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1.1 Chapter 1. First order equations: Some integrable

cases. Excercises XII at page 23

Table 1.1: Lookup table for all problems in current section

ID problem ODE Solved? Maple | Mma | Sympy
20962 | (a) 14y v |V VX
x+2
20963 | (b) y= 1T v |V VX
T+ 2
20964 | (c) j_TFy+1l  etn |V /X
x4+ 2
20965| | (d) ,_T+2+1 /|
2r+2+y
20966] | (e) ,_2e+y+1 |/
T+2y+2

1.2 Chapter 1. First order equations: Some integrable

cases. Excercises XIII at page 24

Table 1.2: Lookup table for all problems in current section

ID problem ODE Solved? Maple | Mma | Sympy
20967 | (a) = 32 |V
20968 v |V /|
) ¥ =Vy(l-y)
20969] | (d) e v IV |V
y (22 + 2z)
y(2) =0

Continued on next page
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Table 1.2 Lookup table

Continued from previous page

ID problem ODE Solved? Maple | Mma | Sympy
,_ yln(y)
20970 | (e) Y= sin(z) v |V I/
(5) -
, _ cos ()
20971 | (£) ~ cos (y)? v |V /Y
y(m) =g
@ P LA
20973 | (h) y,:2y(y—1) |/
z(2-y)
20974 | (i) Ry I/ |/

1.3 Chapter 1. First order equations: Some integrable

cases. Excercises VI at page 33

Table 1.3: Lookup table for all problems in current section

ID

problem

ODE

Solved?|

Maple

Mma

Sympy

20975

(a)

y = f(z)yln G)

v
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1.4 Chapter 1. First order equations: Some integrable
cases. Excercises VII at page 33

Table 1.4: Lookup table for all problems in current section

ID problem ODE Solved? Maple | Mma | Sympy
20976| | (a) Yy —y+y’e"+5e°=0 v I/ |/
y(0) =n

1.5 Chapter 1. First order equations: Some integrable
cases. Excercises IX at page 45

Table 1.5: Lookup table for all problems in current section

ID | problem | ODE Solved? Maple | Mma | Sympy
20977 | (=) cos (z +y%) + 3y + (2ycos (z +y%) +3z)y' =0 o v X
20978 | (b) =+ (1—ay?) yf =0 /|
20979 | (c) (vz+ 1)y = o'z I/ |/
20980] | (e) Y + @)y = q(@) /|

1.6 Chapter 1. First order equations: Some integrable
cases. Excercises VIII at page 51

Table 1.6: Lookup table for all problems in current section

ID problem ODE Solved? Maple | Mma | Sympy

20981| | (a) y= o 1 /X

Continued on next page
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Table 1.6 Lookup table
Continued from previous page
ID problem ODE Solved? Maple | Mma | Sympy
20982 | (b) L |/ |/
y=yzr+y
20983 | (c) Y=oty +b |V |/
20984] | (d) y= o +1n (y,z) |V /X
1
20985 | (e) . y(y,+ —,> Ly IV /X
Y
1.7 Chapter 2. Theory of First order differential
equations. Excercises IV at page 89
Table 1.7: Lookup table for all problems in current section
ID problem ODE Solved? Maple | Mma | Sympy
/ T
Yy =e"+xzcos(y)
20986 | (a) y(0) = 0 v |V
Series expansion around z = 0.
/ 3 3
y=x +y
20987 | (b.1) y(0) = 1 |V
Series expansion around z = 0.
u/ — u3
2098 | (b.2) u(0) = 1 v IV /S
Series expansion around z = 0.
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1.8 Chapter 2. Theory of First order differential

equations. Excercises XII at page 98

Table 1.8: Lookup table for all problems in current section

ID problem | ODE Solved? Maple | Mma | Sympy
20989 | (a) y =2+ X | X [ X | X
y(0) =
20990 | (b) Yy =z+ /14y X | X |V | X
y(0) =
1.9 Chapter IV. Linear Differential Equations.
Excercises IV at page 172
Table 1.9: Lookup table for all problems in current section
ID problem ODE Solved? Maple | Mma | Sympy
20991] | (a) z'(t) = z(t) cos (t) — sin (¢) y(¢) X |V |V |/
y'(t) = sin (t) z(t) + cos (¢) y(t)
1.10 Chapter IV. Linear Differential Equations.
Excercises V at page 173
Table 1.10: Lookup table for all problems in current section
ID problem ODE Solved?| Maple | Mma | Sympy
20992 | (a) () = (Bt — 1) z(t) — (—t + 1) y(t) + te" X |V |V | X

y'(t) = —(t+2)2(t) + (t —2) y(t) — &
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1.11 Chapter IV. Linear Differential Equations.
Excercise XII at page 189
Table 1.11: Lookup table for all problems in current section
ID problem ODE Solved? Maple | Mma | Sympy
20993 | (c) z'(t) = 2x(t) — 4y(t) |V
y'(t) = —=(t) + 2y(t)
1.12 Chapter IV. Linear Differential Equations.
Excercise XIII at page 189
Table 1.12: Lookup table for all problems in current section
ID problem ODE Solved? Maple | Mma | Sympy
20994 | (a) z'(t) = 3z(t) + 6y(t) /|
y'(t) = —2=(t) — 3y(t)
20995] | (b) z'(t) = 8z(t) + y(t) |V |/
y(t) = —4a(t) + 4y(t)
Z'(t) = z(t) — y(t) + 22(¢)
20996| | (c) y (1) = —2(t) + y(t) + 22(8) v VvV /|
Z(t) ==z(t) +y(t
'(t) = —z(t) +y(t) — 2(t)
20997 | (d) V(t) = 20(t) — y(t) + 22(2) v (VY
2'(t) = 2x(t) + 2y(t) — 2(¢)
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1.13 Chapter IV. Linear Differential Equations.
Excercise VI at page 209

Table 1.13: Lookup table for all problems in current section

ID problem | ODE Solved? Maple | Mma | Sympy
y//+4y/+4y — e(l)
20998 | (a) y(0) = 1 |V
y'(0)=0
yll _ 2yl+5y — ea:
20999 | (b) y(0) = 1 /|
y'(0)=0
1.14 Chapter IV. Linear Differential Equations.
Excercise VIII at page 210
Table 1.14: Lookup table for all problems in current section
ID problem | ODE Solved? Maple | Mma | Sympy
21000/ | (a) u” + 2au’ + w?u = ccos (wt) VY

1.15 Chapter V. Complex Linear Systems. Excercise
VIII at page 221
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Table 1.15: Lookup table for all problems in current section
ID problem ODE Solved? Maple | Mma | Sympy
wy(2) = wa(z
21001 | (a) 1(2) = wal2) X |V |V | X
sy awi(z)
w2(z) Z2

1.16 Chapter V. Complex Linear Systems. Excercise

XII at page 244

Table 1.16: Lookup table for all problems in current section

ID

problem

ODE

Solved?

Maple

Mma

Sympy

21002

(a)

2u"+Bz+1)u +u=0

v
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2.1 Chapter 1. First order equations: Some integrable
cases. Excercises XII at page 23

Local contents

21.1
2.1.2
2.1.3
214
2.1.5

Problem (a) . . . . . . . . . . 17
Problem (b) . . . . . . . ... 29
Problem () . . . . . . . . . 4Tl
Problem (d) . . . . . . . . . . bY
Problem (e) . . . . . . . . . . k!
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2.1.1 Problem (a)

Local contents

Solved using first_ order_ode_homog type_maple C . ... .. .. 17
Solved using first_order_ode LIE . ... .. ... .......... 20
v Maple . . . . . . . e A
VMathematica . . . . o o oo e 28]
XSYMPY . o o o o o 28]

Internal problem ID [20962]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises XII at page 23
Problem number : (a)

Date solved : Saturday, November 29, 2025 at 01:09:30 AM

CAS classification : [[_homogeneous, ‘class C‘], _dAlembert]

Solved using first_ order__ode__homog_type_maple C
Time used: 0.928 (sec)

Solve
/=y+1 _e%
T+ 2

Let Y =y — yo and X = x — z, then the above is transformed to new ode in Y'(X)

Y (X)4yog+1 Y (X)+yp+1

iY(X):—e Xrmot2 (X +x9) +2e Xt=ot2 —Y(X) —yo—1
X+.’130+2

dX

Solving for possible values of g and yo which makes the above ode a homogeneous ode results

m

To = -2
Yo=—1
Using these values now it is possible to easily solve for Y'(X). The above ode now becomes
Yy _1 1
iY(X) _ —e x e xex X +Y(X)
dX B X
In canonical form, the ODE is
Y'=F(X,Y)
—exe xexX +Y

= = 1)
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An ode of the form Y’ = %gg is called homogeneous if the functions M(X,Y) and N(X,Y)

are both homogeneous functions and of the same order. Recall that a function f(X,Y) is
homogeneous of order n if

FEX,4"Y) = " f(X,Y)

In this case, it can be seen that both M = —eXe ¥exX +Y and N = X are both
homogeneous and of the same order n = 1. Therefore this is a homogeneous ode. Since this

ode is homogeneous, it is converted to separable ODE using the substitution u = )—};, or
Y = uX. Hence
v _duy
dX dX
Applying the transformation Y = uX to the above ODE in (1) gives
du
d_XX +u=—-€e"4u
du eX)
dx X
Or p )
eu
(X =
y Xu( )+ e 0
Or p
el u(X) _
( 7 Xu(X )) X +e 0
Which is now solved as separable in u(X).
The ode
d eu(X)
is separable as it can be written as
d ew(X)
X X
= f(X)g(u)
Where
1
X)=——
1) =
g(u) = e

Integrating gives

du—/f X)dX

o
/ “du—/——dX
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1
—e X)) =1p (Y) +c

Converting —e~*(*) =In (£) + ¢; back to Y(X) gives

_%—ln L +
€ = X C1

Using the solution for Y (X)

e ()—1() +o (A)

And replacing back terms in the above solution using

Y=y+w
XI.’L‘()—F.'I)
Or
Y=y-1
X=x-2

Simplifying the above gives

Solving for y gives

y=—ln(n(z+2)—c)z—2In(n(z+2)—c) -1
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LS S e
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Summary of solutions found

y=—In(In(z+2)—c))z—2In(ln(z+2)—¢c)—1

Solved using first_ order__ode_ LIE
Time used: 1.509 (sec)

Solve

Writing the ode as

y+1 y+1
p esr2g + 2es+2 —y —1

y=- T+ 2

/

Yy =w(z,y)
The condition of Lie symmetry is the linearized PDE given by
Nz + w(ny - é..’ll) - w2€y —we€ — Wy = 0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of degree 1
to use as anstaz gives

§ = zay + yaz + ay (1E)
n = xbs +ybs + by (2E)
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Where the unknown coeflicients are

{ala a2, as, b17 b2a b3}

Substituting equations (1E,2E) and w into (A) gives

2
(ezi;x +2err — y— 1> (b3 — az) (eziéx +2estz — y— 1) as
by — —

wietts | o aginett
_ (@+2y O T T e eiieg 4 2esz —y— 1
T + (zay
T +2 (z +2)°
e%a: Qe%
oz T o — 1) (@b +ybs + b1)
=0
+yas +a1) + P
Putting the above in normal form gives
2y+2 2y+2 yt+1 y+1 y+1 Y+l

e=+z x2a3 + 4 e =+2 xaz + e=+2Tyas — 2ez+2xya3 — ew+2xyb3 —e=+2x2ay + by — xbs —

(5E)

yai + 2yas + e%a

=0
Setting the numerator to zero gives
2y+2 o 2y+2 y+1 y+1 y+1 y+l o
—e=t2 ga3 — 4e=+2 xaz — e=+2xyas + 2e=+2xyas + e=+2xybs + e=+2xay
v+l v+l v+l v+l
—xb; + xbs + ya1 — 2yas —e=+2aq + de=+2a9 + 4ez+2a3 + 2e=+2h,
y+1 y+1 y+1
- 4ew+2b3 + ew+2x by — es+2 12y — ew+2y as + 3ew+2xa2 + 2ew+2:w,3
+ eiiz xby + 2 esiz xbs
2y+2
—4ew+2a3—ya3+2xb2+a1 —2a2—a3—2b1+4b2+2b3 =0

— 4ez+2xb3 — ew+2ya1 + 3ez+2ya3 + 2ez+2yb3

Simplifying the above gives
2y+2 2y+2 ytl v+l v+l
—6ewz g?ag — 12e++2 zag — 2es+2xyas + Te=+2xyag + 4 e=+2 xybs
y+l o ytl o ytl o y+1 2 y+1
—e=2x yag + 2e=r2x"yas + e=+2x ybs — ez 2 x y“az — e=r2xya; + rya,
v+l
— 2zyas — Tyas + Hew+2 z2ay — 22by + 22%by + x2b3 + a1 — zasz — 4xb;
y+1 y+1 y+1 y+1 y+1
+ 4xbs + 2ya, —2e=+2a; + 8es+2ay + 8es+2qz +4e=+2b; — 8ex+2bg
y+1 v+l v+l v+l v+l v+l
+ 4ew+22%by — 6 e=+222by — 2es+2yaz + 10 e=+2xay + S evr2xag + de=+2 b,
v+l v+l y+l v+l v+l yFl
+ 4ew2xby — 12ew+2xby — 2e+2ya; + 6e=+2yaz + des+2ybs + ew+2xay
y+1 3 y+1 3 y+l o y+l o y+1 2y+2 3
+ e=+2x°by — e=+2x°b3 + 2e=+2x°a3 + e=+2x°b; — e=t2xa; — e =+2 x°a3

-8 62901?22 as — 2xay — 2ya3 + 8£L'b2 + 2a; — 4(12 — 2(13 — 4b1 + 8b2 + 4b3 =0

—4ya;

(6E)

(6E)
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Looking at the above PDE shows the following are all the terms with {z,y} in them.

y+1  2y+2
x’ y, exrt+2 , e z+2

The following substitution is now made to be able to collect on all terms with {z,y} in them

y+1 2y+2
{x:vl,y:y%ewz ='U3,ea:+2 :1)4}
The above PDE (6E) now becomes

v3vi’a2 — vgv%vz@ — 21411;’0,3 + 2’1]3’1)%1)2&3 — v3vlv§a3 + ’U3’Ui)’b2 — v3vfb3
+ 'U3’U%U2b3 — V3V1V20a1 + 5'()3’0%0/2 — 2’031)1’1)2&2 + 21)3’0%(13 — 6’041)%(13 + 7'03’011)2(13
— 2’03’()%(1,3 + ’U3’U%b1 + 4113’!)%()2 — 6’!)3’0%1)3 + 4’!)3’01’02[93 + V1V201 — V3V101 (7E)
— 2’03’02@1 — 2’1)1’(12&2 + 10’03’01@2 — V1V20a3 + 8’03’01&3 — 12’041)1@3 + 6’1)3’02@3
— ’U%bl + 4’03’Ulb1 + 2U%b2 + 4’[)3’1)1b2 + ’U%b3 — 12?)31)1b3 + 4’()3’Uzb3 +via1 + 21)2(11
— 2’1)3&1 — 2’01(1,2 — 4’[)2@2 + 8’0302 — V1a3 — 2’(]2&3 + 8v3a3 - 81)4(13 - 4’Ulb1
+ 4’U3b1 + 81)1b2 + 4’Ulb3 — 8113b3 + 2a1 - 4a2 - 2(13 - 4b1 + 8b2 + 4b3 =0

Collecting the above on the terms v; introduced, and these are
{vla V2, Vs, ’04}

Equation (7E) now becomes

(ag + by — b3) vivs — v4vias + (—ag + 2a3 + bs) vivevs
—|— (5&2 —+— 2&3 —|— bl —|— 4b2 - 6b3) ’U%’Ug —_ 61)4’[)%@3 —|— (—bl —|— 2b2 —|— b3) ’U%
— ’03’01’0%03 + (—(11 - 2(12 + 7&3 + 4b3) V1U2V3 + (a1 - 2a2 — a3) V1V (SE)
+ (—a1 + 10(12 + 8(13 + 4b1 + 4b2 - 12b3) V1V3 — 12’04’01(13
+ ((11 — 2(12 — ag — 461 + 8b2 + 4b3) V1 — 2’1)3’0%(13 + (—2(11 + 60,3 + 4b3) VU3
+ (2&1 - 40,2 - 2&3) Vg + (—2&1 + 8@2 + 8(13 + 4b1 — 8b3) V3
- 8’04(13 + 2(11 - 4&2 - 2a3 - 4b1 + 8b2 + 4b3 =0
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Setting each coefficients in (8E) to zero gives the following equations to solve

—12a3 =0
—8az =0
—6a3 =0
—2a3 =0

—a3 =0

—2a; + 6as + 4b3 =0

a; —2a; —az3 =0

2a1 —4ay — 2a3 =0
—ag+2a3+b3=0

as+by—b3=0

—by +2bs+b3=0

—aq1 — 2a9 + Taz + 4b3 =0

—2a; + 8ag + 8az + 4b; — 8b3 =0
Bas + 2a3 + by +4by — 6b3 =0

—aq + 10as + 8asz + 4b; + 4by — 12b3 =0
a1 — 2a9 — a3 — 4b; + 8by + 4b3 =0
2a1 — 4as — 2a3 — 4b; + 8by + 4b3 =0

Solving the above equations for the unknowns gives

a; = 2bs
as = b3
a3 =0
by = b3
b, =0
bs = bs

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for any
unknown in the RHS) gives

E=x+2
n=y+1
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Shifting is now applied to make £ = 0 in order to simplify the rest of the computation

n=mn-—w(y)é

e%w+2e%—y—l
=y+1— |- (x+2)

T+ 2
=(x+2) esiz
§€=0
The next step is to determine the canonical coordinates R,S. The canonical coordinates

map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original ode
become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dv _dy _

F=, = 1)

The above comes from the requirements that <§ ;—z + 77(%) S(z,y) = 1. Starting with the first

pair of ode’s in (1) gives an ode to solve for the independent variable R in the canonical
coordinates, where S(R). Since £ = 0 then in this special case

R=zx

S is found from

Which results in

vl
S =—e =2

Now that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

ﬁ _ Szt w(z,y)Sy (2)
dR R, +w(z,y)R,

Where in the above R, R,, S;, S, are all partial derivatives and w(z,y) is the right hand side
of the original ode given by

y+1 y+1
est2g 4 2e=+2 —y —1

T+ 2

w(x7y) =
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Evaluating all the partial derivatives gives

R, =1

R,=0
(—y—1e+

T (@+2)?
o35

Sy = x+2

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as 1
dR  z+2

(24)
We now need to express the RHS as function of R only. This is done by solving for x,y in
terms of R, S from the result obtained earlier and simplifying. This gives

as _ 1
dR  R+2

The above is a quadrature ode. This is the whole point of Lie symmetry method. It converts
an ode, no matter how complicated it is, to one that can be solved by integration when the
ode is in the canonical coordiates R, S.

Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).
/ ds = / - dR
~In R + 2) +e

To complete the solution, we just need to transform the above back to x,y coordinates. This
results in

—y—1
—e=2 = —Iln(x+2)+c
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The following diagram shows solution curves of the original ode and how they transform in

the canonical coordinates space using the mapping shown.

in canonical coordinates
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Solving for y gives

y=—In(In(z+2)—c)z—2In(ln(z+2) —cy) — 1

A A A A A A Ay A A

AP A AV A A A A A

A A A Ay Ay v dv e

P A A A A A A Al
D PP A A A Ay

—_ 7 7777777777

—_ 7777777777
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y+1
J— em+2
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Figure 2.2: Slope field y
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Summary of solutions found

y=—In(ln(z+2)—c)z—2In(ln(z+2) —cy) — 1

v Maple. Time used: 0.007 (sec). Leaf size: 19

Lode:=diff (y(x),%) = (1+y(x))/(x+2)-exp((1+y(x))/(x+2));
dsolve(ode,y(x), singsol=all);

N\

y=—14+(—z—2)lIn(In(z+2) + 1)

Maple trace

Methods for first order ODEs:
-—- Trying classification methods ---
trying a quadrature

trying 1st order linear
trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:
trying homogeneous C

trying homogeneous types:
trying homogeneous D

<- homogeneous successful

<- homogeneous successful

Maple step by step

Let’s solve
(@)
(@) = M — o5
° Highest derivative means the order of the ODE is 1
()
° Solve for the highest derivative

1 y(z)+1
ay(@) =L e
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v/ Mathematica. Time used: 1.335 (sec). Leaf size: 22

‘ode=D[y[x],x]==(y[x]+1)/ (x+2)-Exp[(y [x] +1)/ (x+2)];
‘ic={};
LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

y(z) = —1— ((z + 2) log(log(z + 2) — c1))

X Sympy

from sympy import *

x = symbols("x")

y = Function("y")

Eq(exp((y(x) + 1)/(x + 2)) + Derivative(y(x), x) - (y(x) + 1)/(x + 2),0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

o

Q

[0
]

LTypeError : argument of type Mul is not iterable
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2.1.2 Problem (b)

Local contents

Solved using first_ order_ode_homog type_maple C . ... .. .. 29
Solved using first_order_ode LIE . ... .. ... ..........
v Maple . . . . . . . e 391
vV Mathematica . . . . . . o oo a0
XSYMPY . o o o o o [40l

Internal problem ID [20963]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises XII at page 23
Problem number : (b)

Date solved : Saturday, November 29, 2025 at 01:10:19 AM

CAS classification : [[_homogeneous, ‘class C‘], _dAlembert]

Solved using first_ order__ode__homog_type_maple C
Time used: 0.871 (sec)

Solve

Let Y =y — yo and X = x — z, then the above is transformed to new ode in Y'(X)

Y (X)+yp+1 Y (X)+yp+1

iY(X) e Xtaoiz (X 4 xg) +2e Ko +Y(X) +yo+1
N X +xo+2

dX

Solving for possible values of g and yo which makes the above ode a homogeneous ode results

m

(1)

To = -2
Yo=—1
Using these values now it is possible to easily solve for Y'(X). The above ode now becomes
Yy 11
iY(X) e x exex X +Y(X)
dX B X
In canonical form, the ODE is
Y =F(X,Y)
exe xexX +Y
X
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An ode of the form Y’ = %gg is called homogeneous if the functions M(X,Y) and N(X,Y)

are both homogeneous functions and of the same order. Recall that a function f(X,Y) is
homogeneous of order n if

FEX,4"Y) = " f(X,Y)

In this case, it can be seen that both M = exe xex X+Y and N = X are both homogeneous
and of the same order n = 1. Therefore this is a homogeneous ode. Since this ode is
homogeneous, it is converted to separable ODE using the substitution u = f—(, orY =uX.
Hence

dY du
axX ~ax <t
Applying the transformation Y = uX to the above ODE in (1) gives
du u
d_XX +u=¢e"+u
du %)
dx ~ X
Or
d eu(X)
dX X
Or

d
_ _ euX) —
(qu(X)> X —e 0

Which is now solved as separable in u(X).

The ode
d eu(X)
is separable as it can be written as
d ev(X)
ax'X)="x
= f(X)g(u)
Where
1
X)=—=
1) =+
g(u) = e

Integrating gives
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—7 ) =In(X) + ¢,
Converting —e~*(*) = In (X) + ¢; back to Y (X) gives
Y (X)
—e X =In(X)+a
Using the solution for Y (X)
Y(X)
—e x =In(X)+¢ (A)

And replacing back terms in the above solution using

Y=y+y
X=x+z

Y=9y-1
X=z-2
Then the solution in y becomes using EQ (A)

+1

—e =2 =In(z+2)+ ¢
Simplifying the above gives
—y—1

—e=2 =ln(z+2)+¢

Solving for y gives

y=—ln(—-In(z+2)—c))z—2In(—-In(z+2)—¢) -1

I T A I A N A A A A A A
NVVLE Tt
ANNVVIP T
NNV
INNVLTTT
NNANVU Lt rrry
~N\\\V1 1110017777
yx) oq=~\\N1 1111777777
s\ 7777777
N7 7=
JI111IN"777777777
11N \N~N—=— 7777
NN s
T 1V \\ e 7~
=311 NN NS~

4 -3 22 1 0 1 2 3 4
X
y+1

; : _ oyl v
Figure 2.3: Slope field y' = 215 + e=+2
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Summary of solutions found

y=—In(—In(z+2)—c1)z—2In(-In(z+2)—¢;) -1

Solved using first_ order__ode_ LIE
Time used: 1.483 (sec)

Solve

Writing the ode as

ytl ytl
,  e=fr+42e=r2 +y+1
v= z+2

/

Yy =w(z,y)
The condition of Lie symmetry is the linearized PDE given by
Nz + w(ny - gx) - w2§y - wx§ — Wyl = 0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of degree 1
to use as anstaz gives

§ = zaz + yas + a (1E)
1 = xby + ybs + by (2E)

Where the unknown coeflicients are

{ala az, as, b17 b2a b3}

Substituting equations (1E,2E) and w into (A) gives

2
(eal%x+2egiE +y+1) (bs — as) (e%m+2e% +y+1> as

b _
2t T2 (@ +2)°
(y—l—l)e%:p y—‘*; 2(y+1)e%% y+1 y+1
T e T TP erPztlestty+l (5E)
P — (x+2)2 (xaz +yaz+ay)

z+2 z+2
— =0
T+ 2

e%%x Qe%%
eSS4+ 1) (wbe + ybs + b1)
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Putting the above in normal form gives

y+1 y+1 y+1 2y+2 2y+2 y+1
—es+2xyay + 2e=r2xyas + es+2xybs — a; + 2ay + az + 2b; — 4by — 2bs + e =2 x2az + 4 e =+2 zag + e=r2 12

Setting the numerator to zero gives

y+1 y+1

est2yas — 2e=f2xyas — ew+2 zybs + a; — 2a2 —az — 2b1 + 4by + 2b3
2y+2 2 2y+2 y+1 2
—e=t2 ga3 — de =2 ras — e=+2x"ay — ey by + ettty 2bg + ew+2y as (6E)
y+1 y+1 y+1 y+i
— Jest2zxay — 2ew+2xa3 —est2zh, — 2ez+2xb2 + 4ew+2xb3 + e=+2ya;

— 3eziéya3 — 2ew+2yb3 — yag + 2x62 —4ediz a3 —zb —|— xbs + ya,
— 2yas + ewjﬂal — 4ew+2a2 — 4ew+2a3 — 2ew+2b1 + 4ew+2b3 =0

Simplifying the above gives

y+1
2est2xyas — 7ew+2:cya3 — 4ew+2a:yb3 +eiiag? yas — 2 e¥ag? yas
y+1 y+1 y+1 y+1
— est2g’ybs + ex+2xy as + ew+2xya1 — 2ew+2:p2a3 — e=+222h 4+ e=+2zay
y+1

— ew+2x az — ew+2x b2 + ew+2x 3b3 + 2a; — 4ay — 2a3 — 4bl + 8by + 463

—6e =5 z2a3—12e = Taz+xya; —2xyas —ryaz —>5 ew+2 z2a2 —4 ew+2:c 2h, (6E)

y+1 y+1 y+1 y+1 y+1 y+1
+ 6ew+2m2b3 + 2e=+2 y2a3 — 10e=+2zay — 8e=+2xas — 4de=t2xb; — de=+2xby
2y+2
3

+12 ew+2a:b3 + 2ew+2ya1 — 6ew+2ya3 — 4ew+2yb3 — etz x°a3 — 2209

— 2yasz + 8xby — 8e i as — £2by + 22%by + 223 + zay — zas — dxby + 4xbs
+ 2ya; — 4yas + Qe%al — 86%02 — 86%0,3 — 4e%b1 +8e%b3 =0

Looking at the above PDE shows the following are all the terms with {z,y} in them.

y+1  2y+42
T,y,e=+2,eo+2

The following substitution is now made to be able to collect on all terms with {z,y} in them

y+1 2y+2
T =71,y = Vg,€2+2 = V3,€2+2 = Yy
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The above PDE (6E) now becomes

—v3vi’a2 + 'U3’U%’UQG42 - v4vi’a3 — 2v3va2a3 + v3v1v§a3 — vgvfbg + 1)3’1)?1)3
— Ugvang + v3v1v201 — SUgvfaz + 203V V209 — 21)31)%&3 — 61)411%(13 — Tv3v1v2a3
+ 2v3v§a3 — vgvfbl — 4v3vfb2 + 61)3vfb3 — 4usv1v9b3 + V1901 + V3V1aq (TE)
+ 2’03’02(11 - 2’011)20,2 — 10’1)3’010,2 — V1203 — 81)3’[)1&3 — 12’04’[)1&3 - 61)3’1)2(13
— ’U%bl - 4’U3’l)1bl + 2’0%1)2 - 4U31)1b2 + ’U%bg + 121)3’1)1b3 - 4’03’Uzb3 +via1 + 21)2(11
+ 21130/1 - 2’01@2 - 4’1)2&2 - 8’(]3&2 — v1a3 — 2’02&3 - 8’1)3(13 - 8’04&3 - 4’Ulbl
— 4usby + 8v1by + 4v1b3 + 8usbs + 2a1 — 4ay — 2a3 — 4b; + 8by + 4b3 =0

Collecting the above on the terms v; introduced, and these are
{vla V2, Vs, ’U4}

Equation (7E) now becomes

(—ag — by + b3) v3vg — vgvias + (ag — 2a3 — bs) VZvaus
+ (—5(12 - 2(1,3 - b1 - 4b2 + 6b3) ’U%’Ug - 6’04’0%(13 + (—bl + 2b2 + b3) ’U%
+ v3v1v3as + (a1 + 2as — Taz — 4bs) v1vovs + (a1 — 2a2 — as) v1vs (8E)
+ (a1 - 10(12 - 80,3 — 4b1 — 4b2 + 12b3) V1U3 — 12’04’[)1(13
+ (a1 - 2&2 — ag — 4b1 + 8b2 + 4b3) v + 2’03’03@3 + (2&1 - 6(13 - 4b3) V2V3
+ (20,1 - 4(12 - 20,3) V9 + (2@1 - 8(12 - 8(13 - 4b1 + 8b3) V3
— 8’04(13 -+ 20,1 — 40,2 — 2&3 — 4b1 + 8b2 + 4b3 =0
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Setting each coefficients in (8E) to zero gives the following equations to solve

a3 =0
—12a3 =0
—8az =0
—6as =0
—a3 =0
203 =0

a; —2a; —az3 =0
2a1 —4ay, — 2a3 =0
2a; — 6asz — 4b3 =0

—as —by+b3=0

as —2a3 — b3 =0

—b1 +2by +b3=0

a1+ 2a9 — Taz — 4b3 =0

2a; — 8ay — 8az — 4b; +8b3 =0

—5ay — 2a3 — by — 4by +6b3 =0

a1 — 10ay — 8az — 4b; — 4by + 1265 = 0
a1 — 2a9 — agz — 4by + 8by + 4b3 =0
2a; — 4as — 2a3 — 4b; + 8by +4b3 =0

Solving the above equations for the unknowns gives

a; = 2bs
as = b3
a3 =0
by = b3
b =0
bs = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for any
unknown in the RHS) gives

E=2+2
n=y+1
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Shifting is now applied to make £ = 0 in order to simplify the rest of the computation

n=n-uw(y)é

eziiéac-|-2e%é +y+1
=y+1- (x+2)

T+ 2

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original ode
become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dv _dy _

F=, = 1)

The above comes from the requirements that <§ ;—z + 77(%) S(z,y) = 1. Starting with the first

pair of ode’s in (1) gives an ode to solve for the independent variable R in the canonical
coordinates, where S(R). Since £ = 0 then in this special case

R=zx

S is found from

1
= | ———=
/ (—x—2) ootz

Which results in

y+1
S =e =2

Now that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

ﬁ _ Szt w(z,y)Sy (2)
dR R, +w(z,y)R,

Where in the above R, R,, S;, S, are all partial derivatives and w(z,y) is the right hand side
of the original ode given by
esizg +2 etz +y+1

T+ 2

w(x,y) =
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Evaluating all the partial derivatives gives

R, =1
R,=0
_ew(y+1)
T (z+2)?
—y—1
e z+2
L))

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as 1
dR  z+2

(24)
We now need to express the RHS as function of R only. This is done by solving for x,y in
terms of R, S from the result obtained earlier and simplifying. This gives

as _ 1
dR  R+2

The above is a quadrature ode. This is the whole point of Lie symmetry method. It converts
an ode, no matter how complicated it is, to one that can be solved by integration when the
ode is in the canonical coordiates R, S.

Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).
/ ds = / - dR
~In R + 2) +e

To complete the solution, we just need to transform the above back to x,y coordinates. This
results in

—y—1
e=r2 =—In(z+2)+c
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The following diagram shows solution curves of the original ode and how they transform in
the canonical coordinates space using the mapping shown.

.. ) ) Canonical coordi- | ODE in canonical coordinates
Original ode in z,y coordinates )
nates transformation | (R,.S)
dy __ e%a)-i-Ze%—i—y—i—l s _ _ 1
de ~ z+ dR R+2
NNV VLYt 2 7NN R ——————
NNN VL Lty D A B S
SEEEERERERRRRA S BN N
NNNVYh T LT A 7B N
SNNN VAT T T T 2 7 TN NGRS
SN\ 1777 T TN RN
SeaISRRLAA22424 IR S8 NN e
N LT ' ' : NS ~ '
7] I N\ ~rqrrrz 777 = e 7 NN
N A N
A -] N
AERERIY N A AN N,
T VAN SN S———— -7 N S R S e
EEEERE R S —— et BN N

Solving for y gives

y=—Iln(-In(z+2)+c)z—2ln(—-In(z+2)+c)—1

Figure 2.4: Slope field ¢/
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Summary of solutions found

y=—In(-In(z+2)+c)r—2In(-In(z+2)+c)—1

v Maple. Time used: 0.006 (sec). Leaf size: 23

Lode:=diff (y(x),%) = (1+y(x))/(x+2)+exp((1+y(x))/(x+2));
dsolve(ode,y(x), singsol=all);

N\

y=—1+(—z—-2)ln(-In(z+2) — 1)

Maple trace

Methods for first order ODEs:
-—- Trying classification methods ---
trying a quadrature

trying 1st order linear
trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:
trying homogeneous C

trying homogeneous types:
trying homogeneous D

<- homogeneous successful

<- homogeneous successful

Maple step by step

Let’s solve
(@)+1
(@) = Y e
° Highest derivative means the order of the ODE is 1
()
° Solve for the highest derivative

1 y(z)+1
) - 4 o
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v/ Mathematica. Time used: 0.761 (sec). Leaf size: 22

‘ode=D[y[x],x]==(y[x]+1)/ (x+2)+Exp [ (y [x] +1) / (x+2)];
‘ic={};
LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

y(z) = =1 — ((z + 2) log(— log(z + 2) + c1))

X Sympy

from sympy import *

x = symbols("x")

y = Function("y")

Eq(-exp((y(x) + 1)/(x + 2)) + Derivative(y(x), x) - (y(x) + 1)/(x + 2),0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

o

Q

[0
]

LTypeError : argument of type Mul is not iterable
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2.1.3 Problem (c)

Local contents

Solved using first_ order_ode_dAlembert . ... ... ... ..... 41
Solved using first_ order ode_homog type maple_ C . ... .. .. 45
Solved using first_order_ode LIE . ... ... ............ 49
v Maple . . . . . . o Dol
V' Mathematica . . . . . . o v o e e ¥
XSYIMPY . o o o o o e 57

Internal problem ID [20964]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises XII at page 23
Problem number : (c)

Date solved : Saturday, November 29, 2025 at 01:10:48 AM

CAS classification : [[_homogeneous, ‘class C‘], _dAlembert]

Solved using first_ order__ode__dAlembert
Time used: 1.543 (sec)

Solve
f o THy+1l  =hen
T+ 2
Let p = v the ode becomes
r+y—+ 1 zty+1
= — — e zt2
x+2
Solving for y from the above results in
y = (— LambertW (—€?) + p — 1) x — 2 LambertW (—e?) + 2p — 1 (1)
This has the form
y=zf(p) +9(p) (*)

Where f, g are functions of p = y/(z). The above ode is dAlembert ode which is now solved.

Taking derivative of (*) w.r.t. z gives

d
p=1f+@f +9)o

p—f=af +d) 2L @
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Comparing the form y = zf + g to (1A) shows that

f = —LambertW (—e?) + p — 1
g = —2LambertW (—e?) +2p — 1

Hence (2) becomes

__zLambertW (—e?) . 2 LambertW (—eP)
1 + LambertW (—er) 1 + LambertW (—er)

1+ LambertW (—e?) = < +2> P'(z) (2A)

The singular solution is found by setting fll—’m’ = 0 in the above which gives
1 4+ LambertW (—e?) =0
Solving the above for p results in
p=-1
Substituting these in (1A) and keeping singular solution that verifies the ode gives

y=—-1-=x
The general solution is found when g—z # 0. From eq. (2A). This results in

1 4+ LambertW (—ep(””))

/ —
p (IL‘) - . xLambertW(—eP("”)) o 2LambertW(—eP($)) + 9 (3)
1+LambertW(—eP(m)) z 1+LambertW(—eP(x))

This ODE is now solved for p(x). No inversion is needed.

The ode

(1 + LambertW (—e”(””)))2

p(z) = p— (2.3)

is separable as it can be written as

(1 + LambertW (—e”(’”)))2

p(z) = P
= f(z)g(p)
Where
1
flz) = z+2

g(p) = (1 + LambertW (—e?))?
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/ﬁdp=/f(x)dx

1 / 1
5 dp = dx
(1 4+ LambertW (—er)) z+2

Integrating gives

—In (1 + LambertW (—€”®)) + In (—e*™®) — LambertW (—e?®) =In (z +2) + ¢,

We now need to find the singular solutions, these are found by finding for what values g(p)
is zero, since we had to divide by this above. Solving g(p) = 0 or

(1 4+ LambertW (—e?))> =0

for p(x) gives

p(z) =-1

Now we go over each such singular solution and check if it verifies the ode itself and any
initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are
—In (1 + LambertW (—€”®)) + In (—e*™®) — LambertW (—e?®) =In (z +2) + ¢

p(z) = —1

Substituing the above solution for p in (2A) gives

Y
2

x+2
eClg42e°1—1

imeClz+2im el 4l In (— s xigecl = ):v+ecl ciz—in+2e°l In (— s e ey x-‘t;g‘:l - > +2eflcy—elz—2e°l —In (—
= | — LambertW | —e Clot2e°1—1

iTets 4+ 2ime + e In (— =22 )zt ecir —im+2e In (— oEH2 ) + 2e%¢) — ez — 2e%

elzx42el—1 elx42el—1

elr +2e —1

_l)x

imeClz42im el 4e€1 ln(—W'i_zcl_l>z+ecl clz—in+2e€l ln<—eclz12%)+2 e®lcy—e®lz—2e€l _ln(_eclx-{f&%
—2 LambertW | —e Tot+2eT-1
i aCl i aCl 1 N c1 — 9 1 0 xt2 Clp, 9 all
+2z7re T +4dime™ 4+ 26 In (— o722 ) o+ 2€%eyw — 2im 4+ 4 e In (— oz i) +4€%c; — 2e%n

e1lr 4 2e —1
-1

y=-1-—=x
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Simplifying the above gives

y=—-1-—=x
(el (z+2)—1) ln(eclz;ﬁ) +(z+2)(im+cq —1)el —im—cq
—(xz +2) (e”(z +2) — 1) LambertW | —e “1(e+2)-1 + (z+2) (e (x +:
- e’ (z +
y=—-1—=x
The solution
Y
(€1 (z+2)—1) ln(%) +(z+2)(im+cp —1)e®l —im—cq
—(z +2) (e (z 4+ 2) — 1) LambertW | —e CI+2)-1 +(x+2) (e (z+:
- e (x +

was found not to satisfy the ode or the IC. Hence it is removed.

3_
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Figure 2.5: Slope field y' = 22 — e

Summary of solutions found

y=-1—=x
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Solved using first_ order__ode__homog_type_maple C
Time used: 1.050 (sec)

Solve
p_TFy+l  eten
T+ 2

Let Y =y —yo and X = = — x( then the above is transformed to new ode in Y'(X)
X+zo+Y (X)+yp+1 X+z9+Y (X)+yp+1

gyt 7 (X te)+Y(X)4p—2e e 4+ X o+l

Solving for possible values of xy and yo which makes the above ode a homogeneous ode results
in

To = -2

Yo =1
Using these values now it is possible to easily solve for Y'(X). The above ode now becomes

d —ee e % eXX+Y(X)—|-X
—Y (X
x Y (X)) =

In canonical form, the ODE is

Y' = F(X,Y)
:_ee‘%e§e%X—Y—X (1)
X
An ode of the form Y’ = ]‘]\/,I((g(( 2;)) is called homogeneous if the functions M(X,Y) and N(X,Y)

are both homogeneous functions and of the same order. Recall that a function f(X,Y) is

homogeneous of order n if
fE"X,1"Y) =t"f(X,Y)

In this case, it can be seen that both M = —e e"xexexX +Y + X and N = X are both
homogeneous and of the same order n = 1. Therefore this is a homogeneous ode. Since this
ode is homogeneous, it is converted to separable ODE using the substitution u = )—1;, or

Y = uX. Hence

dY duw
axX ~ax
Applying the transformation Y = uX to the above ODE in (1) gives
du
X fu=— 1
a1xX +u ee"+1+u

du —ee¥X) 11

dax X
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or d —eeX) 41
EU(X) - =
Or
eevX) 4 (iu( ) 1=0
dX
Or

eltul +<d X)) -1=0

Which is now solved as separable in u(X).

The ode
d eltu(X) — 1

d 14+u(X) 1
ax X = - X
= f(X)g(u)
Where
1
FX) =+
g(u) = —e!'t* 41

Integrating gives

/g(u du_/f
/Wdu—/—dX

—In (M) —1) + 1+ u(X) =

We now need to find the singular solutions, these are found by finding for what values g(u
is zero, since we had to divide by this above. Solving g(u) = 0 or

—et*4+1=0

for u(X) gives

(2.4)
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Now we go over each such singular solution and check if it verifies the ode itself and any
initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are
—In (e"X) — 1) + 1+ u(X) =

w(X) =

In(X)+ ¢

-1

Converting — In (e'*“*) — 1) + 1 + w(X) = In (X) + ¢1 back to Y (X) gives

—n (FFH — 1) X +Y(X) + X

X
Converting u(X) = —1 back to Y (X) gives

Y(X)=-X
Using the solution for Y (X)

—n (7FF — 1) X +Y(X) + X

X

And replacing back terms in the above solution using

Y=y+uw
X=.’L‘0+.’IJ
Or
Y=y+1
X=xz—-2

Then the solution in y becomes using EQ (A)

—ln<egc:ﬂ1 —1) (x+2)+y+1+=x
z+2

Using the solution for Y (X)
Y(X)=-X
And replacing back terms in the above solution using

Y=y+y
X=z0+zx

=In(X)+a

=In(X)+a (A)

=ln(z+2)+a¢
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CHAPTER 2.

Or

y+1
xr—2

Y
X

Then the solution in y becomes using EQ (A)

y—1=—x-2

Simplifying the above gives

(—x—2)ln<egjﬂ’r1 —1) +zx4+y+1

=ln(z+2)+a

T+ 2

y—1=—-x-2

y=—-1—=x

Solving for y gives

)x+2cl

el +2e —1

y=clx+ln(x+2)x+ln<
—x+2ln(x+2)+21n(

)-1

1
e1lr 4 2e —1

B P P A L L A A A A

- T 7T 7T 7

- 7T 77777

— 777
—_— - 7777777

D P A Al

—— 7T

g A A P A A

—_—— = 7 7 7 77777 7

———— -~ 7 7 =T

I»\\\\\'VLL —_—
e PR FR
I I
—~
=~
~—
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Summary of solutions found

y=—-1—=x
=czr+In(z+2)z+In = z + 2c
v=a e‘lrx 4+ 2e —1 !
1
— 21 2)+21 -1
r+2In(zx+2)+ n(eclx—l—ZeCl—l)

Solved using first_ order__ode_ LIE
Time used: 5.635 (sec)

Solve
r_ z+y+1 _
T+2
Writing the ode as
z+y+1 z+y+l
,  —e =2 x—2e =t +r+y+1
vy= T+ 2
Yy =uw(z,y)

The condition of Lie symmetry is the linearized PDE given by
Nz + w(ny - é..’ll) - w2£y —we€ — Wy = 0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of degree 1
to use as anstaz gives

§ = zay + yas + a (1E)
1 = xbs + ybs + by (2E)

Where the unknown coeflicients are

{ala a2, as, bla b2a b3}



CHAPTER 2. BOOK SOLVED PROBLEMS 50

Substituting equations (1E,2E) and w into (A) gives

(—exﬁ;lx —2e" 4z +y+ 1) (bs — ag)

b
o + x+2
z+y+1 T+ 2
<—e g 2e ez +x+y—|—1> as
(x + 2)
1 r4y+1 z+y+1 z4+y+1 1 z+y+1 zty+1
R L i G ) L "
T+ 2
z+y+1 z+y+1
—e =+2 1‘—26 z+2 +{L‘+y+1 ( + + )
— o as+a
(x n 2)2 2 T Yyas 1
e zl_f—? : x 2e zl—f—? !
T T2 z42 +1 (:cb2+yb3+b1)
_ =0
x+2
Putting the above in normal form gives
zty+1 z+y+1 z+y+1 z+y+1

_ e = xyas —2e ¥ xyag —e =+ wybs + 4zas + 3yaz — 2zb; + de it a3 + 2zyasz — e =+2 zlay —

2¢”

Setting the numerator to zero gives

y+1 sHy+1 sHy+1 2042y+2
—e @+2 gyas+2e o ryasz+e =+2 xybs —4xas —3yas+2xbs —4e =2 ag
zty+1 zty+l o zHy+1 zHy+1 ztytl o
—2zyas +e 2 xlay+2e 2 g a3+e w2 g2by —e =+2 x2by—e =+2 ylag
z4y+1 a+y+1 zty+1 zty+1 oty+1
+5e =2 xag + 6e +2 xas + e = xbl +2e =2 by —4e =+2 xbs (6E)
z+y+1 z+y+1 2x+42y+42 2x+42y+42
—e @=+2 yag -|—5e EEy yaz + 2e =+2 ybg —e =t2 zla3 —4e =+ zas — aq

— 2(12 — as — 2b1 + 4b2 + 2b3 — w Qg — x2a3 + .’I72b3 — 2.’17&3 — wbl + 3.17()3 + yay
zty+l zty+1 +y+1 zty+1 zty+1
—2yas +e =+2 a; +4e =2 ay +4e otz a3 +2e =+2 by —4e =+2 b3 =0
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Simplifying the above gives

z+y+1 z+y+1 z+y+1 z+y+1 z+y+1

e =2 z3a9+2e =2 a3+ e ot2 x3b2 — e =+2 x3b3—|—e w2 12b,
z+y+1 z+y+1 +y+1 zt+y+1 2
+e =t2 xra; —2e =+2 TyYyas +9e otz acya3 +4e iz o xybg —e =2 T yas
z+y+1 z+y+1 z+y+1 zty+1 2z+2y+2 3
+2e =2 ya3—|—e e+2 yb3—e z+2 zy as—e «+2 gya;—e =+2 x°ag
2x42y+42
— 10xas — 6yas + 8xby — 8e =+2 az — 212 yas + rya; — 2xyas
zt+y+1 z+y+1 z+y+1 z+y+1
— Tryas + 7Te =+2 x2a2 + 10e =+2 x2a3 + 4e wt2 x2b2 6e =+2 12bs (6E)
oty+1 y+1 +y+1 zty+1
—2e =2 y a3+14e o :ca2—|—16e z+2 :m3-|—4e ) xbl +4e =2 by
zt+y+1 2x+2y+2 2
—12¢ =+2 a:b3—2e ot ya1-|—10e o ya3+4e ot yb3—6 «+2  rag

126 zas — 20, — 4ag — 2ag — 4by + 8by + 4bs — z3as — 22ag + 23b;
—62%ay— 43:2&3 —x%b + 21’2b2 + 5x2b3 — xal — 5xa3 — 4rb1 +8xbs + 2ya,
z+y+1

—4ya2+2e ot a1+8e ot a2—|—8e ot a3+4e ot b1—8e =+2 b3 =0

Looking at the above PDE shows the following are all the terms with {z,y} in them.

T4y+1  2z+2y+2
x’ y’e 42 7e 42

The following substitution is now made to be able to collect on all terms with {z, y} in them

zty+1 2z+2y+2
{.'L':’Ul,y:’vz,e z+2 = Yy3,e =t+2 —’04}

The above PDE (6E) now becomes

v3v:fa2 — vgvfwaz + 2031)?(13 — v4vi’a3 + 2v3v%vza3 — vgvlvgag + v3vi’b2
— ’l)3’l):fb3 + vgvazbg — V3V V20 — vi’az + 7v3vfa2 — 20301 V909 — vi’a;;
— 21}%1)2&3 + 100311%&3 — 6v4vfa3 + Yusviv9a3 — 2U3v§a3 + vgvfbl + 4v3vfb2
+ ’U%b3 — 6213v%b3 + 4v3v1v9b3 + V1901 + V3V — 2U3V907 — GU%az — 2010202
+ 14v3via9 — 4vfa3 — Tviveas + 16vsvias — 12v4v1a3 + 10vsv0a3 — vfbl
+ 4’U3’l)1b1 + 2’1)%()2 + 41)3U1b2 + 51)%[)3 - 12U3U1b3 + 4’03’Uzb3 —via1 + 2’0201
+ 2’[)3&1 — 10’[)10/2 — 4’020/2 + 8’03&2 — 5’010,3 — 61)20,3 + 8’1)3&3 — 8’1)4(13 — 4’Ulbl
+ 4’U3b1 + 8’Ulb2 + 8U1b3 — 8’03b3 — 2a1 — 4a2 — 2(13 — 4b1 + 8b2 + 4b3 =0

(7E)

Collecting the above on the terms v; introduced, and these are

{Ul7 V2, U3, ’U4}
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Equation (7E) now becomes

(—(12 —as + b3) ’U? + (—6(12 — 4a3 — bl + 2b2 + 5b3) ’U%
+ (—ay; — 10ay — 5az — 4b; + 8by + 8b3) v1 + (2a; — 4as — 6as) vo
2a; + 8ay + 8as + 4b; — 8b3) v3 — vV vEas — 6vvias — 12v4v103
as + 2CL3 + b2 — b3) ’U%’U3 + (7&2 + 10a3 + bl + 4b2 - 6b3) ’U%’Ug (SE)
a; — 2(12 — 7a3) V1V + ((11 -+ 14&2 + 16&3 + 4b1 + 4b2 — 12[)3) V1U3
—2a; + 10a3 + 4b3) V23 — 8vgas — vV4vias — 207vra3
— 2ugviag — 2a; — 4ay — 2a3 — 4by + 8by + 4bs
+ (—ag + 2a3 + b3) Vivovs + (—a; — 2ay + 9az + 4b3) vivav3 = 0

+
+(
+
+(

Setting each coefficients in (8E) to zero gives the following equations to solve

—12a3=0
—8az =10
—6asz =0
—2a3 =0

—a3 =0

—2a; + 10a3 + 4b3 =0

a1 —2ays —7a3 =10

2a; — 4a; — 6a3 =0

—as —az3+b3=0

—as+2a3+b3=0

—ay — 2a9 + 9a3 +4b3 =0

as +2a3+by—b3 =0

2a1 + 8as + 8az + 4b; — 8b3 =0

—6as — 4as — by + 2by + 5b3 =0

Tas + 10a3 + by + 4by — 6b3 =0

—2a1 — 4ay — 2a3 — 4b; + 8by +4b3 =0
—a; — 10ay — bas — 4b; + 8by + 8b3 =0
a1 + 14a, + 16a3 + 4b; + 4by — 1265 =0
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Solving the above equations for the unknowns gives

a; = 2bs
az = bs
a3 =0
by = —bs
by =0
bs = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for any
unknown in the RHS) gives

E=x+2
n=y-—1
Shifting is now applied to make £ = 0 in order to simplify the rest of the computation
n=n-wzy)é

—ew+ﬂlx—2ez+£1 +z+y+1
=y—1— 2
4 ( T+ 2 )(a:-l— )

=(x+2) (emﬁ;1 - 1)
£=0

The next step is to determine the canonical coordinates R,S. The canonical coordinates

map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original ode
become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _
3 n

The above comes from the requirements that <§ 24 n%) S(x,y) = 1. Starting with the first

pair of ode’s in (1) gives an ode to solve for the independent variable R in the canonical
coordinates, where S(R). Since £ = 0 then in this special case

ds (1)

R==x

S is found from
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Which results in

S=In <e sl 1) —In (eziﬂl>

Now that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

as _ S+ w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R, R, S;, S, are all partial derivatives and w(z, y) is the right hand side
of the original ode given by

zt+y+1 z+y+1
(z,1) —e s+ g —2e =2 +x+y+1
w(z,y) =
Y z+2
Evaluating all the partial derivatives gives
R,=1
R,=0
-y+1
Sz = / zty+l
(x+2)° (e a2 — 1)
1
Sy =

(z+2) (eziﬁl — 1)
Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as 1
dR  z+2

(24)

We now need to express the RHS as function of R only. This is done by solving for x,y in
terms of R, S from the result obtained earlier and simplifying. This gives

as _ 1
dR R+2

The above is a quadrature ode. This is the whole point of Lie symmetry method. It converts
an ode, no matter how complicated it is, to one that can be solved by integration when the
ode is in the canonical coordiates R, S.

Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).

/dS /——dR

—In(R+2)+c
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To complete the solution, we just need to transform the above back to x,y coordinates. This
results in

z+y+1

ln<e o2 —1> (z+2)—y—1—=x
z+2

=—ln(z+2)+c

The following diagram shows solution curves of the original ode and how they transform in
the canonical coordinates space using the mapping shown.

Oricinal ode i dinat Canonical coordi-| ODE in canonical coordinates
HIBImatoce T, Y COOTaImanes nates transformation | (R,.S)

dy —e%w—%%ﬂﬁyﬂ s _ _ 1

dr 42 dR Rt2
SANAV LV Vv N R
NNNAVE R VY S N R,
\\\\{()A«)\« AR RS ////j'(R\)\\\\\\\\\\
NONNNCLE R VN NN 7 7 TN NGRS
R RA R AR R ERARRRRRR 77 NN RS
NI/ B o e R=2 : 77.\‘\\0 -

VL TANRONNARNNAN pyin L AN
R AR NN NN B ) G ) [ AN RN A
Vbbb bV SRONNNNNN N S = T N SR
bbb bbb VR NN NN N o 7N NR e
Vbbb b v R NN N 7 NN RS
S A A e U N N N NN NN e N S S ————e
bbb bbb N NN NN NN 27 NN R S
Solving for y gives

=Iln(z+2)z+zl ———i——-+al(-+m+2l 1 —r—1
y=In(z R R a— n(x e R — x
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Figure 2.7: Slope field 4 = x;’—fgl —e o2

Summary of solutions found

1

=1 2 n({——
Yy n@+—)x+zn( pry—

)+2bﬁw+%+2h(—g—;L—§)—z—l

v Maple. Time used: 0.029 (sec). Leaf size: 31

‘ode:=diff(y(x),X) = (x+y(x)+1)/ (x+2) -exp ((x+y (x)+1) / (x+2)) ;
‘dsolve(ode,y(x), singsol=all);

y=1+(—m(@+2f;hﬂ>+q>u+m

Maple trace

Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying homogeneous C
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‘trying homogeneous types:
‘trying homogeneous D

‘<— homogeneous successful
L<- homogeneous successful

Maple step by step

Let’s solve
z+y(z)+1
iy(@) = =R —o e
° Highest derivative means the order of the ODE is 1
=y()
° Solve for the highest derivative
fyle) = =g - T

\/ Mathematica. Time used: 0.632 (sec). Leaf size: 41

‘ode=D[y[x],x]==(x+y[x]+1)/(x+2)-Exp[(x+y[x]+1)/(x+2)];
ic={};
LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

y(z)+z+1

Solve {193——34(36) + log (1 —e =+2 ) +log(z 4+ 2) = ¢4, y(x)]

+2

X Sympy

-

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq(exp((x + y(x) + 1)/(x + 2)) + Derivative(y(x), x) - (x + y(x) + 1)/(x +
2),0)

ics = {}

dsolve(ode,func=y(x),ics=ics)

-

LTypeError : argument of type Mul is not iterable

~—
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2.1.4 Problem (d)

Local contents

Solved using first_ order_ode_dAlembert . ... ... ... ..... 5
Solved using first_ order ode_homog type maple_ C . ... .. .. 62
Solved using first_ order_ ode_ abel_second_ kind_ solved_ by_ convert-

ing to_first_kind . . . ... ... ... ... ... .. ... 67
Solved using first_order_ode LIE . . ... ... ... ........ 76l
VMaple . . o oo 1]
V' Mathematica . . . « o o v o e 821
VSYIMDY o o kRS

Internal problem ID [20965]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises XII at page 23
Problem number : (d)

Date solved : Saturday, November 29, 2025 at 01:11:33 AM
CAS classification :

[[_homogeneous, ‘class C‘], _rational, [_Abel, ‘2nd type‘, ‘class A‘]]

Solved using first_ order__ode_ dAlembert
Time used: 2.704 (sec)

Solve
J = 2y+z+1
2z +y +2
Let p = v the ode becomes
_2ytz+1
p_2x+y+2

Solving for y from the above results in

_(@p-1z 2p-1
p—2 p—2

y:

This has the form

y=zf(p) +9(p) *)

Where f, g are functions of p = y/(x). The above ode is dAlembert ode which is now solved.
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Taking derivative of (*) w.r.t. = gives

p=f+(af +9) L
p—f=f +d) 2L @)

Comparing the form y = zf 4+ g to (1A) shows that

—2p+1
f= |
_ —2p+1
=3
Hence (2) becomes
—2p+1 ( 2x 2xp x 2 2p 1 ),
p— = (- + - - + - p(z) (2A
p=2 v oy oy p2 oo o)t Y

The singular solution is found by setting j—’; = 0 in the above which gives

—2p+1
i 0
p—2
Solving the above for p results in
=1
p2=-—1

Substituting these in (1A) and keeping singular solution that verifies the ode gives

y=14+=z
y=—-1—=x

The general solution is found when $ # 0. From eq. (2A). This results in

_ —2p(z)+1
/( ) _ p(:l:) p(z)—2 (3)
PAI= " o ow o 2w _ 1
p@)-2 ' (p(x)-2)>  (p(x)-2)° p@)-2 ' (p(2)-2)°  (p(x)-2)°
This ODE is now solved for p(z). No inversion is needed.
The ode
plx) —1) (p(z) — 2) (p(x) +1
ey — @) =D (0(@) ~2) (ola) + 25)

3xr+3
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is separable as it can be written as

3xr+3
= f(z)9(p)
Where
_ 1
1@ =373

gp)=m@-1D(P-2)(p+1)

/ﬁdp=/f(z)dm

1 1
/(p—1)(p—2)(p+1)dp:/3x+3dx

Integrating gives

In(p(z) +1)  In(p(z)—2) In(p(z)—1) 1/3
p6 + p3 — p2 =1n<(1+x)/>+01

We now need to find the singular solutions, these are found by finding for what values g(p)
is zero, since we had to divide by this above. Solving g(p) = 0 or

P-1)(p@-2)(p+1)=0

for p(x) gives
p(z) = -1
p(z) =1

Now we go over each such singular solution and check if it verifies the ode itself and any
initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In(p(z) +1)  In(p(z) —2) In(p(z) = 1)
6 3 2

=1In ((1 + :v)l/3> +a

p(z) = -1
p(z) =1



CHAPTER 2. BOOK SOLVED PROBLEMS 61

Substituing the above solution for p in (2A) gives

Expression too large to display
y=—-1—=x
y=14+=z

Simplifying the above gives

y=1+4+=z
y=—-1—=x
y:

1/3
—1+4e81 (142)2 —1+4ebe1 (142)2 2 (g3c (12_770)2 .
201+ (1+< rervser)(Erstnen V(o) ot (1

2 RV 1/3
(1= e (L)) (Lo (14 ) (e[ Gim +1)) e @)+ (-1

y=—-1—=x

y=1+z

s\\N\VI1 117177777777
NN\ V1177777777
ANV 1177777777
~~\\1 1777777777
-\ V1777777777
W\ | S/ 777777
PO WAV A
y(x) WSS
AR S O O
N D R
77777\ N~
2777777 VNN~
J777 70T VNN ——
= /7777711 LV NN N~~
4 23 2 -1 0 1 2 3 4
X

. . _ 2y4a241
Figure 2.8: Slope field ¢/ = QZ’HW
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Summary of solutions found

y:

(—1+e601 (1+$)2) ((—1+e6cl (1+x)2) 2 (e?’cl (ljlm)Q 5 +1> ) v
21+z) 1+ . ~1+1 ) — b (14 2)? + ((—1 +efer(1

1/3
(1 —eber (1 +2)?) ((—1 +eer (14 1)%)° (e%, [ o+ 1)) —efer (1+2)° + ((—1 + e (1

y=-1-—=x

y=1+=x

Solved using first_ order__ode__homog_type_maple C
Time used: 1.125 (sec)

Solve
y,:2y+x+1
2z +y + 2

Let Y =y —yo and X = = — x( then the above is transformed to new ode in Y'(X)

iY(X)— 2Y(X)+2yo+ X +z0+1
dX S 2X 4210+ Y (X) +yo+2

Solving for possible values of g and yo which makes the above ode a homogeneous ode results
in

$0:—1

Yo =0

Using these values now it is possible to easily solve for Y (X). The above ode now becomes

d 2Y(X)+ X
—Y(X)=
dX (X) 2X +Y (X)
In canonical form, the ODE is
Y =F(X,Y)
2Y + X
= 1
2X+Y (1)

An ode of the form Y’ = %g;) is called homogeneous if the functions M (X,Y) and N(X,Y)

are both homogeneous functions and of the same order. Recall that a function f(X,Y) is
homogeneous of order n if

f"X,t"Y) =t"f(X,Y)
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In this case, it can be seen that both M = 2Y +X and N = 2X+Y are both homogeneous and
of the same order n = 1. Therefore this is a homogeneous ode. Since this ode is homogeneous,
it is converted to separable ODE using the substitution u = %, or Y =uX. Hence

dY du
axX ~ax >t
Applying the transformation Y = uX to the above ODE in (1) gives
du 2u +1
—X
dX +u u+2
du _ S —u(X)
dx X
Or 2u(X)+1
) - o M)
dX X B
Or p p
2 —
(qu(X)> Xu(X)+u(X) +2 (dX (X)) 1=0
Or

(w(X) +2) X (%u()()) Fu(X)?—1=0
Which is now solved as separable in u(X).

The ode
d _ WX -DX)+1)
XX =T o x

= (2.6)

is separable as it can be written as

d (wX) —1) (u(X) +1)
XX = o x
= f(X)g(v)
Where
1
f(X) X
IS

Integrating gives
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In(u(X)+1) 3ln(u(X)-1) 1
— 5 + 5 =In (Y) +c

We now need to find the singular solutions, these are found by finding for what values g(u)
is zero, since we had to divide by this above. Solving g(u) = 0 or

(u—1)(u+1)
u+2 =0
for u(X) gives
u(X)=-1
uw(X)=1

Now we go over each such singular solution and check if it verifies the ode itself and any
initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In(u(X) +1) | 3lm((X)-1) _ ( ! ) to

2 2 X
u(X)=-1
uwX) =1
Converting —h‘(“(‘;()"'l) + 31“(“(2X)‘1) =1In (%) + c1 back to Y/(X) gives
Y(X)+X Y (X)-X
ln(()g >+3ln(()g )_1 1 N
2 2 -\x)Te

Converting u(X) = —1 back to Y (X) gives
Y(X)=-X

Converting u(X) = 1 back to Y (X) gives

Using the solution for Y (X)

—ln <Y(:%) + *n (Y;X%) =In (i) +c (A)
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And replacing back terms in the above solution using
Y=y+u
X=x+z
Or
Y=y
X=xz-1
Then the solution in y becomes using EQ (A)
(R 3w (L) e
2 2 1+z
Using the solution for Y (X)
Y(X)=-X (A)
And replacing back terms in the above solution using
Y =y+yo
X=z0+zx
Or
Y=y
X=z-1
Then the solution in y becomes using EQ (A)
y=—-1—=x
Using the solution for Y (X)
Y(X)=X (A)

And replacing back terms in the above solution using

Y=y+w
X=z0+zx
Or
Y=y
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Then the solution in y becomes using EQ (A)

y=1+=z
s\\N\V1 11777777777
NN\ V1L
ANV 177777777
~\\ 11777777777
==\ \ /77777777
Woreas\1/77777777
e WYL
y(x) (el
7777 ] \N——m s
—1 //////1\*)/////
S77 77 NN
77777 NN~
77777 VNN ————
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—4 =3 =2 -1 0 1 2 3 4

X

Figure 2.9: Slope field 3/ = %

Summary of solutions found

) 1)

2 2 1+z
y=-1-—=zx
y=1+z

Solve
) 20+z+1
Y ety +2
Applying transformation
1

Results in the new ode which is Abel first kind

_ 2zu(z) +z+1
C 2z +zu(z) +2

u(z) + zu'(z)

Which is now solved Unknown ode type.
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Solved using

first_ order_ode_ abel_second_ kind_ solved_ by_ converting to_ first_ kind

Time used: 25.183 (sec)
This is Abel second kind ODE, it has the form

(=) + 9) ¥ (z) = fo(z) + fi(@)y(z) + fol)y(z)’ + f3(z)y(z)’

Comparing the above to given ODE which is

29(z) +x+1
J(z) = M@ Fz+l
2z +y(x)+2
Shows that
g=2z+2
fo=1l+z
fi=2
f2=0
f3=0
Applying transformation
1

y(z) = m -9
Results in the new ode which is Abel first kind
u'(x) = (3z + 3) u(z)® — 4u(z)’

Which is now solved.

Solve This is Abel first kind ODE, it has the form

v(z) = folz) + fi(z)u(@) + fo(z)u(z)’ + f3(z)u(z)’
Comparing the above to given ODE which is

W' (x) = (3z + 3) u(z)® — 4u(z)’

Therefore
fo=0
J1i=0
fo=—4

f3=3$+3

1)
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Hence

fo=0

f3=3
Since fa(x) = —4 is not zero, then the followingtransformation is used to remove f,. Let
u(z) = u(z) — 3% or

u(z) = u(z) - <9x_f 9)
4

=u@)+5. g

The above transformation applied to (1) gives a new ODE as

(72923 + 218722 + 2187z 4 729) u(z)®  (—432z — 432) u(x) 20

243 (1 + ) T T s tey (10 @)

u'(z) =

The above ODE (2) can now be solved.

Solve Writing the ode as

B 729u3x3 + 2187udx? + 2187udx + 729u> — 432ux — 432u — 20

w(@) 243 (1 + z)°

v (z) = w(z, u(r))
The condition of Lie symmetry is the linearized PDE given by

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of degree 1
to use as anstaz gives

§ =uaz +zas +a (1E)
n= ubz + by + by (2E)

Where the unknown coeflicients are

{01, as, as, by, b2a 53}



CHAPTER 2. BOOK SOLVED PROBLEMS 69

Substituting equations (1E,2E) and w into (A) gives

by
N (729u3z® + 2187u3x? + 2187udx + T29u® — 432uz — 432u — 20) (b3 — az)

243 (1 + z)*
(729u3z3 + 2187udz? + 2187udx + 729u® — 432uz — 432u — 20)° as
59049 (1 + z)*
3 (2187u3av2 + 4374u3z + 2187u? — 432u (5E)
243 (1 4 z)?
2(729uz® + 2187udz? + 2187ux + 729u® — 432ux — 432u — 20)
- 243 (1 + z)° ) (ua

+ zas + a1)
(2187uz® + 6561u’z? + 6561u’r + 2187u? — 432z — 432) (ubs + by + by)

243 (1 + z)?

=0
Putting the above in normal form gives

B 531441uz%a3 + 3188646uz5as + 7971615ubx as + 10628820ubx3as + 7971615ubz?as — 452709u*z*as +

=0
Setting the numerator to zero gives

—531441u82%a5 — 3188646ubz%as — 7971615ubzas
— 10628820u8z3a3 — 7971615ubz%a; + 452709u*ztas
— 354294u3 2% as — 3542944 25b; — 5314414225, — 3188646u’zas
+ 1810836u z3a; — 1771474z a; — 1594323u3zay
— 17714700 z4b; — 531441u22%b; — 2657205u?2°by — 531441uas
+ 2716254u*z2a; — 708588uz3a; — 2834352ulz3a,
+ 29160uz3as — 3542940uz3b; — 2657205uxb;
— 5314410uz%b, + 1810836u'zas — 1062882uz%a;
— 2480058u’zay + 87480u’xraz — 3542940ux>bs (6E)
— 5314410u%23b, — 5314410u2z3b, + 452709uas — 708588uza;,
— 1062882u3zas + 87480ulza; — 1771470uzbs — 291600uz2as
— 5314410uz%b; — 2657205u22%bs + 16402520y — 17714Tu3a,
— 17714743 ay + 29160uas — 354294u3b; — 583200uzas
— 2657205uxb; — 531441uxby — 104976u z2a; + 104976w 22as
+ 1049762%b; + 55112423, — 291600uas — 53144142,
— 209952uza; + 209952uzas — 27000uzas — 4860x3ay
+ 31492822b; + 669222x2b, — 48602%b3 — 104976ua; + 104976uas
— 27000uas — 9720za; + 314928xb; + 341172xby — 9720zbs
—9720a; + 4860as — 400a3 + 1049765, + 59049b, — 4860b5 = 0
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Looking at the above PDE shows the following are all the terms with {u,z} in them.
{u, z}
The following substitution is now made to be able to collect on all terms with {u, z} in them
{u=v1,2 =09}

The above PDE (6E) now becomes

—531441a3v%v5 — 3188646a3v8v5 — 7971615a3v5v;
— 10628820a3v8vs — 354294a,v3v5 — 79716150308 v3
+ 452709a3v;vs — 531441byvv5 — 354294bsvvy — 177147a v3v;
— 1594323a,v3v; — 3188646a3vv, + 1810836a3v]v3
— 531441b,v2v5 — 2657205b2v1v2 — 1771470b3v3 v,
— 708588@1'0102 2834352a2v1 vy — 531441a3v1 +27 16254(13'011;2
+29160a3v3v3 — 2657205b,v2v; — 53144100025 — 3542940b3v3v5
— 1062882a,v3v35 — 2480058a,v3v5 + 1810836a3vivy
+ 87480a3v5vs — 5314410b,v2v5 — 5314410b,v°v5 (7E)
— 3542940b3v3v2 — 708588a,v3vy — 1062882av3vy + 452709a5v]
+ 87480a3v3vy — 291600a3viva — 5314410b,v2v3 — 2657205b,v2 5
+ 1640251)21)2 — 177147Ob3111v2 — 17714:7alv1 — 104976(111)1?)2
— 177147a2v? 4 104976a2v,v5 + 29160a3v5 — 583200a3v v,
— 2657205b, v, + 104976b,v5 — 531441byv°vy + 551124byv3
— 354294b3v1 — 209952a1v1v9 + 209952a5v1v5 — 4860a2v§
— 291600(131)1 27000asv1vy — 5314411)11)% + 314928blv§

+ 669222byv3 — 4860bsv; — 104976a,v; — 9720a,v; + 104976a,5v;
— 27000a3v; + 314928b1v2 + 341172byv5 — 9720b3v — 9720a,
+ 4860ay — 400as + 104976b; 4+ 590496, — 4860b3 = 0

Collecting the above on the terms v; introduced, and these are

{vla v2}
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Equation (7E) now becomes

(—354294a, — 354294b3) viv]
+ (—177147a; — 1594323a, — 1771470b3) viv,
+ (—708588a; — 2834352a; + 29160a3 — 3542940b53) vlv2
+ (—1062882a; — 2480058a; + 87480a3 — 3542940b3) viva
+ (—708588a; — 1062882a; + 87480a3 — 1771470b3) viv,
+ (—531441b; — 2657205y ) v3v5 + (—2657205b; — 5314410b,) v2v
+ (—5314410b; — 5314410b,) viv3
+ (—291600a3 — 5314410b; — 2657205b5) 1111)2
+ (—583200a3 — 26572056, — 531441by) viv,
+ (—104976a; + 104976a,) v1v3 (SE)
+ (—209952a; + 209952a; — 27000a3) v1vs
+ (—177147a; — 177147ay + 29160a3 — 354294b3) v?
+ (—291600a3 — 531441b,) v}
+ (—104976a; + 104976a, — 27000a3) v, + (104976b; + 551124b,) v3
+ (—4860a; + 314928b; + 669222, — 4860b3) v3
+ (—9720a; + 314928b; + 341172b;, — 9720b3) v, — 531441a3v°
+ 452709a3v} + 164025b2'v2 + 1810836a3v vy — 531441a3v$v§
— 3188646a3v°v5 — 7971615a3v%v5 — 10628820azv5v3
— 7971615030503 + 452709a3v vy — 531441byv205

— 3188646a5v0v, + 1810836a5v03 + 2716254a3v 02 — 9720a;
+ 4860a; — 400as + 104976b; + 59049b, — 4860b; = 0
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Setting each coefficients in (8E) to zero gives the following equations to solve

—10628820a3 = 0

—7971615a3 = 0

—3188646a3; = 0

—531441a3 =0

452709a3 = 0

1810836as = 0

2716254a3 =0

—531441b, =0

164025b, = 0

—104976a; + 104976a, = 0

—354294ay — 354294b5 = 0

—291600as — 531441b; =0

—5314410b; — 53144106, =0
—2657205b; — 53144106, = 0
—531441b; — 2657205b, = 0

104976b; 4 551124b, = 0

—209952a, + 209952a, — 27000a3 = 0
—177147a; — 1594323a, — 1771470bs = 0
—104976a; + 104976a, — 27000as = 0
—583200a3 — 2657205b; — 531441b, =0
—291600a3 — 5314410b; — 2657205b, = 0

—1062882a; — 2480058a + 87480a3 — 3542940b3 = 0
—708588a; — 2834352a2 + 29160a; — 3542940b3 = 0
—T708588a; — 1062882ay + 87480a3 — 1771470b3 = 0

—177147a; — 177147a9 + 29160as — 354294b3 = 0

—9720a; + 314928b; + 341172b, — 9720b3 = 0

—4860ay + 314928b; + 669222b, — 4860b3 = 0

—9720a; + 4860ay — 400a3 + 104976b; + 59049b, — 4860b3 = 0



CHAPTER 2. BOOK SOLVED PROBLEMS 73

Solving the above equations for the unknowns gives

a; = —bs
az = —b3
a3 =0
by =0
b, =0
bs = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for any
unknown in the RHS) gives

E=—-1—=x

n=u
Shifting is now applied to make £ = 0 in order to simplify the rest of the computation

n=n-wu)f
o (729u3m3 + 2187u3x? + 2187udx + T29u® — 432uzr — 432u — 20) (—1— 1)
243 (1 + x)?
—20 + 729(1 + z)° u? + (—189z — 189) u
243 + 243z

£=0

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (z,u) = (R, S) where (R, S) are the canonical coordinates which make the original ode
become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

do _du _

§

The above comes from the requirements that (¢ % + 776%) S(z,u) = 1. Starting with the first
pair of ode’s in (1) gives an ode to solve for the independent variable R in the canonical
coordinates, where S(R). Since £ = 0 then in this special case

ds (1)

R==x

S is found from

1 d
- —20+729(14x)3u3+(—189z—189)u Yy
2431243z
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Which results in

S = (243 + 243z) (_ln(9ux+9u+1) In (Yuz + Yu + 4) ln(9ux+9u—5))

18 (9z + 9) 243 + 243z 486 + 486

Now that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

ﬁ _ Setw(z,u)Sy @)
dR R, +w(z,u)R,

Where in the above R, R,, S;, S, are all partial derivatives and w(z,u) is the right hand
side of the original ode given by

729u3x3® + 2187u3x? + 2187wz + 729u> — 432ux — 432u — 20

w(z,u) =
(@) 243 (1 + z)?
Evaluating all the partial derivatives gives
R, =1
R,=0
_ 243u
© 204 (92 +9)® ud 4 (—189z — 189) u
243 + 243z

T 220+ (92 + 9)%uB + (—189z — 189) u
Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

ﬁ_ 1
dR 1+=z

(24)

We now need to express the RHS as function of R only. This is done by solving for z,u in
terms of R, S from the result obtained earlier and simplifying. This gives

ds 1
dR R+1

The above is a quadrature ode. This is the whole point of Lie symmetry method. It converts
an ode, no matter how complicated it is, to one that can be solved by integration when the
ode is in the canonical coordiates R, S.

Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).

/dS /R—-l-ldR

S(R)=In(R+1)+c
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To complete the solution, we just need to transform the above back to =, u coordinates. This

results in

_3In(1 +u(z) (92 +9))
2

Substituting u = u(z)

__4
3(3z+3)

_3ln (1 + <u(x) - m> (9z

+In (u(z) (92 +9) +4) +

In (=54 u(z) (92 +9))

2

in the above solution gives

+w> A

2
Simplifying the above gives

3In(3) 3In(-1+ (3z +3) u(z))

2 2

Substituting u(z) = 5t

3In(3) 31n (_1 4 3043

2z+y(z)+2

+h1<omxy—§zi::5)(&r+9)+4)+—

In (u(z) z + u(z) — 1)

=ln(1+1§)+02

In (—5 + <u(x)

___4
3(3z+

+1n (u(z) (z+1))+ 5

in the above solution gives

T

=ln(z+1)+c

r+1

2 2
=ln(z+1)+c

Simplifying the above gives

2z+y(z)+2

1
+ 2zty(z)+2 1>

Jow(gztt ),

2z +y (z)

31n(3) 3ln<2;’fy)&§:21 ) 1 z+1 ln<2zz+5((aaj))+2l )
2 2 +n(%HﬂM@+2)+ 2
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Figure 2.10: Slope field y/'(z) = %

2

=In(z+1)+c

2
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Figure 2.11: Slope field y/(z) = 2424221

Summary of solutions found

—y(z)+z+1 —z—y(z)—1
31n(3) B 3ln <2§c/+y(z)+2) 1 z+1 In (2z+5(a:)+2) (1) +e
2 2 2 +y () + 2 2 - 2

Solved using first_ order__ode_ LIE
Time used: 16.804 (sec)

Solve
2y(z) +x+1
M@=—LL———
2z +y(x)+2
Writing the ode as
(z) = 2+ +1
Y 2 +y+2

y'(z) = w(z,y(z))
The condition of Lie symmetry is the linearized PDE given by
Nz + w(nil/(ﬂc) - gﬂl) - w2€y(z) —wy§ — Wy(z)N = 0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of degree 1
to use as anstaz gives

§ = zay + yaz + ay (1E)

n = xbs +ybs + by (2E)
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Where the unknown coeflicients are

{ala a2, as, bla b2a b3}

Substituting equations (1E,2E) and w into (A) gives

+ (2y+z+1)(bs—a) 2y +z +1)%as

b
? 2r+y+2 2z +y +2)°
1 2y +z+ 1)) (5E)
- - Tas + yasz + a
(2x+y—|—2 (2x+y+2)2 ( 2 T Yas 1)
2 2y+oc+1
_ — xby +ybs +b,) =0
(2x+y+2 (2x+y+2)2>( 2+ ybs + 1)

Putting the above in normal form gives

2x2ay + x2a3 — x2by — 22%b3 + 2xyas + 4xyas — dzyby — 22ybs + 2y%as + y?as — y2by — 2y%b3 + 4zas + 2
2z +y +2)°

=0

Setting the numerator to zero gives

—2z%ay — 2%as + x2by + 22%b5 — 2zyas — 4xyas + dxybs + 2xybs (6E)
— 2%ay — y2as + y?by + 2ybs — 4xas — 2zas — 3xby + 5xby + 4abs
+ 3ya; — byas — 4yaz + 4ybs + 2ybs — 2a; — a3 — 3by + 4bs + 2b3 =0

Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y}
The following substitution is now made to be able to collect on all terms with {z,y} in them
{z =v1,y = v}

The above PDE (6E) now becomes

—2a2v% — 2a9v109 — 2&2’0% — agvf — 4a3v,V9 — agvg + bg’l}% + 4byv1v9 + b2v§ (TE)
+ 2b3’U% + 2b3’01’02 + 2b3’U% + 3&1’02 - 402’01 — 5&21)2 — 2a3v1 — 4CL3’UQ
- 3b1’l)1 + 5b2’01 + 4b2’l}2 + 4b3’U1 + 2b3’l}2 — 2a2 — asz — 3b1 + 4b2 + 2b3 =0
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Collecting the above on the terms v; introduced, and these are
{v1,v2}

Equation (7E) now becomes

(—2a2 —as + b2 + 2b3) ’U% + (—2a2 - 4&3 + 4b2 + 2b3) V1V (8E)
+ (—4a2 - 2a3 - 3b1 + 5b2 + 4b3) U1 + (—2&2 —as + b2 + 2b3) ’U%
+ (3&1 - 5(12 - 4(13 + 4b2 + 2b3) Vg — 20,2 — as — 3b1 + 4b2 + 2b3 =0

Setting each coefficients in (8E) to zero gives the following equations to solve

—2a9 — 4as + 4by + 2b3 =0

—2a9 — a3+ by +2b5 =0

3a; — bag — 4az + 4by + 2b3 = 0
—4as — 2a3 — 3b; + 5by +4b3 =0
—2a9 — a3 — 3b; +4by +2b3 =0

Solving the above equations for the unknowns gives

a; = bs
as = bs
az = by
by = be
by = by
bs = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for any
unknown in the RHS) gives

£=y
n=z+1

Shifting is now applied to make £ = 0 in order to simplify the rest of the computation

n=n-w=y)¢
2y+z+1
= 1 (22T~
T <h+y+2)@)
22 -2+ 4z +2
N 2z +y+2

£=0
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The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original ode
become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dv _dy _

F=y =48 1)

The above comes from the requirements that <§ % + 77(%) S(z,y) = 1. Starting with the first

pair of ode’s in (1) gives an ode to solve for the independent variable R in the canonical
coordinates, where S(R). Since £ = 0 then in this special case

R==z

n

1
_/2x2—2y2+4x+2 dy
2a+y+2

S is found from

Which results in

_In(+y+1) 3ln(-l-z+y)

S 4 4

Now that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

ﬁ S+ w(z,y)S, @)
dR R, + w(z,y)R,

Where in the above R,, R, S;, S, are all partial derivatives and w(z,y) is the right hand side
of the original ode given by

2u+z+1

)= sa vy ra

Evaluating all the partial derivatives gives

R, =1
R,=0
—2y—x—1
2(z+y+1)(z—y+1)
_ 2r+y+2
U 2(4+y+ ) (z—y+1)

T




CHAPTER 2. BOOK SOLVED PROBLEMS 80

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as _

dR
We now need to express the RHS as function of R only. This is done by solving for z,y in
terms of R, S from the result obtained earlier and simplifying. This gives

as _
dR
The above is a quadrature ode. This is the whole point of Lie symmetry method. It converts

an ode, no matter how complicated it is, to one that can be solved by integration when the
ode is in the canonical coordiates R, S.

0 (2A)

0

Since the ode has the form J%S(R) = f(R), then we only need to integrate f(R).

/dS=/OdR+c2

S (R) = C
To complete the solution, we just need to transform the above back to x,y coordinates. This

results in

In(z+y(x)+1) 3n(y(z)—z-1)
4 4

=02

The following diagram shows solution curves of the original ode and how they transform in
the canonical coordinates space using the mapping shown.

. . . Canonical coordi-| ODE in canonical coordinates
Original ode in x,y coordinates .
nates transformation | (R,.S)

dy _ 2yta+l s _ 0

dz 2x+y+2 dR
NNV 12787777777
NNV TS Id 7777777 .
NN\ |\ [/ fy/777 7777
\\\\%1/’/////// S(R)
— 0\ //2//////// 53
e\
e\ S
//—'4//7'2/ 7 Q\)/;//f// R=z —4 P 0 2 4
77777 N N—~——— 4 =2
2777777V N NS ———
777777 11V N NS ——
777777 7LV N NN~ =
777777111V NNNN
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sAsN\\N\V1V 11777777777
NN\ V11177777777
ASNNNNVI L1777 777
~~\\1 1777777777
-\ V1777777777
W\ /77777777
O WA
ﬂﬂ 777777777
777 ] \——r 7
N A B
77777\ N~
777771\ N~
2777770 NN SN ————
J777 71T N NN~ ——
=/ 7777711 L VNN N~—~
4 23 22 210 1 2 3 4
X

Figure 2.12: Slope field y/(z) = 2424221

Summary of solutions found

In(z+y(x)+1) 3ln(y(z) —z—-1) _
4 4

C2

v Maple. Time used: 0.096 (sec). Leaf size: 117

‘ode:=diff(y(x),x) = (x+2%y(x)+1)/ (2%x+2+y(x)) ;
‘dsolve(ode,y(x), singsol=all);

y:

(m@—l)Cﬂ@v@%ﬂx+1f—1—2ﬂm+DcOwg—&v§—3—6(&ﬁvb%ﬂm+lf—1—27

1/3
6(&@V&%ﬂx+1f—1—2ux+nq> ¢

Maple trace

Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable
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trying inverse linear
trying homogeneous types:
trying homogeneous C
trying homogeneous types:
trying homogeneous D

<- homogeneous successful
<- homogeneous successful

Maple step by step

Let’s solve

d _ a+2y(@)+1
wy(@) = ;x+z(i)+2

° Highest derivative means the order of the ODE is 1
d
zY(@)

° Solve for the highest derivative

d _ z2y(x)+1
wy(@) = 2z+Z(w)+2

/ Mathematica. Time used: 60.123 (sec). Leaf size: 1598

‘ode=D[y [x],x]==(x+2%y [x]+1) / (2xx+y [x]+2) ;
ic={};
‘ DSolve[{ode,ic},y[x],x,IncludeSingularSolutions->True]

Too large to display
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v Sympy. Time used: 98.379 (sec). Leaf size: 371

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq((-x - 2xy(x) - 1)/(2*x + y(x) + 2) + Derivative(y(x), x),0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

9z 4+ v/31/Cy + 2722 + 54z
3

, Ta
2-33:1C4 + \/g.']) —ir +
33\/01 (9x+ V3\/C, + 2722 +54x+27+9>
y(z) = V3 —i

€/§§/01 <9x+ V3./Cy + 2722 + 54x+27+9)
3

+x— +1
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2.1.5 Problem (e)

Local contents

Solved using first_ order_ode_dAlembert . ... ... ... ..... 84
Solved using first_ order ode_homog type maple_ C . ... .. .. 88
Solved using first_ order_ ode_ abel_second_ kind_ solved_ by_ convert-

ing to_first_kind . . . ... ... ... ... ... .. ... 93
Solved using first_order_ode LIE . . ... ... ... ........ Q9]
e Maple . . . . . . . . e 104
V' Mathematica . . . « o o v o e 105
VSYIMDY o o 105

Internal problem ID [20966]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises XII at page 23
Problem number : (e)

Date solved : Saturday, November 29, 2025 at 01:13:03 AM

CAS classification :

[[_homogeneous, ‘class C‘], _rational, [_Abel, ‘2nd type‘, ‘class A‘]]

Solved using first_ order__ode_ dAlembert
Time used: 2.633 (sec)

Solve
, _2x+y+1
YT vy +2
Let p = v the ode becomes
_2x+y+1
P=0 2y + 2
Solving for y from the above results in
P—2)z
=—1-— 1
y 29— 1 (1)
This has the form
y =zf(p) +9(p) (*)

Where f, g are functions of p = y/(x). The above ode is dAlembert ode which is now solved.
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Taking derivative of (*) w.r.t. = gives

p=f+(af +9) L
p—f=@f+9) L @)

Comparing the form y = zf 4+ g to (1A) shows that

_ —p+2
/= 2p — 1
g=-1
Hence (2) becomes
—p+2 ( T 2xp 4z ) ,
— =(- + - x 2A

The singular solution is found by setting g—ﬁ = 0 in the above which gives

_—p+2_0
P17

Solving the above for p results in

p=1
P2 =—1

Substituting these in (1A) and keeping singular solution that verifies the ode gives
y=x-1

y=-1—=x

The general solution is found when g—z # 0. From eq. (2A). This results in

_ —p(=)+2
/(:L') _ p(CL') 2p(z)—1 (3)
p T + 2zp(x) Az

T 2p(@)-1 " (2p(2)-1)7  (2p(z)-1)°

This ODE is now solved for p(z). No inversion is needed.

The ode

o) = - 2@ D@D~ 6+ an
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is separable as it can be written as

3x
= f(z)g(p)
Where
f@) ==
gp)=r@-1)(2p-1)(p+1)

Integrating gives

/ﬁdp=/f(w)dx

1 2
n/@—wﬂm—wﬂp+ndp:/:65“

In (p(e) +1) _ 2In(2p(z) = 1)  In(p() - 1) =ln( 1 )+C1

6 3 2 x2/3

We now need to find the singular solutions, these are found by finding for what values g(p)
is zero, since we had to divide by this above. Solving g(p) = 0 or

r-1)2p-1)(p+1)=0

for p(z) gives

p(z) = -1
p(z) =1

Now we go over each such singular solution and check if it verifies the ode itself and any
initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (p(x) + 1) _2111(2]9(:17)—1)_'_111(17(3”)_1) =ln( 1 )+C1

6 3 2 x2/3
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Substituing the above solution for p in (2A) gives

Yy
B z(— RootOf ((—16e5 + )74 (=328 4 22%) 72 — 24 7PeSr —8 Zebr — efer) +1)

2RootOf ((—16ebe1 + z4) _ Z* + (—32eb1 +234) _Z° — 24 ZPebc1 — 8 Zebr —eber) 41
-1

y=-1-—=x
y=z—1

Simplifying the above gives

y=z—1
y=—-1—=x

Y
_ (—z —2)RootOf ((—16e%* +z*) _Z* + (—32e% +2z*) _Z° — 24 ZPeSr —8_ Zeb — ) + 1 — 1

2 RootOf ((—16 eber ac‘l)_Z4 + (—32eber 4 23154)_Z3 — 24 ZPebcr — 8 Zeber — eﬁcl) +1

y=—-1-=x
y=z—1
H\NN\N~N~—>> 77777777
\N\N~—=—>~ 77777777
ANNNN——F 777777
\\NN\NN~—=> 77777
\ \\NN\N~N—=—~ /7777777
VNN~ /7777]
[TV \NN\NN="7777777
yx) o9l 111\ N\N="7777777
11111 VN"77777171
_drrrrrrtorrrrrry
11T Tl oL
J177777N\V11111
277777 777—=N\\ 1111
JI7777777=~\\ 111
R PSS
4 -3 —2 =1 0 1 2 3 4
X

. . _ 2z4y+1
Figure 2.13: Slope field y' = 25545
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Summary of solutions found

)

_ (—z —2)RootOf ((—16e%* +z*) _Z' + (—32e% +2z*) _Z° — 247’5 —8_ Zebt — ) + 2 — 1
N 2 RootOf ((—16 eber + .’IJ4)_Z4 + (—32ebe1 4 2av4)_Z3 — 24 ZPebcr — 8 Zebor — eﬁcl) +1
y=—-1—=x

y=z—1

Solved using first_ order__ode__homog_type_maple C
Time used: 1.127 (sec)

Solve
y,:2x+y+1
T+ 2y+2

Let Y =y — yo and X = x — z, then the above is transformed to new ode in Y(X)

d 2X + 220+ Y (X) +yo+ 1
—Y(X) =
dX X+$0+2Y(X)+2y0+2

Solving for possible values of xy and yo which makes the above ode a homogeneous ode results
in

To = 0

Yo=-1
Using these values now it is possible to easily solve for Y (X). The above ode now becomes

d _2X +Y(X)
axY X =3y (X)

In canonical form, the ODE is

Y'=F(X,Y)
2X +Y
X427 (1)

An ode of the form Y’ = %gg%) is called homogeneous if the functions M(X,Y) and N(X,Y)

are both homogeneous functions and of the same order. Recall that a function f(X,Y) is
homogeneous of order n if

FEX,4"Y) = " f(X,Y)
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In this case, it can be seen that both M = 2X+Y and N = X +42Y are both homogeneous and
of the same order n = 1. Therefore this is a homogeneous ode. Since this ode is homogeneous,
it is converted to separable ODE using the substitution u = %, or Y =uX. Hence

dY du
axX ~ax >t
Applying the transformation Y = uX to the above ODE in (1) gives
du u—+2
d_XX tu= 2u+1
du QZ:L((XX);?l —u(X)
dx X
Or X432
iu(X) _ 2u(X)+1 — u(X) _0
dX X
Or p p
2 —
2<qu(X)) Xu(X) + (qu(X))X+2u(X) 2=0
Or

24 (2u(X) + 1) X (%U(X)) +2u(X)?=0
Which is now solved as separable in u(X).

The ode
d o 2u(X) = 1) (u(X)+1)
XU =T X

(2.8)

is separable as it can be written as

d 2(u(X) — 1) (w(X) + 1)
X=X
= f(X)g(u)
Where
=%
o = _22)4(—U1+ :

Integrating gives

/ﬁu)du=/f(X)dX

/ (w —2?)—2_u1+ 1) du = /_% ax
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X2

In(w(X)+1) 3ln(u(X)-1) 1
5 + 5 =In (—) +

We now need to find the singular solutions, these are found by finding for what values g(u)
is zero, since we had to divide by this above. Solving g(u) = 0 or

(u—1)(u+1)
2u+1

=0

for u(X) gives
u(X)=-1
uw(X)=1

Now we go over each such singular solution and check if it verifies the ode itself and any
initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(X) +1) , 3In (u(X) - 1) =ln( L ) Loy

2 2 X2
uw(X)=-1
uw(X) =1
Converting ln(”(f)"'l) + 3ln(”(2X)‘1) =1In (5) + ¢1 back to Y(X) gives
Y(X)+X Y(X)-X
ln( ()g > 3111( ()g > 1
5 2 =hixz)ta

Converting u(X) = —1 back to Y (X) gives
Y(X)=-X

Converting u(X) = 1 back to Y (X) gives
Y(X)=X

Using the solution for Y (X)

) )y,

2 + 2 X?
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And replacing back terms in the above solution using
Y =y+yo
X=zg+zx
Or
Y=9y-1
X==x
Then the solution in y becomes using EQ (A)
o <062+Ty+1> + 3o (?;%H) =In (iz) +c
Using the solution for Y (X)
Y(X)=-X (A)
And replacing back terms in the above solution using
Y =y+w
X=x+z
Or
Y=y-1
X=x
Then the solution in y becomes using EQ (A)
y+1l=—x
Using the solution for Y'(X)
Y(X)=X (A)

And replacing back terms in the above solution using

Y=y+uw
XI.’E()+£E

Or
Y=9y-—-1

X=z
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Then the solution in y becomes using EQ (A)
y+1l==z

Solving for y gives

z+y+1 y—a+1
In (&2 )+3ln( > )zln(l)—i-cl

2 2 2
y=-1-—=zx
y=z—1

H\NNN~—>> 77777777
\\N\~——>~>77777777
ANNNN——F 7777
\\NN\NN~—=— /777777
VAVNN\N——~//777777
BTV \NN\NN~=—//777777
[TV \N\NN="7777777
yx) ol 111 \N\N="7777777
T11 11 VN"77777171
_drrrrrrt o7y rrrrd
1177777000171 11
J777777NV1 1111
277777777 —=\\ 1111
J7777777—=~\\1|11

-+ /777777 7=\ |

—4 -3 —2 =1 0 1 2 3 4

X

. . _ 2z4y+1
Figure 2.14: Slope field y' = 75V

Summary of solutions found

In (2££) 3 (*55) 1
9 + 5 =In (—2) +c
y=—-1—=x

y=z—1
Solve

, _2x+y+1
YT vy +2
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Applying transformation

1

Y7 u@)
Results in the new ode which is Abel first kind

_ 2z +zu(z) +1
T x4+ 2zu(z) +2

u(z) + zu'(z)
Which is now solved Unknown ode type.

Solved using
first_ order__ode__abel_second__kind_ solved_ by_ converting to_ first_ kind

Time used: 1.480 (sec)
This is Abel second kind ODE, it has the form

(y(@) +9)¥ (@) = fol@) + fiz)y(z) + fol2)y(z)’ + fa(z)y()®

Comparing the above to given ODE which is

2z +y(z) +1
!
LA e 1
y(z) z + 2y (z) + 2 (1)
Shows that
T
=1+ 2
1
f0=$+§
1
fi=s
fo=0
fs=0

Applying transformation
y(z) = m -9

Results in the new ode which is Abel first kind

o' (z) = —% — u(z)?
Which is now solved.
To solve an ode of the form p
M(z,y) + N(z,y) 7 =0 (4)

dz
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We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the ode.
Taking derivative of ¢ w.r.t. x gives

d
Hence 96 06d
Yy _
ox + Ooydr 0 (B)
Comparing (A,B) shows that
09
M
oz
09
T _N
9y
But since %gy = ;: g’x then for the above to be valid, we require that
oM  ON
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need to
determine ¢(x,y) but at least we know now that we can do that since the condition % =
% is satisfied. If this condition is not satisfied then this method will not work and we have
to now look for an integrating factor to force this condition, which might or might not exist.

The first step is to write the ODE in standard form to check for exactness, which is

M(z,u)dz+N(z,u)du =0 (1A)
Therefore
du = <—§u3z — u2) dx
4
(Zu?’x + u2) dr+du=0 (2A)

Comparing (1A) and (2A) shows that

M(z,u) = zu:)’x + u?

N(z,u)=1

The next step is to determine if the ODE is is exact or not. The ODE is exact when the

following condition is satisfied
oM _ ON

u Oz
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Using result found above gives

8_M = 2 (Zu?’x + u2>

ou ou
= gx u? + 2u
4
And
aN
B = (1)

Since %—Af # 88—];’, then the ODE is not exact. Since the ODE is not exact, we will try to find
an integrating factor to make it exact. Let

oM ON
A= (% - %)

= 1((§zu2 + 2u> - (0))

9
= qu2+2u

Since A depends on wu, it can not be used to obtain an integrating factor. We will now try a
second method to find an integrating factor. Let

a2

oz ou
4 9
= (- (2 2
u? (3uz + 4) <(0) <4xu * u))
_ —ux — 8
T 3zu2+4u

Since B depends on z, it can not be used to obtain an integrating factor.We will now try a
third method to find an integrating factor. Let

ON _ oM
— Oz Ou
M — yN

R is now checked to see if it is a function of only ¢ = xu. Therefore

ON _ M
— Oz ou
M —yN

(0) — (3zu® + 2u)
z (3udz +u?) —u(l)
—9uzr — 8
3u?z? + dux — 4
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Replacing all powers of terms zu by t gives

=938

3244t —4
Since R depends on ¢ only, then it can be used to find an integrating factor. Let the integrating
factor be p then

p= ef Rdt
—9t—8
= ef(3t2+4t—4> dt
The result of integrating gives
5In(t+2) 7In(3t—2)
p=e 4 i

1
(t +2)%* (3t — 2)7/

Now t is replaced back with zu giving

1
(uz + 2)** (Buz — 2)"/*

Multiplying M and N by this integrating factor gives new M and new N which are called
M and N so not to confuse them with the original M and N

_ 1 3 2
" (wz+ 27 Buz — 2 (4“ T )
B u?(3uz + 4)

4 (uz + 2)** (Buz — 2)7*

And

1
(uz + 2)5/4 (Bux — 2)7/4 @
1

(uz + 2)%* (3uz — 2)"/*

A modified ODE is now obtained from the original ODE, which is exact and can solved. The
modified ODE is

u?(3uz + 4) 1 du
5/4 72 | T 5/4 774 | 3. 0
4 (ux + 2)°"" (ux — 2) (uz +2)”"" (3uz — 2) dz
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The following equations are now set up to solve for the function ¢(x,u)

o¢ 0

8w:M
0p  —
%_N (2)

Integrating (1) w.r.t. = gives
@ dx = / Mdx
ox

¢ u?(3uz + 4)
o dz = 5/4 774 4T
Oz 4 (uz +2)”" (Sux — 2)

u
¢= 4 (uz + 2)1/4 (Buz — 2)3/4 A

(3)

Where f(u) is used for the constant of integration since ¢ is a function of both z and u

Taking derivative of equation (3) w.r.t u gives

@ — ux n Qux
Ou 16 (uz +2)°* (Buw —2)"* 16 (us +2)'/* (3uz — )" 4
- 1 o
4 (uz + 2)"* (Buz — 2)**
1 /
= + f'(u)

a (uz + 2)** Buz — 2)"/*

77z- Lherefore equation (4) becomes

. % _ 1
But equation (2) says that 7% = I T—

1 1 ,
= w12 G2y T ©)

(uz + 2)** (Buz — 2)"/*

Solving equation (5) for f'(u) gives

fi(w)=0
Therefore
flu)=a
Where ¢; is constant of integration. Substituting this result for f(u) into equation (3) gives ¢

6= - . +e
4(uz +2)"* Buz —2)%*
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But since ¢ itself is a constant function, then let ¢ = c, where ¢y is new constant and
combining ¢; and ¢y constants into the constant c; gives the solution as

u
4 (uz + 2)"* Buz — 2)¥/*

Cl = —

Substituting u(z) = m in the above solution gives
- 1/4 s - 3/4 =a
4 <y(w)-ix-1+% + 2> <y(z)f1+% - 2) (y(z)+1+3)
Simplifying the above gives
B —y(z)+z—1 3/4 x+ (ac)-i—ll 1/4 -a
(zg—Qy(w)—i-Q > <x+2l{y(z)+2) (8.’17 + 16y (117) + 16)
HNN~N~—=—> /7777777
\N\N~—=—>—~77777777
ANNNN——=— 777777
\\NN\N~—=~~ /7777777
VANNNSN——— /77777
NIV V\NN~=7 77777
1L \\NN=—/7777177
yx) ol 114\ N="77777717
T11 11t WN"777771717
_dlrrrrrtor
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J71777777NV1 1111
27777777 =NV
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Figure 2.15: Slope field y'(z) = iﬁgg;ié
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HNN~N~——>~ 7777777
\\N~—=~>~ 77777777
ANNNN—— 7777
VNN\NN~—=—~~/777777
L ANNNSN—— 7777
MWV~ /77777
[T VNN\NN=—7777777
yx) ol (N \N=~77777777
T111 N7 7777717
_d ittt o rrrrr
111777000l
J777777-NV1 1111
27777777 7=N\N\V
J7777777=~N\\ |
-/ 777777 7=\ |
“4 -3 -2 -1 0 1 2 3 4
X
Figure 2.16: Slope field y/'(z) = i‘fgzg;ié
Summary of solutions found
(—y@re-1 |Vt (o (ac)+11 /4 -
() (2485) " (82 +16y(z) +16)
Solved using first_ order_ode_ LIE
Time used: 18.617 (sec)
Solve
oy 2z 4y(r)+1
y(e)= z+2y(z)+2
Writing the ode as
iy 2x+y+1
Vo) = ey

y'(z) = w(z,y(z))
The condition of Lie symmetry is the linearized PDE given by
Nz + w('ny(w) - 596) - wzfy(m) — wy§ — Wy(z)N = 0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of degree 1
to use as anstaz gives

§ = zay + yaz + ay (1E)
n = xbs +ybs + by (2E)
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Where the unknown coeflicients are

{ala a2, as, bla b2a b3}

Substituting equations (1E,2E) and w into (A) gives

(2r+y+1)(bs—a2) 2z +y+1)%as

by +
2 T+ 2y +2 (z+2y +2)°
2 2c+y+1 ) (5E)
— - zas + yas + a
(:v+2y—|—2 (3:—|—2y—|—2)2 ( 2 T Yas 1)
1 2(2x+y+1))
_ - xby +yb3 + b)) =0
<x+2y+2 (z + 2y + 2)° (@bz +ybs + b1)

Putting the above in normal form gives

_ 2a%ay + 4a*az — 4a®by — 22°b3 + 8xyas + dxyas — dwyby — 8wybs + 2y’as + dy*az — 4y*b; — 2y%b; + 8xa;
(z+2y +2

=0

Setting the numerator to zero gives

—22%ay — 42%a3 + 42°by + 22°bs — 8xyay — 4xyas + 4axybs + Sxybs (6E)
— 2y%ay — 4y%as + 4y%by + 2y%bs — 8xay — 4xas + 3xby + 4xby + 5bs
— 3ya; — 4yas — Syaz + 8ybs + 4ybs — 3a; — 2a5 — a3z + 4bs + 2b3 =0
Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y}
The following substitution is now made to be able to collect on all terms with {z,y} in them

{z =v1,y = v}

The above PDE (6E) now becomes

—2a2v% — 8asv1vg — 2a2v§ — 4a3v% — 4azv vy — 4a3v§ + 4b2v% + 4byv1v9 (TE)
+ 4b2’U§ + 2b3’U% + 8b3’l)1’02 + 2b3’Ug - 304’02 — 8(12’01 — 4a2v2 — 4&3’01 — 5a31)2
+ 3b1’01 + 4b2’l)1 + 8b2’l)2 + 5b3’l}1 + 4b3’l)2 - 3a1 - 2a2 — a3+ 4b2 + 2b3 =0
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Collecting the above on the terms v; introduced, and these are
{v1,v2}

Equation (7E) now becomes

(—2a2 - 4CL3 + 4b2 + 2b3) ’U% + (—8(12 — 4(13 + 4b2 + 8()3) V1V (8E)
+ (—8a2 — 4a3 + 3b1 + 4b2 + 5b3) V1 + (—2&2 — 4&3 + 4b2 + 2b3) ’U%
+ (—3a1 — 4(12 — 5(13 + 8b2 + 4b3) Vg — 3&1 - 2&2 — a3+ 4b2 + 2b3 =0

Setting each coefficients in (8E) to zero gives the following equations to solve

—8ay — 4a3 + 4by + 8b3 =0

—2a9 — 4as +4by + 2b3 =0

—3a; — 4as — bas + 8by + 4b3 =0
—3a; — 2a9 — a3 +4by +2b5 =0
—8ay — 4as + 3b; + 4by + 5b3 =0

Solving the above equations for the unknowns gives

a; = by
as = bs
az = by
by = b3
by = by
bs = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for any
unknown in the RHS) gives

(=2
n=y+1

Shifting is now applied to make £ = 0 in order to simplify the rest of the computation

n=n-—w(y)¢
2r+y+1
= 1— (=2 1gd -
y+ <x+2y+2>(x)
—22% + 2% + 4y + 2
T+2y+2

£=0
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The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original ode
become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dv _dy _

F=y =48 1)

The above comes from the requirements that <§ % + 77(%) S(z,y) = 1. Starting with the first

pair of ode’s in (1) gives an ode to solve for the independent variable R in the canonical
coordinates, where S(R). Since £ = 0 then in this special case

R==z

S is found from

1
= 2 1002 dy
—22242y%+4y+2
T+2y+2

Which results in

In(z+y+1) +3ln(—w+y+1)

5= 4 4

Now that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

ﬁ S+ w(z,y)S, @)
dR R, + w(z,y)R,

Where in the above R,, R, S;, S, are all partial derivatives and w(z,y) is the right hand side
of the original ode given by

_2z+y+1
oz 42y +2

w(z,y)
Evaluating all the partial derivatives gives

R,=1
R,=0

2r+y+1
2+y+1)(z—y—1)
g —r—2y—2
Y 2@4y+ ) (z—y-1)

T
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Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as _

dR
We now need to express the RHS as function of R only. This is done by solving for z,y in
terms of R, S from the result obtained earlier and simplifying. This gives

as _
dR

0 (2A)

0

The above is a quadrature ode. This is the whole point of Lie symmetry method. It converts
an ode, no matter how complicated it is, to one that can be solved by integration when the
ode is in the canonical coordiates R, S.

Since the ode has the form J%S(R) = f(R), then we only need to integrate f(R).

/dS=/OdR+c2

S (R) = C
To complete the solution, we just need to transform the above back to x,y coordinates. This
results in

In(z+y(z) +1) N 3ln(y(z) —z+1)
4 4

=c2

The following diagram shows solution curves of the original ode and how they transform in
the canonical coordinates space using the mapping shown.

Original ode in z, y coordinates
& ey nates transformation | (R,.S)

Canonical coordi- | ODE in canonical coordinates

dy _ 2z+y+1 ﬁzo

dzx +4+2y+2 dR
NN~ T
NN~——— 7 ST 5
\N\NN~——— >~ 7 77777
\\\~yy—F "7 StR)
\\NN\NN~—m 'k
1 V\NNN—~—F 7]
T 11 \\N~—=F" /77777
R Y R STRE S R R
777777 ANI 1| g2ty B 4
J7 7777 7%=\ 1111 4 =2
J7 7777 7 4—=~\\ |11
77777 =N\
g7 77777 N\ =4
ST T ==~
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HN\NN\N~N~—>> 77777777/
\\N~—=—>~7,7777777
ANNNN—— 7777
\\NN\NN~—=>7/777777
\ \N\NNN—— /777777
D\~ 77777
[TV \N\NN="7777777
yx)y ool 11Vt \N="7777777
11111 VN"777771717
_drrrrrrtorrrrrry
1117777
J1777777\V 11111
27777777 =N\\V 1111
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X
Figure 2.17: Slope field y'(z) = i‘gzggié

Summary of solutions found

In(z+y(zx)+1) 4 3ln(y(z) —z+1)
4 4

:cz

v Maple. Time used: 0.293 (sec). Leaf size: 29

‘ode:=diff(y(x),x) = (2xx+y (x)+1) / (x+2xy (x)+2) ;
‘dsolve(ode,y(x), singsol=all);

— RootOf (—201 D+ 7 — 1) +(z—-1)¢

&1

y:

Maple trace

Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying homogeneous C
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‘trying homogeneous types:
‘trying homogeneous D

‘<— homogeneous successful
L<- homogeneous successful

Maple step by step

Let’s solve

d _ 2z+4y(z)+1
wy(@) = xﬁ-2Z(i)+2

° Highest derivative means the order of the ODE is 1
d
&Y(2)

° Solve for the highest derivative

d _ 2z4y(x)+1
Ey(x) - x+23§x§+2

v/ Mathematica. Time used: 60.121 (sec). Leaf size: 2637

‘ode=D [y [x],x]==(2xx+y [x]+1) / (x+2%y [x]+2) ;
‘ic={};
DSolve[{ode,ic},y[x],x,IncludeSingularSolutions->True]

N\

Too large to display

v/ Sympy. Time used: 48.169 (sec). Leaf size: 1122

from sympy import *

X = symbols("x")

y = Function("y")

ode = Eq(Derivative(y(x), x) - (2*x + y(x) + 1)/(x + 2*y(x) + 2),0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

Solution too large to show
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2.2 Chapter 1. First order equations: Some integrable
cases. Excercises XIII at page 24

Local contents

221 Problem (a) . . . . . . ... 107
222 Problem (c) . . . . ... 120
223 Problem (d) . . ... ... .. 129
224 Problem () . . . . . . ... 146
225 Problem (f) . ... ... ... 1541
226 Problem (g) . . . . . . . ... 1631
227 Problem (h) . . ... ... .. .. 180
228 Problem (i) . ... ... ... 203
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2.2.1 Problem (a)
Local contents

Solved using first_ order_ode_autonomous. . . . .. ... ... ... 107
Solved using first_order _ode_bernoulli . ... ... ... ... ... 109
Solved using first_order _ode_exact . .. .. ... ... ....... I1Tl
Solved using first__order ode_dAlembert . . ... ... ....... [115]
v Maple . . . . . . . e 118
V' Mathematica . . . « o o v o e 119
v Sympy . . ..o e 119

Internal problem ID [20967]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.

Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises XIII at page 24

Problem number : (a)
Date solved : Saturday, November 29, 2025 at 01:14:10 AM
CAS classification : [_quadrature]

Solved using first_ order__ode__autonomous
Time used: 0.061 (sec)

Solve

Integrating gives

1
[ o=

yl/?’:x—i-cl

Singular solutions are found by solving

3*% =0

for y. This is because we had to divide by this in the above step. This gives the following

singular solution(s), which also have to satisfy the given ODE.

y=20
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The following diagram is the phase line diagram. It classifies each of the above equilibrium
points as stable or not stable or semi-stable.

Figure 2.18: Phase line diagram
Solving for y gives

y=0

y=ch +3ciz +3c; 2° + 2°
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Figure 2.19: Slope field ¢’ = 3y%/3
Summary of solutions found
y=0
y=c+3ciz+ 3¢, % + 2°
Solved using first_ order__ode__bernoulli
Time used: 0.170 (sec)
Solve
y/_3y2/3
In canonical form, the ODE is
y/ = F(IE,y)
=3y2/3
This is a Bernoulli ODE.
Y =(3)y* (1)
The standard Bernoulli ODE has the form
y' = fo(2)y + fi(x)y" (2)

Comparing this to (1) shows that

fo=0
fi=3
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The first step is to divide the above equation by y™ which gives

y/

— = fi(z) 3)
)

The next step is use the substitution v = y'~" in equation (3) which generates a new ODE in

v(z) which will be linear and can be easily solved using an integrating factor. Backsubstitution

then gives the solution y(z) which is what we want.

This method is now applied to the ODE at hand. Comparing the ODE (1) With (2) Shows
that

fo(.’L’) =0
fi(z) =3
2
"=3

Dividing both sides of ODE (1) by y™ = y*? gives
;1
T 0+3 (4)

Let

=y (5)
Taking derivative of equation (5) w.r.t  gives

1
= W?J’ (6)

/

Substituting equations (5) and (6) into equation (4) gives
3v'(z) =3
V=1 (7)
The above now is a linear ODE in v(z) which is now solved.

Since the ode has the form v'(z) = f(z), then we only need to integrate f(z).

[av=[1d0

v(iz)=x+c

The substitution v = y*~" is now used to convert the above solution back to y which results
in

1/3

Yy’ =+
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Solving for y gives
y = c} +3ciz + 3c; 2° + 2°
sttt ettt
Pttt
ATt
Pttty
et rrr et
DIttt
111 rrrrrrrrry
y(x) o
_l—
_2—
_3—
“4 -3 =2 -1 0 1 2 3 4
X
Figure 2.20: Slope field y' = 3y?/3
Summary of solutions found
y=ci +3ciz +3c; 2° + 2°
Solved using first_ order__ode__exact
Time used: 0.127 (sec)
To solve an ode of the form p
M(z,y)+ N(z,y) 22 =0 (4)

dz

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the ode.
Taking derivative of ¢ w.r.t. x gives

Hence

Comparing (A,B) shows that

d

0 , 99 dy _

or T oyds

op
5. =M
op
=N
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But since aa g = a a then for the above to be valid, we require that
yox
oM  ON
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need to

determine ¢(x,y) but at least we know now that we can do that since the condition D¢ _

dxdy
;’; 3"5 is satisfied. If this condition is not satisfied then this method will not work and we have

to now look for an integrating factor to force this condition, which might or might not exist.
The first step is to write the ODE in standard form to check for exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
dy = (3y2/ 3) dx
(—3;1/2/3) dr+dy =0 (2A)
Comparing (1A) and (2A) shows that
M(.’E, y) = _3y2/3
N(z,y) =1

The next step is to determine if the ODE is is exact or not. The ODE is exact when the
following condition is satisfied

oM _ oN
oy Oz
Using result found above gives
By oy ")
2
= W
And
ON
1
B = ( )
= O

Since %M %]Z , then the ODE is not exact. Since the ODE is not exact, we will try to find

an integrating factor to make it exact. Let
Az L(om_on
Oy ox

- ((—ﬁ) ~0)

2
g
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Since A depends on y, it can not be used to obtain an integrating factor. We will now try a
second method to find an integrating factor. Let

ON OM
B= (%‘a—y)

Since B does not depend on z, it can be used to obtain an integrating factor. Let the
integrating factor be . Then

p= e/ Bdy
—o)
The result of integrating gives
w= e__zbgy)
_ L
y2/3

M and N are now multiplied by this integrating factor, giving new M and new N which are
called M and N so not to confuse them with the original M and N.

M =uM
1
_ y2/3( 3y

=-3

2/3)

And

1
=W(1)
1
= o5

So now a modified ODE is obtained from the original ODE which will be exact and can be
solved using the standard method. The modified ODE is

M+

N
1
y2/3

Q Q

/\
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The following equations are now set up to solve for the function ¢(z,y)

0p —
b~

Integrating (1) w.r.t. z gives
% dxr = / M dx
ox

o .
a—xdx = /—3dx

¢ =—3z+ f(y) (3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and y.
Taking derivative of equation (3) w.r.t y gives

¢ .
By =0+ f'(y) (4)

But equation (2) says that g—dy’ = y2—1/3 Therefore equation (4) becomes
1 !
T A 0+ f'(y) (5)

Solving equation (5) for f'(y) gives

Integrating the above w.r.t y gives

/f’(y) dy=/<ﬁ) dy
fy) =3y"2+c

Where c¢; is constant of integration. Substituting result found above for f(y) into equation
(3) gives ¢
¢=—3z+3y"3 4+ ¢
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But since ¢ itself is a constant function, then let ¢ = c, where ¢y is new constant and
combining ¢; and ¢y constants into the constant c; gives the solution as

¢; = —3z + 3y'/3

Solving for y gives

1
ci’ + —c§z+cl z? 4 23

Yy=o1973
co I I OO O O B A O O R O O
A A O O O B
Do I O O O O O O B A O |
f1rr1r 1111101101101
ettt rrd
Nrrrrrrrrrrrrrt
f1 77710 rrrrrry
y(x) 0
_l—
_2—
_3—
4 =3 —2 -1 0 1 2 3 4

x
Figure 2.21: Slope field y' = 3y?/3

Summary of solutions found

1
y:2—70i’+§c§x+clx2+x3

Solved using first_ order__ode_ dAlembert
Time used: 0.703 (sec)

Solve

Let p = ¢ the ode becomes
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Solving for y from the above results in

3/2
y=Y3r 0
This has the form
y=zf(p) +9(p) *)

Where f, g are functions of p = y/(x). The above ode is dAlembert ode which is now solved.

Taking derivative of (*) w.r.t. x gives

p=f+(af +9) L

p—f=@f +9) L e

Comparing the form y = zf + g to (1A) shows that
f=0

V3p3/2
)

g
Hence (2) becomes

p= V2/PP(E) )

The singular solution is found by setting j—m = 0 in the above which gives
p=20

Solving the above for p results in
p1 =0

Substituting these in (1A) and keeping singular solution that verifies the ode gives
y=0

The general solution is found when g—z # 0. From eq. (2A). This results in

() =2v3/p(z) (3)

This ODE is now solved for p(z). No inversion is needed.
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Integrating gives

/%dpzdz

3
3
Singular solutions are found by solving
2v3/p=0

for p(z). This is because we had to divide by this in the above step. This gives the following
singular solution(s), which also have to satisfy the given ODE.

p(z) =0

Substituing the above solution for p in (2A) gives

y = ((z + 01)2)3/2

y=20

The solution

y=((z+ 01)2)3/2

was found not to satisfy the ode or the IC. Hence it is removed.

1
SN T A A —a —a —s
N T A A A —s —s
A N S S
N S e e N
A N S S
N S e e N
N e S
N S e S N
N e S
N S e S N
N e S
N S S
B N e S
N S S
N S e

-4 -3 -2 -1 0 1 2 3 4
x
Figure 2.22: Slope field y' = 3y?/3
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Summary of solutions found

y=0

e Maple. Time used: 0.000 (sec). Leaf size: 14

Lode:=diff (y(x),x) = 3*y(x)~(2/3);
Ldsolve(ode,y(x), singsol=all);

3 _g—¢=0

Maple trace

Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

<- Bernoulli successful

Maple step by step

Let’s solve

wy(z) = 3y(z)
° Highest derivative means the order of the ODE is 1
()
° Solve for the highest derivative
Ly(x) = 3y(z)””?
° Separate variables
Y@
y(@)*® 3
° Integrate both sides with respect to x

[ 3D 4y = [ 3dz + C1

y(@)*/®
. Evaluate integral

3y(z)"® =3z + C1
o Solve for y(x)
y(z) =234+ C12*+ 3z C1°+ LC1°

2/3

° Simplify
3
y(z) = (@ + )
o Redefine the integration constant(s)

y(@) = (@ + C1)’
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v/ Mathematica. Time used: 0.064 (sec). Leaf size: 22

p
|ode=D[y[x],x]==3xy[x]~(2/3);

‘ic={};
LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

~

1 3
y(x) — 2—7(3x +¢1)
y(z) =0

Ve Sympy. Time used: 0.104 (sec). Leaf size: 22

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq(-3*y(x)**(2/3) + Derivative(y(x), x),0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

_Cf  Ciz 2, .3
y(x)—2—7+T+Clx +z
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2.2.2 Problem (c)
Local contents

Solved using first_ order_ode_autonomous. . . . .. ... ... ... 120
Solved using first_order _ode_exact . .. .. ... ... ....... 122
v Maple . . . . . . . e 127
V' Mathematica . . . . o o o e 128
VSYIMDY o o e 178

Internal problem ID [20968]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.

Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises XIII at page 24

Problem number : (c)
Date solved : Saturday, November 29, 2025 at 01:14:28 AM
CAS classification : [_quadrature]

Solved using first_ order_ode_ autonomous
Time used: 0.038 (sec)

Solve

V= i+

Integrating gives

| ey =ds
Vy(=y+1)
arcsin(2y—1) =z +¢

Singular solutions are found by solving

Vy(=y+1)=0

for y. This is because we had to divide by this in the above step. This gives the following

singular solution(s), which also have to satisfy the given ODE.

y=0
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The following diagram is the phase line diagram. It classifies each of the above equilibrium
points as stable or not stable or semi-stable.

y = 0.

Figure 2.23: Phase line diagram
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Solving for y gives

1 r— 77~
YA dddydd

“4 -3 -2 -1 0 1 2 3 4
x
Figure 2.24: Slope field ¥y = \/y (—y + 1)

Summary of solutions found

_1 +sin(z+cl)

Solved using first_ order_ode_ exact
Time used: 0.160 (sec)

To solve an ode of the form p
Y
We assume there exists a function ¢(x,y) = c¢ where c is constant, that satisfies the ode.

Taking derivative of ¢ w.r.t. x gives

d
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Hence 96 0d
Y
— —_—— T B
Oor Oydx 0 (B)
Comparing (A,B) shows that
o
T M
oz
99
T _N
Oy
But since ;;gy = 8(9: g; then for the above to be valid, we require that
oM _ 0N
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need to

determine ¢(z,y) but at least we know now that we can do that since the condition 86—;% =
82¢

Syon is satisfied. If this condition is not satisfied then this method will not work and we have

to now look for an integrating factor to force this condition, which might or might not exist.
The first step is to write the ODE in standard form to check for exactness, which is
M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
dy= (Vi D) do
(—\/y(TH)) dz+dy =0 (24)
Comparing (1A) and (2A) shows that

M(z,y) = —vVy(-y+1)
N(xvy)zl

The next step is to determine if the ODE is is exact or not. The ODE is exact when the
following condition is satisfied

oM _oN
oy Oz
Using result found above gives
oM
(= —uy+1
9 ~ 9 ( y(-y+ ))
2y — 1
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And
ON 9
o~ oV
=0

Since %—A; %—JZ, then the ODE is not exact. Since the ODE is not exact, we will try to find

an integrating factor to make it exact. Let

am k(2o

- N oy Oox
B B 1—-2y _
_1<< 2 y(—y+1)) (O)>
_ 2y —1

2v/-y(y—1)

Since A depends on y, it can not be used to obtain an integrating factor. We will now try a
second method to find an integrating factor. Let

1 /ON OM
=455

ox Oy
— _;<(0) _ <_i>>
—y(y—1) 2\/y(-y+1)
o 1—2
S 2y(y-1)

Since B does not depend on z, it can be used to obtain an integrating factor. Let the
integrating factor be . Then

p=e J Bdy
= e‘f % dy
The result of integrating gives
_In(y(y=1))
l‘[’ = e 2
1

Vyly—1)

M and N are now multiplied by this integrating factor, giving new M and new N which are
called M and N so not to confuse them with the original M and N.

= ————(-Vy(y+D)

y(y—1)
Vy-1)
y(y—1)
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And
N =uN
— ;(1)
y(y—1)
1
y(y—1)

So now a modified ODE is obtained from the original ODE which will be exact and can be
solved using the standard method. The modified ODE is

~dy
M+ N-=2
+ dz

( \/—y(y-1)> ( 1 ) dy _
_y - = 7 + J— = =
y(y—1) yly-1)) dz

The following equations are now set up to solve for the function ¢(z,y)

o¢
ox
¢
Ay

0 . [
adx—/de

dx—/ s y= 1

=0

1)
2)

I
<

I
2|

Integrating (1) w.r.t. z gives

¢=—V‘“y‘”x+ﬂw 3)

y(y—1)

Where f(y) is used for the constant of integration since ¢ is a function of both z and y.
Taking derivative of equation (3) w.r.t y gives

0¢ z(1 - 2y) —yy—-Daz2y—-1)
= =- + + 4
O 2=y -DVyly—1) 2(y(y—1))°? 7@ @
=0+ f(y)
But equation (2) says that a¢ = \/ﬁ Therefore equation (4) becomes
0+ /() ©)

y(y—1)
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Solving equation (5) for f'(y) gives

ooy 1
f(y)——ry_l)

Integrating the above w.r.t y gives

/f'(y)d?J:/ (ﬁ) dy
f(y)=ln(—%+y+\/m)+c1

Where c¢; is constant of integration. Substituting result found above for f(y) into equation

(3) gives ¢
PO Ve 1 LN (—%—i—y—l—m) +a

y(y—1)

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢y is new constant and
combining c¢; and cy constants into the constant c; gives the solution as

. \/—y(y—1)$ 1 2
€L = — NOIOES) +ln(—§+y+\/y —y)

Simplifying the above gives

@)y —1) - (-1+2+2/5G— 1) V-1 +v-y@-Dz
y(y—1)

=Cl
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1777~
YA dddydd

“4 -3 -2 -1 0 1 2 3 4
x
Figure 2.25: Slope field ¥ = \/y (—y + 1)

Summary of solutions found

@ y(y—1)—1n(—1+2y+2\/y(y—1)> Vy-D+vV-yly-1z
yy—1) -

v Maple. Time used: 0.003 (sec). Leaf size: 12

‘ode:=diff(y(x),x) = (yx)*(1-y(x)))~(1/2);
‘dsolve(ode,y(x), singsol=all);

Maple trace

Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

<- separable successful

Maple step by step
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Let’s solve
#9(@) =y () (1 -y (2))
° Highest derivative means the order of the ODE is 1
d
Y()
° Solve for the highest derivative
wy(@) =y (@) 1 -y (@)
° Separate variables
d
__JEEEQ___zzl
Vy(@)(1-y(z))
° Integrate both sides with respect to x
d
__ag¥® g
] Zeimyde = 1z + C1
° Evaluate integral
arcsin (—1 4+ 2y(z)) =z + C1

o Solve for y(x)

y(m) _ % + sin(m;—Cl)

v/ Mathematica. Time used: 0.22 (sec). Leaf size: 34

‘ode=D[y[x],x]==Sqrt [ y[xl*(1-y[x])]1;
‘ic={};
‘DSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

yw%+mﬁ<$;q>

(
y(
y(z) =1
y(z) — Interval[{0, 1}]

z) =0

Ve Sympy. Time used: 0.231 (sec). Leaf size: 12

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq(-sqrt((1 - y(x))*y(x)) + Derivative(y(x), x),0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

sin (C; +x 1
(o) = CxD)
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2.2.3 Problem (d)

Local contents

Existence and uniqueness analysis. . . . . . .. ... ... ... ... 129
Solved using first_order ode_separable . . . . ... ... ... ... 130
Solved using first_order _ode_exact . .. .. ... ... ....... 137l
Solved using first_order_ode LIE . ... ... ............ 136!
VMaple . o . oo 143
V' Mathematica . . . « o o v o e 145
v Sympy . . ..o e 145]

Internal problem ID [20969]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises XIII at page 24
Problem number : (d)

Date solved : Saturday, November 29, 2025 at 01:14:50 AM

CAS classification : [_separable]

Existence and uniqueness analysis

eV’
oy (z2 + 2z)

y(2)=0

/

Y

This is non linear first order ODE. In canonical form it is written as

y = f(z,y)
eV’

~yr(+2)

f(z,y) is not defined at y = 0 therefore existence and uniqueness theorem do not apply.
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Solved using first_ order__ode_ separable

Time used: 0.191 (sec)

Solve
= o
y (22 + 2x)
y(2)=0
The ode
y = i
yz (z +2)
is separable as it can be written as
Y = i
yx (z + 2)
= f(z)g(y)
Where
1
=
9\y)=——
() ”

Integrating gives

2 VT +2

Solving for initial conditions the solution is

eV’ N7 1
N -
n( r+2)+ +

y2
e—=ln< VT )—i—cl

(2.9)
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= (- (57))
v n 1o (7))

Solving for y gives

1.57 —,—, e TN NN e s s s
/ —)))/\\\ PG
g H=—-/\\\ /——————
0.5 ////\\\ ///)))_)
| A R .
(x) o 71NN s
g PTTNNY 11T s
—0.5 y(x) 0
NV LT LV NNNNYS
-1 —os] 2NV R EN
EEES SSNL LT A NS————
SRSt AN 7 TN -
-4 -3 =2 -1 0 1 2 3 4 S RN 2 NN
al ——=\{/ 7 ~N—m———aa
— /Injl—=1In 1x+2 I e S
/[ (21x+]2) 4 -3 -2-10 1 2 3 4
_—/ln(l—ln(ixx ]) X
(a) Solutions plot (b) Slope field 3’ = 3{(:271%)

Summary of solutions found

i=n(i-n(57))
1= (-0 ()

Solved using first_ order__ode__exact

Time used: 0.163 (sec)

To solve an ode of the form

M(z,) + N(z,y) 2 =0 ()

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the ode.
Taking derivative of ¢ w.r.t. x gives

d
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Hence

09 O¢dy
— —_—— T B
Oor Oydx 0 (B)
Comparing (A,B) shows that
99
T M
ox
09
TN
Ay
But since ;;gy = (_,,;9; g; then for the above to be valid, we require that
oM _ 0N
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need to
determine ¢(z,y) but at least we know now that we can do that since the condition %&y =
% is satisfied. If this condition is not satisfied then this method will not work and we have
to now look for an integrating factor to force this condition, which might or might not exist.

The first step is to write the ODE in standard form to check for exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

-7 a
v= y (% + 2x) v

<_—e_y2 ) dz +dy =0 (2A)

Therefore

y (2% + 2x)
Comparing (1A) and (2A) shows that
eV’
oy (22 + 2z)
N(z,y) =1

M(z,y) =

The next step is to determine if the ODE is is exact or not. The ODE is exact when the

following condition is satisfied
oM  ON

oy Oz

oM _ 0 eV
dy Oy y (22 + 2x)
—2 1
=ey<2—+—y—2)
T2 4+ 21

Using result found above gives
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And
ON 8
o = oV
=0

Since %—A; %—];’, then the ODE is not exact. Since the ODE is not exact, we will try to find

an integrating factor to make it exact. Let

L L(oM _oN
N\ oy ox

2e v’ eV’
=1 —(
<<x2 + 2z + y? (22 +2x)> ( )>
eV’ <2+ %)
T 2+

Since A depends on y, it can not be used to obtain an integrating factor. We will now try a
second method to find an integrating factor. Let

1 (ON OM
453

ox Oy
2eV’ eV’
— ¥ 2 [ (0) =
e’ yz(z + )(() <x2+2x+y2(x2+2w)>>
20 +1
)

Since B does not depend on z, it can be used to obtain an integrating factor. Let the
integrating factor be . Then

p= e/ Bdy
2
= ef zyyJ dy
The result of integrating gives
= eV +In(y)
= ey2y
M and N are now multiplied by this integrating factor, giving new M and new N which are
called M and N so not to confuse them with the original M and N.
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And

So now a modified ODE is obtained from the original ODE which will be exact and can be
solved using the standard method. The modified ODE is

M+N-=2=0
+ dz

()t (W)=

The following equations are now set up to solve for the function ¢(z,y)

0p  —
g—x =M (1)
6
oy N (2)
Integrating (1) w.r.t. z gives
¢ —
9z dx = /de
¢ 1
8_xdz= /_—x(x—|—2) dx
¢:ln(z+2)_ln(x)+f(y) 3)

2 2

Where f(y) is used for the constant of integration since ¢ is a function of both z and y.
Taking derivative of equation (3) w.r.t y gives

9¢ :
3y =0+ 1 (y) (4)

But equation (2) says that g—‘;’ = e¥’y. Therefore equation (4) becomes

'y =0+/(y) (5)

Solving equation (5) for f'(y) gives
flly) =ey
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Integrating the above w.r.t y gives

/f’(y) dy = / (eyzy) dy

eV’

f(?/)=7+01

Where c; is constant of integration. Substituting result found above for f(y) into equation
(3) gives ¢

_In(z+2) In() e
=5 T tgta

But since ¢ itself is a constant function, then let ¢ = c, where ¢y is new constant and
combining c¢; and ¢, constants into the constant c; gives the solution as

2

_In(z+2) In(z) e
aT T3 T2 T3
Solving for initial conditions the solution is

In(z+2) 1 v’
n(z+2) n(x)+e

1
2 2 2 2 2

1= (i-n(57))
1= n(1on (7))

Solving for y gives
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1.5 s s AN\ s s s s s s
— s
0.5 /// /////))
: N1 177 7m=
Yo /11 1177777
05 y(x) o
AR bV VNN
—1] _05_\\\ \ \\\\\\\\
\ TN\ | NN ——
; | ; ; ; ; ; N\ \ NS
-4 -3 =2 -1 0 1 2 3 4 <\ /] Nm————
X ——=\/ 7 N—m———e
— /In|l—1n 1x+2 —l5 T T e
/[ (21§+]2) —4 -3 —2 —1 1 2 3 4
_—/ln(l—ln(7 < ]) ]
(a) Solutions plot (b) Slope field y' = y(ZZ_?:_Qx)
Summary of solutions found
2
o= (11 (752)
2z
2
Y= —\/ln (l—ln (w+ )>
2z
Solved using first_ order__ode_ LIE
Time used: 1.281 (sec)
Solve
y = e
y (2% + 2x)
y(2)=0
Writing the ode as
L
yx (z + 2)
y =uw(z,y)
The condition of Lie symmetry is the linearized PDE given by
Nz + W(’?y - é-ac) - w2€y - wxf - Wy"? =0
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To determine £, 7 then (A) is solved using ansatz. Making bivariate polynomials of degree 2
to use as anstaz gives

€ = 2%a4 + yzas + ylas + zas + yas + a1 (1E)

n= $2b4 ~+ yxbs + y2b6 + by + ybs + by (2E)

Where the unknown coefficients are

{ala az, as, a4, as, Ae, bla b2a b37 b47 b5a bG}

Substituting equations (1E,2E) and w into (A) gives

_y2(—2xa4 + xbs — yas + 2ybs — as + bs)

€
2xby + ybs + by +

yz (T +2)
B e 2’ (zas + 2yag + as)
y2a? (z + 2)° (5E)
eV eV 2 2
Y22 +2)  yr(z+2)? (201 + yoas + s + 20 + yas + 1)

2L eV 2 2 _
( z(x+2) yx x+2)> (wb4+yxb5+yb6+$b2+yb3+b1>_0

Putting the above in normal form gives

—dbyy?z? — 2e V' 3y2by — 2e V' 22y3by — 26V 22y2b; — de V' 2292y — de V2 y3b; — e ¥ 22yay — 27V

=0

Setting the numerator to zero gives

4byyPa? + 267V 302y + 267V 2% b + 267V 2% + eV 2yh
+4eV z1Pbs + eV aPyay + 267V 2%ybs + 27V w103 + 46V T y’h
+2e Y gya, + 46V zybs + 4V 2ly?by + 4V 2 bs + de Y mybg
+2e V' Pybs + eV 2’ylas + 3e Y 2?y’bs + 27V Ty ag (6E)
—2e V' zya, + 4e Y 22ybs + 67V 1 ybs + 82°bay? + 4y°bsa’
+2e 7V zy?by + 267V 2Py’hs + 267V 2%y b — e was — 26 W yag
+ 82*y%by + 42y3bs + eV atby + 2V 2%by + 2 e_y2y3a6 + z'y%by
+ 40%y%by + 6V 2%y + eV 22by + 26V a%b, + 26V yay
+2 e‘yzzbl +2 e_y2ya1 + 2z5y2l)4 + .’E4y3b5 - e_22/2(13 =0
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Simplifying the above gives

4byy’z? + 2 e_y2x3y2b2 +2 e_y2x2y3b3 +2 e_y2x2y2b1 +4 e_y2x2y2b2
+4e Vg y>bs + e_y2x2ya2 +2 e_y2x2yb3 +2e ¥z y’as + 4 ez y2by
+2 e_nyya,l +4 e_yzxybg +4 e_y2x3y2b4 +4 e_y2x2y3b5 +4e ¥z y*be
+ 2 e_y2z3yb5 + e_y2w2y2a5 +3 e_y2z2y2b6 +2e Vg yiag (6E)
-2 e_y2x2ya4 +4 e_yszybs +6e ¥z y2bs + 8x3bgy® + 4y3bsa?
+2 e_y2x4y2b4 + 2 e_y2x3y3bs +2 e_y2x2y4b6 — e % g5 — 2 e_zyanG
+ 8z%9%by + 423y3bs + eV 14y + 26V 23by + 2 e_y2y3a6 + zly%b,
+ 4x3y%by + e_y2w3b2 + e_y2w2b1 + 2 e_y2x2b2 + 2 e_y2y2a3
+2e Y by + 2 e_y2ya1 + 22%9%by + z9>bs — e_2y2a3 =0

Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y,e7" eV}
The following substitution is now made to be able to collect on all terms with {z, y} in them
{z=v,y=vs,e? =v5e? =}

The above PDE (6E) now becomes

203v2by + 2040 v3by 4 vivSbs + 2003035 + 2007 vsbg 4 Viviby + 2u0302b,
+ 20403053 + 8vivaby + 4vgviviby + dvivabs + 4vgVTV3bs + 4v4v1V3be
+ v4vaza5 + 2v4v1v2a6 + 2v4v1 vy 2p, + 4v1v2b2 + 4v4v1v2b2 + 41)4'011)263 (TE)
+ v4v7] by + 803 b4'v2 + 2v41)11)2b5 + 4v2b5'v1 + 31)401 vy 2bs + v4v1'v2a2 + 2v41)1v2a3
— 21)4v1v2a4 + 2v4v2a6 + 4v4vlv2b1 + V403 3by + 4b2v21)1 + 2v4v11)2b3
+ 2v4vfb4 + 4v4vagb5 + 6v4vlv§b6 + 2u4v1v001 + 2114113(13 + vw%bl
+ 2v4vfb2 + 4v4v1V3b3 + 2V4v90; — V3V1a5 — 2U3V2a6 + 204101 — v3a3 =0

Collecting the above on the terms v; introduced, and these are

{Ula V2, U3, U4}

Equation (7E) now becomes

(b2 + 8b4) ’01’02 (4b2 + 8b4) ’Ul ’02 (b2 + 2b4) ’Ul Vg + (bl + 2b2) ’Ul Vg + 4’1)4’01’02 bﬁ
+ 20,03v9b5 + 204v103bs + 2v4v1v2b5 + 2u4v3vgbg + 4byv3v? + 4v3bsv]
— V3145 — 203V206 + 41)1 112 3bs + V4] 1by + 2v4v2 ae + 21141)2 as + 2uav1by (8E)
+ 2u4v9a; + 20302by + viv b5 + (2bg + 4by) vivau, + (2b3 + 4bs) vivivy
+ (@5 + 2b; + 4by + 3bg) vivivg + (a2 — 2a4 + 2bs + 4bs) vivyvy
+ (2&6 + 4b3) ’01’03’04 + (2@3 + 4b1 + 6b6) ’011131}4 + (2&1 + 4b3) V1V2V4 — V3Q3 = 0
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Setting each coefficients in (8E) to zero gives the following equations to solve

by=0

bs =0

201 =0

—a3 =0

2a3 =0

—as =0
—2a =0
2a6 =0

2b; =0

4by =0

20, =0

2b5 =0
4bs = 0

266 =0
4bg = 0

2a; +4b3 =0
2a¢ + 4b3 =0
b1 +2b,=0
by +2by =0
by +8by =0
2by +4by, =0
4by +8by =0
2b3 + 4b5 =0

2a3+4b1+6b6 =0
a2—2a4+2b3+4b5=0
as + 2b; +4by + 3bg =0
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Solving the above equations for the unknowns gives

a; =0
ay = 2a4
a3 =0
a4 = ay
as =0
ag =0
by =0
by =0
bs=0
by =0
bs =0
bg =0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for any
unknown in the RHS) gives

=242z
n=0

Shifting is now applied to make £ = 0 in order to simplify the rest of the computation

n=n-wy)é

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original ode
become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

de _ dy _

F=y =18 1)

The above comes from the requirements that <§ % + n%) S(z,y) = 1. Starting with the first

pair of ode’s in (1) gives an ode to solve for the independent variable R in the canonical
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coordinates, where S(R). Since £ = 0 then in this special case

R=«x

1
S=/—dy
n
_ 1

—/ —=dy

Y

S is found from

Which results in

52—7

Now that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

aS Sy +w(z,y)Sy
dR R, +w(z,y)R,

2)

Where in the above R, R, S;, S, are all partial derivatives and w(z, y) is the right hand side
of the original ode given by

2

A0 Ty

Evaluating all the partial derivatives gives

R, =1
R,=0
S, =0
Sy=—ey2y

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as 1

-~ - 2A

dR z(z+2) (24)
We now need to express the RHS as function of R only. This is done by solving for x,y in
terms of R, S from the result obtained earlier and simplifying. This gives

as 1

dR~  R(R+2)
The above is a quadrature ode. This is the whole point of Lie symmetry method. It converts
an ode, no matter how complicated it is, to one that can be solved by integration when the
ode is in the canonical coordiates R, S.
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Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).

[E——

S(R) = In ( R2+2) ln;R) ‘e

To complete the solution, we just need to transform the above back to x,y coordinates. This
results in
e In(z+2) In(z)

T2 T T2 T2 e

The following diagram shows solution curves of the original ode and how they transform in
the canonical coordinates space using the mapping shown.

. . . Canonical coordi-| ODE in canonical coordinates
Original ode in z,y coordinates )
nates transformation | (R,S)
dy _ eV - s _ _ _ 1
de — yz(z+2) dR R(R+2)
———a \ / / e e
o _\\\\\\\\ J /4_ N —a—— e e
§\\\\\\\{ 7 N—_——————
) R 1S KA B
— S~ —a \ / /2_ NS s s
—_ = = = s —_—a—a N \ / / e
e~~~ _~ N\ P NN ———— e / / N s s
2 0 2 4 4 2 0 2 4
—_ e s s~ ——> | — s s s s a8 = —7 “\\\\ / / \\ ggggg
AAAAAA =21 _\‘\\\\\ / /‘2' N —s s s s
_\\\\\\\\ / / N —s—a s s s
o §\\\\\\\{ J /4_ N —a s s
“\\\\\ 7 N—m—————
“\\\\ / J NS s s

Solving for initial conditions the solution is

_{_ln(z+2) _In(z) 1 In(2)

2 2 2 2 2

o= (-0 ()
)

Solving for y gives
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1.57 —, e TN TSN e s s s
,//j e NNN e
E H—=—-/\\\ /77—
05 =71 \\N\ S
| A R
(x) o Aoz VNN s
’ PN 11T
—0.5 y(x) 01
NAY VLT VNN
-1 _0.5-\\‘\1 L 1 7 1 \1\\\\\\\\\\
\\\\ SN T 7] AN ———
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(a) Solutions plot (b) Slope field 3’ = 1/(;27121;)

Summary of solutions found

o= (1-n ()
A CS)

v Maple. Time used: 0.159 (sec). Leaf size: 43

Lode:=diff (y(x),%) = exp(-y(x)~2)/y(x)/(x"2+2%x);
‘ ic:=[y(2) = 0];
‘ dsolve([ode,op(ic)],y(x), singsol=all);

y==¢m(1+hum-4n($:2)>
y=—¢m(1+m@y—m(x:2)>

Maple trace

‘Methods for first order ODEs:
‘——— Trying classification methods --—-
‘trying a quadrature
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‘trying 1st order linear
‘trying Bernoulli
‘trying separable
L<- separable successful

Maple step by step

Let’s solve
d e~ ()2
[@y(w) = Jo@rmy Y(2) =0
° Highest derivative means the order of the ODE is 1

a=y(2)
° Solve for the highest derivative
d e v@?
w¥(®) = JoEmm
° Separate variables
(Fv@)v@
e—v@?2 T x?42
° Integrate both sides with respect to
a=y() )y(z)
f%dx=fmdx+ C1
° Evaluate integral
1 _ In(z+2) In(z)
2e—v@2% 2 += Tt C1

o Solve for y(z)

° Simplify
{y@) = /=10 (sarmigezn ) i) = == 1n (cl—u)}
o Redefine the integration constant(s)

(Pt DA e

o Use initial condition y(2) =0

0= \/—m (o)

° Solve for _ C1
Cl1=1+In(2)
° Substitute _ C1 =1+ In(2) into general solution and simplify

y(@) = \/ ~In ()

o Use initial condition y(2) =0

0= —\/—m (o%)

° Solve for _ C1
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C1=1+1In(2)
o Substitute _ C1 =1+ 1n(2) into general solution and simplify

y(z) = —\/— In (W)

° Solutions to the IVP

900 = [~ (s ) ) = = =1 (st )|

/ Mathematica. Time used: 1.563 (sec). Leaf size: 45

‘ ode=D[y[x],x]== Exp[-y[x]~2]/(y[x]*(2*xx+x~2) );
 ic={y[2]==0};
‘DSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

y(z) = —/log(log(2z) — log(x + 2) + 1)
y(z) = /log(log(2z) — log(z + 2) + 1)

v Sympy. Time used: 0.759 (sec). Leaf size: 42

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq(Derivative(y(x), x) - exp(-y(x)*x2)/((x**2 + 2*x)*y(x)),0)
{y(2): 0}

dsolve(ode,func=y(x),ics=ics)

ics

[y(w) =
—/log (log (z) — log (z + 2) +log (2) + 1), y(x) = \/log (log (z) — log (z + 2) + log (2) + 1)
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2.2.4 Problem (e)
Local contents

Existence and uniqueness analysis. . . . . . .. ... ... ... ... 146
Solved using first_order_ode_exact . .. ... .. .. ... 147
v Maple . . . . . . . . . . e 151
V' Mathematica . . . . o o v v o 152
VSYIMDY o o e 153

Internal problem ID [20970]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.

Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises XIII at page 24

Problem number : (e)
Date solved : Saturday, November 29, 2025 at 01:15:23 AM
CAS classification : [_separable]

Existence and uniqueness analysis

,_ yln(y)
sin (z)

/(5)-

This is non linear first order ODE. In canonical form it is written as

y = f(z,y)

_yln(y)
sin ()

The x domain of f(x,y) when y = e° is

{z <n_Z354V 17354 < z}

And the point z¢ = } is inside this domain. The y domain of f(z,y) when z =

{0 <y}

And the point yy = €° is inside this domain. Now we will look at the continuity of

of _ 0 (yln(y)

oy 8y<sin(w))
_In(y) 1
~ sin (x) o (z)
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The z domain of When y=¢€°is
{x <7m_2Z354V n_7354 < x}

And the point o = Z is inside this domain. The y domain of When T=731is

{0 <y}

And the point y, = €° is inside this domain. Therefore solution exists and is unique.

Solved using first_ order_ode__exact
Time used: 0.141 (sec)

To solve an ode of the form p

Y
dr
We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the ode.
Taking derivative of ¢ w.r.t. x gives

M(z,y) + N(z,y) -= =0 (A)

d

Hence 8(;5 96 d
ay
B
oz oy dy dx =0 (B)
Comparing (A,B) shows that
99 _
or
99 _
oy
But since 88 gy = 8y89: then for the above to be valid, we require that
oM  ON
oy Oz
If the above condition is satisfied, then the original ode is called exact. We still need to
determine ¢(z,y) but at least we know now that we can do that since the condition (.;9 g’ =
6‘9 g’ is satisfied. If this condition is not satisfied then this method will not work and we have

to now look for an integrating factor to force this condition, which might or might not exist.
The first step is to write the ODE in standard form to check for exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
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Therefore

sin (z)
(-4 oty =0
sin (z)
Comparing (1A) and (2A) shows that
_ _yln(y)
M(z,y) = sin (x)
N(z,y) =1

The next step is to determine if the ODE is is exact or not. The ODE is exact when the

following condition is satisfied
oM ON

T

Using result found above gives

oM 9 (_yln(y))

By oy\ sin(z)
= —(1+1n(y))csc (z)
And
ON
= (1)
= 0

Since 7é , then the ODE is not exact. Since the ODE is not exact, we will try to find

an integratmg factor to make it exact. Let

oM ON
A= (8_3/ - %)

(e~ m@) @)
(14 In (y)) esc (2)

Since A depends on y, it can not be used to obtain an integrating factor. We will now try a

second method to find an integrating factor. Let

ON OM
B= (%‘a—y)

_sin(z )((0)— (_ In(y) 1

yln (y) sin (z) sin(z)
_ - In(y)—1
yIn (y)
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Since B does not depend on z, it can be used to obtain an integrating factor. Let the
integrating factor be . Then

b= edey
= ef _;Iil(llé;)_l dy
The result of integrating gives
= e~ n(n®)-In@)
1
yIn (y)

M and N are now multiplied by this integrating factor, giving new M and new N which are
called M and N so not to confuse them with the original M and N.

M =uM

B ylnl ) (‘ziil(%)) )

= —csc(x)

And

~yln(y)
So now a modified ODE is obtained from the original ODE which will be exact and can be
solved using the standard method. The modified ODE is

M + N _ 0
dx
1 dy
(esela))+ (yln (y)) "
The following equations are now set up to solve for the function ¢(z,y)
0p —
— =M 1
o (1)
o¢

I

=1
~~
=

Oy

Integrating (1) w.r.t. z gives
09 dz = / M dz
Oz

%dzz/—csc(x)dx

¢ = In (csc (z) + cot (z)) + f(y) (3)
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Where f(y) is used for the constant of integration since ¢ is a function of both z and y.

Taking derivative of equation (3) w.r.t y gives

¢
5, —0TTW)

But equation (2) says that g—‘z = ln( - Therefore equation (4) becomes

1 !/
yin) O TTW
Solving equation (5) for f’'(y) gives
iy L
f (y) - lel (y)

Integrating the above w.r.t y gives

[row=[(jng)w

fly)=In(n(y)) +a

(4)

Where c¢; is constant of integration. Substituting result found above for f(y) into equation

(3) gives ¢
¢ = In (csc (z) + cot (z)) +In (In (y)) + &1

But since ¢ itself is a constant function, then let ¢ = c, where ¢y is new constant and

combining ¢; and ¢y constants into the constant c; gives the solution as
¢; = In(csc(z) + cot (z)) + In (In (y))
Solving for initial conditions the solution is

In (csc (z) + cot (z)) +In(ln(y)) =1
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Figure 2.29: Slope field 3’ = yIn(y)

~ sin(z)

Summary of solutions found

In (csc (z) 4+ cot (z)) + In(In(y)) =1

v Maple. Time used: 0.172 (sec). Leaf size: 15

‘ode:=diff (y(x),%) = y(x)*la(y(x))/sin(x);
‘ic:=[y(1/2*Pi) = exp(exp(1))];
‘dsolve([ode,op(ic)],y(x), singsol=all);

y= ee(— cot(z)+csc(z))

Maple trace

Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

<- separable successful

Maple step by step
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Let’s solve
z) In(y(x T e
Lufe) = 80D, 7) =
° Highest derivative means the order of the ODE is 1

()
° Solve for the highest derivative
% y(z) = y(wzill?((i/)(w))
° Separate variables
ay@ 1
y(z)In(y(z)) ~ sin(z)
° Integrate both sides with respect to x
asy(@) _ 1
] i@ = | mede + C1
° Evaluate integral

In (In (y(z))) = In (csc (z) — cot (z)) + C1
o Solve for y(x)

eCl — cos(x
y(z) e e_ (51111Tm) e}

° Simplify
y(z) — e—e01 (— cse(z)+cot(x))
) Redefine the integration constant(s)
y(a:) — eCI (— cse(z)+cot(z))
° Use initial condition y(g) =e°
e® = e—C]
° Solve for _C1
Cl1=-—e
° Removesolutionsthatdon'tsatisfytheODE
%)
° Solution does not satisfy initial condition

v/ Mathematica. Time used: 0.147 (sec). Leaf size: 16

p
‘ode=D[y[x],x]== y[x]*Logly[x]]/Sin[x];

‘ ic={y[Pi/2]==Exp[Exp[1]1]1};
DSolve[{ode,ic},y[x],x,IncludeSingularSolutions->True]

N

— ]

el—arctanh(cos(z))

y(x) = e
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v Sympy. Time used: 0.311 (sec). Leaf size: 27

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq(-y(x)*log(y(x))/sin(x) + Derivative(y(x), x),0)
ics = {y(pi/2): exp(E)}

dsolve(ode,func=y(x),ics=ics)

_ eiy/cos (z)—1
y(w) =e v/cos (z)+1
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2.2.5 Problem (f)
Local contents

Existence and uniqueness analysis. . . . . . .. ... ... ... ... 154
Solved using first_order ode_separable . . . . ... ... ... ... [155]
Solved using first_order _ode_exact . .. .. ... ... ....... 157
VMaple . . . oo 160
V' Mathematica . . . .« o v v o 161
v Sympy . . .. e e 162l

Internal problem ID [20971]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.

Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises XIII at page 24

Problem number : (f)
Date solved : Saturday, November 29, 2025 at 01:16:07 AM
CAS classification : [_separable]

Existence and uniqueness analysis

, _ cos(z)
T cos(y)
y(m) = %

This is non linear first order ODE. In canonical form it is written as

yl = f(iI?, y)
_ cos(x)

~ cos(y)”

The z domain of f(z,y) when y = 7 is
{—00 <z < o0}

And the point zy = 7 is inside this domain. The y domain of f(z,y) when z = 7 is

1 1
{y < 3" +7_Z357TV 3™ +7_Z357 < y}
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And the point yo = 7 is inside this domain. Now we will look at the continuity of

of _ 0 ([ cos(z)
dy Oy <cos (y)z)
_ 2cos (z)sin (y)

B cos (y)3

The z domain of % when y = 7 is
{—00 <z < o0}

And the point zy = 7 is inside this domain. The y domain of g—i when z = 7 is

1 1
{y < 577 +7_ Z357V §7r +m Z357 < y}

And the point yo = 7 is inside this domain. Therefore solution exists and is unique.

Solved using first_ order__ode__separable
Time used: 0.171 (sec)

Solve

The ode

y = 5 (2.10)

is separable as it can be written as

Where
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/ﬁdy=/f(x)dx

/cos () dy = /cos (x) dx

Integrating gives

cos@WSNW) LY _ 1)+ e
2 2
Simplifying the above gives
in (2
Slni y) + g = sin (;1;) +c

Solving for initial conditions the solution is

in (2 1
§3%@+g:mmw+1+g

Solving for y gives

y = RootOf (2_Z+ 2sin (_2Z) — 2 — 8sin(z) — )
B 2

S e~ 7

S~~~ S S ~—~——
V1 —~————— - —~—~_ 7
|\ S/
VNV /=1 =/
I D T T e N NN
SR N Y e N e N e NN
I T T e N N N e N U
VNS0 ==/
S e~ S m~———r )
S S —~——_ //é—«——///

=
\a
2
1/ = =)

ol e ————

|
N
|
w
|
S}
|
—_
o -

x
Figure 2.30: Slope field 3’ = <)

cos(y)
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Summary of solutions found

Y = RootOf (2_Z+ 2sin(__Z) — 2 — 8sin(z) — )

2
Solved using first_ order_ode__exact
Time used: 0.088 (sec)
To solve an ode of the form p
Y

dx
We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the ode.
Taking derivative of ¢ w.r.t. x gives

d
Hence 06 06 d
Y
I T - A B
ox + Oy dx 0 (B)
Comparing (A,B) shows that
09
M
ox
o¢
T _N
Ay
But since % = % then for the above to be valid, we require that
oM _ oN
0y Oz
If the above condition is satisfied, then the original ode is called exact. We still need to
determine ¢(x,y) but at least we know now that we can do that since the condition aa; ad)y =

% is satisfied. If this condition is not satisfied then this method will not work and we have

to now look for an integrating factor to force this condition, which might or might not exist.
The first step is to write the ODE in standard form to check for exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore

(cos (y)?) dy = (cos (z)) dz
(— cos (z)) dz +(cos (y)*) dy = 0 (2A)
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Comparing (1A) and (2A) shows that
M(z,y) = — cos (z)
N(,y) = cos (y)*

The next step is to determine if the ODE is is exact or not. The ODE is exact when the
following condition is satisfied

oM _ oN
oy Oz
Using result found above gives
oM 0
By oy cos (z))
And
ON 0
5~ 5 ®)
=0
Since %—1‘; = %’, then the ODE is exact The following equations are now set up to solve for
the function ¢(z,y)
o¢
9 - M (1)
o¢
o N (2)
Integrating (1) w.r.t. z gives
% dx = / Mdz
ox
%dx = /—cos(a:)dx
¢ = —sin(z) + f(y) (3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and y.
Taking derivative of equation (3) w.r.t y gives

0p )
8_y_0+f(y) (4)

But equation (2) says that g—;’j = cos (y)®. Therefore equation (4) becomes

cos ()’ =0+ f'(y) (5)
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Solving equation (5) for f'(y) gives
f'(y) = cos (y)*

Integrating the above w.r.t y gives

[ Fway= [ (eos )y

fly) = Ccos (y)2sin (v) n % te

Where c¢; is constant of integration. Substituting result found above for f(y) into equation
(3) gives ¢

¢ = —sin(z) + SRy (y)2sin ®) + % +c

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢y is new constant and
combining c¢; and cy constants into the constant c; gives the solution as

cos (y) sin (y)

Y
2 +2

¢ = —sin(z) +

Simplifying the above gives

sin (2y) LY

—sin (z) + 1 5 = ¢

Solving for initial conditions the solution is

in (2 1
—Sin(a:)-l—snli y) -|-g:Z

Solving for y gives

Y= RootOf (2_Z+ 2sin (_2Z) — 2 — 8sin(z) — )
- 2
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Figure 2.31: Slope field ¢’ = %

Summary of solutions found

y = RootOf (2_Z+ 2sin(_Z) — 2 — 8sin(z) — )
- 2

v Maple. Time used: 0.122 (sec). Leaf size: 23

‘ode:=diff(y(x),x) = cos(x)/cos(y(x))"2;
lic:=[y(Pi) = 1/4+Pil;
‘dsolve([ode,op(ic)],y(x), singsol=all);

y = RootOf (2_7Z—m —2 — 8sin (z) + 2sin (__2))
B 2

Maple trace

Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

<- separable successful




CHAPTER 2. BOOK SOLVED PROBLEMS 161

Maple step by step

Let’s solve

cos(z)

d _ o
[%y(z) = sostu(?? Y(M) = Z}

° Highest derivative means the order of the ODE is 1

wy(2)
° Solve for the highest derivative
d ( ) __ cos(z)

a9\ = os(y(@))?

° Separate variables
(s£y(x)) cos (y(2))* = cos ()
° Integrate both sides with respect to z
[ (Ly(z)) cos (y(z))*dz = [ cos (z)dz + C1
° Evaluate integral
cos(u(e)sinlu(e) | 3(2) _ gin () 4 O'f
e  Use initial condition y(7) =
1 T
its= C1
) Solve for _ C1
Cl=1;+1%
° Substitute _CI = } + % into general solution and simplify
sm(%i}(it)) + @ = sin (.’E) + i + %
° Solution to the IVP
Sm(%f(m)) 4+ @ = sin (:13) + i + %

s
4

v/ Mathematica. Time used: 0.227 (sec). Leaf size: 36

e

ode=D[y[x],x]== Cos[x]/Cosly[x]]"2;
‘ic={y[Pil==Pi/4};
‘ DSolve[{ode,ic},y[x],x,IncludeSingularSolutions->True]

y(z) — InverseFunction [2 (# + le sin(2#1)) &} L—ll(S sin(z) + 7 + 2)}
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v Sympy. Time used: 3.051 (sec). Leaf size: 26

from sympy import *

x = symbols("x")

y = Function("y")

Eq(-cos(x)/cos(y(x))**2 + Derivative(y(x), x),0)
{y(pi): pi/4}

dsolve(ode,func=y(x),ics=ics)

o

Q

[0}
[

ics

i) 4 0 8 0(2)

y(z)
2

NS,
|
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2.2.6 Problem (g)

Local contents

Solved using first_ order_ode_dAlembert . ... ... ... ..... 163
Solved using first_order_ode LIE . ... .. ... .......... 167
Solved using first_order _ode_riccati . . . . . . ... ... ... ... 172
Solved using first_ order_ode_ riccati_by_ guessing particular_ solutionI76l
VMaple . o . oo 178
V' Mathematica . . . « o o v o e 179
v Sympy . . ..o e 179

Internal problem ID [20972]
Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises XIII at page 24
Problem number : (g)

Date solved : Saturday, November 29, 2025 at 01:16:24 AM
CAS classification : [[_homogeneous, ‘class C‘], _Riccatil

Solved using first_ order_ode_ dAlembert
Time used: 0.560 (sec)

Solve
y =(z—-y+3)°

Let p = ¢ the ode becomes
p=(z—y+3)’

Solving for y from the above results in

y=z+3+.p (1)

y=z+3—-p (2)
This has the form

y=2zf(p) +9(p) *)

Where f, g are functions of p = y/(z). Each of the above ode’s is dAlembert ode which is now
solved.

Solving ode 1A
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Taking derivative of (*) w.r.t. = gives

p=f+(af +9) L
p—f=@f+9) L @)

Comparing the form y = zf 4+ g to (1A) shows that

F=1
g=3+p

Hence (2) becomes

_P)
p—1—2\/1_9 (2A)

The singular solution is found by setting j—z = 0 in the above which gives
p—1=0
Solving the above for p results in
=1
Substituting these in (1A) and keeping singular solution that verifies the ode gives
y=x+4

The general solution is found when 2 # 0. From eq. (2A). This results in

p'(z) =2(p(z) - 1) Vp (z) (3)

This ODE is now solved for p(x). No inversion is needed.

Integrating gives

1
—————dp=dzx
/2@—1)@ g
—arctanh (1/p) =z + 1

Singular solutions are found by solving

20-1)vp=0
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for p(z). This is because we had to divide by this in the above step. This gives the following
singular solution(s), which also have to satisfy the given ODE.

p(z) =0
p(z) =1

Substituing the above solution for p in (2A) gives

y =1+ 3+ \/tanh (z + ¢;)’

y=x+3
=z+4

Solving ode 2A

Taking derivative of (*) w.r.t. = gives

p=f+(af +g) P

dp
/ /
— f= = 2
p—f=(f+4) (2)
Comparing the form y = zf + g to (1A) shows that

f=1

g=3—+/Pp

Hence (2) becomes

P
p—1= 2P (2A)

The singular solution is found by setting j—’; = 0 in the above which gives
p—1=0
Solving the above for p results in
=1
Substituting these in (1A) and keeping singular solution that verifies the ode gives
y=1x+2

The general solution is found when $ # 0. From eq. (2A). This results in

p'(z) = —2(p(z) — 1) Vp(z) (3)



CHAPTER 2. BOOK SOLVED PROBLEMS 166

This ODE is now solved for p(x). No inversion is needed.

Integrating gives

1
———————dp=dz
| ~se=ny
arctanh (1/p) = x + ¢,
Singular solutions are found by solving
—2(p—-1)vP=0

for p(z). This is because we had to divide by this in the above step. This gives the following
singular solution(s), which also have to satisfy the given ODE.

p(z) =0
p(z) =1

Substituing the above solution for p in (2A) gives

y =+ 3 — \/tanh (z + ¢;)°

y=x+3
y=x+2

The solution
y=z+3

was found not to satisfy the ode or the IC. Hence it is removed.

w1111 7-—==711111
11117 —=7111111
A1 111 7—==7111111
{11 /7==711111
l_1///A///11111
[ J7==7111111111
1 /7—==7111111
yx) o /== 111111
=70
d==711111]
=771 11111
_}//7111111
AEEREEREEEEREE
TP 11111
IR EERERE

|
I
I
W
|
)
I
—_
<o A
—_
0o
W
IN

X
Figure 2.32: Slope field 3 = (z — y + 3)°
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Summary of solutions found

y=1x+2
y=x+4

y =143+ \/tanh (z + ¢;)°
y =+ 3 — y/tanh (z + ¢;)°

Solved using first_ order__ode_ LIE
Time used: 0.386 (sec)

Solve
y =(z—y+3)’

Writing the ode as
y = (-z+y-3)°
Yy =w(z,y)
The condition of Lie symmetry is the linearized PDE given by
Mo+ w1y — &) — W€y — wef —wyn =0 (A)

To determine &, 7 then (A) is solved using ansatz. Using these anstaz

£E=1 (1E)
Az + By
=—“ 2E
n On (2E)
Where the unknown coeflicients are
{4, B,C}

Substituting equations (1E,2E) and w into (A) gives

(—2z + 2y — 6) (Az + By)
Cx

i_Am+By+(—x+y—3)2B

Cz C z2 Czx —0-2z+2y—

=0 (5E)

Putting the above in normal form gives

2Az% —2Az*y+ Ba® — Bzy® —2C 2* 4+ 2yC 2* + 6Az* + 6Ba? — 6C2® + 9Br — By

C z2 0
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Setting the numerator to zero gives
2Az* —2Az*y+Bx*— Bry* —2C 2* +2yC 2 +6A2* +6B 2> —6C x> +9Bx— By =0 (6E)
Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y}
The following substitution is now made to be able to collect on all terms with {z,y} in them
{z =v1,y = v}
The above PDE (6E) now becomes
2Av} —2Av3v, + B} — Buyvs — 2C03 +2Cv vy + 6 Avi + 6 Bv? — 6Cvi +9Bv, — Buy =0 (TE)
Collecting the above on the terms v; introduced, and these are
{v1, 02}
Equation (7E) now becomes
(2A+ B —20) v} + (=24 +2C) vivy + (6A + 6B — 6C) v} — Buyvs +9Bv; — Bu, =0 (8E)

Setting each coefficients in (8E) to zero gives the following equations to solve

—B=0
9B =0
—2A+2C =0

2A+B-2C=0
6A+6B—-6C =0

Solving the above equations for the unknowns gives

A=C
B=0
c=C

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for any
unknown in the RHS) gives
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The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original ode
become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

do _dy _
3 n

The above comes from the requirements that <§ g)—z + 17(%) S(z,y) = 1. Starting with the first

ds (1)

pair of ode’s in (1) gives an ode to solve for the independent variable R in the canonical
coordinates, where S(R). Therefore

&&

[l SN e N

This is easily solved to give
Y=z +cC

Where now the coordinate R is taken as the constant of integration. Hence

R=y—=x
And S is found from
dz
dS = —
§
_do
1

Integrating gives

S

IE
T
T

Where the constant of integration is set to zero as we just need one solution. Now that R, S

are found, we need to setup the ode in these coordinates. This is done by evaluating
as _ Sy +w(z,y)Sy @)
dR R;+w(z,y)R,

Where in the above R,, R, S;, S, are all partial derivatives and w(z,y) is the right hand side

of the original ode given by

w(z,y) = (—z+y—3)°
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Evaluating all the partial derivatives gives

R, =-1
R,=1
S, =1
S, =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

s 1
dR (—z+y—3)°—

(24)

We now need to express the RHS as function of R only. This is done by solving for x,y in
terms of R, S from the result obtained earlier and simplifying. This gives

ds 1

dR  (R—3)°-1
The above is a quadrature ode. This is the whole point of Lie symmetry method. It converts

an ode, no matter how complicated it is, to one that can be solved by integration when the
ode is in the canonical coordiates R, S.

Since the ode has the form ;%S(R) = f(R), then we only need to integrate f(R).

fas- /Rz s

S(R) = 2 m+hﬂi D

+ co

To complete the solution, we just need to transform the above back to x,y coordinates. This
results in
In(—2—-z+y) In(y—z—4)

r = — 9 + 9 +
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X

The following diagram shows solution curves of the original ode and how they transform in

the canonical coordinates space using the mapping shown.
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Figure 2.33: Slope field y = (z — y + 3)°
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Summary of solutions found

:L.e—2x+202 + 4e—2x+202 —r— 2
-1 + e—2m+252

y:

Solved using first_ order__ode_ riccati
Time used: 0.530 (sec)
Solve
y =(z—y+3)°
In canonical form the ODE is
y = F(z,y)
=(—z+y—3)°

This is a Riccati ODE. Comparing the ODE to solve
Y =2°—2yr+1y* + 62 —6y+9

With Riccati ODE standard form

y' = folz) + fi(z)y + fo(z)y?

Shows that fy(z) = (—z — 3)°, fi(z) = =22 — 6 and fo(x) = 1. Let

'y =
fou
_ul

= (1)

u

Using the above substitution in the given ODE results (after some simplification) in a second
order ODE to solve for u(z) which is

fou" () = (fy + fufa) w'(z) + f3 fou(z) = 0 (2)
But
fo=0
fifo=—-2x-6

fifo=(~z—3)°

Substituting the above terms back in equation (2) gives

u'(z) — (=22 — 6) v/ (z) + (—z — 3)u(z) =0
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In normal form the given ode is written as
d*u du
_— _— — 2
17 + p(x) (dx) +q(z)u=0 (2)
Where

p(z) =2x+6
q(z) = (z +3)’

Calculating the Liouville ode invariant ) given by

P p
=15

> (2z+6) (2c046)°
=(z+3)"— s T 1
B . (2 ((2z+6)%)
—(CL’+3) —T—TZ
=(m+3)2—(1)—@
=-1

Since the Liouville ode invariant does not depend on the independent variable z then the
transformation

u = v(z) 2(z) 3)

is used to change the original ode to a constant coefficients ode in v. In (3) the term z(z) is
given by

z(z) = o=/ P de

— /2
=e T )
Hence (3) becomes
u=v(x) e 7 (4)

Applying this change of variable to the original ode results in
_ z(z+6) d2
e 2 <@v(x) - v(x)) =0

Which is now solved for v(x).
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The above ode can be simplified to

d2
@v(ac) —v(z)=0

This is second order with constant coefficients homogeneous ODE. In standard form the
ODE is
AV (z) + BY'(z) + Cv(z) =0

Where in the above A =1, B =0,C = —1. Let the solution be v(z) = e**. Substituting this
into the ODE gives
Ne™ —e™ =0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by e** gives
M—-1=0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

-B 1

= — —_— 2
A12 54 2A\/B 4AC
Substituting A =1, B =0,C = —1 into the above gives
M = o o @) (1) (D)
YT @0 @0
==+1
Hence
A =+1
A =—1
Which simplifies to
=1
A =—1

Since roots are distinct, then the solution is

v(z) = c1eM® 4 cpe?®

v(z) = c;eM® 4 cel712

v(z) =cr1e” +cpe””
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Now that v(z) is known, then

u=v(z) z(x)
= (a1 €” +ce™®) (2(z)) (7)

But from (5)

z(z) =e” =)

Hence (7) becomes

Taking derivative gives

_ z(z+6)

W(z) = (ae® —ce)e 2+ (ae"+ee) (—o - 3) e~ 557

Substituting equations (3,4) into (1) results in

!/

_ —u
. fou
_ul
Y=
Y = ci(z +2) e?® + cy(z + 4)

c1 €% + ¢y

Doing change of constants, the above solution becomes

<(e”” —e %c3) e "5 4 (e® +e%c3) (—z — 3) e_m;s)) ™5
y=- e’ +e*cy
Simplifying the above gives
) = (z +2)e*® + c3(z +4)

e + c3
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w1111 7-—==71111]1
11117 —==7111111
A1 111 7—=——7111111
{11 /7=—=711111
l_1///‘///11111
[ J7==7111111111
1 7—==7111111
yx)y o /== 111111
=70t
d==7111111
-7 111111
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Figure 2.34: Slope field 3 = (z — y + 3)°

Summary of solutions found

(x +2)e* + c3(z + 4)
e’ + c3

y:

Solved using first_ order_ode_ riccati_ by_ guessing particular_ solution
Time used: 0.115 (sec)

Solve
y =(@—y+3)’

This is a Riccati ODE. Comparing the above ODE to solve with the Riccati standard form
y' = folx) + fi(@)y + fa(2)y”
Shows that

fo(z) = (-2 - 3)’
fi(z) =—2x—6

fo(z) =1
Using trial and error, the following particular solution was found

Yp = +2
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Since a particular solution is known, then the general solution is given by

_ ()
Y=t 1 — f¢(z)f2d$

Where

$(z) = el v

Evaluating the above gives the general solution as

1

=r+24+ —
4 cleQ“’—l-%
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Figure 2.35: Slope field 3’ = (z — y + 3)°
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W11 17 —==71 1111
1111 77-—==77111111
A1 111 7—=——7111111
(11 7=—=—-711111
1117571111
[ J7—==7111111111
f7/—=—=7111111
yx) of/==-7111111
/A N N O O O O O O
_d==7111111
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11111111
= IR REEEER
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Figure 2.36: Slope field 3’ = (z — y + 3)°

Summary of solutions found

=r+2+——
4 cle2"”+%

v Maple. Time used: 0.009 (sec). Leaf size: 29

‘ode:=diff(y(x),x) = (x-y(x)+3)72;
‘dsolve(ode,y(x), singsol=all);

_alr+2)e* —z—4

e C1 — 1

Maple trace

Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying homogeneous C

1st order, trying the canonical coordinates of the invariance group
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-> Calling odsolve with the ODE, diff(y(x),x) =1, y(x)
**x Sublevel 2 **x
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful
<- 1st order, canonical coordinates successful

<- homogeneous successful

Maple step by step

Let’s solve
y(@) = (2 —y(z) +3)

° Highest derivative means the order of the ODE is 1
d
%Y(@)

° Solve for the highest derivative
y(@) = (2 —y(z) +3)°

v/ Mathematica. Time used: 0.108 (sec). Leaf size: 29

‘ode=D[y[x],x]== (x-y[x]+3)"2;
‘ic={};
‘DSolve[{ode,ic},y[x],x,IncludeSingularSolutions->True]

) —x ——
y() +%+6162z

y(lx) > x+2

Ve Sympy. Time used: 0.201 (sec). Leaf size: 29

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq(-(x - y(x) + 3)**2 + Derivative(y(x), x),0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

() Ciz + 4C) — ze*® — 2e*®
) =
y Ci— ez
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2.2.7 Problem (h)
Local contents
Solved using first_ order_ode_separable . . . .. ... ... ..... 180
Solved using first_order _ode_exact . .. .. ... ... ....... 182
Solved using first_order_ode_isobaric . . . .. ... ... ... ... 187
Solved using first__order ode_homog type G .. ... .. .. ... 190
Solved using first_ order_ode_ abel_second_ kind_ solved_ by_ convert-
ing to_first_kind . . .. ... ... L. 192
Solved using first_order_ode LIE . ... ... ... ......... [195]
VMaple . . o oo 0]
V Mathematica . . . . o . o oo 202
v SYmpy . . . .. e 202]

Internal problem ID [20973]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.

Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises XIII at page 24

Problem number : (h)

Date solved : Saturday, November 29, 2025 at 01:16:48 AM

CAS classification : [_separable]

Solved using first_ order__ode_ separable

Time used: 0.232 (sec)

Solve
r_2yy—1)
z(2-y)
The ode
y:_%@—D
z(y—2)
is separable as it can be written as
R b))
z(y—2)

(2.11)



CHAPTER 2. BOOK SOLVED PROBLEMS 181

Where
fw) =2
gy = L= 1)

-2

/ﬁdy=/f(x)dx

Integrating gives

—In(y—1)+2h(y) =l (%) + o

We now need to find the singular solutions, these are found by finding for what values g(y)
is zero, since we had to divide by this above. Solving g(y) = 0 or

yy-1) _,
y—2

for y gives
y=0
y=1

Now we go over each such singular solution and check if it verifies the ode itself and any
initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

1
—In(y—1)+2In(y) =1In <E> +c
y=0
y=1
Solving for y gives
y=0
y=1
_ ecl + 1/6201 —_ 466151}2
v= 22

—efl + A /6201 _ 46011‘2

N 212
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Figure 2.37: Slope field ' = %

Summary of solutions found

el + /e — 4ecg?

212

—e +v/e?1 — 4ecrg?

212

Solved using first_ order_ode__exact
Time used: 0.145 (sec)

To solve an ode of the form

M(z,) + N(z,) 2 =0 *)

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the ode.
Taking derivative of ¢ w.r.t. x gives

d

Hence
09 dpdy _

dr ' dydz 0 (B)
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Comparing (A,B) shows that

0¢
M
ox
o9
T _N
9y
But since ;;gy = 198: g; then for the above to be valid, we require that
oM  ON
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need to
determine ¢(z,y) but at least we know now that we can do that since the condition 86—;% =
% is satisfied. If this condition is not satisfied then this method will not work and we have
to now look for an integrating factor to force this condition, which might or might not exist.

The first step is to write the ODE in standard form to check for exactness, which is
M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

dy = (M) dz

z(2-y)
2y(y — 1) _
(—x(z_y))dx—l—dy—O (24)
Comparing (1A) and (2A) shows that
N(z,y) =1

The next step is to determine if the ODE is is exact or not. The ODE is exact when the

following condition is satisfied
oM  ON

dy Oz

Using result found above gives

oM 8 (_M)

dy dy\ z(2-vy)
2 —8y+4
- z(y-2)
And
ON 0
oz~ oV

=0
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Since %—A; #* %—];’, then the ODE is not exact. Since the ODE is not exact, we will try to find
an integrating factor to make it exact. Let

i (6M 8N)

- N oy Oox
o _2-1) 2y  2y(y—1)\
_1(( z(2-y) z(2-y) x(2—y)2> (O)>
:2y2—8y+4

z(y —2)*

Since A depends on y, it can not be used to obtain an integrating factor. We will now try a
second method to find an integrating factor. Let

p— L (0N _oM
- M\ oz Jy

__w@—230®_<:2@—1)_ 2y _2My—D>)

T 2y(y—1 z(2-y) z(2-y) z(2-y)
-y 4y -2
T (y-2)y(y-1)

Since B does not depend on z, it can be used to obtain an integrating factor. Let the
integrating factor be . Then

M:edey

2
—y“+4y—2
= ef (y—2)y(y-1) dy

The result of integrating gives
— n(y—=2)~In(y—1)~In(y)
y—2
y(y—1)
M and N are now multiplied by this integrating factor, giving new M and new N which are
called M and N so not to confuse them with the original M and N.

M = uM
_y—2 [ 2yy-1)
_g@—D(w@—w)
And
N = uN
__y=2
y@—Du)
y—2
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So now a modified ODE is obtained from the original ODE which will be exact and can be

solved using the standard method. The modified ODE is

MiNY _
dzx

2 y—2 dy
)+ =) =2 =
z y(y—1)) dz
The following equations are now set up to solve for the function ¢(z,y)

0¢
ggg (1)
oy (2)

=/de

8¢ 2
3z / T dz

¢ =2In(z) + f(y)

0

I
<

I
=1

Integrating (1) w.r.t. z gives

(3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and y

Taking derivative of equation (3) w.r.t y gives

% _ 04 fy) (4)

0y

But equation (2) says that a¢ = é__Ql). Therefore equation (4) becomes

y_2 _ !
m—0+f(y)

Solving equation (5) for f'(y) gives

Integrating the above w.r.t y gives

[row=[(,6=)w

fl)=—-In(y—1)+2In(y) +
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Where c¢; is constant of integration. Substituting result found above for f(y) into equation
(3) gives ¢
¢=2In(z)—In(y—1)+2In(y) +

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining c¢; and cy constants into the constant c; gives the solution as

ci=2In(z) —In(y—1)+2In(y)

Solving for y gives

es (—e%1 + vV —4x? + ecl>
222

es <e%1 + v —42? + e01>

212

y=-

Figure 2.38: Slope field ' = %

Summary of solutions found

y=- 222
es <e%1 +V—4x? + e01>
y =
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Solved using first_ order__ode__isobaric

Time used: 0.625 (sec)

Solve
y 2y(y — 1)
z(2-y)
Solving for 3’ gives
= =1
z(y—2)

Each of the above ode’s is now solved An ode y' = f(z,y) is isobaric if

fltz, t™y) =" f(z,y)
Where here
2Y(y-—-1)

flz,y) = sy —2)

m is the order of isobaric. Substituting (2) into (1) and solving for m gives

m=20

Since the ode is isobaric of order m = 0, then the substitution

y =uz™

Converts the ODE to a separable in u(z). Performing this substitution gives

(o) — - 2@) (@) ~ )

z (u(z) —2)
The ode

TR
= f(z)g(u)
Where
flo)=-2
o(u) u(u —1)

1)

(2)

(2.12)
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Ldu= f(z)dz
/g(U) /

—In (u(z) — 1) + 21n (u(z)) = In (é) + o

Integrating gives

We now need to find the singular solutions, these are found by finding for what values g(u)
is zero, since we had to divide by this above. Solving g(u) = 0 or

u(u—1)
FE
for u(z) gives
u(z) =0
u(z) =1

Now we go over each such singular solution and check if it verifies the ode itself and any
initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

“In(u(z) - 1) + 210 (u(z)) = In (5) +o

Converting — In (u(z) — 1) + 2In (u(z)) = In (35) + ¢1 back to y gives

“In(y—1)+2In(y) =1In (i) +o

x2
Converting u(x) = 0 back to y gives
y=0
Converting u(x) = 1 back to y gives

y=1
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Solving for y gives

et + e — 4ec1g?
y =

212

—e&1 + 4 /6201 _ 4ec1x2

212

Figure 2.39: Slope field ' = 2y(y—1)

z(2—y)

Summary of solutions found

el + /e — 4ecg?
222

—e /e — 4ecy?

212
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Solved using first_ order__ode__homog_type_ G
Time used: 0.082 (sec)

Solve
, 2y(y—1)

YT T2y

2y(y—1)
z(y—2)

(=) _ -1
y_(y) z(y—2)
2(y—1)
y—2

= F(z,y)

Multiplying the right side of the ode, which is — by % gives

Since F'(z,y) has y, then let

Let
z
Yy=—
z
_Z
1
Substituting the above back into F'(x,y) gives
2(z—1)
F(z)=—-
(2) gy

We see that F'(z) does not depend on z nor on y. If this was not the case, then this method
will not work.
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Therefore, the implicit solution is given by

yz 1
ln(x)—cl—/ mdzzo

Which gives

2z(2—1)
A0 00 bbby
AR A T R T
S O O T T T T A A
VANV T
. ~~~\\\\ [/
e A NS S e
y(x) o0
>N\ s
SNNNNN\N\ N 1S
NNNNNN (s s
INNNNNNY 77777
NNNNNAVY 77
=HNNNNNVL 777
-4 -3 -2 -1 0 1 2 3 4
Figure 2.40: Slope field ' = %
Summary of solutions found
ln(m)—cl+/y%dz=0
Solve
F_2y(y—-1)
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Solved using

first_ order_ode_ abel_second_ kind_ solved_ by_ converting to_ first_ kind

Time used: 18.353 (sec)
This is Abel second kind ODE, it has the form

(y+9)y = fo(@) + fi(@)y + fo(2)y® + fa(z)y®

Comparing the above to given ODE which is

29y —1)
z(2-y)
Shows that
g=-2
fo=0
2
fi=—
x
2
fo=—=
x
f3=0
Applying transformation
__

Results in the new ode which is Abel first kind

_ 4u(z)® + 6u(z)’ + 2u(x)

/

Which is now solved.

Solve The ode

(o) — 200) (@) +1) (2u(z) +1)

is separable as it can be written as

2u(z) (u(z) + 1) (2u(z) + 1)

u'(z) =

Where
2
T

g(u) =u(u+1) (2u+1)

(2.13)
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/ﬁdu=/f(x)dw

/u(u+1)1(2u+1)d“:/§dx

Integrating gives

In (u(z) + 1) — 2In (2u(z) + 1) + In (u(z)) = In (%) + 2

We now need to find the singular solutions, these are found by finding for what values g(u)
is zero, since we had to divide by this above. Solving g(u) = 0 or

wu+1)2u+1)=0

for u(z) gives

Now we go over each such singular solution and check if it verifies the ode itself and any
initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(z) + 1) — 2In (2u(z) + 1) + In (u(z)) = In (z*) + ¢

u(z) = -1
u(z) =0
Solving for u(z) gives
u(zr) = -1
u(z) =0
vV—de2z?2+1—-1
u(z) = —
2v/—4e22? 4+ 1
vV—4e2z2+1+1
u(z) = —
2y —4e2z? +1
Now we transform the solution u(z) = —1 to y using u(z) = ﬁ which gives

y=1
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_V—4e22241-1

Now we transform the solution u(z) = — s toy using u(z) = -1 which gives

y—

2
V= ezt 1-1

_V/—4e®2z241+1

Now we transform the solution u(z) = —* s to y using u(z) = y—iz which gives

Figure 2.41: Slope field y' = %



CHAPTER 2. BOOK SOLVED PROBLEMS

195
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Figure 2.42: Slope field ' = %
Summary of solutions found
y=1
_ 2
Ve T Ao i1
2
y =

—4de2z?2+1+1

Solved using first_ order__ode_ LIE
Time used: 4.656 (sec)

Solve
= =1
z(2-y)
Writing the ode as
r_ 29y —1)
z(y—2)
Yy =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Nz + w(ny - fac) - w2§y - wx€ - Wy77 =0
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To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of degree 1
to use as anstaz gives

§ = zaz +yaz + a1 (1E)
n = xbs +ybs + by (2E)

Where the unknown coeflicients are

{ala a2, as, b17 b2a b3}

Substituting equations (1E,2E) and w into (A) gives

2y —1)(bs—as) 4P(y—1)"as  2y(y — 1) (zay + yas + a)

by

=l —2) 2 (y—2)° 7 (y—2) (5E)
o 2y-1) 2y 2y -1 .
( z(y—2) =z(y—2) x(y_Q)z)( by +ybs +b1) =0

Putting the above in normal form gives

3z%y%by — 6ytaz — 122%yby + 27 y%by — 23 y%bs — 2y3a; + 14y3a3 + 8boz® — 8xyby + 6y%a; — 8y2as + 4xb; —
(y—2)* 2

=0

Setting the numerator to zero gives

32%y?by — 6ytas — 122%yby + 22 y2by — 22 y%bs — 213y (6E)
+ 14g3a3 + 8byx® — 8xyb; + 6y%a; — 8y2as + 4xb; — dya; = 0

Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y}
The following substitution is now made to be able to collect on all terms with {z, y} in them
{z =v1,y = v}

The above PDE (6E) now becomes

—6a3v; + 3byv?v2 — 20,03 + 14a3v3 + 2b1v1v2 — 12byviv, (TE)
- 2b3’01’03 + 6&1’03 — 8&3’03 — 8b1’l}1’l)2 + 8b2’0% — 4&1’02 + 4b1’01 =0
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Collecting the above on the terms v; introduced, and these are
{vla UZ}

Equation (7E) now becomes

3b2’U%’U% - 12b2’0%’02 + 8b2’0% + (2b1 - 2b3) ’01’03 - 8b1’01’02 + 4b1’01 (8E)
— 6azv; + (—2a; + 14a3) v + (6a; — 8a3) v3 — 4a;v; = 0

Setting each coefficients in (8E) to zero gives the following equations to solve

—4a; =0

—6az =0

—8b; =0

4b; =0

—12b, =0

3by =0

8b, =0

—2a1 4+ 14a3 =0
6a; —8as; =0
2b; —2b3 =0

Solving the above equations for the unknowns gives

a1 =0
as = as
a3 =10
by =0
by =0
bs =0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for any
unknown in the RHS) gives
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Shifting is now applied to make £ = 0 in order to simplify the rest of the computation

n=n-wy)¢
%@—U)
=0—(— x
( z(y—2) @)
_2y(y—1)
y— 2
£€=0
The next step is to determine the canonical coordinates R,S. The canonical coordinates

map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original ode
become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _

g=, =45 (1)

The above comes from the requirements that <§ % + n%) S(z,y) = 1. Starting with the first

pair of ode’s in (1) gives an ode to solve for the independent variable R in the canonical
coordinates, where S(R). Since £ = 0 then in this special case

R=zx

n
1
:/ 2y(y—1) dy

y—2

S is found from

Which results in

In(y—1)

§=——%

+ 1n (y)

Now that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

aS _ Sp+w(z,y)Sy @)
dR R, +w(z,y)R,

Where in the above R, R, S;, S, are all partial derivatives and w(z, y) is the right hand side
of the original ode given by

2y(y — 1)

)



CHAPTER 2. BOOK SOLVED PROBLEMS 199

Evaluating all the partial derivatives gives

R, =1

R,=0

S, =0
__y—2
YTy (y-1)

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

ds 1

D 2A

dR x (24)
We now need to express the RHS as function of R only. This is done by solving for z,y in
terms of R, S from the result obtained earlier and simplifying. This gives

as 1

dR R
The above is a quadrature ode. This is the whole point of Lie symmetry method. It converts
an ode, no matter how complicated it is, to one that can be solved by integration when the

ode is in the canonical coordiates R, S.

Since the ode has the form - S(R) = f(R), then we only need to integrate f(R).

/dS /——dR

R)=—In(R) + ¢

To complete the solution, we just need to transform the above back to x,y coordinates. This
results in

_ln(y -1)

5 +In(y) =—In(z) + ¢
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The following diagram shows solution curves of the original ode and how they transform in

the canonical coordinates space using the mapping shown.

coordinates

1

R

\ AN S N
\ AN e N
\ NN e
\ N N N
\ NN N e
\ AN S N
\ AN e N

MR A S
\ NN N e e
\ AN S N
\ AN e N
\ N N N
\ NN e
\ N e

Oricinal ode i dinat Canonical coordi-| ODE in canonical
rginat ode ti &, y coordinates nates transformation | (R,.S)

dy _ _2y(y=1) das _

dx z(y—2) dR
VA A O T T SRR A -]
VAR Y O T R AR R M -7,
PHHNITHE —

(x) — SR
(A O 1 T L AR ——= 7 /)
»»»»» — 7 | N - _ 7 7 /

i - . R — - 2 7
NN P2 S T xl IR TREr ST
SNNNN\N\\NWY\ 1/ 2 e
NNNN\NN\N VYV 1S -]
NNNNANN VN7 ——==77 |
NNNANANNY Y77 s
NNNANN VY LT -]
Solving for y gives

e (—ec2 + 4 [e2c2 — 41.2)
y=- 212
&% (e + v/e% —4z7)
y= 212
s 1011 EEERR
f11111 AEERR
AT AR
REARERE F11177
~>~aNN\ N J ST
17 —_— == = 7 ~N s
y(x) 0

— e N\ \ I
NN J 7S
SONONNNN ] 7777
NANNNN LY 177777
TANNNN N 117777
NANN NV 1171777
=3NNV NV VY 1171777
—4 =3 =2 -1 0 1 2 3 4

Figure 2.43: Slope field ¢/ =

2y(y—1)
z(2-y)
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Summary of solutions found

e (—e% 4 /&2 — 4a?
(

212

2 (e 4 /P —da?
(

22

y=-

y:

v Maple. Time used: 0.023 (sec). Leaf size: 85

Lode:=diff(y(x),x) = 24y(X)*(y(x)-1)/x/(2-y(x));
‘dsolve(ode,y(x), singsol=all);

14/ —422c2 +1

22+ \/—dr?E + 1+ 1
14+ /—4r2c2 +1

22 4 /AP + 11

Maple trace

Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

<- separable successful

Maple step by step

Let s solve
2y(z) (y(z)—1)
w9(®) = 25w

° H1ghest derivative means the order of the ODE is 1

wy(@)
° Solve for the highest derivative
(x) 2y(z) (y(x)—1)
z(2—y(z))
° Separate variables

(£v@)e-v@)

y@)y@)-1) =z
° Integrate both sides with respect to x

(Lv@)e-v@) ,
I Seemnde = [ zde+ C1
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° Evaluate integral
In(y(z) — 1) — 2In(y(z)) = 2In(z) + C1
o Solve for y(x)

g; | g;
—144/1— 4x2 2 1+4/1— 4x2 e 2
2z2 21:2

° Simplify
—141/1-422C1 )e=C! 14+1/1-422¢C1 )e=C1
fyto) = - CHV Ty = (TN )

v/ Mathematica. Time used: 0.766 (sec). Leaf size: 90

‘ode=D[y[x],x]== (2y[x]*(y[x]-1))/( x*(2-y[x]) ) ;
‘ic={};
LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

(z) = _eTVAa? f e + e

y 2x2

y(z) — et —e TVAz? + e
212

y(z) =0

y(z) =1

v Sympy. Time used: 0.620 (sec). Leaf size: 41

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq(Derivative(y(x), x) - (2*xy(x) - 2)*y(x)/(x*(2 - y(x))),0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

y(:l}) _ Cl (Cl — 4.’[52), y(.’l}) _ 01 + Cl (01 — 41,'2)
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2.2.8 Problem (i)
Local contents

Solved using first_ order_ode_isobaric . . . ... ... ... .. 203]
Solved using first_order_ode_homog A . ... ... ... ...
Solved using first_ order _ode_dAlembert . .. ... ... ... 209
Solved using first_order ode_homog type maple_ C . . . . .
Solved using first_order_ode LIE . ... ... ... ...... 217
e Maple . . . . . . . . . e 227
vV Mathematica . . . . . o o oo 227
v Sympy . . ...

Internal problem ID [20974]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.

Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises XIII at page 24

Problem number : (i)
Date solved : Saturday, November 29, 2025 at 01:18:17 AM

CAS classification : [[_homogeneous, ‘class A‘], _rational, _dAlembert]

Solved using first_ order__ode__isobaric
Time used: 44.257 (sec)
Solve

y=y'z— 22+

Solving for 3" gives

y,_.?,/Jr\/x“ry2
T

Each of the above ode’s is now solved An ode y' = f(z,y) is isobaric if

fltz, t™y) =t f(z,y)

Where here
VIR

T

f(z,y) =

m is the order of isobaric. Substituting (2) into (1) and solving for m gives

m=1
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Since the ode is isobaric of order m = 1, then the substitution

y=uz"

= ux
Converts the ODE to a separable in u(z). Performing this substitution gives

zu(z) + /22 + 22u (z)?

u(z) + zu'(z) =

x
The ode
u(z)?+1
W(z) = +——— (2.14)
x
is separable as it can be written as
) u(z)® +1
W(z) =Y —
= f(z)g(u)

Where

g(u) = Va2 +1

/ﬁdu=/f(x)dx

/ 1 du—/ldx
Viz+l )z

Integrating gives

arcsinh (u(z)) = In(z) + ¢;

We now need to find the singular solutions, these are found by finding for what values g(u)
is zero, since we had to divide by this above. Solving g(u) = 0 or

vVuz+1=0

for u(x) gives
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Now we go over each such singular solution and check if it verifies the ode itself and any
initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

Converting arcsinh (u(z)) = In (z) + ¢; back to y gives
arcsinh (%) =In(z)+ ¢

Converting u(x) = —i back to y gives
Converting u(x) = ¢ back to y gives

Solving for y gives

The solution

arcsinh <%> =In(z)+a

was found not to satisfy the ode or the IC. Hence it is removed.
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Figure 2.44: Slope field y = v’z — V22 + 32

Summary of solutions found

Solved using first_ order__ode__homog_ A
Time used: 49.945 (sec)
Solve
y=y'z— /a2ty

In canonical form, the ODE is

y = F(z,y)
_ytvelty 1)
z
An ode of the form y' = %((;”;’)) is called homogeneous if the functions M(z,y) and N(z,y)

are both homogeneous functions and of the same order. Recall that a function f(z,y) is
homogeneous of order n if

f(tn.'L', tny) = tnf(x’ y)
In this case, it can be seen that both M = y++/2% + 32 and N = z are both homogeneous and
of the same order n = 1. Therefore this is a homogeneous ode. Since this ode is homogeneous,
it is converted to separable ODE using the substitution u = ¥, or y = uz. Hence
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Applying the transformation y = uz to the above ODE in (1) gives

d
L tu=ut+Vai+1

dzx
du u(z)2+1
dz T
Or
/ 2
u(xr) +1
u'(x _LZO
T
Or

u(z)z —\Ju(z)+1=0

Which is now solved as separable in u(z).

The ode
u(z)® +1
v (r) = +—--— (2.15)
x
is separable as it can be written as
) u(z)’ +1
u'(z) = .
= f(z)g(w)
Where
1
flz)= "~

g(u) = Va2 +1

/ﬁdu=/f(x)dz

/ 1 du—/ldx
N

Integrating gives

arcsinh (u(z)) = In(z) + ¢;

We now need to find the singular solutions, these are found by finding for what values g(u)
is zero, since we had to divide by this above. Solving g(u) = 0 or

Vuz+1=0



CHAPTER 2. BOOK SOLVED PROBLEMS 208

for u(z) gives

Now we go over each such singular solution and check if it verifies the ode itself and any
initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

Converting arcsinh (u(z)) = In (z) 4 ¢; back to y gives

arcsinh (E) =In(z)+a

x
Converting u(x) = —i back to y gives
Yy = —1iT
Converting u(x) = ¢ back to y gives
Y =1

The solution

arcsinh (%) =ln(z)+a

was found not to satisfy the ode or the IC. Hence it is removed.
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Figure 2.45: Slope field y = v’z — V22 + 32
Summary of solutions found
y=—iz
Y =1x
Solved using first_ order__ode__dAlembert
Time used: 0.498 (sec)
Solve
y=yz— 2+
Let p = ¢ the ode becomes
y=pr— &’ +y
Solving for y from the above results in
_z(p*-1)
y= T (1)
This has the form
y=zf(p) +9(p) (*)

Where f, g are functions of p = y/(x). The above ode is dAlembert ode which is now solved.
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Taking derivative of (*) w.r.t. = gives

p=f+(af +9) L
p—f=@f+9) L @)

Comparing the form y = zf 4+ g to (1A) shows that

2
p°—1
f==
Y
g=0
Hence (2) becomes
2
p°—1 x T ,
_ = (2 4+ = 2A
=Tt = (54 o) P (24)

2 -1
_Pp =0
2p
Solving the above for p results in
pL=1
P2 = —1

The general solution is found when 2 # 0. From eq. (2A). This results in

(2)*~1
p(%) -
Pe) = 3)
2 T 2p(2)”
This ODE is now solved for p(z). No inversion is needed.
The ode
o(w) =22 (2.16)
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is separable as it can be written as

Where

Integrating gives

Taking the exponential of both sides the solution becomes

/ﬁdpz/f(z)dx
o

In(p(z)) =In(z) +

p(z) =z

We now need to find the singular solutions, these are found by finding for what values g(p)

is zero, since we had to divide by this above. Solving g(p) = 0 or

for p(x) gives

p=0

p(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and any

initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

Substituing the above solution for p in (2A) gives

Azt —1
201
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Figure 2.46: Slope field y = v’z — V22 + 32

Summary of solutions found

Y= —Iix

Y =1z
_cdar -1
- 261

Solved using first_ order__ode__homog_type_maple_ C
Time used: 1.770 (sec)

Solve

y=y'z— 22+

Let Y =y — yo and X = x — z then the above is transformed to new ode in Y (X)

d Y (X) + 90+ /(X +20)° + (¥ (X) +0)°
d_XY(X) - X+ x9

Solving for possible values of g and yo which makes the above ode a homogeneous ode results
in

To =

Yo =0
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Using these values now it is possible to easily solve for Y'(X). The above ode now becomes

d oy Y(X)+1/X2+Y (X)?
ax ¥ %)= X
In canonical form, the ODE is

Y' = F(X,Y)
Y + VXZFY?
=TV )
An ode of the form Y’ = %g;) is called homogeneous if the functions M(X,Y) and N(X,Y)

are both homogeneous functions and of the same order. Recall that a function f(X,Y) is

homogeneous of order n if
fE"X,t"Y) =t"f(X,Y)

In this case, it can be seen that both M =Y ++/ X2+ Y? and N = X are both homogeneous
and of the same order n = 1. Therefore this is a homogeneous ode. Since this ode is
homogeneous, it is converted to separable ODE using the substitution u = %, or Y =uX.

Hence
dY du

dX ~ dx
Applying the transformation Y = uX to the above ODE in (1) gives

d
X tu=ut+Vai+1

dX
du  yuld)+1 u(X)’+1

ax X

U(X YuX)+1 +1
(dX x)x WT
e

Or

Which is now solved as separable in u(X).
The ode

1

dX (2.17)

is separable as it can be written as
u(X)?+1

dX X
= f(X)g(u)
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Where

0=
g(u) =vu2+1

Integrating gives

/ﬁdu=/f(X)dX

1 1
/wxﬁ“‘/fﬂ

arcsinh (u(X)) =In (X) + ¢;

We now need to find the singular solutions, these are found by finding for what values g(u)
is zero, since we had to divide by this above. Solving g(u) = 0 or

vVuz+1=0
for u(X) gives

u(X) = —1

uw(X) =1

Now we go over each such singular solution and check if it verifies the ode itself and any
initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

arcsinh (u(X)) =In(X) + ¢
u(X)=—i
uw(X) =1
Converting arcsinh (u(X)) = In (X) + ¢; back to Y(X) gives
arcsinh (%) =In(X)+c

Converting u(X) = —i back to Y (X) gives

Y(X) = —iX
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Converting u(X) = ¢ back to Y(X) gives
Y(X) =X

Using the solution for Y (X)

arcsinh m =In(X)+c
(")) =m0

And replacing back terms in the above solution using

Y =y+uyo
XI.’L‘()—F.'I)

Y=y
X==x

Then the solution in y becomes using EQ (A)
arcsinh (%) =Iln(z)+c
Using the solution for Y (X)
Y(X)=—-iX
And replacing back terms in the above solution using

Y=y+y
X=x+z

Y=y
X=z

Then the solution in y becomes using EQ (A)
y=—ix
Using the solution for Y'(X)

Y(X)=14iX
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And replacing back terms in the above solution using

Y=y+w

X=x+z

Y=y

X =

Then the solution in y becomes using EQ (A)

The solution

Y =1z

arcsinh <Q> =ln(z)+a

T

was found not to satisfy the ode or the IC. Hence it is removed.

3_

Figure 2.47: Slope field y = y'z — /2% + y?

Summary of solutions found
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Solved using first_ order_ode_ LIE
Time used: 3.779 (sec)

Solve

y=yz— 22 +y’
Writing the ode as
VTP
x

/

Yy =w(z,y)
The condition of Lie symmetry is the linearized PDE given by
Nz + w(ny - &) — wzéy —wz§ —wyn =0 (A)

To determine &, 7 then (A) is solved using ansatz. Using these anstaz

Az + By
e | 1E
=2t (1)
n=1 (2E)
Where the unknown coefficients are
{A,B,C}
Substituting equations (1E,2E) and w into (A) gives
(y+ VT 9P) (—& + 652" (y+Va+4)°B
x xz3C (5E)
22402
<¢le+y2 _ v/ ) (Az+By) 1+ T 0
- Cz B x B

Putting the above in normal form gives

AVz? +y?xy + Az y? — B(z? + y2)3/2 + BV +y?y? — Baly — 2?22+ y2C — Ca?y

0
Va4 y?23C

Setting the numerator to zero gives

A\/a:Q+y2xy+Axy2—B(a:2+y2)3/2+B 22+ 942y  —Brly—2*\/22 +y2C-Czy =0
(6E)
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Simplifying the above gives
A(m2+y2)m+A\/x2+y2xy—Ax3—B(:r2—|—y2)3/2 (6E)
+ B\/z% + 42y’ — B’y —2*\/22 + y2C — Cz’y =0
Since the PDE has radicals, simplifying gives
x(A\/a:2 +y2y+ Ay — By\/22+y2x — Bay — C\/x2 + 2 — :cC’y) =0

Looking at the above PDE shows the following are all the terms with {z,y} in them.

{x,y,vx2+y2}

The following substitution is now made to be able to collect on all terms with {z,y} in them

{-’B=U1ay:’v2, \/9«”2+y2=v3}

The above PDE (6E) now becomes
vy (Avg + Avsvy — Bvivg — Busvy — v1,Cvgy — C’Ug’Ul) =0 (TE)
Collecting the above on the terms v; introduced, and these are
{v1,v9,v3}
Equation (7E) now becomes
(=B — C) v} + (=B — C) vsv? + Aviv; + Avyvzv; = 0 (8E)

Setting each coefficients in (8E) to zero gives the following equations to solve
A=0
—-B-C=0
Solving the above equations for the unknowns gives
A=0

B=-C
c=cC
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Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for any
unknown in the RHS) gives

Shifting is now applied to make £ = 0 in order to simplify the rest of the computation

n=n-w(,y)§
—1_ (@) <_Q>

T

_VEFPy+at 4y
_ ]

£=0

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original ode
become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

de _dy _
§ n

The above comes from the requirements that <§ % + n%) S(z,y) = 1. Starting with the first

ds (1)

pair of ode’s in (1) gives an ode to solve for the independent variable R in the canonical
coordinates, where S(R). Since £ = 0 then in this special case

R=zx

Sz/ldy
n

= ) ey
x2

S is found from

Which results in

2 2

S:$2(y V$2—+—y2)

Now that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

ﬁ _ Sx +W($,y)Sy
dR R, +w(z,y)R,

(2)
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Where in the above R, R, S;, S, are all partial derivatives and w(z, y) is the right hand side
of the original ode given by

v+ VTS

w(z,y) = .
Evaluating all the partial derivatives gives
R, =1
R,=0
g _ x
S, = Y

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

ds
>0 2A
IR (24)
We now need to express the RHS as function of R only. This is done by solving for x,y in
terms of R, S from the result obtained earlier and simplifying. This gives

as
dR
The above is a quadrature ode. This is the whole point of Lie symmetry method. It converts

an ode, no matter how complicated it is, to one that can be solved by integration when the
ode is in the canonical coordiates R, S.

=0

Since the ode has the form J%S(R) = f(R), then we only need to integrate f(R).
R) = Co

To complete the solution, we just need to transform the above back to x,y coordinates. This
results in

y—vVz2+y?=cy
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The following diagram shows solution curves of the original ode and how they transform in
the canonical coordinates space using the mapping shown.

Oricinal ode i dinat Canonical coordi- | ODE in canonical coordinates
rginat ode ti &, y coordinates nates transformation | (R,.S)
dy _ y+Vaity? as _
dz T dR
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c —x?
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Figure 2.48: Slope field y = y'z — /2% + y?
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Summary of solutions found

2 2

y= 262

e Maple. Time used: 0.004 (sec). Leaf size: 26

lode:=y(x) = diff(y(x),x)*x-(x"2+y(x)"2)~(1/2);
‘dsolve(ode,y(x), singsol=all);

0

—c 2 +y+ Vet +y?
. =

T

Maple trace

Methods for first order ODEs:

-—- Trying classification methods ---

trying homogeneous types:

trying homogeneous G

1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful

<- homogeneous successful

Maple step by step

Let’s solve

y(@) = z(Ly(@) — /a2 +y (@)’
. Highest derivative means the order of the ODE is 1

()
° Solve for the highest derivative
(@)+y/ 2 +y(x)®
%y(x) — yfy

\/ Mathematica. Time used: 0.18 (sec). Leaf size: 13

‘ode=y[x]==x*D[y[x],x]— Sqrt[x~2 + y[x]~2];
ic={};
‘DSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

y(z) — zsinh(log(z) + ¢1)
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v Sympy. Time used: 0.733 (sec). Leaf size: 12

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq(-x*Derivative(y(x), x) + sqrt(x**2 + y(x)**2) + y(x),0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

y(xz) = —zsinh (C; — log (z))
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2.3 Chapter 1. First order equations: Some integrable
cases. Excercises VI at page 33

Local contents
231 Problem (a) . . . . . . ...
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2.3.1 Problem (a)
Local contents

Solved using first_ order_ode_separable . . . .. ... ... ..... 225]
Solved using first_order _ode_exact . .. .. ... ... ....... 227
v Maple . . . . . . . . e 2311
V' Mathematica . . . . o o v v o
v Sympy . . . .. e e 232

Internal problem ID [20975]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.

Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises VI at page 33

Problem number : (a)

Date solved : Saturday, November 29, 2025 at 01:21:20 AM

CAS classification : [_separable]

Solved using first_ order__ode_ separable

Time used: 0.225 (sec)

Solve

y = f(z)yln G)
The ode

y = f(z)yln (5)

is separable as it can be written as

y' = f(z)yln (i)
= f(z)g(y)
Where

f(z) = f(z)

(2.18)
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/ﬁdy=/f(x)dw

/mdyz/f(w) dx

Integrating gives

_In <111 G/)) _ /f(x)dz—l—cl

We now need to find the singular solutions, these are found by finding for what values g(y)
is zero, since we had to divide by this above. Solving g(y) = 0 or

yln (1) =0
Y

for y gives
y=1

Now we go over each such singular solution and check if it verifies the ode itself and any
initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

“In (111 G/)) _ /f(x)dw+cl

Summary of solutions found
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Solved using first_ order_ode__exact
Time used: 0.145 (sec)

To solve an ode of the form

M(z,) + N(z,) 3 =0 (*)

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the ode.
Taking derivative of ¢ w.r.t. x gives

d
el -0
7.0 y)
Hence 06 06 d
Y
I T - A B
ox + Oy dx 0 (B)
Comparing (A,B) shows that
99 _
or
¢
Ay
But since ;:gy = 6(9; ;; then for the above to be valid, we require that
oM  ON
oy Oz
If the above condition is satisfied, then the original ode is called exact. We still need to
determine ¢(x,y) but at least we know now that we can do that since the condition 869% =

% is satisfied. If this condition is not satisfied then this method will not work and we have

to now look for an integrating factor to force this condition, which might or might not exist.
The first step is to write the ODE in standard form to check for exactness, which is
M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

(_ f@)yln G)) dz +dy = 0 (24)

Comparing (1A) and (2A) shows that

Ma) = ~f@)yin ;)

N(z,y) =1
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The next step is to determine if the ODE is is exact or not. The ODE is exact when the

following condition is satisfied
OM  ON

dy Oz

Using result found above gives
oM 0 1
— =—|—f(x)yln| -
Ay 6y( f=)y (y>)

s ()

And
oy _ 0,
dr Oz
=0

Since %—A; £ 9N “then the ODE is not exact. Since the ODE is not exact, we will try to find

Oz
an integrating factor to make it exact. Let

. (8M 8N)

~ N\oy Oz

~1((~r@u(})+10) - o)
b))

Since A depends on y, it can not be used to obtain an integrating factor. We will now try a
second method to find an integrating factor. Let

p— L(ON _oM
- M\ oz Oy

_ _m (©- (~r@u () +1@))
- —In (i) +1
 yhn (111)

Since B does not depend on z, it can be used to obtain an integrating factor. Let the
integrating factor be . Then
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CHAPTER 2.

The result of integrating gives
= e ln(ln(%))-ﬁ-ln(%)

B 1

yln (%)
M and N are now multiplied by this integrating factor, giving new M and new N which are
called M and N so not to confuse them with the original M and N.

- ()

yln (%

And

(1)
yln (%)
_ 1

yln (i)
So now a modified ODE is obtained from the original ODE which will be exact and can be
solved using the standard method. The modified ODE is

M+ N _g

dx

1 dy
(—f(z)) + (@) ar =0

The following equations are now set up to solve for the function ¢(z,y)

1)

op
g—x_M

T

o =" 2)

Integrating (1) w.r.t. z gives
% dx = / M dz
Ox

0
%dx:/—f(x)dx

¢ = /—f(w) dz + f(y)
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Where f(y) is used for the constant of integration since ¢ is a function of both z and y.

Taking derivative of equation (3) w.r.t y gives

0 )
8_y_0+f(y)

But equation (2) says that g—‘z = — 1(1> Therefore equation (4) becomes
ynly

1 ,
o (i) =0+ f'(y)

Solving equation (5) for f'(y) gives

Integrating the above w.r.t y gives

/f’(y)dy=/ ﬁ dy

v

= (n (1)) <o

(4)

(5)

Where c; is constant of integration. Substituting result found above for f(y) into equation

(3) gives ¢

¢=/—f(x)dx—ln <ln G)) +o

But since ¢ itself is a constant function, then let ¢ = c, where ¢y is new constant and

combining c¢; and c; constants into the constant c; gives the solution as

o= [ ~f@)ds-1n (1“ @)

Summary of solutions found

/—f(x) dz —In (111 (5)) =
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v Maple. Time used: 0.032 (sec). Leaf size: 17

‘(ode:=diff (y(x),x) = £(x)*y(x)*1n(1/y(x));
‘dsolve(ode,y(x), singsol=all);

oS @)z
y = e c1

Maple trace

Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

<- separable successful

N

Maple step by step

Let’s solve

Ly(2) = f(@) y(@)In (35)

° Highest derivative means the order of the ODE is 1

=y(®)
° Solve for the highest derivative
Ly(@) = @) y@) I ()
° Separate variables
dz y(z) —
y@)n(55) f(@)
. Integrate both sides with respect to x

&Y gy — [ f(z)dz+ C1
[ om(ey =

o Cannot compute integral

~n(In(;45)) = J f@)dz + C1
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v/ Mathematica. Time used: 0.127 (sec). Leaf size: 33

p
|ode=D[y[x],x]==f [x]*y [x]*Log[1/y[x]];

‘ic={};
LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

~

y(z) = exp (- exp <— /1 " (K] ] — c1)>

y(z) = 1

v Sympy. Time used: 0.248 (sec). Leaf size: 12

from sympy import *

x = symbols("x")

y = Function("y")

f = Function("f")

Eq(-f (x)*y(x)*log(1/y(x)) + Derivative(y(x), x),0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

o

Q

o
]

y(z) = efre "
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2.4 Chapter 1. First order equations: Some integrable
cases. Excercises VII at page 33

Local contents
241 Problem (a) . . . . . . ... 234



CHAPTER 2. BOOK SOLVED PROBLEMS 234

2.4.1 Problem (a)

Local contents

Existence and uniqueness analysis. . . . . . .. ... ... ... ... 234
Solved using first_order_ode LIE . ... .. ... .......... 235]
Solved using first_order _ode_riccati . . . . . . ... ... ... ...
Solved using first_ order_ode_ riccati_by_ guessing particular_solution244]
v Maple . . . . . . . e 246
V' Mathematica . . . « o o v o e 247
v Sympy . . ..o e 247

Internal problem ID [20976]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises VII at page 33
Problem number : (a)

Date solved : Saturday, November 29, 2025 at 01:21:49 AM

CAS classification : [[_1st_order, _with_linear_symmetries], _Riccati]

Existence and uniqueness analysis

Y —y+e"y  +5e =0

y(0) =17
This is non linear first order ODE. In canonical form it is written as

y = f(z,y)
=y—e"y? —He®

The = domain of f(z,y) when y =7 is

{—o0 <z < o0}

And the point zo = 0 is inside this domain. The y domain of f(z,y) when x =0 is
{—o0 <y < oo}

But the point yy = 7 is not inside this domain. Hence existence and uniqueness theorem does
not apply. There could be infinite number of solutions, or one solution or no solution at all.
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Solved using first_ order_ode_ LIE
Time used: 0.545 (sec)

Solve
Y —y+e"y +5e =0

y(0)=n
Writing the ode as
y =y—e"y> —5e”
Yy =w(z,y)
The condition of Lie symmetry is the linearized PDE given by
Mo +w(ily — &) — W'y — we —wyn =0

To determine &, 7 then (A) is solved using ansatz. Using these anstaz

£=1
n = Az + By
Where the unknown coefficients are
{A, B}

Substituting equations (1E,2E) and w into (A) gives
A+ (y—e"y*—5e*)B+e"y’ —5e % — (1—26"y) (Az+ By) =0
Putting the above in normal form gives
2Ae"zy + Be®y? +e®y? — Az —5Be *+A—5e =0
Setting the numerator to zero gives

2Ae"xy + Be®y? + "y — Az —5Be "+ A—5e " =0

Looking at the above PDE shows the following are all the terms with {z,y} in them.

{z,y,e",e7"}

(1E)
(2E)

(5E)

(6E)



CHAPTER 2. BOOK SOLVED PROBLEMS 236

The following substitution is now made to be able to collect on all terms with {z,y} in them
{z =v1,y = vy,6" = v3,67 % = vy}

The above PDE (6E) now becomes

2 Avsv1vy + Bugv? + vsv: — Avy — 5Buy+ A —5vs =0 (TE)
Collecting the above on the terms v; introduced, and these are

{v1,v2,v3,v4}

Equation (7E) now becomes

2Av3v1v5 — Avy + (B + 1) w302 + (=5B = 5) v, + A=0 (8E)

Setting each coefficients in (8E) to zero gives the following equations to solve

A=0
—-A=0
2A=0
—5B—-5=0
B+1=0

Solving the above equations for the unknowns gives

A=0
B=-1

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for any
unknown in the RHS) gives

The next step is to determine the canonical coordinates R,S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original ode
become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dv _dy _

F=, = 1)



CHAPTER 2. BOOK SOLVED PROBLEMS 237

The above comes from the requirements that <§ {;% + n%) S(z,y) = 1. Starting with the first

pair of ode’s in (1) gives an ode to solve for the independent variable R in the canonical
coordinates, where S(R). Therefore

dy _n
de £
—
1
=Yy
This is easily solved to give
y=e ‘¢

Where now the coordinate R is taken as the constant of integration. Hence

R=¢€"y
And S is found from
dz
dS = —
§
_do
1

Integrating gives

S

/d_w
T
T

Where the constant of integration is set to zero as we just need one solution. Now that R, S
are found, we need to setup the ode in these coordinates. This is done by evaluating

ﬁ _ Spt+w(z,y)S, @)
dR R, + w(z,y)R,

Where in the above R, R, S;, S, are all partial derivatives and w(z, y) is the right hand side
of the original ode given by

T

w(z,y) =y —e"y’ —5e”

Evaluating all the partial derivatives gives

R, =¢"y
R, =¢"
S, =1

S, =0
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Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as 1

> 2A
dR 2e*y—e?y2—5 (24)

We now need to express the RHS as function of R only. This is done by solving for z,y in
terms of R, S from the result obtained earlier and simplifying. This gives

as 1

dR~  R?—2R+5
The above is a quadrature ode. This is the whole point of Lie symmetry method. It converts
an ode, no matter how complicated it is, to one that can be solved by integration when the
ode is in the canonical coordiates R, S.

Since the ode has the form - S(R) = f(R), then we only need to integrate f(R).

1
dS = —_———d
/S / R2—_2R4+5 i
arctan(%—%)

S(R) = >

+CQ

To complete the solution, we just need to transform the above back to x,y coordinates. This
results in
@ 1
arctan (S — 3)

r = — 9 + ¢y

The following diagram shows solution curves of the original ode and how they transform in
the canonical coordinates space using the mapping shown.

Original ode in z,y coordinates .
Het &,y coordin nates transformation | (R,.S)

Canonical coordi- | ODE in canonical coordinates

W=y ey’ —5e i —
I o
ay Vv | T T, 4\_ P~ —a—a—a— s s
SR AR 011 R o N—
V( ) _A_A“_S}(‘RT\\*\\\ \\\\\
\’ \lz‘ \l ‘( \' \l AAAAAA \\2\_\\\\ \\\\\
L == —

i \V \V 0 \\4 NS T R = exy —r —~ 5
LT VT VA ,{ ‘ S BTN TN NN N T
l/ \( 1 \l \/ \' AAAAAAAA N —a—a—a—a— s s
REERRE R
| == S—
L 1/_41 L \' \' l’ ‘A‘Adﬂﬂ‘\_t<\\ \\\\\
\' l/ \' \' \' l’ AAAAAAAA Ia——a—a—a—s s
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Solving for initial conditions the solution is

arctan (ezTy —3)  arctan (2 — 1)
2 + 2

r=—

Solving for y gives

n 1 _z
=—(2tan(2z—arctan (= — =) ) =1
y ( an<z’ arcan(2 2)) )e

bbb bbb bbb
AN
2 AR EEEEEER
AR ER
1 AEEEEEERER
AN
[ T N A A
y(x) o R N
PEb bbby
—1 AR
R EEN
RN
IR
R
-3 [ A T A
—4 -3 —2 -1 0 1 2 3 4

x
Figure 2.49: Slope field 4/ —y +e®y?> +5e* =0

Summary of solutions found

n 1 _z
=—(2tan(2z—arctan (= — =) ) —1
y < an(z’ arcan(2 2>) )e

Solved using first_ order__ode_ riccati

Time used: 0.641 (sec)

Solve
yl_y+emy2+5e—z:0

y(0) =n
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In canonical form the ODE is

y' = F(z,y)
=y—e"y? —He®

This is a Riccati ODE. Comparing the ODE to solve

—T

y =y—e"y? —5e
With Riccati ODE standard form

y' = fo(z) + fi(z)y + fo(z)y?

Shows that fo(x) = —5e7%, fi(x) =1 and fo(x) = —e®. Let

_u’

B f2u

= (1)

—e?u

Y

Using the above substitution in the given ODE results (after some simplification) in a second
order ODE to solve for u(z) which is

fou" (@) — (fy + fufo) W' (z) + f3 fou(z) = 0 (2)
But
fo=—€"
fifa = —¢€"

fifo=—5e¥e

Substituting the above terms back in equation (2) gives
—e"u"(z) + 2%/ (z) — 5e**e u(r) = 0
In normal form the ode

d*u du
_az| 7 207 == | — 2 —z, _ 1
e(dx2)+ e(da:) 5ee*u=0 (1)

Becomes

T 90 (%) +al@)u=0 @
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Where

Applying change of variables 7 = g(z) to (2) gives

d? d
WU(T) +tn EU(T) + quu(r) =0
Where 7 is the new independent variable, and
557(@) + p(2) (£7(2))
2
(%7 (@)

I (€)
20 i )

p(r) =

Let p; = 0. Eq (4) simplifies to

(@) +(2) (%T(x)) ~0

This ode is solved resulting in

(S48

- e4m

=5 e—4:1:

Substituting the above in (3) and noting that now p; = 0 results in

d2
d—Tzu(T) + quu(t) =0
2

%U(T) + 5e_4zu(7') =0

3)

()

(6)
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But in terms of 7

5
—4z v
be = 472
Hence the above ode becomes
d? 5u(T)
a2 )t g =0

The above ode is now solved for u(7). This is Euler second order ODE. Let the solution be
u(t) = 77, then ' = r7"! and u” = r(r — 1)772. Substituting these back into the given
ODE gives

AT (r(r = 1) 2+ 0r7" ' + 577 =0

Simplifying gives
4r(r—1)7"+07"4+57" =0

Since 7" # 0 then dividing throughout by 7" gives
4r(r—1)+0+5=0

Or
4r* —4r +5=0 (1)

Equation (1) is the characteristic equation. Its roots determine the form of the general
solution. Using the quadratic equation the roots are

1 .
7‘125—2
1 .
7"2=§+7,

The roots are complex conjugate of each others. Let the roots be

T =a+ Z,B
ro=a—18
Where in this case a = % and 8 = —1. Hence the solution becomes

u(T) = 1T 4 co7™
— ClTOH_i'B + czTa—iﬁ
=7 (clTiﬂ + ch_iB)
— Ta <Cl€1n(TiB) + czeln(T_iﬁ))

= 7@ (clei(ﬁ InT) + cze—i(ﬂ In ‘r))
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Using the values for a = %, B = —1, the above becomes

U(T) — 7_% (Cle—iln(r) + c2eiln('r))

Using Euler relation, the expression c;e' 4 cye*4 is transformed to c; cos A + c; sin A where

the constants are free to change. Applying this to the above result gives
u(1) = v/7(c1 cos (In (7)) + ¢z sin (In (7))
The above solution is now transformed back to u using (6) which results in

P o)) o 5

2

u =

Taking derivative gives

V2 Ve (¢icos (In (%) ) +ezsin (In (&5
P il Gl Gl 2>>+ (=(5)) (@)

L VRV (~2e1sin (1n () ) +2e2c0s (n () ))

2

Substituting equations (3,4) into (1) results in

!/

v= fau
-
~ ((e1+2¢5) cos (—In (2) +In (€%*)) — 2(c1 — %) sin ( ) +1n(e?®))) e”

c1 cos (—In (2) 4 In (e2%)) + ¢ s1n( In (2 ) + ln (e*7))

Doing change of constants, the above solution becomes

2 2

(f@(cos(m( )} b sin(1n (222 ) ) | V2V (2sin(n(F e ))+zc?,cos(1n(i””)))) /3
. Ve (cos (In (%)) + ¢ssin (In (7))

Simplifying the above gives

e ((1 + 2+ (2 — i) e3) (€2) + 21 icy + (ics — 2i + 1) 221')
i2%icy — i (e20) ¢ 4 2% + (e2)”

y:
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Figure 2.50: Slope field 3/ —y + e*y%> + 5% =0

Summary of solutions found

2e7 (=3 + (3+9)n) ()" + 5+ (~+1) )
(7 —1+24) (%) + 1+ 2i —1

y:

Solved using first_ order_ode_ riccati_ by_ guessing particular_solution
Time used: 0.429 (sec)

Solve
Y —y+ey’+5e =0

y(0)=n
This is a Riccati ODE. Comparing the above ODE to solve with the Riccati standard form

y' = fo(z) + fi(z)y + fo(z)y®

Shows that
fo(.’E) = -5 e_””
fl(.’L') =1
fo(z) = —€”

Using trial and error, the following particular solution was found

v = (14 2i) e~
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Since a particular solution is known, then the general solution is given by

()
1 — f¢($)f2 dx

Y=y +

Where

Blz) = ol ke
Evaluating the above gives the general solution as

20 (3 + (i) m)et — 3+ (b +0)n)
(1+2i—n)e e —1+2 +7

y:

— | ——————
— | ——————

—_— e e T — e —— - —
~
-

—_

—

(e}
—— e~~~ —
—_——— e — — <~
— e e —— <~
~~ ) ——~——~——
~— / -~~~

1T——————— e

5 —

N 4
N

“4 -3 -2 -1 0
x
Figure 2.51: Slope field 4/ —y +e®y?> +5e =0



CHAPTER 2. BOOK SOLVED PROBLEMS

246
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Figure 2.52: Slope field ¢/ —y + e*y%> +5e™® =0

Summary of solutions found

267 ((3+ (g +9)m) e~ § 4 (3 +4)m)

v= (1+2i—n)edie— 142 +7

Ve Maple. Time used: 0.085 (sec). Leaf size: 26

‘ode:=diff (y(x),%)-y(x)+y(x) “2%exp(x)+5*exp(-x) = 0;
lic:=[y(0) = etal;
‘dsolve([ode,op(ic)],y(x), singsol=all);

1
y= (1 — 2tan (2ac — arctan (g — 5))) e ”

Maple trace

Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:
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‘trying Chini
‘<— Chini successful

v’ Mathematica. Time used: 0.184 (sec). Leaf size: 55

‘ode=D[y[x],x]—y[x]+Exp[x]*y[x]“2+5*Exp[—x]== ;
‘ic={y[0]==\[Etal};
‘DSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

e ®((=1+ 24)n + (=5 + (1 + 2i)n)e*™ + 5)
—n+ (n— (1—2i))e + (1 + 21)

y(z) —

e Sympy. Time used: 0.678 (sec). Leaf size: 22

from sympy import *
X = symbols("x")

a
y = Function("y")

ode = Eq(y(x)#**2*exp(x) - y(x) + Derivative(y(x), x) + 5*exp(-x),0)
ics = {y(0): a}

dsolve(ode,func=y(x),ics=ics)

symbols("a")

y(z) = (1 — 2tan (295 — atan (g - %))) e
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2.5 Chapter 1. First order equations: Some integrable
cases. Excercises IX at page 45

Local contents

25.1
2.5.2
2.5.3
254

249
204
201}
2321
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2.5.1 Problem (a)

Local contents

Solved using first_order_ode_exact . ... ... ... ... ..... 2409
v Maple . . . . . . . . e 252
V Mathematica . . . « . o v o e 253
XSYMDY . o oo, 53

Internal problem ID [20977]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises IX at page 45
Problem number : (a)

Date solved : Saturday, November 29, 2025 at 01:22:19 AM

CAS classification : [_exact]

Solved using first_ order_ode_ exact
Time used: 0.142 (sec)

To solve an ode of the form p
Y
We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the ode.

Taking derivative of ¢ w.r.t. = gives

d
Hence 96 04d
vy _
ox + Ooydr 0 (B)
Comparing (A,B) shows that
09
9 M
09
T _N
9y
But since % = % then for the above to be valid, we require that
oM _ oN
0y Oz

If the above condition is satisfied, then the original ode is called exact. We still need to
determine ¢(x,y) but at least we know now that we can do that since the condition 86%31; =
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% is satisfied. If this condition is not satisfied then this method will not work and we have

to now look for an integrating factor to force this condition, which might or might not exist.
The first step is to write the ODE in standard form to check for exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
(2ycos (y*> + ) + 3z) dy = (—cos (y* + z) — 3y) dz
(cos (y* + z) +3y) dz +(2ycos (y* + ) + 3z) dy =0 (2A)

Comparing (1A) and (2A) shows that

M(z,y) = cos (y> + z) + 3y
N(z,y) =2ycos (y* +z) + 3z

The next step is to determine if the ODE is is exact or not. The ODE is exact when the
following condition is satisfied

OM _ ON
oy Oz
Using result found above gives
M
%_y = %(cos (y* + z) + 3y)
= —2ysin (y* +z) +3
And
N
68_35 = (%(Zy cos (y* + z) + 3z)
= —2ysin (y2 + x) +3
Since %—1‘; = %%’, then the ODE is exact The following equations are now set up to solve for

the function ¢(z,y)
¢ _

or M (1)
0¢

Integrating (1) w.r.t. z gives

0¢ .
6—zdx—/Md:c

op . 2
6—zdx—/cos(y +x)+3yd:c

¢ = 3yx + sin (y2 +z) + f(y) (3)
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Where f(y) is used for the constant of integration since ¢ is a function of both z and y.
Taking derivative of equation (3) w.r.t y gives

% =2ycos (y* +z) + 3z + f'(y) (4)

But equation (2) says that g—‘z = 2y cos (y* + z) + 3z. Therefore equation (4) becomes
2y cos (y* + ) + 3z = 2ycos (y* + z) + 3z + f'(y) (5)

Solving equation (5) for f'(y) gives
flly)=0
Therefore

fly)=a

Where ¢; is constant of integration. Substituting this result for f(y) into equation (3) gives ¢
¢=3yz+sin(y2+w) +a

But since ¢ itself is a constant function, then let ¢ = c, where ¢y is new constant and
combining ¢; and ¢y constants into the constant c; gives the solution as

c1 = 3yz + sin (y2 + x)

NI 00777 T VNN
777 7 EAV YV VAN

A7 777777 TNV NNNNNN
ST 777 VNN
=77 DT VNS
A

y(x) oH—m————— N

~NTN N TN S S s
IR N A P

SNNNSNSNN\ S

SNSNSNN\\ /7777777

TASSNN VIV Vs s

NNANNNNN VT 7 s

“HANNNNNN /777077

—4 =3 =2 -1 0 1 2 3 4
x

Figure 2.53: Slope field cos (z + ¥?) + 3y + (2ycos (z + y*) + 3z)y =0
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Summary of solutions found

3yz +sin (z+9°) =

v Maple. Time used: 0.012 (sec). Leaf size: 41

‘ode:=cos(x+y(x)‘2)+3*y(x)+(2*y(x)*cos(x+y(x)‘2)+3*x)*diff(y(x),x) = 0;
dsolve(ode,y(x), singsol=all);

N\

—c; — sin (RootOf (=922 Z+ 92% +sin (_2)* + 2¢;sin (_2) +c}))
3z

y:

Maple trace

Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

<- exact successful

Maple step by step

Let’s solve
cos (z + y(z)2) + 3y(z) + (2y(z) cos (z + y(x)z) +3z) (Ly(z)) =0
° Highest derivative means the order of the ODE is 1
&y(@)
([l Check if ODE is exact
o ODE is exact if the lhs is the total derivative of a C? function
£G(z,y(x)) = 0
o Compute derivative of lhs
2G(w,y)+ (£6(,9)) (£y(=) =0
o Evaluate derivatives
—2ysin (y? +z) +3 = —2ysin(y? +z) +3
o Condition met, ODE is exact
° Exact ODE implies solution will be of this form
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(Gla,y) = C1,M(x,9) = £G(a,9), N(z,y) = $G(w,y)]

° Solve for G(z,y) by integrating M (z,y) with respect to z
G(z,y) = [ (cos (y* +z) + 3y) dz + _F1(y)
° Evaluate integral
G(z,y) = 3zy +sin (4 + z) + _F1(y)
. Take derivative of G(z,y) with respect to y
N(z,y) = £G(=,y)
° Compute derivative
2ycos (y* + ) + 3z = 3z + 2y cos (y* + z) + £ __FI(y)
° Isolate for j%__ITI(y)
w_Fl(y) =0
° Solve for _ F1(y)
_Fi(y)=0
. Substitute _FI(y) into equation for G(z,y)
G(z,y) = 3zy + sin (y* + z)
. Substitute G(z,y) into the solution of the ODE
3zy +sin(y?+1xz) = C1
. Solve for y(x)
C1—sin( RootOf (~922_ Z49z3+sin(__Z) 201 sin(__Z)+C12
i = el )

\/ Mathematica. Time used: 0.183 (sec). Leaf size: 28

‘ ode=(Cos [x+y [x] ~2] +3*y [x] )+ (2*y [x] *Cos [x+y [x] ~2] +3*x) *D [y [x] ,x]==0;
lic={};
LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions->True]

Solve[3zy(z) + sin(z) cos (y(z)?) + cos(z) sin (y(z)?) = c1,y(z)]

X Sympy

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq((3*x + 2*y(x)*cos(x + y(x)*#*2))*Derivative(y(x), x) + 3*y(x) + cos(x + y
(x) *%2) ,0)

ics = {}

dsolve(ode,func=y(x),ics=ics)

N\

LTimed Out
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2.5.2 Problem (b)

Local contents

Solved using first_order_ode_exact . ... ... ... ... ..... 254
v Maple . . . . . . . . e 258
V Mathematica . . . « . o v o e 259
VSYMPY .« o o 60

Internal problem ID [20978]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises IX at page 45
Problem number : (b)

Date solved : Saturday, November 29, 2025 at 01:22:53 AM

CAS classification : [_rationall

Solved using first_ order_ode_ exact
Time used: 0.203 (sec)

To solve an ode of the form p
Y
We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the ode.

Taking derivative of ¢ w.r.t. x gives

d
Hence 96 04d
vy _
ox + Ooydr 0 (B)
Comparing (A,B) shows that
09
M
ox
09
T _N
Oy
But since %{% = % then for the above to be valid, we require that
oM _ oN
0y Oz

If the above condition is satisfied, then the original ode is called exact. We still need to
determine ¢(x,y) but at least we know now that we can do that since the condition 86%31; =



CHAPTER 2. BOOK SOLVED PROBLEMS 255

% is satisfied. If this condition is not satisfied then this method will not work and we have

to now look for an integrating factor to force this condition, which might or might not exist.
The first step is to write the ODE in standard form to check for exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
(—zy*+1)dy = (—zy*+¢°) dz
(zy* —y*)dz+(—zy’+1)dy =0 (2A)
Comparing (1A) and (2A) shows that
M(z,y) =2y’ -y’
N(z,y) = —zy® +1

The next step is to determine if the ODE is is exact or not. The ODE is exact when the
following condition is satisfied

oM _oN
oy Oz
Using result found above gives
oM 0
oy oy V)
=y(2z — 3y)
And
ON 0
5 ~ oV Y
= —y2
Since %—Aj %—Z, then the ODE is not exact. Since the ODE is not exact, we will try to find

an integrating factor to make it exact. Let

A__1(3M' aN)

T N\dy Oz

= ﬁ(@yw —3y%) = (=v%))
2y(z —y)
zy?—1

Since A depends on y, it can not be used to obtain an integrating factor. We will now try a
second method to find an integrating factor. Let

5 L(ON _om
M\ o0z Oy
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Since B does not depend on z, it can be used to obtain an integrating factor. Let the
integrating factor be . Then

p= 6dey
— iy
The result of integrating gives
©w= 6_2 In(y)
1
T

M and N are now multiplied by this integrating factor, giving new M and new N which are
called M and N so not to confuse them with the original M and N.

And

—zy?+1
So now a modified ODE is obtained from the original ODE which will be exact and can be
solved using the standard method. The modified ODE is

H+_j—z=0

2
—zy +1\dy
-+ (L) 2o

The following equations are now set up to solve for the function ¢(z,y)

9¢
ox
9¢
Oy

Il
—~~

—_
~—

[
=
~~
=
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Integrating (1) w.r.t. z gives

0¢ —
%dx:/de
%dx:/x—ydz
6= "D | g ®)

Where f(y) is used for the constant of integration since ¢ is a function of both z and y.
Taking derivative of equation (3) w.r.t y gives

o= et I @
But equation (2) says that g—ﬁ = %22“ Therefore equation (4) becomes
—zy’ +1 )
—p = EtS () (5)
Solving equation (5) for f’'(y) gives
) =

Integrating the above w.r.t y gives

/f’(y) dy = / (%) dy
fly) = —5 +

Where ¢, is constant of integration. Substituting result found above for f(y) into equation
(3) gives ¢
z(—2y+z) 1

6="" T~ ta

But since ¢ itself is a constant function, then let ¢ = c, where ¢y is new constant and
combining ¢; and cy constants into the constant c; gives the solution as

z(—2y+z) 1
ClzT—g
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Solving for y gives

z% — 2¢; + /7t — 4c; 22 + 4c} — 162
y:
4z

—z? + /7% — 4cy 22 + 4 — 162 + 2¢;
4x

P S N

N\
11
[ 17
[ 11
[ 11
f / /

Figure 2.54: Slope field zy? — ¢ + (1 — zy?) ¢y =

Summary of solutions found

) = z% — 2¢1 + /2t — 4cy 22 + 4c} — 162
- 4z

—22 + /7t — 4ey 32 + 4} — 167 + 2¢

y=- 4z

Ve Maple. Time used: 0.005 (sec). Leaf size: 73

0

ode:=x*y (x) “2-y (x) “3+(1-xky (x) “2) *diff (y (x) ,x) = 0;
‘dsolve(ode,y(x), singsol=all);

y:x%+%r+¢ﬁ+4qx%+@%—wx
4z

)= 2% — /7% + 4dc; 22 + 4c? — 162 + 2¢;
4x
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Maple trace

Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

<- exact successful

Maple step by step

Let’s solve

zy(x)” —y(2)’ + (1 - 2y(2)”) (s£y(z)) =0
° Highest derivative means the order of the ODE is 1

=Y(@)
° Solve for the highest derivative
—TYylx 2 x 3
Lyla) = =L

/ Mathematica. Time used: 0.342 (sec). Leaf size: 94

‘ode=(x*y[x]“2—y[x]“3)+(1—x*y[x]“2)*D[y[x],x]==0;
ic={};
‘DSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

x% — \/x2* + 4c122 — 162 + 4c12 + 2¢;

y(z) = 1z

2 4+ Vzr + 4cy2? — 162 + 4¢12 + 2¢4

y(z) = yp
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v Sympy. Time used: 2.068 (sec). Leaf size: 34

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq(xxy(x)**2 + (-xxy(x)**2 + 1)*Derivative(y(x), x) - y(x)*%*3,0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

2C, + 2?2 — \/AC} + 4Cy22 + x4 — 167
y(z) = 1
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2.5.3 Problem (c)

Local contents
Solved using first_ order_ode_ bernoulli
Solved using first_ order_ode_ exact .
Solved using first_ order_ode_ isobaric

Solved using first_order ode_homog type D2 .. ... .. ... ..
Solved using first_ order_ode_homog type G . .. ... ... ...

Solved using first_ order_ode_LIE . .
e Maple. . . ... ... ........
v Mathematica . . . . . . . ......
v Sympy . .. .............

Internal problem ID [20979]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.

Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises IX at page 45

Problem number : (c)

Date solved : Saturday, November 29, 2025 at 01:23:18 AM

CAS classification : [[_homogeneous, ‘class D‘],

Solved using first_ order__ode_ bernoulli

Time used: 0.121 (sec)

Solve
y(1+yz)=y'z
In canonical form, the ODE is
y = F(z,y)
_ylyz +1)
z
This is a Bernoulli ODE. )
y = (—) y+ 1)y
T

The standard Bernoulli ODE has the form

y = folx)y + fi(z)y"
Comparing this to (1) shows that

=R

_rational, _Bernoulli]

(1)



CHAPTER 2. BOOK SOLVED PROBLEMS 262

The first step is to divide the above equation by y™ which gives

/

Yy -

i fo@y' ™" + fi(@) (3)
The next step is use the substitution v = y'~" in equation (3) which generates a new ODE in
v(x) which will be linear and can be easily solved using an integrating factor. Backsubstitution
then gives the solution y(z) which is what we want.

This method is now applied to the ODE at hand. Comparing the ODE (1) With (2) Shows
that

1
folz) =~
filz) =1
n=2
Dividing both sides of ODE (1) by y™ = y? gives
1 1
= 41 4
Vo=t (@
Let
v = yl—n
1
== 5
" ()
Taking derivative of equation (5) w.r.t = gives
1
v' = —?y' (6)
Substituting equations (5) and (6) into equation (4) gives
—'(z) = v(z) +1
, v
—— 7
v )

The above now is a linear ODE in v(z) which is now solved.

In canonical form a linear first order is

V' (z) + q(z)v(z) = p(z)
Comparing the above to the given ode shows that

1

q(z) = z

p(z) =-1
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The integrating factor u is

o= efqd:c
_ ef %dz
=z
The ode becomes
d—(lw) = Hp

Integrating gives

VL = /—xdx

1'2

=—7+Cl

Dividing throughout by the integrating factor z gives the final solution
z e
_ 2 1
o(z) = L

The substitution v = y!~™ is now used to convert the above solution back to y which results
in

1 . _x2_2 +c
Y x
Solving for y gives
2z
y =

22420



CHAPTER 2. BOOK SOLVED PROBLEMS 264

-4 -3 -2 -1 0 1 2 3
X
Figure 2.55: Slope field y(1 + yz) = y'=

Summary of solutions found

2z
YT et 20
Solved using first_ order__ode__exact
Time used: 0.122 (sec)
To solve an ode of the form dy
M(z,y) + N(z,y) - =0 (A)

dr
We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the ode.
Taking derivative of ¢ w.r.t. = gives

d

Hence 96 06d
Yy _
Oz + oydx 0 (B)

Comparing (A,B) shows that
9¢

or
0p

Oy
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But since aa g = a a then for the above to be valid, we require that
yox
oM  ON
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need to

determine ¢(z,y) but at least we know now that we can do that since the condition 22 =

BBy
6‘9 g’ is satisfied. If this condition is not satisfied then this method will not work and we have

to now look for an integrating factor to force this condition, which might or might not exist.
The first step is to write the ODE in standard form to check for exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore

(—z)dy = (—y(yz + 1)) dz
(y(yr+1))dx+(—2z)dy =0 (2A)

Comparing (1A) and (2A) shows that

M(z,y) = y(yz + 1)
N(CL‘,y) = -

The next step is to determine if the ODE is is exact or not. The ODE is exact when the
following condition is satisfied

oM _ oN
oy Oz
Using result found above gives
oM 0
T -2 1
3y oy (y(yz +1))
=2yr+1
And
oN_ o,
or Oz
=-1

Since %M aN , then the ODE is not exact. Since the ODE is not exact, we will try to find
an 1ntegrat1ng factor to make it exact. Let

oM ON
4= (% =5
= —L(uz+1) - (1))
—2yx — 2

T
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Since A depends on y, it can not be used to obtain an integrating factor. We will now try a
second method to find an integrating factor. Let

1 /ON OM
B:M(%_a_y)
1

)
Since B does not depend on z, it can be used to obtain an integrating factor. Let the
integrating factor be . Then

w= e/ Bdy
— iy
The result of integrating gives
= 6_2 In(y)
1
%

M and N are now multiplied by this integrating factor, giving new M and new N which are
called M and N so not to confuse them with the original M and N.

M = uM

1
=;@@m+n)
_yr+1

Yy

And

So now a modified ODE is obtained from the original ODE which will be exact and can be
solved using the standard method. The modified ODE is
—dy

M+NY
+dz0

yr +1 z\dy
( y )+( ﬁ)dw_o
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The following equations are now set up to solve for the function ¢(z,y)

99

o M (1)
9

Integrating (1) w.r.t. z gives

0¢ [~
£dz—/de

%dzz/yx_'_ldz
ox Y

_z(yz +2)
¢—T+f(y) 3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and y.
Taking derivative of equation (3) w.r.t y gives

2 2
0p _ 27 _a(yz+2)

/
= 4
e~ 0) (@
T
i +f'(v)
But equation (2) says that g—z = —_5. Therefore equation (4) becomes
T T
—5 =W (5)

Solving equation (5) for f'(y) gives

flly) =0
Therefore
fy)=a
Where c¢; is constant of integration. Substituting this result for f(y) into equation (3) gives ¢
¢:M%;%+q

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢y is new constant and
combining c¢; and cy constants into the constant c; gives the solution as

_ z(yz +2)

C1 2y
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Solving for y gives

_ 2z
y —x2 + 2¢;
21 O O O B O O R A
A A O O O O
A1ttt 7 110101
11171 77—= 11101111
J7777 N 11T
Worrre—s\ 17177777
»»»»» -\ S
y(x) o
;777 ) N sw—e——
W77 N
f111 110 N 77777
2_/777777 -~/ 71717111
A
O O O I A A A O I
-1ttt et
—4 =3 =2 -1 0 1 2 3 4

Figure 2.56: Slope field y(1 + yz) = y'z

Summary of solutions found

_ 2x
y= —x2 4+ 2¢;
Solved using first_ order__ode__isobaric
Time used: 0.593 (sec)
Solve
y(1+yz)=y'z
Solving for y' gives
, _ y(+yz)
x

Each of the above ode’s is now solved An ode 3y = f(z,y) is isobaric if
f(tz, ty) =" f(z,y)

Where here
):yﬂ+y@
T

flz,y

(2)
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m is the order of isobaric. Substituting (2) into (1) and solving for m gives
m=—1

Since the ode is isobaric of order m = —1, then the substitution

y=uz"

SIS

Converts the ODE to a separable in u(z). Performing this substitution gives

) | wle) _ )1+ ute)

The ode
v (z) = (2.19)

= f(z)g(u)
Where

f) =
o) = u(u+2)

/ﬁdu=/f(m)dx
/ﬁdUZ/%dx

Integrating gives

In(u(z) +2) | In(u(z))
- 5 + 5 =In(z)+ ¢

We now need to find the singular solutions, these are found by finding for what values g(u)
is zero, since we had to divide by this above. Solving g(u) = 0 or

u(u+2)=0
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for u(z) gives

Now we go over each such singular solution and check if it verifies the ode itself and any
initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In(u(z) +2) In(u(z))

- 5 + 5 =In(z)+ ¢
u(z) = -2
u(z) =0

Converting —ln(“(g)H) + ln(“;x)) = In (z) + ¢; back to y gives

nrtd) )

Converting u(x) = —2 back to y gives

yr = —2
Converting u(x) = 0 back to y gives
yr =20
Solving for y gives
y=0
2
Yy=-—-—
x
21 e
y =

z?e?t — 1
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-4 -3 -2 -1 0 1 2 3
X
Figure 2.57: Slope field y(1 + yz) = y'=

Summary of solutions found

y=0
2
Yy=—-——
x
B 2 e
Y= Tpree — 1

Solved using first_ order__ode__homog_type_ D2
Time used: 0.181 (sec)

Solve
y1+yz)=y'z

Applying change of variables y = u(x) z, then the ode becomes
u(z) z(1+u(z) 2?) = (W'(z) z + u(z)) z
Which is now solved The ode
u(z) = u(z)’z (2.20)

is separable as it can be written as
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Where

Integrating gives

/ﬁdu=/f(w)dm
/%du=/xdx

1 z? N
- = C
u(z) 2 !

We now need to find the singular solutions, these are found by finding for what values g(u)
is zero, since we had to divide by this above. Solving g(u) = 0 or

u? =0
for u(x) gives

u(z) =0

Now we go over each such singular solution and check if it verifies the ode itself and any
initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

1 z? N
—_ = C
u(z) 2 '
u(z) =0
Converting —ﬁ = % + ¢; back to y gives
r 1z’ N
—_— = C
2 1

Converting u(x) = 0 back to y gives
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Solving for y gives

y=20
_ 2z
y S22+ 20
{10110t 1111111
N A A O O A A O
A1ttt 7 1110011
P11 77— 11101111
J7777N 11T
Worrrrea\ 1777777
»»»»» -\ /S
y(x) o
77 ] \N—_w—m
N7 N\—es s
1111l ~N~77777
RERRRR AN
201010100100 2000
111111 711010111
o T O O B Y O B O
4 =3 =2 -1 0 1 2 3 4
X

Figure 2.58: Slope field y(1 + yz) = y'z

Summary of solutions found

y=0
2z

VS e,

Solved using first_ order__ode__homog_type_ G
Time used: 0.089 (sec)
Solve

y(1+yz) =y'z

Multiplying the right side of the ode, which is @ by ¥ gives

= (%) vzt D
Y x
=yzx+1
= F(z,y)
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Since F(z,y) has y, then let

:yw

0
fy=y(a—yF(w,y))
=yx
=1

Since « is independent of x,y then this is Homogeneous type G.

Let
z
Yy=—
z
_Z
oz
Substituting the above back into F'(z,y) gives
F(z)=z+1

We see that F'(z) does not depend on z nor on y. If this was not the case, then this method
will not work.

Therefore, the implicit solution is given by

(o7

yz 1
ln(ac)—cl—/ mdzzo

Which gives

yz 1
1 — - dz=
n(zx) cl+/ (—2-7) z2=0
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-4 -3 -2 -1 0 1 2 3
X
Figure 2.59: Slope field y(1 + yz) = ¥’z

Summary of solutions found

yz 1
ln(w)—cl—l—/ z(_z_z)dzzo

Solved using first_ order__ode_ LIE
Time used: 2.971 (sec)

Solve
y(1+yz) =y'z
Writing the ode as
,_ ylyz +1)
y _ L 7
T
Y = w(z,y)

The condition of Lie symmetry is the linearized PDE given by
Nz + w(ny - gx) - wzé.y - wx§ — Wyl = 0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of degree 1
to use as anstaz gives
§ = zay + yaz + ay (1E)

n = xbs +ybs + by (2E)
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Where the unknown coeflicients are

{ala a2, as, bla b2a b3}

Substituting equations (1E,2E) and w into (A) gives

y(yr +1) (bs —as)  y*(yz+1)"ag

by + 3
) T . T

(5E)

+1
5 v +y) (.’L’b2 + ybs + bl) =0
T T T

Putting the above in normal form gives

_ 2?ytaz + 22%yby + 2%y’ay + 2°yPbs + 2w yPaz + 22%yby + by — yau
x?

=0

Setting the numerator to zero gives
—z2ytas — 223yby — 2%y%ay — 2%y?bs — 2z y3as — 22%yby — by +ya; =0 (6E)
Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y}
The following substitution is now made to be able to collect on all terms with {z,y} in them
{z =v1,y = v}
The above PDE (6E) now becomes
—a3v2vy — agV?V2 — 2a3v105 — 203y — bsvivE — 2010205 + a1va — by =0 (TE)
Collecting the above on the terms v; introduced, and these are
{v1, v2}
Equation (7E) now becomes

—2byv3vy — azvivy + (—ag — b3) v3v3 — 2b1v2vy — 2430105 — by + a1, =0  (SE)
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Setting each coefficients in (8E) to zero gives the following equations to solve

a; =0

—2a3 =0
—a3z3 =0
—2b; =0
—b=0
—2by =0
—ay — b3 =0

Solving the above equations for the unknowns gives

a; =0
ag = —bs
a3 =0
by =0
b, =0
bs = b

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for any
unknown in the RHS) gives

n=y
Shifting is now applied to make £ = 0 in order to simplify the rest of the computation

n=n-uw(y)é

—y- (MDY

x
=y+ylyz+1)
§€=0
The next step is to determine the canonical coordinates R,S. The canonical coordinates

map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original ode
become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dv _dy _

F=, = 1)
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The above comes from the requirements that <§ {;% + n%) S(z,y) = 1. Starting with the first

pair of ode’s in (1) gives an ode to solve for the independent variable R in the canonical
coordinates, where S(R). Since £ = 0 then in this special case

R=z
S is found from
[
1
- v

Which results in

_In(yz+2) N In (y)

5= 2 2

Now that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

as _ S tw(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R,, R, S;, S, are all partial derivatives and w(z,y) is the right hand side
of the original ode given by

y(yz + 1)

w(z,y) = .

Evaluating all the partial derivatives gives

R, =1
R,=0
Y
2yr +4
1
Sy =—F———
Yoyyr+2)
Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
dS 1
dR 2z

We now need to express the RHS as function of R only. This is done by solving for x,y in
terms of R, S from the result obtained earlier and simplifying. This gives

as 1

dR 2R

r =

(24)
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The above is a quadrature ode. This is the whole point of Lie symmetry method. It converts
an ode, no matter how complicated it is, to one that can be solved by integration when the
ode is in the canonical coordiates R, S.

Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).

/dS /—dR

In(R
s(ry= 2B
2
To complete the solution, we just need to transform the above back to x,y coordinates. This
results in
In(yr+2)  In(y) In(x)
- 9 + 9 = 9 + co

The following diagram shows solution curves of the original ode and how they transform in
the canonical coordinates space using the mapping shown.

Oricinal ode i dinat Canonical coordi- | ODE in canonical coordinates
Higinal 0ce I L, Y coorainates nates transformation | (R,S)
dy _ ylyz+1) as _ 1
dz T dR 2R
R —————N | -
O O |
IS =
///////27777777 N
o 2, 0 | B=o NN T
v N S N P G S, S
111\~ g lEt)
rr1r1r1r 1777110111 2 N Y S N
(A A O O A O | —————
O O O e
0 O A —————XY e
(T O A I I —————N |
Solving for y gives
y= 2x

—.1'2 _|_ e—202
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co 1 I O O O B O O R A
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Figure 2.60: Slope field y(1 + yz) = y'z

Summary of solutions found

2z

Yy=——F>—
_xZ + e—2cz

v Maple. Time used: 0.002 (sec). Leaf size: 16

‘ode:=(y(x)*x+1)*y(x) = diff (y(x) ,x)*x;
‘dsolve(ode,y(x), singsol=all);

2x
2 — 2¢;

Maple trace

Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

<- Bernoulli successful

Maple step by step

Let’s solve
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y(z) (1 +zy(2)) = z(4y(z))
° Highest derivative means the order of the ODE is 1

wy(@)
° Solve for the highest derivative
%y(z) _ y(w)(lizy(w))

/ Mathematica. Time used: 0.085 (sec). Leaf size: 23

e

ode=y [x]* (1+x*y [x])==x*D [y [x],x];
‘ic={};
‘DSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

2z

_> P —
y() P

y(x) =0

v Sympy. Time used: 0.114 (sec). Leaf size: 10

from sympy import *

x = symbols("x")

y = Function("y")

Eq(-x*Derivative(y(x), x) + (x*xy(x) + 1)*y(x),0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

o

Q

o
]

y(x) = m
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2.5.4 Problem (e)
Local contents
Solved using first_ order_ode_linear . . .. ... ... ... ..... 282]
v Maple . . . . . . . . e 283
V Mathematica . . . . . o o o 287
v Sympy . . . .. 2841

Internal problem ID [20980)]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.

Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises IX at page 45
Problem number : (e)

Date solved : Saturday, November 29, 2025 at 01:23:41 AM

CAS classification : [_linear]

Solved using first_ order__ode__linear
Time used: 0.022 (sec)

Solve
Y +p(z)y = q(x)

In canonical form a linear first order is

Y + q(z)y = p(x)

Comparing the above to the given ode shows that

q(z) = p(x)

p(z) = q(z)
The integrating factor u is

w= e/ P(2)d

Therefore the solution is
y = (/ q(x) efp(x)dxdx + Cl) e—fp(x)dx

Summary of solutions found

Y= (/ q(z) e/ P@de gy | cl> e~/ p(@)dz
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v Maple. Time used: 0.002 (sec). Leaf size: 24

Lode:=diff(y(x),x)+p(X)*y(x) = q(x);
‘dsolve(ode,y(x), singsol=all);

Y= (/ q(m) efp(l‘)dzdl. + Cl> e—fp(ac)dz

Maple trace

p

Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful

Maple step by step

Let’s solve
wY(@) +p(@) y(2) = ¢(2)
° Highest derivative means the order of the ODE is 1
d
&Y()
° Solve for the highest derivative
Ly(e) = —p(z) y(z) + q()
° Group terms with y(z) on the lhs of the ODE and the rest on the rhs of the ODE
&y(@) +p(z)y(z) = g()
o The ODE is linear; multiply by an integrating factor u(x)
w@) (Hy(@) +p(z) y(z)) = p(z) ¢(2)
. Assume the lhs of the ODE is the total derivative - (y(z) p(z))
u(e) (Lu(e) +p(@)¥(a)) = (£3(@)) (@) + (@) (Ln(e)
o Isolate - ()
wi(@) = p(@) p(z)
° Solve to find the integrating factor
() = o/ P
° Integrate both sides with respect to x
J (%) (@) dz = [ p(@) () dz + C1
° Evaluate the integral on the lhs
y(@) p(z) = [ p(z) q(z)dz + C1

o Solve for y(z)

y(z) = M
e  Substitute pu(z) = e/ P(@d=
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_ [e/P@drg(g)datC1
y(x) - efp(a:)dz

° Simplify
y(z) = e~/ P@de( [ & P@deg(z) dy + C1)

v/ Mathematica. Time used: 0.055 (sec). Leaf size: 51

p
‘ode=D[y[x],x]+p[x]*y[x]==q[x];

Lic={};
‘DSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

x z K[2]
y(z) — exp ( / —p(K[l])dK[l]) ( / exp (— / —p(K[u)dK[u) q(K[21>dK[2]+c1>

v Sympy. Time used: 2.352 (sec). Leaf size: 41

from sympy import *

x = symbols("x")
y = Function("y")
p = Function("p")
q = Function("q")

ode = Eq(p(x)*y(x) - q(x) + Derivative(y(x), x),0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

(ef Pl de / p(z)el PO dw) y(z) + / (p(@)y(e) — q(2)) e/ "D de = C,
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2.6 Chapter 1. First order equations: Some integrable
cases. Excercises VIII at page 51

Local contents

2.6.1
2.6.2
2.6.3
264
2.6.5
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2.6.1 Problem (a)
Local contents
Solved using first_ order_ode_clairaut . . . ... ... ... ... ..
v Maple . . . . . . . . e 287
V Mathematica . . . . . o o o
XSYMpPY . . o o o 289

Internal problem ID [20981]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.

Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises VIII at page 51

Problem number : (a)

Date solved : Saturday, November 29, 2025 at 01:24:00 AM
CAS classification : [[_1st_order, _with_linear_symmetries], _Clairaut]

Solved using first_ order__ode__clairaut
Time used: 0.241 (sec)

Solve

y=yz—\y -1
This is Clairaut ODE. It has the form

y=yz+9)

Where g is function of y'(z). Let p = ¢/ the ode becomes

y=pr—+/p-—1
Solving for y from the above results in

y=pzx—p-—1
The above ode is a Clairaut ode which is now solved.

Writing the equation (1A) as

y =pz + g(p)

(1A)

We now write g = ¢g(p) to make notation simpler but we should always remember that g is
function of p which in turn is function of . Hence the above becomes

y=prt+g

1)
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Where
g=—-vprp—-1

Taking derivative of (1) w.r.t. z gives

—i(x+)
p_d.’L' PT4g

B dp ,dp
P= (p”dx) * (g dw)

dp
— / —
p=p+t(a+g)
dp
0= N2
(@+9g) -
Where ¢’ is derivative of g(p) w.r.t. p.
The general solution is given by
dp
T _o
dx
p=a

Substituting this in (1) gives the general solution as

y=cxr—+vec—1
The singular solution is found from solving for p from

z+g'(p)=0

And substituting the result back in (1). Since we found above that g = —4/p — 1, then the
above equation becomes

! o —
z+g(p)=2-3 =T
=0
No valid singular solutions found.

Summary of solutions found

y=cx—+vec —1

v Maple. Time used: 0.068 (sec). Leaf size: 30

‘ ode:=y(x) = diff(y(x),x)*x-(diff(y(x),x)-1)"(1/2);
‘dsolve(ode,y(x), singsol=all);

422 — 1
4z
y=cxr—+vec—1
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Maple trace

Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

trying dAlembert

<- dAlembert successful

Maple step by step

Let’s solve

y(@) =2(Ly(@) -/ Ly (@) — 1
° Highest derivative means the order of the ODE is 1

Ly(x)
° Solve for the highest derivative
14+\/1zy(x) —4x2+1 R
Ly/doy(e)—da?41 oA —aater
NI
° Solve the equation %y(w) — - y
wfmeEn
e  Solve the equation Ly(z) = 2 y
° Set of solutions

{workingODE, workingODE}

v/ Mathematica. Time used: 0.065 (sec). Leaf size: 27

p
‘ ode=y [x]==x*D[y[x] ,x]-Sqrt [D[y[x],x]-1];

‘ic={};
LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

~

y(x) > aar—+vV/-14+a

y(z) = —i
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X Sympy

from sympy import *

X = symbols("x")

y = Function("y")

Eq(-x*Derivative(y(x), x) + sqrt(Derivative(y(x), x) - 1) + y(x),0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

o

Q

o®
]

LTimed Out
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2.6.2 Problem (b)

Local contents

Solved using first_ order_ode_clairaut . . . ... ... ... ... .. 290
v Maple . . . . . . . . e 292
V Mathematica . . . « . o v o e
VSYMPY .« o o 93

Internal problem ID [20982]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises VIII at page 51
Problem number : (b)

Date solved : Saturday, November 29, 2025 at 01:24:15 AM

CAS classification : [[_1st_order, _with_linear_symmetries], _Clairaut]

Solved using first_ order__ode__ clairaut
Time used: 0.053 (sec)

Solve

y=yz+y”
This is Clairaut ODE. It has the form
y=yz+9)
Where g is function of ¢/'(z). Let p = ¢ the ode becomes
y=p’+pz
Solving for y from the above results in
y=p'+pz (1A)
The above ode is a Clairaut ode which is now solved.
Writing the equation (1A) as
y = pz + g(p)

We now write g = g(p) to make notation simpler but we should always remember that g is
function of p which in turn is function of . Hence the above becomes

y=pr+g (1)
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Where

dp
0= " —
(@+9g) -
Where ¢’ is derivative of g(p) w.r.t. p.
The general solution is given by
dp
L _o
dx
p=a

Substituting this in (1) gives the general solution as

2
y=ct+ax

The singular solution is found from solving for p from

rt+4(p)=0

And substituting the result back in (1). Since we found above that g = p?, then the above
equation becomes

z+g(p)=z+2p
=0
Solving the above for p results in

CL'2

plzyz—Z

Substituting the above back in (1) results in

yz—z
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Simplifying the above gives

y=oc(z+c1)
$2
V=7
Summary of solutions found
y=oc(z+c1)
$2
V=7

e Maple. Time used: 0.017 (sec). Leaf size: 17

Lode:=y(x) = diff (y(x),x)*x+diff (y(x),%)~2; |
Ldsolve(ode,y(x), singsol=all); J

Maple trace

Methods for first order ODEs:
**% Sublevel 2 k%
Methods for first order ODEs:
-> Solving 1st order ODE of high degree, 1st attempt
trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE
trying 1st order ODE linearizable_by_differentiation
trying differential order: 1; missing variables
trying dAlembert
<- dAlembert successful

Maple step by step

Let’s solve
y(@) = 2(2y(@) + (Fy(@)’
° Highest derivative means the order of the ODE is 1
d
zY(@)
° Solve for the highest derivative
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z2 T z2 T
$(0) = =5 - 0, Ly (o) — 5 + YEIEC]
. Solve the equation L£y(z) = —% — —”2;431("’)
. T /p2
Solve the equation Ly(z) = —Z + %y(x)

Set of solutions
{workingODE, workingODE}

v/ Mathematica. Time used: 0.005 (sec). Leaf size: 23

‘ode=y [x]==x*D [y [x] ,x]+D [y [x] ,x]~2;
ie=0 |
‘DSolve[{ode,ic},y[x],x,IncludeSingularSolutions->True]

y(x) = c(x+c1)

2
i
y(z) — vy

e Sympy. Time used: 1.143 (sec). Leaf size: 14

from sympy import *

X = symbols("x")

y = Function("y")

Eq(-x*Derivative(y(x), x) + y(x) + Derivative(y(x), x)**2,0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

o

Q

[0
[
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2.6.3 Problem (c)
Local contents

Solved using first_ order_ode_linear . . .. ... ... ... ..... 294
Solved using first_order ode_separable . . . . ... ... ... ... 295]
Solved using first_order _ode_exact . .. .. ... ... ....... 297
Solved using first_order ode_homog type D2 .. ... .. ... ..
Solved using first_order_ode LIE . . ... ... ... ........
VMaple . . o oo 306
V' Mathematica . . . « o o v o e 307
v Sympy . . . ..

Internal problem ID [20983]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.

Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises VIII at page 51

Problem number : (c)

Date solved : Saturday, November 29, 2025 at 01:24:30 AM

CAS classification : [_separable]

Solved using first_ order__ode__linear
Time used: 0.096 (sec)
Solve
y=yz+ya+b

In canonical form a linear first order is

Yy +q(z)y = p(z)
Comparing the above to the given ode shows that

1

_a+m
b

_a+$

The integrating factor u is

M:efqd:c

dx

:ef_a-:ﬁl-z
1
- a+x
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The ode becomes

d
a(uy) = up

Integrating gives

Dividing throughout by the integrating factor —— gives the final solution

y=b+c(a+x)

Summary of solutions found

y=b+ci(a+zx)

Solved using first_ order__ode_ separable

Time used: 0.167 (sec)

Solve
y=yz+ya+b
The ode
’ Yy— b
= 2.21

V= (2.21)
is separable as it can be written as

/o Yy— b

y =
a+z
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Where

f(x): aj—ac

g(y)=y—>

/ﬁdy:/f(x)d:c

/Ldyz/ L dx
Yy — a+x

In(fy—b)=ln(a+z)+ac1

Integrating gives

Taking the exponential of both sides the solution becomes
y—b=ci(a+2x)

We now need to find the singular solutions, these are found by finding for what values g(y)
is zero, since we had to divide by this above. Solving g(y) = 0 or

for y gives

Now we go over each such singular solution and check if it verifies the ode itself and any
initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are
y—b=ci(a+2x)
y=>o
Solving for y gives
y=>
y=ca+czr+b

Summary of solutions found

y=>
y=ca+cx+b
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Solved using first_ order_ode__exact
Time used: 0.160 (sec)

To solve an ode of the form p

Y
dz
We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the ode.
Taking derivative of ¢ w.r.t. x gives

M(z,y) + N(z,y) >= =0 (A)

d
9@y) =0
Hence 8(;5 96 d
ay
B
oz oy dy dx =0 (B)
Comparing (A,B) shows that
99 _
or
99 _
oy
But since ;;gy 8y89: then for the above to be valid, we require that
oM  ON
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need to

determine ¢(z,y) but at least we know now that we can do that since the condition ;’ =

(,;9 g’ is satisfied. If this condition is not satisfied then this method will not work and we have

to now look for an integrating factor to force this condition, which might or might not exist.
The first step is to write the ODE in standard form to check for exactness, which is
M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

(—z—a)dy = (—y+0b)dz
(y—b)dz+(—z—a)dy=0 (2A)

Comparing (1A) and (2A) shows that

M(z,y) =y —b
N(.’L‘,y)Z—.’IJ—CL
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The next step is to determine if the ODE is is exact or not. The ODE is exact when the
following condition is satisfied

oM _oN
oy Oz
Using result found above gives
oM 0
8_y = 3—y(y —b)
=1
And
oN_ o .
or Oz
=-1

Since %—A; #* %—JZ, then the ODE is not exact. Since the ODE is not exact, we will try to find
an integrating factor to make it exact. Let

4] (8M E)N)

T N\dy Oz

a+x

Since A does not depend on y, then it can be used to find an integrating factor. The integrating

factor p is
= el Ad
—e f—ﬁ dz
The result of integrating gives
j1 = e~2In(a+a)
1
N (a+z)?

M and N are multiplied by this integrating factor, giving new M and new N which are
called M and N for now so not to confuse them with the original M and N.

1
= —b
@+@Ay )
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CHAPTER 2.
And
N =uN
1
Tlaray Y
_ 1
a4z

Now a modified ODE is ontained from the original ODE, which is exact and can be solved

The modified ODE is

M+N%:0
dz

—-b 1 d
(@) ()
(a —+ ;1;) a+zx dx
The following equations are now set up to solve for the function ¢(z,y)
¢
Oz
o
— 2
5 &)

1)

I
<

I
2|

Integrating (2) w.r.t. y gives

@dy= /Ndy
Oy

0 . 1
a_yd _/ a+xdy

b=———+f()

at+zx

3)

Where f(z) is used for the constant of integration since ¢ is a function of both z and y

Taking derivative of equation (3) w.r.t  gives

o6y .
9z (a+x)2 + f'(z)

(4)

But equation (1) says that % = (—a%b)Q. Therefore equation (4) becomes

y=b Y4 () (5)

(a+2) (a+2)
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Solving equation (5) for f'(z) gives

Integrating the above w.r.t = gives

/ f(z) dz = / (_(a%f) dz

f@)=g£;+f1

Where ¢; is constant of integration. Substituting result found above for f(z) into equation
(3) gives ¢
Y b

= — c
¢ a+x+a+x+1

But since ¢ itself is a constant function, then let ¢ = c, where ¢y is new constant and
combining ¢; and c; constants into the constant c; gives the solution as

Y b
ClT = —
at+zr a+w
Simplifying the above gives
—y+b
=qC
at+x
Solving for y gives
y=—ca—cr+b

Summary of solutions found

y=—ca—cr+b
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Solved using first_ order__ode__homog_type_ D2
Time used: 0.466 (sec)

Solve
y=yz+ya+b

Applying change of variables y = u(x) z, then the ode becomes
wz)z =W (z)z+u(@)z+ (U(z)z+ulx)a+b
Which is now solved The ode

vy u(z)a+b
is separable as it can be written as
iy u(z)a+b
vie) = - z(a+z)
= f(z)g(u)
Where
B 1
0= st
g(u) = —ua —b

Integrating gives

/ﬁdu=/f(x)dz

1 1
/—ua—bdu_/x(a—l-x)dx

Taking the exponential of both sides the solution becomes

(—u(z)a —b) " = cl( d )i

a—+x

We now need to find the singular solutions, these are found by finding for what values g(u)
is zero, since we had to divide by this above. Solving g(u) = 0 or

—ua—b=0
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for u(z) gives
b

u(z) = —
Now we go over each such singular solution and check if it verifies the ode itself and any

initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

(—u(z)a — b)_% = cl( i )

_1
a _Z

1
= c1(7%;) “ back to y gives

ya -3 z \-
(-9 -
T a+x

Converting (—u(z)a — b)

Converting u(x) = —g back to y gives
xb
Y= T
Simplifying the above gives
_1 1
ya—+br\ ¢ x a
z ~MNa+z
xb
Yy=——
a
Solving for y gives
xb
Yy=——
a
1\ —a
((alzt) ")
Yy=- a
Summary of solutions found
xb
Yy=-——
a
1\ —a
x((cﬂﬁ)“) + b)
Yy=-
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Solved using first_ order_ode_ LIE
Time used: 0.724 (sec)

Solve
y=yz+ya+b

Writing the ode as

y/: y_b
a+x
Y = w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Nz + w(ny - €z) - w2€y —wg€ — wyn =0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of degree 1
to use as anstaz gives

§ = zaz + yas + a (1E)
n = xby + ybs + by (2E)

Where the unknown coefficients are

{ala asz, ag, b17 b2a b3}
Substituting equations (1E,2E) and w into (A) gives

(y—b)(bs—as) (y—b)’as  (y—b)(zas+yaz+a) @by+ybs+b

by + =0 (bE
2 a+z (a+x)2 (a+.’IJ)2 a+$ ( )
Putting the above in normal form gives
a2b2 + aba2 — abb3 + axbz — ayaz — b2a3 — b$b3 + bya3 — ab1 — ba1 — wbl + ya; -0

(a+z)?
Setting the numerator to zero gives

a’by + abay — abbs + axby — ayay — b*as — bxbs + byas — aby — ba; — xby +ya; =0 (6E)

Looking at the above PDE shows the following are all the terms with {z,y} in them.

{z,y}
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The following substitution is now made to be able to collect on all terms with {z,y} in them
{z =v1,y = v}
The above PDE (6E) now becomes
a?by + abay — abbs — aayv, + abyvy — b2as + basvy — bbsv; — aby — bay + a1v; — bivy =0 (7E)
Collecting the above on the terms v; introduced, and these are
{v1,v2}
Equation (7E) now becomes
(aby — bbs — by) vy + (—aay + bas + a;) va + a®by + abay — abbs — b%az — aby —ba; =0 (8E)

Setting each coefficients in (8E) to zero gives the following equations to solve

—aa2+ba3+a1 =0
abQ—bbg—b1=0

a’by + abay — abbs — b%az — ab, — ba; =0
Solving the above equations for the unknowns gives

a1 = aay — bas

as = ay
az = ag
b, = aby — bbs
by = by
bs = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for any
unknown in the RHS) gives

£€=0
n=a+zx
The next step is to determine the canonical coordinates R,S. The canonical coordinates

map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original ode
become a quadrature and hence solved by integration.
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The characteristic pde which is used to find the canonical coordinates is

dr _ dy _

F=y =48 1)

The above comes from the requirements that <§ (% + n%) S(z,y) = 1. Starting with the first

pair of ode’s in (1) gives an ode to solve for the independent variable R in the canonical
coordinates, where S(R). Since £ = 0 then in this special case

R==x

1
S=/—dy
n
_ 1

_/a+xdy

§=_Y
a-+x

S is found from

Which results in

Now that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

aS _ S;+w(z,y)Sy @)
dR R, +uw(z,y)R,

Where in the above R, R, S;, S, are all partial derivatives and w(z, y) is the right hand side
of the original ode given by

_y—b

W(.'I} ’ y) - a+z
Evaluating all the partial derivatives gives
R, =1
R,=0
Y

Sy =—

(a + )

1
Vo a4z

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as b
dR (a+ 1)

(24)
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We now need to express the RHS as function of R only. This is done by solving for z,y in
terms of R, S from the result obtained earlier and simplifying. This gives

as b

dR ™~ (a+R)’

The above is a quadrature ode. This is the whole point of Lie symmetry method. It converts
an ode, no matter how complicated it is, to one that can be solved by integration when the
ode is in the canonical coordiates R, S.

Since the ode has the form J%S(R) = f(R), then we only need to integrate f(R).

/dSz/—ﬁdR
b

S(R)=——=+c
(R)= —"=+0cy
To complete the solution, we just need to transform the above back to x,y coordinates. This

results in

y b
a+z a+z

+ Co

Solving for y gives

y=coa+cor+b

Summary of solutions found

y=ca+cor+b

v Maple. Time used: 0.001 (sec). Leaf size: 11

‘ode:=y(x) = diff(y(x),x)*x+a*diff (y(x),x)+b;
‘dsolve(ode,y(x), singsol=all);

y=(a+z)c; +b

Maple trace

e N

Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful
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Maple step by step

Let’s solve

y(@) = 2(Ly(2)) +a(f£y(z)) +b
Highest derivative means the order of the ODE is 1

=Y(@)
Solve for the highest derivative
2y(z) = L2
Separate variables
asy@
—y(z)+b = —a—z

Integrate both sides with respect to x

At gy = [ L dw+ C1
Evaluate integral
—In(—y(z)+b)=—In(—a—2z)+ C1
Solve for y(x)

y(x) — e01£gla+z

Simplify

y(z)=e (a+z)+b

Redefine the integration constant(s)
yl)=Cl(a+z)+b

v/ Mathematica. Time used: 0.025 (sec). Leaf size: 18

‘ode=y [x]==x*D[y [x] ,x]+a*D [y [x] ,x]+b;

‘ic={};

‘DSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

y(x) > b+ ci(a+ x)
y(x) = b

v Sympy. Time used: 0.153 (sec). Leaf size: 10

from sympy import *

x = symbols("x"

a = symbols("a")
b = symbols("b")
y = Function("y")

ics = {}

ode = Eq(-a*Derivative(y(x), x) - b - x*Derivative(y(x), x) + y(x),0)

dsolve(ode,func=y(x),ics=ics)

y(z) =Cia+Ciz +b
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2.6.4 Problem (d)

Local contents

Solved using first_ order_ode_dAlembert . ... ... ... ..... 308
v Maple . . . . . . . . e 310
V Mathematica . . . « . o v o e B11
X Sympy . . . .. e e e e 311

Internal problem ID [20984]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises VIII at page 51
Problem number : (d)

Date solved : Saturday, November 29, 2025 at 01:24:54 AM

CAS classification : [_dAlembert]

Solved using first_ order__ode__dAlembert
Time used: 0.307 (sec)
Solve

y=zy’+In (y'2>
Let p = ¢ the ode becomes

y=zp’+1n (p?)

Solving for y from the above results in
y=zp’+1n(p°) (1)
This has the form

y = zf(p) + g(p) *)

Where f, g are functions of p = y/(z). The above ode is dAlembert ode which is now solved.

Taking derivative of (*) w.r.t. x gives

p=f+(af +9) L

p—f=@f +9) D e
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Comparing the form y = zf + g to (1A) shows that

f=p
g=1In (p2)
Hence (2) becomes
2
—p’+p= (25619 + 1_9> p'(z) (24)

The singular solution is found by setting j—i = 0 in the above which gives

—p*+p=0
Solving the above for p results in
p1=0
p2=1

Substituting these in (1A) and keeping singular solution that verifies the ode gives

y=x

The general solution is found when S—Z # 0. From eq. (2A). This results in

2
p(z) = 5 (3)
2p (@)= + ;5
Inverting the above ode gives
2z + 2
Loy = 0P L @
dp —p°+p
This ODE is now solved for z(p). The integrating factor is
'LL = ef %dp
p=(p—-17°
p=(p-1° (5)

Integrating gives

=3[ ) )

:l<—2ln(p)—§+cl+c>
p (p—1)° '

—21In(p) — ]2) +c
(p—1)°

(5)
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Now we need to eliminate p between the above solution and (1A). The first method is to
solve for p from Eq. (1A) and substitute the result into Eq. (5). The Second method is to
solve for p from Eq. (5) and substitute the result into (1A).

Eliminating p from the following two equations

—21In(p) — % +c
(p—1)°

y=2p’+n(p’)

results in

— eRoot:Of (—e3—Zw+2ac e224c1e%4-2 ZeZ—g e—Z—2)

b
Substituting the above into Eq (1A) and simplifying gives

y==z e2 RootOf(—e3—Za:+2:E e2Zycie—2-2 ZeZ—g e—Z—2)

+ 2 RootOf (—e3—Zx +2ze>%+cie?—2 Ze?—re?— 2)
The solution

y=zx 62 RootOf(—e3fo+2x e2Z4cie2-2 ZeZ—g %2—2)

+ 2RootOf (—e3—Zw +2ze> %4+ cie? -2 Zef—ze?— 2)

was found not to satisfy the ode or the IC. Hence it is removed.

Summary of solutions found

y=x

v Maple. Time used: 0.009 (sec). Leaf size: 76

p
‘ode:=y(x) = diff (y(x),x) "2*x+1n(diff (y(x),x)"2);
‘dsolve(ode,y(x), singsol=all);

y==z e2 RootOf(—:E 242z e?Zqcie—24-2 Ze“Z—g e—Z—Z)

4 In <e2 RootOf(—x e3—242ze?-24cie2-2 ZeZ—g &2—2) )

Maple trace

‘Methods for first order ODEs:
‘—> Solving 1st order ODE of high degree, 1st attempt
‘trying 1st order WeierstrassP solution for high degree ODE

-
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trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

trying dAlembert

<- dAlembert successful

Maple step by step

Let’s solve

2 2
y(@) = 2(Ly(@) +n ((£y(@)°)
° Highest derivative means the order of the ODE is 1

d
ay(x)
° Solve for the highest derivative
LambertW(m ey(z)) (z) LambertW(m ey(z)) (z)
dy(0) = =T gy o Bl g
LambertW(zey(m)) y(z)
o Solve the equation ty(z) =e~— =z 'z
d LambertW(zey(’:)) y(z)
o Solve the equation 7 y(z) =—e"— 2z T2
° Set of solutions

{workingODE, workingODE}

v/ Mathematica. Time used: 0.236 (sec). Leaf size: 53

‘ode=y [x]==x*D [y [x] ,x]~2+Log [D[y [x],x]"2] ;
‘ic={};
‘DSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

—

Sl  — gy — 2log(K1]) al KP4 1o (K112 X
olve |z = (KA =172 +(K[1]_1)2,y(w)—x [1]* +1log (K[1]%) ¢, {y(z), K[1]}

X Sympy

from sympy import *

x = symbols("x")

y = Function("y")

Eq(-x#Derivative(y(x), x)**2 + y(x) - log(Derivative(y(x), x)*%*2),0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

o

Q

[0
]

p
Timed Out
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2.6.5 Problem (e)

Local contents

Solved using first_ order_ode_dAlembert . ... ... ... .....
v Maple . . . . . . . . e 3141
V Mathematica . . . « . o v o e 315
XSYMpPY . o o o Ry

Internal problem ID [20985]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter 1. First order equations: Some integrable cases. Excercises VIII at page 51
Problem number : (e)

Date solved : Saturday, November 29, 2025 at 01:26:05 AM

CAS classification : [_dAlembert]

Solved using first_ order__ode__dAlembert
Time used: 0.449 (sec)

Solve

Let p = ¢ the ode becomes

Solving for y from the above results in

bx b
= —_— 1
TRl Pl W)
This has the form
y =zf(p) + g(p) *)

Where f, g are functions of p = y/(z). The above ode is dAlembert ode which is now solved.

Taking derivative of (*) w.r.t. z gives

p=f+(af +g) P
d;
p—f=(@f+d) (2)
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Comparing the form y = zf + g to (1A) shows that

_ b
f_p2+1
9= i

p*+1

Hence (2) becomes

p 2z p? x 6p° 2p” ) ,
- =~ + - + z
? ( P+1° PP+l p+1 - (p2+1) Pie)

The singular solution is found by setting 375 = 0 in the above which gives

— =0
Po i
Solving the above for p results in
p1=0
p2=0
p3 =0

Substituting these in (1A) and keeping singular solution that verifies the ode gives

y=0
y=0
y=0

The general solution is found when $ # 0. From eq. (2A). This results in

_ _p=)
p(z) = PE) ~ oyt
_ 2zp(z)? x _ 6p(z)° 2p(2)”

(p@?+1)" * P@HL 2@ T (p@)74)”

Inverting the above ode gives

_ 22’ | () _ 6p° 2p”
ix(P) __@+)? PPl Pl T (p2+1)?
dp P= @

This ODE is now solved for z(p). The integrating factor is
— 2+1
p=e PEE”
_ o (P +1)+5 2 +2In(p)
e

(24)

(4)

()



CHAPTER 2. BOOK SOLVED PROBLEMS

314

Integrating gives

1
_ 1 At a2\ n2e 202
W +1)e (f Sy dp+ )

z(p) = -
Unable to use this solution. skipping
Summary of solutions found
y=0

v Maple. Time used: 0.174 (sec). Leaf size: 110

(5)

‘ode:=x = y(x)*(diff (y(x),x)+1/diff (y(x),x))+diff (y(x),x)"5;
‘dsolve(ode,y(x), singsol=all);

B 1

1 _T'(2_T +3)e2-T°
2 T2 —
e T (_T°+1)| -2/ Ty d_T+a

o(_1)= - D)=

Maple trace

Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

trying dAlembert

<- dAlembert successful

Maple step by step

Let’s solve
z=y() (Ly@) + i) + (Ev(@)’

d
%y(x)
° Highest derivative means the order of the ODE is 1
d
Y()
° Solve for the highest derivative
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%y(w) = Root‘Of(_Z6 + y(z) P —x 7+ y(x))

\/ Mathematica. Time used: 2.788 (sec). Leaf size: 7957

‘ode=x==y[x]*(D[y[x],x]+1/D[y[X],X])+D[y[x],X]A5;
Lic={};
LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

Too large to display

X Sympy

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq(x - (Derivative(y(x), x) + 1/Derivative(y(x), x))*y(x) - Derivative(y(x),
x)**5,0)

ics = {}

dsolve(ode,func=y(x),ics=ics)

NotImplementedError : The given ODE x - (Derivative(y(x), x) + 1/Derivative(y(x),
x))*y(x) - Derivative(y(x), x)#**5 cannot be solved by the lie group method
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2.7 Chapter 2. Theory of First order differential
equations. Excercises IV at page 89

Local contents

271 Problem (a) . . . . . . ... B17
2.72 Problem (b.1) . . .. ...

273 Problem (b.2) . . . ...
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2.7.1 Problem (a)

Local contents

VMaple . . . oo 300
VMathematica . . « . o v v vt e 321
VSYMPY .« o o 3211

Internal problem ID [20986]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter 2. Theory of First order differential equations. Excercises IV at page 89
Problem number : (a)

Date solved : Saturday, November 29, 2025 at 01:26:21 AM

CAS classification : [‘y=_G(x,y’) ‘]

Y =¢e" +cos(y)z
y(0)=0

Series expansion around x = 0.

Solving ode using Taylor series method. This gives review on how the Taylor series method
works for solving first order ode. Let

Y = f(z,y)

Where f(z,y) is analytic at expansion point z,. We can always shift to zo = 0 if z is not
zero. So from now we assume zo = 0. Assume also that y(zo) = yo. Using Taylor series

T — x0)°

_—””‘))y/'(xo)+( 5 y" (o) + - - -
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But

da of Oof
dz oz T oy
&f d(df
%—@(@)

0 (df o (df

%(%) a@(%)f
&f  d(df
w—a(%)

2

And so on. Hence if we name F = f(z,y) then the above can be written as

Fo=f(z,y)
n = %(Fn—l)
=5 ()
For example, for n =1 we see that
B = %(Fo)
:%+%
Which is (1). And when n = 2
= %(Fl)

9 (df o [ df
%(%)*a—y(a)f

Which is (2) and so on. Therefore (4,5) can be used from now on along with

o0
xn—i—l

y(@) =yo+ ) 1)1 o

n=0

(2)

(5)
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Hence

Fo=¢e"+cos(y)z

dFy
=20
T dr
0Fy, O0F,
=% Fop
Ox + Oy 0
= (—z”cos (y) — z€”) sin (y) + cos (y) + €”
dFy
R=%1
7 dx
oF, OF
g
or + Oy !
= —cos (y)* % — 2e® cos (y)* 2% + z(z* sin (y)? — *® — 3sin (y)) cos (y) + (1 + z”sin (y)* + (—z — 2) sir
dF,
b=
0F, OF,
e B
Oox + Oy 2
A
= ((sin (y) #* — 2z — 1) cos (y) + " sin (y) x) €** + 6 (" sin (y) — 22?) cos (y)* + 12 (sin (y) z* — g - g
/
dF;
=
OF; OF3
R Bk 7
Ox + Oy 3

_3(z+1)sin (y

= (14 cos (y)* ° + 14 €” cos (y)> 2 + (=9 + 17(2? + z) sin (y) — 72° — 61) cos (y) — 7( 7

And so on. Evaluating all the above at initial conditions z(0) = 0 and y(0) = 0 gives

Fp=1
F=2
F=1
Fy=-2
Fy=-23

Substituting all the above in (6) and simplifying gives the solution as

_x2+x+x3 z*  23z°
vy= 6 12 120

+ O(xﬁ)
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NNNNN ——— 77 ]
! e
N—== == 77771
—~———— == 777 ]
— 10 —104 D e / /
y() I AN
—~———a— = =~ 7
—201 20//)))))))//////
A
—301 B e AV A
AAAAA —— 7 7]
-2 -1 0 1 2 3 2 S0 i 2 3
X X
(a) Solution plot (b) Slope field ¥’ = €® + cos (y) =

v Maple. Time used: 0.003 (sec). Leaf size: 18

‘Order:=6;

‘ode:=diff(y(x),x) = exp(x)+x*cos(y(x));
‘ic:=[y(0) = 0];
‘dsolve([ode,op(ic)],y(x),type='series',x=0);

Maple trace

Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries
trying inverse_Riccati

trying an equivalence to an Abel ODE
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differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---
-> Computing symmetries using: way = 3
-> Computing symmetries using: way = 4
-> Computing symmetries using: way = 5
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), O]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]
-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), O]
-> trying a symmetry pattern of the form [0, F(x)+G(y)]
-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
a symmetry pattern of conformal type

-> trying

v’ Mathematica. Time used: 0.081 (sec). Leaf size: 29

'ode=D [y [x] ,x]==Exp [x]+x*Cos [y [x]];
‘ic={y[0]==0};
LAsymptoticDSolveValue[{ode,ic},y[x],{X,0,5}]

23z z*
y(z)—)—m—ﬁﬁ-g-i-z +z

v Sympy. Time used: 0.399 (sec). Leaf size: 27

from sympy import *
X = symbols("x")
y = Function("y")

o

Q

o®
]

Eq(-x*cos(y(x)) - exp(x) + Derivative(y(x), x),0)
{y(0): 0}

dsolve(ode,func=y(x),ics=ics,hint="1st_power_series",x0=0,n=6)

ics

(x)—x+x2+x—3—x—4—23$5
v\ = 6 12 120

4—(7(x6)
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2.7.2 Problem (b.1)

Local contents

v Maple . . . . . . . e
VMathematica . . « . o v v vt e
VSYMPY .« o o

Internal problem ID [20987]
Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter 2. Theory of First order differential equations. Excercises IV at page 89
Problem number : (b.1)

Date solved : Saturday, November 29, 2025 at 01:26:37 AM
CAS classification : [_Abel]

y =z’ +y’
y(0) =1

Series expansion around x = 0.

Solving ode using Taylor series method. This gives review on how the Taylor series method
works for solving first order ode. Let

Y = f(z,y)

Where f(z,y) is analytic at expansion point z,. We can always shift to zo = 0 if z, is not
zero. So from now we assume zo = 0. Assume also that y(zo) = yo. Using Taylor series

(x — z0)3
3!

y(@) = y(z0) + (2 — 30) ¥/ (o) + &0

2

z? df 2 A% f

=otef o 31 da?
Z0,Y0

:L.n—i—l ﬁ

(n+1)!dzn

y" (zo) + y"(zo) + - -

+ ...

Z0,Y0

= Yo +

n=0

Z0,Y0
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But

da of Oof
dz oz T oy
&f d(df
%—@(@)

0 (df o (df

%(%) a@(%)f
&f  d(df
w—a(%)

2

And so on. Hence if we name F = f(z,y) then the above can be written as

Fo=f(z,y)
n = %(Fn—l)
=5 ()
For example, for n =1 we see that
B = %(Fo)
:%+%
Which is (1). And when n = 2
= %(Fl)

9 (df o [ df
%(%)*a—y(a)f

Which is (2) and so on. Therefore (4,5) can be used from now on along with

o0
xn—i—l

y(@) =yo+ ) 1)1 o

n=0

(2)

(5)
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Hence
Fy=x3+43
dF
=5+ a—;Fo
= 3y® + 3y°2° + 32
dF
=+ a_ylFl
= 15y" + 21y*z3 + 6yxS + 9y%z? + 6z
dF:
=+ a_;F2
= 105y° + 18923y + 90y32° + 62° + 8122%y* + 542y + 182y* + 6
dF:
=5+ 6—;F3

= 945y"! + 2079y%z® + 8912y’ + 1404y°z® + 198y + 9182°y® + (270z° + 18) y* + 306z"y + 108z®

And so on. Evaluating all the above at initial conditions z(0) = 0 and y(0) = 1 gives

=1
F,=3
F, =15
F; =111
Fy =963

Substituting all the above in (6) and simplifying gives the solution as

_x+1+3_x2+5_z?‘+37x4+321x5
y= 2 T2 8 40

+ O(xﬁ)
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1 =
0.8 —_—— = = = = = = = — =
0.81 —_——a s s s> ===
0.6' 06' —_——a s s s s s s s s s s s s s
0.4- 04
0.2_ 02- e
O ) e
—~N A A s s
_02_ _02- ~N A A A A
~N A A s —a s
— 0.4 —0.47 A
—0.6d “_—_—m—m—— s
—0.67 R S e SN NE NN
—0.81 =0.8] A O S e N SN
—08—0.7—-0.6—0.5—04—03—02—0.1 0 —08  —06 —04  —01 0
X X
(a) Solution plot (b) Slope field 3’ = 23 + 43

Ve Maple. Time used: 0.003 (sec). Leaf size: 20

(Order:=6;

‘ode:=diff(y(x),x) = x"3+y(x)"3;

lic:=[y(0) = 11;
Ldsolve([ode,op(ic)],y(x),type='series',x=0);

-~ @@

3 5
y=1l+z+ -2+ -2°+ +

27 T TRT T o

Maple trace

321

x>+ 0 (xe)

Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

trying exact
trying Abel
Looking for potential symmetries
Looking for potential symmetries
Looking for potential symmetries

differential order: 1; looking for linear symmetries
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trying inverse_Riccati
trying an equivalence to an Abel ODE
differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
-—- Trying Lie symmetry methods, 1st order ——-
-> Computing symmetries using: way = 3
-> Computing symmetries using: way = 4
-> Computing symmetries using: way = 2
trying symmetry patterns for 1st order ODEs
-> trying a symmetry pattern of the form [F(x)*G(y), 0]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]
-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]

-> trying a symmetry pattern of the form [F(x),G(x)]
-> trying a symmetry pattern of the form [F(y),G(y)]
-> trying a symmetry pattern of the form [F(x)+G(y), 0]

-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]

symmetry pattern of conformal type

a
a
a

-> trying a symmetry pattern of the form [0, F(x)+G(y)]
a
a

-> trying

v/ Mathematica. Time used: 0.017 (sec). Leaf size: 34

‘ode=DIy[x],x]==x"3+y [x]~3;
‘ic={y[0]==1};
‘AsymptoticDSolveValue[{ode,ic},y[x],{x,0,5}]

321x5+37x4+5_z3+3_x2+x+1
40 8 2 2

y(z) -

v Sympy. Time used: 0.193 (sec). Leaf size: 36

from sympy import *

x = symbols("x")

y = Function("y")

Eq(-x**3 - y(x)**3 + Derivative(y(x), x),0)
{y(0): 1}

dsolve(ode,func=y(x),ics=ics,hint="1st_power_series",x0=0,n=6)

o

Q

o
]

ics

(x)_1+m+3_x2+5_w3+37x4+321x5
y\&) = 2 T2 8 40

+0(s")
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2.7.3 Problem (b.2)

Local contents

VMaple . . . oo 330
VMathematica . . « . o v v vt e 3311
VSYMPY .« o o

Internal problem ID [20988]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter 2. Theory of First order differential equations. Excercises IV at page 89
Problem number : (b.2)

Date solved : Saturday, November 29, 2025 at 01:26:52 AM

CAS classification : [_quadrature]

u=u

u(0) =1

Series expansion around x = 0.

Solving ode using Taylor series method. This gives review on how the Taylor series method
works for solving first order ode. Let

Y = f(z,y)

Where f(z,y) is analytic at expansion point z,. We can always shift to zo = 0 if z is not
zero. So from now we assume o = 0. Assume also that y(zo) = yo. Using Taylor series
2 3
r — X r — X
a) = (o) + (& — 20) v/ (z0) + TPy ) + E P
z? df 2 & f
2 dz|, ,, 3! dz?
wn+1 dnf

=y°+nzzo(n+1)!%

=y +zf+

Z0,Y0

Z0,Y0
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But

da of Oof
dz oz T oy
&f d(df
%—@(@)

0 (df o (df

%(%) a@(%)f
&f  d(df
w—a(%)

2

And so on. Hence if we name F = f(z,y) then the above can be written as

Fo=f(z,y)
n = %(Fn—l)
=5 ()
For example, for n =1 we see that
B = %(Fo)
:%+%
Which is (1). And when n = 2
= %(Fl)

9 (df o [ df
%(%)*a—y(a)f

Which is (2) and so on. Therefore (4,5) can be used from now on along with

o0
xn—i—l

y(@) =yo+ ) 1)1 o

n=0

(2)

(5)
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Hence

=%z | ou
= 945y

And so on. Evaluating all the above at initial conditions z(0) = 0 and u(0) = 1 gives

F=1
F, =3
F, =15
F3 =105
Fy =945

Substituting all the above in (6) and simplifying gives the solution as

14 +3m2+5x3+35x4+63:c5
U= Tt T 8 8

+ O(z6)
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1 —Hw-~~ 7777777
0‘8- P il i el —
0'6- —_——— > > > > S>> > > > >
0.5 . e
0.4-
0.2-
u(x) o u(x) 0
—0.21
—0.41 —0.57 - .
B S NI
—0.81 O OO N S N OO
; T T T T . . — 11 ; ; ; ; ; ; ; ;
—-0.8—0.7—0.6 —0.5—-04—-03—-02—-0.1 0 —0.8 —0.6 —04 —0.1 0
X x
(a) Solution plot (b) Slope field v/ = u3
e Maple. Time used: 0.002 (sec). Leaf size: 20
‘Order:=6;
‘ ode:=diff (u(x),x) = u(x)"3;
‘ ic:=[u(0) = 1];
‘ dsolve([ode,op(ic)],u(x),type='series',x=0);
3 5 35 63
u:1+x+§x2+§x3+§x4+§x5+0(ax6)

Maple trace

Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

<- Bernoulli successful

Maple step by step

Let’s solve
[%u(w) = u(w)3 ,u(0) = 1]

° Highest derivative means the order of the ODE is 1

mul(@)
° Solve for the highest derivative
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Lu(z) = u(z)

dz

° Separate variables

° Integrate both sides with respect to x
f%?dx=fldx+ C1

° Evaluate integral
—W =z+ C1

) Solve for u(x)

_ 1 _ 1
{u(m) = Vo= W) = _\/—201-295}
o Redefine the integration constant(s)

{u@) = o1, ul8) =~ 7ot}
o Use initial condition u(0) =1
1=-1_

VCi1
) Solve for _ C1

C1=1

° Substitute _ C1 = 1 into general solution and simplify

u(®) =
o Use initial condition u(0) =1
1=—-1_

VCi1
) Solve for _ C1

No solution
° Solution does not satisfy initial condition
° Solution to the IVP

w(z) = 5

v/ Mathematica. Time used: 0.018 (sec). Leaf size: 34

‘/ode=D [ulx],x]==ulx]"3;
‘ ic={ul[0]==1};
LAsymptoticDSolveValue [{ode,ic},ulx],{x,0,5}]

u(x)_)63x5+35x4+5_m3+3_x2+m+1
8 8 2 2
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v Sympy. Time used: 0.138 (sec). Leaf size: 36

from sympy import *

x = symbols("x")

u = Function("u")

ode = Eq(-u(x)**3 + Derivative(u(x), x),0)

ics = {u(0): 1}
dsolve(ode,func=u(x),ics=ics,hint="1st_power_series",x0=0,n=6)

u(ac)—1+ac+3—g”2+5—%3+35964+63x5
B 2 2 8 8

+—()(x6)
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2.8 Chapter 2. Theory of First order differential
equations. Excercises XII at page 98
Local contents

281 Problem (a) . . . . .. ... 334
282 Problem (b) . . ... ... B37
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2.8.1 Problem (a)
Local contents
Existence and uniqueness analysis. . . . . ... .. ... .. B34
XMaple . . . . .
XMathematica . . . . o oo oo 336
XSYmpy . . o o o

Internal problem ID [20989]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.

Springer. NY. QA372.W224 1998

Section : Chapter 2. Theory of First order differential equations. Excercises XII at page 98

Problem number : (a)
Date solved : Saturday, November 29, 2025 at 01:27:07 AM
CAS classification : [_Abel]

y/ — JJ3 + y3
y(0)=1
Existence and uniqueness analysis
y/ — $3 + y3
y(0)=1

This is non linear first order ODE. In canonical form it is written as

Y = f(z,y)
=$3+y3

The = domain of f(z,y) when y =1 is

{—00 <z < o0}

And the point zo = 0 is inside this domain. The y domain of f(z,y) when x =0 is

{—00 <y < o0}

And the point yy = 1 is inside this domain. Now we will look at the continuity of

Of _ 9 (3.3
8y_8y(m +y)

= 3y2
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The y domain of g—z when z = 0 is

{—c0 <y < o0}

And the point yy = 1 is inside this domain. Therefore solution exists and is unique.

Unknown ode type.
X Maple

‘ ode:=diff (y(x),x) = x"3+y(x)~3;
lic:=[y(0) = 11;
dsolve([ode,op(ic)],y(x), singsol=all);

N

No solution found

Maple trace

Methods for first order ODEs:

-—- Trying classification methods ---

trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

trying Abel

Looking for potential symmetries

Looking for potential symmetries

Looking for potential symmetries

trying inverse_Riccati

trying an equivalence to an Abel ODE

differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---

-> Computing symmetries using: way = 3
-> Computing symmetries using: way = 4
-> Computing symmetries using: way = 2
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-> trying a
-> trying a
-> trying a
-> trying a
-> trying a
-> trying a

symmetry pattern
symmetry pattern
symmetry pattern
symmetry pattern
symmetry pattern
symmetry pattern

of
of
of
of
of
of

trying symmetry patterns for 1st order ODEs

-> trying a symmetry pattern of the form [F(x)*G(y), 0]

-> trying a symmetry pattern of the form [0, F(x)*G(y)]

-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]

the form [F(x),G(x)]

the form [F(y),G(y)]

the form [F(x)+G(y), O]

the form [0, F(x)+G(y)]

the form [F(x),G(x)*y+H(x)]
conformal type

X Mathematica

‘ode=D[y[x],x]==x‘3+y[x]“3;

‘ic={y[0]==1};

LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

Not solved

X Sympy

o

Q

[0}
]

ics

{y(0):

from sympy import *
x = symbols("x")
y = Function("y")
Eq(-x**3 - y(x)**3 + Derivative(y(x), x),0)

1}

dsolve(ode,func=y(x),ics=ics)

NotImplementedError :

be solved by the lie group method

The given ODE -x**3 - y(x)**3 + Derivative(y(x), x) cannot
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2.8.2 Problem (b)
Local contents
Existence and uniqueness analysis . . . . . . .. .. ... ... ... B37
XMaple . . o oo 333
V' Mathematica . . . . o v v e 3391
XSYMpPY . . o o o

Internal problem ID [20990]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.

Springer. NY. QA372.W224 1998

Section : Chapter 2. Theory of First order differential equations. Excercises XII at page 98

Problem number : (b)
Date solved : Saturday, November 29, 2025 at 01:27:52 AM
CAS classification : [‘y=_G(x,y’) ‘]

y=z+Vy+1

y(0) =1

Existence and uniqueness analysis

y=z+Vy*+1

y(0) =1
This is non linear first order ODE. In canonical form it is written as

y = f(z,y)
=z++y’+1

The z domain of f(x,y) when y =1 is

{—00 <z < o0}

And the point zy = 0 is inside this domain. The y domain of f(z,y) when x =0 is

{—00 <y < oo}
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And the point yy = 1 is inside this domain. Now we will look at the continuity of

of 0 5
ay—ay<z+ Yy +1>
_ Y
y*+1

The y domain of % when z = 0 is

{—o0 <y < o0}

And the point yy = 1 is inside this domain. Therefore solution exists and is unique.

Unknown ode type.
X Maple

(ode:=diff(y(x),x) = x+(1+y(x)~"2)~(1/2);
lic:=[y(0) = 11;
‘dsolve([ode,op(ic)],y(x), singsol=all);

—

No solution found

Maple trace

Methods for first order ODEs:

--- Trying classification methods ---

trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries

trying inverse_Riccati

trying an equivalence to an Abel ODE

differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation

-—- Trying Lie symmetry methods, 1st order ——-
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-> Computing symmetries using: way = 3
-> Computing symmetries using: way = 4
-> Computing symmetries using: way = 5

trying symmetry patterns for 1st order ODEs

-> trying a symmetry pattern of the form [F(x)*G(y), O]

-> trying a symmetry pattern of the form [0, F(x)*G(y)]

-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]

-> trying a symmetry pattern of the form [F(x),G(x)]

-> trying a symmetry pattern of the form [F(y),G(y)]

-> trying a symmetry pattern of the form [F(x)+G(y), O]

-> trying a symmetry pattern of the form [0, F(x)+G(y)]

-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
a

-> trying a symmetry pattern of conformal type

v/ Mathematica. Time used: 0.136 (sec). Leaf size: 93

‘ode=D[y [x],x]==x+Sqrt [1+y [x]];
‘ic={y[0]==1};
‘DSolve[{ode,ic},y[x],x,IncludeSingularSolutions->True]

1 [ 4V y(x) + Larctan (ﬁ)

Solve | = + 2arctanh T
6 —y(z) -1 2¢/y(z) +1

+ 2log (—2* + y(z) + 1) + log (—2° + 4y(z) +4) | = é(2 log(2) + log(8)), y(x)

X Sympy

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq(-x - sqrt(y(x) + 1) + Derivative(y(x), x),0)
ics = {y(0): 1}

dsolve(ode,func=y(x),ics=ics)

NotImplementedError : The given ODE -x - sqrt(y(x) + 1) + Derivative(y(x), x)

cannot be solved by the lie group method




CHAPTER 2. BOOK SOLVED PROBLEMS 340

2.9 Chapter IV. Linear Differential Equations.
Excercises IV at page 172

Local contents
29.1 Problem (a) . . . . .. ... 3411
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2.9.1 Problem (a)

Local contents

v Maple . . . . . . . e 341
VMathematica . . « . o v v vt e [347]
v SYmpy . . . .. e 342

Internal problem ID [20991]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter IV. Linear Differential Equations. Excercises IV at page 172

Problem number : (a)

Date solved : Saturday, November 29, 2025 at 01:33:37 AM

CAS classification : system_of_0DEs

x' = xcos (t) — ysin (¢)

y' = zsin (t) + y cos (t)

Does not currently support non autonomous system of first order linear differential equations.

v Maple. Time used: 0.312 (sec). Leaf size: 57

e B

ode:=[diff (x(t),t) = x(t)*cos(t)-sin(t)*y(t), diff(y(t),t) = sin(t)*x(t)+cos(t)*y
BNCSE |
Ldsolve (ode) ; J

x(t) = ei cos(t)+sin(t) +cy e—i cos(t)+sin(t)

y(t) = 7:(01 gteos(t)+sin(t) _ cpe COS(t)+Sin(t))

/ Mathematica. Time used: 0.007 (sec). Leaf size: 45

‘ ode={D[x[t],t]==x[t]*Cos [t]-y[t]1*Sin[t], D[y[t],t]==x[t]*Sin[t]+y[t]*Cos[t]}; ‘
ie=0); |
‘ DSolve[{ode,ic},{x[t],y[t]},t,IncludeSingularSolutions->True] ‘

z(t) = 2@ (¢ cos(cos(t)) + ¢y sin(cos(t)))
y(t) — €20 (¢, cos(cos(t)) — ¢ sin(cos(t)))
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v Sympy. Time used: 0.229 (sec). Leaf size: 207

from sympy import *

t = symbols("t")

X

y = Function("y")

ode=[Eq(-x(t)*cos(t) + y(t)*sin(t) + Derivative(x(t), t),0),Eq(-x(t)*sin(t) - y(t
)*cos(t) + Derivative(y(t), t),0)]

ics = {}

dsolve(ode,func=[x(t),y(t)],ics=ics)

Function("x")

Cie” \/sin? (t)—1+sin (t) cos (t) Cvle\/sin2 (t)—1+sin (t) cos (t) Che™ V/sin? (t)—1+sin (t)
- +

z(t) =
) 24/sin? (t) — 1 24/sin? (t) — 1 2
Cv2ex/sin2 (t)—1+sin (t) Cvle—\/sin2 (t)—1+sin (t) Cvle\/sin2 (t)—1+sin ()
+ 5 , Y(t) = 5 + 5

Cyy/sin? (t) — Le~Vsin? (=l4sin () N Ca\/sin? (£) — LeVsin? O—T4sin(®)
2 cos (t) 2 cos (t)
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2.10 Chapter IV. Linear Differential Equations.
Excercises V at page 173

Local contents
2.10.1 Problem (a) . . . . . . . ... 344
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2.10.1 Problem (a)

Local contents

v Maple . . . . . . . e [344)
V' Mathematica . . . . . o v v o 345]
XSympy . . . . ., 3405

Internal problem ID [20992]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter IV. Linear Differential Equations. Excercises V at page 173

Problem number : (a)

Date solved : Saturday, November 29, 2025 at 01:33:51 AM

CAS classification : system_of_0DEs

g=0Bt—1)z—1—-t)y+te

y’=—(t—|—2)ar:-|—(15—2)3/—6'52

Does not currently support non autonomous system of first order linear differential equations.

v Maple. Time used: 0.145 (sec). Leaf size: 115

Lode:=[diff(x(t),t) = (3xt-1)*x(t)-(-t+1)*y(t)+trexp(t~2), diff(y(t),t) = -(t+2)*x
)+ (-2 xy (t) —exp(t72)]; |
‘ dsolve(ode); ‘

1, 1, 4, 4
z(t) = (c2 +ot' gt gt t §> o+ (3 e 7t — 2et2_3t> ¢

243 2 .t2 2 2
et te 2 2 te 2 8e
—3e Bt —et ey — — —Tet 3¢

y(t)=——5 9 9 17 g
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v/ Mathematica. Time used: 0.475 (sec). Leaf size: 196

‘ ode={D[x[t],t]==(3*t-1)*x[t]-(1-t) *y [t]+t*Exp[t~2], D[y[t],t]l==-(t+2)*x[t]+(t-2)* \
‘ y[t1-Exp[t~2]}; ‘
‘ic={}; ‘
‘DSolve[{ode,ic},{x[t],y[t]},t,IncludeSingularSolutions—>True]

I t2—3t+32 — 2
£(t) = cie’ T2/t 1+\/_02€ 2Vt —1(3t )_|_ e (
NoE=T 91— 81°
81\[ t=1)  18y/3cred %(t — 1)(3t +7)
V=t —1)? V-t —1)

9t° + 9t* + 36t — 8)

1
y(t) — @e —2(9¢° + 9¢* + 9t + 28)

X Sympy

from sympy import *
t = symbols("t")
Function("x")

X

y = Function("y")

ode=[Eq(-t*exp(t**2) + (1 - t)*y(t) - (3%t - 1)*x(t) + Derivative(x(t), t),0),Eq
((2 - t)xy(t) + (¢t + 2)*x(t) + exp(t**2) + Derivative(y(t), t),0)]

ics = {}

dsolve(ode,func=[x(t),y(t)],ics=ics)

‘NotImplementedError g
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2.11 Chapter IV. Linear Differential Equations.
Excercise XII at page 189

Local contents
2.11.1 Problem (c) . . . . . . .. 347
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2.11.1 Problem (c)

Local contents

Solution using Matrix exponential method . . . . . . ... ... ... B47
Solution using explicit Eigenvalue and Eigenvector method . . . . . . 348]
v Maple . . . . . . . e 352
v/ Mathematica . . . . . . . ... 354
v Sympy . . . .. e e

Internal problem ID [20993]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter IV. Linear Differential Equations. Excercise XII at page 189

Problem number : (c)

Date solved : Saturday, November 29, 2025 at 01:34:05 AM

CAS classification : system_of_0DEs

=2z — 4y

/ —_—

y=—-c+2

Solution using Matrix exponential method

In this method, we will assume we have found the matrix exponential e#* allready. There are
different methods to determine this but will not be shown here. This is a system of linear
ODE'’s given as

VS ERSIH

For the above matrix A, the matrix exponential can be found to be
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Therefore the homogeneous solution is

.’f/"h(t) = 6At€

Il
&

4 LY

Since no forcing function is given, then the final solution is Z(t) above.

Solution using explicit Eigenvalue and Eigenvector method
This is a system of linear ODE’s given as

Z(t) = AZ(t)

2| | 2 —4 x

vy -1 2 ]ly
The first step is find the homogeneous solution. We start by finding the eigenvalues of A.
This is done by solving the following equation for the eigenvalues A

det (A— M) =0
TEREHE
(150 4])

Which gives the characteristic equation

Expanding gives

Therefore

N —4x=0
The roots of the above are the eigenvalues.

A1=0
Ao =4

This table summarises the above result
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eigenvalue | algebraic multiplicity | type of eigenvalue

0 1 real eigenvalue

4 1 real eigenvalue

Now the eigenvector for each eigenvalue are found.
Considering the eigenvalue A; = 0

We need to solve A7 = A7 or (A — AI)¥ = 0 which becomes
2 —4 10 w] [0
(15 2ol )] =1o)
2 —4 V1 - 0
-1 2 J|lw] [0

Now forward elimination is applied to solve for the eigenvector ¥. The augmented matrix is

2 —410

-1 2 1|0

Ry 2 —410
RQ—R2+7=> [0 0 }0}

Therefore the system in Echelon form is

2 —4 1 - 0
0 0 v ] [0
The free variables are {v,} and the leading variables are {v;}. Let vy = t. Now we start back

substitution. Solving the above equation for the leading variables in terms of free variables
gives equation {v; = 2t}

Hence the solution is

o ] [2t]
_t_ t_

Since there is one free Variable, we have found one eigenvector associated with this eigenvalue.
The above can be written as - i
1 —¢ |: 2

1 -

Let t = 1 the eigenvector becomes

Considering the eigenvalue Ay = 4
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We need to solve A7 = A or (A — AI)¥ = 0 which becomes
2 —4 10 vu| |0
(E NN
-2 —4 V1 _ 0
-1 -2 ][wv]| [0
Now forward elimination is applied to solve for the eigenvector ¥. The augmented matrix is
-2 —410
-1 =210

R —2 —4]0
B=R-5= {o OM

Therefore the system in Echelon form is

-2 —4 U1 _ 0

0 0 vo| |0
The free variables are {v,} and the leading variables are {v;}. Let vy = t. Now we start back
substitution. Solving the above equation for the leading variables in terms of free variables

gives equation {v; = —2t}
1 . -2t
t ]|t

Since there is one free Variable, we have found one eigenvector associated with this eigenvalue.
The above can be written as

(41 —¢ —2

t | |1

U1 - -2
t | |1
The following table gives a summary of this result. It shows for each eigenvalue the algebraic

multiplicity m, and its geometric multiplicity £ and the eigenvectors associated with the
eigenvalue. If m > k then the eigenvalue is defective which means the number of normal

Hence the solution is

Let t = 1 the eigenvector becomes

linearly independent eigenvectors associated with this eigenvalue (called the geometric multi-
plicity k) does not equal the algebraic multiplicity m, and we need to determine an additional
m — k generalized eigenvectors for this eigenvalue.
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multiplicity
eigenvalue | algebraic m | geometric k | defective? | eigenvectors
0 1 1 No [ 2 ]
1
-2
4 1 1 No
1

Now that we found the eigenvalues and associated eigenvectors, we will go over each eigenvalue
and generate the solution basis. The only problem we need to take care of is if the eigenvalue
is defective. Since eigenvalue 0 is real and distinct then the corresponding eigenvector solution
is

fl (t) = 6160

21 o
= e
H
Since eigenvalue 4 is real and distinct then the corresponding eigenvector solution is

.’32 (t) = 17264t

Therefore the final solution is

Zn(t) = a1y (t) + coda(t)
HE RIS

z] [ 2 —2ce"
) B c1 + cpett

Which is written as

Which becomes
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Figure 2.64: Phase plot

v Maple. Time used: 0.063 (sec). Leaf size: 26

‘ode:=[diff(x(t),t) = 2+x(t)-4*y(t), diff(y(t),t) = -x(t)+2xy(t)];

‘dsolve(ode);

z(t) = c; + cpe®

4t
_ Cy € ﬂ
Maple step by step
Let’s solve
[G2(t) = 22(t) — 4y(t), Zy(t) = —2(t) + 2y(¢)]
° Define vector
(t) = [ =(t) }
y(t)
° Convert system into a vector equation
N 2 4] - 0
s =| 2 ] 20|

° System to solve
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ORI Il FETO

Define the coefficient matrix
2 —4
A=
57
Rewrite the system as
d — —
Em(t) =A-z(t)

To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A

[ 2 ] -2
[asias
Consider eigenpair
PRt

i

Solution to homogeneous system from eigenpair

o[t

Consider eigenpair

“[7]

Solution to homogeneous system from eigenpair

22:e4t'|:_2:|

1

General solution to the system of ODEs
T =Clz,+ C2%,
Substitute solutions into the general solution
- a4 | —2 2C'1
z=C0C2e { 1 }+{ c1 }
Substitute in vector of dependent variables

z(t) ] [ —202e* +2C1
)= | G or |
Solution to the system of ODEs
{z(t) = —202e% +2C1,y(t) = C2e* + C1}
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v/ Mathematica. Time used: 0.002 (sec). Leaf size: 60

‘{ode={D [x[t],t]==2xx[t]-4*y[t], DIy[t],t]==-x[t]+2xy[t]};
‘ic={};
LDSolve[{ode,ic},{x[t],y[t]},t,IncludeSingularSolutions—>True]

~

z(t) — %cl (e +1) —co(e* —1)

y(0) = 3 (20a(e¥ +1) — ca(e ~ 1))

v Sympy. Time used: 0.039 (sec). Leaf size: 24

from sympy import *
t = symbols("t")
Function("x")

X

y = Function("y")

ode=[Eq(-2*x(t) + 4xy(t) + Derivative(x(t), t),0),Eq(x(t) - 2*y(t) + Derivative(y
(t), t),0)]

ics = {}

dsolve(ode,func=[x(t),y(t)],ics=ics)

[z(t) = 2C1 — 2Ce®, y(t) = C1 + Coc™]
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2.12 Chapter IV. Linear Differential Equations.
Excercise XIII at page 189
Local contents

2.12.1 Problem (a) . . . . . . ... 3561
2122 Problem (b) . . . . . ... 364
2.12.3 Problem (c) . . . . . ...
2124 Problem (d) . . . . . . . ...
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2.12.1 Problem (a)

Local contents

Solution using Matrix exponential method . . . . . . ... ... ...
Solution using explicit Eigenvalue and Eigenvector method . . . . . . 357
VMaple . . o o o 3611
VMathematica . . . . o o oo e 363
VSYIMDY o o e 363

Internal problem ID [20994]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter IV. Linear Differential Equations. Excercise XIII at page 189

Problem number : (a)

Date solved : Saturday, November 29, 2025 at 01:34:20 AM
CAS classification : system_of_0DEs

x' = 3z + 6y
y = —2x — 3y
Solution using Matrix exponential method

In this method, we will assume we have found the matrix exponential e#* allready. There are
different methods to determine this but will not be shown here. This is a system of linear
ODE'’s given as

HNESIH

For the above matrix A, the matrix exponential can be found to be

w [ cos (v/3t) + /3 sin (v31) 2/3 sin (v/3t) ]
Tl e (VB - vEsin (vVEY)
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Therefore the homogeneous solution is
fh(t) = eAté'
B [ cos (v/3t) + /3 sin (V3¢) 2+/3 sin (v/3¢) ] [61 }
a I —M cos (v/3t) — /3 sin (v31)
[ (cos (v/3t) + /3 sin (v3t)) c1 +2v/3 sin (V31) e ]

C2

= 2/3 sin <\/§ t)er

i %—I—(cos(ﬁt)—\/gsin(\/gt))cz
[ V3 (c1 +2¢,) sin (V3t) + cos (V3t) e ]

= 32 sin
i _ (cxt 2? (v59) + cos (V3t) ¢

Since no forcing function is given, then the final solution is Z(t) above.

Solution using explicit Eigenvalue and Eigenvector method

This is a system of linear ODE’s given as

2| | 3 6 x

y ] -2 -3]1ly
The first step is find the homogeneous solution. We start by finding the eigenvalues of A.
This is done by solving the following equation for the eigenvalues A

det (A— AI) =0

Expanding gives

Therefore
3—-A 6
det =0
(Y
Which gives the characteristic equation
M +3=0
The roots of the above are the eigenvalues.

A =iV3
Ay = —iV/3

This table summarises the above result
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eigenvalue | algebraic multiplicity | type of eigenvalue
iv/3 1 complex eigenvalue
—iV/3 1 complex eigenvalue

Now the eigenvector for each eigenvalue are found.
Considering the eigenvalue \; = —i/3
We need to solve A7 = A7 or (A — AI)¥ = 0 which becomes

3 6 , 10 vi| |0
(15 Sl v]) [2]-1o
iW3+3 6 v] [0
-2 W3-3||wn]| |O
Now forward elimination is applied to solve for the eigenvector ¥. The augmented matrix is

[2\?; ’ 7;\/36—3 | 8}

Ry = Ry +

2R, _, [L’\/é+3 6 0]
iv3+3 0 0l0

Therefore the system in Echelon form is
iW3+3 6][w] [0
0 0]lv] |O

The free variables are {v,} and the leading variables are {v;}. Let vy = t. Now we start back
substitution. Solving the above equation for the leading variables in terms of free variables

gives equation {vl =— \/%:3
6t
1| _ | Tia+3
t t
Since there is one free Variable, we have found one eigenvector associated with this eigenvalue.

The above can be written as
6
ULl 4| T3
t 1

Hence the solution is

Let t = 1 the eigenvector becomes
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Which is normalized to

Considering the eigenvalue Ay = i1/3
We need to solve A7 = A or (A — AI)¥ = 0 which becomes

(1% 5] [s 1)) [n]=[0]
T s ][0

Now forward elimination is applied to solve for the eigenvector ¥. The augmented matrix is

[—z\iﬁ;:a _N%_?)}o]

2R —1
P M [

Siva+s 0 o0

Therefore the system in Echelon form is

—ivV3+3 6] [w] [0

0 0] lw] [0
The free variables are {vs} and the leading variables are {v;}. Let v, = t. Now we start back
substitution. Solving the above equation for the leading variables in terms of free variables

6t
6t
V| | W3
t t

gives equation {vl = V33
Since there is one free Variable, we have found one eigenvector associated with this eigenvalue.
The above can be written as
6
(%] =t ivV3—
t 1

Hence the solution is

w

Let t = 1 the eigenvector becomes

- - r 6 T
Ul _ | s
t 1
Which is normalized to ) }
S 6
V| _ | VB3
t 1
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The following table gives a summary of this result. It shows for each eigenvalue the algebraic
multiplicity m, and its geometric multiplicity k£ and the eigenvectors associated with the
eigenvalue. If m > k then the eigenvalue is defective which means the number of normal
linearly independent eigenvectors associated with this eigenvalue (called the geometric multi-
plicity k) does not equal the algebraic multiplicity m, and we need to determine an additional
m — k generalized eigenvectors for this eigenvalue.

multiplicity
eigenvalue | algebraic m | geometric k | defective? | eigenvectors

_6

i3 1 1 No #W3-3
1
6

—iV/3 1 1 No —iv3-3
1

Now that we found the eigenvalues and associated eigenvectors, we will go over each eigenvalue
and generate the solution basis. The only problem we need to take care of is if the eigenvalue
is defective. Therefore the final solution is

fh(t) = lel(t) + Cgfg(t)

Which is written as

+ co

ei\/§ t

6ei\/§t
z =cy | 33
e—i\/gt

6 e—i\/gt
—iv/3=3

Which becomes

. 3i(i+ %2 )ea e VB 3ieivBT (1= )y
-

Cc1 ei‘/gt + Co e_i‘/gt
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Figure 2.65: Phase plot

v Maple. Time used: 0.078 (sec). Leaf size: 67

‘ode:=[diff (x(t),t) = 3xx(t)+6xy(t), diff(y(t),t) = -2xx(t)-3*y(t)];
‘dsolve(ode);

z(t) = ¢ sin (\/§t> + ¢y cos (\/§t>
_ c1v/3 cos (V3t) B c2V/3 sin (v/3t) _asin (V3t)  cacos (V31)

y(®) 6 6 2 2

Maple step by step

Let’s solve
[G(t) = 3z(t) + 6y(t),, Gy(t) = —2x(t) — 3y(t)]
° Define vector
2(t) = { =(?) ]
y(t)
° Convert system into a vector equation

si0-| 3, 5] 20+ ]

° System to solve
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sa0=| 2, 5| -d0
° Define the coefficient matrix
3 6
A= 5 5]
° Rewrite the system as
7)) =A-Z(t)
° To solve the system, find the eigenvalues and eigenvectors of A

° Eigenpairs of A

[ | o )

° Consider complex eigenpair, complex conjugate eigenvalue can be ignored
_I\/_ [ —If 3 ]
° Solution from elgeni)air

_ 6
e IV3t | —1v/3-3

1
) Use Euler identity to write solution in terms of sin and cos
__6
(cos (v3t) —Isin (v31)) - [ —I‘/1§—3 ]
° Simplify expression

fen(3)-1o0( 1)
| cos (v3t) —Isin (v3t)

° Both real and imaginary parts are solutions to the homogeneous system
i 3 cos \/?:t sin \/gt \/5 cos \ft \f 3sin \ft
g [ i O ) e sl
i COs (\/§t) —sin (\/_t)

° General solution to the system of ODEs
Z = C1%1(t) + C225(t)
° Substitute solutions into the general solution

o2 (cos(x/jt)\/g N 3sin<2\/§t>) ey (_3005(2\/51&) N sin<\/§t>\/§)

2
—(C2sin (\/gt) + C1 cos (\/gt)
° Substitute in vector of dependent variables
{ 2(t) } [ (c2v3-3C1) cos(V3t) N sin(v3t) (C1v3+3C2) ]

2 2
y(t) —C2sin (V3t) + C1 cos (V3t)
° Solution to the system of ODEs

{x(t) _ <02x/§—3021)cos(\/§t) N sin(V3¢) (021\/§+302) y(t) = —C2sin (v3¢) + C1 cos (\/§t)}

_)
xr =
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v/ Mathematica. Time used: 0.008 (sec). Leaf size: 77

\/ode={D [x[t],t]==3*x[t]+6*xy[t], D[y[t],t]l==-2*x[t]-3*y[t]l};
‘ic={};
LDSolve[{ode,ic},{x[t],y[t]},t,IncludeSingularSolutions—>True]

~

z(t) — ¢ cos (\/§t> + v3(cy + 2¢;) sin <\/§t>

(261 + 302) sin (\/gt)
V3

v Sympy. Time used: 0.108 (sec). Leaf size: 61

y(t) = co cos (\/§t> -

from sympy import *
t = symbols("t")
x = Function("x")

y = Function("y")

ode=[Eq(-3*x(t) - 6*y(t) + Derivative(x(t), t),0),Eq(-2*x(t) + 3*y(t) +
Derivative(y(t), t),0)]

ics = {}

dsolve(ode,func=[x(t),y(t)],ics=ics)

z(t) = , y(t) = Cre™v 4 CpeV?

Ci(3— VL) ™ Gy(3+ VL) ¥
2 2
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2.12.2 Problem (b)

Local contents

Solution using Matrix exponential method . . . . . . ... ... ... 364
Solution using explicit Eigenvalue and Eigenvector method . . . . . .
VMaple . . o o o 369
VMathematica . . . . o o oo e 371
v Sympy . . . .. e e 371

Internal problem ID [20995]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter IV. Linear Differential Equations. Excercise XIII at page 189
Problem number : (b)

Date solved : Saturday, November 29, 2025 at 01:34:36 AM
CAS classification : system_of_0DEs

¥ =8r+y

I —_—

Yy = —4x + 4y

Solution using Matrix exponential method

In this method, we will assume we have found the matrix exponential e#* allready. There are
different methods to determine this but will not be shown here. This is a system of linear
ODE'’s given as

| | 8 1 x
y] -4 4]y
For the above matrix A, the matrix exponential can be found to be

At _ e (2t + 1) ebtt
| —4eftt €81 —21)
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Therefore the homogeneous solution is
.’Z"h (t) = 6At5
[ (2t +1) ebtt c1
| ettt e8(1—21) Ca
[ €2t + 1) ¢ + €¥cy
| —4e5tc; + €% (1 — 2t) ¢y
[ 2t +tey + )
| et (—dert + (1 — 2t) )

Since no forcing function is given, then the final solution is Z(t) above.

Solution using explicit Eigenvalue and Eigenvector method

This is a system of linear ODE’s given as

| | 8 1 x

y ] |-44]ly
The first step is find the homogeneous solution. We start by finding the eigenvalues of A.
This is done by solving the following equation for the eigenvalues A

det (A—A)=0

(51038
(2 ])

Which gives the characteristic equation

Expanding gives

Therefore

A —120+36=0
The roots of the above are the eigenvalues.
A1=6

This table summarises the above result
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eigenvalue | algebraic multiplicity | type of eigenvalue

6 1 real eigenvalue

Now the eigenvector for each eigenvalue are found.
Considering the eigenvalue A\; = 6

We need to solve A7 = A or (A — AI)¥ = 0 which becomes
8 1 10 v | |0
(L s]-olo v [2]-[o
2 1 V1 _ 0
—4 -2 ]|wvw]| [0
Now forward elimination is applied to solve for the eigenvector ¥. The augmented matrix is

2 1|0
—4 =20

Ry =Ry, + 2R, = |:

2 1|0
0 00

Therefore the system in Echelon form is
21 V1 . 0
00 [w] |0

The free variables are {v,} and the leading variables are {v; }. Let v, = ¢t. Now we start back
substitution. Solving the above equation for the leading variables in terms of free variables

-

Since there is one free Variable, we have found one eigenvector associated with this eigenvalue.

N

. . _ _E
gives equation {v; = —%

Hence the solution is

The above can be written as

Let t = 1 the eigenvector becomes

oy _ - % -
t 1

Which is normalized to ) ) ) i}
U1 - -1
t ] | 2 ]
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The following table gives a summary of this result. It shows for each eigenvalue the algebraic
multiplicity m, and its geometric multiplicity k£ and the eigenvectors associated with the
eigenvalue. If m > k then the eigenvalue is defective which means the number of normal
linearly independent eigenvectors associated with this eigenvalue (called the geometric multi-
plicity k) does not equal the algebraic multiplicity m, and we need to determine an additional
m — k generalized eigenvectors for this eigenvalue.

multiplicity

eigenvalue | algebraic m | geometric k | defective? | eigenvectors

N[ =

6 2 1 Yes

Now that we found the eigenvalues and associated eigenvectors, we will go over each eigenvalue
and generate the solution basis. The only problem we need to take care of is if the eigenvalue is
defective. eigenvalue 6 is real and repated eigenvalue of multiplicity 2. There are two possible
cases that can happen. This is illustrated in this diagram

The two possible cases for repeated eigenvalue of multiplicity 2

case 1 normal normal
eigenvector eigenvector

. At
eigenvectors xr = e vy
AN—————» |/ v | complete eigenvalue. At
Multiplicity 2 defect is zero > Ty = € V2
The solution is
U1 V2
T =11 + C2x2
case 2 normal generalized N
eigenvector eigenvector T =¢€ "’Ul
: At
eigenvectors xo = e (vt + v2)
AN—> |/ ? | defective eigenvalue.
Multiplicity 2 defect is 1. Solve for the generalized eigenvector vo
from
(% V2

(A—)\I)’UQZ’Ul

‘/_\‘ /\ Then the solution is
L]

V2 U1 zero vector T =11 + oo
rank 2 rank 1
vector vector

Figure 2.66: Possible case for repeated A of multiplicity 2

This eigenvalue has algebraic multiplicity of 2, and geometric multiplicity 1, therefore this is
defective eigenvalue. The defect is 1. This falls into case 2 shown above. We need to generate
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the missing additonal generalized eigevector U5 by solving
(A=A vy =1

Where ¥, is the normal (rank 1) eigenvector found above. Hence we need to solve
1
8 1 _ ( 6) 10 V1 _ 2
—4 4 01 V2 1
2 1 V1 _ —%
—4 -2 V2 1
o= |
Vg = 5
T2

We have found two generalized eigenvectors for eigenvalue 6. Therefore the two basis solution
associated with this eigenvalue are

Solving for v gives

And

Therefore the final solution is

Which is written as

Which becomes

((t—2)02+01)e6t
T _ |~ 2
|: :| - €% (2c1 +c2(2t—5))
2
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Figure 2.67: Phase plot

v Maple. Time used: 0.100 (sec). Leaf size: 34

‘ode:=[diff(x(t),t) = 8xx(t)+y(t), diff(y(t),t) = -4*x(t)+4xy(t)]; ‘
‘ dsolve(ode); ‘

z(t) = e%(cot + c1)
y(t) = —e%(2¢xt + 2¢1 — c3)

Maple step by step

Let’s solve
[&x(t) = 8z(t) +y(t), Fy(t) = —4a(t) + 4y(t)]
° Define vector
z@:[ww
y(t)
° Convert system into a vector equation
- 8 1] = 0
Lz(t) = 44 -:c(t)—l—{o}
° System to solve
— 8 1] =
sE0=| 5, |70
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° Define the coefficient matrix
8 1
A=
il
° Rewrite the system as
d — —
° To solve the system, find the eigenvalues and eigenvectors of A

° Eigenpairs of A

oL ]G]

° Consider eigenpair, with eigenvalue of algebraic multiplicity 2

- 17

6, 2

b7

° First solution from eigenvalue 6
1

Zl(t) = e6t ’ |: 12 :|
° Form of the 2nd homogeneous solution where 5 is to be solved for, A = 6 is the eigenvalue, and vi

— PN

Za(t) = e (tv + p)
° Note that the ¢t multiplying v makes this solution linearly independent to the 1st solution obtained
) Substitute Z5(¢) into the homogeneous system

AeM (t? - B) + My = (eMA) - (t? + E)
° Use the fact that v is an eigenvector of A

el (t? + B) + My = eM ()\t? +A- ]_;)
° Simplify equation
- = —
Ap+v=A-p
° Make use of the identity matrix I
(A.I)-;-’—?:A.;

° Condition p must meet for zz(t) to be a solution to the homogeneous system
- =
(A=X-I)-p=v
° Choose ;)) to use in the second solution to the homogeneous system from eigenvalue 6

(L]t ]) -]

° Choice of 1_))
1

2 _ | T1
=

° Second solution from eigenvalue 6

¥z<t>=e6t.(t.[—1%}+{_oib

° General solution to the system of ODEs
Z = C1%1(t) + C225(t)
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° Substitute solutions into the general solution
1 1 1
N _1 _1 _1
— (O] et . 2 6t . 2 1
x=0Cle {1}+C’2e (t[1}+[0})
° Substitute in vector of dependent variables

y(t) eS(C2t+ C1)
° Solution to the system of ODEs
{CL’(t) _ _e6t(202t-|:1201+02),y(t) _ e6t(02t + 01)}

{x(t) } _ [ _eﬁt(zcgtzzcwcz) ]

v/ Mathematica. Time used: 0.002 (sec). Leaf size: 45

‘ode={D[x[t],t]==8*x[t]+y[t], D[y[t],t]==-4xx[t]+4*y[t]};
Lic={};
‘DSolve[{ode,ic},{x[t],y[t]},t,IncludeSingularSolutions->True]

z(t) — e%(2¢1t + cot + ¢1)
y(t) — €%(cy — 2(2¢1 + co)t)

e Sympy. Time used: 0.059 (sec). Leaf size: 44

from sympy import *
t = symbols("t")
X

y

Function("x")

Function("y")

(), t),0)]
ics = {}
dsolve(ode,func=[x(t),y(t)],ics=ics)

ode=[Eq(-8*x(t) - y(t) + Derivative(x(t), t),0),Eq(4*x(t) - 4*y(t) + Derivative(y

[z(t) = 2C1te® + (C1 + 2Co) €%, y(t) = —4C1te™ — 4C,e™ |
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2.12.3 Problem (c)

Local contents

Solution using Matrix exponential method . . . . . . ... ... ...
Solution using explicit Eigenvalue and Eigenvector method . . . . . . 373l
v Maple . . . . . . . e
VMathematica . . . . o o oo e 381
v Sympy . . . .. e e

Internal problem ID [20996]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter IV. Linear Differential Equations. Excercise XIII at page 189
Problem number : (c)

Date solved : Saturday, November 29, 2025 at 01:34:51 AM
CAS classification : system_of_0DEs

r=z—y+2z
/

Yy =—-x+y+22

Z=xz+y

Solution using Matrix exponential method

In this method, we will assume we have found the matrix exponential e allready. There are

different methods to determine this but will not be shown here. This is a system of linear
ODE’s given as

Or
x 1 -1 2 T
y |=]1-1 1 2 Y
2 1 1 0 z

For the above matrix A, the matrix exponential can be found to be

_2¢ 32t i h(Qt) :

. e Sin.:(g e_—;ngth S%nh (2t)
= | T sinh (2t)

s1n1;(2t) Smg(zt) cosh (2t)




CHAPTER 2. BOOK SOLVED PROBLEMS 373

Therefore the homogeneous solution is

fh (t) = eAtE

[ e—2t 32t inh(2¢) .
° Sin+h (2% e_—%—sm o s?nh (2t) c
= | -¥57 ¢ +3¢ sinh (2t) 2
—Sm‘;(zt) —Sm};@t) cosh (2t) c3
— e_42t + 322t> ¢l — sinh(22t)02 + sinh (2t) Cc3
= | _soher (%+3Z2t>cz+sinh(2t)63

inh(2t)c inh(2t)c
s (Qt)1_|_s (2t)2+cosh(2t)63

e~ 2t ((3c1—ca+2c3)e*t +c1+c2—2c3)

4
_ e~ ((c1—3c2—2c3)e** —c1 —ca+2¢3)

. 4
| (atea)sinh@) 4 osh (2¢) e

Since no forcing function is given, then the final solution is Z(t) above.

Solution using explicit Eigenvalue and Eigenvector method

This is a system of linear ODE’s given as

Or
x 1 -1 2 T
y | =] -1 1 2 Y
2 1 1 0 z

The first step is find the homogeneous solution. We start by finding the eigenvalues of A.
This is done by solving the following equation for the eigenvalues A

det(A—AI)=0
Expanding gives
1 -1 2 100
det -1 1 2| -=AX{010 =0
1 1 0 0 01
Therefore
1-x -1
det -1 1-Xx 2 =0
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Which gives the characteristic equation
A —2X2 -4\ +8=0
The roots of the above are the eigenvalues.

AL =—2
Ag =2

This table summarises the above result

eigenvalue | algebraic multiplicity | type of eigenvalue

-2 1 real eigenvalue

2 1 real eigenvalue

Now the eigenvector for each eigenvalue are found.
Considering the eigenvalue \; = —2

We need to solve A7 = A or (A — AI)¥ = 0 which becomes

1 -1 2 1007\ [wvu] [O]

~1 1 2|=(=2)|0o10 v | =10

1 1 0 001 v | [ 0]
3 -1 27Twu] TJ0]
~1 3 2||w]|=1]o0
1 1 2] |lws] Lo

Now forward elimination is applied to solve for the eigenvector ¥. The augmented matrix is

3 -1 2|0
-1 3 2|0
1 1 2|0
3 —1 2|0]
_ 1 8 8
1 1 2|0
[3 —1 2|0]
R
R3—R3—?1:> 0 % % 0
o & o]
R 3 —1 2|0]
R3=R3—72=> 0o ¢ %o
0 0 0/0
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Therefore the system in Echelon form is

3 -1 2 U1 0
0 % % (%] = 0
0 0 O U3 0

The free variables are {v3} and the leading variables are {v1,v,}. Let v3 = t. Now we start
back substitution. Solving the above equation for the leading variables in terms of free
variables gives equation {v; = —t, v, = —t}

Hence the solution is

U1 —t
V2 = —t
t t

Since there is one free Variable, we have found one eigenvector associated with this eigenvalue.
The above can be written as

U1 -1
Va2 =t| —1
t 1
Let t = 1 the eigenvector becomes
U1 -1
V2 = -1
t 1

Considering the eigenvalue Ay = 2

We need to solve A7 = A7 or (A — AI)¥ = 0 which becomes

1 —1 2 100 (] 0

-1 2| - 010 va | =10
1 0 0 01 | U3 | 0
-1 [ vy ] [0 ]

—1 -1 2 vo | =10
1 1 =21 | vs | | 0 ]

Now forward elimination is applied to solve for the eigenvector ¥. The augmented matrix is

-1 -1 2|0

-1 -1 2|0

1 1 =210
-1 -1 2 |0
R2=R2—R1:> 0 0 010
1 1 =210
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-1 -1 2|0
Rs = R34+ R = 0 0 010
0 0 0]0
Therefore the system in Echelon form is
-1 -1 2 vy 0
0 0 O v | =10
0 0 O U3 0

The free variables are {vs, v3} and the leading variables are {v;}. Let vy = t. Let v3 = s. Now
we start back substitution. Solving the above equation for the leading variables in terms of
free variables gives equation {v; = —t + 2s}

Hence the solution is

1 —t + 2s
= t
s s

Since there are two free Variable, we have found two eigenvectors associated with this
eigenvalue. The above can be written as

U1 —t 2s
t | = t +1 0
s s
-1 2
=t| 1 -l—s[O
0 1

By letting t = 1 and s = 1 then the above becomes

V1 -1 2
t | = 1 +10
s 1

Hence the two eigenvectors associated with this eigenvalue are

-1 2
1 |(,]0
0 1

The following table gives a summary of this result. It shows for each eigenvalue the algebraic
multiplicity m, and its geometric multiplicity k¥ and the eigenvectors associated with the
eigenvalue. If m > k then the eigenvalue is defective which means the number of normal
linearly independent eigenvectors associated with this eigenvalue (called the geometric multi-
plicity k) does not equal the algebraic multiplicity m, and we need to determine an additional
m — k generalized eigenvectors for this eigenvalue.
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multiplicity
eigenvalue | algebraic m | geometric k | defective? | eigenvectors
-1
—2 1 1 No -1
1
-1 2
2 2 2 No 1 0
0 1

Now that we found the eigenvalues and associated eigenvectors, we will go over each eigenvalue
and generate the solution basis. The only problem we need to take care of is if the eigenvalue
is defective. Since eigenvalue —2 is real and distinct then the corresponding eigenvector
solution is

eigenvalue 2 is real and repated eigenvalue of multiplicity 2. There are two possible cases that
can happen. This is illustrated in this diagram
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case 1 normal normal
eigenvector eigenvector
eigenvectors
AN———» |/ v | complete eigenvalue.
Multiplicity 2 defect is zero
V1 V2
case 2 normal generalized
eigenvector eigenvector
eigenvectors
AN—> |/ ? | defective eigenvalue.
Multiplicity 2 defect is 1.
U1 V2
A—- ) A—- NI
/‘\“/—\.
U2 U1 zero vector
rank 2 rank 1
vector vector

—»

The two possible cases for repeated eigenvalue of multiplicity 2

] = e’\tvl

— Ty = 6/\t'U2
The solution is

T = C1T] + C2X2

r] = e”vl

eM (vt + v3)

T2

Solve for the generalized eigenvector vo
from

(A — )\I) Vo = V1
Then the solution is

T =11 + C2Xo

Figure 2.68: Possible case for repeated A of multiplicity 2

This eigenvalue has algebraic multiplicity of 2 which is the same as its geometric multiplicity 2,
then it is complete eigenvalue and this falls into case 1 shown above. Hence the corresponding

eigenvector basis are

fg (t) = 17262t

Therefore the final solution is

—

Which is written as

T _e—2t
y|=al| e | +c
P e—2t

wh(t) = lel (t) + Cz.’fg(t) + C3f3(t)

_ th 2 e2t

62"’ +c3 0



CHAPTER 2. BOOK SOLVED PROBLEMS 379

Which becomes

T —cre 2 + (—cy + 2c3) e
y | = —cre7 % 4 ¢y e
z cre 4 cge?

v Maple. Time used: 0.095 (sec). Leaf size: 66

Lode:=[diff (x(t),t) = x(t)-y(t)+2%z(t), diff(y(t),t) = -x(t)+y(t)+2*z(t), diff(z(t
L) = x@®) )] |
‘dsolve(ode);

2 _ o624 e

z(t) = —co€”
y(t) = —cy e + 3cz e® — e'cy

2(t) = cpe ™ + cze*

Maple step by step

Let’s solve

[Gx(t) = x(t) —y(t) +22(t), gy(t) = —2(t) + y(t) + 22(8), F2(t) = (t) + y(t)]
° Define vector

z(t)
3 = |yt
z(t)
° Convert system into a vector equation
1 =1 27 0
dZ2t)=| -1 1 2 |-Z2@E)+ |0
1 1 0] 0
° System to solve
1 =1 27
drty=| -1 1 2 |-2(t)
1 1 0]
° Define the coefficient matrix
1 -1 2
A= -1 1 2
1 1 0
° Rewrite the system as
43() = A-Z(0)
° To solve the system, find the eigenvalues and eigenvectors of A

° Eigenpairs of A
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[ -1 -1 2
-2, —1 ;12,1 1 , 12,
| 1 ] 0 1
° Consider eigenpair
_ 117
-2, —1
L I
° Solution to homogeneous system from eigenpair
-1
Zl = e_2t . -1
1
° Consider eigenpair, with eigenvalue of algebraic multiplicity 2
-1
2, 1
0
° First solution from eigenvalue 2
-1
Zo(t) =e?- | 1
0
° Form of the 2nd homogeneous solution where B is to be solved for, A\ = 2 is the eigenvalue, and v i
Z3(t) = eM (t? + Ia’)
° Note that the ¢t multiplying v makes this solution linearly independent to the 1st solution obtained
o Substitute Z3(¢) into the homogeneous system
AeM (t? - B) + My = (eMA) - (t? - B)
° Use the fact that v is an eigenvector of A

AeM (t?} + B) + &My = e (At?} +A- B)
° Simplify equation

\Np+v=Ap
° Make use of the identity matrix I
A-I)-p+v=A-p
° Condition f; must meet for Z5 (t) to be a solution to the homogeneous system
(A=X-I)-p=0v
° Choose B to use in the second solution to the homogeneous system from eigenvalue 2
1 -1 2 1 00 -1
-1 1 2|-2-lo1o0]]|-p=]1
1 1 0 0 01 0
° Choice of 1_))
1
p=|0

0
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° Second solution from eigenvalue 2

SR

° General solution to the system of ODEs
T = Clz,+ C22,(t) + C3z5(t)
° Substitute solutions into the general solution

~1 ~1 —1 1
z2=Cle 2. | —1 | +C2e®.| 1 |+08e%-|t-| 1 |+]0
0

1 0 0
° Substitute in vector of dependent variables
z(t) —Cle?+(=C2+ C3(—t+1))e*
y(t) | = —Cle 2+ e2(C3t+ C2)
2(t) Cle2

Solution to the system of ODEs
{z(t)=—-C1e 2+ (—=C2+C3(—t+1))e* y(t) = —Cle 2 +eX(C3t+ C2),2(t) = Cle 2}

/ Mathematica. Time used: 0.004 (sec). Leaf size: 134

‘ ode={D[x[t],t]l==x[t]-y[t]+2*z[t], D[y[t],t]l==-x[tl+y[t]1+2*z[t],D[z[t],t]==x[t]+y[ \
oty |
‘ic={}; ‘
‘DSolve[{ode,ic},{x[t],y[t],z[t]},t,IncludeSingularSolutions—>True]

e *(c1(3¢™ +1) — (c2 — 2c3) (e* — 1))

® |
N}
o~

(— (cl (e4t — 1)) + ¢ (364t + 1) + 2¢3 (e4t — 1))

|
N
&

(cr(e® —1) 4+ co(e” — 1) +2¢c3(e™ + 1))

S L s L
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v Sympy. Time used: 0.084 (sec). Leaf size: 51

p

from sympy import *
t = symbols("t")

x = Function("x")
y = Function("y")
z = Function("z")

ode=[Eq(-x(t) + y(t) - 2xz(t) + Derivative(x(t), t),0),Eq(x(t) - y(t) - 2xz(t) +
Derivative(y(t), t),0),Eq(-x(t) - y(t) + Derivative(z(t), t),0)]

ics = {}

dsolve(ode,func=[x(t),y(t),z(t)],ics=ics)

[z(t) = —Cre™ — (Co — 2C5) €, y(t) = —Cre™™ + Cre®™, 2(t) = Cre™ + Cse*]
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2.12.4 Problem (d)
Local contents

Solution using Matrix exponential method . . . . . . ... ... ... 383}
Solution using explicit Eigenvalue and Eigenvector method . . . . . . 3841
VMaple . . o o o 390
VMathematica . . . . o o oo e
v Sympy . . ... e e e

Internal problem ID [20997]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.

Springer. NY. QA372.W224 1998

Section : Chapter IV. Linear Differential Equations. Excercise XIII at page 189
Problem number : (d)

Date solved : Saturday, November 29, 2025 at 01:35:06 AM

CAS classification : system_of_0DEs

r=—-z+y—=z
Y =2x—y+22
2 =2x4+2y—2z

Solution using Matrix exponential method

In this method, we will assume we have found the matrix exponential e allready. There are
different methods to determine this but will not be shown here. This is a system of linear

ODE’s given as

Or
g -1 1 -1 T
vy | =12 -1 2 Y
z 2 2 -1 z

e—3t e—t e—3t
2 2 3t t B 2 t+ 2 3t
Je” e e” Je”
+ T+5 —
. 3 t e 673t 4 2 2 _A.lt
2sinh (t) 2 — - — cosh (t)"e
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Therefore the homogeneous solution is

.’Z"h (t) = eAtE

—t Q _ e_3t _g e—3t

© —t 2 t 2 —3t t 2—t+ 2 —3t 61

= | 2sinh() g g |
t =t —3t 2 _

2sinh (¢) 3% — - — < cosh (¢)“ e cs

ot (F o)k (07 ) a
= | 2smh@a+ (-5 3 2 o ($45 2
2sinh (t) 1 + (3Tet ~5 - %B't) ¢y + cosh (t)?e~tcs

r e 3t ((2c1+02—03)e2t—02+03)

2
e—3t ((401 +3ca+c3)et4+2(—2c1 —ca+c3)e?t+3ca —303)

4
e 3¢ ((4c1+3ca+c3)e*t +2(—2c1 —ca+c3)e?t —co+c3)
L 4

Since no forcing function is given, then the final solution is Z(t) above.

Solution using explicit Eigenvalue and Eigenvector method

This is a system of linear ODE’s given as

Or
z -1 1 -1 T
vy |l=1 2 -1 2 Yy
z 2 2 -1 z

The first step is find the homogeneous solution. We start by finding the eigenvalues of A.
This is done by solving the following equation for the eigenvalues \

det(A—AI)=0
Expanding gives
-1 1 -1 1 00
det 2 -1 2 -l 010 =0
2 2 -1 0 01
Therefore
—1-A 1 -1
det 2 —1-X 2 =0
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Which gives the characteristic equation
M43 -1-3=0

The roots of the above are the eigenvalues.

A1 =-3
A =-—1
A3 =1
This table summarises the above result
eigenvalue | algebraic multiplicity | type of eigenvalue
-1 1 real eigenvalue
1 1 real eigenvalue
-3 1 real eigenvalue

Now the eigenvector for each eigenvalue are found.
Considering the eigenvalue A\; = —3

We need to solve A7 = A7 or (A — AI)¥ = 0 which becomes

1 1 -1 100 T ] [0
2 -1 2 |—(=3)|010 vy | =0
2 2 -1 001 Yy
21 17wl [0
2 2 2 vy | =10
22 2 | |lwv] lo.

Now forward elimination is applied to solve for the eigenvector ¥. The augmented matrix is

21 —-1|0

2 2 210

22 210
2 —1|0]
RQ—RQ—R1=> 01 310
2 2 2 0]
2 1 —1|0]
R3;=R; — R = 01 310
10 3 (0]
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21 —-11]0
Ris=R;—Rob=— (01 3 |0
00 010
Therefore the system in Echelon form is
21 -1 U1 0
01 3 v | =10
00 O U3 0

The free variables are {v3} and the leading variables are {vy,v,}. Let v3 = t. Now we start
back substitution. Solving the above equation for the leading variables in terms of free
variables gives equation {v; = 2¢,v, = —3t}

Hence the solution is

U1 2t
(] = -3t
t t

Since there is one free Variable, we have found one eigenvector associated with this eigenvalue.
The above can be written as

U1 2
()] =t| =3
t 1
Let t = 1 the eigenvector becomes
U1 2
Va2 = —3
t 1

Considering the eigenvalue Ay = —1

We need to solve A7 = A7 or (A — AI)¥ = 0 which becomes

0 U1
Va2 =
U3
-1 U1
2 V2 =

NN O O
N O = O = O
[y

0 V3

Now forward elimination is applied to solve for the eigenvector ¥. The augmented matrix is

01 -11|0
20 210
22 010
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Since the current pivot A(1, 1) is zero, then the current pivot row is replaced with a row with
a non-zero pivot. Swapping row 1 and row 2 gives

20 210
01 —-11]0
22 010
2 0 210
R3;=R; — R — 01 —-11|0
0 2 =20
20 210
R3=R3—2R2:> 01 —-110
00 010
Therefore the system in Echelon form is
20 2 (%1 0
01 -1 ()] = 0
00 O U3 0

The free variables are {v3} and the leading variables are {vi,v,}. Let v3 = t. Now we start
back substitution. Solving the above equation for the leading variables in terms of free
variables gives equation {v; = —t, v = t}

Hence the solution is

Since there is one free Variable, we have found one eigenvector associated with this eigenvalue.
The above can be written as

U1 -1

() =t

t 1

Let t = 1 the eigenvector becomes

V1 -1
V2 =

Considering the eigenvalue A3 = 1
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We need to solve A7 = A or (A — AI)¥ = 0 which becomes

-1 1 -1 100 vy 0
2 -1 2 |-(1)|010 vw|=|0
2 2 -1 001/ lws] Lol
—2 1 —17[wu] [0]
2 -2 2 v | =10
2 2 —2|lw] Lol

Now forward elimination is applied to solve for the eigenvector ¥. The augmented matrix is

-2 1 =110
2 -2 210
2 2 =210
[—2 1 —110]
R2 = R2 + R1 - 0o -1 1 0
| 2 2 —=2/0]
[—2 1 —110]
R;=R3+ R, = 0O -1 110
|0 3 =-3|0]
-2 1 =110
R3 = R3 + 3Ry = 0o -1 1 0
O 0O 010
Therefore the system in Echelon form is
-2 1 -1 1 0
0 -1 1 (%) = 0
0O 0 O V3 0

The free variables are {v3} and the leading variables are {v1,v,}. Let v3 = t. Now we start
back substitution. Solving the above equation for the leading variables in terms of free
variables gives equation {v; = 0,v, =t}

Hence the solution is
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Since there is one free Variable, we have found one eigenvector associated with this eigenvalue.
The above can be written as

V1 0
V2 =t| 1
t 1
Let t = 1 the eigenvector becomes
v1 0
V2 = 1
t 1

The following table gives a summary of this result. It shows for each eigenvalue the algebraic
multiplicity m, and its geometric multiplicity k¥ and the eigenvectors associated with the
eigenvalue. If m > k then the eigenvalue is defective which means the number of normal
linearly independent eigenvectors associated with this eigenvalue (called the geometric multi-
plicity k) does not equal the algebraic multiplicity m, and we need to determine an additional
m — k generalized eigenvectors for this eigenvalue.

multiplicity
eigenvalue | algebraic m | geometric k | defective? | eigenvectors
R
-3 1 1 No -3
L 1 -
R
-1 1 1 No 1
0
1 1 1 No 1

Now that we found the eigenvalues and associated eigenvectors, we will go over each eigenvalue
and generate the solution basis. The only problem we need to take care of is if the eigenvalue
is defective. Since eigenvalue —3 is real and distinct then the corresponding eigenvector
solution is
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Since eigenvalue —1 is real and distinct then the corresponding eigenvector solution is

52 (t) = UQB_t

-1

fg (t) = ’1736t

Therefore the final solution is
fh(t) = lel (t) + szz(t) + C3f3(t)

Which is written as

x 2e73¢ —et 0
y | =c| =3e3 | +c| et | +e3| e
z e—3t e—t et
Which becomes
x 2c1e 3 —cyet
y | = | (3t +cpe® —3c;) e
z (czet 4+ coe +cp) e

v Maple. Time used: 0.132 (sec). Leaf size: 61

‘ode:=[diff(x(t),t) = —x(t)+y(t)-z(t), diff(y(t),t) = 2*x(t)-y(t)+2*z(t), diff(z(t
L)L) = 2%x () +2xy (8)-z(1)];
‘dsolve(ode);

\‘

z(t) =cre ™t +cze™

3 —3t
y(t) = etcl — C2 e_t — 6326
—3t
2(t) = ec; + B° et

Maple step by step
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Let’s solve

[2(t) = —2(t) +y(t) — 2(t), Gy(t) = 22(t) — y(t) +22(¢),

Define vector

0
Z@A)+ | 0
0

2 (t)

z(t)
3t = | yo)
(%)
Convert system into a vector equation
(-1 1 -1
drty=| 2 -1 2
| 2 2 -1
System to solve
-1 1 -1
dzt)y=| 2 -1 2
L 2 2 -1
Define the coefficient matrix
-1 1 -1
A=| 2 -1 2
2 2 -1

Rewrite the system as

Ge(t)=A-7(t)

d
at”

To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A

_3,

2
-3
1

° Consider eigenpair

2

-3, -3

1

Solution to homogeneous system from eigenpair

2
- _
xi=e3. | -3

1

Consider eigenpair

-1
-1, 1
1

Solution to homogeneous system from eigenpair

-1
1
1

- _
Trg =¢€ t.

_1,

-1
1 Y 17
1

0

(t) = 22(t) + 2y(t) — ()]
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° Consider eigenpair
0
1,1
1
° Solution to homogeneous system from eigenpair
0
23 = et . 1
1

. General solution to the system of ODEs
z = C12,+ 0225+ O34,

. Substitute solutions into the general solution
2 -1 0
£=Cle®.| -3 |+C2et-| 1 |+03¢ |1
1 1
° Substitute in vector of dependent variables
z(t) 2C1e 3 — C2e?
yt) | = | (C8e*+ C2e* —3C1)e ™™
2(t) (C8e+ C2e*+ C1)e™3

Solution to the system of ODEs
{z(t) =2C1e 3 — C2e7t,y(t) = (C3e* + C2e* —3C1)e 3 2(t) = (C3e' + C2e* + C1)e3

v/ Mathematica. Time used: 0.013 (sec). Leaf size: 149

‘/ode={D [x[t],t]==—x[t]1+y[t]-z[t], D[yl[t],tl==2*x[t]-y[t]l+2*z[t],D[z[t],t]==2*x[t \\
o l+2xy[tl-z[t]}; |
ic={3; |
LDSolve [{ode,ic},{x[t],y[t],z[t]},t,IncludeSingularSolutions->True] J

e ((2c1 + c2 — c3)e* — 2 + ¢3)
e % (—2(2c1 + 2 — c3)e* + (4e1 + 3ca + ¢3)e™ + 3(c2 — ¢3))

e ¥ (—2(2c1 + 2 — c3)e* + (4c1 + 3ca + c3)e™ — ¢2 + ¢3)

=R =N =
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v Sympy. Time used: 0.078 (sec). Leaf size: 54

p

from sympy import *
t = symbols("t")

x = Function("x")
y = Function("y")
z = Function("z")

ode=[Eq(x(t) - y(t) + z(t) + Derivative(x(t), t),0),Eq(-2*x(t) + y(t) - 2*z(t) +
Derivative(y(t), t),0),Eq(-2*x(t) - 2xy(t) + z(t) + Derivative(z(t), t),0)]

ics = {}

dsolve(ode,func=[x(t),y(t),z(t)],ics=ics)

[m(t) = 2C1e73 — Che™?, y(t) = —3C1e™ % + Che™ + Cse’, 2(t) = Cre ™ 4+ Coe™ + Cget}
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2.13 Chapter IV. Linear Differential Equations.
Excercise VI at page 209
Local contents
2.13.1 Problem (a) . . . . . . ... 3951
2132 Problem (b) . . . . . ... 407
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2.13.1 Problem (a)

Local contents

Existence and uniqueness analysis
Solved as second order linear constant coeff ode

Solved as second order solved by an integrating factor . . .. .. ..

Internal problem ID [20998]

Solved as second order ode using Kovacic algorithm

v Mathematica

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.

Springer. NY. QA372.W224 1998

Section : Chapter IV. Linear Differential Equations. Excercise VI at page 209

Problem number : (a)
Date solved : Saturday, November 29, 2025 at 01:35:21 AM
CAS classification : [[_2nd_order, _with_linear_symmetries]]

Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

Where here

Hence the ode is

The domain of p(xz) =4 is

yll+4y/+4y=e(1)

y(0)=1
y'(0)=0

Y +p(x)y +q(z)y=F

QT
N
n &8 &
1 1
o,

y//+4y/+4y=em

{—0 <z < o0}
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And the point zg = 0 is inside this domain. The domain of g(z) =4 is

{—o0 <z < o0}

And the point xzg = 0 is also inside this domain. The domain of F' = e* is

{—o0 <z < o0}

And the point g = 0 is also inside this domain. Hence solution exists and is unique.

Solved as second order linear constant coeff ode
Time used: 0.167 (sec)

Solve
y//+4y/+4y:ex

y(0)=1
y'(0)=0

This is second order non-homogeneous ODE. In standard form the ODE is

Ay"(z) + By (z) + Cy(z) = f(2)

Where A =1,B =4,C =4, f(x) = . Let the solution be

Y=Ynt+ Y

Where yj, is the solution to the homogeneous ODE Ay”(z) + By'(z) + Cy(z) = 0, and y, is
a particular solution to the non-homogeneous ODE Ay”(z) + By'(z) + Cy(z) = f(z). ys is
the solution to

y' +4y +4y =0

This is second order with constant coefficients homogeneous ODE. In standard form the
ODE is

Ay’ (z) + By (z) + Cy(z) = 0

Where in the above A = 1, B = 4,C = 4. Let the solution be y = e**. Substituting this into
the ODE gives
Me™ + 4 e™ +4e™ =0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by e** gives

N 4+4AA+4=0 (2)
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Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

A1 B, 1 p—1ic

T 24724
Substituting A = 1, B = 4,C = 4 into the above gives
—4 1 2
A2 = + 4)"—(4)(1) (4
= mmEenV@ - OOO
= -2

Hence this is the case of a double root A\; 2 = 2. Therefore the solution is
Yy =cie % 4 coe g (1)
Therefore the homogeneous solution yy, is

Y =cre ¥ +ze ey

The particular solution is now found using the method of undetermined coefficients. Looking
at the RHS of the ode, which is

e:l)

Shows that the corresponding undetermined set of the basis functions (UC_set) for the trial
solution is

{e*}]

While the set of the basis functions for the homogeneous solution found earlier is
{e—Qxx, e—Zw}

Since there is no duplication between the basis function in the UC__set and the basis functions
of the homogeneous solution, the trial solution is a linear combination of all the basis in the
UC_ set.

yp = Alex

The unknowns {A;} are found by substituting the above trial solution y, into the ODE and
comparing coefficients. Substituting the trial solution into the ODE and simplifying gives

94,6 =¢€"

Solving for the unknowns by comparing coefficients results in

=
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Substituting the above back in the above trial solution y,, gives the particular solution

T

e
yp - 9
Therefore the general solution is
Y=Y+ Yp
—2x —2x e’
= (e +ze ) + <§>

Solving for initial conditions the solution is

(¥ + 1524 8) e
9

Summary of solutions found

(e3* + 15z + 8) e™2*

9

EEERRRERREANY
o] o-HHHHHHi\H
EERRRRRRRRRRERS
~ 50000] =s0000f 1 { {44441 E 1N
RRRRRRRRRRRRRR:
Sy 100 v T I T
Sl {1
RERRRRRRRRRRR
2000001 B R
EEEEEEEEEEEEEN
—aso000d | 4 4 A AT

= 250000t ""2200000  =100000 | 0

X y(x)

(a) Solution plot (b) Slope field y” + 4y’ + 4y = €*
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Solved as second order solved by an integrating factor
Time used: 0.094 (sec)

Solve

The ode satisfies this form

y' +p(@)y + = f(z)
Where p(z) = 4. Therefore, there is an integrating factor given by

M(z) = ez /pde
. 6f4d1:

— e2x

Multiplying both sides of the ODE by the integrating factor M (z) makes the left side of the
ODE a complete differential

Integrating once gives

2z, \/
=—+
(¢*y) =5 +a
Integrating again gives
o e3z
(e y) :CIx‘i‘?‘FCQ

Hence the solution is

e3z
azr+ =5 +c2

y= eZac

T

yzg—l—cle_%x—l—@e_

2x

Solving for initial conditions the solution is

(6" + 15z + 8) e™%*
9

y:
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Summary of solutions found

(e + 15z + 8) e™2*

v= 9
EREREEREERTANE
o 0-1111111111117\H
IR
200007 =S000 A
Hiketie
) R AR EEEEEEERRRR N
IBEREEEEEEERRERN
— 1500001 —1s00007 44 LA LA LAY
T
~ 200000 B IR EERE R RN RN
BRREEEEEEEEREN
=2s50000 | 14PN
[ AN PO S S S S 200000 —100000 0
X y(x)
(a) Solution plot (b) Slope field y” + 4y’ + 4y = €®
Solved as second order ode using Kovacic algorithm
Time used: 0.119 (sec)
Solve
y//+4y/+4y=eZ
y(0) =1
y(0)=0
Writing the ode as
v +4y +4y=0 (1)
Ay + By’ +Cy =0 (2)
Comparing (1) and (2) shows that
A=1
B=4 3)
C=4

Applying the Liouville transformation on the dependent variable gives

2(z) = yel 22 %
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Then (2) becomes

2" (z) = rz(z)

Where r is given by
s
r=-—
t
2AB' —2BA’ + B? — 4AC

4A?

Substituting the values of A, B, C from (3) in the above and simplifying gives

r= 9
1
Comparing the above to (5) shows that
S =
t =
Therefore eq. (4) becomes
2'(x) =0

(4)

(5)

(6)

(7)

Equation (7) is now solved. After finding z(z) then y is found using the inverse transformation

B
54 4z

y=z(z)e!

The first step is to determine the case of Kovacic algorithm this ode belongs to. There are
3 cases depending on the order of poles of r and the order of r at co. The following table

summarizes these cases.

is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.

{1,2},{1,3},{2},{3},{3,4},{1, 2, 5}.

Case | Allowed pole order for r Allowed value for O(oc0)
1 {Oa17274a6a87”'} {'"7_67_47_27072a3747576a”'}
2 Need to have at least one pole that | no condition

3 {1,2} {2,3,4,5,6,7,---}

Table 2.41: Necessary conditions for each Kovacic case
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The order of r at oo is the degree of ¢ minus the degree of s. Therefore

O(00) = deg(t) — deg(s)
=0—-—o00
= 00
There are no poles in 7. Therefore the set of poles I' is empty. Since there is no odd order

pole larger than 2 and the order at oo is in finity then the necessary conditions for case one
are met. Therefore

L=

Since r = 0 is not a function of x, then there is no need run Kovacic algorithm to obtain a
solution for transformed ode z” = rz as one solution is

z(x) =1

Using the above, the solution for the original ode can now be found. The first solution to the
original ode in y is found from
y = zel T2A%

14
= zle_fifdz

— zle—2x

=z (™)

Which simplifies to

P = e—2x

The second solution y» to the original ode is found using reduction of order

ef _% dz
Y2 = yl/ 2 dr
Y1

Substituting gives

ef_%dz
Yo =y1/—2d1'
(v1)

=1 / %dw
= y1(2)

Therefore the solution is
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Y =11 + Coyo

=c1(e7) + c2(e7*(2))

This is second order nonhomogeneous ODE. Let the solution be
Y=YntYp

Where yj, is the solution to the homogeneous ODE Ay”(z) + By'(z) + Cy(z) = 0, and y, is
a particular solution to the nonhomogeneous ODE Ay”(z) + By'(z) + Cy(z) = f(x). yn is
the solution to

y/l+4yl+4y=0
The homogeneous solution is found using the Kovacic algorithm which results in

Y =cre  +ze ey

The particular solution is now found using the method of undetermined coefficients. Looking
at the RHS of the ode, which is

e:l)

Shows that the corresponding undetermined set of the basis functions (UC_set) for the trial
solution is

[{e*}]

While the set of the basis functions for the homogeneous solution found earlier is
{e—Zxx, e—2:1:}

Since there is no duplication between the basis function in the UC__set and the basis functions

of the homogeneous solution, the trial solution is a linear combination of all the basis in the
UC_set.

yp = Ale“"

The unknowns {A;} are found by substituting the above trial solution y, into the ODE and
comparing coefficients. Substituting the trial solution into the ODE and simplifying gives

94,6 =¢€"

Solving for the unknowns by comparing coefficients results in

=
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Substituting the above back in the above trial solution y,, gives the particular solution

T

e
yP - 9
Therefore the general solution is
Y=Y+ Yp
—2x —2z e’
=(ae®+ze ) + <5>

Solving for initial conditions the solution is

(e3* + 15z + 8) e™2*

v= 9
Summary of solutions found
(¥ +15x48) e
B 9
EREREEREERTANE
o 0-1111111111117\H
HHEHHE
000 =000 A
RERRRRRRRRRRED
) @ T
IREEEEEEEEEREEN
— 150000 —1s00007 44 AL ALY
RERRERRERREREE
~ 200000 B AR R R RN
REEEEEEEERRREN
=250000¢ {4 4L AL AL AR
T 3 4 6 & 10 ©—200000  —100000 0
b y(x)
(a) Solution plot (b) Slope field y” + 4y’ + 4y = €®

v Maple. Time used: 0.017 (sec). Leaf size: 19

‘ode:=diff(diff(y(x),x),x)+4*diff(y(x),x)+4*y(x) = exp(x);
lic:=[y(0) = 1, D(y)(0) = 01;
‘dsolve([ode,op(ic)],Y(x), singsol=all);

(6" + 15z + 8) e™2*
9
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Maple trace

Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful

N

Maple step by step

Let’s solve
£0) + 440+ 4(0) =300 = L (1) | =
° Highest derivative means the order of the ODE is 2
L)
° Characteristic polynomial of homogeneous ODE
r’+4r+4=0
° Factor the characteristic polynomial
(r4+2°=0
° Root of the characteristic polynomial
r=—2
° 1st solution of the homogeneous ODE
yi(z) =e
° Repeated root, multiply y;(z) by z to ensure linear independence
yo(z) = T2
° General solution of the ODE
y(z) = Clyi(z) + C2yx(z) + yp(z)
° Substitute in solutions of the homogeneous ODE

y(z) = Cl1e 2 + C2ze % + y,()
O Find a particular solution y,(z) of the ODE
o Use variation of parameters to find y, here f(z) is the forcing function

— y2(z) f(2) v1(z) f(x)
(@) = —31(2) | B o+ () [ s da, () = o7
o Wronskian of solutions of the homogeneous equation

W) we@) = | © b oS

—2e72 g2 _9Qre 2
o Compute Wronskian
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W(y1(2),2(z)) =7
o Substitute functions into equation for y,(x)
Yp(z) = €72 (z [ e¥dz — [ ze’*dx)
o Compute integrals
prE)=:‘§
° Substitute particular solution into general solution to ODE
y(z)=Cle>™ 4+ C2ze™™ + <
O Check validity of solution y(z) = _Cle™* +_ C2re ™ + <
o Use initial condition y(0) =1
1=_C1+}
o Compute derivative of the solution
%y(m) =-2 Cle >4+ (%2 2_-2 (Co%e >4 %

o Use the initial condition (Zy(z)) o) =0
=0
0=-2 CI1+_C2+3;
o Solve for Ciland C2

{_Cc1=%_c2=3}
o Substitute constant values into general solution and simplify

©|0o I
-

e3 z+8)e~ 2%

y(z) = (+1++)

° Solution to the IVP
_ (e?’“”—i—15.17:—i-8)e_2"‘c

y(fL‘) - 9

v/ Mathematica. Time used: 0.025 (sec). Leaf size: 24

‘ode=D[y[x],{x,2}] +4*D [y [x] ,x]+4*y [x]==Exp[x];
'ic={y[0]==1,Derivative[1] [y] [0] ==0};
LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

y(z) = %e_z“’(l&v + €% +8)

v Sympy. Time used: 0.121 (sec). Leaf size: 20

from sympy import *

x = symbols("x")

y = Function("y")

Eq(4*y(x) - exp(x) + 4*Derivative(y(x), x) + Derivative(y(x), (x, 2)),0)
{y(0): 1, Subs(Derivative(y(x), x), x, 0): 0}
dsolve(ode,func=y(x),ics=ics)

o

Q

[0}
]

ics

ox 8\ _,, €°
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2.13.2 Problem (b)
Local contents

Existence and uniqueness analysis. . . . . . .. ... ... ... ... 407
Solved as second order linear constant coeffode . . . . . ... .. .. 408]
Solved as second order ode using Kovacic algorithm . . . . . . . 41T
v Maple . . . . . . o 415
VMathematica . . « . o v oo e 417
VSYMPY .« o o 417

Internal problem ID [20999]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.

Springer. NY. QA372.W224 1998

Section : Chapter IV. Linear Differential Equations. Excercise VI at page 209
Problem number : (b)

Date solved : Saturday, November 29, 2025 at 01:35:36 AM

CAS classification : [[_2nd_order, _with_linear_symmetries]]

Existence and uniqueness analysis

y// _ 2y/ + 5y =¢€"
y(0) =1
y'(0)=0

This is a linear ODE. In canonical form it is written as

Yy +p@)y +qlz)y=F

Where here
p(z) = -2
q(z) =5
F=¢

Hence the ode is

The domain of p(z) = —2 is
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And the point zg = 0 is inside this domain. The domain of g(z) = 5 is

{—o0 <z < o0}

And the point xzg = 0 is also inside this domain. The domain of F' = e* is

{—o0 <z < o0}

And the point g = 0 is also inside this domain. Hence solution exists and is unique.

Solved as second order linear constant coeff ode
Time used: 0.357 (sec)

Solve
yll _ 2y/ + 5y — e.’E

y(0)=1
y'(0)=0
This is second order non-homogeneous ODE. In standard form the ODE is
Ay’ (z) + By (z) + Cy(z) = f(z)

Where A =1,B=—-2,C =5, f(xz) = . Let the solution be

Y=Ynt+ Y

Where yj, is the solution to the homogeneous ODE Ay”(z) + By'(z) + Cy(z) = 0, and y, is
a particular solution to the non-homogeneous ODE Ay”(z) + By'(z) + Cy(z) = f(z). ys is
the solution to

y' =2y +5y=0

This is second order with constant coefficients homogeneous ODE. In standard form the
ODE is
Ay"(z) + By (z) + Cy(z) =0

Where in the above A = 1, B = —2,C = 5. Let the solution be y = ¢**. Substituting this
into the ODE gives
Me™ — 20 e™ + 5™ =0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by e** gives

M —2X2+5=0 (2)
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Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

—B 1
= — _— 2 _
)\1,2 9 9A B 4AC

Substituting A =1, B = —2,C = 5 into the above gives

2 1
Ao = + —-22— (4 (1) (5
=1+2

Hence

M=1+25

A=1-—23
Which simplifies to

AM=1+4+2¢

Ao =1-—23

Since roots are complex conjugate of each others, then let the roots be

)\1,2 = Ot:i:’l,B

Where a = 1 and 8 = 2. Therefore the final solution, when using Euler relation, can be
written as

y = €**(cy cos(Bzx) + cosin(fz))

Which becomes
y = €°(cy cos (2z) + ¢z sin (2z))

Therefore the homogeneous solution y;, is

yn = €"(c1 cos (2z) + ¢y sin (2z))

The particular solution is now found using the method of undetermined coefficients. Looking
at the RHS of the ode, which is

eZ

Shows that the corresponding undetermined set of the basis functions (UC_set) for the trial
solution is

[{e®}]
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While the set of the basis functions for the homogeneous solution found earlier is
{€” cos (2z) ,€” sin (2z)}

Since there is no duplication between the basis function in the UC__set and the basis functions
of the homogeneous solution, the trial solution is a linear combination of all the basis in the
UC__set.

yp = Ase”

The unknowns {A;} are found by substituting the above trial solution y, into the ODE and
comparing coefficients. Substituting the trial solution into the ODE and simplifying gives

4A.e" =¢€"

Solving for the unknowns by comparing coefficients results in

=

Substituting the above back in the above trial solution y,, gives the particular solution

T

€

ypzz

Therefore the general solution is

Y=Y+ Y

= (¢ (c1 cos (22) + cpsin (22))) + (ez)

Solving for initial conditions the solution is

_ e"(14 3cos (2x) — 2sin (22))
B 4

Summary of solutions found

_ €®(1+ 3cos (2x) — 2sin (27))
B 4
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(a) Solution plot (b) Slope field y” — 2y’ + 5y = €®

Solved as second order ode using Kovacic algorithm
Time used: 0.184 (sec)

Solve
yll _ 2y/ + 5y — eCL‘

y(0) =1
y(0)=0
Writing the ode as
y' =2y +5y=0 (1)
Ay + By +Cy=0 (2)
Comparing (1) and (2) shows that
A=1
B=-2 (3)
C=5

Applying the Liouville transformation on the dependent variable gives
2(x) = yel 2%
Then (2) becomes

Z'(z) = rz(z) (4)
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Where r is given by

s
r=-
t
_ 2AB'—2BA'+ B®> —4AC
B 4A2
Substituting the values of A, B, C from (3) in the above and simplifying gives
L
1
Comparing the above to (5) shows that
s=—4
t =

Therefore eq. (4) becomes

2" (z) = —42(x)

(6)

(7)

Equation (7) is now solved. After finding z(z) then y is found using the inverse transformation

y=2(@)e fa®

The first step is to determine the case of Kovacic algorithm this ode belongs to. There are
3 cases depending on the order of poles of r and the order of r at co. The following table

summarizes these cases.

is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.

{1,2}{1,3},{2},{3},{3,4},{1,2,5}.

Case | Allowed pole order for r Allowed value for O(o0)
1 {0’1’274a6a8"”} {"'7_67_47_27(),2,3’475,6,"'}
2 Need to have at least one pole that | no condition

3 {1’2} {273a4a5’677a"'}

Table 2.43: Necessary conditions for each Kovacic case

The order of r at oo is the degree of ¢t minus the degree of s. Therefore
O(o0) = deg(t) — deg(s)
=0-0
=0
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There are no poles in r. Therefore the set of poles I' is empty. Since there is no odd order
pole larger than 2 and the order at oo is 0 then the necessary conditions for case one are met.
Therefore

L=

Since r = —4 is not a function of x, then there is no need run Kovacic algorithm to obtain a
solution for transformed ode z” = rz as one solution is

z1(x) = cos (2x)

Using the above, the solution for the original ode can now be found. The first solution to the
original ode in y is found from

8

_1B
Y = zlef 2ad

Which simplifies to

y1 = €” cos (2z)

The second solution y» to the original ode is found using reduction of order

ef_%dz
y2 == yl/ B dw

U

Substituting gives

ef__Tzdw
Yo =y1/—2 dz
(?/1)

e2z
=1 / ——dr
(y1)2

()

Therefore the solution is

Yy =c1y1 + C2yo

= c1(e” cos (27)) + ¢, (em cos (2z) <W>>
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This is second order nonhomogeneous ODE. Let the solution be
Y=Yn+Yp

Where y, is the solution to the homogeneous ODE Ay”(x) + By'(z) + Cy(z) = 0, and y, is
a particular solution to the nonhomogeneous ODE Ay”(z) + By'(z) + Cy(z) = f(x). yn is
the solution to

y' =2y +5y=0
The homogeneous solution is found using the Kovacic algorithm which results in

o €” sin (2z)

yn = c1 " cos (2z) + 5

The particular solution is now found using the method of undetermined coefficients. Looking
at the RHS of the ode, which is

em

Shows that the corresponding undetermined set of the basis functions (UC_set) for the trial
solution is

[{e"}]
While the set of the basis functions for the homogeneous solution found earlier is

e sin (22) }

{em cos (2x), 5

Since there is no duplication between the basis function in the UC__set and the basis functions

of the homogeneous solution, the trial solution is a linear combination of all the basis in the
UC_set.

Yp = Alez

The unknowns {A;} are found by substituting the above trial solution y, into the ODE and
comparing coefficients. Substituting the trial solution into the ODE and simplifying gives

4A.e" =¢€"

Solving for the unknowns by comparing coefficients results in

=

Substituting the above back in the above trial solution y,, gives the particular solution

e:l:

yp:Z
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Therefore the general solution is

Y=Ynt+Y
T qq 2 T
= (cl e” cos (2z) + %n(z» + (ez)

Solving for initial conditions the solution is

Y= e”(1+ 3 cos (2x) — 2sin (2z))
B 4

Summary of solutions found

e”(1 4+ 3cos (2x) — 2sin (2z))

v 4
5001 1777 77==~xNNNN N
SO 7777 7 =NV NN
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400 s 77777 =>NNN VLY
17777=>NN\ VL
3001 wol 1777 >NV
) 1777=5NNV VLV VL
T 0l Y@ 177 -~NAVV VL
2000 f 77NNV LV VL
F77=NNVV Vbbb
1001 T A N T T A T A A A A
R A A A A
0 dl bR
1\7llllllllllll
A AL
-7 > -5 0 100 200 300 400 500
x y(x)
(a) Solution plot (b) Slope field y” — 2y’ + 5y = €®

v Maple. Time used: 0.024 (sec). Leaf size: 22

‘ode:=diff(diff(y(x),x),x)-2*diff(y(x),x)+5*y(x) = exp(x);
lic:=[y(0) = 1, D(y)(0) = 0];
‘dsolve([ode,op(ic)],y(x), singsol=all);

e”(2sin (2z) — 3 cos (2z) — 1)
4

y=-

Maple trace
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Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful

Maple step by step

Let’s solve
£(e) - 24(@) + () = (0 =1, (al) | =]
° Highest derivative means the order of the ODE is 2
d2
w2¥(@)
° Characteristic polynomial of homogeneous ODE
r?—2r+5=0
° Use quadratic formula to solve for r
r = Qi(\g—Tﬁ)
° Roots of the characteristic polynomial
r=(1-2L1+2I)
° 1st solution of the homogeneous ODE
y1(x) = €” cos (2x)
° 2nd solution of the homogeneous ODE
yo(z) = €”sin (2z)
° General solution of the ODE
y(z) = Clyi(z) + C2yx(z) + yp(z)
° Substitute in solutions of the homogeneous ODE

y(z) = C1e”cos (2z) + C2e”sin (2z) + y,(x)
O Find a particular solution y,(z) of the ODE
o Use variation of parameters to find y, here f(z) is the forcing function

[yp(w) = —11(2) | i et 8% + v2(2) [ i ey 4 £ (2) = ]
o Wronskian of solutions of the homogeneous equation
e” cos (2z) e” sin (2x)
W =
(11(2), v2() e” cos (2z) — 2e”sin (2z) €”sin (2x) + 2e” cos (2x)

o Compute Wronskian
W (z),y2(x)) = 2€*
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o Substitute functions into equation for y,(x)
__ e®([ sin(2z)dz cos(2z)— [ cos(2x)dx sin(2x))
Yp(T) = — 2

o Compute integrals
prB)==f§
° Substitute particular solution into general solution to ODE
y(z) = C1e"cos (2z) + C2e"sin (2z) + &
O Check validity of solution y(z) = _ Cle” cos (2z) + _C2sin (2z) + <
o Use initial condition y(0) =1
l1=_C1+1
o Compute derivative of the solution
4y(z) = _Cle*cos (2z) —2_Cle®sin (2z) + _C2e”sin (2z) + 2_ C26” cos (2z) +
=0

o Use the initial condition (Ly(z))

0=_CI1+5i+2 C2

o Solve for Cland _C2
{_C1=3_cC2=-1

o Substitute constant values into general solution and simplify
y(x) — e’”(l+3cos(2:)—2sin(21))

° Solution to the IVP
y(w) _ e*(143 cos(2Z)—2 sin(2z))

{z=0}

v/ Mathematica. Time used: 0.02 (sec). Leaf size: 26

eZ
4

‘ode=D[y[x],{x,2}]-2+D [y [x] ,x] +5%y [x] ==Exp [x] ;
‘ic={y[0]==1,Derivative[1][y][O] ==0};
LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions->True]

y(z) = ie’”(—2 sin(2x) + 3 cos(2z) + 1)

Ve Sympy. Time used: 0.145 (sec). Leaf size: 24

from sympy import *

X = symbols("x")

y = Function("y")

ode = Eq(5*y(x) - exp(x) - 2#Derivative(y(x), x) + Derivative(y(x), (x, 2)),0)
ics = {y(0): 1, Subs(Derivative(y(x), x), x, 0): 0}
dsolve(ode,func=y(x),ics=ics)

y@) = (_sin ém) . 3cos4 (%) 411 ) P
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2.14 Chapter IV. Linear Differential Equations.
Excercise VIII at page 210

Local contents
2.14.1 Problem (a) . . . . . . ...
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2.14.1 Problem (a)

Local contents

Solved as second order linear constant coeffode . . . . . . .. .. .. 4T9]
Solved as second order ode using Kovacic algorithm . . . . . . .. .. 4272
VMaple . . o o o 176
V' Mathematica . . . . o o o e 427
VSYIMDY o o e 177

Internal problem ID [21000]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter IV. Linear Differential Equations. Excercise VIII at page 210
Problem number : (a)

Date solved : Saturday, November 29, 2025 at 01:35:51 AM
CAS classification : [[_2nd_order, _linear, _nonhomogeneous]]

Solved as second order linear constant coeff ode
Time used: 0.598 (sec)
Solve
u” + 2au’ + w?u = ccos (wt)
This is second order non-homogeneous ODE. In standard form the ODE is
Au"(t) + Bu'(t) + Cu(t) = f(t)
Where A =1, B = 2a,C = w?, f(t) = ccos (wt). Let the solution be
U= Up + Up

Where wy, is the solution to the homogeneous ODE Auw”(t) + Bu/(t) + Cu(t) = 0, and u, is a
particular solution to the non-homogeneous ODE Au”(t) + Bu'(t) + Cu(t) = f(t). uy, is the
solution to

u + 2au’ + wu =0

This is second order with constant coefficients homogeneous ODE. In standard form the
ODE is

Au"(t) + Bu'(t) + Cu(t) =0
Where in the above A = 1, B = 2a,C = w?. Let the solution be u = e*. Substituting this
into the ODE gives
Me 4 2a) e + w?e =0 (1)
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Since exponential function is never zero, then dividing Eq(2) throughout by e* gives
20\ + N +w? =0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

-B 1
= — _— 2 _
)\1,2 9 9A B 4AC

Substituting A = 1, B = 2a,C = w? into the above gives

—2a 1 5 2

= —a++Vva?—w?

Hence

A =—a+Va?—w?

A= —a— Va2 —w?

Which simplifies to

A =—a+Va?—uw?
A= —a—Va2—w?

Since roots are distinct, then the solution is

u = creMt + cpe™
(—a+\/a2—w2)t (—a—\/a2—w2>t
U = ci€e + coe
Or
—+1/2—2t —a—Va2—w?)t
u=c:le(a a w) +C2e(a a w)
Therefore the homogeneous solution uy, is
_+1/ 2_w2)¢t —a—Va2—w?2)t
uh:cle(a a w) +c2e(a a (A))

The particular solution is now found using the method of undetermined coefficients. Looking
at the RHS of the ode, which is
ccos (wt)
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Shows that the corresponding undetermined set of the basis functions (UC__set) for the trial
solution is

[{cos (wt) , sin (wt)}]

While the set of the basis functions for the homogeneous solution found earlier is

)

{e<—a—\/m>t e(—a+\/m)t }

Since there is no duplication between the basis function in the UC__set and the basis functions
of the homogeneous solution, the trial solution is a linear combination of all the basis in the
UC_set.

u, = Aj cos (wt) + Ay sin (wt)

The unknowns {A;, A} are found by substituting the above trial solution u, into the ODE
and comparing coefficients. Substituting the trial solution into the ODE and simplifying gives

—Ajw? cos (wt) — Asw? sin (wt) + 2a(— A wsin (wt) + Asw cos (wt))
+ w?(A; cos (wt) + Ay sin (wt)) = ccos (wt)

Solving for the unknowns by comparing coefficients results in

A1 = O, A2 = L
2aw

Substituting the above back in the above trial solution w,, gives the particular solution

csin (wt)
Uy = ———
P 2aw
Therefore the general solution is
U= Up + Uy
_ (Cl o(catvaT=aT)e te e(_a_m)t) N (csin (wt)>
2aw
Summary of solutions found
U= csim (wt) T e(—a+\/a2—w2)t + e e(—a—\/az—wz)t

2aw
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Solved as second order ode using Kovacic algorithm
Time used: 0.240 (sec)

Solve
u” + 2au’ + w?u = ccos (wt)

Writing the ode as

u' + 2au + wPu=0
Au"+Bu' +Cu=0

Comparing (1) and (2) shows that

A=1
B =2a
C = w?

Applying the Liouville transformation on the dependent variable gives
2(t) = uel 22t
Then (2) becomes
"
2" (t) = rz(t)
Where 7 is given by
s
r=-
t
2AB' —2BA' + B? — 4AC
4A2

Substituting the values of A, B, C from (3) in the above and simplifying gives

a2 — w2
r=-——

Comparing the above to (5) shows that
s=a’—w’
t =

Therefore eq. (4) becomes

1)
(2)

(4)

(5)

(6)
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Equation (7) is now solved. After finding z(¢) then u is found using the inverse transformation
uw=2(t)e S ead

The first step is to determine the case of Kovacic algorithm this ode belongs to. There are
3 cases depending on the order of poles of r and the order of r at co. The following table
summarizes these cases.

Case | Allowed pole order for r Allowed value for O(oc0)
1 {Oa17274a6a87"'} {'"7_67_47_27()’2’3747576’"'}
2 Need to have at least one pole that | no condition

is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1,2},{1,3},{2}.{3},{3,4}.{1,2,5}.
3 {1,2} {2,3,4,5,6,7,---}

Table 2.45: Necessary conditions for each Kovacic case

The order of r at oo is the degree of ¢t minus the degree of s. Therefore

O(00) = deg(t) — deg(s)
=0-0
=0
There are no poles in r. Therefore the set of poles I' is empty. Since there is no odd order

pole larger than 2 and the order at oo is 0 then the necessary conditions for case one are met.
Therefore

L=1]
Since r = a? —w? is not a function of ¢, then there is no need run Kovacic algorithm to obtain

a solution for transformed ode z” = rz as one solution is

z1(t) = e ot —wit

Using the above, the solution for the original ode can now be found. The first solution to the
original ode in u is found from

1B
uy = z el "zad
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Which simplifies to

Substituting gives

—2at
= U / 6—2 dt
(u1)
_Qate—2<—a+\/a2—w2)t
2v/a? — w?

e

:ul —

Therefore the solution is

U = C1U1 + CoUo2

=C (e<_a+m)t> + co e(—a+m)t e—2ate—2(—a+\/m)t

B 2va? — w?

This is second order nonhomogeneous ODE. Let the solution be

U= Up + Uy

Where uy, is the solution to the homogeneous ODE Au”(t) + Bu/(t) + Cu(t) = 0, and u, is a
particular solution to the nonhomogeneous ODE Au”(t) + Bu/(t) + Cu(t) = f(t). up is the
solution to

v+ 2av +wPu=0
The homogeneous solution is found using the Kovacic algorithm which results in

—a+/aTR )t _ Ca o (atvar=?)e
2vVa? — w?

Uup = C1 e(
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The particular solution is now found using the method of undetermined coefficients. Looking
at the RHS of the ode, which is
ccos (wt)

Shows that the corresponding undetermined set of the basis functions (UC__set) for the trial
solution is

[{cos (wt) , sin (wt) }]

While the set of the basis functions for the homogeneous solution found earlier is

—(a+va2—w? )t
o (erve=7)
———— e

2vVa? — w?

Since there is no duplication between the basis function in the UC__set and the basis functions
of the homogeneous solution, the trial solution is a linear combination of all the basis in the
UC__set.

—a+va2—w?)t
( )

u, = Aj cos (wt) + Ay sin (wt)

The unknowns {A;, A} are found by substituting the above trial solution u, into the ODE
and comparing coefficients. Substituting the trial solution into the ODE and simplifying gives

—Ajw? cos (wt) — Apw? sin (wt) + 2a(—Ajwsin (wt) + Asw cos (wt))
+ w?(A; cos (wt) + Ay sin (wt)) = ccos (wt)

Solving for the unknowns by comparing coefficients results in
c
A1 =0,A2=—
2aw
Substituting the above back in the above trial solution u,, gives the particular solution
_ csin (wt)

Uy, =
P 2aw

Therefore the general solution is

U = Up + Up

c e(—a+m>t cze (a+ “ _WQ)t (C sin (wt) )
= 1 —_ R

2va? — w? 2aw

Summary of solutions found

wo CR) | (o )

2aw a2 — 2
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v Maple. Time used: 0.007 (sec). Leaf size: 64

-

ode:=diff (diff (u(t),t),t)+2*axdiff (u(t),t)+omega~2*u(t) = c*cos(omega*t);
‘dsolve(ode,u(t), singsol=all);

2 e<_a+m)t02aw +2e (a+m>tclaw + sin (wi) ¢

u =
2aw

Maple trace

Methods for second order ODEs:
—-—- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful

N

Maple step by step

Let’s solve
Lou(t) + 2a(Lu(t)) +w?u(t) = ccos (wt)

° Highest derivative means the order of the ODE is 2
d2
=u(?)

° Characteristic polynomial of homogeneous ODE
2ar + w? + 12 =0

° Use quadratic formula to solve for r

(~20)% (Va2 —4?)
r= 2

° Roots of the characteristic polynomial
r=(—a—+va?—w? —a+va? — w?)

° 1st solution of the homogeneous ODE
U]_ (t) — e(—a—m)t

° 2nd solution of the homogeneous ODE
Uy (t) _ e(—a+\/a2—w2)t

° General solution of the ODE

u(t) = Clui(t) + C2uq(t) + up(t)
° Substitute in solutions of the homogeneous ODE
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u(t) = C1 e(_a_m)t +C2 e<_a+m>t + u,(t)
Find a particular solution u,(t) of the ODE
Use variation of parameters to find u, here f(¢) is the forcing function

u2(t)f(t uy(t)f(t
[“P () [ W @ray @+ w2() [ i@yt £(£) = ccos (‘*’t)]
Wronskian of solutions of the homogeneous equation
o(Fa VA=) o(catvaT=)e

W(ul(t) au2(t)) (_a _ \/m) e(—a—m)t (_a n \/m) e(—a—}-\/m)t
Compute Wronskian
W (uy(t),us(t)) = 2va? —w2e 20
Substitute functions into equation for u,(t)

c (f cos(wt)e(a_m)tdteZtm—f cos(wt)e(a+ \/m)tdt) e (a+VaP—u?)e
up(t) = WaP—u2
Compute integrals

u(t) = 5t

Substitute particular solution into general solution to ODE
u(t) = C1 e(_a_ @)t +C2 e(_aJr )t  esin(wr)

2wa

v/ Mathematica. Time used: 0.022 (sec). Leaf size: 66

=D[ult],{t,2}]1+2*a*D[ult] ,t]+\ [Omega] “2*u[t]==c*Cos[\ [Omega] *t] ;
‘ic={};

‘DSolve[{ode,ic},u[t],t,IncludeSingularSolutions—>True] J

u(t) = CS;n(tw) 4+ o t(VaT=tta) <0262t\/m +cl)
aw

e Sympy. Time used: 0.198 (sec). Leaf size: 48

ics

from sympy import *

symbols("t")

symbols("a")

symbols ("w")

symbols("c")

Function("u")

= Eq(2*axDerivative(u(t), t) - c*cos(t*w) + wx*x2+u(t) + Derivative(u(t), (t,
2)),0)

{3

dsolve(ode,func=u(t),ics=ics)

u(t) = C,let(—a—f-\/m) n C2e—t(a+\/m) + csi2n (tw)
aw
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2.15 Chapter V. Complex Linear Systems. Excercise
VIII at page 221

Local contents
2.15.1 Problem (a) . . . . . . . ... 4291
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2.15.1 Problem (a)

Local contents

VMaple . . . oo 179
VMathematica . . « . o v v vt e 429
XSYMPY . o o o o o e 430

Internal problem ID [21001]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter V. Complex Linear Systems. Excercise VIII at page 221

Problem number : (a)

Date solved : Saturday, November 29, 2025 at 01:36:06 AM
CAS classification : system_of_0DEs

wy = Wy
’LU/ - awq
= —+

52

Does not currently support non autonomous system of first order linear differential equations.

Ve Maple. Time used: 0.057 (sec). Leaf size: 94

‘ ode:=[diff(w__1(2),z) = w__2(2), diff(w__2(z),z) = axw__1(2)/z"2]; ‘
‘ dsolve(ode); ‘

:

+V1tda 1 1t4a
2 + co 22 2

_a S R o (1—|—\/1—|—4a) + ey 5 (1 - \/1—|—4a)
N 2z

:

v/ Mathematica. Time used: 0.004 (sec). Leaf size: 128

( N

ode={D[wl([z],z]l==w2([z],D[w2[z] ,z]==a*wl[z]/z"2};
Lic={}; |
DSolve[{ode,ic},{wl[z],w2[z]},z,IncludeSingularSolutions->Truel

& J

1_1. .
wl(z) — 2272tV et (czz“’ —laml 4 cl)

w2(z) & 22 VI (L4 iv—da—1) VT 4 (1 iv—da—1) )

—_
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X Sympy

from sympy import *
z = symbols("z")
a = symbols("a")
wl = Function("wi")
w2 = Function("w2")

ode=[Eq(-w2(z) + Derivative(wl(z), z),0),Eq(-a*wl(z)/z**2 + Derivative(w2(z), z)

,0)1
ics = {}

dsolve(ode,func=[wl(z) ,w2(z)],ics=ics)

LValueError : The function cannot be automatically detected for nan.
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2.16 Chapter V. Complex Linear Systems. Excercise
XII at page 244

Local contents
2.16.1 Problem (a) . . . . . . . ... 1321
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2.16.1 Problem (a)

Local contents

Solved as second order linear exactode . . . . . . . .. .. ... ... 432
Solved as second order integrable asisode . . . . . . ... ... ... 434
Solved as second order integrable as is ode (ABC method) . . . . . . 439
Solved as second order ode using Kovacic algorithm . . . . . . .. .. 437
VMaple . o . oo 173
V' Mathematica . . . . . oo oo 443
XSympy . . . . ., 444

Internal problem ID [21002]

Book : Ordinary Differential Equations. By Wolfgang Walter. Graduate texts in Mathematics.
Springer. NY. QA372.W224 1998

Section : Chapter V. Complex Linear Systems. Excercise XII at page 244

Problem number : (a)

Date solved : Saturday, November 29, 2025 at 01:36:21 AM

CAS classification : [[_2nd_order, _exact, _linear, _homogeneous]]

Solved as second order linear exact ode
Time used: 0.331 (sec)

Solve
2u"+ Bz+1)u +u=0

An ode of the form

p(2)u" + q(2) v 4+ 7(2) u = s(2)

is exact if
p'(2) —q(2) +r(z) =0 (1)

For the given ode we have

p(z) =2’

q(z) =32+1

r(z) =1

s(z) =0
Hence

p'(x) =2
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Therefore (1) becomes

2—-3)+(1)=0
Hence the ode is exact. Since we now know the ode is exact, it can be written as
(p(2)u' + (9(2) = P'(2)) w) = s(2)

Integrating gives

P+ 02) ~ ) u = [ 5(2) dz

Substituting the above values for p, q,r, s gives

2u 4+ (z+Du=¢

We now have a first order ode to solve which is

22U+ (z+)u=¢c

Solve In canonical form a linear first order is

v +q(2)u = p(2)

Comparing the above to the given ode shows that

—z-—1
Q(z) == 22
1
p(z) = 2
The integrating factor u is
p= efqdz
_ ef — _zz_ldz
1
prd ze z
The ode becomes
&(NU) = pp
(4]
3, L) = (1) (Z2>
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Integrating gives

Dividing throughout by the integrating factor z ez gives the final solution

u = e% (Cl E11 (%) +Cg)
z

Summary of solutions found

e (e Bir (1) + )
z

u =

Solved as second order integrable as is ode
Time used: 0.122 (sec)

Solve
2u"+Bz+1)u +u=0

Integrating both sides of the ODE w.r.t z gives
/ (v + (Bz+ 1) v +u)dz=0
20 4+ (z+Du=c¢
Which is now solved for u. Solve In canonical form a linear first order is
v+ q(2)u = p(2)

Comparing the above to the given ode shows that

—z-—1

Q(z) == 22

C1
p(z) = 5
The integrating factor u is

/.L=6fqdz

= ef - _:2_1dz

1
= zZe =z
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The ode becomes

Integrating gives

_1
uze : =/Cle " dz
z
(2)
=C E11 - | +c
z
Dividing throughout by the integrating factor ze™: gives the final solution

_ete B (2) 4
z

u

Summary of solutions found

e (e1 Eir (1) +c2)
z

u =

Solved as second order integrable as is ode (ABC method)
Time used: 0.088 (sec)

Solve
2u"+Bz+1D)u +u=0

Writing the ode as
2u"+Bz+1)u +u=0

Integrating both sides of the ODE w.r.t z gives

/ (v +(Bz+ 1) v +u)dz=0

2u 4+ z+Du=¢
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Which is now solved for u. Solve In canonical form a linear first order is
u' + q(2)u = p(z)

Comparing the above to the given ode shows that

—z—1
Q(z) = - 22
C1
p(2) = 22
The integrating factor u is
o= efqdz
_ ef— "‘f;ldz
1
= ze =z
The ode becomes
d
&(NU) = pp

Integrating gives

_1
uze_i:/cle " dz
z
i (2)
=C E11 - +c
z

Dividing throughout by the integrating factor z ez gives the final solution

_eta B (Y +o)
z

U
Solve In canonical form a linear first order is

v +q(2)u = p(2)
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Comparing the above to the given ode shows that

The integrating factor u is

The ode becomes

Integrating gives

Dividing throughout by the integrating factor z ez gives the final solution

—z—1

Q(Z) = 22

1
=C E11 (;) + Co

e B () ta)
z

Solved as second order ode using Kovacic algorithm

Time used: 0.321 (sec)

Solve

Writing the ode as

2u"+Bz+1D)u +u=0

2u"+Bz+ ) +u=0

Au"+ Bu' +Cu=0

1)
2)
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Comparing (1) and (2) shows that

A=22
B=3z+1 (3)
C=1

Applying the Liouville transformation on the dependent variable gives
z2(z) = uel 244
Then (2) becomes
2"(z) =r2(2) (4)
Where r is given by

(5)

S

r=-

t

2AB' —2BA’ + B? — 4AC
4A?

Substituting the values of A, B, C from (3) in the above and simplifying gives

—224 2241

r=—— — ——— (6)

424

Comparing the above to (5) shows that

s=-22+22+1
t = 42"

Therefore eq. (4) becomes

2= () a0 ™)

424

Equation (7) is now solved. After finding z(z) then u is found using the inverse transformation

The first step is to determine the case of Kovacic algorithm this ode belongs to. There are
3 cases depending on the order of poles of r and the order of r at co. The following table
summarizes these cases.
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Case | Allowed pole order for r Allowed value for O(o0)
1 {0’19274,6a8>"'} {"'7_67_47_270,2’37475a6a"'}
2 Need to have at least one pole that | no condition

is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.
{1,2}{1,3},{2},{3},{3,4},{1,2,5}.
3 {1,2} {2,3,4,5,6,7,---}

Table 2.47: Necessary conditions for each Kovacic case

The order of r at oo is the degree of ¢ minus the degree of s. Therefore
O(00) = deg(t) — deg(s)
=4-2
=2
The poles of r in eq. (7) and the order of each pole are determined by solving for the roots

of t = 4z*. There is a pole at z = 0 of order 4. Since there is no odd order pole larger than 2
and the order at oo is 2 then the necessary conditions for case one are met. Therefore

= [1]

Attempting to find a solution using case n = 1.

Looking at higher order poles of order 2v>4 (must be even order for case one).Then for each
pole ¢, [/T]. is the sum of terms rlc), for 2 <4 < v in the Laurent series expansion of /7
expanded around each pole c. Hence

v

hﬂ=2§%y (1B)

Let a be the coefficient of the term o )v in the above where v is the pole order divided by
2. Let b be the coefficient of )v+1 in 7 minus the coefficient of ),JH in [/7].. Then

1/b
+_2(2
o, 2 (a + v)
_ 1/ b +
o, =-|——+v
c 2\ a
The partial fraction decomposition of r is

1 1 1

TE st A 1
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There is pole in r at z = 0 of order 4, hence v = 2. Expanding /r as Laurent series about
this pole ¢ = 0 gives
322 523

AT A (2B)

1 1+z
2 2 4 4

1
222 2

[Vr]e ~

Using eq. (1B), taking the sum up to v = 2 the above becomes
W= 53 (3V)
¢ 222

The above shows that the coeflicient of 0)2 is
a = 5

Now we need to find b. let b be the coefficient of the term m in r minus the coefficient of
the same term but in the sum [/7]. found in eq. (3B). Here c is current pole which is ¢ = 0.
This term becomes . The coefficient of this term in the sum [/7]. is seen to be 0 and the
coefficient of this term r is found from the partial fraction decomposition from above to be
3. Therefore

Hence

1
a 3 2
_ 1 1/ 3 1
“c—a(‘a+”>—§(‘g+2>—§

Since the order of 7 at co is 2 then [y/T]e = 0. Let b be the coefficient of % in the Laurent
series expansion of r at co. which can be found by dividing the leading coefﬁment of s by the
leading coefficient of ¢ from

s —22422+41
t 424

Since the ged(s,¢) = 1. This gives b = —1. Hence

[\/F]oo =0

r =

ViTT
Y e

l\DII—‘l\Dli—‘
[\')II—‘I\')li—‘
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The following table summarizes the findings so far for poles and for the order of r at oo
where 7 is

_ —224+22+1
B 424
pole ¢ location | pole order | [\/7]. | of | aF
0 4 L 3 |1
222 2 2
Order of r at 0o | [vT]eo | @ | @
1 1

Now that the all [{/T]. and its associated o have been determined for all the poles in the
set I and [y/7] and its associated o have also been found, the next step is to determine
possible non negative integer d from these using

d= a3 — Z as©

cel

Where s(c) is either + or — and s(00) is the sign of o . This is done by trial over all set of
families s = (s(c))eeruco until such d is found to work in finding candidate w. Trying a = 2

2
then

Since d an integer and d > 0 then it can be used to find w using

s(c)

w=3 (s<c>wr~]c + 2 ) +5(00) [Vl

z
cel

The above gives

C1
1 1
—5,2 T4, T(=)(0)
_ 1,1
222 22
_z—l
222

Now that w is determined, the next step is find a corresponding minimal polynomial p(z) of
degree d = 0 to solve the ode. The polynomial p(z) needs to satisfy the equation

p'+2wp + (W 4w —r)p=0 (1A)
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Let

p(z) =1 (24)
Substituting the above in eq. (1A) gives

2
@ +2(~ 5+ 1) (0)+<(%—§)+(—2—;+£> (_))o
0=0
The equation is satisfied since both sides are zero. Therefore the first solution to the ode
2 =rzis
z1(z) = pel “ &
_ of (Cata)e
= \/ze:

The first solution to the original ode in u is found from

1B
U = Zlef_ﬁzdz

132+1 dz

= zle_f2 22

1 _ 3ln(z)

= Z1622 2

1
e2z
= Z _

Which simplifies to

The second solution us to the original ode is found using reduction of order

ef_%dz
Uy = Up 5— dz
U

1

Substituting gives

Uup=u [ ——5—dz

= (e—3ln(;)—3ln(z) E11 (1))
z
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Therefore the solution is

U = C1U1 + CoU2

H : ) 1
=C (e_> _|_ Cy (e_ <e_31n(z)_3ln(z) Eil (_) ))
z z z

Summary of solutions found

L et N cpe= Bi (1)

z z

v Maple. Time used: 0.000 (sec). Leaf size: 21

‘ ode:=z"2*diff (diff (u(z),z),z)+(3*z+1)*diff (u(z),z)+u(z) = 0; ‘
Ldsolve(ode,u(z), singsol=all); J

(c1 By (2) +cr) e
z

u =

Maple trace

Methods for second order ODEs:

-—- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
checking if the LODE is of Euler type

trying a symmetry of the form [xi=0, eta=F(x)]
<- linear_1 successful

\/ Mathematica. Time used: 0.051 (sec). Leaf size: 27

‘ode=z~2#D[ulz] ,{z,2}]+(3*z+1) *D[ulz] ,z] +ulz] ==0;
ic={}; |
‘ DSolve[{ode,ic},ulz],z,IncludeSingularSolutions->True] ‘

er (01 — ¢ ExplntegralEi (—%))
z

u(z) =
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X Sympy

from sympy import *

z = symbols("z")

u = Function("u")

Eq(z**2*Derivative(u(z), (z, 2)) + (3*z + 1)*Derivative(u(z), z) + u(z),0)
ics = {}

dsolve(ode,func=u(z) ,ics=ics)

o

Q

o®
]

NotImplementedError : The given ODE Derivative(u(z), z) - (-zx*2*Derivative(u(z),
(z, 2)) - u(z))/(3*z + 1) cannot be solved by the factorable group method
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