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1.1 problem 1

Internal problem ID [812]
Internal file name [OUTPUT/812_Sunday_June_05_2022_01_50_23_AM_98049129/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.1, Higher order linear differential equations. General theory. page 173
Problem number: 1.

ODE order: 4.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__linear__constant__co-
efficients_ ODE"

Maple gives the following as the ode type

[[_high_order, _with_linear_symmetries]]

yllll + 4yll/ + 3y — t

This is higher order nonhomogeneous ODE. Let the solution be

Y=Ynt+Yp

Where yj, is the solution to the homogeneous ODE And y, is a particular solution to
the nonhomogeneous ODE. yy, is the solution to

y/l/l + 4y/// + 3y — 0

The characteristic equation is
M+a¥+3=0



The roots of the above equation are
A =-1
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The fundamental set of solutions for the homogeneous solution are the following
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Now the particular solution to the given ODE is found

yll// _|_ 4y/l/ _|_ 3y — t



The particular solution is found using the method of undetermined coefficients. Looking
at the RHS of the ode, which is
t

Shows that the corresponding undetermined set of the basis functions (UC_set) for
the trial solution is

[{1,¢}]
While the set of the basis functions for the homogeneous solution found earlier is

(
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Since there is no duplication between the basis function in the UC__set and the basis
functions of the homogeneous solution, the trial solution is a linear combination of all
the basis in the UC__set.

yp = Aot + A4

The unknowns {A;, A2} are found by substituting the above trial solution y, into the
ODE and comparing coefficients. Substituting the trial solution into the ODE and
simplifying gives

3Ast+3A, =1t

Solving for the unknowns by comparing coefficients results in

1
|:A1 = O,A2 = §:|

Substituting the above back in the above trial solution y,, gives the particular solution

t
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Therefore the general solution is

Y=Y+ Yp
1
i3 [ —(a+2v2)3+—2
(4+2~/§)%" P T ( ) (a+2v2)3
2 2
(av2)}
= cle_t +e Co
1
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Summary

The solution(s) found are the following

1
V3 ( (a+2v2)3+—2 )
1 t
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o, (g
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1
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Verification of solutions

1 i¢§(—(4+2vﬁ)%+‘2:§)
(4+2;/§) g i (4+2v2)
(1v2v3)
Y= cle_t +e Co
1
(- (4++2v2)? —21—1) ¢
+e (4+2\/§) 3 C3
1 V3 (—(4+2\/§)§+—2§)
copd, s ()
4+2v2)3
+ +'t
e C —
‘T3

Verified OK.
Maple trace

"Methods for high order ODEs:

--- Trying classification methods ---

trying a quadrature

trying high order exact linear fully integrable

trying differential order: 4; linear nonhomogeneous with symmetry [0,1]
trying high order linear exact nonhomogeneous

trying differential order: 4; missing the dependent variable

checking if the LODE has constant coefficients

<- constant coefficients successful”




v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 182

Ldsolve(diff (y(t),t$4)+axdiff (y(t),t$3)+3*y(t)=t,y(t), singsol=all) J

t ((\/5—2) (4+2\/§) 3 —2(44—2\/5) 3 —2>

M

t
y(t) = 3 +e7 ey + coe

t<(\/§—2) (4+2\/§)%—2(4+2\/§)%+4> t(4 + 2\/5)% (2 + (\/ﬁ — 2) (4 + 2\/5)

+c3e” 1 cos 1

W=

) V3

Wl

t<(\/§—2) (4+2ﬁ)%_2(4+2ﬁ)%+4> t(4 + 2\/5)% (2 + (\/ﬁ — 2) (4 + 2\/5)

+cq€ 4 sin 1

)3

v/ Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 100

LDSolve [y''''[t]1+4xy' "' [t]+3*y[t]==t,y[t],t,IncludeSingularSolutions -> Truel J

y(t) = coexp (tRoot [#1% + 3#1% — 3#1 + 3&,2])
+ c3 exp (tRoot [#1° + 3#1> — 3#1 + 3&, 3])

+ ¢ exp (tRoot [#13 + 3#1% — 341 + 3&, 1}) + % +cue?




1.2 problem 2
1.2.1 Maple step by step solution . . . . ... ... ... ... ... )

Internal problem ID [813]
Internal file name [OUTPUT/813_Sunday_June_05_2022_01_50_25_AM_31574293/index. tex|

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.1, Higher order linear differential equations. General theory. page 173
Problem number: 2.

ODE order: 4.

ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"
Maple gives the following as the ode type

[[_high_order, _with_linear_symmetries]]

Unable to solve or complete the solution.

t(—l + t) y//// + ety// + 4yt2 =0

Unable to solve this ODE.

1.2.1 Maple step by step solution

Let’s solve
t(—l + t) y//// + ety// + 4yt2 =0
° Highest derivative means the order of the ODE is 4

/"

Y



Maple trace

“Methods for high order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients

checking if the LODE is of Euler type

trying high order exact linear fully integrable

trying to convert to a linear ODE with constant coefficients
trying differential order: 4; missing the dependent variable
trying a solution in terms of MeijerG functioms

trying differential order: 4; missing the dependent variable
trying a solution in terms of MeijerG functioms

-> Try computing a Rational Normal Form for the given ODE...
<- unable to resolve the Equivalence to a Rational Normal Form
trying reduction of order using simple exponentials

trying differential order: 4; exact nonlinear

--- Trying Lie symmetry methods, high order ---

, ~—=> Computing symmetries using: way = 3" [0, y]

X Solution by Maple

Ldsolve(t*(t—l)*diff(y(t),t$4)+exp(t)*diff(y(t),t$2)+4*t“2*y(t)=0,y(t), singsg}=a11)

No solution found

X Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0

LDSolve[t*(t—1)*y""[t]+Exp[t]*y"[t]+4*t‘2*y[t]==0,y[t],t,IncludeSingularSo;?tions -> True]

Not solved

10



1.3 problem 8
1.3.1 Maple step by step solution . . . . ... ... ... ... ... 12

Internal problem ID [814]
Internal file name [OUTPUT/814_Sunday_June_05_2022_01_50_26_AM_60538498/index . tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.1, Higher order linear differential equations. General theory. page 173
Problem number: 8.

ODE order: 4.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__linear__constant__co-
efficients_ ODE"

Maple gives the following as the ode type

[[_high_order, _missing_x]]

yllll + yll — 0

The characteristic equation is
M+A2=0

The roots of the above equation are

A1=0
A2 =0
A3 =1
A= —1

Therefore the homogeneous solution is
Yn(t) = cot +c; +e ez + ey

The fundamental set of solutions for the homogeneous solution are the following

yn=1
Y2 =1
ys = e~
Ys = e’

11



Summary
The solution(s) found are the following

Yy =cot +c1 + e ez + eley

Verification of solutions

y = cot +c1 + e ey + e'tey
Verified OK.

1.3.1 Maple step by step solution

Let’s solve
y//l/ + y// — 0
° Highest derivative means the order of the ODE is 4

"

Yy
O Convert linear ODE into a system of first order ODEs

o Define new variable y; (t)

yi(t) =y

o Define new variable y(t)
¥a(t) =y

o Define new variable ys3(t)
ys(t) ="

o Define new variable y4(t)
ya(t) = y"

o Isolate for yj(t) using original ODE

ya(t) = —ys(?)
Convert linear ODE into a system of first order ODEs

[y2(t) = 11(2) , ys(t) = va(t) , ya(t) = w5(t) , wa(t) = —us(t)]

° Define vector

12



n(t) |
Ya(t)
y(t)
4(t) |

<

System to solve

01 0 0]

) 00 1 0
y(t) = -Y(t)
00 0 1
(00 -1 0

Define the coefficient matrix

01 0 0
00 1 0
A=
00 0 1
00 -1 0|

Rewrite the system as

/
y(t)=A-y()
To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A

1
0
0
0

Consider eigenpair

1
0
0
L _O__

Solution to homogeneous system from eigenpair

13



<l
|

o
0
0

L O .

Consider eigenpair

0

0
0
O_

Solution to homogeneous system from eigenpair

ke
Il

o
0
0

L 0 .

Consider complex eigenpair, complex conjugate eigenvalue can be ignored

_I,

Solution from eigenpair

=

Use Euler identity to write solution in terms of sin and cos

14



(cos (t) — Isin () -

Simplify expression

[ —I(cos (t) — Isin (¢)) |
—cos (t) + Isin ()
I(cos (t) — Isin (t))

cos (t) — Isin ()

Both real and imaginary parts are solutions to the homogeneous system

—sin (t) —cos (t)
N —cos (t) 5 sin (¢)
3 t) = )y J4 t) =
ot sin (?) valt) cos (t)
i cos (t) | | —sin(t) |

General solution to the system of ODEs
— — — — —
Y =1y +c2ys + csys(t) + cayy(t)

Substitute solutions into the general solution

—cycos (t) — c3sin () + ¢

cysin (t) — c3 cos (t)

<
Il

¢4 cos (t) + cgsin (t)

—cy sin (t) + c3 cos (t)
First component of the vector is the solution to the ODE

y = —cqcos(t) — cgsin (t) + ¢;

15



Maple trace

“Methods for high order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
<- constant coefficients successful”

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 17

Ldsolve(diff(y(t),t$4)+diff(y(t),t$2)=0,y(t), singsol=all)

y(t) = c1 + cot + c3sin (t) + ¢4 cos (¢)

v/ Solution by Mathematica
Time used: 0.098 (sec). Leaf size: 24

LDSolve[y""[t]+y"[t]==0,y[t],t,IncludeSingularSolutions -> True]

y(t) = ¢4t — c1 cos(t) — cosin(t) + c3

16



1.4 problem 9
1.4.1 Maple step by step solution . . . . .. ... ... ........ 18

Internal problem ID [815]
Internal file name [OUTPUT/815_Sunday_June_05_2022_01_50_27_AM_43069891/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.1, Higher order linear differential equations. General theory. page 173
Problem number: 9.

ODE order: 3.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__linear__constant__co-
efficients_ ODE"

Maple gives the following as the ode type

[[_3rd_order, _missing_x]]

y”I+2y”_y,_2y:O

The characteristic equation is
NM4+2X2-A-2=0

The roots of the above equation are

M=1
Ay = —2
g =—1

Therefore the homogeneous solution is
yn(t) = cre™ + e ¢y + cae

The fundamental set of solutions for the homogeneous solution are the following

-t

Yy1=¢
—2t

Y2 =¢€
t

Ys =¢€

17



Summary
The solution(s) found are the following

2

y=ce ' +e %cy+ cze (1)

Verification of solutions

y=cie ' +e ey + cel
Verified OK.

1.4.1 Maple step by step solution

Let’s solve
ylll + 2y// _ y/ _ 2y — 0

° Highest derivative means the order of the ODE is 3
yl//

U Convert linear ODE into a system of first order ODEs
o Define new variable y; (t)
nt) =y
o Define new variable y,(t)
¥a(t) =y
o Define new variable ys3(t)
ys(t) = ¢"
o Isolate for y5(t) using original ODE
Ys(t) = —2ys(t) + 2(t) + 201 (2)
Convert linear ODE into a system of first order ODEs

[v2(t) = 41(8) , ws(t) = ¥2(t) , y3(8) = —2y5(t) + 3a(2) + 231(¢)]

° Define vector
yi(t)
%
y(t) = | yalt)
y3(t)
° System to solve

18



01 0
vh=10oo0 1 |-¥@®
2 1 =2

Define the coefficient matrix

01 0
A=|100 1
2 1 -2

Rewrite the system as

—/ —

y () =A-y(@)

To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A

: 1 1
_2a _% ) _1a -1 ) 17 1
1 1 1

PN

Solution to homogeneous system from eigenpair

PN

_)

_ o2t
Yyp=¢e 7| —
Consider eigenpair

1
_1, -1
1

Solution to homogeneous system from eigenpair

19



Ya=¢ -1
1
° Consider eigenpair
1
1,1
1
° Solution to homogeneous system from eigenpair
1
Y t
ys=e€- |1
1
° General solution to the system of ODEs
— — — —
Yy =1y +CYs+C3y3
° Substitute solutions into the general solution
1
1 1 1
y=ce . —L1ltee | -1 | et | 1
1 1 1
° First component of the vector is the solution to the ODE

_ (4cze®*+4cgettcy)e™ 2
- 4

Maple trace

“Methods for third order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
<- constant coefficients successful’

20



v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 21

Ldsolve(diff(y(t),t$3)+2*diff(y(t),t$2)—diff(y(t),t)-2*y(t)=0,y(t), singsol=a;})

y(t) = (cle?’t + cszet + 02) e %

v/ Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 28

LDSolve [y'''[t]+2*y' ' [t]-y' [t]1-2*xy[t]==0,y[t],t,IncludeSingularSolutions -> Trj.le]

y(t) — e % (CQ@t + ¢33t + cl)

21



1.5 problem 10
1.5.1 Maple step by step solution . . . . . ... ... ... ...... 24

Internal problem ID [816]
Internal file name [OUTPUT/816_Sunday_June_05_2022_01_50_28_AM_7133267/index. tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.1, Higher order linear differential equations. General theory. page 173
Problem number: 10.

ODE order: 3.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher_order__missing_y"
Maple gives the following as the ode type

[[_3rd_order, _missing_y]]

1

xylll_y :0

Since y is missing from the ode then we can use the substitution ¥’ = v(z) to reduce
the order by one. The ODE becomes

zv"(z) —v'(z) =0
Integrating both sides of the ODE w.r.t = gives
/ (zv"(z) —v'(z))dz =0
V(z)x —20(z) = ¢
Which is now solved for v(z). In canonical form the ODE is

v' = F(z,v)

= f(z)g(v)
_ 20+ ¢

22



Where f(z) = % and g(v) = 2v + ¢;. Integrating both sides gives

T

1
dv = 1 dx
204+ T
1
/ dv = /ldx
204 T
In (2v2+ c1) I (2) + 6

Raising both side to exponential gives

V20 F ¢ = en@Fe

Which simplifies to

V2U 4+ =cs3x

But since y' = v(z) then we now need to solve the ode y' =

both sides gives

ce’2z? ¢
Y= — —dz

2 2
2,2¢2,.3
_ e’ az
- 6 2 +cy
Summary
The solution(s) found are the following
| eteg? ez,
Y= 6 B 4
Verification of solutions
_ge*rr® o e
Y= 6 B 4

Verified OK.

23
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1.5.1 Maple step by step solution

Let’s solve
wy’” _ y// =0
° Highest derivative means the order of the ODE is 3

74

Y

° Isolate 3rd derivative

° Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y/// _y 0
° Multiply by denominators of the ODE
iBy”/ . y// =0
° Make a change of variables
t=1In(z)
O Substitute the change of variables back into the ODE
o Calculate the 1st derivative of y with respect to x , using the chain rule
y = (4y()t'(z)

o Compute derivative

y/ _ %y(t)

o Calculate the 2nd derivative of y with respect to x , using the chain rule
v = (Gy®) ¢ +1'() (2y(®))

o Compute derivative

d2 d
" __ my(t) _ Ey(t)
- x? x2

o Calculate the 3rd derivative of y with respect to x , using the chain rule
v = (u(®) ¢ (@) +3¢ (@) ¢'(@) (LHy(®) + (@) (Sy(®))
o Compute derivative

w_ Sww  3(GHvw) | 2(5v0)
Yy ="z 3 z3

Substitute the change of variables back into the ODE

24



3 3 z3 T z2

2
(s o) o)) iy

Simplify

3 2
Lsy(t) 4Ly +35y(t)
z2 -

0

Isolate 3rd derivative
y(t) = 452y() — 35y(2)
Group terms with y(¢) on the lhs of the ODE and the rest on the rhs of the ODE; ODE is lin
oy(t) —4Ly(t) +3Ly(t) =0
Convert linear ODE into a system of first order ODEs
Define new variable y; (t)
yi(t) = y(t)
Define new variable ys(t)
y2(t) = Gu(t)
Define new variable ys(t)
ys(t) = g=y(t)
Isolate for %yg (t) using original ODE
3(t) = dys(t) — 3y2(t)
Convert linear ODE into a system of first order ODEs
[12(t) = 11 (8) , () = Gu2(t) , Fus(t) = dys(t) — 3y (t)]
Define vector
y1(t)
HOEREN0)
ys(t)

System to solve

01 0
dyt)y=10 0 1| -y@
0 -3 4

Define the coefficient matrix

25



0 1 0
A=10 0 1

0 -3 4
Rewrite the system as
4y(t)=A-y()
To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A

1 1 5
07 O Y ]" ]- Y 3’ %
0 1 1

Solution to homogeneous system from eigenpair
1

%

y1=10
0

Consider eigenpair

1
52=et 1
1

Consider eigenpair

26



w
= W= Ol

° Solution to homogeneous system from eigenpair
[ 1
9
%
ys =e” %
1
° General solution to the system of ODEs
— — — —
Yy =c1y;+ Yy +C3y3
° Substitute solutions into the general solution
1 % C1
- t 3t. | 1
y=cee'- | 1 |+ced | 2 ]|+]0
1 1 0
° First component of the vector is the solution to the ODE

y(t) = coet + =~ 4 ¢
. Change variables back using ¢t = In ()

1
Y=+ 532 + ¢

Maple trace

"Methods for third order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
checking if the LODE is of Euler type

<- LODE of Euler type successful”

27




v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 14

Ldsolve(x*diff(y(x),x$3)—diff(y(x),x$2)=0,y(x), singsol=all)

y(x) = 32 + o + ¢

v/ Solution by Mathematica
Time used: 0.025 (sec). Leaf size: 21

LDSolve[x*y"'[x]—y"[x]==0,y[x],x,IncludeSingularSolutions -> True]

3
1T
y(x) — 1T+ch+02

28



1.6 problem 11
1.6.1 Maple step by step solution . . . . . ... ... ... ...... 31

Internal problem ID [817]
Internal file name [OUTPUT/817_Sunday_June_05_2022_01_50_29_AM_64841157/index. tex|

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.1, Higher order linear differential equations. General theory. page 173
Problem number: 11.

ODE order: 3.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order_ ODE_ non_ con-
stant__coefficients_ of type_ Euler"

Maple gives the following as the ode type

[[_3rd_order, _exact, _linear, _homogeneous]]

1173y,” + 1172y” _ 2y,.’L‘ + 2y — O

This is Euler ODE of higher order. Let y = z*. Hence

y/ — )\x)\—l
yl/ — )\()\ _ 1) x)\—Q
' =AxA=-1)(A=2)z*3

Substituting these back into
x3y"’ + x2y// _ 2y/x + 2?/ =0

gives

“2eA 2 + AN - D22+ BN - 1) (A= 2) 2P+ 200 =0
Which simplifies to
222+ XA =D+ XA -1 (A =2)z* +22* =0

And since z* # 0 then dividing through by z*, the above becomes

29



S+ AA =D +AA=1)(A=2)+2=0

Simplifying gives the characteristic equation as
AN —2X2-A+2=0

Solving the above gives the following roots

A =1
Ao =2
Ay = —1

This table summarises the result

root | multiplicity | type of root

-1 1 real root
1 1 real root
2 1 real root

The solution is generated by going over the above table. For each real root A of multiplic-
ity one generates a c;z* basis solution. Each real root of multiplicty two, generates c;z*

and cyz* In () basis solutions. Each real root of multiplicty three, generates c;z* and

oz In (z) and czz* In (z)? basis solutions, and so on. Each complex root av=44 of multi-

plicity one generates z(c; cos(S1n (z)) + ¢ sin(fB In (z))) basis solutions. And each com-

plex root o+ i of multiplicity two generates In (z) z%(c; cos(81n (z)) + co sin(B1n (x)))

basis solutions. And each complex root a+if of multiplicity three generates In () z%(c; cos(81n () + ¢,
basis solutions. And so on. Using the above show that the solution is

y=;—|—02x+63x

The fundamental set of solutions for the homogeneous solution are the following

1

h=—

z

Y2=17

ys = z°

Summary
The solution(s) found are the following
c
y= ;1 + o + 37 (1)
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Verification of solutions

Yy=—+cCT+c3x
x
Verified OK.

1.6.1 Maple step by step solution

Let’s solve

11133/”/ + z2y// _ 2y'x + 2y =0

° Highest derivative means the order of the ODE is 3
ylll
° Isolate 3rd derivative
m_ _ 2y _ y'z—2y
- a3 x2
° Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
N T T
° Multiply by denominators of the ODE
m3y/// + :L.2y// _ 2y’x + 2y =0
° Make a change of variables
t=1In(z)

O Substitute the change of variables back into the ODE

o Calculate the 1st derivative of y with respect to x , using the chain rule
y = (fy()t(2)

o Compute derivative
y/ _ %?;(t)

o Calculate the 2nd derivative of y with respect to x , using the chain rule

2

v = (Gy(®) t(@)’ + (@) (Lu(®))

o Compute derivative

d2
0 oy Ly(t)
=Tz T T

o Calculate the 3rd derivative of y with respect to x , using the chain rule

v = (&) @) +3¢ @) ¢'(@) (Hy®) +¢"(@) (Gu(0)
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o Compute derivative

w_ S 3(GHvw) | 2(3v0)
Yy ="z z3 z3

Substitute the change of variables back into the ODE

a3 3 a2 t 2 L oy(t d2 d
7 ( sy _ i) | <d§f§( ))) + 2 (—dii(t) - —dt'"““) —2y(t) + 2y(t) = 0

T T 2

Simplify

a5y(t) = 225y(8) — Gy(t) +2y(t) = 0

Convert linear ODE into a system of first order ODEs
o Define new variable y; (¢)

n(t) = y(t)
o Define new variable y,(t)

y2(t) = Gy(t)
o Define new variable ys3(t)

us(t) = a2y(2)
o Isolate for %yg, (t) using original ODE

s (t) = 2y5(t) +92(t) — 251 (2)

Convert linear ODE into a system of first order ODEs

[2(t) = 31 (1), 93(t) = £92(t) , Gus(t) = 2y3(t) + y2(t) — 201 (2)]

Define vector

v (t)
y(t) = | )
ys(t)
System to solve
0 10
dy®=10 01| -y
-2 1 2

Define the coefficient matrix
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0 10
0 01
-2 1 2

A

Rewrite the system as

Y0 =A-y(t)

To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A

1 1 :
_17 -1 ) 17 1 ) 27 %
1 1 1

Consider eigenpair
1
-1, | -1
1
Solution to homogeneous system from eigenpair
1
51 =e ' | —1

1

Consider eigenpair

1
52=et 1
1

Consider eigenpair
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Ll I N o

° Solution to homogeneous system from eigenpair
[ 1
4
%
ys = e %
1
° General solution to the system of ODEs
— — — —
Yy =c1y;+ Yy +C3y3
° Substitute solutions into the general solution
1 1 :
5 =ciet-| -1 |+t | 1| +cze?- %
1 1 1
° First component of the vector is the solution to the ODE

y(t) = cre™ + cpet + 2
. Change variables back using ¢t = In ()

2
y==2+cox+ “f

Maple trace

“Methods for third order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
checking if the LODE is of Euler type

<- LODE of Euler type successful”
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v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 20

Ldsolve (x~3*diff (y(x),x$3)+x"2*diff (y(x),x$2) -2*xx*diff (y(x) ,x)+2*xy(x)=0,y(x), %ingsol=all)

o + 122 + 3
y(z) =

T

v/ Solution by Mathematica
Time used: 0.004 (sec). Leaf size: 22

-

N
LDSOlve [x~3xy' ' ' [x]+x"2*y' ' [x]-2*x*y' [x]+2*y[x]==0,y [x] ,x,IncludeSingularSolutjlons -> True]

y(z) = c32° + o + %
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1.7 problem 16
1.7.1 Maple step by step solution . . . . ... ... ... ... ... 38]

Internal problem ID [818]
Internal file name [OUTPUT/818_Sunday_June_05_2022_01_50_30_AM_97126028/index. tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.1, Higher order linear differential equations. General theory. page 173
Problem number: 16.

ODE order: 3.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__linear__constant__co-
efficients_ ODE"

Maple gives the following as the ode type

[[_3rd_order, _missing_x]]

y///+2y//_yl_3y:O

The characteristic equation is
M 4+22%-2-3=0

The roots of the above equation are

(188 + 12\@)% 14 2
A = ; + T3
3 (188 + 124/93)*
1
188 + 121/93)° , V3 <(188+1§m>3 " e z)
3(188+12v/93
py = - IS8 H12VES)" T2, (188+12v93)
12 3 (188 +12/93)° 3 2
1
(188 + 12\/9_3)% : ) i3 ((1558+1625x/$73)g B ( 14r>%>
3(188+12v/93
s = — - S
12 3 (188 +12/93)° 3 2
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Therefore the homogeneous solution is

1 6 1 1
(188+12v93) 3 . 2, 3(188+1203) 3 . _ (188412v03)3 , »
° ? ' 3(1884—12\/%)% C

1
e ( (1884-12\/%) 3 14 )

2 3(1884—12\/973) 3

yn(z) =€ cite

The fundamental set of solutions for the homogeneous solution are the following

1
1 ol
B (188+12\/ﬁ) 3 B 7 2y 3(1ss+12\/ﬁ) 3 .
12 3
3(188+12\/s§) 3
h=¢
1
1 o[l
B (188+12\/ﬁ)§ B 7 2 3(188+12\/®)3 .
12 T3 2
3(1ss+12\/s§) 3
Y2 =¢
(188+12m)% 14 2
6 + T3 |%
ys = e 3(1ss+12\/ﬁ)3"
Summary
The solution(s) found are the following
1
3
1 V3 ( (188"'12‘/%) _ 14 I )
B (188+12\/§) B . 2, 3(1884—12\/@) N
12 3(1884—12\/@)% 3 ?
y==e C1
1
1 V3 (ISSH?/ﬁ) i - 14 T (1)
B (188+1122x/ﬁ) 3 B 7 . _%_ i 3(188+12\/£§) 3 .
3(188+12\/ﬁ) 3
+e Co

(188“‘12‘/@)%4_ 14 2|
+e ¢ 3(1884—12\/@)3 3 c

3
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Verification of solutions

1
1 e
B (188+12\/@) 3 B . 2, 3(188+12\/ﬁ) 3 N
12 3(188+12m)% 3 2
y=-e C1
1
1 I L
B (188+12\/ﬁ)3 7 3(188+12\/ﬁ)§

W

12 - 2 z

- 3(188+12\/ﬁ) 30

+e €2
1
< (1884—12\/%) 3 N " _2> N
6 T7s
+e 3(188+12\/ﬁ) c

Verified OK.

3

1.7.1 Maple step by step solution

Let’s solve

y/// + 2y// _ y/ —3y=0

° Highest derivative means the order of the ODE is 3
y///
O Convert linear ODE into a system of first order ODEs

o Define new variable y; ()
n(z) =y
o Define new variable ys(x)
ya(z) = ¢/
o Define new variable y3(x)
ys(z) = ¢"
o Isolate for y5(z) using original ODE
ys(x) = —2y3(z) + y2(2) + 3y (z)
Convert linear ODE into a system of first order ODEs
[v2(z) = y1(2) , ys(z) = va(2) , y5(7) = —2y3(2) + v2() + 3y1(2))]

° Define vector
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y(z) =
y3()

System to solve

01 0
v =00 1 | -Y@
3 1 =2

Define the coefficient matrix

01 0
A=100 1
3 1 -2

Rewrite the system as

—/

y (@) =4y

To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A

(188+12\/sT3) 5 1

6 3(188+12¢9§) 5

Consider eigenpair

2

3

39
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( (188-&-12\/@)%
+

p)
14 2
3(188+12\/ﬁ) 3 °

1

(188+12\/sﬁ)%

14

6

Wi

3(188+12\/ﬁ) 5

1

(188+12\/$ﬁ> 5

12

3



(188—}-12\/%) 5
6

14
3(188+12\/5T3)

14

(188+12\/ﬁ)%
3 +

[

1

3(188-&-12\/%)%

(1884—12\/@)%

14

6

1

Solution to homogeneous system from eigenpair

(1884—12\/@)% 14

6

|

_ 3(188+12\/£T3)%

_)
Yy

2
3

3

3(1884—12\/@)%

win

1 p)
( (188+12\/93) 3 . 14 _2>
6 173
3(188+12\/93) 3
. 1
(1ss+12\/93) 3 ”

6

3(188+12\/ﬁ)%

1

W[

Consider complex eigenpair, complex conjugate eigenvalue can be ignored

(188+12¢9§) 5 .

12 -

ol

3 (188+12¢9§)

Solution from eigenpair

2
3

40
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(1ss+12\/@)% .
_ - _
(188+12\/®)% 1 3(1ss+12v
6 - 1
3(188+12\/ﬁ) 3
2 )
B (188+12m)% B ;
12
3(188+12\




1
188+121/93) 3 1
L V3 ( - )°_ 14 T (188+12v93) 3 .
(188+1293) 3 . ) 3(188+12v03) 3 - = - =
- 12 - I3 2 z 3(1884—12\/%) 3
3(188+12x/@) 3
e
1
(1ss+12\/ﬁ) 3 .
- 12 - T~
3(188+12\/®) 3
Use Euler identity to write solution in terms of sin and cos
5 Yok Vi
18841293 1884124/
(_(188+1122\/§)3_ . 1_§>m \/g(( "'6 ) _ 14 1>$ \/3;(( "'6
3 3(188+12/93) 3 .
e 3(188+12v53) - | cos 5 ( ) — Isin

Simplify expression
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1
(1884—12\/93) 3 7 5
- 2 - I 3|%
e .

3(188+12\/@) 3

COS

Both real and imaginary parts are solutions to the homogeneous system

12 -

B (188+12\/@)% ’
3(188+12\/ﬁ)

Yo(z) =e

)

ol

s (188+1§\/ﬁ) - " e Vs (188+12\/%)
3(188+12v93) 3 )
cos 5 —Isin
1
) s (188-&-12\/%) 5
(188-&-12\/@) 3 7 9 3(15
- 12 - 1737 2
3(188+12\/ﬁ) 3
Vs (188+1§\/ﬁ) 4 e Vs (188+12\/ﬁ)
3(188+12v03) 3 )
cos 5 —Isin
(188+12\/ﬁ)11§ -
(188+12\/ﬁ)% . 9 ° 3(1‘
- 12 - 1737 2
3(188+12\/ﬁ) 3
(1884-12\/%)% 14 (1884—12\/
V3 6 - I V3| —
3(188+12v93) 3 .
5 — Isin
2 4 V3 ((188+12\/ﬁ)
18(188+12¢9§> 3 (188+12\/%) 3/3sin| ——

12(1884—12\/@

1N

General solution to the system of ODEs

- — — —
Yy =cy;+cyy(r) +csys(x)

Substitute solutions into the general solution
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. _
1 2
(188+12x/ﬁ) 3 N 14 9
1 -3 1
( (188+1293) 3 N 14 2) . 6 3(188+12\/§)% 8 ( (188+12v93) 3
6 173 - 12 T
— 3
Yy =cie 3(188+1253) — + cze
(1ss+12\/ﬁ)3 " R
6 + I73
3(188+12@)3
- 1 -
° First component of the vector is the solution to the ODE
2
( (1884—12\/%)3
2z —f+(188+12
2 - T
7(v/3v/31+11) (188+12v/3/31) 3 1 3
13 e (430+ ( )(78 ) +(%+\/§\/ﬁ) (188+12\/§\/ﬁ)3+4‘/§§/ﬁ)e 3(188+12\/ﬁ)
y =

Maple trace

“Methods for third order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
<- constant coefficients successful’
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v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 183

Ldsolve(diff(y(x),x$3)+2*diff(y(x),x$2)—diff(y(x),x)-3*y(x)=0,y(x), singsol=a}})

2
2z (— M-&- (188+12\/§) 3 —7)

3(188+12x/@)%

y(z) = cre
(28+ (188+1293) 3 +8(188+12v/93) %)x 2
- , V3 ((188+12v3v31)° - 28)
—cye 12(188+12v93) 3 sin .
12 (188 + 12v/3+/31)*
2 1
(28+(188+12\/@) 3 +5(188+1203) 3>z 2
- : V3 ((188+12v3v31)° - 28) =
+ cse 12(188+12v93) 3 COS .
12 (188 4+ 124/3+/31)°

v/ Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 87

LDSolve[y"'[x]+2*y"[x]-y'[x]—3*y[x]==0,y[x],x,IncludeSingularSolutions -> T;?e]

y(z) — ¢y exp (zRoot [#13 + 2#1% — #1 — 3&, 2])
+ c3 exp (zRoot [#13 + 2#1% — 41 — 3&, 3})
+ c1 exp (zRoot [#1% + 2#1% — #1 — 3&,1])
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1.8 problem 17
1.8.1 Maple step by step solution . . . . ... ... ... ... ... 45

Internal problem ID [819]
Internal file name [OUTPUT/819_Sunday_June_05_2022_01_50_31_AM_27651476/index. tex|

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.1, Higher order linear differential equations. General theory. page 173
Problem number: 17.

ODE order: 3.

ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"
Maple gives the following as the ode type

[[_3rd_order, _with_linear_symmetries]]

Unable to solve or complete the solution.

ty”’ + 2y// _ y/ +yt=0

Unable to solve this ODE.

1.8.1 Maple step by step solution

Let’s solve

ty/// + 23/” _ y/ +yt=0

° Highest derivative means the order of the ODE is 3
ylll
OJ Check to see if t; = 0 is a regular singular point

o Define functions
[Py(t) = 2, P5(t) = —1, Pu(t) = 1]
o t-Py(t)is analyticatt =0

(t-P(t)] _ =2
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t? - Py(t)is analytic at t = 0

(- Ps(t))| =0

t3 - Py(t) is analytic at t = 0

(83 - Py(t)) =0

t=0
t = Ois a regular singular point
Check to see if t; = 0 is a regular singular point
to=0
Assume series solution for y
o0
y = Z aktk-i—T
k=0
Rewrite ODE with series expansions

Convert t - y to series expansion

t- y = Z aktk-i-'l“-l-l
k=0

Shift index using k— >k — 1

o0
t-y= Z ak_ltk—i-?"
k=1
Convert y' to series expansion

[e.o]

Y= 3 aull )t

Shift index using k— >k + 1

o0
Y= 3 apa(k+r+1)tH
k=—1
Convert y” to series expansion

o0

yv' =S ap(k+7)(k+r—1)thtr=2
k=0

Shift index using k— >k + 2

V' = appo(k+2+7)(k+7+ 1)tk
k=—2

"

Convert t - y" to series expansion
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(118

t-y" =S ap(k+r)(k+r—1)(k+7r—2)thtr2

k
Shift index using k— >k + 2

0

t-y”" = 3 apya(k+247)(k+7r+1)(k+r)thtr
k=-2

Rewrite ODE with series expansions
agr? (=1 4+ 1)t + (a1 +7)2r —aor) t7H + (aa(2+ 1)’ (L +7) —ar(1+7)) £ + (Z (ax-
k=1

apcannot be 0 by assumption, giving the indicial equation

r’(=14+71)=0
Values of r that satisfy the indicial equation
r € {0,1}

The coefficients of each power of ¢ must be 0

[a1(1 +7)%r —agr = 0,a2(2+7)* (L +7) —ar(1 +7) = 0]

Each term in the series must be 0, giving the recursion relation
ok +2+71) (k+r4+1)+(—k—r—1)apy +ap1=0
Shift index using k— >k + 1

a3k +3+71) (k+2+7r)+(—k—2—r)ap2+ar =0

Recursion relation that defines series solution to ODE

a _ kagqotrapyo—art2ap49
k+3 (k+3+7)2 (k+2+r)

Recursion relation forr =0

__ kagyo—ax+2ap2
kt3 = " (br3)2 (k+2)

Solution forr =0

e kagio—ap+2
= 5 s = M 0 =040 a1 = )

Recursion relation for r =1

_ kak+2—ak+3ak+2
Q43 = ™ (51 0)% (kt3)

Solution forr =1

|:y = Z a’ktk+1a Ap+3 = %a 4(11 —Qap = 07 180’2 - 2al = O:|
k=0

Combine solutions and rename parameters
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_ (> k = k+1 _ kapyo—art2apy2 n _ _ _ __ kbgy2—by+3bg.
{y - <kZ=0 ot ) i (kzzo et ) B3 = T ap(ers 00 = 0402 =01 =00k = TG

Maple trace

s N

"Methods for third order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying high order exact linear fully integrable
trying to convert to a linear ODE with constant coefficients
trying differential order: 3; missing the dependent variable
trying Louvillian solutions for 3rd order ODEs, imprimitive case
-> pFq: Equivalence to the 3F2 or one of its 3 confluent cases under a power @ Moebius
trying a solution in terms of MeijerG functionms
-> pFq: Equivalence to the 3F2 or one of its 3 confluent cases under a power @ Moebius
trying a solution in terms of MeijerG functions
checking if the LODE is of Euler type
Calling dsolve with: (t-1)/t*y(t)-(t-1)/t*diff(y(t),t)+diff(diff(y(t),t),t) =0
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functioms:
-> Bessel
-> elliptic
-> Legendre
-> Kummer
-> hyper3: Equivalence to 1F1 under a power @ Moebius
<- hyper3 successful: received ODE is equivalent to the 1F1 ODE
<- Kummer successful
<- special function solution successful
<- differential factorization successful~

& J
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v/ Solution by Maple
Time used: 0.078 (sec). Leaf size: 159

dsolve (t*diff (y(t),t$3)+2*diff (y(t),t$2)-diff (y(t),t)+t*y(t)=0,y(t), singsol=#11)

_Hvey 1
y(t)y =e 2 KummerM )

y y t(4v3+3
— %,1,@'\@1&) </KummerU (1 @,1,i\/§t) e ( r )dt> Cs3

N

2 6
1
— KummerU (5

y y t(iv3+3
— %J,i\/@) </ KummerM (% — %,1,@'\/515) e ( 2 )dt) Cs3

1 4 1
+ ¢; KummerM (5 — %, 1,i\/§t> ~+ co KummerU (5 — %, 1,i\/§t>>

v/ Solution by Mathematica
Time used: 0.639 (sec). Leaf size: 520

LDSolve [txy' ' [t]+2xy' ' [t]-y' [t]+t*y[t]==0,y[t],t,IncludeSingularSolutions -> jl‘rue]

y(t)

] t
N e% (t—u/§t> (03 HypergeometricU (é <3—i\/§) , 1, z\/gt) / (
1

—1 —4+/3) K[1] (HypergeometriclF1 (3

t
+ c3 Laguerrel, (%z (32’ -+ \/5) ,z'\/gt) /
1
2ie%i (SH\/?:) K2 Hypergeometricl
(—i +v/3) K[2] (HypergeometriclF1 (1 (9 —iv/3) ,2,iv/3K|2]) HypergeometricU (% (3 —iv/3) , 1,

+ ¢, HypergeometricU (é <3 — zx/§> , 1, z\/§t)

+ ¢ LaguerrelL (éz (373 + \/§> ,i\/§t>)
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1.9 problem 20
1.9.1 Maple step by step solution . . . . ... ... ... .. ... .. B0

Internal problem ID [820]
Internal file name [OUTPUT/820_Sunday_June_05_2022_01_50_33_AM_70836635/index . tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.1, Higher order linear differential equations. General theory. page 173
Problem number: 20.

ODE order: 3.

ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"
Maple gives the following as the ode type

[[_3rd_order, _with_linear_symmetries]]

Unable to solve or complete the solution.

(—t+2)y" +(-3+2t)y" —ty' +y=0

Unable to solve this ODE.

1.9.1 Maple step by step solution

Let’s solve
(—t+2)y" +(-3+2t)y" —ty +y=0

° Highest derivative means the order of the ODE is 3
ylll

O Check to see if ty) = 2 is a regular singular point

o Define functions
[Po(t) = —=22 Py(t) = L5, Pu(t) = — %]
o (t—2)- Py(t)is analytic at t = 2

(t=2)-R(t)| =-1

t=2
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—2)®. P3(t)is analytic at t = 2

(
R I
(t — 2)3 - Py(t) is analytic at t = 2

(t—2° P)| =0

t=2

t = 2is a regular singular point

Check to see if ty = 2 is a regular singular point
to =2

Multiply by denominators

t=2)y" +(-2t+3)y"+ty —y=0

Change variables using t = u + 2 so that the regular singular point is at u = 0
u(Ey()) + (~2u=1) (L) + (@+2) (Ly(w) - y(w) =0

Assume series solution for y(u)
[e o]

y(u) = 3 apu*
k=0

Rewrite ODE with series expansions

Convert u™ - (Ly(u)) to series expansion for m = 0..1

u™ - (Ly(u)) = i ay(k + r) yktr-1+m

Shift index using k— >k +1—m

u™ e (Eyw) = X akprm(k+1—m+r)uftT
k=—14+m

Convert u™ - <j—;y(u)) to series expansion for m = 0..1
@ (@) = 5 a4 ) (k= s

k=0
Shift index using k— >k +2—m

um - (cid—izy(U)> = > arromk+2-—m+r)(k+1—m+r)urtr
k=—2+m

3 . .
Convert u - (%y(u)) to series expansion

- (%y(u)) = goak(k +r) (k47 —1)(k+7—2)ubtr2
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(e]

Shift index using k— >k + 2

u (E5y() = 3 ansalk+24+7) (B +1+7) (k+7)ukr

k=—2
Rewrite ODE with series expansions
aor(=1+7)(=3+7)u"2" + (a;(1+7)r(=2+7) — 2a0r(=2 + 7)) w1+ + (Z (apo(k+2+

k=0

apcannot be 0 by assumption, giving the indicial equation
r(=1+7)(-3+7)=0
Values of r that satisfy the indicial equation
r€{0,1,3}
Each term in the series must be 0, giving the recursion relation
(k+r—1)(aks2(E+2+7)(E+1+7)— 2a811k — 20417 + ax, — 2a511) =0

Recursion relation that defines series solution to ODE

a _ 2app1k+2ap17—ap+2ak41
k+2 — (k+2+7r)(k+1+7)

Recursion relation forr =0

_ 2apt1k—agp+2ap41
k+2 = ~ (k+2)(k+1)

Solution forr =0

o0
_ k _ 2app1k—agt+2ap41 _
y(u) = kZ_Oaku 1 Ok+2 = Tk 2) (k1) ,0=0

Revert the change of variables u =t — 2

s k 2a, k—ar+2a
Y= kZ:Oa’k(t - 2) y k42 = k4(_1i+2)(2_:_1)k+1 3 0= 0:|

Recursion relation forr =1

a _ 2ak+1k—ak+4ak+1
kE+2 = T (k+3)(k+2)

Solution forr =1

oo
_ k+1 _ 2apprk—agpt4agt1 _
y(u) = 3 ket anp = G ~2a1 + 200 = 0

Revert the change of variables u =t — 2

e k+1 2a k—agr+4a
y= kZ_Oak(t =27 a2 = g —201 + 200 = 0}

Recursion relation for r = 3
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a _ 2agy1k—ar+8agy1
k+2 — (k+5)(k+4)

° Solution for r = 3

o0
_ k+3 _ 2apqy1k—arp+8api1 _
y(u) = Y aput?, ape = =5 + ,12a1—6a0—0]

= (k+5) (k+4)
) Revert the change of variables u =t — 2
i 00
y=> ap(t — 2", apy = 2SR 126, — 6ag = 0}
L k=0
° Combine solutions and rename parameters

k=0 k=0

Maple trace

“Methods for third order ODEs:
--- Trying classification methods ---
trying a quadrature
checking if the LODE has constant coefficients
checking if the LODE is of Euler type
trying high order exact linear fully integrable
trying to convert to a linear ODE with constant coefficients
trying differential order: 3; missing the dependent variable
Equation is the LCLM of -1/t*xy(t)+diff(y(t),t), -y(t)+diff(y(t),t), (-1-1/t)*
trying differential order: 1; missing the dependent variable
checking if the LODE is of Euler type
<- LODE of Euler type successful
Euler equation successful
trying differential order: 1; missing the dependent variable
checking if the LODE has constant coefficients
<- constant coefficients successful
trying differential order: 1; missing the dependent variable
checking if the LODE is of Euler type

checking if the LODE is of Euler type

exponential solutions successful
<- differential factorization successful

<- solving the LCLM ode successful °
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v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 16

Ldsolve([(2—t)*diff(y(t),t$3)+(2*t—3)*diff(y(t),t$2)—t*diff(y(t),t)+y(t)=0,exp}t)],singsol=a1

y(t) = e'(cst + c2) + et

v/ Solution by Mathematica
Time used: 0.079 (sec). Leaf size: 28

LDSolve [(2-t)*y' ' ' [t]+(2%t-3) *y"' ' [t]-t*y' [t1+y[t]==0,y[t],¢, IncludeSingularSolj.\tions -> True]

y(t) = t(coe’ + 1) + (3 — 4e) €l
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1.10 problem 21
1.10.1 Maple step by step solution . . . . . ... .. ... .. ..... bl

Internal problem ID [821]
Internal file name [OUTPUT/821_Sunday_June_05_2022_01_50_34_AM_48811924/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.1, Higher order linear differential equations. General theory. page 173
Problem number: 21.

ODE order: 3.

ODE degree: 1.

The type(s) of ODE detected by this program : "unknown"
Maple gives the following as the ode type

[[_3rd_order, _with_linear_symmetries]]

Unable to solve or complete the solution.

2t+3)y" —3t2+t)y" +6(t+1)y —6y=0

Unable to solve this ODE.

1.10.1 Maple step by step solution

Let’s solve
2t +3)y" —3t2+t)y" +6(t+1)y —6y=0

° Highest derivative means the order of the ODE is 3
ylll

OJ Check to see if ¢ is a regular singular point

o Define functions

3(2 6(t+1 )
[Pu(t) = 3243, Pult) = 565, Pu®) = — |

o (t+3)- Py(t)is analytic at t = —3

%)



((t+3) - Py(t)) =-1

t=—3

(t +3)* - Ps(t) is analytic at t = —3

(t+3)*- Pi(t)) =0

t=—3

(t+ 3)% - P4(t)is analytic at t = —3

((t+3)°- Py(t)) =0

t=—3

t = —3is a regular singular point

Check to see if ¢ is a regular singular point
to=—-3

Multiply by denominators

—6y + (6t +6)y +12(t +3)y" —3t(2+1)y’ =0

Change variables using t = u — 3 so that the regular singular point is at u =0
(u? — 6u? + 9u) <%3y(u)> + (—3u? +12u —9) (dqu( )> + (6u —12) (Ly(u)) — 6y(u) =0

Assume series solution for y(u)
y(u) = 3 aputt
k=0

Rewrite ODE with series expansions

Convert u™ - (Ly(u)) to series expansion for m = 0..1
u™ . (%y(u)) — kz ak(k + T') uk-i—'r—l-i—m

=0
Shift index using k— >k+1—m

o0

u” (%y(u)) = Z a’k—l—l—m(k +1—m+ 7") uktr
k=—1+m

Convert u™ - <j—;y(u)) to series expansion for m = 0..2

() = 35 aulh+r) (k= Do
k=0
Shift index using k— >k +2—m

o0

u™ - (dd_quy(u)) = Y aromk+2—-m+r)(k+1—m+r)urtr
k=—2+m
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o Convert u™ - <j—;y(u)) to series expansion for m =1..3

u™ - (dd_;y(u)> =Y ap(k+7)(k+r—1)(k+r—2)uktr=3+m
k=0
o Shift index using k— >k +3 —m
v <dd_;y(u)) = > pzmk+3-—m+r)(k+2-m+7r)(k+1—m+r)ut”
k=—-34+m

Rewrite ODE with series expansions
9agr(—1+7) (=3 +7r)u"2*" + (9a1(1 +7)r(=2+7) — 6aor(=2+7) (=3 + 7)) u=*" + (Z 9

apcannot be 0 by assumption, giving the indicial equation

9r(—1+4+7r)(-3+r)=0

Values of r that satisfy the indicial equation

r € {0,1,3}

Each term in the series must be 0, giving the recursion relation

((ar, — 6aks1 + 9ari2) k2 + (2(ar — 6ars1 + 9axi2) T — Hag + 6ax11 + 27ak42) k + (ag — 6ag1 +

Recursion relation that defines series solution to ODE

a _ k2ay —6k:2ak+1 +2kra—12krag41 +r2ay, —6r2ak+1 —b5kag+6kag1—5rag+6rag1+6ar+12a,41
k+2 — 9(k2+2kr+r2+3k+3r+2)

Recursion relation for r = 0 ; series terminates at k = 2

a _ _kzak—6k2ak+1—Skak+6kak+1+6ak+12ak+1
k+2 — 9(k2+3k+2)

Solution forr =0

o0
_ k _ kzak—szak_H—5kak+6kak+1+6ak+12ak+1 _
[y(u) = kX_IOaku Q2 = — 9(k2+3k+2) ,0=0

Revert the change of variablesu =t + 3

o0
. k _ K%a;—6k%ay1—5kag+6kagi1+6ak+12ak11 _
{y = ];Oak(t +3)", apy2 = — 9(k2+3k+2) ,0=0

Recursion relation for r = 1 ; series terminates at k = 1

a _ _kzak—6k2ak+1—3kak—6kak+1+2ak+12ak+1
k+2 = 9(k2+5k+6)

Solution forr =1

o0

_ k41 _ kZak—szak_,_l—3kak—6kak+1+2ak+12ak+1 _

|:y(u) - Z a’ku + )a’k+2 - = 9(k2+5k+6) ,_18(1]_ - 12(10 — 0
k=0

Revert the change of variablesu =t + 3
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e o]

_ k+1 _ kzak—GkQak 1—3kar—6kax1+2ar+12ak41 _
y=> a(t+3)" ,agi2 = — + 9(k2+5k+6)+ 1 _18a; — 12a9 =0
k=0

Recursion relation for r = 3

a _ _k'zak—6k2ak+1+kak—30kak+1—24ak+1
k+2 = 9(k2+9k+20)

Solution forr = 3

oo
— k+3 __ KPap—6k?apy1+kar—30kags1—24ak,1 o
y(u) - k;()aku y A2 = 9(k2~|—9k+20) 5 108041 = 0

Revert the change of variablesu =t + 3

i 00
_ k+3 _ kQak—6k2ak+1+kak—30kak+1—24ak+1 _
Y= Z a’k(t + 3) y Qk42 = — 9(k2+9k+20) 5 ]-080/]_ =0
k=0

Combine solutions and rename parameters

v= (S anlt+3") 4 (S oute+ 3 )4 cnle+ 3 ause = ~Foromsiorss

k=0 k=0 k=0
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Maple trace

“Methods for third order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients

checking if the LODE is of Euler type

trying high order exact linear fully integrable

trying to convert to a linear ODE with constant coefficients
trying differential order: 3; missing the dependent variable
Equation is the LCLM of -1/(t+1)*y(t)+diff(y(t),t), -2/t*y(t)+diff(y(t),t), -3/t*xy(t)+diff(y
trying differential order: 1; missing the dependent variable
checking if the LODE is of Euler type

<- LODE of Euler type successful

Euler equation successful

trying differential order: 1; missing the dependent variable
checking if the LODE is of Euler type

<- LODE of Euler type successful

Euler equation successful

trying differential order: 1; missing the dependent variable
checking if the LODE is of Euler type

<- LODE of Euler type successful

Euler equation successful

<- solving the LCLM ode successful °

N J

v Solution by Maple
Time used: 0.015 (sec). Leaf size: 19

e hY

dsolve([t‘2*(t+3)*diff(y(t),t$3)—3*t*(t+2)*diff(y(t),t$2)+6*(1+t)*diff(y(t),t?—s*y(t)=o,[t‘2

N J

y(t) = Cgt3 + Clt2 +cst +c3

v Solution by Mathematica
Time used: 0.016 (sec). Leaf size: 58

s

LDSolve[t‘z*(t+3)*y"'[t]—3*t*(t+2)*y"[t]+6*(1+t)*y'[t]-6*y[t]==0,y[t],t,Inc;ﬁdeSingularSolu

y(t) — %(201(753 —3t°+3t+3) —(t—1) (dea(t? — 2t — 1) + c3(—3* + 2t + 1)))
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2 Chapter 4.2, Higher order linear differential

equations. Constant coefficients. page 180

2.1 problem 8 . . ...
2.2 problem 9 . . ...
2.3 problem 10 . . . . ...
2.4 problem 11 . . . . . . . .. e
2.5 problem 12 . . . . .
2.6 problem 13 . . . . ..
2.7 problem 14 . . . . ..
2.8 problem 15 . . . . .. e
2.9 problem 16 . . . . . ... e
2.10 problem 17 . . . . . .. e
2.11 problem 18 . . . . . . L
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2.1 problem 8
2.1.1 Maple step by step solution . . . . ... ... ... ... ... 62]

Internal problem ID [822]
Internal file name [OUTPUT/822_Sunday_June_05_2022_01_50_35_AM_13639714/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.2, Higher order linear differential equations. Constant coefficients. page
180

Problem number: 8.

ODE order: 3.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__linear__constant__co-
efficients_ ODE"

Maple gives the following as the ode type

[[_3rd_order, _missing_x]]

y///_y//_y/+y=0

The characteristic equation is
M—XN-A+1=0

The roots of the above equation are

M= -1
Ay =1
s =1

Therefore the homogeneous solution is
yn(x) = 167" + 26" + xe%c3

The fundamental set of solutions for the homogeneous solution are the following

—T

Yy1=¢€
Yo =¢€”
Y3 =me’
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Summary
The solution(s) found are the following

y=ce *+ce® +xecs

Verification of solutions

y=-ce "+ ce® +xe’cs
Verified OK.

2.1.1 Maple step by step solution

Let’s solve

y///_y//_y/+y=0

° Highest derivative means the order of the ODE is 3
ylll
O Convert linear ODE into a system of first order ODEs

o Define new variable y; ()
(@) =y
o Define new variable ys(x)
ya(z) = o/
o Define new variable y3(x)
ys(z) = y"
o Isolate for y5(z) using original ODE
ys(z) = ys(z) + v2(2) — 11(2)
Convert linear ODE into a system of first order ODEs
[y2(z) = y1(2) , y3(2) = ¥3(2) , y53(2) = y3(2) + v2(z) — Y1 (2)]

° Define vector

y1(z)

ﬂ(x) = | ya(z)

ys(z)

) System to solve
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0 1 0
y@)=|0 0 1] ¥y
-1 1 1

Define the coefficient matrix

0 10
A=1 0 01
-1 11

Rewrite the system as

—/

_}
y (z)=A-y(z)
To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A

1 1 0
_1, —1 ) 1) 1 9 17 O
1 1 0

Solution to homogeneous system from eigenpair

1
% p—
y1=¢€e - | -1

1

Consider eigenpair, with eigenvalue of algebraic multiplicity 2

First solution from eigenvalue 1
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Form of the 2nd homogeneous solution where 5 is to be solved for, A = 1 is the eigenvalue, an
Ya(z) = (2t + 5

Note that the z multiplying v makes this solution linearly independent to the 1st solution obt
Substitute y5(x) into the homogeneous system

el (m? + E) + &My = (e’\xA) . (w? + 5)

Use the fact that v is an eigenvector of A

e (x?} + Z) + &My = et ()\x?} +A- B)

Simplify equation

Np+v=A-p

Make use of the identity matrix I

A-I)-p+v=A-p

Condition p must meet for y5(z) to be a solution to the homogeneous system
(A=X-I)-p=0v

Choose B to use in the second solution to the homogeneous system from eigenvalue 1

0 10 100 1
0o 01|-1-]lo10]|]|p=]1
111 00 1 1

Choice of 17
-1
N
p=1]0
0

Second solution from eigenvalue 1
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ys(z)=e"-[z-| 1 [+ | 0
1 0
° General solution to the system of ODEs

— — — —
Yy =c1y; + c2yy(z) + c3y3(x)

° Substitute solutions into the general solution
1 1 1 -1
5 =ce | =1 | +ce® | 1|+ |x-| 1|+ 0
1 1 1 0
° First component of the vector is the solution to the ODE

y=ce®+ ((x —1)cz+co)€”

Maple trace

e N

"Methods for third order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients

<- constant coefficients successful"

N\ J

v/ Solution by Maple
Time used: 0.015 (sec). Leaf size: 19

Ldsolve(diff (y(x),x$3)-diff (y(x),x$2)-diff (y(x),x)+y(x)=0,y(x), singsol=all) J

y(x) = e %c; + (c3x + ¢3) €°

v/ Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 25

LDSolve[y'"[x]—y"[x]—y'[x]+y[x]==0,y[x],x,IncludeSingularSolutions -> True] J

y(x) = e+ e"(csz + ¢2)
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2.2 problem 9
2.2.1 Maple step by step solution . . . . ... ... ..., 671

Internal problem ID [823]
Internal file name [OUTPUT/823_Sunday_June_05_2022_01_50_35_AM_63213515/index. tex|

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.2, Higher order linear differential equations. Constant coefficients. page
180

Problem number: 9.

ODE order: 3.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__linear__constant__co-
efficients_ ODE"

Maple gives the following as the ode type

[[_3rd_order, _missing_x]]

y///_3y//+3yl+y= 0

The characteristic equation is
M =3 +3\+1=0

The roots of the above equation are

A =—25+1
25 /323
)\2—7— 9 +1
21 . 32l
)\3:734‘%\/; ’ +1

Therefore the homogeneous solution is

1 1 1 1
22;3)_'_1.\/5223_'_1)1: (223_1.\/3223_’_1)1:
c1+e

Yn(z) = e<
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The fundamental set of solutions for the homogeneous solution are the following

Summary
The solution(s) found are the following

2% '\/52% 2% i
<2+Zz+1>-’” <2— 3
y=e cte

Verification of solutions

1 1 1

3 i 3 3
<22+Z\/§22 +1>$ <22_ 2 +1>x (_2%4-1)95
y=e c1+e Co+ € C3

Verified OK.

2.2.1 Maple step by step solution

Let’s solve
y/// _ 3y// + 3y/ +y=0

° Highest derivative means the order of the ODE is 3
ylll

O Convert linear ODE into a system of first order ODEs

o Define new variable y; ()
yi(z) =y
o Define new variable ys(x)
ya(z) =o'
o Define new variable y3(x)
ys(z) = y"
o Isolate for y5(z) using original ODE
ys(x) = 3ys(z) — 3y2(z) — y1(z)
Convert linear ODE into a system of first order ODEs
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[v2(2) = v1(2) , ys(z) = 95(2) , y5(2) = 3ys(z) — 3y2(z) — v1(2)]
Define vector
()
¥(@) = | p()
ys(x)
System to solve
0 1 0
y@=0 0 1| y@
-1 -3 3

Define the coefficient matrix

0 1 0
A=10 0 1
-1 -3 3

Rewrite the system as

—/

y(z)=A-y(z)
To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A

- - . 1
1 1 1 2
71 N2 23 _1v/323
(~23+1) <2_2+1>
1 1 1
925 4+1 1 25 1v323 4 )
B =T R I N I Sy S
27_1\/522 +1
1
L L 4 1
Consider eigenpair
_ . X - -
1 2
(-23’+1)
1
—23 41, 1
2341
1

Solution to homogeneous system from eigenpair
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[\V]
o3
—
R
[\V]
=
/N
)
M‘w\»—:
|
—
1\3a =
)
Wl
_|._
—
~—
)

1 1
23 _1v323
S0t

1
° Solution from eigenpair

Use Euler identity to write solution in terms of sin and cos

) -
2213‘ 1\/52:1{ ?
<2% 1> <2— 2 +1>
= +1 |z 1 1
2 .
e . <COS (2‘3\2/533) _ ISlIl <23\/§m>) .

1

1 il
23 1/323
Zoo

1
Simplify expression

2% I\/EQQ%
) <2_ ) + )
<22 1>
e ¢

2% 1\/52%
I R
1 1
cos (23\2/?:"“') — Isin (_23\2/%)

Both real and imaginary parts are solutions to the homogeneous system
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1 1 1 1
2 2 1 1 r
—sin(”f”ﬂ)%ﬁws cos<23‘2/§z>—2sin<23‘2/§””>23\/§—223 cos(”\fﬂ) _QCOS(,

2 1 2
) 2(23+23+1)
— (2234‘1)-'” 1 1 1 1 1
yQ(CE) =e€ . sin<23f1>23\/§+23 cos<23\2/§z>+2cos<23‘2/§x>
2(2%4—2%4—1)

1
cos (—23‘2/§’”>

° General solution to the system of ODEs
— — — —
Y =c1y; +cays(z) + c3y;3(x)
° Substitute solutions into the general solution
i 1 2 2 1 1
—sin<2§‘2/§’°>23\/§+23 cos<2§‘2/§’”>—2sin<2§‘2/§w>
1 _
mﬁ A 2(2%+2%+1)
7 = el o0 (+): FREP
y =cie : | + cpe : sm<ﬁgfm)2w§+zg (m
2341
2 1
] 2(23+23+1)
L . 1
cos (—23‘2/59”)
° First component of the vector is the solution to the ODE
1
3(v3cs+c 2% 2+23 |z 1 :
y= —2((—\/303 + ¢2) 23 + % = 5%) e~ 2 cos (23‘2/§”> +2<(\/§c2 + ¢3) 23 4

Maple trace

"Methods for third order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients

<- constant coefficients successful"
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v/ Solution by Maple
Time used: 0.015 (sec). Leaf size: 58

Ldsolve(diff(y(x),x$3)—3*diff(y(x),x$2)+3*diff(y(x),x)+y(x)=0,y(x), singsol=a;})

1

1 2342 |z % 2342 %
y(z) = cle_(n_l)g"'-l—cze(‘z> sin (2 \2/§x> +c?,e< 2 ) coS (2 \/§x>

2

v Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 87

LDSolve [y''' [x]-3*y'' [x]+3*y' [x]+y[x]==0,y[x],x,IncludeSingularSolutions -> Trﬁ.\e]

y(x) = ¢y exp (:vRoot [#13 — 34#1% + 3#1 + 1&, 1})
+ co exp (zRoot [#13 — 34#1% + 3#1 + 1&, 2])
+ c3exp (zRoot [#13 — 34#1% + 3#1 + 1&, 3])
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2.3 problem 10
2.3.1 Maple step by step solution . . . . ... ... ... L. [73l

Internal problem ID [824]
Internal file name [OUTPUT/824_Sunday_June_05_2022_01_50_36_AM_67205334/index. tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.2, Higher order linear differential equations. Constant coefficients. page
180

Problem number: 10.

ODE order: 4.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__linear__constant__co-
efficients_ ODE"

Maple gives the following as the ode type

[[_high_order, _missing_x]]

yllll _ 4y/// + 4yll — 0

The characteristic equation is
M — 4N 4 =0

The roots of the above equation are

A1=0
A2=0
A3 =2
A =2

Therefore the homogeneous solution is

Yn(x) = cox + 1 + c3e®® + ze*7cy
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The fundamental set of solutions for the homogeneous solution are the following

y=1
Yo=1T
ys = e
?/4=$€2m

Summary
The solution(s) found are the following

Y = cx + ¢ + c3e** + xe*cy (1)

Verification of solutions

Yy=cor+ci+ c3e%® + x e¥ey
Verified OK.

2.3.1 Maple step by step solution

Let’s solve
yllll _ 4ylll + 4yll — 0
° Highest derivative means the order of the ODE is 4

/"

Yy
OJ Convert linear ODE into a system of first order ODEs

o Define new variable y; (x)
n(z) =y
o Define new variable ys(x)
ya(z) =/
o Define new variable y3(x)
ys(z) =y"
o Define new variable y4(x)
ya(z) = 9"
o Isolate for y(z) using original ODE
ya(z) = 4ya(z) — 4ys()
Convert linear ODE into a system of first order ODEs
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[v2(2) = y1(2) , 43(2) = 3(2) , ya(2) = y3(2) , ya(2) = dya(z) — 4ys(2)]

Define vector

System to solve

0

S

~
53

N—r

0
1
0

0
0
N
4_

1
00
00
0 0 —4

Define the coefficient matrix

01 0 0
00 1 0
A=
00 0 1
00 —4 4

Rewrite the system as

—/

_)
y(z)=A-y(z)
To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A

[\)
= NI= = o
»

o O O O
o O O O

o
0
0
L _O__ L L 44 L L 4

Consider eigenpair
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1
0
0
L _O__

Solution to homogeneous system from eigenpair

<l
Il

1
0
0
0

Consider eigenpair

0

0
0,

0

0

Solution to homogeneous system from eigenpair

ke
|

0
0
0
0

Consider eigenpair, with eigenvalue of algebraic multiplicity 2

DN
Ll 1 N e e

First solution from eigenvalue 2
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o 2 |

ys(z) =e

[ ] i N e I

Form of the 2nd homogeneous solution where B is to be solved for, A = 2 is the eigenvalue, an
yu(z) = e (x? + ﬁ)

Note that the z multiplying v makes this solution linearly independent to the 1st solution obt
Substitute 374(31:) into the homogeneous system

el (w?} + 5) +eMy = (e} A) - (x? + 3)

Use the fact that v is an eigenvector of A

el (x?f + ]_5) +eMy = et ()\335) +A- 1_3)

Simplify equation

Ap+o=A-p

Make use of the identity matrix I

A-I)-p+v=A-p

Condition B must meet for 54 (x) to be a solution to the homogeneous system
(A=X-I)-p=7v

Choose f)) to use in the second solution to the homogeneous system from eigenvalue 2

01 0 0 100 0] 1
00 1 0| ,|0100 -F=i
00 0 1 0010 1
00 —4 4] (000 1| 1

Choice of H

&l

S
I
o o o
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° Second solution from eigenvalue 2

1 1
8 16
1
%
Ju@)=e |z | !
3 0
1 | 0 ]
° General solution to the system of ODEs
— — — — —
Y =c1ys+ Yy + csys(z) + cayy(z)
° Substitute solutions into the general solution
[ 1] [ 1] i T T
8 5 ~16 a1
1 1
1 r 0 0
Y = cze® - L e e T+ +
3 2 0 0
1 1 | 0] | 0 |
° First component of the vector is the solution to the ODE

y = ((2x—1)ca+2c3)e® + ¢

16

Maple trace

trying a quadrature

“Methods for high order ODEs:
--- Trying classification methods ---

<- constant coefficients successful"

checking if the LODE has constant coefficients

v Solution by Maple

Time used: 0.0 (sec). Leaf size: 19

e

A\

Ldsolve(diff (y(x),x$4) -4*diff (y(x),x$3) +4*diff (y(x),x$2)=0,y(x), singsol=all) J

y(x) = (ca + c3) e?® + cox + €1

7



v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 22

e B
kDSolve [y''''[x]-4*y'"'"' [x]+4*y' "' [x]==0,y[x],x,IncludeSingularSolutions -> Truel

y(x) = z(z(caz + ¢3) + ¢2) + 1
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2.4 problem 11
2.4.1 Maple step by step solution . . . . ... ... ... oL, 801

Internal problem ID [825]
Internal file name [OUTPUT/825_Sunday_June_05_2022_01_50_37_AM_32825979/index . tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.2, Higher order linear differential equations. Constant coefficients. page
180

Problem number: 11.

ODE order: 6.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__linear__constant__co-
efficients_ ODE"

Maple gives the following as the ode type

[[_high_order, _missing_x]]

y© +y=0
The characteristic equation is
AN+1=0
The roots of the above equation are
Al =1
Ao = —1
—2i/3 +2
A3 =
2
—2iv/3+2
M =—
2
2+ 2iV/3
A5 =
2
2+ 2iV/3
Ag = — 5
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Therefore the homogeneous solution is

_ V2423 iz —2iv3+2z iz _V—2iV/342¢x V2+2iv3Ba
yn(z) =e 2 ctce4+e 2 cg3+efcyte 2 cs+e 2 cg

The fundamental set of solutions for the homogeneous solution are the following

_ V2+42iV3z
y]. = e 2
Yy = e @
V—2iV3+2z
Ys =¢ 2
Ys = ezx
_V—2iV3+2z
y5 = e 2
V2+2iV3z
y6 = e 2

Summary
The solution(s) found are the following

V2+2ivV3z —2iv/3+42 —2iV342x V2+2iV3z

y=e 2 e tceT4e 2 cytefct+e 2 cste 2 ¢
Verification of solutions
_ V2+42iV/3z iz V—2iV3+2z iz _ V—2iV3+2z V2+2iV3z
y=-e 2 cptce T +e 2 cgt+e“cyte 2 cs+e 2 ¢
Verified OK.
2.4.1 Maple step by step solution
Let’s solve
° Highest derivative means the order of the ODE is 6
y©
O Convert linear ODE into a system of first order ODEs

o Define new variable y; ()
yi(z) =y

o Define new variable ys(x)
ya(z) = ¢/

o Define new variable y3(x)
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ys(z) =y"
Define new variable y,(x)
y4(x) — y///

Define new variable ys(x)

"

ys(z) =y
Define new variable yg(x)

yo(z) = y©®

Isolate for yg(x) using original ODE

Ys(x) = —y1(2)

Convert linear ODE into a system of first order ODEs

[v2(z) = v1(z) , ys(z) = 15(2) , ya(2) = v3(2) , ys(z) = vi(x) , ys(x) = y5(2) , v6(2) = ()]

Define vector

y1(z)
y2(z)
i@ = | "
Ya(z)
y5(z)
| (@) |
System to solve
[0 1000 0]
0 01 00O
io=| 0w
0 00 O0OT1O
0 00O0OO0OT1
| -1 00000

Define the coefficient matrix
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o O o o o

-1

o O O o o

o O o = O

0

o O o = o o

o O = O O O

o =, O O O O

Rewrite the system as

—/

_}
y (z)=A-y(z)
To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A

1
L (-5-%)
I -1 L
1 1 (-3-%)
1
_Ia - ) Ia ! ) _% - \/?37 <_%_T3)3 )
-1 —1 )
I -1 (-5-2)
1 1 _lij
L L 4 L L 4 27 2

Solution from eigenpair

82
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C ]
1
1o, -1
-1
I
L 1 .
Use Euler identity to write solution in terms of sin and cos
B
1
(cos (z) — Isin (z)) - _i
I
L 1 n

Simplify expression
I(cos (z) — Isin (z))
cos (z) — Isin (z)
—I(cos (z) — Isin (z))
—cos (z) + Isin (x)
I(cos (z) — Isin (x))

cos (z) — Isin (z)

Both real and imaginary parts are solutions to the homogeneous system

sin () cos ()
cos () —sin ()
N _ | —sin(z) | > oo | T (x)
y1(z)  cos (2) » Ya(x) sin (@)
sin () cos ()
I | cos(z) | | —sin(z) ||

Consider complex eigenpair, complex conjugate eigenvalue can be ignored
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N
V)
S
-
|
N~
|
ol
~—
W)

3

e=2" - (cos (%) —Isin (2)) -

Simplify expression
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(-5-%)

cos(%)—Isin(2

2

x

V3 3
e gm (‘%‘@)
cos(%)—lsin(%
E=T

2772
cos(g)—lsin(%

_1_4+3

2772

cos(%)—lsin(%

)

)

Both real and imaginary parts are solutions to the homogeneous system

d
d

cos(%)—lsin(%)
(-3-4)

cos(Z)—Isin(%)
Ca)

sin (%)

cos(3) _ VBsin(%)
2

2

N[
[\
S
Yy /? Y /
N
+
oS
~— ~— ~— ~—
*

Solution from eigenpair

_ cos(%)x/ﬁ + sin(%)

2 2

cos (%)

85

Consider complex eigenpair, complex conjugate eigenvalue can be ignored




Use Euler identity to write solution in terms of sin and cos

/I\
(Sl

+ |~
o
~—
o

—

/l\

no|

+ [~
O
~—

S
8
o
(NI
+ |~
ol
~— ~—

—
ol
+
o

N
N
S

Simplify expression

i cos(%)—Isin(2) ]
(i)

cos( )—Isin(él%)
C1ed)

S
8
~
+»—<
S
~—
w

Both real and imaginary parts are solutions to the homogeneous system
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cos(3)Tsin(3) S 2
(-5+%) (-5+%)
Ys(@) = Yola) =
Ys sin (%) 176 cos (%)
cos(%) 3 sin(%) cos(%)\/g . sin(%)
2 2 2 2
cos(3)v3 |, sin(3) cos(2) _ VAsin(3)
2 2 2 2
cos () —sin ()
General solution to the system of ODEs
Y= 0151(x) + 02?72(35) + c3g_]3(x) + C43—/>4($) + CB?75(£) + 06176(9”)
Substitute solutions into the general solution
R cos(%)—lsin(%) S cos(%)—Ism(%) R cos(%
( (-+-%) (-4-%) (-
w( =i o =aets) (=
N Ve ze _\Bs 22 Ve 2
Yy = cse 2 . z —+ c4€ 2 z + cse 2 .
sin (%) cos (%) sin
cos(E) . \/gsin(%) _cos(%)\/g . sin(%) cos(%) +
2 2 2 2 2
cos(ﬁ)\/g sin(ﬁ) COS(E) \/gsin(g) cos(’“)\ﬁ
5 + =7 2 T 7 5
cos (%) —sin (%) Cos
First component of the vector is the solution to the ODE
y = —32036_@% sin(%)-{-lcoss(%) + 32646_\/3:0% sin(%)+lcoi(%) . 32056\/393% sin(%)-{-lcoss(%)
(v3+1) (v3+1) (-v3)
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Maple trace

“Methods for high order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
<- constant coefficients successful”

v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 56

Ldsolve(diff(y(x),x$6)+y(x)=0,y(x), singsol=all)

N

. z x _ 3=z
y(x) = <— sin <§> ¢4 + cg COS <§>> e
oz T V3s .
+ (sm <§> c3 + cos <§> c5> e 2 +cysin(z) + ¢ cos(x)

v Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 92

LDSolve[y"'"'[x]+y[x]==0,y[x],x,IncludeSingularSolutions -> Truel

y(z) — e (cle‘/g”” + 03> cos (;) + ¢ cos(x)

_VBz z V3z x .
+cse” 2 sin <§> +cge 2 sin (§> + ¢ sin(x)
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2.5 problem 12

Internal problem ID [826]
Internal file name [OUTPUT/826_Sunday_June_05_2022_01_50_38_AM_47084674/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.2, Higher order linear differential equations. Constant coefficients. page
180

Problem number: 12.

ODE order: 6.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__linear__constant__co-
efficients_ ODE"

Maple gives the following as the ode type

[[_high_order, _missing_x]]

y(ﬁ) _ 3y//// + 33/” —y=0

The characteristic equation is
M3\ +3X2-1=0

The roots of the above equation are

Ar=1
Ao =—1
Az =
A =-1
A5 =
Ao =—1

Therefore the homogeneous solution is

yn(x) = cre™ + ze "¢y + 2% “c3 + e¥cy + ze"cs + ey
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The fundamental set of solutions for the homogeneous solution are the following

—T

hn =e
Yp=1x€ "
ys = w2e—z
Yy =€"

ys = ze”
Yo = z°€”

Summary
The solution(s) found are the following

y=cie ®+ze %+ 2’ c3 + €%cs + T %5 + 2y (1)

Verification of solutions

y=cie®+ze %+ 2% %c3 + €%cy + T %5 + 2y

Verified OK.
Maple trace

“Methods for high order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
<- constant coefficients successful”

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 33

kdsolve(diff(y(x),x$6)—3*diff(y(x),x$4)+3*diff(y(x),x$2)—y(x)=0,y(x), singsolf%ll)

y(z) = (cex® + sz + cs) €7 + €% (32 + 27 + 1)

v/ Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 50

e

LDSolve[y"""[x]-3*y""[x]+3*y"[x]—y[x]==0,y[x],x,IncludeSingularSolutionsJ-> True]

y(z) = e " (2% (cee™ + c3) + z(c5€™ + ¢2) + ca€™ + 1)
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2.6 problem 13
2.6.1 Maple step by step solution . . . . ... ... ..., 92

Internal problem ID [827]
Internal file name [OUTPUT/827_Sunday_June_05_2022_01_50_39_AM_36738676/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.2, Higher order linear differential equations. Constant coefficients. page
180

Problem number: 13.

ODE order: 6.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__linear__constant__co-
efficients_ ODE"

Maple gives the following as the ode type

[[_high_order, _missing_x]]

y(6) _ y// =0

The characteristic equation is
A —X=0

The roots of the above equation are

A =0
A2=0
A3=1
M =-1
A5 =1
e = —1

Therefore the homogeneous solution is

yn(z) = c1e™ + ¢ + c3T + €"cy + € ey + €c
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The fundamental set of solutions for the homogeneous solution are the following

T

y1=¢€
Yo =1
Ys==2x
Yy = €”
ys =€
Yo = €'

Summary
The solution(s) found are the following

y=ce *+co+c3x+e’cy+e o5+ ey

Verification of solutions

y=ci1e " 4 cy + 3z + €%cy + e s + ecq
Verified OK.

2.6.1 Maple step by step solution

Let’s solve
y® —y" =0
° Highest derivative means the order of the ODE is 6
y(©
OJ Convert linear ODE into a system of first order ODEs
o Define new variable y; ()
n(r) =y
o Define new variable y»(x)
ya(z) = ¢/
o Define new variable y3(x)
ys(z) = 9"
o Define new variable y4(x)
ya(z) = 9"

o Define new variable ys(x)
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"

ys(z) =y
Define new variable yg(x)

Ue (1:) = y(5)

Isolate for yg(z) using original ODE

Yo(T) = y3(x)

Convert linear ODE into a system of first order ODEs

/

[y2(2) = 31(2) , y3(2) = v5(2) , ya(2) = y3(2) , ys(2) = ¥a(@) , v6(z) = y5(2) , Ys() = ys(2)]

Define vector

System to solve

0

R O o © ~r o
o o ~ o o
o o ~» ©o o o
o~ © o o o

<l

~

8

N—

o O o o o =

0
0
0
0
0

Define the coefficient matrix

o O O
o O O
[ e

o O O
o O =
o = O

Rewrite the system as
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—/

y (@) =A-y()

To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A

Consider eigenpair

o O O o o =

94
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o O O O O =

Solution to homogeneous system from eigenpair

Nk
Il

o O o o o =

Consider eigenpair

=
o O O o o o

Solution to homogeneous system from eigenpair

<
w
Il
© o o o o ©

Consider eigenpair
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G S S U S G Y

Solution to homogeneous system from eigenpair

8
—_ —_ —_ —_ — —

Consider complex eigenpair, complex conjugate eigenvalue can be ignored

—Ix |

Use Euler identity to write solution in terms of sin and cos
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(cos (z) — Isin (x)) -

Simplify expression
I(cos (z) — Isin (x))
cos (z) — Isin ()
—I(cos (z) — Isin (z))
—cos (z) + Isin (z)
I(cos (z) — Isin (z))

cos (z) — Isin (z)

Both real and imaginary parts are solutions to the homogeneous system

sin (z) cos (z)

cos () —sin (z)
Sy | —sin (z) | = oo | T8 (z)
vsle) —cos (z) ¥el) sin (z)

sin (z) cos ()
I cos (z) | | —sin(z) | |

General solution to the system of ODEs
— — — — — — —
Y =c1ys Yy +csys+cays+csys(@) +ceye(e)

Substitute solutions into the general solution

[ 1] [ 1] _02+c5sin(x)+cﬁcos(m)-
1 1 ¢s5 cos (x) — cg sin (z)
N -1 1 —c5 sin (x) — cg cos (z)
y=ce’- + e%cy - +
1 1 —c5 cos () + cg sin (z)
-1 1 cs sin () + ¢ cos (z)
|1 | 1| | cscos(z)—cesin(z) |
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° First component of the vector is the solution to the ODE

y=—cie”® +€%cy + cgcos (z) + ¢ sin (z) + ¢

Maple trace

“Methods for high order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
<- constant coefficients successful”

v Solution by Maple
Time used: 0.0 (sec). Leaf size: 27

Ldsolve(diff(y(x),x$6)—diff(y(x),x$2)=0,y(x), singsol=all)

y(z) = c1 + cox + c3e” + c4e™7 + ¢y sin (x) + ¢ cos ()

v Solution by Mathematica
Time used: 0.112 (sec). Leaf size: 38

LDSolve[y'""'[x]—y"[x]==0,y[x],x,IncludeSingularSolutions -> True]

y(x) = c1€” + c3e® + cgx — c cos(x) — ¢y sin(x) + ¢
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2.7 problem 14
2.7.1 Maple step by step solution . . . . ... ... ... .. 100

Internal problem ID [828]
Internal file name [OUTPUT/828_Sunday_June_05_2022_01_50_40_AM_14549149/index. tex|

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.2, Higher order linear differential equations. Constant coefficients. page
180

Problem number: 14.

ODE order: 5.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__linear__constant__co-
efficients_ ODE"

Maple gives the following as the ode type

[[_high_order, _missing_x]]

y(5) _ 3y//// + 3y/// _ 3y// + 2y/ =0

The characteristic equation is
A =3 +3X —3X+20=0

The roots of the above equation are

A=0
A =1
A3 =2
MM=1
A5 = —1

Therefore the homogeneous solution is

yn(x) = c1 + c2e” + c3e™® + e ey + e
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The fundamental set of solutions for the homogeneous solution are the following

y=1
Yo = €”
Ys = e*
yo=e"
ys = €

Summary
The solution(s) found are the following

Y = c1 + coe” + c3e®® 4+ e ey + ¢y (1)

Verification of solutions

Y = c1 + 26" + 3% + e Py + ¢y
Verified OK.

2.7.1 Maple step by step solution

Let’s solve

y(5) _ 3y//// + 3y/// _ 3y// + 2y/ =0

° Highest derivative means the order of the ODE is 5
y(5)
O Convert linear ODE into a system of first order ODEs

o Define new variable y; ()
n(z) =y

o Define new variable ys(x)
Ya(z) =y

o Define new variable y3(x)
ys(z) =y"

o Define new variable y4(x)
ya(z) = y"

o Define new variable ys(x)

"

ys(z) =y
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o Isolate for y;(z) using original ODE
Ys(x) = 3ys(z) — 3ya(z) + 3ys(z) — 2y2(x)
Convert linear ODE into a system of first order ODEs

[y2(z) = y1(2) , y3(x) = yo(x) , ya(x) = y3(7) , ys5(x) = ya(x) , y5(x) = 3ys(x) — Bya(z) + 3ys(z) -
Define vector

System to solve

(001 0 0 0]
00 1 0 0
Y@=0 00 1 0] -y@
00 0 0 1
0 -2 3 -3 3|

Define the coefficient matrix

01 0 0
0 0 1 0
A=10 0 0 1 0
00 0 0 1
(0 -2 3 -3 3|

Rewrite the system as
—/ —
y(z)=A-y(z)

To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A
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[an)

oS O O O =
—

— — — — p—
N

— NI = 0ol ;ll—l
\.l—‘

Consider eigenpair

1
0
0,0
0
0

Solution to homogeneous system from eigenpair

<
-
I
o o o o ~

Consider eigenpair

—_
g T G S ) S U w—

Solution to homogeneous system from eigenpair
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N
[\
@
G}
e e e

Consider eigenpair

[\
—
L N - T = [

Solution to homogeneous system from eigenpair

1
N
8
— N = ol ;li—\

Consider complex eigenpair, complex conjugate eigenvalue can be ignored

Solution from eigenpair
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(cos (z) —Isin(z)) - | —1

Simplify expression
[ cos () — Isin () ]
—I(cos (z) — Isin (z))
—cos (z) + Isin (z)
I(cos (z) — Isin (x))

cos (z) — Isin (z)

Both real and imaginary parts are solutions to the homogeneous system

[ [ cos (x) ] [ —sin (x) 1]
—sin (z) — cos (z)
54(53) = | —cos(z) |, 375 (z) = sin (z)
sin () cos ()
i cos (r) | | —sin(z) |

General solution to the system of ODEs
— — — — — —
Y =c1y1 +cys+csys +aayy(z) + csy5(2)

Substitute solutions into the general solution

104



[ 1] i _cl+04cos(a:)—c5sin(a:)_
1 5 —cysin (z) — c5 cos (z)
y=ce® | 1| +cze®- I |t | —cacos(z)+ cssin(z)
1 1 cqsin (z) + c5 cos (z)
1 1 ¢4 cos (x) — 5 sin (z)
° First component of the vector is the solution to the ODE
cze?®

Y = cpe” + “— — c5sin (x) 4+ c4co8 () 4+ ¢

Maple trace

“Methods for high order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
<- constant coefficients successful”

v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 24

Ldsolve(diff(y(x),x$5)—3*diff(y(x),x$4)+3*diff(y(x),x$3)-3*diff(y(x),x$2)+2*di‘f(y(x),x)=0,y(

y(x) = 1 + €%y + c3* + ¢y sin (2) + ¢ cos ()

v/ Solution by Mathematica
Time used: 0.034 (sec). Leaf size: 36

LDSolve[y'""[x]-3*y""[x]+3*y"'[x]-3*y"[x]+2*y'[x]==0,y[x],x,IncludeSingg}arSolutions =>

2x

1
y(z) = c3e” + Qe — e cos(z) + ¢ sin(z) + 5
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2.8 problem 15

Internal problem ID [829]
Internal file name [OUTPUT/829_Sunday_June_05_2022_01_50_41_AM_94805634/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.2, Higher order linear differential equations. Constant coefficients. page
180

Problem number: 15.

ODE order: 8.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__linear__constant__co-
efficients_ ODE"

Maple gives the following as the ode type

[[_high_order, _missing_x]]

y(S) + 8y”” + 16y =0

The characteristic equation is
A +8M+16=0

The roots of the above equation are

AM=1—1
A=1+41
A3=-1—1
AM=—-1+4+1
As=1—1
=141
Ar=—-1—1
Ag=—1+1

Therefore the homogeneous solution is

yn(z) = eI %0 4 17y pe(F1HDepy g o(FIHDe e, 4 o020 4 g o102 4 e(IHDZ e g e(IHDz ey
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The fundamental set of solutions for the homogeneous solution are the following

Y = e(—l—'i):c

Yo = -7
ys = el~1Hi)
ys = eI
ys = 1=
ys = 719
yp = e1Fi)z
ys = z et

Summary

The solution(s) found are the following

T R I G S LI S L )

+ e(l—i)av:c5 +z e(l—i)avc6 + e(1+i)$c7 +z e(1+i)az:c8

Verification of solutions

y= e(—l—i)zcl + ze(—l—i)zc2 + e(—1+i)zc3 + :L,e(—l-i-i)zc4
+ e(l—i)acc5 +z e(l—i)avc6 + e(l—i—i)xc7 +z e(1+i)xc8

Verified OK.
Maple trace

/

"Methods for high order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
<- constant coefficients successful”

N

v Solution by Maple
Time used: 0.0 (sec). Leaf size: 47

Ldsolve(diff(y(x),x$8)+8*diff(y(x),x$4)+16*y(x)=0,y(x), singsol=all)

y(z) = ((caz+c3) cos (x)+sin (z) (csz+c1)) e+ ((csz+cg) cos (z)+sin (z) (crz+cs)) €”
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v/ Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 238

e

kDSolve [D[y[x],{x,8}]1+8*y"'"'"'' [x]+3*y'"'' [x]+16*y[x]==0,y[x],x, IncludeSingularSojlutions -> True

y(z) — ¢1 exp (zRoot [#18 + 841* + 3413 + 16, 1])

+ ¢y exp (z‘Root [#18 + 8#1% + 3#13 + 16&, 2}
#1° + 841 + 3#1° + 16&, 5]
#1° + 841 + 3#1° + 16&, 6]
#1° + 841 + 3#1° + 16&, 3]
#1° + 841% + 3#1° + 16&, 4]
#1° + 8411 4 3#1° + 16&, 7]
#1° + 8411 4 3#1° + 16&, 8]

+ c5 exp (zRoot
+ cg exp (zRoot

+ c4exp (zRoot
+ c7exp (zRoot

)
)
)
)
)
)
)

(
(
+ c3 exp (zRoot
(
(
(

[ W e B s B s B e W ey |

+ cgexp (zRoot
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2.9 problem 16

Internal problem ID [830]
Internal file name [OUTPUT/830_Sunday_June_05_2022_01_50_42_AM_71165634/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.2, Higher order linear differential equations. Constant coefficients. page
180

Problem number: 16.

ODE order: 4.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__linear__constant__co-
efficients_ ODE"

Maple gives the following as the ode type

[[_high_order, _missing_x]]

yll/l + 2y// + y — 0

The characteristic equation is
M4+2X2+1=0

The roots of the above equation are

Al =1
Ao = —14
A3 =1
A= —1

Therefore the homogeneous solution is
yn(z) = e ey +xe ey + €z + ey

The fundamental set of solutions for the homogeneous solution are the following

—iT

h=e

Yo =z "
ys = €

ys =z
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Summary
The solution(s) found are the following

y=e “ci+re o +eTcs+ ey

Verification of solutions

y=e""ci+rxe ey +eCc3+xeley

Verified OK.
Maple trace

1)

"Methods for high order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
<- constant coefficients successful”

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 21

Ldsolve(diff(y(x),x$4)+2*diff(y(x),x$2)+y(x)=0,y(x), singsol=all)

y(x) = (ca + ¢2) cos (x) + sin (z) (c3x + ¢1)

v/ Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 26

LDSolve[y'"'[x]+2*y"[x]+y[x]== ,y[x],x,IncludeSingularSolutions -> True]

y(x) = (caz + c1) cos(z) + (caz + c3) sin(z)
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2.10 problem 17
2.10.1 Maple step by step solution . . . . ... ... ... ... ... 112

Internal problem ID [831]
Internal file name [OUTPUT/831_Sunday_June_05_2022_01_50_43_AM_58316676/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.2, Higher order linear differential equations. Constant coefficients. page
180

Problem number: 17.

ODE order: 3.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__linear__constant__co-
efficients_ ODE"

Maple gives the following as the ode type

[[_3rd_order, _missing_x]]

yl/l + 5yl/ + 6yl + 2y — 0

The characteristic equation is
N+ +6A+2=0

The roots of the above equation are

A =-1
A =—2—1+2
A3 =—2+12
Therefore the homogeneous solution is
Yn(z) = cre™" + e(_2+‘/§)xcz + e(_2_ﬁ>$03

The fundamental set of solutions for the homogeneous solution are the following

=€
Yp = e<—2+\/§>z
Ys = e<_2_ﬁ)w
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Summary
The solution(s) found are the following

y=ce "+ e(_2+ﬁ)x02 + e(_2_\/§)x03 (1)
Verification of solutions
y=ce®+ e(_QJ”/Q)ch + e(_2_ﬂ)zc3
Verified OK.
2.10.1 Maple step by step solution
Let’s solve
y/” + 5y// _|_ 6y/ + 2y — 0
° Highest derivative means the order of the ODE is 3
ylll
O Convert linear ODE into a system of first order ODEs

o Define new variable y; ()
n(z) =y
o Define new variable ys(x)
ya(z) = ¢/
o Define new variable y3(x)
ys(z) = y"
o Isolate for y5(z) using original ODE
ys(x) = —dys(z) — 6ya(z) — 2y ()
Convert linear ODE into a system of first order ODEs
[v2(2) = w1 (2) , ys(x) = 95(x) , y5(z) = —Dys(x) — 6y2(z) — 21 (2)]

° Define vector

y1(z)

9(@) = | p(2)

ys(z)

° System to solve
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0 1 0
y@)=|0 0 1 |-y
-2 —6 -5

Define the coefficient matrix

0 1 0
A= 0 0 1
-2 —6 -5

Rewrite the system as

—/

_}
y (z)=A-y(z)
To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A

1 1
! (ce-va)
-1, =1 ||, [-2-v2, 1 | —2+/2, 1
—2—/2 —2+4+/2
1 1 1

Consider eigenpair
1
-1, | —1
1
Solution to homogeneous system from eigenpair
1
yp=e | -1
1

Consider eigenpair

1
(-2-v2)’
-2 - \/5, 1

—2—/2

1

Solution to homogeneous system from eigenpair
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(2v3)e.

%
Yps =¢€

° Consider eigenpair

° Solution to homogeneous system from eigenpair

1
(-2+v2)

1
—24+2

1

° General solution to the system of ODEs

— — — —
Yy=cy;+cys+c3ys

° Substitute solutions into the general solution
1
1 (-2-v2)
- (-2-v2)=
Yy =ce —1 | +coe 1 + c3e
—2-/2
1 1
° First component of the vector is the solution to the ODE
c2 (3—2\/5) e (2+\/§)z c3 (2\/§+3>e(_2+\/§)1 _

Maple trace

“Methods for third order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
<- constant coefficients successful’
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v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 32

Ldsolve(diff(y(x),x$3)+5*diff(y(x),x$2)+6*diff(y(x),x)+2*y(x)=0,y(x), singsolfﬁll)

y(z) = e “c; + 02€<ﬂ_2)$ + cse” (24+v2)a

v Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 43

LDSolve [y''' [x]1+b*y'' [x]+6xy' [x]+2*y[x]==0,y[x],x,IncludeSingularSolutions -> jl'rue]

y(z) = e® <c1e‘((1+*/§)””> +epelV2 )7 4 c3>
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2.11 problem 18
2.11.1 Maple step by step solution . . . . . ... ... ... ...... 117

Internal problem ID [832]
Internal file name [OUTPUT/832_Sunday_June_05_2022_01_50_44_AM_67612248/index. tex|

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 4.2, Higher order linear differential equations. Constant coefficients. page
180

Problem number: 18.

ODE order: 4.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__linear__constant__co-
efficients_ ODE"

Maple gives the following as the ode type

[[_high_order, _missing_x]]

yllll _ 7y/// _|_ 6yll + 30yl _ 36y — 0

The characteristic equation is
A —TA% 4627 430\ —36 =0

The roots of the above equation are

A =3
Ao = —2
As=3—-13
A =3+3

Therefore the homogeneous solution is

Yn(z) = c1e7% + 6™ + 6(3—\/3)1;03 + e(3+\/§>zc4
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The fundamental set of solutions for the homogeneous solution are the following

2z

Yyr=¢€
Yo =€
Ys = 6(3_\@36
Yy = e(3+\/§)x

Summary
The solution(s) found are the following

Y =cie 2% + e’ + e(B_‘/g)ng, + e(3+\/§>mc4 (1)

Verification of solutions

(a-va)e, (),

y=cie 2 +ce* +e c3+e 4

Verified OK.

2.11.1 Maple step by step solution

Let’s solve
yllll _ 7y//I + Gy” + 30:’/, _ 36y — O
° Highest derivative means the order of the ODE is 4

"

Yy
OJ Convert linear ODE into a system of first order ODEs

o Define new variable y; (x)
y() =y
o Define new variable y,(x)
y2(z) =y
o Define new variable y3(x)
ys(z) ="
o Define new variable y4(x)
ya(z) = 9"
o Isolate for yj(z) using original ODE

ya(z) = Tya(z) — 6ys(2) — 30y>(z) + 36y (2)
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Convert linear ODE into a system of first order ODEs

[v2(2) = y1(z) , ys(z) = 15(2) , ya(x) = ¥3(z) , Y4 (x) = Tya(x) — 6ys(x) — 30ya(x) + 36y ()]
Define vector
y1(z) ]
y2()
y3(z)
ya(z) |

System to solve

0 1 0 0]
) 0 0 1 0
Y (z) = - Y(z)
0 0 0 1
36 —30 —6 7 |

Define the coefficient matrix

0 1 0 0
0 0 1 0
A=
0 0 0 1
| 36 —30 —6 7

Rewrite the system as

—/

_)
y(z)=A-y(z)
To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A

_ _ - _ _ - 1 1
3 3
~1 L (3-v3) (3+v3)
1 1 1 1
_27 ! ) 37 0 ) 3— \/57 (3_\/?:)2 ) 3 + \/37 <3+\/§)2
_% % 1 1
1 1 3—3 3+v/3
N 1 1

Consider eigenpair
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_ T
8
1
4
—2, A
2
1
Solution to homogeneous system from eigenpair
1
8
1
- =% 4
Yyp=e -
_1
2
1

Consider eigenpair

w
N
= wie o N~

Solution to homogeneous system from eigenpair

1
w
8
e =l glp—n

Consider eigenpair

_ _ . o -
(3-v8)
1
3— \/37 (3_\/5)
Ve
1

Solution to homogeneous system from eigenpair
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—

Ys==¢€

(-9

Consider eigenpair

3+ /3,

1
(3+v3)
1

343
1

7 N\3

(3+v3)

Solution to homogeneous system from eigenpair

%
Ys=¢€

(3+v3)z .

General solution to the system of ODEs

— — — — —
Yy=c1yY,+cyst+csystcayy

Substitute solutions into the general solution

<]

1
8
1

—2z 4
1
2

1

+ c2e3z .

N
— wik o N~

_+_

e<3—\/§)zc

X

First component of the vector is the solution to the ODE

5(63 (v3+2)e (=3 _(v3

5)646

x (5+\/§) + 4c2e5z 9&

15 10

)e—Qz

y:

36
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Maple trace

“Methods for high order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
<- constant coefficients successful”

v/ Solution by Maple
Time used: 0.015 (sec). Leaf size: 38

Ldsolve(diff(y(x),x$4)-7*diff(y(x),x$3)+6*diff(y(x),x$2)+30*diff(y(x),x)-36*y<¥)=0,y(x), Sing

y(z) = (0165”” 1 o3 (V) 4 e (-5V8) 02) e "

v/ Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 51

LDSolve [y''' ' [x]-T*xy'' ' [x]+6%y"' ' [x]+30*y' [x]-36*y[x]==0,y[x] ,x,IncludeSingularﬁSolutions -> Tr

y(z) — cle_<(\/§_3)x> + 626(3+\/§>x + c5e7 2% 4 €3
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3 Chapter 6.2, The Laplace Transform. Solution of
Initial Value Problems. page 255

3.1 problem 8 . . . . .. 123
3.2 problem 9 . . ... 128
3.3 problem 10 . . . . . ... 133
3.4 problem 11 . . . . . . . L 138
3.5 problem 12 . . . . ... 143]
3.6 problem 13 . . . . . .. 148
3.7 problem 14 . . . . .. 152
3.8 problem 15 . . . . . ... 1601
3.9 problem 16 . . . . . . ... e 166
3.10 problem 17 . . . . . .. 172
3.11 problem 18 . . . . . .. L 179
3.12 problem 19 . . . . .. L 186

122



3.1 problem 8
3.1.1 Existence and uniqueness analysis. . . . . ... ... ... ... 123]
3.1.2 Maple step by step solution . . . . . ... ... ... 126

Internal problem ID [833]
Internal file name [OUTPUT/833_Sunday_June_05_2022_01_50_45_AM_6567445/index . tex|

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.2, The Laplace Transform. Solution of Initial Value Problems. page 255
Problem number: 8.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _missing_x]]

y”_yl_6y:O

With initial conditions

3.1.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

Y +p)y +q(t)y=F

Where here
p(t) = -1
q(t) = —6
F=0

Hence the ode is
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The domain of p(t) = —1 is
{—00 <t < o0}

And the point ¢, = 0 is inside this domain. The domain of ¢(t) = —6 is

{—o0 <t < oo}

And the point ty = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let
L(y) =Y (s)
Taking the Laplace transform of the ode and using the relations that
L(y) = sY (s) —y(0)
L(y") = s*Y(s) —y'(0) — sy(0)
The given ode now becomes an algebraic equation in the Laplace domain
Y (s) — 3/'(0) — sy(0) — Y (s) +y(0) — 6Y(s) =0 (1)
But the initial conditions are
y(0) =1
y'(0) = -1
Substituting these initial conditions in above in Eq (1) gives
Y (s)+2—5—8Y(s)—6Y(s) =0

Solving the above equation for Y(s) results in

s—2
Y(S)zsz—s—G

Applying partial fractions decomposition results in

1, 4
5s—15 ' 5(s+2)

Y(s) =

The inverse Laplace of each term above is now found, which gives
(L )=
5s — 15 )
4e

(sarm) =5
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1)

4 e—2t eSt
(e +4) e 2
5

y:

Adding the above results and simplifying gives

The solution(s) found are the following

Simplifying the solution gives

Summary

(b) Slope field plot
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(a) Solution plot

0 025050 0.75

A
NONSNSSSSS——— 2 LV VNNV NN
NANNANANA A N N N N N
01177 222 RN
] ST ~
T T e
e —————
e ——
lllllllllllllllllll
\\\\\\\ —_—
\\\\\\ ———
<t & =) [ <+
| |
—
~
—
=~
< |3
S S &S © & o & & & o &
= & & ® & & w F & a -
—_
~
—
=~

Verification of solutions

Verified OK.



3.1.2 Maple step by step solution

Let’s solve
y' -y -6y =0y0)=1y| = —1}
° Highest derivative means the order of the ODE is 2
Y
° Characteristic polynomial of ODE
r?—r—6=0
° Factor the characteristic polynomial
(r+2)(r—3)=0
° Roots of the characteristic polynomial
r=(-2,3)
° 1st solution of the ODE
y(t) =e™
° 2nd solution of the ODE
ya(t) = €
° General solution of the ODE
y = cyi(t) + c2ya(?)
° Substitute in solutions
y = cre~2 + ¢y
O Check validity of solution y = c;e2?t + cye3

o Use initial condition y(0) =1
1= c1+co
o Compute derivative of the solution

Yy = —2cie7% + 3cye?

=1

o Use the initial condition 3’ o
t=0

—1=—2¢; + 3co

o Solve for ¢; and ¢

(a=te=1i)
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o Substitute constant values into general solution and simplify

. (€5t+4)e_2t
= T

° Solution to the IVP

. (e5t+4)672t
=5

Maple trace

“Methods for second order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
<- constant coefficients successful’

v/ Solution by Maple
Time used: 0.609 (sec). Leaf size: 17

|dsolve([diff (y(t),t$2)-diff (y(t),t)-6xy(t)=0,y(0) = 1, D(y)(0) = -11,y(t), singsol=all)

y(t) — %

v Solution by Mathematica
Time used: 0.013 (sec). Leaf size: 21

LDSolve[{y"[t]—y'[t]—6*y[t]==0,{y[0]== ,y'[O]==—1}},y[t],t,IncludeSingularSo;?tions -> True]

y(t) — %6_% (e +4)
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3.2 problem 9
3.2.1 Existence and uniqueness analysis. . . . . ... ... ... ... 128]
3.2.2 Maple step by step solution . . . . . . ... ... ... ... .. 131

Internal problem ID [834]
Internal file name [OUTPUT/834_Sunday_June_05_2022_01_50_46_AM_43487617/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.2, The Laplace Transform. Solution of Initial Value Problems. page 255
Problem number: 9.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _missing_x]]

y' +3y +2y=0

With initial conditions
[y(0) = 1,4/(0) = 0]

3.2.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

Y +p)y +q(t)y=F
Where here

Hence the ode is

y'+3y +2y=0
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The domain of p(t) = 3 is
{—00 <t < o0}

And the point to = 0 is inside this domain. The domain of ¢(t) = 2 is

{—00 <t < o0}

And the point £y = 0 is also inside this domain. Hence solution exists and is unique.
Solving using the Laplace transform method. Let
L(y) =Y (s)

Taking the Laplace transform of the ode and using the relations that

L(y') = sY(s) — y(0)
L(y") = s*Y (s) — /(0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain
s*Y (s) — 4/ (0) — sy(0) + 3sY (s) — 3y(0) +2Y(s) =0
But the initial conditions are

y(0) =1
y'(0)=0
Substituting these initial conditions in above in Eq (1) gives
s*Y(s) =3 —s+3sY(s) +2Y(s) =0

Solving the above equation for Y (s) results in

s+3
Y§)=——"7F7——
)= #3542
Applying partial fractions decomposition results in
1 2
Y(s)=—
() s+ 2 + s+1

The inverse Laplace of each term above is now found, which gives
1
C_l _ — _ a2t
( s+ 2) ¢
L_l 2 — e—t
s+1
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1)

y=—e242e"
y=—e+42e"

Adding the above results and simplifying gives

The solution(s) found are the following

Simplifying the solution gives

Summary

(b) Slope field plot
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y=—e?+2e"
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(a) Solution plot
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Verification of solutions

Verified OK.



3.2.2 Maple step by step solution

Let’s solve
vy +3y +2y=0,y0) =1,y oy = 0}

° Highest derivative means the order of the ODE is 2
Y

° Characteristic polynomial of ODE
r?+3r+2=0

° Factor the characteristic polynomial
(r+2)(r+1)=0

° Roots of the characteristic polynomial
r=(-2,-1)

° 1st solution of the ODE
y(t) =e™

° 2nd solution of the ODE
yat) = e

° General solution of the ODE
y = cyi(t) + c2ya(?)

° Substitute in solutions
y=cie 2 4 coet

O Check validity of solution y = c;e™% + cye™

o Use initial condition y(0) =1
1= c1+co

o Compute derivative of the solution

/ _ 2t

y = —2ce” t

— €™

=0

o Use the initial condition 3’ o
t=0

0= —201 — Cy
o Solve for ¢; and ¢

{Cl = —1,02 = 2}
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o Substitute constant values into general solution and simplify
y=—e242et
° Solution to the IVP
y=—e24+2et

Maple trace

“Methods for second order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
<- constant coefficients successful’

v Solution by Maple
Time used: 0.532 (sec). Leaf size: 17

Ldsolve([diff(y(t),t$2)+3*diff(y(t),t)+2*y(t)=0,y(0) =1, D(y)(0) = 01,y(%), sjingsokau)

yt) =2e " —e

v/ Solution by Mathematica
Time used: 0.013 (sec). Leaf size: 18

LDSolve[{y"[t]+3*y'[t]+2*y[t]==0,{y[0]==1,y'[0]==0}},y[t],t,IncludeSingularSo}utions -> True

y(t) = e (2" — 1)
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3.3 problem 10
3.3.1 Existence and uniqueness analysis. . . . . .. ... ... .... 133l
3.3.2 Maple step by step solution . . . . . ... ... 136

Internal problem ID [835]
Internal file name [OUTPUT/835_Sunday_June_05_2022_01_50_47_AM_87709762/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.2, The Laplace Transform. Solution of Initial Value Problems. page 255
Problem number: 10.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _missing_x]]

y' =2y +2y=0

With initial conditions
[y(0) = 0,4'(0) = 1]

3.3.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as
y' +pt)y +qt)y=F

Where here

Hence the ode is
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The domain of p(t) = —2 is
{—00 <t < o0}

And the point ¢y = 0 is inside this domain. The domain of ¢(t) = 2 is

{—o0 <t < o0}

And the point ¢ty = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let
L(y) =Y (s)
Taking the Laplace transform of the ode and using the relations that
L(y) = sY(s) —y(0)
L(y") = s"Y (s) —y'(0) — sy(0)
The given ode now becomes an algebraic equation in the Laplace domain
s*Y (s) — /(0) — sy(0) — 2s5Y(s) + 2y(0) + 2Y(s) = 0
But the initial conditions are
y(0)=0
y(0)=1
Substituting these initial conditions in above in Eq (1) gives
s’Y(s) —1—2sY(s) +2Y(s) =0

Solving the above equation for Y (s) results in

1
Y(s)_s2—25+2

Applying partial fractions decomposition results in
i i

Y(s) = —
)= —3G-1-9 T 2s—2+%

The inverse Laplace of each term above is now found, which gives

E—l i ie(l-{-i)t
<_2(s—1—i)) T2

c—l i B ,l'e(l—i)t
2s—2+2 ) 2
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Adding the above results and simplifying gives

sin (t) e’

y:

Simplifying the solution gives

sin (t) e’

y:

The solution(s) found are the following

Summary

(1)

sin (t) e’

y:

NN\ N~——r/

—— N — e — — —

NSN—~——/ /)
S~~~ L/

——s/ )/
oYY

T 2

N\
\
)
/

Vs

Ve

~

-~

a
|

25

1 2

0

15

05

(b) Slope field plot

(a) Solution plot

Verification of solutions

sin (t) e’

y:

Verified OK.

135



3.3.2 Maple step by step solution

Let’s solve
y' — 2y +2y=0,y(0) = 0,9 iy = 1}
° Highest derivative means the order of the ODE is 2
Y
° Characteristic polynomial of ODE
r2—2r+2=0
° Use quadratic formula to solve for r
° Roots of the characteristic polynomial
r=(1-11+4+1)
° 1st solution of the ODE
y1(t) = e* cos (t)
° 2nd solution of the ODE
y2(t) = sin (¢) e’
° General solution of the ODE
y = i (t) + ()
° Substitute in solutions

y = c1€' cos (t) + co sin (t) €

O Check validity of solution y = c;e’ cos (t) + ¢y sin (t) €'
o Use initial condition y(0) =0
0=
o Compute derivative of the solution

y' = c1e’cos (t) — cre’ sin () + cp cos (t) €f + ¢ sin (¢) €

o Use the initial condition 3’ 1m0} =1
t=0

l=c +c
o Solve for ¢; and ¢y

{Cl = O,CQ = 1}

136



o Substitute constant values into general solution and simplify

y = sin (¢) e
° Solution to the IVP
y =sin(t) e

Maple trace

“Methods for second order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
<- constant coefficients successful’

v/ Solution by Maple
Time used: 0.5 (sec). Leaf size: 9

Ldsolve([diff(y(t),t$2)—2*diff(y(t),t)+2*y(t)=0,y(0) = 0, D(y)(0) = 11,y(t), sjingsokau)

y(t) = €' sin (t)

v Solution by Mathematica
Time used: 0.013 (sec). Leaf size: 11

LDSolve[{y"[t]—2*y'[t]+2*y[t]==0,{y[0]==0,y'[0]==1}},y[t],t,IncludeSingularSo}utions -> True

y(t) — €sin(t)
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3.4 problem 11
3.4.1 Existence and uniqueness analysis. . . . . .. ... .. ... .. 138]
3.4.2 Maple step by step solution . . . . . . ... ... ... ... .. 141

Internal problem ID [836]
Internal file name [OUTPUT/836_Sunday_June_05_2022_01_50_48_AM_37859137/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.2, The Laplace Transform. Solution of Initial Value Problems. page 255
Problem number: 11.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _missing_x]]

y' =2y +4y =0

With initial conditions
[¥(0) = 2,4/(0) = 0]

3.4.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

Y +p)y +q(t)y=F
Where here

Hence the ode is
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The domain of p(t) = —2 is
{—00 <t < o0}

And the point ¢, = 0 is inside this domain. The domain of ¢(t) = 4 is

{—o00 <t < o0}

And the point £y = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let
L(y) =Y (s)
Taking the Laplace transform of the ode and using the relations that
L(y) = sY (s) —y(0)
L(y") = Y (s) — y'(0) — sy(0)
The given ode now becomes an algebraic equation in the Laplace domain
s*Y (s) — /(0) — sy(0) — 25Y(s) + 2y(0) +4Y (s) = 0 (1)
But the initial conditions are
y(0) =2
y'(0)=0
Substituting these initial conditions in above in Eq (1) gives
s*Y(s) +4—2s—2sY(s) +4Y(s) =0

Solving the above equation for Y (s) results in
2s —4
s2—2s+4

Applying partial fractions decomposition results in

Y(s) =

1+ B3 Lo 1= ot
s—1—iv/3 s—1+iV3
The inverse Laplace of each term above is now found, which gives
i . 1+4v/3)t
£-1 1+%g :(z 3+3)e( )
s—1—14V3 3
paf 1= ) _ (-ivB+3) =)
s—1+iv/3) 3

Y(s) =
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(1)

— 7 ) N NN\

—_————————

—_———

2¢€t(3cos (v3t) —sin (vV3t) v/3)

357
30
254
20

Adding the above results and simplifying gives

The solution(s) found are the following

Simplifying the solution gives

Summary

——

—_——}

(b) Slope field plot
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05

(a) Solution plot

Verification of solutions

Verified OK.



3.4.2 Maple step by step solution

Let’s solve
y' =2y +4y =0,y(0) =2,¢/ oy = 0}
° Highest derivative means the order of the ODE is 2
Y
° Characteristic polynomial of ODE
r?—2r4+4=0
° Use quadratic formula to solve for r
° Roots of the characteristic polynomial
r=(1-1v3,1+1V3)
° 1st solution of the ODE
y1(t) = €' cos (V/3t)
° 2nd solution of the ODE
y2(t) = e'sin (V/31)
° General solution of the ODE
y =y (t) + c210(t)
° Substitute in solutions

y = c,€t cos (\/gt) + coet sin (\/§t)
O Check validity of solution y = c;e’ cos (\/§ t) + coet sin (\/§ t)
o Use initial condition y(0) = 2
2=¢c
o Compute derivative of the solution

y = ciet cos (V3t) — ciel'sin (v/3t) V3 + cpel sin (v/3t) + caetv/3 cos (v/31)

o Use the initial condition y’ =0

{t=0}

0201+\/§Cg

o Solve for ¢; and ¢
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{Cl = 2,02 = —%5}

o Substitute constant values into general solution and simplify
2et <sin (\/5 t) v/3—3 cos (\/5 t))
3

y —
° Solution to the IVP
Y= 2et (sin (\/§t> v/3—3cos (\/?:t))
- 3

Maple trace

“Methods for second order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
<- constant coefficients successful’

v/ Solution by Maple
Time used: 0.547 (sec). Leaf size: 28

Ldsolve([diff(y(t),t$2)—2*diff(y(t),t)+4*y(t)=0,y(0) = 2, D(y)(0) = 01,y(%), sjlngsol=all)

y(t) = _2(\/§ sin (\/gt)?)—?)cos (vV3t)) et

v/ Solution by Mathematica
Time used: 0.02 (sec). Leaf size: 37

LDSolve[{y"[t]-2*y'[t]+4*y[t]==0,{y[0]== ,y'[O]==0}},y[t],t,IncludeSingulaqu}utions -> True

y(t) — —get<\/§sin (\/§t> — 3cos (ﬁt))
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3.5 problem 12
3.5.1 Existence and uniqueness analysis. . . . . ... ... ... ... 143]
3.5.2 Maple step by step solution . . . . . ... ... 146

Internal problem ID [837]
Internal file name [OUTPUT/837_Sunday_June_05_2022_01_50_49_AM_17159875/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.2, The Laplace Transform. Solution of Initial Value Problems. page 255
Problem number: 12.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _missing_x]]

y' +2y +5y=0

With initial conditions

3.5.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as
y' +pt)y +qt)y=F

Where here

Hence the ode is

y'+2y +5y=0
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The domain of p(t) =2 is
{—00 <t < o0}

And the point ¢ty = 0 is inside this domain. The domain of ¢(t) =5 is

{—00 <t < o0}

And the point to = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let
L(y) =Y (s)
Taking the Laplace transform of the ode and using the relations that
L(y) = sY(s) —y(0)
L(y") = s"Y(s) —y'(0) — sy(0)
The given ode now becomes an algebraic equation in the Laplace domain
s*Y (s) — 4/ (0) — sy(0) + 2sY (s) — 2y(0) + 5Y(s) =0 (1)
But the initial conditions are
y(0) =2
y'(0) = -1
Substituting these initial conditions in above in Eq (1) gives
s%Y(s) =3 —25+2sY(s) +5Y(s) =0

Solving the above equation for Y'(s) results in

2s+3
s242s5s+5

Applying partial fractions decomposition results in

Y(s) =

o Lo 144
S+1—2 ' s+1+2

The inverse Laplace of each term above is now found, which gives
L1 1- i — (1= f e(—1+20)t
s+1—-2¢ 4
1+ i 1 .
-1 4 — (14 ) o120t
£ (s—l—1+2i> ( +4>e
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Adding the above results and simplifying gives

e *(4cos (2t) + sin (2t))

Y

Simplifying the solution gives

e (4 cos (2t) + sin (2t))

Y

The solution(s) found are the following

Summary

1)

y:

o7 I NN ——— e —
7 AN N ———— e
AN NN SN ———————— e — — —
NN N — —
T S e e e —

——— e —— e ————————

———— e ———— —

e (4 cos (2t) + sin (2t))
2

< Q =) Q <
| |
—
~
—
-~
~
helbo)
T T T ps T
v (=3 el — vy (=3 wv) v
~ A A N~ o N S
- =~ S o o o
|
—
w~
—
-~

25

15

05

(b) Slope field plot

(a) Solution plot

Verification of solutions

e *(4cos (2t) + sin (2t))

Verified OK.
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3.5.2 Maple step by step solution

Let’s solve
y" + 2y + 5y = 0,y(0) =2,y o) = —1}
° Highest derivative means the order of the ODE is 2
Y
° Characteristic polynomial of ODE
r2+2r+5=0
° Use quadratic formula to solve for r
G )
° Roots of the characteristic polynomial
r=(-1-2I-1+21I)
° 1st solution of the ODE
y1(t) = e * cos (2t)
° 2nd solution of the ODE
yo(t) = e " sin (2t)
° General solution of the ODE
y = cyi(t) + coya(?t)
° Substitute in solutions

y = c1e " cos (2t) + coe " sin (2t)
O Check validity of solution y = c;e7* cos (2t) + coe~* sin (2t)
o Use initial condition y(0) = 2
2=q
o Compute derivative of the solution

Yy = —cre "t cos (2t) — 2cie7 P sin (2t) — coe T sin (2t) + 2c0e7F cos (2t)

-1

o Use the initial condition ¥’ oy
t=0

—1= —c1 + 202
o Solve for ¢; and ¢y

(a=2a=1}
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o Substitute constant values into general solution and simplify

y= e t(4 cos(22t)+sin(2t))

° Solution to the IVP
y= e_t(4cos(22t)+sin(2t))

Maple trace

“Methods for second order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients
<- constant coefficients successful’

v/ Solution by Maple
Time used: 0.563 (sec). Leaf size: 21

Ldsolve([diff(y(t),t$2)+2*diff(y(t),t)+5*y(t)=0,y(0) =2, D(y)(0) = -11,y(), Jéingsol=a11)

e (4 cos (2t) + sin (2t))
2

y(t) =

v Solution by Mathematica
Time used: 0.018 (sec). Leaf size: 25

LDSolve[{y"[t]+2*y'[t]+5*y[t]==0,{y[0]== ,y'[0]==—1}},y[t],t,IncludeSingularSFlutions -> Tru

y(t) = %e‘t(sin(Zt) + dcos(2t))
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3.6 problem 13

Internal problem ID [838]
Internal file name [QUTPUT/838_Sunday_June_05_2022_01_50_50_AM_2433388/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.2, The Laplace Transform. Solution of Initial Value Problems. page 255
Problem number: 13.

ODE order: 4.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__laplace"
Maple gives the following as the ode type

[[_high_order, _missing_x]]

yllll _ 4y/// + 6yll _ 4yl + y — 0

With initial conditions

[y(0) = 0,4/(0) = 1,4"(0) = 0,5 (0) = 1]

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(y") = sY(s) — y(0)
L(y") = s°Y (s) — /(0) — sy(0)
L(y") = s’Y (s) —y"(0) — s/(0) — s%y(0)
L(y") = sV (s) —y"(0) — sy (0) — s*y'(0) — s’y(0)

The given ode becomes an algebraic equation in the Laplace domain

s*Y (s)—y"(0)—sy" (0)—s?y'(0)—s3y(0)—4s>Y (s)+4y" (0)+4sy’ (0)+45%y(0)+652Y (5)—61(0)—65y(0) —4:
(1)
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But the initial conditions are

y(0)=0
y'(0) =1
y"(0) =0
y"(0) =1

Substituting these initial conditions in above in Eq (1) gives
s'Y (s) =7 — s* —45°Y(s) +4s + 65*Y(s) —4sY(s) + Y(s) = 0
Solving the above equation for Y (s) results in

s2—4s+7

Y(s) = st —4s34+6s52 —4s+1

Applying partial fractions decomposition results in

4 2 1
YO =y T o T 1y

The inverse Laplace of each term above is now found, which gives

E—l((s_‘ll)4> _ 2t;et
1 2 2t
L (_(s— 1)3) = —t“e
1 1 t
L~ ((3—1)2) =te

Adding the above results and simplifying gives

ef(2t3 — 3t% + 3t)
y= 3

Summary
The solution(s) found are the following
_ef(2t® — 3t2 + 3t)

y= 3 (1)
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Figure 6: Solution plot

Verification of solutions

et (2t2 — 3t% + 3t)
y= 3

Verified OK.
Maple trace

"Methods for high order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients

<- constant coefficients successful"

v/ Solution by Maple
Time used: 0.579 (sec). Leaf size: 22

Ldsolve([diff(y(t),t$4)-4*diff(y(t),t$3)+6*diff(y(t),t$2)-4*diff(y(t),t)+y(t)=?,y(0) = 0, D(y

e't(2t? — 3t + 3)
3

y(t) =
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v/ Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 23

-

tDSolve y' "' ' [e]-4xy' ' ' [e]+6*y' ' [t]-4*y' [t]+y[t]==0,{y[0]==0,y"' [0]==1,y"' ' [O] =f0,y' "' [0]==1}]

y(t) = %ett(th —3t+3)
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3.7 problem 14

3.7.1 Maple step by step solution . . . . ... ... ... ...

Internal problem ID [839)

Internal file name [OUTPUT/839_Sunday_June_05_2022_01_50_52_AM_19041891/index. tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,

DiPrima, Meade

Section: Chapter 6.2, The Laplace Transform. Solution of Initial Value Problems. page 255

Problem number: 14.
ODE order: 4.
ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__laplace"

Maple gives the following as the ode type

[[_high_order, _missing_x]]

"

Yy —4y =0

With initial conditions

[y(0) = 1,%'(0) = 0,4"(0) = 1,3 (0) = 0]

Solving using the Laplace transform method. Let

)0)

)= (
) —4'(0) — sy(0)
L(y") = 83Y( ) y"(0) — s/ (0) — s"(0)
) y///(o) sy"(O) szy'(O) _ 83y(0)

The given ode becomes an algebraic equation in the Laplace domain

s*Y (s) — 4" (0) — sy”(0) — s°y'(0) — s*y(0) —4Y (s) =0
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But the initial conditions are

Substituting these initial conditions in above in Eq (1) gives
'Y (s) —s— s> —4Y(s) =0
Solving the above equation for Y (s) results in

Applying partial fractions decomposition results in

Ve L .1 . 8 . 3
VT 85— 8iv2  85+8iv2  8(s—v2)  8(s+v2)

The inverse Laplace of each term above is now found, which gives

() -5

8s — 8iv/2 8

£_1< 1 ) _ e—iV2t
8s + 8iv/2 8

£_1< 3 ) _ 3eV2t
8 (s —v2) 8

. 3 _ 3eV
= (stvg) =

Adding the above results and simplifying gives

_ cos (\/ﬁt) 3 cosh (\/it)

Y i T 1
Summary
The solution(s) found are the following
cos (V21 3cosh (v2t
y= =020 Sooh (V2D W
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Figure 7: Solution plot

Verification of solutions

_ cos (v2t) N 3cosh (v/2t)

y 4 4

Verified OK.

3.7.1 Maple step by step solution

Let’s solve

— 0, !
{t=0} v

° Highest derivative means the order of the ODE is 4

y”” - 4y = Oa y(O) = 1; y/

"

Y
O Convert linear ODE into a system of first order ODEs

o Define new variable y; (t)
yi(t) =y

o Define new variable y(t)
ya(t) =y

o Define new variable ys3(t)
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ys(t) =y"

Define new variable y,(t)

y4(t) — y///

Isolate for yj(t) using original ODE

ya(t) = 41 (t)

Convert linear ODE into a system of first order ODEs
[y2(t) = y1(t) , ys(t) = 15(2) , ya(t) = y5(t) , ¥4 (t) = 431(¢)]
Define vector

y1(t)

Y2(t)
y(t) =

y3(t)

| va(t) |
System to solve

(010 0]
' 0010
70 - ¥10

0001

| 4 0 0 0 |

Define the coefficient matrix

0100]
0010
0001

400 0|

Rewrite the system as
—/ —
y (t)=A-y(t)

To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A
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V2,

ol e el

Consider eigenpair

[ V2

|
va | 2

)

4

1
2
2
1

Solution to homogeneous system from eigenpair

<]
:
|

oy e el

Consider complex eigenpair, complex conjugate eigenvalue can be ignored

[ I
-1V
1
—1V2, 2
V2
2
1
Solution from eigenpair
- -
-2
1
e—Iﬁt . 2
I
3V2
1

Use Euler identity to write solution in terms of sin and cos
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(cos (v2t) — Isin (v2t)) -

Simplify expression

—I(cos (v2t) —Isin (V2t)) V2

cos \/it Isin \/it
() (2

%(cos (\/it) — I'sin (\/ﬁt)) V2
cos (v2t) — Isin (v21)

Both real and imaginary parts are solutions to the homogeneous system

\/5 sin(x/it) cos(ﬁt)x/ﬁ
- ——
_ cos(ﬁt) sin(x/it)
Ya(t) = 2 ,Ya(t) = 2
\/5 sin (\/5 t) cos (ﬁ t) ﬁ
2 2
cos (\/it) —sin (\/it)

Consider eigenpair

~V3,

|
e N | =
SN

Solution to homogeneous system from eigenpair

= _
Yys=¢€ vat.

I
- M|§ N %|§

General solution to the system of ODEs
— — — — —
Y =c1ys + 2ys(t) + c3ys(t) +cayy
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Substitute solutions into the general solution

_)
y = cieV?.

V2
4
1
2

V2

2
1

+ cyue”

- M|§ N = %|§

Yy=-

Use the initial condition y(0) =

1= — V2 (cs—c1+ca)
- 4

Calculate the 1st derivative of the solution

1

V2 (cs cos (\/5 t) 4o sin (ﬁ t) —cle‘/it+04e_‘/§t)
4

czx/i sin <\/§ t) c3 cos (\/5 t)
B 4 4
c2 COs (\/ﬁ t) c3 sin (\/5 t)
- 2

c2 \/5 sin (ﬁ t)

2
+ c3 cos(x/it)x/i

2

c2cos (V2t) — cssin (V2 t)

First component of the vector is the solution to the ODE

Yy =-

Use the initial condition 3’

V2 (V2 —via-av?)

0=-—

Calculate the 2nd derivative of the solution
V2 (—203 cos (\/§ t) —2¢9 sin (ﬁ t) —2cle‘/§t+204e_‘/§t)

7

4

=0
{t=0}

V2 <_c3‘/§ sin (‘/it) +c2 cos (\/it) \/i_cle\/it\/i_c‘le_ﬁt\/i)
4

Use the initial condition y”

1=— V2 (—2c3—2¢1+42c4)
- 4

Calculate the 3rd derivative of the solution
V2 (203\/5 sin (\/it) —2¢5 cos (\/it) ﬂ—?cleﬂtﬂ—%w_‘/ﬁt\/ﬁ)
2

4

{t=0}

=1

y/// - _

Use the initial condition y"”’ =0
{t=0}

0= V2 (—zﬁcz—jﬂcl—2C4ﬁ)

Solve for the unknown coeflicients

{c 3\f ,Co=0,c3 = —‘/75,04——%5

Solution to the IVP
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cos(ﬁt) 3eV2t 3e— V2t
Yy=—7 " t+5 +73

Maple trace

“Methods for high order ODEs:

--- Trying classification methods ---

trying a quadrature

checking if the LODE has constant coefficients

<- constant coefficients successful"

v/ Solution by Maple
Time used: 0.516 (sec). Leaf size: 21

Ldsolve([diff(y(t),t$4)—4*y(t)=0,y(0) =1, D(y)(0) = 0, (DE@2)(y)(0) =1, (D@@?)(y)(O) = 0],y

cos (tv2)  3cosh (tv2)
4 + 4

y(t) =

v/ Solution by Mathematica
Time used: 0.004 (sec). Leaf size: 43

'DSolve[{y''''[t]-4*y[t]==0,{y[0]==1,y' [0]==0,y' ' [0]==1,y''' [0]1==0}},y[t],t,IncludeSingularSc

y(t) — % <36_‘/§t + 3¢ 4 2 cos (\/§t>>
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3.8 problem 15
3.8.1 Existence and uniqueness analysis. . . . . ... ... ... ... 1601
3.8.2 Maple step by step solution . . . . ... ... ... 162

Internal problem ID [840]
Internal file name [OUTPUT/840_Sunday_June_05_2022_01_50_53_AM_32515336/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.2, The Laplace Transform. Solution of Initial Value Problems. page 255
Problem number: 15.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]

Y’ + wy = cos (2t)

With initial conditions
[y(0) =1,4/(0) = 0]

3.8.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

y' +pit)y +qt)y=F

Where here
p(t)=0
q(t) = w?
F = cos (2t)

Hence the ode is

Y’ + w?y = cos (2t)
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The domain of p(t) = 0 is
{—00 <t < o0}

And the point £y = 0 is inside this domain. The domain of ¢(t) = w? is

{—o0 <t < o0}

And the point ¢, = 0 is also inside this domain. The domain of F' = cos (2t) is

{—o0 <t < o0}

And the point ¢ty = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

L(y) =Y(s)
Taking the Laplace transform of the ode and using the relations that
L(y) = sY(s) —y(0)
L(y") = s*Y(s) — /' (0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain

S

Y (5) =y (0) = sy(0) + Y (5) = " (1)
But the initial conditions are
y(0) =1
y(0)=0
Substituting these initial conditions in above in Eq (1) gives
$2Y (s) — s + w2 (s) = ﬁ
Solving the above equation for Y (s) results in
s(s* +5)
Y(s) =
() (s2+4) (w? + s?)
Applying partial fractions decomposition results in
w?—5 w?—5 1 1

Y(s) =

(2w? —8) (s — vV—w?) +(2w2 —8) (s +vV—-w?) i (w?—4)(s— 2i)+2(w2 —4) (s + 27)
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The inverse Laplace of each term above is now found, which gives

£_1 w2—15 _ (w2 _ 5) eicsgn(iw)wt
(2w? — 8) (s — vV —w?) 252 — 8

oo ( W2 —5 ) _ (w2 —5) o—iosgn(iw)wt
(2w? — 8) (s + v—w?) 2w? — 8
E_l( 1 ) _ e?it
2(w?—4)(s—2) 2w? — 8

c—l 1 B e—2it
2(w?—4)(s+2i)) 2w>-38

Adding the above results and simplifying gives

cos (2t) + cos (wt) (w? — 5)
y= -
w? —4

Simplifying the solution gives

cos (2t) + cos (wt) (w? — 5)
Y= 2
w? —4

Summary
The solution(s) found are the following

y = & (2t) +:‘:)(;s_(u;t) (w? —5) )

Verification of solutions

_ cos (2t) + cos (wt) (w? —5)
w?—4

Verified OK.

3.8.2 Maple step by step solution

Let’s solve
y" + w?y = cos (2t) ,y(0) = 1,y = 0}
{t=0}
° Highest derivative means the order of the ODE is 2
y//
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Characteristic polynomial of homogeneous ODE
Wwr+r2=0
Use quadratic formula to solve for r

0+ (\/ﬂ)

r= 5

Roots of the characteristic polynomial

= (V= )

1st solution of the homogeneous ODE

yi(t) = ev ="

2nd solution of the homogeneous ODE
yo(t) = e V-7t

General solution of the ODE

y = c1tn(t) + cp2(t) + yp(t)

Substitute in solutions of the homogeneous ODE
y = creV ™t 4 eVt Ly (t)

Find a particular solution y,(¢) of the ODE

Use variation of parameters to find y, here f(¢) is the forcing function

) f() £ @) —
wl®) =~ ([ wiadimdt) + 1) () w0 = cos (21)
Wronskian of solutions of the homogeneous equation

e\/Tﬂ t e~ —w?t

WO = | o,

Compute Wronskian
W (1 (t),92(8)) = —2vV—w?
Substitute functions into equation for y,(t)

eV-w2t fe~ *“’2tcos(2t)dt —e~V-wit Je 7“'2t005(2t)dt
yp(t) = ( 2\>/—TJ2 ( )

Compute integrals

yp(t) _ cos(2t)

w?—4

Substitute particular solution into general solution to ODE
=q e\/it + Ca e—mt + COS(2t)

w2-4

Y=
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O Check validity of solution y = c;eV=*"t + cpe=V =%t 4 %
o Use initial condition y(0) =1
l=c+c+ ﬁ
o Compute derivative of the solution
Y = cv/—w? eVt — oo/ eVt 2212“—9?

=0

o Use the initial condition 3’ o
t=0

0=c1vV—w?—cyvV—w?
o Solve for ¢; and ¢
_ w?-5 _ w?-5
{Cl = a2 = 2(w2—4)}

o Substitute constant values into general solution and simplify

2 cos(2t)+ (e V—w? t4e— —w? t)w2—5 eV —w? t_5e~ w2t

2w?—8
° Solution to the IVP
2005(2t)+<emt+e_ —w? t)w2—5emt—56_ —w?t
= 2w?2—8

Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful”

164



v/ Solution by Maple
Time used: 0.562 (sec). Leaf size: 27

Ldsolve([diff(y(t),t$2)+omega“2*y(t)=cos(2*t),y(O) =1, D(y)(0) = 0],y(t), sig¥s01=a11)

o(t) = cos (2t) +Zc;s_(u;:t) (w* —5)

v Solution by Mathematica
Time used: 0.209 (sec). Leaf size: 28

LDSolve [{y'' [t]1+w 2xy[t]==Cos[2xt],{y[0]==1,y' [0]==0}},y[t],t, IncludeSingularSj;lutions -> Tru

(w? — 5) cos(tw) + cos(2t)
w? —4

y(t) —
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3.9 problem 16
3.9.1 Existence and uniqueness analysis. . . . . ... ... ... ... 166l
3.9.2 Maple step by step solution . . . . . ... ... oL 169

Internal problem ID [841]
Internal file name [OUTPUT/841_Sunday_June_05_2022_01_50_54_AM_6735311/index.tex|

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.2, The Laplace Transform. Solution of Initial Value Problems. page 255
Problem number: 16.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _with_linear_symmetries]]

yll _ 2yl + 2y — e—t

With initial conditions
[y(0) = 0,7/(0) = 1]

3.9.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

Y +pt)y +q(t)y=F

Where here
p(t) = —2
q(t) =2
F=et

Hence the ode is
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The domain of p(t) = —2 is
{—00 <t < o0}

And the point ¢y = 0 is inside this domain. The domain of ¢(t) = 2 is
{—00 <t < o0}

And the point ¢y = 0 is also inside this domain. The domain of F' = e~ is

{—o0 <t < o0}

And the point ¢y = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

L(y) =Y(s)
Taking the Laplace transform of the ode and using the relations that
L(y) = sY (s) — y(0)
L(y") = s*Y(s) — y/(0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain

1
s+1

s*Y (s) — y/(0) — sy(0) — 2sY(s) + 2y(0) + 2Y(s) =
But the initial conditions are
y(0) =0
y(0) =1
Substituting these initial conditions in above in Eq (1) gives
1
s’Y(s) — 1 —2sY(s) +2Y(s) = PO

Solving the above equation for Y(s) results in

24+ s

YO = i =25 12

Applying partial fractions decomposition results in

1 73 1 7
_ "0~ 10, "0t 1
s—1—1 s—1+¢ b5Hs+5
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The inverse Laplace of each term above is now found, which gives
17 .
Yo 1010 | _ _i N ﬁ o1+t
s—1—1 10 10
1, 7
£_1 ~ 10 + 10 —
s—141

1 et
£t = —
<58+ 5) )

Adding the above results and simplifying gives

et (—cos(t)+ 7sin(t))e€*
B 5

y:

Simplifying the solution gives

Y= e?_t N (—cos (t) —|£—37sin (t)) €

Summary
The solution(s) found are the following

e N (—cos (t) + 7sin (¢)) e

¥=75 5
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(a) Solution plot (b) Slope field plot
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Verification of solutions

~t(—cos(t) + 7sin (t)) ¢
y=%+( cos()5sm())e

Verified OK.

3.9.2 Maple step by step solution

(¢]

(¢]

Let’s solve

yl/ _ 2yl + 2y — e—t,y(o) —

g

Highest derivative means the order of the ODE is 2

!

Y

Characteristic polynomial of homogeneous ODE

r?—2r4+2=0

Use quadratic formula to solve for r

24 (v/=4)

="

Roots of the characteristic polynomial
r=(1-11+4+1)

1st solution of the homogeneous ODE

y1(t) = e* cos (t)

2nd solution of the homogeneous ODE
y2(t) = sin (¢) e’

General solution of the ODE

y = cyi(t) + c22(t) + yp(t)

Substitute in solutions of the homogeneous ODE
y = c1e’ cos (t) + cosin (t) €f + y,(2)

Find a particular solution y,(t) of the ODE

Use variation of parameters to find y, here f(t) is the forcing function

_ (1) (1)
U(t) = —1(t) (f Wn 0420) )+y2 (f W 0s®)

Wronskian of solutions of the homogeneous equation
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B e’ cos (t) sin (t) e*
Ww(t), v2(8)) = e* cos (t) —sin (t)e* e’ cos(t) +sin () €

Compute Wronskian

W (y1(t),y2(t)) = e*

Substitute functions into equation for y,(t)

Yp(t) = —e’(cos () ([ e sin (¢) dt) —sin (¢) ([ e cos (t) dt))
Compute integrals
yp(t) = %

Substitute particular solution into general solution to ODE

y = cie’ cos (t) + cpsin (t) e* 4+

et

Check validity of solution y = c;e’ cos (t) + co sin () €* +

5
Use initial condition y(0) =0
O=c + é
Compute derivative of the solution
y' = ciet cos (t) — cie'sin (t) + ¢ cos (t) €' + cosin (¢) e — 65—t

=1
{t=0}

l=ci—t+c
Solve for ¢; and ¢

(a=-ta=}

Substitute constant values into general solution and simplify
+( cos(t)—i;sm(t))e

y —
Solutlon to the IVP

y = b 4 oot Tsin(D)e
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Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful’

v Solution by Maple
Time used: 0.578 (sec). Leaf size: 24

-

Ldsolve([diff(y(t),t$2)—2*diff(y(t),t)+2*y(t)=exp(-t),y(O) =0, D(y)(0) = 1], }t), singsol=al

y(t) = e?_t n (—cos(?) +57sin (t)) et

v Solution by Mathematica
Time used: 0.071 (sec). Leaf size: 29

LDSolve[{y"[t]—2*y'[t]+2*y[t]==Exp[—t],{y[0]==0,y'[O]==1}},y[t],t,IncludeSing?larSolutions -

y(t) — %(e‘t + 7e' sin(t) — €’ cos(t))
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3.10 problem 17
3.10.1 Existence and uniqueness analysis. . . . . .. ... .. ... .. 172l
3.10.2 Maple step by step solution . . . . . ... ... ... 175

Internal problem ID [842]
Internal file name [OUTPUT/842_Sunday_June_05_2022_01_50_55_AM_70964363/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.2, The Laplace Transform. Solution of Initial Value Problems. page 255
Problem number: 17.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]
" 1 0<t<nw
y +4y=
0 "n<t< o

With initial conditions
[y(0) = 1,4'(0) = 0]
3.10.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as
y' +pt)y +altly="F
Where here
p(t) =
q(t) =

F

0
4
0 t<O0
{1 t<m
0 n<t
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Hence the ode is

0 t<O0
V' +4y=< 1 t<n
0 n <t

The domain of p(t) =0 is

{—o0 <t < o0}

And the point ¢ty = 0 is inside this domain. The domain of ¢(t) =4 is

{—o0 <t < o0}

0 t<0
And the point ty = 0 is also inside this domain. The domain of F' = 1 t<x 1is

0 n<t
{0<t<mrm<t<oo,—o0<t<0}

And the point tq = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(y) = sY(s) — y(0)
L(y") = s"Y(s) —y'(0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain

1 _ e—ﬂ's

s°Y (s) = ¢/(0) — sy(0) +4Y (s) = —

But the initial conditions are
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Substituting these initial conditions in above in Eq (1) gives

1—e 78
s’Y(s) — s +4Y(s) = ©

s
Solving the above equation for Y (s) results in

—s2+e ™ —1

Y(s)=- s(s2+4)

Taking the inverse Laplace transform gives

y=LT(Y(s))

2 —7s
_ o1 TS te -1
=~ ( s(s+4) )

_ 3cos(2t) Heaviside (t — m)sin (t)? 41

4 2

Hence the final solution is

_ 3cos(2t) Heaviside (t — 7)sin (t)?

4 2

Simplifying the solution gives

Heaviside (t — ) sin (t)? + 3cos (t)?

y=- 2 2

Summary
The solution(s) found are the following

Heaviside (t — m) sin (£)° 3 cos (t)°
2 + 2
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(b) Slope field plot

(a) Solution plot

Verification of solutions

— |

3cos (t)?
2

_|_

Heaviside (t — ) sin (t)?

y:

Verified OK.

3.10.2 Maple step by step solution

1 t<nm 7y(0)
<t

0 t<0
0

Highest derivative means the order of the ODE is 2

Let’s solve
[yll +4y

y//

Characteristic polynomial of homogeneous ODE

r24+4=0

Use quadratic formula to solve for r

r

Roots of the characteristic polynomial
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= (—21,21)
1st solution of the homogeneous ODE
y1(t) = cos (2t)
2nd solution of the homogeneous ODE
yo(t) = sin (2t)
General solution of the ODE
y = ay(t) + caya(t) + yp(?)
Substitute in solutions of the homogeneous ODE
y = c1 cos (2t) + ¢z sin (2t) + y,(t)
Find a particular solution y,(t) of the ODE

Use variation of parameters to find y, here f(¢) is the forcing function

0 t<0
w(®) = =00 (| wiaim) +u0 ([ wt@imd) JO={ 1 t<x
0 <t
Wronskian of solutions of the homogeneous equation
cos (2t)  sin(2t)
W (i (), 92(t) = ,
—2sin (2t) 2cos (2t)
Compute Wronskian
W(y1(t) ,y2(t)) = 2
Substitute functions into equation for y,(t)
0 t<0 0 t<0
yp(t) =—cos(2t) | [ | { = < |dt|+sin2)]| [ @) p<q |dt
0 <t 0 <t

Compute integrals

0 t<0
Yp(t) = _%(20"‘% t<m
0 T<t

Substitute particular solution into general solution to ODE
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0 t<0
y = ¢ cos (2t) + cosin (2t) + —%4—}1 t<m

0 T<t

0

Check validity of solution y = ¢; cos (2t) + ¢y sin (2¢) + —%@t) + L—i

0
Use initial condition y(0) =1
l=¢
Compute derivative of the solution
0 t<0
y' = —2¢; sin (2t) + 2¢; cos (2t) + w t<m

0 T<t

=0
{t=0}

Use the initial condition 3’
0= 202

Solve for ¢; and ¢y

{Cl = 1, Cy = 0}

Substitute constant values into general solution and simplify

0 t<0
y = cos (2t) — —}1+%(2t) t<m
\ 0 <t
Solution to the IVP
[ 0 £<0
y = cos (2t) — —}1+%(2t) t <
0 <t
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Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful’

v Solution by Maple
Time used: 0.891 (sec). Leaf size: 33

e R
Ldsolve([diff(y(t),t$2)+4*y(t)=piecewise(O<=t and t<Pi,1,Pi<=t and t<infinity{?),y(0) =1, D(

3 cos(2t) 1

—F— 4+ t<m
yty=q * °
cos(2t) w<t

v/ Solution by Mathematica
Time used: 0.037 (sec). Leaf size: 31

LDSolve[{y"[t]+4*y[t]==Piecewise[{{1,0<t<Pi},{0,Pi<=t<Infinity}}],{y[0]==1,y'ﬁ0]==0}},y[t],t

cos(2t) t>7Vvt<0

vt > 1(3cos(2t) + 1) True
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3.11 problem 18

3.11.1 Existence and uniqueness analysis. . . . . .. ... ... .... 179
3.11.2 Maple step by step solution . . . . . ... .. ... ... 182

Internal problem ID [843]
Internal file name [OUTPUT/843_Sunday_June_05_2022_01_50_58_AM_84931335/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.2, The Laplace Transform. Solution of Initial Value Problems. page 255
Problem number: 18.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]
" 1 0<t<1
Y +4y =
0 1<t<

With initial conditions
[y(0) = 0,y'(0) = 0]
3.11.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

y' +plt)y +q(t)y=F

Where here
p(t) =0
q(t) =
0 t<0
F{l t<1
0 1<t
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Hence the ode is

0 t<0
YV +4y=<1 t<1
0 1<t

The domain of p(t) =0 is
{—o0 <t < o0}

And the point ¢ty = 0 is inside this domain. The domain of ¢(t) =4 is

{—o0 <t < o0}

0 t<O
And the point ty = 0 is also inside this domain. The domain of F' = 1 t<1 is

0 1<t

{0<t<1,1<t<00,—00<t<0}

And the point tq = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(y) = sY(s) — y(0)
L(y") = s"Y(s) —y'(0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain

1—e¢

s'Y (s) = y/(0) — sy(0) +4Y(s) = —,

But the initial conditions are
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Substituting these initial conditions in above in Eq (1) gives

1—e°

s%Y (s) +4Y (s) =

Solving the above equation for Y (s) results in

—1+e°

Yis) = Cs(s2+4)

Taking the inverse Laplace transform gives

y=LT(Y(s))

—1+4+e7°
_ 1 _
-2 (-5 n)
cos (2t) N 1 Heaviside (=1 +¢)sin (=1 + t)?

4 4 2

Hence the final solution is

cos(2t) 1 Heaviside (—1 + t)sin (-1 +t)°
4 + 4 2

Simplifying the solution gives

4 4 2

cos (2t) N 1  Heaviside (—1 4 t)sin (—1 +t)°

Summary
The solution(s) found are the following

_cos(2t) 1 Heaviside(—1+¢)sin(-1+ t)?

_ 1 1
y 1+ T 5 (1)
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(b) Slope field plot

(a) Solution plot

Verification of solutions

Heaviside (—1 4 t) sin (—1 + t)*
2

1
4

cos (2t)

y:

Verified OK.

}
T
s
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S
m I
ot —~
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2 (el (@]
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n 2 >
e § 3
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N
-
=
[~

Highest derivative means the order of the ODE is 2

y//

Characteristic polynomial of homogeneous ODE

r24+4=0

Use quadratic formula to solve for r

r

Roots of the characteristic polynomial
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r=(-2121)

1st solution of the homogeneous ODE
y1(t) = cos (2t)

2nd solution of the homogeneous ODE
y2(t) = sin (2t)

General solution of the ODE

y = ay(t) + caya(t) + yp(?)

Substitute in solutions of the homogeneous ODE
y = c1 cos (2t) + ¢z sin (2t) + y,(t)
Find a particular solution y,(t) of the ODE

Use variation of parameters to find y, here f(¢) is the forcing function
— ) f() )1 () —
w(®) = —0) (J widiteyt) + 00 (] i) 10 =

Wronskian of solutions of the homogeneous equation

W(yi(t) ,92(t)) = _CQO;f(tz)t) 285;2:?2)

Compute Wronskian

W(yi(t),v2(t)) =2

Substitute functions into equation for y,(t)

0 <0 0

yp(t) = —cos (2t) | [ ) p<1 |dt|+sin(2t) | [ cos(2t)

0 1<t 0
Compute integrals
0 t<0
—1 + cos (2t) t<1
2sin (1)° cos (2t) — sin (2) sin (2t) 1 <t
Yp(t) = — 1

Substitute particular solution into general solution to ODE
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0 t<0
1 t<1
0 1<t

t<O0
t<1
1<¢

dt



0 t<0

—1+ cos (2t) t<1
= 1008 (26) + oy i (26) — 2sin (1) cos (2t) — 4sin (2)sin (2t) 1<t
0
—1 + cos (2t)
Check validity of solution y = ¢; cos (2t) + ¢, sin (2t) — 2sin (1)" cos (20) - 48 in (2) sin (2)
Use initial condition y(0) =0
0=c
Compute derivative of the solution
0 t<0
—25sin (2¢) t<1
—4sin (1) sin (2t) — 2sin (2) cos (2t) 1<t

y' = —2¢ sin (2t) + 2¢; cos (2t) — i

=0
{t=0}

Use the initial condition 3’
0= 262

Solve for ¢; and ¢

{Cl = 0, Cy = 0}

Substitute constant values into general solution and simplify

0 t<0

—1+ cos (2t) t<1

2sin (1)% cos (2t) —sin (2)sin (2t) 1<t
y=- 4

Solution to the IVP

0 t<0

—1+ cos (2t) t<1

)= 2sin (1)° cos (2t) — sin (2) sin (2t) 1 <t
= 1
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Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful’

v Solution by Maple
Time used: 0.875 (sec). Leaf size: 35

( N
Ldsolve([diff(y(t),t$2)+4*y(t)=piecewise(O<=t and t<1,1,1<=t and t<infinity,0}}y(0) = 0, D(y)

1 t<1

cos(2t—2) 1<t cos (2t)
y(t) = 1 )

v/ Solution by Mathematica
Time used: 0.037 (sec). Leaf size: 39

-

DSolve[{y"[t]+4*y[t]==Piecewise[{{1,O<t<1},{0,1<=t<Infinity}}],{y[0]==0,y'[0j==0}},y[t],t,1

N\ J

0 t<0
y(t) = { sin’ () 0<t<1

—:sin(1)sin(1 —2¢)  True
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3.12 problem 19

3.12.1 Existence and uniqueness analysis. . . . . .. ... .. ... .. 186l
3.12.2 Maple step by step solution . . . . ... ... ... 0. 189

Internal problem ID [844]
Internal file name [OUTPUT/844_Sunday_June_05_2022_01_51_01_AM_11854967/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.2, The Laplace Transform. Solution of Initial Value Problems. page 255
Problem number: 19.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]
i 0<t«1
Y'+y=¢ —t+2 1<t<?2

0 2<t< o

With initial conditions
[y(0) = 1,4/(0) = 0]

3.12.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

Yy +p)y +q(t)y=F
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Where here

p(t) =0
q(t) =1
(0 t<0
t t<1
F =
—t+2 t<2
\ 0 2<t
Hence the ode is
(0 t<0
, t  t<l1
y' +y=
—t+2 t<2
\ 0 2<t

The domain of p(t) =0 is
{—00 <t < o0}

And the point ¢, = 0 is inside this domain. The domain of ¢(t) = 1 is

{—00 <t < o0}

0 t<0
t t<1
And the point ¢ty = 0 is also inside this domain. The domain of F' =
—t+2 t<2
0 2<t

is
{—00 <t < o0}

And the point ty = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let
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Taking the Laplace transform of the ode and using the relations that
L(y) = sY(s) —y(0)
L(y") = s*Y(s) — /' (0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain

e —2e 41
32

'Y (s) —4/(0) — sy(0) + Y (s) = (1)

But the initial conditions are

y(0) =1
y'(0)=0
Substituting these initial conditions in above in Eq (1) gives
e 2 —2e°+1
Y (s)—s+Y(s) = 2

Solving the above equation for Y (s) results in

3 —23_2 —s 1
Y(s):S +e e "+

s2(s2+1)
Taking the inverse Laplace transform gives
y=LT(Y(s))
_ 1 S+e—2e°+1
s2(s2+1)

= cos (t) + Heaviside (t — 2) (t — 2 —sin (¢t — 2)) — 2 Heaviside (-1 +¢) (t — 1 —sin (=1 +¢)) + ¢ — sin
Hence the final solution is

y = cos (t) + Heaviside (t — 2) (t — 2 — sin (t — 2))
— 2Heaviside (-1 +t) (t — 1 —sin (=1 +¢t)) + ¢t — sin (¢)

Simplifying the solution gives

y=(—2t+2+2sin(—1+t)) Heaviside (—1 + t)
+ Heaviside (t — 2) (t — 2 — sin (¢ — 2)) + ¢ + cos (t) — sin (¢)

Summary
The solution(s) found are the following

y=(—2t+2+2sin(—1+t)) Heaviside (—1 + t) (1)
+ Heaviside (t — 2) (t —2 —sin (t — 2)) + ¢ + cos (t) — sin ()
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(b) Slope field plot

y=(—2t+2+2sin(—1+t)) Heaviside (—1 + t)

+ Heaviside (¢t — 2) (t — 2

Verified OK.

3.12.2 Maple step by step solution

Let’s solve

—sin (t — 2)) +t + cos (t) — sin (¢)

[ 0 ¢<0 |
y' +y= bt ,9(0) =1,y =0
—t+2 t<2 {t=0}
i 0 2<t |
° Highest derivative means the order of the ODE is 2
Y
° Characteristic polynomial of homogeneous ODE
r4+1=0
° Use quadratic formula to solve for r
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Roots of the characteristic polynomial
r=(-LI)

1st solution of the homogeneous ODE

y1(t) = cos (t)

2nd solution of the homogeneous ODE
y2(t) = sin (¢)

General solution of the ODE

y = c1tn(t) + c202(t) + yp(t)

Substitute in solutions of the homogeneous ODE
y = c1 cos (t) + cosin (t) + yp(2)

Find a particular solution y,(t) of the ODE

Use variation of parameters to find y, here f(t) is the forcing function

0 t<0 |
t t<1
_ y2(8) £(¢) @) f@) _
w(t) = —u® ([ whiiimdt) + 0 (J wbitilmd) FO=C "
_ | 0 2<t
Wronskian of solutions of the homogeneous equation
cos (t) sin(t)
W(y(t) , 92(t)) = ,
—sin (t) cos (%)
Compute Wronskian
W(yl (t) 7y2(t)) =1
Substitute functions into equation for y,(t)
(0 t<0 (0 t<o0
t t<1 t t<1
Yp(t) = —cos (t) | [sin (t) dt | +sin(t) | [cos(t)
—t+2 t<2 —t+2 t<2
| 0 2<t | 0 2<t¢

Compute integrals
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0 t<0

t — sin (¢) t<1
(—1+2cos(1))sin(t) —2cos(t)sin (1) —t+2 ¢t <2
| —2(sin () cos (1) — cos (t)sin (1)) (cos (1) = 1) 2 <t

yp(t) =

Substitute particular solution into general solution to ODE

¢

0 t<0

t — sin (t) t<1
(=14+2cos(1))sin(t) —2cos(t)sin (1) —t+2 t <2
—2(sin (t) cos (1) — cos (t)sin (1)) (cos (1) — 1) 2 <t

(

y = c1cos (t) + cosin () +

\

0
t — sin (t)
(=14 2cos(1))sin (t) — 2 cos (t) sin (1)
—2(sin (¢) cos (1) — cos (t) sin (1)) (cos

Check validity of solution y = ¢; cos (t) + ¢y sin () +

\
Use initial condition y(0) = 1
1= C1

Compute derivative of the solution

p

0 t<0

1 — cos (t) t<1
(—1+2cos(1))cos(t) +2sin(1)sin(t) —1 ¢ <2

[ —2(cos (1) cos (t) +sin (1) sin (t)) (cos (1) = 1) 2 <t

y' = —cysin (t) + c cos (t) +

Use the initial condition 3/ - =0
0=co

Solve for ¢; and ¢,

{c1=1,¢c0 =0}

Substitute constant values into general solution and simplify
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0 t<0
t — sin (t) t<1

Y= 0% 1+ 2008 (1))sin (1) — 2e08 (f)sin (1) — 42 ¢ <2
—9(sin (£) cos (1) — cos (¢) sin (1)) (cos (1) = 1) 2 <t
° Solution to the IVP
( 0 t<0
y oo (t) + t — sin (t) t<1

(—14+2cos(1))sin(t) —2cos(t)sin (1) —t+2 t<2
—2(sin (t) cos (1) — cos (t)sin (1)) (cos (1) — 1) 2<¢

Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful

<- solving first the homogeneous part of the ODE successful~

v/ Solution by Maple
Time used: 0.907 (sec). Leaf size: 58

e DY
Ldsolve([diff(y(t),t$2)+y(t)=piecewise(0<=t and t<1,t,1<=t and t<2,2-t,2<=t ap? t<infinity,O0)

t t<1
y(t) = —sin (¢) + cos (t) + 2—t+2sin(t—1) t<2
—sin(t—2)+2sin(t—1) 2<t¢
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v/ Solution by Mathematica
Time used: 0.051 (sec). Leaf size: 68

[DSolve [{y'' [t1+y[t]==Piecewise[{{t,0<t<1},{2-t,1<=t<2},{0,2<=t<Infinity}}], {y\J[O] ==1,y'[0]==

cos(t) t<0
) > cos(t) — 4sin® () .sin(l —t) t>2
t + cos(t) — sin(¢) 0<t<1

—t+ cos(t) — 2sin(l —t) —sin(t) +2  True
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4 Chapter 6.4, The Laplace Transform.
Differential equations with discontinuous forcing
functions. page 268

4.1 problem 1 . . . . . . .. 195

4.2 problem 2 . . . . ... e e 202

4.3 problem 3 . . . . .. 209

4.4 problem 4 . . . ... 215

4.5 problem 5 . . . ...

4.6 problem 6 . . . . . ... 229

4.7 problem 7 . . . . ... e 237

4.8 problem 8 . . . .. L 243]

49 problem 11(b) . . . . . . . .. 253

4.10 problem 11(c) k=1/2 . . . . . . ... L 259

4.11 problem 12 . . . . . . . .. e
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4.1 problem 1

4.1.1 Existence and uniqueness analysis. . . . . .. .. .. ... ... 195
4.1.2 Maple step by step solution . . . . ... ... ... .. ..... 198]

Internal problem ID [845]
Internal file name [OUTPUT/845_Sunday_June_05_2022_01_51_06_AM_6446313/index.tex|

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.4, The Laplace Transform. Differential equations with discontinuous
forcing functions. page 268

Problem number: 1.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]
" 1 0<t<3m
Yy ty=
0 Ir<t<o

With initial conditions
[y(0) = 0,7'(0) = 1]

4.1.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

y' +pit)y +qt)y=F
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Where here

p(t) =0

q(t) =1
0 t<0
F=<1 t<3n
0 I <t

Hence the ode is

0 t<0
vV'+y=1<1 t<3r
0 3n<t

The domain of p(t) =0 is
{—00 <t < o0}

And the point ¢, = 0 is inside this domain. The domain of ¢(t) = 1 is

{—o0 <t < o0}

0 t<O
And the point ¢ty = 0 is also inside this domain. The domain of F' = 1 t< 371 is

0 3In<t
{0<t<3m 31 <t<o0,—o0<t<0}

And the point ty = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(y) = sY(s) —y(0)
L(y") = 5"Y (s) — y'(0) — sy(0)
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The given ode now becomes an algebraic equation in the Laplace domain

LY ()~ (0) ~ sy(0) + Y (5) =

But the initial conditions are

y(0) =0
y'(0)=1

Substituting these initial conditions in above in Eq (1) gives

1— —37s
Y (s)—1+Y(s) = +

Solving the above equation for Y (s) results in

~1+e73m —s

Y(s)=- s(s2+1)

Taking the inverse Laplace transform gives
y=LT(Y(s))
_ E—l __1 + e—37rs —3
s(s2+1)

£\ 2
= —cos (t) + 1 — 2 Heaviside (¢t — 37) cos (5) + sin (¢)

Hence the final solution is
£\ 2
y = —cos (t) + 1 — 2 Heaviside (¢t — 37) cos (5) + sin (¢)
Simplifying the solution gives

y = —cos(t) + 1+ (—1 — cos(t)) Heaviside (t — 37) + sin (¢)

Summary
The solution(s) found are the following

y = —cos(t) + 1+ (—1 — cos (t)) Heaviside (¢t — 37) + sin (¢)
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(a) Solution plot (b) Slope field plot

Verification of solutions

y = —cos(t) + 1+ (-1 — cos(t)) Heaviside (t — 37) + sin (¢)
Verified OK.

4.1.2 Maple step by step solution

Let’s solve
0 t<0
v +y=1<¢ 1 t<3r ,y(0)=0,9 oy 1
0 3Ir<t
° Highest derivative means the order of the ODE is 2
Y
° Characteristic polynomial of homogeneous ODE
r+1=0
° Use quadratic formula to solve for r
° Roots of the characteristic polynomial
r=(-LI)
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1st solution of the homogeneous ODE

y1(t) = cos (¢)

2nd solution of the homogeneous ODE

y2(t) = sin (¢)

General solution of the ODE

y = 1 (t) + cona(t) + ypo(t)

Substitute in solutions of the homogeneous ODE
y = c1 cos (t) + cosin (t) + yp(2)

Find a particular solution y,(t) of the ODE

Use variation of parameters to find y, here f(¢) is the forcing function

0 t<0
w0 = =) (] wiadima) +e0 (/v #hmd) 70 = 1 t<sn
0 3In<t
Wronskian of solutions of the homogeneous equation
cos (t) sin(t)
W (i (), 92(t) = ,
—sin (t) cos(?)
Compute Wronskian
W(yi(t),92(2)) = 1
Substitute functions into equation for y,(t)
0 t<0 0 t<0
Yp(t) = —cos(t) | [ sin(t) t<3m |dt|+sin(t)| [ cos(t) t<3m |dt
0 3n <t 0 3r <t

Compute integrals

0 t<0
Yp(t) =4 1—cos(t) t<3m
—2cos(t) 3m<t

Substitute particular solution into general solution to ODE

199



0 t<0
y=cicos(t)+cysin(t)+ ¢ 1—cos(t) t<3m
—2cos(t) 3m<t

0 t<0
Check validity of solution y = ¢; cos (t) +czsin(t) + ¢ 1 —cos(t) t<3n
—2cos(t) 3m<t
Use initial condition y(0) =0
0=¢
Compute derivative of the solution
0 t<0
Yy = —cisin(t) +cpcos(t) + 9 sin(t) t<3w
2sin(t) 3w <t
Use the initial condition 3’ o) =1
1=1c¢c
Solve for ¢; and ¢y
{c1=0,c0 =1}
Substitute constant values into general solution and simplify
0 t<0
y = sin (t) — cos(t)—1 t<3m
2cos(t) 3m<t
Solution to the IVP
0 t<0
y = sin (t) — cos(t)—1 t<3m
2cos(t) 3m<t
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Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful’

v Solution by Maple
Time used: 0.797 (sec). Leaf size: 39

( N
Ldsolve([diff(y(t),t$2)+y(t)=piecewise(0<=t and t<3#*Pi,1,3%Pi<=t and t<infinit§r,0),y(0) =0,

cos(t)—1 t<3m

y(t) =sin(t) - 2cos(t) 3r<t

v/ Solution by Mathematica
Time used: 0.032 (sec). Leaf size: 34

LDSolve[{y"[t]+y[t]==Piecewise[{{1,0<=t<3*Pi},{0,3*Pi<=t<Infinity}}],{y[0]==0}y'[O]==1}},y[t

sin(t) t<0
y(t) > { sin(t) — 2cos(t) t> 3w
—cos(t) +sin(t) +1 True
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4.2 problem 2
4.2.1 Existence and uniqueness analysis. . . . . .. .. .. ... ... 2021
4.2.2 Maple step by step solution . . . . ... ... ... ... ... . 205]

Internal problem ID [846]
Internal file name [OUTPUT/846_Sunday_June_05_2022_01_51_09_AM_23570421/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.4, The Laplace Transform. Differential equations with discontinuous
forcing functions. page 268

Problem number: 2.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]
" , 1 7 <t<2nm
Yy +2y +2y=
0 otherwise

With initial conditions
[y(0) = 0,7'(0) = 1]

4.2.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

y' +pit)y +qt)y=F
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Where here

p(t) =2
q(t) =2
0 t<m
F=<1 t<orn
0 27 <t
Hence the ode is
0 t<m
Y'+2) +2y=¢ 1 t<2m
0 2 <t

The domain of p(t) = 2 is
{—00 <t < o0}

And the point ¢, = 0 is inside this domain. The domain of ¢(t) = 2 is

{—o0 <t < o0}

0 t<m
And the point ¢ty = 0 is also inside this domain. The domain of F' = 1 t< 21 is
0 27 <t

{r<t<2m2n <t<oo,—oc0<t<m}

And the point ty = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(y) = sY(s) —y(0)
L(y") = 5"Y (s) — y'(0) — sy(0)
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The given ode now becomes an algebraic equation in the Laplace domain

—TSs —27s

$%Y (s) = ¢/ (0) — sy (0) + 25Y (s) — 2y(0) +2Y (s) = ———— (1)
But the initial conditions are
y(0)=0
y'(0) =1
Substituting these initial conditions in above in Eq (1) gives
) e TS — e—27rs
sY(s) —14+2sY(s) +2Y(s) = .

Solving the above equation for Y'(s) results in

e TS e—27rs + s
s(s24+2s+2)

Taking the inverse Laplace transform gives
y=L(Y(s))
_ E—l <e—7rs _ e—27rs + 8)
s(s2+2s+2)
(—1 + e*™*(cos (t) + sin (t))) Heaviside (¢ — 27) N (14 €™ *(cos (t) + sin (t))) Heaviside
2 2

Y(s) =

=e 'sin (¢) +
Hence the final solution is

y = etsin (£) + (—1+ e *(cos (t) + sir21 (t))) Heaviside (¢ — 2)
4 (1 + €™ *(cos (t) + sin (t))) Heaviside (t — )
2

Simplifying the solution gives

)= Heaviside (t — 27) (cos (t) + sin (¢)) €™  Heaviside (¢ — 2)
B 2 a 2
7r_t . . . _
N (14 e™*(cos (t) + sin (¢))) Heaviside (t — ) +etsin (1)

2

Summary
The solution(s) found are the following

_ Heaviside (t — 2) (cos (¢) + sin (¢)) e*"*  Heaviside (t — 2)
= o 2 I 2 (1)
+ (1+e™*(cos (t) + s1n2(t))) eaviside (t — ) +esin (2)
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Heaviside (¢ — 27) (cos (t) + sin (¢)) e*™* _ Heaviside (t — 2m)

N (1 + €™ *(cos (t) + sin (t))) Heaviside (t — )

2

2

Verified OK.

4.2.2 Maple step by step solution

Let’s solve

2

+ e "sin ()

0 t<m
/" / _ — / —
VAWt =1 t<om g0 =0y| =1
0 27 <t
° Highest derivative means the order of the ODE is 2
y//
° Characteristic polynomial of homogeneous ODE
r4+2r+2=0
° Use quadratic formula to solve for r

p— (22
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Roots of the characteristic polynomial
r=(-1-1-141)

1st solution of the homogeneous ODE

y1(t) = e *cos (t)

2nd solution of the homogeneous ODE
yo(t) = e *sin (¢)

General solution of the ODE

y = c1tn(t) + c202(t) + yp(t)

Substitute in solutions of the homogeneous ODE
y = cie " cos (t) + cae 7 sin () + y,(2)

Find a particular solution y,(t) of the ODE

Use variation of parameters to find y, here f(t) is the forcing function

0 t<m
wnlt) = =) (f 2 t) + valt) (J sflepat) FO) = {1 4 <2
0 27 <t
Wronskian of solutions of the homogeneous equation
e*cos (t) e~ " sin (t)
W(u(t),ya(t) = . .
—e"tcos(t) —etsin(t) —e sin(t) + e *cos (t)
Compute Wronskian
W(yi(t),92(t) =
Substitute functions into equation for y,(t)
0 t<m 0 t<m
yp(t) = —etl cos(t) | [ sin(t)e! t<2r |[dt| —sin()| [ etcos(t) t<2m
0 2n <t 0 2r <t

Compute integrals

0 t<m
1+ e *(cos(t) +sin(t)) t<2rm

() = e" (14 ¢") (cos (Z) +sin(t)) 2w <t
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Substitute particular solution into general solution to ODE
0 t<m
14+ e™*(cos(t) +sin(t)) t<2m

et (1+e")(cos(t) +sin(t)) 2w <t
y = cie"t cos (t) + coetsin (¢) + ( ) ( (2) (1))

0
1+e"*(cos(t) +sin(t)) 1

e™ (1 +e") (cos (t) +sin(t))

Check validity of solution y = c;e7* cos (t) + coe ' sin (t) +
Use initial condition y(0) =0
0= C1

Compute derivative of the solution

—e™*(cos (t) + sin

—e™ (14 €™) (cos (t) + sin

y' = —cie b cos (t) — cresin (t) — coe P sin () + c2e 7t cos (t) +
Use the initial condition 3’ =1

{t=0}
1=—ci1+c

Solve for ¢; and co
{c1=0,c0 =1}
Substitute constant values into general solution and simplify
0 t<m
1+e™*(cos(t) +sin(t)) t<2«

y = e tsin (£) + e"*(1+e") (cos (Z) +sin(f)) 2r <t

Solution to the IVP

0 t<m
1+e™%(cos(t) +sin(t)) t<2x

y = et sin (£) 1 e"*(1+€") (cos (125) +sin(t)) 2r <t

207



Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful’

v Solution by Maple
Time used: 0.797 (sec). Leaf size: 83

-

§
Ldsolve([diff(y(t),t$2)+2*diff(y(t),t)+2*y(t)=piecewise(Pi<=t and t<2*1>i,1,truje,0),y(0) =0,

0 t<m

14 e™*(cos () + sin (t)) t<2m

(cos (t) +sin () ("t +e* ) 2 <t
2

y(t) =sin (t)e " +

v Solution by Mathematica
Time used: 0.047 (sec). Leaf size: 89

LDSolve[{y"[t]+2*y'[t]+2*y[t]==Piecewise[{{1,Pi<=t<2*Pi},{O,True}}],{y[0]==0{y'[0]==1}},y[t]

e 'sin(t) t<m
y() = | le7t(em cos(t) + € + (2 + €7) sin(t)) r<t<om
1e7(e™(1+ €™) cos(t) + (2 + €™ + ™) sin(t)) True

208



4.3 problem 3

4.3.1 Existence and uniqueness analysis. . . . . . .. ... ... ... 200
4.3.2 Maple step by step solution . . . . ... ... ... ... 212

Internal problem ID [847]
Internal file name [OUTPUT/847_Sunday_June_05_2022_01_51_16_AM_63013947/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.4, The Laplace Transform. Differential equations with discontinuous
forcing functions. page 268

Problem number: 3.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]

y" + 4y = sin (t) — Heaviside (t — 2) sin (t)

With initial conditions
[y(0) = 0,%'(0) = 0]

4.3.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

y' +pit)y +qt)y=F

Where here

p(t) =0
q(t) =4
F =sin (t) (1 — Heaviside (t — 27))
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Hence the ode is
y" + 4y = sin (t) (1 — Heaviside (¢ — 27))

The domain of p(t) =0 is
{—00 <t < o0}

And the point ¢, = 0 is inside this domain. The domain of ¢(t) = 4 is

{00 <t < o0}

And the point ¢y = 0 is also inside this domain. The domain of F' = sin (t) (1 — Heaviside (t — 27))
is
{t<2mrV2r<t}

And the point ty = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let
L(y) =Y (s)
Taking the Laplace transform of the ode and using the relations that
L(y) = sY(s) —y(0)
L(y'") = s*Y(s) —y'(0) — sy(0)
The given ode now becomes an algebraic equation in the Laplace domain

_e—27rs + 1

SY(s) =y'(0) = sy(0) + 4Y (s) = — 5

(1)

But the initial conditions are

y(0)=0
y'(0) =0

Substituting these initial conditions in above in Eq (1) gives

—27s
—e 2 41
2y (s) + 4V (s) = —— "~
SV () + ¥ (5) =~
Solving the above equation for Y (s) results in
e—27rs -1

N I
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e—27rs -1

Heaviside (27 — t) (2sin (¢) — sin (2t))

Heaviside (2m — t) (2sin (t) — sin (2t))
sin (¢) (cos (t) — 1) (—1 + Heaviside (t — 27))
sin (t) (cos (t) — 1) (—1 + Heaviside (¢t — 27))

y=LT(Y(s))

Y

Taking the inverse Laplace transform gives
)

Simplifying the solution gives
The solution(s) found are the following

Hence the final solution is

Summary

(b) Slope field plot

—4
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25

15

sin (¢) (cos (t) — 1) (—1 + Heaviside (t — 27))

(a) Solution plot
(

0.5

Verification of solutions

Verified OK.



4.3.2 Maple step by step solution

Let’s solve

y" + 4y = sin (t) (1 — Heaviside(t — 27)) ,y(0) =

-

° Highest derivative means the order of the ODE is 2
Y

° Isolate 2nd derivative
y" = —4y —sin (t) (—1 + Heaviside(t — 2m))

° Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y" +4y = —sin (¢) (—1 + Heaviside(t — 27))

° Characteristic polynomial of homogeneous ODE
r?4+4=0

° Use quadratic formula to solve for r

° Roots of the characteristic polynomial
r=(-2L2I)

° 1st solution of the homogeneous ODE
y1(t) = cos (2t)

° 2nd solution of the homogeneous ODE
y2(t) = sin (2t)

° General solution of the ODE
y = (t) + cap2(t) + yp(t)

° Substitute in solutions of the homogeneous ODE

y = ¢1 cos (2t) + cosin (2t) + y,(2)
O Find a particular solution y,(¢) of the ODE

o Use variation of parameters to find y, here f(¢) is the forcing function
[yp( (f Wézl(tt)fé?(t)) ) + (¢ <f Wf’;f(?)f;?(t)) ) , f(t) = —sin (t) (—1 + Heaviside(t

o Wronskian of solutions of the homogeneous equation
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cos (2t)  sin(2t)

W(yi(t),y2(¢)) = —2sin (2t) 2cos(2t)

Compute Wronskian

W(yi(t),v2(t)) =2

Substitute functions into equation for y,(t)

__ cos(2t)( [ sin(2t) sin(t)(—1+ Heaviside(t—2))dt) sin(2t) ([ cos(2t) sin(t)(— 1+ Heaviside(t—2m))dt)
Yp(t) = 2 - 2

Compute integrals

y,(t) = Sin(t)(1+(COS(t)—13)Heavisz'de(t—27r))

Substitute particular solution into general solution to ODE

Yy = ¢; COS (2'[;) + ¢y 8in (2t) + sin(t)(1+(cos(t)—;)Heaviside(t—%r))

sin(t)(1+(cos(t)—1) Heaviside(t—2m))

Check validity of solution y = ¢; cos (2t) + co sin (2¢) + 3

Use initial condition y(0) =0
0= C1

Compute derivative of the solution

y/ — —9¢; sin (2t) 1 2¢, cos (2t) + cos(t)(1+(cos(t)—;)Heaviside(t—Zr)) + sin(t)(— Heaviside(t—2) sin?ft)—l—(cos(t)—l

Use the initial condition 3’ 0

{t=0} -
0=13+2c

Solve for ¢; and co
fer=0.c2= 1)

Substitute constant values into general solution and simplify
sin(t)(cos(t)—1)(—1+ Heaviside(t—2m))
3

y =
Solution to the IVP
sin(t)(cos(t)—1)(—13+Heaviside(t—27r))

y:
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Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful’

v Solution by Maple
Time used: 0.438 (sec). Leaf size: 25

-

Ldsolve([diff(y(t),t$2)+4*y(t)=sin(t)—Heaviside(t—2*Pi)*sin(t—2*Pi),y(O) = O,:#(y)(O) = 0],y(

y(t) = sin (t) (cos (t) — 1) (—g-l- Heaviside (t — 27))

v/ Solution by Mathematica
Time used: 0.061 (sec). Leaf size: 27

-

LDSolve[{y"[t]+4*y[t]==Sin[t]-UnitStep[t-2*Pi]*Sin[t-2*Pi],{y[0]== ,y'[O]==Oi},y[t],t,lnclud

y(t) = ge(% _ #)sin? (g) sin(t)
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4.4 problem 4
4.4.1 Existence and uniqueness analysis. . . . . .. .. .. ... ... 215
4.4.2 Maple step by step solution . . . . ... ... ... ... ... . 218

Internal problem ID [848]
Internal file name [OUTPUT/848_Sunday_June_05_2022_01_51_18_AM_11805961/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.4, The Laplace Transform. Differential equations with discontinuous
forcing functions. page 268

Problem number: 4.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]
" , 1 0<t<10
Y +3y +2y=
0 otherwise

With initial conditions
[y(0) = 0,%'(0) = 0]

4.4.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

y' +pit)y +qt)y=F
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Where here

p(t) =3
q(t) =2
0 t<0
F=<¢1 t<10
0 10<¢t
Hence the ode is
0 t<0
Y +3y+2y=4¢ 1 t<10
0 10<¢

The domain of p(t) = 3 is
{—00 <t < o0}

And the point ¢, = 0 is inside this domain. The domain of ¢(t) = 2 is

{—o0 <t < o0}

0 t<O0
And the point ¢ty = 0 is also inside this domain. The domain of F' = 1 t<10 is
0 10<¢

{0<t<10,10 <t < 00, —00 < t < 0}

And the point ty = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(y) = sY(s) —y(0)
L(y") = 5"Y (s) — y'(0) — sy(0)
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The given ode now becomes an algebraic equation in the Laplace domain

1— e—lOs

s%Y (s) — /(0) — sy(0) + 3sY (s) — 3y(0) + 2Y (s) = — (1)
But the initial conditions are
y(0) =0
y'(0)=0
Substituting these initial conditions in above in Eq (1) gives
) 1— e—lOs
Y (s) +3sY(s) +2Y(s) = .
Solving the above equation for Y'(s) results in
—1 47108
Y(s) = —
() s(s2+3s+2)
Taking the inverse Laplace transform gives
y =L (Y(s))
s(s?2+3s+2)
Heaviside (10 —t) e 2, (—e 2120 4 2¢!97%) Heaviside (¢ — 10)
= + —e  +
2 2 2
Hence the final solution is
Heaviside (10 —¢) e 2  _, (—e 2% 4 2¢!0-%) Heaviside (¢t — 10)
= + —e +
2 2 2
Simplifying the solution gives
_ 1 Heaviside (¢ — 10) N e ot
Y73 2 c 2
Heaviside (t — 10) e ™2+
_ Heaviside 5 0)e + Heaviside (¢ — 10) '~

Summary
The solution(s) found are the following

1 Heaviside (t —10)  e™2
y = - — + — €
2 2 2 (1)
Heaviside (# — 10) e—2t+20
_ Heaviside ( 5 0)e + Heaviside (t — 10) e

217



\\\\\\\\\\\\\ ~~N\ | /L /7
\\\\\\\\\\\\\ ~\ | / /rrr
\\\\\\\\\\\\ s
\\\\\\\\\\\\ ~\\ N. ) S L
\\\\\\\\\\\\ NV S/
\\\\\\\\\\\\ \ ) M Frr
\\\\\\\\\\\ N S —
\\\\\\\\\\\ \ /e rr — |
\\\\\\\\\\\ S e
\\\\\\\\\\ S e e
\\\\\\\ ) e — — i
T T e e —
N ——— e — r
T [ N————r e — —
) N —~——— e —— — —
s I A AN—————————— — — —
o7 ] I N~ ——— — — —
77 A NS—NS—————————— — — —
77 I AN N—————————— — — —
77 I NN ~—~S——————————— —— |
<+ & - S T = &
| | | |
—
~
—
~
|

25

15

05

(b) Slope field plot

(a) Solution plot

Verification of solutions

2

_|_

2
Heaviside (¢ — 10) e~2¢+20

+ Heaviside (t — 10) e'*~*

Verified OK.

4.4.2 Maple step by step solution

|

}
(=)
1
=
=Y
=
I
—~~
(=)
N—r
>
=RV
Vv
- ‘< S
B Lol
o — o
———

Let’s solve
{y” + 3y/ + 2y

Highest derivative means the order of the ODE is 2

yll

Characteristic polynomial of homogeneous ODE

r+3r+2=0

Factor the characteristic polynomial

(r+2)(r+1)=0

218



Roots of the characteristic polynomial
r=(-2,-1)

1st solution of the homogeneous ODE

Y1 (t) — e—2t

2nd solution of the homogeneous ODE
ya(t) = e

General solution of the ODE

y = ay(t) + caya(t) + yp(?)

Substitute in solutions of the homogeneous ODE
y = cre” % + et + y,(t)

Find a particular solution y,(t) of the ODE

Use variation of parameters to find y, here f(t) is the forcing function

0 t<O0
— ®)f(@) @) f(t) —
wlt) =~ (/ wiadhimdt) +w0 (/i) F0 =1 1 1<10
0 10<t
Wronskian of solutions of the homogeneous equation
e—2t e—t
W(1(t) ,52(t)) =
_9e2 _ot
Compute Wronskian
W (yi(t) ,y2(t)) = e
Substitute functions into equation for y,(t)
0 t<0 0 t<0
yp(t) = —e72| [ e t<10 [dt | +et| [ et t<10 |dt
0 10t 0 10t
Compute integrals
0 t<0
% _2et 41 t<10
e—2t _ 2e—t _ e—2t+20 + 2e10—t 10 < ¢
yp(t) = 2
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Substitute particular solution into general solution to ODE

0 t<0
e _2et41 t <10
i » e 2t _ 9t _ g 204+20 4 9010t () < ¢
Yy =cCce “+ce "+ 3
0 t<0
e 2t — 2 t4+1 t <10

e—2t _ 2€_t _ e—2t+20 + 2elo—t 10 < ¢

Check validity of solution y = cie™ + coe™t + 5
Use initial condition y(0) =0
O=c+c
Compute derivative of the solution
0 t<0
—2e7 2% 4 2e7t t <10

—2e 2t 4 27t 4272120 _ 9210t 10 < ¢
2

Yy = —2cie™® —cpet +

=0

Use the initial condition 3’ oy
0=—2¢; — ¢y

Solve for ¢; and co

{c1 =0,c2 =0}

Substitute constant values into general solution and simplify

0 t<0
e 2t —2et41 t<10
e—2t _ 2e—t _ e—2t+20 + 2elo—t 10 < ¢
Y= 2
Solution to the IVP
0 t<0
e 2t —2et41 t <10
e—2t _ 2e—t _ e—2t+20 + 2610—15 10 <t
Y= 2
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Maple trace

“Methods for second order ODEs:

--- Trying classification methods ---

trying a quadrature

trying high order exact linear fully integrable

trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]

<- double symmetry of the form [xi=0, eta=F(x)] successful’

v/ Solution by Maple
Time used: 0.438 (sec). Leaf size: 65

Ldsolve([diff(y(t),t$2)+3*diff(y(t),t)+2*y(t)=piecewise(O<=t and t<10,1,true,0}),y(0) =0, D@y

1—2et4e2 t <10
—2e10 472049 t=10
2el0-t _e20-2t _ et L e72 10<t
y(t) = 5

v/ Solution by Mathematica
Time used: 0.041 (sec). Leaf size: 61

e

LDSolve[{y"[t]+3*y'[t]+2*y[t]==Piecewise[{{1,0<=t<10},{O,True}}],{y[0]==0,y't¥]==0}},y[t],t,

0 t<0
y(t) > { le2(—1+et)? 0<t<10

se?(—1+e%)(-1—e'"+2")  True
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4.5 problem 5
4.5.1 Existence and uniqueness analysis. . . . . . ... ... ... .. 2272
4.5.2 Maple step by step solution . . . . .. ... ... ... 225

Internal problem ID [849]
Internal file name [OUTPUT/849_Sunday_June_05_2022_01_51_22_AM_5247366/index.tex|

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.4, The Laplace Transform. Differential equations with discontinuous
forcing functions. page 268

Problem number: 5.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]
y' +y + % _ t — Heaviside (t - E) (t - E)
4 2 2
With initial conditions
[y(0) = 0,y/(0) = 0]
4.5.1 Existence and uniqueness analysis
This is a linear ODE. In canonical form it is written as
y' +pt)y +qlt)y=F
Where here
p(t) =1
5
t) ==
q(t) =,
—2t 4+ 7) Heaviside (t — Z
F=( ) Heaviside ( 2)—|—t

2
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Hence the ode is

—2t Heaviside (t — %
y,,_'_y,_l_%/:( + ) ezv151 e 2)—I—t

The domain of p(t) =1 is
{—00 <t < o0}

And the point ¢, = 0 is inside this domain. The domain of ¢(t) = 2 is
{—00 <t < o0}

(—2t+) Heaviside (t— %)

And the point ¢y = 0 is also inside this domain. The domain of F' = 5 +
tis
{t<2v i<t}
2 2

And the point £y = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(y') = sY(s) — y(0)
L(y") = s*Y (s) — /(0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain

Y () =/ (0) — sy(0) + ¥ () —y(0) + 2 - ZF L

But the initial conditions are

y(0) =0
y'(0)

Substituting these initial conditions in above in Eq (1) gives

5Y —e"2 +1
s°Y (s) + sY(s) + 4(8) = 522 i
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Solving the above equation for Y (s) results in

4(e_% — 1)
52 (4s2 +4s5+45)

Y(s) =

Taking the inverse Laplace transform gives

y=L"(Y(s))
_ -1 4(e_% _ 1)
=L <_32(432+4s+5)>

4e 2(4cos(t) — 3sin(t)) 4 Heaviside (—t + %) (—4 + 5t) 2<57T —2e7274(3cos (t) + 4sin (t))>
- 25 - 25 - 25

Hence the final solution is

B 4e 3 (4cos (t) — 3sin (t)) N 4 Heaviside (—t + §) (—4 + 5t)
v= 25 25
2(57r — 2e 215 (3 cos (t) + 4sin (t))) Heaviside (t — %)

* 25

Simplifying the solution gives

16 12 Heaviside (t — 5 ) <cos (t) + 4L;‘(t)) e 5+
Y=79 2%

2(8 — 10t + 5m) Heaviside (t — %)  4e~2(4cos(t) — 3sin (t)) = 4t
+ 25 + 25 5

Summary
The solution(s) found are the following

_ 2 3
Y= 7% 25 (1)
2(8 — 10t + 57) Heaviside (t — %)  4e~2(4cos(t) — 3sin (t)) = 4t
* % M % 3

16 12Heaviside (t — ’T) <cos (t) + M) e~ 5%
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(a) Solution plot (b) Slope field plot
Verification of solutions
. T 4 sin(t) —tym
16 12Heaviside (t — %) (cos (t) + T) e 2t
AT 25
o e i .
N 2(8 — 10¢ + 5m) Heaviside (¢ — %) N 4e3(4cos (t) — 3sin (¢)) N 4t
25 25 5
Verified OK.
4.5.2 Maple step by step solution
Let’s solve
y,, n y, n %, _ (—2t+7r)Hea,2viside(t—§) 4 t,y(O) _ O,y’ _ 0:|
{t=0}
° Highest derivative means the order of the ODE is 2
yll
° Isolate 2nd derivative
Y = —He“”md;(t_%)w — Heaviside(t — %)t —y' — E’Zy +1
° Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
y'+y + 2 =t — Heaviside(t — Z)t + —Hmvi&ids (=)

° Characteristic polynomial of homogeneous ODE

225



P +r+5=0
Use quadratic formula to solve for r

p = (02D

Roots of the characteristic polynomial

P (=l L -14)

1st solution of the homogeneous ODE

y1(t) = cos (t) e~2

2nd solution of the homogeneous ODE

yo(t) = sin (t) e~ 2

General solution of the ODE

y = cyi(t) + coya(t) + yp(2)

Substitute in solutions of the homogeneous ODE
y = ¢y cos (t) €2 + cysin (t) e 2 + y, ()

Find a particular solution y,(t) of the ODE

Use variation of parameters to find y, here f(¢) is the forcing function

®f@) ®f@) _ o m H
[yp(t (f Wéfl D) ) + ot (f W(yyll(t) yZ(t))dt> , f(t) =t — Heaviside(t — 5 ) t + —

Wronskian of solutions of the homogeneous equation

cos (t) ez sin (t) ez
W(yl (t) 92 (t)) - t  cos(t)e % t  sin(t)e” %
—sin(t)e™z — 55— cos(t)e"z — T —

Compute Wronskian
W(yi(t),y2(t) = ™
Substitute functions into equation for y,(t)

e 5 (cos(t) (f —2(—t+Hea,viside(t—%) (t— %))e% sin(t)dt) —sin(t) (f —2(—t+Heam'sz'de(t—%) (t—%))e% cos(t)dt))
Yp(t) = — 2

Compute integrals

.. T _tym
1  12Heaviside(t—7) (COS(t)Jr“‘“(t)) 274 9(8—10t+5m) Heaviside (t— ) | 4
yp(t) = "9 T 25 + 25 +3

Substitute particular solution into general solution to ODE

- 4sin(t) | —t4+%
= -3 i ~t _ 1g _ 12Heaviside(t—3) (COS(tHT)e 274 9(8—10t+5m) Heaviside (t—
y=cicos(t)e 2 +cysin(t)e72 — 3 — i 4 i
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12Heaviside (t— )(cos(t)+451ﬂ(t) )e

1
p

O Check validity of solution y = ¢; cos (£) e™% + ¢y sin (£) e~z — o 55
o Use initial condition y(0) =0
0=

o Compute derivative of the solution

t 12Dimc(t—%) (cos(t)+45i3&>e—%+%r[

y' = —cysin (t) e s — % +cycos(t)e 2 — C2Siﬂ(2t)e 2 _ « B

=0

o Use the initial condition ¢’ (o)
t=0

4
0=5—%+CQ

o Solve for ¢; and ¢

__ 16 _ 12
{Cl = 55:C2 = 755

o Substitute constant values into general solution and simplify

sin _tym
15 12Heaviside(t—F) (cos()+ 225 5% . 2(8-10t+5m) Heaviside(t—3) | 4e~ 5 (4cos(t)—3sin(t)) + 4
y= 2% 25 25 5
° Solution to the IVP
.. sin _tym
_ 16 12Heaviside (t— )(cos(t)+4 (t)) 3+37 n 2(8—10t+5m) Heaviside (t—Z ) + 46_%(4COS(t)—3SiII(t)) + 4t
Y= "3 25 25 25 5

Maple trace

e N

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful

<- solving first the homogeneous part of the ODE successful"
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v/ Solution by Maple
Time used: 0.422 (sec). Leaf size: 66

Ldsolve([diff(y(t),t$2)+diff(y(t),t)+5/4*y(t)=t—Heaviside(t—Pi/2)*(t—Pi/2),y(O}) = 0, D(y) (0)

16 12Heaviside (t - %) (cos (t) + @) e~ 5t%

y(t) = =55~ 2

2(8 — 10t + 5m) Heaviside (t — Z) ~ 4(4cos(t) — 3sin (t))e™z 4t
- 25 * 25 3

v Solution by Mathematica
Time used: 0.036 (sec). Leaf size: 96

'DSolve[{y'' [t]+y' [t]+5/4xy[t]==t-UnitStep[t-Pi/2]*(t-Pi/2),{y[01==0,y' [0]1==0}},y[t],t,Includ

y) > | et/ (e!2(5¢ — 4) 4 4 cos(t) — 3sin(t)) A<

—2e72((—8 + 6e™/*) cos(t) + (6 + 8¢™/*) sin(t) — 5e'/?mr)  True
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4.6 problem 6
4.6.1 Existence and uniqueness analysis. . . . . . .. ... ... ... 229
4.6.2 Maple step by step solution . . . . ... ... ... ... 232

Internal problem ID [850]
Internal file name [OUTPUT/850_Sunday_June_05_2022_01_51_27_AM_71448528/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.4, The Laplace Transform. Differential equations with discontinuous
forcing functions. page 268

Problem number: 6.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]
5 sin(t) 0<t<nm
y//+y/+ _y — ( )
4 0 otherwise

With initial conditions
[y(0) = 0,%'(0) = 0]

4.6.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

y' +pit)y +qt)y=F
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Where here

p(t)=1
5
Q(t)—z
0 t<0
F=4 sin(t) t<m
0 <t
Hence the ode is
0 t<0
5
y"+y'+zy= sin(t) t<m
0 T<t

The domain of p(t) =1 is
{—o0 <t < o0}

And the point ¢, = 0 is inside this domain. The domain of ¢(t) = 2 is

{—00 <t < o0}

0 t<0
And the point ¢, = 0 is also inside this domain. The domain of F' = ¢ sin(t) t <
0 <t

is
{0<t<mrm<t<oo,—0c0<t<0}

And the point ty = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(y') = sY(s) —y(0)
L(y") = s*Y (s) — y/'(0) — sy(0)

230



The given ode now becomes an algebraic equation in the Laplace domain

5Y(s) 1+e™

Y () = /(0) - sy(0) + Y (5) —y(0) + % = =0 1)

But the initial conditions are

y(0)=0
y'(0)

Substituting these initial conditions in above in Eq (1) gives

5Y(s) 14e™

2
s°Y (s) +sY (s) + 1 - 211

Solving the above equation for Y (s) results in

4447

Y) = ey (@t 1 45 1 5)

Taking the inverse Laplace transform gives

y =LY (s))

_ o 4+4e™™

B (s2+1) (452 +4s+5)

_ 8Heaviside (t — ) ei~i(4cos(t)sinh (—Z + %) —sin () cosh (=% + 1)) N 8(—4cos (t)sinh (1) +s
B 17 17

Hence the final solution is

8 Heaviside (t — ) ei~1 (4 cos () sinh (=7 + £) — sin () cosh (=2 + %))
17
8(—4cos (t)sinh (£) + sin () cosh (1)) e~
* 17

y:

Simplifying the solution gives

NE]
ISP

8 Heaviside (t — ) (—4 cos (t)sinh (=% + £) +sin (t) cosh (=2 + %)) e

Yy=-

1
N 8(—4cos (t)sinh (£) + sin () cosh (%)) e~
17

NN
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Summary
The solution(s) found are the following

FNE]
ISP

8 Heaviside (t — ) (—4 cos (t) sinh (—E + E) + sin (¢) cosh (—% + i)) e

y=- 1
. _t
N 8(—4cos (¢)sinh () + sin () cosh (%)) e«
17
47 === YV
o] B
3 VN NN N N N P N R N SR
e N O L R R
0.61 777 7=~V
277777700V
17777700V LV L
051 HIL7777==NNN VLV
d TR
y(t) 4 PRV AR R R R R R RN R R AR A RS
PAVEAANANNANNN—27 LT
0.3 AN AANANNNNNNS— /) ]
PUU VA NN 277 /)
o VANANANAANNANNNN S/ /
021 LAAA LA N NN NS
AAAAANANNANNNNSN S/
o TN S S
ANA AN AANANNANNNNIN S
R N N e
0 05 1 1.5 2 2.5 3 -4 -3 -2-10 1 2 3 4
t y(9)
(a) Solution plot (b) Slope field plot

Verification of solutions

INE]
|
e

8 Heaviside (¢ — ) (—4 cos (¢)sinh (=% + %) +sin (t) cosh (—F + %)) e

y=-

1
N 8(—4 cos (t)sinh (%) + sin (¢) cosh (%)) e~
17

PSP

Verified OK.

4.6.2 Maple step by step solution

Let’s solve

0 t<0
Y4y +2 =X sin(t) t<mw ,y(0)=0,y’{t=0}=0
0 T<t
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Highest derivative means the order of the ODE is 2

7

Y
Characteristic polynomial of homogeneous ODE
rP+r+5=0

Use quadratic formula to solve for r
- (CDE(VD)
- 2

Roots of the characteristic polynomial
r=(=1-1,-141)

1st solution of the homogeneous ODE

y1(t) = cos (t) e~2

2nd solution of the homogeneous ODE
ys(t) =sin (t) e~2

General solution of the ODE

y = cyi(t) + coya(t) + yp(2)

Substitute in solutions of the homogeneous ODE
y = ¢y cos (t) €2 + cysin (t) e 2 + y, ()
Find a particular solution y,(¢) of the ODE

Use variation of parameters to find y, here f(t) is the forcing function

0 t<0

— 1) f(¢ ) f(t . .
1(t) = —01(t) (J w25 0t) + () (f wlat) , f(H) =< sin() t <
0 T<t

Wronskian of solutions of the homogeneous equation

cos (t) ez sin () e~
W(yl (t) )y Y2 (t)) = t cos(t)e_i t s1n(t)e_7
—sin(t)e"2 — 5= cos(t) ez — T

Compute Wronskian

W(y.(t) ,52(t)) = e

Substitute functions into equation for y,(t)
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w(t)=e 5[ —cos(t) | [ [{ sin(®)?et t<m |dt|+sin(e) | [|{ smenet ;o |at
0 m<t 0 T<t

Compute integrals
0 t<0
4| { (sin(t) +4cos(t))e 2 —4cos(t) +sin(t) t<x

bo(t) = —(—1+e%) (sin (t)l;i— 4cos (t))e s T<t

Substitute particular solution into general solution to ODE

0 t<0
4| ¢ (sin(t) +4cos(t)) e 2 —4dcos (t) +sin(t) t<m

—(=1+¢e3)(sin(t) +4cos(t) ez  w<t

y = ¢y cos (t) e + cysin (t) ez +
0
4{{ (sin () +4cos(t)) e 2 —4co

—(—1+e?) (sin(t) +4c

Check validity of solution y = ¢; cos (t) e”3 + co8in (t) e + =

Use initial condition y(0) =0
0= C1

Compute derivative of the solution

4 (cos (t) — 4sin (t)) =5 — (b

1 P —(=1+e?) (cos(t) — 4sin
y = —cysin () e~z — ase ? COS(Zt)e 2 feycos(t)emz — 2 Sm(;)e 2+ ( ) )
Use the initial condition ¥’ =0
{t=0}
0= —%1 +co

Solve for ¢; and ¢,
{Cl = 0, Cy = 0}

Substitute constant values into general solution and simplify
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0 t<o0
4| { (sin (£) + 4 cos (t)) e~z — 4 cos (t) + sin (t)

—(=1+e%) (sin (t) + 4cos (t)) e 2 T<t
y= 17

° Solution to the IVP

(5 3
IN
)

0 t<0
4| ¢ (sin (t) + 4 cos (t)) e~z — 4cos (t) + sin (t)

—(=1+e%) (sin (t) + 4cos (t)) e 2 T<t
y= 17

~
IA
3

Maple trace

“Methods for second order ODEs:
-—- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful

<- solving first the homogeneous part of the ODE successful”

v Solution by Maple
Time used: 0.532 (sec). Leaf size: 91

Ldsolve([diff(y(t),t$2)+diff(y(t),t)+5/4*y(t)=piecewise(O<=t and t<Pi,sin(t),t#ue,0),y(O) = C

—8ed (cos (t)sinh (%) — M) t<m
4
(—e_%J“% + e_5> (4cos(t) +sin(t)) w<t
y(t) = 17
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v/ Solution by Mathematica
Time used: 0.129 (sec). Leaf size: 77

Vs N

kDSolve [{y'' [t1+y' [t]+5/4*y[t]==Piecewise [{{Sin[t],0<=t<Pi},{0,True}}]1,{y[0] ==( ,y' [01==0}},yl

0 t<0
YO~ { A((—a+de) cos(t) + (1€ sin() 0<t<n
—Le72(—1+ €™/?) (4 cos(t) + sin(t)) True
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4.7 problem 7
4.7.1 Existence and uniqueness analysis. . . . . .. ... ... .... 237
4.7.2 Maple step by step solution . . . . .. ... ..., 2400

Internal problem ID [851]
Internal file name [OUTPUT/851_Sunday_June_05_2022_01_51_34_AM_88490583/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.4, The Laplace Transform. Differential equations with discontinuous
forcing functions. page 268

Problem number: 7.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_ linear_ constant__coeff", "second__order__ode_ can_ be__made__in-
tegrable"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]

y" + 4y = Heaviside (t — m) — Heaviside (¢ — 3r)

With initial conditions
[y(0) = 0,%'(0) = 0]

4.7.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

y' +pit)y +qt)y=F

Where here

p(t)
q(t)

F = Heaviside (t — m) — Heaviside (¢t — 3m)

0
4
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Hence the ode is
y" + 4y = Heaviside (t — m) — Heaviside (¢ — 3r)

The domain of p(t) = 0 is
{—o0 <t < o0}

And the point ¢, = 0 is inside this domain. The domain of ¢(t) = 4 is

{—o0 <t < o0}

And the point ¢y = 0 is also inside this domain. The domain of F' = Heaviside (t — 7) —

Heaviside (t — 37) is

{r<t<3m3r<t<oo,—oc0<t<m}

And the point ty = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(y) = sY(s) —y(0)
L(y") = s"Y (s) — y'(0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain

s*Y (s) — /(0) — sy(0) + 4Y (s) = e —Se_3’r3

But the initial conditions are

y(0) =0
y'(0)

Substituting these initial conditions in above in Eq (1) gives
—Ts __ e—37rs

s’Y (s) +4Y (s) = © .
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(1)

e —

e e ————
e e e —a———

e —a—a—a—

sin (t)° (Heaviside (¢t — ) — Heaviside (t — 37))

e TS e—37rs
s(s2+4)

sin (¢)° (Heaviside (t — ) — Heaviside (¢t — 37))

sin (t)° (Heaviside (¢t — ) — Heaviside (t — 37))

sin (t)° (Heaviside (t — ) — Heaviside (t — 37))

-

y=L(Y(s))

)
)

Solving the above equation for Y (s) results in
Y

Taking the inverse Laplace transform gives
The solution(s) found are the following

Simplifying the solution gives

Hence the final solution is

Summary

A P P e e NN\
VA A A e N D N
1177777 7 —~NN A L L L
AAANANNNNNN~—~v Y/ /2 /) L)
NANNNNNSN oo S/
NN NN NN —————— —— S
NN NN ——— — — —
N T T T ——— e — — —
N T T T T T — _—
T — — —
11111111111111111111
11111111111111111111
< ] a — S = & & I
| | |
<
~—
~
|3

0

-3 -2 -1

(b) Slope field plot

—4
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Verification of solutions

sin (t)* (Heaviside (t — ) — Heaviside (t — 37))
2

y prd
Verified OK.

4.7.2 Maple step by step solution

Let’s solve
y" + 4y = Heaviside(t — ) — Heaviside(t — 3m) ,y(0) = 0,y oy 0}
t=0
° Highest derivative means the order of the ODE is 2
yl/
° Characteristic polynomial of homogeneous ODE
r24+4=0
) Use quadratic formula to solve for r
_ 0£(v-16)
= 2
. Roots of the characteristic polynomial
r=(-2L2I)
° 1st solution of the homogeneous ODE
y1(t) = cos (2t)
° 2nd solution of the homogeneous ODE
y2(t) = sin (2t)
° General solution of the ODE
y = a1y (t) + c22(t) + yp(t)
° Substitute in solutions of the homogeneous ODE

y = ¢1 cos (2t) + co sin (2t) + y,(2)
O Find a particular solution y,(¢) of the ODE

o Use variation of parameters to find y, here f(¢) is the forcing function
[yp( < i ngl(tt)f zS?(t)) ) + yaot < i W(y;l((?)f;?(t» ) , f(t) = Heaviside(t — w) — Heavis:

o Wronskian of solutions of the homogeneous equation
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W(yi(t) , 92(t) = _(;0:11(12(2:5) 2828(?;)5)

Compute Wronskian

W(yi(t),v2(t)) =2

Substitute functions into equation for y,(t)

_ cos(2t) ([ sin(2t)(Heaviside(t—m)— Heaviside(t—3m))dt) sin(2t) ([ cos(2t)(Heaviside(t—)— Heaviside(t—3m))dt)
Yp(t) = — 2 + 2

Compute integrals

yp(t) — _ (Heam'side(t—ﬂ)—Heaviiide(t—37r))(—1-|—cos(2t))

Substitute particular solution into general solution to ODE

Yy = ¢; COS (2'[;) + ¢y 8in (2t) _ (Heamlside(t—ﬂ')—Heaviiide(t—&r))(—1+cos(2t))

Check validity of solution y = ¢; cos (2t) + ¢y sin (2t) — (He“”i”'de(t_“)_Hm”izide(t_?’“))(_1+C°S(2t))
Use initial condition y(0) =0

0=c

Compute derivative of the solution

y = —2¢ sin (2 t) + 2¢, cos (2 t) . (Di’rac(t—ﬂ')—Dimcglt—?m'))(—1+cos(2t)) + sin(2t)(Hea'uiside(t—;r)—Heam'sz'de(t—l

Use the initial condition 3’ 0

{t=0} N
0=2c

Solve for ¢; and ¢

{c1 =0,c2 =0}

Substitute constant values into general solution and simplify
__ (Heaviside(t—m)— Heaviside(t—3)) (—14-cos(2t))
4

y:

Solution to the IVP
__ (Heaviside(t—mn)— Heaviside(t—3m)) (—14-cos(2t))
4

y:
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Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful’

v Solution by Maple
Time used: 0.297 (sec). Leaf size: 25

-

Ldsolve([diff(y(t),t$2)+4*y(t)=Heaviside(t—Pi)—Heaviside(t—B*Pi),y(O) =0, D(j}(O) = 0],y(t),

(Heaviside (t — 7) — Heaviside (t — 3)) sin (t)*

y(t) = 5

v/ Solution by Mathematica
Time used: 0.039 (sec). Leaf size: 25

e

tDSolve[{y"[t]+4*y[t]==UnitStep[t-Pi]—UnitStep[t-B*Pi],{y[0]==0,y'[O]==0}},yt}],t,IncludeSin

# T<t<3m

0 True

y(&) = {
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4.8 problem 8
4.8.1 Maple step by step solution . . . . ... ... ... ... .. 245

Internal problem ID [852]
Internal file name [OUTPUT/852_Sunday_June_05_2022_01_51_37_AM_29676591/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.4, The Laplace Transform. Differential equations with discontinuous
forcing functions. page 268

Problem number: 8.

ODE order: 4.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__laplace"

Maple gives the following as the ode type

[[_high_order, _linear, _nonhomogeneous]]

y//// + 5y" +4y=1-— Heaviside (t - 7T)

With initial conditions

[y(0) = 0,3'(0) = 0,3"(0) = 0,3"(0) = 0]
Solving using the Laplace transform method. Let
L(y) =Y(s)

Taking the Laplace transform of the ode and using the relations that

) —y(0)
L(y") = s*Y(s) — /' (0) — sy(0)

) =5’V (s) —y"(0) — s/(0) — s”y(0)
L") = 5 (5) ~4"(0) — 55/(0) ~ 5%/ (0) — °9(0)

The given ode becomes an algebraic equation in the Laplace domain

1 _ e—ﬂ'S

s*Y (s)—y" (0) —sy”(0) — 8%y (0) — s*y(0) +552Y (5) — 5y’ (0) — 55y (0) +4Y (s) = .
(1)
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But the initial conditions are

Substituting these initial conditions in above in Eq (1) gives

1 —e 78
4V (s) + 5s2Y (s) + 4Y (s) = Se
Solving the above equation for Y(s) results in
—14+e™ ™
Y(s) = —
(s) s(s*+5s2+4)

Taking the inverse Laplace transform gives

y =LY (s))

_paf__—lte™
s(s*+ 55 +4)
2cos (t)  Heaviside (m —t) (1 + cos (t))
3 * 6

Hence the final solution is

2cos (t)  Heaviside (1 — t) (1 + cos (t))?
AR T 6

Summary
The solution(s) found are the following

2cos (t)  Heaviside (7 — t) (1 + cos (t))°
y=m—g 6
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Figure 19: Solution plot

Verification of solutions

2cos (t)  Heaviside (1 — t) (1 + cos (t))?
3 + 6

Yy=—-
Verified OK.

4.8.1 Maple step by step solution

Let’s solve

— O y/II

=0,y" -
Y {t=0}

y" + 5y" + 4y = 1 — Heaviside(t — 7) ,y(0) = 0,y (t=0}

_ o}
{t=0}

° Highest derivative means the order of the ODE is 4

"

Y
O Convert linear ODE into a system of first order ODEs

o Define new variable y; (t)
nt)=y

o Define new variable y(t)
() =y

o Define new variable ys3(t)
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ys(t) =¢"

Define new variable y,(t)

ya(t) =y"

Isolate for yj(t) using original ODE

y4(t) = 1 — Heaviside(t — 7) — 5ys(t) — 4y1(t)

Convert linear ODE into a system of first order ODEs

[y2() = 14 (%), y3(t) = 9a(£) , ya(t) = ws(t) , ¥4 (t) = 1 — Heaviside(t — ) — Sys(t) — 4y1(t)]

Define vector

() =

System to solve

1
0
-y (t) +
0 0 0
0

—4 -5

0
1 0| 0

1

O_

| 1 — Heaviside(t — ) |

Define the forcing function

0
0
0
| 1 — Heaviside(t — ) |

7 =

Define the coefficient matrix

01 0 0
00 1 0
A=
00 0 1
| -4 0 =5 0|

Rewrite the system as
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—/

N —

yt)=A-y@)+f

To solve the system, find the eigenvalues and eigenvectors of A
Eigenpairs of A

I
= 0ol
I
—_
I
—_
I

1
_217 ) _I7 ) I7 ) 217 ‘IL
2

= N

Consider complex eigenpair, complex conjugate eigenvalue can be ignored

= 00|

—21,

— N

Solution from eigenpair

= 00|

—21t |

N

Use Euler identity to write solution in terms of sin and cos

N~ 00|

(cos (2t) — Isin (2t)) -

— Nl

Simplify expression

[ _é(cos (Zt) — Isin (Zt)) _

(2t) | Isin(2t)
—cool2t) | Lein(Z)

1(cos (2t) — Isin (2t))
cos (2t) — Isin (2t)
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Both real and imaginary parts are solutions to the homogeneous system

sin(2t) cos(2t)
-5 -
__cos(2t) sin(2t)
— _ 4 — _ 4
Y1 (t) o sin(2t) Y2 (t) o cos(2t)
2 2
cos (2t) — sin (2t)

Consider complex eigenpair, complex conjugate eigenvalue can be ignored

_]:7

Solution from eigenpair

=

(cos (t) — Isin (2)) -

Simplify expression

[ —I(cos (t) — Isin (¢)) |
—cos (t) + Isin (¢)
I(cos (t) — Isin (¢))

cos (t) — Isin (¢)

Both real and imaginary parts are solutions to the homogeneous system
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[ _—sin(t)_ _—cos(t)"
= —cos(t) | - sin (¢)
3(t) = y Yall) =
ot sin (%) il cos (t)
i cos (t) | —sin(t) |

General solution of the system of ODEs can be written in terms of the particular solution gp(

Y(t) = 11 (t) + c2¥a(t) + c3Y5(t) + cayult) + gp(t)

Fundamental matrix

Let ¢(t) be the matrix whose columns are the independent solutions of the homogeneous syst

s e g0 st
s _ 00822'5) Si“izt) —cos(t) sin(t)
Sin§2t) cosg2t) sin (¢) cos (t)

cos (2t) —sin(2t) cos(t) —sin(t)

The fundamental matrix, ®(t) is a normalized version of ¢(t) satisfying ®(0) = I where [ is tk
2(t) = 4(t) - 5y
Substitute the value of ¢(t) and ¢(0)

[ __sin(2t)

cos(2 .
s —% —sin (t) —cos(t)
cos(2t) sin(2t) .
- —cos(t) sin(f
sin(2t) ) sin(t)  cos(t) 0 —5 0 -1
cos (2t) —sin(2t) cos(t) —sin(t) -1 0 -1 0
0 2 0 1
1 0 1 O
Evaluate and simplify to get the fundamental matrix
B . . 2 . .
2<:os(t) + + 4cos(t) _s1n(2t) + 4sm(t) 2cos(t) + + cos(t) su;(t) . 51né2t)
2s1n(2t) 4sin(t) 2cos(t) 4cos t 2sin(2t sin(t 2 cos(t)? C
o _ s Pielme s w0ty
o(t) = ’ ’
8cos(t)® 4 _ 4cos(t) 231n(2t) _ 4sm(t) 8cos(t)® 4  cos(t) 2sin(2t)  sin(t)
3 3 3 3 3 3 3 3 3 3
8sin(2t) 4sin(t) 8 cos(t)? 4 4 cos(t) 8sin(2t) sin(¢) 8 cos(t)? 4 Ccos
| 3t 3 3 s 8 T 3 3 T3

Find a particular solution of the system of ODEs using variation of parameters

249



Let the particular solution be the fundamental matrix multiplied by v (t) and solve for v (t)
%

5
yp(t) = 2(t) - v(t)
Take the derivative of the particular solution
U,(t) = () V() + B() - ¥ (t)
Substitute particular solution and its derivative into the system of ODEs
—
() VE)+BE) -V (£) = A-B(t)- T(t) + f(t)
The fundamental matrix has columns that are solutions to the homogeneous system so its der
—
A1) -TE)+0(E) -V () =A-B() v(t) + f(t)
Cancel like terms
—/ -
o(t)- v (t) = f(2)

Multiply by the inverse of the fundamental matrix

—! -2
v (t) =55 f)
Integrate to solve for v ()
t) - fO ®(s) dS
Plug v (¢ ) into the equation for the particular solution

Vo) = (1) (fy 55+ £(5) ds)

Plug in the fundamental matrix and the forcing function and compute

(1+cos(t))? Heaviside(t—m) (cos(t)—1)2
- 6 + 6

sin(¢) ((14-cos(t)) Heagiside(t—ﬂ) —cos(t)+1)

Yp(t) = (2 cos(t)?+oos(t)—1) Heaviside(t—) 5 qou()?

cos(t) 1
3 ——3 T3 T3
__ sin(t)((4 cos(t)+1) Heaviside(t—m)—4 cos(t)+1)
3

Plug particular solution back into general solution

_ (14-cos(t))? Heaviside(t—) (cos(t)—1)2
6 + 6
sin(¢)((1+cos(t)) Heaviside(t—m)—cos(t)+1)
3

— — — — —
y (t) = Al (t) T2 (t) Tt y?’(t) T y4(t) + (2 cos(t)2+cos(t)—1) Heaviside(t—m) 2 cos(t)? (®)
__ 2cos 4 coe

3 3 3
__ sin(t)((4 cos(t)+1) Heaviside(t—m)—4 cos(t)+1)
3
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First component of the vector is the solution to the ODE

y = _(1+cos(t))2fgeaviside(t—7r) + (—6cg+;1i cos(t)? + (=6c1 sin(t)—224404—8) cos(t) cs sin (t) + %2 + %

Use the initial condition y(0) =0

0=—%2—C4

Calculate the 1st derivative of the solution

1 __ sin(t)(14-cos(t)) Heaviside(t—m) Dirac(t—m)(14-cos(t))? __ (=6ca+4)cos(t)sin(t) <1 cos(t)? __ (=6c1 sin(t)—24cs—
- 3 6 12 4 24

Y

Use the initial condition 3’ 0

=0y
0 = —% — C3

Calculate the 2nd derivative of the solution

1 __ cos(t)(1+cos(t)) Heaviside(t—m)  Heaviside(t—m) sin(t)? 2Dirac(t—m)(14-cos(t)) sin(t) Dirac(1,t—)(14cos(t))> |
vy = 3 3 3 6

+

=0
{t=0}

Use the initial condition y”
0= %2 +cy
Calculate the 3rd derivative of the solution

y" = —Sin(t)(1+°°S(t);He“”iSide(t_“) — Heawiside(t — ) sin (t) cos (t) + Dirac(t — 7) (1 + cos (t)) cos

Use the initial condition 3" =0
{t=0}
0= C1 + C3
Solve for the unknown coefficients
{Cl = 0,02 = 0,63 = 0,04 = 0}
Solution to the IVP
y = _(1+cos(t))2Heaviside(t—7r) _ 4(C°S(t)_1)<%_3COTS(t))
6 9
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Maple trace

“Methods for high order ODEs:

--- Trying classification methods ---

trying a quadrature

trying high order exact linear fully integrable

trying differential order: 4; linear nonhomogeneous with symmetry [0,1]
trying high order linear exact nonhomogeneous

trying differential order: 4; missing the dependent variable

checking if the LODE has constant coefficients

<- constant coefficients successful”

v/ Solution by Maple
Time used: 0.328 (sec). Leaf size: 23

[dsolve([diff(y(t),t$4)+5*diff(y(t),t$2)+4*y(t)=1-Heaviside(t—Pi),y(O) =0, D(}) (0) = 0, (DaC

y(t) = — (cos(t)+1) H6eaviside (t—m) N (cos(t) — 1)

v/ Solution by Mathematica
Time used: 0.009 (sec). Leaf size: 29

LDSolve[{y""[t]+5*y"[t]+4*y[t]==1—UnitStep[t-Pi],{y[0]==0,y'[0]== ,y' ' [0]==0,y"'"''[0]==0}},

Zsin* (L) t<n

2
y(t) - { __2cos(t) True

3
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4.9 problem 11(b)
4.9.1 Existence and uniqueness analysis. . . . . . .. ... ... ... 253]
4.9.2 Maple step by step solution . . . . ... ... ... 256)

Internal problem ID [853]
Internal file name [OUTPUT/853_Sunday_June_05_2022_01_51_40_AM_13796087/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.4, The Laplace Transform. Differential equations with discontinuous
forcing functions. page 268

Problem number: 11(b).

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]

w o, v . 3 . 5
U +Z+u=k Heaviside t—§ — Heaviside t—§

With initial conditions

[u(0) = 0,'(0) = 0]

4.9.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as
v +pt)u +q(t)u=F

Where here
p(t) =
q(t) =

F=k (Heaviside <t — g) — Heaviside (t — g))
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Hence the ode is

w o, v . 3 . 5
U +Z+u=k Heaviside t_§ — Heaviside t—§

The domain of p(t) = § is

{—o0 <t < o0}

And the point ¢y = 0 is inside this domain. The domain of ¢(t) =1 is

{—o0 <t < o0}

And the point ¢y = 0 is also inside this domain. The domain of F' = k(Heaviside (¢t — 3) — Heaviside (¢ —

1S

3 55 3
Lt 2 <LK t< -0 <t —
{2_t_2,2_t_oo, oo_t_2}

And the point ty = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(u") = sY(s) — u(0)
L(u") = s*Y(s) — v/(0) — su(0)

The given ode now becomes an algebraic equation in the Laplace domain

sY(s) wu k(e % —e %
s*Y (s) — u/(0) — su(0) + % — % +Y(s) = ( . ) (1)

But the initial conditions are

u(0) =0
u'(0) =0

Substituting these initial conditions in above in Eq (1) gives

sZY(s) + L(S) +Y(s) = k(e_%s _ e—%s)
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Solving the above equation for Y (s) results in

4k<e_32*3 — e_%)

Yis) = s(4s?2+s+4)

Taking the inverse Laplace transform gives

=L7(Y(s))
4k <e_3*2s — e_%s)
=Lt
s(4s2+s+4)

(3iﬁ+1)(2t—5)

(V7 + 21) <(—63 +3iVT+32e™ 1© 4+ (31—-3iVT)e"

—3i/T- +1 (2t—5)
) ) Heaviside (t — g) +

1344

Hence the final solution is

u
(3iﬁ+1) (2t—5)

(V7 +21) (<—63+3i\/7+32e—16 + (31— 3iv/T) e W+1)<25>>

Heaviside (t — %) + ((

1344
Simplifying the solution gives
u =
: - 5 o HROVT_t 45 . . 34 J(-2ADVT_ 4
k( (—21 + iv/7) Heaviside (t — 2)e 16 + (i+/7 + 21) Heaviside (¢t — 3)eis 5 +
Summary

The solution(s) found are the following

U= (1)

k((—21 + iv/7) Heaviside (t — 2) R A Azt (v/7 + 21) Heaviside (¢t — 2) e+ EIHAVT_¢

Verification of solutions

u =

k ((—21 + iv/7) Heaviside (t — 2) R a1 16 4 (v/7 + 21) Heaviside (¢t — 2) e+ EIHAYT_¢

Verified OK.
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4.9.2 Maple step by step solution

Let’s solve
u" + ¥ +u = k(Heaviside(t — 2) — Heaviside(t — 3)) ,u(0) = 0,/ = 0}
t=0
° Highest derivative means the order of the ODE is 2
ul/
° Characteristic polynomial of homogeneous ODE
P4+ ir+1=0
° Use quadratic formula to solve for r
_=hE(V-8)
r=———"
° Roots of the characteristic polynomial
r=<_%_318\f, +3If>
° 1st solution of the homogeneous ODE

uy (t) = €78 cos <3‘ft)

° 2nd solution of the homogeneous ODE
uy(t) = 7% sin <%)
° General solution of the ODE
u = crus(t) + coua(t) + up(t)
. Substitute in solutions of the homogeneous ODE

U= cre” 8 cos (%) + cpe™ s sin (3‘[t> + u,(2)

O Find a particular solution u,(t) of the ODE

o Use variation of parameters to find u, here f(t) is the forcing function
[up(t = —uy(t ( Ik W(ZQI((?{ utz)(t)) ) + ua(t <f Will((i)fi?(t) dt) f(t) = k(Heam'side (t — g) — He

o Wronskian of solutions of the homogeneous equation

e~ 8 cos <3T‘ﬁt> e~ s sin <3T‘ﬁt>
Wuy(t),us(t)) =
( 1( ) 2( )) _e_%cos(‘ri\?t) _ 3e_§\ﬁ sin(S‘gt) _e_%sin(3‘§t) + 3e_§\ﬁ cos<3‘§t>
8 8 8 8

256



Compute Wronskian
ot
W (u(t) us(t) = 25
Substitute functions into equation for u,(t)

8k\/7e_§ (cos(ST‘ﬁt> (f b sin(sT‘m) (Heaviside(t—

%)—Heaviside(t—%))dt) —sin(s‘ﬁt) (f eé cos<3‘ﬁt> (Hem;i

up(t) = —

Compute integrals
<—((\ﬁ s1n<9‘[) 2lcos(i)) cos(3‘§t>—sin(3\§t> (xﬁ cos( ‘[)+21s1n( ;?)))Heaviside(t—%)e%_é—}-

up(t) = —
Substitute particular solution into general solution to ODE

= e on (02) 4 e (70) — (3 100 () i 1) (7

Check validity of solution u = cle_§ cos (L) + cpe” s sin (3‘ft> — (_((ﬁ Sm(

Use initial condition u(0) = 0
0= C1

Compute derivative of the solution

cle_é cos( 3Y7t 3cle_§\ﬁ sin 3Vt cze_é sin ( 3Y7t 3cze_%\ﬁ cos( 37t
8 8 8 8
u == 8 - 8 - 8 + 8 -

Use the initial condition v’ =0

0=+ 2=
Solve for ¢; and ¢
{Cl = 0, Cy = 0}

Substitute constant values into general solution and simplify
(— ((\ﬁ sm(g‘f) —21 cos(gf)) cos(?’T‘m) —sin(%) (\ﬁ cos ( 9‘[) +21 sm( f)))Heamszde(t—f)e% _é-i- ( (\/

U= —
Solution to the IVP
(—((ﬁ sm(g‘f) 2lcos( \?))cos(?"gt)—sin(3\§t)(\ﬁ cos( f)+21s1n< f)))Heamszde(t—f)el%_g—i-((\/

u=—
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Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful’

v Solution by Maple
Time used: 1.344 (sec). Leaf size: 129

[dsolve([diff(u(t),t$2)+1/4*diff(u(t),t)+u(t)=k*(Heaviside(t—3/2)—Heaviside(t{%/Z)),u(O) =

u(t) =
k(Heaviside(t 5) (=21 +iv/7) e H k45 4 (—in/T — 21) Heaviside (¢ — 3) e~ 56 —§+1;

v/ Solution by Mathematica
Time used: 0.163 (sec). Leaf size: 192

"' [t]+1/4*u’ [t]+u[t]==k*(UnitStep[t-3/2]-UnitStep[t-5/2]),{ul0]==0,u' [0]==0}},ul[t],

u(t)
el_isin 3 _
_e%_% CcoS (1_36\/7(3 _ 2t)) k i 168 (31\6}\ﬁ(3 2t))k n K

%616 ék( 21 cos (£4/7(3 — 2t)) + 21/ecos (Ev/7(5 — 2t)) + V7 (sin (£/7(3 — 2t)) — /esin
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4.10 problem 11(c) k=1/2
4.10.1 Existence and uniqueness analysis. . . . . . .. ... ... ... 259
4.10.2 Maple step by step solution . . . . ... ... ... ... .. 262

Internal problem ID [854]
Internal file name [OUTPUT/854_Sunday_June_05_2022_01_51_52_AM_90207999/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.4, The Laplace Transform. Differential equations with discontinuous
forcing functions. page 268

Problem number: 11(c) k=1/2.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]
an 'zi’ tue Heaviside (t - %) B Heaviside (t - g)
4 2 2

With initial conditions

[u(0) = 0,'(0) = 0]

4.10.1 Existence and uniqueness analysis
This is a linear ODE. In canonical form it is written as
v +p()u + q(t)u=F

Where here

Heaviside (t — %) B Heaviside (t — g)

2 2
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Hence the ode is

N v/ e Heavisid2e (t—32) B HeavisidQe (t—3)

The domain of p(t) = 1 is

{—o0 <t < o0}

And the point ¢, = 0 is inside this domain. The domain of ¢(t) = 1 is
{—00 <t < o0}

. . 3
And the point ¢, = 0 is also inside this domain. The domain of F = Heaviside(t—3) _

2
Heaviside(t—3) .
eav1512e( 2) is

3 55 3
—<t< - =< t< - <t< —
{2_t_2,2_t_oo, oo_t_2}

And the point to = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(u') = sY(s) — u(0)
L(u") = s*Y(s) — u/(0) — su(0)

The given ode now becomes an algebraic equation in the Laplace domain

3s 5s

Y(s) u(0) ez —e 2
2Y — _ S _ N\Y7 Y - 7 = 1
Y (s) —w(0) — su(0) + 2 - L 4 v(5) = T 1)
But the initial conditions are

u(0) =0

v(0)=0

Substituting these initial conditions in above in Eq (1) gives

sY (s) _e2 —e 2
1 +Y(s)=————

s%Y (s) +
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Solving the above equation for Y (s) results in

2¢”% —2e %
s(4s?+s+4)

Y(s) =

Taking the inverse Laplace transform gives

u=L7(Y(5))

_ 1 2¢~% —2e %
B s(4s?2+s+4)
(3i\/7+1)(2t—5)

(V7 + 21) ((—63 +3iVT+32e™ © 4+ (31—-3iVT)e" W) Heaviside (¢t — 3) +
N 2688

Hence the final solution is

u
(3iﬁ+1) (2t—5)

iV7+1) (2t
(iv7+21) ((—63 +3iVT+32e 1 + (31— 3iv/T)e” W) Heaviside (¢t — 3) + (<
= 2688

Simplifying the solution gives

3i(2t—5)V7T _t , 5
)e 16 —stis

(—iﬁ + 21) Heaviside (t — g
84

(—iv/7 — 21) Heaviside (t — 2) eist

+
84

(iv/7 + 21) Heaviside (t — ) e™ 16— 5716
+ 84

(=21 +4+/7) Heaviside (t — 2) ew
+ 84
Heaviside (t — 2) N Heaviside (t — 2)

2 2

u =

3i(—2t+3)vV7 ¢
16 8
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Summary
The solution(s) found are the following

3i(2t—5)vV7 t , 5
: 6 —8T1s

(—iv/7 + 21) Heaviside (t — 2) e~ 1 16

‘T 84
(—i\ﬁ — 21) Heaviside (t — 2) o ATt
" 84
(i3/7 + 21) Heaviside (¢ — 3) e~ "*%" ~§+1s
" 84

(—21 + zﬁ) Heaviside (t — %) ew

+ 84
Heaviside (t — g) N Heaviside (t — %)
2 2

Verification of solutions

(—iv/7 + 21) Heaviside (t — 2) BT 1k
v 84
(—iv/7 — 21) Heaviside (¢t — 2) i+ AT
+ 84

3i(2t=5)vV7 _t , 5

+ (z\ﬁ + 21) Heaviside (t - g) e~ 1 8'ie

84
, (F2L+iV/7) Heaviside (¢ - ) R e

84
Heaviside (t — g) Heaviside (t — %)
- +
2 2
Verified OK.
4.10.2 Maple step by step solution
Let’s solve
/ eaviside(t—3 eaviside (t—2
u"+“z+u=H g(t ) _H Z(t 2),u(0)=0,u’ =0}
{t=0}
° Highest derivative means the order of the ODE is 2
ul/
° Characteristic polynomial of homogeneous ODE
P4+ ir+1=0
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Use quadratic formula to solve for r

_ CD(/-R)

= 2

Roots of the characteristic polynomial
r= (- - WL+ )

1st solution of the homogeneous ODE
uy (t) = e7% cos <3Tﬁt>

2nd solution of the homogeneous ODE
uy(t) = 7% sin <%)

General solution of the ODE

u = crus(t) + coua(t) + up(t)

Substitute in solutions of the homogeneous ODE
u = cre” s cos (3‘[’5) + cpe” 5 sin <3\[t> + u,(t)

Find a particular solution u,(t) of the ODE

Use variation of parameters to find u, here f(¢) is the forcing function
_ ua(t) f(t) w1 () f(¢) Heaviside (t—3) Heaviside (t—
[up(t = —ut (f W(u21(t )suz(t)) ) +ua(t <f W(ull(t) ufz(t))dt) ft) = 2 T 2

Wronskian of solutions of the homogeneous equation

€™ 8 cos <3Tﬁt> e~ % sin <3Tﬁt>
W(uy(t),ue(t)) =
( 1( ) 2( )) _e_%cos<3‘§t) _ 3e_%\ﬁ sin(3“§t) _e_ésin<3\§t) + 3e_%\ﬁ cos<3‘ft>
8 8 8 8

Compute Wronskian
W(w (1), us(t)) = 2%

Substitute functions into equation for u,(t)

4\ﬁe_§ (cos(%) (f eé sin(%@) (Heaviside(t—f) Heamszde( ))dt) —sin(‘o"ft) <f eé cos(3
21

‘g t ) (H eavis

up(t) = —
Compute integrals

u (t) - ((\/7 sm(9\f> 21cos<91—‘§>)coS(3xgt>_sin<3\§t)<ﬁ cos(gl—‘?>+21sin(gl—‘?))>Heaviside(t—%)e1%_§ _ g
P 42

Substitute particular solution into general solution to ODE
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sin f COS f COS f —sin f COSs i
u= Cle_é cos (%) + Cze_é sin (3?t> + ((ﬁ (916 ) — <9167>> (3 8”) <3 87t>(ﬁ (9167

\ﬁ sin
Check validity of solution u = 1678 cos <3T‘ﬁt) + coe~ 8 sin (3‘§t> + (< ( =
o Use initial condition u(0) =0
0= C1

o Compute derivative of the solution

B(W sm(
0187§COS<3?15> 3c1e*§ﬁsin(3‘ﬁt) czefésin<3\ﬁt> 362e*§\ﬁcos(3\ﬁt) N (—

U =- 8 - 8 - 8 8

=0
{t=0}

o Use the initial condition u’

0=—g+24=
o Solve for ¢; and ¢,
{Cl = 0, Co = 0}

o Substitute constant values into general solution and simplify
((\/7 sm(g‘[> 21 cos(g‘f)) cos(sT‘ﬁt> —sin(%) (\/7 cos(g‘[> +21 sm( g)))Heaviside(t— %)ei% _%
42

u =
° Solution to the IVP
uw— ((\ﬁ s1n<9‘f> 21c0s(91\£)) cos(mgt)—sin(?"gt) <ﬁ cos(%‘—f)+21sin(gT‘?)))Heaviside(t—%)ei%7§
42

Maple trace

N\

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful

<- solving first the homogeneous part of the ODE successful”
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v/ Solution by Maple
Time used: 0.422 (sec). Leaf size: 128

Ldsolve( [diff (u(t),t$2)+1/4%diff (u(t),t)+u(t)=1/2*(Heaviside (t-3/2)-Heaviside (j:—5/2) ),u(0) =

u(t) = (—i\/7+ 21) Heaviside (t _ g) QI 1
84
Heaviside (¢ — §) e~ ™10~ (iv/7 + 21)
" 84
(—i+/7 — 21) Heaviside (¢t — 2) o+ BU2AVT ¢
’ 84

ivT— t—
(—21 + iv/7) Heaviside (t — ) e%
+ 84
Heaviside (¢t — 3)  Heaviside (£ — 2)
2 + 2

v/ Solution by Mathematica
Time used: 0.115 (sec). Leaf size: 190

LDSolve [{u'' [t]+1/4%u' [t]+u[t]==1/2* (UnitStep[t-3/2]-UnitStep[t-5/21),{u[0] ==0}u ' [01==0}},ult

u(t)
42< 2]_@16 § cos ( \/7(3 Qt)) + \/761%_% sin (%\/_(3 2t)) + 2]_)
Lets™s (—21cos (2v/7(3 — 2t)) + 21/ecos (SV7(5 — 2t)) + VT(sin (2v7(3 — 2t)) — esin (

= {
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4.11 problem 12

4.11.1 Existence and uniqueness analysis. . . . . .. .. .. ... ... 266]
4.11.2 Maple step by step solution . . . . ... ... ... .. ..... 268]

Internal problem ID [855]
Internal file name [OUTPUT/855_Sunday_June_05_2022_01_52_00_AM_53461595/index . tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.4, The Laplace Transform. Differential equations with discontinuous
forcing functions. page 268

Problem number: 12.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]
n UZI tue Heaviside (t — 5) (t — 5) — H(Zaviside (t—5—k)(t—5—k)

With initial conditions

[4(0) = 0,'(0) = 0]

4.11.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

v +pt)u + q(t)u=F

Where here
1
p(t) = 1
q(t) =1
Fo (—t + 5+ k) Heaviside (t — 5 — k) + Heaviside (¢t — 5) (t — 5)

k
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Hence the ode is

o %’ fu— (—t + 5+ k) Heaviside (t — 5 ; k) + Heaviside (t — 5) (t — 5)

The domain of p(t) = § is

{—00 <t < o0}

And the point to = 0 is inside this domain. The domain of ¢(t) =1 is

{—o0 <t < o0}

And the point £y = 0 is also inside this domain. The domain of F = (=t5+0) Hea"iSide(t_5;’“)+HeaViSide(t_5)(t_S)

1S
(5<t<b5+k—-00<t<55+k<t<oo}

And the point £y = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(u) = sY(s) — u(0)
L(u") = s*Y(s) — u/(0) — su(0)

The given ode now becomes an algebraic equation in the Laplace domain

s*Y (s) — u'(0) — su(0) + %(8) - @ +Y(s) =

_ laplace (Heaviside (t — 5 — k) ¢, ¢, 5)

k
(1)

+ laplace (Heav

But the initial conditions are

u'(0) =0
Substituting these initial conditions in above in Eq (1) gives

2¥(s) + 1 Ly (s) =

_ laplace (Heaviside (t — 5 — k) ¢,, 5)
k

+ laplace (Heaviside (t — 5 — k) , ¢, 8) +
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Solving the above equation for Y (s) results in

(— laplace (Heaviside (t — 5 — k) , ¢, s) k s> + laplace (Heaviside (t — 5 — k) t,t, s) s> — 5 laplac

4
Y(s) = —
(s) ks?(4s?+s+4)

Taking the inverse Laplace transform gives

u=L"(Y(s))
_ 1 _ 4(—laplace (Heaviside (t — 5 — k) , t, 5) k s* + laplace (Heaviside (t — 5 — k) ¢, t, 5) s — 5lapl:
ks?(4s®>+s+4)

- (21 cos (%) (4k + 21) + sin (%) VT (4k — 11)) e~ Heaviside (—5 — k) + (— Heaviside (¢ — !

Simplifying the solution gives

u
. (3VT (—t+5+k
_91 (31ﬁ sm(%)

21 + cos (M)) (Heaviside (5 + k) + Heaviside (t — 5 — k) — 1) e~ s 5+

Summary
The solution(s) found are the following

u (1)
sin 3V7 (—t+5+k)
21 (31ﬁ (=) + cos (M)) (Heaviside (5 + k) + Heaviside (£ — 5 — k) — 1) e+

21

Verification of solutions

u
31+/7 sin 3V (~t+5+k)
921 ( (PrEE)

21 + cos (M)) (Heaviside (5 + k) + Heaviside (t — 5 — k) — 1) e~ s 5+

Verified OK.

4.11.2 Maple step by step solution

Let’s solve
o'+ UZ/ +u= (—t+5+k)Heaviside(t—%');k)+Heam'side(t—5)(t—5) 7 U(O) — 0’ o — 0:|
{t=0}
° Highest derivative means the order of the ODE is 2

268



,ull

Isolate 2nd derivative

4 Heaviside(t—5)t+4 Heaviside(t—5—k)k—4 Heaviside(t—5—k)t—u'k—20 Heaviside(t—5)+20 Heaviside(t—5—k)
4k

Group terms with u on the lhs of the ODE and the rest on the rhs of the ODE; ODE is linear
Heaviside(t—5)t+ Heaviside(t—5—k)k— Heaviside(t—5—k)t—5 Heaviside(t—5)+5 Heaviside(t—5—k)
k

v =—u+

’
u'+ T tu=

Characteristic polynomial of homogeneous ODE
rP4+ir+1=0
Use quadratic formula to solve for r

_ (/R

2

Roots of the characteristic polynomial

_ 1 _ 3Iv7 _ 1, 3IV7
r—<_§_T’_§+T>

1st solution of the homogeneous ODE
uy (t) = €75 cos <3Tﬁt>
2nd solution of the homogeneous ODE
up(t) = 7% sin <3T‘ﬁt)
General solution of the ODE
u = c1u1(t) + coua(t) + up(t)
Substitute in solutions of the homogeneous ODE
U = cie” s cos (3‘[’:) + cpe7 8 sin <3ft> + u,(t)
Find a particular solution u,(t) of the ODE
o Use variation of parameters to find u, here f(t) is the forcing function

. u2 () f(t) uy (t) f(¢) Heaviside(t—5)t+ Heaviside(t—5—1
[“p(t =~ (f Wi (0,42 (0) )*“2 (f Wor (020 uz(t))dt) ft) =

o Wronskian of solutions of the homogeneous equation
e~ 8 cos <3T‘m> e sin <3—‘ﬁt>

e_%cos<3‘§t> 3e_§ﬁsin<3\ﬁt) e_ésin<3‘ﬁt) 3e_§ﬁcos<3‘ﬁt>

8 8 8 + 8

W (i (1), us(t)) =

o Compute Wronskian
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W (us(t) ,uz(t)) = @

Substitute functions into equation for u,(t)

8\/'?e_§ (cos(%) (f((—t+5+k)Hea'uiside(t—5—Ic)+Hea’uisz'de(t—5)(t—5)) sin(s‘gt>e%dt> —sin<3‘§t> (f((—t+
up(t) = — 21k

Compute integrals

< 311/7 sin <*873ﬁ (=t+5+k) >
—21

5.k 5
51 +cos ( 3V7 (78t+5+k) )) Heaviside(t—5—k)e™ §+3+E +21 cos(@)e_ §+8 Heavisid

up(t) = 84k
Substitute particular solution into general solution to ODE

31v7 sin<73ﬁ (Std5+k) )
71

+cos ( 37 (_8t+5+k> )) Heaviside(t—5—1

—21<
_t .
U = c1e” 8 cos (%) + coe” s sin <3‘§t> +

31ﬁ sin ( %’M)
51 +cc

—21 (
Check validity of solution v = cle_é cos <@) + cge_é sin (3\§t> +

Use initial condition u(0) = 0
V7 sin 3ﬁ(5+k)

—21 <31 ’ (;87)

O=c +

k
+cos ( 37 §5+k) ) ) Heaviside(—5—k)e%+ 8 +(84k-+441) Heaviside(—5—k)

84k
Compute derivative of the solution
31 cos(%
Y [P G
, cle_g cos<3‘§t> BCle_éﬁ sin(s‘ft) cze_% sin<3‘gt> 3C2e_%\ﬁ Cos(s‘ft) 8
== 8 - 8 - 8 + 8 +
Use the initial condition o/’ =0
{t=0}
3v7 (5+k) . (37 (5+k) . (37 (5+k)
31 cos —s 3+/7 sin —8 31+/7 sin —s
—21 (— ( s ) + ( s ) ) Heaviside(—5—k)e%+§ -21 ( (21 ) ~+cc
—_ca 3vTcy
0=—9 +37a
Solve for ¢; and ¢
5.k 5.k 5.k
Heaviside(—5—k) (31 B8 7 sin(@)—i—Ql e81% cos(w)—s%—ul) (63 eB+87 sin(%
a= 84k G2 =

Substitute constant values into general solution and simplify

(31ﬁ Si“(w)
—21

5.k :
o1 +cos ( 37 (_;+5+k) ) ) (Hea'ui.side(-.’)—i—k:)+Heam'.sz'de(7,‘—5—k)—1)e7%+ 818 421 cos(w/

u =
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° Solution to the IVP

oo 3YT (=t45+k)
_21 <3lﬁs ( 8 )

% ~
5T +cos ( 3V7 (_8t+5+k) ) > (Heaviside(5+k)+ Heaviside(t—5—k)—1)e™ §+g+k +21 cos(wl

u =

Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful

<- solving first the homogeneous part of the ODE successful”

v Solution by Maple
Time used: 1.938 (sec). Leaf size: 216

Ldsolve([diff(u(t),t$2)+1/4*diff(u(t),t)+u(t)=1/k*(Heaviside(t-5)*(t—5)-Heavis'de(t—(5+k))*(t

( )
s 3VT7 (—t+5+k
(3lsln<( 3 ))\/7

51 + cos (M)) (Heaviside (5 + k) + Heaviside (t — 5 — k) — 1) e~s &+
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v/ Solution by Mathematica
Time used: 13.449 (sec). Leaf size: 486

tDSolve [{u''[t]+1/4*u’ [t]+ul[t]==1/k*(UnitStep[t-5]*(t-5)-UnitStep[t-(5+k)]* (t-F5+k) ) ) ,{ul0]=

u(t)

et/ (21e% cos (3v/7(k—t+5) ) 84k cos (347t ) —a1 cos( 347t ) +81v/7e"§ sin (37 (k—1+5)) 4 Thsin (247¢) 411y 7sin (3472 )

u(t)

et/8 ((3ﬁet/8(4t—21)+3ﬁe5/ 8 cos(gﬁ(t—s)) —31e5/8 sin(gﬁ(t—s)))o(t—s)— (3ﬁet/8(—4k+4t—21)+3ﬁe% cos(%\ﬁ(k—t+
127k

_)
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5.1
5.2
5.3
5.4
9.5
5.6
5.7
5.8
9.9
5.10
5.11
5.12
5.13

Chapter 6.5, The Laplace Transform. Impulse

functions. page 273

problem 1 . . . . . oL
problem 2 . . . ..
problem 3 . . . . .. L
problem 4 . . . . ... e
problem 5 . . . ...
problem 6 . . . . ... L
problem 7 . . . ...
problem 8 . . . . .. L
problem 10(a) . . . . . . ..
problem 10(c) . . . . . . ...
problem 12 . . . . .. L
problem 19(a) . . . . . .. L
problem 19(b) . . . . . . .
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5.1 problem 1
5.1.1 Existence and uniqueness analysis. . . . . .. ... .. .. ... 274
5.1.2 Maple step by step solution . . . . ... ... ... 0oL 27T

Internal problem ID [856]
Internal file name [OUTPUT/856_Sunday_June_05_2022_01_52_05_AM_60206903/index . tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.5, The Laplace Transform. Impulse functions. page 273

Problem number: 1.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]

Y +2y + 2y =0(t —)

With initial conditions
[y(0) = 1,4'(0) = 0]

5.1.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

Y +p)y +q(t)y=F

Where here
p(t) =2
qt) =2
F=6(t—m)

Hence the ode is

Y +2y +2y=06(t—n)
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The domain of p(t) =2 is
{—00 <t < o0}

And the point ¢ty = 0 is inside this domain. The domain of ¢(t) = 2 is

{—o0 <t < o0}

And the point to = 0 is also inside this domain. The domain of F' = §(¢t — ) is

{t<mVvrm<t}

And the point £y = 0 is also inside this domain. Hence solution exists and is unique.
Solving using the Laplace transform method. Let
L(y) =Y (s)

Taking the Laplace transform of the ode and using the relations that

L(y) = sY(s) —y(0)
L(y") = 5"Y (s) — y'(0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain
s*Y (s) — 4/(0) — sy(0) + 2sY(s) — 2y(0) + 2Y (s) = ™™ (1)
But the initial conditions are

y(0) =1
y(0)=0
Substituting these initial conditions in above in Eq (1) gives
s’V (s) —2—s+2sY(s) +2Y(s) =e™™

Solving the above equation for Y (s) results in

e ™ +s+2
Y()= 77—
() s2+2s+2
Taking the inverse Laplace transform gives

y=L(Y(s))

_ 1 e +s5+2
s2+4+2s+2

= e *(cos (t) + sin (¢)) — sin (t) Heaviside (t — 7) " *
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y = e *(cos (t) + sin (t)) — sin (t) Heaviside (t — 7) €™
y = e "(cos (t) + sin (t)) — sin (t) Heaviside (t — 7) e™*
y = e *(cos (t) + sin (t)) — sin (t) Heaviside (t — 7) €™

The solution(s) found are the following

Hence the final solution is
Simplifying the solution gives

Summary

—~—————————————— |

(b) Slope field plot
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15
y = e "(cos (t) + sin (t)) — sin (t) Heaviside (t — 7) €™

(a) Solution plot

05

Verification of solutions

Verified OK.



5.1.2 Maple step by step solution

Let’s solve
y" + 2y + 2y = Dirac(t — ) ,y(0) =1,y iy = 0}
° Highest derivative means the order of the ODE is 2
Y
° Characteristic polynomial of homogeneous ODE
r4+2r+2=0
° Use quadratic formula to solve for r
r = (22
° Roots of the characteristic polynomial
r=(-1-1-141)
° 1st solution of the homogeneous ODE
y1(t) = e *cos (t)
° 2nd solution of the homogeneous ODE
yo(t) = e *sin (¢)
° General solution of the ODE
y = ay(t) + caya(t) + yp(?)
. Substitute in solutions of the homogeneous ODE

y = cre " cos (t) + cae 7 sin () + y,(2)
O Find a particular solution y,(t) of the ODE

o Use variation of parameters to find y, here f(¢) is the forcing function
) @) ) f(®) Y
[yp(t (f W o (020 ) +4(t (f W s ()02 0 ) , f(£) = Dirac(t — )
o Wronskian of solutions of the homogeneous equation
e~* cos (t) e~ sin (t)
W(yi(t), 92(t) = . .
—etcos(t) — e tsin(t) —e tsin (t) + e * cos (t)

o Compute Wronskian
W(yi(t), 42(t)) = e

o Substitute functions into equation for y,(t)

277



Yp(t) = — ([ Dirac(t — m) dt) sin (¢) e™*
o Compute integrals
Yp(t) = —sin (t) Heaviside(t — m) e™*
° Substitute particular solution into general solution to ODE
y = cre”t cos () + cpe ! sin (t) — sin (t) Heaviside(t — 7) e™ ¢
O Check validity of solution y = cie™* cos (t) + coe*sin (t) — sin (t) Heaviside(t — ) €™
o Use initial condition y(0) =1
l=¢

o Compute derivative of the solution

Yy = —cie7tcos (t) — cre 7 sin (t) — coe P sin () + coe 7 cos (t) — cos (t) Heaviside(t — 7)™ ¢ — I
o Use the initial condition y’ =0
{t=0}
0= —C1 + Co

o Solve for ¢; and ¢
{e1=1,c0=1}
o Substitute constant values into general solution and simplify
y = e *(cos (t) + sin (t)) — sin (¢t) Heaviside(t — 7) e™*
° Solution to the IVP
y = e *(cos (t) + sin (t)) — sin (t) Heaviside(t — w) e™*

Maple trace

e N

“Methods for second order ODEs:
-—- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful

<- solving first the homogeneous part of the ODE successful”
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v/ Solution by Maple
Time used: 0.375 (sec). Leaf size: 31

Ldsolve([diff(y(t),t$2)+2*diff(y(t),t)+2*y(t)=Dirac(t—Pi),y(O) =1, D(y)(0) = jb],y(t), singsc

y(t) = e *(cos (t) + sin (t)) — sin (t) Heaviside (t — m)e™*

v/ Solution by Mathematica
Time used: 0.069 (sec). Leaf size: 29

LDSolve [{y'' [t]+2*y' [t]1+2*y[t]==DiracDelta[t-Pi],{y[0]==1,y"' [0]==0}},y([t],t,IncludeSingularSc

y(t) — e *(—e"0(t — ) sin(t) + sin(t) + cos(t))
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5.2 problem 2

5.2.1 Existence and uniqueness analysis. . . . . ... ... ... ... 280
5.2.2 Maple step by step solution . . . . . ... ... 283]

Internal problem ID [857]
Internal file name [OUTPUT/857_Sunday_June_05_2022_01_52_08_AM_93087777/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.5, The Laplace Transform. Impulse functions. page 273

Problem number: 2.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]

y' +4y=6(t—m) —6(t —2m)

With initial conditions
[y(0) = 0,4'(0) = 0]

5.2.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

Y +p)y +q(t)y=F

Where here
p(t) =0
q(t) =4
F=46(t—m) —4(t—2m)

Hence the ode is

y' +4y=06(t — ) — o(t — 2m)
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The domain of p(t) = 0 is
{—00 <t < o0}

And the point to = 0 is inside this domain. The domain of ¢(t) = 4 is

{—o0 <t < o0}

And the point ¢y = 0 is also inside this domain. The domain of F' = §(t — w) — 6(t — 2m)

is
{r<t<2m2nr <t<oo,—oc0<t<m}

And the point £y = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(y') = sY(s) —y(0)
L(y") = s*Y (s) — y/'(0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain
s%Y (s) —y/(0) — sy(0) +4Y (s) = e ™ — e~ 27
But the initial conditions are

y(0)=0
y'(0)

Substituting these initial conditions in above in Eq (1) gives
S’V (s) +4Y (s) = e ™ — 72"

Solving the above equation for Y(s) results in

—TS __ o—2Ts

e

e
Y(s) = s24+4
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(2t) (— Heaviside (t — 27) + Heaviside (¢ — 7))

__e—2ws
s2+4

e—ﬂ's

sin (2t) (Heaviside (¢t — 2w) — Heaviside (¢ — 7))
sin (2t) (Heaviside (¢t — 2m) — Heaviside (¢t — 7))

sin (2t) (— Heaviside (t — 27) + Heaviside (t — 7))

!

y=L(Y(s))

Taking the inverse Laplace transform gives
)

Simplifying the solution gives
The solution(s) found are the following

Hence the final solution is

Summary

(b) Slope field plot

—4

282

25

15

sin (2t) (Heaviside (¢t — 2m) — Heaviside (¢ — 7))

(a) Solution plot

05

0.8
0.61
0.4
02

-02

—0.4-

—0.6

-0.8

Verification of solutions

Verified OK.



5.2.2 Maple step by step solution

Let’s solve

y" + 4y = Dirac(t — w) — Dirac(t — 2m),y(0) =

-

° Highest derivative means the order of the ODE is 2
Y

° Characteristic polynomial of homogeneous ODE
r2+4=0

° Use quadratic formula to solve for r

° Roots of the characteristic polynomial
r=(—2L2I)

° 1st solution of the homogeneous ODE
y1(t) = cos (2t)

° 2nd solution of the homogeneous ODE
yo(t) = sin (2t)

° General solution of the ODE
y = ay(t) + caya(t) + yp(?)

° Substitute in solutions of the homogeneous ODE

y = c1 cos (2t) + ¢y sin (2t) + y,(t)
O Find a particular solution y,(t) of the ODE

o Use variation of parameters to find y, here f(¢) is the forcing function
50 = =w1(0) ([ w5y t) + :0) (J wli @iy t) £ (®) = Dirac(t — ) — Dirac(t -
o Wronskian of solutions of the homogeneous equation
cos(2t)  sin(2t)
W (y1(t) ,52(t)) = )
—2sin (2t) 2cos (2t)

o Compute Wronskian
W(yi(t),92(t) =2

o Substitute functions into equation for y,(t)
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yp(t) = sin(2¢) ([ (Dimc(t—g)—Dimc(t—27r))dt)

o Compute integrals

yp(t) — _sin(2t)(Heaviside(t—g‘ir)—Heam'side(t—ﬂ-))

° Substitute particular solution into general solution to ODE
sin(2t)(Heaviside(t—2m)— Heaviside(t—))
2

y = c1 cos (2t) + ¢y sin (2t) —

O Check validity of solution y = ¢; cos (2t) + ¢y sin (2t) — Sin(zt)(He“”mde(t_;”)_He“”iSide(t_”))

o Use initial condition y(0) =0
0= C1
o Compute derivative of the solution

y' = —2c; sin (2¢) + 2c; cos (2t) — cos (2t) (Heaviside(t — 21r) — Heaviside(t — )) — Sn(2)(=Dirac

=0

o Use the initial condition 3’ oy
0=2c

o Solve for ¢; and ¢,
{c1 =0,co =0}

o Substitute constant values into general solution and simplify
__sin(2t)(Heaviside(t—2n)— Heaviside(t—))
2

y =
° Solution to the IVP
__ sin(2t)(Heaviside(t—2m)— Heaviside(t—))
y=- 2

Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful

<- solving first the homogeneous part of the ODE successful”
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v/ Solution by Maple
Time used: 0.359 (sec). Leaf size: 25

Ldsolve([diff(y(t),t$2)+4*y(t)=Dirac(t—Pi)—Dirac(t—2*Pi),y(O) = 0, D(y(0) = O}],y(t), singsol

(Heaviside (t — 2m) — Heaviside (¢ — 7)) sin (2t)
2

y(t) = —

v/ Solution by Mathematica
Time used: 0.046 (sec). Leaf size: 26

-

§
tDSolve [{y'' [t]+4*y[t]==DiracDelta[t-Pil-DiracDelta[t-2*Pi],{y[0]==0,y' [0] ==0}}> ,y[t],t,Includ

y(t) = (0(t — 2m) — O(t — m)) sin(t)(— cos(t))
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5.3 problem 3
5.3.1 Existence and uniqueness analysis. . . . . .. ... ... .... 286
5.3.2 Maple step by step solution . . . . . ... ... 0L 289

Internal problem ID [858]
Internal file name [OUTPUT/858_Sunday_June_05_2022_01_52_10_AM_85375152/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.5, The Laplace Transform. Impulse functions. page 273

Problem number: 3.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]

y" + 3y + 2y = §(t — 5) + Heaviside (¢t — 10)

With initial conditions

5.3.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as
y' +pt)y +qt)y=F

Where here

Q3
—_~
5 IR,
|
N W

0(t — 5) + Heaviside (¢t — 10)
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Hence the ode is
y" + 3y + 2y = 6(t — 5) + Heaviside (¢ — 10)

The domain of p(t) = 3 is
{—o0 <t < o0}

And the point ¢, = 0 is inside this domain. The domain of ¢(t) = 2 is

{—o0 <t < o0}

And the point ¢, = 0 is also inside this domain. The domain of F' = §(t —5) +
Heaviside (¢t — 10) is

{5<¢<10,10 <t < 00, —00 < t < 5}

And the point ty = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(y) = sY(s) —y(0)
L(y") = s"Y (s) — y'(0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain

e—lOs

s*Y (s) — 4/ (0) — sy(0) + 3sY (s) — 3y(0) + 2Y (s) = e~ + — (1)

But the initial conditions are

Substituting these initial conditions in above in Eq (1) gives

e—lOs

SV (5) — 5 +35Y () + 2V (5) =™+ &
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Solving the above equation for Y (s) results in

¥(s) = 27 %5 +2e7105 4 5
 25(s2+3s+2)

Taking the inverse Laplace transform gives

y =LY (s))
_ 2e7 s +2e71% + 5
B 25(s2+3s+2)
—2t —t H iside (+ — 10) (1 —2t420 __ 2 10—t
_ _eT n 67 n eavisl e( )(2+ € € ) + Heaviside (t i 5) (_e—2t+10 +e—t+5)

Hence the final solution is

e 2 e' Heaviside (t — 10) (1 + e 2120 — 2¢101)
Y 2

2
+ Heaviside (¢t — 5) (—e™2+10 + ¢719)

Simplifying the solution gives

e 2 et Heaviside (t — 10) e=2¢+20
O I 2

Heavisi -1
+ eavmd; (t=10) _ Heaviside (t — 5) e"%*'° + Heaviside (t — 5) e **°

— Heaviside (t — 10) e

Summary
The solution(s) found are the following

e 2 et Heaviside (t — 10) e=2¢20

=TT

2
Heaviside (¢ — 10)
+ 2

— Heaviside (t — 10) !0~
5 viside ( ) 0

— Heaviside (t — 5) e %1% 4 Heaviside (t — 5) e™**°
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0.121

0.101

0.08

0.04

0.021

(a) Solution plot

Verification of solutions

e 2 et Heaviside (t — 10) e=20+20

O RN 2
Heaviside (¢t — 10)
+
2
Verified OK.

5.3.2 Maple step by step solution

Let’s solve

AR AR AR AR R R R R R R R R RN
N N T O T T T T T T T T T O
SONNA VAV VAL

£ N R R e R R T T T T T TR T SR O
SNV VLY

) e N N R T T T T T T T T
777NNV VLV VLY

J 11777V VL
T 177NN Vv
&11111111/\¥\LllllllL
IBRREEEREEAYZR AN
_P1111\\\\\\\\—////llt
YAV IV ANANNNSN—L// /]
POV VA ANAANANNNN S/ /
T2V AN AN NN NS~
ATV A VA AN~

e AR AN S NN NN
PAAAL A VAN AN AN
ANV V VAN
PARAAAV VAN AAANANANANNN

—4 -3 =2 -1 0 1 2 3 4

(2)

(b) Slope field plot

— Heaviside (t — 10) e'*~*

— Heaviside (t — 5) e %10 + Heaviside (¢t — 5) e~**°

y" + 3y’ + 2y = Dirac(t — 5) + Heaviside(t — 10) ,y(0) =0,y oy %]
° Highest derivative means the order of the ODE is 2
Y
° Characteristic polynomial of homogeneous ODE
r+3r+2=0
° Factor the characteristic polynomial

(r+2)(r+1)=0

° Roots of the characteristic polynomial

r=(-2,-1)
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1st solution of the homogeneous ODE

yi(t) =e ™
2nd solution of the homogeneous ODE
yo(t) = e

General solution of the ODE

y = ay(t) + caya(t) + yp(?)

Substitute in solutions of the homogeneous ODE
y=cre 2 + coe™t + y,(t)

Find a particular solution y,(t) of the ODE

Use variation of parameters to find y, here f(¢) is the forcing function
[yp(t (f W(Zﬁ(tt) g(;?(t)) ) + ya(t < / W(y;l(g)f ;Z)(t))dt> , f(t) = Dirac(t — 5) + Heaviside(t
Wronskian of solutions of the homogeneous equation

(§ €

-9 e—2t _e—t

W(y.(t) ,y2(t)) =

Compute Wronskian

W(y(t) ,y2(t)) = e™

Substitute functions into equation for y,(t)

Yp(t) = —e%( [ (Dirac(t — 5) e'® + Heaviside(t — 10) *) dt) + e~*( [ (Dirac(t — 5) + Heaviside
Compute integrals

yp(t) _ —Heam’sz’de(t . 5) e_2t+10 + Heavisitée(t—lO) + Heaviside(tglo)e—2t+20 _ Hea,’uiside(t _ 10) elO—t

Substitute particular solution into general solution to ODE

o - Heaviside(t—10 Heaviside(t—10)e2t+20 o
t — Heaviside(t — 5) e 2+10 4 Heaviside(t=10) , Heaviside(t_10)e — Heaviside(t

y=cie 2 +coe”

Check validity of solution y = c;e™% + cye™t — Heaviside(t — 5) e 2110 HeaviSige(t_lo) . Heavisi
Use initial condition y(0) =0
O=c+ec

Compute derivative of the solution

Yy = —2cie™? — cpe™" — Dirac(t — 5) e %+ + 2 Heaviside(t — 5) e 2110 Dimcg_lo) + Dimc(t_lzc

Use the initial condition 7/ o) = %
t=0
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1
3 = —201 — Cy

o Solve for ¢; and ¢,
= —ba=1}
o Substitute constant values into general solution and simplify

—2t —t Heaviside(t—10)e—2t+20 .. _ Heaviside(t—1 ..
e | e ! | Heaviside(t—10)e — Heawviside(t — 10) '~ + %@(O) — Heaviside(t —

Yy=—" 2 2
° Solution to the IVP
y=—-S"+"+ HeaviSide(tglo)e_thO — Heaviside(t — 10) €%~ + —Hea”iSige(t_lo) — Heaviside(t — !

Maple trace

“Methods for second order ODEs:

--- Trying classification methods ---

trying a quadrature

trying high order exact linear fully integrable

trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]

<- double symmetry of the form [xi=0, eta=F(x)] successful"

v/ Solution by Maple
Time used: 0.406 (sec). Leaf size: 59

dsolve ([diff (y(t),t$2)+3*diff (y(t),t)+2*y(t)=Dirac(t-5)+Heaviside(t-10),y(0) % 0, D(y)(0) =

N

et 72 . 10—  Heaviside (t — 10) e20-2
y(t) = CR Heaviside (t — 10) e™" " + 5
Heaviside (¢ — 10)

2

+ Heaviside (t — 5) e "*° — Heaviside (¢ — 5) e'*~%

v/ Solution by Mathematica
Time used: 0.226 (sec). Leaf size: 71

-

LDSolve[{y"[t]+3*y'[t]+2*y[t]==DiracDe1ta[t-5]+UnitStep[t-10],{y[0]==0,y'[O]=}1/2}},y[t],t,1

y(t) — %e_% (265 (=€) 0(t—5)+ (e — €)? (—0(10 — t)) + et + €2 — 2410 4 20 1)
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5.4 problem 4

5.4.1 Existence and uniqueness analysis. . . . . ... ... ... ... 292
5.4.2 Maple step by step solution . . . . . ... ... 295

Internal problem ID [859)
Internal file name [OUTPUT/859_Sunday_June_05_2022_01_52_17_AM_59275757/index. tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.5, The Laplace Transform. Impulse functions. page 273

Problem number: 4.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]

y" 4+ 2y + 3y = sin (t) + §(¢t — 37)

With initial conditions
[y(0) = 0,4'(0) = 0]

5.4.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as
y' +pt)y +qt)y=F
Where here

Hence the ode is

y" + 2y + 3y = sin (t) + §(t — 3)
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The domain of p(t) =2 is
{—00 <t < o0}

And the point to = 0 is inside this domain. The domain of ¢(t) = 3 is

{—o0 <t < o0}

And the point to = 0 is also inside this domain. The domain of F' = sin (t) + (¢t — 37)

is
{t <37 Vv3r <t}

And the point £y = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(y') = sY(s) —y(0)
L(y") = s*Y (s) — y/'(0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain

s*Y(s) — /(0) — sy(0) + 2s5Y (s) — 2y(0) + 3Y (s) = ﬁ + 73

But the initial conditions are

y(0) =0
y'(0)

Substituting these initial conditions in above in Eq (1) gives

1

—37s
€
s2+1 +

s%Y (s) 4+ 2sY (s) + 3Y (s) =

Solving the above equation for Y'(s) results in

e—37rss2 + e—37rs + 1
s24+1)(s2+2s+3)

Y(s)= (
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Taking the inverse Laplace transform gives

y =LY (s))

_ ﬁ—l e—37r382 + e—37rs + 1
B (s2+1)(s%+2s+3)

Heaviside (t — 37) v2€* tsin (vV2(t —37m)) e 'cos(v2t) cos(t)  sin(t)
= + - +
2 4 4 4
Hence the final solution is
Heaviside (t — 37) v2€* ~'sin (vV2(t —37)) e'cos (v2t) cos(t) = sin(t)
Y= + — +
2 4 4 4
Simplifying the solution gives
Heaviside (t — 37) v/2€* 'sin (vV2(t — 37)) etcos(v2t) cos(t) = sin(t)
Y= + - +
2 4 4 4
Summary
The solution(s) found are the following
Heaviside (t — 37) v2€* 'sin (vV2(t — 37)) etcos (v2t) cos(t) = sin(t)
y= + - +
2 4 4 4
1)
777NNV VLV LY
a0, 777NNV LY
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17777=>NNNVV VL
s 111777 =~NAAN VL
: 20011 777NAVV Ly
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(a) Solution plot
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Verification of solutions

Heaviside (t — 37) v/2€> ~*sin (V2 (t — 3)) N e~tcos (V2t)  cos(t) N sin (¢)

y= 2 4 T4 4

Verified OK.

5.4.2 Maple step by step solution

Let’s solve

y" + 2y + 3y = sin (t) + Dirac(t — 3r),y(0) =

-

° Highest derivative means the order of the ODE is 2
Y

° Characteristic polynomial of homogeneous ODE
r24+2r+3=0

° Use quadratic formula to solve for r

r = C22TH)

° Roots of the characteristic polynomial
= (-1-1IvV2,-1+ 1IV2)

° 1st solution of the homogeneous ODE

y1(t) = et cos (v/21)
° 2nd solution of the homogeneous ODE

yo(t) = e *sin (v/21¢)
° General solution of the ODE

y = c1tn(t) + cop2(t) + up(t)
° Substitute in solutions of the homogeneous ODE

y = cie " cos (V2t) + coe7tsin (vV2¢) + yp(t)
O Find a particular solution y,(t) of the ODE

o Use variation of parameters to find y, here f(¢) is the forcing function
[yp(t ( Ik W(Zi(tt)f ;Z)(t)) ) + ya(t < S W(y;l(g)f;?(t))dt> , f(t) = sin (t) + Dirac(t — 37r)]

o Wronskian of solutions of the homogeneous equation
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et cos (V2t) e~tsin (V21t)
—e~'cos (V2t) — v2e7'sin (v2t) —e 'sin (v2t) + v2e 7t cos (V21)
Compute Wronskian

Wy (t),y2(t)) = vV2e 2

Substitute functions into equation for y,(t)

(t) V2et (cos (\/5 t) (f el sin <\/§ t) (sin(t)+Dimc(t—37r))dt> —sin (\/5 t) (f et cos (\/ﬁ t) (sin(t)+Dirac(t—37r))dt)>
Yp\l) = — 2

Compute integrals

W(y.(t) ,y2(t)) =

Heaviside(t—3m)v/2 et sin(v/2 (t—3m) sin cos
(t) = ) | o o

Substitute particular solution into general solution to ODE

y = cle_t oS (\/it) n Cze_t sin (\/ﬁt) n Heaviside(t—?m)\/ﬁej”—t sin(x/ﬁ(t—3ﬂ')) + sirl(t) _ coi(t)

Heaviside(t—3m)v/2 3™t sin (/2 (t—°
Check validity of solution y = cie~* cos (v2t) + coe~*sin (v/2t) + (t=3m) . (va(

Use initial condition y(0) =0
0 =C — 4_11

Compute derivative of the solution

y = —cie~tcos (V2t) — c1v/2e7sin (v/2t) — coetsin (v2t) + cav/2e 7 cos (V21) +
0

Dirac(t—3m

Use the initial condition ¥’

{t=0} N
0=—c + ;11 +v2¢

Solve for ¢; and ¢

(=12 =0)

Substitute constant values into general solution and simplify

Heaviside(t—3m)v/2 3™t sin (v/2 (t—3) ~tcos( V2t in
y = eaviside e2 sm( ) n e COS;( > . Coi(t) +8 4(75)

Solution to the IVP

Heaviside(t—37)v/2 €3t sin (/2 (t—37) e tcos(v2t in
)= e in ) 4 oV ot | sty
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Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful’

v Solution by Maple
Time used: 0.938 (sec). Leaf size: 54

-

Ldsolve([diff(y(t),t$2)+2*diff(y(t),t)+3*y(t)=sin(t)+Dirac(t—3*Pi),y(O) =0, D}(y)(o) = 0],y(t

o(t) = V2 e*"~t Heaviside (t ; 3m)sin (V2 (t — 3m)) B co:il (t) N sin4(t) N et cos4 (tv2)

v Solution by Mathematica
Time used: 1.726 (sec). Leaf size: 82

LDSolve [{y'' [t1+2*y' [t]+3*y[t]==Sin[t]+DiracDelta[t-3*Pi],{y[0]==0,y" [0] ==1/2}J} ,y[t],t,Includ

y(t) — %le_t <—2\/§e3”9(t — 3m) sin (\/5(3# - t)) + et sin(t) + v/2sin (\/Et) — e' cos(t)
+ cos (\/§t>>
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5.5 problem 5
5.5.1 Existence and uniqueness analysis. . . . . .. ... .. ... .. 298]
5.5.2 Maple step by step solution . . . . . ... ... 3011

Internal problem ID [860]
Internal file name [OUTPUT/860_Sunday_June_05_2022_01_52_27_AM_34799035/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.5, The Laplace Transform. Impulse functions. page 273

Problem number: 5.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_ linear_ constant__coeff", "second__order__ode_ can_ be__made__in-
tegrable"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]

y" +y=0(t —2m)cos (t)

With initial conditions
[y(0) =0,7'(0) = 1]

5.5.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

y' +pit)y +qt)y=F

Where here
p(t)=0
q(t)=1
F =6(t —2m)
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Hence the ode is
Yy +y=4(t—2m)

The domain of p(t) = 0 is
{—00 <t < o0}

And the point ¢, = 0 is inside this domain. The domain of ¢(t) =1 is

{—o0 <t < o0}

And the point ¢, = 0 is also inside this domain. The domain of F' = §(t — 27) is

{t<2rV2r<t}

And the point ty = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(y') = sY(s) — y(0)
L(y") = s*Y (s) — /(0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain
s*Y(s) —/(0) — sy(0) + Y(s) = e~ 2™
But the initial conditions are

y(0) =0
y'(0) =1

Substituting these initial conditions in above in Eq (1) gives

Y (s) —14+Y(s) =e 2
Solving the above equation for Y(s) results in

e—27rs + 1

Y(s) = 21
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Taking the inverse Laplace transform gives
y=L"(Y(s))
_ E—l e—27rs + 1
s2+1
= sin (t) (Heaviside (¢ — 27) + 1)
Hence the final solution is

y = sin (t) (Heaviside (t — 27) + 1)
Simplifying the solution gives
y = sin (t) (Heaviside (t — 27) + 1)

Summary
The solution(s) found are the following

y = sin (t) (Heaviside (¢t — 27) + 1)

1 e NN\
VO PO NN NN\
0.9 e O O ~SNONONNNN
VO SO
0.8 J 77T SO
]/ 77777 =SSN
0.7 N 777777 7===~~NANNNNN
1717777777==~0N0N0NN
0.6 f11r1rrr777 NNV VLY
" o T
(1) 051
dr VAN /7 )
0.4 ANANANNNNS———2r/ /7 /)]
o NNANNNNSNS s/ /]
0.3 NANNANNNNS S/ /) ]
NNNNN\NSNS~~—errr /S S/
0.2- NANNN NS YV
— 4 NN S e s LS
0.1 NN SN S — S
NN SN e — S
0 05 1 15 2 25 3 —4-3-2-10 1 2 3 4
t y(1)
(a) Solution plot (b) Slope field plot

Verification of solutions

y = sin (t) (Heaviside (t — 27) + 1)

Verified OK.
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5.5.2 Maple step by step solution

Let’s solve
y" +y = Dirac(t — 2m) ,y(0) =0,y o) = 1}
° Highest derivative means the order of the ODE is 2
Y
° Characteristic polynomial of homogeneous ODE
r?+1=0
° Use quadratic formula to solve for r
° Roots of the characteristic polynomial
r=(-LI)
. 1st solution of the homogeneous ODE
y1(t) = cos (t)
° 2nd solution of the homogeneous ODE
y2(t) = sin (¢)
° General solution of the ODE
y = ayi(t) + cap2(t) + (1)
. Substitute in solutions of the homogeneous ODE

y = ¢ cos (t) + cosin (t) + y,(t)
O Find a particular solution y,(t) of the ODE

o Use variation of parameters to find y, here f(¢) is the forcing function
£)f(t ) F(t .
w(®) = 1 (0) (J wiaastmyt) + ) (] windhiamet) - £(2) = Dirac(t — 2m)|
o Wronskian of solutions of the homogeneous equation
cos(t) sin(t)
W (y1(t) ,52(t)) = )
—sin (t) cos(t)

o Compute Wronskian
W(yi(t),92(t) =1

o Substitute functions into equation for y,(t)
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Yp(t) = sin (t) ([ Dirac(t — 2m) dt)
o Compute integrals
Yp(t) = Heaviside(t — 27) sin (t)
° Substitute particular solution into general solution to ODE
y = ¢ cos (t) + cosin (t) + Heaviside(t — 2) sin (t)
O Check validity of solution y = ¢ cos (t) + co sin (t) + Heaviside(t — 27) sin ()
o Use initial condition y(0) =0
0=¢
o Compute derivative of the solution

y' = —cy sin (t) + ¢z cos (t) + sin (t) Dirac(t — 2m) + cos (t) Heaviside(t — 2m)

o Use the initial condition y’ o) =1
t=0

1=c
o Solve for ¢; and ¢
{c1=0,c0 =1}
o Substitute constant values into general solution and simplify
y = sin (t) (Heaviside(t — 2w) + 1)
° Solution to the IVP
y = sin (t) (Heaviside(t — 2w) + 1)

Maple trace

p

“Methods for second order ODEs:
-—- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful

<- solving first the homogeneous part of the ODE successful”
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v/ Solution by Maple
Time used: 0.375 (sec). Leaf size: 15

Ldsolve([diff(y(t),t$2)+y(t)=Dirac(t—2*Pi)*cos(t),y(O) = 0, D(y(0) = 1],y(t),Jsingsol=all)

y(t) = sin (t) (Heaviside (¢t — 27) + 1)

v/ Solution by Mathematica
Time used: 0.03 (sec). Leaf size: 16

LDSolve[{y"[t]+y[t]==DiracDe1ta[t—2*Pi]*Cos[t],{y[0]== ,y'[O]==1}},y[t],t,Ing}udeSingularSol

y(t) = (0(t — 27) + 1) sin(t)
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5.6 problem 6
5.6.1 Existence and uniqueness analysis. . . . . .. .. ... ... .. 3041
5.6.2 Maple step by step solution . . . . . ... ... oL 307

Internal problem ID [861]
Internal file name [OUTPUT/861_Sunday_June_05_2022_01_52_29_AM_16499628/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.5, The Laplace Transform. Impulse functions. page 273

Problem number: 6.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_ linear_ constant__coeff", "second__order__ode_ can_ be__made__in-
tegrable"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]

Y + 4y = 25(t _ %)

With initial conditions
[y(0) = 0,4'(0) = 0]

5.6.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

y' +plt)y +q(t)y=F

Where here
p(t)=0
q(t) =4
s
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Hence the ode is
Y+ dy = 25(7: - f)
4
The domain of p(t) =0 is

{—o0 <t < o0}

And the point ¢, = 0 is inside this domain. The domain of ¢(t) = 4 is

{—o0 <t < o0}

And the point £y = 0 is also inside this domain. The domain of F' = 2§ (t — %) is

{t<7rv7r<t}
171

And the point ty = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let
L(y) =Y(s)
Taking the Laplace transform of the ode and using the relations that
L(y") = sY(s) —y(0)
L(y") = s*Y (s) —y/(0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain

s

sY (s) — ¢/ (0) — sy(0) + 4Y (s) = 2e™ % (1)
But the initial conditions are

y(0)=0
y'(0)

Substituting these initial conditions in above in Eq (1) gives

s?Y (s) +4Y(s) =27

Solving the above equation for Y (s) results in
2e7 %
Y(s)= 2"
(8) =51
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Taking the inverse Laplace transform gives
The solution(s) found are the following

Hence the final solution is
Simplifying the solution gives

Summary
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(b) Slope field plot
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Verification of solutions

Verified OK.



5.6.2 Maple step by step solution

Let’s solve
y" + 4y = 2Dirac(t — %) ,y(0) = 0,y oy = 0]
° Highest derivative means the order of the ODE is 2
Y
° Characteristic polynomial of homogeneous ODE
r2+4=0
° Use quadratic formula to solve for r
° Roots of the characteristic polynomial
r=(—2L2I)
. 1st solution of the homogeneous ODE
y1(t) = cos (2t)
° 2nd solution of the homogeneous ODE
yo(t) = sin (2t)
° General solution of the ODE
y = c1yi(t) + coya(t) + yp(?)
. Substitute in solutions of the homogeneous ODE

y = c1 cos (2t) + ¢y sin (2t) + y,(t)
O Find a particular solution y,(t) of the ODE

o Use variation of parameters to find y, here f(¢) is the forcing function
B ®)f() _ ; s
[yp(t (f W) 3:0) ) +1a(t (f Wion G2 @) ) , f(£) = 2Dirac(t - Z)}
o Wronskian of solutions of the homogeneous equation
cos(2t)  sin(2t)
W (y1(t) ,52(t)) = )
—2sin (2t) 2cos (2t)

o Compute Wronskian
W(yi(t),92(t) =2

o Substitute functions into equation for y,(t)
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Yp(t) = — cos (2¢) ([ Dirac(t — %) dt)
o Compute integrals
Yp(t) = —Heaviside(t — %) cos (2t)
° Substitute particular solution into general solution to ODE

y = ¢, cos (2t) + ¢y sin (2t) — Heaviside(t — %) cos (2t)

O Check validity of solution y = ¢; cos (2t) + ¢, sin (2t) — Heaviside(t — ) cos (2t)

o Use initial condition y(0) =0
0= C1

o Compute derivative of the solution

y = —2¢; sin (2t) + 2¢; cos (2t) — Dirac(t — %) cos (2t) + 2Heaviside(t — T ) sin (2t)

=0

o Use the initial condition ¢’ oy
t=0

0 =2c
o Solve for ¢; and ¢,
{c1 =0,co =0}
o Substitute constant values into general solution and simplify
y = —Heaviside(t — %) cos (2t)
° Solution to the IVP
y = —Heaviside(t — ) cos (2t)

Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful~
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v/ Solution by Maple
Time used: 0.406 (sec). Leaf size: 16

Ldsolve([diff(y(t),t$2)+4*y(t)=2*Dirac(t—Pi/4),y(O) = 0, D(y)(0) = 0],y(t), singsol=all)

y(t) = — Heaviside (t - %) cos (2t)

v/ Solution by Mathematica
Time used: 0.029 (sec). Leaf size: 28

LDSolve [{y'' [t]1+4*y[t]==2*DiracDelta[t-Pi/4],{y[0]==0,y' [0]==1}},y[t],t, IncludeingularSoluti

y(t) — %(Sin(2t) — 926(4t — ) cos(21))
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5.7 problem 7
5.7.1 Existence and uniqueness analysis. . . . . .. . ... ... ... 3101
5.7.2 Maple step by step solution . . . . . . ... ... ... ..., 313l

Internal problem ID [862]
Internal file name [OUTPUT/862_Sunday_June_05_2022_01_52_31_AM_84328360/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.5, The Laplace Transform. Impulse functions. page 273

Problem number: 7.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]

y"+2y'+2y=cos(t)+(5<t—g>

With initial conditions
[y(0) = 0,4'(0) = 0]

5.7.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

y' +pit)y +qt)y=F

Where here

p(t) =2
q(t) =2

F:cos(t)-l—&(t—g)
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Hence the ode is

y"+2y’+2y:cos(t)+5<t—g>

The domain of p(t) = 2 is
{—00 <t < o0}

And the point ¢y = 0 is inside this domain. The domain of ¢(t) = 2 is

{—00 <t < o0}

And the point ¢, = 0 is also inside this domain. The domain of F = cos (t) + (¢t — 5)

1S
{t<7rv7r<t}
2 V3

And the point ¢y = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

L(y) =Y (s)
Taking the Laplace transform of the ode and using the relations that

L(y') = sY(s) — y(0)
L(y") = s*Y (s) — /(0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain

s

Y (s) — 3/'(0) — sy(0) + 2sY (s) — 2y(0) +2Y (s) = +e 2 (1)

s2+1
But the initial conditions are

y(0) =0

y'(0)=0

Substituting these initial conditions in above in Eq (1) gives

s%Y (s) 4+ 2sY (s) +2Y (s) = +e 2

s
241
Solving the above equation for Y(s) results in

e"2s’+e 2 +s
s24+1)(s?2+2s+2)

Y(s)= (
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Taking the inverse Laplace transform gives
y=LT(Y(s))

_ e 2s’+e 2 +s
B (s24+1)(s2+2s5+2)

cos(f) 2sin(f) e *(cos(t) + 3sin (£) . (cos (t) + 2sin (t) —2e 2 (2cos () +sin (t)) — 2e™~

t.
2

) + ) )
Hence the final solution is
cos(t) 2sin(t) e *(cos(t)+ 3sin(t))
- + —
5) ) )
(cos (t) + 2sin (t) — 273 (2cos (t) + sin (¢)) — 2e~ 2T (2sin (¢) sinh (£ — %) + cos (¢) cosh (

t
2
4+

N

5

Simplifying the solution gives

(—cos(t) —3sin(t))e™ cos(t) 2sin (i)
) + ) + )

y = —cos (t) e 'T2 Heaviside (t — g) +

Summary
The solution(s) found are the following

(—cos (t) — 3sin (¢)) e . cos (t) N 2sin (t)

y = — cos (t) e T2 Heaviside (t — f) +

2 5 5 5
(1)
e N e T T T A
0.454 i S T Y VO O VO VO L A A O
3 7S NNNN NV VY
oo NN VALY
777NNV VLY
03] H7777 7NN VL L
f17777=>NNVNAV Vb
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a) Solution plot b) Slope field plot
1% 1% p
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Verification of solutions

Verified OK.

s — _ ] —t 2 :
y = — cos (t) e"t*3 Heaviside (t _ f) n (—cos(t) —3sin(t))e 4 co8 (t) sin (¢)
2 5 5 5
5.7.2 Maple step by step solution
Let’s solve
y" + 2y + 2y = cos (¢) + Dirac(t — Z),y(0) =0,y . 0]
t=0

(¢]

(¢]

Highest derivative means the order of the ODE is 2

7

Y

Characteristic polynomial of homogeneous ODE
r24+2r+2=0

Use quadratic formula to solve for r

p = (22

Roots of the characteristic polynomial
r=(-1-1,-141)

1st solution of the homogeneous ODE

y1(t) = e " cos (t)

2nd solution of the homogeneous ODE
yo(t) = e *sin (¢)

General solution of the ODE

y = a1y (t) + c22(t) + yp(t)

Substitute in solutions of the homogeneous ODE
y = cre”tcos (t) + cae " sin () + y,(t)

Find a particular solution y,(¢) of the ODE

Use variation of parameters to find y, here f(t) is the forcing function

®)f@) &) @) _ ;
[?Jp( (f W(?fl ®),v2(0) ) + y2(t (f T s @) ) , f(t) = cos (t) + Dirac(t —

Wronskian of solutions of the homogeneous equation
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B et cos (t) e~'sin (t)
W (1), 12(0) = —e~‘cos (t) —e'sin(t) —e 'sin(t) +e " cos(t)

Compute Wronskian

W (t),y2(t) =™
Substitute functions into equation for y,(t)
yp(t) = —e~*(cos () ([ sin (t) (cos (t) + Dirac(t — T)) etdt) — sin (t) ([ cos (t)* e'dt))
Compute integrals
yp(t) = — cos (t) e ™3 Heaviside(t — T) + 2928 4 cost)
Substitute particular solution into general solution to ODE
cos(t)

y = cie”" cos (t) + coe ' sin (t) — cos (t) e 72 Heaviside(t — Z) + QSITn(t) + ==

Check validity of solution y = cie™ cos (t) + coe ™ sin (t) — cos (t) e7'+% Heaviside(t — %) + 252
Use initial condition y(0) =0

0=ci++

Compute derivative of the solution

y = —cie cos () — cre ' sin (t) — coe 7' sin (£) + cae ™" cos (t) + sin (¢) e T2 Heaviside(t — Z) +

=0

Use the initial condition gy’ oy
t=0}

O=-a+2+c

Solve for ¢; and ¢,

o= —Lep=

Substitute constant values into general solution and simplify

y = — cos (t) e_t+%Heaviside(t i %> + (—cos(t)—gsin(t))e_t + coss(t) + 2si;1(t)
Solution to the IVP

y = — cos (t) e7*"2 Heaviside (t — %) + (_Cos(t)_gsm(t))eit + Coss(t) + 2Sig(t)
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Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful’

v Solution by Maple
Time used: 0.562 (sec). Leaf size: 92

-

Ldsolve([diff(y(t):t$2)+2*diff(y(t),t)+2*y(t)=cos(t)+Dirac(t—Pi/2),y(O) = 0, ﬁ}y)(o) = 0],y(t

(—cos(t) —3sin(t))e™ cos(t) 2sin(t)
) + ) + )

y(t) = — cos (t) Heaviside <t - g) R

v Solution by Mathematica
Time used: 0.176 (sec). Leaf size: 52

LDSolve[{y"[t]+2*y'[t]+2*y[t]==Cos[t]+DiracDelta[t—Pi/2],{y[0]==0,y'[0]==0}},Y[t],t,1ncludes

y(t) — %e‘t(—Se“ﬂG(Qt — ) cos(t) + (2€ — 3) sin(t) + (€' — 1) cos(t))
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5.8 problem 8
5.8.1 Maple step by step solution . . . . . ... ... ... ...... 318

Internal problem ID [863]
Internal file name [OUTPUT/863_Sunday_June_05_2022_01_52_35_AM_5666023/index . tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.5, The Laplace Transform. Impulse functions. page 273

Problem number: 8.

ODE order: 4.

ODE degree: 1.

The type(s) of ODE detected by this program : "higher__order__laplace"
Maple gives the following as the ode type

[[_high_order, _linear, _nonhomogeneous]]

y" —y=0(-1+1)

With initial conditions
[y(0) = 0,%'(0) = 0,4"(0) = 0,y"(0) = 0]

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(y") = sY(s) —y(0)
L(y") = s°Y (s) — /(0) — sy(0)
L(y") = s’Y (s) —y"(0) — s/(0) — s%y(0)
L(y") = sV (s) —y"(0) — sy"(0) — s*y'(0) — s’y(0)

The given ode becomes an algebraic equation in the Laplace domain

'Y (s) — y"(0) — sy"(0) — s’/ (0) — s’y(0) = Y (s) =€~ 1)
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But the initial conditions are

Substituting these initial conditions in above in Eq (1) gives
s'Y(s)—Y(s)=e"*
Solving the above equation for Y (s) results in

e—S

Y(s) = st—1

Taking the inverse Laplace transform gives

y=LT(Y(s))

_ e €7
=2 (y)

_ Heaviside (—1 +t) (—sin (=1 +t) +sinh (—1 + t))
B 2

Hence the final solution is

_ Heaviside (—1 +¢) (—sin (—1+%) + sinh (—1 + 1))

2
Summary
The solution(s) found are the following
Y= Heaviside (—1 + t) (—sin (—1 + ¢) + sinh (—1 + ¢)) 1)
a 2
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Figure 27: Solution plot

Verification of solutions

_ Heaviside (—1 +t) (—sin (—1+t) +sinh (—1 +t))

2
Verified OK.

5.8.1 Maple step by step solution

Let’s solve
" _ 2 — Di —1+t, 0:0,’ :(), 4 =
y"" — y = Dirac( )y =0y =0y
° Highest derivative means the order of the ODE is 4

"

Y
O Convert linear ODE into a system of first order ODEs

o Define new variable y; (t)

yi(t) =y
o Define new variable y(t)
() =y

o Define new variable ys(t)
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ys(t) =¢"

Define new variable y,(t)

ya(t) =y"

Isolate for yj(t) using original ODE

y4(t) = Dirac(—1 +t) + y1(¢)

Convert linear ODE into a system of first order ODEs

[y2(t) = 44 (t) , ys(t) = 9a(t) , 9a(t) = w5(t) , ¥4(t) = Dirac(—1+1) + 1 (t)]

Define vector

y1(t)

Y2(t)
y(t) =

y3(t)

| va(t) |
System to solve

(010 0] [ 0 |
’ 010 0
y(t) = Y1) +

0 001 0

| 1.0 0 0| | Dirac(—1+1) |

Define the forcing function

0
0
0
| Dirac(—1+1) |

7 =

Define the coefficient matrix

010
010

A=
0001
100 0|

Rewrite the system as
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—/

N —
yt)=A-y@)+f
To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A

—_ = =

Consider eigenpair

-1
1
_1’
-1
-~ - 1 -
Solution to homogeneous system from eigenpair
R
1
51 =e’-
-1
- 1 -

Consider eigenpair

—_
S G S G m—y

Solution to homogeneous system from eigenpair

G A U G w—ry

Consider complex eigenpair, complex conjugate eigenvalue can be ignored
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-1,

Solution from eigenpair

=

(cos (t) — Isin (2)) -

Simplify expression
[ —I(cos (t) — Isin (¢)) |
—cos (t) + Isin (¢)
I(cos (t) — Isin (t))
cos (t) — Isin (2)

Both real and imaginary parts are solutions to the homogeneous system

— sin (2) — cos (t)
= —cos(t) | - sin (¢)
3(t) = y Yall) =
ol sin (t) vl cos (t)
i | cos(t) | | —sin(t) | |

General solution of the system of ODEs can be written in terms of the particular solution g_]p(
— — — — — —

Y(t) = c1y; + cayy + c3y5(t) + cayq(t) + y,(t)

Fundamental matrix

o Let ¢(t) be the matrix whose columns are the independent solutions of the homogeneous syst
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e —sin(t) —cos(t)
e! —cos(t) sin(t

)
o(t) =
(t) :

e’ sin(t) cos(t

e’ e cos(t) —sin(t)

The fundamental matrix, ®(¢) is a normalized version of ¢(t) satisfying ®(0) = I where [ is tk
2(t) = o(t) - 5357
Substitute the value of ¢(t) and ¢(0)

—e~t e —sin(t) —cos(t)

et e —cos(t) sin(t)

o(t) = . 1
—et e sin(t)  cos(t) -11 0 -1
et o cos(t) —sin(®) ] |11 -1 0
-11 0 1
1 1 1 0
Evaluate and simplify to get the fundamental matrix
— Cre el _elfye gl ol e o) _eTjJr%_sinQ(t)“
2(t) = _?+?:§f %f%f%%)—?+§t§f §f%:?%
cfpg o) _etye_ ) efpe ol _efyeynd
R R s B S e e s L o

Find a particular solution of the system of ODEs using variation of parameters
Let the particular solution be the fundamental matrix multiplied by v (t) and solve for v ()
— —
yp(t) = 2(t) - v(t)
Take the derivative of the particular solution
—/ / — —/
yp(t) = P'(t) - v (t) + @(t) - v (t)
Substitute particular solution and its derivative into the system of ODEs
— —/ — -
') - v(t)+ @) v (t)=A-P@k)-v(t)+ f(t)
The fundamental matrix has columns that are solutions to the homogeneous system so its der
—
A-®(t)- D)+ ®)- 0 (1) =A-B(t)-3(t) + F(t)

Cancel like terms
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/ —
(1) v (t) = £(t)
Multiply by the inverse of the fundamental matrix
—/ 1 =
v (t) =55 - f()

Integrate to solve for V()

o(t) = Jy 5 3 f(s)ds

Plug v (t) into the equation for the particular solution

Uo(t) = () - (Jy k5 - F(s)ds)

Plug in the fundamental matrix and the forcing function and compute
[ _ Heaviside(—1+t) (—2 cos(t) sin(1)+2 sin(t) cos(1)+el ~t—e~11%) i
4

__ Heaviside(—1+t) (2sin(1) sin(t)+2 cos(1) cos(t)—e' "t —e~11%)
9,(t) = :
Yp Heaviside(—1+t) (2sin(t) cos(1

\/

—2cos(t) sin(1)—el ~t+e1+1)

Heaviside(—1+t) (2sin(1) sin(t)+2 cos(1) cos(t)+el ~t+e~11%)

I NN

Plug particular solution back into general solution
[ Heaviside(—1+t) (—2 cos(t) sin(1)+2sin(t) cos(1)+el "t —e~1+t)
_ Heaviside(—1+t)(2sin(1) sin(t;l+2 cos(1) cos(t)—el~t—e~11¢)
Heaviside(—1+t) (2sin(t) cos(l)i2 cos(t) sin(1)—el ~t e~ 11¢)
Heaviside(—1+t) (2sin(1) sin(t;l+2 cos(1) cos(t)+el~t4e~11¢)
4

Z(t) = 0151 + 0252 + C3:I—j>3(t) + 0454(15) +

First component of the vector is the solution to the ODE

Heaviside(—1+t)el—t —2sin(t) cos(1)+2 cos(t) sin(1)+e~1+?) Heaviside(—1+t . _
y = Hemisde 110"t (2an()cost) 2eos@sin(1 ) M) _ o o () ot el

Use the initial condition y(0) =0

0=—01+CQ—C4

Calculate the 1st derivative of the solution

y/ _ _Dimc(—i—i—t)el_t + Heavisz'de(4—1+t)e1_t + (—2sin(1) sin(t)—2 cos(1) coi(t)+e_1+t)Heaviside(—1+t) + (—2sin(t) c
Use the initial condition 3’ (o) =0
t=0

0=—Cg+01+02

Calculate the 2nd derivative of the solution
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n _ _ Dirac(1,—1+t)e! ¢ + Dirac(—1+t)e! ™t Heaviside(—1+4t)e!~* + (2sin(t) cos(1)—2 cos(t) sin(1)+e~1+t) Heaviside

¥y = 1 2 1 1
° Use the initial condition y” =0
{t=0}
0= —C1 + Co + Cyq
° Calculate the 3rd derivative of the solution
y//l — _Dimc(2,11+t)el—t + 3Dz'mc(1,4—1+t)e1_t _ 3D1Imc(—41+t)e1_t + Heam'sz'de(4—1—|—t)el_t + (2sin(1) sin(t)+2 cos(
° Use the initial condition "’ =0
{t=0}
0= c1+Cco+ C3
° Solve for the unknown coeflicients
{Cl = 0,02 = 0,63 = 0,04 = 0}
° Solution to the IVP
__ Heaviside(—1+t)e!—* (—2sin(t) cos(1)+2 cos(t) sin(1)+e~1**) Heaviside(—1+¢)
y=- 4 + 4

Maple trace

“Methods for high order ODEs:

--- Trying classification methods ---

trying a quadrature

trying high order exact linear fully integrable

trying differential order: 4; linear nonhomogeneous with symmetry [0,1]
trying high order linear exact nonhomogeneous

trying differential order: 4; missing the dependent variable

checking if the LODE has constant coefficients

<- constant coefficients successful’

v/ Solution by Maple
Time used: 0.406 (sec). Leaf size: 21

Ldsolve([diff(y(t),t$4)-y(t)=Dirac(t—1),y(O) = 0, D(y)(0) = 0, (DE@2)(y)(0) = ﬁo (D@@3) (y) (0)

y(t) = _ Heaviside (t—1) (sin2(t —1) —sinh (¢ — 1))
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v/ Solution by Mathematica
Time used: 0.11 (sec). Leaf size: 44

-

kDSolve [{y''''[t]-y[t]==DiracDelta[t-1],{y[0]==0,y' [0]==0,y"'' [0]==0,y"'"' "' [0O] ==0\}>} ,y[t],t,Inclu

1
y(t) — Ze_t_lﬁ(t —1) (€ + 2e" ! sin(1 — t) — €°)
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5.9 problem 10(a)

5.9.1 Existence and uniqueness analysis. . . . . .. ... ... ....
5.9.2 Maple step by step solution . . . . .. ... ..o 329

Internal problem ID [864]
Internal file name [OUTPUT/864_Sunday_June_05_2022_01_52_38_AM_14047982/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.5, The Laplace Transform. Impulse functions. page 273

Problem number: 10(a).

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]
y/
y”+§+y=5@1+w

With initial conditions
[y(0) = 0,%'(0) = 0]

5.9.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

Y +p)y +q(t)y=F

Where here
1
p(t) = 2
q(t) =1
F=4§(-1+1)
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Hence the ode is

/
y"+y§+y:5(—1+t)

The domain of p(t) = 1 is
{—00 <t < o0}

And the point ¢y = 0 is inside this domain. The domain of ¢(t) = 1 is

{—00 <t < o0}

And the point ¢y = 0 is also inside this domain. The domain of F' = §(—1 +¢) is

{t<1lvi<it}

And the point £y = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

L(y) =Y(s)
Taking the Laplace transform of the ode and using the relations that
L(y") = sY (s) —y(0)

L(y") = s*Y(s) —y'(0) — sy(0)
The given ode now becomes an algebraic equation in the Laplace domain

s¥(s) _ (0)

Y (5) = 4/ (0) = sy(0) + =, = ¥

+Y(s)=e"?
But the initial conditions are

y(0)=0

y(0)=0
Substituting these initial conditions in above in Eq (1) gives

s%Y (s) + %(8) +Y(s)=e"?

Solving the above equation for Y'(s) results in

2e7°

Y(§)= ————
(5) 2824+ s+2
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Taking the inverse Laplace transform gives

v=L£70E)
=L (zi—w)

4 Heaviside (—1 4 t) v/15 e~ sin (@)

15

Hence the final solution is

4 Heaviside (—1 + ) v/15 e~ 1 sin <w>

vy= 15

Simplifying the solution gives

4 Heaviside (—1 + ) v/15 ei ™4 sin <@)

y= 15

Summary
The solution(s) found are the following

4 Heaviside (—1 + ) v/15 ei~ 4 sin <@)

y 15
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(a) Solution plot
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Verification of solutions

4 Heaviside (—1 + ) v/15 ei~4 sin (@)

vy= 15

Verified OK.

5.9.2

e}

Maple step by step solution

Let’s solve

y/l + %/ +y = Di’r‘aC(—l +t) 7y(0) = 0, y/ { 0} - 0:|
t=l

Highest derivative means the order of the ODE is 2

7

Y

Characteristic polynomial of homogeneous ODE

P4+ ir+1=0

Use quadratic formula to solve for r

_ b

2

Roots of the characteristic polynomial

_ 1_IWis _ 1, V15
7’-(—1 i z+T>

1st solution of the homogeneous ODE
y1(t) = e~ 4 cos (@)

2nd solution of the homogeneous ODE
yo(t) = e~ 1 sin <@)

General solution of the ODE

y = ay(t) + caya(t) + yp(?)

Substitute in solutions of the homogeneous ODE
Yy = cie7 4 cos (@) + cpe” i sin (@) + yp(2)

Find a particular solution y,(t) of the ODE

Use variation of parameters to find y, here f(t) is the forcing function

y2(1) £(t) y1(t)f(2)
[yp(t (f W(;l ®),52(2)) >+y2 (f W(yll(t) y2(t))
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Wronskian of solutions of the homogeneous equation

e~ 1 cos (—‘&“) e~isin (—"}f’t>
W(y.(t) ,y2(t)) = ¢
’ e 4 cos( Y5t e_zti 15 sin ( Y2t e_?tfsin 15¢ e_"zf 15 cos( Y5t
o) | W) hen(4) | ()

Compute Wronskian

Wy (t),y2(2) = \/ﬁTe—%

Substitute functions into equation for y,(t)

4\/ﬁe211_7tl ([ Dirac(—1+t)dt) (cos(@) sin(%)—sin(‘/f’t) cos(Tls))
Yp(t) = — 15

Compute integrals

4\/ﬁezli_7ti Heaviside(—1+t) (cos( JZ‘”) sin(%) —sin( ‘/Zst) cos(%))
15

Yp(t) = —

Substitute particular solution into general solution to ODE

@> " 023_% sin <\/}?5t> B 4\/ﬁe21£_?tIHeaviside(—1+t) (cos(?st)sin(@)—sin(@ﬁcos(i

t
Y = c1€” 1 COoS (

415 1™ 4 Heaviside(—1+t
Check validity of solution y = cre™ 1 cos (@) + coe™ 4 sin (‘/z‘r’t> — o Heaviside(Z1+ )(COS(

Use initial condition y(0) =0
0= C1

Compute derivative of the solution

t t t t 1_t
cie 4 cos(‘/:?t) cie” 44/15 sin(\/fm) coe 4 sin(‘/:zm> coe” 44/15 cos(\/fm) V15 eZ_ZHea'uiside(-
y=- 1 - 1 1 + 1 +

=0

{t=0}

Use the initial condition 3’

— C C: \/ﬁ
0=—-F+=2>
Solve for ¢; and ¢,
{Cl = 0, Cy = 0}
Substitute constant values into general solution and simplify

4\/ﬁe2117§1Heaviside(—1+t) (cos(@) sin(\/Trs) —sin(@) cos(\/Trs))
15

Yy=-
Solution to the IVP

4\/ﬁe211_%IHeam'side(—1+t) (cos(‘/:zm> sin(%)—sin(‘/;ﬂ) cos(%))
y=- 15
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Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful’

v Solution by Maple
Time used: 0.562 (sec). Leaf size: 28

-

Ldsolve([diff(y(t):t$2)+1/2*diff(y(t),t)+y(t)=Dirac(t—1),y(O) = 0, D(y(0) = éﬁ,y(t), singsol

4ei1 Heaviside (¢ — 1) v/15 sin (Y2 {=1)
y(t) = 15

v/ Solution by Mathematica
Time used: 0.097 (sec). Leaf size: 40

LDSolve[{y"[t]+1/2*y'[t]+y[t]==DiracDe1ta[t-1],{y[0]== ,y'[O]==0}},y[t],t,Ing}udeSingularSol

dei~50(t — 1) sin (1v/I5(t — 1))
y(t) — it
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5.10 problem 10(c)

5.10.1 Existence and uniqueness analysis. . . . . .. ... ... ....
5.10.2 Maple step by step solution . . . . ... ... ... 0. 335

Internal problem ID [865]
Internal file name [OUTPUT/865_Sunday_June_05_2022_01_52_42_AM_21475340/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.5, The Laplace Transform. Impulse functions. page 273

Problem number: 10(c).

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]
y/
y”+z+y=5@1+w

With initial conditions
[y(0) = 0,%'(0) = 0]

5.10.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

Y +p)y +q(t)y=F

Where here
1
p(t) = 1
q(t) =1
F=4§(-1+1)
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Hence the ode is

/
y"+yz+y:5(—1+t)

1

The domain of p(t) = 7 is

{—00 <t < o0}

And the point ¢y = 0 is inside this domain. The domain of ¢(t) = 1 is

{—00 <t < o0}

And the point ¢y = 0 is also inside this domain. The domain of F' = §(—1 +¢) is

{t<1lvi<it}

And the point £y = 0 is also inside this domain. Hence solution exists and is unique.

Solving using the Laplace transform method. Let

L(y) =Y(s)
Taking the Laplace transform of the ode and using the relations that
L(y") = sY (s) —y(0)

L(y") = s*Y(s) —y'(0) — sy(0)
The given ode now becomes an algebraic equation in the Laplace domain

s¥(s) _ (0)

Y (5) = 4/ (0) = sy(0) + =7 = ¥

+Y(s)=e"?
But the initial conditions are

y(0)=0

y(0)=0
Substituting these initial conditions in above in Eq (1) gives

s%Y (s) + %(8) +Y(s)=e"?

Solving the above equation for Y'(s) results in

4e %

Y(§) = ———
(5) 4s?2 4+ s+ 4
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Taking the inverse Laplace transform gives

y =LY (s))

4e~°
—r ==
(432 +s+ 4)

8 Heaviside (—1 + ) /7 e & sin (W)
- 21

Hence the final solution is

8 Heaviside (—1 + t) v/7es s sin (M)
21

y =
Simplifying the solution gives

8 Heaviside (—1 +t) /7375 sin (w)
21

y:

Summary
The solution(s) found are the following

8 Heaviside (—1 +t) /7375 sin (@)

= 1
y 51 (1)
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Verification of solutions

8 Heaviside (—1 +t) /7 575 sin (w)

y= 21

Verified OK.

5.10.2

e}

Maple step by step solution

Let’s solve

y/l + yzl +y = Di’r‘aC(—l +t) 7y(0) = 0, y/ { 0} - 0:|
t=l

Highest derivative means the order of the ODE is 2

7

Y

Characteristic polynomial of homogeneous ODE

P4+ ir+1=0

Use quadratic formula to solve for r

_ ED(/-%)

2

Roots of the characteristic polynomial

7‘=(—§—3I§[, _|_3If>

1st solution of the homogeneous ODE
y1(t) = e~ 5 cos <3Tﬁt>

2nd solution of the homogeneous ODE
yo(t) = e~ 5 sin <3T‘m)

General solution of the ODE

y = ay(t) + caya(t) + yp(?)

Substitute in solutions of the homogeneous ODE
Yy = cie7 % cos (%) + cpe” s sin <3T‘ﬁt) + yp(2)

Find a particular solution y,(t) of the ODE

Use variation of parameters to find y, here f(t) is the forcing function

y2(1) £(t) y1(t)f(2)
[yp(t (f W(;l ®),52(2)) >+y2 (f W(yll(t) y2(t))
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Wronskian of solutions of the homogeneous equation

W(y.(t) ,52(t)) =

8 8
8 8 8 8

e‘%cos<3‘ﬁt) 3e_§ﬁsin<3\ﬁt> _e—gsin<3ﬁt> N 3e_§ﬁcos<3ﬁt>

Compute Wronskian
3v7e 1
W () ,92(t) = 25—
Substitute functions into equation for y,(¢

S\ﬁe%_% (J Dirac(—1+t)dt) (sin(%) cos(%)—cos(&ft) sin(%))
Yp(t) = 21

Compute integrals

S\ﬁe%_gHeaviside(—l+t) (sin<3‘§t> Cos(?’Tﬁ)—cos<3‘gt> sin(?’Tﬁ))

Yp(t) = 21

Substitute particular solution into general solution to ODE

1_t
_t . 81/7 e8 ~ 8 Heaviside(—1+t) (sin 3VT7t) cos(3YT) —cos( 3Lt ) sin ( 2Y
211 4 e sin (242 + (sn(47) con (9 ) —eon (7 sin (%

t
Y = C1€” 8 COS (

1
8v7eB -% Heaviside(—1+t) (sin (§

Check validity of solution y = 1678 cos (%) + coe78 sin (3‘§t> +

Use initial condition y(0) =0
0= C1

Compute derivative of the solution

t t t t 1_t
cie” 8 cos(?’\gt) 3c1e” 87 sin(?"gﬂ) coe” 8 sin(?’ﬁt> 3coe 87 cos(s‘gt) \ﬁeg_gHeam'side(—

y=- 8 - 8 - 8 + 8

=0

Use the initial condition 3’ =
{t=0}

— c 3V7¢
0=—-%+52
Solve for ¢; and ¢,
{Cl = 0, Cy = 0}
Substitute constant values into general solution and simplify

8\ﬁe%7§ Heaviside(—1+t) (sin(‘o’T\m) cos(S\Tﬁ) —cos(sT\m) sin(B\Tﬁ))
1

y =
Solution to the IVP

. 8ﬁe%_§Heaviside(—1+t) (sin(?"gt) cos(S\Tﬁ)—cos(?’\gt) sin(%))

Y= 21
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Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful’

v Solution by Maple
Time used: 1.907 (sec). Leaf size: 28

-

Ldsolve([diff(y(t):t$2)+1/4*diff(y(t),t)+y(t)=Dirac(t—1),y(O) = 0, D(y(0) = éﬁ,y(t), singsol

8 es~s Heaviside (t — 1) v/7 sin (%)
y(t) = 51

v/ Solution by Mathematica
Time used: 0.075 (sec). Leaf size: 42

LDSolve[{y"[t]+1/4*y'[t]+y[t]==DiracDe1ta[t-1],{y[0]== ,y'[O]==0}},y[t],t,Ing}udeSingularSol

8es~50(t — 1) sin (3v/7(t — 1))
y(t) = Vi
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5.11 problem 12

5.11.1 Existence and uniqueness analysis. . . . . .. ... ... .... 338
5.11.2 Maple step by step solution . . . . ... ... ... ... 340

Internal problem ID [866]
Internal file name [OUTPUT/866_Sunday_June_05_2022_01_52_46_AM_63188027/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.5, The Laplace Transform. Impulse functions. page 273

Problem number: 12.

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_ linear_ constant__coeff", "second__order__ode_ can_ be__made__in-
tegrable"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]

"y = Heaviside (t — 4 + k) — Heaviside (t — 4 — k)

y 2%k

With initial conditions

[¥(0) = 0,%'(0) = 0]

5.11.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

Y +p)y +q(t)y=F

Where here
p(t) =0
q(t) =1
o Heaviside (t — 4 + k) — Heaviside (t — 4 — k)

2k
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Hence the ode is

_ Heaviside (t — 4 + k) — Heaviside (t — 4 — k)

/"
y t+y ok

The domain of p(t) = 0 is
{—00 <t < o0}

And the point ¢y = 0 is inside this domain. The domain of ¢(t) = 1 is

{—o0 <t < o0}

Heaviside(t—4+k)—Heaviside(t—4—k)
2k

And the point ¢y = 0 is also inside this domain. The domain of F' =
is
{—0o<t<4—-kd4-Ek<t<4+4+k4d+k<t<oo}

But the point ¢y = 0 is not inside this domain. Hence existence and uniqueness theorem
does not apply. There could be infinite number of solutions, or one solution or no
solution at all.

Solving using the Laplace transform method. Let

Taking the Laplace transform of the ode and using the relations that

L(Y') = sY(s) —y(0)
L(y") = s*Y (s) — y/'(0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain

Y (s) — y/(0) — sy(0) + Y(s) =

_ laplace (Heaviside (t —4 + k) ,¢,s)  laplace (Heaviside (t —4 — k), ¢,.

2k 2k
(1)

But the initial conditions are

y(0)=0
y'(0)

Substituting these initial conditions in above in Eq (1) gives

2Y (s) + Y (s) = laplace (Heav151c;<;€(t —4+k),t,s) laplace (Heav181(;(;€(t —4—k),t,9)
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Solving the above equation for Y (s) results in

§) = laplace (Heaviside (t — 4 + k) , t, s) — laplace (Heaviside (t — 4 — k) , ¢, s)

Y
(s) 2k (s2+1)
Taking the inverse Laplace transform gives

y=L"(Y(s))

_ < laplace (Heaviside (¢t — 4 + k) , t, s) — laplace (Heaviside (t — 4 — k) , ¢, 3))

2k (s2+1)

_ Heaviside (—4 — k) (cos (t) — cos (—t + 4 + k)) + Heaviside (—4 + k) (cos (t — 4 + k) — cos (t)) + He

Simplifying the solution gives

Y

(Heaviside (4 + k) + Heaviside (t —4 — k) — 1) cos (—t +4 + k) —

2k

Heaviside (t —4 — k) 4+ (—cos (t —

Summary
The solution(s) found are the following

Y

(Heaviside (4 + k) + Heaviside (t —4 — k) — 1) cos (—t +4 + k) —

(1)
Heaviside (t — 4 — k) + (— cos (t —

Verification of solutions

(Heaviside (4 + k) + Heaviside (t —4 — k) — 1) cos (—t +4 + k) —

Heaviside (t —4 — k) + (— cos (t —

Verified OK.

5.11.2 Maple step by step solution

Let’s solve
y// +y= Hea,viside(t—4+k:)2—kHeam'side(t—4—k:) , y(O) _ 0, y/ _
{t=0}
° Highest derivative means the order of the ODE is 2
y//
° Characteristic polynomial of homogeneous ODE
r+1=0
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Use quadratic formula to solve for r
Roots of the characteristic polynomial
r=(-LI)

1st solution of the homogeneous ODE

y1(t) = cos (t)

2nd solution of the homogeneous ODE

y2(t) = sin (¢)

General solution of the ODE

y = ay(t) + caya(t) + yp(?)

Substitute in solutions of the homogeneous ODE
y = c1 cos (t) + cosin (t) + yp(2)

Find a particular solution y,(t) of the ODE

Use variation of parameters to find y, here f(t) is the forcing function

@®)f (@) @) f() Heaviside(t—4+k)— Heaviside(t—4—
[yp(t (f Wi () 3:0) )+y2 (f Wi 0z @) ) ft) = o

Wronskian of solutions of the homogeneous equation

cos(t) sin(t)

W(ys(t),92(t)) = —sin (t) cos(t)

Compute Wronskian
W(yi(t),y2(t) =1

Substitute functions into equation for y,(t)

_ —cos(t) ([ sin(t)(Heaviside(t—4+k)— Heaviside(t—4—k))dt) +sin(t) ([ cos(t)( Heaviside(t—4+k)— Heaviside(t—4—k))dt)
Yp(t) = 2k
Compute integrals

__ Heaviside(t—4—k)(cos(t) cos(4+k)+sin(t) sin(4+k)—1)— Heaviside(t—4+k)(cos(t) cos(—4+k)—sin(t) sin(—4+k)—1)
Yp(t) = 2k

Substitute particular solution into general solution to ODE

Yy = ¢1 COS (t) + ¢y sin (t) + Heaviside(t—4—k)(cos(t) cos(4+k)+sin(t) sin(4+k)—1)—;eaviside(t—él-l-k)(cos(t) cos(—4+k)-

Check validity of solution y = ¢; cos (£) + ¢y sin (¢) + Heavisidelt=1=k)(cos(t) cos(d+k)Fsin(t) Sin(4+k)_1)_2}

Use initial condition y(0) =0
_ Heaviside(—4—k)(cos(4+k)—1)— Heaviside(—4+k)(cos(—4+k)—1)
O=c + %%
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Compute derivative of the solution
y/ = —¢; sin (t) + ¢y COs (t) + Dirac(—t+4+k)(cos(t) cos(4+k)+sin(t) sin(4+k)—1)+ Heaviside(t—4—k)(— sin(t) cos(4+k)

Use the initial condition ¢’ (o) =0
t=0

Dirac(4+k)(cos(4+k)—1)+sin(4+k) Heaviside(—4—k)— Dirac(—4+k)(cos(—4+k)—1)+sin(—4+k) Heaviside(—4+k)
2k

0=cy+

Solve for ¢; and ¢
__sin(—4+k) Heq

{C __ Heaviside(—4+k) cos(—4+k)—cos(4+k) Heaviside(—4—k)— Heaviside(—4+k)+ Heaviside(—4—k)
1 =

2% G2 =

Substitute constant values into general solution and simplify

y = Heqviside(t—4—k)(cos(t) cos(4+k)+sin(t) sin(4+k)—1)+(— cos(t) cos(—4+k)+sin(t) sin(—4+k)+1) Heaviside(t—4+k)+ Heavi
- 2k

Solution to the IVP

y = Heaviside(t—4—k)(cos(t) cos(4+k)+sin(t) sin(4+k)—1)+(— cos(t) cos(—4+k)+sin(t) sin(—4+k)+1) Heaviside(t—4+k)+ Heavi
- 2k

Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful~

v/ Solution by Maple
Time used: 0.641 (sec). Leaf size: 76

Ldsolve([diff(y(t),t$2)+y(t)=1/(2*k)*(Heaviside(t-(4—k)) - Heaviside(t-(4+k))J),y(O) = 0, D(

y(t)

(Heaviside (4 + k) + Heaviside (t —4 — k) — 1) cos (—t + 4 + k) — Heaviside (¢t — 4 — k) + (— cos (t — -
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v/ Solution by Mathematica
Time used: 1.204 (sec). Leaf size: 181

-

LDSolve[{y"[t]+y[t]==1/(2*k)*(UnitStep[t—(4—k)] - UnitStep[t-(4+k)] ),{y[0]=%=0,y'[0]==0}},y

(cos(k—t+4)—1)0(—k:+t—4)2—k(cos(—k—t+4)—1)0(k:-|-t—4) if —4<k<4

cos(—k—t+4)—cos(t)+(cos(k—t+4)—l)g](c—k+t—4)—(cos(—k—t+4)—1)0(k+t—4) ifk>4

y(t) N —cos(k—t+4)+cos(t)+(cos(k—t+4)—1)2012—16+t—4)—(cos(—k—t+4)—1)9(k+t—4) ifk < —4
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5.12 problem 19(a)

5.12.1 Solving as second order linear constant coeffode . . . ... .. [3441
5.12.2 Solving using Kovacic algorithm . . . . . . ... ... ... ... 349
5.12.3 Maple step by step solution . . . . . . ... ... ... . .... 355

Internal problem ID [867]
Internal file name [OUTPUT/867_Sunday_June_05_2022_01_52_48_AM_8947288/index.tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.5, The Laplace Transform. Impulse functions. page 273

Problem number: 19(a).

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "kovacic", "second__order__lin-
ear_constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]

Y+ 2y +2y = f(2)

With initial conditions
[y(0) = 0,4'(0) = 0]

5.12.1 Solving as second order linear constant coeff ode

This is second order non-homogeneous ODE. In standard form the ODE is

Ay"(t) + By'(t) + Cy(t) = f(t)

Where A =1,B=2,C =2, f(t) = f(t). Let the solution be

Y=Yn+Yp

Where y, is the solution to the homogeneous ODE Ay”(t) + By'(t) + Cy(t) = 0, and y,
is a particular solution to the non-homogeneous ODE Ay”(t) + By'(t) + Cy(t) = f(¢t).
yp, is the solution to

y//+2y/+2y=0

344



This is second order with constant coefficients homogeneous ODE. In standard form
the ODE is
Ay'(t) + By'(t) + Cy(t) =0

Where in the above A = 1, B = 2,C = 2. Let the solution be y = e**. Substituting this
into the ODE gives
AeM +2XeM +2eM =0 (1)

Since exponential function is never zero, then dividing Eq(2) throughout by e* gives
N 4+2X+2=0 (2)

Equation (2) is the characteristic equation of the ODE. Its roots determine the general
solution form.Using the quadratic formula

-B 1
= — —_ 2 _
12 54 T 54 B? — 4AC
Substituting A = 1, B = 2,C' = 2 into the above gives
Mo = otk /T @ (D) ()
YT 0 T @0
=—1+14

Hence

A=—-1+41

A=—-1—1
Which simplifies to

AM=—-1+41

Ao=—-1—1

Since roots are complex conjugate of each others, then let the roots be

)\1,2 = O[:l:’L,B

Where oo = —1 and S = 1. Therefore the final solution, when using Euler relation, can
be written as

y = e“(c; cos(Bt) + casin(Bt))

Which becomes
y = e “(cy cos (t) + cysin (t))
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Therefore the homogeneous solution yy, is
yn = e *(c; cos (t) + cysin (t))

The particular solution y, can be found using either the method of undetermined
coefficients, or the method of variation of parameters. The method of variation of
parameters will be used as it is more general and can be used when the coefficients of
the ODE depend on t as well. Let

Yp(t) = ury1 + uoyp (1)

Where u;,us to be determined, and y;,y, are the two basis solutions (the two lin-
early independent solutions of the homogeneous ODE) found earlier when solving the
homogeneous ODE as

Y = e ' cos (t)

Yo = e 'sin (¢)

In the Variation of parameters u;, us are found using

_ Y2 f ()
== / aW (2) @)

[ wnf@)
w= | owe 3)

Where W (t) is the Wronskian and a is the coefficient in front of y” in the given ODE.

The Wronskian is given by W = v . Hence
N Y
e " cos (t) e " sin (¢)

deteos(0) Ge~tsin()

Which gives

et cos (t) e " sin (¢)

—e tcos(t) —etsin(t) —e'sin(t) + e~ cos (t)

W =

Therefore

W = (e *cos(t)) (—e*sin (t) + e cos(t)) — (e *sin(t)) (—e*cos (t) — e *sin (t))
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Which simplifies to
W = e % cos (t)? 4+ e % sin (t)

Which simplifies to

Therefore Eq. (2) becomes

Which simplifies to

= — / £(¢)sin (£) e'dt

= — ( /O () sin (o) eo‘da)

W:/M(u

e—2t

Hence
And Eq. (3) becomes

Which simplifies to

Ug = / f(t) cos (t) e'dt

Hence

Ug = /Ot f(a) cos () e%da

Therefore the particular solution, from equation (1) is

U () = — ( /0 " H(a) sin () eada) ot cos (¢) + ( /0 @) cos () e"‘da) et sin (¢)

Which simplifies to

yp(t) =e”* <— (/Ot f(a)sin (a) e"‘da) cos (t) + (/Ot f(a)cos () eada) sin (t))
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Therefore the general solution is

Y=Y+
= (e7*(c1cos (t) + casin (1))

# (et (=( [ #@sin@eda) cos )+ [ a)eos(@)e%da ) st

Initial conditions are used to solve for the constants of integration.

Looking at the above solution

y = e *(cy cos (t) + casin () + €~ (— ( /0 " Ha)sin () eada) cos (t) + ( /0 " (@) cos () e"‘da) sin (t))
(1)

Initial conditions are now substituted in the above solution. This will generate the
required equations to solve for the integration constants. substituting y =0 and t =0
in the above gives

O0=c¢ (1A)
Taking derivative of the solution gives
y = —e " ?(cy cos (t) + casin (t)) + e *(—cysin () + cycos (8) —e™* (— (/Ot f(a)sin (a) eo‘da) cos (t) + (
substituting ¥’ = 0 and ¢ = 0 in the above gives
0=—-ci+c (2A)
Equations {1A,2A} are now solved for {ci, c2}. Solving for the constants gives

Cl=0

02:0

Substituting these values back in above solution results in

y=— (/Ot f(a)sin (a) e"‘da) e " cos (t) + (/Ot f(a) cos () eada) e 'sin (¢)

Which simplifies to
y=¢e’ (— (/Ot f(a)sin (a) eada) cos (t) + (/Ot f(a) cos () eada) sin (t))
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Summary
The solution(s) found are the following

Y= e_t<— (/Ot f(a)sin () e“da) cos (t) + (/Otf(a) cos (a) eo‘da) sin (t)) (1)

Verification of solutions

y=e" (— (/Ot f(a)sin (a) e"‘da) cos (t) + (/Ot f(a)cos () e"‘da) sin (t))

Verified OK.

5.12.2 Solving using Kovacic algorithm

Writing the ode as

y' +2y +2y=0
Ay"+ By +Cy =0

Comparing (1) and (2) shows that

QW
Il
ORI R

Applying the Liouville transformation on the dependent variable gives
2(t) = yel 22
Then (2) becomes
2" (t) = rz(t)

Where r is given by
s
r=-
t
2AB' —2BA’ + B? — 4AC

4A2

Substituting the values of A, B, C from (3) in the above and simplifying gives
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Comparing the above to (5) shows that

s=-1
t=1
Therefore eq. (4) becomes
2'(t) = —=z(t) (7)

Equation (7) is now solved. After finding z(¢) then y is found using the inverse trans-
formation
y=z(t)e S

The first step is to determine the case of Kovacic algorithm this ode belongs to. There
are 3 cases depending on the order of poles of r and the order of r at co. The following
table summarizes these cases.

Case | Allowed pole order for r Allowed value for O(oc0)
1 {Oa1727476a87”'} {'"7_67_47_27072a3747576a"'}
2 Need to have at least one pole that | no condition

is either order 2 or odd order greater
than 2. Any other pole order is
allowed as long as the above condi-
tion is satisfied. Hence the following
set of pole orders are all allowed.

{1,2},{1,3},{2},{3},{3,4},{1,2, 5}.
3 | {1,2} {2,3,4,5,6,7, -}

Table 51: Necessary conditions for each Kovacic case

The order of r at oo is the degree of ¢t minus the degree of s. Therefore
O(00) = deg(t) — deg(s)
=0-0
=0
There are no poles in r. Therefore the set of poles I' is empty. Since there is no odd

order pole larger than 2 and the order at oo is 0 then the necessary conditions for case
one are met. Therefore

L=1]
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Since r = —1 is not a function of ¢, then there is no need run Kovacic algorithm to
obtain a solution for transformed ode 2" = rz as one solution is

z1(t) = cos (t)

Using the above, the solution for the original ode can now be found. The first solution
to the original ode in y is found from

1B
Y1 = zlef_ﬁzdt
12
= z1€ fifdt
=zt

Which simplifies to

11 = e ' cos (t)

The second solution ys to the original ode is found using reduction of order

ef_%dt
Y2=U1 2 dt
Y

1

Substituting gives

ef—%dt
y2:y1/—2dt
(y1)

Therefore the solution is

Y = Y1 + C2Y2
= ci(e " cos (t)) + ca(e ™" cos (¢) (tan (¢)))

This is second order nonhomogeneous ODE. Let the solution be

Y=Yn+Y
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Where yj, is the solution to the homogeneous ODE Ay”(t) + By'(t) + Cy(t) = 0, and y,
is a particular solution to the nonhomogeneous ODE Ay”(t) + By'(t) + Cy(t) = f(t).
yn, is the solution to

y'+2y +2y=0
The homogeneous solution is found using the Kovacic algorithm which results in
yn = c1e " cos (t) + coe ' sin (t)

The particular solution y, can be found using either the method of undetermined
coefficients, or the method of variation of parameters. The method of variation of
parameters will be used as it is more general and can be used when the coefficients of
the ODE depend on t as well. Let

Yp(t) = ur1th + ualo (1)

Where u;,us to be determined, and y;,y, are the two basis solutions (the two lin-
early independent solutions of the homogeneous ODE) found earlier when solving the
homogeneous ODE as

Y1 = e ‘cos (t)

Yo = e 'sin (¢)
In the Variation of parameters u;, us are found using
y2f(t)
=— 2
“ /@W@ @)

[ wnf@®)
W_/;W@ )

Where W (t) is the Wronskian and a is the coefficient in front of y” in the given ODE.

The Wronskian is given by W = vt . Hence
Y
et cos (t) e 'sin (t)

£eteos (1)) (e sin (1)
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Which gives

e*cos (t) e " sin (t)

—etcos(t) —e'sin(t) —e 'sin () + e cos(t)

W=
Therefore
W = (e *cos(t)) (—e*sin(t) + e cos(t)) — (e *sin(t)) (—e " cos (t) — e *sin (¢))

Which simplifies to
W = e % cos (t)* 4+ e *sin (t)*

Which simplifies to
W=e?

Therefore Eq. (2) becomes

v = — / e *sin (t) f(¢) &t

e—2t

Which simplifies to

Uy = — / f(t)sin (t) e'dt

= — ( /O () sin (o) e°‘da>

U2=/Mdt

Hence

And Eq. (3) becomes
o—2t

Which simplifies to

Ug = / f(t) cos (t) e'dt

Hence

Ug = /Ot f(a@) cos (o) e*da
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Therefore the particular solution, from equation (1) is

yp(t) = — (/Ot f(a)sin (a) eada) e " cos(t) + (/Ot f(a)cos () e"‘da) e 'sin (t)

Which simplifies to

u(t) = e (- ( /0 () sin (o) e“da) cos () + ( /0 @) cos (a) eo‘da) sin (t))

Therefore the general solution is

Y=Yn+Yp
= (c1e7" cos (t) + coe*sin (t))

+ <e_t (_ ( /0 t f(a)sin (@) eada> cos (t) + ( /0 t f(a)cos (a) e"‘da) sin (t)))

Which simplifies to

y = e *(cy cos (t) j ¢y sin (t)) t
ot (— ( /O f(a)sin (a) eo‘da> cos (£) + ( /O f(a) cos (@) e“da) sin (t))

Initial conditions are used to solve for the constants of integration.

Looking at the above solution

y =e *(cicos(t) + cysin (t)) +e7* (— (/Ot f(a)sin (a) eada) cos (t) + (/Ot f(a)cos (a) eo‘da) sin (t))
1)

Initial conditions are now substituted in the above solution. This will generate the
required equations to solve for the integration constants. substituting y =0 and ¢t =0
in the above gives

0= C1 (1A)

Taking derivative of the solution gives

Y = —e *(cy cos (t) + cysin (t)) + e *(—cy sin (¢) + cpcos (t)) — e (— (/Ot f(a)sin (a) eada) cos (t) + (
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substituting ¥’ = 0 and ¢ = 0 in the above gives
0= —C1 + Co (2A)
Equations {1A,2A} are now solved for {ci, ca}. Solving for the constants gives

Cl=0

Cy = 0
Substituting these values back in above solution results in
t t
y=— (/ f(a)sin (o) e°‘da> e *cos(t) + (/ f(a)cos () eadoz) e 'sin (¢)
0 0

Which simplifies to

y=¢et (— (/Ot f(a)sin (a) eada) cos (t) + (/Ot f(a) cos () eada) sin (t))

Summary
The solution(s) found are the following

Y= e_t<— (/Ot f(a)sin () e“da) cos (t) + (/Otf(a) cos () eo‘da) sin (t)) (1)

Verification of solutions

y=¢e’ (— (/Ot f(a)sin (a) eada) cos (t) + (/Ot f(a) cos () eada) sin (t))

Verified OK.

5.12.3 Maple step by step solution

Let’s solve
¥+ 2y +2y = f(t),y(0) =0,y = 0]
{t=0}
° Highest derivative means the order of the ODE is 2
yll
° Characteristic polynomial of homogeneous ODE
r2+2r+2=0
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Use quadratic formula to solve for r
r = EDEVY)
= 2

Roots of the characteristic polynomial

r=(-1-1,-141)

1st solution of the homogeneous ODE

y1(t) = e cos (¢)

2nd solution of the homogeneous ODE

yo(t) = e ' sin (¢)

General solution of the ODE

y = cyi(t) + coya(t) + yp(?)

Substitute in solutions of the homogeneous ODE

y = cie " cos (t) + cae 7 sin () + y,(2)

Find a particular solution y,(t) of the ODE

Use variation of parameters to find y, here f(t) is the forcing function

50) = =0 (J wiadfilat) + ) (] e t) SO = 10

Wronskian of solutions of the homogeneous equation

W (t) 1a(0)) = t e* cos (t) | .e_t sin (%)
—etcos(t) — e tsin(t) —e 'sin (t) + e cos (t)

Compute Wronskian
W (i (t), y2(t)) = e

Substitute functions into equation for y,(t)

Yp(t) = —e~*(cos (t) ([ f(t)sin (t) e'dt) —sin (¢) ([ f(t) cos () e'dt))

Compute integrals
Yp(t) = —e~*(cos (t) ([ f(t)sin () e'dt) —sin (¢) ([ f(t) cos (¢) e'dt))

Substitute particular solution into general solution to ODE

y = cie”" cos (t) + coe ' sin (t) — e~ (cos (t) ([ f(t)sin () e'dt) —sin () ([ f(t)
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Maple trace

“Methods for second order ODEs:
--- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful
<- solving first the homogeneous part of the ODE successful’

v Solution by Maple
Time used: 0.062 (sec). Leaf size: 43

-

Ldsolve([diff(y(t):t$2)+2*diff(y(t),t)+2*y(t)=f(t),y(0) = 0, D(y(0) = 0],y(t)} singsol=all)

y(t) = (- cos (2) ( /0 " at)sin (1) e—“d_zl)
+sin (¢) < /0 " at)cos(_a1) e—“d_zl)) ot

v Solution by Mathematica
Time used: 0.104 (sec). Leaf size: 99

LDSolve[{y"[t]+2*y'[t]+2*y[t]==f[t],{y[0]==0,y'[0]==0}},y[t],t,IncludeSingula Solutions -> 1T

y(t) —)e_t(—sin(t)/l XM cos(K[1]) f(K[1])dK[1]
+ sin(?) /1 K11 cos(KT1]) £(KT1])dK1] + cos(t) < /1
oK) sin(K[2)ak(2) - [~ (il2) sn( ) aTe])
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5.13 problem 19(b)

5.13.1 Existence and uniqueness analysis. . . . . .. ... .. ... .. 358]
5.13.2 Maple step by step solution . . . . . ... ... ... 3611

Internal problem ID [868]
Internal file name [OUTPUT/868_Sunday_June_05_2022_01_52_50_AM_65372010/index. tex]

Book: Elementary differential equations and boundary value problems, 11th ed., Boyce,
DiPrima, Meade

Section: Chapter 6.5, The Laplace Transform. Impulse functions. page 273

Problem number: 19(b).

ODE order: 2.

ODE degree: 1.

The type(s) of ODE detected by this program : "second__order__laplace", "sec-
ond_ order_linear constant_ coeff"

Maple gives the following as the ode type

[[_2nd_order, _linear, _nonhomogeneous]]

Y +2y + 2y =0(t —)

With initial conditions
[y(0) = 0,4'(0) = 0]

5.13.1 Existence and uniqueness analysis

This is a linear ODE. In canonical form it is written as

Y +p)y +q(t)y=F

Where here
p(t) =2
qt) =2
F=6(t—m)

Hence the ode is

Y +2y +2y=06(t—n)
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The domain of p(t) =2 is
{—00 <t < o0}

And the point ¢ty = 0 is inside this domain. The domain of ¢(t) = 2 is

{—o0 <t < o0}

And the point to = 0 is also inside this domain. The domain of F' = §(¢t — ) is

{t<mVvrm<t}

And the point £y = 0 is also inside this domain. Hence solution exists and is unique.
Solving using the Laplace transform method. Let
L(y) =Y (s)

Taking the Laplace transform of the ode and using the relations that

L(y) = sY(s) —y(0)
L(y") = 5"Y (s) — y'(0) — sy(0)

The given ode now becomes an algebraic equation in the Laplace domain
s*Y (s) — 4/(0) — sy(0) + 2sY(s) — 2y(0) + 2Y (s) = ™™ (1)
But the initial conditions are

y(0)=0
y(0)=0
Substituting these initial conditions in above in Eq (1) gives
s%Y (s) +2sY(s) +2Y (s) = e ™

Solving the above equation for Y (s) results in

e—Tl'S
Y()= ——
(s) s2+2s+2
Taking the inverse Laplace transform gives
y=L(Y(s))

e—Tl'S
=L —
<s2 +2s+ 2)

= —sin (t) Heaviside (t — 7) e"*
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— sin (t) Heaviside (¢ — 7) ™"

y = — sin (t) Heaviside (¢t — ) e™ "
y = — sin (t) Heaviside (¢t — ) e" "

Y

The solution(s) found are the following

Hence the final solution is
Simplifying the solution gives

Summary

\
\

(b) Slope field plot
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Verification of solutions

Verified OK.



5.13.2 Maple step by step solution

Let’s solve
y" + 2y + 2y = Dirac(t — ) ,y(0) =0,y o) 0}
° Highest derivative means the order of the ODE is 2
Y
° Characteristic polynomial of homogeneous ODE
r4+2r+2=0
° Use quadratic formula to solve for r
r = (22
° Roots of the characteristic polynomial
r=(-1-1-141)
° 1st solution of the homogeneous ODE
y1(t) = e *cos (t)
° 2nd solution of the homogeneous ODE
yo(t) = e *sin (¢)
° General solution of the ODE
y = ay(t) + caya(t) + yp(?)
. Substitute in solutions of the homogeneous ODE

y = cre " cos (t) + cae 7 sin () + y,(2)
O Find a particular solution y,(t) of the ODE

o Use variation of parameters to find y, here f(¢) is the forcing function
) @) ) f(®) Y
[yp(t (f W o (020 ) +4(t (f W s ()02 0 ) , f(£) = Dirac(t — )
o Wronskian of solutions of the homogeneous equation
e~* cos (t) e~ sin (t)
W(yi(t), 92(t) = . .
—etcos(t) — e tsin(t) —e tsin (t) + e * cos (t)

o Compute Wronskian
W(yi(t), 42(t)) = e

o Substitute functions into equation for y,(t)
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Yp(t) = — ([ Dirac(t — m) dt) sin (¢) e™*
o Compute integrals
Yp(t) = —sin (t) Heaviside(t — m) e™*
° Substitute particular solution into general solution to ODE
y = cre”t cos () + cpe ! sin (t) — sin (t) Heaviside(t — 7) e™ ¢
O Check validity of solution y = cie™* cos (t) + coe*sin (t) — sin (t) Heaviside(t — ) €™
o Use initial condition y(0) =0
0=¢

o Compute derivative of the solution

Yy = —cie7tcos (t) — cre 7 sin (t) — coe P sin () + coe 7 cos (t) — cos (t) Heaviside(t — 7)™ ¢ — I
o Use the initial condition y’ =0
{t=0}
0= —C1 + Co

o Solve for ¢; and ¢
{c1 =0,c2 =0}
o Substitute constant values into general solution and simplify
y = —sin (t) Heaviside(t — 7) ™"
° Solution to the IVP
y = —sin (t) Heaviside(t — 7) ™"

Maple trace

e N

“Methods for second order ODEs:
-—- Trying classification methods ---
trying a quadrature
trying high order exact linear fully integrable
trying differential order: 2; linear nonhomogeneous with symmetry [0,1]
trying a double symmetry of the form [xi=0, eta=F(x)]
-> Try solving first the homogeneous part of the ODE
checking if the LODE has constant coefficients
<- constant coefficients successful

<- solving first the homogeneous part of the ODE successful”
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v/ Solution by Maple
Time used: 0.281 (sec). Leaf size: 20

Ldsolve([diff(y(t),t$2)+2*diff(y(t),t)+2*y(t)=Dirac(t—Pi),y(O) = 0, D(y)(0) = ?],y(t), singsc

y(t) = — sin (t) Heaviside (t — 7) e™*

v/ Solution by Mathematica
Time used: 0.034 (sec). Leaf size: 22

LDSolve [{y'' [t]+2*y' [t]1+2*y[t]==DiracDelta[t-Pi],{y[0]==0,y"' [0]==0}},y[t],t,IncludeSingularSc

y(t) = —e"'9(t — ) sin(t)
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