Finding the B matrix for constant strain triangle
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1 The problem to solve
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Figure 1: the Problem to solve
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2 Analytical derivation

The problem is first solve for scalar field § with the interpolating polynomial a; + asx + asy.
Writing

a1
0=1[1 z y| |a (1)
as
Evaluating the field 8 at each node gives
91 1 1 Y aiq
O = (1 z2 yo a2
05 1 z3 y3| las
Hence
1
a1 1 21w 61
ax| = (1 z2 ¥ )
a3 1 z3 y3 05
1 T2Ys — T3Y2 T3Y1 — T1Y3 T1Y2 — T2Y1 61
=A| ¥ Y3 — Y1 Y1 — Y2 0o (2)

I3 — T2 Ir1 — X3 Tro — I 03

Where A is the determinant z1ys — Zoy; — T1Y3 + T3y1 + T2y3 — T3y Substituting (2) into
(1) gives

A
la ~N

ToYs — T3Y2 T3Y1 — T1Ys T1Y2 — T2y1| [On

1
6=2[1 2z 9| -y Yys — U -y | |6
I3 — T2 Ir1T — I3 To — X1 93
61
— [N, N, Ns] |6, 3)
03
Where
1
N, = Z[$2y3 — z3y2 + (Y2 — y3) + y(z3 — 12)] (4)

1
Ny = Z[$3y1 — z1ys + z(ys — y1) + y(z1 — z3)]

1
N3 = Z[xlyZ — Zay1 + (Y1 — y2) + y(z2 — 1)]



For constant stress triangle, the field is a vector field. Hence replacing 6 with [:] equation

(3) becomes

From the above

|:’U,:| . |:N1 0 N2 0 N3 0 Uo

U
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v 0 Ny 0 Ny, 0 N3 |vg

Uus
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oz

6’0 8N1 6N2 8N3
= v +

oy

— + === 1 2 us V1 + V2 + V3
Jy Oz Oy Oy Oy Oz ox oz
Hence
i
Er 9z 0
—|lo <& U
Ey - oy |"U:|
9o 90
Yy | 0y Oz
B 3
Bzu
- 24
B ) " 9
_@u + 6_zv
aé\g]clu + 8N2u + MN U3
— 3N1 N oy, + asz + %’03

oy
AN AN AN: AN AN AN
Ty U1+ T luz + % ug -I- Sa U1+ GRve + vs

From (4) all of the %Nl, B

matrix

B Uy
mON, AN, AN | o1
oo 327 oo 31(31 oo ag U
1 2

0 %55 0 % 0 S, (5)

ON1 ON1 ON» O8N, ON3 0N 2
| 9y oz By Oz By oz u

3
U3

9% terms are evaluated. Substituting the result into (5) gives the B

1
or Z(w ~¥s)
o s —w)
ax - A y3 yl
o )
ax - A yl y2

w



And

oN, 1
By ~ AT
ON, 1
By AT
ON; 1
By AT

Hence B becomes

R 0 Ys — Y1 0 Y1 — Y2 0
= Z 0 Ir3 — T2 0 1 — I3 0 To — X1 (6)
T3 — T2 Y2 —Ys T1—T3 Y3s— Y1 T2—T1 Y1 — Y2

B

Letting y; — y; = vi; and x; — z; = x;;, the above becomes

1 | Y23 0 w31 0 w2 O
Z 0 T32 0 T13 0 zo
T32 Y23 T13 Y31 T21 Y12

B =

But the area of triangle is given by

i "
A=§$2—$1 y2—y1 0
z3—21 yz3—y1 O
2A = (2 —21) (Y3 — Y1) — (2 — 91) (x3 — 1)

= T1Y2 — T2Y1 — T1Y3 + T3Y1 + T2Y3 — T3Y2
And the determinant A was found above to be x1ys — x2y1 — £1Y3 + Z3Yy1 + X2Y3 — T3Y2, hence
2A=A
Substituting the above into B found above in equation (6) gives

1|2 ¥ 0 Ys — Y1 0 Y1 — Y2 0
:ﬂ 0 Ir3 — T2 0 1 — I3 0 To —T1
T3 — T2 Y2 —Ys T1— T3 Y3s—Y1 T2—T1 Y1—Y2

B



3 Verification using Mathematica

The problem to solve

by Nasser M. Abbasi (oct 2009)
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In this solution, | start directly by solving for the vector field {u, v} and starting from the general degrees
of freedom, and from it by matrix inversion, find the shape function matrix N (in terms of nodal degrees
of freedom). This involves inversting a 6 by 6 matrix. But Ok, | am using a computer. By hand, | would
use the method | showed in the analytical note part of this assignment which involves inverting only a 3
by 3 matrix.
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2 | find_B_matrix.nb

Needs ["Notation™ "]
nNodes = 3;
nDegreeOfFreedom = 6;

Symbolize| u; ];
symbolize[ u, |
Symbolize[ us |
Symbolize[ A ]
Symbolize[ v, |
Symbolize[ v; |
Symbolize[ a; |

Symbolize[ a, |

H
H
H
H
Symbolize| a3 |;
Symbolize[ a; |
Symbolize| as |;
Symbolize| as |;
Symbolize[ X1 ];
symbolize[ x, |;
Symbolize[ x; |
Symbolize[ y; |;
symbolize[ y, |;
Symbolize[ ys |

Start by defining the u and v trial functions (linear polynomials in x and y)

nodalDegreesOfFreedom = {u;, Vi, Uy, Va, U3, V3};
generalDegreesOfFreedom = {a;, a, as, a4, as, Ag};
Uu=aj+a;X+aszy;

V=az+agX+agy;

set up the u=Xa equation

{b, xMat} = Normal[CoefficientArrays[{u, v}, generalDegreesOfFreedom]];
Print [ToString[MatrixForm[{{"u"}, {"v"}}], FormatType » TraditionalForm] <>
ToString[MatrixForm[xMat], FormatType » StandardForm] <>

ToString [MatrixForm[generalDegreesOfFreedom], FormatType » StandardForm] ]
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CH
e
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Now find the shape functions. Start by expression nodal unknowns in terms of nodal coordinates

Uup=u/. {X-> Xy, y->Yyi}

Vi=V /. {X>X,Y>Y1}
U =u/. {X-> X, y->Ya}
V2=V /. {X>X2, Y=Y}

U3 =u/. {X- X3, y->Yys}
V3=V /. {X>X3,Y->Yys3}

a1 +ay X1 +aszy:
A4 + 35 X1 + A6 Y1
a;+ay Xy +aszys
Ag +3ds X2 +3g Y2
di +dz X3 +aszys

dg +ds X3 + Ag Y3

Write the u = A a equation

{b, aMat} = Normal [CoefficientArrays[{u;, vi, Uy, V2, U3, V3}, generalDegreesOfFreedom]];

Vi,

Print[ToString[MatrixForm[Transpose[{{"us", u",
FormatType -» TraditionalForm] <> "=",
ToString[MatrixForm[aMat], FormatType » StandardForm] <>

ToString[MatrixForm[generalDegreesOfFreedom], FormatType » StandardForm] ]

V2", "us", "v3"1311,

Uy 1 x; y1 06 0 © ax
2 0 0 0 1 x13 Yy, ER
u| |1 x y, 6 06 0 as
v |@ @ 0 1 x,y; EN
us 1 x3 y; © 0 © as
V3 0 0 0 1 X3 V3 ag

Find a =A™ u from the above by matrix inversion
shapeFunctions = xMat.Inverse[aMat];

Now find the B matrix from the above N matrix by multiplying the N matrix by the following differetial
operartors matrix

oper = {{D[#1, x] &, @&}, {0 &, D[#1, y] &}, {D[#1, y] & D[#1, X] &}};

Print [ToString[MatrixForm[oper], FormatType -» TraditionalForm]];
Ple 09&
ox
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Now find B=oper * N
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4 | find_B_matrix.nb

bMat = Inner [#1[#2] &, oper, shapeFunctions, Plus];

(bMat = Simplify [Assuming[Element[{yi, V2, Y3, X1, X2, X3}, Reals], bMat] ]) // MatrixForm

—Yo+y. %) Y1-Y3 %)
X3 (-y1+Y2) +X2 (Y1-Y3) +X1 (-Y2+Y3) X2 Y1-X3 Y1-X1 Y2+X3 Y2+X1Y3-X2 Y3
° Xp-X3 ° X1-X3
X2 Y1-X3 Y1-X1 Y2+X3 Y2+X1Y3-X2 Y3 X3 (Y1-Y2) +X1 (Y2-Y3) +X2
X2-X -Y2+Y3 X1-X3 Y1-VY3
X2 Y1-X3 Y1-X1 Y2+X3 Y2+X1 Y3-X2 Y3 X3 (-Yy1+Y2) +X2 (Y1-Y3) +X1 (-Y2+Y3) X3 (Y1-Y2) +X1 (Y2-Y3) +X2 (-Y1+Y3) X2 Y1-X3 Y1-X1 Y2+X3 Y2+X)

Factor the determinant term from the above to the outside.

den = Denominator [bMat[[1, 1]1]1] ;
bMat = bMat » den;
Print[ToString[1/den, FormatType » StandardForm] <>
ToString[MatrixForm[Simplify[bMat]], FormatType -» StandardForm] ]
1 -Y2+Ys3 % Y1-Ys e “Y1+Y2 %

] X3 - X3 2] -X1 + X3 0 X1 - Xz
X3 (-Y1+Y2) +X2 (Y1-¥3) +X1 (-¥2+Y3) | X, -X3 -yo+Y3s -Xg+X3s Y1-Y3 Xi-Xo -Y1+Y>

But area of triangle is

area = (1/2) Cross[{X;-Xi, ¥2-Y1, @}, {X3- X1, ¥3-Y1, 0}1[[3]]
1

E (=X2y1+X3Y1+X1Y2-X3Y2-X1Y3+X2Y3)
Hence B matrix becomes

Panel|[Style[ToString[1 /"2 area", FormatType - StandardForm] <>
ToString[MatrixForm[Simplify[bMat]], FormatType -» StandardForm], 18]]

1 (7Y2tys 0 y1-Y3 0  -yi+y2 O

— 0 X2 — X3 0 —X1 + X3 0 X1 = X2
2 area

X2=X3 —Y2+ys =X1+X3 Y1-Yy3 Xi=Xz =y1+Yy2
finalB = bMat;
2 area
Y2-Y3 %) Yaya 7]
—X3Y2+X2 Y3+Y2 X1-Y3 X1-X2 Y1+X3 Y1 —X3Y2+X2 Y3+Y2 X1-Y3 X1-X2 Y1+X3 Y1
0 -Xp+X ) ~X3+X3
X3 Y2+X2 Y3+Y2 X1-Y3 X1-X2 Y1+X3 Y1 ~X3Y2+X2 Y3+Y2 X1-Y3 X1-X2 Y
Xy +X Ya-V: —X3+Xq Y3-Yi1
“X3Y2+X2 Y3+Y2 X1-Y3 X1-X2 Y1+X3 Y1 X3 Y2+X2 Y3+Y2 X1-Y3 X1-X2 Y1+X3 Y1 -X3Y2+X2 Y3+Y2 X1-Y3 X1-X2 Y1+X3Y1  —X3Y2+X2 Y3+Y2 X1-Y3 X1-X2 Y
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