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1.1 Algorithm charts

1.1.1 First chart

first_order_solver series_ode_solver second_order_ode_series_solver
step(ODE) step(ODE) step(ODE)

>

first_order_ode_series_solver_taylor

step(ODE)
first_order_ode_series_solver
step(ODE)
> first_order_ode_series_solver_frobenius
IF expansion not at zero THEN
change of variables to zero Sth(ODE)

END IF

Let y' = f(z,y). If f(z,y) is analytic
at expansion point then use Taylor
expansion, else use power point
expansion. If point is not regular
singular point then not supported.

\

first_order_ode_series_solver_ordinary_point

[ step(ODE)
-

process_initial_conditions(ODE,sol)
Updates solution with IC

\J
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Figure 1: Flow chart for series solution for first order



1.1.2 Second chart

First order ode linear in ¢’ . Assume expansion is around .
y' (@) = f(z,y)
Assuming initial condition is y(zo) = yo

)

exists and f(z,y) has Tayor series at o, yo

[ is f(z,y) analytic at zo,yo? This means limy_4, f(z,y) exists and limy_,,, f(zmy) ]

YESL

v NO

tion directly to find the series expansion.

Let
e ™
y=w+d @)
n=1 Y=o
Where
fi=f(z,y)
Ofn

Ofn
+ (78(1/ ) fi
In this case the answer also comes out

with initial conditions already taken care
of in the process.

fn+1 = E

N
The easy case. Apply Taylor series defin-

J Use Frobenius series

( Is f(x,y) linear in y? J
I

YES |

L NO
( Write the ode as ' +p(z)y = q(z). J STOP. Not
‘ supported.

( lim, 4, (2 — zo)p(x) exists? J

YES | +NO

STOP. irreqular singular
point. Asymptotic

Regular singular point.

ntr expansion. Not

supported.

Yn = Znoozo an®

v

determine the balance equation and find y,. What is left is to find y, is ¢(z) is not zero.

[ Find the recurrence relation for y’ + p(z)y = 0 and determine all a,, coeffecients. Also J

NO$

YES

expansion of ¢(z) at zo ?

[

If g(x) is not polynomial already, then are able to find series

] @

NO‘

l YES

Since unable to express ¢(x) as
polynomial in 2 then not possible
to solve as need to use balance
equation on each term of g(x).

at the end add all these y,, to find y, for the original ode. For example,
we could have q(z) = 1+ + 22 +.... For each one of these terms, there

For each term in ¢(z) general series for its particular solution ¥y, , then
will be different y,

v

'

STOP.
not solve.

Can Use balance equation on each term of ¢;(z) to find ¢, for this
term’s corresponding particular solution y,,. Each term in ¢(x)

will have different cg, r.

Does the original summation terms used to
find yj, all have same starting lower index?

NO v
The general case. We have to find this y, using
Yp: = Domeo Ca@™ T using same summation relation used when
finding y; but with ¢, in place of a,, and using the new r.

v YES

The easy case. y, for this
¢(z) term, will have only
one term, which is

yp = coz”

YES
( More terms in g(z) left? )7

NO ¢
{ Yp = Ypy T Ypo T Yps - J

Y=yn+Yp A
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Figure 2: Algorithm for series solution for first orde

1.2 Ordinary point using Taylor series method and power series method

Local contents
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1.2.1 Taylor series algorithm

Let
v = f(z,y)

Where f(z,y) is analytic at expansion point zo. We can always shift to £o = 0 if o is not zero. So from now
we assume o = 0. Assume also that y(zo) = yo. Using Taylor series

\3
V(&) = 3(ao) + (@ = 20) 3/ (o0) + T2 ) + EZ Iy
2df x3d2f
_yo_'—xf_i_?diiﬂo,yo 5@ﬂl’z‘o,yo_i_'“
n+1 d"f
_yo+z (n+1)! da |,
But
df of Of
dr - %+@f (1)
af  d (df
o (df\ . 0 (df
= (z) * oy () ?)
Bf  d (d2f
da:3_dx<dw2)
0 [df o df
= (9:1:(.1’2> + (8yd3;’2> f (3)

And so on. Hence if we name Fy = f(z,y) then the above can be written as

Fy = f(z,y) (4)
Fn = di(Fn—l)
— o Fuit (2 5)
For example, for n =1 we see that
F = di(F )
i ()
~ 5t !
Which is (1). And when n = 2
k= %(Fl)
- b+ (5]

= (et o)+ oy (et 5d)

“ o) v o)
Y

Which is (2) and so on. Therefore (4,5) can be used from now on along with

y(x) = yo + Z .m0 (6)



1.2.2 Examples for ordinary point

Local contents

1221 Example 1 ¢/ +22y =12 . . . . . . . oo 2]
1222 Example2y +2ry=1+z+2%. . . . . . ... 6]
1223 Example 3y +2rxy? =1+4+z+2% . . . . .. ... ]
1224 Exampledy +y=sinz ... ... . ... @
1.225 Example 5.y +zy=2% . . . . . ... Bl

1.2.2.1 Example 1 ¢’ +2zy=12x

Yy +2zy==2

Solved using power series

Expansion is around z = 0. The (homogeneous) ode has the form y’ + p(z) y = 0. We see that p(z) = 2z
is defined as is at £ = 0. Hence this is an ordinary point. also the RHS has series expansion at =z = 0. It
is very important to check that the RHS has series expansion at x = 0 otherwise this method will fail and
we must use Frobenius even if £ = 0 is ordinary point. For example for the ode 3’ + 2zy = /z or the ode
y +2zy = % the standard power series will fail. See examples below. Using standard power series, let

oo

y= Z anz"
n=0
[ee]

y/ — Z nanxn—l
n=0

o0
= E na,z" !
n=1

The ode now becomes

o0 o0
E na,z" ! + 2z E apx" ==z
n=1 n=0

o0 o0
g na,z" ! + E 2a,z" =2
n=1 n=0

Reindex so that all powers on x are n gives
o0 o0
Z (n+1)apt12™ + Z 20,_12" =z
n=0 n=1

For n = 0, for balance we see the RHS has no z°, which results in
a; = 0
For n = 1, for balance we see the RHS has z!, which results in

(n+1)ant1 +2ap1=1
2a5 + 2a9 =1
1-— 2(10
2

ag =
For n > 2, for balance, since there are no more terms on right side, then we have the recursive relation

(n+1)apt1 +2a,-1=0

a =_a/n—1
n+1 (n+1)
For n = 2 we find
a _—201
T3
=0
Forn=3
a _—2(1,2
1Ty
__1 1 —2ag
2 2
_2a0—1
4



And so on. Hence we obtain

(o)
Yn = E anx"
n=0

=a0+alw+a2x2+a3x3+---

1-2 209 — 1
a0+< 2“°)x2+<a"4 >w4+---
1 1 1
1—22 4 2244 ... e R R
ao( x+2:r+ )+(2az 4x+

1 1 1
—_— 2 _ 4 .. —_— 2—7 4 DY
y(0) (1 z”+ 5a" + )+<2x i )

Solved using Taylor series

v +2zy==1
y =z —2zy
= f(z,9)

For this method to work, f(z,y) must be analytic at x = zo, the expansion point. Let expansion point be
z = 0. Let y(0) = yo. Then

o0

+Z n+1 ’n(xﬁy)l:z::()’yo

nO

Where Fy = f(z,y) and F, aF" L <6F" 1) Fy. Hence

Fy = (z — 2zy)
d
F =
1= gt

- (% ) ()7
(8(z — 21y) ) (a(x ngxy)> (& 209)

= (1—2y) — 2z(z — 2zy)
=da?y — 2y — 222 +1

d2
F2 = EF].

_ [OF, OF,
~(5)+ () m
0 (4 2 2 9,9 2
= £(4my—2y—2x +1) ) + 8—y4wy—2y—2w +1) (z—2zy)
= (8zy — 4z) + (42® — 2) (z — 22y)

= 12zy — 823y — 6x + 42

d3
- % R
F3 et

_ a-F2 BFQ
-(5)+ (%)
8 3 3 8 3 3

= 12y — 2427y — 6 + 122° + (122 — 82%) (z — 2zy)
= 12y — 4822y + 16z*y + 242% — 82* — 6

And so on. Evaluating the above at x = 0,y = yo gives

Fho=0
Fi=-2yo+1
Fr=0
F5 =12y, — 6



Hence

s $n+1
y=y(0)+ Z an(% Y)lz=0,y0
n=0

x> z3 z*
—y0+$F0+?F1+EF2+ﬂF3+"'

z? z*
=y0+0+?(—2y0+1)+0+ﬂ(12y0—6)+"'
2 42 o4

—yp — Qe = _*
Yo y02+2+2yo$ +

1 2 4
=y0(1—x2+2m4>+$—x+---

1.2.2.2 Example 2 ¢/ + 22y =1 + z + 22

Solved using Taylor series

Another example using Taylor series method.
v +2ry=14+z+22
v =1+z+2%—2zy
= f(z,y)
Let expansion point be z = 0. Let y(0) = yo. Then
©0 n+1

y=y0)+ h Fu(:Y)l2=0,40
n=0

Where Fy = f(z,y) and F,, = ag"z_l + (a%"y‘l) Fy. Hence

Fo=14+z+z? - 2zy
OFy OF,
F=(— — | F{
= () () »
=142z —2y+ (—2z) (1 +z +2° — 2zy)
=da%y — 2y — 22% — 223 + 1
OF, OF;
Fr=(— — | F
= (52)+(5)
= (8zy — 4z — 62%) + (42 — 2) (z — 2zy)
= 12zy — 823y — 62 — 622 + 42®
OF, OF,
F3=(— — | F{
= (52)+ (50)
= 12y — 242y — 6 — 12z + 1227 + (122 — 82°) (1 + = + 2° — 2ay)
= 12y — 4822y + 162y + 242% + 42® — 82* — 825 — 6

And so on. Evaluating the above at x = 0,y = yo gives

Fo=1
Fi=-2y+1
Fr=0
F3 =12y, — 6

Hence

e $n+1
y=y(0)+ Z [CEm] Fo(z,9)| 10,4,
n=0

z2 z3 zt
—y0+F0.’L'+F13+F2€ +F3ﬂ+'“

.’1,‘2

4
x

1 1 1
= —_— 2 —_ 4 ... —_ 2—7 4 DY
—y0<1 T +2x + >+<x+2x 2% + )

1.2.2.3 Example 3 ¢/ + 2zy?> = 1+ z + 22

Solved using Taylor series




v +2xy’ =142+ 22
Y =1+z+2? — 22y°
:f(xvy)

Let expansion point be z = 0. Let y(0) = yo. Then

s pntl
y=y(0)+ > an(iE,yﬂz:o,yo
n=0

Where Fy = f(z,) and F, = 2= + (25222 Fy. Hence

Fo=14+z+z? — 2zy?
Fi = (1+2z—2y%) + (—4zy) (1 + 7 + 2% — 229?)
= —423y + 82%y® — 4’y —day + 2z — 22 + 1
e () (%2)
= (—122%y + 162y — 8zy — 4y + 2) + (—42® + 242%y® — 42® — 4z — 4y) (1 + = + 2° — 229°)
= —42® + 32242 — 8z* — 482%y* + 3223y — 1222 + 3222y? — 1622y — 822 + 24xy® — 122y — 4z — 8y + 2

_ (9B, (9P
m=(G)+ ()0

And so on. Evaluating the above at x = 0,y = yo gives

Fp=1
F=-202+1
F>=—-8yo+2
Hence
© zntl
=y(0 — Fu(z, _
y y( )+n§=:o(n+1)| ($ y)lx_O,yO
x? z3 x*
= F Fr—+F—+F3—+---
Yo + Lox + 12+ 26+ 324+
9 x? z3
=yo+x+(—2y0+1)?+(—8yo+2)g+---
4 3 2 2 1o, 13
=1 1—5:10 + - +y0(—sc +---)+---+ x+§:c +§x +oee
1.2.2.4 Example 4 3y +y =sinz
Solved using power series
y +y=sinz

Expansion is around z = 0. The (homogenous) ode has the form y’ + p(z) y = 0. We see that p(z) is defined
as is at £ = 0. Hence this is ordinary point, also the RHS has series expansion at z = 0.

Let y =00 yanz™y = o0 yna,z" ! =3 > na,z"!. The ode becomes

o0 o0
g napz™ ' + E apz” =sinx
n=1 n=0

Indexing so all powers of x start at n gives

Z (n+1)apt1z™ + Z anx” =sinz
n=0 n=0
Expanding sin x in series gives
n n_._ T T _ .
;(n—i- 1 apt1z +;anaz =z al + ]

For n = 0, there is no term on RHS with z°, hence we obtain

a1 +ag=0

a; = —aop



For n = 1 there is one term z! on RHS, hence

200 +a; =1
_1—a1 1+ ag

2=y T

For n = 2 there is no term on RHS with 22 hence

3as+as =0
. __%__1—‘,-2(10 __la _1
7737 3 T 6% 6
For n = 3 there is term —%:c?’ on RHS, hence
1
4(14—}-(13——6
1 1 1
a4__€_a3__6_(_6a0_6):ia
4 4 24°°

And so on. The solution is

oo
y=D_ ana"
n=0

a0+a1x+a2x2+~~

14+a0) 1 1\ 4 1 n
ag aox—i-( 2 >a: +< 6a0 6>m+ 24a0 r +

1 1 1 1 1
1— e R BT S - BT
ao( x+2x 6x +24a: )+(2a: 6w +

1.2.2.5 Example 5. 3/ + zy = 22

y +zy=2° (1)

Looking first at 3’ + zy = 0. Expansion around z = 0. This is an ordinary point. Hence standard power series
will be used. let y = Zfzo anz™. Substituting into the ode gives

o0 o0
E na,z" '+ g anz™ =0
n=1 n=0

oo e 9)
d na,z" "+ ana™t =0
n=1 n=0

We always want to power on x be the same in each sum and be z". Adjusting gives
Z (n+1)apy12™ + Z an-12" =0 (3A)
n=0 n=1

For n = 0 we have

a1z’ = 2°

Hence a; = 1. The recurrence relation is for n > 0. From (3A) we have
(n+1)apt12"™ + ap—12" =0

(n+1)apt1+an—1)z" =0
(’fl + 1) Apt1 +0p_1 = 0

Forn=1
2a2+ao=0
ag
a,2=—?
For n =2
3a3+a; =0
a3=0
Forn=3
4a4 +a2 =0
o ®
1Ty
_ %
8



And so on. Hence

oo
Yn = E anz™
n=0

2 4
= ag + @17 + a2z® + a3z® + agxt + -

—gn 20,2, %04 %06
=ap 2x+8x 48w
_ 1o,,1,4 15
—a0<1 290 +8ac 4831:
Now we find y,,. Let
Y=Y+ Yp

Let us start by trying the undetermined coefficients method. We will see this will fail. Let y, = coz? +c1z+co.
Substituting this into the ode gives

(c2z® 4+ c1z + co)/ + z(coz® + 17 + ¢o) = 72
2e01 + ¢1 + e + 12?2 + oz = z?
c1 4+ z(2co + co) + 2%(c1) + 23(co) = 22
Hence ¢; = 1,c2 = 0,¢; = 0. We see this did not work. We get both ¢; = 0 and ¢; = 1. What went wrong?
The problem is that we used undetermined coefficients on an ode with non constant coefficients. And this is
a no-no. Undetermined coefficients can sometimes work on ode with non constant coefficients but by chance
as we see in earlier examples.

In solving an ode not the series method and if the ode have non constant coefficients, we should also not
use undetermined coefficient but use the variation of parameters method which works on constant and non
constant coefficients. We can not use variation of parameters here, since we are solving using series and do
not have basis functions for integration.

So what to do now? How to find y,? We use the same balance equation method as was done in earlier
examples for singular point. This example was added here to show that undetermined coefficients can fail
when finding ¥, even on ordinary point. Assuming y, is

o)
n
Yp = § CnT
n=0

o0
Y, = E ne,z™ !
n=0

Substituting this into the ode gives

o0 o0

Z nepz” '+ x Z cpr™ = 12
n=0 n=0

o0 o0
Z nepz™ ! + Z cpr™tl =22
n=0 n=0

o0 o0
Z ne,z™ !+ Z cpz™t = 22
n=1 n=0

o0 o0
Z (n+1)ept12™ + Z Cp1z" = 22
n=0

n=1
And the above is what will be used to obtain the ¢, and y,. For n =0

c1z? = 22

No balance. Hence ¢; = 0. For n =1

2cox + cpx = z2

(2¢co + co) z = 22
No balance. Hence 2¢y + ¢y = 0. Here, we are free to choose ¢y = 0. Therefore co = 0. For n = 2
3csz? + c12? = 22

(3c3 +¢1) 2% = &2

Balance exist. Hence 3c3 + ¢; = 1. But ¢; = 0, which gives c3 = % Forn=3

404w3 + C2a:3 = 22
No balance. Hence 4¢4 + c; = 0 But ¢ =0 then ¢4 = 0. For n =4

5C5CE4 + 03:1:4 =72



No balance. Hence 5¢c5 + ¢c3 = 0 or ¢c5 = —11—5. Forn=5
6c6x6 + C4.’L‘6 = 22

No balance. Hence 6¢g + ¢4 = 0. But ¢4 = 0, hence ¢g = 0. For n =6

TerzS + csz® = 22

1

No balance. Hence 7c7 + ¢5 = 0. But ¢5 = — 5,

o)

n

Yp = § CnT
n=0

:co+claz+02x2+03x3+--~

therefore c; = 5= and so on. Therefore

1 1 1
=0+04+0+-2°4+0— —2°+0+ —z" —--
+0+ +3w+ 15w+ +1O5:1;

_ 1 3 1 5 1 7 9
=37 T 1Y ot T

The final solution is

Y=Yn+Y

1 1 1 1 1 1
—ap(1— 224+ g% — — 26 ... e S R o ST
“°< 2" T T " >+ (3”” 5% Tis” “oas” T

In this example, we choose ¢y = 0. This was arbitrary choice.

1.3 Examples for Frobenius series for first order ode

Local contents

1.31 Example 1.2y’ +y=0,y(0)=1 . .. .. ... ... ..
1.32 Example 2. 2y +y =1 . . . . . . . e e
1.33 Example3. 2t/ +y=1 . . . . . . . . e
1.34 Exampled. zy/ +y =k . . . . . e
1.3.5 Example 5. zy/ +y=sinz . ... .. . . ...
1.3.6 Example 6. zy’ +y=xz+x3+2z% . . . . .. ... ...

1.3.7 Example 7. zy’ +y =

138 Example8.zy +y=_5. ... .. .. ...
139 Example 9. 2y’ +y =3+ . . . . . . ...
1.3.10 Example 10. g/ + 4= =5 . . . o o

x3

1.3.11 Example 11 ¥/ + 22y = /T . .« o« o o oo e e e e
1.3.12 Example 12 ¢/ +2xy =2 . . . . . . ...

x

1313 Example 13/ =1 . . .. ... ..
1.3.14 Example 14 9/ = L . . . . . ...

x2

1315 Example 15 ¢/ + 2 =0. . . . . ... ... ... ...
1.3.16 Example 16 cos(z)y' +Ly=2 . . ... ... ... L
1.3.17 Example 17 2y’ + 22y =/T . - . .« o o o o

1.3.1 Example 1. zy +y =0,y(0) =1
zy' +y=0

With expansion around x = 0. Since z is regular singular point, then let

Y=Y (n+r)aa!

n=0

Then (1) becomes

o0 o0
x E (n+7)a,z™ 1 + g anz™t"T =0
n=0 n=0

Z (n+r)a,z™" + Z anz™ " =0
n=0 n=0

All z in sums start from same index, so there is no adjustments needed. For n = 0, EQ (3) gives

ragxr” + agzx” =0

(r+1)agz"=0

10

(2)

(34)



Eq (*) above is important. It is called balance equation and will be used to find ¢y, r for particular solution
for ode when the RHS is not zero. In this case it will not be needed but will be used in next problems. Eq (3A)
is also very important. It will be used also to find particular solution when right side is not zero. From now
will call this the summation equation. It is the final equation when all sums have been normalized such that
power of x inside each sum all have same power. Both the balance equation and the summation equation
are the core of the algorithm for solving first order series equation with regular singular point and will be
used over and over in all the problems.

Now we start by finding y,. From balance equation and since ag # 0, hence 7 +1 =0 or

r=-—1
Therefore summation equation becomes
o0 o0
Z (n—1)az"* + Z anz™ 1 =0 (3B)
n=0 n=0

For n > 0 (because n = 0 was used to find r) EQ (3B) gives the recursive relation

(n—1a,+a,=0
na, =0 (3C)

We see that for all n > 0 then a,, = 0. Hence solution is for n = 0 only, which is

o0
n=0

= aox_l

%

T

Initial condition now applied. We see that at z = 0 we get undefined value. Hence not possible to solve for
ag. Therefore no solution exist with this initial condition.

1.3.2 Example 2. 23/ +y==2x
) +y=1 (1)

This is same as example 1, but with nonzero on RHS. The solution is y = yp, +y,. Where y;, was found above
as
ag

yh=$

To find y, we will use the balance equation, EQ (*) found in the first example when finding y,. We just need
to rename ag to ¢y and add the x on the right side of the balance equation.

(r+1)coz" ==z

For balance we see that

r=1
Hence
(r+1)e=1
2C0=1
1
00—5

Now that we found r, ¢y we will use the summation equation in first example to find all ¢, for n > 0. We see
that all summations terms start from the same index. This implies that only term exist for y, which is

If the summation equation did not have all the sums in it start from same lower index, then we would had to
apply the summation equation to find all ¢, for n > 0 just like we did for finding a,,. But here we got lucky.
Therefore

Y=Yn+Yp

_% 1
—x+2m

Last problem below gives case when not all sums in the summation equation have the same starting index.

11



1.3.3 Example 3. zyy/ +y=1
zy +y=1 (1)

This is same as example 1, but with nonzero on RHS. The solution is y = yp +y,. Where y;, was found above
as
ao
Yn = —
x
To find y, we will use the balance equation, EQ (*) found in the first example when finding y,. We just need

to rename ag to ¢y and add the x on the right side of the balance equation.
(r+1)cpz" =1
Balance gives r = 0. Hence

(r+1)e =1

Co=1

Since all sum terms in the summation equation of the first example have same starting index, then we know
that all ¢,, = 0 for n > 0. Therefore

Yp = coT"
Therefore
Y=Y+ Yp
_a
T
1.3.4 Example 4. 23/ +y=k
zy +y=k (1)

This is similar to above example. Carrying out same steps shows that ¢y = k and all other ¢, = 0. Hence
yp = k. The solution is

Y=Y+ Yp
=% g
x
1.3.5 Example 5. 3’ +y =sinz
zy +y=sinz (1)

This is same as example 1, but with nonzero on RHS. The solution is y = yp, +y,. Where y;, was found above
as

Yn = "
To find y, we will use the balance equation, EQ (*) found in the first example when finding y,. We just need

to rename ag to ¢y and add the x on the right side of the balance equation.

(r+1)coz” =sinz
— 1 3 1 5 1 7
=TT T 120" 040" T

For each term on the right side, there is different balance equation. Hence we have

(r+1)coz" ==z (2)
1
(r+1)coz" = —6:53 (3)
1
(r+1)coz" = mxs 4)
1
(r+1)coz” = —Mm7 (5)

Each one equation above, gives different y, then at the end we will add them all. Starting with (2)
(r+1)coz" =z

Hence r = 1 the therefore (r +1)co =1 or ¢p = % Now, since the summation equation have all the sums in
it start at the same lower index, then we know there is only one term. Hence the first particular solution is
Yp, = coz" = 2x. Now we will look at the next term on the right side, which is (3) and do the same.

(r+1)coz" = —%x?’

12



—-1,.3

Thenr =3 and (r+1)cg = —% or 4cy = —é or ¢y = ;—i. Then the second particular solution is y,, = 57°.

Now we will look at the next term in (4) and do the same

1
(r+1)coz" = mscs

Hence r = 5 the therefore (r +1) ¢y = ﬁ or 6¢cy = ﬁ or ¢y = %. Hence the first particular solution is
1

Yps = 752> . Now we will look at (5) .
. {
5040
Hence r = 7 the therefore (r+1)c¢o = —ﬁ or 8¢y = —ﬁ or cg = —m. Hence the first particular
solution is yp, = z” and so on. Hence

(r+1)coz" =

—_1_
40320

1 1 1
Yp = =T — —z® + 2"

— — 7 .« e e
9% " 94” T 720" " s0a0° T

We found y,. The solution is

ag n 1 1 4 N 1 5 1 n

= — —x— —x°+ _——x°— ——x' +---
T 2 24 720 5040

Notice here we also used that fact that since all sum term in the summation equation in the first example

have same starting index, then we know that all ¢, = 0 for n > 0 for each y, we found above, so we only

needed to find ¢y only for each y,.

1.3.6 Example 6. 2y +y = x + 2 + 2z*
zy +y=z+2°+2z* (1)

This is same as example 1, but with nonzero on RHS. The solution is y = yp, +y,. Where y;, was found above
as
ag

Yn =
T

To find y, we will use the balance equation, EQ (*) found in the first example when finding y. We just need
to rename ag to ¢y and add the x on the right side of the balance equation.

(r+1)coz" = z + 23 + 22*

For each term on the right side, there is different balance equation. Hence we have

(r+1)cz" =z 2)
(r+1)coz” = 3 ®3)
(r +1)coz" = 2z* 4)

Each one equation above, gives different y,, then at the end we will add them all. Starting with (2)
(r+1)coz" =z

Hence r = 1, therefore (r + 1) co =1 or ¢ = 1. Hence the first particular solution is y,, = 1z. Now we will
look at (3)
(r+1)coz" = 3

Hence r = 3, therefore (r + 1) co = 1 or 4cy = 1 or ¢o = 3. Hence the second particular solution is y,, = 1z°.
Now we will look at (3)

(r+1)coz" = 2z*
Hence r = 4, therefore (r +1)cop =1 or 5¢yp =2 or ¢y = % Hence the third particular solution is y,, = %x‘l.

Hence adding all the above gives
= lx + 1373 + gac“
TR TS

We found y,. The solution is

Y=Yn+Yp

1 1 2
—x+ -2+ Zat

_ %
=7 Tt v T

Notice here we also used that fact that since all sum term in the summation equation in the first example

have same starting index, then we know that all ¢, = 0 for n > 0 for each y, we found above, so we only
needed to find ¢y only for each yj,.

13



1.3.7 Example 7. zy/ +y =1

T
oy +y=1 (1)
Y y_.'l,‘

This is same as example 1, but with nonzero on RHS. The solution is y = yp +y,. Where y; was found above

as

ao

Y = —
x

To find y, we will use the balance equation, EQ (*) found in the first example when finding y,. We just need

to rename ag to ¢y and add the x on the right side of the balance equation.
(r+1)coz" = 1
T

Hence r = —1. Therefore (r + 1) ¢y = 1 or Ocy = 1. No solution exist. Can not find y,. This is an example
where there is no series solution. This ode of course can be easily solved directly which gives solution
y =2 + LInz, but not using series method. The next problems shows that when changing 1 to Z; then the
balance equation is able to find cg.

1.3.8 Example 8. zy/ +y= 5%
zy +y=x? (1)

This is same as example 1, but with nonzero on RHS. The solution is y = yp +y,. Where y; was found above
as
%0

Yn =
X

To find y, we will use the balance equation, EQ (*) found in the first example when finding y5,. We just need
to rename ag to ¢y and add the x on the right side of the balance equation.

1
(r+1)coz" = 2

Hence r = —2, therefore (r + 1) co = 1 or —co = 1 or ¢ = —1. Hence the first particular solution is y, = —z 2.

Hence the solution is

Y=Yn+Yp
_% _ 1
T x2
1.3.9 Example 9. 2/ +y=3+=z
vy +y=3+zx (1)

This is same as example 1, but with nonzero on RHS. The solution is y = yp +y,. Where y; was found above

as
ao
Yo = —

T

To find y, we will use the balance equation, EQ (*) found in the first example when finding y5,. We just need
to rename ag to ¢y and add the x on the right side of the balance equation.

(r+1)coz" =3+z
For each term on the right side, there is different balance equation. Hence we have
(r+1)coz" =3 (2)
(r+1)coz" ==z (3)
Each one equation above, gives different y, then at the end we will add them all. Starting with (2)
(r+1)coz" =3

Hence r = 0, therefore (r + 1) co = 3 or ¢o = 3. Hence the first particular solution is y,, = 3. Now we will
look at (3)
(r+1)coz" =z

Hence r = 1, therefore (r+1)¢co =1 or ¢y = % Hence the second particular solution is y,, = %az Adding all
the particular solutions gives

1
= 2 —
Yp + 2x
The complete solution is
Y=Yn+Up

1
e
T 2

14



1.3.10 Example 10. zy' +y = 2%
zy +y=x"3 (1)

This is same as example 1, but with nonzero on RHS. The solution is y = yp, +y,. Where y;, was found above
as
ag

yh=$

To find y, we will use the balance equation, EQ (*) found in the first example when finding y,. We just need
to rename ag to ¢y and add the x on the right side of the balance equation.

(r+1)cox" =273

Hence r = —3, therefore (r + 1) ¢y = 1 or ¢g = —3. Hence the particular solution is y, = —22~3. The solution

1S

Y=Yn+Yp
ag 1

r 23
1.3.11 Example 11 ¢ + 2zy = /T

Y +2xy =z

Expansion is around = = 0. The (homogenous) ode has the form y’' + p(z) y = 0. We see that p(z) is analytic
at £ = 0. However the RHS has no series expansion at £ = 0 (not analytic there). Therefore we must use
Frobenius series in this case. Let

n=0
Y=Y (n+r)aa!
n=0
The (homogenous) ode becomes
oo (e}

Z (n+7)az" ™! 4 2z Z anz"" =0
o0 o0
Z (n+71)apz™™ 4+ Z 20,z =0
n=0 n=0

Reindex so all powers on = are the lowest gives
o0 o0
Z (n+7r)az™ ™+ Z 20, 22" =0 (1)
n:O n=2

For n =0, Eq(1) gives
ragz” ' =0 *
Hence r = 0 since ag # 0. For n = 1, Eq(1) gives
1+r)az" =0
ap = 0

For n > 2 the recurrence relation is from (1)

(n+r)an+2a,-2=0
_ 2a'n—2

- _2mme 2
a'n (n + 7') ( )

Or for 7 = 0 the above simplifies to 0
U = ——n—2 (24)

Eq (2A) is what is used to find all a,, for For n > 2. Hence for n = 2 and remembering that ap = 1 gives

a2:—1
For n =3 9
a3:—§a1=0
Forn=4 a__la_l
1T T T

15



For n =5,7,--- and all odd n then a,, =0. For n =6

=t =1
6= 73™ ™ 76

And so on. Hence (using ap = 1)

o0
yh=c1)  anz"t"
n=0

[o ]
=c g anz”
n=0

=ci(ao + a1z + asz® + azz® + - -)

1 1
=cl<1—x2+2x4—6x6+---)

Now we need to find y, using the balance equation. From above we found that

ragr" "t =z

IS

Renaming a to c the above becomes

reox” =z

N=

Hence r — 1 = % orr = % Therefore rcg = 1 or ¢y = % To find the rest of ¢,, we see that summation terms
in (1) above, do not all have same starting index, then here, we can not just find ¢y and assume that all
¢n, =0 for n > 0 as we did in the earlier example. In this case we have to use the same relation (1) above to
find all the ¢, like we did when finding a,,. We just have to use ¢, for a,, and use r found from the balance
equation (*). EQ (1) becomes

[ee] oo
Z (n+7)az" ™! + Z 20, _ox™ T =0

n=0 n=2
> 3 s =, s
DICTSPREEERS LMY
n=0 n=2
> 3 PR .
Z (n + 2) cpr™tz 4+ Z 2¢,_2x"T2 =0 (1B)
n=0 n=2

And it is (1B) that will be used to find all ¢, for n > 0. Forn =1

<n+g>cn=0
3
(1+2>C1=0

61:0

For n = 2 we have recursion relation

3
<n+ 2) Cn+2ch_2=0

_2071—2
n+ %

Cp =

Hence for n =2

Forn=3

Forn=4




And so on. Hence

o0
3
Yp = T2 E cnz™
n=0

=23 (co+ ez +coa? + )

Hence the final solution is

Y=Yn+Yp

1 1 3 (2 8 32
—_— — 2 _— 4_— 6 .« .. 2 —_ —_—— 2 —_— 4_-..
—c1<1 T +2x 6x + >+x2< + 21:L' + T )

1.3.12 Example 12 ¢/ +2zy =1

x
Y +2zy = 1
x
Expansion is around z = 0. The (homogenous) ode has the form y’ + p(z) y = 0. We see that p(z) is defined
as is at x = 0. However the RHS has no series expansion at £ = 0. Therefore we must use Frobenius series.
This is the same ode as example 1. So we go straight to find y, as y, is the same. Now we need to find y,
using the balance equation. From above we found that balance equation (*) is

1
regx” 1= =
T
Hence r — 1 = —1 or » = 0. Therefore rco = 1. But since » = 0 then there is no solution for c¢y. Hence it is

not possible to find series solution. This is an example where the balance equation fails and so we have to
use asymptotic expansion to find solution, which is not supported now.

_1
1.3.13 Example 13 ' =

y ==

z
Expansion is around z = 0. The (homogenous) ode has the form 3’ + p(z) y = 0. We see that p(z) = 0 is
analytic at £ = 0. However the RHS has no series expansion at £ = 0 (not analytic there). Therefore we

must use Frobenius series in this case. Let

(e )
n=0
o0
Y= (ntr)aa™
n=0
The (homogenous) ode becomes
o0
Z (n+7)ag" =0 (1)
n=0
Forn=20
ragz" ! =0 (™)

Hence r = 0 since ag # 0. Therefore the ode satisfies
y = ragz"

Eq (1) becomes

Z na,z" 1 =0
n=0
na,z" ' =0 (2)
Therefore for all n > 1 we have a,, = 0. Hence
Yn = Qo

Now we need to find y,, using the balance equation (*). From above we see that (where we rename ag to ¢o)

regx” L=zt
Hence r —1 = —1 or r = 0. Hence
reg =1
OCO =1

Therefore there is no solution for co. Unable to find y,, therefore no series solution exists. Asymptotic methods
are needed to solve this. Mathematica AsymptoticDSolveValue gives the solution as y(z) = ¢+ Inz.

17



1.3.14 Example 14 ¢/ = 5

1
L——
y - xz
This is the same as above problem where we found
Yn = Qo

To find y,, we will use the balance equation (*) from the above problem which is

reoz” ! = z72
Hence r — 1 = —2 or r = —1. Therefore rcy = 1 or ¢g = —1. The particular solution is therefore
yp=—z "
Hence the solution is
Y=Y tY

= 01(1 + 0(562)) - %

1.3.15 Example 15 y' + £ =0
r Y
-0
v+

Expansion is around z = 0. The (homogenous) ode has the form y’ + p(x) y = 0. We see that p(z) = X is not

T
analytic at = 0 but lim,_,¢ zp(x) = 0 is analytic. Therefore we must use Frobenius series in this case. Let

oo

Y= Z anx"t" (A)
n=0

y = Z (n+7)az™t !
n=0

The ode becomes

NE

1 o)
n+r—1 n+r __
n - n -
(n+7)anz + E anx 0
X
n=0

3
Il
o

(n+7)apz™™ 4+ Z apz™tT =0

V]38

n=0 n=0
oo
Z (n+7)a,+a,)z" 1 =0
n=0
[eo]
d (n+r+1)aa™ =0 (1)
n=0
Forn=20
(r+1)ap=0
Hence r = —1 since ag # 0. Eq (1) becomes, where r = —1 now
o0
Z na,x"” =0
n=0
na,z" ' =0 2

n = 0 is not used since that was used to find r. Therefore we start from n = 1. For n = 1 the above gives
a1 = 0 and same for all n > 1. Hence from Eq (A), since y = > °- ; a,2"'" then (note: When there is only
one Y term left in (1) as in this case, then this means there is no recurrence relation and all a, = 0 for
n > 0).

o0
y=ci (Z anx"“)
n=0
o0
=c (Z anx"_1>
n=0

=ci(aoz ' +0+0+---+O(z))

Letting ag = 1 the above becomes
y=c (x_l + O(I))

18



1.3.16 Example 16 cos(z)y' + iy ==
1
cos(z)y' + =z

Expansion is around z = 0. Since regular singular point, then we must use Frobenius series in this case. Let

Y= Z anxn+r (A)

The homogeneous ode becomes

oo oo
1 1
(E :(n+r)anazn+’”_1 2} : n+r anxn-i-r 1+24IL’4§ :(n—i—r)a n+r— 1 >+§ :a xn-i—r 1 _

n=0 n=0 n=0
o0
<Z (n+r)a,z"t ! Z (n+7) a4+ Z (n +7) a3 4 ) + Z anz" T =
n=0

Making all powers on = the lowest, which is n +r — 1 gives

(Z (n+7)ana™ ! —

(n4+r—2)ap_ox" ™1+ Z (n +r—4)anp_qz"T 4 >+Z apz™ Tl =
n=0

(1)

gt
N | =

The indicial equation is when n = 0. Hence

(n+7)apz"™ ! +az" T =
ragz” L +agz" =0
ao(r+1)z" 1 =0 *)

Hence r = —1 is the root. EQ (*) is the balance equation. Now we find all a,,. For n =1, EQ (1) gives (and
using r = —1)

(n+7)a "™ 4 a2t =

(1-1) a7 ezt =0

alx_l =0

Hence a1 = 0. Forn=2
1
(n+r) anxn+r—1 _ 5(n +r—2) an_an—i-r—l + anmn+r_1 -0
1
(2-1)az - 5(2_1_2)02—2-1-&2 =0

1
a2+ -ap+az =0

2

1
2(12 = —iao

1
az = —Zao

Forn=3
1
(n+r)ag™ ! - S(n+r—2) An—22" "L + a,z"t " =0

1
(3—1)a3—5(3—1—2)a3_2+a3=0
2a3+a3=0

a3=0

19



Forn=4

1 1
(n+71)apz™ ™t — i(n +7r—2)ap oz 4 — =l 4 g,z Tl =0

24
(4—1)&4—5(4—1—2)0,24-

(n+r—4)an_yz

1
—(4-1—-4)ap+as=0

24
3a4—§a2—ﬂao+a4=0
4a—1a —}—ia
4—22 240
YR VAT
=5\ T g% ) T 5%
= 1a +ia
T g0 g™
__ 1
T 1%
a——ia
4 = 480

And so on. Hence

oo

yh =) anz™"
n=0
o

n=0
0
— anT
T
n=0

(a0 + a1z + a22® + a3z® + asz* + - +)

K= 8|~ 8|

1
(ao + 0x — faoac + 0z @aox + - >

Lon 1,
ap 4(10.’13' 48(101‘

a,flxim+
Nz 47 48

Now that we found yp, we need to find y,. The balance equation is (*). Using ¢, instead of ag it becomes
(now with z on the right side)

cor+1)z" =z

For balance we need r —1 =1 or 7 = 2. Hence co(r + 1) = 1 or ¢y = 1. Since the summation terms in (1) do
not all have the same starting index, then we have to use (1) to find all ¢, and we can not just use cg like
we did in earlier problem. Only when starting index is the same on all summation terms, we can do that.

To find all ¢, we repeat the same process used to find a,. We use EQ (1) again but replace all a,, by ¢, and
now use r = 2 instead of r = —1. EQ (1) now becomes

o0 o0
1
(Z (n+7")cnm”+’—1—z2(n+r—2)cn 2zt 1+Z (n+r—4)cn_4m"+’" 14 >+Zc gt =

n=0 n=2

o0
(7;) (n+2) cpz™ ;2 nen_oz™ 1 4+ Z 51 (n —2) cp_gz™ + ) + chx
(1B)

Notice that we kept the right side zero, since we used n = 0 for balance and hence there is no more terms to
balance any more for n > 0. Now we use (1B) to find all ¢, for n > 0. For n =1

(mn+2)en+c, =0

3c1+c¢1=0
01:0
Forn=2

(n+2)cn—5ncn_2+cn=0
4dcog —cg+c2=0
5(32:(10
)
>7 5
_1
15

20



Since ¢y = % Forn=3

Forn=4

(n+2)c, —

And so on. Hence

Hence the solution is

1
Cp— =NCp_2+¢c, =0

(n+2) 5

563—%61 +c3=0

603=0

Cg=0

1
—ncp_o + —(n 2)ep—at+c, =0

2
1
664—202+E00+C4=0

7C4 = 202 —

1
= 2(15)
19

~ 180
19

180 (7)
19
T 1260

Cq =

o0
Yp=)_ cna™"
n=0
(o @]
= Z cpz"?
n=0
oo
= z2 Z cnx™
n=0

=$2(Co+c1w+62w2+C3x3+C4a:4+---)

1 19
=d * 12607

——+x—4+—19 ®+
3 15 ' 1260

1.3.17 Example 17 zy’ + 2zy = /T

Y=Yt Y
1 1 4 2 ozt 19
—ao(x—4x—48x+ >+<3 E+T60
1 1 4 2 ozt 19
_cl(x VTS + “>+<3++1260
zy' +2zy = Vx

2%

“(s)

1 19
2 4 e e
T (3+0x+ —z% +0z3 +1260 + )

6+...>

Expansion is around z = 0. Since regular singular point, then we must use Frobenius series in this case. Let

The homogeneous ode

oo

n=0
(e}

Y= (n+r)aat
n=0

becomes

o0
x E (n+7)az™ ™! 4 2z E anz™t
n=0 n=0

=0

o0 o0
Z n+r)a,z™t" + Z 2a,z"T T =0
n=0 n=0

21
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Making all powers on z the lowest, which is n + r gives

Z (n+71)anz™™ + Z 2a,_12"T" =0 (1)
n=0

n=1
The indicial equation is when n = 0. Hence
(n+7)az"™ =0
ragz” =0
rag =0 *)

Hence r = 0 since ag # 0. EQ (*) is the balance equation. Now we find all a,,. For n =1, EQ (1) gives (and
using r = 0)

a1 +2a9 =0
a; = —2&0
For n =2
202 + 2a1 =0
2a2 = —20,1
a2 = —aq
= 2(1()
Forn=3
3(1,3 + 20,2 =0
o 2
A
4a0
a3 = ———
3 3

And so on. Hence

o0
Y=Y anz"™"
n=0

[o ]
S
n=0
— 2 3 4
= (ao + @17 + a22® + a3z’ + asz* + - )

=a0(1—2x+2w2—§x3+--->

Now that we found yp, we need to find y,. The balance equation is (*). Using ¢, instead of ag it becomes
(now with z on the right side)

reox” =V

For balance we need r = % Hence cor = 1 or ¢y = 2. Since the summation terms in (1) do not all have the
same starting index, then we have to use (1) to find all ¢,, and we can not just use cg like we did in earlier
problem. Only when starting index is the same on all summation terms, we can do that.

To find all ¢, we repeat the same process used to find a,. We use EQ (1) again but replace all a,, by ¢, and
now use r = § instead of r = 0. EQ (1) now becomes

o0 o
Z (n+71)cnz™ + Z 2¢,_12"t" =0
n=0 n=1

o0 1 o0
Z <n + 2> ezt 4 Z 2n_13"t2 =0 (1B)

n=0 n=1

Notice that we kept the right side zero, since we used n = 0 for balance and hence there is no more terms to
balance any more for n > 0. Now we use (1B) to find all ¢, for n > 0. Forn =1

1
(n+ ) Cn +2cn—1 =0

2

3

5014—200:0
c —éc
1=—3%
__4
3
__8
3
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For n =2

gCQ = —201
Cy = —ﬁ
5
4 8
(D0
32
15

And so on. Hence

= Vz(co + 17 + coz® + 32 + - -)

8 32, 128 , 512
= 2— = o2 T Tt L
ﬁ( 37T 157 105" Toss” )

Hence the solution is
Y=Yn+Y

4 8 32 128 512
= 1-9224+222 - —g34+... ) + S Wi > ity N ity L SN

1.4 Irregular singular point for first order

ode internal name "first order ode series method. Irregular singular point"

expansion point is an irregular singular point. Not supported.

2 Second order differential equation

Local contents

2.1 Algorithm flow chart . . . . . . . . . . e 24
2.2 Second order Frobenius series. Indicial equation with repeated root . . . . . . ... ... ... 25]
2.3 Frobenius series. Roots differ by integer. Good case (no log needed) . . . . .. ... ... ... [45]
2.4 Frobenius series. Roots differ by integer. Bad case (logisneeded) . . . . . ... ... ..... [61]
2.5 Frobenius series. Indicial equation with root that differ by non integer . . . . . ... ... .. 82
2.6 Frobenius series where indicial equation roots are complex conjugate . . . . . . ... ... .. o7
2.7 Ordinary point for second orderode . . . . . . . . . .. ... oo 100
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2.1 Algorithm flow chart

This chart gives the algorithm for second order ode where expansion point is regular singular point. This
uses Frobenius series. There are 4 different cases to consider.

‘ Ay" + By + Cy = F(z)

Substitute y = >°5° a,z™*" into the ode. Set n =0
and find the indicial equation and find its roots 7,7,

Both Roots are complex Repeated roots r =11 = 7o Roots differ by integer. Roots differ by non
Let 71 >3 and the integer. Let 1y > 7o
‘ ‘ difference be N ©

. . | |
yi=) ane"t" yi = ana™t" _
oo
=) bpa™tr yo =y1n(x) + ) bpa" n=0 N "0
=0 n=1 3
n Yo = Cy1 h’l(l) + Z bnl'nJer Yg = 2 bnxn+’rz
Where in the above b, an(7) n=1 =
If lim; ., an(r) exists then C' = 0 and we have If lim, ., an(r) does not exist then C is not
o zero. C'is found from the recursive relation for
_ n+ry the case n = N. This gives C' and we set by =0
Y1 = Z and . . . .
= since by is arbitrary. Now that C is found, the

solution is

oo
= E anxn+r1

n=0

0o
Y2 = Z bn‘rn+T2
n=1

Where N is the difference between roots.

= Cy; In(z) + Z bx T

Nasser M. Abbasi, April 11, 2025. new_flow_chart.ipe

Where N is the difference between roots.

Figure 3: Series algorithm for second order ode for regular singular point

This gives the algorithm for second order ode where expansion point is ordinary.

if f(z,y,y’) is analytic at expansion point zy then this means zy is an ordinary point. We Apply Taylor
series defintion directly to find the series expansion. Let yo = y(zo), ¥’ (z0) = y; and
n+2

y= y0+y0+ZT2)

Fn (xﬁ y) Zo
Yo
Yo

Where

= f(z,9,9)
(Fn 1)

d

dx

0 8Fn—l ’ aFn—l "
—F,_

" or +( Oy >y+<3y’)y

0 8F‘n—l / aFn—l

“ o' 1+< dy )y+( dy’ )FO

Ordinary point and regular singular point are supported. irregular singular point support will be added in
the future. Expansion around point other than zero is also supported, including initial conditions. All 4 cases
of regular point are supported, these are when the roots on indicial equation are repeated, or differ by an
integer, or differ by non integer. case of Complex roots of indicial equation is also supported. Only second
order and first order series solution is supported. Higher order ode support will be added in the future.

F, =
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2.2 Second order Frobenius series. Indicial equation with repeated root

Local contents
2.2.1 Algorithm . . . . . . . . e e e e e e e 25
222 Examples . . . . . . .. e e e 25]

2.2.1 Algorithm

ode internal name "second_ order_ series__method_ regular_singular_point_ repeated_root".

In this case the solution is
Yy =cy1 + Y2

Where

(e 9]
Y=Y anz™t
n=0
oo

y2 =y In(z) + Z bz T2
n=1
r1, T2 are roots of the indicial equation. ag, by are set to 1 as arbitrary. The coefficients b,, are not found from
the recurrence relation but found using using b, jTan( ) after finding a,, first, and the result evaluated
at root ry. (notice that r = r; = 75 in this case). Notice there is no C term in from of the In in this case
as when root differ by an integer and the sum on b,, starts at 1 since by is always zero due to d%ao (r)y=0
always as ag = 1 by default.

2.2.2 Examples

Local contents

2.2.2.1 Example 1. 22y" 4+ zy’ + x> y =0, e 25
2.2.2.2 Example 2. z%y" + zy’ + 2 y =sin(x)........ .. .. .. .. 29
2.2.2.3 Example 3. (e® —1) y” +e*y +y=0 ... . B3I
2.224 Example 4 229" + 2y’ +2y=0 . . . . . . ... 34
2.2.25 Example 5 229" + 2y’ +2y=1 . . .. . . ... 36!
2.22.6 Example 6 22y +zy +zy=21 ... ... . 36
2.2.2.7 Example 7 2%y" + wy FTY=T oo B7
2228 Example8zy’ +y —xzy=0 ... ... . . . 38
2229 Example9sin(z)y’ +y +y=0. ... . . .. ... E00]

2.2.2.1 Example 1. 2%y" + 2y + 2%y =0

Solve
2y +zy + 2%y =0 (1)

Using power series method by expanding around xz = 0. Writing the ode as
1" ]‘ /
y+oy+y=0

Shows that x = 0 is a singular point. But lim,_,¢ z% = 1. Hence the singularity is removable. This means
x = 0 is a regular singular point. In this case the Frobenius power series will be used instead of the standard

power series. Let
o0
n=0
Where r is to be determined. It is the root of the indicial equation.
oo
— Z n4+ ’I‘ n+r—1
n=0
oo
= Z n+r)(n+r—1)a,z" "2
n=0

Substituting the above in (1) gives

[eo] [e’) 00
z* Z (n+r)(n+r—1)az""" 24z Z (n+7)a,z™ 1 4 22 Z anz™" =0
n=0 n=0 n=0
o0 o0 o0
Z (n+7)(n+7r—1)az"" + Z (n+7)az"" + Z anz™ 2 =0 (2)
n=0 n=0 n=0
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Here, we need to make all powers on = the same, without making the sums start below zero. This can be
done by adjusting the last term above as follows

o9) oo
Z anwn+r+2 — Z an_an+r
n=0 n=2
Eq (2) becomes
(o9) oo oo
Z (n+7r)(n+r—1)a,z"t" + Z (n+7)a,z™ + Z ap_2x™" =0 (3)
n=0 n=0 n=2

Eq (3) is the base equation which is used to find roots of indicial equation. For n = 0 the above gives

m+r)y(n+r—1)apz" + (n+7r)agx” =0
(r) (r—1)apz" + (r) apz” =0
(r(r—=1)ag+rag)z" =0
(rr=1)+7)apz" =0

r?apz” =0 (4)

Eq (4) above is important. Called the balance equation and will be used to find r, ¢ for particular solutions.
Let call it equation (*). Since ag # 0 then (*) gives

rr—1)+r=0
r’—r4+r=0
r2=0

Hence the roots of the indicial equation are r = 0 which is a double root. Hence r; = ro = 0. This is the
case when roots of indicial equation are repeated. In this case the solution vy, is given by

Yn = C1Y1 + C22

Where y; (z) is the first solution, which is assumed to be
(o9)
Y = Z anz™t" (5)
n=0

This is the standard Frobenius power series, just like we did to find the indicial equation, the only difference
is that now we use r = r1, and hence it is a known value. Once we find y; (x), then the second solution is

y2 =y11n(z) + Z b,z t" (6)

n=1

Something important to notice. In the sum above, it starts from 1 and not from 0. The main issue is how to
find b,,. Since that is the only thing we need to be able to complete the solution as y; () is easily found. It
turns out that there is a relation between the b,, and the a,,. The b,, can be found by taking just derivative
of a,, as function of r for each n and then evaluating the result at » = r;. How this is done will be shown
below.

First we need to find y;(z). Substituting (5) in the ODE gives (3) again (but now with r having specific
value 71).

Z (n+r)(n+7r—1)az"™ + Z (n+7)a,z" " + Z An_2z™ " =0 (7)
n=0 n=0 n=2

Now we are ready to find a,, for n > 0. We skip n = 0 since that was used to obtain the indicial equation.

For n = 1. Eq (7) gives

(n+r)y(n+r—1)ar+n+r)a; =0
I+r)A4+r—1ar+(1+7r)ar=0
(1+r)A+r—-1)+1+7r))a1 =0

(r+1)%a; =0

But r = r; = 0. The above gives a; = 0. It is a good idea to use a table to keep record of the a,, values as
function of r, since this will be used later to find b,,.

n a, ap(r=ry)
ag ag
1 0 0
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For n > 2 now we obtain the recursive equation. Notice that the recursive equation starts from n which is
the largest lower summation index. In this case it is n = 2. For all lower index, we have to find a,, without
the use of recursive equation as we did above for a;. Using (7), the recursive equation is

(n+r)(n+r—1an+m+r)ap+a,2=0

anz_(n+r)(n+r:1)+('n+7‘) ®)

Now we find few more a,, terms. From above and for n = 2

ao
ap = —
2 2+r)2+r—1)+(2+7)
__ %
(r+2)
and r = r; = 0 then the above becomes
% _
R
The table now becomes
n  an(r) an(r =r1)
0 ag 1
10 0
2 — G _d
(r+2) 4
And forn =3
ai

BETBINB+rr—1)+@+7)

But a; = 0. Then a3 = 0. The table becomes

n . an(r) an(r=r1)
0 ag ao
1 0 0
2 | - ('r—({l-02)2 T
3 0 0
For n =4 Eq (8) gives
as

T T U@ rr—1D)+@A+1)

But ag from the table is —ﬁg. Hence

r+2
—__ag
ay(r) = — (r+2)* = o
(44+r)d+r—1)+@+7r)  (r2+6r+28)°
The above becomes at r =7, =0 a a
- 20 _ %
“T 8?2 64
The Table now becomes
n . an(r) an(r =r1)
0 ao ap
1 0 0
2 | - ('r-({l—o2)2 -7
3 0 0
4

@0 ag
(r2+67+8)2 64

For n =5 Eq (8) gives
az

_(n+r)(n+7"—1)+(n+r)

But a3 = 0, hence a5 = 0. The table becomes

as =

n  an(r) an(r=r1)

0 ao ap

1 0 0

2 “Gear T

3 0 0

4 G a
(r2+6r+8)% | 64

5 0 0

For n = 6 Eq (8) gives
_ as(r)
a(r) = 6+r)(6+r—1)+ (6+7)
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But from the table a4 = so the above becomes

ag
(r2+6r+8)2?

ag(r) = — GEL S %
6+r)6+r—1)+(6+7)  (r+6)°(r2+6r+38)°

At r = r; = 0 the above becomes

ag = — aO = — ao
GO
The table becomes
n | ap an(r =11)
0 ap ap
1 0 0
2 | — %0, —%
(r+2) 4
3 0 0
4 G0 ag
(r2+6r+8)? 64
5 0 0
6 — ag ___Go
(r+6)*(r2+6r+38) 2304

And so on. Hence y;(z) is
o0
yl(x) — Z anxn-i-r
n=0

But r = r; = 0. Therefore

y1(x) = ap + a1z + apx? + azx® + asz* + asx® + agz® + - - -

1 1 1
= 1— -2+ —gf— — g6 4...
a0< 12 +64x 5302° + > (9)

We are done finding y; (z). This was not bad at all. Now comes the hard part. Which is finding y>(x). From
(6) it is given by
o0
y2 =y11n(z) + Z bpz™ "
n=1
To find b,,, we will use the following

d
by, = %(an) (10)

Notice that n starts from 1. Hence

br) = (@)

What the above says, is that we first take derivative of a,, w.r.t. r and evaluate the result at the root of the
indicial equation. Using the table above, we obtain (recalling that 71 = r = 0 in this example)

n  an an(r =r; = 0) b, = di?q(a,n) bn(r =r = 0)
0  ao ag N/A since b starts from n =1 N/A
1 0 0 0 0
2  ___% _ a0 da(___ao — _2a0 2a9 __ ag
(r+2)* 4 ar\" (r+2)2) — (r+2)° @3~ 4
3. 0 0 0 0
d _ 2r46 6 _ _3
4 Ererrer ol i (errotaay ) = ~200asttes —200 g5 = — 154
5 0 0 0 0
d — 3r24-24r+44 44 _ 11
6 _(r+6)2(:20+6r+8)2 — 3301 E(_(THS)?(;:W) = 2a9 (r3+12r2+44r+48)3 2a0 48y — 13821

We have found all b,, terms. Hence using (6) and since r = r; = 0 and using ap = 1 then

y2 = y1(2) In () + (b1 + boz® + b3z® + bz + bsz® + bz’ + )

But from the above table, we see that by = 0,by = %,b3 = 0,by = —%,bs = 0,bg = 11315204. The above
becomes

- 1o 3 4 11 6 8
2= ln(w)+“°<4x 128% T 1382° TO@) (11)
And we know what y;(z) is from Eq (9). Hence the above becomes
_ 1o, 1 4 L 6 8 1o 3 4 11 6 8
yg(x)—a(](l 1% 5% T 3m0® +0(z®) | In(z) + ao 1% " 18% T 350a® + O(z®%)

Therefore the general solution is

y(z) = c1y1(x) + c2y2(z)
_ L, I 6 8
_aocl<1 4a: +64w 2304w +O(av ))
14 3 11

1 1 1
1ot boa L o6 8 ) 1 I, 3 4 6 g
+a0cz(< i +64:1; 5301° +0(z )> n(w)+<4:c 128% +13824x +0(z )))
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We can now absorb ag into the constants ¢, co and the above becomes

_ 1, 1 4 1 8
y(”“')_q(l 1° Ta® " mu® O

: *1 - 1 +0 1 3 11
c2(< 2% T ea® T 23027 (2°) | In(z) + 1%~ 8% +13824x + O(z®)
It it easier in implementation to just make agp = 1 at the start of this process so we do not have to carry it

around, and that is what we will do from now on.

This completes the solution. The only difficulty in this method, is to make sure when finding the b, is to
have access to the a, with r being unevaluated form in order to take derivatives correctly. This was done
above by keeping a table of these quantities updated.

2.2.2.2 Example 2. z2y" + 2y’ + 2%y = sin (x)

Solve

z?y" + zy’ + 2%y = sin (z) (1)

This is the same example as example 1, but with non-zero on RHS. Expanding sin (z) gives

1 1 1
2,1 ’ 2y =1 3 :1:5—711774-"' A
Y y Y 6 120 5040 (14)

The solution is
Y=Yn+t Y

Where we found yj,, above. We just need to find y, now. To find y, we have to find y, for each term on the
right side of (1A). Starting with = term, we have

x2yll +xyl +x2y =

Using the balance equation (*) found above we then have (renaming ag to ¢g)
2

récox’ =T

Balance gives r = 1. And r2¢y = 1 or ¢y = 1. Then EQ (3) in first example becomes

Z n(n+1) ™ + Z (n+1)cpz™t + Z cnooz"t =1 (3)
n=0 n=0 n=2

Now that we used n = 0 to find r by matching against the RHS which is z, from now on, for all n > 0 we
will use (3) to solve for all other ¢,. From now on, we just need to solve with RHS zero, since there can be
no more matches for any z on the right. For n = 1 then (3) gives (remember to make RHS zero)

2¢12% + 2¢12%2 =0

4c122 =0
Hence ¢; = 0. For n =2 EQ (3) gives

2(3) c3x® + 3c3z® + oz =0
Z‘3(903 +¢0)=0

Hence 9¢c3 +cg = 0 or c3 = —% since we found ¢; = 1. We continue this way and find that ¢ = 0,¢c4 =
1 _ _ 1
525, ¢5 = 0,6 = — 17555 and so on. Hence

0o
yp1 — E cnzn-l-r
n=0

oo
— E Cn$n+1
n=0

—cox+clx2—}—czx?’+03x4+041‘5+05x6+cex7+~--
14 1 & 1
79" T os® T 11025”

Ty

Now we repeat the above for the second term on the right side, which is —%wg'
22y +zy + 2%y = —%xg’
Balance equation (*) gives
rlcoz” = —éx?’
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Hence r = 3 and r2¢y = —% or 9¢y = —% or cg = —51—4 . Using EQ (3) from above problem gives

o0 o0 o0 1
Z (n+3)(n+2)c,z™™ + Z (n 4+ 3) cpz™3 + Z Cnozr™ T3 = —éx?’ 4)
n=0 n=0 n=2

From now on, for all n > 0 we will use (4) to solve for all other c,. From now on, we just need to solve (4)
with RHS zero, since there can be no more matches for any 23 on the right. For n = 1 the above gives

(4) (3) crz* + 4cyz* =0
16c1z* =0

Hence ¢; = 0. For n =2 EQ (4) gives

(5) (4) cax® + 5eax® + cox® = 0
x5(25¢3 + ) =0

_1
Hence 25c; +co =0or cp = —52 = — 5% = #50. For n = 3 then (4) gives

(6) (5) c32° + 6c3x® + c12% = 0

Which gives ¢3 = 0 since ¢; = 0. For n = 4 then (4) gives
(7) (6) ca” + Teax” + cox” =0
z7(49¢4 +¢c2) =0

1

_ — _C _— _ 130 — __1 : :
Hence 49¢4 +co =0 or ¢y = — 3% = — 1382 = —==-. We continue this way. Hence
o0
pr — E Cnfll'n+T
n=0
o0
— § ’ c x"+3
- n

3
o

= C()£E3 + Cl.’L‘4 + CQ$5 + C3£E6 + C4.’L‘7 + -

——iz?’—l-—l 15—71 "+
- 54 1350 66 150

Now we repeat the above for the next term on the right, which is ﬁloa,ﬁ

1
2,11 / 2,
Yy try +x y-—lZOm

5

And if we carry the same steps as above we will find that

o0
yp3 — § cnxn—i-r
n=0

oo
= E Cpz" P
n=0

= coa:5 + clw6 + ch7 + 03:1:8 + C4.’L‘9 —+ -
= L z® — L T ! T
~ 3000 147000 11907000

We keep doing this for as many terms as we have on the right side. At the end, all y,, are added. This gives
the final y,

7+ 9_|_...

Yp = Yp1 T Yp2 T Yp3 + -
N 5i4$3+ﬁl50‘”5_ 66150x71r"'
11907000

LI 1 z’ +
94 ...

9_|_...

*3000% ~ 147000
T+

~ 246960° T 20003760"
Which results in

1 1 1 1 1 1 1
Yp=z+2—-—— | +2°( ot ot |+ - - - - +oe
9 54 225 ' 1350 ' 3000 11025 66150 147000 246960

(T (MO ) (261 )
- 54 27000 18522 000

Hence the solution is

Y=Ynt+Y

30



Using y;, from the above problem gives the total solution as

1 1 1
y—cl(1—4$ +@$ —mx +O( ))

1 1 3 11 6
+02<(1—4CL‘ +@ —m.’ll +O( )>ln(m)+< z2 —ﬁs +M +O( )>)

(o T, 149 5 2061 4
547 " 270007 ~ 18522000

2.2.2.3 Example 3. (e —1)y" +e°y +y =0

Solve
(e -1)y" +e"y' +y=0 (1)
Using power series method by expanding around z = 0. Writing the ode as

e’ = 1 —0
e —-1)7 Tl —1)Y"

Shows that « = 0 is a singular point. But lim,_,q xﬁ =1 and lim,_, m2ﬁ = 0 Hence the singularity
is removable. This means z = 0 is a regular singular point. In this case the Frobenius power series will be
used instead of the standard power series. Let

o0
n=0

Where r is to be determined. It is the root of the indicial equation. Therefore

&S]

— E n+r n+r—1
n=0
[eS)

Z n+r)(n+r—1)a,z" "2

yll +

n=0
Substituting the above in (1) gives
(e®—1) Z (n+r)(n+r—1a 2" 24" Z (n+7)a,z™ 4+ Z anz" " =0
n=0 n=0 n=0
Expanding e® in Taylor series around z gives e* =1+ x + %x2 + %x‘q’ + i.’r“ + -+ .. The above becomes

1, 15 1, = nr—2
(:c—i—:c t g% T 5% +--->Z(n+r)(n+r—1)anx

2 6 =
(o9) (o9)
+ <1+:c+ 2x + 6:c + 2436 +- ) Z(n+r)anx”+T_1+Zanw"+r =0 (1)
n=0 n=0
Expanding gives (and keeping only terns up to z* gives
x Z (n+7r)(n+r—1) anx"+r_2+§x2 Z (n+r)(n+r—1) anac”+r_2+éx3 Z (n+r)(n+r—1)a,z"" 2
n=0 n=0 n=0
- — n+r— 1 = n+r—
4Z(n+r)(n+r— 1) apz™t" ™ 2+Z n+r)a,z™ " 1+x2(n+r)anx + 1+§x22(n+r)ansc +r-l
n=0 n=0 n=0
1 o0 1 o0 o0
+ 6303 nE::O (n+7)anz™t 1 + ﬁx‘* 7;] (n+7)apz™ 1t + Z anz™tm =0

Moving the z inside the sum, the above becomes

© )

1
Y (ntr)(n+r—1ag™ T+ 2(7’L+T)(Tl+’l"—1)anxn+r+z () (n 47— 1) apa™
n=0 n=0 n=0
4 oo - -

+Zﬂ(n+7‘) (n+T—1) an$n+r+2+2(n+7") an$n+r—1+2(n+,’,) an$n+r+25(n+r) anxn+r+1
n=0 n—0 = —
> nirsz g0 L T N
- 1 . —o
+7;)6(n+r)anx +nz=:(]24(n+r)a”nx +nz::oanx
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Here, we need to make all powers on = the same, without making the sums start below zero. This can be
done by adjusting the last term above as follows

o0 00 o
1 1
D (ntr)(ntr—1ana™ 4y S(ntr = 1) (n+r—2)anaz™ Y St —2) (ntr = 3)anpa™t
n=0 n—1 o
> 1 © o 0o 1
+> gt =38 (n+r—4 an 2™ S (04 1) 4TS (T — 1) a2y Sntr—2) gz
n=3 70 oy ~
oo foe) oo
1 1
+3 ST =3)anaa™ T 4 Y (=4 anaa™ T Y @™ =0 (2)
n=3 n=4 n=1

The case n = 0 gives the indicial equation

(n+r)(n+r—1)+(n+7r)=0
r)(r-1)+(r)=0
=0
Hence the roots of the indicial equation are r = 0 which is a double root. Hence r;1 = ro = 0. When this

happens, the solution is given by
Y =ciy1 + C2y2

Where y; is the first solution, which is assumed to be

Y1 = Z anaf;"""r (3)
n=0

Where we take ag = 1 as it is arbitrary and where r = r;. This is the standard Frobenius power series, just
like we did to find the indicial equation, the only difference is that now we use r = 71, and hence it is a
known value. Once we find y;(z), then the second solution is

yo=y1ln(z)+ > bpz™" (3)

n=1

Something important to notice. In the sum above, it starts from 1 and not from 0. The main issue is how to
find b,,. Since that is the only thing we need to be able to complete the solution as y; () is easily found. It
turns out that there is a relation between the b,, and the a,,. The b,, can be found by taking just derivative
of a,, as function of r for each n and then evaluate the result at r = r1. How this is done will be shown below.
First we need to find y; (z). We take Eq(3) and substitute it in the original ODE. This will result in Eq (2)
which we found above so no need to repeat that. We just need to remember that now we now what r is. It
has a numerical value unlike the above phase where we still did not know its value.

Now we are ready to find a,. We skip n = 0 since that was used to obtain the indicial equation, and we
know that ag = 1 is an arbitrary value to choose. We start from n = 1.

For n =1 only, using Eq (2) gives
(n+7’)(n+r—l)a1+%(n—i—r—1)(n+r—2)a0+(n+r)a1+(n+r—1)a0+a0=0
(1+r)(1+'r—1)a1+%(1+r—1)(1+r—2)a0+(1+r)a1+(1+r—1)a0+a0=0
(47 (A +r—1)+(1+r)ar+ <;(1+7‘—1)(1+r—2)+(1+r—1)+1) a6 =0

But ag = 1. The above becomes

1

N |

((1+r)(1+r—1)+(1+r))a1=—< (1+7"—1)(1+r—2)+(1+r—1)+1>

—(FA4+r-1)(Q+r—-2)+(1+r—1)+1)
(@A+r)QA+r—D+1Q+m)
__(P4red)
2r2 +4r 42

a; =

Which at » = 0 gives
a; = —1

It is a good idea to use a table to keep record of the a,, values as function of 7, since this will be used later
to find b,,.

n  an(r) an(r=rm1)
0 1 1

(r2+r+2)
I - 2r24r+2 -1
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For n = 2 only, using Eq (2) gives

1 1 1
(n+r)(n+r—1)a2+§(n+r—1)(n+r—2)a1+6(n+r—2)(n+r—3)a0+(n+r)a2+(n+r—1)a1+§(n+r—2)
1 1 1
2+r)2+r—1)az+ = (2+r—1)(2+r—2)a1+6(2+r—2)(2—|—r—3)a0+(2+7")a2+(2+r—1)a1+§(2+r—2)

((2+r)(2+r—1)+(2+r>)a2+(1 24r.

2(2+r—1)(2+r—2)+(2+r—1)+1>a1+<€15(2+r—2)(2+r—3)+1

5(

1 1
(r+2)%ay + <2r2 + §r + 2> a1 + 67"(7

2
But ap =1 and a; = —gjiiz:f%. The above becomes
1 3 (r’+r+2) 1
2)? P Sr2) () 4+ 2 2)=0
(r+2)"ax+ <2r +or+ ) ( s arr2) T2
(r+2)2a = r4 +4r3 4 17r2 4 261 + 24
2 2(r+ 1)2
a r* 4+ 4r3 4+ 17r2 +26r + 24
T T R+ (r+2)?
At r = 0 the above becomes o 24 1
2T 1202% 2
The table becomes
n . an(r) an(r =11)
0 1 1
7‘2+7'+2
1 _§T2+4’r‘+)2 -1
9 ri44r3 417024260424 | 1
12(r+1)2(r+2)2 2

For n = 3 only, using Eq (2) gives

(n+7’)(n+r—1)a3+1(n+7’—1)(n+r—2)a2+%(n+r—2)(n+r—3)a1

1
+—Mn+r-3)(n+r—4a+n+r)as+(n+r—1)az+

1
4 2(n+r—2)a1+6(n+r—3)a0+a2=0
Or 1
B+r)(2+r)az+ = (2+r)(1+r)a2+(3+r)a3+(2+r)a2+ (1+T)a1+a2—0
Or
1
((3+r)(2+r)+(3+r))a3+( (2+r)(1+r)+(2+r)+1)a2+ (1+7)a1=0
1 5 1
(r+3)2a3+<2r2+2r+4>a2+2(1+r)a1=0
But a; = —é:zigf;,az =r +142’"(T111§T (jfg;“‘l The above becomes
1
(r+3)° ( r? + r+4)a2—2(1+r)a1
L4 ar3 +17r% +26r + 24 1 r?4+r+2
( ++)r+r+’g+ r2+ _7(1+T)_(27)
12(r+1)"(r+2) 2 2r2 +4r +2

(r® 4 3r® + 9r* + 53r3 + 158r% + 2087 + 144)
24 (12 + 3r + 2)°
(r® +3r° 4 9r* + 53r3 4 158r% + 208r + 144)
24 (r2 + 3r + 2)° (r + 3)°

az = —

For » = 0 the above reduces to B 144 1

T IO

The table becomes

an(r) an(r =r1)

1 1
(r>+r+2)

T 2r244r+2

rar3 417024267 +24 1
12(r4+1)%(r+2)? 2
(r®+3r°+9r*4+53r3+158r>+208r+144)

24(r2+3r+2)2(r+3)2

w N Rk oS
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And so on. Recursion starts at n > 5 but we have enough terms, so we stop here. y;(z) is

y1(w) — Z anxn-i-r
n=0

But r = r; = 0. Therefore

y1(x) = ap + a1z + azz® + azz® + asz* + asx® + agz® + - - -

1 1
:1—$+§I3_6$3+"'

(6A)

We are done finding y; (z). This was not bad at all. Now comes the hard part. Which is finding y2(z). From

(3) it is given by
y2(z) = y1(z) In (x) + Z bt
n=1

To find b, we will use the following

Notice that n starts from 1. Hence

bir) = 4 (@ (r)

=71

(7)

What the above says, is that we first take derivative of a,(r) w.r.t. r and evaluate the result at the root of
the indicial equation. Using the table above, we obtain (recalling that r; = 0 in this example)

(—r*+7r®4+27r2+53r+46)

6(r2+3r+2)3

d

n . an(r) an(r=r1=0) bu(r) = 4 (an(r))
0 1 1 N/A since b starts from n =1
11— (r+r+2) 1 d(_(P+r+2)\ . (r-3)

22 4r 42 dr 2r2+4r+2 ) T 2(r41)3
9 ri4+ar3 417024267424 1 d [ rt4+4r3 417024260424 _

12(r+1)2(r+2)2 2 dr 12(r+1)*(r+2)°
3 _ (r®+3r°+9r*+53r°+158r°4-208r+144) = 1 d (_ (r°4+3r5+9r*+53r°4+158r°+208r+144) \ _ (—9r"—44r°+24r°4662r"
24(r243r+2)2(r+3)2 6 dr 24(r243r+2)2(r+3)2 -

We have found all b,, terms. Hence

Y2 = Y1 In ($) + Z bn$n+r

n=1

And since r = r; = 0 then

y2 = y11n () + (b1 + boa® + b3z + baz* + bsaz® + bez® + -+ )

But from the above table, we see that b; = %, by = —%, by = %, The above becomes
_ 3 23 5 10 4 4
yQ—ylln(sc)+<2x 51% T o +0(z )>

And we know what y;(z) is from Eq (6A). Hence

3 23,

(1_. .13 13 4 3 23 10 4
y2_<1 &+ 52— o +0(z ))1n(w)+<2x 5% T 7 +O(z*)

Therefore the general solution is

Yy =c1y1 + Cc2Y2

1 1 1 1 2 1
=c (1 -+ §z3 - éx?’ + O(x4)) +c2 ((1 —z+ éx?’ - 6:1:3 + O(x4)) In(z) + (gx - 2—2302 + 2—(7):1:3 + 0(5134)))
This completes the solution.
2.2.2.4 Example 4 22y +zy + 2y =0
22y +zy +2y=0
Comparing the ode to
¥ +py +qy=0
Hence p = %, q= % Therefore py = limg_,0 zp = lim,_,01 = 1 and gy = lim,_,0 22q = lim,_,o z = 0. Hence

the indicial equation is

r(r—1)+por+q =0

rr—1)+r=0
=0
r=20,0
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Therefore r; = 0,72 = 0.

Expansion around x = 0. This is regular singular point. Hence Frobenius is needed. Let

a xn+r
n

M

3
Il
<

n+r—1

@\
I
[M]8

(n+r)anz

3
Il
<)

i (n+r)(n+r—1)a,z" 2

o

n=0
The ode becomes
o0 [ee] o0
z? Z (n+r)(n+r—1Daz"™ 2+ Z (n+7r)az" 4z Z anz"" =0
n=0 - n-i} “7_0
Z (n+7)(n+7r—1)az"" + Z (n+71)an ™™ + Z anz" Tt =0
n=0 n=0 n=0

Re indexing to lowest powers on x gives

oo oo (e 9]
Z (n+7)(n+7r—1)az"" + Z (n+7)a,z" " + Z Ap_12"T =0 (1)
n=0 n=0 n=1

The indicial equation is obtained from n = 0. The above reduces to

Z(n+r)(n+r—l)anx”+’"+2(n+r)anac"+’=0
n=0 n=0

m+r)(n+r—1a+(n+r)a, =0
(rY(r—=1)ap+rap=0
ao((rz—r) +r) =0
a0r2=0
Since ag # 0 then
r2=0

Hence r; = 0,72 = 0. Since the roots are repeated then two linearly independent solutions can be constructed
using

o0 o0
y1 =z E anx™ = g apz”
n=0 n=0

Y2 = y1ln(z) + 2™ Z bz =y In(z) + Z byz™

n=1 n=1

For n > 1 the recurrence relation is

(n+7')(n+'f'—l)an+(n+r)an+a/n—1=0

An—1
Gn = —
" (m+r)(n+r—1)+(n+r)
Ap—1
= 1
(n+r)° @)
Starting with y;. From (1) with r = 0 gives
Gp—1
an === 3
For n =1 and using ag =1
a1==-—1
Forn=2
=21
T4 4

And so on. Hence

o0
Y1 = E anx"
n=0

2 3
=ag+ a1x + a2x” +azx” + - -

1 1
=1-— ZxZ o 3.
x—|—4x 36x+
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In the case of duplicate roots, b, is found using b,, = d%an(r). And this is evaluated at » = rg = 0 in this
case since 79 = 0 here. So we need to find a,(r). This is done from (1). For n =1

d
by = %(al(r))

oG @ Jy_df 1 \__ 2
ar\ a+n)?) a4+ r)?) T r+1)?

b1 =2

Evaluated at r = 0 gives

For n =2 then (2) becomes

d
by = - -(az(r))
d ay
m <<z+>>
_4ad

1
T
dr\ (2+r)?

_4ad .
dr\ (r+1)>%(@r+2)>°
_ g 2rt3
(r2 4+ 3r 4 2)°
At r = 0 the above becomes
by= 2>
(2)
__3
T4

And so on. Just remember when replacing the a,, in the above, is to use the original a,(r) as function of r
and not the actual a,, values from above. It has to be function of r first before taking derivatives, Hence

Y2 =y11n(z) + Z bpx™

n=1

=y1In(x) + by + box® + bz + - - -

=y In(z) + 2z — 2x2+~-~
3
=y In(z) + <2w—4w2+--->
Therefore the general solution is

Y = c1y1 + Cc2y2
=c 1—x+1x2—ix3+ +c In(z) + 2m—§x2+
- 4° T 36 2\ o 4

2.2.2.5 Example 5 22y +zy' +zy =1

22y +ay +ay=1

The homogenous ode was solved up, so we just need to find y,. To find y,, and using c in place of a so not
to confuse terms with the y; terms, then from the above problem, we found the indicial equation. Hence the
balance equation is

cor’z” =1

To balance this we need 7 = 0. Hence Ocy = 1 which is not possible. Hence no particular solution exists. No
solution in series exists.

2.2.2.6 Example 6 2%y +zy’ +zy = %

T

1
xzy” +:1;y’ +zy = E

This is the same ode as above but with different RHS. So we will go directly to finding y,. From above we
found that the balance equation is

cor?z" =1
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Which implies r = —1 and therefore r2cy = 1 or ¢y = 1. Using the recurrence equation (1) in the above
problem using using ¢, in place of a,, gives

Cp=— n—1 5
(n+7)
For m = -1
o Cn1
T (-1
Hence

o0
_ n—+r
Yp = E CnT
n=0

o0
53 e
— CnT
z n=0

Now to find few ¢, terms. For n =1
_ %
1-1)?

=0

C1 =

Hence series does not converge. No y, exist. There is no solution in terms of series solution.

2.2.2.7 Example 7 22y +zy + 2y ==

22y +zy +y==x

This is the same ode as above, where we found y; but with different RHS. So we will go directly to finding
Yp. From above we found that the balance equation is

r2cox” =

Which implies r = 1 and therefore 72cy = 1 or ¢y = 1. Using the recurrence equation (1) in the above problem
and using ¢, in place of a,, gives

c = Cn—1
" (n+ 7")2
Forr=1
Cpn—1
Ch=—""75
(n+1)
Hence

oo
_ n+r
Yp = g CnX
n=0

o0
=z E cpx”
n=0

Now to find few c,, terms. For n =1

c Co 1
1= 2 = -
(2) 4
For n =2
e i1
T @e+1)® 9 36
Forn=3 L
C2 —_E 1

“TT3+1)2 16 576

And so on. Hence

(o)
Yp =chnx"
n=0
:m(co+clac+02x2+---)

1 1 1
=z(1-2Z iy S ST
x( 4x+36w 576w+ >

_ 1o 13 1 4
—<x 4m +36:c 576x+ >
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Using yp, found in the above problem since that does not change, then the general solution is

Y=Yn+Yp

4 36 576

1 1 1 3 14
1 1— g2 3 oty 2 — S T3y
+02(n(:c)< x+4:c T +576x + )+(x i +108x +

+ x—1x2+ix3—im +-
4 36 576

o o 57t )
l—z+ w -+ '+

2.2.2.8 Example 8 23/ +13' —zy =0

xyl/ +y/ _ xy 0

Comparing the ode to
1 /
y' +p(@)y +ae(@)y=0
Hence p(z) = %,q(:z;) = —1. Therefore py = lim,_0zp(z) = lim, 01 = 1 and gy = lim,_,02%q(z) =
lim,_,0 2 = 0. Hence the indicial equation is
r(r—1) +por +qo =0
r(r—1)4+r=0
r2=0
r=20,0

Therefore 1 = 0,72 = 0. Expansion around x = 0. This is regular singular point. Hence Frobenius is needed.
Let

n—+r

o

anx

3
Il
o

(n+7)az" !

ce\
I
NE

3
I
o

1

(n+r)(n+r—1)a,z" 2

)

3
Il
<

The ode becomes

z Z (n+r)(n+r—1)apz"*" 2+ Z (n+r)az" 1t~z Z 4,z =0
n=0 n=0
OO oo
Z(n+7)(n+7“—1)anx"+r_l—|—Z(n+r gl Za 2L
n=0 n=0
Re indexing to lowest powers on x gives
OO oo
Z(n+7")(n+7‘—l)anz"‘”_l—}-Z(n—i-r gntr—1 Za =1 —
n=0 n=0
oo
Z((ﬂ+r)(n+r—1) (n+7)) apz™t 1 Za" Lzl =0
n=0
o0
Y (n+r)apa™tt - Z an—22" " =0 (1)
n=0 n=2

The indicial equation is obtained from n = 0. The above reduces to
ragz™ 1 =0

Since ag # 0 then
r2=0

Hence r; = 0,73 = 0 as found earlier. Since the roots are repeated then two linearly independent solutions
can be constructed using

o0 o0
y1 =1z E apx™ = E apz”
n=0 n=0

Yo =y11n(z) + 2" Z bpz™ = y1In(z) + Z bpz™

n=1 n=1

n =1 gives

I4+7r)(r)ar+(1+7r)a1 =0
(r+1)%a; =0
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Hence a; = 0. The recurrence relation is obtained for n > 2. From (1)

n+r(n+r—1)a,+(n+r)ap —ap_2=0

apy, = an_22 1
(n+7) W)

Since we need to differentiate y; to obtain yo and the differentiation is w.r.t r, we will carry the calculations
with r in place and at the end replace r by its value (which happened to be zero in this example). We do
this only in the case of repeated roots.

Forn=2
_ ap _ 1
@+r)*  (2+7)°
Forn=3
(3+1)°
Forn=4 L
a2 @)’ 1

w“= A+r)? @A+r)? @C+n?@+r)?

For n =5, we will find a5 = 0 (for all odd n this is the case). For n =6

aq 1
(6+r) (2+r) (4472 6+71)°

And so on. We see that n'" term is a,, = H?Zlm. Now we can substitute the r = 0 value into the above

to obtain

o = 1
274
b1
Y
o= 1
6™ 2304
Hence
n=> anz"
=ag+ a1z + axx® + -
e .
1% et 30a”
To find y, we use b, an and evaluate this at r = r5 which in this case is zero. Hence

b —ia —d 1 = —_g__l
2 d'f'2 dr (2-|-'r) r+ 2 o 8 4

b= o= 2 PR B I GV R
(r2 + 6r +8)° (8) 128

dr* " dr ((2+r )’ (4+7)?

be ag

3r2 4+ 24r + 44
(r3 + 12r2 + 44r + 48)°
44
(48)°
11
13824

2

(r+2)°
_d
T dr
_ 4
Cdr\ (2+7)? (4+r (6+r)°
(- ).
-2

And so on. Hence

o0
y1 =91 In(z) + Z bzt

n=1

=y In(z) + Z bpa™

n=1

=y1In(z) + (baz® + baz* + bez® + -+ )

— 1o 3 4 11 s
_ylln(xH( 17 128" tTzen® t
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Therefore the complete solution is
Yy =c1y1 + Cc2Y2

_ 1o, 1 4, 1 &
—c1(1+4x +64$ +2304a:+ )

1 1 1 1 3 11
1 14+ 24 44 = 264 ... T2 2 4 6 4 ...
+02<n(:v)< +4m +64$ +23O4x + + 495 128x + 13824x +

2.2.2.9 Example 9sin(z)y" +y +y=0

sin (z)y" +y' +y=0
Comparing the ode to
y' +p(z)y +q(z)y=0
_1

Hence p(z) = %,q(w) = - Therefore py = lim;_,0 zp(z) = lim,_o =

qo = lim,_,0 2¢(x) = lim,_,¢ T = —52x = 0. Hence the indicial equation is

r(r—1)+por+q =0

rr—1)+r=0
r2=0
r=20,0

Therefore 71 = 0,72 = 0. Expansion around x = 0. This is regular singular point. Hence Frobenius is needed.
Let

n+r

M

anx

3
Il
o

(n+7)az" !

QQ\
I
NE

3
Il
o

i (n+r)(n+7r—1)a,z"" 2

M

n=0
The ode becomes
o0 o0 o0
sin (z) Z (n+7r)(n+r—1) a2 4 Z (n+7) anz™ Tl 4 Z anz™" =0
n=0 n=0 n=0
3 P i B o0 ~ )
(a:— T E ) z:o(n—kr) (n+r—1)a,z"*" 2+§%(ﬂ+7’)anz"+’" 1 _,_Z)anmnw —0
n= n= n=

Using O(z") terms as the Order of the series (if more terms are needed we will use more terms from the
sin z series). This means we have to now only expand up to n = 7 as that is the order used for the series of
sinz. The above becomes

o0 3 o©
T Z n+r)y(n+r—1)az" 2 - % Z (n+r)(n+7r—1)a,z" "2
n=0 " n=0
5 OO

(e 9] [e9)
+ % (n+r)(n+r—1) a2+ Z (n+71)az™ ™t + Z anz"" =0

n=0 n=0 n=0
Which becomes

o0 oo

1
n+r)(n+r—1a,x"" " — -(n+r)in+r—1)a,x
1 n+r—1 5 1 n+r+1
n=0 n=0
o0 1 o0 o0
+ Z m(n +r)(n+r—1)az"" 3+ Z (n+7) a1 + Z apz™tT =0
n=0 n=0 n=0
Re indexing to lowest powers on x gives
o0 o0
n+r—1 1 n+r—1
Z(”+T)(n+7“—1)an$ —Zé(n+r—2)(n+r—3)an_2x
n=0 n=2
oo 1 0o o)
+ Z m(n +r—4)(n+7r—5)an_qz" 1 + Z (n+7) a1 + Z 12" =0
n=4 n=0 n=1

Simplifying gives

oo oo oo oo
Z (TL + ,',)2 anxn+r—1_z (n + d )G(n + - 3) a’n—2xn+r—1+z (n + . 1)2(0n + r 5) an—4xn+r_l+z an—lmn+r_1 = (
n=0 n=2 n=1
(1)

n=4
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The indicial equation is obtained from n = 0. The above reduces to

rlagz™ 1 =0

Since ag # 0 then
=0

Hence r; = 0,75 = 0 as found earlier. Since the roots are repeated then two linearly independent solutions
can be constructed using

o0 o0
y1 =1z E apx™ = E apz”
n=0 n=0

yo =y1 In(z) + 2" Z bpz" =y In(x) + Z bpz"™

n=1 n=1

n =1 gives from (1) and by taking ap =1

(1+7)%a+ag=0

ap = ——20
DS
_ 1
(1+7)
For n = 2 gives from (1)
(2+7")2(1/2 - (T) (’;— )ao+a1 =0
(2 + 7’)2 as = —ai + 7(7.) (2_ 1) ap
1 (r)y(r—1)
a2 = 2 2 2
A+r)°2+r) 6(2+7)
Forn=3
(3+1")2a3— %al +ay=0
4= @ (147)(r)
3+ r)2 6(3+ r)2
1 + (r)(r—1)
__@er)’ ekt _ (I+r)(r) 1
(3+7)° 6(3+7r)° (1+7)°
(r*+7r®—r>—r+6) B (1+7)(r)

C6(r+3)2 (2 +3r+2)° 6B+ (1+r)

For n > 4 the recurrence relation is

-2 - —4 -
(n+fr)2an—(n+r Y(n+r 3)an_2+(n+r Y(n+r 5)an_4+an_1=0
6 120
Or
o — __Gn-1 (n+r—2)(n+r—3)a _(n+r—4)(n+r—5)a @)
T ()’ 6(n+r)’° " 120 (n + r)? ot

Since we need to differentiate y; to obtain y, and the differentiation is w.r.t r, we will carry the calculations
with 7 in place and at the end replace r by its value (which happened to be zero in this example). We do
this only in the case of repeated roots.

For n = 4 then (2) gives

as (2—|—1")(1—+—r)a2_ (r)(—l—i-r)ao
(4+r)° 6(4+r)° 120 (4 +7)°
_ PG, (2+7) (L+7) g — NELET)
(4+7)? 6(4+r)>  120(4+7)7 "
1 2+r)(1+7r) 1 _(N(=1+n7)
r+1*(r+2*r+3)°@+r) 6(4+7)° (r+1°@+2)7° 1204+7)°

aqg = —

And so on. Now we replace 7 = 0 to find y;. Just remember not to use anything over n = 5 since we cut off
the series for sin () at z°.
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Using r = 0, then the above values for a; found become
1

a]; = — 5 = -1
(1+47)
a4y = +(7‘)(7"—1):1
A+r)2@2+r)°  6(2+r)° 4
o (r*+r3—r>—r+6) B (1+47)(r) 11
6(r+3)°(r2+3r+2° 6B+r)1+7r)? (2)% (3)? 36
o= 1 2+r)(1+7) 1 (M) (=1+1)
T )+ 22 (432 @+r)? | 6@+’ (1 (r+2)°  120(4+7)
_ 1 N (2 1
2)°3)2(4)°  6(4)°(2)°
1
T 144
Let find one more term. For n = 5 then (2) gives
a5 = — a4 (3+r)(2+r)a3_ a+r)(r) a
(5+71)° 6(5+r)* 120 (54 7)°
_ w3 1
T T 6(5)2< 36)
1
- 720
For n = 6 the above recurrence relation gives
9 (4+r)(3+r)a _(2+1‘)(1+r)a
ST 6+ 66+ 1206417
_ T, W1 (@ 1
62 6(6)° 144 120(6)°4
1
~ 3240
Forn=17
o — 6 (5+r)(4—|—r)a _(3+r)(2+r)a
T ean)? 0 120(741)°
_ mn, @/ 1\ @@ [ 1
B ?7)3 6(7)* < 720) 120 (7)2< 36)
23
~ 7317520
For n =8
4 = az 6+r)(5+r)  (4+1)(8+7)

- Q, a
@+r?  6@+r)> 1208477

_ (s8m) )G 1\ @E) (1

- OF ot 6(8)° <3240> 120 (8)° (144)
13

~ 903168

Which is now the wrong value. It should be 621%. So using 3 terms from sin z we obtain up to a7 correct

yi=Y  anz"

=ao+a1x+a2x2+-~-

terms. Hence

oty s e 1o 16 23
TP T3 T 1™ T 720" T 320" T 317520

What would have happened if we expanded sin (z) only for two terms? Lets find out. The ode becomes

$7+

) oo -
sin (z) Z (n+7) (n+r—1)apz™ %+ Z (n+7)apz™ ! + Z anz™" =0
n=0 70 =
1173 © oo 00
<.’L‘—3!+.-.)Z(](n+7‘)(n+’r‘—1)anwn+r—2+Zo(n+r)anxn+r—l+zoanxn+r=0
n= o =

The above becomes

oo 3 o0 oo oo
T Z (n+r)(n+r—1)az"™ 2~ % Z (n+r)(n+r—1)az"" 2+ Z (n+7)az" ! + nzzoanx”“ =0

n=0 n=0 n=0
o oo 1 o0 o
Y (nt+r)(n+r—1ag™t =) g (ntr—1) a2 4 D (n+r) a4+ ana"t =0
n=0 n=0 n=0 n=0
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Reindex

o0

Z(n+r)(n+r—1)a "1"”+T ! Z (n+'f'— )(n+r—3)an 2$n+r 1+Z(n+r an$n+r 1+Za _lwn+r 1 =0
i = 2 n=0 n=1
o0 %) 1
Z n+r Qn n+r_1—zé(n+r—2) (n+r—3)an_2m"+r—1+Zan_1xn+r—1 -0
n=0 n=2 oy

For n = 0 we obtain the indicial equation as we did above. For n =1

(1+r2) a1 +ag=0
Qo
(1+472)
1
S (1+12)

a; = —

For r = 0 this gives
a; = -1

n > 2 gives

1
(n+7)"an = g(n+7=2) (nt7=3)an2+an1 =0
an—1 l(n+r—2)(n+r—23)

anp = — + Qn— 2A
(n+r)2 6 (n+r)2 2 (24)
Hence for n =2
1r(—-1
az = — o +*T( +2)ao

2+7)° 6 (2+7)
T Lr(=1+7)
2472 6 (247)°

For r = 0 the above gives

R O
@ 4
n = 3 gives
. as 1(1+r)(r)a
BTGB’ 6 B
i 14n)(m
B+7r)? 6 3+1)?
Forr=0 )
asg = 4 = 1
T ) 36
Forn=14
o= 33 1(2+r)(1+7')a
T a2 6 @rr)?
_a3 1(2)(1)
4)?® 6 (4)°
_ (=) 1020
@ T @y (3)
1
T 144
Forn=25
o — — a4 1(3+r)(2+r)
PTG+’ 6 (547
_ o  1B@/ 1y_ 1
B (5)2+6 (5)2 ( 36) 720
For n =26

as 1(6+r—2)(6+r—3)
(6+r)? 6 (6 +1)°
__m) 19 1
(6> 6 62 144
11

~ 25920

ag = —
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Which is the wrong value. We see that using two terms only from the sin (z) gave up correct a,, values up to
as. What if we used only one term? Lets find out.

NE

(oo} o0
sin (z) Z n+r)(n+r—1a,2"""2 4+ (n4r1)a,z" T+ Z a,z™t" =0
n=0

n=0 n=0
(+--) Z (n+r)(n+r—1)a,z"" "2+ Z (n+7)az" ! + Z anz"" =0
n=0 n=0 n=0
o0 o0 o0

Z (n+r)(n+r—-1) anz™ T 4+ Z (n+r) anz™ T 4 Z apz™T =0
n=0 n=0 n=0

o0 o0 o0

Z n+r)y(n+r—1) a1 + Z (n+71)apz™™ 4+ Z p_12™71 =0

e 3

o0
2 _ _
(n+7)az" ! + E 12"t =0
n=1

I
<

n

n = 0 gives the indicial equation. For n > 1 the recurrence relation is

(n+7)2an+ap_1=0

a, — __9n-1
n =
(n+r)?
Forn=1
a; = L
1 =—02
(1+7)
___ 1
(1+7)°
Forr=0
a1=—1
For n =2
@ — ay _ 1
9= — =
2+7)? (2+7r)?
Forr=0 ] 1
274
For n =3 .
a9 1
as = - 2 =~ 2
(3+7) (3+7)
Forr=0
1 1
o= —_4__ _ 1
e %
Forn=4 )
aq = — g3 = — 36
4+r)?°  (@+r)?
Forr=0
_3% 1
W= T 5T

We see that this is the wrong value. So when using one term only we obtain correct a,, up to ag. What do we
learn from all the above? It is that if we expand f(x) up to O(z™) order, then we can only determine correct
terms up to a, and no more. In the above when we used sin (z) = = — ”’g + % + O(z") then we obtained
correct terms up to a7. And when we used sin (z) = z — % + O(a:s) then we obtained correct terms up to
as and when we used sin (z) = z + O(z?) then we obtained correct terms up to as. So we should keep this
in mind from now on,.
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To find y, we use b, an and evaluate this at » = ro which in this case is zero. Hence

_d(__1 __2 _
Cdr\ (1+41)? rzo_(r+1)3_

d 1 OIS 54 + 1373 + 972 — 257 — 38 . -38 19
ar\ (1+r)22+r)? 6@2+r) 6(r2 +3r +2)° .

b,

ai
a9 =

6@

_4
~dr
d
bQZdi
d
by = d—
d

Tdr\ 643 (2 +3r+2)° 6(B+r)(L+r)
( (47 + 187 4 2074 — 15r3—18r2+93r+114)>
r=0

( (r4rP—rl=—r+6)  (1+7)(r) )

6 (r3 + 6r2 + 117 + 6)°
114
- 6(6)°
19
~ 216

And so on. Hence

Y1 =1 In (I) + Z bn$n+T2

=y In(z) + anx"
=y In(z) + (2x—19x2+193;3+...)

Therefore the complete solution is

Yy =c1y1 + C2Y2

=c 1—1$+1(E2+1I —I—Lx—i-
U T 27T Tt T 14e

+ 1ot dey Tosy Loy In(z) + or— g2y 1905,
€2 27T 4" T3 144" nir Y} 216

2.3 Frobenius series. Roots differ by integer. Good case (no log needed)

Local contents
2.3.1 Algorithm . . . . . . . . e e 45
2.3.2 Examples . . . . . . e e e e [46]

2.3.1 Algorithm

In this case the solution is
Yy =cy1 + Y2

There are two sub cases that show up when roots differ by integer. First sub case is when the second solution
12 is obtained similar to how y; is obtained. i.e. using standard Frobenius series but with the second root.
The second sub case is the harder one, this is when y5 fails to be obtained using the standard method due to
by being undefined where N is the difference between the roots. In this sub case we need to use a modified
Frobenius series method where, which is explained more using examples below. Therefore for sub case one
(called the good case) we have

oo
y=a" ) anz"
n=0

y2 = Cy; In (z) + =™ Z bnz"

n=0

Where C above come out to be zero (good case). Hence the above simplifies to

&S]

=§ anxn+7‘1
n=0
o0

= g bzt
n=0
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For the second subcase (called the bad case), C' above is not zero. To determine if C' = 0 or not, we first find
all the a,, including a where N is difference between the roots. Then evaluate

o, an(r)

And if this exists, then C' = 0. In the above we have to keep a,(r) as function of 7 in symbolic form to do
this.

2.3.2 Examples

Local contents

2321 Examplel (z—a?)y” +3y +2y=3z2. ... ... ... ... ... ... [46]
2.3.2.2 Example 2 42%y" + 4y’ + (422 —1)y=0 ... ... ... ... ... .. [49]
2323 Example 34"+ 4y +y=+T . . . . . 531
2.3.2.4 Example 4. 2%y" +3zy’ +4z%y =0 . .. . .. ... .. ... .. 54
2.3.2.5 Example 5. zy" + 2y +zy =0,9(0) =1,4/(0)=0 . . . . . . ... ... ... 53]

2.3.2.1 Example 1 (z —z?)y" + 3y’ + 2y = 322

(z—2%)y" +3y + 2y = 32?
Comparing the above to y” + p(z) ¥’ + ¢(z) y = 0 shows that p(z) = ﬁ, q(z) = ﬁ Hence there are
two singular points, one at x = 0 and one at x = 1. Let the expansion be around x = 0. This means the
solution will define up to x = 1, which is the next nearest singular point.

po = lim zp(z) = ilj{}ﬁm =3
And
= lim sz =0
©= 210 z(1—1x)

Hence zg = 0 is a regular singular point. The indicial equation is

r(r—1)+por+¢ =0
r(r—1)+3r=0

2 —r+3r=0
r24+2r=0
r(r+2)=0

Therefore r = 0,7 = —2. They differ by an integer NV = 2. Therefore two linearly independent solutions can
be constructed using

o0
y1=) apg"t"
n=0

y2=Cyiln(z)+ ) _ bna"t"

n=0

Where C' above can be zero depending on a condition given below. Now we will work out the solution for a
general r. Let

n—+r

o

anT

3
Il
o

n+r—1

Q\
I
NE

(n+7r)anz

3
Il
<)

(n+7)(n+7r—1)a,z" "2

S
I
NE

3
I
o

The homogeneous ode becomes
(z—2%)y" +3y +2y=0

o0 o -
(.’L’ — ;,;2) Z (n+r)(n+r—1) anxn-i-r—Z +3 Z (n+r) anxn-l-r—l +2 Z 4z = 0

n=0 n=0 n=0
o0 o0 o0 o0
Z (n+r)(n+r—1)az"" ! - Z (m+7)(n+7r—1)az"" + Z 3(n+7r)az" ! 4 Z 2a,2"" =0
n=0 n=0 n=0 n=0

Re indexing to lowest powers on z gives

o0 oo oo o0
Z (n+r)(n+r—-1) anx"+r_1—z (n+r—1)(n+r—2) an_lx""""_l—i—z 3(n+r) anx"'”_l—i-z 20, 12" =0
n=0 n=1 n=0 n=1

(1A)
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Forn=0

n+r)(n+r—1)a,z""" " +3n+r)ax" T =
( )( 1) n+r—1 3( ) n+r—1 0
(r(r—1)+3r)apz"™ ! =
(r*+2r)apz" ' =0 (1B)

Since ag # 0, then r = 0,7 = —2 as was found above. Hence N = 2 which is the difference between the two
roots. The homogenous ode therefore satisfies

(z—2®)y" +3y +2y=0
The recurrence relation is when n > 1 from (1A) and is given by
(m+r)y(n+r—1an—(n+r—1)(n+r—2)ap—1+3n+7r)a, +2a,-1=0
Keeping larger a,, on the left and all lower a,, on the right gives

24+ (n+r—-1)(n+r—-2)

an=(n—i—r)(n—l—r—1)—i—3(n—}—r)aln_1
n+r—3
n = 1 a0n— 1
“ n+r+2a ! ©)
Now we find yr = c1y1 + c2y2. For n =1 and letting ap = 1 then (1) gives
a —_2+Ta
1= 3, %
=247
347
_ 2
3
For n =2 Eq. (1) gives
a _1+Ta
2 g
1+ 247
S\ 4+ 3+r
(Y2 _1
S\ 4 3) 6
For n =3 Eq. (1) gives
a _3+7‘—3a 0
3T 34 rt2
And all other higher a,, = 0. Hence
y1=) anz"
n=0

=ao+a1T+ (12.'1:2

2 1

Now we need to find yo. We first check if yo can be found using standard method as was done above for y;.
We need to evaluate

Tll>nrlz aN (’I‘) - rl—l>n—12 @2 (T)

Since limit exist then C = 0 and we do not need the log term.

oo
Y2 = Z bnmn-i_r2
n=0

From (1) and using b instead of a and using r = ro = —2 gives

b _n+r—3

" ntr+2 !
=n—2—3b
n—2+2 """

—nn5bn—1
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Hence for n = 1 and using by = 1 as we did for aq gives
by = —4by = —4

For n = N = 2 which is the special case, 3
bn = Tb]_ = 6

Since by is defined, we can continue and y9 is found using same recurrence relation. Hence this is subcase
one. For n =3

-2
b3 = ?bQ = —4

Forn=4 1
by=—b3=1

And so on. Hence

Therefore

Yn = C1Y1 + C2Y2

2 1, 1 2 3, .4
=c1<1—3x+6w>+cz(w2(1—4x+6x — 4z’ + z%)

Now we find y,,. From earlier we found in (1B) the balance equation which gives
(z—2%)y" + 3y + 2y = 327

The balance relation is (r2 + 2r) coz™ ! = 3z2. This implies r — 1 = 2 or r = 3. Therefore (1‘2 + 2r) co =3

or (9 + 6) co = 3 which gives cg = = = L. Hence

15 = 5
o0
yp =Y cnz"t"
n=0

o0
=23 E cpx™
n=0

To find c,, the same recurrence relation given in (1) is used again but a replaced by c. This gives the
recurrence relation to find coefficients of the particular solution as

o — n+’r—3c

" ntr+2 !
For r = 3 the above becomes
n+3-3

n+342m !
n

n+5""

Cp =
1

Forn=1
Forn=2

And so on. Hence

oo
Yp = x?’chx”
n=0
2
=a;3(co+01x+02$ +)

11 1
x3<+x+x2+---)

5 30 105
Hence the final solution
Y=Yn+Yp

2 1 1 1 1 1
:cl<1—3m+6x2) +02<x2(1—4x+6x2—4x3+x4)> + <5x3+30x4+105x5+-~->

If we try to find y, by assuming y, = > -, c,z™ and substituting into the ode and try to match coefficients,
we can not always be successful. The above method using the balance equation always works and that is
what I am using in my solver.
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2.3.2.2 Example 2 42?y" + 4ay’ + (42® — 1)y =0

4z%y" +4day’ + (42 — 1)y =0

Comparing the ode to
y' +p(@)y +a@)y=0

Hence p(z) = 1,q(z) = %51, Therefore py = lim,_,o2p(z) = lim,_,o1 = 1 and gy = lim,_,o22¢(z) =
lim, o 4””1_1 = —1. Hence the indicial equation is
r(r — 1) +por+qo=0
1
-1 —-=0
r(r—1)+r 1
1
2
=0
"y
11
r=—=, -
2’2
Therefore r; = %, ro = —%. They differ by an integer N = 1. Therefore two linearly independent solutions
can be constructed using
y1=) apg™"
n=0
Y = Cyl In (.’L’) + Z bnac""'”
n=0
We start by expanding
n=0
o0
Y=Y (n+r)a.a!
n=0
oo
y' = Z (n+r)(n+r—1)a,z" "2
n=0
The ode becomes
oo o0 o0 o0
4z* Z (n+r)(n+r—1)a 2" 2 +42 Z (n+7)az" ! 4 422 Z a, "t — Z anz™t" =0
n=0 n=0 n=0 n=0

o (oo} oo o0
Z dn+r)(n+r—1)az"" + Z 4n+71)anz™" + Z 4anzm T2 — Z a,z" T =0

n=0 n=0 n=0 n=0
oo oo
n+r)n+r—1)+4n+r)—1)a,z + anx =
Z (4( ) ( 1) 4( ) 1) n+r Z 4 n+r+2 0
n=0 n=0
Z (4n2 + 8nr + 4r% — 1) anz™t" + Z da,z"t"T2 =0
n=0 n=0
[e9) [e9)
Z <4(n +7)? - 1) anz" " + Z dap,z™t 2 =0 (1)
n=0 n=0
Re indexing to lowest powers on z gives
Z (4(n + r)2 — 1) anz™t" + Z 4a,_oz™tT" =0 (2)
n=0 n=2

n = 0 is not used since was used to find roots. We let ap = 1. For n =1 EQ. (2) gives

(4(1 +r)? - 1) ay =0 (3)
<4<1+ G))Q —1) a =0
8a; =0
a1 =0

The recurrence relation is when n > 2 from (2) is given by
(4(n +r)? - 1) an + 45 =0

n—2 (4)
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For n = 2 and from (4)

-4
T ie 2 1”
B -4
4247 -1
B -4
42+ 1) -1
1
T 6
For n = 3 Eq (5) gives (and since a; = 0)
B -4
BB+ -1

And so on. Hence

o0

1

yi1=) anz"t:
n=0

=x%(a0+a1x+a2x2+a3x3+a4x4+---)

_ 1 5 I 4

= \/5<1 6% + 120% + )
Now we need to find y,. We first check if yo can be found using standard method as was done above for y;.
To find if C = 0 or not, We need to evaluate

rll>nr12 an(r) = T1_1>I£1% ay(r)

lim 0
ro—1%

=0

Since limit exist then C = 0 and we do not need the log term.

o)
Y2 = E bnmn-ﬂn2
n=0

Using same recursive relation for a, above, but using b, instead and use » = 3! instead of r = % we now

2
can find all b,.

The recursive relation becomes

—mbn—2 (6)

For n = 2 Eq (6) gives (and using by = 1)

For n = 3 Eq (6) gives

For n = 4 Eq (6) gives
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And so on. Hence

oo
Y2 = Z bnwn_%

(bo + b1z + boz? + - )

_ 1o, 1 4
= (1 2x+24x+>

a"‘%‘

Therefore the final solution is
Y = cC1y1 + CaY2

1, 1 1 1, 1
= 1—= — (1 —Zg?2 4+ gt ...
cl‘/_< 6% Tt t >+02ﬁ< 2% T Tt >

2.3.2.3 Example 3y +y +y=+7
y' +y +y=vz

Let the solution be y = yp, + y,. We start by finding y;, which is solution to y”" + ¢’ + y = 0. Comparing this
ode to

y' +p)y +qx)y=0

Hence p(x) = 1,q(x) = 1. Therefore py = lim,_,ozp(z) = lim; oz = 0 and gy = lim,_,02%q(z) =
lim,_,0 2 = 0. Hence the indicial equation is

rr—1)=0
r=0,1

Therefore 7y = 1,79 = 0. Expansion around z = 0. Let

n—+r

M

anx

3
Il
o

(n+7)az" !

ce\
I
NE

3
I
o

(n+r)(n+r—1)a,z" 2

S
I
NE

n=0
The ode becomes
Z (n+r)(n+r—1) a2+ Z (n+7)az™ 4+ Z anz" " =0 (1)
n=0 n=0 n=0

Reindexing to lowest powers on x gives

o0 o0
Z n+r)(n+r—1)az"" 2+ Z n4r—1)a,_ 12"+ Z An_2z" 2 =0 (2)
n=0 n=1 n=2

n = 0 gives
r(r—1)apz" 2 =0

Since ag # 0, then 1 = 1,79 = 0 as was found above. Since roots differ by integer N = r; — ro = 1, then the
two linearly independent solutions can be constructed using

o0
— E anx’ﬂ-i-"‘l
n=0

yo =Cy1In(z) + Z b,z 1"
n=0

Where C above can be zero depending on a condition given below. We start by finding y;. When n = 1 then
(2) gives

(14+7)(r)ar+rag =0
—ao

— 3
= +7r ®)
The recurrence relation is when n > 2 from (2) is given by
m+r)(n+r—1Dapn+(Mn+r—1)ap_1+a,—2=0
4, = —(n+r—1)ap—1—an_2 )

(m+r)(n+r—1)
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Now, using r = 1. For n = 1 and from (3) and using ap = 1 gives

p———
T2
"
T2
From n = 2 from (4) and using r = 1 it becomes
—2a; —ag  —2a1—ap —2(35) -1
ag = = = = 0
2+1)(2) 6 6

For n = 3 then (5) gives

4o o —Ba2—a _ —ar —(7) _1
2T B+1)(3) 12 12 24

And so on. Hence

o0
y1=Y  anz"t!
n=0
= x(ao + a1z + a2x? + azz® + agzt + )

1 1 1
:x(l—x+x2—m3+-~>

Now we need to find y,. We first check if y» can be found using standard method as was done above for y;.
For this we look at

A, on(r) = oy aur)

m
r—01+7r

= —ao

And see this is defined. Hence C' = 0 and we can find y using same series expansion and using by = 1 (we
do not need the log term)

—bo

For n > 2 we have
b — —(n+r—1)bp_1 — bp_2
" (n+r)(n+r—1)

Which for r = 0 becomes ( b .
—\n — n—1 — Op—2
b, =
n(n—1) )

Forn=2

—(2—=1)b; — by
2

—-(2-1)(-1) -1

be =

For n =3

Forn=4

And so on. Hence

Y2 = Z bnxn+0
n=0
= (bo + b1z + boz® +--+)

1 1
=1— I B ST
a:+6x 24x+

52



Therefore yy,
Yn = C1Y1 + C2Y2
—aa(1- ot ga? a4 ) be (oo - et
=z T+ 58" = o5 Co T+ 24x

Now we find y,,. Let
Yp = Z Cnxn—f-r
n=0

Substituting into the original ode gives

(e 9] oo oo
Z (n+r)(n+r—1)cpz™ 2 4 Z (n+r—1)cp_12" 2 + Z Cnoz™ "2 =\/x (6)
n=0 n=1 n=2

Forn=0
r(r—1)coz" 2 =z
5

For balance we need r — 2 = % orr= g Hence the coefficient is 7(r — 1) ¢p = 1 or %(5 —1) ¢o = 1. Solving

for ¢y gives

4
CO:]-i5

o0
Yp=)  cnz"T
n=0

For n =1 EQ. (6) gives (where now we put zero on the right side, since there can be no more balance terms,
as it was used for n = 0)

Therefore

|
o

A+7r)(r)er +rep =

C1 =

Recursive relation is for n > 2 from EQ.(6) and rememebring to always have zero on right side from now on.
This gives

(n+r)(n+r—1)ecpn+(mn+r—1)cp—1+cn—2=0
—Cp2—(n+r—1)cp—1
(n+r)(n+r—1)
—n2— (n+ 35 —1)ca
(n 3)(n+§—1)
—Cnz— (n+3)cn
5
2

rHn+d)

Cp =

For n =2
oy = —Cn_2 — (24 %) c1
2+3)(2+3)
—15 — (2+3) (—105)
2+3)(2+3)
=0
And so on. Hence
o0
Yp = Z cnzn—i-r
n=0

| I
8 3
wlon ||M8
3 °rs
i[]e %
o
3
8

x%(co+clx+02w2+---)
.
15 105 10395
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Hence the final solution

Y=Yn+Yp

N

1 1 1 1 1
=c1x<1—x+a:2—x3+--->+cz(l—x+x3—x4+--->+x

i _ ix + ixi” +
2 24 120 6 24 15 105 10395

2.3.2.4 Example 4. 22y" 4+ 3zy’ + 42y =0

Given
2y + 3zy + 42ty =0 (1)

Expanding around z = 0. Writing the ode as
" 3 / 2
Yy + -y + 4z Yy = 0

Shows that x = 0 is a singular point. But lim,_,¢ x% = 3. Hence the singularity is removable. This means
x = 0 is a regular singular point. In this case the Frobenius power series will be used instead of the standard

power series. Let
oo
n=0
Where r is to be determined. It is the root of the indicial equation. Therefore

(n+r) a7l

@\
I
WE

3
Il
o

(n+r)(n+7r—1)a,z"t 2

S
I
NE

n=0
Substituting the above in (1) gives
[ee] [ee) [ee)
Y (n+r)(nt+r—1)az™ 432 ) (n+r)ana™ T + 42t ) ana™t =0
n=0 n=0 n=0
oo oo oo
Z (n+7)(n+7r—1)a,z"" + Z 3(n+r)az™t" + Z da,z"t" =0 (1A)
n=0 n=0 n=0

Here, we need to make all powers on z the same, without making the sums start below zero. This can be
done by adjusting the last term above as follows

o0 o0
Z da,z"tTT = Z 4,4zt
n=0 =4

And now Eq (1A) becomes

Z (n+r)(n+7—1)az"™" + Z 3(n+r1)anz™" + Z 4a, 4™ =0 (1B)
n=0

n=0 n=4

n = 0 gives the indicial equation

m+r)(n+r—1a,+3(n+r)a, =0
(r)(r—1)ap+3rap=0
(r)(r—=1)+3r)ag =0

Since ag # 0 then the above becomes
(r)(r—1)+3r=0

Hence the roots of the indicial equation are r; = 0,79 = —2. Or 71 = 9 + N where N = 2. We always take
r1 to be the larger of the roots.

When this happens, the solution is given by

Y = c1y1 + Cc2y2

Where y;(z) is the first solution, which is assumed to be

[e9)
= Z apz™t" (2)
n=0

Where we take ag = 1 as it is arbitrary and where » = r; = 0. This is the standard Frobenius power series,
just like we did to find the indicial equation, the only difference is that now we use r = r1, and hence it is a
known value. Once we find y; (z), then the second solution is

y2=Cyiln(z) + > bpa"t" 3)
n=0
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We will show below how to find C' and b,,. First, let us find y;(z). From Eq(2)

o0
yi=_ (n+r)ane™t

We need to remember that in the above r is not a symbol any more. It will have the indicial root value,
which is r =71 = 0 in this case. But we keep r as symbol for now, in order to obtain a,(r) as function of r
first and use this to find b,(r). At the very end we then evaluate everything at r = r; = 0. Substituting the
above in (1) gives Eq (1B) above (We are following pretty much the same process we did to find the indicial
equation here)

o0 o0 o0
Z m+7)(n+7r—1)a,z"t" + Z 3(n+r)anz™™" + Z 4an 42" =0 (1B)
n=0 n=0 n=4
Now we are ready to find a,,. Now we skip n = 0 since that was used to obtain the indicial equation, and we
know that ag = 1 is an arbitrary value to choose.

For n =1, Eq (1B) gives

Q+r)14+r—1)a1+3(1+7)a1 =0
()1 +r—1)+3(L+7r)a =0
(r*+4r+3)a; =0

But r = r; = 0. The above becomes
3(11 =0

Hence a; = 0.

It is a good idea to use a table to keep record of the a,, values as function of 7, since this will be used later
to find b,.

For n = 2, Eq (1B) gives

24+7r)2+r—1)a2+3(2+71)az=0
(2+r)@2+r—-1)+32+71))az=0

But » = r; = 0. The above becomes

(2) (1) +3(2)az =0
8a2 =0

Hence a; = 0. The table becomes

N = O3

For n = 3, Eq (1B) gives
B+r)(3+r—1)az+3(3+71)az=0

But 7 = 0. The above becomes

(3)(2)azs+3(3)ag =0
15a3 =0

Hence a3 = 0 and the table becomes
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For n > 4 we obtain the recursion equation

(n+r)(n+r—1)a,+3(n+7)an +4a,-4 =0
(n+r)(n+r—1)4+3(n+7))an+4a,_4=0

dapn_4(T)
n+r)(n+r—1)+3(n+r)

an(r) = =7 (4)

The above is very important, since we will use it to find b,(r) later on. For now, we are just finding the a,,.
Now we find few more a,, terms. From (4) for n = 4

aa(r) = — 4ap(r)
44+r)4+r—-1)+3(4+r)

and r =r; =0 and ag = 1, then the above becomes

= _ 1
T @WE+3(@) 6
The table becomes
n o an(r) an(r =10)
0 1 1
1 0 0
2 0 0
3 0 0
4 1
4 T @+r)(@+Fr—1)+304+r) 6
And for n =5 from Eq(4)
. 4aq(r)
50 = )t r—1) £ 3 i)

=0

Since a; = 0. Similarly ag = 0,a7 = 0. For n = 8

as(r) = — 4ay(r)
ST T B B+r—1)+3(8+r)
But a4(r) = — (4+’r)(4+7‘f1)+3(4+r)‘ The above becomes
4
A EF -3 _ 16

() = B (B+r—1)+3(B+r)  ri+ 280+ 2842 + 1233r 1 1920

When r = ;1 = 0 the above becomes

1
0;8(7") = EO
And so on. The table becomes
n | an(r) an(r =0)
0 1 1
1 0 0
2 0 0
3 0 0
4 - 4 -1
(4+r)(4+r—1)+3(4+7) 6
5 0
6 0 0
7 0 0
8 16 1
7412813 1284r2+1232r+1920 120
Hence y; () is
o0
y1=) anz™t"
n=0
But r = r; = 0. Therefore
o0
Y=Y anz" (5)
n=0

= ag + a1 + aox? + asx® + asx? + asz® + agx® + arz” + agzd + - -
Using values found for a,, in the above table, then (5) becomes
y1 =14 agz + aga® + - -

_qtlpga 1 s 9
=1-ca'+ 502 +O(z”)

56



We are done finding y; (z). This was not bad at all. Now comes the hard part. Which is finding yo(x). From
(3) it is given by

ya = Cy11In (z) + Z bz t" (3)
n=1
The first thing to do is to determine if C is zero or not. This is done by finding
o, an(r)

If this limit exist, then C = 0, else we need to keep the log term. From the above above we see that
an(r) = az(r) = 0. Recall that N = 2 since this was the difference between the two roots and ro = —2 (the
smaller root). Therefore

lim 0=1m0=0

T2 r—0
Hence the limit exist. Therefore we do not need the log term. This means we can let C' = 0. This is the easy
case. Hence (3) becomes

=3 bua™ (34)
n=0
o0
=z 2 Z bx™
n=0
Since r = ro = —2. Let bg = 1. We have to remember now that by = b, = 0. This is the same we did when

the log term was needed in the above example, since by is arbitrary, and used to generate y;(z). Common
practice is to use by = 0. The rest of the b,, are found in similar way, from recursive relation as was done
above. Substituting (3A) into z2y” + 3zy’ + 4z*y = 0 gives Eq. (1B) again, but with a,, replaced by b,

Z (n+7r)(n+7r—1)bz"t" + Z 3(n+7) bzt + Z 4b, 4™t =0 (1B)
n=0 n=0 n=4

For n =0, we skip and let by = 1. For n = 1 the above gives b; = 0. And b; = 0 since it is the special term
by. And for n = 3, we get bg = 0. The table for b, is now

n bp(r)  bp(r=-2)
0 1 1
1 0 0
2 0 0
3 0 0

For n > 4, the recursion relation is

(m+r)(n+r—1)b, +3(n+7)b, +4b,—4 =0

4bn_4(r)
bn(r) = —
() m+r)(n+r—-1)+3(Mn+r)
Forn=14
4b0(7")
b =—
) = G arr-1)+3@+7)

=— 4 bo=1

T4+ (@+r—1)+34+n) 0
but r = —2. The above becomes

b 4 1

T T A-2)4-2-1)+3(4-2) 2
The table becomes

n o bu(r) bn(r =-2)

0 1 1

1 0 0

2* 1 0 0

3 0 0

4 - 4 -1

(4+7r)(4+r—1)+3(4+1) 2
We will find that bs = bg = by = 0. And for n = 8
4b4(r)
b =—
) =BT 136+
But by(r) = — (4+7‘)(4+7’E1)+3(4+r)‘ Hence
4 4
bs(r) = @F+r)@fr—1)+3(@d+r) 16

B4+7)(T+7)+3(8+7r) 44 28r3 + 28472 4 1232r + 1920
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But r = —2.
16 1
bg(’r‘) = ) 3 3 _
(—2)" +28(—2)" +284(—2)" +1232(-2) +1920 24

The table becomes

n | by(r) by (r = —2)

0 1 1

1 0 0

2* 0 0

3 0 0

4 - 4 -1

(4+7)(4+r—1)+3(4+r) 2

5 0 0

6 0 0

7 0 0

8 16 1
r4428r34+2847r24+1232r+1920 24

And so on. Hence the second solution is

0o
yg(a:) — Z bnxn-i-'r
n=0
0o
Y b

n=0

o0
=z 2 E bpx™
n=0

=gz 2 (bo + by + byx? + b3x® + byx* + bsz® + bex® + bra” + bga® + - )

_ 1 1
= 2(1 — 5(1)4 + ﬂngs + O($9)>

Therefore the general solution is
Y =c1y1 + C2y2
=c|1- 1:1:4 + ixs + O((Eg) +elz?(1- 1334 + ibgﬂ:g + O(xg)
6 120 2 24

The following are important items to remember. Always let by = 0 where N is the difference between the
roots. When the log term is not needed (as in this problem), y, is found in very similar way to y; where
bp = 1 and the recursion formula is used to find all b,,. But when the log term is needed (as in the above
problem), it is a little more complicated and need to find C and b; values by comparing coefficients as was
done).

This completes the solution.

2.3.2.5 Example 5. zy” + 2y’ + 2y =0,y(0) = 1,4'(0) =0

Solve
zy" +2y' +xy=0 (1)
y(0) =1
y'(0)=0

Using power series method by expanding around x = 0. We see that x = 0 is a regular singular point. In this
case the Frobenius power series will be used instead of the standard power series. Let

o0
y(x) — Z anxn+r
n=0

Where r is to be determined. It is the root of the indicial equation. Therefore

(n+7)az" !

QQ\
I
NE

3
I
o

(n+r)(n+r—1)a,z" 2

S
I
[M]8

3
Il
o

Substituting the above in (1) gives

o0 o0
(n+r)(n+r—1)az"" 242 Z (n+r)az" 4z Z a,z"t" =0

ot

n=0 n=0 n=0
Z (n+r)(n+r—1)az""  + Z 2(n+71)apz" T + Z Azt =0 (1A)
n=0 n=0 n=0
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Here, we need to make all powers on = the same, without making the sums start below zero. This can be
done by adjusting the last term above as follows

S+ (tr-Dae™ T+ 20+ r)a,a™ T+ au 0™ =0 @
n=0 n=0 n=2

Indicial equation is found from n = 0 which gives
r(r—1)ap+2rag =0
(7"2 + r) ap =0

Since ag # 0 then » = 0 or » = —1. Roots differ by integer. Let r; = 0,79 = —1, hence the solutions are

o0
y1=) apz"t"
n=0
(e ]
= Z anx”
n=0

y2 =CyiIn(z) + Z bzt

n=0

=CyIn(z) + Z bpz™ !

n=0

We do not know yet if C' will be zero or not (it will be). We have to wait after finding y; and finding all
ap, to find this. N =1 in this case, (which is difference between roots). So it depends if lim,_,,., a; if this is
defined or not. Now we find y;. Using (2), for n =1

I+7r)(r)ar+2(1+7r)a1 =0
But 71 = 0, hence 2a; = 0 or a; = 0. We setup the table now to help find C

The table becomes

n  ap(r) an(r=0)
1 1

For n = 2 EQ. (2) gives

2+r)1+7r)a2+2(24+7r)az+ap=0

T2yl +n+2@+r)
_ -1
" r245r46
But 7 = 0 then 1
ag = F
The table becomes
n | an(r) an(r =0)
0 1 1
1 0 0
2 —1 —1

r2+4+5r+6 6

If we continue we will find that as = 0,a4 = 135,45 =0, -. Hence

o0
y1 = E anz"
n=0

=ap+ a1z + a22® + azz® + - -
1 zt

=124+ = 4...
6" T10"

Now that we found y; we need to decide if C' = 0 or not. Since N = 1 then we need
lim a;(r)

T—T9

But a1(r) = 0. Does not depend on r as we see from the above table. Hence lim,_, 1 a1(r) = 0. Since limit
exist then C' = 0. Hence

oo
yo = Cy; In (z) + Z bzt
n=0

o0
— § bn.’L'n_l
n=0
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We skip n = 0 since that was used to find roots and let by = 1. To find all b,, we can use (2) but replace a,
by b, and replace by —1 which gives

Z (n+r)(n+r—1)byz" 2+ Z 2(n + 1) bpz™ 2 + Z by oz 2 = 0
n=0 n—0 =
Do (n=1)(n=2)bpa" 2+ 20— 1)buz" + Y baaz" P =0
n=0 n—0 opr

Forn=1
061 =0

Hence b; can be any value. Let b; = 0. Recursive relation for n > 2 which becomes
m—1)(n—-2)bp+2(n—1)b, +bp—2=0

_bn—Z

b= s =2 42 =1)

For n =2

Forn=3

—by

bs = B-1)(3-2)+2(3-1)
=0

Since by =0. Forn =4

—bs
(4-1)(4-2)+2(4-1)
_ —(=3)

S (4-1)(4-2)+2(4-1)
1
2

by =

And so on. We find that

o
Y2 = Z bnwn_l
n=0
= 1 i bpx™
z n=0

1
=;(b0+b1x+b21‘2+b3$3+"‘)

_1 1o, 1 4
_1:(1 2% Tt )

Hence the solution is

Y = c1y1 + Cay2

_ 1, 1 1, 1,
—01<1—6x +120+ ")+cz<w(1—2x +24x +---

B 1, o 1 1 1,
—cl<1—6x +120+ )+02<x—2x+24x+ ) (3)

We now need to determine the c;, c2 from initial conditions y(0) = 1,%'(0) = 0. At z = 0 we have

1=c; lim 1—1x2+i4+ + lim ¢ l—lx—l—ix?’—k
~ 250 6 120 =0 2\z 27 24

1
=c1 +cg lim —
z—0 1

So we need to have c; = 0 since lim,_,q % is undefined. Hence ¢; = 1 and the solution now becomes
1 zt
=1—Zz24 = _ 4.
Y 6" Tiot

Now we need to verify this solution satisfies the second IC 3/(0) = 0. Taking derivative gives

’——1x+m—3+
¥=73%T 3
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At z = 0, the above gives ¥’ = 0. Satisfied. Hence the solution is

4

1 x
=124+ 2 4.
y 67 T120 "

Lets see what happens if the IC was just y’(0) = 0. Taking derivative of (3) gives

"'=¢ 1ar:+ac—3+ +c L 1—i—iar:2+
y=al73% T3 2\T22 T2 ;

At x = 0 the above gives
. 1 1
0=+ e (5~ )

Therefore we need to have ¢y = 0 since no limit exist. We see that ¢; can be any value. Hence the solution

(3) becomes
1,
y=al|ll—-Za+ -+

Lets see what happens if the IC was just y'(0) = A for A # 0. Then taking derivative as above gives

. 1 1
A=ci(0)+co lim <_ac2 - 2)

Setting c; = 0 gives
A=0

Which is contradiction. Therefore for the IC y’(0) = A there is no solution. Finally, lets see what happens
when the IC is y(0) = A for A # 0. From (3)

A=ci(l)+c lim (1)

z—0 \ T

Since limit is not defined, we make ¢z = 0 which means ¢; = A. And the solution (3) becomes

1,

Let verify this satisfies the IC y(0) = A. We see it does. When z = 0 the above gives A = A.

2.4 Frobenius series. Roots differ by integer. Bad case (log is needed)

Local contents
241 Examples . . . . . . . e e e e e 61]

2.4.1 Examples

Local contents

2.4.1.1 Example 1 2%y" + oy + (22 —4)y=0 . ... ... . ... ... ... 61l
2412 Example 2 2%y’ +zy + (22 —4)y=1 . ... ... ... ... ... .. 66
24.13 Example 3 2%y’ +azy + (22 -4)y=1 ... ... o oL 67
2414 Example 4. 22y —xy =0 . . . . . . .. 69
2415 Example 5. 22y + 4 =0 . . . . . i 73
241.6 Example 6 2y’ +y =2 . . . . . .. e 73
2.4.1.7 Example 7. xy” — 2y +y=1cCOST. . . . . . . .. irds)
2.4.1.8 Example8zy’ +zy +y=1y0)=1. ... ... ... .. .. .. ...... [79]

2.4.1.1 Example 1 z?y" +zy' + (2> —4)y =0

m2y// +$y/ 4 ($2 _ 4) Y= 0
Comparing the ode to
y' +p(@)y +a(z)y=0

Hence p(z) = %,q(w) = “”154. Therefore py = lim,_,o zp(z) = lim, ,01 = 1 and gy = lim,_,¢z%q(z) =

lim,_,0 x> — 4 = —4. Hence the indicial equation is

r(r—1)+por+qg =0
rr—=1)4+r—4=0
r?—4=0

r=2-2
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Therefore 1 = 2,79 = —2. Expansion around x = 0. This is regular singular point. Hence Frobenius is
needed. Let

a $n+r
n

M

3
Il
o

(n+r) anpz™ Tl

@\
I
[M]8

3
Il
<]

1

(n+r)(n+r—1)a,z" 2

o

3
Il
<]

The ode becomes

o0 o0 o0
z? Z (n+r)(n+r—1Da 2" 24z Z (n+7)apz™ ! + (22 — 4) Z a,z"t" =
n=0

n=0 n=0
[e9) o0 e 9) oo
Z m+7)(n+7r—1)az""" + Z (n+71) anz™™ + 2 Z anz™t" —4 Z a,z"t" =
n=0 n=0 n=0
[ee)
Z n+r (n—i—r—l)anx"”—i-Z(n—i-r)a "t 4+ Za gt Z4anx =0
n=0 n=0 n=0 n=0
o0 oo
Z ntr)(ntr—1)+@n+r)—4)az" + > anz"t? =0
n=0 n=0
Re indexing to lowest powers on z gives
oo oo
Z (n+r)(n+r—1)+(Mn+7)—4)az"" + Z Ap_2z"t" =0 (2)
n=0 n=2
n = (0 gives
(rr—1)4+r—4)apz" =0
(r* —4) apz" =0
Since ag # 0, then 72 = 4 or r; = 2,7, = —2 as was found above. Since roots differ by an integer N = 4

then the two linearly independent solutions can be constructed using

o0
y1=) apa"t"
n=0

yo = Cy; In (z) + Z b2

n=0

Where C can be zero depending on if lim, ., ay(r) exist or not. We start by finding y;. Substituting
Y1 = D proanZ™ T into the ode gives (2) as was done above but with r = r1. We start by n =1 since n =0
was used to find the roots.

For n =1, EQ. (2) gives
(A+r)(r)+(1+r)-4)a1=0

Since r = 2 now, then
(T+2)2)+(1+2)—4)a;1 =0
5a1==0

a1::0
The recurrence relation is when n > 2 from (2) is given by

(n+r)(n+r—-1)+(n+7r)—4)apn+a,2=0

= i) ntr—1)+mtr)—4) (4)

Where in the above r = r; = 2. For n = 2 the above gives

—ag
+r)Q+r)+2+7)—4)
1 agp
rr+4
1 ap
T 22+4

Qg =
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Forn=3
—a;

() rr—1)+(4n -4

as =

Since a; = 0. For n =4
((4+T)(3+;)+(4+7‘)—4)
_(r+6)(r+2)

it

(r+6)(r+2)
(r+4)(r+6)(r+2)
(2+4)(2+6)(2+2)
1

aq =

M\»—‘ﬁ\r—\

= 384 ™
And so on. Hence
y1 = 2" (ap + a17 + a22” + a3z® + asz® + )

(o0 gy gt )
=z ao——aox +—aom + -

12 384
1 1
= aopx (1—12:1: +@z+ >
Orforag=1
21 4 L 6
= :L'—Ex —|—@x + -

Now we find y,. First we check if C' = 0 or not. Since N = 4 then from the above we see

an(r) = aq(r)
_ 1 ag
r(r+4)(r+6)(r+2)

Hence

lim a4 = lim a4
T—T2 r——2
. 1 ap
—2(—-2+4)(-2+6)(-2+2)
Which is not defined. Therefore C' is not zero and we need the log term. The value of C is found when
evaluating by below. Therefore we have

yo = CyiIn(z) + Z bz T2

n=0

=Cy;In(z) + Z bpz™ 2

n=0

Hence

§=C<y In (z) +y1>+2(n 2) byx™

n=0

1 oo
=C|y{In(z) +y1 +y1 - 2)+Z 2) (n —3) bzt
n=0

(v
C( In (z) +2y11 y1;>+g(n—2)(n—3)bna¢"—4

Substituting the above in z%y” + zy’ + (z? — 4) y = 0 gives

z? (C(yi’ln(m)+2y1i —yla;) +i(n—2) (n—3)bn:c"_4> —l—x(C(y’lln +y1) i ) + (2%

n=0

1 1 - n— n—
x2C(y’1’1n(a:)+2y’1x—y1x2> +Z(n—2)(n—3)bnw 2+:1:C<yiln(x)+y1x> +nZ=:0(n—2)bnx 24 (2% —4)

n=0
C(z%y{ In (z) + 2z9; — 1) + Z (n—2)(n—3)b,z" 2+ C(zy) In(z) +vy1) + Z (n —2)bp,z™ 2 + 22Cy; Inz — 4Cy; In (2)
n=0 n=0

Cz*yy In (z) + 2Czy; — Cy + Z (n—2)(n—3)b,z" 2 +2Cyi1In(z) + Cy; + Z (n —2)bz™ 2 + 22Cy, Inz — 4Cyy

n=0 n=0
Cln(z) [y +zyl + (&> —4) y1] +2Czyi + > (n—2) (n—3)bpz™ > + ) (n—2)b,
n=0 n=0
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But 2%y} + zy} + (1:2 - 4) y1 = 0 since y; is solution to the ode. The above simplifies to

2Czy; + Z (n—2)(n—3)byz™ %+ Z (n—2)bpz™ 2 + Z bpa™ — Z 4b,z" 2 =0 (5)
n=0 n=0

n=0 n=0

The above is what we will use to determine C' and all the b,,. But y1 = > oo, @,z 2 then
o0
=3 (n+2)aa
n=0

Eq (5) now becomes

2Cz)_ (n+2)ana™! + 3" (n=2) (0= 3)bpa"+ Y (0= 2)bpa" 2+ Y bpa” =) dbuz"? =0
=0 n=0 n=0 n=0 n=0

C io: 2(n + 2) a, " + i (n—2)(n—3)byz" 2 + i (n—2)bpx™ 2 + i bpz™ — i 4b,z™" 2 =0
n=0 n=0

n=0 n=0 n=0

Adjusting all the powers of = to the lowest one gives

o Z 2(n —2) g™ 2+ Z (n—2)(n—3)byz" 2+ Z (n—2)bpz™ 2+ Z by_oz™ % — Z 4b,z™" 2 =0
n=4 n=0 n=0 n=2 n=0

(6)
Forn=20
(n—2)(n—3)b0+(n—2)b0—4b0 =0
(—=2) (=3)bo + (—2) bp — 4by =0
0bp =0
Hence by is arbitrary. We always take b = 1. For n =1
(—1) (—2) b + (—1) by —4b; =0
—-3b;1 =0
bi=0
For n = 2, EQ. (6) gives

bo — 4by = 0
b

by =
_1

T4

Forn=3

bs+b; —4bs =0
—3b3=0
bs =0
Now we get to n = 4 which is the special case since N = 4. This will generate the value of C. From (6) and
forn=4
4Caqg + 2by + 2by + by —4by =0
40(10 = —b2
_be
4(10

— [

16

We also notice that b4 is not used as it cancels. We always set by = by = 0 in this case. Now that we found
C we can use recursive relation to all higher values of b,,. Form (6) and for all n > 4 we have

20n—2)apn—4+(n—-2)(n—3)by +(n—2)by + bp_o —4b, =0
—2C(n—2)an—4 — bp_2
m—Dm-3+m-2-4

In the above, we already know all the a,, values since we solved for y; before. We also know C. For n = 5
EQ. (7) gives

b, =

be — —20(3) a; — b3

T BR+B) -4
_ —60(11 - b3
=
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But b3 = 0 and a; = 0 hence b5 = 0. For n = 6 EQ. (7) gives

b —20(4) az — b4
6 = -———
(4)(3)+(4)—4
_ —80(12 - b4
N 12
but by =0,a2 = —%ao = —1—12 since ag =1 and C = %. The above gives
by — —2(16) (1)
12
__ b
288

And so on. Hence

yo =Cy1In(z) + Z b,z 2
n=0

12

12
1

1
=——yn

3 (z) + (

Therefore the final solution is

Yy =c1y1 + Cc2Y2

1
y11n(z) + z 72 <

2

yr1In(z) + 272 (bo + byx? 4 bsx® + byx* + bsa® + bga® + - -

1 1
14+ -2?— —ab+...

4 288

)

1 1
7_71-4_1’_..

T3

1 1 1 1 1 1 1
_ 2_ Lt a1 o6, R . B S ST B 2112 1 6.
cl(a: 3% +384$ + )+02< 12(:1: 2% +384$ + ) n(z) +z +4a: 558~ +
(8)
Let us now try different IC on the above.
IC y(0) =0 Then (8) becomes
1 1 1 1 1 1 1 1
=cq li 2_ gty T g6 li S A Iy VU BT I | . ST
0 clﬁi%(“’” 127 Ta® )+c2x§%< 12<”” % tag® v )@
ot (o (2 Ly Lo 111,
_"’2513%)( 12("” 2 T3a” >ln(x)+<x2+4 a8’ T

We see the second solution is not defined at x = 0. Hence we let c; = 0 and c¢; remains arbitrary. So the

solution (8) becomes

1 1
— 2_ 4, — 6,
y_cl<w 2% Taa® * >
IC y(0) =1 Then (8) becomes
1 1 1 1 1 1 1 1
== 1 2—7 4 — 6 ... 1 —_—— 2—7 4 — 6 .« .. —_— —_——— 4 ...
1_01335(‘” 27 T3a” )“%15%( 12(9” 2 T3a® Tt )ln(‘”)+<x2+4 o8’ T ))
. 1/, 1 4 1 4 1 1 1 4
We see the second solution is not defined at x = 0. Hence we let co = 0 and the above gives
1=0

Hence no solution exist with this initial conditions.
IC /(0) = 0 Taking derivative of (8) gives

4 6 1 4 6 1 1 1 -1
! = 20— — g3+ — 5. (92— 3+ .. )] g2 gty ... -
y cl< T = 5% +384w + +cz 13\ 22— 157 +384a: + n(m)—i—x o~ 55 +384$ + + o
Then at x = 0 the above gives
T 4 3 6 s . 1 4 3 6 5 Lo 1 4 1
0—017111%(21‘—123: +@m +”'>+62£1H})<_12<2$_12$ +@m + ... ln(ac)—i-g _sz +@x 4+ ..

1 4 6 1 1 1 -1 4
—colim (—— (22— =23+ — 25+ ... )1 (% S e T I B ST

c%ﬂ%( 12(”’ 2% Ta® Tt >n(”’)+x<x 27 e )T m T

Since limit is not defined, we set ¢y = 0. Therefore the solution (8) becomes

1
y:cl<z2—x4+x6+-~-

)
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IC y/(0) =1 Taking derivative of (8) gives

4 6 1 4 6 1 1 1 -1
,_ _—— 3 — 5 e _—— _—— 3 — 5 DR —_— 2—7 4 — 6 DY —_—
Y —cl(2m 5% +384x + )+02( 12<2w 5% +384m + )ln(m)+$(x 122 +384x + )+($3

Then at = 0 the above gives

4 6 1 4 6 1 1 1
1=¢c li 20— —gP 4 — 5. li (2 — =234+ — ... )1 g2 gt )
clzli%( TR ta® Tt >+c2z136< 12< TRt Tyt )@l e -t b g

e 1 1 48,6 5 1l 1 a4, 1 6 Z1_4 s
1_029113%( 12(2‘” ¥ T3® Tt >ln($)+a:(x 2 T )T E Tt

Since limit is not defined, we set ¢ = 0 and the above becomes
1=0

Hence no solution exist with this initial conditions.

IC y(0) =0,y'(0) =0

Using y(0) = 0 the solution (8) becomes

ot (L (2 Lgay L fala 1
0—0231813%( 12<x 122 +384:v+ >1n(x)+x 1+4m 288x+

Since limit is not defined, we set ¢c; = 0 and the solution now becomes

1 1
_ 2 L o4, L 6., ..
y—c1<x 12:1: +384x + >

Taking derivatives gives

4 6
! __ 2 _73 75
y—cl(az 12:1: +384a:+

At z = 0, using the second IC gives

— e i 4 3.6 5
0—c1i11)1%)(2x—12x +%7x +)
02610

Hence ¢, is arbitrary. It can be any value. Therefore the solution is
yma(2 - et )
Notice that even though we had two initial conditions, the final solution still has one arbitrary constant in it.
2.4.1.2 Example 2 z%y" + 2y + (22 —4)y =1
2y +ay + (2 —4)y=1
This is same as last example but with non zero on right side. We can find y;, as

1 1 1 1 1 1 1
_ R S S L . I LI ST B —2(q 12 1 6.
Yn cl(:c 12 +384£L' + )+02< 12<x 122 +384:v + > n(z)+x +4:c 288m +

Let solution be y = yp, + yp. We just need to find y,. Assuming

oo
_ n+r
Yp = E CnT
n=0

Substituting this into the ode gives EQ. (2) in the above example but with ¢, replacing a,, and with 1 now
on the right side

o0 oo
S ((ntr)(n+r—1)+n+r)—4)cna™ + ) en 2™ =1
’I’L:O n=2

Forn=0
(rr—=1)+r—4)cxz" =1

For balance we need r = 0. Hence the coefficient is

(rr=1)+r—4)c=1
—460:1
1

COZ_Z
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Hence

= E nepz™ !
n=1

Yy = Zn(n —1)cpz™?
n=1

oo
= Zn(n —1)cpz™ 2
n=2

Substituting this into the ode gives

oo o0 o0
.’1:2271(71 —1)cpz™ 2 + xchn:En_l + (1‘2 - 4) chz" =1
n=2 n=1 n=0

o0 o0 o0 o0
Zn(n —1)cpz"™ + chnac" + chx"+2 - 420,,’1:” =1
n=2 n=1 n=0 n=0

Adjust all powers to lowest gives

o0 o0 o0 o0
Zn(n —1)epz™ + chnx" + ch_gx" - Z4cnx" =1
n=2 n=1 n=2 n=0

For n > 0 the right side is zero since no balance (no z™ terms with n > 0). The above can then be written as

in(n —1ecpz™ + incnx" + icn_zx" - i4cn:c" =0
n=1 n=0

n=2 n=2

Forn=1

01—461:0
6120

The recursive relation is for n > 2 gives

nn—1)c, +ne, +cpn_2 —4c, =0

—Cp—2
= 1
n nn—1)+n—-4 (1)
For n =2
co = <
> nn—1)+n—4

g Olei= 3

The series does not converge. Hence no solution in series exist.

2.4.1.3 Example 3 z%y" +zy' + (2> —4)y =

8=

x2y// +$y/ + (a:2 _4) y =

8|~

This is same example as above but with % instead of 1 in the RHS. This is same as last example but with
non zero on right side. We can find y, as

1 1 1
= 2—7 4 —_— 6 ... —_——
yh—cl(x 12w +384a: + )+02< 12

384 4 288

Let solution be y = yp, + y,. We just need to find y,. Assuming

)
Yp = chxn-i-r
n=0

Substituting this into the ode gives EQ. (2) in the above example but with ¢, replacing a,, and with 1 now
on the right side

oo

oo
Z (n+r)(n+r—1)+nm+7)—4)cz™t + Z Croz™tT =271
n=2

n=0
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Forn=0
(r(r—1) +7 =) coa” =27}

For balance we need r = —1. Hence the coefficient is

(rr=1)+r—4)co=1
(—1(=2) —1—4) ¢y =1

—360 =1
1
Cyp = —g
Hence
o
Yp =Y cna" !
n=0
o0
Yy, = Z(n —1)cpz™?
n=0
Yy = Z(n —1)(n—2)cpz™ 3
n=1

Substituting this into the ode gives

oo [ee) o0
.Z‘QZ(H —1)(n—2)caz" 3+ mZ(n —1) ez 2 + (22 — 4) chmn_l =
n=1 n=0 n=0
(o] [ee)

(e 9) oo
Z(n —1(n—2)cpz™ t + Z(n — 1Dzt + x2ch:ﬂ"—1 - Z4cn:c”_1 =
n=0

n=1 n=0 n=0
[

Z (n—=1)(n—2)cpz"™™ 1+Z(n—1)cnw” 1+chx —i4cnx"_1 =
n=0

Adjust all powers to lowest gives

Z n—1)(n—2)coz" t + Z(n — 1zt + ch_gxn_l - Z4cnxn_1 =
n=1 n=0 n=2 n=0

1
z

For n > 0 the right side is zero since no balance (no =™ terms with n > 0). The above can then be written as

) 0o oo o
Z(" —1)(n—2)cpz™ ' + Z(n —1)cpz™ ! + ch_ﬂn—l _ Z4cnxn—1 -0
n=1 n=0 "2 Jopurd

Forn=1

—401 =0

C1 = 0
The recursive relation is for n > 2 gives

m=1)(n—-2)cpn+(n—1)cn+cp—2—4c, =0

_ —Cn—2
DT l—1)(n-2)+(n-1)—4
For n =2
Co = “
2714
1
— 3
-3
__ 1
9
For n=3
Cp = —a
" n-1)(n-2)+(n-1)—-4
=0
Since ¢; = 0. For n =4
C !
TR +@A-1)-4
_ s
3)(2)+(4-1)—-4
_1
T 45

1)



And so on. Hence

o0
_ n—+r
Yp = g CnT
n=0
o0
=z ! g cnw”

=z (co—l—clm—i—ch + - )

Therefore the complete solution is
Y=Y+

=cl<:c2— 1—12x +ix +- ) +c2< 112(x2— 1—12x +§x + - )ln(x)+m_2<1+im2—221;8.%64----)) + (—;x
2.4.1.4 Example 4. 2%y’ —zy =0

Solve
2y —zy =0 (1)

Using power series method by expanding around z = 0. Writing the ode as
1
"
—Zy=0
Y o Y

Shows that z = 0 is a singular point. But lim;_,¢ xQ% = 0. Hence the singularity is removable. This means
x = 0 is a regular singular point. In this case the Frobenius power series will be used instead of the standard

power series. Let
[ee]
n=0
Where r is to be determined. It is the root of the indicial equation. Therefore
o0
— Z n+ 7" n+7‘—1
n=0
o0
Z n+r)(n+r—1)a,z" "2
n=0
Substituting the above in (1) gives
o0 o0
z? Z (n+r)(n+r—1)az"" 2~z Z anz" ™" =0

Z (n+r)(n+r—1)az"" Z anz" T = (1A)

n=0

Here, we need to make all powers on z the same, without making the sums start below zero. This can be
done by adjusting the last term above as follows

o0 o0
Z anxn—i-'r—i-l — Z an_lxn—i-'r
n=0 n=1
And now Eq (1A) becomes
oo (o @]
Z (n+7r)(n+r—1)a,z"*t" — Z p_12"T" =0 (1B)
n=0 n=1

n = 0 gives the indicial equation

m+r)y(n+r—1)a,z" =0
(r)(r—1)apz" =0

Since ag # 0 then the above becomes
(P (r—-1)z"=0

Since this is true for all z, then

() (r=1)=0
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Hence the roots of the indicial equation are 11 = 1,79 = 0. Or 1 = ro + N where N = 1. We always take r;
to be the larger of the roots.

When this happens, the solution is given by

y = c1y1(x) + caya(x)

Where y; (z) is the first solution, which is assumed to be

Y= Z anz™t" (2)
n=0

Where we take ag = 1 as it is arbitrary and where r = r; = 1. This is the standard Frobenius power series,
just like we did to find the indicial equation, the only difference is that now we use r = r1, and hence it is a
known value. Once we find y; (z), then the second solution is

y2=Cyrln(z) + > bpa™*" ®3)
n=0

We will show below how to find C and b,,. First, let us find y;(z). From Eq(2)
Y=Y (n+r)ae™t !
n=0
o0
Yyl = Z (n+r)(n+r—1)a,z" 2
n=0
We need to remember that in the above r is not a symbol any more. It will have the indicial root value,
which is 7 = r; = 1 in this case. But we keep r as symbol for now, in order to obtain a,(r) as function of r
first and use this to find b,(r). At the very end we then evaluate everything at r = r; = 1. Substituting the

above in (1) gives Eq (1B) above (We are following pretty much the same process we did to find the indicial
equation here)

Z (n+7r)(n+r—1)a,z"t" — Z Ap_12"T" =0 (1B)
n=0 n=1

Now we are ready to find a,,. Now we skip n = 0 since that was used to obtain the indicial equation, and we
know that ag = 1 is an arbitrary value to choose. We start from n = 1. For n > 1 we obtain the recursion
equation

(n+r)y(n+r—1)ap —an_1=0
(n+r) (n_—l—r—l)

an =

To more clearly indicate that a,, is function of r, we write the above as

nalr) (@

an(r) = (n+r)(n+r—1)

The above is very important, since we will use it to find b,(r) later on. For now, we are just finding the a,,.
Now we find few more a,, terms. From (4) for n =1

0 (r) = ao(r) _ 1 o —
N e 1 R (e I B

and r = r; = 1 then the above becomes

1
a1=§

It is a good idea to use a table to keep record of the a,, values as function of r, since this will be used later
to find b,,.

n o an(r) an(r=r1)
0 1 1
1 1
U amm 2
And for n = 2 from Eq(4)
__ a)
=)= G+
But a(r) = W Then
1
o 1

20 =G 00 T 0P+ 2)

When r = r; = 1 the above becomes

_ 1 1
2T ereE 2

The table becomes

70



n o an(r) an(r=r1)
0 1 1
1| aom 3
(14+7)(r) 2
2 . 5

r(r+1)2(r+2) 12
For n = 3 Eq (4) gives

_ )
)= Grn @i
Using the value of az(r) from the the above becomes
1
r(r+1)%(r+2) 1

B = BN En e 12 1)

When r = r; = 1 the above becomes

a 1 1
@)@ 14
The Table now becomes
n . an(r) an(r =11)
0 1 1
1 1
1 (1+7)(r) 2
2 5
r(r+1)%(r+2) 12
3 L i
r(r+1)2(r+2)%(r+3) 144
And so on. Hence y;(z) is
o0
y1 =) ang™"
n=0
But r = r; = 1. Therefore
n=0
o0
=z Z anz”
n=0

=z(ao +a17 + a2z + azz® +---)

S T
IR Ti”
We are done finding y; (z). This was not bad at all. Now comes the hard part. Which is finding y>(x). From
(3) it is given by
y2 = Cyi(z)In (z) + Z bzt (3)
n=0

The first thing to do is to determine if C is zero or not. This is done by finding lim, ., ay (7). If this limit
exist, then C' = 0, else we need to keep the log term. From the above above we see that ay = a; = W
Recall that N = 1 since this was the difference between the two roots and 73 = 0 (the smaller root). Therefore

. . 1
Am a(r) = G5 @

Which does not exist. Therefore we need to keep the log term. In this case, we replace Eq. (3) back in the
original ODE.

1 oo
/! / = n+r—1
ys = Cy; In (z) +Cy1x + Z (n+r)byx

n=0

1 1 1 &
"n__ " ’ ’ n+r—2
Yy =Cy; 1n(a:)+C’y1;+C’y1;—C’ylﬁ+2(n+r)(n+r—l)bnw

n=0

1 1
_ " ’ +r—2
= CyY 1n(x)+2Cy15—Cy1—x2+ E (n+r)y(n+r—1)bx™™"

n=0

Substituting the above in z2y” — zy = 0 gives

n=0

1 1 G n+r— . n+r
x2<0y£'ln(x)+20y{$—0y1x2—l—Z(n—i—r)(n—l—r—l)bnx + 2) —x(C’ylln(z)—F;bnm + > =0

1 o0 oo
Cx?y) In (z) + 2x20y15 — Cyy + 22 Z (n+r)(n+r—1)bz"" 2 - CryyIn(z) — Z bzt =0

n=0 n=0

Cz*yy In (z) 4 2xCy} — Cy1 + Z (m+7)(n+7—1)bx"™" — Czy; In () — Z bzt =0
n=0

n=0

Cln(z) (z°y) — zy1) + 22Cy; — Cy1 + Z (n+r)(n+r—1)bz"™" — Z bzt =0
n=0

n=0
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But 22y} — zy; = 0 since y; is solution to the ode. The above simplifies to

C(2zy — +Z n+r)(n+r—1)bz"" Zb gt = (6)
n=0

The above is what we will use to determine C and all the b,,. Remembering that r = ro = 0 in the above,
since this is for the second solution associated with the second root which we found above to be zero. But
we found y; = > oo anz™ ! then

o
K= (n+Daa”
n=0

Eq (6) now becomes

c <2~"3 Z (n+1) an$n> -C (Z anxn+1> + Z (n+r)(n+r—1)bz"™" — Z b,z Tt =0
n=0 n=0 n=0

n=0

2C) (n+1)ang™ = CY ana™ + ) (n+7)(n4r—1)byz™ = bt =0

n=0 n=0 n=0 n=0

But r = r5 = 0. The above becomes

oo oo (e o) [ee)
2C Z (n+1)a,z"tt - C Z anz™t + Z n(n —1) byz™ — Z bzt =
n=0 n=0 n=0

n=0

Adjusting the index of terms above, so so all z powers are the same gives

2C Z nap_1x" — C Z Qp_12" + Z n(n —1) byz™ — Z b1z =0 (7)
n=1 n=1 n=0 n=1

n = 0 is skipped, since by is arbitrary and can be taken as say
bo=1

At n =1, Eq(7) gives
20(1,0 — Cao — bo =0

But ag = 1,b9 = 1 hence the above becomes

Cc=1
For by = by we are free to select any value since it is arbitrary. The standard way is to choose
b1 =0

Now we find the rest of the b,, terms. From Eq(7), for n = 2, it gives
20(2(11) —Cay1+2b—b; =0

But C =1,b; =0and a; = % from table. Hence the above becomes

1 1

1
2— —+2b, =
2 +2by =0
3
b2 = —Z
And for n = 3 from Eq. (7) it gives
2C(3a2) —Cas + (3) (2) bs—b=0

But C =1,by = 4, as = ﬁ The above becomes

2(3(12)) —1—12+(3)(2)b3+%=0

And so on. Hence the second solution is, for r =0,C =1

y2(z) = Cy1(z) In (z) + Z bzt

n=0
x) + Z bpz™
n=0
=y1(z)In () + (bo + b1z + baa® + bzz® + - )

= y1(z) In (z) + (1+(0)x—ix2—376x3+~')

= x+1x +ix +Lw+ Inz+ 1+§av2 lx-l—
a 2 12 144 4 36

g2y 32_ 1 3 4
(1+2a;+12x +144w +0(z )>lnx+(1+4w 36% +O(x ))
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Some observations: by is always taken as zero. Where N is the difference between the roots. In this case it
is by = 0. Now that we found yi,y2 then the general solution is

y=Ciy1 + Cay2

_ 1 .12, 1 3 4 1 .12, 1 3 4 32 T 3 4
—Clw(l—l-zw—l-lzw +144w +O(w ))+Cz(w(1+2w+12w +144x +O(af: ))lnw+<1+4x 36w +O(m )))

This completes the solution.

2.4.1.5 Example 5. z3y” +y =0

Solve

T2y +y=0
Since z = 0 is regular singular point, then Frobenius power series must be used. Let the solution be represented
as Frobenius power series of the form

y=> anz?'"
n=0
Then
o0
y = (ﬁ + r) apxz il
n=0 2
o0
y' = Z (g + 7') (g +r— 1) anz3 T2
n=0

Substituting the above back into the ode gives

z (i (E + 7') (E +r— 1) a x§+T—2> + (ia mg+r> _
2 2 n Z n =

S (F+7) (F4+r=1) et E 4+ Y anat* =0 (1A)
n=0

n=0

n = 0 gives the indicial equation

(1‘)(7‘—1)\}54-1:0

Not possible to obtain indicial equation in r only. How to handle this? Maple can’t solve this using series
solution either.

2.4.1.6 Example 6 zy’ +y==x

zy' +y==x 1)
Let solution be y = yn + yp. We always start by finding y;, then find y, using balance method. x = 0 is
regular singular point. Hence Frobenius series gives

oo
y(x) — Z anxn+r
n=0

Where r is to be determined. It is the root of the indicial equation. Therefore

oo
y'(z) = Z (n+7)az" !
n=0
(e o]
y'(x) = Z (n+r)(n+r—1)a,z" "2
n=0

Substituting the above in (1) gives

(e} oo
x z (n+7r)(n+r—1)a,z"" 2 + Z anz™t" =2z

n=0 n=0
Z (n+r)(n+r—1az"™ 1 + Z anz"" =1 (1A)
n=0 n=0
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Adjusting indices to all powers of = are the same gives

Z (n+r)(n+r—1)az™" Z an_1x" =2 (1B)
n=0 n=1

The indicial equation is found from only the terms with the expansion of the dependent variable y. This
means by making the LHS of (3) vanish. We only consider

Z n+r)y(n+r—1) a1 + Z Up_12"TT1 =0 (1C)
n=0 n=1

Forn=0
() (r—1az" =0
EQ (1D) is used to find r. Since ag # 0 then (1D) gives
(r)(r=1)=0

Hence roots are r; = 1,72 = 0. Hence the two basis solution for y; are

o0 o0
Yy =" E anz” = E anz"t!
n=0 n=0

=C1y1Inx + 2™ Z bpx™
n=0

=Ciy1lnx + Z bpx”

n=0

To find y;, we can find the recursive equation to be for n > 0

4 — __ 9n=1
" n(n+1)
Which results in
z2 23 ot x?
e R TR VYR T T
Finding y, is a little more involved because we need to determine C'. This can be found to be C = —1. Using
this we can find
— _w_'_ai £3+L4 l + Inz + 32+7i_
v2 = 2 12 144 2880 1" T 36

Hence

Yn = C1Y1 + C2Y2

2?2 gt x° z?2 z3  t z° 3, Ta?
= + L ) (e+ - et (1S —

2 12 144 T 2880 2 12 144 2880 4
2)
What is left is to find y,. Let
Yp = Z Cnxn—f-r
n=0

Substituting this into the ode zy” + y = z and simplifying as we did above results in

Z (n+r)(n+r—1cz™™ 1 + Z Cn1z™ =2 (34)

n=0 n=1

Forn=20
(r(r—1)cz" ==z

Hence for balance we need r — 1 = 1 or r = 2. Therefore (r) (r — 1) ¢o = 1 and solving for co gives co = 3.
Therefore (3A) becomes

o0

Z(n+2)(n+1 "+1+ch 12" =z (3B)

n=0
Now that we used n = 0 to find r by matching against the RHS which is z, from now on, for all n > 0 we
will use (3B) to solve for all other ¢,,. From now on, we just need to solve with RHS zero, since there can be
no more matches for any z on the right. For n = 1 then (3B) gives

6clx2 + coa:2 =0

Hence 6¢c; +cp=0orc; = —% = 1—21 For n = 2, EQ(3B) gives

12¢02% + 123 = 0
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-1
Hence 12c; +¢; =0orco = -3 = -3 = ﬁ. For n = 3, EQ(3B) gives
2003m4 + ch4 =0

1
Hence 20c3 +c; =0orc3 = —52 = — 46 = —ﬁ and so one. Therefore

oo
Yp = Z Cnxn+T
n=0

[eS)
— E Cn.'l'?n+2
n=0

= coacz + clx3 + 02a:4 + 03305 + .-

1o, 1 3, 1 4 5
— T2 = B 4
2” T 12" T1aa” " ass0” T )
Hence the final solution is
Y=Yn+Yp
Where yp, is given by (2) and y, is given by (4).
2.4.1.7 Example 7. zy" — 2y’ +y = coszx
zy" — 2y +y=cosz (1)

Let solution be y = yn + yp. We always start by finding y;, then find y, using balance method. x = 0 is
regular singular point. Hence Frobenius series gives

y(x) — Z anxn+r
n=0

Where r is to be determined. It is the root of the indicial equation. Therefore

o

y(@) = (n+r)a,z™t !

n=0
0o

y'(z) = Z (n+7)(n+r—1)a,z""2

n=0

Substituting the above in (1) gives

T Z (n+r)(n+r—1)az""2 -2 Z (n+7)az" ! + Z anz"t" = cosz
n=0

n=0 n=0

o0 [ee) o0
Z (n+r)(n+r—1)a,z"" + Z —2(n+r)az™ T + Z anz"t" = cosz (1A)
n=0 n=0 n=0

Adjusting indices to all powers of x are the same gives

o0 o0 [eo]
Y (ntr)(n+r—1ag™ T+ —2n+r)anz" T + ) an 12" =cosz (1B)
n=0 n=0 n=1

The indicial equation is found from only the terms with the expansion of the dependent variable y. This
means by making the LHS of (3) vanish. We only consider

Z (n+r)(n+r—1)az"" 4+ Z —2(n+71)a,z™t 4 Z an_12™ 1 =0 (10)
n=0 n=0 n=1

Forn=20
(r) (r —1) apz"™* — 2ragz™ ' =0
(rr—1)—2r)ag =0
Since ag # 0 then the above gives
rr—1)—2r=0
r2—3r=0
r(r—3)=0

Hence roots are r; = 3,72 = 0. Since the difference is integer, the two basis solution for y;, are
o0
p=z" ) anz"
n=0
oo
=) ana™t?
n=0

o0
yo = Ci1yr Inz + 2™ Z bpz™

n=0

=Ciy1Inz + Z bpx™

n=0
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To find y;, we can find the recursive equation to be for n > 0. From (1C) and for n > 0

(n+r)(n+r—1)a,z"" ! —2(n+7r)az" " +a,_ 12" =0

m+r)(n+r—1a,—2(n+r)a, +ap—1=0
But for r = 3 the above becomes

n+3)(n+2)a, —2(n+3)an+an—1 =0

W T+ 23
:n(:;?,)

Iterating over few values of n gives this table (where we always use ag = 1 by default)

n | an(r) an(r1 =3)
ap 1 1
1 1
a1 T r2—r—2 4
ay | e L
2 | ri5r?14 40
1 —_
as | — (r*—5r2+4)r(r+3) 720
_ 1 1
aq (rf=5r2+4)r(r+3)(r2+5r+4) 20160

Hence

o0
— Z anmn-l-?"l
n=0
00
— Z (J,n.’L'n+3
n=0
00
=23 Z anz”
n=0

2
=2%(ap — a1z + axz® + a3z + - -)

1 1 1
Y R IR B . ST R ST
r ( 1t 0% " taowe® T

Finding yo = Cy1Inz + Y, byz™ is a little more involved because we need to determine C first. This
decided if In term is needed or not. Let 71 — 7o = N where we always use r; as the larger root. Hence
N =3-0=3. To find if C is zero or not, we take lim,_,,, as. If this limit exists then C = 0 else we need
to keep In and C' # 0. From the table above, we see az = —m. Since r2 = 0 (the smaller root),
then lim,_,q ag is not defined. Hence we need to keep the In term. This means

yo=Cyr1Inx + Z bnx™

n=0

Yo =CyiInz + Cu + i nbna"™ !
T

n=0

Cyi  Cyi Oy | o

Yl =Cy!'Inz + yl_‘_i_ﬂ_}_Z (n—1)bpz™~
2C C

= Cy'lnz + y1—£+z "

Substituting the above into the given ode (with zero on RHS) zy” — 2y +y =0 gives

2C C = >
(Cy Inz + y1_£+z (n—1)bpz" )—2<Cyllnx+ +annx >+Cy11nx+2bnx”—
n=0
Cyl / Cyl n—1
zCy{ Inz + 2Cy; — + Z n(n—1)byz" " —2Cy;Inz — + Z —2nb,x +CyyInz + Z bz
z n=0 n=0
" ’ ’ Cyl Cy = n—1 = n
Clnz(zy! — 2y; + 1) +2Cy; — + Z — 2— + Z —2nb,z" " + Z bpa” =
But zy] — 2y} + y1 = 0 since y; is solution. The above simplifies to
C C o0 oo
2Cy; — yl + Z n(n—1)b,z" ' — yl + Z —2nb,z" ! Z bz =0
n=0 n=0
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But y1 =) oo g anz™t3. Hence 4§ = > oo, (n+ 3) a,z™? and the above now becomes

20 3 " n+2 Y " n+3 _ 1 bn n—1 _ 27 " n+3 _2 bn n—1 bn n _ 0
Z(n—}— ) anx xnzz:oam +n§::0n(n ) brx xnz:;ax +n§;; b, T —+—n§=:o T

n=0

o0 (o @] (o @] o0 o0 (o ]
2C Z (n+3)az"? - C Z anx™t? + Z n(n —1)bz™ ' —2C Z anz™t? + Z —2nbpz™ 1 4+ Z bz =0
n=0 n=0 n=0 n=0 n=0

n=0

o0 [e ] o0 oo (o ]
Z 2C(n+3) anz"t? + Z —3Ca,z"? + Z n(n —1) bzt + Z —2nb,z" " 4+ Z bz =0

n=0 n=0 n=0 n=0 n=0

Making all sums the same with powers on x being n — 1 gives
Z 20Na, 3z 1 + Z —3Cay_s3z" ' + Z n(n —1)bz™ 1 + Z —2nb,z™ 1t 4+ Z bp_1z" 1 =0 (2)
n=3 n=3 n=0 n=0 n=1

For n = 0 we choose by = 1 as we did for ag. For n = 1 the above gives

—2b; +bo=0
—2b1+bp =0
b

blzé’

_1

2

For n = 2, EQ. (2) gives
2(1) box — 4box + b1z =0

—2by +by =0
b

by =

1

T4

For n = 3 and since this is where N = 3, then this is special case. It becomes
2Cnan—3 —3Can—3+n(n—1)b, —2nb, + b1 =0
6Cag — 3Cag + 6b3 — 6b, + b2 =0
30(10 + b2 =0

Where we used ap = 1 in the above. Notice that for n = 3, b3 is not used since it does not show up. We are
free to choose by = 0 or bg = 0. Now that we found C then we update EQ. (2) and it becomes

— 1 4 1 L v L v v -1
Z —énan_gx" + Z Zan_gm” + Z n(n —1)byz™ " + Z —2nb, """ + Z bp—1z" =0 (3)
n=3 n=3 n=0 n=0 n=1

The recursive relation now for n > 3 is
1 1
—gnan_g + 203 +n(n—1)b, —2nb, +b,_1 =0
tNan_3 — Jan_3 —bn_1

bn = n(n—1)—2n

For b, the above gives
%(11 — %Cu — b3
4(3)—8

But a; from the earlier table is —% and b3 = 0. Hence

by =

And for n = 5 the recursion relation gives

1 1
gnan—S - Zan—S - bn—l

b =

° n(n—1)—2n
e
~ 5(4)-10

7



But a; = %, by = —1%2 and the above becomes

be — %(41*0) _i(%) + 192
° 10

13
~ 3200

And so on. Now that we found all b,, and found C then we know 5

=CyyInz+ Z bpx™

n=0

1
=—Eln(:1:)y1+(bo+b1a:+b2w2+---)

= 1111(-’10) 1t Lsy 1oy 1+1:E+1:c F0zP - D ghy B s
12 4 40 720" T 20160 4 192 3200

= 1ln(x) z® —4+i5 Losr Logon ) i(1elosler o 2pny 1B 05y
12 4 40 720" T 20160 2 4 192” ™ 3200
Hence
Yn = C1Y1 + C2Y2
Or
=c alc?’——él—l-i = -I-L 6+
Yo =01 20 " 7207 T 20160

+c —iln(z) x3——4+i Loy Logon N (1alapler Doy BB ooy
2\ 12 4 T20" T 720" T 20160 277 1% T 192" T 3200
The above was the easy part. Now we need to find the particular solution. Since right side is not a single term

of a polynomial, we expand cosxz and add all the particular solutions from each term in the series expansion
of cosxz. Now we have

1 1
my"—2y’+y=1—§x2+ﬁx4—

Starting with the first term 1. We have
gy’ -2y +y=1 (4)

Let the particular solution associated with 1 on the right side be

oo
Yp = Z Cn$n+r
n=0

Just be careful here, the r used above has nothing to do with the r that was used in finding y. Substituting
this into the ode (4) gives (1C) but with a,, now being ¢,

o o0 o0
Z (n+r)(n+r—1)cz™ 1 + Z —2(n4r)cpz™ T 4 Z Cno1z™tT Tl =1 (5)
n=0 n=0 n=1

Forn=0

(1) (r = 1) coa™ " — 2(r) coa™ 1 = 1
(T(T - 1) - 27’) Co.’l)r_1 =1

For balance we must have r — 1 = 0 since there is no x on the right side. This means r = 1. Which implies
that

(rr—=1)—2r)cp=1
—200 =1

1
60:_5

Now that we found r, co then y, becomes

)
= Z cpz™ "
n=0
)
— Z Cnl‘n+1
n=0

And (5) becomes
Z (n+1)(n)cpz™ + Z =2(n+1)cpz™ + Z Cho1z™ =1 (6)
n=0 n=0 n=1
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Recursion relation for n > 0 is the following. Important note here, when finding Recursion we set right side
back to zero since we can no longer have a match for any z. So the recursive relation is from (6) but with
zero on right side.

(m+1)(n)en —2(n+1)en +cr-1=0

"= A D) 200+ D) "

For n = 1 the above gives

PR—
T2 4
(Y
-2
__1
4
For n = 2 then (7) gives
—C
Cy =
2+1)(2)—-2(2+1)
_
6—6
=00

This indicates the series solution for this particular solution does not converge. When this happens we throw
the white towel and give up and say that no particular solution exist. No need to try other terms in expansion
of cos z. If one particular solution to any term does this, then this means the problem can not be solved using
series method. Maple also fail to solve this using series method. Mathematica solves it, but using asymptotic
expansion.

Hence No solution exist.

2.4.1.8 Example 8 zy’ +zy' +y=1,9(0) =1

zy' +ay +y=1
y(0) =1

Let solution be y = yn + yp. We always start by finding y;, then find y, using balance method. x = 0 is
regular singular point. Hence Frobenius series gives

o0
y(x) — Z anxn+r
n=0

Where r is to be determined. It is the root of the indicial equation. Therefore

y/(m) = Z (TL + ’r‘) a,na;""""_l
y'(z) = Z (n+r)(n+r—1)a,z" 2

Il
<)

T

Substituting the above in homogeneous ode gives

z Z n+r)(n+r—1Daz"™ 24z Z (n+r)apz™™ ! + Z anz™tT =0
n=0 n=0 n=0
oo o0 oo
Z (n+r)(n+r—1) a1 + Z (n+71)anz™™" + Z ap "t =0 (1A)
n=0 n=0 n=0

Adjusting indices to all powers of z to lowest power

Z n+r)(n+r—1) a1 + Z (n+r—1)a,_12"" 1+ Z an_1z" =0 (1B)
n=0 n=1 n=1

Forn=0
(r)(r—=1)ap =0

Since ag # 0 then the above gives roots are r; = 1,79 = 0. Since the difference is integer, the two basis
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solution for y, are

oo
y1=2") ana"
n=0
o0
= Z anz™ !
n=0

oo
yo = CyiInx + 2™ Z b,z"
n=0

=Cyilnz+ Z bpx™
n=0

Substituting y; into the ode gives (1B) but with 7 = 1 now. We will leave r as symbol to generate the table
This results in (as was done in the other examples)

an(r) an(r =0)
aop 1 1
ai —% —1
1 1
RG] 2
as -1 -1

r(r+1)(r+2) 6

Hence y; is

o0
y1=)Y anz"t!
n=0

=z Z anxT”
n=0
=z(ao + a1z + apz® + -+ )
(A
2 6 24
To find y, we first have to find if the log term is needed or not.

A, on(r) = Janlr)

= lim ——
r—0 7

Since limit does not exist, then we have to use the log term. This means

o0
yo =Cy;Inx + Z bpx™
n=0

1 oo
v = C(y’1 Inz + y1m> + Z nbpz™ !
n=0
1 1 ,1 /1 1 > n—2
Yy, =C yllnx+y1;+y15—y1? +Zn(n—1)bnx
n=0

Substituting this in the ode and simplifying and using fact that zy} + zy] + y1 = 0 gives

o0 o0 o0 o0
C Z 2a,_1nx" ' +C Z Ap_onz™ 1—C Z an_lx”_l—i-z n(n
n=1 n=0

n=1 n=2

-1 x"‘lbn+z (n—=1) bn_lx"_1+z bp_1z" 1 =0

n=1 n=1

For n = 0 we choose by = 1 always. For n = 1 (which is the special case also, since N = 1) the above gives
2Cag —Cag+bg=0

c=-
ag

=-1
And we set by = 0 (always for the special case n = N). Now using the recursive relative for n > 1 gives

2Cnan,_1+Cnayn_2 —Cap_1+n(n—1)b, +(n—1)by_1 +bp_1 =0
—2nap—1 — NGp—2+ ap—1 +n(n—1)by, +(n —1)bp_1 +bp—1 =0

—(n=1)bp—1 —bp_1+2nap_1 +nap_2 — an_1
b, =
n(n—1)
_ —nby_ 1+ (2n—1)a,_1 +nan_o
- n(n—1)
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For n =2

—2b1+3a1+a0
b=y

_ -3+1

2

=-1

And do on. we find

yo =Cy1Inx + Z b,z"

n=0
=—-ylnx+ (bo+b1x+b2z2+--~)
3 11
=—-ylnx+ (1—x2—|—4x3— 36x4+---)
Hence
Yn = C1Y1 + C2Y2 (2)
=c x—x2+w—3—x—4+x—5+ +c —x—w2+x—3—x—4+x—5+ Inz + 1—x2+§x3—2x+
- 2 6 ' 24 ? 2 6 24 47 36
=c x—x2+x—3—x—4+x—5+ +c —w+z2—z—3+$—4—x5+ Inz + 1—x2+§x3—2x+
- 2 6 ' 24 ? 26 24 47 36
Now we find y,,. Let
Yp = Z Cnxn—f-r
n=0
Substituting this into the original ode gives (1B) but with ¢, in place of ay,
(e o] oo oo
Z n+r)(n+r—1)cz™™ 1 + Z (n+r—1)cp_1z"™ 1+ Z Cp1z™tTl =1 (10)
n=0 n=1 n=1

Forn=20
(") (r—=1)coz" ' = 2°

For balance we need » —1 =0 or r = 1. Hence coefficient is
OCO =1
Not possible to solve for cy. No particular solution exist. No solution exist.

But sometimes this workaround ends up giving a solution. When the ode has form Ay” + By +y = a
where a is constant, as in this case, we can do change of variable y = u + a first. The ode generated is then
Au” 4+ Bu' +u+a = a or Au” + Bu' + u = 0. Now we solve this and obtain solution given above in (2) but
now with u instead of y. In this example a = 1.

u=-c w—m2+$—3—x—4+£5+--- +c —x+x2—x—3+£4—£5+--- Inx + 1—x2+§x3—2x + -
- 2 6 ' 24 2 2 ' 6 24 4~ 36

Replacing u = y — 1 the above becomes

3 4 5 3 4 5 3 11
y—1=cl(:1:—azc2+%—w+w+--->-i-02(<—:1:+ar:2—a’;+Jc z +--->lnx+<1—x2+w3—x +)>

2 6 24 2 6 24 4~ 36
3)
Now we apply IC. At x = 0, y(0) = 1 and the above gives
3 4 5 3 4 5
1l=c 1 2T T i — 2_ T T T _p2a 3 1
1 1_0111cli%<w a:+2 6+24+ >+02i11>%<( T+ 2+6 24+ )1n:1:+<1 a:+4cc 36:v-|
0=04co
Hence ¢z = 0. The solution (3) becomes
—-1l=c x—x2+£3—£4+£5+“-
yvmiTa 2 6 24
3 4 5
g x> Tt
= - AT T 1 4
y cl<w N v )-l- (4)
This trick worked only because a happened to be same as what initial conditions y(0) = a. If there were
different, then no solution exist. Lets see. Let IC be y(0) = 5. Then let u =y — 1 and the equation below (3)
above now becomes
3 4 5 3 4 5
—1=c i 2T T T - — 2T T T, _p2a 3
5 l_cligl%)(m m+2 6+24+ >+Czill>%<( T+ 2+6 24-i- >lnw+<1 :1:+4x 36334
4=0+C2
02:4
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And the solution (3) now becomes

3 4 5 3 4 5 3 11
y—1=c1<x_x2+x_x+x+...>+4(<_x+x2_$+x_w+...>lnx+<1_x2+x3_

2 6 24 2 6 24 4
3 4 5 3 4 5
y=cl<w—x2+xz—Z+;4+---)+4(<—x+z2—9”2+9%—;C4+--->1nx+<1—x2+zx3—

Which does not verify the ode. So solution for this ode is given by (4).

2.5 Frobenius series. Indicial equation with root that differ by non integer

Local contents

2.5.1 Algorithm . . . . . . . . e e e e 82]
2.5.2 Examples . . . . . . e e e e e 82

2.5.1 Algorithm

If one of the roots is an integer, and the ode is inhomogeneous. ode, then we do not need to split the solution
into yx, yp and can use the integer root to find y, directly. If both roots are non-integer, we have to split the
problem into ys,y,. This is because it will not be possible to match powers on z from the left side to the
right side. Because the RHS will be polynomial in z, but the LHS will not be polynomial in x because of the
non integer powers on z.In this case the solution is

Yy =c1y1 + Cc2y2

Where

o0
Y=Y apz"t
n=0

oo
Y2 = Z bnxn+T2
n=0

And rq, 72 are roots of the indicial equation. ag, by are set to 1 as arbitrary.

2.5.2 Examples

Local contents

2.5.2.1 Example 1222y +3zy —zy=22+2T. . . . . . .. ... B2
25.2.2 Example 2 2zy’ + (z+ 1)y +3y=5 . . . . ... B5]
2.5.23 Example32zy" +(z+1)y' +3y=2 . . .. .. .. ... R7
2524 Example 4 2%y +(x+ 1)y +y=5 . . . . . . . B8]
2.5.25 Example 5 22%y" —zy' + (1—2?)y=2® . . ... .. ... ... ... B
2526 Example 6 2oy’ + 1y +y=0 . . . . . ... OT]
2.5.2.7 Example 7T4zy” + 3y +3y=+/T . . .« . . 92]
2.5.2.8 Example 8. 2z%y"(z) —zy'(z) + (1 —2?)y(z) =0 . . . ... ... .... 0]
2.5.2.9 Example 9. 2z%y"(z) —zy'(z) + (1 —2?)y(z) =142z . . . . ... ... ... 95]

2.5.2.1 Example 1 2z2%y" + 32y’ — zy = 2% + 22

222y + 3zy’ —axy =22 + 2z

Comparing the ode to
¥ +p@)y +a(z)y=0
-1

Hence p(z) = %, g(z) = 3. There is one singular point at z = 0. Therefore py = lim;_,o zp(z) = lim;_o % =
% and gg = lim,_,0 2g(x) = lim,_,o —3% = 0. Hence the indicial equation is

r(r—1)+por+q =0
r(r—l)+%r+0=0
r(2r+1)=0

1

’I":O,—E

Therefore 7, = 0,72 = —3.

Expansion around x = zy = 0. This is regular singular point. Hence Frobenius is needed. First we find yj,.
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Let y = > o2y anz™t", hence

anxn+7‘

Mo 106

(n+7)az"t !

3
Il
o

1"

(n+7)(n+7r—1)a,z" 2

M

3
I
o

The ode becomes

222 Z (n+r)(n+r—1)az""" "2+ 32 Z (n+7r)az" ! -z Z apr™t =
n=0 n=0

Z n+r) n—l—r—l)anac"'”—l—Z?)n—l-r anz™t Za Tl =0
n=0 n=0

Re indexing to lowest powers on z gives

Z2(n+r)(n+r—l)an:c"+r+z3n—l—r anz"t Zan 1zt
n=0 n=0
Whenn =20
2(r) (r — 1) apz” + 3(r) apz” =0
(r(2r+1))apz" =0
Since ag # 0 then r(2r+1) =0 and r = 0,r = —% as was found above. Therefore the homogenous ode
satisfies
22%y" + 3xy’ — zy = (r(2r + 1)) apz”
Where the RHS will be zero when r =0 or r = —5. For n > 1 the recurrence relation is

2n+r)(n+r—1)a,+3(n+r)ap—ar_1=0

. = Qp—1
" 2(n+r)(n+r—-1)+3(n+r)
= foct (1)
22 4dnr+n+2r2+r
For r = 0 the above becomes
@ = Gp—1
" m24n
For n =1 and letting ap =1 )
al—g
For n =2
@ _m_ 1
27 8+2 10 30
Forn=3 a 4 1 1

T 18+3 21 21(30) 630

And so on. Hence

o0 o0
Y1 = E anz™tT = E anz"
n=0 n=0

2
=ag+a1x +axx” +---

1+1x+ix +ix +-
- 37 30 630

And for r = —5 the recurrence relation (2) becomes, and using b instead of a

bn—l bn—l

2n2+4n(—3)+n+1-1 T n—2n2

by =

For n =1 and using by =1

For n =2

For n =3
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And so on. Hence

00
Y2 = Z bnxn+T2
)
E:
n=0

%\

bo + bix + box?® + - )

1
1
( +x+ x +90 4 )

%\<ﬂ

Hence
Yn = C1Y1 + C2Y2
=c 1+1z—+—ix —|—ix+ —|—cL 1—|—ac—+—1ac +iaz—|—
- 377307 " 630 >z 6° ' 90
Now we find y,. Since ode satisfies
22%y" + 3xy’ — zy = (r(2r + 1)) apz”
To find y,, and relabeling  as m and a as ¢ so not to confuse terms used for y,. Then the above becomes
22%y" + 3xy’ — zy = (m(2m + 1)) coz™

The RHS is 22 + 2z. We balance each term at a time, this finds a particular solution for each term on the
RHS, then these particular solutions are added at the end. For the input 2z the balance equation is

(m(2m + 1)) coz™ = 2z

This implies that

m=1

Therefore (m(2m + 1)) co =2, or ¢o(1(2+ 1)) =2 or 3¢y =2 or
2
°7 3

The recurrence relation now becomes (using m for r and ¢ for ag)

_ Cn—1
T Mt dnmtn+2mE+m
For m = 1 the above becomes .
=t
= o2 ¥ Bn+3
For n =1 and using ¢y = 2
2 1
Clzizi
24+5+4+3 15
For n =2 X
Cy = a i5 1
27 8+10+3 8+10+3 315
Forn=3

C2 _ % _ 1
18+15+3 18+156+4+3 11340

C3 =

And so on. Hence

(o) o0
Yp, = g ™t =g E cpxT”
_ 2
=z(cotaz+cz®+--+)

ENE 2N SRS IS S
T 7\3 15 315 11 340

Zertery Lasy 1oy
3T 157 T 315 11340

is now balanced z2. The balance equation is

The second term z2

(m(2m + 1)) coz™ = z*
Therefore m = 2 and (m(2m + 1)) ¢o = 1. Hence

(2(4 + 1)) Co = 1
1

CO:TO
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The recurrence relation becomes for m = 2

— Cn—1
2n2 +4dnm+n+2m24+m

Cn

For m = 2 the above becomes

c=cﬂ'7_1
" 22+ 9n+ 10
For n =1 and using ¢y = 75
1
=10 _ L
2+9+10 210
For n =2 X
o — C1 _ 210 _ 1
27 8+18+10 8+18+10 7560
Forn=3 X
c C2 . 7560 _ 1
3

- 184+27+10 18+27+10 415800
And so on. Hence

oo oo
= Cn™ =22 Y cpa”
P2
n=0 n=0

=2%(co+c1z+ oz’ + )

=z? i+iz—|- ! z? + ! 4
=% \10 " 210" " 760" T 415800

_ 1 2 1 3 1 4 1 5

- (103” * 210" T 760" T 4158007 T

The particular solution is the sum of all the particular solutions found above, which is

Yp = Yps T Ypo
(2, 1, L os, 1 4 ey, s, 1 4 1 s
- (3“"+15$ t3” Tis” T >+ (10”” * 210" T 760" T 4158007 T

—g.'l,‘-l- i+i .’E2+ i_i_i .’L'3+ ;_FL .'1,‘4+
=3 15 " 10 315 ' 210 11340 7560
_2 1, 1 5 1 4

=376 T 126” Tzt T

Hence the complete solution is

Y=Yn+Yp

3 30 630 6 90

1 1 1 1 1 1 2 1 1 1
:cl(l+x+x2+x3—|—--->+cz\/_<1+x—|—x2+x3+---)+x+x2+ac3+ac4+---
xr

3 6 126 4536

2.5.2.2 Example 2 2zy" + (z+ 1)y +3y =5

2zy" + (z+1)y +3y=5

Comparing the ode to
¥ +p@)y +a(z)y=0

Hence p(z) = (m;; D g(z) = 2 . There is one singular point at z = 0. Therefore py = lim,_,o zp(z) =
lim, o (””;rl) = 1 and qo = lim,_,0 2%¢(z) = lim,_,0 3¢ = 0. Hence the indicial equation is

r(r—1)+por+g =0
1

r(r—1)+§7"+0=0

r(2r—1)=0

N |~

r =0,

Therefore 1, = 0,73 = %

Expansion around x = g = 0. This is regular singular point. Hence Frobenius is needed. Let
o0
n=0

(n+7)az" !

QQ\
I
NE

3
Il
o

(n+r)(n+r—1)a,z" 2

S
I
[M]8

3
Il
<
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The homogenous ode becomes

(e 9) e 9) oo
2z Z (n+r)(n+r—1)az"" 2+ (z+1) Z (n+7r)a,z" 1 +3 Z anz"" =0
n=0 n=0 n=0
(e 9) o0 oo (o9)
Z 2(n+r)(n+7r—1)az" 1 + Z (n+r1)a ™ + Z (n+7r)a,z" ! + Z 3a,z"t" =0
n=0 n=0 n=0 n=0
Re indexing to lowest powers on z gives
o0 oo (e 9] oo
Z 2(n+r)(n+r—1) anmn+r_1+z (n+r—1) an_lx"”_l—kz (n+r) anx"”_l—l-z 3an_12"T"T =0
n=0 n=1 n=0 n=1
Forn=0

(2(r) (r — 1) ag +rag) 2"+ =0
2r(r—1)4+7r)ap=0

Since ag # 0 then the first term above will vanish only when 2r(r —1) +r = 0 or 7(2r — 1) = 0. Hence
r=0,r= % as was found above. For n > 1

2(n+r)(n+r—Dap+(n+r—1an_1+®m+7)an+3a,-1=0
n+r+2
- 1
(n+r)(2r+2n—1)an ! (1)

ap = —

Therefore the differential equation satisfies
2zy" + (x + 1)y’ + 3y = r(2r — 1) apz™* (2)
The RHS above will be zero when r =0 or r = % When r = 0 the recurrence relation (1) becomes

n+ 2

=Ty En—n 't

Which gives (for ap = 1) (working out few terms using the above)
2 2 3
1 =1—-3zx+2z 37 + -
And when r = % the recurrence relation is (using b in place of a and letting by = 1 also)

B n-l-%
(n+3)(1+2n-1)

n—1
Which gives (working out few terms)

Tx x?
yz_\/i<1—6+2140+---)

Hence the solution is

Yn = C1Y1 + C2Y2

2 Tz z?
= 1— 22 — Za3 ... 1— = 49215 +...
Cl< 3z + 2z 3¢+ )+02<\/E< e Tt >>

Now we find y,. From (2), and relabeling r as m and a as ¢ so not to confuse terms used
2zy" + (x + 1)y’ + 3y = m(2m — 1) coz™ "

Therefore we need to balance m(2m — 1) cgz™ ! = 5 since the RHS is 5. This implies m — 1 =0 or m = 1.
Therefore m(2m — 1) ¢y = 5 or (2 — 1) ¢g = 5 which gives ¢ = 5. Hence

oo
yp = Z cnxn—i_m
n=0

o0
=z g cpx”
n=0

To find ¢, the same recurrence relation (1) is used by with r replaced by m and a replaced by c. This gives

n+m+2
(n+m)(2m+2n—1

Cp = — )Cn—l

For m = 1 the above becomes
n+3

(n+1) (1 +2n)

Cn=—

86



Forn=1

c — . 1+3 c ——gc ——2(5)——E
T a+0)a+2)° " 30T 3T T3
For n =2
oo 2+8 1 __1( 10y _ 10
T e+ +4 "t 3T 303 T
For n =3
SO £= SN 36 V) W T
YT B+ (62 14\9) 3V T Tar
And so on. Hence
o0
yp:chnxn
n=0
=z(co+ 17 + cox® + 323 + - +)
B 10 10, 5 ,
—x(5 3x+9x 21:1: + )
B 0, 10, 5,
—(Sx 3ac + 9:1: 2130 +
Hence the final solution
Y=Yn+ Y
2 Tx x? 10 10 5
_— —_— 2——3 e e —_—— — .o . —72 73—74 .o e
—cl(l 3z + 2z 3x+ >+\/502<1 6+214O+ >+(5x 3x+9:1: 21x+ )

2.5.2.3 Example 3 2zy" + (z+ 1)y’ +3y==z

2vy" + (z+ 1)y +3y==x

This is the same problem as above but different RHS. As shown above, we obtained that the differential
equation satisfies
22y" + (x+ 1)y’ + 3y =r(2r — 1) apz"*

To find y,, and using m in place of r and c in place of a so not to confuse terms with the y; terms, then the
above becomes
2zy" + (x + 1)y’ + 3y = m(2m — 1) coz™ !

The RHS above will be zero when m = 0 or m = % We now need to balance the RHS against given RHS
which is z. Hence

m@2m —1)coz™ ! =2
To balance this we need m —1 =1 or m = 2. Hence 2(4 —1)cy =1 or ¢y = %. Using the recurrence relation
we found above, which is for n > 1 (again, calling r as m so not to confuse y;, terms with y, terms), we

obtain
n+m+2

T (n+r)(2m+2n—1)

Cn = Cn—1

But now using m = 2
n+4

(n+2)(d+2n—1)""

Cp=—

Hence for n =1
144 .
1+2)(4+2-1)"

Ccl = —

=—=Cp

__ iy _ 1
~ 3\6/) 18

T2+2)@d+4-1)7
3 __3(_1\_1
127 "1a\"18) T
344
C2
(3+2)(4+6-1)

T T iry__ 1
527 Ta5\84) T 40

forn=2

Cy =

Forn=3

C3 = —
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Forn=4

Cqy = — 44_4 C
T T e+2)(4+8-1)"
_ 4, 4 1y_ 1
3327 733\ 540/ 4455
And so on. Hence
o0
yp = Z Cnxn+r
n=0
o0
= g2 Z cpz”
n=0
=2%(co+ 17+ caz® + )

Y0 U U DR IS SR
- 6 18 84 540 4455

Hence the solution is (y, was found in the earlier problem)

Y=Yn+Yp

2 Tz 1 1 1 1 1
= 1— 22 — 23 4 ... 1— 2 217 .. 2(2 - = 2_ ot
cl( 3¢ 4207 - gat+ >+CQ(*/_( 6 " “lao T ))” (6 18" 8% ~5a0% Taass® T

2.5.2.4 Example 4 22y + (z+ 1)y’ +y=5

22y + (xz+ 1)y +y=5

Expansion around x = xg = 0. This is regular singular point. Hence Frobenius is needed. Comparing the ode
to

y' +p@)y +qx)y=0

Hence p(z) = “”;;1 ,q(z) = =5. Therefore py = lim,_,g zp(z) = lim,_,o ””+1 which is not defined. Hence not
possible to solve this using series solution.

2.5.2.5 Example 5 22%y" — zy’ + (1 — 2?) y = z?

22%y" —zy' + (1 -2%)y=2°

Comparing the ode to
Y +p(@)y +q(x)y=0
Hence p(z) = 55 = z,q(x) = (12_;;2). Therefore py = lim,_,0zp(z) = limm_m_?l = 5 and g =
(1 «?)

lim,_,0 22q(z) = lim,_o = 1. Hence the indicial equation is

r(r—1)+por+q =0

1 1
—1) == - =
r(r—1) 5" + 5 0
3 1
2 —_ = —_ =
r 27" + 2 0
1
=1,=
T '3
Therefore r; = 0,7 = —%. Expansion around z = zy = 0. This is regular singular point. Hence Frobenius is

needed. First we find yp,. Let y = > oo ja,z™", hence

n—+r

o

anx

3
I
o

(n+7)az" !

QQ\
I
NE

3
Il
o

7

(n+r)(n+r—1)a,z" 2

M

3
Il
o

The homogenous ode becomes
2¢%y" —zy' + (1-2*)y=0

2:1;2 i (’n + 'f') (’I’L +r— ]_) anxn+r—2 —z i (n + ’f') anwn+r—1 + (1 _ .CL‘2) i an:v”"’r -0

n=0 n=0
22(n+r) (n+r—1)az"t" — Z (n+7)anz™™ + Zanm - Zang;"““ =0
n=0 n=0 n=0
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Re indexing to lowest powers on z gives

d2n+r)(ntr—1)anz"™ =) (n+71)anz™ 4+ > anz™ =D an_z" =0
n=0 n=0 n=0 n=2
When n =20

2nr+r)(n+r—1)ay—(n+r)ag+ap)z" =0
2r(r—1)—r+1)apz" =0
(27'2 —3r+1) agz” =0

Since ag # 0 then 2r2 —3r +1 =0, hence r = 1,7 = % as was found above. Therefore the homogenous ode

satisfies
2z%y" —zy' + (1 —2%)y = (2r> = 3r + 1) aoz”

Where the RHS will be zero when r =1,r = % When n =1

20+r)A14+r—-1)a1—A+r)a1+a1=0
2l+r)A+r—-1)—-1+7r)+1)a =0
r(2r+1)a; =0

Hence a; = 0. For n > 2 the recurrence relation is

2n+r)(n+r—1a,—(n+r)ap+an —an—2=0

Ap—2
an =
2(n+r)(n+r—-1)—(n+r)+1
— An—2 (1)
2(n+r)(n+r—-1)—(n+r)+1
For r = 1 the above becomes
W G2
" n(@n+1)
For n = 2 and letting ag = 1
1
T 2(4+1) 10
Forn=3
=2 =90
3 n((2n+1)
Forn=4 L
ag 10 1

M“TLB+1) T 4(8+1) 360

And so on. Hence

o0 oo
Y1 = Zanxn“ :xZanxn
n=0 n=0
_ 2
=z(ao + a1z + asz® +---)

z? ozt
(12 2 L
x( Tt " )

And for 7 = 1 the recurrence relation (1) becomes, and using b instead of a

by == bn=2

"o 2m+r)(m+r—1)—(n+r)+1
— bn—2
“2(n+)(n+3-1)—(n+3)+1
— bn—2
- n(2n-1)

Notice also that b; = 0 just like a3 = 0 from above. Now, for n = 2 and using by = 1

b= 0 1
>T204-1) 6
For n=3
by — — b 1 _1
27728 2-8 6
For n =3
L
T n@n-1)
Forn=14
ba : 1




And so on. Hence

&S]
Yy = E bnxn+7"2
n=0

= \/a_chnx"
n=0
:\/E(b0+b1x+b2x2+---)

1 1
14+ 224 — 44 ...
ﬁ(+6x+168x+ )

Hence

Yn = C1Y1 + C2Y2

c x1+x—2+x—4+ bevm(14ta? 4 Laty
! 10 ' 360 2 6 168

=cl<x+x3+x5+”.) +62\/5<1+1x2+1x4+--->
10 © 360 6 168
Now we find y,. Since ode satisfies
2z%y" —zy' + (1 —2%)y = (2r> = 3r + 1) aoz”
To find y,, and relabeling  as m and a as ¢ so not to confuse terms used for y,. Then the above becomes
22%y" —zy' + (1 —2%) y = (2m® —3m + 1) coz™
The RHS is 22. Hence the balance equation is
(2m2 —3m+ 1) coz™ = x?

This implies that

m=2

Therefore (2m? —3m+1)cy=1,0r (8—6+1)co =1 or
1

C0=§

The recurrence relation (1) from above now becomes (using m for r and ¢¢ for ag)

2(n+m)(n+mn—_1)—(n+m)+1

Cn =

For m = 2 the above becomes

Cr = Cpn—2
" 2n+2)(n+1)—(n+2)+1
— Cn—2
2n2 4+ 5n + 3
For n = 1 we use ¢; = 0 the same as was found for a1, b;. For n > 2 the above is used. Hence for n = 2
b s 1
>78+10+3 8+10+3 63
Forn=3
=— L =0
>T 184+15+3
Forn=14 .
cs Co 63 1

T32+20+3 32+20+3 3465
And so on. Hence

00 00
Yp = E cnxn—i-m — .'II2 2 cnxn
n=0 n=0

— 2 2
=az’(co+ 1z + oz’ + )

11 1
— 22, -2 4 ...
=7 <3+63‘” taes” T >

_1 2 1 4 1 6
=37 163" Taaes” T
Hence the complete solution is
Y=Yn+Yp
z2 2P 1 1 1 1 1
= i T I 14+ 2224 — 44 ... Tty Sty - 64l
c1<w+10+360+ )+c2ﬁ( te% Tt T >+(3w t 3% tagest t
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Alternative way to find y, is the the following. Let y, = co + c1z + cax? + c323 + - - - then Y, = c1 +2cox +
3cgz? + - and y) = 2c; + 6c3z + - - - . Hence the ode becomes

2x2(202+603:1:+~--)—x(01+202x+303x2+---)+(1—12) (co+cla:—|—02x2+03ac3+~--) =z
co+z(—c1+c1) + 2 (deg — 202 + ca — o) + 23(---) = 2?

Hence cg = 0,4c3 —2co+ca —cg=10or3ca —cog=1o0rco = % We need to keep adding more equations and
solving them simultaneously. This method is not as easy to use as the method used above, which uses the
balance equation to find to y,. Also this method could fail, since in practice we should not use undetermined
coefficients method (which is what this does) on an ode with variable coefficients. So I will not use this any
more.

2.5.2.6 Example 6 2zy" +y' +y =0

2zy" +y' +y=0

Comparing the ode to
¥ +p(@)y +a(z)y =0

5,q(x) = 5. Therefore py = lim; 0 zp(x) = lim,—03 = 3 and gy = lim, 0 2%q(z) =

Hence p(z) =
= 0. Hence the indicial equation is

hmm—)O%
r(r—1)+por+q =0
1
r(r—1)+ 5" = 0
r(2r—1)=0

N |~

r =0,

Therefore r; = 0,75 = % Expansion around x = ¢ = 0. This is regular singular point. Hence Frobenius is
needed. First we find yp,. Let y =Y o a,z™", hence

anxn—i—r

M

3
Il
o

(n+7)az" !

QQ\
I
NE

3
Il
o

i (n+r)(n+r—1)a,z"" 2

)

3
Il
o

The ode becomes
gy +y' +y=0

2z Z (n+r)(n+r—1az"™ 2+ Z (n+7) anz™ 1 + Z 4,2 =0
n=0

n=0 n=0
Z 2n+r)(n+r—1)az"™ !+ Z (n+7)az" ™t 4+ Z anz"" =0
n=0 n=0 n=0

Re indexing to lowest powers on z gives

(o9) 0o oo
Z 2(n+7r)(n+r—1)az" " 4+ Z (n+71)anz™ 1 + Z ap_ 1z =0
n=0 n=0 o
When n =0
2(r) (r — 1) apz"™ * +ragz" ' =0
(2r(r—1)+7)apz" =0
(7'(27' — 1)) anT—l =0
Since ag # 0 then r(2r — 1) = 0, hence r = 0,7 = 1 as was found above. Therefore the homogenous ode
satisfies

2zy" +y +y = (r(2r — 1)) apz"*
Where the RHS will be zero when r =1,r = % For n > 1 the recurrence relation is
2n+r)(n+r—1apn+ (n+r1)a, =—an—1

—Qn—1

2(n+r)(n+r—1)+(n+r)

2n2 +4nr —n+2r2 —1r

ap =
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For r = 0 the above becomes

a4 = —Qnp—1
" n@2n-1)
For n =1 and using ap =1
a; = —%o =-1
T n@n-1)
Forn=2 a 1
— —% —
“2=95B3) " 6
Forn=3

_ e _—5__1
3(5) 15 90

And so on. Hence

o0
YL = § anx'n-i-"‘l
n=0

2
=ag+a1x+ax” +---

1 1
=1- a2 g3
THET T T

To find ys, using (1) but replacing a by b and using r = % and letting by = 1 and following the above process
gives

b, = _b’”«—l _ bn—l
PP 1y _ 12_1 2m2+n
202 +4n(3)—n+2(3) —3
Forn=1
po— o _ 1
T3 3
For n =2
by by -3 1

And so on. Hence we obtain
Y2 = \/E Z b x™
n=0
=\/§(b0+b1w+b2$2+-")

1 1
= 1—= i B
\/5< 3Tt 3% T )

Therefore the solution is

Y = c1y1 + C2Y1
1 1 1 1
:c1<1—x+6x2—90x3+---) +02<\/«’E<1—3x+30x2+--->>

2.5.2.7 Example 7 4zy” + 3y’ +3y =

dzy” + 3y + 3y =7
Comparing the ode to
¥ +p(z)y +a(x)y=0
3

Hence p(z) = %,q(x) = 4. Therefore py = lim, o zp(z) = limx_,()% = % and qo = lim,_,oz%q(x) =

lim,_,q %”” = 0. Hence z = 0 is regular singular point. The indicial equation is
r(r—1)+por+q =0
3
r(r—l)-l—zr—i-O:O

r(r—l)-i—Zr:O

Frobenius is now used. Roots differ by non integer. First we find ys. Let y = > 0> anz™t".

o

y = Z anxn—i—r

n=0

(n+7)az" !

QQ\
I
NE

3
Il
o

(n+r)(n+r—1)a,z" 2

S
I
[M]8

3
Il
<
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The homogenous ode becomes

oo oo oo
4z Z (n+r)(n+r—1)a,z""2+3 Z (n+7)anz™ 1+ 3 Z anz"t" =0

n=0 n=0

n=0

Z 4n+ry(n+r—1) a1 + Z 3(n+r)apz™ ™ 4+ Z 3a, 2" =0

n=0 n=0
Re indexing to lowest powers on z gives

o

n=0

e oo
doAm+r)(nt+r—1ae™ T+ 3n+7r)apa™ T 4+ ) 3a, 12" =0

n=0 n=0 n=1

When n =0

4(7’1» + 7") (n +7r— 1) anxn+r—1 + 3(’1’L + ,r,) anxn—i—r—l -0
47"(’!‘— 1)0«0+3Ta0 =0
(4T(T - 1) + 37") ag = 0

Since ag # 0 then 4r(r — 1) + 3r = 0, hence r = 0,7 = % as was found above. Therefore the homogenous ode

satisfies
dzy” + 3y +3y = (4r(r — 1) + 3r) apz"*

Hence the balance equation is that we will use to find the particular solution is

(4m(m — 1) + 3m) coz™ ' = vz

We will get back to the above after finding y,. Going over the same steps as before, we find the recurrence

relation
3(1"_ 1

A2+ 8nr+4r2—n—r

an =

For r = i, n > 0 and similarly
_ 3an—1

4n? +8nr+4r2 —n—r
For 7 = 0,n > 0. Finding few terms using the above gives the solution as

n —

Yn = c1y1(z) + cay2(z)

5 10 130 14

1 1
:clxi(1—3x+x2—a:3+-~-)+cz(1—z+3x2—1::))4x3+--~)

Now we need to find y,. From the balance equation
(4m(m — 1) + 3m) coz™ * =z

Hence m —1= 4 orm = 3. And (4m(m — 1) + 3m) co = 1, hence (4(2) (3
co = % Therefore

o0
yp =21z E cnz”
n=0
3 2
=z (co+carz+cez’+--+)

2 et o+
15 cC1T Co

Do

X

—1) +3(3)) co = 1, which gives

We now just need to determined c,, for n > 0. For this we use the same recurrence relation as found above.
We can use a,, or b, as they are the same, but change a,, to ¢, and 7 to ¢ (so not to confuse notations). This

gives
3Cn— 1

CAn2+8nm+4Am2 —n—m

For n > 0 and m = % Hence for n = 1 the above gives

Cp =

= — 300
L aes() ()13
_ 3(3)
4+8(3) +4(3)*-1-3
_ 4
225
Forn =2
cl = — 301
L 4@ 48 () + (3 -2- ()
_ 3(—555)
42°+8(2) (2)+4(8)*-2-(2)
8
= 6825
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And so on. Hence

r.o

2
Y =2 2(15+clm+02x +- )

2 408, 16,
15 225 6825 348075

[N

x

Hence the complete solution is

Y=Yn+Yp

1

1 1

Nlw

2

16

3 1 3 3
=czi(l-Caz+—2?— —2*+- | +e(l—z+ 2> — —23+. +z

2_4 .8
57710 130 14 154 T

2.5.2.8 Example 8. 22%y"(z) — zy/(z) + (1 — 2?) y(z) =0

With expansion around z = 0. This is a regular singular ODE. Let

0o
— § anxn-l-T
n=0

Therefore

Y(@) =) (n+r)az"t!

NE

3
Il
o

(n+7)(n+7r—1)a,z" 2

NE

y'(z) =

Il
o

n:

Substituting the above into the ode and simplifying gives

o0 o0 o0
212 Z (n+r)(n+r—1)a, 2" 2 -2 Z (n+7)az™t ! + (1 - 2?) Z anz™t =

n=0 n=0
oo oo
22(n+r)(n+r—1 apz™t Z(n—i—r)a w"+T+Zan —xzzana;”+T=
n=0 n=0
Z 2(n+7)(n+r—1)a,z"" — Z (n+7)anz™™ + Z anz" " — Z anz" T2 =0
n=0 n=0 n=0 n=0

The next step is to make all powers of x to be n + r. This results in

i 2n+71)(n+7—1)az"" — i (n+71)anz™™ + Z anz" " — i Ap_ox™t" =
n=0 n=0 n=2

The indicial equation is obtained from n = 0

2n+r)(n+r—1a,—(n+r)anp+a, =0
an2n+r)(n+r—1)—(n+r)+1)=0
2(n+r)(n+r—1)—(n+7r)+1=0
20+7r)(0+r—-1)—(0+7)+1=0

2’ —3r+1=0

The roots are

7’1=1
1
7'2=§

Since the roots differ by non integer, then the solutions are given by

o0 o0

Yy = E anxn-i-'rl — § anxn—l-l
n=0 n=0
o0 o0

1

Yo = E ™t = E anz" T2
n=0 n=0

We start by finding y;. EQ. (1) gives for r =1

Z 2(n+1) (n) apz™* — Z (n+1)apz™*t + Z anz™tt — Z Ap_ox™ ! =
n=0 n=0 n=0 n=2
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For n =1 (we skip n = 0 as that was used to find r) and we always let ap = 1 as it is arbitrary. Hence

2(n+1) (n) anz™** — (n+ 1) apz™** + anz™t =0
2(n+1)(n)an — (n+1)an+a, =0

4a1 —2a;1 + a1 =0

3a; =0

(11=0

For n > 2, we have recursion relation. From it we can find that as = 11—0, a3 =0,a4 = ﬁ and so on. Hence

(e o]
y1 =) anz™t!
n=0

= aoZ + a12° + asx® + asz* + agz + - -
_ 1 3, 1 4
—:z:—i-lox +360x +

Now we do the same for y;. EQ. (1) now becomes for ry =

S 1 1 L - 1 1 S 1 > 1
;02(“ 2> (”* 2~ 1) ) ("* 2) ™+ 3 e =3 ana™h =0

For n =1 (we skip n = 0 as that was used to find r) and we always let ag = 1 as it is arbitrary. Hence

1 1 1
2(1+2> (1+2_1>a1_(1+2)a1+a1:0

a1=0

For n > 2, we have recursion relation. From it we can find that as = %, a3 =0,a4 = %8 and so on. Hence

—z3(14+= A oa
T + —z° + 168w +
Hence the final solution is
Yn = C1Y1 + C2Y2

=c x+ix3+ix5+ +co|x
- 107 " 360 2

=

1 1
14+ g2 4+ — %4 ...
<+6x+168x+ ))

2.5.2.9 Example 9. 22%y"(z) —zy/(z) + (1 —2?) y(z) =1+=

With expansion around z = 0. This is a regular singular ODE. This is same ode solved in example 1, but
now with non-zero on the right side. Hence solution is given by

Y=Yn+Yp

Where we found y; to be

=c a:—l—ia::s—}—ixs—i- teof a2 1+1x2+i:1:4+
b =01 107 7 360 2 6° T 168

To find y,, we see there are two terms on the right side. we find y,, that corresponds to 1 on the right side
and then y,, that corresponds to x on the right side. We will find that y,, does not exist. Hence no solution
exist using series. Let us now find y,,. The ode now is

22%y"(z) —zy'(z) + (1 — 2°) y(z) = 1
Let

0o
ypl — § Cnmn+7‘
n=0

Using same expansion as in example 1, but now using ¢, instead of a,, gives EQ. (1) from example 1 as

[e9) oo [e9) o0
Z 2n+7r)(n+7r—1)cpz™" — Z (n+7)caz™™ + Z cnx™ " — Z Cn—2z™" =1 (1A)
n=0 n=0 n=0 n=2

95



Forn=20
2r(r — 1) coz” — repx” + cox” = z°
(2r(r —1)co —rcg +co) " = °
(2r(r—1)—r+1)coz” = x°
(2r? —3r +1) coz” = 2°

We see that for balance, then r = 0. Which implies (2r2 —3r + 1) ¢co =1 or ¢y = 1. Hence

[

_ n

py = E CnT
n=0

Now that we used n = 0 to find r by matching against the RHS which is 1, from now on, for all n > 0 we
will use (1A) to solve for all other ¢,. From now on, we just need to solve with RHS zero, since there can be
no more matches for any =" on the right.

Then (1A) becomes (using r = 0)

Z 2n(n — 1) cpz™ Z ne, " + Z cnx" i Cn—2z2" =0 (2)
n=2

For n =1 the above gives
—cix+cix=0

¢1 is arbitrary Let ¢; = 0. For n = 2 EQ. (2) gives

deox? — 2002% + cox® — oz =0
(4cg —2c3 +c2 —co)z2 =0
(3¢c; —1)z? =0

Hence 3c; — 1 = 0 since there is no z2 term on the right side. Hence c; = % For n = 3 EQ. (2) gives

(12¢3 —3c3 +c3 —c1) 2% =
(10c3) 3 = 0

Hence ¢z = 0. For n =4 EQ. (2) gives

24C49v4 — 404x4 + C4ac4 — CQ:E4 =0

1
(21(:4 — 3) =0

Hence 21¢c4 — % =0orc = é and so on. We find that

oo

__§ n

Dy = CnT
n=0

2 4
=co+ a1z + 2 +c3xd + cgzt + - -

1+1x +ix +-
- 3 63

Now we find y,,. EQ. (1A) now is

oo oo
Z2(n+r)(n+7’—1 Crx™t Z(n—}—r)c :v"'”—l—chac —ch_2x"+rzx
n=0 n=2

2+ r)(n+7r—1)cpz™™ — (n+7) crz™ " + ezt =1
2r(r —1) coz” —repx” + cox” =
@r(r—1)—r+1cax" ==z
(27"2 —3r+ 1) cox’ =z
For balance we need r = 1. This results in
(2r* —=3r+1)c =1
(2-34+1)¢=1
060::1

Not possible. We see why there is no series solution. It is not possible to solve for yps .
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2.6 Frobenius series where indicial equation roots are complex conjugate

Local contents
2.6.1 Algorithm . . . . . . . . e e e o7
2.6.2 Examples . . . . . . . . e e e 97]

2.6.1 Algorithm

In this case the solution is
Y =c1y1 + c2y2

Where

o0
Y=Y apz"t"
n=0

)
Y2 = Z bna?'n—H"2
n=0

Where 71,19 are roots of the indicial equation. ag, by are set to 1 as arbitrary.

2.6.2 Examples

Local contents

2.6.2.1 Example 1 229" +2y' +y=1 . . . . . . .. 97
2.6.2.2 Example 2. 22y + 22y +y =0 . . . . . ... 98]

2.6.2.1 Example 1 z2y" + 2y’ +y=1

x2y"+xy'+y=1

Comparing the ode to
¥ +p(@)y +a(z)y =0
Hence p(z) = 1, q(z) = X There is one singular point at zo = 0. Therefore py = lim,_,o zp(z) = lim;_,01 =1
and go = lim,_,0 7?q(z) = lim,_,0 1 = 1. Hence the indicial equation is
r(r—1)+por+¢ =0
rr—1)+r+1=0

r’+1=0
r ==
Hence r; = 4,79 = —i. Expansion around z = 0. This is regular singular point. Let
o0
n=0
o0
Y=Y (n+r)a.a!

3
Il
o

i (n+r)(n+r—1)a,z" 2

o

3
Il
o

Solving first for the homogenous ode.

2 Z n+r)(n+r—1a,z"" 242z Z (n+7)apz™ ! + Z 4,z = 0

n=0 n=0 n=0
oo o0 o0
Z (n+7r)(n+r—1)az"" + Z (n+7)anz™™ + Z anz" =0
n=0 n=0 n=0
Forn=20
(rr—=1)4+r+1)apz" =0 (1)

Since ag # 0, then (r(r — 1) + 7+ 1) = 0 or 7241 = 0. Therefore r = +i as was found above. The homogenous
ode therefore satisfies
2’y +zy +y=(r*+1)aoz”

Since when r = %14, the RHS is zero. For n > 1 the recurrence relation is

m+r)(n+r—1)an+(n+r)ap+a, =0
(n+r)(n+r—1)+Mn+r)+1)a, =0
(n®+2nr+r°+1)a, =0 (2)
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Let ag=1. Forr=14. Forn=1
(1+2i—141)a; =0

Hence a; = 0. Similarly all a,, = 0 for n > 1. Hence

o0
y1=) anz"t
n=0

=z'(ao + a1z + )

= aox’

= :L’i
For r = —i. For n =1 and using b instead of a, we obtain (also using by = 1)

(1-2i+14+1)b, =0

Hence b; = 0. Similarly all b,, = 0 for n > 1. Hence

e .
Y2 = Z bz
n=0

:(E_i(b0+b1$+~-~)

=boz"*

= {L‘_i

Therefore

Yn = C1Y1 + C2Y2

=ci1zt + ez

To find y,, since the ode satisfies
2,1

2y +azy +y=(r’+1)apz”
Relabel r = m, ag = ¢y to avoid confusion with terms used above, then we balance RHS, hence

(m?+1) coz™ =1

This implies m = 0 and ¢y = 1. Therefore

o0
Yp = cnz"t™
n=0

oo
= g cnx™
n=0

Using the recurrence relation (2) found above, but now using the values found m = 0 and ¢y = 1, then (2)
becomes

(n®+2nm+m?+1)c, =0
(n*+1)c, =0

Hence all ¢,, = 0 except for cg. Therefore

o0
2 : n
Yp = CnT
n=0

:cO
=1

Hence the solution is

Y=Ynt+Yp
=cirt+ ezt 41

2.6.2.2 Example 2. 22y + 2%y +y=0

ey’ + a2y +y=0 1)

With expansion around z = 0. This is a regular singular ODE. Let

o)
n=0

98



Where r is to be determined. It is the root of the indicial equation. Therefore

oo
y' =) (n+r)a.a
n=0
oo
v'=Y (n+r)(n+r—1)az" 2
n=0
Substituting the above in (1) gives
oo o0 o0
z2 Z (n+r)(n+r—1az"™ 2+ 22 Z (n4+7r) a1 + Z anz™tT =0
n=0 n=0 n=0
o0 o0 [eo]
Y nt+r)(n+r—1)anz™+ > (n+1) a4 a2t =0 (1A)
n=0 n=0 n=0

Here, we need to make all powers on x the same, without making the sums start below zero. This can be
done by adjusting the middle term above as follows

o0 oo
Z (n+71)az" ! = Z (n+r—1)ap_1z"*"
n=0 n=1
And now Eq (1A) becomes
oo oo oo
Z (n+r)(n+r—1)a, " + Z (n+r—1)ap_12"" + Z a,z"t" =0 (34)
n=0 n=1 n=0

n = 0 gives the indicial equation

(n+r)(n+7r—1)apx” +apz" =0
(r) (r —1)aoz" + (r) apz”™ =0
(r(r—=1)ap+ag)z" =0
(r(r—=1)4+1)apz" =0 (3B)
EQ (3B) is used to solve for r. Since ag # 0 then (3B) gives

(r)(r=1)4+1=0

r’—r4+1=0
The roots are
1 1,
7'1—54‘52\/3
1 1.
ry=g = 5iv3

The roots will always be complex conjugate of each others (since second order ode) and the real part will
always be equal. Let the roots be

T2 =« + ’LIB
When this happens, the solution is given similar to the case when the roots differ by non integer, except now

the solution and the coefficients will be complex. Let the solution be

Y = c1y1 + C2y2

Now y;(z) is solved for. The solution is
[e9)
y1 =1z Z anz”
n=0

Starting with Eq (2A) which was derived above gives

o0 o0 o0
Z (n+7r1)(n+r —1)apa™t + Z (n+r1—1)ap_12"™ + Z anz"t =0

n=0 n=1 n=0

The case of n = 0 is skipped since this was used to find the roots and ay # 0. n > 1 gives the recursion
equation

(m+r)(n+r—1a,+(n+r—1a1+a,=0
m+r)n+r—1ap+a,=—m+711—1)an_1
—(n+ri—1)ap—1
(n+r)(n+ri—-1)+1

anp =

3)
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For n =1 Eq. (3) gives
—T10p—1

(1 + 7‘1) (7‘1) +1
Butri=azxif= % + %z\/g and ag = 1. Hence the above becomes

a; =

—(3 + 31v3) ~1
1
2?

B G IR ORI
For n = 2 Eq. (3) gives

o — —(1+r)ar _ -1+r) (F) _ _(1+%+%i\/§) (3) _ﬂ_ii\/g
T e¥r)(I+r)+1 (2+r1)(1+r1)+1_(2+%+%i\/§)(1+%+%i\/§)+1_56 56

For n = 3 Eq. (3) gives

—B3+r—1)as _—(3+T1—1)(%_%i\/§)_ _(2+%+%i\/§)(%_%i\/§) _L- 3_E
B+r)(2+m)+1 B+r)(2+r)+1 (3+1+2iv3) (2+ 4+ Liv3)+1 112" 336

ag =
And so on. Hence the first solution is

y1() —a:”Za " = g3t3 “[(ao-i-alx-i-agz +azz + ) (4)

n=0
but
iv3 'ln(m§> V3 V3
1.1, 11, 1 In(z2? 1 i 1 V3 .. V3
e T3V = 3 431V3 — 4o ( ) =z%e =z2 (cos (lna: 2 ) + ¢sin (lnx 2 ))

Substituting the above in (4) and using values found for a,, gives

v (z) = ozt (cos (1na:§> +isin (1nx§)) (1 Ly (56 - mf) <_33?25 " é \/§> 23 +>

(5)
Since the roots are complex conjugate of each others, then the second solution is
yz(w):m%(cos (lnwé) —isin (lnxg)) 1—1 + | == —z\/_ 2+ 13 L2\/3 34
56 336 112
(6)
The final solution is therefore
Y = c1y1 + C2Y2
2.7 Ordinary point for second order ode
Local contents
2.7.1 Algorithm . . . . . . . . e e e [100]
2.72 Examples . . . . . . . e e e e e 102

2.7.1 Algorithm
ode internal name "second_ order_ taylor_ series_ method_ ordinary_ point"

Let

y' = f(z,9,9)

Assuming expansion is at £o = 0 (we can always shift the actual expansion point to 0 by change of variables)
and assuming f(z,y,y’) is analytic at o which must be the case for an ordinary point. Let initial conditions
be y(zo) = yo and y'(x0) = y}. Using Taylor series gives

(z — zo)°

(.’I) - 370)2 //(
y 3!

2 CL‘o) +

y(x) = y(xo) + (z — 20) ¥’ (o) + y" (wo) + -

, T2 3,
=Y+ oY + 5 flzo,yo,yé Tar Flao,yows T
"2 dnf

y0+acyo+z n+2)' ey

’
Z0,Y0,Yp
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But
df 6fdw+8fdy 8f dy

dr Oxdx Oydx ay’ dx (1)
=0t 3y oY g
_of 3f/ of
=5 o,V oy 2)

o d()

dx2_@

1o} o (d
=z (ax) * o ()7 + oy (32) 4 @
= s ()

dz3  dx \ dz?

0 (d*f a d’f\ , 0 (d*f
3m< ) <8ydo:2)y+8 <dx2)f )

And so on. Hence if we name Fy = f(z,y,y’) then the above can be written as

Fy = f(x7y7 y/) (4)
_
Fl—%
_dRy
T dz
of 3f/ of
8x+8y +8yy
_of of , of
9z T oyY T oy ()
8F0+%, OF,
or oy’ T oy
d(d
F dm(dxf)
d
Frcy

Fn (Fn 1)

d

dz

) OF,_1\ , [(0F,_1\ ,
—Fh_

e 1+< Jy >y+(8y’>y

0

= or

6-F'n—l / 6Fn—1
+( Oy >y+<3y’)F0 ©

Therefore (6) can be used from now on along with

, s xn+2
y(z) = yo + zyy + Z (n+2)! Fnlwo,yo,y{) (7)
n=0

To find y(z) series solution around z = 0.

Expansion point is an ordinary point. Using standard power series. For an ordinary point, and for inho-
mogeneous. ode, always generate the full solution directly from the summation. Do not split the problem
into yn, yp . To be able to do this, we have to express the RHS as Taylor series (expand it around the same
expansion point). If the RHS is already a polynomial in z then there is nothing to do as it is already in
Taylor series form. Examples below show how to do this. When the RHS is not zero, do not attempt to find
recurrence relation as the RHS will get in the way, If the RHS is zero, then find recurrence relation.

y' = f(z,9,9)

In this method, we let Let y = >~ a,,z™ and replace this in the above ode and solve for a,, using recurrence
relation. Examples below show how these methods work.
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2.7.2 Examples

Local contents

2.72.1 Example 1y’ +zy' +y=2z+2%+2* . . .. ... ... ... ... 102
2.7.2.2 Example 2 15 y" +y +y=0 . .

2.7.2.3 Example 3 2y +y +y=sinx ... ... ...
2724 Exampled. ¢’ = .. .. ... ...

2.7.2.1 Example 1 3" + 2y +y=2x+ 22 +2*

Solved using Taylor series method.

V' +xy +y=2z+22+2*
y'=—zy —y+2z+22+at

y' = f(z,9,9)
Hence - ,
™t
y=yo+ayp+ Y i) Folao ot
n=0
Where
Fy = f(z,9,9)
d
Fn = d (Fn—l)
_ 1o} + 6Fn—1 ! aFn—l "
oz ™! Ay oy’
0 OF,_1 OF,_1
=Pt (%) + () P
Hence
P - O(—zy —y+ 2z + 22 + *) + O(—zy —y+2z+ 2%+ %) - 6(—xy’—y+2x+m2+x4)y,,

Or dy y dy'
=P +22 -y +2) -y —zy’
=2c—2y —xy" + 423 +2

But y" = f(z,y,y’'), the above becomes

Fi=2c—2y + 2% + oy — 202+ 323 — 254+ 2

And

d
Fy=—(F,_
2 dm( 1)

g 6F1 / aFl "
OwF1+(6y>y +(5y’>y

-2y + 2% +zy—22° +32° —2° +2) +

0

= 55 (2@

( (2z — 2y + 2%y +xy—2x2+3x3—x5—|—2))y'

< (2z — 2y + 2%y + zy — 22° + 32° x5+2)> y”

(y — 4z + 22y’ + 92° — 52* +2) + zy + (-2 +2°) "
=y —4zx — 2" + 3zy + 22y" + 92% — 5zt + 2

But y" = f(z,y,y’), the above becomes
Fy=y—dz—2(—zy —y+2z+ 2>+ 3*) + 32y + 2% (—zy —y + 2z + 2% + z*) + 92% — 52 + 2
=3y — 8z + 5xy’ — 2%y — 23y + 7% + 223 — 62t + 25 + 2
And
d
F3 = —(F:
2T dx 2)

g 8F2 12 % "
3 F2+<3y)y +<3y’)y

(3y 8z + 52y’ — 2%y — 2%y’ + T2 + 22° — 63" + 2% 4 2)

~ oz

( (3y — 8z + 5zy/ — 2’y — 2° '+7x2+2x3—6x4+$6+2))y'
( (3y — 8z + 5zy’ — 2Py — 3y'+7x2+2m3—6x4+w6+2)>y”
=14

z + 5y — 32%y — 2zy + 62 — 242 + 62° — 8+ (3 —2%) y' + (5z — %) ¢/’
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But ¥’ = f(z,y,y’), the above becomes

F3 = 14z + 5y — 3z%y' — 22y + 62% — 242® + 62° — 8 + (3 —2°) v + (57 — 2°) (—=zy’ — y + 2z + 2% + 2*)
= 14z + 8y’ + 23y — 922y + z*y' — Toy + 1622 — 192° — 22* + 102° — 2" — 8

And so on. Evaluating each of the above at = 0,y = yo,y’ = y{, gives

Fo=(—zy —y+2z+2>+ x4)z:0’y0’y6 = =%

Fi =2z -2y + 2% + o2y —22° + 32° —2° + 2) = (—2y +2)
Fy, =3y — 8z + 52y — z%y — 23y’ + 72% + 223 — 62* + 2% 4+ 2 =3y, + 2

F3 = 142 + 8y + 23y — 922y’ + 2y — Txy + 1622 — 1923 — 22* + 1025 — 27 — 8 = 8y — 8

z=0,Y0,Y5

Hence
el 2
y(x) =Yoo+ 333/0 + Zo ( + 2)] Fn |ﬂvo,yo7yo
2 z3 z* z
Zyo+wy6+?FO+FF1+fF2+5*F3+"'

2
X
—yo+wyo+2( Yo) + —(—2yo +2) + (3yo+2)+ (8yo 8) +---

£
6
1 1 1 1
— _ 4 T L4 3, t.4_ - 4
—yg(l + a:+ >+y(z + —x )+(3w +12z 153:)

1 :E3 1 1 1 1
= 1_7 s U S I T 3L — A 4
01( 2 —|—8:l: + )—l—cz(x 3 +15 >+<3:L' +12x 15m

Solved using power series method.

y' +2y +y=2x+2>+2*
Comparing the homogenous ode to y” + p(x) ¥y’ + ¢(x) y = 0 shows that p(z) = z, ¢(x) = 1. These are defined
everywhere. Let the expansion point be o = 0. This is ordinary point since p(z), g(x) are defined at zg.
Let y = > 2 ya,z™. Hence ¢/ = > 7 1na,z" ' = > na,z" ' and y’ = > 2 (n)(n—1)apz" 2 =
>oo2 5 (n) (n — 1) ayz™ 2. The homogenous ode becomes

oo [ee] (e 9)
Z (n)(n—1)apz" 2+ Z nap,z" ! + Z anz™ = 2z 4 2% 4 2*
n=2 n=1 n=0
oo (e 9) (e 9)
Z (n) (n —1)az™ 2% + Z napz" + Z ant" =2z + z° + z*
n=2 n=1 n=0

Adjust all sums to lowest power on x gives

oo [e9) oo
Z (n)(n—1)az" 2 + Z (n—2)a,_22" 2 + Z Un_ox" % = 2z + 2% + o*
n=2 n=3 n=2

n = 2 gives 2° on the LHS with no match on the RHS. Hence

2a0 +ag=0
1

ags = —iao

n = 3 gives z! on the LHS with one match on the RHS. Hence

6as + 2a; =2
2—2&1

6

1 1
=7—7a1

3 3
n = 4 gives 2 on the LHS with one match on the RHS. Hence

ag =

12a4 + 3a2 =1
1-— 3(12
12
1-— 3(—%0;0)
12

I
T80T 12
n =5 gives 22 on the LHS with no match on the RHS. Hence

a4 =

20a5 + 4a3 =0
—4(13

as =



n = 6 gives z* on the LHS with one match on the RHS. Hence

30a6 + 5as = 1
_1—5(14
%= 730
_ 1-5(ga0+ 15)
o 30
T 1
360 487

And for n > 7 we have recurrence relation

M) (n=1Ya,+(n—2)an—2+an—2=0
n—1

o T —1)?

Hence for n =7

1 _ 1.
T 105 105t

Forn=28
7

ag = ————

BICE

1 7

384%° 7 2880

And so on. Hence

(e o]
y= g anx"
n=0

2
=agp + a1T + a2x —|-a3:1:3+---

=ao + ! 2+ L. 54 1a —i—i z* + ia 1 z° + T ia, z® + L—ia, z7 +
e e R A R T 1517 15 360 487 105~ 105™

_ 1, 1 15, 15 1 7 15, 1, 15 7 5 1 7
_“0(1 27 TR Tt Tt )+a1 (m 37 T 157 T 105° BT TR T T3 Tst T

Which is the same answer given using the Taylor series method. We see that the Taylor series method is
much simpler, but requires using the computer to calculate the derivatives as they become very complicated
as more terms are needed.

Even though the expansion point is ordinary, we can also solve this using Frobenius series as follows.
Comparing the ode vy’ +zy’ +y =0 to

¥ +p(z)y +a(z)y=0
Hence p(z) = z,q(x) = 1. Therefore py = lim, ,ozp(z) = lim, ,02z%? = 0 and g9 = lim,_,0z%q(z) =
lim,_,0 2 = 0. Hence the indicial equation is
r(r—1)+por+¢g =0
rr—1)=0
r=1,0

Hence r; = 1,72 = 0. All ordinary points will have the same roots. Let

oo
n=0

/

y (n+7)az" !

P”18|

3
I
o

(n+r)(n+r—1)a,z" 2

S
I
V]38

3
Il
o

The ode becomes

o0 o0 o0
(n+r)(n+r—1)az""" 24z Z (n+71)a,z™ 1 4+ Z ™t =0
n=0 n=0 n=0
Z (n+r)(n+r—1)a,z"" 2+ Z (n+71)anz™™ + Z anz™ " =0
n=0 n=0 n=0

104



Reindex to lowest powers gives

oo oo oo
Z (n+r)(n+r—1)a,z"" "2+ Z (n+7—2)an_oz™ "2+ Z Un_2z™ 2 =0 (1)
n=0 n=2 n=2

Forn=0
r(r—1)apz" 2 =0

The homogenous ode therefore satisfies
y'+ay +y=r(r—1)apz" 2)
For n =1, Eq (1) gives
14+7)(r)a1 =0

For r = 1 we see that a; = 0. But for r = 0 then the above gives 0b; = 0. This means b; can be any value
and we choose b; = 0 in this case.

For n > 2 we obtain the recurrence relation

m+r)(n+r—1a,+(n+r—2)an—2+a,-2=0

0, = —(n+r—2)apn—2 —an—2 _ —(n+r—1)an—2 3)

(n+r)y(n+r-—1) (n+r)y(n+r—1)

Now we find y; which is associated with 7 = 1. From (3) and for » = 1 it becomes

n 1
___n® . __ 1 4
n (n+1)na" 2 nt+10m? “)

For n = 2 and using ap =1

1 1
a2——§a0=—§

Forn=3 1
az = ——-a1 =0

All odd a,, will be zero. For n =4

And so on. Hence

y1=) anz""
=z E anx™

=$(ao+a1a}+a2x2+-~-)

1 1
=124 —2%4—...
a:( 2.93 +10a: )

Now we find y, associated with 7 = 0. From (3) this becomes (using b instead of a) and r =0

b — —(n+r—1)bp_2
" n+r)(n+r—1)
_(n_ l)bn—2

(n) (n—1)

From above, we found that b; = 0. Now we use (5) to find all b,, for n > 2. For n = 2

bo 1
be=—5="3

For n =3
b——b—l—O
3= "3 =

Forn=4
o2 _ 1
1Ty 8

And so on. Hence

= (bo + b1z + boz® + - )

1 1
=(1=Zx24+Z22%44...
( 2a: +8w+ )
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Hence the solution y;, is

Y =c1y1 + Cc2Y2

:Cl(x_ ;m3—|—115x5—~«) —|—02(1— ;£E2+;x4+...>
We see this is the same y;, obtained using standard power series. This shows that we can also use Frobenius
series to solve for ordinary point. The roots will always be r; = 1,72 = 0. But this requires more work than
using standard power series. The main advantage of using Frobenius series for ordinary point comes in when
the RHS has no series expansion at z = 0. For example, if the RHS in this ode was say /z then we must
use Frobenius to be able to solve it as standard power series will fail, since,/T has no series representation at
z = 0. Examples below shows how to do this.

2.7.2.2 Example 2 5y +y' +y=0

1
—y'+y +y=0
X

Solved using Taylor series method.

1"

y'=-2°(@y +y)
— 2By — Sy

y' = f(z,9,9)

Hence ) n+2
Yy =1yo+zYo+ 2_% h Folao 0.6
Where _
Fo = f(z,9,9)
F,= %(Fn—l)
“ate () v (5 v
- (S (%)
Hence

F = + y/ + y//

— (_5x4y _ 5$4y/) _ xsy/ _ x5yl/

But y" = f(z,y,y’'), the above becomes

Fy = (—5z'y — 5z'y’) — 2% — 2°(—2®y — %)

= 210y — Baty — 5ty — 2By + 10

And
d
= %(Fn—l)

0 oF; oF;

= __F 21 ’ "
Oz 1+<3y)y +<3y’)y
0
TE(wmy — Baty — Baty — o5y + xloy’)

+
xlOy _ 5m4y _ 5x4y' _ x5y' + x10y1)> y/

)
)

= (10z%y — 202y — 2023y’ — 52y’ + 102°%Y') + 2 (2® — 5) v/ + (—5z* —2® +2'°) ¢

)

1o}
+ (55

0 10 4 4.1 5,/ 10,/
+ aT/(x y — b5z'y — 5a'y’ — 2%y + %)
But y" = f(z,y,y’), the above becomes

Fy = (102°y — 202y — 202°y' — 50"y’ +102%) + 2% (2° - 5) ' + (=5a* — 2° +2"°) (=2° (v +v))
= —z%(20y + 20y’ + 10zy’ — 152% — 2"y + z'%y — 152% — 227y’ + 2'%y)
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And

F3 = ——(F)

4
dz
0 OF; / % "
Oz F2+(6y>y+<6y’>y

=5 (—z3(20y + 20y’ + 10zy’ — 152% — 27y + 2"y — 152% — 227y + 2'%y/))
( 3(20y + 20y’ + 102y’ — 152%y — 27y + z'%y — 1525y — 227y + x”y’))> y'
( ?(20y + 20y’ + 102y’ — 152°% — 2"y + 2'%y — 152°y' — 20Ty + x”y’))> y’

= —52%(12y + 12y’ + 8zy’ — 2725y — 227y + 3z'%y — 2728 — 42"y + 32'%y) + 23 (—2"2 + 27 + 152° — 20) y/ + (—2023
But ¥’ = f(z,y,y’), the above becomes
F3 = —52?(12y + 12y + 8zy’ — 2728 — 227y + 33"y — 2725 — 4z"y’ + 32'%y') + 2®(—2'? + 27 + 152° — 20) ¢ + (—20x3
= —2?(60y + 60y’ + 60zy’ — 15525y — 2027y + 30z'%y + 223y — 28y — 15525y’ — 4527y — 28y + 3022y + 323y — 2t

And so on. Since the derivatives become very complicated, the result was done on the computer which results
in (Evaluating each of the above at z = 0,y = yo,y’ = y)

Fo=0
Fi=0
Fp=
F3=0
Fy=0
Fs = —120y}, — 120y,
Fg = —720y},
Fr =
Fs=0
Fy=0
Fio=0

Fi1 = 6652800y}, + 6652800y,
Fiy = 79833600y}, + 11404800y,
Fi3 = 111196800y},

Fiu=0

And so on. Hence
n+2
y( ) Yo +$Zlo + Z ( ¥+ 2)| Fy |wo,yo,yo

8 13
=yo + Yy + —,(—120;;6 —120yo) — —(720y{,) + %(66528003;6 + 6652800y0)
14 15
+ 17 ~—-(79833600y) + 11404800y0) + ~— 15 (111196800y}) +

12 2 11404800 120 . 720 4 6652800 79833600 1111¢
_ y0<1 ~ ?'ox7 N 665;35';0%13 N Txm 3 ) . (x _ 120 7 5 EEIN e

7! I 13! 14! 1
1 1 1

1 1 1 1
—ul1- 2 A s 14, T_ Lo, 1o 14 15, ..
yo( 2% Tox” trem® T ) tul( 5% " 5% toze® tioee® T irmeo”

Solved using power series method

Expansion around x = 0. This is ordinary point. Since RHS is zero, we will find recurrence relation.

Let y = Y 07 yana™ Hence ¢/ = Y77 1napz"™' = 3% na,z”tand y’ = > 7 (n)(n—1)apz" 2 =
>oo2 5 (n) (n — 1) a,z™ 2. The ode becomes

Sy 4y’ +y=0

Hence
o0 o0
Z Y(n—1) anx”Q-l-Znana: 1+Zanaf:”=0
n=2 n=1 n=0
o0 o0
Z (n) (n—1)apz™" 7+Znanac" ! +Zanx" =0
n=2 n=1 n=0
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Reindex so all powers start at lowest powers n — 7

oo [e9) oo
Z (n) (n—1)az™ " + Z (n—6)an_ez" " + Z 72" =0 (1)
n=2 n="7 n="7

For n = 2,3,4,5,6 it generates ay = 0,a3 = 0,a4 = 0,a5 = 0,as = 0 since there is only one term in each one
of these and the RHS is zero.

For n > 7 we have the recurrence relation

(n)(n_l)an+(n_6)an—6+an—7=0 (2)
g = _(n=6)ang+an7
" n+2)(n+1)
Hence for n =17
a =_a1+a0
4 42
Forn=28
PO ok S
8T T (6+2)(6+1) 56
Forn=9
a __(7—4)a3+a2_0
ST T (T+2)(T+1)
For n =10
a __(8—4)a4+a3_
T T B+2)(8+1)
For n =11
a __(9—4)a5+a4_
1 (9+2)(9+1)
For n =12
a __(n—4)a6+a5_0
12 (n+2)(n+1)
For n =13
poo W-Yartas _ (U-Lar _ T T mta)_1 1
BT T A1+2)(11+1) (114+2)(11+1) 156 156 42 936 ° " 936
And so on. Hence
y:Zanm"
n=0
:ao+a1x+a7x7+a13x13+---
Notice that all terms a,, = 0 for n = 2.--6. The above becomes
=ag+a1x + —ia —ia a:7—+— La +ia zl3+
y=aoTm 277 " 936° " 936"
1 1 1 1
_ 1o — T4 = 218 .. I AR & S
“°< 2% To” T >+a1(x 2% Tos”

2.7.2.3 Example 3 5y +y +y=sinz

i 1 + / + o
2 ty ty=sinz
Expansion around z = 0. This is ordinary point. Since RHS is not zero, do not find recurrence relation.
Let y = Y2 ya,z™. Hence ¢ = Y 02 1na,z" ! =32 na,z" ' and y’ = > o0 (n)(n—1)apz" 2 =
>oo2 5 (n) (n — 1) a,z™ 2. The ode becomes
y" + 2%y + 2%y = 2’ sinz

Hence

oo o0
(n) (n — 1) apz™ 2 + 22 Z na,z" "t + Z anz™ = x’sinx

[M]8

n=2 n=1 n=0
o0 o0 o0
E (n) (n—1)apz™ 2 + E nap,z"t 4 E apz"t? = z?sinz
n=2 n=1 n=0

Reindex so all powers to start from n. This results in

Z n+2)(n+1)api2z™ + Z (n—1)ap_12™ + Z Qn_2x"™ = z?sinz
n=0 n=2 n=2
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To be able to continue, we have to expand sin z as Taylor series around z. The above becomes

o0 o0 o0
1
Z (n+2)(n+1)apt2z™ + Z (n—1)ap_12™ + Z Up_ox™ = x? (x - 6:133 +—x
n=0 n=2 n=2
Z (n+2)(n+1)apt2z™ + Z (n—1)ap—12" + Z Up_ox™ = 23 — 6:65 + Eozzf;7
n=0 n=2 n=2
Forn=0
2a2 =0
a = 0
For n =
3)(2)az =0
ag = 0
Forn=2
2+2)(2+1as+(2—-1)a;+ap =0
12a4+a1 + ag =0
an — —ai; — Qo
T 12
For n = 3 (now we pick one term from the RHS which match on z3)
20a5 + 2a2 + a1 =1
o = 1-— ai
T 20
Forn=14
30ag + 3az +az =0
ag = 0
Forn=5
1
42a7 + 4ayg + a3 = _6
1 1 —a1—a
—1l_dg, —lo4(=mzw) 1
_ "% __6 12 _ o
T 42 126"t 126™

And so on. Hence

o0
y= E a,z"”
n=0

2 3
=ag+ a1x + ax” + azx” + - --

1 1 1 1 1
1— —z%4+ —274... gt v Ty
a0< 2" +126w + >+a1<w 2% 20:1: +126w + +

_1
2.7.2.4 Example 4. y" = -

y//=l
X

With expansion around x = 0. This is an ordinary point for the ode itself. Let

[ee)
y(z) = Z anz”
n=0

Therefore
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Hence the ode becomes
> 1
Z nn—1)az" 2 == (2)
n=2 z

The solution is given by y = yn, + yp, where y;, is solution to

o0
Z n(n—1)a,z" 2 =0
n=2
Recursive equation is
n(n—1)a, =0 n>2

Hence all a,, = 0 for n > 2, therefore

oo
Yn = E anz™
n=0

=ag+ a1x

Now we need to find y,. From (2), and now we replace a,, by c,

> 1
Z nn—1)c,z" 2 ==
T
n=2
n = 2 gives
2cQw0 =z!
Hence for balance 0 = —1 which is not possible. Hence no y, exist using series method. Solution exist by

direct integration.

3 Handling initial conditions for series solution

In series solutions, initial conditions must be specified at same location as the expansion point. For ordinary
point, this is the easy case, as solution can always be written as

y(@) =ci(--+)
y(z) =y(zo) (---)
Where - - - is the series found using power series or taylor expansion. For second order it becomes

y(@)=ci(---) +eal---)
y(@o) (-++) + 9/ (o) (---)

Where z above is the expansion point, typically zero. So if we are given IC y(0) = yo,¥’(0) = yo we just
plugin in these values in the above. But for regular point, this is not the case. If the solution found was

Y@ = i) +eal-)
And we are given IC y(0) = yo,y'(0) = yo, we can not replace ¢; by y(0) and replace co by 3’(0) as with

ordinary point.

We have to set up two equations and solve for c¢;, co as we do with normal non series solutions. Only issue is
that if we find one part of the above solution not defined at xg then this part is removed. For an example,
lets say we obtained this solution for regular singular point

Yy =c1y1 + cay2

=c 1_11.2_’_:1:74_’_ +ec l—lx—i-im?’—i—
- 6 120 \z

And the initial conditions were y(0) = 1,3(0) = 0. The at z = 0 we have

1=c; lim 1—1$2+L4+ +lime 1—lac—l—i:::3+
~ 250 6 120 e=0 2\z 27 24

1
=c; +cg lim —
z—0 2

Since the second basis solution diverges, then we need to have co = 0 since lim;_,¢ % is undefined. This gives
c¢1 = 1 and the solution now becomes
1 x*
=1—"xg24+ = 4.
y 67 T120"

This needs to be verified that it satisfies both initial conditions, which it does. If both basis solution diverges
at the IC given, then no solution exist.
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The following is another example. The ode z?y” = zy’ + (2 — 4) y = z® has the series solution
y=ciyi +cy2 +Yp
1 1 3 144 1 1
= 2 —_—— 4 —_— 6 DRI 2 _—— 4 .« .. —_— —_— — 4 DY _— 3 —
_cl(x 2% +384x + )+02(ln(ac) (Qx 2t > (372 36+2x + )>+(5m

Given IC y(0) = 0,3'(0) = 1, then using y(0) = 0 gives

12 384
3 144 1
= 1 2 _—— 4 DRI —_— —_— —_ DR
=c ili% (ln (x) <9x A + ) ( 2 36 + 5% + ))

Therefore we set co = 0 since the limit is not defined. This makes the solution now as

1 1 1 1
y=01<$2—12$4+384x6+---)+<x?’—;1;5+...>

1 1 3 144 1
0=c; lim (xz—a:4+:c6+---> + ¢ lim <ln(a:) <9x2—x4+---> — <—36+x4+--->) + lim
z—0 z—0 4 x2 2

Taking derivative gives

4 6 3 5
I: 2 o 4 _ 5 — 2_7 4
y cl( TR e T )T BT T1s” T

Using y'(0) = 1 gives

T 4 4, 6 5 : 3 2 4

1_c1911_r)r})(2x—12x +38—4x +> + lim <w -+
=0

Which gives 1 = 0. Therefore there is no solution.

To handle IC for series solution, we start with general solution found y = c1y1 + cay2 + yp and apply the
above step by step in order to determine what happens. Let us change the IC for the above example to
y(0) = 0,%'(0) = 0 and see what happens. We found that applying y(0) = 0 gives

1 1 1 1
fr 2_7 4 —_— 6 DEEEEY —_ 3_7 5 ...
y—c1<x 12ac +384x + >+ <5x 105x + )

Taking derivative gives

4 6 3, 5
f—eop— St 2 5. Op2 2 4.
v cl( TR e T )T T1s” T

Using y'(0) = 0 gives

. . 4 4 6 5 . 3, 5 4
0—01;11%(2% Ez +32T4:L‘+ ->+ilg%](5x ﬁz + -

0=001

Which means ¢; is arbitrary. This means the final solution remains

1 1 1 1
frd 2—7 4 —_— 6 DRI —_ 3—7 5 ...
y—cl<x 12:1: +384a: + >+<5x 105:v + >

Even though we had two initial conditions, the final solution still has one arbitrary constant. This happens
quite often when the the expansion point is singular as in this example.
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