_is (not using ABC

version) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3057
30.15.3 Solving as exact linear second order ode ode . . . . . . . . . . . 3059

Internal problem ID [10987]
Internal file name [OUTPUT/10243_Sunday_December_31_2023_11_13_29_AM_55836174/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 163.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "exact linear second order ode",
"second_order_integrable_as_is"

Maple gives the following as the ode type
[[_2nd_order , _exact , _linear , _homogeneous ]]

(
x2 + a

)
y′′ + 2bxy′ + 2(b− 1) y = 0

30.15.1 Solving as second order integrable as is ode

Integrating both sides of the ODE w.r.t x gives∫ ((
x2 + a

)
y′′ + 2bxy′ + (2b− 2) y

)
dx = 0

(2bx− 2x) y +
(
x2 + a

)
y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = 2x(b− 1)
x2 + a

q(x) = c1
x2 + a

Hence the ode is

y′ + 2x(b− 1) y
x2 + a

= c1
x2 + a

The integrating factor µ is

µ = e
∫ 2x(b−1)

x2+a
dx

= e
(2b−2) ln

(
x2+a

)
2

Which simplifies to

µ =
(
x2 + a

)b−1

The ode becomes

d
dx(µy) = (µ)

(
c1

x2 + a

)
d
dx

((
x2 + a

)b−1
y
)
=
((

x2 + a
)b−1

)( c1
x2 + a

)
d
((

x2 + a
)b−1

y
)
=
(
c1
(
x2 + a

)−2+b
)
dx

Integrating gives (
x2 + a

)b−1
y =

∫
c1
(
x2 + a

)−2+b dx(
x2 + a

)b−1
y =

∫
c1
(
x2 + a

)−2+b
dx+ c2

Dividing both sides by the integrating factor µ = (x2 + a)b−1 results in

y =
(
x2 + a

)−b+1
(∫

c1
(
x2 + a

)−2+b
dx

)
+ c2

(
x2 + a

)−b+1

which simplifies to

y =
(
c1

(∫ (
x2 + a

)−2+b
dx

)
+ c2

)(
x2 + a

)−b+1

3056



Summary
The solution(s) found are the following

(1)y =
(
c1

(∫ (
x2 + a

)−2+b
dx

)
+ c2

)(
x2 + a

)−b+1

Verification of solutions

y =
(
c1

(∫ (
x2 + a

)−2+b
dx

)
+ c2

)(
x2 + a

)−b+1

Verified OK.

30.15.2 Solving as type second_order_integrable_as_is (not using ABC
version)

Writing the ode as (
x2 + a

)
y′′ + 2bxy′ + (2b− 2) y = 0

Integrating both sides of the ODE w.r.t x gives∫ ((
x2 + a

)
y′′ + 2bxy′ + (2b− 2) y

)
dx = 0

(2bx− 2x) y +
(
x2 + a

)
y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = 2x(b− 1)
x2 + a

q(x) = c1
x2 + a

Hence the ode is

y′ + 2x(b− 1) y
x2 + a

= c1
x2 + a

The integrating factor µ is

µ = e
∫ 2x(b−1)

x2+a
dx

= e
(2b−2) ln

(
x2+a

)
2
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Which simplifies to

µ =
(
x2 + a

)b−1

The ode becomes

d
dx(µy) = (µ)

(
c1

x2 + a

)
d
dx

((
x2 + a

)b−1
y
)
=
((

x2 + a
)b−1

)( c1
x2 + a

)
d
((

x2 + a
)b−1

y
)
=
(
c1
(
x2 + a

)−2+b
)
dx

Integrating gives (
x2 + a

)b−1
y =

∫
c1
(
x2 + a

)−2+b dx(
x2 + a

)b−1
y =

∫
c1
(
x2 + a

)−2+b
dx+ c2

Dividing both sides by the integrating factor µ = (x2 + a)b−1 results in

y =
(
x2 + a

)−b+1
(∫

c1
(
x2 + a

)−2+b
dx

)
+ c2

(
x2 + a

)−b+1

which simplifies to

y =
(
c1

(∫ (
x2 + a

)−2+b
dx

)
+ c2

)(
x2 + a

)−b+1

Summary
The solution(s) found are the following

(1)y =
(
c1

(∫ (
x2 + a

)−2+b
dx

)
+ c2

)(
x2 + a

)−b+1

Verification of solutions

y =
(
c1

(∫ (
x2 + a

)−2+b
dx

)
+ c2

)(
x2 + a

)−b+1

Verified OK.
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30.15.3 Solving as exact linear second order ode ode

An ode of the form

p(x) y′′ + q(x) y′ + r(x) y = s(x)

is exact if

p′′(x)− q′(x) + r(x) = 0 (1)

For the given ode we have

p(x) = x2 + a

q(x) = 2bx
r(x) = 2b− 2
s(x) = 0

Hence

p′′(x) = 2
q′(x) = 2b

Therefore (1) becomes

2− (2b) + (2b− 2) = 0

Hence the ode is exact. Since we now know the ode is exact, it can be written as

(p(x) y′ + (q(x)− p′(x)) y)′ = s(x)

Integrating gives

p(x) y′ + (q(x)− p′(x)) y =
∫

s(x) dx

Substituting the above values for p, q, r, s gives

(2bx− 2x) y +
(
x2 + a

)
y′ = c1

We now have a first order ode to solve which is

(2bx− 2x) y +
(
x2 + a

)
y′ = c1

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = 2x(b− 1)
x2 + a

q(x) = c1
x2 + a

Hence the ode is

y′ + 2x(b− 1) y
x2 + a

= c1
x2 + a

The integrating factor µ is

µ = e
∫ 2x(b−1)

x2+a
dx

= e
(2b−2) ln

(
x2+a

)
2

Which simplifies to

µ =
(
x2 + a

)b−1

The ode becomes

d
dx(µy) = (µ)

(
c1

x2 + a

)
d
dx

((
x2 + a

)b−1
y
)
=
((

x2 + a
)b−1

)( c1
x2 + a

)
d
((

x2 + a
)b−1

y
)
=
(
c1
(
x2 + a

)−2+b
)
dx

Integrating gives (
x2 + a

)b−1
y =

∫
c1
(
x2 + a

)−2+b dx(
x2 + a

)b−1
y =

∫
c1
(
x2 + a

)−2+b
dx+ c2

Dividing both sides by the integrating factor µ = (x2 + a)b−1 results in

y =
(
x2 + a

)−b+1
(∫

c1
(
x2 + a

)−2+b
dx

)
+ c2

(
x2 + a

)−b+1

which simplifies to

y =
(
c1

(∫ (
x2 + a

)−2+b
dx

)
+ c2

)(
x2 + a

)−b+1
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Summary
The solution(s) found are the following

(1)y =
(
c1

(∫ (
x2 + a

)−2+b
dx

)
+ c2

)(
x2 + a

)−b+1

Verification of solutions

y =
(
c1

(∫ (
x2 + a

)−2+b
dx

)
+ c2

)(
x2 + a

)−b+1

Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]

One independent solution has integrals. Trying a hypergeometric solution free of integrals...
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 2F1 ODE
-> Trying to convert hypergeometric functions to elementary form...
<- elementary form for at least one hypergeometric solution is achieved - returning with no uncomputed integrals

<- linear_1 successful`� �
3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 41� �
dsolve((x^2+a)*diff(y(x),x$2)+2*b*x*diff(y(x),x)+2*(b-1)*y(x)=0,y(x), singsol=all)� �

y(x) = c1

(
x2 + a

a

)−b+1

+ c2x hypergeom
([

1, b− 1
2

]
,

[
3
2

]
,−x2

a

)
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3 Solution by Mathematica
Time used: 0.426 (sec). Leaf size: 64� �
DSolve[(x^2+a)*y''[x]+2*b*x*y'[x]+2*(b-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x)→
(
a+ x2)

c2x
(

a+x2

a

)−b

Hypergeometric2F1
(

1
2 , 2− b, 32 ,−

x2

a

)
a2

+ c1
(
a+ x2)−b
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30.16 problem 164
30.16.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3063

Internal problem ID [10988]
Internal file name [OUTPUT/10244_Sunday_December_31_2023_11_13_32_AM_79566971/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 164.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
−a2 + x2) y′′ + 2bxy′ + b(b− 1) y = 0

30.16.1 Maple step by step solution

Let’s solve
(−a2 + x2) y′′ + 2bxy′ + (b2 − b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = b(b−1)y

a2−x2 + 2bxy′
a2−x2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ − 2bxy′

a2−x2 − b(b−1)y
a2−x2 = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = − 2bx

a2−x2 , P3(x) = − b(b−1)
a2−x2

]
◦ (x− a) · P2(x) is analytic at x = a

((x− a) · P2(x))
∣∣∣∣
x=a

= b

◦ (x− a)2 · P3(x) is analytic at x = a(
(x− a)2 · P3(x)

) ∣∣∣∣
x=a

= 0

◦ x = ais a regular singular point
Check to see if x0 is a regular singular point
x0 = a

• Multiply by denominators
y′′(a2 − x2)− 2bxy′ − b(b− 1) y = 0

• Change variables using x = u+ a so that the regular singular point is at u = 0

(−2ua− u2)
(

d2

du2y(u)
)
+ (−2ab− 2bu)

(
d
du
y(u)

)
+ (−b2 + b) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
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−2aa0r(r − 1 + b)u−1+r +
(

∞∑
k=0

(−2aak+1(k + 1 + r) (r + k + b)− ak(r + k + b) (r − 1 + k + b))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−2ar(r − 1 + b) = 0

• Values of r that satisfy the indicial equation
r ∈ {0,−b+ 1}

• Each term in the series must be 0, giving the recursion relation

−2(r + k + b)
(

ak(r−1+k+b)
2 + aak+1(k + 1 + r)

)
= 0

• Recursion relation that defines series solution to ODE
ak+1 = −ak(r−1+k+b)

2a(k+1+r)

• Recursion relation for r = 0
ak+1 = −ak(−1+k+b)

2a(k+1)

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = −ak(−1+k+b)

2a(k+1)

]
• Revert the change of variables u = x− a[

y =
∞∑
k=0

ak(x− a)k , ak+1 = −ak(−1+k+b)
2a(k+1)

]
• Recursion relation for r = −b+ 1

ak+1 = − akk
2a(k+2−b)

• Solution for r = −b+ 1[
y(u) =

∞∑
k=0

aku
k−b+1, ak+1 = − akk

2a(k+2−b)

]
• Revert the change of variables u = x− a[

y =
∞∑
k=0

ak(x− a)k−b+1 , ak+1 = − akk
2a(k+2−b)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ck(x− a)k
)
+
(

∞∑
k=0

dk(x− a)k−b+1
)
, c1+k = − ck(−1+k+b)

2a(1+k) , d1+k = − dkk
2a(k+2−b)

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Reducible group (found another exponential solution)

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 29� �
dsolve((x^2-a^2)*diff(y(x),x$2)+2*b*x*diff(y(x),x)+b*(b-1)*y(x)=0,y(x), singsol=all)� �

y(x) = c1(a+ x)−b+1 + c2(a− x)−b+1

3 Solution by Mathematica
Time used: 0.727 (sec). Leaf size: 127� �
DSolve[(x^2-a^2)*y''[x]+2*b*x*y'[x]+b*(b-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
(x− a) 1

2−
1
2
√

(b−1)2(a+ x) 1
2−

1
2
√

(b−1)2 (x2 − a2)−b/2
(
2a
√

(b− 1)2c1(x− a)
√

(b−1)2 − c2(a+ x)
√

(b−1)2
)

2a
√

(b− 1)2
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30.17 problem 165
30.17.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3067

Internal problem ID [10989]
Internal file name [OUTPUT/10245_Sunday_December_31_2023_11_14_36_AM_89762430/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 165.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

(
a2 + x2) y′′ + 2bxy′ + b(b− 1) y = 0

30.17.1 Solving using Kovacic algorithm

Writing the ode as (
a2 + x2) y′′ + 2bxy′ +

(
b2 − b

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = a2 + x2

B = 2bx (3)
C = b2 − b

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)
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Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −b a2(−2 + b)
(a2 + x2)2

(6)

Comparing the above to (5) shows that

s = −b a2(−2 + b)

t =
(
a2 + x2)2

Therefore eq. (4) becomes

z′′(x) =
(
−b a2(−2 + b)

(a2 + x2)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 160: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 0
= 4

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = (a2 + x2)2. There is a pole at x = ia of order 2. There is a pole at x = −ia

of order 2. Since there is no odd order pole larger than 2 and the order at ∞ is 4 then
the necessary conditions for case one are met. Since there is a pole of order 2 then
necessary conditions for case two are met. Since pole order is not larger than 2 and the
order at ∞ is 4 then the necessary conditions for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Unable to find solution using case one

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is

r = b(−2 + b)
4
(
x−

√
−a2

)2 + b(−2 + b)
4
(
x+

√
−a2

)2 + b a2(−2 + b)
4 (−a2)

3
2
(
x−

√
−a2

) − b a2(−2 + b)
4 (−a2)

3
2
(
x+

√
−a2

)
For the pole at x = ia let b be the coefficient of 1

(−ia+x)2 in the partial fractions decom-
position of r given above. Therefore b = 0. Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {0, 2, 4}

For the pole at x = −ia let b be the coefficient of 1
(ia+x)2 in the partial fractions decom-

position of r given above. Therefore b = 0. Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {0, 2, 4}

Now since the order of r at ∞ is 4 > 2 then

E∞ = {0, 2, 4}

The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.
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pole c location pole order Ec

ia 2 {0, 2, 4}

−ia 2 {0, 2, 4}

Order of r at ∞ E∞

4 {0, 2, 4}

Using the family {e1, e2, . . . , e∞} given by

e1 = 2, e2 = 2, e∞ = 4

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(4− (2 + (2)))

= 0

We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

(
2

(x− (ia)) +
2

(x− (−ia))

)
= 1

−ia+ x
+ 1

ia+ x

Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)

Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1
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Now that p(x) is found let

φ = θ + p′

p

= 1
−ia+ x

+ 1
ia+ x

Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 −
(

1
−ia+ x

+ 1
ia+ x

)
w + (b− 1)2 a2 + x2

(a2 + x2)2
= 0

Solving for ω gives

ω = iab− ia+ x

a2 + x2

Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫

iab−ia+x
a2+x2 dx

=
√
a2 + x2 ei(b−1) arctan

(
x
a

)

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
2bx

a2+x2 dx

= z1e
−

b ln
(
a2+x2

)
2

= z1
((

a2 + x2)− b
2
)

Which simplifies to

y1 =
(
a2 + x2)− b

2+
1
2 ei(b−1) arctan

(
x
a

)
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The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
− 2bx

a2+x2 dx

(y1)2
dx

= y1

∫
e−b ln

(
a2+x2)

(y1)2
dx

= y1

(
e−2i(b−1) arctan

(
x
a

)
(ia+ x) (ix+ a)

2a (b− 1) (a2 + x2)

)

Therefore the solution is

y = c1y1 + c2y2

= c1
((

a2 + x2)− b
2+

1
2 ei(b−1) arctan

(
x
a

))
+ c2

((
a2 + x2)− b

2+
1
2 ei(b−1) arctan

(
x
a

)(e−2i(b−1) arctan
(
x
a

)
(ia+ x) (ix+ a)

2a (b− 1) (a2 + x2)

))

Summary
The solution(s) found are the following

y = c1
(
a2 + x2)− b

2+
1
2 ei(b−1) arctan

(
x
a

)
+ c2(ia+ x) (ix+ a) (a2 + x2)−

1
2−

b
2 e−i(b−1) arctan

(
x
a

)
2a (b− 1)

(1)
Verification of solutions

y = c1
(
a2 + x2)− b

2+
1
2 ei(b−1) arctan

(
x
a

)
+ c2(ia+ x) (ix+ a) (a2 + x2)−

1
2−

b
2 e−i(b−1) arctan

(
x
a

)
2a (b− 1)

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.14 (sec). Leaf size: 33� �
dsolve((x^2+a^2)*diff(y(x),x$2)+2*b*x*diff(y(x),x)+b*(b-1)*y(x)=0,y(x), singsol=all)� �

y(x) = c1(−ix+ a)−b+1 + c2(ix+ a)−b+1

3 Solution by Mathematica
Time used: 0.813 (sec). Leaf size: 101� �
DSolve[(x^2+a^2)*y''[x]+2*b*x*y'[x]+b*(b-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(a2 + x2)

1
2−

b
2 e−i

√
(b−1)2 arctan

(
a
x

)(
ic2e

2i
√

(b−1)2 arctan
(
a
x

)
+ 2a

√
(b− 1)2c1

)
2a
√
(b− 1)2
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30.18 problem 166
Internal problem ID [10990]
Internal file name [OUTPUT/10246_Sunday_December_31_2023_11_14_37_AM_52742929/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 166.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a x2 + b

)
y′′ + (2n+ 1) axy′ + yc = 0

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Legendre successful

<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.078 (sec). Leaf size: 93� �
dsolve((a*x^2+b)*diff(y(x),x$2)+(2*n+1)*a*x*diff(y(x),x)+c*y(x)=0,y(x), singsol=all)� �

y(x) =
(
a x2 + b

)−n
2+

1
4

(
c1 LegendreP

(
−−2

√
a n2 − c+

√
a

2
√
a

, n− 1
2 ,

ax√
−ab

)

+ c2 LegendreQ
(
−−2

√
a n2 − c+

√
a

2
√
a

, n− 1
2 ,

ax√
−ab

))

3 Solution by Mathematica
Time used: 0.149 (sec). Leaf size: 118� �
DSolve[(a*x^2+b)*y''[x]+(2*n+1)*a*x*y'[x]+c*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(
ax2 + b

) 1
4−

n
2

(
c1P

n− 1
2√

an2−c√
a

− 1
2

(
i
√
ax√
b

)
+ c2Q

n− 1
2√

an2−c√
a

− 1
2

(
i
√
ax√
b

))
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30.19 problem 167
30.19.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3076

Internal problem ID [10991]
Internal file name [OUTPUT/10247_Sunday_December_31_2023_11_24_06_AM_26071113/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 167.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
−x2 + 1

)
y′′ − y′x+

(
2a x2 + b

)
y = 0

30.19.1 Maple step by step solution

Let’s solve
(−x2 + 1) y′′ − y′x+ (2a x2 + b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ =
(
2a x2+b

)
y

x2−1 − xy′

x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + xy′

x2−1 −
(
2a x2+b

)
y

x2−1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions

3076



[
P2(x) = x

x2−1 , P3(x) = −2a x2+b
x2−1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= 1
2

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= 0

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x2 − 1) + y′x+ (−2a x2 − b) y = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u2 − 2u)
(

d2

du2y(u)
)
+ (u− 1)

(
d
du
y(u)

)
+ (−2a u2 + 4au− 2a− b) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um · y(u) to series expansion form = 0..2

um · y(u) =
∞∑
k=0

aku
k+r+m

◦ Shift index using k− >k −m

um · y(u) =
∞∑

k=m

ak−mu
k+r

◦ Convert um ·
(

d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2
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um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions

−a0r(−1 + 2r)u−1+r + (−a1(1 + r) (1 + 2r)− a0(−r2 + 2a+ b))ur + (−a2(2 + r) (3 + 2r)− a1(−r2 + 2a+ b− 2r − 1) + 4a0a)u1+r +
(

∞∑
k=2

(−ak+1(k + 1 + r) (2k + 1 + 2r)− ak(−k2 − 2kr − r2 + 2a+ b) + 4ak−1a− 2ak−2a)uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−r(−1 + 2r) = 0

• Values of r that satisfy the indicial equation
r ∈

{
0, 12
}

• The coefficients of each power of u must be 0
[−a1(1 + r) (1 + 2r)− a0(−r2 + 2a+ b) = 0,−a2(2 + r) (3 + 2r)− a1(−r2 + 2a+ b− 2r − 1) + 4a0a = 0]

• Solve for the dependent coefficient(s){
a1 = −a0

(
−r2+2a+b

)
2r2+3r+1 , a2 = a0

(
r4+4r2a−2r2b+2r3+4a2+4ab+8ar+b2−2br+r2+2a−b

)
4r4+20r3+35r2+25r+6

}
• Each term in the series must be 0, giving the recursion relation

−2
(
k + 1

2 + r
)
(k + 1 + r) ak+1 + (k2 + 2kr + r2 − 2a− b) ak − 2a(ak−2 − 2ak−1) = 0

• Shift index using k− >k + 2
−2
(
k + 5

2 + r
)
(k + 3 + r) ak+3 +

(
(k + 2)2 + 2(k + 2) r + r2 − 2a− b

)
ak+2 − 2a(ak − 2ak+1) = 0

• Recursion relation that defines series solution to ODE

ak+3 = −−k2ak+2−2krak+2−r2ak+2+2aka−4aak+1+2aak+2+bak+2−4kak+2−4rak+2−4ak+2
(2k+5+2r)(k+3+r)

• Recursion relation for r = 0

ak+3 = −−k2ak+2+2aka−4aak+1+2aak+2+bak+2−4kak+2−4ak+2
(2k+5)(k+3)

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+3 = −−k2ak+2+2aka−4aak+1+2aak+2+bak+2−4kak+2−4ak+2

(2k+5)(k+3) , a1 = −a0(2a+ b) , a2 = a0
(
4a2+4ab+b2+2a−b

)
6

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k , ak+3 = −−k2ak+2+2aka−4aak+1+2aak+2+bak+2−4kak+2−4ak+2
(2k+5)(k+3) , a1 = −a0(2a+ b) , a2 = a0

(
4a2+4ab+b2+2a−b

)
6

]
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• Recursion relation for r = 1
2

ak+3 = −−k2ak+2+2aka−4aak+1+2aak+2+bak+2−5kak+2− 25
4 ak+2

(2k+6)
(
k+ 7

2
)

• Solution for r = 1
2[

y(u) =
∞∑
k=0

aku
k+ 1

2 , ak+3 = −−k2ak+2+2aka−4aak+1+2aak+2+bak+2−5kak+2− 25
4 ak+2

(2k+6)
(
k+ 7

2
) , a1 = −a0

(
− 1

4+2a+b
)

3 , a2 =
a0
(
4a2+4ab+b2+7a− 5

2 b+
9
16
)

30

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k+
1
2 , ak+3 = −−k2ak+2+2aka−4aak+1+2aak+2+bak+2−5kak+2− 25

4 ak+2
(2k+6)

(
k+ 7

2
) , a1 = −a0

(
− 1

4+2a+b
)

3 , a2 =
a0
(
4a2+4ab+b2+7a− 5

2 b+
9
16
)

30

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ck(1 + x)k
)
+
(

∞∑
k=0

dk(1 + x)k+
1
2

)
, ck+3 = −−k2ck+2+2ack−4ac1+k+2ack+2+bck+2−4kck+2−4ck+2

(2k+5)(k+3) , c1 = −c0(2a+ b) , c2 = c0
(
4a2+4ab+b2+2a−b

)
6 , dk+3 = −−k2dk+2+2dka−4ad1+k+2adk+2+bdk+2−5kdk+2− 25

4 dk+2
(2k+6)

(
k+ 7

2
) , d1 = −d0

(
− 1

4+2a+b
)

3 , d2 =
d0
(
4a2+4ab+b2+7a− 5

2 b+
9
16
)

30

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius
Equivalence transformation and function parameters: {x = t}, {kappa = 4*b-4, mu = -8*a}
<- Equivalence to the rational form of Mathieu ODE successful

<- Mathieu successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.359 (sec). Leaf size: 27� �
dsolve((1-x^2)*diff(y(x),x$2)-x*diff(y(x),x)+(2*a*x^2+b)*y(x)=0,y(x), singsol=all)� �

y(x) = c1MathieuC
(
a+ b,−a

2 , arccos (x)
)
+ c2MathieuS

(
a+ b,−a

2 , arccos (x)
)
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3 Solution by Mathematica
Time used: 0.051 (sec). Leaf size: 34� �
DSolve[(1-x^2)*y''[x]-x*y'[x]+(2*a*x^2+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1MathieuC
[
a+ b,−a

2 , arccos(x)
]
+ c2MathieuS

[
a+ b,−a

2 , arccos(x)
]
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30.20 problem 168
30.20.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3082

Internal problem ID [10992]
Internal file name [OUTPUT/10248_Sunday_December_31_2023_11_24_07_AM_58330519/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 168.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
−x2 + 1

)
y′′ + (ax+ b) y′ + yc = 0

30.20.1 Maple step by step solution

Let’s solve
(−x2 + 1) y′′ + (ax+ b) y′ + yc = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = cy
x2−1 +

(ax+b)y′
x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ − (ax+b)y′
x2−1 − cy

x2−1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = −ax+b

x2−1 , P3(x) = − c
x2−1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= −a
2 +

b
2

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= 0

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x2 − 1) + (−ax− b) y′ − yc = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u2 − 2u)
(

d2

du2y(u)
)
+ (−au+ a− b)

(
d
du
y(u)

)
− cy(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
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a0r(2− 2r + a− b)u−1+r +
(

∞∑
k=0

(ak+1(k + 1 + r) (−2k − 2r + a− b)− ak(ak + ar − k2 − 2kr − r2 + c+ k + r))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(2− 2r + a− b) = 0

• Values of r that satisfy the indicial equation
r ∈

{
0, a2 −

b
2 + 1

}
• Each term in the series must be 0, giving the recursion relation

ak+1(k + 1 + r) (−2k − 2r + a− b)− ak(−k2 + (a− 2r + 1) k − r2 + (a+ 1) r + c) = 0
• Recursion relation that defines series solution to ODE

ak+1 = ak
(
ak+ar−k2−2kr−r2+c+k+r

)
(k+1+r)(−2k−2r+a−b)

• Recursion relation for r = 0

ak+1 = ak
(
ak−k2+c+k

)
(k+1)(−2k+a−b)

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = ak

(
ak−k2+c+k

)
(k+1)(−2k+a−b)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k , ak+1 = ak
(
ak−k2+c+k

)
(k+1)(−2k+a−b)

]
• Recursion relation for r = a

2 −
b
2 + 1

ak+1 =
ak

(
ak+a

(
a
2−

b
2+1

)
−k2−2k

(
a
2−

b
2+1

)
−
(

a
2−

b
2+1

)2
+c+k+a

2−
b
2+1

)
(
k+2+a

2−
b
2

)
(−2k−2)

• Solution for r = a
2 −

b
2 + 1[

y(u) =
∞∑
k=0

aku
k+a

2−
b
2+1, ak+1 =

ak

(
ak+a

(
a
2−

b
2+1

)
−k2−2k

(
a
2−

b
2+1

)
−
(

a
2−

b
2+1

)2
+c+k+a

2−
b
2+1

)
(
k+2+a

2−
b
2

)
(−2k−2)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k+
a
2−

b
2+1 , ak+1 =

ak

(
ak+a

(
a
2−

b
2+1

)
−k2−2k

(
a
2−

b
2+1

)
−
(

a
2−

b
2+1

)2
+c+k+a

2−
b
2+1

)
(
k+2+a

2−
b
2

)
(−2k−2)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

dk(1 + x)k
)
+
(

∞∑
k=0

ek(1 + x)k+
a
2−

b
2+1
)
, d1+k = dk

(
ak−k2+c+k

)
(1+k)(−2k+a−b) , e1+k =

ek

(
ak+a

(
a
2−

b
2+1

)
−k2−2k

(
a
2−

b
2+1

)
−
(

a
2−

b
2+1

)2
+c+k+a

2−
b
2+1

)
(
k+2+a

2−
b
2

)
(−2k−2)

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.079 (sec). Leaf size: 134� �
dsolve((1-x^2)*diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+c*y(x)=0,y(x), singsol=all)� �
y(x) = c1 hypergeom

([
−1
2 − a

2 −
√
a2 + 2a+ 4c+ 1

2 ,−1
2 − a

2

+
√
a2 + 2a+ 4c+ 1

2

]
,

[
−a

2 +
b

2

]
,
1
2 +

x

2

)
+c2

(
1
2 +

x

2

)1+a
2−

b
2

hypergeom
([

1
2

−
√
a2 + 2a+ 4c+ 1

2 − b

2 ,
1
2 +

√
a2 + 2a+ 4c+ 1

2 − b

2

]
,

[
2 + a

2 − b

2

]
,
1
2 + x

2

)
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3 Solution by Mathematica
Time used: 0.317 (sec). Leaf size: 184� �
DSolve[(1-x^2)*y''[x]+(a*x+b)*y'[x]+c*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → 2 1

2 (−a−b−2)
(
c2(x

−1) 1
2 (a+b+2)Hypergeometric2F1

(
1
2

(
b−

√
a2 + 2a+ 4c+ 1+1

)
,
1
2

(
b+

√
a2 + 2a+ 4c+ 1+1

)
,
1
2(a+b+4), 1− x

2

)
+c12

1
2 (a+b+2)Hypergeometric2F1

(
1
2

(
−a−

√
a2 + 2a+ 4c+ 1−1

)
,
1
2

(
−a+

√
a2 + 2a+ 4c+ 1−1

)
,
1
2(−a−b), 1− x

2

))
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30.21 problem 169
Internal problem ID [10993]
Internal file name [OUTPUT/10249_Sunday_December_31_2023_11_24_09_AM_34106090/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 169.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a x2 + b

)
y′′ +

(
c x2 + d

)
y′ + λ

(
(−aλ+ c)x2 + d− bλ

)
y = 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunC ODE, case a <> 0, e <> 0, c = 0

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.281 (sec). Leaf size: 939� �
dsolve((a*x^2+b)*diff(y(x),x$2)+(c*x^2+d)*diff(y(x),x)+lambda*((c-a*lambda)*x^2+d-b*lambda)*y(x)=0,y(x), singsol=all)� �
y(x) =

(
−ax+

√
−ab

) 2a2b+
√

4a2b(ad−bc)
√
−ab+4a4b2−a3b d2+2d b2c a2−b3c2a

4a2b

c2
(
ax

+
√
−ab

)−−2a2b+
√

−ab
(
4
√
−ab a2d−4

√
−ab abc−4a3b+a2d2−2abcd+b2c2

)
4a2b HeunC

(4aλ− 2c)
√

− b
a

a
,

−

√
−ab

(
4
√
−ab a2d− 4

√
−ab abc− 4a3b+ a2d2 − 2abcd+ b2c2

)
2a2b ,

√
4a2b (ad− bc)

√
−ab+ 4a4b2 − a3b d2 + 2d b2c a2 − b3c2a

2a2b , 0, λd
a

− bcλ

a2
+ 1

2 − d2

8ab −
cd

4a2 + 3b c2
8a3 ,

ax

2
√
−ab

+1
2

 e
−iπ

√
4a2b(ad−bc)

√
−ab+4a4b2−a3b d2+2d b2c a2−b3c2a+iπ

√
−ab

(
4
√
−ab a2d−4

√
−ab abc−4a3b+a2d2−2abcd+b2c2

)
−4b

a2
 d√

b
√
a
−

√
b c

a
3
2

 arctan
(√

a x√
b

)
+(−2aλ+c)

√
−ab−2ax(aλ−c)


8a2b

+ c1
(
ax

+
√
−ab

) 2a2b+
√

−ab
(
4
√
−ab a2d−4

√
−ab abc−4a3b+a2d2−2abcd+b2c2

)
4a2b e

xλ+
√
−ab λ
a

− cx
a
−

√
−ab c

2a2 −
arctan

(√
a x√
b

)
d

2
√
a
√
b

+
√
b arctan

(√
a x√
b

)
c

2a
3
2 HeunC

(4aλ− 2c)
√

− b
a

a
,

√
−ab

(
4
√
−ab a2d− 4

√
−ab abc− 4a3b+ a2d2 − 2abcd+ b2c2

)
2a2b ,

√
4a2b (ad− bc)

√
−ab+ 4a4b2 − a3b d2 + 2d b2c a2 − b3c2a

2a2b , 0, λd
a

− bcλ

a2
+ 1

2 − d2

8ab −
cd

4a2 + 3b c2
8a3 ,

ax

2
√
−ab

+ 1
2




3 Solution by Mathematica
Time used: 2.859 (sec). Leaf size: 74� �
DSolve[(a*x^2+b)*y''[x]+(c*x^2+d)*y'[x]+\[Lambda]*((c-a*\[Lambda])*x^2+d-b*\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → eλ(−x)

c2

∫ x

1
exp

(bc− ad) arctan
(√

aK[1]√
b

)
a3/2

√
b

+
(
2λ− c

a

)
K[1]

 dK[1] + c1
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30.22 problem 170
Internal problem ID [10994]
Internal file name [OUTPUT/10250_Sunday_December_31_2023_11_24_11_AM_22104146/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 170.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a x2 + b

)
y′′ +

(
λ(a+ c)x2 + (c− a)x+ 2bλ

)
y′ + λ2(c x2 + b

)
y = 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunC ODE, case a <> 0, e <> 0, c = 0

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.422 (sec). Leaf size: 1381� �
dsolve((a*x^2+b)*diff(y(x),x$2)+(lambda*(c+a)*x^2+(c-a)*x+2*b*lambda)*diff(y(x),x)+lambda^2*(c*x^2+b)*y(x)=0,y(x), singsol=all)� �

Expression too large to display
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3 Solution by Mathematica
Time used: 5.408 (sec). Leaf size: 104� �
DSolve[(a*x^2+b)*y''[x]+(\[Lambda]*(c+a)*x^2+(c-a)*x+2*b*\[Lambda])*y'[x]+\[Lambda]^2*(c*x^2+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → eλ(−x)(λx

+ 1)

c2

∫ x

1

exp
(

(a−c)λ
(√

aK[1]−
√
b arctan

(√
aK[1]√

b

))
a3/2

)
(aK[1]2 + b)

a−c
2a

(λK[1] + 1)2 dK[1] + c1
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30.23 problem 171
30.23.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3093

Internal problem ID [10995]
Internal file name [OUTPUT/10251_Sunday_December_31_2023_11_24_12_AM_56588853/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 171.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_Jacobi]

Unable to solve or complete the solution.

x(x− 1) y′′ + ((α + β + 1)x− γ) y′ + αβy = 0

30.23.1 Maple step by step solution

Let’s solve
(x2 − x) y′′ + ((α + β + 1)x− γ) y′ + αβy = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − αβy
x(x−1) −

(xα+βx−γ+x)y′
x(x−1)

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (xα+βx−γ+x)y′
x(x−1) + αβy

x(x−1) = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = xα+βx−γ+x

x(x−1) , P3(x) = αβ
x(x−1)

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= γ

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 is a regular singular point
x0 = 0

• Multiply by denominators
x(x− 1) y′′ + (xα + βx− γ + x) y′ + αβy = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert xm · y′′ to series expansion form = 1..2

xm · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−2+m

◦ Shift index using k− >k + 2−m

xm · y′′ =
∞∑

k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)xk+r

Rewrite ODE with series expansions

−a0r(−1 + r + γ)x−1+r +
(

∞∑
k=0

(−ak+1(k + 1 + r) (k + r + γ) + ak(β + k + r) (α + k + r))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
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−r(−1 + r + γ) = 0
• Values of r that satisfy the indicial equation

r ∈ {0,−γ + 1}
• Each term in the series must be 0, giving the recursion relation

−ak+1(k + 1 + r) (k + r + γ) + ak(β + k + r) (α + k + r) = 0
• Recursion relation that defines series solution to ODE

ak+1 = ak(β+k+r)(α+k+r)
(k+1+r)(k+r+γ)

• Recursion relation for r = 0
ak+1 = ak(β+k)(α+k)

(k+1)(k+γ)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+1 = ak(β+k)(α+k)

(k+1)(k+γ)

]
• Recursion relation for r = −γ + 1

ak+1 = ak(β+k−γ+1)(α+k−γ+1)
(k+2−γ)(k+1)

• Solution for r = −γ + 1[
y =

∞∑
k=0

akx
k−γ+1, ak+1 = ak(β+k−γ+1)(α+k−γ+1)

(k+2−γ)(k+1)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

akx
k

)
+
(

∞∑
k=0

bkx
k−γ+1

)
, a1+k = ak(β+k)(α+k)

(1+k)(k+γ) , b1+k = bk(β+k−γ+1)(α+k−γ+1)
(k+2−γ)(1+k)

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.125 (sec). Leaf size: 44� �
dsolve(x*(x-1)*diff(y(x),x$2)+((alpha+beta+1)*x-gamma)*diff(y(x),x)+alpha*beta*y(x)=0,y(x), singsol=all)� �
y(x) = c1 hypergeom ([α, β] , [γ] , x)+c2x

1−γ hypergeom ([β+1−γ, α+1−γ] , [2−γ] , x)

3 Solution by Mathematica
Time used: 0.281 (sec). Leaf size: 49� �
DSolve[x*(x-1)*y''[x]+((\[Alpha]+\[Beta]+1)*x-\[Gamma])*y'[x]+\[Alpha]*\[Beta]*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1Hypergeometric2F1(α, β, γ, x)
− (−1)−γc2x

1−γ Hypergeometric2F1(α− γ + 1, β − γ + 1, 2− γ, x)
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30.24 problem 172
30.24.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3097

Internal problem ID [10996]
Internal file name [OUTPUT/10252_Sunday_December_31_2023_11_24_13_AM_550928/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 172.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x(x+ a) y′′ + (bx+ c) y′ + yd = 0

30.24.1 Maple step by step solution

Let’s solve
x(x+ a) y′′ + (bx+ c) y′ + yd = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − dy
x(x+a) −

(bx+c)y′
x(x+a)

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (bx+c)y′
x(x+a) + dy

x(x+a) = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = bx+c

x(x+a) , P3(x) = d
x(x+a)

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= c
a

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 is a regular singular point
x0 = 0

• Multiply by denominators
x(x+ a) y′′ + (bx+ c) y′ + yd = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert xm · y′′ to series expansion form = 1..2

xm · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−2+m

◦ Shift index using k− >k + 2−m

xm · y′′ =
∞∑

k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)xk+r

Rewrite ODE with series expansions

a0r(ar − a+ c)xr−1 +
(

∞∑
k=0

(ak+1(k + 1 + r) (a(k + 1) + ar − a+ c) + ak(bk + br + k2 + 2kr + r2 + d− k − r))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
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r(ar − a+ c) = 0
• Values of r that satisfy the indicial equation

r ∈
{
0, a−c

a

}
• Each term in the series must be 0, giving the recursion relation

(k + 1 + r) (ak + ar + c) ak+1 + (k2 + (b+ 2r − 1) k + r2 + (b− 1) r + d) ak = 0
• Recursion relation that defines series solution to ODE

ak+1 = −
(
bk+br+k2+2kr+r2+d−k−r

)
ak

(k+1+r)(ak+ar+c)

• Recursion relation for r = 0

ak+1 = −
(
bk+k2+d−k

)
ak

(k+1)(ak+c)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+1 = −

(
bk+k2+d−k

)
ak

(k+1)(ak+c)

]
• Recursion relation for r = a−c

a

ak+1 = −

(
bk+ b(a−c)

a
+k2+ 2k(a−c)

a
+ (a−c)2

a2 +d−k−a−c
a

)
ak(

k+1+a−c
a

)
(ak+a)

• Solution for r = a−c
a[

y =
∞∑
k=0

akx
k+a−c

a , ak+1 = −

(
bk+ b(a−c)

a
+k2+ 2k(a−c)

a
+ (a−c)2

a2 +d−k−a−c
a

)
ak(

k+1+a−c
a

)
(ak+a)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ekx
k

)
+
(

∞∑
k=0

fkx
k+a−c

a

)
, e1+k = −

(
bk+k2+d−k

)
ek

(1+k)(ak+c) , f1+k = −

(
bk+ b(a−c)

a
+k2+ 2k(a−c)

a
+ (a−c)2

a2 +d−k−a−c
a

)
fk(

k+1+a−c
a

)
(ak+a)

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.109 (sec). Leaf size: 230� �
dsolve(x*(x+a)*diff(y(x),x$2)+(b*x+c)*diff(y(x),x)+d*y(x)=0,y(x), singsol=all)� �
y(x) = c2(csgn (a) a+ a

+2x)−
((b−2) csgn(a)a+ab−2c) csgn(a)

2a hypergeom
([

csgn (a)
(
csgn (a) a+

√
b2 − 2b− 4d+ 1 csgn (a) a− ab+ 2c

)
2a ,

−
csgn (a)

(√
b2 − 2b− 4d+ 1 csgn (a) a− csgn (a) a+ ab− 2c

)
2a

]
,

[
−csgn (a) ((b− 4) csgn (a) a+ ab− 2c)

2a

]
,
csgn (a) (csgn (a) a+ a+ 2x)

2a

)

+ c1 hypergeom
([

−1
2 + b

2 −
√
b2 − 2b− 4d+ 1

2 ,−1
2 + b

2

+
√
b2 − 2b− 4d+ 1

2

]
,

[
(b csgn (a) a+ ab− 2c) csgn (a)

2a

]
,
csgn (a) (csgn (a) a+ a+ 2x)

2a

)
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3 Solution by Mathematica
Time used: 0.423 (sec). Leaf size: 165� �
DSolve[x*(x+a)*y''[x]+(b*x+c)*y'[x]+d*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c2a
c
a
−1x1− c

a Hypergeometric2F1
(
1
2

(
b− 2c

a
+
√
b2 − 2b− 4d+ 1

+ 1
)
,
ba−

√
b2 − 2b− 4d+ 1a+ a− 2c

2a , 2− c

a
,−x

a

)
+ c1Hypergeometric2F1

(
1
2

(
b−

√
b2 − 2b− 4d+ 1− 1

)
,
1
2

(
b

+
√
b2 − 2b− 4d+ 1− 1

)
,
c

a
,−x

a

)
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30.25 problem 173
30.25.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3102

Internal problem ID [10997]
Internal file name [OUTPUT/10253_Sunday_December_31_2023_11_24_15_AM_29690673/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 173.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[_Jacobi]

Unable to solve or complete the solution.

2x(x− 1) y′′ + (2x− 1) y′ + (ax+ b) y = 0

30.25.1 Maple step by step solution

Let’s solve
(2x2 − 2x) y′′ + (2x− 1) y′ + (ax+ b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − (ax+b)y
2x(x−1) −

(2x−1)y′
2x(x−1)

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (2x−1)y′
2x(x−1) +

(ax+b)y
2x(x−1) = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = 2x−1

2x(x−1) , P3(x) = ax+b
2x(x−1)

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 1
2

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 is a regular singular point
x0 = 0

• Multiply by denominators
2x(x− 1) y′′ + (2x− 1) y′ + (ax+ b) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 0..1

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert xm · y′′ to series expansion form = 1..2

xm · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−2+m

◦ Shift index using k− >k + 2−m
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xm · y′′ =
∞∑

k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)xk+r

Rewrite ODE with series expansions

−a0r(−1 + 2r)x−1+r + (−a1(1 + r) (1 + 2r) + a0(2r2 + b))xr +
(

∞∑
k=1

(−ak+1(k + 1 + r) (2k + 1 + 2r) + ak(2k2 + 4kr + 2r2 + b) + ak−1a)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−r(−1 + 2r) = 0

• Values of r that satisfy the indicial equation
r ∈

{
0, 12
}

• Each term must be 0
−a1(1 + r) (1 + 2r) + a0(2r2 + b) = 0

• Each term in the series must be 0, giving the recursion relation
−2(k + 1 + r)

(
k + 1

2 + r
)
ak+1 + 2k2ak + 4krak + 2r2ak + ak−1a+ akb = 0

• Shift index using k− >k + 1
−2(k + 2 + r)

(
k + 3

2 + r
)
ak+2 + 2(k + 1)2 ak+1 + 4(k + 1) rak+1 + 2r2ak+1 + aka+ ak+1b = 0

• Recursion relation that defines series solution to ODE

ak+2 = 2k2ak+1+4krak+1+2r2ak+1+aka+ak+1b+4kak+1+4rak+1+2ak+1
(k+2+r)(2k+3+2r)

• Recursion relation for r = 0

ak+2 = 2k2ak+1+aka+ak+1b+4kak+1+2ak+1
(k+2)(2k+3)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+2 = 2k2ak+1+aka+ak+1b+4kak+1+2ak+1

(k+2)(2k+3) , a0b− a1 = 0
]

• Recursion relation for r = 1
2

ak+2 =
2k2ak+1+aka+ak+1b+6kak+1+ 9

2ak+1(
k+ 5

2
)
(2k+4)

• Solution for r = 1
2[

y =
∞∑
k=0

akx
k+ 1

2 , ak+2 =
2k2ak+1+aka+ak+1b+6kak+1+ 9

2ak+1(
k+ 5

2
)
(2k+4) ,−3a1 + a0

(
b+ 1

2

)
= 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

ckx
k

)
+
(

∞∑
k=0

dkx
k+ 1

2

)
, ck+2 = 2k2c1+k+ack+bc1+k+4kc1+k+2c1+k

(k+2)(2k+3) , bc0 − c1 = 0, dk+2 =
2k2d1+k+dka+d1+kb+6kd1+k+ 9

2d1+k(
k+ 5

2
)
(2k+4) ,−3d1 + d0

(
b+ 1

2

)
= 0
]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius
Equivalence transformation and function parameters: {x = t}, {kappa = -8*b-4, mu = 8*a}
<- Equivalence to the rational form of Mathieu ODE successful

<- Mathieu successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.297 (sec). Leaf size: 39� �
dsolve(2*x*(x-1)*diff(y(x),x$2)+(2*x-1)*diff(y(x),x)+(a*x+b)*y(x)=0,y(x), singsol=all)� �
y(x) = c1MathieuC

(
−a−2b, a2 , arccos

(√
x
))

+c2MathieuS
(
−a−2b, a2 , arccos

(√
x
))
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3 Solution by Mathematica
Time used: 0.258 (sec). Leaf size: 50� �
DSolve[2*x*(x-1)*y''[x]+(2*x-1)*y'[x]+(a*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → c1MathieuC

[
−a− 2b, a2 , arccos

(√
x
)]

+ c2MathieuS
[
−a− 2b, a2 , arccos

(√
x
)]
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30.26 problem 174
30.26.1 Solving as second order change of variable on x method 2 ode . 3107
30.26.2 Solving as second order change of variable on x method 1 ode . 3110
30.26.3 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3112
30.26.4 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3118

Internal problem ID [10998]
Internal file name [OUTPUT/10254_Sunday_December_31_2023_11_24_16_AM_3198913/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 174.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_change_of_vari-
able_on_x_method_1", "second_order_change_of_variable_on_x_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries], [_2nd_order , _linear , `

_with_symmetry_ [0,F(x)]`]]

(
2ax+ x2 + b

)
y′′ + (x+ a) y′ − ym2 = 0

30.26.1 Solving as second order change of variable on x method 2 ode

In normal form the ode(
2ax+ x2 + b

)
y′′ + (x+ a) y′ − ym2 = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = x+ a

2ax+ x2 + b

q(x) = − m2

2ax+ x2 + b
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Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫

x+a
2ax+x2+b

dx
)
dx

=
∫

e−
ln
(
2ax+x2+b

)
2 dx

=
∫ 1√

2ax+ x2 + b
dx

= ln
(
x+ a+

√
2ax+ x2 + b

)
(6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

=
− m2

2ax+x2+b
1

2ax+x2+b

= −m2 (7)

Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ)−m2y(τ) = 0
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The above ode is now solved for y(τ).This is second order with constant coefficients
homogeneous ODE. In standard form the ODE is

Ay′′(τ) +By′(τ) + Cy(τ) = 0

Where in the above A = 1, B = 0, C = −m2. Let the solution be y(τ) = eλτ . Substitut-
ing this into the ODE gives

λ2eλτ −m2eλτ = 0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by eλτ gives

λ2 −m2 = 0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = 1, B = 0, C = −m2 into the above gives

λ1,2 =
0

(2) (1) ±
1

(2) (1)
√
02 − (4) (1) (−m2)

= ±
√
m2

Hence
λ1 = +

√
m2

λ2 = −
√
m2

Which simplifies to

λ1 =
√
m2

λ2 = −
√
m2

Since roots are real and distinct, then the solution is

y(τ) = c1e
λ1τ + c2e

λ2τ

y(τ) = c1e

(√
m2
)
τ + c2e

(
−
√
m2
)
τ

Or
y(τ) = c1e

√
m2 τ + c2e−

√
m2 τ
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The above solution is now transformed back to y using (6) which results in

y = c1
(
x+ a+

√
2ax+ x2 + b

)m
+ c2

(
x+ a+

√
2ax+ x2 + b

)−m

Summary
The solution(s) found are the following

(1)y = c1
(
x+ a+

√
2ax+ x2 + b

)m
+ c2

(
x+ a+

√
2ax+ x2 + b

)−m

Verification of solutions

y = c1
(
x+ a+

√
2ax+ x2 + b

)m
+ c2

(
x+ a+

√
2ax+ x2 + b

)−m

Verified OK.

30.26.2 Solving as second order change of variable on x method 1 ode

In normal form the ode(
2ax+ x2 + b

)
y′′ + (x+ a) y′ − ym2 = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = x+ a

2ax+ x2 + b

q(x) = − m2

2ax+ x2 + b

Applying change of variables τ = g(x) to (2) results

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)
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Let q1 = c2 where c is some constant. Therefore from (5)

τ ′ = 1
c

√
q

=

√
− m2

2ax+x2+b

c
(6)

τ ′′ = m2(2a+ 2x)

2c
√
− m2

2ax+x2+b
(2ax+ x2 + b)2

Substituting the above into (4) results in

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2

=

m2(2a+2x)

2c
√

− m2
2ax+x2+b

(2ax+x2+b)2
+ x+a

2ax+x2+b

√
− m2

2ax+x2+b

c√
− m2

2ax+x2+b

c

2

= 0

Therefore ode (3) now becomes

y(τ)′′ + p1y(τ)′ + q1y(τ) = 0
d2

dτ 2
y(τ) + c2y(τ) = 0 (7)

The above ode is now solved for y(τ). Since the ode is now constant coefficients, it can
be easily solved to give

y(τ) = c1 cos (cτ) + c2 sin (cτ)

Now from (6)

τ =
∫ 1

c

√
q dx

=

∫ √
− m2

2ax+x2+b
dx

c

=

√
− m2

2ax+x2+b

√
2ax+ x2 + b ln

(
x+ a+

√
2ax+ x2 + b

)
c
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Substituting the above into the solution obtained gives

y = c1 cosh
(
m ln

(
x+ a+

√
2ax+ x2 + b

))
+ ic2 sinh

(
m ln

(
x+ a+

√
2ax+ x2 + b

))
Summary
The solution(s) found are the following

(1)
y = c1 cosh

(
m ln

(
x+ a+

√
2ax+ x2 + b

))
+ ic2 sinh

(
m ln

(
x+ a+

√
2ax+ x2 + b

))
Verification of solutions

y = c1 cosh
(
m ln

(
x+ a+

√
2ax+ x2 + b

))
+ ic2 sinh

(
m ln

(
x+ a+

√
2ax+ x2 + b

))
Verified OK.

30.26.3 Solving using Kovacic algorithm

Writing the ode as (
2ax+ x2 + b

)
y′′ + (x+ a) y′ − ym2 = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 2ax+ x2 + b

B = x+ a (3)
C = −m2

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2
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Substituting the values of A,B,C from (3) in the above and simplifying gives

r = 8m2ax+ 4m2x2 + 4bm2 − 3a2 − 2ax− x2 + 2b
4 (2ax+ x2 + b)2

(6)

Comparing the above to (5) shows that

s = 8m2ax+ 4m2x2 + 4bm2 − 3a2 − 2ax− x2 + 2b

t = 4
(
2ax+ x2 + b

)2
Therefore eq. (4) becomes

z′′(x) =
(
8m2ax+ 4m2x2 + 4bm2 − 3a2 − 2ax− x2 + 2b

4 (2ax+ x2 + b)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 166: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 2
= 2
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The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4(2ax+ x2 + b)2. There is a pole at x = −a+

√
a2 − b of order 2. There is

a pole at x = −a−
√
a2 − b of order 2. Since there is no odd order pole larger than 2

and the order at ∞ is 2 then the necessary conditions for case one are met. Since there
is a pole of order 2 then necessary conditions for case two are met. Since pole order is
not larger than 2 and the order at ∞ is 2 then the necessary conditions for case three
are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Unable to find solution using case one

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is

r

=
4
(
−a+

√
a2 − b

)2
m2 + 8

(
−a+

√
a2 − b

)
am2 + 4bm2 −

(
−a+

√
a2 − b

)2 − 2
(
−a+

√
a2 − b

)
a− 3a2 + 2b

16 (a2 − b)
(
x+ a−

√
a2 − b

)2
+
4
(
−a−

√
a2 − b

)2
m2 + 8

(
−a−

√
a2 − b

)
am2 + 4bm2 −

(
−a−

√
a2 − b

)2 − 2
(
−a−

√
a2 − b

)
a− 3a2 + 2b

16 (a2 − b)
(
x+ a+

√
a2 − b

)2
+
4
(
−a+

√
a2 − b

)2
m2 + 8

(
−a+

√
a2 − b

)
am2 + 8a2m2 − 4bm2 −

(
−a+

√
a2 − b

)2 − 2
(
−a+

√
a2 − b

)
a+ a2 − 2b

16 (a2 − b)
3
2
(
x+ a−

√
a2 − b

)
−
4
(
−a−

√
a2 − b

)2
m2 + 8

(
−a−

√
a2 − b

)
am2 + 8a2m2 − 4bm2 −

(
−a−

√
a2 − b

)2 − 2
(
−a−

√
a2 − b

)
a+ a2 − 2b

16 (a2 − b)
3
2
(
x+ a+

√
a2 − b

)
For the pole at x = −a+

√
a2 − b let b be the coefficient of 1(

x+a−
√
a2−b

)2 in the partial

fractions decomposition of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}

For the pole at x = −a−
√
a2 − b let b be the coefficient of 1(

x+a+
√
a2−b

)2 in the partial

fractions decomposition of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}
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Since the order of r at ∞ is 2 then let b be the coefficient of 1
x2 in the Laurent series

expansion of r at ∞. which can be found by dividing the leading coefficient of s by the
leading coefficient of t from

r = s

t
= 8m2ax+ 4m2x2 + 4bm2 − 3a2 − 2ax− x2 + 2b

4 (2ax+ x2 + b)2

Since the gcd(s, t) = 1. This gives b = − 3
16 . Hence

E∞ = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}

The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.

pole c location pole order Ec

−a+
√
a2 − b 2 {1, 2, 3}

−a−
√
a2 − b 2 {1, 2, 3}

Order of r at ∞ E∞

2 {1, 2, 3}

Using the family {e1, e2, . . . , e∞} given by

e1 = 1, e2 = 1, e∞ = 2

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(2− (1 + (1)))

= 0

We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

(
1(

x−
(
−a+

√
a2 − b

)) + 1(
x−

(
−a−

√
a2 − b

)))
= 1

2x+ 2a− 2
√
a2 − b

+ 1
2x+ 2a+ 2

√
a2 − b
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Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)

Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1

Now that p(x) is found let

φ = θ + p′

p

= 1
2x+ 2a− 2

√
a2 − b

+ 1
2x+ 2a+ 2

√
a2 − b

Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 −
(

1
2x+ 2a− 2

√
a2 − b

+ 1
2x+ 2a+ 2

√
a2 − b

)
w

+ (−4m2 + 1)x2 + (−8m2 + 2) ax− 4bm2 + a2

4
(
x+ a−

√
a2 − b

)2 (
x+ a+

√
a2 − b

)2 = 0

Solving for ω gives

ω = 2m
√
2ax+ x2 + b+ a+ x

4ax+ 2x2 + 2b

Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫ 2m

√
2ax+x2+b+a+x
4ax+2x2+2b dx

=
(
2ax+ x2 + b

) 1
4
(
x+ a+

√
2ax+ x2 + b

)m
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The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
x+a

2ax+x2+b
dx

= z1e
−

ln
(
2ax+x2+b

)
4

= z1

(
1

(2ax+ x2 + b)
1
4

)

Which simplifies to

y1 =
(
x+ a+

√
2ax+ x2 + b

)m
The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
− x+a

2ax+x2+b
dx

(y1)2
dx

= y1

∫
e−

ln
(
2ax+x2+b

)
2

(y1)2
dx

= y1

(
−
(
x+ a+

√
2ax+ x2 + b

)−2m

2m

)

Therefore the solution is

y = c1y1 + c2y2

= c1
((

x+ a+
√
2ax+ x2 + b

)m)
+ c2

((
x+ a+

√
2ax+ x2 + b

)m(
−
(
x+ a+

√
2ax+ x2 + b

)−2m

2m

))

3117



Summary
The solution(s) found are the following

(1)y = c1
(
x+ a+

√
2ax+ x2 + b

)m
−

c2
(
x+ a+

√
2ax+ x2 + b

)−m

2m
Verification of solutions

y = c1
(
x+ a+

√
2ax+ x2 + b

)m
−

c2
(
x+ a+

√
2ax+ x2 + b

)−m

2m

Verified OK.

30.26.4 Maple step by step solution

Let’s solve
(2ax+ x2 + b) y′′ + (x+ a) y′ − ym2 = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = m2y
2ax+x2+b

− (x+a)y′
2ax+x2+b

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (x+a)y′
2ax+x2+b

− m2y
2ax+x2+b

= 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = x+a
2ax+x2+b

, P3(x) = − m2

2ax+x2+b

]
◦
(
x+ a+

√
a2 − b

)
· P2(x) is analytic at x = −a−

√
a2 − b((

x+ a+
√
a2 − b

)
· P2(x)

) ∣∣∣∣
x=−a−

√
a2−b

= 0

◦
(
x+ a+

√
a2 − b

)2 · P3(x) is analytic at x = −a−
√
a2 − b((

x+ a+
√
a2 − b

)2 · P3(x)
) ∣∣∣∣

x=−a−
√
a2−b

= 0

◦ x = −a−
√
a2 − bis a regular singular point

Check to see if x0 is a regular singular point
x0 = −a−

√
a2 − b
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• Multiply by denominators
(2ax+ x2 + b) y′′ + (x+ a) y′ − ym2 = 0

• Change variables using x = u− a−
√
a2 − b so that the regular singular point is at u = 0(

u2 − 2u
√
a2 − b

) (
d2

du2y(u)
)
+
(
u−

√
a2 − b

) (
d
du
y(u)

)
−m2y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions

−
√
a2 − b a0r(−1 + 2r)u−1+r +

(
∞∑
k=0

(
−
√
a2 − b ak+1(k + 1 + r) (2k + 1 + 2r) + ak(k +m+ r) (k −m+ r)

)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−
√
a2 − b r(−1 + 2r) = 0

• Values of r that satisfy the indicial equation
r ∈

{
0, 12
}

• Each term in the series must be 0, giving the recursion relation
−2ak+1

(
k + r + 1

2

)
(k + 1 + r)

√
a2 − b+ ak(k +m+ r) (k −m+ r) = 0

• Recursion relation that defines series solution to ODE

ak+1 = ak
(
k2+2kr−m2+r2

)
√
a2−b (2k2+4kr+2r2+3k+3r+1)
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• Recursion relation for r = 0

ak+1 = ak
(
k2−m2)

√
a2−b (2k2+3k+1)

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = ak

(
k2−m2)

√
a2−b (2k2+3k+1)

]
• Revert the change of variables u = x+ a+

√
a2 − b[

y =
∞∑
k=0

ak
(
x+ a+

√
a2 − b

)k
, ak+1 = ak

(
k2−m2)

√
a2−b (2k2+3k+1)

]
• Recursion relation for r = 1

2

ak+1 =
ak
(
k2−m2+k+ 1

4
)

√
a2−b (2k2+5k+3)

• Solution for r = 1
2[

y(u) =
∞∑
k=0

aku
k+ 1

2 , ak+1 =
ak
(
k2−m2+k+ 1

4
)

√
a2−b (2k2+5k+3)

]
• Revert the change of variables u = x+ a+

√
a2 − b[

y =
∞∑
k=0

ak
(
x+ a+

√
a2 − b

)k+ 1
2 , ak+1 =

ak
(
k2−m2+k+ 1

4
)

√
a2−b (2k2+5k+3)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ck
(
x+ a+

√
a2 − b

)k)+
(

∞∑
k=0

dk
(
x+ a+

√
a2 − b

)k+ 1
2

)
, c1+k = ck

(
k2−m2)

√
a2−b (2k2+3k+1) , d1+k =

dk
(
k2−m2+k+ 1

4
)

√
a2−b (2k2+5k+3)

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 43� �
dsolve((x^2+2*a*x+b)*diff(y(x),x$2)+(x+a)*diff(y(x),x)-m^2*y(x)=0,y(x), singsol=all)� �

y(x) = c1
(
a+ x+

√
2ax+ x2 + b

)−m

+ c2
(
a+ x+

√
2ax+ x2 + b

)m
3 Solution by Mathematica
Time used: 0.301 (sec). Leaf size: 63� �
DSolve[(x^2+2*a*x+b)*y''[x]+(x+a)*y'[x]-m^2*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cosh
(
m log

(√
2ax+ b+ x2 − a− x

))
− ic2 sinh

(
m log

(√
2ax+ b+ x2 − a− x

))
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30.27 problem 175
30.27.1 Solving as second order integrable as is ode . . . . . . . . . . . 3122
30.27.2 Solving as type second_order_integrable_as_is (not using ABC

version) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3125
30.27.3 Solving as exact linear second order ode ode . . . . . . . . . . . 3127
30.27.4 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3130

Internal problem ID [10999]
Internal file name [OUTPUT/10255_Sunday_December_31_2023_11_24_17_AM_39314145/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 175.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "exact linear second order ode",
"second_order_integrable_as_is"

Maple gives the following as the ode type
[[_2nd_order , _exact , _linear , _homogeneous ]]

(
a x2 + bx+ c

)
y′′ + (dx+ k) y′ + (−2a+ d) y = 0

30.27.1 Solving as second order integrable as is ode

Integrating both sides of the ODE w.r.t x gives∫ ((
a x2 + bx+ c

)
y′′ + (dx+ k) y′ + (−2a+ d) y

)
dx = 0

(−2ax+ dx− b+ k) y +
(
a x2 + bx+ c

)
y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = −(2a− d)x+ b− k

a x2 + bx+ c

q(x) = c1
a x2 + bx+ c

Hence the ode is

y′ − ((2a− d)x+ b− k) y
a x2 + bx+ c

= c1
a x2 + bx+ c

The integrating factor µ is

µ = e
∫
− (2a−d)x+b−k

a x2+bx+c
dx

= e−
(2a−d) ln

(
a x2+bx+c

)
2a −

2
(
b−k− (2a−d)b

2a

)
arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2

Which simplifies to

µ =
(
a x2 + bx+ c

)−2a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2

The ode becomes

d
dx(µy) = (µ)

(
c1

a x2 + bx+ c

)
d
dx

(a x2 + bx+ c
)−2a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2 y

 =

(a x2 + bx+ c
)−2a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2

( c1
a x2 + bx+ c

)

d

(a x2 + bx+ c
)−2a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2 y

 =

c1
(
a x2 + bx+ c

)−4a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2

 dx

Integrating gives

(
a x2 + bx+ c

)−2a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2 y =
∫

c1
(
a x2 + bx+ c

)−4a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2 dx

(
a x2 + bx+ c

)−2a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2 y =
∫

c1
(
a x2 + bx+ c

)−4a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2 dx+ c2
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Dividing both sides by the integrating factor µ = (a x2 + bx+ c)
−2a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2

results in

y =
(
a x2 + bx+ c

) 2a−d
2a e−

2 arctan
(

2ax+b√
4ac−b2

)(
ak− bd

2
)

√
4ac−b2 a

∫ c1
(
a x2 + bx+ c

)−4a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2 dx

+ c2
(
a x2 + bx+ c

) 2a−d
2a e−

2 arctan
(

2ax+b√
4ac−b2

)(
ak− bd

2
)

√
4ac−b2 a

which simplifies to

y =
(
a x2 + bx+ c

) 2a−d
2a e−

2 arctan
(

2ax+b√
4ac−b2

)(
ak− bd

2
)

√
4ac−b2 a

c1

∫ (a x2 + bx+ c
)−4a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2 dx

+ c2


Summary
The solution(s) found are the following

y =
(
a x2 + bx

+c
) 2a−d

2a e−
2 arctan

(
2ax+b√
4ac−b2

)(
ak− bd

2
)

√
4ac−b2 a

c1

∫ (a x2+bx+c
)−4a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2 dx


+ c2


(1)

Verification of solutions

y =
(
a x2 + bx

+c
) 2a−d

2a e−
2 arctan

(
2ax+b√
4ac−b2

)(
ak− bd

2
)

√
4ac−b2 a

c1

∫ (a x2+bx+c
)−4a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2 dx


+ c2


Verified OK.
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30.27.2 Solving as type second_order_integrable_as_is (not using ABC
version)

Writing the ode as(
a x2 + bx+ c

)
y′′ + (dx+ k) y′ + (−2a+ d) y = 0

Integrating both sides of the ODE w.r.t x gives∫ ((
a x2 + bx+ c

)
y′′ + (dx+ k) y′ + (−2a+ d) y

)
dx = 0

(−2ax+ dx− b+ k) y +
(
a x2 + bx+ c

)
y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = −(2a− d)x+ b− k

a x2 + bx+ c

q(x) = c1
a x2 + bx+ c

Hence the ode is

y′ − ((2a− d)x+ b− k) y
a x2 + bx+ c

= c1
a x2 + bx+ c

The integrating factor µ is

µ = e
∫
− (2a−d)x+b−k

a x2+bx+c
dx

= e−
(2a−d) ln

(
a x2+bx+c

)
2a −

2
(
b−k− (2a−d)b

2a

)
arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2

Which simplifies to

µ =
(
a x2 + bx+ c

)−2a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2
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The ode becomes

d
dx(µy) = (µ)

(
c1

a x2 + bx+ c

)
d
dx

(a x2 + bx+ c
)−2a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2 y

 =

(a x2 + bx+ c
)−2a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2

( c1
a x2 + bx+ c

)

d

(a x2 + bx+ c
)−2a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2 y

 =

c1
(
a x2 + bx+ c

)−4a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2

 dx

Integrating gives

(
a x2 + bx+ c

)−2a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2 y =
∫

c1
(
a x2 + bx+ c

)−4a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2 dx

(
a x2 + bx+ c

)−2a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2 y =
∫

c1
(
a x2 + bx+ c

)−4a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2 dx+ c2

Dividing both sides by the integrating factor µ = (a x2 + bx+ c)
−2a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2

results in

y =
(
a x2 + bx+ c

) 2a−d
2a e−

2 arctan
(

2ax+b√
4ac−b2

)(
ak− bd

2
)

√
4ac−b2 a

∫ c1
(
a x2 + bx+ c

)−4a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2 dx

+ c2
(
a x2 + bx+ c

) 2a−d
2a e−

2 arctan
(

2ax+b√
4ac−b2

)(
ak− bd

2
)

√
4ac−b2 a

which simplifies to

y =
(
a x2 + bx+ c

) 2a−d
2a e−

2 arctan
(

2ax+b√
4ac−b2

)(
ak− bd

2
)

√
4ac−b2 a

c1

∫ (a x2 + bx+ c
)−4a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2 dx

+ c2


Summary
The solution(s) found are the following

y =
(
a x2 + bx

+c
) 2a−d

2a e−
2 arctan

(
2ax+b√
4ac−b2

)(
ak− bd

2
)

√
4ac−b2 a

c1

∫ (a x2+bx+c
)−4a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2 dx


+ c2


(1)
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Verification of solutions

y =
(
a x2 + bx

+c
) 2a−d

2a e−
2 arctan

(
2ax+b√
4ac−b2

)(
ak− bd

2
)

√
4ac−b2 a

c1

∫ (a x2+bx+c
)−4a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2 dx


+ c2


Verified OK.

30.27.3 Solving as exact linear second order ode ode

An ode of the form

p(x) y′′ + q(x) y′ + r(x) y = s(x)

is exact if

p′′(x)− q′(x) + r(x) = 0 (1)

For the given ode we have

p(x) = a x2 + bx+ c

q(x) = dx+ k

r(x) = −2a+ d

s(x) = 0

Hence

p′′(x) = 2a
q′(x) = d

Therefore (1) becomes

2a− (d) + (−2a+ d) = 0

Hence the ode is exact. Since we now know the ode is exact, it can be written as

(p(x) y′ + (q(x)− p′(x)) y)′ = s(x)

Integrating gives

p(x) y′ + (q(x)− p′(x)) y =
∫

s(x) dx
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Substituting the above values for p, q, r, s gives

(−2ax+ dx− b+ k) y +
(
a x2 + bx+ c

)
y′ = c1

We now have a first order ode to solve which is

(−2ax+ dx− b+ k) y +
(
a x2 + bx+ c

)
y′ = c1

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = −(2a− d)x+ b− k

a x2 + bx+ c

q(x) = c1
a x2 + bx+ c

Hence the ode is

y′ − ((2a− d)x+ b− k) y
a x2 + bx+ c

= c1
a x2 + bx+ c

The integrating factor µ is

µ = e
∫
− (2a−d)x+b−k

a x2+bx+c
dx

= e−
(2a−d) ln

(
a x2+bx+c

)
2a −

2
(
b−k− (2a−d)b

2a

)
arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2

Which simplifies to

µ =
(
a x2 + bx+ c

)−2a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2

The ode becomes

d
dx(µy) = (µ)

(
c1

a x2 + bx+ c

)
d
dx

(a x2 + bx+ c
)−2a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2 y

 =

(a x2 + bx+ c
)−2a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2

( c1
a x2 + bx+ c

)

d

(a x2 + bx+ c
)−2a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2 y

 =

c1
(
a x2 + bx+ c

)−4a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2

 dx
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Integrating gives

(
a x2 + bx+ c

)−2a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2 y =
∫

c1
(
a x2 + bx+ c

)−4a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2 dx

(
a x2 + bx+ c

)−2a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2 y =
∫

c1
(
a x2 + bx+ c

)−4a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2 dx+ c2

Dividing both sides by the integrating factor µ = (a x2 + bx+ c)
−2a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2

results in

y =
(
a x2 + bx+ c

) 2a−d
2a e−

2 arctan
(

2ax+b√
4ac−b2

)(
ak− bd

2
)

√
4ac−b2 a

∫ c1
(
a x2 + bx+ c

)−4a+d
2a e

(2ak−bd) arctan
(

2ax+b√
4ac−b2

)
a
√

4ac−b2 dx

+ c2
(
a x2 + bx+ c

) 2a−d
2a e−

2 arctan
(

2ax+b√
4ac−b2

)(
ak− bd

2
)

√
4ac−b2 a

which simplifies to

y =
(
a x2 + bx+ c

) 2a−d
2a e−

2 arctan
(

2ax+b√
4ac−b2

)(
ak− bd

2
)

√
4ac−b2 a

c1

∫ (a x2 + bx+ c
)−4a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2 dx

+ c2


Summary
The solution(s) found are the following

y =
(
a x2 + bx

+c
) 2a−d

2a e−
2 arctan

(
2ax+b√
4ac−b2

)(
ak− bd

2
)

√
4ac−b2 a

c1

∫ (a x2+bx+c
)−4a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2 dx


+ c2


(1)

Verification of solutions

y =
(
a x2 + bx

+c
) 2a−d

2a e−
2 arctan

(
2ax+b√
4ac−b2

)(
ak− bd

2
)

√
4ac−b2 a

c1

∫ (a x2+bx+c
)−4a+d

2a e
(2ak−bd) arctan

(
2ax+b√
4ac−b2

)
a
√

4ac−b2 dx


+ c2


Verified OK.

3129



30.27.4 Maple step by step solution

Let’s solve
(a x2 + bx+ c) y′′ + (dx+ k) y′ + (−2a+ d) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = (2a−d)y
a x2+bx+c

− (dx+k)y′
a x2+bx+c

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (dx+k)y′
a x2+bx+c

− (2a−d)y
a x2+bx+c

= 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = dx+k
a x2+bx+c

, P3(x) = − 2a−d
a x2+bx+c

]
◦
(
x− −b+

√
−4ac+b2

2a

)
· P2(x) is analytic at x = −b+

√
−4ac+b2

2a((
x− −b+

√
−4ac+b2

2a

)
· P2(x)

) ∣∣∣∣
x=−b+

√
−4ac+b2
2a

= 0

◦
(
x− −b+

√
−4ac+b2

2a

)2
· P3(x) is analytic at x = −b+

√
−4ac+b2

2a((
x− −b+

√
−4ac+b2

2a

)2
· P3(x)

) ∣∣∣∣
x=−b+

√
−4ac+b2
2a

= 0

◦ x = −b+
√
−4ac+b2

2a is a regular singular point

Check to see if x0 is a regular singular point

x0 = −b+
√
−4ac+b2

2a

• Multiply by denominators
(a x2 + bx+ c) y′′ + (dx+ k) y′ + (−2a+ d) y = 0

• Change variables using x = u+ −b+
√
−4ac+b2

2a so that the regular singular point is at u = 0(
a u2 + u

√
−4ac+ b2

) (
d2

du2y(u)
)
+
(
du− db

2a +
d
√
−4ac+b2

2a + k
) (

d
du
y(u)

)
+ (−2a+ d) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

3130



� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
a0r
(
2
√
−4ac+b2 ar−2

√
−4ac+b2 a+

√
−4ac+b2 d+2ak−bd

)
u−1+r

2a +
(

∞∑
k=0

(
ak+1(k+r+1)

(
2
√
−4ac+b2 a(k+1)+2

√
−4ac+b2 ar−2

√
−4ac+b2 a+

√
−4ac+b2 d+2ak−bd

)
2a + ak(k + r + 1) (ak + ar − 2a+ d)

)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r
(
2
√
−4ac+b2 ar−2

√
−4ac+b2 a+

√
−4ac+b2 d+2ak−bd

)
2a = 0

• Values of r that satisfy the indicial equation

r ∈
{
0, 2

√
−4ac+b2 a−

√
−4ac+b2 d−2ak+bd

2
√
−4ac+b2 a

}
• Each term in the series must be 0, giving the recursion relation(

ak+1
(
(k+r)a+ d

2

)√
−4ac+b2+ak(k+r−2)a2+(akd+kak+1)a−

bdak+1
2

)
(k+r+1)

a
= 0

• Recursion relation that defines series solution to ODE
ak+1 = − 2aak(ak+ar−2a+d)

2
√
−4ac+b2 ak+2

√
−4ac+b2 ar+

√
−4ac+b2 d+2ak−bd

• Recursion relation for r = 0
ak+1 = − 2aak(ak−2a+d)

2
√
−4ac+b2 ak+

√
−4ac+b2 d+2ak−bd

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = − 2aak(ak−2a+d)

2
√
−4ac+b2 ak+

√
−4ac+b2 d+2ak−bd

]
• Revert the change of variables u = x− −b+

√
−4ac+b2

2a
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[
y =

∞∑
k=0

ak
(
x− −b+

√
−4ac+b2

2a

)k
, ak+1 = − 2aak(ak−2a+d)

2
√
−4ac+b2 ak+

√
−4ac+b2 d+2ak−bd

]
• Recursion relation for r = 2

√
−4ac+b2 a−

√
−4ac+b2 d−2ak+bd

2
√
−4ac+b2 a

ak+1 = −
2aak

(
ak+ 2

√
−4ac+b2 a−

√
−4ac+b2 d−2ak+bd

2
√

−4ac+b2
−2a+d

)
2
√
−4ac+b2 ak+2

√
−4ac+b2 a

• Solution for r = 2
√
−4ac+b2 a−

√
−4ac+b2 d−2ak+bd

2
√
−4ac+b2 a[

y(u) =
∞∑
k=0

aku
k+ 2

√
−4ac+b2 a−

√
−4ac+b2 d−2ak+bd

2
√

−4ac+b2 a , ak+1 = −
2aak

(
ak+ 2

√
−4ac+b2 a−

√
−4ac+b2 d−2ak+bd

2
√

−4ac+b2
−2a+d

)
2
√
−4ac+b2 ak+2

√
−4ac+b2 a

]
• Revert the change of variables u = x− −b+

√
−4ac+b2

2a[
y =

∞∑
k=0

ak
(
x− −b+

√
−4ac+b2

2a

)k+ 2
√

−4ac+b2 a−
√

−4ac+b2 d−2ak+bd

2
√

−4ac+b2 a , ak+1 = −
2aak

(
ak+ 2

√
−4ac+b2 a−

√
−4ac+b2 d−2ak+bd

2
√

−4ac+b2
−2a+d

)
2
√
−4ac+b2 ak+2

√
−4ac+b2 a

]
• Combine solutions and rename parameters[

y =
(

∞∑
m=0

em
(
x− −b+

√
−4ac+b2

2a

)m)
+
(

∞∑
m=0

fm
(
x− −b+

√
−4ac+b2

2a

)m+ 2
√

−4ac+b2 a−
√

−4ac+b2 d−2ak+bd

2
√

−4ac+b2 a

)
, em+1 = − 2aem(am−2a+d)

2
√
−4ac+b2 am+

√
−4ac+b2 d+2ak−bd

, fm+1 = −
2afm

(
am+ 2

√
−4ac+b2 a−

√
−4ac+b2 d−2ak+bd

2
√

−4ac+b2
−2a+d

)
2
√
−4ac+b2 am+2

√
−4ac+b2 a

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]

One independent solution has integrals. Trying a hypergeometric solution free of integrals...
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 2F1 ODE
-> Trying to convert hypergeometric functions to elementary form...
<- elementary form is not straightforward to achieve - returning hypergeometric solution free of uncomputed integrals

<- linear_1 successful`� �

3132



3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 1412� �
dsolve((a*x^2+b*x+c)*diff(y(x),x$2)+(d*x+k)*diff(y(x),x)+(d-2*a)*y(x)=0,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 15.225 (sec). Leaf size: 164� �
DSolve[(a*x^2+b*x+c)*y''[x]+(d*x+k)*y'[x]+(d-2*a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → (x(ax+ b)

+c)1− d
2a exp

(bd− 2ak) arctan
(

2ax+b√
4ac−b2

)
a
√
4ac− b2


c2

∫ x

1
exp

(d− 4a) log(c+K[1](b+ aK[1]))−
2(bd−2ak) arctan

(
b+2aK[1]√

4ac−b2

)
√
4ac−b2

2a

 dK[1]

+ c1
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30.28 problem 176
30.28.1 Solving as second order ode non constant coeff transformation

on B ode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3134
30.28.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3137

Internal problem ID [11000]
Internal file name [OUTPUT/10256_Sunday_December_31_2023_11_33_06_AM_29844681/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 176.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_ode_non_con-
stant_coeff_transformation_on_B"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

(
a x2 + bx+ c

)
y′′ + (kx+ d) y′ − yk = 0

30.28.1 Solving as second order ode non constant coeff transformation on
B ode

Given an ode of the form

Ay′′ +By′ + Cy = F (x)

This method reduces the order ode the ODE by one by applying the transformation

y = Bv

This results in

y′ = B′v + v′B

y′′ = B′′v +B′v′ + v′′B + v′B′

= v′′B + 2v′ +B′ +B′′v
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And now the original ode becomes

A(v′′B + 2v′B′ +B′′v) +B(B′v + v′B) + CBv = 0
ABv′′ +

(
2AB′ +B2) v′ + (AB′′ +BB′ + CB) v = 0 (1)

If the term AB′′ +BB′ +CB is zero, then this method works and can be used to solve

ABv′′ +
(
2AB′ +B2) v′ = 0

By Using u = v′ which reduces the order of the above ode to one. The new ode is

ABu′ +
(
2AB′ +B2)u = 0

The above ode is first order ode which is solved for u. Now a new ode v′ = u is solved
for v as first order ode. Then the final solution is obtain from y = Bv.

This method works only if the term AB′′ +BB′ + CB is zero. The given ODE shows
that

A = a x2 + bx+ c

B = kx+ d

C = −k

F = 0

The above shows that for this ode

AB′′ +BB′ + CB =
(
a x2 + bx+ c

)
(0) + (kx+ d) (k) + (−k) (kx+ d)

= 0

Hence the ode in v given in (1) now simplifies to(
a x2 + bx+ c

)
(kx+ d) v′′ +

(
2k
(
a x2 + bx+ c

)
+ (kx+ d)2

)
v′ = 0

Now by applying v′ = u the above becomes(
a x2 + bx+ c

)
(kx+ d)u′(x) + 2

(
k

(
a+ k

2

)
x2 + k(b+ d)x+ ck + d2

2

)
u(x) = 0

Which is now solved for u. In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= −u(2ak x2 + k2x2 + 2kxb+ 2dkx+ 2ck + d2)
(a x2 + bx+ c) (kx+ d)
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Where f(x) = −2ak x2+k2x2+2kxb+2dkx+2ck+d2

(a x2+bx+c)(kx+d) and g(u) = u. Integrating both sides gives

1
u
du = −2ak x2 + k2x2 + 2kxb+ 2dkx+ 2ck + d2

(a x2 + bx+ c) (kx+ d) dx∫ 1
u
du =

∫
−2ak x2 + k2x2 + 2kxb+ 2dkx+ 2ck + d2

(a x2 + bx+ c) (kx+ d) dx

ln (u) = −k ln (a x2 + bx+ c)
2a −

2
(
d− kb

2a

)
arctan

(
2ax+b√
4ac−b2

)
√
4ac− b2

− 2 ln (kx+ d) + c1

u = e−
k ln

(
a x2+bx+c

)
2a −

2
(
d− kb

2a
)
arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2
−2 ln(kx+d)+c1

= c1e
−

k ln
(
a x2+bx+c

)
2a −

2
(
d− kb

2a
)
arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2
−2 ln(kx+d)

The ode for v now becomes

v′ = u

= c1e
−

k ln
(
a x2+bx+c

)
2a −

2
(
d− kb

2a
)
arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2
−2 ln(kx+d)

Which is now solved for v. Integrating both sides gives

v(x) =
∫

c1e
−

k ln
(
a x2+bx+c

)
2a −

2
(
d− kb

2a
)
arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2
−2 ln(kx+d) dx

=
∫

c1e
−

k ln
(
a x2+bx+c

)
2a −

2
(
d− kb

2a
)
arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2
−2 ln(kx+d)

dx+ c2

Therefore the solution is

y(x) = Bv

= (kx+ d)

∫ c1e
−

k ln
(
a x2+bx+c

)
2a −

2
(
d− kb

2a
)
arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2
−2 ln(kx+d)

dx+ c2



= (kx+ d)

c1

∫ (a x2 + bx+ c)−
k
2a e−

2
(
ad− bk

2
)
arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2 a

(kx+ d)2
dx

+ c2


Summary
The solution(s) found are the following

(1)y = (kx+ d)

c1

∫ (a x2 + bx+ c)−
k
2a e−

2
(
ad− bk

2
)
arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2 a

(kx+ d)2
dx

+ c2
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Verification of solutions

y = (kx+ d)

c1

∫ (a x2 + bx+ c)−
k
2a e−

2
(
ad− bk

2
)
arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2 a

(kx+ d)2
dx

+ c2


Verified OK.

30.28.2 Maple step by step solution

Let’s solve
(a x2 + bx+ c) y′′ + (kx+ d) y′ − yk = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = ky
a x2+bx+c

− (kx+d)y′
a x2+bx+c

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (kx+d)y′
a x2+bx+c

− ky
a x2+bx+c

= 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = kx+d
a x2+bx+c

, P3(x) = − k
a x2+bx+c

]
◦
(
x− −b+

√
−4ac+b2

2a

)
· P2(x) is analytic at x = −b+

√
−4ac+b2

2a((
x− −b+

√
−4ac+b2

2a

)
· P2(x)

) ∣∣∣∣
x=−b+

√
−4ac+b2
2a

= 0

◦
(
x− −b+

√
−4ac+b2

2a

)2
· P3(x) is analytic at x = −b+

√
−4ac+b2

2a((
x− −b+

√
−4ac+b2

2a

)2
· P3(x)

) ∣∣∣∣
x=−b+

√
−4ac+b2
2a

= 0

◦ x = −b+
√
−4ac+b2

2a is a regular singular point

Check to see if x0 is a regular singular point

x0 = −b+
√
−4ac+b2

2a

• Multiply by denominators
(a x2 + bx+ c) y′′ + (kx+ d) y′ − yk = 0
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• Change variables using x = u+ −b+
√
−4ac+b2

2a so that the regular singular point is at u = 0(
a u2 + u

√
−4ac+ b2

) (
d2

du2y(u)
)
+
(
ku− kb

2a +
k
√
−4ac+b2

2a + d
) (

d
du
y(u)

)
− ky(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
a0r
(
2
√
−4ac+b2 ar−2

√
−4ac+b2 a+k

√
−4ac+b2+2ad−bk

)
ur−1

2a +
(

∞∑
k=0

(
ak+1(k+1+r)

(
2
√
−4ac+b2 a(k+1)+2

√
−4ac+b2 ar−2

√
−4ac+b2 a+k

√
−4ac+b2+2ad−bk

)
2a + ak(k + r − 1) (ak + ar + k)

)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r
(
2
√
−4ac+b2 ar−2

√
−4ac+b2 a+k

√
−4ac+b2+2ad−bk

)
2a = 0

• Values of r that satisfy the indicial equation

r ∈
{
0, 2

√
−4ac+b2 a−k

√
−4ac+b2−2ad+bk

2
√
−4ac+b2 a

}
• Each term in the series must be 0, giving the recursion relation

2ak+1
(
(k+r)a+ k

2

)
(k+1+r)

√
−4ac+b2+2ak(k+r)(k+r−1)a2+(2d(k+1+r)ak+1+2kak(k+r−1))a−ak+1bk(k+1+r)

2a = 0

• Recursion relation that defines series solution to ODE

ak+1 = − 2aak
(
a k2+2akr+a r2−ak−ar+kk+kr−k

)
2
√
−4ac+b2 a k2+4

√
−4ac+b2 akr+2

√
−4ac+b2 a r2+2

√
−4ac+b2 ak+2

√
−4ac+b2 ar+

√
−4ac+b2 kk+

√
−4ac+b2 kr+2adk+2adr−bkk−bkr+k

√
−4ac+b2+2ad−bk

• Recursion relation for r = 0 ; series terminates at k = 1
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ak+1 = − 2aak
(
a k2−ak+kk−k

)
2
√
−4ac+b2 a k2+2

√
−4ac+b2 ak+

√
−4ac+b2 kk+2adk−bkk+k

√
−4ac+b2+2ad−bk

• Apply recursion relation for k = 0
a1 = 2aa0k

k
√
−4ac+b2+2ad−bk

• Terminating series solution of the ODE for r = 0 . Use reduction of order to find the second linearly independent solution

y(u) = a0 ·
(
1 + 2aku

k
√
−4ac+b2+2ad−bk

)
• Revert the change of variables u = x− −b+

√
−4ac+b2

2a[
y = 2a0a(kx+d)

k
√
−4ac+b2+2ad−bk

]
• Recursion relation for r = 2

√
−4ac+b2 a−k

√
−4ac+b2−2ad+bk

2
√
−4ac+b2 a

ak+1 = −
2aak

(
a k2+

k
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

√
−4ac+b2

+
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)2

4a
(
−4ac+b2

) −ak− 2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk

2
√

−4ac+b2
+kk+

k
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

2
√

−4ac+b2 a
−k

)

2
√
−4ac+b2 a k2+2k

(
2
√
−4ac+b2 a−k

√
−4ac+b2−2ad+bk

)
+
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)2

2
√

−4ac+b2 a
+2

√
−4ac+b2 ak+2

√
−4ac+b2 a+

√
−4ac+b2 kk+

k
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

2a +2adk+
d
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

√
−4ac+b2

−bkk−
bk
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

2
√

−4ac+b2 a

• Solution for r = 2
√
−4ac+b2 a−k

√
−4ac+b2−2ad+bk

2
√
−4ac+b2 ay(u) = ∞∑

k=0
aku

k+ 2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk

2
√

−4ac+b2 a , ak+1 = −
2aak

(
a k2+

k
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

√
−4ac+b2

+
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)2

4a
(
−4ac+b2

) −ak− 2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk

2
√

−4ac+b2
+kk+

k
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

2
√

−4ac+b2 a
−k

)

2
√
−4ac+b2 a k2+2k

(
2
√
−4ac+b2 a−k

√
−4ac+b2−2ad+bk

)
+
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)2

2
√

−4ac+b2 a
+2

√
−4ac+b2 ak+2

√
−4ac+b2 a+

√
−4ac+b2 kk+

k
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

2a +2adk+
d
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

√
−4ac+b2

−bkk−
bk
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

2
√

−4ac+b2 a


• Revert the change of variables u = x− −b+

√
−4ac+b2

2ay =
∞∑
k=0

ak
(
x− −b+

√
−4ac+b2

2a

)k+ 2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk

2
√

−4ac+b2 a , ak+1 = −
2aak

(
a k2+

k
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

√
−4ac+b2

+
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)2

4a
(
−4ac+b2

) −ak− 2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk

2
√

−4ac+b2
+kk+

k
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

2
√

−4ac+b2 a
−k

)

2
√
−4ac+b2 a k2+2k

(
2
√
−4ac+b2 a−k

√
−4ac+b2−2ad+bk

)
+
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)2

2
√

−4ac+b2 a
+2

√
−4ac+b2 ak+2

√
−4ac+b2 a+

√
−4ac+b2 kk+

k
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

2a +2adk+
d
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

√
−4ac+b2

−bkk−
bk
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

2
√

−4ac+b2 a


• Combine solutions and rename parametersy = 2e0a(kx+d)

k
√
−4ac+b2+2ad−bk

+
(

∞∑
m=0

fm
(
x− −b+

√
−4ac+b2

2a

)m+ 2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk

2
√

−4ac+b2 a

)
, fm+1 = −

2afm

(
am2+

m
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

√
−4ac+b2

+
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)2

4a
(
−4ac+b2

) −am− 2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk

2
√

−4ac+b2
+km+

k
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

2
√

−4ac+b2 a
−k

)

2
√
−4ac+b2 am2+2m

(
2
√
−4ac+b2 a−k

√
−4ac+b2−2ad+bk

)
+
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)2

2
√

−4ac+b2 a
+2

√
−4ac+b2 am+2

√
−4ac+b2 a+

√
−4ac+b2 km+

k
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

2a +2adm+
d
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

√
−4ac+b2

−bkm−
bk
(
2
√

−4ac+b2 a−k
√

−4ac+b2−2ad+bk
)

2
√

−4ac+b2 a
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful

-> Trying to convert hypergeometric functions to elementary form...
<- elementary form for at least one hypergeometric solution is achieved - returning with no uncomputed integrals

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 315� �
dsolve((a*x^2+b*x+c)*diff(y(x),x$2)+(k*x+d)*diff(y(x),x)-k*y(x)=0,y(x), singsol=all)� �
y(x) = c1(kx+ d)

+c2

(
2
√

−4ac+ b2

a2
x a2 +

√
−4ac+ b2

a2
ba− 4ac+ b2

)a
(
a− k

2
)√−4ac+b2

a2
+ad− kb

2√
−4ac+b2

a2
a2

hypergeom

−k
√

−4ac+b2

a2
a− 2ad+ kb

2a2
√

−4ac+b2

a2

,
a
(
a+ k

2

)√−4ac+b2

a2
+ ad− kb

2√
−4ac+b2

a2
a2

 ,

4a2
√

−4ac+b2

a2
− k
√

−4ac+b2

a2
a+ 2ad− kb

2a2
√

−4ac+b2

a2

 ,
(−2a2x− ab)

√
−4ac+b2

a2
+ 4ac− b2

8ac− 2b2
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3 Solution by Mathematica
Time used: 4.256 (sec). Leaf size: 107� �
DSolve[(a*x^2+b*x+c)*y''[x]+(k*x+d)*y'[x]-k*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

(d+ kx)

c2
∫ x

1

exp

 (bk−2ad) arctan
(

b+2aK[1]√
4ac−b2

)
a
√

4ac−b2

(c+K[1](b+aK[1]))−
k
2a

(d+kK[1])2 dK[1] + c1


d
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30.29 problem 177
30.29.1 Solving as second order change of variable on x method 2 ode . 3142
30.29.2 Solving as second order change of variable on x method 1 ode . 3145
30.29.3 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3147
30.29.4 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3154

Internal problem ID [11001]
Internal file name [OUTPUT/10257_Sunday_December_31_2023_11_33_11_AM_17031722/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 177.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_change_of_vari-
able_on_x_method_1", "second_order_change_of_variable_on_x_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries], [_2nd_order , _linear , `

_with_symmetry_ [0,F(x)]`]]

(
a x2 + 2bx+ c

)
y′′ + (ax+ b) y′ + yd = 0

30.29.1 Solving as second order change of variable on x method 2 ode

In normal form the ode(
a x2 + 2bx+ c

)
y′′ + (ax+ b) y′ + yd = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = ax+ b

a x2 + 2bx+ c

q(x) = d

a x2 + 2bx+ c
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Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫

ax+b
a x2+2bx+c

dx
)
dx

=
∫

e−
ln
(
a x2+2bx+c

)
2 dx

=
∫ 1√

a x2 + 2bx+ c
dx

=
ln
(

ax+b√
a

+
√
a x2 + 2bx+ c

)
√
a

(6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

=
d

a x2+2bx+c
1

a x2+2bx+c

= d (7)

Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) + dy(τ) = 0
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The above ode is now solved for y(τ).This is second order with constant coefficients
homogeneous ODE. In standard form the ODE is

Ay′′(τ) +By′(τ) + Cy(τ) = 0

Where in the above A = 1, B = 0, C = d. Let the solution be y(τ) = eλτ . Substituting
this into the ODE gives

λ2eλτ + d eλτ = 0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by eλτ gives

λ2 + d = 0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = 1, B = 0, C = d into the above gives

λ1,2 =
0

(2) (1) ±
1

(2) (1)
√
02 − (4) (1) (d)

= ±
√
−d

Hence
λ1 = +

√
−d

λ2 = −
√
−d

Which simplifies to
λ1 =

√
−d

λ2 = −
√
−d

Since roots are real and distinct, then the solution is

y(τ) = c1e
λ1τ + c2e

λ2τ

y(τ) = c1e
(√

−d
)
τ + c2e

(
−
√
−d
)
τ

Or
y(τ) = c1e

√
−d τ + c2e−

√
−d τ
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The above solution is now transformed back to y using (6) which results in

y = c1

(
ax+ b√

a
+
√
a x2 + 2bx+ c

)√
−d√
a

+ c2

(
ax+ b√

a
+
√
a x2 + 2bx+ c

)−
√
−d√
a

Summary
The solution(s) found are the following

(1)y = c1

(
ax+ b√

a
+
√
a x2 + 2bx+ c

)√
−d√
a

+ c2

(
ax+ b√

a
+
√
a x2 + 2bx+ c

)−
√
−d√
a

Verification of solutions

y = c1

(
ax+ b√

a
+
√
a x2 + 2bx+ c

)√
−d√
a

+ c2

(
ax+ b√

a
+
√
a x2 + 2bx+ c

)−
√
−d√
a

Verified OK.

30.29.2 Solving as second order change of variable on x method 1 ode

In normal form the ode(
a x2 + 2bx+ c

)
y′′ + (ax+ b) y′ + yd = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = ax+ b

a x2 + 2bx+ c

q(x) = d

a x2 + 2bx+ c

Applying change of variables τ = g(x) to (2) results

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)
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Let q1 = c2 where c is some constant. Therefore from (5)

τ ′ = 1
c

√
q

=

√
d

a x2+2bx+c

c
(6)

τ ′′ = − d(2ax+ 2b)

2c
√

d
a x2+2bx+c

(a x2 + 2bx+ c)2

Substituting the above into (4) results in

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2

=
− d(2ax+2b)

2c
√

d
a x2+2bx+c

(a x2+2bx+c)2
+ ax+b

a x2+2bx+c

√
d

a x2+2bx+c

c(√
d

a x2+2bx+c

c

)2

= 0

Therefore ode (3) now becomes

y(τ)′′ + p1y(τ)′ + q1y(τ) = 0
d2

dτ 2
y(τ) + c2y(τ) = 0 (7)

The above ode is now solved for y(τ). Since the ode is now constant coefficients, it can
be easily solved to give

y(τ) = c1 cos (cτ) + c2 sin (cτ)

Now from (6)

τ =
∫ 1

c

√
q dx

=

∫ √
d

a x2+2bx+c
dx

c

=

√
d

a x2+2bx+c

√
a x2 + 2bx+ c ln

(√
a x2+2bx+c

√
a+ax+b√

a

)
c
√
a
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Substituting the above into the solution obtained gives

y = c1 cos
(√

d
(
2 ln

(√
a x2 + 2bx+ c

√
a+ ax+ b

)
− ln (a)

)
2
√
a

)

+ c2 sin
(√

d
(
2 ln

(√
a x2 + 2bx+ c

√
a+ ax+ b

)
− ln (a)

)
2
√
a

)

Summary
The solution(s) found are the following

(1)
y = c1 cos

(√
d
(
2 ln

(√
a x2 + 2bx+ c

√
a+ ax+ b

)
− ln (a)

)
2
√
a

)

+ c2 sin
(√

d
(
2 ln

(√
a x2 + 2bx+ c

√
a+ ax+ b

)
− ln (a)

)
2
√
a

)
Verification of solutions

y = c1 cos
(√

d
(
2 ln

(√
a x2 + 2bx+ c

√
a+ ax+ b

)
− ln (a)

)
2
√
a

)

+ c2 sin
(√

d
(
2 ln

(√
a x2 + 2bx+ c

√
a+ ax+ b

)
− ln (a)

)
2
√
a

)

Verified OK.

30.29.3 Solving using Kovacic algorithm

Writing the ode as (
a x2 + 2bx+ c

)
y′′ + (ax+ b) y′ + yd = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = a x2 + 2bx+ c

B = ax+ b (3)
C = d

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −a2x2 − 4ad x2 − 2abx− 8bdx+ 2ac− 3b2 − 4cd
4 (a x2 + 2bx+ c)2

(6)

Comparing the above to (5) shows that

s = −a2x2 − 4ad x2 − 2abx− 8bdx+ 2ac− 3b2 − 4cd

t = 4
(
a x2 + 2bx+ c

)2
Therefore eq. (4) becomes

z′′(x) =
(
−a2x2 − 4ad x2 − 2abx− 8bdx+ 2ac− 3b2 − 4cd

4 (a x2 + 2bx+ c)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 170: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 2
= 2

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4(a x2 + 2bx+ c)2. There is a pole at x = − b−

√
−ac+b2

a
of order 2. There is

a pole at x = − b+
√
−ac+b2

a
of order 2. Since there is no odd order pole larger than 2 and

the order at ∞ is 2 then the necessary conditions for case one are met. Since there is a
pole of order 2 then necessary conditions for case two are met. Since pole order is not
larger than 2 and the order at ∞ is 2 then the necessary conditions for case three are
met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Unable to find solution using case one

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is
r

=
−
(
−b+

√
−ac+ b2

)2 − 4
(
−b+

√
−ac+b2

)2
d

a
− 2
(
−b+

√
−ac+ b2

)
b−

8
(
−b+

√
−ac+b2

)
bd

a
+ 2ac− 3b2 − 4cd

16 (−ac+ b2)
(
x− −b+

√
−ac+b2

a

)2
+
−
(
b+

√
−ac+ b2

)2 − 4
(
b+

√
−ac+b2

)2
d

a
+ 2
(
b+

√
−ac+ b2

)
b+

8
(
b+

√
−ac+b2

)
bd

a
+ 2ac− 3b2 − 4cd

16 (−ac+ b2)
(
x+ b+

√
−ac+b2

a

)2
+
−
(
−b+

√
−ac+ b2

)2
a− 4

(
−b+

√
−ac+ b2

)2
d− 2

(
−b+

√
−ac+ b2

)
ab− 8

(
−b+

√
−ac+ b2

)
bd− 2a2c+ a b2 + 4acd− 8b2d

16 (−ac+ b2)
3
2

(
x− −b+

√
−ac+b2

a

)
−
−
(
b+

√
−ac+ b2

)2
a− 4

(
b+

√
−ac+ b2

)2
d+ 2

(
b+

√
−ac+ b2

)
ab+ 8

(
b+

√
−ac+ b2

)
bd− 2a2c+ a b2 + 4acd− 8b2d

16 (−ac+ b2)
3
2

(
x+ b+

√
−ac+b2

a

)
For the pole at x = − b−

√
−ac+b2

a
let b be the coefficient of 1(

x+ b−
√

−ac+b2
a

)2 in the partial

fractions decomposition of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}
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For the pole at x = − b+
√
−ac+b2

a
let b be the coefficient of 1(

x+ b+
√

−ac+b2
a

)2 in the partial

fractions decomposition of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}

Since the order of r at ∞ is 2 then let b be the coefficient of 1
x2 in the Laurent series

expansion of r at ∞. which can be found by dividing the leading coefficient of s by the
leading coefficient of t from

r = s

t
= −a2x2 − 4ad x2 − 2abx− 8bdx+ 2ac− 3b2 − 4cd

4 (a x2 + 2bx+ c)2

Since the gcd(s, t) = 1. This gives b = −1
4 . Hence

E∞ = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {2}

The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.

pole c location pole order Ec

− b−
√
−ac+b2

a
2 {1, 2, 3}

− b+
√
−ac+b2

a
2 {1, 2, 3}

Order of r at ∞ E∞

2 {2}

Using the family {e1, e2, . . . , e∞} given by

e1 = 1, e2 = 1, e∞ = 2

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(2− (1 + (1)))

= 0
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We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

 1(
x−

(
− b−

√
−ac+b2

a

)) + 1(
x−

(
− b+

√
−ac+b2

a

))


= 1

2x+
2
(
b−

√
−ac+b2

)
a

+ 1

2x+
2
(
b+

√
−ac+b2

)
a

Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)

Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1

Now that p(x) is found let

φ = θ + p′

p

= 1

2x+
2
(
b−

√
−ac+b2

)
a

+ 1

2x+
2
(
b+

√
−ac+b2

)
a

Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 −

 1

2x+
2
(
b−

√
−ac+b2

)
a

+ 1

2x+
2
(
b+

√
−ac+b2

)
a

w

+ (a2x2 + (4d x2 + 2bx) a+ 8bdx+ b2 + 4cd) a2

4
(
ax+ b−

√
−ac+ b2

)2 (
ax+

√
−ac+ b2 + b

)2 = 0
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Solving for ω gives

ω = ax+ 2
√

−d (a x2 + 2bx+ c) + b

2a x2 + 4bx+ 2c

Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫ ax+2

√
−d
(
a x2+2bx+c

)
+b

2a x2+4bx+2c dx

=
(
a x2 + 2bx+ c

) 1
4 e−

d arctan


√
ad (ax+b)

a

√
−

d
(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)
a


√
ad

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
ax+b

a x2+2bx+c
dx

= z1e
−

ln
(
a x2+2bx+c

)
4

= z1

(
1

(a x2 + 2bx+ c)
1
4

)

Which simplifies to

y1 = e−
d arctan

(ax+b)
√

− 1(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)


√
ad

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx
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Substituting gives

y2 = y1

∫
e
∫
− ax+b

a x2+2bx+c
dx

(y1)2
dx

= y1

∫
e−

ln
(
a x2+2bx+c

)
2

(y1)2
dx

= y1


∫ e

2d arctan

(ax+b)
√

− 1(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)


√
ad

√
a x2 + 2bx+ c

dx


Therefore the solution is

y = c1y1 + c2y2

= c1

e−
d arctan

(ax+b)
√

− 1(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)


√
ad



+c2

e−
d arctan

(ax+b)
√

− 1(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)


√
ad


∫ e

2d arctan

(ax+b)
√

− 1(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)


√
ad

√
a x2 + 2bx+ c

dx




Summary
The solution(s) found are the following

(1)y = c1e−
d arctan

(ax+b)
√

− 1(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)


√
ad

+c2e−
d arctan

(ax+b)
√

− 1(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)


√
ad


∫ e

2d arctan

(ax+b)
√

− 1(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)


√
ad

√
a x2 + 2bx+ c

dx
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Verification of solutions

y = c1e−
d arctan

(ax+b)
√

− 1(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)


√
ad

+c2e−
d arctan

(ax+b)
√

− 1(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)


√
ad


∫ e

2d arctan

(ax+b)
√

− 1(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)


√
ad

√
a x2 + 2bx+ c

dx


Verified OK.

30.29.4 Maple step by step solution

Let’s solve
(a x2 + 2bx+ c) y′′ + (ax+ b) y′ + yd = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − dy
a x2+2bx+c

− (ax+b)y′
a x2+2bx+c

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (ax+b)y′
a x2+2bx+c

+ dy
a x2+2bx+c

= 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = ax+b
a x2+2bx+c

, P3(x) = d
a x2+2bx+c

]
◦
(
x− −b+

√
−ac+b2

a

)
· P2(x) is analytic at x = −b+

√
−ac+b2

a((
x− −b+

√
−ac+b2

a

)
· P2(x)

) ∣∣∣∣
x=−b+

√
−ac+b2
a

= 0

◦
(
x− −b+

√
−ac+b2

a

)2
· P3(x) is analytic at x = −b+

√
−ac+b2

a((
x− −b+

√
−ac+b2

a

)2
· P3(x)

) ∣∣∣∣
x=−b+

√
−ac+b2
a

= 0

◦ x = −b+
√
−ac+b2

a
is a regular singular point

Check to see if x0 is a regular singular point
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x0 = −b+
√
−ac+b2

a

• Multiply by denominators
(a x2 + 2bx+ c) y′′ + (ax+ b) y′ + yd = 0

• Change variables using x = u+ −b+
√
−ac+b2

a
so that the regular singular point is at u = 0(

a u2 + 2u
√
−ac+ b2

) (
d2

du2y(u)
)
+
(
au+

√
−ac+ b2

) (
d
du
y(u)

)
+ dy(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
√
−ac+ b2 a0r(−1 + 2r)u−1+r +

(
∞∑
k=0

(√
−ac+ b2 ak+1(k + 1 + r) (2k + 1 + 2r) + ak(a k2 + 2akr + a r2 + d)

)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
√
−ac+ b2 r(−1 + 2r) = 0

• Values of r that satisfy the indicial equation
r ∈

{
0, 12
}

• Each term in the series must be 0, giving the recursion relation
2ak+1(k + 1 + r)

(
k + r + 1

2

)√
−ac+ b2 + ak(a k2 + 2akr + a r2 + d) = 0

• Recursion relation that defines series solution to ODE
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ak+1 = − ak
(
a k2+2akr+a r2+d

)
√
−ac+b2 (2k2+4kr+2r2+3k+3r+1)

• Recursion relation for r = 0

ak+1 = − ak
(
a k2+d

)
√
−ac+b2 (2k2+3k+1)

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = − ak

(
a k2+d

)
√
−ac+b2 (2k2+3k+1)

]
• Revert the change of variables u = x− −b+

√
−ac+b2

a[
y =

∞∑
k=0

ak
(
x− −b+

√
−ac+b2

a

)k
, ak+1 = − ak

(
a k2+d

)
√
−ac+b2 (2k2+3k+1)

]
• Recursion relation for r = 1

2

ak+1 = − ak
(
a k2+ak+ 1

4a+d
)

√
−ac+b2 (2k2+5k+3)

• Solution for r = 1
2[

y(u) =
∞∑
k=0

aku
k+ 1

2 , ak+1 = − ak
(
a k2+ak+ 1

4a+d
)

√
−ac+b2 (2k2+5k+3)

]
• Revert the change of variables u = x− −b+

√
−ac+b2

a[
y =

∞∑
k=0

ak
(
x− −b+

√
−ac+b2

a

)k+ 1
2
, ak+1 = − ak

(
a k2+ak+ 1

4a+d
)

√
−ac+b2 (2k2+5k+3)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ek
(
x− −b+

√
−ac+b2

a

)k)
+
(

∞∑
k=0

fk
(
x− −b+

√
−ac+b2

a

)k+ 1
2
)
, e1+k = − ek

(
a k2+d

)
√
−ac+b2 (2k2+3k+1) , f1+k = − fk

(
a k2+ak+ 1

4a+d
)

√
−ac+b2 (2k2+5k+3)

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 81� �
dsolve((a*x^2+2*b*x+c)*diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+d*y(x)=0,y(x), singsol=all)� �
y(x) = c1

(√
a x2 + 2bx+ c

√
a+ ax+ b√

a

) i
√
d√
a

+ c2

(√
a x2 + 2bx+ c

√
a+ ax+ b√

a

)− i
√
d√
a

3 Solution by Mathematica
Time used: 0.404 (sec). Leaf size: 93� �
DSolve[(a*x^2+2*b*x+c)*y''[x]+(a*x+b)*y'[x]+d*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cos
(√

d log
(
−
√
a
√
ax2 + 2bx+ c+ ax+ b

)
√
a

)

− c2 sin
(√

d log
(
−
√
a
√
ax2 + 2bx+ c+ ax+ b

)
√
a

)

3157



30.30 problem 178
30.30.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3158
30.30.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3165

Internal problem ID [11002]
Internal file name [OUTPUT/10258_Sunday_December_31_2023_11_33_16_AM_13214284/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 178.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

(
a x2 + 2bx+ c

)
y′′ + 3(ax+ b) y′ + yd = 0

30.30.1 Solving using Kovacic algorithm

Writing the ode as (
a x2 + 2bx+ c

)
y′′ + (3ax+ 3b) y′ + yd = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = a x2 + 2bx+ c

B = 3ax+ 3b (3)
C = d

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = 3a2x2 − 4ad x2 + 6abx− 8bdx+ 6ac− 3b2 − 4cd
4 (a x2 + 2bx+ c)2

(6)

Comparing the above to (5) shows that

s = 3a2x2 − 4ad x2 + 6abx− 8bdx+ 6ac− 3b2 − 4cd

t = 4
(
a x2 + 2bx+ c

)2
Therefore eq. (4) becomes

z′′(x) =
(
3a2x2 − 4ad x2 + 6abx− 8bdx+ 6ac− 3b2 − 4cd

4 (a x2 + 2bx+ c)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 172: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 2
= 2

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4(a x2 + 2bx+ c)2. There is a pole at x = − b−

√
−ac+b2

a
of order 2. There is

a pole at x = − b+
√
−ac+b2

a
of order 2. Since there is no odd order pole larger than 2 and

the order at ∞ is 2 then the necessary conditions for case one are met. Since there is a
pole of order 2 then necessary conditions for case two are met. Since pole order is not
larger than 2 and the order at ∞ is 2 then the necessary conditions for case three are
met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Unable to find solution using case one

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is
r

=
3
(
−b+

√
−ac+ b2

)2 − 4
(
−b+

√
−ac+b2

)2
d

a
+ 6
(
−b+

√
−ac+ b2

)
b−

8
(
−b+

√
−ac+b2

)
bd

a
+ 6ac− 3b2 − 4cd

16 (−ac+ b2)
(
x− −b+

√
−ac+b2

a

)2
+
3
(
b+

√
−ac+ b2

)2 − 4
(
b+

√
−ac+b2

)2
d

a
− 6
(
b+

√
−ac+ b2

)
b+

8
(
b+

√
−ac+b2

)
bd

a
+ 6ac− 3b2 − 4cd

16 (−ac+ b2)
(
x+ b+

√
−ac+b2

a

)2
+
3
(
−b+

√
−ac+ b2

)2
a− 4

(
−b+

√
−ac+ b2

)2
d+ 6

(
−b+

√
−ac+ b2

)
ab− 8

(
−b+

√
−ac+ b2

)
bd− 6a2c+ 9a b2 + 4acd− 8b2d

16 (−ac+ b2)
3
2

(
x− −b+

√
−ac+b2

a

)
−
3
(
b+

√
−ac+ b2

)2
a− 4

(
b+

√
−ac+ b2

)2
d− 6

(
b+

√
−ac+ b2

)
ab+ 8

(
b+

√
−ac+ b2

)
bd− 6a2c+ 9a b2 + 4acd− 8b2d

16 (−ac+ b2)
3
2

(
x+ b+

√
−ac+b2

a

)
For the pole at x = − b−

√
−ac+b2

a
let b be the coefficient of 1(

x+ b−
√

−ac+b2
a

)2 in the partial

fractions decomposition of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}
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For the pole at x = − b+
√
−ac+b2

a
let b be the coefficient of 1(

x+ b+
√

−ac+b2
a

)2 in the partial

fractions decomposition of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}

Since the order of r at ∞ is 2 then let b be the coefficient of 1
x2 in the Laurent series

expansion of r at ∞. which can be found by dividing the leading coefficient of s by the
leading coefficient of t from

r = s

t
= 3a2x2 − 4ad x2 + 6abx− 8bdx+ 6ac− 3b2 − 4cd

4 (a x2 + 2bx+ c)2

Since the gcd(s, t) = 1. This gives b = 3
4 . Hence

E∞ = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {−2, 2, 6}

The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.

pole c location pole order Ec

− b−
√
−ac+b2

a
2 {1, 2, 3}

− b+
√
−ac+b2

a
2 {1, 2, 3}

Order of r at ∞ E∞

2 {−2, 2, 6}

Using the family {e1, e2, . . . , e∞} given by

e1 = 1, e2 = 1, e∞ = 2

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(2− (1 + (1)))

= 0
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We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

 1(
x−

(
− b−

√
−ac+b2

a

)) + 1(
x−

(
− b+

√
−ac+b2

a

))


= 1

2x+
2
(
b−

√
−ac+b2

)
a

+ 1

2x+
2
(
b+

√
−ac+b2

)
a

Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)

Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1

Now that p(x) is found let

φ = θ + p′

p

= 1

2x+
2
(
b−

√
−ac+b2

)
a

+ 1

2x+
2
(
b+

√
−ac+b2

)
a

Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 −

 1

2x+
2
(
b−

√
−ac+b2

)
a

+ 1

2x+
2
(
b+

√
−ac+b2

)
a

w

−
3a2
(
a2x2 +

(
−4

3d x
2 + 2bx+ 4

3c
)
a− 8bdx

3 − b2

3 − 4cd
3

)
4
(
ax+ b−

√
−ac+ b2

)2 (
ax+

√
−ac+ b2 + b

)2 = 0
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Solving for ω gives

ω = ax+ 2
√
a2x2 − ad x2 + 2abx− 2bdx+ ac− cd+ b

2a x2 + 4bx+ 2c

Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫ ax+2

√
a2x2−ad x2+2abx−2bdx+ac−cd+b

2a x2+4bx+2c dx

=
(
a x2 + 2bx+ c

) 1
4


√

(a−d)
(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)
a

√
a (a− d) + (a− d) (ax+ b)√

a (a− d)


a−d√
a(a−d)

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
3ax+3b

a x2+2bx+c
dx

= z1e
−

3 ln
(
a x2+2bx+c

)
4

= z1

(
1

(a x2 + 2bx+ c)
3
4

)

Which simplifies to

y1 =

 (a−d)
(
ax+

√(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)
+b

)
√

a(a−d)

 a−d√
a(a−d)

√
a x2 + 2bx+ c

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx
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Substituting gives

y2 = y1

∫
e
∫
− 3ax+3b

a x2+2bx+c
dx

(y1)2
dx

= y1

∫
e−

3 ln
(
a x2+2bx+c

)
2

(y1)2
dx

= y1


∫
 (a−d)

(
ax+

√(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)
+b

)
√

a(a−d)

− 2(a−d)√
a(a−d)

√
a x2 + 2bx+ c

dx


Therefore the solution is

y = c1y1 + c2y2

= c1



 (a−d)
(
ax+

√(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)
+b

)
√

a(a−d)

 a−d√
a(a−d)

√
a x2 + 2bx+ c



+c2



 (a−d)
(
ax+

√(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)
+b

)
√

a(a−d)

 a−d√
a(a−d)

√
a x2 + 2bx+ c


∫
 (a−d)

(
ax+

√(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)
+b

)
√

a(a−d)

− 2(a−d)√
a(a−d)

√
a x2 + 2bx+ c

dx
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Summary
The solution(s) found are the following

(1)y =

c1

 (a−d)
(
ax+

√(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)
+b

)
√

a(a−d)

 a−d√
a(a−d)

√
a x2 + 2bx+ c

+

c2

 (a−d)
(
ax+

√(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)
+b

)
√

a(a−d)

 a−d√
a(a−d)

∫
 (a−d)

(
ax+

√(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)
+b

)
√

a(a−d)

− 2(a−d)√
a(a−d)

√
a x2+2bx+c

dx


√
a x2 + 2bx+ c

Verification of solutions

y =

c1

 (a−d)
(
ax+

√(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)
+b

)
√

a(a−d)

 a−d√
a(a−d)

√
a x2 + 2bx+ c

+

c2

 (a−d)
(
ax+

√(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)
+b

)
√

a(a−d)

 a−d√
a(a−d)

∫
 (a−d)

(
ax+

√(
ax+b−

√
−ac+b2

)(
ax+

√
−ac+b2+b

)
+b

)
√

a(a−d)

− 2(a−d)√
a(a−d)

√
a x2+2bx+c

dx


√
a x2 + 2bx+ c

Verified OK.

30.30.2 Maple step by step solution

Let’s solve
(a x2 + 2bx+ c) y′′ + (3ax+ 3b) y′ + yd = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − dy
a x2+2bx+c

− 3(ax+b)y′
a x2+2bx+c

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + 3(ax+b)y′
a x2+2bx+c

+ dy
a x2+2bx+c

= 0
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� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = 3(ax+b)
a x2+2bx+c

, P3(x) = d
a x2+2bx+c

]
◦
(
x− −b+

√
−ac+b2

a

)
· P2(x) is analytic at x = −b+

√
−ac+b2

a((
x− −b+

√
−ac+b2

a

)
· P2(x)

) ∣∣∣∣
x=−b+

√
−ac+b2
a

= 0

◦
(
x− −b+

√
−ac+b2

a

)2
· P3(x) is analytic at x = −b+

√
−ac+b2

a((
x− −b+

√
−ac+b2

a

)2
· P3(x)

) ∣∣∣∣
x=−b+

√
−ac+b2
a

= 0

◦ x = −b+
√
−ac+b2

a
is a regular singular point

Check to see if x0 is a regular singular point

x0 = −b+
√
−ac+b2

a

• Multiply by denominators
(a x2 + 2bx+ c) y′′ + (3ax+ 3b) y′ + yd = 0

• Change variables using x = u+ −b+
√
−ac+b2

a
so that the regular singular point is at u = 0(

a u2 + 2u
√
−ac+ b2

) (
d2

du2y(u)
)
+
(
3au+ 3

√
−ac+ b2

) (
d
du
y(u)

)
+ dy(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

3166



◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
√
−ac+ b2 a0(1 + 2r) r u−1+r +

(
∞∑
k=0

(√
−ac+ b2 ak+1(2k + 3 + 2r) (k + 1 + r) + ak(a k2 + 2akr + a r2 + 2ak + 2ar + d)

)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
√
−ac+ b2 (1 + 2r) r = 0

• Values of r that satisfy the indicial equation
r ∈

{
0,−1

2

}
• Each term in the series must be 0, giving the recursion relation

2ak+1(k + 1 + r)
(
k + r + 3

2

)√
−ac+ b2 + (a k2 + 2a(r + 1) k + a r2 + 2ar + d) ak = 0

• Recursion relation that defines series solution to ODE

ak+1 = − ak
(
a k2+2akr+a r2+2ak+2ar+d

)
√
−ac+b2 (2k2+4kr+2r2+5k+5r+3)

• Recursion relation for r = 0

ak+1 = − ak
(
a k2+2ak+d

)
√
−ac+b2 (2k2+5k+3)

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = − ak

(
a k2+2ak+d

)
√
−ac+b2 (2k2+5k+3)

]
• Revert the change of variables u = x− −b+

√
−ac+b2

a[
y =

∞∑
k=0

ak
(
x− −b+

√
−ac+b2

a

)k
, ak+1 = − ak

(
a k2+2ak+d

)
√
−ac+b2 (2k2+5k+3)

]
• Recursion relation for r = −1

2

ak+1 = − ak
(
a k2+ak− 3

4a+d
)

√
−ac+b2 (2k2+3k+1)

• Solution for r = −1
2[

y(u) =
∞∑
k=0

aku
k− 1

2 , ak+1 = − ak
(
a k2+ak− 3

4a+d
)

√
−ac+b2 (2k2+3k+1)

]
• Revert the change of variables u = x− −b+

√
−ac+b2

a[
y =

∞∑
k=0

ak
(
x− −b+

√
−ac+b2

a

)k− 1
2
, ak+1 = − ak

(
a k2+ak− 3

4a+d
)

√
−ac+b2 (2k2+3k+1)

]
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• Combine solutions and rename parameters[
y =

(
∞∑
k=0

ek
(
x− −b+

√
−ac+b2

a

)k)
+
(

∞∑
k=0

fk
(
x− −b+

√
−ac+b2

a

)k− 1
2
)
, e1+k = − ek

(
a k2+2ak+d

)
√
−ac+b2 (2k2+5k+3) , f1+k = − fk

(
a k2+ak− 3

4a+d
)

√
−ac+b2 (2k2+3k+1)

]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.219 (sec). Leaf size: 88� �
dsolve((a*x^2+2*b*x+c)*diff(y(x),x$2)+3*(a*x+b)*diff(y(x),x)+d*y(x)=0,y(x), singsol=all)� �
y(x)

=
c2
(√

a (a x2 + 2bx+ c) + ax+ b
)−√

−d+a√
a + c1

(√
a (a x2 + 2bx+ c) + ax+ b

)√
−d+a√

a

√
a x2 + 2bx+ c

3 Solution by Mathematica
Time used: 0.171 (sec). Leaf size: 152� �
DSolve[(a*x^2+2*b*x+c)*y''[x]+3*(a*x+b)*y'[x]+d*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
c1P

1
2√
a−d√
a

− 1
2

(√
−b2−ac(b+ax)
a
√

c2− b4
a2

)
+ c2Q

1
2√
a−d√
a

− 1
2

(√
−b2−ac(b+ax)
a
√

c2− b4
a2

)
4
√
x(ax+ 2b) + c
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30.31 problem 179
30.31.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3169

Internal problem ID [11003]
Internal file name [OUTPUT/10259_Sunday_December_31_2023_11_33_17_AM_58603201/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 179.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a2x

2 + b2x+ c2
)
y′′ + (b1x+ c1) y′ + c0y = 0

30.31.1 Maple step by step solution

Let’s solve
(a2x2 + b2x+ c2) y′′ + (b1x+ c1) y′ + c0y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − c0y
a2x2+b2x+c2

− (b1x+c1)y′
a2x2+b2x+c2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (b1x+c1)y′
a2x2+b2x+c2

+ c0y
a2x2+b2x+c2

= 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = b1x+c1

a2x2+b2x+c2
, P3(x) = c0

a2x2+b2x+c2

]
◦
(
x−

−b2+
√

−4c2a2+b22
2a2

)
· P2(x) is analytic at x =

−b2+
√

−4c2a2+b22
2a2((

x−
−b2+

√
−4c2a2+b22
2a2

)
· P2(x)

) ∣∣∣∣
x=

−b2+
√

−4c2a2+b22
2a2

= 0

◦
(
x−

−b2+
√

−4c2a2+b22
2a2

)2

· P3(x) is analytic at x =
−b2+

√
−4c2a2+b22
2a2((

x−
−b2+

√
−4c2a2+b22
2a2

)2

· P3(x)
)∣∣∣∣

x=
−b2+

√
−4c2a2+b22
2a2

= 0

◦ x =
−b2+

√
−4c2a2+b22
2a2 is a regular singular point

Check to see if x0 is a regular singular point

x0 =
−b2+

√
−4c2a2+b22
2a2

• Multiply by denominators
(a2x2 + b2x+ c2) y′′ + (b1x+ c1) y′ + c0y = 0

• Change variables using x = u+
−b2+

√
−4c2a2+b22
2a2 so that the regular singular point is at u = 0(

a2u
2 + u

√
−4c2a2 + b22

)(
d2

du2y(u)
)
+
(
b1u− b1b2

2a2 +
b1

√
−4c2a2+b22
2a2 + c1

)(
d
du
y(u)

)
+ c0y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..1

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2
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um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
a0r

(
2
√

−4c2a2+b22 a2r−2
√

−4c2a2+b22 a2+
√

−4c2a2+b22 b1+2c1a2−b1b2

)
u−1+r

2a2 +
(

∞∑
k=0

(
ak+1(k+1+r)

(
2
√

−4c2a2+b22 a2(k+1)+2
√

−4c2a2+b22 a2r−2
√

−4c2a2+b22 a2+
√

−4c2a2+b22 b1+2c1a2−b1b2

)
2a2 + ak(a2k2 + 2a2kr + a2r

2 − a2k − a2r + b1k + b1r + c0)
)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r

(
2
√

−4c2a2+b22 a2r−2
√

−4c2a2+b22 a2+
√

−4c2a2+b22 b1+2c1a2−b1b2

)
2a2 = 0

• Values of r that satisfy the indicial equation

r ∈
{
0,

2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2

2
√

−4c2a2+b22 a2

}
• Each term in the series must be 0, giving the recursion relation

2
(
(k+r)a2+ b1

2

)
ak+1(k+1+r)

√
−4c2a2+b22+2ak(k+r)(k+r−1)a22+(2c1(k+1+r)ak+1+2ak(b1k+b1r+c0))a2−b1b2ak+1(k+1+r)

2a2 = 0

• Recursion relation that defines series solution to ODE

ak+1 = − 2a2ak
(
a2k2+2a2kr+a2r2−a2k−a2r+b1k+b1r+c0

)
2
√

−4c2a2+b22 a2k
2+4

√
−4c2a2+b22 a2kr+2

√
−4c2a2+b22 a2r

2+2
√

−4c2a2+b22 a2k+2
√

−4c2a2+b22 a2r+
√

−4c2a2+b22 b1k+
√

−4c2a2+b22 b1r+2c1a2k+2c1a2r−b1b2k−b1b2r+
√

−4c2a2+b22 b1+2c1a2−b1b2

• Recursion relation for r = 0

ak+1 = − 2a2ak
(
a2k2−a2k+b1k+c0

)
2
√

−4c2a2+b22 a2k
2+2

√
−4c2a2+b22 a2k+

√
−4c2a2+b22 b1k+2c1a2k−b1b2k+

√
−4c2a2+b22 b1+2c1a2−b1b2

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+1 = − 2a2ak

(
a2k2−a2k+b1k+c0

)
2
√

−4c2a2+b22 a2k
2+2

√
−4c2a2+b22 a2k+

√
−4c2a2+b22 b1k+2c1a2k−b1b2k+

√
−4c2a2+b22 b1+2c1a2−b1b2

]
• Revert the change of variables u = x−

−b2+
√

−4c2a2+b22
2a2[

y =
∞∑
k=0

ak

(
x−

−b2+
√

−4c2a2+b22
2a2

)k

, ak+1 = − 2a2ak
(
a2k2−a2k+b1k+c0

)
2
√

−4c2a2+b22 a2k
2+2

√
−4c2a2+b22 a2k+

√
−4c2a2+b22 b1k+2c1a2k−b1b2k+

√
−4c2a2+b22 b1+2c1a2−b1b2

]

• Recursion relation for r =
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2

2
√

−4c2a2+b22 a2
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ak+1 = −
2a2ak

a2k2+
k

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

√
−4c2a2+b22

+

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)2

4a2
(
−4c2a2+b22

) −a2k−
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2

2
√

−4c2a2+b22
+b1k+

b1
(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

2
√

−4c2a2+b22 a2
+c0


2
√

−4c2a2+b22 a2k
2+2k

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2

)
+

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)2

2
√

−4c2a2+b22 a2
+2
√

−4c2a2+b22 a2k+2
√

−4c2a2+b22 a2+
√

−4c2a2+b22 b1k+
b1
(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

2a2
+2c1a2k+

c1
(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

√
−4c2a2+b22

−b1b2k−
b1b2

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

2
√

−4c2a2+b22 a2

• Solution for r =
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2

2
√

−4c2a2+b22 a2y(u) = ∞∑
k=0

aku
k+

2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2

2
√

−4c2a2+b22 a2 , ak+1 = −
2a2ak

a2k2+
k

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

√
−4c2a2+b22

+

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)2

4a2
(
−4c2a2+b22

) −a2k−
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2

2
√

−4c2a2+b22
+b1k+

b1
(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

2
√

−4c2a2+b22 a2
+c0


2
√

−4c2a2+b22 a2k
2+2k

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2

)
+

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)2

2
√

−4c2a2+b22 a2
+2
√

−4c2a2+b22 a2k+2
√

−4c2a2+b22 a2+
√

−4c2a2+b22 b1k+
b1
(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

2a2
+2c1a2k+

c1
(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

√
−4c2a2+b22

−b1b2k−
b1b2

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

2
√

−4c2a2+b22 a2


• Revert the change of variables u = x−

−b2+
√

−4c2a2+b22
2a2y =

∞∑
k=0

ak

(
x−

−b2+
√

−4c2a2+b22
2a2

)k+
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2

2
√

−4c2a2+b22 a2
, ak+1 = −

2a2ak

a2k2+
k

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

√
−4c2a2+b22

+

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)2

4a2
(
−4c2a2+b22

) −a2k−
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2

2
√

−4c2a2+b22
+b1k+

b1
(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

2
√

−4c2a2+b22 a2
+c0


2
√

−4c2a2+b22 a2k
2+2k

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2

)
+

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)2

2
√

−4c2a2+b22 a2
+2
√

−4c2a2+b22 a2k+2
√

−4c2a2+b22 a2+
√

−4c2a2+b22 b1k+
b1
(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

2a2
+2c1a2k+

c1
(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

√
−4c2a2+b22

−b1b2k−
b1b2

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

2
√

−4c2a2+b22 a2


• Combine solutions and rename parametersy =

(
∞∑
k=0

ak

(
x−

−b2+
√

−4c2a2+b22
2a2

)k
)

+

 ∞∑
k=0

bk

(
x−

−b2+
√

−4c2a2+b22
2a2

)k+
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2

2
√

−4c2a2+b22 a2

 , a1+k = − 2a2ak
(
a2k2−a2k+b1k+c0

)
2
√

−4c2a2+b22 a2k
2+2

√
−4c2a2+b22 a2k+

√
−4c2a2+b22 b1k+2c1a2k−b1b2k+

√
−4c2a2+b22 b1+2c1a2−b1b2

, b1+k = −
2a2bk

a2k2+
k

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

√
−4c2a2+b22

+

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)2

4a2
(
−4c2a2+b22

) −a2k−
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2

2
√

−4c2a2+b22
+b1k+

b1
(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

2
√

−4c2a2+b22 a2
+c0


2
√

−4c2a2+b22 a2k
2+2k

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2

)
+

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)2

2
√

−4c2a2+b22 a2
+2
√

−4c2a2+b22 a2k+2
√

−4c2a2+b22 a2+
√

−4c2a2+b22 b1k+
b1
(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

2a2
+2c1a2k+

c1
(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

√
−4c2a2+b22

−b1b2k−
b1b2

(
2
√

−4c2a2+b22 a2−
√

−4c2a2+b22 b1−2c1a2+b1b2
)

2
√

−4c2a2+b22 a2
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.14 (sec). Leaf size: 482� �
dsolve((a__2*x^2+b__2*x+c__2)*diff(y(x),x$2)+(b__1*x+c__1)*diff(y(x),x)+c__0*y(x)=0,y(x), singsol=all)� �
y(x) = c3 hypergeom

[−a2 + b1 +
√

a22 + (−2b1 − 4c0) a2 + b21
2a2

,

−a2 − b1 +
√

a22 + (−2b1 − 4c0) a2 + b21
2a2

]
,

b1
√

−4c2a2+b22
a22

a2 − 2a2c1 + b1b2

2a22
√

−4c2a2+b22
a22

 ,
(−2x a22 − b2a2)

√
−4c2a2+b22

a22
+ 4c2a2 − b22

8c2a2 − 2b22



+c4

(
2

√
−4c2a2 + b22

a22
x a22 +

√
−4c2a2 + b22

a22
b2a2 − 4c2a2 + b22

)a2
(
a2−

b1
2

)√√√√−4c2a2+b22
a22

+a2c1−
b1b2
2√√√√−4c2a2+b22

a22
a22 hypergeom




a2

(
a2−

√
a22+(−2b1−4c0)a2+b21

)√
−4c2a2+b22

a22
2 + a2c1 − b1b2

2√
−4c2a2+b22

a22
a22

,

a2

(
a2+

√
a22+(−2b1−4c0)a2+b21

)√
−4c2a2+b22

a22
2 + a2c1 − b1b2

2√
−4c2a2+b22

a22
a22

 ,

2a2(a2 − b1
4

)√−4c2a2+b22
a22

+ a2c1 − b1b2
2√

−4c2a2+b22
a22

a22

 ,
(−2x a22 − b2a2)

√
−4c2a2+b22

a22
+ 4c2a2 − b22

8c2a2 − 2b22
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3 Solution by Mathematica
Time used: 6.771 (sec). Leaf size: 498� �
DSolve[(a2*x^2+b2*x+c2)*y''[x]+(b1*x+c1)*y'[x]+c0*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ c1Hypergeometric2F1

−
a2− b1+

√
(a2− b1)2 − 4a2c0
2a2 ,

−a2+ b1+
√
(a2− b1)2 − 4a2c0
2a2 ,

b1
(
b2+

√
b22 − 4a2c2

)
− 2a2c1

2a2
√

b22 − 4a2c2
,
b2+ 2a2x+

√
b22 − 4a2c2

2
√

b22 − 4a2c2



−c22

b1b2√
b22−4a2c2

+b1

2a2 − c1√
b22−4a2c2

−1
exp

−
iπ
(
b1
(√

b22 − 4a2c2+ b2
)
− 2a2c1

)
2a2
√
b22 − 4a2c2

(√b22 − 4a2c2+ 2a2x+ b2√
b22 − 4a2c2

)−

b1b2√
b22−4a2c2

+b1

2a2 + c1√
b22−4a2c2

+1

Hypergeometric2F1


2c1a2√

b22
−4a2c2

+ a2−
√

(a2− b1)2 − 4a2c0− b1b2√
b22

−4a2c2
2a2 ,

2c1a2√
b22

−4a2c2
+ a2+

√
(a2− b1)2 − 4a2c0− b1b2√

b22
−4a2c2

2a2 ,

−

b2b1√
b22

−4a2c2
+ b1+ a2

(
− 2c1√

b22
−4a2c2

− 4
)

2a2 ,
b2+ 2a2x+

√
b22 − 4a2c2

2
√
b22 − 4a2c2
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30.32 problem 180
30.32.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3175

Internal problem ID [11004]
Internal file name [OUTPUT/10260_Sunday_December_31_2023_11_33_20_AM_7107991/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 180.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a x2 + bx+ c

)
y′′ −

(
−k2 + x2) y′ + (x+ k) y = 0

30.32.1 Maple step by step solution

Let’s solve
(a x2 + bx+ c) y′′ + (k2 − x2) y′ + (x+ k) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − (x+k)y
a x2+bx+c

−
(
k2−x2)y′

a x2+bx+c

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
k2−x2)y′

a x2+bx+c
+ (x+k)y

a x2+bx+c
= 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = k2−x2

a x2+bx+c
, P3(x) = x+k

a x2+bx+c

]
◦
(
x− −b+

√
−4ac+b2

2a

)
· P2(x) is analytic at x = −b+

√
−4ac+b2

2a((
x− −b+

√
−4ac+b2

2a

)
· P2(x)

) ∣∣∣∣
x=−b+

√
−4ac+b2
2a

= 0

◦
(
x− −b+

√
−4ac+b2

2a

)2
· P3(x) is analytic at x = −b+

√
−4ac+b2

2a((
x− −b+

√
−4ac+b2

2a

)2
· P3(x)

) ∣∣∣∣
x=−b+

√
−4ac+b2
2a

= 0

◦ x = −b+
√
−4ac+b2

2a is a regular singular point

Check to see if x0 is a regular singular point

x0 = −b+
√
−4ac+b2

2a

• Multiply by denominators
(a x2 + bx+ c) y′′ + (k2 − x2) y′ + (x+ k) y = 0

• Change variables using x = u+ −b+
√
−4ac+b2

2a so that the regular singular point is at u = 0(
a u2 + u

√
−4ac+ b2

) (
d2

du2y(u)
)
+
(
k2 − u2 + ub

a
− u

√
−4ac+b2

a
− b2

2a2 +
b
√
−4ac+b2

2a2 + c
a

) (
d
du
y(u)

)
+
(
u− b

2a +
√
−4ac+b2

2a + k
)
y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um · y(u) to series expansion form = 0..1

um · y(u) =
∞∑
k=0

aku
k+r+m

◦ Shift index using k− >k −m

um · y(u) =
∞∑

k=m

ak−mu
k+r

◦ Convert um ·
(

d
du
y(u)

)
to series expansion form = 0..2

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r
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◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..2

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
a0r
(
2a2

√
−4ac+b2 r+2a2k2−2a2

√
−4ac+b2+b

√
−4ac+b2+2ac−b2

)
u−1+r

2a2 +
(

a1(1+r)
(
2a2

√
−4ac+b2 r+2a2k2+b

√
−4ac+b2+2ac−b2

)
2a2 −

a0
(
−2a2r2+2a2r+2

√
−4ac+b2 r−2ak−2br−

√
−4ac+b2+b

)
2a

)
ur +

(
∞∑
k=1

(
ak+1(k+1+r)

(
2a2

√
−4ac+b2 (k+1)+2a2

√
−4ac+b2 r+2a2k2−2a2

√
−4ac+b2+b

√
−4ac+b2+2ac−b2

)
2a2 −

ak

(
−2a2k2−4a2kr−2a2r2+2a2k+2a2r+2

√
−4ac+b2 k+2

√
−4ac+b2 r−2ak−2bk−2br−

√
−4ac+b2+b

)
2a − ak−1(k − 2 + r)

)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r
(
2a2

√
−4ac+b2 r+2a2k2−2a2

√
−4ac+b2+b

√
−4ac+b2+2ac−b2

)
2a2 = 0

• Values of r that satisfy the indicial equation

r ∈
{
0, −2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

2a2
√
−4ac+b2

}
• Each term must be 0

a1(1+r)
(
2a2

√
−4ac+b2 r+2a2k2+b

√
−4ac+b2+2ac−b2

)
2a2 −

a0
(
−2a2r2+2a2r+2

√
−4ac+b2 r−2ak−2br−

√
−4ac+b2+b

)
2a = 0

• Each term in the series must be 0, giving the recursion relation(
2ak+1(k+1+r)(k+r)a2−2

(
k+r− 1

2
)
aka+bak+1(k+1+r)

)√
−4ac+b2+2ak(k+r)(k+r−1)a3+

(
2k2(k+1+r)ak+1+2akk−2kak−1−2rak−1+4ak−1

)
a2+

(
2c(k+1+r)ak+1+2

(
k+r− 1

2
)
bak
)
a−ak+1b

2(k+1+r)
2a2 = 0

• Shift index using k− >k + 1(
2ak+2(k+2+r)(k+1+r)a2−2

(
k+ 1

2+r
)
ak+1a+bak+2(k+2+r)

)√
−4ac+b2+2ak+1(k+1+r)(k+r)a3+

(
2k2(k+2+r)ak+2+2ak+1k−2(k+1)ak−2rak+4ak

)
a2+

(
2c(k+2+r)ak+2+2

(
k+ 1

2+r
)
bak+1

)
a−ak+2b

2(k+2+r)
2a2 = 0

• Recursion relation that defines series solution to ODE

ak+2 =
a
(
−2a2k2ak+1−4a2krak+1−2a2r2ak+1−2a2kak+1−2a2rak+1+2

√
−4ac+b2 kak+1+2

√
−4ac+b2 rak+1−2akak+1+2akak+2arak−2bkak+1−2brak+1+

√
−4ac+b2 ak+1−2aka−bak+1

)
4
√
−4ac+b2 a2kr−2b2−b2k−b2r+4a2k2+4ac+4a2

√
−4ac+b2+2b

√
−4ac+b2+2a2k2k+2a2k2r+2ack+2acr+2

√
−4ac+b2 a2k2+2

√
−4ac+b2 a2r2+6a2

√
−4ac+b2 k+6a2

√
−4ac+b2 r+

√
−4ac+b2 bk+

√
−4ac+b2 br

• Recursion relation for r = 0

ak+2 =
a
(
−2a2k2ak+1−2a2kak+1+2

√
−4ac+b2 kak+1−2akak+1+2akak−2bkak+1+

√
−4ac+b2 ak+1−2aka−bak+1

)
−2b2−b2k+4a2k2+4ac+4a2

√
−4ac+b2+2b

√
−4ac+b2+2a2k2k+2ack+2

√
−4ac+b2 a2k2+6a2

√
−4ac+b2 k+

√
−4ac+b2 bk

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+2 =

a
(
−2a2k2ak+1−2a2kak+1+2

√
−4ac+b2 kak+1−2akak+1+2akak−2bkak+1+

√
−4ac+b2 ak+1−2aka−bak+1

)
−2b2−b2k+4a2k2+4ac+4a2

√
−4ac+b2+2b

√
−4ac+b2+2a2k2k+2ack+2

√
−4ac+b2 a2k2+6a2

√
−4ac+b2 k+

√
−4ac+b2 bk

,
a1
(
2a2k2+b

√
−4ac+b2+2ac−b2

)
2a2 −

a0
(
−2ak−

√
−4ac+b2+b

)
2a = 0

]
• Revert the change of variables u = x− −b+

√
−4ac+b2

2a[
y =

∞∑
k=0

ak
(
x− −b+

√
−4ac+b2

2a

)k
, ak+2 =

a
(
−2a2k2ak+1−2a2kak+1+2

√
−4ac+b2 kak+1−2akak+1+2akak−2bkak+1+

√
−4ac+b2 ak+1−2aka−bak+1

)
−2b2−b2k+4a2k2+4ac+4a2

√
−4ac+b2+2b

√
−4ac+b2+2a2k2k+2ack+2

√
−4ac+b2 a2k2+6a2

√
−4ac+b2 k+

√
−4ac+b2 bk

,
a1
(
2a2k2+b

√
−4ac+b2+2ac−b2

)
2a2 −

a0
(
−2ak−

√
−4ac+b2+b

)
2a = 0

]
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• Recursion relation for r = −2a2k2+2a2
√
−4ac+b2−b

√
−4ac+b2−2ac+b2

2a2
√
−4ac+b2

ak+2 =
a

(
−2a2k2ak+1−

2k
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
ak+1√

−4ac+b2
−
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)2
ak+1

2a2
(
−4ac+b2

) −2a2kak+1−
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
ak+1√

−4ac+b2
+2

√
−4ac+b2 kak+1+

(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
ak+1

a2 −2akak+1+2akak+
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
ak

a
√

−4ac+b2
−2bkak+1−

b
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
ak+1

a2
√

−4ac+b2
+
√
−4ac+b2 ak+1−2aka−bak+1

)

2k
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
+b2−b2k−

b2
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
2a2

√
−4ac+b2

−2a2k2−2ac+10a2
√
−4ac+b2−b

√
−4ac+b2+2a2k2k+

k2
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
√

−4ac+b2
+2ack+

c
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
a
√

−4ac+b2
+2

√
−4ac+b2 a2k2+

(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)2
2
√

−4ac+b2 a2
+6a2

√
−4ac+b2 k+

√
−4ac+b2 bk+

b
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
2a2

• Solution for r = −2a2k2+2a2
√
−4ac+b2−b

√
−4ac+b2−2ac+b2

2a2
√
−4ac+b2y(u) = ∞∑

k=0
aku

k+−2a2k2+2a2
√

−4ac+b2−b
√

−4ac+b2−2ac+b2

2a2
√

−4ac+b2 , ak+2 =
a

(
−2a2k2ak+1−

2k
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
ak+1√

−4ac+b2
−
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)2
ak+1

2a2
(
−4ac+b2

) −2a2kak+1−
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
ak+1√

−4ac+b2
+2

√
−4ac+b2 kak+1+

(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
ak+1

a2 −2akak+1+2akak+
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
ak

a
√

−4ac+b2
−2bkak+1−

b
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
ak+1

a2
√

−4ac+b2
+
√
−4ac+b2 ak+1−2aka−bak+1

)

2k
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
+b2−b2k−

b2
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
2a2

√
−4ac+b2

−2a2k2−2ac+10a2
√
−4ac+b2−b

√
−4ac+b2+2a2k2k+

k2
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
√

−4ac+b2
+2ack+

c
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
a
√

−4ac+b2
+2

√
−4ac+b2 a2k2+

(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)2
2
√

−4ac+b2 a2
+6a2

√
−4ac+b2 k+

√
−4ac+b2 bk+

b
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
2a2

, a1
(
1 + −2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

2a2
√
−4ac+b2

)√
−4ac+ b2 −

a0

(
−
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)2
2a2

(
−4ac+b2

) +−2a2k2+2a2
√

−4ac+b2−b
√

−4ac+b2−2ac+b2√
−4ac+b2

+−2a2k2+2a2
√

−4ac+b2−b
√

−4ac+b2−2ac+b2
a2 −2ak−

b
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
a2
√

−4ac+b2
−
√
−4ac+b2+b

)
2a = 0


• Revert the change of variables u = x− −b+

√
−4ac+b2

2ay =
∞∑
k=0

ak
(
x− −b+

√
−4ac+b2

2a

)k+−2a2k2+2a2
√

−4ac+b2−b
√

−4ac+b2−2ac+b2

2a2
√

−4ac+b2 , ak+2 =
a

(
−2a2k2ak+1−

2k
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
ak+1√

−4ac+b2
−
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)2
ak+1

2a2
(
−4ac+b2

) −2a2kak+1−
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
ak+1√

−4ac+b2
+2

√
−4ac+b2 kak+1+

(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
ak+1

a2 −2akak+1+2akak+
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
ak

a
√

−4ac+b2
−2bkak+1−

b
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
ak+1

a2
√

−4ac+b2
+
√
−4ac+b2 ak+1−2aka−bak+1

)

2k
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
+b2−b2k−

b2
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
2a2

√
−4ac+b2

−2a2k2−2ac+10a2
√
−4ac+b2−b

√
−4ac+b2+2a2k2k+

k2
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
√

−4ac+b2
+2ack+

c
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
a
√

−4ac+b2
+2

√
−4ac+b2 a2k2+

(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)2
2
√

−4ac+b2 a2
+6a2

√
−4ac+b2 k+

√
−4ac+b2 bk+

b
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
2a2

, a1
(
1 + −2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

2a2
√
−4ac+b2

)√
−4ac+ b2 −

a0

(
−
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)2
2a2

(
−4ac+b2

) +−2a2k2+2a2
√

−4ac+b2−b
√

−4ac+b2−2ac+b2√
−4ac+b2

+−2a2k2+2a2
√

−4ac+b2−b
√

−4ac+b2−2ac+b2
a2 −2ak−

b
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
a2
√

−4ac+b2
−
√
−4ac+b2+b

)
2a = 0


• Combine solutions and rename parametersy =

(
∞∑

m=0
dm
(
x− −b+

√
−4ac+b2

2a

)m)
+
(

∞∑
m=0

em
(
x− −b+

√
−4ac+b2

2a

)m+−2a2k2+2a2
√

−4ac+b2−b
√

−4ac+b2−2ac+b2

2a2
√

−4ac+b2

)
, dm+2 =

a
(
−2a2m2dm+1−2a2mdm+1+2

√
−4ac+b2 mdm+1−2akdm+1+2amdm−2bmdm+1+

√
−4ac+b2 dm+1−2dma−bdm+1

)
−2b2−b2m+4a2k2+4ac+4a2

√
−4ac+b2+2b

√
−4ac+b2+2a2k2m+2acm+2

√
−4ac+b2 a2m2+6a2

√
−4ac+b2 m+

√
−4ac+b2 bm

,
d1
(
2a2k2+b

√
−4ac+b2+2ac−b2

)
2a2 −

d0
(
−2ak−

√
−4ac+b2+b

)
2a = 0, em+2 =

a

(
−2a2m2em+1−

2m
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
em+1√

−4ac+b2
−
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)2
em+1

2a2
(
−4ac+b2

) −2a2mem+1−
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
em+1√

−4ac+b2
+2

√
−4ac+b2 mem+1+

(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
em+1

a2 −2akem+1+2amem+
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
em

a
√

−4ac+b2
−2bmem+1−

b
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
em+1

a2
√

−4ac+b2
+
√
−4ac+b2 em+1−2ema−bem+1

)

2m
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
+b2−b2m−

b2
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
2a2

√
−4ac+b2

−2a2k2−2ac+10a2
√
−4ac+b2−b

√
−4ac+b2+2a2k2m+

k2
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
√

−4ac+b2
+2acm+

c
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
a
√

−4ac+b2
+2

√
−4ac+b2 a2m2+

(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)2
2
√

−4ac+b2 a2
+6a2

√
−4ac+b2 m+

√
−4ac+b2 bm+

b
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
2a2

, e1
(
1 + −2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

2a2
√
−4ac+b2

)√
−4ac+ b2 −

e0

(
−
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)2
2a2

(
−4ac+b2

) +−2a2k2+2a2
√

−4ac+b2−b
√

−4ac+b2−2ac+b2√
−4ac+b2

+−2a2k2+2a2
√

−4ac+b2−b
√

−4ac+b2−2ac+b2
a2 −2ak−

b
(
−2a2k2+2a2

√
−4ac+b2−b

√
−4ac+b2−2ac+b2

)
a2
√

−4ac+b2
−
√
−4ac+b2+b

)
2a = 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunC ODE, case a <> 0, e <> 0, c = 0

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.328 (sec). Leaf size: 1535� �
dsolve((a*x^2+b*x+c)*diff(y(x),x$2)-(x^2-k^2)*diff(y(x),x)+(x+k)*y(x)=0,y(x), singsol=all)� �

Expression too large to display
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3 Solution by Mathematica
Time used: 2.442 (sec). Leaf size: 119� �
DSolve[(a*x^2+b*x+c)*y''[x]-(x^2-k^2)*y'[x]+(x+k)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

(k − x)


c2
∫ x

1

exp


(
b2−2a

(
ak2+c

))
arctan

(
b+2aK[1]√

4ac−b2

)
√

4ac−b2
+aK[1]

a2

(c+K[1](b+aK[1]))−
b

2a2

(k−K[1])2 dK[1] + c1


k
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30.33 problem 181
Internal problem ID [11005]
Internal file name [OUTPUT/10261_Sunday_December_31_2023_11_33_25_AM_57004415/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 181.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a x2 + bx+ c

)
y′′ +

(
k3 + x3) y′ − (k2 − kx+ x2) y = 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.437 (sec). Leaf size: 246� �
dsolve((a*x^2+b*x+c)*diff(y(x),x$2)+(x^3+k^3)*diff(y(x),x)-(x^2-k*x+k^2)*y(x)=0,y(x), singsol=all)� �
y(x) = (x

+k)


∫

(
2ax+ b−

√
−4ac+ b2

)− k3√
−4ac+b2

(
−2ax−b+

√
−4ac+b2

2ax+
√
−4ac+b2+b

)− 3bc
2a2

√
−4ac+b2

(
2ax+

√
−4ac+b2+b

−2ax−b+
√
−4ac+b2

)− b3

2a3
√

−4ac+b2 (a x2 + bx+ c)
ac−b2
2a3

(
2ax+

√
−4ac+b2+b√

−4ac+b2

) k3√
−4ac+b2 e−

x(ax−2b)
2a2

(x+ k)2
dx

 c2

+ c1


3 Solution by Mathematica
Time used: 3.224 (sec). Leaf size: 137� �
DSolve[(a*x^2+b*x+c)*y''[x]+(x^3+k^3)*y'[x]-(x^2-k*x+k^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

(k + x)

c2
∫ x

1

exp

(
b3−3acb−2a3k3

)
arctan

(
b+2aK[1]√

4ac−b2

)
a3
√

4ac−b2
−K[1](aK[1]−2b)

2a2

(c+K[1](b+aK[1]))−
b2−ac
2a3

(k+K[1])2 dK[1] + c1


k
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31 Chapter 2, Second-Order Differential
Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x + a1x + a0)y′′ + f (x)y′ + g(x)y = 0
31.1 problem 182 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3185
31.2 problem 183 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3188
31.3 problem 184 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3191
31.4 problem 185 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3194
31.5 problem 186 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3196
31.6 problem 187 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3199
31.7 problem 188 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3202
31.8 problem 189 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3205
31.9 problem 190 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3221
31.10problem 191 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3226
31.11problem 192 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3231
31.12problem 193 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3242
31.13problem 194 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3251
31.14problem 195 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3256
31.15problem 196 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3261
31.16problem 197 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3266
31.17problem 198 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3271
31.18problem 199 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3272
31.19problem 200 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3273
31.20problem 201 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3274
31.21problem 202 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3277
31.22problem 203 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3297
31.23problem 204 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3298
31.24problem 205 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3303
31.25problem 206 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3309
31.26problem 207 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3319
31.27problem 208 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3325
31.28problem 209 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3331
31.29problem 210 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3334
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31.1 problem 182
31.1.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 3185

Internal problem ID [11006]
Internal file name [OUTPUT/10262_Sunday_December_31_2023_11_33_28_AM_16378108/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 182.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x3y′′ + (ax+ b) y = 0

31.1.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
a+ b

x

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
√
b

n =
√
1− 4a

γ = −1
2

Substituting all the above into (4) gives the solution as

y = c1
√
x BesselJ

(
√
1− 4a, 2

√
b√
x

)
+ c2

√
x BesselY

(
√
1− 4a, 2

√
b√
x

)

Summary
The solution(s) found are the following

(1)y = c1
√
x BesselJ

(
√
1− 4a, 2

√
b√
x

)
+ c2

√
x BesselY

(
√
1− 4a, 2

√
b√
x

)
Verification of solutions

y = c1
√
x BesselJ

(
√
1− 4a, 2

√
b√
x

)
+ c2

√
x BesselY

(
√
1− 4a, 2

√
b√
x

)

Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 49� �
dsolve(x^3*diff(y(x),x$2)+(a*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) =
(
BesselJ

(
−
√
−4a+ 1, 2

√
b√
x

)
c1 + BesselY

(
−
√
−4a+ 1, 2

√
b√
x

)
c2

)
√
x

3 Solution by Mathematica
Time used: 0.128 (sec). Leaf size: 101� �
DSolve[x^3*y''[x]+(a*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
c1Gamma

(
1−

√
1− 4a

)
BesselJ

(
−
√
1− 4a, 2

√
b
√

1
x

)
+ c2Gamma

(√
1− 4a+ 1

)
BesselJ

(√
1− 4a, 2

√
b
√

1
x

)
√
b
√

1
x
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31.2 problem 183
Internal problem ID [11007]
Internal file name [OUTPUT/10263_Sunday_December_31_2023_11_33_29_AM_57178898/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 183.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x3y′′ +
(
a x2 + b

)
y′ + ycx = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.156 (sec). Leaf size: 120� �
dsolve(x^3*diff(y(x),x$2)+(a*x^2+b)*diff(y(x),x)+c*x*y(x)=0,y(x), singsol=all)� �
y(x) = x−

√
a2−2a−4c+1

2 −a
2+

1
2

(
KummerM

(
−1
4 +

√
a2 − 2a− 4c+ 1

4 + a

4 , 1

+
√
a2 − 2a− 4c+ 1

2 ,
b

2x2

)
c1

+KummerU
(
−1
4 +

√
a2 − 2a− 4c+ 1

4 + a

4 , 1+
√
a2 − 2a− 4c+ 1

2 ,
b

2x2

)
c2

)
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3 Solution by Mathematica
Time used: 0.646 (sec). Leaf size: 308� �
DSolve[x^3*y''[x]+(a*x^2+b)*y'[x]+c*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−(−1)
1
4

(
−
√
a2−2a−4c+1+a+3

)
2

1
4

(
−
√
a2−2a−4c+1−a+1

)
b

1
4

(
−
√
a2−2a−4c+1+a−1

)(1
x

) 1
2

(
−
√
a2−2a−4c+1+a−1

)(
c2i

√
a2−2a−4c+1b

1
2
√
a2−2a−4c+1

(
1
x

)√
a2−2a−4c+1

Hypergeometric1F1
(
1
4

(
a+

√
a2 − 2a− 4c+ 1−1

)
,
1
2

(√
a2 − 2a− 4c+ 1+2

)
,

b

2x2

)
+ c12

1
2
√
a2−2a−4c+1Hypergeometric1F1

(
1
4

(
a−

√
a2 − 2a− 4c+ 1− 1

)
, 1

− 1
2
√
a2 − 2a− 4c+ 1, b

2x2

))
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31.3 problem 184
Internal problem ID [11008]
Internal file name [OUTPUT/10264_Sunday_December_31_2023_11_33_31_AM_3795090/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 184.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x3y′′ +
(
a x2 + bx

)
y′ + yb = 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Kummer successful

<- special function solution successful
-> Trying to convert hypergeometric functions to elementary form...
<- elementary form is not straightforward to achieve - returning special function solution free of uncomputed integrals

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 108� �
dsolve(x^3*diff(y(x),x$2)+(a*x^2+b*x)*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �
y(x)

=
c1x
(
Γ
(
a,− b

x

)
− Γ(a)

)
(−1)−a (a− 2) b−a+1 + c1

(
Γ
(
a,− b

x

)
− Γ(a)

)
(−1)−a b−a+2 + b x−a+1c1e

b
x + c2(a− 2)x− c1x

−a+2e b
x + c2b

x
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3 Solution by Mathematica
Time used: 2.653 (sec). Leaf size: 62� �
DSolve[x^3*y''[x]+(a*x^2+b*x)*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
((a− 2)x+ b)

(
c2
∫ x

1
e

b
K[1]K[1]2−a

(b+(a−2)K[1])2dK[1] + c1

)
x(a+ b− 2)
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31.4 problem 185
Internal problem ID [11009]
Internal file name [OUTPUT/10265_Sunday_December_31_2023_11_33_32_AM_61588335/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 185.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x3y′′ +
(
a x2 + bx

)
y′ + yc = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 146� �
dsolve(x^3*diff(y(x),x$2)+(a*x^2+b*x)*diff(y(x),x)+c*y(x)=0,y(x), singsol=all)� �
y(x)

=
x−a
(
−cxc2(ab− c) (b− c)KummerU

(
(a+1)b−c

b
, a, b

x

)
+
(
c1xb(ab− c)KummerM

(
(a+1)b−c

b
, a, b

x

)
−
(
bc1KummerM

(
ab−c
b

, a, b
x

)
− cc2KummerU

(
ab−c
b

, a, b
x

))
(abx+ b2 − 2cx)

)
b
)

b2c

3 Solution by Mathematica
Time used: 0.435 (sec). Leaf size: 62� �
DSolve[x^3*y''[x]+(a*x^2+b*x)*y'[x]+c*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1Hypergeometric1F1
(
−c

b
, 2− a,

b

x

)
− (−1)ac2ba−1

(
1
x

)a−1

Hypergeometric1F1
(
a− b+ c

b
, a,

b

x

)

3195



31.5 problem 186
Internal problem ID [11010]
Internal file name [OUTPUT/10266_Sunday_December_31_2023_11_33_32_AM_61507542/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 186.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x3y′′ +
(
a x2 + bx

)
y′ + (cx+ d) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.125 (sec). Leaf size: 132� �
dsolve(x^3*diff(y(x),x$2)+(a*x^2+b*x)*diff(y(x),x)+(c*x+d)*y(x)=0,y(x), singsol=all)� �

y(x) = x−
√

a2−2a−4c+1
2 −a

2+
1
2

(
KummerM

(√
a2 − 2a− 4c+ 1 b+ b(a− 1)− 2d

2b , 1

+
√
a2 − 2a− 4c+ 1, b

x

)
c1

+KummerU
(√

a2 − 2a− 4c+ 1 b+ b(a− 1)− 2d
2b , 1

+
√
a2 − 2a− 4c+ 1, b

x

)
c2

)
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3 Solution by Mathematica
Time used: 0.641 (sec). Leaf size: 255� �
DSolve[x^3*y''[x]+(a*x^2+b*x)*y'[x]+(c*x+d)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−i−
√
a2−2a−4c+1+a+1b

1
2

(
−
√
a2−2a−4c+1+a−1

)(1
x

) 1
2

(
−
√
a2−2a−4c+1+a−1

)(
c2i

2
√
a2−2a−4c+1b

√
a2−2a−4c+1

(
1
x

)√
a2−2a−4c+1

Hypergeometric1F1
(
1
2

(
a− 2d

b
+
√
a2 − 2a− 4c+ 1−1

)
,
√
a2 − 2a− 4c+ 1

+ 1, b
x

)
+ c1Hypergeometric1F1

(
1
2

(
a− 2d

b
−
√
a2 − 2a− 4c+ 1− 1

)
, 1

−
√
a2 − 2a− 4c+ 1, b

x

))
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31.6 problem 187
Internal problem ID [11011]
Internal file name [OUTPUT/10267_Sunday_December_31_2023_11_33_33_AM_40075043/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 187.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x3y′′ +
(
a x3 + abx− x2 + b

)
y′ + a2bxy = 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.454 (sec). Leaf size: 49� �
dsolve(x^3*diff(y(x),x$2)+(a*x^3-x^2+a*b*x+b)*diff(y(x),x)+a^2*b*x*y(x)=0,y(x), singsol=all)� �

y(x) = e−ax

c2

∫ x e
2a x3+2abx+b

2x2

(ax+ 1)2
dx

+ c1

 (ax+ 1)
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3 Solution by Mathematica
Time used: 1.347 (sec). Leaf size: 70� �
DSolve[x^3*y''[x]+(a*x^3-x^2+a*b*x+b)*y'[x]+a^2*b*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e−ax(ax+ 1)

(
c2
∫ x

1
a2e

aK[1]+ 2aK[1]b+b

2K[1]2 K[1]
(aK[1]+1)2 dK[1] + c1

)
a

3201



31.7 problem 188
Internal problem ID [11012]
Internal file name [OUTPUT/10268_Sunday_December_31_2023_11_33_34_AM_35096271/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 188.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x3y′′ + x(a xn + b) y′ −
(
a xn − xn−1ab+ b

)
y = 0

3202



Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(x^3*diff(y(x),x$2)+x*(a*x^n+b)*diff(y(x),x)-(a*x^n-a*b*x^(n-1)+b)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^3*y''[x]+x*(a*x^n+b)*y'[x]-(a*x^n-a*b*x^(n-1)+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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31.8 problem 189
31.8.1 Solving as second order integrable as is ode . . . . . . . . . . . 3205
31.8.2 Solving as type second_order_integrable_as_is (not using ABC

version) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3207
31.8.3 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3209
31.8.4 Solving as exact linear second order ode ode . . . . . . . . . . . 3215
31.8.5 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3217

Internal problem ID [11013]
Internal file name [OUTPUT/10269_Sunday_December_31_2023_11_33_34_AM_92961714/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 189.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "exact linear second
order ode", "second_order_integrable_as_is"

Maple gives the following as the ode type
[[_2nd_order , _exact , _linear , _homogeneous ]]

x
(
a x2 + b

)
y′′ + 2

(
a x2 + b

)
y′ − 2yax = 0

31.8.1 Solving as second order integrable as is ode

Integrating both sides of the ODE w.r.t x gives∫ (
x
(
a x2 + b

)
y′′ +

(
2a x2 + 2b

)
y′ − 2yax

)
dx = 0(

−a x2 + b
)
y +

(
a x3 + bx

)
y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = − a x2 − b

x (a x2 + b)
q(x) = c1

x (a x2 + b)

Hence the ode is

y′ − (a x2 − b) y
x (a x2 + b) = c1

x (a x2 + b)

The integrating factor µ is

µ = e
∫
− a x2−b

x
(
a x2+b

)dx

= eln(x)−ln
(
a x2+b

)

Which simplifies to

µ = x

a x2 + b

The ode becomes

d
dx(µy) = (µ)

(
c1

x (a x2 + b)

)
d
dx

(
xy

a x2 + b

)
=
(

x

a x2 + b

)(
c1

x (a x2 + b)

)
d
(

xy

a x2 + b

)
=
(

c1

(a x2 + b)2
)

dx

Integrating gives

xy

a x2 + b
=
∫

c1

(a x2 + b)2
dx

xy

a x2 + b
= c1

 x

2b (a x2 + b) +
arctan

(
ax√
ab

)
2b
√
ab

+ c2

Dividing both sides by the integrating factor µ = x
a x2+b

results in

y =
(a x2 + b) c1

(
x

2b(a x2+b) +
arctan

(
ax√
ab

)
2b
√
ab

)
x

+ c2(a x2 + b)
x
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which simplifies to

y = c1
2b +

arctan
(

ax√
ab

)
(a x2 + b) c1

2b
√
ab x

+ c2(a x2 + b)
x

Summary
The solution(s) found are the following

(1)y = c1
2b +

arctan
(

ax√
ab

)
(a x2 + b) c1

2b
√
ab x

+ c2(a x2 + b)
x

Verification of solutions

y = c1
2b +

arctan
(

ax√
ab

)
(a x2 + b) c1

2b
√
ab x

+ c2(a x2 + b)
x

Verified OK.

31.8.2 Solving as type second_order_integrable_as_is (not using ABC
version)

Writing the ode as

x
(
a x2 + b

)
y′′ +

(
2a x2 + 2b

)
y′ − 2yax = 0

Integrating both sides of the ODE w.r.t x gives∫ (
x
(
a x2 + b

)
y′′ +

(
2a x2 + 2b

)
y′ − 2yax

)
dx = 0(

−a x2 + b
)
y +

(
a x3 + bx

)
y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = − a x2 − b

x (a x2 + b)
q(x) = c1

x (a x2 + b)
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Hence the ode is

y′ − (a x2 − b) y
x (a x2 + b) = c1

x (a x2 + b)

The integrating factor µ is

µ = e
∫
− a x2−b

x
(
a x2+b

)dx

= eln(x)−ln
(
a x2+b

)

Which simplifies to

µ = x

a x2 + b

The ode becomes

d
dx(µy) = (µ)

(
c1

x (a x2 + b)

)
d
dx

(
xy

a x2 + b

)
=
(

x

a x2 + b

)(
c1

x (a x2 + b)

)
d
(

xy

a x2 + b

)
=
(

c1

(a x2 + b)2
)

dx

Integrating gives

xy

a x2 + b
=
∫

c1

(a x2 + b)2
dx

xy

a x2 + b
= c1

 x

2b (a x2 + b) +
arctan

(
ax√
ab

)
2b
√
ab

+ c2

Dividing both sides by the integrating factor µ = x
a x2+b

results in

y =
(a x2 + b) c1

(
x

2b(a x2+b) +
arctan

(
ax√
ab

)
2b
√
ab

)
x

+ c2(a x2 + b)
x

which simplifies to

y = c1
2b +

arctan
(

ax√
ab

)
(a x2 + b) c1

2b
√
ab x

+ c2(a x2 + b)
x
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Summary
The solution(s) found are the following

(1)y = c1
2b +

arctan
(

ax√
ab

)
(a x2 + b) c1

2b
√
ab x

+ c2(a x2 + b)
x

Verification of solutions

y = c1
2b +

arctan
(

ax√
ab

)
(a x2 + b) c1

2b
√
ab x

+ c2(a x2 + b)
x

Verified OK.

31.8.3 Solving using Kovacic algorithm

Writing the ode as

x
(
a x2 + b

)
y′′ +

(
2a x2 + 2b

)
y′ − 2yax = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x
(
a x2 + b

)
B = 2a x2 + 2b (3)
C = −2ax

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = 2a
a x2 + b

(6)
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Comparing the above to (5) shows that

s = 2a
t = a x2 + b

Therefore eq. (4) becomes

z′′(x) =
(

2a
a x2 + b

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 176: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 2− 0
= 2

The poles of r in eq. (7) and the order of each pole are determined by solving for
the roots of t = a x2 + b. There is a pole at x =

√
−ab
a

of order 1. There is a pole at
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x = −
√
−ab
a

of order 1. Since there is no odd order pole larger than 2 and the order at
∞ is 2 then the necessary conditions for case one are met. Since pole order is not larger
than 2 and the order at ∞ is 2 then the necessary conditions for case three are met.
Therefore

L = [1, 4, 6, 12]

Attempting to find a solution using case n = 1.

Looking at poles of order 1. For the pole at x =
√
−ab
a

of order 1 then

[
√
r]c = 0
α+
c = 1

α−
c = 1

Since the order of r at ∞ is 2 then [
√
r]∞ = 0. Let b be the coefficient of 1

x2 in
the Laurent series expansion of r at ∞. which can be found by dividing the leading
coefficient of s by the leading coefficient of t from

r = s

t
= 2a

a x2 + b

Since the gcd(s, t) = 1. This gives b = 2. Hence

[
√
r]∞ = 0

α+
∞ = 1

2 +
√
1 + 4b = 2

α−
∞ = 1

2 −
√
1 + 4b = −1

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = 2a
a x2 + b

pole c location pole order [
√
r]c α+

c α−
c

√
−ab
a

1 0 0 1

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

2 0 2 −1

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
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determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α+

∞ = 2 then

d = α+
∞ −

(
α−
c1

)
= 2− (1)
= 1

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

Substituting the above values in the above results in

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+ (+)[

√
r]∞

= 1
x−

√
−ab
a

+ (0)

= 1
x−

√
−ab
a

= − a

−ax+
√
−ab

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 1 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = x+ a0 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(

1
x−

√
−ab
a

)
(1) +


− 1(

x−
√
−ab
a

)2
+

(
1

x−
√
−ab
a

)2

−
(

2a
a x2 + b

) = 0

−
2a
(
(−x− a0)

√
−ab+ axa0 − b

)(
ax−

√
−ab

)
(a x2 + b)

= 0
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Solving for the coefficients ai in the above using method of undetermined coefficients
gives {

a0 =
√
−ab

a

}
Substituting these coefficients in p(x) in eq. (2A) results in

p(x) = x+
√
−ab

a

Therefore the first solution to the ode z′′ = rz is

z1(x) = pe
∫
ω dx

=
(
x+

√
−ab

a

)
e
∫ 1

x−
√

−ab
a

dx

=
(
x+

√
−ab

a

)
x−

√
−ab

a

= a x2 + b

a

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
2a x2+2b
x
(
a x2+b

) dx

= z1e
− ln(x)

= z1

(
1
x

)

Which simplifies to

y1 =
a x2 + b

ax

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

3213



Substituting gives

y2 = y1

∫
e

∫
− 2a x2+2b

x
(
a x2+b

) dx

(y1)2
dx

= y1

∫
e−2 ln(x)

(y1)2
dx

= y1

a2
(

x
a x2+b

+
arctan

(
ax√
ab

)
√
ab

)
2b


Therefore the solution is

y = c1y1 + c2y2

= c1

(
a x2 + b

ax

)
+ c2

a x2 + b

ax

a2
(

x
a x2+b

+
arctan

(
ax√
ab

)
√
ab

)
2b




Summary
The solution(s) found are the following

(1)y = c1(a x2 + b)
ax

+
c2a
(√

ab x+ arctan
(

ax√
ab

)
(a x2 + b)

)
2xb

√
ab

Verification of solutions

y = c1(a x2 + b)
ax

+
c2a
(√

ab x+ arctan
(

ax√
ab

)
(a x2 + b)

)
2xb

√
ab

Verified OK.
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31.8.4 Solving as exact linear second order ode ode

An ode of the form

p(x) y′′ + q(x) y′ + r(x) y = s(x)

is exact if

p′′(x)− q′(x) + r(x) = 0 (1)

For the given ode we have

p(x) = x
(
a x2 + b

)
q(x) = 2a x2 + 2b
r(x) = −2ax
s(x) = 0

Hence

p′′(x) = 6ax
q′(x) = 4ax

Therefore (1) becomes

6ax− (4ax) + (−2ax) = 0

Hence the ode is exact. Since we now know the ode is exact, it can be written as

(p(x) y′ + (q(x)− p′(x)) y)′ = s(x)

Integrating gives

p(x) y′ + (q(x)− p′(x)) y =
∫

s(x) dx

Substituting the above values for p, q, r, s gives

x
(
a x2 + b

)
y′ +

(
−a x2 + b

)
y = c1

We now have a first order ode to solve which is

x
(
a x2 + b

)
y′ +

(
−a x2 + b

)
y = c1

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = − a x2 − b

x (a x2 + b)
q(x) = c1

x (a x2 + b)

Hence the ode is

y′ − (a x2 − b) y
x (a x2 + b) = c1

x (a x2 + b)

The integrating factor µ is

µ = e
∫
− a x2−b

x
(
a x2+b

)dx

= eln(x)−ln
(
a x2+b

)

Which simplifies to

µ = x

a x2 + b

The ode becomes

d
dx(µy) = (µ)

(
c1

x (a x2 + b)

)
d
dx

(
xy

a x2 + b

)
=
(

x

a x2 + b

)(
c1

x (a x2 + b)

)
d
(

xy

a x2 + b

)
=
(

c1

(a x2 + b)2
)

dx

Integrating gives

xy

a x2 + b
=
∫

c1

(a x2 + b)2
dx

xy

a x2 + b
= c1

 x

2b (a x2 + b) +
arctan

(
ax√
ab

)
2b
√
ab

+ c2

Dividing both sides by the integrating factor µ = x
a x2+b

results in

y =
(a x2 + b) c1

(
x

2b(a x2+b) +
arctan

(
ax√
ab

)
2b
√
ab

)
x

+ c2(a x2 + b)
x
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which simplifies to

y = c1
2b +

arctan
(

ax√
ab

)
(a x2 + b) c1

2b
√
ab x

+ c2(a x2 + b)
x

Summary
The solution(s) found are the following

(1)y = c1
2b +

arctan
(

ax√
ab

)
(a x2 + b) c1

2b
√
ab x

+ c2(a x2 + b)
x

Verification of solutions

y = c1
2b +

arctan
(

ax√
ab

)
(a x2 + b) c1

2b
√
ab x

+ c2(a x2 + b)
x

Verified OK.

31.8.5 Maple step by step solution

Let’s solve
x(a x2 + b) y′′ + (2a x2 + 2b) y′ − 2yax = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = −2y′

x
+ 2ay

a x2+b

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + 2y′

x
− 2ay

a x2+b
= 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = 2
x
, P3(x) = − 2a

a x2+b

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 2

◦ x2 · P3(x) is analytic at x = 0
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(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 is a regular singular point
x0 = 0

• Multiply by denominators
x(a x2 + b) y′′ + (2a x2 + 2b) y′ − 2yax = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert x · y to series expansion

x · y =
∞∑
k=0

akx
k+r+1

◦ Shift index using k− >k − 1

x · y =
∞∑
k=1

ak−1x
k+r

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert xm · y′′ to series expansion form = 1..3

xm · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−2+m

◦ Shift index using k− >k + 2−m

xm · y′′ =
∞∑

k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)xk+r

Rewrite ODE with series expansions

ba0r(1 + r)x−1+r + ba1(1 + r) (2 + r)xr +
(

∞∑
k=1

(bak+1(k + r + 1) (k + r + 2) + aak−1(k + r + 1) (k − 2 + r))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
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br(1 + r) = 0
• Values of r that satisfy the indicial equation

r ∈ {−1, 0}
• Each term must be 0

ba1(1 + r) (2 + r) = 0
• Each term in the series must be 0, giving the recursion relation

(k + r + 1) (bak+1(k + r + 2) + aak−1(k − 2 + r)) = 0
• Shift index using k− >k + 1

(k + r + 2) (bak+2(k + 3 + r) + aak(k + r − 1)) = 0
• Recursion relation that defines series solution to ODE

ak+2 = −aak(k+r−1)
b(k+3+r)

• Recursion relation for r = −1 ; series terminates at k = 2
ak+2 = −aak(k−2)

b(k+2)

• Solution for r = −1[
y =

∞∑
k=0

akx
k−1, ak+2 = −aak(k−2)

b(k+2) , 0 = 0
]

• Recursion relation for r = 0
ak+2 = −aak(k−1)

b(k+3)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+2 = −aak(k−1)

b(k+3) , 2ba1 = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

ckx
k−1
)
+
(

∞∑
k=0

dkx
k

)
, ck+2 = −ack(k−2)

b(k+2) , 0 = 0, dk+2 = −adk(k−1)
b(k+3) , 2bd1 = 0

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 46� �
dsolve(x*(a*x^2+b)*diff(y(x),x$2)+2*(a*x^2+b)*diff(y(x),x)-2*a*x*y(x)=0,y(x), singsol=all)� �

y(x) =
(a x2 + b) c2 arctan

(√
ab x
b

)
+
√
ab c2x+ c1(a x2 + b)

x

3 Solution by Mathematica
Time used: 0.16 (sec). Leaf size: 78� �
DSolve[x*(a*x^2+b)*y''[x]+2*(a*x^2+b)*y'[x]-2*a*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
c2(ax2 + b) arctan

(√
ax√
b

)
+
√
a
√
b(2abc1x2 + 2b2c1 + c2x)

2
√
ab3/2x
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31.9 problem 190
31.9.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3221

Internal problem ID [11014]
Internal file name [OUTPUT/10270_Sunday_December_31_2023_11_33_36_AM_47036669/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 190.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x
(
x2 + a

)
y′′ +

(
b x2 + c

)
y′ + sxy = 0

31.9.1 Maple step by step solution

Let’s solve
x(x2 + a) y′′ + (b x2 + c) y′ + sxy = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
b x2+c

)
y′

x(x2+a) − sy
x2+a

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
b x2+c

)
y′

x(x2+a) + sy
x2+a

= 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = b x2+c

x(x2+a) , P3(x) = s
x2+a

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= c
a

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 is a regular singular point
x0 = 0

• Multiply by denominators
x(x2 + a) y′′ + (b x2 + c) y′ + sxy = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert x · y to series expansion

x · y =
∞∑
k=0

akx
k+r+1

◦ Shift index using k− >k − 1

x · y =
∞∑
k=1

ak−1x
k+r

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert xm · y′′ to series expansion form = 1..3

xm · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−2+m

◦ Shift index using k− >k + 2−m
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xm · y′′ =
∞∑

k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)xk+r

Rewrite ODE with series expansions

a0r(ar − a+ c)xr−1 + a1(1 + r) (ar + c)xr +
(

∞∑
k=1

(
ak+1(k + r + 1) (a(k + 1) + ar − a+ c) + ak−1

(
b(k − 1) + br + (k − 1)2 + 2(k − 1) r + r2 − k + 1− r + s

))
xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(ar − a+ c) = 0

• Values of r that satisfy the indicial equation
r ∈

{
0, a−c

a

}
• Each term must be 0

a1(1 + r) (ar + c) = 0
• Each term in the series must be 0, giving the recursion relation

(k2 + (b+ 2r − 3) k + r2 + (b− 3) r − b+ s+ 2) ak−1 + ak+1(k + r + 1) (ak + ar + c) = 0
• Shift index using k− >k + 1(

(k + 1)2 + (b+ 2r − 3) (k + 1) + r2 + (b− 3) r − b+ s+ 2
)
ak + ak+2(k + 2 + r) (a(k + 1) + ar + c) = 0

• Recursion relation that defines series solution to ODE

ak+2 = −
(
bk+br+k2+2kr+r2−k−r+s

)
ak

(k+2+r)(ak+ar+a+c)

• Recursion relation for r = 0

ak+2 = −
(
bk+k2−k+s

)
ak

(k+2)(ak+a+c)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+2 = −

(
bk+k2−k+s

)
ak

(k+2)(ak+a+c) , a1c = 0
]

• Recursion relation for r = a−c
a

ak+2 = −

(
bk+ b(a−c)

a
+k2+ 2k(a−c)

a
+ (a−c)2

a2 −k−a−c
a

+s

)
ak(

k+2+a−c
a

)
(ak+2a)

• Solution for r = a−c
a[

y =
∞∑
k=0

akx
k+a−c

a , ak+2 = −

(
bk+ b(a−c)

a
+k2+ 2k(a−c)

a
+ (a−c)2

a2 −k−a−c
a

+s

)
ak(

k+2+a−c
a

)
(ak+2a) , a1

(
1 + a−c

a

)
a = 0

]
• Combine solutions and rename parameters
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[
y =

(
∞∑
k=0

dkx
k

)
+
(

∞∑
k=0

ekx
k+a−c

a

)
, dk+2 = −

(
bk+k2−k+s

)
dk

(k+2)(ak+a+c) , d1c = 0, ek+2 = −

(
bk+ b(a−c)

a
+k2+ 2k(a−c)

a
+ (a−c)2

a2 −k−a−c
a

+s

)
ek(

k+2+a−c
a

)
(ak+2a) , e1

(
1 + a−c

a

)
a = 0

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.157 (sec). Leaf size: 175� �
dsolve(x*(x^2+a)*diff(y(x),x$2)+(b*x^2+c)*diff(y(x),x)+s*x*y(x)=0,y(x), singsol=all)� �
y(x) =

(
x2

+a
) (−b+2)a+c

2a

(
x

a−c
a hypergeom

([
− b

4+
5
4−

√
b2 − 2b− 4s+ 1

4 ,− b

4+
5
4+

√
b2 − 2b− 4s+ 1

4

]
,

[
3a− c

2a

]
,

−x2

a

)
c1

+hypergeom
([

− b

4+
3
4+

c

2a+
√
b2 − 2b− 4s+ 1

4 ,−
√
b2 − 2b− 4s+ 1

4 − b

4+
3
4+

c

2a

]
,

[
1
2+

c

2a

]
,

−x2

a

)
c2

)

3 Solution by Mathematica
Time used: 0.967 (sec). Leaf size: 185� �
DSolve[x*(x^2+a)*y''[x]+(b*x^2+c)*y'[x]+s*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ c2a
1
2
(
c
a
−1
)
x1− c

a Hypergeometric2F1
(
a
(
b+

√
b2 − 2b− 4s+ 1 + 1

)
− 2c

4a ,
ba−

√
b2 − 2b− 4s+ 1a+ a− 2c

4a ,
3
2

− c

2a,−
x2

a

)
+ c1Hypergeometric2F1

(
1
4

(
b−

√
b2 − 2b− 4s+ 1− 1

)
,
1
4

(
b

+
√
b2 − 2b− 4s+ 1− 1

)
,
a+ c

2a ,−x2

a

)
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31.10 problem 191
31.10.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3226

Internal problem ID [11015]
Internal file name [OUTPUT/10271_Sunday_December_31_2023_11_33_37_AM_1689924/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 191.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2(ax+ b) y′′ +
(
c x2 + (aλ+ 2b)x+ bλ

)
y′ + λ(−2a+ c) y = 0

31.10.1 Maple step by step solution

Let’s solve
x2(ax+ b) y′′ + (c x2 + (aλ+ 2b)x+ bλ) y′ + λ(−2a+ c) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = λ(2a−c)y
x2(ax+b) −

(
aλx+c x2+bλ+2bx

)
y′

x2(ax+b)

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
aλx+c x2+bλ+2bx

)
y′

x2(ax+b) − λ(2a−c)y
x2(ax+b) = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = aλx+c x2+bλ+2bx

x2(ax+b) , P3(x) = − λ(2a−c)
x2(ax+b)

]
◦
(
x+ b

a

)
· P2(x) is analytic at x = − b

a((
x+ b

a

)
· P2(x)

) ∣∣∣∣
x=− b

a

=
(

c b2
a2 − 2b2

a

)
a

b2

◦
(
x+ b

a

)2 · P3(x) is analytic at x = − b
a((

x+ b
a

)2 · P3(x)
) ∣∣∣∣

x=− b
a

= 0

◦ x = − b
a
is a regular singular point

Check to see if x0 is a regular singular point
x0 = − b

a

• Multiply by denominators
x2(ax+ b) y′′ + (aλx+ c x2 + bλ+ 2bx) y′ − λ(2a− c) y = 0

• Change variables using x = u− b
a
so that the regular singular point is at u = 0(

a u3 − 2u2b+ u b2

a

)(
d2

du2y(u)
)
+
(
aλu+ c u2 − 2cub

a
+ c b2

a2
+ 2bu− 2b2

a

) (
d
du
y(u)

)
+ (−2aλ+ cλ) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..2

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 1..3

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
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a0r b2(ar−3a+c)ur−1

a2
+
(

a1(1+r)b2(ar−2a+c)
a2

+ a0(ar−2a+c)(aλ−2br)
a

)
ur +

(
∞∑
k=1

(
ak+1(k+1+r)b2(a(k+1)+ar−3a+c)

a2
+ ak(ak+ar−2a+c)(aλ−2bk−2br)

a
+ ak−1(k + r − 1) (a(k − 1) + ar − a+ c)

)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r b2(ar−3a+c)

a2
= 0

• Values of r that satisfy the indicial equation
r ∈

{
0, 3a−c

a

}
• Each term must be 0

a1(1+r)b2(ar−2a+c)
a2

+ a0(ar−2a+c)(aλ−2br)
a

= 0

• Each term in the series must be 0, giving the recursion relation
((k+r−2)a+c)

(
(kak−1+λak+rak−1−ak−1)a2−2ak(k+r)ba+ak+1(k+1+r)b2

)
a2

= 0

• Shift index using k− >k + 1
((k+r−1)a+c)

(
((k+1)ak+λak+1+akr−ak)a2−2ak+1(k+1+r)ba+ak+2(k+2+r)b2

)
a2

= 0

• Recursion relation that defines series solution to ODE

ak+2 = −a(akak+aλak+1+arak−2bkak+1−2brak+1−2bak+1)
(k+2+r)b2

• Recursion relation for r = 0

ak+2 = −a(akak+aλak+1−2bkak+1−2bak+1)
(k+2)b2

• Solution for r = 0[
y(u) =

∞∑
k=0

aku
k, ak+2 = −a(akak+aλak+1−2bkak+1−2bak+1)

(k+2)b2 , a1b
2(−2a+c)
a2

+ a0(−2a+ c)λ = 0
]

• Revert the change of variables u = x+ b
a[

y =
∞∑
k=0

ak
(
x+ b

a

)k
, ak+2 = −a(akak+aλak+1−2bkak+1−2bak+1)

(k+2)b2 , a1b
2(−2a+c)
a2

+ a0(−2a+ c)λ = 0
]

• Recursion relation for r = 3a−c
a

ak+2 = −
a
(
akak+aλak+1+(3a−c)ak−2bkak+1−

2b(3a−c)ak+1
a

−2bak+1
)

(
k+2+ 3a−c

a

)
b2

• Solution for r = 3a−c
a[

y(u) =
∞∑
k=0

aku
k+ 3a−c

a , ak+2 = −
a
(
akak+aλak+1+(3a−c)ak−2bkak+1−

2b(3a−c)ak+1
a

−2bak+1
)

(
k+2+ 3a−c

a

)
b2

,
a1
(
1+ 3a−c

a

)
b2

a
+ a0

(
aλ− 2b(3a−c)

a

)
= 0
]

• Revert the change of variables u = x+ b
a[

y =
∞∑
k=0

ak
(
x+ b

a

)k+ 3a−c
a , ak+2 = −

a
(
akak+aλak+1+(3a−c)ak−2bkak+1−

2b(3a−c)ak+1
a

−2bak+1
)

(
k+2+ 3a−c

a

)
b2

,
a1
(
1+ 3a−c

a

)
b2

a
+ a0

(
aλ− 2b(3a−c)

a

)
= 0
]

3228



• Combine solutions and rename parameters[
y =

(
∞∑
k=0

dk
(
x+ b

a

)k)+
(

∞∑
k=0

ek
(
x+ b

a

)k+ 3a−c
a

)
, dk+2 = −a(akdk+aλd1+k−2bkd1+k−2bd1+k)

(k+2)b2 , d1b
2(−2a+c)
a2

+ d0(−2a+ c)λ = 0, ek+2 = −
a
(
akek+aλe1+k+(3a−c)ek−2bke1+k−

2b(3a−c)e1+k
a

−2be1+k

)
(
k+2+ 3a−c

a

)
b2

,
e1
(
1+ 3a−c

a

)
b2

a
+ e0

(
aλ− 2b(3a−c)

a

)
= 0
]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunC ODE, case a = 0, e <> 0, c <> 0

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.469 (sec). Leaf size: 169� �
dsolve(x^2*(a*x+b)*diff(y(x),x$2)+(c*x^2+(2*b+a*lambda)*x+b*lambda)*diff(y(x),x)+lambda*(c-2*a)*y(x)=0,y(x), singsol=all)� �
y(x)

=
(ax+ b)

3a−c
a

(
c1x

−3a+c
a HeunC

(
λa
b
, 1− c

a
, 3− c

a
, 0,−λa

b
+ cλ

2b +
5
2 −

2c
a
+ c2

2a2 ,−
b
ax

)
x2 + c2HeunC

(
λa
b
, c
a
− 1, 3− c

a
, 0,−λa

b
+ cλ

2b +
5
2 −

2c
a
+ c2

2a2 ,−
b
ax

))
x2

3 Solution by Mathematica
Time used: 1.48 (sec). Leaf size: 55� �
DSolve[x^2*(a*x+b)*y''[x]+(c*x^2+(2*b+a*\[Lambda])*x+b*\[Lambda])*y'[x]+\[Lambda]*(c-2*a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
λ
x

(
c2

∫ x

1

e−
λ

K[1] (b+ aK[1])2− c
a

K[1]2 dK[1] + c1

)
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31.11 problem 192
31.11.1 Solving as second order change of variable on y method 1 ode . 3231
31.11.2 Solving as second order change of variable on y method 2 ode . 3233
31.11.3 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3235
31.11.4 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3238

Internal problem ID [11016]
Internal file name [OUTPUT/10272_Sunday_December_31_2023_11_33_38_AM_27467238/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 192.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_change_of_vari-
able_on_y_method_1", "second_order_change_of_variable_on_y_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2(ax+ b) y′′ − 2x(ax+ 2b) y′ + 2(ax+ 3b) y = 0

31.11.1 Solving as second order change of variable on y method 1 ode

In normal form the given ode is written as

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = −2a x2 − 4bx
a x3 + b x2

q(x) = 2ax+ 6b
a x3 + b x2
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Calculating the Liouville ode invariant Q given by

Q = q − p′

2 − p2

4

= 2ax+ 6b
a x3 + b x2 −

(
−2a x2−4bx
a x3+b x2

)′
2 −

(
−2a x2−4bx
a x3+b x2

)2
4

= 2ax+ 6b
a x3 + b x2 −

(
−4ax−4b
a x3+b x2 −

(
−2a x2−4bx

)(
3a x2+2bx

)
(a x3+b x2)2

)
2 −

( (
−2a x2−4bx

)2
(a x3+b x2)2

)
4

= 2ax+ 6b
a x3 + b x2 −

(
−4ax− 4b
2a x3 + 2b x2 − (−2a x2 − 4bx) (3a x2 + 2bx)

2 (a x3 + b x2)2
)
− (−2a x2 − 4bx)2

4 (a x3 + b x2)2

= 0

Since the Liouville ode invariant does not depend on the independent variable x then
the transformation

y = v(x) z(x) (3)

is used to change the original ode to a constant coefficients ode in v. In (3) the term
z(x) is given by

z(x) = e−
(∫ p(x)

2 dx
)

= e−
∫ −2a x2−4bx

a x3+b x2
2

= x2

ax+ b
(5)

Hence (3) becomes

y = v(x)x2

ax+ b
(4)

Applying this change of variable to the original ode results in

x4v′′(x) = 0

Which is now solved for v(x) Integrating twice gives the solution

v(x) = c1x+ c2

Now that v(x) is known, then

y = v(x) z(x)
= (c1x+ c2) (z(x)) (7)
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But from (5)

z(x) = x2

ax+ b

Hence (7) becomes

y = (c1x+ c2)x2

ax+ b

Summary
The solution(s) found are the following

(1)y = (c1x+ c2)x2

ax+ b

Verification of solutions

y = (c1x+ c2)x2

ax+ b

Verified OK.

31.11.2 Solving as second order change of variable on y method 2 ode

In normal form the ode

x2(ax+ b) y′′ +
(
−2a x2 − 4bx

)
y′ + (2ax+ 6b) y = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = −2ax− 4b
(ax+ b)x

q(x) = 2ax+ 6b
x2 (ax+ b)

Applying change of variables on the depndent variable y = v(x)xn to (2) gives the
following ode where the dependent variables is v(x) and not y.

v′′(x) +
(
2n
x

+ p

)
v′(x) +

(
n(n− 1)

x2 + np

x
+ q

)
v(x) = 0 (3)

Let the coefficient of v(x) above be zero. Hence

n(n− 1)
x2 + np

x
+ q = 0 (4)
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Substituting the earlier values found for p(x) and q(x) into (4) gives

n(n− 1)
x2 + n(−2ax− 4b)

(ax+ b)x2 + 2ax+ 6b
x2 (ax+ b) = 0 (5)

Solving (5) for n gives

n = 2 (6)

Substituting this value in (3) gives

v′′(x) +
(
4
x
+ −2ax− 4b

(ax+ b)x

)
v′(x) = 0

v′′(x) + 2av′(x)
ax+ b

= 0 (7)

Using the substitution

u(x) = v′(x)

Then (7) becomes

u′(x) + 2au(x)
ax+ b

= 0 (8)

The above is now solved for u(x). In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= − 2au
ax+ b

Where f(x) = − 2a
ax+b

and g(u) = u. Integrating both sides gives

1
u
du = − 2a

ax+ b
dx∫ 1

u
du =

∫
− 2a
ax+ b

dx

ln (u) = −2 ln (ax+ b) + c1

u = e−2 ln(ax+b)+c1

= c1

(ax+ b)2
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Now that u(x) is known, then

v′(x) = u(x)

v(x) =
∫

u(x) dx+ c2

= − c1
(ax+ b) a + c2

Hence

y = v(x)xn

=
(
− c1
(ax+ b) a + c2

)
x2

=
(
− c1
(ax+ b) a + c2

)
x2

Summary
The solution(s) found are the following

(1)y =
(
− c1
(ax+ b) a + c2

)
x2

Verification of solutions

y =
(
− c1
(ax+ b) a + c2

)
x2

Verified OK.

31.11.3 Solving using Kovacic algorithm

Writing the ode as

x2(ax+ b) y′′ +
(
−2a x2 − 4bx

)
y′ + (2ax+ 6b) y = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x2(ax+ b)
B = −2a x2 − 4bx (3)
C = 2ax+ 6b

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = 0
1 (6)

Comparing the above to (5) shows that

s = 0
t = 1

Therefore eq. (4) becomes

z′′(x) = 0 (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 180: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0−−∞
= ∞

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is infinity then the necessary conditions
for case one are met. Therefore

L = [1]

Since r = 0 is not a function of x, then there is no need run Kovacic algorithm to obtain
a solution for transformed ode z′′ = rz as one solution is

z1(x) = 1

Using the above, the solution for the original ode can now be found. The first solution
to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
−2a x2−4bx
x2(ax+b) dx

= z1e
2 ln(x)−ln(ax+b)

= z1

(
x2

ax+ b

)
Which simplifies to

y1 =
x2

ax+ b

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−−2a x2−4bx

x2(ax+b) dx

(y1)2
dx

= y1

∫
e4 ln(x)−2 ln(ax+b)

(y1)2
dx

= y1(x)
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Therefore the solution is

y = c1y1 + c2y2

= c1

(
x2

ax+ b

)
+ c2

(
x2

ax+ b
(x)
)

Summary
The solution(s) found are the following

(1)y = c1x
2

ax+ b
+ c2x

3

ax+ b

Verification of solutions

y = c1x
2

ax+ b
+ c2x

3

ax+ b

Verified OK.

31.11.4 Maple step by step solution

Let’s solve
x2(ax+ b) y′′ + (−2a x2 − 4bx) y′ + (2ax+ 6b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −2(ax+3b)y
x2(ax+b) + 2(ax+2b)y′

x(ax+b)

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ − 2(ax+2b)y′
x(ax+b) + 2(ax+3b)y

x2(ax+b) = 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = −2(ax+2b)
(ax+b)x , P3(x) = 2(ax+3b)

x2(ax+b)

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= −4

◦ x2 · P3(x) is analytic at x = 0
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(x2 · P3(x))
∣∣∣∣
x=0

= 6

◦ x = 0is a regular singular point
Check to see if x0 is a regular singular point
x0 = 0

• Multiply by denominators
x2(ax+ b) y′′ − 2x(ax+ 2b) y′ + (2ax+ 6b) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 1..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert xm · y′′ to series expansion form = 2..3

xm · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−2+m

◦ Shift index using k− >k + 2−m

xm · y′′ =
∞∑

k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)xk+r

Rewrite ODE with series expansions

ba0(−2 + r) (−3 + r)xr +
(

∞∑
k=1

(bak(k + r − 2) (k + r − 3) + aak−1(k + r − 2) (k + r − 3))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
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b(−2 + r) (−3 + r) = 0
• Values of r that satisfy the indicial equation

r ∈ {2, 3}
• Each term in the series must be 0, giving the recursion relation

(k + r − 2) (k + r − 3) (aak−1 + akb) = 0
• Shift index using k− >k + 1

(k + r − 1) (k + r − 2) (aka+ bak+1) = 0
• Recursion relation that defines series solution to ODE

ak+1 = −aak
b

• Recursion relation for r = 2
ak+1 = −aak

b

• Solution for r = 2[
y =

∞∑
k=0

akx
k+2, ak+1 = −aak

b

]
• Recursion relation for r = 3

ak+1 = −aak
b

• Solution for r = 3[
y =

∞∑
k=0

akx
k+3, ak+1 = −aak

b

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ckx
k+2
)
+
(

∞∑
k=0

dkx
k+3
)
, c1+k = −ack

b
, d1+k = −adk

b

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 20� �
dsolve(x^2*(a*x+b)*diff(y(x),x$2)-2*x*(a*x+2*b)*diff(y(x),x)+2*(a*x+3*b)*y(x)=0,y(x), singsol=all)� �

y(x) = x2(c2x+ c1)
ax+ b

3 Solution by Mathematica
Time used: 0.068 (sec). Leaf size: 23� �
DSolve[x^2*(a*x+b)*y''[x]-2*x*(a*x+2*b)*y'[x]+2*(a*x+3*b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x2(c2x+ c1)
ax+ b
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31.12 problem 193
31.12.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3242
31.12.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3247

Internal problem ID [11017]
Internal file name [OUTPUT/10273_Sunday_December_31_2023_11_39_39_AM_16279652/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 193.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2(ax+ b) y′′ +
(
a(2−m− n)x2 − b(m+ n)x

)
y′ + (am(n− 1)x+ bn(m+ 1)) y = 0

31.12.1 Solving using Kovacic algorithm

Writing the ode as

x2(ax+ b) y′′ − x(a(m+ n− 2)x+ (m+ n) b) y′ + (((ax+ b)n− ax)m+ nb) y = 0
(1)

Ay′′ +By′ + Cy = 0
(2)

Comparing (1) and (2) shows that

A = x2(ax+ b)
B = −x(a(m+ n− 2)x+ (m+ n) b) (3)
C = ((ax+ b)n− ax)m+ nb

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = m2 − 2nm+ n2 + 2m− 2n
4x2 (6)

Comparing the above to (5) shows that

s = m2 − 2nm+ n2 + 2m− 2n
t = 4x2

Therefore eq. (4) becomes

z′′(x) =
(
m2 − 2nm+ n2 + 2m− 2n

4x2

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 182: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 2− 0
= 2

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4x2. There is a pole at x = 0 of order 2. Since there is no odd order pole
larger than 2 and the order at ∞ is 2 then the necessary conditions for case one are met.
Since there is a pole of order 2 then necessary conditions for case two are met. Since
pole order is not larger than 2 and the order at ∞ is 2 then the necessary conditions
for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Unable to find solution using case one

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is

r =
1
4m

2 − 1
2nm+ 1

4n
2 + 1

2m− 1
2n

x2

For the pole at x = 0 let b be the coefficient of 1
x2 in the partial fractions decomposition

of r given above. Therefore b = (m−n+2)(m−n)
4 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

=
{
2, 2− 2

√
(−m− 1 + n)2, 2 + 2

√
(−m− 1 + n)2

}
Since the order of r at ∞ is 2 then let b be the coefficient of 1

x2 in the Laurent series
expansion of r at ∞. which can be found by dividing the leading coefficient of s by the
leading coefficient of t from

r = s

t
= m2 − 2nm+ n2 + 2m− 2n

4x2

Since the gcd(s, t) = 1. This gives b = 1
4 . Hence

E∞ = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {2}

The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.
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pole c location pole order Ec

0 2
{
2, 2− 2

√
(−m− 1 + n)2, 2 + 2

√
(−m− 1 + n)2

}
Order of r at ∞ E∞

2 {2}

Using the family {e1, e2, . . . , e∞} given by

e1 = 2, e∞ = 2

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(2− (2))

= 0

We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

(
2

(x− (0))

)
= 1

x

Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)

Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1
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Now that p(x) is found let

φ = θ + p′

p

= 1
x

Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 − w

x
− (m− n+ 2) (m− n)

4x2 = 0

Solving for ω gives

ω = −m− n

2x
Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫
−m−n

2x dx

= x−m
2 +n

2

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
−x(a(m+n−2)x+(m+n)b)

x2(ax+b) dx

= z1e
(m+n) ln(x)

2 −ln(ax+b)

= z1

(
x

m
2 +n

2

ax+ b

)

Which simplifies to

y1 =
xn

ax+ b

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx
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Substituting gives

y2 = y1

∫
e
∫
−−x(a(m+n−2)x+(m+n)b)

x2(ax+b) dx

(y1)2
dx

= y1

∫
e−2 ln(ax+b)+(m+n) ln(x)

(y1)2
dx

= y1

(
xm+1−n

m+ 1− n

)
Therefore the solution is

y = c1y1 + c2y2

= c1

(
xn

ax+ b

)
+ c2

(
xn

ax+ b

(
xm+1−n

m+ 1− n

))

Summary
The solution(s) found are the following

(1)y = c1x
n

ax+ b
+ c2x

m+1

(m+ 1− n) (ax+ b)
Verification of solutions

y = c1x
n

ax+ b
+ c2x

m+1

(m+ 1− n) (ax+ b)

Verified OK.

31.12.2 Maple step by step solution

Let’s solve
x2(ax+ b) y′′ − x(a(m+ n− 2)x+ (m+ n) b) y′ + (((ax+ b)n− ax)m+ nb) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − (axmn−axm+nbm+nb)y
x2(ax+b) + (axm+anx−2ax+bm+nb)y′

(ax+b)x

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
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y′′ − (axm+anx−2ax+bm+nb)y′
(ax+b)x + (axmn−axm+nbm+nb)y

x2(ax+b) = 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = −axm+anx−2ax+bm+nb
(ax+b)x , P3(x) = axmn−axm+nbm+nb

x2(ax+b)

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= − bm+nb
b

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= nbm+nb
b

◦ x = 0is a regular singular point
Check to see if x0 is a regular singular point
x0 = 0

• Multiply by denominators
x2(ax+ b) y′′ − (axm+ anx− 2ax+ bm+ nb) y′x+ (axmn− axm+ nbm+ nb) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 1..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert xm · y′′ to series expansion form = 2..3
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xm · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−2+m

◦ Shift index using k− >k + 2−m

xm · y′′ =
∞∑

k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)xk+r

Rewrite ODE with series expansions

ba0(−n+ r) (−m+ r − 1)xr +
(

∞∑
k=1

(bak(k − n+ r) (k −m+ r − 1) + aak−1(k − n+ r) (k −m+ r − 1))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
b(−n+ r) (−m+ r − 1) = 0

• Values of r that satisfy the indicial equation
r ∈ {n,m+ 1}

• Each term in the series must be 0, giving the recursion relation
(k − n+ r) (k −m+ r − 1) (aak−1 + bak) = 0

• Shift index using k− >k + 1
(k − n+ r + 1) (k −m+ r) (aak + bak+1) = 0

• Recursion relation that defines series solution to ODE
ak+1 = −aak

b

• Recursion relation for r = n

ak+1 = −aak
b

• Solution for r = n[
y =

∞∑
k=0

akx
k+n, ak+1 = −aak

b

]
• Recursion relation for r = m+ 1

ak+1 = −aak
b

• Solution for r = m+ 1[
y =

∞∑
k=0

akx
k+m+1, ak+1 = −aak

b

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ckx
k+n

)
+
(

∞∑
k=0

dkx
k+m+1

)
, c1+k = −ack

b
, d1+k = −adk

b

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Reducible group (found another exponential solution)

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 25� �
dsolve(x^2*(a*x+b)*diff(y(x),x$2)+(a*(2-n-m)*x^2-b*(n+m)*x)*diff(y(x),x)+(a*m*(n-1)*x+b*n*(m+1))*y(x)=0,y(x), singsol=all)� �

y(x) = c1x
n + c2x

1+m

ax+ b

3 Solution by Mathematica
Time used: 0.403 (sec). Leaf size: 82� �
DSolve[x^2*(a*x+b)*y''[x]+(a*(2-n-m)*x^2-b*(n+m)*x)*y'[x]+(a*m*(n-1)*x+b*n*(m+1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
x

1
2

(
−
√

(m−n+1)2+m+n+1
)(

c2x
√

(m−n+1)2 + c1
√

(m− n+ 1)2
)

√
(m− n+ 1)2(ax+ b)
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31.13 problem 194
31.13.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3251

Internal problem ID [11018]
Internal file name [OUTPUT/10274_Sunday_December_31_2023_11_39_42_AM_20266088/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 194.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2(x+ a2) y′′ + x(b1x+ a1) y′ + (b0x+ a0) y = 0

31.13.1 Maple step by step solution

Let’s solve
x2(x+ a2) y′′ + x(b1x+ a1) y′ + (b0x+ a0) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − (b0x+a0)y
x2(x+a2) − (b1x+a1)y′

x(x+a2)

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (b1x+a1)y′
x(x+a2) + (b0x+a0)y

x2(x+a2) = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = b1x+a1

x(x+a2) , P3(x) = b0x+a0
x2(x+a2)

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= a1
a2

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= a0
a2

◦ x = 0is a regular singular point
Check to see if x0 is a regular singular point
x0 = 0

• Multiply by denominators
x2(x+ a2) y′′ + x(b1x+ a1) y′ + (b0x+ a0) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 1..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert xm · y′′ to series expansion form = 2..3

xm · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−2+m

◦ Shift index using k− >k + 2−m
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xm · y′′ =
∞∑

k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)xk+r

Rewrite ODE with series expansions

a0(a2r2 + a1r − a2r + a0)xr +
(

∞∑
k=1

(
ak(a2k2 + 2a2kr + a2r

2 + a1k + a1r − a2k − a2r + a0) + ak−1
(
b1(k − 1) + b1r + (k − 1)2 + 2(k − 1) r + r2 + b0 − k + 1− r

))
xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
a2r

2 + a1r − a2r + a0 = 0
• Values of r that satisfy the indicial equation

r ∈
{
−

−a2+a1+
√

−4a0a2+a21−2a1a2+a22
2a2 ,

a2−a1+
√

−4a0a2+a21−2a1a2+a22
2a2

}
• Each term in the series must be 0, giving the recursion relation

(k2 + (2r + b1 − 3) k + r2 + (b1 − 3) r + b0 − b1 + 2) ak−1 + (a2k2 + (2a2r + a1 − a2) k + a2r
2 + (−a2 + a1) r + a0) ak = 0

• Shift index using k− >k + 1(
(k + 1)2 + (2r + b1 − 3) (k + 1) + r2 + (b1 − 3) r + b0 − b1 + 2

)
ak +

(
a2(k + 1)2 + (2a2r + a1 − a2) (k + 1) + a2r

2 + (−a2 + a1) r + a0
)
ak+1 = 0

• Recursion relation that defines series solution to ODE

ak+1 = −
(
b1k+b1r+k2+2kr+r2+b0−k−r

)
ak

a2k2+2a2kr+a2r2+a1k+a1r+a2k+a2r+a0+a1

• Recursion relation for r = −
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

2a2

ak+1 = −

b1k−
b1
(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)
2a2

+k2−
k

(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)
a2

+

(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)2
4a22

+b0−k+
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

2a2

ak

a2k2−k

(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)
+

(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)2
4a2

+a1k−
a1
(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)
2a2

+a2k+a2
2 +a1

2 −
√

−4a0a2+a21−2a1a2+a22
2 +a0

• Solution for r = −
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

2a2y =
∞∑
k=0

akx
k−

−a2+a1+
√

−4a0a2+a21−2a1a2+a22
2a2 , ak+1 = −

b1k−
b1
(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)
2a2

+k2−
k

(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)
a2

+

(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)2
4a22

+b0−k+
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

2a2

ak

a2k2−k

(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)
+

(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)2
4a2

+a1k−
a1
(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)
2a2

+a2k+a2
2 +a1

2 −
√

−4a0a2+a21−2a1a2+a22
2 +a0


• Recursion relation for r =

a2−a1+
√

−4a0a2+a21−2a1a2+a22
2a2

ak+1 = −

b1k+
b1
(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)
2a2

+k2+
k

(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)
a2

+

(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)2
4a22

+b0−k−
a2−a1+

√
−4a0a2+a21−2a1a2+a22

2a2

ak

a2k2+k

(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)
+

(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)2
4a2

+a1k+
a1
(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)
2a2

+a2k+a2
2 +a1

2 +
√

−4a0a2+a21−2a1a2+a22
2 +a0
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• Solution for r =
a2−a1+

√
−4a0a2+a21−2a1a2+a22

2a2y =
∞∑
k=0

akx
k+

a2−a1+
√

−4a0a2+a21−2a1a2+a22
2a2 , ak+1 = −

b1k+
b1
(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)
2a2

+k2+
k

(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)
a2

+

(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)2
4a22

+b0−k−
a2−a1+

√
−4a0a2+a21−2a1a2+a22

2a2

ak

a2k2+k

(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)
+

(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)2
4a2

+a1k+
a1
(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)
2a2

+a2k+a2
2 +a1

2 +
√

−4a0a2+a21−2a1a2+a22
2 +a0


• Combine solutions and rename parametersy =

(
∞∑
k=0

akx
k−

−a2+a1+
√

−4a0a2+a21−2a1a2+a22
2a2

)
+
(

∞∑
k=0

bkx
k+

a2−a1+
√

−4a0a2+a21−2a1a2+a22
2a2

)
, a1+k = −

b1k−
b1
(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)
2a2

+k2−
k

(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)
a2

+

(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)2
4a22

+b0−k+
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

2a2

ak

a2k2−k

(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)
+

(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)2
4a2

+a1k−
a1
(
−a2+a1+

√
−4a0a2+a21−2a1a2+a22

)
2a2

+a2k+a2
2 +a1

2 −
√

−4a0a2+a21−2a1a2+a22
2 +a0

, b1+k = −

b1k+
b1
(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)
2a2

+k2+
k

(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)
a2

+

(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)2
4a22

+b0−k−
a2−a1+

√
−4a0a2+a21−2a1a2+a22

2a2

bk

a2k2+k

(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)
+

(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)2
4a2

+a1k+
a1
(
a2−a1+

√
−4a0a2+a21−2a1a2+a22

)
2a2

+a2k+a2
2 +a1

2 +
√

−4a0a2+a21−2a1a2+a22
2 +a0



Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.125 (sec). Leaf size: 317� �
dsolve(x^2*(x+a__2)*diff(y(x),x$2)+x*(b__1*x+a__1)*diff(y(x),x)+(b__0*x+a__0)*y(x)=0,y(x), singsol=all)� �
y(x)

= c1x
a2−a1+

√
a22+(−4a0−2a1)a2+a21

2a2 hypergeom
([

a2b1 − a1 +
√

a22 + (−4a0 − 2a1) a2 + a21 −
√

b21 − 4b0 − 2b1 + 1 a2
2a2

,
a2b1 − a1 +

√
a22 + (−4a0 − 2a1) a2 + a21 +

√
b21 − 4b0 − 2b1 + 1 a2

2a2

]
,

[
a2 +

√
a22 + (−4a0 − 2a1) a2 + a21

a2

]
,

− x

a2

)

+c2x
−

−a2+a1+
√

a22+(−4a0−2a1)a2+a21
2a2 hypergeom

([
−−

√
b21 − 4b0 − 2b1 + 1 a2 − a2b1 +

√
a22 + (−4a0 − 2a1) a2 + a21 + a1

2a2
,

−
√

b21 − 4b0 − 2b1 + 1 a2 − a2b1 +
√

a22 + (−4a0 − 2a1) a2 + a21 + a1
2a2

]
,

[
a2 −

√
a22 + (−4a0 − 2a1) a2 + a21

a2

]
,

− x

a2

)

3 Solution by Mathematica
Time used: 1.236 (sec). Leaf size: 384� �
DSolve[x^2*(x+a2)*y''[x]+x*(b1*x+a1)*y'[x]+(b0*x+a0)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ a2−
√

−4a0a2+a12−2a1a2+a22−a1+a2
2a2 x−

√
−4a0a2+a12−2a1a2+a22+a1−a2

2a2

c2x

√
−4a0a2+a12−2a1a2+a22

a2 Hypergeometric2F1
(
−a1+ a2b1+

√
a12 − 2a2a1+ a2(a2− 4a0)− a2

√
(b1− 1)2 − 4b0

2a2 ,
−a1+ a2b1+

√
a12 − 2a2a1+ a2(a2− 4a0) + a2

√
(b1− 1)2 − 4b0

2a2 ,
a2+

√
a12 − 2a2a1+ a22 − 4a0a2

a2 ,

− x

a2

)

+c1a2
√

−4a0a2+a12−2a1a2+a22
a2 Hypergeometric2F1

−
a1− a2b1+

√
a12 − 2a2a1+ a2(a2− 4a0) + a2

√
(b1− 1)2 − 4b0

2a2 ,

−
a1− a2

(
b1+

√
(b1− 1)2 − 4b0

)
+
√

a12 − 2a2a1+ a2(a2− 4a0)
2a2 , 1

−
√
a12 − 2a2a1+ a22 − 4a0a2

a2 ,− x

a2
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31.14 problem 195
31.14.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3256

Internal problem ID [11019]
Internal file name [OUTPUT/10275_Sunday_December_31_2023_11_39_43_AM_40293410/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 195.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a x3 + b x2 + cx

)
y′′ +

(
αx2 + βx+ 2c

)
y′ + (β − 2b) y = 0

31.14.1 Maple step by step solution

Let’s solve
y′′x(a x2 + bx+ c) + (αx2 + βx+ 2c) y′ + (β − 2b) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = (−β+2b)y
x(a x2+bx+c) −

(
αx2+βx+2c

)
y′

x(a x2+bx+c)

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
αx2+βx+2c

)
y′

x(a x2+bx+c) − (−β+2b)y
x(a x2+bx+c) = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = αx2+βx+2c

x(a x2+bx+c) , P3(x) = − −β+2b
x(a x2+bx+c)

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 2

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x(a x2 + bx+ c) + (αx2 + βx+ 2c) y′ + (β − 2b) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert xm · y′′ to series expansion form = 1..3

xm · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−2+m

◦ Shift index using k− >k + 2−m

xm · y′′ =
∞∑

k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)xk+r

Rewrite ODE with series expansions

ca0r(r + 1)xr−1 + (ca1(r + 1) (2 + r) + a0(r + 1) (br − 2b+ β))xr +
(

∞∑
k=1

(cak+1(k + r + 1) (k + 2 + r) + ak(k + r + 1) (bk + br − 2b+ β) + ak−1(k + r − 1) (a(k − 1) + ar − a+ α))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
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cr(r + 1) = 0
• Values of r that satisfy the indicial equation

r ∈ {−1, 0}
• Each term must be 0

ca1(r + 1) (2 + r) + a0(r + 1) (br − 2b+ β) = 0
• Each term in the series must be 0, giving the recursion relation

cak+1(k + r + 1) (k + 2 + r) + ((k + r − 2) b+ β) (k + r + 1) ak + ((k + r − 2) a+ α) (k + r − 1) ak−1 = 0
• Shift index using k− >k + 1

cak+2(k + 2 + r) (k + 3 + r) + ((k + r − 1) b+ β) (k + 2 + r) ak+1 + ((k + r − 1) a+ α) (k + r) ak = 0
• Recursion relation that defines series solution to ODE

ak+2 = −a k2ak+2akrak+a r2ak+b k2ak+1+2bkrak+1+b r2ak+1−akak−arak+akαk+akαr+bkak+1+brak+1+βkak+1+βrak+1−2bak+1+2βak+1
c(k+2+r)(k+3+r)

• Recursion relation for r = −1

ak+2 = −a k2ak+b k2ak+1−3akak+akαk−bkak+1+βkak+1+2aak−akα−2bak+1+βak+1
c(k+1)(k+2)

• Solution for r = −1[
y =

∞∑
k=0

akx
k−1, ak+2 = −a k2ak+b k2ak+1−3akak+akαk−bkak+1+βkak+1+2aak−akα−2bak+1+βak+1

c(k+1)(k+2) , 0 = 0
]

• Recursion relation for r = 0

ak+2 = −a k2ak+b k2ak+1−akak+akαk+bkak+1+βkak+1−2bak+1+2βak+1
c(k+2)(k+3)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+2 = −a k2ak+b k2ak+1−akak+akαk+bkak+1+βkak+1−2bak+1+2βak+1

c(k+2)(k+3) , 2ca1 + a0(β − 2b) = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

dkx
k−1
)
+
(

∞∑
k=0

ekx
k

)
, dk+2 = −a k2dk+b k2d1+k−3akdk+αkdk−bkd1+k+βkd1+k+2adk−αdk−2bd1+k+βd1+k

c(1+k)(k+2) , 0 = 0, ek+2 = −a k2ek+b k2e1+k−akek+αkek+bke1+k+βke1+k−2be1+k+2βe1+k

c(k+2)(k+3) , 2ce1 + e0(β − 2b) = 0
]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 2F1 ODE

<- hypergeometric successful
<- special function solution successful

-> Trying to convert hypergeometric functions to elementary form...
<- elementary form is not straightforward to achieve - returning special function solution free of uncomputed integrals

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 9.625 (sec). Leaf size: 1505� �
dsolve((a*x^3+b*x^2+c*x)*diff(y(x),x$2)+(alpha*x^2+beta*x+2*c)*diff(y(x),x)+(beta-2*b)*y(x)=0,y(x), singsol=all)� �

Expression too large to display
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3 Solution by Mathematica
Time used: 4.64 (sec). Leaf size: 139� �
DSolve[(a*x^3+b*x^2+c*x)*y''[x]+(\[Alpha]*x^2+\[Beta]*x+2*c)*y'[x]+(\[Beta]-2*b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

(2ax+ 2b− β − αx)

c2
∫ x

1

exp

 (bα+2a(b−β)) arctan
(

b+2aK[1]√
4ac−b2

)
a
√

4ac−b2

(c+K[1](b+aK[1]))1−
α
2a

(−2b+β+(α−2a)K[1])2 dK[1] + c1


x(2b− β)
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31.15 problem 196
31.15.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3261

Internal problem ID [11020]
Internal file name [OUTPUT/10276_Sunday_December_31_2023_11_39_46_AM_38210555/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 196.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a x3 + b x2 + cx

)
y′′ +

(
αx2 + βx+ 2c

)
y′ − (xα + 2b− β) y = 0

31.15.1 Maple step by step solution

Let’s solve
y′′x(a x2 + bx+ c) + (αx2 + βx+ 2c) y′ + (−xα− 2b+ β) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = (xα+2b−β)y
x(a x2+bx+c) −

(
αx2+βx+2c

)
y′

x(a x2+bx+c)

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
αx2+βx+2c

)
y′

x(a x2+bx+c) − (xα+2b−β)y
x(a x2+bx+c) = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = αx2+βx+2c

x(a x2+bx+c) , P3(x) = − xα+2b−β
x(a x2+bx+c)

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 2

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x(a x2 + bx+ c) + (αx2 + βx+ 2c) y′ + (−xα− 2b+ β) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert xm · y′′ to series expansion form = 1..3

xm · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−2+m

◦ Shift index using k− >k + 2−m
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xm · y′′ =
∞∑

k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)xk+r

Rewrite ODE with series expansions

ca0r(r + 1)xr−1 + (ca1(r + 1) (2 + r) + a0(r + 1) (br − 2b+ β))xr +
(

∞∑
k=1

(cak+1(k + r + 1) (k + 2 + r) + ak(k + r + 1) (bk + br − 2b+ β) + ak−1(k + r − 2) (a(k − 1) + ar + α))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
cr(r + 1) = 0

• Values of r that satisfy the indicial equation
r ∈ {−1, 0}

• Each term must be 0
ca1(r + 1) (2 + r) + a0(r + 1) (br − 2b+ β) = 0

• Each term in the series must be 0, giving the recursion relation
cak+1(k + r + 1) (k + 2 + r) + ((k + r − 2) b+ β) (k + r + 1) ak + (k + r − 2) ((k + r − 1) a+ α) ak−1 = 0

• Shift index using k− >k + 1
cak+2(k + 2 + r) (k + 3 + r) + ((k + r − 1) b+ β) (k + 2 + r) ak+1 + (k + r − 1) ((k + r) a+ α) ak = 0

• Recursion relation that defines series solution to ODE

ak+2 = −a k2ak+2akrak+a r2ak+b k2ak+1+2bkrak+1+b r2ak+1−akak−arak+akαk+akαr+bkak+1+brak+1+βkak+1+βrak+1−akα−2bak+1+2βak+1
c(k+2+r)(k+3+r)

• Recursion relation for r = −1

ak+2 = −a k2ak+b k2ak+1−3akak+akαk−bkak+1+βkak+1+2aak−2akα−2bak+1+βak+1
c(k+1)(k+2)

• Solution for r = −1[
y =

∞∑
k=0

akx
k−1, ak+2 = −a k2ak+b k2ak+1−3akak+akαk−bkak+1+βkak+1+2aak−2akα−2bak+1+βak+1

c(k+1)(k+2) , 0 = 0
]

• Recursion relation for r = 0

ak+2 = −a k2ak+b k2ak+1−akak+akαk+bkak+1+βkak+1−akα−2bak+1+2βak+1
c(k+2)(k+3)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+2 = −a k2ak+b k2ak+1−akak+akαk+bkak+1+βkak+1−akα−2bak+1+2βak+1

c(k+2)(k+3) , 2ca1 + a0(β − 2b) = 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

dkx
k−1
)
+
(

∞∑
k=0

ekx
k

)
, dk+2 = −a k2dk+b k2d1+k−3akdk+αkdk−bkd1+k+βkd1+k+2adk−2αdk−2bd1+k+βd1+k

c(1+k)(k+2) , 0 = 0, ek+2 = −a k2ek+b k2e1+k−akek+αkek+bke1+k+βke1+k−αek−2be1+k+2βe1+k

c(k+2)(k+3) , 2ce1 + e0(β − 2b) = 0
]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 2F1 ODE

<- hypergeometric successful
<- special function solution successful

-> Trying to convert hypergeometric functions to elementary form...
<- elementary form is not straightforward to achieve - returning special function solution free of uncomputed integrals

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 1.062 (sec). Leaf size: 1505� �
dsolve((a*x^3+b*x^2+c*x)*diff(y(x),x$2)+(alpha*x^2+beta*x+2*c)*diff(y(x),x)-(alpha*x+2*b-beta)*y(x)=0,y(x), singsol=all)� �

Expression too large to display

3264



3 Solution by Mathematica
Time used: 6.092 (sec). Leaf size: 224� �
DSolve[(a*x^3+b*x^2+c*x)*y''[x]+(\[Alpha]*x^2+\[Beta]*x+2*c)*y'[x]-(\[Alpha]*x+2*b-\[Beta])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

(b(2ax− 3β − 2αx)− aαx2 − 2aβx+ 2b2 + β2 + αc+ α2x2 + 2αβx)

c2
∫ x

1

exp

 (bα+2a(b−β)) arctan
(

b+2aK[1]√
4ac−b2

)
a
√

4ac−b2

(c+K[1](b+aK[1]))1−
α
2a

(2b2−3βb+2(a−α)K[1]b+β2+α2K[1]2−aαK[1]2+cα−2aβK[1]+2αβK[1])2dK[1] + c1


x (2b2 + β2 − 3βb+ αc)
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31.16 problem 197
31.16.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3266

Internal problem ID [11021]
Internal file name [OUTPUT/10277_Sunday_December_31_2023_11_39_47_AM_81148635/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 197.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a x3 + b x2 + cx

)
y′′ +

(
−2a x2 − (1 + b)x+ k

)
y′ + 2(ax+ 1) y = 0

31.16.1 Maple step by step solution

Let’s solve
y′′x(a x2 + bx+ c) + (−2a x2 + (−1− b)x+ k) y′ + (2ax+ 2) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − 2(ax+1)y
x(a x2+bx+c) +

(
2a x2+bx−k+x

)
y′

x(a x2+bx+c)

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ −
(
2a x2+bx−k+x

)
y′

x(a x2+bx+c) + 2(ax+1)y
x(a x2+bx+c) = 0

� Check to see if x0 is a regular singular point
◦ Define functions

3266



[
P2(x) = −2a x2+bx−k+x

x(a x2+bx+c) , P3(x) = 2(ax+1)
x(a x2+bx+c)

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= k
c

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x(a x2 + bx+ c) + (−2a x2 − bx+ k − x) y′ + (2ax+ 2) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert xm · y′′ to series expansion form = 1..3

xm · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−2+m

◦ Shift index using k− >k + 2−m

3267



xm · y′′ =
∞∑

k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)xk+r

Rewrite ODE with series expansions

a0r(cr − c+ k)xr−1 + (a1(1 + r) (cr + k) + a0(r − 2) (br − 1))xr +
(

∞∑
k=1

(ak+1(k + 1 + r) (c(k + 1) + cr − c+ k) + ak(k + r − 2) (bk + br − 1) + aak−1(k + r − 2) (k − 3 + r))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
r(cr − c+ k) = 0

• Values of r that satisfy the indicial equation
r ∈

{
0, c−k

c

}
• Each term must be 0

a1(1 + r) (cr + k) + a0(r − 2) (br − 1) = 0
• Each term in the series must be 0, giving the recursion relation

ak+1(k + 1 + r) ((k + r) c+ k) + (k + r − 2) ak(−1 + (k + r) b) + aak−1(k + r − 2) (k − 3 + r) = 0
• Shift index using k− >k + 1

ak+2(k + 2 + r) ((k + 1 + r) c+ k) + (k + r − 1) ak+1(−1 + (k + 1 + r) b) + aak(k + r − 1) (k + r − 2) = 0
• Recursion relation that defines series solution to ODE

ak+2 = −a k2ak+2akrak+a r2ak+b k2ak+1+2bkrak+1+b r2ak+1−3akak−3arak+2aka−bak+1−kak+1−rak+1+ak+1
(k+2+r)(ck+cr+c+k)

• Recursion relation for r = 0 ; series terminates at k = 1

ak+2 = −a k2ak+b k2ak+1−3akak+2aka−bak+1−kak+1+ak+1
(k+2)(ck+c+k)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+2 = −a k2ak+b k2ak+1−3akak+2aka−bak+1−kak+1+ak+1

(k+2)(ck+c+k) , a1k + 2a0 = 0
]

• Recursion relation for r = c−k
c

ak+2 = −a k2ak+
2ak(c−k)ak

c
+a(c−k)2ak

c2 +b k2ak+1+
2bk(c−k)ak+1

c
+ b(c−k)2ak+1

c2 −3akak−
3a(c−k)ak

c
+2aka−bak+1−kak+1−

(c−k)ak+1
c

+ak+1(
k+2+ c−k

c

)
(ck+2c)

• Solution for r = c−k
c[

y =
∞∑
k=0

akx
k+ c−k

c , ak+2 = −a k2ak+
2ak(c−k)ak

c
+a(c−k)2ak

c2 +b k2ak+1+
2bk(c−k)ak+1

c
+ b(c−k)2ak+1

c2 −3akak−
3a(c−k)ak

c
+2aka−bak+1−kak+1−

(c−k)ak+1
c

+ak+1(
k+2+ c−k

c

)
(ck+2c)

, a1
(
1 + c−k

c

)
c+ a0

(
−2 + c−k

c

) ( b(c−k)
c

− 1
)
= 0
]

• Combine solutions and rename parameters
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[
y =

(
∞∑

m=0
dmx

m

)
+
(

∞∑
m=0

emx
m+ c−k

c

)
, dm+2 = −am2dm+bm2dm+1−3amdm+2adm−bdm+1−mdm+1+dm+1

(m+2)(cm+c+k) , kd1 + 2d0 = 0, em+2 = −am2em+ 2am(c−k)em
c

+a(c−k)2em
c2 +bm2em+1+

2bm(c−k)em+1
c

+ b(c−k)2em+1
c2 −3amem− 3a(c−k)em

c
+2ema−bem+1−mem+1−

(c−k)em+1
c

+em+1(
m+2+ c−k

c

)
(cm+2c)

, e1
(
1 + c−k

c

)
c+ e0

(
−2 + c−k

c

) ( b(c−k)
c

− 1
)
= 0
]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 2F1 ODE

<- hypergeometric successful
<- special function solution successful

-> Trying to convert hypergeometric functions to elementary form...
<- elementary form is not straightforward to achieve - returning special function solution free of uncomputed integrals

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.437 (sec). Leaf size: 2278� �
dsolve((a*x^3+b*x^2+c*x)*diff(y(x),x$2)+(-2*a*x^2-(b+1)*x+k)*diff(y(x),x)+2*(a*x+1)*y(x)=0,y(x), singsol=all)� �

Expression too large to display
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3 Solution by Mathematica
Time used: 10.126 (sec). Leaf size: 186� �
DSolve[(a*x^3+b*x^2+c*x)*y''[x]+(-2*a*x^2-(b+1)*x+k)*y'[x]+2*(a*x+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

(−kx(ax+ 2)− (b− 1)x2 + c(k − 2x) + k2)

c2
∫ x

1

exp

 (2c+bk) arctan
(

b+2aK[1]√
4ac−b2

)
c
√

4ac−b2

K[1]−
k
c (c+K[1](b+aK[1]))

k
2c+1

(k2−K[1](aK[1]+2)k−(b−1)K[1]2+c(k−2K[1]))2 dK[1] + c1


ak + b− c(k − 2)− k2 + 2k − 1
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31.17 problem 198
Internal problem ID [11022]
Internal file name [OUTPUT/10278_Sunday_December_31_2023_11_39_49_AM_273934/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 198.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a x3 + b x2 + cx

)
y′′ +

(
nx2 +mx+ k

)
y′ + (k − 1) ((−ak + n)x+m− bk) y = 0

7 Solution by Maple� �
dsolve((a*x^3+b*x^2+c*x)*diff(y(x),x$2)+(n*x^2+m*x+k)*diff(y(x),x)+(k-1)*((n-a*k)*x+m-b*k)*y(x)=0,y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 148.451 (sec). Leaf size: 570� �
DSolve[(a*x^3+b*x^2+c*x)*y''[x]+(n*x^2+m*x+k)*y'[x]+(k-1)*((n-a*k)*x+m-b*k)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

2− k
c

(
− ax√

b2−4ac+b

)1− k
c

ac1x
(
−2 k

c

)(
− ax√

b2−4ac+b

) k
c
−1

HeunG
[
b−

√
b2−4ac√

b2−4ac+b
,−2(k−1)(bk−m)√

b2−4ac+b
, 12

(
−
√

(−2ak+a+n)2
a2

+ n
a
− 1
)
, 12

(√
(−2ak+a+n)2

a2
+ n

a
− 1
)
, k
c
,
2a2k−a

(
m
√
b2−4ac+bm+2cn

)
+bn

(√
b2−4ac+b

)
a
(
b
√
b2−4ac−4ac+b2

) ,− 2ax√
b2−4ac+b

]
− 2ac2xHeunG

 b−
√
b2−4ac√

b2−4ac+b
,−2(c−1)k(b(c(k−1)+k)−cm)

c2
(√

b2−4ac+b
) , 12

(
−
√

(−2ak+a+n)2
a2

+ n
a
− 2k

c
+ 1
)
,
a

√
(−2ak+a+n)2

a2 +a+n

2a − k
c
, 2− k

c
,
2a2k−a

(
m
√
b2−4ac+bm+2cn

)
+bn

(√
b2−4ac+b

)
a
(
b
√
b2−4ac−4ac+b2

) ,− 2ax√
b2−4ac+b


ax
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31.18 problem 199
Internal problem ID [11023]
Internal file name [OUTPUT/10279_Sunday_December_31_2023_11_39_52_AM_61793738/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 199.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a x3 + b x2 + cx

)
y′′ +

(
(m− a)x2 + (2cm− 1)x− c

)
y′ + (−2mx+ 1) y = 0

7 Solution by Maple� �
dsolve((a*x^3+b*x^2+c*x)*diff(y(x),x$2)+((m-a)*x^2+(2*c*m-1)*x-c)*diff(y(x),x)+(-2*m*x+1)*y(x)=0,y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 17.694 (sec). Leaf size: 192� �
DSolve[(a*x^3+b*x^2+c*x)*y''[x]+((m-a)*x^2+(2*c*m-1)*x-c)*y'[x]+(-2*m*x+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

(x(ax+ 2b+mx− 1) + c(2b+ 4mx− 1) + 4c2m)

c2
∫ x

1

exp

 (bm−2a(b+2cm−1)) arctan
(

b+2aK[1]√
4ac−b2

)
a
√

4ac−b2

K[1](c+K[1](b+aK[1]))−
m
2a

(4mc2+(2b+4mK[1]−1)c+K[1](2b+aK[1]+mK[1]−1))2 dK[1] + c1


a+ 2b(c+ 1) + 4c2m+ 4cm− c+m− 1
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31.19 problem 200
Internal problem ID [11024]
Internal file name [OUTPUT/10280_Sunday_December_31_2023_03_56_49_PM_14438536/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 200.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a x3 + b x2 + cx

)
y′′ +

(
nx2 +mx+ k

)
y′ + (−2(a+ n)x+ 1) y = 0

7 Solution by Maple� �
dsolve((a*x^3+b*x^2+c*x)*diff(y(x),x$2)+(n*x^2+m*x+k)*diff(y(x),x)+(-2*(a+n)*x+1)*y(x)=0,y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 121.038 (sec). Leaf size: 552� �
DSolve[(a*x^3+b*x^2+c*x)*y''[x]+(n*x^2+m*x+k)*y'[x]+(-2*(a+n)*x+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
2− k

c

(
− ax√

b2−4ac+b

)1− k
c

(
ac1x

(
−2 k

c

)(
− ax√

b2−4ac+b

) k
c
−1

HeunG
[
b−

√
b2−4ac√

b2−4ac+b
, 2√

b2−4ac+b
, 12

(
−
√

(3a+n)2
a2

+ n
a
− 1
)
, 12

(√
(3a+n)2

a2
+ n

a
− 1
)
, k
c
,
2a2k−a

(
m
√
b2−4ac+bm+2cn

)
+bn

(√
b2−4ac+b

)
a
(
b
√
b2−4ac−4ac+b2

) ,− 2ax√
b2−4ac+b

]
− 2ac2xHeunG

[
b−

√
b2−4ac√

b2−4ac+b
,
2
(
−ck(b+m)+bk2+c2(m+1)

)
c2
(√

b2−4ac+b
) , 12

(
−
√

(3a+n)2
a2

+ n
a
− 2k

c
+ 1
)
, 12

(√
(3a+n)2

a2
+ n

a
− 2k

c
+ 1
)
, 2− k

c
,
2a2k−a

(
m
√
b2−4ac+bm+2cn

)
+bn

(√
b2−4ac+b

)
a
(
b
√
b2−4ac−4ac+b2

) ,− 2ax√
b2−4ac+b

])
ax
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31.20 problem 201
Internal problem ID [11025]
Internal file name [OUTPUT/10281_Sunday_December_31_2023_03_57_10_PM_26080740/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 201.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a x3 + x2 + b

)
y′′ + a2x

(
x2 − b

)
y′ − a3bxy = 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.562 (sec). Leaf size: 79� �
dsolve((a*x^3+x^2+b)*diff(y(x),x$2)+a^2*x*(x^2-b)*diff(y(x),x)-a^3*b*x*y(x)=0,y(x), singsol=all)� �

y(x) = e−ax

c2

∫ e
a

(∫ a2x4+2a x3+
(
a2b+2

)
x2+4abx+2b(

a x3+x2+b
)
(ax+2)

dx

)
dx

+ c1

 (ax+ 2)
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^3+x^2+b)*y''[x]+a^2*x*(x^2-b)*y'[x]-a^3*b*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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31.21 problem 202
31.21.1 Solving as second order change of variable on x method 2 ode . 3277
31.21.2 Solving as second order change of variable on x method 1 ode . 3281
31.21.3 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3284
31.21.4 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3292

Internal problem ID [11026]
Internal file name [OUTPUT/10282_Sunday_December_31_2023_03_57_16_PM_16783930/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 202.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_change_of_vari-
able_on_x_method_1", "second_order_change_of_variable_on_x_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries], [_2nd_order , _linear , `

_with_symmetry_ [0,F(x)]`]]

2y′′x
(
a x2 + bx+ c

)
+
(
a x2 − c

)
y′ + λx2y = 0

31.21.1 Solving as second order change of variable on x method 2 ode

In normal form the ode(
2a x3 + 2b x2 + 2cx

)
y′′ +

(
a x2 − c

)
y′ + λx2y = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = a x2 − c

2a x3 + 2b x2 + 2cx

q(x) = λx

2a x2 + 2bx+ 2c
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Applying change of variables τ = g(x) to (2) gives
d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫

a x2−c
2a x3+2b x2+2cxdx

)
dx

=
∫

e
ln(x)

2 −
ln
(
a x2+bx+c

)
2 dx

=
∫ √

x√
a x2 + bx+ c

dx

= −

(
b+

√
−4ac+ b2

)√2ax+
√
−4ac+b2+b

b+
√
−4ac+b2

√
−2ax+

√
−4ac+b2−b√

−4ac+b2

√
− ax

b+
√
−4ac+b2

2
√
−4ac+ b2 EllipticE

√2ax+
√
−4ac+b2+b

b+
√
−4ac+b2

,

√
2
√

b+
√

−4ac+b2√
−4ac+b2

2

− EllipticF

√2ax+
√
−4ac+b2+b

b+
√
−4ac+b2

,

√
2
√

b+
√

−4ac+b2√
−4ac+b2

2

√
−4ac+ b2 + EllipticF

√2ax+
√
−4ac+b2+b

b+
√
−4ac+b2

,

√
2
√

b+
√

−4ac+b2√
−4ac+b2

2

 b


2
√
x
√
a x2 + bx+ c a2

(6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

=
λx

2a x2+2bx+2c
x

a x2+bx+c

= λ

2 (7)

Substituting the above in (3) and noting that now p1 = 0 results in
d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) + λy(τ)

2 = 0
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The above ode is now solved for y(τ).This is second order with constant coefficients
homogeneous ODE. In standard form the ODE is

Ay′′(τ) +By′(τ) + Cy(τ) = 0

Where in the above A = 1, B = 0, C = λ
2 . Let the solution be y(τ) = eλτ . Substituting

this into the ODE gives

λ2eλτ + λ eλτ
2 = 0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by eλτ gives

λ2 + λ

2 = 0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = 1, B = 0, C = λ
2 into the above gives

λ1,2 =
0

(2) (1) ±
1

(2) (1)

√
02 − (4) (1)

(
λ

2

)
= ±

√
−2λ
2

Hence

λ1 = +
√
−2λ
2

λ2 = −
√
−2λ
2

Which simplifies to

λ1 =
√
2
√
−λ

2

λ2 = −
√
2
√
−λ

2

Since roots are real and distinct, then the solution is

y(τ) = c1e
λ1τ + c2e

λ2τ

y(τ) = c1e

(√
2
√
−λ

2

)
τ + c2e

(
−

√
2
√
−λ

2

)
τ
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Or

y(τ) = c1e
√
2
√

−λ τ
2 + c2e−

√
2
√
−λ τ
2

The above solution is now transformed back to y using (6) which results in

y = c1e
−

√
2ax+

√
−4ac+b2+b

b+
√

−4ac+b2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4




√
2
√

− ax

b+
√

−4ac+b2

(
b+
√

−4ac+b2
)√

−λ

√
−2ax+

√
−4ac+b2−b√

−4ac+b2

2
√

a x2+bx+c
√
x a2 + c2e

√
2ax+

√
−4ac+b2+b

b+
√

−4ac+b2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4




√
2
√

− ax

b+
√

−4ac+b2

(
b+
√

−4ac+b2
)√

−λ

√
−2ax+

√
−4ac+b2−b√

−4ac+b2

2
√

a x2+bx+c
√

x a2

Summary
The solution(s) found are the following

(1)y

= c1e
−

√
2ax+

√
−4ac+b2+b

b+
√

−4ac+b2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4




√
2
√

− ax

b+
√

−4ac+b2

(
b+
√

−4ac+b2
)√

−λ

√
−2ax+

√
−4ac+b2−b√

−4ac+b2

2
√

a x2+bx+c
√
x a2

+c2e

√
2ax+

√
−4ac+b2+b

b+
√

−4ac+b2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4




√
2
√

− ax

b+
√

−4ac+b2

(
b+
√

−4ac+b2
)√

−λ

√
−2ax+

√
−4ac+b2−b√

−4ac+b2

2
√

a x2+bx+c
√
x a2

Verification of solutions
y

= c1e
−

√
2ax+

√
−4ac+b2+b

b+
√

−4ac+b2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4




√
2
√

− ax

b+
√

−4ac+b2

(
b+
√

−4ac+b2
)√

−λ

√
−2ax+

√
−4ac+b2−b√

−4ac+b2

2
√

a x2+bx+c
√
x a2

+c2e

√
2ax+

√
−4ac+b2+b

b+
√

−4ac+b2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4




√
2
√

− ax

b+
√

−4ac+b2

(
b+
√

−4ac+b2
)√

−λ

√
−2ax+

√
−4ac+b2−b√

−4ac+b2

2
√

a x2+bx+c
√
x a2

Verified OK.
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31.21.2 Solving as second order change of variable on x method 1 ode

In normal form the ode(
2a x3 + 2b x2 + 2cx

)
y′′ +

(
a x2 − c

)
y′ + λx2y = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = a x2 − c

2x (a x2 + bx+ c)

q(x) = λx

2a x2 + 2bx+ 2c
Applying change of variables τ = g(x) to (2) results

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let q1 = c2 where c is some constant. Therefore from (5)

τ ′ = 1
c

√
q

=

√
λx

2a x2+2bx+2c

c
(6)

τ ′′ =
λ

2a x2+2bx+2c −
λx(4ax+2b)

(2a x2+2bx+2c)2

2c
√

λx
2a x2+2bx+2c

Substituting the above into (4) results in

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2

=

λ
2a x2+2bx+2c−

λx(4ax+2b)(
2a x2+2bx+2c

)2
2c
√

λx
2a x2+2bx+2c

+ a x2−c
2x(a x2+bx+c)

√
λx

2a x2+2bx+2c
c(√

λx
2a x2+2bx+2c

c

)2

= 0
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Therefore ode (3) now becomes

y(τ)′′ + p1y(τ)′ + q1y(τ) = 0
d2

dτ 2
y(τ) + c2y(τ) = 0 (7)

The above ode is now solved for y(τ). Since the ode is now constant coefficients, it can
be easily solved to give

y(τ) = c1 cos (cτ) + c2 sin (cτ)

Now from (6)

τ =
∫ 1

c

√
q dx

=

∫ √
λx

2a x2+2bx+2cdx

c

= −

√
λx

ax2+bx+c
(a x2 + bx+ c)

(
b+

√
−4ac+ b2

)√2ax+
√
−4ac+b2+b

b+
√
−4ac+b2

√
−2ax+

√
−4ac+b2−b√

−4ac+b2

√
− 2ax

b+
√
−4ac+b2

2
√
−4ac+ b2 EllipticE

√2ax+
√
−4ac+b2+b

b+
√
−4ac+b2

,

√
2
√

b+
√

−4ac+b2√
−4ac+b2

2

− EllipticF

√2ax+
√
−4ac+b2+b

b+
√
−4ac+b2

,

√
2
√

b+
√

−4ac+b2√
−4ac+b2

2

√
−4ac+ b2 + EllipticF

√2ax+
√
−4ac+b2+b

b+
√
−4ac+b2

,

√
2
√

b+
√

−4ac+b2√
−4ac+b2

2

 b


4c
√

x (a x2 + bx+ c) a2
√
a x3 + b x2 + cx

Substituting the above into the solution obtained gives

y

= c1 cos



√
2ax+

√
−4ac+b2+b

b+
√
−4ac+b2


(
b−

√
−4ac+b2

)
EllipticF

√ 2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4


2 +

√
−4ac+ b2 EllipticE

(√
2ax+

√
−4ac+b2+b

b+
√
−4ac+b2

,
√

2b+2
√
−4ac+b2

2(−4ac+b2)
1
4

)√
2
√

− 1
b+

√
−4ac+b2

(
b+

√
−4ac+ b2

)√
λ
√

−2ax+
√
−4ac+b2−b√

−4ac+b2

2
√
a x2 + bx+ c a

3
2



−c2 sin



√
2ax+

√
−4ac+b2+b

b+
√
−4ac+b2


(
b−

√
−4ac+b2

)
EllipticF

√ 2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4


2 +

√
−4ac+ b2 EllipticE

(√
2ax+

√
−4ac+b2+b

b+
√
−4ac+b2

,
√

2b+2
√
−4ac+b2

2(−4ac+b2)
1
4

)√
2
√
− 1

b+
√
−4ac+b2

(
b+

√
−4ac+ b2

)√
λ
√

−2ax+
√
−4ac+b2−b√

−4ac+b2

2
√
a x2 + bx+ c a

3
2
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Summary
The solution(s) found are the following

(1)y

= c1 cos



√
2ax+

√
−4ac+b2+b

b+
√
−4ac+b2


(
b−

√
−4ac+b2

)
EllipticF

√ 2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4


2 +

√
−4ac+ b2 EllipticE

(√
2ax+

√
−4ac+b2+b

b+
√
−4ac+b2

,
√

2b+2
√
−4ac+b2

2(−4ac+b2)
1
4

)√
2
√

− 1
b+

√
−4ac+b2

(
b+

√
−4ac+ b2

)√
λ
√

−2ax+
√
−4ac+b2−b√

−4ac+b2

2
√
a x2 + bx+ c a

3
2



−c2 sin



√
2ax+

√
−4ac+b2+b

b+
√
−4ac+b2


(
b−

√
−4ac+b2

)
EllipticF

√ 2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4


2 +

√
−4ac+ b2 EllipticE

(√
2ax+

√
−4ac+b2+b

b+
√
−4ac+b2

,
√

2b+2
√
−4ac+b2

2(−4ac+b2)
1
4

)√
2
√
− 1

b+
√
−4ac+b2

(
b+

√
−4ac+ b2

)√
λ
√

−2ax+
√
−4ac+b2−b√

−4ac+b2

2
√
a x2 + bx+ c a

3
2


Verification of solutions
y

= c1 cos



√
2ax+

√
−4ac+b2+b

b+
√
−4ac+b2


(
b−

√
−4ac+b2

)
EllipticF

√ 2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4


2 +

√
−4ac+ b2 EllipticE

(√
2ax+

√
−4ac+b2+b

b+
√
−4ac+b2

,
√

2b+2
√
−4ac+b2

2(−4ac+b2)
1
4

)√
2
√

− 1
b+

√
−4ac+b2

(
b+

√
−4ac+ b2

)√
λ
√

−2ax+
√
−4ac+b2−b√

−4ac+b2

2
√
a x2 + bx+ c a

3
2



−c2 sin



√
2ax+

√
−4ac+b2+b

b+
√
−4ac+b2


(
b−

√
−4ac+b2

)
EllipticF

√ 2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4


2 +

√
−4ac+ b2 EllipticE

(√
2ax+

√
−4ac+b2+b

b+
√
−4ac+b2

,
√

2b+2
√
−4ac+b2

2(−4ac+b2)
1
4

)√
2
√
− 1

b+
√
−4ac+b2

(
b+

√
−4ac+ b2

)√
λ
√

−2ax+
√
−4ac+b2−b√

−4ac+b2

2
√
a x2 + bx+ c a

3
2


Warning, solution could not be verified
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31.21.3 Solving using Kovacic algorithm

Writing the ode as(
2a x3 + 2b x2 + 2cx

)
y′′ +

(
a x2 − c

)
y′ + λx2y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 2a x3 + 2b x2 + 2cx
B = a x2 − c (3)
C = λx2

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −8aλ x5 − 3a2x4 − 8bλ x4 − 8cλ x3 + 14ac x2 + 8bcx+ 5c2

16 (a x3 + b x2 + cx)2
(6)

Comparing the above to (5) shows that

s = −8aλ x5 − 3a2x4 − 8bλ x4 − 8cλ x3 + 14ac x2 + 8bcx+ 5c2

t = 16
(
a x3 + b x2 + cx

)2
Therefore eq. (4) becomes

z′′(x) =
(
−8aλ x5 − 3a2x4 − 8bλ x4 − 8cλ x3 + 14ac x2 + 8bcx+ 5c2

16 (a x3 + b x2 + cx)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx
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The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 188: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 6− 5
= 1

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 16(a x3 + b x2 + cx)2. There is a pole at x = 0 of order 2. There is a pole
at x = − b−

√
−4ac+b2

2a of order 2. There is a pole at x = − b+
√
−4ac+b2

2a of order 2. Since
there is a pole of order 2 then necessary conditions for case two are met. Therefore

L = [2]

Attempting to find a solution using case n = 2.
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Looking at poles of order 2. The partial fractions decomposition of r is

r

=

(
−b+

√
−4ac+b2

)3
b

4a −
(
−b+

√
−4ac+b2

)3
cλ

a2
− 2
(
−b+

√
−4ac+ b2

)2
c+

(
−b+

√
−4ac+b2

)2
b2

a
−

2
(
−b+

√
−4ac+b2

)2
bcλ

a2
− 3
(
−b+

√
−4ac+ b2

)
bc+

(
−b+

√
−4ac+b2

)
b3

a
−

4
(
−b+

√
−4ac+b2

)
c2λ

a
+ 4a c2 − b2c

16c (−4ac+ b2)
(
x− −b+

√
−4ac+b2

2a

)2
+
−
(
b+

√
−4ac+b2

)3
b

4a +
(
b+

√
−4ac+b2

)3
cλ

a2
− 2
(
b+

√
−4ac+ b2

)2
c+

(
b+

√
−4ac+b2

)2
b2

a
−

2
(
b+

√
−4ac+b2

)2
bcλ

a2
+ 3
(
b+

√
−4ac+ b2

)
bc−

(
b+

√
−4ac+b2

)
b3

a
+

4
(
b+

√
−4ac+b2

)
c2λ

a
+ 4a c2 − b2c

16c (−4ac+ b2)
(
x+ b+

√
−4ac+b2

2a

)2
+

(
−b+

√
−4ac+b2

)3
b

2 −
2
(
−b+

√
−4ac+b2

)3
cλ

a
− 2a

(
−b+

√
−4ac+ b2

)2
c+

7
(
−b+

√
−4ac+b2

)2
b2

4 −
5
(
−b+

√
−4ac+b2

)2
bcλ

a
− 4a

(
−b+

√
−4ac+ b2

)
bc+ 2

(
−b+

√
−4ac+ b2

)
b3 −

4
(
−b+

√
−4ac+b2

)
b2cλ

a
− 4c2a2 − 2b2ca+ b4 − 4b c2λ

8c (−4ac+ b2)
3
2

(
x− −b+

√
−4ac+b2

2a

)
−
−
(
b+

√
−4ac+b2

)3
b

2 +
2
(
b+

√
−4ac+b2

)3
cλ

a
− 2
(
b+

√
−4ac+ b2

)2
ac+

7
(
b+

√
−4ac+b2

)2
b2

4 −
5
(
b+

√
−4ac+b2

)2
bcλ

a
+ 4
(
b+

√
−4ac+ b2

)
abc− 2

(
b+

√
−4ac+ b2

)
b3 +

4
(
b+

√
−4ac+b2

)
b2cλ

a
− 4c2a2 − 2b2ca+ b4 − 4b c2λ

8c (−4ac+ b2)
3
2

(
x+ b+

√
−4ac+b2

2a

)
+ 5

16x2 − b

8cx

For the pole at x = 0 let b be the coefficient of 1
x2 in the partial fractions decomposition

of r given above. Therefore b = 5
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {−1, 2, 5}

For the pole at x = − b−
√
−4ac+b2

2a let b be the coefficient of 1(
x+ b−

√
−4ac+b2
2a

)2 in the partial

fractions decomposition of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}

For the pole at x = − b+
√
−4ac+b2

2a let b be the coefficient of 1(
x+ b+

√
−4ac+b2
2a

)2 in the partial

fractions decomposition of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}

Since the order of r at ∞ is 1 < 2 then

E∞ = {1}
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The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.

pole c location pole order Ec

0 2 {−1, 2, 5}

− b−
√
−4ac+b2

2a 2 {1, 2, 3}

− b+
√
−4ac+b2

2a 2 {1, 2, 3}

Order of r at ∞ E∞

1 {1}

Using the family {e1, e2, . . . , e∞} given by

e1 = −1, e2 = 1, e3 = 1, e∞ = 1

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(1− (−1 + (1) + (1)))

= 0

We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

 −1
(x− (0)) +

1(
x−

(
− b−

√
−4ac+b2

2a

)) + 1(
x−

(
− b+

√
−4ac+b2

2a

))


= − 1
2x + 1

2x+ b−
√
−4ac+b2

a

+ 1
2x+ b+

√
−4ac+b2

a

Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)
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Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1

Now that p(x) is found let

φ = θ + p′

p

= − 1
2x + 1

2x+ b−
√
−4ac+b2

a

+ 1
2x+ b+

√
−4ac+b2

a

Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 −

(
− 1
2x + 1

2x+ b−
√
−4ac+b2

a

+ 1
2x+ b+

√
−4ac+b2

a

)
w

+ (8aλ x5 + (a2 + 8bλ)x4 + 8cλ x3 − 2ac x2 + c2) a2

x2
(
2ax+ b−

√
−4ac+ b2

)2 (2ax+
√
−4ac+ b2 + b

)2 = 0

Solving for ω gives

ω = a x2 + 2x
√
2
√

−λx (a x2 + bx+ c)− c

4x (a x2 + bx+ c)

Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫ a x2+2x

√
2
√

−λx
(
a x2+bx+c

)
−c

4x
(
a x2+bx+c

) dx

= (a x2 + bx+ c)
1
4 e

√
2ax+

√
−4ac+b2+b

b+
√

−4ac+b2
√
2
√

− ax

b+
√

−4ac+b2
λ

√
−2ax+

√
−4ac+b2−b√

−4ac+b2

(
b+
√

−4ac+b2
)


(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

√
2b+2

√
−4ac+b2

2
(
−4ac+b2

) 1
4




2
√

−λx
(
a x2+bx+c

)
a2

x
1
4
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The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
a x2−c

2a x3+2b x2+2cx dx

= z1e
ln(x)

4 −
ln
(
a x2+bx+c

)
4

= z1

(
x

1
4

(a x2 + bx+ c)
1
4

)

Which simplifies to

y1

=e

√
2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2




λ

√
− a2√

−4ac+b2 λ

a2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
− a x2−c

2a x3+2b x2+2cx dx

(y1)2
dx

= y1

∫
e

ln(x)
2 −

ln
(
a x2+bx+c

)
2

(y1)2
dx
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= y1



∫ √
x e−

2
√

2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2




λ

√
− a2√

−4ac+b2 λ

a2

√
a x2 + bx+ c

dx


Therefore the solution is

y = c1y1 + c2y2

= c1


e

√
2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2




λ

√
− a2√

−4ac+b2 λ

a2



+c2



e

√
2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2




λ

√
− a2√

−4ac+b2 λ

a2



∫ √
x e−

2
√
2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2




λ

√
− a2√

−4ac+b2 λ

a2

√
a x2 + bx+ c

dx
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Summary
The solution(s) found are the following

(1)y

= c1e

√
2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2




λ

√
− a2√

−4ac+b2 λ

a2

+c2e

√
2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2




λ

√
− a2√

−4ac+b2 λ

a2



∫ √
x e−

2
√
2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2




λ

√
− a2√

−4ac+b2 λ

a2

√
a x2 + bx+ c

dx
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Verification of solutions
y

= c1e

√
2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2




λ

√
− a2√

−4ac+b2 λ

a2

+c2e

√
2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2




λ

√
− a2√

−4ac+b2 λ

a2



∫ √
x e−

2
√
2



(
b−
√

−4ac+b2
)
EllipticF


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2


2 +

√
−4ac+b2 EllipticE


√

2ax+
√

−4ac+b2+b

b+
√

−4ac+b2
,

(
−
(
4ac−b2

)3) 1
4
√

2b+2
√

−4ac+b2

8ac−2b2




λ

√
− a2√

−4ac+b2 λ

a2

√
a x2 + bx+ c

dx


Verified OK.

31.21.4 Maple step by step solution

Let’s solve
(2a x3 + 2b x2 + 2cx) y′′ + (a x2 − c) y′ + λx2y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − λxy
2(a x2+bx+c) −

(
a x2−c

)
y′

2x(a x2+bx+c)

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
a x2−c

)
y′

2x(a x2+bx+c) +
λxy

2(a x2+bx+c) = 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = a x2−c
2x(a x2+bx+c) , P3(x) = λx

2(a x2+bx+c)

]
◦ x · P2(x) is analytic at x = 0
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(x · P2(x))
∣∣∣∣
x=0

= −1
2

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 is a regular singular point
x0 = 0

• Multiply by denominators
2y′′x(a x2 + bx+ c) + (a x2 − c) y′ + λx2y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert x2 · y to series expansion

x2 · y =
∞∑
k=0

akx
k+r+2

◦ Shift index using k− >k − 2

x2 · y =
∞∑
k=2

ak−2x
k+r

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert xm · y′′ to series expansion form = 1..3

xm · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−2+m

◦ Shift index using k− >k + 2−m

xm · y′′ =
∞∑

k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)xk+r

Rewrite ODE with series expansions
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ca0r(−3 + 2r)x−1+r + (ca1(1 + r) (−1 + 2r) + 2a0r(−1 + r) b)xr + (ca2(2 + r) (1 + 2r) + 2a1(1 + r) rb+ aa0r(−1 + 2r))x1+r +
(

∞∑
k=2

(cak+1(k + 1 + r) (2k + 2r − 1) + 2ak(k + r) (k + r − 1) b+ aak−1(k + r − 1) (2k + 2r − 3) + λak−2)xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
cr(−3 + 2r) = 0

• Values of r that satisfy the indicial equation
r ∈

{
0, 32
}

• The coefficients of each power of x must be 0
[ca1(1 + r) (−1 + 2r) + 2a0r(−1 + r) b = 0, ca2(2 + r) (1 + 2r) + 2a1(1 + r) rb+ aa0r(−1 + 2r) = 0]

• Solve for the dependent coefficient(s){
a1 = −2a0r(−1+r)b

c(2r2+r−1) , a2 = −a0r
(
4ac r2−4b2r2−4acr+4b2r+ac

)
c2(4r3+8r2−r−2)

}
• Each term in the series must be 0, giving the recursion relation

cak+1(k + 1 + r) (2k + 2r − 1) + 2ak(k + r) (k + r − 1) b+ aak−1(k + r − 1) (2k + 2r − 3) + λak−2 = 0
• Shift index using k− >k + 2

cak+3(k + 3 + r) (2k + 3 + 2r) + 2ak+2(k + r + 2) (k + 1 + r) b+ aak+1(k + 1 + r) (2k + 1 + 2r) + λak = 0
• Recursion relation that defines series solution to ODE

ak+3 = −2a k2ak+1+4akrak+1+2a r2ak+1+2b k2ak+2+4bkrak+2+2b r2ak+2+3akak+1+3arak+1+6bkak+2+6brak+2+aak+1+4bak+2+λak
c(k+3+r)(2k+3+2r)

• Recursion relation for r = 0

ak+3 = −2a k2ak+1+2b k2ak+2+3akak+1+6bkak+2+aak+1+4bak+2+λak
c(k+3)(2k+3)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+3 = −2a k2ak+1+2b k2ak+2+3akak+1+6bkak+2+aak+1+4bak+2+λak

c(k+3)(2k+3) , a1 = 0, a2 = 0
]

• Recursion relation for r = 3
2

ak+3 = −2a k2ak+1+2b k2ak+2+9akak+1+12bkak+2+10aak+1+ 35
2 bak+2+λak

c
(
k+ 9

2
)
(2k+6)

• Solution for r = 3
2[

y =
∞∑
k=0

akx
k+ 3

2 , ak+3 = −2a k2ak+1+2b k2ak+2+9akak+1+12bkak+2+10aak+1+ 35
2 bak+2+λak

c
(
k+ 9

2
)
(2k+6) , a1 = −3a0b

10c , a2 = −3a0
(
4ac−3b2

)
56c2

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

dkx
k

)
+
(

∞∑
k=0

ekx
k+ 3

2

)
, dk+3 = −2a k2d1+k+2b k2dk+2+3akd1+k+6bkdk+2+ad1+k+4bdk+2+λdk

c(k+3)(2k+3) , d1 = 0, d2 = 0, ek+3 = −2a k2e1+k+2b k2ek+2+9ake1+k+12bkek+2+10ae1+k+ 35
2 bek+2+λek

c
(
k+ 9

2
)
(2k+6) , e1 = −3e0b

10c , e2 = −3e0
(
4ac−3b2

)
56c2

]
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]

Solution is available but has integrals. Trying a simpler solution using Kovacics algorithm...
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful
Solution via Kovacic is not simpler. Returning default solution
<- linear_1 successful`� �

3 Solution by Maple
Time used: 7.125 (sec). Leaf size: 65� �
dsolve(2*x*(a*x^2+b*x+c)*diff(y(x),x$2)+(a*x^2-c)*diff(y(x),x)+lambda*x^2*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
i
√
2
√
λ

(∫ √
x√

a x2+bx+c
dx

)
2 + c2e−

i
√
2
√
λ

(∫ √
x√

a x2+bx+c
dx

)
2

3295



3 Solution by Mathematica
Time used: 144.69 (sec). Leaf size: 501� �
DSolve[2*x*(a*x^2+b*x+c)*y''[x]+(a*x^2-c)*y'[x]+\[Lambda]*x^2*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ c1 cosh

√
λ
(√

b2 − 4ac− b
)√√

b2 − 4ac+ 2ax+ b
√

2ax
b−

√
b2−4ac + 1

(
E
(
iarcsinh

( √
2
√
a
√
x√

b+
√
b2−4ac

)
| b+

√
b2−4ac

b−
√
b2−4ac

)
− EllipticF

(
iarcsinh

( √
2
√
a
√
x√

b+
√
b2−4ac

)
, b+

√
b2−4ac

b−
√
b2−4ac

))
2a3/2

√
x(ax+ b) + c


+ic2 sinh

√
λ
(√

b2 − 4ac− b
)√√

b2 − 4ac+ 2ax+ b
√

2ax
b−

√
b2−4ac + 1

(
E
(
iarcsinh

( √
2
√
a
√
x√

b+
√
b2−4ac

)
| b+

√
b2−4ac

b−
√
b2−4ac

)
− EllipticF

(
iarcsinh

( √
2
√
a
√
x√

b+
√
b2−4ac

)
, b+

√
b2−4ac

b−
√
b2−4ac

))
2a3/2

√
x(ax+ b) + c
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31.22 problem 203
Internal problem ID [11027]
Internal file name [OUTPUT/10283_Sunday_December_31_2023_03_59_55_PM_84761429/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 203.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x
(
a x2 + bx+ 1

)
y′′ +

(
αx2 + βx+ γ

)
y′ + (xn+m) y = 0

7 Solution by Maple� �
dsolve(x*(a*x^2+b*x+1)*diff(y(x),x$2)+(alpha*x^2+beta*x+gamma)*diff(y(x),x)+(n*x+m)*y(x)=0,y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 108.623 (sec). Leaf size: 524� �
DSolve[x*(a*x^2+b*x+1)*y''[x]+(\[Alpha]*x^2+\[Beta]*x+\[Gamma])*y'[x]+(n*x+m)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
2−γ
(
− ax√

b2−4a+b

)1−γ
(
a(−2γ) c1x

(
− ax√

b2−4a+b

)γ−1
HeunG

[
b−

√
b2−4a√

b2−4a+b
, 2m√

b2−4a+b
, 12

(
−
√

a2+α2−2a(α+2n)
a2

+ α
a
− 1
)
, 12

(√
a2+α2−2a(α+2n)

a2
+ α

a
− 1
)
, γ,

2a2γ−a
(
β
(√

b2−4a+b
)
+2α

)
+αb

(√
b2−4a+b

)
a
(
b
(√

b2−4a+b
)
−4a

) ,− 2ax√
b2−4a+b

]
− 2ac2xHeunG

[
b−

√
b2−4a√

b2−4a+b
, 2((γ−1)(bγ−β)+m)√

b2−4a+b
, 12

(
−
√

a2+α2−2a(α+2n)
a2

+ α
a
− 2γ + 1

)
, 12

(√
a2+α2−2a(α+2n)

a2
+ α

a
− 2γ + 1

)
, 2− γ,

2a2γ−a
(
β
(√

b2−4a+b
)
+2α

)
+αb

(√
b2−4a+b

)
a
(
b
(√

b2−4a+b
)
−4a

) ,− 2ax√
b2−4a+b

])
ax
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31.23 problem 204
31.23.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3298

Internal problem ID [11028]
Internal file name [OUTPUT/10284_Sunday_December_31_2023_03_59_58_PM_34416455/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 204.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x(x− 1) (x− a) y′′ +
(
(α + β + 1)x2 − (α + β + 1 + a(γ + d)− a)x+ aγ

)
y′ + (αβx− q) y = 0

31.23.1 Maple step by step solution

Let’s solve
−y′′x(x− 1) (a− x) + ((α + β + 1)x2 + ((−d− γ + 1) a− β − α− 1)x+ aγ) y′ + (αβx− q) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = (αβx−q)y
x(x−1)(a−x) −

(
adx+aγx−αx2−β x2−aγ−ax+xα+βx−x2+x

)
y′

x(x−1)(a−x)

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
adx+aγx−αx2−β x2−aγ−ax+xα+βx−x2+x

)
y′

x(x−1)(a−x) − (αβx−q)y
x(x−1)(a−x) = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = adx+aγx−αx2−β x2−aγ−ax+xα+βx−x2+x

x(x−1)(a−x) , P3(x) = − αβx−q
x(x−1)(a−x)

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= γ

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= 0

◦ x = 0is a regular singular point
Check to see if x0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x(x− 1) (a− x) + (adx+ aγx− αx2 − β x2 − aγ − ax+ xα + βx− x2 + x) y′ + y(−αβx+ q) = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..1

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′ to series expansion form = 0..2

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert xm · y′′ to series expansion form = 1..3

xm · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−2+m

◦ Shift index using k− >k + 2−m
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xm · y′′ =
∞∑

k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)xk+r

Rewrite ODE with series expansions

−aa0r(−1 + r + γ)x−1+r + (−aa1(1 + r) (r + γ) + a0(adr + aγr + a r2 − 2ar + αr + βr + r2 + q))xr +
(

∞∑
k=1

(−aak+1(k + 1 + r) (k + r + γ) + ak(adk + adr + aγk + aγr + a k2 + 2akr + a r2 − 2ak − 2ar + αk + αr + βk + βr + k2 + 2kr + r2 + q)− ak−1(β + k − 1 + r) (α + k − 1 + r))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−ar(−1 + r + γ) = 0

• Values of r that satisfy the indicial equation
r ∈ {0,−γ + 1}

• Each term must be 0
−aa1(1 + r) (r + γ) + a0(adr + aγr + a r2 − 2ar + αr + βr + r2 + q) = 0

• Each term in the series must be 0, giving the recursion relation
−aak+1(k + 1 + r) (k + r + γ) + ak((k + r) (k + d+ r + γ − 2) a+ k2 + (2r + β + α) k + r2 + (α + β) r + q)− ak−1(β + k − 1 + r) (α + k − 1 + r) = 0

• Shift index using k− >k + 1
−aak+2(k + 2 + r) (k + 1 + r + γ) + ak+1

(
(k + 1 + r) (k − 1 + d+ r + γ) a+ (k + 1)2 + (2r + β + α) (k + 1) + r2 + (α + β) r + q

)
− ak(β + k + r) (α + k + r) = 0

• Recursion relation that defines series solution to ODE

ak+2 = adkak+1+adrak+1+aγkak+1+aγrak+1+a k2ak+1+2akrak+1+a r2ak+1+adak+1+aγak+1−akαβ−akαk+αkak+1−akαr+αrak+1−akβk+βkak+1−akβr+βrak+1−k2ak+k2ak+1−2krak+2krak+1−r2ak+r2ak+1−aak+1+αak+1+βak+1+2kak+1+qak+1+2rak+1+ak+1
a(k+2+r)(k+1+r+γ)

• Recursion relation for r = 0

ak+2 = adkak+1+aγkak+1+a k2ak+1+adak+1+aγak+1−akαβ−akαk+αkak+1−akβk+βkak+1−k2ak+k2ak+1−aak+1+αak+1+βak+1+2kak+1+qak+1+ak+1
a(k+2)(k+1+γ)

• Solution for r = 0[
y =

∞∑
k=0

akx
k, ak+2 = adkak+1+aγkak+1+a k2ak+1+adak+1+aγak+1−akαβ−akαk+αkak+1−akβk+βkak+1−k2ak+k2ak+1−aak+1+αak+1+βak+1+2kak+1+qak+1+ak+1

a(k+2)(k+1+γ) ,−aa1γ + a0q = 0
]

• Recursion relation for r = −γ + 1

ak+2 = −(−γ+1)2ak+(−γ+1)2ak+1+2(−γ+1)ak+1+adkak+1+k2ak+1+αak+1+βak+1+2kak+1+qak+1−k2ak−aak+1+aγkak+1+ad(−γ+1)ak+1+aγ(−γ+1)ak+1+2ak(−γ+1)ak+1+a k2ak+1+aγak+1−akαβ−akαk−akβk+adak+1+αkak+1+βkak+1+a(−γ+1)2ak+1−akα(−γ+1)+α(−γ+1)ak+1−akβ(−γ+1)+β(−γ+1)ak+1−2k(−γ+1)ak+2k(−γ+1)ak+1+ak+1
a(k+3−γ)(k+2)

• Solution for r = −γ + 1[
y =

∞∑
k=0

akx
−γ+k+1, ak+2 = −(−γ+1)2ak+(−γ+1)2ak+1+2(−γ+1)ak+1+adkak+1+k2ak+1+αak+1+βak+1+2kak+1+qak+1−k2ak−aak+1+aγkak+1+ad(−γ+1)ak+1+aγ(−γ+1)ak+1+2ak(−γ+1)ak+1+a k2ak+1+aγak+1−akαβ−akαk−akβk+adak+1+αkak+1+βkak+1+a(−γ+1)2ak+1−akα(−γ+1)+α(−γ+1)ak+1−akβ(−γ+1)+β(−γ+1)ak+1−2k(−γ+1)ak+2k(−γ+1)ak+1+ak+1

a(k+3−γ)(k+2) ,−aa1(2− γ) + a0
(
ad(−γ + 1) + aγ(−γ + 1) + a(−γ + 1)2 − 2(−γ + 1) a+ α(−γ + 1) + (−γ + 1) β + (−γ + 1)2 + q

)
= 0
]

• Combine solutions and rename parameters[
y =

(
∞∑
k=0

bkx
k

)
+
(

∞∑
k=0

ckx
−γ+k+1

)
, bk+2 = adkb1+k+aγkb1+k+a k2b1+k+adb1+k+aγb1+k−αβbk−αkbk+αkb1+k−βkbk+βkb1+k−k2bk+k2b1+k−ab1+k+αb1+k+βb1+k+2kb1+k+qb1+k+b1+k

a(k+2)(k+1+γ) ,−aγb1 + qb0 = 0, ck+2 = adkc1+k+aγkc1+k+ad(−γ+1)c1+k+aγ(−γ+1)c1+k+2ak(−γ+1)c1+k−(−γ+1)2ck+(−γ+1)2c1+k+2(−γ+1)c1+k+k2c1+k+αc1+k+βc1+k+2kc1+k+qc1+k−k2ck−ac1+k−ckβ(−γ+1)+β(−γ+1)c1+k−2k(−γ+1)ck+2k(−γ+1)c1+k+c1+k+a k2c1+k+aγc1+k−ckαβ−ckαk−ckβk+adc1+k+αkc1+k+βkc1+k+a(−γ+1)2c1+k−ckα(−γ+1)+α(−γ+1)c1+k

a(k+3−γ)(k+2) ,−ac1(2− γ) + c0
(
ad(−γ + 1) + aγ(−γ + 1) + a(−γ + 1)2 − 2(−γ + 1) a+ α(−γ + 1) + (−γ + 1) β + (−γ + 1)2 + q

)
= 0
]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

trying a solution in terms of MeijerG functions
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunG ODE, case a <> 0, e <> 0, g <> 0, c = 0 `� �
3 Solution by Maple
Time used: 0.578 (sec). Leaf size: 82� �
dsolve(x*(x-1)*(x-a)*diff(y(x),x$2)+((alpha+beta+1)*x^2-(alpha+beta+1+a*(gamma+d)-a)*x+a*gamma)*diff(y(x),x)+(alpha*beta*x-q)*y(x)=0,y(x), singsol=all)� �
y(x) = c1HeunG

(
a, q, α, β, γ,

a(d− 1)
a− 1 , x

)
+ c2x

1−γ HeunG
(
a, q

− (−1 + γ) (a(d− 1) + α+ β − γ + 1) , β + 1− γ, α+ 1− γ, 2− γ,
a(d− 1)
a− 1 , x

)
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3 Solution by Mathematica
Time used: 2.215 (sec). Leaf size: 85� �
DSolve[x*(x-1)*(x-a)*y''[x]+((\[Alpha]+\[Beta]+1)*x^2-(\[Alpha]+\[Beta]+1+a*(\[Gamma]+d)-a)*x+a*\[Gamma])*y'[x]+(\[Alpha]*\[Beta]*x-q)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → c2x

1−γHeunG
[
a, q − (γ − 1)(a(d− 1) + α + β − γ + 1), α− γ + 1, β − γ + 1, 2

− γ,
a(d− 1)
a− 1 , x

]
+ c1HeunG

[
a, q, α, β, γ,

a(d− 1)
a− 1 , x

]
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31.24 problem 205
31.24.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3303

Internal problem ID [11029]
Internal file name [OUTPUT/10285_Sunday_December_31_2023_04_00_00_PM_67352977/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 205.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a x3 + b x2 + cx+ d

)
y′′ −

(
−λ2 + x2) y′ + (λ+ x) y = 0

31.24.1 Maple step by step solution

Let’s solve
(a x3 + b x2 + cx+ d) y′′ + (λ2 − x2) y′ + (λ+ x) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − (λ+x)y
a x3+b x2+cx+d

−
(
λ2−x2)y′

a x3+b x2+cx+d

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
λ2−x2)y′

a x3+b x2+cx+d
+ (λ+x)y

a x3+b x2+cx+d
= 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = λ2−x2

a x3+b x2+cx+d
, P3(x) = λ+x

a x3+b x2+cx+d

]
◦

(
x−

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a

)
· P2(x) is analytic at x =

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a

((
x−

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a

)
· P2(x)

)∣∣∣∣
x=

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

= −

−6

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−2b

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3−12ac+4b2


λ2−

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

2
6a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

a

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

3

+b

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

2

+c

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a
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◦

(
x−

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a

)2

· P3(x) is analytic at x =
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a

(x−
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a

)2

· P3(x)

∣∣∣∣
x=

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

=

−6

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−2b

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3−12ac+4b2

2λ+
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a


36a2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

a

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

3

+b

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

2

+c

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

+d



◦ x =
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a is a regular singular point

Check to see if x0 is a regular singular point

x0 =
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a

• Multiply by denominators
(a x3 + b x2 + cx+ d) y′′ + (λ2 − x2) y′ + (λ+ x) y = 0

• Change variables using x = u+
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a so that the regular singular point is at u = 0

(
d
2 −

8uc b2(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
+

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2

18a + u b2

3a +
u2
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

2 +
u
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

12a − uc+ 8b6

27a2
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) − 8a c3
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3 −

bc
6a +

b3

27a2 + a u3 + 8c2b2
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3 −

6a u2c(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ 12au c2(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
+ 4u b4

3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
+ 2u2b2(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− 8c b4

3
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

)
a

)(
d2

du2y(u)
)
+
(
λ2 − b2

3a2 −
u
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

3a + 4uc(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ 2ub

3a +
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3 b

9a2 − 4b4

9a2
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
+ 4b3

9a2
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− u2 −

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

36a2 − 4c2(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
+ 2c

3a −
4u b2

3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ 8c b2

3
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 a

− 4cb

3
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3 a

)(
d
du
y(u)

)
+
(
λ+ u+

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2c(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ 2b2

3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a

)
y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um · y(u) to series expansion form = 0..1
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um · y(u) =
∞∑
k=0

aku
k+r+m

◦ Shift index using k− >k −m

um · y(u) =
∞∑

k=m

ak−mu
k+r

◦ Convert um ·
(

d
du
y(u)

)
to series expansion form = 0..2

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 0..3

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
• a0cannot be 0 by assumption, giving the indicial equation

0 = 0
• Values of r that satisfy the indicial equation

r = r

• The coefficients of each power of u must be 0a0r

(
240b2ca−48b4−48a b4−432a3c2−

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3−12

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 b2−3

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3 a+288a2b2c−144c2a2−48abc

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+48b

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−288a2b2cr−36c

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 a2r+12b2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 ar−432a2bd+16b3

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+24ca

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3+432a3c2r+48a b4r+3

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3 ar+36λ2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 a2+36c

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 a2−12b2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 a

)

36
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 a2

= 0,
a1(1+r)

(
240b2ca−48b4−

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3−12

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 b2−144c2a2−48abc

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+48b

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−288a2b2cr−36c

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 a2r+12b2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 ar−432a2bd+16b3

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+24ca

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3+432a3c2r+48a b4r+3

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3 ar+36λ2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 a2

)

36
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 a2

+
a0

(
4b2−12ac+

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3+24acr−36a2c r2+36a2cr+12a b2r2−12a b2r+3

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 a r2−3

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 ar+6λa

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+4b

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3 r−2b

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3−8b2r−2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 r

)

6a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

= 0


• Each term in the series must be 0, giving the recursion relation

−

54


(
−

ak−1(k+r−1)(k−2+r)a3

54 +
(

(k+1+r)
(
ck+cr−λ2

)
ak+1

54 + kak−1
54 −akλ

54 + rak−1
54 −

ak−1
27

)
a2+

(
−

(k+1+r)
(
(k+r)b2+2c

)
ak+1

162 −
(
− 1

2+k+r
)
akb

81

)
a+ak+1b

2(k+1+r)
162

)(
12

√
3
√

27a2d2+(−18abc+4b3)d+4a c3−c2b2 a−108d a2+36abc−8b3
) 2

3+

−
(k+1+r)a

√
3 ak+1

(
− 1

3+(k+r)a
)√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2

54 +
(k+r)

(
(k+1+r)dak+1+

2cak(k+r−1)
3

)
a3

6 +
(
−

(k+1+r)(c(k+r)b+d)ak+1
18 −

(
(k+r)(k+r−1)b2+2

(
− 1

2+k+r
)
c
)
ak

27

)
a2+

(
(k+1+r)

(
(k+r)b2+7c

2
)
ak+1+2

(
− 1

2+k+r
)
akb

)
ba

81 −
b3ak+1(k+1+r)

81

(12√3
√

27a2d2+(−18abc+4b3)d+4a c3−c2b2 a−108d a2+36abc−8b3
) 1

3−

a2ak(k+r)(k+r−1)−
2
(
− 1

2+k+r
)
aka

3 +
2bak+1(k+1+r)

9

a
√
3
√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2

9 +dak(k+r)(k+r−1)a4+
(
−

2c2(k+1+r)(k+r)ak+1
9 −

(
c(k+r)(k+r−1)b+2

(
− 1

2+k+r
)
d
)
ak

3

)
a3+

 4(k+1+r)
(
c(k+r)b2+3bd

2 + c2
2

)
ak+1

27 +
2akb

(
(k+r)(k+r−1)b2+3

(
− 1

2+k+r
)
c
)

27

a2−
2
(
(k+1+r)

(
(k+r)b2+5c

)
ak+1+2

(
− 1

2+k+r
)
akb

)
b2a

81 + 2b4ak+1(k+1+r)
81


(
12

√
3
√

27a2d2+(−18abc+4b3)d+4a c3−c2b2 a−108d a2+36abc−8b3
) 2

3 a2
= 0

• Shift index using k− >k + 1
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−

54


(
−ak(k+r)(k+r−1)a3

54 +
(

(k+2+r)
(
c(k+1)+cr−λ2

)
ak+2

54 + (k+1)ak
54 −

ak+1λ
54 +akr

54 −ak
27

)
a2+

(
−

(k+2+r)
(
(k+1+r)b2+2c

)
ak+2

162 −
(
1
2+k+r

)
ak+1b

81

)
a+ak+2b

2(k+2+r)
162

)(
12

√
3
√

27a2d2+(−18abc+4b3)d+4a c3−c2b2 a−108d a2+36abc−8b3
) 2

3+

−
(k+2+r)a

√
3 ak+2

(
− 1

3+(k+1+r)a
)√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2

54 +
(k+1+r)

(
(k+2+r)dak+2+

2cak+1(k+r)
3

)
a3

6 +
(
−

(k+2+r)(c(k+1+r)b+d)ak+2
18 −

(
(k+1+r)(k+r)b2+2

(
1
2+k+r

)
c
)
ak+1

27

)
a2+

(
(k+2+r)

(
(k+1+r)b2+7c

2
)
ak+2+2

(
1
2+k+r

)
ak+1b

)
ba

81 −
b3ak+2(k+2+r)

81

(12√3
√

27a2d2+(−18abc+4b3)d+4a c3−c2b2 a−108d a2+36abc−8b3
) 1

3−

a2ak+1(k+1+r)(k+r)−
2
(
1
2+k+r

)
ak+1a

3 +
2bak+2(k+2+r)

9

a
√
3
√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2

9 +dak+1(k+1+r)(k+r)a4+
(
−

2c2(k+2+r)(k+1+r)ak+2
9 −

(
c(k+1+r)(k+r)b+2

(
1
2+k+r

)
d
)
ak+1

3

)
a3+

 4(k+2+r)
(
c(k+1+r)b2+3bd

2 + c2
2

)
ak+2

27 +
2ak+1b

(
(k+1+r)(k+r)b2+3

(
1
2+k+r

)
c
)

27

a2−
2
(
(k+2+r)

(
(k+1+r)b2+5c

)
ak+2+2

(
1
2+k+r

)
ak+1b

)
b2a

81 + 2b4ak+2(k+2+r)
81


(
12

√
3
√

27a2d2+(−18abc+4b3)d+4a c3−c2b2 a−108d a2+36abc−8b3
) 2

3 a2
= 0

• Recursion relation that defines series solution to ODE
• Recursion relation for r = r

• Solution for r = r

• Revert the change of variables u = x−
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.5 (sec). Leaf size: 84� �
dsolve((a*x^3+b*x^2+c*x+d)*diff(y(x),x$2)-(x^2-lambda^2)*diff(y(x),x)+(x+lambda)*y(x)=0,y(x), singsol=all)� �

y(x) = (λ− x)

∫ e
∫ (1−2a)x3+(−2b−λ)x2+

(
−λ2−2c

)
x+λ3−2d(

a x3+x2b+cx+d
)
(−λ+x)

dx

dx

 c2 − c1
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^3+b*x^2+c*x+d)*y''[x]-(x^2-\[Lambda]^2)*y'[x]+(x+\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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31.25 problem 206
31.25.1 Solving as second order change of variable on x method 2 ode . 3309
31.25.2 Solving as second order change of variable on x method 1 ode . 3312
31.25.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3314

Internal problem ID [11030]
Internal file name [OUTPUT/10286_Sunday_December_31_2023_04_01_02_PM_82853361/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 206.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_change_of_vari-
able_on_x_method_1", "second_order_change_of_variable_on_x_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries], [_2nd_order , _linear , `

_with_symmetry_ [0,F(x)]`]]

2
(
a x3 + b x2 + cx+ d

)
y′′ +

(
3a x2 + 2bx+ c

)
y′ + yλ = 0

31.25.1 Solving as second order change of variable on x method 2 ode

In normal form the ode

y′′
(
2a x3 + 2b x2 + 2cx+ 2d

)
+
(
3a x2 + 2bx+ c

)
y′ + yλ = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = 3a x2 + 2bx+ c

2a x3 + 2b x2 + 2cx+ 2d

q(x) = λ

2a x3 + 2b x2 + 2cx+ 2d
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Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫ 3a x2+2bx+c

2a x3+2b x2+2cx+2ddx
)
dx

=
∫

e−
ln
(
a x3+b x2+cx+d

)
2 dx

=
∫ 1√

a x3 + b x2 + cx+ d
dx

= Expression too large to display (6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

=
λ

2a x3+2b x2+2cx+2d
1

a x3+b x2+cx+d

= λ

2 (7)

Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) + λy(τ)

2 = 0
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The above ode is now solved for y(τ).This is second order with constant coefficients
homogeneous ODE. In standard form the ODE is

Ay′′(τ) +By′(τ) + Cy(τ) = 0

Where in the above A = 1, B = 0, C = λ
2 . Let the solution be y(τ) = eλτ . Substituting

this into the ODE gives

λ2eλτ + λ eλτ
2 = 0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by eλτ gives

λ2 + λ

2 = 0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = 1, B = 0, C = λ
2 into the above gives

λ1,2 =
0

(2) (1) ±
1

(2) (1)

√
02 − (4) (1)

(
λ

2

)
= ±

√
−2λ
2

Hence

λ1 = +
√
−2λ
2

λ2 = −
√
−2λ
2

Which simplifies to

λ1 =
√
2
√
−λ

2

λ2 = −
√
2
√
−λ

2

Since roots are real and distinct, then the solution is

y(τ) = c1e
λ1τ + c2e

λ2τ

y(τ) = c1e

(√
2
√
−λ

2

)
τ + c2e

(
−

√
2
√
−λ

2

)
τ
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Or

y(τ) = c1e
√
2
√

−λ τ
2 + c2e−

√
2
√
−λ τ
2

The above solution is now transformed back to y using (6) which results in

y = Expression too large to display

Summary
The solution(s) found are the following

(1)Expression too large to display
Verification of solutions

Expression too large to display

Warning, solution could not be verified

31.25.2 Solving as second order change of variable on x method 1 ode

In normal form the ode

y′′
(
2a x3 + 2b x2 + 2cx+ 2d

)
+
(
3a x2 + 2bx+ c

)
y′ + yλ = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = 3a x2 + 2bx+ c

2a x3 + 2b x2 + 2cx+ 2d

q(x) = λ

2a x3 + 2b x2 + 2cx+ 2d

Applying change of variables τ = g(x) to (2) results

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)
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Let q1 = c2 where c is some constant. Therefore from (5)

τ ′ = 1
c

√
q

=

√
λ

2a x3+2b x2+2cx+2d

c
(6)

τ ′′ = − λ(6a x2 + 4bx+ 2c)

2c
√

λ
2a x3+2b x2+2cx+2d (2a x3 + 2b x2 + 2cx+ 2d)2

Substituting the above into (4) results in

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2

=
− λ

(
6a x2+4bx+2c

)
2c
√

λ
2a x3+2b x2+2cx+2d (2a x3+2b x2+2cx+2d)2

+ 3a x2+2bx+c
2a x3+2b x2+2cx+2d

√
λ

2a x3+2b x2+2cx+2d
c(√

λ
2a x3+2b x2+2cx+2d

c

)2

= 0

Therefore ode (3) now becomes

y(τ)′′ + p1y(τ)′ + q1y(τ) = 0
d2

dτ 2
y(τ) + c2y(τ) = 0 (7)

The above ode is now solved for y(τ). Since the ode is now constant coefficients, it can
be easily solved to give

y(τ) = c1 cos (cτ) + c2 sin (cτ)

Now from (6)

τ =
∫ 1

c

√
q dx

=

∫ √
λ

2a x3+2b x2+2cx+2ddx

c
= Expression too large to display

Substituting the above into the solution obtained gives

y = Expression too large to display
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Summary
The solution(s) found are the following

(1)Expression too large to display
Verification of solutions

Expression too large to display

Warning, solution could not be verified

31.25.3 Maple step by step solution

Let’s solve
y′′(2a x3 + 2b x2 + 2cx+ 2d) + (3a x2 + 2bx+ c) y′ + yλ = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − λy
2(a x3+b x2+cx+d) −

(
3a x2+2bx+c

)
y′

2(a x3+b x2+cx+d)

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
3a x2+2bx+c

)
y′

2(a x3+b x2+cx+d) +
λy

2(a x3+b x2+cx+d) = 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = 3a x2+2bx+c
2(a x3+b x2+cx+d) , P3(x) = λ

2(a x3+b x2+cx+d)

]
◦

(
x−

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a

)
· P2(x) is analytic at x =

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a

((
x−

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a

)
· P2(x)

)∣∣∣∣
x=

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

= −

−6

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−2b

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3−12ac+4b2


3

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

2

a+2

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

b+c


12
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3 a

a

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

3

+b

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

2

+c

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

+d



◦

(
x−

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a

)2

· P3(x) is analytic at x =
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a
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(x−
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a

)2

· P3(x)

∣∣∣∣
x=

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

=

−6

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−2b

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3−12ac+4b2

2

λ

72
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 a2

a

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

3

+b

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

2

+c

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

+d



◦ x =
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a is a regular singular point

Check to see if x0 is a regular singular point

x0 =
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a

• Multiply by denominators
y′′(2a x3 + 2b x2 + 2cx+ 2d) + (3a x2 + 2bx+ c) y′ + yλ = 0

• Change variables using x = u+
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a so that the regular singular point is at u = 0

(
d+

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2

9a + 16b6

27a2
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) − 16a c3
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3 −

bc
3a +

2b3
27a2 +

16c2b2
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3 + u2(12√3

√
27a2d2 − 18abcd+ 4a c3 + 4b3d− c2b2 a− 108d a2 + 36abc− 8b3

) 1
3 + 2u b2

3a +
u
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

6a − 2uc+ 2a u3 − 16c b4

3
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

)
a
− 12a u2c(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ 24au c2(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
+ 8u b4

3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
+ 4u2b2(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− 16uc b2(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

)(
d2

du2y(u)
)
+
(
u
(
12
√
3
√
27a2d2 − 18abcd+ 4a c3 + 4b3d− c2b2 a− 108d a2 + 36abc− 8b3

) 1
3 − 12auc(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b2

3a +
4b4

3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
+
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

12a + 12a c2(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
− c+ 3a u2 − 8c b2(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
+ 4u b2(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

)(
d
du
y(u)

)
+ λy(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 0..2

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 0..3

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r
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Rewrite ODE with series expansions

a0r

((
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3−12ca

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3+4

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 b2+144c2a2−96b2ca+16b4

)
(−1+2r)u−1+r

12a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

+

a1(1+r)
((

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3−12ca

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3+4

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 b2+144c2a2−96b2ca+16b4

)
(1+2r)

12a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

+
a0

((
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 r2−12ac r2+4b2r2+λ

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
)

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

ur +

 ∞∑
k=1

ak+1(k+1+r)
((

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3−12ca

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3+4

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 b2+144c2a2−96b2ca+16b4

)
(1+2k+2r)

12a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

+
ak

((
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 k2+2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 kr+

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 r2−12ac k2−24ackr−12ac r2+4b2k2+8b2kr+4b2r2+λ

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
)

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

+ aak−1(k + r − 1) (2k + 2r − 1)

uk+r

 = 0

• a0cannot be 0 by assumption, giving the indicial equation
0 = 0

• Values of r that satisfy the indicial equation
r = r

• The coefficients of each power of u must be 0a0r

((
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3−12ca

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3+4

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 b2+144c2a2−96b2ca+16b4

)
(−1+2r)

12a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

= 0,
a1(1+r)

((
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3−12ca

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3+4

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 b2+144c2a2−96b2ca+16b4

)
(1+2r)

12a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

+
a0

((
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 r2−12ac r2+4b2r2+λ

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
)

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

= 0


• Each term in the series must be 0, giving the recursion relation

−
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−(k+r−1)
(
− 1

2+k+r
)
ak−1a

2+
(
(k+1+r)c

(
k+r+1

2
)
ak+1−

λak
2

)
a−

(k+1+r)ak+1b
2(k+r+1

2
)

3

(12√3
√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2 a−108d a2+36abc−8b3

) 2
3

54 +

−
(k+1+r)a

√
3 ak+1

(
k+r+1

2
)√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2

18 +

 (k+1+r)d
(
k+r+1

2
)
ak+1

2 + cak(k+r)2
3

a2−
b

(
(k+1+r)c

(
k+r+1

2
)
ak+1+

2bak(k+r)2
3

)
a

6 +
(k+1+r)ak+1b

3(k+r+1
2
)

27


(
12

√
3
√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2 a−108d a2+36abc−8b3

) 1
3

3 −
√
3 a2ak(k+r)2

√
27a2d2+

(
−18abc+4b3

)
d+4a c3−c2b2

9 +dak(k+r)2a3−
2c
(
(k+1+r)c

(
k+r+1

2
)
ak+1+

3bak(k+r)2
2

)
a2

9 +
4b2

(
(k+1+r)c

(
k+r+1

2
)
ak+1+

bak(k+r)2
2

)
a

27 −
2(k+1+r)ak+1b

4(k+r+1
2
)

81


(
12

√
3
√

27a2d2+(−18abc+4b3)d+4a c3−c2b2 a−108d a2+36abc−8b3
) 2

3 a

= 0

• Shift index using k− >k + 1

−
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−(k+r)
(
k+r+1

2
)
aka2+

(
(k+2+r)c

(
k+3

2+r
)
ak+2−

λak+1
2

)
a−

(k+2+r)ak+2b
2(k+3

2+r
)

3

(12√3
√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2 a−108d a2+36abc−8b3

) 2
3

54 +

−
(k+2+r)a

√
3 ak+2

(
k+3

2+r
)√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2

18 +

 (k+2+r)d
(
k+3

2+r
)
ak+2

2 +
cak+1(k+1+r)2

3

a2−
b

(
(k+2+r)c

(
k+3

2+r
)
ak+2+

2bak+1(k+1+r)2
3

)
a

6 +
(k+2+r)ak+2b

3(k+3
2+r

)
27


(
12

√
3
√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2 a−108d a2+36abc−8b3

) 1
3

3 −
√
3 a2ak+1(k+1+r)2

√
27a2d2+

(
−18abc+4b3

)
d+4a c3−c2b2

9 +dak+1(k+1+r)2a3−
2c
(
(k+2+r)c

(
k+3

2+r
)
ak+2+

3bak+1(k+1+r)2
2

)
a2

9 +
4b2

(
(k+2+r)c

(
k+3

2+r
)
ak+2+

bak+1(k+1+r)2
2

)
a

27 −
2(k+2+r)ak+2b

4(k+3
2+r

)
81


(
12

√
3
√

27a2d2+(−18abc+4b3)d+4a c3−c2b2 a−108d a2+36abc−8b3
) 2

3 a

= 0

• Recursion relation that defines series solution to ODE
• Recursion relation for r = r

• Solution for r = r

• Revert the change of variables u = x−
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a

3316



Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]

Solution is available but has integrals. Trying a simpler solution using Kovacics algorithm...
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful
Solution via Kovacic is not simpler. Returning default solution
<- linear_1 successful`� �

3 Solution by Maple
Time used: 0.453 (sec). Leaf size: 67� �
dsolve(2*(a*x^3+b*x^2+c*x+d)*diff(y(x),x$2)+(3*a*x^2+2*b*x+c)*diff(y(x),x)+lambda*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
i
√
2
√
λ

(∫ 1√
a x3+x2b+cx+d

dx

)
2 + c2e−

i
√
2
√
λ

(∫ 1√
a x3+x2b+cx+d

dx

)
2
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[2*(a*x^3+b*x^2+c*x+d)*y''[x]+(3*a*x^2+2*b*x+c)*y'[x]+lambda*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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31.26 problem 207
31.26.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3319

Internal problem ID [11031]
Internal file name [OUTPUT/10287_Sunday_December_31_2023_04_01_34_PM_76722025/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 207.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

2
(
a x3 + b x2 + cx+ d

)
y′′ + 3

(
3a x2 + 2bx+ c

)
y′ + (6ax+ 2b+ λ) y = 0

31.26.1 Maple step by step solution

Let’s solve
y′′(2a x3 + 2b x2 + 2cx+ 2d) + (9a x2 + 6bx+ 3c) y′ + (6ax+ 2b+ λ) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − (6ax+2b+λ)y
2(a x3+b x2+cx+d) −

3
(
3a x2+2bx+c

)
y′

2(a x3+b x2+cx+d)

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + 3
(
3a x2+2bx+c

)
y′

2(a x3+b x2+cx+d) +
(6ax+2b+λ)y

2(a x3+b x2+cx+d) = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = 3

(
3a x2+2bx+c

)
2(a x3+b x2+cx+d) , P3(x) = 6ax+2b+λ

2(a x3+b x2+cx+d)

]
◦

(
x−

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a

)
· P2(x) is analytic at x =

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a

((
x−

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a

)
· P2(x)

)∣∣∣∣
x=

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

= −

−6

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−2b

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3−12ac+4b2


3

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

2

a+2

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

b+c


4
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3 a

a

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

3

+b

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

2

+c

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

+d



◦

(
x−

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a

)2

· P3(x) is analytic at x =
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a

(x−
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a

)2

· P3(x)

∣∣∣∣
x=

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

=

−6

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−2b

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3−12ac+4b2

26a

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

+2b+λ


72
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 a2

a

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

3

+b

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

2

+c

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

+d



◦ x =
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a is a regular singular point

Check to see if x0 is a regular singular point

x0 =
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a

• Multiply by denominators
y′′(2a x3 + 2b x2 + 2cx+ 2d) + (9a x2 + 6bx+ 3c) y′ + (6ax+ 2b+ λ) y = 0

• Change variables using x = u+
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a so that the regular singular point is at u = 0

(
d+

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2

9a + 16b6

27a2
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) − 16a c3
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3 −

bc
3a +

4u2b2(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ 8u b4

3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
− 12a u2c(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ 24au c2(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
+ 2b3

27a2 +
16c2b2

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3 −

16uc b2(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
+ 2a u3 − 16c b4

3
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

)
a
+ 2u b2

3a + u2(12√3
√
27a2d2 − 18abcd+ 4a c3 + 4b3d− c2b2 a− 108d a2 + 36abc− 8b3

) 1
3 − 2uc+

u
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

6a

)(
d2

du2y(u)
)
+
(

12u b2(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− 24c b2(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
+ b2

a
+ 3u

(
12
√
3
√
27a2d2 − 18abcd+ 4a c3 + 4b3d− c2b2 a− 108d a2 + 36abc− 8b3

) 1
3 − 36auc(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ 4b4

a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
− 3c+ 9a u2 +

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

4a + 36a c2(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

)(
d
du
y(u)

)
+
(
6au+

(
12
√
3
√
27a2d2 − 18abcd+ 4a c3 + 4b3d− c2b2 a− 108d a2 + 36abc− 8b3

) 1
3 − 12ac(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ 4b2(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ λ

)
y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um · y(u) to series expansion form = 0..1
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um · y(u) =
∞∑
k=0

aku
k+r+m

◦ Shift index using k− >k −m

um · y(u) =
∞∑

k=m

ak−mu
k+r

◦ Convert um ·
(

d
du
y(u)

)
to series expansion form = 0..2

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 0..3

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions

a0r

((
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3−12ca

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3+4

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 b2+144c2a2−96b2ca+16b4

)
(1+2r)u−1+r

12a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

+

a1(1+r)
((

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3−12ca

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3+4

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 b2+144c2a2−96b2ca+16b4

)
(3+2r)

12a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

+
a0

((
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 r2−12ac r2+4b2r2+2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 r−24acr+8b2r+

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3+λ

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3−12ac+4b2

)
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

ur +

 ∞∑
k=1

ak+1(k+1+r)
((

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3−12ca

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3+4

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 b2+144c2a2−96b2ca+16b4

)
(2k+2r+3)

12a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

+
ak

((
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 k2+2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 kr+

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 r2−12ac k2−24ackr−12ac r2+4b2k2+8b2kr+4b2r2+2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 k+2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 r−24ack−24acr+8b2k+8b2r+

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3+λ

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3−12ac+4b2

)
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

+ aak−1(k + 1 + r) (2k + 2r + 1)

uk+r

 = 0

• a0cannot be 0 by assumption, giving the indicial equation
0 = 0

• Values of r that satisfy the indicial equation
r = r

• The coefficients of each power of u must be 0a0r

((
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3−12ca

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3+4

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 b2+144c2a2−96b2ca+16b4

)
(1+2r)

12a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

= 0,
a1(1+r)

((
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3−12ca

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3+4

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 b2+144c2a2−96b2ca+16b4

)
(3+2r)

12a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

+
a0

((
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 r2−12ac r2+4b2r2+2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 r−24acr+8b2r+

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3+λ

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3−12ac+4b2

)
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

= 0


• Each term in the series must be 0, giving the recursion relation
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−

108


−(k+1+r)ak−1

(
k+r+1

2
)
a2+

(
(k+1+r)c

(
k+r+3

2
)
ak+1−

akλ
2

)
a−

(k+1+r)ak+1b
2(k+r+3

2
)

3

(12√3
√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2 a−108d a2+36abc−8b3

) 2
3

54 +(k+1+r)



−
a
√

3 ak+1
(
k+r+3

2
)√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2

18 +

 d
(
k+r+3

2
)
ak+1

2 + cak(k+1+r)
3

a2−
b

(
c
(
k+r+3

2
)
ak+1+

2bak(k+1+r)
3

)
a

6 +
ak+1b

3(k+r+3
2
)

27

(12√3
√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2 a−108d a2+36abc−8b3

) 1
3

3 −
√

3 a2ak(k+1+r)
√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2

9 +dak(k+1+r)a3−
2c
(
c
(
k+r+3

2
)
ak+1+

3bak(k+1+r)
2

)
a2

9 +
4
(
c
(
k+r+3

2
)
ak+1+

bak(k+1+r)
2

)
b2a

27 −
2ak+1b

4(k+r+3
2
)

81




(
12

√
3
√

27a2d2+(−18abc+4b3)d+4a c3−c2b2 a−108d a2+36abc−8b3
) 2

3 a

= 0

• Shift index using k− >k + 1

−

108


−(k+r+2)ak

(
k+r+3

2
)
a2+

(
(k+r+2)c

(
k+5

2+r
)
ak+2−

ak+1λ
2

)
a−

(k+r+2)ak+2b
2(k+5

2+r
)

3

(12√3
√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2 a−108d a2+36abc−8b3

) 2
3

54 +(k+r+2)



−
a
√
3 ak+2

(
k+5

2+r
)√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2

18 +

 d
(
k+5

2+r
)
ak+2

2 +
cak+1(k+r+2)

3

a2−
b

(
c
(
k+5

2+r
)
ak+2+

2bak+1(k+r+2)
3

)
a

6 +
ak+2b

3(k+5
2+r

)
27

(12√3
√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2 a−108d a2+36abc−8b3

) 1
3

3 −
√

3 a2ak+1(k+r+2)
√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2

9 +dak+1(k+r+2)a3−
2c
(
c
(
k+5

2+r
)
ak+2+

3bak+1(k+r+2)
2

)
a2

9 +
4
(
c
(
k+5

2+r
)
ak+2+

bak+1(k+r+2)
2

)
b2a

27 −
2ak+2b

4(k+5
2+r

)
81




(
12

√
3
√

27a2d2+(−18abc+4b3)d+4a c3−c2b2 a−108d a2+36abc−8b3
) 2

3 a

= 0

• Recursion relation that defines series solution to ODE
• Recursion relation for r = r

• Solution for r = r

• Revert the change of variables u = x−
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.531 (sec). Leaf size: 101� �
dsolve(2*(a*x^3+b*x^2+c*x+d)*diff(y(x),x$2)+3*(3*a*x^2+2*b*x+c)*diff(y(x),x)+(6*a*x+2*b+lambda)*y(x)=0,y(x), singsol=all)� �

y(x) = c1e

√
2
√

−λ
a

∫ 1√
a x3+x2b+cx+d

a

dx


2 + c2e−

√
2
√

−λ
a

∫ 1√
a x3+x2b+cx+d

a

dx


2

√
a x3 + x2b+ cx+ d
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3 Solution by Mathematica
Time used: 135.727 (sec). Leaf size: 3202� �
DSolve[2*(a*x^3+b*x^2+c*x+d)*y''[x]+3*(3*a*x^2+2*b*x+c)*y'[x]+(6*a*x+2*b+\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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31.27 problem 208
31.27.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3325

Internal problem ID [11032]
Internal file name [OUTPUT/10288_Sunday_December_31_2023_04_01_43_PM_42673453/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 208.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a x3 + b x2 + cx+ d

)
y′′ +

(
αx2 + (αγ + β)x+ βλ

)
y′ − (xα + β) y = 0

31.27.1 Maple step by step solution

Let’s solve
(a x3 + b x2 + cx+ d) y′′ + (αx2 + (αγ + β)x+ βλ) y′ + (−xα− β) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = (xα+β)y
a x3+b x2+cx+d

−
(
αγx+αx2+βλ+βx

)
y′

a x3+b x2+cx+d

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
αγx+αx2+βλ+βx

)
y′

a x3+b x2+cx+d
− (xα+β)y

a x3+b x2+cx+d
= 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = αγx+αx2+βλ+βx

a x3+b x2+cx+d
, P3(x) = − xα+β

a x3+b x2+cx+d

]
◦

(
x−

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a

)
· P2(x) is analytic at x =

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a

((
x−

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a

)
· P2(x)

)∣∣∣∣
x=

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

= −

−6

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−2b

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3−12ac+4b2


αγ

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

+α

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

2

+βλ+β

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a




6a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

a

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

3

+b

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

2

+c

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

+d



◦

(
x−

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a

)2

· P3(x) is analytic at x =
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
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3
− b

3a

(x−
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
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3

6a + 2
(
3ac−b2
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(
12

√
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√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
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3a

)2

· P3(x)

∣∣∣∣
x=

(
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√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
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)
3a
(
12

√
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√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

= −
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(
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√
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√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
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)
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(
12

√
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√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−2b

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3−12ac+4b2

2(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

α+β


36a2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

a

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

3

+b

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

2

+c

(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3

6a −
2
(
3ac−b2

)
3a
(
12

√
3
√

27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3
) 1
3
− b

3a

+d



◦ x =
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a is a regular singular point

Check to see if x0 is a regular singular point

x0 =
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a

• Multiply by denominators
(a x3 + b x2 + cx+ d) y′′ + (αγx+ αx2 + βλ+ βx) y′ + (−xα− β) y = 0

• Change variables using x = u+
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− b

3a so that the regular singular point is at u = 0

(
d
2 + a u3 +

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2

18a + 8b6

27a2
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) − 8a c3
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3 −

bc
6a +

b3

27a2 +
8c2b2

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3 −

8uc b2(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
+ 2u2b2(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ 4u b4

3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
+ 12au c2(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
− 6a u2c(

12
√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ u b2

3a +
u
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

12a − uc+
u2
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

2 − 8c b4

3
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

)
a

)(
d2

du2y(u)
)
+
(
βλ+

αγ
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2αγc(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+

αu
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

3a − 4αuc(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− 2αub

3a −
α
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3 b

9a2 + 4α b4

9a2
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
− 4α b3

9a2
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ 2β b2

3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ αu2 + βu+ α b2

3a2 + 2αγ b2

3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ 4αu b2

3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− 8αc b2

3
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 a

+ 4αcb

3
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3 a

+ αγu+
α
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

36a2 + 4α c2(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
+

β
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a − 2βc(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− βb

3a −
αγb
3a − 2αc

3a

)(
d
du
y(u)

)
+
(
−αu−

α
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2αc(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
− 2α b2

3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ αb

3a − β

)
y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um · y(u) to series expansion form = 0..1
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um · y(u) =
∞∑
k=0

aku
k+r+m

◦ Shift index using k− >k −m

um · y(u) =
∞∑

k=m

ak−mu
k+r

◦ Convert um ·
(

d
du
y(u)

)
to series expansion form = 0..2

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 0..3

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions
• a0cannot be 0 by assumption, giving the indicial equation

0 = 0
• Values of r that satisfy the indicial equation

r = r

• The coefficients of each power of u must be 0a0r

(
−48βa b3−48a b4−432a3c2−3

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3 a−648a3αdγ−48aα b3γ+216β a2bc+α

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3+288a2b2c+48α b4+144a2α c2−12αγba

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−72αγc a2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+24αγ b2a

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+48αcba

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+72

√
27a2d2−18abcd+4a c3+4b3d−c2b2

√
3 a2αγ−48

√
27a2d2−18abcd+4a c3+4b3d−c2b2

√
3 aαb−648βd a3−288a2b2cr+36βλ a2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−36c a2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 r+12b2a

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 r−24αca

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−12βba

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−72βc a2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+24β b2a

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+72

√
27a2d2−18abcd+4a c3+4b3d−c2b2

√
3 a2β+36c

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 a2−12b2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 a+48a b4r+432a3c2r+3

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3 ar+12α b2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−16α b3

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+216a2αbcγ+432a2αbd−240aα b2c

)

36a2
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

= 0,
a1(1+r)

(
−48βa b3−648a3αdγ−48aα b3γ+216β a2bc+α

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3+48α b4+144a2α c2−12αγba

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−72αγc a2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+24αγ b2a

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+48αcba

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+72

√
27a2d2−18abcd+4a c3+4b3d−c2b2

√
3 a2αγ−48

√
27a2d2−18abcd+4a c3+4b3d−c2b2

√
3 aαb−648βd a3−288a2b2cr+36βλ a2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−36c a2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 r+12b2a

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 r−24αca

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−12βba

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−72βc a2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+24β b2a

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+72

√
27a2d2−18abcd+4a c3+4b3d−c2b2

√
3 a2β+48a b4r+432a3c2r+3

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 4
3 ar+12α b2

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3−16α b3

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+216a2αbcγ+432a2αbd−240aα b2c

)

36a2
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3

+
a0

(
−4α b2+8α b2r+12aαc−24aαcr+6βa

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3 r−4αb

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3 r+6αγa

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3 r+12a b2r2−12a b2r−36a2c r2+36a2cr+3

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 a r2−3

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 ar+2α

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3 r−6βa

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3+2αb

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3−α

(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 2
3
)

6a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

= 0


• Each term in the series must be 0, giving the recursion relation
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−

54



−
ak−1(k+r−1)(k−2+r)a3

2 +

−
(k+1+r)(βλ−ck−cr)ak+1

2 +

((
−γak−ak−1

)
α−akβ

)
k

2 +

((
−γak−ak−1

)
α−akβ

)
r

2 +αak−1+
akβ
2

a2+

−
(k+1+r)

(
(k+r)b2+(−αγ−β)b−2cα

)
ak+1

2 +akαb
(
k+r− 1

2
)a

3 −
α b2ak+1(k+1+r)

6


(
12

√
3
√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2 a−108d a2+36abc−8b3

) 2
3

27 +

−
(k+1+r)

(
(k+r)a+α

3
)
ak+1

√
3 a

√
27a2d2+

(
−18abc+4b3

)
d+4a c3−c2b2

6 +
( 3(k+1+r)dak+1

2 +akc(k+r−1)
)
(k+r)a3+

−
(k+1+r)

(
c(k+r)b+

(
− 2cγ

3 −d
)
α− 2βc

3
)
ak+1

2 −

(
(k+r)(k+r−1)b2−2cα

(
k+r− 1

2
))

ak
3

a2−

2

−
(k+1+r)

(
(k+r)b2+(−αγ−β)b− 7cα

2
)
ak+1

2 +akαb
(
k+r− 1

2
)ba

9 +
α b3ak+1(k+1+r)

9


(
12

√
3
√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2 a−108d a2+36abc−8b3

) 1
3

9 −

√
3 a

a2ak(k+r)(k+r−1)+

(
(αγ+β)(k+1+r)ak+1+2akα

(
k+r− 1

2
))

a

3 −
2αbak+1(k+1+r)

9

√27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2

9 +dak(k+r)(k+r−1)a4+

−
2(k+1+r)

(
c2k+c2r− 3d(αγ+β)

2

)
ak+1

3 −
(
c(k+r)(k+r−1)b−2αd

(
k+r− 1

2
))

ak

a3

3 +
2

2(k+1+r)

c(k+r)b2+
3
((

− cγ
2 −d

)
α−βc

2
)
b

2 − c2α
2

ak+1+akb
(
(k+r)(k+r−1)b2−3cα

(
k+r− 1

2
))a2

27 +
4b2

−
(k+1+r)

(
(k+r)b2+(−αγ−β)b−5cα

)
ak+1

2 +akαb
(
k+r− 1

2
)a

81 −
2α b4ak+1(k+1+r)

81


(
12

√
3
√

27a2d2+(−18abc+4b3)d+4a c3−c2b2 a−108d a2+36abc−8b3
) 2

3 a2
= 0

• Shift index using k− >k + 1

−
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−ak(k+r)(k+r−1)a3
2 +

−
(k+2+r)(βλ−c(k+1)−cr)ak+2

2 +

((
−γak+1−ak

)
α−ak+1β

)
(k+1)

2 +

((
−γak+1−ak

)
α−ak+1β

)
r

2 +akα+
ak+1β

2

a2+

−
(k+2+r)

(
(k+1+r)b2+(−αγ−β)b−2cα

)
ak+2

2 +ak+1αb
(
k+1

2+r
)a

3 −
α b2ak+2(k+2+r)

6


(
12

√
3
√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2 a−108d a2+36abc−8b3

) 2
3

27 +

−
(k+2+r)

(
(k+1+r)a+α

3
)
ak+2

√
3 a

√
27a2d2+

(
−18abc+4b3

)
d+4a c3−c2b2

6 +
( 3(k+2+r)dak+2

2 +ak+1c(k+r)
)
(k+1+r)a3+

−
(k+2+r)

(
c(k+1+r)b+

(
− 2cγ

3 −d
)
α− 2βc

3
)
ak+2

2 −

(
(k+1+r)(k+r)b2−2cα

(
k+1

2+r
))

ak+1
3

a2−

2

−
(k+2+r)

(
(k+1+r)b2+(−αγ−β)b− 7cα

2
)
ak+2

2 +ak+1αb
(
k+1

2+r
)ba

9 +
α b3ak+2(k+2+r)

9


(
12

√
3
√

27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2 a−108d a2+36abc−8b3

) 1
3

9 −

√
3 a

a2ak+1(k+1+r)(k+r)+

(
(αγ+β)(k+2+r)ak+2+2ak+1α

(
k+1

2+r
))

a

3 −
2αbak+2(k+2+r)

9

√27a2d2+
(
−18abc+4b3

)
d+4a c3−c2b2

9 +dak+1(k+1+r)(k+r)a4+

−
2(k+2+r)

(
c2(k+1)+c2r− 3d(αγ+β)

2

)
ak+2

3 −
(
c(k+1+r)(k+r)b−2αd

(
k+1

2+r
))

ak+1

a3

3 +
2

2(k+2+r)

c(k+1+r)b2+
3
((

− cγ
2 −d

)
α−βc

2
)
b

2 − c2α
2

ak+2+ak+1b
(
(k+1+r)(k+r)b2−3cα

(
k+1

2+r
))a2

27 +
4b2

−
(k+2+r)

(
(k+1+r)b2+(−αγ−β)b−5cα

)
ak+2

2 +ak+1αb
(
k+1

2+r
)a

81 −
2α b4ak+2(k+2+r)

81


(
12

√
3
√

27a2d2+(−18abc+4b3)d+4a c3−c2b2 a−108d a2+36abc−8b3
) 2

3 a2
= 0

• Recursion relation that defines series solution to ODE
• Recursion relation for r = r

• Solution for r = r

• Revert the change of variables u = x−
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3

6a + 2
(
3ac−b2

)
3a
(
12

√
3
√
27a2d2−18abcd+4a c3+4b3d−c2b2 a−108d a2+36abc−8b3

) 1
3
+ b

3a
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

trying a solution in terms of MeijerG functions
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying to convert to an ODE of Bessel type

trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve((a*x^3+b*x^2+c*x+d)*diff(y(x),x$2)+(alpha*x^2+(alpha*gamma+beta)*x+beta*lambda)*diff(y(x),x)-(alpha*x+beta)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^3+b*x^2+c*x+d)*y''[x]+(\[Alpha]*x^2+(\[Alpha]*\[Gamma]+\[Beta])*x+\[Beta]*\[Lambda])*y'[x]-(\[Alpha]*x+\[Beta])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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31.28 problem 209
Internal problem ID [11033]
Internal file name [OUTPUT/10289_Sunday_December_31_2023_04_04_24_PM_7610360/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 209.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a x3 + b x2 + cx+ d

)
y′′ +

(
λ3 + x3) y′ − (λ2 − λx+ x2) y = 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
No special function solution was found.

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.532 (sec). Leaf size: 76� �
dsolve((a*x^3+b*x^2+c*x+d)*diff(y(x),x$2)+(x^3+lambda^3)*diff(y(x),x)-(x^2-lambda*x+lambda^2)*y(x)=0,y(x), singsol=all)� �

y(x) = (x+ λ)

∫ e
−
(∫ x4+(2a+λ)x3+2x2b+

(
λ3+2c

)
x+λ4+2d(

a x3+x2b+cx+d
)
(x+λ)

dx

)
dx

 c2 + c1
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3 Solution by Mathematica
Time used: 1.343 (sec). Leaf size: 240� �
DSolve[(a*x^3+b*x^2+c*x+d)*y''[x]+(x^3+\[Lambda]^3)*y'[x]-(x^2-\[Lambda]*x+\[Lambda]^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

c2(λ+ x)
∫ x

1 exp

−
λ+K[1]+2a log(λ+K[1])+RootSum

[
−aλ3+bλ2+3a#1λ2−3a#12

λ−cλ−2b#1λ+a#13
+b#12

+d+c#1&,
a log(λ+K[1]−#1)λ3−b log(λ+K[1]−#1)λ2+c log(λ+K[1]−#1)λ+2b log(λ+K[1]−#1)#1λ−b log(λ+K[1]−#1)#12

−d log(λ+K[1]−#1)−c log(λ+K[1]−#1)#1
3aλ2−2bλ−6a#1λ+3a#12

+c+2b#1 &
]

a

 dK[1]

λ

+ c1(λ+ x)
λ
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31.29 problem 210
Internal problem ID [11034]
Internal file name [OUTPUT/10290_Sunday_December_31_2023_04_06_32_PM_17535480/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 210.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

2x
(
a x2 + bx+ c

)
y′′ +

(
a(2− k)x2 + b(−k + 1)x− ck

)
y′ + λx1+ky = 0

7 Solution by Maple� �
dsolve(2*x(a*x^2+b*x+c)*diff(y(x),x$2)+(a*(2-k)*x^2+b*(1-k)*x-c*k)*diff(y(x),x)+(lambda*x^(k+1))*y(x)=0,y(x), singsol=all)� �

No solution found

3334



3 Solution by Mathematica
Time used: 157.344 (sec). Leaf size: 790� �
DSolve[2*x(a*x^2+b*x+c)*y''[x]+(a*(2-k)*x^2+b*(1-k)*x-c*k)*y'[x]+(\[Lambda]*x^(k+1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

√
2√c1 tan

√
2x
√

−
√

b2−4ac+2ax+b

b−
√

b2−4ac

√√
b2−4ac+2ax+b√

b2−4ac+b
AppellF1

(
k+2
2 , 12 ,

1
2 ,

k+4
2 ,− 2ax

b+
√

b2−4ac
, 2ax√

b2−4ac−b

)
(k+2)

√
x−k(x(ax+b)+c)

λ

− c2


√√√√√−1− tan2

√
2x
√

−
√

b2−4ac+2ax+b

b−
√

b2−4ac

√√
b2−4ac+2ax+b√

b2−4ac+b
AppellF1

(
k+2
2 , 12 ,

1
2 ,

k+4
2 ,− 2ax

b+
√

b2−4ac
, 2ax√

b2−4ac−b

)
(k+2)

√
x−k(x(ax+b)+c)

λ

− c2


y(x) →

−

√
2√c1 tan

√
2x
√

−
√

b2−4ac+2ax+b

b−
√

b2−4ac

√√
b2−4ac+2ax+b√

b2−4ac+b
AppellF1

(
k+2
2 , 12 ,

1
2 ,

k+4
2 ,− 2ax

b+
√

b2−4ac
, 2ax√

b2−4ac−b

)
(k+2)

√
x−k(x(ax+b)+c)

λ

+ c2


√√√√√−1− tan2

√
2x
√

−
√

b2−4ac+2ax+b

b−
√

b2−4ac

√√
b2−4ac+2ax+b√

b2−4ac+b
AppellF1

(
k+2
2 , 12 ,

1
2 ,

k+4
2 ,− 2ax

b+
√

b2−4ac
, 2ax√

b2−4ac−b

)
(k+2)

√
x−k(x(ax+b)+c)

λ

+ c2
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32 Chapter 2, Second-Order Differential
Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x + a1x + a0)y′′ + f (x)y′ + g(x)y = 0

32.1 problem 211 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3337
32.2 problem 212 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3345
32.3 problem 213 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3348
32.4 problem 214 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3356
32.5 problem 215 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3366
32.6 problem 216 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3369
32.7 problem 217 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3380
32.8 problem 218 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3397
32.9 problem 219 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3403
32.10problem 220 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3408
32.11problem 221 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3416
32.12problem 222 A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3427
32.13problem 222 B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3437
32.14problem 223 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3447
32.15problem 224 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3455
32.16problem 225 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3467
32.17problem 226 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3472
32.18problem 227 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3477
32.19problem 228 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3482
32.20problem 229 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3493
32.21problem 230 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3500
32.22problem 231 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3503
32.23problem 232 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3506
32.24problem 233 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3517
32.25problem 234 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3531
32.26problem 235 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3544
32.27problem 236 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3550
32.28problem 237 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3553
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32.1 problem 211
32.1.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 3337
32.1.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3338

Internal problem ID [11035]
Internal file name [OUTPUT/10291_Wednesday_January_24_2024_10_06_22_PM_16279652/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 211.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode"

Maple gives the following as the ode type
[[_Emden , _Fowler ]]

x4y′′ + ay = 0

32.1.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + ay

x2 = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β =
√
a

n = 1
2

γ = −1

Substituting all the above into (4) gives the solution as

y =
c1
√
x
√
2 sin

(√
a
x

)
√
π
√√

a
x

−
c2
√
x
√
2 cos

(√
a
x

)
√
π
√√

a
x

Summary
The solution(s) found are the following

(1)y =
c1
√
x
√
2 sin

(√
a
x

)
√
π
√√

a
x

−
c2
√
x
√
2 cos

(√
a
x

)
√
π
√√

a
x

Verification of solutions

y =
c1
√
x
√
2 sin

(√
a
x

)
√
π
√√

a
x

−
c2
√
x
√
2 cos

(√
a
x

)
√
π
√√

a
x

Verified OK.

32.1.2 Solving using Kovacic algorithm

Writing the ode as

x4y′′ + ay = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x4

B = 0 (3)
C = a

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −a

x4 (6)

Comparing the above to (5) shows that

s = −a

t = x4

Therefore eq. (4) becomes

z′′(x) =
(
− a

x4

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 195: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 0
= 4

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = x4. There is a pole at x = 0 of order 4. Since there is no odd order pole
larger than 2 and the order at ∞ is 4 then the necessary conditions for case one are
met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Looking at higher order poles of order 2v≥4 (must be even order for case one).Then
for each pole c, [

√
r]c is the sum of terms 1

(x−c)i for 2 ≤ i ≤ v in the Laurent series
expansion of

√
r expanded around each pole c. Hence

[
√
r]c =

v∑
2

ai
(x− c)i (1B)

Let a be the coefficient of the term 1
(x−c)v in the above where v is the pole order divided

by 2. Let b be the coefficient of 1
(x−c)v+1 in r minus the coefficient of 1

(x−c)v+1 in [
√
r]c.

Then

α+
c = 1

2

(
b

a
+ v

)
α−
c = 1

2

(
− b

a
+ v

)
The partial fraction decomposition of r is

r = − a

x4

There is pole in r at x = 0 of order 4, hence v = 2. Expanding
√
r as Laurent series

about this pole c = 0 gives

[
√
r]c ≈

i
√
a

x2 + . . . (2B)

Using eq. (1B), taking the sum up to v = 2 the above becomes

[
√
r]c =

i
√
a

x2 (3B)
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The above shows that the coefficient of 1
(x−0)2 is

a = i
√
a

Now we need to find b. let b be the coefficient of the term 1
(x−c)v+1 in r minus the

coefficient of the same term but in the sum [
√
r]c found in eq. (3B). Here c is current

pole which is c = 0. This term becomes 1
x3 . The coefficient of this term in the sum

[
√
r]c is seen to be 0 and the coefficient of this term r is found from the partial fraction

decomposition from above to be 0. Therefore

b = (0)− (0)
= 0

Hence

[
√
r]c =

i
√
a

x2

α+
c = 1

2

(
b

a
+ v

)
= 1

2

(
0

i
√
a
+ 2
)

= 1

α−
c = 1

2

(
− b

a
+ v

)
= 1

2

(
− 0
i
√
a
+ 2
)

= 1

Since the order of r at ∞ is 4 > 2 then

[
√
r]∞ = 0
α+
∞ = 0

α−
∞ = 1

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = − a

x4

pole c location pole order [
√
r]c α+

c α−
c

0 4 i
√
a

x2 1 1

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

4 0 0 1

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c
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Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 1 then

d = α−
∞ −

(
α−
c1

)
= 1− (1)
= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+ (−)[

√
r]∞

= −i
√
a

x2 + 1
x
+ (−) (0)

= −i
√
a

x2 + 1
x

= −i
√
a+ x

x2

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
−i

√
a

x2 + 1
x

)
(0) +

((
2i
√
a

x3 − 1
x2

)
+
(
−i

√
a

x2 + 1
x

)2

−
(
− a

x4

))
= 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ (

− i
√
a

x2 + 1
x

)
dx

= x e
i
√
a

x
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The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

Since B = 0 then the above reduces to

y1 = z1

= x e
i
√
a

x

Which simplifies to

y1 = x e
i
√
a

x

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Since B = 0 then the above becomes

y2 = y1

∫ 1
y21

dx

= x e
i
√
a

x

∫ 1
x2e 2i

√
a

x

dx

= x e
i
√
a

x

(
−ie− 2i

√
a

x

2
√
a

)

Therefore the solution is

y = c1y1 + c2y2

= c1
(
x e

i
√
a

x

)
+ c2

(
x e

i
√
a

x

(
−ie− 2i

√
a

x

2
√
a

))

Summary
The solution(s) found are the following

(1)y = c1x e
i
√
a

x − ic2x e−
i
√
a

x

2
√
a
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Verification of solutions

y = c1x e
i
√
a

x − ic2x e−
i
√
a

x

2
√
a

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 31� �
dsolve(x^4*diff(y(x),x$2)+a*y(x)=0,y(x), singsol=all)� �

y(x) = x

(
c1 sinh

(√
−a

x

)
+ c2 cosh

(√
−a

x

))
3 Solution by Mathematica
Time used: 0.199 (sec). Leaf size: 52� �
DSolve[x^4*y''[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1xe
i
√
a

x − ic2xe
− i

√
a

x

2
√
a
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32.2 problem 212
32.2.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 3345

Internal problem ID [11036]
Internal file name [OUTPUT/10292_Wednesday_January_24_2024_10_06_23_PM_69199443/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 212.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x4y′′ +
(
a x2 + bx+ c

)
y = 0

32.2.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
a+ b

x
+ c

x2

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2
n =

√
1− 4a

γ = 1
2

Substituting all the above into (4) gives the solution as

y = c1
√
x BesselJ

(√
1− 4a, 2

√
x
)
+ c2

√
x BesselY

(√
1− 4a, 2

√
x
)

Summary
The solution(s) found are the following

(1)y = c1
√
x BesselJ

(√
1− 4a, 2

√
x
)
+ c2

√
x BesselY

(√
1− 4a, 2

√
x
)

Verification of solutions

y = c1
√
x BesselJ

(√
1− 4a, 2

√
x
)
+ c2

√
x BesselY

(√
1− 4a, 2

√
x
)

Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.125 (sec). Leaf size: 63� �
dsolve(x^4*diff(y(x),x$2)+(a*x^2+b*x+c)*y(x)=0,y(x), singsol=all)� �

y(x) = x

(
c1WhittakerM

(
− ib

2
√
c
,

√
−4a+ 1

2 ,
2i
√
c

x

)
+ c2WhittakerW

(
− ib

2
√
c
,

√
−4a+ 1

2 ,
2i
√
c

x

))
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^4*y''[x]+(a*x^2+b*x+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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32.3 problem 213
32.3.1 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3348

Internal problem ID [11037]
Internal file name [OUTPUT/10293_Wednesday_January_24_2024_10_06_24_PM_85874191/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 213.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x4y′′ − (a+ b)x2y′ + ((a+ b)x+ ab) y = 0

32.3.1 Solving using Kovacic algorithm

Writing the ode as

x4y′′ − (a+ b)x2y′ + (a(x+ b) + bx) y = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x4

B = −x2(a+ b) (3)
C = a(x+ b) + bx

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)
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Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2 − 2ab+ b2

4x4 (6)

Comparing the above to (5) shows that

s = a2 − 2ab+ b2

t = 4x4

Therefore eq. (4) becomes

z′′(x) =
(
a2 − 2ab+ b2

4x4

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 196: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 0
= 4

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4x4. There is a pole at x = 0 of order 4. Since there is no odd order pole
larger than 2 and the order at ∞ is 4 then the necessary conditions for case one are
met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Looking at higher order poles of order 2v≥4 (must be even order for case one).Then
for each pole c, [

√
r]c is the sum of terms 1

(x−c)i for 2 ≤ i ≤ v in the Laurent series
expansion of

√
r expanded around each pole c. Hence

[
√
r]c =

v∑
2

ai
(x− c)i (1B)

Let a be the coefficient of the term 1
(x−c)v in the above where v is the pole order divided

by 2. Let b be the coefficient of 1
(x−c)v+1 in r minus the coefficient of 1

(x−c)v+1 in [
√
r]c.

Then

α+
c = 1

2

(
b

a
+ v

)
α−
c = 1

2

(
− b

a
+ v

)
The partial fraction decomposition of r is

r =
1
4a

2 − 1
2ab+

1
4b

2

x4

There is pole in r at x = 0 of order 4, hence v = 2. Expanding
√
r as Laurent series

about this pole c = 0 gives

[
√
r]c ≈

√
a2 − 2ab+ b2

2x2 + . . . (2B)

Using eq. (1B), taking the sum up to v = 2 the above becomes

[
√
r]c =

√
a2 − 2ab+ b2

2x2 (3B)
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The above shows that the coefficient of 1
(x−0)2 is

a =
√
a2 − 2ab+ b2

2

Now we need to find b. let b be the coefficient of the term 1
(x−c)v+1 in r minus the

coefficient of the same term but in the sum [
√
r]c found in eq. (3B). Here c is current

pole which is c = 0. This term becomes 1
x3 . The coefficient of this term in the sum

[
√
r]c is seen to be 0 and the coefficient of this term r is found from the partial fraction

decomposition from above to be 0. Therefore

b = (0)− (0)
= 0

Hence

[
√
r]c =

√
a2 − 2ab+ b2

2x2

α+
c = 1

2

(
b

a
+ v

)
= 1

2

(
0

√
a2−2ab+b2

2

+ 2
)

= 1

α−
c = 1

2

(
− b

a
+ v

)
= 1

2

(
− 0

√
a2−2ab+b2

2

+ 2
)

= 1

Since the order of r at ∞ is 4 > 2 then

[
√
r]∞ = 0
α+
∞ = 0

α−
∞ = 1

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = a2 − 2ab+ b2

4x4

pole c location pole order [
√
r]c α+

c α−
c

0 4
√
a2−2ab+b2

2x2 1 1

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

4 0 0 1
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Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 1 then

d = α−
∞ −

(
α−
c1

)
= 1− (1)
= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+ (−)[

√
r]∞

= −
√
a2 − 2ab+ b2

2x2 + 1
x
+ (−) (0)

= −
√
a2 − 2ab+ b2

2x2 + 1
x

=
−
√

(a− b)2 + 2x
2x2

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
−
√
a2 − 2ab+ b2

2x2 + 1
x

)
(0) +

(√
a2 − 2ab+ b2

x3 − 1
x2

)
+
(
−
√
a2 − 2ab+ b2

2x2 + 1
x

)2

−
(
a2 − 2ab+ b2

4x4

) = 0

0 = 0
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The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ (

−
√

a2−2ab+b2
2x2 + 1

x

)
dx

= x e
csgn(a−b)(a−b)

2x

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
−x2(a+b)

x4 dx

= z1e
−

a
2+ b

2
x

= z1
(
e−a+b

2x

)
Which simplifies to

y1 = x e
csgn(a−b)(a−b)−b−a

2x

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
−−x2(a+b)

x4 dx

(y1)2
dx

= y1

∫
e

−a−b
x

(y1)2
dx

= y1

(
e−

csgn(a−b)(a−b)
x csgn (a− b)

a− b

)

Therefore the solution is

y = c1y1 + c2y2

= c1
(
x e

csgn(a−b)(a−b)−b−a
2x

)
+ c2

(
x e

csgn(a−b)(a−b)−b−a
2x

(
e−

csgn(a−b)(a−b)
x csgn (a− b)

a− b

))
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Simplifying the solution y = c1x e
csgn(a−b)(a−b)−b−a

2x + c2x e
(b−a) csgn(a−b)−b−a

2x√
(a−b)2

to y = c1x e−
b
x +

c2x e−
a
x√

(a−b)2

Summary
The solution(s) found are the following

(1)y = c1x e−
b
x + c2x e−

a
x√

(a− b)2

Verification of solutions

y = c1x e−
b
x + c2x e−

a
x√

(a− b)2

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Reducible group (found another exponential solution)

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 25� �
dsolve(x^4*diff(y(x),x$2)-(a+b)*x^2*diff(y(x),x)+((a+b)*x+a*b)*y(x)=0,y(x), singsol=all)� �

y(x) = x
(
e− a

x c1 + e− b
x c2
)
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3 Solution by Mathematica
Time used: 0.214 (sec). Leaf size: 37� �
DSolve[x^4*y''[x]-(a+b)*x^2*y'[x]+((a+b)*x+a*b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c2xe
− a

x

a− b
+ c1xe

− b
x
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32.4 problem 214
32.4.1 Solving as second order change of variable on x method 2 ode . 3356
32.4.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3359

Internal problem ID [11038]
Internal file name [OUTPUT/10294_Wednesday_January_24_2024_10_06_25_PM_38663670/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 214.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_change_of_vari-
able_on_x_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x4y′′ + 2x2(x+ a) y′ + yb = 0

32.4.1 Solving as second order change of variable on x method 2 ode

In normal form the ode

x4y′′ + 2x2(x+ a) y′ + yb = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = 2x+ 2a
x2

q(x) = b

x4
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Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫ 2x+2a

x2 dx
)
dx

=
∫

e
2a
x
−2 ln(x) dx

=
∫ e 2a

x

x2 dx

= −e 2a
x

2a (6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

=
b
x4

e
4a
x

x4

= b e− 4a
x (7)

Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) + b e− 4a

x y(τ) = 0
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But in terms of τ

b e− 4a
x = b

4a2τ 2

Hence the above ode becomes

d2

dτ 2
y(τ) + by(τ)

4a2τ 2 = 0

The above ode is now solved for y(τ). The ode can be written as

4
(

d2

dτ 2
y(τ)

)
a2τ 2 + by(τ) = 0

Which shows it is a Euler ODE. This is Euler second order ODE. Let the solution be
y(τ) = τ r, then y′ = rτ r−1 and y′′ = r(r − 1)τ r−2. Substituting these back into the
given ODE gives

4a2τ 2(r(r − 1))τ r−2 + 0rτ r−1 + b τ r = 0

Simplifying gives
4a2r(r − 1) τ r + 0 τ r + b τ r = 0

Since τ r 6= 0 then dividing throughout by τ r gives

4a2r(r − 1) + 0 + b = 0

Or
4a2r2 − 4a2r + b = 0 (1)

Equation (1) is the characteristic equation. Its roots determine the form of the general
solution. Using the quadratic equation the roots are

r1 = −−a+
√
a2 − b

2a

r2 =
a+

√
a2 − b

2a

Since the roots are real and distinct, then the general solution is

y(τ) = c1y1 + c2y2

Where y1 = τ r1 and y2 = τ r2 . Hence

y(τ) = c1τ
−−a+

√
a2−b

2a + c2τ
a+
√

a2−b
2a
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The above solution is now transformed back to y using (6) which results in

y = c1

(
−e 2a

x

2a

)−−a+
√

a2−b
2a

+ c2

(
−e 2a

x

2a

)a+
√

a2−b
2a

Summary
The solution(s) found are the following

(1)y = c1

(
−e 2a

x

2a

)−−a+
√

a2−b
2a

+ c2

(
−e 2a

x

2a

)a+
√

a2−b
2a

Verification of solutions

y = c1

(
−e 2a

x

2a

)−−a+
√

a2−b
2a

+ c2

(
−e 2a

x

2a

)a+
√

a2−b
2a

Verified OK.

32.4.2 Solving using Kovacic algorithm

Writing the ode as

x4y′′ + 2x2(x+ a) y′ + yb = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x4

B = 2x2(x+ a) (3)
C = b

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2
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Substituting the values of A,B,C from (3) in the above and simplifying gives

r = a2 − b

x4 (6)

Comparing the above to (5) shows that

s = a2 − b

t = x4

Therefore eq. (4) becomes

z′′(x) =
(
a2 − b

x4

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 197: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 0
= 4
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The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = x4. There is a pole at x = 0 of order 4. Since there is no odd order pole
larger than 2 and the order at ∞ is 4 then the necessary conditions for case one are
met. Therefore

L = [1]

Attempting to find a solution using case n = 1.

Looking at higher order poles of order 2v≥4 (must be even order for case one).Then
for each pole c, [

√
r]c is the sum of terms 1

(x−c)i for 2 ≤ i ≤ v in the Laurent series
expansion of

√
r expanded around each pole c. Hence

[
√
r]c =

v∑
2

ai
(x− c)i (1B)

Let a be the coefficient of the term 1
(x−c)v in the above where v is the pole order divided

by 2. Let b be the coefficient of 1
(x−c)v+1 in r minus the coefficient of 1

(x−c)v+1 in [
√
r]c.

Then

α+
c = 1

2

(
b

a
+ v

)
α−
c = 1

2

(
− b

a
+ v

)
The partial fraction decomposition of r is

r = a2 − b

x4

There is pole in r at x = 0 of order 4, hence v = 2. Expanding
√
r as Laurent series

about this pole c = 0 gives

[
√
r]c ≈

√
a2 − b

x2 + . . . (2B)

Using eq. (1B), taking the sum up to v = 2 the above becomes

[
√
r]c =

√
a2 − b

x2 (3B)

The above shows that the coefficient of 1
(x−0)2 is

a =
√
a2 − b
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Now we need to find b. let b be the coefficient of the term 1
(x−c)v+1 in r minus the

coefficient of the same term but in the sum [
√
r]c found in eq. (3B). Here c is current

pole which is c = 0. This term becomes 1
x3 . The coefficient of this term in the sum

[
√
r]c is seen to be 0 and the coefficient of this term r is found from the partial fraction

decomposition from above to be 0. Therefore

b = (0)− (0)
= 0

Hence

[
√
r]c =

√
a2 − b

x2

α+
c = 1

2

(
b

a
+ v

)
= 1

2

(
0√

a2 − b
+ 2
)

= 1

α−
c = 1

2

(
− b

a
+ v

)
= 1

2

(
− 0√

a2 − b
+ 2
)

= 1

Since the order of r at ∞ is 4 > 2 then

[
√
r]∞ = 0
α+
∞ = 0

α−
∞ = 1

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = a2 − b

x4

pole c location pole order [
√
r]c α+

c α−
c

0 4
√
a2−b
x2 1 1

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

4 0 0 1

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c
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Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 1 then

d = α−
∞ −

(
α−
c1

)
= 1− (1)
= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+ (−)[

√
r]∞

= −
√
a2 − b

x2 + 1
x
+ (−) (0)

= −
√
a2 − b

x2 + 1
x

= −
√
a2 − b+ x

x2

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(
−
√
a2 − b

x2 + 1
x

)
(0) +

(2
√
a2 − b

x3 − 1
x2

)
+
(
−
√
a2 − b

x2 + 1
x

)2

−
(
a2 − b

x4

) = 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ (

−
√

a2−b
x2 + 1

x

)
dx

= x e
√

a2−b
x
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The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
2x2(x+a)

x4 dx

= z1e
a
x
−ln(x)

= z1

(
e a

x

x

)

Which simplifies to

y1 = e
a+
√

a2−b
x

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
− 2x2(x+a)

x4 dx

(y1)2
dx

= y1

∫
e

2a
x
−2 ln(x)

(y1)2
dx

= y1

(
e− 2

√
a2−b
x

2
√
a2 − b

)

Therefore the solution is

y = c1y1 + c2y2

= c1
(
e

a+
√

a2−b
x

)
+ c2

(
e

a+
√

a2−b
x

(
e− 2

√
a2−b
x

2
√
a2 − b

))

Summary
The solution(s) found are the following

(1)y = c1e
a+
√

a2−b
x + c2e

a−
√

a2−b
x

2
√
a2 − b
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Verification of solutions

y = c1e
a+
√

a2−b
x + c2e

a−
√

a2−b
x

2
√
a2 − b

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 43� �
dsolve(x^4*diff(y(x),x$2)+2*x^2*(x+a)*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
a−
√

a2−b
x + c2e

a+
√

a2−b
x

3 Solution by Mathematica
Time used: 0.06 (sec). Leaf size: 51� �
DSolve[x^4*y''[x]+2*x^2*(x+a)*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
a−
√

a2−b
x

(
c1e

2
√

a2−b
x + c2

)
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32.5 problem 215
Internal problem ID [11039]
Internal file name [OUTPUT/10295_Wednesday_January_24_2024_10_06_25_PM_81868881/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 215.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x4y′′ + a xny′ −
(
a xn−1 + ab xn−2 + b2

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(x^4*diff(y(x),x$2)+a*x^n*diff(y(x),x)-(a*x^(n-1)+a*b*x^(n-2)+b^2)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^4*y''[x]+a*x^n*y'[x]-(a*x^(n-1)+a*b*x^(n-2)+b^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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32.6 problem 216
32.6.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 3369
32.6.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3370
32.6.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3376

Internal problem ID [11040]
Internal file name [OUTPUT/10296_Wednesday_January_24_2024_10_06_26_PM_32998932/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 216.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x2(x− a)2 y′′ + yb = 0

32.6.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + by

x2 = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β =
√
b

n = 1
2

γ = −1

Substituting all the above into (4) gives the solution as

y =
c1
√
x
√
2 sin

(√
b

x

)
√
π
√√

b
x

−
c2
√
x
√
2 cos

(√
b

x

)
√
π
√√

b
x

Summary
The solution(s) found are the following

(1)y =
c1
√
x
√
2 sin

(√
b

x

)
√
π
√√

b
x

−
c2
√
x
√
2 cos

(√
b

x

)
√
π
√√

b
x

Verification of solutions

y =
c1
√
x
√
2 sin

(√
b

x

)
√
π
√√

b
x

−
c2
√
x
√
2 cos

(√
b

x

)
√
π
√√

b
x

Verified OK.

32.6.2 Solving using Kovacic algorithm

Writing the ode as

y′′x2(a− x)2 + yb = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x2(a− x)2

B = 0 (3)
C = b

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −b

(ax− x2)2
(6)

Comparing the above to (5) shows that

s = −b

t =
(
ax− x2)2

Therefore eq. (4) becomes

z′′(x) =
(
− b

(ax− x2)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 198: Necessary conditions for each Kovacic case

3371



The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 0
= 4

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = (ax− x2)2. There is a pole at x = 0 of order 2. There is a pole at x = a

of order 2. Since there is no odd order pole larger than 2 and the order at ∞ is 4 then
the necessary conditions for case one are met. Since there is a pole of order 2 then
necessary conditions for case two are met. Since pole order is not larger than 2 and the
order at ∞ is 4 then the necessary conditions for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Looking at poles of order 2. The partial fractions decomposition of r is

r = − b

a2x2 − b

a2 (x− a)2
+ 2b

a3 (x− a) −
2b
a3x

For the pole at x = 0 let b be the coefficient of 1
x2 in the partial fractions decomposition

of r given above. Therefore b = − b
a2
. Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +
√
a2 − 4b
2a

α−
c = 1

2 −
√
1 + 4b = 1

2 −
√
a2 − 4b
2a

For the pole at x = a let b be the coefficient of 1
(x−a)2 in the partial fractions decompo-

sition of r given above. Therefore b = − b
a2
. Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +
√
a2 − 4b
2a

α−
c = 1

2 −
√
1 + 4b = 1

2 −
√
a2 − 4b
2a

Since the order of r at ∞ is 4 > 2 then

[
√
r]∞ = 0
α+
∞ = 0

α−
∞ = 1
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The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = − b

(ax− x2)2

pole c location pole order [
√
r]c α+

c α−
c

0 2 0 1
2 +

√
a2−4b
2a

1
2 −

√
a2−4b
2a

a 2 0 1
2 +

√
a2−4b
2a

1
2 −

√
a2−4b
2a

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

4 0 0 1

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 1 then

d = α−
∞ −

(
α−
c1 + α+

c2

)
= 1− (1)
= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+
(
(+)[

√
r]c2 +

α+
c2

x− c2

)
+ (−)[

√
r]∞

=
1
2 −

√
a2−4b
2a

x
+

1
2 +

√
a2−4b
2a

x− a
+ (−) (0)

=
1
2 −

√
a2−4b
2a

x
+

1
2 +

√
a2−4b
2a

x− a

=
√
a2 − 4b− a+ 2x
2x (x− a)
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Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(

1
2 −

√
a2−4b
2a

x
+

1
2 +

√
a2−4b
2a

x− a

)
(0) +

(− 1
2 −

√
a2−4b
2a

x2 −
1
2 +

√
a2−4b
2a

(x− a)2

)
+
(

1
2 −

√
a2−4b
2a

x
+

1
2 +

√
a2−4b
2a

x− a

)2

−
(
− b

(ax− x2)2
) = 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ ( 1

2−
√

a2−4b
2a

x
+

1
2+

√
a2−4b
2a

x−a

)
dx

= x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

Since B = 0 then the above reduces to

y1 = z1

= x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

Which simplifies to

y1 = x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx
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Since B = 0 then the above becomes

y2 = y1

∫ 1
y21

dx

= x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

∫ 1

x−−a+
√

a2−4b
a (x− a)

a+
√

a2−4b
a

dx

= x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

)

Therefore the solution is

y = c1y1 + c2y2

= c1

(
x−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

)
+ c2

(
x−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

))

Summary
The solution(s) found are the following

(1)
y = c1x

−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

+ c2x
−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

)
Verification of solutions

y = c1x
−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

+ c2x
−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

)
Verified OK.
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32.6.3 Maple step by step solution

Let’s solve
y′′x2(a− x)2 + yb = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = − by

x2(a−x)2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + by

x2(a−x)2 = 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = 0, P3(x) = b
x2(a−x)2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 0

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= b
a2

◦ x = 0is a regular singular point
Check to see if x0 is a regular singular point
x0 = 0

• Multiply by denominators
y′′x2(a− x)2 + yb = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y′′ to series expansion form = 2..4

xm · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−2+m
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◦ Shift index using k− >k + 2−m

xm · y′′ =
∞∑

k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)xk+r

Rewrite ODE with series expansions

a0(a2r2 − a2r + b)xr + ((a2r2 + a2r + b) a1 − 2a0r(−1 + r) a)x1+r +
(

∞∑
k=2

(ak(a2k2 + 2a2kr + a2r2 − a2k − a2r + b)− 2ak−1(k + r − 1) (k − 2 + r) a+ ak−2(k − 2 + r) (k − 3 + r))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
a2r2 − a2r + b = 0

• Values of r that satisfy the indicial equation

r ∈
{

a
2−

√
a2−4b
2

a
,

a
2+

√
a2−4b
2

a

}
• Each term must be 0

(a2r2 + a2r + b) a1 − 2a0r(−1 + r) a = 0
• Solve for the dependent coefficient(s)

a1 = 2a0r(−1+r)a
a2r2+a2r+b

• Each term in the series must be 0, giving the recursion relation
ak(k + r) (k + r − 1) a2 − 2ak−1(k + r − 1) (k − 2 + r) a+ k2ak−2 + ak−2(2r − 5) k + r2ak−2 + akb− 5rak−2 + 6ak−2 = 0

• Shift index using k− >k + 2
ak+2(k + 2 + r) (k + 1 + r) a2 − 2ak+1(k + 1 + r) (k + r) a+ (k + 2)2 ak + ak(2r − 5) (k + 2) + r2ak + ak+2b− 5akr + 6ak = 0

• Recursion relation that defines series solution to ODE

ak+2 = 2a k2ak+1+4akrak+1+2a r2ak+1+2akak+1+2arak+1−k2ak−2krak−r2ak+akk+akr
a2k2+2a2kr+a2r2+3a2k+3a2r+2a2+b

• Recursion relation for r =
a
2−

√
a2−4b
2

a

ak+2 =
2a k2ak+1+4k

(
a
2−

√
a2−4b
2

)
ak+1+

2
(

a
2−

√
a2−4b
2

)2
ak+1

a
+2akak+1+2

(
a
2−

√
a2−4b
2

)
ak+1−k2ak−

2k
(

a
2−

√
a2−4b
2

)
ak

a
−

(
a
2−

√
a2−4b
2

)2
ak

a2 +akk+
ak

(
a
2−

√
a2−4b
2

)
a

a2k2+2ak
(

a
2−

√
a2−4b
2

)
+
(

a
2−

√
a2−4b
2

)2
+3a2k+3a

(
a
2−

√
a2−4b
2

)
+2a2+b

• Solution for r =
a
2−

√
a2−4b
2

ay =
∞∑
k=0

akx
k+

a
2−

√
a2−4b
2

a , ak+2 =
2a k2ak+1+4k

(
a
2−

√
a2−4b
2

)
ak+1+

2
(

a
2−

√
a2−4b
2

)2
ak+1

a
+2akak+1+2

(
a
2−

√
a2−4b
2

)
ak+1−k2ak−

2k
(

a
2−

√
a2−4b
2

)
ak

a
−

(
a
2−

√
a2−4b
2

)2
ak

a2 +akk+
ak

(
a
2−

√
a2−4b
2

)
a

a2k2+2ak
(

a
2−

√
a2−4b
2

)
+
(

a
2−

√
a2−4b
2

)2
+3a2k+3a

(
a
2−

√
a2−4b
2

)
+2a2+b

, a1 =
2a0
(

a
2−

√
a2−4b
2

)(
−1+

a
2−

√
a2−4b
2

a

)
(

a
2−

√
a2−4b
2

)2
+a

(
a
2−

√
a2−4b
2

)
+b


• Recursion relation for r =

a
2+

√
a2−4b
2

a
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ak+2 =
2a k2ak+1+4k

(
a
2+

√
a2−4b
2

)
ak+1+

2
(

a
2+

√
a2−4b
2

)2
ak+1

a
+2akak+1+2

(
a
2+

√
a2−4b
2

)
ak+1−k2ak−

2k
(

a
2+

√
a2−4b
2

)
ak

a
−

(
a
2+

√
a2−4b
2

)2
ak

a2 +akk+
ak

(
a
2+

√
a2−4b
2

)
a

a2k2+2ak
(

a
2+

√
a2−4b
2

)
+
(

a
2+

√
a2−4b
2

)2
+3a2k+3a

(
a
2+

√
a2−4b
2

)
+2a2+b

• Solution for r =
a
2+

√
a2−4b
2

ay =
∞∑
k=0

akx
k+

a
2+

√
a2−4b
2

a , ak+2 =
2a k2ak+1+4k

(
a
2+

√
a2−4b
2

)
ak+1+

2
(

a
2+

√
a2−4b
2

)2
ak+1

a
+2akak+1+2

(
a
2+

√
a2−4b
2

)
ak+1−k2ak−

2k
(

a
2+

√
a2−4b
2

)
ak

a
−

(
a
2+

√
a2−4b
2

)2
ak

a2 +akk+
ak

(
a
2+

√
a2−4b
2

)
a

a2k2+2ak
(

a
2+

√
a2−4b
2

)
+
(

a
2+

√
a2−4b
2

)2
+3a2k+3a

(
a
2+

√
a2−4b
2

)
+2a2+b

, a1 =
2a0
(

a
2+

√
a2−4b
2

)(
−1+

a
2+

√
a2−4b
2

a

)
(

a
2+

√
a2−4b
2

)2
+a

(
a
2+

√
a2−4b
2

)
+b


• Combine solutions and rename parametersy =

(
∞∑
k=0

ckx
k+

a
2−

√
a2−4b
2

a

)
+
(

∞∑
k=0

dkx
k+

a
2 +

√
a2−4b
2

a

)
, ck+2 =

2a k2c1+k+4k
(

a
2−

√
a2−4b
2

)
c1+k+

2
(

a
2−

√
a2−4b
2

)2
c1+k

a
+2akc1+k+2

(
a
2−

√
a2−4b
2

)
c1+k−k2ck−

2k
(

a
2−

√
a2−4b
2

)
ck

a
−

(
a
2−

√
a2−4b
2

)2
ck

a2 +ckk+
ck

(
a
2−

√
a2−4b
2

)
a

a2k2+2ak
(

a
2−

√
a2−4b
2

)
+
(

a
2−

√
a2−4b
2

)2
+3a2k+3a

(
a
2−

√
a2−4b
2

)
+2a2+b

, c1 =
2c0
(

a
2−

√
a2−4b
2

)(
−1+

a
2−

√
a2−4b
2

a

)
(

a
2−

√
a2−4b
2

)2
+a

(
a
2−

√
a2−4b
2

)
+b

, dk+2 =
2a k2d1+k+4k

(
a
2+

√
a2−4b
2

)
d1+k+

2
(

a
2+

√
a2−4b
2

)2
d1+k

a
+2akd1+k+2

(
a
2+

√
a2−4b
2

)
d1+k−k2dk−

2k
(

a
2+

√
a2−4b
2

)
dk

a
−

(
a
2+

√
a2−4b
2

)2
dk

a2 +dkk+
dk

(
a
2+

√
a2−4b
2

)
a

a2k2+2ak
(

a
2+

√
a2−4b
2

)
+
(

a
2+

√
a2−4b
2

)2
+3a2k+3a

(
a
2+

√
a2−4b
2

)
+2a2+b

, d1 =
2d0
(

a
2+

√
a2−4b
2

)(
−1+

a
2+

√
a2−4b
2

a

)
(

a
2+

√
a2−4b
2

)2
+a

(
a
2+

√
a2−4b
2

)
+b


Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 67� �
dsolve(x^2*(x-a)^2*diff(y(x),x$2)+b*y(x)=0,y(x), singsol=all)� �

y(x) =
√

x (a− x)

( x

a− x

)√
a2−4b
2a

c2 +
(
a− x

x

)√
a2−4b
2a

c1
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3 Solution by Mathematica
Time used: 0.487 (sec). Leaf size: 121� �
DSolve[x^2*(x-a)^2*y''[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
x

1
2−

1
2

√
1− 4b

a2 (x− a)
1
2−

1
2

√
1− 4b

a2

(
ac1

√
1− 4b

a2
x

√
1− 4b

a2 + c2(x− a)
√

1− 4b
a2

)
a
√

1− 4b
a2
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32.7 problem 217
32.7.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 3380
32.7.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3385

Internal problem ID [11041]
Internal file name [OUTPUT/10297_Wednesday_January_24_2024_10_06_27_PM_84057678/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 217.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _linear , _nonhomogeneous ]]

x2(x− a)2 y′′ + yb = c x2(x− a)2

32.7.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + by

x2 = c(a− x)2 (1)

Let the solution be

y = yh + yp

Where yh is the solution to the homogeneous ODE and yp is a particular solution to
the non-homogeneous ODE. Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)
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With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)

Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β =
√
b

n = 1
2

γ = −1

Substituting all the above into (4) gives the solution as

y =
c1
√
x
√
2 sin

(√
b

x

)
√
π
√√

b
x

−
c2
√
x
√
2 cos

(√
b

x

)
√
π
√√

b
x

Therefore the homogeneous solution yh is

yh =
c1
√
x
√
2 sin

(√
b

x

)
√
π
√√

b
x

−
c2
√
x
√
2 cos

(√
b

x

)
√
π
√√

b
x

The particular solution yp can be found using either the method of undetermined
coefficients, or the method of variation of parameters. The method of variation of
parameters will be used as it is more general and can be used when the coefficients of
the ODE depend on x as well. Let

(1)yp(x) = u1y1 + u2y2

Where u1, u2 to be determined, and y1, y2 are the two basis solutions (the two lin-
early independent solutions of the homogeneous ODE) found earlier when solving the
homogeneous ODE as

y1 =

√
x
√
2 sin

(√
b

x

)
√
π
√√

b
x

y2 = −

√
x
√
2 cos

(√
b

x

)
√
π
√√

b
x
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In the Variation of parameters u1, u2 are found using

(2)u1 = −
∫

y2f(x)
aW (x)

(3)u2 =
∫

y1f(x)
aW (x)

Where W (x) is the Wronskian and a is the coefficient in front of y′′ in the given ODE.

The Wronskian is given by W =

∣∣∣∣∣∣y1 y2

y′1 y′2

∣∣∣∣∣∣. Hence

W =

∣∣∣∣∣∣∣∣∣∣

√
x
√
2 sin

(√
b

x

)
√
π
√√

b
x

−
√
x
√
2 cos

(√
b

x

)
√
π
√√

b
x

d
dx

(√
x
√
2 sin

(√
b

x

)
√
π
√√

b
x

)
d
dx

(
−

√
x
√
2 cos

(√
b

x

)
√
π
√√

b
x

)
∣∣∣∣∣∣∣∣∣∣

Which gives

W =

∣∣∣∣∣∣∣∣∣∣

√
x
√
2 sin

(√
b

x

)
√
π
√√

b
x

−
√
x
√
2 cos

(√
b

x

)
√
π
√√

b
x

√
2 sin

(√
b

x

)
2
√
x
√
π
√√

b
x

+
√
2 sin

(√
b

x

)√
b

2x
3
2
√
π
(√

b
x

) 3
2
−

√
2
√
b cos

(√
b

x

)
x
3
2
√
π
√√

b
x

−
√
2 cos

(√
b

x

)
2
√
x
√
π
√√

b
x

−
√
2 cos

(√
b

x

)√
b

2x
3
2
√
π
(√

b
x

) 3
2
−

√
2
√
b sin

(√
b

x

)
x
3
2
√
π
√√

b
x

∣∣∣∣∣∣∣∣∣∣
Therefore

W =

√
x
√
2 sin

(√
b

x

)
√
π
√√

b
x


−

√
2 cos

(√
b

x

)
2
√
x
√
π
√√

b
x

−

√
2 cos

(√
b

x

)√
b

2x 3
2
√
π
(√

b
x

) 3
2

−

√
2
√
b sin

(√
b

x

)
x

3
2
√
π
√√

b
x


−

−

√
x
√
2 cos

(√
b

x

)
√
π
√√

b
x




√
2 sin

(√
b

x

)
2
√
x
√
π
√√

b
x

+

√
2 sin

(√
b

x

)√
b

2x 3
2
√
π
(√

b
x

) 3
2
−

√
2
√
b cos

(√
b

x

)
x

3
2
√
π
√√

b
x


Which simplifies to

W = −
2
(
sin
(√

b
x

)2
+ cos

(√
b

x

)2)
π
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Which simplifies to

W = − 2
π

Therefore Eq. (2) becomes

u1 = −
∫ −

√
x
√
2 cos

(√
b

x

)
c(a−x)2

√
π
√√

b
x

−2x2

π

dx

Which simplifies to

u1 = −
∫ √

2
√
π cos

(√
b

x

)
c(a− x)2

2x 3
2

√√
b

x

dx

Hence

u1 = −

∫ x

0

√
2
√
π cos

(√
b

α

)
c(a− α)2

2α 3
2

√√
b

α

dα


And Eq. (3) becomes

u2 =
∫ √

x
√
2 sin

(√
b

x

)
c(a−x)2

√
π
√√

b
x

−2x2

π

dx

Which simplifies to

u2 =
∫

−

√
2
√
π sin

(√
b

x

)
c(a− x)2

2x 3
2

√√
b

x

dx

Hence

u2 =
∫ x

0
−

√
2
√
π sin

(√
b

α

)
c(a− α)2

2α 3
2

√√
b

α

dα
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Which simplifies to

u1 = −

√
2
√
π c

(∫ x

0
cos
(√

b
α

)
(a−α)2

α
3
2
√√

b
α

dα

)
2

u2 = −

√
2
√
π c

(∫ x

0
sin
(√

b
α

)
(a−α)2

α
3
2
√√

b
α

dα

)
2

Therefore the particular solution, from equation (1) is

yp(x) = −
c

(∫ x

0
cos
(√

b
α

)
(a−α)2

α
3
2
√√

b
α

dα

)
√
x sin

(√
b

x

)
√√

b
x

+
c

(∫ x

0
sin
(√

b
α

)
(a−α)2

α
3
2
√√

b
α

dα

)
√
x cos

(√
b

x

)
√√

b
x

Which simplifies to

yp(x) =
c
√
x

(
−
(∫ x

0
cos
(√

b
α

)
(a−α)2

α
3
2
√√

b
α

dα

)
sin
(√

b
x

)
+
(∫ x

0
sin
(√

b
α

)
(a−α)2

α
3
2
√√

b
α

dα

)
cos
(√

b
x

))
√√

b
x

Therefore the general solution is

y = yh + yp

=

c1
√
x
√
2 sin

(√
b

x

)
√
π
√√

b
x

−
c2
√
x
√
2 cos

(√
b

x

)
√
π
√√

b
x



+


c
√
x

(
−
(∫ x

0
cos
(√

b
α

)
(a−α)2

α
3
2
√√

b
α

dα

)
sin
(√

b
x

)
+
(∫ x

0
sin
(√

b
α

)
(a−α)2

α
3
2
√√

b
α

dα

)
cos
(√

b
x

))
√√

b
x
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Summary
The solution(s) found are the following

(1)

y =
c1
√
x
√
2 sin

(√
b

x

)
√
π
√√

b
x

−
c2
√
x
√
2 cos

(√
b

x

)
√
π
√√

b
x

+
c
√
x

(
−
(∫ x

0
cos
(√

b
α

)
(a−α)2

α
3
2
√√

b
α

dα

)
sin
(√

b
x

)
+
(∫ x

0
sin
(√

b
α

)
(a−α)2

α
3
2
√√

b
α

dα

)
cos
(√

b
x

))
√√

b
x

Verification of solutions

y =
c1
√
x
√
2 sin

(√
b

x

)
√
π
√√

b
x

−
c2
√
x
√
2 cos

(√
b

x

)
√
π
√√

b
x

+
c
√
x

(
−
(∫ x

0
cos
(√

b
α

)
(a−α)2

α
3
2
√√

b
α

dα

)
sin
(√

b
x

)
+
(∫ x

0
sin
(√

b
α

)
(a−α)2

α
3
2
√√

b
α

dα

)
cos
(√

b
x

))
√√

b
x

Verified OK.

32.7.2 Solving using Kovacic algorithm

Writing the ode as

y′′x2(a− x)2 + yb = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x2(a− x)2

B = 0 (3)
C = b

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)
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Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −b

(ax− x2)2
(6)

Comparing the above to (5) shows that

s = −b

t =
(
ax− x2)2

Therefore eq. (4) becomes

z′′(x) =
(
− b

(ax− x2)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 200: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 0
= 4

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = (ax− x2)2. There is a pole at x = 0 of order 2. There is a pole at x = a

of order 2. Since there is no odd order pole larger than 2 and the order at ∞ is 4 then
the necessary conditions for case one are met. Since there is a pole of order 2 then
necessary conditions for case two are met. Since pole order is not larger than 2 and the
order at ∞ is 4 then the necessary conditions for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Looking at poles of order 2. The partial fractions decomposition of r is

r = − b

a2x2 − b

a2 (x− a)2
+ 2b

a3 (x− a) −
2b
a3x

For the pole at x = 0 let b be the coefficient of 1
x2 in the partial fractions decomposition

of r given above. Therefore b = − b
a2
. Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +
√
a2 − 4b
2a

α−
c = 1

2 −
√
1 + 4b = 1

2 −
√
a2 − 4b
2a

For the pole at x = a let b be the coefficient of 1
(x−a)2 in the partial fractions decompo-

sition of r given above. Therefore b = − b
a2
. Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +
√
a2 − 4b
2a

α−
c = 1

2 −
√
1 + 4b = 1

2 −
√
a2 − 4b
2a

Since the order of r at ∞ is 4 > 2 then

[
√
r]∞ = 0
α+
∞ = 0

α−
∞ = 1
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The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = − b

(ax− x2)2

pole c location pole order [
√
r]c α+

c α−
c

0 2 0 1
2 +

√
a2−4b
2a

1
2 −

√
a2−4b
2a

a 2 0 1
2 +

√
a2−4b
2a

1
2 −

√
a2−4b
2a

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

4 0 0 1

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 1 then

d = α−
∞ −

(
α−
c1 + α+

c2

)
= 1− (1)
= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+
(
(+)[

√
r]c2 +

α+
c2

x− c2

)
+ (−)[

√
r]∞

=
1
2 −

√
a2−4b
2a

x
+

1
2 +

√
a2−4b
2a

x− a
+ (−) (0)

=
1
2 −

√
a2−4b
2a

x
+

1
2 +

√
a2−4b
2a

x− a

=
√
a2 − 4b− a+ 2x
2x (x− a)
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Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(

1
2 −

√
a2−4b
2a

x
+

1
2 +

√
a2−4b
2a

x− a

)
(0) +

(− 1
2 −

√
a2−4b
2a

x2 −
1
2 +

√
a2−4b
2a

(x− a)2

)
+
(

1
2 −

√
a2−4b
2a

x
+

1
2 +

√
a2−4b
2a

x− a

)2

−
(
− b

(ax− x2)2
) = 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ ( 1

2−
√

a2−4b
2a

x
+

1
2+

√
a2−4b
2a

x−a

)
dx

= x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

Since B = 0 then the above reduces to

y1 = z1

= x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

Which simplifies to

y1 = x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx
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Since B = 0 then the above becomes

y2 = y1

∫ 1
y21

dx

= x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

∫ 1

x−−a+
√

a2−4b
a (x− a)

a+
√

a2−4b
a

dx

= x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

)

Therefore the solution is

y = c1y1 + c2y2

= c1

(
x−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

)
+ c2

(
x−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

))

This is second order nonhomogeneous ODE. Let the solution be

y = yh + yp

Where yh is the solution to the homogeneous ODE Ay′′(x)+By′(x)+Cy(x) = 0, and yp
is a particular solution to the nonhomogeneous ODE Ay′′(x) +By′(x) +Cy(x) = f(x).
yh is the solution to

y′′x2(a− x)2 + yb = 0

The homogeneous solution is found using the Kovacic algorithm which results in

yh = c1x
−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

+ c2x
−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

)
The particular solution yp can be found using either the method of undetermined
coefficients, or the method of variation of parameters. The method of variation of
parameters will be used as it is more general and can be used when the coefficients of
the ODE depend on x as well. Let

(1)yp(x) = u1y1 + u2y2
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Where u1, u2 to be determined, and y1, y2 are the two basis solutions (the two lin-
early independent solutions of the homogeneous ODE) found earlier when solving the
homogeneous ODE as

y1 = x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

y2 = x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

)

In the Variation of parameters u1, u2 are found using

(2)u1 = −
∫

y2f(x)
aW (x)

(3)u2 =
∫

y1f(x)
aW (x)

Where W (x) is the Wronskian and a is the coefficient in front of y′′ in the given ODE.

The Wronskian is given by W =

∣∣∣∣∣∣y1 y2

y′1 y′2

∣∣∣∣∣∣. Hence

W =

∣∣∣∣∣∣∣∣∣
x−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a x−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

)
d
dx

(
x−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

)
d
dx

(
x−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

))
∣∣∣∣∣∣∣∣∣

Which gives

W =

∣∣∣∣∣∣∣∣∣∣
x−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a x−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

)

−
x−−a+

√
a2−4b

2a
(
−a+

√
a2−4b

)
(x−a)

a+
√

a2−4b
2a

2ax +
x−−a+

√
a2−4b

2a (x−a)
a+
√

a2−4b
2a

(
a+

√
a2−4b

)
2a(x−a) −

x−−a+
√

a2−4b
2a

(
−a+

√
a2−4b

)
(x−a)

a+
√

a2−4b
2a

(∫
x
−a+

√
a2−4b
a (x−a)

−a−
√

a2−4b
a dx

)
2ax +

x−−a+
√

a2−4b
2a (x−a)

a+
√

a2−4b
2a

(
a+

√
a2−4b

)(∫
x
−a+

√
a2−4b
a (x−a)

−a−
√

a2−4b
a dx

)
2a(x−a) + x−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a

∣∣∣∣∣∣∣∣∣∣
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Therefore

W =
(
x−−a+

√
a2−4b

2a (x

−a)
a+
√

a2−4b
2a

)−
x−−a+

√
a2−4b

2a
(
−a+

√
a2 − 4b

)
(x− a)

a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

)
2ax

+
x−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

(
a+

√
a2 − 4b

)(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

)
2a (x− a)

+ x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a

−
(
x−−a+

√
a2−4b

2a (x

−a)
a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x−a)

−a−
√

a2−4b
a dx

))−
x−−a+

√
a2−4b

2a
(
−a+

√
a2 − 4b

)
(x− a)

a+
√

a2−4b
2a

2ax

+
x−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

(
a+

√
a2 − 4b

)
2a (x− a)


Which simplifies to

W = (x− a)−
a+
√

a2−4b
a x

−a+
√

a2−4b
a x−−a+

√
a2−4b
a (x− a)

a+
√

a2−4b
a

Which simplifies to
W = 1

Therefore Eq. (2) becomes

u1 =−
∫ x−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

)
c x2(a− x)2

x2 (a− x)2
dx

Which simplifies to

u1 = −
∫

x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

)
cdx
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Hence

u1 = −
(∫ x

0
α−−a+

√
a2−4b

2a (α− a)
a+
√

a2−4b
2a

(∫
α

−a+
√

a2−4b
a (α− a)

−a−
√

a2−4b
a dα

)
cdα

)

And Eq. (3) becomes

u2 =
∫

x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a c x2(a− x)2

x2 (a− x)2
dx

Which simplifies to

u2 =
∫

x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a cdx

Hence

u2 =
∫ x

0
α−−a+

√
a2−4b

2a (α− a)
a+
√

a2−4b
2a cdα

Which simplifies to

u1 = −
(∫ x

0
α−−a+

√
a2−4b

2a (α− a)
a+
√

a2−4b
2a

(∫
α

−a+
√

a2−4b
a (α− a)

−a−
√

a2−4b
a dα

)
dα

)
c

u2 = c

(∫ x

0
α−−a+

√
a2−4b

2a (α− a)
a+
√

a2−4b
2a dα

)

Therefore the particular solution, from equation (1) is

yp(x) = −
(∫ x

0
α−−a+

√
a2−4b

2a (α

− a)
a+
√

a2−4b
2a

(∫
α

−a+
√

a2−4b
a (α− a)

−a−
√

a2−4b
a dα

)
dα

)
c x−−a+

√
a2−4b

2a (x

− a)
a+
√

a2−4b
2a + c

(∫ x

0
α−−a+

√
a2−4b

2a (α− a)
a+
√

a2−4b
2a dα

)
x−−a+

√
a2−4b

2a (x

− a)
a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

)
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Which simplifies to

yp(x) = x−−a+
√

a2−4b
2a (x

−a)
a+
√

a2−4b
2a c

((∫ x

0
α−−a+

√
a2−4b

2a (α−a)
a+
√

a2−4b
2a dα

)(∫
x

−a+
√

a2−4b
a (x−a)

−a−
√

a2−4b
a dx

)
−
(∫ x

0
α−−a+

√
a2−4b

2a (α− a)
a+
√

a2−4b
2a

(∫
α

−a+
√

a2−4b
a (α− a)

−a−
√

a2−4b
a dα

)
dα

))

Therefore the general solution is

y = yh + yp

=
(
c1x

−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

+ c2x
−−a+

√
a2−4b

2a (x− a)
a+
√

a2−4b
2a

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

))
+
(
x−−a+

√
a2−4b

2a (x

−a)
a+
√

a2−4b
2a c

((∫ x

0
α−−a+

√
a2−4b

2a (α−a)
a+
√

a2−4b
2a dα

)(∫
x

−a+
√

a2−4b
a (x−a)

−a−
√

a2−4b
a dx

)
−
(∫ x

0
α−−a+

√
a2−4b

2a (α− a)
a+
√

a2−4b
2a

(∫
α

−a+
√

a2−4b
a (α− a)

−a−
√

a2−4b
a dα

)
dα

)))

Which simplifies to

y = x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

(
c1 + c2

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

))
+ x−−a+

√
a2−4b

2a (x

−a)
a+
√

a2−4b
2a c

((∫ x

0
α−−a+

√
a2−4b

2a (α−a)
a+
√

a2−4b
2a dα

)(∫
x

−a+
√

a2−4b
a (x−a)

−a−
√

a2−4b
a dx

)
−
(∫ x

0
α−−a+

√
a2−4b

2a (α− a)
a+
√

a2−4b
2a

(∫
α

−a+
√

a2−4b
a (α− a)

−a−
√

a2−4b
a dα

)
dα

))

3394



Summary
The solution(s) found are the following

(1)y = x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

(
c1 + c2

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

))
+ x−−a+

√
a2−4b

2a (x

−a)
a+
√

a2−4b
2a c

((∫ x

0
α−−a+

√
a2−4b

2a (α−a)
a+
√

a2−4b
2a dα

)(∫
x

−a+
√

a2−4b
a (x−a)

−a−
√

a2−4b
a dx

)
−
(∫ x

0
α−−a+

√
a2−4b

2a (α− a)
a+
√

a2−4b
2a

(∫
α

−a+
√

a2−4b
a (α− a)

−a−
√

a2−4b
a dα

)
dα

))
Verification of solutions

y = x−−a+
√

a2−4b
2a (x− a)

a+
√

a2−4b
2a

(
c1 + c2

(∫
x

−a+
√

a2−4b
a (x− a)

−a−
√

a2−4b
a dx

))
+ x−−a+

√
a2−4b

2a (x

−a)
a+
√

a2−4b
2a c

((∫ x

0
α−−a+

√
a2−4b

2a (α−a)
a+
√

a2−4b
2a dα

)(∫
x

−a+
√

a2−4b
a (x−a)

−a−
√

a2−4b
a dx

)
−
(∫ x

0
α−−a+

√
a2−4b

2a (α− a)
a+
√

a2−4b
2a

(∫
α

−a+
√

a2−4b
a (α− a)

−a−
√

a2−4b
a dα

)
dα

))
Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE

checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful
<- solving first the homogeneous part of the ODE successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 219� �
dsolve(x^2*(x-a)^2*diff(y(x),x$2)+b*y(x)=c*x^2*(x-a)^2,y(x), singsol=all)� �
y(x)

=

√
x (a− x)

((
x

a−x

)√a2−4b
2a c1

√
a2 − 4b+

(
a−x
x

)√a2−4b
2a c2

√
a2 − 4b+

(
x

a−x

)√a2−4b
2a

(∫ √
x (a− x)

(
x

a−x

)−√a2−4b
2a dx

)
c−

(∫ √
x (a− x)

(
a−x
x

)−√a2−4b
2a dx

)(
a−x
x

)√a2−4b
2a c

)
√
a2 − 4b

3 Solution by Mathematica
Time used: 0.958 (sec). Leaf size: 371� �
DSolve[x^2*(x-a)^2*y''[x]+b*y[x]==c*x^2*(x-a)^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
acx2(a− x)

(
1− x

a

)− 1
2

√
1− 4b

a2−
1
2

((√
1− 4b

a2
− 3
) (

1− x
a

)√1− 4b
a2 Hypergeometric2F1

(
1
2

√
1− 4b

a2
− 1

2 ,
1
2

√
1− 4b

a2
+ 3

2 ,
1
2

√
1− 4b

a2
+ 5

2 ,
x
a

)
+
(√

1− 4b
a2

+ 3
)
Hypergeometric2F1

(
−1

2

√
1− 4b

a2
− 1

2 ,
3
2 −

1
2

√
1− 4b

a2
, 52 −

1
2

√
1− 4b

a2
, x
a

))
2 (2a2 + b)

√
1− 4b

a2

+ c1x
1
2

√
1− 4b

a2+
1
2 (x− a)

1
2−

1
2

√
1− 4b

a2 + c2x
1
2−

1
2

√
1− 4b

a2 (x− a)
1
2

√
1− 4b

a2+
1
2

a
√
1− 4b

a2
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32.8 problem 218
32.8.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 3397
32.8.2 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3398

Internal problem ID [11042]
Internal file name [OUTPUT/10298_Wednesday_January_24_2024_10_06_33_PM_44604537/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 218.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

a x2(x− 1)2 y′′ +
(
b x2 + cx+ d

)
y = 0

32.8.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
b

a
+ c

xa
+ d

x2a

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2

n =
√
a (a− 4b)

a

γ = 1
2

Substituting all the above into (4) gives the solution as

y = c1
√
x BesselJ

(√
a (a− 4b)

a
, 2
√
x

)
+ c2

√
x BesselY

(√
a (a− 4b)

a
, 2
√
x

)

Summary
The solution(s) found are the following

(1)y = c1
√
x BesselJ

(√
a (a− 4b)

a
, 2
√
x

)
+ c2

√
x BesselY

(√
a (a− 4b)

a
, 2
√
x

)
Verification of solutions

y = c1
√
x BesselJ

(√
a (a− 4b)

a
, 2
√
x

)
+ c2

√
x BesselY

(√
a (a− 4b)

a
, 2
√
x

)

Verified OK.

32.8.2 Maple step by step solution

Let’s solve
a x2(x− 1)2 y′′ + (b x2 + cx+ d) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
b x2+cx+d

)
y

a x2(x−1)2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
b x2+cx+d

)
y

a x2(x−1)2 = 0

� Check to see if x0 is a regular singular point
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◦ Define functions[
P2(x) = 0, P3(x) = b x2+cx+d

a x2(x−1)2

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= 0

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= d
a

◦ x = 0is a regular singular point
Check to see if x0 is a regular singular point
x0 = 0

• Multiply by denominators
a x2(x− 1)2 y′′ + (b x2 + cx+ d) y = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y to series expansion form = 0..2

xm · y =
∞∑
k=0

akx
k+r+m

◦ Shift index using k− >k −m

xm · y =
∞∑

k=m

ak−mx
k+r

◦ Convert xm · y′′ to series expansion form = 2..4

xm · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−2+m

◦ Shift index using k− >k + 2−m

xm · y′′ =
∞∑

k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)xk+r

Rewrite ODE with series expansions

a0(a r2 − ar + d)xr + ((a r2 + ar + d) a1 − a0(2a r2 − 2ar − c))x1+r +
(

∞∑
k=2

(
ak(a k2 + 2akr + a r2 − ak − ar + d)− ak−1

(
2a(k − 1)2 + 4a(k − 1) r + 2a r2 − 2a(k − 1)− 2ar − c

)
+ ak−2

(
a(k − 2)2 + 2a(k − 2) r + a r2 − a(k − 2)− ar + b

))
xk+r

)
= 0
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• a0cannot be 0 by assumption, giving the indicial equation
a r2 − ar + d = 0

• Values of r that satisfy the indicial equation

r ∈
{

a+
√
a2−4ad
2a ,−−a+

√
a2−4ad
2a

}
• Each term must be 0

(a r2 + ar + d) a1 − a0(2a r2 − 2ar − c) = 0
• Solve for the dependent coefficient(s)

a1 = a0
(
2a r2−2ar−c

)
a r2+ar+d

• Each term in the series must be 0, giving the recursion relation
((ak + ak−2 − 2ak−1) k2 + ((2ak + 2ak−2 − 4ak−1) r − ak − 5ak−2 + 6ak−1) k + (ak + ak−2 − 2ak−1) r2 + (−ak − 5ak−2 + 6ak−1) r + 6ak−2 − 4ak−1) a+ bak−2 + cak−1 + akd = 0

• Shift index using k− >k + 2(
(ak+2 + ak − 2ak+1) (k + 2)2 + ((2ak+2 + 2ak − 4ak+1) r − ak+2 − 5ak + 6ak+1) (k + 2) + (ak+2 + ak − 2ak+1) r2 + (−ak+2 − 5ak + 6ak+1) r + 6ak − 4ak+1

)
a+ akb+ cak+1 + ak+2d = 0

• Recursion relation that defines series solution to ODE

ak+2 = −a k2ak−2a k2ak+1+2akrak−4akrak+1+a r2ak−2a r2ak+1−akak−2akak+1−arak−2arak+1+akb+cak+1
a k2+2akr+a r2+3ak+3ar+2a+d

• Recursion relation for r = a+
√
a2−4ad
2a

ak+2 = −
a k2ak−2a k2ak+1+k

(
a+

√
a2−4ad

)
ak−2k

(
a+

√
a2−4ad

)
ak+1+

(
a+
√

a2−4ad
)2

ak
4a −

(
a+
√

a2−4ad
)2

ak+1
2a −akak−2akak+1−

(
a+
√

a2−4ad
)
ak

2 −
(
a+

√
a2−4ad

)
ak+1+akb+cak+1

a k2+k
(
a+

√
a2−4ad

)
+
(
a+
√

a2−4ad
)2

4a +3ak+ 7a
2 + 3

√
a2−4ad
2 +d

• Solution for r = a+
√
a2−4ad
2ay =

∞∑
k=0

akx
k+a+

√
a2−4ad
2a , ak+2 = −

a k2ak−2a k2ak+1+k
(
a+

√
a2−4ad

)
ak−2k

(
a+

√
a2−4ad

)
ak+1+

(
a+
√

a2−4ad
)2

ak
4a −

(
a+
√

a2−4ad
)2

ak+1
2a −akak−2akak+1−

(
a+
√

a2−4ad
)
ak

2 −
(
a+

√
a2−4ad

)
ak+1+akb+cak+1

a k2+k
(
a+

√
a2−4ad

)
+
(
a+
√

a2−4ad
)2

4a +3ak+ 7a
2 + 3

√
a2−4ad
2 +d

, a1 =
a0

((
a+
√

a2−4ad
)2

2a −a−
√
a2−4ad−c

)
(
a+
√

a2−4ad
)2

4a +a
2+

√
a2−4ad

2 +d


• Recursion relation for r = −−a+

√
a2−4ad
2a

ak+2 = −
a k2ak−2a k2ak+1−k

(
−a+

√
a2−4ad

)
ak+2k

(
−a+

√
a2−4ad

)
ak+1+

(
−a+

√
a2−4ad

)2
ak

4a −
(
−a+

√
a2−4ad

)2
ak+1

2a −akak−2akak+1+
(
−a+

√
a2−4ad

)
ak

2 +
(
−a+

√
a2−4ad

)
ak+1+akb+cak+1

a k2−k
(
−a+

√
a2−4ad

)
+
(
−a+

√
a2−4ad

)2
4a +3ak+ 7a

2 − 3
√

a2−4ad
2 +d

• Solution for r = −−a+
√
a2−4ad
2ay =

∞∑
k=0

akx
k−−a+

√
a2−4ad
2a , ak+2 = −

a k2ak−2a k2ak+1−k
(
−a+

√
a2−4ad

)
ak+2k

(
−a+

√
a2−4ad

)
ak+1+

(
−a+

√
a2−4ad

)2
ak

4a −
(
−a+

√
a2−4ad

)2
ak+1

2a −akak−2akak+1+
(
−a+

√
a2−4ad

)
ak

2 +
(
−a+

√
a2−4ad

)
ak+1+akb+cak+1

a k2−k
(
−a+

√
a2−4ad

)
+
(
−a+

√
a2−4ad

)2
4a +3ak+ 7a

2 − 3
√

a2−4ad
2 +d

, a1 =
a0

((
−a+

√
a2−4ad

)2
2a −a+

√
a2−4ad−c

)
(
−a+

√
a2−4ad

)2
4a +a

2−
√

a2−4ad
2 +d


• Combine solutions and rename parameters
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y =
(

∞∑
k=0

ekx
k+a+

√
a2−4ad
2a

)
+
(

∞∑
k=0

fkx
k−−a+

√
a2−4ad
2a

)
, ek+2 = −

a k2ek−2a k2e1+k+k
(
a+

√
a2−4ad

)
ek−2k

(
a+

√
a2−4ad

)
e1+k+

(
a+
√

a2−4ad
)2

ek
4a −

(
a+
√

a2−4ad
)2

e1+k
2a −akek−2ake1+k−

(
a+
√

a2−4ad
)
ek

2 −
(
a+

√
a2−4ad

)
e1+k+ekb+ce1+k

a k2+k
(
a+

√
a2−4ad

)
+
(
a+
√

a2−4ad
)2

4a +3ak+ 7a
2 + 3

√
a2−4ad
2 +d

, e1 =
e0

((
a+
√

a2−4ad
)2

2a −a−
√
a2−4ad−c

)
(
a+
√

a2−4ad
)2

4a +a
2+

√
a2−4ad

2 +d

, fk+2 = −
a k2fk−2a k2f1+k−k

(
−a+

√
a2−4ad

)
fk+2k

(
−a+

√
a2−4ad

)
f1+k+

(
−a+

√
a2−4ad

)2
fk

4a −
(
−a+

√
a2−4ad

)2
f1+k

2a −akfk−2akf1+k+
(
−a+

√
a2−4ad

)
fk

2 +
(
−a+

√
a2−4ad

)
f1+k+fkb+cf1+k

a k2−k
(
−a+

√
a2−4ad

)
+
(
−a+

√
a2−4ad

)2
4a +3ak+ 7a

2 − 3
√

a2−4ad
2 +d

, f1 =
f0

((
−a+

√
a2−4ad

)2
2a −a+

√
a2−4ad−c

)
(
−a+

√
a2−4ad

)2
4a +a

2−
√

a2−4ad
2 +d



Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.125 (sec). Leaf size: 267� �
dsolve(a*x^2*(x-1)^2*diff(y(x),x$2)+(b*x^2+c*x+d)*y(x)=0,y(x), singsol=all)� �
y(x) = (−1

+x)−
√
a−4b−4c−4d−

√
a

2
√

a

(
c1x

√
a+

√
a−4d

2
√
a hypergeom

([
−
√
a− 4b− 4c− 4d+

√
a+

√
a− 4d+

√
a− 4b

2
√
a

,−
√
a− 4b− 4c− 4d−

√
a−

√
a− 4d+

√
a− 4b

2
√
a

]
,

[
1+

√
a− 4d√

a

]
, x

)
+c2x

−−
√
a+

√
a−4d

2
√
a hypergeom

([
−
√
a− 4b− 4c− 4d+

√
a−

√
a− 4d+

√
a− 4b

2
√
a

,−
√
a− 4b− 4c− 4d−

√
a+

√
a− 4d+

√
a− 4b

2
√
a

]
,

[
1−

√
a− 4d√

a

]
, x

))
3 Solution by Mathematica
Time used: 135.53 (sec). Leaf size: 413606� �
DSolve[a*x^2*(x-1)^2*y''[x]+(b*x^2+c*x+d)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Too large to display

3402



32.9 problem 219
32.9.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3403

Internal problem ID [11043]
Internal file name [OUTPUT/10299_Wednesday_January_24_2024_10_06_52_PM_19035987/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 219.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2(x2 + a
)
y′′ +

(
b x2 + c

)
xy′ + yd = 0

32.9.1 Maple step by step solution

Let’s solve
x2(x2 + a) y′′ + (b x2 + c)xy′ + yd = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − dy
x2(x2+a) −

(
b x2+c

)
y′

x(x2+a)

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ +
(
b x2+c

)
y′

x(x2+a) + dy
x2(x2+a) = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = b x2+c

x(x2+a) , P3(x) = d
x2(x2+a)

]
◦ x · P2(x) is analytic at x = 0

(x · P2(x))
∣∣∣∣
x=0

= c
a

◦ x2 · P3(x) is analytic at x = 0

(x2 · P3(x))
∣∣∣∣
x=0

= d
a

◦ x = 0is a regular singular point
Check to see if x0 is a regular singular point
x0 = 0

• Multiply by denominators
x2(x2 + a) y′′ + (b x2 + c)xy′ + yd = 0

• Assume series solution for y

y =
∞∑
k=0

akx
k+r

� Rewrite ODE with series expansions
◦ Convert xm · y′ to series expansion form = 1..3

xm · y′ =
∞∑
k=0

ak(k + r)xk+r−1+m

◦ Shift index using k− >k + 1−m

xm · y′ =
∞∑

k=−1+m

ak+1−m(k + 1−m+ r)xk+r

◦ Convert xm · y′′ to series expansion form = 2..4

xm · y′′ =
∞∑
k=0

ak(k + r) (k + r − 1)xk+r−2+m

◦ Shift index using k− >k + 2−m

xm · y′′ =
∞∑

k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)xk+r

Rewrite ODE with series expansions

a0(a r2 − ar + cr + d)xr + a1(a r2 + ar + cr + c+ d)x1+r +
(

∞∑
k=2

(ak(a k2 + 2akr + a r2 − ak − ar + ck + cr + d) + ak−2(k − 2 + r) (k − 3 + r + b))xk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
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a r2 − ar + cr + d = 0
• Values of r that satisfy the indicial equation

r ∈
{
−−a+c+

√
a2−2ac−4ad+c2

2a , a−c+
√
a2−2ac−4ad+c2

2a

}
• Each term must be 0

a1(a r2 + ar + cr + c+ d) = 0
• Solve for the dependent coefficient(s)

a1 = 0
• Each term in the series must be 0, giving the recursion relation

ak−2(k − 2 + r) (k − 3 + r + b) + ak(a k2 + (2ar − a+ c) k + a r2 + (c− a) r + d) = 0
• Shift index using k− >k + 2

ak(k + r) (k + r − 1 + b) + ak+2
(
a(k + 2)2 + (2ar − a+ c) (k + 2) + a r2 + (c− a) r + d

)
= 0

• Recursion relation that defines series solution to ODE
ak+2 = − ak(k+r)(k+r−1+b)

a k2+2akr+a r2+3ak+3ar+ck+cr+2a+2c+d

• Recursion relation for r = −−a+c+
√
a2−2ac−4ad+c2

2a

ak+2 = −
ak

(
k−−a+c+

√
a2−2ac−4ad+c2

2a

)(
k−−a+c+

√
a2−2ac−4ad+c2

2a −1+b

)
a k2−k

(
−a+c+

√
a2−2ac−4ad+c2

)
+
(
−a+c+

√
a2−2ac−4ad+c2

)2
4a +3ak+ 7a

2 + c
2−

3
√

a2−2ac−4ad+c2
2 +ck−

c
(
−a+c+

√
a2−2ac−4ad+c2

)
2a +d

• Solution for r = −−a+c+
√
a2−2ac−4ad+c2

2ay =
∞∑
k=0

akx
k−−a+c+

√
a2−2ac−4ad+c2

2a , ak+2 = −
ak

(
k−−a+c+

√
a2−2ac−4ad+c2

2a

)(
k−−a+c+

√
a2−2ac−4ad+c2

2a −1+b

)
a k2−k

(
−a+c+

√
a2−2ac−4ad+c2

)
+
(
−a+c+

√
a2−2ac−4ad+c2

)2
4a +3ak+ 7a

2 + c
2−

3
√

a2−2ac−4ad+c2
2 +ck−

c
(
−a+c+

√
a2−2ac−4ad+c2

)
2a +d

, a1 = 0


• Recursion relation for r = a−c+

√
a2−2ac−4ad+c2

2a

ak+2 = −
ak

(
k+a−c+

√
a2−2ac−4ad+c2

2a

)(
k+a−c+

√
a2−2ac−4ad+c2

2a −1+b

)
a k2+k

(
a−c+

√
a2−2ac−4ad+c2

)
+
(
a−c+

√
a2−2ac−4ad+c2

)2
4a +3ak+ 7a

2 + c
2+

3
√

a2−2ac−4ad+c2
2 +ck+

c
(
a−c+

√
a2−2ac−4ad+c2

)
2a +d

• Solution for r = a−c+
√
a2−2ac−4ad+c2

2ay =
∞∑
k=0

akx
k+a−c+

√
a2−2ac−4ad+c2

2a , ak+2 = −
ak

(
k+a−c+

√
a2−2ac−4ad+c2

2a

)(
k+a−c+

√
a2−2ac−4ad+c2

2a −1+b

)
a k2+k

(
a−c+

√
a2−2ac−4ad+c2

)
+
(
a−c+

√
a2−2ac−4ad+c2

)2
4a +3ak+ 7a

2 + c
2+

3
√

a2−2ac−4ad+c2
2 +ck+

c
(
a−c+

√
a2−2ac−4ad+c2

)
2a +d

, a1 = 0


• Combine solutions and rename parameters
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y =
(

∞∑
k=0

ekx
k−−a+c+

√
a2−2ac−4ad+c2

2a

)
+
(

∞∑
k=0

fkx
k+a−c+

√
a2−2ac−4ad+c2

2a

)
, ek+2 = −

ek

(
k−−a+c+

√
a2−2ac−4ad+c2

2a

)(
k−−a+c+

√
a2−2ac−4ad+c2

2a −1+b

)
a k2−k

(
−a+c+

√
a2−2ac−4ad+c2

)
+
(
−a+c+

√
a2−2ac−4ad+c2

)2
4a +3ak+ 7a

2 + c
2−

3
√

a2−2ac−4ad+c2
2 +ck−

c
(
−a+c+

√
a2−2ac−4ad+c2

)
2a +d

, e1 = 0, fk+2 = −
fk

(
k+a−c+

√
a2−2ac−4ad+c2

2a

)(
k+a−c+

√
a2−2ac−4ad+c2

2a −1+b

)
a k2+k

(
a−c+

√
a2−2ac−4ad+c2

)
+
(
a−c+

√
a2−2ac−4ad+c2

)2
4a +3ak+ 7a

2 + c
2+

3
√

a2−2ac−4ad+c2
2 +ck+

c
(
a−c+

√
a2−2ac−4ad+c2

)
2a +d

, f1 = 0



Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.156 (sec). Leaf size: 286� �
dsolve(x^2*(x^2+a)*diff(y(x),x$2)+(b*x^2+c)*x*diff(y(x),x)+d*y(x)=0,y(x), singsol=all)� �
y(x) =

(
x2

+a
) (−b+2)a+c

2a

(
c2x

−
−a+c+

√
a2+(−2c−4d)a+c2

2a hypergeom
([

−
−3a− c+

√
a2 + (−2c− 4d) a+ c2

4a ,
−
√
a2 + (−2c− 4d) a+ c2 + (−2b+ 5) a+ c

4a

]
,

[
1−
√

a2 + (−2c− 4d) a+ c2

2a

]
,

−x2

a

)

+c1x
a−c+

√
a2+(−2c−4d)a+c2

2a hypergeom
([

3a+ c+
√
a2 + (−2c− 4d) a+ c2

4a ,

√
a2 + (−2c− 4d) a+ c2 + (−2b+ 5) a+ c

4a

]
,

[
1+
√
a2 + (−2c− 4d) a+ c2

2a

]
,

−x2

a

))

3 Solution by Mathematica
Time used: 2.385 (sec). Leaf size: 336� �
DSolve[x^2*(x^2+a)*y''[x]+(b*x^2+c)*x*y'[x]+d*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ a−
√

a2−2a(c+2d)+c2+a−c

4a x−
√

a2−2a(c+2d)+c2−a+c

2a

(
c2x

√
a2−2a(c+2d)+c2

a Hypergeometric2F1
(
−
−2ba+ a+ c−

√
a2 − 2(c+ 2d)a+ c2

4a ,
a− c+

√
a2 − 2(c+ 2d)a+ c2

4a ,

√
a2 − 2(c+ 2d)a+ c2

2a

+ 1,−x2

a

)

+ c1a

√
a2−2a(c+2d)+c2

2a Hypergeometric2F1
(
−
−a+ c+

√
a2 − 2(c+ 2d)a+ c2

4a ,

−
−2ba+ a+ c+

√
a2 − 2(c+ 2d)a+ c2

4a , 1−
√
a2 − 2(c+ 2d)a+ c2

2a ,−x2

a

))
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32.10 problem 220
32.10.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 3408
32.10.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3409

Internal problem ID [11044]
Internal file name [OUTPUT/10300_Wednesday_January_24_2024_10_06_53_PM_49965746/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 220.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode"

Maple gives the following as the ode type
[_Halm]

(
x2 + 1

)2
y′′ + ay = 0

32.10.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + ay

x2 = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β =
√
a

n = 1
2

γ = −1

Substituting all the above into (4) gives the solution as

y =
c1
√
x
√
2 sin

(√
a
x

)
√
π
√√

a
x

−
c2
√
x
√
2 cos

(√
a
x

)
√
π
√√

a
x

Summary
The solution(s) found are the following

(1)y =
c1
√
x
√
2 sin

(√
a
x

)
√
π
√√

a
x

−
c2
√
x
√
2 cos

(√
a
x

)
√
π
√√

a
x

Verification of solutions

y =
c1
√
x
√
2 sin

(√
a
x

)
√
π
√√

a
x

−
c2
√
x
√
2 cos

(√
a
x

)
√
π
√√

a
x

Verified OK.

32.10.2 Solving using Kovacic algorithm

Writing the ode as (
x2 + 1

)2
y′′ + ay = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A =
(
x2 + 1

)2
B = 0 (3)
C = a

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −a

(x2 + 1)2
(6)

Comparing the above to (5) shows that

s = −a

t =
(
x2 + 1

)2
Therefore eq. (4) becomes

z′′(x) =
(
− a

(x2 + 1)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 203: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 0
= 4

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = (x2 + 1)2. There is a pole at x = i of order 2. There is a pole at x = −i

of order 2. Since there is no odd order pole larger than 2 and the order at ∞ is 4 then
the necessary conditions for case one are met. Since there is a pole of order 2 then
necessary conditions for case two are met. Since pole order is not larger than 2 and the
order at ∞ is 4 then the necessary conditions for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Looking at poles of order 2. The partial fractions decomposition of r is

r = a

4 (x− i)2
+ a

4 (x+ i)2
+ ia

4x− 4i −
ia

4 (x+ i)

For the pole at x = i let b be the coefficient of 1
(x−i)2 in the partial fractions decompo-

sition of r given above. Therefore b = a
4 . Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +
√
a+ 1
2

α−
c = 1

2 −
√
1 + 4b = 1

2 −
√
a+ 1
2

For the pole at x = −i let b be the coefficient of 1
(x+i)2 in the partial fractions decom-

position of r given above. Therefore b = a
4 . Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +
√
a+ 1
2

α−
c = 1

2 −
√
1 + 4b = 1

2 −
√
a+ 1
2

Since the order of r at ∞ is 4 > 2 then

[
√
r]∞ = 0
α+
∞ = 0

α−
∞ = 1
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The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = − a

(x2 + 1)2

pole c location pole order [
√
r]c α+

c α−
c

i 2 0 1
2 +

√
a+1
2

1
2 −

√
a+1
2

−i 2 0 1
2 +

√
a+1
2

1
2 −

√
a+1
2

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

4 0 0 1

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 1 then

d = α−
∞ −

(
α−
c1 + α+

c2

)
= 1− (1)
= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+
(
(+)[

√
r]c2 +

α+
c2

x− c2

)
+ (−)[

√
r]∞

=
1
2 −

√
a+1
2

x− i
+

1
2 +

√
a+1
2

x+ i
+ (−) (0)

=
1
2 −

√
a+1
2

x− i
+

1
2 +

√
a+1
2

x+ i

= −i
√
a+ 1 + x

x2 + 1
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Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(

1
2 −

√
a+1
2

x− i
+

1
2 +

√
a+1
2

x+ i

)
(0) +

(− 1
2 −

√
a+1
2

(x− i)2
−

1
2 +

√
a+1
2

(x+ i)2

)
+
(

1
2 −

√
a+1
2

x− i
+

1
2 +

√
a+1
2

x+ i

)2

−
(
− a

(x2 + 1)2
) = 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ ( 1

2−
√
a+1
2

x−i
+

1
2+

√
a+1
2

x+i

)
dx

=
√
x2 + 1 e−i

√
a+1 arctan(x)

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

Since B = 0 then the above reduces to

y1 = z1

=
√
x2 + 1 e−i

√
a+1 arctan(x)

Which simplifies to

y1 =
√
x2 + 1 e−i

√
a+1 arctan(x)

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx
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Since B = 0 then the above becomes

y2 = y1

∫ 1
y21

dx

=
√
x2 + 1 e−i

√
a+1 arctan(x)

∫ 1
(x2 + 1) e−2i

√
a+1 arctan(x)

dx

=
√
x2 + 1 e−i

√
a+1 arctan(x)

(
−ie2i

√
a+1 arctan(x)

2
√
a+ 1

)

Therefore the solution is

y = c1y1 + c2y2

= c1
(√

x2 + 1 e−i
√
a+1 arctan(x)

)
+ c2

(
√
x2 + 1 e−i

√
a+1 arctan(x)

(
−ie2i

√
a+1 arctan(x)

2
√
a+ 1

))

Summary
The solution(s) found are the following

(1)y = c1
√
x2 + 1 e−i

√
a+1 arctan(x) − ic2

√
x2 + 1 ei

√
a+1 arctan(x)

2
√
a+ 1

Verification of solutions

y = c1
√
x2 + 1 e−i

√
a+1 arctan(x) − ic2

√
x2 + 1 ei

√
a+1 arctan(x)

2
√
a+ 1

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 59� �
dsolve((x^2+1)^2*diff(y(x),x$2)+a*y(x)=0,y(x), singsol=all)� �

y(x) =

( x+ i

−x+ i

)−
√
a+1
2

c2 +
(

x+ i

−x+ i

)√
a+1
2

c1

√
x2 + 1

3 Solution by Mathematica
Time used: 0.215 (sec). Leaf size: 83� �
DSolve[(x^2+1)^2*y''[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
2
√
x2 + 1ei

√
a+1arctan(x)

(
ic2(1− ix)

√
a+1(1 + ix)−

√
a+1

√
a+ 1

+ 2c1

)
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32.11 problem 221
32.11.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 3416
32.11.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3417
32.11.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3423

Internal problem ID [11045]
Internal file name [OUTPUT/10301_Wednesday_January_24_2024_10_06_53_PM_54231854/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 221.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

(
x2 − 1

)2
y′′ + ay = 0

32.11.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + ay

x2 = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β =
√
a

n = 1
2

γ = −1

Substituting all the above into (4) gives the solution as

y =
c1
√
x
√
2 sin

(√
a
x

)
√
π
√√

a
x

−
c2
√
x
√
2 cos

(√
a
x

)
√
π
√√

a
x

Summary
The solution(s) found are the following

(1)y =
c1
√
x
√
2 sin

(√
a
x

)
√
π
√√

a
x

−
c2
√
x
√
2 cos

(√
a
x

)
√
π
√√

a
x

Verification of solutions

y =
c1
√
x
√
2 sin

(√
a
x

)
√
π
√√

a
x

−
c2
√
x
√
2 cos

(√
a
x

)
√
π
√√

a
x

Verified OK.

32.11.2 Solving using Kovacic algorithm

Writing the ode as

y′′
(
x4 − 2x2 + 1

)
+ ay = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = x4 − 2x2 + 1
B = 0 (3)
C = a

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −a

(x2 − 1)2
(6)

Comparing the above to (5) shows that

s = −a

t =
(
x2 − 1

)2
Therefore eq. (4) becomes

z′′(x) =
(
− a

(x2 − 1)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 204: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 0
= 4

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = (x2 − 1)2. There is a pole at x = 1 of order 2. There is a pole at x = −1
of order 2. Since there is no odd order pole larger than 2 and the order at ∞ is 4 then
the necessary conditions for case one are met. Since there is a pole of order 2 then
necessary conditions for case two are met. Since pole order is not larger than 2 and the
order at ∞ is 4 then the necessary conditions for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Looking at poles of order 2. The partial fractions decomposition of r is

r = a

4x− 4 − a

4 (x− 1)2
− a

4 (1 + x)2
− a

4 (1 + x)

For the pole at x = 1 let b be the coefficient of 1
(x−1)2 in the partial fractions decompo-

sition of r given above. Therefore b = −a
4 . Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +
√
−a+ 1
2

α−
c = 1

2 −
√
1 + 4b = 1

2 −
√
−a+ 1
2

For the pole at x = −1 let b be the coefficient of 1
(1+x)2 in the partial fractions decom-

position of r given above. Therefore b = −a
4 . Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +
√
−a+ 1
2

α−
c = 1

2 −
√
1 + 4b = 1

2 −
√
−a+ 1
2

Since the order of r at ∞ is 4 > 2 then

[
√
r]∞ = 0
α+
∞ = 0

α−
∞ = 1
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The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = − a

(x2 − 1)2

pole c location pole order [
√
r]c α+

c α−
c

1 2 0 1
2 +

√
−a+1
2

1
2 −

√
−a+1
2

−1 2 0 1
2 +

√
−a+1
2

1
2 −

√
−a+1
2

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

4 0 0 1

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 1 then

d = α−
∞ −

(
α−
c1 + α+

c2

)
= 1− (1)
= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+
(
(+)[

√
r]c2 +

α+
c2

x− c2

)
+ (−)[

√
r]∞

=
1
2 −

√
−a+1
2

x− 1 +
1
2 +

√
−a+1
2

1 + x
+ (−) (0)

=
1
2 −

√
−a+1
2

x− 1 +
1
2 +

√
−a+1
2

1 + x

= −
√
−a+ 1 + x

x2 − 1
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Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(

1
2 −

√
−a+1
2

x− 1 +
1
2 +

√
−a+1
2

1 + x

)
(0) +

(− 1
2 −

√
−a+1
2

(x− 1)2
−

1
2 +

√
−a+1
2

(1 + x)2

)
+
(

1
2 −

√
−a+1
2

x− 1 +
1
2 +

√
−a+1
2

1 + x

)2

−
(
− a

(x2 − 1)2
) = 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ ( 1

2−
√
−a+1
2

x−1 +
1
2+

√
−a+1
2

1+x

)
dx

= (1 + x)
1
2+

√
−a+1
2 (x− 1)

1
2−

√
−a+1
2

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

Since B = 0 then the above reduces to

y1 = z1

= (1 + x)
1
2+

√
−a+1
2 (x− 1)

1
2−

√
−a+1
2

Which simplifies to

y1 = (1 + x)
1
2+

√
−a+1
2 (x− 1)

1
2−

√
−a+1
2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx
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Since B = 0 then the above becomes

y2 = y1

∫ 1
y21

dx

= (1 + x)
1
2+

√
−a+1
2 (x− 1)

1
2−

√
−a+1
2

∫ 1
(1 + x)1+

√
−a+1 (x− 1)1−

√
−a+1

dx

= (1 + x)
1
2+

√
−a+1
2 (x− 1)

1
2−

√
−a+1
2

(∫
(1 + x)−1−

√
−a+1 (x− 1)−1+

√
−a+1 dx

)

Therefore the solution is

y = c1y1 + c2y2

= c1
(
(1 + x)

1
2+

√
−a+1
2 (x− 1)

1
2−

√
−a+1
2

)
+ c2

(
(1 + x)

1
2+

√
−a+1
2 (x− 1)

1
2−

√
−a+1
2

(∫
(1 + x)−1−

√
−a+1 (x− 1)−1+

√
−a+1 dx

))

Summary
The solution(s) found are the following

(1)
y = c1(1 + x)

1
2+

√
−a+1
2 (x− 1)

1
2−

√
−a+1
2

+ c2(1 + x)
1
2+

√
−a+1
2 (x− 1)

1
2−

√
−a+1
2

(∫
(1 + x)−1−

√
−a+1 (x− 1)−1+

√
−a+1 dx

)
Verification of solutions

y = c1(1 + x)
1
2+

√
−a+1
2 (x− 1)

1
2−

√
−a+1
2

+ c2(1 + x)
1
2+

√
−a+1
2 (x− 1)

1
2−

√
−a+1
2

(∫
(1 + x)−1−

√
−a+1 (x− 1)−1+

√
−a+1 dx

)
Verified OK.
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32.11.3 Maple step by step solution

Let’s solve
y′′(x4 − 2x2 + 1) + ay = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = − ay

x4−2x2+1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + ay

x4−2x2+1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = 0, P3(x) = a
x4−2x2+1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= 0

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= a
4

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x4 − 2x2 + 1) + ay = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u4 − 4u3 + 4u2)
(

d2

du2y(u)
)
+ ay(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
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◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 2..4

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions

a0(4r2 + a− 4r)ur + ((4r2 + a+ 4r) a1 − 4a0r(−1 + r))u1+r +
(

∞∑
k=2

(ak(4k2 + 8kr + 4r2 + a− 4k − 4r)− 4ak−1(k + r − 1) (k − 2 + r) + ak−2(k − 2 + r) (k − 3 + r))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
4r2 + a− 4r = 0

• Values of r that satisfy the indicial equation

r ∈
{

1
2 −

√
−a+1
2 , 12 +

√
−a+1
2

}
• Each term must be 0

(4r2 + a+ 4r) a1 − 4a0r(−1 + r) = 0
• Solve for the dependent coefficient(s)

a1 = 4a0r(−1+r)
4r2+a+4r

• Each term in the series must be 0, giving the recursion relation
(4ak + ak−2 − 4ak−1) k2 + ((8ak + 2ak−2 − 8ak−1) r − 4ak − 5ak−2 + 12ak−1) k + (4ak + ak−2 − 4ak−1) r2 + (−4ak − 5ak−2 + 12ak−1) r + aak + 6ak−2 − 8ak−1 = 0

• Shift index using k− >k + 2
(4ak+2 + ak − 4ak+1) (k + 2)2 + ((8ak+2 + 2ak − 8ak+1) r − 4ak+2 − 5ak + 12ak+1) (k + 2) + (4ak+2 + ak − 4ak+1) r2 + (−4ak+2 − 5ak + 12ak+1) r + aak+2 + 6ak − 8ak+1 = 0

• Recursion relation that defines series solution to ODE

ak+2 = −k2ak−4k2ak+1+2krak−8krak+1+r2ak−4r2ak+1−kak−4kak+1−rak−4rak+1
4k2+8kr+4r2+a+12k+12r+8

• Recursion relation for r = 1
2 −

√
−a+1
2

ak+2 = −
k2ak−4k2ak+1+2k

(
1
2−

√
−a+1
2

)
ak−8k

(
1
2−

√
−a+1
2

)
ak+1+

(
1
2−

√
−a+1
2

)2
ak−4

(
1
2−

√
−a+1
2

)2
ak+1−kak−4kak+1−

(
1
2−

√
−a+1
2

)
ak−4

(
1
2−

√
−a+1
2

)
ak+1

4k2+8k
(

1
2−

√
−a+1
2

)
+4
(

1
2−

√
−a+1
2

)2
+a+12k+14−6

√
−a+1

• Solution for r = 1
2 −

√
−a+1
2[

y(u) =
∞∑
k=0

aku
k+ 1

2−
√

−a+1
2 , ak+2 = −

k2ak−4k2ak+1+2k
(

1
2−

√
−a+1
2

)
ak−8k

(
1
2−

√
−a+1
2

)
ak+1+

(
1
2−

√
−a+1
2

)2
ak−4

(
1
2−

√
−a+1
2

)2
ak+1−kak−4kak+1−

(
1
2−

√
−a+1
2

)
ak−4

(
1
2−

√
−a+1
2

)
ak+1

4k2+8k
(

1
2−

√
−a+1
2

)
+4
(

1
2−

√
−a+1
2

)2
+a+12k+14−6

√
−a+1

, a1 =
4a0
(

1
2−

√
−a+1
2

)(
− 1

2−
√
−a+1
2

)
4
(

1
2−

√
−a+1
2

)2
+a+2−2

√
−a+1

]
• Revert the change of variables u = 1 + x
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[
y =

∞∑
k=0

ak(1 + x)k+
1
2−

√
−a+1
2 , ak+2 = −

k2ak−4k2ak+1+2k
(

1
2−

√
−a+1
2

)
ak−8k

(
1
2−

√
−a+1
2

)
ak+1+

(
1
2−

√
−a+1
2

)2
ak−4

(
1
2−

√
−a+1
2

)2
ak+1−kak−4kak+1−

(
1
2−

√
−a+1
2

)
ak−4

(
1
2−

√
−a+1
2

)
ak+1

4k2+8k
(

1
2−

√
−a+1
2

)
+4
(

1
2−

√
−a+1
2

)2
+a+12k+14−6

√
−a+1

, a1 =
4a0
(

1
2−

√
−a+1
2

)(
− 1

2−
√
−a+1
2

)
4
(

1
2−

√
−a+1
2

)2
+a+2−2

√
−a+1

]
• Recursion relation for r = 1

2 +
√
−a+1
2

ak+2 = −
k2ak−4k2ak+1+2k

(
1
2+

√
−a+1
2

)
ak−8k

(
1
2+

√
−a+1
2

)
ak+1+

(
1
2+

√
−a+1
2

)2
ak−4

(
1
2+

√
−a+1
2

)2
ak+1−kak−4kak+1−

(
1
2+

√
−a+1
2

)
ak−4

(
1
2+

√
−a+1
2

)
ak+1

4k2+8k
(

1
2+

√
−a+1
2

)
+4
(

1
2+

√
−a+1
2

)2
+a+12k+14+6

√
−a+1

• Solution for r = 1
2 +

√
−a+1
2[

y(u) =
∞∑
k=0

aku
k+ 1

2+
√

−a+1
2 , ak+2 = −

k2ak−4k2ak+1+2k
(

1
2+

√
−a+1
2

)
ak−8k

(
1
2+

√
−a+1
2

)
ak+1+

(
1
2+

√
−a+1
2

)2
ak−4

(
1
2+

√
−a+1
2

)2
ak+1−kak−4kak+1−

(
1
2+

√
−a+1
2

)
ak−4

(
1
2+

√
−a+1
2

)
ak+1

4k2+8k
(

1
2+

√
−a+1
2

)
+4
(

1
2+

√
−a+1
2

)2
+a+12k+14+6

√
−a+1

, a1 =
4a0
(

1
2+

√
−a+1
2

)(
− 1

2+
√
−a+1
2

)
4
(

1
2+

√
−a+1
2

)2
+a+2+2

√
−a+1

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k+
1
2+

√
−a+1
2 , ak+2 = −

k2ak−4k2ak+1+2k
(

1
2+

√
−a+1
2

)
ak−8k

(
1
2+

√
−a+1
2

)
ak+1+

(
1
2+

√
−a+1
2

)2
ak−4

(
1
2+

√
−a+1
2

)2
ak+1−kak−4kak+1−

(
1
2+

√
−a+1
2

)
ak−4

(
1
2+

√
−a+1
2

)
ak+1

4k2+8k
(

1
2+

√
−a+1
2

)
+4
(

1
2+

√
−a+1
2

)2
+a+12k+14+6

√
−a+1

, a1 =
4a0
(

1
2+

√
−a+1
2

)(
− 1

2+
√
−a+1
2

)
4
(

1
2+

√
−a+1
2

)2
+a+2+2

√
−a+1

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

bk(1 + x)k+
1
2−

√
−a+1
2

)
+
(

∞∑
k=0

ck(1 + x)k+
1
2+

√
−a+1
2

)
, bk+2 = −

k2bk−4k2b1+k+2k
(

1
2−

√
−a+1
2

)
bk−8k

(
1
2−

√
−a+1
2

)
b1+k+

(
1
2−

√
−a+1
2

)2
bk−4

(
1
2−

√
−a+1
2

)2
b1+k−kbk−4kb1+k−

(
1
2−

√
−a+1
2

)
bk−4

(
1
2−

√
−a+1
2

)
b1+k

4k2+8k
(

1
2−

√
−a+1
2

)
+4
(

1
2−

√
−a+1
2

)2
+a+12k+14−6

√
−a+1

, b1 =
4b0
(

1
2−

√
−a+1
2

)(
− 1

2−
√
−a+1
2

)
4
(

1
2−

√
−a+1
2

)2
+a+2−2

√
−a+1

, ck+2 = −
k2ck−4k2c1+k+2k

(
1
2+

√
−a+1
2

)
ck−8k

(
1
2+

√
−a+1
2

)
c1+k+

(
1
2+

√
−a+1
2

)2
ck−4

(
1
2+

√
−a+1
2

)2
c1+k−kck−4kc1+k−

(
1
2+

√
−a+1
2

)
ck−4

(
1
2+

√
−a+1
2

)
c1+k

4k2+8k
(

1
2+

√
−a+1
2

)
+4
(

1
2+

√
−a+1
2

)2
+a+12k+14+6

√
−a+1

, c1 =
4c0
(

1
2+

√
−a+1
2

)(
− 1

2+
√
−a+1
2

)
4
(

1
2+

√
−a+1
2

)2
+a+2+2

√
−a+1

]

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 55� �
dsolve((x^2-1)^2*diff(y(x),x$2)+a*y(x)=0,y(x), singsol=all)� �

y(x) =
√
x2 − 1

(−1 + x

1 + x

)√
−a+1
2

c1 +
(
−1 + x

1 + x

)−
√
−a+1
2

c2


3 Solution by Mathematica
Time used: 0.249 (sec). Leaf size: 88� �
DSolve[(x^2-1)^2*y''[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(1− x2)

1
2−

√
1−a
2
(
2
√
1− ac1(1− x)

√
1−a + c2(x+ 1)

√
1−a
)

2
√
1− a
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32.12 problem 222 A
32.12.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 3427
32.12.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3428
32.12.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3434

Internal problem ID [11046]
Internal file name [OUTPUT/10302_Wednesday_January_24_2024_10_06_54_PM_92506048/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 222 A.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode"

Maple gives the following as the ode type
[[_Emden , _Fowler ]]

(
a2 + x2)2 y′′ + yb2 = 0

32.12.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + b2y

x2 = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = b

n = 1
2

γ = −1

Substituting all the above into (4) gives the solution as

y =
c1
√
x
√
2 sin

(
b
x

)
√
π
√

b
x

−
c2
√
x
√
2 cos

(
b
x

)
√
π
√

b
x

Summary
The solution(s) found are the following

(1)y =
c1
√
x
√
2 sin

(
b
x

)
√
π
√

b
x

−
c2
√
x
√
2 cos

(
b
x

)
√
π
√

b
x

Verification of solutions

y =
c1
√
x
√
2 sin

(
b
x

)
√
π
√

b
x

−
c2
√
x
√
2 cos

(
b
x

)
√
π
√

b
x

Verified OK.

32.12.2 Solving using Kovacic algorithm

Writing the ode as (
a2 + x2)2 y′′ + yb2 = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A =
(
a2 + x2)2

B = 0 (3)
C = b2

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −b2

(a2 + x2)2
(6)

Comparing the above to (5) shows that

s = −b2

t =
(
a2 + x2)2

Therefore eq. (4) becomes

z′′(x) =
(
− b2

(a2 + x2)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 206: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 0
= 4

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = (a2 + x2)2. There is a pole at x = ia of order 2. There is a pole at x = −ia

of order 2. Since there is no odd order pole larger than 2 and the order at ∞ is 4 then
the necessary conditions for case one are met. Since there is a pole of order 2 then
necessary conditions for case two are met. Since pole order is not larger than 2 and the
order at ∞ is 4 then the necessary conditions for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Unable to find solution using case one

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is

r= b2

4a2
(
x−

√
−a2

)2+ b2

4a2
(
x+

√
−a2

)2+ b2

4 (−a2)
3
2
(
x−

√
−a2

)− b2

4 (−a2)
3
2
(
x+

√
−a2

)
For the pole at x = ia let b be the coefficient of 1

(−ia+x)2 in the partial fractions decom-
position of r given above. Therefore b = 0. Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {0, 2, 4}

For the pole at x = −ia let b be the coefficient of 1
(ia+x)2 in the partial fractions decom-

position of r given above. Therefore b = 0. Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {0, 2, 4}

Now since the order of r at ∞ is 4 > 2 then

E∞ = {0, 2, 4}

The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.
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pole c location pole order Ec

ia 2 {0, 2, 4}

−ia 2 {0, 2, 4}

Order of r at ∞ E∞

4 {0, 2, 4}

Using the family {e1, e2, . . . , e∞} given by

e1 = 2, e2 = 2, e∞ = 4

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(4− (2 + (2)))

= 0

We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

(
2

(x− (ia)) +
2

(x− (−ia))

)
= 1

−ia+ x
+ 1

ia+ x

Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)

Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1
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Now that p(x) is found let

φ = θ + p′

p

= 1
−ia+ x

+ 1
ia+ x

Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 −
(

1
−ia+ x

+ 1
ia+ x

)
w + a2 + b2 + x2

(a2 + x2)2
= 0

Solving for ω gives

ω = x+
√
−a2 − b2

a2 + x2

Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫ x+

√
−a2−b2

a2+x2 dx

=
√
a2 + x2 e

√
−a2−b2 arctan

(
x
a

)
a

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

Since B = 0 then the above reduces to

y1 = z1

=
√
a2 + x2 e

√
−a2−b2 arctan

(
x
a

)
a

Which simplifies to

y1 =
√
a2 + x2 e

√
−a2−b2 arctan

(
x
a

)
a
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The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Since B = 0 then the above becomes

y2 = y1

∫ 1
y21

dx

=
√
a2 + x2 e

√
−a2−b2 arctan

(
x
a

)
a

∫ 1

(a2 + x2) e
2
√

−a2−b2 arctan
(
x
a

)
a

dx

=
√
a2 + x2 e

√
−a2−b2 arctan

(
x
a

)
a

−e−
2
√

−a2−b2 arctan
(
x
a

)
a

2
√
−a2 − b2



Therefore the solution is

y = c1y1 + c2y2

= c1

(√
a2 + x2 e

√
−a2−b2 arctan

(
x
a

)
a

)

+ c2

√
a2 + x2 e

√
−a2−b2 arctan

(
x
a

)
a

−e−
2
√

−a2−b2 arctan
(
x
a

)
a

2
√
−a2 − b2


Summary
The solution(s) found are the following

(1)y = c1
√
a2 + x2 e

√
−a2−b2 arctan

(
x
a

)
a − c2

√
a2 + x2 e−

√
−a2−b2 arctan

(
x
a

)
a

2
√
−a2 − b2

Verification of solutions

y = c1
√
a2 + x2 e

√
−a2−b2 arctan

(
x
a

)
a − c2

√
a2 + x2 e−

√
−a2−b2 arctan

(
x
a

)
a

2
√
−a2 − b2

Verified OK.
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32.12.3 Maple step by step solution

Let’s solve
(a2 + x2)2 y′′ + yb2 = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − yb2

(a2+x2)2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + yb2

(a2+x2)2 = 0

• Multiply by denominators of the ODE
(a2 + x2)2 y′′ + yb2 = 0

• Make a change of variables
t = ln (x)

� Substitute the change of variables back into the ODE
◦ Calculate the 1st derivative of y with respect to x , using the chain rule

y′ =
(

d
dt
y(t)

)
t′(x)

◦ Compute derivative

y′ =
d
dt
y(t)
x

◦ Calculate the 2nd derivative of y with respect to x , using the chain rule

y′′ =
(

d2

dt2
y(t)

)
t′(x)2 + t′′(x)

(
d
dt
y(t)

)
◦ Compute derivative

y′′ =
d2
dt2 y(t)

x2 −
d
dt
y(t)
x2

Substitute the change of variables back into the ODE

(a2 + x2)2
(

d2
dt2 y(t)

x2 −
d
dt
y(t)
x2

)
+ y(t) b2 = 0

• Simplify(
a2+x2)2( d2

dt2 y(t)−
d
dt
y(t)

)
x2 + y(t) b2 = 0

• Isolate 2nd derivative
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d2

dt2
y(t) = − b2x2y(t)

(a2+x2)2 +
d
dt
y(t)

• Group terms with y(t) on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
d2

dt2
y(t) + b2x2y(t)

(a2+x2)2 −
d
dt
y(t) = 0

• Characteristic polynomial of ODE
r2 + b2x2

(a2+x2)2 − r = 0

• Factor the characteristic polynomial
a4r2+2a2r2x2+r2x4−a4r−2a2r x2−r x4+b2x2

(a2+x2)2 = 0

• Roots of the characteristic polynomial

r =
(

a2
2 +x2

2 +
√

a4+2a2x2−4b2x2+x4
2

a2+x2 ,
a2
2 +x2

2 −
√

a4+2a2x2−4b2x2+x4
2

a2+x2

)
• 1st solution of the ODE

y1(t) = e

(
a2
2 +x2

2 +
√

a4+2a2x2−4b2x2+x4
2

)
t

a2+x2

• 2nd solution of the ODE

y2(t) = e

(
a2
2 +x2

2 −
√

a4+2a2x2−4b2x2+x4
2

)
t

a2+x2

• General solution of the ODE
y(t) = c1y1(t) + c2y2(t)

• Substitute in solutions

y(t) = c1e

(
a2
2 +x2

2 +
√

a4+2a2x2−4b2x2+x4
2

)
t

a2+x2 + c2e

(
a2
2 +x2

2 −
√

a4+2a2x2−4b2x2+x4
2

)
t

a2+x2

• Change variables back using t = ln (x)

y = c1e

(
a2
2 +x2

2 +
√

a4+2a2x2−4b2x2+x4
2

)
ln(x)

a2+x2 + c2e

(
a2
2 +x2

2 −
√

a4+2a2x2−4b2x2+x4
2

)
ln(x)

a2+x2

• Simplify

y = c1x
a2+x2+

√
a4+2a2x2−4b2x2+x4
2a2+2x2 + x

a2+x2−
√

a4+2a2x2−4b2x2+x4
2a2+2x2 c2
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 83� �
dsolve((x^2+a^2)^2*diff(y(x),x$2)+b^2*y(x)=0,y(x), singsol=all)� �

y(x) =

(ix− a

ix+ a

)√
a2+b2
2a

c1 +
(
ix− a

ix+ a

)−
√

a2+b2
2a

c2

√
a2 + x2

3 Solution by Mathematica
Time used: 0.489 (sec). Leaf size: 97� �
DSolve[(x^2+a^2)^2*y''[x]+b^2*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
2
√
a2 + x2e−i

√
b2
a2+1arctan

(
a
x

)ic2e
2i
√

b2
a2+1arctan

(
a
x

)
a
√

b2

a2
+ 1

+ 2c1
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32.13 problem 222 B
32.13.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 3437
32.13.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3438
32.13.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3444

Internal problem ID [11047]
Internal file name [OUTPUT/10303_Wednesday_January_24_2024_10_06_55_PM_99934314/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 222 B.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

(
−a2 + x2)2 y′′ + yb2 = 0

32.13.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + b2y

x2 = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = b

n = 1
2

γ = −1

Substituting all the above into (4) gives the solution as

y =
c1
√
x
√
2 sin

(
b
x

)
√
π
√

b
x

−
c2
√
x
√
2 cos

(
b
x

)
√
π
√

b
x

Summary
The solution(s) found are the following

(1)y =
c1
√
x
√
2 sin

(
b
x

)
√
π
√

b
x

−
c2
√
x
√
2 cos

(
b
x

)
√
π
√

b
x

Verification of solutions

y =
c1
√
x
√
2 sin

(
b
x

)
√
π
√

b
x

−
c2
√
x
√
2 cos

(
b
x

)
√
π
√

b
x

Verified OK.

32.13.2 Solving using Kovacic algorithm

Writing the ode as

y′′(a− x)2 (x+ a)2 + yb2 = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = (a− x)2 (x+ a)2

B = 0 (3)
C = b2

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −b2

(a2 − x2)2
(6)

Comparing the above to (5) shows that

s = −b2

t =
(
a2 − x2)2

Therefore eq. (4) becomes

z′′(x) =
(
− b2

(a2 − x2)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 208: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 0
= 4

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = (a2 − x2)2. There is a pole at x = a of order 2. There is a pole at x = −a

of order 2. Since there is no odd order pole larger than 2 and the order at ∞ is 4 then
the necessary conditions for case one are met. Since there is a pole of order 2 then
necessary conditions for case two are met. Since pole order is not larger than 2 and the
order at ∞ is 4 then the necessary conditions for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Looking at poles of order 2. The partial fractions decomposition of r is

r = − b2

4a2 (x+ a)2
− b2

4a3 (x+ a) −
b2

4a2 (x− a)2
+ b2

4a3 (x− a)

For the pole at x = a let b be the coefficient of 1
(x−a)2 in the partial fractions decompo-

sition of r given above. Therefore b = − b2

4a2 . Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +
√
a2 − b2

2a

α−
c = 1

2 −
√
1 + 4b = 1

2 −
√
a2 − b2

2a

For the pole at x = −a let b be the coefficient of 1
(x+a)2 in the partial fractions decom-

position of r given above. Therefore b = − b2

4a2 . Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +
√
a2 − b2

2a

α−
c = 1

2 −
√
1 + 4b = 1

2 −
√
a2 − b2

2a
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Since the order of r at ∞ is 4 > 2 then

[
√
r]∞ = 0
α+
∞ = 0

α−
∞ = 1

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = − b2

(a2 − x2)2

pole c location pole order [
√
r]c α+

c α−
c

a 2 0 1
2 +

√
a2−b2

2a
1
2 −

√
a2−b2

2a

−a 2 0 1
2 +

√
a2−b2

2a
1
2 −

√
a2−b2

2a

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

4 0 0 1

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 1 then

d = α−
∞ −

(
α−
c1 + α+

c2

)
= 1− (1)
= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

3441



The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+
(
(+)[

√
r]c2 +

α+
c2

x− c2

)
+ (−)[

√
r]∞

=
1
2 −

√
a2−b2

2a
x− a

+
1
2 +

√
a2−b2

2a
x+ a

+ (−) (0)

=
1
2 −

√
a2−b2

2a
x− a

+
1
2 +

√
a2−b2

2a
x+ a

=
√
a2 − b2 − x

a2 − x2

Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
(

1
2 −

√
a2−b2

2a
x− a

+
1
2 +

√
a2−b2

2a
x+ a

)
(0) +

(− 1
2 −

√
a2−b2

2a

(x− a)2
−

1
2 +

√
a2−b2

2a

(x+ a)2

)
+
(

1
2 −

√
a2−b2

2a
x− a

+
1
2 +

√
a2−b2

2a
x+ a

)2

−
(
− b2

(a2 − x2)2
) = 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ ( 1

2−
√

a2−b2
2a

x−a
+

1
2+

√
a2−b2
2a

x+a

)
dx

= (x− a)−
−a+

√
a2−b2

2a (x+ a)
a+
√

a2−b2
2a

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

Since B = 0 then the above reduces to

y1 = z1

= (x− a)−
−a+

√
a2−b2

2a (x+ a)
a+
√

a2−b2
2a
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Which simplifies to

y1 = (x− a)−
−a+

√
a2−b2

2a (x+ a)
a+
√

a2−b2
2a

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Since B = 0 then the above becomes

y2 = y1

∫ 1
y21

dx

= (x− a)−
−a+

√
a2−b2

2a (x+ a)
a+
√

a2−b2
2a

∫ 1

(x− a)−
−a+

√
a2−b2
a (x+ a)

a+
√

a2−b2
a

dx

= (x− a)−
−a+

√
a2−b2

2a (x+ a)
a+
√

a2−b2
2a

(∫
(x− a)

−a+
√

a2−b2
a (x+ a)

−a−
√

a2−b2
a dx

)

Therefore the solution is

y = c1y1 + c2y2

= c1

(
(x− a)−

−a+
√

a2−b2
2a (x+ a)

a+
√

a2−b2
2a

)
+ c2

(
(x− a)−

−a+
√

a2−b2
2a (x+ a)

a+
√

a2−b2
2a

(∫
(x− a)

−a+
√

a2−b2
a (x+ a)

−a−
√

a2−b2
a dx

))

Summary
The solution(s) found are the following

(1)
y = c1(x− a)−

−a+
√

a2−b2
2a (x+ a)

a+
√

a2−b2
2a

+ c2(x− a)−
−a+

√
a2−b2

2a (x+ a)
a+
√

a2−b2
2a

(∫
(x− a)

−a+
√

a2−b2
a (x+ a)

−a−
√

a2−b2
a dx

)
Verification of solutions

y = c1(x− a)−
−a+

√
a2−b2

2a (x+ a)
a+
√

a2−b2
2a

+ c2(x− a)−
−a+

√
a2−b2

2a (x+ a)
a+
√

a2−b2
2a

(∫
(x− a)

−a+
√

a2−b2
a (x+ a)

−a−
√

a2−b2
a dx

)
Verified OK.
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32.13.3 Maple step by step solution

Let’s solve
y′′(a− x)2 (x+ a)2 + yb2 = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − b2y

(a−x)2(x+a)2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + b2y

(a−x)2(x+a)2 = 0

• Multiply by denominators of the ODE
y′′(a− x)2 (x+ a)2 + yb2 = 0

• Make a change of variables
t = ln (x)

� Substitute the change of variables back into the ODE
◦ Calculate the 1st derivative of y with respect to x , using the chain rule

y′ =
(

d
dt
y(t)

)
t′(x)

◦ Compute derivative

y′ =
d
dt
y(t)
x

◦ Calculate the 2nd derivative of y with respect to x , using the chain rule

y′′ =
(

d2

dt2
y(t)

)
t′(x)2 + t′′(x)

(
d
dt
y(t)

)
◦ Compute derivative

y′′ =
d2
dt2 y(t)

x2 −
d
dt
y(t)
x2

Substitute the change of variables back into the ODE(
d2
dt2 y(t)

x2 −
d
dt
y(t)
x2

)
(a− x)2 (x+ a)2 + y(t) b2 = 0

• Simplify(
d2
dt2 y(t)−

d
dt
y(t)

)
(a−x)2(x+a)2

x2 + y(t) b2 = 0

• Isolate 2nd derivative

3444



d2

dt2
y(t) = − b2x2y(t)

(a−x)2(x+a)2 +
d
dt
y(t)

• Group terms with y(t) on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
d2

dt2
y(t) + b2x2y(t)

(a−x)2(x+a)2 −
d
dt
y(t) = 0

• Characteristic polynomial of ODE
r2 + b2x2

(a−x)2(x+a)2 − r = 0

• Factor the characteristic polynomial
a4r2−2a2r2x2+r2x4−a4r+2a2r x2−r x4+b2x2

(a−x)2(x+a)2 = 0

• Roots of the characteristic polynomial

r =
(

a2
2 −x2

2 +
√

a4−2a2x2−4b2x2+x4
2

(x+a)(a−x) ,
a2
2 −x2

2 −
√

a4−2a2x2−4b2x2+x4
2

(x+a)(a−x)

)
• 1st solution of the ODE

y1(t) = e

(
a2
2 −x2

2 +
√

a4−2a2x2−4b2x2+x4
2

)
t

(x+a)(a−x)

• 2nd solution of the ODE

y2(t) = e

(
a2
2 −x2

2 −
√

a4−2a2x2−4b2x2+x4
2

)
t

(x+a)(a−x)

• General solution of the ODE
y(t) = c1y1(t) + c2y2(t)

• Substitute in solutions

y(t) = c1e

(
a2
2 −x2

2 +
√

a4−2a2x2−4b2x2+x4
2

)
t

(x+a)(a−x) + c2e

(
a2
2 −x2

2 −
√

a4−2a2x2−4b2x2+x4
2

)
t

(x+a)(a−x)

• Change variables back using t = ln (x)

y = c1e

(
a2
2 −x2

2 +
√

a4−2a2x2−4b2x2+x4
2

)
ln(x)

(x+a)(a−x) + c2e

(
a2
2 −x2

2 −
√

a4−2a2x2−4b2x2+x4
2

)
ln(x)

(x+a)(a−x)

• Simplify

y = c1x
a2−x2+

√
a4−2a2x2−4b2x2+x4
2a2−2x2 + x

a2−x2−
√

a4−2a2x2−4b2x2+x4
2a2−2x2 c2
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 77� �
dsolve((x^2-a^2)^2*diff(y(x),x$2)+b^2*y(x)=0,y(x), singsol=all)� �

y(x) =
√
a2 − x2

(a− x

a+ x

)−
√

a2−b2
2a

c2 +
(
a− x

a+ x

)√
a2−b2
2a

c1


3 Solution by Mathematica
Time used: 0.529 (sec). Leaf size: 142� �
DSolve[(x^2-a^2)^2*y''[x]+b^2*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
(x− a)

1
2−

1
2

√
1− b2

a2 (a+ x)
1
2−

1
2

√
1− b2

a2

(
2ac1

√
1− b2

a2
(x− a)

√
1− b2

a2 − c2(a+ x)
√

1− b2
a2

)
2a
√

1− b2

a2
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32.14 problem 223
32.14.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 3447
32.14.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3448

Internal problem ID [11048]
Internal file name [OUTPUT/10304_Wednesday_January_24_2024_10_06_55_PM_42614464/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 223.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode"

Maple gives the following as the ode type
[_Halm]

4
(
x2 + 1

)2
y′′ +

(
a x2 + a− 3

)
y = 0

32.14.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
a

4 + a

4x2 − 3
4x2

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β =
√
−3 + a

2

n =
√
−a+ 1
2

γ = −1

Substituting all the above into (4) gives the solution as

y = c1
√
x BesselJ

(√
−a+ 1
2 ,

√
−3 + a

2x

)
+ c2

√
x BesselY

(√
−a+ 1
2 ,

√
−3 + a

2x

)
Summary
The solution(s) found are the following

(1)y = c1
√
x BesselJ

(√
−a+ 1
2 ,

√
−3 + a

2x

)
+ c2

√
x BesselY

(√
−a+ 1
2 ,

√
−3 + a

2x

)
Verification of solutions

y = c1
√
x BesselJ

(√
−a+ 1
2 ,

√
−3 + a

2x

)
+ c2

√
x BesselY

(√
−a+ 1
2 ,

√
−3 + a

2x

)
Verified OK.

32.14.2 Solving using Kovacic algorithm

Writing the ode as

4
(
x2 + 1

)2
y′′ +

(
a x2 + a− 3

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 4
(
x2 + 1

)2
B = 0 (3)
C = a x2 + a− 3

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −a x2 − a+ 3
4 (x2 + 1)2

(6)

Comparing the above to (5) shows that

s = −a x2 − a+ 3

t = 4
(
x2 + 1

)2
Therefore eq. (4) becomes

z′′(x) =
(
−a x2 − a+ 3
4 (x2 + 1)2

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 210: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 2
= 2

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4(x2 + 1)2. There is a pole at x = i of order 2. There is a pole at x = −i

of order 2. Since there is no odd order pole larger than 2 and the order at ∞ is 2 then
the necessary conditions for case one are met. Since there is a pole of order 2 then
necessary conditions for case two are met. Since pole order is not larger than 2 and the
order at ∞ is 2 then the necessary conditions for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Unable to find solution using case one

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is

r = − 3
16 (x− i)2

− 3
16 (x+ i)2

+
i
(
a
8 −

3
16

)
x− i

−
i
(
a
8 −

3
16

)
x+ i

For the pole at x = i let b be the coefficient of 1
(x−i)2 in the partial fractions decompo-

sition of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}

For the pole at x = −i let b be the coefficient of 1
(x+i)2 in the partial fractions decom-

position of r given above. Therefore b = − 3
16 . Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {1, 2, 3}

Since the order of r at ∞ is 2 then let b be the coefficient of 1
x2 in the Laurent series

expansion of r at ∞. which can be found by dividing the leading coefficient of s by the
leading coefficient of t from

r = s

t
= −a x2 − a+ 3

4 (x2 + 1)2
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Since the gcd(s, t) = 1. This gives b = −1
4 . Hence

E∞ = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {2}

The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.

pole c location pole order Ec

i 2 {1, 2, 3}

−i 2 {1, 2, 3}

Order of r at ∞ E∞

2 {2}

Using the family {e1, e2, . . . , e∞} given by

e1 = 1, e2 = 1, e∞ = 2

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(2− (1 + (1)))

= 0

We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

(
1

(x− (i)) +
1

(x− (−i))

)
= 1

2x− 2i +
1

2x+ 2i
Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)
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Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1

Now that p(x) is found let

φ = θ + p′

p

= 1
2x− 2i +

1
2x+ 2i

Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 −
(

1
2x− 2i +

1
2x+ 2i

)
w + a x2 + a− 1

4 (−x+ i)2 (x+ i)2
= 0

Solving for ω gives

ω = x+
√
− (x2 + 1) (a− 1)
2x2 + 2

Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫ x+

√
−
(
x2+1

)
(a−1)

2x2+2 dx

=
(
x2 + 1

) 1
4 e−

√
a−1 arctan

( √
a−1 x√

x2+1
√
−a+1

)
2

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

Since B = 0 then the above reduces to

y1 = z1

=
(
x2 + 1

) 1
4 e−

i
√
a−1 arctanh

(
x√

x2+1

)
2
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Which simplifies to

y1 =
(
x2 + 1

) 1
4 e−

i
√
a−1 arctanh

(
x√

x2+1

)
2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Since B = 0 then the above becomes

y2 = y1

∫ 1
y21

dx

=
(
x2 + 1

) 1
4 e−

i
√
a−1 arctanh

(
x√

x2+1

)
2

∫ 1
√
x2 + 1 e

−i
√
a−1 arctanh

(
x√

x2+1

) dx

=
(
x2 + 1

) 1
4 e−

i
√
a−1 arctanh

(
x√

x2+1

)
2

−ie
i
√
a−1 arctanh

(
x√

x2+1

)
√
a− 1



Therefore the solution is

y = c1y1 + c2y2

= c1

((
x2 + 1

) 1
4 e−

i
√
a−1 arctanh

(
x√

x2+1

)
2

)

+ c2

(x2 + 1
) 1

4 e−
i
√
a−1 arctanh

(
x√

x2+1

)
2

−ie
i
√
a−1 arctanh

(
x√

x2+1

)
√
a− 1




Summary
The solution(s) found are the following

(1)y = c1
(
x2 + 1

) 1
4 e−

i
√
a−1 arctanh

(
x√

x2+1

)
2 − ic2(x2 + 1)

1
4 e

i
√
a−1 arctanh

(
x√

x2+1

)
2

√
a− 1
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Verification of solutions

y = c1
(
x2 + 1

) 1
4 e−

i
√
a−1 arctanh

(
x√

x2+1

)
2 − ic2(x2 + 1)

1
4 e

i
√
a−1 arctanh

(
x√

x2+1

)
2

√
a− 1

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 55� �
dsolve(4*(x^2+1)^2*diff(y(x),x$2)+(a*x^2+a-3)*y(x)=0,y(x), singsol=all)� �

y(x) =
(
x2 + 1

) 1
4

((
x+

√
x2 + 1

)−√
−a+1
2

c2 +
(
x+

√
x2 + 1

)√
−a+1
2

c1

)

3 Solution by Mathematica
Time used: 0.067 (sec). Leaf size: 70� �
DSolve[4*(x^2+1)^2*y''[x]+(a*x^2+a-3)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
x2 + 1

(
c1P

1
2
1
2
(√

1−a−1
)(ix) + c2Q

1
2
1
2
(√

1−a−1
)(ix))
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32.15 problem 224
32.15.1 Solving as second order change of variable on x method 2 ode . 3455
32.15.2 Solving as second order change of variable on x method 1 ode . 3458
32.15.3 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3460

Internal problem ID [11049]
Internal file name [OUTPUT/10305_Wednesday_January_24_2024_10_06_58_PM_32395236/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 224.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_change_of_vari-
able_on_x_method_1", "second_order_change_of_variable_on_x_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries], [_2nd_order , _linear , `

_with_symmetry_ [0,F(x)]`]]

(
a x2 + b

)2
y′′ + 2ax

(
a x2 + b

)
y′ + yc = 0

32.15.1 Solving as second order change of variable on x method 2 ode

In normal form the ode(
a x2 + b

)2
y′′ +

(
2x3a2 + 2abx

)
y′ + yc = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = 2ax
a x2 + b

q(x) = c

(a x2 + b)2
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Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫ 2ax

a x2+b
dx
)
dx

=
∫

e− ln
(
a x2+b

)
dx

=
∫ 1

a x2 + b
dx

=
arctan

(
ax√
ab

)
√
ab

(6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

=
c

(a x2+b)2

1
(a x2+b)2

= c (7)

Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) + cy(τ) = 0
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The above ode is now solved for y(τ).This is second order with constant coefficients
homogeneous ODE. In standard form the ODE is

Ay′′(τ) +By′(τ) + Cy(τ) = 0

Where in the above A = 1, B = 0, C = c. Let the solution be y(τ) = eλτ . Substituting
this into the ODE gives

λ2eλτ + c eλτ = 0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by eλτ gives

λ2 + c = 0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = 1, B = 0, C = c into the above gives

λ1,2 =
0

(2) (1) ±
1

(2) (1)
√
02 − (4) (1) (c)

= ±
√
−c

Hence
λ1 = +

√
−c

λ2 = −
√
−c

Which simplifies to
λ1 =

√
−c

λ2 = −
√
−c

Since roots are real and distinct, then the solution is

y(τ) = c1e
λ1τ + c2e

λ2τ

y(τ) = c1e
(√

−c
)
τ + c2e

(
−
√
−c
)
τ

Or
y(τ) = c1e

√
−c τ + c2e−

√
−c τ
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The above solution is now transformed back to y using (6) which results in

y = c1e
√

−c arctan
(

ax√
ab

)
√
ab + c2e−

√
−c arctan

(
ax√
ab

)
√
ab

Summary
The solution(s) found are the following

(1)y = c1e
√

−c arctan
(

ax√
ab

)
√
ab + c2e−

√
−c arctan

(
ax√
ab

)
√
ab

Verification of solutions

y = c1e
√

−c arctan
(

ax√
ab

)
√
ab + c2e−

√
−c arctan

(
ax√
ab

)
√
ab

Verified OK.

32.15.2 Solving as second order change of variable on x method 1 ode

In normal form the ode(
a x2 + b

)2
y′′ +

(
2x3a2 + 2abx

)
y′ + yc = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = 2ax
a x2 + b

q(x) = c

(a x2 + b)2

Applying change of variables τ = g(x) to (2) results

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)
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Let q1 = c2 where c is some constant. Therefore from (5)

τ ′ = 1
c

√
q

=

√
c

(a x2+b)2

c
(6)

τ ′′ = − 2cax
c
√

c
(a x2+b)2 (a x2 + b)3

Substituting the above into (4) results in

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2

=

− 2cax
c
√

c(
a x2+b

)2 (a x2+b)3
+ 2ax

a x2+b

√
c(

a x2+b
)2

c√
c(

a x2+b
)2

c

2

= 0

Therefore ode (3) now becomes

y(τ)′′ + p1y(τ)′ + q1y(τ) = 0
d2

dτ 2
y(τ) + c2y(τ) = 0 (7)

The above ode is now solved for y(τ). Since the ode is now constant coefficients, it can
be easily solved to give

y(τ) = c1 cos (cτ) + c2 sin (cτ)

Now from (6)

τ =
∫ 1

c

√
q dx

=

∫ √
c

(a x2+b)2dx

c

=

√
c

(a x2+b)2 (a x
2 + b) arctan

(
ax√
ab

)
c
√
ab
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Substituting the above into the solution obtained gives

y = c1 cos

√
c arctan

(√
a x√
b

)
√
a
√
b

+ c2 sin

√
c arctan

(√
a x√
b

)
√
a
√
b


Summary
The solution(s) found are the following

(1)y = c1 cos

√
c arctan

(√
a x√
b

)
√
a
√
b

+ c2 sin

√
c arctan

(√
a x√
b

)
√
a
√
b


Verification of solutions

y = c1 cos

√
c arctan

(√
a x√
b

)
√
a
√
b

+ c2 sin

√
c arctan

(√
a x√
b

)
√
a
√
b


Verified OK.

32.15.3 Solving using Kovacic algorithm

Writing the ode as (
a x2 + b

)2
y′′ +

(
2x3a2 + 2abx

)
y′ + yc = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A =
(
a x2 + b

)2
B = 2x3a2 + 2abx (3)
C = c

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2
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Substituting the values of A,B,C from (3) in the above and simplifying gives

r = ab− c

(a x2 + b)2
(6)

Comparing the above to (5) shows that

s = ab− c

t =
(
a x2 + b

)2
Therefore eq. (4) becomes

z′′(x) =
(

ab− c

(a x2 + b)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 211: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 0
= 4
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The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = (a x2 + b)2. There is a pole at x =

√
−ab
a

of order 2. There is a pole at
x = −

√
−ab
a

of order 2. Since there is no odd order pole larger than 2 and the order at
∞ is 4 then the necessary conditions for case one are met. Since there is a pole of order
2 then necessary conditions for case two are met. Since pole order is not larger than 2
and the order at ∞ is 4 then the necessary conditions for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Unable to find solution using case one

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is

r = − ab− c

4ab
(
x−

√
− b

a

)2 − ab− c

4ab
(
x+

√
− b

a

)2
+ −ab+ c

4
(
− b

a

) 3
2 a2

(
x−

√
− b

a

) − −ab+ c

4
(
− b

a

) 3
2 a2

(
x+

√
− b

a

)
For the pole at x =

√
−ab
a

let b be the coefficient of 1(
x−

√
−ab
a

)2 in the partial fractions

decomposition of r given above. Therefore b = 0. Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {0, 2, 4}

For the pole at x = −
√
−ab
a

let b be the coefficient of 1(
x+

√
−ab
a

)2 in the partial fractions

decomposition of r given above. Therefore b = 0. Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {0, 2, 4}

Now since the order of r at ∞ is 4 > 2 then

E∞ = {0, 2, 4}

The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.
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pole c location pole order Ec
√
−ab
a

2 {0, 2, 4}

−
√
−ab
a

2 {0, 2, 4}

Order of r at ∞ E∞

4 {0, 2, 4}

Using the family {e1, e2, . . . , e∞} given by

e1 = 2, e2 = 2, e∞ = 4

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(4− (2 + (2)))

= 0

We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

 2(
x−

(√
−ab
a

)) + 2(
x−

(
−

√
−ab
a

))


= 1
x−

√
−ab
a

+ 1
x+

√
−ab
a

Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)

Substituting p and θ into Eq. (1A) gives

0 = 0
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And solving for p gives
p = 1

Now that p(x) is found let

φ = θ + p′

p

= 1
x−

√
−ab
a

+ 1
x+

√
−ab
a

Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 −

(
1

x−
√
−ab
a

+ 1
x+

√
−ab
a

)
w + a2x2 + c

(a x2 + b)2
= 0

Solving for ω gives

ω = ax+
√
−c

a x2 + b

Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫ ax+

√
−c

a x2+b
dx

=
√
a x2 + b e

√
−c arctan

(
ax√
ab

)
√
ab

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
2x3a2+2abx(

a x2+b
)2 dx

= z1e
−

ln
(
a x2+b

)
2

= z1

(
1√

a x2 + b

)
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Which simplifies to

y1 = e
√
−c arctan

(
ax√
ab

)
√
ab

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e

∫
− 2x3a2+2abx(

a x2+b
)2 dx

(y1)2
dx

= y1

∫
e− ln

(
a x2+b

)
(y1)2

dx

= y1

−e−
2
√
−c arctan

(
ax√
ab

)
√
ab

2
√
−c


Therefore the solution is

y = c1y1 + c2y2

= c1

e
√
−c arctan

(
ax√
ab

)
√
ab

+ c2

e
√
−c arctan

(
ax√
ab

)
√
ab

−e−
2
√
−c arctan

(
ax√
ab

)
√
ab

2
√
−c




Summary
The solution(s) found are the following

(1)y = c1e
√
−c arctan

(
ax√
ab

)
√
ab − c2e−

√
−c arctan

(
ax√
ab

)
√
ab

2
√
−c

Verification of solutions

y = c1e
√
−c arctan

(
ax√
ab

)
√
ab − c2e−

√
−c arctan

(
ax√
ab

)
√
ab

2
√
−c

Verified OK.
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 47� �
dsolve((a*x^2+b)^2*diff(y(x),x$2)+2*a*x*(a*x^2+b)*diff(y(x),x)+c*y(x)=0,y(x), singsol=all)� �

y(x) = c1 sin

√
c arctan

(
ax√
ab

)
√
ab

+ c2 cos

√
c arctan

(
ax√
ab

)
√
ab


3 Solution by Mathematica
Time used: 2.133 (sec). Leaf size: 72� �
DSolve[(a*x^2+b)^2*y''[x]+2*a*x*(a*x^2+b)*y'[x]+c*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cos

√
c arctan

(√
ax√
b

)
√
a
√
b

+ c2 sin

√
c arctan

(√
ax√
b

)
√
a
√
b
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32.16 problem 225
32.16.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3467

Internal problem ID [11050]
Internal file name [OUTPUT/10306_Wednesday_January_24_2024_10_07_00_PM_65258785/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 225.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
x2 − 1

)2
y′′ + 2x

(
x2 − 1

)
y′ −

(
ν(ν + 1)

(
x2 − 1

)
+ n2) y = 0

32.16.1 Maple step by step solution

Let’s solve
y′′(x4 − 2x2 + 1) + (2x3 − 2x) y′ + (−x2ν2 − x2ν − n2 + ν2 + ν) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ =
(
x2ν2+x2ν+n2−ν2−ν

)
y

x4−2x2+1 − 2xy′
x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + 2xy′
x2−1 −

(
x2ν2+x2ν+n2−ν2−ν

)
y

x4−2x2+1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = 2x

x2−1 , P3(x) = −x2ν2+x2ν+n2−ν2−ν
x4−2x2+1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= 1

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= −n2

4

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x2 − 1) (x4 − 2x2 + 1) + 2y′x(x4 − 2x2 + 1)− (x2ν2 + x2ν + n2 − ν2 − ν) (x2 − 1) y = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u6 − 6u5 + 12u4 − 8u3)
(

d2

du2y(u)
)
+ (2u5 − 10u4 + 16u3 − 8u2)

(
d
du
y(u)

)
+ (−ν2u4 + 4ν2u3 − ν u4 − n2u2 − 4ν2u2 + 4ν u3 + 2n2u− 4ν u2) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um · y(u) to series expansion form = 1..4

um · y(u) =
∞∑
k=0

aku
k+r+m

◦ Shift index using k− >k −m

um · y(u) =
∞∑

k=m

ak−mu
k+r

◦ Convert um ·
(

d
du
y(u)

)
to series expansion form = 2..5

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 3..6
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um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions

−2a0(n+ 2r) (−n+ 2r)u1+r + (−2a1(2 + n+ 2r) (2− n+ 2r) + a0(−n2 − 4ν2 + 12r2 − 4ν + 4r))u2+r + (−2a2(4 + n+ 2r) (4− n+ 2r) + a1(−n2 − 4ν2 + 12r2 − 4ν + 28r + 16)− 2a0(−2ν2 + 3r2 − 2ν + 2r))u3+r +
(

∞∑
k=4

(
−2ak−1(2k − 2 + n+ 2r) (2k − 2− n+ 2r) + ak−2

(
12(k − 2)2 + 24(k − 2) r − n2 − 4ν2 + 12r2 + 4k − 8− 4ν + 4r

)
− 2ak−3

(
3(k − 3)2 + 6(k − 3) r − 2ν2 + 3r2 + 2k − 6− 2ν + 2r

)
+ ak−4(r − 3 + ν + k) (r − ν + k − 4)

)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−2(n+ 2r) (−n+ 2r) = 0

• Values of r that satisfy the indicial equation
r ∈

{
−n

2 ,
n
2

}
• The coefficients of each power of u must be 0

[−2a1(2 + n+ 2r) (2− n+ 2r) + a0(−n2 − 4ν2 + 12r2 − 4ν + 4r) = 0,−2a2(4 + n+ 2r) (4− n+ 2r) + a1(−n2 − 4ν2 + 12r2 − 4ν + 28r + 16)− 2a0(−2ν2 + 3r2 − 2ν + 2r) = 0]
• Solve for the dependent coefficient(s){

a1 = a0
(
n2+4ν2−12r2+4ν−4r

)
2(n2−4r2−8r−4) , a2 = a0

(
n4−12n2r2+16ν4−64ν2r2+96r4−24n2r+32ν3−64ν2r−64ν r2+256r3−16n2−16ν2−64rν+192r2−32ν+32r

)
4(n4−8n2r2+16r4−24n2r+96r3−20n2+208r2+192r+64)

}
• Each term in the series must be 0, giving the recursion relation

(ak−4 − 6ak−3 + 12ak−2 − 8ak−1) k2 + (2(ak−4 − 6ak−3 + 12ak−2 − 8ak−1) r − 7ak−4 + 32ak−3 − 44ak−2 + 16ak−1) k + (ak−4 − 6ak−3 + 12ak−2 − 8ak−1) r2 + (−7ak−4 + 32ak−3 − 44ak−2 + 16ak−1) r + (−n2 − 4ν2 − 4ν + 40) ak−2 + (−ν2 − ν + 12) ak−4 + 2(2ν2 + 2ν − 21) ak−3 + 2ak−1(n2 − 4) = 0
• Shift index using k− >k + 4

(ak − 6ak+1 + 12ak+2 − 8ak+3) (k + 4)2 + (2(ak − 6ak+1 + 12ak+2 − 8ak+3) r − 7ak + 32ak+1 − 44ak+2 + 16ak+3) (k + 4) + (ak − 6ak+1 + 12ak+2 − 8ak+3) r2 + (−7ak + 32ak+1 − 44ak+2 + 16ak+3) r + (−n2 − 4ν2 − 4ν + 40) ak+2 + (−ν2 − ν + 12) ak + 2(2ν2 + 2ν − 21) ak+1 + 2ak+3(n2 − 4) = 0
• Recursion relation that defines series solution to ODE

ak+3 = k2ak−6k2ak+1+12k2ak+2+2krak−12krak+1+24krak+2−n2ak+2−akν
2+4ν2ak+1−4ν2ak+2+r2ak−6r2ak+1+12r2ak+2+kak−16kak+1+52kak+2−akν+4νak+1−4νak+2+rak−16rak+1+52rak+2−10ak+1+56ak+2

2(4k2+8kr−n2+4r2+24k+24r+36)

• Recursion relation for r = −n
2

ak+3 =
k2ak−6k2ak+1+12k2ak+2−knak+6knak+1−12knak+2+ 1

4akn
2− 3

2n
2ak+1+2n2ak+2−akν

2+4ν2ak+1−4ν2ak+2+kak−16kak+1+52kak+2− 1
2nak+8nak+1−26nak+2−akν+4νak+1−4νak+2−10ak+1+56ak+2

2(4k2−4kn+24k−12n+36)

• Solution for r = −n
2[

y(u) =
∞∑
k=0

aku
k−n

2 , ak+3 =
k2ak−6k2ak+1+12k2ak+2−knak+6knak+1−12knak+2+ 1

4akn
2− 3

2n
2ak+1+2n2ak+2−akν

2+4ν2ak+1−4ν2ak+2+kak−16kak+1+52kak+2− 1
2nak+8nak+1−26nak+2−akν+4νak+1−4νak+2−10ak+1+56ak+2

2(4k2−4kn+24k−12n+36) , a1 = a0
(
−2n2+4ν2+2n+4ν

)
2(4n−4) , a2 = a0

(
4n4−16n2ν2+16ν4−20n3−16n2ν+32n ν2+32ν3+32n2+32nν−16ν2−16n−32ν

)
4(32n2−96n+64)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k−
n
2 , ak+3 =

k2ak−6k2ak+1+12k2ak+2−knak+6knak+1−12knak+2+ 1
4akn

2− 3
2n

2ak+1+2n2ak+2−akν
2+4ν2ak+1−4ν2ak+2+kak−16kak+1+52kak+2− 1

2nak+8nak+1−26nak+2−akν+4νak+1−4νak+2−10ak+1+56ak+2
2(4k2−4kn+24k−12n+36) , a1 = a0

(
−2n2+4ν2+2n+4ν

)
2(4n−4) , a2 = a0

(
4n4−16n2ν2+16ν4−20n3−16n2ν+32n ν2+32ν3+32n2+32nν−16ν2−16n−32ν

)
4(32n2−96n+64)

]
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• Recursion relation for r = n
2

ak+3 =
k2ak−6k2ak+1+12k2ak+2+knak−6knak+1+12knak+2+ 1

4akn
2− 3

2n
2ak+1+2n2ak+2−akν

2+4ν2ak+1−4ν2ak+2+kak−16kak+1+52kak+2+ 1
2nak−8nak+1+26nak+2−akν+4νak+1−4νak+2−10ak+1+56ak+2

2(4k2+4kn+24k+12n+36)

• Solution for r = n
2[

y(u) =
∞∑
k=0

aku
k+n

2 , ak+3 =
k2ak−6k2ak+1+12k2ak+2+knak−6knak+1+12knak+2+ 1

4akn
2− 3

2n
2ak+1+2n2ak+2−akν

2+4ν2ak+1−4ν2ak+2+kak−16kak+1+52kak+2+ 1
2nak−8nak+1+26nak+2−akν+4νak+1−4νak+2−10ak+1+56ak+2

2(4k2+4kn+24k+12n+36) , a1 = a0
(
−2n2+4ν2−2n+4ν

)
2(−4n−4) , a2 = a0

(
4n4−16n2ν2+16ν4+20n3−16n2ν−32n ν2+32ν3+32n2−32nν−16ν2+16n−32ν

)
4(32n2+96n+64)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k+
n
2 , ak+3 =

k2ak−6k2ak+1+12k2ak+2+knak−6knak+1+12knak+2+ 1
4akn

2− 3
2n

2ak+1+2n2ak+2−akν
2+4ν2ak+1−4ν2ak+2+kak−16kak+1+52kak+2+ 1

2nak−8nak+1+26nak+2−akν+4νak+1−4νak+2−10ak+1+56ak+2
2(4k2+4kn+24k+12n+36) , a1 = a0

(
−2n2+4ν2−2n+4ν

)
2(−4n−4) , a2 = a0

(
4n4−16n2ν2+16ν4+20n3−16n2ν−32n ν2+32ν3+32n2−32nν−16ν2+16n−32ν

)
4(32n2+96n+64)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ak(1 + x)k−
n
2

)
+
(

∞∑
k=0

bk(1 + x)k+
n
2

)
, ak+3 =

k2ak−6k2a1+k+12k2ak+2−knak+6kna1+k−12knak+2+ 1
4akn

2− 3
2n

2a1+k+2n2ak+2−akν
2+4ν2a1+k−4ν2ak+2+kak−16ka1+k+52kak+2− 1

2nak+8na1+k−26nak+2−akν+4νa1+k−4νak+2−10a1+k+56ak+2
2(4k2−4kn+24k−12n+36) , a1 = a0

(
−2n2+4ν2+2n+4ν

)
2(4n−4) , a2 = a0

(
4n4−16n2ν2+16ν4−20n3−16n2ν+32n ν2+32ν3+32n2+32nν−16ν2−16n−32ν

)
4(32n2−96n+64) , bk+3 =

k2bk−6k2b1+k+12k2bk+2+knbk−6knb1+k+12knbk+2+ 1
4 bkn

2− 3
2n

2b1+k+2n2bk+2−bkν
2+4ν2b1+k−4ν2bk+2+kbk−16kb1+k+52kbk+2+ 1

2nbk−8nb1+k+26nbk+2−bkν+4νb1+k−4νbk+2−10b1+k+56bk+2
2(4k2+4kn+24k+12n+36) , b1 = b0

(
−2n2+4ν2−2n+4ν

)
2(−4n−4) , b2 = b0

(
4n4−16n2ν2+16ν4+20n3−16n2ν−32n ν2+32ν3+32n2−32nν−16ν2+16n−32ν

)
4(32n2+96n+64)

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Legendre successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.063 (sec). Leaf size: 17� �
dsolve((x^2-1)^2*diff(y(x),x$2)+2*x*(x^2-1)*diff(y(x),x)-(nu*(nu+1)*(x^2-1)+n^2)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 LegendreP (ν, n, x) + c2 LegendreQ (ν, n, x)
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3 Solution by Mathematica
Time used: 0.051 (sec). Leaf size: 20� �
DSolve[(x^2-1)^2*y''[x]+2*x*(x^2-1)*y'[x]-(\[Nu]*(\[Nu]+1)*(x^2-1)+n^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1P
n
ν (x) + c2Q

n
ν (x)
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32.17 problem 226
32.17.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3472

Internal problem ID [11051]
Internal file name [OUTPUT/10307_Wednesday_January_24_2024_10_07_00_PM_26256630/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 226.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
−x2 + 1

)2
y′′ − 2x

(
−x2 + 1

)
y′ +

(
ν(ν + 1)

(
−x2 + 1

)
− µ2) y = 0

32.17.1 Maple step by step solution

Let’s solve
y′′(x4 − 2x2 + 1) + (2x3 − 2x) y′ + (−x2ν2 − x2ν − µ2 + ν2 + ν) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ =
(
x2ν2+x2ν+µ2−ν2−ν

)
y

x4−2x2+1 − 2xy′
x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + 2xy′
x2−1 −

(
x2ν2+x2ν+µ2−ν2−ν

)
y

x4−2x2+1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = 2x

x2−1 , P3(x) = −x2ν2+x2ν+µ2−ν2−ν
x4−2x2+1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= 1

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= −µ2

4

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x2 − 1) (x4 − 2x2 + 1) + 2y′x(x4 − 2x2 + 1)− (x2ν2 + x2ν + µ2 − ν2 − ν) (x2 − 1) y = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u6 − 6u5 + 12u4 − 8u3)
(

d2

du2y(u)
)
+ (2u5 − 10u4 + 16u3 − 8u2)

(
d
du
y(u)

)
+ (−ν2u4 + 4ν2u3 − ν u4 − µ2u2 − 4ν2u2 + 4ν u3 + 2µ2u− 4ν u2) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um · y(u) to series expansion form = 1..4

um · y(u) =
∞∑
k=0

aku
k+r+m

◦ Shift index using k− >k −m

um · y(u) =
∞∑

k=m

ak−mu
k+r

◦ Convert um ·
(

d
du
y(u)

)
to series expansion form = 2..5

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 3..6
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um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions

−2a0(µ+ 2r) (−µ+ 2r)u1+r + (−2a1(2 + µ+ 2r) (2− µ+ 2r) + a0(−µ2 − 4ν2 + 12r2 − 4ν + 4r))u2+r + (−2a2(4 + µ+ 2r) (4− µ+ 2r) + a1(−µ2 − 4ν2 + 12r2 − 4ν + 28r + 16)− 2a0(−2ν2 + 3r2 − 2ν + 2r))u3+r +
(

∞∑
k=4

(
−2ak−1(2k − 2 + µ+ 2r) (2k − 2− µ+ 2r) + ak−2

(
12(k − 2)2 + 24(k − 2) r − µ2 − 4ν2 + 12r2 + 4k − 8− 4ν + 4r

)
− 2ak−3

(
3(k − 3)2 + 6(k − 3) r − 2ν2 + 3r2 + 2k − 6− 2ν + 2r

)
+ ak−4(r − 3 + ν + k) (r − ν + k − 4)

)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−2(µ+ 2r) (−µ+ 2r) = 0

• Values of r that satisfy the indicial equation
r ∈

{
−µ

2 ,
µ
2

}
• The coefficients of each power of u must be 0

[−2a1(2 + µ+ 2r) (2− µ+ 2r) + a0(−µ2 − 4ν2 + 12r2 − 4ν + 4r) = 0,−2a2(4 + µ+ 2r) (4− µ+ 2r) + a1(−µ2 − 4ν2 + 12r2 − 4ν + 28r + 16)− 2a0(−2ν2 + 3r2 − 2ν + 2r) = 0]
• Solve for the dependent coefficient(s){

a1 = a0
(
µ2+4ν2−12r2+4ν−4r

)
2(µ2−4r2−8r−4) , a2 = a0

(
µ4−12µ2r2+16ν4−64ν2r2+96r4−24µ2r+32ν3−64ν2r−64ν r2+256r3−16µ2−16ν2−64rν+192r2−32ν+32r

)
4(µ4−8µ2r2+16r4−24µ2r+96r3−20µ2+208r2+192r+64)

}
• Each term in the series must be 0, giving the recursion relation

(ak−4 − 6ak−3 + 12ak−2 − 8ak−1) k2 + (2(ak−4 − 6ak−3 + 12ak−2 − 8ak−1) r − 7ak−4 + 32ak−3 − 44ak−2 + 16ak−1) k + (ak−4 − 6ak−3 + 12ak−2 − 8ak−1) r2 + (−7ak−4 + 32ak−3 − 44ak−2 + 16ak−1) r + (−µ2 − 4ν2 − 4ν + 40) ak−2 + (−ν2 − ν + 12) ak−4 + 2(2ν2 + 2ν − 21) ak−3 + 2ak−1(µ2 − 4) = 0
• Shift index using k− >k + 4

(ak − 6ak+1 + 12ak+2 − 8ak+3) (k + 4)2 + (2(ak − 6ak+1 + 12ak+2 − 8ak+3) r − 7ak + 32ak+1 − 44ak+2 + 16ak+3) (k + 4) + (ak − 6ak+1 + 12ak+2 − 8ak+3) r2 + (−7ak + 32ak+1 − 44ak+2 + 16ak+3) r + (−µ2 − 4ν2 − 4ν + 40) ak+2 + (−ν2 − ν + 12) ak + 2(2ν2 + 2ν − 21) ak+1 + 2ak+3(µ2 − 4) = 0
• Recursion relation that defines series solution to ODE

ak+3 = k2ak−6k2ak+1+12k2ak+2+2krak−12krak+1+24krak+2−µ2ak+2−akν
2+4ν2ak+1−4ν2ak+2+r2ak−6r2ak+1+12r2ak+2+kak−16kak+1+52kak+2−akν+4νak+1−4νak+2+rak−16rak+1+52rak+2−10ak+1+56ak+2

2(4k2+8kr−µ2+4r2+24k+24r+36)

• Recursion relation for r = −µ
2

ak+3 =
k2ak−6k2ak+1+12k2ak+2−kµak+6kµak+1−12kµak+2+ 1

4akµ
2− 3

2µ
2ak+1+2µ2ak+2−akν

2+4ν2ak+1−4ν2ak+2+kak−16kak+1+52kak+2− 1
2µak+8µak+1−26µak+2−akν+4νak+1−4νak+2−10ak+1+56ak+2

2(4k2−4kµ+24k−12µ+36)

• Solution for r = −µ
2[

y(u) =
∞∑
k=0

aku
k−µ

2 , ak+3 =
k2ak−6k2ak+1+12k2ak+2−kµak+6kµak+1−12kµak+2+ 1

4akµ
2− 3

2µ
2ak+1+2µ2ak+2−akν

2+4ν2ak+1−4ν2ak+2+kak−16kak+1+52kak+2− 1
2µak+8µak+1−26µak+2−akν+4νak+1−4νak+2−10ak+1+56ak+2

2(4k2−4kµ+24k−12µ+36) , a1 = a0
(
−2µ2+4ν2+2µ+4ν

)
2(4µ−4) , a2 = a0

(
4µ4−16µ2ν2+16ν4−20µ3−16µ2ν+32µ ν2+32ν3+32µ2+32µν−16ν2−16µ−32ν

)
4(32µ2−96µ+64)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k−
µ
2 , ak+3 =

k2ak−6k2ak+1+12k2ak+2−kµak+6kµak+1−12kµak+2+ 1
4akµ

2− 3
2µ

2ak+1+2µ2ak+2−akν
2+4ν2ak+1−4ν2ak+2+kak−16kak+1+52kak+2− 1

2µak+8µak+1−26µak+2−akν+4νak+1−4νak+2−10ak+1+56ak+2
2(4k2−4kµ+24k−12µ+36) , a1 = a0

(
−2µ2+4ν2+2µ+4ν

)
2(4µ−4) , a2 = a0

(
4µ4−16µ2ν2+16ν4−20µ3−16µ2ν+32µ ν2+32ν3+32µ2+32µν−16ν2−16µ−32ν

)
4(32µ2−96µ+64)

]
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• Recursion relation for r = µ
2

ak+3 =
k2ak−6k2ak+1+12k2ak+2+kµak−6kµak+1+12kµak+2+ 1

4akµ
2− 3

2µ
2ak+1+2µ2ak+2−akν

2+4ν2ak+1−4ν2ak+2+kak−16kak+1+52kak+2+ 1
2µak−8µak+1+26µak+2−akν+4νak+1−4νak+2−10ak+1+56ak+2

2(4k2+4kµ+24k+12µ+36)

• Solution for r = µ
2[

y(u) =
∞∑
k=0

aku
k+µ

2 , ak+3 =
k2ak−6k2ak+1+12k2ak+2+kµak−6kµak+1+12kµak+2+ 1

4akµ
2− 3

2µ
2ak+1+2µ2ak+2−akν

2+4ν2ak+1−4ν2ak+2+kak−16kak+1+52kak+2+ 1
2µak−8µak+1+26µak+2−akν+4νak+1−4νak+2−10ak+1+56ak+2

2(4k2+4kµ+24k+12µ+36) , a1 = a0
(
−2µ2+4ν2−2µ+4ν

)
2(−4µ−4) , a2 = a0

(
4µ4−16µ2ν2+16ν4+20µ3−16µ2ν−32µ ν2+32ν3+32µ2−32µν−16ν2+16µ−32ν

)
4(32µ2+96µ+64)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k+
µ
2 , ak+3 =

k2ak−6k2ak+1+12k2ak+2+kµak−6kµak+1+12kµak+2+ 1
4akµ

2− 3
2µ

2ak+1+2µ2ak+2−akν
2+4ν2ak+1−4ν2ak+2+kak−16kak+1+52kak+2+ 1

2µak−8µak+1+26µak+2−akν+4νak+1−4νak+2−10ak+1+56ak+2
2(4k2+4kµ+24k+12µ+36) , a1 = a0

(
−2µ2+4ν2−2µ+4ν

)
2(−4µ−4) , a2 = a0

(
4µ4−16µ2ν2+16ν4+20µ3−16µ2ν−32µ ν2+32ν3+32µ2−32µν−16ν2+16µ−32ν

)
4(32µ2+96µ+64)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

ak(1 + x)k−
µ
2

)
+
(

∞∑
k=0

bk(1 + x)k+
µ
2

)
, ak+3 =

k2ak−6k2a1+k+12k2ak+2−kµak+6kµa1+k−12kµak+2+ 1
4akµ

2− 3
2µ

2a1+k+2µ2ak+2−akν
2+4ν2a1+k−4ν2ak+2+kak−16ka1+k+52kak+2− 1

2µak+8µa1+k−26µak+2−akν+4νa1+k−4νak+2−10a1+k+56ak+2
2(4k2−4kµ+24k−12µ+36) , a1 = a0

(
−2µ2+4ν2+2µ+4ν

)
2(4µ−4) , a2 = a0

(
4µ4−16µ2ν2+16ν4−20µ3−16µ2ν+32µ ν2+32ν3+32µ2+32µν−16ν2−16µ−32ν

)
4(32µ2−96µ+64) , bk+3 =

k2bk−6k2b1+k+12k2bk+2+kµbk−6kµb1+k+12kµbk+2+ 1
4 bkµ

2− 3
2µ

2b1+k+2µ2bk+2−bkν
2+4ν2b1+k−4ν2bk+2+kbk−16kb1+k+52kbk+2+ 1

2µbk−8µb1+k+26µbk+2−bkν+4νb1+k−4νbk+2−10b1+k+56bk+2
2(4k2+4kµ+24k+12µ+36) , b1 = b0

(
−2µ2+4ν2−2µ+4ν

)
2(−4µ−4) , b2 = b0

(
4µ4−16µ2ν2+16ν4+20µ3−16µ2ν−32µ ν2+32ν3+32µ2−32µν−16ν2+16µ−32ν

)
4(32µ2+96µ+64)

]

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Legendre successful

<- special function solution successful`� �
3 Solution by Maple
Time used: 0.063 (sec). Leaf size: 17� �
dsolve((1-x^2)^2*diff(y(x),x$2)-2*x*(1-x^2)*diff(y(x),x)+(nu*(nu+1)*(1-x^2)-mu^2)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 LegendreP (ν, µ, x) + c2 LegendreQ (ν, µ, x)
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3 Solution by Mathematica
Time used: 0.046 (sec). Leaf size: 20� �
DSolve[(1-x^2)^2*y''[x]-2*x*(1-x^2)*y'[x]+(\[Nu]*(\[Nu]+1)*(1-x^2)-\[Mu]^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1P
µ
ν (x) + c2Q

µ
ν (x)
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32.18 problem 227
32.18.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3477

Internal problem ID [11052]
Internal file name [OUTPUT/10308_Wednesday_January_24_2024_10_07_01_PM_84430845/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 227.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

a
(
x2 − 1

)2
y′′ + bx

(
x2 − 1

)
y′ +

(
c x2 + dx+ e

)
y = 0

32.18.1 Maple step by step solution

Let’s solve
y′′a(x− 1)2 (1 + x)2 + b(x3 − x) y′ + (c x2 + dx+ e) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
c x2+dx+e

)
y

a(x−1)2(1+x)2 −
bxy′

a(x−1)(1+x)

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + bxy′

a(x−1)(1+x) +
(
c x2+dx+e

)
y

a(x−1)2(1+x)2 = 0

� Check to see if x0 is a regular singular point
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◦ Define functions[
P2(x) = bx

a(x−1)(1+x) , P3(x) = c x2+dx+e
a(x−1)2(1+x)2

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= b
2a

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= e−d+c
4a

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′a(x− 1)2 (1 + x)2 + bxy′(x− 1) (1 + x) + (c x2 + dx+ e) y = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(a u4 − 4a u3 + 4a u2)
(

d2

du2y(u)
)
+ (b u3 − 3b u2 + 2bu)

(
d
du
y(u)

)
+ (c u2 − 2cu+ du+ c− d+ e) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um · y(u) to series expansion form = 0..2

um · y(u) =
∞∑
k=0

aku
k+r+m

◦ Shift index using k− >k −m

um · y(u) =
∞∑

k=m

ak−mu
k+r

◦ Convert um ·
(

d
du
y(u)

)
to series expansion form = 1..3

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r
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◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 2..4

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions

a0(4a r2 − 4ar + 2br + c− d+ e)ur + ((4a r2 + 4ar + 2br + 2b+ c− d+ e) a1 − a0(4a r2 − 4ar + 3br + 2c− d))u1+r +
(

∞∑
k=2

(
ak(4a k2 + 8akr + 4a r2 − 4ak − 4ar + 2bk + 2br + c− d+ e)− ak−1

(
4a(k − 1)2 + 8a(k − 1) r + 4a r2 − 4a(k − 1)− 4ar + 3b(k − 1) + 3br + 2c− d

)
+ ak−2

(
a(k − 2)2 + 2a(k − 2) r + a r2 − a(k − 2)− ar + b(k − 2) + br + c

))
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
4a r2 − 4ar + 2br + c− d+ e = 0

• Values of r that satisfy the indicial equation

r ∈
{
−−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

4a , 2a−b+
√
4a2−4ab−4ac+4ad−4ae+b2

4a

}
• Each term must be 0

(4a r2 + 4ar + 2br + 2b+ c− d+ e) a1 − a0(4a r2 − 4ar + 3br + 2c− d) = 0
• Solve for the dependent coefficient(s)

a1 = a0
(
4a r2−4ar+3br+2c−d

)
4a r2+4ar+2br+2b+c−d+e

• Each term in the series must be 0, giving the recursion relation
((−4ak−1 + 4ak + ak−2) k2 + ((−8ak−1 + 8ak + 2ak−2) r + 12ak−1 − 4ak − 5ak−2) k + (−4ak−1 + 4ak + ak−2) r2 + (12ak−1 − 4ak − 5ak−2) r − 8ak−1 + 6ak−2) a− 3

(
ak−1 − 2ak

3 − ak−2
3

)
bk − 3

(
ak−1 − 2ak

3 − ak−2
3

)
br + (3b− 2c+ d) ak−1 + (−2b+ c) ak−2 + ak(e− d+ c) = 0

• Shift index using k− >k + 2(
(−4ak+1 + 4ak+2 + ak) (k + 2)2 + ((−8ak+1 + 8ak+2 + 2ak) r + 12ak+1 − 4ak+2 − 5ak) (k + 2) + (−4ak+1 + 4ak+2 + ak) r2 + (12ak+1 − 4ak+2 − 5ak) r − 8ak+1 + 6ak

)
a− 3

(
ak+1 − 2ak+2

3 − ak
3

)
b(k + 2)− 3

(
ak+1 − 2ak+2

3 − ak
3

)
br + (3b− 2c+ d) ak+1 + (−2b+ c) ak + ak+2(e− d+ c) = 0

• Recursion relation that defines series solution to ODE

ak+2 = −a k2ak−4a k2ak+1+2akrak−8akrak+1+a r2ak−4a r2ak+1−akak−4akak+1−arak−4arak+1+akbk−3bkak+1+akbr−3brak+1−3bak+1+akc−2cak+1+dak+1
4a k2+8akr+4a r2+12ak+12ar+2bk+2br+8a+4b+c−d+e

• Recursion relation for r = −−2a+b+
√
4a2−4ab−4ac+4ad−4ae+b2

4a

ak+2 = −
a k2ak−4a k2ak+1−

k
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak

2 +2k
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1+

(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
ak

16a −
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
ak+1

4a −akak−4akak+1+
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak

4 +
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1+akbk−3bkak+1−

akb
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
4a +

3b
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1

4a −3bak+1+akc−2cak+1+dak+1

4a k2−2k
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
+
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a +12ak+14a+b−3

√
4a2−4ab−4ac+4ad−4ae+b2+2bk−

b
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
2a +c−d+e

• Solution for r = −−2a+b+
√
4a2−4ab−4ac+4ad−4ae+b2

4a
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y(u) = ∞∑
k=0

aku
k−−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

4a , ak+2 = −
a k2ak−4a k2ak+1−

k
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak

2 +2k
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1+

(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
ak

16a −
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
ak+1

4a −akak−4akak+1+
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak

4 +
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1+akbk−3bkak+1−

akb
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
4a +

3b
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1

4a −3bak+1+akc−2cak+1+dak+1

4a k2−2k
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
+
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a +12ak+14a+b−3

√
4a2−4ab−4ac+4ad−4ae+b2+2bk−

b
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
2a +c−d+e

, a1 =
a0

((
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a −2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2−

3b
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
4a +2c−d

)
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a +2a+b−

√
4a2−4ab−4ac+4ad−4ae+b2−

b
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
2a +c−d+e


• Revert the change of variables u = 1 + xy =

∞∑
k=0

ak(1 + x)k−
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

4a , ak+2 = −
a k2ak−4a k2ak+1−

k
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak

2 +2k
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1+

(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
ak

16a −
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
ak+1

4a −akak−4akak+1+
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak

4 +
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1+akbk−3bkak+1−

akb
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
4a +

3b
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1

4a −3bak+1+akc−2cak+1+dak+1

4a k2−2k
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
+
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a +12ak+14a+b−3

√
4a2−4ab−4ac+4ad−4ae+b2+2bk−

b
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
2a +c−d+e

, a1 =
a0

((
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a −2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2−

3b
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
4a +2c−d

)
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a +2a+b−

√
4a2−4ab−4ac+4ad−4ae+b2−

b
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
2a +c−d+e


• Recursion relation for r = 2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

4a

ak+2 = −
a k2ak−4a k2ak+1+

k
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak

2 −2k
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1+

(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
ak

16a −
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
ak+1

4a −akak−4akak+1−
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak

4 −
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1+akbk−3bkak+1+

akb
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
4a −

3b
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1

4a −3bak+1+akc−2cak+1+dak+1

4a k2+2k
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
+
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a +12ak+14a+b+3

√
4a2−4ab−4ac+4ad−4ae+b2+2bk+

b
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
2a +c−d+e

• Solution for r = 2a−b+
√
4a2−4ab−4ac+4ad−4ae+b2

4ay(u) = ∞∑
k=0

aku
k+ 2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

4a , ak+2 = −
a k2ak−4a k2ak+1+

k
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak

2 −2k
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1+

(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
ak

16a −
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
ak+1

4a −akak−4akak+1−
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak

4 −
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1+akbk−3bkak+1+

akb
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
4a −

3b
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1

4a −3bak+1+akc−2cak+1+dak+1

4a k2+2k
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
+
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a +12ak+14a+b+3

√
4a2−4ab−4ac+4ad−4ae+b2+2bk+

b
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
2a +c−d+e

, a1 =
a0

((
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a −2a+b−

√
4a2−4ab−4ac+4ad−4ae+b2+

3b
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
4a +2c−d

)
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a +2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2+

b
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
2a +c−d+e


• Revert the change of variables u = 1 + xy =

∞∑
k=0

ak(1 + x)k+
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

4a , ak+2 = −
a k2ak−4a k2ak+1+

k
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak

2 −2k
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1+

(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
ak

16a −
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
ak+1

4a −akak−4akak+1−
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak

4 −
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1+akbk−3bkak+1+

akb
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
4a −

3b
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
ak+1

4a −3bak+1+akc−2cak+1+dak+1

4a k2+2k
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
+
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a +12ak+14a+b+3

√
4a2−4ab−4ac+4ad−4ae+b2+2bk+

b
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
2a +c−d+e

, a1 =
a0

((
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a −2a+b−

√
4a2−4ab−4ac+4ad−4ae+b2+

3b
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
4a +2c−d

)
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a +2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2+

b
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
2a +c−d+e


• Combine solutions and rename parametersy =

(
∞∑
k=0

fk(1 + x)k−
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

4a

)
+
(

∞∑
k=0

gk(1 + x)k+
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

4a

)
, fk+2 = −

a k2fk−4a k2f1+k−
k
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
fk

2 +2k
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
f1+k+

(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
fk

16a −
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
f1+k

4a −akfk−4akf1+k+
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
fk

4 +
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
f1+k+fkbk−3bkf1+k−

fkb
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
4a +

3b
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
f1+k

4a −3bf1+k+fkc−2cf1+k+df1+k

4a k2−2k
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
+
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a +12ak+14a+b−3

√
4a2−4ab−4ac+4ad−4ae+b2+2bk−

b
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
2a +c−d+e

, f1 =
f0

((
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a −2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2−

3b
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
4a +2c−d

)
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a +2a+b−

√
4a2−4ab−4ac+4ad−4ae+b2−

b
(
−2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
2a +c−d+e

, gk+2 = −
a k2gk−4a k2g1+k+

k
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
gk

2 −2k
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
g1+k+

(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
gk

16a −
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
g1+k

4a −akgk−4akg1+k−
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
gk

4 −
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
g1+k+gkbk−3bkg1+k+

gkb
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
4a −

3b
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
g1+k

4a −3bg1+k+gkc−2cg1+k+dg1+k

4a k2+2k
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
+
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a +12ak+14a+b+3

√
4a2−4ab−4ac+4ad−4ae+b2+2bk+

b
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
2a +c−d+e

, g1 =
g0

((
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a −2a+b−

√
4a2−4ab−4ac+4ad−4ae+b2+

3b
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
4a +2c−d

)
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)2
4a +2a+b+

√
4a2−4ab−4ac+4ad−4ae+b2+

b
(
2a−b+

√
4a2−4ab−4ac+4ad−4ae+b2

)
2a +c−d+e
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 2F1 ODE

<- hypergeometric successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.141 (sec). Leaf size: 562� �
dsolve(a*(x^2-1)^2*diff(y(x),x$2)+b*x*(x^2-1)*diff(y(x),x)+(c*x^2+d*x+e)*y(x)=0,y(x), singsol=all)� �
y(x)

=
(x2 − 1)−

b
4a
√
2 + 2x

(
c1 hypergeom

([
−−

√
4a2+(−4b−4c−4d−4e)a+b2+2

√
a2+(−2b−4c)a+b2+

√
4a2+(−4b−4c+4d−4e)a+b2−2a

4a ,
√

4a2+(−4b−4c−4d−4e)a+b2+2
√

a2+(−2b−4c)a+b2−
√

4a2+(−4b−4c+4d−4e)a+b2+2a
4a

]
,
[
−−2a+

√
4a2+(−4b−4c+4d−4e)a+b2

2a

]
, 12 +

x
2

) (1
2 +

x
2

)−√4a2+(−4b−4c+4d−4e)a+b2

4a + c2 hypergeom
([√

4a2+(−4b−4c−4d−4e)a+b2+2
√

a2+(−2b−4c)a+b2+
√

4a2+(−4b−4c+4d−4e)a+b2+2a
4a ,

√
4a2+(−4b−4c−4d−4e)a+b2−2

√
a2+(−2b−4c)a+b2+

√
4a2+(−4b−4c+4d−4e)a+b2+2a

4a

]
,
[
2a+

√
4a2+(−4b−4c+4d−4e)a+b2

2a

]
, 12 +

x
2

) (1
2 +

x
2

)√4a2+(−4b−4c+4d−4e)a+b2

4a

)
√
2x− 2

(
−1

2 +
x
2

)√4a2+(−4b−4c−4d−4e)a+b2

4a

4

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[a*(x^2-1)^2*y''[x]+b*x*(x^2-1)*y'[x]+(c*x^2+d*x+e)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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32.19 problem 228
32.19.1 Solving as second order change of variable on x method 2 ode . 3482
32.19.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3485

Internal problem ID [11053]
Internal file name [OUTPUT/10309_Wednesday_January_24_2024_10_07_01_PM_39341230/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 228.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_change_of_vari-
able_on_x_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

(
a x2 + b

)2
y′′ + (2ax+ c)

(
a x2 + b

)
y′ + yk = 0

32.19.1 Solving as second order change of variable on x method 2 ode

In normal form the ode(
a x2 + b

)2
y′′ + (2ax+ c)

(
a x2 + b

)
y′ + yk = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = 2ax+ c

a x2 + b

q(x) = k

(a x2 + b)2
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Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫ 2ax+c

a x2+b
dx
)
dx

=
∫

e
− ln

(
a x2+b

)
−

c arctan
(

ax√
ab

)
√
ab dx

=
∫ e−

c arctan
(

ax√
ab

)
√
ab

a x2 + b
dx

= −e−
c arctan

(
ax√
ab

)
√
ab

c
(6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

=
k

(a x2+b)2

e
−

2c arctan
(

ax√
ab

)
√
ab

(a x2+b)2

= k e
2c arctan

(
ax√
ab

)
√
ab (7)
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Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) + k e

2c arctan
(

ax√
ab

)
√
ab y(τ) = 0

But in terms of τ

k e
2c arctan

(
ax√
ab

)
√
ab = k

c2τ 2

Hence the above ode becomes

d2

dτ 2
y(τ) + ky(τ)

c2τ 2
= 0

The above ode is now solved for y(τ). The ode can be written as(
d2

dτ 2
y(τ)

)
c2τ 2 + ky(τ) = 0

Which shows it is a Euler ODE. This is Euler second order ODE. Let the solution be
y(τ) = τ r, then y′ = rτ r−1 and y′′ = r(r − 1)τ r−2. Substituting these back into the
given ODE gives

c2τ 2(r(r − 1))τ r−2 + 0rτ r−1 + k τ r = 0

Simplifying gives
c2r(r − 1) τ r + 0 τ r + k τ r = 0

Since τ r 6= 0 then dividing throughout by τ r gives

c2r(r − 1) + 0 + k = 0

Or
c2r2 − c2r + k = 0 (1)

Equation (1) is the characteristic equation. Its roots determine the form of the general
solution. Using the quadratic equation the roots are

r1 = −−c+
√
c2 − 4k

2c

r2 =
c+

√
c2 − 4k
2c
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Since the roots are real and distinct, then the general solution is

y(τ) = c1y1 + c2y2

Where y1 = τ r1 and y2 = τ r2 . Hence

y(τ) = c1τ
−−c+

√
c2−4k

2c + c2τ
c+
√

c2−4k
2c

The above solution is now transformed back to y using (6) which results in

y = c1

−e−
c arctan

(
ax√
ab

)
√

ab

c


−−c+

√
c2−4k

2c

+ c2

−e−
c arctan

(
ax√
ab

)
√
ab

c


c+
√

c2−4k
2c

Summary
The solution(s) found are the following

(1)y = c1

−e−
c arctan

(
ax√
ab

)
√

ab

c


−−c+

√
c2−4k

2c

+ c2

−e−
c arctan

(
ax√
ab

)
√
ab

c


c+
√

c2−4k
2c

Verification of solutions

y = c1

−e−
c arctan

(
ax√
ab

)
√

ab

c


−−c+

√
c2−4k

2c

+ c2

−e−
c arctan

(
ax√
ab

)
√
ab

c


c+
√

c2−4k
2c

Verified OK.

32.19.2 Solving using Kovacic algorithm

Writing the ode as (
a x2 + b

)2
y′′ + (2ax+ c)

(
a x2 + b

)
y′ + yk = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A =
(
a x2 + b

)2
B = (2ax+ c)

(
a x2 + b

)
(3)

C = k
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Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = 4ab+ c2 − 4k
4 (a x2 + b)2

(6)

Comparing the above to (5) shows that

s = 4ab+ c2 − 4k

t = 4
(
a x2 + b

)2
Therefore eq. (4) becomes

z′′(x) =
(
4ab+ c2 − 4k
4 (a x2 + b)2

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.
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Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 215: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 0
= 4

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4(a x2 + b)2. There is a pole at x =

√
−ab
a

of order 2. There is a pole at
x = −

√
−ab
a

of order 2. Since there is no odd order pole larger than 2 and the order at
∞ is 4 then the necessary conditions for case one are met. Since there is a pole of order
2 then necessary conditions for case two are met. Since pole order is not larger than 2
and the order at ∞ is 4 then the necessary conditions for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Unable to find solution using case one

Attempting to find a solution using case n = 2.

Looking at poles of order 2. The partial fractions decomposition of r is

r = − 4ab+ c2 − 4k

16ab
(
x−

√
− b

a

)2 − 4ab+ c2 − 4k

16ab
(
x+

√
− b

a

)2
+ −4ab− c2 + 4k

16
(
− b

a

) 3
2 a2

(
x−

√
− b

a

) − −4ab− c2 + 4k

16
(
− b

a

) 3
2 a2

(
x+

√
− b

a

)
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For the pole at x =
√
−ab
a

let b be the coefficient of 1(
x−

√
−ab
a

)2 in the partial fractions

decomposition of r given above. Therefore b = 0. Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {0, 2, 4}

For the pole at x = −
√
−ab
a

let b be the coefficient of 1(
x+

√
−ab
a

)2 in the partial fractions

decomposition of r given above. Therefore b = 0. Hence

Ec = {2, 2 + 2
√
1 + 4b, 2− 2

√
1 + 4b}

= {0, 2, 4}

Now since the order of r at ∞ is 4 > 2 then

E∞ = {0, 2, 4}

The following table summarizes the findings so far for poles and for the order of r at
∞ for case 2 of Kovacic algorithm.

pole c location pole order Ec
√
−ab
a

2 {0, 2, 4}

−
√
−ab
a

2 {0, 2, 4}

Order of r at ∞ E∞

4 {0, 2, 4}

Using the family {e1, e2, . . . , e∞} given by

e1 = 2, e2 = 2, e∞ = 4

Gives a non negative integer d (the degree of the polynomial p(x)), which is generated
using

d = 1
2

(
e∞ −

∑
c∈Γ

ec

)

= 1
2(4− (2 + (2)))

= 0
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We now form the following rational function

θ = 1
2
∑
c∈Γ

ec
x− c

= 1
2

 2(
x−

(√
−ab
a

)) + 2(
x−

(
−

√
−ab
a

))


= 1
x−

√
−ab
a

+ 1
x+

√
−ab
a

Now we search for a monic polynomial p(x) of degree d = 0 such that

p′′′ + 3θp′′ +
(
3θ2 + 3θ′ − 4r

)
p′ +

(
θ′′ + 3θθ′ + θ3 − 4rθ − 2r′

)
p = 0 (1A)

Since d = 0, then letting
p = 1 (2A)

Substituting p and θ into Eq. (1A) gives

0 = 0

And solving for p gives
p = 1

Now that p(x) is found let

φ = θ + p′

p

= 1
x−

√
−ab
a

+ 1
x+

√
−ab
a

Let ω be the solution of

ω2 − φω +
(
1
2φ

′ + 1
2φ

2 − r

)
= 0

Substituting the values for φ and r into the above equation gives

w2 −

(
1

x−
√
−ab
a

+ 1
x+

√
−ab
a

)
w + 4a2x2 − c2 + 4k

4 (a x2 + b)2
= 0

Solving for ω gives

ω = 2ax+
√
c2 − 4k

2a x2 + 2b
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Therefore the first solution to the ode z′′ = rz is

z1(x) = e
∫
ω dx

= e
∫ 2ax+

√
c2−4k

2a x2+2b dx

=
√
a x2 + b e

√
c2−4k arctan

(
ax√
ab

)
2
√
ab

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
(2ax+c)

(
a x2+b

)
(
a x2+b

)2 dx

= z1e
−

ln
(
a x2+b

)
2 −

c arctan
(

ax√
ab

)
2
√
ab

= z1

e−
c arctan

(
ax√
ab

)
2
√
ab

√
a x2 + b


Which simplifies to

y1 = e
arctan

(
ax√
ab

)(
−c+

√
c2−4k

)
2
√
ab

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e

∫
−

(2ax+c)
(
a x2+b

)
(
a x2+b

)2 dx

(y1)2
dx

= y1

∫
e
− ln

(
a x2+b

)
−

c arctan
(

ax√
ab

)
√
ab

(y1)2
dx

= y1

−e−
√

c2−4k arctan
(

ax√
ab

)
√
ab

√
c2 − 4k
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Therefore the solution is

y = c1y1 + c2y2

= c1

e
arctan

(
ax√
ab

)(
−c+

√
c2−4k

)
2
√

ab

+ c2

e
arctan

(
ax√
ab

)(
−c+

√
c2−4k

)
2
√
ab

−e−
√

c2−4k arctan
(

ax√
ab

)
√
ab

√
c2 − 4k




Summary
The solution(s) found are the following

(1)y = c1e
arctan

(
ax√
ab

)(
−c+

√
c2−4k

)
2
√
ab − c2e−

arctan
(

ax√
ab

)(
c+
√

c2−4k
)

2
√
ab

√
c2 − 4k

Verification of solutions

y = c1e
arctan

(
ax√
ab

)(
−c+

√
c2−4k

)
2
√
ab − c2e−

arctan
(

ax√
ab

)(
c+
√

c2−4k
)

2
√
ab

√
c2 − 4k

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 162� �
dsolve((a*x^2+b)^2*diff(y(x),x$2)+(2*a*x+c)*(a*x^2+b)*diff(y(x),x)+k*y(x)=0,y(x), singsol=all)� �

y(x) = c1

(
−i

√
ab+ ax

i
√
ab+ ax

) i
√
ab c

√
−ab+a2

√
c2−4k

a2
b

4ab
√
−ab

+ c2

(
−i

√
ab+ ax

i
√
ab+ ax

) i
√
ab c

√
−ab−a2

√
c2−4k

a2
b

4ab
√
−ab

3 Solution by Mathematica
Time used: 2.188 (sec). Leaf size: 91� �
DSolve[(a*x^2+b)^2*y''[x]+(2*a*x+c)*(a*x^2+b)*y'[x]+k*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
−

(√
c2−4k+c

)
arctan

(√
ax√
b

)
2
√
a
√
b

c2e

√
c2−4k arctan

(√
ax√
b

)
√
a
√
b + c1
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32.20 problem 229
32.20.1 Solving as second order ode lagrange adjoint equation method ode3493

Internal problem ID [11054]
Internal file name [OUTPUT/10310_Wednesday_January_24_2024_10_07_02_PM_22005237/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 229.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

(
a x2 + b

)2
y′′ +

(
a x2 + b

) (
c x2 + d

)
y′ + 2(−ad+ bc)xy = 0

32.20.1 Solving as second order ode lagrange adjoint equation method ode

In normal form the ode(
a x2 + b

)2
y′′ +

(
a x2 + b

) (
c x2 + d

)
y′ + (−2adx+ 2bcx) y = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = r(x) (2)

Where

p(x) = c x2 + d

a x2 + b

q(x) = −2(ad− bc)x
(a x2 + b)2

r(x) = 0
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The Lagrange adjoint ode is given by

ξ
′′ − (ξ p)′ + ξq = 0

ξ
′′ −

(
(c x2 + d) ξ(x)

a x2 + b

)′

+
(
−2(ad− bc)xξ(x)

(a x2 + b)2
)

= 0

ξ′′(x)− (c x2 + d) ξ′(x)
a x2 + b

+
(
− 2cx
a x2 + b

+ 2(c x2 + d) ax
(a x2 + b)2

− 2(ad− bc)x
(a x2 + b)2

)
ξ(x) = 0

Which is solved for ξ(x). This is second order ode with missing dependent variable ξ(x).
Let

p(x) = ξ′(x)

Then

p′(x) = ξ′′(x)

Hence the ode becomes

p′(x)
(
a x2 + b

)
+
(
−c x2 − d

)
p(x) = 0

Which is now solve for p(x) as first order ode. In canonical form the ODE is

p′ = F (x, p)
= f(x)g(p)

= p(c x2 + d)
a x2 + b

Where f(x) = c x2+d
a x2+b

and g(p) = p. Integrating both sides gives

1
p
dp = c x2 + d

a x2 + b
dx∫ 1

p
dp =

∫
c x2 + d

a x2 + b
dx

ln (p) = cx

a
+

(ad− bc) arctan
(

ax√
ab

)
a
√
ab

+ c1

p = e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab

+c1

= c1e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab
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Since p = ξ′(x) then the new first order ode to solve is

ξ′(x) = c1e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab

Integrating both sides gives

ξ(x) =
∫

c1e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx

=
∫

c1e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx+ c2

The original ode (2) now reduces to first order ode

ξ(x) y′ − yξ′(x) + ξ(x) p(x) y =
∫

ξ(x) r(x) dx

y′ + y

(
p(x)− ξ′(x)

ξ (x)

)
=
∫
ξ(x) r(x) dx

ξ (x)

y′ + y

c x2 + d

a x2 + b
− c3e

cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab∫

c3e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx+ c2

 = 0

Which is now a first order ode. This is now solved for y. In canonical form the ODE is

y′ = F (x, y)
= f(x)g(y)

=

y

e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3a x

2 −

∫ c3e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√

ab dx

 c x2 − c x2c2 + e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3b−

∫ c3e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx

 d− dc2


(a x2 + b)

∫ c3e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx+ c2
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Where f(x) =
e
cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3a x2−

∫ c3e
cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx

c x2−c x2c2+e
cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3b−

∫ c3e
cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√

ab dx

d−dc2

(a x2+b)

∫ c3e
cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx+c2


and g(y) = y. Integrating both sides gives

1
y
dy =

e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3a x

2 −

∫ c3e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx

 c x2 − c x2c2 + e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3b−

∫ c3e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx

 d− dc2

(a x2 + b)

∫ c3e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx+ c2

 dx

∫ 1
y
dy =

∫ e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3a x

2 −

∫ c3e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx

 c x2 − c x2c2 + e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3b−

∫ c3e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√

ab dx

 d− dc2

(a x2 + b)

∫ c3e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√

ab dx+ c2

 dx

ln (y) =
∫ e

cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3a x

2 −

∫ c3e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx

 c x2 − c x2c2 + e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3b−

∫ c3e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√

ab dx

 d− dc2

(a x2 + b)

∫ c3e
cx
a
+

(ad−bc) arctan
(

ax√
ab

)
a
√

ab dx+ c2

 dx+ c3

y = e

∫ e
cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3a x2−


∫
c3e

cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx

c x2−c x2c2+e
cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3b−


∫
c3e

cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx

d−dc2

(
a x2+b

)

∫
c3e

cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√

ab dx+c2



dx+c3

= c3e

∫ e
cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√

ab c3a x2−


∫
c3e

cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx

c x2−c x2c2+e
cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3b−


∫
c3e

cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx

d−dc2

(
a x2+b

)

∫
c3e

cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx+c2



dx
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Hence, the solution found using Lagrange adjoint equation method is

y

= c3e

∫ e
cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3a x2−


∫
c3e

cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx

c x2−c x2c2+e
cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3b−


∫
c3e

cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√

ab dx

d−dc2

(
a x2+b

)

∫
c3e

cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx+c2



dx

Summary
The solution(s) found are the following

(1)y

= c3e

∫ e
cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3a x2−


∫
c3e

cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx

c x2−c x2c2+e
cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3b−


∫
c3e

cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√

ab dx

d−dc2

(
a x2+b

)

∫
c3e

cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx+c2



dx

Verification of solutions
y

= c3e

∫ e
cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3a x2−


∫
c3e

cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx

c x2−c x2c2+e
cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab c3b−


∫
c3e

cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√

ab dx

d−dc2

(
a x2+b

)

∫
c3e

cx
a +

(ad−bc) arctan
(

ax√
ab

)
a
√
ab dx+c2



dx

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunC ODE, case a <> 0, e <> 0, c = 0

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.312 (sec). Leaf size: 866� �
dsolve((a*x^2+b)^2*diff(y(x),x$2)+(a*x^2+b)*(c*x^2+d)*diff(y(x),x)+2*(b*c-a*d)*x*y(x)=0,y(x), singsol=all)� �
y(x) =

(
−ax+

√
−ab

) 2a2b+
√

−ab
(
4
√

−ab a2d−4
√
−ab abc−4a3b+a2d2−2abcd+b2c2

)
4a2b

c1
(
ax

+
√
−ab

) 2a2b+
√

4a2b(ad−bc)
√
−ab+4a4b2−a3b d2+2d b2c a2−b3c2a

4a2b e
√
−ab c

2a2 −
arctan

(√
a x√
b

)
d

2
√
a
√
b

+
√
b arctan

(√
a x√
b

)
c

2a
3
2 HeunC

2
√

− b
a
c

a
,

√
4a2b (ad− bc)

√
−ab+ 4a4b2 − a3b d2 + 2d b2c a2 − b3c2a

2a2b ,

√
−ab

(
4
√
−ab a2d− 4

√
−ab abc− 4a3b+ a2d2 − 2abcd+ b2c2

)
2a2b , 0, 12

− d2

8ab −
cd

4a2 + 3b c2
8a3 ,

ax

2
√
−ab

+ 1
2


+ c2

(
ax+

√
−ab

)−−2a2b+
√

4a2b(ad−bc)
√
−ab+4a4b2−a3b d2+2d b2c a2−b3c2a

4a2b HeunC

2
√
− b

a
c

a
,

−

√
4a2b (ad− bc)

√
−ab+ 4a4b2 − a3b d2 + 2d b2c a2 − b3c2a

2a2b ,

√
−ab

(
4
√
−ab a2d− 4

√
−ab abc− 4a3b+ a2d2 − 2abcd+ b2c2

)
2a2b , 0, 12

− d2

8ab −
cd

4a2 + 3b c2
8a3 ,

ax

2
√
−ab

+1
2

 e
iπ
√

4a2b(ad−bc)
√
−ab+4a4b2−a3b d2+2d b2c a2−b3c2a−iπ

√
−ab

(
4
√
−ab a2d−4

√
−ab abc−4a3b+a2d2−2abcd+b2c2

)
−4

a2
 d√

b
√
a
−

√
b c

a
3
2

 arctan
(√

a x√
b

)
−
√
−ab c

b

8a2b


3 Solution by Mathematica
Time used: 0.165 (sec). Leaf size: 104� �
DSolve[(a*x^2+b)^2*y''[x]+(a*x^2+b)*(c*x^2+d)*y'[x]+2*(b*c-a*d)*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → exp

arctan
(√

ax√
b

)
(bc− ad)

a3/2
√
b

− cx

a

∫ x

1
exp

(ad− bc) arctan
(√

aK[1]√
b

)
a3/2

√
b

+ cK[1]
a

 c1dK[1] + c2
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32.21 problem 230
Internal problem ID [11055]
Internal file name [OUTPUT/10311_Wednesday_January_24_2024_10_07_03_PM_50427788/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 230.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
x2 + a

)2
y′′ + b xn

(
x2 + a

)
y′ −

(
b xn+1 + a

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve((x^2+a)^2*diff(y(x),x$2)+b*x^n*(x^2+a)*diff(y(x),x)-(b*x^(n+1)+a)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(x^2+a)^2*y''[x]+b*x^n*(x^2+a)*y'[x]-(b*x^(n+1)+a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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32.22 problem 231
Internal problem ID [11056]
Internal file name [OUTPUT/10312_Wednesday_January_24_2024_10_07_04_PM_36399781/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 231.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
x2 + a

)2
y′′ + b xn

(
x2 + a

)
y′ −m

(
b xn+1 + (m− 1)x2 + a

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve((x^2+a)^2*diff(y(x),x$2)+b*x^n*(x^2+a)*diff(y(x),x)-m*(b*x^(n+1)+(m-1)*x^2+a)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(x^2+a)^2*y''[x]+b*x^n*(x^2+a)*y'[x]-m*(b*x^(n+1)+(m-1)*x^2+a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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32.23 problem 232
32.23.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 3506
32.23.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3507
32.23.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3513

Internal problem ID [11057]
Internal file name [OUTPUT/10313_Wednesday_January_24_2024_10_07_04_PM_71850249/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 232.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

(x− a)2 (x− b)2 y′′ − yc = 0

32.23.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ − cy

x2 = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β =
√
−c

n = 1
2

γ = −1

Substituting all the above into (4) gives the solution as

y =
c1
√
x
√
2 sin

(√
−c
x

)
√
π
√√

−c
x

−
c2
√
x
√
2 cos

(√
−c
x

)
√
π
√√

−c
x

Summary
The solution(s) found are the following

(1)y =
c1
√
x
√
2 sin

(√
−c
x

)
√
π
√√

−c
x

−
c2
√
x
√
2 cos

(√
−c
x

)
√
π
√√

−c
x

Verification of solutions

y =
c1
√
x
√
2 sin

(√
−c
x

)
√
π
√√

−c
x

−
c2
√
x
√
2 cos

(√
−c
x

)
√
π
√√

−c
x

Verified OK.

32.23.2 Solving using Kovacic algorithm

Writing the ode as

y′′(a− x)2 (−x+ b)2 − yc = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = (a− x)2 (−x+ b)2

B = 0 (3)
C = −c

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = c

(ab− ax− bx+ x2)2
(6)

Comparing the above to (5) shows that

s = c

t =
(
ab− ax− bx+ x2)2

Therefore eq. (4) becomes

z′′(x) =
(

c

(ab− ax− bx+ x2)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 216: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 0
= 4

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = (ab− ax− bx+ x2)2. There is a pole at x = a of order 2. There is a pole
at x = b of order 2. Since there is no odd order pole larger than 2 and the order at ∞
is 4 then the necessary conditions for case one are met. Since there is a pole of order
2 then necessary conditions for case two are met. Since pole order is not larger than 2
and the order at ∞ is 4 then the necessary conditions for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Looking at poles of order 2. The partial fractions decomposition of r is

r = c

(a− b)2 (x− b)2
+ c

(a− b)2 (x− a)2
+ 2c

(a− b)3 (x− b)
− 2c

(a− b)3 (x− a)

For the pole at x = a let b be the coefficient of 1
(x−a)2 in the partial fractions decompo-

sition of r given above. Therefore b = c
(a−b)2 . Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +
√
a2 − 2ab+ b2 + 4c

2a− 2b

α−
c = 1

2 −
√
1 + 4b = 1

2 −
√
a2 − 2ab+ b2 + 4c

2 (a− b)

For the pole at x = b let b be the coefficient of 1
(x−b)2 in the partial fractions decompo-

sition of r given above. Therefore b = c
(a−b)2 . Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +
√
a2 − 2ab+ b2 + 4c

2a− 2b

α−
c = 1

2 −
√
1 + 4b = 1

2 −
√
a2 − 2ab+ b2 + 4c

2 (a− b)
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Since the order of r at ∞ is 4 > 2 then

[
√
r]∞ = 0
α+
∞ = 0

α−
∞ = 1

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = c

(ab− ax− bx+ x2)2

pole c location pole order [
√
r]c α+

c α−
c

a 2 0 1
2 +

√
a2−2ab+b2+4c

2a−2b
1
2 −

√
a2−2ab+b2+4c

2(a−b)

b 2 0 1
2 +

√
a2−2ab+b2+4c

2a−2b
1
2 −

√
a2−2ab+b2+4c

2(a−b)

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

4 0 0 1

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 1 then

d = α−
∞ −

(
α−
c1 + α+

c2

)
= 1− (1)
= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞
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The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+
(
(+)[

√
r]c2 +

α+
c2

x− c2

)
+ (−)[

√
r]∞

=
1
2 −

√
a2−2ab+b2+4c

2(a−b)

x− a
+

1
2 +

√
a2−2ab+b2+4c

2a−2b
x− b

+ (−) (0)

=
1
2 −

√
a2−2ab+b2+4c

2(a−b)

x− a
+

1
2 +

√
a2−2ab+b2+4c

2a−2b
x− b

= −a−
√
a2 − 2ab+ b2 + 4c+ 2x− b

2 (x− a) (x− b)
Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2
( 1

2 −
√
a2−2ab+b2+4c

2(a−b)

x− a
+

1
2 +

√
a2−2ab+b2+4c

2a−2b
x− b

)
(0) +

(− 1
2 −

√
a2−2ab+b2+4c

2(a−b)

(x− a)2
−

1
2 +

√
a2−2ab+b2+4c

2a−2b

(x− b)2

)
+
( 1

2 −
√
a2−2ab+b2+4c

2(a−b)

x− a
+

1
2 +

√
a2−2ab+b2+4c

2a−2b
x− b

)2

−
(

c

(ab− ax− bx+ x2)2
) = 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e
∫ 1

2−
√

a2−2ab+b2+4c
2(a−b)
x−a

+
1
2+

√
a2−2ab+b2+4c

2a−2b
x−b

dx

= e
(− ln(x−a)+ln(x−b))

√
a2−2ab+b2+4c+(ln(x−a)+ln(x−b))(a−b)

2a−2b

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

Since B = 0 then the above reduces to
y1 = z1

=
√

(a− x) (−x+ b)
(
−x+ b

a− x

)√
a2−2ab+b2+4c

2a−2b
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Which simplifies to

y1 =
√

(a− x) (−x+ b)
(
−x+ b

a− x

)√
a2−2ab+b2+4c

2a−2b

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Since B = 0 then the above becomes

y2 = y1

∫ 1
y21

dx

=
√

(a− x) (−x+ b)
(
−x+ b

a− x

)√
a2−2ab+b2+4c

2a−2b
∫ 1

(a− x) (−x+ b)
(−x+b

a−x

) 2
√

a2−2ab+b2+4c
2a−2b

dx

=
√
(a− x) (−x+ b)

(
−x+ b

a− x

)√
a2−2ab+b2+4c

2a−2b

(−x+b
a−x

)−√a2−2ab+b2+4c
a−b

√
a2 − 2ab+ b2 + 4c


Therefore the solution is

y = c1y1 + c2y2

= c1

√(a− x) (−x+ b)
(
−x+ b

a− x

)√
a2−2ab+b2+4c

2a−2b


+ c2

√(a− x) (−x+ b)
(
−x+ b

a− x

)√
a2−2ab+b2+4c

2a−2b

(−x+b
a−x

)−√a2−2ab+b2+4c
a−b

√
a2 − 2ab+ b2 + 4c


Summary
The solution(s) found are the following

(1)
y = c1

√
(a− x) (−x+ b)

(
−x+ b

a− x

)√
a2−2ab+b2+4c

2a−2b

+
c2
√

(a− x) (−x+ b)
(−x+b

a−x

)−√a2−2ab+b2+4c
2a−2b

√
a2 − 2ab+ b2 + 4c
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Verification of solutions

y = c1
√

(a− x) (−x+ b)
(
−x+ b

a− x

)√
a2−2ab+b2+4c

2a−2b

+
c2
√

(a− x) (−x+ b)
(−x+b

a−x

)−√a2−2ab+b2+4c
2a−2b

√
a2 − 2ab+ b2 + 4c

Verified OK.

32.23.3 Maple step by step solution

Let’s solve
y′′(a− x)2 (−x+ b)2 − yc = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = cy

(a−x)2(−x+b)2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ − cy

(a−x)2(−x+b)2 = 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = 0, P3(x) = − c
(a−x)2(−x+b)2

]
◦ (x− a) · P2(x) is analytic at x = a

((x− a) · P2(x))
∣∣∣∣
x=a

= 0

◦ (x− a)2 · P3(x) is analytic at x = a(
(x− a)2 · P3(x)

) ∣∣∣∣
x=a

= − c
(b−a)2

◦ x = ais a regular singular point
Check to see if x0 is a regular singular point
x0 = a

• Multiply by denominators
y′′(a− x)2 (−x+ b)2 − yc = 0
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• Change variables using x = u+ a so that the regular singular point is at u = 0

(a2u2 − 2ab u2 + 2a u3 + b2u2 − 2b u3 + u4)
(

d2

du2y(u)
)
− cy(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 2..4

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions

a0(a2r2 − 2ab r2 + b2r2 − a2r + 2abr − b2r − c)ur + ((a2r2 − 2ab r2 + b2r2 + a2r − 2abr + b2r − c) a1 + 2a0r(−1 + r) (a− b))u1+r +
(

∞∑
k=2

(ak(a2k2 + 2a2kr + a2r2 − 2ab k2 − 4abkr − 2ab r2 + b2k2 + 2b2kr + b2r2 − a2k − a2r + 2abk + 2abr − b2k − b2r − c) + 2ak−1(k + r − 1) (k − 2 + r) (a− b) + ak−2(k − 2 + r) (k − 3 + r))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
a2r2 − 2ab r2 + b2r2 − a2r + 2abr − b2r − c = 0

• Values of r that satisfy the indicial equation

r ∈
{

− b
2+

a
2−

√
a2−2ab+b2+4c

2
a−b

,
− b

2+
a
2+

√
a2−2ab+b2+4c

2
a−b

}
• Each term must be 0

(a2r2 − 2ab r2 + b2r2 + a2r − 2abr + b2r − c) a1 + 2a0r(−1 + r) (a− b) = 0
• Solve for the dependent coefficient(s)

a1 = − 2a0r(ra−rb−a+b)
a2r2−2ab r2+b2r2+a2r−2abr+b2r−c
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+3a2k+
3a2

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a−b

−6abk−
6ab

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a−b

+3b2k+
3b2

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a−b

+2a2−4ab+2b2−c

, a1 = −
2a0
(
− b

2+
a
2+

√
a2−2ab+b2+4c

2

)
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a

a−b
−

(
− b

2+a
2 +

√
a2−2ab+b2+4c

2

)
b

a−b
−a+b


(a−b)

a2
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)2
(a−b)2

−
2ab

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)2
(a−b)2

+
b2
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)2
(a−b)2

+
a2
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a−b

−
2ab

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a−b

+
b2
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a−b

−c




• Combine solutions and rename parameters
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y =
(

∞∑
k=0

dk(x− a)k+
− b

2+a
2−

√
a2−2ab+b2+4c

2
a−b

)
+
(

∞∑
k=0

ek(x− a)k+
− b

2+a
2+

√
a2−2ab+b2+4c

2
a−b

)
, dk+2 = −

2a k2d1+k+
4ak

(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
d1+k

a−b
+

2a
(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)2
d1+k

(a−b)2
−2b k2d1+k−

4bk
(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
d1+k

a−b
−

2b
(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)2
d1+k

(a−b)2
+2akd1+k+

2a
(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
d1+k

a−b
−2bkd1+k−

2b
(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
d1+k

a−b
+k2dk+

2k
(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
dk

a−b
+

(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)2
dk

(a−b)2
−dkk−

dk

(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
a−b

a2k2+
2a2k

(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
a−b

+
a2
(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)2
(a−b)2

−2b k2a−
4abk

(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
a−b

−
2ab

(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)2
(a−b)2

+k2b2+
2b2k

(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
a−b

+
b2
(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)2
(a−b)2

+3a2k+
3a2

(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
a−b

−6abk−
6ab

(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
a−b

+3b2k+
3b2

(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
a−b

+2a2−4ab+2b2−c

, d1 = −
2d0
(
− b

2+
a
2−

√
a2−2ab+b2+4c

2

)
(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
a

a−b
−

(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
b

a−b
−a+b


(a−b)

a2
(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)2
(a−b)2

−
2ab

(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)2
(a−b)2

+
b2
(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)2
(a−b)2

+
a2
(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
a−b

−
2ab

(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
a−b

+
b2
(
− b

2+a
2−

√
a2−2ab+b2+4c

2

)
a−b

−c


, ek+2 = −

2a k2e1+k+
4ak

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
e1+k

a−b
+

2a
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)2
e1+k

(a−b)2
−2b k2e1+k−

4bk
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
e1+k

a−b
−

2b
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)2
e1+k

(a−b)2
+2ake1+k+

2a
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
e1+k

a−b
−2bke1+k−

2b
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
e1+k

a−b
+k2ek+

2k
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
ek

a−b
+

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)2
ek

(a−b)2
−ekk−

ek

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a−b

a2k2+
2a2k

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a−b

+
a2
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)2
(a−b)2

−2b k2a−
4abk

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a−b

−
2ab

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)2
(a−b)2

+k2b2+
2b2k

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a−b

+
b2
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)2
(a−b)2

+3a2k+
3a2

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a−b

−6abk−
6ab

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a−b

+3b2k+
3b2

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a−b

+2a2−4ab+2b2−c

, e1 = −
2e0
(
− b

2+
a
2+

√
a2−2ab+b2+4c

2

)
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a

a−b
−

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
b

a−b
−a+b


(a−b)

a2
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)2
(a−b)2

−
2ab

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)2
(a−b)2

+
b2
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)2
(a−b)2

+
a2
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a−b

−
2ab

(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a−b

+
b2
(
− b

2+a
2+

√
a2−2ab+b2+4c

2

)
a−b

−c




Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 104� �
dsolve((x-a)^2*(x-b)^2*diff(y(x),x$2)-c*y(x)=0,y(x), singsol=all)� �

y(x) =
√

(a− x) (b− x)

(a− x

b− x

)√
a2−2ab+b2+4c

2a−2b

c1 +
(
a− x

b− x

)−
√

a2−2ab+b2+4c
2a−2b

c2


3 Solution by Mathematica
Time used: 1.085 (sec). Leaf size: 141� �
DSolve[(x-a)^2*(x-b)^2*y''[x]-c*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → (x− a)
1
2

(
1−
√

4c
(a−b)2+1

)
(x− b)

1
2

(
1−
√

4c
(a−b)2+1

)c1(x− a)
√

4c
(a−b)2+1

− c2(x− b)
√

4c
(a−b)2+1

(a− b)
√

4c
(a−b)2 + 1
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32.24 problem 233
32.24.1 Solving as second order change of variable on x method 2 ode . 3517
32.24.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3520
32.24.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3526

Internal problem ID [11058]
Internal file name [OUTPUT/10314_Wednesday_January_24_2024_10_07_05_PM_75631971/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 233.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_change_of_vari-
able_on_x_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

(x− a)2 (x− b)2 y′′ + (x− a) (x− b) (2x+ λ) y′ + µy = 0

32.24.1 Solving as second order change of variable on x method 2 ode

In normal form the ode

y′′(a− x)2 (−x+ b)2 + (2x+ λ) y′(a− x) (−x+ b) + µy = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = 2x+ λ

(a− x) (−x+ b)
q(x) = µ

(a− x)2 (−x+ b)2
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Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫ 2x+λ

(a−x)(−x+b)dx
)
dx

=
∫

e
(−2a−λ) ln(x−a)+2

(
b+λ

2
)
ln(x−b)

a−b dx

=
∫

(x− a)
−2a−λ
a−b (x− b)

2b+λ
a−b dx

= −(x− b)1+
2b+λ
a−b (x− a)1−

2a+λ
a−b

a+ b+ λ
(6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

=
µ

(a−x)2(−x+b)2

(x− b)
4b+2λ
a−b (x− a)

−4a−2λ
a−b

= µ(x− a)
2a+2b+2λ

a−b (x− b)
−2a−2b−2λ

a−b (7)

Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) + µ(x− a)

2a+2b+2λ
a−b (x− b)

−2a−2b−2λ
a−b y(τ) = 0
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But in terms of τ

µ(x− a)
2a+2b+2λ

a−b (x− b)
−2a−2b−2λ

a−b = µ

(a+ b+ λ)2 τ 2

Hence the above ode becomes

d2

dτ 2
y(τ) + µy(τ)

(a+ b+ λ)2 τ 2
= 0

The above ode is now solved for y(τ). The ode can be written as(
d2

dτ 2
y(τ)

)
(a+ b+ λ)2 τ 2 + µy(τ) = 0

Which shows it is a Euler ODE. This is Euler second order ODE. Let the solution be
y(τ) = τ r, then y′ = rτ r−1 and y′′ = r(r − 1)τ r−2. Substituting these back into the
given ODE gives

(a+ b+ λ)2 τ 2(r(r − 1))τ r−2 + 0rτ r−1 + µ τ r = 0

Simplifying gives
(a+ b+ λ)2 r(r − 1) τ r + 0 τ r + µ τ r = 0

Since τ r 6= 0 then dividing throughout by τ r gives

(a+ b+ λ)2 r(r − 1) + 0 + µ = 0

Or(
a2 + 2ab+ 2aλ+ b2 + 2bλ+ λ2) r2+(−a2 − 2ab− 2aλ− b2 − 2bλ− λ2) r+µ = 0 (1)

Equation (1) is the characteristic equation. Its roots determine the form of the general
solution. Using the quadratic equation the roots are

r1 = −−a− b− λ+
√
a2 + 2ab+ 2aλ+ b2 + 2bλ+ λ2 − 4µ

2 (a+ b+ λ)

r2 =
a+ b+ λ+

√
a2 + 2ab+ 2aλ+ b2 + 2bλ+ λ2 − 4µ

2a+ 2b+ 2λ
Since the roots are real and distinct, then the general solution is

y(τ) = c1y1 + c2y2

Where y1 = τ r1 and y2 = τ r2 . Hence

y(τ) = c1τ
−−a−b−λ+

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2(a+b+λ) + c2τ
a+b+λ+

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2a+2b+2λ
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The above solution is now transformed back to y using (6) which results in

y = c1

(
−(x− b)

a+b+λ
a−b (x− a)

−a−b−λ
a−b

a+ b+ λ

)a+b+λ−
√

λ2+(2b+2a)λ+a2+2ab+b2−4µ
2a+2b+2λ

+ c2

(
−(x− b)

a+b+λ
a−b (x− a)

−a−b−λ
a−b

a+ b+ λ

)a+b+λ+
√

λ2+(2b+2a)λ+a2+2ab+b2−4µ
2a+2b+2λ

Summary
The solution(s) found are the following

(1)
y = c1

(
−(x− b)

a+b+λ
a−b (x− a)

−a−b−λ
a−b

a+ b+ λ

)a+b+λ−
√

λ2+(2b+2a)λ+a2+2ab+b2−4µ
2a+2b+2λ

+ c2

(
−(x− b)

a+b+λ
a−b (x− a)

−a−b−λ
a−b

a+ b+ λ

)a+b+λ+
√

λ2+(2b+2a)λ+a2+2ab+b2−4µ
2a+2b+2λ

Verification of solutions

y = c1

(
−(x− b)

a+b+λ
a−b (x− a)

−a−b−λ
a−b

a+ b+ λ

)a+b+λ−
√

λ2+(2b+2a)λ+a2+2ab+b2−4µ
2a+2b+2λ

+ c2

(
−(x− b)

a+b+λ
a−b (x− a)

−a−b−λ
a−b

a+ b+ λ

)a+b+λ+
√

λ2+(2b+2a)λ+a2+2ab+b2−4µ
2a+2b+2λ

Verified OK.

32.24.2 Solving using Kovacic algorithm

Writing the ode as

y′′(a− x)2 (−x+ b)2 + (2x+ λ) y′(a− x) (−x+ b) + µy = 0 (1)
Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = (a− x)2 (−x+ b)2

B = (2x+ λ) (a− x) (−x+ b) (3)
C = µ

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = 4ab+ 2aλ+ 2bλ+ λ2 − 4µ
4 (ab− ax− bx+ x2)2

(6)

Comparing the above to (5) shows that

s = 4ab+ 2aλ+ 2bλ+ λ2 − 4µ

t = 4
(
ab− ax− bx+ x2)2

Therefore eq. (4) becomes

z′′(x) =
(
4ab+ 2aλ+ 2bλ+ λ2 − 4µ
4 (ab− ax− bx+ x2)2

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 218: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 0
= 4

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4(ab− ax− bx+ x2)2. There is a pole at x = a of order 2. There is a pole
at x = b of order 2. Since there is no odd order pole larger than 2 and the order at ∞
is 4 then the necessary conditions for case one are met. Since there is a pole of order
2 then necessary conditions for case two are met. Since pole order is not larger than 2
and the order at ∞ is 4 then the necessary conditions for case three are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Looking at poles of order 2. The partial fractions decomposition of r is

r = 4ab+ 2aλ+ 2bλ+ λ2 − 4µ
4 (a− b)2 (x− a)2

− 4ab+ 2aλ+ 2bλ+ λ2 − 4µ
2 (a− b)3 (x− a)

+ 4ab+ 2aλ+ 2bλ+ λ2 − 4µ
4 (a− b)2 (x− b)2

− −4ab− 2aλ− 2bλ− λ2 + 4µ
2 (a− b)3 (x− b)

For the pole at x = a let b be the coefficient of 1
(x−a)2 in the partial fractions decompo-

sition of r given above. Therefore b = λ2+(2b+2a)λ+4ab−4µ
4(a−b)2 . Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +
√
a2 + 2ab+ 2aλ+ b2 + 2bλ+ λ2 − 4µ

2a− 2b

α−
c = 1

2 −
√
1 + 4b = 1

2 −
√
a2 + 2ab+ 2aλ+ b2 + 2bλ+ λ2 − 4µ

2 (a− b)

For the pole at x = b let b be the coefficient of 1
(x−b)2 in the partial fractions decompo-

sition of r given above. Therefore b = λ2+(2b+2a)λ+4ab−4µ
4(a−b)2 . Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +
√
a2 + 2ab+ 2aλ+ b2 + 2bλ+ λ2 − 4µ

2a− 2b

α−
c = 1

2 −
√
1 + 4b = 1

2 −
√
a2 + 2ab+ 2aλ+ b2 + 2bλ+ λ2 − 4µ

2 (a− b)
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Since the order of r at ∞ is 4 > 2 then

[
√
r]∞ = 0
α+
∞ = 0

α−
∞ = 1

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = 4ab+ 2aλ+ 2bλ+ λ2 − 4µ
4 (ab− ax− bx+ x2)2

pole c location pole order [
√
r]c α+

c α−
c

a 2 0 1
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2a−2b
1
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2(a−b)

b 2 0 1
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2a−2b
1
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2(a−b)

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

4 0 0 1

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 1 then

d = α−
∞ −

(
α−
c1 + α+

c2

)
= 1− (1)
= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞
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The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+
(
(+)[

√
r]c2 +

α+
c2

x− c2

)
+ (−)[

√
r]∞

=
1
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2(a−b)

x− a
+

1
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2a−2b
x− b

+ (−) (0)

=
1
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2(a−b)

x− a
+

1
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2a−2b
x− b

= −a−
√
a2 + 2ab+ 2aλ+ b2 + 2bλ+ λ2 − 4µ+ 2x− b

2 (x− a) (x− b)
Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2

 1
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2(a−b)

x− a
+

1
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2a−2b
x− b

 (0) +

−
1
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2(a−b)

(x− a)2
−

1
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2a−2b

(x− b)2

+

 1
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2(a−b)

x− a
+

1
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2a−2b
x− b

2

−
(
4ab+ 2aλ+ 2bλ+ λ2 − 4µ
4 (ab− ax− bx+ x2)2

) = 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e

∫ 1
2−

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2(a−b)
x−a

+
1
2+

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2a−2b
x−b

dx

= e
(− ln(x−a)+ln(x−b))

√
λ2+(2b+2a)λ+a2+2ab+b2−4µ+(ln(x−a)+ln(x−b))(a−b)

2a−2b

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
(2x+λ)(a−x)(−x+b)

(a−x)2(−x+b)2
dx

= z1e
− (−2b−λ) ln(x−b)

2(a−b) − (2a+λ) ln(x−a)
2(a−b)

= z1
(
(x− b)

2b+λ
2a−2b (x− a)

−2a−λ
2a−2b

)
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Which simplifies to

y1 =
√

(a− x) (−x+ b)
(
−x+ b

a− x

)√
λ2+(2b+2a)λ+a2+2ab+b2−4µ

2a−2b

(x− b)
2b+λ
2a−2b (x− a)

−2a−λ
2a−2b

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
− (2x+λ)(a−x)(−x+b)

(a−x)2(−x+b)2
dx

(y1)2
dx

= y1

∫
e

(−2a−λ) ln(x−a)+2
(
b+λ

2
)
ln(x−b)

a−b

(y1)2
dx

= y1

 (−x+b
a−x

)−√λ2+(2b+2a)λ+a2+2ab+b2−4µ
a−b√

λ2 + (2b+ 2a)λ+ a2 + 2ab+ b2 − 4µ


Therefore the solution is

y = c1y1 + c2y2

= c1

√(a− x) (−x+ b)
(
−x+ b

a− x

)√
λ2+(2b+2a)λ+a2+2ab+b2−4µ

2a−2b

(x− b)
2b+λ
2a−2b (x− a)

−2a−λ
2a−2b


+ c2

√(a− x) (−x+ b)
(
−x+ b

a− x

)√
λ2+(2b+2a)λ+a2+2ab+b2−4µ

2a−2b

(x− b)
2b+λ
2a−2b (x

− a)
−2a−λ
2a−2b

 (−x+b
a−x

)−√λ2+(2b+2a)λ+a2+2ab+b2−4µ
a−b√

λ2 + (2b+ 2a)λ+ a2 + 2ab+ b2 − 4µ
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Summary
The solution(s) found are the following

y = c1
√

(a− x) (−x+ b)
(
−x+ b

a− x

)√
λ2+(2b+2a)λ+a2+2ab+b2−4µ

2a−2b

(x− b)
2b+λ
2a−2b (x− a)

−2a−λ
2a−2b

+
c2
√

(a− x) (−x+ b) (x− a)
−2a−λ
2a−2b (x− b)

2b+λ
2a−2b

(−x+b
a−x

)−√λ2+(2b+2a)λ+a2+2ab+b2−4µ
2a−2b√

λ2 + (2b+ 2a)λ+ a2 + 2ab+ b2 − 4µ
(1)

Verification of solutions

y = c1
√

(a− x) (−x+ b)
(
−x+ b

a− x

)√
λ2+(2b+2a)λ+a2+2ab+b2−4µ

2a−2b

(x− b)
2b+λ
2a−2b (x− a)

−2a−λ
2a−2b

+
c2
√

(a− x) (−x+ b) (x− a)
−2a−λ
2a−2b (x− b)

2b+λ
2a−2b

(−x+b
a−x

)−√λ2+(2b+2a)λ+a2+2ab+b2−4µ
2a−2b√

λ2 + (2b+ 2a)λ+ a2 + 2ab+ b2 − 4µ

Verified OK.

32.24.3 Maple step by step solution

Let’s solve
y′′(a− x)2 (−x+ b)2 + (2x+ λ) y′(a− x) (−x+ b) + µy = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − (2x+λ)y′
(a−x)(−x+b) −

µy

(a−x)2(−x+b)2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (2x+λ)y′
(a−x)(−x+b) +

µy

(a−x)2(−x+b)2 = 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = 2x+λ
(a−x)(−x+b) , P3(x) = µ

(a−x)2(−x+b)2

]
◦ (x− a) · P2(x) is analytic at x = a

((x− a) · P2(x))
∣∣∣∣
x=a

= −2a+λ
b−a
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◦ (x− a)2 · P3(x) is analytic at x = a(
(x− a)2 · P3(x)

) ∣∣∣∣
x=a

= µ

(b−a)2

◦ x = ais a regular singular point
Check to see if x0 is a regular singular point
x0 = a

• Multiply by denominators
y′′(a− x)2 (−x+ b)2 + (2x+ λ) y′(a− x) (−x+ b) + µy = 0

• Change variables using x = u+ a so that the regular singular point is at u = 0

(a2u2 − 2ab u2 + 2a u3 + b2u2 − 2b u3 + u4)
(

d2

du2y(u)
)
+ (2a2u− 2abu+ aλu+ 4a u2 − bλu− 2b u2 + λu2 + 2u3)

(
d
du
y(u)

)
+ µy(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 1..3

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 2..4

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions

a0(a2r2 − 2ab r2 + b2r2 + a2r + aλr − b2r − bλr + µ)ur + ((a2r2 − 2ab r2 + b2r2 + 3a2r − 4abr + aλr + b2r − bλr + 2a2 − 2ab+ aλ− bλ+ µ) a1 + a0r(2ar − 2rb+ 2a+ λ))ur+1 +
(

∞∑
k=2

(ak(a2k2 + 2a2kr + a2r2 − 2ab k2 − 4abkr − 2ab r2 + b2k2 + 2b2kr + b2r2 + a2k + a2r + akλ+ aλr − b2k − b2r − bkλ− bλr + µ) + ak−1(k + r − 1) (2a(k − 1) + 2ar − 2(k − 1) b− 2rb+ 2a+ λ) + ak−2(k − 2 + r) (k + r − 1))uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
a2r2 − 2ab r2 + b2r2 + a2r + aλr − b2r − bλr + µ = 0
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• Values of r that satisfy the indicial equation

r ∈

{
−a

2−
b
2−

λ
2−

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2
a−b

,
−a

2−
b
2−

λ
2+

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2
a−b

}
• Each term must be 0

(a2r2 − 2ab r2 + b2r2 + 3a2r − 4abr + aλr + b2r − bλr + 2a2 − 2ab+ aλ− bλ+ µ) a1 + a0r(2ar − 2rb+ 2a+ λ) = 0
• Solve for the dependent coefficient(s)

a1 = − a0r(2ar−2rb+2a+λ)
a2r2−2ab r2+b2r2+3a2r−4abr+aλr+b2r−bλr+2a2−2ab+aλ−bλ+µ

• Each term in the series must be 0, giving the recursion relation(
(a− b)2 ak + 2aak−1 − 2bak−1 + ak−2

)
k2 +

((
2(a− b)2 ak + 4aak−1 − 4bak−1 + 2ak−2

)
r + (a− b) (a+ b+ λ) ak − 2aak−1 + 4bak−1 + λak−1 − 3ak−2

)
k +

(
(a− b)2 ak + 2aak−1 − 2bak−1 + ak−2

)
r2 + ((a− b) (a+ b+ λ) ak − 2aak−1 + 4bak−1 + λak−1 − 3ak−2) r − 2bak−1 + µak − λak−1 + 2ak−2 = 0

• Shift index using k− >k + 2(
(a− b)2 ak+2 + 2aak+1 − 2bak+1 + ak

)
(k + 2)2 +

((
2(a− b)2 ak+2 + 4aak+1 − 4bak+1 + 2ak

)
r + (a− b) (a+ b+ λ) ak+2 − 2aak+1 + 4bak+1 + λak+1 − 3ak

)
(k + 2) +

(
(a− b)2 ak+2 + 2aak+1 − 2bak+1 + ak

)
r2 + ((a− b) (a+ b+ λ) ak+2 − 2aak+1 + 4bak+1 + λak+1 − 3ak) r − 2bak+1 + µak+2 − λak+1 + 2ak = 0

• Recursion relation that defines series solution to ODE

ak+2 = −2a k2ak+1+4akrak+1+2a r2ak+1−2b k2ak+1−4bkrak+1−2b r2ak+1+6akak+1+6arak+1−4bkak+1−4brak+1+k2ak+kλak+1+2krak+λrak+1+r2ak+4aak+1−2bak+1+akk+λak+1+akr
a2k2+2a2kr+a2r2−2ab k2−4abkr−2ab r2+b2k2+2b2kr+b2r2+5a2k+5a2r−8abk−8abr+akλ+aλr+3b2k+3b2r−bkλ−bλr+6a2−8ab+2aλ+2b2−2bλ+µ

• Recursion relation for r = −a
2−

b
2−

λ
2−

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2
a−b

ak+2 = −
2a k2ak+1+

4ak

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak+1

a−b
+

2a

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

ak+1

(a−b)2
−2b k2ak+1−

4bk

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak+1

a−b
−

2b

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

ak+1

(a−b)2
+6akak+1+

6a

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak+1

a−b
−4bkak+1−

4b

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak+1

a−b
+k2ak+kλak+1+

2k

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak

a−b
+

λ

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak+1

a−b
+

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

ak

(a−b)2
+4aak+1−2bak+1+akk+λak+1+

ak

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

µ+2b2+6a2+2aλ−2bλ−8ab−2ab k2+akλ−bkλ−8abk+
a2
−a

2− b
2−λ

2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

(a−b)2
+

b2
−a

2− b
2−λ

2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

(a−b)2
+

5a2
−a

2− b
2−λ

2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+
3b2

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
4abk

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+
2a2k

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
2ab

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

(a−b)2
+

2b2k

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
8ab

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+
aλ

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
bλ

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+5a2k+3b2k+a2k2+b2k2

• Solution for r = −a
2−

b
2−

λ
2−

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2
a−b

y(u) =
∞∑
k=0

aku
k+−a

2− b
2−λ

2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2
a−b , ak+2 = −

2a k2ak+1+
4ak

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak+1

a−b
+

2a

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

ak+1

(a−b)2
−2b k2ak+1−

4bk

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak+1

a−b
−

2b

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

ak+1

(a−b)2
+6akak+1+

6a

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak+1

a−b
−4bkak+1−

4b

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak+1

a−b
+k2ak+kλak+1+

2k

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak

a−b
+

λ

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak+1

a−b
+

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

ak

(a−b)2
+4aak+1−2bak+1+akk+λak+1+

ak

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

µ+2b2+6a2+2aλ−2bλ−8ab−2ab k2+akλ−bkλ−8abk+
a2
−a

2− b
2−λ

2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

(a−b)2
+

b2
−a

2− b
2−λ

2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

(a−b)2
+

5a2
−a

2− b
2−λ

2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+
3b2

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
4abk

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+
2a2k

−a
2− b

2−λ
2 −

√
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√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

(a−b)2
+
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√
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√
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√
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√
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√
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√
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√
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+
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• Revert the change of variables u = x− a
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y =

∞∑
k=0
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√
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√
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+

2a

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

ak+1

(a−b)2
−2b k2ak+1−

4bk

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak+1

a−b
−

2b

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

ak+1

(a−b)2
+6akak+1+

6a

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak+1

a−b
−4bkak+1−

4b

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak+1

a−b
+k2ak+kλak+1+

2k

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak

a−b
+

λ

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak+1

a−b
+

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

ak

(a−b)2
+4aak+1−2bak+1+akk+λak+1+

ak

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

µ+2b2+6a2+2aλ−2bλ−8ab−2ab k2+akλ−bkλ−8abk+
a2
−a

2− b
2−λ

2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

(a−b)2
+

b2
−a

2− b
2−λ

2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

(a−b)2
+

5a2
−a

2− b
2−λ

2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+
3b2

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
4abk

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+
2a2k

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
2ab

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

(a−b)2
+

2b2k

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
8ab

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+
aλ

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
bλ

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+5a2k+3b2k+a2k2+b2k2

, a1 = −

a0

(
−a

2−
b
2−

λ
2−

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

)
2a

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
2

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

b

a−b
+2a+λ



(a−b)


a2
−a

2− b
2−λ

2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

(a−b)2
−

2ab

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

(a−b)2
+

b2
−a

2− b
2−λ

2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

(a−b)2
+

3a2
−a

2− b
2−λ

2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
4ab

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+
aλ

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+
b2
−a

2− b
2−λ

2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
bλ

−a
2− b

2−λ
2 −

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+2a2−2ab+aλ−bλ+µ




• Recursion relation for r = −a

2−
b
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λ
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√
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√
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√
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√
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√
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√
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√
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+
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√
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√
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2− b

2−λ
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√
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2−λ
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√
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2

2
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+
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2−λ

2 +

√
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2

2
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√
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3b2
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√
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√
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√
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2
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+
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√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2
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2−λ
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2
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√
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−
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√
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2−λ
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

• Solution for r = −a
2−

b
2−

λ
2+

√
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2
a−b

y(u) =
∞∑
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√
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2
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√
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√
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√
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√
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√
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√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

ak+1

a−b
+k2ak+kλak+1+
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+
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√
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+
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• Revert the change of variables u = x− a
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2


a−b

−
2ab

−a
2− b

2−λ
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

(a−b)2
+

2b2k

−a
2− b

2−λ
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
8ab

−a
2− b

2−λ
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+
aλ

−a
2− b

2−λ
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
bλ

−a
2− b

2−λ
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+5a2k+3b2k+a2k2+b2k2−
4abk

−a
2− b

2−λ
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

, a1 = −

a0

(
−a

2−
b
2−

λ
2+

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

)
2a

−a
2− b

2−λ
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
2

−a
2− b

2−λ
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

b

a−b
+2a+λ



(a−b)


a2
−a

2− b
2−λ

2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

(a−b)2
−

2ab

−a
2− b

2−λ
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

(a−b)2
+

b2
−a

2− b
2−λ

2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2

2

(a−b)2
+

3a2
−a

2− b
2−λ

2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
4ab

−a
2− b

2−λ
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+
aλ

−a
2− b

2−λ
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+
b2
−a

2− b
2−λ

2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

−
bλ

−a
2− b

2−λ
2 +

√
a2+2ab+2aλ+b2+2bλ+λ2−4µ

2


a−b

+2a2−2ab+aλ−bλ+µ




• Combine solutions and rename parameters
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 143� �
dsolve((x-a)^2*(x-b)^2*diff(y(x),x$2)+(x-a)*(x-b)*(2*x+lambda)*diff(y(x),x)+mu*y(x)=0,y(x), singsol=all)� �

y(x) =

(a− x

b− x

)−
√

λ2+(2a+2b)λ+a2+2ab+b2−4µ
2a−2b

c2

+
(
a− x

b− x

)√
λ2+(2a+2b)λ+a2+2ab+b2−4µ

2a−2b

c1

( b− x

a− x

)a+b+λ
2a−2b

3 Solution by Mathematica
Time used: 2.299 (sec). Leaf size: 152� �
DSolve[(x-a)^2*(x-b)^2*y''[x]+(x-a)*(x-b)*(2*x+\[Lambda])*y'[x]+mu*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ e−
(a+b+λ)(log(x−a)−log(x−b))

a−b

c1 exp


(√

µ
√

(a+b+λ)2
µ

− 4 + a+ b+ λ
)
(log(x− a)− log(x− b))

2(a− b)


+ c2 exp


(
−√

µ
√

(a+b+λ)2
µ

− 4 + a+ b+ λ
)
(log(x− a)− log(x− b))

2(a− b)
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32.25 problem 234
32.25.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 3531
32.25.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3532
32.25.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3539

Internal problem ID [11059]
Internal file name [OUTPUT/10315_Wednesday_January_24_2024_10_07_07_PM_94785127/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 234.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_bessel_ode"

Maple gives the following as the ode type
[[_Emden , _Fowler ]]

(
a x2 + bx+ c

)2
y′′ + Ay = 0

32.25.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ + Ay

x2 = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β =
√
A

n = 1
2

γ = −1

Substituting all the above into (4) gives the solution as

y =
c1
√
x
√
2 sin

(√
A
x

)
√
π
√√

A
x

−
c2
√
x
√
2 cos

(√
A
x

)
√
π
√√

A
x

Summary
The solution(s) found are the following

(1)y =
c1
√
x
√
2 sin

(√
A
x

)
√
π
√√

A
x

−
c2
√
x
√
2 cos

(√
A
x

)
√
π
√√

A
x

Verification of solutions

y =
c1
√
x
√
2 sin

(√
A
x

)
√
π
√√

A
x

−
c2
√
x
√
2 cos

(√
A
x

)
√
π
√√

A
x

Verified OK.

32.25.2 Solving using Kovacic algorithm

Writing the ode as (
a x2 + bx+ c

)2
y′′ + Ay = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A =
(
a x2 + bx+ c

)2
B = 0 (3)
C = A

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx
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Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = −A

(a x2 + bx+ c)2
(6)

Comparing the above to (5) shows that

s = −A

t =
(
a x2 + bx+ c

)2
Therefore eq. (4) becomes

z′′(x) =
(
− A

(a x2 + bx+ c)2
)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 220: Necessary conditions for each Kovacic case
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The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 0
= 4

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = (a x2 + bx+ c)2. There is a pole at x = − b−

√
−4ac+b2

2a of order 2. There is a
pole at x = − b+

√
−4ac+b2

2a of order 2. Since there is no odd order pole larger than 2 and
the order at ∞ is 4 then the necessary conditions for case one are met. Since there is a
pole of order 2 then necessary conditions for case two are met. Since pole order is not
larger than 2 and the order at ∞ is 4 then the necessary conditions for case three are
met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.

Looking at poles of order 2. The partial fractions decomposition of r is

r = − A

(−4ac+ b2)
(
x− −b+

√
−4ac+b2

2a

)2 − A

(−4ac+ b2)
(
x+ b+

√
−4ac+b2

2a

)2
+ 2aA

(−4ac+ b2)
3
2

(
x− −b+

√
−4ac+b2

2a

) − 2aA
(−4ac+ b2)

3
2

(
x+ b+

√
−4ac+b2

2a

)
For the pole at x = − b−

√
−4ac+b2

2a let b be the coefficient of 1(
x+ b−

√
−4ac+b2
2a

)2 in the partial

fractions decomposition of r given above. Therefore b = A
4ac−b2

. Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +

√
4ac−b2+4A

4ac−b2

2

α−
c = 1

2 −
√
1 + 4b = 1

2 −

√
4ac−b2+4A

4ac−b2

2

For the pole at x = − b+
√
−4ac+b2

2a let b be the coefficient of 1(
x+ b+

√
−4ac+b2
2a

)2 in the partial
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fractions decomposition of r given above. Therefore b = A
4ac−b2

. Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +

√
4ac−b2+4A

4ac−b2

2

α−
c = 1

2 −
√
1 + 4b = 1

2 −

√
4ac−b2+4A

4ac−b2

2
Since the order of r at ∞ is 4 > 2 then

[
√
r]∞ = 0
α+
∞ = 0

α−
∞ = 1

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = − A

(a x2 + bx+ c)2

pole c location pole order [
√
r]c α+

c α−
c

− b−
√
−4ac+b2

2a 2 0 1
2 +

√
4ac−b2+4A

4ac−b2

2
1
2 −

√
4ac−b2+4A

4ac−b2

2

− b+
√
−4ac+b2

2a 2 0 1
2 +

√
4ac−b2+4A

4ac−b2

2
1
2 −

√
4ac−b2+4A

4ac−b2

2

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

4 0 0 1

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 1 then

d = α−
∞ −

(
α−
c1 + α+

c2

)
= 1− (1)
= 0
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Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+
(
(+)[

√
r]c2 +

α+
c2

x− c2

)
+ (−)[

√
r]∞

=
1
2 −

√
4ac−b2+4A

4ac−b2

2

x+ b−
√
−4ac+b2

2a

+
1
2 +

√
4ac−b2+4A

4ac−b2

2

x+ b+
√
−4ac+b2

2a

+ (−) (0)

=
1
2 −

√
4ac−b2+4A

4ac−b2

2

x+ b−
√
−4ac+b2

2a

+
1
2 +

√
4ac−b2+4A

4ac−b2

2

x+ b+
√
−4ac+b2

2a

=
2ax−

√
−4ac+ b2

√
4ac−b2+4A

4ac−b2
+ b

2a x2 + 2bx+ 2c
Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2

 1
2 −

√
4ac−b2+4A

4ac−b2

2

x+ b−
√
−4ac+b2

2a

+
1
2 +

√
4ac−b2+4A

4ac−b2

2

x+ b+
√
−4ac+b2

2a

 (0) +


−

1
2 −

√
4ac−b2+4A

4ac−b2

2(
x+ b−

√
−4ac+b2

2a

)2 −
1
2 +

√
4ac−b2+4A

4ac−b2

2(
x+ b+

√
−4ac+b2

2a

)2
+

 1
2 −

√
4ac−b2+4A

4ac−b2

2

x+ b−
√
−4ac+b2

2a

+
1
2 +

√
4ac−b2+4A

4ac−b2

2

x+ b+
√
−4ac+b2

2a


2

−
(
− A

(a x2 + bx+ c)2
) = 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e

∫ 1
2−

√
4ac−b2+4A

4ac−b2
2

x+ b−
√

−4ac+b2
2a

+
1
2+

√
4ac−b2+4A

4ac−b2
2

x+ b+
√

−4ac+b2
2a

dx

=
(
2ax+

√
−4ac+ b2 + b

a

) 1
2+

√
4ac−b2+4A

4ac−b2
2

√
2ax+ b−

√
−4ac+ b2

a

(
2ax+ b−

√
−4ac+ b2

a

)−

√
4ac−b2+4A

4ac−b2
2
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The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

Since B = 0 then the above reduces to

y1 = z1

=
(
2ax+ b−

√
−4ac+ b2

a

) 1
2−

√
4ac−b2+4A

4ac−b2
2

(
2ax+

√
−4ac+ b2 + b

a

) 1
2+

√
4ac−b2+4A

4ac−b2
2

Which simplifies to

y1 =
(
2ax+ b−

√
−4ac+ b2

a

) 1
2−

√
4ac−b2+4A

4ac−b2
2

(
2ax+

√
−4ac+ b2 + b

a

) 1
2+

√
4ac−b2+4A

4ac−b2
2

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Since B = 0 then the above becomes

y2 = y1

∫ 1
y21

dx

=
(
2ax+ b−

√
−4ac+ b2

a

) 1
2−

√
4ac−b2+4A

4ac−b2
2

(
2ax+

√
−4ac+ b2 + b

a

) 1
2+

√
4ac−b2+4A

4ac−b2
2 ∫ 1(

2ax+b−
√
−4ac+b2

a

)1−√ 4ac−b2+4A
4ac−b2

(
2ax+

√
−4ac+b2+b
a

)1+√ 4ac−b2+4A
4ac−b2

dx

=
(
2ax+ b−

√
−4ac+ b2

a

) 1
2−

√
4ac−b2+4A

4ac−b2
2

(
2ax+

√
−4ac+ b2 + b

a

) 1
2+

√
4ac−b2+4A

4ac−b2
2

∫ (2ax+ b−
√
−4ac+ b2

a

)−1+
√

4ac−b2+4A
4ac−b2

(
2ax+

√
−4ac+ b2 + b

a

)−1−
√

4ac−b2+4A
4ac−b2

dx



Therefore the solution is
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y = c1y1 + c2y2

= c1


(
2ax+ b−

√
−4ac+ b2

a

) 1
2−

√
4ac−b2+4A

4ac−b2
2

(
2ax+

√
−4ac+ b2 + b

a

) 1
2+

√
4ac−b2+4A

4ac−b2
2



+c2


(
2ax+ b−

√
−4ac+ b2

a

) 1
2−

√
4ac−b2+4A

4ac−b2
2

(
2ax+

√
−4ac+ b2 + b

a

) 1
2+

√
4ac−b2+4A

4ac−b2
2

∫ (2ax+ b−
√
−4ac+ b2

a

)−1+
√

4ac−b2+4A
4ac−b2

(
2ax+

√
−4ac+ b2 + b

a

)−1−
√

4ac−b2+4A
4ac−b2

dx




Summary
The solution(s) found are the following

(1)y = c1

(
2ax+ b−

√
−4ac+ b2

a

) 1
2−

√
4ac−b2+4A

4ac−b2
2

(
2ax+

√
−4ac+ b2 + b

a

) 1
2+

√
4ac−b2+4A

4ac−b2
2

−c2

(
2ax+

√
−4ac+ b2 + b

a

) 1
2+

√
4ac−b2+4A

4ac−b2
2

√
2ax+ b−

√
−4ac+ b2

a

(
2ax+ b−

√
−4ac+ b2

a

)−

√
4ac−b2+4A

4ac−b2
2

a2


∫

−

(
2ax+

√
−4ac+b2+b
a

)−√ 4ac−b2+4A
4ac−b2

(
2ax+b−

√
−4ac+b2

a

)√ 4ac−b2+4A
4ac−b2

4a (a x2 + bx+ c) dx
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Verification of solutions

y = c1

(
2ax+ b−

√
−4ac+ b2

a

) 1
2−

√
4ac−b2+4A

4ac−b2
2

(
2ax+

√
−4ac+ b2 + b

a

) 1
2+

√
4ac−b2+4A

4ac−b2
2

−c2

(
2ax+

√
−4ac+ b2 + b

a

) 1
2+

√
4ac−b2+4A

4ac−b2
2

√
2ax+ b−

√
−4ac+ b2

a

(
2ax+ b−

√
−4ac+ b2

a

)−

√
4ac−b2+4A

4ac−b2
2

a2


∫

−

(
2ax+

√
−4ac+b2+b
a

)−√ 4ac−b2+4A
4ac−b2

(
2ax+b−

√
−4ac+b2

a

)√ 4ac−b2+4A
4ac−b2

4a (a x2 + bx+ c) dx


Verified OK.

32.25.3 Maple step by step solution

Let’s solve
(a x2 + bx+ c)2 y′′ + Ay = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative
y′′ = − Ay

(a x2+bx+c)2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y′′ + Ay

(a x2+bx+c)2 = 0

� Check to see if x0 is a regular singular point
◦ Define functions[

P2(x) = 0, P3(x) = A
(a x2+bx+c)2

]
◦
(
x− −b+

√
−4ac+b2

2a

)
· P2(x) is analytic at x = −b+

√
−4ac+b2

2a((
x− −b+

√
−4ac+b2

2a

)
· P2(x)

) ∣∣∣∣
x=−b+

√
−4ac+b2
2a

= 0

◦
(
x− −b+

√
−4ac+b2

2a

)2
· P3(x) is analytic at x = −b+

√
−4ac+b2

2a
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((
x− −b+

√
−4ac+b2

2a

)2
· P3(x)

) ∣∣∣∣
x=−b+

√
−4ac+b2
2a

= 0

◦ x = −b+
√
−4ac+b2

2a is a regular singular point

Check to see if x0 is a regular singular point

x0 = −b+
√
−4ac+b2

2a

• Multiply by denominators
(a x2 + bx+ c)2 y′′ + Ay = 0

• Change variables using x = u+ −b+
√
−4ac+b2

2a so that the regular singular point is at u = 0(
a2u4 + 2a u3

√
−4ac+ b2 − 4ac u2 + b2u2) ( d2

du2y(u)
)
+ Ay(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 2..4

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions

a0(−4ac r2 + b2r2 + 4acr − b2r + A)ur +
(
(−4ac r2 + b2r2 − 4acr + b2r + A) a1 + 2a0r(−1 + r) a

√
−4ac+ b2

)
u1+r +

(
∞∑
k=2

(
ak(−4ac k2 − 8ackr − 4ac r2 + b2k2 + 2b2kr + b2r2 + 4ack + 4acr − b2k − b2r + A) + 2ak−1(k + r − 1) (k − 2 + r) a

√
−4ac+ b2 + ak−2(k − 2 + r) (k − 3 + r) a2

)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−4ac r2 + b2r2 + 4acr − b2r + A = 0

• Values of r that satisfy the indicial equation

r ∈
{
−−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

2(4ac−b2) , 4ac−b2+
√
16c2a2−8b2ca+b4+16Aac−4Ab2

2(4ac−b2)

}
• Each term must be 0

(−4ac r2 + b2r2 − 4acr + b2r + A) a1 + 2a0r(−1 + r) a
√
−4ac+ b2 = 0

• Solve for the dependent coefficient(s)

a1 = − 2a0r(−1+r)a
√
−4ac+b2

−4ac r2+b2r2−4acr+b2r+A
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• Each term in the series must be 0, giving the recursion relation
2ak−1(k + r − 1) (k − 2 + r) a

√
−4ac+ b2 + ak−2(k − 2 + r) (k − 3 + r) a2 − 4cak(k + r) (k + r − 1) a+

(
b2k2 + 2b2

(
r − 1

2

)
k + b2r2 − b2r + A

)
ak = 0

• Shift index using k− >k + 2
2ak+1(k + 1 + r) (k + r) a

√
−4ac+ b2 + ak(k + r) (k + r − 1) a2 − 4cak+2(k + 2 + r) (k + 1 + r) a+

(
b2(k + 2)2 + 2b2

(
r − 1

2

)
(k + 2) + b2r2 − b2r + A

)
ak+2 = 0

• Recursion relation that defines series solution to ODE

ak+2 = −
a
(
2
√
−4ac+b2 k2ak+1+4

√
−4ac+b2 krak+1+2

√
−4ac+b2 r2ak+1+a k2ak+2akrak+a r2ak+2

√
−4ac+b2 kak+1+2

√
−4ac+b2 rak+1−akak−arak

)
−4ac k2−8ackr−4ac r2+b2k2+2b2kr+b2r2−12ack−12acr+3b2k+3b2r−8ac+2b2+A

• Recursion relation for r = −−4ac+b2+
√
16c2a2−8b2ca+b4+16Aac−4Ab2

2(4ac−b2)

ak+2 = −
a

(
2
√
−4ac+b2 k2ak+1−

2
√

−4ac+b2 k
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak+1

4ac−b2 +
√

−4ac+b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
ak+1

2
(
4ac−b2

)2 +a k2ak−
ak
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak

4ac−b2 +
a
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
ak

4
(
4ac−b2

)2 +2
√
−4ac+b2 kak+1−

√
−4ac+b2

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak+1

4ac−b2 −akak+
a
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak

2
(
4ac−b2

)
)

−4ac k2+
4ack

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 −

ac
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2(
4ac−b2

)2 +b2k2−
b2k

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +

b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
4
(
4ac−b2

)2 −12ack+
6ac

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +3b2k−

3b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
2
(
4ac−b2

) −8ac+2b2+A

• Solution for r = −−4ac+b2+
√
16c2a2−8b2ca+b4+16Aac−4Ab2

2(4ac−b2)y(u) = ∞∑
k=0

aku
k−−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

2
(
4ac−b2

)
, ak+2 = −

a

(
2
√
−4ac+b2 k2ak+1−

2
√

−4ac+b2 k
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak+1

4ac−b2 +
√

−4ac+b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
ak+1

2
(
4ac−b2

)2 +a k2ak−
ak
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak

4ac−b2 +
a
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
ak

4
(
4ac−b2

)2 +2
√
−4ac+b2 kak+1−

√
−4ac+b2

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak+1

4ac−b2 −akak+
a
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak

2
(
4ac−b2

)
)

−4ac k2+
4ack

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 −

ac
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2(
4ac−b2

)2 +b2k2−
b2k

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +

b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
4
(
4ac−b2

)2 −12ack+
6ac

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +3b2k−

3b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
2
(
4ac−b2

) −8ac+2b2+A

, a1 =
a0
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)(
−1−−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

2
(
4ac−b2

)
)
a
√
−4ac+b2

(4ac−b2)
(
−

ac
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2(
4ac−b2

)2 +
b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
4
(
4ac−b2

)2 +
2ac

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 −

b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
2
(
4ac−b2

) +A

)


• Revert the change of variables u = x− −b+
√
−4ac+b2

2ay =
∞∑
k=0

ak
(
x− −b+

√
−4ac+b2

2a

)k−−4ac+b2+
√

16c2a2−8b2ca+b4+16Aac−4Ab2

2
(
4ac−b2

)
, ak+2 = −

a

(
2
√
−4ac+b2 k2ak+1−

2
√

−4ac+b2 k
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak+1

4ac−b2 +
√

−4ac+b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
ak+1

2
(
4ac−b2

)2 +a k2ak−
ak
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak

4ac−b2 +
a
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
ak

4
(
4ac−b2

)2 +2
√
−4ac+b2 kak+1−

√
−4ac+b2

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak+1

4ac−b2 −akak+
a
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak

2
(
4ac−b2

)
)

−4ac k2+
4ack

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 −

ac
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2(
4ac−b2

)2 +b2k2−
b2k

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +

b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
4
(
4ac−b2

)2 −12ack+
6ac

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +3b2k−

3b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
2
(
4ac−b2

) −8ac+2b2+A

, a1 =
a0
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)(
−1−−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

2
(
4ac−b2

)
)
a
√
−4ac+b2

(4ac−b2)
(
−

ac
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2(
4ac−b2

)2 +
b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
4
(
4ac−b2

)2 +
2ac

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 −

b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
2
(
4ac−b2

) +A

)


• Recursion relation for r = 4ac−b2+
√
16c2a2−8b2ca+b4+16Aac−4Ab2

2(4ac−b2)

ak+2 = −
a

(
2
√
−4ac+b2 k2ak+1+

2
√

−4ac+b2 k
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak+1

4ac−b2 +
√

−4ac+b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
ak+1

2
(
4ac−b2

)2 +a k2ak+
ak
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak

4ac−b2 +
a
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
ak

4
(
4ac−b2

)2 +2
√
−4ac+b2 kak+1+

√
−4ac+b2

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak+1

4ac−b2 −akak−
a
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak

2
(
4ac−b2

)
)

−4ac k2−
4ack

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 −

ac
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2(
4ac−b2

)2 +b2k2+
b2k

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +

b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
4
(
4ac−b2

)2 −12ack−
6ac

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +3b2k+

3b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
2
(
4ac−b2

) −8ac+2b2+A

• Solution for r = 4ac−b2+
√
16c2a2−8b2ca+b4+16Aac−4Ab2

2(4ac−b2)y(u) = ∞∑
k=0

aku
k+ 4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

2
(
4ac−b2

)
, ak+2 = −

a

(
2
√
−4ac+b2 k2ak+1+

2
√

−4ac+b2 k
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak+1

4ac−b2 +
√

−4ac+b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
ak+1

2
(
4ac−b2

)2 +a k2ak+
ak
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak

4ac−b2 +
a
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
ak

4
(
4ac−b2

)2 +2
√
−4ac+b2 kak+1+

√
−4ac+b2

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak+1

4ac−b2 −akak−
a
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak

2
(
4ac−b2

)
)

−4ac k2−
4ack

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 −

ac
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2(
4ac−b2

)2 +b2k2+
b2k

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +

b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
4
(
4ac−b2

)2 −12ack−
6ac

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +3b2k+

3b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
2
(
4ac−b2

) −8ac+2b2+A

, a1 = −
a0
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)(
−1+ 4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

2
(
4ac−b2

)
)
a
√
−4ac+b2

(4ac−b2)
(
−

ac
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2(
4ac−b2

)2 +
b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
4
(
4ac−b2

)2 −
2ac

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +

b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
2
(
4ac−b2

) +A

)


• Revert the change of variables u = x− −b+
√
−4ac+b2

2ay =
∞∑
k=0

ak
(
x− −b+

√
−4ac+b2

2a

)k+ 4ac−b2+
√

16c2a2−8b2ca+b4+16Aac−4Ab2

2
(
4ac−b2

)
, ak+2 = −

a

(
2
√
−4ac+b2 k2ak+1+

2
√

−4ac+b2 k
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak+1

4ac−b2 +
√

−4ac+b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
ak+1

2
(
4ac−b2

)2 +a k2ak+
ak
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak

4ac−b2 +
a
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
ak

4
(
4ac−b2

)2 +2
√
−4ac+b2 kak+1+

√
−4ac+b2

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak+1

4ac−b2 −akak−
a
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ak

2
(
4ac−b2

)
)

−4ac k2−
4ack

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 −

ac
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2(
4ac−b2

)2 +b2k2+
b2k

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +

b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
4
(
4ac−b2

)2 −12ack−
6ac

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +3b2k+

3b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
2
(
4ac−b2

) −8ac+2b2+A

, a1 = −
a0
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)(
−1+ 4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

2
(
4ac−b2

)
)
a
√
−4ac+b2

(4ac−b2)
(
−

ac
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2(
4ac−b2

)2 +
b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
4
(
4ac−b2

)2 −
2ac

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +

b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
2
(
4ac−b2

) +A

)
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• Combine solutions and rename parametersy =
(

∞∑
k=0

dk
(
x− −b+

√
−4ac+b2

2a

)k−−4ac+b2+
√

16c2a2−8b2ca+b4+16Aac−4Ab2

2
(
4ac−b2

) )
+
(

∞∑
k=0

ek
(
x− −b+

√
−4ac+b2

2a

)k+ 4ac−b2+
√

16c2a2−8b2ca+b4+16Aac−4Ab2

2
(
4ac−b2

) )
, dk+2 = −

a

(
2
√
−4ac+b2 k2d1+k−

2
√

−4ac+b2 k
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
d1+k

4ac−b2 +
√

−4ac+b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
d1+k

2
(
4ac−b2

)2 +a k2dk−
ak
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
dk

4ac−b2 +
a
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
dk

4
(
4ac−b2

)2 +2
√
−4ac+b2 kd1+k−

√
−4ac+b2

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
d1+k

4ac−b2 −akdk+
a
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
dk

2
(
4ac−b2

)
)

−4k2ac+
4ack

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 −

ac
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2(
4ac−b2

)2 +k2b2−
b2k

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +

b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
4
(
4ac−b2

)2 −12kac+
6ac

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +3b2k−

3b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
2
(
4ac−b2

) −8ac+2b2+A

, d1 =
d0
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)(
−1−−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

2
(
4ac−b2

)
)
a
√
−4ac+b2

(4ac−b2)
(
−

ac
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2(
4ac−b2

)2 +
b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
4
(
4ac−b2

)2 +
2ac

(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 −

b2
(
−4ac+b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
2
(
4ac−b2

) +A

) , ek+2 = −
a

(
2
√
−4ac+b2 k2e1+k+

2
√

−4ac+b2 k
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
e1+k

4ac−b2 +
√

−4ac+b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
e1+k

2
(
4ac−b2

)2 +a k2ek+
ak
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ek

4ac−b2 +
a
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
ek

4
(
4ac−b2

)2 +2
√
−4ac+b2 ke1+k+

√
−4ac+b2

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
e1+k

4ac−b2 −akek−
a
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
ek

2
(
4ac−b2

)
)

−4k2ac−
4ack

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 −

ac
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2(
4ac−b2

)2 +k2b2+
b2k

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +

b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
4
(
4ac−b2

)2 −12kac−
6ac

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +3b2k+

3b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
2
(
4ac−b2

) −8ac+2b2+A

, e1 = −
e0
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)(
−1+ 4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

2
(
4ac−b2

)
)
a
√
−4ac+b2

(4ac−b2)
(
−

ac
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2(
4ac−b2

)2 +
b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)2
4
(
4ac−b2

)2 −
2ac

(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
4ac−b2 +

b2
(
4ac−b2+

√
16c2a2−8b2ca+b4+16Aac−4Ab2

)
2
(
4ac−b2

) +A

)


Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 178� �
dsolve((a*x^2+b*x+c)^2*diff(y(x),x$2)+A*y(x)=0,y(x), singsol=all)� �

y(x) =


(
−b+ i

√
4ac− b2 − 2ax

i
√
4ac− b2 + 2ax+ b

)−
a

√
−4ac+b2−4A

a2
2
√

−4ac+b2

c2

+
(
−b+ i

√
4ac− b2 − 2ax

i
√
4ac− b2 + 2ax+ b

)a

√
−4ac+b2−4A

a2
2
√

−4ac+b2

c1

√
a x2 + bx+ c
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3 Solution by Mathematica
Time used: 2.154 (sec). Leaf size: 199� �
DSolve[(a*x^2+b*x+c)^2*y''[x]+A*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
√

x(ax+ b) + c exp

−

√
4ac− b2

√
1− 4A

b2−4ac arctan
(

2ax+b√
4ac−b2

)
√
b2 − 4ac

c1 exp

2
√
4ac− b2

√
1− 4A

b2−4ac arctan
(

2ax+b√
4ac−b2

)
√
b2 − 4ac


+ c2

√
b2 − 4ac

√
1− 4A

b2−4ac
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32.26 problem 235
32.26.1 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3544

Internal problem ID [11060]
Internal file name [OUTPUT/10316_Wednesday_January_24_2024_10_07_08_PM_15066980/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 235.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
x2 − 1

)2
y′′ + 2x

(
x2 − 1

)
y′ +

((
x2 − 1

) (
a2x2 − λ

)
−m2) y = 0

32.26.1 Maple step by step solution

Let’s solve
y′′(x4 − 2x2 + 1) + (2x3 − 2x) y′ + (a2x4 + (−a2 − λ)x2 −m2 + λ) y = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = −
(
a2x4−a2x2−λx2−m2+λ

)
y

x4−2x2+1 − 2xy′
x2−1

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + 2xy′
x2−1 +

(
a2x4−a2x2−λx2−m2+λ

)
y

x4−2x2+1 = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = 2x

x2−1 , P3(x) = a2x4−a2x2−λx2−m2+λ
x4−2x2+1

]
◦ (1 + x) · P2(x) is analytic at x = −1

((1 + x) · P2(x))
∣∣∣∣
x=−1

= 1

◦ (1 + x)2 · P3(x) is analytic at x = −1(
(1 + x)2 · P3(x)

) ∣∣∣∣
x=−1

= −m2

4

◦ x = −1is a regular singular point
Check to see if x0 is a regular singular point
x0 = −1

• Multiply by denominators
y′′(x2 − 1) (x4 − 2x2 + 1) + 2y′x(x4 − 2x2 + 1) + (a2x4 − a2x2 − λx2 −m2 + λ) (x2 − 1) y = 0

• Change variables using x = u− 1 so that the regular singular point is at u = 0

(u6 − 6u5 + 12u4 − 8u3)
(

d2

du2y(u)
)
+ (2u5 − 10u4 + 16u3 − 8u2)

(
d
du
y(u)

)
+ (a2u6 − 6a2u5 + 13a2u4 − 12a2u3 − λu4 + 4a2u2 + 4λu3 −m2u2 − 4λu2 + 2m2u) y(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um · y(u) to series expansion form = 1..6

um · y(u) =
∞∑
k=0

aku
k+r+m

◦ Shift index using k− >k −m

um · y(u) =
∞∑

k=m

ak−mu
k+r

◦ Convert um ·
(

d
du
y(u)

)
to series expansion form = 2..5

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 3..6
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um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r

Rewrite ODE with series expansions

−2a0(m+ 2r) (−m+ 2r)u1+r + (−2a1(2 +m+ 2r) (2−m+ 2r) + a0(4a2 −m2 + 12r2 − 4λ+ 4r))u2+r + (−2a2(4 +m+ 2r) (4−m+ 2r) + a1(4a2 −m2 + 12r2 − 4λ+ 28r + 16)− 2a0(6a2 + 3r2 − 2λ+ 2r))u3+r + (−2a3(6 +m+ 2r) (6−m+ 2r) + a2(4a2 −m2 + 12r2 − 4λ+ 52r + 56)− 2a1(6a2 + 3r2 − 2λ+ 8r + 5) + a0(13a2 + r2 − λ+ r))u4+r + (−2a4(8 +m+ 2r) (8−m+ 2r) + a3(4a2 −m2 + 12r2 − 4λ+ 76r + 120)− 2a2(6a2 + 3r2 − 2λ+ 14r + 16) + a1(13a2 + r2 − λ+ 3r + 2)− 6a0a2)u5+r +
(

∞∑
k=6

(
−2ak−1(2k − 2 +m+ 2r) (2k − 2−m+ 2r) + ak−2

(
4a2 + 12(k − 2)2 + 24(k − 2) r −m2 + 12r2 + 4k − 8− 4λ+ 4r

)
− 2ak−3

(
6a2 + 3(k − 3)2 + 6(k − 3) r + 3r2 + 2k − 6− 2λ+ 2r

)
+ ak−4

(
13a2 + (k − 4)2 + 2(k − 4) r + r2 + k − 4− λ+ r

)
− 6ak−5a

2 + ak−6a
2)uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−2(m+ 2r) (−m+ 2r) = 0

• Values of r that satisfy the indicial equation
r ∈

{
−m

2 ,
m
2

}
• The coefficients of each power of u must be 0

[−2a1(2 +m+ 2r) (2−m+ 2r) + a0(4a2 −m2 + 12r2 − 4λ+ 4r) = 0,−2a2(4 +m+ 2r) (4−m+ 2r) + a1(4a2 −m2 + 12r2 − 4λ+ 28r + 16)− 2a0(6a2 + 3r2 − 2λ+ 2r) = 0,−2a3(6 +m+ 2r) (6−m+ 2r) + a2(4a2 −m2 + 12r2 − 4λ+ 52r + 56)− 2a1(6a2 + 3r2 − 2λ+ 8r + 5) + a0(13a2 + r2 − λ+ r) = 0,−2a4(8 +m+ 2r) (8−m+ 2r) + a3(4a2 −m2 + 12r2 − 4λ+ 76r + 120)− 2a2(6a2 + 3r2 − 2λ+ 14r + 16) + a1(13a2 + r2 − λ+ 3r + 2)− 6a0a2 = 0]
• Solve for the dependent coefficient(s){

a1 = −a0
(
4a2−m2+12r2−4λ+4r

)
2(m2−4r2−8r−4) , a2 = a0

(
16a4+16a2m2+m4−12m2r2+96r4−32λa2−64a2r−64λ r2−24m2r+256r3−32a2+16λ2−64λr−16m2+192r2−32λ+32r

)
4(m4−8m2r2+16r4−24m2r+96r3−20m2+208r2+192r+64) , a3 = −a0

(
64a6+144a4m2−192a4r2+16a2m4+160a2m2r2−128a2r4−m6+16m4r2−80m2r4+640r6−192a4λ−960a4r−160a2λm2−128a2λ r2+160a2m2r−1024a2r3−32λm2r2−640λ r4+48m4r−544m2r3+4480r5−768a4+192a2λ2+384a2λr+288a2m2−1408a2r2+16λ2m2+320λ2r2−32λm2r−2560λ r3+52m4−1328m2r2+11520r4+256λa2−64λ3+576λ2r−32λm2−3712λ r2−1376m2r+13184r3+256a2+512λ2−2304λr−576m2+6272r2−768λ+768r

)
8(m6−12m4r2+48m2r4−64r6−48m4r+384m2r3−768r5−56m4+1152m2r2−3712r4+1536m2r−9216r3+784m2−12352r2−8448r−2304) , a4 = a0

(
256a8+896a6m2−1536a6r2+512a4m4−448a4m2r2−256a4r4+384a2m4r2+768a2m2r4−1024a2r6+m8−20r2m6+160r4m4−320r6m2+3840r8−1024a6λ−8192a6r−1920a4λm2+1536a4λ r2−5632a4m2r+1024a4r3−256a2λm4−2176a2λm2r2+512a2λ r4+1024a2m4r+1792a2m2r3−11264a2r5−768λm2r4−5120λ r6−80rm6+1280r3m4−5376r5m2+51200r7−9216a6+1536a4λ2+12288a4λr−5184a4m2+19712a4r2+1152a2λ2m2+1536a2λ2r2−4096a2λm2r+10240a2λ r3+1664a2m4+5504a2m2r2−36352a2r4+576λ2m2r2+3840λ2r4−3840λm2r3−46080λ r5−116m6+4080m4r2−32640m2r4+276480r6+13312a4λ+43008a4r−1024a2λ3−7040a2λm2+22016a2λ r2+12800a2m2r−36864a2r3−128λ3m2−1536λ3r2+1536λ2m2r+21504λ2r3−7296λm2r2−163328λ r4+6080m4r−95360m2r3+774656r5+19456a4+1024a2λ2+4096a2λr+12928a2m2+7680a2r2+256λ4−4096λ3r+1984λ2m2+48384λ2r2−6144λm2r−288768λ r3+3904m4−144960m2r2+1194240r4−10240λa2+28672a2r−5120λ3+51200λ2r−3456λm2−270848λ r2−111744m2r+980480r3+12288a2+27648λ2−135168λr−36864m2+368640r2−36864λ+36864r

)
16(m8−16r2m6+96r4m4−256r6m2+256r8−80rm6+960r3m4−3840r5m2+5120r7−120m6+3680m4r2−23680m2r4+43520r6+6400m4r−76800m2r3+204800r5+4368m4−138368m2r2+581888r4−131840m2r+1018880r3−52480m2+1070080r2+614400r+147456)

}
• Each term in the series must be 0, giving the recursion relation

(12ak−2 − 8ak−1 + ak−4 − 6ak−3) k2 + (2(12ak−2 − 8ak−1 + ak−4 − 6ak−3) r − 44ak−2 + 16ak−1 − 7ak−4 + 32ak−3) k + (12ak−2 − 8ak−1 + ak−4 − 6ak−3) r2 + (−44ak−2 + 16ak−1 − 7ak−4 + 32ak−3) r + (4a2 −m2 − 4λ+ 40) ak−2 + (13a2 − λ+ 12) ak−4 + 2(−6a2 + 2λ− 21) ak−3 + 2(m2 − 4) ak−1 + a2(ak−6 − 6ak−5) = 0
• Shift index using k− >k + 6

(12ak+4 − 8ak+5 + ak+2 − 6ak+3) (k + 6)2 + (2(12ak+4 − 8ak+5 + ak+2 − 6ak+3) r − 44ak+4 + 16ak+5 − 7ak+2 + 32ak+3) (k + 6) + (12ak+4 − 8ak+5 + ak+2 − 6ak+3) r2 + (−44ak+4 + 16ak+5 − 7ak+2 + 32ak+3) r + (4a2 −m2 − 4λ+ 40) ak+4 + (13a2 − λ+ 12) ak+2 + 2(−6a2 + 2λ− 21) ak+3 + 2(m2 − 4) ak+5 + a2(ak − 6ak+1) = 0
• Recursion relation that defines series solution to ODE

ak+5 = aka
2−6a2ak+1+13a2ak+2−12a2ak+3+4a2ak+4+k2ak+2−6k2ak+3+12k2ak+4+2krak+2−12krak+3+24krak+4−m2ak+4+r2ak+2−6r2ak+3+12r2ak+4+5kak+2−40kak+3+100kak+4−λak+2+4λak+3−4λak+4+5rak+2−40rak+3+100rak+4+6ak+2−66ak+3+208ak+4

2(4k2+8kr−m2+4r2+40k+40r+100)

• Recursion relation for r = −m
2

ak+5 =
aka

2+6ak+2−66ak+3+ 1
4m

2ak+2− 3
2m

2ak+3− 5
2mak+2+20mak+3−50mak+4+208ak+4−6a2ak+1+13a2ak+2−12a2ak+3+4a2ak+4+k2ak+2−6k2ak+3+12k2ak+4+2m2ak+4+5kak+2−40kak+3+100kak+4−λak+2+4λak+3−4λak+4−kmak+2+6kmak+3−12kmak+4

2(4k2−4km+40k−20m+100)

• Solution for r = −m
2[

y(u) =
∞∑
k=0

aku
k−m

2 , ak+5 =
aka

2+6ak+2−66ak+3+ 1
4m

2ak+2− 3
2m

2ak+3− 5
2mak+2+20mak+3−50mak+4+208ak+4−6a2ak+1+13a2ak+2−12a2ak+3+4a2ak+4+k2ak+2−6k2ak+3+12k2ak+4+2m2ak+4+5kak+2−40kak+3+100kak+4−λak+2+4λak+3−4λak+4−kmak+2+6kmak+3−12kmak+4

2(4k2−4km+40k−20m+100) , a1 = −a0
(
4a2+2m2−4λ−2m

)
2(4m−4) , a2 = a0

(
16a4+16a2m2+4m4−32λa2+32a2m−16λm2−20m3−32a2+16λ2+32λm+32m2−32λ−16m

)
4(32m2−96m+64) , a3 = −a0

(
64a6+96a4m2+48a2m4+8m6−192a4λ+480a4m−192a2λm2+48a2m3−48λm4−96m5−768a4+192a2λ2−192a2λm−64a2m2+96λ2m2+336λm3+440m4+256λa2−64λ3−288λ2m−960λm2−960m3+256a2+512λ2+1152λm+992m2−768λ−384m

)
8(384m3−2304m2+4224m−2304) , a4 = a0

(
256a8+512a6m2+384a4m4+128a2m6+16m8−1024a6λ+4096a6m−1536a4λm2+2688a4m3−768a2λm4−384a2m5−128λm6−352m7−9216a6+1536a4λ2−6144a4λm−256a4m2+1536a2λ2m2+768a2λm3+768a2m4+384λ2m4+1920λm5+3184m6+13312a4λ−21504a4m−1024a2λ3−1536a2λm2−1792a2m3−512λ3m2−3456λ2m3−12032λm4−15328m5+19456a4+1024a2λ2−2048a2λm+14848a2m2+256λ4+2048λ3m+14080λ2m2+39168λm3+42304m4−10240λa2−14336a2m−5120λ3−25600λ2m−71168λm2−66688m3+12288a2+27648λ2+67584λm+55296m2−36864λ−18432m

)
16(6144m4−61440m3+215040m2−307200m+147456)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k−
m
2 , ak+5 =

aka
2+6ak+2−66ak+3+ 1

4m
2ak+2− 3

2m
2ak+3− 5

2mak+2+20mak+3−50mak+4+208ak+4−6a2ak+1+13a2ak+2−12a2ak+3+4a2ak+4+k2ak+2−6k2ak+3+12k2ak+4+2m2ak+4+5kak+2−40kak+3+100kak+4−λak+2+4λak+3−4λak+4−kmak+2+6kmak+3−12kmak+4
2(4k2−4km+40k−20m+100) , a1 = −a0

(
4a2+2m2−4λ−2m

)
2(4m−4) , a2 = a0

(
16a4+16a2m2+4m4−32λa2+32a2m−16λm2−20m3−32a2+16λ2+32λm+32m2−32λ−16m

)
4(32m2−96m+64) , a3 = −a0

(
64a6+96a4m2+48a2m4+8m6−192a4λ+480a4m−192a2λm2+48a2m3−48λm4−96m5−768a4+192a2λ2−192a2λm−64a2m2+96λ2m2+336λm3+440m4+256λa2−64λ3−288λ2m−960λm2−960m3+256a2+512λ2+1152λm+992m2−768λ−384m

)
8(384m3−2304m2+4224m−2304) , a4 = a0

(
256a8+512a6m2+384a4m4+128a2m6+16m8−1024a6λ+4096a6m−1536a4λm2+2688a4m3−768a2λm4−384a2m5−128λm6−352m7−9216a6+1536a4λ2−6144a4λm−256a4m2+1536a2λ2m2+768a2λm3+768a2m4+384λ2m4+1920λm5+3184m6+13312a4λ−21504a4m−1024a2λ3−1536a2λm2−1792a2m3−512λ3m2−3456λ2m3−12032λm4−15328m5+19456a4+1024a2λ2−2048a2λm+14848a2m2+256λ4+2048λ3m+14080λ2m2+39168λm3+42304m4−10240λa2−14336a2m−5120λ3−25600λ2m−71168λm2−66688m3+12288a2+27648λ2+67584λm+55296m2−36864λ−18432m

)
16(6144m4−61440m3+215040m2−307200m+147456)

]
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• Recursion relation for r = m
2

ak+5 =
aka

2+6ak+2−66ak+3+ 1
4m

2ak+2− 3
2m

2ak+3+ 5
2mak+2−20mak+3+50mak+4+208ak+4−6a2ak+1+13a2ak+2−12a2ak+3+4a2ak+4+k2ak+2−6k2ak+3+12k2ak+4+2m2ak+4+5kak+2−40kak+3+100kak+4−λak+2+4λak+3−4λak+4+kmak+2−6kmak+3+12kmak+4

2(4k2+4km+40k+20m+100)

• Solution for r = m
2[

y(u) =
∞∑
k=0

aku
k+m

2 , ak+5 =
aka

2+6ak+2−66ak+3+ 1
4m

2ak+2− 3
2m

2ak+3+ 5
2mak+2−20mak+3+50mak+4+208ak+4−6a2ak+1+13a2ak+2−12a2ak+3+4a2ak+4+k2ak+2−6k2ak+3+12k2ak+4+2m2ak+4+5kak+2−40kak+3+100kak+4−λak+2+4λak+3−4λak+4+kmak+2−6kmak+3+12kmak+4

2(4k2+4km+40k+20m+100) , a1 = −a0
(
4a2+2m2−4λ+2m

)
2(−4m−4) , a2 = a0

(
16a4+16a2m2+4m4−32λa2−32a2m−16λm2+20m3−32a2+16λ2−32λm+32m2−32λ+16m

)
4(32m2+96m+64) , a3 = −a0

(
64a6+96a4m2+48a2m4+8m6−192a4λ−480a4m−192a2λm2−48a2m3−48λm4+96m5−768a4+192a2λ2+192a2λm−64a2m2+96λ2m2−336λm3+440m4+256λa2−64λ3+288λ2m−960λm2+960m3+256a2+512λ2−1152λm+992m2−768λ+384m

)
8(−384m3−2304m2−4224m−2304) , a4 = a0

(
256a8+512a6m2+384a4m4+128a2m6+16m8−1024a6λ−4096a6m−1536a4λm2−2688a4m3−768a2λm4+384a2m5−128λm6+352m7−9216a6+1536a4λ2+6144a4λm−256a4m2+1536a2λ2m2−768a2λm3+768a2m4+384λ2m4−1920λm5+3184m6+13312a4λ+21504a4m−1024a2λ3−1536a2λm2+1792a2m3−512λ3m2+3456λ2m3−12032λm4+15328m5+19456a4+1024a2λ2+2048a2λm+14848a2m2+256λ4−2048λ3m+14080λ2m2−39168λm3+42304m4−10240λa2+14336a2m−5120λ3+25600λ2m−71168λm2+66688m3+12288a2+27648λ2−67584λm+55296m2−36864λ+18432m

)
16(6144m4+61440m3+215040m2+307200m+147456)

]
• Revert the change of variables u = 1 + x[

y =
∞∑
k=0

ak(1 + x)k+
m
2 , ak+5 =

aka
2+6ak+2−66ak+3+ 1

4m
2ak+2− 3

2m
2ak+3+ 5

2mak+2−20mak+3+50mak+4+208ak+4−6a2ak+1+13a2ak+2−12a2ak+3+4a2ak+4+k2ak+2−6k2ak+3+12k2ak+4+2m2ak+4+5kak+2−40kak+3+100kak+4−λak+2+4λak+3−4λak+4+kmak+2−6kmak+3+12kmak+4
2(4k2+4km+40k+20m+100) , a1 = −a0

(
4a2+2m2−4λ+2m

)
2(−4m−4) , a2 = a0

(
16a4+16a2m2+4m4−32λa2−32a2m−16λm2+20m3−32a2+16λ2−32λm+32m2−32λ+16m

)
4(32m2+96m+64) , a3 = −a0

(
64a6+96a4m2+48a2m4+8m6−192a4λ−480a4m−192a2λm2−48a2m3−48λm4+96m5−768a4+192a2λ2+192a2λm−64a2m2+96λ2m2−336λm3+440m4+256λa2−64λ3+288λ2m−960λm2+960m3+256a2+512λ2−1152λm+992m2−768λ+384m

)
8(−384m3−2304m2−4224m−2304) , a4 = a0

(
256a8+512a6m2+384a4m4+128a2m6+16m8−1024a6λ−4096a6m−1536a4λm2−2688a4m3−768a2λm4+384a2m5−128λm6+352m7−9216a6+1536a4λ2+6144a4λm−256a4m2+1536a2λ2m2−768a2λm3+768a2m4+384λ2m4−1920λm5+3184m6+13312a4λ+21504a4m−1024a2λ3−1536a2λm2+1792a2m3−512λ3m2+3456λ2m3−12032λm4+15328m5+19456a4+1024a2λ2+2048a2λm+14848a2m2+256λ4−2048λ3m+14080λ2m2−39168λm3+42304m4−10240λa2+14336a2m−5120λ3+25600λ2m−71168λm2+66688m3+12288a2+27648λ2−67584λm+55296m2−36864λ+18432m

)
16(6144m4+61440m3+215040m2+307200m+147456)

]
• Combine solutions and rename parameters[

y =
(

∞∑
k=0

bk(1 + x)k−
m
2

)
+
(

∞∑
k=0

ck(1 + x)k+
m
2

)
, bk+5 =

−6a2b1+k+13a2bk+2−12a2bk+3+4a2b4+k+k2bk+2−6k2bk+3+12k2b4+k+2m2b4+k+5kbk+2−40kbk+3+100kb4+k−λbk+2+4λbk+3−4λb4+k+6bk+2−66bk+3+208b4+k+bka
2+ 1

4m
2bk+2− 3

2m
2bk+3− 5

2mbk+2+20mbk+3−50mb4+k−kmbk+2+6kmbk+3−12kmb4+k

2(4k2−4km+40k−20m+100) , b1 = − b0
(
4a2+2m2−4λ−2m

)
2(4m−4) , b2 = b0

(
16a4+16a2m2+4m4−32λa2+32a2m−16λm2−20m3−32a2+16λ2+32λm+32m2−32λ−16m

)
4(32m2−96m+64) , b3 = − b0

(
64a6+96a4m2+48a2m4+8m6−192a4λ+480a4m−192a2λm2+48a2m3−48λm4−96m5−768a4+192a2λ2−192a2λm−64a2m2+96λ2m2+336λm3+440m4+256λa2−64λ3−288λ2m−960λm2−960m3+256a2+512λ2+1152λm+992m2−768λ−384m

)
8(384m3−2304m2+4224m−2304) , b4 = b0

(
256a8+512a6m2+384a4m4+128a2m6+16m8−1024a6λ+4096a6m−1536a4λm2+2688a4m3−768a2λm4−384a2m5−128λm6−352m7−9216a6+1536a4λ2−6144a4λm−256a4m2+1536a2λ2m2+768a2λm3+768a2m4+384λ2m4+1920λm5+3184m6+13312a4λ−21504a4m−1024a2λ3−1536a2λm2−1792a2m3−512λ3m2−3456λ2m3−12032λm4−15328m5+19456a4+1024a2λ2−2048a2λm+14848a2m2+256λ4+2048λ3m+14080λ2m2+39168λm3+42304m4−10240λa2−14336a2m−5120λ3−25600λ2m−71168λm2−66688m3+12288a2+27648λ2+67584λm+55296m2−36864λ−18432m

)
16(6144m4−61440m3+215040m2−307200m+147456) , ck+5 =

12kmc4+k+cka
2+ 1

4m
2ck+2− 3

2m
2ck+3+ 5

2mck+2−20mck+3+50mc4+k−6a2c1+k+13a2ck+2−12a2ck+3+4a2c4+k+k2ck+2−6k2ck+3+12k2c4+k+2m2c4+k+5kck+2−40kck+3+100kc4+k−λck+2+4λck+3−4λc4+k+6ck+2−66ck+3+208c4+k+kmck+2−6kmck+3
2(4k2+4km+40k+20m+100) , c1 = − c0

(
4a2+2m2−4λ+2m

)
2(−4m−4) , c2 = c0

(
16a4+16a2m2+4m4−32λa2−32a2m−16λm2+20m3−32a2+16λ2−32λm+32m2−32λ+16m

)
4(32m2+96m+64) , c3 = − c0

(
64a6+96a4m2+48a2m4+8m6−192a4λ−480a4m−192a2λm2−48a2m3−48λm4+96m5−768a4+192a2λ2+192a2λm−64a2m2+96λ2m2−336λm3+440m4+256λa2−64λ3+288λ2m−960λm2+960m3+256a2+512λ2−1152λm+992m2−768λ+384m

)
8(−384m3−2304m2−4224m−2304) , c4 = c0

(
256a8+512a6m2+384a4m4+128a2m6+16m8−1024a6λ−4096a6m−1536a4λm2−2688a4m3−768a2λm4+384a2m5−128λm6+352m7−9216a6+1536a4λ2+6144a4λm−256a4m2+1536a2λ2m2−768a2λm3+768a2m4+384λ2m4−1920λm5+3184m6+13312a4λ+21504a4m−1024a2λ3−1536a2λm2+1792a2m3−512λ3m2+3456λ2m3−12032λm4+15328m5+19456a4+1024a2λ2+2048a2λm+14848a2m2+256λ4−2048λ3m+14080λ2m2−39168λm3+42304m4−10240λa2+14336a2m−5120λ3+25600λ2m−71168λm2+66688m3+12288a2+27648λ2−67584λm+55296m2−36864λ+18432m

)
16(6144m4+61440m3+215040m2+307200m+147456)

]
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

trying a solution in terms of MeijerG functions
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunC ODE, case a <> 0, e <> 0, c = 0 `� �
3 Solution by Maple
Time used: 0.5 (sec). Leaf size: 64� �
dsolve((x^2-1)^2*diff(y(x),x$2)+2*x*(x^2-1)*diff(y(x),x)+( (x^2-1)*(a^2*x^2-lambda)-m^2)*y(x)=0,y(x), singsol=all)� �

y(x) =
(
HeunC

(
0, 12 ,m,

a2

4 ,
1
4 + m2

4 − λ

4 , x
2
)
c2x

+HeunC
(
0,−1

2 ,m,
a2

4 ,
1
4 + m2

4 − λ

4 , x
2
)
c1

)(
x2 − 1

)m
2
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3 Solution by Mathematica
Time used: 0.602 (sec). Leaf size: 234� �
DSolve[(x^2-1)^2*y''[x]+2*x*(x^2-1)*y'[x]+( (x^2-1)*(a^2*x^2-\[Lambda])-m^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → ei

√
a2x

(
x+ 1
x− 1

)√
m2
2
(
c2(x− 1)

√
m2HeunC

[
−
(√

m2 + 1
)(√

m2 + 2i
√
a2
)
− a2

+ λ,−4i
√
a2
(√

m2 + 1
)
,
√
m2 + 1,

√
m2 + 1,−4i

√
a2,

1− x

2

]
+ c1HeunC

[
2i
√
a2
(√

m2 − 1
)
− a2 + λ,−4i

√
a2, 1−

√
m2,

√
m2 + 1,

−4i
√
a2,

1− x

2

])
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32.27 problem 236
Internal problem ID [11061]
Internal file name [OUTPUT/10317_Wednesday_January_24_2024_10_07_09_PM_18207104/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 236.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
x2 + 1

)2
y′′ + 2x

(
x2 + 1

)
y′ +

((
x2 + 1

) (
a2x2 − λ

)
+m2) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

trying a solution in terms of MeijerG functions
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunC ODE, case a <> 0, e <> 0, c = 0 `� �
3 Solution by Maple
Time used: 0.5 (sec). Leaf size: 68� �
dsolve((x^2+1)^2*diff(y(x),x$2)+2*x*(x^2+1)*diff(y(x),x)+( (x^2+1)*(a^2*x^2-lambda)+m^2)*y(x)=0,y(x), singsol=all)� �

y(x) =
(
HeunC

(
0, 12 ,m,−a2

4 ,
1
4 + m2

4 − λ

4 ,−x2
)
c2x

+HeunC
(
0,−1

2 ,m,−a2

4 ,
1
4 + m2

4 − λ

4 ,−x2
)
c1

)(
x2 + 1

)m
2
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3 Solution by Mathematica
Time used: 0.605 (sec). Leaf size: 124� �
DSolve[(x^2+1)^2*y''[x]+2*x*(x^2+1)*y'[x]+( (x^2+1)*(a^2*x^2-\[Lambda])+m^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

(
x2 + 1

)√m2
2

(
c2xHeunC

[
1
4

(
λ−m2 − 3

√
m2 − 2

)
,−a2

4 ,
3
2 ,

√
m2 + 1, 0,−x2

]
+ c1HeunC

[
1
4

(
λ−m2 −

√
m2
)
,−a2

4 ,
1
2 ,

√
m2 + 1, 0,−x2

])
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32.28 problem 237
32.28.1 Solving as second order change of variable on x method 2 ode . 3553
32.28.2 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3557
32.28.3 Maple step by step solution . . . . . . . . . . . . . . . . . . . . 3563

Internal problem ID [11062]
Internal file name [OUTPUT/10318_Wednesday_January_24_2024_10_07_09_PM_44762735/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 237.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_change_of_vari-
able_on_x_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

(
a x2 + bx+ c

)2
y′′ + (2ax+ k)

(
a x2 + bx+ c

)
y′ + ym = 0

32.28.1 Solving as second order change of variable on x method 2 ode

In normal form the ode(
a x2 + bx+ c

)2
y′′ + (2ax+ k)

(
a x2 + bx+ c

)
y′ + ym = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = 2ax+ k

a x2 + bx+ c

q(x) = m

(a x2 + bx+ c)2
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Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫ 2ax+k

a x2+bx+c
dx
)
dx

=
∫

e
− ln

(
a x2+bx+c

)
+

2(b−k) arctan
(

2ax+b√
4ac−b2

)
√

4ac−b2 dx

=
∫ e

2(b−k) arctan
(

2ax+b√
4ac−b2

)
√

4ac−b2

a x2 + bx+ c
dx

= e
2(b−k) arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2

b− k
(6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

=
m

(a x2+bx+c)2

e

4(b−k) arctan
(

2ax+b√
4ac−b2

)
√

4ac−b2

(a x2+bx+c)2

= m e−
4(b−k) arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2 (7)
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Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) +m e−

4(b−k) arctan
(

2ax+b√
4ac−b2

)
√

4ac−b2 y(τ) = 0

But in terms of τ

m e−
4(b−k) arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2 = m

(b− k)2 τ 2

Hence the above ode becomes
d2

dτ 2
y(τ) + my(τ)

(b− k)2 τ 2
= 0

The above ode is now solved for y(τ). The ode can be written as(
d2

dτ 2
y(τ)

)
(b− k)2 τ 2 +my(τ) = 0

Which shows it is a Euler ODE. This is Euler second order ODE. Let the solution be
y(τ) = τ r, then y′ = rτ r−1 and y′′ = r(r − 1)τ r−2. Substituting these back into the
given ODE gives

(b− k)2 τ 2(r(r − 1))τ r−2 + 0rτ r−1 +mτ r = 0

Simplifying gives
(b− k)2 r(r − 1) τ r + 0 τ r +mτ r = 0

Since τ r 6= 0 then dividing throughout by τ r gives

(b− k)2 r(r − 1) + 0 +m = 0

Or (
b2 − 2bk + k2) r2 + (−b2 + 2bk − k2) r +m = 0 (1)

Equation (1) is the characteristic equation. Its roots determine the form of the general
solution. Using the quadratic equation the roots are

r1 = −−b+ k +
√
b2 − 2bk + k2 − 4m
2 (b− k)

r2 =
b− k +

√
b2 − 2bk + k2 − 4m
2b− 2k
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Since the roots are real and distinct, then the general solution is

y(τ) = c1y1 + c2y2

Where y1 = τ r1 and y2 = τ r2 . Hence

y(τ) = c1τ
−−b+k+

√
b2−2bk+k2−4m
2(b−k) + c2τ

b−k+
√

b2−2bk+k2−4m
2b−2k

The above solution is now transformed back to y using (6) which results in

y = c1

e
2(b−k) arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2

b− k


b−k−

√
b2−2bk+k2−4m
2b−2k

+ c2

e
2(b−k) arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2

b− k


b−k+

√
b2−2bk+k2−4m
2b−2k

Summary
The solution(s) found are the following

(1)

y = c1

e
2(b−k) arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2

b− k


b−k−

√
b2−2bk+k2−4m
2b−2k

+ c2

e
2(b−k) arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2

b− k


b−k+

√
b2−2bk+k2−4m
2b−2k

Verification of solutions

y= c1

e
2(b−k) arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2

b− k


b−k−

√
b2−2bk+k2−4m
2b−2k

+c2

e
2(b−k) arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2

b− k


b−k+

√
b2−2bk+k2−4m
2b−2k

Verified OK.
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32.28.2 Solving using Kovacic algorithm

Writing the ode as(
a x2 + bx+ c

)2
y′′ + (2ax+ k)

(
a x2 + bx+ c

)
y′ + ym = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A =
(
a x2 + bx+ c

)2
B =

(
a x2 + bx+ c

)
(2ax+ k) (3)

C = m

Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = 4ac− 2bk + k2 − 4m
4 (a x2 + bx+ c)2

(6)

Comparing the above to (5) shows that

s = 4ac− 2bk + k2 − 4m

t = 4
(
a x2 + bx+ c

)2
Therefore eq. (4) becomes

z′′(x) =
(
4ac− 2bk + k2 − 4m
4 (a x2 + bx+ c)2

)
z(x) (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx
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The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 223: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 4− 0
= 4

The poles of r in eq. (7) and the order of each pole are determined by solving for the
roots of t = 4(a x2 + bx+ c)2. There is a pole at x = − b−

√
−4ac+b2

2a of order 2. There is
a pole at x = − b+

√
−4ac+b2

2a of order 2. Since there is no odd order pole larger than 2
and the order at ∞ is 4 then the necessary conditions for case one are met. Since there
is a pole of order 2 then necessary conditions for case two are met. Since pole order is
not larger than 2 and the order at ∞ is 4 then the necessary conditions for case three
are met. Therefore

L = [1, 2, 4, 6, 12]

Attempting to find a solution using case n = 1.
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Looking at poles of order 2. The partial fractions decomposition of r is

r = 4ac− 2bk + k2 − 4m

4 (−4ac+ b2)
(
x− −b+

√
−4ac+b2

2a

)2 + 4ac− 2bk + k2 − 4m

4 (−4ac+ b2)
(
x+ b+

√
−4ac+b2

2a

)2
− (4ac− 2bk + k2 − 4m) a

2 (−4ac+ b2)
3
2

(
x− −b+

√
−4ac+b2

2a

) + (4ac− 2bk + k2 − 4m) a
2 (−4ac+ b2)

3
2

(
x+ b+

√
−4ac+b2

2a

)
For the pole at x = − b−

√
−4ac+b2

2a let b be the coefficient of 1(
x+ b−

√
−4ac+b2
2a

)2 in the partial

fractions decomposition of r given above. Therefore b = −4ac+2bk−k2+4m
16ac−4b2 . Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +

√
− b2−2bk+k2−4m

4ac−b2

2

α−
c = 1

2 −
√
1 + 4b = 1

2 −

√
− b2−2bk+k2−4m

4ac−b2

2

For the pole at x = − b+
√
−4ac+b2

2a let b be the coefficient of 1(
x+ b+

√
−4ac+b2
2a

)2 in the partial

fractions decomposition of r given above. Therefore b = −4ac+2bk−k2+4m
16ac−4b2 . Hence

[
√
r]c = 0

α+
c = 1

2 +
√
1 + 4b = 1

2 +

√
− b2−2bk+k2−4m

4ac−b2

2

α−
c = 1

2 −
√
1 + 4b = 1

2 −

√
− b2−2bk+k2−4m

4ac−b2

2

Since the order of r at ∞ is 4 > 2 then

[
√
r]∞ = 0
α+
∞ = 0

α−
∞ = 1

The following table summarizes the findings so far for poles and for the order of r at
∞ where r is

r = 4ac− 2bk + k2 − 4m
4 (a x2 + bx+ c)2

3559



pole c location pole order [
√
r]c α+

c α−
c

− b−
√
−4ac+b2

2a 2 0 1
2 +

√
− b2−2bk+k2−4m

4ac−b2

2
1
2 −

√
− b2−2bk+k2−4m

4ac−b2

2

− b+
√
−4ac+b2

2a 2 0 1
2 +

√
− b2−2bk+k2−4m

4ac−b2

2
1
2 −

√
− b2−2bk+k2−4m

4ac−b2

2

Order of r at ∞ [
√
r]∞ α+

∞ α−
∞

4 0 0 1

Now that the all [
√
r]c and its associated α±

c have been determined for all the poles in
the set Γ and [

√
r]∞ and its associated α±

∞ have also been found, the next step is to
determine possible non negative integer d from these using

d = αs(∞)
∞ −

∑
c∈Γ

αs(c)
c

Where s(c) is either + or − and s(∞) is the sign of α±
∞. This is done by trial over all

set of families s = (s(c))c∈Γ∪∞ until such d is found to work in finding candidate ω.
Trying α−

∞ = 1 then

d = α−
∞ −

(
α−
c1 + α+

c2

)
= 1− (1)
= 0

Since d an integer and d ≥ 0 then it can be used to find ω using

ω =
∑
c∈Γ

(
s(c)[

√
r]c +

α
s(c)
c

x− c

)
+ s(∞)[

√
r]∞

The above gives

ω =
(
(−)[

√
r]c1 +

α−
c1

x− c1

)
+
(
(+)[

√
r]c2 +

α+
c2

x− c2

)
+ (−)[

√
r]∞

=
1
2 −

√
− b2−2bk+k2−4m

4ac−b2

2

x+ b−
√
−4ac+b2

2a

+
1
2 +

√
− b2−2bk+k2−4m

4ac−b2

2

x+ b+
√
−4ac+b2

2a

+ (−) (0)

=
1
2 −

√
− b2−2bk+k2−4m

4ac−b2

2

x+ b−
√
−4ac+b2

2a

+
1
2 +

√
− b2−2bk+k2−4m

4ac−b2

2

x+ b+
√
−4ac+b2

2a

=
2ax−

√
−4ac+ b2

√
− b2−2bk+k2−4m

4ac−b2
+ b

2a x2 + 2bx+ 2c
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Now that ω is determined, the next step is find a corresponding minimal polynomial
p(x) of degree d = 0 to solve the ode. The polynomial p(x) needs to satisfy the equation

p′′ + 2ωp′ +
(
ω′ + ω2 − r

)
p = 0 (1A)

Let

p(x) = 1 (2A)

Substituting the above in eq. (1A) gives

(0) + 2

 1
2 −

√
− b2−2bk+k2−4m

4ac−b2

2

x+ b−
√
−4ac+b2

2a

+
1
2 +

√
− b2−2bk+k2−4m

4ac−b2

2

x+ b+
√
−4ac+b2

2a

 (0) +


−

1
2 −

√
− b2−2bk+k2−4m

4ac−b2

2(
x+ b−

√
−4ac+b2

2a

)2 −
1
2 +

√
− b2−2bk+k2−4m

4ac−b2

2(
x+ b+

√
−4ac+b2

2a

)2
+

 1
2 −

√
− b2−2bk+k2−4m

4ac−b2

2

x+ b−
√
−4ac+b2

2a

+
1
2 +

√
− b2−2bk+k2−4m

4ac−b2

2

x+ b+
√
−4ac+b2

2a


2

−
(
4ac− 2bk + k2 − 4m
4 (a x2 + bx+ c)2

) = 0

0 = 0

The equation is satisfied since both sides are zero. Therefore the first solution to the
ode z′′ = rz is

z1(x) = pe
∫
ω dx

= e

∫ 1
2−

√
− b2−2bk+k2−4m

4ac−b2
2

x+ b−
√

−4ac+b2
2a

+
1
2+

√
− b2−2bk+k2−4m

4ac−b2
2

x+ b+
√

−4ac+b2
2a

dx

=
(
2ax+

√
−4ac+ b2 + b

a

) 1
2+

√
−b2+2bk−k2+4m

4ac−b2
2

(
2ax+ b−

√
−4ac+ b2

a

) 1
2−

√
−b2+2bk−k2+4m

4ac−b2
2

The first solution to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2

(
a x2+bx+c

)
(2ax+k)(

a x2+bx+c
)2 dx

= z1e
−

ln
(
a x2+bx+c

)
2 −

(−b+k) arctan
(

2ax+b√
4ac−b2

)
√

4ac−b2

= z1

e
(b−k) arctan

(
2ax+b√
4ac−b2

)
√

4ac−b2

√
a x2 + bx+ c
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Which simplifies to

y1

=

(
2ax+

√
−4ac+b2+b
a

) 1
2+

√
−b2+2bk−k2+4m

4ac−b2
2

(
2ax+b−

√
−4ac+b2

a

) 1
2−

√
−b2+2bk−k2+4m

4ac−b2
2 e

(b−k) arctan
(

2ax+b√
4ac−b2

)
√

4ac−b2

√
a x2 + bx+ c

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e

∫
−
(
a x2+bx+c

)
(2ax+k)(

a x2+bx+c
)2 dx

(y1)2
dx

= y1

∫
e
− ln

(
a x2+bx+c

)
+

2(b−k) arctan
(

2ax+b√
4ac−b2

)
√

4ac−b2

(y1)2
dx

= y1

∫ (2ax+
√
−4ac+ b2 + b

a

)−1−
√

−b2+2bk−k2+4m
4ac−b2

(
2ax+ b−

√
−4ac+ b2

a

)−1+
√

−b2+2bk−k2+4m
4ac−b2

dx


Therefore the solution is

y = c1y1 + c2y2

= c1


(

2ax+
√
−4ac+b2+b
a

) 1
2+

√
−b2+2bk−k2+4m

4ac−b2
2

(
2ax+b−

√
−4ac+b2

a

) 1
2−

√
−b2+2bk−k2+4m

4ac−b2
2 e

(b−k) arctan
(

2ax+b√
4ac−b2

)
√

4ac−b2

√
a x2 + bx+ c



+c2


(

2ax+
√
−4ac+b2+b
a

) 1
2+

√
−b2+2bk−k2+4m

4ac−b2
2

(
2ax+b−

√
−4ac+b2

a

) 1
2−

√
−b2+2bk−k2+4m

4ac−b2
2 e

(b−k) arctan
(

2ax+b√
4ac−b2

)
√

4ac−b2

√
a x2 + bx+ c

∫ (2ax+
√
−4ac+ b2 + b

a

)−1−
√

−b2+2bk−k2+4m
4ac−b2

(
2ax+ b−

√
−4ac+ b2

a

)−1+
√

−b2+2bk−k2+4m
4ac−b2

dx
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Summary
The solution(s) found are the following

(1)y

=
c1
(

2ax+
√
−4ac+b2+b
a

) 1
2+

√
−b2+2bk−k2+4m

4ac−b2
2

(
2ax+b−

√
−4ac+b2

a

) 1
2−

√
−b2+2bk−k2+4m

4ac−b2
2 e

(b−k) arctan
(

2ax+b√
4ac−b2

)
√

4ac−b2

√
a x2 + bx+ c

−

c2
(

2ax+
√
−4ac+b2+b
a

) 1
2+

√
−b2+2bk−k2+4m

4ac−b2
2

(
2ax+b−

√
−4ac+b2

a

) 1
2−

√
−b2+2bk−k2+4m

4ac−b2
2 e

(b−k) arctan
(

2ax+b√
4ac−b2

)
√

4ac−b2 a2

∫ −

(
2ax+

√
−4ac+b2+b
a

)−
√

−b2+2bk−k2+4m
4ac−b2

(
2ax+b−

√
−4ac+b2

a

)√−b2+2bk−k2+4m
4ac−b2

4(a x2+bx+c)a dx


√
a x2 + bx+ c

Verification of solutions
y

=
c1
(

2ax+
√
−4ac+b2+b
a

) 1
2+

√
−b2+2bk−k2+4m

4ac−b2
2

(
2ax+b−

√
−4ac+b2

a

) 1
2−

√
−b2+2bk−k2+4m

4ac−b2
2 e

(b−k) arctan
(

2ax+b√
4ac−b2

)
√

4ac−b2

√
a x2 + bx+ c

−

c2
(

2ax+
√
−4ac+b2+b
a

) 1
2+

√
−b2+2bk−k2+4m

4ac−b2
2

(
2ax+b−

√
−4ac+b2

a

) 1
2−

√
−b2+2bk−k2+4m

4ac−b2
2 e

(b−k) arctan
(

2ax+b√
4ac−b2

)
√

4ac−b2 a2

∫ −

(
2ax+

√
−4ac+b2+b
a

)−
√

−b2+2bk−k2+4m
4ac−b2

(
2ax+b−

√
−4ac+b2

a

)√−b2+2bk−k2+4m
4ac−b2

4(a x2+bx+c)a dx


√
a x2 + bx+ c

Verified OK.

32.28.3 Maple step by step solution

Let’s solve
(a x2 + bx+ c)2 y′′ + (2ax+ k) (a x2 + bx+ c) y′ + ym = 0

• Highest derivative means the order of the ODE is 2
y′′

• Isolate 2nd derivative

y′′ = − (2ax+k)y′
a x2+bx+c

− my

(a x2+bx+c)2

• Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear

y′′ + (2ax+k)y′
a x2+bx+c

+ my

(a x2+bx+c)2 = 0

� Check to see if x0 is a regular singular point
◦ Define functions
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[
P2(x) = 2ax+k

a x2+bx+c
, P3(x) = m

(a x2+bx+c)2

]
◦
(
x− −b+

√
−4ac+b2

2a

)
· P2(x) is analytic at x = −b+

√
−4ac+b2

2a((
x− −b+

√
−4ac+b2

2a

)
· P2(x)

) ∣∣∣∣
x=−b+

√
−4ac+b2
2a

= 0

◦
(
x− −b+

√
−4ac+b2

2a

)2
· P3(x) is analytic at x = −b+

√
−4ac+b2

2a((
x− −b+

√
−4ac+b2

2a

)2
· P3(x)

) ∣∣∣∣
x=−b+

√
−4ac+b2
2a

= 0

◦ x = −b+
√
−4ac+b2

2a is a regular singular point

Check to see if x0 is a regular singular point

x0 = −b+
√
−4ac+b2

2a

• Multiply by denominators
(a x2 + bx+ c)2 y′′ + (2ax+ k) (a x2 + bx+ c) y′ + ym = 0

• Change variables using x = u+ −b+
√
−4ac+b2

2a so that the regular singular point is at u = 0(
a2u4 + 2a u3

√
−4ac+ b2 − 4ac u2 + b2u2) ( d2

du2y(u)
)
+
(
2a2u3 − a u2b+ 3a u2

√
−4ac+ b2 + a u2k − u

√
−4ac+ b2 b− 4acu+ b2u+ u

√
−4ac+ b2 k

) (
d
du
y(u)

)
+my(u) = 0

• Assume series solution for y(u)

y(u) =
∞∑
k=0

aku
k+r

� Rewrite ODE with series expansions
◦ Convert um ·

(
d
du
y(u)

)
to series expansion form = 1..3

um ·
(

d
du
y(u)

)
=

∞∑
k=0

ak(k + r)uk+r−1+m

◦ Shift index using k− >k + 1−m

um ·
(

d
du
y(u)

)
=

∞∑
k=−1+m

ak+1−m(k + 1−m+ r)uk+r

◦ Convert um ·
(

d2

du2y(u)
)

to series expansion form = 2..4

um ·
(

d2

du2y(u)
)
=

∞∑
k=0

ak(k + r) (k + r − 1)uk+r−2+m

◦ Shift index using k− >k + 2−m

um ·
(

d2

du2y(u)
)
=

∞∑
k=−2+m

ak+2−m(k + 2−m+ r) (k + 1−m+ r)uk+r
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Rewrite ODE with series expansions

−a0
(
4ac r2 − b2r2 +

√
−4ac+ b2 br −

√
−4ac+ b2 kr −m

)
ur +

(
−a1

(
4ac+ 8acr + 4ac r2 − b2 − 2b2r − b2r2 + b

√
−4ac+ b2 +

√
−4ac+ b2 br − k

√
−4ac+ b2 −

√
−4ac+ b2 kr −m

)
+ a0ar

(
2
√
−4ac+ b2 r +

√
−4ac+ b2 − b+ k

))
u1+r +

(
∞∑
k=2

(
−ak

(
4ac k2 + 8ackr + 4ac r2 − b2k2 − 2b2kr − b2r2 +

√
−4ac+ b2 bk +

√
−4ac+ b2 br −

√
−4ac+ b2 kk −

√
−4ac+ b2 kr −m

)
+ ak−1a(k + r − 1)

(
2
√
−4ac+ b2 (k − 1) + 2

√
−4ac+ b2 r +

√
−4ac+ b2 − b+ k

)
+ a2ak−2(k − 2 + r) (k + r − 1)

)
uk+r

)
= 0

• a0cannot be 0 by assumption, giving the indicial equation
−4ac r2 + b2r2 −

√
−4ac+ b2 br +

√
−4ac+ b2 kr +m = 0

• Values of r that satisfy the indicial equation

r ∈
{
− b

√
−4ac+b2−k

√
−4ac+b2−

√
−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m

2(4ac−b2) ,− b
√
−4ac+b2−k

√
−4ac+b2+

√
−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m

2(4ac−b2)

}
• Each term must be 0

−a1
(
4ac+ 8acr + 4ac r2 − b2 − 2b2r − b2r2 + b

√
−4ac+ b2 +

√
−4ac+ b2 br − k

√
−4ac+ b2 −

√
−4ac+ b2 kr −m

)
+ a0ar

(
2
√
−4ac+ b2 r +

√
−4ac+ b2 − b+ k

)
= 0

• Solve for the dependent coefficient(s)

a1 =
a0ar

(
2
√
−4ac+b2 r+

√
−4ac+b2−b+k

)
4ac+8acr+4ac r2−b2−2b2r−b2r2+b

√
−4ac+b2+

√
−4ac+b2 br−k

√
−4ac+b2−

√
−4ac+b2 kr−m

• Each term in the series must be 0, giving the recursion relation(
2
(
k + r − 1

2

)
ak−1(k + r − 1) a− ak(k + r) (b− k)

)√
−4ac+ b2 + a2ak−2(k − 2 + r) (k + r − 1) + (−4c k2ak + (−8crak − ak−1(b− k)) k − 4c r2ak − ak−1(b− k) r + ak−1(b− k)) a+ ak(b2k2 + 2b2kr + b2r2 +m) = 0

• Shift index using k− >k + 2(
2
(
k + 3

2 + r
)
ak+1(k + r + 1) a− ak+2(k + 2 + r) (b− k)

)√
−4ac+ b2 + a2ak(k + r) (k + r + 1) +

(
−4c(k + 2)2 ak+2 + (−8crak+2 − ak+1(b− k)) (k + 2)− 4c r2ak+2 − ak+1(b− k) r + ak+1(b− k)

)
a+ ak+2

(
b2(k + 2)2 + 2b2(k + 2) r + b2r2 +m

)
= 0

• Recursion relation that defines series solution to ODE

ak+2 =
a
(
2
√
−4ac+b2 k2ak+1+4

√
−4ac+b2 krak+1+2

√
−4ac+b2 r2ak+1+a k2ak+2akrak+a r2ak+5

√
−4ac+b2 kak+1+5

√
−4ac+b2 rak+1+akak+arak−bkak+1−ak+1rb+kkak+1+ak+1rk+3

√
−4ac+b2 ak+1−ak+1b+ak+1k

)
4ac k2+4ac r2−2b2kr+16ack+16acr+

√
−4ac+b2 bk+

√
−4ac+b2 br−b2k2−b2r2−4b2k−4b2r+16ac+2b

√
−4ac+b2−2k

√
−4ac+b2−

√
−4ac+b2 kk−

√
−4ac+b2 kr+8ackr−4b2−m

• Recursion relation for r = − b
√
−4ac+b2−k

√
−4ac+b2−

√
−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m

2(4ac−b2)

ak+2 =
a

(
2
√
−4ac+b2 k2ak+1−

2
√

−4ac+b2 k
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak+1

4ac−b2 +
√

−4ac+b2
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

ak+1

2
(
4ac−b2

)2 +a k2ak−
ak
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak

4ac−b2 +
a
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

ak

4
(
4ac−b2

)2 +5
√
−4ac+b2 kak+1−

5
√

−4ac+b2
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak+1

2
(
4ac−b2

) +akak−
a
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak

2
(
4ac−b2

) −bkak+1+
ak+1

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
b

2
(
4ac−b2

) +kkak+1−
ak+1

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
k

2
(
4ac−b2

) +3
√
−4ac+b2 ak+1−ak+1b+ak+1k

)

4ac k2+
ac
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2(

4ac−b2
)2 +

b2k
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +16ack−
8ac

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +
√
−4ac+b2 bk−

√
−4ac+b2 b

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −b2k2−
b2
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

4
(
4ac−b2

)2 −4b2k+
2b2

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +16ac+2b
√
−4ac+b2−2k

√
−4ac+b2−

√
−4ac+b2 kk+

√
−4ac+b2 k

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −
4ack

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 −4b2−m

• Solution for r = − b
√
−4ac+b2−k

√
−4ac+b2−

√
−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m

2(4ac−b2)y(u) = ∞∑
k=0

aku
k− b

√
−4ac+b2−k

√
−4ac+b2−

√
−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m

2
(
4ac−b2

)
, ak+2 =

a

(
2
√
−4ac+b2 k2ak+1−

2
√

−4ac+b2 k
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak+1

4ac−b2 +
√

−4ac+b2
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

ak+1

2
(
4ac−b2

)2 +a k2ak−
ak
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak

4ac−b2 +
a
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

ak

4
(
4ac−b2

)2 +5
√
−4ac+b2 kak+1−

5
√

−4ac+b2
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak+1

2
(
4ac−b2

) +akak−
a
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak

2
(
4ac−b2

) −bkak+1+
ak+1

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
b

2
(
4ac−b2

) +kkak+1−
ak+1

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
k

2
(
4ac−b2

) +3
√
−4ac+b2 ak+1−ak+1b+ak+1k

)

4ac k2+
ac
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2(

4ac−b2
)2 +

b2k
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +16ack−
8ac

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +
√
−4ac+b2 bk−

√
−4ac+b2 b

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −b2k2−
b2
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

4
(
4ac−b2

)2 −4b2k+
2b2

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +16ac+2b
√
−4ac+b2−2k

√
−4ac+b2−

√
−4ac+b2 kk+

√
−4ac+b2 k

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −
4ack

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 −4b2−m

, a1 = −
a0a
(
b
√
−4ac+b2−k

√
−4ac+b2−

√
−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m

)(
−
√

−4ac+b2
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +
√
−4ac+b2−b+k

)

2(4ac−b2)
(
4ac−

4ac
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +
ac
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2(

4ac−b2
)2 −b2+

b2
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 −
b2
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

4
(
4ac−b2

)2 +b
√
−4ac+b2−

√
−4ac+b2 b

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −k
√
−4ac+b2+

√
−4ac+b2 k

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −m

)


• Revert the change of variables u = x− −b+
√
−4ac+b2

2ay =
∞∑
k=0

ak
(
x− −b+

√
−4ac+b2

2a

)k− b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
2
(
4ac−b2

)
, ak+2 =

a

(
2
√
−4ac+b2 k2ak+1−

2
√

−4ac+b2 k
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak+1

4ac−b2 +
√

−4ac+b2
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

ak+1

2
(
4ac−b2

)2 +a k2ak−
ak
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak

4ac−b2 +
a
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

ak

4
(
4ac−b2

)2 +5
√
−4ac+b2 kak+1−

5
√

−4ac+b2
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak+1

2
(
4ac−b2

) +akak−
a
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak

2
(
4ac−b2

) −bkak+1+
ak+1

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
b

2
(
4ac−b2

) +kkak+1−
ak+1

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
k

2
(
4ac−b2

) +3
√
−4ac+b2 ak+1−ak+1b+ak+1k

)

4ac k2+
ac
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2(

4ac−b2
)2 +

b2k
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +16ack−
8ac

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +
√
−4ac+b2 bk−

√
−4ac+b2 b

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −b2k2−
b2
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

4
(
4ac−b2

)2 −4b2k+
2b2

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +16ac+2b
√
−4ac+b2−2k

√
−4ac+b2−

√
−4ac+b2 kk+

√
−4ac+b2 k

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −
4ack

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 −4b2−m

, a1 = −
a0a
(
b
√
−4ac+b2−k

√
−4ac+b2−

√
−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m

)(
−
√

−4ac+b2
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +
√
−4ac+b2−b+k

)

2(4ac−b2)
(
4ac−

4ac
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +
ac
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2(

4ac−b2
)2 −b2+

b2
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 −
b2
(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

4
(
4ac−b2

)2 +b
√
−4ac+b2−

√
−4ac+b2 b

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −k
√
−4ac+b2+

√
−4ac+b2 k

(
b
√

−4ac+b2−k
√

−4ac+b2−
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −m

)
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• Recursion relation for r = − b
√
−4ac+b2−k

√
−4ac+b2+

√
−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m

2(4ac−b2)

ak+2 =
a

(
2
√
−4ac+b2 k2ak+1−

2
√

−4ac+b2 k
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak+1

4ac−b2 +
√

−4ac+b2
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

ak+1

2
(
4ac−b2

)2 +a k2ak−
ak
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak

4ac−b2 +
a
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

ak

4
(
4ac−b2

)2 +5
√
−4ac+b2 kak+1−

5
√

−4ac+b2
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak+1

2
(
4ac−b2

) +akak−
a
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak

2
(
4ac−b2

) −bkak+1+
ak+1

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
b

2
(
4ac−b2

) +kkak+1−
ak+1

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
k

2
(
4ac−b2

) +3
√
−4ac+b2 ak+1−ak+1b+ak+1k

)

4ac k2+
ac
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2(

4ac−b2
)2 +

b2k
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +16ack−
8ac

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +
√
−4ac+b2 bk−

√
−4ac+b2 b

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −b2k2−
b2
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

4
(
4ac−b2

)2 −4b2k+
2b2

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +16ac+2b
√
−4ac+b2−2k

√
−4ac+b2−

√
−4ac+b2 kk+

√
−4ac+b2 k

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −
4ack

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 −4b2−m

• Solution for r = − b
√
−4ac+b2−k

√
−4ac+b2+

√
−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m

2(4ac−b2)y(u) = ∞∑
k=0

aku
k− b

√
−4ac+b2−k

√
−4ac+b2+

√
−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m

2
(
4ac−b2

)
, ak+2 =

a

(
2
√
−4ac+b2 k2ak+1−

2
√

−4ac+b2 k
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak+1

4ac−b2 +
√

−4ac+b2
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

ak+1

2
(
4ac−b2

)2 +a k2ak−
ak
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak

4ac−b2 +
a
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

ak

4
(
4ac−b2

)2 +5
√
−4ac+b2 kak+1−

5
√

−4ac+b2
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak+1

2
(
4ac−b2

) +akak−
a
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak

2
(
4ac−b2

) −bkak+1+
ak+1

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
b

2
(
4ac−b2

) +kkak+1−
ak+1

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
k

2
(
4ac−b2

) +3
√
−4ac+b2 ak+1−ak+1b+ak+1k

)

4ac k2+
ac
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2(

4ac−b2
)2 +

b2k
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +16ack−
8ac

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +
√
−4ac+b2 bk−

√
−4ac+b2 b

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −b2k2−
b2
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

4
(
4ac−b2

)2 −4b2k+
2b2

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +16ac+2b
√
−4ac+b2−2k

√
−4ac+b2−

√
−4ac+b2 kk+

√
−4ac+b2 k

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −
4ack

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 −4b2−m

, a1 = −
a0a
(
b
√
−4ac+b2−k

√
−4ac+b2+

√
−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m

)(
−
√

−4ac+b2
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +
√
−4ac+b2−b+k

)

2(4ac−b2)
(
4ac−

4ac
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +
ac
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2(

4ac−b2
)2 −b2+

b2
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 −
b2
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

4
(
4ac−b2

)2 +b
√
−4ac+b2−

√
−4ac+b2 b

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −k
√
−4ac+b2+

√
−4ac+b2 k

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −m

)


• Revert the change of variables u = x− −b+
√
−4ac+b2

2ay =
∞∑
k=0

ak
(
x− −b+

√
−4ac+b2

2a

)k− b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
2
(
4ac−b2

)
, ak+2 =

a

(
2
√
−4ac+b2 k2ak+1−

2
√

−4ac+b2 k
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak+1

4ac−b2 +
√

−4ac+b2
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

ak+1

2
(
4ac−b2

)2 +a k2ak−
ak
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak

4ac−b2 +
a
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

ak

4
(
4ac−b2

)2 +5
√
−4ac+b2 kak+1−

5
√

−4ac+b2
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak+1

2
(
4ac−b2

) +akak−
a
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
ak

2
(
4ac−b2

) −bkak+1+
ak+1

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
b

2
(
4ac−b2

) +kkak+1−
ak+1

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)
k

2
(
4ac−b2

) +3
√
−4ac+b2 ak+1−ak+1b+ak+1k

)

4ac k2+
ac
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2(

4ac−b2
)2 +

b2k
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +16ack−
8ac

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +
√
−4ac+b2 bk−

√
−4ac+b2 b

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −b2k2−
b2
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

4
(
4ac−b2

)2 −4b2k+
2b2

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +16ac+2b
√
−4ac+b2−2k

√
−4ac+b2−

√
−4ac+b2 kk+

√
−4ac+b2 k

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −
4ack

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 −4b2−m

, a1 = −
a0a
(
b
√
−4ac+b2−k

√
−4ac+b2+

√
−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m

)(
−
√

−4ac+b2
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +
√
−4ac+b2−b+k

)

2(4ac−b2)
(
4ac−

4ac
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 +
ac
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2(

4ac−b2
)2 −b2+

b2
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

4ac−b2 −
b2
(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)2

4
(
4ac−b2

)2 +b
√
−4ac+b2−

√
−4ac+b2 b

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −k
√
−4ac+b2+

√
−4ac+b2 k

(
b
√

−4ac+b2−k
√

−4ac+b2+
√

−4b2ca+8kabc−4k2ac+b4−2k b3+k2b2+16acm−4b2m
)

2
(
4ac−b2

) −m

)


• Combine solutions and rename parameters

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 274� �
dsolve((a*x^2+b*x+c)^2*diff(y(x),x$2)+(2*a*x+k)*(a*x^2+b*x+c)*diff(y(x),x)+m*y(x)=0,y(x), singsol=all)� �
y(x)

=
(
−2ax− b+

√
−4ac+ b2

2ax+
√
−4ac+ b2 + b

)− k

2
√

−4ac+b2
(

2ax+
√
−4ac+ b2 + b

−2ax− b+
√
−4ac+ b2

)− b

2
√

−4ac+b2

c1

(
−b+ i

√
4ac− b2 − 2ax

i
√
4ac− b2 + 2ax+ b

)a

√
b2−2kb+k2−4m

a2
2
√

−4ac+b2

+ c2

(
−b+ i

√
4ac− b2 − 2ax

i
√
4ac− b2 + 2ax+ b

)−
a

√
b2−2kb+k2−4m

a2
2
√

−4ac+b2


3 Solution by Mathematica
Time used: 2.382 (sec). Leaf size: 157� �
DSolve[(a*x^2+b*x+c)^2*y''[x]+(2*a*x+k)*(a*x^2+b*x+c)*y'[x]+m*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 exp


(
−
√
m
√

b2−2bk+k2−4m
m

+ b− k

)
arctan

(
2ax+b√
4ac−b2

)
√
4ac− b2



+ c2 exp


(
√
m
√

b2−2bk+k2−4m
m

+ b− k

)
arctan

(
2ax+b√
4ac−b2

)
√
4ac− b2
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33.1 problem 238
33.1.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 3569

Internal problem ID [11063]
Internal file name [OUTPUT/10319_Wednesday_January_24_2024_10_07_11_PM_18886836/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 238.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_Emden , _Fowler ]]

x6y′′ − x5y′ + ay = 0

33.1.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ − y′x+ ay

x4 = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1

β =
√
a

2
n = 1

2
γ = −2

Substituting all the above into (4) gives the solution as

y =
2c1x sin

(√
a

2x2

)
√
π
√√

a
x2

−
2c2x cos

(√
a

2x2

)
√
π
√√

a
x2

Summary
The solution(s) found are the following

(1)y =
2c1x sin

(√
a

2x2

)
√
π
√√

a
x2

−
2c2x cos

(√
a

2x2

)
√
π
√√

a
x2

Verification of solutions

y =
2c1x sin

(√
a

2x2

)
√
π
√√

a
x2

−
2c2x cos

(√
a

2x2

)
√
π
√√

a
x2

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 35� �
dsolve(x^6*diff(y(x),x$2)-x^5*diff(y(x),x)+a*y(x)=0,y(x), singsol=all)� �

y(x) = x2
(
c1 sinh

(√
−a

2x2

)
+ c2 cosh

(√
−a

2x2

))
3 Solution by Mathematica
Time used: 0.239 (sec). Leaf size: 58� �
DSolve[x^6*y''[x]-x^5*y'[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
2x

2e−
i
√
a

2x2

(
2c1e

i
√

a

x2 − ic2√
a

)
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33.2 problem 239
33.2.1 Solving as second order change of variable on x method 2 ode . 3572

Internal problem ID [11064]
Internal file name [OUTPUT/10320_Wednesday_January_24_2024_10_07_12_PM_79551424/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 239.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_change_of_vari-
able_on_x_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

x6y′′ +
(
3x2 + a

)
x3y′ + yb = 0

33.2.1 Solving as second order change of variable on x method 2 ode

In normal form the ode

x6y′′ +
(
3x2 + a

)
x3y′ + yb = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = 3x2 + a

x3

q(x) = b

x6

Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)
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Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫ 3x2+a

x3 dx
)
dx

=
∫

e
a

2x2−3 ln(x) dx

=
∫ e

a
2x2

x3 dx

= −e
a

2x2

a
(6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

=
b
x6

e
a
x2

x6

= b e−
a
x2 (7)

Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) + b e−

a
x2 y(τ) = 0

But in terms of τ

b e−
a
x2 = b

a2τ 2

3573



Hence the above ode becomes

d2

dτ 2
y(τ) + by(τ)

a2τ 2
= 0

The above ode is now solved for y(τ). The ode can be written as(
d2

dτ 2
y(τ)

)
a2τ 2 + by(τ) = 0

Which shows it is a Euler ODE. This is Euler second order ODE. Let the solution be
y(τ) = τ r, then y′ = rτ r−1 and y′′ = r(r − 1)τ r−2. Substituting these back into the
given ODE gives

a2τ 2(r(r − 1))τ r−2 + 0rτ r−1 + b τ r = 0

Simplifying gives
a2r(r − 1) τ r + 0 τ r + b τ r = 0

Since τ r 6= 0 then dividing throughout by τ r gives

a2r(r − 1) + 0 + b = 0

Or
a2r2 − a2r + b = 0 (1)

Equation (1) is the characteristic equation. Its roots determine the form of the general
solution. Using the quadratic equation the roots are

r1 = −−a+
√
a2 − 4b

2a

r2 =
a+

√
a2 − 4b
2a

Since the roots are real and distinct, then the general solution is

y(τ) = c1y1 + c2y2

Where y1 = τ r1 and y2 = τ r2 . Hence

y(τ) = c1τ
−−a+

√
a2−4b

2a + c2τ
a+
√

a2−4b
2a

The above solution is now transformed back to y using (6) which results in

y = c1

(
−e

a
2x2

a

)−−a+
√

a2−4b
2a

+ c2

(
−e

a
2x2

a

)a+
√

a2−4b
2a
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Summary
The solution(s) found are the following

(1)y = c1

(
−e

a
2x2

a

)−−a+
√

a2−4b
2a

+ c2

(
−e

a
2x2

a

)a+
√

a2−4b
2a

Verification of solutions

y = c1

(
−e

a
2x2

a

)−−a+
√

a2−4b
2a

+ c2

(
−e

a
2x2

a

)a+
√

a2−4b
2a

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
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3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 45� �
dsolve(x^6*diff(y(x),x$2)+(3*x^2+a)*x^3*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �

y(x) = c1e−
−a+

√
a2−4b

4x2 + c2e
a+
√

a2−4b
4x2

3 Solution by Mathematica
Time used: 0.066 (sec). Leaf size: 56� �
DSolve[x^6*y''[x]+(3*x^2+a)*x^3*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
a−
√

a2−4b
4x2

(
c1e

√
a2−4b
2x2 + c2

)
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33.3 problem 241
Internal problem ID [11065]
Internal file name [OUTPUT/10321_Wednesday_January_24_2024_10_07_12_PM_56094527/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 241.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xny′′ + c(ax+ b)n−4 y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
7 Solution by Maple� �
dsolve(x^n*diff(y(x),x$2)+c*(a*x+b)^(n-4)*y(x)=0,y(x), singsol=all)� �

No solution found
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^n*y''[x]+c*(a*x+b)^(n-4)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.4 problem 242
Internal problem ID [11066]
Internal file name [OUTPUT/10322_Wednesday_January_24_2024_10_07_12_PM_98034743/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 242.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xny′′ + axy′ −
(
b2xn + 2b xn−1 + abx+ a

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(x^n*diff(y(x),x$2)+a*x*diff(y(x),x)-(b^2*x^n+2*b*x^(n-1)+a*b*x+a)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^n*y''[x]+a*x*y'[x]-(b^2*x^n+2*b*x^(n-1)+a*b*x+a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.5 problem 243
33.5.1 Solving as second order ode non constant coeff transformation

on B ode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3583

Internal problem ID [11067]
Internal file name [OUTPUT/10323_Wednesday_January_24_2024_10_07_13_PM_55005500/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 243.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_ode_non_con-
stant_coeff_transformation_on_B"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

xny′′ + (ax+ b) y′ − ay = 0

33.5.1 Solving as second order ode non constant coeff transformation on
B ode

Given an ode of the form

Ay′′ +By′ + Cy = F (x)

This method reduces the order ode the ODE by one by applying the transformation

y = Bv

This results in

y′ = B′v + v′B

y′′ = B′′v +B′v′ + v′′B + v′B′

= v′′B + 2v′ +B′ +B′′v
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And now the original ode becomes

A(v′′B + 2v′B′ +B′′v) +B(B′v + v′B) + CBv = 0
ABv′′ +

(
2AB′ +B2) v′ + (AB′′ +BB′ + CB) v = 0 (1)

If the term AB′′ +BB′ +CB is zero, then this method works and can be used to solve

ABv′′ +
(
2AB′ +B2) v′ = 0

By Using u = v′ which reduces the order of the above ode to one. The new ode is

ABu′ +
(
2AB′ +B2)u = 0

The above ode is first order ode which is solved for u. Now a new ode v′ = u is solved
for v as first order ode. Then the final solution is obtain from y = Bv.

This method works only if the term AB′′ +BB′ + CB is zero. The given ODE shows
that

A = xn

B = ax+ b

C = −a

F = 0

The above shows that for this ode

AB′′ +BB′ + CB = (xn) (0) + (ax+ b) (a) + (−a) (ax+ b)
= 0

Hence the ode in v given in (1) now simplifies to

xn(ax+ b) v′′ +
(
2a xn + (ax+ b)2

)
v′ = 0

Now by applying v′ = u the above becomes

xn(ax+ b)u′(x) +
(
2a xn + (ax+ b)2

)
u(x) = 0

Which is now solved for u. In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= −u(a2x2 + 2abx+ 2a xn + b2)x−n

ax+ b
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Where f(x) = −
(
a2x2+2abx+2a xn+b2

)
x−n

ax+b
and g(u) = u. Integrating both sides gives

1
u
du = −(a2x2 + 2abx+ 2a xn + b2)x−n

ax+ b
dx∫ 1

u
du =

∫
−(a2x2 + 2abx+ 2a xn + b2)x−n

ax+ b
dx

ln (u) =
(

a x2

n− 2 + bx

n− 1

)
e−n ln(x) − 2 ln (ax+ b) + c1

u = e
(

a x2
n−2+

bx
n−1

)
e−n ln(x)−2 ln(ax+b)+c1

= c1e
(

a x2
n−2+

bx
n−1

)
e−n ln(x)−2 ln(ax+b)

Which simplifies to

u(x) = c1e
x2a x−n

n−2 e
x−nbx
n−1

(ax+ b)2

The ode for v now becomes

v′ = u

= c1e
x2a x−n

n−2 e
x−nbx
n−1

(ax+ b)2

Which is now solved for v. Integrating both sides gives

v(x) =
∫

c1e
x2a x−n

n−2 e
x−nbx
n−1

(ax+ b)2
dx

=
∫

c1e
x2a x−n

n−2 e
x−nbx
n−1

(ax+ b)2
dx+ c2

Therefore the solution is

y(x) = Bv

= (ax+ b)

∫ c1e
x2a x−n

n−2 e
x−nbx
n−1

(ax+ b)2
dx+ c2


= (ax+ b)

c1

∫ e
(a(n−1)x+b(n−2))x1−n

(n−2)(n−1)

(ax+ b)2
dx

+ c2
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Summary
The solution(s) found are the following

(1)y = (ax+ b)

c1

∫ e
(a(n−1)x+b(n−2))x1−n

(n−2)(n−1)

(ax+ b)2
dx

+ c2


Verification of solutions

y = (ax+ b)

c1

∫ e
(a(n−1)x+b(n−2))x1−n

(n−2)(n−1)

(ax+ b)2
dx

+ c2


Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
<- linear symmetries successful`� �
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3 Solution by Maple
Time used: 0.375 (sec). Leaf size: 56� �
dsolve(x^n*diff(y(x),x$2)+(a*x+b)*diff(y(x),x)-a*y(x)=0,y(x), singsol=all)� �

y(x) = −

c1

∫ e
x−n+1(ax(n−1)+b(n−2))

(n−2)(n−1)

(ax+ b)2
dx

+ c2

 (ax+ b)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^n*y''[x]+(a*x+b)*y'[x]-a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.6 problem 244
Internal problem ID [11068]
Internal file name [OUTPUT/10324_Wednesday_January_24_2024_10_07_14_PM_89762227/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 244.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xny′′ +
(
a xn−1 + bx

)
y′ + (a− 1) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful`� �
3 Solution by Maple
Time used: 0.782 (sec). Leaf size: 137� �
dsolve(x^n*diff(y(x),x$2)+(a*x^(n-1)+b*x)*diff(y(x),x)+(a-1)*y(x)=0,y(x), singsol=all)� �
y(x) = x−a

2−
1
2+

n
2 e

b x2−n

−4+2n

(
WhittakerM

(
(−b+ 2) a− 2 + b(n− 1)

2b (n− 2) ,
a− 1

−4 + 2n,
b x2−n

n− 2

)
c1

+WhittakerW
(
(−b+ 2) a− 2 + b(n− 1)

2b (n− 2) ,
a− 1

−4 + 2n,
b x2−n

n− 2

)
c2

)
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^n*y''[x]+(a*x^(n-1)+b*x)*y'[x]+(a-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.7 problem 245
Internal problem ID [11069]
Internal file name [OUTPUT/10325_Wednesday_January_24_2024_10_07_15_PM_54178152/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 245.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xny′′ +
(
2xn−1 + a x2 + bx

)
y′ + yb = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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3 Solution by Maple
Time used: 0.454 (sec). Leaf size: 76� �
dsolve(x^n*diff(y(x),x$2)+(2*x^(n-1)+a*x^2+b*x)*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �

y(x) =

(ax+ b)

c2

∫ e
b(n−3)x2−n+(n−2)

(
a x3−n−2(n−3) ln(x)

)
(n−3)(n−2) x2

(ax+b)2 dx

+ c1


x

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^n*y''[x]+(2*x^(n-1)+a*x^2+b*x)*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.8 problem 246
Internal problem ID [11070]
Internal file name [OUTPUT/10326_Wednesday_January_24_2024_10_07_15_PM_36620420/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 246.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xny′′ + (a xn + b) y′ + c((a− c)xn + b) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �

3594



7 Solution by Maple� �
dsolve(x^n*diff(y(x),x$2)+(a*x^n+b)*diff(y(x),x)+c*((a-c)*x^n+b)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^n*y''[x]+(a*x^n+b)*y'[x]+c*((a-c)*x^n+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.9 problem 247
Internal problem ID [11071]
Internal file name [OUTPUT/10327_Wednesday_January_24_2024_10_07_16_PM_37914138/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 247.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xny′′ +
(
a xn − xn−1 + abx+ b

)
y′ + a2bxy = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(x^n*diff(y(x),x$2)+(a*x^n-x^(n-1)+a*b*x+b)*diff(y(x),x)+a^2*b*x*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^n*y''[x]+(a*x^n-x^(n-1)+a*b*x+b)*y'[x]+a^2*b*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.10 problem 248
Internal problem ID [11072]
Internal file name [OUTPUT/10328_Wednesday_January_24_2024_10_07_16_PM_18572700/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 248.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

xny′′ +
(
a xm+n + 1

)
y′ + a xm

(
1 + xn−1m

)
y = 0

3599



Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �

3600



7 Solution by Maple� �
dsolve(x^n*diff(y(x),x$2)+(a*x^(n+m)+1)*diff(y(x),x)+a*x^m*(1+m*x^(n-1))*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^n*y''[x]+(a*x^(n+m)+1)*y'[x]+a*x^m*(1+m*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.11 problem 249
Internal problem ID [11073]
Internal file name [OUTPUT/10329_Wednesday_January_24_2024_10_07_17_PM_72162890/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 249.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(a xn + b) y′′ + (xnc+ d) y′ + λ((−aλ+ c)xn + d− bλ) y = 0

3602



Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve((a*x^n+b)*diff(y(x),x$2)+(c*x^n+d)*diff(y(x),x)+lambda*((c-a*lambda)*x^n+d-b*lambda)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^n+b)*y''[x]+(c*x^n+d)*y'[x]+\[Lambda]*((c-a*\[Lambda])*x^n+d-b*\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.12 problem 250
33.12.1 Solving as second order integrable as is ode . . . . . . . . . . . 3605
33.12.2 Solving as type second_order_integrable_as_is (not using ABC

version) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3607
33.12.3 Solving as exact linear second order ode ode . . . . . . . . . . . 3609

Internal problem ID [11074]
Internal file name [OUTPUT/10330_Wednesday_January_24_2024_10_07_18_PM_82271614/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 250.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "exact linear second order ode",
"second_order_integrable_as_is"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries], [_2nd_order , _linear , `

_with_symmetry_ [0,F(x)]`]]

(a xn + bx+ c) y′′ − an(n− 1)xn−2y = 0

33.12.1 Solving as second order integrable as is ode

Integrating both sides of the ODE w.r.t x gives∫ (
(a xn + bx+ c) y′′ − an(n− 1)xn−2y

)
dx = 0

−(xnna+ bx) y
x

− (−a xn − bx− c) y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = − xnna+ bx

(a xn + bx+ c)x
q(x) = c1

a xn + bx+ c

Hence the ode is

y′ − (xnna+ bx) y
(a xn + bx+ c)x = c1

a xn + bx+ c

The integrating factor µ is

µ = e
∫
− xnna+bx

(a xn+bx+c)xdx

= 1
a en ln(x) + bx+ c

Which simplifies to

µ = 1
a xn + bx+ c

The ode becomes
d
dx(µy) = (µ)

(
c1

a xn + bx+ c

)
d
dx

(
y

a xn + bx+ c

)
=
(

1
a xn + bx+ c

)(
c1

a xn + bx+ c

)
d
(

y

a xn + bx+ c

)
=
(

c1

(a xn + bx+ c)2
)

dx

Integrating gives
y

a xn + bx+ c
=
∫

c1

(a xn + bx+ c)2
dx

y

a xn + bx+ c
= xc1

(nbx− bx+ cn) (a en ln(x) + bx+ c) +
(∫

n(nbx− bx+ cn− c)
(nbx− bx+ cn)2 (a en ln(x) + bx+ c)

dx

)
c1 + c2

Dividing both sides by the integrating factor µ = 1
a xn+bx+c

results in

y = (a xn + bx+ c)
(

xc1
(nbx− bx+ cn) (a en ln(x) + bx+ c) +

(∫
n(nbx− bx+ cn− c)

(nbx− bx+ cn)2 (a en ln(x) + bx+ c)
dx

)
c1

)
+ c2(a xn + bx+ c)

which simplifies to

y = (a xn + bx+ c)
(
c1

(
x

(a xn + bx+ c) (nbx− bx+ cn) + n

(∫ (n− 1) (bx+ c)
(x (n− 1) b+ cn)2 (a xn + bx+ c)

dx

))
+ c2

)
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Summary
The solution(s) found are the following

(1)
y = (a xn + bx+ c)

(
c1

(
x

(a xn + bx+ c) (nbx− bx+ cn)

+ n

(∫ (n− 1) (bx+ c)
(x (n− 1) b+ cn)2 (a xn + bx+ c)

dx

))
+ c2

)
Verification of solutions

y = (a xn + bx+ c)
(
c1

(
x

(a xn + bx+ c) (nbx− bx+ cn)

+ n

(∫ (n− 1) (bx+ c)
(x (n− 1) b+ cn)2 (a xn + bx+ c)

dx

))
+ c2

)
Verified OK.

33.12.2 Solving as type second_order_integrable_as_is (not using ABC
version)

Writing the ode as

(a xn + bx+ c) y′′ − an(n− 1)xn−2y = 0

Integrating both sides of the ODE w.r.t x gives∫ (
(a xn + bx+ c) y′′ − an(n− 1)xn−2y

)
dx = 0

−(xnna+ bx) y
x

− (−a xn − bx− c) y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = − xnna+ bx

(a xn + bx+ c)x
q(x) = c1

a xn + bx+ c

Hence the ode is

y′ − (xnna+ bx) y
(a xn + bx+ c)x = c1

a xn + bx+ c
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The integrating factor µ is

µ = e
∫
− xnna+bx

(a xn+bx+c)xdx

= 1
a en ln(x) + bx+ c

Which simplifies to

µ = 1
a xn + bx+ c

The ode becomes

d
dx(µy) = (µ)

(
c1

a xn + bx+ c

)
d
dx

(
y

a xn + bx+ c

)
=
(

1
a xn + bx+ c

)(
c1

a xn + bx+ c

)
d
(

y

a xn + bx+ c

)
=
(

c1

(a xn + bx+ c)2
)

dx

Integrating gives

y

a xn + bx+ c
=
∫

c1

(a xn + bx+ c)2
dx

y

a xn + bx+ c
= xc1

(nbx− bx+ cn) (a en ln(x) + bx+ c) +
(∫

n(nbx− bx+ cn− c)
(nbx− bx+ cn)2 (a en ln(x) + bx+ c)

dx

)
c1 + c2

Dividing both sides by the integrating factor µ = 1
a xn+bx+c

results in

y = (a xn + bx+ c)
(

xc1
(nbx− bx+ cn) (a en ln(x) + bx+ c) +

(∫
n(nbx− bx+ cn− c)

(nbx− bx+ cn)2 (a en ln(x) + bx+ c)
dx

)
c1

)
+ c2(a xn + bx+ c)

which simplifies to

y = (a xn + bx+ c)
(
c1

(
x

(a xn + bx+ c) (nbx− bx+ cn) + n

(∫ (n− 1) (bx+ c)
(x (n− 1) b+ cn)2 (a xn + bx+ c)

dx

))
+ c2

)
Summary
The solution(s) found are the following

(1)
y = (a xn + bx+ c)

(
c1

(
x

(a xn + bx+ c) (nbx− bx+ cn)

+ n

(∫ (n− 1) (bx+ c)
(x (n− 1) b+ cn)2 (a xn + bx+ c)

dx

))
+ c2

)

3608



Verification of solutions

y = (a xn + bx+ c)
(
c1

(
x

(a xn + bx+ c) (nbx− bx+ cn)

+ n

(∫ (n− 1) (bx+ c)
(x (n− 1) b+ cn)2 (a xn + bx+ c)

dx

))
+ c2

)
Verified OK.

33.12.3 Solving as exact linear second order ode ode

An ode of the form

p(x) y′′ + q(x) y′ + r(x) y = s(x)

is exact if

p′′(x)− q′(x) + r(x) = 0 (1)

For the given ode we have

p(x) = a xn + bx+ c

q(x) = 0
r(x) = −an(n− 1)xn−2

s(x) = 0

Hence

p′′(x) = a xnn2

x2 − an xn

x2

q′(x) = 0

Therefore (1) becomes

a xnn2

x2 − an xn

x2 − (0) +
(
−an(n− 1)xn−2) = 0

Hence the ode is exact. Since we now know the ode is exact, it can be written as

(p(x) y′ + (q(x)− p′(x)) y)′ = s(x)

Integrating gives

p(x) y′ + (q(x)− p′(x)) y =
∫

s(x) dx
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Substituting the above values for p, q, r, s gives

(a xn + bx+ c) y′ +
(
−an xn

x
− b

)
y = c1

We now have a first order ode to solve which is

(a xn + bx+ c) y′ +
(
−an xn

x
− b

)
y = c1

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = − xnna+ bx

(a xn + bx+ c)x
q(x) = c1

a xn + bx+ c

Hence the ode is

y′ − (xnna+ bx) y
(a xn + bx+ c)x = c1

a xn + bx+ c

The integrating factor µ is

µ = e
∫
− xnna+bx

(a xn+bx+c)xdx

= 1
a en ln(x) + bx+ c

Which simplifies to

µ = 1
a xn + bx+ c

The ode becomes

d
dx(µy) = (µ)

(
c1

a xn + bx+ c

)
d
dx

(
y

a xn + bx+ c

)
=
(

1
a xn + bx+ c

)(
c1

a xn + bx+ c

)
d
(

y

a xn + bx+ c

)
=
(

c1

(a xn + bx+ c)2
)

dx

3610



Integrating gives

y

a xn + bx+ c
=
∫

c1

(a xn + bx+ c)2
dx

y

a xn + bx+ c
= xc1

(nbx− bx+ cn) (a en ln(x) + bx+ c) +
(∫

n(nbx− bx+ cn− c)
(nbx− bx+ cn)2 (a en ln(x) + bx+ c)

dx

)
c1 + c2

Dividing both sides by the integrating factor µ = 1
a xn+bx+c

results in

y = (a xn + bx+ c)
(

xc1
(nbx− bx+ cn) (a en ln(x) + bx+ c) +

(∫
n(nbx− bx+ cn− c)

(nbx− bx+ cn)2 (a en ln(x) + bx+ c)
dx

)
c1

)
+ c2(a xn + bx+ c)

which simplifies to

y = (a xn + bx+ c)
(
c1

(
x

(a xn + bx+ c) (nbx− bx+ cn) + n

(∫ (n− 1) (bx+ c)
(x (n− 1) b+ cn)2 (a xn + bx+ c)

dx

))
+ c2

)
Summary
The solution(s) found are the following

(1)
y = (a xn + bx+ c)

(
c1

(
x

(a xn + bx+ c) (nbx− bx+ cn)

+ n

(∫ (n− 1) (bx+ c)
(x (n− 1) b+ cn)2 (a xn + bx+ c)

dx

))
+ c2

)
Verification of solutions

y = (a xn + bx+ c)
(
c1

(
x

(a xn + bx+ c) (nbx− bx+ cn)

+ n

(∫ (n− 1) (bx+ c)
(x (n− 1) b+ cn)2 (a xn + bx+ c)

dx

))
+ c2

)
Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 33� �
dsolve((a*x^n+b*x+c)*diff(y(x),x$2)=a*n*(n-1)*x^(n-2)*y(x),y(x), singsol=all)� �

y(x) =
((∫ 1

(a xn + bx+ c)2
dx

)
c1 + c2

)
(a xn + bx+ c)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^n+b*x+c)*y''[x]==a*n*(n-1)*x^(n-2)*y[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.13 problem 251
Internal problem ID [11075]
Internal file name [OUTPUT/10331_Wednesday_January_24_2024_10_07_29_PM_64080441/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 251.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x(xn + 1) y′′ + ((a− b)xn + a− n) y′ + b(−a+ 1)xn−1y = 0

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful`� �
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3 Solution by Maple
Time used: 0.172 (sec). Leaf size: 65� �
dsolve(x*(x^n+1)*diff(y(x),x$2)+((a-b)*x^n+a-n)*diff(y(x),x)+b*(1-a)*x^(n-1)*y(x)=0,y(x), singsol=all)� �
y(x) =

(
x−a+n+1c2 hypergeom

([
b+ n

n
,
−a+ n+ 1

n

]
,

[
2n− a+ 1

n

]
,−xn

)
+ c1

)
(xn

+ 1)
b
n

3 Solution by Mathematica
Time used: 0.164 (sec). Leaf size: 69� �
DSolve[x*(x^n+1)*y''[x]+((a-b)*x^n+a-n)*y'[x]+b*(1-a)*x^(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c2(xn)
−a+n+1

n Hypergeometric2F1
(
1, −a− b+ n+ 1

n
,
−a+ 2n+ 1

n
,−xn

)
+ c1(xn + 1)b/n
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33.14 problem 252
33.14.1 Solving as second order change of variable on x method 1 ode . 3615

Internal problem ID [11076]
Internal file name [OUTPUT/10332_Wednesday_January_24_2024_10_07_30_PM_78114833/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 252.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_change_of_vari-
able_on_x_method_1"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries], [_2nd_order , _linear , `

_with_symmetry_ [0,F(x)]`]]

x
(
x2n + a

)
y′′ +

(
x2n + a− an

)
y′ − b2x−1+2ny = 0

33.14.1 Solving as second order change of variable on x method 1 ode

In normal form the ode

x
(
x2n + a

)
y′′ +

(
x2n + a− an

)
y′ − b2x−1+2ny = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = x2n + a− an

x (x2n + a)

q(x) = −b2x2n−2

x2n + a

Applying change of variables τ = g(x) to (2) results

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)
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Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let q1 = c2 where c is some constant. Therefore from (5)

τ ′ = 1
c

√
q

=

√
− b2x2n−2

x2n+a

c
(6)

τ ′′ =
− b2x2n−2(2n−2)

x(x2n+a) + 2b2x2n−2x2nn
(x2n+a)2x

2c
√
− b2x2n−2

x2n+a

Substituting the above into (4) results in

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2

=

− b2x2n−2(2n−2)
x
(
x2n+a

) + 2b2x2n−2x2nn(
x2n+a

)2
x

2c
√

− b2x2n−2
x2n+a

+ x2n+a−an
x(x2n+a)

√
− b2x2n−2

x2n+a

c√
− b2x2n−2

x2n+a

c

2

= 0

Therefore ode (3) now becomes

y(τ)′′ + p1y(τ)′ + q1y(τ) = 0
d2

dτ 2
y(τ) + c2y(τ) = 0 (7)

The above ode is now solved for y(τ). Since the ode is now constant coefficients, it can
be easily solved to give

y(τ) = c1 cos (cτ) + c2 sin (cτ)
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Now from (6)

τ =
∫ 1

c

√
q dx

=

∫ √
− b2x2n−2

x2n+a
dx

c

=

∫ √
− b2x2n−2

x2n+a
dx

c

Substituting the above into the solution obtained gives

y = c1 cosh

b arcsinh
(

xn
√
a

)
n

+ ic2 sinh

b arcsinh
(

xn
√
a

)
n


Summary
The solution(s) found are the following

(1)y = c1 cosh

b arcsinh
(

xn
√
a

)
n

+ ic2 sinh

b arcsinh
(

xn
√
a

)
n


Verification of solutions

y = c1 cosh

b arcsinh
(

xn
√
a

)
n

+ ic2 sinh

b arcsinh
(

xn
√
a

)
n


Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]

Solution is available but has integrals. Trying a simpler solution using Kovacics algorithm...
Solution via Kovacic is not simpler. Returning default solution
<- linear_1 successful`� �
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3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 61� �
dsolve(x*(x^(2*n)+a)*diff(y(x),x$2)+(x^(2*n)+a-a*n)*diff(y(x),x)-b^2*x^(2*n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
ib
(∫

xn−1
√

− 1
x2n+a

dx
)
+ c2e

−ib
(∫

xn−1
√

− 1
x2n+a

dx
)

3 Solution by Mathematica
Time used: 0.458 (sec). Leaf size: 47� �
DSolve[x*(x^(2*n)+a)*y''[x]+(x^(2*n)+a-a*n)*y'[x]-b^2*x^(2*n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cosh

barcsinh
(

xn
√
a

)
n

+ ic2 sinh

barcsinh
(

xn
√
a

)
n
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33.15 problem 253
Internal problem ID [11077]
Internal file name [OUTPUT/10333_Wednesday_January_24_2024_10_16_49_PM_16279652/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 253.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2(x2na2 − 1
)
y′′ + x

(
a2(n+ 1)x2n + n− 1

)
y′ − ν(ν + 1) a2n2x2ny = 0

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
<- Legendre successful

<- special function solution successful`� �
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3 Solution by Maple
Time used: 0.157 (sec). Leaf size: 23� �
dsolve(x^2*(a^2*x^(2*n)-1)*diff(y(x),x$2)+x*(a^2*(n+1)*x^(2*n)+n-1)*diff(y(x),x)-nu*(nu+1)*a^2*n^2*x^(2*n)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 LegendreP (ν, a xn) + c2 LegendreQ (ν, a xn)

3 Solution by Mathematica
Time used: 0.21 (sec). Leaf size: 79� �
DSolve[x^2*(a^2*x^(2*n)-1)*y''[x]+x*(a^2*(n+1)*x^(2*n)+n-1)*y'[x]-\[Nu]*(\[Nu]+1)*a^2*n^2*x^(2*n)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → iac2
√
x2nHypergeometric2F1

(
1
2 − ν

2 ,
ν

2 + 1, 32 , a
2x2n

)
+ c1Hypergeometric2F1

(
−ν

2 ,
ν + 1
2 ,

1
2 , a

2x2n
)
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33.16 problem 254
Internal problem ID [11078]
Internal file name [OUTPUT/10334_Wednesday_January_24_2024_10_16_50_PM_90181001/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 254.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2(x2na2 − 1
)
y′′ + x(ap xn + q) y′ + (ar xn + s) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
<- Heun successful: received ODE is equivalent to the HeunG ODE, case a <> 0, e <> 0, g <> 0, c = 0 `� �
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3 Solution by Maple
Time used: 1.734 (sec). Leaf size: 273� �
dsolve(x^2*(a^2*x^(2*n)-1)*diff(y(x),x$2)+x*(a*p*x^n+q)*diff(y(x),x)+(a*r*x^n+s)*y(x)=0,y(x), singsol=all)� �
y(x)

=x
q
2+

1
2

(
c1x

√
q2+2q+4s+1

2 HeunG
(
−1, pq +

√
q2 + 2q + 4s+ 1 p+ p+ 2r

2n2 ,

√
q2 + 2q + 4s+ 1 + q − 1

2n ,

√
q2 + 2q + 4s+ 1 + q + 1

2n ,
n+

√
q2 + 2q + 4s+ 1

n
,

−p− q

2n ,−a xn

)
+ c2x

−
√

q2+2q+4s+1
2 HeunG

(
−1, −

√
q2 + 2q + 4s+ 1 p+ (q + 1) p+ 2r

2n2 ,

−
√
q2 + 2q + 4s+ 1− q − 1

2n ,−
√
q2 + 2q + 4s+ 1− q + 1

2n ,
n−

√
q2 + 2q + 4s+ 1

n
,

−p− q

2n ,−a xn

))
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*(a^2*x^(2*n)-1)*y''[x]+x*(a*p*x^n+q)*y'[x]+(a*r*x^n+s)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.17 problem 255
33.17.1 Solving as second order bessel ode ode . . . . . . . . . . . . . . 3624

Internal problem ID [11079]
Internal file name [OUTPUT/10335_Wednesday_January_24_2024_10_17_11_PM_46271332/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 255.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

(xn + a)2 y′′ − b xn−2((b− 1)xn + (n− 1) a) y = 0

33.17.1 Solving as second order bessel ode ode

Writing the ode as

x2y′′ +
(
−b2x2n

x2 − xnabn

x2 + x2nb

x2 + ab xn

x2

)
y = 0 (1)

Bessel ode has the form

x2y′′ + y′x+
(
−n2 + x2) y = 0 (2)

The generalized form of Bessel ode is given by Bowman (1958) as the following

x2y′′ + (1− 2α)xy′ +
(
β2γ2x2γ − n2γ2 + α2) y = 0 (3)

With the standard solution

y = xα(c1 BesselJ (n, β xγ) + c2 BesselY (n, β xγ)) (4)
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Comparing (3) to (1) and solving for α, β, n, γ gives

α = 1
2

β = 2 ln (x)
ln
(
− b

(
b en ln(x)+an−en ln(x)−a

)
x2

)
+ n ln (x)

n = − ln (x)
ln
(
− b

(
b en ln(x)+an−en ln(x)−a

)
x2

)
+ n ln (x)

γ =
ln
(
− b

(
b en ln(x)+an−en ln(x)−a

)
x2

)
+ n ln (x)

2 ln (x)

Substituting all the above into (4) gives the solution as

y = c1
√
x BesselJ

− ln (x)
ln
(
− b

(
b en ln(x)+an−en ln(x)−a

)
x2

)
+ n ln (x)

,
2 ln (x)x

ln

−
b
(
b en ln(x)+an−en ln(x)−a

)
x2

+n ln(x)

2 ln(x)

ln
(
− b

(
b en ln(x)+an−en ln(x)−a

)
x2

)
+ n ln (x)

+ c2
√
x BesselY

− ln (x)
ln
(
− b

(
b en ln(x)+an−en ln(x)−a

)
x2

)
+ n ln (x)

,
2 ln (x)x

ln

−
b
(
b en ln(x)+an−en ln(x)−a

)
x2

+n ln(x)

2 ln(x)

ln
(
− b

(
b en ln(x)+an−en ln(x)−a

)
x2

)
+ n ln (x)


Summary
The solution(s) found are the following

(1)y

= c1
√
x BesselJ

− ln (x)
ln
(
− b

(
b en ln(x)+an−en ln(x)−a

)
x2

)
+ n ln (x)

,
2 ln (x)x

ln

−
b
(
b en ln(x)+an−en ln(x)−a

)
x2

+n ln(x)

2 ln(x)

ln
(
− b

(
b en ln(x)+an−en ln(x)−a

)
x2

)
+ n ln (x)



+c2
√
x BesselY

− ln (x)
ln
(
− b

(
b en ln(x)+an−en ln(x)−a

)
x2

)
+ n ln (x)

,
2 ln (x)x

ln

−
b
(
b en ln(x)+an−en ln(x)−a

)
x2

+n ln(x)

2 ln(x)

ln
(
− b

(
b en ln(x)+an−en ln(x)−a

)
x2

)
+ n ln (x)
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Verification of solutions
y

= c1
√
x BesselJ

− ln (x)
ln
(
− b

(
b en ln(x)+an−en ln(x)−a

)
x2

)
+ n ln (x)

,
2 ln (x)x

ln

−
b
(
b en ln(x)+an−en ln(x)−a

)
x2

+n ln(x)

2 ln(x)

ln
(
− b

(
b en ln(x)+an−en ln(x)−a

)
x2

)
+ n ln (x)



+c2
√
x BesselY

− ln (x)
ln
(
− b

(
b en ln(x)+an−en ln(x)−a

)
x2

)
+ n ln (x)

,
2 ln (x)x

ln

−
b
(
b en ln(x)+an−en ln(x)−a

)
x2

+n ln(x)

2 ln(x)

ln
(
− b

(
b en ln(x)+an−en ln(x)−a

)
x2

)
+ n ln (x)


Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
<- heuristic approach successful

<- hypergeometric successful
<- special function solution successful

-> Trying to convert hypergeometric functions to elementary form...
<- elementary form could result into a too large expression - returning special function form of solution, free of uncomput

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful`� �
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3 Solution by Maple
Time used: 0.391 (sec). Leaf size: 75� �
dsolve((x^n+a)^2*diff(y(x),x$2)-b*x^(n-2)*( (b-1)*x^n+a*(n-1))*y(x)=0,y(x), singsol=all)� �

y(x) =
(
c2
(
ax+ xn+1) hypergeom([1, n− 2b+ 1

n

]
,

[
1 + 1

n

]
,−xn

a

)

+
(
xn + a

a

) 2b
n

ac1

)
(xn + a)−

b
n

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(x^n+a)^2*y''[x]-b*x^(n-2)*( (b-1)*x^n+a*(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.18 problem 256
33.18.1 Solving as second order ode lagrange adjoint equation method ode3629

Internal problem ID [11080]
Internal file name [OUTPUT/10336_Wednesday_January_24_2024_10_17_58_PM_43209986/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 256.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

(a xn + b)2 y′′ + (a xn + b) (xnc+ d) y′ + n(−ad+ bc)xn−1y = 0

33.18.1 Solving as second order ode lagrange adjoint equation method ode

In normal form the ode

y′′
(
x2na2 + 2ab xn + b2

)
+
(
x2nac+ da xn + bc xn + bd

)
y′ + n(−ad+ bc)xn−1y = 0

(1)

Becomes

y′′ + p(x) y′ + q(x) y = r(x) (2)

Where

p(x) = x2nac+ da xn + bc xn + bd

x2na2 + 2ab xn + b2

q(x) = nxn−1(−ad+ bc)
x2na2 + 2ab xn + b2

r(x) = 0
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The Lagrange adjoint ode is given by

ξ
′′ − (ξ p)′ + ξq = 0

ξ
′′ −

(
(x2nac+ da xn + bc xn + bd) ξ(x)

x2na2 + 2ab xn + b2

)′

+
(
nxn−1(−ad+ bc) ξ(x)
x2na2 + 2ab xn + b2

)
= 0

ξ′′(x)− (x2nac+ da xn + bc xn + bd) ξ′(x)
x2na2 + 2ab xn + b2

+

(x2nac+ da xn + bc xn + bd)
(

2x2nna2

x
+ 2abn xn

x

)
(x2na2 + 2ab xn + b2)2

−
2x2nnac

x
+ adnxn

x
+ bcn xn

x

x2na2 + 2ab xn + b2
+ nxn−1(−ad+ bc)

x2na2 + 2ab xn + b2

 ξ(x) = 0

Which is solved for ξ(x). The ODE is

x
(
x4na4 + 4b x3na3 + 6x2na2b2 + 4a b3xn + b4

)
ξ′′(x)−x

((
3a2bd+ 3b2ca

)
x2n +

(
a3d+ 3a2bc

)
x3n + x4na3c+

(
3a b2d+ b3c

)
xn + b3d

)
ξ′(x) = 0

Or

x
(
6x2nξ′′(x) a2b2 − 3x2nξ′(x) a2bd− 3x2nξ′(x) a b2c+ 4xnξ′′(x) a b3 − 3xnξ′(x) a b2d− xnξ′(x) b3c+ 4x3nξ′′(x) a3b− x3nξ′(x) a3d− 3x3nξ′(x) a2bc+ x4nξ′′(x) a4 − x4nξ′(x) a3c+ ξ′′(x) b4 − ξ′(x) b3d

)
= 0

For x 6= 0 the above simplifies to

ξ′′(x)
(
x4na4 + 4b x3na3 + 6x2na2b2 + 4a b3xn + b4

)
−
((
3a2bd+ 3b2ca

)
x2n +

(
a3d+ 3a2bc

)
x3n + x4na3c+

(
3a b2d+ b3c

)
xn + b3d

)
ξ′(x) = 0

This is second order ode with missing dependent variable ξ(x). Let

p(x) = ξ′(x)

Then

p′(x) = ξ′′(x)

Hence the ode becomes

x
(
x4na4 + 4b x3na3 + 6x2na2b2 + 4a b3xn + b4

)
p′(x)− x

((
3a2bd+ 3b2ca

)
x2n +

(
a3d+ 3a2bc

)
x3n + x4na3c+

(
3a b2d+ b3c

)
xn + b3d

)
p(x) = 0

Which is now solve for p(x) as first order ode. In canonical form the ODE is

p′ = F (x, p)
= f(x)g(p)

= p(x4na3c+ d x3na3 + 3bc x3na2 + 3x2na2bd+ 3x2na b2c+ 3a b2xnd+ b3c xn + b3d)
x4na4 + 4b x3na3 + 6x2na2b2 + 4a b3xn + b4
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Where f(x) = x4na3c+d x3na3+3bc x3na2+3x2na2bd+3x2na b2c+3a b2xnd+b3c xn+b3d
x4na4+4b x3na3+6x2na2b2+4a b3xn+b4

and g(p) = p.
Integrating both sides gives

1
p
dp = x4na3c+ d x3na3 + 3bc x3na2 + 3x2na2bd+ 3x2na b2c+ 3a b2xnd+ b3c xn + b3d

x4na4 + 4b x3na3 + 6x2na2b2 + 4a b3xn + b4
dx∫ 1

p
dp =

∫
x4na3c+ d x3na3 + 3bc x3na2 + 3x2na2bd+ 3x2na b2c+ 3a b2xnd+ b3c xn + b3d

x4na4 + 4b x3na3 + 6x2na2b2 + 4a b3xn + b4
dx

ln (p) =
∫

x4na3c+ d x3na3 + 3bc x3na2 + 3x2na2bd+ 3x2na b2c+ 3a b2xnd+ b3c xn + b3d

x4na4 + 4b x3na3 + 6x2na2b2 + 4a b3xn + b4
dx+ c1

p = e
∫

x4na3c+d x3na3+3bc x3na2+3x2na2bd+3x2na b2c+3a b2xnd+b3c xn+b3d
x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx+c1

= c1e
∫

x4na3c+d x3na3+3bc x3na2+3x2na2bd+3x2na b2c+3a b2xnd+b3c xn+b3d
x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx

Since p = ξ′(x) then the new first order ode to solve is

ξ′(x) = c1e
∫

x4na3c+d x3na3+3bc x3na2+3x2na2bd+3x2na b2c+3a b2xnd+b3c xn+b3d
x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx

Writing the ode as

ξ′(x) = c1e
∫

x4na3c+d x3na3+3bc x3na2+3x2na2bd+3x2na b2c+3a b2xnd+b3c xn+b3d
x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx

ξ′(x) = ω(x, ξ)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηξ − ξx)− ω2ξξ − ωxξ − ωξη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 1 to use as anstaz gives

(1E)ξ = xa2 + ξa3 + a1

(2E)η = xb2 + ξb3 + b1

Where the unknown coefficients are

{a1, a2, a3, b1, b2, b3}

Substituting equations (1E,2E) and ω into (A) gives

(5E)b2 + c1e
∫

x4na3c+d x3na3+3bc x3na2+3x2na2bd+3x2na b2c+3a b2xnd+b3c xn+b3d
x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx(b3 − a2)

− c21e
∫ 2x4na3c+2d x3na3+6bc x3na2+6x2na2bd+6x2na b2c+6a b2xnd+2b3c xn+2b3d

x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx
a3

− c1(x4na3c+ d x3na3 + 3bc x3na2 + 3x2na2bd+ 3x2na b2c+ 3a b2xnd+ b3c xn + b3d) e
∫

x4na3c+d x3na3+3bc x3na2+3x2na2bd+3x2na b2c+3a b2xnd+b3c xn+b3d
x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx(xa2 + ξa3 + a1)

x4na4 + 4b x3na3 + 6x2na2b2 + 4a b3xn + b4
= 0
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Putting the above in normal form gives

Expression too large to display

Setting the numerator to zero gives

(6E)Expression too large to display

Simplifying the above gives

(6E)Expression too large to display

Looking at the above PDE shows the following are all the terms with {x, ξ} in them.{
x, ξ, xn, x2n, x3n, x4n,

∫
x4na3c+ d x3na3 + 3bc x3na2 + 3x2na2bd+ 3x2na b2c+ 3a b2xnd+ b3c xn + b3d

x4na4 + 4b x3na3 + 6x2na2b2 + 4a b3xn + b4
dx, e2

(∫
x4na3c+d x3na3+3bc x3na2+3x2na2bd+3x2na b2c+3a b2xnd+b3c xn+b3d

x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx
)
, e
∫

x4na3c+d x3na3+3bc x3na2+3x2na2bd+3x2na b2c+3a b2xnd+b3c xn+b3d
x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx

}
The following substitution is now made to be able to collect on all terms with {x, ξ} in
them{
x= v1, ξ= v2, x

n = v3, x
2n = v4, x

3n = v5, x
4n = v6,

∫
x4na3c+ d x3na3 + 3bc x3na2 + 3x2na2bd+ 3x2na b2c+ 3a b2xnd+ b3c xn + b3d

x4na4 + 4b x3na3 + 6x2na2b2 + 4a b3xn + b4
dx= v7, e2

(∫
x4na3c+d x3na3+3bc x3na2+3x2na2bd+3x2na b2c+3a b2xnd+b3c xn+b3d

x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx
)
= v8, e

∫
x4na3c+d x3na3+3bc x3na2+3x2na2bd+3x2na b2c+3a b2xnd+b3c xn+b3d

x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx = v9

}
The above PDE (6E) now becomes

(7E)

−a4c21a3v
4
3v8 − a3cc1a2v1v

4
3v9 − a3cc1a3v2v

4
3v9 − a4c1a2v

4
3v9

+ a4c1b3v
4
3v9 − 4a3b c21a3v33v8 − a3cc1a1v

4
3v9 − a3c1da2v1v

3
3v9

−a3c1da3v2v
3
3v9−3a2bcc1a2v1v33v9−3a2bcc1a3v2v33v9−4a3bc1a2v33v9

+ 4a3bc1b3v33v9 − a3c1da1v
3
3v9 − 6a2b2c21a3v23v8 − 3a2bcc1a1v33v9

− 3a2bc1da2v1v23v9 − 3a2bc1da3v2v23v9 − 3a b2cc1a2v1v23v9
− 3a b2cc1a3v2v23v9 + v43a

4b2 − 6a2b2c1a2v23v9 + 6a2b2c1b3v23v9
−3a2bc1da1v23v9−4a b3c21a3v3v8−3a b2cc1a1v23v9−3a b2c1da2v1v3v9
− 3a b2c1da3v2v3v9 − b3cc1a2v1v3v9 − b3cc1a3v2v3v9 + 4v33a3bb2
− 4a b3c1a2v3v9 + 4a b3c1b3v3v9 − 3a b2c1da1v3v9 − b4c21a3v8
− b3cc1a1v3v9 − b3c1da2v1v9 − b3c1da3v2v9 + 6v23a2b2b2
− b4c1a2v9 + b4c1b3v9 − b3c1da1v9 + 4v3a b3b2 + b4b2 = 0

Collecting the above on the terms vi introduced, and these are

{v1, v2, v3, v4, v5, v6, v7, v8, v9}
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Equation (7E) now becomes

(8E)

−b4c21a3v8 + b4b2 +
(
−a3c1da2 − 3a2bcc1a2

)
v1v

3
3v9

+
(
−3a2bc1da2−3a b2cc1a2

)
v1v

2
3v9+

(
−3a b2c1da2−b3cc1a2

)
v1v3v9

+
(
−a3c1da3 − 3a2bcc1a3

)
v2v

3
3v9 +

(
−b4c1a2 + b4c1b3 − b3c1da1

)
v9

+
(
−3a2bc1da3 − 3a b2cc1a3

)
v2v

2
3v9

+
(
−3a b2c1da3 − b3cc1a3

)
v2v3v9 + v43a

4b2 + 6v23a2b2b2
+
(
−4a b3c1a2 + 4a b3c1b3 − 3a b2c1da1 − b3cc1a1

)
v3v9

+
(
−a4c1a2 + a4c1b3 − a3cc1a1

)
v43v9

+
(
−4a3bc1a2 + 4a3bc1b3 − a3c1da1 − 3a2bcc1a1

)
v33v9

+
(
−6a2b2c1a2 + 6a2b2c1b3 − 3a2bc1da1 − 3a b2cc1a1

)
v23v9

+ 4v33a3bb2 + 4v3a b3b2 − a4c21a3v
4
3v8 − a3cc1a2v1v

4
3v9

− a3cc1a3v2v
4
3v9 − 4a3b c21a3v33v8 − 6a2b2c21a3v23v8

− 4a b3c21a3v3v8 − b3c1da2v1v9 − b3c1da3v2v9 = 0
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Setting each coefficients in (8E) to zero gives the following equations to solve

a4b2 = 0
b4b2 = 0

−c21a
4a3 = 0

−c21b
4a3 = 0

4a b3b2 = 0
6a2b2b2 = 0
4a3bb2 = 0

−c1a
3ca2 = 0

−c1a
3ca3 = 0

−c1b
3da3 = 0

−4c21a b3a3 = 0
−6c21a2b2a3 = 0
−4c21a3ba3 = 0
−b3da2c1 = 0

−3a b2c1da2 − b3cc1a2 = 0
−3a2bc1da2 − 3a b2cc1a2 = 0

−a3c1da2 − 3a2bcc1a2 = 0
−3a b2c1da3 − b3cc1a3 = 0

−3a2bc1da3 − 3a b2cc1a3 = 0
−a3c1da3 − 3a2bcc1a3 = 0

−a4c1a2 + a4c1b3 − a3cc1a1 = 0
−b4c1a2 + b4c1b3 − b3c1da1 = 0

−4a b3c1a2 + 4a b3c1b3 − 3a b2c1da1 − b3cc1a1 = 0
−6a2b2c1a2 + 6a2b2c1b3 − 3a2bc1da1 − 3a b2cc1a1 = 0

−4a3bc1a2 + 4a3bc1b3 − a3c1da1 − 3a2bcc1a1 = 0
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Solving the above equations for the unknowns gives

a1 = 0
a2 = 0
a3 = 0
b1 = b1

b2 = 0
b3 = 0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = 0
η = 1

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, ξ) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is
dx

ξ
= dξ

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂ξ

)
S(x, ξ) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x

S is found from

S =
∫ 1

η
dy

=
∫ 1

1dy

Which results in

S = ξ

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, ξ)Sξ

Rx + ω(x, ξ)Rξ
(2)
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Where in the above Rx, Rξ, Sx, Sξ are all partial derivatives and ω(x, ξ) is the right
hand side of the original ode given by

ω(x, ξ) = c1e
∫

x4na3c+d x3na3+3bc x3na2+3x2na2bd+3x2na b2c+3a b2xnd+b3c xn+b3d
x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx

Evaluating all the partial derivatives gives

Rx = 1
Rξ = 0
Sx = 0
Sξ = 1

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= c1e

∫ (3a2bd+3b2ca
)
x2n+

(
a3d+3a2bc

)
x3n+x4na3c+

(
3a b2d+b3c

)
xn+b3d

x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx (2A)

We now need to express the RHS as function of R only. This is done by solving for x, ξ
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= c1e

∫ (3a2bd+3b2ca
)
R2n+

(
a3d+3a2bc

)
R3n+R4na3c+

(
3a b2d+b3c

)
Rn+b3d

R4na4+4bR3na3+6R2na2b2+4a b3Rn+b4 dR

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) =
∫

c1e
∫ 3R2na2bd+3R2na b2c+R3na3d+3R3na2bc+R4na3c+3Rna b2d+Rnb3c+b3d

R4na4+4bR3na3+6R2na2b2+4a b3Rn+b4 dR
dR + c2 (4)

To complete the solution, we just need to transform (4) back to x, ξ coordinates. This
results in

ξ(x) =
∫

c1e
∫

x4na3c+d x3na3+3bc x3na2+3x2na2bd+3x2na b2c+3a b2xnd+b3c xn+b3d
x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx

dx+ c2

Which simplifies to

ξ(x)− c1

(∫
e
∫ (3a2bd+3b2ca

)
x2n+

(
a3d+3a2bc

)
x3n+x4na3c+

(
3a b2d+b3c

)
xn+b3d

x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx
dx

)
− c2 = 0

Which gives

ξ(x) = c1

(∫
e
∫ (3a2bd+3b2ca

)
x2n+

(
a3d+3a2bc

)
x3n+x4na3c+

(
3a b2d+b3c

)
xn+b3d

x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx
dx

)
+ c2
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The original ode (2) now reduces to first order ode

ξ(x) y′ − yξ′(x) + ξ(x) p(x) y =
∫

ξ(x) r(x) dx

y′ + y

(
p(x)− ξ′(x)

ξ (x)

)
=
∫
ξ(x) r(x) dx

ξ (x)

y′ + y

x2nac+ da xn + bc xn + bd

x2na2 + 2ab xn + b2
− c3e

∫ (3a2bd+3b2ca
)
x2n+

(
a3d+3a2bc

)
x3n+x4na3c+

(
3a b2d+b3c

)
xn+b3d

x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx

c3

(∫
e
∫ (3a2bd+3b2ca

)
x2n+

(
a3d+3a2bc

)
x3n+x4na3c+

(
3a b2d+b3c

)
xn+b3d

x4na4+4b x3na3+6x2na2b2+4a b3xn+b4 dx
dx

)
+ c2

 = 0

Which is now a first order ode. This is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = −
−c3(x2nac+ (ad+ bc)xn + bd)

(∫
e
∫

xnc+d
a xn+b

dxdx
)
+ c3(x2na2 + 2ab xn + b2) e

∫
xnc+d
a xn+b

dx − (x2nac+ (ad+ bc)xn + bd) c2(
c3
(∫

e
∫

xnc+d
a xn+b

dxdx
)
+ c2

)
(x2na2 + 2ab xn + b2)

q(x) = 0

Hence the ode is

y′ −

(
−c3(x2nac+ (ad+ bc)xn + bd)

(∫
e
∫

xnc+d
a xn+b

dxdx
)
+ c3(x2na2 + 2ab xn + b2) e

∫
xnc+d
a xn+b

dx − (x2nac+ (ad+ bc)xn + bd) c2
)
y(

c3
(∫

e
∫

xnc+d
a xn+b

dxdx
)
+ c2

)
(x2na2 + 2ab xn + b2)

= 0

The integrating factor µ is

µ = e

∫
−

−c3
(
x2nac+(ad+bc)xn+bd

)∫ e
∫ xnc+d

a xn+b
dx

dx

+c3
(
x2na2+2ab xn+b2

)
e
∫ xnc+d

a xn+b
dx

−
(
x2nac+(ad+bc)xn+bd

)
c2c3

∫ e
∫ xnc+d

a xn+b
dx

dx

+c2

(x2na2+2ab xn+b2
) dx

The ode becomes
d
dxµy = 0

d
dx

e

∫
−

−c3
(
x2nac+(ad+bc)xn+bd

)∫ e
∫ xnc+d

a xn+b
dx

dx

+c3
(
x2na2+2ab xn+b2

)
e
∫ xnc+d

a xn+b
dx

−
(
x2nac+(ad+bc)xn+bd

)
c2c3

∫ e
∫ xnc+d

a xn+b
dx

dx

+c2

(x2na2+2ab xn+b2
) dx

y

 = 0
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Integrating gives

e

∫
−

−c3
(
x2nac+(ad+bc)xn+bd

)∫ e
∫ xnc+d

a xn+b
dx

dx

+c3
(
x2na2+2ab xn+b2

)
e
∫ xnc+d

a xn+b
dx

−
(
x2nac+(ad+bc)xn+bd

)
c2c3

∫ e
∫ xnc+d

a xn+b
dx

dx

+c2

(x2na2+2ab xn+b2
) dx

y = c3

Dividing both sides by the integrating factor µ = e

∫
−

−c3
(
x2nac+(ad+bc)xn+bd

)∫ e
∫ xnc+d

a xn+b
dx

dx

+c3
(
x2na2+2ab xn+b2

)
e
∫ xnc+d

a xn+b
dx

−
(
x2nac+(ad+bc)xn+bd

)
c2c3

∫ e
∫ xnc+d

a xn+b
dx

dx

+c2

(x2na2+2ab xn+b2
) dx

results in

y = c3e

∫ −c3
(
x2nac+(ad+bc)xn+bd

)∫ e
∫ xnc+d

a xn+b
dx

dx

+c3
(
x2na2+2ab xn+b2

)
e
∫ xnc+d

a xn+b
dx

−
(
x2nac+(ad+bc)xn+bd

)
c2c3

∫ e
∫ xnc+d

a xn+b
dx

dx

+c2

(x2na2+2ab xn+b2
) dx

Hence, the solution found using Lagrange adjoint equation method is

y= c3e

∫ −c3
(
x2nac+(ad+bc)xn+bd

)∫ e
∫ xnc+d

a xn+b
dx

dx

+c3
(
x2na2+2ab xn+b2

)
e
∫ xnc+d

a xn+b
dx

−
(
x2nac+(ad+bc)xn+bd

)
c2c3

∫ e
∫ xnc+d

a xn+b
dx

dx

+c2

(x2na2+2ab xn+b2
) dx

Summary
The solution(s) found are the following

y = c3e

∫ −c3
(
x2nac+(ad+bc)xn+bd

)∫ e
∫ xnc+d

a xn+b
dx

dx

+c3
(
x2na2+2ab xn+b2

)
e
∫ xnc+d

a xn+b
dx

−
(
x2nac+(ad+bc)xn+bd

)
c2c3

∫ e
∫ xnc+d

a xn+b
dx

dx

+c2

(x2na2+2ab xn+b2
) dx

(1)
Verification of solutions

y= c3e

∫ −c3
(
x2nac+(ad+bc)xn+bd

)∫ e
∫ xnc+d

a xn+b
dx

dx

+c3
(
x2na2+2ab xn+b2

)
e
∫ xnc+d

a xn+b
dx

−
(
x2nac+(ad+bc)xn+bd

)
c2c3

∫ e
∫ xnc+d

a xn+b
dx

dx

+c2

(x2na2+2ab xn+b2
) dx

Verified OK.
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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3 Solution by Maple
Time used: 0.406 (sec). Leaf size: 53� �
dsolve((a*x^n+b)^2*diff(y(x),x$2)+(a*x^n+b)*(c*x^n+d)*diff(y(x),x)+n*(b*c-a*d)*x^(n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
(∫

c xn+d
a xn+b

dx
)(

c1 +
(∫

e
∫

c xn+d
a xn+b

dxdx

)
c2

)
3 Solution by Mathematica
Time used: 0.923 (sec). Leaf size: 106� �
DSolve[(a*x^n+b)^2*y''[x]+(a*x^n+b)*(c*x^n+d)*y'[x]+n*(b*c-a*d)*x^(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ exp
(
−
x
(
(ad− bc)Hypergeometric2F1

(
1, 1

n
, 1 + 1

n
,−axn

b

)
+ bc

)
ab

)∫ x

1
exp


(
bc+ (ad− bc)Hypergeometric2F1

(
1, 1

n
, 1 + 1

n
,−aK[1]n

b

))
K[1]

ab

 c1dK[1]

+ c2
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33.19 problem 257
Internal problem ID [11081]
Internal file name [OUTPUT/10337_Wednesday_January_24_2024_10_17_59_PM_53634759/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 257.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(xn + a)2 y′′ + b xm(xn + a) y′ − xn−2(b xm+1 + an− a
)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve((x^n+a)^2*diff(y(x),x$2)+b*x^m*(x^n+a)*diff(y(x),x)-x^(n-2)*(b*x^(m+1)+a*n-a)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(x^n+a)^2*y''[x]+b*x^m*(x^n+a)*y'[x]-x^(n-2)*(b*x^(m+1)+a*n-a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.20 problem 258
Internal problem ID [11082]
Internal file name [OUTPUT/10338_Wednesday_January_24_2024_10_18_00_PM_40001740/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 258.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(a xn + b)2 y′′ + c xm(a xn + b) y′ +
(
c xm − an xn−1 − 1

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve((a*x^n+b)^2*diff(y(x),x$2)+c*x^m*(a*x^n+b)*diff(y(x),x)+(c*x^m-a*n*x^(n-1)-1)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^n+b)^2*y''[x]+c*x^m*(a*x^n+b)*y'[x]+(c*x^m-a*n*x^(n-1)-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.21 problem 259
Internal problem ID [11083]
Internal file name [OUTPUT/10339_Wednesday_January_24_2024_10_18_01_PM_37857849/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 259.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

x2(a xn + b)2 y′′ + (n+ 1)x
(
x2na2 − b2

)
y′ + yc = 0

Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful
<- Equivalence, under non-integer power transformations successful`� �
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3 Solution by Maple
Time used: 0.172 (sec). Leaf size: 127� �
dsolve(x^2*(a*x^n+b)^2*diff(y(x),x$2)+(n+1)*x*(a^2*x^(2*n)-b^2)*diff(y(x),x)+c*y(x)=0,y(x), singsol=all)� �

y(x) =
√
a x2n + b xn (a xn + b)

−n−1
n x


(

xn

a xn + b

)−

√
(n+2)2b2−4c

n2a2
a

2b

c2

+
(

xn

a xn + b

)√
(n+2)2b2−4c

n2a2
a

2b

c1


3 Solution by Mathematica
Time used: 0.407 (sec). Leaf size: 149� �
DSolve[x^2*(a*x^n+b)^2*y''[x]+(n+1)*x*(a^2*x^(2*n)-b^2)*y'[x]+c*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ c1 exp


(
b(n+ 2)−

√
c
√

b2(n+2)2−4c
c

)
(− log (axn + b)− log(b) + n log(x)− log(n))

2bn



+c2 exp


(
√
c
√

b2(n+2)2−4c
c

+ b(n+ 2)
)
(− log (axn + b)− log(b) + n log(x)− log(n))

2bn
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33.22 problem 260
Internal problem ID [11084]
Internal file name [OUTPUT/10340_Wednesday_January_24_2024_10_18_01_PM_17636971/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 260.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(
a xn+1 + b xn + c

)2
y′′ +

(
αxn + β xn−1 + γ

)
y′ +

(
n(−an− a+ α)xn−1 + (n− 1) (−nb+ β)xn−2) y = 0

7 Solution by Maple� �
dsolve((a*x^(n+1)+b*x^n+c)^2*diff(y(x),x$2)+(alpha*x^n+beta*x^(n-1)+gamma)*diff(y(x),x)+(n*(alpha-a-a*n)*x^(n-1)+(n-1)*(beta-b*n)*x^(n-2))*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^(n+1)+b*x^n+c)^2*y''[x]+(\[Alpha]*x^n+\[Beta]*x^(n-1)+\[Gamma])*y'[x]+(n*(\[Alpha]-a-a*n)*x^(n-1)+(n-1)*(\[Beta]-b*n)*x^(n-2))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.23 problem 261
33.23.1 Solving as second order ode non constant coeff transformation

on B ode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3650

Internal problem ID [11085]
Internal file name [OUTPUT/10341_Wednesday_January_24_2024_10_18_04_PM_71204093/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 261.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_ode_non_con-
stant_coeff_transformation_on_B"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

(a xn + b xm + c) y′′ + (λ− x) y′ + y = 0

33.23.1 Solving as second order ode non constant coeff transformation on
B ode

Given an ode of the form

Ay′′ +By′ + Cy = F (x)

This method reduces the order ode the ODE by one by applying the transformation

y = Bv

This results in

y′ = B′v + v′B

y′′ = B′′v +B′v′ + v′′B + v′B′

= v′′B + 2v′ +B′ +B′′v
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And now the original ode becomes

A(v′′B + 2v′B′ +B′′v) +B(B′v + v′B) + CBv = 0
ABv′′ +

(
2AB′ +B2) v′ + (AB′′ +BB′ + CB) v = 0 (1)

If the term AB′′ +BB′ +CB is zero, then this method works and can be used to solve

ABv′′ +
(
2AB′ +B2) v′ = 0

By Using u = v′ which reduces the order of the above ode to one. The new ode is

ABu′ +
(
2AB′ +B2)u = 0

The above ode is first order ode which is solved for u. Now a new ode v′ = u is solved
for v as first order ode. Then the final solution is obtain from y = Bv.

This method works only if the term AB′′ +BB′ + CB is zero. The given ODE shows
that

A = a xn + b xm + c

B = λ− x

C = 1
F = 0

The above shows that for this ode

AB′′ +BB′ + CB = (a xn + b xm + c) (0) + (λ− x) (−1) + (1) (λ− x)
= 0

Hence the ode in v given in (1) now simplifies to

(a xn + b xm + c) (λ− x) v′′ +
(
−2a xn − 2b xm − 2c+ (λ− x)2

)
v′ = 0

Now by applying v′ = u the above becomes

(a xn + b xm + c) (λ− x)u′(x)− 2
(
a xn + b xm − x2

2 + λx− λ2

2 + c

)
u(x) = 0

Which is now solved for u. In canonical form the ODE is

u′ = F (x, u)
= f(x)g(u)

= u(2b xm + 2a xn − λ2 + 2λx− x2 + 2c)
xmbλ− xmbx+ xnaλ− ax xn + cλ− cx
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Where f(x) = 2b xm+2a xn−λ2+2λx−x2+2c
xmbλ−xmbx+xnaλ−ax xn+cλ−cx

and g(u) = u. Integrating both sides gives

1
u
du = 2b xm + 2a xn − λ2 + 2λx− x2 + 2c

xmbλ− xmbx+ xnaλ− ax xn + cλ− cx
dx∫ 1

u
du =

∫ 2b xm + 2a xn − λ2 + 2λx− x2 + 2c
xmbλ− xmbx+ xnaλ− ax xn + cλ− cx

dx

ln (u) =
∫ 2b xm + 2a xn − λ2 + 2λx− x2 + 2c

xmbλ− xmbx+ xnaλ− ax xn + cλ− cx
dx+ c1

u = e
∫ 2b xm+2a xn−λ2+2λx−x2+2c

xmbλ−xmbx+xnaλ−ax xn+cλ−cx
dx+c1

= c1e
∫ 2b xm+2a xn−λ2+2λx−x2+2c

xmbλ−xmbx+xnaλ−ax xn+cλ−cx
dx

The ode for v now becomes

v′ = u

= c1e
∫ 2b xm+2a xn−λ2+2λx−x2+2c

xmbλ−xmbx+xnaλ−ax xn+cλ−cx
dx

Which is now solved for v. Writing the ode as

v′(x) = c1e
∫ 2b xm+2a xn−λ2+2λx−x2+2c

xmbλ−xmbx+xnaλ−ax xn+cλ−cx
dx

v′(x) = ω(x, v)

The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηv − ξx)− ω2ξv − ωxξ − ωvη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 1 to use as anstaz gives

(1E)ξ = va3 + xa2 + a1

(2E)η = vb3 + xb2 + b1

Where the unknown coefficients are

{a1, a2, a3, b1, b2, b3}

Substituting equations (1E,2E) and ω into (A) gives

b2 + c1e
∫ 2b xm+2a xn−λ2+2λx−x2+2c

xmbλ−xmbx+xnaλ−ax xn+cλ−cx
dx(b3 − a2)− c21e

∫ 4b xm+4a xn−2λ2+4λx−2x2+4c
xmbλ−b xm+1+xnaλ−a xn+1+cλ−cx

dx
a3

− c1(2b xm + 2a xn − λ2 + 2λx− x2 + 2c) e
∫ 2b xm+2a xn−λ2+2λx−x2+2c

xmbλ−xmbx+xnaλ−ax xn+cλ−cx
dx(va3 + xa2 + a1)

xmbλ− xmbx+ xnaλ− ax xn + cλ− cx
= 0

(5E)
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Putting the above in normal form gives

Expression too large to display

Setting the numerator to zero gives

(6E)Expression too large to display

Simplifying the above gives

(6E)Expression too large to display

Looking at the above PDE shows the following are all the terms with {v, x} in them.

{
v, x, xm, xn,

∫ 2b xm + 2a xn − λ2 + 2λx− x2 + 2c
xmbλ− xmbx+ xnaλ− ax xn + cλ− cx

dx, e2
(∫ 2b xm+2a xn−λ2+2λx−x2+2c

xmbλ−xmbx+xnaλ−ax xn+cλ−cx
dx
)
, e
∫ 2b xm+2a xn−λ2+2λx−x2+2c

xmbλ−xmbx+xnaλ−ax xn+cλ−cx
dx

}

The following substitution is now made to be able to collect on all terms with {v, x}
in them{
v= v1, x= v2, x

m = v3, x
n = v4,

∫ 2b xm + 2a xn − λ2 + 2λx− x2 + 2c
xmbλ− xmbx+ xnaλ− ax xn + cλ− cx

dx= v5, e2
(∫ 2b xm+2a xn−λ2+2λx−x2+2c

xmbλ−xmbx+xnaλ−ax xn+cλ−cx
dx
)
= v6, e

∫ 2b xm+2a xn−λ2+2λx−x2+2c
xmbλ−xmbx+xnaλ−ax xn+cλ−cx

dx = v7

}

The above PDE (6E) now becomes

(7E)

−a c21λa3v4v6 + a c21a3v2v4v6 − b c21λa3v3v6 + b c21a3v2v3v6 − ac1λa2v4v7
+ ac1λb3v4v7 − ac1a2v2v4v7 − 2ac1a3v1v4v7 − ac1b3v2v4v7 − bc1λa2v3v7
+ bc1λb3v3v7 − bc1a2v2v3v7 − 2bc1a3v1v3v7 − bc1b3v2v3v7 − c c21λa3v6
+ c c21a3v2v6 + c1λ

2a2v2v7 + c1λ
2a3v1v7 − 2c1λa2v22v7 − 2c1λa3v1v2v7

+c1a2v
3
2v7+c1a3v1v

2
2v7−2ac1a1v4v7−2bc1a1v3v7−cc1λa2v7+cc1λb3v7

−cc1a2v2v7−2cc1a3v1v7−cc1b3v2v7+c1λ
2a1v7−2c1λa1v2v7+c1a1v

2
2v7

+ v4aλb2 − v4av2b2 + v3bλb2 − v3bv2b2 − 2cc1a1v7 + cλb2 − cv2b2 = 0

Collecting the above on the terms vi introduced, and these are

{v1, v2, v3, v4, v5, v6, v7}
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Equation (7E) now becomes

(8E)

(−bc1a2 − bc1b3) v2v3v7 + (−ac1a2 − ac1b3) v2v4v7 + cλb2
− a c21λa3v4v6 + a c21a3v2v4v6 − b c21λa3v3v6 + b c21a3v2v3v6
+ c1a3v1v

2
2v7 − 2ac1a3v1v4v7 − 2bc1a3v1v3v7 − 2c1λa3v1v2v7

− c c21λa3v6 + c c21a3v2v6 − cv2b2 +
(
c1λ

2a3 − 2cc1a3
)
v1v7

+ (−2c1λa2 + c1a1) v22v7 +
(
c1λ

2a2 − cc1a2 − cc1b3 − 2c1λa1
)
v2v7

+ (−bc1λa2 + bc1λb3 − 2bc1a1) v3v7 + (−ac1λa2 + ac1λb3 − 2ac1a1) v4v7
+ v3bλb2 − v3bv2b2 + v4aλb2 − v4av2b2 + c1a2v

3
2v7

+
(
−cc1λa2 + cc1λb3 + c1λ

2a1 − 2cc1a1
)
v7 = 0
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Setting each coefficients in (8E) to zero gives the following equations to solve

c1a2 = 0
c1a3 = 0

c21aa3 = 0
c21ba3 = 0
aλb2 = 0
bλb2 = 0

c c21a3 = 0
cλb2 = 0
−ab2 = 0
−bb2 = 0
−b2c = 0

−2c1aa3 = 0
−2c1ba3 = 0
−2c1λa3 = 0
−c21aλa3 = 0
−c21bλa3 = 0
−c21cλa3 = 0

−ac1a2 − ac1b3 = 0
−bc1a2 − bc1b3 = 0
c1λ

2a3 − 2cc1a3 = 0
−2c1λa2 + c1a1 = 0

−ac1λa2 + ac1λb3 − 2ac1a1 = 0
−bc1λa2 + bc1λb3 − 2bc1a1 = 0

c1λ
2a2 − cc1a2 − cc1b3 − 2c1λa1 = 0

−cc1λa2 + cc1λb3 + c1λ
2a1 − 2cc1a1 = 0
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Solving the above equations for the unknowns gives

a1 = 0
a2 = 0
a3 = 0
b1 = b1

b2 = 0
b3 = 0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = 0
η = 1

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, v) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is
dx

ξ
= dv

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂v

)
S(x, v) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x

S is found from

S =
∫ 1

η
dy

=
∫ 1

1dy

Which results in

S = v

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, v)Sv

Rx + ω(x, v)Rv
(2)
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Where in the above Rx, Rv, Sx, Sv are all partial derivatives and ω(x, v) is the right
hand side of the original ode given by

ω(x, v) = c1e
∫ 2b xm+2a xn−λ2+2λx−x2+2c

xmbλ−xmbx+xnaλ−ax xn+cλ−cx
dx

Evaluating all the partial derivatives gives

Rx = 1
Rv = 0
Sx = 0
Sv = 1

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS

dR
= c1e

∫ −2b xm−2a xn+λ2−2λx+x2−2c
(a xn+b xm+c)(−λ+x) dx (2A)

We now need to express the RHS as function of R only. This is done by solving for x, v
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= c1e

∫ −2bRm−2aRn+λ2−2λR+R2−2c
(aRn+bRm+c)(−λ+R) dR

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) =
∫

c1e−
(∫ 2bRm+2aRn−R2+2λR−λ2+2c

(aRn+bRm+c)(−λ+R) dR
)
dR + c2 (4)

To complete the solution, we just need to transform (4) back to x, v coordinates. This
results in

v(x) =
∫

c1e−
(∫ 2b xm+2a xn−λ2+2λx−x2+2c

(a xn+b xm+c)(−λ+x) dx
)
dx+ c2

Which simplifies to

v(x)− c1

(∫
e
∫ −2b xm−2a xn+λ2−2λx+x2−2c

(a xn+b xm+c)(−λ+x) dxdx

)
− c2 = 0

Which gives

v(x) = c1

(∫
e
∫ −2b xm−2a xn+λ2−2λx+x2−2c

(a xn+b xm+c)(−λ+x) dxdx

)
+ c2
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Therefore the solution is

y(x) = Bv

= (λ− x)
(
c1

(∫
e
∫ −2b xm−2a xn+λ2−2λx+x2−2c

(a xn+b xm+c)(−λ+x) dxdx

)
+ c2

)
= (λ− x)

(
c1

(∫
e
∫ −2b xm−2a xn+λ2−2λx+x2−2c

(a xn+b xm+c)(−λ+x) dxdx

)
+ c2

)
Summary
The solution(s) found are the following

(1)y = (λ− x)
(
c1

(∫
e
∫ −2b xm−2a xn+λ2−2λx+x2−2c

(a xn+b xm+c)(−λ+x) dxdx

)
+ c2

)
Verification of solutions

y = (λ− x)
(
c1

(∫
e
∫ −2b xm−2a xn+λ2−2λx+x2−2c

(a xn+b xm+c)(−λ+x) dxdx

)
+ c2

)
Verified OK.
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
<- linear symmetries successful`� �

3 Solution by Maple
Time used: 0.781 (sec). Leaf size: 68� �
dsolve((a*x^n+b*x^m+c)*diff(y(x),x$2)+(lambda-x)*diff(y(x),x)+y(x)=0,y(x), singsol=all)� �

y(x) = −
((∫

e
∫ −2a xn−2b xm−2c+x2−2xλ+λ2

(a xn+b xm+c)(−λ+x) dxdx

)
c1 + c2

)
(λ− x)
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^n+b*x^m+c)*y''[x]+(\[Lambda]-x)*y'[x]+y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.24 problem 262
Internal problem ID [11086]
Internal file name [OUTPUT/10342_Wednesday_January_24_2024_10_18_09_PM_19808305/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 262.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

(a xn + b xm + c) y′′ +
(
λ2 − x2) y′ + (λ+ x) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
<- linear symmetries successful`� �

3 Solution by Maple
Time used: 1.0 (sec). Leaf size: 76� �
dsolve((a*x^n+b*x^m+c)*diff(y(x),x$2)+(lambda^2-x^2)*diff(y(x),x)+(x+lambda)*y(x)=0,y(x), singsol=all)� �

y(x) = −
((∫

e
∫

λ3−xλ2−x2λ+x3−2a xn−2b xm−2c
(a xn+b xm+c)(−λ+x) dxdx

)
c1 + c2

)
(λ− x)
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^n+b*x^m+c)*y''[x]+(\[Lambda]^2-x^2)*y'[x]+(x+\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.25 problem 263
Internal problem ID [11087]
Internal file name [OUTPUT/10343_Wednesday_January_24_2024_10_18_09_PM_83448012/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 263.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

2(a xn + b xm + c) y′′ + an xn−1bmxm−1y′ + yd = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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7 Solution by Maple� �
dsolve(2*(a*x^n+b*x^m+c)*diff(y(x),x$2)+(a*n*x^(n-1)*b*m*x^(m-1))*diff(y(x),x)+d*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[2*(a*x^n+b*x^m+c)*y''[x]+(a*n*x^(n-1)*b*m*x^(m-1))*y'[x]+d*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.26 problem 264
33.26.1 Solving as second order ode lagrange adjoint equation method ode3667

Internal problem ID [11088]
Internal file name [OUTPUT/10344_Wednesday_January_24_2024_10_18_10_PM_59869510/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 264.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries], [_2nd_order , _linear , `

_with_symmetry_ [0,F(x)]`]]

(a xn + b)m+1 y′′ + (a xn + b) y′ − anmxn−1y = 0

33.26.1 Solving as second order ode lagrange adjoint equation method ode

In normal form the ode

(a xn + b)m+1 y′′ + (a xn + b) y′ − anmxn−1y = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = r(x) (2)

Where

p(x) = (a xn + b)−m

q(x) = −anmxn−1(a xn + b)−m−1

r(x) = 0

The Lagrange adjoint ode is given by

ξ
′′ − (ξ p)′ + ξq = 0

ξ
′′ −

(
(a xn + b)−m ξ(x)

)′ + (−anmxn−1(a xn + b)−m−1 ξ(x)
)
= 0

ξ′′(x)− (a xn + b)−m ξ′(x) +
(
anmxn(a xn + b)−m

x (a xn + b) − anmxn−1(a xn + b)−m−1
)
ξ(x) = 0
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Which is solved for ξ(x). This is second order ode with missing dependent variable ξ(x).
Let

p(x) = ξ′(x)

Then

p′(x) = ξ′′(x)

Hence the ode becomes

x(−a xn − b) p′(x) + x(a xn + b)−m+1 p(x) = 0

Which is now solve for p(x) as first order ode. In canonical form the ODE is

p′ = F (x, p)
= f(x)g(p)

= (a xn + b)−m+1 p

a xn + b

Where f(x) = (a xn+b)−m+1

a xn+b
and g(p) = p. Integrating both sides gives

1
p
dp = (a xn + b)−m+1

a xn + b
dx∫ 1

p
dp =

∫ (a xn + b)−m+1

a xn + b
dx

ln (p) =
∫ (a xn + b)−m+1

a xn + b
dx+ c1

p = e
∫ (a xn+b

)−m+1

a xn+b
dx+c1

= c1e
∫ (a xn+b

)−m+1

a xn+b
dx

Since p = ξ′(x) then the new first order ode to solve is

ξ′(x) = c1e
∫ (a xn+b

)−m+1

a xn+b
dx

Writing the ode as

ξ′(x) = c1e
∫ (a xn+b

)−m+1

a xn+b
dx

ξ′(x) = ω(x, ξ)
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The condition of Lie symmetry is the linearized PDE given by

ηx + ω(ηξ − ξx)− ω2ξξ − ωxξ − ωξη = 0 (A)

The type of this ode is not in the lookup table. To determine ξ, η then (A) is solved
using ansatz. Making bivariate polynomials of degree 1 to use as anstaz gives

(1E)ξ = xa2 + ξa3 + a1

(2E)η = xb2 + ξb3 + b1

Where the unknown coefficients are

{a1, a2, a3, b1, b2, b3}

Substituting equations (1E,2E) and ω into (A) gives

(5E)b2 + c1e
∫ (a xn+b

)−m+1

a xn+b
dx(b3 − a2)− c21e

∫
2(a xn+b)−mdxa3

− c1(a xn + b)−m+1 e
∫ (a xn+b

)−m+1

a xn+b
dx(xa2 + ξa3 + a1)

a xn + b
= 0

Putting the above in normal form gives

−e
∫
2(a xn+b)−mdxxnc21aa3 + e

∫
2(a xn+b)−mdxc21ba3 + e

∫ (a xn+b
)−m+1

a xn+b
dxxnc1aa2 − e

∫ (a xn+b
)−m+1

a xn+b
dxxnc1ab3 + e

∫ (a xn+b
)−m+1

a xn+b
dx(a xn + b)−m+1 c1xa2 + e

∫ (a xn+b
)−m+1

a xn+b
dx(a xn + b)−m+1 c1ξa3 + e

∫ (a xn+b
)−m+1

a xn+b
dx(a xn + b)−m+1 c1a1 + e

∫ (a xn+b
)−m+1

a xn+b
dxc1ba2 − e

∫ (a xn+b
)−m+1

a xn+b
dxc1bb3 − xnab2 − bb2

a xn + b
= 0

Setting the numerator to zero gives

(6E)
−e

∫
2(a xn+b)−mdxxnc21aa3 − e

∫
2(a xn+b)−mdxc21ba3 − e

∫ (a xn+b
)−m+1

a xn+b
dxxnc1aa2

+ e
∫ (a xn+b

)−m+1

a xn+b
dxxnc1ab3 − e

∫ (a xn+b
)−m+1

a xn+b
dx(a xn + b)−m+1 c1xa2

−e
∫ (a xn+b

)−m+1

a xn+b
dx(a xn+b)−m+1 c1ξa3−e

∫ (a xn+b
)−m+1

a xn+b
dx(a xn+b)−m+1 c1a1

− e
∫ (a xn+b

)−m+1

a xn+b
dxc1ba2 + e

∫ (a xn+b
)−m+1

a xn+b
dxc1bb3 + xnab2 + bb2 = 0
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Simplifying the above gives

(6E)

−

(
xne

2
(∫ (a xn+b

)−m+1

a xn+b
dx

)
c21aa3(a xn + b)m

+ xne
∫ (a xn+b

)−m+1

a xn+b
dxc1aa2(a xn + b)m

− xne
∫ (a xn+b

)−m+1

a xn+b
dxc1ab3(a xn + b)m + xne

∫ (a xn+b
)−m+1

a xn+b
dxc1axa2

+ xne
∫ (a xn+b

)−m+1

a xn+b
dxc1aξa3 + e

2
(∫ (a xn+b

)−m+1

a xn+b
dx

)
c21ba3(a xn + b)m

+ xne
∫ (a xn+b

)−m+1

a xn+b
dxc1aa1 + e

∫ (a xn+b
)−m+1

a xn+b
dxc1ba2(a xn + b)m

− e
∫ (a xn+b

)−m+1

a xn+b
dxc1bb3(a xn + b)m + e

∫ (a xn+b
)−m+1

a xn+b
dxc1bxa2

+ e
∫ (a xn+b

)−m+1

a xn+b
dxc1bξa3 − xnab2(a xn + b)m

+ e
∫ (a xn+b

)−m+1

a xn+b
dxc1ba1 − bb2(a xn + b)m

)
(a xn + b)−m = 0

Looking at the above PDE shows the following are all the terms with {x, ξ} in them.

{
x, ξ, xn, (a xn + b)m , (a xn

+ b)−m+1 ,

∫ (a xn + b)−m+1

a xn + b
dx, e

2
(∫ (a xn+b

)−m+1

a xn+b
dx

)
, e
∫ (a xn+b

)−m+1

a xn+b
dx

}

The following substitution is now made to be able to collect on all terms with {x, ξ} in
them{
x = v1, ξ = v2, x

n = v3, (a xn + b)m = v4, (a xn

+ b)−m+1 = v5,

∫ (a xn + b)−m+1

a xn + b
dx= v6, e

2
(∫ (a xn+b

)−m+1

a xn+b
dx

)
= v7, e

∫ (a xn+b
)−m+1

a xn+b
dx = v8

}

The above PDE (6E) now becomes

(7E)−a c21a3v3v4v7 + ac1a2v1v3v8 + ac1a2v3v4v8 + ac1a3v2v3v8 − ac1b3v3v4v8 + b c21a3v4v7 + ac1a1v3v8 + bc1a2v1v8 + bc1a2v4v8 + bc1a3v2v8 − bc1b3v4v8 − v3ab2v4 + bc1a1v8 − bb2v4
v4

= 0
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Collecting the above on the terms vi introduced, and these are

{v1, v2, v3, v4, v5, v6, v7, v8}

Equation (7E) now becomes

(8E)
−c1aa2v8v1v3

v4
− c1ba2v8v1

v4
− c1aa3v8v2v3

v4
− c1ba3v8v2

v4

− c21aa3v7v3 + (−ac1a2 + ac1b3) v8v3 + ab2v3 −
c1aa1v8v3

v4

− c21ba3v7 + (−bc1a2 + bc1b3) v8 + bb2 −
v8c1ba1

v4
= 0

Setting each coefficients in (8E) to zero gives the following equations to solve

ab2 = 0
bb2 = 0

−c1aa1 = 0
−ac1a2 = 0
−c1aa3 = 0
−c1ba1 = 0
−bc1a2 = 0
−c1ba3 = 0
−c21aa3 = 0
−c21ba3 = 0

−ac1a2 + ac1b3 = 0
−bc1a2 + bc1b3 = 0

Solving the above equations for the unknowns gives

a1 = 0
a2 = 0
a3 = 0
b1 = b1

b2 = 0
b3 = 0
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Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

ξ = 0
η = 1

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (x, ξ) → (R,S) where (R,S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx

ξ
= dξ

η
= dS (1)

The above comes from the requirements that
(
ξ ∂
∂x

+ η ∂
∂ξ

)
S(x, ξ) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since ξ = 0 then in this special case

R = x

S is found from

S =
∫ 1

η
dy

=
∫ 1

1dy

Which results in

S = ξ

Now that R,S are found, we need to setup the ode in these coordinates. This is done
by evaluating

dS

dR
= Sx + ω(x, ξ)Sξ

Rx + ω(x, ξ)Rξ
(2)

Where in the above Rx, Rξ, Sx, Sξ are all partial derivatives and ω(x, ξ) is the right
hand side of the original ode given by

ω(x, ξ) = c1e
∫ (a xn+b

)−m+1

a xn+b
dx
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Evaluating all the partial derivatives gives

Rx = 1
Rξ = 0
Sx = 0
Sξ = 1

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
dS

dR
= c1e

∫
(a xn+b)−mdx (2A)

We now need to express the RHS as function of R only. This is done by solving for x, ξ
in terms of R,S from the result obtained earlier and simplifying. This gives

dS

dR
= c1e

∫
(aRn+b)−mdR

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R) =
∫

c1e
∫
(aRn+b)−mdRdR + c2 (4)

To complete the solution, we just need to transform (4) back to x, ξ coordinates. This
results in

ξ(x) =
∫

c1e
∫
(a xn+b)−mdxdx+ c2

Which simplifies to

ξ(x) =
∫

c1e
∫
(a xn+b)−mdxdx+ c2

Which gives

ξ(x) =
∫

c1e
∫
(a xn+b)−mdxdx+ c2

The original ode (2) now reduces to first order ode

ξ(x) y′ − yξ′(x) + ξ(x) p(x) y =
∫

ξ(x) r(x) dx

y′ + y

(
p(x)− ξ′(x)

ξ (x)

)
=
∫
ξ(x) r(x) dx

ξ (x)

y′ + y

(
(a xn + b)−m − c3e

∫
(a xn+b)−mdx∫

c3e
∫
(a xn+b)−mdxdx+ c2

)
= 0
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Which is now a first order ode. This is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = −
−(a xn + b)−m

(∫
e
∫
(a xn+b)−mdxdx

)
c3 − (a xn + b)−m c2 + c3e

∫
(a xn+b)−mdx

c3
(∫

e
∫
(a xn+b)−mdxdx

)
+ c2

q(x) = 0

Hence the ode is

y′ −

(
−(a xn + b)−m

(∫
e
∫
(a xn+b)−mdxdx

)
c3 − (a xn + b)−m c2 + c3e

∫
(a xn+b)−mdx

)
y

c3
(∫

e
∫
(a xn+b)−mdxdx

)
+ c2

= 0

The integrating factor µ is

µ = e
∫
−

−
(
a xn+b

)−m
(∫

e
∫ (

a xn+b
)−mdxdx

)
c3−

(
a xn+b

)−mc2+c3e
∫ (

a xn+b
)−mdx

c3
(∫

e
∫
(a xn+b)−mdxdx

)
+c2

dx

The ode becomes
d
dxµy = 0

d
dx

e
∫
−

−
(
a xn+b

)−m
(∫

e
∫ (

a xn+b
)−mdxdx

)
c3−

(
a xn+b

)−mc2+c3e
∫ (

a xn+b
)−mdx

c3
(∫

e
∫
(a xn+b)−mdxdx

)
+c2

dx

y

 = 0

Integrating gives

e
∫
−

−
(
a xn+b

)−m
(∫

e
∫ (

a xn+b
)−mdxdx

)
c3−

(
a xn+b

)−mc2+c3e
∫ (

a xn+b
)−mdx

c3
(∫

e
∫
(a xn+b)−mdxdx

)
+c2

dx

y = c3

Dividing both sides by the integrating factor µ = e
∫
−

−
(
a xn+b

)−m
(∫

e
∫ (

a xn+b
)−mdxdx

)
c3−

(
a xn+b

)−mc2+c3e
∫ (

a xn+b
)−mdx

c3
(∫

e
∫
(a xn+b)−mdxdx

)
+c2

dx

results in

y = c3e
−

∫ (a xn+b
)−m

(∫
e
∫ (

a xn+b
)−mdxdx

)
c3+

(
a xn+b

)−mc2−c3e
∫ (

a xn+b
)−mdx

c3
(∫

e
∫
(a xn+b)−mdxdx

)
+c2

dx
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Hence, the solution found using Lagrange adjoint equation method is

y = c3e
−

∫ (a xn+b
)−m

(∫
e
∫ (

a xn+b
)−mdxdx

)
c3+

(
a xn+b

)−mc2−c3e
∫ (

a xn+b
)−mdx

c3
(∫

e
∫
(a xn+b)−mdxdx

)
+c2

dx



Summary
The solution(s) found are the following

(1)y = c3e
−

∫ (a xn+b
)−m

(∫
e
∫ (

a xn+b
)−mdxdx

)
c3+

(
a xn+b

)−mc2−c3e
∫ (

a xn+b
)−mdx

c3
(∫

e
∫
(a xn+b)−mdxdx

)
+c2

dx


Verification of solutions

y = c3e
−

∫ (a xn+b
)−m

(∫
e
∫ (

a xn+b
)−mdxdx

)
c3+

(
a xn+b

)−mc2−c3e
∫ (

a xn+b
)−mdx

c3
(∫

e
∫
(a xn+b)−mdxdx

)
+c2

dx



Verified OK.
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying differential order: 2; exact nonlinear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

-> Mathieu
-> Equivalence to the rational form of Mathieu ODE under a power @ Moebius

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
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3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 41� �
dsolve((a*x^n+b)^(m+1)*diff(y(x),x$2)+(a*x^n+b)*diff(y(x),x)-a*n*m*x^(n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
(∫

(a xn+b)−mdx
)(

c1 +
(∫

e
∫
(a xn+b)−mdxdx

)
c2

)
3 Solution by Mathematica
Time used: 0.249 (sec). Leaf size: 116� �
DSolve[(a*x^n+b)^(m+1)*y''[x]+(a*x^n+b)*y'[x]-a*n*m*x^(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → exp

(
−x(axn + b)−m

(
axn

b
+ 1
)m

Hypergeometric2F1
(
m,

1
n
, 1 + 1

n
,

−axn

b

))(∫ x

1
exp

(
Hypergeometric2F1

(
m,

1
n
, 1+ 1

n
,−aK[1]n

b

)
K[1] (aK[1]n+b)−m

(
aK[1]n

b
+1
)m)

c1dK[1]

+ c2

)
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34.1 problem 1
34.1.1 Solving as second order bessel ode form A ode . . . . . . . . . . 3679

Internal problem ID [11089]
Internal file name [OUTPUT/10345_Wednesday_January_24_2024_10_18_11_PM_93345610/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 1.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode_form_A"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ + eλxya = 0

34.1.1 Solving as second order bessel ode form A ode

Writing the ode as

y′′ + eλxya = 0 (1)

An ode of the form
ay′′ + by′ + (cerx +m)y = 0 (1)

can be transformed to Bessel ode using the transformation

x = ln (t)
ex = t

Where a, b, c,m are not functions of x and where b and m are allowed to be be zero.
Using this transformation gives

dy

dx
= dy

dt

dt

dx

= dy

dt
ex

= t
dy

dt
(2)
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And

d2y

dx2 = d

dx

(
dy

dx

)
= d

dx

(
t
dy

dt

)
= d

dt

dt

dx

(
t
dy

dt

)
= dt

dx

d

dt

(
t
dy

dt

)
= t

d

dt

(
t
dy

dt

)
= t

(
dy

dt
+ t

d2y

dt2

)
(3)

Substituting (2,3) into (1) gives

at

(
dy

dt
+ t

d2y

dt2

)
+ bt

dy

dt
+ (cerx +m)y = 0(

aty′ + at2y′′
)
+ bty′ + (ctr +m)y = 0

at2y′′ + (b+ a) ty′ + (ctr +m)y = 0

t2y′′ + b+ a

a
ty′ +

( c
a
tr + m

a

)
y = 0 (4)

Which is Bessel ODE. Comparing the above to the general known Bowman form of
Bessel ode which is

t2y′′ + (1− 2α) ty′ +
(
β2γ2t2γ −

(
n2γ2 − α2)) y = 0 (C)

And now comparing (4) and (C) shows that

(1− 2α) = b+ a

a
(5)

β2γ2 = c

a
(6)

2γ = r (7)(
n2γ2 − α2) = −m

a
(8)

(5) gives α = 1
2 −

b+a
2a . (7) gives γ = r

2 . (8) now becomes
(
n2( r

2

)2 − (12 − b+a
2a

)2) = −m
a

or n2 =
−m

a
+
(

1
2−

b+a
2a

)2
(
r
2
)2 . Hence n = 2

r

√
−m

a
+
(1
2 −

b+a
2a

)2 by taking the positive root.
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And finally (6) gives β2 = c
aγ2 or β =

√
c
a
1
γ
=
√

c
a
2
r
(also taking the positive root).

Hence

α = 1
2 − b+ a

2a

n = 2
r

√
−m

a
+
(
1
2 − b+ a

2a

)2

β =
√

c

a

2
r

γ = r

2
But the solution to (C) which is general form of Bessel ode is known and given by

y(t) = tα(c1Jn(βtγ) + c2Yn(βtγ))

Substituting the above values found into this solution gives

y(t) = t
1
2−

b+a
2a

(
c1J 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
t
r
2

)
+ c2Y 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
t
r
2

))
Since ex = t then the above becomes

y(x) = e
x
(

1
2−

b+a
2a

)(
c1J 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
ex

r
2

))

= e
x
(

−b
2a

)(
c1J 2

r

√
−m

a
+
(

−b
2a

)2
(√

c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
−m

a
+
(

−b
2a

)2
(√

c

a

2
r
ex

r
2

))

= e
x
(

−b
2a

)(
c1J 2

r

√
−m

a
+ b2

4a2

(√
c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
−m

a
+ b2

4a2

(√
c

a

2
r
ex

r
2

))
= e

x
(

−b
2a

)(
c1J 2

r

√
− 4ma+b2

4a2

(√
c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
− 4ma+b2

4a2

(√
c

a

2
r
ex

r
2

))
= e

x
(

−b
2a

)(
c1J 1

ra

√
−4ma+b2

(√
c

a

2
r
ex

r
2

)
+ c2Y 1

ra

√
−4ma+b2

(√
c

a

2
r
ex

r
2

))
(9)

Equation (9) above is the solution to ay′′ + by′ + (cerx +m)y = 0. Therefore we just
need now to compare this form to the ode given and use (9) to obtain the final solution.

Comparing form (1) to the ode we are solving shows that

a = 1
b = 0
c = a

r = λ

m = 0
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Substituting these in (9) gives the solution as

y = c1 BesselJ
(
0, 2

√
a eλx

2

λ

)
+ c2 BesselY

(
0, 2

√
a eλx

2

λ

)

Summary
The solution(s) found are the following

(1)y = c1 BesselJ
(
0, 2

√
a eλx

2

λ

)
+ c2 BesselY

(
0, 2

√
a eλx

2

λ

)
Verification of solutions

y = c1 BesselJ
(
0, 2

√
a eλx

2

λ

)
+ c2 BesselY

(
0, 2

√
a eλx

2

λ

)

Verified OK.
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

a*u(t)+lambda^2*diff(u(t),t)+lambda^2*t*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
3 Solution by Maple
Time used: 0.172 (sec). Leaf size: 39� �
dsolve(diff(y(x),x$2)+a*exp(lambda*x)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 BesselJ
(
0, 2

√
a exλ

2

λ

)
+ c2 BesselY

(
0, 2

√
a exλ

2

λ

)
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3 Solution by Mathematica
Time used: 0.062 (sec). Leaf size: 55� �
DSolve[y''[x]+a*Exp[\[Lambda]*x]*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 BesselJ
(
0, 2

√
a
√
exλ

λ

)
+ 2c2 BesselY

(
0, 2

√
a
√
exλ

λ

)
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34.2 problem 2
34.2.1 Solving as second order bessel ode form A ode . . . . . . . . . . 3685

Internal problem ID [11090]
Internal file name [OUTPUT/10346_Wednesday_January_24_2024_10_18_11_PM_62097031/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 2.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode_form_A"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ + (a ex − b) y = 0

34.2.1 Solving as second order bessel ode form A ode

Writing the ode as

y′′ + (a ex − b) y = 0 (1)

An ode of the form
ay′′ + by′ + (cerx +m)y = 0 (1)

can be transformed to Bessel ode using the transformation

x = ln (t)
ex = t

Where a, b, c,m are not functions of x and where b and m are allowed to be be zero.
Using this transformation gives

dy

dx
= dy

dt

dt

dx

= dy

dt
ex

= t
dy

dt
(2)
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And

d2y

dx2 = d

dx

(
dy

dx

)
= d

dx

(
t
dy

dt

)
= d

dt

dt

dx

(
t
dy

dt

)
= dt

dx

d

dt

(
t
dy

dt

)
= t

d

dt

(
t
dy

dt

)
= t

(
dy

dt
+ t

d2y

dt2

)
(3)

Substituting (2,3) into (1) gives

at

(
dy

dt
+ t

d2y

dt2

)
+ bt

dy

dt
+ (cerx +m)y = 0(

aty′ + at2y′′
)
+ bty′ + (ctr +m)y = 0

at2y′′ + (b+ a) ty′ + (ctr +m)y = 0

t2y′′ + b+ a

a
ty′ +

( c
a
tr + m

a

)
y = 0 (4)

Which is Bessel ODE. Comparing the above to the general known Bowman form of
Bessel ode which is

t2y′′ + (1− 2α) ty′ +
(
β2γ2t2γ −

(
n2γ2 − α2)) y = 0 (C)

And now comparing (4) and (C) shows that

(1− 2α) = b+ a

a
(5)

β2γ2 = c

a
(6)

2γ = r (7)(
n2γ2 − α2) = −m

a
(8)

(5) gives α = 1
2 −

b+a
2a . (7) gives γ = r

2 . (8) now becomes
(
n2( r

2

)2 − (12 − b+a
2a

)2) = −m
a

or n2 =
−m

a
+
(

1
2−

b+a
2a

)2
(
r
2
)2 . Hence n = 2

r

√
−m

a
+
(1
2 −

b+a
2a

)2 by taking the positive root.

3686



And finally (6) gives β2 = c
aγ2 or β =

√
c
a
1
γ
=
√

c
a
2
r
(also taking the positive root).

Hence

α = 1
2 − b+ a

2a

n = 2
r

√
−m

a
+
(
1
2 − b+ a

2a

)2

β =
√

c

a

2
r

γ = r

2
But the solution to (C) which is general form of Bessel ode is known and given by

y(t) = tα(c1Jn(βtγ) + c2Yn(βtγ))

Substituting the above values found into this solution gives

y(t) = t
1
2−

b+a
2a

(
c1J 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
t
r
2

)
+ c2Y 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
t
r
2

))
Since ex = t then the above becomes

y(x) = e
x
(

1
2−

b+a
2a

)(
c1J 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
ex

r
2

))

= e
x
(

−b
2a

)(
c1J 2

r

√
−m

a
+
(

−b
2a

)2
(√

c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
−m

a
+
(

−b
2a

)2
(√

c

a

2
r
ex

r
2

))

= e
x
(

−b
2a

)(
c1J 2

r

√
−m

a
+ b2

4a2

(√
c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
−m

a
+ b2

4a2

(√
c

a

2
r
ex

r
2

))
= e

x
(

−b
2a

)(
c1J 2

r

√
− 4ma+b2

4a2

(√
c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
− 4ma+b2

4a2

(√
c

a

2
r
ex

r
2

))
= e

x
(

−b
2a

)(
c1J 1

ra

√
−4ma+b2

(√
c

a

2
r
ex

r
2

)
+ c2Y 1

ra

√
−4ma+b2

(√
c

a

2
r
ex

r
2

))
(9)

Equation (9) above is the solution to ay′′ + by′ + (cerx +m)y = 0. Therefore we just
need now to compare this form to the ode given and use (9) to obtain the final solution.

Comparing form (1) to the ode we are solving shows that

a = 1
b = 0
c = a

r = 1
m = −b
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Substituting these in (9) gives the solution as

y = c1 BesselJ
(
2
√
b, 2

√
a ex

2

)
+ c2 BesselY

(
2
√
b, 2

√
a ex

2

)
Summary
The solution(s) found are the following

(1)y = c1 BesselJ
(
2
√
b, 2

√
a ex

2

)
+ c2 BesselY

(
2
√
b, 2

√
a ex

2

)
Verification of solutions

y = c1 BesselJ
(
2
√
b, 2

√
a ex

2

)
+ c2 BesselY

(
2
√
b, 2

√
a ex

2

)
Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful
Change of variables used:

[x = ln(t)]
Linear ODE actually solved:

(a*t-b)*u(t)+t*diff(u(t),t)+t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
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3 Solution by Maple
Time used: 0.109 (sec). Leaf size: 39� �
dsolve(diff(y(x),x$2)+(a*exp(x)-b)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 BesselJ
(
2
√
b, 2

√
a ex

2

)
+ c2 BesselY

(
2
√
b, 2

√
a ex

2

)
3 Solution by Mathematica
Time used: 0.081 (sec). Leaf size: 76� �
DSolve[y''[x]+(a*Exp[x]-b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1Gamma
(
1− 2

√
b
)
BesselJ

(
−2

√
b, 2

√
a
√
ex
)

+ c2Gamma
(
2
√
b+ 1

)
BesselJ

(
2
√
b, 2

√
a
√
ex
)
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34.3 problem 3
Internal problem ID [11091]
Internal file name [OUTPUT/10347_Wednesday_January_24_2024_10_18_11_PM_29877762/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 3.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + a
(
λ eλx − a e2λx

)
y = 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

(-a^2*t+a*lambda)*u(t)+lambda^2*diff(u(t),t)+lambda^2*t*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
3 Solution by Maple
Time used: 0.125 (sec). Leaf size: 32� �
dsolve(diff(y(x),x$2)+a*(lambda*exp(lambda*x)-a*exp(2*lambda*x))*y(x)=0,y(x), singsol=all)� �

y(x) = e−a exλ
λ

(
c1 + expIntegral1

(
−2a exλ

λ

)
c2

)
3 Solution by Mathematica
Time used: 1.32 (sec). Leaf size: 37� �
DSolve[y''[x]+a*(\[Lambda]*Exp[\[Lambda]*x]-a*Exp[2*\[Lambda]*x])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
aeλx

λ

(
c2 ExpIntegralEi

(
2aexλ
λ

)
+ c1

)
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34.4 problem 4
Internal problem ID [11092]
Internal file name [OUTPUT/10348_Wednesday_January_24_2024_10_18_11_PM_34915829/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 4.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ −
(
a2e2x + a(1 + 2b) ex + b2

)
y = 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
Change of variables used:

[x = ln(t)]
Linear ODE actually solved:

(-a^2*t^2-2*a*b*t-a*t-b^2)*u(t)+t*diff(u(t),t)+t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
3 Solution by Maple
Time used: 0.297 (sec). Leaf size: 76� �
dsolve(diff(y(x),x$2)-(a^2*exp(2*x)+a*(2*b+1)*exp(x)+b^2)*y(x)=0,y(x), singsol=all)� �

y(x) = −c2a
−2bWhittakerM

(
−b,

1
2 − b, 2a ex

)
+ c1ebx+a ex + (a ex)−b e−a exc2a

−2b(b2−b+1 − 2−b
)
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3 Solution by Mathematica
Time used: 1.8 (sec). Leaf size: 57� �
DSolve[y''[x]-(a^2*Exp[2*x]+a*(2*b+1)*Exp[x]+b^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → eae
x(ex)−b

(
c1(ex)2b − 4bc2(aex)2b Γ(−2b, 2aex)

)

3694



34.5 problem 5
Internal problem ID [11093]
Internal file name [OUTPUT/10349_Wednesday_January_24_2024_10_18_11_PM_29171069/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 5.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ −
(
a e2λx + b eλx + c

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

(-a*t^2-b*t-c)*u(t)+lambda^2*t*diff(u(t),t)+lambda^2*t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
3 Solution by Maple
Time used: 0.343 (sec). Leaf size: 73� �
dsolve(diff(y(x),x$2)-(a*exp(2*lambda*x)+b*exp(lambda*x)+c)*y(x)=0,y(x), singsol=all)� �

y(x) = e−xλ
2

(
WhittakerM

(
− b

2λ
√
a
,

√
c

λ
,
2
√
a exλ
λ

)
c1

+WhittakerW
(
− b

2λ
√
a
,

√
c

λ
,
2
√
a exλ
λ

)
c2

)
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3 Solution by Mathematica
Time used: 1.158 (sec). Leaf size: 145� �
DSolve[y''[x]-(a*Exp[2*\[Lambda]*x]+b*Exp[\[Lambda]*x]+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → e−

√
aeλx

λ

(
eλx
)√

c
λ

(
c1HypergeometricU

(
b√
a
+ λ+ 2

√
c

2λ ,
2
√
c

λ
+ 1, 2

√
aexλ

λ

)

+ c2L
2
√
c

λ

−
b√
a
+λ+2

√
c

2λ

(
2
√
aexλ

λ

))
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34.6 problem 6
Internal problem ID [11094]
Internal file name [OUTPUT/10350_Wednesday_January_24_2024_10_18_11_PM_91888170/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 6.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ +
(
a e4λx + b e3λx + e2λxc− λ2

4

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric

-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius
<- hyper3 successful: indirect Equivalence to 0F1 under \`\`^ @ Moebius\`\` is resolved

<- hypergeometric successful
<- special function solution successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

(4*a*t^4+4*b*t^3+4*c*t^2-lambda^2)*u(t)+4*lambda^2*t*diff(u(t),t)+4*lambda^2*t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
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3 Solution by Maple
Time used: 0.36 (sec). Leaf size: 221� �
dsolve(diff(y(x),x$2)+(a*exp(4*lambda*x)+b*exp(3*lambda*x)+c*exp(2*lambda*x)-1/4*lambda^2)*y(x)=0,y(x), singsol=all)� �
y(x) = c1 hypergeom

([
4λ a 3

2 + 4iac− ib2

16λ a 3
2

]
,

[
1
2

]
,
i
(
2 exλa+ b

)2
4λ a 3

2

)
e−

ie2xλa+λ2x
√
a+ib exλ

2λ
√
a

+c2 hypergeom
([

12λ a 3
2 + 4iac− ib2

16λ a 3
2

]
,

[
3
2

]
,
i
(
2 exλa+ b

)2
4λ a 3

2

)(
2a e−

ie2xλa−λ2x
√

a+ib exλ
2λ

√
a

+ b e−
ie2xλa+λ2x

√
a+ib exλ

2λ
√
a

)
3 Solution by Mathematica
Time used: 1.895 (sec). Leaf size: 178� �
DSolve[y''[x]+(a*Exp[4*\[Lambda]*x]+b*Exp[3*\[Lambda]*x]+c*Exp[2*\[Lambda]*x]-1/4*\[Lambda]^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
e
−

ieλx
(
aeλx+b

)
2
√

aλ

(
c1HermiteH

(
i
(
b2−4ac+4ia3/2λ

)
8a3/2λ ,

4
√
−1(2exλa+b

)
2a3/4

√
λ

)
+ c2Hypergeometric1F1

(
−ib2+4iac+4a3/2λ

16a3/2λ , 12 ,
i
(
2exλa+b

)2
4a3/2λ

))
√
eλx
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34.7 problem 7
Internal problem ID [11095]
Internal file name [OUTPUT/10351_Wednesday_January_24_2024_10_18_11_PM_18234304/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 7.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ +
(
a e2λx

(
b eλx + c

)n − λ2

4

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 0F1 ODE

<- Whittaker successful
<- special function solution successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

(4*a*t^2*(b*t+c)^n-lambda^2)*u(t)+4*lambda^2*t*diff(u(t),t)+4*lambda^2*t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
3 Solution by Maple
Time used: 0.844 (sec). Leaf size: 218� �
dsolve(diff(y(x),x$2)+(a*exp(2*lambda*x)*(b*exp(lambda*x)+c)^n-1/4*lambda^2)*y(x)=0,y(x), singsol=all)� �
y(x)

=
e−xλ

2 Γ
(
n+1
n+2

)2 (−a
(
b exλ+c

)n+2

λ2b2(n+2)2

) 1
2n+4

c1(n+ 2)BesselI
(
− 1

n+2 , 2
√

−a
(
b exλ+c

)n+2

λ2b2(n+2)2

)
+ csc

(
π(n+1)
n+2

)(
−a

(
b exλ+c

)n+2

λ2b2(n+2)2

)− 1
2n+4

BesselI
(

1
n+2 , 2

√
−a

(
b exλ+c

)n+2

λ2b2(n+2)2

)
πc2
(
b exλ

2 + e−xλ
2 c
)

(n+ 2)Γ
(
n+1
n+2

)
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*Exp[2*\[Lambda]*x]*(b*Exp[\[Lambda]*x]+c)^n-1/4*\[Lambda]^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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34.8 problem 8
34.8.1 Solving as second order bessel ode form A ode . . . . . . . . . . 3704

Internal problem ID [11096]
Internal file name [OUTPUT/10352_Wednesday_January_24_2024_10_18_11_PM_64980096/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 8.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode_form_A"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ + ay′ + b e2axy = 0

34.8.1 Solving as second order bessel ode form A ode

Writing the ode as

y′′ + ay′ + b e2axy = 0 (1)

An ode of the form
ay′′ + by′ + (cerx +m)y = 0 (1)

can be transformed to Bessel ode using the transformation

x = ln (t)
ex = t

Where a, b, c,m are not functions of x and where b and m are allowed to be be zero.
Using this transformation gives

dy

dx
= dy

dt

dt

dx

= dy

dt
ex

= t
dy

dt
(2)
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And

d2y

dx2 = d

dx

(
dy

dx

)
= d

dx

(
t
dy

dt

)
= d

dt

dt

dx

(
t
dy

dt

)
= dt

dx

d

dt

(
t
dy

dt

)
= t

d

dt

(
t
dy

dt

)
= t

(
dy

dt
+ t

d2y

dt2

)
(3)

Substituting (2,3) into (1) gives

at

(
dy

dt
+ t

d2y

dt2

)
+ bt

dy

dt
+ (cerx +m)y = 0(

aty′ + at2y′′
)
+ bty′ + (ctr +m)y = 0

at2y′′ + (b+ a) ty′ + (ctr +m)y = 0

t2y′′ + b+ a

a
ty′ +

( c
a
tr + m

a

)
y = 0 (4)

Which is Bessel ODE. Comparing the above to the general known Bowman form of
Bessel ode which is

t2y′′ + (1− 2α) ty′ +
(
β2γ2t2γ −

(
n2γ2 − α2)) y = 0 (C)

And now comparing (4) and (C) shows that

(1− 2α) = b+ a

a
(5)

β2γ2 = c

a
(6)

2γ = r (7)(
n2γ2 − α2) = −m

a
(8)

(5) gives α = 1
2 −

b+a
2a . (7) gives γ = r

2 . (8) now becomes
(
n2( r

2

)2 − (12 − b+a
2a

)2) = −m
a

or n2 =
−m

a
+
(

1
2−

b+a
2a

)2
(
r
2
)2 . Hence n = 2

r

√
−m

a
+
(1
2 −

b+a
2a

)2 by taking the positive root.
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And finally (6) gives β2 = c
aγ2 or β =

√
c
a
1
γ
=
√

c
a
2
r
(also taking the positive root).

Hence

α = 1
2 − b+ a

2a

n = 2
r

√
−m

a
+
(
1
2 − b+ a

2a

)2

β =
√

c

a

2
r

γ = r

2
But the solution to (C) which is general form of Bessel ode is known and given by

y(t) = tα(c1Jn(βtγ) + c2Yn(βtγ))

Substituting the above values found into this solution gives

y(t) = t
1
2−

b+a
2a

(
c1J 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
t
r
2

)
+ c2Y 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
t
r
2

))
Since ex = t then the above becomes

y(x) = e
x
(

1
2−

b+a
2a

)(
c1J 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
ex

r
2

))

= e
x
(

−b
2a

)(
c1J 2

r

√
−m

a
+
(

−b
2a

)2
(√

c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
−m

a
+
(

−b
2a

)2
(√

c

a

2
r
ex

r
2

))

= e
x
(

−b
2a

)(
c1J 2

r

√
−m

a
+ b2

4a2

(√
c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
−m

a
+ b2

4a2

(√
c

a

2
r
ex

r
2

))
= e

x
(

−b
2a

)(
c1J 2

r

√
− 4ma+b2

4a2

(√
c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
− 4ma+b2

4a2

(√
c

a

2
r
ex

r
2

))
= e

x
(

−b
2a

)(
c1J 1

ra

√
−4ma+b2

(√
c

a

2
r
ex

r
2

)
+ c2Y 1

ra

√
−4ma+b2

(√
c

a

2
r
ex

r
2

))
(9)

Equation (9) above is the solution to ay′′ + by′ + (cerx +m)y = 0. Therefore we just
need now to compare this form to the ode given and use (9) to obtain the final solution.

Comparing form (1) to the ode we are solving shows that

a = 1
b = a

c = b

r = 2a
m = 0
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Substituting these in (9) gives the solution as

y =
c1e−

ax
2
√
2 sin

(√
b eax
a

)
√
π
√√

b eax
a

−
c2e−

ax
2
√
2 cos

(√
b eax
a

)
√
π
√√

b eax
a

Summary
The solution(s) found are the following

(1)y =
c1e−

ax
2
√
2 sin

(√
b eax
a

)
√
π
√√

b eax
a

−
c2e−

ax
2
√
2 cos

(√
b eax
a

)
√
π
√√

b eax
a

Verification of solutions

y =
c1e−

ax
2
√
2 sin

(√
b eax
a

)
√
π
√√

b eax
a

−
c2e−

ax
2
√
2 cos

(√
b eax
a

)
√
π
√√

b eax
a

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful
Change of variables used:

[x = ln(t)/a]
Linear ODE actually solved:

b*t*u(t)+2*a^2*diff(u(t),t)+a^2*t*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
3 Solution by Maple
Time used: 0.156 (sec). Leaf size: 39� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)+b*exp(2*a*x)*y(x)=0,y(x), singsol=all)� �

y(x) = e−ax

(
c1 sin

(√
b eax
a

)
+ c2 cos

(√
b eax
a

))

3 Solution by Mathematica
Time used: 0.133 (sec). Leaf size: 78� �
DSolve[y''[x]+a*y'[x]+b*Exp[2*a*x]*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

√
ae−

ax
2

(
2c1 cos

(√
be2ax

a

)
+ c2 sin

(√
be2ax

a

))
√
2 4√

be2ax
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34.9 problem 9
34.9.1 Solving as second order change of variable on x method 2 ode . 3709
34.9.2 Solving as second order change of variable on x method 1 ode . 3712
34.9.3 Solving as second order bessel ode form A ode . . . . . . . . . . 3714

Internal problem ID [11097]
Internal file name [OUTPUT/10353_Wednesday_January_24_2024_10_18_12_PM_31832114/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 9.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode_form_A",
"second_order_change_of_variable_on_x_method_1", "second_order_change_of_vari-
able_on_x_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries], [_2nd_order , _linear , `

_with_symmetry_ [0,F(x)]`]]

y′′ − ay′ + b e2axy = 0

34.9.1 Solving as second order change of variable on x method 2 ode

In normal form the ode

y′′ − ay′ + b e2axy = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = −a

q(x) = b e2ax
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Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫

−adx
)
dx

=
∫

eax dx

=
∫

eaxdx

= eax
a

(6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

= b e2ax
e2ax

= b (7)

Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) + by(τ) = 0
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The above ode is now solved for y(τ).This is second order with constant coefficients
homogeneous ODE. In standard form the ODE is

Ay′′(τ) +By′(τ) + Cy(τ) = 0

Where in the above A = 1, B = 0, C = b. Let the solution be y(τ) = eλτ . Substituting
this into the ODE gives

λ2eλτ + b eλτ = 0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by eλτ gives

λ2 + b = 0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = 1, B = 0, C = b into the above gives

λ1,2 =
0

(2) (1) ±
1

(2) (1)
√

02 − (4) (1) (b)

= ±
√
−b

Hence
λ1 = +

√
−b

λ2 = −
√
−b

Which simplifies to
λ1 =

√
−b

λ2 = −
√
−b

Since roots are real and distinct, then the solution is

y(τ) = c1e
λ1τ + c2e

λ2τ

y(τ) = c1e
(√

−b
)
τ + c2e

(
−
√
−b
)
τ

Or
y(τ) = c1e

√
−b τ + c2e−

√
−b τ
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The above solution is now transformed back to y using (6) which results in

y = c1e
√
−b eax

a + c2e−
√
−b eax

a

Summary
The solution(s) found are the following

(1)y = c1e
√
−b eax

a + c2e−
√
−b eax

a

Verification of solutions

y = c1e
√
−b eax

a + c2e−
√
−b eax

a

Verified OK.

34.9.2 Solving as second order change of variable on x method 1 ode

In normal form the ode

y′′ − ay′ + b e2axy = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = −a

q(x) = b e2ax

Applying change of variables τ = g(x) to (2) results
d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)

Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let q1 = c2 where c is some constant. Therefore from (5)

τ ′ = 1
c

√
q

=
√
b e2ax
c

(6)

τ ′′ = b e2axa
c
√
b e2ax
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Substituting the above into (4) results in

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2

=
b e2axa
c
√
b e2ax

− a
√
b e2ax
c(√

b e2ax
c

)2
= 0

Therefore ode (3) now becomes

y(τ)′′ + p1y(τ)′ + q1y(τ) = 0
d2

dτ 2
y(τ) + c2y(τ) = 0 (7)

The above ode is now solved for y(τ). Since the ode is now constant coefficients, it can
be easily solved to give

y(τ) = c1 cos (cτ) + c2 sin (cτ)

Now from (6)

τ =
∫ 1

c

√
q dx

=
∫ √

b e2axdx
c

=
√
b e2ax
ca

Substituting the above into the solution obtained gives

y = c1 cos
(√

b eax
a

)
+ c2 sin

(√
b eax
a

)

Summary
The solution(s) found are the following

(1)y = c1 cos
(√

b eax
a

)
+ c2 sin

(√
b eax
a

)
Verification of solutions

y = c1 cos
(√

b eax
a

)
+ c2 sin

(√
b eax
a

)

Verified OK.
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34.9.3 Solving as second order bessel ode form A ode

Writing the ode as

y′′ − ay′ + b e2axy = 0 (1)

An ode of the form
ay′′ + by′ + (cerx +m)y = 0 (1)

can be transformed to Bessel ode using the transformation

x = ln (t)
ex = t

Where a, b, c,m are not functions of x and where b and m are allowed to be be zero.
Using this transformation gives

dy

dx
= dy

dt

dt

dx

= dy

dt
ex

= t
dy

dt
(2)

And
d2y

dx2 = d

dx

(
dy

dx

)
= d

dx

(
t
dy

dt

)
= d

dt

dt

dx

(
t
dy

dt

)
= dt

dx

d

dt

(
t
dy

dt

)
= t

d

dt

(
t
dy

dt

)
= t

(
dy

dt
+ t

d2y

dt2

)
(3)

Substituting (2,3) into (1) gives

at

(
dy

dt
+ t

d2y

dt2

)
+ bt

dy

dt
+ (cerx +m)y = 0(

aty′ + at2y′′
)
+ bty′ + (ctr +m)y = 0

at2y′′ + (b+ a) ty′ + (ctr +m)y = 0

t2y′′ + b+ a

a
ty′ +

( c
a
tr + m

a

)
y = 0 (4)

3714



Which is Bessel ODE. Comparing the above to the general known Bowman form of
Bessel ode which is

t2y′′ + (1− 2α) ty′ +
(
β2γ2t2γ −

(
n2γ2 − α2)) y = 0 (C)

And now comparing (4) and (C) shows that

(1− 2α) = b+ a

a
(5)

β2γ2 = c

a
(6)

2γ = r (7)(
n2γ2 − α2) = −m

a
(8)

(5) gives α = 1
2 −

b+a
2a . (7) gives γ = r

2 . (8) now becomes
(
n2( r

2

)2 − (12 − b+a
2a

)2) = −m
a

or n2 =
−m

a
+
(

1
2−

b+a
2a

)2
(
r
2
)2 . Hence n = 2

r

√
−m

a
+
(1
2 −

b+a
2a

)2 by taking the positive root.
And finally (6) gives β2 = c

aγ2 or β =
√

c
a
1
γ
=
√

c
a
2
r
(also taking the positive root).

Hence

α = 1
2 − b+ a

2a

n = 2
r

√
−m

a
+
(
1
2 − b+ a

2a

)2

β =
√

c

a

2
r

γ = r

2

But the solution to (C) which is general form of Bessel ode is known and given by

y(t) = tα(c1Jn(βtγ) + c2Yn(βtγ))

Substituting the above values found into this solution gives

y(t) = t
1
2−

b+a
2a

(
c1J 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
t
r
2

)
+ c2Y 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
t
r
2

))
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Since ex = t then the above becomes

y(x) = e
x
(

1
2−

b+a
2a

)(
c1J 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
ex

r
2

))

= e
x
(

−b
2a

)(
c1J 2

r

√
−m

a
+
(

−b
2a

)2
(√

c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
−m

a
+
(

−b
2a

)2
(√

c

a

2
r
ex

r
2

))

= e
x
(

−b
2a

)(
c1J 2

r

√
−m

a
+ b2

4a2

(√
c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
−m

a
+ b2

4a2

(√
c

a

2
r
ex

r
2

))
= e

x
(

−b
2a

)(
c1J 2

r

√
− 4ma+b2

4a2

(√
c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
− 4ma+b2

4a2

(√
c

a

2
r
ex

r
2

))
= e

x
(

−b
2a

)(
c1J 1

ra

√
−4ma+b2

(√
c

a

2
r
ex

r
2

)
+ c2Y 1

ra

√
−4ma+b2

(√
c

a

2
r
ex

r
2

))
(9)

Equation (9) above is the solution to ay′′ + by′ + (cerx +m)y = 0. Therefore we just
need now to compare this form to the ode given and use (9) to obtain the final solution.

Comparing form (1) to the ode we are solving shows that

a = 1
b = −a

c = b

r = 2a
m = 0

Substituting these in (9) gives the solution as

y =
c1e

ax
2
√
2 sin

(√
b eax
a

)
√
π
√√

b eax
a

−
c2e

ax
2
√
2 cos

(√
b eax
a

)
√
π
√√

b eax
a

Summary
The solution(s) found are the following

(1)y =
c1e

ax
2
√
2 sin

(√
b eax
a

)
√
π
√√

b eax
a

−
c2e

ax
2
√
2 cos

(√
b eax
a

)
√
π
√√

b eax
a

Verification of solutions

y =
c1e

ax
2
√
2 sin

(√
b eax
a

)
√
π
√√

b eax
a

−
c2e

ax
2
√
2 cos

(√
b eax
a

)
√
π
√√

b eax
a

Verified OK.
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 33� �
dsolve(diff(y(x),x$2)-a*diff(y(x),x)+b*exp(2*a*x)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 sin
(√

b eax
a

)
+ c2 cos

(√
b eax
a

)

3 Solution by Mathematica
Time used: 0.061 (sec). Leaf size: 42� �
DSolve[y''[x]-a*y'[x]+b*Exp[2*a*x]*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cos
(√

beax

a

)
+ c2 sin

(√
beax

a

)
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34.10 problem 10
34.10.1 Solving as second order bessel ode form A ode . . . . . . . . . . 3718

Internal problem ID [11098]
Internal file name [OUTPUT/10354_Wednesday_January_24_2024_10_18_13_PM_80628882/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 10.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_bessel_ode_form_A"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ + ay′ +
(
b eλx + c

)
y = 0

34.10.1 Solving as second order bessel ode form A ode

Writing the ode as

y′′ + ay′ +
(
b eλx + c

)
y = 0 (1)

An ode of the form
ay′′ + by′ + (cerx +m)y = 0 (1)

can be transformed to Bessel ode using the transformation

x = ln (t)
ex = t

Where a, b, c,m are not functions of x and where b and m are allowed to be be zero.
Using this transformation gives

dy

dx
= dy

dt

dt

dx

= dy

dt
ex

= t
dy

dt
(2)
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And

d2y

dx2 = d

dx

(
dy

dx

)
= d

dx

(
t
dy

dt

)
= d

dt

dt

dx

(
t
dy

dt

)
= dt

dx

d

dt

(
t
dy

dt

)
= t

d

dt

(
t
dy

dt

)
= t

(
dy

dt
+ t

d2y

dt2

)
(3)

Substituting (2,3) into (1) gives

at

(
dy

dt
+ t

d2y

dt2

)
+ bt

dy

dt
+ (cerx +m)y = 0(

aty′ + at2y′′
)
+ bty′ + (ctr +m)y = 0

at2y′′ + (b+ a) ty′ + (ctr +m)y = 0

t2y′′ + b+ a

a
ty′ +

( c
a
tr + m

a

)
y = 0 (4)

Which is Bessel ODE. Comparing the above to the general known Bowman form of
Bessel ode which is

t2y′′ + (1− 2α) ty′ +
(
β2γ2t2γ −

(
n2γ2 − α2)) y = 0 (C)

And now comparing (4) and (C) shows that

(1− 2α) = b+ a

a
(5)

β2γ2 = c

a
(6)

2γ = r (7)(
n2γ2 − α2) = −m

a
(8)

(5) gives α = 1
2 −

b+a
2a . (7) gives γ = r

2 . (8) now becomes
(
n2( r

2

)2 − (12 − b+a
2a

)2) = −m
a

or n2 =
−m

a
+
(

1
2−

b+a
2a

)2
(
r
2
)2 . Hence n = 2

r

√
−m

a
+
(1
2 −

b+a
2a

)2 by taking the positive root.
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And finally (6) gives β2 = c
aγ2 or β =

√
c
a
1
γ
=
√

c
a
2
r
(also taking the positive root).

Hence

α = 1
2 − b+ a

2a

n = 2
r

√
−m

a
+
(
1
2 − b+ a

2a

)2

β =
√

c

a

2
r

γ = r

2
But the solution to (C) which is general form of Bessel ode is known and given by

y(t) = tα(c1Jn(βtγ) + c2Yn(βtγ))

Substituting the above values found into this solution gives

y(t) = t
1
2−

b+a
2a

(
c1J 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
t
r
2

)
+ c2Y 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
t
r
2

))
Since ex = t then the above becomes

y(x) = e
x
(

1
2−

b+a
2a

)(
c1J 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
−m

a
+
(

1
2−

b+a
2a

)2
(√

c

a

2
r
ex

r
2

))

= e
x
(

−b
2a

)(
c1J 2

r

√
−m

a
+
(

−b
2a

)2
(√

c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
−m

a
+
(

−b
2a

)2
(√

c

a

2
r
ex

r
2

))

= e
x
(

−b
2a

)(
c1J 2

r

√
−m

a
+ b2

4a2

(√
c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
−m

a
+ b2

4a2

(√
c

a

2
r
ex

r
2

))
= e

x
(

−b
2a

)(
c1J 2

r

√
− 4ma+b2

4a2

(√
c

a

2
r
ex

r
2

)
+ c2Y 2

r

√
− 4ma+b2

4a2

(√
c

a

2
r
ex

r
2

))
= e

x
(

−b
2a

)(
c1J 1

ra

√
−4ma+b2

(√
c

a

2
r
ex

r
2

)
+ c2Y 1

ra

√
−4ma+b2

(√
c

a

2
r
ex

r
2

))
(9)

Equation (9) above is the solution to ay′′ + by′ + (cerx +m)y = 0. Therefore we just
need now to compare this form to the ode given and use (9) to obtain the final solution.

Comparing form (1) to the ode we are solving shows that

a = 1
b = a

c = b

r = λ

m = c

3720



Substituting these in (9) gives the solution as

y = c1e−
ax
2 BesselJ

(√
a2 − 4c
λ

,
2
√
b eλx

2

λ

)
+ c2e−

ax
2 BesselY

(√
a2 − 4c
λ

,
2
√
b eλx

2

λ

)

Summary
The solution(s) found are the following

(1)y = c1e−
ax
2 BesselJ

(√
a2 − 4c
λ

,
2
√
b eλx

2

λ

)
+ c2e−

ax
2 BesselY

(√
a2 − 4c
λ

,
2
√
b eλx

2

λ

)
Verification of solutions

y = c1e−
ax
2 BesselJ

(√
a2 − 4c
λ

,
2
√
b eλx

2

λ

)
+ c2e−

ax
2 BesselY

(√
a2 − 4c
λ

,
2
√
b eλx

2

λ

)

Verified OK.
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

(b*t+c)*u(t)+(a*lambda*t+lambda^2*t)*diff(u(t),t)+lambda^2*t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
3 Solution by Maple
Time used: 0.344 (sec). Leaf size: 69� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)+(b*exp(lambda*x)+c)*y(x)=0,y(x), singsol=all)� �
y(x) = e−ax

2

(
BesselJ

(√
a2 − 4c
λ

,
2
√
b exλ

2

λ

)
c1 + BesselY

(√
a2 − 4c
λ

,
2
√
b exλ

2

λ

)
c2

)

3722



3 Solution by Mathematica
Time used: 0.185 (sec). Leaf size: 123� �
DSolve[y''[x]+a*y'[x]+(b*Exp[\[Lambda]*x]+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
ax
2

(
c1Gamma

(
1−

√
a2 − 4c
λ

)
BesselJ

(
−
√
a2 − 4c
λ

,
2
√
bexλ

λ

)

+ c2Gamma
(
λ+

√
a2 − 4c
λ

)
BesselJ

(√
a2 − 4c
λ

,
2
√
bexλ

λ

))
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34.11 problem 11
Internal problem ID [11099]
Internal file name [OUTPUT/10355_Wednesday_January_24_2024_10_18_13_PM_46931920/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 11.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ − y′ +
(
e3λxa+ b e2λx + 1

4 − λ2

4

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
<- Bessel successful

<- special function solution successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

(4*a*t^3+4*b*t^2-lambda^2+1)*u(t)+(4*lambda^2*t-4*lambda*t)*diff(u(t),t)+4*lambda^2*t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
3 Solution by Maple
Time used: 0.234 (sec). Leaf size: 51� �
dsolve(diff(y(x),x$2)-diff(y(x),x)+(a*exp(3*lambda*x)+b*exp(2*lambda*x)+1/4-1/4*lambda^2 )*y(x)=0,y(x), singsol=all)� �

y(x) = e−
x(λ−1)

2

(
AiryAi

(
−exλa+ b

λ
2
3a

2
3

)
c1 +AiryBi

(
−exλa+ b

λ
2
3a

2
3

)
c2

)
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3 Solution by Mathematica
Time used: 1.332 (sec). Leaf size: 77� �
DSolve[y''[x]-y'[x]+(a*Exp[3*\[Lambda]*x]+b*Exp[2*\[Lambda]*x]+1/4-1/4*\[Lambda]^2 )*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

ex/2

c1AiryAi


(
exλa+b

) 3

√
− a

λ2

a

+ c2AiryBi


(
exλa+b

) 3

√
− a

λ2

a




√
eλx
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34.12 problem 12
Internal problem ID [11100]
Internal file name [OUTPUT/10356_Wednesday_January_24_2024_10_18_13_PM_71465684/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 12.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ − y′ +
(
a e2λx

(
b eλx + c

)n + 1
4 − λ2

4

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,

to LODEs admitting Liouvillian solutions.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists

-> Trying a solution in terms of special functions:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 0F1 ODE

<- Whittaker successful
<- special function solution successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

(4*a*t^2*(b*t+c)^n-lambda^2+1)*u(t)+(4*lambda^2*t-4*lambda*t)*diff(u(t),t)+4*lambda^2*t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
3 Solution by Maple
Time used: 0.796 (sec). Leaf size: 224� �
dsolve(diff(y(x),x$2)-diff(y(x),x)+(a*exp(2*lambda*x)*(b*exp(lambda*x)+c)^n+1/4-1/4*lambda^2 )*y(x)=0,y(x), singsol=all)� �
y(x)

=
Γ
(
n+1
n+2

)2 e−x(λ−1)
2

(
−a

(
b exλ+c

)n+2

λ2b2(n+2)2

) 1
2n+4

c1(n+ 2)BesselI
(
− 1

n+2 , 2
√
−a

(
b exλ+c

)n+2

λ2b2(n+2)2

)
+ csc

(
π(n+1)
n+2

)(
−a

(
b exλ+c

)n+2

λ2b2(n+2)2

)− 1
2n+4

BesselI
(

1
n+2 , 2

√
−a

(
b exλ+c

)n+2

λ2b2(n+2)2

)
πc2
(
b e

x(1+λ)
2 + e−

x(λ−1)
2 c

)
(n+ 2)Γ

(
n+1
n+2

)
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]-y'[x]+(a*Exp[2*\[Lambda]*x]*(b*Exp[\[Lambda]*x]+c)^n+1/4-1/4*\[Lambda]^2 )*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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34.13 problem 13
34.13.1 Solving as linear second order ode solved by an integrating factor

ode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3730
34.13.2 Solving as second order change of variable on y method 1 ode . 3731
34.13.3 Solving using Kovacic algorithm . . . . . . . . . . . . . . . . . . 3733

Internal problem ID [11101]
Internal file name [OUTPUT/10357_Wednesday_January_24_2024_10_18_13_PM_34806798/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 13.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second_order_change_of_vari-
able_on_y_method_1", "linear_second_order_ode_solved_by_an_inte-
grating_factor"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ + 2a eλxy′ + a eλx
(
a eλx + λ

)
y = 0

34.13.1 Solving as linear second order ode solved by an integrating factor
ode

The ode satisfies this form

y′′ + p(x) y′ +
(
p(x)2 + p′(x)

)
y

2 = f(x)

Where p(x) = 2a eλx. Therefore, there is an integrating factor given by

M(x) = e
1
2
∫
p dx

= e
∫
2a eλx dx

= ea eλx
λ
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Multiplying both sides of the ODE by the integrating factor M(x) makes the left side
of the ODE a complete differential

(M(x)y) ′′ = 0(
ea eλx

λ y
)

′′ = 0

Integrating once gives (
ea eλx

λ y
)′

= c1

Integrating again gives (
ea eλx

λ y
)
= c1x+ c2

Hence the solution is

y = c1x+ c2

ea eλx
λ

Or

y = c1x e−
a eλx

λ + c2e−
a eλx

λ

Summary
The solution(s) found are the following

(1)y = c1x e−
a eλx

λ + c2e−
a eλx

λ

Verification of solutions

y = c1x e−
a eλx

λ + c2e−
a eλx

λ

Verified OK.

34.13.2 Solving as second order change of variable on y method 1 ode

In normal form the given ode is written as

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = 2a eλx

q(x) = a2e2λx + aλ eλx
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Calculating the Liouville ode invariant Q given by

Q = q − p′

2 − p2

4

= a2e2λx + aλ eλx −
(
2a eλx

)′
2 −

(
2a eλx

)2
4

= a2e2λx + aλ eλx −
(
2aλ eλx

)
2 −

(
4a2e2λx

)
4

= a2e2λx + aλ eλx −
(
aλ eλx

)
− a2e2λx

= 0

Since the Liouville ode invariant does not depend on the independent variable x then
the transformation

y = v(x) z(x) (3)

is used to change the original ode to a constant coefficients ode in v. In (3) the term
z(x) is given by

z(x) = e−
(∫ p(x)

2 dx
)

= e−
∫ 2a eλx

2

= e−a eλx
λ (5)

Hence (3) becomes

y = v(x) e−a eλx
λ (4)

Applying this change of variable to the original ode results in

v′′(x) e−a eλx
λ = 0

Which is now solved for v(x) Integrating twice gives the solution

v(x) = c1x+ c2

Now that v(x) is known, then

y = v(x) z(x)
= (c1x+ c2) (z(x)) (7)

But from (5)

z(x) = e−a eλx
λ
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Hence (7) becomes

y = e−a eλx
λ (c1x+ c2)

Summary
The solution(s) found are the following

(1)y = e−a eλx
λ (c1x+ c2)

Verification of solutions

y = e−a eλx
λ (c1x+ c2)

Verified OK.

34.13.3 Solving using Kovacic algorithm

Writing the ode as

y′′ + 2a eλxy′ + a eλx
(
a eλx + λ

)
y = 0 (1)

Ay′′ +By′ + Cy = 0 (2)

Comparing (1) and (2) shows that

A = 1
B = 2a eλx (3)
C = eλxa

(
a eλx + λ

)
Applying the Liouville transformation on the dependent variable gives

z(x) = ye
∫

B
2A dx

Then (2) becomes

z′′(x) = rz(x) (4)

Where r is given by

r = s

t
(5)

= 2AB′ − 2BA′ +B2 − 4AC
4A2

Substituting the values of A,B,C from (3) in the above and simplifying gives

r = 0
1 (6)
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Comparing the above to (5) shows that

s = 0
t = 1

Therefore eq. (4) becomes

z′′(x) = 0 (7)

Equation (7) is now solved. After finding z(x) then y is found using the inverse trans-
formation

y = z(x) e−
∫

B
2A dx

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at ∞. The following
table summarizes these cases.

Case Allowed pole order for r Allowed value for O(∞)

1 {0, 1, 2, 4, 6, 8, · · ·} {· · · ,−6,−4,−2, 0, 2, 3, 4, 5, 6, · · ·}

2 Need to have at least one pole that
is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1, 2},{1, 3},{2},{3},{3, 4},{1, 2, 5}.

no condition

3 {1, 2} {2, 3, 4, 5, 6, 7, · · ·}

Table 225: Necessary conditions for each Kovacic case

The order of r at ∞ is the degree of t minus the degree of s. Therefore

O(∞) = deg(t)− deg(s)
= 0−−∞
= ∞

There are no poles in r. Therefore the set of poles Γ is empty. Since there is no odd
order pole larger than 2 and the order at ∞ is infinity then the necessary conditions
for case one are met. Therefore

L = [1]
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Since r = 0 is not a function of x, then there is no need run Kovacic algorithm to obtain
a solution for transformed ode z′′ = rz as one solution is

z1(x) = 1

Using the above, the solution for the original ode can now be found. The first solution
to the original ode in y is found from

y1 = z1e
∫
− 1

2
B
A

dx

= z1e
−
∫ 1

2
2a eλx

1 dx

= z1e
−a eλx

λ

= z1
(
e−a eλx

λ

)
Which simplifies to

y1 = e−a eλx
λ

The second solution y2 to the original ode is found using reduction of order

y2 = y1

∫
e
∫
−B

A
dx

y21
dx

Substituting gives

y2 = y1

∫
e
∫
− 2a eλx

1 dx

(y1)2
dx

= y1

∫
e−

2a eλx
λ

(y1)2
dx

= y1

(
ln
(
eλx
)

λ

)

Therefore the solution is

y = c1y1 + c2y2

= c1
(
e−a eλx

λ

)
+ c2

(
e−a eλx

λ

(
ln
(
eλx
)

λ

))
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Summary
The solution(s) found are the following

(1)y = e−a eλx
λ c1 +

c2e−
a eλx

λ ln
(
eλx
)

λ

Verification of solutions

y = e−a eλx
λ c1 +

c2e−
a eλx

λ ln
(
eλx
)

λ

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 21� �
dsolve(diff(y(x),x$2)+2*a*exp(lambda*x)*diff(y(x),x)+a*exp(lambda*x)*(a*exp(lambda*x)+lambda)*y(x)=0,y(x), singsol=all)� �

y(x) = e−a exλ
λ (c2x+ c1)

3 Solution by Mathematica
Time used: 0.109 (sec). Leaf size: 26� �
DSolve[y''[x]+2*a*Exp[\[Lambda]*x]*y'[x]+a*Exp[\[Lambda]*x]*(a*Exp[\[Lambda]*x]+\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → (c2x+ c1)e−
aeλx

λ
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34.14 problem 14
Internal problem ID [11102]
Internal file name [OUTPUT/10358_Wednesday_January_24_2024_10_18_14_PM_71707269/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 14.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + (a+ b) eλxy′ + a eλx
(
b eλx + λ

)
y = 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

(a*b*t+a*lambda)*u(t)+(a*lambda*t+b*lambda*t+lambda^2)*diff(u(t),t)+lambda^2*t*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
3 Solution by Maple
Time used: 0.125 (sec). Leaf size: 36� �
dsolve(diff(y(x),x$2)+(a+b)*exp(lambda*x)*diff(y(x),x)+a*exp(lambda*x)*(b*exp(lambda*x)+lambda)*y(x)=0,y(x), singsol=all)� �

y(x) = e−a exλ
λ

(
c1 + expIntegral1

(
−exλ(a− b)

λ

)
c2

)
3 Solution by Mathematica
Time used: 2.377 (sec). Leaf size: 40� �
DSolve[y''[x]+(a+b)*Exp[\[Lambda]*x]*y'[x]+a*Exp[\[Lambda]*x]*(b*Exp[\[Lambda]*x]+\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
aeλx

λ

(
c2 ExpIntegralEi

(
(a− b)exλ

λ

)
+ c1

)
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34.15 problem 15
Internal problem ID [11103]
Internal file name [OUTPUT/10359_Wednesday_January_24_2024_10_18_14_PM_13126995/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 15.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + a eλxy′ − b eµx
(
a eλx + eµxb+ µ

)
y = 0

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 46� �
dsolve(diff(y(x),x$2)+a*exp(lambda*x)*diff(y(x),x)-b*exp(mu*x)*(a*exp(lambda*x)+b*exp(mu*x)+mu)*y(x)=0,y(x), singsol=all)� �

y(x) =
((∫

e
−2b exµλ−exλaµ

µλ dx

)
c1 + c2

)
e

b exµ
µ
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+a*Exp[\[Lambda]*x]*y'[x]-b*Exp[\[Mu]*x]*(a*Exp[\[Lambda]*x]+b*Exp[\[Mu]*x]+\[Mu])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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34.16 problem 16
Internal problem ID [11104]
Internal file name [OUTPUT/10360_Wednesday_January_24_2024_10_18_15_PM_73998394/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 16.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + 2k eµxy′ +
(
a e2λx + b eλx + k2e2µx + kµ eµx + c

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
7 Solution by Maple� �
dsolve(diff(y(x),x$2)+2*k*exp(mu*x)*diff(y(x),x)+(a*exp(2*lambda*x)+b*exp(lambda*x)+k^2*exp(2*mu*x)+k*mu*exp(mu*x)+c)*y(x)=0,y(x), singsol=all)� �

No solution found
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3 Solution by Mathematica
Time used: 2.531 (sec). Leaf size: 232� �
DSolve[y''[x]+2*k*Exp[\[Mu]*x]*y'[x]+(a*Exp[2*\[Lambda]*x]+b*Exp[\[Lambda]*x]+k^2*Exp[2*\[Mu]*x]+k*\[Mu]*Exp[\[Mu]*x]+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ 2 1
2−

i
√
c

λ (ex)
1
2−

λ
2 ((ex)µ)−

1
2
/
µ
(
(ex)λ

) 1
2−

i
√
c

λ
e−

k
(
ex
)µ

µ
+ i

√
a
(
ex
)λ

λ

(
c1HypergeometricU

(
−

ib√
a
− λ+ 2i

√
c

2λ , 1

− 2i
√
c

λ
,−2i

√
a(ex)λ

λ

)
+ c2L

− 2i
√
c

λ
ib√
a
−λ+2i

√
c

2λ

(
−2i

√
a(ex)λ

λ

))
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34.17 problem 17
34.17.1 Solving as second order change of variable on x method 2 ode . 3744
34.17.2 Solving as second order change of variable on y method 1 ode . 3747

Internal problem ID [11105]
Internal file name [OUTPUT/10361_Wednesday_January_24_2024_10_18_15_PM_64620218/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 17.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_change_of_vari-
able_on_x_method_2", "second_order_change_of_variable_on_y_method_1"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ − (a+ 2 eaxb) y′ + b2e2axy = 0

34.17.1 Solving as second order change of variable on x method 2 ode

In normal form the ode

y′′ + (−2 eaxb− a) y′ + b2e2axy = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = −2 eaxb− a

q(x) = b2e2ax

Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)
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Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫

(−2 eaxb−a)dx
)
dx

=
∫

e
a2x+2 eaxb

a dx

=
∫

ea2x+2 eaxb
a dx

= e 2b eax
a

2b (6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

= b2e2ax

e 2a2x+4 eaxb
a

= b2e− 4b eax
a (7)

Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) + b2e− 4b eax

a y(τ) = 0

But in terms of τ

b2e− 4b eax
a = 1

4τ 2
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Hence the above ode becomes

d2

dτ 2
y(τ) + y(τ)

4τ 2 = 0

The above ode is now solved for y(τ). The ode can be written as

4
(

d2

dτ 2
y(τ)

)
τ 2 + y(τ) = 0

Which shows it is a Euler ODE. This is Euler second order ODE. Let the solution be
y(τ) = τ r, then y′ = rτ r−1 and y′′ = r(r − 1)τ r−2. Substituting these back into the
given ODE gives

4τ 2(r(r − 1))τ r−2 + 0rτ r−1 + τ r = 0

Simplifying gives
4r(r − 1) τ r + 0 τ r + τ r = 0

Since τ r 6= 0 then dividing throughout by τ r gives

4r(r − 1) + 0 + 1 = 0

Or
4r2 − 4r + 1 = 0 (1)

Equation (1) is the characteristic equation. Its roots determine the form of the general
solution. Using the quadratic equation the roots are

r1 =
1
2

r2 =
1
2

Since the roots are equal, then the general solution is

y(τ) = c1y1 + c2y2

Where y1 = τ r and y2 = τ r ln (τ). Hence

y(τ) = c1
√
τ + c2

√
τ ln (τ)

The above solution is now transformed back to y using (6) which results in

y =

√
2
√

e
2b eax

a

b

(
c1 + c2 ln

(
e
2b eax

a

b

)
− c2 ln (2)

)
2
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Summary
The solution(s) found are the following

(1)y =

√
2
√

e
2b eax

a

b

(
c1 + c2 ln

(
e
2b eax

a

b

)
− c2 ln (2)

)
2

Verification of solutions

y =

√
2
√

e
2b eax

a

b

(
c1 + c2 ln

(
e
2b eax

a

b

)
− c2 ln (2)

)
2

Verified OK.

34.17.2 Solving as second order change of variable on y method 1 ode

In normal form the given ode is written as

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = −2 eaxb− a

q(x) = b2e2ax

Calculating the Liouville ode invariant Q given by

Q = q − p′

2 − p2

4

= b2e2ax − (−2 eaxb− a)′

2 − (−2 eaxb− a)2

4

= b2e2ax − (−2a eaxb)
2 −

(
(−2 eaxb− a)2

)
4

= b2e2ax − (−a eaxb)− (−2 eaxb− a)2

4

= −a2

4

Since the Liouville ode invariant does not depend on the independent variable x then
the transformation

y = v(x) z(x) (3)

3747



is used to change the original ode to a constant coefficients ode in v. In (3) the term
z(x) is given by

z(x) = e−
(∫ p(x)

2 dx
)

= e−
∫ −2 eaxb−a

2

= ea2x+2 eaxb
2a (5)

Hence (3) becomes

y = v(x) ea2x+2 eaxb
2a (4)

Applying this change of variable to the original ode results in

ea2x+2 eaxb
2a

(
−a2v(x) + 4v′′(x)

)
= 0

Which is now solved for v(x) This is second order with constant coefficients homogeneous
ODE. In standard form the ODE is

Av′′(x) +Bv′(x) + Cv(x) = 0

Where in the above A = 4, B = 0, C = −a2. Let the solution be v(x) = eλx. Substituting
this into the ODE gives

4λ2eλx − a2eλx = 0 (1)
Since exponential function is never zero, then dividing Eq(2) throughout by eλx gives

−a2 + 4λ2 = 0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = 4, B = 0, C = −a2 into the above gives

λ1,2 =
0

(2) (4) ±
1

(2) (4)
√
02 − (4) (4) (−a2)

= ±
√
a2

2
Hence

λ1 = +
√
a2

2

λ2 = −
√
a2

2
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Which simplifies to

λ1 =
√
a2

2

λ2 = −
√
a2

2

Since roots are real and distinct, then the solution is

v(x) = c1e
λ1x + c2e

λ2x

v(x) = c1e

(√
a2
2

)
x
+ c2e

(
−
√

a2
2

)
x

Or

v(x) = c1e
√

a2 x
2 + c2e−

√
a2 x
2

Now that v(x) is known, then

y = v(x) z(x)

=
(
c1e

√
a2 x
2 + c2e−

√
a2 x
2

)
(z(x)) (7)

But from (5)

z(x) = ea2x+2 eaxb
2a

Hence (7) becomes

y =
(
c1e

√
a2 x
2 + c2e−

√
a2 x
2

)
ea2x+2 eaxb

2a

Summary
The solution(s) found are the following

(1)y =
(
c1e

√
a2 x
2 + c2e−

√
a2 x
2

)
ea2x+2 eaxb

2a

Verification of solutions

y =
(
c1e

√
a2 x
2 + c2e−

√
a2 x
2

)
ea2x+2 eaxb

2a

Verified OK.
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Reducible group (found another exponential solution)

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 39� �
dsolve(diff(y(x),x$2)-(a+2*b*exp(a*x))*diff(y(x),x)+b^2*exp(2*a*x)*y(x)=0,y(x), singsol=all)� �

y(x) = ea2x+2 eaxb
2a

(
c1 sinh

(ax
2

)
+ c2 cosh

(ax
2

))
3 Solution by Mathematica
Time used: 0.079 (sec). Leaf size: 35� �
DSolve[y''[x]-(a+2*b*Exp[a*x])*y'[x]+b^2*Exp[2*a*x]*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
beax

a (bc2eax + ac1)
a
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34.18 problem 18
Internal problem ID [11106]
Internal file name [OUTPUT/10362_Wednesday_January_24_2024_10_18_16_PM_88334329/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 18.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ +
(
a e2λx + λ

)
y′ − aλ e2λxy = 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible
Solution has integrals. Trying a special function solution free of integrals...
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
<- Kummer successful

<- special function solution successful
-> Trying to convert hypergeometric functions to elementary form...
<- elementary form is not straightforward to achieve - returning special function solution free of uncomputed integrals

<- Kovacics algorithm successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

-t*a*u(t)+(a*t^2+2*lambda)*diff(u(t),t)+t*lambda*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
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3 Solution by Maple
Time used: 0.593 (sec). Leaf size: 79� �
dsolve(diff(y(x),x$2)+(a*exp(2*lambda*x)+lambda)*diff(y(x),x)-a*lambda*exp(2*lambda*x)*y(x)=0,y(x), singsol=all)� �
y(x) = c2

√
π
(
exλa+e−xλλ

)
erf
(√

2 exλ
√
a

2
√
λ

)
+
√
a
√
λ e−a e2xλ

2λ
√
2 c2 + c1

(
exλa+e−xλλ

)
3 Solution by Mathematica
Time used: 0.283 (sec). Leaf size: 129� �
DSolve[y''[x]+(a*Exp[2*\[Lambda]*x]+\[Lambda])*y'[x]-a*\[Lambda]*Exp[2*\[Lambda]*x]*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

√
2πc2

(
ae2λx + λ

)
erf
(√

aλe2λx√
2λ

)
− 4i

√
2ac1e2λx + 2c2e−

ae2λx
2λ

√
aλe2λx − 4i

√
2c1λ

4
√
aλe2λx
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34.19 problem 19
34.19.1 Solving as second order change of variable on x method 2 ode . 3754

Internal problem ID [11107]
Internal file name [OUTPUT/10363_Wednesday_January_24_2024_10_18_16_PM_44683069/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 19.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_change_of_vari-
able_on_x_method_2"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ +
(
a eλx − λ

)
y′ + yb e2λx = 0

34.19.1 Solving as second order change of variable on x method 2 ode

In normal form the ode

y′′ +
(
a eλx − λ

)
y′ + yb e2λx = 0 (1)

Becomes

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = a eλx − λ

q(x) = b e2λx

Applying change of variables τ = g(x) to (2) gives

d2

dτ 2
y(τ) + p1

(
d

dτ
y(τ)

)
+ q1y(τ) = 0 (3)
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Where τ is the new independent variable, and

p1(τ) =
τ ′′(x) + p(x) τ ′(x)

τ ′ (x)2
(4)

q1(τ) =
q(x)
τ ′ (x)2

(5)

Let p1 = 0. Eq (4) simplifies to

τ ′′(x) + p(x) τ ′(x) = 0

This ode is solved resulting in

τ =
∫

e−
(∫

p(x)dx
)
dx

=
∫

e−
(∫ (

a eλx−λ
)
dx
)
dx

=
∫

e
xλ2−a eλx

λ dx

=
∫

exλ2−a eλx
λ dx

= −e−a eλx
λ

a
(6)

Using (6) to evaluate q1 from (5) gives

q1(τ) =
q(x)
τ ′ (x)2

= b e2λx

e 2xλ2−2a eλx
λ

= b e 2a eλx
λ (7)

Substituting the above in (3) and noting that now p1 = 0 results in

d2

dτ 2
y(τ) + q1y(τ) = 0

d2

dτ 2
y(τ) + b e 2a eλx

λ y(τ) = 0

But in terms of τ

b e 2a eλx
λ = b

a2τ 2
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Hence the above ode becomes

d2

dτ 2
y(τ) + by(τ)

a2τ 2
= 0

The above ode is now solved for y(τ). The ode can be written as(
d2

dτ 2
y(τ)

)
a2τ 2 + by(τ) = 0

Which shows it is a Euler ODE. This is Euler second order ODE. Let the solution be
y(τ) = τ r, then y′ = rτ r−1 and y′′ = r(r − 1)τ r−2. Substituting these back into the
given ODE gives

a2τ 2(r(r − 1))τ r−2 + 0rτ r−1 + b τ r = 0

Simplifying gives
a2r(r − 1) τ r + 0 τ r + b τ r = 0

Since τ r 6= 0 then dividing throughout by τ r gives

a2r(r − 1) + 0 + b = 0

Or
a2r2 − a2r + b = 0 (1)

Equation (1) is the characteristic equation. Its roots determine the form of the general
solution. Using the quadratic equation the roots are

r1 = −−a+
√
a2 − 4b

2a

r2 =
a+

√
a2 − 4b
2a

Since the roots are real and distinct, then the general solution is

y(τ) = c1y1 + c2y2

Where y1 = τ r1 and y2 = τ r2 . Hence

y(τ) = c1τ
−−a+

√
a2−4b

2a + c2τ
a+
√

a2−4b
2a

The above solution is now transformed back to y using (6) which results in

y = c1

(
−e−a eλx

λ

a

)−−a+
√

a2−4b
2a

+ c2

(
−e−a eλx

λ

a

)a+
√

a2−4b
2a
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Summary
The solution(s) found are the following

(1)y = c1

(
−e−a eλx

λ

a

)−−a+
√

a2−4b
2a

+ c2

(
−e−a eλx

λ

a

)a+
√

a2−4b
2a

Verification of solutions

y = c1

(
−e−a eλx

λ

a

)−−a+
√

a2−4b
2a

+ c2

(
−e−a eλx

λ

a

)a+
√

a2−4b
2a

Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
<- constant coefficients successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

b*u(t)+a*lambda*diff(u(t),t)+lambda^2*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
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3 Solution by Maple
Time used: 0.172 (sec). Leaf size: 53� �
dsolve(diff(y(x),x$2)+(a*exp(lambda*x)-lambda)*diff(y(x),x)+b*exp(2*lambda*x)*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
(
−a+

√
a2−4b

)
exλ

2λ + c2e−
(
a+
√

a2−4b
)
exλ

2λ

3 Solution by Mathematica
Time used: 0.133 (sec). Leaf size: 61� �
DSolve[y''[x]+(a*Exp[\[Lambda]*x]-\[Lambda])*y'[x]+b*Exp[2*\[Lambda]*x]*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
(√

a2−4b+a
)
eλx

2λ

(
c2e

√
a2−4beλx

λ + c1

)

3758



34.20 problem 20
Internal problem ID [11108]
Internal file name [OUTPUT/10364_Wednesday_January_24_2024_10_18_17_PM_66837224/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 20.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ +
(
a eλx + b

)
y′ + c

(
a eλx + b− c

)
y = 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

(a*c*t+b*c-c^2)*u(t)+(a*lambda*t^2+b*lambda*t+lambda^2*t)*diff(u(t),t)+lambda^2*t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
3 Solution by Maple
Time used: 0.297 (sec). Leaf size: 176� �
dsolve(diff(y(x),x$2)+(a*exp(lambda*x)+b)*diff(y(x),x)+c*(a*exp(lambda*x)+b-c)*y(x)=0,y(x), singsol=all)� �
y(x) = e

−exλa−(b+3λ)xλ
2λ c2(−λ− 2c+ b)2WhittakerM

(
−−λ− 2c+ b

2λ ,

−−2λ− 2c+ b

2λ ,
a exλ
λ

)
+
(
(λ+2c− b) e

−exλa−(b+3λ)xλ
2λ + a e

−exλa−xλ(b+λ)
2λ

)
c2λWhittakerM

(
−b− 2c+ λ

2λ ,

−−2λ− 2c+ b

2λ ,
a exλ
λ

)
+ c1e−cx
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3 Solution by Mathematica
Time used: 0.244 (sec). Leaf size: 96� �
DSolve[y''[x]+(a*Exp[\[Lambda]*x]+b)*y'[x]+c*(a*Exp[\[Lambda]*x]+b-c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → (−1)− c

λ cc/λλ
c
λ
−1a−

c
λ

(
ceλx

)− c
λ

(
c2(2c− b)(−1)c/λΓ

(
−b− 2c

λ
, 0, ae

xλ

λ

)
+ c1λ

)
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34.21 problem 21
Internal problem ID [11109]
Internal file name [OUTPUT/10365_Wednesday_January_24_2024_10_18_17_PM_27204558/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 21.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ +
(
a+ b e2λx

)
y′ + λ

(
a− λ− b e2λx

)
y = 0

7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a+b*exp(2*lambda*x))*diff(y(x),x)+lambda*(a-lambda-b*exp(2*lambda*x))*y(x)=0,y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 0.513 (sec). Leaf size: 248� �
DSolve[y''[x]+(a+b*Exp[2*\[Lambda]*x])*y'[x]+\[Lambda]*(a-\[Lambda]-b*Exp[2*\[Lambda]*x])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
−1

2c2(a− 2λ)e− be2λx
2λ
(
bλe2λx

)− a
2λ
(
b2 a

2λλa/λe2λx +Gamma
(
1− a

2λ

)
e

be2λx
2λ
(
a+ be2λx

) (
bλe2λx

) a
2λ − e

be2λx
2λ
(
a+ be2λx

) (
bλe2λx

) a
2λ Γ

(
1− a

2λ ,
be2xλ

2λ

))
− 2ic1λ2(a+be2λx

)
a

√
2λ

√
bλe2λx
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34.22 problem 22
Internal problem ID [11110]
Internal file name [OUTPUT/10366_Wednesday_January_24_2024_10_18_17_PM_14375704/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 22.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ +
(
a+ b eλx + b− 3λ

)
y′ + a2λ(−λ+ b) e2λxy = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Kummer

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Kummer successful
<- special function solution successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

(a^2*b*t-a^2*lambda*t)*u(t)+(b*t+a+b-2*lambda)*diff(u(t),t)+t*lambda*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
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3 Solution by Maple
Time used: 0.406 (sec). Leaf size: 205� �
dsolve(diff(y(x),x$2)+(a+b*exp(lambda*x)+b-3*lambda)*diff(y(x),x)+a^2*lambda*(b-lambda)*exp(2*lambda*x)*y(x)=0,y(x), singsol=all)� �
y(x)

= e−
exλ

(
b+
√

−4λ(b−λ)a2+b2
)

2λ

KummerU


(
b+

√
−4λ (b− λ) a2 + b2

)
(−2λ+ b+ a)

2
√
−4λ (b− λ) a2 + b2 λ

,
−2λ+ b+ a

λ
,

√
−4λ (b− λ) a2 + b2 exλ

λ

 c2

+KummerM


(
b+

√
−4λ (b− λ) a2 + b2

)
(−2λ+ b+ a)

2
√

−4λ (b− λ) a2 + b2 λ
,
−2λ+ b+ a

λ
,

√
−4λ (b− λ) a2 + b2 exλ

λ

 c1


3 Solution by Mathematica
Time used: 3.799 (sec). Leaf size: 260� �
DSolve[y''[x]+(a+b*Exp[\[Lambda]*x]+b-3*\[Lambda])*y'[x]+a^2*\[Lambda]*(b-\[Lambda])*Exp[2*\[Lambda]*x]*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ exp
(
−
eλx
(√

−4a2bλ+ 4a2λ2 + b2 + b
)

2λ

)c1HypergeometricU
(
(a+ b− 2λ)

(
b+

√
4λ2a2 − 4bλa2 + b2

)
2λ

√
4λ2a2 − 4bλa2 + b2

,
a+ b− 2λ

λ
,
exλ

√
4λ2a2 − 4bλa2 + b2

λ

)

+ c2L
a+b−3λ

λ

−
(a+b−2λ)

(
b+
√

4λ2a2−4bλa2+b2
)

2λ
√

4λ2a2−4bλa2+b2

(
exλ

√
4λ2a2 − 4bλa2 + b2

λ

)
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34.23 problem 23
Internal problem ID [11111]
Internal file name [OUTPUT/10367_Wednesday_January_24_2024_10_18_18_PM_71646621/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 23.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ +
(
2a eλx − λ

)
y′ +

(
a2e2λx + eµxc

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(2*a*exp(lambda*x)-lambda)*diff(y(x),x)+(a^2*exp(2*lambda*x)+c*exp(mu*x))*y(x)=0,y(x), singsol=all)� �

No solution found
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3 Solution by Mathematica
Time used: 1.858 (sec). Leaf size: 164� �
DSolve[y''[x]+(2*a*Exp[\[Lambda]*x]-\[Lambda])*y'[x]+(a^2*Exp[2*\[Lambda]*x]+c*Exp[\[Mu]*x])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ (−1)−
λ
µ2

λ+µ
2µ

(
(ex)λ

)λ−1
2λ (ex)

1
2−

µ
2 e−

a
(
ex
)λ

λ ((ex)µ)
λ+µ
2µ

(
−c(ex)µ

µ2

)− λ
2µ

c1(−1)λ/µ BesselI

λ

µ
, 2

√
−c (ex)µ

µ2


+ c2Kλ

µ

2

√
−c (ex)µ

µ2
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34.24 problem 24
34.24.1 Solving as second order change of variable on y method 1 ode . 3769

Internal problem ID [11112]
Internal file name [OUTPUT/10368_Wednesday_January_24_2024_10_18_18_PM_3875151/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 24.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "second_order_change_of_vari-
able_on_y_method_1"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

y′′ +
(
2a eλx + b

)
y′ +

(
a2e2λx + a(b+ λ) eλx + c

)
y = 0

34.24.1 Solving as second order change of variable on y method 1 ode

In normal form the given ode is written as

y′′ + p(x) y′ + q(x) y = 0 (2)

Where

p(x) = 2a eλx + b

q(x) = ab eλx + aλ eλx + a2e2λx + c

3769



Calculating the Liouville ode invariant Q given by

Q = q − p′

2 − p2

4

= ab eλx + aλ eλx + a2e2λx + c−
(
2a eλx + b

)′
2 −

(
2a eλx + b

)2
4

= ab eλx + aλ eλx + a2e2λx + c−
(
2aλ eλx

)
2 −

((
2a eλx + b

)2)
4

= ab eλx + aλ eλx + a2e2λx + c−
(
aλ eλx

)
−
(
2a eλx + b

)2
4

= c− b2

4
Since the Liouville ode invariant does not depend on the independent variable x then
the transformation

y = v(x) z(x) (3)

is used to change the original ode to a constant coefficients ode in v. In (3) the term
z(x) is given by

z(x) = e−
(∫ p(x)

2 dx
)

= e−
∫ 2a eλx+b

2

= e−λbx+2a eλx
2λ (5)

Hence (3) becomes

y = v(x) e−λbx+2a eλx
2λ (4)

Applying this change of variable to the original ode results in

e−λbx+2a eλx
2λ

(
−b2v(x) + 4cv(x) + 4v′′(x)

)
= 0

Which is now solved for v(x) This is second order with constant coefficients homogeneous
ODE. In standard form the ODE is

Av′′(x) +Bv′(x) + Cv(x) = 0

Where in the above A = 4, B = 0, C = −b2 + 4c. Let the solution be v(x) = eλx.
Substituting this into the ODE gives

4λ2eλx +
(
−b2 + 4c

)
eλx = 0 (1)
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Since exponential function is never zero, then dividing Eq(2) throughout by eλx gives

−b2 + 4λ2 + 4c = 0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

λ1,2 =
−B

2A ± 1
2A

√
B2 − 4AC

Substituting A = 4, B = 0, C = −b2 + 4c into the above gives

λ1,2 =
0

(2) (4) ±
1

(2) (4)
√

02 − (4) (4) (−b2 + 4c)

= ±
√
b2 − 4c
2

Hence

λ1 = +
√
b2 − 4c
2

λ2 = −
√
b2 − 4c
2

Which simplifies to

λ1 =
√
b2 − 4c
2

λ2 = −
√
b2 − 4c
2

Since roots are real and distinct, then the solution is

v(x) = c1e
λ1x + c2e

λ2x

v(x) = c1e

(√
b2−4c
2

)
x
+ c2e

(
−
√

b2−4c
2

)
x

Or

v(x) = c1e
√

b2−4c x
2 + c2e−

√
b2−4c x

2

Now that v(x) is known, then

y = v(x) z(x)

=
(
c1e

√
b2−4c x

2 + c2e−
√

b2−4c x
2

)
(z(x)) (7)
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But from (5)

z(x) = e−λbx+2a eλx
2λ

Hence (7) becomes

y =
(
c1e

√
b2−4c x

2 + c2e−
√

b2−4c x
2

)
e−λbx+2a eλx

2λ

Summary
The solution(s) found are the following

(1)y =
(
c1e

√
b2−4c x

2 + c2e−
√

b2−4c x
2

)
e−λbx+2a eλx

2λ

Verification of solutions

y =
(
c1e

√
b2−4c x

2 + c2e−
√

b2−4c x
2

)
e−λbx+2a eλx

2λ

Verified OK.
Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful`� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 54� �
dsolve(diff(y(x),x$2)+(2*a*exp(lambda*x)+b)*diff(y(x),x)+(a^2*exp(2*lambda*x)+a*(b+lambda)*exp(lambda*x)+c)*y(x)=0,y(x), singsol=all)� �

y(x) = e− bλx+2 exλa
2λ

(
c1 sinh

(√
b2 − 4c x

2

)
+ c2 cosh

(√
b2 − 4c x

2

))
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3 Solution by Mathematica
Time used: 0.589 (sec). Leaf size: 82� �
DSolve[y''[x]+(2*a*Exp[\[Lambda]*x]+b)*y'[x]+(a^2*Exp[2*\[Lambda]*x]+a*(b+\[Lambda])*Exp[\[Lambda]*x]+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

(
c2e

x
√
b2−4c + c1

√
b2 − 4c

)
e
−aeλx

λ
− 1

2x
(√

b2−4c+b
)

√
b2 − 4c
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34.25 problem 25
Internal problem ID [11113]
Internal file name [OUTPUT/10369_Wednesday_January_24_2024_10_18_18_PM_66780811/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 25.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ +
(
a eλx + 2b− λ

)
y′ +

(
e2λxc+ ab eλx + b2 − bλ

)
y = 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Group is reducible or imprimitive

<- Kovacics algorithm successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

(a*b*t+c*t^2+b^2-b*lambda)*u(t)+(a*lambda*t^2+2*b*lambda*t)*diff(u(t),t)+lambda^2*t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
3 Solution by Maple
Time used: 0.484 (sec). Leaf size: 74� �
dsolve(diff(y(x),x$2)+(a*exp(lambda*x)+2*b-lambda)*diff(y(x),x)+(c*exp(2*lambda*x)+a*b*exp(lambda*x)+b^2-b*lambda)*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
−2bλx+exλ

√
a2−4c−exλa

2λ + c2e−
2bλx+exλ

√
a2−4c+exλa
2λ

3 Solution by Mathematica
Time used: 2.119 (sec). Leaf size: 97� �
DSolve[y''[x]+(a*Exp[\[Lambda]*x]+2*b-\[Lambda])*y'[x]+(c*Exp[2*\[Lambda]*x]+a*b*Exp[\[Lambda]*x]+b^2-b*\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

(
eλx
)− b

λ e−
(√

a2−4c+a
)
eλx

2λ

(
c2λe

√
a2−4ceλx

λ + c1
√
a2 − 4c

)
√
a2 − 4c
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34.26 problem 26
Internal problem ID [11114]
Internal file name [OUTPUT/10370_Wednesday_January_24_2024_10_18_19_PM_28952538/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 26.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + (a ex + b) y′ +
(
c(a− c) e2x + (ak + bc− 2ck + c) ex + k(b− k)

)
y = 0
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Maple trace Kovacic algorithm successful

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm

A Liouvillian solution exists
Reducible group (found an exponential solution)
Group is reducible, not completely reducible

<- Kovacics algorithm successful
Change of variables used:

[x = ln(t)]
Linear ODE actually solved:

(a*c*t^2-c^2*t^2+a*k*t+b*c*t-2*c*k*t+b*k+c*t-k^2)*u(t)+(a*t^2+b*t+t)*diff(u(t),t)+t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
3 Solution by Maple
Time used: 0.391 (sec). Leaf size: 114� �
dsolve(diff(y(x),x$2)+(a*exp(x)+b)*diff(y(x),x)+( c*(a-c)*exp(2*x)+ (a*k+b*c+c-2*c*k)*exp(x) + k*(b-k) )*y(x)=0,y(x), singsol=all)� �
y(x) = −WhittakerM

(
− b

2 + k,− b

2 + k + 1
2 , (−2c+ a) ex

)
e−a ex

2 − bx
2 (−2c+ a)−b+2k c2

+ ((−2c+ a) ex)−
b
2+k c2(−2c+ a)−b+2k (−1 + b− 2k) e(−a+c)ex− bx

2 + c1e−kx−exc
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3 Solution by Mathematica
Time used: 3.806 (sec). Leaf size: 71� �
DSolve[y''[x]+(a*Exp[x]+b)*y'[x]+( c*(a-c)*Exp[2*x]+ (a*k+b*c+c-2*c*k)*Exp[x] + k*(b-k) )*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−cex(ex)−k
(
c1 − c2(ex)2k−b (ex(a− 2c))b−2k Γ(2k − b, (a− 2c)ex)

)
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34.27 problem 27
Internal problem ID [11115]
Internal file name [OUTPUT/10371_Wednesday_January_24_2024_10_18_19_PM_37319352/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 27.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ +
(
a eλx + b

)
y′ +

(
α e2λx + β eλx + γ

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler

trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functions:

-> Bessel
-> elliptic
-> Legendre
-> Whittaker

-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE

<- Whittaker successful
<- special function solution successful
Change of variables used:

[x = ln(t)/lambda]
Linear ODE actually solved:

(alpha*t^2+beta*t+gamma)*u(t)+(a*lambda*t^2+b*lambda*t+lambda^2*t)*diff(u(t),t)+lambda^2*t^2*diff(diff(u(t),t),t) = 0
<- change of variables successful`� �
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3 Solution by Maple
Time used: 0.422 (sec). Leaf size: 141� �
dsolve(diff(y(x),x$2)+(a*exp(lambda*x)+b)*diff(y(x),x)+( alpha*exp(2*lambda*x)+ beta*exp(lambda*x) + gamma )*y(x)=0,y(x), singsol=all)� �
y(x) = e

−exλa−xλ(b+λ)
2λ

(
WhittakerM

(
−a(b+ λ)− 2β

2
√
a2 − 4αλ

,

√
b2 − 4γ
2λ ,

√
a2 − 4α exλ

λ

)
c1

+WhittakerW
(
−a(b+ λ)− 2β

2
√
a2 − 4αλ

,

√
b2 − 4γ
2λ ,

√
a2 − 4α exλ

λ

)
c2

)

3 Solution by Mathematica
Time used: 2.375 (sec). Leaf size: 248� �
DSolve[y''[x]+(a*Exp[\[Lambda]*x]+b)*y'[x]+( alpha*Exp[2*\[Lambda]*x]+ \[Beta]*Exp[\[Lambda]*x] + \[Gamma] )*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ e−
(√

a2−4α+a
)
eλx

2λ
(
eλx
)√b2−4γ−b

2λ

c1HypergeometricU
(
−2β + a(b+ λ) +

√
a2 − 4α

(
λ+

√
b2 − 4γ

)
2
√
a2 − 4αλ

,
λ+

√
b2 − 4γ
λ

,

√
a2 − 4αexλ

λ

)

+ c2L

√
b2−4γ
λ

2β−a(b+λ)−
√

a2−4α
(
λ+
√

b2−4γ
)

2
√

a2−4αλ

(√
a2 − 4αexλ

λ

)
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34.28 problem 28
Internal problem ID [11116]
Internal file name [OUTPUT/10372_Wednesday_January_24_2024_10_18_19_PM_40025974/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 28.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ +
(
2a eλx − λ

)
y′ +

(
a2e2λx + e2µxb+ eµxc+ k

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(2*a*exp(lambda*x)-lambda)*diff(y(x),x)+( a^2*exp(2*lambda*x) + b*exp(2*mu*x) + c*exp(mu*x) + k )*y(x)=0,y(x), singsol=all)� �

No solution found
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3 Solution by Mathematica
Time used: 2.29 (sec). Leaf size: 290� �
DSolve[y''[x]+(2*a*Exp[\[Lambda]*x]-\[Lambda])*y'[x]+( a^2*Exp[2*\[Lambda]*x] + b*Exp[2*\[Mu]*x] + c*Exp[\[Mu]*x] + k )*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
(
(ex)λ

)λ−1
2λ (ex)

1
2−

µ
2 2

√
µ2
(
λ2−4k

)
+µ2

2µ2 ((ex)µ)

√
µ2
(
λ2−4k

)
+µ2

2µ2 e−
a
(
ex
)λ

λ
+ i

√
b
(
ex
)µ

µ

c1HypergeometricU
(
µ2 − icµ√

b
+
√

(λ2 − 4k)µ2

2µ2 ,
µ2 +

√
(λ2 − 4k)µ2

µ2 ,

−2i
√
b(ex)µ

µ

)
+ c2L

√(
λ2−4k

)
µ2

µ2

ic
2
√

bµ
−

µ2+
√(

λ2−4k
)
µ2

2µ2

(
−2i

√
b(ex)µ

µ

)
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34.29 problem 29
Internal problem ID [11117]
Internal file name [OUTPUT/10373_Wednesday_January_24_2024_10_18_20_PM_10546755/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 29.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ +
(
2a eλx + b− λ

)
y′ +

(
a2e2λx + ab eλx + e2µxc+ d eµx + k

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(2*a*exp(lambda*x)+b-lambda)*diff(y(x),x)+( a^2*exp(2*lambda*x) + a*b*exp(lambda*x) + c*exp(2*mu*x) + d*exp(mu*x)+k )*y(x)=0,y(x), singsol=all)� �

No solution found
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3 Solution by Mathematica
Time used: 2.625 (sec). Leaf size: 332� �
DSolve[y''[x]+(2*a*Exp[\[Lambda]*x]+b-\[Lambda])*y'[x]+( a^2*Exp[2*\[Lambda]*x] + a*b*Exp[\[Lambda]*x] + c*Exp[2*\[Mu]*x] + d*Exp[\[Mu]*x]+k )*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ (ex)
1
2−

µ
2

(
(ex)λ

)− b−λ+1
2λ 2

1
2


√

µ2
(
b2−2bλ+λ2−4k

)
µ2 +1


e−

a
(
ex
)λ

λ
+ i

√
c
(
ex
)µ

µ ((ex)µ)
1
2


√

µ2
(
b2−2bλ+λ2−4k

)
µ2 +1

c1HypergeometricU
(
−
−µ2 + idµ√

c
−
√
(b2 − 2λb+ λ2 − 4k)µ2

2µ2 ,
µ2 +

√
(b2 − 2λb+ λ2 − 4k)µ2

µ2 ,

−2i
√
c(ex)µ

µ

)
+ c2L

√(
b2−2λb+λ2−4k

)
µ2

µ2

−
µ2− idµ√

c
+
√(

b2−2λb+λ2−4k
)
µ2

2µ2

(
−2i

√
c(ex)µ

µ

)
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34.30 problem 30
Internal problem ID [11118]
Internal file name [OUTPUT/10374_Wednesday_January_24_2024_10_18_20_PM_27959611/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 30.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ +
(
a eλx + eµxb

)
y′ + a eλx(eµxb+ λ) y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*exp(lambda*x)+b*exp(mu*x))*diff(y(x),x)+a*exp(lambda*x)*(b*exp(mu*x)+lambda)*y(x)=0,y(x), singsol=all)� �

No solution found
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*Exp[\[Lambda]*x]+b*Exp[\[Mu]*x])*y'[x]+a*Exp[\[Lambda]*x]*(b*Exp[\[Mu]*x]+\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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34.31 problem 31
Internal problem ID [11119]
Internal file name [OUTPUT/10375_Wednesday_January_24_2024_10_18_20_PM_62185204/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 31.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ + eλx
(
a e2µx + b

)
y′ + µ

(
eλx
(
b− a e2µx

)
− µ

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 81� �
dsolve(diff(y(x),x$2)+exp(lambda*x)*(a*exp(2*mu*x)+b)*diff(y(x),x)+mu*(exp(lambda*x)*(b-a*exp(2*mu*x))-mu)*y(x)=0,y(x), singsol=all)� �

y(x) =


∫ e

−ex(λ+2µ)aλ−2
(
λ
2 +µ

)(
−2λµx+b exλ

)
λ(λ+2µ)

(e2xµa+ b)2
dx

 c2 + c1

(a exµ + e−xµb
)
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+Exp[\[Lambda]*x]*(a*Exp[2*\[Mu]*x]+b)*y'[x]+\[Mu]*(Exp[\[Lambda]*x]*(b-a*Exp[2*\[Mu]*x])-\[Mu])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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34.32 problem 32
34.32.1 Solving as second order integrable as is ode . . . . . . . . . . . 3794
34.32.2 Solving as type second_order_integrable_as_is (not using ABC

version) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3796
34.32.3 Solving as exact linear second order ode ode . . . . . . . . . . . 3798

Internal problem ID [11120]
Internal file name [OUTPUT/10376_Wednesday_January_31_2024_08_14_02_PM_16279652/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 32.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "exact linear second order ode",
"second_order_integrable_as_is"

Maple gives the following as the ode type
[[_2nd_order , _exact , _linear , _homogeneous ]]

y′′ +
(
a eλx + eµxb+ c

)
y′ +

(
aλ eλx + µ eµxb

)
y = 0

34.32.1 Solving as second order integrable as is ode

Integrating both sides of the ODE w.r.t x gives∫ (
y′′ +

(
a eλx + eµxb+ c

)
y′ +

(
aλ eλx + µ eµxb

)
y
)
dx = 0(

a eλx + eµxb+ c
)
y + y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = a eλx + eµxb+ c

q(x) = c1

Hence the ode is (
a eλx + eµxb+ c

)
y + y′ = c1

The integrating factor µ is

µ = e
∫ (

a eλx+eµxb+c
)
dx

= ecx+
a eλx

λ
+ b eµx

µ

Which simplifies to

µ = e
cxλµ+a eλxµ+eµxbλ

λµ

The ode becomes

d
dx(µy) = (µ) (c1)

d
dx

(
e

cxλµ+a eλxµ+eµxbλ
λµ y

)
=
(
e

cxλµ+a eλxµ+eµxbλ
λµ

)
(c1)

d
(
e

cxλµ+a eλxµ+eµxbλ
λµ y

)
=
(
c1e

cxλµ+a eλxµ+eµxbλ
λµ

)
dx

Integrating gives

e
cxλµ+a eλxµ+eµxbλ

λµ y =
∫

c1e
cxλµ+a eλxµ+eµxbλ

λµ dx

e
cxλµ+a eλxµ+eµxbλ

λµ y =
∫

c1e
cxλµ+a eλxµ+eµxbλ

λµ dx+ c2

Dividing both sides by the integrating factor µ = e
cxλµ+a eλxµ+eµxbλ

λµ results in

y = e
−a eλxµ−λ

(
cxµ+eµxb

)
µλ

(∫
c1e

cxλµ+a eλxµ+eµxbλ
λµ dx

)
+ c2e

−a eλxµ−λ
(
cxµ+eµxb

)
µλ

which simplifies to

y = e
−a eλxµ−λ

(
cxµ+eµxb

)
µλ

(
c1

(∫
e

cxλµ+a eλxµ+eµxbλ
λµ dx

)
+ c2

)
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Summary
The solution(s) found are the following

(1)y = e
−a eλxµ−λ

(
cxµ+eµxb

)
µλ

(
c1

(∫
e

cxλµ+a eλxµ+eµxbλ
λµ dx

)
+ c2

)
Verification of solutions

y = e
−a eλxµ−λ

(
cxµ+eµxb

)
µλ

(
c1

(∫
e

cxλµ+a eλxµ+eµxbλ
λµ dx

)
+ c2

)
Verified OK.

34.32.2 Solving as type second_order_integrable_as_is (not using ABC
version)

Writing the ode as

y′′ +
(
a eλx + eµxb+ c

)
y′ +

(
aλ eλx + µ eµxb

)
y = 0

Integrating both sides of the ODE w.r.t x gives∫ (
y′′ +

(
a eλx + eµxb+ c

)
y′ +

(
aλ eλx + µ eµxb

)
y
)
dx = 0(

a eλx + eµxb+ c
)
y + y′ = c1

Which is now solved for y.

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)

Where here

p(x) = a eλx + eµxb+ c

q(x) = c1

Hence the ode is (
a eλx + eµxb+ c

)
y + y′ = c1

The integrating factor µ is

µ = e
∫ (

a eλx+eµxb+c
)
dx

= ecx+
a eλx

λ
+ b eµx

µ
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Which simplifies to

µ = e
cxλµ+a eλxµ+eµxbλ

λµ

The ode becomes

d
dx(µy) = (µ) (c1)

d
dx

(
e

cxλµ+a eλxµ+eµxbλ
λµ y

)
=
(
e

cxλµ+a eλxµ+eµxbλ
λµ

)
(c1)

d
(
e

cxλµ+a eλxµ+eµxbλ
λµ y

)
=
(
c1e

cxλµ+a eλxµ+eµxbλ
λµ

)
dx

Integrating gives

e
cxλµ+a eλxµ+eµxbλ

λµ y =
∫

c1e
cxλµ+a eλxµ+eµxbλ

λµ dx

e
cxλµ+a eλxµ+eµxbλ

λµ y =
∫

c1e
cxλµ+a eλxµ+eµxbλ

λµ dx+ c2

Dividing both sides by the integrating factor µ = e
cxλµ+a eλxµ+eµxbλ

λµ results in

y = e
−a eλxµ−λ

(
cxµ+eµxb

)
µλ

(∫
c1e

cxλµ+a eλxµ+eµxbλ
λµ dx

)
+ c2e

−a eλxµ−λ
(
cxµ+eµxb

)
µλ

which simplifies to

y = e
−a eλxµ−λ

(
cxµ+eµxb

)
µλ

(
c1

(∫
e

cxλµ+a eλxµ+eµxbλ
λµ dx

)
+ c2

)
Summary
The solution(s) found are the following

(1)y = e
−a eλxµ−λ

(
cxµ+eµxb

)
µλ

(
c1

(∫
e

cxλµ+a eλxµ+eµxbλ
λµ dx

)
+ c2

)
Verification of solutions

y = e
−a eλxµ−λ

(
cxµ+eµxb

)
µλ

(
c1

(∫
e

cxλµ+a eλxµ+eµxbλ
λµ dx

)
+ c2

)
Verified OK.
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34.32.3 Solving as exact linear second order ode ode

An ode of the form

p(x) y′′ + q(x) y′ + r(x) y = s(x)

is exact if

p′′(x)− q′(x) + r(x) = 0 (1)

For the given ode we have

p(x) = 1
q(x) = a eλx + eµxb+ c

r(x) = aλ eλx + µ eµxb
s(x) = 0

Hence

p′′(x) = 0
q′(x) = aλ eλx + µ eµxb

Therefore (1) becomes

0−
(
aλ eλx + µ eµxb

)
+
(
aλ eλx + µ eµxb

)
= 0

Hence the ode is exact. Since we now know the ode is exact, it can be written as

(p(x) y′ + (q(x)− p′(x)) y)′ = s(x)

Integrating gives

p(x) y′ + (q(x)− p′(x)) y =
∫

s(x) dx

Substituting the above values for p, q, r, s gives(
a eλx + eµxb+ c

)
y + y′ = c1

We now have a first order ode to solve which is(
a eλx + eµxb+ c

)
y + y′ = c1

Entering Linear first order ODE solver. In canonical form a linear first order is

y′ + p(x)y = q(x)
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Where here

p(x) = a eλx + eµxb+ c

q(x) = c1

Hence the ode is (
a eλx + eµxb+ c

)
y + y′ = c1

The integrating factor µ is

µ = e
∫ (

a eλx+eµxb+c
)
dx

= ecx+
a eλx

λ
+ b eµx

µ

Which simplifies to

µ = e
cxλµ+a eλxµ+eµxbλ

λµ

The ode becomes

d
dx(µy) = (µ) (c1)

d
dx

(
e

cxλµ+a eλxµ+eµxbλ
λµ y

)
=
(
e

cxλµ+a eλxµ+eµxbλ
λµ

)
(c1)

d
(
e

cxλµ+a eλxµ+eµxbλ
λµ y

)
=
(
c1e

cxλµ+a eλxµ+eµxbλ
λµ

)
dx

Integrating gives

e
cxλµ+a eλxµ+eµxbλ

λµ y =
∫

c1e
cxλµ+a eλxµ+eµxbλ

λµ dx

e
cxλµ+a eλxµ+eµxbλ

λµ y =
∫

c1e
cxλµ+a eλxµ+eµxbλ

λµ dx+ c2

Dividing both sides by the integrating factor µ = e
cxλµ+a eλxµ+eµxbλ

λµ results in

y = e
−a eλxµ−λ

(
cxµ+eµxb

)
µλ

(∫
c1e

cxλµ+a eλxµ+eµxbλ
λµ dx

)
+ c2e

−a eλxµ−λ
(
cxµ+eµxb

)
µλ

which simplifies to

y = e
−a eλxµ−λ

(
cxµ+eµxb

)
µλ

(
c1

(∫
e

cxλµ+a eλxµ+eµxbλ
λµ dx

)
+ c2

)
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Summary
The solution(s) found are the following

(1)y = e
−a eλxµ−λ

(
cxµ+eµxb

)
µλ

(
c1

(∫
e

cxλµ+a eλxµ+eµxbλ
λµ dx

)
+ c2

)
Verification of solutions

y = e
−a eλxµ−λ

(
cxµ+eµxb

)
µλ

(
c1

(∫
e

cxλµ+a eλxµ+eµxbλ
λµ dx

)
+ c2

)
Verified OK.

Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]

One independent solution has integrals. Trying a hypergeometric solution free of integrals...
-> hyper3: Equivalence to 2F1, 1F1 or 0F1 under a power @ Moebius

No hypergeometric solution was found.
<- linear_1 successful`� �
3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 70� �
dsolve(diff(y(x),x$2)+(a*exp(lambda*x)+b*exp(mu*x)+c)*diff(y(x),x)+(a*lambda*exp(lambda*x)+b*mu*exp(mu*x))*y(x)=0,y(x), singsol=all)� �

y(x) =
(
c1

(∫
e

cxµλ+exλaµ+b exµλ
µλ dx

)
+ c2

)
e

−exλaµ−λ
(
cxµ+b exµ

)
µλ

3 Solution by Mathematica
Time used: 0.146 (sec). Leaf size: 77� �
DSolve[y''[x]+(a*Exp[\[Lambda]*x]+b*Exp[\[Mu]*x]+c)*y'[x]+(a*\[Lambda]*Exp[\[Lambda]*x]+b*\[Mu]*Exp[\[Mu]*x])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
aeλx

λ
− beµx

µ
−cx

(∫ x

1
e

eλK[1]a
λ

+cK[1]+ beµK[1]
µ c1dK[1] + c2

)
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34.33 problem 33
Internal problem ID [11121]
Internal file name [OUTPUT/10377_Wednesday_January_31_2024_08_14_04_PM_76338301/index.tex]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 33.
ODE order: 2.
ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"

Maple gives the following as the ode type
[[_2nd_order , _with_linear_symmetries ]]

Unable to solve or complete the solution.

y′′ +
(
a eλx + eµxb+ c

)
y′ +

(
ab ex(λ+µ) + eλxac+ µ eµxb

)
y = 0
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Maple trace

� �
`Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
trying 2nd order, integrating factor of the form mu(x,y)
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebius
-> trying a solution of the form r0(x) * Y + r1(x) * Y where Y = exp(int(r(x), dx)) * 2F1([a1, a2], [b1], f)
-> Trying changes of variables to rationalize or make the ODE simpler
<- unable to find a useful change of variables

trying a symmetry of the form [xi=0, eta=F(x)]
trying to convert to an ODE of Bessel type
-> trying reduction of order to Riccati

trying Riccati sub-methods:
trying Riccati_symmetries
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

--- Trying Lie symmetry methods, 2nd order ---
`, `-> Computing symmetries using: way = 3`[0, y]� �
7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*exp(lambda*x)+b*exp(mu*x)+c)*diff(y(x),x)+(a*b*exp((lambda+mu)*x)+a*c*exp(lambda*x)+b*mu*exp(mu*x))*y(x)=0,y(x), singsol=all)� �

No solution found
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*Exp[\[Lambda]*x]+b*Exp[\[Mu]*x]+c)*y'[x]+(a*b*Exp[(\[Lambda]+\[Mu])*x]+a*c*Exp[\[Lambda]*x]+b*\[Mu]*Exp[\[Mu]*x])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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