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CHAPTER 1.

LOOKUP TABLES FOR ALL PROBLEMS IN CURRENT...

1.1 2.4, page 55

Table 1.1: Lookup table for all problems in current section

ID problem | ODE Solved? Maple | Mma | Sympy

4076 | 1 Syz +4y? + 1+ (a2 + 2yz) y = 0 VAR AREERD

4077 | 2 22 tan () + (¢ — o tan (3)) ¥ = 0 |V /X

4078 | 3 (@ +1) +y+ Qyz+1)y =0 X | X | X | X

4079 | 4 dzy? + 6y + (5% + 82) ¥/ = 0 v |V IV

1089 15 5o+ 2+1+@Q2r+y+1)y =0 ALY

4081 | 6 32—y +1— (62— 2 —3)y =0 |/

4082 | 7 r— %34 2ty —1)y =0 v IV S

6r+4y+1+ 4z +2y+2)y =0

4083 | 8 ( i v vV /S
(3) -

1084 | 9 3z—y—6+(z+y+2)y =0 v vV /S
y(2) = -2

4085 | 10 20 +3y+1+(4z+6y+1)y' =0 v vV /S

y(=2) =2
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CHAPTER 2. BOOK SOLVED PROBLEMS

2.1 2.4, page 55

Local contents
211 Problem 1. .. ... ... .. .. ... ...
212 Problem2 ... ... ... . ... ...
213 Problem3 ... ... ... .. ... ...
2.1.4 Problem4 ... ... ... .. ...
2.1.5 Problem 5. ... ... ... ... ...
216 Problem6 ... ... ... ... ... ... ..
2.1.7 Problem 7. . ... .. ... ...
21.8 Problem 8 . .. ... .. ... ... .. ...
219 Problem9 ... ... ... ... ...
2.1.10 Problem 10 . . . . . . . . . . .. ..o



CHAPTER 2. BOOK SOLVED PROBLEMS 7

2.1.1 Problem 1

Local contents

2.1.1.1  Solved using first_order_ode_exact . . .. ... .. @
2.1.1.2  Solved using first_ order_ode_ abel second_ kind_ case_ 5 [11I
2113 V' Maple . . ... T3
2.1.1.4 v Mathematica . . . . . . ..o 14
2.1.15 XSympy . . ... 4

Internal problem ID [4076]

Book : Differential equations, Shepley L. Ross, 1964

Section : 2.4, page 55

Problem number : 1

Date solved : Saturday, December 06, 2025 at 04:16:17 PM

CAS classification : [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

0.123 (sec) 2.1.1.1 Solved using first_ order_ode_ exact
Entering first

order ode exact 5y + 4y2 +1+4 ($2 + 2er‘) y/ -0

solver
To solve an ode of the form

dy
x
We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. x gives

d

Hence 96 06d
Yy _
or  Oydx 0 (B)
Comparing (A,B) shows that

09
5 =M
o
T — N
Oy

2¢ _ 8%

But since 520y = Dyox

then for the above to be valid, we require that

oM _ oN
oy Oz
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If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(x,y) but at least we know now that we can do that since the condition
6‘?: ;’y = 8‘9; g; is satisfied. If this condition is not satisfied then this method will not
work and we have to now look for an integrating factor to force this condition, which
might or might not exist. The first step is to write the ODE in standard form to check

for exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

(ac2 + 2ya:) dy = (—Byx . 1) dz
(5yz + 4y*> + 1) dz +(z* + 2yz) dy = 0 (2A)

Comparing (1A) and (2A) shows that

M (z,y) = dyz + 4y + 1
N(z,y) = 2* + 2yz

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ oN
oy Oz
Using result found above gives
oM 0
— = 42 +1
By By (5yw +4y° + )
=5z + 8y
And
ON 0, ,
=2z + 2y

Since %—A; %%, then the ODE is not exact. Since the ODE is not exact, we will try

to find an integrating factor to make it exact. Let

am k(2o

" N\dy oz
1
- m((m +8y) — (22 +2y))

8|lwS.
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Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor u is

p=e JAdz
—e J %dm
The result of integrating gives
= 63 In(z)
= .’1;‘3

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

= 2°(5yz + 4y> + 1)
= (5yz +4y* +1) 2°

And
N = uN
= g3 (m2 + 2ya:)
= 2*(z + 2)

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M + N _ 0
dz
d
((5yz + 4y* + 1) 2°) + (2z*(z + 2y)) % =0
The following equations are now set up to solve for the function ¢(z,y)
0p —
Y =M 1
o (1)
0 —
— =N 2
o @)

Integrating (1) w.r.t. z gives

@dx= /Mdz
or

%dx=/(5yw+4y2+l)x3dx

b=ya® +a*y + 7+ () ®



CHAPTER 2. BOOK SOLVED PROBLEMS 10

Where f(y) is used for the constant of integration since ¢ is a function of both x and
y. Taking derivative of equation (3) w.r.t y gives

f,—j = 2yt fy) (4)

=a'(z +2y) + f(y)
But equation (2) says that g—;’j = z*(z + 2y). Therefore equation (4) becomes
2z +2y) = 2'(z +29) + £ () (5)

Solving equation (5) for f'(y) gives
f'y) =0
Therefore
fly)=a
Where c; is constant of integration. Substituting this result for f(y) into equation (3)
gives ¢

1
¢=yz’+a'y’ + ot o

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining c¢; and cy constants into the constant c; gives the solution as

1
a=yz’+z'y’ + Zm“

Solving for y gives

—z3 — /26—t + de;

212

y:

=24 /a8 — gt + 4
222
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Figure 2.1: Slope field 5yz + 4y* + 1 + (22 + 2yz)y’ =0

Summary of solutions found

—z3 — /28 — z1 + 4c;

212

y:

=+ Vab — ot + 4
N 222

Entering first

order ode abel 9 ) ,
Syr +4y*+ 14 (z°+2yz)y =0
second kind solver Yy Yy ( Y ) Y

0.040 (sec) 2.1.1.2 Solved using first_ order__ode__abel second_ kind_ case_5
Simplifying the above gives
—z3 + V26 — 2t + 4y
212

—23 — /15 — 2t + 4y

212

y:
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CHAPTER 2.
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Figure 2.2: Slope field 5yz + 4y® + 1+ (z*> + 2yz)y' =0
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Summary of solutions found

8 — 14 4+ 4¢;

212

3

212
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2.1.1.3 v Maple. Time used: 0.002 (sec). Leaf size: 59

-

ode :=5xy (x) *x+4*y (x) "2+1+(x"2+2*y (x) *x) *diff (y(x) ,x) = 0;
‘dsolve(ode,y(x), singsol=all);

—z% — /28 — 1 —4c;
222

—x3 + /26 — 2t — 4c;
22

y:

Maple trace

Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

<- exact successful

Maple step by step

Let’s solve
bry(z) + 4y(2)” + 1+ (a% + 22y(2)) (Ly(z)) =0
° Highest derivative means the order of the ODE is 1
d
Y()
° Solve for the highest derivative

d _ —5zy(z)—dy(z)?—1
wy(@) = Z;:Z+2a:5(z)
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2.1.1.4 v/ Mathematica. Time used: 0.455 (sec). Leaf size: 84

‘ode=(5*x*y[x]+4*y[x]‘2+1)+(x‘2+2*x*y[x])*D[y[x],x]==0;
‘ic={};
LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

x° + V327 — 25 + deiz
y(x) - —
2x4

z  Va3/xT — 25 +4deix
% —_—
yl@) = =5+ 214

2.1.1.5 X Sympy

from sympy import *

X = symbols("x")

y = Function("y")

ode = Eq(Bxx*y(x) + (x**2 + 2xx*y(x))*Derivative(y(x), x) + 4ky(x)**2 +
1,0)

ics = {}

dsolve(ode,func=y(x),ics=ics)

LTimed Out
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2.1.2 Problem 2

Local contents

2.1.2.1 Solved using first_order_ode_exact . . .. ... .. 15
2122 V' Maple . ... 19
2.1.2.3 v Mathematica . . . . . . ..o 20)
2124 XSympy . ... ... ... ... ... ... . 0

Internal problem ID [4077]

Book : Differential equations, Shepley L. Ross, 1964

Section : 2.4, page 55

Problem number : 2

Date solved : Saturday, December 06, 2025 at 04:16:19 PM

CAS classification : [[_1st_order, _with_exponential_symmetries]]

0.301 (sec) 2.1.2.1 Solved using first_ order_ode__exact
Entering first
order ode exact

2ztan (y) + (z — z°tan (y))y' =0
solver

To solve an ode of the form

M(z,y) + N(z,y) 2 =0 (*)

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. x gives

d
Hence 96 0d
Yy _
or  Oydx 0 (B)

Comparing (A,B) shows that

99

9 M

99

3_y =N

But since a‘fg = 88 2;’ then for the above to be valid, we require that
Y yox

oM _on
oy Oz
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If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(x,y) but at least we know now that we can do that since the condition
6‘?: ;’y = 8‘9; g; is satisfied. If this condition is not satisfied then this method will not
work and we have to now look for an integrating factor to force this condition, which
might or might not exist. The first step is to write the ODE in standard form to check

for exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
(ztan(y) —1)dy = (2tan (y)) dz
(—2tan (y))dz +(ztan(y) —1)dy =0 (2A)
Comparing (1A) and (2A) shows that

M(z,y) = —2tan (y)
N(z,y) =ztan(y) — 1

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _on
oy Oz

Using result found above gives

oM 0
By 8_y(_2 tan (y))
= —2sec(y)?
And
ON 0
e a—x(ztan (y) — 1)

— tan (y)

Since %—A; %%, then the ODE is not exact. Since the ODE is not exact, we will try

to find an integrating factor to make it exact. Let

am k(2 o)

- N Oy Oz
1 2
= stan =1 (2200 )) - (en )

_ —sin (y) — 2sec (y)
z sin (y) — cos (y)
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Since A depends on y, it can not be used to obtain an integrating factor. We will now
try a second method to find an integrating factor. Let

PEENCAY

T M\ 9z dy
_ _COtz(y) ((tan (y)) — (=2 — 2tan (y)*))

1
=5~ 2 csc (2y)

Since B does not depend on z, it can be used to obtain an integrating factor. Let the
integrating factor be . Then

b= e/ Bdy
— ef—%—?csc(Qy)dy
The result of integrating gives
= e—%+ln(csc(2y)+cot(2y))

_¥
2

= (csc (2y) + cot (2y)) e

M and N are now multiplied by this integrating factor, giving new M and new N
which are called M and N so not to confuse them with the original M and N.

M = uM
= (csc (2y) + cot (2y)) e~ 2 (—2tan (y))
— _92¢ 3
And
N = uN

= (csc (2y) + cot (2y)) e~ % (z tan (y) — 1)

= e % (z — cot (y))
So now a modified ODE is obtained from the original ODE which will be exact and
can be solved using the standard method. The modified ODE is

M+N%=0
dz

(—2 e_%> + <e_%(x — cot (y))) j—i =0

The following equations are now set up to solve for the function ¢(z,y)

o6  —
N-w ©)

o0y
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Integrating (1) w.r.t. z gives

0p . [+
%dw—/de

0¢ _y
a—mdz—/—2e dzx

¢=—2e"%z+ f(y) 3)

Where f(y) is used for the constant of integration since ¢ is a function of both x and
y. Taking derivative of equation (3) w.r.t y gives

0 y
6—j — ot f(y) (4)

But equation (2) says that g—i’ = e~ 2(z — cot (y)). Therefore equation (4) becomes

e

(SIS

(z — cot (y)) = e~z + f'(y) (5)

Solving equation (5) for f’'(y) gives
f'(y) = —e % cot (y)

Integrating the above w.r.t y gives

[rway=[ (- teotw)ay

fly) = /y —e 2 cot (r)dr+ 1

Where ¢; is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢

Yy
¢=—2e_gz+/ —e "z cot (7)dr + ¢

But since ¢ itself is a constant function, then let ¢ = c; where ¢ is new constant and
combining c¢; and cy constants into the constant c¢; gives the solution as

y
¢ =—2e 2z + / —e~ 2 cot (1) dr
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Figure 2.4: Slope field 2z tan (y) + (z — z? tan (y)) v’ =0

Summary of solutions found

y
—2e"ig + / —e "z cot (1) dr = ¢

2.1.22 Maple. Time used: 0.014 (sec). Leaf size: 28

‘ ode:=2*x*tan(y(x))+(x-x"2*tan(y(x)))*diff (y(x),x) = 0;
‘dsolve(ode,y(x), singsol=all);

wke

=0

. (_fye__f co2t (_a)d_a +C1> .

Maple trace

Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

<- 1st order linear successful

<- inverse linear successful
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Maple step by step

Let’s solve

2z tan (y(z)) + (z — z? tan (y(z))) (Ly(z)) =0
° Highest derivative means the order of the ODE is 1

wy(@)

° Solve for the highest derivative
d _ 2z tan(y(z))
Ey(z) — T a2 tar?(y(x))

2.1.2.3 \/ Mathematica. Time used: 0.253 (sec). Leaf size: 78

‘ode=(2*x*Tan[y[x]])+(x-x“2*Tan[y[x]])*D[y[x],x]==0;
ic={};
‘DSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

1 . . -
Solve {z =3 ((8 — 2¢)e?¥® Hypergeometric2F1 (1, 14+ 1, 2+ j_l’ 62”’(”))

T

y(=z

— 34i Hypergeometric2F1 (%, 1,1+ jz, 62@(””))) +ce 2 73/(55)]

2.1.2.4 X Sympy

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq(2*x*tan(y(x)) + (-x**2xtan(y(x)) + x)#*Derivative(y(x), x),0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

LTypeError : NoneType object is not subscriptable
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2.1.3 Problem 3

Local contents
2131 XMaple . . o oo
2.1.3.2  XMathematica . . . . . . . .o
2133 XSympy . . ...

Internal problem ID [4078]

Book : Differential equations, Shepley L. Ross, 1964

Section : 2.4, page 55

Problem number : 3

Date solved : Saturday, December 06, 2025 at 04:16:21 PM

CAS classification : [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yz(x2+l)+y+(2y:c+l)y'=0

Unknown ode type.
2.1.3.1 X Maple

‘ode:=y(x)‘2*(x“2+1)+y(x)+(2*y(x)*x+1)*diff(y(x),x) = 0;
‘dsolve(ode,y(x), singsol=all);

No solution found

Maple trace

Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

trying Abel

Looking for potential symmetries
Looking for potential symmetries
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trying inverse_Riccati

trying symmetry patterns for

-> trying
-> trying

symmetry pattern
symmetry pattern
-> trying a symmetry pattern
-> trying symmetry pattern

a
a
a

-> trying a symmetry pattern
a

-> trying a symmetry pattern

Looking for potential symmetries

-> Computing symmetries using:
-> Computing symmetries using:
-> Computing symmetries using:

1st

of
of
of
of
of
of

trying an equivalence to an Abel ODE

differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation

--- Trying Lie symmetry methods, 1st order -—-

way = 3
way = 4
way = 2
order ODEs

the
the
the
the
the

-> trying a symmetry pattern of the form
-> trying a symmetry pattern of the form
-> trying symmetry patterns of the forms

form
form
form
form
form

[F(x)*G(y), O]

[0, F(x)*G(y)]

[F(x),G(y)] and [G(y),F(x)]
[F(x),G(x)]

[F(y),G(y)]

[F(x)+G(y), 0]

[0, F(x)+G(y)]
[F(x),G(x)*y+H(x)]

conformal type

Maple step by step

Let’s solve

y(@)* (@ +1) + y(z) + (2zy(e) + 1) (Ly(z)) =0
° Highest derivative means the order of the ODE is 1

=y(@)

° Solve for the highest derivative
d _ _ y@*(@*+1)+y(=)
Ey(-'lf) - 2zy(z)+1

2.1.3.2 X Mathematica

ode=(y [x]~2% (x"2+1)+y [x]) + 2y [x] +1) ¥D [y [x] , x]==0;

‘ic={};

LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions->True]

Not solved
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2.1.3.3 X Sympy

from sympy import *

X = symbols("x")

y = Function("y")

Eq((x**2 + 1)*y(x)**2 + (2*x*y(x) + 1)*Derivative(y(x), x) + y(x),0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

o

Q

o®
]

LTimed Out
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2.1.4 Problem 4

Local contents

2.1.4.1 Solved using first_order_ode_exact . . .. ... .. 241
2.1.4.2  Solved using first_ order_ode_isobaric . . . . . . . . 29
2.1.4.3 Solved using first_ order_ ode_homog_type_ G . . .
2.1.4.4  Solved using first_ order_ode_abel second_ kind_ case_ 3 B3
2.1.4.5 Solved using first_order_ode_LIE . . . ... .. .. 36
2146 ' Maple . ... . 17
2.1.4.7  Mathematica . . . . . ... 43
2148 VSYmpy . . .. T3

Internal problem ID [4079]

Book : Differential equations, Shepley L. Ross, 1964

Section : 2.4, page 55

Problem number : 4

Date solved : Saturday, December 06, 2025 at 04:16:29 PM

CAS classification :

[[_homogeneous, ‘class G‘], _rational, [_Abel, ‘2nd type‘, ‘class B‘]]

0.174 (sec) 2.1.4.1 Solved using first_ order_ode__exact
Entering first

order ode exact 4xy2 + 6y + (5yx2 + 89L‘) y/ -0

solver
To solve an ode of the form

dy
x
We assume there exists a function ¢(z,y) = c where c is constant, that satisfies the

ode. Taking derivative of ¢ w.r.t. x gives

d

Hence 96 06d
Yy _
Oox + oydr 0 (B)
Comparing (A,B) shows that

op
5. =M
op
=N
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But since % = % then for the above to be valid, we require that
Y yox
OM  ON
0y Oz

If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(z,y) but at least we know now that we can do that since the condition
;f g’y = (96; g; is satisfied. If this condition is not satisfied then this method will not
work and we have to now look for an integrating factor to force this condition, which
might or might not exist. The first step is to write the ODE in standard form to check

for exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
(5y2® +8z) dy = (—4y’z — 6y) dz
(4y*z + 6y) dz +(5y2° + 8z) dy =0 (2A)
Comparing (1A) and (2A) shows that
M(z,y) = 4y*z + 6y
N(z,y) =5yz® + 8z

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM  ON
oy Oz
Using result found above gives
oM 0
T — (4
3y~ oy (4y°z + 6y)
=8yz +6
And
ON 0 9
= 10yx + 8

Since %—J‘; # ‘98%’, then the ODE is not exact. Since the ODE is not exact, we will try
to find an integrating factor to make it exact. Let
A= L(2 oy
N\ oy Oz

B 1

~ byx2+ 8z
_ —2yr—2
~ byz?+8z

((8yx + 6) — (10yx + 8))
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Since A depends on y, it can not be used to obtain an integrating factor. We will now
try a second method to find an integrating factor. Let

5 L(ON _om
- M\ ox Oy

S — ] —
4y2x+6y(( Oyx + 8) — (8yx + 6))
_ yr+1

%22+ 3y

Since B depends on z, it can not be used to obtain an integrating factor.We will now
try a third method to find an integrating factor. Let

ON _ oM
R = or Ay
M — yN

R is now checked to see if it is a function of only ¢ = xy. Therefore

ON _ oM
Oz Oy
xM —yN

_ (10yz +8) — (8yx + 6)

-z (4y2x + 6y) — y (by 22 + 8x)
—2yx — 2

yz (yz +2)

Replacing all powers of terms zy by ¢ gives
=22
Ct(t+2)

Since R depends on t only, then it can be used to find an integrating factor. Let the
integrating factor be u then

p=e S Rdt
The result of integrating gives
= e In(t(t+2))
B 1
S t(t+2)
Now t is replaced back with zy giving
1

H T gy +2)
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Multiplying M and N by this integrating factor gives new M and new N which are
called M and N so not to confuse them with the original M and N

M = puM

=—— _(4°z+6
yx@w+$(yx v)

_ 4dyxz +6

C x(yr+2)

And
N =uN

B 1

oy (yz +2)

_ dyx+8

y(yz+2)

A modified ODE is now obtained from the original ODE, which is exact and can
solved. The modified ODE is

(5y z° + 8z)

MmN _
dz

( 4y + 6 )+( S5yx + 8 )dy
z (yz + 2) y(yr+2) /) dz

The following equations are now set up to solve for the function ¢(z,y)

0

0p —
¢ =

Integrating (1) w.r.t. z gives
@ dx = / Mdz
ox

0¢ dyx + 6
3zd /x(yz+2)dx

¢ =3In(z) +In(yz +2) + f(y) (3)

Where f(y) is used for the constant of integration since ¢ is a function of both x and

y. Taking derivative of equation (3) w.r.t y gives

0% v .,
R AU @
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But equation (2) says that g—‘z = %. Therefore equation (4) becomes
yr+8 oz

y@w+m—yx+2+f@) (5)

Solving equation (5) for f’'(y) gives
4
4 — —
f'() y
Integrating the above w.r.t y gives
, 4
/ flydy=[|-)dy
Y
fly)=4In(y) +c

Where ¢; is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢

¢ =3In(z) +In(yz +2) +4In(y) +c

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining ¢; and ¢, constants into the constant c; gives the solution as

c1 =3In(z) +1n(yz + 2) +41n (y)

777701 VNV NN
2777777 VN NN
A7 777 7T VNN
o777 7 TV NN NN

=777 =7 NN NN~
1—=—=7 =7 N\ N\

— s\ J T
e S S W \ / =7
~~~~\\\ [~
~SNNNN\N\)\ /S

TANNNNNNYN 1S

NNNNN\N YN s

“HANNNNN\N N\ 1S

B I I R T
X

Figure 2.5: Slope field 4zy? + 6y + (5yz® + 8z)y' = 0



0.152 (sec)

Entering first
order ode isobaric
solver
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Summary of solutions found

3ln(z)+In(yz+2)+4ln(y) =

2.1.4.2 Solved using first_ order__ode__isobaric
4zy® + 6y + (5yz®> + 8z) y' =0

Solving for 3’ gives
__2y(2yz +3)

T Gt .

Each of the above ode’s is now solved An ode y' = f(z,y) is isobaric if

fltz, t™y) =™ f(z,y) (1)

Where here
_ 2y(2yz +3)

fle.y) = z (5yz + 8)

m is the order of isobaric. Substituting (2) into (1) and solving for m gives

m=—1
Since the ode is isobaric of order m = —1, then the substitution
y=uz"
u
oz

Converts the ODE to a separable in u(x). Performing this substitution gives

o' (x) _ _ 2u(z) (2u(z) + 3)
z2 T z2 (5u (z) + 8)

The ode

i (z) = uafx; (u(z) + 2)

(5u (2) 1 9) (21)

is separable as it can be written as

oy w(@) (u(z) +2)

Vo) = u () +9)
= f(z)g(u)
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Where
1
fl@) =~
B u(u + 2)
9(w) =513

Integrating gives

/ﬁdUZ/f(z)dx
[t [ 2o

41In (u(z)) + In (u(z) +2) =In(z) + ¢

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or

u(u +2)

kSl e Y o'
S5u+ 8

for u(z) gives

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are
41n (u(z)) + In (u(z) + 2) =In(z) + 1
u(z) = —2
u(z) =0

Converting 41n (u(z)) + In (u(z) + 2) = In () + ¢; back to y gives
4ln(yz) +In(yz +2) =ln(z) + &
Converting u(z) = —2 back to y gives

yr = —2
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Converting u(x) = 0 back to y gives
yr =0

Solving for y gives
4In (yz) +In(yz+2) =In(z) + 4

y=20

2

y=—"=

x
777701 VNN
777777 VNN NN\
N7 7777 7T VNN
2777 7T VNN

Figure 2.6: Slope field 4zy? + 6y + (5yz* + 8z)y =0

Summary of solutions found

J T
/ =7
] =77

X

~NNNNN\N\)\ /S
INSNNNN\NY\ /777
SNNNNN\N\NYN\ s
INNNNNNY V177770
—4 -3 -2 -1 0 1 2 3 4

4In(yz) +In(yz +2) =In(z) + &
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0.073 (sec) 2.1.4.3 Solved using first_ order__ode__homog_type_ G
Entering first

order ode homog 4my2 + 6y + (5ym2 + 8$) y' =0
type G solver

2y(2yz+3)

Multiplying the right side of the ode, which is — 2(5y218) by % gives
' <§> _ 2y(2yz +3)
v Y z (5yz + 8)
_2(2yz +3)
N oyxr + 8
= F(z,y)

Since F'(z,y) has y, then let

2yx

(5yz + 8)°

fy= y(a%F(-’v, y))
2yx

Since « is independent of z,y then this is Homogeneous type G.
Let

z

T

Substituting the above back into F'(z,y) gives

o= 20229

We see that F(z) does not depend on z nor on y. If this was not the case, then this
method will not work.

Therefore, the implicit solution is given by

(o7

yz 1
ln(ac)—cl—/ mdz=0
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Which gives

YT 1
| — dz=20
-t [

/7777 11 VNV NVNNNN
777777 VN NN
N7 777 7T VNN
777777 L NN NN

~~~~\\\\ [~/
~NNNN\N\)\ /S

TANNNNNNYN V1S

NNNN\N\WN\ YN s

= INNNN\NNY\ 10

—4 =3 —2 -1 0 1 2 3 4
X

Figure 2.7: Slope field 4zy? + 6y + (5yz* + 8z)y =0

Summary of solutions found

1

yT
ln:v—c +/ —dZ=O
S B gy =y

Entering first

order ode abel 4acy2 + 6y + (5yw2 + 8$) y/ -0
second kind solver

0.179 (sec) 2.1.4.4 Solved using first_ order__ode_ abel_second_ kind_ case_3

Applying transformation

Results in the new ode which is Abel first kind

4u(z)” 4 6u(x)

+ (5zu(z) + 8z) (—uif) + “/(x)) ~0

Entering first Which is now solved The ode
order ode
separable solver

(2.2)
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is separable as it can be written as

) = 1) () +2)
z (5u (z) + 8)

= f(z)g(w)
Where
fo) =
ot =5

Integrating gives

/ﬁdu=/f(z)dx
[t [ 2o

41n (u(z)) + In (u(z) + 2) = In(z) + 1

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or

u(u+2)
Su+8

for u(x) gives

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

41n (u(z)) + In (u(z) + 2) =In(z) + 1
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Substituting u(z) = - - in the above solution gives
5z

4In(yz) +In(yz +2) =In(z) +

Now we transform the solution u(z) = —2 to y using u(z) = y+—1£ which gives
5z
18
Y= () bz
18
2 5z
The solution
1 8
v= ST

was found not to satisfy the ode or the IC. Hence it is removed.

5w/ /7777 11TV VNN
777777 VN NN
A7 777 7T VNN
2777 7T VNN NN

777 =7 0 NN NN
1=—=—=7—=7/7 NN\

— s\ J T
i \\\\\\\\\ //)////
~~~~\\)\ [~
~SNNNN\N\)\ /S

TANNNNNNYN 1S
NNNNN\N\ Y s
“HANNNNN\N N\ 1S
B I T R T

x
Figure 2.8: Slope field 4zy? + 6y + (5yz® + 8z)y' = 0
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W

Figure 2.9: Slope field 4xy? + 6y + (5yz? + 8z)y' = 0

Summary of solutions found

17777

/11
s777 717
/!

\ 7777

777 ] ]
7]

17—/

/__\))/v//

— s —a—aTa Ny \

| \\\\\\\x\\\ \

J T
/ =7 7
| =777

X

~SNNNN\\N\)\ /S
ISNSNNNN\NYV\ 1/ /s
SNNNNNN YN s
INNNNNNY 1770
RSP S T T T

4In (yz) +In(yz +2) =In(z) + ¢

1.111 (sec) 2.1.4.5 Solved using first_ order__ode_ LIE

Entering first
order ode LIE
solver

4zy® + 6y + (yz® +8z)y =0

Writing the ode as

,_ 2y(2yz +3)
v= z (byz + 8)
Y =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

UE + W(’?y - fac) - w2€y - wzf - Wy"? =0

(A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

& = zas +yaz + aq

n=xb2+yb3+b1

Where the unknown coefficients are

{al, az, as, bla b2a b3}

(1E)
(2E)
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Substituting equations (1E,2E) and w into (A) gives

_ 2y(2yz +3) (b3 —a5)  4y*(2yz +3)” ag

b
i 7 (5yz +8) 22 (5yz + 8)°
4y° 2y(2yz +3)  10y*(2yz + 3)) (5E)
S\ ras + yas + a
( z(byz +8) ' 22(5yz+8) 'z (5yz + 8)° (zaz +yas + a1)

2(2yz + 3) 4y 10y(2yx + 3))
(- _ + by + ybs + b)) = 0
( z(5yr +8) Syr+8 (5yz + 8)° (wb2 + ybs + b1)

Putting the above in normal form gives

45z%y%by — 362%y*as + 20x3y2b; — 20z2y3a; + 14423ybs + 22%y2ay + 222y>bs — 108z yas + 64x2yb;

(5yz + 8)° 22
=0

Setting the numerator to zero gives

453%y2b, — 3632y as + 2023y%b, — 2022y, + 1447%yb, + 20%y%as + 27%y%b;  (6E)
— 108z yas + 64x%yb; — 60z y2a; + 112by2% — 84y2as + 48zb, — 48ya; = 0

Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y}

The following substitution is now made to be able to collect on all terms with {z,y}

in them

{r =v1,y = v}

The above PDE (6E) now becomes

—36asvivy + 45byviv: — 20a1v203 4 20,0302 4 2050702 (7E)
— 108a3v1v3 + 144byv3vy + 2b3vivs — 60a1v,v3
+ 64byvivy — 84a3v3 + 112b,v7 — 48a1v, + 48bv; = 0

Collecting the above on the terms v; introduced, and these are

{vl’ 112}
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Equation (7E) now becomes

45byv02 + 20b, 0302 + 144byv3vs — 36050708 — 20,0203 + (2ag + 2b3) 20?2 (8E)
+ 64blv%vz + 112bzvf — 108a3vlv§’ — 6Oa1v1v% + 48byv1 — 84a31)§ —48a;v2 =0

Setting each coefficients in (8E) to zero gives the following equations to solve

—60a; =0
—48a; =0
—20a; =0
—108a3z =0
—84a3 =0
—36as =0
200; =0
48b, =0
64b; =0
45b, =0
1126, =0
144b, =0
2a +2b5 =0

Solving the above equations for the unknowns gives

a; =0
az = —bs
a3 =10
by =0
by =0
bs = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives
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Shifting is now applied to make & = 0 in order to simplify the rest of the computation

n=mn-wy)é

_ 2y(2yx + 3)

-1 (Yons)
y(yz + 2)

oyxr + 8

£E=0

The next step is to determine the canonical coordinates R, S. The canonical coordi-
nates map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the
original ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _

F=y =48 1)

The above comes from the requirements that <§ a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in
the canonical coordinates, where S(R). Since £ = 0 then in this special case

R=zx

1
S = / —dy
n
1
- / y(yz+2) dy

5yz+8

S is found from

Which results in
S =4In(y) +In(yz +2)

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

as _ S+ w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R,, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

2y(2yz + 3)

w(z,y) = - z (5yz + 8)
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Evaluating all the partial derivatives gives

R, =1
R, =0
__ Y
* oy +2
4 T
S, = —
Y y+yx+2

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dsS 3

-~ __2 2A

dR x (24)
We now need to express the RHS as function of R only. This is done by solving for
x,y in terms of R, S from the result obtained earlier and simplifying. This gives

as 3

dR R
The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by

integration when the ode is in the canonical coordiates R, S.

Since the ode has the form ;%S(R) = f(R), then we only need to integrate f(R).
3
/ ds = / ~7 dR
S(R) = -3In(R) + ¢

To complete the solution, we just need to transform the above back to x,y coordinates.
This results in

41n (y) + In (yz +2) = —3In(z) + ¢
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The following diagram shows solution curves of the original ode and how they trans-
form in the canonical coordinates space using the mapping shown.

Original ode i dinat Canonical coordi- | ODE in canonical coordinates

riginat ode I &, y coordinates nates transformation | (R,.S)

dy _ _ 2y(2yz+3) s _ _ 3
dz = z(5yz+8) dR R

27777711 VN NN Z777 7 7 1 VNN
s77 77 7 1V NN m7 777 7 TV NN
7777 7 11 VNN 7777 7 1T VN NN
o7 7 F60 T TV NN m7 77 8E T TV N NN
— =777 7N VNN NN S~ //////7r\\\\\\\
—— 7] A e /////// VNN NN N
- = ' w7 1 IR NN VI
ANEIRNENNG PSR T A5 7771 VN NS
===\ | S e S=4dln(y)+In(yz4+ =777 771 | L N NN NN
~~~~N\\ TV \N/ 77777 F21 00 1N NN
~SSNNNN\N\\N\ | /S 227777 VNN NN
SNNNNN\WN | s 7777 7 1 1 VN NN N
NNNNN\NN\NV s o777 7 TV NN NN NN
NNNN\N\\N V1S 77777 11V VNN

/7777 11 VNN

7777777 VNV NNNNN

N7 777 7TV NNNNNN

72777 7 T VNN

77 =7 NN NN

S 7 N\ N\ NN

y(x) o0

1 —~ NN\ \ / =

~~~~\\\ [~/

SSNNNN\N\YN\ VS

TASNSNNNNNYN 11

NNNN\N\N\NYN\ S

“HANNNNNNYN Vs

—4 -3 -2 -1 0 1 2 3 4

Figure 2.10: Slope field 4zy? + 6y + (5yx? + 8z)y' = 0

Summary of solutions found

4In (y) +In(yz +2) = -3In(z) + ¢
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2.1.46 Maple. Time used: 0.015 (sec). Leaf size: 23

p
‘ ode:=4*xxx*y (x) ~2+6%y (x)+(5*x~2*y (x) +8*x) *diff (y(x) ,x) = O0;
‘dsolve(ode,y(x), singsol=all);

_ RootOf (—In(z)+c+4ln(_2)+In(2+_2))

Y

Maple trace

Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying homogeneous G

<- homogeneous successful

Maple step by step

Let’s solve
day(z)* + 6y(z) + (52%y(z) + 82) (Ly(2)) =0
° Highest derivative means the order of the ODE is 1
d
&Y()
° Solve for the highest derivative

d _ —z (:c)2—6 ()
%y(.’li) - Sx%y(z)-l—Syx
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2.1.4.7

v/ Mathematica. Time used: 1.996 (sec). Leaf size: 156

(ode=(4*x*y[x]‘2+6*y[x])+(5*x‘2*y[x]+8*x)*D[y[x],x]==0;

‘ic={};

LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

~

2.1.4.8 v Sympy. Time used: 0.343 (sec). Leaf size: 20

y(z) — Root
y(xz) — Root
y(xz) — Root
y(x) — Root

y(z) — Root

__#15

_#15
_#15
__#e15

_#15

241 ea

2H#1* e

241*  eo

241 en

2#14 e

+ 51
&,2
&,3

4—:;;85,4_

&,5

y

ics = {}

x = symbols("x")
Function("y")

from sympy import *

dsolve(ode,func=y(x),ics=ics)

ode = Eq(4x*xxy(x)**2 + (5*x**2xy(x) + 8*x)*Derivative(y(x), x) + 6*y(x),0)

—log (z) + 4log (zy(x)) + log (zy(z) +2) = C4
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2.1.5 Problem 5

Local contents
2.1.5.1  Solved using first_order_ode_exact . ... ... .. 44
2.1.5.2  Solved using first_order_ode_ dAlembert . . . . .. 47
2.1.5.3  Solved using first_ order_ode_homog_type_ maple_ C [I]
2.1.5.4  Solved using first__order_ode_abel_ second_kind_ case_5

2.1.5.5  Solved using first_order_ode_LIE . . ... ... .. By
2156 ' Maple . . ... 63
2.1.5.7  Mathematica . . . . . ... 64]
2158 VSYmpPY . . .o 65

Internal problem ID [4080]

Book : Differential equations, Shepley L. Ross, 1964

Section : 2.4, page 55

Problem number : 5

Date solved : Saturday, December 06, 2025 at 04:16:32 PM

CAS classification :

[[_homogeneous, ‘class C‘], _exact, _rational, [_Abel, ‘2nd type‘, ‘class A‘]]

0.079 (sec) 2.1.5.1 Solved using first_ order_ode__exact
Entering first

order ode exact 5z + 2y + 1+ (2x +y+ 1) Y =0

solver

To solve an ode of the form

M(z,) + N(z,9) 2 =0 *)

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

< ow,9) =0

Hence
9¢  O¢pdy _

oz ' Oydzx 0 (B)

Comparing (A,B) shows that
9¢

or
¢

8;1/_
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But since % = % then for the above to be valid, we require that
Y yox
oM _ ON
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(x,y) but at least we know now that we can do that since the condition
6'9; g’y = 8‘9; g; is satisfied. If this condition is not satisfied then this method will not
work and we have to now look for an integrating factor to force this condition, which
might or might not exist. The first step is to write the ODE in standard form to check

for exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
2z +y+1)dy=(-bz—2y—1)dzx
Gzr+2y+1)de+(2z+y+1)dy=0 (2A)
Comparing (1A) and (2A) shows that
M(z,y) =5z +2y+1
N(z,y) =2z +y+1

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _on
oy Oz

Using result found above gives

oM 0
—=—0Bzr+2y+1
By ay( z+2y+1)
=2
And
ON 0
— =—(2 1
ox x( THy+1)
=2
Since %VI = %%, then the ODE is exact The following equations are now set up to
solve for the function ¢(z,y)
o¢
=M 1
e (1)
09 _

5y =N 2)
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Integrating (1) w.r.t. z gives

@dx=/de
or

@dx=/5x+2y+1dx
Oox

_ z(5r +4y +2)

¢ 2

+ () (3)

Where f(y) is used for the constant of integration since ¢ is a function of both  and
y. Taking derivative of equation (3) w.r.t y gives

9¢ :
9y~ =W (4)

But equation (2) says that g—f = 2z + y + 1. Therefore equation (4) becomes
2r+y+1=2z+ f(y) (5)
Solving equation (5) for f'(y) gives
fy)=y+1

Integrating the above w.r.t y gives
[rwav= [+
L,
fly) = 5Y ty+a

Where ¢; is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢
Sbr+4y+2)  y?

9 +E+y+cl

s=""

But since ¢ itself is a constant function, then let ¢ = c; where ¢ is new constant and
combining ¢; and cy constants into the constant c; gives the solution as

br+dy+2) | 1
_ 25z 2y )+%+y

&1
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Simplifying the above gives

5x2 y?
2y$+7+$+§+y201

Solving for y gives

y=—-2x—1—+/—2242¢, +22+1

y=—-22—14+/—22+2c +2z+1

<

—_~~
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o
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Figure 2.11: Slope field 5z +2y+ 1+ (2x+y+ 1)y =0

Summary of solutions found

y=-20—1—+/-22+2c1+2z+1

y=—22—1++/—224+2¢ +2c+1

0.177 (sec) 2.1.5.2 Solved using first_ order__ode__dAlembert
Entering first

order ode br+2y+1+2z+y+1)y =0
dAlembert solver

Let p = v the ode becomes

5t +2y+1+(2z4+y+1)p=0



CHAPTER 2. BOOK SOLVED PROBLEMS 48

Solving for y from the above results in

_ _(@2p+5)z p+1
2+p 2+p

This has the form

y=zf(p) +9(p) *)

Where f, g are functions of p = ¢/(z). The above ode is dAlembert ode which is now
solved.

Taking derivative of (*) w.r.t. z gives

p=f+(af +9) P
d;
p—f=(f+9) (2)

Comparing the form y = zf + g to (1A) shows that

—2p—5
f:
2+p
g=—21
2+p
Hence (2) becomes
—2p—5 ( 2 2zp 5z 1 D 1 ),
- =(-=+ + - + + P(z
2+p 2+p  (2+p)° (2+p)° 2+p (2+p® (2+p)’ )

(24)

The singular solution is found by setting j—ﬁ = 0 in the above which gives

—2p—5
=0
2+p

Solving the above for p results in

p=-2+1
Pe=—2—1

Substituting these in (1A) and keeping singular solution that verifies the ode gives

y=—-1—i+(-2+40)x
y=—-14+i+(-2—-4d)x
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The general solution is found when 2 # 0. From eq. (2A). This results in

—2p(z)—5
p(.’E) T Tor
/ _ ()
p (.’L’) - 2 2zp(z) 5z 1 p(z) (3)

- =+

T 21p(z) + @2+p@)? T (2+p)?  2+p(x) + (2+p(x) (2+p(w))2

This ODE is now solved for p(z). No inversion is needed.

The ode

(2 +p(2)) (p(2)° + 4p(z) + 5)

—1+z (2:3)

p(z) =

is separable as it can be written as

2+ p(x)) (p(z)* + 4p(z) + 5)
—1+z

p(r) =
= f(z)g(p)

Where

f(z) = —11+ T

9(p) = (2+p) (P> +4p+5)

/ﬁdp=/f(x)da:

/ 1 d—/ 1 dx
(24 p) (p>+4p+5) P = —14z

Integrating gives

2+ p(x)

=ln(-1+2z)+¢
\/p ) +4p(z) +5

Taking the exponential of both sides the solution becomes

2+ p(x)
\/p(x)2 +4p(z)+5

=c(—1+zx)

We now need to find the singular solutions, these are found by finding for what values
9(p) is zero, since we had to divide by this above. Solving g(p) = 0 or

24+p) (P +4p+5) =0
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for p(x) gives

p(z) = -2
p(r)=—-2—1

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

2+p() =c(—1+ 1)
\/p(:L')2 +4p(z)+5
p(z) = —2
p(r)=-2—1

Substituing the above solution for p in (2A) gives

1 1
m( 201 \/ c§1w2—2021:c+c§1—1 T+ 201 \/ c§1z2—2c§1m+c§1—1 1)
V= P A T S B
1 c3z2—2c3z+ci—1 1 22 —2c3z+ci—1
c%:cz—ZC%w—i-c%—l cfz2—2c%m+c%—1
+

1 1
cl\/ c%x2—20%x+c%—1x Cl\/ c2z2—2ciz+ci—1
2 1
= (-2-1)Ge+1-3
(-2-%)¢ )

Simplifying the above gives

y=—-1—i+(-2+19)z

y=—1+i+(-2—-19)z

1
_ 1+ \V -1+ (—142)? (1+22) e
Yy= = T -
—1+c%(—1+9:)§ 1

y=—-1+i+(-2—-19)z
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Figure 2.12: Slope field 5z + 2y + 1+ 2z +y+ 1)y’ =0

Summary of solutions found

1+ —m(1+2$)61

y e —
1
T YA Y] C1
—14ci(—14x)

y=—-1—i+(-2+1d)z

y=—-14+i+(-2—-1)x

0.509 (sec) 2.1.5.3 Solved using first_ order__ode__homog_type_maple_C
Entering first

order ode homog 5r+2y+1+2z+y+1)y =0
type maple C
solver
Let Y =y — yo and X = x — x then the above is transformed to new ode in Y (X)

d (X) _ 55X 453 +2Y(X) +2yo + 1
dX O 2X +250+ Y (X)+y+1

Solving for possible values of x, and yo which makes the above ode a homogeneous
ode results in
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Using these values now it is possible to easily solve for Y (X). The above ode now
becomes

d _ 5X +2Y(X)
ax &) =—5x+ Y (X)

In canonical form, the ODE is

Y'=F(X,Y)
5X +2Y

=AY M

An ode of the form Y’ = % is called homogeneous if the functions M(X,Y)
and N(X,Y) are both homogeneous functions and of the same order. Recall that a

function f(X,Y’) is homogeneous of order n if
fE"X,1"Y) =t"f(X,Y)

In this case, it can be seen that both M = —5X —2Y and N = 2X + Y are both
homogeneous and of the same order n = 1. Therefore this is a homogeneous ode. Since
this ode is homogeneous, it is converted to separable ODE using the substitution
U= %, or Y =uX. Hence

dY du
ax ~ax
Applying the transformation Y = uX to the above ODE in (1) gives
du —2u—5
Py —
Xt Ture
du _ i —uX)
dx X
Or —2u(X)—5
dX X B
Or d d
2 —_—
(qu(X)) Xu(X) + 2(qu(X)) X+uX) +4u(X)+5=0
Or

X(u(X)+2) (%u(x)) +u(X)? 4+ 4u(X)+5=0

Which is now solved as separable in u(X).

The ode
d _u(X)* +4u(X) +5

X (@ (X)+2) (24)
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is separable as it can be written as

d (X)) +4u(X) +5
x" = Xm0+
= f(X)g(u)
Where
1
fX)=-+
o(u) = U :iu2+5

Integrating gives

/ﬁdu=/f(X)dX
/%m:/—%dx

In (u(X)" +4u(X) +5) _ ( 1 ) te

2 X

Taking the exponential of both sides the solution becomes

VuX) +au(X)+5=2

X
We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or

u?+4u+5
2 TETY )
u+2
for u(X) gives
wX)=-2—1
w(X)=-2+1

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.
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Therefore the solutions found are

\/u(X)2+4u(X)+5=§—;_
w(X)=-2—1
w(X)=-2+1

Converting \/ uw(X)® +4u(X)+5= < back to Y(X) gives

\/Y(X)2 +4Y (X) X +5X2 _
X? X
Converting u(X) = —2 — i back to Y (X) gives
YX)=(-2-9X
Converting u(X) = —2 + i back to Y (X) gives
Y(X)=(-2+4) X

Using the solution for Y (X)

Y (X)) +4Y (X)X +5X2 ¢
X2 X
And replacing back terms in the above solution using

Y=y+uy
X=x+z

Y=y-—-3
X=1+4+=x

Then the solution in y becomes using EQ (A)

(y+3)°+4(y+3)(-1+z)+5(-1+2)° ¢
(-1 +2)? C —l+4x

Using the solution for Y (X)

Y(X)=(-2-9X (A)
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And replacing back terms in the above solution using

Y =y+uyo
X=x+zx

Y=y-3
X=1+=x

Then the solution in y becomes using EQ (A)
y+3=(-2—-14)(-1+2)
Using the solution for Y (X)
Y(X)=(-2+9)X
And replacing back terms in the above solution using

Y=y+y
X=z+zx

Y=9y-3
X=1+4+=x

Then the solution in y becomes using EQ (A)
y+3=(-2+1)(-1+=2)

Solving for y gives

y=—2x—1—\/c§—x2+2:c—1

y:—2w—1+\/c%—a:2+2:1:—1

y=—ir—2x+1—1

y=tr—2r—1—1
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r—2xr—1—1

y=—2x—1—|—\/c%—w2+2x—1

y:—Zw—l—\/c%—x2+2x—1
5r+2y+1+Q2z+y+1)y

y=—tr—2x+1i—1

Figure 2.13: Slope field 5z + 2y + 1+ 2z +y+ 1)y’ =0
Yy

Summary of solutions found

Entering first
order ode abel

second kind solver
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ode abel second_kind case 5

0.029 (sec) 2.1.5.4 Solved using first_ order
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Figure 2.14: Slope field 5z + 2y + 14+ 2z +y+ 1)y’ =0
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Figure 2.15: Slope field 5z +2y+ 1+ 2z +y+ 1)y =0

Summary of solutions found

y=—-1-2z—\/—22+¢; + 2

y=—-1-20++/—-22+c +2
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Entering first
order ode LIE

solver
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2.1.5.5 Solved using first_ order_ode_ LIE
5r+2y+1+2zx+y+1)y =0

Writing the ode as

y_ oz +2y+1
2z 4y+1

Y =w(z,y)

Y

The condition of Lie symmetry is the linearized PDE given by

Nz + w(ny - €z) - w2€y —we€ — wyn =10 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

é- = zaz + yaz + a; (1E)
1 = xby + ybs + by (2E)

Where the unknown coeflicients are

{ala a2, as, b17 b2a b3}

Substituting equations (1E,2E) and w into (A) gives

(5z+2y+1)(bs—az) (5z+2y+1)’as
27 +y+1 2z +y +1)°

( 5 10x + 4y + 2

— J— + 3
2e+y+1  (2z+y+1)

( 2 Sx+2y+1

2z+y+1 (2z+y+1)

by —

(5E)

) (zay + yaz + a1)

2) (:cb2+yb3+b1) =0

Putting the above in normal form gives

102%ay — 2522a3 + 322by — 1022bs + 10zyay — 20xyas + 4xyby — 10zybs + 2y%as — 3y?as + y2by — 2
(22

=0
Setting the numerator to zero gives

10z%ay — 252%a3 + 3x2by — 1022bs + 10zyay — 20zyas + 4xyb, — 10zybs (6E)
+ 2y%as — 3y%as + y?by — 2y?bs + 10zay — 10zas — xby + Sxby — Txbs
+ yay + 3yas — yas + 2ybs — 2ybs + 3a; +as —as+ by + by —b3 =0
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Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y}

The following substitution is now made to be able to collect on all terms with {z,y}
in them

{z =v1,y = v}

The above PDE (6E) now becomes

10a2vf + 10ayv1v9 + 2a2v§ — 25a3vf — 20a3v1v9 — 3a3'v§ + 3b2vf + 4bov1v9 (TE)
+ bz’l)% - ].Obg’l.)% - 10b3’01’02 - 2b3’U% +a1vs+ 10(12’01 + 3(12’02 - 10&3’01 — agvsy
— bl’Ul + 5b2’01 + 2b2’02 — 7b3’01 — 2b3’l}2 + 3&1 +ag —az + b1 + b2 — b3 =0

Collecting the above on the terms v; introduced, and these are
{vla UZ}

Equation (7E) now becomes

(100,2 — 25&3 + 3b2 — 10b3) ’U% + (100,2 — 200/3 + 4b2 — 10b3) V1V2 (SE)
+ (10&2 - 10(1,3 — bl + 5b2 - 7b3) U1 + (2&2 — 3(13 + b2 - 2b3) ’Ug
+(a1+3a2—a3+2b2—2b3)v2+3a1+a2—a3+b1+b2—b3:0

Setting each coefficients in (8E) to zero gives the following equations to solve

2a9 — 3a3 + by — 2b3 =0

10as — 25a3 + 3by — 10b3 =0
10as — 20a3 + 4by — 10b3 =0
a1+ 3as —as + 2by — 2b5 =0
10ay — 10as — by + 5by — 7b3 =0
3a1+as —ag3+b+by—b3=0

Solving the above equations for the unknowns gives

a; = —asg — bs
as = 4az + b3

as = as

b1 = 5as + 3b3
by = —bags

bs = b3
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Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

E=—-1+4=x
n=y+3

Shifting is now applied to make & = 0 in order to simplify the rest of the computation

n=n-wy)é

or+2y+1
—y+3— (2T (g
v+t ( 2x+y+1>( )
_ bz +2y+1)(—-1+z)
=yt 2z +y+1
£=0

The next step is to determine the canonical coordinates R,S. The canonical coordi-
nates map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the
original ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dv _dy _

F=y =48 1)

The above comes from the requirements that (§ a% + 773%) S(z,y) = 1. Starting with
the first pair of ode’s in (1) gives an ode to solve for the independent variable R in
the canonical coordinates, where S(R). Since £ = 0 then in this special case

R==x

S=/1dy
n

| or mme
- (5z+2y+1)(—1+=x) Yy
y+3+ 2i+y+1 .

S is found from

Which results in

In (527 + 4yz + y* + 2z + 2y + 2)

S = 5

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

ﬁ _ Sx +W($,y)Sy
dR R, +w(z,y)R,

(2)
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Where in the above R,, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

oz +2y+1

w(z,y) = 2 +y+1

Evaluating all the partial derivatives gives

R, =1
R,=0
or +2y+1
Sy =
522+ (4y + 2) x + y% + 2y + 2
2r+y+1

S =
Y oy 4 4z +2)y + 5z + 27 + 2
Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
as _
dR
We now need to express the RHS as function of R only. This is done by solving for
z,y in terms of R, S from the result obtained earlier and simplifying. This gives

as _
dR
The above is a quadrature ode. This is the whole point of Lie symmetry method.

It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

0 (2A)

0

Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).
/ ds = / 0dR+c,
S (R) = Co

To complete the solution, we just need to transform the above back to x, y coordinates.
This results in

In (52% + (4y +2) z + v + 2y + 2)
2

=C2
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The following diagram shows solution curves of the original ode and how they trans-

form in the canonical coordinates space using the mapping shown.

=0

ODE in canonical coordinates
s
dR

(R, S)

STR)

o

coordi-

nates transformation

Canonical

PP A i A A A e e e

P
P
P
P
T T T T T
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T

e
S g el
Co — — 7 7~ —
= 7
) s

AN

Original ode in z,y coordinates

= =

(=]

L—. - o ™ <+
] |~ AL~
\\\W7\\AW\\\\\\
\/1¥\\\\V\\\\\\
-— 7 7 F_ 7 7 7 7 7 7

PR LS O g g

Simplifying the above gives

Co

In (y* + (4z 4+ 2) y + 522 + 2z + 2)

y=-2z-1—-vV-22+e22+2zr—1

Solving for y gives

y=—-2r—1++vV—-224e2 4221

— = = 7 7 7 = 7 = = _ = _~ r

— = = = = = = =

P P B L A A e e

B S B S
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Figure 2.16: Slope field 5z + 2y + 1+ 2z +y+ 1)y’ =0
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Summary of solutions found

y=-20—1—+vV—-x2+e224+2x—1

y=—2z—1+V—22F e + 2z — 1

2.1.5.6 v Maple. Time used: 0.086 (sec). Leaf size:

32

)
ode :=Bkx+2ky (x) +1+(2xx+y (x) +1) *diff (y(x) ,x) = 0;
‘dsolve(ode,y(x), singsol=all);

—\m@-1’E+14 (22— 1)y
y:

1

Maple trace

Methods for first order ODEs:
-—- Trying classification methods ---
trying a quadrature

trying 1st order linear
trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:
trying homogeneous C

trying homogeneous types:
trying homogeneous D

<- homogeneous successful

<- homogeneous successful

Maple step by step

Let’s solve
524 2y(z) + 1+ 2z +y(z) + 1) (Ly(z)) =0

. Highest derivative means the order of the ODE is 1

Ly(z)

O Check if ODE is exact

o ODE is exact if the lhs is the total derivative of a C? function

&G(z,y(x)) =0
o Compute derivative of lhs

26(zy) + (56(v) (L) =0
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o Evaluate derivatives

2=2
o Condition met, ODE is exact
° Exact ODE implies solution will be of this form
Gla,y) = C1,M(z,y) = £G6(x,y), N(z,3) = £G(3,y)
° Solve for G(z,y) by integrating M (x,y) with respect to =
G(z,y) = [ (bz+2y+1)dz +_FI(y)
° Evaluate integral
Glz,y) = % + 2yz +z +_FI(y)
° Take derivative of G(x,y) with respect to y
N(z,y) = £G(=,y)
° Compute derivative
2r+y+1=2z+ %_F](y)
o Isolate for d%_F] (v)
a_Fly) =y +1
o Solve for __ F1(y)
_Fi(y) =3 +y
o Substitute _ F1(y) into equation for G(z,y)
G(z,y) = 32"+ 2y + o+ 39" +y
o Substitute G(z,y) into the solution of the ODE
2+ 2z +x+ 3y  +y=C1
o Solve for y(z)

{y(e) =20 -1-+v-22+2C01 +22+1,y(z) = 2z — 1+ V-2 +2C1 + 2z + 1}

2.1.5.7 v/ Mathematica. Time used: 0.096 (sec). Leaf size: 53

e

ode=(5*x+2*y [x]+1) +(2*x+y [x]+1) *D [y [x] ,x]==0; ‘
‘ic={}; ‘
LDSolve [{ode,ic},y[x],x,IncludeSingularSolutions->True] J

yx) = —/—22+2z+1+¢ — 2 —1
yx) = /-2 +2c+14¢ —2c—1
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2.1.5.8 v Sympy. Time used: 1.720 (sec). Leaf size: 39

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq(5*x + (2*x + y(x) + 1)*Derivative(y(x), x) + 2*y(x) + 1,0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

[y(x):—Qx—\/C’l—xz—i—%v—l, y(x):—2x+\/C’1—x2+2x—1}
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2.1.6 Problem 6

Local contents

2.1.6.1  Solved using first_order_ode_dAlembert . . . . .. 66

2.1.6.2  Solved using first_ order_ode_ abel_second_ kind_ solved_ by_ con-
verting to_ first_kind . . . .. ... ... ... ... 69

2.1.6.3 Solved using first_order_ode LIE . . ... ... .. 72

2164 V' Maple . . .. i

2.1.6.5  Mathematica . . . .. ... ... [78]

2.1.6.6 /Sympy ........................ 78]

Internal problem ID [4081]

Book : Differential equations, Shepley L. Ross, 1964

Section : 2.4, page 55

Problem number : 6

Date solved : Saturday, December 06, 2025 at 04:16:35 PM

CAS classification :

[[_homogeneous, ‘class C‘], _rational, [_Abel, ‘2nd type‘, ‘class A‘]]

0.143 (sec) 2.1.6.1 Solved using first_ order__ode__dAlembert
Entering first

order ode 3z—y+1—(6z—2y—3)y' =0
dAlembert solver

Let p = v the ode becomes
3z—y+1—(6z—2y—3)p=0

Solving for y from the above results in

6p—3)z —3p—1
_(6p=3)z  —3p

Y= "1y Ty (1)

This has the form
y =zf(p) +9(p) (*)
Where f, g are functions of p = 3/(x). The above ode is dAlembert ode which is now
solved.
Taking derivative of (*) w.r.t. z gives
N
/ / d
p—f=(f +9)3" (2)

dz
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Comparing the form y = zf + g to (1A) shows that

f=3
_ —3p—1
I= 1y
Hence (2) becomes
3 6p 2 ,
p—3= (— + + ) Pz 2A
-1+2p  (-1+42p)® (-1+2p) (@) (24)

The singular solution is found by setting fll—’m’ = 0 in the above which gives
p—3=0
Solving the above for p results in
m=3
Substituting these in (1A) and keeping singular solution that verifies the ode gives

y=—2+3x

The general solution is found when g—g # 0. From eq. (2A). This results in

p(z) —3
pl(x) =T 3 n 6p(2) n 2 3)
—142p(z) ' (—142p(x))® ' (-1+2p(x))”

This ODE is now solved for p(z). No inversion is needed.

Integrating gives

5
/ (p—3)(-1+ 2p)2dp -

In(p—3) 1 In(-1+2p)
5 “1+2 5

=4+

Singular solutions are found by solving
(p—3) (=1 +2p)°
5

for p(z). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

=0




Entering first
order ode abel
second kind solver
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Substituing the above solution for p in (2A) gives

-3 eRootOf (2 In (2 e—Z+5) eZ2+410c1 e—2—2_Ze—2+410e—2z+5 ln(2 e—Z+5) +25¢1 —57Z+25x—5) —10

y= 3z+ 2 eRootOf(21n(2 e—?+5)e—Z+10c; e~%~2_ Ze—?+10e—?z+51In(2e—?+5)+25¢1 —5_Z+252—5) +5

y=-2+43z

Simplifying the above gives
y=—-2+3z

(61: _ 3) eRootOf (2In(2e—7+5)e—“+10c1 e—~2_Ze—?+10e—7z+51n(2e—7+5)+25c1 —5_Z+252—5) + 15z — 10

9 gRootOf(21n(2 e—Z+5)e—2+10c; e~2—2_Ze—2+10e—Zx+51In(2 e—2+5)+25¢c1 —5__Z+252—5) +5

y=—-2+3z
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oo s =N
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Figure 2.17: Slope field 3z —y+1— (6z — 2y —3)y' =0

Summary of solutions found

Y
(630 _ 3) eRootOf (2In(2e—7+5)e—“+10c1 e—7~2_Ze—?+10e—7z+51n(2e—7+5)+25c1 —5_Z+252—5) + 15z — 10

2 gRootOf(2In(2 e—Z+5)e—7+10c1 e~Z—2_ Ze—?+10 e—Zz+51In(2 e—7+5)+25¢1 —5_ Z+252—5) +5

y=—-2+3z

3r—y+1—(6z—2y—3)y' =0
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Applying transformation

Results in the new ode which is Abel first kind
3z — zu(z) + 1 — (6z — 2zu(z) — 3) (u(z) + zv/(z)) =0

Which is now solved Unknown ode type.

2.1.6.2 Solved using first_ order_ode_ abel_ sec-
0.289 (sec) ond_ kind_ solved_ by_ converting to_ first_ kind
This is Abel second kind ODE, it has the form
(y(x) + 9) ¥ (x) = fo(x) + fi(@)y(x) + fo(2)y(z)* + fa(z)y(z)’

Comparing the above to given ODE which is

3z —y(z) + 1 — (6 — 2y(x) — 3) ¢/(x) =0 (1)
Shows that
3
g = —3x + 5
3r 1
f==% "3
1
hi=s
fa=0
fs=0

Applying transformation

y(x)=m—g

Results in the new ode which is Abel first kind

o (z) = SUSE) + 5u(233)

Which is now solved.
Entering first

order ode Integrating gives

autonomous solver
————du=dz
5,31 54
4 2




CHAPTER 2. BOOK SOLVED PROBLEMS 70

Singular solutions are found by solving

53 52_
4u +2u =0

for u(z). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

u(z) = -2
u(z) =0

Substituting u(x) = in the above solution gives

1
—3z+y(z)+3

__ 1 1
6_.’E 2:_[/(.27) 3 In (—3z+y(z)+§) In (—3:1/:-1—y(z)+§3 + 2>

5 5 5 5 + 5 —rta
Now we transform the solution u(x) = —2 to y(z) using u(z) = W which
gives ’
y(z) = -2+ 3z
Simplifying the above gives
1 (z)—3z+2
6z 2y(r) 3 N In(2) In (—6x+2y(w)+3> N In <—%x+2y(w)+3> Crte
5 5 5 5 5 5 o
y(z) = -2+ 3z

Solving for y(x) gives

y(z) = -2+ 3z

L b t __adc1+bz—1
y(z) = 35— 2 — ambertW (—e )
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Figure 2.18: Slope field 3z — y(z) + 1 — (6z — 2y(z) —
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Figure 2.19: Slope field 3z — y(z) + 1 — (6z — 2y(x) —

Summary of solutions found

y(zr) = -2+ 3z

L
y(z) = 30— 2 — ambertW (—

501 +5x—1 )

3)y'(z) =0

3)y'(z)=0
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0.191 (sec) 2.1.6.3 Solved using first_ order_ode_ LIE
Entering first

order ode LIE 3z —y(z) + 1 — (6z — 2y(z) — 3) y'(x) =0
solver

Writing the ode as

—3r+y—1
/ - I =
V) = o3

Y (z) = w(z,y(z))
The condition of Lie symmetry is the linearized PDE given by
Mo+ W (My(z) — &) — W y) — Wak — Wy@m =0 (A)
To determine &, 7 then (A) is solved using ansatz. Using these anstaz
£=1 (1E)

Az + By
n=——_—

O (2E)

Where the unknown coeflicients are

{4, B,C}

Substituting equations (1E,2E) and w into (A) gives

A Az + By (-3z+y—1)B 3
Cz C z? (—6x+2y+3)Cx —6x+2y+3 (5E)
1 2(=3z+y—1)
_ 6(—3z+y—1) _ <—6z+2y+3 - (—6z+25+3)2) (Az + By) —0
(—6z + 2y + 3)° Cz

Putting the above in normal form gives

_ —18B1® +48B s’y — 26Bxy* + 4By® + 5A1® + 3B1® — 32Bxy + 12By® — 15C z° + 3Bz + 9B
C 2 (62 — 2y — 3)°

=0
Setting the numerator to zero gives

18Bz? — 48 B z%y + 26Bzy® — 4By — 5A1® — 3B 1° (6E)
+32Bzy — 12By? + 15C 2> — 3Bz — 9By =0
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Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y}

The following substitution is now made to be able to collect on all terms with {z,y}
in them

{z =v1,y = v}

The above PDE (6E) now becomes

18Bv: — 48 Bviv, + 26 Bvjvs — 4Bv3 — 5Av] — 3Bv} (7E)
+ 32Bv,vy — 12Bvj + 15Cv} — 3Bv; — 9Bv, = 0

Collecting the above on the terms v; introduced, and these are
{vla UZ}

Equation (7E) now becomes

18 Bv? — 48 Bv?vy + (=5 A — 3B + 15C) v? + 26 Bv,v? (8E)
+ 32Bv;vy — 3Bv; — 4Bv3 — 12Bv3 — 9Buy =0

Setting each coefficients in (8E) to zero gives the following equations to solve

—48B =0
—12B =0
-9B=0
—4B =0
—-3B=0
18B =0
26B=0
32B=0

—5A—-3B+15C =0
Solving the above equations for the unknowns gives

A=3C
B=0
c=C
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Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

The next step is to determine the canonical coordinates R, S. The canonical coordi-
nates map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the
original ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dv _ dy _

F=y =48 1)

The above comes from the requirements that <£ a% + n%) S(z,y) = 1. Starting with
the first pair of ode’s in (1) gives an ode to solve for the independent variable R in
the canonical coordinates, where S(R). Therefore

dy _m
dr ¢
_3
1
=3
This is easily solved to give
y(x) =3z + ¢

Where now the coordinate R is taken as the constant of integration. Hence
R=-3z+y

And S is found from

Integrating gives
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Where the constant of integration is set to zero as we just need one solution. Now
that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

@ — Sx +UJ(.’E,y)Sy (2)
dR R, +w(z,y)R,

Where in the above R, R,, S, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by
—3r+y—1

W(T.9) = g o1 3

Evaluating all the partial derivatives gives

R,=-3
R,=1
S, =1
S, =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS  —6z+2y+3

P ol M- L Bt 2A
dR 15z — 5y — 10 (24)

We now need to express the RHS as function of R only. This is done by solving for
x,y in terms of R, S from the result obtained earlier and simplifying. This gives

dS _ 2R+3
dR —-5R—10

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).

2R+3
ds =
J#5=] ~5win
In(R+ 2
s =22, m@BXD
5 5
To complete the solution, we just need to transform the above back to x,y coordinates.
This results in
6z 2y(z) n In (y(z) — 3z +2)

r=—— Co

3 5 )
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The following diagram shows solution curves of the original ode and how they trans-
form in the canonical coordinates space using the mapping shown.

. ) . Canonical coordi-| ODE in canonical coordinates
Original ode in z,y coordinates )
nates transformation | (R,.S)
dy — —Saty—1 dS _ _2R+3
dr ~— —6z+2y+3 dR —5R—-10
P S N L J 77 R N e 5 e N
///////Af))\/ 777 NN \‘6\4\*\\\\\\\\
s =\ T N N \ R N N
i 1 s Rt L J 7777 N N s(ﬁ\\*\\\\\\\\
///////F>\/ J 7777 N N \‘ﬂ\;\\\\\\\\\\\
s =N\ T N N \ R N N
P S N L VY A N e & N
—4 -2 2 4 —4 2 0 2 4

//////—)\///x//// S_.’E \\\\\\d\\\\\\R\\\\\\
| s 7 - A N e 5 S O N
e R N O e N
=N\ S ST TS N N \ B N
o L v 5 T T SO | e e e e e e e
G LN 7’4‘7 g7 NN\ s
=\ ST T \\\\\_\\\\\\\\\\\\\

Solving for y(x) gives

LambertW (—2 e52—4-5¢2)

y(z) = 5 +3z—2
P N 4
o s\ ]
NS ST
oo
oo s s s =N\
17 oo\
oo\
yx) s
o=\
R S A VAV A 4
o\
OO WA e
NN
oo\ TS
I A A

1

—4 -3 =2 -1 0

Figure 2.20: Slope field 3z — y(z) + 1 — (6z — 2y(z) — 3) y'(z) =0

Summary of solutions found

_ 5x—4—5co
() = _ LambertW (2 2e ) 43 _2
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2.1.64 Maple. Time used: 0.012 (sec). Leaf size: 23

-

ode:=3*x-y(x)+1- (6*x-2*y(x)-3) *diff (y(x),x) = 0;
‘dsolve(ode,y(x), singsol=all);

_ LambertW (—2e°*~47%1)

9 + 3z —2

y:

Maple trace

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying homogeneous C
1st order, trying the canonical coordinates of the invariance group
-> Calling odsolve with the ODE, diff(y(x),x) = 3, y(x)
*** Sublevel 2 k%
Methods for first order ODEs:
-—— Trying classification methods --—-
trying a quadrature
trying 1st order linear
<- 1st order linear successful
<- 1st order, canonical coordinates successful

<- homogeneous successful

Maple step by step

Let’s solve
3z —y(z) +1— (6 — 2y(z) — 3) (Ly(z)) =0
° Highest derivative means the order of the ODE is 1
d
&Y()
° Solve for the highest derivative

d _ —3z+y(x)-1
ay(flf) - 6m—2;/}(z)—3
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2.1.6.5 v/ Mathematica. Time used: 2.097 (sec). Leaf size: 35

p
 ode=(3*x-y [x]+1) - (6*x-2xy [x]-3)*D [y [x] ,x]==0;

‘ic={};
LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

~

1
y(z) — —EW(—65””—1+"1) + 3z —2
y(x) — 3z — 2

2.1.6.6 v Sympy. Time used: 0.903 (sec). Leaf size: 19

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq(3*x - (6*%x - 2xy(x) - 3)*Derivative(y(x), x) - y(x) + 1,0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

W(C’lesz_“)
2

y(z) =3z — -2



0.254 (sec)

Entering first
order ode
dAlembert solver
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2.1.7 Problem 7

Local contents

2.1.7.1  Solved using first_ order_ode_ dAlembert . . . . .. [79

2.1.7.2  Solved using first_ order_ode_homog_type_maple_ C

2.1.7.3  Solved using first_ order_ode_ abel_ second_ kind_ solved_ by_ con-
verting to_ first_kind . . . .. . ... ... ... .. 88

2.1.7.4  Solved using first_order_ode_LIE . . . ... .. .. 99

2175 ' Maple . . ... 104

2.1.7.6 v Mathematica . . . . . ... 104

2177 VSYmpy . . .o 105

Internal problem ID [4082]

Book : Differential equations, Shepley L. Ross, 1964

Section : 2.4, page 55

Problem number : 7

Date solved : Saturday, December 06, 2025 at 04:16:40 PM
CAS classification :

[[_homogeneous, ‘class C‘], _rational, [_Abel, ‘2nd type°,

2.1.7.1 Solved using first_ order__ode__dAlembert
r—2y—3+R2zx+y—1)y =0

Let p = 3/ the ode becomes
z—2y—3+2x+y—1)p=0
Solving for y from the above results in

_(@p+l)z —p-3
—2+p —2+p

This has the form

y=zf(p) +9(p)

‘class A‘]]

(1)

*)

Where f, g are functions of p = 3/(x). The above ode is dAlembert ode which is now

solved.
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Taking derivative of (*) w.r.t. z gives

p=f+ (s +g) P

dp
/! /
— f = = 2
p—f=@f+g) 2)
Comparing the form y = zf + g to (1A) shows that
—2p—1
f== +p
_ pt3
7= 2% p
Hence (2) becomes
—2p—1 < 2z 2zp x 1 p
p— = (- + + + -
—2+p —24p  (=2+p)° (=2+p)° -2+p (-2+p)° (2A)
3 /
(-2 +p)2> )

The singular solution is found by setting j—z = 0 in the above which gives

—9p —
_ 4P 1:0
—2+p

Solving the above for p results in
p1L=1
p2 = —1
Substituting these in (1A) and keeping singular solution that verifies the ode gives
y=i(-1+i+x)
y=—iz+1—1

The general solution is found when 2 # 0. From eq. (2A). This results in

p(z) - 2=

p’(x) = (@) _ 3 (3)

T 1 _
Czp@) T D@ (C24p@? | (—24p@)

. 22 2zp(z)
—24-p(x) + (—2+p(x))? +

This ODE is now solved for p(z). No inversion is needed.

The ode

(@) = C2TP@) (P +1)
9T — 9

(2.5)
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is separable as it can be written as

(—2+p(x)) (p(z)* + 1)
5 — 5

p(z) =
= f(z)9(p)

Where

flo) = o

9() = (=2+p) (p*+1)

/ﬁdpz/f(x)dm

/(—2+p)1(p2+1) dp=/5x1—5dz

Integrating gives

(=2+p(2))"° ) _ 2arctan (p(z)) 1/5
m(@ﬂ@2+nwm>_ 5 =l ((-1+2)") +a

We now need to find the singular solutions, these are found by finding for what values
9(p) is zero, since we had to divide by this above. Solving g(p) = 0 or

(=24+p) (p®+1) =0

for p(x) gives
p(z) =2
p(z) = —i

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

(=2+p(2))"° ) _ 2arctan (p(z)) 1/5
ln(@%@2+nwm)__ 5 =i ((-1+2)") +a
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Substituing the above solution for p in (2A) gives

y=—i(z—1—1)

s\NNNVVVT s s
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T T T0 1 2 3

X

Figure 2.21: Slope field z — 2y —3+ 2z +y— 1)y’ =0

Summary of solutions found

y=i(-14+i+z)

y=—ix+i—1

0.413 (sec) 2.1.7.2 Solved using first_ order _ode__homog type maple_C
Entering first

order ode homog T—2—3+Q2z+y—1)y =0
type maple C

solver
Let Y =y — yo and X = z — z, then the above is transformed to new ode in Y (X)

JLYCD__<X—xm+ﬂKXy+mm+3
dX 22X 420+ Y (X) 4y —1

Solving for possible values of x, and yo which makes the above ode a homogeneous

ode results in

.’130=].

Yo=—1
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Using these values now it is possible to easily solve for Y (X). The above ode now
becomes

d =X +2Y(X)
ax X = ox vy (X)

In canonical form, the ODE is

Y' = F(X,Y)
-X+2Y
=_— = 1
2X+Y (1)
An ode of the form Y’ = % is called homogeneous if the functions M(X,Y)
and N(X,Y) are both homogeneous functions and of the same order. Recall that a
function f(X,Y’) is homogeneous of order n if

fE"X,1"Y) =t"f(X,Y)

In this case, it can be seen that both M = —X 4+ 2Y and N = 2X + Y are both
homogeneous and of the same order n = 1. Therefore this is a homogeneous ode. Since
this ode is homogeneous, it is converted to separable ODE using the substitution
U= %, or Y =uX. Hence

dY du
ax ~ax
Applying the transformation Y = uX to the above ODE in (1) gives
du 2u —1
Zx —
X T
20— ux)
dx X
Or 2u(X)-1
dX X B
Or p p
2 _
<qu(X)) Xu(X) +u(X)"+ 2(qu(X)) X+1=0
Or

d
X(u(X) +2) (ﬁu(x)) +u(X)’+1=0
Which is now solved as separable in u(X).

The ode

(2.6)
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is separable as it can be written as
d w(X)®+1
LX) = —— ) T
XX = X+
= f(X)g(u)

Where

1

fX)=-+
w?+1
g(ﬂ)=qu2

Integrating gives

[ sigu= [ rx)ax

u—+ 2 1
/u2+1du_/_YdX

In (u(X)2 +1)
2

+%mmMMX»=M(%)+q

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or

u?+1
=0
u+2
for u(X) gives
u(X) = —i
uw(X) =1

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (uw(X)*+1)
2

+%mmMMX»:M(%)+q
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In (u(X)2+1)
—

Y(X)%+X2
n (0 )+2 tan (Y)Y 2 (L) 4
5 arctan e =In e c1

Converting u(X) = —i back to Y (X) gives

Converting + 2arctan (u(X)) = In (%) + ¢1 back to Y(X) gives

Y(X) = —iX

Converting u(X) = i back to Y (X) gives

Y(X)=1iX
Using the solution for Y (X)
In (M5525) Y (X) i
5 + 2arctan <T) =In <Y> + ¢ (A)
And replacing back terms in the above solution using
Y=y+u
X=x+z
Or
Y=y-1
X=1+4+z
Then the solution in y becomes using EQ (A)
(y+1)*+(-1+x)*
In ( (—21+ac)2 ) + 2arctan (%) =In (_11+ x) +c
Using the solution for Y (X)
Y(X)=—iX (A)

And replacing back terms in the above solution using

Y=y+y
X=x+zx

Or
Y=y—-1

X=1+4+=z



CHAPTER 2. BOOK SOLVED PROBLEMS

86

Then the solution in y becomes using EQ (A)
y+1=—i(-1+=zx)
Using the solution for Y (X)
Y(X) =iX

And replacing back terms in the above solution using

Y=y+w
X=x+z
Or
Y=y-1
X=1+4+=x

Then the solution in y becomes using EQ (A)
y+1l=i(-1+x)
Simplifying the above gives

In (<y+1>2+<—1+m>2>

(—1+zx) y+1 1
2 arct =1
2 + arcan<_1+x) n(_1_|_m
y+1=—ix+1

y+1=i(-1+x)

Solving for y gives

(y+1)2+(—1+x)2>
In ( (-142)°

2

-1+

1
+2arctan( y+ ) =1In

(

1
—1+x

y=tr—1—1

y=—tr+1i—1

>+C1

)+Cl
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Summary of solutions found

h1<<y+1f+«—1+wf

(=1+=)

)

2

>+Cl
T

y=—wx+1—1

1 1
+ 2 arctan <—yl-:— x) =In (_1 n

y=tr—1—1

z—2y—3+R2z+y—1)y' =0

Applying transformation

Results in the new ode which is Abel first kind

z — 2zu(z)

-3+ (2z + zu(z) — 1) (u(z) + zv'(z)) =0

Which is now solved Unknown ode type.
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2.1.7.3 Solved using first_ order_ode_ abel_ sec-
4.800 (sec) ond_ kind_ solved__by_ converting_to_ first_ kind

This is Abel second kind ODE, it has the form

(@) +9) ¥ (z) = folz) + fil@)y(@) + fo(@)y(2)” + fs(z)y(z)’

Comparing the above to given ODE which is

z—2y(z) —3+ 2z +y(x) —1)y(z) =0 (1)
Shows that
g=2x—1
fo=3-x
fi=2
f2=0
f3=0

Applying transformation

1
y(x)=m—g

Results in the new ode which is Abel first kind
v (z) = (5z — 5) u(z)’® — 4u(z)’

Which is now solved.

Entering frst .o i< Abel first kind ODE, it has the form

order ode abel first

kind solver U (x) = folx) + fu(@)u(z) + fo(z)u(z)® + f3(z)u(z)?

Comparing the above to given ODE which is

U (z) = (5z — 5) u(z)® — du(x)? (1)
Therefore
fo=0
fi=0
fo= 4

f3=5$—5
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Hence

fo=0

fs=35
Since fo(z) = —4 is not zero, then the followingtransformation is used to remove f5.
Let u(z) = u(x) — 3% or

u(z) = u(z) — (15;(;_—:115>
4

=u@) + 515

The above transformation applied to (1) gives a new ODE as

(o) — (38750° = 1012502 + 101250 — 3375) u(w)® | (~720z + 720) u(x) 5
675 (—1+2)" 675(—1+2)°  675(—1+x)’
(2)

The above ODE (2) can now be solved.
Entering first
order ode LIE
solver o (z) = 3375u3z® — 10125u3x? + 10125u3z — 3375u® — 720ux + 720u + 52

675 (—1 + z)°

u'(z) = w(z, u(z))

Writing the ode as

The condition of Lie symmetry is the linearized PDE given by

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

§ = uaz + zaz + a; (1E)
n= ub3 + .’L‘bz + bl (QE)
Where the unknown coefficients are

{al, a2, as, bl) b2, b3}
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Substituting equations (1E,2E) and w into (A) gives

(3375u3x3 — 10125u3x? + 10125uz — 3375u® — 720ux + 720u + 52) (b3 — az)
675 (—1 + z)°
(3375uPz® — 101250322 + 10125u3z — 3375ud — 720uz + 720u + 52)° as

455625 (—1 + z)*
B (10125u3x2 — 2025003z + 10125u3 — 720u

by +

675 (—1 + z)°
2(3375u3z® — 10125u3z? + 10125u3z — 3375u® — 720uz + 720u + 52)
- 3 (uas
675 (=1 + )
+ zas + ay)
_ (1012502 — 30375u%a? + 30375u% — 10125u® — 720z +720) (ubs + @by +b1) _
675 (=1 + )

(5E)

Putting the above in normal form gives

_ 11390625uSz%a3 — 68343750ubz5a3 + 170859375ulz*as — 227812500ubz3a;z + 170859375ubxaz —

=0
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Setting the numerator to zero gives

—11390625u8z%a; + 68343750uz5as
— 170859375ubz*as + 227812500u’z3as
— 170859375u’z2as + 2581875u*zas — 4556250uz’as
— 4556250u32°b; — 6834375u2x%b, + 68343750u’zas
—10327500uz3as — 2278125u3x a1 + 20503125u3z*as
+ 22781250u3z*b; — 6834375ux°b; + 34171875uz°b,
— 11390625u%as + 15491250u*z2as + 9112500u323a;
— 36450000u32%as — 351000u3z3as — 45562500u323b;
+ 34171875uz*b; — 68343750uz by — 10327500uzas
— 13668750u3z2a; + 31893750uz%as + 1053000u3z2as
+ 45562500u322bs — 68343750u2z3b, + 68343750u2b,
+ 2581875uas + 9112500u3za; — 13668750uza; (6E)
— 1053000uzas; — 22781250u3xb; — 1004400u2zag
+ 68343750uz2b; — 34171875u2x%by + 9416252%b,
— 2278125ua; + 2278125uas + 351000u3as;
+ 4556250u3b5 + 2008800u’zas; — 34171875uxb,
+ 6834375uxby — 486000u z2a; — 486000u z2as
+ 486000z3b; — 32805002365 — 1004400u%as
+ 6834375ub; + 972000uza; + 972000uzay
+ 145080uzas + 35100z2a; — 145800022,
+ 419175022b, + 351002263 — 486000ua,
— 486000uas — 145080uas + 70200za; + 1458000xb;
— 2308500xby — 70200zbs — 70200a; — 35100a;
— 2704a3 — 486000b; + 455625b, + 3510065 = 0

Looking at the above PDE shows the following are all the terms with {u,z} in them.
{u,z}

The following substitution is now made to be able to collect on all terms with {u,z}
in them
{u=v1,2 =09}
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The above PDE (6E) now becomes

—11390625a3v8v5 + 68343750a3v5v5
— 170859375a3vv; + 227812500a3v5vs
- 4556250a2v1v2 — 170859375a3v8v; + 2581875a3v} vy
— 6834375b,v20S — 4556250b3v3v5 — 22781250, v3v;
+ 20503125a5v3v;5 + 68343750a3v8vy — 10327500a3vivs
- 6834375b1v1v2 + 34171875byvivy + 227812500305 v)
+ 91125000, v3v5 — 36450000a,v3v3 — 11390625a308
+ 15491250a3v{v3 — 351000a3v3vs + 34171875b,v3v;
— 68343750byv3v5 — 455625000303 v3 — 136687500, v3v5
+ 31893750a2v3v2 — 10327500a3viv, + 1053000asv3v2
— 683437500, vivs + 68343750byv3v5 + 455625000305 v3
+ 91125000,1’01’02 — 13668750a21)11)2 + 2581875(131)1
— 1053000a3v3v, — 1004400a3v3v3 + 68343750b,v3v;
— 34171875byv3v2 + 941625bov; — 2278125053050,
— 2278125a,v5 — 486000a,v,v3 + 2278125a,v3
— 486000a,v;v3 + 351000a3v? + 2008800a3v2v,
— 34171875b,v}v, + 4860000, v5 + 6834375byv7 v,
— 328050006205 + 45562500303 + 9720000, v, v,
+ 972000a,v, v + 35100asv; — 1004400a3v;
+ 145080a3v, v + 6834375, — 14580006, v

+ 4191750b9v3 + 35100b3v3 — 486000a1v; + 70200a,v;
— 486000a,v; — 145080a3v; + 1458000, v,

— 2308500byv; — 70200b3v, — 70200a; — 35100as

— 2704a3 — 4860000, + 455625b, + 35100b3 = 0

(7E)

Collecting the above on the terms v; introduced, and these are

{v1,v2}
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Equation (7E) now becomes

—11390625a3v° + 2581875a3v] + 941625b,v5 — 70200a,
— 35100ay — 2704a3 — 486000b; + 455625b,
+ 3510003 + (—1004400a3 + 6834375b;) v?
+ (—486000a; — 486000a; — 145080as) v;

+ (486000b; — 3280500b5) v

+ (
+ (35100ay — 14580000, + 41917506, + 35100b3) v3
+ (70200a; + 14580006, — 23085006, — 70200b3) vy
+(=

2278125a; + 2278125a, + 351000a;3 + 4556250b3) v3
— 10327500a3vivs + 15491250a3v;v;
— 10327500a3v1v, — 11390625a3v5v5 + 68343750a3v5v5
— 170859375a3v%v; + 227812500a3v5v3
— 170859375a3v5v3 + 2581875a3v v — 6834375621)11)2
+ 68343750a3v5v; + (—4556250a; — 4556250b3) v1v2

+ (—2278125a; + 20503125a, + 22781250b3) v3v?
+ (9112500a; — 36450000a; — 351000a

— 45562500b3) vivs + (— 1366875Oa1 + 318937504,
+ 1053000a3 + 45562500b3) v3v3 + (91 12500a1

— 13668750a; — 1053000a3 — 22781250b3) v3v,

+ (—6834375b; + 34171875b,) vag

+ (34171875b; — 68343750b,) v1v2

+ (—68343750b; + 68343750b,) vivs

+ (—1004400a3 + 683437506, — 34171875b2) V2l
+(

+ (=

+(

(8E)

2008800as — 34171875b; + 6834375b2) V2,

—486000a; — 486000as) v;v?
972000&1 + 972000&2 + 145080&3) V1V = 0
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Setting each coefficients in (8E) to zero gives the following equations to solve

—170859375a3 = 0

—11390625a3 = 0

—10327500a3 = 0

2581875a3 =0

15491250a3 = 0

68343750a3 = 0

227812500a3 = 0

—6834375b2 =0

941625b, =0

—486000a; — 486000a; = 0

—4556250a2 — 4556250b3 = 0

—1004400a3 + 6834375b; =0

—68343750b; + 68343750b, = 0

—6834375b; + 3417187562 = 0

4860006, — 328050002 = 0

34171875b; — 683437500, = 0

—2278125a; + 20503125a, + 22781250b3 = 0

—486000a; — 486000a; — 145080a; = 0

972000a; + 972000a; + 145080a3 = 0

—1004400a3 + 68343750b; — 34171875b, = 0

2008800a3 — 34171875b; + 6834375b = 0

—13668750a; + 31893750a, + 1053000as + 4556250003 = 0
—2278125a, + 2278125a, + 351000a3 + 4556250b3 = 0
70200a; + 14580006; — 23085006, — 7020063 = 0
9112500a; — 36450000a; — 351000a; — 4556250063 = 0
9112500a; — 13668750a; — 1053000a; — 22781250b5 = 0
35100a2 — 14580006, + 41917506, + 3510063 = 0
—T70200a; — 35100ay — 2704a3 — 4860000; + 455625b2 + 3510003 = 0
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Solving the above equations for the unknowns gives

a1 =bs
ag = —bs
a3 =0
by =0
by =0
bs = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

E=1—x

n=u
Shifting is now applied to make £ = 0 in order to simplify the rest of the computation

n=n-—w(u)é
L (3375u3x3 — 10125u3z2 + 10125u3z — 3375u — 720uz + 720u + 52) (1-2)
675 (—1 + z)°
52 + 3375(—1 4 z)° u® + (45 — 45z) u
- —675 + 675z

£=0

The next step is to determine the canonical coordinates R,S. The canonical coordi-
nates map (z,u) — (R,S) where (R, S) are the canonical coordinates which make
the original ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

de _ du _
§ n

The above comes from the requirements that (5 a% + na%) S(z,u) = 1. Starting with
the first pair of ode’s in (1) gives an ode to solve for the independent variable R in
the canonical coordinates, where S(R). Since £ = 0 then in this special case

ds (1)

R==x

S is found from

d
52+3375(—1+z)3u3+(45—45z)u y

—6754+-675x
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Which results in

(—15z

2(228

S = (—675 + 675z) 2025022 — 40500z + 20250

Now that R, .S are found, we need to setup the ode in these coordinates. This is done
by evaluating

@ _ Setw(z,u)Sy @)
dR R, +w(z,u)R,

Where in the above R, Ry, S, S, are all partial derivatives and w(z,u) is the right
hand side of the original ode given by

3375u3x3 — 10125u3z? + 10125u3x — 3375w — 720uz + 720w + 52
675 (—1 + z)°

w(z,u) =

Evaluating all the partial derivatives gives

R, =1

R,=0

Sm: 4 13u 2 4(1—2z)
5(5 + (—14+z)u) (ﬁ+(—1+x) u2+1—5)

S, = 14z

2 4(1—x)u
5(2 4 (-1+2z)u) (%-ﬁ- (—142z)%u? + %)
Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as 1
dR~ —1+z

(24)

We now need to express the RHS as function of R only. This is done by solving for
x,u in terms of R, S from the result obtained earlier and simplifying. This gives

as 1
dR~ —1+R

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

Since the ode has the form J%S(R) = f(R), then we only need to integrate f(R).

/dS / 1+RdR

=In(—-1+R)+c

(—15z + 15) In (225u2z? — 450uz + 225u2 — 60uz + 60u + 13) N 2 (8 -
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To complete the solution, we just need to transform the above back to z,u coordinates.
This results in

In (13 + 225(—1 + z) u(z)® + (—60z + 60) u(z))
2

2arctan (—g +5(-1+x) u(ac)) — +In (4 + 15(-

Substituting u = u(z) — in the above solution gives

__4
3(5z—5)

—2arctan (g —5(—1+2) (u(x) - (5354_ 5))) ) In <13 +225(—1 + z)° (u(w) - 3(%_2)2 + (—t

Simplifying the above gives

2arctan (—2 + (5z — 5) u(z)) + @
_In (1+5(=1+z)’u(@)? + (—4z + 4) u(z))
+In(u(z) (-1+2)) = li (-14+2z)+c

Substituting u(x) in the above solution gives

_ 1
 2z+y(z)-1

2
— ].n (1 + 5(—1+z) . + m—4z;—4_ )
2 arctan (—2 + 5z — 5 ) In (5) (2z+y(z)—1) 2z+y(z)—1

2z +y(x) —1 2 2
-14z
-I-ln (W) —111(—1+.’13)+02

Simplifying the above gives

(x)% 42242y (z)— 2242
z—2@) -3\ @G b <y Gty 1 )
2 +y(z)—1

2 2
—-1+z
In| —— ) =In(-1
+n<2x+y(m)—1) n(—1+z)+c

2 arctan (
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0.880 (sec) 2.1.7.4 Solved using first_ order_ode_ LIE

Entering first
order ode LIE z—2y(z) —3+ 2z +y(z) —1)y'(z) =0

solver
Writing the ode as

(z) = -z +2y+3
y 27 +y—1

y'(z) = w(z,y(x))
The condition of Lie symmetry is the linearized PDE given by

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

é- = zaz + yaz + a; (1E)
1 = xby + ybs + by (2E)

Where the unknown coeflicients are

{ala a2, as, b17 b2a b3}

Substituting equations (1E,2E) and w into (A) gives

L e t2y+3)(bs —ay) (—z+ 2y +3)" ag

b
? 2r+y—1 2z +y—1)°
1 2(—z + 2y + 3)) (5E)
—| - — zaz + yasz +a
(2x+y—1 2z +y — 1) (vaz +yas +a,)

2 —r+2y+3 )
— — xby +ybs +b1) =0
<2x+y—1 2z +y — 1) (wbe +bs + 1)
Putting the above in normal form gives

2020y — 22ag — x2by — 222b3 + 2xyas + 4zyas + dxyby — 22ybs — 2y2as + y2as + y2by + 2ybs — 2za
(2z +

=0
Setting the numerator to zero gives

22%ay — x2ag — x2by — 22°bs + 2xyay + 4ryas + 4ryby — 2zybs — 2y%a;, (6E)
+ y2a3 + y2b2 + 2y2b3 — 2zas + 61)&3 — 5.’17b1 + a?bz + 7xb3 + 5ya1
—yag — Tyaz — 2yb2 + 6yb3 + 5a; + 3as — 9as + 5by + by — 3b3 =0
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Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y}

The following substitution is now made to be able to collect on all terms with {z,y}
in them

{z =v1,y = v}

The above PDE (6E) now becomes

2a21)f + 2a9v1V9 — 2a21)§ — agvf + 4asv vy + agvg — bzvf + 4byvive + b2v§ (TE)
— 2b3’U% - 2b3’U1’U2 + 2b3’U§ + 5(11’02 - 2(12’01 — Qo9 + 6(13’01 — 7a3v2 - 5b1’01
+ bQ’Ul — 2b2'02 + 7b31)1 + 6b3’U2 + 5&1 + 3&2 — 9(13 + 5b1 + bg - 3b3 =0

Collecting the above on the terms v; introduced, and these are
{vla UZ}

Equation (7E) now becomes

(2&2 — as — b2 - 2b3) ’U% + (2&2 + 4&3 + 4b2 — 2b3) V1V (SE)
+ (—2(1,2 + 6&3 — 5b1 + bz + 7b3) V1 + (—2(12 + as + b2 + 2b3) ’Ug
+ (5@1 — Q9 — 7CL3 — 2b2 +6b3)’02 —|—5a1 —|—3a2 —9&3 +5b1 +b2 —3b3 =0

Setting each coefficients in (8E) to zero gives the following equations to solve

—2a9 + as + by +2b5 =0

2a9 — a3 — by —2b3 =0

2as + 4as + 4by — 2b5 =0

5a; — ay — Taz — 2by + 6b3 =0
—2as + 6az — 5by + by + Tbs =0
5a; + 3as — 9az + by + by — 3b3 =0

Solving the above equations for the unknowns gives

a3 = —by — b3
as = bs

a3 = —by

by = —by+ b3
by = by

bs = b
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Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

E=—-1+4=x
n=y+1

Shifting is now applied to make £ = 0 in order to simplify the rest of the computation

n=n-wy)é
oyl (—x+2y+3) (=1+2)

2r+y—1
2 +9y? — 22+ 2y +2
- 2 +y—1
£E=0

The next step is to determine the canonical coordinates R,S. The canonical coordi-
nates map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the
original ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

de _dy _

F=, = 1)

The above comes from the requirements that <§ a% + 77(%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in
the canonical coordinates, where S(R). Since £ = 0 then in this special case

R=x

5= [ Lay
n

1
—/?ZFEEEE@

2z+y—1

S is found from

Which results in

1 2 2_9 2 2 2 2
S = n (@ +y Tyt )+2arctan y+
2 2 — 2

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

ﬁ _ Sx +W($,y)Sy
dR R, +w(z,y)R,

(2)
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Where in the above R,, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

—z+2y+3

W@ Y) = Sy 1

Evaluating all the partial derivatives gives

R,=1
R,=0
r—2y—3
Sy =
2+ y?—2x+2y+2
2r+y—1

S,
Yor24y? — 20+ 2y +2
Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as _

dR
We now need to express the RHS as function of R only. This is done by solving for
x,y in terms of R, S from the result obtained earlier and simplifying. This gives

as _
dR
The above is a quadrature ode. This is the whole point of Lie symmetry method.

It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

0 (2A)

0

Since the ode has the form J%S(R) = f(R), then we only need to integrate f(R).

S (R) = Co
To complete the solution, we just need to transform the above back to x,y coordinates.

This results in

In (y(z)* + 2% + 2y(z) — 22 + 2)
2

+ 2arctan <M>

14z
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The following diagram shows solution curves of the original ode and how they trans-
form in the canonical coordinates space using the mapping shown.

Original ode i dinat Canonical coordi- | ODE in canonical coordinates
riginat ode I &, y coordinates nates transformation | (R,.S)
dy _ —a12y13 S _
dzx 2z+y—1 dR
\\\N\V V11277
NN\t 7777 v
\\NNNNVVI s
\\\\%@1 /777 StR)
NN\ \\d 7777 Ok
NNANANNN Ve
NNANNNNN S
~ \:{\\ N }2\\\ N 14 5 4 R=z _4 P 0 4
N N N e N R i N NN
\\\\\\\\\\\\—A/\"\‘\x\\\\ =l (13 +y2—21' - R
R E— =27 1 VNNNN 2 =2
)))))) =271 1V VNN
—————— a7 [TV VNN "
e 2 7 NN ~
=77 TV
s\NN\NVVVUL s
\NNNVVL s
ANNNNV VIV s
\NNNNNVVL s
INNNANA YV 1777
INNANNNN VLV 77—
NNANANNNN V7
y(x)  NNANNNNN N s
NANNNNNNN | /=
N N N D D R T N
NN S = NN
S NN
I e e B AR AN
—~————— 7 VNN
I gaarmy
—4 -3 -2 -1 0 1 2 3 4
X
Figure 2.25: Slope field z — 2y(z) — 3+ (2z + y(z) — 1) ¢'(x) =0

Summary of solutions found

In (y(z)* + 2% + 2y(z) — 22 + 2)

2

y(z) +1
2 arct
+ arcan<_1+x

)=
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2.1.75 Maple. Time used: 0.017 (sec). Leaf size: 31

(ode:=x—2*y(x)—3+(2*x+y(x)-1)*diff(y(x),x) = 0;

‘dsolve(ode,y(x

), singsol=all);

y = —1 — tan (RootOf (—4_Z+1In (sec(_2)*) +2In(z — 1) +2¢;)) (z — 1)

Maple trace

Methods for f

trying a quad
trying 1st or
trying Bernou
trying separa
trying invers

<- homogeneou
<- homogeneou

irst order ODEs:

rature

der linear
11i

ble

e linear

trying homogeneous types:
trying homogeneous C
trying homogeneous types:
trying homogeneous D

s successful
s successful

-—- Trying classification methods ---

Maple step by step

Let’s solve
z—2y(z) — 3+ 2z + y(

2) - 1) (#4(@)) = 0

Highest derivative means the order of the ODE is 1

Ly(x)

Solve for the highest derivative

d _ —z+2y(x)+3
E'y(m) - 2a:+yZZm)—1

2.1.7.6 v/ Mathematica. Time used: 0.035 (sec). Leaf size: 66

| ode=(x-2%y [x]-3)+ (2kx+y [x]-1) *D [y [x] ,x]==0;

‘ic={};

‘DSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

Solve [32 arctan (w)

+810g(

y(z)+2x —1
2 + y(z)? + 2y(z) — 2z + 2
5(z — 1)2

) + 16log(z — 1) + 5¢1 = 0,y(z)
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2.1.7.7 Sympy. Time used: 2.882 (sec). Leaf size: 36

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq(x + (2*%x + y(x) - 1)*Derivative(y(x), x) - 2xy(x) - 3,0)
ics = {}

dsolve(ode,func=y(x),ics=ics)

log (z — 1) = C; — log <\/1+M> — 9atan (y(x)“‘l)

(gr—l)2 z—1
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2.1.8 Problem 8

Local contents
2.1.8.1
2.1.8.2
2.1.8.3
2.1.84
2.1.8.5
2.1.8.6
2.1.8.7
2.1.8.8
2.1.8.9

Existence and uniqueness analysis . . . . ... ... 106l
Solved using first_ order_ode_exact . .. ... ... 107
Solved using first_ order_ode_dAlembert . . . . . . 110

Solved using first_order_ode__homog type maple_C[I14]
Solved using first_ order_ode_ abel_second_ kind_ case_ 5120

Solved using first_order_ode_LIE . . ... ... .. 121
VMaple . ... 176
v/ Mathematica . . . . . . . oo 178
VSYMpPY « o o o 178

Internal problem ID [4083]
Book : Differential equations, Shepley L. Ross, 1964

Section : 2.4, page 55
Problem number : 8

Date solved : Saturday, December 06, 2025 at 04:16:51 PM

CAS classification :

[[_homogeneous, ‘class C‘], _exact, _rational, [_Abel, ‘2nd type‘, ‘class A‘]]

2.1.8.1 Existence and uniqueness analysis

6r+4dy+1+dzx+2y+2)y =0

()

This is non linear first order ODE. In canonical form it is written as

y' = f(z,9)
b +4y+1
22z +y+1)

The = domain of f(z,y) when y = 3 is

1

{r<-2Vv-2<z}

And the point zy = 5 is inside this domain. The y domain of f(z,y) when z = 1is

2

{y<—-2Vv-2<y}



0.087 (sec)

Entering first
order ode exact
solver
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And the point yo = 3 is inside this domain. Now we will look at the continuity of

3_f_g(_ 6x +4y +1 )

oy Oy\ 2Q2z+y+1)

B 2 6z +4y+1
22+y+1 2(2z+y+1)°

The z domain of % when y = 3 is
{r<-2Vv-2<z}

1

And the point g = % is inside this domain. The y domain of g—?’; when z = 3 is

{y<-2v-2<y}
And the point yy = 3 is inside this domain. Therefore solution exists and is unique.

2.1.8.2 Solved using first_ order__ode__exact

6r+4y+1+ 4z +2y+2)y =0
1

) =3
16

To solve an ode of the form

dy
x
We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

d

Hence 06 06 d
Yy _
or  Oydx 0 (B)

Comparing (A,B) shows that

o
e =M
op
=N
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But since % = % then for the above to be valid, we require that
Y yox
oM _ ON
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(x,y) but at least we know now that we can do that since the condition
6'9; g’y = 8‘9; g; is satisfied. If this condition is not satisfied then this method will not
work and we have to now look for an integrating factor to force this condition, which
might or might not exist. The first step is to write the ODE in standard form to check

for exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
4z +2y+2)dy = (—6z —4y — 1) dx
(6z+4y+1)der+(4x+2y+2)dy=0 (2A)
Comparing (1A) and (2A) shows that
M(z,y) =6z +4y+1
N(z,y) =4z +2y + 2

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _on
oy Oz

Using result found above gives

oM 0
—=—(6z+4y+1
By ay( z+4y+1)
=4
And
ON 0
=4
Since %VI = %%, then the ODE is exact The following equations are now set up to
solve for the function ¢(z,y)
o¢
—=M 1
e (1)
09 _

5y =N 2)
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Integrating (1) w.r.t. z gives

%dx=/de
ox

%dx=/6x+4y+1dx
¢=z(3z+4y+1)+ f(y) (3)

Where f(y) is used for the constant of integration since ¢ is a function of both x and
y. Taking derivative of equation (3) w.r.t y gives

o )
= 4z + f'(y) (4)

But equation (2) says that g—?‘f = 4z + 2y + 2. Therefore equation (4) becomes
4z + 2y + 2 =4z + f'(y) (5)
Solving equation (5) for f'(y) gives
f'ly)=2y+2

Integrating the above w.r.t y gives

/ f'y)dy = / (2 +2) dy
f@)=v"+2y+a

Where ¢, is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢

p=xBr+4y+1)+12+2y+c

But since ¢ itself is a constant function, then let ¢ = c; where ¢ is new constant and
combining ¢; and ¢y constants into the constant c; gives the solution as

a=zB8z+4y+1)+y*+2y
Simplifying the above gives

v+ 4z +2)y+32°+z =0
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Solving for initial conditions the solution is
89
Y+ (4 +2)y+ 3z’ +z = 1

Solving for y gives

VAaz? + 12z + 93

=-2z—-1

1 SOV

NOANNNNNNNN
NONNNNNNNN
NONNANNNNNN
NONNANNNNNN
NONNNNNNNN
NONNNNNNNN
NONNNNNNNN

204
201

\
\
25 \
\
/

LSS S S S S

y(x) 10 AR R TR R RN
NN T NN NN N

] ARV N N NN N NN
NN N N N NV N N NN

o] NN/ SO

AR R R R R R R AT A NG
INNNNNNN NN /=
-0 s 0 5 10
—10 —s 0 5 10 x
x (b) Slope field 6z +4y+1+(4z + 2y +2)y =
(a) Solution plot 0

Summary of solutions found

VAaz? + 12z + 93
2

y=—-2z—-1+

0.408 (sec) 2.1.8.3 Solved using first_ order__ode__dAlembert
Entering first
order ode

6r+4y+1+ 4z +2y+2)y =0
dAlembert solver Yy ( Y )Y

(3)-

Let p = ¢ the ode becomes

6z +4y+1+ (4z+2y+2)p=0
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Solving for y from the above results in

_ _(p+6)z  2p+1 1)
- 2(2+4p) 22+

This has the form

y = zf(p) + g(p) *)

Where f, g are functions of p = ¢/(z). The above ode is dAlembert ode which is now
solved.

Taking derivative of (*) w.r.t. z gives

d
p=1f+(f +9)

dp
/ /
— f= e 2
p—f=@f+9) (2)
Comparing the form y = zf + g to (1A) shows that
—2p—3
f = 2
+p
_ —2p—1
I= 412
Hence (2) becomes
—2p—3 ( 2z 2xp 3z 2 4p 2 ) ,
p— =|- + + - + + p(z
2+p 2+p (2+p)° (2+p)° 4+2p (4+2p)?° (4+2p)° (@)
(24)
The singular solution is found by setting j—ﬁ = 0 in the above which gives
—2p—3
_ 4P =0
2+p
No valid singular solutions found.
The general solution is found when $ # 0. From eq. (2A). This results in
: pl@) - Sh
p(z) = 2 2zp(z) 48z 2 4p(z) + 2 (3)
24p(z) © (2+p(@)® ' (2+p(2))®  4+2p(@) T (4+2p(2))* T (4+2p(2))?

This ODE is now solved for p(z). No inversion is needed.
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The ode

2(2 + p(2)) (p(z) + 3) (p(z) + 1)
2x+ 3

p(z)=— (2.7)

is separable as it can be written as

oy _ 22+ p(2)) (p(z) +3) (p(z) +1)
P () % +3

= f(z)g(p)

Where

fz) = _2x2—|— 3

glp)=@+3)(2+p)(p+1)

/ﬁdp=/f(x)dm

1 2
/(p+3)(2+p)(1’+1)dp:/_2x+3

Integrating gives

dz

—In(2+p(x)) +

In(p(z) +1)  In(p(z)+3) 1
p2 + p2 =1’“(29c+:~3)+c1

We now need to find the singular solutions, these are found by finding for what values
g(p) is zero, since we had to divide by this above. Solving g(p) = 0 or

(P+3)2+p)(p+1)=0

for p(x) gives
p(z) =3
p(z) = =2

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In(p(z) +1)  In(p(z)+3) 1
—In(2+p(z)) + 5 + 5 =lﬂ(2x+3)+01
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Substituing the above solution for p in (2A) gives

262°1 —852421/—4 62172 +1624—12€2°1 £+ 9623 —9 €2°1 +21622+2162+81—242—18 1
xr 2¢1 — 4,2 _ -
e 4% —12x—9

y= 1— €261 —4x24\/—4 62012241624 —12 €21 249623 —9 €2°1 421622 42162+81—122—9
e2c1—422-122—9
2e2°1 — 82242/ —4e2°122+1624—122°1 2+ 9623 —9 e2°1 + 21622 +2162+81 —24x—18 1
2c1 _ 2 __ _ +
+ e“°1 —4x2—12x—9
2 (e2°1 4224/~ 462°1 2241604 — 12 62°1 £+ 9625 —9 621 421622 +216m+81—12x—9>
2— e2c1 —422—-122—9
5
y=-3r— =
2

Simplifying the above gives

2cy

(~1-22)/— Qz+3) e +16 (z+3)' +4(+3) (-5 + (2 +)°)

y:

\/— (22 + 3)* €21 + 16 (z + %)4

)

Solving for initial conditions the solution is

(—4z — 2) \/(4352 + 122 4 93) (2z + 3)* + 8z + 3622 + 222z + 279

y:

2\/ (422 + 122 + 93) (2¢ + 3)°

)
= 3z — =
Y Z 9

The solution

5
y——3x—§

was found not to satisfy the ode or the IC. Hence it is removed.
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OTNNNZ L VAL
o A S Y A S S S T R R N
6_\\\\/\ AR R RARRR
61 A RAR R AR VR RRARRRR
ANV NNNVN VNN NN
4 M ARRRRRVRRRRRR
AR AR AR RARA R RRRRR
21 ) o VNN N VNNN N VNN
y(x) o AR RRRAEAR NRRRR
EARRARRRAR AR SRR
-2 I AT AN Nt
AR RARRAREES R AR
—4 AR AR RRRRREAY S\
_8_\\\\\\\\\k/\\ \
—6] AR R RR R RN AN
—g T =5 0 5 10

-10 =5 0 5 10 x
x (b) Slope field 6z +4y+1+(4z + 2y +2)y =

(a) Solution plot

Summary of solutions found

0

(—dz —2) /(422 + 120 + 93) (22 + 3)° + 82? + 362 + 222z + 279

y:

2/ (422 + 122 + 93) (2¢ + 3)°

0.546 (sec) 2.1.8.4 Solved using first_ order__ode__homog_type maple_C

Entering first
order ode homog
type maple C
solver

6r+4y+1+ 4z +2y+2)y =0

()-

Let Y =y —yo and X = = — x( then the above is transformed to new ode in Y'(X)

dx

Y(X) =

6X + 620 +4Y (X) +4yo + 1

22X 4200+ Y (X) +yo+ 1)

Solving for possible values of x, and yo which makes the above ode a homogeneous

ode results in

oo 3
07 79

Yo = 2
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Using these values now it is possible to easily solve for Y (X). The above ode now
becomes

d _ 6X +4Y(X)
ax )__2(2X+Y(X))

In canonical form, the ODE is

Y'=F(X,Y)
3X +2Y

=AY M

An ode of the form Y’ = % is called homogeneous if the functions M(X,Y)
and N(X,Y) are both homogeneous functions and of the same order. Recall that a

function f(X,Y’) is homogeneous of order n if
fE"X,1"Y) =t"f(X,Y)

In this case, it can be seen that both M = —3X —2Y and N = 2X + Y are both
homogeneous and of the same order n = 1. Therefore this is a homogeneous ode. Since
this ode is homogeneous, it is converted to separable ODE using the substitution
U= %, or Y =uX. Hence

dY duw
axX ~ax >t
Applying the transformation Y = uX to the above ODE in (1) gives
du —2u—3
Py —
X T a2
du _ v — ulX)
dx X
Or —2u(X)—3
dX X B
Or p p
2 _
(qu(X)> Xu(X) +u(X)" + 2<qu(X)) X+4u(X)+3=0
Or p
X(u(X)+2) <ﬁu(x)) +u(X)? 4+ 4u(X)+3=0
Which is now solved as separable in u(X).
The ode
X X)+1
X)) = - (u(X) +3) (w(X) +1) (2:8)
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is separable as it can be written as

d (X)) +3) (w(X) +1)
x =X a@ 12
= f(X)g(w)
Where
1
FX) =
o) = (u+3)_|_(’l;+ 1)

Integrating gives

/ﬁm:/f()()dx

/(u+1;)+(3+1) du:/_%dX

In ((u(X) +3) wX)+1) _ < ! ) +a

2 X

Taking the exponential of both sides the solution becomes

Ve +9) X))+ =3

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or

(u+3) (u+1) _

u—+2 0
for u(X) gives

w(X)=-3

uw(X)=-1

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

Ve@)+9) X))+ =3
uw(X)=-3

u(X)=-1
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Converting /(u (X) + 3) (u(X) 4+ 1) = £ back to Y (X) gives
\/(Y X)+3X)Y(X)+X) _«a
X2 X
Converting u(X) = —3 back to Y (X) gives
Y(X) = —3X

Converting u(X) = —1 back to Y(X) gives

Y(X)=-X
Using the solution for Y (X)
Y X)+3X) Y (X)+X) ¢«
\/ X? X (4)
And replacing back terms in the above solution using
Y =y+w
X=x+zx
Or
Y=y+2
X=x— g
Then the solution in y becomes using EQ (A)
J (y+3z+35) (y+z—-3) o
(z+3)° Tt
Using the solution for Y (X)
Y(X)=-3X (A)
And replacing back terms in the above solution using
Y =y+yo
X=z0+zx
Or
Y=y+2
3
X==x 2
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Then the solution in y becomes using EQ (A)
9
—9=_3p— >
Y 3x 5
Using the solution for Y (X)
Y(X)=-X (A)

And replacing back terms in the above solution using

Y =y+w
X=x+z
Or
Y=y+2
3
X=:c—§

Then the solution in y becomes using EQ (A)

—92=_g-2

Simplifying the above gives

\/(2y+6z+5) Qy+2z—1) 20

(2z + 3)2 2z +3
9
9= _3p— =
Y 3z 5
3
9= g
) T 9
Solving for initial conditions the solution is
(2y+6z+5)(2y+2z—1) 221
(2z + 3)° 2r + 3
9
9= _3r— 2
Y 3z 5
Yy—2=—x— §
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Solving for y gives

9
—9=_3p— 2
3
9= g2
472 4+ 12
y:_%_l_'_\/x—l- x+ 93
2
The solution
9
— 9= _3;p -2

was found not to satisfy the ode or the IC. Hence it is removed. The solution

] NN

N\
NONCNNNNNNNN
NONCNNNNNNNN
NONCNNNNNNNN
N\
N\
N\

257

204
204 NN NN
NONNNNN NN N
NONNNNN NN N
NONNNNNNNN
y(x) 10] SO AN NN
NN NN NN
5] AN NN . VN N N N N
ANONNUNNNN /SOOI
o D N R N VAN N N
NONNNNNN NN 7 =N
TNANNNNNNNN Y /=
T =5 0 5 10
—10 -5 0 5 10 x

x (b) Slope field 6z +4y+1+(4z + 2y +2)y' =

(a) Solution plot 0

(=}
I

Summary of solutions found

VAaz? + 12z + 93
2

y=—-2zr—-1+

Entering first
order ode abel 6r+4y+1+ 4z +2y+2)y =0

second kind solver
1 =3
y 2 -
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0.076 (sec) 2.1.8.5 Solved using first_ order__ode_ abel_second_ kind_ case_ 5

Solving for initial conditions the solution is

VAaz? + 12z + 93
2

y=—-2z—-1+

1 RSN

N\
NN
NN
NN
N\
N\
N\

204
207 NOANNANNNNNN
NONNNNNNNN
AR Y

NONNNNNNNN

A\
W
25 \ )
Vo
I\
-1

NONNONN NN NN
5] AN N NN N
NN/ ONNNN
o] D R N N NN
AR R R R R R R AT A NG
TNNNNNNN NN /=
-0 s 0 5 10
-10 -5 0 5 10 x

x (b) Slope field 6z +4y+1+(4z + 2y +2)y =

(a) Solution plot 0

(=1
T

] RSN

N

NONNANNNNNNN
NN
NN N
N
N
N\

20
207 NONNANNNNNN
NONNNNNNNN
NOANNNNNNNN

NN

\
\
25 \
\
/

NONNONN NN NN
5 AN N NN N N N NN
NN/ SN NN
o] D R N N NN
NN /=S
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-0 =s 0 5 10
-10 =5 0 5 10 x

x (b) Slope field 6z +4y+1+(4z + 2y +2)y =

(a) Solution plot 0

(=}
T

Summary of solutions found

VAz? + 12z + 93
2

y=—-2zr—-1+



0.939 (sec)

Entering first
order ode LIE

solver
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2.1.8.6 Solved using first_ order_ode_ LIE
6r+4y+1+dz+2y+2)y =0
1
(3) =

Writing the ode as

y_ br+4y+1
22z +y+1)

/

y =w(z,y)
The condition of Lie symmetry is the linearized PDE given by
Nz + W(ﬂy - Ez) - w2€y - wx€ — Wy = 0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

£ =zay+yas + a1 (1E)
1 = xbs + ybs + by (2E)

Where the unknown coeflicients are

{ala az, as, bl) b2a b3}

Substituting equations (1E,2E) and w into (A) gives

_(6ac+4y—|-1)(b3—a2)_(6x+4y—|—1)2a3
22z +y+1) 42z 4+y+1)°
3 6x—|—4y—|—1)
—| = Tas + yaz +a
<2x+y+1 2z +y +1)° (waz +yas +a.)
2 6z+4y+1)
— (= + xby +ybs +b1) =0
<2x+y+l 22z +y+1)° (wbe +yba +b1)

ba

(5E)

Putting the above in normal form gives

24x2ay — 36x%a3 + 20x2by — 242%b3 + 24xyas — 48zyas + 16zyby — 24xybs + 8y2as — 20y2as + 4y%b.

=0
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Setting the numerator to zero gives

2412y — 362%as + 202%by — 242°bs + 24xyay — 48zyas + 16zyby — 24xybs (6E)
+ 8y2a2 — 2Oy2a3 + 4y2b2 — 8y2b3 + 24xa9 — 12xa3 + 4xby + 22xby — 162b3
- 4ya1 + 10y(12 + 8yb2 - 4yb3 + 8a1 + 2(1,2 — a3+ 6b1 + 4b2 — 2b3 =0

Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z, v}

The following substitution is now made to be able to collect on all terms with {z,y}
in them

{z =v1,y = v}

The above PDE (6E) now becomes

24a2v% +24aov1v9 + 8agv§ — 3604311% —48asv1vy — 20a3v§ + 20b2'0% + 16byv1 V9 (TE)
+ 46211; - 24b321% — 24bsv vy — Sbgvg — 4a,v9 4 24av, + 10a2v5 — 12a3v,
-|-4b1’01 +22b2’01 + 8b2’02 — 16b3’01 — 4b3’02 + 8(11 + 2&2 —as -|-6b1 +4b2 — 2b3 =0

Collecting the above on the terms v; introduced, and these are
{v1,v2}

Equation (7E) now becomes

(24ay — 36a3 + 20by — 24b3) v} + (24a; — 48a3 + 16by — 24b3) v1vy (SE)
+ (24ay — 12a3 + 4b; + 22b, — 16b3) v; + (8az — 20a3 + 4by — 8b3) v3
+ (—40,1 + 10ay + 8by — 4b3) vo + 8a; + 2a9 — ag + 6b; + 4by — 2b3 =0

Setting each coefficients in (8E) to zero gives the following equations to solve

—4a; 4 10as + 8by — 4b35 = 0

8as — 20a3 + 4b; — 8b3 =0

24a5 — 48a3 + 16by — 24b3 = 0

24as — 36a3 + 20by — 24b3 =0

24a5 — 12a3 + 4b, + 22by — 16b3 = 0
8aq + 2a9 — a3z + 6by + 4by — 2b3 =0
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Solving the above equations for the unknowns gives

3bs
a, = 4as + >
as = 4as + b3
az = as
b, = —% — 2b3
by = —3as
bs = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

3
§—x+§
n=y—2

Shifting is now applied to make £ = 0 in order to simplify the rest of the computation
n=n-wy)¢

- Y 202z +y+1) 2

The next step is to determine the canonical coordinates R, S. The canonical coordi-
nates map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the
original ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dx dy
— =dS
T (1)

The above comes from the requirements that ({ a% + 77(%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in
the canonical coordinates, where S(R). Since £ = 0 then in this special case

R==x
S is found from

S

dy

/ 3( x+ + x+y—%) dy

2$+y+1

I
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Which results in

In((6z + 2y +5) 2z +2y — 1))

2
Now that R, .S are found, we need to setup the ode in these coordinates. This is done
by evaluating

S =

aS _ Sp+w(z,y)Sy
dR R, +w(z,y)R,

Where in the above R,, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

(2)

6z +4y+1

@Y = e Ty 1)

Evaluating all the partial derivatives gives

R, =1
R,=0
_ 3
T 6r+2y+5 2r4+2y—1
1 1

S =
Y 6r+2y+5 + 2z +2y — 1
Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as _
dR ~

We now need to express the RHS as function of R only. This is done by solving for

0 (2A)

x,y in terms of R, S from the result obtained earlier and simplifying. This gives

as

R=
The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

0

Since the ode has the form J%S(R) = f(R), then we only need to integrate f(R).

S (R) = Co
To complete the solution, we just need to transform the above back to x,y coordinates.

This results in

In(2y+6x+5) In(2y+2zx—1)
2 + 2

=C2
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The following diagram shows solution curves of the original ode and how they trans-
form in the canonical coordinates space using the mapping shown.

. . . Canonical coordi- | ODE in canonical coordinates
Original ode in z,y coordinates )
nates transformation | (R,.S)
ili=_ 6(B+4y+1 ﬁzo
dz 2(2z+y+1) dR
N A W Y VU T W W N R R N
NN N NLE NN NN N NN 7
AN N N N e N VT T N N T N
NONNNE N TN NN NN NN StR)
ANONNN NN NG NN NN NN N 7
NONN NN NN RN NN N N NN
\\\\\\( RONONCNN N NN
NONON N Ny NN N N NN N R=x T T T T
NONRL LSOV == o e
NANNA A f NSNS | g In(6e 42y +5) R
NOVNN NN R2E S NN NN N 2 =24
AR R R RERE P N NN
NAARRRR RARESRRARN N
NNV N NN TV L /NN =
AR R EEREE R
Solving for initial conditions the solution is
In(2y+6x+5) In(Qy+2r—1) In(7) In(3)
5 5 =In(2) + 5 + 2
Solving for y gives
2
y=—2m—1+\/4x + 122 + 93
2
NN NN NN NN N NN
AN NN NN N
257 NN N NN NN
AR AT R R RN R RN
207 /AT N YA NN N N N N N NN
e AR\ S R NN R RN
151 Sl EAN NN N N N N N N N VO N
y(x) 1o ~—=1 \\\\
y(x) 10] SO AN
NN NN NN
5] AR Y D S N NN
O NN N7 SN N
o] ARRRR R R R T2
NONONNNNNN Y /=y
] ol IONANNANNNN N /=
T s 0 5 10
-10 =5 0 5 10 x
x (b) Slope field 6z +4y+1+(4z + 2y +2)y =

(a) Solution plot 0
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Summary of solutions found

VAaz? + 12z + 93

=-2r—1
Y T + 9

2.1.8.7 v Maple. Time used: 0.125 (sec). Leaf size: 23

e

ode:=6*xx+4*y (x)+1+(4*x+2xy (x)+2) *diff (y(x) ,x) = O;
ic:=[y(1/2) = 31;
‘ dsolve([ode,op(ic)],y(x), singsol=all);

VAaz? + 12z + 93

=—2z-1

Maple trace

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature

trying 1st order linear
trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:
trying homogeneous C

trying homogeneous types:
trying homogeneous D

<- homogeneous successful

<- homogeneous successful

Maple step by step

Let’s solve
6z + 4y(z) + 1 + (47 + 2y(z) +2) (Ly(z)) =0,y(3) = 3]

° Highest derivative means the order of the ODE is 1

Ly(z)

O Check if ODE is exact
o ODE is exact if the lhs is the total derivative of a C? function
£6(e,y(2)) = 0
o Compute derivative of lhs

2G(,y) + (£G(@y)) (Ly() =0
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o Evaluate derivatives

4=1
o Condition met, ODE is exact
° Exact ODE implies solution will be of this form
Gla,y) = C1,M(z,y) = £G(x,v), N(z,y) = £,C(,)]
° Solve for G(z,y) by integrating M (x,y) with respect to =
G(z,y) = [ (6z+4y+1)dz+_FI(y)
° Evaluate integral
G(z,y) =32+ dyz + = + _F1(y)
° Take derivative of G(x,y) with respect to y
N(z,y) = £G(=z,y)
° Compute derivative
dr +2y+2=4r + %_Fl(y)
° Isolate for & F1
a—F1(y) Sy +(§)
dy—
o Solve for _ F1(y)
_Fily)=v*+2y
o Substitute _ F1(y) into equation for G(z,y)
G(z,y) =3z +4yz + > + = + 2y
o Substitute G(z,y) into the solution of the ODE
3x2 +4yz +y P +x+2y = C1
o Solve for y(z)

{y(e) =—20-1-vV22+C1+3z+1y(z) =25 -1+ Va>+ C1 +3c+1}
° Use initial condition y(%) =3

5= 2 /0141

) Solve for _ C1
No solution
° Solution does not satisfy initial condition
o Use initial condition y(3) =3
3=—2+,/C1+%
° Solve for _ C1
c1="%
° Substitute _ C1 = % into general solution and simplify
y(z) = -2z — 1 4 VA +120403
° Solution to the IVP

_ VA4z2+122+93
y(r) = =20 — 1 4 YAz £224%
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2.1.8.8 v/ Mathematica. Time used: 0.085 (sec). Leaf size: 28

p
 ode=(6xx+4xy [x]+1)+(4*x+2+y [x]+2) *D [y [x] ,x]==0;
|ic=y[1/2]==3;
LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

~

1
y(x) — 5(\/4m2 + 122 + 93 — 4z — 2)

2.1.89 v Sympy. Time used: 2.098 (sec). Leaf size: 22

from sympy import *

x = symbols("x")

y = Function("y")

ode = Eq(6*x + (4*x + 2xy(x) + 2)*Derivative(y(x), x) + 4*xy(x) + 1,0)
ics = {y(1/2): 3}

dsolve(ode,func=y(x),ics=ics)

V4z? + 12z + 93 _
2

1

y(@) = —2z+
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2.1.9 Problem 9

Local contents
2.1.9.1 Existence and uniqueness analysis . . . .. ... .. 129
2.1.9.2  Solved using first_ order_ ode__homog_type_maple_ C[I30
2.1.9.3  Solved using first_ order_ode_ abel_second_ kind_ solved_ by_ con-

verting to_ first_kind . . . .. . ... ... ... .. [136]
2.1.9.4 Solved using first_order_ode_LIE . . . ... .. .. 146]
2195 V' Maple . . ... 51
2.1.9.6 v Mathematica . . . . . ... 152
2197 VSYmpy . . .. 157

Internal problem ID [4084]

Book : Differential equations, Shepley L. Ross, 1964

Section : 2.4, page 55

Problem number : 9

Date solved : Saturday, December 06, 2025 at 04:16:56 PM

CAS classification :

[[_homogeneous, ‘class C‘], _rational, [_Abel, ‘2nd type‘, ‘class A‘]]

2.1.9.1 Existence and uniqueness analysis

3z —y(xr) — 6+ (z+y(x)+2)y(z) =0

y(2) = -2
This is non linear first order ODE. In canonical form it is written as

Y'(z) = f(z,y(z))
—3z+y+6
T+y+2

The = domain of f(z,y(x)) when y = —2 is
{r<0VvO0<uz}

And the point zq = 2 is inside this domain. The y domain of f(z,y(x)) when z = 2 is

{ly<—-4v—-4<y}



0.475 (sec)

Entering first
order ode homog
type maple C
solver
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And the point yy = —2 is inside this domain. Now we will look at the continuity of
of _ g(—3x+y+6)
oy oy\ z4+y+2
1 —3z+y+6

Tohy+2 (z+y+2)

The z domain of g—i when y = —2 is
{r<0VvVOo<z}
And the point zy = 2 is inside this domain. The y domain of g—i when z = 2 is
{y< -4V —-4<y}
And the point yo = —2 is inside this domain. Therefore solution exists and is unique.

2.1.9.2 Solved using first_ order__ode__homog_ type maple_ C

3r—y—6+(r+y+2)y =0
y(2) = 2
Let Y =y — yo and X = x — x, then the above is transformed to new ode in Y (X)

d —3X =3z +Y(X) +1yo+6
Y (X)=
dx X+z0+Y (X)+y0+2

Solving for possible values of x, and yo which makes the above ode a homogeneous
ode results in

$0:1
Yo = —3

Using these values now it is possible to easily solve for Y(X). The above ode now
becomes

d —3X +Y(X)

axyX)= X+Y (X)

In canonical form, the ODE is

Y' = F(X,Y)
-3X+Y
XY M
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An ode of the form Y’ = % is called homogeneous if the functions M(X,Y)
and N(X,Y) are both homogeneous functions and of the same order. Recall that a

function f(X,Y) is homogeneous of order n if
fE"X,t"Y) =t"f(X,Y)

In this case, it can be seen that both M = —3X +Y and N = X + Y are both
homogeneous and of the same order n = 1. Therefore this is a homogeneous ode. Since
this ode is homogeneous, it is converted to separable ODE using the substitution
U= %, or Y = uX. Hence

dY du
X —ax~ T
Applying the transformation ¥ = uX to the above ODE in (1) gives
du u—3
7x —
X T AT
du _ Zg?l‘? — u(X)
dx X
Or (x)-3
e /10,4
dX X
Or p p
2 —_—
(d—Xu(X)) Xu(X) +u(X)" + (d—Xu(X)> X+3=0
Or

X (u(X) +1) (%u(){)) Fu(X)2+3=0
Which is now solved as separable in u(X).

The ode

d w(X)®+3

u(X) = - (2.9)

is separable as it can be written as

d o u(X)*+3
XX =X oD
= f(X)g(u)
Where
1
f(X)= X
g(u) = u®+3
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/ﬁdu=/f(X)dX
/;ngu—/—idx

Integrating gives

In (u(X)?+3) V3 arctan (”(ng> 1
2 + 3 = ll’l (}) + C1

We now need to find the singular solutions, these are found by finding for what values
g(u) is zero, since we had to divide by this above. Solving g(u) = 0 or

u?+3

=0
u+1

for u(X) gives

&

w(X) =1

Now we go over each such singular solution and check if it verifies the ode itself and
any initial conditions given. If it does not then the singular solution will not be used.

Therefore the solutions found are

In (u(X)2 +3) /3 arctan (MXTW) .
2 + 3 = ln (Y) + ¢t

In(u(X)2+3 V/3 arctan wUX)V3
Converting (x 2) +3) e 3< ) In (%) + c1 back to Y(X) gives

/3 (\/— 3 In (Y(X)2+3X2> + 2arctan <Y(§()Z’ )) —1In ( L ) +c

&

6 X
Converting u(X) = —i1/3 back to Y (X) gives

Y(X) = —ivV3X
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Converting u(X) = i1/3 back to Y (X) gives
Y(X)=1ivV3X
Using the solution for Y (X)

(A () i (45)

And replacing back terms in the above solution using

Y=y+w
X=x+z
Or
Y=y-3
X=1+4+=x

Then the solution in y becomes using EQ (A)

+3)°+3(~1+2)? +3)v/3
\/g (\/g In <%) + 2 arctan (%)) 1
=In + C1
6 -1+z
Using the solution for Y (X)
Y(X) = —ivV3X (A)

And replacing back terms in the above solution using

Y=y+w
X=x+zx
Or
Y=y-3
X=1+4+=z

Then the solution in y becomes using EQ (A)
y+3=—ivV3(-1+z)
Using the solution for Y'(X)

Y(X)=iV/3X (A)
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And replacing back terms in the above solution using

Y=y+w
X=x+zx
Or
Y=y-3
X=1+4+=z

Then the solution in y becomes using EQ (A)
y+3=14V3(-1+2z)

Simplifying the above gives

(y+3)*+3(=1+x)* (y+3)v3
V3 <\/§ In (W) + 2arctan <113W>) . <
5 =

L +
c
—1+2x !

y+3=—ivV3(-1+2)

y+3=ivV3(-1+z)

Solving for initial conditions the solution is

V3 (V3 In (@ H3CHD) 4 94 rctan (zi+3)\§
(A () s (), (1) e

y+3=—iV3(-1+xz)

y+3=iV3(-1+x)

The solution
y+3=—iV3(—1+z)

was found not to satisfy the ode or the IC. Hence it is removed. The solution
y+3=iV3(-1+z)

was found not to satisfy the ode or the IC. Hence it is removed.



CHAPTER 2. BOOK SOLVED PROBLEMS 135

J T\
P NN
P NN

\
\
/
/
/

=\
=~ \

\

/

/
<z
s

AN NN
AT
/]
Vv
Y4
s

=

NN N Y. Y Y YN N
vl

_— T T e S —
N
e e e — e S

- ///(((—e—;—e—‘——‘————ﬂ—\
T———mre—— —_—— s
] — e = == —— s s
| —— —_—————s s s — s s —a—
O] — — —— s s T T T T T T T

| —
— Y

|
N
|
w
|
S}
|
—_
—
S}
w

x
Figure 2.32: Slope field 3z —y — 6+ (z+y+2)y' =0

Summary of solutions found

+1n(2)

(y+3)°+3(~1+1)> wt3)v3
\/5 <\/§ In <W> + 2arctan ( y—3+39: )) 1 1 + 37
= In
5 —l+z 18

Entering first

order ode abel 32—y—6+@+y+2)y =0
second kind solver
y(2) =2

Applying transformation

Results in the new ode which is Abel first kind
3z — zu(z) — 6 + (z + zu(z) + 2) (u(z) + zu'(z)) =0

Which is now solved Unknown ode type.
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2.1.9.3 Solved using first_ order_ode_ abel_ sec-
7.655 (sec) ond_ kind_ solved_ by_ converting to_ first_ kind

This is Abel second kind ODE, it has the form

(@) +9) ¥ (z) = folz) + fil@)y(@) + fo(@)y(2)” + fs(z)y(z)’

Comparing the above to given ODE which is

3z —y(r) — 6+ (z+y(x)+2)y(z)=0 (1)
Shows that
g=2+zx
fo = -3z + 6
fi=1
f2=0
f3=0

Applying transformation

1
y(x)=m—g

Results in the new ode which is Abel first kind
u'(z) = (4z — 4) u(z)® — 2u(x)?

Which is now solved.

Entering frst .o i< Abel first kind ODE, it has the form

order ode abel first

kind solver U (x) = folx) + fu(@)u(z) + fo(z)u(z)® + f3(z)u(z)?

Comparing the above to given ODE which is

U (z) = (4z — 4) u(z)® — 2u(x)? (1)
Therefore
fo=0
fi=0
fom -2

f3:4$—4



Entering first
order ode LIE
solver
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Hence

fo=0

fz=4
Since fo(z) = —2 is not zero, then the followingtransformation is used to remove f5.
Let u(z) = u(x) — 3% or

u(z) = u(zr) — (ﬁ)
—6 -1|- 6z

= u(z) +

The above transformation applied to (1) gives a new ODE as

o (z) = (21623 — 64822 + 648z — 216) u(z)®  (—18z + 18) u(x) 7
54 (~1+x)° Ba(—1+2)?  54(—1+a)
(2)
The above ODE (2) can now be solved.
Writing the ode as
o (z) = 216u’z® — 648ux? + 648u’z — 216u° — 18uz + 18u + 7
54 (=1 +z)?
v (z) = w(z, u(r))
The condition of Lie symmetry is the linearized PDE given by
Mo+ W (Muie) = &o) = W (@) = wal — Wuim =0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

§ = uaz + zaz + a; (1E)
n= ub3 + .’L‘bz + bl (QE)
Where the unknown coefficients are

{al, a2, as, bl) b2, b3}
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Substituting equations (1E,2E) and w into (A) gives

(216uz® — 648uz? + 648udx — 216u — 18ux + 18u + 7) (b3 — as)
54 (=1 +z)?
(216u3z3 — 648udz? + 648udz — 216ud — 18uz + 18u +7)% as
2916 (—1 4 x)*
B (648u3ac2 — 1296u3z + 648u® — 18u

by + (5E)

54 (=14 z)?
216u3x® — 648uz? + 648udr — 216u — 18ux + 18u + 7
_ = (uas + zaz + aq)
27(-1+1z)
(648’2’ — 19440’s” + 1944u’x — 648u” — 18z + 18) (ubs +xby +b1) 0
54 (=14 )

Putting the above in normal form gives

_46656u6x6a3 — 279936ubz%as + 699840uztas — 933120ubz3as + 699840ubz2as + 3888uzrtas + 23

=0

Setting the numerator to zero gives

—46656u’z5a; + 279936uS2’ a5 — 699840ubzias
+ 933120u’z3a; — 699840u’z?a; — 3888uztas
— 23328uz%ay — 23328u2%b; — 349921225,
+ 279936u’zas + 15552u*z3as — 11664uz*ay
+ 104976u3ztay + 116640uz*bs — 34992u22%b,
+ 174960u%z5by — 46656ubas — 23328uzas
+ 46656ulz3a; — 186624ur3ays — 3024uz3as
— 233280u3z3b; + 174960u2*b; — 349920u2z1b,
+15552utzas —69984udr?a, + 163296u3x2as +9072ulz%as (6E)
+233280u3 123 — 349920023, +349920u2z3by — 3888u’as
+ 46656ulza; — 69984ulzay — 9072ulzas — 116640uzbs
—1296u%z2as + 349920u2x%b; — 174960u>22by + 3888x4by
— 11664u3a; + 11664uas + 3024u3as + 23328u3bs
+ 2592u’zas — 174960u’zb, + 34992uxby — 972u 2%ay
— 972u z%as + 97223b, — 145802°3b; — 1296u2as
+34992u2b; + 1944uza; + 1944uzas + 1008uzas + 378x%as
— 291622b; + 20412x2by + 37822b3 — 972ua; — 972uas
— 1008uas + 756zxa; + 2916xb; — 12636xby — 756b3
— 756a; — 378ay — 49as — 972b; + 2916by + 37865 = 0

Looking at the above PDE shows the following are all the terms with {u,z} in them.

{u, z}
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The following substitution is now made to be able to collect on all terms with {u,z}
in them

{u=v1,2 =09}

The above PDE (6E) now becomes

—46656a3v5v5 + 279936a31)1?)2 699840a3v5v;
+ 933120030803 — 23328a,v°v5 — 699840(131)11)2
— 3888a3viv; — 349920205 — 23328b3v3v5
— 11664a,v3v5 + 104976a5v3v;5 + 279936a3v5v,
+ 15552a3v vy — 34992bv3v5 + 174960byv7v5
+ 116640b3v3v; + 46656a,v3v3 — 186624a21)1v2
— 46656a30° — 23328a3v1v2 3024a3v3v3 + 1749606, vivy
— 349920byvivy — 233280b3v3v5 — 69984a;v3v;
+ 163296a21)11)2 + 15552a3v1 v, + 9072a3v3v5
— 3499200208 + 349920b,00? + 233280b5v0? (7E)
+ 46656a1v1v2 69984a2v1v2 3888a;3w1 907 2a3v1 Uy
— 1296a3viv; + 349920b,vv5 — 174960byviv;
+ 3888b2v2 — 11664Ob3'01'v2 — 11664a1v1 972a1v1v§
+ 11664av3 — 972a50,v3 + 3024a30° + 2592a3v3v,
— 174960b,vivy + 972b1v3 + 34992byv7v, — 14580byv3
+ 23328b3v? + 1944a,v,v; + 1944a5v,v; + 378aqv;
— 1296a3v; + 1008azv,v, + 34992b,v7 — 2916b;v3
+ 20412bov3 + 378bsvs — 972a,v; + T56a1v; — 972050,
— 1008a3v; + 2916b,v; — 12636byvy — 756bsvy — 75644
— 378ay — 49a3 — 972b; + 2916b, + 378b3 = 0

Collecting the above on the terms v; introduced, and these are

{v1,v2}



CHAPTER 2. BOOK SOLVED PROBLEMS 140

Equation (7E) now becomes

15552a3vi v + (—11664a; + 11664a, + 3024a3 + 23328b3) v3

+ (—1296a3 + 34992b, ) v}
+ (=972a; — 972a; — 1008a3) v; + (972b1 — 14580b,) v3
+ (378ay — 2916b; + 20412b, + 378b3) v3
+ (7564, + 2916b; — 12636b; — 756b3) vy — 46656a305v5
+ 279936a308v5 — 699840a3v5v; + 933120(131)11)2
—699840a3v5v2 — 3888asvivs — 34992byv3vS + 279936030 vy
+ 15552a3vlv2 233286131111)2 756a; — 378as — 49as
— 972b; + 2916by + 378b3 + (— 23328a2 - 23328b3) vl (8E)
+ (—11664a; + 104976ay + 116640b3) viv;
+ (46656a; — 186624a, — 3024a3 — 233280b3) v3 v2
+ (—69984a; + 163296a; + 9072a3 + 233280b3) V33
+ (46656a; — 69984a, — 9072a3 — 116640b3) v3v,

+ (—34992b; + 174960b,) v? v2 (1749600, — 349920b,) vivy
+ (—349920b; + 349920b,) vivs

+ (—1296a3 + 3499205, — 174960b2) V3]

+ (2592a3 — 1749600, + 34992b,) viv,
+ (—=972a; — 972a5) v1v; + (1944a; + 1944a, + 1008a3) v1v;
— 46656a3v° — 3888a3v; + 3888byv; = 0
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Setting each coefficients in (8E) to zero gives the following equations to solve

—699840a3 = 0

—46656a3 = 0

—23328a3 =0

—3888a3 =0

15552a3 = 0

279936a3 = 0

933120as3 =0

—34992b, = 0

3888by =0

—972a; — 972a, = 0

—23328ay — 23328b3 = 0

—1296a3 + 34992b; =0

—349920b, + 349920b, = 0

—34992b; + 174960b, = 0

972b, — 145800y = 0

174960b; — 349920b, = 0

—11664a; + 104976a5 + 11664063 = 0

—972a; — 972a5 — 1008a3 = 0

1944a, + 1944a5 + 1008a3 = 0

—1296a3 + 349920b; — 174960b, = 0

2592a3 — 174960b; + 34992b, = 0

—69984a, + 163296a, + 9072a3 + 23328003 = 0
—11664a; + 11664a; + 3024a3 + 23328b3 = 0
756a, 4+ 2916b; — 12636b, — 756b3 = 0
46656a; — 186624a, — 3024a3 — 233280b3 = 0
46656a; — 69984a, — 9072a3 — 116640b3 = 0
378as — 2916b; + 20412b5 + 378b3 = 0
—756a; — 378as — 49a3 — 972b; + 2916bs + 378b3 = 0
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Solving the above equations for the unknowns gives

a1 =bs
ag = —bs
a3 =0
by =0
by =0
bs = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

E=1—x

n=u
Shifting is now applied to make £ = 0 in order to simplify the rest of the computation

n=n-w(u)é
oy (216u3x3 — 648ux? + 648ux — 216w — 18ux + 18u + 7) (1-2)
54 (-1 +z)*
74 216(—1+ z)° u? + (=36 + 362) u
- —54 + 54z

£=0

The next step is to determine the canonical coordinates R,S. The canonical coordi-
nates map (z,u) — (R,S) where (R, S) are the canonical coordinates which make
the original ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

de _ du _
§ n

The above comes from the requirements that (5 a% + na%) S(z,u) = 1. Starting with
the first pair of ode’s in (1) gives an ode to solve for the independent variable R in
the canonical coordinates, where S(R). Since £ = 0 then in this special case

ds (1)

R==x

S=/1dy
n

1 d
- 7+216(—1+x)3u3+(—36+367)u Y
—54+b4x

S is found from
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Which results in

(6—6z)
(6 — 6z) In (36u®z? — T2u’z + 36u® — 6uzx + 6u + 7) N (2 ~ 2(3622—720+36

S = (—54 + 54z)

))ﬁf

64822 — 1296z + 648

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

ﬁ S+ w(z,u)Sy @)
dR R, +w(z,u)R,

Where in the above R, Ry, S;, S, are all partial derivatives and w(z,u) is the right
hand side of the original ode given by

216uz® — 648ux? + 648ur — 216w3 — 18ux + 18u + 7
54 (-1 +z)*

w(z,u) =

Evaluating all the partial derivatives gives

R, =1
R,=0
S, = “
4(36+( 14 )% 2 L2 >(%+(—1+x)u)
S, = —l—l—x

4<36+( 14 z)u2 022 )(%—I—(—l—l—w)u)

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

ﬁ_ 1
dR  —1+=z

(24)

We now need to express the RHS as function of R only. This is done by solving for
x,u in terms of R, S from the result obtained earlier and simplifying. This gives

a1
dR~ —1+R

The above is a quadrature ode. This is the whole point of Lie symmetry method.

It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

Since the ode has the form J%S(R) = f(R), then we only need to integrate f(R).

/dS / 1+RdR

=In(—-1+R)+c

c
— 4
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To complete the solution, we just need to transform the above back to z,u coordinates.
This results in

—1+12(—1+=z)u(z))V3
v/3 arctan <( 2 ; ) > In (7 +36(—1 + 2)* u(z)’ + (6 — 62) u(z))
3 2
Simplifying the above gives

+ In (u(z) (—6 + 62)

_ —14z)u(x))v3
/3 arctan <( L3 Ltrjuz)) 3) In (74 36(—1 + z)* u(z)® + (6 — 62) u(z))

3 2
+In(1+6(-1+z)u(x)) =In(-1+4+2z)+c

Substituting u = u(2) — 52— in the above solution gives

/3 arctan (<_1+12(—1+m)(7;(96)—3(43—@))‘/‘;’> In (7 +36(—1+ ) (u(x) - my + (6 — 6x) <u(

3 B 2
Simplifying the above gives

— r—4a)ulT f
V3 arctan (e ) ) g1 R u(e)? 4 (<20 + 2) u(a))

3 2
+In(2)+In(uz)(-1+z)) =ln(-1+2z)+c

Substituting u(x) = in the above solution gives

1
z+y(z)+2

1+ 4r—4 )\/g
/3 arctan (< zty(@)+2 > ( 4(~14x)? —2z42 )
3 In {1+ G@ea T o

3 B 2

—-1+=z
+ln(2)+ln (m) —].1'1(—1+$)+Cz

Simplifying the above gives

V/3 arctan (M) In <y(x)2+3x2+6y(x)—6x+12)

_ 6+3y(x)+3x _ (z+y(z)+2)?
3 2
—14+z
+In2)+In{ ————— ) =In(-1+2z)+c
) (x+y(x)+2) ( )+

Solving for initial conditions the solution is

(—3z+y(x)+6)v/3 y(x)?+3z2+6y(z)—62+12 )
~ V/3 arctan <—6 +3y(2) 137 > ~ In ( (@) 12)

3 2

—14+z
In (2 1 P
+1n(2) + n(w+y(w)+2

) :ln(—l-l—ac)+\/1_i87r
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Figure 2.34: Slope field 3z — y(z) — 6 + (= + y(z) + 2) ¢/ (z)

Summary of solutions found

6x+12)

(z+y(2)+2)*

y(2)*+32%+6y(z)—

/3 arctan <(_?égzggigi\/§> o <

r—1 V3T
x+y(x)+2) =ln(x—1)+F

+m®+m(
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2.1.9.4 Solved using first_ order_ode_ LIE

3z —y(x) — 6+ (z+y(x) +2) ¢y (z) =0

y(2) =2

Writing the ode as

y(@)= 2 HYTD
T+y+2

Y (z) = w(z,y(z))

The condition of Lie symmetry is the linearized PDE given by

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

é' = zaz + yaz + a; (1E)
1 = xbz + ybs + by (2E)

Where the unknown coefficients are

{ala a2, as, b17 b27 b3}

Substituting equations (1E,2E) and w into (A) gives

by & (—3x+y+6)(b3—a2) _ (—3x+y+6)2a3
2 T+y+2 (z+y+2)°

3 —3z+y+6

— (- — +yag +
(w+y+2 (x+y+2)2>(xa2 yas + a1)

_( 1 _ —3z+y+6
t+y+2 (z+y+2)°

(5E)

) (CL‘b2+yb3+b1) =0

Putting the above in normal form gives

3x2ay — 97%a3 — 3x2by — 32%b3 + 6xYay + 6xyas + 2xyby — 6xybs — y2ay + 3y*as + y2by + y?bs + 12
(z+y

=0
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Setting the numerator to zero gives

32%ay — 92%a3 — 32°by — 32°bs + 6xyas + 6zyas + 2zyb, — 6xybs (6E)
— y2a2 + 3y2a3 + y2b2 + y2b3 + 12zas + 36zas — 4xby + 8xbs + 4ya,
—_ 8ya2 + 4yb2 + 12yb3 + 12(11 —_ 12(12 —_ 36(13 + 4b1 + 4b2 + 12b3 = 0

Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z, v}

The following substitution is now made to be able to collect on all terms with {z,y}
in them

{z =v1,y = v}

The above PDE (6E) now becomes

3a21)f + 6asvivy — aQ'Ug — 9a3v% + 6asvive + 3a3v§ — 3bzvf + 2byv1 V9 (TE)
+ bg’vg - 3b3’U% - 6()3’01’02 + bgvg + 4a1v2 + 120,2’01 — 8(12’1)2 + 36&3’01 - 4b1’l}1
+ 8b2’l)1 + 4b2’l}2 + 12b3U2 + 120,1 - 12(12 - 36&3 + 4b1 + 4b2 + 12b3 =0

Collecting the above on the terms v; introduced, and these are
{v1,v2}

Equation (7E) now becomes

(3&2 — 9(1,3 — 3b2 — 3b3) ’U% + (60,2 + 6&3 + 2b2 — 6b3) V1V2 (8E)

+ (120,2 + 360,3 — 4b1 + Sbg) v1 + (—a2 + 30,3 + bg + b3) ’Ug
+ (4&1 — 80,2 + 4b2 + 12b3) Vo + 12(1,1 — 120,2 - 36&3 + 4b1 + 4b2 + 12b3 =0

Setting each coefficients in (8E) to zero gives the following equations to solve

4a; — 8ag + 4by + 12b5 = 0
—as+3a3+by+b3=0

3as —9asz — 3bs —3b3 =0

6as + 6as + 2by — 6bs =0

12a4 + 36a3 — 4b; + 8by =0

12a; — 12a5 — 36a3 + 4b; + 4b; + 12b5 = 0



CHAPTER 2. BOOK SOLVED PROBLEMS 148

Solving the above equations for the unknowns gives

a; = —bs + 3as
az = bs

as = as

b, = 3as + 3bs3
by = —3as

bs = b3

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

E=z-1
n=y+3

Shifting is now applied to make & = 0 in order to simplify the rest of the computation

n=n-w(y)é

=y+3_<—m+y+6)@_n

T+y+2
_ 3z 4y —6x+6y+12
B T+y+2
£E=0

The next step is to determine the canonical coordinates R, S. The canonical coordi-
nates map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the
original ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

de _dy _
13 n

The above comes from the requirements that (f a% + n%) S(z,y) = 1. Starting with

ds (1)

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in
the canonical coordinates, where S(R). Since £ = 0 then in this special case

R=x

S is found from

1
= 32 2 dy
2 +y2—6x+6y+12

T+y+2
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Which results in

(2y+6)Vv/3
_ In(32% + 4% — 6 + 6y + 12) N V/3 arctan ( ~e+6s )

2 3

Now that R, .S are found, we need to setup the ode in these coordinates. This is done
by evaluating

S

ﬁ — Sx +w(x,y)Sy (2)
dR R, +w(z,y)R,

Where in the above R,, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

-3r+y+6
Y= e

Evaluating all the partial derivatives gives

R, =1
R,=0
_ 3r —y—6
“ 322 +y2 — 62+ 6y + 12

g T+y+2
V322 4+ 42 — 62+ 6y + 12

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

ds
>0 2A
We now need to express the RHS as function of R only. This is done by solving for
x,y in terms of R, S from the result obtained earlier and simplifying. This gives

as

ar ="

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

Since the ode has the form - S(R) = f(R), then we only need to integrate f(R).

S(R) = C2
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To complete the solution, we just need to transform the above back to x,y coordinates.

This result

S in

(y(2)+3)v3 )
—34+3x

In (y(z)* + 322 + 6y(z) — 6z + 12) . V/3 arctan (

2

3

=c2

The following diagram shows solution curves of the original ode and how they trans-

form in the canonical coordinates space using the mapping shown.

. . . Canonical coordi- | ODE in canonical coordinates
Original ode in z,y coordinates )
nates transformation | (R,S)

dy _ —3r+y+6 s _

dx z+y+2 dR
11117777 7=—=——=
(111177077~ .
M S

) N D
L LT 1of 77NN S
A NN
VL LT 77— N\
A A B=x SR -
SRS RN FESINN B— U

—\\ 1 2 2 6l -
R = I ANV I Gl =
BARRRARERD R RN 2
AR RRRA R EEERER "
NANYNNNNSY =71 Vv =
NNNNNNNR7 L
Solving for initial conditions the solution is
In (y(x)® + 322 + 6y(z) — 6z + 12) V/3 arctan (%) V3T
5 + 3 =13 +1n(2)

Solving for y(x) gives

y(z) = tan (RootOf (6\/5 In (2)
—3v3 In (32z%tan (_2)* — 6ztan(_2)° +32° +3tan(_2)° — 62 +3) +7
— 6_Z>> V32 — tan (RootOf <6\/§ In (2)
—3v3In (32° tan (_2)* —6ztan (_2)*> + 32> + 3tan (_2)* — 6z + 3+
~6.7)) V33
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Figure 2.35: Slope field 3z — y(z) — 6+ (z + y(z) +2) y'(z) =0

Summary of solutions found

y(z) = tan (RootOf <6\/§ In (2)

—3v3 In (32%tan (_2)* — 6ztan(_2)° +32° +3tan(_2)° — 62 +3) +7
- 6_Z>> V3z —tan (RootOf (6\/5 In (2)
—3v3 In (32%tan (_2)* — 6ztan(_2)° +32° +3tan(_2)° — 62 +3) +7

2.1.9.5

~6_7)) V33

v Maple. Time used: 1.166 (sec). Leaf size: 51

‘ode:=3*x—y(x)—6+(x+y(x)+2)*diff(y(x),x) = 0;

ic:=[y(2) = -21;

Ldsolve( [ode,op(ic)],y(x), singsol=all);

W
|
J

Y

Maple trace

—3 —tan (RootOf (—3\/§ In ((z — 1)* sec (_Z)z) —3v3In(3)+6vV3In(2)+m

+6_Z>> V3(z—1)

‘Methods for first order ODEs:

‘——— Trying classification methods ——-

‘ trying a quadrature



CHAPTER 2. BOOK SOLVED PROBLEMS

152

trying 1st order linear
trying Bernoulli

trying separable

trying inverse linear
trying homogeneous types:
trying homogeneous C
trying homogeneous types:
trying homogeneous D

<- homogeneous successful
<- homogeneous successful

2.1.9.6 v/ Mathematica. Time used: 0.085 (sec). Leaf size: 90

‘ode=(3*x—y[x]—6)+(x+y[x]+2)*D[y[x],X]==o;

N\

ic=y[2]==-2;

DSolve[{ode,ic},y[x],x,IncludeSingularSolutions->True]

—y(z)+3z—6
V3(y(x)+o+2)

V3

)

arctan (

Solve

log (

1

3z? + y(z)? + 6y(z) — 6z + 12
(z—1)2

)

+log(z — 1) + % (\/gw + 181og(2) — 910g(4)> ,y(z)

2.1.9.7 v Sympy. Time used: 3.961 (sec). Leaf size: 58

from sympy import *
symbols ("x")
Function("y")

ics

{y(2): -2}

dsolve(ode,func=y(x),ics=ics)

Eq(3*x + (x + y(x) + 2)*Derivative(y(x), x) - y(x) - 6,0)

(y(z) +3)°
(z—1)°

log(zx — 1) = —log <\/3+

V3(y(z)+3)
V3atan (%) V3

>_

3 + 13 + log (2)
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2.1.10 Problem 10

Local contents

2.1.10.1 Existence and uniqueness analysis . . . .. ... ..

2.1.10.2 Solved using first_ order_ ode_ dAlembert

154

2.1.10.3 Solved using first_ order_ode_ abel_second_ kind_ solved_ by_ con-

verting to_ first_kind . . . .. . ... ... ... ..
2.1.10.4 Solved using first_order_ode_LIE . . . . . ..
2.1.10.5 V' Maple . . . ..
2.1.10.6 v Mathematica . . . . . . ..o
2.1.10.7 V'SYmpy . . . o

Internal problem ID [4085]

Book : Differential equations, Shepley L. Ross, 1964

Section : 2.4, page 55

Problem number : 10

Date solved : Saturday, December 06, 2025 at 04:17:19 PM
CAS classification :

158
16T
160}
1671
1671

[[_homogeneous, ‘class C‘], _rational, [_Abel, ‘2nd type‘, ‘class A‘]]

2.1.10.1 Existence and uniqueness analysis

22+ 3y(z) + 1+ (4z + 6y(z) + 1) y'(z) =0

y(=2) =2
This is non linear first order ODE. In canonical form it is written as

y'(z) = f(z,y(z))
_ 2r+3y+1
 dr+6y+1

The z domain of f(z,y(z)) when y = 2 is

< 13v 13<
x 1 1 <7

And the point o = —2 is inside this domain. The y domain of f(z,y(z)) when z = —2

1S

<Ivic
) 6" 6 Y



0.168 (sec)

Entering first
order ode
dAlembert solver

CHAPTER 2. BOOK SOLVED PROBLEMS 154

And the point yy = 2 is inside this domain. Now we will look at the continuity of

af 8 2w+3y+1
8_y_8_y(_4x+6y+1>
B 3 12z + 18y + 6
T 4z +6y+1 (4o +6y+ 1)

The z domain of % when y = 2 is

x<—E\/—E<x
4 4

And the point £y = —2 is inside this domain. The y domain of g—i when z = —2 is

< 7 V 7 <
And the point yy = 2 is inside this domain. Therefore solution exists and is unique.

2.1.10.2 Solved using first_ order__ode__dAlembert

20 +3y+1+ 4z +6y+1)y =0

y(=2) =2

Let p = v the ode becomes
20 +3y+1+(4z+6y+1)p=0

Solving for y from the above results in

_ (4p+2)x p+1
YT T30 +2n)  3(1+2p) (1)

This has the form

y =zf(p) +g(p) *)

Where f, g are functions of p = 3/(x). The above ode is dAlembert ode which is now
solved.

Taking derivative of (*) w.r.t. x gives
dp
dx

p—f=af +d) 2L @

p=f+(f +4)
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Comparing the form y = zf + g to (1A) shows that

2
f=-3
_—p-1
9= 3 6p

Hence (2) becomes

2_( 1 6p 6 -
p+§_< 3+6p+(3+6p)2+(3+6p)2)p() (24)

The singular solution is found by setting g—ﬁ = 0 in the above which gives

2
g
p+3

No valid singular solutions found.

The general solution is found when 2 # 0. From eq. (2A). This results in

p(z) +3
- + + g
3+6p(z) ' (3+6p(x))® ' (3+6p(x))

This ODE is now solved for p(z). No inversion is needed.

Integrating gives

/ L 5dp = dx
(Bp+2)(1+2p)

1

Singular solutions are found by solving
(Bp+2)(1+2p)°=0

for p(z). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.
2
p(z) = 3

p(z) = —%
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Substituing the above solution for p in (2A) gives

Z Z
RootOf(ﬁln(2e3_ —%)%Z+2C1 rZ—G_ZkZ+2ﬁZz—3ln<2e3_ —%)—c1+3_Z—z+3>

y=—=% 22 1 2¢ Z 1
3 2eRootOf(ﬁln( & —5)&24—201 &2—6_Z&Z+2(,Lza:—3ln( & —§>—cl+3_Z—:l:-|—3) _1
2x n 1

Yy=——=713
3 3

Simplifying the above gives

)
(_4$ . 1) eRootOf(—G 72 In(3)+6 eZIn (2 &Z—l) +2c1 e%—6_Ze—?4+2e—2x+31n(3)—31In (2 %Z—I) —c1 +3_Z—w+3) + 2
- 6 eRootOf(—6e—Z1In(3)+6 e—ZIn(2e—2—1)+2c1 e—Z—6_Ze—2+2e—Zz+31n(3)-3In(2e-7~1)~c1+3_Z-z+3) _ 3
2x n 1
Yy=——57T1t73
3 3

Solving for initial conditions the solution is

Y
(—4z —1) eRootOf (6im e——~6e—7In(2e—7~1)+6e—7In(3)~3in+6_Ze—?—2e—“z+3In(2e—7~1)-3In(3)~14e—7~3_Z+z+4)
o 6 eRootOf(6im e—Z—6 e—Z In(2e—Z—1)+6 e~ZIn(3)—3in+6_Ze—2—2e—Zz+3In(2e—7—1)—3In(3)-14e—7—3_Z+a+4) _
2z n 1
Yy=—5 7173
3 3

The solution
2z 1

V=T33

was found not to satisfy the ode or the IC. Hence it is removed.
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Figure 2.36: Slope field 2z + 3y + 1+ (dz+6y+ 1)y =0

Summary of solutions found

Y
(_ 4 — 1) eRootOf (6im e—7—6e—7In(2e—7—1)+6e—7In(3)~3in+6_Ze—"—2e—“z+3In(2e—7~1)-3In(3)~14e—7~3_Z+z+4)

6 eRootOf(6im e—Z—6 e—Z In(2e—Z—1)+6 7 In(3)—3in+6_Ze—2—2e—Zz+3In(2e—7~1)-3In(3)~14e—7-3_Z+a+4) _
Entering first

order ode abel 2m+3y+1—|—(4:v—|—6y+1)y'=0
second kind solver

Applying transformation

Results in the new ode which is Abel first kind
2z + 3zu(z) + 1 + (42 + 6zu(z) + 1) (u(z) + zu'(x)) =0

Which is now solved Unknown ode type.
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2.1.10.3 Solved using first_ order_ode__abel_ sec-
0.430 (sec) ond_ kind_ solved_ by_ converting_to_ first_ kind

This is Abel second kind ODE, it has the form

(y(z)+ 9) ¥ (z) = folz) + fi(@)y(z) + fol)y(z)’ + f3(2)y(z)’

Comparing the above to given ODE which is

2z + 3y(z) + 1+ (4z + 6y(z) + 1) y'(z) =0 (1)
Shows that
_ 2z + 1

I=73 7%
1 =z

fo="5"3
1

fi= —3

fo

f3=

Applying transformation

1
y(z) = m—

Results in the new ode which is Abel first kind

PRC)C)

12 6
Which is now solved.
Entering first Integrating gives
order ode
1
autonomous SOIVGI' — — du _ d(L‘
12U — gl

g—3ln(u)+3ln(u—2):x+c1

Singular solutions are found by solving

1 1
—ud—Zu?=0

12 6

for u(x). This is because we had to divide by this in the above step. This gives the
following singular solution(s), which also have to satisfy the given ODE.

u(z) =0
u(z) =2
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Substituting u(r) = -—~— in the above solution gives
g‘i‘y(x)ﬁ‘g
4z + 6y(z) +1 3111(—1 )+3ln<—1 2) z+c
iy +; LZiy(e)+:

1

W which gives

Now we transform the solution u(z) = 2 to y(z) using u(x) =

2z 1
y(z) = —3 T3
Simplifying the above gives
4o +6y(z) + 1+ 310 (2) — 310 (3) — 3In !
y 4z + 6y (z) +1

1 — 2z — 3y(z)
31 =
+ n<4x+6y(x)+1> rta

2z 1

yl@) = -5 +3

Solving for initial conditions the solution is

1
4x+6y(w)+1—|—31n(2)—3ln(3)—3ln(4x+6y(x)+l)
1—2x—3y(z)\ :
+31n<4:c+6y(:c)+1>_x+7+31n(2) 3In(3) + 3im
2z 1
vm == +3

Solving for y(x) gives

2¢ 1
y(z) = 3 T3
z_ 4
2% 1 LambertW (2e33+3>
y(x) = —? + g + 9

The solution

was found not to satisfy the ode or the IC. Hence it is removed.
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(b) Slope
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X

(4z +6y(z) +1)y'(z) =0

LambertW (2e%+% )

3

2

field 2z + 3y(z) + 1 +

field 2z + 3y(x) + 1 +
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0.210 (sec) 2.1.10.4 Solved using first_ order__ode_ LIE
Entering first
order ode LIE 2z + 3y(z) + 1 + (4z + 6y(z) + 1) ¢/(z) =0

solver
y(—2) =2

Writing the ode as

Y (z) = _2rt+dy+1
4z + 6y +1

Y (z) = w(z,y(z))
The condition of Lie symmetry is the linearized PDE given by
Mo+ w(Mye) — &) — W€y(e) — Wal — Wy(@n =0 (A)
To determine &, 7 then (A) is solved using ansatz. Using these anstaz
£E=1 (1E)

Az + By
n=—r_—

O (2E)

Where the unknown coeflicients are

{4,B,C}

Substituting equations (1E,2E) and w into (A) gives

A Az+By (2z+3y+1)B 2
Cx Cx? (4r+6y+1)Cx  4zx+6y+1 (5E)
3 122+18y+6
4@z +3y+1) <_4x+6y+1 + (4x+6y—i?{1)2> (Az + By) _o
(4z + 6y + 1)° Cx

Putting the above in normal form gives

_ 8Bz’ +40B 2%y + 66Bzy® + 36By° +3A2? + 6B1” + 20Bry + 12By* + 2C2* + Br + By
C z2 (4z + 6y + 1)°

=0

Setting the numerator to zero gives

—8Bz® — 40B 2%y — 66Bzy*> — 36By® — 3A2? (6E)
— 6Bz —20Bzy — 12By?> —2C 2> — Bx — By =0
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Looking at the above PDE shows the following are all the terms with {z,y} in them.
{z,y}

The following substitution is now made to be able to collect on all terms with {z,y}
in them

{z = v,y = v}

The above PDE (6E) now becomes

—8Bv? — 40Bviv, — 66Buvi — 36 Bus — 3Av? — 6B} (7E)
— 20Bvivg — 12311% — 2011% — Bvy — Bvy =0

Collecting the above on the terms v; introduced, and these are
{v1,v2}

Equation (7E) now becomes

—8Bv? — 40Bvv, + (—3A — 6B — 2C) v? — 66 Buyv2 (8E)
— 20Bv,v; — Buy — 36 Bvs — 12Bv3 — By, =0

Setting each coefficients in (8E) to zero gives the following equations to solve

—668B =0
—40B =0
—36B =0
—-20B=0
—-12B=0
-8B =0
-B=0

—-3A-6B—-2C=0

Solving the above equations for the unknowns gives

A=A
B=0
c=-*

2



CHAPTER 2. BOOK SOLVED PROBLEMS 163

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

The next step is to determine the canonical coordinates R, S. The canonical coordi-
nates map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the
original ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dv _ dy _

F=y =48 1)

The above comes from the requirements that ({ a% + 77(%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in
the canonical coordinates, where S(R). Therefore

dy _n
de ¢
2
__3
1
2
-3
This is easily solved to give
2z
ylo) = -5 +a
Where now the coordinate R is taken as the constant of integration. Hence
2z
R=—
3 TV
And S is found from
d
as =2
£
_ dr
1
Integrating gives
dx
S=[| —=
T
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Where the constant of integration is set to zero as we just need one solution. Now
that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

ﬁ _ Sx +UJ(.’E,y)Sy
dR R, +w(z,y)R,

(2)

Where in the above R, R,, S, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

2v+ 3y +1

“(T9) = ey 1

Evaluating all the partial derivatives gives

2
R.=3
R,=1
S, =1
S, =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS 12z +18y+3

dR ~ 2z + 3y — 1 (24)

We now need to express the RHS as function of R only. This is done by solving for
x,y in terms of R, S from the result obtained earlier and simplifying. This gives

dS 18R+3
dR ~ 3R-1

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

Since the ode has the form -%S(R) = f(R), then we only need to integrate f(R).

18R—|—3
/dS [

R)=6R+3In(BR—1) + ¢

To complete the solution, we just need to transform the above back to x,y coordinates.
This results in

z =4z +6y(z) +3In(—1+ 2z + 3y(x)) + c2
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The following diagram shows solution curves of the original ode and how they trans-
form in the canonical coordinates space using the mapping shown.

Canonical coordi- | ODE in canonical coordinates

Original ode i dinat
Hgial ode 1 &,y coorainates nates transformation | (R,.S)

dy _ _ 2z13y+1l dS _ 18R+3

dr = dz+6y+1 dR = 3R-1
SONE VNN N NN r1 11117 7%11 111
NN RN N NN Y A A A 0 Y O O O Y O
ANENEVENE N VO NNV NN r1 11171 7%11 111
=N RO F1 1t say7 vt 110101011
NP S S O OO OO frr iyttt 1 1011
e D N rr1r1117 11 r1r11
OO S S SNCNONONENO NN o A A A A Y O Y Y Y B

ay)

|

+

<

O§
\\\\\\\&i\\\\\\\\\\\\\\

BN S S RN 3 Ty ,§ 1
SO NN N N S=z r111117 11 r11
SO S 2 SO S N A A A o Y O Y O O
RO R NN A A T O O O Y A |
OO, NN 111111711 1111
U N NN TN N N N 111111 7\%11 1111
Solving for initial conditions the solution is
z =4z + 6y(z) + 3In (-1 + 2z + 3y(z)) — 6
Solving for y(x) gives
Lamb 2083
2 1 ambertW 3
o =gyt 2
AN N N VO O N Y N N N VR
o P N N N N N N R N N N N
4_
N NN\ RN
27 NN NN Y
> R A S S N N N
() o] NN NN NN
AN N NN N N 0 N
] NN NN NN
27NN NN NN Y
o] NN /NN
_4-\\\\\\\\\\\\\ N\
AN N N N N N N N N N
4 ~10 =5 0 5 10
-10 -5 0 5 10 x
x (b) Slope field 2z + 3y(z) + 1 +

(a) Solution plot 4z +6y(z) +1)y'(z) =0
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Summary of solutions found

x4
2 1 LambertW(2e§+g>

(@) =-24_+ °
YeI="3 T3 2

2.1.10.5 v Maple. Time used: 0.109 (sec). Leaf size: 20

‘{

N

ode:=2xx+3%y (x)+1+(4*x+6*xy (x)+1) *diff (y(x) ,x) = O;
ic:=[y(-2) = 2];
dsolve([ode,op(ic)],y(x), singsol=all);

— ]

eé_,_&
y:1_2_x+LambeI'tW(2 Z 3>
3 3 2

Maple trace

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying homogeneous C
1st order, trying the canonical coordinates of the invariance group
-> Calling odsolve with the ODE, diff(y(x),x) = -2/3, y(x)
*xx Sublevel 2 *x*x*
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful
<- 1st order, canonical coordinates successful
<- homogeneous successful
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2.1.10.6 v/ Mathematica. Time used: 2.368 (sec). Leaf size: 30

p
ode=(2*x+3xy [x]+1) + (4*x+6%y [x]+1) *D [y [x] ,x]==0;

‘ ic:y [—2] ==2;
LDSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

y(z) — % (3W (gew#> — 4z + 2)

2.1.10.7 v Sympy. Time used: 3.114 (sec). Leaf size: 37

~

from sympy import *

x = symbols("x")

y = Function("y")

Eq(2*x + (4*x + 6xy(x) + 1)x*Derivative(y(x), x) + 3*y(x) + 1,0)
{y(-2): 2}

dsolve(ode,func=y(x),ics=ics)

o

Q

0]
]

ics
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