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Chapter 1

Vibration

1.1 Modal analysis for two degrees of freedom system

Detailed steps to perform modal analysis are given below for a standard undamped two
degrees of freedom system. The main advantage of solving a multidegree system using modal
analysis is that it decouples the equations of motion (assuming they are coupled) making
solving them much simpler.

In addition it shows the fundamental shapes that the system can vibrate in, which gives
more insight into the system. Starting with standard 2 degrees of freedom system

’»———»Xl T__»xz

kl k2
— NN~ m VNV m,
£, (t) — f2(1)

Figure 1.1: 2 degrees of freedom system

In the above the generalized coordinates are xr; and zs. Hence the system requires two
equations of motion (EOM’s).
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1.1.1 Step one. Finding the equations of motion in normal
coordinates space

The two EOM’s are found using any method such as Newton’s method or Lagrangian method.
Using Newton’s method, free body diagram is made of each mass and then F' = ma is written
for each mass resulting in the equations of motion. In the following it is assumed that both
masses are moving in the positive direction and that x5 is larger than x; when these equations
of equilibrium are written

KiX1 Ka(X2 —X1)
- m; L ka(X2 —X1) - My
———» f5(1)
—> (1)
D F = mx] D F = myx;
—kaXy +Ko(Xo —x1) +f1(t) = myx! —ka(x2 = x1) +fa(t) = max;

Figure 1.2: general 2 degrees of freedom system

Hence, from the above the equations of motion are
mlx'{ + k1$1 - kg(l'z - .’L'1) = fl(t)
mazy + ko (22 — 21) = fo(t)
or

max] + z1(ky + k) — koo = fi(2)
mgxg + koxy — ka1 = f2(t)

mq 0 .’L'Ill + kl + kz —kg I _ fl(t)

0 my] |z3 —ky  ka | |Z2 fa(t)
The above two EOM are coupled in stiffness, but not mass coupled. Using short notations,
the above is written as

In Matrix form

[M|{z"} + [K[{z} = {f}
Modal analysis now starts with the goal to decouple the EOM and obtain the fundamental

shape functions that the system can vibrate in. To make these derivations more general, the
mass matrix and the stiffness matrix are written in general notations as follows
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{mn m12] {9511'}+ {kn ku} {%} . {fl(t)}
Mo1 Moo 1'12/ ka1 koo H) - f2(t)

The mass matrix [M] and the stiffness matrix [K| must always come out to be symmetric. If

they are not symmetric, then a mistake was made in obtaining them. As a general rule, the
mass matrix [M] is PSD (positive definite matrix) and the [K] matrix is positive semi-definite
matrix. The reason the [M] is PSD is that z7[M]{z} represents the kinetic energy of the
system, which is typically positive and not zero. But reading some other references [[] it is
possible that [M] can be positive semi-definite. It depends on the application being modeled.

1.1.2 Step 2. Solving the eigenvalue problem, finding the natural
frequencies

The first step in modal analysis is to solve the eigenvalue problem det ([K] — w?[M]) = 0 in
order to determine the natural frequencies of the system. This equations leads to a polynomial
in w and the roots of this polynomial are the natural frequencies of the system. Since there
are two degrees of freedom, there will be two natural frequencies w;,ws for the system.

det ([K] — w*[M])

d ([kn km} {mn mm})
et —
kor koo Ma1 Mo
d {kn w?my; kip —w m12]
et
ko1 — w? mao1  Kog — w? ma2

(k11 — w’man) (kae — w’maz) — (k12 — w’maz) (k21 — w?mar) =0

w4(m11m22 — Mmyame) + w2(—k11m22 + k1omay + kaimag — kaamar) + kiikas — kigkar =0

The above is a polynomial in w*. Let w? = X it becomes

)\2(m11m22 — myama1) + A(—kiimag + kiamay + kaimaa — koamay) + kirkae — kiakar =0

This quadratic polynomial in A which is now solved using the quadratic formula. Then the
positive square root of each A root to obtain w; and wy which are the roots of the original
eigenvalue problem. Assuming from now that these roots are w; and ws the next step is to
obtain the non-normalized shape vectors ¢, ¢, also called the eigenvectors associated with
w1 and woy

1|http ://en.wikipedia.org/wiki/Fundamental_equation_of_constrained_mot ion|



http://en.wikipedia.org/wiki/Fundamental_equation_of_constrained_motion
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1.1.3 Step 3. Finding the non-normalized eigenvectors

For each natural frequency w; and ws the corresponding shape function is found by solving
the following two sets of equations for the vectors ¢y, o

[kn klﬂ W2 |:m11 m12} {9011} _ {0}
ka1 koo Vimar mag| L@ 0
{kn klﬂ W2 {mn m12] {9012} _ {0}
ka1 koo 2 Mmo1 Mo P22 0

For ws, let ¢1; = 1 and solve for
on o) =<t e {ont =10}
ka1 koo ! Moy Ma2 Y21 0
|f€11 — w%mu klg — w%mm] { 1 } . {0}
ko — W%mm koo — w%mzz Y21 0

Which gives one equation now to solve for o1 (the first row equation is only used)

and

(kll - w%mll) + P21 <k12 - w%mlz) =0

Hence )
_(kll - wlmn)

(k12 - w%m12)

P21 =
Therefore the first shape vector is
1
Wp; = {‘pll} = {—(kn—w%mn)}
21 (k12—w?mi2)
Similarly the second shape function is obtained. For ws, let 12 = 1 and solve for
i -4k -0
ko1 koo ? Mo1 Moz | (P22 0
[kll —w%mll k12 —w%mm} { 1 } . {0}
ko1 — W%mm ko — W%mm P22 0
Which gives one equation now to solve for ¢os (the first row equation is only used)
(kn - w%mn) + P22 (k12 - wimu) =0

Hence )
_(kll - wzmll)

(k12 - wému)

Yoo =
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Therefore the second shape vector is

1
P12
P = { } = {—(ku—w%mu)}
P22 (k12—w2mi2)
Now that the two non-normalized shape vectors are found, the next step is to perform mass
normalization

1.1.4 Step 4. Mass normalization of the shape vectors (or the
eigenvectors)

Let
p1 = @1 [M] @,

This results in a scalar value u;, which is later used to normalize ;. Similarly
p2 = @3 [M] p,
For example, to find w4
= {@11}T {mn m12] {‘,011}
P21 M21 Ma2| (P21

w2 2

M21 Ma2| (P21
= {901177?»11 + p21mMa1 P11Mi2 + <P21m22} {z;}
= p11(11m11 + P21M21) + Pa1(P11M2 + P21M22)
Similarly, us is found
1y = {9012}T {mn m12] {9012}
P22 M1 Maz| (P22

e 2

M2y Mag P22
©12
= {S012m11 + p2ama1  P12Mi2 + g022m22} {9022}
= p12(p12m11 + P2am21) + Pa2(P12Ma2 + P2Mag)

Now that 1, us are obtained, the mass normalized shape vectors are found. They are called

(pla(PQ
P11
2 {9021} _

P11

@1 = = = QOV H1
21

V H1 vV H1 N
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{9012}
Py _ (p22)

P12

‘I)Q = = = ¢' H2
22

V M2 vV M2 Vi2

Similarly

1.1.5 Step 5, obtain the modal transformation matrix ¢

The modal transformation matrix is the 2 X 2 matrix made of of ®,, ®, in each of its columns

(@] = [®1P;]
fll 212
I VT «/ﬂz]
Y21 ©22
NN

Now the [®] is found, the transformation from the normal coordinates {z} to modal coordi-
nates, which is called {n} is found

{z} =[] {n}
)2 2w

21 P22
The transformation from modal coordinates back to normal coordinates is

{n} = (2] {z}

(roy- [ %] (zo)

VAL V2

However, [®] " = [®]” [M] therefore

{n} = [2]" [M] {x}T
-2 & e

% % mo1 Mag| |2(t)
The next step is to apply this transformation to the original equations of motion in order to

decouple them
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1.1.6 Step 6. Applying modal transformation to decouple the
original equations of motion

The EOM in normal coordinates is
|:m11 m12:| {xlf} n |:k11 klﬂ {-'L'l} _ {fl(t)}
Mmao1 M2 517,2, ka1 koo T2 f2(t)
Applying the above modal transformation {z} = [®] {n} on the above results in
mir Mg 77’1’} {kll k12:| {771} {fl(t)}
® + ® —
|:m21 sz (2] {775' ko1 koo (2] M2 fa(t)
pre-multiplying by [®]” results in
4 ki k T T [ fi(t)
(I)T|:m11 mlﬂ@{'rh}_'_q)T[ll 12}@{ }:(1)
[©] Mo Mo (2] 75 [2] ko1 koo [2] 2 [ fa(t)

mi1 Mi2

The result of [®]" { } [®] will always be {1 0}. This is because mass normalized

mo1 Mo 01
shape vectors are used. If the shape functions were not mass normalized, then the diagonal
values will not be 1 as shown.

2
The result of [(I)]T {Zn 212} [®] will be [a())l :))2} .
21 K22 2

Let the result of [®]" {;1 8} be {? 8} ,Therefore, in modal coordinates the original EOM
2 2

b [ o= (e

The EOM are now decouples and each can be solved as follows

becomes

ni(t) +wim(t) = fi(t)
75 (t) + wima(t) = fo(t)

To solve these EOM’s, the initial conditions in normal coordinates must be transformed to
modal coordinates using the above transformation rules

{n(0)} = [@]" [M]{=(0)}
{n/(0)} = [@]" [M] {z'(0)}
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T
{771(0)} _ % \}% {mn mu] {301(0)}
12(0) % \%% ma1 Maa| 22(0)

T
{771(0)}: G e [mu mlz} {35'1(0)}
75(0) 2 | lma ma| |25(0)

Or in full form
and

Each of these EOM are solved using any of the standard methods. This will result is solutions
m(t) and na(¢)

1.1.7 Step 7. Converting modal solution to normal coordinates
solution

The solutions found above are in modal coordinates 7;(t),72(t). The solution needed is
z1(t) ,x2(t). Therefore, the transformation {z} = [®]{n} is now applied to convert the

{771 (t) }

VL iz 2 (t)

[ () + £2m()
2, (1) + 2250

solution to normal coordinates

zi(t)| _ % 5%
.'Ez(t) T | P21 p22

Hence o o

z1(t) = T (8) +
and

23(t) = T2 () + (2

Notice that the solution in normal coordinates is a linear combination of the modal solutions.

The terms “OZ are just scaling factors that represent the contribution of each modal solution
to the final solution. This completes modal analysis
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1.1.8 Numerical solution using modal analysis

This is a numerical example that implements the above steps using a numerical values for
[K] and [M]. Let ky = 1,k = 2,m; = 1,me = 3 and let f1(¢) = 0 and fo(t) = sin (5¢). Let

initial conditions be z1(0) = 0,2} (0) = 1, z5(0) = 1.5, 25(0) = 3, hence

o) =1

and

In normal coordinates, the EOM are

v A P - )
HE IR [ R

In this example mi1 = 1,m12 = 0, mo1 = 0, Moo = 3 and kll = 3, k12 = —2, k21 = —2, kzz =2

and fi(t) =0 and f5(t) = sin (5¢)

step 2 is now applied which solves the eigenvalue problem in order to find the two natural

frequencies

det ([K] — w?’[M]) =0

[ - )

3—w? -2
—2  2- 3w2} -
(3-w?) (2-3w”) = (-2)(-2) =0
3wt —11w? +2=0

det [ 0

Let w? = ) hence
32 —-1104+2=0

The solution is A\; = 3.475 and Ay = 0.192, therefore
wp = V3.475 = 1.864
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And
ws = v0.192 = 0.438

step 3 is now applied which finds the non-normalized eigenvectors. For each natural frequency
w; and ws the corresponding shape function is found by solving the following two sets of
equations for the eigen vectors ¢, o

(12 7] D=

([ -y 5]) {22} - {0}
7 e (o= {0}

This gives one equation to solve for oo (the first row equation is only used)

For w; = 1.864

Hence
A4
Y21 = % = —0.237

e | 1
1= {9021} B {—0-237}
Similarly for wy = 0.438
3 —2 2 10 P12 . 0
({—2 2 ] 0438 {0 3}> {9022} a {O}
2.808 -2 11 _JO
—2  1.425| lye) O

This gives one equation to solve for sy (the first row equation is only used)

The first eigen vector is

2.808 — 2(,022 =0

Hence
—2.808 _ 1.404

Yoo =



CHAPTER 1. VIBRATION 15

_Jep2| 1
Y2 = {8022} B {1-404}

Now step 4 is applied, which is mass normalization of the shape vectors (or the eigenvectors)

The second eigen vector is

N1=‘P{[M] $1
Hence
IR N
Pr=9-0237( |0 3| -0.237
—1.169
Similarly, us is found
p2 = @3 [M] o,
Hence
Sy oo)g 1
H2= 91404 |0 3| \1.404
—6.914

Now that uq, us are found, the mass normalized eigen vectors are found. They are called

(I)la(bQ
toaf _{cozwr)
&, — ¥, . P21 . —0.237
YT Um Vi V1.169
] 0.925
~ 1-0.219
Similarly
o) {vaf
P, — s . P22 . 1.404
T V2 iz /6914
_40.380
~ 10.534
Therefore, the modal transformation matrix is
(@] = [®1®]

_[0.925 0.380
~|1—=0.219 0.534
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This result can be verified using Matlab’s eig function as follows

K=[3 -2;-2 2]; M=[1 0;0 3];
[phi,lam]=eig(K,M)

phi =

-0.3803 -0.9249

-0.5340 0.2196
diag(sqrt(lam))

0.4380

1.8641

Matlab result agrees with the result obtained above. The sign difference is not important.
Now step 5 is applied. Matlab generates mass normalized eigenvectors by default.

Now that [®] is found, the transformation from the normal coordinates {z} to modal coordi-
nates, called {7}, is obtained

{z} = [®]{n}
z(t) _ [ 0.925 0.380] [mi(t)
zo(t) [ |—=0.219 0.534] \m(t)
The transformation from modal coordinates back to normal coordinates is

{n} = [®]" {z} )
i B Irveriond IR G
However, [®] " = [®]” [M] therefore

{n} = [@]" [M]{z} ]
(i =[Sy o] o o (o)
_ [0.925 —0.657] {xl(t)}
038 16 | |z

The next step is to apply this transformation to the original equations of motion in order to
decouple them.




CHAPTER 1. VIBRATION 17

Applying step 6 results in
10 7]1, + UJ% 0 ] T _ [ ]
0 1] |} 0 w2l |m sin (5t)
1 0] [nf + 1.8642 0 | (m 0.925 0.380]" 0
0 1]\ 0 04382 o)~ |—-0.219 0.534] sin(5¢)
1 0] (o} N 3.47 0 | [m —0.219 sin (5t)
0 1| |7y 0 0.192] |n 0.534 sin (5t)

The EOM are now decoupled and each EOM can be solved easily as follows

7!(£) + 3.47m () = —0.219 sin (5t)
7y (t) + 0.1927,(t) = 0.534 sin (5¢)

To solve these EOM’s, the initial conditions in normal coordinates must be transformed to

modal coordinates using the above transformation rules
n1(0) 0.925 —0.657] [z1(0)
2( ) 0.38 1.6 x2(0)
(0) 0.925 —0.657| [0
72(0) 0.38 1.6 1

_ [—0.657
o 1.6

m(0)] _ [0.9256 —0.657] [z(0)
n0)) 1038 1.6 z5(0)
_ 10,925 —0.657| [1.5
~ 1038 16 3
_ [—0.584
~ | 537
Each of these EOM are solved using any of the standard methods. This results in solutions
n1(t) and 72(t) . Hence the following EOM’s are solved

and

01 (t) + 3.47n.(t) = —0.219 sin (5¢t)
m(0) = —0.657
7,(0) = —0.584
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and also

M (t) + 0.192m,(t) = 0.534 sin (5¢)
7]2(0) =1.6
7,(0) = 5.37

The solutions 7;(t) , 72(t) are found using basic methods shown in other parts of these notes.
The last step is to transform back to normal coordinates by applying step 7

z1(t) _ [ 0.925 0.380] [mi(t)
zo(t) ] [—0.219 0.534| | n(t)
_ [ 0.9257; + 0.387,
~ 10.534m, —0.219 7,

Hence

and

The above shows that the solution z;(¢) and z5(t) has contributions from both nodal solutions.

1.2 Fourier series representation of a periodic function

Given a periodic function f(t) with period T then its Fourier series approximation f (t) using
N terms is

N
r 1 in2tt
Ft) = SFo+ Re <§ Foe¥ )

n=1

1 1 N
_ - _E : inZxt * —in2T¢

_ 1 a F in2Zt
—52 n€ "
n=—N
Where

T
2 .27
F,= 7 / f(t)e ™ Tldt
0

T
2
Fo= [ f)de
0
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Another way to write the above is to use the classical representation using cos and sin. The
same coefficients (i.e. the same series) will result.

< N 2 N 2w
f(t) =ao+ ;an cos n?t + ;bn sin n?t

T
a, = TL/Z/f(t) cos (n%rt) dt
0

T
b, = %/2/]”(15) sin (n?t) dt
0

Just watch out in the above, that we divide by the full period when finding ay and divide
by half the period for all the other coefficients. In the end, when we find f(t) we can convert
that to complex form. The complex form seems easier to use.

1.3 Generating Transfer functions for different

vibration systems

C LYy k \

Figure 1.3: vibration model

1.3.1 Force transmissibility

Let steady state

Zss = Re {%D(r, ¢) eim}
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Then
ftr (t) = fspm'ng + fdamper
=kx + ct
= Re {k%D(r, ) eim} + Re {ciw%D(r, ¢) eim}
. P .
=Req | F+ ciw 4 D(r,{)e™
Hence

Ol = [F[ 10111+ @F5 = | B[ ID] /1 + (2677

So TR or force transmissibility is

7R = YOl _ |D| /1 + (2¢r)?

)

If > /2 then we want small ¢ to reduce force transmitted to base. For r < /2, it is the
other way round.

1.3.2 vibration isolation
We need transfer function between y and z. Equation of motion

n__

my' = —c(y' —2') — k(y — 2)
my" +cy +ky=cd +kz

Let z = Re{Ze*'},2 = Re{iwZe™'} and let y = Re{Ye“'},y = Re{iwYe*'},y" =
Re {—w?Ye™'}, hence the above becomes

m Re {—wQYei‘”t} + cRe {tiei‘”t} + kRe {Yem} =cRe {inei“t} + kRe {Zei“t}
ciw+k
—w?m + ciw + k
12Cw,mw + k
—w?m + 12w, mw + k
i2¢wpw + w?
—w? + i2¢wpw + w2
12¢r+1
(1—r2)4i2¢r

Y =
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Hence | D(r, ¢)| = — L% V@D ond arg (D) = tan~1 (2¢r) — tan~1 (X55) where r = £

(1-r2)*+(2¢r)? '

Hence for good vibration isolation we need % to be small. i.e. |D|1/1 4 (2¢r)” to be small.

This is the same TR as for force isolation above.

For small |D|, we need small ¢ and small k (the small k is to make r > 1/2) see plot

In[1:= parms = {z -» 0.01};
Sqrt[l+ (2 zxr)?]

tf = ;
Sqrt[(1-zx2)2+ (2 z1)2?]

Plot[tf /. parms, {r, 0.01, 3}, GridLines -» Automatic]

05 1o 15 20 25 310
Figure 1.4: force transibility

In Matlab, the above can be plotted using

close all;

zeta = linspace(0.1, 0.7, 10);

T = linspace(0, 3, 10);

DO = @(r,z) (sqrt(1+(2*z*r)."2)./sqrt((1-r."2).72+(2*z*r)."2));
figure;

hold on;

for i = 1:length(zeta)
plot(r,DO(r,zeta(i)));
end

grid on;
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1.3.3 Accelerometer

We need transfer function between v and z, where now z, is the amplitude of the ground
acceleration. This device is used to measure base acceleration by relating it linearly to relative
displacement of m to base.

Equation of motion. We use relative distance now.

m(u’ +2")+cu' +ku=0
mu” + cu' + ku = —mz2"

Let 2" = Re{Z,e™"}. Notice we here jumped right away to the 2” itself and wrote it as

Re {Z,e™*} and we did not go through the steps as above starting from base motion. This

is because we want the transfer function between relative motion v and acceleration of base.

Now, u = Re {Ue™'} ,u/ = Re {iwUe*?} ,u” = Re {—w?Ue™'}, hence the above becomes

mRe {—w’Ue™'} + cRe {iwUe™"} + kRe {Ue™'} = —mRe {Z,*"}
-m

Z,
—w?m +iwc+k
-1
—w? + iw2w, + w2
-1
(W2 — w?) + iw2Cwn,

Hence |D(r, ()| = \/(w2—w2)_21+(2wgw : and arg (D) = —180° — tan™! <—zg%’§>

When system is very stiff, which means w, very large compared to w , then D(r,() = =3 Z,,

hence by measuring u we estimate Z, the amplitude of the ground acceleration since w? is

known. For accuracy, need w, > bw at least.

1.3.4 Seismometer

Now we need to measure the base motion (not base acceleration like above). But we still use
the relative displacement. Now the transfer function is between v and z where now z is the
base motion amplitude.

Equation of motion. We use relative distance now.

mu”" +2")+cu +ku=0

mu” + cu’ + ku = —mz2”

Let z = Re{Ze“'}, 2’ = Re{iwZe™'} 2" = Re{—w?Ze™'} jand let u = Re {Ue™'} v/ =
Re {iwUe™'} ,u" = Re {—w?Ue™*}, hence the above becomes
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Now, u = Re {Ue™*} ,u/ = Re {iwUe**} ,u” = Re {—w?Ue™'}, hence the above becomes

mRe {—w’Ue™'} + cRe {iwUe™"} + kRe {Ue™'} = —mRe {—w?Ze*"}

mw?

—w?m + iwe + k

w2

—w? + iw2qwy, + w?

,’,.2

(1-72)+ 7}2CTZ

U=

Hence |D(r, ()| = and arg (D) = —tan™! (%)

r2

2
V(1—=r2)+i2(r
1

Now if r is very large, which happens when w,, < w, then = e = _LTQ since r? is the
dominant factor. Therefore U = m

the relative displacement U gives linear estimate of the ground motion. However, this device
requires that w, be much smaller than w, which means that m has to be massive. So this

Z, now becomes U ~ —Z, therefore measuring

device is heavy compared to accelerometer.

1.3.5 Summary of vibration transfer functions

For good isolation of mass from ground motion, rule of thumb: Make damping low, and
stiffness low (soft spring).

Isolate base from force. transmitted by machine

Equation used fi;(t) = fspring + fdamper

Transfer function “(2"“‘”‘ = |D| /1 + (2¢r)*

Isolate machine from motion of base

Equation used. Use absolute mass position

my" +cy +ky=cz +kz

Transfer function

Yl 2
max — | D| /14 (2Cr)
|Z]

Accelerometer: Measure base acc. using relative displacement
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Equation used. Use relative mass position

mu” + cu' + ku = —mz2”
Transfer function
U . Zu = ID(r,€)|
= a T,
(w2 — w?) + iw2lwy,
—1

V(@2 = 02)? + (2ww,)?

Seismometer: Measure base motion using relative displacement

Equation used. Use relative mass position

mu” + cu' + ku = —mz2”
Transfer function
2
U= Z — |D
A= rac? 7 1Pm0)
2

V(1 —12) +i2(r
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1.4 Solution of Vibration equation of motion for
different loading

1.4.1 common definitions

These definitions are used throughout the derivations below.

§_ C . C _ C
o WVkm 2w.m

F
ug = — static deflection

k
k
Wp =14/ —
m
wp = wypy/1 — &?note: not defined for £ > 1 since becomes complex
r=2
Wn
2m . s
T, = — damped period of oscillation
Wd

-1 =1 ) .. .
T = SWDV] time constants where \; are roots of characteristic equation
1

1
B = magnification factor

VL= (2re)?
Brax When r = /1 — 2£2

B = 1
max 2&.\/1_752
¢2m
Un _ e% small gmping em - e(27r
Yn+1

1n< Yn ) = (27
yn+1
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1.4.2 Harmonic loading mu” + cu’ + ku = F sinwt

1.4.2.1 Undamped Harmonic loading

224448 M — Re(l&eiaﬁ)

O O
Figure 1.5: single degree no damping forced

mu” + ku = Fsin wt

Since there is no damping in the system, then there is no steady state solution. In other
words, the particular solution is not the same as the steady state solution in this case. We
need to find the particular solution using method on undetermined coefficients.

Let u = up, + up. By guessing that u, = c; sin wt then we find the solution to be

sin wt

F
=A nt+ Bsinw,t + —
U cosw,t + D sinw,t + 1,2

Applying initial conditions is always done on the full solution. Applying initial conditions

gives
u(0)=A4
v (t) = —Awsinwyt + Bw cosw t+w€ ! cos wt
B " " k1—r?
F 1
/ — -
u(O)—Bwn-}—wkl_r2
() F r
B= =
W, k1l—nr2
Where r = =

The complete solution is

W(0) F r . F :
u(t) = u(0) coswyt + < o T FIC 7"2> sinwyt + L1 ,25n wt (1)
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Example: Given force f(t) = 3sin (5t) then @ = 5 rad/sec, and F' = 3. Let m = 1,k = 1,
then w, = 1 rad/sec. Hence r = 5, Let initial conditions be zero, then

5 . 1
u = (-31_—52) sint + 31_—52 sin 5t

= 0.625 sint — 0.125 sin 5.0t

1.4.2.1.1 Resonance forced vibration

When w ~ w we obtain resonance since r — 1 in the solution given in Eq (1) above and as
written the solution can not be used for analysis. To obtain a solution for resonance some
calculus is needed. Eq (1) is written as

W(0) F ww , F W
u(t) = u(0) coswt + ( Y ko w2> sin wt + P sin wt (1A)
When @ =~ w but less than w, letting
w—w =2A (2)

where A is very small positive quantity. And since w ~ w let
w+w R 2w (3)

Multiplying Eq (2) and (3) gives
w? -’ =4Aw 4)

Eq (1A) can now be written in terms of Eqgs (2,3) as

u(t) = u(0) coswt + (@ - Eﬂ) sinwt + l W’ sin wt
w k 4AAw k 4Aw
= u(0) coswt + (@ - Ei) sin wt + F w? sin wt
w  k4A k AAw

Since w ~ w the above becomes

B W(0) F w . Fuw .
u(t) = u(0) coswt + ( o EE) sin wt + ZIA sin wt
)

v (0 sin wt + Fw (sin wot — sin wt)
w k 4A

= u(0) coswt +

Using sin wt — sinwt = 2sin (%t) oS (WT"’“t) the above becomes

B ' (0) . Fuw/. [(ow—-w w+w
u(t) = u(0) coswt + - Slnwt+zﬁ(sm( 5 t)cos( 5 t))
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From Egs (2,3) the above can be written as

/ O F
u(t) = u(0) coswt + # sin wt + rw

oA (sin (—At) cos (wt))

t the above becomes

. . in(At
Since lima_,o % =

'(0 F wt
Msin wt — — 2 cos (wt)

u(t) = u(0) coswt + 2

This is the solution to use for resonance.

1.4.2.2 Underdamped harmonic loading c < ¢, ¢ < 1

K

2228 :
r v —Fsinot

c_
O O
Figure 1.6: single degree damping forced

mu” + cu' 4+ ku = F'sin wt
F
v’ + 2bwu’ 4+ wiru = — sin wt

The solution is

u(t) = up +u,
where
up(t) = e (A coswgt + Bsinwgt)
d
an P |
up(t) = sin (cwt — 0)
\/(k — mw)’ + (cw)?
where

2
tanf = — 2 = ér

k—mw?2 1—7r2

Very important note here in the calculations of tan § above, one should be careful on the
sign of the denominator. When the forcing frequency @ > w the denominator will become
negative (the case of w = w is resonance and is handled separately). Therefore, one should
use arctan that takes care of which quadrant the angle is. For example, in Mathematica use
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ArcTan[1 - r~2, 2 Zeta r]]
and in Matlab use
atan2(2 Zeta r,1 - r°2)

Otherwise, wrong solution will result when w > w The full solution is

F 1
u(t) = e **(Acoswat + Bsinwgt) + — sin (@t — 6) (1)

=) ¢ (2r)?

Applying initial conditions gives

A=u(0)+% 212 281110
V(1= 12)° + (26r)
B= w(0) + u(0) &w + dl = (wsinf — wcos )
@ R -+ 2y

Another form of these equations is given as follows

— ! ((1 —r?) sinwt — 2{r cos wt)

k(1= + (&r)

Hence the full solution is

F 1
u(t) = e"*"*(Acoswat + Bsinwat) + — ((1 —r?) sinwt — 2{r cos wt)

k(1—12)" 4 (2r)? )

Applying initial conditions now gives

_ 2Fr¢ 1
A ey
B u/'(0) N uw(0)éw, F(1-r? w N 2Fr Wn,
 wa W kwg  (1—712)°+(2€r)>  kwa (1—172)° + (2r)®

The above 2 sets of equations are equivalent. One uses the phase angle explicitly and the
second ones do not. Also, the above assume the force is F'sinwt and not F coswt. If the
force is F'cos wt then in Eq|[I.1] above, the term reverse places as in

F 1
u(t) = e "' (A coswyt + Bsinwgt) + — 1 —r?) coswt — 2(r sin wt
() ( d d) k (1_7_2)2_'_(2{7.)2(( ) g )
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Applying initial conditions now gives

B F (1—17?)
—O R e ey
B_ u/'(0) N u(0) Ewn, N 2Fr w _F(Q-r?) Wn,
T wa W kwg (1 —1r2) 4 (2¢r)? kwg (1 —12)° + (2¢r)

When a system is damped, the problem with the divide by zero when r = 1 does not occur
here as was the case with undamped system, since when when @w = w or r = 1, the solution
in Eq (1) becomes

u(t) = e~ (( (0) + %% sin 9) cos wgt + (U;EZ)) + U(g})fw + %2:& (wsin @ — w cos 9)) sin wdt)

F1
+E§sm(wt—0)

and the problem with the denominator going to zero does not show up here. The amplitude
when steady state response is maximum can be found as follows. The amplitude of steady state
L This is maximum when the magnification factor g = L

motion is %ﬁ =7
V(1=r2)24(2er) (1-r2)%+(26r)
is maximum or when \/(1 —72)* 4+ (267)° or \/<1 — (%)2>2 + (2{%)2 is minimum. Taking
derivative w.r.t. @ and equating the result to zero and solving for w gives
o= wy /1= 28

We are looking for positive w, hence when w = w4/1 — 2£2? the under-damped response is
maximum.

1.4.2.3 critically damping harmonic loading ¢ = i =1

The solution is
u(t) = up +u,
Where uy, = (A + Bt) e " and u, = ¥ —————sin (wt — §) where tan6 =

b ya-ryten?

sure to use correct arctan definition). Hence

2, (making

u(t) = (A+ Bt)e ™" + k sin (wt — 6)
\/ 1—1r2)> 4 (2r)?
where A, B are found from initial conditions
1
= u(0) + sin 6
k \/ 1— 7"2 )2
B =4/(0) + w-l—— (wsin @ — w cos §)

k\/l—r2 + (2r)®



CHAPTER 1. VIBRATION 31

1.4.2.4 overdamped harmonic loading { = = > 1

The solution is

u(t) = up +u,

where

up(t) = AeP't + BeP?!
and 7 )

up(t) = = - - sin (ot — 0)

V(1= 12)° + (26r)

hence
u = Ae’* + BeP** + E ! sin (wt — 0)
\/ 1—r2)® 4 (26r)°

where tan § = 25’" and

Hence the solution is
U(t) — Ae<_f+\/§2—1)wt + Be(—é_\/@—l)wt + %ﬂ sin (wt . 9)
v/ (0) + u(0) w¢ + u(0) wvE =1+ £8((¢ + V€ — 1) wsinf — wcosb)

A= 2VE — 1
B _v(0) + u(0) w —u(0)wvE — T+ £B((€— /€ —1) wsinf — wcosb)
2w\/€2 -1

1.4.2.5 Solution using frequency approach to harmonic loading
" ! [ iwot
my" +cy +ky =Re (Fe >
x = Re {X' eim}
X =

D(T’ C) =

(1 —r2) 4 2iCr

z =Re {%|D(r, 0| ei(m_o)}

2(r

0 = tan~!
1—17r2
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Let load be harmonic and represented in general as Re (ﬁ’em> where F' is the complex
amplitude of the force.

Hence system is represented by
my” + cy’ + ky = Re (ﬁ’em)

£,
y" + 20wny’ +wiy = Re (—em>
m

Let y = Re (f’em> Hence y' = Re <iw}7eim) ,¥" =Re <—w2f’eim>, therefore the differen-
tial equation becomes

Re (-wzyeiwﬁ + 2¢wy, Re (iw?eim) +w?Re (Yeim) = Re (gem>

(—w2 + 2Cwpiw + wi) Y

3

P
v m_
(—w? 4 2¢wniw + w?)

Dividing numerator and denominator w? gives

Where r = %, hence the response is
n

F 1 it
y=Re (E (1—1r2) +i2§r6 )

Therefore, the phase of the response is

arg (y) = arg (ﬁ’) — tan™* (%) + wt

1—1r2

Hence at t = 0 the phase of the response will be

arg (y) = arg (F) — tan™! ( ( 12_47;2)>

So when F is real, the phase of the response is simply — tan~! ( (12_4:2)>
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Undamped case

When ¢ = 0 the above becomes

F
1 A
= 7(1 — ) coS (wt + arg (F))
For real force this becomes 7
Yy = Em COS (wt)

The magnitude ‘}A" = %ﬁ and phase zero.

damped cases

(>0

lag behind the load.

When 7 < 1 then ¢ goes from 0 to —90° Therefore phase of displacement is 0 to —90° behind
force. The minus sign at the front was added since the complex number is in the denominator.
Hence the response will always be lagging in phase relative for load.

Forr >1
Now 1 — r? is negative, hence the phase will be from —90° to —180°

When r =1
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Now phase is —90°

Phase of response complex
amplitude for underdamped
and when r<1

Phase will be from 0 to -90

Phase of response complex
amplitude for
underdamped and when
r>1

Phase will be from -90 to -

Phase of response complex
amplitude for
underdamped and when
r=1

degrees Phase will -90 degrees

180 degrees

2¢r ’7_? 737

- Y
1-r2 1-r?
Figure 1.7: steady state

Examples. System has ( = 0.1 and m = 1,k = 1 subjected for force 3cos (0.5¢) find the
steady state solution.

Answer y(t) = Re (f’em), Wy = \/% = 1 rad/sec, hence r = 0.5 under the response is

y(t) = Re ( v eim>
= |V cos (wt)
_F 1 ( B (2(0.1)0.5))
= — cos | .5t — tan _—
k \/(1 — ) 4 (2¢r)> 1—0.52
=3 ! cos (.5t — 7.59°)

V(1 - 0522+ (2(01) 0.5)°
= 3.9649 cos (.5t — 7.59°)
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in@4:= Plot[{3Cos[0.5t], 3.9649Cos[.5t - 7.59Degree]}, {t, 0, 20}, PlotStyle -» {Dashed, Red},
PlotLegends -» {"load", "response"}]

4

Figure 1.8: steady state plot

The equation of motion can also be written as u” 4 2¢wu’ 4+ w?u = £ sin wt.

The following table gives the solutions for initial conditions are u(0) and «/(0) under all
damping conditions. The roots shown are the roots of the quadratic characteristic equation
A2 + 2¢w + w?X = 0. Special handling is needed to obtain the solution of the differential
equation for the case of ( = 0 and @w = w as described in the detailed section below.
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1.4.2.6 Summary table

—iw
roots .
{ +iw
¢=0 , @ = w — u(0) coswt + “ D sinwt — £t cos (wt)
u(t) w # w — u(0) coswt + <@ - %1_’"7,2) sinwt + £ 125 sinwt
_ o £2
roots fw+ Wn 1-¢
—&w — iwpy/1 — &2
u(t) = e ¢t (Acoswqt + Bsinwgt) + £ ——1— sin (wt — 6
(<1 ® ( ‘ A Ve )
A= YN S
Up + % EE=s sin
— v 4 uéw , F 1 nf@ —
B=2+0+ K o Jar ey (éwsin @ — w cos )
roots { v
—w
u(t)=(A+ Bt)e '+ £——1—sin (wt — 0
=1 (t) = ( ) K iy ( )
A= F____ 1 _  din@
U + % s sin
B = v+ upw + ——L% _(wsinf — wcosh)
(1-12)*+(2r)?
_ JE2 —
roots wn& +wnvE — 1
_wnf _ané-z -1
c>1 u(t) = Ae(~EHVET)uwnt + Be( -6 VET)unt + £ Bsin (wt — 6)
. v0+uow£+uow\/£2—1+%ﬁ(<£+\/£2—1>wsin0—wcost9>
- 2w+/€2-1
. vo-l—uowﬁ—uow\/g?—l-l—%ﬂ((g—\/§2—1>wsin9—wcos9>
- 2wy/E2—1
1.4.3 constant loading mu” +cu' + ku = F

1.4.3.1 Undamped Constant loading case ( =0

Where up, = Acoswt + Bsinwt and u, =

mu’ +ku=F
v +wPu=F
u(t) = up + up

%, the solution is

F
u(t) = Acoswt + Bsinwt + -
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Applying initial conditions gives

F
A=u(0) — —
u(0) -

0

w
And complete solution is
F F '(0
u(t) = =t (u(O) — Z) coswt + % sin wt

1.4.3.2 underdamped constant loading ¢ < 1

The general solution is

F
u(t) = 6_£Wt(A coswgt + Bsinwgt) + —

k
From initial conditions
F
A= - —
u(0) -
B u'(0) + u(0) fw — %fw
Wd

Hence the solution is

u(t) = e~ <(u(0) — %) cos wgt + (UI(O) +u0)éw - %fw) sinwdt> + %

Wd

1.4.3.3 Ciritical damping constant loading ( =1

The general solution is

mw:m+myw+%

Where from initial conditions

A=u(0) -7

B =u/'(0) + u(0)w — %w
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1.4.3.4 Over-damped constant loading ¢ > 0

The solution is

Where now

Hence the solution is

Where

C

PL= "om

F
u(t) = AeP + BeP?* + -

%Pl — uop1 + u'(0)

B= (p2—p1)
A:u(O)—%—B

F
u(t) = Ae™* + Be™' +

() & = et

k

m
. C c \2 k_ \/27
=i () & =B

1.4.3.5 Summary table for constant loading solutions

—iw
c=0 roots{ tiw
u(t) = (up — £) coswt + L sinwt + £
roots{ —Ew w1 - &
(<1 —€w — iwpy/1 — &2

_FE
u(t) = 6_5‘”t((u0 — %) cos wqt + (W) sinwdt) + %

roots { v
¢=1 —w
u(t) = ((uo — %) + (vo + uow — fw)t) e+ L
roots { —wpé + wpV/E? — 1
_wnf — WnpV 52 -1

B= %pl —uop1+vo
(p2—p1)

¢>1 A=u— ¢ —B
(4 C 2
pr= gt (55) — k= b w1

C C 2
p= =g~ (5 — & = - T
u(t) = Aer't 4+ Ber?' 4+ £



CHAPTER 1. VIBRATION

39

1.4.4 No loading (free vibration) mu” + cu’ + ku =0

1.4.4.1 Undamped free vibration

O O
Figure 1.9: single degree mass no damping

mu” +ku=0
v+ wPu=0
The solution is
u'(0)

u(t) = u(0) coswt + ——= sinwt
w

1.4.4.2 under-damped free vibration c<c¢,,{ <1

K

e
r M
L Q Q

Figure 1.10: single degree mass damping

mu’ +cu +ku=0

u” + 26wu’ + wru =0

The solution is
u = e (A coswgt + Bsinwgt)




CHAPTER 1. VIBRATION 40

Applying initial conditions gives A = u(0) and B = %. Therefore the solution

u'(0) + u(0) Ew «in wdt)
Wy

becomes

u(t) = e~ <u(0) cos wgt +

1.4.4.3 critically damped free vibration { = = =1
The solution is

u(t) = (A+ Bt) e~ ()t
= (A+ Bt)e™*

where A, B are found from initial conditions A = u(0),B = u/(0) + u(0) w, hence

u(t) = (u(0) + (' (0) + u(0) w) t) e™*

1.4.4.4 over-damped free vibration ¢ = = >1

The solution is
u(t) = AeMt 4+ Betet

where A, B are found from initial conditions.

uw'(0) — u(0) Ag

A= 2WV/EE 1
5 _ (0 +u(0) X\

2wyvE2 —1

where A\; and A\ are the roots of the characteristic equation

)\1=—i+ (i>2—%=—§w+w\/§27—1

2m 2m

= () - E e wyE T

2m
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1.4.4.5 Summary table for free vibration solutions

—iw
roots .
{7

iw
u(t) = u(0) coswt + YO sin wt

=0 (
u(t) = Acos (wt —
W+ wu =0 () (w /¢)2
A= w0+ (42)
— 1 (v (0)/w
¢ = tan ( o] >
roots —€w +iwy/1 - &2
u(t) = e=t (u(O) cos wgt + % sin wy t)
=1 roots{ ::
’Lb(t) = (U(O)(l + wt) + u’(O)t) e—wt
roots A= —wE+wy/E -1
Ay = —w€ — w\/@i—l
(>1 u(t) = AeM¥t 4+ Berawt
A = Y0)—u(0re
2w\/€2-1
B = —¥O)+u(@X
2w+/E2-1

1.4.4.6 Roots of characteristic equation

The roots of the characteristic equation for u” + 2éwu’ + w?u = 0 are given in this table

roots time constant 7
E<1 {~fw+ juny/T— 8 —fw —iwn/T— 8} &
€ =1 {_w7 —LU} %

§>1 {_wn€+wn\/€2_1a_wn€_wn\/£2_l}

- g_wl Nt le = (Which to use? the bigger?)

1.4.5 impulse Fyi(t) loading
1.4.5.1 impulse input

1.4.5.1.1 Undamped system with impulse
mi + ku = Fyé(t)

with initial conditions u(0) = 0 and «'(0) = 0.Assuming the impulse acts for a very short
time period from 0 to t; seconds, where ¢; is small amount. Integrating the above differential
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equation gives
t1 t1 t1
maudt + / kudt = / Fyé(t)
0 0

Since t; is very small, it can be assumed that u changes is negligible, hence the above reduces

to
/ midt = / Fyd(t)
/0 ( dt) dt = /0 " Rs(t)
/u Z: di, = L0 / "5

w(t;) — u(0) _fo / 5(t)

_ E/0 5(t)

since we assumed «'(0) = 0 and since fot ' 0(t) = 1 then the above reduces to

F
i) =

Therefore, the effect of the impulse is the same as if the system was a free system but with
initial velocity given by % and zero initial position. Hence the system is now solved as follows

mu+ ku=0

With %(0) = 0 and «/(0) = £2. The solution is

Uimpulse (t) = m_Z} sin wt

If the initial conditions were not zero, then the solution for these are added to the above.
From earlier, it was found that the solution is u(t) = u(0) coswt + = (0)
full solution is

sin wt, therefore, the

due to IC only due to impulse

u'(0) Fy
sinwt + —— sinwt
w mw

u(t) = u(0) coswt + ——=

1.4.5.1.2 wunder-damped with impulse c < ¢, £ <1

mii + ct + ku = 6(t)
i + 26wt + wu = §(t)
with initial conditions »(0) = 0 and «/(0) = 0.Integrating gives

t1 t1 t1 t1
midt + / cudt + / kudt = / Fyé(t)
0 0 0
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Since t; is very small, it can be assumed that u changes is negligible as well as the change in
velocity, hence the above reduces to the same result as in the case of undamped. Therefore,
the system is solved as free system, but with initial velocity u/(0) = Fy/m and zero initial
position.

Initial conditions are u(0) = 0 and «'(0) = 0 then the solution is
Uimpulse = e (A coswat + B sinwgt)

L)
m

Wq

applying initial conditions gives A =0 and B = < , hence

- Fy
Uimpulse (t)=¢e gt <— sin wdt)
mwgyg

If the initial conditions were not zero, then the solution for these are added to the above.

From earlier, it was found that the solution is u(t) = e~ (u(O) cos wqt + % sin wdt>,
therefore, the full solution is
due to IC only due to impulse
. /(0) + u(0)éw N F, \
u(t) = e~ (u(O) cos wgt + (0) +u(0)¢ sin wdt) + 8wt (—0 sin wdt>
Wy mwq

1.4.5.1.3 critically damped with impulse input { = > =1
with initial conditions «(0) = 0 and «/(0) = 0 then the solution is

u(t) = (A+ Bt) e~ (&)t
= (A+ Bt)e*

where A, B are found from initial conditions A = u(0) = 0 and B = ¢/(0) + u(0)w = £,
hence the solution is
Fyt _

Uimpulse(t) = Fe wt

If the initial conditions were not zero, then the solution for these are added to the above.
From earlier, it was found that the solution is u(t) = (uo(1 + wt) + /(0) t) e™**, therefore,
the full solution is

due to impulse

due to IC only —_—
- N ~ Eht
u(t) = (u(0) (1 + wt) +w'(0)t) e + ==

e—wt
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1.4.5.1.4 over-damped with impulse input { = £ > 1

Cr

With initial conditions are u(0) = 0 and v/(0) = 0 the solution is
Uimpulse (t) = Ae>‘1Wt + B€>\2Wt

where A, B are found from initial conditions and

A= —wé+wy/E—1
A = —w€ —wy/E&2—1

v’ (0) — u(0) Ag

A= 2w\/E2 — 1

2w\/E2 —1
Hence the solution is

uimpulse(t) = A€<_§+\/£27_1>Wt + Be<_§_ 52—1>wt

where
Fo
A= —2
2w\/E%2 —1
R
B=_ m
2w\/E2 -1
Hence

R Fy

) _ m (—5—}—\/&27—1)(»15 _ m (—5—\/527—1>wt
wimise (1) = o Jer=1° 2VET—T¢

If the initial conditions were not zero, then the solution for these are added to the above.
From earlier, it was found that the solution is u(t) = AeP'* + BeP?!, therefore, the full solution
is
Fo £y
u(t) — Ae)\lwt +Be)\2wt + m e)\lwt _ m e)\zwt

2w\/E2 — 1 2w\/E2 — 1

u'(0) — u(0) Ag
2w/ -1

_ —u/(0) +u(0) \y

O w/EE—1

A—
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1.4.5.1.5 Summary table

—iw
roots )
(=0 { +uw
u” n w2u -0 tralfient ,steadi state
u'(0) . Fy .
u(t) = u(0) coswt + ——= sinwt + — sinwt
w mw
— /1 — £2
roots dw+ 71w 1-¢
—€w — iwy/1 — &2
C <1 trarLS\ient steadg\ state
u(t) = e~ (u(O) coswat + — (0) + u(0)éw sin wdt> + 8wt (—0 sin wdt>
Wq mwyq
roots v
=1 {
= —w
u(t) = (u(0) (1 + wt) +v/(0)t) e " + anﬁe‘“’t
roots A= —wltwver -1
A = —w€ —wy/E2 -1
Fy Fy
C >1 U(t) — Ae)\uut + Be)\gwt + » 722_16)\1wt _ » 122_16)\20.;75
A = ¥O-u0 ‘
2w\/E2—1
B = —u’(0)+u(0)X;
2w\/£2j

The impulse response can be implemented in Mathematica as

parms = {m -> 10, ¢ -> 1.2, k -> 4.3, a -> 1};

tf = TransferFunctionModel[a/(m s”2 + ¢ s + k) /. parms, s]
sol = OutputResponse[tf, DiracDelta[t], t];

Plot[sol, {t, O, 60}, PlotRange -> All, Frame -> True,
FrameLabel -> {{z[t], None}, {Row[{t, " (sec)"}], eq}},
GridLines -> Automatic]
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€q

jjjﬂ\/\vAv/\v/\v

-0.10

30 40 50 60
t(sec)

Figure 1.11: impulse Response Diagram

1.4.5.2 Impulse sin function

Now assume the input is as follows

0.8

0.6

0.4

0.2

t1 4

Figure 1.12: input function

given by F(t) = Fysin (wt) where w = 2277; =

1.4.5.2.1 wundamped system with sin impulse

F() sin (wt) 0 S t S tl

S by —
mu + Ku { 0 t> 1

with 4(0) = ug and 4(0) = vo. For 0 <t < ¢; the solution is

u(t) = ug coswt + O gt sinwt +u 1 sin [~
0 w 11— r2 12 t1
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where r = 2 = % = % where T' is the natural period of the system. uy = %, hence the
1

above becomes

7r/t1
Vo F() (T) . 0 1 . t
_ e L S— . 1
w ko (M)Z sin wt + kL (w/tl)z sin (7Tt1> (1)

w w

u(t) = ug coswt +

When 4y = 0 and vg = 0 then

w/t
Fo ( wl) sinwt+FO L sin( t>
S — _— 7'('_
k 1— (w/t1)2 k 1— (w/t1)2 tl

w

u(t) = @% sin 7r1 —%sinwt
k 1— (m> tl w

u(t) = —

w
The above Eq (1) gives solution during the time 0 <t <,
Now after ¢ = t; the force will disappear, the differential equation becomes

but with the initial conditions evaluate at ¢ = t;. From (1)

_ Vo T . 1 .
u(t1) = ug coswt; + o uStl——r2 sinwt; + USt]_——T'Z sin wt;

r .
5 sin wty (2)

Vo T
=ugcoswty + | — — ug 5 | Ust
w 1—r 1-

since sin wt; = 0. taking derivative of Eq (1)

1(t) sinwt + w | — T coswt + = cos wt
Uu(t) = —wupsinwt + w| — — us wt 4+ w w
0 w 11— 12 1—r2
and at t = t; the above becomes
U(t1) = —wug sinwty + w L. coswty + @ ! cos wt
1) = 0 1 L Ut 2 1 1_,2 1
. Vo T 1
= —wugsinwt; + w (Z — UStl——’]"Q) coswty, — wl — 2 (3)
since coswt; = —1. Now (2) and (3) are used as initial conditions to solve mi + ku = 0.

The solution for ¢ > t; is

ﬂ(tl) sin wt

u(t) = u(ty) coswt +
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Resonance with undamped sin impulse When @ ~ w and ¢ < ¢; we obtain resonance
since 7 — 1 in the solution shown up and as written the solution can’t be used for analysis
in this case. To obtain a solution for resonance some calculus is needed. Eq (1) is written as

Vo =z . 1 )
u(t) =ugcoswt + | — — uy—2—— | sinwt + uy—— sinwt
N - (2)
2
v ww w
= ug coswt + <—0 — ustﬁ) sinwt + uy——— sinwt (1A)
w wt—w w2 —w

w

Now looking at case when w =~ w but less than w, hence let
w—w=2A (2)
where A is very small positive quantity. and we also have

w+w R 2w (3)

Multiplying Eq (2) and (3) with each others gives

w? -’ =4Aw (4)

Going back to Eq (1A) and rewriting it as

w2
sin wt + ug——— sin wt

(t) coswt + (vo ki
u(t) = up cosw — — U
0 w ‘ 4Aw

4Aw )

w2
sin wt + ug——— sin wt

Vo
_ t (_ — ug
= Ug COs Wt + Ugt 4

>
4A

Vo . w .
u(t) = up coswt + <w Ugt— ) sin wt + ug— sin wt

4A

sin wt — sin wt)

4A

= t+ — i
= Uy COS W -}— - 0 sinw —|-ust4A(

wtw t)

now using sin wt — sinwt = 2sin (Z5“t) cos (ZFt) the above becomes

u(t) = U coswt + 2 sinwt + u sin [ 2%t cos w+wt
Y w st2A 2 2

From Eq(2) @w — w = —2A and w + w =~ 2w hence the above becomes

5& (510 (—At) cos (o))

Yo .
u(t) = upcoswt + — sinwt + us
w
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or since w &~ w

u(t) = up coswt + % sinwt — ust%(sin (At) cos (wt))

Now lima_,g %ﬁt) = t hence the above becomes

vy . wt
u(t) = up coswt + — sinwt — Ust - €O (wt)
w

This can also be written as

t
u(t) = up cos wt + 0 sin oot — ust% cos (wt) (1)
w
cos 7Tt +v0s' 7rt 7Tt cos 7Tt
=, — —sin [ —t ) —ug| — —
0 tl w tl ¢ 2t1 tl

since w = w in this case. This is the solution to use for resonance and for ¢t < ¢;

Hence for ¢t > t,, the above equations is used to determine initial conditions at t = ¢;
Vo . wiq
u(t1) = ug coswty + — sinwty — Ust—,~ COS (wtq)
w

but cos wt; = cos %tl = —1 and sinwt; =0 and WT“ = 7, hence the above becomes

T
’U/(tl) = —Ug + ust§

Taking derivative of Eq (1) gives

2

. . wt . w
u(t) = —wug sin wt + vy cos wt + Ust—~ S0 (wt) — Ust < €O (wt)
and at t =t
2
. . 1 . w
U(t1) = —wug sin wty + vg cos wity + ug; sin (wty) — Ust cos (wty)
w
= —V + ust?

Now the solution for ¢ > ¢; is

(T
u(t) = u(t1) coswt + it) sin wt
w
_ul 0 +us _m
= (—u(()) + ustg) coswt + © "2 gin wt
w
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1.4.5.2.2 wunder-damped with sin impulse c < ¢, £ <1

F()SiII(W) OStStl

.. )+ ku —
mu + cu + ku { 0 >t

or
Fysin(w) 0<t<t

. 9 . 2, _
i+ 26wt + w u { 0 t> 4

mi + ct + ku = Fsinwt

F
i 4 2wt + w?u = — sinwt
m

For ¢ < ¢;Initial conditions are u(0) = uy and @(0) = vo and u, = £ then the solution from
above is
Ust

u(t) = e (A coswyt + Bsinwgt) + sin (wt — 6) (1)
V—r2)? + (2ery
Applying initial conditions gives
A=up+ st sin 6
V=12 + (2er)?
B="4 Uobw + Yst (wsin O — w cos )
Wy Wq wd\/(l _ 7'2)2 + (2§T)2
For ¢ > ¢;. From (1)
u(t) = e " (A coswgt; + Bsinwgt;) + Ust sin (wt; — 6) (2)

V(=72 ¢ (26r)?
Taking derivative of (1) gives

u(t) = —Ewe (A coswgt + Bsinwgt) + e (— Awg sin wyt + wyB cos wqt)

+w st cos (wt — 6)

V@ —r2) + (2ery

att =1

w(ty) = —Ewe " (A coswat; + Bsinwgty) + e 5" (— Awg sin wat; + wyB cos wat1 )

+w st cos (wt; — 6) (3)

V@ =22+ (26r)?
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Now for ¢ > t; the equation becomes
mi + ct + ku =0

which has the solution
u = e (A coswgt + Bsinwgt)

where A = U(tl) and B = u(t1)+u(t:)éw

wq
1.4.5.2.3 critically damped with sin impulse { = > =1

For t < t;Initial conditions are u(0) = up and u(0) = vy then the solution is from above

Ust

u(t) = (A+ Bt)e ' +
V(=12 £ (2r)’

sin (cot — 0) (1)

Where tan = 72— = %% A, B are found from initial conditions
A=uy+ Yst sin @
\/(1 —72)% 4 (2r)?
Ust

B = vy + uow + (wsin @ — wcos §)

\/(1 —r2)? 4 (2r)?
For t > t; the solution is

u(t) = (u(ty) + (a(ty) + u(ty) w)t) e " (2)

To find u(t;), from Eq(1)

Ust

u(t;) = (A+ Bt)e “" +
V(=72 + (2r)?

sin (wwt; — 6)

taking derivative of (1) gives

Ust

V=122 4+ (2r)?

w(t) = —w(A+ Bt)e ™'+ Be ™' +w sin (wt — 0) (3)

&tt:tl

Ust

\/(1 —r2)? 4 (2r)?

u(t;) = —w(A+ Bt)) e ™" + Be™“" + w sin (wt; — 0) 4)

Hence Eq (2) can now be evaluated using Eq(3,4)
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1.4.5.2.4 over-damped with sin impulse £ = =>1

C

For ¢ < t;Initial conditions are u(0) = ug and ©(0) = vo then the solution is

Ust

V(=12 + (26r)?

u = AeP' + BeP?' + sin (wt — 6)

where tan§ = 12_5:2 (make sure you use correct quadrant, see not above on arctan) and
o n ( c )2 k
P1= 2m 2m m
= —wf+wyE -1
and
o < c )2 k
P2 = 2m 2m m
= —wf —w\/E -1
leading to the solution where tan§ = 12_5:2 and

c c \?
- ) & Je2 1
p 2m+ <2m> w +wn /&

k
m
c c\2 k
p= =g~V (gm) ~ = e eVE

u(t) = Ae<_§+‘/€27_1)wt + Be(_g_\/gzj>wt + %ﬁ sin (wt — 0)
_ w'(0) + u(0) w€ + u(0) wy/E — 1+ £B((€ + /€2 — 1) wsinf — wcos b)

is

A 2w\/E2 — 1
v'(0) + u(0) wé — u(0) wy/E — 1+ £B((€ — V€ — 1) wsinf — wcosb)
T 2wy/E2 — 1
1
B =
V(=12 + (26r)?
For t > t;. From Eq(1) and at t = t;
u(ty) = Ae(_H\/gi_l)m1 + Be(_g_\/gzi_l)m1 + Dsin (wt; — 6) (2)

Taking derivative of Eq (1)

u(t) = wAe(_H e-T)ut + wBe(_E_ VeT)ut + @D cos (wt — 6)
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Att=1t,

u(t)) = wAe (e ver=)un +wBe (~e-ver=)un + @D cos (wt; — 6) (3)

Equation of motion now is
i + 26wt + w?u = 0

which has solution for over-damped given by

u(t) = Ae(_ngv 52_1)“""’ + Be(_é_ v 52_1)“’"7:

where

4o Bt +ult) wn(§ — vVE=T)

2wpV/E2 — 1
B_ u(t1) + u(ts) bwn (€ +VE —1)
B 2wpV/E2 — 1

21 s

Input is given by F(t) = Fysin (wt) where w = 3% = I

tl = 2;
'Plot[(UnitStep[t] - UnitStep[t - 2]) Sin[Pi/t1 tl, {t, 0, 10},
'PlotRange -> All, Ticks —> {{0, {2, "t1"}, 4}, Automatic}]

1.4.5.2.5 Summary table

roots { _Z,W
+w
( u(0) coswt + * (0) sinwt — L2 cos (wt) 0<t<t
w = ’ ™
(=0 (- (0)+F°”)coswt+Msmwt t>t
u(t) < : (Fo/k) (L1
ot w u(0) coswt + U;O) (Wgt‘”) ) smwt+%s (%) 0<t<ty
\ u(ty) coswt + = (tl) sin wt
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(<1

¢>1

_ /1 — &2
roots bw+ Wn ¢ time constant 7 = ——
—€w — iwp/1 — €2 Gwn

e (A coswat + Bsinwgt) + Lt ———L——sin (ﬂti — 6> 0<t<t
u(t) = y (1=r2)+(2¢r)? !
—Ewt u(t1)+u(t)éw .
e u(t1) coswgt + e sinwgt t>1t
A=u(0)+2—L1 _ ing
(( )) ’“( )\/(1—r2)2+(2sw)2
__4/(0 0)& F 1 .
B =" 4w 70%\/(1—r2)2+(2gr)2 (wsin @ — w cos §)
roots { v
—w
A+ Bt e‘wt+&+sin( L—e) 0<t<t
u(t) = ( ) Fa—r?n? " -
u(t) = (u(t1) + (W' (1) + u(tr) w) t) e t>t

_ F 1 .
A=u(0)+ L oo sin 0
— E 1 : T
B=4'(0)+u(0)w+ fm<wsm0 - cost‘))
_ JEZ —
roots wn +wn Ve — 1
_Wn£ - an£2 -1
o seEnVEet | po (VB pg (vt -0) o<t<t
u =

U(t) = Ale(_£+ 52—1>wnt + Ble<_£_ 52—1)wnt t> tl
A= u'(0)+u(0)w§+u(0)w\/52—14-%[3(<§+\/§2—1)wsin0—% cosO)
- 2w+/€2—1

/' (0)+u(0)wE—u(0)w+/£2 —1-{—%,8 ( ({— V&2 —1)w sin 6— % cos 9)
2w+/E2-1

_ 1
\ (1=72)2+(26r)>
a(ty)+u(ts)wn (5—\/@—1)
Ar=— 2om /€21
a(t)Fu(ts)gwn (6+v/€7-1)

2wn\/E2—1

B1=

1.4.6 Tree view look at the different cases

This tree illustrates the different cases that needs to be considered for the solution of single
degree of freedom system with harmonic loading.

There are 12 cases to consider. Resonance needs to be handled as special case when damping
is absent due to the singularity in the standard solution when the forcing frequency is the
same as the natural frequency. When damping is present, there is no resonance, however,
there is what is called practical response which occur when the forcing frequency is almost
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the same as the natural frequency.

Solution to single degree of freedom system, second order, linear, time invariant

By Nasser M. Abbasi
December 11, 2012
Single_degree_system_tree.vsd r — o
w
undamped damped c
| 5 Cer

free ‘ forced

free mi+cu+ku=0

mi+ku=0 mu + cu + ku = Fsinat

éj<|1 §|:1 §|>1 hl_‘

forced
. ) r=1 r=+1
mi + ku = Fsinwt |

| §<|1 ‘ z;>|1 <l | £>1
r=1 r«+1 =1 ¢=1

r = 1 resonance X,
¢ < 1 underdamped, roots a + ib with a real and negativesz_
& = 1 critical damping roots {-a,-a} e
¢ > 1 overdamped roots both real and negative {-a,—b} +~»

Figure 1.13: single degree system tree

The following is another diagram made sometime ago which contains more useful information
and is kept here for reference.
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One degree freedom
linear system unforced

response
y' () + %y (t)
y"(t) + 2{ony' (1)

+ Kyt =0
+ofy(t) =0

Solution roots
Some

defintions 5
81’2 :—é/a)n iwn‘lé -1
wn = /¥ (rad/sec) 3 cases
¢ damping ratio
C _ Cc _ c _ c
Cr 2./km 20nm
2
wg = onyl-¢§

v ¢<1 C=1 >1
Def}red only Underdamped  Critical damped Over damped,
for under 2 roots, (one real root, 5 real roots
damped complex double distinct ,

onjugate multiplicity)

case(else zero)

v

y(t) = (A+ Bt)e—<ont
A =Y(0), B =y'(0) + Adon

y(t) = e*“nt(Acoswgt + Bsinwgt)
A= y(o) B = y'(0)+Alwn

g
T, = 2r ) I
d — 04 Damped period of oscillation
T = 1 Time constant

Nasser M. Abbasi
May 25, 2011
One_DOF_system.vsd

gon y(t) — Ae(—C—,/éjz_—1>wnt + Be<—§+1/§2__1>wnt

Y (©)+y(@)n(6-/E-1)
e
Y (©)+y@on(5+/E-1)
200 -1

Figure 1.14: one DOF system
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1.4.7 Cycles for the peak to decay by half its original value

This table shows many cycles it takes for the peak to decay by half its original value as a
function of the damping (. For example, we see that when ( = 2.7% then it takes 4 cycles
for the peak (i.e. displacement) to reduce to half its value.

‘data = Table[{i, (1/i Log[2]/(2+Pi)*100)}, {i, 1, 20}1;

|

 TableForm[N@data, |
‘TableHeadings -> {None, {Column[{"number of cycles",
"needed for peak", "to decay by half"}], "\[Zetal (%)"}}] J

number of cycles

needed for peak [l s

to decay by half

X, 11.0318

LS 5.515848

3= 3.6T7T726

4. 2.75785

L 2.20636

6. 1.838&63

s 1.575497

8. 1.37897

9. 1.22575

10. 1.10318

11 1.0028%8

12. 0.81831%

13 0.848598

14. 0.7875984

5 f 0.7354852

16. 0.689484

17T. 0.648928

18. 0.812877

159, 0.580&82

20. 0.5515848

Figure 1.15: peak table
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1.4.8 references
1. Vibration analysis by Robert K. Vierck
Structural dynamics theory and computation, 5th edition by Mario Paz, William Leigh
Dynamic of structures, Ray W. Clough and Joseph Penzien
Theory of vibration,volume 1, by A.A.Shabana
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Notes on Diffy Qs, Differential equations for engineers, by Jiri Lebl, online PDF book,
chapter 2.6, oct 1,2012 http://www.jirka.org/diffyqs/



Chapter 2

Dynamics equations, kinematics,
velocity and acceleration diagrams

2.1 Derivation of rotation formula

This formula is very important. Will show its derivation now in details. It is how to express
vectors in rotating frames.

Consider this diagram

59
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Moving frame of
reference, attached
to body of interest

Absolute (or inertial frame of reference)

Figure 2.1: rotating frames

In the above, the small axis x,y is a frame attached to some body which rotate around this
axis with angular velocity w (measured by the inertial frame of course). All laws derived
below are based on the following one rule

a
dt

d

= 5" +wxr (1)

relative

absolute

Lets us see how to apply this rule. Let us express the position vector of the particle r,. We
can see by normal vector additions that the position vector of particle is

Ty =To+T (2)

Notice that nothing special is needed here, since we have not yet looked at rate of change with
time. The complexity (i.e. using rule (1)) appears only when we want to look at velocities and
accelerations. This is when we need to use the above rule (1). Let us now find the velocity of
the particle. From above

Tp="To+ T

Every time we take derivatives, we stop and look. For any vector that originates from the
moving frame, we must apply rule (1) to it. That is all. In the above, only r needs rule (1)
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applied to it, since that is the only vector measure from the moving frame. Replacing 7, by
Vp and 7, by V,, meaning the velocity of P and o, Hence the above becomes

Vy =V 47

and now we apply rule (1) to expand 7

Vp = Vot (Vi +w x7) (3)

.. d
where V,; is just dtr‘relati've

The above is the final expression for the velocity of the particle V, using its velocity as
measured by the moving frame in order to complete the expression.

So the above says that the absolute velocity of the particle is equal to the absolute velocity
of the base of the moving frame + something else and this something else was (V¢ +w X 1)

Now we will find the absolute acceleration of P. Taking time derivatives of (3) gives

%:%+(Vr-el+wxr+wx'f‘> 4)

As we said above, each time we take time derivatives, we stop and look for vectors which
are based on the moving frame, and apply rule (1) to them. In the above, V,, and 7 qualify.
Apply rule (1) to V¢ gives

V;'el = Qpel + W X V;"el (5)

where a,; just means the acceleration relative to moving frame. And applying rule (1) to 7
gives
P=Vig+wxr (6)

Replacing (5) and (6) into (4) gives

ap =00+ (@res +wW X Vg +wxr+wx (Vig+wxr))
=0+ Oret + (WX Vi) + (W XT)+ (WX Vier) + (w X (wx 7))
= o+ e + 2(w X Vi) + (W X 7) + (w X (w X T)) (7)

Eq (7) says that the absolute acceleration a, of P is the sum of the acceleration of the base
a, of the moving frame plus the relative acceleration a,; of the particle to the moving frame
plus 2(w X Voer) + (W X 7) + (w X (w X 7))

Hence, using Eq(3) and Eq(7) gives us the expressions we wanted for velocity and acceleration.
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2.2 Miscellaneous hints

1. When finding the generalized force for the user with the Lagrangian method (the
hardest step), using the virtual work method, if the force (or virtual work by the force)
ADDS energy to the system, then make the sign of the force positive otherwise the
sign is negative.

2. For damping force, the sign is always negative.
3. External forces such as linear forces applied, torque applied, in general, are positive.

4. Friction force is negative (in general) as friction takes energy from the system like
damping.
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2.3 Formulas

sin2x = =cos2x.

2
2y — Licos2x.
COS°X = 2 Velocity of p
. H _ relative to o
sin2x = 2sinxcosx Vp=Vo+oXr+Vyg .~
COS2X = COS%X — Sin2x
=1 —2sin?x ap =a0+OXr+ox(@xr)+2wmx Vi + ar
p
r
IF rigid body is rotating AND translation at the same time THEN X
Take moments around its cg only o/w
ELSE
can also take moments about any other points on it (but
change 1)
END IF
BODY FIXED
COORDINATES
This gives the relation
R between the rate of
4 change with respect to
I’ time of a vector expressed
/ in a frame of reference
R which is body fixed (y,x)
X here, to the rate of change
with respect to time of the
RY Ry same vector expressed
o using an inertial frame
coordinates XY. .
The omega here is the The small disk rotates
angular velocity of the
Y R X rigid body rotation, or the at ang'JIar Speed of
body fixed coordinates, The condition of no slip can
with respect to the inertial
frame. be seen to be
d d - =
= Rxy = —ny+a)><ny (R-1o =ro
dt ' dt ' J
For the sign of generalized force:
If work done by force takes away
energy from system, then the % cos(x(t)) = —sin(x(t) )x’(t)
sign is negative, else positive. So d df d df d
Friction will always have negative dt \Uax(® ) = ( ax() \_dx(t) >>Ex(t)

sign, so will damping force.

4 cos(x(t)) = (g (cosx(t)) ) -Lx(b)

Figure 2.2: Formulas 1
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F=ma T =10

linear momentum p = mv angular momentum H = 140
_ d _

F=4p v = o (H)

particle kinetic energy T = 2mv?2 | rigid body T = 2>Mvg; + %Icgé2

my” + 2lwny' + w3y = f(y,t)
y'+cy' + %y = f(y,1)

[ 2
G)n: %102 gno]on

For small
epsilon
S
1+e 1 &
L =1+¢

1-¢

conservation of angular momentum %(H) =constant

X" +wéx =0
If , > 0 then sinusodial solution, ok

if wn < 0 then solution blows up, exponential
Figure 2.3: Formulas 2
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2.4 Velocity and acceleration diagrams

2.4.1 Spring pendulum

Length of pendulum fixed Length of pendulum changes with time

acceleration L
Velocity diagram diagram
acceleration

Velocity diagram diagram

Length of pendulum changes with time and base of pendulum moves

y y

acceleration
Velocity diagram L diagram i

Nasser M. Abbasi
Oct 10, 2013 (drawing2.vsd)

Figure 2.4: Spring pendulum
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2.4.2 pendulum with blob moving in slot

System. Pendulum with Velocity diagram
blob which moves in slot
perpendicular to axis

2y6

acceleration diagram

ro

Figure 2.5: pendulum with blob
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2.4.3

spring pendulum with block moving in slot

-_

> y

System. Pendulum with blob which r
moves in slot perpendicular to axis. In

addition, length of the axis of pendulum Velocity diagram

itself changes in time. y and r are
measured from static equilibrium of
springs

2y6

N -

\

acceleration diagram

<
-
)

yo P

ro

Figure 2.6: spring pendulum with block moving in slot
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244 d

ouble pendulum

N Double i

Velocity diagram

pendulum

acceleration diagram

Figure 2.7: double pendulum
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2.5 Velocity and acceleration of rigid body 2D

Notice the

v o sign
Rigid body, . difference
] rotating at Linear
Linear angular a acceleration
Velocity speed diagram
X diagram
. dyx U — COV
Nasser M. Abbasi a — J—
Drawing_rigid_body_rotati - - .
n_1.vsd
:/la_y 2V35, 2011 ay V + a)U

Figure 2.8: Velocity and acceleration of rigid body 2D

Finding linear acceleration of center of mass of a rigid body under pure rotation using fixed
body coordinates.

In the above U is the speed of the center of mass in the direction of the x axis, where this
axis is fixed on the body itself. Similarly, V' is the speed of the center of mass in the direction
of the y axis, where the y axis is attached to the body itself.

Just remember that all these speeds (i.e. U,V) and accelerations (a,, a,) are still being
measured by an observer in the inertial frame. It is only that the directions of the velocity
components of the center of mass is along an axis fixed on the body. Only the direction.
But actual speed measurements are still done by a stationary observer. Since clearly if the
observer was sitting on the body itself, then they will measure the speeds to be zero in that
case.
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2.6 Velocity and acceleration of rigid body 3D

2.6.1 Using Vehicle dynamics notations

Linearforce
FZ torque
Nasser M. Abbasi A U
3d_1.vsd
s 2"65’ o1 N\j Linear velocity
V
angular velocity
W
,«";'“ e—— p
.‘ q
\‘ j(;]l‘ r
Fx
L
Fy
. F.
Forces, Torques, linear
velocities and angular velocities
I:x for a general 3D rigid body
L
Ixx Ixy Ixz M
I = I yX I yy I yz N
sz Iyz Izz
U+qw-rV
F=Sp=2(mv)=m&v=m| V+rUu-pw
1 W+ pV — qu
linear momentum
Derivationof this is much more complicated than with
1;:di H :di ( |0)) the case of linear motion (F=ma), since m is scalar
t t there, but for rotation, | is matrix. See next page for the
derivation
Angular momentum
Figure 2.9: Vehicle dynamics notations
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2.6.2 3D Not Using vehicle dynamics notations

inear force
Fz/L torque
Nasser M. Abbasi A / VX
;ﬁ_l;gdzon T j Linear velocity
ay 26, ZN] / V = Vv
y

V; angular velocity

A
® 0,
JA

)
(3
B
)

Fx
Tx
F = Fy
Forces, Torques, linear Fz
velocities and angular
F velocities for a general 3D
X
rigid body Ty
I XX I Xy I Xz T= Ty
I = Iyx Iyy Iyz Tz
Izx Iyz Izz a

ax+waz_w2Vy
_ dpn_ d _md\ —
F= P = g (Mv)=m4-v=m Ay + W;Vx — 0xV;

T az + WxVy — OyV;
linear momentum

The derivation of the above is given next, but it uses the standard formula given by

A = (5FA)
dA) = (L +oxA
< dt dt resolved \
This is in the \/ \
inertial frame of This is the same A, but its components

reference are with respect to the body fixed
coordinates system,

Figure 2.10: 3D Not Using vehicle dynamics notations

Cross product
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2.6.2.1 Derivation for F' = ma in 3D

d
F=—
dt
d
= —(mwv
=m d v
ot
_ a
=m| | ay
L \Q;
_ a
=m Qy
L a’Z
_ a
=m| | ay
L \Qz
=m| ay, —

2.6.2.2 Derivation for 7 = Jw

Let A = Iw then using the rule

T = i
\dt

4
dt

Wz Uz
Flwy | ® | vy
Wz Uz

i 3 k

+det |w, wy w,
Vp Uy U,

WyU, — W,y

+ _(wmvz - wzvz)
wxvy — wyvx

Oy + WyV, — WUy

L v

A, + Waly — Wyl

in 3D

4

A) +wX A
resolved
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Then 7 = Iw can be found for the general case

[ 4 ] 4
T= 7 I, I, I, Wy +wy | X | Lye Ly Iy Wy
IZIL' IyZ IZZ wz wz IZ$ Iyz IZZ wz
sz Iacy Ixz Oy Wy Ixzwz + Ia:ywy + Ixzwz
= | lyo Iy 1y ay | + | wy | X | Lyaws + Lyywy + 1w,
Izm Iyz Izz a Wy Izmww + Iyzwy + Izzwz
L, Iy I, Ol ) J k
=Ly Iy I, oy | +det Wy Wy W,
Iza: Iyz Izz a, (wawx + Izywy + Izzwz) (Iya:wx + Iyywy + Iyzwz) (Izzwx + Iyzwy + Izz
Ly Iy I, 0y Wy (Lgwy + Iyywy + Low,) — w,(Iygwy + Iyywy + Iw,)
= |1y I, I ay | + | we(leaws + Typwy + Low,) — w,(Ipawy + Lpywy + Ipw,)
L, I, I, o, Wy (Lyawy + Lyywy + Iyw,) — wy(Ipgws + Lywy + Lpw,)

2.6.2.3 Derivation for 7 = Iw in 3D using principle axes

The above derivation simplifies now since we will be using principle axes. In this case, all

cross products of moments of inertia vanish.

L. 0 0
I=|l0 I, 0
0 0 I,
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CHAPTER 2.
Hence
_ 4 i
I.. 0 O Wy Wy
d
T = T 0 I, O Wy + | wy
I.. 0 O Qy Wy
=10 I, O oy | + | wy | X
Lo, ) J k
= | Lyyoy | +det| w, Wy W,
Izzaz Iwa:wx Iyywy Izzwz
I o, Wy (Ipawy) — wy (Lyywy)
= Iyyay + _wm(Izzwz) + w, (Izmww)
I.0, Wz (Lyywy) — wy(Tzewsz)
I, wyw, (I, — Iy)
= | Iyay | + | wow,(Lzs — I.2)
1,0, Wewy (Lyy — Ing)

A
I, 0 O Wy
x| 0 I, 0 Wy
0 0 I, W,
Imﬂﬂwm
Lyywy
IZZwZ

So, we can see how much simpler it became when using principle axes. Compare the above to

Ly Iy 1y, Qy
IZZ Iyz IZZ az

Wy (Lgwy + Iyswy + Iow,) — w,(Iygwy + Iyywy + I,w,)
+ | We(Leawz + Lyowy + Lw,) — wo(Ipewe + Lnywy + Ipow;)
We (Lyawyz + Lyywy + Iypw,) — wy(Ipews + Lywy + Lpw,)

So, always use principle axes for the body fixed coordinates system!
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2.6.3 Acceleration terms due to rotation and acceleration

X

local body

frame.

Rotating and

translating i velocity of particle,

relative to . 7. of mass m, relative

inertial framez ‘ P 1/' " to local body frame
Z

~

angular A Y
velocity of local
frame around
inertial frame @* _____________
S I - ';?O\A
R -~ T
inertial frame _ g

Figure 2.11: Acceleration terms due to rotation 1.

X

due to angular acceleration of local frame

G X7
due to linear acceleration of local frame

centripetal force
G x (@ x (B+7) Uy velocity of particle
p in local frame

7 z
angular A 26 X U
velocity of local coriolis acceleration
.fram(.e around due to particle having
inertial frame ] velocity in local frame
. a—— T T T === T
S ——— e _/__/4 .
7/ —
& - R
X7 -
Q; // _ -
// -
Vs
Ok 5
Y
showing The four acceleration terms

Figure 2.12: Acceleration terms due to rotation 2.
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2.7 Wheel spinning precession

Y/ /777778 H Angular momentum Angular momentum
change due to the
torque applied
After torque applied for At

Torque vector
representation

T
»v
y
Hy = |yy60y This is what wheel will
X K look like after del T
time due to
/ precesses, notice that
g SPIN angular
T= Mgl— Mg Important: This e momentum changes
analysis is valid wy ) in the direction of the
Wheel spinning around y-axis, only for LARGE il torque
hanging from ceiling Wy L
Weight create a torque which D) * | y
p .
changes the angular

momentum

Angular momentum
Time it takes H after At
for the wheel
to precesses
one full cycle

‘/ ——————————
Tp = -— —
T TN AH = At - A g
X
AH _ . B Mgl
But 4 = (lyoy)wp, hence T =(lyay)op hence wp = 51— = 7=
prresi Therefore, precession velocity w,, is I'\y"yf’oL
Precesses.vsd

6/1/2011

Figure 2.13: Wheel spinning precession

2.8 References

1. Structural Dynamics 5th edition. Mario Paz, William Leigh
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2.9 Misc. items

The Jacobian matrix for a system of differential equations, such as

ml(t) = f(x,y, Z)
y'(t) = g(z,9,2)
2 (t) = h(z,y,2)

is given by v @
dr dy dz

J—|d do da

- dr dy dz

dh dh dh

de dy dz

For example, for the given the following 3 set of coupled differential equations in n3

'(t) = —y(t) — 2(t)
y'(t) = 2(t) + ay(t)
Z(t) =b+2(t) (z(t) — )

then the Jacobian matrix is

z(t) 0 =z(t)—c

Now to find stability of this system, we evaluate this matrix at ¢t = ¢, where z(¢y) ,y(to) , 2(to0)
is a point in this space (may be stable point or initial conditions, etc...) and then J become
all numerical now. Then we can evaluate the eigenvalues of the resulting matrix and look to
see if all eigenvalues are negative. If so, this tells us that the point is a stable point. L.e. the
system is stable.

If X is N(0,1) distributed then mu + sigma * X is N(mu, sigma?) distributed.
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Astrodynamics

3.1 Ellipse main parameters

apogee

By Nasser M. Abbasi
012714 ellipse_diagram.vsdx

O

perigee

Figure 3.1: Ellipse

79
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3.2 Table of common equations

The following table contains the common relations to use for elliptic motion. Equation of

ellipse is 2—; + %; =1

term to find

conversion between E and 6

position of satellite at time
t Solve for F, then find 6. 7
here is time at perigee and
n is mean satellite speed.

eccentricity e

Major axes a

Minor axes b

Tp

Ta

p

specific angular momentum
h
Total Energy &

relation
0 1+e FE
tan <§> = - etan (E)
e+ cosf
EF=——
€08 1+ ecosf
c0sf — e —cos
~ ecosE —1

E—esinE=n(t—r7)

_c _ Ta—Tp __ 2gh2
e_a_'ra—i-rp_ 1+ u?

_rp(l—l-e)
@= 1—e2
_ra(l—e)
1 —¢2
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velocity v

Uperigee (closest)

Ugpogee (furthest)

magnitude of 7

period T
mean satellite speed n
eccentric anomaly F

area sweep rate
equation of motion

2 1
v=y|p (; - 5) (vis-viva)
2
Vescape = 7,u (escape velocity for parabola)
Uradial = li’e sin 0
b
Unormal = \/g (1 + ecos 9)

_ | p 1+e
vp a(l—e)
m
=,/=(1+e
v

(2-2)
= /J’ —_—— =
T, Q
v — l1—e
@ 1+e

[l
&! o=
—

|

&

e -a)
= wl——-
Te G
_a(l-€) R 1
" 1l+ecosf pul+ecosd
rcosf = a(cos E — e)

r=a(l —ecosE) (eq 4.2-14 Bate book)

T= %ﬁab =27,/ il
n
T
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spherical coordinates rela-
tion

cos(1) =  sin(A,)cos(¢) where 4 is the inclina-
tion and A, is the azimuth and ¢ is latitude [f]

56 SPACECRAFT MISSION DESIGN

meridian orbit

WTR
Allowabla
Azimuth Range:
170° to 300° Atlowahls
Azimuth Range:
35° to 120°

Fig-43 Acceptable launch azimuth range for the United States.

Notice in the above, that the period T of satellite depends only on a (for same p)

In the above, u = GM where M is the mass of the body at the focus of the ellipse and G
is the gravitational constant. h is the specific mass angular momentum (moment of linear
momentum) of the satellite. Hence the units of %2 is length.

To draw the locus of the satellite (the small body moving around the ellipse, all what we
need is the eccentricity e and a, the major axes length. Then by changing the angle 6 the
path of the satellite is drawn. I have a demo on this

See http://nssdc.gsfc.nasa.gov/planetary/factsheet/earthfact.html| for earth

facts

This table below is from my class EMA 550 handouts (astrodynamics, spring 2014)

Image is from my class notes, page 7-9, EMA 550, Univ. Of Wisconsin, Madison by professor S. Sandrik


/my_notes/mma_demos/index.htm
http://nssdc.gsfc.nasa.gov/planetary/factsheet/earthfact.html
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Mass = 5.974 x 10** kg

Earth

Equatorial radius = 6378 km
Hearth = GMearm = 3.986 x 10° km/s’
Mean distance from the Sun = 1 AU = 1.495978 x 10% km

Mass = 1.989 x 10** kg

Sun

Mean radius = 695,990 km
Lsun = GMsy, = 1.327 x 10™ km?/s?

Orbit inclination to the Earth’s equatorial plane ranges from 18° to 29°
Sphere of influence radius: 6.61 x 10* km

Mass = 7.3483 x 10” kg
Mean planetary radius = 1738 km
Matoon = GMptoon = 4902.8 km?/s?

Mean distance from the Earth = 384,400 km

Orbit eccentricity = 0.05490
Orbit inclination to ecliptic = 5.15°

Universal Constant of Gravitation
G =6.674 x 10 m¥/(kg 5%)

Figure 3.2: Astrodynamics constants

Mean Orbit Orbit inclination Mass Equatorial | Sphere of
distance eccentricity to the ecliptic (units of | radius (km) | influence
from the plane (deg) Mearth) radius (km)
Sun (AU)

Mercury 0.3871 0.2056 7.005 0.0553 2440 1.13x 10°
Venus 0.7233 0.006777 3.395 0.8149 6052 6.17 x 10°
Earth 1.000 0.01671 0.000 1.000 6378 9.24 x 10°
Mars 1.524 0.09339 1.850 0.1074 3396 5.74x10°
Jupiter 5.203 0.04839 1.304 317.9 71,492 4.83x 107
Saturn 9.537 0.05386 2.486 95.18 60,268 3.47 x 107
Uranus 19.19 0.04726 0.7726 14.53 25,559 5.19x 107
Neptune 30.07 0.008590 1.770 17.14 24,764 8.67x 107
Pluto 39.48 0.2488 17.14 0.0022 1195 3.17x 10"
Moon
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3.3 Flight path angle for ellipse vy

84

2( 2> )
a(le esiné
by r(2a-r) tany = 1+ecos 0
Y e L i = Mean
V= |v| - |vr|2 + |vn |2 Flight path angle (positive | & Vi = Vi€r = (VFeSInG)er sp:d
to the inside as shown) | \ el
3 Ny \ PR L
v=Ju(4-31) Y 0

the ellipse at
current position
Km/sec

NAt = E — esinE

The time to fly this path is
given by the above
expression.

S N T
=Vp€p = (ﬁ(1+ecltos(9))en

__________ M

perigee
C=ae Yrp =a(l—e)
P :emi-majoraxes *l
b =aJ1-e? ! \\ _ Tathp
e = Fa—Tp : 4 2
= ra+rp a — ’bz + C2
Equation of ellipse ) - N r— a(l—e2>
(x=Xg)? Vy0? _ 1 d N\ A 1+ecos 6
a? b2 // INTF a(l—ecosE)

PE Pt
T = 27[ aT ~__

Period of ellipse. Time to /
travel around one time |

apogee perigee
Mean probe
speed (rad/sec)
-2t _ | K
n= T = ad -
/ Convert from true anomaly
u AN / to eccentric anomal
Ve = 7o % -2 7/ ’
Speed on circle of radius rc in km/sec™ 2 - 1-e 2
Nasser M. Abbasi (use for LEO and GEO when
022314

: ) . e—CosE
ellipse_diagram_2.vsdx ~ @PProximated to circular orbit) cOoSs = =
0 ecosE-1

Figure 3.3: Flight path angle
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To find 7, if r is given then use

cosny — ap _ [a®(1—e?)
7= r(2a—r) \/ r(2a—7)
If 0 is given, then use

esin @

tany = —————
an?y 1+ ecosf

3.4 Parabolic trajectory

This diagram shows the parabolic trajectory

The time to fly this distance is er
given by solving for (t — ) from 4

Vp = T H—av *eq

zJpIs(t—r)=tan(%)+%(tan(%))3 V=2

2rp

h2
w

1+cos 0

Figure 3.4: parabolic trajectory

1+cos 0 - 1+cos 0
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3.5 Hyperbolic trajectory

This diagram shows the hyperbolic trajectory

Vgo = V2 Vesc Use this to
determine Vp
V2 — ﬂ needed to
o0 a escapetoa
hyperbolic orbit.
V2 _ 2.“ i The time to fly this path is
esc — I’p found by solving for t in
3 .
Flight path angle At = ’ aT (e Slnh F - F)
a?(e?-1)
CSY = o T

V= JuE+ D

_ a(e?-1)

l+ecos6

r = a(ecoshF—-1)

rr.=ae—1)

hyper.vsdx
Nasser M. Abbasi
030714

_e+cos0 et
coshF = l+ecoso
tan(4) = /&L tanh(£)
e= 4
if we know ry,r; on the ri=ale—1)
orbit, and know the travel — a(ecoshF — 1)

time between these 2 points

then a, e, F can be found by N FXIPR ~
numerically solving these ~ “* | A (esinh(F) —F)

Figure 3.5: hyperbolic trajectory

This diagram below from Orbital mechanics for Engineering students, second edition, by
Howard D. Curtis, page 109
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2.9 Hyperbolic trajectories (e > 1) 109

FIGURE 2.27

Orbits of various eccentricities, having a common focus F and periapsis P.

Figure 3.6: diagram below from Orbital mechanics textbook

3.6 showing that energy is constant

Showing that energy £ = % — £ is constant.

Most of such relations starts from the same place. The equation of motion of satellite under
the assumption that its mass is much smaller than the mass of the large body (say earth) it
is rotating around. Hence we can use v = GM and the equation of motion reduces to

P+ Er=o
T

In the above equation, the vector 7 is the relative vector from the center of the earth to the
center of the satellite. The reason the center of earth is used as the origin of the inertial
frame of reference is due to the assumption that M > m where M is the mass of earth (or
the body at the focal of the ellipse) and m is the mass of the satellite. Hence the median
center of mass between the earth and the satellite is taken to be the center of earth. This is
an approximation, but a very good approximation.

The first step is to dot product the above equation with 7 giving

P Lr=o (1)

<
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And there is the main trick. We look ahead and see that - 7 = ## but 7 = % (§> and we

also see that 7 - b= ,ur% but ,uT% = d% (_7“) Hence equation 1 above can be written as
d (v 1\ _
a\2 pun)
Hence
v
=5

Where £ is a constant, which is the total energy of the satellite.

3.7 Earth satellite Transfer orbits

3.7.1 Hohmann transfer

This diagram shows the Hohmann transfer

r+r
a = 1 5 2
_ [ H
V2 = Jﬂ(% — %) Time totran“slfer
1 from one orbit to
the other
AV =V,-V;
_ 2 _1
Vs = ‘/ﬂ r, —a
Vi AVlz
4 B
Hohmann Transfer
AVy = V4 —V3 s
AV = |AV1| + |AV2|
Total Velocity
change needed
Figure 3.7: Hohmann transfer
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3.7.2 Bi-Elliptic transfer orbit

_ i+
d] = 5 2
a, = ) ; b
Vi = \ #1 /
@
_ 2 1\ | \
Voo Ju(E-4)
AVl = V2 — Vl \‘\\
_ 2 1
Vs = Ju(& - 4r)
_ 2 1
Ve = Ju(E - 4)
AVZ = V4 - V3
V5 — "/‘u<rl2 _ alz> Bi-Elliptic Transfer
s P n T [
Ve = riz - ” Ty
Time to tra nsfer
AVs = Vs~ Vs e
AV = |AV1| + |AV2| + |AVs|

Total Velocity
change needed

Figure 3.8: Bi-Elliptic transfer orbit
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3.7.3 semi-tangential elliptical transfer

a 1‘172|-r‘a_,
N +rp
a= -
Vi= |4
_ 2 1
Va2 \/ u(fr -5
AV1 =V, -V,
Time to
V3 = ‘/ <L - 1 > transfer from
'u 2 a one orbit to
V, = riz ......
o rb . rl Semi-tangential transfer
 Ip+1r1
r, =a(l—-ecosk
cos 8.2(1 _ 82) 2 ( )
'}/ =
r2(2a — I’z) n = H
a3
_ 2 2 _ ;
AVz = V3 +V3 - 2V,Vscosy At = L (E - esinE)
AV = [AV1]+ AV,
Total Velocity E«}%ﬁf&?iﬁéﬁf *
change needed
Figure 3.9: semi-tangential elliptical transfer

3.8 Rocket engines, Hohmann transfer, plane change
at equator

two cases: Hohmann transfer, 2 burns, or semi-tangential. All burns at equator.
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& 2 —\/2 2
Va ~ > [AVioeker = Voo +Va —2Ve2VaCos(az)
S
N «V, solve for *a,
< Vc Using rocket engine equation
VC2 with Hohmann transfer to find
what initial inclination is
r needed. Case for all burns at
ri+r; 2 Hohmann  equator only
a ) transfer v g
N
Ve, = M =
r b >
ry v Ng// & VN <
_ M S )
Ve, = T _ﬁl N o= i2arcsm(2AT\f)>
Vp VCl \\q Special case, when all burn
V = <L l) \\ goes to plane change
Mp a 4
2 2
rL %) AVrocketl Ve + VD — 2V Vpcos(aa)
. . Solve for ial
Y 1 < i, Ifinal = linitial T 001 T @2
ket; = n
rocket, = lep If all burns at equator, then only the Speed of fuel
exhaust relative
AVrosket, = Glsp |n< m'z ) inclination angle i will change. Given | torocket
2 ifinal, SOIVe to find iinitiar required.

AVrocket Ve In( )
Vo= Ju(+ - %)
‘\\\\ 20 AV rocket, i AViocket = 9% lsp m( )
Ve, %‘\ ~V2 cosy A nEn) L;t;ed——> T = ma = Ve
T by rocket massfue|
~ time_to_burn
m= 1
» 9lsp
solve for *ay | \ \_ Rate at which fuel

lfinal = linitial T 02|

\ burns. Watch out, g* is
in km/sec”2, while g in
m/sec”2

AV?

rocket,
Assume all rocket fuel is used in

. ( 1 .
= (V2siny)2 + (V2c0sy — Ve, cosa2)? + (Ve, sinaz)?

first burn to increase Vp and none AV
to change plane and burn done at

Nasser M. Abbasi
Rocket_1.vsdx

Vgl + V% - 2Vc1Vp Siﬂal

rocket,

equator. Hence @1 =

R May 4,2014
__----7 otherwise

Figure 3.10: Hohmann transfer cases
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3.8.0.1 Rocket equation with plane change not at equator

Plane change with Rocket equations

Burn is not at equator. AV ot all

Burn at equator. AV all T
q rocket goes to changing inclination and also

goes to changing inclination

- changing Q
\
\ Example: Given iy, i, @ at
\ burn, find V;
\
\\‘ (D AVrocket
\ latitude V2

X0
iinitial eaw? \
4—//( \
\
Right \ @
Qascension \ \ latitude
\
M \
V]_ — rc
Vo u(E- 1)
r t 2
c equator o 40-/‘

AV = glspln< ) 4—91_//

AV? = V? + V3 -2V V,cos(a)
Ifinal = linitial £ @ Vy = ric
o | % = 2:2?; solve for u;
Plane_change, 1.vsdx Sm(g:iln; ) _ S 155';?)31_ o solve for 6
solve for V, using AV = gl In(fit)
V, = % T TTTT AV2 = V24 V3-2VV,cos(h)

Figure 3.11: Rocket equation with plane change not at equator
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3.9 Spherical coordinates

From my class handouts, EMA 550, Univ. Wisconsin, Madison

AV

- latitud

Spherical Triangle: a triangle on the swface of a sphere. A spherical triangle is composed of
arcs of great circles (great circles have their centers at the center of the sphere)

e

Upper-case A, B, and C are the anzles at the vertices; we measure fhe angles A, B, and C in
degrees Lower-case a, b, and ¢ are the sides opposite A, B and C, respectively. We also measure
the “lengths” a, b, and ¢ in degrees. The “length” of side a is the angle it subtends at the center of
the sphere.

Sime formula:

Cosine formula 1 — three sides and a vertex:

cos @ = cosi, cosi, +sini, sini, cos(Q2, — €,

cosa =cosbcosc+sinbsinccos 4

)

cosh —cosacosc+sinasinecos B

COs 7, =cosi, cos @—sini sin @cosu

Nasser M. Abbasi
May 5, 2014
Spherical.vsdx

os€ =cosacosb+smasinboos &

Cosine formula 2 — three vertices and a side:

s d=—cosBoos C+sin BsinCoosa
05 B =—cos dcos C+sin AsinCoosb
05 C = —c0s dcos B +sin 4sin Boos ¢

Figure 3.12: Spherical coordinates
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3.10 interplanetary transfer orbits

3.10.0.1 interplanetary hohmann transfer orbit, case one

Switch to planet
point of view

Sun point of view

Voo = V2 - Vapogee

Vapogee<—

Planet point of view (planet fixed
and spacecraft is moving towards it
showing the asymptotic lines and
the turning angle theta)

\ zoom

interplanetary Hohmann
transfer orbit leading to an

/ orbit around target planet
/
/
/
/
/
/
s
/
s
_ - stage_1_inter_planet.vsdx
- Nasser M. Abbasi
- March 10, 2014
> Voo = Vperlgee - Vl

_>Vperigee

Figure 3.13: interplanetary hohmann transfer orbit, case one
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The following are the steps to accomplish the above. The first stage is getting into the
Hohmann orbit from planet 1, then reaching the sphere of influence of the second planet.
Then we either do a fly-by or do a parking orbit around the second planet. These steps below

show how to reach the second planet and do a parking orbit around it.

The input is the following.

1.

10.
11.
Given the above input, there are the steps to achieve the above maneuver
1.

2.

A e B

w1 planet one standard gravitational parameter

i planet two standard gravitational parameter

lsun standard gravitational parameter for the sun 1.327 x 108 km
r1 planet one radius

ro planet two radius

alt; original satellite altitude above planet one. For example, for LEO use 300 km

alty satellite altitude above second planet. (since goal is to send satellite for circular

orbit around second planet)

R, mean distance of center of first planet from the sun. For earth use AU = 1.495978 x

108 km

Ry mean distance of center of second planet from the sun. For Mars use 1.524 AU

SOI, sphere of influence for first planet. For earth use 9.24 x 108 km

SOI; sphere of influence for second planet.

Find the burn out distance of the satellite rp,, = r1 + alt;

Find satellite speed around planet earth (relative to planet) Vi = | /fle

Find Hohmann ellipse a = @

Find speed of satellite at perigee relative to sun Vperigee = \/ Wsun (R% — é)

Find speed of earth (first planet) relative to sun V; = %

Find escape velocity from first planet Vi out = Vperigee — V1

2
Find burn out speed at first planet by solving the energy equation % —

M1
son for Veo

Find AV needed at planet one AV; = Vi, — Viar

2 /2 2
VOO ‘/borbo
—= %o bo

Find e the eccentricity of the escape hyperbola e = /1 + p
1
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10.
11.

Find the angle with the path of planet one velocity vector n = arccos (—1)

Find the dusk-line angle § = 180° — p

The above completes the first stage, now the satellite is in the Hohmann transfer orbit.
Assuming it reached the orbit of the second planet ahead of it as shown in the diagram above.
Now we start the second stage to land the satellite on a parking orbit around the second
planet at altitude alt; above the surface of the second planet. These are the steps needed.

1.

10.
11.

a

Find the apogee speed of the satellite V,pogree = \/ sun (R% — l)

Find speed of second planet V;, = ’%

. Find V. entering the second planet sphere of influence Vg i, = V2 — Vipogree

Find burn in radius where the satellite will be closest to the second planet. 1, = 71 +alts

2
Find burn out speed at second planet by solving the energy equation Voo _ p2 —

5 2 Tbo
Ve .
S = dptor Vi
. Find impact parameter b on entry to second planet SOI b = %
. Find the required satellite speed around the second planet V,,; = f
Find AV; needed at planet two AV, = Vi — Vi
V2V2 rgo

Find e the eccentricity of the approaching hyperbola on second planet e = /1 + %
2

Find the angle with the path of planet two velocity vector n = arccos (—%)

Find the dusk-line angle for second planet 6 = 2n — 180°
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3.10.1 rendezvous orbits

3.10.1.1 Two satellite, walking rendezvous using Hohmann transfer

This is the time (in sec)

Hohmann
Rendezvous transfer for (a) to travel on the
location trajectory Hohmann orbit once it

starts

la+ry

"2 TOF=(N-32)T

T=2ﬂ‘/§

The period (time to
travel one full circle) on
the circular orbit in

a =

Circular
orbit of first
satellite

seconds
7
0= |
Circular r3 rad/sec
orbit of first
satellite a b Angullar speed'of
satellite on a circular
orbit

Snap shot at t=0. Always

start from this point
Nasser M. Abbasi This is the phase at zero

Bttt 0 o time. The current angle that
(b) is front of (a)

Figure 3.14: Two satellite, walking rendezvous using Hohmann transfer
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Algorithm 1 Hohmann Walking Rendezvous Orbit, case 1

1: function HOHMANN__WALKING__RENDEZVOUS(fy, , altitude, u)

2 6o := Oo1gg > convert from degrees to radian
3 rq := T + altitude

4: T := 27r\/773 > period of circular orbit

5: N:=1

6 done:=false

7 while not(done) do

8 TOF := (N-%)T

9

o
a := solve (TOF = 27r\/Z:) fora

10: Tpi=2a—T,

11: if p < r then

12: N=N+1

13: else

14: done:=true

15: end if

16: end while

17 %efm" = \/%

18: ‘/after = H (}% - %)

19: AV = 2(‘/:1fter - %efore)
20: return (TOF, AV)

21: end function

An example implementation is below

hohmannRendezvousSameOrbit [\ [Theta]00_, r_, alt_, mu_] :=
Module[{\[Theta]l]O = \[Theta]00*Pi/180, n = 1, delT, v1, v2, period, a,
rp, ra, done = False, vBefore, vAfter},

ra =r + alt;

period = 2 Pi Sqrt[ra”~3/mul;

While[Not [done],

delT = (n - \[ThetalO /(2 Pi)) period ;

a = First@Select[a /. NSolve[delT == 2 Pi Sqrt[a~3/mul, al,

Element [#, Reals] &];

rp = 2 a - ra;

If [rp < r, (*we hit the earth, try againk)

n=n+1,

done = True

]
1;

vBefore = Sqrt[mu/h];
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‘vAfter = Sqrt[mu (2/h - 1/a)];
‘{delT, 2 (vAfter - vBefore)} (*return wvaluex)
1

And calling the above

mu = 324859;
alt = 1475.776;
r = 6052;

\[Thetal0 = 3.80562; (*degree*)
hohmannRendezvousSameOrbit [\ [ThetalO, r, alt, mu]

gives

L{7123.89, -0.0467913}
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3.10.1.2

Two satellite, separate
coplaner

orbits, rendezvous using Hohmann transfer,

Rendezvous Hohmann
location transfer
Copes trajectory

a =

Circular

satellite

Circular
orbit of first
satellite

Snap shot at t=0. Always
start from this point

This is the phase at zero
9 time. The current angle that
(b) is front of (a)

rendev_separate_hohmann.vsdx
Nasser M. Abbasi
3/12/14

This is the time (in sec)
for (a) to travel on the
Hohmann orbit once it
starts

> TOF =« e

u

g =
r3

Angular speed of (a) in rad/sec

e
3
"
Angular speed of (b) slower
than (a)

la+rp
2rb

9H=7r 1—<

3
> 2
Desired phase. This is the

angle that (b) has to be

ahead of (a) before (a) starts

its Hohmann transfer

Figure 3.15: Two satellite, separate orbits, rendezvous using Hohmann transfer, coplaner
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Algorithm 2 Hohmann rendezvous algorithm, case 1

1: function HOHMANN__RENDEZVOUS__1(6y, 74, T, 1t)
2: 6o := Oo1gg > convert from degrees to radian

3: = Tedn > Hohmann orbit semi-major axes
4: TOF :=m,/ % > time of flight on Hohmann orbit
3/2
5: O = 7r(1 — <’"“2—:f:”> ) > required phase angle before starting
Hohmann transfer
6: We = /5 > angular speed of lower rad/sec
7: wp = /% > angular speed of higher satellite rad/sec
if 6y < 0y then > adjust initial angle if needed
: 60 = 90 + 2w
10: end if
11: wait_ time := Z‘l;_?i > how long to wait before starting Hohmann
o o transfer .
12: wait_ time := wait_ time 4+ TOF > now ready to go, add Hohmann transfer time
13: return wait_ time

14: end function

An example implementation is below (in Maple)

hohmann_rendezvous_1:= proc({
theta: :numeric:=0,
rl::numeric:=0,
r2::numeric:=0,

mu: :numeric:=3.986%1075})

local thetaO,thetaH,TOF,a,omegal,omega2,wait_time;

thetal = evalf (theta*Pi/180);

a = (r1+r2)/2;

TOF = Pi*(sqrt(a~3/mu));

omegal := sqrt(mu/ri~3);

omega2 := sqrt(mu/r273);

thetaH := evalf(Pix(1-((ri+r2)/(2%r2))~(3/2)));

if thetaO <= thetaH then

theta0 := thetalO+2%Pi;

fi;

wait_time := TOF+(thetaO-thetaH)/(omegal-omega2);
eval (wait_time) ;

end proc:

And calling the above for two different cases gives (times in hrs)
TOF :=hohmann_rendezvous_1(r1=6678,r2=6878,theta=0) :

e
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evalf (TOF/ (60%60)) ;
35.23480353

And

TOF : =hohmann_rendezvous_1(r1=6678,r2=6878,theta=280) :
evalf (TOF/(60%60)) ;
27.49212919

3.10.1.3 Two satellite, separate orbits, rendezvous using bi-elliptic transfer,

coplaner
Py W Hohmann
P - | RN transfer o . )
- I \ trajectory This is the time (in sec)
g ! for (a) to travel on the
K N _ Nt - -
Y ! . a1 = 5 Hohmann orbit once it
/ l starts
/ | 3 3
/ | a a
/ | TOF =n( &L + |22
/ H M
I
| I
[ | T
| w1 = -
| ) r3
\ Clrc'ular
\ oot Angular speed of (a) in rad/sec
\ slow
\
\

o
w2 = Y
_ r
@ Angular speed of (b) slower
Rendezvous than (a)
location
Snap shot at t=0. Always Time for satellite (2)
start from this point (2n—0p)+2zN  toreach the
t2 = or Rendezvous point)
Hohmann
ar, = Tt oneter This is the phase at zero
2 trajectory 9 time. The current angle that
0 (b) is front of (a)
RE“dev’:qa;::;oy\r,:),lk;;ilsl:pm vsdx
solve for t; fromt, = TOF

Figure 3.16: Two satellite, separate orbits, rendezvous using bi-elliptic transfer, coplaner

In this transfer, the lower (fast satellite) does not have to wait for phase lock as in the case
with Hohmann transfer. The transfer can starts immediately. There is a free parameter N
that one select depending on fuel cost requiments or any limitiation on the first transfer orbit
semi-major axes distance required. One can start with NV = 0 and adjust as needed.
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Algorithm 3 Hohmann rendezvous algorithm, case 2

1: function HOHMANN__RENDEZVOUS__2(6y, 71,72, N, )

2: 6o := Oo1gg > convert from degrees to radian
3/2
3: Oy = (1 — <%> ) > Find Hohmann ideal phase angle before
. transfer ) )
4: if ) = 0gand N = 0 then > adjust for special case
5: a:="=tn
6: TOF := W(, / %)
T: else
8: wy =, /5 > angular speed of slower satellite in rad/sec
2
9: ty == W > find time of light of the slower satellite
. — TttT
10: ay ‘= ”_'_Tl
T T
11: Qg = th
12: TOF =7 o + 9 > time of flight for the fast satellite
pop
13: ry := solve (t, = TOF) for r, > Solve numerically for r;
14: end if

15: return TOF
16: end function

An example implementation is below in Maple

hohmann_rendezvous_2:= proc ({

theta: :numeric:=0,

rl::numeric:=0,

r2::numeric:=0,

N: :nonnegint:=0,

mu: :numeric:=3.986%1075})

local thetaO,thetaH,TOF;

theta0 := theta*Pi/180;

thetaH := Pix(1-((r1+r2)/(2*r2))~(3/2));
if theta0 = thetaH and N = O then
proc()

local a:=(r1+r2)/2;

TOF:= Pi*(sqrt(a~3/mu));

end proc()

else

proc()

local t2,al,a2,rt,omega2;

omega2 := sqrt(mu/r273);

t2 ((2*#Pi-theta0)+2*Pi*N) /omega2;
al (rt+r1)/2;




CHAPTER 3. ASTRODYNAMICS 104

a2

TOF
rt

end proc()
fi;

eval (TOF) ;
end proc:

(rt+r2)/2;
Pix(sqrt(a1”3/mu)+sqrt(a2”3/mu));
op(select(is, [solve(t2=TOF,rt)], real));

And calling the above for two different cases gives

TOF :=hohmann_rendezvous_2(theta=0,r1=6678,r2=6878,N=0) :
evalf (TOF/(60%60)); #in hrs

1.576892101

TOF :=hohmann_rendezvous_2(theta=160,r1=6678,r2=6878,N=1) :
evalf (TOF/(60%60)); #in hrs

2.452943266

\
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3.10.2 Semi-tangential transfers, elliptical, parabolic and
hyperbolic

Finding lead angle, semi-tangential

— Ep is fi i
rendezvous, ELLIPTICAL orbit M = a(l — €CO0s Eb) b s Oun(.j by solving
this equation

Ja_TsAt = E:hb

Time to travel this distance is
found by solving for tin the above

Tru H At -7
solving the above equation rg -7

- -7 Finding lead angle, semi-tangential

- rendezvous, Parabolic orbit
Fa,rp are given < |
- Tike |
— Mp+ra \e«e‘ﬂa I
=+ «® |
|
r, =a(l-e) solve fore !
I
r, =a(l-ecoskp) solve for E, ! N
I Truelanomaly f is found by S N4
T : | e - %on,
= At = Eb —esin Eb Solve for At | solving the above equation Q
a I Vi
I
a(l-e? ! ¥
r, = al-e) solve for f |
1 +ecosf |
| a9
— H ! @
Gb - F At : ‘hﬁme to travel this distance is
2 : found by solving for tin
0o = f — 0y, this is lead angle ' T At N, 1 32
9 2] at=tan(5) + 1 (tan(3))
______________________________ 4
Nasser M. Abbasi =2
sisa P =2 b
Semi_tangential_rend.vsdx r, = TTcost solve for f
2 [E At= tan(i) + l(tan(i)y solve for At
p3 B 2 3 2
m
0y = ?g At
0o =f-0y

Figure 3.17: Semi-tangential transfers, elliptical, parabolic and hyperbolic
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Finding lead angle, semi-tangential F is found by solving this
rendezvous, HYPERBOLIC orbit r = a(e COSh F- 1) equation

1 .
£ At =esinhF-F
a
Time to travel this distance is
found by solving for tin the above

tan(%)( = ‘/%tanh(g)

i g
f < 7/
- P
True anpmaly f is found by »
solving the above equation ’ -

Vp = #(rz—p + %) solve for a

rp = a(e —1) solve for e

r2

/% At = esinhF — F solve for At

tan(%) = gf% tanh(%) solve for f

a(ecoshF — 1) solve for F

0 = |5 at
r
2 Nasser M. Abbasi
5/8/14
00 = f - eb Semi_tangential_rend_2.vsdx

Figure 3.18: Semi-tangential transfers, elliptical, parabolic and hyperbolic (2)
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3.10.3 Lagrange points

Ls
Lagrange points o
/ \ ;
// \\ eqwlateral Time constant in
Y driangle seconds. The larger,
,/ \ the more stable
/
/ T =
r=1 /28 Miarge / r =| /’ ) >
o 3 Mgmai , AN |/ I
‘\ $ Angul locit A /// |
ngular velocity \ |
\\\L3 of system L 1 SN I
/7
& —— °o—) @ -—@ L 2
Center /
of mass /
N . ’ M small
large "\
\\\ — Msmall
o = G(total Mass) "\ // total Mass
r3 g
&
Watch out for units. r is normally in I_5 %
KM. Convert G to KM based if using Li:x=rl1l- <l>
handout 3

L., Lo, L3 are not stable. Ly, Ls
are stable if @ < 0.0385

Osyn—earth = 1991 X 10_7rad/SEC
Mearth—-moon = 2 666 X 10_6 rad/SGC

Lo : X

(1+($)")

Lz : X =—r<1+ ?—%‘))

Lz is more stable than L4, L»

Nasser M. Abbasi
May 9, 2014
Lagrange_points.vsdx

Figure 3.19: Lagrange points
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3.10.4 Orbit changing by low contiuous thrust

continuous thrust effects
Changes per period

To change a satellite’s position in orbit by AO
radians in n revolutions, the cost is

Above small figure from class handouts, EMA 550

;,i,,,; T \
6=135°,0=153° f V& 6=45°,0=27° \
\
6=180°,0:=180° I T

AV 2 A6
e e »
Vo 37 n \
\\
\
\
\\
| | |
Amount of change Amount of change Amount of change Af:“"”"ﬁ 0‘; ‘,
H H H . .. e . . change in true |
in semi-major
se ajo in eccentricity in inclination anomaly ‘f
!
Aa = AV rocket 2a Ae = AVioget 1 Al = AViodet 2 Af = AVroget 3N
Vo Vo 0.649 Vo T Vo 2
Assume circular | \\\ N |s.number of
orbit in each | Y periods
revolution * AR
* Apply a thrust in the orbit plane that satisfies \\
N
the relationship, N
Nasser M. Abbasi o L oe N
May 9, 2014 V4 Lo N
~ A~ tan o =—tan \
Cont_thrust.vsdx 0 7 B \
\
m; On a circular orbit, this looks like \\
r \
6=90°,0=90° \
0= \
X
m;

0=0,0=0

|

I l

\$ I_/% :

1

o o = ° o= © !

* Since the optimal aiming direction is 6=225%,0=207 631502333 !

essentially just perpendicular to the © = 0 line, 6=270",a=270° 1
the thrust direction can be kept constant in

1
that direction without losing much efficiency

g P P s

* Direct the thrust perpendicular to the orbit
plane, but in one direction for half of the orbit
and the opposite direction for the other half

\7 T
>5&\\§\ AV 7y

0
/
/
/

AW
Figure 3.20: Orbit changing by low contiuous thrust

] ,
1 = | !
N ARy
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Dynamic of flights

Model_problem _3.vsdx

\J
By Nasser M. Abbasi mg

March 3, 2014
bal Aerodynamic loads
external forces alance

Figure 4.1: Dynamic of flights
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4.1 Wing geometry

length of mean
aerodynamic chord
projected on the

Leading edge
sweep angle

root chord
/
/
/ )
/ centroid of area of
4 one half of wing
' A g located on mean
0 aerodynamic chord
7
7
———eeeee Ve
P 7
local chord e
A h — 7z
N C
N 1w e
A 7z
AN 7
N
\ v—
) C
N S
wing tip chord N\
\
N C
N
N
J
Cs
L | ,
y | TN
\
\
wingl.vsdx .
Nasser M. Abbasi half wing span
020914 | L
1

&

Figure 4.2: Wing geometry

C, below is the core chord of the wing.
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'
'

I

A
\4

sl

_J

control-fixed
static margin

positive for
static
stability

wing_4_generic.vsdx
Nasser M. Abbasi
020914

-
A
ol

Figure 4.3: core chord of the wing

This is a diagram to use to generate equations of longitudinal equilibrium.

This distance is called the stick-fixed static margin k,, = (h, — h) ¢ Must be positive for
static stability
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! i i
ng 1 V | !
|
Ly LV | i :
! ! ! tail mean
I e aerodynamic
DI v i ‘)" y chord
|
D, 1V ;
|
} 30.1°
|
| A &)
|
| Zt <
|
|
} ! The whole Airplane
! ez P | neutral point (aft c.g.
\)'30 ! | for static stability)
Guet |
0,\30/ 4 i Wing mean
14 | aerodynamic chord
gl h < hy, for
Mac,, 1 1 longitudinal
! |11 This distance is called : 13
0‘ Q } | . L‘ the stick-fixed static margin Sta'tlc Stablhty
‘ \ " e = -
— I 1 1 Must be positive for static stability
hoge| o
hc | o
‘ [
|
|
forces.vsd |
updated 2/3/ !
14 T
Nasser M.
Abbasi

Figure 4.4: equations of longitudinal equilibrium

4.2 Summary of main equations

This table contain some definitions and equations that can be useful.

#  equation meaning/use
CL = %OZ
1 = (Lo Cy, is lift coefficient. « is an-
= aw gle of attack. a is slope %

which is the same as Cp_
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w

10

11

Crmay = Cre, + (Cry, + Cppyu) (h = b, ) + (Crowy — Cp,) 2

w

Cm = Cmacw + CLw (h - hnw)

meb = Cmacwb + Cwa(h - hnw)
= Cmacwb + 666;L1;b awb(h - hnw)

= C’macwb + awbawb(h - hnw)

CLf = %p‘L/t?st
L = Ly, + Ly

Cr=0Cp, + %CLt

Mt = —ltLt = —ltCLt%pVZSt

— Mt — lt St —
Cmt - %pV2Sté - _E§0Lt - _VHCLt

wing lift coefficient

drag coefficient

pitching moment coefficient
due to wing only about
the C.G. of the airplane as-
suming small «,,. This is
simplified more by assum-
ing Cp,a, <« CL, and
(CLaw - CDw) <1
simplified wing Pitching mo-
ment

simplified pitching moment
coefficient due to wing and
body about the C.G. of the
airplane. a,; is the angle of
attack

C', is the lift coefficient gen-
erated by tail. S; is the tail
area. V is airplane air speed
total lift of airplane. L, is
lift due to body and wing
and L, is lift due to tail
coefficient of total lift of air-
plane. Cy,, is coefficient of
lift due to wing and body.
Cy, is lift coefficient due to
tail. S is the total wing area.
S; is tail area

pitching moment due to tail
about C.G. of airplane
pitching moment coefficient
due to tail. Vg = %% is
called tail volume
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12

13

14

15

16

17

18

19

20

n|Rn|R

oS o |§

Cmt = _VHCLt + CLt%(h - hnwb)

introducing Vi bar tail vol-
ume which is Vi but uses I;
instead of ;. Important note.
Vy depends on location of
C.G., but Vg does not. I, =
li+(h—hy,)cC

pitching moment coefficient
due to tail expressed using
Vi. This is the one to use.
pitching moment coefficient
due to propulsion about air-
plane C.G.

total airplane pitching mo-
ment coefficient about air-
plane C.G.

simplified total Pitching mo-
ment coefficient about air-
plane C.G.

derivative of total pitching
moment coefficient C,, w.r.t
airplane angle of attack a

location of airplane neutral

Cm,
Cm = meb + Cmt + Cmp
C’m = meb + Cmt + Cmp
= [Cmae,, + CLuy(h—bn,)] + [=VaClr, + CL, % (h = han,,)] + C,
Cr
St —
= Cp.., (Cwa + CLt§> (h = ha,) — ViCr, + Com,
= Cmac b + CL(h — hnw) — VHCLt + Cm
m Mac,, 8 oV Y/ ath aCmP
aac;{ 60‘90‘ ‘ z (h hnw) YH 66’ aga
Cma _ Mac,,p + CLa (h h ) VH Lt + mP
= ()

= a{«)%(h hn)
= Cr.(h—hn)
h, —h

point of airplane found by
setting C,,, = 0 in the above
equation

rewrite of C,,, in terms of h,,.
Derived using the above two
equations.

static margin. Must be Posi-
tive for static stability
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4.2.0.1 Writing the equations in linear form

The following equations are derived from the above set of equation using what is called the
linear form. The main point is to bring into the equations the expression for C}, written
in term of a,;. This is done by expressing the tail angle of attack a; in terms of au, via

the downwash angle and the i; angle. aaca L“;” in the above equations are replaced by a,; and

% is replaced by a;. This replacement says that it is a linear relation between C7, and the

corresponding angle of attack. The main of this rewrite is to obtain an expression for C,,
in terms of a,,, where «; is expressed in terms of «,;, hence a; do not show explicitly. The

linear form of the equations is what from now on.

#  equation
oCy,
CL,, = e
1 = GQybQuyb
Cr, = a0y
ocC,

Crp = Crngp + —8(;@ a

atzawb—it—e

€
€ =€)+ = Qup

Oa

CLt = G0

3 _ 19\ _, _
= a1 | Qp 9 it — €

4 azawb[l—l-&&( —g—;)}

aywp S

(2 e2m

AR
¢, = Cp, +5Cu
5 = QupQub + Sa [ (1 — 55) — i — €]
= ao

= (CL)awb=O + acup

meaning/use

a.p 18 constant, repre-
acr,,

sents 5. and Cp,,

is propulsion pitching

moment coeff. at zero

angle of attack

main relation that as-
sociates ay, with oy.
Qup is the wing-body
angle of attack, € is
downwash angle at
tail, and ¢; is tail
angle with horizon-
tal reference (see di-
agram)

Lift due to tail ex-
pressed using o, and
€ (notice that a; do
not show explicitly)

a defined for use with
overall lift coefficient

overall airplane lift
using linear relations



CHAPTER 4. DYNAMIC OF FLIGHTS 116
Cr Cr /
T L’ ) :> V > a
€. V
a; St
6 a = Qyp— %%(Zt + €) e @~ Gub (lrtwtml?ﬂ gle of attack
a as function of the
wing and body angle
of attack o, and tail
angles
7 Cm Cm() + aCmOé = CmO + C’maa 1 airpl itch
C,. = Gt acm 0C g = Conp + Con Oty overall airplane pitc
moment. Two ver-
sions one uses Oy
and one uses «
¢ O = alh—ho)—ala(l- ) + % R
B 3Cmp o versions of ™
Cmo = aup(h = hn,,) = atVH( ) + one for o, and one
one uses «
9 C_'mo Crmacyy + Cma, + a:Vii(co + 1) [ j%( B g_‘i)] Ch, is total pitching
Cmo Cmacwb + Cmo,, + atVH(eo + ’Lt) 0
moment coef. at zero
lift (does not depend
on C.G. location) but
Cm, is total pitch-
ing moment coef. at
s = 0 (not at zero
lift). This depends on
location of C.G.
10 Chg, = Cimg, + (@ — atyp) 2522
ho = oy, + SVe (1= 5) = 1750
11 = By, _ay VH(l ) 1 8Cmp Used to determine h,
R T 1 ) ek A % 1 ) M
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4.2.1 definitions

1. Remember that for symmetric airfoil, when the chord is parallel to velocity vector,

then the angle of attack is zero, and also the left coefficient is zero. But this is only for
symmetric airfoil. For the common campbell airfoil shape, when the chord is parallel
to the velocity vector, which means the angle of attack is zero, there will still be lift
(small lift, but it is there). What this means, is that the chord line has to tilt down
more to get zero lift. This extra tilting down makes the angle of attack negative. If we
now draw a line from the right edge of the airfoil parallel to the velocity vector, this
line is called the zero lift line (ZLL) see diagram below.
Just remember, that angle of attack (which is always the angle between the chord and
the velocity vector, the book below calls it the geometrical angle of attack) is negative
for zero lift. This is when the airfoil is not symmetric. For symmetric airfoil, ZLL and
the chord line are the same. This angle is small, —3° or so. Depending on shape. See
Foundations of Aerodynamics, 5th ed, by Chow and Kuethe, here is the diagram.

5.7 Properties of the Cambered Airfell 147

Z.L.L

Fig. 5.11. Onientation of airfoil at zero lift.

camber, ¢, = constant and is negative, as is predicted by Eq. (5.31). (5) The angle of
zero Bift @, is zero for the symmetrical section and negative for positive camber, as s
indicated by Eq. (5.34).

In Fig. 5.11, an airfoil is shown set at a geometric angle of attack equal to the angle of
zerd lift. A linc on the airfoil paraflel to the flight path V., and passing through the rail-
ing edge when the airfoil is set at the orieatation of zero lift is called the zero-lift line
(Z.L.L.} of the airfoil. For symmetrical airfoils, the zero-1ift line coincides with the chord
lime.

The absolute angle of amack is defined as the angle included between the flight path
and the zero-lift line and is given the symbol .. From Fig. 5.132,

a, = a =, (5.35)

Figure 4.5: diagram from 5th ed, by Chow and Kuethe

2. stall from [http://en.wikipedia.org/wiki/Stall (flight)]



http://en.wikipedia.org/wiki/Stall_(flight)
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In fluid dynamics, a stall is a reduction in the 1lift coefficient
generated by a foil as angle of attack increases.[1] This occurs when
the critical angle of attack of the foil is exceeded. The critical

angle of attack is typically about 15 degrees, but it

may vary significantly depending on the fluid, foil, and Reynolds number.

-

3. [Aerodynamics in road vehicle wiki page|

4. some demos relating to airplane control http://demonstrations.wolfram.com/Con]
trollingAirplanelklight/|

lhttp://demonstrations.wolfram.com/ThePhysics0fFlight/|

5. http://www.americanflyers.net/aviationlibrary/pilots handbook/chapter 3|

6. Lectures Helicopter Aerodynamics and Dynamics by Prof. C. Venkatesan, Department
of Aerospace Engineering, IIT Kanpur http://www.youtube.com/watch?v=DKWj2WzY]|

7. http://avstop.com/ac/apgeneral/terminology.html| has easy to understand
definitions airplane geometry. "The MAC is the mean average chord of the wing'

8. lhttp://www.tdmsoftware.com/afd/afd.html]airfoil design software

4.3 images and plots collected

These are diagrams and images collected from different places. References is given next to
each image.



http://commons.wikimedia.org/wiki/Category:Aerodynamics_in_road_vehicle
http://demonstrations.wolfram.com/ControllingAirplaneFlight/
http://demonstrations.wolfram.com/ControllingAirplaneFlight/
http://demonstrations.wolfram.com/ThePhysicsOfFlight/
http://www.americanflyers.net/aviationlibrary/pilots_handbook/chapter_3.htm
http://www.americanflyers.net/aviationlibrary/pilots_handbook/chapter_3.htm
http://www.youtube.com/watch?v=DKWj2WzYXtQ&list=PLAE677E56C97A7C7D
http://www.youtube.com/watch?v=DKWj2WzYXtQ&list=PLAE677E56C97A7C7D
http://avstop.com/ac/apgeneral/terminology.html
http://www.tdmsoftware.com/afd/afd.html
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Body x-axes
(chord of
airplane

T(thrust)~

Ll__ﬁ Perpendicular to c.g. velocity vector V

Zero left line
ZL-L for airplane

\

Current

velocity
vector of
airplane c.g.
D(drag)
Parallel to V
vector originate
from A.C. and not
C.G.
W
Weight of
ai:;)llganeo By Nasser M. Abbasi
T Angle of attack of thrust verticall;/ down my_drawing.vsd

@1, Absolute angle of attack 1/24/14

Figure 4.6: Main forces on airplane
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View from nose (negative X direction)

Fin Lift

Starboard
wing Lift

Y-axis

Lateral Stability - Main Sources of
Stabilising Forces and Moments

http://en.wikipedia.org/wiki/Flight_dynamics_%28aircraft%29
Figure 4.7: Local stability

Dihedral angle

Dihedral angle is the upward angle from horizontal of the wings or tailplane of a fixed-wing aircraft. "Anhedral
angle” is the name given to negative dihedral angle, that is. when there is a downwand angle from horizontal of the
wings or tailplane of a fixed-wing aircraft

Dihedral angle (or anhedral angle) has a strong influence on dihedral effect, which is named after it. Dihedral
effect is the amount of roll moment produced per degree (or radian) of sideship. Dihedral effect is a critical factor in

the stability of an aircraft about the roll axis (the spiral mode). It is also pertinent to the nature of an aircraft’s Dutch
roll oscillation and to maneuverability about the roll axis

The upward ik of the wings and taiplane of &

an arcrafl, as seen on this Boeng 737, is called
dihedral angle
Port :
g e il as ) :
Measuring the dihedral angle. &3 st d Port
R e . S
. Dihedral

Reference: http://en.wikipedia.org/wiki/Dihedral_%28aircraft%29

Figure 4.8: diherdal angle
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definitions

From Performance, Stability, Dynamics, and Control of Airplanes
By Baudu N. Pamadi

‘The Reynolds number is the ratio of inertial forces to viscous forces.
Inertia foree
m-—'iftmc (L1
-(!anpinmins
Shear stress x Area

= }.“"'_v:! (1.3)

nia

(12)

‘The Mach number is defined as the ratio of velocity of the body Vi, to the speed
of sound a.

M= (1.9)

In fluid dynamics, the drag coefficient (commonly denoted as ccr c or cw) isa

dimensionless quantity that is used to quantify the drag or resistance of an object in a
fluid environment such as air or water. It is used in the drag equation, where a lower drag
coefficient indicates the object will have less aerodynamic or hydrodynamic drag. The
drag coefficient is always associated with a particular surface area |")

The drag coefficient Cy is defined as
2Fy

Cq =
4 ?A

| do not see viscosity here?

where

Fd is the drag force, which is by
P is the mass density of the fluid !
U is the speed of the object relative to 1
A isthe reference area

fluid and

The drag equation
Ny = %pr'z cg A

is essentially a statement that the drag forfe on any object is proportional to the density of the
fluid and proportional to the square of th¢ relative speed between the object and the fluid

tion of speed, flow direction, object position, object
size, fluid density a;{a fluid viscosity. §peed, kinematic viscosity and a characteristic length
scale of ihe object dre-ncarporatedfinto a dimensionless quantity called the Reynolds number
or Re. Cyg s thus a function of Re. In compressible flow, the speed of sound is relevant and
Cy4 Is also a function of Mach number Afa

Cd Is not a constant bylxanesas\a

nition the force component in the direction of the flow velocity, %!

Shape Drag
Coefficient
0.47

Sphere ——
Half-sphere ——s

Cone s

Cube —u

Angled
Cube

Long
cyinder —=[__] 02
Short
Cylinder D 1.15
Streamlined
Body —— > 004

Streamlined

Half-body ™ s %

Measured Drag Coefficients

0.80

oOoAaQ

http://en.wikipedia.org/wiki/Drag_coefficient

Figure 4.9: Definitions

This below from fhttp://www.grc.nasa.gov/Www/k-12/UEET/StudentSite/dynamicsof{]



http://www.grc.nasa.gov/WWW/k-12/UEET/StudentSite/dynamicsofflight.html
http://www.grc.nasa.gov/WWW/k-12/UEET/StudentSite/dynamicsofflight.html
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Picture of plane in roll Picture of plane Yaw Picture of Plane Pitch

! LT
'

LLLITITT '. LLLTTTTY

http://www.grc.nasa.gov/WWW/k-12/UEET/StudentSite/dynamicsofflight.html
Figure 4.10: Drag coefficient

lhttp://www.grc.nasa.gov/WWW/k-12/airplane/alr.html|



http://www.grc.nasa.gov/WWW/k-12/airplane/alr.html
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http://www.grc.nasa.gov/WWW/k-12/airplane/alr.html

Air Rotation s
ot fomtions  +Z

Center of

+ Pitch

Roll Axis

Yaw Axis
+ Roll

http://www.grc.nasa.gov/WWW/k-12/airplane/alr.html
Figure 4.11: Roll, Yaw and Pitch

From http://en.wikipedia.org/wiki/Lift coefficient|and http://en.wikipedia.o|



http://en.wikipedia.org/wiki/Lift_coefficient
http://en.wikipedia.org/wiki/File:Aeroforces.svg
http://en.wikipedia.org/wiki/File:Aeroforces.svg
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ffg/wiki/File:Aeroforces.svg

Glenn Li :
ift coefficient
@ Vertical Stabilizer - Rudder e
Center From Wikipedia, the free encyclopedia
Vertical Stabilizer The lift cosfficient (C . C, or C,}is a dmensioniess coeflicient thal reiales the it generaled by a ifting body 1o
S Fanca ) the density of the fluid around the body. its velocity and an associated reference area. A ifting body is a foil or a
complete foil-bearing body Such as a fixed-wing aircraft. C,_ Is a function of the angle of the body 10 the fiow, its
Resulting Motion A ;
Reynoid number and its Mach number. The it coefficient c, Is refers to ine dynamic it characteristics of a
two-aimensional foil section, with the reference area replaced by the foil chora | "%
Contents [hide]
- 1 Defintion of the ki coefficient C,
Gravity 2 Section it coeficient
3 See also
4 Notes
5 References
Definition of the lift coefficient CL [edi)
The Iift coefficient C, s defined by 1*!
c L 2L L
L=7 3= 30 -0
im?Ss S gS
where [ is the ift force, f0is fluid density, 1) Is lrue airspeed, § is planiorm area and (] Is the flukd dynamic
SR Ty e — pressure
Airplane Parts and Function ° The Iift coefMicient can be approximated using the ifing-ine theory. | numenically calculated or measured in a wind
tunnel test of a compiete aircraf configuration
Vertical Rudder
Control Piich Conivel Yol o ge Yow http://en.wikipedia.org/wiki/Lift_coefficient
Winglet
Decrease Drag Elevator
Wing Change Pitch Lift
Generate Lift
Flaps A
Turbine Engine Increase Lift and Drag
Generate Thrust Alleron
Change Roll /—
" P Thrust = Drag
Cockpit er - Lol
Command and Control Slats Change Lift, Drag and Roll k
Increase Lift
Fuselage v
Hold Things Together - Carry Payload
Weight
McGraw-Hill Dictionary of Aviation: elevator angle http://en.wikipedia.org/wiki/File:Aeroforces.svg
Home > Library > Cars & Vehicles > Aviation Dictionary
Angle of attack [ed]t]
The angle between the chord of an elevator and the chord of the tailplane. 9 et
The angle of attack is the angle between an airfoil and the oncoming
Elevator -nglo air. A symmetrical airfoil will generate zero lit at zero angle of
— attack But as the angle of attack increases, the air is deflected
. through a larger angle and the vertical component of the
airstream velocity increases, resulting in more lit. For small
Tail plane angles a symmetrical airfoil will generate a lift force roughly
proportional to the angle of attack [*4
Elevator As the angle of attack grows larger, the lift reaches a maximum
at some angle; increasing the angle of attack beyond this critical
angle of attack causes the air to become turbulent and separate
from the wing; there is less deflection downward so the airfoil
generates less lift. The airfoil is said to be stalled 128
http://en.wikipedia.org/wiki/Lift_%28force%29
Figure 4.12: Forces diagram

from http://adg.stanford.edu/aa241/drag/sweepncdc.html]



http://en.wikipedia.org/wiki/File:Aeroforces.svg
http://en.wikipedia.org/wiki/File:Aeroforces.svg
http://en.wikipedia.org/wiki/File:Aeroforces.svg
http://adg.stanford.edu/aa241/drag/sweepncdc.html
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\ane
on x2 P
projection o
¥
z
b
Sweptback Wings
Xp
‘—r\{‘“\\ Almost all high speed subsonic and supersonic aircraft have sweptback wings. The amount
# 1‘"“—«.,___‘_‘_‘ _//Qx of sweep is measured by the angle between a lateral axis perpendicular to the airplane
\Q‘*{R 7L centerline and a constant percentage chord line along the semi-span of the wing. The latter
e o e e ; '--“-ld_ “*-:}_/ 1s usually taken as the quarter chord line both because subsonic lift due to angle of attack
"‘;/“ T acts at the quarter chord and because the crest is usually close to the quarter chord.
mg cos(d) t mg
2o Yy ot Y, unJ./I\
Figure 2: Definition of the pitch attitude angle, 8 h \‘ ' O F T T

., Sweeo angle

ST chord line

I
re——————

1
———

Figure 8. Velocity Components Affecting a Sweptback Wing

http://adg.stanford.edu/aa241/drag/sweepncdc.html

Angles Nomenclature

a = angle of attack, between the velocity projection in x, z-plane and
the body-fixed r-axis

7 = sideslip angle, between the velocity vector and the body-fixed
r-axis

# = pitch attitude angle. between plane-fixed r-axis and earth-fixed
I p-axis

v =#—a = climb (or path) angle
¢ = roll angle

)

heading (or yaw) angle

Figure 4.13: From sweepncdc website

Images from [http://adamone.rchomepage.com/cg calc.htm and Flight dynamics princi-
ples by Cook, 1997.



http://adamone.rchomepage.com/cg_calc.htm
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ft Center of Gravity Calculator

Enter the variables at left using the same units for all entries
For an aircraft to be stable in pitch, its CG must be forward of the
Neutral Point NP by a safety factor called the Static Margin, which
is a percentage of the MAC (Mean Aerodynamic Chord)

Static Margin should be between 5% and 15% for a good stability

le—c—sfarrn

Mean Aerodynamic Chord MAC = =

Sweep Distance at MAC (C) = ﬂ
From Root Chord to MAC (d) = [l
From Wing Root LE to AC =

—
From Wing Root LEto NP = [l
—

From Wing Root LEto CG =

Wing Area

o “ Low Static Margin gives less static stability but greater elevator

stabiliser Area “ authority, whereas a higher Static Margin results in greater static
stability but reduces elevator authority.

Wing Aspect Ratio = |- Too much Static Margin makes the aircraft nose-heavy, which
may result in elevator stall at take-off and/or landing
Tail Volume Ratio, Vbar= |— Whereas a low Static Margin makes the aircraft tail-heavy and

susceptible to stall at low speed. €. a. during the landing aooroach
http://adamone.rchomepage.com/cg_calc.htm

U APERSEIL AT s e e e i

FROW:

LELIGHT DYNAMICS
RARCIPLES"

By M.V, CooK

ARNow, 197F

Fig. 3.14 Longitudinal stability margins

Figure 4.14: From Flight dynamics principles by Cook

From http://chrusion.com/BJ7/SuperCalc7.html|



http://chrusion.com/BJ7/SuperCalc7.html
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m Aﬂd Nm‘ Point use the same units of measure for all entries|

From [http://www.willingtons.com/aircraft center of gravity calcu.html]]



http://www.willingtons.com/aircraft_center_of_gravity_calcu.html
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uze the =ame units of measure (inches or feet) for all entries!

Placing CG 5% - 15% of MAC in front of NP creates a longitudinal (pitch})
stability called Static Margin. A lower margin produces less stability and
greater elevator authority, while a higher margin creates more stability and less
elevator authority. Too much static margin results in elevator stall at take off
and landing.

25% - 35% MAC i= generally accepted as a good range for the CG of a
conventional tailed aircraft where the AC of the wing iz at 25% MAC.

Figure 4.16: center of gravity
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From http://www.solar-city.net/2010/06/airplane-control-surfaces.html| nice
diagram that shows clearly how the elevator causes the pitching motion (nose up/down).
From same page, it says " The purpose of the flaps is to generate more lift at slower airspeed,
which enables the airplane to fly at a greatly reduced speed with a lower risk of stalling."

1- Elevator:
Air hitting under the a1 Air hitting the top of
elevator forces the | 1 the elevator forces the §ii :
nose downward nose upward ~ J.,—-_) :

Figure 4.17: airplane control surfaces

Images from flight dynamics principles, by Cook, 1997.


http://www.solar-city.net/2010/06/airplane-control-surfaces.html
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154 Lateral-directional dynamics

eIV

Disturbing rolling moment

Port wing Starboard wing
Reduction in incidence Increase in incidence

Fig. 7.3 The roll subsidence mode

Page 184, flight dynamics principles, by Cook

e L
: he
™ myg
v -
- . Lo
- I'r
hy - o=

Figure 3.8 Simple pitching moment model.

Page 41, flight dynamics principles, by Cook
Figure 4.18: from flight dynamics principles, by Cook

Images from Performance, stability, dynamics and control of Airplanes. By Pamadi, ATAA
press. Page 169. and fhttp://www.americanflyers.net/aviationlibrary/pilots_hand|
pook/chapter 3.htm



http://www.americanflyers.net/aviationlibrary/pilots_handbook/chapter_3.htm
http://www.americanflyers.net/aviationlibrary/pilots_handbook/chapter_3.htm
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STATIC STABILITY AND CONTROL 169

4
ﬁ/k.__

e x
Aerodynamic Center

‘v
w

Fig. 3.4 Forces and moments acting on an airplane in level flight.

From: Performance, stability, dynamics and control of
Airplanes. By Pamadi, AIAA press. Page 169

The following defines these forces in relation to straight-and-level, unaccelerated flight.

Thrust is the forward force produced by the power-plant/propeller. It opposes or overcomes the
force of drag. As a general rule, it is said to act parallel to the longitudinal axis. However, this is
not always the case as will be explained later.

Drag is a rearward, retarding force, and is caused by disruption of airflow by the wing, fuselage,
and other protruding objects. Drag opposes thrust, and acts rear-ward parallel to the relative
wind.

Weight is the combined load of the airplane itself, the crew, the fuel, and the cargo or baggage.
Weight pulls the airplane downward because of the force of gravity. It opposes lift, and acts
vertically downward through the airplane’s center of gravity.

Lift opposes the downward force of weight, is pro-duced by the dynamic effect of the air acting
on the wing, and acts perpendicular to the flightpath through the wing’s center of lift.

In steady flight, the sum of these opposing forces is equal to zero. There can be no unbalanced
forces in steady, straight flight (Newton’s Third Law). This is true whether flying level or when
climbing or descending. This is not the same thing as saying that the four forces are all equal. It
simply means that the opposing forces are equal to, and thereby cancel the effects of, each other.

each other; not to Iimwei_ght. To be correct about it_, it must be said that in steady l'ligi:t:

» The sum of all upward forces (not just lift) equals the sum of all downward forces (not just
weight).

e The sum of all forward forces (not just thrust) equals the sum of all backward forces (not
just drag).

http://www.americanflyers.net/aviationlibrary/pilots_handbook/chapter_3.htm

Figure 4.19: from Performance, stability, dynamics and control

Image from http://www.americanflyers.net/aviationlibrary/pilots_handbook/chal



http://www.americanflyers.net/aviationlibrary/pilots_handbook/chapter_3.htm
http://www.americanflyers.net/aviationlibrary/pilots_handbook/chapter_3.htm

CHAPTER 4. DYNAMIC OF FLIGHTS 132

In level flight the aerodynamic properties of the wing produce a required lift, but this can be
obtained only at the expense of a certain penalty. The name given to this penalty is induced
drag. Induced drag is inberent whenever a wing is producing lift and, in fact, this type of drag
is inseparable from the production of lift. Consequently, it is always present if lift is produced.

Figure 3-2. Force vectors during a stabilized climb.

THRUS1

Before the airplane begins to move, thrust must be exerted. It continues to move and gain speed until thrust and .
drag are equal. In order to maintain a con-stant airspeed, thrust and drag must remain equal, just as lift and
weight must be equal to maintain a constant altitude. If in level flight, the engine power is reduced, the thrust is
lessened, and the airplane slows down. As long as the thrust is less than the drag, the airplane continues to
decelerate until its airspeed is insufficient to support it in the air.

Likewise, if the engine power is increased, thrust becomes greater than drag and the airspeed increases. As long as
the thrust continues to be greater than the drag, the airplane continues to accel-erate. When drag equals thrust, the
airplane flies at a constant airspeed.

Straight-and-level flight may be sustained at speeds from very slow to very fast. The pilot must coordi-nate angle of
attack and thrust in all speed regimes if the airplane is to be held in level flight. Roughly, these regimes can be
grouped in three categories: low-speed flight, cruising flight, and high-speed flight.

When the airspeed is low, the angle of attack must be relatively high to increase lift if the balance between lift and
weight is to be maintained. [Figure 3-3] If thrust decreases and airspeed decreases, lift becomes

”r

' Path A n; Path
@ & Retative Wind -.m Wind Rolative Wind

Level (High Speed) Level (Cruise Speed) Level (Low Speed)

Figure 3-3. Angle of attack at various speeds.

less than weight and the airplane will start to descend. To maintain level flight, the pilot can increase the angle of
attack an amount which will generate a lift force again equal to the weight of the airplane and while the airplane
will be flying more slowly, it will still maintain level flight if the pilot has properly coordinated thrust and angle of
attack.

http://www.americanflyers.net/aviationlibrary/pilots_handbook/chapter_3.htm

Good discussion on angle of attack

Figure 4.20: from pilots handbook

Image from http://www.americanflyers.net/aviationlibrary/pilots_handbook/chal



http://www.americanflyers.net/aviationlibrary/pilots_handbook/chapter_3.htm
http://www.americanflyers.net/aviationlibrary/pilots_handbook/chapter_3.htm
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The profile drag of a streamlined object held

in a fixed position relative to the airflow increases
approximately as the square of the velocity;

thus, doubling the airspeed increases the drag four times,
and tripling the airspeed increases the drag nine times.

Drag - Pounds

The amount of induced drag varies inversely
as the square of the airspeed.

From the foregoing discussion, it can be noted that parasite drag increases  Figure 3.0rag versus speed.
as the square of the airspeed, and induced drag varies inversely as
the square of the airspeed.

The location of the center of gravity (CG) is determined by the general design of each particular airplane. The
designers determine how far the center of pressure (CP) will travel. They then fix the center of gravity
forward of the center of pressure for the corresponding flight speed in order to provide an adequate restoring -
moment to retain flight equilibrium.

6 B 10 12 14 16 18 20 22
Angle of Attack, Degrees

Figure 3-6. Lift coefficients at various angles of attack.

The pilot can control the lift. Any time the control wheel is more fore or aft, the angle of attack is changed. As
angle of attack increases, lift increases (all other factors being equal). When the airplane reaches the
maximum angle of attack, lift begins to diminish rapidly. This is the stalling angle of attack, or burble point.

Before proceeding further with lift and how it can be controlled, velocity must be interjected. The shape of the
wing cannot be effective unless it continually keeps “attacking™ new air. If an airplane is to keep flying, it must
keep moving. Lift is proportional to the square of the airplane’s velocity. For example, an airplane traveling at
200 knots has four times the lift as the same airplane traveling at 100 knots, if the angle of attack and other
factors remain constant.

a wing with a planform area of 200 square feet lifts twice as
much at the same angle of attack as a wing with an area of 100
square feet.

lift varies directly with the wing area

http://www.americanflyers.net/aviationlibrary/pilots_handbook/chapter_3.htm

Figure 4.21: from pilots handbook (2)

Image from FAA pilot handbook and http://www.youtube.com/watch?v=8uTb5aeilNI]



http://www.youtube.com/watch?v=8uT55aei1NI
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The downward backward flow from the top surface of an

Empennage
The empennage includes the entire tail group and consists of airfoil creates a downwash. This downwash meets the flow
fixed surfaces such as the vertical stabilizer and the horizontal from the bottom of the airfoil at the trailine edge \I‘I"l\ ing

stabilizer. The movable surfaces include the rudder, the : . . .
Newton’s third law, the reaction of this downward backward

clevator, and one or more trim tabs. [Figure 2-10]
flow results in an upward forward force on the airfoil.

From FAA pilot’s handbook

| do not understand the above

Figure 2-10. Empennage components
gu mper mpon 3LE OF ATTACK

|

|
From FAA pilot’s handbook

RELATIVE WIND

http://www.youtube.com/watch?v=8uT55aeilNI|

ANGLE OF ATTACK

ANGLE OF ATTACK

&% \
ELATIVE WIND

Figure 4.22: from FAA pilot handbook

Image http://www.youtube.com/watch?v=8uT55aeilNI| and http://www.youtube.com/
user/DAMSUAZ?feature=watch



http://www.youtube.com/watch?v=8uT55aei1NI
http://www.youtube.com/user/DAMSQAZ?feature=watch
http://www.youtube.com/user/DAMSQAZ?feature=watch

CHAPTER 4. DYNAMIC OF FLIGHTS 135

http://www.youtube.com/watch?v=8uT55aeilNI

http://www.youtube.com/user/DAMSQAZ?feature=watch

LIFT AND DRAG
LIFT AND DRAG PROPORTIONAL TO
PROPORTIONAL TO
RELATIVE WIND

—
VELOCITY SQUARED

I.IIT
—

RELATIVE WIND DRAG

DENSITY OF AR

-

i el
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LIFT [ANGLE OF ATTACK
AIRFOIL SECTION

ANGLE OF ATTACK
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LIFT = C;D-AV’

DRAG = C;DAV’

A=area of wing
D=density of air
V=wind speed relative to

ANGLE OF ATTACK
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{ONGITUDINAL AXIS

ANGLE OF INCIDENCE

ANGLE OF ATTACK
OF AIRPLANE

ANGLE OF ATTACK
OF AIRPLANE

Figure 4.23: from youtube
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zero-lift angle
The angle of attack at which an airfoil does not produce any lift. Its value is generally less than zero unless

the airfoil is symmetrical.
This from Foundations of aerodynamics, 5% ed. By Chow and Kuethe

In Fig. 5.11, an airfoil is shown set at a geometric angle of attack equal to the angle of
zero lift. A line on the airfoil parallel to the flight path V. and passing through the trail-
ing edge when the airfoil is set at the orientation of zero lift is called the zero-lift line
(Z.L.L.) of the airfoil. For symmetrical airfoils, the zero-lift line coincides with the chord
line.

The absolute angle of atrack is defined as the angle included between the flight path

a and the zero-lift line and is given the symbol a_. From Fig. 5.12,

CL

CL max

Stalling angle offattack

Zero-lift anglel'-
la=0 a, = a—ay (5.35)

http://www.answers.com/topic/zero-lift-angle

These are from text :foundation of aerodynamics by Kuethe and Chow

1. the center of pressure is at % chord for all values of lift coeff.

2. center of pressure (c.p.) of a force is defined as the point about which the moment vanishes.

3. The geometric angle of attack is defined as the angle between the flight path and the chord line of the airfoil .
When the geometric angle of attack is zero, the lift coeff. Is zero.

4. The point about which the moment coeff. Is independent of the angle of attack is called the aerodynamic
center of the section. (a.c.)

5.a.c.isat the % chord line point.

6. The value of the angle of attack that makes the lift coeff. Zero is called the angle of zero lift (Z.L.L.)

e Thickness envelope

Mean camber line

TE —=x

~ Chord line Trailing edge
e — X > angle

Chord ¢ {
There are from Foundations
of aerodynamics, 5% ed. By
Chow and Kuethe

Fig. 5.1. Airfoil geometrical variables.

5.7 Properties of the Cambered Airfoil 147

/'Z.L.L.

Fig. 5.11. Orientation of airfoil at zero lift.

Figure 4.24: from youtube (2)
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4.4 Some strange shaped airplanes

Image http://edition.cnn.com/2014/01/16/travel/inside-airbus-beluga/index.h]
EmI7hpt=ibu c2

COURTESY AIREUS

Figure 4.25: airbus beluga 1

Figure 4.26: Concorde



http://edition.cnn.com/2014/01/16/travel/inside-airbus-beluga/index.html?hpt=ibu_c2
http://edition.cnn.com/2014/01/16/travel/inside-airbus-beluga/index.html?hpt=ibu_c2
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Image from http://edition.cnn.com/2014/01/16/travel/inside-airbus-beluga/ind]
ex.ntmlhpt=1bu c4

Figure 4.27: airbus beluga (2)

Image from http://www.nasa.gov/centers/dryden/Features/super guppy.html]

7http://www.nasa.gov/centers/dryden/Features/super —_guppy.html

Figure 4.28: NASA SGT super guppy

Image from lhttp://www.aerospaceweb.org/question/aerodynamics/q0130.shtml]
"Boeing Pelican ground effect vehicle"



http://edition.cnn.com/2014/01/16/travel/inside-airbus-beluga/index.html?hpt=ibu_c2
http://edition.cnn.com/2014/01/16/travel/inside-airbus-beluga/index.html?hpt=ibu_c2
http://www.nasa.gov/centers/dryden/Features/super_guppy.html
http://www.aerospaceweb.org/question/aerodynamics/q0130.shtml
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4.5

links

1. lhttps://3dwarehouse.sketchup.com/search.html?redirect=1&tags=airplane]

4.6

1.

references

Etkin and Reid, Dynamics of flight, 3rd edition.
Cook, Flight Dynamics principles, third edition.

Lecture notes, EMA 523 flight dynamics and control, University of Wisconsin, Madison
by Professor Riccardo Bonazza

Kuethe and Chow, Foundations of Aerodynamics, 4th edition
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