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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 71 ]|. This is test number [ 203 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (71) | 0.00 (0)

Mathematica | 100.00 ( 71 ) | 0.00 (0 )
Maple 74.65 (53) | 25.35 (18)
Fricas 71.83 (51) | 28.17(20)
Maxima | 59.15 (42) | 40.85 ( 29)
Mupad | 57.75 (41) | 42.25 (30)
Giac 45.07 (32) | 54.93 (39)
Sympy | 45.07 (32) | 54.93 (39)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 78.87 4.23 16.90 0.00
Fricas 45.07 26.76 0.00 28.17
Maxima 45.07 14.08 0.00 40.85
Sympy 38.03 0.00 7.04 54.93
Maple 29.58 38.03 7.04 25.35
Giac 28.17 16.90 0.00 54.93
Mupad N/A 57.75 0.00 42.25

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %

Maple 18 100.00 % 0.00 % 0.00 %

Fricas 20 80.00 % 0.00 % 20.00 %

Giac 39 84.62 % 0.00 % 15.38 %

Maxima 29 93.10 % 0.00 % 6.90 %

Sympy 39 84.62 % 2.56 % 12.82 %

Mupad 30 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 0.12 104.72 1.01 61.00 1.00
Mathematica | 0.76 262.65 1.30 54.00 1.02
Maple 0.22 115.23 2.00 109.00 1.81
Maxima 0.28 69.24 1.31 59.50 1.21
Fricas 0.35 105.14 1.83 70.00 1.38
Sympy 2.47 54.91 1.00 50.00 1.06
Giac 0.41 78.41 1.65 73.00 1.49
Mupad 2.29 45.49 0.94 42.00 0.93

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better




1.4

{}
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list of integrals that has no closed form
antiderivative
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {7} [11}[12}[13}[38] 40}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: { [1}[2,3}4,5}6, 7,8} 9} L0} [L1} 12} 13} [14} [I5} [16} [I7,[I&) [I% [20, 21} 22} 23} 24} [25} [26} [27)
[28,[29}30} 31}, 32} 33} 34} 135} [361, 37, 38, 139} (40, [A1}, 12} 43} (44}, (45}, 46}, 47} 48, (49} 50} [5 1} 52} 53}, 54} 55,
[564[57 58} 59} 60} 61}62}/63} 64,65}, 66} 67} 68} 69} 704 [71] }

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: { [1)2) B )0} 14 15, 16177 15} 19,20, 21) 22,7 26,27} 2520 B0, 51,52 53,555
i@@@@@@@@@@@@@@@@@@@@@@

B grade: { {023}
C grade: { 178,11} 12 13,23, 58 0, A2 A, ) }

F grade: { }

2.1.3 Maple

A grade: { [I,[213}[14[15}[16,[17, 19} 20} 21} [22}[27 [28} [29} 34} 36} 47} 49} [50, 57, [70] }
%gdfi { (6,30} 31} 32}33}[35} 39} 41} 43} 45} 5 11 52} 53} 64, 55}, 56} 58, [60} 61} 62 63} 64} 65 66,

C grade: {@L@l }
F grade: { 575,010,113 03/ (5. 23,23 25,26, BT A5 599,71 )

2.1.4 Maxima

A grade: { [14)[T5 6 1710|2021} 22) 27 25, 2050, 552 57 55, B9, 45,7 19,50, 5T} B2, B3
[55}57}[61 63} (66, [68} [70L [71] }

B grade: { [33}[35}[41} 45} 54} [56}[58} 60} /62, (64 }

C grade: { }

gmgdfr {2 BE 6780 10,1 1[12[13}[18[23) 24 [25, 26} 37] 38} 40} 42} 44} 46, 48} [59} 65}
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2.1.5 FriCAS

A grade: { [L4}[15} 16} [17}[19}[20} [21}[22} [27] 28} 29} 30} 32} [34}[36} 3% 40} (44} 47} 49} 50} 5 1} 53, 57
(58,160} 61}62}[63, [64,166/68) }

B grade: { [1[2,31[5}6,31 33} 35} 41} 43} 45} 52} 54, 55}, 56} 65,67} 70} [71] }

C grade: { }

F grade: { 78,0 10) (1) [2 [3) 5 23) 2 25 26) 7 55 42 16, 5969 )

2.1.6 Sympy

A e {
57}58,(68

B grade: { }
C grade: { [38 {40} (4244} [46] }

F grade: { [T} 2}[3} 4}[5} 6,7, 8} 9} (L0} [L 1} [12}[13} 14} 15} 16,17} 18} 19} 20} 21}, 23} 24} 25} 34} (47}, 55
[59}[60, 61} 62} 63} 64)/65}/66} 67, 6% [70} 1] }

2.1.7 Giac

A grade: { [27)[28)29}30,31} 35} 39} 41} |43, (49} 51} 56,58} 60} 61, [62} 63} 64, 66,68 }
B grade: { [33}34)36} 45} |47, [50}, 52,54, 55} 57}[65}[67) }

C grade: { }

F grade: { [1}2,[3, 4 516} )8} % [L0} (L1} [12}[13}[14 [L5} [16} 17} [18} 19} [20} 21} 22} 23| 24} [25} 26} 32}
[B7}[381/40} {42, 144, 146} 48} 53} 59} (6% [70} [71] }

2.1.8 Mupad

A grade: { }

B grade: { [[71922,27)25)29, 50, 51,57 53, % 550,591, £ 5 7 ) 50, 61 52
(53,5455} 56157 [58} 60} 61162, 63} 6465166, 67} 68} 704 71 }
C grade: { }

gd }@@E@@L@L
18,59

\]
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

fined as —antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A F B F F F
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 147 147 149 227 0 325 0 0 -1
N.S. 1 1.00 1.01 1.54 0.00 2.21 0.00 0.00 -0.01

time (sec) N/A 0.109 0.186 0.226 0.000 0.379  0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 110 110 129 169 0 306 0 0 -1
N.S. 1 1.00 1.17 1.54 0.00 2.78 0.00 0.00 -0.01
time (sec) N/A 0.067 0.118 0.216 0.000 0.391 0.000 0.000 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 75 75 110 97 0 285 0 0 -1
N.S. 1 1.00 1.47 1.29 0.00 3.80 0.00 0.00 -0.01

time (sec) N/A 0.041 0.058 0.222 0.000 0.377  0.000 0.000 0.000
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Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A C F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 162 162 427 0 0 0 0 0 -1
N.S. 1 1.00 264  0.00 0.00 0.00 0.00 0.00 -0.01

time (sec) N/A 0.191 0.277  0.037 0.000 0.000 0.000 0.000 0.000

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A B B F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 63 63 141 127 0 343 0 0 -1
N.S. 1 1.00 2.24 2.02 0.00 5.44 0.00 0.00 -0.02

time (sec) N/A 0.070 0.108 0.480 0.000 0.358  0.000 0.000 0.000

Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A B F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 114 114 220 456 0 461 0 0 -1
N.S. 1 1.00 1.93 4.00 0.00 4.04 0.00 0.00 -0.01
time (sec) N/A 0.151 0.311 0.463 0.000 0.386 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 501 501 1429 0 0 0 0 0 -1
N.S. 1 1.00 2.85 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.606 10.200 0.128 0.000  0.000 0.000 0.000 0.000

Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A C F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 351 351 864 0 0 0 0 0 -1
N.S. 1 1.00 246  0.00 0.00 0.00 0.00 0.00 -0.00

time (sec) N/A 0.345 8.003 0.121 0.000  0.000 0.000 0.000 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 194 194 401 0 0 0 0 0 -1
N.S. 1 1.00 2.07 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.184 0.922 0.024 0.000  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 85 85 160 0 0 0 0 0 -1
N.S. 1 1.00 1.88 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.057 0.174 0.029 0.000  0.000 0.000 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 475 475 1008 0 0 0 0 0 -1
N.S. 1 1.00 2.12 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.743 2.041 0.134 0.000  0.000 0.000 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 448 448 1874 0 0 0 0 0 -1
N.S. 1 1.00 4.18 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.770 12.415 0.148 0.000  0.000 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 1024 1024 8350 0 0 0 0 0 -1
N.S. 1 1.00 8.15 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.622 13.483 0.136 0.000  0.000 0.000 0.000 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 114 114 47 43 58 55 0 0 -1
N.S. 1 1.00 0.41 0.38 0.51 0.48 0.00 0.00 -0.01
time (sec) N/A 0.019 0.025 0.153 0.265 0.365 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 89 89 42 38 46 50 0 0 -1
N.S. 1 1.00  0.47 0.43 0.52 0.56 0.00 0.00 -0.01
time (sec) N/A 0.016 0.020 0.154 0.266  0.366 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 64 64 35 31 34 43 0 0 -1
N.S. 1 1.00 0.55 0.48 0.53 0.67 0.00 0.00 -0.02
time (sec) N/A 0.011 0.018 0.161 0.256  0.352 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 24 24 18 36 0 0 18
N.S. 1 1.00 0.77 0.77 0.58 1.16 0.00 0.00 0.58
time (sec) N/A 0.004 2488 0.155 0.253  0.405 0.000 0.000 2.571
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 45 0 0 0 0 0 -1
N.S. 1 1.00 0.98 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.058 0.027 0.023 0.000  0.000 0.000 0.000 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 63 63 42 46 65 44 0 0 33
N.S. 1 1.00 0.67 0.73 1.03 0.70 0.00 0.00 0.52
time (sec) N/A 0.015 0.017 0.162 0.262 0.356  0.000 0.000 2.221
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 90 90 47 57 92 53 0 0 -1
N.S. 1 1.00 0.52 0.63 1.02 0.59 0.00 0.00 -0.01
time (sec) N/A 0.017 0.025 0.175 0.256  0.377 0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 115 115 52 67 116 58 0 0 -1
N.S. 1 1.00 0.45 0.58 1.01 0.50 0.00 0.00 -0.01
time (sec) N/A 0.021 0.034 0.161 0.262 0.384 0.000 0.000 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 18 29 16 22 14 0 14
N.S. 1 1.00 1.12 1.81 1.00 1.38 0.88 0.00 0.88
time (sec) N/A 0.004 0.002 0.154 0.255 0.363 0.043 0.000 0.074
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 61 61 64 0 0 0 0 0 -1
N.S. 1 1.00 1.05 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.073 0.063 0.076 0.000  0.000 0.000 0.000 0.000




28

Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 54 54 49 0 0 0 0 0 -1
N.S. 1 1.00 0.91 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.066 0.030 0.046 0.000  0.000 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 236 0 0 0 0 0 -1
N.S. 1 1.00 3.06 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.058 0.449 0.077 0.000  0.000 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F A F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 52 52 54 0 0 0 51 0 -1
N.S. 1 1.00 1.04 0.00 0.00 0.00 0.98 0.00 -0.02
time (sec) N/A 0.027 0.035 0.023 0.000  0.000 3.437 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 54 54 49 53 50 53 63 78 41
N.S. 1 1.00 091 0.98 0.93 0.98 1.17 1.44 0.76
time (sec) N/A 0.019 0.034 0.064 0.262 0.395 1.720 0.409 2.177
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 75 75 76 109 107 79 73 69 61
N.S. 1 1.00 1.01 1.45 1.43 1.05 0.97 0.92 0.81
time (sec) N/A 0.029 0.039 0.041 0.251 0.367 3.102 0.429 2.407
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 38 43 25 41 41 44 33
N.S. 1 1.00 1.23 1.39 0.81 1.32 1.32 1.42 1.06
time (sec) N/A 0.014 0.026 0.040 0.261 0.351 1.542  0.408 2.166
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 47 85 78 64 29 52 39
N.S. 1 1.00 1.00 1.81 1.66 1.36 0.62 1.11 0.83
time (sec) N/A 0.018 0.021 0.037 0.253  0.343 2.040 0.408 2.214
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 24 31 35 113 64 86 48 66 36
N.S. 1 1.29 1.46 4.71 2.67 3.58 2.00 2.75 1.50
time (sec) N/A 0.010 0.012 0.056 0.260 0370 0.718 0.402 2.253
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 42 107 54 64 41 0 34
N.S. 1 1.00 1.11 2.82 1.42 1.68 1.08 0.00 0.89
time (sec) N/A 0.021 0.019 0.037 0.260 0.354 2.963 0.000 2.456
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 40 40 43 145 86 102 36 82 42
N.S. 1 1.00 1.08 3.62 2.15 2.55 0.90 2.05 1.05
time (sec) N/A 0.018 0.018 0.043 0.263  0.331 2.008 0.419 2.556
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F(-2) B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 37 42 25 47 0 69 42
N.S. 1 1.00 1.19 1.35 0.81 1.52 0.00 2.23 1.35
time (sec) N/A 0.014 0.025 0.039 0.261 0.331 0.000 0.415 2.155
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 65 65 53 173 129 113 83 103 61
N.S. 1 1.00 0.82 2.66 1.98 1.74 1.28 1.58 0.94
time (sec) N/A 0.027 0.040 0.039 0.256  0.348 2.899 0.421 2.543
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 51 51 46 52 41 58 65 124 61
N.S. 1 1.00 0.90 1.02 0.80 1.14 1.27 2.43 1.20
time (sec) N/A 0.024 0.029 0.050 0.264 0375 1.588 0.423 2.201
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F(-2) F A F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 59 59 55 0 0 0 66 0 -1
N.S. 1 1.00 0.93 0.00 0.00 0.00 1.12 0.00 -0.02
time (sec) N/A 0.029 0.042 0.037 0.000  0.000 3.721 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-2) C F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 202 202 112 152 0 0 48 0 -1
N.S. 1 1.00 0.55 0.75 0.00 0.00 0.24 0.00 -0.00
time (sec) N/A 0.084 0.180 0.080 0.000  0.000 1.437 0.000 0.000
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 52 52 53 94 81 70 36 57 42
N.S. 1 1.00 1.02 1.81 1.56 1.35 0.69 1.10 0.81
time (sec) N/A 0.023 0.039 0.088 0.253  0.335 2.230 0.407 2.610
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F A C F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 86 86 113 104 0 95 41 0 -1
N.S. 1 1.00 1.31 1.21 0.00 0.64 0.48 0.00 -0.01
time (sec) N/A 0.033 0.164 0.042 0.000  0.106 1.257 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 40 40 42 116 71 88 58 61 43
N.S. 1 1.00 1.05 2.90 1.78 2.20 1.45 1.52 1.08
time (sec) N/A 0.025 0.024 0.089 0.266 0378 3.995 0.413 2971
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F C F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 165 165 96 144 0 0 42 0 24
N.S. 1 1.00 0.58 0.87 0.00 0.00 0.25 0.00 0.15
time (sec) N/A 0.055 0.104 0.065 0.000  0.000 0.454 0.000 2.326
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 22 86 54 74 54 66 36
N.S. 1 1.00 0.48 1.87 1.17 1.61 1.17 1.43 0.78
time (sec) N/A 0.023 0.037 0.089 0.257 0350 6.304 0.423 2.380
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F A C F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 91 91 96 111 0 56 42 0 27
N.S. 1 1.00 1.05 1.22 0.00 0.62 0.46 0.00 0.30
time (sec) N/A 0.032 0.108 0.046 0.000  0.100 1.331 0.000 2.369
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 42 42 24 114 92 101 39 76 42
N.S. 1 1.00 0.57 2.71 2.19 2.40 0.93 1.81 1.00
time (sec) N/A 0.027 0.036  0.091 0.255 0.332 2435 0.408 2.829
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F(-2) C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 181 181 114 171 0 0 44 0 -1
N.S. 1 1.00 0.63 0.94 0.00 0.00 0.24 0.00 -0.01
time (sec) N/A 0.067 0.136 0.048 0.000  0.000 1.484 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F(-2) B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 39 42 25 49 0 71 44
N.S. 1 1.00 1.26 1.35 0.81 1.58 0.00 2.29 1.42
time (sec) N/A 0.016 0.033 0.089 0.265 0.348 0.000 0.415 2.163
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F(-2) F A F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 64 64 57 0 0 0 71 0 -1
N.S. 1 1.00 0.89 0.00 0.00 0.00 1.11 0.00 -0.02
time (sec) N/A 0.226 0.050 0.028 0.000  0.000 4.175 0.000 0.000
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 85 85 84 130 117 87 82 80 73
N.S. 1 1.00 0.99 1.53 1.38 1.02 0.96 0.94 0.86
time (sec) N/A 0.168 0.044 0.095 0.255 0.348 3.329 0424 2171
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 44 59 32 49 51 66 40
N.S. 1 1.00 1.16 1.55 0.84 1.29 1.34 1.74 1.05
time (sec) N/A 0.147 0.032 0.123 0.259  0.333 1.728 0.427 2.142
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 52 52 57 98 89 72 36 62 51
N.S. 1 1.00 1.10 1.88 1.71 1.38 0.69 1.19 0.98
time (sec) N/A 0.152 0.025 0.040 0.252 0.338 2.032 0.421 2.128
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 43 43 44 129 75 99 63 82 52
N.S. 1 1.00 1.02 3.00 1.74 2.30 1.47 1.91 1.21
time (sec) N/A 0.103 0.034 0.045 0.256  0.356 2.296 0.396 2.198
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A F(-2) B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 52 112 59 73 49 0 47
N.S. 1 1.00 1.11 2.38 1.26 1.55 1.04 0.00 1.00
time (sec) N/A 0.047 0.029 0.040 0.251 0.332 2.171 0.000 2.260
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 39 164 93 112 34 118 44
N.S. 1 1.00 1.03 4.32 2.45 2.95 0.89 3.11 1.16
time (sec) N/A 0.138 0.040 0.043 0.256 0.352 2438 0.420 2.250
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B F(-2) B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 34 54 46 63 28 57 0 75 51
N.S. 1 1.59 1.35 1.85 0.82 1.68 0.00 2.21 1.50
time (sec) N/A 0.128 0.030 0.043 0.251 0.367 0.000 0.432 2.208
Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 73 73 73 189 139 121 92 112 68
N.S. 1 1.00  1.00 2.59 1.90 1.66 1.26 1.53 0.93
time (sec) N/A 0.153 0.035 0.044 0.271 0.413 3.151 0.409 2.306
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 58 58 54 73 52 67 76 134 67
N.S. 1 1.00 0.93 1.26 0.90 1.16 1.31 2.31 1.16
time (sec) N/A 0.153 0.036 0.052 0.257 0.345 1.796 0.439 2.263
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 96 96 74 222 180 131 114 140 89
N.S. 1 1.00 0.77 2.31 1.88 1.36 1.19 1.46 0.93
time (sec) N/A 0.163 0.051 0.058 0.258 0.368 6.167 0.429 2.371
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Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 85 85 88 0 0 0 0 0 -1
N.S. 1 1.00 1.04 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.071 0.177 0.160 0.000  0.000 0.000 0.000 0.000
Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 92 92 85 172 162 90 0 89 79
N.S. 1 1.00 0.92 1.87 1.76 0.98 0.00 0.97 0.86
time (sec) N/A 0.072 0.141 0.837 0.462 0.348 0.000 0.396 2.434
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 72 72 64 125 49 58 0 85 61
N.S. 1 1.00 0.89 1.74 0.68 0.81 0.00 1.18 0.85
time (sec) N/A 0.064 0.084 0.834 0.276  0.409 0.000 0.402 2.347
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 59 59 54 138 107 68 0 61 51
N.S. 1 1.00 0.92 2.34 1.81 1.15 0.00 1.03 0.86
time (sec) N/A 0.059 0.091 0.799 0.468  0.347 0.000 0.398 2.339
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 36 36 35 89 31 38 0 44 31
N.S. 1 1.00 0.97 2.47 0.86 1.06 0.00 1.22 0.86
time (sec) N/A 0.047 0.047 0.763 0.268  0.331 0.000 0.412 2.336
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 27 27 38 85 61 38 0 34 21
N.S. 1 1.00 1.41 3.15 2.26 1.41 0.00 1.26 0.78
time (sec) N/A 0.042 0.034 0.718 0.464 0.345 0.000 0.411 2.359
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 33 33 37 170 0 80 0 70 38
N.S. 1 1.00 1.12 5.15 0.00 2.42 0.00 2.12 1.15
time (sec) N/A 0.031 0.022 0.769 0.000 0.339 0.000 0.421 2.356
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A F(-2) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 30 30 30 157 34 41 0 43 29
N.S. 1 1.00 1.00 5.23 1.13 1.37 0.00 1.43 0.97
time (sec) N/A 0.048 0.068 0.740 0.471 0.344 0.000 0.423 2.146
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 60 60 58 216 0 130 0 114 61
N.S. 1 1.00 0.97 3.60 0.00 2.17 0.00 1.90 1.02
time (sec) N/A 0.066 0.080 0.727 0.000 0.344 0.000 0.402 2.418
Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 61 61 54 197 56 70 75 82 57
N.S. 1 1.00 0.89 3.23 0.92 1.15 1.23 1.34 0.93
time (sec) N/A 0.065 0.104 0.710 0.469 0356 3.000 0.416 2.218
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Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 61 61 52 0 0 0 0 0 -1
N.S. 1 1.00 0.85 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.069 0.042 0.173 0.000  0.000 0.000 0.000 0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F(-1) F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 90 52 57 266 0 0 42
N.S. 1 1.00 1.96 1.13 1.24 5.78 0.00 0.00 0.91
time (sec) N/A 0.044 0.099 0.068 0.254  0.396 0.000 0.000 2.714
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A B F(-2) F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 90 0 60 334 0 0 40
N.S. 1 1.00 1.96 0.00 1.30 7.26 0.00 0.00 0.87
time (sec) N/A 0.049 0.120 0.053 0.261 0.403 0.000 0.000 2.214
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [59] had the largest ratio of [23]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep; uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 8 7 1.00 10 0.700
2 A 7 6 1.00 10 0.600
3 A 6 6 1.00 8 0.750
4 A 14 8 1.00 10 0.800
5! A 6 6 1.00 10 0.600
6 A 8 8 1.00 10 0.800
7 A 20 9 1.00 20 0.450
3 A 17 9 1.00 20 0.450
9 A 11 8 1.00 18 0.444
10 A 8 6 1.00 12 0.500
11 A 17 9 1.00 20 0.450
12 A 12 8 1.00 20 0.400
13 A 23 11 1.00 20 0.550
14 A 4 3 1.00 10 0.300
15 A 4 3 1.00 10 0.300
16 A 4 3 1.00 8 0.375
17, A 3 3 1.00 6 0.500
18 A 7 6 1.00 10 0.600
19 A ) ) 1.00 10 0.500
20 A 6 5 1.00 10 0.500
21] A 7 ) 1.00 10 0.500
22 A 3 3 1.00 4 0.750
23] A 7 6 1.00 10 0.600
24 A 7 6 1.00 10 0.600
25) A 7 7 1.00 10 0.700
Continued on next page
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number of

number of

normalized

# | gade| s | i | ancerimive | CEO | R,
260 A 4 4 1.00 10 0.400
271 A 4 4 1.00 10 0.400
28 | A 7 7 1.00 10 0.700
29| A 3 3 1.00 10 0.300
30 A 6 6 1.00 8 0.750
31| A 5 5 1.29 6 0.833
32| A 6 6 1.00 10 0.600
33| A 5 5 1.00 10 0.500
34| A 3 3 1.00 10 0.300
35| A 6 6 1.00 10 0.600
36/ A 5 4 1.00 10 0.400
37| A 4 4 1.00 12 0.333
38| A 8 8 1.00 12 0.667
39| A 6 6 1.00 12 0.500
40/ | A 5 9 1.00 12 0.417
41| A 6 6 1.00 10 0.600
42| A 7 7 1.00 8 0.875
43 | A 6 6 1.00 12 0.500
441 A 9 9 1.00 12 0.417
45 | A 6 6 1.00 12 0.500
46/ | A 7 7 1.00 12 0.583
471 A 3 3 1.00 12 0.250
48 | A 3 4 1.00 12 0.333
49 | A 8 7 1.00 12 0.583
50| A 4 3 1.00 12 0.250
51| A 7 6 1.00 12 0.500
52| A 6 5 1.00 10 0.500
53| A 7 6 1.00 8 0.750
o4 | A 6 5 1.00 12 0.417
55| A 4 3 1.59 12 0.250
56/ | A 7 6 1.00 12 0.500
57 A 6 4 1.00 12 0.333
58 | A 8 6 1.00 12 0.500
59| A 4 3 1.00 23 0.130
60| A 9 7 1.00 21 0.333

Continued on next page
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number of

number of

normalized

# | gade| s | i | ancerimive | CEO | R,
61| A 6 b 1.00 21 0.238
62| A 7 7 1.00 21 0.333
63| A 3 3 1.00 21 0.143
64| A 5 5 1.00 19 0.263
65/ A 7 7 1.00 18 0.389
66| A 4 4 1.00 21 0.190
67 A 7 6 1.00 21 0.286
68| A 7 5 1.00 21 0.238
69 A 8 8 1.00 19 0.421
70| A 6 6 1.00 12 0.500
71| A 6 6 1.00 14 0.429
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3.1 [ x3csch™'(a + bz) dx
Optimal. Leaf size=147

1 1 o
2~ 17a?) (a+bz) |1+ ———  22(a+bz), /1 bz)*, /1
( @)la+bz)y 1+ (@+bz)? (a-+bz)y 1+ (a + bz)? alatbayy 1+ (a+bzx)*  giesch™

- 126% * 1267 - 354 .

[Out] -1/4*a”~4*arccsch(b*x+a) /b~4+1/4*xx"4*xarccsch(b*x+a)+1/2*a*(-2*%a”~2+1)*arctanh
((1+1/ (b*x+a) "2)~(1/2)) /b~4-1/12% (-17*a~2+2) * (b*xx+a) * (1+1/ (b*x+a) ~2) ~(1/2) /
b~4+1/12%x7 2% (bxx+a) * (1+1/ (b*x+a) ~2) ~(1/2) /b~2-1/3*a* (bxx+a) “2* (1+1/ (b*x+a)
~2)°(1/2)/v"4

Rubi [A]
time = 0.11, antiderivative size = 147, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.700,

steps used = 8, number of rules used = 7, integrand size = 10,
Rules used = {6457, 5577, 3867, 4133, 3855, 3852, 8}

1 1 1 1
—17a? 1 —2a?)atanh™! 41 2 2
atesch- (a1 ba) (2 —17a?) (a + bx) e +1 a?) a tan < Ay + ) a(a +bx)? (@t +1  2*(a+bz), @t bo2 +1 1, )
+ - 35 + + id csch™ (a + bz)

4b* - 126 2b* 1262

Antiderivative was successfully verified.
[In] Int[x"3*ArcCschl[a + b*x],x]

[Out] -1/12%x((2 - 17*a"2)*(a + b*x)*Sqrt[1 + (a + b*x)"(-2)]1)/b"4 + (x72x(a + b*x
)*Sqrt[1 + (a + b*x)~(-2)])/(12xb~2) - (ax(a + bxx)~2xSqrt[1 + (a + b*x)~(-
2)1)/(3%b~4) - (a~4*ArcCsch[a + b*x])/(4*b~4) + (x"4xArcCschla + bx*x])/4 +

(ax(1 - 2*a~2)*ArcTanh[Sqrt[1 + (a + b*x)~(-2)]1]1)/(2*b"4)

Rule 8
Int[a_, x_Symbol] :> Simp([a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855
Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rule 3867
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + bxCsc[c + d*x])"(n - 2)/(d*x(n - 1))), x] + Dist[1/(n - 1)
, Int[(a + bxCsc[c + d*x])~(n - 3)*Simp[a~3*(n - 1) + (bx(b"2x(n - 2) + 3*a
“2%(n - 1)))*Csclc + d*x] + (a*xb™2*(3*n - 4))*Cscl[c + d*x]~2, x], x], x] /;
FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] &% IntegerQ[2*n]

Rule 4133

Int[((A_.) + cscl(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e_.) + (£_.)x(x_)]"2*(C_.
Nx(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[(-b)*C*Cscl[e +
fxx]*(Cot[e + f*xx]/(2%f)), x] + Dist[1/2, Int[Simp[2*A*a + (2*B*a + b*(2*A
+ C))*Cscle + fxx] + 2x(axC + B*b)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a,
b, e, £, A, B, C}, x]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)*(
x )1x(_.) + (@ )" (m_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*xx)"m)*((a + b*Cschlc + d*x])~(n + 1)/(b*d*(n + 1))), x] + Dist[fx(m/(b
*dx(n + 1))), Intl[(e + f*x)"(m - 1)*(a + b*Cschl[c + d*x])~"(n + 1), x], x] /
; FreeQ[{a, b, c, d, e, f, n}, x] & IGtQ[m, 0] && NeQ[n, -1]

Rule 6457

Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*xe - cxf + fxCsch[x])™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] &% IntegerQ[m]

Rubi steps
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Subst ([ z coth(z)csch(z)(—a + csch(z))® dz, z, csch™ (a + bz))

/m3csch_1(a +bz)dx = —

bi
_ 1:v4csch_1(a b Subst ([ (—a + csch(z))* dz, z, csch ™' (a + bz))
4 4p*
z?(a+bx)[1+ ;2
(a+ bx) 1, . Subst( [(—a + csch(z)) (—3a
= 1252 + e csch™ (a +bx) —

1
2 br) |14+ ——— bx)?, |
(a+bz) +(a+bx)2 ala+ow a+bx)? 1
+ Zx4csch_1(a + bz) -

1
( )%y 1+ (@t b2)?
1262 B 3b¢
1 1
22(a+bx) |14+ ——— ala +b2)? |1+ ———
_ ( ) (a+ bz)? B ( ) \ (a+ bzx)? _ a'csch™ (a + b) N
N 12562 3bt 4b*
1 1
22(a+bx) |1+ ——— ala +bx)? |1+ ———
_ ( ) (a + bx)? B ( ) \ (a + bz)? _ a'csch™ (a + bx) N
N 1252 3bt 4b*
1 1
_ 2 R 2 e
) (2 —17a*) (a + bx) 1+(a+bx)2 +x(a+bz)1/1+(a+bx)2 a(a + bx)
N 1204 1252

Mathematica [A]
time = 0.19, size = 149, normalized size = 1.01

1+ a? + 2abz + b2x?

1+ a? + 2abx + b2z?
(a+ bx)?

(—2a + 13a® — 2bz + 9a’bz — 3ab’z? + b°z®) + 3b'z’csch™ (a + bx) — 3’ sinh ™" (;4-) + 6a(1 — 2a?) log <(a + bx) (1 + (et boy

12b*

Antiderivative was successfully verified.

[In] Integrate[x~3*ArcCschl[a + b*x],x]

[Out] (Sqrt[(1 + a”2 + 2*axbxx + b™2*x"2)/(a + b*x)~2]*(-2*%a + 13*%a~3 - 2*b*x + 9
*a"2%b*x — 3*%axb~2*%x"2 + b"3%x"3) + 3*b~4xx"4xArcCsch[a + bxx] - 3%a~4*ArcS
inh[(a + b*x)~(-1)] + 6*a*x(1 - 2*a"2)*Log[(a + b*x)*(1 + Sqrt[(1 + a”2 + 2%
axbxx + b~2+x72)/(a + bxx)~2])]1)/(12%xb™4)

Maple [A]

time = 0.23, size = 227, normalized size = 1.54

\ method \ result
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arccsch(2z+a)a4 —a,rccsch(bx+a)a3 (bw—i—a)—i— Sarccsch(bz-kza)a2 (ba:+a)2 —a,rccsch(bz+a)a(bx+a)3+ arccsch(bac:ia)(bac-ka)4 _

derivativedivides

4
3 , arccsch(bz+a)(bz+a

4 2 2
w —arccsch(bz+a)ad(bz+a)+ 8 arCCSCh(bz'Ba)a (bz+a) —arccsch(bz+a)a(bz+a

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arccsch(b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/b"4%(1/4*arccsch(b*x+a)*a”4-arccsch(b*x+a)*a~3*(b*x+a)+3/2*arccsch(b*x+a)
*a”~ 2% (b*x+a) “2-arccsch (b*x+a) *a* (b*x+a) “3+1/4*arccsch(b*x+a) * (bxx+a) ~4-1/12

* ((b*xx+a) "2+1) " (1/2) *(3*a~4*arctanh (1/((b*x+a) ~2+1)~(1/2))+12*a"3*arcsinh(b
xx+a)-18*a~2* ((bxx+a) ~2+1) ~(1/2) +6*ax (b*x+a) * ((b*x+a) "2+1) " (1/2) - (bxx+a) ~2*
((b*x+a)~2+1)~(1/2)-6*a*arcsinh (b*x+a)+2* ((b*x+a) ~2+1) ~(1/2) )/ (((b*x+a) ~2+1

)/ (bxx+a)~2)~(1/2) / (b*x+a))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsch(b*x+a),x, algorithm="maxima")

[Out] -1/2%(-I*a"3 + I*a)*(log(I*(b~2#x + ax*b)/b + 1) - log(-I*(b~2*x + a*b)/b +
1))/b"4 + 1/8%(2+b~4*x"4*log(sqrt(b™2*x"2 + 2*a*xb*x + a”2 + 1) + 1) + b™2*x

72 - 6*xaxbxx - (a™4 - 6%a”2 + 1)*log(b"2*x"2 + 2kaxb*x + a”2 + 1) - 2x(b74*

x"4 - a~4)xlog(b*x + a))/b"4 + integrate(1/4*(b~2*x"5 + axb*x"4)/(b~2*x"2 +
2%axb*xx + a”2 + (b™2%x"2 + 2%axb*x + a~2 + 1)°(3/2) + 1), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 325 vs.
2(127) = 254.
time = 0.38, size = 325, normalized size = 2.21

v a
o T T T T
r + )—u’lug(—bu(b +a)\ T \Qbe‘> Hl oy )+3n‘log( bo \$ a—1>+e(2a<—a)1og( bo o\ ‘f;b‘ i ) (B - 30 + 130" + (90 - Db — 20| o ?;b‘ L

Verification of antiderivative is not currently implemented for this CAS.



48

[In] integrate(x~3*arccsch(b*x+a),x, algorithm="fricas")

[Out] 1/12%(3xb~4*x"4*xlog(((b*x + a)*sqrt((b™2*x"2 + 2*a*b*x + a2 + 1)/(b"2*x"2
+ 2xaxb*x + a”2)) + 1)/(bxx + a)) - 3*a"4*log(-b*x + (b*x + a)*sqrt((b~2*x~

2 + 2xaxb*x + a”2 + 1)/(b72%x"2 + 2*%axb*x + a”2)) - a + 1) + 3*a~4xlog(-b*x

+ (b*x + a)*sqrt((b"2*x"2 + 2*a*bxx + a2 + 1)/(b72*%x"2 + 2%a*b*x + a~2))

- a - 1) + 6%x(2%xa”3 - a)*log(-b*x + (b*x + a)*sqrt((b"2*x~2 + 2*axbxx + a~2

+ 1)/(07"2%x"2 + 2%a*b*x + a”2)) - a) + (b73%x73 - 3*axb”2*x"2 + 13*%a”3 + (
9%a~2 - 2)xb*xx - 2*a)*sqrt((b~2*x"2 + 2%a*b*x + a”2 + 1)/(b"2%x"2 + 2*xaxb*x
+a”2)))/b"4

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ z3 acsch (a + bz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*acsch(b*x+a),x)
[Out] Integral(x**3*acsch(a + b*x), x)
Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsch(b*x+a),x, algorithm="giac")
[Out] integrate(x~3*arccsch(b*x + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/x3asinh( 1 )dx
a+bx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*asinh(1/(a + b*x)),x)
[Out] int(x~3%asinh(1/(a + b*x)), x)
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3.2 [ x%csch™'(a + bz) dx
Optimal. Leaf size=110

1 1
S - S 1-6
5a(a+bx),[1+ (0t bo)? z(a+bzx) |1+ ( (

(a+bx)*>  gdcsch Y(a+bz) 1 45 .,
- e + o + 303 —l—gz csch™ (a+bx)———

[Out] 1/3*a~3*arccsch(b*x+a) /b~ 3+1/3*x"3*arccsch(b*x+a)-1/6%(-6*%a”~2+1)*arctanh((1
+1/ (b*xx+a)~2) ~(1/2))/b~3-5/6%*a*x (b*xx+a) * (1+1/ (b*x+a) ~2) ~(1/2) /b~ 3+1/6*xx* (b*x
+a) *(1+1/(b*x+a)~2)~(1/2)/b"2

Rubi [A]
time = 0.07, antiderivative size = 110, normalized size of antiderivative = 1.00, number of

number of r1_11es — 0.600,
integrand size

steps used = 7, number of rules used = 6, integrand size = 10,
Rules used = {6457, 5577, 3867, 3855, 3852, 8}

1—6a®)tanh™' | [ ——— +1 A / +1 4 /
acsch™(a + bx) ( @) tan ( (a+ bﬂ«" * > Sa(a +ba) a+ b:c z(a +bo) a+ bz - )
- 6b3 6b2 + :c csch™ (a + bx)

3b3 6b3

Antiderivative was successfully verified.
[In] Int[x"2%ArcCschl[a + b*x],x]

[Out] (-5*ax(a + bxx)*Sqrt[1l + (a + b*x)~(-2)])/(6%¥b~3) + (xx(a + b*x)*Sqrt[1 + (
a + bxx)~(-2)]1)/(6%b~2) + (a"3*ArcCschl[a + b*x])/(3*%b"3) + (x"3*ArcCschl[a +
bxx])/3 - ((1 - 6xa~2)*ArcTanh[Sqrt[1 + (a + b*x)~(-2)]1]1)/(6xb"3)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)~(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3867

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + b*Csclc + d*x])"(n - 2)/(d*(n - 1))), x] + Dist[1/(n - 1)
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, Int[(a + bxCsc[c + d*x])~(n - 3)*Simp[a~3*(n - 1) + (bx(b"2x(n - 2) + 3*a
~2%(n - 1)))*Csclc + d*x] + (a*xb™2%(3*n - 4))*Cscl[c + d*x]~2, x], %1, x] /;
FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] && IntegerQ[2*n]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Csch[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)x*(
x_ )1x(b_.) + (a_))"(a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*xx)"m)*((a + b*xCschlc + d*x])"(n + 1)/(bxd*(n + 1))), x] + Dist[f*x(m/(b
*dx(n + 1))), Int[(e + f*x)"(m - 1)*(a + b*Cschlc + d*x])"(n + 1), x], x] /
; FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 6457

Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*xf + f*Csch[x])™m, x], x, ArcCsch[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

Subst ([ z coth(z)csch(z)(—a + csch(z))? dz, z, csch™ (a + bz))
b3

/mQCsch_l(a +bx)dr = —

Subst ([ (—a + csch(z))? dz, z, csch ™' (a + bz))

= %x3csch_1(a + bx) —

3b3
1
z(a+bzx) 1+
( ) (@+bx)* 1, | Subst ([ (—2a® — (1 — 6a?) cs¢
= e +32 csch™ (a + bzx) —
1
x(a+bx),/1+
_ ( ) (a+ bx)? +a3csch"1(a+bx)+1 Sesch1(a+ b )+M
- = 253 @ csch™ (a+ bz
1
z(a+bz), 1+ (1—6a?)
B (a+bx)? N adcsch™ (a + be) 4 1x3csch‘1 (a+bz) —
B 6 33 3
1
S5a(a+bx) |1+ z(a+bzx), 1+
L (a + bx)? N (a + bx)? N a3csch™(a + bx)
B 66 6 3b%

Mathematica [A]




o1

time = 0.12, size = 129, normalized size = 1.17

1+ a? + 2abz + b2z? 1+ a? + 2abz + b2x?
B2 2,2 3.3 05ch 1 3 ginh! (L 1 2)1, 1
(—5a% — 4abx + b%z?) (@t bo) + 2b%z%csch ™ (a + bz) + 20 sinh ™ (34 ) + (—1 4 64?) log ((a+bz) ( + TEAE >>
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Antiderivative was successfully verified.

[In] Integrate[x~2xArcCschl[a + b#*x],x]

[Out] ((-5%a™2 - 4xaxb*x + b™2xx"2)*Sqrt[(1 + a2 + 2*a*b*x + b™2%x72)/(a + b*x)~
2] + 2%b~3xx"3*ArcCsch[a + b*x] + 2*a"3*ArcSinh[(a + b*x)~(-1)] + (-1 + 6%a
~2)*Logl(a + b*x)*(1 + Sqrt[(1 + a”2 + 2*axbxx + b™2*x"2)/(a + b*x)~2])]1)/(
6*xb~3)

Maple [A]

time = 0.22, size = 169, normalized size = 1.54

method result
(bx +a)® +1
— w +arcesch(bz+a)a? (bz+a)—arcesch(bz+a)a(br+a)?+ arCCSCh(bw;a) (bota)® _
derivativedivides
(bx +a)® +1
— 7ﬂrcc‘q’°h(§m+a)“3 +arcesch(bz+a)a? (br+a)—arcesch(bz+a)a(bz+a) 2+ arccsc}‘(bz;a) (ata)® _
default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arccsch(b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/b~3%(-1/3*arccsch(b*x+a)*a”3+arccsch(b*x+a)*a~2*(b*x+a)-arccsch(b*x+a)*xax*
(b*x+a) "2+1/3*arccsch(b*x+a) * (bxx+a) “3-1/6* ((b*xx+a) "2+1) " (1/2) * (-2*a~3*arct
anh(1/((b*x+a)~2+1)~(1/2))-6*a"~2*arcsinh (b*xx+a)+6*a* ((b*x+a) ~2+1) ~(1/2) - (b*

x+a) * ((bxx+a) "2+1) ~(1/2) +arcsinh(b*x+a)) / (((b*x+a) ~2+1) / (b*x+a) ~2) ~(1/2) /(b
*x+a))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsch(b*x+a),x, algorithm="maxima")
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[Out] -1/6%(3*xI*a"2 - I)*(log(I*(b~2*x + a*b)/b + 1) - log(-I*(b~"2*x + axb)/b + 1
))/b~3 + 1/6%(2%b"3*x"3*log(sqrt(b~2*x"2 + 2*axb*x + a”2 + 1) + 1) + 2x%b*x

+ (273 - 3xa)*log(b™2*x"2 + 2*a*b*x + a”2 + 1) - 2%x(b~3*x"3 + a~3)*log(b*x

+ a))/b"3 + integrate(1/3*(b"2+x"4 + a*b*x~3)/(b"2*x"2 + 2*a*bxx + a”2 + (b
T2%x72 + 2*xaxb*x + a”2 + 1)7(3/2) + 1), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 306 vs.
2(94) = 188.
time = 0.39, size = 306, normalized size = 2.78

vy [P 2abe 4 @ 1
R R [PP2? + 2abz + a2 + 1 [0 + 2abz + a? + 1 [PP2? + 2abz + a2 + 1 , [PPa? + 2abs + a2 + 1
20 log | VP taab s | os10g (bt (b / —a+1) —2a%l0g | = / —a—1] = (6a* - 1)log [ —bz + (b jrrrraer el ?2? — dabz — 50%)/

e fzta +2atleg 7+(7+a)\«‘ b2a? + 2abz + a? ot s bT+(bT+a)\“ b22? + 2abz + a® “ (6a )log ‘L+(7+a)\¢‘ b2a? + 2abx + a? o)+ @ awr ‘m)\y“ b2z? + 2abx + a*
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsch(b*x+a),x, algorithm="fricas")

[Out] 1/6%(2*%b~3*x"3*log(((b*x + a)*sqrt((b~2*x~2 + 2*axb*x + a”2 + 1)/(b"2*x"2 +
2%axbxx + a”~2)) + 1)/(b*x + a)) + 2xa~3xlog(-b*x + (b*x + a)*sqrt((b~2*x"2

+ 2%axb*x + a”2 + 1)/(b"2*%x"2 + 2%a*bxx + a”2)) - a + 1) - 2xa"3*xlog(-b*x
+ (b*x + a)*sqrt((b™2%x~2 + 2xaxb*x + a~2 + 1)/(b™2*x™2 + 2xa*b*x + a~2)) -

a - 1) - (6¥a”2 - 1)*log(-b*x + (b*x + a)*sqrt((b~2*x~2 + 2%axbxx + a~2 +
1)/(b72*%x"2 + 2%a*xbxx + a~2)) - a) + (b™2*x"2 - 4*axbxx — 5*a~2)*sqrt((b~2%
X"2 + 2%axbxx + a”2 + 1)/(b”2*%x"2 + 2%a*b*x + a~2)))/b"3

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ z* acsch (a + bz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*acsch(b*x+a),x)
[Out] Integral (x**2*acsch(a + b*x), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsch(b*x+a),x, algorithm="giac")
[Out] integrate(x~2*arccsch(b*x + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ansinh( 1 )da:
a+bzx




Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*asinh(1/(a + b*x)),x)
[Out] int(x~2*asinh(1/(a + b*x)), x)
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3.3 [ zcsch™(a + bx) dx

Optimal. Leaf size=75

1 1
(@+bz)y 14— atanh_1< 1+ ———
@+ br)2 9 1.1 (a + bx)?
( ) _@esch (a+bz) +1xzcsch_1(a+bx)—

2b? 2b? 2 b?

[Out] -1/2*xa~2*arccsch(b*x+a) /b~2+1/2*xx"2*arccsch(b*x+a)-a*arctanh((1+1/ (b*x+a) "2
)= (1/2))/p72+1 /2% (b*x+a) *(1+1/ (b*x+a) ~2)~(1/2) /b"2

Rubi [A]
time = 0.04, antiderivative size = 75, normalized size of antiderivative = 1.00, number of

number of rules _ (75
integrand size ’

steps used = 6, number of rules used = 6, integrand size = 8,
Rules used = {6457, 5577, 3858, 3855, 3852, 8}

1 1
a+br)y ————+1 atanh™! — 41
a’csch™(a + bx) N ( ) (a + bzx)? ( (a + bx)? )

202 202 b?

1
+ §x2csch_1(a + bx)

Antiderivative was successfully verified.
[In] Int[x*ArcCsch[a + b*x],x]

[Out] ((a + b*xx)*Sqrt[1 + (a + b*x)~(-2)]1)/(2%b~2) - (a~2*ArcCsch[a + b*x])/(2*b~
2) + (x"2*%ArcCsch[a + b*x])/2 - (a*ArcTanh[Sqrt[1 + (a + b*x)~(-2)]1]1)/b~2

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQl[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3858

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))"2, x_Symbol] :> Simp[a~2xx, x] +
(Dist[2*a*b, Int[Csc[c + d*x], x], x] + Dist[b~2, Int[Cscl[c + d*x]~2, x],
x]) /; FreeQ[{a, b, c, d}, x]
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Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Csch[(c_.) + (d_.)*(x_)]*(Cschl[(c_.) + (d_.)*(
x )1x(b_.) + (@ ))"(a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*xx)"m)*((a + b*Cschlc + d*x])"(n + 1)/(bxd*(n + 1))), x] + Dist[f*x(m/(b
*dx(n + 1))), Int[(e + f*x)"(m - 1)*(a + b*Csch[c + d*x])"(n + 1), x], x] /
; FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 6457

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£f_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*f + f*Csch[x])™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

_ Subst( = coth(z)csch(z)(—a + csch(z)) dz, =, csch™'(a + bz))

/ zcsch™ (a + bx) dz =

b2
_ %x%sch_l(a b — Subst( [ (—a + csch(x)z);dw, z,csch™ (a + b))
_ d’csch™(a + bx) Subst ( [ csch®(z) dz, z, csch™ (a + bz
552 + 29: 2csch™!(a + br) — 52
atanh™! 1+ 1 iSulk
__a’csch” Y(a + bx) + Pesch(a + br) (a + bx)? N
N 202 2" oo 2
1
a+bxr), 1+ —= atanh™
( ) (a+bz)*  g2csch™(a + bx) (

_ Lo 21
= 252 552 +57 csch™ (a + bx)

Mathematica [A]
time = 0.06, size = 110, normalized size = 1.47

2 2 2 2 2‘
(a+ bz )\/1+a :iablzc);-b +b2z2csch Y(a + bz) — a®sinh~ (a+bz)—2alog<(a+bz) <1+\/1+a(:itzl;x);-bm ))

2b%

Antiderivative was successfully verified.

[In] Integrate[x*ArcCschl[a + b*x],x]
[Out] ((a + b*x)*Sqrt[(1 + a~2 + 2*a*bxx + b"2*x"2)/(a + b*x)"2] + b~2*x"2*ArcCsc

h[a + b*x] - a”2xArcSinh[(a + b*x)~(-1)] - 2*axLogl[(a + b*x)*(1 + Sqrt[(1 +
a”2 + 2*xa*xb*x + b~2*x72)/(a + b*x)"2])])/(2%b~2)
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Maple [A]
time = 0.22, size = 97, normalized size = 1.29

method result

.~

(b.’l: + a/)2 + 1 (2aarcsinh(bm+a)— (bCL' + a)2 _+_ ]. )

arccsch(bz+a) (bz+a)2 _
2

—arccsch(bz+a)a(bz+a)+

(bz+a)’+1
2(bz+a) W

derivativedivides 2

(b.’L‘ + a,)2 + 1 (2aarcsinh(hx+a)— (b.’L’ + a)2 + 1 )

arccsch(bz+a) (bz+a)2 _
2

—arccsch(bz+a)a(bz+a)+ ‘
(bz+a)?+1

2(bz+a) (bz+a)2

default 7

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arccsch(b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/b~2*(-arccsch(b*x+a)*a* (b*xx+a)+1/2*arccsch(b*x+a)* (bxx+a) ~2-1/2%((b*x+a)”~
2+1)~(1/2) ¥ (2*a*xarcsinh (b*x+a) - ((b*x+a) ~2+1) ~(1/2)) / (b*xx+a) / (((b*x+a) ~2+1)/
(b*xx+a)~2)~(1/2))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsch(b*x+a),x, algorithm="maxima")

[Out] 1/2*%Ixax(log(I*(b~2*x + a*b)/b + 1) - log(-Ix(b"2*x + a*b)/b + 1))/b~2 + 1/
4% (2%b~2xx"2*%1log(sqrt (b™2*x"2 + 2%a*b*x + a”2 + 1) + 1) - (2”2 - 1)*log(b~2

*x"2 + 2xaxb*x + a”2 + 1) - 2%(b"2*x"2 - a"2)*log(b*x + a))/b~2 + integrate
(1/2%(b~2%x"3 + axb*xx"2)/(b"2%x"2 + 2*axb*xx + a”2 + (b72%x"2 + 2*axb*x + a~

2+ 1)7(3/2) + 1), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 285 vs.
2(65) = 130.
time = 0.38, size = 285, normalized size = 3.80

ot [bPa% +2abs +a 41 " e Jro sy el P roder a1
N Py oabr tat [Pa? + 2abz +a® +1 [Pa? + 2abs +a? +1 [Pa? + 2abz +a? +1 [0Pa? 4 2abx + a? +1
Pa?log b2z’ Jjabﬁa —a2log (—bz+ (bz+a)v P oade @ a+ 1) +a?log <—hr+(bx+u)\,e Gy 1) +2alog (—bz+ (br+a)v P roae e ° +(b.r+u)\ﬁy T

202

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsch(b*x+a),x, algorithm="fricas")
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[Out] 1/2%(b~2*x"2x1log(((b*x + a)*sqrt((b"2*x~2 + 2*axbxx + a”2 + 1)/(b"2*x"2 + 2
xaxb*x + a”2)) + 1)/(bxx + a)) - a"2xlog(-b*x + (b*x + a)*sqrt((b"2*x"2 + 2
xaxb*x + a”2 + 1)/(b72%xx"2 + 2*axbxx + a”2)) - a + 1) + a"2xlog(-bxx + (b*x

+ a)*sqrt ((b™2*x"2 + 2%axb*x + a”2 + 1)/(b72%x"2 + 2%axb*x + a”2)) - a - 1

) + 2xaxlog(-b*x + (b*x + a)*sqrt((b”™2*x"2 + 2*a*b*x + a2 + 1)/(b™2%x"2 +
2%axbxx + a”2)) - a) + (bxx + a)*sqrt((b~2*xx"2 + 2*%axb*x + a~2 + 1)/(b"2*x~

2 + 2%axbxx + a”~2)))/b"2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ z acsch (a + bz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*acsch(b*x+a),x)
[Out] Integral(x*acsch(a + bxx), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsch(b*x+a),x, algorithm="giac")
[Out] integrate(x*arccsch(b*x + a), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/xasinh( 1 )dac
a+bz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*asinh(1/(a + b*x)),x)
[Out] int(x*asinh(1/(a + b*x)), x)
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3.4 [ csch ™ (a+b2) g

X

Optimal. Leaf size=162

a/ecsch_1 (a+bx) a/ecsch_1 (a+bx)

csch™Y(a+bz)log [1 — ——— | +esch ™ Y(a+bz)log |1 — —————— | —csch™ ' (a+bx) log (1 — ¢
( )g< 1_m> ( ”( 1+m) () g

[Out] -arccsch(b*x+a)*1n(1-(1/(b*x+a)+(1+1/(b*x+a)~2)~(1/2)) 2)+arccsch(b*x+a)*1n
(1-ax(1/(b*xx+a)+(1+1/ (b*x+a)~2)~(1/2))/(1-(a"2+1)~(1/2))) +arccsch(b*x+a) *1n

(1-a*(1/ (bxx+a)+(1+1/ (bxx+a) ~2)~(1/2)) / (1+(a~2+1)~(1/2)))-1/2xpolylog(2, (1/
(bxx+a)+(1+1/ (b*x+a)~2)~(1/2))~2)+polylog(2,a*(1/ (bxx+a)+(1+1/(b*x+a)~2)~ (1
/2))/(1-(a~2+1)~(1/2)))+polylog(2,a*(1/ (b*x+a)+(1+1/(b*x+a) ~2)~(1/2))/(1+(a
~2+1)°(1/2)))

Rubi [A]
time = 0.19, antiderivative size = 162, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.800,

steps used = 14, number of rules used = 8, integrand size = 10
Rules used = {6457, 5715, 5688, 3797, 2221, 2317, 2438, 5680}

L aecsclx"(u+br) L aecscxr‘(uﬂm) . 1( b )1 1 aecscxr‘(u+bw) b 1( 5 )1 1 aecscxr‘(u+bw) lL ( 20sch1(atba) . 1( b )1 (1 sesch(atba)
i + Li: + csch™ (a + bx) log - +csch™ (a + bx) log - — -Lis( e )—csc’ a+bz)log(1l—e¢ )
1= ver+1 \Var+1 +1 I-vVa+1 Vit +1) 27

Antiderivative was successfully verified.
[In] Int[ArcCschl[a + b*x]/x,x]

[Out] ArcCsch[a + b*x]*Log[1l - (a*E"ArcCsch[a + b*x])/(1 - Sqrt[1 + a"2])] + ArcC
sch[a + b*x]*Log[l - (a*E~ArcCsch[a + b*x])/(1 + Sqrt[1 + a”2])] - ArcCschl[

a + bxx]*Log[l - E~(2*ArcCsch[a + b*x])] + PolyLog[2, (a*E~ArcCsch[a + b*x]

)/(1 - Sqrt[1 + a~2])] + PolyLog[2, (a*E~ArcCsch[a + b*x])/(1 + Sqrt[1 + a~

2])] - PolyLog[2, E~(2*ArcCschl[a + b*x])]1/2

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, 4, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438
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Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3797

Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_1)*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2%I, Int[((c + d*x)"m*x(E~(2*x((-I)*e + f*xfzxx))/(1 + ET(2%((-I)*e + fxfz*x)
)/E~(2%I%k*Pi))))/E~(2xIxk*Pi), x], x] /; FreeQl[{c, d, e, £, fz}, x] && Int
egerQ[4+k] && IGtQ[m, O]

Rule 5680

Int[(Cosh[(c_.) + (d_.)*(x_)I*((e_.) + (f£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
h{(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[-(e + f*x)~"(m + 1)/(bxfx(m + 1)),
x] + (Intl(e + f*x)"m*(E~(c + d*x)/(a - Rt[a"2 + b~2, 2] + b*E~(c + d*x)))
, x] + Int[(e + f*x) " m*x(E~(c + d*x)/(a + Rt[a"2 + "2, 2] + b*E~(c + d*x)))
, x]1) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Rule 5688

Int[(Coth[(c_.) + (d_)*(x_)]1"(n_.)*x((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_
)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Cothl[c
+ d*x]"n, x], x] - Dist[b/a, Int[(e + f*x) m*Cosh[c + d*x]*(Coth[c + d*xx]~
(n - 1)/(a + bxSinh[c + d*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] & I
GtQ[m, 0] && IGtQ[n, O]

Rule 5715

Int[((Ce_.) + (£_.)*(x_)) " (m_.)*(F_)[(c_.) + (d_)*(x_)1"(n_.)*(G_)[(c_.) +

(d_.)*(x_)]1"(p_.))/(Cschl(c_.) + (d_.)*(x_)]*(b_.) + (a_)), x_Symbol] :> I
nt[(e + f*x) m*Sinh[c + d*x]*F[c + d*x] n*(G[c + d*x] p/(b + axSinh[c + d*x
1)), x1 /; FreeQ[{a, b, c, d, e, f}, x] && HyperbolicQ[F] && HyperbolicQ[G]
&& IntegersQ[m, n, p]

Rule 6457

Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) “p*Csch[x]*Co
th[x]*(d*e - cxf + f*Csch[x])"m, x], x, ArcCsch[c + d*x]], x] /; FreeQ[{a,

b, c, d, e, f}, x] && IGtQ[p, 0] &% IntegerQ[m]

Rubi steps



60

-1
/ csch” (a + br) dxr = —Subst (/ z coth(z)esch(z) dz,z,csch™(a + bx))

x —a + csch(z)
_ x coth(zx) 4
= —Subst (/ Tlnh(x) d$, Z, CSCh ((I + bx))
z cosh(z) .
— (aSubSt (/ Tinh(x) dx,z,csch™ (a + bx))) — Subst (/ z coth(z) dzx, x, cs
2z T
= 2Subst /& dz,z,csch™*(a + br) | — aSubst / °7 dr,z,c
1—e* V1+a?2 —ae

aecsch_:L (a+bz)

ecsch Ya+bx)
=csch ™ H(a+bzx)log |1 — ————— | +csch™?! (a + bx)log
(o+b2) g( 1-¢1Tﬁ> 1+\/1TL2>

aecsch_:L (a+bx)

csch L(a+bx)
=csch H(a+bx)log |1 — ————— | +csch™?! (a+bx)l
( : g( 1—\/1+a2> ( 1+\/1+a2>

aecsch_ L(a+bx)

csch L(a+bx)
=csch™!(a +bx)log | 1 — + csch™*(a + bx) 1
( ) ( > 1 + V1+a? )

1—+vV1+a?

Mathematica [C] Result contains complex when optimal does not.
time = 0.28, size = 427, normalized size = 2.64

Antiderivative was successfully verified.

[In] Integrate[ArcCsch[a + b*x]/x,x]

[Out] (Pi~2 - (4*I)*Pi*ArcCsch[a + b*x] - 8*ArcCschl[a + b*x]~2 - 32xArcSin[Sqrt[(
-I + a)/al/Sqrt[2]]1*ArcTan[((1 - I*a)*Cot[(Pi + (2*I)*ArcCsch[a + bxx])/4])
/Sqrt[1 + a~2]] - 8%ArcCsch[a + b*x]*Log[l - E~(-2*ArcCschl[a + bxx])] + (4%
I)*Pi*Log[1 - ((-1 + Sqrt[1 + a~2])*E~ArcCsch[a + bx*x])/a] + 8*ArcCsch[a +
b*x]*Log[1l - ((-1 + Sqrt[1 + a~2])*E~ArcCsch[a + b*x])/al + (16*I)*ArcSin[S
qrt[(-I + a)/al/Sqrt[2]]1*Logl[l - ((-1 + Sqrt[1 + a~2])*E~ArcCschla + bxx])/
a] + (4xI)xPixLog[l + ((1 + Sqrt[1 + a"2])*E~ArcCsch[a + b*x])/a] + 8xArcCs
ch[a + b*x]*Log[1l + ((1 + Sqrt[1 + a~2])*E"ArcCschl[a + bx*x])/al - (16%I)*Ar
cSin[Sqrt[(-I + a)/al/Sqrt[2]]1*Log[1 + ((1 + Sqrt[1 + a"2])*E~ArcCschl[a + b
*xx])/a]l - (4xI)*PixLog[(b*x)/(a + b*x)] + 4*PolyLog[2, E~(-2*%ArcCsch[a + b*
x])] + 8+PolyLog[2, ((-1 + Sqrt[1 + a~2])*E~ArcCsch[a + b*x])/a] + 8+*PolyLo
gl2, -(((1 + Sqrt[1 + a~2])*E~ArcCsch[a + b*x])/a)])/8

Maple [F]



time = 0.04, size = 0, normalized size = 0.00

/ arccsch(bx + a) i

T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(b*x+a)/x,x)

[Out] int(arccsch(b*x+a)/x,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/x,x, algorithm="maxima")
[Out] integrate(arccsch(b*x + a)/x, x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/x,x, algorithm="fricas")

[Out] integral(arccsch(b*x + a)/x, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ acsch (;L + bx) i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(b*x+a)/x,x)

[Out] Integral(acsch(a + b*x)/x, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arccsch(b*x+a)/x,x, algorithm="giac")
[Out] integrate(arccsch(b*x + a)/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ asinh(ﬁ) i

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asinh(1/(a + b*x))/x,x)
[Out] int(asinh(1/(a + b*x))/x, X)
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35 [ csch” (atbo) 5

x2

Optimal. Leaf size=63

_ a+tanh < 1csch™ ! (a+bm)>
2btanh ™’ : ‘
B besch™ (a + bx) 3 csch™(a + bx) btan ( V1 + a? )

_|_
a T aV1l+a?

[Out] -b*arccsch(b*x+a)/a-arccsch(b*x+a)/x+2*b*arctanh((a+tanh(1/2*%arccsch(b*x+a)

))/(@"2+1)~(1/2))/a/(a"2+1)~(1/2)

Rubi [A]
time = 0.07, antiderivative size = 63, normalized size of antiderivative = 1.00, number of

number of rules _ 0.600,
integrand size

steps used = 6, number of rules used = 6, integrand size = 10,
Rules used = {6457, 5577, 3868, 2739, 632, 212}

_1 tanh(%CSCh_l(a—i-bx))—i-a
2btanh ( vVaz+1 B besch™ (a + bx) B csch™(a + bx)
ava?®+1 a x

Antiderivative was successfully verified.
[In] Int[ArcCsch[a + b*x]/x"2,x]

[Out] -((bxArcCsch[a + b*x])/a) - ArcCschl[a + b*x]/x + (2%b*ArcTanh[(a + Tanh[Arc
Cschla + bxx]/2])/Sqrt[1 + a~2]])/(a*Sqrt[1 + a~2])

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x1}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax*
e~2xx~2), x], x, Tan[(c + d*x)/2]1/e]l, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b"2, 0]
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Rule 3868

Int[(cscl(c_.) + (a_.)*(x_)]1*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a/b)*Sinl[c + d*x]), x], x] /; FreeQ[{a, b, c, d}, x
] & NeQ[a"2 - b~2, 0]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)*(
x )1x(b_.) + (@ )" (a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + bxCsch[c + d*x])"(n + 1)/(bxd*x(n + 1))), x] + Dist[f*x(m/(b
*dx(n + 1))), Int[(e + fxx)"(m - 1)*(a + b*Cschlc + d*x])~(n + 1), x], x] /
; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 6457

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*xf + f*Csch[x])™m, x], x, ArcCschl[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

-1
I )

Lt 1
_ (a+bz) + bSubst / ——————dx,z,csch™ (a + bx)
T —a + csch(z)

-1
_bcsch"l(a +bz) csch™(a + bz) . bSubst (f #nh(x) dz,x,csch™'(a + bx))

a T a
__besch™'(a+bx) csch!(a + bx) N (2b)Subst( [ 11— dz,z, tanh (csch™'(a
B a T a
- _bcsch_l(a +bz) esch™Y(a + ba) ~ (4b)Subst (f m dz,z,—2a — 2tanh (
B a T
_ a-+tanh lCSC].’171(11+I7:1:))
2 tanh ! [ “remliesch

_ _bcsch‘l(a +bz) csch™'(a + bx) N btan ( V1+ a?

a z avl1+a?

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 141 vs. 2(63) =
126.
time = 0.11, size = 141, normalized size = 2.24

2 2 2 2 2 12
( ) b<v1+a2 sinh’l(ﬁ)+log(x)—log<1+a2+ab:c+a\/1+a2 14+ 2aba + a? +V1+a?bz M))
a+ bx

csch™! (a + bz)? (a + bz)?

T av1+ a?
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Antiderivative was successfully verified.

[In] Integrate[ArcCsch[a + bxx]/x"2,x]

[Out] -(ArcCschla + b*x]/x) - (b*(Sqrt[1 + a~2]*ArcSinh[(a + b*x)~(-1)] + Logl[x]
- Log[l + a™2 + a*b*x + a*Sqrt[1l + a"2]*Sqrt[(1 + a™2 + 2xaxbxx + b~2xx~2)/

(a + b*x)"2] + Sqrt[1 + a~2]*b*x*Sqrt[(1 + a~2 + 2*a*b*x + b~2*x~2)/(a + b*
x)72]1))/(axSqrt[1 + a~2])

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 126 vs.

2(57) = 114.
time = 0.48, size = 127, normalized size = 2.02

method result
/ a?+1
(bx + a)2 + 1 | arctanh 1 ‘ a? +1-m 27
\/ bz +a)’ +1
derivativedivides | b —amsc?ibw“) — ( ) ——
\/% (bz+a)aV a? +1
T a?+1
(bl’ + 0,)2 + 1 | arctanh 1 ‘ a2 + 1 -In 27
bz +a)® +1
__arccsch(bz+a) \/(
default b e o -
W (bz+a)ava® + 1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(b*x+a)/x"2,x,method=_ RETURNVERBOSE)

[Out] b*x(-1/b/x*arccsch(b*x+a)-((b*x+a) "2+1)~(1/2)*(arctanh(1/((b*x+a) ~2+1)~(1/2)
)*(a”2+1)~(1/2)-1n(2*%((a~2+1) " (1/2) * ((b*x+a) "2+1) " (1/2) +a* (b*x+a)+1) /b/x) ) /
(((b*x+a) ~2+1) / (bxx+a) ~2) " (1/2) / (bxx+a) /a/(a"2+1)~(1/2))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/x"2,x, algorithm="maxima")

[Out] -1/2*I%b*(log(I*(b~2*x + a*b)/b + 1) - log(-I*(b~2*x + axb)/b + 1))/(a"2 +
1) - bxlog(x)/(a"3 + a) - 1/2*(a"2*%b*xx1log(b~2*x~2 + 2*axbxx + a”2 + 1) - 2
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x(a"3 + (a”2xb + b)*x + a)*log(b*x + a) + 2%(a”3 + a)*log(sqrt(b~2*xx~2 + 2%
axbxx + a”2 + 1) + 1))/((a"3 + a)*x) - integrate((b~™2*x + axb)/(b"2*x~3 + 2
*axb*x"2 + (272 + 1)*x + (b72%x"3 + 2xaxbxx"2 + (a2 + 1)*x)*sqrt(b”2*x"2 +
2xaxbxx + a”2 + 1)), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 343 vs.
2(57) = 114.

time = 0.36, size = 343, normalized size = 5.44

(a® + 1)brlog (—bz+(b [ +2data il 1) —(a+ 1)bzlog (7bzA(bx+a) v“l"" RETIRTE T . 1) — V@ F Tbrlog

2+ )\ Tt ra 27 + 2abz + a*

@tae

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/x"2,x, algorithm="fricas")

[Out] -((a”2 + 1)*b*x*log(-b*x + (b*x + a)*sqrt((b~2*x"2 + 2*axbxx + a”2 + 1)/(b”
2%x72 + 2%axbxx + a”2)) - a + 1) - (272 + 1)*b*x*log(-b*x + (b*x + a)*sqrt(
(b™2*x~2 + 2kaxbkx + a”2 + 1)/(b™2*%x"2 + 2*a*b*x + a”2)) - a - 1) - sqrt(a”

2 + 1)*bxxxlog(-(a"2xb*x + a~3 + (axbxx + a”2 + (axbxx + a~2)*sqrt((b~2*x"2

+ 2xaxb*x + a”2 + 1)/(b72%x"2 + 2*%axb*x + a”2)) + 1)xsqrt(a”2 + 1) + (273

+ (272 + 1)*bxx + a)*sqrt((b™2*x72 + 2*xaxb*x + a”2 + 1)/(b"2*xx"2 + 2*axbx*x

+ a”2)) + a)/x) + (2”3 + a)*log(((b*x + a)*sqrt((b~2*x"2 + 2%axb*x + a~2 +
1)/(b72%x72 + 2%axb*x + a”2)) + 1)/(b*x + a)))/((a"3 + a)*x)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ acsch (a + bx) i

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(b*x+a)/x**2,x)
[Out] Integral(acsch(a + b*x)/x**2, x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/x"2,x, algorithm="giac")
[Out] integrate(arccsch(b*x + a)/x"2, x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.02
1

/ asinh ( atbz ) dz

2




Verification of antiderivative is not currently implemented for this CAS.

[In] int(asinh(1/(a + b*x))/x"2,x%)
[Out] int(asinh(1/(a + b*x))/x"2, x)
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3.6 [ csch™ (atbo) 5

x3
Optimal. Leaf size=114

1 Lesch™ (a+b
b(a+bz) 1+ ——— 2y 724, 11 ((ottanh(3esch™ (a+ba))
(a+ bzx)? +b2csch_1(a +bx) csch™(a+bz) (1+24%) b tanh ( V14 a2
2a(1+a?)zx 2a2 212 a2 (1 + a?)*?

[Out] 1/2xb~2*arccsch(b*x+a)/a~2-1/2*%arccsch(b*x+a)/x~2-(2*a~2+1) *b~2*arctanh((a+
tanh(1/2*arccsch(b*x+a)))/(a~2+1)~(1/2))/a~2/(a~2+1) ~(3/2)+1/2*xb*x (b*x+a) * (1
+1/(b*x+a)~2)~(1/2)/a/(a"2+1) /x

Rubi [A]
time = 0.15, antiderivative size = 114, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.800,

steps used = 8, number of rules used = 8, integrand size = 10,
Rules used = {6457, 5577, 3870, 4004, 3916, 2739, 632, 212}

9 9 _1 tanh(%CSChil(a+bz))+a b(a + bl’) +1
bPcsch™'(a +bx) (207 + 1) " tanh ( VaZ+1 (a+bx)? _ csch™'(a + bx)

2a2 a? (a2 +1)*? 2a(a®2+ 1)z 212

Antiderivative was successfully verified.
[In] Int[ArcCsch[a + b*x]/x"3,x]

[Out] (bx(a + b*x)*Sqrt[1 + (a + b*x)~(-2)])/(2*a*(1 + a~2)*x) + (b~2*ArcCschl[a +
bxx])/(2*¥a~2) - ArcCschla + b*x]/(2%x72) - ((1 + 2*xa~2)*b~2*ArcTanh[(a + T
anh[ArcCschl[a + b*x]/2])/Sqrt[1 + a~2]]1)/(a"2*x(1 + a~2)~(3/2))

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 Il LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], X, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*exx + ax
e~ 2*x72), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
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a~2 - b2, 0]

Rule 3870

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2xCot[
c + d*x]*((a + b*Csclc + d*x])"(n + 1)/(a*d*(n + 1)*(a"2 - b~2))), x] + Dis
t[1/(ax(n + 1)*(a"2 - b™2)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a™2 - b
“2)*x(n + 1) - axbx(n + 1)*Cscl[c + d*x] + b™2x(n + 2)*Cscl[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2*n]

Rule 3916

Int[cscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(b*c - a*d)/a, Int[Cscle + f*x
1/(a + b*Cscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*xc -
axd, 0]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)x*(
x )1*x(_.) + (a))"(a_)*((e_.) + (f_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ fxx)"m)*((a + bxCsch[c + d*x])"(n + 1)/(bxd*(n + 1))), x] + Dist[fx(m/(b
*d*(n + 1))), Int[(e + fxx)~(m - 1)*(a + b*Cschl[c + d*x])~(n + 1), x], x] /
; FreeQ[{a, b, c, d, e, f, n}, x] & IGtQ[m, 0] && NeQ[n, -1]

Rule 6457

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£f_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*f + f*Csch[x])™m, x], x, ArcCsch[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps
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/ esch(atbe) (bQSubst ( / ffiti(fifﬁizgfg

70

dz,z,csch™(a + bx)) >

csch ' (a+bx) 1, 1 1
= - h
572 + 2b Subst / ot osch(@))? dz,z,csch™ (a + bx)
1
bla+bx),/1+ —-— —1-a®—acsch(z
B ( ) (a + bx)? csch™!(a + bz) N b*Subst (f _(H_Th(m)()dw,x,csck
B 2a(1+a?)z 212 2a(1+a?)
1
ba+bzx) |14+ ——
_ ( ) (a+bzx)*>  p2csch(a + bz) 3 csch™'(a + bz) B (1 +2a%) %) Sy
B 2a(14+a?)z 2a? 212
1
bla+bzx) |14+ ———
_ ( ) (a+bzx)*>  p2csch(a + bz) B csch™(a + bz) B (1 +207) %) Sy
B 2a(14+a?)z 2a? 212
1
bla+br)y |1+ ——
B (a+bz)*  b2csch!(a+ bz) B csch™(a + bx) B ((1+ 2a?) b*) St
B 2a(1+a?)z 2a2 272
1
bla+bx) |14+ —
B ) (a+bzx)*>  p2csch™(a + bz) _csch™!(a + bx) N (2(1 +2a%) b%) §
B 20(1+a?)x 2a? 212
1
bla+bx) |14+ — 2 12
B ) (a+ bx)? N b%csch™'(a + bx) B csch™(a + bx) B (1 +20%) b" tan
B 2a(1+a?)z 2a2 272 (

Mathematica [A]
time = 0.31, size = 220, normalized size = 1.93

1+ a? 4 2abz + b?z?
b b —_—
1 (a+ba) (a+bx)?

a(l+a’)z z a? (1+a2)"?

Antiderivative was successfully verified.

[In] Integrate[ArcCsch[a + b*x]/x"3,x]

2 22 2 212
o N (14262 8log [ 1+ a2 + abo + v F o er,Tuzb, w
csch™(a + bz) N b sinh™ () | (1+262) b log(x) (a + bx) (a + bz)
a 2 a? + a a?(1+ a2)3/2

[Out] ((bx(a + b*x)*Sqrt[(1 + a~2 + 2xaxb*x + b™2*x"2)/(a + b*x)~2])/(a*x(1 + a~2)
*x) — ArcCschl[a + b*x]/x"2 + (b"2*ArcSinh[(a + b*x)~(-1)]1)/a"2 + ((1 + 2xa~
2)*b~2*xLog[x])/(a~2*%(1 + a~2)~(3/2)) - ((1 + 2%¥a~2)*b~2*Log[1l + a2 + axb*x
+ axSqrt[1 + a"2]*Sqrt[(1 + a~2 + 2xa*b*x + b~2%x"2)/(a + b*x)~2] + Sqrt[1
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+ a”2]*bxx*Sqrt[(1 + a”2 + 2*%axb*xx + b™2*x"2)/(a + b*x)~2]])/(a"2*(1 + a~2

)~(3/2)))/2
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 455 vs.
2(100) = 200.
time = 0.46, size = 456, normalized size = 4.00
method result
\/ (bx + a)2 + 1 | —arctanh 1 (a2+1)%a3-l—arctanh —F
" (bz +a)? +1 \ﬂ
derivativedivides | b? —aTCCZCbQ(zQE ta)
\/ (bl‘ + 0,)2 + 1 | —arctanh L (a2+1)%a3+arctanh —F
" (bz +a)* +1 \ﬂ
default b2 _ar“;‘;z(mg'“"a) +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(b*x+a)/x"3,x,method=_RETURNVERBOSE)

[Out] b~2x(-1/2/b"2/x"2*arccsch(b*x+a)+1/2*((b*x+a) ~2+1) "~ (1/2) *(-arctanh(1/ ((b*x+
a)"2+1)~(1/2))*(a~2+1)~(3/2)*a~3+arctanh (1/ ((b*x+a) ~2+1) ~(1/2))*(a~2+1) ~(3/
2)*a~ 2% (b*x+a)+2*1n (2% ((a~2+1) ~(1/2) * ((b*x+a) ~2+1) ~(1/2) +a*x (b*xx+a)+1) /b/x) *
a~5-2*%1n(2x((a~2+1)~(1/2) *((b*xx+a) ~"2+1) ~(1/2) +a*x(b*x+a)+1) /b/x) *a~4* (b*x+a)
—arctanh(1/((b*x+a) ~2+1)~(1/2))*(a~2+1) " (3/2) *atarctanh (1/ ((b*x+a) ~2+1)~(1/
2))*x(a~2+1) " (3/2) *(b*x+a)+(a~2+1) " (3/2) * ((b*x+a) ~2+1) ~(1/2) *a+3*1n(2* ((a~2+
1)7(1/2)*((b*x+a) "2+1) ~(1/2) +a*x(b*x+a)+1) /b/x) *a~3-3*1n(2* ((a~2+1) ~(1/2) * ((
bxx+a) ~2+1) " (1/2)+a* (b*x+a)+1) /b/x) *a~2* (b*x+a)+a*1n(2*((a~2+1) "~ (1/2) * ((b*x
+a) "2+1) " (1/2) +ax (bxx+a)+1) /b/x)-1n (2% ((a~2+1) ~(1/2) * ((b*x+a) ~2+1) ~(1/2) +ax*
(bxx+a)+1) /b/x) *(b*xx+a) )/ (((bxx+a) ~2+1) / (b*x+a) ~2) ~(1/2) / (bxx+a) /a~2/ (a~2+1

)~(5/2)/b/x)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/x"3,x, algorithm="maxima")
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[Out] 1/2*%Ixaxb~2%(log(I*(b~2*x + axb)/b + 1) - log(-I*(b~2*x + axb)/b + 1))/(a~4

+ 2xa”2 + 1) + 1/2%x(3*a"2xb"2 + b"2)*log(x)/(a"6 + 2xa~4 + a~2) + 1/4x((a”
4%b~2 - a"2%b"2)*x"2x1log(b~2*x"2 + 2xaxbxx + a”2 + 1) + 2%(a"3%b + axb)*x +
2%(a”6 + 2*xa”4 - (a”4%b"2 + 2%a"2%b"2 + b"2)*x"2 + a"2)*log(b*x + a) - 2%(
a6 + 2xa~4 + a~2)*log(sqrt(b™2#x"2 + 2*xa*bxx + a”2 + 1) + 1))/((a"6 + 2*a”
4 + a~2)*x"2) - integrate(1/2*(b~2*x + axb)/(b"2*x~4 + 2*axbxx~3 + (2”2 + 1
)*¥x72 + (b7™2*x"4 + 2*%axbxx~3 + (272 + 1)*x72)*sqrt(b"2*x"2 + 2*a*xb*x + a~2
+ 1)), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 461 vs.
2(100) = 200.
time = 0.39, size = 461, normalized size = 4.04

Wpaiog (b + ) [EETZREETET g

- VTR ) et i P T T
R o A T A i T ([ FE T T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/x"3,x, algorithm="fricas")

[Out] 1/2%x((2%a~2 + 1)*sqrt(a”™2 + 1)*b~2xx"2*log(-(a~2*b*x + a~3 - (a*b*x +

(axbxx + a”"2)*sqrt((b~2*x"2 + 2xa*b*x + a~2 + 1)/(b72%x"2 + 2*xaxb*x + a”~2)
) + Dx*sqrt(a”™2 + 1) + (273 + (272 + 1)*bxx + a)*sqrt((b~2*xx"2 + 2*axb*x +
a”2 + 1)/(b"2%x72 + 2*%axbxx + a”2)) + a)/x) + (274 + 2¥a”2 + 1)*b"2*x"2xlog
(-b*x + (b*x + a)*sqrt((b"2*x"2 + 2*axbxx + a”2 + 1)/(b"2*x"2 + 2*a*b*x + a
72)) —a+ 1) - (274 + 2%a”2 + 1)*b"2*xx"2*log(-b*x + (b*x + a)*sqrt((b~2*x"
2 + 2xaxb*x + a”2 + 1)/(b72%x"2 + 2*%axb*x + a”2)) - a - 1) + (2”3 + a)*b"2x
x"2 - (276 + 2*a"4 + a~2)*x1log(((b*x + a)*sqrt((b"2*x~2 + 2*axbxx + a~2 + 1)
/(b72%x"2 + 2%a*xbxx + a~2)) + 1)/(b*x + a)) + ((2”"3 + a)*b"2*xx"2 + (2”4 + a
~2) ¥b*x) *sqrt ((b"2*%x~2 + 2ka*xb*x + a”2 + 1)/(b"2%x"2 + 2%a*b*x + a~2)))/((a
"6 + 2%xa"4 + a"2)*x72)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ acsch (a + bx) i

73
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(b*x+a)/x**3,x)
[Out] Integral(acsch(a + b*x)/x**3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

a~2 +



[In] integrate(arccsch(b*x+a)/x"~3,x, algorithm="giac")

[Out] integrate(arccsch(b*x + a)/x"3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

asinh(ﬁ)
[ ),

Verification of antiderivative is not currently implemented for this CAS

[In] int(asinh(1/(a + b*x))/x"3,x)
[Out] int(asinh(1/(a + b*x))/x"3, x)

73
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3.7 [(e+ fz)? (a+besch™'(c + d:z:))2 dx
Optimal. Leaf size=501

a+besch ™ (c+dz)) 3bf(de —cf)*(c+dx
+

bf? d 1+ ——
bzfz(de—cf):c+b2f3(c—|—dm)2_ fletdz)y 1+ (c+dx)? (

d3 12d* 3d4

[Out] b~2*xf 2% (—cxf+d*e)*x/d"3+1/12*b~2*f~3* (d*x+c) ~2/d"4-1/4* (-cxf+d*xe) “4* (at+b*a
rccsch(d*x+c)) ~2/d~4/f+1/4% (fxx+e) ~4* (a+b*arccsch(d*x+c)) ~2/f-2%b*f 2% (—c*f
+d*e) * (atb*arccsch(d*x+c) ) *arctanh(1/ (d*x+c)+(1+1/(d*x+c) ~2) ~(1/2))/d"4+4%Db
* (—ckf+d*e) "3* (at+b*arccsch(d*x+c))*arctanh(1/ (d*x+c)+(1+1/(d*x+c)~2)~(1/2))
/d"4-1/3*%b"2%f " 3*1n(d*x+c) /d~4+3*b"2*f* (—cxf+d*e) "2*x1n(d*x+c) /d~4-b~2%f " 2% (
—-cxf+d*e) *polylog(2,-1/(d*x+c)-(1+1/(d*x+c) ~2)~(1/2)) /d~4+2%b~2x (—~cxf+d*e)~
3*polylog(2,-1/(d*x+c)-(1+1/(d*x+c)~2)~(1/2))/d"4+b~2%f~2x (—c*f+d*e) *polylo
g(2,1/(d*x+c)+(1+1/(d*x+c)~2)~(1/2))/d"4-2%b~2* (-cxf+d*e) “3*polylog(2,1/(d*
x+c)+(1+1/(d*x+c)"2)~(1/2))/d~4-1/3*%b*f " 3* (d*x+c) * (a+tb*arccsch (d*x+c) ) * (1+1
/ (d*x+c)~2) " (1/2) /d"4+3*b*f* (—cxf+d*e) ~2x (d*x+c) * (a+b*arccsch(d*x+c) ) * (1+1/
(d*x+c)~2)~(1/2) /A" 4+b*xf~2*x (—cxf+d*e) * (d*x+c) ~2* (a+b*arccsch(d*x+c) ) * (1+1/(
d*x+c)~2)~(1/2) /d"4+1/6*b*f~3* (d*x+c) ~3* (a+b*arccsch(d*x+c) ) * (1+1/ (d*x+c) "2
)~ (1/2)/d"4

Rubi [A]

time = 0.61, antiderivative size = 501, normalized size of antiderivative = 1.00, number of

steps used = 20, number of rules used = 9, integrand size = 20, number of rules _ 0.450,
integrand size

Rules used = {6457, 5577, 4275, 4267, 2317, 2438, 4269, 3556, 4270}

Antiderivative was successfully verified.
[In] Int[(e + f*x)~3*%(a + b*ArcCschl[c + d*xx])"2,x]

[Out] (b~2%f72x(d*e - c*f)*x)/d"3 + (b"2*f73*(c + d*x)~2)/(12%d"4) - (b*f~3*(c +
d*xx)*Sqrt[1 + (c + d*x)~(-2)]*(a + bxArcCschlc + d*x]))/(3*d"4) + (3*bxfx(d
xe — c*f)"2*(c + d*x)*Sqrt[1 + (c + d*x)~(-2)]*(a + b*ArcCsch[c + d*x]))/d~
4 + (bxf~2x(dxe - c*xf)*(c + d*x) 2*Sqrt[1 + (c + d*x)~(-2)]*(a + b*ArcCsch[
c + d*x]))/d"4 + (b*f~3*(c + d*x) 3*Sqrt[1l + (c + d*x)~(-2)]*(a + bxArcCsch
[c + d*x]))/(6xd"4) - ((d*e - c*f)~4*x(a + b*ArcCschlc + dxx])~2)/(4xd"4x*f)
+ ((e + f*xx)~4x(a + bkArcCschlc + d*x])~2)/(4*f) - (2*b*xf~2*x(d*e - c*f)*(a
+ bxArcCsch[c + d*x])*ArcTanh[E"ArcCschlc + d*x]])/d~4 + (4*b*(d*e - c*f)~3
*(a + b*ArcCsch[c + d*x])*ArcTanh[E~ArcCschlc + d*x]])/d"4 - (b~2xf~3xLoglc
+ d*x])/(3%d"4) + (3xb~2xf*(d*e - cxf) 2xLoglc + d*x])/d"4 - (b~ 2xf~2*(d*e
- c*f)*PolyLog[2, -E"ArcCschlc + d*x]])/d~4 + (2%b~2%(d*e - cx*f) 3*PolyLog
[2, -E"ArcCsch[c + d*x]])/d"4 + (b~2*f~2x(d*e - c*f)*PolyLog[2, E~ArcCschlc
+ dxx]]1)/d"4 - (2+#b"2*x(d*e - cxf) " 3xPolyLog[2, E"ArcCschlc + d*x]])/d~4
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Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, x]

Rule 4267

Int[cscl[(e_.) + (Complex[0, fz_])*(f_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfzxx)]/(fxfz*I)), x]
+ (-Dist[d*(m/(£fxfz*I)), Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + f*fzx*x)
1, x], x] + Dist[d*(m/(f*fz*I)), Int[(c + d*x)~(m - 1)*Logl[l + ET((-I)*e +
fxfzxx)], x], x]) /; FreeQl{c, d, e, f, £z}, x] && IGtQ[m, O]

Rule 4269

Int[cscl(e_.) + (£_)*x(x_)]1"2x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + fxx]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)x*
Cotl[e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 4270

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
Simp[(-b~2)*(c + d*x)*Cot[e + f*x]*((b*Cscle + f*x])"(n - 2)/(f*(n - 1))),
x] + (Dist[b™2*%((n - 2)/(n - 1)), Int[(c + d*x)*(b*Cscl[e + f*x])~(n - 2),

x], x] - Simp[b~2*xd*((b*Cscle + f*x])~(n - 2)/(f72x(n - V*x(n - 2))), x1) /
; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && NeQ[n, 2]

Rule 4275

Int[(cscl(e_.) + (£_)*(x_)]*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*x(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)”"m, (a + b*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)*(
x )1*x(_.) + (@) " (a_)*((e_.) + (f_.)*(x))"(m_.), x_Symbol]l :> Simp[(-(e
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+ fxx)"m)*((a + bxCschlc + d*x])~(n + 1)/(bxd*(n + 1))), x] + Dist[f*(m/(b
xd*(n + 1))), Int[(e + f*x)~(m - 1)*(a + b*Csch[c + d*x])~(n + 1), x], x] /
; FreeQ[{a, b, c, d, e, f, n}, x] & IGtQ[m, 0] && NeQ[n, -1]

Rule 6457

Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*xf + f*Csch[x])™m, x], x, ArcCsch[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

_ Subst ([ (a+ bz)? coth(z)csch(z)(de — cf + fesch(z))? dx, z, csc

/(e + fz)? (a+ besch ™ (c + dx))” dz =

d4
(e + fz)* (a+besch ™ (c+dz))”*  bSubst([(a+ bz)(de — cf +.
- af - 2
_ (e+ fa)! (a + besch™ (c + dx))2 bSubst (f <d4e4 (1 4 cf(ade?
- T _
(de — cf)* (a + besch ™' (c + dx))2 (e + fx)* (a+ besch ™ (c +
T adtf + I
3bf(de — cf)? d 14+ —
_ Vf(de—cf)x | B f(c+dx)? f(de = cf) (et da)y [1+ (c
B R MR T7T ;
1
bf? d 1
_ Vfide—cf)z | B f3(c+ dx)? fletdo)y 1+ (c+ dz)? (c
B a3 e YT
1
bf3 d 1
_ Vfi(de—cf)x | Bf3(c+ dx)? filetdz)y [1+ (c+ dx)? (c
a d? * 1244 B 34
1
bf3 d 1
Bfde—cf)e B+ da)? fic+dz),[1+ Cr o) (¢
B d T e T a3

Mathematica [C] Result contains complex when optimal does not.
time = 10.20, size = 1429, normalized size = 2.85
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Warning: Unable to verify antiderivative.

[In] Integrate[(e + f*x)~3*(a + bxArcCschl[c + dx*x])~2,x]

[Out] a~2*e”3*x + (3*a~2xe 2xf*x72)/2 + a™2xexf~2*xx"3 + (a~2*f"3*x"4)/4 + (a*xbx(3
*xx* (4%e”3 + 6xe”2xf*x + 4d*xexf 2*x"2 + £ 3*x"3)*ArcCschlc + d*x] + (f*x(c + d
*x)*Sqrt[(1 + c™2 + 2*c*kd*x + d™2*%x72)/(c + d*x)~2]*((-2 + 13*xc™2)*f72 - 2%
cxd*fx(16%e + 2xf*x) + d"2x(18%e”2 + Gkexfxx + f~2%x72)) - 3*cx(-4*d"3*e”3
+ Bxc*d"2xe 2xf - 4xc”2xd*exf"2 + c"3*%f"3)*ArcSinh[(c + d*x)~(-1)] + 6*%(2xd
~3xe”3 - 6xcxd"2%e”"2xf + (-1 + 6xc”2)*dxe*xf"2 + cx(1 - 2xc”2)*f"3)*Logl[(c +
d*x)*(1 + Sqrt[(1 + c™2 + 2%cxd*x + d™2*x"2)/(c + d*x)~2]1)])/d"4))/6 - (b~
2%e”3% (- (ArcCsch[c + d*x]*((c + d*x)*ArcCsch[c + d*x] - 2xLog[1 - E~(-ArcCs
chlc + d*x])] + 2xLog[l + E~(-ArcCsch[c + d*x])])) + 2xPolyLog[2, -E~(-ArcC
schlc + d*x])] - 2*PolyLog[2, E~(-ArcCschlc + d*x])]))/d - (3*b~2*d*e~2xf*x
*(((c + d*x)*Sqrt[1 + (c + d*x)~(-2)]*ArcCschlc + d*x])/d"2 + ((c + d*x) 2%
ArcCschlc + d*x]~2)/(2*d"2) - (c*ArcCsch[c + d*x] "2*Coth[ArcCsch[c + d*x]/2
1)/(2%d"2) - Logl(c + d*x)~(-1)]/d"2 - ((2*I)*c*(I*ArcCschlc + d*x]*(Logl[1l
- E~(-ArcCschlc + d*x])] - Logl[l + E~(-ArcCschlc + d*x])]) + I*(PolyLogl[2,
-E~(-ArcCsch[c + d*x])] - PolyLog[2, E~(-ArcCschlc + d*x])])))/d"2 + (c*Arc
Cschl[c + d*x] 2xTanh[ArcCschl[c + d*x]/2])/(2*d"2)))/((c + d*x)*(-1 + c/(c +
d*x))) - (b™2%exf~2x (2% (-2 + 12*xc*ArcCsch[c + d*x] + ArcCsch[c + d*x]~2 -
6*%c”2*ArcCschlc + d*x]~2)*Coth[ArcCsch[c + d*x]/2] + 2*ArcCschl[c + d*xx]*(-1
+ 3*cxArcCsch[c + d*x])*Csch[ArcCsch[c + d*x]/2]72 - (ArcCsch[c + d*x]~2*C
sch[ArcCschlc + d*x]/2]174)/(2x(c + d*x)) - 48*c*xLog[(c + d*x)~(-1)] + 8%(-1
+ 6xc”2)*(ArcCsch[c + d*x]*(Log[l - E~(-ArcCsch[c + d*x])] - Logl[l + E~(-A
rcCschlc + d*x])]) + PolyLog[2, -E~(-ArcCsch[c + d*x])] - PolyLog[2, E~(-Ar
cCschlc + d*x])]) - 2*ArcCschlc + d*x]*(1 + 3*cxArcCsch[c + d*xx])*Sech[ArcC
schlc + d*x]/2]72 - 8x(c + d*x) 3*ArcCsch[c + d*x] "2*Sinh[ArcCsch[c + d*x]/
2]74 + 2*%(2 + 12xcxArcCsch[c + d*x] - ArcCschlc + d*x]~2 + 6*c”2*xArcCschl[c
+ d*x]~2)*Tanh[ArcCsch[c + d*x]/2]))/(8+%d"3) - (b~2*f~3*x"3*(-16*(2*xArcCsch
[c + d*x] - 18*c™2xArcCsch[c + d*x] + 6%c”3*ArcCschlc + d*x]"2 - 3xcx(-2 +
ArcCschl[c + d*x]~2))*Coth[ArcCschl[c + d*x]/2] + 2%(2 - 24*xc*ArcCsch[c + d*x
] - 3*%ArcCschlc + d*x]~2 + 36%c”2*%ArcCsch[c + d*x]~2)*Csch[ArcCschlc + dx*x]
/2172 + 3*ArcCsch[c + d*x] 2xCsch[ArcCsch[c + d*x]/2]"4 - (2*ArcCsch[c + d*
x]*(-1 + 6*xc*ArcCsch[c + d#*x])*Csch[ArcCschlc + d*x]/2]74)/(c + d*x) - 64%*(
-1 + 9%c”2)*Log[(c + d*x)~(-1)] + 192xc*(-1 + 2xc~2)*(ArcCsch[c + d*x]*(Log
[1 - E"(-ArcCsch[c + d*x])] - Logl[l + E"(-ArcCsch[c + d*x])]) + PolyLogl2,
-E~(-ArcCsch[c + d*x])] - PolyLog[2, E~(-ArcCschlc + d*x])]) - 2%(2 + 24x*cx
ArcCsch[c + d*x] - 3*ArcCsch[c + d*x]~2 + 36*c”2*ArcCsch[c + d*x]~2)*Sech[A
rcCschc + d*x]/2]72 + 3*ArcCsch[c + d#*x] ~2*Sech[ArcCschl[c + d*x]/2]°4 - 32
*(c + d*x) " 3xArcCsch[c + d*x]*(1 + 6xcxArcCsch[c + d*x])*Sinh[ArcCsch[c + d
*x] /2] "4 + 16%x(-2*ArcCsch[c + d*x] + 18*c”2*ArcCsch[c + d*x] + 6*c”3*ArcCsc
hlc + d*x]~2 - 3*c*(-2 + ArcCschlc + d*x]~2))*Tanh[ArcCschl[c + d*x]/2]))/(1
92%d*(c + d*x)~3%(-1 + c/(c + d*x))~3)

Maple [F]
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time = 0.13, size = 0, normalized size = 0.00

/ (fz + e)® (a + barcesch(dz + ¢))* de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) 3% (at+b*arccsch(d*x+c))~2,x)
[Out] int((f*x+e) 3% (at+b*arccsch(d*x+c))~2,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3% (a+b*arccsch(d*x+c))~2,x, algorithm="maxima")

[Out] 1/4*a"2+f"3*x"4 + a~2*xf " 2xx"3*e + 3/2*a"2*%f*x"2*xe”"2 + a~2*xx*e”~3 + (2*x(d*x +
c)*arccsch(d*x + c) + log(sqrt(1/(d*x + c)”2 + 1) + 1) - log(sqrt(1/(d*x +
c)"2 + 1) - 1))*axb*e”3/d + 1/4*%(b"2*xf"3*x"4 + 4*xb~2%xf"2*x"3%e + 6*xb " 2*f*x
“2%xe”2 + 4xb~2*xx*e”3)*log(sqrt(dT2*x"2 + 2%ckd*x + ¢”2 + 1) + 1)72 - integr
ate(-1/2%x (2% (b™2*xd"2*f"3*x"5 + (2*b"2*cxd*xf~3 + 3*b~2xd"2*f "2xe)*x"4 + (6%b
“2xcxd*f"2%e + 3xb"2*%d"2xfxe”2 + (cT2xf"3 + £73)*b"2)*x"3 + (c72 + 1)*b"2*e
3 + (6*%b"2*ckxdxf*xe”2 + b~2xd"2%e”3 + 3x(c"2*%f"2 + f~2)*b"2%e)*x”"2 + (2%b~2
xckd*xe”3 + 3x(c”2+f + f)*b"2%e”2)*x)*log(d*x + c)72 - 4x(a*xb*d~2*f"3%x~5 +
(2xaxb*c*d*f~3 + 3*a*xbxd~2*xf"2%e)*x"4 + 3*(c™2xf + f)*axb*x*xe”2 + (6*axbxcx
d*f~2xe + 3ka*xb*d"2xfxe”2 + (c”2*xf"3 + f£73)*axb)*x"3 + 3*x(2*ka*b*ckxdxfxe”2 +
(c™2xf72 + £72)*axbxe)*x"2)*log(d*x + c) + (4*axbxd~2+f 3*x"5 + 4*(2xa*b*c
*d*xf~3 + 3*axbxd~2xf " 2%e)*x"4 + 12+ (c™2xf + f)*axbxx*e”™2 + 4x(6xaxbkc*d*xf~2
xe + 3*axb*d"2xf*e”2 + (c"2*%f~3 + £73)*ax*b)*x”"3 + 12*x(2*xaxbxckxd*f*e”2 + (c~
2+%f72 + £72)*axbxe)*x"2 - 4x(b"2*d"2*¢f73%x"5 + (2*%b"2xckxd*f~3 + 3xb"2xd"2x*f
“2xe)*x"4 + (6xb”"2kc*kd*f"2xe + 3*¥b"2xd"2*xf*e”2 + (c"2*%f"3 + f~3)*b"2)*x"3 +
(c™2 + 1)*b"2*%e"3 + (6xb~2kc*d*f*xe”2 + b"2+%d"2*xe”3 + 3*(c™2*xf"2 + £72)*b"2
xe)*x"2 + (2xb~2*ckd*e”3 + 3k (c”2*f + f)*b"2xe"2)*x)*Llog(d*x + c) + ((4xa*b
*d"2+%f"3 - b"2xd"2*xf"3)*x"5 + (8*axb*ckd*f~3 - b 2xckxd*f~3 + 4x(3kxaxb*d"2*f
"2 - bT2*%d"2xf72) *ke) *x"4 + 2% (2% (cT2xf"3 + £73)*axb + 3*%(2*axbxd"2*f - b~2x*
d"2*f)*e”2 + 2% (6*axbkckd*f~2 - b~ 2kc*d*f~2)*e) *x"3 - 2x(2*b"2*%d"2*e”"3 - 6%
(c™2*%f"2 + f~2)*a*b*e - 3*x(4*axbkcxd*xf — b ~2xcxd*xf)*e”2)*x"2 — 4* (b 2xc*xd*e
3 - 3*%(c72xf + f)*axb*e”2)*x — 4*(b~2xd"2*f"3*%x"5 + (2*%b"2*cxd*xf~3 + 3*%b~2
*d"2+%f"2%e) *x"4 + (6*b"2xckd*f"2%e + 3*b"2xd"2xf*e"2 + (c"2*%f"3 + £73)*b"2)
*x73 + (c72 + 1)*b"2%e”3 + (6*b~2*ckxd*xf*xe”2 + b~2xd"2*e”3 + 3x(c”2*f"2 + £~
2)*b~2%e) *x”2 + (2*b~2xc*kd*e”3 + 3*(c”2+f + f)*b"2*%e”2)*x)*log(d*x + c))*sq
rt(d72*x72 + 2kcxd*x + c¢”2 + 1))*log(sqrt(d™2*x"2 + 2kcxd*x + ¢c™2 + 1) + 1)
+ 2xsqrt(d™2#x72 + 2xc*d*x + c”2 + 1)*((b"2%d"2*f"3*%x"5 + (2%b~2*c*d*f~3 +
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3*%b"2xd"2*f"2%e) *x"4 + (6%b"2xckxd*f"2%e + 3*xb"2*d"2*fxe"2 + (c”2*%f~3 + £73

)*¥b"2)*x73 + (c”2 + 1)*b"2*%e"3 + (6*xb~2*c*d*f*xe”2 + b~2*%d"2*xe”3 + 3*(c~2*f"
2 + £72)*xb"2xe)*x72 + (2%b~2xckd*e”3 + 3x(c”2+f + f)*b"2%e”2)*x)*log(d*x +
c)"2 - 2%(axb*d"2*f"3*x"5 + (2*axbkc*d*f~3 + 33kaxbxd~2xf " 2xe)*x~4 + 3*(c”2*
f + f)xaxb*x*e”2 + (6*axbkckxd*f~2xe + 3kaxbxd"2xf*e”2 + (c~2*f~3 + f~3)*axb
)*x”3 + 3x(2*axbxckd*f*e”2 + (c”2%f"2 + £72)*axbxe)*x"2)*log(d*x + c)))/(d”
2%x"2 + 2kckxdxx + ¢”2 + (d72%x72 + 2%ckd*x + ¢”2 + 1)7(3/2) + 1), %)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3*(atb*arccsch(d*x+c))~2,x, algorithm="fricas")

[Out] integral(a”2*f~3*x"3 + 3%a~2*%f~2%x"2%e + 3*a~2xf*x*e”2 + (b~2xf"3*%x"3 + 3%*b
“2%f72%x"2%e + 3*b"2xfxxke”2 + b~2*e”3)*arccsch(d*x + c)~2 + a”2*xe”3 + 2*(a
*bxf~3%x"3 + 3*axb*f 2*x"2xe + 33*axbxfxxke”2 + axbxe”3)*arccsch(d*x + c), x

)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ (a + bacsch (¢ + dz))* (e + fz)® dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**3*(a+b*acsch(d*x+c))**2,x)
[Out] Integral((a + bxacsch(c + dxx))#**x2x(e + f*x)**3, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3% (atb*arccsch(d*x+c))~2,x, algorithm="giac")
[Out] integrate((f*x + e) 3*(b*arccsch(d*x + c) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

2
/(e—l—f:p)?’ <a+basinh<c+1dx>> dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e + f*x)~3*(a + b*asinh(1/(c + d*x)))~2,x)
[Out] int((e + f*x)~3*(a + b*asinh(1/(c + d*x)))~2, x)
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3.8 [(e+ fz)? (a+besch ™' (c + d:z:))2 dx

Optimal. Leaf size=351

2bf (de — cf)(c + dx) 1+( a+besch ™ (c+dz)) bf*(c+dz)?, 1+ a+be

1
x ¢+ dx)? ( N (c+ dz)? (

b2 f2
3@z T & 345

[Out] 1/3*b~2*xf~2*x/d~2-1/3*(-cxf+d*e) ~3*(a+b*arccsch(d*x+c))~2/d"~3/f+1/3*(f*x+e)
~3*(a+b*arccsch(d*x+c)) ~2/f-2/3*b*f~2x (a+b*arccsch(d*x+c) ) *arctanh (1/ (d*x+c
)+(1+1/(d*x+c)~2) " (1/2) ) /d"3+4*b* (—cxf+d*e) ~2x (a+b*arccsch(d*x+c) ) *arctanh(
1/ (d*x+c)+(1+1/ (d*x+c)~2) ~(1/2) ) /d"3+2xb~2*f* (—cxf+d*e) *1n (d*x+c) /d~3-1/3*b
~2xf~2*polylog(2,-1/(d*x+c)-(1+1/(d*x+c)~2)~(1/2))/d"3+2*b~2% (-cxf+d*e) ~2*p
olylog(2,-1/(d*x+c)-(1+1/(d*x+c)~2)~(1/2))/d"3+1/3*b~2*f ~2xpolylog(2,1/ (d*x
+c)+(1+1/(d*x+c)~2)~(1/2))/d"3-2%b~2% (-cxf+d*e) “2*polylog(2,1/ (d*x+c)+(1+1/
(d*x+c)~2)7(1/2)) /4" 3+2*bxf* (~cxf+d*e) * (d*xx+c) * (a+b*xarccsch(d*x+c) ) x(1+1/(d
*x+c) "2) " (1/2) /d"3+1/3*b*f~2* (d*x+c) “2* (a+b*arccsch(d*x+c)) * (1+1/ (d*x+c) ~2)
~(1/2)/4"3

Rubi [A]

time = 0.35, antiderivative size = 351, normalized size of antiderivative = 1.00, number of

steps used = 17, number of rules used = 9, integrand size = 20, number of rules _ 0.450,
integrand size

Rules used = {6457, 5577, 4275, 4267, 2317, 2438, 4269, 3556, 4270}

| e b o+ o) o b e ) ot (om0 o bk ) U0 g 1 (00 ) g g ()G b ) o o b e 2P0 () 980 e L) gy PP ) L)
= = o e 7 - 4 7 7 5

Antiderivative was successfully verified.
[In] Int[(e + f*x)~2*(a + b*ArcCschl[c + d*x])~2,x]

[Out] (b~2*f~2*x)/(3*%d~2) + (2*bxf*x(d*e - c*f)*(c + d*x)*Sqrt[l + (c + d*x)~(-2)]
*(a + b*ArcCschlc + d*x]))/d"3 + (b*xf~2x(c + d*x)~2xSqrt[1 + (c + d*x)~(-2)

I1x(a + bxArcCschlc + d*x]))/(3*d"3) - ((d*e - c*f)~3*(a + bxArcCschl[c + d*x
1)°2)/(3%a~3*f) + ((e + f*x)~3*(a + bkArcCschlc + d*x])~2)/(3xf) - (2%bxf~2

*(a + b*ArcCsch[c + d#*x])*ArcTanh[E~ArcCschc + d*x]])/(3*d"3) + (4*b*(d*e

- cxf)~2*x(a + bxArcCsch[c + d*xx])*ArcTanh[E"ArcCschl[c + d*x]])/d"3 + (2%b~2
xfx(d*e - c*f)*Loglc + d*x])/d"3 - (b~2xf~2xPolyLog[2, -E~ArcCsch[c + d*x]]

)/ (3*d"3) + (2¥b~2x(d*e - c*f) 2+PolyLog[2, -E"ArcCsch[c + d*x]])/d"3 + (b~
2%f"2*PolyLog[2, E"ArcCschlc + d*x]])/(3*d"3) - (2xb~2*(d*e - c*f) 2*PolyLo

gl[2, ETArcCschlc + d*x]])/d"3

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]
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Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]11/d, x] /; FreeQ[{c, d}, x]

Rule 4267

Int[csc[(e_.) + (Complex[0, fz ])*(f_.)*(x_)]1*((c_.) + (d_)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfzxx)]/(fxfz*I)), x]
+ (-Dist[d*(m/(f*£fz*I)), Int[(c + d*x)"(m - 1)*Logl[l - E~((-I)*e + f*xfz*x)
1, x], x] + Dist[d*(m/(f*£fz*I)), Int[(c + d*x)~"(m - 1)*Logl[l + ET((-I)*e +
fxfzxx)], x1, x]1) /; FreeQl{c, d, e, f, fz}, x] && IGtQ[m, 0]

Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*
Cot[e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 4270

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
Simp[(-b~2)*(c + d*x)*Cot[e + f*x]*((b*Cscle + f*x])"(n - 2)/(f*(n - 1))),
x] + (Dist[b™2*x((n - 2)/(n - 1)), Int[(c + d*x)*(b*Cscl[e + f*x])"(n - 2),

x], x] - Simp[b~2*d*((bxCsc[e + f*x])~(n - 2)/(f"2x(n - 1)*(n - 2))), x]) /
; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && NeQ[n, 2]

Rule 4275

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)*(
x )]x(b_.) + (@ )" (a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*x) " m)*((a + bxCschlc + d*x])"(n + 1)/(bxd*x(n + 1))), x] + Dist[f*(m/(b
*dkx(n + 1))), Int[(e + f*x)"(m - 1)*(a + bxCschlc + d*x])~(n + 1), x], x] /
; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]



Rule 6457

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_
:> Dist[-(d"(m + 1))~ (-1),

m_.), x_Symbol]

82

Do+ (E_D)*(x)7(
Subst [Int[(a + b*x) “p*Csch[x]*Co

th[x]*(d*e - c*xf + fxCsch[x])"m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps

Subst ( [ (a + bz)? coth(z)csch(z)(de — cf + fesch(z))? dz, z, csc

/(e + fz)? (@ + besch ™' (c + da;))2 dz

(e+ fz)® (a+ besch™ (c + dav))2 B

FR)
(2b)Subst( [ (a + bz)(de — cf

(e + fz)® (a+ besch™ (c + dx))2 B

3f

cf(3d2<

(2b)Subst ( I <d3e3 (1 .

_(de—cf)?(a+ besch™ (¢ + dac))2

3f
N (e+ fz)3 (a+ besch ™' (c +

3df 3
B2 2 2bf (de — cf)(c + dx) ﬁ (a + bcsch"l(c +d
3d? + 3
1
R 2bf(de — cf)(c+ dx) m (a + besch™ Yc+d
N =
i 2bf(de — cf)(c + dx) ﬁ (a + besch™ (¢ + d
T e =
1
2 2 2bf(de — cf)(c+ dzx) m (a + besch™ (¢ + d
T 342 d3

Mathematica [C] Result contains complex when optimal does not.

time = 8.00, size = 864, normalized size = 2.46

Warning: Unable to verify antiderivative.

[In] Integrate[(e + f*x)~2*(a + bxArcCschl[c + dx*x])~2,x]
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[Out] a™2*e~2*x + a~2xe*xf*x"2 + (a~2*f72%x73)/3 + (a*bx(2*x*(3*e~2 + 3*exfxx + f~
2xx~2)*ArcCschlc + d*x] + (-(fx(c + d*x)*Sqrt[(1 + c™2 + 2*ckxd*x + d~2*x"2)
/(c + dxx)"2]*(5*cxf - dx(6xe + fxx))) + 2*cx(3*xd"2*e~2 - 33*ckdxe*xf + c 2xf
~2)*ArcSinh[(c + d*x)~(-1)] + (6%d"2xe”2 - 12xcxd*exf + (-1 + 6*c~2)*f~2)*L
ogl(c + d*x)*(1 + Sqrt[(1 + c”2 + 2xc*xd*x + d"2*%x"2)/(c + d*x)~2]1)]1)/d"3))/
3 - (b™2xe"2*(-(ArcCsch[c + d*x]*((c + d*x)*ArcCsch[c + d*x] - 2xLog[l - E~
(-ArcCsch[c + d*x])] + 2xLogl[l + E~(-ArcCsch[c + d*x])])) + 2xPolyLog[2, -E
~(-ArcCsch[c + d*x])] - 2+PolyLog[2, E~(-ArcCsch[c + d*x])]))/d - (2*%b~2*d*
exfxx*x(((c + d*x)*Sqrt[1 + (c + d*x)~(-2)]*ArcCschlc + d*x])/d"2 + ((c + d*
x) "2xArcCsch[c + d*x]~2)/(2%d"2) - (c*ArcCsch[c + d*x] 2*Coth[ArcCsch[c + d
*xx]/2]1)/(2%xd"2) - Logl(c + d*x)~(-1)1/d"2 - ((2*I)*cx(I*ArcCschl[c + d*x]*(L
ogll - E"(-ArcCsch[c + d*x])] - Logl[l + E~(-ArcCschlc + d*x])]) + Ix(PolyLo
g[2, -E"(-ArcCsch[c + d*x])] - PolyLog[2, E~(-ArcCschlc + d*x])])))/d"2 + (
c*xArcCschlc + d*xx]~2*xTanh[ArcCschlc + d*x]/2])/(2*xd"2)))/((c + d*x)*(-1 + ¢
/(c + d*x))) - (b~2*%f~2% (2% (-2 + 12*%cxArcCsch[c + d*x] + ArcCschlc + d*xx]~2
- 6xc"2*ArcCsch[c + d*x]~2)*Coth[ArcCsch[c + d*x]/2] + 2*ArcCsch[c + d*x]*
(-1 + 3*c*ArcCsch[c + d*x])*Csch[ArcCsch[c + d*x]/2]"2 - (ArcCsch[c + d*xx]~
2xCsch[ArcCschlc + dxx]/2]174)/(2*(c + d*x)) - 48*cxLogl[(c + d*x)~(-1)] + 8%
(-1 + 6xc”2)*(ArcCsch[c + d*x]*(Log[l - E~(-ArcCsch[c + d*x])] - Log[l + E~
(-ArcCsch[c + d*x])]) + PolyLogl[2, -E~(-ArcCsch[c + d*x])] - PolyLogl[2, E~(
-ArcCschlc + d*x])]) - 2*ArcCsch[c + d*x]*(1 + 3*c*ArcCsch[c + d*x])*Sech[A
rcCschlc + d*x]/2]72 - 8*(c + d*x) " 3*ArcCsch[c + d#*x]~2*Sinh[ArcCsch[c + d*
x]1/2]174 + 2%(2 + 12xckxArcCsch[c + d*x] - ArcCschlc + d*x]~2 + 6*c~2*ArcCsch
[c + d*x]~2)*Tanh[ArcCsch[c + d*x]/2]))/(24*xd"3)

Maple [F]
time = 0.12, size = 0, normalized size = 0.00

/ (fz +e)? (a + barcesch(dz + ¢))* da

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) 2*(a+b*arccsch(d*x+c))~2,x)
[Out] int((f*x+e) 2% (a+b*arccsch(d*x+c))~2,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2% (a+b*arccsch(d*x+c))~2,x, algorithm="maxima")

[Out] 1/3%a"2*%f~2%x"3 + a~2xf*x"2%e + a~2xx*e”2 + (2%(d*x + c)*arccsch(d*x + c) +
log(sqrt(1/(d*x + c)"2 + 1) + 1) - log(sqrt(1/(d*x + c)~2 + 1) - 1))*a*bxe
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~2/d + 1/3%(b"2*£72%x"3 + 3xb~2*f*x"2%e + 3*b”"2*x*e”2)*log(sqrt(d~2*x"2 + 2
xcxd*x + c”2 + 1) + 1)72 - integrate(-1/3*(3x(b"2xd"2*f"2*x"4 + 2% (b~2*c*dx*
£f72 + b72xd"2*fxe)*x"3 + (c72 + 1)*b"2%e”2 + (4*b~2xcxd*f*e + b~ 2xd"2*e”2 +

(c™2%xf72 + £72)*%b"2)*x"2 + 2% (b~ 2*c*d*e”2 + (c™2xf + f)*b~2%e)*x)*1log(d*x
+ ¢)72 - 6%(axb*d~2*xf"2xx"4 + 2% (c”2+f + f)*axbkxke + 2k (axbkckd*f~2 + axbx
d~2xf*e)*x~3 + (4*axbxcxdxfxe + (c™2*xf72 + £~2)*a*b)*x"2)*log(d*x + c) + 2%
(3xaxb*d"2*xf"2xx"4 + 6x(c”2*f + f)*axbxxke + 6% (axbkckd*f~2 + axb*d™2xfxe)x*
X3 + 3x(4*xaxb*ckxdxfxe + (c™2*xf~2 + £72)*axb)*x"2 - 3x(b~2xd"2*%f "2*xx"4 + 2%
(b™2%c*d*f~2 + b~2xd"2xf*e)*x"3 + (c™2 + 1)*b"2*%e”2 + (4*xb~2xckxd*f*xe + b~ 2%
d"2%e"2 + (c72+%f72 + £72)*b"2)*x"2 + 2% (b~ 2xckxd*e”2 + (c"2*f + f)*b"2*e)*x)
xlog(d*x + c) + ((3*a*xb*d™2*xf72 - b~2xd"2*f"2)*x"4 + (6*axbxcxd*f~2 - b~ 2xc
*d*xf~2 + 3% (2xaxbxd"2+f - b~2xd"2*f)*e)*x"3 - 3*x(b"2*d"2%e"2 - (c"2*%f"2 + f
~2)*xaxb - (4xaxbxckd*f - b 2xckd*f)*e)*x"2 - 3% (b~ 2xckd*e”2 - 2x(c”"2*f + f)
*axbke) *x — 3k (b"2xd"2*xf"2*%x"4 + 2% (b~ 2*c*kd*f~2 + b"2xd"2xf*e)*x"3 + (c”2 +

1)*b"2%e"2 + (4*b~2xcxdxf*xe + b~2xd"2*%e”2 + (c™2*f"2 + £72)*b"2)*x"2 + 2x*(
b~2*c*kd*e”2 + (c”2+f + f)*b~2%e)*x)*log(d*x + c))*sqrt(d™2*x"2 + 2kcxd*x +
c™2 + 1))*log(sqrt(d™2*x"2 + 2kcxd*x + c™2 + 1) + 1) + 3xsqrt(d™2*x"2 + 2xc
*dxx + ¢c72 + 1)*x((b"2+%d"2*xf"2*%x"4 + 2x (b~ 2*c*d*f~2 + b~2*%d"2xf*e)*x"3 + (c~
2 + 1)*b"2*%e”2 + (4*b"2*c*d*f*e + b™2%d"2*%e”2 + (c™2*%f"2 + £72)*b"2)*x"2 +
2% (b~2xcxd*xe”2 + (c”2*f + f)*b~2%e)*x)*Llog(d*x + c)~2 - 2*(axb*d~2*xf~2*x"4
+ 2% (c™2xf + f)*axbxxke + 2% (axbxckxd*f~2 + axbkd™2+fxe)*x"3 + (4xaxbxckxd*f*
e + (c72x£72 + £72)*a*b)*x"2)*log(d*x + c)))/(d"2%x"2 + 2xcxd*x + c”2 + (4~
2%x"2 + 2kckd*xx + ¢”2 + 1)7(3/2) + 1), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2% (a+b*arccsch(d*x+c))~2,x, algorithm="fricas")

[Out] integral(a™2*f~2%x"2 + 2%a~2xfxxxe + (b"2*f 2%x"2 + 2%b~2*f*x*e + b"2%e"2)*
arccsch(dxx + ¢c)~2 + a™2%xe”2 + 2% (axbxf~2xx~2 + 2xaxbkxfxx*e + axb*e”~2)*arcc
sch(d*x + c), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + bacsch (c + dz))* (e + fz)° dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**2*(atb*acsch(d*x+c))**2,x)

[Out] Integral((a + bxacsch(c + d*xx))#**x2x(e + f*x)**2, x)
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

nj integrate *x+e *(at+b*arccsc *xX+C ,X, algorithm="giac
[In] integ (£ )"2x(atb h(d ))"2 lgorithm="giac")

[Out] integrate((f*x + e) 2% (b*arccsch(d*x + c) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/(e + fz)? (a—i— basinh(c+1dz)>2dsc

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e + f*x)~2*(a + b*asinh(1/(c + d*x)))~2,x)
[Out] int((e + f*x)~2*(a + b*asinh(1/(c + d*x)))"2, x)
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3.9 [(e+ fz) (a+ besch™ (c + dx))2 dx

Optimal. Leaf size=194

1 -1
e m (0t besch™ (e + d) (de — cf)? (a+ besch ™' (c + dx))2_|_ (e + fz)* (a + bescl

a2 282 f

2f

[Out] -1/2*(-c*xf+d*e) ~2*(a+b*arccsch(d*x+c))~2/d~2/f+1/2* (fxx+e) ~2*(at+b*arccsch(d

xx+c)) “2/f+4*b* (-cxf+d*e) * (a+b*arccsch(d*x+c) ) *arctanh (1/ (d*x+c)+(1+1/(d*x+
c)~2)7(1/2))/d"2+b"2xf*1n (d*x+c) /d"2+2*b~ 2% (-cxf+d*e) *polylog(2,-1/(d*x+c) -
(1+1/(d*x+c)~2)~(1/2))/d"2-2%b~ 2% (—c*xf+d*e) *polylog(2,1/ (d*x+c) +(1+1/(d*x+c
)~2)7(1/2)) /d"2+b*xf*x (d*x+c) * (a+b*arccsch(d*x+c) ) * (1+1/(d*x+c)~2)~(1/2) /d"2
Rubi [A]

time = 0.18, antiderivative size = 194, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.444,

steps used = 11, number of rules used = 8, integrand size = 18,
Rules used = {6457, 5577, 4275, 4267, 2317, 2438, 4269, 3556}

—

/ 1
; _ er bf(c+de) || ———3 +1 (a+ bosch™ (c + da i (g coch™ (e
(de— cf) (a-+ besch™(c 4 da))’ _ 4b(de = cftanh™" (=744 (a + boseh ™ (e + do) sl l)\e eyt (ot b (er d)) (o4 fa)? (a+ besch™(c 4 da))® | 20°(de = cf)Lig (—e="C44))  282(de = cP)Lin(e7 )y g
—oEf + 7 + z + o7 —* r - & A

Antiderivative was successfully verified.

[In] Int[(e + f*x)*(a + b*ArcCschl[c + d*x])~2,x]

[Out] (b*f*(c + d*x)*Sqrt[l + (c + d*x)~(-2)]*(a + bxArcCsch[c + d*x]))/d"2
*e — c*f)”2x(a + bxArcCschlc + d*x])~2)/(2*d"2*f) + ((e + f*x)~2*(a + b*Arc
Cschlc + d*x])~2)/(2xf) + (4*bx(d*e - c*f)*(a + b*ArcCsch[c + d*x])*ArcTanh
[E"ArcCschlc + d*x]])/d"2 + (b~2*f*Loglc + d*x])/d"2 + (2xb~2*(d*e - c*f)*P
olyLog[2, -E~ArcCsch[c + d*x]])/d"2 - (2xb~2*(dxe - c*f)*PolyLog[2, E~ArcCs
chlc + d*x]])/d"2

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl[{c, d}, x]

- ({4
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Rule 4267

Int[csc[(e_.) + (Complex[0, fz_])*(f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfzxx)]/(fxfz*I)), x]
+ (-Dist[d*(m/(f*fz*I)), Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + f*xfz*x)
1, x1, x] + Dist[d*(m/(f*fz*I)), Int[(c + d*x)"(m - 1)*Log[l + E~((-I)*e +
fxfzxx)], x], x]) /; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + fxx]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*
Cotl[e + f*x], x], x] /; FreeQ[{c, 4, e, £}, x] && GtQ[m, O]

Rule 4275

Int[(cscl(e_.) + (f_.)*(x_)]*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] & IGtQ[m, 0] &% IGtQ[n, 0]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Csch[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)x*(
x )1*x(b_.) + (@ ))"(n_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*xx)"m)*((a + b*xCschlc + d*x])"(n + 1)/(bxd*(n + 1))), x] + Dist[f*x(m/(b
*dx(n + 1))), Int[(e + f*x)"(m - 1)*(a + b*Csch[c + d*x])"(n + 1), x], x] /
; FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 6457

Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*xf + f*Csch[x])™m, x], x, ArcCsch[c + d*x]], x] /; FreeQ[{a,

b, c, d, e, £}, x] && IGtQ[p, 0] &% IntegerQ[m]

Rubi steps
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_ Subst ([ (a + bz)?* coth(z)csch(z)(de — cf + fesch(z)) dz, z, csch

/(e + fz) (a + besch™ (c + dgr:))2 dx =

a2
_ (e+ fz)? (a+besch™'(c+ clac))2 bSubst( [ (a + bz)(de — cf + f
- 2f B d
(e+ fzr)% (a+besch™ (c+ dm))2 bSubst (f (d2e2 <1 + Cf(—di#
= 7 _
(de — cf)? (a+ besch ™' (c + da:))2 (e+ fz)? (a+besch™ (c+ ¢
—- 22 * of
1 _
) bf(c+dx)/1+ T do)? (a + besch™ (¢ + dz)) (e — cf)? (a
= > —
1 -1
) bf(c+dz), |1+ CEE (a + besch™ (¢ + dz)) (de —cf)? (a
— = _
1 1
) bf(c+dz) |1+ T do)? (a + besch™ (¢ + dz)) (de—cf? (a
- = —

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 401 vs. 2(194) =
388.
time = 0.92, size = 401, normalized size = 2.07

Antiderivative was successfully verified.

[In] Integrate[(e + f*x)*(a + b*ArcCschlc + dxx])~2,x]

[Out] (2%a~2*(d*e - cxf)*(c + d*x) + a~2xfx(c + d*x)~2 + 2xaxbxfx(c + d*x)*(Sqrt[
1+ (c + d*x)~(-2)] + (c + d*x)*ArcCschlc + d*x]) + 2xb~2*f*((c + d*x)*Sqrt

[1 + (c + d*x)~(-2)]*ArcCsch[c + d*x] + ((c + d*x)~2xArcCschlc + d*x]~2)/2

- Logl(c + d*x)~(-1)]) + 2*axbxd*e*(2x(c + d*x)*ArcCsch[c + d*x] - 2*Logl[2*

(c + d*x)*Sinh[ArcCsch[c + d*x]/2]72]) + 2%axbkc*xf*(-2*%(c + d*x)*ArcCschlc

+ dxx] + 2#Log[2*(c + d*x)*Sinh[ArcCschlc + d*x]/2]72]) + 2%b~2*d*ex(ArcCsc

hlc + d*x]*((c + d*x)*ArcCsch[c + d*x] - 2+Log[1 - E~(-ArcCsch[c + d*x])] +
2xLog[1 + E~(-ArcCschlc + d*x])]) - 2%PolyLog[2, -E~(-ArcCschlc + d*x])] +
2*PolyLog[2, E~(-ArcCschlc + d*x])]) - 2*b~2xc*f*(ArcCschlc + d*x]*((c + d
*xx)*ArcCsch[c + d*x] - 2xLog[l - E~(-ArcCsch[c + d*x])] + 2xLog[l + E~(-Arc
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Cschlc + d*x])]) - 2xPolyLog[2, -E~(-ArcCsch[c + d*x])] + 2xPolyLog[2, E~(-
ArcCschlc + d*x])]1))/(2*d"2)

Maple [F]
time = 0.02, size = 0, normalized size = 0.00

/ (fz + €) (a + barcesch(dz + ¢))* dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e)*(atb*arccsch(d*x+c))~2,x)
[Out] int((f*x+e)*(a+b*arccsch(d*x+c))~2,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(atb*arccsch(d*x+c))~2,x, algorithm="maxima")

[Out] 1/2*%a~2xf*x"2 + a~2*x*e + (2%(d*x + c)*arccsch(d*x + c) + log(sqrt(1/(d*x +
c)”2 + 1) + 1) - log(sqrt(1/(d*x + c)"2 + 1) - 1))*a*xbxe/d + 1/2%x(b~2*xf*x~
2 + 2xb"2*x*e)*log(sqrt(d™2*x"2 + 2%cxd*x + c”2 + 1) + 1)72 - integrate(-((
b~2+%d"2xf*x"3 + (c72 + 1)*b"2%e + (2xb~2%c*kd*f + b~2*%d"2*e)*x"2 + (2%xb~2*c*
dxe + (c™2*f + f)*b~2)*x)*1log(d*x + c)~2 - 2%(a*xb*d"2xf*x~3 + 2kaxbxckxd*f*x
"2 + (c72+f + f)xaxbkxx)*log(d*x + c) + (2xaxb*d™2xf*x"3 + 4xaxbkckd*xf*x"2 +
2% (c”2*xf + f)*axbxx — 2k (b"2%d"2xf*x"3 + (c”2 + 1)*b"2xe + (2%b~2*ckd*f +
b~2%d"2%e) *x"2 + (2%b~2xc*d*e + (c"2xf + f)*xb~2)*x)*log(d*x + c) + sqrt(d~2
*X"2 + 2kcxdxx + 72 + 1)*((2%a*xb*d"2xf - b"2*d"2xf)*x"3 + (4xaxbkcxdxf - b
“2%ckd*xf - 2%b72xd"2%e)*x"2 - 2% (b"2xckd*e - (cT2xf + f)*axb)*x - 2% (b72xd"
2xfxx"3 + (c72 + 1)*b"2%e + (2%b~2*c*d*f + b~2*%d"2%e)*x”2 + (2%b~2*c*d*e +
(c™2xf + £)*b~2)*x)*log(d*x + c)))*log(sqrt(d™2*x"2 + 2xcxd*x + c”2 + 1) +
1) + sqrt(d™2*x72 + 2xcxd*x + c”2 + 1)*x((b"2*%d"2*xf*xx"3 + (c”2 + 1)*b"2%e +
(2xb~2*ckd*f + b~2*%d"2*xe)*x"2 + (2xb~2*c*kd*e + (c™2xf + f)*b~2)*x)*Llog(d*x
+ ¢)72 - 2x(axbxd"2xf*x"3 + 2kaxbkckd*f*x"2 + (c”2xf + f)*a*b*x)*log(d*x +
c)))/(d™2%x"2 + 2xckdkx + c”2 + (d™2%x"2 + 2kcxd*x + c™2 + 1)7(3/2) + 1), x
)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((f*x+e)*(atb*arccsch(d*x+c))~2,x, algorithm="fricas")
[Out] integral(a~2xf*x + (b~2*%f*x + b~2%e)*arccsch(d*x + c)~2 + a™2xe + 2x(a*xb*xfx

X + axbxe)*arccsch(d*x + c¢), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + bacsch (¢ + dz))* (e + fx) da

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((f*x+e)*(a+b*acsch(d*x+c))**2,x)
[Out] Integral((a + b*acsch(c + d*x))**x2x(e + f*x), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*(atb*arccsch(d*x+c))~2,x, algorithm="giac")

[Out] integrate((f*x + e)*(b*arccsch(d*x + c) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(e-l-fx) (a-l-basinh(c_l_ldx))de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e + fxx)*(a + b*asinh(1/(c + d*x)))"2,x)
[Out] int((e + f*x)*(a + b*asinh(1/(c + d*x)))"2, x)
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3.10 [ (a+besch™(c+ dw))2 dx

Optimal. Leaf size=85

(c+dz) (a+ besch ™ (c + d))?  4b(a+ besch™ (¢ + dz)) tanh ™" <ecs"h_1(c+d")> 2b*PolyLog <2, — o™

d + d + d

[Out] (d*x+c)*(atb*arccsch(d*x+c)) ~2/d+4*xb*x(at+b*arccsch(d*x+c))*arctanh(1/(d*x+c)
+(1+1/(d*x+c)~2)~(1/2)) /d+2%b~2*polylog(2,-1/ (d*x+c) - (1+1/(d*x+c)~2)~(1/2))
/d-2%¥b~2*polylog(2,1/(d*x+c)+(1+1/(d*x+c)~2)~(1/2))/d

Rubi [A]
time = 0.06, antiderivative size = 85, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.500,

steps used = 8, number of rules used = 6, integrand size = 12,
Rules used = {6451, 6415, 5560, 4267, 2317, 2438}

(c+dz) (a+ besch ' (c+ dm))2 . 4btanh™* <e°5°h71(c+d””)> (a+besch™(c+dz))  2b°Li, (—e"“hfl(”d’)) 202Liy (eCSC"A(C*d’))

d d + d - d

Antiderivative was successfully verified.
[In] Int[(a + b*xArcCsch[c + d*x])~2,x]

[Out] ((c + d*x)*(a + bxArcCsch[c + d*x])~2)/d + (4*bx(a + bxArcCsch[c + d*x])*Ar
cTanh[E~ArcCschlc + d*x]])/d + (2¥b~2xPolyLog[2, -E~ArcCsch[c + d*x]])/d -
(2xb~2%PolyLog[2, E~ArcCschl[c + d*x]])/d

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 4267

Int[csc[(e_.) + (Complex[0, fz ])*(f_.)*(x_)I*((c_.) + (d_.)*(x))"(m_.), x
_Symbol] :> Simp[-2%(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfz*xx)]/(fxfz*I)), xI]
+ (-Dist[d*(m/(fxfz*I)), Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + f*xfzx*x)
1, x], x] + Dist[d*(m/(f*£fz*I)), Int[(c + d*x)~(m - 1)*Logl[l + ET((-I)*e +
fxfz*x)], x], x]) /; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

Rule 5560
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Int[Coth[(a_.) + (b_.)*(x_)]"(p_.)*Csch[(a_.) + (b_.)*(x_)]1"(n_.)*((c_.) +
(d_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(c + d*x) m)*(Cschl[a + b*x]"n/(b*n))
, x] + Dist[d*(m/(b*n)), Int[(c + d*x)~(m - 1)*Csch[a + b*x]"n, x], x] /; F
reeQ[{a, b, c, d, n}, x] && EqQ[p, 1] && GtQ[m, O]

Rule 6415

Int[((a_.) + ArcCsch[(c_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[-c~(-1), Su
bst[Int[(a + b*x) n*Csch[x]*Coth[x], x], x, ArcCschl[c*x]], x] /; FreeQ[{a,
b, ¢, n}, x] && IGtQ[n, O]

Rule 6451

Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)I*(b_.))"(p_.), x_Symbol] :> Dist[1/d
, Subst[Int[(a + b*ArcCsch[x])~p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d}
, x] & IGtQlp, 0]

Rubi steps

Subst (f (a+ bcsch_l(ac))2 dz,z,c+ dx)
d
Subst ([ (a + bz)? coth(z)csch(z) dz, z, csch ™ (c + dz))
d

/ (a + besch ™ (c + dx))2 dx =

(c+dz) (a+ besch™ (¢ + dx))2 (2b)Subst( [ (a + ba:)csch(a:) dz,z,csch™

d

(c+dz) (a+ besch™ (¢ + dac))2 N 4b(a + besch ™ (c + dx)) anh

< ecsch_ (

d d

d d

(c+ da) (a+ besch ™ (c + dac))2 N 4b(a + besch™ (¢ + dz)) tanh~ (ecsch—l(‘

(c+dz) (a+ bcsch_l(c+d:v))2 N 4b(a + besch™ (¢ + dz)) tanh ™" (eCSCh_l(‘

d d

Mathematica [A]
time = 0.17, size = 160, normalized size = 1.88

a?c+ a?dx + 2ab(c + dz)osch™ (¢ + dz) + bccsch™ (¢ + dx)? + bdwesch™(c + dz)? — 2besch™ (¢ + da) log (1 - e*wh"wﬂ) +2Pesch™ (¢ + da) log (1 + (rN""Mﬂ) — 2ablog (tanh (Jesch™(c + dz))) — zbfpnlyLog@ ﬂrwh"“m!) + zbZPulyLog(z.eﬂh"if+ﬂ>)
a

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcCschl[c + dx*x])~2,x]
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[Out] (a™2%c + a™2*d*x + 2%axb*(c + d*x)*ArcCsch[c + d*x] + b~2*c*ArcCsch[c + d*x
172 + b~2*d*x*ArcCsch[c + d*x]~2 - 2*%b~2xArcCsch[c + d*x]*Log[l - E~(-ArcCs

chlc + d*x])] + 2%b~2xArcCsch[c + d*x]*Log[l + E~(-ArcCsch[c + d*x])] - 2*a
*xbxLog [Tanh [ArcCsch[c + d*x]/2]] - 2*b~2*PolyLog[2, -E~(-ArcCschlc + d*x])]

+ 2xb~2+PolyLog[2, E~(-ArcCschlc + d*x])])/d

Maple [F]
time = 0.03, size = 0, normalized size = 0.00

a + barcesch(dz + ¢))? dx
(

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arccsch(d*x+c))~2,x)
[Out] int((at+b*arccsch(d*x+c))~2,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccsch(d*x+c))~2,x, algorithm="maxima")
g g

[Out] (x*log(sqrt(d™2*x"2 + 2*c*d*x + c”2 + 1) + 1)72 - integrate(-((d"2*x"2 + 2x
ckd*x + c”2 + 1)7(3/2)*1log(d*x + c)~2 + (d72*x"2 + 2kcxd*x + c¢”2 + 1)*log(d

*X + c)72 - 2x((d72%x72 + 2xcxd*x + c”2 + 1)xlog(d*x + c) + sqrt(d~2*x"2 +
2xcxd*xx + c¢72 + 1)*(d72*x"2 + ckd*kx + (d72%x"2 + 2kcxdxx + c¢”2 + 1)*log(d*x

+ c)))*log(sqrt(d™2*x"2 + 2%c*kd*x + c”2 + 1) + 1))/(d"2*%x"2 + 2%c*d*x + c~

2 + (d72%x72 + 2kcxd*x + ¢”2 + 1)7(3/2) + 1), x))*b"2 + a™2*x + (2*(d*x + ¢
)*arccsch(d*x + c) + log(sqrt(1/(d*x + c)"2 + 1) + 1) - log(sqrt(1/(d*x + c

)72 + 1) - 1))*axb/d

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arccsch(d*x+c))~2,x, algorithm="fricas")

[Out] integral(b~2*arccsch(d*x + c)~2 + 2%a*bkarccsch(d*x + c) + a”2, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + bacsch (¢ + dz))? dz



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*acsch(d*x+c))**2,x)

[Out] Integral((a + bx*acsch(c + d*xx))#**x2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arccsch(d*x+c))~2,x, algorithm="giac")

[Out] integrate((b*arccsch(d*x + c) + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

2
/ (a + basinh(;>> dz
c+dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*asinh(1/(c + d*x)))~2,x)
[Out] int((a + b*asinh(1/(c + d*x)))"2, x)

94



95

(a+bCSCh_1(c+dx)) i
e+fx

3.11 [ da

Optimal. Leaf size=475

ecsch_l(c+dz)(de_cj

—1 -1 2
) (a+ besch ™ (c + dx))2 log (1 _ p2csch (c+dx)> N (a + besch™(c + dz)) "~ log (1 + /e —2edef + (1
f f

[Out] -(a+b*arccsch(d*x+c)) " 2*x1n(1-(1/(d*x+c)+(1+1/(d*x+c)~2)~(1/2))~2)/f+(a+b*ar
ccsch(d*xx+c)) ~2*x1n(1+(1/ (d*x+c)+(1+1/(d*x+c) ~2) ~(1/2) ) * (—cxf+dxe) / (£-(d"2*e
~2-2%ckdxexf+(cT2+1)*£~2)~(1/2))) /f+(atb*arccsch(d*x+c)) “2*x1n(1+(1/ (d*x+c)+
(1+1/(d*x+c)~2) ~(1/2) ) * (-cxf+d*xe) / (£+(d"2*e”2-2*kcxd*exf+(c™2+1) *£72) ~(1/2))
) /f-b* (a+b*arccsch(d*x+c))*polylog(2, (1/(d*x+c)+(1+1/(d*x+c)~2)~(1/2))"2) /£
+2*b* (a+b*arccsch(d*x+c) ) *polylog(2,-(1/(d*x+c)+(1+1/(d*x+c)~2)~(1/2) ) *(-c*
f+dxe) /(f-(d"2*%e~2-2*cxd*exf+(c~2+1)*£72)~(1/2))) /£+2xb* (a+b*arccsch(d*x+c)
)*xpolylog(2,-(1/(d*x+c)+(1+1/(d*x+c)~2)~(1/2) ) *(-c*xf+dxe) / (£+(d"2%e™2-2*c*d
xexf+(c™2+1)*x£72)~(1/2)))/£+1/2%b~2*polylog(3, (1/(d*x+c)+(1+1/(d*x+c)~2)~ (1
/2))"2) /£-2%b~2xpolylog(3,-(1/(d*x+c)+(1+1/(d*x+c)~2)~(1/2) ) * (—cxf+d*e) / (f-
(d~2xe~2-2xcxdxe*f+(c™2+1)*£72)~(1/2))) /£-2%b~2*polylog(3,-(1/(d*x+c)+(1+1/
(d*x+c)~2)~(1/2) ) * (—cxf+dxe) / (£+(d"2xe"2-2*kc*xdxe*xf+(c"2+1)*£72)~(1/2))) /£
Rubi [A]

time = 0.74, antiderivative size = 475, normalized size of antiderivative = 1.00, number of

steps used = 17, number of rules used = 9, integrand size = 20, number of rules _ 0.450,
integrand size

Rules used = {6457, 5715, 5688, 3797, 2221, 2611, 2320, 6724, 5680}

o \ ( ST \ ( - ( \ e ( s
) (-t o s o ) i ) (o o ) o () (o o ) o | 0} i) o e g (1= e ) (o ek e )? PP - ) gy (et ) )
v e ) | R ezl et —sarrae ') \Teri—sarraey ) il ) (o bk e ) o (1= ) ot botterar)® () e ) | Pl )

Antiderivative was successfully verified.
[In] Int[(a + bxArcCsch[c + d*x])~2/(e + f*xx),x]

[Out] -(((a + b*ArcCsch[c + d*x])~2xLog[l - E~(2*ArcCschl[c + d*x])])/f) + ((a + b
xArcCsch[c + d*x])~2*xLog[l + (E"ArcCsch[c + d*x]*(d*e - c*f))/(f - Sqrt[d~2
xe~2 — 2kcxdxexf + (1 + c”2)*£72])])/f + ((a + b*ArcCsch[c + d*x])~2xLog[1
+ (E"ArcCschlc + d*x]*(d*e - cxf))/(f + Sqrt[d™2*e”2 - 2*ckd*exf + (1 + c~2
)*x£72])]1)/f - (b*(a + b*ArcCsch[c + d*x])*PolyLog[2, E~(2*ArcCsch[c + d*x])
1)/f + (2¥b*(a + bxArcCsch[c + d*x])*PolyLog[2, -((E"ArcCsch[c + d*x]*(d*e
- cxf))/(f - Sqrtl[d™2*e”2 - 2%ckd*exf + (1 + c™2)*£72]))])/f + (2xbx(a + bx
ArcCschlc + dxx])#*PolyLog[2, -((E"ArcCsch[c + d*x]*(d*e - c*f))/(f + Sqrt[d
“2xe”2 - 2xcxdxexf + (1 + c”2)*£72]))])/f + (b"2*PolyLog[3, E~(2*ArcCschlc
+ dx*x])])/(2%f) - (2*b~2*PolyLog[3, -((E"ArcCschl[c + d*x]*(d*e - cx*f))/(f -
Sqrt[d™2*e”2 - 2kckdxexf + (1 + c~2)*£72]))])/f - (2xb~2+PolyLog[3, -((E"A
rcCschlc + d*x]*(dxe - c*f))/(f + Sqrt[d~2*e”2 - 2xcxd*exf + (1 + c~2)*f"2]
N1 /f
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Rule 2221

Int [CC(F)~((g_)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*fxg*n*Log[F]))*Log[l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int [FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*((a_.) + (b_)*NDN"(m_)I*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) ~n]/(bxc*n*Log[F])), x] + Dist[gx(m/(bxc*nxLog[F]1)), Int[(f + g*x) (m
- 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3797

Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_1)*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2*xI, Int[((c + d*x) m*x(E~(2*x((-I)*e + f*xfzxx))/(1 + ET(2%((-I)*e + fxfz*x)
)/E~(2%I%k*Pi))))/E~(2xIxk*Pi), x], x] /; FreeQl[{c, d, e, £, fz}, x] && Int
egerQ[4+k] && IGtQ[m, O]

Rule 5680

Int[(Cosh[(c_.) + (d_.)*(x_)I*((e_.) + (f£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
h{(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[-(e + f*x)~"(m + 1)/(bxfx(m + 1)),
x] + (Intl(e + f*x)"m*(E~(c + d*x)/(a - Rt[a"2 + b~2, 2] + b*E~(c + d*x)))
, x] + Int[(e + f*x) " m*x(E~(c + d*x)/(a + Rt[a"2 + "2, 2] + b*E~(c + d*x)))
, x1) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Rule 5688

Int[(Coth[(c_.) + (d_)*(x_)]1"(n_.)*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_
)*8inh[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Cothl[c
+ d*x]"n, x], x] - Dist[b/a, Int[(e + f*x) m*Cosh[c + d*x]*(Coth[c + d*xx]~
(n - 1)/(a + b*Sinh[c + d*x]1)), x], x] /; FreeQ[{a, b, ¢, 4, e, f}, x] & I
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GtQ[m, 0] && IGtQ[n, O]

Rule 5715

Int[(((e_.) + (£_.)*(x_))"(m_.)*(F_)[(c_.) + (d_.)*x(x_)1"(n_.)*(G_)[(c_.) +
(d_.)*(x_)]1"(p_.))/(Cschl(c_.) + (d_.)*(x_)I*(b_.) + (a_)), x_Symbol] :> I

nt[(e + f*x) m*Sinh[c + d*x]*F[c + d*x] n*(G[c + d*x]"p/(b + a*Sinh[c + d*x

1)), x] /; FreeQ[{a, b, ¢, d, e, f}, x] && HyperbolicQ[F] && HyperbolicQ[G]
&% IntegersQ[m, n, pl

Rule 6457

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*xe - c*xf + f*Csch[x]) m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)~pl/(e*p), x] /; FreeQl{a, b, c, d
, €, n, p}, x] && EqQ[b*d, axe]

Rubi steps
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(a + besch™ (¢ + dac))2 B (a + bx)? coth(z)csch(z) _
/ et fz dx = —Subst (/ de — cf + fosch(z) dz,z,csch™ (c + dx))

. (a + bz)? coth(z) 1
= Subst( 7+ (de — f) sinh(z) dz,x,csch™ (c + dx)
Subst ([ (a + bz)? coth(z) dz, z, csch™ ' (c + dz)) N (de — cf)Subst (f ff(t
f
2Subst ( = Zl(“:;f) dz,z,csch™ (c + dm)) (de — cf)Subst (f Fres(decf)-

- 2
(a + besch ™ (¢ + dz))* log <1 g2csch™ (c+da:)> (a + besch™(c + dz))" 1

=— -

f

(a+ besch™ (¢ + da))?log (1 — e eran)) - {a+ bosch™ e+ dz))"1

=— -

f

(a + besch™(c + dm)) log (1 g2esch™ 1(c+da:)> (a + besch™ (¢ + dx))2l

=— +

f

_ 2
(a+bcsch_1(c+dx)) log <1 o2csch™ 1(c+d:t)> (a + besch™ (¢ + dz))" 1

Mathematica [C] Result contains complex when optimal does not.
time = 2.04, size = 1008, normalized size = 2.12

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcCsch[c + d*x])~2/(e + f*x),x]

[Out] (6*a~2+Logle + f*x] + 6%a*xb*x((Pi - (2*I)*ArcCsch[c + d*x])~2/4 - ArcCschlc
+ d*x]~2 - 8*ArcSin[Sqrt[(d*e + Ixf - c*f)/(2xdxe - 2*xcxf)]]*ArcTan[((I*d*e
+ f - I*cxf)*Cot[(Pi + (2xI)*ArcCschlc + d*x])/4])/Sqrt[f~2 + (dxe - c*f)~
2]] - 2%ArcCsch[c + d*x]*Log[l - E~(-2*ArcCsch[c + d*x])] + (2*ArcCschlc +
dxx] + Ix(Pi + 4xArcSin[Sqrt[(d*e + I*f - cxf)/(2+d*e - 2xcx*f)]]))*Logl[(d*e
- cxf - E"ArcCschlc + d*x]*f + ETArcCsch[c + d*x]*Sqrt[f~2 + (d*e - cxf)~2
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1)/(d*xe - c*f)] + (2xArcCschlc + d*x] + I*(Pi - 4*ArcSin[Sqrt[(d*e + I*f -
c*f)/(2xd*xe - 2xcxf)]]))*Log[-((-(d*e) + cxf + E"ArcCsch[c + d*x]*f + E"Arc
Cschlc + d*x]*Sqrt[f~2 + (d*e - c*f)~2])/(d*e - c*f))] + 2*xArcCsch[c + d*x]
*xLog[(d*(e + f*xx))/(c + d*x)] - (I*Pi + 2xArcCsch[c + d*x])*Log[(d*(e + f*x
))/(c + d*x)] + PolyLogl[2, E~(-2*ArcCsch[c + d*x])] + 2+PolyLog[2, (E~ArcCs
chlc + d*x]*(f - Sqrt[f~2 + (d*e - cxf)~2]))/(d*e - c*f)] + 2xPolyLog[2, (E
“ArcCschlc + d*x]*(f + Sqrt[f~2 + (d*e - c*xf)~2]))/(d*e - cxf)]) + b~ 2*((-I
)*Pi~3 - 2*xArcCsch[c + d*x]~3 - 6*ArcCsch[c + d*x]~2+Log[1 + E~(-ArcCschl[c
+ d*x])] - 6xArcCschlc + d*x]~2*Log[l - E"ArcCsch[c + d*x]] + 6%ArcCsch[c +
d*x] "2xLog[1 + (E"ArcCschlc + d*x]*(-(d*e) + cxf))/(-f + Sqrtl[d~2*e”2 - 2x
ckdxexf + (1 + c"2)*£f72])] + 6*%ArcCschlc + d*x]~2xLog[l + (E"ArcCsch[c + dx*
x]*(d*e - cxf))/(f + Sqrt[d~2*e”2 - 2xc*d*exf + (1 + c~2)*f72])] + 12xArcCs
ch[c + d*x]*PolyLog[2, -E~(-ArcCsch[c + d*x])] - 12xArcCsch[c + d*x]*PolyLo
gl[2, ETArcCsch[c + d*x]] + 12*%ArcCsch[c + d*x]*PolyLog[2, (E~ArcCsch[c + d*
x]*(d*xe - cxf))/(-f + Sqrt[d~2*e”2 - 2xcxd*exf + (1 + c~2)*£72])] + 12xArcC
sch[c + d*x]*PolyLog[2, (E"ArcCsch[c + d*x]*(-(d*e) + c*f))/(f + Sqrt[d~2xe
~2 - 2%ckdxexf + (1 + c72)*£f72])] + 12%PolyLog[3, -E~(-ArcCsch[c + d*x])] +
12xPolyLog[3, E"ArcCsch[c + d*x]] - 12xPolyLog[3, (E"ArcCsch[c + d*x]*(dxe
- c*f))/(-f + Sqrt[d~2*e”2 - 2xcxdxexf + (1 + c~2)*£72])] - 12*PolyLog[3,
(E"ArcCschlc + d*x]*(-(d*e) + cxf))/(f + Sqrt[d™2*e”2 - 2kc*dxexf + (1 + c~
2)*£72]1)1))/(6x£)

Maple [F]
time = 0.13, size = 0, normalized size = 0.00

dz

/ (a + barcesch(dz + ¢))?
fr+e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsch(d*x+c)) "2/ (f*xx+e),x)
[Out] int((at+b*arccsch(d*x+c)) 2/ (f*x+e),x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccsch(d*x+c))~2/(f*x+e),x, algorithm="maxima")

[Out] a~"2*log(f*x + e)/f + integrate(b~2xlog(sqrt(1/(d*x + c)~2 + 1) + 1/(d*x + c
))"2/(fxx + e) + 2%a*bkxlog(sqrt(1/(d*x + c)”2 + 1) + 1/(d*x + c))/(f*x + e)
» X)
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Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccsch(d*x+c))~2/(f*x+e),x, algorithm="fricas")

[Out] integral((b~2*arccsch(d*x + c)~2 + 2xaxbxarccsch(d*x + c) + a”2)/(f*x + e),
x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + bacsch (¢ + dz))*
dz
e+ fz

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+b*acsch(d*x+c))**2/(f*x+e),x)
[Out] Integral((a + b*acsch(c + d*x))**x2/(e + f*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arccsch(d*x+c)) 2/ (f*x+e),x, algorithm="giac")
[Out] integrate((b*arccsch(d*x + c) + a)~2/(f*x + e), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (a + basinh(ﬁ))Q 4
T
e+ fzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*asinh(1/(c + d*x)))"2/(e + f*x),x)
[Out] int((a + b*asinh(1/(c + d*x)))"2/(e + f*x), x)
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(a+bCSCh_1(c+dx)) i

(e+fx)? dx

312 |

Optimal. Leaf size=448

2 2bd(a+ besch™ (¢ + dz)) log (1 +

eCSCh_l(c-ﬁ-dz)({
d(a+ besch™ (c+ da:))2 (a + besch™ (¢ + dz)) f—\/d%e? — 2cdef -

f(de — cf) fle+ fz) - (de — cf)\/d2e? — 2cdef + (1 + c2) f2.

[Out] d*x(at+b*arccsch(d*x+c)) ~2/f/(-cxf+d*xe)-(atb*arccsch(d*x+c)) ~2/f/ (f*xx+e)-2xb*
d* (at+b*arccsch(d*x+c) ) *1n(1+(1/ (d*x+c)+(1+1/(d*x+c) ~2) ~(1/2) ) *(-cxf+d*e) / (£
-(d"2*%e~2-2xckxd*xexf+(c"2+1)*£72) " (1/2))) / (~cxf+d*e) / (d"2*e"2-2*c*xd*e*xf+(c"2
+1)*£~2) "~ (1/2) +2xb*d* (a+b*arccsch(d*x+c) ) *1n(1+(1/ (d*x+c)+(1+1/ (d*x+c) ~2) ~(
1/2))*(—cxf+d*e) / (f+(d"2*%e 2-2xcxd*e*xf+(c™2+1)*f~2)~(1/2)) )/ (—c*xf+d*e) /(d"2
xe~2-2%ckdxexf+(cT2+1)*x£72) " (1/2) -2*b~2xd*polylog(2,-(1/ (d*x+c)+(1+1/(d*x+c
)"2)7(1/2) )% (—ckf+d*e) / (f-(d"2xe"2-2xckxd*e*xf+(c2+1) *f~2)~(1/2)) ) / (—cxf+d*e
)/ (d™2%e™2-2%ckd*e*xf+(c™2+1) *£72) ~(1/2) +2xb~2*d*polylog(2,-(1/ (d*x+c)+(1+1/
(d*x+c)~2)~(1/2) ) * (—cxf+dxe) / (f+(d"2xe " 2-2kc*d*xe*xf+(c™2+1)*£~2)~(1/2)))/(-c
*f+dxe) / (d"2xe"2-2*c*d*exf+(c"2+1)*£72) " (1/2)

Rubi [A]

time = 0.77, antiderivative size = 448, normalized size of antiderivative = 1.00, number of

number of rules _ 5 400
integrand size ’

steps used = 12, number of rules used = 8, integrand size = 20,
Rules used = {6457, 5577, 4276, 3403, 2296, 2221, 2317, 2438}

temegpeoai s e R ,) X O g ep) ) - ( )
V(@ +1) J? —2cde] + Pe @+ 1) J? — 2cdef + & 41 +rifn+br:ch Ye+dn)®  (a+bosch™(c+d))* SN EE el s @A) /P —cdfe+ (@) [
(de—cf) V(@ + 1) J* — 2cde] + o (de—cf) /(@ + 1) J> — 2cde] + e Flde ~cf) fle+ fz) (de—cf)\/(@+1) % — 2edef + doe? (de—cf) V(@ + 1) J? — 20de] + doe?

2bd(a + besch™* (¢ + dz)) log ( + I) 2bd(a + besch ™ (c + dz)) log ( ZbZdLi‘z(
+

Antiderivative was successfully verified.
[In] Int[(a + bxArcCsch[c + d*x])~2/(e + f*x)~2,x]

[Out] (d*x(a + b*ArcCschlc + d*x])~2)/(fx(d*xe - cxf)) - (a + b*ArcCschlc + d*x])~2
/(fx(e + fxx)) - (2#b*d*(a + bxArcCsch[c + d*x])*Log[l + (E"ArcCsch[c + d*x
1x(d*e - cxf))/(f - Sqrt[d™2*e”2 - 2*ckdxexf + (1 + c~2)*£f72])])/((d*e - cx*
f)*Sqrt[d"2*e”2 - 2%ckd*exf + (1 + c™2)*£72]) + (2%bxdx(a + b*ArcCsch[c + d
*x])*Log[1 + (E"ArcCschlc + dxx]*(d*e - cxf))/(f + Sqrt[d~2*e~2 - 2*ckxdxexf
+ (1 + c™2)*£72])])/((d*e - c*f)*Sqrt[d~2*e”2 - 2*ckd*exf + (1 + c~2)*f"2]
) - (2*%b~2*d*PolyLog[2, -((E~ArcCsch[c + d*x]*(dxe - cxf))/(f - Sqrt[d~2*e”
2 - 2xckxd¥xexf + (1 + c”2)*£72]))])/((d*e - cxf)*Sqrt[d~2*e”2 - 2xcxd*e*xf +
(1 + c™2)*£72]) + (2%b~2xd*PolyLog[2, -((E"ArcCschlc + dxx]*(d*e - cxf))/(f
+ Sqrt[d~2*e”2 - 2xcxd*e*xf + (1 + c”2)*£72]))])/((d*e - cxf)*Sqrt[d~2xe"2
- 2kckdkexf + (1 + c™2)*£72])

Rule 2221

Int [CCCF) " ((g_)*(Ce_.) + (£_)*(x))))"(a_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
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[((c + d*x)~m/(b*f*g*nxLog[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxf*gxn*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2296

Int [((FL)~(u)*((f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b™2 - 4xa*c, 2]}, Dist[2*(c/q), Int[
(f + g*x)"m*(F"u/(b - q + 2*xcxF~u)), x], x] - Dist[2*(c/q), Int[(f + g*x)"m
*(F~u/(b + q + 2*c*¥F~w)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3403

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz_])*
(f_.)*(x_)]), x_Symbol] :> Dist[2, Int[(c + d*x) "m*(E~((-I)*e + fxfzx*x)/((-
I)*b + 2xa*E~((-I)*e + fxfz*x) + IxbxE~(2x((-I)*e + f*xfz*x)))), x], x] /; F
reeQ[{a, b, c, d, e, f, fz}, x] && NeQ[a~2 - b2, 0] && IGtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, 4, e, £}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Csch[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)x*(
x )]*x(b_.) + (@ ))"(n_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ fxx)"m)*((a + b*xCschlc + d*x])"(n + 1)/(bxd*(n + 1))), x] + Dist[fx(m/(b
*d*(n + 1))), Int[(e + f*x)~(m - 1)*(a + b*Csch[c + d*x])~(n + 1), x1, x] /
; FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 6457
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Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*f + f*xCsch[x])"m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,

b, c, d, e, f}, x] && IGtQ[p, 0] &% IntegerQ[m]

Rubi steps

/

(a + besch™ (¢ + dz))

(e + fz)? do =

(a + bz)? coth(z)csch(z)

- (dSubst < /

(de — cf + fesch(z))?

dz,z,csch™ (c + dx)> )

(a + besch™ (¢ + dx))2 (2bd)Subst (f #?;Ch(z) dx,x,csch™! (c +
fle+ fx) f
a+bzx f(a+bx)
(a + besch™ (¢ + dz)) (2bd)Subst (f (de‘cf T Caeren (Ft+de(1-5) sin
fle+ fx) f

d(a + bcsch‘l(c i dx))2 (a + bcsch_l(c n dw))2 (2bd)Subst (f

f+de<

f(de —cf)

d(a+bCSCh_1(C+d.’E))2 B (a+bcsch_1(c+dz))2 B (4bd)Subst (f

fle+ fz)

2e® f—

f(de —cf)

d(a + bcsch_l(c + dx))2 B

fle+ fz)

2f+2d

(a+bcsch_1(c+dz))2 (4bd)Subst <f

f(de —cf)

d(a + besch™ (¢ + dz))”

fle+ fz) B

2bd besch™
(a + besch ™ (c + da) ) (a+ besch™ (e

f(de —cf)

d(a + besch ™ (¢ + dz))”

fle+ fz) - (de -

2bd(a + besch™
(a + besch™ (¢ + dz))* (a +besch™ (c 4

f(de —cf)

d(a + besch ™ (¢ + dz))” _

f(€+f$) (de—

2bd(a + besch™
(a + besch™ (¢ + dz)) (a+ besch™(c

f(de —cf)

fle+ fx) (de -

Mathematica [C] Result contains complex when optimal does not.
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time = 12.41, size = 1874, normalized size = 4.18

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcCschl[c + d*x])~2/(e + f*x)~2,x]

[Out] -(a"2/(fx(e + £xx))) - (2xa*bx(c + d*x)~2x(f + (d*e - cxf)/(c + d*x)) " 2x(Ar
cCschlc + d*x]/(f + (d*e)/(c + d*x) - (cxf)/(c + d*x)) - (2xArcTan[(d*e - ¢
*f - f*Tanh[ArcCschlc + d*x]/2])/Sqrt[-(d"2*e”2) + 2kcxd*exf - (1 + c"2)*f~
211)/8qrt[-(d~2*e~2) + 2*cxd*exf - (1 + c~2)*£72]))/(d*(-(d*e) + cxf)x(e +
f*x)72) - (b72%(c + d*x)"2x(f + (d*¥e - cxf)/(c + d*x)) 2x(ArcCschlc + d*x]~
2/((-(d*e) + cxf)*(f + (d*e - c*f)/(c + d*x))) + (2%(((-I)*PixArcTanh[(-(d*
e) + cxf + fxTanh[ArcCsch[c + d*x]/2])/Sqrt[f~2 + (dxe - c*f)~2]])/Sqrt[f~2
+ (dxe - c*f)"2] - ((2*I)*ArcCos[(I*f)/(-(d*e) + cxf)]*ArcTan[((d*e - (I +
c)*f)*Cot [(Pi + (2%I)*ArcCschlc + d*x])/4])/Sqrt[-(d"2*e~2) + 2*ckd*exf -
(1 + c™2)*£72]] + (Pi - (2%I)*ArcCschlc + d*x])*ArcTanh[(((-I)*d*e + f + Ix
c¥f)*Tan[(Pi + (2*I)*ArcCschlc + d*x])/4])/Sqrt[-(d"2*e~2) + 2*ckd*exf - (1
+ ¢72)*£72]] + (ArcCos[(I*f)/(-(d*e) + cxf)] + 2*ArcTan[((d*e - (I + c)x*f)
*Cot [(Pi + (2*I)*ArcCschlc + d*x])/4])/Sqrt[-(d"2xe~2) + 2%c*d*exf - (1 + c
~2)*£72]] - (2%I)*ArcTanh[(((-I)*d*e + f + Ikc*f)*xTan[(Pi + (2*I)*ArcCschl[c
+ d*xx])/4])/Sqrt[-(d"2xe~2) + 2*c*d*exf - (1 + c~2)*£72]])*Log[-(((-1)~(3/
4)*Sqrt [-(d"2*e"2) + 2xcxdxexf - (1 + c"2)*£72])/(Sqrt[2]*E~ (ArcCsch[c + d*
x]/2)*#Sqrt [I*(-(d*e) + c*f)]*Sqrt[f + (d*xe - c*f)/(c + d*x)]))] + (ArcCos[(
Ixf)/(-(dxe) + cxf)] - 2*ArcTan[((d*e - (I + c)*f)*Cot[(Pi + (2*I)*ArcCsch[
c + d*x])/4]1)/Sqrt[-(d"2xe”2) + 2xc*dxexf - (1 + c”2)*£f72]] + (2+I)*ArcTanh
[(((-I)*d*e + f + Ixc*f)*Tan[(Pi + (2*I)*ArcCschlc + d*x])/4])/Sqrt[-(d"2xe
~2) + 2%ckd¥exf - (1 + c72)*£72]])*Log[((-1)~(1/4)*E~ (ArcCsch[c + d*x]/2)*S
qrt[-(d"2*e”2) + 2xcxd*xe*xf - (1 + c~2)*£72])/(Sqrt[2]*Sqrt[I*(-(d*e) + c*f)
1*Sqrt[f + (d*xe - c*f)/(c + d*x)])] - (ArcCos[(I*f)/(-(d*e) + c*f)] - 2#*Arc
Tan[((d*e - (I + c)*f)*Cot[(Pi + (2xI)*ArcCschlc + d*x])/4])/Sqrt[-(d~2*e"2
) + 2xcxdxexf - (1 + c”2)*£72]])*Logl[l - (((-I)*f + Sqrt[-(d~2%e~2) + 2*c*d
xexf - (1 + c72)*£72])*(I*d*e - £ - Ixcxf + Sqrt[-(d"2*e~2) + 2xc*d*xexf - (
1 + ¢c™2)*x£72]*Cot [(Pi + (2*I)*ArcCschlc + d*x])/4]))/((d*e - c*f)*((-I)*d*e
+ f + I*c*xf + Sqrt[-(d"2*e”2) + 2*xcxdxexf - (1 + c”2)*f"2]*Cot [(Pi + (2%I)
xArcCschlc + d*x])/4]1))] - (ArcCos[(I*f)/(-(d*e) + cxf)] + 2*ArcTan[((d*e -
(I + c)*f)*Cot[(Pi + (2*I)*ArcCschlc + d*x])/4])/Sqrt[-(d"2xe~2) + 2*c*dxe
xf - (1 + c™2)*£72]])*Log[1 + ((I*f + Sqrt[-(d~2*e”2) + 2kcxdxexf - (1 + c~
2)*£7°2])*x(I*d*xe - f - Ixcxf + Sqrt[-(d"2*e”2) + 2%ckd*exf - (1 + c~2)*f"2]*
Cot[(Pi + (2%I)*ArcCschlc + d*x])/4]))/((d*e - c*f)*((-I)*d*e + f + Ixcxf +
Sqrt [-(d"2xe~2) + 2%c*d*exf - (1 + c~2)*£f"2]*Cot[(Pi + (2*I)*ArcCschlc + d
*x])/41))] + I*(-PolyLog[2, (((-I)*f + Sqrt[-(d"2xe~2) + 2*c*d*exf - (1 + c
~2)*x£72])*(I*d*e — £ - Ikcxf + Sqrt[-(d~2*e”2) + 2*xcxd*xexf - (1 + c~2)*f72]
*Cot [(Pi + (2*%I)*ArcCschlc + d*x])/4]1))/((d*e - c*f)*((-I)*d*e + f + Ixc*f
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+ Sqrt[-(d"2*e”2) + 2xcxdxe*xf - (1 + c~2)*f72]*Cot[(Pi + (2*I)*ArcCschlc +

d*x])/41))] + PolyLogl[2, -(((I*f + Sqrt[-(d"2xe~2) + 2%c*d*exf - (1 + c~2)*
£72])*(Ixdxe - f - Ixcxf + Sqrt[-(d"2*e”2) + 2xcxd*exf - (1 + c~2)*f72]*Cot
[(Pi + (2%I)*ArcCschlc + d*x])/4]))/((d*e - cxf)*((-I)*d*e + f + Ixc*xf + Sq
rt[-(d"2%e"2) + 2*ckd*exf - (1 + c~2)*f"2]*Cot [(Pi + (2%I)*ArcCsch[c + d*x]
)/41)))1))/Sqrt [-(d"2%e™2) + 2%ckd*exf - (1 + c72)*f72]))/(d*e - c*f)))/(dx*
(e + £xx)72)

Mabple [F]
time = 0.15, size = 0, normalized size = 0.00
/ (a + barcesch(dz + ¢))®

(fx+ e)2 de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsch(d*x+c)) "2/ (f*x+e)"2,x)
[Out] int((at+b*arccsch(d*x+c)) 2/ (f*x+e)”2,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccsch(d*x+c))~2/(f*x+e)~2,x, algorithm="maxima")

[Out] -b~2%log(sqrt(d™2*x"2 + 2%cxd*x + c”2 + 1) + 1)72/(£72xx + f*xe) - a~2/(£f72x
x + f*e) - integrate(-((b~2*#d"2*xf*x~2 + 2*b~2xcxd*f*x + (c"2xf + f)*b~2)*lo
g(d*x + c)72 - 2x(axbxd~2*f*x"2 + 2xa*xbkckxdxfxx + (c™2*f + f)*axb)*log(d*x
+ c) + 2x(axb*d"2*f*x"2 + 2¥axbxckdxfxx + (c”2*f + f)*axb - (b"2xd"2*xf*x"2
+ 2xb~2*ckdxfxx + (c”2*f + f)*b"2)*log(d*x + c) + (b~ 2%ckd*e + (c™2xf + f)x*
axb + (axbxd~2*f + b~2xd"2*f)*x"2 + (2*kaxbxcxd*f + b~ 2xckxd*f + b~2xd"2%e)*x
= (b72*%d"2xf*x"2 + 2xb~2*ckd*f*x + (c”2+f + £f)*b~2)*log(d*x + c))*sqrt(d~2
*X"2 + 2kcxdxx + ¢72 + 1))*log(sqrt(d™2*x"2 + 2xcxd*x + ¢c”2 + 1) + 1) + sqr
t(d"2%x"2 + 2%cxd*x + c”2 + 1) *((b™2*%d"2*f*x"2 + 2%b~2xckd*f*x + (c™2*f + f
)*¥b~2) *log(d*x + c)~2 - 2%(axb*d~2*xf*x~2 + 2kaxbxckd*f*x + (c™2xf + f)*axb)
xlog(d*x + ¢)))/(d"2*£73*x"4 + 2x(ckd*f~3 + d™2*xf72xe)*x"3 + (c™2*%f~3 + 4xc
xd*xf~2%e + d"2xf*e”2 + £73)*x"2 + 2k (ckd*f*xe”2 + (c72+%f72 + £72)*e)*x + (c”
2xf + f)*xe”2 + (d72*%f73*x"4 + 2% (c*d*f~3 + d"2*%f"2*xe)*x"3 + (c"2*f73 + 4xcx
d*f~2%xe + d"2*fxe”2 + £73)*x"2 + 2x(ckd*fxe”2 + (c”2*f72 + £72)*e)*x + (c"2
xf + f)*e”2)*sqrt(d™2*x"2 + 2%c*kd*x + ¢c”2 + 1)), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arccsch(d*x+c))~2/(f*x+e)~2,x, algorithm="fricas")
[Out] integral((b~2*arccsch(d*x + c)~2 + 2%a*b*arccsch(d*x + c) + a~2)/(£72*x"2 +

2%fxxxe + e72), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + bacsch (¢ + dz))* i
(e + fz)*

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*acsch(d*x+c))**2/(f*xx+e)**2,x)
[Out] Integral((a + b*acsch(c + d*x))**2/(e + f*x)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+b*arccsch(d*x+c))~2/(f*x+e)”~2,x, algorithm="giac")
[Out] integrate((bxarccsch(d*x + c) + a)~2/(f*x + e)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

12
/(a+ba31nh(cgdx)) s
(e+ fz)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*asinh(1/(c + d*x)))"2/(e + f*x)~2,x)
[Out] int((a + b*asinh(1/(c + d*x)))"2/(e + f*x)~2, x)
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(a+bCSCh_1(c+dx)) i
(e+fz)3

3.13 | dz

Optimal. Leaf size=1024

1
bd*f 1+ ——— (a+besch™(c+dx
f \ (c+ dz)? ( ( ) d*(a+ besch™'(c+ dac))2 (a+besch™'(c+ dac))z_+

(de — of) (e — 2edef + (1+ &) [2) (f + =) 2f(de—cf)? 2f(e + fo)?

[Out] 1/2xd~2*(atb*arccsch(d*x+c)) " 2/f/(-cxf+d*e) ~2-1/2*(a+b*arccsch(d*xx+c))~2/f/
(fxx+e) "2+b~2xd"2*f*1n (f+(-c*xf+d*e) / (d*x+c) )/ (—cxf+d*xe) "2/ (d"2*e " 2-2*cxd*xe*
f+(c™2+1) *f~2) +b*xd~2*f ~2* (a+b*arccsch (d*x+c) ) *1n (1+(1/ (d*x+c)+(1+1/ (d*x+c) ™
2)~(1/2)) % (-cxf+d*e) / (£- (d"2%e~2-2xckd*kexf+(c™2+1)*£~2) ~(1/2))) / (~cxf+d*e) ™
2/ (d"2*xe"~2-2xcxdxexf+(c™2+1) *£~2) ~(3/2) -b*d~2*xf ~2*x (a+b*arccsch (d*x+c) ) *1n(1
+(1/(d*x+c)+(1+1/(d*x+c) "2) ~(1/2) ) * (—c*f+d*xe) / (f+(d"2*xe~2-2*c*d*exf+(c"2+1)
*f~2)7(1/2)) )/ (—cxf+d*e) "2/ (d"2*e"2-2xcxd*e*xf+(c™2+1) *f~2) ~(3/2) +b~2%d~2*f~
2xpolylog(2,-(1/(d*x+c)+(1+1/(d*x+c)~2) ~(1/2) ) *(-cxf+dxe) / (£-(d"2*e"2-2*c*d
xexf+(c™2+1)*f~2)"(1/2)) )/ (—cxf+d*e) "2/ (d"2*e"2-2xcxd*xexf+(c™2+1) *£~2) ~(3/2
)-b~2*xd~2xf~2*polylog(2,-(1/(d*x+c)+(1+1/(d*x+c) ~2) ~(1/2) ) *(—c*xf+d*e) / (f+(d
~2xe”2-2%ckdxexf+(cT2+1)*f~2) " (1/2)) )/ (-c*xf+d*e) "2/ (d"2*e"2-2xckd*e*xf+(c~2+
1) *£72) 7 (3/2) -2%b*d~2* (a+b*arccsch(d*x+c) ) *1n(1+(1/ (d*x+c) +(1+1/ (d*x+c) "2)~
(1/2)) % (—cxf+dxe) / (f- (d"2xe~2-2%c*d*xexf+(c™2+1)*£~2)~(1/2)) )/ (-cxf+dxe) ~2/(
d~2*xe"2-2xcxd*xexf+(c”2+1) *f~2) " (1/2) +2*xb*d~2* (a+b*arccsch (d*x+c) ) *1n(1+(1/(
d*x+c)+(1+1/(d*x+c) ~2) ~(1/2) ) x(—cxf+d*e) / (£+(d"2xe~2-2xc*kd*exf+(c"2+1) *£~2)
~(1/2)))/ (-cxf+d*e) "2/ (d"2%e"2-2xcxd*e*f+(c~2+1) *£72) ~(1/2) -2xb~2*d~2*polyl
0g(2,-(1/(d*x+c)+(1+1/(d*x+c) ~2) ~(1/2) ) *(-c*xf+dxe) / (£-(d"2*e~2-2*c*d*exf+(c
“2+1)*£72)7(1/2))) / (—cxf+dxe) "2/ (d"2xe"2-2*kc*kd*exf+(c™2+1) *£~2) ~(1/2) +2%b~2
*d~2*polylog(2,-(1/(d*x+c)+(1+1/(d*x+c) ~2)~(1/2) ) *(—c*xf+d*e) / (f+(d"2%e~2-2%
ckdxexf+(c™2+1)*£f~2)~(1/2)))/ (—c*xf+dxe) ~2/ (d"2xe~2-2*ckd*e*f+(c™2+1) *£f~2) ~(
1/2) -bxd~2xf* (a+tb*arccsch(d*x+c) ) *(1+1/(d*x+c)~2)~(1/2) / (—cxf+d*xe) / (d"2xe"2
-2xcxdxexf+(c™2+1) *xf~2) / (f+(-cxf+d*e) / (d*x+c))

Rubi [A]

time = 1.62, antiderivative size = 1024, normalized size of antiderivative = 1.00, number of

steps used = 23, number of rules used = 11, integrand size = 20, Zumber of rules _ 551
integrand size

Rules used = {6457, 5577, 4276, 3403, 2296, 2221, 2317, 2438, 3405, 2747, 31}

Antiderivative was successfully verified.
[In] Int[(a + b*ArcCschlc + d*x])~2/(e + f*x)~3,x]

[Out] -((b*d~2*xfxSqrt[1 + (c + d*x)~(-2)]1*(a + bxArcCschlc + d*x]))/((d*e - cxf)x*
(d"2xe"2 - 2%ckd*exf + (1 + c”2)*xf~2)*x(f + (d*e - c*xf)/(c + d*xx)))) + (d"2%
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(a + bxArcCschlc + d*x])~2)/(2xfx(d*e - c*f)~2) - (a + bxArcCschlc + d*x])~
2/ (2xfx(e + £xx)~2) + (b*d"2*xf~2x(a + b*ArcCsch[c + d*x])*Log[l + (E"ArcCsc
hlc + d*x]*(dxe - cxf))/(f - Sqrt[d~2*e”2 - 2kckxd*exf + (1 + c~2)*£72])])/(
(d*xe - c*f)~2%(d"2%e”2 - 2xckd*xexf + (1 + c”2)*£72)7(3/2)) - (2xbxd~2*(a +
bxArcCsch[c + d*x])*Log[l + (E"ArcCsch[c + d*x]*(d*xe - c*f))/(f - Sqrt[d~2*
e"2 - 2xckdkexf + (1 + c”2)*£72])])/((d*e - c*f) ~2xSqrt[d~2*e”2 - 2xcxd*e*f
+ (1 + c™2)*£72]) - (b*d~2*f~2x(a + b*ArcCsch[c + d*x])*Log[l + (E"ArcCsch
[c + d*x]*(d*e - c*f))/(f + Sqrt[d~2xe~2 - 2xcxdxexf + (1 + c~2)*£72]1)]1)/((
dxe - c*f)"2%(d"2%e”2 - 2xckdkexf + (1 + c”2)*£72)7(3/2)) + (2xb*d"2*(a + b
*ArcCschc + d*x])*Logl[l + (E"ArcCsch[c + d*x]*(d*e - c*f))/(f + Sqrt[d~2*e
"2 - 2kckdxexf + (1 + c72)*£72])]1)/((d*e - c*xf)~2xSqrt[d~2*e”2 - 2xcxd*e*f
+ (1 + c™2)x£72]) + (b~2*d"2xfxLog[f + (d*e - cxf)/(c + d*x)])/((d*e - cxf)
~2x(d"2xe"2 - 2xcxdxexf + (1 + c”2)*£72)) + (b~2*d"2xf~2xPolyLog[2, -((EAr
cCschlc + d*x]*(d*xe - c*f))/(f - Sqrt[d~2*e”2 - 2xcxd*exf + (1 + c~2)*£f72])
)1)/((d*e - c*f)"2x(d"2%e™2 - 2xckdxexf + (1 + c™2)*£72)7(3/2)) - (2%b~2%d~
2xPolyLog[2, -((E"ArcCsch[c + d*x]*(dxe - c*f))/(f - Sqrt[d~2*e”2 - 2xc*d*e
xf + (1 + c™2)*%£72]))]1)/((d*e - c*f)~2*Sqrt[d~2*e”2 - 2*ckd*exf + (1 + c~2)
*£72]) - (b~2*d"2xf~2+PolyLog[2, -((E"ArcCschlc + d*x]*(d*e - c*f))/(f + Sq
rt[d™2%e”2 - 2xcxdxexf + (1 + c"2)*£72]))])/((d*e - c*f)~2x(d"2%e”2 - 2%cx*d
xexf + (1 + c¢72)*£72)7(3/2)) + (2¥b~2*xd"2*PolyLog[2, -((E"ArcCsch[c + d*x]*
(dxe - c*f))/(f + Sqrt[d~2*e”2 - 2xcxd*exf + (1 + c~2)*£72]))])/((d*e - cxf
) "2*Sqrt [d™2*e”2 - 2*ckdxexf + (1 + c~2)*£72])

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI

Rule 2221

Int [(((F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(bxf*g*nxLog[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))"n/a)l, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2296

Int[((F)~(u)*((f_.) + (g_)*x_))"(m_.))/((a_.) + (b_)*(F_)~(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b"2 - 4xa*c, 2]}, Dist[2*(c/q), Int[
(f + gxx)"m*x(F~u/(b - q + 2*c*F~u)), x], x] - Dist[2x(c/q), Int[(f + g*x)"m
*(F7u/(b + q + 2%c*F~u)), x], x]] /; FreeQ[{F, a, b, c, £, g}, x] & EqQ[v,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4*axc, 0] && IGtQ[m, O]

Rule 2317
Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
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:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 2747

Int[cos[(e_.) + (£_.)*(x_)]1" (p_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1)"(m
_.), x_Symbol] :> Dist[1/(b"p*f), Subst[Int[(a + x)"m*x(b"2 - x"2)~((p - 1)/
2), x], x, bxSin[e + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b~2, 0]

Rule 3403

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz_])=*
(f_.)*(x_)]1), x_Symbol] :> Dist[2, Int[(c + d*x) m*(E~((-I)*e + f*xfz*x)/((-
I)*b + 2%a*xE~((-I)*e + fxfz*x) + I*b*E~(2x((-I)*e + f*xfzxx)))), x], x] /; F
reeQ[{a, b, c, d, e, £, fz}, x] && NeQ[a"2 - b~2, 0] && IGtQ[m, O]

Rule 3405

Int[((c_.) + (@_.)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"2, x_
Symbol] :> Simp[b*(c + d*x) “m*(Cos[e + f*x]/(f*(a"2 - b"2)*(a + b*Sin[e + £
*x]))), x] + (Dist[a/(a”2 - b™2), Int[(c + d*x)"m/(a + b*Sin[e + f*x]), x],
x] - Dist[b*xd*(m/(f*x(a"2 - b72))), Int[(c + d*x)~(m - 1)*(Cos[e + f*x]/(a
+ b*Sin[e + f*x])), x], x]) /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[a"2 - b~
2, 0] && IGtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_)*(x_)1*(b_.) + (@)~ (a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
n[e + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rule 5577

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)*(
x)I1*xM_.) + (@)~ (_.)*((e_.) + (f_.)*(x_))"(m_.), x_Symboll :> Simp[(-(e
+ f4x) m)*((a + bxCschlc + d*x])~(n + 1)/(b*dx(n + 1))), x] + Dist[fx(m/ (b
*dx(n + 1))), Intl[(e + f*x)"(m - 1)*(a + b*Cschl[c + d*x])~"(n + 1), x], x] /
; FreeQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]
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Rule 6457

Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csch[x]*Co
th[x]*(d*e - c*xf + f*Csch[x])"m, x], x, ArcCsch[c + d*x]], x] /; FreeQ[{a,
b, ¢, d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps
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/ (a + bosch™ (¢ + da) ) do— _ (dQSubSt (/ (a + bx)? coth(z)csch(z) dz, z, csch™(c + dx)))

(e + fx)3 (de — cf + fesch(z))?

dz,z,csch™(c

B 2
(a + besch ™ (¢ + da:))2 (bd®) Subst (f (de—cf+fcsch(z))?

2f(e+ fz)?

f

2f(a+bx)

(a+besch™'(c+ d:c))2 N (bd) Subst <f ((

+ (de—cf)? <—f—de(1—f1—£

2f(e+ fz)?

d*(a + besch ' (c + dac))2 (a + besch™ (c + dﬂc))2

(2bd?) Subst (f =

2f(de — cf)? B 2f(e + fx)?

bd%f /1 +

o
+

—_
8

(¢ + dx)?

(a + besch™ (¢ + dz))

d*(a + besch ™ (c 4

(de — cf) (d?e® — 2cdef + (14 ¢2) f2) (f +

bd2f |1+

=
+
—_
&

_ d)’

(a + besch ™ (c + dz))

2f(de — cf)

d*(a + besch ™ (c +

(de — cf) (d?€® — 2cdef + (14 ¢2) f2) (f +

2
o f\ 1+

)
+
—_
8

(a+ besch™'(c + dz))

2f(de — cf)

d*(a + besch ™ (c 4

(de — cf) (d2e? — 2cdef + (14 c2) f2) (f +

2
bd2f |1+ 7

)
+
—_
8

(a + besch™ (¢ + dz))

2f(de — cf)

d*(a + besch ™ (c +

(de — cf) (d?€® — 2cdef + (14 ¢2) f2) (f +

o f\ 1+ gy

o
+

—_
8

(a+ besch™'(c + dz))

2f(de — cf)’

d*(a + besch ™ (c 4

(de — cf) (d2e? — 2cdef + (1+ ) f2) (f +

bd2f, 1+

¢

¢+ dz)?

(a + besch ™ (c + dz))

2f(de — cf)

d*(a + besch ™ (c +

(de — cf) (d?e% — 2cdef + (1 + ¢2) f?) (f +

Mathematica [C] Result contains complex when optimal does not.

2f(de — cf)
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time = 13.48, size = 8350, normalized size = 8.15

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcCschlc + dxx])~2/(e + f*x)~3,x]
[Out] Result too large to show

Mabple [F]
time = 0.14, size = 0, normalized size = 0.00

/ (a+ barccsch(d;v +¢))? i
(fz+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccsch(d*x+c)) "2/ (f*xx+e)"3,x)
[Out] int((at+b*arccsch(d*x+c)) "2/ (f*x+e) ~3,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccsch(d*x+c))~2/(f*x+e)”3,x, algorithm="maxima")

[Out] -1/2%b"2%log(sqrt(d~2*x"2 + 2xc*d*x + c”2 + 1) + 1)72/(£73%x72 + 2xf"2*x*e
+ fxe”2) - 1/2*%a"2/(£73*x"2 + 2xf"2xx*e + f*e~2) - integrate(-((b~2xd~2*fx*x
"2 + 2%b"2xcxd*xf*x + (c72xf + f)*b~2)*log(d*x + c)”2 - 2x(axbxd"2*f*x"2 + 2
*xaxbkxckdxfxx + (c™2xf + f)*a*b)*log(d*x + c) + (2%axb*xd~2*xf*x~2 + 4*axbkcxd
xfxx + 2% (c”2%f + f)*axb — 2% (b"2*%d"2*xf*xx"2 + 2xb~2xckd*fxx + (c”2xf + f)*b
~2)*log(d*x + c) + (b~2%ckxdxe + 2%(c™2*f + f)*axb + (2%axb*d~2*f + b~2%d~2x%
£)*x72 + (4*axbxckxd*f + b~ 2xc*d*f + b~2+%d"2%e)*x — 2x(b"2xd"2*f*x"2 + 2%b~2
xcxkd*xf*x + (c™2xf + f)*xb~2)*xlog(d*x + c))*sqrt(d™2*x"2 + 2%c*d*x + c”2 + 1)
)*¥log(sqrt(d™2*x"2 + 2%c*kd*x + c”2 + 1) + 1) + sqrt(d™2*x"2 + 2%cxd*x + c~2
+ 1)*((b72%d"2%f*x"2 + 2xb~2xcxd*xf*x + (c™2*f + f)*b~2)*log(d*x + c)"2 - 2
*x (axbxd~2*f*x"2 + 2xaxbkckxdxfxx + (c”2*f + f)*axb)*log(d*x + c)))/(d"2*f 4%
X765 + (2xc*d*f~4 + 3xd"2*f"3*e)*x"4 + (c"2+f"4 + 6xcxd*f”3*%e + 3*xd"2*f"2xe”
2 + £74)*x73 + (6*c*kd*f"2xe”2 + d"2xfxe”3 + 3x(c"2*xf73 + £73)*e)*x"2 + (2*c
xd*xf*xe”~3 + 3x(c™2xf72 + £72)*%e2)*x + (c72xf + f)*e”3 + (d"2*%f"4*x"5 + (2%c
*xd*xf~4 + 3xd72+f"3%e)* x4 + (c72*xf74 + 6kckxd*xf"3ke + 3xd"2*xf"2%e"2 + f74)*x
“3 + (6xckxd*f"2%xe”2 + d"2xfxe”3 + 3k (c"2*f"3 + f73)*e)*x"2 + (2*ckd*fxe”3 +
3x(c™2xf72 + £72)*e”2)*x + (c”2*f + f)*e"3)*sqrt(d”2*x"2 + 2xcxd*x + c”2 +
1)), x)
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Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arccsch(d*x+c))~2/(f*x+e)~3,x, algorithm="fricas")
[Out] integral((b~2*arccsch(d*x + c)~2 + 2xaxbxarccsch(d*x + c) + a”2)/(£f73*%x"3 +

3*xf~2%x"2%e + 3kfxx*e”2 + e73), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + bacsch (¢ + dz))* i
(e + fz)’

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*acsch(d*x+c))**2/(f*x+e)**3,x)
[Out] Integral((a + b*acsch(c + d*x))**x2/(e + f*x)**3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((at+b*arccsch(d*x+c))~2/(f*x+e)"3,x, algorithm="giac")
[Out] integrate((b*arccsch(d*x + c) + a)~2/(f*x + e)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

1 V)2
/ (a+basmh(c§dx)) "
(e+ fz)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*asinh(1/(c + d*x)))~2/(e + f*x)~3,x)
[Out] int((a + b*asinh(1/(c + d*x)))"2/(e + f*x)~3, x)
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3.14 [z3csch™(\/z') dz
Optimal. Leaf size=114

VELEVE (LR S -af YR (Gl PVE 1

+-z

4/—z 4=z 20v/—z 28v/—1 4

[Out] 1/4*x"4*arccsch(x”(1/2))-1/4*(-1-x)"(3/2)*x~(1/2)/(-x)~(1/2)-3/20%(-1-x)~ (5
/2)*x~(1/2)/ (-x)~(1/2)-1/28%(-1-x) ~(7/2) *x~(1/2) / (-x) " (1/2)-1/4* (-1-x) " (1/2
)*x7(1/2)/ (-x)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 114, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.300,

steps used = 4, number of rules used = 3, integrand size = 10
Rules used = {6481, 12, 45}

(—z -1z _3(-z— 1)5/2\/z’ (2 1)3/2/x’ V-1V
28v/—1 20v/—z 4= 4/ —x

lem4csch_1 (Vz') -

Antiderivative was successfully verified.
[In] Int[x"3*ArcCsch[Sqrt[x]],x]

[Out] -1/4%(Sqrt[-1 - x]*Sqrt[x])/Sqrt[-x] - ((-1 - x)~(3/2)*Sqrt[x])/(4*Sqrt[-x]
) - (3x(-1 - x)7(5/2)*Sqrt[x])/(20%Sqrt[-x]) - ((-1 - x)~(7/2)*Sqrt([x])/(28
*xSqrt [-x]) + (x"4xArcCsch[Sqrt[x]])/4

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQlb, x]]

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - a*d, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4xn + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 6481

Int[((a_.) + ArcCschlu_]*(b_.))*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*((a + bxArcCsch[u])/(d*(m + 1))), x] - Dist[b*(u/(d*(m
+ 1)*Sqrt[-u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqr
t[-1 - u2])), x], x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Func
tionOfExponentialQ[u, x]
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Rubi steps

AP ki
- =z
\/;dex
—lm‘lcsc 1z - m
= Jatesch ™ (V) I
T 13—z —3(—1—x)32_(—1—3
=1x4csch_1(ﬁ)—ff< VA dv-1 3(-1—x) (-1
g V=
= — —1—z T _(—1—36)3/2\/; _3(—1—3;)5/2\/5 _(_1_33)7/2\/3?_|_1
4M 4\/3 20\/3 28\/? 4

/z?’csch_l(\/a?) dxr = ix‘icsch_l(\/;)

X

Mathematica [A]
time = 0.03, size = 47, normalized size = 0.41

1 \/1+ % vz (=16 + 8z — 62% + 5z°) + :1lx4csch_1(\/37)

140

Antiderivative was successfully verified.

[In] Integrate[x~3*ArcCsch[Sqrt[x]],x]

[Out] (Sqrt[1 + x~(-1)]1*Sqrt[x]*(-16 + 8*x - 6*%x~2 + 5%xx~3))/140 + (x"4*ArcCsch[S
qrt[x]1)/4

Maple [A]
time = 0.15, size = 43, normalized size = 0.38

method result size

4 h(+/Z _ _
derivativedivides ? arccsc4< ) + (1+2) (52% 6x2‘+8$ 16) 43
140 \/ 4z /r
T

“arcesch z z) (523 —6x —
default z aCCSC4(f) 4 (H2)(52°—62>+80-16) | g
oy /142

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arccsch(x~(1/2)),x,method=_RETURNVERBOSE)

[Out] 1/4*x"4*arccsch(x”(1/2))+1/140%(1+x)*(5*xx~3-6*x"2+8*x-16)/((1+x)/x)~(1/2) /x
~(1/2)
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Maxima [A]
time = 0.26, size = 58, normalized size = 0.51

7 5 3
1 1 23 1 2 1 1 1 2 1 1
Zpi(=41) —=23(=+1) +-ztaresch (VE)+-a2 (=41 — o VT - +1
z x 4 4 z 4 z

20
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsch(x~(1/2)),x, algorithm="maxima")
[Out] 1/28*x~(7/2)*(1/x + 1)~(7/2) - 3/20%x~(5/2)*(1/x + 1)~(5/2) + 1/4*x"4*arccs
ch(sqrt(x)) + 1/4xx~(3/2)*(1/x + 1)°(3/2) - 1/4*xsqrt(x)*sqrt(1/x + 1)

Fricas [A]
time = 0.37, size = 55, normalized size = 0.48

z+1
T\, +Vr 1 z+1
+ 5z2° — 62>+ 8z — 16)v/z

T

]' 4
1% log . 140 (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsch(x~(1/2)),x, algorithm="fricas")
[Out] 1/4*x~4x1log((x*sqrt((x + 1)/x) + sqrt(x))/x) + 1/140%(5*x"3 - 6%x"2 + 8*x -
16) *sqrt (x) *sqrt ((x + 1)/x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/z3 acsch (\/a?) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*acsch(x**(1/2)),x)
[Out] Integral (x**3*acsch(sqrt(x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsch(x~(1/2)),x, algorithm="giac")

[Out] integrate(x~3*arccsch(sqrt(x)), x)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ z® asinh (%) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*asinh(1/x~(1/2)),x)
[Out] int(x~3*asinh(1/x~(1/2)), x)
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3.15 [ z%csch™ (\/z') dz

Optimal. Leaf size=89

V-l-z Vo 2(-1-2)*2vz"  (-1-2p?Va 1,
W + Wars + 15V —I-gmcsch (\/?)

[Out] 1/3*x~3*arccsch(x~(1/2))+2/9%(-1-x)~(3/2)*x~(1/2)/(-x)~(1/2)+1/15%(-1-x)~ (5
/2)*x~(1/2)/ (-x)~(1/2)+1/3*(-1-x)~(1/2)*x~(1/2) / (-x) = (1/2)

Rubi [A]
time = 0.02, antiderivative size = 89, normalized size of antiderivative = 1.00, number of

number of rules _ ( 30
’ integrand size ’

steps used = 4, number of rules used = 3, integrand size = 10
Rules used = {6481, 12, 45}

(ce—1PVE | 2A-z-1*Ve | Vor-TVa
15v/—x 9v/—z 3vV—z

Antiderivative was successfully verified.
[In] Int[x"2*ArcCsch[Sqrt[x]],x]

[Out] (Sqrt[-1 - x]*Sqrt[x])/(3*Sqrt[-x]) + (2*(-1 - x)~(3/2)*Sqrt[x])/(9*Sqrt[-x
1) + ((-1 - x)7(5/2)*Sqrt [x])/(15%Sqrt[-x]) + (x~3*ArcCsch[Sqrt[x]])/3

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

%:pg‘csch_l(\/a?) +

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, 0] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 6481

Int[((a_.) + ArcCschlu_I*(b_.))*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> Si
mp[(c + d*x)~(m + 1)*((a + b*ArcCsch[u])/(d*(m + 1))), x] - Dist[b*(u/(d*(m
+ 1)*Sqrt[-u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(uxSqr
t[-1 - u"2])), x], x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)~"(m + 1), u, x] && !Func
tionOfExponentialQ[u, x]

Rubi steps
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Vo [ s
2 -1 = 1av?’csc T - 2v_1-o
/w csch™(Vz') do = 3 h™ (V') 3v—1

\/Edex
—lw?’csc 1z - V-l—-z
=gk (V) 6v—z

: -<\F>—\m<“—

+2vV-1—z + (- 1—x)3/2) dz
= —z3csch™!(Vz

3 6v—z
\/—1—x f 2(—1—12)%2/x ( 1— )52z
3V—z 9/ —z 15—z + 393 “esch” (\/—)

Mathematica [A]
time = 0.02, size = 42, normalized size = 0.47

1

1 1 _
sVits Vz' (8 — 4z + 32°) —I—gz?’csch (V)

Antiderivative was successfully verified.

[In] Integrate[x~2*ArcCsch[Sqrt[x]],x]
[Out] (Sqrtl[l + x~(-1)]1*Sqrt[x]*(8 - 4*x + 3*x~2))/45 + (x~3*ArcCsch[Sqrt[x]])/3

Maple [A]
time = 0.15, size = 38, normalized size = 0.43

method result size
abarcesch (/T ) | (42) (322~ 42+8)

’ 45 \/ Mz /z
(1+=) (3:1:2 —49:-1-8) 38

45\/1"'79”‘\/5

38

derivativedivides

x3arccsch ( \/.’IT )

default 3 +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arccsch(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] 1/3*x"3*arccsch(x™(1/2))+1/45%(1+x)*(3*xx~2-4*x+8)/((1+x)/x)~(1/2)/x~(1/2)

Maxima [A]
time = 0.27, size = 46, normalized size = 0.52

5
1 1 2 1 2
1—5303(;4—1) +§x3arcsch(\/a:) o7 3( +1) + = \/ \/
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsch(x~(1/2)),x, algorithm="maxima")

[Out] 1/15%x~(5/2)*(1/x + 1)~(5/2) + 1/3*x"3*arccsch(sqrt(x)) - 2/9*x~(3/2)*(1/x
+ 1)7(3/2) + 1/3*sqrt(x)*sqrt(1/x + 1)

Fricas [A]
time = 0.37, size = 50, normalized size = 0.56

r+1
S +Vr 1 z+1
+— (32" —42+8) V'

45 T

1
3 z3log -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsch(x~(1/2)),x, algorithm="fricas")

[Out] 1/3*x"3x1log((x*sqrt((x + 1)/x) + sqrt(x))/x) + 1/45%(3*x"2 - 4*x + 8)*sqrt(
x)*sqrt((x + 1)/x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/z2 acsch (\/a?) dx
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x**2%acsch(x**(1/2)),x)

[Out] Integral(x**2*acsch(sqrt(x)), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~2*arccsch(x~(1/2)),x, algorithm="giac")

[Out] integrate(x~2*arccsch(sqrt(x)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
2 .
x®asinh| — | dz
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*asinh(1/x~(1/2)),x)
[Out] int(x~2*asinh(1/x~(1/2)), x)
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3.16 [zesch™(y/z) dx

Optimal. Leaf size=64

V—-1—z x —1—12)3%/x 1
- ;Mf —( 16\/3—xf+%x2050h_ (\/:?)

[Out] 1/2*x~2*arccsch(x™(1/2))-1/6%x(-1-x)~(3/2)*x~(1/2)/(-x)~(1/2)-1/2*x(-1-x)~(1/
2)*x~(1/2)/(-x)~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 64, normalized size of antiderivative = 1.00, number of

number of rules _ 375
' integrand size ’

steps used = 4, number of rules used = 3, integrand size = 8
Rules used = {6481, 12, 45}

(-z =12V  V-z-1+x

19E2csch_1(\/37) — W W

2

Antiderivative was successfully verified.
[In] Int[x*ArcCsch[Sqrt([x]],x]

[Out] -1/2%(Sqrt[-1 - x]*Sqrt([x])/Sqrt[-x] - ((-1 - x)~(3/2)*Sqrt[x])/(6%Sqrt [-x]
) + (x"2%ArcCsch[Sqrt[x]])/2

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQlb, x]]

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, 0] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 6481

Int[((a_.) + ArcCschlu_I*(b_.))*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> Si
mp[(c + d*x)~(m + 1)*((a + b*ArcCsch[u])/(d*(m + 1))), x] - Dist[b*(u/(d*(m
+ 1)*Sqrt[-u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(uxSqr
t[-1 - u"2])), x], x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)~"(m + 1), u, x] && !Func
tionOfExponentialQ[u, x]

Rubi steps



Vr [——2—dz
sy i) I

Vz [ ——t—dx
= 1:17208(3 (Jz) - V-l—-=z
2 h ( ) 4/ —x

1 _
= ixzcsch "(Vz') -

V—-1—2x x —1-2)%2/x 1
- _ ;Mf_( 16\/17\/—+%x20sch_ (Vz')

Mathematica [A]
time = 0.02, size = 35, normalized size = 0.55

! 1 —|—% (—2+x)vz + %xzcsch_l(ﬁ)

Antiderivative was successfully verified.

[In] Integrate[x*ArcCsch[Sqrt[x]],x]
[Out] (Sqrtl[1 + x~(-1)]*(-2 + x)*Sqrt[x])/6 + (x~2xArcCsch[Sqrt[x]])/2

Maple [A]
time = 0.16, size = 31, normalized size = 0.48

method result size
z2ar h xr
derivativedivides * CCSC2(f> + (1+$)(?_2)
o/ 2 VT
default ””2”“5"2(‘/5) + (= | 3y

o/ 12 v

31

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arccsch(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] 1/2*x"2*arccsch(x”(1/2))+1/6%x(1+x)*(x-2)/((1+x)/x)~(1/2)/x~(1/2)

Maxima [A]
time = 0.26, size = 34, normalized size = 0.53

Njw

3
1 2 1 1 1
(—-I—l) +§x2arcsch(\/a: ) —5 Vo —+1
T

1
—
6 T
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsch(x~(1/2)),x, algorithm="maxima")
[Out] 1/6%x~(3/2)*(1/x + 1)7(3/2) + 1/2*x"2*arccsch(sqrt(x)) - 1/2*sqrt(x)*sqrt(l
/x + 1)

Fricas [A]
time = 0.35, size = 43, normalized size = 0.67

r+1
T TVE z+1
‘|‘6(Ll'—2)\/.'1,T

T

L
—z°1
5 % log -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsch(x~(1/2)),x, algorithm="fricas")

[Out] 1/2*%x"2x1log((x*sqrt((x + 1)/x) + sqrt(x))/x) + 1/6*%(x - 2)*sqrt(x)*sqrt((x
+1)/x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/zacsch (\/3?) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*acsch(x**(1/2)),x)
[Out] Integral(x*acsch(sqrt(x)), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsch(x~(1/2)),x, algorithm="giac")
[Out] integrate(x*arccsch(sqrt(x)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

1
zasinh| — | dx
Jonn( )
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*asinh(1/x~(1/2)),x)
[Out] int(x*asinh(1/x~(1/2)), x)



124

3.17 [esch™ (/) dz

Optimal. Leaf size=31

+ zesch™ (v
e (V)
[Out] x*arccsch(x™(1/2))+(-1-x)~(1/2)*x~(1/2)/(-x)~(1/2)

Rubi [A]

time = 0.00, antiderivative size = 31, normalized size of antiderivative = 1.00, number of

number of r1_11es — 0.500,
integrand size

steps used = 3, number of rules used = 3, integrand size = 6,
Rules used = {6479, 12, 32}

V-2 -1z

V—z

Antiderivative was successfully verified.
[In] Int[ArcCsch[Sqrt[x]],x]
[Out] (Sqrt[-1 - x]*Sqrt[x])/Sqrt[-x] + x*ArcCsch[Sqrt[x]]
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

+ zesch ™ (V)

Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)"(m + 1)/(b*(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 6479

Int[ArcCsch[u_], x_Symbol] :> Simp[x*ArcCsch[ul], x] - Dist([u/Sqrt[-u~2], In
t [SimplifyIntegrand[x*(D[u, x]/(u*Sqrt[-1 - u~2]1)), x], x], x] /; InverseFu
nctionFreeQ[u, x] && !FunctionOfExponentialQ[u, x]

Rubi steps

\/ﬂ?fédx
/csch_l(\/a?) dxr = xcsch_l(\/;?) — 2\/_\’__;_ z
\/;f+dx
= zesch™ (vz') — 2"\/__%_ z
= _1\/__—2\/; + zesch™ (V7))




Mathematica [A]
time = 2.49, size = 24, normalized size = 0.77

1+% vz + zesch™! (V)

Antiderivative was successfully verified.

[In] Integrate[ArcCsch([Sqrt([x]],x]
[Out] Sqrt[1 + x~(-1)]1*Sqrt[x] + x*ArcCsch[Sqrt[x]]

Maple [A]
time = 0.16, size = 24, normalized size = 0.77

method result size
derivativedivides | zarcesch(/z') + % 24
£V
default h — 124
efau zarcesch(/z) + iy

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] x*arccsch(x~(1/2))+1/((1+x)/x)~(1/2)/x~(1/2)*(1+x)

Maxima [A]
time = 0.25, size = 18, normalized size = 0.58

xarcsch(\/f)+\/5\/%+l

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2)),x, algorithm="maxima")
[Out] x*arccsch(sqrt(x)) + sqrt(x)*sqrt(1/x + 1)

Fricas [A]
time = 0.41, size = 36, normalized size = 1.16

rz+1
T + Ve z+1

z log L + VT
T T

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arccsch(x~(1/2)),x, algorithm="fricas")
[Out] x*log((x*sqrt((x + 1)/x) + sqrt(x))/x) + sqrt(x)*sqrt((x + 1)/x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/acsch (Vz') dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(x**(1/2)),x)
[Out] Integral(acsch(sqrt(x)), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2)),x, algorithm="giac")
[Out] integrate(arccsch(sqrt(x)), x)

Mupad [B]
time = 2.57, size = 18, normalized size = 0.58

1 1
rzasinh| — | + vz {/—+1
(=) Vs
Verification of antiderivative is not currently implemented for this CAS.

[In] int(asinh(1/x~(1/2)),x)
[Out] x*asinh(1/x~(1/2)) + x~(1/2)*(1/x + 1)~(1/2)
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csch™ (4/z)

X

dx

3.18 |

Optimal. Leaf size=46
csch™! (\/5)2 —2csch™ (v/z) log (1 — e2°SCh_1(\/5)> — PolyLog (2, ezcsch_l(\/f)>

[Out] arccsch(x~(1/2))"2-2*arccsch(x”(1/2))*1n(1-(1/x~(1/2)+(1+1/x)~(1/2))~2)-pol
ylog(2, (1/x~(1/2)+(1+1/x)~(1/2))"2)

Rubi [A]

time = 0.06, antiderivative size = 46, normalized size of antiderivative = 1.00, number of

number of rules _
> integrand size 0.600,

steps used = 7, number of rules used = 6, integrand size = 10
Rules used = {6417, 5775, 3797, 2221, 2317, 2438}

—Li, (6205ch—1(\/;)> + CSCh—l(\/E)2 . 2cSCh_1(\/;) log <1 _ e2csch_1(\/;?))

Antiderivative was successfully verified.
[In] Int[ArcCsch[Sqrt[x]]/x,x]

[Out] ArcCsch[Sqrt[x]]~2 - 2xArcCsch[Sqrt[x]]*Logl[l - E~(2*ArcCsch[Sqrt[x]])] - P
olyLog[2, E~(2*ArcCsch[Sqrt[x]]1)]

Rule 2221

Int [(CCF_)~((g_D)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))~°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d+*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol]l :> Simp[(-I)*((c + d*x)~(m + 1)/(d*(m + 1))), x] + Dist
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[2%I, Int[((c + d*x)"m*(E-(2%((-I)*e + fxfzxx))/(1 + E~(2%((-I)*e + fxfz*x)
)/E~(2%I%k*Pi))))/E~(2xIxk*Pi), x], x] /; FreeQl[{c, d, e, £, fz}, x] && Int
egerQ[4+k] && IGtQ[m, O]

Rule 5775
Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> Dist[1/b,

Subst [Int [x"n*Coth[-a/b + x/b], x], x, a + bxArcSinh[c*x]], x] /; FreeQ[{a,
b, c}, x] && IGtQ[n, O]

Rule 6417
Int[((a_.) + ArcCsch[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +

b*ArcSinh[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rubi steps

/de=2subst(/CSCh 1) g, s, f)

x
sinh™(z) 1
—( 2Subst| [ ———Fdz,z,—
)
1
= —( 2Subst th(z) dz,z,sinh ™" | —=
( us(/xco (z) dz, z,sin (\/;))>
2 f
= sinh™! L + 4Subst / 62—gcdo[: z,sinh™!
\/E‘ 1—62 et
1
x
1

7))

) + 2Subst (/ log (1 — €’
)

)

@\ww

( ) — 2sinh ™! (%) log (1 _ 2
— sinh ™! (—x)Z — 2sinh™! (%) log (1 _ e
() o el

%\H

+Subst</w¢

_ L12 <e2 sinh~?! (ﬁ) >

%\H

Mathematica [A]
time = 0.03, size = 45, normalized size = 0.98

—csch™ (v/z) (csch_l(f) + 2log< —2csch™ Wﬂ)) + PolyLog(2,e‘2CSCh_1(\/97)>

Antiderivative was successfully verified.
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[In] Integrate[ArcCsch[Sqrt[x]]/x,x]
[Out] -(ArcCsch([Sqrt([x]]*(ArcCsch[Sqrt[x]] + 2*Log[l - E~(-2*ArcCsch[Sqrt[x]]1)]1))
+ PolyLog[2, E~(-2*ArcCsch[Sqrt[x]])]

Maple [F]
time = 0.02, size = 0, normalized size = 0.00

/ arcesch(v/z) s

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(x~(1/2))/x,x)
[Out] int(arccsch(x~(1/2))/x,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2))/x,x, algorithm="maxima")
[Out] integrate(arccsch(sqrt(x))/x, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(arccsch(x~(1/2))/x,x, algorithm="fricas")
[Out] integral(arccsch(sqrt(x))/x, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dx

/acsch (Vz')

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(x**(1/2))/x,x)
[Out] Integral(acsch(sqrt(x))/x, x)



Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2))/x,x, algorithm="giac")
[Out] integrate(arccsch(sqrt(x))/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

asinh(ﬁ) ;

T
T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asinh(1/x~(1/2))/x,x)
[Out] int(asinh(1/x~(1/2))/x, x)

130
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csch™ (4/z)

x2

dx

319 |

Optimal. Leaf size=63

V-l-z esch™' (v/z') B vz ArcTan(v—-1—z')
2v/—z' 1 T 2v/—z

[Out] -arccsch(x™(1/2))/x+1/2%(-1-x)~(1/2)/(-x)~(1/2) /x~(1/2)-1/2*arctan((-1-x) ~(
1/2))*x~(1/2)/(-x)~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 63, normalized size of antiderivative = 1.00, number of

number of rules _ (50
’ integrand size ’

steps used = 5, number of rules used = 5, integrand size = 10
Rules used = {6481, 12, 44, 65, 210}

_\/a?ArcTan(\/—:c— 1) N V—z -1 B csch™ (V)
2v—z 2vV—z T x

Antiderivative was successfully verified.
[In] Int[ArcCsch[Sqrt([x]]/x"2,x]

[Out] Sqrt[-1 - x]/(2*Sqrt[-x]*Sqrt[x]) - ArcCsch[Sqrt[x]]/x - (Sqrt[x]*ArcTan[Sq
rt[-1 - x]1)/(2*Sqrt [-x])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
QLu, (b_)*(v_) /; FreeQlb, x]]

Rule 44

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + bxx)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((bxc - a*xd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] & NeQ[b*c - a*d, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)], x11 /; FreeQl{a, b, c, d}, x] && NeQ
[b*c - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
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Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 6481

Int[((a_.) + ArcCschlu_J]*(b_.))*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*((a + b*ArcCsch[u])/(d*(m + 1))), x] - Dist[b*(u/(d*(m
+ 1)*Sqrt[-u~2])), Int[SimplifyIntegrand[(c + d*x)"(m + 1)*(D[u, x]/(u*Sqr
t[-1 - u~2]1)), x1, x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Func
tionOfExponentialQ[u, x]

Rubi steps

Tr =

/csch_l(\/;) q _csch_l(\/f) N Ve fﬁdm

2 T V-z
_ _csch_l(\/a?) .\ VT f‘\/\;?m2 dz
T 2/ —x
_ V-1—2x _csch_l(\/ﬂ?)_ﬁf\/—ll——xxdx
2v/—z 7z x e
B V=i-z _csch_l(\/f) +\/§Subst(fﬁdx,x,\/—l—x)
V=1 T x 2/—x
_ V-1-2z B csch™ (V') B vz tan™! (V-1—1)
2v—z \x x 2vV—z

Mathematica [A]
time = 0.02, size = 42, normalized size = 0.67

VE acm) (L)

241’ x 2

Antiderivative was successfully verified.

[In] Integrate[ArcCsch[Sqrt[x]]/x~2,x]
[Out] Sqrtl[(1 + x)/x]/(2*Sqrt[x]) - ArcCsch[Sqrt[x]]/x - ArcSinh[1/Sqrt([x]]/2
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Maple [A]
time = 0.16, size = 46, normalized size = 0.73
method result size
1 -|- xr <arctanh( 1 ) 1 +x )
arccsch </
derivativedivides | — z(\/aT) — 1 + z 46
2 \/ 1_w w%

. ( \/ﬂ?) Vit <arctanh< \/—> Vit ) i

default — -
x \/ 14z zg

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(x~(1/2))/x~2,x,method=_RETURNVERBOSE)

[Out] -arccsch(x~(1/2))/x-1/2*%(1+x)~(1/2)*(arctanh(1/(1+x)~(1/2))*x-(1+x)~(1/2))/
((1+x) /x)~(1/2) /x~(3/2)

Maxima [A]
time = 0.26, size = 65, normalized size = 1.03

\/—” _ arosch ( )——1og<\/‘ —+1 +1> 1og<f —+1—1>

2(z(L+1)—1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2))/x"2,x, algorithm="maxima")
[Out] 1/2*sqrt(x)*sqrt(1/x + 1)/(x*(1/x + 1) - 1) - arccsch(sqrt(x))/x - 1/4*log(
sqrt(x)*sqrt(1/x + 1) + 1) + 1/4xlog(sqrt(x)*sqrt(1/x + 1) - 1)

Fricas [A]
time = 0.36, size = 44, normalized size = 0.70
rz+1
T +VT r+1
(z +2)log p —Vz
2z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2))/x"2,x, algorithm="fricas")
[Out] -1/2*%((x + 2)*log((x*sqrt((x + 1)/x) + sqrt(x))/x) - sqrt(x)*sqrt((x + 1)/x

))/x
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/acsch (2\/37) e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(x**(1/2))/x**2,x)
[Out] Integral(acsch(sqrt(x))/x**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2))/x"2,x, algorithm="giac")
[Out] integrate(arccsch(sqrt(x))/x"2, x)

Mupad [B]
time = 2.22, size = 33, normalized size = 0.52

L () (- )
2V Na

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asinh(1/x~(1/2))/x"2,%)
[Out] (1/x + 1)°(1/2)/(2*x~(1/2)) - (2*asinh(1/x~(1/2))*(1/(2xx~(1/2)) + x~(1/2)/

4))/x~(1/2)
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csch™ (4/z)

x3

dx

3.20 |

Optimal. Leaf size=90

v-1l-—=z 3vV—-1—=z csch_l(\/a?) N 3\/:?ArcTan(\/—1 - )

8v—x 232  16+/—z \/z - 222 164/ —2x

[Out] -1/2%arccsch(x~(1/2))/x"2+1/8*(-1-x)~(1/2)/x~(3/2)/(-x)~(1/2)-3/16%(-1-x) ~(
1/2)/(-x)~(1/2) /x~ (1/2)+3/16*arctan((-1-x) ~(1/2))*x~(1/2) / (-x)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 90, normalized size of antiderivative = 1.00, number of

number of rules _ (50
’ integrand size ’

steps used = 6, number of rules used = 5, integrand size = 10
Rules used = {6481, 12, 44, 65, 210}

3vz ArcTan(v—z— 1) N V—r—-1 B csch™ (V) B 3v—z—1
16—z 8v/—x z3/2 22 16—z

Antiderivative was successfully verified.
[In] Int[ArcCsch[Sqrt([x]]/x"3,x]

[Out] Sqrt[-1 - x]/(8*Sqrt[-x]*x~(3/2)) - (3*Sqrt[-1 - x])/(16*Sqrt[-x]*Sqrt[x])
- ArcCsch[Sqrt[x]]1/(2*x~2) + (3*Sqrt[x]*ArcTan[Sqrt[-1 - x]])/(16*Sqrt[-x])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
QLu, (b_)*(v_) /; FreeQlb, x]]

Rule 44

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + bxx)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((bxc - a*xd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] & NeQ[b*c - a*d, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)], x11 /; FreeQl{a, b, c, d}, x] && NeQ
[b*c - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
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Rule 210

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symboll :> Simp[(-(Rt[-a, 21*Rt[-b, 21)~(
-1))*ArcTan[Rt [-b, 21*(x/Rt[-a, 21)1, x] /; FreeQ[{a, b}, x] & PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 6481

Int[((a_.) + ArcCschlu_I*(b_.))*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*((a + b*ArcCsch[u])/(d*(m + 1))), x] - Dist[b*x(u/(d*(m
+ 1)*Sqrt[-u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(uxSqr
t[-1 - u~21)), x]1, x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)~"(m + 1), u, x] && !Func
tionOfExponentialQ[u, x]

Rubi steps

/csch"l(\/a?) p csch™ (V') Ve | Fﬁ dz

z3 T 222 * o2/—1
Cedi(vr) VT e

B 212 4=z
VT wd(vE) OV et
 8y/—z 32 22 16v/—2
_V-l-z  3/-l-z _csch"l(\/a?) N (&/a?)fﬁdm
8=z 132 1677 T 272 32—z
_V-1-2  3V=1-z  cwch'(vz) (3v/z") Subst( [ =L dz,z,vV/—1 -1
8=z 232 16—z T 212 16+/—1z
_ vV—-1l-—-1z B 3v—-1—z B csch™ (V') N 3vz tan™! (V-1—1z)
8=z 232 16—z VT 212 16+/—2

Mathematica [A]
time = 0.03, size = 47, normalized size = 0.52

145 (2-32)v& —8osch™ (v/&) + 3% sinh (ﬁ)

T
1622

Antiderivative was successfully verified.

[In] Integrate[ArcCsch[Sqrt[x]]/x~3,x]
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[Out] (Sqrtl[1l + x~(-1)]*(2 - 3*x)*Sqrt[x] - 8xArcCsch[Sqrt[x]] + 3*x~2*ArcSinh[1/
Sqrt [x]])/(16%x72)

Maple [A]
time = 0.18, size = 57, normalized size = 0.63

method result size
\/1+.’IJ <3arctanh< 1 >m —3\/1+.’L' m+2\/]_+$>
arccsch \/
derivativedivides | — 252\/5 ) + 1+ 57
o/
arccsch(\/.’l?) \/1+.’L‘ <3arctanh< >z —3\/1+.’L’ z+2\/1+$ >
default — 52 + 57
?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(x~(1/2))/x~3,x,method=_RETURNVERBOSE)
[Out] -1/2*arccsch(x~(1/2))/x"2+1/16%(1+x)~(1/2)*(3*arctanh(1/(1+x) ~(1/2))*x~2-3*
(1+x) 7 (1/2) #x+2x (1+x) ~(1/2) ) / ((1+x) /x) ~(1/2) /3~ (5/2)

Maxima [A]
time = 0.26, size = 92, normalized size = 1.02

3z7 (L —5vz /- +1

_16(x2(§+1) —2x(i+1)+1) 247 32
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2))/x"3,x, algorithm="maxima")

[Out] -1/16%(3*x~(3/2)*(1/x + 1)7(3/2) - b*xsqrt(x)*sqrt(1/x + 1))/ (x"2*(1/x + 1)~
2 - 2xx*x(1/x + 1) + 1) - 1/2*%arccsch(sqrt(x))/x"2 + 3/32*log(sqrt(x)*sqrt(1

/x + 1) + 1) - 3/32*log(sqrt(x)*sqrt(1/x + 1) - 1)

Fricas [A]
time = 0.38, size = 53, normalized size = 0.59

r+1

— (322 —8)log -

Bz —2)Vz

B 16 z2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arccsch(x~(1/2))/x"3,x, algorithm="fricas")
[Out] -1/16%((3*x - 2)*sqrt(x)*sqrt((x + 1)/x) - (3*x"2 - 8)*log((x*sqrt((x + 1)/
x) + sqrt(x))/x))/x"2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/acsch (3\/37) s

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(x**(1/2))/x**3,x)
[Out] Integral(acsch(sqrt(x))/x**3, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2))/x"3,x, algorithm="giac")
[Out] integrate(arccsch(sqrt(x))/x"3, x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
asinh | ——
[—=
— > dx

3
Verification of antiderivative is not currently implemented for this CAS.

[In] int(asinh(1/x~(1/2))/x"3,%)
[Out] int(asinh(1/x~(1/2))/x"3, %)
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csch™ (4/z)

x4

dx

3.21 |

Optimal. Leaf size=115

V-l-z  5V/-1-x N 5vV—1—z  csch™(vz') 5o ArcTan(v-1-a)
18v/—x ' x5/2  72/—x'23/2  48+/—x \/x 33 48+/—x

[Out] -1/3%arccsch(x~(1/2))/x~3+1/18%(-1-x)~(1/2)/x~(5/2)/(-x)~(1/2)-5/72%(-1-x)~
(1/2)/x7(3/2)/ (-x)~(1/2)+5/48% (-1-x)~(1/2) / (-x)~(1/2) /x~ (1/2) -5/48*arctan ((
-1-x)7(1/2))*x~(1/2) / (-x)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 115, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.500,

steps used = 7, number of rules used = 5, integrand size = 10
Rules used = {6481, 12, 44, 65, 210}
_5\/37ArcTan(\/—x -1) 5z -1 V—z -1 csch ™ (V) N 5v—1 — 1

+
48+/—x T2/ —x 23/2  18+/—x x5/2 33 48/ —x /2

Antiderivative was successfully verified.
[In] Int[ArcCsch[Sqrt([x]]/x"4,x]

[Out] Sqrt[-1 - x]/(18%Sqrt[-x]*x~(5/2)) - (5*%Sqrt[-1 - x])/(72*Sqrt[-x]*x~(3/2))
+ (5%Sqrt[-1 - x])/(48%Sqrt[-x]*Sqrt[x]) - ArcCsch[Sqrt[x]]/(3*x~3) - (5%S
qrt [x]*ArcTan[Sqrt[-1 - x]]1)/(48*Sqrt[-x])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 44

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+bxx)"(m + D*((c + d*x)"(n + 1)/((b*xc - a*xd)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1) *x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)]1, x11 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
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ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]1*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQl[a, 0] [l LtQ[b, 0]1)

Rule 6481

Int[((a_.) + ArcCschlu_l*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*((a + b*ArcCsch[u])/(d*(m + 1))), x] - Dist[bx(u/(d*(m
+ 1)*Sqrt[-u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*xSqr
t[-1 - u~21)), x1, x], x] /; FreeQ[{a, b, ¢, d, m}, x] & NeQ[m, -1] && Inv
erseFunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)~"(m + 1), u, x] && !Func
tionOfExponentialQ[u, x]

Rubi steps

/csch_l(\/f) J csch™' (V') Ve | M/Tﬁ dz

lvai rT=- 3x3 + 3\/3
_ed(ve) VT o
33 6v—x
VA ed(vE) VI g
T 18y/—z w52 323 36v/—z
_ 1 dr
_ VTI=s  5/=1—z _csch 1(\/;)+(5\/5)fmw2
18/ —2 25/2  72y/—x x3/2 3z3 48y -z’
 VOI=s  svDi=r  svmI=z  eai(vz) OVE) o
T l8vz 52 Tov—z o | a8v—z vz 3 96—z
Vo= z  5/Ti—z  5V/=I—gz  cschi(va)  (5v)Subst([ L
T l8vz 2 Tav—z o | a8z vz 3 48+/-
_ V-1-z 5v—1—1z 5V/—1—xz  csch'(vz') 5yz tan! (vV-1—
T Isvez o2 Tav—z i | isvz vz | 3B A8v/—x

Mathematica [A]
time = 0.03, size = 52, normalized size = 0.45

1
1+ — vz (8 — 10z + 152%) — 48csch™! (/= ) — 1523 sinh ™ | —=
+x z ( z + 152°) csch™ (V) z° sin (\/E)

1443
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Antiderivative was successfully verified.

[In] Integrate[ArcCsch[Sqrt[x]]1/x74,x]
[Out] (Sqrtl[1 + x~(-1)]*Sqrt[x]*(8 - 10*x + 15%x~2) - 48*ArcCsch[Sqrt[x]] - 15*x~
3*ArcSinh[1/Sqrt[x]])/(144*x~3)

Maple [A]
time = 0.16, size = 67, normalized size = 0.58

method result
V1+zx <—15arctanh< L >z3+15\/1 +x 22-100/1 4+ z+8y/1+x \
arccsch xr /
derivativedivides | — 3£f ) + 1+ —— :
144 \/T 2

arccsch(\/;) Vit+z <—15arctanh<\/11_l__x>z3+15\/1 +x 2-10v/1+ 7 2481+ :

NI~

default — 3 + :
5 144 \/ 1';—””

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(x~(1/2))/x~4,x,method=_RETURNVERBOSE)

[Out] -1/3*arccsch(x~(1/2))/x"3+1/144*%(1+x)~(1/2)*(-15*arctanh(1/(1+x)~(1/2))*x"3
+15% (1+x) 7 (1/2) *x72-10* (1+x) ~ (1/2) *x+8* (1+x) ~(1/2) ) / ((1+x) /x) ~(1/2) /x~(7/2)

Maxima [A]

time = 0.26, size = 116, normalized size = 1.01
1525 (1 +1)7 — 4023 (L +1)° +33 7 —+1  aresch (VE)
144 (221 +1)° - 322(L +1)" + 30 (L + )—1) 3a°

——lo (f 7—4-1 +1>+log<f +1—1>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2))/x"4,x, algorithm="maxima")

[Out] 1/144x(15*x~(5/2)*(1/x + 1)7(5/2) - 40*x~(3/2)*x(1/x + 1)~(3/2) + 33*sqrt(x)
xsqrt(1/x + 1))/ (x"3*(1/x + 1)73 - 3*x"2%(1/x + 1)72 + 3*xx*(1/x + 1) - 1) -
1/3%arccsch(sqrt(x))/x"3 - 5/96xlog(sqrt(x)*sqrt(1/x + 1) + 1) + 5/96%log(
sqrt(x)*sqrt(1/x + 1) - 1)

Fricas [A]

time = 0.38, size = 58, normalized size = 0.50

rz+1

(1522 — 10z + 8) vz —3(52% +16)log L

144 23
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2))/x"4,x, algorithm="fricas")
[Out] 1/144x((15%x~2 - 10*x + 8)*sqrt(x)*sqrt((x + 1)/x) - 3*(5*x~3 + 16)*Llog((x*
sqrt((x + 1)/x) + sqrt(x))/x))/x"3

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/acsch S\/f) i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(x**(1/2))/x**4,x)
[Out] Integral(acsch(sqrt(x))/x**4, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(x~(1/2))/x"4,x, algorithm="giac")
[Out] integrate(arccsch(sqrt(x))/x"4, x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
i _1
/asmh(\/;>
— 2 dx

4
Verification of antiderivative is not currently implemented for this CAS.

[In] int(asinh(1/x~(1/2))/x"4,%)
[Out] int(asinh(1/x~(1/2))/x"4, x)
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3.22 | csch™! (%) dx

Optimal. Leaf size=16

—V14 22 +zsinh™!(z)

[Out] x*arcsinh(x)-(x"2+1)"(1/2)

Rubi [A]
time = 0.00, antiderivative size = 16, normalized size of antiderivative = 1.00, number of

number of rules _ 0.750,
integrand size

steps used = 3, number of rules used = 3, integrand size = 4,
Rules used = {6463, 5772, 267}

rsinh™!(z) — Va2 4+ 1

Antiderivative was successfully verified.
[In] Int[ArcCsch[x~(-1)],x]

[Out] -Sqrt[1 + x~2] + x*ArcSinh[x]
Rule 267

Int[(x_)"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] & EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 5772

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + bxA
rcSinh[c*x])"n, x] - Dist[b*c*n, Int[x*((a + b*ArcSinh[c*x])~(n - 1)/Sqrt[1
+ ¢c™2%x72]), x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, O]

Rule 6463
Int[ArcCsch[(c_.)/((a_.) + (b_.)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int

[u*ArcSinh[a/c + b*(x"n/c)]"m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rubi steps

/ csch_l(%> dz = / sinh~(z) dz

= zsinh™(z —/de
) V14 2?2
= —V1+ 2% + zsinh™'(z)



Mathematica [A]
time = 0.00, size = 18, normalized size = 1.12

1
—v1+ 22 + zesch™ (—)
x

Antiderivative was successfully verified.

[In] Integrate[ArcCsch[x~(-1)],x]
[Out] -Sqrt[1 + x~2] + x*ArcCsch[x~(-1)]

Maple [A]
time = 0.15, size = 29, normalized size = 1.81

method result size

P 1 2?(L+1)
derivativedivides marccsch(;) — \/( - z - | 29

") g

default zarcesch (1) —
VG

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(1/x),x,method=_RETURNVERBOSE)
[Out] x*arccsch(1/x)-1/((1/x"2+1)*x"2)~(1/2)*x"2x(1/x"2+1)

Maxima [A]
time = 0.25, size = 16, normalized size = 1.00

1
z arcsch (—) —Vz2 41
T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(1/x),x, algorithm="maxima")
[Out] x*arccsch(1/x) - sqrt(x™2 + 1)

Fricas [A]
time = 0.36, size = 22, normalized size = 1.38

xlog(x+\/x2+1>—\/x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(1/x),x, algorithm="fricas")
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[Out] x*log(x + sqrt(x”2 + 1)) - sqrt(x”"2 + 1)

Sympy [A]
time = 0.04, size = 14, normalized size = 0.88

x acsch <1) —Vz2+1

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(1/x),x)
[Out] x*acsch(1/x) - sqrt(x*x2 + 1)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(1/x),x, algorithm="giac")
[Out] integrate(arccsch(1/x), x)

Mupad [B]
time = 0.07, size = 14, normalized size = 0.88

zasinh(z) — V22 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asinh(x),x)
[Out] x*asinh(x) - (x"2 + 1)°(1/2)

145
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-1 n
3.93 fcsch (az™) ..

X

Optimal. Leaf size=61

csch™ (az")2 csch™!(az™) log (1 — e2cs°h_1(‘“’")> PolyLog (2, e2°SCh_1(“‘”")>

2n n 2n

[Out] 1/2%arccsch(a*x™n) ~2/n-arccsch(a*x"n)*1n(1-(1/a/(x"n)+(1+1/a~2/(x"n)"2)"~(1/
2))~2)/n-1/2%polylog(2, (1/a/(x"n)+(1+1/a"2/(x"n)"2)~(1/2))"2) /n

Rubi [A]
time = 0.07, antiderivative size = 61, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.600,

steps used = 7, number of rules used = 6, integrand size = 10
Rules used = {6417, 5775, 3797, 2221, 2317, 2438}

Liy <e2csch—1(am")> csch_l(aa:")2 CSCh_l(axn) lOg <1 _ e2csch_1(am”)>
— + _

2n 2n n

Antiderivative was successfully verified.
[In] Int[ArcCschl[a*x"n]/x,x]

[Out] ArcCsch[a*x"n]~2/(2*n) - (ArcCsch[a*x"n]*Log[l - E~(2%ArcCsch[a*x"n])])/n -
PolyLog[2, E~(2*ArcCsch[a*x™n])]/(2%n)

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))"n/a)l, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438
Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLog[2
, (-c)*exx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 3797
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Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2%xI, Int[((c + d*x)"m*(E~(2%x((-I)*e + fxfzxx))/(1 + E~(2%((-I)*e + fxfz*x)
)/E~ (2xIxk*Pi))))/E~(2*%Ixk*Pi), x], x] /; FreeQl[{c, d, e, f, fz}, x] &% Int
egerQ[4*k] && IGtQ[m, O]

Rule 5775

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> Dist[1/b,
Subst [Int [x"n*Coth[-a/b + x/b]l, x], x, a + bxArcSinh[c*x]], x] /; FreeQ[{a,
b, c}, x] && IGtQ[n, O]

Rule 6417
Int[((a_.) + ArcCschl[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +

b*ArcSinh[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rubi steps

1
Subst <f M dz, z, x")

-1 n
/ csch™ (az™) dp —
T
Subst ( [ sinh_ d:c T,T ")

Subst( | z coth(z )dz, z,sinh ™" (%))

sinh~ < _">2 2Subst(f e =% dz,z,sinh™ <%">>
- 2n
_ sinh™ < )2 sinh™* (”” n) (1 - 2smh_1(in)> .\ Subst<f log (1 — €??) dz,:
2n n n
_ sinh™ ( )2 sinh™* (x n) log (1 — zsmh_l(zan)> . Subst (f 6022) gy v, €
2n n 2n
sinh~! <z )2 sinh™! (‘” n) log (1 — 2smh_1(z;n)) Li, (32Si“h_1(z;n))
N 2n n B 2n

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
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time = 0.06, size = 64, normalized size = 1.05

x—nng(l 11.3 §.__2> n
vrvyy 2 ) (csch_l(ax") —sinh™* (:c_)) log(z)
a

an

Antiderivative was successfully verified.

[In] Integrate[ArcCsch[a*x"n]/x,x]
[Out] -(HypergeometricPFQ[{1/2, 1/2, 1/2}, {3/2, 3/2}, -(1/(a"2*x~(2*n)))]/(a*n*x
“n)) + (ArcCschla*x"n] - ArcSinh[1/(a*x"n)])*Log[x]

Maple [F]
time = 0.08, size = 0, normalized size = 0.00

/ arccsc:}vl(ax ) i

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(a*x"n)/x,x)
[Out] int(arccsch(a*x"n)/x,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(a*x”n)/x,x, algorithm="maxima")

[Out] a"2*n*integrate(x~(2*n)*log(x)/(a"2*xx*x~(2*n) + (a"2*x*x~(2*n) + x)*sqrt(a”
2%x~(2#%n) + 1) + x), x) + n*xintegrate(log(x)/(a"2*x*x~(2*n) + x), x) - log(
a)*log(x) - log(x)*log(x~n) + log(x)*log(sqrt(a~2*x~(2%n) + 1) + 1)

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(a*x™n)/x,x, algorithm="fricas")

[Out] Exception raised: TypeError >> Error detected within library code: integ

rate: implementation incomplete (constant residues)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ acsch (az™) s

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(a*x**n)/x,x)

[Out] Integral(acsch(a*x*#*n)/x, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(a*x™n)/x,x, algorithm="giac")
[Out] integrate(arccsch(a*x™n)/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/asinh(#) p
— taez®) gy

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(asinh(1/(a*x"n))/x,x)
[Out] int(asinh(1/(a*x"n))/x, x)
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~1
394 [ csch™ (as%) d

X

Optimal. Leaf size=54

i -1 5\2 1 -1 5 _ ,2csch™l(az®) ) _ l 2csch™! (az®)
10csch (ax ) 5c:sch (ax )log (1 e ) 10PolyLog<2,e )

[Out] 1/10*arccsch(a*x~5)"2-1/5%arccsch(a*x~5)*1n(1-(1/a/x"5+(1+1/a"2/x~10)~(1/2)
)~2)-1/10%polylog(2, (1/a/x~5+(1+1/a~2/x~10)~(1/2))~2)

Rubi [A]

time = 0.07, antiderivative size = 54, normalized size of antiderivative = 1.00, number of

number of rules _ 500
’ integrand size ’

steps used = 7, number of rules used = 6, integrand size = 10
Rules used = {6417, 5775, 3797, 2221, 2317, 2438}

1 - 1 1 _
—ELiz (eQCSCh 1(“””5)) + Ecsch_]L (ax5)2 — gcsch_1 (az®) log <1 — gZesch 1(‘“’5)>
Antiderivative was successfully verified.

[In] Int[ArcCsch[a*x"5]/x,x]

[Out] ArcCsch[a*x"5]72/10 - (ArcCsch[a*x"5]*Logl[l - E~(2*ArcCsch[a*x"5])])/5 - Po
lyLog[2, E~(2*ArcCsch[a*x~5])]/10

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxf*xg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*(x_)], x_Symbol]l :> Simp[(-I)*((c + d*x)~(m + 1)/(d*(m + 1))), x] + Dist
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[2%I, Int[((c + d*x)"m*(E-(2%x((-I)*e + fxfzxx))/(1 + E~(2%((-I)*e + fxfz*xx)
)/E~ (2%I%k*Pi))))/E~(2xIxk*Pi), x], x] /; FreeQl[{c, d, e, £, fz}, x] && Int
egerQ[4+k] && IGtQ[m, O]

Rule 5775

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> Dist[1/b,
Subst [Int [x"n*Coth[-a/b + x/b], x], x, a + bxArcSinh[c*x]], x] /; FreeQ[{a,
b, c}, x] && IGtQ[n, O]

Rule 6417
Int[((a_.) + ArcCsch[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +

b*ArcSinh[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rubi steps

~1(, .5 -1
/ csch (az”) dx = 1Subst ( / csch (az) dz, z, 535)
x ) z

. h_l z
=— 1Subst /udx,x, 1
5 T z®
= —(%Subst (/xcoth(x) dz, z, csch_l(ax5)>)

2x

1 2 = s
_1ocsch ' (az®) +5Subst(/1_ —dx,z,csch™ (az ))

. 1 _1 5\2 1 2csch _ e

= —1Ocsch (az ) 5(:sch ®) log (1 ) + Subst ( / log (1 — €**) da
— 1 -1 5\2 1 e2osch™ / log(l _ CL‘)

= 1Ocsch (az®) 5csch log <1 > +35 0Subst( — de,
_ 1 -1 5\2 _ 1 2csch _ 1 2csch_1(az5)

=1 Ocsch (az®) 5csch %) log <1 > 0 0L1 < )

Mathematica [A]
time = 0.03, size = 49, normalized size = 0.91

(—csch™ (as”) (esch™ (aa) + 21og (1 — &2 (@) ) ) 4 PolyLog (2, e 27" ) )

1
10

Antiderivative was successfully verified.

[In] Integrate[ArcCsch[a*x~5]/x,x]
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[Out] (-(ArcCsch[a*x~5]*(ArcCsch[a*x"5] + 2xLog[l - E~(-2xArcCsch[a*x~5])])) + Po
lyLog[2, E~(-2*ArcCsch[a*x~5])])/10

Maple [F]
time = 0.05, size = 0, normalized size = 0.00

/ arccsch(a z°) e

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(a*x~5)/x,x)
[Out] int(arccsch(a*x~5)/x,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(a*x”5)/x,x, algorithm="maxima")

[Out] 5*a~2*integrate(x~9*log(x)/(a~2#x~10 + (a"2*x~10 + 1)7(3/2) + 1), x) - 1/2%
log(a™2*x~10 + 1)*log(x) - log(a)*log(x) - 5/2xlog(x)~2 + log(x)*log(sqrt(a
~2%x710 + 1) + 1) - 1/20*dilog(-a~2*x~10)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(a*x~5)/x,x, algorithm="fricas")

[Out] integral(arccsch(a*x~5)/x, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ acsch (az®) i

T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(a*x**5)/x,x)

[Out] Integral(acsch(a*x**5)/x, x)



Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(a*x”5)/x,x, algorithm="giac")
[Out] integrate(arccsch(a*x”5)/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/asinh(#) p
— ez’ (g

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asinh(1/(a*x"5))/x,x)
[Out] int(asinh(1/(a*x"5))/x, %)
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3.25 | csch™! (ce“*bx) dx

Optimal. Leaf size=77

csch ™! (ceatte)” csch™ (ce®***) log (1 B 62CSCh_l(cea+bz)) PolyLog (2, g2esch™ (certt?) )

2b b 2b

[Out] 1/2*arccsch(c*exp(b*x+a))~2/b-arccsch(c*exp(b*x+a))*1n(1-(1/c/exp(b*x+a)+(1
+1/c~2/exp(b*x+a) ~2)~(1/2))~2) /b-1/2*polylog(2, (1/c/exp(b*x+a)+(1+1/c~2/exp
(bxx+a)~2)~(1/2))72) /b

Rubi [A]
time = 0.06, antiderivative size = 77, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.700,

steps used = 7, number of rules used = 7, integrand size = 10
Rules used = {2320, 6417, 5775, 3797, 2221, 2317, 2438}

Liz <e2csch—1 (cea+bw)> CSCh_l (Cea+bz) 2 CSCh_l (C€a+bm) 10g (1 _ e2csch—1 (ce“+b$)>

2b 2b b

Antiderivative was successfully verified.
[In] Int[ArcCsch[c*E~(a + b*x)],x]

[Out] ArcCsch[c*E~(a + b*x)]~2/(2xb) - (ArcCsch[c*E~(a + b*x)]*Log[l - E~(2xArcCs
ch[c*E~(a + b*x)])])/b - PolyLog[2, E~(2*ArcCsch[c*E~(a + bxx)])]/(2%b)

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))"n/a)l, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) (m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
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(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3797

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
O*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2%I, Int[((c + d*x)"m*(E~(2%x((-I)*e + fxfzxx))/(1 + E~(2%((-I)*e + fxfz*xx)
)/E~ (2xIxk*Pi))))/E~(2*Ixk*Pi), x], x] /; FreeQl{c, d, e, f, fz}, x] &% Int
egerQ[4*k] && IGtQ[m, O]

Rule 5775

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> Dist[1/b,
Subst [Int [x"n*Coth[-a/b + x/b]l, x], x, a + bxArcSinh[c*x]], x] /; FreeQ[{a,
b, c}, x] && IGtQ[n, 0]

Rule 6417
Int[((a_.) + ArcCsch[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
bxArcSinh[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rubi steps
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1
Subst (f M dz, z, e“*bz>

/ csch™! (ce“"'b”’) dr =

b
Subst (f w dz, z, e‘“_m)
Subst ( [z cothl()x) dz,z,sinh™ (efa;bz > )
b
sinh™* <e s ) ® 9Subst (f 2 dz, z,sinh ™! (e_“c_b”” ))
N 2 + 5
i (22 () (1) g v
h 2b - b +
sinh~! (e_ac_b’”)2 sinh™ (e_ac_bm> log (1 — e2smh_1<eacbz>) Subst <f @ d
B 2 B : +
sinh™! <e_“_b’”)2 sinh~! <e_ac_bw) log(1— 2o (e_ac_bx)) Lis <e2 sinh—1 (e_ac_b;
2b B b - 50

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 236 vs. 2(77) =
154.
time = 0.45, size = 236, normalized size = 3.06

emomb\/1 + 2e2latn) (1og“ (—c2exatt)) 1 tanh~" (\/1 T elaron) ) (—~8ba + 4log (~c2eX@+2))) — 4log (—c2@+) log (g (1 + V1 + @etlartn) )) +2log? (g (1 + V1 + etlarin) )) - 4PolyLog(2, %(1 — 1+ cextarim) )))

gesch™ (ce™7) +

[ e2atbn)
SbC\Y‘J 1+ =

Antiderivative was successfully verified.

[In] Integrate[ArcCsch[c*E~(a + b*x)],x]

[Out] x*ArcCsch[c*E~(a + b*x)] + (E~(-a - b*x)*Sqrt[1l + c”2+«E~(2*(a + b*x))]*(Log
[-(c™2*E~(2%(a + b*x)))]"2 + ArcTanh[Sqrt[1 + c™2+E~(2*(a + b*x))]]*(-8*b*x

+ 4xLog[-(c"2*xE~(2x(a + b*x)))]) - 4*Log[-(c™2*E~(2*(a + b*x)))]*Logl[(1 +

Sart[1 + c™2*E~(2%(a + b*x))])/2] + 2+Logl[(1 + Sqrt[1 + c™2xE~(2*(a + b*x))
1)/2]172 - 4xPolyLogl[2, (1 - Sqrt[l + c™2*E~(2x(a + b*x))])/2]))/(8*bxc*xSqrt

[1 + 1/(c™2*E~(2x(a + b*x)))])

Maple [F]
time = 0.08, size = 0, normalized size = 0.00

/ arcecsch (ebz"'“c) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsch(exp(b*x+a)*c),x)
[Out] int(arccsch(exp(b*x+a)*c),x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(cxexp(b*x+a)),x, algorithm="maxima")

[Out] bxc™2*xintegrate(x*e” (2xbxx + 2xa)/(c™2xe” (2*b*x + 2%a) + (c"2%e~(2*%b*x + 2%
a) + 1)7(3/2) + 1), x) - 1/2%b*x"2 - (a + log(c))*x + x*log(sqrt(c~2*e” (2*b

*x + 2%a) + 1) + 1) - 1/4x(2*b*xxlog(c™2*%e” (2*%b*x + 2%a) + 1) + dilog(-c~2x%

e~ (2xbxx + 2*a)))/b

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(c*exp(b*x+a)),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Error detected within library code: integ
rate: implementation incomplete (constant residues)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ acsch (ce®™") dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(c*exp(b*x+a)),x)
[Out] Integral(acsch(cxexp(a + b*x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(arccsch(c*exp(b*x+a)),x, algorithm="giac")
[Out] integrate(arccsch(cxe”(b*x + a)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

—a—bzx
/ asinh(e ) dz
c

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asinh(exp(- a - b*x)/c),x)
[Out] int(asinh(exp(- a - b*x)/c), x)
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-1
3.26 [ eeseb(az)gm gy
Optimal. Leaf size=52

zm x1+m2F1(—%,%(—1—m);l_—m'—L)

am 14+m

[Out] x"m/a/m+x~(1+m)*hypergeom([-1/2, -1/2-1/2+%m], [1/2-1/2%m],-1/a"2/x"2)/(1+m)

Rubi [A]
time = 0.03, antiderivative size = 52, normalized size of antiderivative = 1.00, number of

number of rules _ 4 400
integrand size ’

steps used = 4, number of rules used = 4, integrand size = 10,
Rules used = {6471, 30, 346, 371}

Antiderivative was successfully verified.
[In] Int[E~ArcCschla*x]*x"m,x]

[Out] x"m/(a*m) + (x~(1 + m)*Hypergeometric2F1[-1/2, (-1 - m)/2, (1 - m)/2, -(1/(
a”2%x72))])/(1 + m)

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 346

Int [((c_)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[(-c~
(1)) *(c*x)"(m + D*(1/x)"(m + 1), Subst[Int[(a + b/x"n)"p/x"(m + 2), x], x
, 1/x1, x] /; FreeQ[{a, b, ¢, m, p}, x] && ILtQ[n, 0] && !'RationalQ[m]

Rule 371

Int[((c_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, c, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 0] Il GtQla, 01)

Rule 6471

Int [ETArcCschl[(a_.)*(x_)~(p_.)I*(x_)~(m_.), x_Symbol] :> Dist[1/a, Int[x~(m
- p), x], x] + Int[x"m*Sqrt[1 + 1/(a~2%x~(2%p))], x] /; FreeQ[{a, m, p}, x
]
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Rubi steps

—1+m
/ecsch—l(aw)xm dr = u _|_/ 1+ % ™ dx
a a“x
:w__<(l) )Subst( 1+ )
am z

_ o R (5,5(] =

am 1—|—m

a2 $2

Mathematica [A]
time = 0.04, size = 54, normalized size = 1.04

m N gy F (=3, 2 (-1 —m); 1+ 1(-1—m); — )

a’x?

am 1+m
Antiderivative was successfully verified.

[In] Integrate[E~ArcCschla*x]*x"m,x]

[Out] x"m/(a*m) + (x~(1 + m)*Hypergeometric2F1[-1/2, (-1 - m)/2, 1 + (-1 - m)/2,
-(1/(a™2*x72))1) /(1 + m)

Maple [F]
time = 0.02, size = 0, normalized size = 0.00

1 1
/(——I— 1+ 22>zmd:c
azx a’x

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))*x"m,x)
[Out] int((1/a/x+(1+1/a"2/x"2)"(1/2))*x"m,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x"m,x, algorithm="maxima")
[Out] integrate(sqrt(a™2*x~2 + 1)*x"m/x, x)/a + x"m/(a*m)
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Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x"m,x, algorithm="fricas")
[Out] integral((a*x*x m*sqrt((a”2*x"2 + 1)/(a"2%x"2)) + x"m)/(a*x), x)

Sympy [A]
time = 3.44, size = 51, normalized size = 0.98

—im . il form # 0
wml'\(_%) 2F1 m2 2 a2x2e” m 7&
5 +1 log () otherwise
B 2al’ (1 — %) + a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x**2)*x(1/2))*x**m,x)

[Out] -x**m*gamma(-m/2)*hyper((-1/2, m/2), (m/2 + 1,), ax*2*x**2xexp_polar(I*pi))
/(2xaxgamma (1 - m/2)) + Piecewise((x**m/m, Ne(m, 0)), (log(x), True))/a

Giac [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x"m,x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT:Warning, integration of abs or sign a
ssumes constant sign by intervals (correct if the argument is real):Check [
abs(sa

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

m /1 1
/:c ( a2x2+1 +E> dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x™m*((1/(a"2%x"2) + 1)~(1/2) + 1/(a*x)),x)
[Out] int(x"m*((1/(a~2%x"2) + 1)~(1/2) + 1/(a*x)), x)
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3.27 | ecsch™!(az) 14 1o

Optimal. Leaf size=54

) a1 1V
15a2 4a 5 a2x?

[Out] -2/15%x(1+1/a~2/x72)~(3/2)*x~3/a~2+1/4*x"4/a+1/5%(1+1/a"2/x"2)~(3/2)*x~5

Rubi [A]
time = 0.02, antiderivative size = 54, normalized size of antiderivative = 1.00, number of

number of rules _ 4 400
integrand size ’

steps used = 4, number of rules used = 4, integrand size = 10,
Rules used = {6471, 30, 277, 270}
1 5< : )3/2 2x3(a2_1w2+1)3/2 z?

- 1 fadl
5$ a2x? + 15a2 + 4q

Antiderivative was successfully verified.
[In] Int[E~ArcCschla*x]*x"4,x]

[Out] (-2%x(1 + 1/(a"2*x"2))~(3/2)*x73)/(16%a"2) + x~4/(4*%a) + ((1 + 1/(a"2*%x"2))"
(3/2)*x75)/5

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 270

Int[((c_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*x((a + b*x"™n)~(p + 1)/(a*cx(m + 1))), x] /; FreeQ[{a, b, ¢, m, n,
p}, x] & EqQL(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rule 277

Int[(x_)"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x~(m + 1)*((
a+ bxx™n)~(p + 1)/(ax(m + 1))), x] - Dist[b*((m + nx(p + 1) + 1)/(a*(m + 1
))), Int[x"(m + n)*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, m, n, p}, x] && IL
tQ[Simplify[(m + 1)/n + p + 1], 0] && NeQ[m, -1]

Rule 6471

Int [ETArcCschl[(a_.)*(x_)~(p_.)I1*(x_)~(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"mkSqrt[1 + 1/(a~2%x~(2%p))], x] /; FreeQ[{a, m, p}, x
]
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Rubi steps

_ d / 1
/ecsch l(ax)$4d$ — fCL' L +/ 14 STI0) 1174d117
a a“xT

L,
_x4+11 1 3/25 2 [ 1+@zdm

4a 5 5a?
2(1+ﬁ)3/2x3+x4+1 R R
= - —+ = —_— x
15a2 4a 5 a?z?

Mathematica [A]
time = 0.03, size = 49, normalized size = 0.91

” 1+ oy z(—2 + a’z? + 3a*z?)
da " 15a4

Antiderivative was successfully verified.

[In] Integrate[E~ArcCsch[a*x]*x"4,x]
[Out] x74/(4*%a) + (Sqrt[l + 1/(a"2*x"2)]*x*(-2 + a~2%x"2 + 3*a~4%x"4))/(15%a"4)

Maple [A]
time = 0.06, size = 53, normalized size = 0.98

method | result size
2.2
aaﬁm?:l :c(a2ac2+1) (3a2z2—2) n
T
default T +4 53
_a2m2_1
(z3+zz+x+1)(_1+z) . (3a4z4+a21272)z T 22
trager 4 - 1503 63

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x~2)~(1/2))*x"4,x,method=_RETURNVERBOSE)
[Out] 1/15%((a"2*x"2+1)/a~2/x"2) " (1/2)*x*(a"2*xx"2+1) /a~4* (3*a"2*x"2-2)+1/4*x"4/a

Maxima [A]
time = 0.26, size = 50, normalized size = 0.93

o 3025 ( _'_1)% 5

a2x?

4a 15a?

— 5o (o +1)

a’x?
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))*x"4,x, algorithm="maxima")
[Out] 1/4*x"4/a + 1/156%(3%a~2xx"5*(1/(a"2*x"2) + 1)7(5/2) - 5*x~3%(1/(a"2%x"2) +
1)°(3/2))/a"2

Fricas [A]
time = 0.40, size = 53, normalized size = 0.98

222 + 1
15a3x4+4(3a4a:5+a2a73—2:6)\/%
ax

60 a*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x72)~(1/2))*x"4,x, algorithm="fricas")
[Out] 1/60%(15*a”~3*x"4 + 4*(3*a~4*x"5 + a"2*x"3 - 2*x)*sqrt((a™2*x"2 + 1)/(a”2*x~
2)))/a"4

Sympy [A]
time = 1.72, size = 63, normalized size = 1.17

x*vVa2x? + 1 2t x?vVa2x? +1 2va2z? + 1

5a + 4a + 15a3 15ab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))*x**4,x)

[Out] x*x4*sqrt(a**x2*x*x2 + 1)/(5xa) + x**x4/(4*a) + xx*2ksqrt(ax*2kxx*x*2 + 1)/(156%
ax*3) - 2*sqrt(a*x*2*x*x2 + 1)/(15%a**5)

Giac [A]

time = 0.41, size = 78, normalized size = 1.44

12 (a®z* + 1)% |lalsgn(z) — 20 (a®z? + 1)%|a|sgn(m) +15(a%z® +1)a

_a’z’+1  2]alsgn(z)
60 a®

2a’ 15af

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x"4,x, algorithm="giac")

[Out] -1/2%(a"2%x"2 + 1)/a”5 + 2/15xabs(a)*sgn(x)/a"6 + 1/60*(12*x(a~2*x"2 + 1)~ (5
/2)*abs(a)*sgn(x) - 20*(a”2*x"2 + 1)~ (3/2)*abs(a)*sgn(x) + 15%(a~2*x"2 + 1)
~2%a)/a"6

Mupad [B]

time = 2.18, size = 41, normalized size = 0.76

1 ) xd 2x N x3 +x4
a? 2 5 15a¢  15a2 4a
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~4*((1/(a"2*x~2) + 1)°(1/2) + 1/(a*x)),x)
[Out] (1/(a"2%x"2) + 1)~(1/2)*(x"5/5 - (2*x)/(15%a~4) + x~3/(15%a"2)) + x~4/(4xa)
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3.28 | ecsch™!(az) 13 1.

Optimal. Leaf size=75

1 2
“ 1 + —a2x2 xXr $3
8a? +

[Out] 1/3*x~3/a-1/8*arctanh((1+1/a"2/x"2)"(1/2))/a~4+1/8*x"2x(1+1/a~2/x~2)~(1/2)/
a~2+1/4xx~4x(1+1/a"2/x"2) " (1/2)

Rubi [A]
time = 0.03, antiderivative size = 75, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.700,

1
tanh_l 1 “+ 2
1 4 a“x

1+ a?z? v 8a?

steps used = 7, number of rules used = 7, integrand size = 10,
Rules used = {6471, 30, 272, 43, 44, 65, 214}

1
/ tanh ™! +1
_a2x2 +1 1 ( a2x? ) 23
Z a2x2 * 3

8a? a?* 3a

Antiderivative was successfully verified.
[In] Int[E"ArcCschla*x]*x"3,x]

[Out] (Sqrtl[1 + 1/(a™2*x72)]*x72)/(8%a"2) + x73/(3%a) + (Sqrtl[l + 1/(a”2*x72)]*x"
4)/4 - ArcTanh[Sqrt[1 + 1/(a"2%x~2)]]/(8*a~4)

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 43

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + 1))), x] - Dist[d*(n/(b*x(m + 1))), I
nt[(a + b*xx)"(m + 1)*(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, x]
&& NeQ[bxc - a*d, 0] && ILtQ[m, -1] && !'IntegerQ[n] && GtQ[n, O]

Rule 44

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+Db*xx)"(m + D*x((c + d*x)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Dist [d*((
m+n+ 2)/((bxc - axd)*(m + 1))), Int[(a + b*xx)"(m + 1)*(c + d*x)"n, x], X
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*xd, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]
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Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*x(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6471

Int [E"ArcCsch[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps
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_ 2d /
/ecsch 1(a$)x3dz: M_F/ 1—|—% $3d$
a axT
Xz
J1+
3 1 2
i Subst /—adﬁﬂ

T
3 I

Subst | [ ———=dz,z, 5

1 9 / T
1+a2x2$ $'_3 1 1 x 1+a2

8a? 3a 4 a?z? 16a4
1
1
1+ 2121; x3 . . Subst(fmdx,x, 1+W)
ax 4
= C o1
8a? + 3a + 4 + a?z? T 8a?
1
1 -1 -
1+ 22362 2 1 1 tanh ( 1+a2x2)
- azx totaVit o3 zt - 4
8a 3a 4 a*x 8a

Mathematica [A]
time = 0.04, size = 76, normalized size = 1.01

1 1 1
a2x2(3\/1+ﬁ +8ax+6a2\/1+W x2) —3log<<l+\/1+m>x)

24q4

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschla*x]*x"3,x]

[Out] (a~2#x72*%(3*%Sqrt[1 + 1/(a"2*x"2)] + 8*axx + 6*%a~2xSqrt[1 + 1/(a”2*x"2)]*x~2
) - 3xLog[(1 + Sqrt[1 + 1/(a"2*x"2)])*x])/(24*a"~4)

Maple [A]
time = 0.04, size = 109, normalized size = 1.45
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method | result size
2.2 3 [ 0272 [ 0222
aaz%—é—l x<_2x<a2zz+1) 2400/ 2 9(612—1-1 a2+1n <x+ a 9:2124-1 )) \
default | — ‘ +2 ] 109
a?z?41 @
\/‘i;r— at

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a~2/x"2)~(1/2))*x"~3,x,method=_RETURNVERBOSE)

[Out] -1/8x((a~2*x~2+1)/a"2/x"2) ~(1/2) *x*x (-2xx* ((a~2*x"2+1) /a~2) ~(3/2) *a~4+x*((a~
2%x~2+1) /a"2) " (1/2)*a~2+1n(x+((a~2*x"2+1) /a~2)~(1/2)))/((a~2*x"2+1) /a~2)~ (1
/2)/a~4+1/3%x"3/a

Maxima [A]
time = 0.25, size = 107, normalized size = 1.43

1 1
3 1 _
3 (ﬁ+1)2+\/—a2x2+1 10g<v a2x2+1 +1> 10g<\/a2x2+1 1)

Z
—+ — -
3a 8(a4(ﬁ+1)2—2a4(ﬁ+1)+a4> 16 a* 16 a*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))*x"3,x, algorithm="maxima")

[Out] 1/3*x"3/a + 1/8*((1/(a"2%x72) + 1)7(3/2) + sqrt(1/(a"2*x~2) + 1))/(a~4*(1/(
a"2xx72) + 1)72 - 2*%a”4x(1/(a"2*x"2) + 1) + a”4) - 1/16%log(sqrt(1/(a~2*x"2
) + 1) + 1)/a”4 + 1/16%1log(sqrt(1/(a™2*x"2) + 1) - 1)/a™4

Fricas [A]
time = 0.37, size = 79, normalized size = 1.05

a’r? +1 a’z? +1
Ba%a% +3 (20t + %)\ =5 +3log ( Ve - )

24 a4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x72)~(1/2))*x~3,x, algorithm="fricas")
[Out] 1/24%(8%a~3%x"3 + 3*(2*xa~4*x"4 + a~2*x"2)*sqrt((a”2*x"2 + 1)/(a"2*%x"2)) + 3
*xlog(axx*sqrt((a”2*x"2 + 1)/(a"2*x"2)) - a*x))/a"4

Sympy [A]
time = 3.10, size = 73, normalized size = 0.97

5 3 323 T asinh (az)

ax
e+ 4 +
4va?z? 4+ 1 da  8ava2r?+1 8a3va2x? +1 8at
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))*x**3,x)
[Out] a*xx**5/(4*sqrt(a*x*2xx**x2 + 1)) + x**3/(3%a) + 3*x*x3/(8*a*xsqrt (ax*2*x**2 +
1)) + x/(8*a*x3xsqrt (a**2xx**2 + 1)) - asinh(ax*x)/(8xax*4)
Giac [A]
time = 0.43, size = 69, normalized size = 0.92

2 3 lo (—xa+\/a2x2+1>snx
lm(%c la|sgn(x) N |a|sizl(w)>x+?g)c_a+ g |al - gn(z)

8 a?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x"3,x, algorithm="giac")
[Out] 1/8*sqrt(a”2*x"2 + 1)*(2*x"2*abs(a)*sgn(x)/a~2 + abs(a)*sgn(x)/a"4)*x + 1/3
*x~3/a + 1/8xlog(-x*abs(a) + sqrt(a™2*x~2 + 1))*sgn(x)/a~4

Mupad [B]
time = 2.41, size = 61, normalized size = 0.81

1
1 - 1
4 atanh +1 2
x +1 (\/ a2 12 ) PR a2x2+1

a? x?
4 8 at +3a+ 8 a?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*((1/(a"2%x"2) + 1)~(1/2) + 1/(a*x)),x)
[Out] (x"4%(1/(a"2*%x"2) + 1)°(1/2))/4 - atanh((1/(a"2*x"2) + 1)°(1/2))/(8%a~4) +
x~3/(3*%a) + (x~2x(1/(a"2%x"2) + 1)~(1/2))/(8%a~2)
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3.29 | eosch™(az) 12 1.

Optimal. Leaf size=31

[Out] 1/2*x"~2/a+1/3*(1+1/a~2/x72)~(3/2)*x"3

Rubi [A]
time = 0.01, antiderivative size = 31, normalized size of antiderivative = 1.00, number of
steps used = 3, number of rules used = 3, integrand size = 10, Rumber of rules _ 300

integrand size
Rules used = {6471, 30, 270}

1,/ 1 2 g2
3% (W + 1) + %
Antiderivative was successfully verified.

[In] Int[E"ArcCschla*x]*x"2,x]

[Out] x~2/(2%a) + ((1 + 1/(a"2%x~2))~(3/2)*x"~3)/3
Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 270

Int[((c_.)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(cx
x)"(m + 1D)*((a + bxx™n) " (p + 1)/(a*xcx(m + 1))), x] /; FreeQ[{a, b, ¢, m, n,
p}, x] & EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rule 6471

Int [E"ArcCsch(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

_ d 1
a a“xr
3/2

3

x? N 1 " 1
= — 4= T
2a 3 a2x?
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Mathematica [A]
time = 0.03, size = 38, normalized size = 1.23

1
3a1’2—|—2\/1—|—% (z + a?z®)

6a2

Antiderivative was successfully verified.

[In] Integrate[E~ArcCsch[a*x]*x~2,x]
[Out] (3*a*x~2 + 2*Sqrt[1 + 1/(a”2*x"2)]1*(x + a~2*x~3))/(6%a~2)

Maple [A]
time = 0.04, size = 43, normalized size = 1.39

method | result size

\/ % x(a2x2+1) 9
default + 3 43

3a?

2.2 —
(1+z)(—1+z)+(a ® +1)x a2x?
trager 2 3 49

Verification of antiderivative is not currently implemented for this CAS.
[In] int((1/a/x+(1+1/a~2/x"2)~(1/2))*x~2,x,method=_RETURNVERBOSE)
[Out] 1/3%((a"2*x"2+1)/a~2/x"2)"(1/2)*x*(a"2*xx"2+1) /a~2+1/2*%x"2/a
Maxima [A]

time = 0.26, size = 25, normalized size = 0.81
3

1 4/ 1 +1 z N z?
_x PR
3 a’x? 2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))*x"2,x, algorithm="maxima")
[Out] 1/3*x"3%(1/(a"2*x"2) + 1)°(3/2) + 1/2%x"2/a

Fricas [A]
time = 0.35, size = 41, normalized size = 1.32

a?z? +1
3az2+2(a2x3+z)\/w

6 a2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x"2,x, algorithm="fricas")
[Out] 1/6%(3*%a*x"2 + 2%(a"2*x"3 + x)*sqrt((a”2*x"2 + 1)/(a"2*x"2)))/a"2

Sympy [A]
time = 1.54, size = 41, normalized size = 1.32

x?vVa2x? +1 +z2+ a?zx? +1

3a 2a 3a3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))*x**2,x)
[Out] x**2*sqrt(a**2*x*x*2 + 1)/(3%a) + x**2/(2%a) + sqrt(ax*2xx**2 + 1)/(3*a**3)

Giac [A]

time = 0.41, size = 44, normalized size = 1.42

(a?x? + 1)% |la|sgn(x) N a’r?+1 |a|sgn(x)
3a* 2a3 3at

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x"2,x, algorithm="giac")
[Out] 1/3*(a™2%x"2 + 1)~ (3/2)*abs(a)*sgn(x)/a"4 + 1/2*%(a"2*x"2 + 1)/a"3 - 1/3%abs
(a)*sgn(x)/a"4

Mupad [B]
time = 2.17, size = 33, normalized size = 1.06

T +m3 1 41 +x2
3a? 3 a? 2 2a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*%((1/(a"2*x~2) + 1)°(1/2) + 1/(a*x)),x)
[Out] (x/(3*a~2) + x~3/3)*(1/(a"2*x"2) + 1)~(1/2) + x~2/(2%*a)
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3.30 | ecsch™(az) 1 i1

Optimal. Leaf size=47

Ay I S
— 4+ = — =z
a 2 a?x? 2a2

[Out] x/a+1/2*arctanh((1+1/a"2/x72)~(1/2))/a~2+1/2*x"2x(1+1/a~2/x"2)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 47, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.750,

steps used = 6, number of rules used = 6, integrand size = 8§,
Rules used = {6471, 8, 272, 43, 65, 214}

tanh_l( %+1)
1, 1 a’x

- 11 nd
2x a2x2+ + 2a? a

Antiderivative was successfully verified.
[In] Int[E~ArcCschl[a*x]*x,x]

[Out] x/a + (Sqrt[1l + 1/(a”2%x"2)]*x72)/2 + ArcTanh[Sqrt[1 + 1/(a"2%x"2)]1]/(2%a"2
)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 43

Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + bxx)"(m + 1D*((c + d*x)"n/(bx(m + 1))), x] - Dist[d*x(n/(bx(m + 1))), I
nt[(a + bxx)"(m + 1)*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, x]
&& NeQ[bxc - a*d, 0] && ILtQ[m, -1] && !'IntegerQ[n] && GtQ[n, O]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - ax(d/b) +
dx(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 214
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 272

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~ (Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6471
Int [E"ArcCsch[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m

- p), x], x] + Int[x"m*Sqrt[1 + 1/(a~2*x~(2xp))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

/eCSChl(“’”)xdx = f1de —I—/\/l—i- 1 xdz
a a?z?
z
J1+ =
z 1 a? 1
E —_ ESUbSt /T d.’E,l‘, ﬁ

1+ 2
r 1 1 ‘ a?
=4 24/1 2 _
a+2 +a2x2x 4a?
z 1 1 5 1 1 1
:E+§ 1+WII? —§Subst(/_a2+a2$2dw,x, 1+W>
1
tanh_1< 1+ﬂ>
z 1 1 1 a’z
_a+_ +a2x2x+ 2a2

Mathematica [A]
time = 0.02, size = 47, normalized size = 1.00

1 1
am<2+a\/1+ﬂ z‘) +10g<<1+\/1+ﬂ>x>
a’z a’z

2a?
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Antiderivative was successfully verified.

[In] Integrate[E~ArcCsch[a*x]*x,x]
[Out] (axx*(2 + a*Sqrt[1 + 1/(a"2*x"2)]1*x) + Log[(1 + Sqrt[1l + 1/(a"2*x"2)]1)*x])/

(2%a™2)
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 84 vs.

2(39) = T78.
time = 0.04, size = 85, normalized size = 1.81

method | result size
222 222 22
aaxzx;rl x<m /a 6:3124-1 a2+ln<z+ /a 22+1 >>
default ‘ +2 185
\/a2x2+1 9
2V e e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a~2/x"2)~(1/2))*x,x,method=_RETURNVERBOSE)
[Out] 1/2x((a~2*x~2+1)/a"2/x"2) " (1/2)*x*x(x*((a~2*x"2+1)/a"2) ~(1/2)*a~2+1n(x+((a"2
*x72+1)/a"2) " (1/2)))/((a~2xx~2+1) /a~2)~(1/2) /a~2+x/a

Maxima [A]
time = 0.25, size = 78, normalized size = 1.66

/1 /1
1 41 log( a2x2+1 +1> log( a2x2+1_1>

a2z?
+1) —a?) 4 g2 4 a2

.
o 2(a2(

a?x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))*x,x, algorithm="maxima")
[Out] x/a + 1/2*sqrt(1/(a"2*x"2) + 1)/(a"2*(1/(a"2*x72) + 1) - a”2) + 1/4*log(sqr
t(1/(a™2%x72) + 1) + 1)/a"2 - 1/4*log(sqrt(1/(a"2*x"2) + 1) - 1)/a"2

Fricas [A]
time = 0.34, size = 64, normalized size = 1.36

202 1 1 202 1 1
a%%/% + 2ax — log (awy/% —aa:)

2a?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))*x,x, algorithm="fricas")
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[Out] 1/2*%(a"2*x"2xsqrt((a”2*x"2 + 1)/(a"2%x72)) + 2%a*x - log(a*x*sqrt((a~2*x"2
+ 1)/(a"2*%x"2)) - a*x))/a"2

Sympy [A]
time = 2.04, size = 29, normalized size = 0.62

zvalz? +1 L5 asinh (ax)

2a a 2a2

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))*x,x)
[Out] x*sqrt(a*x*2*xx**x2 + 1)/(2%a) + x/a + asinh(a*x)/(2*a**2)

Giac [A]

time = 0.41, size = 52, normalized size = 1.11

Va2z? + 1 z|a|sgn(z) Lz log (—x|a| + Valr? +1 ) sgn(x)

2a? a 2 a?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))*x,x, algorithm="giac")
[Out] 1/2*sqrt(a”2*x"2 + 1)#*x*abs(a)*sgn(x)/a~2 + x/a - 1/2*log(-x*abs(a) + sqrt(
a"2xx~2 + 1))*sgn(x)/a~2

Mupad [B]
time = 2.21, size = 39, normalized size = 0.83

1
atanh +1 2 1
( a2 12 )+£+x —a2w2+1
2a? a 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(xx((1/(a™2%x72) + 1)7(1/2) + 1/(a*x)),x)
[Out] atanh((1/(a"2*x"2) + 1)7(1/2))/(2*a"2) + x/a + (x72*%(1/(a"2%x"2) + 1)~(1/2)

)/2
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3.31  [eeschi(a) gy

Optimal. Leaf size=24

csch™(azx) + log(z)
a a

-1
ecsch (az) T —

[Out] (1/a/x+(1+1/a~2/x"2)"(1/2))*x-arccsch(a*x)/a+ln(x)/a
Rubi [A]

time = 0.01, antiderivative size = 31, normalized size of antiderivative = 1.29, number of
steps used = 5, number of rules used = 5, integrand size = 6, number of rules _ ) g33

integrand size
Rules used = {6466, 29, 248, 283, 221}

log(z) csch™ (ax)

+1 4

T
a2x? a a

Antiderivative was successfully verified.

[In] Int[E~ArcCschl[axx],x]

[Out] Sqrt[l + 1/(a"2*x~2)]*x - ArcCschla*x]/a + Logl[x]/a
Rule 29

Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(alD1/Rt[b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[bl]

Rule 248

Int[((a ) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a + b/x"n) p/x~
2, x], x, 1/x] /; FreeQl[{a, b, p}, x] && ILtQ[n, 0]

Rule 283

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx"n)"p/(cx(m + 1))), x] - Dist[b*n*(p/(c"n*(m + 1))), In
t[(c*x)"(m + n)*(a + bxx™n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] & GtQ[p, 0] && LtQ[m, -1] && !ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 6466

Int [E"ArcCsch[(a_.)*(x_)~(p_.)], x_Symbol] :> Dist[1/a, Int[1/x"p, x], x] +
Int[Sqrt[1 + 1/(a™2*x~(2*%p))], x] /; FreeQ[{a, p}, x]
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Rubi steps

_ Ld 1
/ecsch 1(ax)dx=u+/ 1_|_ﬂ dx
a a“x
.’11'2
1+
1 1
:M—Subst /—Z(ﬂd:c,x,—
a xr T

Subst | [ ——d=z,z,1
- *
log(z) 1+ a2
a

a?

)
csch™ (ax) n log(z)

1
=\/1+(12x2 T+
/ 1
= 1+a2x2 Tr —

Mathematica [A]
time = 0.01, size = 35, normalized size = 1.46

1 s 11
ay/1+ 22 T sinh™" (1) +log(az)
a

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschla*x],x]
[Out] (a*Sqrt[l + 1/(a”2*x"2)]1#*x - ArcSinh[1/(a*x)] + Logla*x])/a

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 112 vs.

2(37) = 74.
time = 0.06, size = 113, normalized size = 4.71

method | result size
1 a?z241
a?x2+1 1 a?z24+1 2 \/ aZ \/ a? a?+2
Tz T \a? \) a2 o %
1
default —— + ngz) 113
1 +1
Va et e

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/a/x+(1+1/a"2/x"2)~(1/2) ,x,method=_RETURNVERBOSE)
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[Out] ((a"2*x~2+1)/a~2/x"2)"(1/2)*x*((1/a"2)~(1/2)*((a"2*x"2+1)/a~2)~(1/2)*a"2-1n
(2x((1/a72)~(1/2)*x((a™2*%x"2+1) /a”~2) "~ (1/2)*a~2+1) /x/a~2))/(1/a~2)~(1/2) / ((a~

2%x"2+1) /a~2)~(1/2) /a~2+1n(x)/a

Maxima [A]
time = 0.26, size = 64, normalized size = 2.67

[ 1 /1
log |az\/ 55 +1 +1 log | azy\/ 55 +1 —1
1 aszr asz log (z)
_|_

= 41—
a2x2+ 2a + 2a a

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/a/x+(1+1/a"2/x72)~(1/2),x, algorithm="maxima")

[Out] x*sqrt(1/(a"2*x"2) + 1) - 1/2xlog(a*x*sqrt(1/(a"2*x~2) + 1) + 1)/a + 1/2*lo
g(axx*sqrt(1/(a~2*%x"2) + 1) - 1)/a + log(x)/a

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 86 vs.

2(37) = 74.
time = 0.37, size = 86, normalized size = 3.58

[a222 + 1 la2x2 + 1 [a2x2 + 1
ax % —log<aw % —ax+1>+log<ax %—aw—l>+10g(x)

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/a/x+(1+1/a"2/x"2)"(1/2),x, algorithm="fricas")
[Out] (axx*sqrt((a~2*x"2 + 1)/(a"2*x"2)) - log(ax*xxsqrt((a”2*x~2 + 1)/(a~2%x72))
- axx + 1) + log(a*xxsqrt((a”2*x~2 + 1)/(a"2%x72)) - a*x - 1) + log(x))/a

Sympy [A]
time = 0.72, size = 48, normalized size = 2.00
1 asinh (L 1
r logm) _esnh(2)
1 a a o | 1
1+ o a‘xz\/1+ 2.2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/a/x+(1+1/a*x2/x*x2)**(1/2),x)
[Out] x/sqrt(1 + 1/(a**2*x**2)) + log(x)/a - asinh(1/(a*x))/a + 1/(a**2*x*sqrt(1

+ 1/ (a**2%xx*%*2)))
Giac [A]

time = 0.40, size = 66, normalized size = 2.75

(]0g (W + 1) sgn(z) — log <\/a2x2 +1 — 1) sgn(z) — 2 Va2z? +1 sgn(x)) |al N log (|z|)

2a? a
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/a/x+(1+1/a"2/x"2)~(1/2),x, algorithm="giac")

[Out] -1/2%(log(sqrt(a~2*x"2 + 1) + 1)*sgn(x) - log(sqrt(a"2*x~2 + 1) - 1)*sgn(x)
- 2xsqrt(a”2*x"2 + 1)*sgn(x))*abs(a)/a"2 + log(abs(x))/a

Mupad [B]
time = 2.25, size = 36, normalized size = 1.50

In (z 1 asin(2L) 1i
9,4 [ 17 )

a
Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/(a"2*x"2) + 1)~(1/2) + 1/(a*x),x)
[Out] log(x)/a + (asin(1li/(axx))*1i)/a + xx(1/(a"2*x"2) + 1)°(1/2)
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csch™az
3.32 [0 @iy

X

Optimal. Leaf size=38

/ 1 1 Py 1
— 1+%—a+tanh ( 1+W>

[Out] -1/a/x+arctanh((1+1/a~2/x72)"(1/2))-(1+1/a"2/x~2)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 38, normalized size of antiderivative = 1.00, number of

number of rules _ 0.600,
integrand size

steps used = 6, number of rules used = 6, integrand size = 10,
Rules used = {6471, 30, 272, 52, 65, 214}

[1 . 1 1
- PO +1 -I-tanh ( 272 +1 > — E

Antiderivative was successfully verified.

[In] Int[E"ArcCschla*x]/x,x]

[Out] -Sqrt[1 + 1/(a"2*x"2)] - 1/(a*x) + ArcTanh[Sqrt[1 + 1/(a"2*x"2)]]
Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 52

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + bxx)"(m + 1)*((c + d*x)"n/(bx(m + n + 1))), x] + Dist[n*((bxc - axd)/(
bx(m + n + 1))), Int[(a + bxx) m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 214
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 272

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6471
Int [E"ArcCsch[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m

- p), x], x] + Int[x"m*Sqrt[1 + 1/(a~2*x~(2xp))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

/ 1
csch™1(az) 1d 1+ 22,2
/e dx:f”2w+/ T g
a T

T

Mathematica [A]
time = 0.02, size = 42, normalized size = 1.11

1 1 1
_“1+a2x2 —a—l—log((l—l- 1+a2x2 )x)

Antiderivative was successfully verified.
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[In] Integrate[E~ArcCschla*x]/x,x]
[Out] -Sqrt[1 + 1/(a"2*%x"2)] - 1/(a*x) + Logl[(1 + Sqrt[1l + 1/(a"2*x~2)])*x]
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 106 vs.

2(34) = 68.
time = 0.04, size = 107, normalized size = 2.82

method | result size

25241 222 3 22241 25241
“aﬁﬁ (—a2<a2+1>2+\/ gl :22 a2x2+ln<x+\/ LA :le T .

default :
\/ a?z241 az
2

a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))/x,x,method=_RETURNVERBOSE)

[Out] ((a"2*x"2+1)/a~2/x72)"(1/2)*(-a~2*((a"2*x"2+1) /a~2)~(3/2)+((a"2*x"2+1) /a"2)
~(1/2)*xa”2xx"2+1n(x+((a™2*x72+1) /a”2) ~(1/2) ) *x) / ((a"2*x"2+1) /a~2) " (1/2)-1/a

/x

Maxima [A]
time = 0.26, size = 54, normalized size = 1.42

1 1 1 1 1 1
)+l ——4:log /sl 41 —clog (/== +1 —1
a2x2+ ax+2 0g< a2x2+ + ) 2 og< a2x2+ )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))/x,x, algorithm="maxima")
[Out] -sqrt(1/(a~2*x"2) + 1) - 1/(axx) + 1/2*log(sqrt(1/(a”2*x72) + 1) + 1) - 1/2
xlog(sqrt(1/(a~2%x"2) + 1) - 1)

Fricas [A]
time = 0.35, size = 64, normalized size = 1.68

[a?x? + 1 a’x? +1
azlog(a:c — g —aa:)—l—az 2 +ar+1

axr

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))/x,x, algorithm="fricas")
[Out] -(a*x*log(a*x*sqrt((a~™2*x"2 + 1)/(a"2*x"2)) - a*x) + axxxsqrt((a”2*x~2 + 1)
/(a”2%x72)) + axx + 1)/(axx)
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Sympy [A]
time = 2.96, size = 41, normalized size = 1.08

1 1
—— % 4 asinh (ax) — — —

a’zx? +1 ar  arva’zx?+1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x**2)**(1/2))/x,x)

[Out] -a*x/sqrt(a*x*2*x**2 + 1) + asinh(a*x) - 1/(a*x) - 1/(a*x*sqrt(a*x*2xx**2 + 1
)

Giac [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x~2)~(1/2))/x,x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT:Warning, integration of abs or sign a
ssumes constant sign by intervals (correct if the argument is real):Check [
abs(sa

Mupad [B]
time = 2.46, size = 34, normalized size = 0.89

/1 1 1
atanh< W‘Fl)— m‘*’l—a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(a™2%x72) + 1)7(1/2) + 1/(a*x))/x,x%)
[Out] atanh((1/(a™2%x72) + 1)7(1/2)) - (1/(a™2*x72) + 1)7(1/2) - 1/(a*x)
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csch™(az
3.33 [ W

x2

Optimal. Leaf size=40

1
1 1 + a2x2 1 h—l( )
Saz? or 5 acsc. ax

[Out] -1/2/a/x"2-1/2*a*xarccsch(a*xx)-1/2*%(1+1/a~2/x"2)~(1/2)/x

Rubi [A]
time = 0.02, antiderivative size = 40, normalized size of antiderivative = 1.00, number of

number of rules _ o 500,
integrand size

steps used = 5, number of rules used = 5, integrand size = 10,
Rules used = {6471, 30, 342, 201, 221}

1
2211
o = g §acsch (ax)

Antiderivative was successfully verified.

[In] Int[E"ArcCschla*xx]/x"2,x]

[Out] -1/2%1/(a*x”2) - Sqrtl[l + 1/(a"2*x~2)]/(2*x) - (axArcCschl[a*x])/2
Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 201

Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Dist[a*n*(p/(n*p + 1)), Int[(a + b*x™n)~(p - 1), x], x] /; Free
Ql{a, b}, x] & IGtQ[n, 0] && GtQlp, 0] && (IntegerQ[2+p] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*pl) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al)]1/Rt[b, 2], x] /; FreeQl{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 342

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] & ILtQ[n, 0] && Int
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egerQ [m]

Rule 6471

Int [E"ArcCschl(a_.)*(x_)~(p_.)I*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x

]

Rubi steps

1
csch™!(az) L dx 1+ 272
/e _ do =12 +/ Sy
x a x
1 2
=" oum? Subst / 1+ — dz,z,
1
14—
1 22 1
=— — ar Subst / dz,z,
2ax? 2z 2
1+ —
a
1
1 + a21.2 1 h_l( )
=— — — —acsch™ (az
2ax? 2z

Mathematica [A]
time = 0.02, size = 43, normalized size = 1.08

/ 1 11
1+a 1+@x+a2x25mh (%)

2az2

Antiderivative was successfully verified.

[In] Integrate[E~ArcCsch([a*x]/x"2,x]
[Out] -1/2%(1 + a*Sqrt[1 + 1/(a"2*x"2)]*x + a~2*x"2*ArcSinh[1/(a*x)])/(a*xx"2)
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 144 vs.

2(32) = 64.
time = 0.04, size = 145, normalized size = 3.62

\ method \ result \ size \
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5 RS a?z?+1 2,
\ [ a?a?+1 o222 2 /1 /1 [ a2z2+1 a? a2 °
a?z? a2( a2+1> az ~\/ a2 a? a?z?+1n a2z a?
default — 2.2 .1 - 2a1:1:2 145
o % \/a :c2+1
\/ a a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/2a"2/x"2)~(1/2))/x"2,x,method=_RETURNVERBOSE)

[Out] -1/2%((a"2*x"2+1)/a~2/x72)~(1/2) /x*x(a~2*((a~2*x~2+1) /a~2)~(3/2)*(1/a~2)~(1/
2)-(1/a"2) " (1/2)*((a~2*xx~2+1) /a~2) " (1/2) *a~2*xx~2+1n(2*x ((1/2"2) ~(1/2) *((a~2x*
x"2+1)/a"2)~(1/2)*a"2+1) /x/a~2)*x~2) /(1/a~2)~(1/2) /((a~2*x~2+1) /a~2) " (1/2) -
1/2/a/x"2

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 86 vs.
2(32) = 64.
time = 0.26, size = 86, normalized size = 2.15

a’x 1 +1
a2z? 1 1 1 1 1
- _Zal o1 41) 4 al 1-1] -
2 (a2x2( ta+1) — 1) 14798 (ax a2z? R 4408 TN Gag2 + 2 ax?

a2z?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))/x"2,x, algorithm="maxima")

[Out] -1/2%a"2*x*sqrt(1/(a"2*x~2) + 1)/(a"2*x"2*x(1/(a"2*x"2) + 1) - 1) - 1/4*ax*lo
g(axx*sqrt(1/(a~2*%x"2) + 1) + 1) + 1/4*xaxlog(a*x*sqrt(1l/(a"2*x~2) + 1) - 1)
- 1/2/(a*xx"2)
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 102 vs.
2(32) = 64.
time = 0.33, size = 102, normalized size = 2.55

202 11 222 41 222 4+ 1
a’z?log (axm —ax-l—l) — a’z?log (axW—ax—l) +axm+l

2 ax?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))/x"2,x, algorithm="fricas")

[Out] -1/2%(a"2*x"2*log(a*x*sqrt((a™2*x"2 + 1)/(a"2*%x72)) - a*x + 1) - a"2*x"2x*lo
g(a*xx*xsqrt ((a™2*x72 + 1)/(a”2*%x72)) - a*x - 1) + axx*xsqrt((a”2*x"2 + 1)/(a”
2¥x72)) + 1)/(a*x"2)
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Sympy [A]
time = 2.01, size = 36, normalized size = 0.90
1 1
aasinh (1) + 252 1
2 2z 2ax2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))/x**2,x)
[Out] -a*asinh(1/(a*x))/2 - sqrt(1l + 1/(a**x2xx**2))/(2xx) - 1/(2%a*xx**2)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 82 vs. 2(32) = 64.
time = 0.42, size = 82, normalized size = 2.05

2( a?r? +1 a4|a|sgn(m)+a5>
a|a|log <Va2x2 +1 + 1) sgn(z) — a*|a| log (\/a2x2 +1 — 1) sgn(z) + —3

4 qt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))/x"2,x, algorithm="giac")

[Out] -1/4%(a~4*abs(a)*log(sqrt(a™2*x~2 + 1) + 1)*sgn(x) - a~4x*abs(a)*log(sqrt(a”
2%x72 + 1) - 1)*sgn(x) + 2x(sqrt(a~2*x"2 + 1)*a~4*abs(a)*sgn(x) + a~5)/(a~2

*xx"2))/a"4

Mupad [B]
time = 2.56, size = 42, normalized size = 1.05

asinh | +— 1
S+l
1 2z 2ax2
24/
a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(a"2*x"2) + 1)7(1/2) + 1/(a*x))/x"2,x)
[Out] - asinh((1/a"2)~(1/2)/x)/(2x(1/a~2)~(1/2)) - (1/(@"2*x~2) + 1)~(1/2)/(2*x)
- 1/(2*a*xx"2)
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csch™az
3.34 IE b da

3
1, 1\ 1
a1+ — _
3" ( +a2x2) 3azx3

[Out] -1/3%a~2%(1+1/a"2/x"2)~(3/2)-1/3/a/x"3

Rubi [A]
time = 0.01, antiderivative size = 31, normalized size of antiderivative = 1.00, number of

number of rules _ 0.300,
integrand size

Optimal. Leaf size=31

steps used = 3, number of rules used = 3, integrand size = 10,
Rules used = {6471, 30, 267}
1,/ 1 2
a2 — 11 -
3" (a2x2 + ) 3azx3

Antiderivative was successfully verified.

[In] Int[E~ArcCschla*x]/x"3,x]

[Out] -1/3*(a"2*%(1 + 1/(a"2%x72))~(3/2)) - 1/(3*a*x"3)
Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 267

Int[(x_)~"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 6471
Int [E"ArcCschl(a_.)*(x_)~(p_.)I1*(x_)~(m_.), x_Symbol] :> Dist[1/a, Int[x"(m

- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

csch™! (az) L dx 1 12,2
/e : dx=f””4 +/ 3ax d
Z a Z
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Mathematica [A]
time = 0.02, size = 37, normalized size = 1.19

1 2,.2
1+a\/1+W z(1+ a’z?)

3azx3

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschla*x]/x"3,x]
[Out] -1/3%(1 + axSqrt[1 + 1/(a”2*x~2)]*x*(1 + a~2*xx"2))/(a*x"3)

Maple [A]
time = 0.04, size = 42, normalized size = 1.35
method | result size
(121)2-‘1-1 2 92
\/ “azzz (P2?+1) 1
default | — 32 — 3.3 | 42
trager | —3=2— — 46

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))/x"3,x,method=_RETURNVERBOSE)
[Out] -1/3*%((a~2%x"2+1)/a"2/x"2)"(1/2)/x"2*(a"2%x"2+1)-1/3/a/x"3

Maxima [A]
time = 0.26, size = 25, normalized size = 0.81

1,/ 1 1
= x1) =
3" (a2z2 * ) 3ax?

Verification of antiderivative is not currently implemented for this CAS.

[S][°Y

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))/x"3,x, algorithm="maxima")
[Out] -1/3*a"2x(1/(a"2*x"2) + 1)°(3/2) - 1/3/(a*x"3)

Fricas [A]
time = 0.33, size = 47, normalized size = 1.52

272 1 1
a3x3+(a3x3+az)\/% +1
a?z

3az3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))/x"3,x, algorithm="fricas")
[Out] -1/3%(a"3%x"3 + (a"3*x"3 + a*x)*sqrt((a~2*x"2 + 1)/(a"2*x"2)) + 1)/(a*x"3)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))/x**3,x)
[Out] Exception raised: TypeError >> Invalid comparison of non-real zoo

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 69 vs. 2(25) = 50.
time = 0.41, size = 69, normalized size = 2.23

1
2 (3 <x|a| —Va2z? +1 ) a’sgn(z) + a%gn(m)) )

2 3 3ax?
3 <(m|a| —Va?zx?+1 > - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))/x"3,x, algorithm="giac")

[Out] 2/3%(3*%(x*abs(a) - sqrt(a™2*x~2 + 1)) 4xa~2*sgn(x) + a~2xsgn(x))/((x*abs(a)
- sqrt(a™2*x"2 + 1))72 - 1)°3 - 1/3/(a*x"3)

Mupad [B]
time = 2.16, size = 42, normalized size = 1.35

1
z +1 9 1
- a2?2 +3_1a_a a2:1;2+1
x3 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(a"2%x72) + 1)7(1/2) + 1/(a*x))/x73,x)

[Out] - ((xx(1/(a™2*x72) + 1)7(1/2))/3 + 1/(3%a))/x"3 - (a"2x(1/(a"2*x72) + 1)~(1
/2))/3
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csch™(az
3.35 [0 W

x4

Optimal. Leaf size=65

1 1
1+ —— a1+ —
1 202 202 1
e VX" 1 ~aPeschHax)

" dazt 423 8z 8

[Out] -1/4/a/x"4+1/8%a"~3*arccsch(a*xx)-1/4x(1+1/a~2/x~2)~(1/2)/x"3-1/8*a~2*x(1+1/a~
2/x72)°(1/2) /x

Rubi [A]
time = 0.03, antiderivative size = 65, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.600,

steps used = 6, number of rules used = 6, integrand size = 10,
Rules used = {6471, 30, 342, 285, 327, 221}

1 | 1 |
2/ 41 41
(az) — i N/02$2-+ _ V/a2x2-+ 1

8z 423 " 4azt

1 ~1

—a°csch

8
Antiderivative was successfully verified.
[In] Int[E"ArcCschlax*x]/x"4,x]

[Out] -1/4%1/(a*x”4) - Sqrt[l + 1/(a"2*x~2)]1/(4%x~3) - (a~2#Sqrt[1 + 1/(a"2*x~2)]
)/ (8%x) + (a~3*ArcCschla*x])/8

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 285

Int[((c_.)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(cx
x)"(m + 1)*((a + b*x"n)"p/(cx(m + n*¥p + 1))), x] + Dist[a*n*(p/(m + n*p + 1
)), Int[(c*x)"m*(a + b*x"n)~(p - 1), x], x] /; FreeQ[{a, b, c, m}, x] && IG
tQ[n, 0] && GtQlp, 0] && NeQ[m + n*p + 1, O] &% IntBinomialQ[a, b, c, n, m,
p, x]

Rule 327
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Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*x(m + n*p + 1))), x] - Dist[
axcn*((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] &% NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 342

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] & ILtQ[n, 0] && Int
egerQ [m]

Rule 6471

Int [ETArcCschl(a_.)*(x_)~(p_.)I1*(x_)~(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

/ ecsch_l(ax) o — f 2

1
Ldx 1+
. [
1 9 [, 22 1
=—4ax4—Subst</m 1+¥ dx,z,;)
/ 1
1+ —-—
1 a2x? 1
dazt 413 B é_lSUbSt / /
v 2 2 V 2 2 1 1
a a 4 aQSubst /— dz,x, —
4ax4 43 2 x
1+—
a
V 1+ a2x2 \/ a2x2

4ax4 43

+ a 3csch ™ (ax)

Mathematica [A]
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time = 0.04, size = 53, normalized size = 0.82

1 .11
—2—ay/1+ oy z(2 + a?z?) + a*z*sinh ™ (L)

Rart

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschl[a*x]/x"4,x]

[Out] (-2 - axSqrt[1 + 1/(a"2*x"2)]*x*(2 + a"2*%x"2) + a~4*x"4*ArcSinh[1/(a*x)])/(

8xa*x~4)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 172 vs.
2(53) = 106.
time = 0.04, size = 173, normalized size = 2.66

method | result

272
a*x+1
aTTTL 2.,

1

3 2 -

a2z241 2 2 5 1 a?z2+1 1 V a?
Vi @ (Tm) e @oo T (/@ @etn

3 /
4 2(1121124'1)? l
a2 a?

default :
8x3 \/_a21222+1 \/ a_12

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))/x"4,x,method=_RETURNVERBOSE)

[Out] 1/8%((a"2*x~2+1)/a~2/x72)~(1/2)/x"3*%a"2*(((a~2*x~2+1)/a~2)~(3/2)*(1/a"2)" (1

/2)*a~2%x"2-((a~2%x"2+1)/a~2) ~(1/2)*(1/a~2) " (1/2) *a~2*x~4+1n(2*x ((1/a~2) ~(1/
2) % ((a~2%xx~2+1)/a~2) ~(1/2) *a~2+1) /x/a~2) *x~4-2% ((a~2*x~2+1) /a~2) ~(3/2)*(1/a
~2)7(1/2))/((a~2*%x"2+1) /a~2)~(1/2)/(1/a~2)~(1/2)-1/4/a/x"4

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 129 vs.
2(53) = 106.
time = 0.26, size = 129, normalized size = 1.98

6,3( 1 g4 |1
1, 1 1 1 a’r (a212+1)2 +a'z a2x2+1 1
—a’loglazy/——=+1 +1| ——=a’log|azy/——+1 —1] — —
16 a2x? 16 a2x? 8(a4m4(%+1)2—2a2x2( 1 +1)+1) 4 azxt

a2z?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))/x"4,x, algorithm="maxima")

[Out] 1/16%a~3*log(a*x*sqrt(1/(a~2*x~2) + 1) + 1) - 1/16%a"3xlog(a*x*sqrt(1/(a~2*

x"2) + 1) - 1) - 1/8x(a”6*x"3*%(1/(a"2*%x72) + 1)7(3/2) + a~4x*x*sqrt(1/(a~2*x
~2) + 1))/(a”4xx"4x(1/(a”2%x™2) + 1)72 - 2*%a”2xx"2x(1/(a"2*x72) + 1) + 1) -
1/4/ (axx~4)



196

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 113 vs.

2(53) = 106.
time = 0.35, size = 113, normalized size = 1.74

2.2 2.2 2,2
44 a*z? +1 44 a?z* +1 3 3 a‘z? +1
aaclog(a:m/a%2 —cw:—i—l)—aglc10g<a3m/aZm2 —az—1| — (a°2® + 2 ax) W_2

8axt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))/x"4,x, algorithm="fricas")

[Out] 1/8*%(a~4*x"4xlog(a*xx*sqrt((a~2*x~2 + 1)/(a"2%x"2)) - a*x + 1) - a"4*x"4xlog
(axx*sqrt((a™2*x"2 + 1)/(a"2%x72)) - a*x - 1) - (a"3*x"3 + 2*ax*x)*sqrt((a~2

*x"2 + 1)/(a"2*x72)) - 2)/(a*x"4)

Sympy [A]
time = 2.90, size = 83, normalized size = 1.28
a?asinh (=) a? 3 1 1

8 B 1 5 1 daz* o 1
8117 1+W 85(,‘ 1+W 4a2x 1+W

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/ax*2/x*x2)*x(1/2))/x**4,x)

[Out] a**3*asinh(1/(a*x))/8 - a**x2/(8*x*sqrt(1l + 1/(a**2xx**2))) - 3/(8*x**3*ksqrt
(1 + 1/(ax*2xxx*2))) - 1/(4*xaxx**x4) - 1/(4*xax*2xxx*5xsqrt(l + 1/(ax*2xx**2)

))

Giac [A]
time = 0.42, size = 103, normalized size = 1.58

2 (a212+1)%a6|a\sgn(z)+ va2z?+1 ablalsgn(x)+2a”
a’|allog (\/(1212 +1 + 1) sgn(z) — ab|a|log <\/a212 +1 — 1> sgn(z) — ( —1 )

16 a*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))/x"4,x, algorithm="giac")

[Out] 1/16%(a”"6*abs(a)*log(sqrt(a™2*x"2 + 1) + 1)*sgn(x) - a~6*abs(a)*log(sqrt(a”
2%x72 + 1) - 1)*sgn(x) - 2x((a”2*x72 + 1)7(3/2)*a"6*abs(a)*sgn(x) + sqrt(a”

2*x"2 + 1)*a"6*abs(a)*sgn(x) + 2xa~7)/(a"4xx"4))/a"4

Mupad [B]
time = 2.54, size = 61, normalized size = 0.94

1
[ 1
a2x2+1 1

8(L)3/2 423 dazt

asinh

/1

2

a a2z2+1
8z

2
a2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(a"2*x"2) + 1)7(1/2) + 1/(a*x))/x"4,x)

[Out] asinh((1/a~2)7(1/2)/x)/(8%x(1/a~2)~(3/2)) - (1/(a"2*x~2) + 1)7(1/2)/(4%x~3)
- 1/(4xaxx~4) - (a~2*(1/(a"2*x72) + 1)7(1/2))/(8*x)
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csch™(az
3.36 [0 g

x5

Optimal. Leaf size=51

1, 1 \** 1, 1\ 1
“at(1+ — — a1+ —— -
3% ( + a2x2> 5" * a’x? Sax®

[Out] 1/3*a~4*x(1+1/a~2/x~2)"(3/2)-1/5%a"4*(1+1/a~2/x~2)~(5/2)-1/5/a/x"5

Rubi [A]
time = 0.02, antiderivative size = 51, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.400,

steps used = 5, number of rules used = 4, integrand size = 10,
Rules used = {6471, 30, 272, 45}

Antiderivative was successfully verified.

[In] Int[E"ArcCschla*x]/x"5,x]

[Out] (a™4*(1 + 1/(a"2%x72))"~(3/2))/3 - (a”4*x(1 + 1/(a"2*x"2))~(5/2))/5 - 1/(5*ax
x~5)

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, 4, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7#m + 4*%n + 4, 0]) || LtQ[9*m + 5*x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6471

Int [ETArcCschl(a_.)*(x_)~(p_.)I1*(x_)~(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
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Rubi steps

csch™ “(ax
gesch™
1’5

Mathematica [A]
time = 0.03, size = 46, normalized size = 0.90

/ 1 2,.2 4,4
—3+a 1+a2x2 z(—3 — a’z?® + 2a*z*)

15ax®

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschla*x]/x"5,x]
[Out] (-3 + axSqrt[1l + 1/(a"2*%x"2)]*x*(-3 - a™2*%x"2 + 2xa~4*x"4))/(15*a*x"5)

Maple [A]
time = 0.05, size = 52, normalized size = 1.02

method | result size
2,02
defa LR (41) (26%02-3) .
etault 15z4 " bBazd
02,2 __
a(2a4z4—a2m2—3) - 2222 1
1
-1
trager il Pa— 55

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))/x"5,x,method=_RETURNVERBOSE)

[Out] 1/15%((a~2*x~2+1)/a~2/x"2)~(1/2)/x~4*(a~2%x"2+1) *(2*a~2*x"2-3)-1/5/a/x"5
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Maxima [A]
time = 0.26, size = 41, normalized size = 0.80

5
1,/ 1 1,/ 1 1
_= 1 = 1) —
5" (a2m2+ ) +3a (a2x2+ ) 5 ax’

Verification of antiderivative is not currently implemented for this CAS.

[ V][N

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))/x75,x, algorithm="maxima")
[Out] -1/5%a~4x(1/(a"2xx"2) + 1)7(5/2) + 1/3*a"4*(1/(a"2*x"2) + 1)~(3/2) - 1/5/(a
*x"5)

Fricas [A]
time = 0.38, size = 58, normalized size = 1.14

252 4 1
2a5x5+(2a5:c5—a3z3—3ax)\/% -3
a’z

15axb

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))/x75,x, algorithm="fricas")

[Out] 1/15%(2%a~5*x~5 + (2*a~5%x~5 - a~3*x"3 - 3*axx)*sqrt((a”2*x"2 + 1)/(a"2*x"2
)) - 3)/(a*x”5)

Sympy [A]
time = 1.59, size = 65, normalized size = 1.27

2a3Va%x? + 1 B ava?z? +1 B Va2 +1 1
15z 153 5ax® 5ax®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))/x**5,x)

[Out] 2*a*x*3*sqrt(a*x*2*x**2 + 1)/(15%x) - axsqrt(ax*2xxx*2 + 1)/(156xx**3) - sqrt(
a**2xx**2 + 1)/ (5xa*x**5) - 1/(5*xa*x**5)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 124 vs. 2(41) =

82.
time = 0.42, size = 124, normalized size = 2.43

6 4 2
4 <15 (:c|a| - Va2 +1 ) a*sgn(z) +5 (m|a| —Vva2z? +1 ) a*sgn(z) +5 (x|a| —Va2z? +1 ) a*sgn(z) — a4sgn(ac)) 1
2 ° ~ 5az’
15 ((z|a| — Va2 +1 ) — 1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))/x"5,x, algorithm="giac")

[Out] 4/15%(15*%(x*abs(a) - sqrt(a”2*x"2 + 1)) 6*a"4*sgn(x) + 5*(x*abs(a) - sqrt(a
“2xx72 + 1)) "4xa"4*sgn(x) + 5x(x*abs(a) - sqrt(a”2*x"2 + 1)) 2*a"4xsgn(x) -
a~4xsgn(x))/((x*abs(a) - sqrt(a™2*x"2 + 1))72 - 1)°5 - 1/5/(a*x”5)

Mupad [B]
time = 2.20, size = 61, normalized size = 1.20
1 1 +1 1
N TN\ a2 72 2, /-
2a a2x2+1 - a5x _|_5ia_a a2x2+1
15 x® 15 z2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(a"2%x72) + 1)7(1/2) + 1/(a*x))/x75,x)
[Out] (2%a”4x(1/(a"2*x~2) + 1)7(1/2))/15 - ((x*x(1/(a"2*x"2) + 1)~(1/2))/5 + 1/(5%
a))/x"5 - (a”2x(1/(a"2*x~2) + 1)7(1/2))/(15%x"~2)
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-1 2
3.37 [ ecseb™ (az%) g oy
Optimal. Leaf size=59

gt @R (g 5 (21— m)s B — )

_a(l—m)+ 1+m

[Out] -x~(-1+m)/a/(1-m)+x~(1+m)*hypergeom([-1/2, -1/4-1/4%m], [3/4-1/4*m],-1/a"2/x
~4)/(1+m)

Rubi [A]
time = 0.03, antiderivative size = 59, normalized size of antiderivative = 1.00, number of

number of rules __
’ integrand size 0.333,

steps used = 4, number of rules used = 4, integrand size = 12
Rules used = {6471, 30, 346, 371}
SR (e = ) ) e

m+1 " a(l—m)

Antiderivative was successfully verified.
[In] Int[E"ArcCschl[a*x~2]*x"m,x]

[Out] -(x"(-1 + m)/(a*x(1 - m))) + (x~(1 + m)*Hypergeometric2F1[-1/2, (-1 - m)/4,
(3 -m)/4, -(1/(a"2%x74))]1)/(1 + m)

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 346

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))~(p_), x_Symbol] :> Dist[(-c~
(-1))*(c*x)"(m + D*(1/x)"(m + 1), Subst[Int[(a + b/x"n)"p/x"(m + 2), x], x
, 1/x1, x] /; FreeQ[{a, b, ¢, m, p}, x] && ILtQ[n, 0] && !'RationalQ[m]

Rule 371

Int[((c_)*(x_))"(m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(c*(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 0] Il GtQ[a, 01)

Rule 6471

Int [ETArcCsch(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x~(m
- p), x], x] + Int[x"m*Sqrt[1 + 1/(a~2*x~(2%p))], x] /; FreeQ[{a, m, p}, x
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Rubi steps

B —2—|—md 1
/BCSCh Haa?) gm o = W '*‘/ V 1+ Y a™ dx
:L.—l—i-m 1
- (= bst 1
i () ) S( 15 o)
_ x~itm n gttm 2 F1 (_%7 i( 4 ; a2m4
a(l —m) 1—|—m

Mathematica [A]
time = 0.04, size = 55, normalized size = 0.93

2 1 _1_m.3_m.__1
m—l+m< 1 x2F1( 204 414 4> a2z4))

—1+m)+ 1+m

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschla*x~2]*x"m,x]
[Out] x~(-1 + m)*(1/(a*(-1 + m)) + (x"2*Hypergeometric2F1[-1/2,
m/4, -(1/(a"2%x74))1)/(1 + m))

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

1 / 1 m
/(am2+ 1+_a,2x4>m dx

Verification of antiderivative is not currently implemented for this CAS.

-1/4 - n/4, 3/4 -

[In] int((1/a/x"2+(1+1/a"2/x"4)"(1/2))*x"m,x)
[Out] int((1/a/x"2+(1+1/a"2/x"4)"(1/2))*x"m,x)

Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x"2+(1+1/2"2/x"4)~(1/2))*x"m,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h

elp (example of legal syntax is ’assume(m-2>0)’, see ‘assume?‘ for more det
ails)Is

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a"2/x"4)~(1/2))*x"m,x, algorithm="fricas")
[Out] integral((axx~2*x"m*sqrt((a”2*x~4 + 1)/(a"2*x74)) + x"m)/(a*x"2), x)

Sympy [A]
time = 3.72, size = 66, normalized size = 1.12
-1 _m_1 ) ™
zzml(-2 - b),R | 2t e oy form #1
4 log (z) otherwise

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/a**2/x**4)*x(1/2))*x**m,x)

[Out] -x*x**m*gamma(-m/4 - 1/4)*hyper((-1/2, -m/4 - 1/4), (3/4 - m/4,), exp_polar
(Ixpi)/(a*x*2*xx*x4))/(4*gamma(3/4 - m/4)) + Piecewise((x**m/(m*x - x), Ne(m,
1)), (log(x), True))/a
Giac [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))*x"m,x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ; OUTPUT: sym2poly/r2sym(const gen & e,const in
dex_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F]

time = 0.00, size = -1, normalized size = -0.02

(1 1
/.’L‘ ( a2z4+1 +E> dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*x((1/(a"2*x"4) + 1)~(1/2) + 1/(a*xx"2)),x)
[Out] int(x"m*x((1/(a"2*x"4) + 1)°(1/2) + 1/(a*xx"2)), x)
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3.38 | gosch™ (az?) 14 7.

Optimal. Leaf size=202

2, | —=5 (a+ %) E(2cot™
2 1+# 2,/1+a21x4 . P\ ay (a+3z) E(2cot™ (Va'z) |
5a2 (a+ %) P 5a? 375 g o1 1
r 5&7/2 1+ﬂ
ax

[Out] 1/3*x~3/a-2/5%(1+1/a"2/x74)~(1/2)/a"~2/(a+1/x"2) /x+2/5*xx(1+1/a~2/x"4)~(1/2)
/a~2+1/5%x"5%(1+1/a~2/x74)~(1/2)+2/5* (a+1/x"2) * (cos (2*xarccot (x*xa~(1/2)))"2)
~(1/2) /cos(2*arccot (x*a~(1/2)))*EllipticE(sin(2*arccot(x*a~(1/2))),1/2x2~(1
/2))*((a~2+1/x74)/(a+1/x72)"2)~(1/2)/a~(7/2)/ (1+1/a~2/x~4) "~ (1/2)-1/5% (a+1/x
~2)*(cos(2*arccot (x*a~(1/2)))~2)~(1/2)/cos(2*arccot (x*a~(1/2)))*EllipticF(s
in(2*arccot (x*a~(1/2))),1/2x2~(1/2))*((a~2+1/x"4) /(a+1/x"2)"2)~(1/2) /a~(7/2

)/ (1+1/a~2/x~4)~(1/2)

Rubi [A]

time = 0.08, antiderivative size = 202, normalized size of antiderivative = 1.00, number of

number of rules — 0.667,
integrand size

steps used = 8, number of rules used = 8, integrand size = 12,
Rules used = {6471, 30, 342, 283, 331, 311, 226, 1210}

a?+ % a?+ 5

M 1 - F S =
a’zt 5a2za

5a? + + 3a

1 1
5a7/2 Pl 5a7/2 aatl

Antiderivative was successfully verified.

[In] Int[E"ArcCschl[a*x~2]*x74,x]

[Out] (-2xSqrt[1 + 1/(a"2*x~4)]1)/(5*a"2x(a + x~(-2))*x) + (2+Sqrt[1 + 1/(a"2*x"4)

1*x)/(5%a~2) + x73/(3*%a) + (Sqrt[1 + 1/(a"2*x"4)]*x"5)/5 + (2xSqrt[(a”2 + x

“(-4))/(a + x7(-2))"2]*(a + x~(-2))*EllipticE[2*ArcCot [Sqrt[al*x], 1/2])/(5

*¥a~(7/2)*Sqrt[1 + 1/(a"2%x74)]) - (Sqrtl[(a”2 + x~(-4))/(a + x~(-2))"2]*(a +
x~(-2))*EllipticF [2*ArcCot [Sqrt[al*x], 1/2]1)/(6*a”~(7/2)*Sqrt[1 + 1/(a"2*x"

4)]1)

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 226

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simpl[(
1 + q72*x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x"2)"2)]1/(2*g*Sqrt[a + b*x~4]))*
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EllipticF[2*ArcTan[q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 283

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx"n) "p/(cx(m + 1))), x] - Dist[b*n*(p/(c"n*(m + 1))), In
t[(c*x)"(m + n)*(a + bxx"n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQ[p, O] && LtQ[m, -1] && !ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 311

Int[(x_)"2/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 21}, D
ist[1/q, Int[1/Sqrt[a + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x~2)/Sqrt[a +
bxx~4], x], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 331

Int[((c_)*(x_))" (@ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*x
)"(m + 1)*((a + bxx™n) " (p + 1)/(a*c*(m + 1))), x] - Dist[b*((m + n*x(p + 1)

+ 1)/(axc™nx(m + 1))), Int[(c*x)"(m + n)*(a + b*xx™n)"p, x], x] /; FreeQ[{a,
b, c, p}, x] & IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 342

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 1210

Int[((d)) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rtlc/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(ax(1 + q"2*x"2))), x] + Simp[d*
(1 + g~2*xx"2)*(Sqrt[(a + c*x~4)/(a*x(1 + q~2*x~2)"2)]/(g*Sqrt[a + c*xx~4]))*E
1llipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al

Rule 6471

Int [E"ArcCschl(a_.)*(x_ )~ (p_.)I*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"m*xSqrt[1 + 1/(a"2*x"(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps
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—1(,.2 2 d 1
gosch (az ).’134 dr = fCB z + 14 ztdx
a a?zt
y Ji+ 5
=3~ Subst / oG

4
2 1
—a’dx,x, —

T

2Subst | [ ——A——d=z,z,1

Jie o -
x2 J—
_z 1 1 s a?

- ~.1 _
3a + 5 + a?rt v 5a?
2Subst | [ — 2 dr,z,L
0. /1 1 x4 e
N O N S e
= — —_— [ m —_—
5a? 3a¢ 5 a?rt 5a4

2Subst (f ————dz,z,1 2Subst
15

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 0.18, size = 112, normalized size = 0.55

csch™? (azQ) 5/2
e 7
_1+ezcsch_1 (azz)

5/2
4\/5 e—c:sch’1 (az?) < ) 5 (_4 + 7e2csch’1(azz) + 4(1 _ e2csch’1 (azz))

21 (ax2)*/?

3 7.7. ,2csch™!(az?
2F1(1,§71a€ ( ))>

Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCschla*x~2]*x~4,x]

[Out] (4xSqrt[2]*(E"ArcCsch[a*x~2]/(-1 + E~(2xArcCsch[a*xx~2])))~(5/2)*x"5*(-4 + 7
*E~(2xArcCsch[a*x~2]) + 4*(1 - E~(2*ArcCsch[a*x~2]))~(5/2) *Hypergeometric2F
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1[3/4, 7/2, 7/4, E-(2xArcCsch[a*x"~2])]))/(21%E"ArcCschl[a*x~2]*(a*xx~2)~(5/2)
)

Maple [C] Result contains complex when optimal does not.
time = 0.08, size = 152, normalized size = 0.75

method | result

2.4 A " " 1 " 1 " "
“aﬁzjfl 2 (—\/za a*z7—c3aVia +2iv/ —iaz? + 1 Viaz? + 1 EllipticE(:c ia z) —2iv/—iax?+1

default | —
5(a2zt+1)aV 1a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a"2/x"4)~(1/2))*x"4,x,method=_RETURNVERBOSE)

[Out] -1/5%((a~2%x~4+1)/a~2/x"4) " (1/2)*x~ 2% (-(I*a) ~(1/2) *a~3*x~7-x"3*a*(I*a) ~(1/2
)+2xI* (1-T*kaxx"2) " (1/2) * (1+I*a*x~2) ~(1/2)*E1lipticE(x*(I*a)~(1/2),I)-2*I*(1
—I*xa*xx~2) " (1/2)*(1+Ixa*xx~2)~(1/2)*EllipticF(x*(I*a)~(1/2),I))/(a"2*x"4+1)/a

/(Ixa)~(1/2)+1/3*x"3/a

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))*x"4,x, algorithm="maxima")
[Out] 1/3*x"3/a + integrate(sqrt(a™2*x~4 + 1)*x~2, x)/a

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))*x"4,x, algorithm="fricas")
[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [C] Result contains complex when optimal does not.
time = 1.44, size = 48, normalized size = 0.24
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/ax*2/x**4)**(1/2))*x**4,x)
[Out] -xx*5xgamma(-5/4)*hyper((-5/4, -1/2), (-1/4,), exp_polar(I*pi)/(a**2xx**4))
/ (4*gamma (-1/4)) + x**3/(3*a)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/a/x"2+(1+1/a~2/x~4)~(1/2))*x"4,x, algorithm="giac")
[Out] integrate(x~4x(sqrt(1/(a~2*x"4) + 1) + 1/(a*x”2)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/1 1
4
/.’E ( a2$4+1 +m>dl‘

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"4*x((1/(a"2*xx"4) + 1)°(1/2) + 1/(a*x"2)),x)
[Out] int(x~4*((1/(a"2*x~4) + 1)°(1/2) + 1/(a*x"2)), x)
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-1 2
3.39 [ eoseb™ (a2%) 13
Optimal. Leaf size=52

1
tanh_l ( 1+ﬂ>
z2 1 1, a“z

a1
2a+4 +a2x4x+

[Out] 1/2*%x~2/a+1/4*arctanh((1+1/a"2/x74)~(1/2))/a~2+1/4*xx"4x(1+1/a~2/x"4)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 52, normalized size of antiderivative = 1.00, number of

number of rules _ 0.500,
integrand size

steps used = 6, number of rules used = 6, integrand size = 12,
Rules used = {6471, 30, 272, 43, 65, 214}

1
tanh_l ﬂ + 1
1, /1 a*z z?
— _|_ -_

— +1
4:1: a2x4+ + 4a? 2a

Antiderivative was successfully verified.
[In] Int[E"ArcCschl[a*x~2]*x"3,x]

[Out] x72/(2*%a) + (Sqrt[1l + 1/(a"2*x"4)]*x"4)/4 + ArcTanh[Sqrt[1 + 1/(a"2*x"4)]]1/
(4%a=2)

Rule 30

Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 43

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + 1))), x] - Dist[d*(n/(b*x(m + 1))), I
nt[(a + bxx)"(m + 1)*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, x]
&& NeQ[bxc - a*d, 0] && ILtQ[m, -1] && !'IntegerQ[n] && GtQ[n, O]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1) *x(c - ax(d/b) +
dx(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]
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Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 272

Int[(x_ )" (m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 6471

Int [ETArcCschl(a_.)*(x_)~(p_.)I1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x~(m
- p), x1, x] + Int[x"m*xSqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

a 224
x
x? 1+ a
=50 ZSubst / p dz,z, —

/ T
1 T 1+;
1+ i

_ac2+1
2 4 a2zt 8a?
2 1 1, 1 1 1
=oa a1t g @ T goubst /ﬁd” L+ o
1
tanh_l 1+ﬂ
2 1 ) 1, a*x
T2 4 +a2x4z+ 4a2

Mathematica [A]
time = 0.04, size = 53, normalized size = 1.02

1 1
ax2<2+a\/1+—24m2>+log<<1+\/1+—24>m2>
a2z a2z

4a?
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Antiderivative was successfully verified.

[In] Integrate[E~ArcCschl[a*x~2]*x~3,x]
[Out] (a*xx"2*%(2 + a*Sqrt[1 + 1/(a"2%x"4)]1*x"2) + Logl[(1 + Sqrt[l + 1/(a"2*x"4)])x*

x"2])/(4xa~2)
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 93 vs.

2(42) = 84.
time = 0.09, size = 94, normalized size = 1.81

method | result size

2 4+1 2 4+1 2 4+1
/aagx4 22| 22 % a2+1In | 22+ % ,
+2 |94

default :
4 \/ a?z +1 a? ¢

a2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a"2/x"4)~(1/2))*x"3,x,method=_RETURNVERBOSE)
[Out] 1/4x((a~2%x"4+1)/a"2/x74)~ (1/2)*x~ 2% (x"2*% ((a~2*x"4+1) /a~2) ~(1/2)*a~2+1n(x"2
+((a™2%x74+1)/a"2)~(1/2)))/((a~2*x~4+1) /a~2)~(1/2) /a~2+1/2*x"2/a

Maxima [A]
time = 0.25, size = 81, normalized size = 1.56

/1 [ 1
1 1 log< a2x4+1 +1> log( a2z4+1_1)

z? a2zt
8 a? 8 a?

20 " 4@ (A +1) - @)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))*x"3,x, algorithm="maxima")
[Out] 1/2*x72/a + 1/4xsqrt(1/(a"2*x"4) + 1)/(a"2x(1/(a"2*%x"4) + 1) - a”2) + 1/8%1
og(sqrt(1/(a~2*%x"4) + 1) + 1)/a"2 - 1/8xlog(sqrt(1/(a"2*x"4) + 1) - 1)/a"2

Fricas [A]
time = 0.34, size = 70, normalized size = 1.35

204 1 1 204 1 1
a%“y/% +2azx? — log (ax%/% —az2>

4 a?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))*x"3,x, algorithm="fricas")
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[Out] 1/4*%(a"2*x"4xsqrt((a”2*xx"4 + 1)/(a"2%x74)) + 2%a*x”2 - log(a*x~2xsqrt((a~2*
x"4 + 1)/(a"2*%x"4)) - a*x"2))/a"2

Sympy [A]
time = 2.23, size = 36, normalized size = 0.69

z?vVa?z*+1  z?  asinh (az?)

4a 2a 4qa?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/a**2/x**4)**(1/2))*x**3,%)
[Out] x**2*sqrt(a*x*2*x**4 + 1)/(4*a) + x*x*2/(2xa) + asinh(a*x**2)/(4*xa*x*2)

Giac [A]

time = 0.41, size = 57, normalized size = 1.10

log( —z2|a|+V a’zxt+1
2az? + (\/&2304 +12%— ( al ) |al

4 a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x~2+(1+1/a~2/x"4)~(1/2))*x~3,x, algorithm="giac")
[Out] 1/4*%(2*%a*x"2 + (sqrt(a™2*x"4 + 1)*x”2 - log(-x"2*abs(a) + sqrt(a™2*x~4 + 1)
)/abs(a))*abs(a))/a~2

Mupad [B]
time = 2.61, size = 42, normalized size = 0.81

1
atanh +1 4 1
( @ >+”” sl e
4 a? 4 2a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*x((1/(a"2*x"4) + 1)°(1/2) + 1/(a*xx"2)),x)
[Out] atanh((1/(a"2*x"4) + 1)°(1/2))/(4*xa"~2) + (x~4x(1/(a"2*x"4) + 1)°(1/2))/4 +

x~2/(2*a)
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3.40 | eosch™ (az?) 12 7.

Optimal. Leaf size=86

a2+ml4 1 —1 1
g iy (o) Feot” (Va1
$2
—i—1 1+ 214583—
a a’x 52 1
3a 1+ 2

[Out] x/a+1/3*x"3*(1+1/a"2/x74)~(1/2)-1/3*(a+1/x"2) *(cos(2*arccot (x*a~(1/2)))"2)"
(1/2) /cos(2*arccot (x*a~(1/2)))*EllipticF(sin(2*arccot (x*a~(1/2))),1/2%2~(1/
2))*((a~2+1/x74)/(a+1/x"2)"2)~(1/2)/a~(6/2) /(1+1/a"~2/x"4)~(1/2)

Rubi [A]
time = 0.03, antiderivative size = 86, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.417,

steps used = 5, number of rules used = 5, integrand size = 12,
Rules used = {6471, 8, 342, 283, 226}

a®+ 1 1 1
—5 (a+ ) F(2cot™ (vVa'z) [3)
1, [ 1 (a+2) x

3 a2zt 1 a
30/5/2 A + 1
a’x

Antiderivative was successfully verified.
[In] Int[E"ArcCschl[a*x™2]*x~2,x]

[Out] x/a + (Sqrt[1 + 1/(a"2*x~4)]1*x"3)/3 - (Sqrtl[(a”2 + x~(-4))/(a + x~(-2))"2]*
(a + x7(-2))*EllipticF [2*ArcCot [Sqrt[al*x], 1/2])/(3*a~(5/2)*Sqrt[1 + 1/(a~
2xx74)])

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 226

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt([b/a, 41}, Simpl[(
1 + q"2*x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x72)"2)]/(2*g*Sqrt[a + b*xx~4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 283

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + b*x"n)"p/(c*(m + 1))), x] - Dist[b*n*(p/(c"n*(m + 1))), In
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t[(c*x)"(m + n)*(a + b*xx"n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQ[p, O] && LtQ[m, -1] && !ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 342

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] & ILtQ[n, 0] && Int
egerQ [m]

Rule 6471

Int [E"ArcCsch[(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"m*Sqrt[1 + 1/(a~2*x~(2xp))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

1 1d /
/ecsch (az )dex:u+/ 1—|—L$2d$
\ll‘l‘
——Subst /

dxa:—

2Subst | [ —2—dz,z, 1

A
=4 = x
a 3 a’zrt 3a?

(a+ %) F(2cot™ (vVa'z) |3)
x+1 14 1 4
= — — xr° —
a 3 a’x?t 1

3a5/2 1+ﬂ

a’x

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 0.16, size = 113, normalized size = 1.31

—1+e

2\/5‘ —csch™! (az?) eCSCh71 (mz) 3 1—2 2csch™! (az?) 1 2csch™?! (az?) 3/2 F (L1 1.5. 2csch™! (az?)
€ 1 ZCSCh_1<az2) z — e - —¢€ 2P\ 2w €
3aVaz?
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Warning: Unable to verify antiderivative.

[In] Integrate[E~ArcCschla*x~2]*x~2,x]

[Out] (-2*Sqrt[2]*(E"ArcCsch[a*x~2]/(-1 + E~(2*ArcCsch[a*x"2])))~(3/2)*x*(1 - 2+E
~(2xArcCsch[a*x"2]) - (1 - E~(2xArcCsch[axx~2]))~(3/2)*Hypergeometric2F1[1/

4, 1/2, 5/4, E~(2xArcCsch[a*x~2])]))/(3*%a*E~ArcCsch[a*x~2] *Sqrt [a*x~2])

Maple [C] Result contains complex when optimal does not.
time = 0.04, size = 104, normalized size = 1.21

method | result size
Va==2 x2(\/ia a2r5+2v—iaz? +1 Viaz? + 1 EllipticF(x\/ia z) +zv/ia )
default - + £ 104
3(a2zt+1)V 10 a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a"2/x"4)~(1/2))*x~2,x,method=_RETURNVERBOSE)

[Out] 1/3x((a~2*x~4+1)/a"2/x"4) " (1/2)*x~2x((I*a) "~ (1/2)*a"2*x"~5+2*% (1-I*xa*xx~2)~(1/2
)*(1+Ixa*x~2)~(1/2)*EllipticF (x*(I*a)~(1/2),I)+x*(I*a)~(1/2))/(a"2*x~4+1)/(

I*xa)~(1/2)+x/a

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))*x"2,x, algorithm="maxima")
[Out] x/a + integrate(sqrt(a™2*x~4 + 1), x)/a

Fricas [A]
time = 0.11, size = 55, normalized size = 0.64

_>,_1) +82

204 1 3 -
ax?’\/% +2a(—a—12)4ellipticF<<
a’z

3a

8 Q,o‘r—*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))*x"2,x, algorithm="fricas")
[Out] 1/3*(a*x”3*sqrt((a"2*x~4 + 1)/(a"2%x74)) + 2xa*x(-1/a"2)"(3/4)*ellipticF((-1
/a”2)7(1/4)/x, -1) + 3*x)/a
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Sympy [C] Result contains complex when optimal does not.
time = 1.26, size = 41, normalized size = 0.48

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/ax*2/xx*4)**(1/2))*x**2,x)
[Out] -x**3*gamma(-3/4)*hyper((-3/4, -1/2), (1/4,), exp_polar(I*pi)/(ax*2*xx**4))/
(4*gamma(1/4)) + x/a

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/a/x"2+(1+1/a"2/x74)~(1/2))*x"2,x, algorithm="giac")
[Out] integrate(x~2x(sqrt(1/(a~2*x"4) + 1) + 1/(a*x”2)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/1 1
2
/CL‘ ( a2$4+1 +m>dl‘

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*((1/(a"2*x"4) + 1)°(1/2) + 1/(a*x"2)),x)
[Out] int(x~2*%((1/(a"2*x~4) + 1)°(1/2) + 1/(a*x"2)), x)
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3.41 | ecsch™ (a2%) 1. e

Optimal. Leaf size=40
1/ 1 csch(az?) log(z)
a1+ — g2 —
2 + a2zt * 2a + a

[Out] -1/2%arccsch(a*x~2)/a+1n(x)/a+1/2xx"2*x(1+1/a"2/x"4)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 40, normalized size of antiderivative = 1.00, number of

number of rules _ 0.600,
integrand size

steps used = 6, number of rules used = 6, integrand size = 10,
Rules used = {6471, 29, 342, 281, 283, 221}
1, /1 +1 csch ™ (az?) N log(x)

—x
2 a2zt 2a a

Antiderivative was successfully verified.

[In] Int[E"ArcCschla*x~2]*x,x]

[Out] (Sqrtl[1 + 1/(a"2*x"4)]*x"2)/2 - ArcCsch[a*x"2]/(2xa) + Loglx]/a
Rule 29

Int[(x_)~(-1), x_Symbol] :> Simp[Log[x], x]

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 281
Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> With[{k = GCD[m

+ 1, n]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*x(a + b*x~(n/k))"p, x], x, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] &% IntegerQ[m]

Rule 283

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*x(x_)"(m_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx"n)"p/(cx(m + 1))), x] - Dist[b*n*(p/(c"nx(m + 1))), In
t[(c*x)"(m + n)*(a + b*xx"n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQ[p, 0] &% LtQ[m, -1] && 'ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 342
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Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 6471

Int [ETArcCsch(a_.)*(x_)~(p_.)]1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x~(m
- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x"(2*p))], x] /; FreeQ[{a, m, p}, x

]
Rubi steps
/ cschfl(a:ﬁ) dz f; .’L‘+/ 1+ 2]'4 T dx
a V a’x
1+Z
+_
o) g (VI 1
1+2
_1o8(@)  Lqist / R P
a x x

Subst | [ ——dz,z, 5

142
log(z) Vit e

L 2+
=_ ——
2 a’xt a 2a?
1 1 csch™(az?)  log()
= 4/1+ — 22—
2 + a2zt " 2a + a

Mathematica [A]
time = 0.02, size = 42, normalized size = 1.05

—
Q
g |-
~

ay\/1+ —— 2 —sinh™" (2;) + log (az?)

2a

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschla*x~2]*x,x]
[Out] (axSqrt[1 + 1/(a"2*x"4)]*x"2 - ArcSinh[1/(a*x"2)] + Logla*x~2])/(2*a)



221

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 115 vs.
2(34) = 68.
time = 0.09, size = 116, normalized size = 2.90

method | result size

a2zt
a2z4+1 a2z4+1 2 \/ a_12 a2+1 a®+2
\/ \/ \/ )
default + @ | 116
/ \/a2x4+1 @

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a~2/x"4)~(1/2))*x,x,method=_RETURNVERBOSE)

[Out] 1/2x((a~2*x"4+1)/a"2/x~4)~ (1/2)*x"2x((1/a~2)~(1/2)*((a~2*x"4+1) /a~2) ~(1/2) *
a~2-1n(2x((1/a"2)~(1/2)*((a"2*x~4+1) /a~2)~(1/2)*a~2+1) /a~2/x"2))/(1/a~2)~ (1
/2)/((a™2*x74+1)/a~2)~(1/2) /a"2+1n(x) /a

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 71 vs.
2(34) = 68.
time = 0.27, size = 71, normalized size = 1.78

1 1
log (az®\/ 55 +1 +1 log [ az®\/ 55 +1 —1
1,/ 1 asx a‘x +log(m)

- - 41 -
2x a2z4+ 4a + 4a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x74)~(1/2))*x,x, algorithm="maxima")

[Out] 1/2*%x"2xsqrt(1/(a”2*x74) + 1) - 1/4*xlog(a*xx~2*sqrt(1/(a"2*x"4) + 1) + 1)/a
+ 1/4%log(a*x~2*sqrt(1/(a"2+%x74) + 1) - 1)/a + log(x)/a

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 88 vs.
2(34) = 68.
time = 0.38, size = 88, normalized size = 2.20

a?rt +1 a’z*+1 a?rt +1
2ax2\/w — log (axsz +1) + log (ax%/w —1> + 4 log (z)

4a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))*x,x, algorithm="fricas")

[Out] 1/4*%(2*a*xx~2xsqrt((a”2*xx~4 + 1)/(a"2%x"4)) - log(a*x~2xsqrt((a"2*x~4 + 1)/(
a"2xx74)) + 1) + log(a*xx~2*sqrt((a™2*x"4 + 1)/(a"2*x"4)) - 1) + 4xlog(x))/a
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Sympy [A]
time = 4.00, size = 58, normalized size = 1.45
2 1 asinh (15 1
z + 0g ($) _ (aw2) +
1 a 2a - 1
24/1+ % 2a°x 1+ %

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/a**2/x**4)**(1/2))*x,x)
[Out] x**2/(2*sqrt(1 + 1/(a**2*x**4))) + log(x)/a - asinh(1/(a*x**2))/(2%a) + 1/(
2¥ax*x2xxx*k2xsqrt (1 + 1/ (ax*x2*xx**4)))

Giac [A]
time = 0.41, size = 61, normalized size = 1.52

(a — |a|) log <\/a2x4 +1 + 1) + (a + |a|) log <Va2x4 +1 — 1> +2vVa%zt+1 |a

4 a?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x74)~(1/2))#*x,x, algorithm="giac")
[Out] 1/4x((a - abs(a))*log(sqrt(a~2*x~4 + 1) + 1) + (a + abs(a))*log(sqrt(a~2*x"~
4 + 1) - 1) + 2xsqrt(a™2*x"4 + 1)*abs(a))/a"2

Mupad [B]
time = 2.97, size = 43, normalized size = 1.08
1
a2 1
1 asinh ;212 2
22\ —— +1 1
a2 ot B In ($2) B
2 2a 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*((1/(a"2*x"4) + 1)7(1/2) + 1/(a*x"2)),x)
[Out] (x"2%(1/(a"2*x"4) + 1)°(1/2))/2 - log(1/x"2)/(2*a) - (asinh((1/a"2)"(1/2)/x

~2)x(1/a72)"(1/2))/2
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-1 2
3.42  [eosch (a7 gy
Optimal. Leaf size=165

a2+ 4 a?+ 5 1

1 2 | ——2_ (a+ L) E(2cot™ (Va'z) |2

Lot e sy TR R VEIR G

1 TV Tt S L _
(a+ %)z a2zt

ax 1
ad/24/1 4+ —— a3d/2 \/
a’rt

[Out] -1/a/x-2%(1+1/a"2/x"4)~(1/2)/(a+1/x72) /x+x*(1+1/a"2/x"4) "~ (1/2) +2* (a+1/x"2) *
(cos(2*arccot (x*a~(1/2)))~2)~(1/2) /cos(2*arccot (x*xa~(1/2)))*E1llipticE(sin(2
xarccot (xxa~(1/2))),1/2x2~(1/2))*((a~2+1/x"4) /(a+1/x"2)"2)~(1/2)/a~(3/2)/(1
+1/a"2/x74)~(1/2)-(a+1/x"2) *(cos(2*arccot (x*a~(1/2)))"2)~(1/2) /cos(2*arccot
(xxa~(1/2)))*EllipticF(sin(2*arccot (x*a~(1/2))),1/2x2~(1/2))*((a"2+1/x74) /(
at+1/x72)"2)"(1/2)/a~(3/2)/(1+1/a~2/x~4)~(1/2)

Rubi [A]
time = 0.05, antiderivative size = 165, normalized size of antiderivative = 1.00, number

number of rules _ ( g75
' integrand size ’

of steps used = 7, number of rules used = 7, integrand size = 8
Rules used = {6466, 30, 248, 283, 311, 226, 1210}

a®+ ;i 1 -1 1 a®+ 5 1 ~1 1
N 1 1 (a+i)2 (a4 %) F(2cot™ (Va'z)|3) 2 (a+i)2 (a+ %) E(2cot™ (Va'z) |2)
/1 a2zt = z2 1
x 7@2‘%44—1— w(a+%) - 1 + 1 —a
z a3/2 pry +1 a’3/2 i 1

Antiderivative was successfully verified.

[In] Int[E"ArcCschl[a*x"2],x]

[Out] -(1/(a*x)) - (2*Sqrt[1 + 1/(a"2*x"4)])/((a + x~(-2))*x) + Sqrt[1l + 1/(a"2*x
“4)]*x + (2%Sqrt[(a~2 + x~(-4))/(a + x7(-2))"2]*(a + x~(-2))*EllipticE[2*Ar
cCot[Sqrtlal*x], 1/2]1)/(a~(3/2)*Sqrt[1 + 1/(a"2*x~4)]) - (Sqrt[(a"2 + x~(-4

))/(a + x7(-2))"2]*(a + x~(-2))*EllipticF [2*ArcCot [Sqrt[al*x], 1/2]1)/(a~(3/
2)*Sqrt[1 + 1/(a”2*%x"4)])

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 226

Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt([b/a, 4]}, Simp[(
1 + q72*%x72)*(Sqrt[(a + b*xx"4)/(a*x(1 + q~2*x"2)"2)]/(2*q*Sqrt[a + b*x"4]))*
EllipticF[2*ArcTan([q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/al
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Rule 248

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a + b/x"n) p/x"~
2, x], x, 1/x] /; FreeQ[{a, b, p}, x] & ILtQ[n, O]

Rule 283

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(cx
x)"(m + 1)*((a + b*x"n)"p/(c*(m + 1))), x] - Dist[b*n*(p/(c"n*(m + 1))), In
t[(c*x)"(m + n)*(a + bxx™n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQlp, 0] && LtQ[m, -1] && 'ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 311

Int[(x_)"2/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 2]}, D
ist[1/q, Int[1/Sqrt[a + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x~2)/Sqrtl[a +
bxx~4], x], x]] /; FreeQ[{a, b}, x] &% PosQ[b/al

Rule 1210

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(ax(1 + q~2*x~2))), x] + Simp[dx*
(1 + qg~2*x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x72)"2)]/(q*Sqrt[a + c*xx~4]))*E
1llipticE[2*ArcTan[q*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al

Rule 6466
Int [E"ArcCsch[(a_.)*(x_)~(p_.)], x_Symbol] :> Dist[1/a, Int[1/x"p, x], x] +

Int[Sqrt[1 + 1/(a™2*x~(2*%p))], x] /; FreeQ[{a, p}, x]

Rubi steps
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—1(..2 izd
[T -y VIR
a a“xr

3;4
14+ —
1 2 1
—— — Subst / —2a dz, x, )
ar T T

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 0.10, size = 96, normalized size = 0.58

.’E(—3 + 4\/]_ _ echch_l(aqﬁ)‘ o F (%7 %, E’ e?csch_l(ax2)>>

ecsch™ Y(az?)

ﬁecsch_l(azz)\/

14+ echch_1 (az?)

3Vax?
Antiderivative was successfully verified.

[In] Integrate[E~ArcCsch[a*x~2],x]

[Out] (Sqrt[2]*E~ArcCschla*x~2]*Sqrt[E~ArcCschl[a*x~2]/(-1 + E~(2*ArcCsch[a*x~2]))
1*xxx (-3 + 4*Sqrt[1 - E~(2xArcCsch[a*x~2])]*Hypergeometric2F1[3/4, 3/2, 7/4,
E~(2%ArcCsch[a*x~2]1)]))/(3*Sqrt [a*x~2])

Maple [C] Result contains complex when optimal does not.
time = 0.06, size = 144, normalized size = 0.87
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method | result
a?zi+1 :c(\/ ia cta—2iv/—taz® +1 Viaz?2 +1 xEuipticF<x\/ia z) at+2iv/—iax? +1 Viax2 + 1

a2zt

default | —
(a2zt+1)V 1a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/a/x"2+(1+1/a"2/x"4)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] -((a"2*x~4+1)/a"2/x"4)~(1/2) *x* ((I*a) " (1/2) *x"4*a~2-2*%I* (1-I*a*xx~2) "~ (1/2) *(
1+I*xa*xx~2) " (1/2) *x*xE1llipticF (x*(I*a)~(1/2),I)*a+2*xI*x(1-I*a*xx~2)~(1/2)*(1+I*
a*x~2) "~ (1/2) *x*E11lipticE(x*(I*a)~(1/2),I)*a+(I*a)~(1/2))/(a~2*x~4+1)/(I*a)"

(1/2)-1/a/x

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/a/x~2+(1+1/a"2/x"4)~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(a™2*x~4 + 1)/x72, x)/a - 1/(a*x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/a/x"2+(1+1/a"2/x"4)~(1/2),x, algorithm="fricas")
[Out] integral((axx~2*sqrt((a~2*x"4 + 1)/(a"2%x~4)) + 1)/(a*x"2), x)

Sympy [C] Result contains complex when optimal does not.
time = 0.45, size = 42, normalized size = 0.25

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/a/x**2+(1+1/a**2/x**x4)**(1/2),x)
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[Out] -x*gamma(-1/4)*hyper((-1/2, -1/4), (3/4,), exp_polar(Ixpi)/(a*x*2xx**4))/(4x*
gamma (3/4)) - 1/(a*x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(l/a/x~2+(1+1/a"2/x"4)~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(1/(a~2*x~4) + 1) + 1/(a*x~2), x)

Mupad [B]
time = 2.33, size = 24, normalized size = 0.15

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/(a"2*x~4) + 1)°(1/2) + 1/(a*x"2),x)
[Out] x*hypergeom([-1/2, -1/4], 3/4, -1/(a"2%x"4)) - 1/(a*x)



228

CSCh_&(am2>

X

3.43 | dx

Optimal. Leaf size=46

1 1 1 1 1
o1+ —— - “tanh ! [ 4/1+ ——
2 + a2zt 2a12 + 2 an ( + a2zt )

[Out] -1/2/a/x"2+1/2*arctanh((1+1/a~2/x74)~(1/2))-1/2x(1+1/a"2/x~4)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 46, normalized size of antiderivative = 1.00, number of

number of rules _ 500,
integrand size

steps used = 6, number of rules used = 6, integrand size = 12,
Rules used = {6471, 30, 272, 52, 65, 214}

1 1 1 1 1
—= 1 + =tanh™! —
2V a?zt Tt 2 an < a?rt +1 ) 2ax?

Antiderivative was successfully verified.

[In] Int[E~ArcCschla*x~2]/x,x]

[Out] -1/2#Sqrt[1 + 1/(a"2*x"4)] - 1/(2%a*x"2) + ArcTanh[Sqrt[1 + 1/(a"2*xx~4)]1]/2
Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 52

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+bxx)"(m + D*((c + d*x)"n/(b*x(m + n + 1))), x] + Dist[n*((bxc - axd)/(
bx(m + n + 1))), Int[(a + b*x) m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] & ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 214
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6471
Int [E"ArcCschl(a_.)*(x_ )~ (p_.)I*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m

- p), x], x] + Int[x"m*xSqrt[1 + 1/(a"2*x"(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

/ 1
csch™* (ax 1 "o A
/—e - Q)dx:—fw%dx+/—+“2w4 do
x a x
/ x
1+ —
1 1 2 1
Subst /—adx,x,—4
x x

2022 4

1 1 1 1 1 1
— /1 . Cowbst| [ ——— dz,z, —
2 + @t 2az2 4" / z T
\ a
1 1 11, 1 1
= —5 1 + a2$4 - 2ax2 - Ea SubSt (/ —_a2 _'_ a2$2 dx,x) ]- + a2x4 )

1 1 1 1 1
=1+ —— - “tanh™! [ /14 ——
2 + a’xt 2a12 + 2 an ( + a2zt )

Mathematica [A]
time = 0.04, size = 22, normalized size = 0.48

_ %ecsch_1 (az?) + tanh~! (ecsch_1 (az2)>

Antiderivative was successfully verified.
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[In] Integrate[E~ArcCschla*x~2]/x,x]
[Out] -1/2*%E~ArcCsch[a*x~2] + ArcTanh[E"ArcCschl[a*xx~2]]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 85 vs.

2(36) = 72.
time = 0.09, size = 86, normalized size = 1.87

method | result size

a?zi+1 [ a?z4+1 a?zi+1
oy <— In (a:2+ Yz 2+ —Z .
86

default | — ‘ ~ a2
2\/a,zz4+1 azx
2

a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x,x,method=_RETURNVERBOSE)
[Out] -1/2%((a~2*x~4+1)/a~2/x"4)~(1/2)*(-1n(x~2+((a~2*x~4+1) /a~2)~(1/2)) *x~2+((a~
2xx~4+1) /a~2) "~ (1/2))/ ((a~2*x~4+1) /a~2)~(1/2)-1/2/a/x"2

Maxima [A]
time = 0.26, size = 54, normalized size = 1.17

1 1 1 1 1 1 1
o+l - “log (/== +1 +1)—>log (/== +1 —1
2 a2x4+ 2 azr? +4 0g< a2x4+ + > 4 og( a2z4+ )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x,x, algorithm="maxima")

[Out] -1/2#sqrt(1/(a~2*x"4) + 1) - 1/2/(a*x"2) + 1/4xlog(sqrt(1/(a"2*x"4) + 1) +
1) - 1/4xlog(sqrt(1/(a™2*x~4) + 1) - 1)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 74 vs.

2(36) = 72.
time = 0.35, size = 74, normalized size = 1.61

204 4 ] 254 1 ]
az?log <ax2 % —ax2> —I—aw%/% +azr?+1

2az?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x,x, algorithm="fricas")
[Out] -1/2%(axx"2*log(a*xx~2*sqrt((a~2*x"4 + 1)/(a"2*x"4)) - a*x~2) + axx~2*sqrt ((
a"2%x74 + 1)/(a"2%x74)) + a*xx"2 + 1)/(a*x"2)
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Sympy [A]
time = 6.30, size = 54, normalized size = 1.17
ax? N asinh (az?) 1 1
2va?zt + 1 2 201 2012V a2zt +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/a*x*2/x*x*4)**(1/2))/x,x)
[Out] -axx*x2/(2xsqrt(ax*2xxx*4 + 1)) + asinh(a*x*x2)/2 - 1/(2%a*x*x2) - 1/(2xa*x

*xk2xsqrt (ax*2xx* x4 + 1))
Giac [A]
time = 0.42, size = 66, normalized size = 1.43

a

a?log (—x2a +Valzt +1 ) — 2a° + 25
a <x2|a|—\/a2.'114 +1 )2—1 @

B 2a?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x,x, algorithm="giac")
[Out] -1/2%(a"2%log(-x"2*abs(a) + sqrt(a™2*x"4 + 1)) - 2*a~2/((x"2*abs(a) - sqrt(
a"2xx"4 + 1))°2 - 1) + a/x"2)/a"2

Mupad [B]
time = 2.38, size = 36, normalized size = 0.78

1
atanh| \/ —— +1 1
( a?zt )_ a2x4+1 1

2 2 2a 12

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(a"2*x"4) + 1)°(1/2) + 1/(a*xx~2))/x,x)
[Out] atanh((1/(a~2*x~4) + 1)°(1/2))/2 - (1/(a~2*x~4) + 1)~(1/2)/2 - 1/(2%axx"2)
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csch‘4<ax2>

x2

3.44  [¢ da

Optimal. Leaf size=91

m 4 F(2c0t! (va'z) [3)
1

_|__
a’x?t

3ax3

[Out] -1/3/a/x"3-1/3%(1+1/a~2/x~4)~(1/2)/x-1/3*(a+1/x~2) * (cos (2*xarccot (x*a~(1/2))
)~2)~(1/2) /cos(2*arccot (x¥a~(1/2)))*EllipticF (sin(2*arccot (x*a~(1/2))),1/2*
2°(1/2))x((a~2+1/x"4) /(a+1/x"2)"2)~(1/2) /a~(1/2) / (1+1/a~2/x"4) " (1/2)

Rubi [A]
time = 0.03, antiderivative size = 91, normalized size of antiderivative = 1.00, number of

number of rules — 0.417,
integrand size

steps used = 5, number of rules used = 5, integrand size = 12,
Rules used = {6471, 30, 342, 201, 226}

a® + mi‘l 1 —1 1
- . (at ) Pl2cot~ (Va'o) I}
a2z + (a+ ?) 1
3z B 1  3azx3
3va

Antiderivative was successfully verified.
[In] Int[E"ArcCschla*x~2]/x"2,x]

[Out] -1/3%1/(a*x”3) - Sqrtl[l + 1/(a"2*x~4)]1/(3*x) - (Sqrtl[(a"2 + x~(-4))/(a + x~
(-2))"2]*(a + x~(-2))*EllipticF[2*ArcCot [Sqrt[al*x], 1/2])/(3*Sqrt[a]l*Sqrt[
1+ 1/(a"2%x74)]1)

Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 201

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Dist[a*n*(p/(n*p + 1)), Int[(a + b*x™n)~(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*pl) || LtQ[Denominator([p + 1/n],
Denominator [p]])
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Rule 226

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt([b/a, 41}, Simpl[(
1 + q72*%x72)*(Sqrt[(a + b*xx"4)/(a*x(1 + q~2*x"2)"2)]/(2*q*Sqrt[a + b*x~4]))*
EllipticF[2*ArcTan[q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 342

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 6471
Int [ETArcCschl(a_.)*(x_)~(p_.)I1*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m

- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

ecsch_ 1 (axz)
[ gy L
T

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 0.11, size = 96, normalized size = 1.05

|
h—l( 2) 1
a\/ e ) w(—l + e2osch ™ (92%) 4 40/ — 2eschN(ae?) P (i, bt 62°“h_1(“””2))>

-2+ 262<:sch_1(aav2
3Vax?
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Antiderivative was successfully verified.

[In] Integrate[E~ArcCschla*x~2]/x"2,x]

[Out] -1/3%(axSqrt[E~ArcCsch[a*x~2]/(-2 + 2*E~(2xArcCschl[a*x~2]))]*x*(-1 + E~(2%A
rcCschla*x™2]) + 4xSqrt[1 - E~(2xArcCsch[a*xx~2])]*Hypergeometric2F1[1/4, 1/
2, 5/4, E~(2xArcCsch[a*x~2])]))/Sqrt [a*xx~2]

Maple [C] Result contains complex when optimal does not.
time = 0.05, size = 111, normalized size = 1.22

method | result size
“Zﬁ:ﬁl (—2\/—ia 22+ 1 Viaz2+ 1 ElipticF (x\/ia ,i>x3a2+ 1a z%a®+Via )
default | — , — g5 | 111
3z(a2zt+1)V 10 az

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a"2/x~4)~(1/2))/x"2,x,method=_RETURNVERBOSE)

[Out] -1/3%x((a~2*x~4+1)/a"2/x"4) " (1/2) *(-2x (1-I*a*xx"2) " (1/2) *(1+I*a*xx~2)~(1/2)*El
lipticF(x*(I*a)~(1/2),I)*x"3%a"~2+(I*a)~(1/2)*x"4*a~2+(I*xa)~(1/2))/x/(a"~2%x~
4+1)/(I*xa)~(1/2)-1/3/a/x"3

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"2,x, algorithm="maxima")
[Out] integrate(sqrt(a~2*x"4 + 1)/x74, x)/a - 1/3/(a*x"3)

Fricas [A]
time = 0.10, size = 56, normalized size = 0.62

3 1 2zt +1
2 (—a2)‘31 x3ellipticF((—a2)‘11 T, —1) + az?/ % +1

3axd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x~2+(1+1/a~2/x"4)~(1/2))/x"2,x, algorithm="fricas")

[Out] -1/3%(2x(-a"2)~(3/4)*x"3*ellipticF((-a~2)~(1/4)*x, -1) + a*x~2*xsqrt((a”2*x~
4 + 1)/(a"2xx"4)) + 1)/(a*xx"3)
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Sympy [C] Result contains complex when optimal does not.
time = 1.33, size = 42, normalized size = 0.46

N =
=
@
S
3

(1) 51

)

4 .
8

i

1
3az3

o ot
SN—"

42T (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/ax*2/xx*4)**x(1/2))/x**2,x)

[Out] -gamma(1/4)*hyper((-1/2, 1/4), (5/4,), exp_polar(I*pi)/(a**2xx**4))/(4*x*ga
mma(5/4)) - 1/(3*kaxx**3)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"2,x, algorithm="giac")
[Out] integrate((sqrt(1/(a"2*x~4) + 1) + 1/(a*xx"2))/x"2, x)

Mupad [B]
time = 2.37, size = 27, normalized size = 0.30

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(a"2*x"4) + 1)7(1/2) + 1/(a*xx"2))/x"2,x)
[Out] - hypergeom([-1/2, 1/4], 5/4, -1/(a"2*x"4))/x - 1/(3*a*xx~3)
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csch‘4<ax2>

xr
Optimal. Leaf size=42
1
1+ ——
— 4a1x - 4;;%4 — iacsch_1 (az?)

[Out] -1/4/a/x"4-1/4*axarccsch(a*x~2)-1/4x(1+1/a~2/x"4)~(1/2)/x"2

Rubi [A]
time = 0.03, antiderivative size = 42, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.500,

steps used = 6, number of rules used = 6, integrand size = 12,
Rules used = {6471, 30, 342, 281, 201, 221}

1
41
a?z? 1 1 “1(. 2
— 107 T Zacsch (az?)

Antiderivative was successfully verified.

[In] Int[E"ArcCschl[a*x~2]/x"3,x]

[Out] -1/4%1/(a*x”4) - Sqrtl[l + 1/(a"2*x~4)]/(4%x"2) - (axArcCsch[axx"2])/4
Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 201

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Dist[a*n*(p/(n*p + 1)), Int[(a + b*x™n)~(p - 1), x], x] /; Free
Q[{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || (EqQln, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*pl) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 281

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], %, X
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“k], x]1 /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] &% IntegerQ[m]
Rule 342
Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +

b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 6471
Int [E"ArcCschl(a_.)*(x_ )~ (p_.)I*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m

- p), x], x] + Int[x"m*Sqrt[1 + 1/(a~2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps

ecsch_1 (az2) \ / a2x4
/ o dr =
(/z\/ 1 -I- )
2 1
1
14+ ——
= 1 a?z? _ 1Subst

/ 1 d 1
4azt 472 4 22 x2
1+
a
/ 1
. 1 1+ a?zt

4azt 42

1 1
= - — —Subst
4axt 2Su S

1 _
— Zacsch ' (az?)

Mathematica [A]
time = 0.04, size = 24, normalized size = 0.57

1 csch™ ~ (ax -
—éa(e2 h~" (as?) + 2csch 1(ax2)>

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschl[a*x~2]/x"3,x]
[Out] -1/8%(ax(E~(2*ArcCsch[a*x"2]) + 2*ArcCsch[a*x~2]))
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 113 vs.

2(34) = 68.
time = 0.09, size = 114, normalized size = 2.71

method | result size
1 a?z441
a2zit1 2\ &2 Tz a2 4 a’zt4+1 1
a2zt In a2z2 o+ a? a?
default | — : — 0 | 114
a?z4+1 1 az
42\ Tz \/ gz
a a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a"2/x"4)~(1/2))/x"3,x,method=_RETURNVERBOSE)

[Out] -1/4*((a~2%x"4+1)/a"2/x74)"(1/2)/x"2%(In(2*%((1/a~2)~(1/2) *((a~2*x"4+1) /a~2)
~(1/2)*a"2+1) /a~2/x"2) *x~4+((a"2*%x"4+1) /a~2) " (1/2)*(1/a"2)~(1/2)) / ((a"2*x"4
+1)/a"2)~(1/2)/(1/a"2)~(1/2)-1/4/a/x"4

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 92 vs.

2(34) = 68.
time = 0.25, size = 92, normalized size = 2.19

*e? \ 1 1 1 /1 1 /1 1
a’zt 2 2
— ——alog|az®\/—+1 +1| +-alog|az®/—+1 —1| —
4(a?z* (2 +1)—1) 8 ( a’zt ) 8 ( a’zt 4azt

a2zt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"3,x, algorithm="maxima")

[Out] -1/4%a~2*xx"2xsqrt(1/(a~2*x74) + 1)/(a"2*x"4*(1/(a"2%x"4) + 1) - 1) - 1/8*ax
log(a*x~2*sqrt(1/(a~2+%x74) + 1) + 1) + 1/8*xaxlog(a*x"2*sqrt(1/(a"2*x~4) + 1

) - 1) - 1/4/(a*x"4)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 101 vs.

2(34) = 68.
time = 0.33, size = 101, normalized size = 2.40

a’zt +1 a’z* +1 a?zt +1
a’z*log (ax%/w +1> — a’ztlog (aw%/w —1) +2ax2\/W +2

8 azxt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"~2+(1+1/a~2/x74)~(1/2))/x"3,x, algorithm="fricas")
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[Out] -1/8*(a~2*x"4*log(a*x~2*sqrt((a~2*x"4 + 1)/(a"2*x"4)) + 1) - a~2xx"4x*log(ax
x"2xsqrt((a”2*xx~4 + 1)/(a"2%x74)) - 1) + 2xa*x"2*xsqrt((a™2*x"4 + 1)/(a”~2*x~

4)) + 2)/(axx"4)

Sympy [A]
time = 2.43, size = 39, normalized size = 0.93

1

aasinh (-1;) 1+ 2z 1
4 42 4az?

Verification of antiderivative is not currently implemented for this CAS

[In] integrate((1/a/x**2+(1+1/a**2/x**4)**x(1/2))/x**3,x)
[Out] -axasinh(1/(a*x**2))/4 - sqrt(l + 1/(a*x2*x*x4))/(4*xx*x2) - 1/(4*axx**4)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 76 vs. 2(34) = 68.

time = 0.41, size = 76, normalized size = 1.81
+1 a4|a|+a5)

2 (Va2zt
a*|a|log <\/a2w4 +1 + 1) — a*|a|log (\/a2x4 +1 — 1) + ( 2

8at

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x~4)~(1/2))/x"3,x, algorithm="giac")

[Out] -1/8%(a"4*abs(a)*log(sqrt(a™2*x"4 + 1) + 1) - a"4*abs(a)*log(sqrt(a™2*x~4 +
1) - 1) + 2x(sqrt(a”2*x”4 + 1)*a~4*xabs(a) + a~5)/(a"2*x"4))/a"4

Mupad [B]
time = 2.83, size = 42, normalized size = 1.00
1
asinh z‘f 1
PO +1 1
1 4 12 4azt
4=
a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(a"2*x~4) + 1)°(1/2) + 1/(a*xx"2))/x"3,x)
[Out] - asinh((1/a~2)~(1/2)/x72)/(4x(1/a~2)~(1/2)) - (1/(a"2*x~4) + 1)~(1/2)/(4*x

~2) - 1/(4xa*x"4)
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csch! (am2>

!

3.46 | dx

Optimal. Leaf size=181

a?+ ;
/ 1 / 1 2va | —2— (a+ %) E(2cot™ (Va'z)|t) +a z
1 1+% 2a2 1+% <a+xl2)2( x2) ( ( )|2) (a+xi2
 Bax® 53 B 5(a+mi2)x + 1 -

54/1+ 51
\ a’x

[Out] -1/5/a/x"5-1/5%(1+1/a~2/x~4)~(1/2)/x~3-2/5*a"2*x(1+1/a~2/x~4)~(1/2)/(a+1/x"2
)/x+2/5%(a+1/x"2) *(cos(2*arccot (x*a~(1/2)))"2)~(1/2) /cos(2*arccot (x*a~(1/2)
))*EllipticE(sin(2*arccot(x*a~(1/2))),1/2x2~(1/2))*a~(1/2)*((a~2+1/x~4)/(a+
1/x72)"2)~(1/2)/(1+1/a"2/x"4) "~ (1/2)-1/5*(a+1/x"2) * (cos (2*arccot (x*xa~(1/2)))
~2)~(1/2) /cos(2*arccot (x*a~(1/2)))*EllipticF(sin(2*arccot (x*xa~(1/2))),1/2*2
~(1/2))*a~(1/2)*((a~2+1/x74) /(a+1/x72)"2)~(1/2) / (1+1/a"2/x"4)~(1/2)

Rubi [A]
time = 0.07, antiderivative size = 181, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.583,

steps used = 7, number of rules used = 7, integrand size = 12,
Rules used = {6471, 30, 342, 285, 311, 226, 1210}

2+L 2+L
i , [ 1 Va | ETE (ot 2) F(2eot™ (Va'z) 13)  2va |2y (at &) E(2eot™ (Va'z)|1)
a2l 2 gat! (a+ ) (a+ ) 1
p— p— — + P
543 5 T 5az®
x z(a+ IZ) 1 1 1 i1 axr

a2zt

Antiderivative was successfully verified.
[In] Int[E"ArcCschl[a*x~2]/x"4,x]

[Out] -1/5%1/(a*x~5) - Sqrt[1l + 1/(a"2%x~4)]/(6*x~3) - (2*xa~2*Sqrt[1 + 1/(a"2*x"4
)1)/(6x(a + x7(-2))*x) + (2#Sqrt[al*Sqrt[(a”2 + x~(-4))/(a + x7(-2))"2]*(a

+ x7(-2))*EllipticE[2*ArcCot [Sqrt [al*x], 1/2])/(5xSqrt[1 + 1/(a"2*x"4)]) -
(Sqrt[al*Sqrt[(a~2 + x~(-4))/(a + x~(-2))"2]*(a + x~(-2))*EllipticF[2*ArcCo
t[Sqrtlal*x], 1/2])/(5%Sqrt[1 + 1/(a"2*x~4)])

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 226

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simpl[(
1 + q72*x"2)*(Sqrt[(a + b*x"4)/(ax(1 + q~2%x72)"2)]1/(2*g*Sqrt[a + b*x~4]))*
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EllipticF[2*ArcTan[q*x], 1/2], x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 285

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx™n) "p/(cx(m + nxp + 1))), x] + Dist[a*n*(p/(m + n*p + 1
)), Int[(c*x)"m*(a + b*xx"n)~(p - 1), x], x] /; FreeQl[{a, b, c, m}, x] && IG
tQ[n, 0] && GtQlp, 0] && NeQ[m + n*p + 1, O] &% IntBinomialQ[a, b, c, n, m,
p, x]

Rule 311

Int[(x_)"2/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 21}, D
ist[1/q, Int[1/Sqrt[a + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x~2)/Sqrt[a +
bxx~4], x], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 342

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] & ILtQ[n, 0] && Int
egerQ [m]

Rule 1210

Int[((d)) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 41}, Simp[(-d)*x*(Sqrtla + c*x~4]/(a*x(1 + q"2*x~2))), x] + Simp[d*
(1 + g~2*x"2)*(Sqrt[(a + c*x"4)/(ax(1 + q~2%x~2)"2)]/(g*Sqrt[a + c*x~4]))*E
1lipticE[2*ArcTan[qg*x], 1/2], x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e
}, x] && PosQ[c/al

Rule 6471

Int [E"ArcCschl(a_.)*(x_ )~ (p_.)I*(x_)"(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x1, x] + Int[x"m*Sqrt[1 + 1/(a"2*x~(2*p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps
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1
ecsch (azz) fmiedx +W
/ o dx = . +/ o x
_ 1 Subst 241 : d
“5am ubs T +— az,T,
1
1+ 2
1 a2x4 2 / xr ]_
= — —Subst dx,,
5ax® 53 Chie T “T
It
1

1 a’rt

1 1
= —50,1:5 — 5x3 — 5(2a)Subst /—x4
14 =
a

dw,x,i + (2a )Subst /\/>

L)E(2cot™ (va’

1 2
2 x
\/ +_a2x4 2a 1+_a2x4
- 5ax5 53 5(a+z—12)x 1
S5y/1+—5
a’x

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order

4 in optimal.
time = 0.14, size = 114, normalized size = 0.63

3/2
(ax2)3/2 <3<1 _ chsch_l(az2)> / + 462<:sch_1(az2) oF) (_%, %, 'i, e?csch_l(az2)>)

ecsch™ L(az?)

__ 9,2csch™(az? ‘
6/2 — 2e2esch (aa?) \/ ey

3

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschl[a*x~2]/x74,x]

[Out] ((a*x”2)7(3/2)*(3%(1 - E~(2*ArcCsch[a*x~2]))~(3/2) + 4+E~(2*ArcCschl[a*x"~2])
xHypergeometric2F1[-1/2, 3/4, 7/4, E~(2xArcCsch[a*x~2])]))/(6%xSqrt[2 - 2*E~
(2xArcCsch[a*xx~2])]*Sqrt [E"ArcCsch[a*x~2] /(-1 + E~(2*ArcCsch[a*x~2]))]*x"3)

Maple [C] Result contains complex when optimal does not.
time = 0.05, size = 171, normalized size = 0.94
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method | result
2,04 B B 1 B 1 B B 1 B
a*z°41 (—2\/20, ated12ia3V —iax? + 1 Viax? +1 &5 EllipticF(m\/’La z) —2ia3v/—iaz? + 1 Viaz?

2,4
default re ,
523 (a2zt+1)V 1Q

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a"2/x"4)~(1/2))/x"4,x,method=_RETURNVERBOSE)

[Out] 1/5%((a™2*x~4+1)/a"2/x74)~(1/2)*(-2x(I*a) " (1/2) *a"~4*x~8+2xI*a”~3* (1-I*a*xx"2)
~(1/2) % (1+I*a*xx”~2) " (1/2) *x~5*E1lipticF (x* (I*a) ~(1/2),I)-2*I*a~3*(1-I*a*x"2)
~(1/2)*(1+I*xa*xx~2) " (1/2) *x~5*%E1lipticE(x* (I*a)~(1/2) ,I)-3*%(I*a)~(1/2)*x"4*a
~2-(I*a)~(1/2))/x"3/(a"2*xx~4+1) /(I*a)~(1/2)-1/5/a/x"5

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"~2+(1+1/a~2/x"4)~(1/2))/x"4,x, algorithm="maxima")
[Out] integrate(sqrt(a~2*x"4 + 1)/x76, x)/a - 1/5/(a*x"5)

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"4,x, algorithm="fricas")
[Out] Exception raised: TypeError >> Symbolic function elliptic_ec takes exactly
1 arguments (2 given)

Sympy [C] Result contains complex when optimal does not.
time = 1.48, size = 44, normalized size = 0.24

w

PNIEN] N!'-‘
|
8, S
&»(-\- 3

W~

r().m| s
1

43T (;Z)  Bazb

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/ax*2/xx*4)**x(1/2))/x**4,x)
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[Out] -gamma(3/4)*hyper((-1/2, 3/4), (7/4,), exp_polar(I*pi)/(ax*2*x**4))/(4*x**3
xgamma (7/4)) - 1/(5*a*x*x5)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"4,x, algorithm="giac")
[Out] integrate((sqrt(1/(a~2*x~4) + 1) + 1/(a*x"2))/x"4, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
Vagtl tar
/ a“x a:4 dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(a"2*x~4) + 1)°(1/2) + 1/(a*xx"2))/x"4,x)
[Out] int(((1/(a"2*x"4) + 1)°(1/2) + 1/(a*xx"2))/x"4, x)
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csch‘4<ax2>

x5

dx

1, 1\ 1
—~a2(1 —
6" ( * a2x4) 6ax®

[Out] -1/6*a~2*(1+1/a"2/x"4)~(3/2)-1/6/a/x"6

Rubi [A]
time = 0.02, antiderivative size = 31, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

3.47 ¢

Optimal. Leaf size=31

steps used = 3, number of rules used = 3, integrand size = 12,
Rules used = {6471, 30, 267}

1,/ 1 21
—ca? —— 41 _
6" (a2x4 + ) 6ax®

Antiderivative was successfully verified.

[In] Int[E"ArcCschl[a*x"2]/x"5,x]

[Out] -1/6%(a~2*x(1 + 1/(a"2%x74))~(3/2)) - 1/(6*a*x"6)
Rule 30

Int[(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQm, -1]

Rule 267

Int[(x_ )" (m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 6471

Int [ETArcCschl(a_.)*(x_)~(p_.)I1*(x_)~(m_.), x_Symbol] :> Dist[1/a, Int[x"(m
- p), x], x] + Int[x"mkSqrt[1 + 1/(a"2%x~(2%p))], x] /; FreeQ[{a, m, p}, x
]

Rubi steps




Mathematica [A]

time = 0.03, size = 39, normalized size = 1.26
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1 2 2,.4
1+a\/1+Wx(1+az)

6ax®

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschl[a*x~2]/x75,x]
[Out] -1/6%(1 + a*Sqrt[1 + 1/(a~2*x"4)]1*x"2*(1 + a~2*x"4))/(a*x"6)

Maple [A]
time = 0.09, size = 42, normalized size = 1.35

method | result size

204
/% (a?z*+1) )
42

default | — o — fasb

—a2p4_
G L V-
trager 65 Fa— 46

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x"2+(1+1/a"2/x"4)~(1/2))/x"5,x,method=_RETURNVERBOSE)
[Out] -1/6%((a~2%x~4+1)/a"2/x"4)~(1/2)/x~4*(a"2*x"4+1)-1/6/a/x"6

Maxima [A]
time = 0.27, size = 25, normalized size = 0.81

1,/ 1 1
= 11) =
6" (a2z4 * ) 6 ax®

Verification of antiderivative is not currently implemented for this CAS.

[S][°Y

[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"5,x, algorithm="maxima")
[Out] -1/6*xa~2x(1/(a"2*x"4) + 1)~(3/2) - 1/6/(a*xx"6)

Fricas [A]
time = 0.35, size = 49, normalized size = 1.58

2541 1
a3x6+(a3x6+ax2)\/% +1
a2z

6 azb

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x"2+(1+1/a~2/x"4)~(1/2))/x"5,x, algorithm="fricas")
[Out] -1/6%(a"3%x"6 + (a"3*x"6 + a*x~2)*sqrt((a”2*x"4 + 1)/(a"2*x"4)) + 1)/(a*xx"6

)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x**2+(1+1/a**2/x*x4)**(1/2))/x**5,x)
[Out] Exception raised: TypeError >> Invalid comparison of non-real zoo

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 71 vs. 2(25) = 50.
time = 0.41, size = 71, normalized size = 2.29

2 (3 (m2|a|—\/m>4a4+a4>
(<o VaT T ) 1)

6 a2

a

x6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x~2+(1+1/a~2/x~4)~(1/2))/x75,x, algorithm="giac")
[Out] 1/6%(2%(3*(x"2*abs(a) - sqrt(a™2*x~4 + 1))"4*xa~4 + a~4)/((x"2*abs(a) - sqrt
(a™2*%x™4 + 1))°2 - 1)73 - a/x"6)/a"2

Mupad [B]
time = 2.16, size = 44, normalized size = 1.42

1
2 +1 1

2 g4 a® 1
&-i— aﬁx ~ a2x4+

6 6

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(a"2*%x"4) + 1)°(1/2) + 1/(a*xx"2))/x"5,%)
[Out] - (1/(6%a) + (x"2x(1/(a"2*xx"4) + 1)°(1/2))/6)/x76 - (a~2*%(1/(a"2*x"4) + 1)~

(1/2))/6
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3.48 f echch_l(ax)xm dr

Optimal. Leaf size=64

B O VY o P 8 Sk~ iz
a’(l—m) 14m am

[Out] -2*x~(-1+m)/a"2/(1-m)+x~ (1+m)/(1+m)+2*x"m*hypergeom([-1/2, -1/2*m], [1-1/2+%m
1,-1/a~2/x72)/a/m

Rubi [A]
time = 0.23, antiderivative size = 64, normalized size of antiderivative = 1.00, number of

number of rules _ ( 333
integrand size ’

steps used = 5, number of rules used = 4, integrand size = 12,
Rules used = {6473, 6874, 346, 371}

1 m. m. 1 -1 1
20" 5Py (=5 =531 = B —) 207 zmt

am _a2(1—m)+m+1

Antiderivative was successfully verified.
[In] Int[E~(2%ArcCsch[a*x])*x"m,x]

[Out] (-2*x~(-1 + m))/(@"2*x(1 - m)) + x~(1 + m)/(1 + m) + (2*xx"m*Hypergeometric2F
1[-1/2, -1/2*m, 1 - m/2, -(1/(a"2%x~2))])/(a*m)

Rule 346

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[(-c~
-1))*(c*x)"(m + D*(1/x)"(m + 1), Subst[Int[(a + b/x"n) p/x"(m + 2), x], x
, 1/x1, x] /; FreeQ[{a, b, c, m, p}, x] && ILtQ[n, O] && !'RationalQ[m]

Rule 371

Int[((c_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(c*(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] && !'IGtQ[p, 0] && (ILt
Qlp, 01 Il GtQla, 01)

Rule 6473

Int [E~(ArcCschlu_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1 +
1/u~2]1)"n, x] /; FreeQ[m, x] &% IntegerQ([n]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]
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Rubi steps

2
_ 1 1
/e2cs°h 1(“)xmdx=/< 1+—- +_> 2" dz
a’zx azx
) 2+ 24/1 + L .’1,'_1+m
—2+m \ 2.2
=/ & az +z™ | dr

a2 + a
1 —14+m
2x—1+m .’131+m 2f 1+ W T dz
T Ta-m)  1+m a
2
14+ 1+ (2(3)™ 2™) Subst (f x_l_m\/ 1+ % dz, , %)
2p—Tm rTm
T oa(1-m)  14m a
I S A0 S UGt Thet £ Sl =)
(12(1 - m) 14+m am

Mathematica [A]
time = 0.05, size = 57, normalized size = 0.89

. 2 4 x +22F1(—%,—%3 _%;_ﬁ)
a?(-1+m)z 14+m am

Antiderivative was successfully verified.

[In] Integrate[E~(2*ArcCsch[a*x])*x"m,x]
[Out] x"m*(2/(a"2*%(-1 + m)*x) + x/(1 + m) + (2*Hypergeometric2F1[-1/2, -1/2*m, 1
- m/2, -(1/(a"2%x~2))1)/(a*m))

Maple [F]
time = 0.03, size = 0, normalized size = 0.00

2
1 1
/ — + /1 4+ —= z™ dx
ax a?z?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a~2/x"2)"(1/2)) "2*x"m,x)
[Out] int((1/a/x+(1+1/a"2/x"2)"(1/2)) " 2*x"m,x)
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Maxima [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2*x"m,x, algorithm="maxima")

[Out] Exception raised: ValueError >> Computation failed since Maxima requested a
dditional constraints; using the ’assume’ command before evaluation *may* h
elp (example of legal syntax is ’assume(m-2>0)’, see ‘assume?‘ for more det

ails)Is

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x72)~(1/2))"2*x"m,x, algorithm="fricas")
[Out] integral ((2*a*xx*x m*sqrt((a”2*x"2 + 1)/(a"2*x72)) + (a"2*x"2 + 2)*x"m)/(a"2

*x"2), Xx)

Sympy [A]
time = 4.17, size = 71, normalized size = 1.11

; o7 form #1
T (_%) 2F1 27 2 ;21;2 2 mI—z 7&
) log (z) otherwise
+

oI (1-7%) 2

m+1
e form # —1

log (z) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x**2)**(1/2))**2*x**m,x)

[Out] Piecewise((x**(m + 1)/(m + 1), Ne(m, -1)), (log(x), True)) - x**m*gamma(-m/
2) *hyper((-1/2, -m/2), (1 - m/2,), exp_polar(I*pi)/(a**2*x**2))/(a*gamma (1
- m/2)) + 2*Piecewise((x**m/(m*x - x), Ne(m, 1)), (log(x), True))/a*x*2

Giac [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.



251

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2*x"m,x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT :Warning, integration of abs or sign a
ssumes constant sign by intervals (correct if the argument is real):Check [
abs(sa

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

2
/1 1
/xm< 22—I—l—l——) dz

a’zx azx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"m*((1/(a"2*x"2) + 1)°(1/2) + 1/(a*xx))"2,x)
[Out] int(x"mx((1/(a"2*x"2) + 1)~(1/2) + 1/(a*x))"2, %)
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-1
3.49 [ e2eseb(az) gt oy
Optimal. Leaf size=85
1 I, 1 Ly tanh ™ 1+ 1
o ® w Ve ® o a’a?
4a3 2a 5

3a2 4ab

[Out] 2/3*x~3/a~2+1/5%x"5-1/4*arctanh((1+1/a~2/x~2)~(1/2))/a~5+1/4xx"2*x(1+1/a"~2/x
~2)7(1/2)/a"3+1/2*xx"4x(1+1/a~2/x"2)~(1/2) /a

Rubi [A]
time = 0.17, antiderivative size = 85, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.583,

steps used = 8, number of rules used = 7, integrand size = 12
Rules used = {6473, 6874, 272, 43, 44, 65, 214}

1
1 -1 1
03 et o +1 tanh ( ) +1 ) 72 +1 5

3a2 2a 4a® 4a3 5

Antiderivative was successfully verified.
[In] Int[E~(2*ArcCschla*x])*x"4,x]

[Out] (Sqrtl[1 + 1/(a"2*x"2)]*x"2)/(4*a~3) + (2*x~3)/(3*%a"2) + (Sqrt[1l + 1/(a"2*x~
2)1*x~4)/(2*a) + x°5/5 - ArcTanh[Sqrt[1 + 1/(a"2*x"2)]]1/(4*a"5)

Rule 43

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + 1))), x] - Dist[d*x(n/(b*(m + 1))), I
nt[(a + bxx)"(m + 1)*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, x]
&& NeQ[bxc - a*d, 0] && ILtQ[m, -1] && !'IntegerQ[n] && GtQ[n, O]

Rule 44

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+Db*xx)"(m + D*((c + d*x)"(n + 1)/((b*c - a*xd)*x(m + 1))), x] - Dist [d*((
m+n+ 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQl[{a, b, c, d, n}, x] && NeQ[b*c - a*xd, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - ax(d/b) +
d*x(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ
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[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6473

Int [E”(ArcCsch[u_J*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps
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2
_ 1 1
/eQCSCh Haw) g G = / 1+—— +— | z*de
a?z? ax

23’}3 1’5 2 f 1+ @ 5!33 dx
32757 a
x
1+~
Subst | [ *———dz,z,
223 N x®
" 3a2 5 a

=T 4 3@t 2 T T 8a5
1
1+ —1 x? 3 1+ —1 x? Subst f —aQ—ia%cz dz,z,\/1+ 22,2
_ a?z? + 2z i ax2 " x + a“x
N 403 3a? 2a 5 4a3
1
1 1 -1 -
1+ - =2 9.3 1+ —— «* tanh <V1+a2x2>
_ a“x + z + a“x n
4a3 3a? 2a 5 4ab

Mathematica [A]
time = 0.04, size = 84, normalized size = 0.99

1 1 -
a2x2(15,/1+ o +40az +30a%\/1+ —— $2+12a3x3> —1510g<(1+ I+ e )””)
a2 a’r a“x

60a®

Antiderivative was successfully verified.
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[In] Integrate[E~(2*ArcCsch[a*x])*x~4,x]
[Out] (a~2#x"2*%(156xSqrt[1 + 1/(a"2*x"2)] + 40%a*x + 30*%a~2xSqrt[1 + 1/(a"2*x"2)]*
X"2 + 12%a”3%x73) - 15%Logl[(1 + Sqrt[1 + 1/(a"2%x~2)])#*x])/(60*a~5)

Maple [A]
time = 0.10, size = 130, normalized size = 1.53

method | result size
a?x2+1 a2z241 3 n a?r?4+1 a?z2+1
. %a2w5+%x3 Py z<29:(a2 ) at—z\/ 7 a —In| z+ Yz "
default 2 + ) 5\/a2$2+1 ‘ + 55 | 130
a -2
a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))"2*x~4,x,method=_RETURNVERBOSE)

[Out] 1/a~2%(1/5*a~2*x"5+1/3%x"3)+1/4/a"5x((a~2*x"2+1)/a"2/x"2) ~(1/2) *x* (2*xx* ((a~
2%x~2+1) /a~2) " (3/2) *a"4-x*((a~2*x"2+1) /a~2) " (1/2)*a"2-1n(x+((a~2*x"2+1) /a~2
)7(1/2)))/((a~2*x"2+1) /a~2) " (1/2)+1/3*x"3/a~2

Maxima [A]
time = 0.26, size = 117, normalized size = 1.38

1 1
+ %4-1 log W+1+1

NI

1
log W—i_l_l

(o)
1 . 228 a4(ﬁ+1)2—2a4(ﬁ+1)+a4 at
gx + 3a? + 8a

+

al

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2*x"4,x, algorithm="maxima")

[Out] 1/5*x"5 + 2/3*x"3/a"2 + 1/8%(2x((1/(a"2*x"2) + 1)7(3/2) + sqrt(1/(a"2*x~2)
+ 1)) /(@ 4*x(1/(a"2%x"2) + 1)72 - 2*a~4x(1/(a"2*x"2) + 1) + a~4) - log(sqrt(
1/(a"2*x72) + 1) + 1)/a"4 + log(sqrt(1/(a"2*x~2) + 1) - 1)/a"4)/a

Fricas [A]
time = 0.35, size = 87, normalized size = 1.02

2,02 1 1 2,2 1 ]
12a52% + 40 a3z3 + 15 (2 a*z* + a22?) 4/ % +15 log <am / % — ax)
a’x a’x

60 a®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x72)~(1/2))"2*x"4,x, algorithm="fricas")
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[Out] 1/60%(12*%a~5*x~5 + 40%a~3*x"3 + 15x(2*a~4*x"4 + a~2xx"2)*sqrt((a”2*x"2 + 1)
/(a”2xx72)) + 1b6*log(a*xx*sqrt((a~2*x"2 + 1)/(a"2*x"2)) - a*x))/a"5

Sympy [A]
time = 3.33, size = 82, normalized size = 0.96
z° z° 273 323 T _ asinh (az)

e e ————— 1 i +
5  2va2r?+1 30 4a?Va22?2+1  4a*Va2z? +1 4a’
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))**2xx**4 X)
[Out] x*x5/5 + x**5/(2*sqrt(a**x2*x**x2 + 1)) + 2*x**x3/(3*ax*2) + 3xx**3/(4*a*x*2*sq
rt(a*x*x2*x*x*2 + 1)) + x/(4xa*xx4*sqrt(a*x*2*x**2 + 1)) - asinh(axx)/(4*a**5)

Giac [A]
time = 0.42, size = 80, normalized size = 0.94

2 2 3 lo <—xa+\/a2w2+1>snx
imx(%c Ialsgn(w)+|a|sgn(x)>+3a m15’5-(|-1210x N g (—zlal . gn(z)

a’d ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))"2*x"4,x, algorithm="giac")

[Out] 1/4*sqrt(a”™2*x72 + 1)*x*(2*xx"2*abs(a)*sgn(x)/a~3 + abs(a)*sgn(x)/a”5) + 1/1
Bk (3*%a~2*x~5 + 10%x73)/a"2 + 1/4xlog(-x*abs(a) + sqrt(a”2*x~2 + 1))*sgn(x)/

a~b

Mupad [B]
time = 2.17, size = 73, normalized size = 0.86

/1
1 1 . .
x® 228 z! \ a2w2+1 7’ V a2z2+1 atan( a2x2+1 11) i
4 - + +

5  3a? 4a3 4a®

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"4*((1/(a"2*x~2) + 1)°(1/2) + 1/(a*x))"2,x)

[Out] (atan((1/(a"2*x~2) + 1)~(1/2)*1i)*1i)/(4*a"5) + x75/5 + (2%x73)/(3*a~2) + (
x74*x(1/(a"2%x72) + 1)7(1/2))/(2*a) + (x72%(1/(a"2%x72) + 1)7(1/2))/(4*a"3)
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3.50 f echch_l(ax)xB dr

Optimal. Leaf size=38
2 2(1+ )3/2 ozt

a?x? dll
2 3a T
[Out] x~2/a"2+2/3%(1+1/a"2/x"2) "~ (3/2)*x"3/a+1/4*xx"4

Rubi [A]
time = 0.15, antiderivative size = 38, normalized size of antiderivative = 1.00, number of

number of rules _ ( 95
integrand size ’

steps used = 4, number of rules used = 3, integrand size = 12,
Rules used = {6473, 6874, 270}
2 2% (s + 1) ot

a? 3a 4

Antiderivative was successfully verified.

[In] Int[E~(2*ArcCsch[a*x])*x"3,x]

[Out] x72/a"2 + (2%(1 + 1/(a"2%x72))~(3/2)*x"3)/(3%a) + x~4/4
Rule 270

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + b*x"n)~(p + 1)/(a*cx(m + 1))), x] /; FreeQ[{a, b, ¢, m, n,
p}, x] && EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rule 6473

Int [E~(ArcCschlu_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6874
Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps
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2
_ 1 1

/eQCSCh H(az) 3 d:c=/ 1+ ——=5 + —) 23 dx
a’x azx

T xT 22

a2t 4 + a
21+ dn)" 2 o

a2 3a 4

Mathematica [A]
time = 0.03, size = 44, normalized size = 1.16

1
2 gl 2\/14-(12232 (z + a’x?)

2t T 343

Antiderivative was successfully verified.

[In] Integrate[E~(2*ArcCsch[a*x])*x~3,x]
[Out] x72/a"2 + x74/4 + (2*Sqrt[1 + 1/(a"2*x"2)]*(x + a~2%x~3))/(3*a"3)

Maple [A]
time = 0.12, size = 59, normalized size = 1.55

method | result size
/a?z2+1 9 9
2 2 —5 5 1
d f lt (a2z2+1) + a2x2 a:(a e+ ) ﬁ 59
elau. 4at 3a3 2a2
2 2 _ —a?z2-1
(a2z3+a2w2+a2w+a2+4w+4)(—1+:v)+2(a z +1)m a?z?
trager 4 — 3a 73

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x72)~(1/2))~2*x"3,x,method=_RETURNVERBOSE)

[Out] 1/4/a"4%x(a~2*x"2+1)"2+2/3/a"3*((a"~2*xx"2+1)/a"2/x"2) " (1/2) *x*(a~2*%x"2+1)+1/2
*x~2/a"2



259

Maxima [A]
time = 0.26, size = 32, normalized size = 0.84

Lo, 20 )" o

4 + 3a +§

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/a/x+(1+1/a~2/x72)~(1/2))"2*x"3,x, algorithm="maxima")
[Out] 1/4*xx~4 + 2/3*%x"3x%(1/(a"2*%x"2) + 1)°(3/2)/a + x~2/a"2

Fricas [A]
time = 0.33, size = 49, normalized size = 1.29

272 1 1
3a3x4+12ax2+8(a2x3+x)\/%
a2z

12 a3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2*x"3,x, algorithm="fricas")

[Out] 1/12%(3*a™3*x"4 + 12*%a*x~2 + 8*%(a"2*x"3 + x)*sqrt((a”™2*x~2 + 1)/(a"2*x"2)))
/a~3

Sympy [A]
time = 1.73, size = 51, normalized size = 1.34

222V a2x? + 1 2 2Va?r?2+1
+ + o T

3a? a? 3a4

4
4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a**2/x**2)**(1/2))**2xx**3,x)

[Out] x*x4/4 + 2xx*x*2xsqrt(ax*2xxx*2 + 1)/(3%a**2) + x*x2/a**2 + 2*sqrt (a**2*x**2
+ 1)/ (3xax*4)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 66 vs. 2(32) = 64.

time = 0.43, size = 66, normalized size = 1.74

a’z?+1  2|alsgn(z) N 8 (a’z? + 1)%a2|a|sgn(w) +3(a%z* + 1)%a3
2a* 3ab 12a”

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))"2*x"3,x, algorithm="giac")
[Out] 1/2%(a"2*x"2 + 1)/a~4 - 2/3*abs(a)*sgn(x)/a~5 + 1/12%(8*(a~2*x"2 + 1)~(3/2)
*a~2*abs(a)*sgn(x) + 3x(a"2*xx"2 + 1)72*%a~3)/a"7
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Mupad [B]
time = 2.14, size = 40, normalized size = 1.05

1 41 2z+2:c3 +x4+x2
a2 x? 3a2  3a 4 a2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x73*((1/(a"2*x"2) + 1)7(1/2) + 1/(a*x))"2,x)
[Out] (1/(a"2*x~2) + 1)~(1/2)*((2*x)/(3*%a"3) + (2*x73)/(3%a)) + x"4/4 + x~2/a"2
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3.51 f echch_l(ax)x2 dr

Optimal. Leaf size=52

1
L, tanh™! 1+
2z + \ 1+ 22 T a8 a’z?

a? a +§+ as

[Out] 2*x/a~2+1/3*x"3+arctanh((1+1/a"2/x72)~(1/2))/a~3+x"2*x(1+1/a"2/x"2)"(1/2)/a

Rubi [A]
time = 0.15, antiderivative size = 52, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.500,

steps used = 7, number of rules used = 6, integrand size = 12,
Rules used = {6473, 6874, 272, 43, 65, 214}

1
1 tanh ™! —_
2 an +1
T PO +1 . 2 ( a2 )

a a? as 3

Antiderivative was successfully verified.
[In] Int[E~(2%ArcCschla*x])*x"2,x]

[Out] (2*x)/a"2 + (Sqrt[1 + 1/(a"2*x"2)]*x"2)/a + x~3/3 + ArcTanh[Sqrt[1 + 1/(a"2
*x~2)]]/a"3

Rule 43

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[

(a + b*x)"(m + 1)*((c + d*x)"n/(bx(m + 1))), x] - Dist[d*(n/(b*(m + 1))), I

nt[(a + bxx)"(m + 1)*(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b, c, d, n}, x]
&& NeQ[bxc - a*d, 0] && ILtQ[m, -1] && !'IntegerQ[n] && GtQ[n, O]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x]1, x, (a + bxx)~(1/p)], x1]1 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 214
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 2]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 272
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Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQl{a, b
, m, n, p}, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 6473

Int [E~(ArcCschlu_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6874
Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

]

Rubi steps
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2
_ 1 1
/eQCSCh 1(“x):c2dx=/ 1+ 5= +— | 2°de
a?x? ax

% o
a2 3 a
1+ 2
2
Subst | [ ~Y dz,z, L
2¢ 8
T a2 3 a
. Subst fﬁdx,z,w%
2 / el
27 N 1+ —a2x2 T N IEB /14 a2
a2 a 3 2a3
1
1 Subst L d 1+ ——
2z 1+ z o (f e WO\
T a? + a + 3 a
1, tanh ™! 1+ L
2z 1+ 22 T a8 a’x?
T a2 a + 3 + a’

Mathematica [A]
time = 0.02, size = 57, normalized size = 1.10

/ 1 / 1
a-'17<6+3a 1+ﬂx+a2x2>+3log<<1+ 1+ﬂ>$>
a“xT a“xT

3a3

Antiderivative was successfully verified.

[In] Integrate[E~(2*ArcCsch[a*x])*x~2,x]

[Out] (axx*(6 + 3*a*Sqrt[l + 1/(a”2*x"2)]*x + a~2*x~2) + 3*Logl[(1 + Sqrt[1l + 1/(a
“2xx72)])*x])/(3%a~3)
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 97 vs.

2(46) = 92.
time = 0.04, size = 98, normalized size = 1.88

method | result size

[a2z2+1 /a2z2+1 a?z2+1
1.2.3 a?z? m(m a? a’+1n | o+ a?
+2 |98

default — + ‘
a o3 \/a2w2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)~(1/2))"2*x~2,x,method=_RETURNVERBOSE)

[Out] 1/a~2%(1/3*a~2*x"3+x)+1/a"3*x((a~2*xx"2+1)/a~2/x"2) " (1/2) *x*x (xx((a~2*xx"2+1) /a
~2)~(1/2)*a~2+1n(x+((a~2*x~2+1) /a~2)~(1/2)))/((a~2xx~2+1) /a~2) ~(1/2)+x/a"2

Maxima [A]
time = 0.25, size = 89, normalized size = 1.71

/1 /1
9 1 +1 log( @+1+1) log( @—Fl—l)

a?xz?

2 - 2
1 ‘12( 7 2"’1)—“2 @ @ 2z
gt + atw 4+ 2=
3 2a a?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2*x"2,x, algorithm="maxima")

[Out] 1/3*x73 + 1/2%(2*sqrt(1/(a"2*x~2) + 1)/(a"2%(1/(a"2*%x"2) + 1) - a~2) + log(
sqrt(1/(a”2*%x"2) + 1) + 1)/a"2 - log(sqrt(1/(a”2*%x"2) + 1) - 1)/a"2)/a + 2%

x/a~2

Fricas [A]
time = 0.34, size = 72, normalized size = 1.38

2,2 1 1 2,2 4 1
a3x3+3a2w2\/% +6azx — 3 log (ax % —aa:)
a’x a’z

3ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2*x"2,x, algorithm="fricas")
[Out] 1/3%(a”3%x73 + 3*a~2*x"2xsqrt((a”2*x"2 + 1)/(a"2*x"2)) + 6*axx - 3*log(a*xx
sqrt((a™2*x"2 + 1)/(a"2%x72)) - a*x))/a"3
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Sympy [A]
time = 2.03, size = 36, normalized size = 0.69

3 xva2x2+1 2z asinh(ax
jovae ¥l 2z asinh(av)

3 a? a? a3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/ax*2/x*x*2)*x(1/2))**2xx**2,X)

[Out] x*x3/3 + x*sqrt(ax*2xxx*2 + 1)/ax*2 + 2xx/a**2 + asinh(axx)/a*x*3

Giac [A]
time = 0.42, size = 62, normalized size = 1.19

va2z? + 1 z|a|sgn(z) N a’z’ + 6z log (—1’|a| +vaiz? +1 > sgn(z)

ad 3 a2 a3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))"2*x"2,x, algorithm="giac")
[Out] sqrt(a™2*x~2 + 1)*x*abs(a)*sgn(x)/a~3 + 1/3*%(a"2*x"3 + 6%*x)/a"2 - log(-x*ab
s(a) + sqrt(a™2*x~2 + 1))*sgn(x)/a"3

Mupad [B]
time = 2.13, size = 51, normalized size = 0.98

[ 1
RS atan< el 11) 1i

2.’1,' X (1/2$2
a? + 3 + a a3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*x((1/(a"2*x"2) + 1)°(1/2) + 1/(a*x))"2,x)
[Out] (2*x)/a"2 - (atan((1/(a"2*x"2) + 1)~ (1/2)*1i)*1i)/a"3 + x~3/3 + (x~2x(1/(a~
2xx~2) + 1)°(1/2))/a



266

3.52 | g2ecsch™(az) 00 10,

Optimal. Leaf size=43

1
2 \ 1+ 222 T 2®  2cschl(az)  2log(z)
+5 - +

a a? a?

[Out] 1/2*x"2-2*xarccsch(a*x)/a~2+2*x1n(x)/a~2+2xx*x(1+1/a~2/x"2)~(1/2)/a

Rubi [A]
time = 0.10, antiderivative size = 43, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.500,

steps used = 6, number of rules used = 5, integrand size = 10,
Rules used = {6473, 6874, 248, 283, 221}

1
2r\/ ——= +1 -
T\ @252 + N 2log(z)  2csch™(az) N z?

a a? a? 2

Antiderivative was successfully verified.

[In] Int[E~(2*ArcCschla*x])*x,x]

[Out] (2#Sqrt[1 + 1/(a"2*x"2)]*x)/a + x72/2 - (2xArcCschla*x])/a"2 + (2%Logl[x])/a
2

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 248

Int[((a)) + (b_.)*(x_)"(n_))~(p_), x_Symbol] :> -Subst[Int[(a + b/x"n) p/x"~
2, x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, O]

Rule 283

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx"n)"p/(cx(m + 1))), x] - Dist[b*n*(p/(c"n*(m + 1))), In
t[(c*x)"(m + n)*(a + bxx™n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQ[p, O] && LtQ[m, -1] && !ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 6473

Int [E~(ArcCschlu_J*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]
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Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps

2
_ 1 1
/e2csch 1(a”’)mdx=/ 1+ > 5 +—> xdr

a“x ax

/ 1
_/ 2 1+_a2z2
a

2
+T+£17 dz
a“x

1
z?  2log(z) 21 a’z? dz
2 a? a

1+ —
2Subst | [ +—%dz,z, L

2Subst | [ —2—dz,z, 1

o /14 14z -
+a2x2z z* | 2log(x) +§

= a +?+ a asd

a?e? " | z®  2csch™(ax) N 2log(z)
a 2 a? a?

Mathematica [A]
time = 0.03, size = 44, normalized size = 1.02

/ 1 .
ax<4 1+@ +ax)—4s1nh (=) +4log(z)

2a?

Antiderivative was successfully verified.

[In] Integrate[E~(2*ArcCsch[a*x])*x,x]
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[Out] (axx*(4xSqrt[1 + 1/(a"2*x"2)] + a*x) - 4*xArcSinh[1/(a*x)] + 4xLoglx])/(2*a~

2)
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 128 vs.
2(39) =T78.
time = 0.04, size = 129, normalized size = 3.00

method | result size

22?11 1 22241 24 / (%2 /a2ﬁ22+1 a?+2
2 V “a2z2 z \/ a2 V a2 a”~In a2z
a’s? +In(z) In(z)
default z + ‘ + =5 | 129
* a4/ Lz \/_a2w22+1 ’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2)) " 2*x,x,method=_RETURNVERBOSE)

[Out] 1/a~2x(1/2*a~2*x"2+1n(x))+2/a"~3*x((a~2*xx~2+1)/a~2/x"2) ~(1/2) *x*x((1/a~2)~(1/2
Yx((a™2%x72+1)/a"2) " (1/2)*a~2-1n(2*((1/a"2)~(1/2) *((a~2*x~2+1) /a~2) ~(1/2) *a
~2+1)/x/a~2))/(1/a~2)~(1/2)/((a~2*x~2+1) /a~2)~(1/2)+1n(x) /a~2

Maxima [A]
time = 0.26, size = 75, normalized size = 1.74

/1 1
1 log (ax W +1 —H) log (aw w +1 —1)
1 2x —a2x2 +1 — 2 + a 2 log (CL’)
_ + e

2 a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2*x,x, algorithm="maxima")

[Out] 1/2*x~2 + (2*x*sqrt(1/(a”2*x"2) + 1) - log(axx*sqrt(1/(a"2*x"2) + 1) + 1)/a
+ log(a*x*sqrt(1/(a"2*x"2) + 1) - 1)/a)/a + 2*xlog(x)/a"2

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 99 vs.

2(39) = T78.
time = 0.36, size = 99, normalized size = 2.30

2,2 4 1 2,2 41 2,2 4 1
a2x2+4ax\/% —4log (ax\/% —ax+1>+4log (am\/% —ax—l) + 4 log (z)

2a?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))"2*x,x, algorithm="fricas")
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[Out] 1/2%(a”2*%x"2 + 4*a*xx*sqrt((a”2*x"2 + 1)/(a"2%x72)) - 4xlog(a*x*sqrt((a~2*x~
2 + 1)/(a"2*%x"2)) - a*x + 1) + 4xlog(a*xxsqrt((a"2*x"2 + 1)/(a"2%x72)) - ax

x - 1) + 4xlog(x))/a~2

Sympy [A]
time = 2.30, size = 63, normalized size = 1.47

z? 2z 2log (r) 2asinh (1) 2

—+ - - -

2 1 a? a? s 1
a4t/ 1 + @ a T 1 + W

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))**2%x,x)

[Out] x*x2/2 + 2xx/(a*sqrt(l + 1/(ax*2xxx*2))) + 2xlog(x)/a**2 - 2*asinh(1/(a*x))
/a*x2 + 2/(a*x*3xx*sqrt (1 + 1/(a**2*x**2)))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 82 vs. 2(39) = 78.

time = 0.40, size = 82, normalized size = 1.91

4va2z2 + 1 |alsgn(z) + (a?x% + 1)a — 2 (Ja|sgn(z) — a) log (\/(1%:2 +1 + 1) + 2 (Ja|sgn(z) + a) log (\/azx2 +1 — 1)

2a3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2)) 2*x,x, algorithm="giac")

[Out] 1/2*%(4*sqrt(a”2*x~2 + 1)*abs(a)*sgn(x) + (a"2*x"2 + 1)*a - 2*(abs(a)*sgn(x)
- a)*log(sqrt(a™2*x"2 + 1) + 1) + 2x(abs(a)*sgn(x) + a)*log(sqrt(a™2*x"2 +

1) - 1))/a"3

Mupad [B]
time = 2.20, size = 52, normalized size = 1.21

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*((1/(a"2*x"2) + 1)7(1/2) + 1/(a*x))"2,x)
[Out] x72/2 - (2%log(1/x))/a~2 + (2*x*(1/(a"2*%x"2) + 1)7(1/2))/a - (2*asinh((1/a"

2)7(1/2)/x))/(a~3%(1/a~2)~(1/2))
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3.53 f echch_l(ax) dr

Optimal. Leaf size=47

1
1 -1 -
9 /1+ - ) 2 tanh ( 1+a2x2>
S Ul T

a a’xr a

[Out] -2/a~2/x+x+2*arctanh((1+1/a"2/x"2)"(1/2))/a-2*x(1+1/a~2/x"2)~(1/2)/a

Rubi [A]
time = 0.05, antiderivative size = 47, normalized size of antiderivative = 1.00, number of

number of rules _ 0.750,
integrand size

steps used = 7, number of rules used = 6, integrand size = 8,
Rules used = {6468, 6874, 272, 52, 65, 214}

1
1 2tanh ! —+1
2ot ) 2

+ 2
a a a“x

Antiderivative was successfully verified.
[In] Int[E~(2%ArcCschla*x]) ,x]

[Out] (-2*Sqrt[1 + 1/(a"2%x72)])/a - 2/(a"2*x) + x + (2xArcTanh[Sqrt[1 + 1/(a"2#*x
~2)11)/a

Rule 52

Int[((a_.) + (b_.)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[

(a + b*xx)"(m + 1)*((c + d*x)"n/(bx(m + n + 1))), x] + Dist[n*((b*c - a*xd)/(

bx(m + n + 1))), Int[(a + b*x) m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ

[m, 0] && ( !IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n

+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)], x11 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]
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Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6468

Int [E”(ArcCsch[u_J*(n_.)), x_Symbol] :> Int[(1/u + Sqrt[l + 1/u~2])"n, x] /
; IntegerQ[n]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps
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+ T
azx
1
1+ ——
2 2/ L gy
PP
a’r a
14+ 2
Subst | [ T dz,z, %
2
= -_—-——— x_
a’x a
Subst L L
. ubst | [ - dz, z, -
2414+ —— zy 14+ —
a?z? 2 a?
a a’r a
1
20/ 1+ —
22 2 1 1
1 2tanh ™" 1+L
24/1+ 5 3 9 an a2
a’x
e A
a a’x a

Mathematica [A]
time = 0.03, size = 52, normalized size = 1.11

/ 1
2./1+ 1 ) 210g<a<1+ l-l—W)x)

a a’x a

Antiderivative was successfully verified.

[In] Integrate[E~(2*ArcCschla*x]),x]

[Out] (-2*%Sqrt[1 + 1/(a"2%x"2)])/a - 2/(a"2*x) + x + (2xLogla*(1 + Sqrt[1 + 1/(a”
2*x72)])*x])/a
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 111 vs.

2(43) = 86.
time = 0.04, size = 112, normalized size = 2.38

method | result size
2.2 2 9 3 2,.2 2.2
i e el )
faul - = 112
default | r — —5- + —
a a2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))"2,x,method=_RETURNVERBOSE)

[Out] x-2/a~2/x+2/a*((a~2*x"2+1)/a"2/x"2) " (1/2)*(-a~2*x((a~2*x"2+1)/a~2)~(3/2)+((a
~2xx~2+1) /a~2) " (1/2) *a~2*x~2+1n(x+((a~2xx~2+1) /a~2) ~(1/2))*x) / ((a~2%x~2+1) /
a~2)~(1/2)

Maxima [A]
time = 0.25, size = 59, normalized size = 1.26

/1 /1 /1
2 w‘Fl —10g< @—Fl +1>+10g< @4‘1 —1) 5

x —
a a’x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2,x, algorithm="maxima")
[Out] x - (2*%sqrt(1/(a"2*x"2) + 1) - log(sqrt(1/(a”2*x~2) + 1) + 1) + log(sqrt(1/
(a™2%x"2) + 1) - 1))/a - 2/(a"2*x)

Fricas [A]
time = 0.33, size = 73, normalized size = 1.55

2,2 1 1 2,2 1 1
a’z? — 2axlog (ax\/% —ax) —Zax\/% —2az — 2

a’x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))"2,x, algorithm="fricas")
[Out] (a~2#x~2 - 2*xa*xxlog(axx*sqrt((a~2*x~2 + 1)/(a”2*x"2)) - a*x) - 2*a*x*sqrt(
(a™2*x72 + 1)/(a"2%x72)) - 2*a*x - 2)/(a"2*x)
Sympy [A]
time = 2.17, size = 49, normalized size = 1.04
2z 2asinh (ax) 2 2

z— + -
a?z? +1 a a’r  g2zva2z2 + 1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))**2,x)

[Out] x - 2*x/sqrt(a*x*2xx**2 + 1) + 2+asinh(axx)/a - 2/(a*x*2xx) - 2/(ax*2*x*sqrt(
akk2kxk*k2 + 1))

Giac [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2,x, algorithm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT:Warning, integration of abs or sign a
ssumes constant sign by intervals (correct if the argument is real):Check [
abs(sa

Mupad [B]
time = 2.26, size = 47, normalized size = 1.00

/1 ) .
5 1 1 ) atan( a2x2+111> 2i

a? z?
a a’zx a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(a™2*x72) + 1)7(1/2) + 1/(a*x))"2,x)

[Out] x - (atan((1/(a"2*x"2) + 1)~(1/2)*1i)*2i)/a - (2*x(1/(a"2*x~2) + 1)~(1/2))/a
- 2/(a"2%x)
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g2csch™ Laz)

3.54 | dz
X
Optimal. Leaf size=38
1
1 L+ a’x? -1
ok - — csch™ (ax) + log(x)

[Out] -1/a"2/x"2-arccsch(a*x)+1n(x)-(1+1/a"2/x"2)~(1/2)/a/x

Rubi [A]
time = 0.14, antiderivative size = 38, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.417,

steps used = 6, number of rules used = 5, integrand size = 12,
Rules used = {6473, 6874, 342, 201, 221}

1
a’x? _
azx a?x?

+1
— csch™(az) + log(2)

Antiderivative was successfully verified.

[In] Int[E~(2*ArcCschla*x])/x,x]

[Out] -(1/(a"2*%x72)) - Sqrtl[1l + 1/(a"2*x"2)]/(a*x) - ArcCsch[axx] + Logl[x]
Rule 201

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Dist[a*n*(p/(n*p + 1)), Int[(a + b*x™n)~(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*pl) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(alD1/Rt[b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[bl]

Rule 342

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 6473

Int [E~(ArcCschlu_J*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]
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Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps

2
1 1
-1 1+ 52 Tas
e2csch (az) a“x
/ A M. / d

z
T T
1
/ s 21455
= +— | dz
a2z az? T
1
1+ ——
1 2 [ xﬂx dx
_—m‘FlOg(ﬂU)"‘ 4

x? 1
2Subst | [4/1+ 2 dz,z, L
B a

=5 T10g(2)

Mathematica [A]
time = 0.04, size = 39, normalized size = 1.03

/ 1

1
—_— — 1 _1 —
oy sinh (ax) + log(z)

Antiderivative was successfully verified.

[In] Integrate[E~(2xArcCsch[a*x])/x,x]
[Out] -((1 + a*Sqrt[1 + 1/(a"2%x"2)]*x)/(a"2*x"2)) - ArcSinh[1/(a*x)] + Logl[x]
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 163 vs.

2(36) = 72.
time = 0.04, size = 164, normalized size = 4.32

method | result

1 a?z2+1
3 2 - 5  a“+2
az2+1 2,21\ 3 1 1 az2+1 Vaz \ a2
Vi |@(2) e e e et = =
1 2

—=—5+a’In(x)
default 222 - :

a 1 a?z241

axr a_2 a2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))"2/x,x,method=_RETURNVERBOSE)

[Out] 1/a~2%(-1/2/x"2+a~2*1n(x))-1/ax((a~2*x"2+1)/a~2/x72)"(1/2) /x*(a~2*((a"2*%x"2
+1)/a~2)7(3/2)*(1/a~2)~(1/2)-(1/a~2) " (1/2)* ((a~2*x"2+1) /a~2) " (1/2) ¥a"2*x"2+
1In(2%((1/a72) " (1/2)*((a"2*x~2+1) /a~2) ~(1/2)*a"2+1) /x/a"2)*x~2) /(1/a~2) " (1/2

)/ ((a™2%x72+1) /a~2)~(1/2)-1/2/a"2/x"2

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 93 vs.

2(36) = 72.
time = 0.26, size = 93, normalized size = 2.45

1
e\ g +1 S i
azwz(ﬁ+l>—l +alog | az o +1 +4+1) —alog| ax Py +1 -1 .

2a a?x? +log ()

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x"2)~(1/2))"2/x,x, algorithm="maxima")

[Out] -1/2%(2*a"2*xx*sqrt(1/(a"2*x"2) + 1)/(a"2*xx"2x(1/(a"2*x"2) + 1) - 1) + axlog
(axx*sqrt(1/(a”2*%x"2) + 1) + 1) - axlog(a*x*sqrt(1/(a"2*x"2) + 1) - 1))/a -
1/(a~2%x72) + log(x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 112 vs.

2(36) = 72.
time = 0.35, size = 112, normalized size = 2.95

222 1+ 1 202 - 1 372 1 1
a’z?log (a:c ait —am+1)—a2x210g <cw:\/ax2—; —am—l)—azleog(x)—l-az aa:2-|2- +1
ax a’x ax

a?x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))"2/x,x, algorithm="fricas")
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[Out] -(a"2*x"2*log(a*x*sqrt((a”2*x~2 + 1)/(a"2%x72)) - a*x + 1) - a~2xx"2*log(ax
xxsqrt((a™2*x72 + 1)/(a”2%x72)) - a*xx - 1) - a"2*x"2xlog(x) + a*x*sqrt((a~2
*x72 + 1)/(a”2%x72)) + 1)/(a"2*x72)

Sympy [A]
time = 2.44, size = 34, normalized size = 0.89

1

log () — asinh a1
og(x) —asinh [ — | — —
& ax ax a?z?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))**2/x,x)
[Out] log(x) - asinh(1/(a*x)) - sqrt(l + 1/(ax*2xxx*2))/(a*x) - 1/(ax*2*kx**2)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 118 vs. 2(36) =

72.
time = 0.42, size = 118, normalized size = 3.11

(a*|a|sgn(z) — a®) log (\/a2x2 +1 + 1) — (a*|alsgn(z) + a%) log <\/a2m2 +1 — 1) + (\;agx:j—xi 1; Zi;::;(:)_:als)l>

2a®
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))"2/x,x, algorithm="giac")

[Out] -1/2*((a"4*abs(a)*sgn(x) - a"b)*log(sqrt(a™2*x~2 + 1) + 1) - (a~4*abs(a)*sg
n(x) + a~b)xlog(sqrt(a™2*x~2 + 1) - 1) + 2*(sqrt(a™2*x"2 + 1)*a~4*abs(a)*sg
n(x) + a”5)/((sqrt(a™2*x"2 + 1) + 1)*(sqrt(a™2*x"2 + 1) - 1)))/a"5

Mupad [B]
time = 2.25, size = 44, normalized size = 1.16

—1 1
1 /1 1 oI
—In( - ) —asinh( — | — 5 —
A axr a“x axr

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(a™2*x72) + 1)7(1/2) + 1/(a*x))"2/x,x)
[Out] - log(1/x) - asinh(1/(a*x)) - 1/(a”2xx"2) - (1/(a”2xx"2) + 1)~(1/2)/(a*x)
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csch™(az
3.55  [£=0 Wiy

x2

Optimal. Leaf size=34

[Out] -2/3%ax(1+1/a"2/x72)~(3/2)-2/3/a"2/x"3-1/x

Rubi [A]
time = 0.13, antiderivative size = 54, normalized size of antiderivative = 1.59, number of

number of rules _
integrand size 0.250,

steps used = 4, number of rules used = 3, integrand size = 12,
Rules used = {6473, 6847, 2142}

3
1 1 14 1 1 1 41 1
6 a?z? ax 2 a?z? 2x

Antiderivative was successfully verified.
[In] Int[E~(2%ArcCschla*x])/x"2,x]

[Out] -1/2%(axSqrt[1 + 1/(a"2*x"2)]) - (a*x(Sqrt[1l + 1/(a"2*x"2)] + 1/(a*x))"3)/6
- 1/(2%x)

Rule 2142

Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (f_.)*Sqrtl[(a_) + (c_.)*(x_)"2]1)"(
n_))~(p_.), x_Symbol] :> Dist[1/(2%e), Subst[Int[(g + h*x"n) p*((d"2 + axf~
2 - 2xd*x + x72)/(d - x)72), x], x, d + exx + f*Sqrt[a + c*xx~2]], x] /; Fre
eQl{a, ¢, d, e, f, g, h, n}, x] && EqQle”2 - cx£f~2, 0] && IntegerQ[p]

Rule 6473

Int [E”(ArcCsch[u_J*(n_.))*(x_)~(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2])"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6847

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, x], x], x, x“(m + 1)1, x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQx"(m + 1), u, x]

Rubi steps
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2
1 1
-1 1+ 52 T az
e2csch (az) a“r
/ _— / dz

dr =
2

Mathematica [A]
time = 0.03, size = 46, normalized size = 1.35

1
2+ 3a’z? +2ay/1+ oy z(1 + a’z?)

3a2z3

Antiderivative was successfully verified.

[In] Integrate[E~(2*ArcCsch[a*x])/x~2,x]
[Out] -1/3%(2 + 3*%a~™2*x"2 + 2*a*xSqrt[1 + 1/(a"2*x72)]*x*x(1 + a~2%x72))/(a"2*x"3)
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 62 vs.

2(28) = 56.
time = 0.04, size = 63, normalized size = 1.85

method | result size
—n2p2__
3022242 2a(a2$2+1) V aa;;c? :
—_— a” T —_—
trager s P 56
a2z2+1
default | = -as e () el
elau a? - 3a 2 T 3a2z3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)"(1/2))"2/x"2,x,method=_RETURNVERBOSE)

[Out] 1/a"2x(-a"~2/x-1/3/x"3)-2/3/ax((a~2*x"2+1) /a~2/x"2)~(1/2) /x"2*(a"2*x~2+1) -1/
3/a"2/x"3
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Maxima [A]
time = 0.25, size = 28, normalized size = 0.82

2 1 i1 2 1 2
—— a —_— —_— — ——
3 \a2zx? z 3ax3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x72)~(1/2))"2/x"2,x, algorithm="maxima")
[Out] -2/3*ax(1/(a”2%x72) + 1)7(3/2) - 1/x - 2/3/(a"2%x"3)
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 57 vs.

2(28) = 56.
time = 0.37, size = 57, normalized size = 1.68

272 4 1
2a*z® + 3a2? + 2 (a®z® + az) % +2
azx

3a2x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2/x"2,x, algorithm="fricas")
[Out] -1/3%(2%a~3%x"3 + 3*a”2*x"2 + 2%(a"3%x"3 + axx)*sqrt((a™2*x"2 + 1)/(a"2*x"2
)) + 2)/(a"2%x73)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))**2/x**2,x)
[Out] Exception raised: TypeError >> Invalid comparison of non-real zoo

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 75 vs. 2(28) = 56.
time = 0.43, size = 75, normalized size = 2.21

4
_ 22
4 (8 (etol - VT ) asmnto) + aven(@)) g e

2 3 3a%z3
3 <<x|a| —Va2z? +1 > - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))"2/x"2,x, algorithm="giac")
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[Out] 4/3%(3*%(x*abs(a) - sqrt(a”2*x"2 + 1)) 4xa*sgn(x) + a*sgn(x))/((xxabs(a) - s
qrt(a™2#x"2 + 1))72 - 1)73 - 1/3%(3*a"2%x"2 + 2)/(a"2*x"3)

Mupad [B]
time = 2.21, size = 51, normalized size = 1.50

1 1
) 2z a2x2 +1 2ax CLQIL‘z +1
_W"‘ 3a _ 3 +1
3 T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(a"2*x~2) + 1)°(1/2) + 1/(a*x))"2/x"2,x)

[Out] - (2/(3*%a"2) + (2*x*x(1/(a"2*xx"2) + 1)°(1/2))/(3*a))/x~3 - ((2xa*xx*(1/(a~2*x
~2) + 1)°(1/2))/3 + 1) /x
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g2csch™ Laz)

x3

dx

3.56 [

Optimal. Leaf size=73

1 1
14+ — ay/1+ ——
1 2.2 1 2.2 1
T a4 Za2csch_1(am)

C2a2rt 2ax3 22 4z

[Out] -1/2/a"2/x"4-1/2/x"2+1/4*a"2xarccsch(a*x)-1/2x(1+1/a"2/x"2)~(1/2)/a/x"3-1/4
xa*x(1+1/a~2/x72)~(1/2) /x

Rubi [A]

time = 0.15, antiderivative size = 73, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.500,

steps used = 7, number of rules used = 6, integrand size = 12,
Rules used = {6473, 6874, 342, 285, 327, 221}

[ 1 /1
1 a 272 +1 2,2 T 1 1 1
e LK + —a*csch™'(az) —

a2zt 4z 2az3 4 272

Antiderivative was successfully verified.
[In] Int[E~(2*ArcCschla*x])/x"3,x]

[Out] -1/2%1/(a"2*%x"4) - Sqrt[l + 1/(a"2%x~2)]/(2*a*x~3) - 1/(2*x~2) - (a*Sqrt[1
+ 1/(a"2%x72)])/(4xx) + (a"2xArcCschla*x])/4

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al)]1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 285

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(cx
x)"(m + 1)*((a + bxx"n)"p/(cx(m + n*xp + 1))), x] + Dist[a*n*(p/(m + n*p + 1
)), Int[(c*x)"m*(a + b*x™n)~(p - 1), x], x] /; FreeQ[{a, b, c, m}, x] && IG
tQ[n, 0] && GtQlp, 0] && NeQ[m + n*p + 1, O] &% IntBinomialQ[a, b, c, n, m,
p, X]

Rule 327

Int[((c_)*(x_))" (@ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D)*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axc™nx((m - n + 1)/(b*(m + n*p + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]
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Rule 342

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 6473

Int [E~(ArcCschlu_J*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6874
Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

]

Rubi steps
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1 1
echch_l(am) ( 1+ a?x? + az
e (W T
/ 1
/ 2+ VI oo + 14
= — | dz
a?z® axt 3
1
14+ 5 3
B 1 1 4 2 [ w4a T~ dx
2a2x% 2z a
2
2Subst | [2%4/1+ z_2 dz, z, %)
1 1 a
T 2a2rt 222 a
Subst | [ 2t dz,z, L
4t 142
_ 1 * a’x? 1 i a?
T 2a21t 2az3 212 2a
1 1
1 + 222 1 o1+ pEy) 1
= - - — ——— =2 4 “qSubst
2a%x* 2az3 2x2 4x 2
1+ —
a
1 1
_ 1 1+a2x2 1 oyt 242 +12 h~(az)
2a2z4 2az3 212 4z @ o ax

Mathematica [A]
time = 0.03, size = 73, normalized size = 1.00

1+ a2x? 1 1
e + ~a?sinh™! (—)

1 1 n 1 a
202zt 222 2ar3 Az a?z? 4 ax

Antiderivative was successfully verified.

[In] Integrate[E~(2*ArcCschla*x])/x"3,x]

[Out] -1/2%1/(a"2*%x"4) - 1/(2*x"2) + (-1/2%1/(a*x"3) - a/(4*x))*Sqrt[(1 + a"2xx~2

)Y/ (a"2%x~2)] + (a"~2*ArcSinh[1/(a*x)])/4
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 188 vs.
2(59) = 118.
time = 0.04, size = 189, normalized size = 2.59

method | result

a2
2

3 ) 1 a?zr?+41 2.,
\/ a2 \/ 2 a
o a?az2+1 <a2z2+1>7 L 22 a?z241 1 2ptim a a 4
a?x? a2 a? a2 a? a2z

r*—

2(

2 2

a‘x

a“

1
default 4=y 20= | ‘
5 [ a?z?+1 1
4x a2

a2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)~(1/2))"2/x"3,x,method=_RETURNVERBOSE)

[Out] 1/a"2x(-1/4/x"4-1/2%a~2/x"2)+1/4xax((a~2*x"2+1)/a~2/x72)~(1/2) /x~3*x(((a~2*x

~2+1)/a”2) " (3/2)*(1/a~2) " (1/2)*a"~2xx"~2-((a"2*x"2+1) /a~2) " (1/2)*(1/a~2)~(1/2
)*xa~2xx~4+1n (2% ((1/a"2) " (1/2)*((a"2*%x"2+1) /a~2) ~(1/2) *a"2+1) /x/a~2) *x~4-2%(
(a™2%x72+1)/a"2) " (3/2)*(1/a72) " (1/2)) / ((a™2*x"2+1) /a~2) " (1/2) /(1/a"2) " (1/2)
-1/4/a"2/x"4

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 139 vs.

2(59) = 118.
time = 0.27, size = 139, normalized size = 1.90

nlw

1
e (e 2(“6”3(#32*1) +“4Z\/a2w2+1)
e R e A G = R a4x4(ﬁ+1)2—2a2x2(ﬁ+1)+1 1 1

8a 232 24274

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x~2)~(1/2))~2/x"3,x, algorithm="maxima")

[Out] 1/8*%(a~3*log(a*x*sqrt(1/(a”2*x~2) + 1) + 1) - a~3*log(a*x*sqrt(1/(a"2*x~2)

+ 1) - 1) - 2x(a"6*xx"3*%(1/(a"2%x"2) + 1)7(3/2) + a~4*x*sqrt(1/(a"2*x"2) + 1
)) /(@ 4*xx~4%(1/(a"2%x"2) + 1)72 - 2*xa”2xx"2x(1/(a"2*%x"2) + 1) + 1))/a - 1/2
/x72 - 1/2/(a”2%x"4)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 121 vs.
2(59) = 118.

time = 0.41, size = 121, normalized size = 1.66

2,2 2.2 2,2
44 a*z?+1 44 a*z? +1 9 9 3 3 a*z? +1
a*z*log <am 2 —ar+1| —a*z*log | ax a2 —ar—1| —2a%z* — (a2 + 2ax) ey -2

4 a2zt

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2/x"3,x, algorithm="fricas")
[Out] 1/4*%(a"4*x"4xlog(a*x*sqrt((a~2*x"2 + 1)/(a"2%x72)) - a*x + 1) - a~4*x"4xlog
(a*xx*sqrt((a”2*x"2 + 1)/(a"2%x72)) - a*x - 1) - 2%a"2*x"2 - (a”3*x”3 + 2xa*
x)*sqrt((a~2*x"2 + 1)/(a"2*x"2)) - 2)/(a"2%x"4)
Sympy [A]
time = 3.15, size = 92, normalized size = 1.26

a?asinh () a 1 3 1 1

4 B 1 22 s 1 a2zt . s 1
4z 1—}-(12:102 4ax 1+a2z2 2a3x 1+a2x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))**2/x**3,x)

[Out] a**2*asinh(1/(a*x))/4 - a/(4xx*sqrt(1l + 1/(a*x*2*x**2))) - 1/(2xx*x*2) - 3/(4
*xaxx*x*x3xsqrt (1 + 1/(a**x2xx*%x2))) - 1/(2xax*2xxx*x4) - 1/(2kax*3*xx*x*5*xsqrt (1
+ 1/ (a*x*2%x*x%2)))
Giac [A]
time = 0.41, size = 112, normalized size = 1.53
a222 %asasnz V 22 1a6asnz a212 (17
a®|a|log <Va2x2 +1 + 1) sgn(z) — a%|a|log (\/a2x2 +1 — 1) sgn(z) — 2(( ) ek VA iz:l— )8 () )

8a®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))"2/x"3,x, algorithm="giac")

[Out] 1/8*(a"6+*abs(a)*log(sqrt(a~2*x~2 + 1) + 1)*sgn(x) - a~6+*abs(a)*log(sqrt(a~2
*x72 + 1) - 1)*sgn(x) - 2%((a"2%x"2 + 1)~ (3/2)*a"6*abs(a)*sgn(x) + sqrt(a~2
*x~2 + 1)*a"6*abs(a)*sgn(x) + 2x(a”2*x"2 + 1)*a”7)/(a"4*x"4))/a"5

Mupad [B]
time = 2.31, size = 68, normalized size = 0.93

a asinh - 1 1 1 :
1 Waezt 1 Vst
4z

2 12 2a 13

1  2a27t

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(a"2%x"2) + 1)7(1/2) + 1/(a*x))~2/x"3,x%)

[Out] (a*asinh((1/a~2)"(1/2)/x))/(4*x(1/a~2)"(1/2)) - 1/(2*a"2*x"4) - (a*x(1/(a"2*x
~2) + 1)°(1/2))/(4*xx) - 1/(2*%x"2) - (1/(a"2*%x"2) + 1)7(1/2)/(2*a*x"~3)
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g2csch™ Laz)

x4

dx

3.57 [

Optimal. Leaf size=58

2, 1 \** 2, 1\ 2 1
—-a <1+—> ——a’( 14+ —— —m—@

[Out] 2/3*a”~3%(1+1/a~2/x72)~(3/2)-2/56*a~3*(1+1/a"2/x~2)~(5/2)-2/5/a"2/x"5-1/3/x"3

Rubi [A]
time = 0.15, antiderivative size = 58, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.333,

steps used = 6, number of rules used = 4, integrand size = 12,
Rules used = {6473, 6874, 272, 45}

2 2, 1+15/2+23 1+13/2 1
5a2xz® 5 a?x? 3 a?z? 33

Antiderivative was successfully verified.
[In] Int[E~(2*ArcCschla*x])/x"4,x]

[Out] (2*a™3*(1 + 1/(a™2%x72))7(3/2))/3 - (2*a™3*(1 + 1/(a"2*x72))~(5/2))/5 - 2/(
5xa~2xx~5) - 1/(3%x73)

Rule 45
Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},

x] && NeQ[b*c - a*d, 0] && IGtQ[m, 0] && ( 'IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 272

Int[(x_ )" (m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6473

Int [E~(ArcCschlu_J*(n_.))*(x_)"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1 +
1/u~2]1)"n, x] /; FreeQ[m, x] && IntegerQ[n]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]
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Rubi steps
: 2
_ 1
e2csch_1(a:c) ( 1+ ax? + aa:)
[ N T,
1
- 9 24/1+ ) N 1 ;
N a?xb ar® x4 o
1
1+ =
2 1 2/ #dm

5a2x%  3x3

o ) Subst(fx~/1+— dz x,xQ)
" 5a2zd 313
/ T 2 \3/2
B 5 Subst(f( ; +a®(1+ %) > dx,z,#)
" baZrd 3:0 a

Mathematica [A]
time = 0.04, size = 54, normalized size = 0.93

1
6 + 5a’z” 4 2a4/1 + —— (3 + a’z* — 2a*z*)
a’z

15a22°

Antiderivative was successfully verified.

[In] Integrate[E~(2*ArcCsch[a*x])/x~4,x]
[Out] -1/15%(6 + 5xa~2*x~2 + 2xa*Sqrt[l + 1/(a”2*x"2)]1*x*(3 + a"2*x"2 - 2*a~4xx~4
))/(a~2%x75)

Maple [A]
time = 0.05, size = 73, normalized size = 1.26

’ method | result ‘ size ‘
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2.2
4.4 2 2 _—oefze—1
5a2z2+6+2a(2a x*F—a“zx —3) a2x2
trager L P — 65
2.2
_ed 1 2“%%%(&#Hmﬁﬁ4) )
3z 5z —
default — + ol 5255 | (3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)~(1/2))"2/x"4,x,method=_RETURNVERBOSE)
[Out] 1/a"2%(-1/3*a~2/x"3-1/5/x"5)+2/15/a*x((a~2*x"2+1) /a~2/x~2)~(1/2) /x~4*(a"2*x~
2+1)*(2*%a~2*x"2-3)-1/5/a"2/x"5

Maxima [A]
time = 0.26, size = 52, normalized size = 0.90

2(30' (e + )P -5l +1)F) 1
15a 323 5a’zb

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2/x"4,x, algorithm="maxima")
[Out] -2/15%(3%a~4x(1/(a"2*x~2) + 1)7(5/2) - 5xa~4x(1/(a"2*x"2) + 1)°(3/2))/a - 1
/3/x"3 - 2/5/(a~2*x"5)

Fricas [A]
time = 0.34, size = 67, normalized size = 1.16

272 1 1
4a5x5—5a2x2+2(2a5x5—a3x3—3ax)\/% -6
a?z

15 a2z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2/x"4,x, algorithm="fricas")
[Out] 1/15%(4*a~b*x"5 - 5*a”2*x"2 + 2%(2xa~b*x"5 - a~3#x"3 - 3xax*x)*sqrt((a”2xx~2
+ 1)/(a™2*x72)) - 6)/(a"2*x75)

Sympy [A]
time = 1.80, size = 76, normalized size = 1.31

4a2vVa2x? + 1 2va2z? + 1 1 2va2z? + 1 2
15z 1523 3z3 5a2x5 5a2x5

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1/a/x+(1+1/ax*2/xx*2)*x(1/2))**2/x**4 x)

[Out] 4*ax*2*sqrt(a*x*2*x**2 + 1)/(15%x) - 2xsqrt(ax*2xx*x*2 + 1)/(15%x**3) - 1/(3*
x*x*3) — 2ksqrt(ax*2kx**2 + 1)/ (5*a*x2*x*x5) — 2/(5xax*2xx**5)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 134 vs. 2(46) =

92.
time = 0.44, size = 134, normalized size = 2.31

6 4 2
8 <15 (z|a| —Vvalz? +1 ) a®sgn(z) +5 <w|a| —Va2z? +1 ) a®sgn(z) +5 (:c|a| — Va2 +1 > a®sgn(z) — a3sgn(:r)> 5a22? 46
2 5 -
15 ((m|a| —Va2z? +1 ) - 1)

15 a2x5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))"2/x"4,x, algorithm="giac")

[Out] 8/15%(15*(x*abs(a) - sqrt(a™2*x"2 + 1)) 6*a"3*sgn(x) + 5x(x*abs(a) - sqrt(a
T2%x72 + 1))74xa”3*sgn(x) + Bk(x*abs(a) - sqrt(a”2xx”2 + 1)) 2%a"3*sgn(x) -
a~3*sgn(x))/((x*abs(a) - sqrt(a™2*x"2 + 1))72 - 1)°5 - 1/15%x(5%a"2%x"2 + 6

)/ (a~2%x75)

Mupad [B]
time = 2.26, size = 67, normalized size = 1.16

1 1

1 2ax + 1 2x +1
4a3 1 2 2 2 12
a®z? + _ alsz +% _ # + an
15 3 x°

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(a"2*xx"2) + 1)°(1/2) + 1/(a*x))"2/x74,x)

[Out] (4*a~3%(1/(a"2%x"2) + 1)7(1/2))/15 - ((2*axxx(1/(a"2*x"2) + 1)°(1/2))/15 +
1/3)/x73 - (2/(5*%a™2) + (2*xx(1/(a"2*x72) + 1)7(1/2))/(5%a))/x"5
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csch™(az
3.58  [£=0 Wy

x5

Optimal. Leaf size=96

1 \/ a2x2 ¥ V 1 + \/ a2x2

30215 3az® B 4_x4 B 12x3 a fosch™ (az)

[Out] -1/3/a"2/x"6-1/4/x"4-1/8*a"4*xarccsch(a*x)-1/3%(1+1/a~2/x~2)~(1/2)/a/x"5-1/1
2%ax(1+1/a"2/x72)~(1/2) /x~3+1/8%a~3*(1+1/a~2/x"2)~(1/2) /x

Rubi [A]
time = 0.16, antiderivative size = 96, normalized size of antiderivative = 1.00, number of

number of rules
integrand size = 0.500,

steps used = 8, number of rules used = 6, integrand size = 12,
Rules used = {6473, 6874, 342, 285, 327, 221}

1 1 , 1
1 1 a2x2+1 N a2x2+1 ¥ a2x2+1 1

az) = 3a215 3azr® B 1223 + 8z 4t

]. 4
—— -
8a csch

Antiderivative was successfully verified.
[In] Int[E~(2%ArcCschla*x])/x"5,x]
[Out] -1/3%1/(a"2*x"6) - Sqrt[1l + 1/(a"2%x"2)]/(3*%a*x~5) - 1/(4*x~4) - (a*Sqrt[1

+ 1/(a”2%x72)])/(12*x"3) + (a"3*Sqrt[1 + 1/(a"2%x"2)])/(8*x) - (a~4xArcCsch
[a*x])/8

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[a])1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 285

Int [((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx"n)"p/(cx(m + n*xp + 1))), x] + Dist[a*n*(p/(m + n*p + 1
)), Int[(c*x)"m*(a + b*x"n)~(p - 1), x], x] /; FreeQ[{a, b, c, m}, x] && IG
tQ[n, 0] && GtQ[p, 0] && NeQ[m + n*p + 1, O] && IntBinomialQ[a, b, c, n, m,
p, x]

Rule 327

Int[((c_.)*(x_)) " (m_)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*xx)"(m - n + 1)*((a + bxx™n)"(p + 1)/(bx(m + nxp + 1))), x] - Distl[
axc’n*((m - n + 1)/(bx(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQl[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
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+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 342

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] & ILtQ[n, 0] && Int
egerQ [m]

Rule 6473

Int [E”(ArcCsch[u_J*(n_.))*(x_)~"(m_.), x_Symbol] :> Int[x"m*(1/u + Sqrt[1l +
1/u~2])"n, x] /; FreeQm, x] && IntegerQ[n]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps
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2
1 1
e2csch*1(ax) ( 1+ a?x? + az
e \TE T,
/ 1
9 24/1+ oy 1
- a2z’ + axb + x5 dz
1
1+ ——
B 1 1 2 [ wsa L~ dx
T 3a2x6 4zt a

3a275 44 a
0 Subst | [ z dz,z,
1+ 1+ il
B 1 a2r? 1 a?
" 3a2z6 3azxd  4gt 3a
+ L 1+ 1
[ a [
= ! — a’z? _ L __V a2 + 1a,Subst / 2 dz,x 1
3a2xb 3azx® 4x* 1223 4 T T
1+~
a2
1 1 1
14+ — 34/1
= L i a’z? _ L — ’ i a?z? + ’ ! a?z? 1(Jl,?’Subst / ]
3a2x5 3azx® 4zt 1223 8z /1
_i
1 / 1 1
1 3
= L — " a’z? _ L — ’ ’ a?z? + ’ " a?z? 1a4csch l(ax)
3a2xb 3azxd 4zt 1223 8z

Mathematica [A]
time = 0.05, size = 74, normalized size = 0.77

1 1
(4+3a2x2) (—2—20. \/1 + a2$2 z+a3 \/]. + a2x2

26

) — 3a8sinh ! (i)

24q2

Antiderivative was successfully verified.
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[In] Integrate[E~(2*ArcCsch[a*x])/x~5,x]

[Out] (((4 + 3*a~2*xx"2)*(-2 - 2*a*Sqrt[1 + 1/(a"2*x"2)]*x + a~3*Sqrt[1 + 1/(a"2*x
~2)]1*x73))/x"6 - 3*a~6xArcSinh[1/(a*x)])/(24*a"2)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 221 vs.

2(78) = 156.
time = 0.06, size = 222, normalized size = 2.31

method | result

3 2/ e?z’ 41 242
022241 1 (a24241\5 1 [a%a?41 a2 a2 °
a3 () ety ([T alethn RE a’z®
2
a 1

default Az 6 —
a’z?+1 1
2@ﬁ\/‘iﬁ“ Va2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/a/x+(1+1/a"2/x"2)~(1/2))"2/x"5,x,method=_RETURNVERBOSE)

[Out] 1/a"2%(-1/4%a~2/x"4-1/6/x"6)-1/24%a*x((a~2*x"2+1)/a~2/x"2)~(1/2)/x~5%(3*(1/a
~2)~(1/2)*((a~2%x~2+1) /a~2) ~(3/2) *a~4*x~4-3%(1/a"2) ~(1/2) *((a~2*x~2+1) /a~2)
~(1/2)*a~4*xx~6+3*x1n (2% ((1/a~2) " (1/2)*((a~2*%x~2+1) /a~2) ~(1/2) *a~2+1) /x/a~2) *
a~2%x”6-6* ((a~2*x"2+1)/a~2)~(3/2)*(1/a"2) " (1/2) *a~2*x~2+8* ((a~2*xx"2+1) /a~2)
~(3/2)*x(1/a~2)~(1/2))/((a~2%x~2+1) /a~2)~(1/2)/(1/a~2)~(1/2)-1/6/a~2/x"6

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 180 vs.

2(78) = 156.
time = 0.26, size = 180, normalized size = 1.88

5 3 1
2| 30105 (o +1) 280828 Ay +1) * =382y | 55 + 1

1 1 - a“T
3a°1 ——+1 +1|-3a°1 ——+1 -1) —
a8 <ax V a2x? Tt > G S Ve + aﬁzﬂ(—a,}ﬂ+1)3—3a4z4(—a2112+1)2+3a2x2(a2112+1)—1 1 1

48a 42t 3a20

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))"2/x"5,x, algorithm="maxima")

[Out] -1/48%(3*a~5xlog(a*xx*sqrt(1/(a~2*xx~2) + 1) + 1) - 3*a~b*log(a*x*sqrt(1/(a"2
*x"2) + 1) - 1) - 2%(3*a”10*x"5x(1/(a"2*x"2) + 1)7(5/2) - 8*a~8*xx"3x(1/(a"2

*x72) + 1)7(3/2) - 3*a~6*x*sqrt(1/(a™2*x72) + 1))/(a"6*x"6%(1/(a"2*x"2) + 1

)73 - 3*%a~4*x"4x(1/(a”2*x72) + 1)72 + 3xa”2xx"2*x(1/(a"2*x"2) + 1) - 1))/a -
1/4/x74 - 1/3/(a~2*x76)

Fricas [A]

time = 0.37, size = 131, normalized size = 1.36

202 41 202 4 1 2.2 41
3afz%log (a‘m/ai—;— —ax—i—l) — 3abz%log (am/azz—;_ —ax—l)+6a2x2—(3a5x5—2a3x3—8ax)\/az2—{2— +38
a’z a*z a’z

24 a2z5
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a~2/x"2)~(1/2))"2/x"5,x, algorithm="fricas")

[Out] -1/24%(3*a~6xx"6*log(axx*sqrt((a”2*x~2 + 1)/(a”2*%x72)) - a*x + 1) - 3*a~6%*x
“6*log(a*x*sqrt((a™2*x"2 + 1)/(a"2*%x72)) - a*x - 1) + 6%a”"2%xx"2 - (3*a~b*x~
5 - 2%xa~3*x"3 - 8*xa*x)*sqrt((a~2*x"2 + 1)/(a”2%x~2)) + 8)/(a"2*x"6)

Sympy [A]
time = 6.17, size = 114, normalized size = 1.19

1 3

= a a 1 5 1 1

1 s 1 4z s 1 3a2x6 . 1
8xy/14+ P 241341 + P 12az°4/1 4+ o 3a3x"4/1+ o

Verification of antiderivative is not currently implemented for this CAS.

a* asinh (
8

[In] integrate((1/a/x+(1+1/a**2/x**2)**(1/2))**2/x**5,x)

[Out] -ax*4xasinh(1/(a*x))/8 + a**3/(8xxxsqrt(1l + 1/(a*x2xx*x2))) + a/(24*x**3*sq
rt(1 + 1/(ax*2*xx**2))) - 1/(4*x**4) - 5/(12*%axx**5xsqrt(1l + 1/(a*x*2xx**2)))
— 1/(3*%ax*2*xx**6) — 1/(3*a*x3*xx*x7T*sqrt(1l + 1/(a**x2xx*%x2)))

Giac [A]
time = 0.43, size = 140, normalized size = 1.46

) @ 2 (3 (a2241) 3 0% |alsgn(z)—8 (a222+1) 2 ¥lafsgn(z)—3 Va2a2 + 1 ag\a\sgn(m)fﬁ(a212+1)a972a9>
sgn(z) —

aba6

3a%|a|log (\/a2zz+1 +1) sgn(z) — 3ad|allog (\/a2zz+1 -1

48 a®
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/a/x+(1+1/a"2/x~2)~(1/2))"2/x"5,x, algorithm="giac")

[Out] -1/48%(3*a~8*abs(a)*log(sqrt(a”2*x~2 + 1) + 1)*sgn(x) - 3*a~8*abs(a)*log(sq
rt(a”2*x"2 + 1) - 1)x*sgn(x) - 2*(3*%(a"2*x"2 + 1)~ (5/2)*a"8*abs(a)*sgn(x) -

8% (a"2*x"2 + 1)7(3/2)*a"8*abs(a)*sgn(x) - 3*sqrt(a”2*x~2 + 1)*a~8*abs(a)*sg

n(x) - 6*%(a™2*x"2 + 1)*a”9 - 2*a”~9)/(a"6*x"6))/a"5

Mupad [B]
time = 2.37, size = 89, normalized size = 0.93

1

3 Va2
X

) 1 1 1 : 1 1 a® asinh
“VNea ™ 1 NaezT 1 Er

8x 34218 1223 4zt 3axd 1

Verification of antiderivative is not currently implemented for this CAS.



297

[In] int(((1/(a"2*x"2) + 1)°(1/2) + 1/(a*x))"2/x75,%)

[Out] (a"3x(1/(a™2*x”2) + 1)°(1/2))/(8*x) - 1/(3*a"2*x"6) - (ax(1/(a"2*x"2) + 1)~
(1/2))/(12%x73) - 1/(4*xx~4) - (1/(a"2*x"2) + 1)°(1/2)/(3*xaxx~5) - (a~3*asin

h((1/a"2)"(1/2)/x)) /(8% (1/a~2)~(1/2))
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csch™1(cz) (dz)™
1+c2x?

3.59  [¢

Optimal. Leaf size=85

dda) 7oy (555 5% ) | (o) oy (1, 5 )

(1 —m) cm

[Out] -d=*(d*x)~(-1+m)*hypergeom([1/2, 1/2-1/2%m], [3/2-1/2%m],-1/c"2/x72)/c"2/(1-m
)+(d*x) “mxhypergeom([1, 1/2*m], [1+1/2*m],-c"2*x"2)/c/m

Rubi [A]
time = 0.07, antiderivative size = 85, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.130,

steps used = 4, number of rules used = 3, integrand size = 23
Rules used = {6477, 346, 371}

()" FA(1, 3 242 =) _ dlde)™ P (3, 15 5575 =)

cm (1 —m)

Antiderivative was successfully verified.
[In] Int[(E"ArcCschlc*x]*(d*x)"m)/(1 + c~2*x~2),x]

[Out] -((d*(d*x)~ (-1 + m)*Hypergeometric2F1[1/2, (1 - m)/2, (3 - m)/2, -(1/(c"2*x
~2))1)/(c”2*%(1 - m))) + ((d*x) mxHypergeometric2F1[1, m/2, (2 + m)/2, -(c~2
*x72)1) / (c*m)

Rule 346

Int[((c_.)*(x_))"(m_)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Dist[(-c~
(1)) *(c*x)"(m + D*(1/x)"(m + 1), Subst[Int[(a + b/x"n)"p/x"(m + 2), x], x
, 1/x1, x] /; FreeQ[{a, b, c, m, p}, x] && ILtQ[n, O] && !'RationalQ[m]

Rule 371

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))~(p_), x_Symbol] :> Simp[a”p
*((c*x)~(m + 1)/(cx(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)x(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] && 'IGtQ[p, 0] && (ILt
Qlp, 0] |l GtQla, 01)

Rule 6477

Int [(E7ArcCsch[(c_.)*(x_)]1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)~(m - 2)/Sqrt[1l + 1/(c"2*x"2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x"2), x], x] /; FreeQ[{a, b, c, d, m},

x] && EqQ[b - axc™2, 0]
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Rubi steps

1
_ dz 1+m N
/GCSCh ) (dz)™ dr — df (14)-0212 + + c2x?
14 222 c c?
(d(l) T )_1+m> Subst | [ —2—— dz,z
xz ) Y
_ (dz)m 2F1 (1) 2 2+Tm7 —C2.’L'2) 1 + g
cm c?
) TR (35— ) ()R (L 3 =)
N (1 —m) cm
Mathematica [A]
time = (.18, size = 88, normalized size = 1.04
A/ 14+ L :/1r:2F1(l 42 —c2g?)
(dx)m 62132 2227 27 n 2F1(1m1+ ¢ ;1;2)
V14 Az ¢
m
Antiderivative was successfully verified.
[In] Integrate[(E"ArcCsch[c*x]*(d*x)"m)/(1 + c~2*x"2),x]
’ _(C

[Out] ((d*x) m*((Sqrt[1l + 1/(c™2*x"2)]*x*Hypergeometric2F1[1/2, m/2, 1 + m/2
~2xx72)])/Sqrt[1 + c”2*x~2] + Hypergeometric2F1[1, m/2, 1 + m/2, -(c™2*x72)

1/¢))/m

Maple [F]
time = 0.16, size = 0, normalized size = 0.00

(cx+,/1+ix)(dx)

d
/ c2x? +1 v

Verification of antiderivative is not currently implemented for this CAS.

[In] int(Q1/c/x+(1+1/c"2/x"2)"(1/2)) *(d*x) “m/ (c"2*x"2+1) ,x)
[Out] int((1/c/x+(1+1/c"2/x"2) " (1/2))*(d*x) "m/ (c~2*x"2+1) ,x)
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*(d*x) "m/(c"2*x"2+1) ,x, algorithm="max
ima")

[Out] integrate((d*x) m*(sqrt(1/(c™2*x~2) + 1) + 1/(c*x))/(c™2*x"2 + 1), x)
Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*(d*x) "m/(c"2*x"2+1) ,x, algorithm="fri
cas")
[Out] integral (((d*x) “mxc*x*sqrt((c™2*x"2 + 1)/(c”™2*x"2)) + (d*x)"m)/(c”3*x"3 + c

*X), X)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 1
I cx(dn)™ 4/ 1 + = 3
[ dr+ [ CT_dy

c2x3+x c2x34zx

c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/cx*2/xx*2)*x(1/2))* (d*x)**m/ (c**2xx**2+1) ,x)

[Out] (Integral((d*x)*#*m/(c**2*x**3 + x), x) + Integral (c*x*(d*x)**m*sqrt(l + 1/(
ck*x2%x*%2) ) / (c*k*2xx**3 + x), x))/C

Giac [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)~(1/2))*(d*x) m/(c"2*x~2+1) ,x, algorithm="gia
C")
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[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT:Warning, integration of abs or sign a
ssumes constant sign by intervals (correct if the argument is real) :Check [
abs(sa

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

+1 + i) (dz)™

Az +1

1
c2 z?
/p dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int((((1/(c™2*x72) + 1)7(1/2) + 1/(c*x))*(d*x)"m)/(c™2*x"2 + 1),x)
[Out] int((((1/(c™2*x72) + 1)7(1/2) + 1/(c*x))*(d*x)"m)/(c™2*x"2 + 1), x)
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csch™l(cz
3.60 [0 g,

1+c2x2

Optimal. Leaf size=92

1
1 2 1 4 3tanh™* 1+ ——
x 3\/1—'_@‘% +w3+\/1+@x +ArcTan(cm)+ c*z?
8ct 3c3 4c?

cd c8 8ch

[Out] -x/c~5+1/3*x~3/c~3+arctan(c*x)/c~6+3/8*arctanh((1+1/¢c~2/x"2)"~(1/2))/c"6-3/8
*x"2%(1+1/c72/x72)"(1/2) /c”4+1/4xx~ 4% (1+1/c"2/x"2)~(1/2) /c"2

Rubi [A]
time = 0.07, antiderivative size = 92, normalized size of antiderivative = 1.00, number of

number of rules _ 0.333,
integrand size

steps used = 9, number of rules used = 7, integrand size = 21,
Rules used = {6477, 272, 44, 65, 214, 308, 209}

1
1 3tanh™' |/ —— +1 1
4 an 9
ArcTan(cz) =z o T\ g2 +1 ( c2x2 3z +1
—— o4+ o+ + -
b 3 4c? 8¢ 8ct

Antiderivative was successfully verified.
[In] Int[(E~ArcCschlc*x]*x~5)/(1 + c~2*xx~2),x]

[Out] -(x/c”5) - (3*Sqrt[1 + 1/(c"2*x"2)]1*x"2)/(8*%c”4) + x~3/(3*%c~3) + (Sqrt[1l +
1/(c™2%x~2)]*x"4) /(4*%c~2) + ArcTan[c*x]/c”6 + (3*ArcTanh[Sqrt[1 + 1/(c™2*x"
2)11)/(8%c”6)

Rule 44

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[

(a + b*x)"(m + D*((c + d*x)"(n + 1)/((bxc - axd)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], x

1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 209
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 308

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol]l :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, O] && Gt
Q[m, 2*n - 1]

Rule 6477

Int [(E"ArcCsch[(c_.)*(x_)I*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)~(m - 2)/Sqrt[1l + 1/(c”2*x"2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d, m},
x] && EqQ[b - axc~2, 0]

Rubi steps
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i z? . dz
/ ecsch 1(cw)x5 e — 1+ _021172 f 1+f:;ac2 dx
1+ c2x2 c2 c
Subst | [ —2A—dz,z, 5
/ x
- 2c2 c
3Subst fﬁdw,x,x%
4 . il
2, 2 N e e 143
T 363 4c2 cd 8ct
3Subst | [ ——2—«
31/1 —1 1+ z
__ﬁ_ i x twl z) i c
N 3c3 16¢8
3SUbSt f m dl’, K
252 tan cx)
8ct
1
3. /1 e 3tanh™ 1+ —
+ z’ 2x2 tan cx) ( c’z? |
+ 8cb

Mathematica [A]
time = 0.14, size = 85, normalized size = 0.92

1 1 1
cx<—24—90\/1+“ T +8c%* +6c%/1+ 5— x3> +24ArcTan(c:1:)+910g((14—1/14—H)x)
2z 2z cx

245

Antiderivative was successfully verified.

[In] Integrate[(E"ArcCsch[c*x]*x75)/(1 + c~2*x"2),x]

[Out] (c*xx*(-24 - 9*cxSqrt[1l + 1/(c™2%x72)]*x + 8%c™2*x"2 + 6*%c~3*Sqrt[1 + 1/(c"2
*x"2)]*x"3) + 24xArcTan[c*x] + 9*Log[(1 + Sqrt[l + 1/(c™2*xx~2)])*x])/(24*c”

6)
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 171 vs.
2(78) = 156.
time = 0.84, size = 172, normalized size = 1.87

method | result

(ctar/= ) (/=

2,241 2,2 3 25241 23241
Nz R )P By I BT a

default
v

1
Ax241 ¢
—5—=
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c"2/x72)"(1/2))*x"5/(c"2*x~2+1) ,x,method=_RETURNVERBOSE)

[Out] 1/8%((c™2*x72+1)/c”2/x72) " (1/2) *x* (2*xx* ((c"2%x"2+1) /c"2) ~(8/2) *c~4-5*x* ((c~
2%x72+1)/c”2) " (1/2) *c™2-5*1n(x+((c™2*x~2+1) /c"2) ~(1/2) ) +8*1n (x+ (- (-c"2*x+ (-
c"2)7(1/2))*(c™2*x+(-c"2)"(1/2))/c™4)~(1/2)) )/ ((c™2*x"2+1) /c~2) ~(1/2) /c”6+1
/c*x(1/c™4%(1/3%c~2xx~3-x)+1/c 5*arctan(c*x))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 162 vs.
2(78) = 156.
time = 0.46, size = 162, normalized size = 1.76

cx? +1 5
5 22?412
9 N
¢ < 2z +1 2z +1
\/ 2 \ 2
2 (r_‘2z2+1) (r_‘2z2+1)2 -3 IOg + +1]+3 log + -1
e )
Ard -3z <*a? ehat +@udan@w)
3cd 16 8 b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x75/(c"2*x"2+1) ,x, algorithm="maxima"
)

[Out] 1/3%(c™2%x"3 - 3%*x)/c”5 - 1/16%(2*%(5xsqrt((c™2*x"2 + 1)/x72)/c - 3*((c™2*x"
2 + 1)/x72)7(8/2)/c”3) /(2% (c™2*x"2 + 1)/(c™2*x72) - (c™2*x"2 + 1)72/(c™4*x~

4) - 1) - 3*xlog(sqrt((c™2*x"2 + 1)/x72)/c + 1) + 3xlog(sqrt((c™2*x"2 + 1)/x
~2)/c - 1))/c”6 + arctan(c*x)/c”6

Fricas [A]

time = 0.35, size = 90, normalized size = 0.98

202 1 1 222 + 1
8c3x3 — 24 cx + 3 (2ctz* — 3c%2?) € z2 —; + 24 arctan (cz) — 9 log <cm/ er T IQ -;_ — cx)
iz c’z

24 8
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x75/(c"2*x"2+1) ,x, algorithm="fricas"
)

[Out] 1/24%(8*c™3*x"3 - 24xc*x + 3*x(2*c™4*x™4 - 3*c™2*x"2)*sqrt ((c™2*x"2 + 1)/(c”
2%x72)) + 24xarctan(c*x) - 9*xlog(c*x*sqrt((c”™2*x"2 + 1)/(c™2*x"2)) - c*x))/

c76

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

1
) w14+ 55
f C%J:ET-H dz + f c2m2+1c = dz

Cc

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c**2/x**2)x*(1/2))*x**5/ (C**2*x**2+1) ,x)
[Out] (Integral (x**4/(cx*2*xx*x*2 + 1), x) + Integral (ckxx*bxsqrt(l + 1/(cx*2kx**2)
)/ (cxx2xxxx2 + 1), x))/c

Giac [A]
time = 0.40, size = 89, normalized size = 0.97

N
1 ~——— [2z%c|sgn(z) 3|c|sgn(z) E”%(_ﬂd+ CI'+1)%Mﬂ arctan (cz) Sz —3ctx
8 citle ( ct B b B 8¢ + 8 + 3¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x~5/(c”"2%x"2+1) ,x, algorithm="giac")
[Out] 1/8*sqrt(c™2*x"2 + 1)#*x*(2*x~2*abs(c)*sgn(x)/c~4 - 3*abs(c)*sgn(x)/c”6) - 3
/8%log(-x*abs(c) + sqrt(c™2*x"2 + 1))*sgn(x)/c"6 + arctan(c*x)/c”6 + 1/3*(c
“6*x"3 - 3*c"4*x)/c”9

Mupad [B]
time = 2.43, size = 79, normalized size = 0.86

3atanh +1 4 1 ) 1
( c? z? ) 3atan(cw)—3cx+c3x3+m 02x2+1 _3x c2x2+1
8cb 3cb 42 8ct

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"5%x((1/(c”2*x"2) + 1)~(1/2) + 1/(c*x)))/(c™2*x"2 + 1),x)

[Out] (3*atanh((1/(c”2*x"2) + 1)7(1/2)))/(8xc”6) + (3*atan(c*x) - 3*c*xx + c~3*x"3
)/ (3%c™6) + (x~4x(1/(c™2%x"2) + 1)7(1/2))/(4%c~2) - (3*x~2%(1/(c™2*%x~2) + 1
)~(1/2))/(8%c™4)
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csch™ ez
3.61 [ Gty

1+c2z2
Optimal. Leaf size=72

[ 1 1,
24/1 + _021172 T £L'2 1 + —02:1:2 T B IOg (1 + szQ)

B 3ct + 23 + 3c? 2cP

[Out] 1/2*x~2/c”3-1/2*1n(c”2*x"2+1) /c~5-2/3*x*x(1+1/c~2/x72)~(1/2) /c~4+1/3*x"3*(1+
1/c72/x72)"(1/2)/c™2

Rubi [A]
time = 0.06, antiderivative size = 72, normalized size of antiderivative = 1.00, number of

number of rules _ ( 939
integrand size ’

steps used = 6, number of rules used = 5, integrand size = 21,
Rules used = {6477, 277, 197, 272, 45}

[ 1 1
3 -
IL'2 X 02:1:2 + 1 B log (chz + 1) B 2z 0212 + 1

23 + 3c? 2cP 3ct

Antiderivative was successfully verified.
[In] Int[(E"ArcCschlc*x]*x"4)/(1 + c~2*x"2),x]

[Out] (-2xSqrt[1 + 1/(c”2*x72)]1*x)/(3*xc”4) + x~2/(2*c"3) + (Sqrt[1l + 1/(c"2%x"2)]
*x73)/(3*%c"2) - Logl[l + c~2*x~2]/(2%c”5)

Rule 45

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, 0] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 197

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[i/n + p + 1, 0]

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 277
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Int[(x_)"(m_)*((a_) + (b_.)*(x_)"(n_))~(p_), x_Symbol] :> Simp[x~(m + 1)*((
a+ bxx™n)"(p + 1)/(ax(m + 1))), x] - Dist[b*((m + nx(p + 1) + 1)/(a*(m + 1
))), Int[x"(m + n)*(a + b*xx"n)"p, x], x] /; FreeQ[{a, b, m, n, p}, x] && IL
tQ[Simplify[(m + 1)/n + p + 1], 0] && NeQ[m, -1]

Rule 6477
Int [(E7ArcCsch[(c_.)*(x_)]1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(axc”2), Int[(d*x)~(m - 2)/Sqrtl[l + 1/(c”2*x~2)], x], x] +

Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d, m},
x] && EqQ[b - axc™2, 0]

Rubi steps

J ﬁ
/ecsch 1(cx) 4 N f 1+c2x2 dx
1+ c2x? N 02
2 ———
\/ 2332 \/1 Subst ([ 3 dz, x, 2°)
c

3c4 2
252

\/ \/ p Subst ( —m) da:,x,x2>

2c

\/ \/ 2z2 ~ log( 1+ c’z?)
263

Mathematica [A]
time = 0.08, size = 64, normalized size = 0.89

cz( 44/1 —|—— + 3cz +2c%4/1 )—3log (1+ 2x?)

Antiderivative was successfully verified.

[In] Integrate[(E"ArcCsch[c*x]*x74)/(1 + c~2%x"2),x]

[Out] (c*x*(-4#Sqrt[1l + 1/(c™2%x72)] + 3xcxx + 2xc™2xSqrt[1 + 1/(c™2*x"2)]*x"2) -
3*xLog[1 + c"2%x~2])/(6*c”5)
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 124 vs.
2(60) = 120.
time = 0.83, size = 125, normalized size = 1.74

method | result size
|
—2pa ) —c2 2,11/ — 2
22?11 22 % , \/ ( c’r+ C )(c -+ C )
202 z(cz )0_3 - ct 2,2
i_ln(c z +1)
default : + 2 24 125
4. ] Bx241 ¢
3c ez

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c"2/x72)"(1/2))*x"4/(c"2*x~2+1) ,x,method=_RETURNVERBOSE)

[Out] 1/3*((c™2*x"2+1)/c~2/x72)"(1/2)*x/c”4* (((c™2*x~2+1) /c"2) " (3/2) *c~2-3* (- (-c~
2%x+(-c72) 7 (1/2))*(c™2%x+(-c72)"(1/2)) /c™4)~(1/2)) / ((c™2*x72+1) /c™2) ~(1/2) +
1/cx(1/2*xx72/c"2-1/2/c”4x1n(c"2*x~2+1))

Maxima [A]

time = 0.28, size = 49, normalized size = 0.68

z? 22 +1 (2x? —2) log(c?z?+1)
2¢3 3cd 2¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)~(1/2))*x~4/(c"2*%x"2+1) ,x, algorithm="maxima"
)

[Out] 1/2*%x72/c”3 + 1/3*sqrt(c™2*x"2 + 1)*(c™2*x"2 - 2)/c”5 - 1/2x1log(c”™2*x"2 + 1
)/c”5

Fricas [A]
time = 0.41, size = 58, normalized size = 0.81

2,2 1 1
3czz2+2(c3z3—2cz)\/% —3log (2 +1)

6 c®

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)~(1/2))*x"4/(c"2%x"2+1) ,x, algorithm="fricas"
)

[Out] 1/6%(3*%c™2*x"2 + 2%(c™3%x"3 - 2*c*x)*sqrt((c™2*x"2 + 1)/(c”™2*x"2)) - 3x*log(
cT2%x"2 + 1))/c”5
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
1
et 2.2
f % dz + f c2x2+1c = dx
c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/cx*2/xx*2)**x(1/2))*xx**4/ (Cckx*2*x**2+1) ,x)
[Out] (Integral (x**3/(c**2*x**2 + 1), x) + Integral(ckx**x4xsqrt(l + 1/(cx*2*x**2)
)/ (c**2*x**2 + 1), x))/c

Giac [A]
time = 0.40, size = 85, normalized size = 1.18

2(?z? + 1)3012|c|sgn(:1:) —6vVctr? +1 ct?|clsgn(z) + 3 (x? + 1)c'3

log (?z® +1)  2|c|sgn(z)
- 618

2¢cb 3¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x~4/(c"2*x"2+1) ,x, algorithm="giac")

[Out] -1/2%1log(c™2%x"2 + 1)/c”™5 + 2/3*abs(c)*sgn(x)/c™6 + 1/6%(2x(c™2*%x"2 + 1)~(3
/2)*c”12*abs(c)*sgn(x) - 6*sqrt(c”2*x"2 + 1)*c~12*abs(c)*sgn(x) + 3*(c™2*x"

2 + 1)*c~13)/c"18

Mupad [B]
time = 2.35, size = 61, normalized size = 0.85

1 1
3
x 02$2+1 2% sz2+1 In (222 +1) — ¢ 22
3c? 3ct 2cP

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"4x((1/(c™2*x"2) + 1)°(1/2) + 1/(c*x)))/(c™2*%x"2 + 1),x%)
[Out] (x"3%x(1/(c™2*x~2) + 1)°(1/2))/(3*c™2) - (2*x*x(1/(c™2*x"2) + 1)~(1/2))/(3*c~
4) - (log(c™2*x"2 + 1) - c™2*x72)/(2%c”5)
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csch™ ez
3.62 [ Gl gy

1+c2z?
Optimal. Leaf size=59

1
L, tanh™" 1+ -
z 1+ g2 ¥ ArcTan(cz) c?z?

c3 + 2c2 ct 2ct

[Out] x/c”3-arctan(c*x)/c"4-1/2*%arctanh((1+1/c~2/x72)~(1/2))/c™4+1/2xx"2%(1+1/c"2
/x72)"(1/2)/c"2

Rubi [A]

time = 0.06, antiderivative size = 59, normalized size of antiderivative = 1.00, number of

number of rules _ ( 333
integrand size ’

steps used = 7, number of rules used = 7, integrand size = 21,
Rules used = {6477, 272, 44, 65, 214, 327, 209}

ArcTan(cx) = c2x2
B ct * 3 * 2c? 2ct

Antiderivative was successfully verified.
[In] Int[(E"ArcCschlc*x]*x~3)/(1 + c~2*x~2),x]

[Out] x/c”3 + (Sqrt[1l + 1/(c™2%x"2)]1*x~2)/(2*%c"2) - ArcTan[c*x]/c”4 - ArcTanh[Sqr
t[1 + 1/(c™2*xx"2)]11/(2%c"4)

Rule 44

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+Db*xx)"(m + D*((c + d*x)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Dist [d*((
m+n+ 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - a*xd, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (@_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*x(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
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, 01 |l GtQ[b, 01)

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 272

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 327

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axc™n*x((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 6477

Int [(E"ArcCsch[(c_.)*(x_)I*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)~(m - 2)/Sqrt[l + 1/(c™2*x"2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d, m},
x] && EqQ[b - axc~2, 0]

Rubi steps
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i z - dz
/ eCSCh_l(cx)xZ’» o — 1+ _621'2 N f 1+ﬂ’;m2 dz
1+ 22 - 2 c
Subst | [ ——A—dz,z, 5
x
224/ 1 —
_£_f1+c12z2 dz V T
B c 2c2
Subst —L _dr,z, %
i, ubst | [ . T,T, -
_% Tt tan~!(cz) N ? c2
B 2c2 ct 4ct
1
1 Subst( [~y d 1+ ——
2 ubs —ar a2 AT, T, +
_e 1+ 2z2 ¥ tan™(cz) ( et c’z?
B 2c2 ct 2c2
1
1 tanh™ ( 4/14+ —
2 an +
Lo VR T i) ( ca? )
3 2c2 ct 2ct

Mathematica [A]
time = 0.09, size = 54, normalized size = 0.92

1 1
—cz(Z—i—c“l—i—W x) + 2ArcTan(cz) + log (<1+ 1+ —— ) :c)
2z 2z

2ct

Antiderivative was successfully verified.

[In] Integrate[(E"ArcCsch[c*x]*x~3)/(1 + c~2%x"2),x]

[Out] -1/2%(-(c*x*(2 + c*Sqrt[1l + 1/(c”2*x"2)]*x)) + 2xArcTan[c*x] + Log[(1 + Sqr
t[1 + 1/(c™2xx"2)])*x])/c™4

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 137 vs.

2(51) = 102.
time = 0.80, size = 138, normalized size = 2.34

\ method \ result
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—_— — |
24,2 24,2 24,2 (_CQCH_ —c? )<02$+ —c? )
ccatl /2 HL o (pra /2 ) o] 2a | —
c2x2 c? c? ct
x _ arctan(

default + < 663

1
c2z2+1
-

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c"2/x72)~(1/2))*x~3/(c"2*x"2+1) ,x,method=_RETURNVERBOSE)

[Out] 1/2%x((c™2*x~2+1)/c”2/x"2) " (1/2) *x*x (x* ((c™2*x"2+1) /c~2) " (1/2) *c~2+1n(x+((c"2
*x"2+1)/c”2) " (1/2)) -2%1n(x+ (- (-c™2*x+(-c~2) " (1/2) ) *(c~2*x+(-c"2)~(1/2)) /c"4
)7(1/2)))/((c™2%x"2+1) /c”2)~(1/2) /c~4+1/c*(x/c"2-1/c"3*arctan(c*x))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 107 vs.
2(51) = 102.
time = 0.47, size = 107, normalized size = 1.81
2z +1 2x?+1 2z +1
—log | 2% 41| +1og +2—1

[

N
o(“Et )
x arctan (cx)
3 + 4c4 B ct

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)~(1/2))*x~3/(c"2*x"2+1) ,x, algorithm="maxima"
)

[Out] x/c”3 + 1/4%(2*sqrt((c™2*x"2 + 1)/x72)/(c*((c™2*x"2 + 1)/(c™2*x"2) - 1)) -
log(sqrt((c™2*x"2 + 1)/x72)/c + 1) + log(sqrt((c™2*x"2 + 1)/x72)/c - 1))/c”
4 - arctan(c*x)/c”4

Fricas [A]
time = 0.35, size = 68, normalized size = 1.15

T 2,2 1 1
czxz\/g + 2cz — 2 arctan (cz) + log (Cl” \/W _Cx>
o Az

2ct

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x~3/(c"2*x"2+1) ,x, algorithm="fricas"
)

[Out] 1/2%(c”2*x"2xsqrt((c™2*xx"2 + 1)/(c™2%x72)) + 2%c*x - 2xarctan(c*x) + log(cx
xxsqrt ((c™2*x"2 + 1)/(c™2%x72)) - c*x))/c"4
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
1
ox® 2.2
f % dz + f c2x2+1c = dx
c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/cx*2/xx*2)**x(1/2))*xx**3/ (Ckx*2*x**2+1) ,x)
[Out] (Integral (x**2/(c**2*x**2 + 1), x) + Integral(ckx**3*sqrt(l + 1/(cx*2*x**2)
)/ (c**2*x**2 + 1), x))/c

Giac [A]
time = 0.40, size = 61, normalized size = 1.03

v2z? + 1 z|clsgn(z) L2 log <—x|c| +Verz? +1 ) sg0(%)  arctan (cx)

2ct A

2ct c?
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x~3/(c"2*x"2+1) ,x, algorithm="giac")

[Out] 1/2*sqrt(c™2*x"2 + 1)*x*abs(c)*sgn(x)/c"4 + x/c”3 + 1/2*log(-x*abs(c) + sqr
t(c™2%x72 + 1))*sgn(x)/c"4 - arctan(c*x)/c”4

Mupad [B]
time = 2.34, size = 51, normalized size = 0.86

1
1 _—
2 atanh +1
TN\ @z T 1 _atan(cz) —cz ( c?a? )
2t

2c? ct

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"3%x((1/(c”2%x"2) + 1)°(1/2) + 1/(c*x)))/(c™2%x"2 + 1),x)
[Out] (x"2x(1/(c™2*x"2) + 1)°(1/2))/(2*c"2) - (atan(c*x) - c*x)/c”4 - atanh((1/(c
~2%x72) + 1)7(1/2))/(2%c"4)
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csch™l(cz
3.63 [ Gy,

1+c2x2

Optimal. Leaf size=36

02:1:2 n log (]. + C2.’I;2)
c? 2c3
[Out] 1/2*1n(c™2*x"2+1) /c”3+x*x(1+1/c~2/x72)"(1/2)/c"2
Rubi [A]
time = 0.05, antiderivative size = 36, normalized size of antiderivative = 1.00, number of

number of r1_11es — 0.143
integrand size ’

steps used = 3, number of rules used = 3, integrand size = 21,
Rules used = {6477, 197, 266}

1

N log (c®z? + 1)
c? 2¢3
Antiderivative was successfully verified.
[In] Int[(E"ArcCschlc*x]*x~2)/(1 + c~2%x72),x]
[Out] (Sqrtl[l + 1/(c™2*x"2)]1#*x)/c”2 + Logl[l + c™2*x"2]/(2*c~3)
Rule 197

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[i/n + p + 1, 0]

Rule 266

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + bxx"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 6477

Int [(E7ArcCsch[(c_.)*(x_)]1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)~(m - 2)/Sqrt[1 + 1/(c™2*x"2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d, m},

x] && EqQ[b - a*c~2, 0]

Rubi steps
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1l 1 dx
1
/ gesch ™ (ex) 12 dr — 1+ 2z J Treegz 4T
1+ c2x? c? c
1
V't ez log(i+ )
N c? + 2¢3

Mathematica [A]
time = 0.05, size = 35, normalized size = 0.97

/ 1 2.2
2c 1+@x+log(1+cx)

2¢3

Antiderivative was successfully verified.

[In] Integrate[(E"ArcCschlc*x]*x~2)/(1 + c™2%x72),x]
[Out] (2%c*Sqrt[1l + 1/(c™2*x"2)]1*x + Logl[l + c™2*xx~2])/(2%c~3)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 88 vs.

2(32) = 64.
time = 0.76, size = 89, normalized size = 2.47

method | result size

(—c%—i—\/j) (c%—i—\/j) |

c2z2+41 :p\/_
\/ 252 4 In(c?z2+1
default cr ‘ ¢ + ( 5 ) 89
c2z2+1 2e
ca c2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c~2/x72)"(1/2))*x~2/(c"2*x~2+1) ,x,method=_RETURNVERBOSE)
[Out] ((cm2*xx~2+1)/c"2/x"2) " (1/2) *x* (- (-c~2xx+(-c"2) " (1/2)) *(c"2*x+(-c~2)~(1/2))/
c4)~(1/2)/((c™2*x"2+1) /c~2)~(1/2) /c~2+1/2%1n(c"2*x"2+1) /c~3

Maxima [A]
time = 0.27, size = 31, normalized size = 0.86

log (2% + ¢) N V2x? + 1

2¢3 c

Verification of antiderivative is not currently implemented for this CAS.



318

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x~2/(c"2*x"2+1) ,x, algorithm="maxima"
)
[Out] 1/2*%log(c™3*x"2 + c)/c”3 + sqrt(c™2*x"2 + 1)/c~3

Fricas [A]
time = 0.33, size = 38, normalized size = 1.06

cz? +1
2cx —agz log (c?z? + 1)

2¢3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x~2/(c"2*x"2+1) ,x, algorithm="fricas"

)
[Out] 1/2%(2xcxx*sqrt((c™2*x"2 + 1)/(c™2%x72)) + log(c™2*x"2 + 1))/c”3

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
1
01‘2 [
z c2x?
f c2z2+1 dr + f c2z2+1 dx
c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/cx*2/xx*2)*x(1/2))*xx**2/ (Cck*2*x**2+1) ,x)
[Out] (Integral(x/(c**2xx**2 + 1), x) + Integral (cxx**2xsqrt(1l + 1/(c**2xx*%x2))/(

cxx2xx**2 + 1), x))/c

Giac [A]
time = 0.41, size = 44, normalized size = 1.22

V2z? + 1 |c|sgn(z) N log (*2> +1)  |c|sgn(x)
ct

2¢c3 ct

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)~(1/2))*x"2/(c"2*x"2+1) ,x, algorithm="giac")
[Out] sqrt(c™2*x”2 + 1)*abs(c)*sgn(x)/c™4 + 1/2xlog(c”2%x"2 + 1)/c”3 - abs(c)*sgn
(x)/c™4

Mupad [B]
time = 2.34, size = 31, normalized size = 0.86

1
ln(c2x2+1)+2cx\/m+1

2¢c3




319

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2*x((1/(c™2*x"2) + 1)°(1/2) + 1/(c*x)))/(c"2*x"2 + 1),x)
[Out] (log(c™2*x~2 + 1) + 2*c*xx*x(1/(c™2*x"2) + 1)7(1/2))/(2%c"3)
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csch™1(cz) T
1+c2z?

dx

3.64 [¢€

Optimal. Leaf size=27

1
tanh_l 1 —+— ﬁ
ArcTan(cz) N ¢z

c? c?

[Out] arctan(c*x)/c 2+arctanh((1+1/c”~2/x"2)"(1/2))/c"2

Rubi [A]
time = 0.04, antiderivative size = 27, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.263,

steps used = 5, number of rules used = 5, integrand size = 19,
Rules used = {6477, 272, 65, 214, 209}

1
tanh_l 2.2 +1
ArcTan(cz) N cT

c? c?

Antiderivative was successfully verified.

[In] Int[(E"ArcCschlc*x]*x)/(1 + c~2*x"2),x]

[Out] ArcTan[c*x]/c”2 + ArcTanh[Sqrt[1 + 1/(c"2%x"2)]]1/c"2
Rule 65

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, 4, m, n, x]

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]1*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 214
Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x

/Rt[-a/b, 211, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 272
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Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 6477

Int [(E"ArcCsch[(c_.)*(x_)I*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d"2/(axc”2), Int[(d*x)~(m - 2)/Sqrt[1 + 1/(c"2*x~2)], x], x] +
Dist[d/c, Int[(d*x)~(m - 1)/(a + bxx~2), x], x] /; FreeQ[{a, b, c, d, m},

x] &% EqQ[b - a*c™2, 0]

Rubi steps

Mathematica [A]
time = 0.03, size = 38, normalized size = 1.41

/ 2,2
log | z{ 1+ 1—|—2—c2x
ArcTan(cz) N cr

c? c?

Antiderivative was successfully verified.

[In] Integrate[(E"ArcCschlc*x]*x)/(1 + c~2%x72),x]
[Out] ArcTan[c*x]/c™2 + Loglx*(1 + Sqrt[(1 + c™2*xx~2)/(c"2*x~2)]1)]/c"2

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 84 vs.
2(25) = 50.
time = 0.72, size = 85, normalized size = 3.15
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method | result size
A e )
c;xz zln| z+ \/ — A
default ‘ 4 arctan(cz) | g
2 \/02m2+1 ¢
c2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c~2/x72)"(1/2))*x/(c"2*x"2+1) ,x,method=_RETURNVERBOSE)

[Out] ((c™2*x"2+1)/c”2/x"2) " (1/2) *x*1n(x+(-(-c~2xx+(-c~2)~(1/2) )*(c"2*xx+(-c~2)~ (1
/2))/c”4)"(1/2))/c”2/ ((c™2*x"2+1) /c~2) " (1/2)+arctan(c*x) /c~2

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 61 vs.

2(25) = 50.
time = 0.46, size = 61, normalized size = 2.26

A2zx?2+1 Az +1
log +2+1 — log +2—1
arctan (cx)
2¢2 c?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)~(1/2))*x/(c”2*x"2+1) ,x, algorithm="maxima")
[Out] 1/2%(log(sqrt((c™2*x~2 + 1)/x72)/c + 1) - log(sqrt((c™2*x"2 + 1)/x"2)/c - 1
))/c”2 + arctan(c*x)/c”2

Fricas [A]
time = 0.35, size = 38, normalized size = 1.41

2,02 1 1
arctan (cx) — log (cx\/ % — c:v)

c2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)~(1/2))*x/(c"2*%x"2+1) ,x, algorithm="fricas")
[Out] (arctan(c*x) - log(c*x*sqrt((c™2*x”2 + 1)/(c”2%x72)) - c*x))/c"2

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00
1
e\ 1+ ——
f c2x2+(.i < dz + f 02$£+1 dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/cx*2/xx*2)*x(1/2))*x/ (cx*2xx*x*2+1) ,x)
[Out] (Integral(c*x*sqrt(l + 1/(cx*2xxx*2))/(cx*2*x**2 + 1), x) + Integral(1l/(c*x*
2xx*xx2 + 1), x))/c

Giac [A]

time = 0.41, size = 34, normalized size = 1.26

log (—x|c| + Va2 + 1 ) sgn(z)  arctan (cx)
_ +

c2

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))*x/(c”2*x"2+1) ,x, algorithm="giac")
[Out] -log(-x*abs(c) + sqrt(c™2*x~2 + 1))*sgn(x)/c”2 + arctan(c*x)/c”2

Mupad [B]
time = 2.36, size = 21, normalized size = 0.78

1
atanh< 2.2 +1 > + atan(cz)

2
Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*((1/(c™2%x72) + 1)7(1/2) + 1/(c*x)))/(c™2*%x~2 + 1),x)
[Out] (atanh((1/(c”2*x"2) + 1)~(1/2)) + atan(c*x))/c"2
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csch™l(cz
3.65 [0 Wy

1+c2x2

Optimal. Leaf size=33

csch ™ (cx) N log(z) log(1+ c*z?)
c c 2c

[Out] -arccsch(c*x)/c+1n(x)/c-1/2*x1n(c™2*%x"2+1)/c

Rubi [A]
time = 0.03, antiderivative size = 33, normalized size of antiderivative = 1.00, number of

number of rules _ 0.389,
integrand size

steps used = 7, number of rules used = 7, integrand size = 18,
Rules used = {6475, 342, 221, 272, 36, 29, 31}

_log(c*z® +1) N log(z)  csch™ (cx)
2c c c

Antiderivative was successfully verified.

[In] Int[E"ArcCschlc*x]/(1 + c~2*x"2),x]

[Out] -(ArcCschlc*x]/c) + Loglx]l/c - Logl[l + c~2*x~2]/(2%c)
Rule 29

Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI]

Rule 36

Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(b*c - axd), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*xc - axd, 0]

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~p, x], x, x"n], x] /; FreeQ[{a, b
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, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 342

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQl[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 6475

Int [E"ArcCsch[(c_.)*(x_)]/((a_) + (b_.)*(x_)"2), x_Symbol] :> Dist[1/(a*c”2
), Int[1/(x"2#Sqrt[1 + 1/(c"2*x~2)]1), x], x] + Dist[1/c, Int[1/(x*x(a + b*x~
2)), x], x] /; FreeQ[{a, b, c}, x] && EqQ[b - a*c™2, 0]

Rubi steps
[ L : dx
/ 6csch_l(cat) d — 1+ c2x2 @2 f z(1+102z2) dx
14 222 c? ¢

1 1
2 E
\/l-l-—x Subst(‘f%dxz:ﬁ)
c2 z(14+c%x) [t

=— -

c2 2c
-1 Subst ([ 1 dx, , 2>
o) S e Loy (f 1
c % 2 1+ c%x
_csch_l(ca:) N log(z) log(1+c*a?)
- c c 2c

Mathematica [A]
time = 0.02, size = 37, normalized size = 1.12

cT

_sinh_1 (L) N log(z) log(1+c’z?)
c c 2c

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschlc*x]/(1 + c™2%x"~2),x]
[Out] -(ArcSinh[1/(c*x)]/c) + Loglx]l/c - Logll + c~2%x~2]/(2xc)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 169 vs.
2(31) = 62.
time = 0.77, size = 170, normalized size = 5.15
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method | result

|
2 2 1 c2z2+1
—c2z+v/ —C c2z+vV —cC ) = crTe 2
c2z241 1 c2z241 5 ( )( 9 1 2\ & c? c"+2
2,2 T 2 2 = - 4 C 5 —In )
2z c c c c 2z

default ‘
1 \/ c2x241
\/ c? c? ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c”2/x72)"(1/2))/(c"2%x"2+1) ,x ,method=_RETURNVERBOSE)

[Out] ((c™2*x72+1)/c”2/x72)"(1/2) *x*((1/c"2)~(1/2)*((c™2*x"2+1) /c~2) " (1/2) *c"2-(-
(mc”2%x+(-c"2) " (1/2))*(c™2xx+(-c"2)~(1/2)) /c~4)~(1/2) *c™2* (1/c~2) ~(1/2)-1n(
2x((1/c”2)~(1/2)*((c™2%x"2+1) /c~2) ~(1/2)*c~2+1) /c~2/x)) / (1/c2)~(1/2) / ((c"2
*x72+1) /c”2)"(1/2) /c”2+1/cx(-1/2*%1n(c"2*x"2+1) +1n(x))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/(c"2%x"2+1) ,x, algorithm="maxima")
[Out] -1/2%log(c™2*x"2 + 1)/c + log(x)/c + integrate(sqrt(c™2*x"2 + 1)/(c"3*x"3 +

c*x), X)
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 80 vs.
2(31) = 62.

time = 0.34, size = 80, normalized size = 2.42

2,2 1 | 2,2 1 1
log (z? + 1) + 2 log (cm\/% —cx+1> —2 log (cm/cg;x—; —cx—l) — 2 log ()

2c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/(c"2%x"2+1) ,x, algorithm="fricas")

[Out] -1/2%(log(c™2*x"2 + 1) + 2%log(c*x*sqrt((c™2*xx"2 + 1)/(c™2%x72)) - c*x + 1)
- 2xlog(c*x*sqrt ((c™2*x"2 + 1)/(c™2*x"2)) - c*x - 1) - 2xlog(x))/c

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00
1
e\l 1+ ——
f c2x3+§ < dz + f cQwé—l—x dz
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/cx*2/xx*2)*x(1/2))/(cx*2xx**2+1) ,x)

[Out] (Integral(c*x*sqrt(l + 1/(cx*2xxx*2))/(cx*2*x**3 + x), x) + Integral(1l/(c*x*
2%x**3 + x), x))/c

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 70 vs. 2(31) = 62.

time = 0.42, size = 70, normalized size = 2.12

_log(Pz® +1) (|clsgn(z) — c) log (\/m + 1) (|c|sgn(z) + ¢) log (\/m — 1)

+ 2 c?

2¢ 2c?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c"2/x72)~(1/2))/(c"2*x"2+1) ,x, algorithm="giac")

[Out] -1/2%log(c™2*x"2 + 1)/c - 1/2*(abs(c)*sgn(x) - c)*log(sqrt(c™2*x~2 + 1) + 1
)/c”2 + 1/2x(abs(c)*sgn(x) + c)*log(sqrt(c™2*x"2 + 1) - 1)/c™2

Mupad [B]
time = 2.36, size = 38, normalized size = 1.15
1
2 1 In(c?2z?2+1)—-21
—— c 1 n(c’z®+1)—21In(z)
z c 2c

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(c™2*x"2) + 1)7(1/2) + 1/(c*x))/(c”2*%x"2 + 1),x)

[Out] - asinh((1/c~2)"(1/2)/x)*(1/c~2)~(1/2) - (log(c™2*x~2 + 1) - 2*log(x))/(2*c
)
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dx

ecsch"l(cx)
3.66 f z(1+c%z?)

1 1
— /14 2 o ArcTan(cz)

[Out] -1/c/x-arctan(c*x)-(1+1/c"2/x"2)"(1/2)
Rubi [A]

time = 0.05, antiderivative size = 30, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.130,

Optimal. Leaf size=30

steps used = 4, number of rules used = 4, integrand size = 21
Rules used = {6477, 267, 331, 209}

1 1
—ArcTan(cz) — \/ 55 +1 — —
2z cx

Antiderivative was successfully verified.
[In] Int[E~ArcCschlc*x]/(x*(1 + c~2*%x~2)),x]
[Out] -Sqrt[1 + 1/(c”2*x"2)] - 1/(c*x) - ArcTan[c*x]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0I)

Rule 267

Int[(x_)~"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1l

Rule 331

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*x
) (m + D*((a + b*xx™n)"(p + 1)/(a*xc*(m + 1))), x] - Dist[b*x((m + nx(p + 1)
+ 1)/(a*c™nx(m + 1))), Int[(c*x)"(m + n)*(a + b*x"n)"p, x], x] /; FreeQl{a,
b, c, p}, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 6477

Int [(E"ArcCsch[(c_.)*(x_)I*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(axc”2), Int[(d*x)~(m - 2)/Sqrtl[l + 1/(c”2*x~2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d, m},



329

x] &% EqQ[b - a*c™2, 0]

Rubi steps
[ 1 dz
1 14 L R
/ ecsch (ex) i — c2x2 z n f x2(1+c2z2) dz
z (14 22?) c? ¢
1 1 1
=—\/l+ 55 ———c | ——55d
+ 2?2  cx C/ 1+ c?z? ’

Mathematica [A]
time = 0.07, size = 30, normalized size = 1.00

1 1
— /14 2 o ArcTan(cz)

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschlc*x]/(x*(1 + c~2*x"2)),x]
[Out] -Sqrt[1 + 1/(c”2*x"2)] - 1/(c*x) - ArcTan[c*x]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 156 vs.

2(28) = 56.
time = (.74, size = 157, normalized size = 5.23

method | result

|

3 (—czz+\/ —c? ) (czz+\/ —c? )
c2z241 <02z2+1>? o [c2x?41 5 ) _ 1 c2z241
222 5 C —a2 ¢z +In| z+ p z—In| z+ 2

c

c2

default | — ‘
\/ c2z2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c"2/x72)~(1/2))/x/(c"2*x~2+1) ,x,method=_RETURNVERBOSE)

[Out] -((c™2*x~2+1)/c"2/x"2) " (1/2) *(((c™2*x"2+1) /c~2) "~ (3/2) *c"2-((c"2*x~2+1) /c"2)
~(1/2)*c”2xx"2+41n(x+ (- (-c™2%x+(-c"2) ~(1/2) ) * (c"2*x+(-c~2)~(1/2)) /c"4)~(1/2)
Yxx-1n(x+((c™2*%x"2+1) /c"2)~(1/2) ) *x) / ((c™2*x"2+1) /c~2) " (1/2) +1/c* (-c*arctan

(c*x)-1/%)
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Maxima [A]
time = 0.47, size = 34, normalized size = 1.13

2zx?2+1 1
—————— — — —arctan (cx)
cx cx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/x/(c"2*%x"2+1) ,x, algorithm="maxima")
[Out] -sqrt(c™2*x"2 + 1)/(c*x) - 1/(c*x) - arctan(c*x)

Fricas [A]
time = 0.34, size = 41, normalized size = 1.37

2,2 1 1
cx arctan (cz) + cx 1/ % +cx+1
Az

CT

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c”2/x72)~(1/2))/x/(c"2%x"2+1) ,x, algorithm="fricas")

[Out] -(c*x*arctan(c*x) + cxx*sqrt((c™2*x”2 + 1)/(c™2%x72)) + c*x + 1)/(c*x)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/cx*2/xx*2)*x(1/2))/x/ (c*x*2xx**2+1) ,x)

[Out] Exception raised: TypeError >> Invalid comparison of non-real zoo
Giac [A]

time = 0.42, size = 43, normalized size = 1.43

2 1
sgn(z) — — — arctan (cz)

2
<z|c|— c2x2+1) -1 <

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/x/(c”2*x"2+1) ,x, algorithm="giac")
[Out] 2*sgn(x)/((x*abs(c) - sqrt(c™2*x"2 + 1))72 - 1) - 1/(c*x) - arctan(c#*x)
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Mupad [B]
time = 2.15, size = 29, normalized size = 0.97

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(c™2*x"2) + 1)7(1/2) + 1/(c*x))/(x*(c™2%x~2 + 1)),x)
[Out] - atan(c*x) - (x*(1/(c™2%x"2) + 1)°(1/2) + 1/c)/x
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dx

csch™1(cz)
3.67 | ey

Optimal. Leaf size=60

1
1 Lt c2x? 1 h-l 1 1 log (1 + 22
~oeg? o + geesce (cx) — clog(x) + 5¢log (1+ *2?)

[Out] -1/2/c/x"2+1/2*c*arccsch(c*x)-cx1n(x)+1/2*xcx1n(c™2*%x"2+1)-1/2%(1+1/c"2/x"2)
~(1/2)/x

Rubi [A]
time = 0.07, antiderivative size = 60, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.286,

steps used = 7, number of rules used = 6, integrand size = 21,
Rules used = {6477, 342, 327, 221, 272, 46}

1
c2z? o 1 2,2 4 1 1 1 1 =
B Te— + g¢log (Pr®+1) — 2oz € og(z) + 5 ce8e (cz)

Antiderivative was successfully verified.
[In] Int[E~ArcCschlc*x]/(x"2*x(1 + c~2%x"2)),x]

[Out] -1/2%1/(c*x"2) - Sqrtl[l + 1/(c"2*x~2)]1/(2%x) + (cxArcCsch[c*x])/2 - cxLoglx
1 + (cxLogl[l + c™2%x~2])/2

Rule 46

Int[((a_) + (b_)*(x_))"(m )*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int[E
xpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &&
NeQ[b*c - a*d, 0] &% ILtQ[m, 0] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m +
n+ 2, 0])

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQl{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 327
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Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axcn*((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] &% NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 342

Int[(x )~ (m_.)*((a_) + (b_.)*(x_)~(n_))~(p_), x_Symbol]l :> -Subst[Int[(a +
b/x"n)"p/x"(m + 2), x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0] && Int
egerQ [m]

Rule 6477

Int [(E"ArcCschl(c_.)*(x_)1*((d_.)*(x_))~(m_.))/((a) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(axc”2), Int[(d*x)~(m - 2)/Sqrtl[l + 1/(c”2*x~2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x"2), x], x] /; FreeQ[{a, b, ¢, d, m},

x] && EqQ[b - a*c™2, 0]

Rubi steps
f + dx
/ ecsch Yex) B \/T C_2$2$4 f 3 (1+c22?) d
z2 (1 4 c%z?) c2 -
Subst [ [ —== dz,z, L
x? z
1+§ .\ SUbSt(fmmv,x,x?)
- c? 2c
1+ cz Subst (f <i2 -2 4 1—:;12:1:> du
== + = Subst /
2 /ﬁ 5
1
1 1+ c2r2 1 ) 1 L,
T 22 2 + §CCSCh_ (cz) — clog(z) + §Clog (1+ *2?)

Mathematica [A]
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time = 0.08, size = 58, normalized size = 0.97

2.2 1
| -= - X—ET 4 csinh! <£) — 2clog(z) + clog (1 + *z?)

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschlc*x]/(x"2*%(1 + c~2*x~2)),x]

[Out] (-(1/(c*x"2)) - Sqrt[1l + 1/(c”2#x"2)]/x + c*ArcSinh[1/(c*x)] - 2*cxLog[x] +
cxLog[l + c™2*x"2])/2

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 215 vs.

2(50) = 100.
time = 0.73, size = 216, normalized size = 3.60

method | result

|
2 2
—c2z+v/ —C ) (czac—i-\/ —C >
2a2+1 | o/2.241\3 /1 2r241 1 5.9 2\/_( 1 2.2
22 c( 2 ) 2t T2 2 Tt s 2 ¢zo=ln

default | — :
9 \/ c2z241 1
wi C2

c2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c~2/x72)~(1/2))/x~2/(c"2*x~2+1) ,x,method=_RETURNVERBOSE)
[Out] -1/2%((c™2*x72+1)/c~2/x72)~(1/2) /x*x(c"2x((c"2*x"2+1) /c~2)~(3/2)*(1/c~2)~(1/
2)+((c™2xx72+1) /c™2)~(1/2)*(1/c72) " (1/2) *c™2%x"2-2% (= (—c"2*x+(-c~2) ~(1/2) ) *
(c™2*x+(-c"2)"(1/2))/c”4)~(1/2)*(1/c~2) ~(1/2) *c™2xx~2-1n (2% ((1/c~2) " (1/2) *(
(c™2%x72+1)/c”2) " (1/2)*c™2+1) /c~2/x)*x72) / ((c™2*x~2+1) /c~2)~(1/2) /(1/c~2) " (
1/2)+1/cx(1/2*%c™2*1n(c™2*x"2+1)-1/2/x"2-c"2*1n(x))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/x"2/(c”2*x"2+1) ,x, algorithm="maxima"
)

[Out] 1/2*cxlog(c™2*x"2 + 1) - c*log(x) - 1/2/(c*x"2) + integrate(sqrt(c™2*x"2 +
1)/(c™3%x"5 + c*x"3), x)
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Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 130 vs.
2(50) = 100.
time = 0.34, size = 130, normalized size = 2.17

2.2 1 1 2211 2.2 11
c*z?log (®z? + 1) + c*z? log (cx ¢ :c2 —;_ —cr+ 1> — c2z?log <cm ¢ x2 _: —cr— 1) —2cx%log (z) — cx ¢ le- -1
2z 2z 2z

2 cx?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/x"2/(c"2*x"2+1) ,x, algorithm="fricas"
)

[Out] 1/2*%(c™2*x"2%1log(c™2*x"2 + 1) + c~2*x"2*log(c*x*sqrt((c™2*x"2 + 1)/(c™2%x™2
)) = cxx + 1) - c"2*x"2*xlog(c*x*sqrt((c™2*x"2 + 1)/(c™2%x72)) - c*x - 1) -
2xc”2xx"2%log(x) - cxx*sqrt((c™2*x"2 + 1)/(c™2%x72)) - 1)/(c*x"2)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
1
CcT 2.2
f 02x5-|—f3 < dz + f 02x51-|—m3 dx

c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/cx*2/xx*2)*x(1/2))/x**2/ (ckx*2*x**2+1) ,x)
[Out] (Integral(ckx*sqrt(l + 1/(ck*x2xxx*2))/(cx*2*xx*x5 + x*x*3), x) + Integral(1l/(
cx*2xx*x5 + x*x3), x))/cC

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 114 vs. 2(50) =

100.
time = 0.40, size = 114, normalized size = 1.90

v2z? +1 |clsgn(z) + ¢
2 (\/(22272 +1 + 1) (\/02;102 +1 - 1)

%clog (Pz®+1) + i (Ic|sgn(z) —2c)log (\/czz2 +1 + 1) - i (Ic|sgn(z) +2c)log (\/czz2 +1 — 1) -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/x~2/(c"2*x"2+1) ,x, algorithm="giac")
[Out] 1/2*c*log(c™2*x"2 + 1) + 1/4x(abs(c)*sgn(x) - 2*c)*log(sqrt(c™2*x"2 + 1) +

1) - 1/4*x(abs(c)*sgn(x) + 2xc)*log(sqrt(c™2*x~2 + 1) - 1) - 1/2*(sqrt(c”™2*x
~2 + 1)*abs(c)*sgn(x) + c)/((sqrt(c™2*x"2 + 1) + 1)*(sqrt(c™2*x"2 + 1) - 1)

)
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Mupad [B]
time = 2.42, size = 61, normalized size = 1.02

1
2

asinh
—1 1
C In (—02 Z'2 — 1) 02 x2 + 1
—cln(z) — -
) 1 2 2z 2cx?

2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(c™2*x"2) + 1)7(1/2) + 1/(c*x))/(x"2*%(c™2*x"2 + 1)),x)

[Out] asinh((1/c"2)~(1/2)/x)/(2%x(1/c"2)~(1/2)) + (c*log(- c™2*x"2 - 1))/2 - cxlog
(x) - (1/(c™2%x72) + 1)7(1/2)/(2*x) - 1/(2%c*x"2)
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dx

csch™l(cz
3.68 [ @

23 (1+c%2?)

Optimal. Leaf size=61

1+ 1o 1c2 1+ 1 " b + + c?ArcTan(cz)
c2z? 3 c2x? 3cxd  z

[Out] -1/3%c™2x(1+1/c~2/x"2)~(3/2)-1/3/c/x"3+c/x+c " 2*arctan(c*x)+c~2x(1+1/c~2/x"2
)~ (1/2)

Rubi [A]
time = 0.06, antiderivative size = 61, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.238,

steps used = 7, number of rules used = 5, integrand size = 21,
Rules used = {6477, 272, 45, 331, 209}

1,( 1 i 1 1 ¢
2 2 2
cArcTan(cw)—gc <@+1> 4+ — 1 —— 4 =

Antiderivative was successfully verified.

[In] Int[E~ArcCschlc*x]/(x"3*(1 + c~2%x"2)),x]

[Out] c™2%Sqrtl[1 + 1/(c™2*x"2)] - (c™2*(1 + 1/(c™2*x~2))~(3/2))/3 - 1/(3*c*x~3) +
c/x + c”2xArcTan[c*x]

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] &% NeQ[bxc - a*d, 0] && IGtQ[m, O] && ( 'IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4*n + 4, 0]) || LtQ[9*m + 5+%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtla, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l ¢tQb, 01)

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - D) *(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 331
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Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*x
) (@m + D*((a + bxx"n)"(p + 1)/(a*xc*(m + 1))), x] - Dist[bx((m + nx(p + 1)

+ 1)/(axcn*(m + 1))), Int[(c*xx)~(m + n)*(a + b*x"n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 6477

Int [(E"ArcCsch[(c_.)*(x_)1*((d_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"2), x_Sym
bol] :> Dist[d~2/(a*c”2), Int[(d*x)~(m - 2)/Sqrt[1l + 1/(c”2*x"2)], x], x] +
Dist[d/c, Int[(d*x)"(m - 1)/(a + b*x~2), x], x] /; FreeQ[{a, b, c, d, m},

x] && EqQ[b - axc™2, 0]

Rubi steps
=5
ecsch_l(cz) d B mxS f —w4(1'|}02x2)- d.’L'
P & e

Subst | [ —2—dz,z, 5

J1+ 2 ’
1 2 1
¢ —c/—da:

x2 (1 + 2x?)

Subst | [ —Lx+02~/1+:—2 dz,z, 5
i+ 5
2¢2

1 c 3 1
d
3cxd® +C/1+02x2 -
1 1 1\ 1 ¢
_ 2 2 2, —1
=c 1+% —§C(1+@> —@‘FE-FCtaIl (cac)
Mathematica [A]
time = 0.10, size = 54, normalized size = 0.89
1 \/1+L (—1+ 2c%2?%)
2.2
+ 4 cr + c?ArcTan(cz)

3czd =z 32

Antiderivative was successfully verified.

[In] Integrate[E~ArcCschlc*x]/(x"3*%(1 + c™2*x~2)),x]
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[Out] -1/3%1/(c*x"3) + c/x + (Sqrtl[l + 1/(c™2*xx"2)]1*(-1 + 2%c™2*x"2))/(3*x"2) + c
~2%ArcTan [c*x]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 196 vs.

2(53) = 106.
time = 0.71, size = 197, normalized size = 3.23

method | result

\
o) ) s 3 i1 (—c2z+v —c2 )(c2x+v —c? )
/cch-; &2 3(c 224—1) 22,2 3 /% 2443 | o+ \/ — = z3—31n <w+\/

default :
302 \/ c2z2+1

c2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/c/x+(1+1/c"2/x72)"(1/2))/x"3/(c"2*x~2+1) ,x,method=_RETURNVERBOSE)

[Out] 1/3%((c™2*x"2+1)/c”2/x72)"(1/2) /x~2xc” 2% (3% ((c™2*x"2+1) /c~2) " (3/2) *c~2*x~2-
3% ((c™2*x72+1) /c™2) " (1/2) *c~2xx"4+3*1n (x+ (- (-c™2*x+(-c~2) " (1/2) ) *(c"2*x+(-c
~2)°(1/2))/c”4)~(1/2) ) *x~3-3*1n(x+((c™2*x"2+1) /c~2) ~(1/2) ) *x~3-((c~2*x"2+1)
/¢c~2)7(3/2))/((c™2*x"2+1) /c~2) " (1/2)+1/c*x(c"3*arctan(c*x)-1/3/x"3+c”2/x)

Maxima [A]
time = 0.47, size = 56, normalized size = 0.92

(2c22? —1)V2r? + 1 + 32 —1

2
c” arctan (cx
(cz) + 3cx3 3cxs

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/x"3/(c"2*x"2+1) ,x, algorithm="maxima"
)

[Out] c™2*arctan(c*x) + 1/3%(2xc™2xx"2 - 1)*sqrt(c™2*x"2 + 1)/(c*x"3) + 1/3%(3%c”
2xx~2 - 1)/(c*x"3)

Fricas [A]
time = 0.36, size = 70, normalized size = 1.15

2,2 4 1
3cr? arctan (cx) +2 2% 4+ 3c%2? + (2°2° — cx) \/ : x2 —; -1
2z

3cx3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/x"3/(c"2*x"2+1) ,x, algorithm="fricas"
)
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[Out] 1/3*%(3*%c™3*x"3*arctan(c*x) + 2%c™3%x"3 + 3*xc™2*x"2 + (2%c™3*x"3 - c*x)*sqrt
((c™2%x72 + 1)/(c™2%x72)) - 1)/(c*x"3)

Sympy [A]
time = 3.00, size = 75, normalized size = 1.23
122 1+ b c3 atan 1
el 0t V1 as | CTE) o
6c3 2¢3 V2 x  3cxd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/c/x+(1+1/cx*2/x**2)**x(1/2))/x**3/ (ckx*2*x**2+1) ,x)

[Out] -2xc**x5x((1 + 1/(c*k*2*x**2))**(3/2)/(6*%c**3) - sqrt(l + 1/(c**2*x*%x2))/(2*c
*%3)) - c**3xatan(1/(x*sqrt(c**2)))/sqrt(c**2) + c/x - 1/(3*cxx**3)

Giac [A]
time = 0.42, size = 82, normalized size = 1.34

2
4 (3 <x|c| — V2?41 ) — 1) c2sgn(z) 3207 — 1

2 3 3 cx?
3 <<x|c| — Vi +1 ) - 1)

Verification of antiderivative is not currently implemented for this CAS.

c® arctan (cz) +

[In] integrate((1/c/x+(1+1/c~2/x72)~(1/2))/x~3/(c"2%x"2+1) ,x, algorithm="giac")

[Out] c™2*arctan(c*x) + 4/3*%(3*(x*abs(c) - sqrt(c™2*x"2 + 1))72 - 1)*c™2*xsgn(x)/(
(x*abs(c) - sqrt(c™2*x"2 + 1))72 - 1)73 + 1/3*%(3*%c™2*x"2 - 1)/(c*x"3)

Mupad [B]
time = 2.22, size = 57, normalized size = 0.93

1

1
2¢2 ¢ —+ 1 x + 1
ot c z? c? 2 1
3 — 3¢ + c?atan(cz)
z x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/(c™2*x"2) + 1)°(1/2) + 1/(c*x))/(x"3*%(c™2*%x"2 + 1)),x)
[Out] (c + (2xc™2*x*(1/(c™2*%x72) + 1)7(1/2))/3)/x - ((xx(1/(c”2*x~2) + 1)~(1/2))/
3 + 1/(3*%c))/x"3 + c 2xatan(c*x)
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3 69 I csch ' (atbo) 5

%d-i-dx

Optimal. Leaf size=61

csch~Y(a + bz)? csch™*(a + bz) log (1 - e2°s'3h_1("'+bz)> PolyLog (2, eZCSCh_l(”bm))
2d a d 2d

[Out] 1/2*arccsch(b*x+a)~2/d-arccsch(b*x+a)*1n(1-(1/(bxx+a)+(1+1/(bxx+a)~2)~(1/2)

)~2)/d-1/2*polylog(2, (1/(b*xx+a)+(1+1/(b*x+a)~2)~(1/2))"2)/d

Rubi [A]
time = 0.07, antiderivative size = 61, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.421,

steps used = 8, number of rules used = 8, integrand size = 19
Rules used = {6455, 12, 6417, 5775, 3797, 2221, 2317, 2438}

Liz <e2CSCh_1(a+bm)> csch™(a + bz)? csch™!(a + bx) log (1 — eZCSCh_l(H’“))
B 2d * 2d - d

Antiderivative was successfully verified.
[In] Int[ArcCsch[a + b*x]/((a*d)/b + d*x),x]

[Out] ArcCsch[a + b*x]~2/(2%d) - (ArcCschl[a + b*x]*Log[l - E~(2*ArcCsch[a + b*x])
1)/d - PolyLog[2, E~(2xArcCschl[a + b*x])]/(2xd)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2221

Int [CC(F)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438
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Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Rule 3797

Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_1)*(f_
D*(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Dist
[2%I, Int[((c + d*x)"m*x(E~(2*x((-I)*e + f*xfzxx))/(1 + ET(2%((-I)*e + fxfz*x)
)/E~(2%I%k*Pi))))/E~(2xIxk*Pi), x], x] /; FreeQl[{c, d, e, £, fz}, x] && Int
egerQ[4+k] && IGtQ[m, O]

Rule 5775

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> Dist[1/b,
Subst [Int [x"n*Coth[-a/b + x/b]l, x], x, a + bxArcSinh[c*x]], x] /; FreeQ[{a,
b, c}, x] && IGtQ[n, O]

Rule 6417

Int[((a_.) + ArcCsch[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcSinh[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rule 6455

Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcCsch[x]) p, x]
, X, ¢ + dxx], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && EqQ[d*e - c*f, 0] &
& IGtQ[p, 0]

Rubi steps
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Subst(beSCh—(x)dx T a+bx)

/ csch™(a + bx) dr —

%d + dx b
Subst (f m dz,z,a + bx)

- d

Subst (f % dz, z, a+bm)
T d

Subst ([ z coth(z) dz, z,sinh ™" (1))
T d
- sinh—! (a+1bx)2 2Subst (f &8 dx, z,sinh™ (a+bw)>
T d

.1 -1 1 2sinh ™1 ( L

_sinh ™! (4)” sinh™ (575 log (1 —e (= )) Subst ([ log (1 — €**) d
-T2 d * d
- sinh-"! (a -:bz )2 sinh ™! a+bz log (1 o2sinh” +bz>) Subst ( f W dz,x,
-T2 d * 2d
— Sinh—l (a-&bw)z Sinh a+bz IOg 1- 2smh “H’m)) L <e2 " <a+lbm>>
B 2d B d B 2d

Mathematica [A]
time = 0.04, size = 52, normalized size = 0.85

—csch™!(a + bz) (csch (a+ bx) + 2log (1 ¢~ 2esch™ (a+ba) >> + PolyLog (2, e—2csch_1(a+ba:)>
2d

Antiderivative was successfully verified.

[In] Integrate[ArcCsch[a + bxx]/((a*xd)/b + d*x),x]

[Out] (-(ArcCsch[a + b*x]*(ArcCsch[a + b*x] + 2xLog[l - E~(-2%ArcCsch[a + b*x])])
) + PolyLog[2, E~(-2*ArcCsch[a + b*x])])/(2xd)

Maple [F]
time = 0.17, size = 0, normalized size = 0.00
h
/ arccis (bz + a) s
B + dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(arccsch(b*x+a)/(a*xd/b+d*x),x)
[Out] int(arccsch(b*x+a)/(a*d/b+d*x),x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/(axd/b+d*x),x, algorithm="maxima")

[Out] -1/4%(2*log(b~2*%x~2 + 2*a*xb*x + a”2 + 1)*log(b*x + a) + dilog(-b~2*x"2 - 2x
axbxx - a”2))/d - 1/2%(log(b*x + a)~2 - 2*log(b*x + a)*log(sqrt(b™2*x~2 + 2
*axb*x + a”2 + 1) + 1))/d + integrate((b~2*x + a*b)*log(b*x + a)/(b~2xd*x~2

+ 2xaxb*d*x + a”2+d + (b"2%d*x"2 + 2*axbxd*x + a"2xd + d)*sqrt(b”2*x"2 + 2
*axb*x + a”2 + 1) + d), x)

Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/(a*d/b+d*x),x, algorithm="fricas")
[Out] integral(b*arccsch(b*x + a)/(bxd*x + a*d), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

acsch (a+bx
b e de

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsch(b*x+a)/(a*xd/b+d*x) ,x)
[Out] bxIntegral(acsch(a + b*x)/(a + b*x), x)/d

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsch(b*x+a)/(a*d/b+d*x),x, algorithm="giac")



345

[Out] integrate(arccsch(b*x + a)/(d*x + a*d/b), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

asinh ( a-f-lb z ) dr

d
dr+ %

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asinh(1/(a + b*x))/(d*x + (a*d)/b),x)
[Out] int(asinh(1/(a + b*x))/(d*x + (axd)/b), x)
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3.70 [ z3csch™'(a + bz?) dx

Optimal. Leaf size=46

. 1
tanh 1+ ———
(a + bz*) csch™(a + bz?) N (a+ bx?)
4b 4b

[Out] 1/4*(b*x~4+a)*arccsch(b*x”4+a)/b+1/4*xarctanh((1+1/(b*x"4+a)~2)~(1/2))/b

Rubi [A]
time = 0.04, antiderivative size = 46, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.500,

steps used = 6, number of rules used = 6, integrand size = 12,
Rules used = {6847, 6449, 379, 272, 65, 213}

tanh™* ;2 +1
(a +bz*) N (a + bz*) csch™(a + bz?)
4b 4b

Antiderivative was successfully verified.
[In] Int[x~3*ArcCsch[a + b*x"4],x]

[Out] ((a + b*x~4)*ArcCsch[a + b*x~4])/(4*b) + ArcTanh[Sqrt[1 + (a + b*x~4)~(-2)]
1/ (4%Db)

Rule 65

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (@_.)*(x_))"(n_), x_Symbol] :> With[

{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
dx(x"p/b))"n, x], x, (a + b*x)~(1/p)], x]1] /; FreeQl[{a, b, c, d}, x] && NeQ

[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 213

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt[b, 2]*(x/Rt[-a, 21)], x] /; FreeQ[{a, b}, x] && NegQl[a/b]l &&
(LtQ[a, 0] || GtQ[b, 01)

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 379
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Int[(u_)"(m_.)*((a_) + (b_.)*(v_)"(n_))"(p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]1*v"m), Subst[Int[x"m*(a + b*x"n)"p, x], x, v], x] /; FreeQ[{
a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 6449

Int[ArcCsch[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d*x)*(ArcCschlc + dx
x]1/d), x] + Int[1/((c + d*x)*Sqrt[1 + 1/(c + d*x)"2]), x] /; FreeQ[{c, d},
x]

Rule 6847
Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +

1), u, x], x], x, x“(m + 1)1, x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQx"(m + 1), u, x]

Rubi steps

/ace"csch_1 (a+bz') dz = iSubst </ csch™'(a + bz) dz, , x4)

dz, x, z*

_ (a+bz*)esch™ (a+bz?) | 1
= 1 + 4Subst
(a+bzx) )2
Subst | [ —-— dz,z,a+ bz )
_ (a+bz*)csch™ (a + bz?) N \ 1 + 22
B 4b 4b

1

(a +bz*)csch™(a+ba*) Subst <f 1+ dz,z, (a+b 4)E

7)

4b 8b
1

Subst| [ =t dz,z,, |1+ —
_ (a+bz*)csch™ (e +bz*) ( i \/ (a + bzt)?
B 4b 4b

. 1
tanh 1+ ——
(a + bz*) csch™(a + ba?) N (a +bz*)

B 4b 4b

Mathematica [A]
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time = 0.10, size = 90, normalized size = 1.96

\/1 + (a4 bz*)® tann~? atbe® ‘
1+ (a+ bxt)?

(a + bz*)? csch™!(a + ba?) + n
1+
\/ (a + bzt)?

4b (a + bz*)

Antiderivative was successfully verified.

[In] Integrate[x~3*ArcCschl[a + b*x~4],x]

[Out] ((a + b*x~4)"2%ArcCsch[a + b*x~4] + (Sqrt[l + (a + b*x~4)~2]*ArcTanh[(a + b
*x~4)/Sqrt[1 + (a + b*x"4)"2]]1)/Sqrt[1 + (a + b*x~4)"(-2)]1)/(4*bx(a + bxx~4

)

Maple [A]
time = 0.07, size = 52, normalized size = 1.13

method result size
(b x4+a) arccsch (b x4+a) +In <b zt+a+ (b x4+a) A/ 1 + ® ac41+a,)2 )

derivativedivides T3 52
(b x4+a) arccsch (b x4+a) +In <b zt+a+ (b x4+a) \/ 1+ ® x41—|—a)2 >

default T3 52

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arccsch(b*x~4+a),x,method=_RETURNVERBOSE)
[Out] 1/4/b*((b*x"4+a)*arccsch(b*x~4+a)+1n(b*xx"4+a+(b*x~4+a)*(1+1/(b*x"4+a)~2)" (1
/2)))

Maxima [A]
time = 0.25, size = 57, normalized size = 1.24

1 | 1
4 4
2(bCL‘ —|—a)arcsch(bx —|—a)+log <\/m+1 +1> —log <\/m+1 —1)
8b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsch(b*x~4+a),x, algorithm="maxima")
[Out] 1/8%(2*(b*x~4 + a)*arccsch(b*x™4 + a) + log(sqrt(1/(b*x"4 + a)"2 + 1) + 1)
- log(sqrt(1/(b*x~4 + a)~2 + 1) - 1))/b
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Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 266 vs.
2(40) = 80.
time = 0.40, size = 266, normalized size = 5.78

[b2z® + 2abzt +a? + 1
PaSt2abrital 1
5228 + 2abrt + a2 / 6228 + 2abzt + @?

[Py ke S s gy e [22° + 2abz® +a? +1'
bz log %&“Mw) +alog (—baﬁ + (ba* +a) Vlw —a+1| —alog | —ba* + (bz? +a)\‘/w —a—1|—log [ —bz* + (ba* +a)\/ P 1 2ab T @

4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsch(b*x~4+a),x, algorithm="fricas")

[Out] 1/4*(b*x~4*log(((b*x~4 + a)*sqrt((b™2*x"8 + 2*a*b*x™4 + a”2 + 1)/(b"2*x"8 +
2*%a*b*x”4 + a”2)) + 1)/(b*x"4 + a)) + axlog(-b*x"4 + (b*x~4 + a)*sqrt((b~2

*X"8 + 2kaxbxx~4 + a”2 + 1)/(b"2*x"8 + 2*%axbxx"4 + a"2)) - a + 1) - axlog(-
b*x~4 + (b*x"4 + a)*sqrt((b"2*x"8 + 2*axbxx~4 + a~2 + 1)/(b"2*x"8 + 2%axb*x

"4 + a”2)) - a-1) - log(-b*x"4 + (b*xx"4 + a)*sqrt((b”2*x"8 + 2¥a*xb*x~4 +

a”2 + 1)/(b"2*x"8 + 2*axb*xx~4 + a~2)) - a))/b

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*acsch(b*x**4+a),x)
[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsch(b*x~4+a),x, algorithm="giac")
[Out] integrate(x~3*arccsch(b*x™4 + a), x)

Mupad [B]
time = 2.71, size = 42, normalized size = 0.91

1 1
atanh — +1
(\/(bx4 +a)’ ) asinh (i) (b2* +a)
b + 4b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*asinh(1/(a + b*x~4)),x)

[Out] atanh((1/(a + b*x"4)"2 + 1)~(1/2))/(4xb) + (asinh(1/(a + b*x"4))*(a + b*x"4
)) / (4xb)
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3.71 [z "csch™(a + ba™) dz

Optimal. Leaf size=46

. 1
tanh 1+ ——
(a + bz™) csch™*(a + bz™) (a + bz™)
+
bn bn

[Out] (a+b*x"n)*arccsch(a+b*x"n)/b/n+arctanh((1+1/(a+b*x"n)"2)~(1/2))/b/n

Rubi [A]
time = 0.05, antiderivative size = 46, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.429,

steps used = 6, number of rules used = 6, integrand size = 14,
Rules used = {6847, 6449, 379, 272, 65, 213}

tanh ™" ;2 +1
(a + bz™) N (a + bz™) csch™*(a + ba™)
bn bn

Antiderivative was successfully verified.
[In] Int[x~(-1 + n)*ArcCsch[a + b*x"n],x]

[Out] ((a + b*x"n)*ArcCsch[a + b*x"n])/(b*n) + ArcTanh[Sqrt[1 + (a + b*x"n)~(-2)]
1/ (b*n)

Rule 65

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (@_.)*(x_))"(n_), x_Symbol] :> With[

{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
dx(x"p/b))"n, x], x, (a + b*x)~(1/p)], x]1] /; FreeQl[{a, b, c, d}, x] && NeQ

[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 213

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt[b, 2]*(x/Rt[-a, 21)], x] /; FreeQ[{a, b}, x] && NegQl[a/b]l &&
(LtQ[a, 0] || GtQ[b, 01)

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 379
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Int[(u_)"(m_.)*((a_) + (b_.)*(v_)"(n_))"(p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]1*v"m), Subst[Int[x"m*(a + b*x"n)"p, x], x, v], x] /; FreeQ[{
a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 6449

Int[ArcCsch[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d*x)*(ArcCsch[c + dx
x]1/d), x] + Int[1/((c + d*x)*Sqrt[1 + 1/(c + d*x)~2]), x] /; FreeQl[{c, d},
x]

Rule 6847

Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +
1), u, xJ], x], x, x“(m + 1)], x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQx"(m + 1), u, x]

Rubi steps

Subst( [ csch™'(a + bz) dz, z, z")
n

/x_1+"csch_1(a + bz™) dz =

Subst ( Ik
1
(atba) [ 1+ ———
(a + bz™) csch™*(a + bz™) N \/ (a + bx)?

bn n
Subst | [ 1 : dx,z,a + bz
(a + bz™) csch™*(a + bz™) 1+ 22"
= +
bn bn
1 1
_ (a+bz™)csch'(a + bz™) B Subst (f 1+z dz, z, (a+bxn)2)
B bn 2bn
1 1
Subst| [ dz,z, |1+ ——
(a + bz™) csch™*(a + bz™) B ( H \/ (a + bzn)” )
N bn bn

tanh ™! 1+ ;2
(a + bz™) csch™'(a + bz™) (a+ bz")
- +
bn bn
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Mathematica [A]
time = 0.12, size = 90, normalized size = 1.96

\/1 + (a + bz™)? tanh atba” :
V1+ (a+bany?

(a + bz™)? csch™Y(a + bz™) + I
1+
(

a + bzn)?

bn (a + bz™)

Antiderivative was successfully verified.

[In] Integrate[x~(-1 + n)*ArcCsch[a + b*x"n],x]

[Out] ((a + b*x"n) 2*ArcCsch[a + b*x"n] + (Sqrt[l + (a + b*x"n)~2]*ArcTanh[(a + b
*x"n)/Sqrt[1 + (a + b*x™n)~2]1]1)/Sqrt[1l + (a + bxx™n)~(-2)])/(b*n*(a + b*x"n

))

Maple [F]
time = 0.05, size = 0, normalized size = 0.00

/ " arccsch(a + bx") dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1+n)*arccsch(a+b*x"n),x)

[Out] int(x~(-1+n)*arccsch(a+b*x"n),x)

Maxima [A]
time = 0.26, size = 60, normalized size = 1.30

2 (bz™ + a) arcsch (bz™ + a) + log (\/@%)24_1 +1> — log (\/@%)24_1 —1>
"+ a "+ a
2bn

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+n)*arccsch(a+b*x™n),x, algorithm="maxima")

[Out] 1/2%(2*(b*x"n + a)*arccsch(b*x™n + a) + log(sqrt(1/(b*x™n + a)~"2 + 1) + 1)
- log(sqrt(1/(b*x™n + a)~2 + 1) - 1))/(b*n)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 334 vs.

2(44) = 88.
time = 0.40, size = 334, normalized size = 7.26
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+n)*arccsch(at+b*x™n),x, algorithm="fricas")

[Out] (axlog(-b*cosh(n*log(x)) - b*sinh(n*log(x)) - a + sqrt((2*axb + (2”2 + b~2
+ 1)*cosh(n*log(x)) - (2”2 - b2 + 1)*sinh(n*log(x)))/(cosh(n*log(x)) - sin
h(n*log(x)))) + 1) - axlog(-b*cosh(n*log(x)) - b*sinh(n*log(x)) - a + sqrt(
(2%xaxb + (a2 + b~2 + 1)*cosh(n*log(x)) - (a”2 - b™2 + 1)*sinh(n*log(x)))/(
cosh(n*log(x)) - sinh(n*log(x)))) - 1) + (b*cosh(n*log(x)) + b*sinh(n*log(x
)))*log((sqrt((2*a*b + (a”2 + b~2 + 1)*cosh(n*log(x)) - (a2 - b"2 + 1)*sin
h(n*log(x)))/(cosh(n*log(x)) - sinh(n*log(x)))) + 1)/(b*cosh(n*log(x)) + b*
sinh(n*log(x)) + a)) - log(-bxcosh(n*log(x)) - b*sinh(n*log(x)) - a + sqrt(
(2%xaxb + (2”2 + b~2 + 1)*cosh(n*log(x)) - (a”2 - b"2 + 1)*sinh(n*log(x)))/(
cosh(n*log(x)) - sinh(n*log(x))))))/(b*n)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(-1+n)*acsch(a+b*x**n),x)
[Out] Exception raised: SystemError >> excessive stack use: stack is 5008 deep
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+n)*arccsch(at+b*x™n),x, algorithm="giac")
[Out] integrate(x~(n - 1)*arccsch(b*x™n + a), x)

Mupad [B]
time = 2.21, size = 40, normalized size = 0.87

1 | : 1 n
atanh<\/m+l ) +aSIHh(m) (a+bx )
bn

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(n - 1)*asinh(1/(a + b*x"n)),x)

[Out] (atanh((1/(a + b*x™n)"2 + 1)°(1/2)) + asinh(1/(a + b*x"n))*(a + b*x"n))/(b*
n)
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then
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if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):
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except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation

4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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