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9488 | 1. direct y=y'-z v v (VX
method y(0) =1
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method y(l) =1
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9492| | 3. direct y=y+aze X | X | X | X
method y(0)=0
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2.1.1 Problem 1. Using series method

Local contents

2111 VMaple. . . . oo 0
2.1.1.2 v/Mathematica . . . . . o v oo 10l
2113 VSYmpy . ... i)

Internal problem ID [9487]

Book : A course in Ordinary Differential Equations. by Stephen A. Wirkus, Randall J.
Swift. CRC Press NY. 2015. 2nd Edition

Section : Chapter 8. Series Methods. section 8.2. The Power Series Method. Problems
Page 603

Problem number : 1. Using series method

Date solved : Sunday, March 01, 2026 at 04:35:34 AM

CAS classification : [[_Riccati, _speciall]

y'=—x+y2
y(0) =1

Series expansion around x = 0.

ntering first Solving ode using Taylor series method. This gives review on how the Taylor series

method works for solving first order ode. Let

Y = f(z,y)

Where f(z,y) is analytic at expansion point zo. We can always shift to zo = 0 if zg is
not zero. So from now we assume zo = 0. Assume also that y(xy) = yo. Using Taylor

order ode series

solver tajver

series
/ (.’13 — "L'O)2 " ("E — .1'0)3 "
y(@) = y(zo) + (z — z0) ¥'(z0) + o Y (o) + T Y (o) +---
z? df z3 d2f
—yo+wf+3% . 3 da? . +---
vo -+ o0 ran dnf
—~(n+1)da"|,
But
df af 3f
dz o (1)
_ i
d:c2 dx
0 (df
Kz (%) aulae) 7 )
&f _d(&f
dz?  dz \ da?
0 (df o d*f
“anla2)* (mas) @
And so on. Hence if we name Fy = f(z,y) then the above can be written as
Fo = f(z,y) (4)

d
d
8 OF,_
=£Fn_1+< 1)F0 (5)
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For example, for n = 1 we see that

= %(Fo)
_ %Jr%
Which is (1). And when n =2
Iy = %( 1)

o (of of o (0f  of
—%(Wa—y)*a—y(a—x*@f)f
9 (df\ O [df
W(%)*a—y(a)f

Which is (2) and so on. Therefore (4,5) can be used from now on along with

e xn—}-l
y(r) = yo + ;) anbO,y(} (6)
Hence
FO = —x+ y2
dFy
F=-2
YT dx
0Fy, O0F,
=24+ 2R
Ox + Oy 0
=2y —2zy—1
dFy
F=—1
7 dx
OF, OF;
=14 'R
or + Oy !
= 6y* — 8zy? + 222 — 2y
dF,
Fy=—2
27 da
OF, O0OF;
=24+ 2R
Ox + Oy 2
= 249° — 4093z + 16yz® — 10y> + 62
dF3
Fy==—2
YT dx
OF; OF3
=24 3F
Oox + Oy 3
= 120y°® — 240zy* + 1362%y* — 60y® — 162> + 52zy + 6
dF,
Fy=—2*
T dr
OF, OF,
=14+ 'F
or + Oy 4
= 720y" — 1680zy® — 420y* + 1232y + 504zy” + (—2722° + 52) y — 100>
dF;
Fy=—>
7 dx
OFs OF;
=24+ 2°R
Oox + Oy b

= 5040y° — 13440y°z — 3360y° + 12096y x> + 5152y°z + (—3968z° + 556) y* — 1824yz® + 272
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And so on. Evaluating all the above at initial conditions z(0) = 0 and y(0) = 1 gives

F=1
F, =1
Fy,=4
F;=14
Fy =66
F5 = 352
Fs = 2236

Substituting all the above in (6) and simplifying gives the solution as

o ga L % Tt 11a® 2% 55007
vy= 2 73 T2 " 20 T 45 T 1260

+ O(ms)

0.8

0SA AP AP A
PAAPA A AAAAAAT 7"

0.6
OCAAAAAIAT A A AN T 77 r

0.44 oad AASAAAAAA A AT
N A A T >
0.2 024 AT T >

AAAA ANy
AAAPAAAA Y 7>
N AAAAAAA A Ty
AAPAAAANA T 77>
—0.41 0 g oo g x>
V\APAAAAAAAA AT P
SIPAAAAAAAAAA T
PP PP AAAAAAAS
P27 A7

-12 =1 -08 —06 —04 —02 —12 -1 —08 —06 —04 —02
X X

(a) Solution plot for ¥/ = —z + 32 (b) Direction fields for ¥/ = —x + y?

0.8
0.67
0.41
0.21

O_
y
—0.2
_0.4_
—0.61
—0.84 1.

;\ T T T T \

-12 -1 —-08 —06 —04 —02

X

(c) Isoclines for ¥/ = —x + y?

2.1.11 Maple. Time used: 0.003 (sec). Leaf size: 24

‘0rder:=8;

‘ode:=diff(y(x),x) = y(x)~2-x;

‘ic:=[y(0) = 1];
‘dsolve([ode,op(ic)],y(x),type='series',x=0);

1 2 7 11 22 559
y=1+z+ -2+ 2%+ —a*+ 2"+ "o+

7 8
5% T30+ 58 g8 + 5o+ gep T0(2Y)

Maple trace



CHAPTER 2. BOOK SOLVED PROBLEMS

Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries
trying Riccati

trying Riccati Special

<- Riccati Special successful

2.1.1.2 v/ Mathematica. Time used: 8.172 (sec). Leaf size: 1113

‘ode=D[y[x] ,x]==y [x] "2-x;
(ic={y[0]==1};
‘AsymptoticDSolveValue[{ode,ic},y[x],{x,0,7}]

Too large to display

2.1.1.3 V Sympy. Time used: 0.273 (sec). Leaf size: 48

from sympy import x

x = symbols("x")

y = Function("y")

ode = Eq(x — y(x)**2 + Derivative(y(x), x),0)

ics = {y(0): 1}

dsolve(ode,func=y(x),ics=ics,hint="1st_ power__series",x0=0,n==8)

(z) = 14_x_+_x2_+_2x3_+_7x4_+_11x5_+_22x6_+_559x7_kc)(x8)
y\&) = 2 "3 T12 " 20 T 45 T 1260

Python version: 3.12.3 (main, Aug 14 2025, 17:47:21) [GCC 13.3.0]
Sympy version 1.14.0

classify_ode(ode,func=y(x))

('1st_rational_riccati', 'lst_power_series', 'lie_group')
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2.1.2 Problem 1. direct method

Local contents

2.1.2.1 Existence and uniqueness analysis. . . . . . . .. .. 11
2.1.2.2  Solved using first_ order_ode_riccati . . . . . .. .. 12
2123 VMaple. . . oo 4
2.1.2.4 Mathematica . . . . . . . .o 14
2125 XSympy . . . . . oo 14

Internal problem ID [9488]

Book : A course in Ordinary Differential Equations. by Stephen A. Wirkus, Randall J.
Swift. CRC Press NY. 2015. 2nd Edition

Section : Chapter 8. Series Methods. section 8.2. The Power Series Method. Problems
Page 603

Problem number : 1. direct method

Date solved : Sunday, March 01, 2026 at 04:35:38 AM

CAS classification : [[_Riccati, _specialll]

2.1.2.1 Existence and uniqueness analysis

y'=—:v+y2
y(0) =1

This is non linear first order ODE. In canonical form it is written as

Y = f(z,y)
=y2 — 7

The z domain of f(x,y) when y =1 is

{—00 <z < o0}

And the point zo = 0 is inside this domain. The y domain of f(z,y) when x =0 is
{—o0 <y < o0}

And the point yy = 1 is inside this domain. Now we will look at the continuity of

Of _ 0 (a2
ay_ay(y m)

The y domain of ?3_5 when x = 0 is
{—o0 <y < o0}

And the point yy = 1 is inside this domain. Therefore solution exists and is unique.
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CHAPTER 2.

0.477 (sec) 2.1.2.2 Solved using first_ order__ode_ riccati

Entering first
order ode riccati y' = x4+ y2
solver
y(0)=1

In canonical form the ODE is
y = F(z,y)
= —x + y2

This is a Riccati ODE. Comparing the ODE to solve
y/ =+ y2

With Riccati ODE standard form
Y = fo(z) + fi(@)y + fa(2)y”

Shows that fo(x) = —z, fi(z) =0 and fo(z) = 1. Let

V= f2u
— (1)

u

Using the above substitution in the given ODE results (after some simplification) in
a second order ODE to solve for u(x) which is

(2)

f"(@) = (fs + fif2) W'(2) + £3 fou(z) = 0

But
fo=0
fifa=0
f3fo=—x

Substituting the above terms back in equation (2) gives

u'(z) —zu(z) =0

Entering second This is Airy ODE. It has the general form

order Airy solver
dPu  du
a3 + b% + cxu = F(x)

Where in this case

a=1
b=20
c=-—1

F=0

Therefore the solution to the homogeneous Airy ODE becomes

u = ¢; AiryAi (—x(—1)1/3) + ¢, AiryBi (—x(—l)l/ 3)

Taking derivative gives
1N 1/3 As A 1/3 1/3 A: 1o 1/3
u'(z) = —c1(—1)7" AiryAi (1, —z(-1) —¢co(—1)"" AiryBi (1, —z(—1) (4)



CHAPTER 2. BOOK SOLVED PROBLEMS 13

Substituting equations (3,4) into (1) results in

_—u
Y fou
y =
u
1/3 As A 1/3 1/3 A: Do 1/3
—c1(—1)"" AiryAi (1,—3:(—1) > —co(—1)""" AiryBi (1,—33(—1) )
Yy=-

¢y AiryAi (—m (—1)1/3> + ¢5 AiryBi (—x (_1)1/3>

Doing change of constants, the above solution becomes

_(_1)1/3 AiryAi (1, _$(_1)1/3) . C3(_1)1/3 AiryBi (1, _z(_1)1/3)
AiryAi (—x (—1)1/3> + ¢3 AiryBi (—x (_1)1/3)

y=-

Simplifying the above gives

(1+iv§)(AuyBi(L’"Eﬂ¥§f)‘%*‘AHYA1<L__@+26V)>
(1+iv3)z

&gAﬂyBi(— h )—+2AnyAi<—O+Z@ﬁ)

y:

Solving for constant of integration from initial conditions gives

Y

' i31/6 4 3%/° 212 _ 435/67) AiAs (1+iv3)w Ai’yBi<1’— (1+i2\/§)$)((i32/3+3
9(1 + Z\/g) <<z3 + T) F(g) — T) AiryAi (1, i ) 4 .

«6ym+qsqur(@2_83W%)Aﬂwu(_<“§@f>+6(@ym+3vqr(@2+£%ﬁ)Am

sttrtrttrtrtttttt
ptrtrtrtrtttrttt
Attttrtttttttrrrs
Pttt trrrzr—=x\
IrrrrrrprasSNNy
Prrtrr77-5N\\
P77~V VL)
yx) o PP EF A2 7NNV VL Y
PrErr77=~N\V VAL
VN N A A O s e VR AR
Pttt rr77-N\\\
LTI a7 7750
Crrtrtrtrtrttrrrs
ttrttrtrtrtttert
-ttrtrtrtrtrtrtt
43 2 10 1 2 3 4 4 -3 —2 -1 0 1 2 3 4
(a) Direction field ¥/ = —z + 32 (b) Isoclines for ¢/ = —z + 32

Summary of solutions found

Y

) i31/6 4 3°/8 212 435/67) A A (1+iv3)z AiryBi(L— (1+i;/§)x> ((i32/3+3
9(1 + ’l\/g) <<Z3 + T) F(g) - T) AlI'yAl (1, — 5 ) + .

((6 32/3 4+ 18i3Y/9) T (2)* — 835/%) AiryAi (— <l+i;/§ >z> +6 ((132/3 +3U8)T (2)” + %) Air;
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2.1.2.3 v Maple. Time used: 0.115 (sec). Leaf size: 89

‘ode:=diff(y(x),x) = y(x)~"2-x; ‘
‘ic:=[y(0) =1]; ‘
‘dsolve([ode,op(ic)],y(x), singsol=all); ‘

)
_ 2 3%/6m AiryAi (1, z) — 3[(

(2
3
235/67 AiryAi (z) + 3T ( ) 32/3 AiryAi (z) 4+ 331/6T (%)2 AiryBi (z) — 273%/3 AiryBi ()

Maple trace

Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries
trying Riccati

trying Riccati Special

<- Riccati Special successful

2.1.2.4 \/ Mathematica. Time used: 0.471 (sec). Leaf size: 164

‘ ode=D [y [x] ,x]==y [x] "2-x; ‘
(ic={y[0]==1}; |
‘ DSolve[{ode,ic},y[x],x,IncludeSingularSolutions->True] ‘

/=3 Gamma (2) (iz*/? BesselJ
3 13

)*3%/3 AiryAi (1,z) — 33Y/°T(2)? AiryBi (1, z) + 273"/ AiryBi (1,
2
3

2i3/2) — iz®/? BesselJ (2, 2iz/?) + BesselJ (—1, 2iz®/

2
'3
y@) = x (Gamma (3) BesselJ (3, 2iz3/?) — v/—3 Gamma ()

2.1.2.5 X Sympy

from sympy import x

x = symbols("x")

y = Function("y")

ode = Eq(x — y(x)**2 + Derivative(y(x), x),0)
ics = {y(0): 1}

dsolve(ode,func=y(x),ics=ics)

~—

LTypeError : bad operand type for unary -: list

Python version: 3.12.3 (main, Aug 14 2025, 17:47:21) [GCC 13.3.0]
Sympy version 1.14.0

classify_ode(ode,func=y(x))

('1st_rational_riccati', 'lst_power_series', 'lie_group')

essel
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Entering first
order ode series
solver

Entering first
order ode series
solver sajter

2.1.3 Problem 2. Using series method

Local contents

2131 VMaple. . . oo 21
2.1.3.2 v/Mathematica . . . . . . o oo
2133 VSYmpYy . ... 23

Internal problem ID [9489]

Book : A course in Ordinary Differential Equations. by Stephen A. Wirkus, Randall J.
Swift. CRC Press NY. 2015. 2nd Edition

Section : Chapter 8. Series Methods. section 8.2. The Power Series Method. Problems
Page 603

Problem number : 2. Using series method

Date solved : Sunday, March 01, 2026 at 04:35:50 AM

CAS classification : [[_linear, ‘class A‘]]

y —2y =2’

y(1) =1

Series expansion around xz = 1.

The ode does not have its expansion point at £ = 0, therefore to simplify the com-
putation of power series expansion, change of variable is made on the independent
variable to shift the initial conditions and the expasion point back to zero. The new
ode is then solved more easily since the expansion point is now at zero. The solution
converted back to the original independent variable. Let

a=x—1

The ode is converted to be in terms of the new independent variable a. This results in

L y(@) ~ 2y(0) = (e + 1)

With its expansion point and initial conditions now at a = 0. Solving ode using Taylor
series method. This gives review on how the Taylor series method works for solving
first order ode. Let

v = f(z,y)

Where f(z,y) is analytic at expansion point zo. We can always shift to zo = 0 if zg is
not zero. So from now we assume zo = 0. Assume also that y(xy) = yo. Using Taylor
series

§(@) = y(0) + (@ — 20) ¢/ (@o) + T () + ETT gy

2 3!
z? df x> &% f
- " xf " ? % Z0,Y0 y @ Z0,Y0
” N xn-l-l dnf
= Yo _— _'n,
— (n+1)! dz -
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But
daf af 8f
de +
f d
de_%( )
0
“5ain) 3y ()
af d [(d*f
dx3_£<dz2)
o (d*f o d*f
_%<dx2> (8ydz2)f

And so on. Hence if we name Fy = f(z,y) then the above can be written as

Fy = f(z,y)
n di(Fn—l)
= gt (%) A
For example, for n =1 we see that
= %(Fo)
e
Which is (1). And when n = 2
= %(Fl)
At 8ff) itasdk

df df
" oz (dx) T oy Oy (dw) !

Which is (2) and so on. Therefore (4,5) can be used from now on along with

_y0+z +1 ' nlxoyo

(2)

(5)

(6)
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Hence

Fy=0a® +2a+2y(a) +1

dFy
F=-2
"7 da
0Fy, O0F,
=042 0R
Oa + Oy 0
= 6a + 4 + 20° + 4y(a)
dFy
F=—1t
7 da
OF, OF,
=142 1p
oa + oy !
=10 + 12a + 40* + 8y(a)
dFy
Fy=—2
87 da
oF, O0F,
=24 22F
Oa + Oy ?
= 20 + 24a + 8a® + 16y(a)
dF;
Fy=—2
Y7 da
OF3; OF;
=234 23R
Oa + oy 3
— 40 4 480 + 1602 + 32y(a)
dF}
Fy=—1*
7 da
0F, OF,
=44 24
oa + oy 4
= 80 + 96 + 320 + 64y(a)
dFy
Fy=—"
7 da
OFs OF;
=54 25R
Oa + Oy >

= 160 + 192a + 640* + 128y(«)

And so on. Evaluating all the above at initial conditions «(0) = 0 and y(0) = 1 gives

Fh,=3

F, =8

F, =18
F; =36
Fy =172
Fy =144
Fs = 288

Substituting all the above in (6) and simplifying gives the solution as

308 3a® af 2a7

=30’ +40’+3a+1+—+—+—+—+0

8
st t5 t g5 0

Since a = 0 is also an ordinary point, then standard power series can also be used.

Writing the ODE as
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Entering first
order ode series
solver ordinary
point solver

Where

q(a) = -2
p(a) = (a+1)°

Next, the type of the expansion point o = 0 is determined. This point can be an
ordinary point, a regular singular point (also called removable singularity), or irregular
singular point (also called non-removable singularity or essential singularity). When
a = 0 is an ordinary point, then the standard power series is used. If the point is
a regular singular point, Frobenius series is used instead. Irregular singular point
requires more advanced methods (asymptotic methods) and is not supported now.
Hopefully this will be added in the future. & = 0 is called an ordinary point g(a) has
a Taylor series expansion around the point o = 0. a = 0 is called a regular singular
point if g(a) is not not analytic at & = 0 but ag(«) has Taylor series expansion. And
finally, a = 0 is an irregular singular point if the point is not ordinary and not regular
singular. This is the most complicated case. Now the expansion point o = 0 is checked
to see if it is an ordinary point or not. Let the solution be represented as power series

of the form -
o) =3 ana”
n=0
Then

Substituting the above back into the ode gives
(Z nana"_1> -2 (Z ana"> = (a+1) (1)
n=1 n=0

Expanding (« + 1)2 as Taylor series around a = 0 and keeping only the first 8 terms
gives

(a+1)°=a’+2a+1+...
=a’+2a+1

Which simplifies to

(Z nana"_1> + Z (—2a,0") = o +2a +1 (2)
n=1 n =0

The next step is to make all powers of a be n in each summation term. Going over each
summation term above with power of a in it which is not already o™ and adjusting
the power and the corresponding index gives

o0 [e @]
E na,a” = E (n+1)a,10"
n =1 n=0

Substituting all the above in Eq (2) gives the following equation where now all powers
of a: are the same and equal to n.

(i (n+1) an+1an> + i (—2a,0") = ® +2a +1 (3)

For 0 < n, the recurrence equation is

(n+1)apns1 —2a,) " =a® +2a+1 (4)



CHAPTER 2. BOOK SOLVED PROBLEMS 19

For n = 0 the recurrence equation gives
(a1 — 2a0) 1=1
a; — 2a0 =1
Which after substituting the earlier terms found becomes

a1=1+2a0

For n =1 the recurrence equation gives
(2a2 — 2a;) @ = 2«
2a2 — 20,1 =2
Which after substituting the earlier terms found becomes

as = 2+ 2ag
For n = 2 the recurrence equation gives
(3as — 2a3) o® = o
3az — 2as, =1
Which after substituting the earlier terms found becomes

4dg
3

Wl ot

as = +

For n = 3 the recurrence equation gives

(4a4 — 2a3) a® =0
4(1,4 - 20,3 =0

Which after substituting the earlier terms found becomes

2a0

“=et s

S| v

For n = 4 the recurrence equation gives

(5as — 2a4) a* =0
50,5 — 2&4 =0

Which after substituting the earlier terms found becomes

1 4a
a5=—+—0

3 15

For n = 5 the recurrence equation gives

(6ag — 2as5) a® =0
60,6 - 2@5 =0
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Which after substituting the earlier terms found becomes

4a
4+ =0

a—l
679" 45

For n = 6 the recurrence equation gives

(7Ta7; — 2a6) a® =0
Tar; — 2a6 =0

Which after substituting the earlier terms found becomes

2 8(10

63 a1
For n = 7 the recurrence equation gives
(8ag — 2a7)a” =0
80,8 - 2&7 =0
Which after substituting the earlier terms found becomes

. 1 +2CLO
%= 196 " 315

And so on. Therefore the solution is

y(a) = Z ana”
n=0

=a3a3+a2a2+a1a+a0+...
Substituting the values for a,, found above, the solution becomes

4 2
)= 2w @ amgal s (G 5o (G52 of

1 4a0 5 1 40,0 6 2 8&0 7
+(3+15>a +<9+45)a+ 63+315 a +...

Collecting terms, the solution becomes

4 2 4 4 8
_ 2, % 3 4 4 5 6 7
yla) = (1—|—2a+2a +3a +3a +15a +45a —|—315a)a0 (3)

53 bHat a® o 247
22 el el - - bl 8
+a+a+3+6+3+9+63+0(a)

At o = 0 the solution above becomes
Z/(O) = Qo

Therefore the solution in Eq(3) now can be written as

34 35 6 27
y(a)=3a3+4a2+3a+1+%+%+%+%+O(a8)

Hence the solution is

3(z —1)*
2

+0((x-1)%

y=3@z—-1)"+4(x—-1)°+3z -2+

3z —1)° N (z —1)° N 2z —1)°

+ ) 5 35
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Hence the solution is
3 2 3(z —1)*
y=3@E—1)0+4z-1) +3zr-2+——F—

ax—nﬂ+@—1f+2@—1f+

5 5 35 O((@-1)°)

0084 A XA
AT

0.06 0.064 A A A W
Pl el alalatatatad, adadade ol
0.041 0041 # # Pw o
P ettt st den S 0 0 0 S d
0.024 0.029 » > >»vr>vo>—srb——b——r—r—r>
T T P e e e e e e e el
y(x) o y(x) Nistet

—0.02 —0.024

e A A A b et
—— e e e e —b
—0.044 e i e S S R e
N e e e S S R OSSN

—0.061
—0.06 e b e
—03 —02 —01 0 01 02 —03 —02 —01 0 01 02
X X
3u—1f+4w—1f+3x—2+%4x—n4 3@—1ﬁ+4u—1f+3x—2+%4x—n4
S Y S Y | 3 e Lo 2 o)
+5(x 1)+5(x 1)+35(x 1) +5(x l)+5(x l)+35(x 1)
(a) Solution plot for y' — 2y = x? (b) Direction fields for y' — 2y = x?
01
0.
—0.011
—0.021
y
—0.03
—0.044 0.
—03 —02 =01 0 0.1 02
x

(c) Isoclines for v — 2y = x2

2.1.31 v Maple. Time used: 0.001 (sec). Leaf size: 24

‘0rder:=8; ‘
Lode:=diff (y(x),x)-2%y(x) = x"2; |
‘ic:=[y(1) = 1]; ‘
‘dsolve([ode,op(ic)],y(x),type='series',x=1); ‘

y:1+mx—n+4@—1f+ax—n?+;x—n4
1

3 5 6 2 7 8
+i@-D+ @-1°+ 2@~ 1) +0((@- 1))

Maple trace

Methods for first order ODEs:

--— Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful

Maple step by step
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Let’s solve

[%y(x) —2y(z) =22, y(1) = 1]

Highest derivative means the order of the ODE is 1

d

Y(@)

Solve for the highest derivative

&y(z) = 2y(z) + 2

Group terms with y(z) on the lhs of the ODE and the rest on the rhs of the ODE
Ly(z) - 2y(z) = o

The ODE is linear; multiply by an integrating factor u(x)
p(z) (Ly(e) — 2y(2)) = p(z) 22

Assume the lhs of the ODE is the total derivative 2 (y(z) u(z))
() (y(z) — 2y(2)) = (fy(@)) p(z) +y(@) (FLaul@)
Isolate - u(x)

u(x) = —2u(z)

Solve to find the integrating factor

p(z) =e

Integrate both sides with respect to x

[ (£(u(@) p(@))) dz = [ p(x) a*da + C1

Evaluate the integral on the lhs

y(2) () = [ p(w) 2*dz + C1

Solve for y(x)

z)z2dz+C1
y(z) = S )u(w)

Substitute u(z) = e™2*

—2x .2
y(z) = L

Evaluate the integrals on the rhs
(222 +20+41)e~2®

y(z) = - =

Simplify

y(z) = -2 -2 -1 C1e>

Use initial condition y(1) =1

l=-2+C1¢

Solve for _ C1

c1=2

4e2?
Substitute _ C1 = é intoZieneral solution and simplify
9e “T®

2
e =5 — 5= 1+

+C1

2.1.3.2 v/ Mathematica. Time used: 0.008 (sec). Leaf size: 60

‘(ode=D [y [x],x]-2*y[x]==x"2; \‘
Jie={y[1]==1}; |
‘ AsymptoticDSolveValue[{ode,ic},y[x],{x,1,7}] ‘
2 7,1 6,9 5,9 4 3 2
y(m)—>£(:ﬂ—1) +g(x—1) —I—g(m—l) +§(1'—1) +3(x—1)"+4(z—1)*+3(z—1)+1
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2.1.3.3 v Sympy. Time used: 0.269 (sec). Leaf size: 56

from sympy import x*

x = symbols("x")

y = Function("y")

ode = Eq(—x#*%2 — 2xy(x) + Derivative(y(x), x),0)

ics = {y(1): 1}
dsolve(ode,func=y(x),ics=ics,hint="1st__power__series",x0=1,n==8)

y(z) = —2+4(z— 1) +3@z—-1)°%+ 3(357_1)4

3(z—1)° (z—-1°% 2z-1)
L S - T

+ 3z + O(z®)

Python version: 3.12.3 (main, Aug 14 2025, 17:47:21) [GCC 13.3.0]
Sympy version 1.14.0

classify_ode(ode,func=y(x))

('1st_exact', 'lst_linear', 'Bernoulli', 'almost_linear', '1st_power_series
', 'lie_group', 'nth_linear_constant_coeff_undetermined_coefficients',
'nth_linear_constant_coeff_variation_of_parameters', '1

st_exact_Integral', 'lst_linear_Integral', 'Bernoulli_Integral',

almost_linear_Integral', '

nth_linear_constant_coeff_variation_of_parameters_Integral')
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2.1.4 Problem 2. direct method

Local contents

2.1.4.1 Existence and uniqueness analysis

2.1.4.2 Solved using first_ order_ode_linear . . ... .. ..
2.1.4.3 Solved using first_order_ode_exact . .. ... ...

2.1.4.4 Solved using first_ order_ode_ LIE
2.1.4.5 \/Maple .............
2.1.4.6  Mathematica . . . . . .. ..
2.1.4.7 /Sympy ............

Internal problem ID [9490]

Book : A course in Ordinary Differential Equations. by Stephen A. Wirkus, Randall J.

Swift. CRC Press NY. 2015. 2nd Edition

Section : Chapter 8. Series Methods. section 8.2. The Power Series Method. Problems

Page 603
Problem number : 2. direct method

Date solved : Sunday, March 01, 2026 at 04:35:54 AM

CAS classification : [[_linear, ‘class A‘]]

2.1.4.1 Existence and uniqueness analysis
y —2y =2’
y(1) =1
This is a linear ODE. In canonical form it is written as

Y +q(z)y = p(z)

Where here
g(z) = 2
p(z) = 2*
Hence the ode is
y — 2y =2a?

The domain of ¢(z) = —2 is
{—o0 <z < o0}

And the point 2y = 1 is inside this domain. The domain of p(z) = z? is

{—o0 <z < o0}

And the point o = 1 is also inside this domain. Hence solution exists and is unique.
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0.289 (sec) 2.1.4.2 Solved using first_ order_ode_ linear

Entering first
order ode linear
solver

y —2y =4
y(1)=1
In canonical form a linear first order is

Y + q(z)y = p(x)

Comparing the above to the given ode shows that

q(z) = -2
p(z) = o
The integrating factor u is
o= efqda:
— ef(—2)d:c
— e—2x
The ode becomes
ap ) = 1o

Integrating gives

e 20y = / e g2 dr

202+ 2z +1)e 2
=—( ) +a

4

2z

Dividing throughout by the integrating factor e™=* gives the final solution

222 + 2z 4 1) e
y:ezm(_( 2’ + m:r )e +01>

Simplifying the above gives
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60001
60001
50001
5000
4000 a000d $ + 4P A4 AS
SRR REREEE b4
X) 30004 sooof PP PIIELLY b1
e ) REEEEEEERE b 4
2000+ 200 f PP ELYE X
tttrtrretrtett P 1
10004 wooy f AP PAAL tt
rPrrrrrrrtt rt
0 — 22— ——>
°l R R R RRRRR R v\
-0 -8 -6 -4 -2 0 2 4 6 —10 =8 —6 —4 -2 0 6
X X
(a) Solution plot for 3 — 2y = z? (b) Direction fields for 3’ — 2y = 2
0_
_10_
_20_
y
_30_
_40_
o
-10 -8 -6 -4 -2 0 2 4 6
X
(c) Isoclines for 3’ — 2y = z?
Summary of solutions found
92 g2 g 1
Y=y 2 "2
0.462 (sec) 2.1.4.3 Solved using first_ order__ode__exact
Entering first
order ode exact y/ — 2y = 22
solver
y(1) =1
To solve an ode of the form
dy

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

d

Hence 06 06 d
o9 o9ady _
ox + Oy dz 0 (B)

Comparing (A,B) shows that
9¢

or
0

Oy
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But since 8‘9 g = aa 2;’ then for the above to be valid, we require that
Y yox
oM  ON
oy  Ox

If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(z,y) but at least we know now that we can do that since the condition
gf g’y = % is satisfied. If this condition is not satisfied then this method will not
work and we have to now look for an integrating factor to force this condition, which
might or might not exist. The first step is to write the ODE in standard form to check

for exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

dy = (z2 + 2y) dx
(—2* —2y)dz+dy =0 (2A)

Comparing (1A) and (2A) shows that

M(z,y) = —2* — 2y
N(z,y) =1

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ oN
0y Oz
Using result found above gives
oM 0 9
T (29
Oy 8y( v )
=-2
And
ON
B = (1)
= O

Since 6M £ 9N %, then the ODE is not exact. Since the ODE is not exact, we will try
to ﬁnd an integrating factor to make it exact. Let

Ao LM _on
y ox
= 1((—2) —(0))
= —2
Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor p is
p=e JAdz
— ef —2dzx

The result of integrating gives
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M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

M = uM
=e (-2 — 2y)
= (—x2 — 2y) e 2®
And

N = uN
=e (1)

— e—2x

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M+N%=O
dx

(= —29) ) + () L =0

The following equations are now set up to solve for the function ¢(z,y)

o¢
ox
o¢
Ay

@dy: /Ndy
Oy

a¢ —2x
8y / e “dy

¢ =e"y+ f(z) (3)

Il
—~~

—_
~—

Il

=
—~

[\
~

Integrating (2) w.r.t. y gives

Where f(z) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t x gives

9¢
ox

= —2e "y + f'(z) (4)
But equation (1) says that % = (—x? — 2y) e~22. Therefore equation (4) becomes
(—2% —2y) e > = —2e ¥y + f'(z) (5)
Solving equation (5) for f'(z) gives
/@) =~
Integrating the above w.r.t x gives

/f dz—/( —2e 2)dac

222 4+2x+1)e 2
f(l‘) = ( 4 ) + C1
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Where ¢; is constant of integration. Substituting result found above for f(z) into
equation (3) gives ¢

(22 + 2z +1)e ™

_ 2z
p=e"y+ 1

+c

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining c¢; and cy constants into the constant c; gives the solution as

2224+ 2x+1)e 2=
—2xy + ( 4 )

Ci =¢€

Simplifying the above gives

e 2222 + 4y + 2z + 1)
4

=Cl

Solving for initial conditions the solution becomes

e (22> +4y+2x+1) 9e72

4 4

Solving for y gives

(—2e 212 —2e 2 +9e 2 —e ) e®

y= 1
60001
60001
5000
50001
40001 4000l P4 A A4 A A
EEEEEE NN b
X) 30001 E200708 B O b4
Y0 y&) REEEEEEEE b 4
20001 00ttt HLEYE b4
ttrtrtttrttt H 1
1000 wooy FAAEFPIEEL rt
trrrrrrrtt rt
0 —Z2—te—p. —>—>
°l R A RRRRRR R A
~10 -8 -6 -4 —2 0 2 4 6 —10 -8 —6 —4 -2 0 6
X X
(a) Solution plot for 3 — 2y = z? (b) Direction fields for 3’ — 2y = 2

_20_
p— 30_

_40_

o

~10 -8 —6 -4 -2 0 2 4 6
X

(c) Isoclines for y' — 2y = z2

Summary of solutions found

_ (—2e2® —2e x4+ 9e 2 —e ) >
v= 4
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1.384 (sec) 2.1.4.4 Solved using first_ order__ode_ LIE
Entering first

order ode LIE y — 2y = 2
solver
y(1) =1
Writing the ode as
y =2’ +2
y =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Nz + w(ny - €z) - w2€y —wg€ — wyn =0 (A)

To determine &, 7 then (A) is solved using ansatz. Making bivariate polynomials of
degree 1 to use as anstaz gives

§ =zaz +yaz + a1 (1E)
1 = wby +ybs + by (2E)

Where the unknown coefficients are

{a1, a3, a3,b1,b9, b3}
Substituting equations (1E,2E) and w into (A) gives
by + (:c2 + 2y) (b3 —ag) — (x2 + 2y) ? a3 —2x(xas+yasz+ay) —2xby —2ybs —2b; =0 (5E)
Putting the above in normal form gives
—zas — 42°yas — 3x%ay + b3 — 2xyas — 4y’as — 2xa; — 2xby — 2yas — 2b1 + by =0
Setting the numerator to zero gives
—ztas — 4z yas — 3x%as + 22bs — 2xyas — 4y as — 2xa; — 2xby — 2yas — 2b; +by =0 (6E)
Looking at the above PDE shows the following are all the terms with {z,y} in them.

{z,y}
The following substitution is now made to be able to collect on all terms with {z,y}
in them
{x =v1,y = v}

The above PDE (6E) now becomes

—a3v] — 4azvivy — 3ay0? — 2a3v,vs — 4azvi (7E)
+ b3’U% - 2(11’01 - 2(12’1)2 — 2b2’01 - 2b1 + b2 =0

Collecting the above on the terms v; introduced, and these are

{vl’ 1)2}
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Equation (7E) now becomes

—a3v} — 4azvivy + (—3ag + b3) v¥ — 2a3v1v; (8E)
+ (—2a; — 2by) v, — 4asvi — 2a5v5 — 2by + by =0

Setting each coefficients in (8E) to zero gives the following equations to solve

—2a, =0

—4a3 =0

—2a3 =0

—a3 =0

—2a; — 2by =0
—3a3+b3=0
—2b;+ by, =0

Solving the above equations for the unknowns gives

a; = —2b;
a; =0

a3 =0

by =0,
by = 2by
bs =0

Substituting the above solution in the anstaz (1E,2E) (using 1 as arbitrary value for
any unknown in the RHS) gives

£=-2
n=2x+1

The next step is to determine the canonical coordinates R,S. The canonical coordi-
nates map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the
original ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _ dy _

F=y =48 1)

The above comes from the requirements that ({ 6% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in
the canonical coordinates, where S(R). Therefore

dy _n
de £
2z +1
=2
B 2
This is easily solved to give
Y Y +c
Y= 9 5 1
Where now the coordinate R is taken as the constant of integration. Hence

1 1
R:§x2+§m+y
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And S is found from

as =&

dz
-2

dz
s_/?
__z

Where the constant of integration is set to zero as we just need one solution. Now
that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

Integrating gives

as _ S+ w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R,, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) = 2 4+ 2y

Evaluating all the partial derivatives gives

1
R,=1
1
Se=—3
S, =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

ds 1
dR  2r24+2z+4y+1

(24)
We now need to express the RHS as function of R only. This is done by solving for
x,y in terms of R, S from the result obtained earlier and simplifying. This gives

s 1
dR 4R +1

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S.

Since the ode has the form -S(R) = f(R), then we only need to integrate f(R).

Jos= | =i

S(R) = _In(4R+1) te,
1
S(R) = —BUE+1) (‘“Z+ Yo

To complete the solution, we just need to transform the above back to x,y coordinates.
This results in

T In (222 + 4y + 2z + 1)
2= . te
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The following diagram shows solution curves of the original ode and how they trans-
form in the canonical coordinates space using the mapping shown.

.. ) ) Canonical coordi-| ODE in canonical coordinates
Original ode in z,y coordinates )
nates transformation | (R,.S)

a5 _ 1
dR — ~ 4R+1

&8
|
8

o
_|_
DN

<

— > T (e —>—>
—S P >
S>> P T (> —>
> T I (>
| > NS —s———>
S>> P T (e —>—>
—S P >

. 9 S( R) 0 —>—>—>—>r > T (>

S _ x -2 >—>—a>—>>rr 7 N —————

S>> T (> —>—>

—S > P >

N T T T T e i s s i >
— e e e e e e

Nl e \ N ——————b—>

N TR = —>

S>> T (> —>

| ey \ N —e—a—————p

—

R A R
R

|
IS

|
(S}
~

% O ettt J N ——————p

Solving for initial conditions the solution becomes

z In(22% + 4y + 2z + 1) 1+ln(3)

Solving for y gives

V=T33
60001
60001
50001
50001
40001 4000l P4 A A A A Y
EREEENENE o
X) 30001 00 I O b4
) ) REEEEEEEE i
2000 ool # 4 F A S 4 4
tttttttttt i
10004 oot fAAPEPLELEE tt
trrrrrrrrt rt
0 —2—e—p. ——>
ol R A RRRRRR R A\
—10 =8 —6 —4 -2 0 2 4 6 —10 -8 —6 —4 —2 0 6
X X
(a) Solution plot for 3 — 2y = z? (b) Direction fields for 3’ — 2y = 2

—201
-_— 30_

_40_

- SO‘I

-0 =8 —6 -4 -2 0 2 4 6
X

(c) Isoclines for v — 2y = 22
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Summary of solutions found

2.1.45 v Maple. Time used: 0.017 (sec). Leaf size: 22

Lode:=diff (y(x),x)-2¢y(x) = x"2; |
\icz=[y(1) = 1]; \
‘ dsolve([ode,op(ic)],y(x), singsol=all); ‘

Maple trace

Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful

Maple step by step

Let’s solve
[Ly(z) — 2y(z) = 2%, y(1) = 1]
° Highest derivative means the order of the ODE is 1
d
&Y(@)
° Solve for the highest derivative
=y(@) = 2y(z) + 2°
) Group terms with y(z) on the lhs of the ODE and the rest on the rhs of the ODE
=y(@) —2y(z) = 2°
° The ODE is linear; multiply by an integrating factor u(x)
w(z) (Ly(@) —2y(z)) = p(z)2?
o Assume the lhs of the ODE is the total derivative —(y(x) w(z))
wz) (y(2) = 2y(@)) = (Ly(@)) p@) +y(2) (Fu(=))

o Isolate - /u(x)

L u(x) = —2u(z)

° Solve to find the integrating factor
p(z) =e
° Integrate both sides with respect to x
[ (£ (@) p(2))) do = [ p(z) a*de + C1
° Evaluate the integral on the lhs
y(z) p(z) = [ p(z) 2?dz + C1
o Solve for y(x)

z)z2dx+C1
y(z) = WTJF

e  Substitute u(z) =e=2®

—2252dz4-C
y(z) = IG_%
° Evaluate the integrals on the rhs
(2z2+21‘+1)e_2x
- +C1
y(z) = =
° Simplify

y(z) = -2 -2 14 C1e*
o Use initial condition y(1) =1
1=-2+4+C1¢
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) Solve for _C1

C1=25
° SubstituteQ_ Cl1= %% iI;t<32§S:16ral solution and simplify
o) =5 5 =+ 0
° Solution to the IVP
T z 1 9e 212z

2.1.4.6 \/ Mathematica. Time used: 0.026 (sec). Leaf size: 37

‘ ode=D [y [x] ,x]-2*y [x]==x"2;
ic={y[11==1};
‘ DSolve[{ode,ic},y[x],x,IncludeSingularSolutions->True]

y(z) — e*2 (62 /z e KN K[1]12dK (1] + 1)

1

2.1.4.7 Sympy. Time used: 0.179 (sec). Leaf size: 26

from sympy import x

x = symbols("x")

y = Function("y")

ode = Eq(—x#*x2 — 2xy(x) + Derivative(y(x), x),0)
ics = {y(1): 1}

dsolve(ode,func=y(x),ics=ics)

22 x 9 1

9 T2 T e 1

Python version: 3.12.3 (main, Aug 14 2025, 17:47:21) [GCC 13.3.0]
Sympy version 1.14.0

classify_ode(ode,func=y(x))

'nth_linear_constant_coeff_variation_of_parameters',6 '1
st_exact_Integral', 'lst_linear_Integral', 'Bernoulli_Integral',
almost_linear_Integral', '
nth_linear_constant_coeff_variation_of_parameters_Integral')

('1st_exact', 'lst_linear', 'Bernoulli', 'almost_linear', '1st_power_series
', 'lie_group', 'nth_linear_constant_coeff_undetermined_coefficients',
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2.1.5 Problem 3. series method
Local contents
2151 V' Maple. . . oo
2.1.5.2 XMathematica .....................
2153 VSYmMpYy . ..o

Internal problem ID [9491]

Book : A course in Ordinary Differential Equations. by Stephen A. Wirkus, Randall J.
Swift. CRC Press NY. 2015. 2nd Edition
Section : Chapter 8. Series Methods. section 8.2. The Power Series Method. Problems

Page 603

Problem number : 3. series method
Date solved : Sunday, March 01, 2026 at 04:36:02 AM
CAS classification : [‘y=_G(x,y’) ‘]

y=y+uze
y(0)=0

Series expansion around x = 0.

Entering first
order ode series

solver tajier

series

But

Y = f(z,y)

Where f(z,y) is analytic at expansion point xy. We can always shift to zy = 0 if zg is
not zero. So from now we assume xy = 0. Assume also that y(zo) = yo. Using Taylor

2
(@) = ylao) + (& — 20)y/(a0) + Ty ) +
_ z? df 2 % f
_y0+zf+E%xo,yo gwwo,yo—i_‘”
0 xn—l—l dnf
:y0+ L I\ don
; (n+1)!dzm|,
a _of  of
de Ox Oy
&f _d(df
de?  dzx\dz
_ 9 (df\, 0 (df
- Oz (dx) + Oy (dm) f
Ef _d(d&f
de3  dx \ da?
_o (@ (o&f
Oz \ dx? Oy dx?

And so on. Hence if we name Fy = f(z,y) then the above can be written as

FO:f(x7y)

(x — x0)3

3!

y”(xo) + o

Solving ode using Taylor series method. This gives review on how the Taylor series
method works for solving first order ode. Let

1)

(2)

3)

(5)
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For example, for n = 1 we see that

Py = ——(Fp)

0
0F,

ot (a—y) Fo

af , of

:8x+8y

d

dzx
0

oz

Which is (1). And when n = 2

d

F,=—(F
2 dx( )

) OF,

_ 9 (of [ of,\, 0 (of Of
_8x(8x+6y )+8y(8x+8yf)f

o (df o (df
%(%)*a—y(%)f

Which is (2) and so on. Therefore (4,5) can be used from now on along with

o0 ntl
y(x) =%+ Z (n + ]_) | Fnlmo,yo (6)
n=0

Hence

Fh=y+ze
dF,
o
0 0
= % + 8_yFO
=2%? 4+ (zy+z+1)ev+y
dFl
o o
1 1
= E + 6_yF1
=2(e"’ +yzr’ +z) e + (yz’ + 22° + ) ¥ + (1 + 2y’ + 2y(z+ 1) +2) e’ +y
dF2
on o
2 2
= Bz + 8—sz
=e¥(1+y)° + (6 eyt + (122%y + 72° + 122%) &¥ + 62°y” + (T2 + 122) y + 4z + 3) ™ + (1 +
dF;
o
3 3
= % + a—ng
= (4+3(12yz* + 112* + 122°) € + (50y°z° + (692° + 10027) y + 172° + 4922 + 30z) ¥ + 14y
dF4
T dr
. 8F4 6F4

= T oy

= ((150y%z* + (307z* + 3002%) y + 120z* + 2472° + 902°) e* + (180z%y°® + (4382° + 5402°) y°

_dF;

T dr
_ OF5  OF;
- Oz + Oy Fs

F

Fy

F3

Fy

Fs

Fg

= (18 4 (119 + 62y*z” + 8(512” + 31z) y* + 2(3872% + 511z + 85) 4 + 2(2362° + 505z + 180) 1
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And so on. Evaluating all the above at initial conditions z(0) = 0 and y(0) = 0 gives

F,=0
F,=1
F,=1
F3=4
Fy=8
Fy =43
Fs =151

Substituting all the above in (6) and simplifying gives the solution as

_af @t ot P 4% 151
Y= 9 "% "6 T15 " 720 " 5040

+ O(:vg)

'3 151 )}
x
. RRR
W
)
0.5 os{ § |
V)
{CI v t §
V'
—0.5] —03 § §
\
_1] RN
v\
-2 -1 0 1
X
(a) Solution plot for ¥/ =y + ze¥ (b) Direction fields for ¢/ =y + z eV

1.5

—_
|

0.51

_0‘5_

-2 —1 0 1
X

(c) Isoclines for y' =y + ze?

2151 Maple. Time used: 0.002 (sec). Leaf size: 20

‘0rder:=8;

Lode:=diff(y(x),x) = y(x)+x*exp(y(x));
ic:=[y(0) = 01;
‘dsolve([ode,op(ic)],y(x),type='series',x=0);

1 1 1 1 43 151
y=_-2’+ -2+ o'+ 2+ 2%+

7 8
5% T T g% T 5% T g% tapag® O @)

Maple trace
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Methods for first order ODEs:

-—- Trying classification methods ---

trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries

trying inverse_Riccati

trying an equivalence to an Abel ODE

differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation

--- Trying Lie symmetry methods, 1st order ---

-> Computing symmetries using: way = 3
-> Computing symmetries using: way = 4
-> Computing symmetries using: way = 5

trying symmetry patterns for 1st order ODEs

-> trying a symmetry pattern of the form [F(x)*G(y), O]

-> trying a symmetry pattern of the form [0, F(x)*G(y)]

-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]

-> trying a symmetry pattern of the form [F(x),G(x)]

-> trying a symmetry pattern of the form [F(y),G(y)]

-> trying a symmetry pattern of the form [F(x)+G(y), O]

-> trying a symmetry pattern of the form [0, F(x)+G(y)]

-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type

2.1.5.2 X Mathematica

‘ode=D[y [x] ,x]==y [x]+x*Exp[y[x]];
' ic={y[0]==0};
LAsymptoticDSolveValue [{ode,ic},y[x],{x,0,7}]

Not solved

2.1.5.3 v Sympy. Time used: 0.423 (sec). Leaf size: 39

from sympy import x

x = symbols("x")

y = Function("y")

ode = Eq(—x*exp(y(x)) — y(x) + Derivative(y(x), x),0)

ics = {y(0): 0}

dsolve(ode,func=y(x),ics=ics,hint="1st_ power_ series",x0=0,n==8)

@=C 4T T o M8 11T e
) = T 6T 6 T15 " 720 " 5040

‘Python version: 3.12.3 (main, Aug 14 2025, 17:47:21) [GCC 13.3.0]
LSympy version 1.14.0
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.
‘classify_ode(ode,func=y(x))

‘('1st_power_series', 'lie_group')

———————
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2.1.6 Problem 3. direct method

Local contents

2.1.6.1 Existence and uniqueness analysis. . . . . . . .. .. (41l
21.6.2 XMaple . . . .o 7yj
2.1.6.3 XMathematica . . . .. ... ... .......... 42
2164 XSympy. .. ... ... ... 43

Internal problem ID [9492]

Book : A course in Ordinary Differential Equations. by Stephen A. Wirkus, Randall J.
Swift. CRC Press NY. 2015. 2nd Edition

Section : Chapter 8. Series Methods. section 8.2. The Power Series Method. Problems
Page 603

Problem number : 3. direct method

Date solved : Sunday, March 01, 2026 at 04:36:07 AM

CAS classification : [‘y=_G(x,y’) ‘]

y=y+ze
y(0)=0

2.1.6.1 Existence and uniqueness analysis

y=y+uze
y(0)=0

This is non linear first order ODE. In canonical form it is written as

Y = f(z,y)
=y+elx

The = domain of f(z,y) when y =0 is

{—00 <z < o0}

And the point zo = 0 is inside this domain. The y domain of f(z,y) when x =0 is
{—o0 <y < oo}

And the point yy = 0 is inside this domain. Now we will look at the continuity of

of 0 v
a—y— ay(y—lre CE)
=1+é¥zx

The z domain of 2—5 when y =0 is
{—00 <z < o0}

And the point zo = 0 is inside this domain. The y domain of g—i when z = 0 is
{00 <y < oo}

And the point yy = 0 is inside this domain. Therefore solution exists and is unique.
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Unknown ode type.
2.1.6.2 X Maple

-

ode:=diff (y(x),x) = y(x)+x*exp(y(x));
lic:=[y(0) = 0];
dsolve([ode,op(ic)],y(x), singsol=all);

N

No solution found

Maple trace

Methods for first order ODEs:

--- Trying classification methods ---

trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries

trying inverse_Riccati

trying an equivalence to an Abel ODE

differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation

-—- Trying Lie symmetry methods, 1st order ——-

-> Computing symmetries using: way = 3
-> Computing symmetries using: way = 4
-> Computing symmetries using: way = 5

trying symmetry patterns for 1st order ODEs

-> trying a symmetry pattern of the form [F(x)*G(y), O]

-> trying a symmetry pattern of the form [0, F(x)*G(y)]

-> trying symmetry patterns of the forms [F(x),G(y)] and [G(y),F(x)]

-> trying a symmetry pattern of the form [F(x),G(x)]

-> trying a symmetry pattern of the form [F(y),G(y)]

-> trying a symmetry pattern of the form [F(x)+G(y), O]

-> trying a symmetry pattern of the form [0, F(x)+G(y)]

-> trying a symmetry pattern of the form [F(x),G(x)*y+H(x)]
-> trying a symmetry pattern of conformal type

N

2.1.6.3 X Mathematica

‘ode=D[y[x],x]==y[x]+x*Exp[y[x]];
|ic={y[01==0};
’DSolve[{ode,ic},y[x],x,IncludeSingularSolutions—>True]

Not solved
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2.1.6.4 X Sympy

from sympy import x

x = symbols("x")

y = Function("y")

ode = Eq(—x#*exp(y(x)) — y(x) + Derivative(y(x), x),0)
ics = {y(0): 0}

dsolve(ode,func=y(x),ics=ics)

LTypeError : argument of type NegativeOne is not iterable

Python version: 3.12.3 (main, Aug 14 2025, 17:47:21) [GCC 13.3.0]
Sympy version 1.14.0

classify_ode(ode,func=y(x))

('1st_power_series', 'lie_group')
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