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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 49 |. This is test number [ 159 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (49 ) | 0.00 (0)

Mathematica | 100.00 (49 ) | 0.00 (0)
Maple 73.47 (36) | 26.53 (13)
Fricas 55.10 (27 ) | 44.90 (22
Giac 51.02 (25) | 48.98 (24)
Maxima 30.61 (15) |69.39 (34)
Mupad | 24.49 (12) | 75.51 (37)
Sympy | 24.49 (12) | 75.51 (37)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 77.55 12.24 10.20 0.00
Maple 61.22 12.24 0.00 26.53
Fricas 44.90 10.20 0.00 44.90
Maxima, 28.57 2.04 0.00 69.39
Giac 24.49 26.53 0.00 48.98
Sympy 8.16 0.00 16.33 75.51
Mupad N/A 24.49 0.00 75.51

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %
Maple 13 100.00 % 0.00 % 0.00 %
Fricas 22 90.91 % 0.00 % 9.09 %
Giac 24 95.83 % 0.00 % 4.17 %
Maxima 34 100.00 % 0.00 % 0.00 %
Sympy 37 94.59 % 2.70 % 2.70 %
Mupad 37 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 0.10 124.59 1.00 79.00 1.00
Mathematica | 0.44 166.90 1.42 99.00 1.11
Maple 1.87 278.14 1.99 138.50 1.61
Maxima 0.34 50.80 1.20 52.00 1.14
Fricas 0.38 121.11 1.34 51.00 0.83
Sympy 12.80 67.42 1.55 54.50 1.63
Giac 0.47 155.00 1.80 81.00 1.75
Mupad 0.77 41.50 0.91 40.00 0.92

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better
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list of integrals that has no closed form
antiderivative
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {27}[28|[33}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: {@p@m@ , 12}[13} [14} 15} 16} [L7} 18} [19] [24[25,26, 27
[B71[38} (39 0L 41} |42, 43} [44} |45 46,

B grade: { }
C grade: { }
F grade: { }

E
3y
B
— g

2.1.2 Mathematica

A grade: { [1}2[3} 4} [5}6}[7} 8} 19 1O} [L T} [12} [14} [L5} [L7} [18} [L9} [20} 22} )27} [28} [29}[30} |31} 33} [34, [35),
[36} 137} [41} [42} |43} [44] [45] (46} |47} [48] [49] }

B grade: { [321,52,58/ 59,0 }

C grade: { }

F grade: { }

2.1.3 Maple

A grade { 2B B[, 617} 8 D L2 [13} (14 [15}[16} 17 18} 19} [20} 21} 23} 27} 28} [29} 30} 32} 33} 34} 35,
B8O H9) }

B grade: {llll}

C grade: { }

F grade: { [L}[31}[36,(37, 39} 41} |42 [43} [44} |45} 46, {7} 48] }

2.1.4 Maxima
A grade: { [2[8}[4}[5}[7} [0} [L0, LT} [13}[14} [L5}[21} 38| B9 }

B grade: {[§ }
C grade: { }

F grade: { [1}6,[12[16}17,[18} 19} 20} 22}[23} 24} 25} 26 [27] [28) 29} 30} |31} 32, 33} 34} [35}[36} 37} 40}
P 2, 3, i, L5 A A A 19 )

=L
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2.1.5 FriCAS

A grade: { [2,[3} 4[5} [7}[8} 9} 10} L1} [L4}[15}[17}[L8 [T, [20} 24, [25} [26) {45} {46} |47} (48] }
B grade: { }
C grade: { }

F grade: { 116,12 (6,22 27 26, 20)/30, 51 52 53,54 35 56, 57 0} 1 A3, ) )

2.1.6 Sympy

A grade: { [9[10}[11][15 }
B grade: { }
C grade: { 233, 4[5}[7)/8 [L3}[14] }

F grade: { [1}6}12}[16}[17,[18} 19, [20} 21} 22} 23} 24} 25| 26} 27 [28} [29} (30} BT} 32} 33} [34} 35} [36, 37}
[38}[39} 40} {41} |42} 43} 44} |45} |46, 4T (48, (49 }

2.1.7 Giac

A grade: { [7}[8}[9}[L0} [T} [14[L5, [20} [23}[39} 45} 49] }
B grade: { B3 453175 [HELELE3E05 )
C grade: { }

F grade: { [1}[6}[12}[16,[22} 27} 28} 29} 30} 31} 32, 33} 34} 35,36} 37} 40} 41} |42} 43} 44} 46} AT} 48] }

2.1.8 Mupad
A grade: { }

B grade: { [I,[5}[6}[7[L0}[L 1} [L2}[13, 21, [38,[3%, 40] }

C grade: { }

F grade: { (348,914 [5}[16} 17} 18} 19}[20}[22} [23, 24} [25} 26} 27} 28} [29} 30} 31} 32} [33} 34, 35}
46,47, 48, [49] }

N

N
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

fined as —antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A F F F F F B
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 62 62 56 0 0 0 0 0 58
N.S. 1 1.00 0.90 0.00 0.00 0.00 0.00 0.00 0.94

time (sec) N/A 0.076 0.031 0.095 0.000 0.000  0.000 0.000 0.827

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A C B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 58 58 40 43 66 32 119 152 -1
N.S. 1 1.00 0.69 0.74 1.14 0.55 2.05 262  -0.02
time (sec) N/A 0.015 0.021 0.208 0.255 0.356 61.545 0.435 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A C B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 35 38 52 27 90 116 -1
N.S. 1 1.00 0.74 0.81 1.11 0.57 1.91 247  -0.02

time (sec) N/A 0.016 0.016 0.206 0.259 0.350 20.002 0.453 0.000




24

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 36 36 27 31 38 20 58 80 -1
N.S. 1 1.00 0.75 0.86 1.06 0.56 1.61 222 -0.03
time (sec) N/A 0.009 0.017 0.215 0.259  0.338 6.266 0.452 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 16 24 20 12 29 41 20
N.S. 1 1.00 1.00 1.50 1.25 0.75 1.81 2.56 1.25
time (sec) N/A 0.003 0.004 0.204 0.255 0.341 2.602 0.438 1.057
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 56 56 54 105 0 0 0 0 42
N.S. 1 1.00 0.96 1.88 0.00 0.00 0.00 0.00 0.75
time (sec) N/A 0.056 0.026 0.595 0.000  0.000 0.000 0.000 0.847
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 32 46 51 21 76 32 28
N.S. 1 1.00 0.84 1.21 1.34 0.55 2.00 0.84 0.74
time (sec) N/A 0.012 0.018 0.209 0.487  0.367 14.026 0.427 0.689
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A C A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 54 54 55 57 80 30 146 59 -1
N.S. 1 1.00 1.02 1.06 1.48 0.56 2.70 1.09 -0.02
time (sec) N/A 0.015 0.036 0.204 0.492 0.359 45.170 0.438 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 56 56 42 66 54 39 51 68 -1
N.S. 1 1.00 0.75 1.18 0.96 0.70 0.91 1.21  -0.02
time (sec) N/A 0.031 0.023 0.456 0.480 0.339 0.127 0.455 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 44 90 46 38 41 48 38
N.S. 1 1.00 0.94 1.91 0.98 0.81 0.87 1.02 0.81
time (sec) N/A 0.015 0.019 0.493 0.455 0.335 0.090 0.412 0.612
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 25 52 23 26 22 26 23
N.S. 1 1.00 1.00 2.08 0.92 1.04 0.88 1.04 0.92
time (sec) N/A 0.007 0.008 0.486 0.260 0.340 0.061 0.427 0.098
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 59 59 54 125 0 0 0 0 49
N.S. 1 1.00 0.92 2.12 0.00 0.00 0.00 0.00 0.83
time (sec) N/A 0.044 0.026 0.845 0.000  0.000 0.000 0.000 0.608
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A B C B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 32 32 93 42 52 65 27 61 30
N.S. 1 1.00 2.91 1.31 1.62 2.03 0.84 1.91 0.94
time (sec) N/A 0.022 0.100 0.073 0.262 0.382 1.391 0.449 0.590
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A C A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 35 54 32 38 51 61 -1
N.S. 1 1.00 0.92 1.42 0.84 1.00 1.34 1.61 -0.03
time (sec) N/A 0.016 0.021 0.507 0.462 0.376  0.730 0.458  0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 60 60 69 91 64 92 99 80 -1
N.S. 1 1.00 1.15 1.52 1.07 1.53 1.65 1.33 -0.02
time (sec) N/A 0.031 0.037 0.509 0.451 0.364 1.606 0.448 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 69 69 63 155 0 0 0 0 -1
N.S. 1 1.00 0.91 2.25 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.071 0.063 1.320 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 197 197 174 329 0 151 0 408 -1
N.S. 1 1.00 0.88 1.67 0.00 0.77 0.00 2.07 -0.01
time (sec) N/A 0.172 0.147 0.301 0.000  0.397 0.000 0.553 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 155 155 149 249 0 129 0 300 -1
N.S. 1 1.00 0.96 1.61 0.00 0.83 0.00 1.94 -0.01
time (sec) N/A 0.107 0.185 0.308 0.000 0.374 0.000 0.473 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 116 116 129 190 0 117 0 203 -1
N.S. 1 1.00 1.11 1.64 0.00 1.01 0.00 1.75 -0.01
time (sec) N/A 0.064 0.125 0.301 0.000 0.369 0.000 0.468 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 79 79 110 108 0 102 0 134 -1
N.S. 1 1.00 1.39 1.37 0.00 1.29 0.00 1.70  -0.01
time (sec) N/A 0.039 0.081 0.301 0.000 0.395 0.000 0.466 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A B F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 36 36 336 43 55 75 0 81 33
N.S. 1 1.00 9.33 1.19 1.53 2.08 0.00 2.25 0.92
time (sec) N/A 0.018 0.184 0.074 0.256  0.368 0.000 0.455 0.884
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 210 210 375 1144 0 0 0 0 -1
N.S. 1 1.00 1.79 5.45 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.215 0.288 6.025 0.000  0.000 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 69 69 115 127 0 278 0 96 -1
N.S. 1 1.00 1.67 1.84 0.00 4.03 0.00 1.39 -0.01
time (sec) N/A 0.068 0.275 0.634 0.000  0.397 0.000 0.469 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 123 123 199 456 0 428 0 217 -1
N.S. 1 1.00 1.62 3.71 0.00 3.48 0.00 1.76  -0.01
time (sec) N/A 0.150 0.568 0.644 0.000  0.424 0.000 0.484 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 180 180 241 970 0 548 0 450 -1
N.S. 1 1.00 1.34 5.39 0.00 3.04 0.00 250 -0.01
time (sec) N/A 0.220 0.344 0.650 0.000  0.416 0.000 0.498 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 239 239 307 1702 0 673 0 841 -1
N.S. 1 1.00 1.28 7.12 0.00 2.82 0.00 3.52  -0.00
time (sec) N/A 0.323 0.354 0.668 0.000  0.443 0.000 0.490 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F(-2) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 366 366 420 703 0 0 0 0 -1
N.S. 1 1.00 1.15 1.92 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.202 3.483 12.517 0.000  0.000 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 272 272 314 500 0 0 0 0 -1
N.S. 1 1.00 1.15 1.84 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.157 3.137 10.441 0.000  0.000 0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 145 145 213 214 0 0 0 0 -1
N.S. 1 1.00  1.47 1.48 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.094 0.623 1.051 0.000  0.000 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 86 86 99 150 0 0 0 0 -1
N.S. 1 1.00 1.15 1.74 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.044 0.096 0.563 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 324 324 408 0 0 0 0 0 -1
N.S. 1 1.00 1.26 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.340 0.238 2.384 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 254 254 802 302 0 0 0 0 -1
N.S. 1 1.00 3.16 1.19 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.285 2.125 6.843 0.000  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 464 464 656 749 0 0 0 0 -1
N.S. 1 1.00 1.41 1.61 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.280 5.986 9.851 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 264 264 314 425 0 0 0 0 -1
N.S. 1 1.00 1.19 1.61 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.185 0.589 6.128 0.000  0.000 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 140 140 162 224 0 0 0 0 -1
N.S. 1 1.00 1.16 1.60 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.076 0.076  1.148 0.000  0.000 0.000 0.000 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 448 448 554 0 0 0 0 0 -1
N.S. 1 1.00 1.24 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.386 0.224 2.533 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 378 378 289 0 0 0 0 0 -1
N.S. 1 1.00 0.76 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.415 0.341 2.861 0.000  0.000 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A B F(-1) B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 48 48 127 54 63 88 0 91 44
N.S. 1 1.00 2.65 1.12 1.31 1.83 0.00 1.90 0.92
time (sec) N/A 0.045 0.168 0.079 0.258  0.372 0.000 0.496 1.034
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B F A B F(-2) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 48 48 130 0 66 94 0 74 42
N.S. 1 1.00 2.71 0.00 1.38 1.96 0.00 1.54 0.88
time (sec) N/A 0.052 0.191 0.042 0.265 0.390 0.000 0.497 0.726
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B A F F(-2) F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 85 85 280 188 0 0 0 0 91
N.S. 1 1.00 3.29 2.21 0.00 0.00 0.00 0.00 1.07
time (sec) N/A 0.063 0.461 1.206 0.000  0.000 0.000 0.000 1.247
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 95 95 79 0 0 0 0 0 -1
N.S. 1 1.00 0.83 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.083 0.338 0.040 0.000  0.000 0.000 0.000 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 87 87 101 0 0 0 0 0 -1
N.S. 1 1.00 1.16 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.077 0.187 0.037 0.000  0.000 0.000 0.000 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 87 87 54 0 0 0 0 0 -1
N.S. 1 1.00 0.62 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.066 0.070 0.038 0.000  0.000 0.000 0.000 0.000
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 43 43 75 0 0 0 0 0 -1
N.S. 1 1.00 1.74 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.039 0.040 0.037 0.000  0.000 0.000 0.000 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 39 39 33 0 0 23 0 42 -1
N.S. 1 1.00 0.85 0.00 0.00 0.59 0.00 1.08  -0.03
time (sec) N/A 0.021 0.030 0.037 0.000  0.400 0.000 0.454 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 41 41 30 0 0 32 0 0 -1
N.S. 1 1.00 0.73 0.00 0.00 0.78 0.00 0.00 -0.02
time (sec) N/A 0.034 0.036 0.040 0.000  0.413 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 84 84 54 0 0 41 0 0 -1
N.S. 1 1.00 0.64 0.00 0.00 0.49 0.00 0.00 -0.01
time (sec) N/A 0.046 0.100 0.037 0.000  0.418 0.000 0.000 0.000
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 81 81 50 0 0 51 0 0 -1
N.S. 1 1.00 0.62 0.00 0.00 0.63 0.00 0.00 -0.01
time (sec) N/A 0.046 0.095 0.037 0.000  0.402 0.000 0.000 0.000
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 69 69 59 167 0 0 0 114 -1
N.S. 1 1.00 0.86 2.42 0.00 0.00 0.00 1.65 -0.01
time (sec) N/A 0.066 0.041 0.878 0.000  0.000 0.000 0.660 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [49] had the largest ratio of [19]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep; uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 7 6 1.00 10 0.600
2 A 4 3 1.00 10 0.300
3 A 4 3 1.00 10 0.300
4 A 4 3 1.00 8 0.375
5! A 3 3 1.00 6 0.500
6 A 7 6 1.00 10 0.600
7 A ) ) 1.00 10 0.500
3 A 6 5 1.00 10 0.500
9 A ) 4 1.00 10 0.400
10 A 4 4 1.00 8 0.500
11 A 3 3 1.00 6 0.500
12 A 6 6 1.00 10 0.600
13 A ) ) 1.00 10 0.500
14 A 3 3 1.00 10 0.300
15 A 6 6 1.00 10 0.600
16 A 7 6 1.00 10 0.600
17, A 9 8 1.00 10 0.800
18 A 8 7 1.00 10 0.700
19 A 7 6 1.00 10 0.600
20 A 6 6 1.00 8 0.750
21] A ) ) 1.00 6 0.833
22 A 14 8 1.00 10 0.800
23] A 6 6 1.00 10 0.600
24 A 8 8 1.00 10 0.800
25) A 9 9 1.00 10 0.900
Continued on next page
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number of

number of

normalized

#olemde| s | e | asidebaive | (RO e,
26 A 10 9 1.00 10 0.900
27 A 20 9 1.00 12 0.750
28 A 17 9 1.00 12 0.750
29 A 11 8 1.00 10 0.800
30 A 8 6 1.00 8 0.750
31 A 17 9 1.00 12 0.750
32 A 12 8 1.00 12 0.667
33 A 25 14 1.00 12 1.167
34 A 16 12 1.00 10 1.200
35 A 10 7 1.00 8 0.875
36 A 20 10 1.00 12 0.833
37 A 14 9 1.00 12 0.750
38 A 6 6 1.00 12 0.500
39 A 6 6 1.00 14 0.429
40j A 7 7 1.00 10 0.700
41 A 6 4 1.00 10 0.400
42 A 6 4 1.00 8 0.500
43 A 5 3 1.00 6 0.500
44 A 6 5 1.00 10 0.500
45 A 3 3 1.00 10 0.300
46 A 5 4 1.00 10 0.400
47 A 6 4 1.00 10 0.400
48 A 6 4 1.00 10 0.400
49 A 8 8 1.00 19 0.421
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Chapter 3

Listing of integrals

Local contents

S e
32  [ZPesc(VE)dz ...
33  [ZPesc'(VE)dz ...
34 [mesc'(VT)droo... L
35  JescM(WE)dm ...
CSC_l
R s B
NG i A EDQ/E Vo
38 M AT .
39  [afesc (L) dm . ...
310 [zescH (&) dm ...
311 fescH (&) dz ...
302 [ ap
303 [ Glap.
304 [ Wap
305 [ Edn.
316 [ gr
317 [ztescM(a4br)dr . ...
318  [ZiescM(a4br)dr . . ..o
319 [ZPescMa4br)dr . . .o
320 [z csc‘l(a FbT)dT ..
321  [escMa+bz)dr . ...
3.22 [l gy
323 [« 1<“+"””) AT .
324 [ °sc_1<a+"””> AT .o



3.25

3.26
3.27
3.28
3.29
3.30
3.31
3.32
3.33
3.34
3.35

3.36
3.37
3.38
3.39
3.40
3.41
3.42
3.43
3.44
3.45
3.46
3.47
3.48
3.49

f csc_l(a+bw) dz

x4

-t (a+bw) dz

fx csc‘l(a+ br)2dT ...
Ja?eseHa+bx)’dr . . ...
fxcsc_ (@+bx)2dr . . . . .
JescHa+bx)?de . . ..o

f c—1(a+bx)? dz
1(¢7L-|—b:c)2 dz

[ 2? csc Ya+bx)d3dr . ... . .
[z csc Ya+bx)d3do . . . .. . .
JescHa+bz)dde . ..o

f -1 (a+bw)3 dz

f csc_l(z+ba:)3 dz

2

Jadeset(a+bzt)dr . ...
Sz mese (a+bz™) dz . ..
Jesc™(ee®™) dz ..o

J e @@ g2 dr

f ecsc_l(aac)x dz

fecsc_l(az) dx
f ecsc $ (az) dx
f ecsc (az) dx

z2

f ecsc 3(aw) dx

.Z

f cscz‘l(a:c) dg;
f ecsc (am) dx

x5

f csc—!(a+bx) dz

ad_l_d
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3.1 [l g,

T

Optimal. Leaf size=62

1 1 - 1 o
1—073 csct (cLavE’)2 — = csc! (az®) log (1 — glicse 1(“’”5)> + 1—OiPolyLog (2, g2iose 1(‘“”5)>

[Out] 1/10*Ixarccsc(a*xx~5) " 2-1/5%arccsc(a*xx~5)*1n(1-(I/a/x"5+(1-1/a"2/x~10)"(1/2)
)~2)+1/10%I*polylog(2, (I/a/x~5+(1-1/a~2/x"10)"(1/2))"2)

Rubi [A]
time = 0.08, antiderivative size = 62, normalized size of antiderivative = 1.00, number of

number of rules _ 500
’ integrand size ’

steps used = 7, number of rules used = 6, integrand size = 10
Rules used = {5327, 4721, 3798, 2221, 2317, 2438}

1 N 1 1 .
1—0iLig (62wSC 1(‘”5)> + 1_02 csc! (am5)2 —F csc™' (az®) log <1 — gZicse 1(‘”5))
Antiderivative was successfully verified.

[In] Int[ArcCscla*x~5]/x,x]

[Out] (I/10)*ArcCscl[a*x~5]"2 - (ArcCscl[a*x~5]*Logl[l - E~((2*I)*ArcCsc[a*x~5])])/5
+ (I/10)*PolyLog[2, E~((2*I)*ArcCsc[a*x~5])]

Rule 2221

Int [CC(F)~((g_.)*((e_.) + (£_)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (£f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2+I, Int[(c + d*x)"m
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*E~ (2% Ixk*Pi)* (E~(2%I* (e + f*x))/(1 + E~(2*I*k*xPi)*E~(2%I*x(e + f*x)))), x],
x] /; FreeQl{c, d, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4721
Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x) n*Cot[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]
Rule 5327
Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b

*ArcSin[x/cl)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rubi steps

-1 5 -1
/ csc! (aa®) L _ %Subst ( / cscxﬂ dx,x’xs,)

=— (%Subst (/ w dz,z, %))
= — (éSubst (/xcot(x) dz,z,csct (ax5)))

2ix
= lz csc! (ax5)2 + giSubst (/ ©® dz,z,csct (am5)>

10 5 1 — e2ix
= %z csc? (ax5)2 — %csc_1 (az®) log (1 — ezicsC_l(‘”E’)) + %Subst (/ log (1 — €**) dz,:
= %z csc? (a:c5)2 — %csc_1 (az®) log (1 — e2iCSC_1(ax5)> — 1—102'Subst </ w dz,x
_ -1 5\2 _ 1 -1 5 _ 2icsc ! (axd) l T s 2icsc™! (az)
= Jgiese (az®) 7 oS (az®) log (1 e > + 10le2 (e )

Mathematica [A]
time = 0.03, size = 56, normalized size = 0.90

lloi(csc—l (az®) <csc_1 (az®) + 2ilog (1 _ e2icsc_1(az5)>> 4 PolyL0g<2762icsc_1(am5)>>

Antiderivative was successfully verified.

[In] Integrate[ArcCsc[a*x~5]/x,x]

[Out] (I/10)*(ArcCscla*x~5]*(ArcCscla*x”5] + (2*I)*Logl[l - E~((2*I)*ArcCsc[a*x~5]
)1) + PolyLogl[2, E~((2*I)*ArcCsc[a*x~5])])
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Maple [F]
time = 0.10, size = 0, normalized size = 0.00

/ arccsc(a z°) i

T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(a*xx~5)/x,x)
[Out] int(arccsc(a*x”5)/x,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a*x”5)/x,x, algorithm="maxima")

[Out] 5*a~2*integrate(sqrt(a*x~5 + 1)*sqrt(a*x”5 - 1)*log(x)/(a"4*x"11 - a~2#*x),
x) - bxIxa~2*integrate(log(x)/(a"4*x"11 - a"2xx), x) + (arctan2(l, sqrt(a*x

~5 + 1)xsqrt(a*x”5 - 1)) + Ixlog(a))*log(x) - 1/2xIxlog(a”2*x~10)*log(x) +
1/2xIxlog(a*x"5 + 1)*log(x) + 1/2*I*log(-a*xx~5 + 1)*log(x) + 5/2xIxlog(x)~2

+ 1/10%I*dilog(a*x~5) + 1/10*I*dilog(-a*x~5)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a*x~5)/x,x, algorithm="fricas")
[Out] integral(arccsc(a*x~5)/x, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ acsc (az®) i

T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(a*x**5)/x,x)

[Out] Integral(acsc(a*x**5)/x, x)
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a*xx~5)/x,x, algorithm="giac")
[Out] integrate(arccsc(a*x~5)/x, x)

Mupad [B]
time = 0.83, size = 58, normalized size = 0.94

In (1 — easm(ﬁ) 2i> asin(#) polylog (2,easm<alz5> Zi) 1i asin(L)2 1
* 10 M}

= |

)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1/(a*x~5))/x,x)
[Out] (polylog(2, exp(asin(1/(a*x~5))#*2i))*1i)/10 - (log(l - exp(asin(1/(a*x"5))x*
2i))*asin(1/(a*x~5)))/5 + (asin(1/(a*x~5))~2%1i)/10
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3.2 [Z3esc™ (V') da

Optimal. Leaf size=58

v—-1+=x

1 3 1 1
1 + Z(_l +2)%2 + %(—1 +2)2 4 (14272 + Zx4csc_1 (Vz')

28

[Out] 1/4x(-1+x)~(3/2)+3/20*%(-1+x)~(5/2)+1/28%(-1+x) ~(7/2)+1/4xx"4*xarccsc(x~(1/2)
)+1/4%(-1+x)~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 58, normalized size of antiderivative = 1.00, number of

number of rules _ 0.300,
integrand size

steps used = 4, number of rules used = 3, integrand size = 10,
Rules used = {5379, 12, 45}
1 1 V-1
32, VI =2

1 3
Zxtese! =D (=124 (g —
gtesc (V') + 28(x 1)"7= + 20(x 1) +4(ac 1)

Antiderivative was successfully verified.
[In] Int[x"3*ArcCsc[Sqrt[x]],x]

[Out] Sqrt[-1 + x]/4 + (-1 + x)7(3/2)/4 + (3x(-1 + x)7(5/2))/20 + (-1 + x)~(7/2)/
28 + (x"4*ArcCsc[Sqrt[x]])/4

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, 4, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7#m + 4*n + 4, 0]) || LtQ[9*m + 5*x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5379

Int[((a_.) + ArcCsclu_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
plc + d*x)~"(m + 1)*((a + b*ArcCscl[ul)/(d*x(m + 1))), x] + Dist[b*(u/(d*(m +

1)*Sqrt[u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrt[u
~2 - 11)), x], x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rubi steps
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3

/w?’csc_1 (Vz') dz = iz‘lcsc_l (Vz') +z_11/2_mﬁdx

1, 1 z3
= -z csc (\/x)—i-—/—dx

4 8J) v—-1+z
I R 1 1 — _ 32 (_ 5/2
= ;" osc (\/:c)+8/(m+3\/ 1+z +3(-1+2)*?+(-1+12)

= @ + —(—1 +x)3/2 + %(_1 +x)5/2 + 2_8(_1 i x)7/2 + Zx4csc_1 (\/;)

>~

Mathematica [A]
time = 0.02, size = 40, normalized size = 0.69
1

2= 2 sy, L4
10 1+ 2z (16 + 8z + 6z +5x)+4w cse ! (V')

Antiderivative was successfully verified.

[In] Integrate[x~3*ArcCsc[Sqrt(x]],x]
[Out] (Sqrt[-1 + x]*(16 + 8*x + 6*%x"2 + 5*x73))/140 + (x"4*ArcCsc[Sqrt([x]]1)/4

Maple [A]
time = 0.21, size = 43, normalized size = 0.74

method result size

11!43.I‘CCSC < \/E‘ )

derivativedivides 7 +

(z—1) (5234622 +8z+16) 43
140 \/ =1 \Jr
(x—1) (523 +622+8z+16) 43

140\/’”7_1‘\/37

ac4a,rccsc ( \/E >

default 1 +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arccsc(x~(1/2)),x,method=_RETURNVERBOSE)

[Out] 1/4*xx"4xarccsc(x”(1/2))+1/140%(x-1)*(5xx~3+6*x~2+8*x+16) /((x-1)/x)~(1/2)/x~
(1/2)

Maxima [A]
time = 0.25, size = 66, normalized size = 1.14

7 5 3

1 2 1 2 1 1 1 2 1 1
27| —=+1 +ix% ——+1 +—m4arccsc(\/x)+—m% ——+1)] +-Vz\/——+1
20 T 4 4 x
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(x~(1/2)),x, algorithm="maxima")

[Out] 1/28*x~(7/2)*(-1/x + 1)~(7/2) + 3/20%x~(5/2)*(-1/x + 1)~(5/2) + 1/4*x"4xarc
csc(sqrt(x)) + 1/4xx~(3/2)*(-1/x + 1)7(3/2) + 1/4xsqrt(x)*sqrt(-1/x + 1)

Fricas [A]
time = 0.36, size = 32, normalized size = 0.55
1 1
Zx‘larccsc (Vz') + 110 (52°+ 62>+ 8z +16)Vr — 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(x~(1/2)),x, algorithm="fricas")
[Out] 1/4*x"4xarccsc(sqrt(x)) + 1/140%(5%x"3 + 6*x~2 + 8*x + 16)*sqrt(x - 1)

Sympy [C] Result contains complex when optimal does not.
time = 61.55, size = 119, normalized size = 2.05

2m3\/.’:l77 -1 n 12x2\/31157 -1 n 16z\/?£)1;— 1 n 32\/@5— 1 for |z > 1
2iz3y/1 — T 2iz24/1 — 16izy/1 — T 32iv/1 — .
z*acse (V) N 7 +! 3 + 35 + = otherwise
4 8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3xacsc(x**(1/2)),x)

[Out] x*x4*acsc(sqrt(x))/4 + Piecewise((2xx**3*sqrt(x - 1)/7 + 12xx**2xsqrt(x - 1
)/35 + 16xx*sqrt(x - 1)/35 + 32xsqrt(x - 1)/35, Abs(x) > 1), (2xI*x*x3*sqrt
(1 - x)/7 + 12xI*x*x2*sqrt(1 - x)/35 + 16xI*x*sqrt(l - x)/35 + 32*I*sqrt(l

- x)/35, True))/8
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 152 vs. 2(38) =

76.
time = 0.43, size = 152, normalized size = 2.62

I 6 I 4 I 2
1225z‘<V/—%+1 —1) +245:2(\//‘—%+1 —1) +491(\//‘—%+1 —1) +5

7 1 T
17920 2% VLE +1 -1

_— 7 — s PR 3 —
1 - [1 7T o [1 1 1 7 of [1 35 [1
— i/ —=+1 -1 =i /-=+1 -1 Zgtaresin | —= | + s 23 [ (/—=+1 -1 —Vz —=4+1 -1 -
35817 (\/ R ) +2560“<V R tyreen () et Vet e VeVt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3%arccsc(x~(1/2)),x, algorithm="giac")

[Out] 1/3584*x~(7/2)*(sqrt(-1/x + 1) - 1)77 + 7/2560%x~(5/2)*(sqrt(-1/x + 1) - 1)
~5 + 1/4*x"4xarcsin(1/sqrt(x)) + 7/512*%x~(3/2)*(sqrt(-1/x + 1) - 1)°3 + 35/
512xsqrt(x)*(sqrt(-1/x + 1) - 1) - 1/17920%(1225*%x"3*(sqrt(-1/x + 1) - 1)76
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+ 245%x72%(sqrt(-1/x + 1) - 1)74 + 49xx*(sqrt(-1/x + 1) - 1)°2 + 5)/(x~(7/
2)*(sqrt(-1/x + 1) - 1)°7)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/:1:3 asin(%) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*asin(1/x~(1/2)),x)
[Out] int(x~3*asin(1/x~(1/2)), x)
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3.3 [zPesc™ (V') da

Optimal. Leaf size=47

V-1 2 1 1
% + 5(—1 +x)*? + E(_l +1)°% 4+ §x3 esc (V)

[Out] 2/9%(-1+x)~(3/2)+1/15%(-1+x)~(5/2)+1/3*x"3*arccsc(x~(1/2))+1/3*x(-1+x)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 47, normalized size of antiderivative = 1.00, number of

number of rules _ ( g0
integrand size ’

steps used = 4, number of rules used = 3, integrand size = 10,
Rules used = {5379, 12, 45}
1

1 2
§x3 cse ! (V') + 1—5(33 —1)%2 4 §(x —1)%2 4

vVe—1
3

Antiderivative was successfully verified.
[In] Int[x"2*ArcCsc[Sqrt[x]],x]

[Out] Sqrt[-1 + x]1/3 + (2*%(-1 + x)~(3/2))/9 + (-1 + x)~(56/2)/15 + (x~3*ArcCsc[Sqr
t[x]1)/3

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI1]

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, 4, n},
x] && NeQ[b*c - a*d, 0] && IGtQ[m, O] && ( 'IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5379

Int[((a_.) + ArcCsclu_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl(c + d*x)"(m + 1)*((a + b*ArcCsc[ul)/(d*(m + 1))), x] + Dist[b*(u/(d*(m +

1)*Sqrt[u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrt[u
~2 - 11)), x], x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] && !'Function0fQ[(c + d*x)~(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rubi steps
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2
/z2csc_1 (Vz') dz = %z?’csc_l (Vz') —l—%/Z_xﬁdx
3 _

1 1 1/ z?
=z VE) o | e d
5T oS (Vz') 6] oo x

== -1(\/ Z — 4 9v/—1 -1 d
" csc ( 9:)—|—6 (\/1—+ +z +(-1+2) T
vV-1l+z

2 1 1
=5 t4(-1 +a)¥? + (-1 +z)%2 + 5303 cse (V)

Mathematica [A]
time = 0.02, size = 35, normalized size = 0.74

% —1+x (8+4x—|—3x2) + %xg’csc_l (\/E)

Antiderivative was successfully verified.

[In] Integrate[x~2*ArcCsc[Sqrt[x]],x]
[Out] (Sqrt[-1 + x]*(8 + 4*x + 3%x72))/45 + (x"3*ArcCsc[Sqrt[x]])/3

Maple [A]
time = 0.21, size = 38, normalized size = 0.81

method result size

m3arccsc ( ﬁ >

derivativedivides 3 +

(z—1) (322+4x+8) 38
45 \/ =1 \/z
x%rccsc(ﬁ) n (x—l)(3x2+4x+8)

’ 45\/’”7_1‘\/5

default 38

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arccsc(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] 1/3*x"3%arccsc(x~(1/2))+1/45%(x-1) *(3*x~2+4*xx+8) /((x-1)/x)~(1/2)/x~(1/2)

Maxima [A]
time = 0.26, size = 52, normalized size = 1.11

5 3
1 1 2 1 2 1 2 1 1
1—5x3 <—5+1) —I—gx?’arccsc (\/ac )+§x% <_5+1) +§\/x —5+1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(x~(1/2)),x, algorithm="maxima")

[Out] 1/15%x~(5/2)*(-1/x + 1)~(5/2) + 1/3*x"3*arccsc(sqrt(x)) + 2/9*x~(3/2)*(-1/x
+ 1)7(3/2) + 1/3*%sqrt(x)*sqrt(-1/x + 1)

Fricas [A]
time = 0.35, size = 27, normalized size = 0.57

%x‘garccsc (Vz') +% (32 +4z+8)Vr—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(x~(1/2)),x, algorithm="fricas")
[Out] 1/3*x"3*arccsc(sqrt(x)) + 1/45%(3*x"2 + 4*x + 8)*sqrt(x - 1)

Sympy [C] Result contains complex when optimal does not.
time = 20.00, size = 90, normalized size = 1.91

2z2\/:§ —1 n 83;\/?5— 1 4 16\/.’1175— 1 for |:£| >1
2iz2y/1 — x 8iz\/1 — T 16iy/1 — .
#*acsc (V) N = + 15 + = otherwise
3 6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*acsc(x**(1/2)),x)

[Out] x*x3*acsc(sqrt(x))/3 + Piecewise((2*kx**2*sqrt(x - 1)/5 + 8*x*sqrt(x - 1)/15
+ 16*sqrt(x - 1)/15, Abs(x) > 1), (2xIxx**2*sqrt(l - x)/5 + 8*Ixx*sqrt(l -
x)/15 + 16*I*sqrt(1 - x)/15, True))/6

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 116 vs. 2(31) =

62.
time = 0.45, size = 116, normalized size = 2.47

5 3
1 1 5 s 1 1 1 5 1
i/ ——+1 -1 —zi 4/ ——+1 -1 —alarcsin (| —= |+ <=z [{/—=+1 1] —
48011< Z+ >+28811< x+ >+3Iarcsm< ?)4—48 1‘( z+ >

8|

4 2
/1 /
150:62( 7;#»1 71> +25z< ——+1 71) +3
5
1 _1)

1440 23 < -

8=

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(x”(1/2)),x, algorithm="giac")

[Out] 1/480*x~(5/2)*(sqrt(-1/x + 1) - 1)°5 + 5/288*x~(3/2)*(sqrt(-1/x + 1) - 1)73
+ 1/3*%x"3*arcsin(1/sqrt(x)) + 5/48xsqrt(x)*(sqrt(-1/x + 1) - 1) - 1/1440%(
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150%x~2*%(sqrt(-1/x + 1) - 1)74 + 256*x*(sqrt(-1/x + 1) - 1)72 + 3)/(x~(5/2)*
(sqrt(-1/x + 1) - 1)75)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/:1:2 asin(%) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2*asin(1/x~(1/2)),x)
[Out] int(x~2*asin(1/x~(1/2)), x)
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3.4 [zese™ (V') da

Optimal. Leaf size=36

v—1 1 1
% + 6(—1 +12)%2 + §$2 cse! (Vz)

[Out] 1/6*%(-1+x)~(3/2)+1/2*x"2*arccsc(x”~(1/2))+1/2*%(-1+x)~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 36, normalized size of antiderivative = 1.00, number of

number of rules _ 375
integrand size ’

steps used = 4, number of rules used = 3, integrand size = 8,
Rules used = {5379, 12, 45}
1

1
5332 csc! (V') + 6(3: —1)%2 4

vVr—1
2

Antiderivative was successfully verified.

[In] Int[x*ArcCsc[Sqrt([x]],x]

[Out] Sqrt[-1 + x]/2 + (-1 + x)°(3/2)/6 + (x"2*ArcCsc[Sqrt[x]])/2
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
QLu, (b_)*(v_) /; FreeQlb, x]]

Rule 45

Int[((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - a*d, 0] && IGtQ[m, O] && ( 'IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5379

Int[((a_.) + ArcCsclu_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl(c + d*x)"(m + 1)*((a + b*ArcCsc[u])/(d*(m + 1))), x] + Dist[b*(u/(d*(m +
1)*Sqrt[u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrt[u
~2 - 11)), x1, x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] &% Inverse
FunctionFreeQ[u, x] && !'Function0fQ[(c + d*x)~(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rubi steps



/xcsc_1 (Vz') dz =

Mathematica [A]

1
2

—z?csc! (\/E) +

1 _ 1
§$2 csct (\/a: ) + 1
vV—=14+=z 1
2 T%

time = 0.02, size = 27, normalized size = 0.75

1
6

Antiderivative was successfully verified.

[In] Integrate[x*ArcCsc[Sqrt([x]],x]
[Out] (Sqrtl[-1 + x]*(2 + x) + 3*x~2*ArcCsc[Sqrt[x]]1)/6

/
/

T G

2v/—-1+z

(e

“(V-14+z (24 z) +3z%csc™ (Vz))

1 T
ot (V) 4G | e

+\/—1+m) dx

1
(=1 +2z)*%+ §x2 cse™ (V)

Maple [A]
time = 0.22, size = 31, normalized size = 0.86
method result size
z2arccse X
derivativedivides 2(\/—) 4 (z=E+2) 31
6\/ =1z
z2arccsc X
default 2<\/—> 4+ —(e=D@+d) | 31
6\/ =1 \/z

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arccsc(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] 1/2*x~2*arccsc(x”(1/2))+1/6%x(x-1)*(x+2)/((x-1)/x)"(1/2)/x~(1/2)

Maxima [A]

time = 0.26, size = 38, normalized size = 1.06

1x% 1+
6 T

3
2 1 1 1
1) +§x2arccsc(\/ac)+§\/x -~ +1
T

Verification of antiderivative is not currently implemented for this CAS.

52
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[In] integrate(x*arccsc(x”(1/2)),x, algorithm="maxima")

[Out] 1/6%x~(3/2)*(-1/x + 1)~(3/2) + 1/2xx"2*arccsc(sqrt(x)) + 1/2*sqrt(x)*sqrt(-
1/x + 1)

Fricas [A]
time = 0.34, size = 20, normalized size = 0.56

1 1
ixzarccsc (Vz') + 6 (z+2)vVz—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(x~(1/2)),x, algorithm="fricas")
[Out] 1/2*x"2xarccsc(sqrt(x)) + 1/6x(x + 2)*sqrt(x - 1)

Sympy [C] Result contains complex when optimal does not.
time = 6.27, size = 58, normalized size = 1.61

z~33'3—1+2v1}3—1 for |z| > 1

s acse (V) 2y 13_ T 42y 13_ L otherwise
2 + 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*acsc(x**(1/2)),x)

[Out] x*x2*acsc(sqrt(x))/2 + Piecewise((x*sqrt(x - 1)/3 + 2*sqrt(x - 1)/3, Abs(x)
> 1), (Ixxxsqrt(l - x)/3 + 2xIxsqrt(l - x)/3, True))/2

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 80 vs. 2(24) = 48.
time = 0.45, size = 80, normalized size = 2.22

3
/1 1, . 1 3 /1
13 ( $+1 1) +2w arcsm<ﬁ>+16\/w< a:+1 1)

N

1
—z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(x~(1/2)),x, algorithm="giac")

[Out] 1/48%x~(3/2)*(sqrt(-1/x + 1) - 1)73 + 1/2*%x"2*arcsin(1/sqrt(x)) + 3/16*sqrt
(x)*(sqrt(-1/x + 1) - 1) - 1/48%(9*x*(sqrt(-1/x + 1) - 1)72 + 1)/ (x~(3/2)*(
sqrt(-1/x + 1) - 1)°3)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

/ z asin (%) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*asin(1/x~(1/2)),x)
[Out] int(x*asin(1/x~(1/2)), x)

o4
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3.5 [ese™t (W) dz

Optimal. Leaf size=16

V-1+z +zcesc (V)

[Out] x*arccsc(x~(1/2))+(-1+x)~(1/2)
Rubi [A]

time = 0.00, antiderivative size = 16, normalized size of antiderivative = 1.00, number of
steps used = 3, number of rules used = 3, integrand size = 6, number of rules _ () 5

integrand size
Rules used = {5377, 12, 32}

V-1 +zcse™ (V)

Antiderivative was successfully verified.

[In] Int[ArcCsc([Sqrt(x]],x]

[Out] Sqrt[-1 + x] + x*ArcCsc[Sqrt[x]]
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)~(m + 1)/(b*(m +
1)), x] /; FreeQl{a, b, m}, x] && NeQ[m, -1]

Rule 5377

Int[ArcCsclu_], x_Symbol] :> Simp[x*ArcCsc[ul, x] + Dist[u/Sqrt[u”2], Int[S
implifyIntegrand [x*(D[u, x]/(u*Sqrt[u~2 - 1])), x], x], x] /; InverseFuncti
onFreeQ[u, x] &% !'FunctionOfExponentialQ[u, x]

Rubi steps
1
-1 d = -1 /—d
/csc (Vz') dz=zesc™ (V') + Wy z
:.’L‘CSC_1 (\/.’E ) +%/ﬁdﬁﬂ

=+v—-1+z +zesc' (V)



Mathematica [A]
time = 0.00, size = 16, normalized size = 1.00

V-1+z +zcsc?! (\/a?)

Antiderivative was successfully verified.

[In] Integrate[ArcCsc[Sqrt[x]],x]
[Out] Sqrt[-1 + x] + x*ArcCsc[Sqrt[x]]

Maple [A]
time = 0.20, size = 24, normalized size = 1.50
method result size
derivativedivides | zarcesc(v/z') + zl—_l 24
z—1 €T
default zarcesc(y/Z ') + “1—_1 24
—1 €T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(x~(1/2)),x,method=_RETURNVERBOSE)
[Out] x*arccsc(x~(1/2))+1/((x-1)/x)~(1/2)/x~(1/2)*(x-1)

Maxima [A]
time = 0.25, size = 20, normalized size = 1.25

zarcese (V') + vz —é +1

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(arccsc(x~(1/2)),x, algorithm="maxima")
[Out] x*arccsc(sqrt(x)) + sqrt(x)*sqrt(-1/x + 1)

Fricas [A]
time = 0.34, size = 12, normalized size = 0.75

zarcesc (vz') + Vo —1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2)),x, algorithm="fricas")

[Out] x*arccsc(sqrt(x)) + sqrt(x - 1)
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Sympy [C] Result contains complex when optimal does not.
time = 2.60, size = 29, normalized size = 1.81

2z -1 for|z|>1
2iy/1 —x otherwise

2

T acsc (\/:T:) + {

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(x*x(1/2)),x)
[Out] x*acsc(sqrt(x)) + Piecewise((2*sqrt(x - 1), Abs(x) > 1), (2xIxsqrt(1l - x),
True))/2

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 41 vs. 2(12) = 24.
time = 0.44, size = 41, normalized size = 2.56

1

i U R e i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2)),x, algorithm="giac")
[Out] x*arcsin(1/sqrt(x)) + 1/2*sqrt(x)*(sqrt(-1/x + 1) - 1) - 1/2/(sqrt(x)*(sqrt
(-1/x + 1) - 1))

Mupad [B]
time = 1.06, size = 20, normalized size = 1.25

xasin(%) + VT H

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1/x~(1/2)),x)
[Out] x*asin(1/x~(1/2)) + x~(1/2)*(1 - 1/x)~(1/2)
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($c_1(\/5;>

x

dx

3.6 |

Optimal. Leaf size=56
icsct (\/g?)2 —2csc! (v/z') log (1 — e%csc_l(\/f)) + z’PolyLog(Q, ezicsc_l(\/ﬂ?))

[Out] I*arccsc(x~(1/2))"2-2*arccsc(x”(1/2))*1n(1-(I/x~(1/2)+(1-1/x)"(1/2))"2)+I*p
olylog(2, (I/x~(1/2)+(1-1/x)"(1/2))"2)

Rubi [A]

time = 0.06, antiderivative size = 56, normalized size of antiderivative = 1.00, number of

number of rules _ (500
> integrand size ’

steps used = 7, number of rules used = 6, integrand size = 10
Rules used = {5327, 4721, 3798, 2221, 2317, 2438}

ZL12 (eQicsc—l(\/i?)> + iCSC_l (\/;)2 _ 2CSC_1 (\/;) log (1 _ eQicsc—l(\/i?)>

Antiderivative was successfully verified.
[In] Int[ArcCsc[Sqrt[x]]/x,x]

[Out] I*ArcCsc[Sqrt[x]]~2 - 2*ArcCsc[Sqrt[x]]*Logl[l - E~((2*I)*ArcCsc[Sqrt[x]])]
+ IxPolyLog[2, E~((2*I)*ArcCsc[Sqrt[x]])]

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m/(bxf*g*n*xLog[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))"n/a)l, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (=c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (£f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)~(m + 1)/(d*(m + 1))), x] - Dist[2+I, Int[(c + d*x)"m
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*E~ (2% Ixk*Pi)* (E~(2%I*x (e + f*x))/(1 + E~(2%I*k*xPi)*E~(2%I*x(e + f*x)))), x],
x] /; FreeQl{c, d, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4721

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x) n*Cot[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 5327
Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b

*ArcSin[x/c]l)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rubi steps

/Mdmﬂsubst(/csc (e )dac z, f)

—(2Sub t(/ sin”( %))

—(2subs (/ cot(z) dz, z, sin :S%)))

+ 4iSubst ( / 16_ efm dz, z,sin" (%))

Mathematica [A]
time = 0.03, size = 54, normalized size = 0.96

i(CSC_l (Vz') (CSC_1 (Vz') + 2ilog (1 — eQiCSC_l(\/f)» + PolyLog<2, e2iCSC‘1(\/F)>>

Antiderivative was successfully verified.

[In] Integrate[ArcCsc[Sqrt[x]]/x,x]

() ()« 2 [
" 26~ (L> og (1- ¢ () ) isube ( /
( ) (%) —I—iLiQ<e%Sin_l(\/lg?>>

log(1 — ) c
T



[Out] I*(ArcCsc[Sqrt[x]]*(ArcCsc[Sqrt[x]] + (2*I)*Log[l - E~((2*I)*ArcCsc[Sqrt[x]

1)1) + PolyLogl[2, E~((2*I)*ArcCsc[Sqrt[x]]1)]1)

Maple [A]
time = 0.60, size = 105, normalized size = 1.88

method result

derivativedivides | tarccsc(y/z )2 — 2arcese(y/z ') In (1 — \;3? —/1-1 ) — 2arcese(y/z ') In (1 +
default z'arccsc(\/:?)2 — 2arcese(4/7) In (1 — \/Za? —/1-1 ) — 2arcese(4/7) In (1 +

—
a

72'5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(x~(1/2))/x,x,method=_RETURNVERBOSE)

[Out] I*arccsc(x~(1/2))"2-2*%arccsc(x~(1/2))*1n(1-I/x~(1/2)-(1-1/x)"(1/2))-2*arccs
c(x~(1/2))*1n(1+I/x~(1/2)+(1-1/x)~(1/2) )+2*I*polylog(2,-I/x~(1/2)-(1-1/x)~(

1/2))+2*I*polylog(2,I/x~(1/2)+(1-1/x)~(1/2))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2))/x,x, algorithm="maxima")
[Out] integrate(arccsc(sqrt(x))/x, x)
Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2))/x,x, algorithm="fricas")
[Out] integral(arccsc(sqrt(x))/x, x)
Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/acsc (Vz') i

T

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(acsc(x**(1/2))/x,x)
[Out] Integral(acsc(sqrt(x))/x, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2))/x,x, algorithm="giac")
[Out] integrate(arccsc(sqrt(x))/x, x)

Mupad [B]
time = 0.85, size = 42, normalized size = 0.75

asin| —— i ]_ 2 asin| —— i ]_
polylog | 2, e <\/5)2 li+asin(—> li—-2In|1—e <\/“?>2 asin(—)
VT T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1/x~(1/2))/x,x)
[Out] polylog(2, exp(asin(1/x~(1/2))*2i))*1i + asin(1/x7(1/2))"2x1i - 2+log(l - e
xp(asin(1/x~(1/2))*21i))*asin(1/x~(1/2))
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($c_1(\/5;>

x2

dx

3.7

Optimal. Leaf size=38

V=1+z cesct(vz') 1
- - - éArcTan(\/m)

2x T

[Out] -arccsc(x~(1/2))/x-1/2*arctan((-1+x)~(1/2))-1/2x(-1+x)~(1/2) /x

Rubi [A]
time = 0.01, antiderivative size = 38, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.500,

steps used = 5, number of rules used = 5, integrand size = 10
Rules used = {5379, 12, 44, 65, 209}
1 Vr—1 !
—EArcTan(\/a: -1) - ad e (vz)

2z x

Antiderivative was successfully verified.

[In] Int[ArcCsc[Sqrt[x]]/x"2,x]

[Out] -1/2#Sqrt[-1 + x]/x - ArcCsc[Sqrt[x]]/x - ArcTan[Sqrt[-1 + x]]1/2
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 44

Int[((a_.) + (b_.)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+bxx)"(m + DD*((c + d*x)"(n + 1)/((b*xc - a*xd)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((bxc - a*xd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
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, 01 |l GtQ[b, 01)

Rule 5379

Int[((a_.) + ArcCsclu_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl(c + d*x)"(m + 1)*((a + b*ArcCsc[u])/(d*(m + 1))), x] + Dist[b*(u/(d*(m +
1)*Sqrt[u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(uxSqrt[u
~2 - 11)), x1, x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)~(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rubi steps
-1 1
/csc (\/E)dxz_csc (\/9?)_/ 1 I
x? x 2v—1+z 22
esct (Vz') 1 1

_ V-l+a _cscl(\/f)_l 1 I

- 2x x 4 /-1+z'=x
T -1

= — 1+z osc <ﬁ)—18ubst/ 1 dr,z,v/—1+zx
2x T 2 1422
— 1

G sl W e

Mathematica [A]
time = 0.02, size = 32, normalized size = 0.84

) VoTTT 4200 (VE) — xArcSin(ﬁ)

2z

Antiderivative was successfully verified.

[In] Integrate[ArcCsc[Sqrt[x]]/x"2,x]
[Out] -1/2%(Sqrt[-1 + x] + 2xArcCsc[Sqrt([x]] - x*ArcSin[1/Sqrt([x]])/x

Maple [A]
time = 0.21, size = 46, normalized size = 1.21

’ method result ‘ size ‘
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-

o))

46

wee(y)  VEL <t<

derivativedivides | — > +

Mw]

arcese <arctan< > r—1 >
default _ee(VT) -1 46
V ==l .3

T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(x~(1/2))/x"2,x,method=_RETURNVERBOSE)

[Out] -arccsc(x~(1/2))/x+1/2x(x-1)"(1/2)*(arctan(1/(x-1)"(1/2))*x-(x-1)"(1/2))/ ((
x-1)/x)~(1/2)/x~(3/2)

Maxima [A]
time = 0.49, size = 51, normalized size = 1.34

ve __+1 arcese (vz') 1 7
2(x<;—1)—1)_ z ‘56““&“(\/? —;+1>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2))/x"2,x, algorithm="maxima")
[Out] 1/2*sqrt(x)*sqrt(-1/x + 1)/(x*(1/x - 1) - 1) - arccsc(sqrt(x))/x - 1/2*arct
an(sqrt (x)*sqrt(-1/x + 1))

Fricas [A]
time = 0.37, size = 21, normalized size = 0.55

(z — 2) arcese (vVz') — Vo — 1

2z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2))/x72,x, algorithm="fricas")
[Out] 1/2%((x - 2)*arccsc(sqrt(x)) - sqrt(x - 1))/x
Sympy [C] Result contains complex when optimal does not.

time = 14.03, size = 76, normalized size = 2.00

(

¢ ‘ for|z|>1

iacosh( L )— . -+
AR ST S

/1—1
—agin [ —2 ) + ad otherwise
( acsc (Vz')

vz vz ~

\
T
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(x**(1/2))/x**2,x)

[Out] -Piecewise((I*acosh(1/sqrt(x)) - I/(sqrt(x)*sqrt(-1 + 1/x)) + I/(x**(3/2)*s
qrt(-1 + 1/x)), 1/Abs(x) > 1), (-asin(1/sqrt(x)) + sqrt(l - 1/x)/sqrt(x), T

rue))/2 - acsc(sqrt(x))/x

Giac [A]
time = 0.43, size = 32, normalized size = 0.84

-1
(2o () VBT L (L)

20T 2 NS
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2))/x"2,x, algorithm="giac")
[Out] -(1/x - 1)*arcsin(1/sqrt(x)) - 1/2xsqrt(-1/x + 1)/sqrt(x) - 1/2*arcsin(1/sq

rt(x))

Mupad [B]
time = 0.69, size = 28, normalized size = 0.74

 2Vz 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1/x~(1/2))/x"2,x)
[Out] - (1 - 1/x)°(1/2)/(2*x~(1/2)) - (asin(1/x~(1/2))*(2/x - 1))/2
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($c_1(\/5;>

x3

dx

3.8 |

Optimal. Leaf size=54

vV=l+z B 3V—-1+4+z 3 csc! (\/E) _ iArcTan(w/—l + )

82 162 22 16

[Out] -1/2*arccsc(x~(1/2))/x"2-3/16*%arctan((-1+x)~(1/2))-1/8%(-1+x)~(1/2)/x~2-3/1
6% (-1+x)~(1/2)/x

Rubi [A]
time = 0.02, antiderivative size = 54, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.500,

steps used = 6, number of rules used = 5, integrand size = 10,
Rules used = {5379, 12, 44, 65, 209}
—_— _1 —_—
3 petan(ET) - VAT (V) 3

82 212 16z

Antiderivative was successfully verified.
[In] Int[ArcCsc[Sqrt[x]]/x"3,x]

[Out] -1/8+Sqrt[-1 + x]/x72 - (3*Sqrt[-1 + x])/(16%xx) - ArcCsc[Sqrt[x]]/(2*x~2) -
(3xArcTan[Sqrt[-1 + x]]1)/16

Rule 12

Int[(a_)*(u_), x_Symboll :> Dist[a, Int[u, x], x] /; FreeQla, x] & !Match
Qlu, ( )*(v_) /; FreeQ[b, x]]

Rule 44

Int[((a_.) + (b_.)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+bxx)"(m + DD*((c + d*x)"(n + 1)/((b*xc - a*xd)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((bkc - a*xd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)]1, x11 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 209
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 5379

Int[((a_.) + ArcCsclu_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Sim
pl(c + d*x)~"(m + 1)*((a + b*ArcCsc[u]l)/(d*(m + 1))), x] + Dist[b*(u/(d*(m +
1)*Sqrt[u~2])), Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sqrt[u
~2 - 11)), x], x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && Inverse
FunctionFreeQ[u, x] && !'Function0fQ[(c + d*x)~"(m + 1), u, x] && !Function
OfExponentialQ[u, x]

Rubi steps

csc‘l(\/f)d _esc (V) 1 1 p
/ x3 TE T e _5/2\/—1+zx3 !

_esc ! (V) 1/ 1 p

B 222 4) /=1+¥z 3 v

_ V-l+s _csc‘l(ﬁ)_i/ 1 s

N 82 212 16 ) /=1+z 22

_ V-l+z  3W-l+z _csc‘l(\/a?)_i/ 1 i

Bl 8x? 16z 2° 32) V-1+zz

V-1+z 3v/=-1+z csc'(Vz) 3 1

= - - -2 - V=1
22 162 52 16Subst </ T+ 22 dz, z, + )
_ - -1

_ V143 3V-143 osc (ﬁ)—itan_l(m)
82 16z 222 16

Mathematica [A]
time = 0.04, size = 55, normalized size = 1.02

. -1
13 1tz _osc (\/E) + iAlr(:Sin 1
8232 16z ) V = 212 16 NG

Antiderivative was successfully verified.

[In] Integrate[ArcCsc[Sqrt[x]]/x"3,x]

[Out] (-1/8%1/x~(3/2) - 3/(16*Sqrt[x]))*Sqrt[(-1 + x)/x] - ArcCsc[Sqrt[x]]/(2*xx~2
) + (3*%ArcSin[1/Sqrt[x]])/16

Maple [A]
time = 0.20, size = 57, normalized size = 1.06
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method result size
VI — 1 <3arctan< 2—3\/.’13 —1 2 2/ — )
arccsc X A/
derivativedivides | — Q(xf) + -1 57
16 \/ ET_I z%
VI — 1 <3arctan< L :t2—3\/.’E —1 2z 2/ T — >
arccsc x \x
default — 2&f> + —1 57
16 \/ — x%

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(x~(1/2))/x"3,x,method=_RETURNVERBOSE)

[Out] -1/2%arccsc(x”~(1/2))/x72+1/16%(x-1)~(1/2)*(3*arctan(1/(x-1)~(1/2))*x"2-3*(x
-1)7(1/2) *x-2%(x-1) " (1/2)) / ((x-1) /x)~(1/2) /3~ (56/2)

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 80 vs.

2(38) = 76.
time = 0.49, size = 80, normalized size = 1.48

3x2(——+1) TV __+ _arcesc (Vo) 3 1
3 16 arctan | vz {/——+1
16<x2(§—1) —2x(§—1)+1> 2z z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2))/x"3,x, algorithm="maxima")

[Out] -1/16%(3*x~(3/2)*(-1/x + 1)7(3/2) + bxsqrt(x)*sqrt(-1/x + 1))/(x"2*(1/x - 1
)72 - 2xxx(1/x - 1) + 1) - 1/2%arccsc(sqrt(x))/x"2 - 3/16*arctan(sqrt(x)*sq

rt(-1/x + 1))

Fricas [A]
time = 0.36, size = 30, normalized size = 0.56

(322 —8)arcese (Vz') — (3z+2)vVz — 1

16 22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2))/x"3,x, algorithm="fricas")

[Out] 1/16%((3*x"2 - 8)*arccsc(sqrt(x)) - (3*x + 2)*sqrt(x - 1))/x"2
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Sympy [C] Result contains complex when optimal does not.
time = 45.17, size = 146, normalized size = 2.70

3iacosh [ —L
g\/“?> - 2 + : + : for 1y > 1
/T /-1+1 Wi -14+1 %l /141
3asin< 1 )
- 4\/3? + 3 - 1 - 1 otherwise
T\ J1—-1 el /11 ad /11 acse (V')
B 4 - 2g2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(x**(1/2))/x**3,x)

[Out] -Piecewise((3*I*acosh(1/sqrt(x))/4 - 3*I/(4*sqrt(x)*sqrt(-1 + 1/x)) + I/(4x
x*x(3/2)*sqrt (-1 + 1/x)) + I/(2*x**(5/2)*sqrt(-1 + 1/x)), 1/Abs(x) > 1), (-
3*xasin(1/sqrt(x))/4 + 3/(4*sqrt(x)*sqrt(l - 1/x)) - 1/(4*x**(3/2)*sqrt(1 -

1/x)) - 1/(2*x**(5/2)*sqrt(1 - 1/x)), True))/4 - acsc(sqrt(x))/(2xx**2)

Giac [A]
time = 0.44, size = 59, normalized size = 1.09

(3o ()« (L ) 0 S sy

z T 8z 16 vz 16 z
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(x~(1/2))/x"3,x, algorithm="giac")

[Out] -1/2%(1/x - 1)~ 2%arcsin(1/sqrt(x)) - (1/x - 1)*arcsin(1/sqrt(x)) + 1/8x(-1/
x + 1)7(3/2)/sqrt(x) - 5/16*sqrt(-1/x + 1)/sqrt(x) - 5/16*arcsin(1/sqrt(x))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1/x~(1/2))/x73,x)
[Out] int(asin(1/x~(1/2))/x"3, x)
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3.9 [ z%csc™t (%) dx

Optimal. Leaf size=56

1,/ z2 1, 2\** 1, =z
ga 1—¥—§a (l_ﬁ —I—ngrcSm<a>

[Out] -1/9*a~3*(1-x"2/a"2)"(3/2)+1/3*x"3*arcsin(x/a)+1/3*a"~3*%(1-x"2/a"2)"(1/2)

Rubi [A]
time = 0.03, antiderivative size = 56, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.400,

steps used = 5, number of rules used = 4, integrand size = 10
Rules used = {5373, 4723, 272, 45}

1, 2\ 1, [ 2 1, (T
—§a (1_ﬁ) -l-ga 1—; +§£C ArcSm<E>

Antiderivative was successfully verified.

[In] Int[x"2%ArcCscla/x],x]

[Out] (a~3#Sqrtl[l - x72/a"2])/3 - (a”3*(1 - x72/a"2)~(3/2))/9 + (x~3*ArcSin[x/al)
/3

Rule 45

Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] &% NeQ[b*c - a*d, 0] && IGtQ[m, O] && ( 'IntegerQ[n] || (EqQ[c, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 272

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 4723

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.)) " (n_.)*((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[(d*x)~(m + 1)*((a + b*ArcSin[c*x]) " n/(d*(m + 1))), x] - Dist[bxcx(n
/(d*x(m + 1))), Int[(d*x)~"(m + 1)*((a + bxArcSin[c*x])~(n - 1)/Sqrt[l - c~2%
x~21), x]1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 5373

Int[ArcCsc[(c_.)/((a_.) + (b_)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[
uxArcSin[a/c + b*x(x"n/c)]”m, x] /; FreeQ[{a, b, c, n, m}, x]



Rubi steps

/a:2 csc™? <g> dx =/ 2sin ™! <§> dx

3 a 6a
Subst | [ a2 1—%
Ji-2 4
L g, /(T a?
—gx Sin <E>_ 6a
1 _

Mathematica [A]
time = 0.02, size = 42, normalized size = 0.75

1 2 1
§a(2a2 + %) /11— % + gx?’ csc! (%)

Antiderivative was successfully verified.

[In] Integrate[x~2*ArcCscl[a/x],x]
[Out] (ax(2*a~2 + x"2)*Sqrt[1 - x72/a~2])/9 + (x~3*ArcCsc[a/x])/3

Maple [A]
time = 0.46, size = 66, normalized size = 1.18

method result size

3 x

3a,rccsc(%) (Z%‘O =2 ‘ 66

3a3 - 22 )
(z-1)2 |
9 a2 a

derivativedivides | —a
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(2-1) (2 +1)a

3 a
default —a3| =2 ar;(;sgc(z) — - 66
NEEE
9 Ia—z a4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arccsc(a/x),x,method=_ RETURNVERBOSE)
[Out] -a~3%(-1/3*x"3/a"3*arccsc(a/x)-1/9%(a~2/x"2-1)*x(2*%a~2/x~2+1)/((a~2/x"2-1) *x
~2/a"~2)"(1/2)*x"4/a"4)

Maxima [A]
time = 0.48, size = 54, normalized size = 0.96

2 2
4, | 7T 2.2 /] T
1 2a —g-i‘l + a°z —g-i-l

— x% arcesc <2> +
3 T 9a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(a/x),x, algorithm="maxima")
[Out] 1/3*x"3*xarccsc(a/x) + 1/9%(2*a~4*sqrt(-x"2/a"2 + 1) + a~2*x"2xsqrt(-x~2/a"2
+1))/a

Fricas [A]
time = 0.34, size = 39, normalized size = 0.70

1 1 2 _ g2
3 x2 arcesc (%) + 9 (2 a’x + x3) e x2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(a/x),x, algorithm="fricas")

[Out] 1/3*x~3*arccsc(a/x) + 1/9%(2*a”2*x + x~3)*sqrt((a”2 - x72)/x72)

Sympy [A]
time = 0.13, size = 51, normalized size = 0.91
2a34/1 — % az?4/1 — % 3 a
a a I acsc (E)
5 + 5 +— fora #0
sox? otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*acsc(a/x),x)
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[Out] Piecewise((2xa**3xsqrt(1l - x**2/a**2)/9 + a*x**2*ksqrt(l - x**2/ax*2)/9 + x*
*3*acsc(a/x) /3, Ne(a, 0)), (zoo*x**x3, True))

Giac [A]
time = 0.45, size = 68, normalized size = 1.21

3
1 2 1 2 2 1 1
3 GZHU(% - 1> arcsin (2) ~3 a® (—% + 1) +3 a’z arcsin <§> +3 a® -5+ 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(a/x),x, algorithm="giac")
[Out] 1/3*%a~2xx*(x"2/a"2 - 1)*arcsin(x/a) - 1/9%a”3*(-x"2/a"2 + 1)7(3/2) + 1/3*a”
2xx*arcsin(x/a) + 1/3*%a"3*sqrt(-x"2/a"2 + 1)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

z3 asin(%) vV a? — x? (2a%+2?) .
3 + 5 if 0<a
[ 2?asin(%) dz if 0<a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*asin(x/a),x)
[Out] piecewise(0 < a, (x"3*asin(x/a))/3 + ((a”2 - x72)"(1/2)*(2*a~2 + x~2))/9, ~
0 < a, int(x"2*asin(x/a), x))
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3.10 [zesc™? (%) dx

Optimal. Leaf size=47

}lax\/ 1— Z—z — %cﬂArcSin(%) + %ﬁArcSin(%)

[Out] -1/4%a"2%arcsin(x/a)+1/2*x " 2*arcsin(x/a)+1/4*xaxx*x(1-x"2/a~2)~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 47, normalized size of antiderivative = 1.00, number of

number of rules _ 50
integrand size ’

steps used = 4, number of rules used = 4, integrand size = 8§,
Rules used = {5373, 4723, 327, 222}

1, /T 1 / T2 15 /T
4a ArcSm(a) + 4ax 1 p + 2:5 ArcSm(a)

Antiderivative was successfully verified.

[In] Int[x*ArcCscla/x],x]

[Out] (axx*Sqrt[1l - x~2/a"2])/4 - (a"2xArcSin[x/al)/4 + (x"2*ArcSin[x/al)/2
Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a])1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl

Rule 327

Int[((c_.)*(x_ )" (@ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D)*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axc’n*((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 4723

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.)) " (n_.)*((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[(d*x)~(m + 1)*((a + b*ArcSin[c*x])"n/(d*(m + 1))), x] - Dist[bxcx(n
/(d*x(m + 1))), Int[(d*x)"(m + 1)*((a + bxArcSin[c*x])~(n - 1)/Sqrt[1l - c~2%
x~21), x]1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 5373

Int[ArcCsc[(c_.)/((a_.) + (b_)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[
uxArcSin[a/c + b*x(x"n/c)]”m, x] /; FreeQ[{a, b, c, n, m}, x]



Rubi steps
/accs:c_1 <2> dz = /avsin_1 <£> dz
T a
$2
Ik ) p" dz

] _

=gt (0) - —5. "
1 / 2 1 1 1

= Zax 1-— % —|—§xzsm 1 (—) 4a/ = dz

Mathematica [A]
time = 0.02, size = 44, normalized size = 0.94

}1 (ax\/ 1— z—j + 222 csc! (g) — a2ArcSin<g>)

Antiderivative was successfully verified.

[In] Integrate[x*ArcCscla/x],x]
[Out] (a*x*Sqrt[1 - x"2/a~2] + 2*x~2*ArcCsc[a/x] - a~2*ArcSin[x/al)/4
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Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 89 vs.

2(39) = T78.
time = 0.49, size = 90, normalized size = 1.91

’ method ‘ result

‘ size ‘




76

arctan [ S— a2
a2
a,2 w_2 - a2
ol - — +y/ 23— 1 a3
. . .. z2arccsc(2
derivativedivides | —a? [ ——— G _ 90
(1)
4 a2 a3
arctan [ S— a2
a2
a? z2 a?
z_2 1 - 22 + m_z 1 w3
2 a
default _g2 | (@) _ ‘ 90
2a o2 )
(52-1)=
4 az 0,3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arccsc(a/x),x,method=_RETURNVERBOSE)

[Out] -a~2%(-1/2*x"2/a~2*arccsc(a/x)-1/4x(a~2/x~2-1)"(1/2)*(-arctan(1/(a~2/x"2-1)
~(1/2))/x"2%a~2+(a"2/x"2-1)"(1/2))/((a~2/x"2-1)*x"2/a"2) ~(1/2)*x~3/a"3)

Maxima [A]
time = 0.46, size = 46, normalized size = 0.98

2
1 a® arcsin () —azx\/—%-l-l

— x% arccsc <2> —
2 T 4a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(a/x),x, algorithm="maxima")

[Out] 1/2*x~2*arccsc(a/x) - 1/4*(a"3*xarcsin(x/a) - a"2*x*sqrt(-x~2/a"2 + 1))/a



(s

Fricas [A]
time = 0.34, size = 38, normalized size = 0.81

1, [@d—22 1
e Y (a® — 2?%) arcesc (2)
z

4 z2 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(a/x),x, algorithm="fricas")
[Out] 1/4*x~2xsqrt((a”2 - x72)/x72) - 1/4*%(a"2 - 2*xx~2)*arccsc(a/x)

Sympy [A]
time = 0.09, size = 41, normalized size = 0.87

a ar ]. - ﬁ a
azacsc(;) + \/ a? + :tzac;c(w) for a % 0

- 4 4

o2 otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*acsc(a/x),x)
[Out] Piecewise((-a**2*acsc(a/x)/4 + axx*sqrt(l - x**2/ax*2)/4 + xx*2*acsc(a/x)/2

, Ne(a, 0)), (zoo*xx*x2, True))

Giac [A]
time = 0.41, size = 48, normalized size = 1.02

la2 $—2 — 1 ) arcsin <£> + 1 a? arcsin <£> + 1 ax _ac_2 +1
2 a 4 a 4 V a2

(1,2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(a/x),x, algorithm="giac")
[Out] 1/2*a"2x(x"2/a"2 - 1)*arcsin(x/a) + 1/4*a"2*arcsin(x/a) + 1/4*a*x*sqrt(-x~2

/a2 + 1)

Mupad [B]
time = 0.61, size = 38, normalized size = 0.81

2 z?
a? asin(ﬁ) <2ai2 — ) ax\/1—=
4 + 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*asin(x/a),x)
[Out] (a~2*xasin(x/a)*((2*x"2)/a"2 - 1))/4 + (axx*x(1 - x~2/a"2)"(1/2))/4
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3.11 [esc™? (%) dx

Optimal. Leaf size=25
2
ay/1— x_2 + xArcSin<E>
a a

[Out] x*arcsin(x/a)+a*(1-x"2/a"2)"(1/2)

Rubi [A]
time = 0.01, antiderivative size = 25, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.500,

steps used = 3, number of rules used = 3, integrand size = 6,
Rules used = {5373, 4715, 267}

a\/1— Z—z + xArcSin(%)

Antiderivative was successfully verified.

[In] Int[ArcCscla/x],x]

[Out] a*Sqrt[1 - x"2/a"2] + x*ArcSin[x/al
Rule 267

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*n*x(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 4715

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*Ar
cSin[c*x])"n, x] - Dist[b*c*n, Int[x*((a + b*ArcSin[c*x])~(n - 1)/Sqrt[1 -
c™2*x~2]), x], x] /; FreeQ[{a, b, c}, x] & GtQ[n, 0]

Rule 5373
Int[ArcCsc[(c_.)/((a_.) + (b_)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[

uxArcSin[a/c + b*(x"n/c)]"m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rubi steps
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2
1—— +xzsin™
Mathematica [A]

time = 0.01, size = 25, normalized size = 1.00

/ 2
ar/1— z_2 + zesc? (ﬂ)
a T

Antiderivative was successfully verified.

[In] Integrate[ArcCscla/x],x]
[Out] a*Sqrt[1 - x~2/a"2] + x*ArcCscla/x]
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 51 vs.

2(23) = 46.
time = 0.49, size = 52, normalized size = 2.08

method result size
a 2(a2 g
derivativedivides | —a | — xame( d__° gzz ) ‘ 59
a” _1 m2
\/(Z2 a2 ) a2
a 2 £_1
default —a _”“'amfc(z) __° §z2 ) | 52
wzg—l)w? 2
a? a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(a/x),x,method=_RETURNVERBOSE)

[Out] -ax(-x/a*arccsc(a/x)-1/((a~2/x"2-1)*x"2/a"2)"(1/2)*x"2/a"2*x(a~2/x"2-1))
Maxima [A]

time = 0.26, size = 23, normalized size = 0.92

a
I arccsc <—> +ay\/— +1
T
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x),x, algorithm="maxima")
[Out] x*arccsc(a/x) + axsqrt(-x"2/a"2 + 1)

Fricas [A]
time = 0.34, size = 26, normalized size = 1.04

a a? — x2?

X arccsc (—) +x
T

22
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x),x, algorithm="fricas")

[Out] x*arccsc(a/x) + xxsqrt((a”2 - x72)/x72)

Sympy [A]
time = 0.06, size = 22, normalized size = 0.88

a\/l—ﬁ—z +xacsc(%) fora #0

0T otherwise
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(a/x),x)
[Out] Piecewise((a*sqrt(1l - x*x2/a*x2) + x*acsc(a/x), Ne(a, 0)), (zoo*x, True))

Giac [A]
time = 0.43, size = 26, normalized size = 1.04

a(xarcsin (%) N /—x—j—i-l >
a a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x),x, algorithm="giac")

[Out] a*(x*arcsin(x/a)/a + sqrt(-x"2/a"2 + 1))

Mupad [B]
time = 0.10, size = 23, normalized size = 0.92

2 L/
a\/l1—-— +was1n<—>
a a
Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(x/a),x)
[Out] ax(1 - x~2/a~2)"(1/2) + x*asin(x/a)
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312 [ G gy

X

Optimal. Leaf size=59

—%iArcSin(%)2 + ArcSin(g) log (1 — e%ATCSiH(%)> _ %iPolyLog (27 eQiAmSin(%))

[Out] -1/2*I*arcsin(x/a) 2+arcsin(x/a)*1n(1-(I*x/a+(1-x"2/a~2)~(1/2))~2)-1/2*I*po
lylog(2, (I*xx/a+(1-x"2/a"2)~(1/2))"2)

Rubi [A]
time = 0.04, antiderivative size = 59, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.600,

steps used = 6, number of rules used = 6, integrand size = 10
Rules used = {5373, 4721, 3798, 2221, 2317, 2438}

—%iLiQ <e2iArCSin(%)> - %'L'ArCSin(%)2 + ArcSin(%) log <1 — eZiArCSin(§)>

Antiderivative was successfully verified.
[In] Int([ArcCscla/x]/x,x]

[Out] (-1/2*%I)*ArcSin[x/al~2 + ArcSin[x/al*Logl[l - E~((2*I)*ArcSin[x/al)] - (I/2)
*PolyLog[2, E~((2*I)*ArcSin[x/a])]

Rule 2221

Int [(((F_)~((g_.)*((e_.) + (£_)*(x_)))"(@_)*((c_.) + (d_)*(x_))"(m_.))/
((a)) + (b_)*((F_)~((g_)*((e_.) + (£_)*(x))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(bxf*g*n*xLog[F]))*Log[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))"n/a)l, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)"nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (=c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (£f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2+I, Int[(c + d*x)"m
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*E~ (2% Ixk*Pi)* (E~(2%I* (e + f*x))/(1 + E~(2*I*k*xPi)*E~(2%I*x(e + f*x)))), x],
x] /; FreeQl{c, d, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4721

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x) n*Cot[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 5373
Int[ArcCsc[(c_.)/((a_.) + (b_)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[
u*ArcSin[a/c + b*x(x"n/c)]"m, x] /; FreeQ[{a, b, ¢, n, m}, x]
Rubi steps
-1(a 1 (z
/csc (m) de =/sm (a) dx
z T

= Subst (/xcot(x) dz,z,sin™! <§>)
_ —%z’ sin~! (§>2 — 2iSubst </ % dr,x,sin! (g))

= —%i sin™* (g) +sin~! (2) log (1 — eziSin_l(f)> — Subst (/log (1—€**) dz,z,sin" (
= —%i sin~* (2)2 +sin~* (g) log (1 - e%Sinfl(%)> + %iSubst (/ w dz, z, 5™
= —%i sin ™! <§)2 +sin~! (S) log <1 — e%sm_l(%)) — %iLiQ (e%Si“_l(%))

Mathematica [A]
time = 0.03, size = 54, normalized size = 0.92

csc! (%) log (1 _ e2icsc‘1(%)) — %z (CSC_I (%)2 + PolyLog (2, 62icsc_1(:)>)

Antiderivative was successfully verified.

[In] Integrate[ArcCscla/x]/x,x]

[Out] ArcCscla/x]*Logl[l - E~((2*I)*ArcCscla/x])] - (I/2)*(ArcCscl[a/x]"2 + PolyLog
[2, E"((2xI)*ArcCscla/x])])

Maple [A]
time = 0.84, size = 125, normalized size = 2.12
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method result

. a\2 . ;
derivativedivides —% + arccsc(%) In ( -2 _ /11— z—z ) + arccsc(%) In (1 + % +4/1— 2—2 >

a

a

. a2 . ;
default —% + arccsc(%) In ( —_ /1 - z—z ) + arccsc(%) In (1 +24,/1- 2—; )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(a/x)/x,x,method=_RETURNVERBOSE)

[Out] -1/2*I*arccsc(a/x) 2+arccsc(a/x)*1n(1-I*x/a-(1-x"2/a"2)~(1/2))+arccsc(a/x)*
1n(1+I*x/a+(1-x"2/a"2)~(1/2))-I*polylog(2,I*x/a+(1-x"2/a"2)~(1/2))-I*polylo
g(2,-Ixx/a-(1-x"2/a"2)"(1/2))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x,x, algorithm="maxima")
[Out] integrate(arccsc(a/x)/x, x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x,x, algorithm="fricas")
[Out] integral(arccsc(a/x)/x, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/acsc (;) Iz
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(a/x)/x,x)

[Out] Integral(acsc(a/x)/x, x)
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x,x, algorithm="giac")
[Out] integrate(arccsc(a/x)/x, x)

Mupad [B]
time = 0.61, size = 49, normalized size = 0.83

polylog (2, e#sin(3) 2i> 1i

x a,sin(f)2 1i
| -l

+1n (1 — eaSi“(%)Qi) asin(—
a 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(x/a)/x,x)
[Out] log(1l - exp(asin(x/a)#*2i))*asin(x/a) - (polylog(2, exp(asin(x/a)*2i))*1i)/2

- (asin(x/a)~2*1i)/2
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~1(a
313 [ Wy

Optimal. Leaf size=32

tanh™? 1-— —
ArcSin(%) a

Z a

[Out] -arcsin(x/a)/x-arctanh((1-x"2/a~2)~(1/2))/a

Rubi [A]
time = 0.02, antiderivative size = 32, normalized size of antiderivative = 1.00, number of

number of rules _ o 500,
integrand size

steps used = 5, number of rules used = 5, integrand size = 10,
Rules used = {5373, 4723, 272, 65, 214}

1 x?
tanh 1-— —
a B ArcSin(f)

a T

Antiderivative was successfully verified.

[In] Int[ArcCscla/x]/x"2,x]

[Out] -(ArcSin[x/al/x) - ArcTanh[Sqrt[1 - x"2/a"2]]/a
Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)], x1]1 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Rule 272

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 4723



Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.)) " (n_.)*((d_.)*(x_))"
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(m_.), x_Symbol]

:> Simp[(d*x)~(m + 1)*((a + b*ArcSin[c*x])"n/(d*(m + 1))), x] - Dist[b*c*(n
/(@x(m + 1))), Int[(d*x)"(m + 1)*((a + bxArcSin[c*x])~(n - 1)/Sqrt[1 - c~2*
x~21), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 5373

Int[ArcCsc[(c_.)/((a_.) + (b_)*x )" (@_.)N]1 " (m_.)*(u_.),
uxArcSin[a/c + b*(x"n/c)]1"m, x] /; FreeQ[{a, b, ¢, n, m},

Rubi steps
—1(a R
/csc 2(1) dx:/sm 2(a) s
T T
i L dx
72

_osnt (@) VT
B T a

x_Symbol] :> Int[
x]

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 93 vs. 2(32) =

64.
time = 0.10, size = 93, normalized size = 2.91

cse (2)

. a +10g 1++
/ a? / a?

T x2

Antiderivative was successfully verified.



87

[In] Integrate[ArcCscla/x]/x"2,x]
[Out] -(ArcCscla/x]/x) - (Sqrt[-1 + a~2/x"2]*x*(-Log[l - a/(Sqrt[-1 + a~2/x"2]*x)
1 + Logll + a/(Sqrt[-1 + a~2/x"2]*x)]))/(2*xa~2+Sqrt[1 - x~2/a"2])

Maple [A]
time = 0.07, size = 42, normalized size = 1.31
method result size
a a - ﬁ
aI‘CCS(;( z ) a 4In %_'_ _ a2
derivativedivides | — - 42
. ay/1— 2
arccscw( z ) a +ln %+ . a2
default - - 42

Verification of antiderivative is not currently implemented for this CAS.
[In] int(arccsc(a/x)/x"2,x,method=_RETURNVERBOSE)
[Out] -1/a*(arccsc(a/x)*a/x+1n(a/x+a/x*x(1-x"2/a~2)~(1/2)))

Maxima [A]
time = 0.26, size = 52, normalized size = 1.62

a 2 2
w-i-log(\/—%-l—l +1>—log<—\/—%+1 +1

2a

N—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x"2,x, algorithm="maxima")
[Out] -1/2%(2*a*arccsc(a/x)/x + log(sqrt(-x~2/a”2 + 1) + 1) - log(-sqrt(-x~2/a"2

+1) + 1))/a
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 65 vs.

2(30) = 60.
time = 0.38, size = 65, normalized size = 2.03

a2_1.2 (1,2—$2
2aarccsc(%)+xlog x - +a| —zxlog | x p —a

2ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x"2,x, algorithm="fricas")



[Out] -1/2%(2xa*arccsc(a/x) + x*log(x*sqrt((a”2 - x72)/x72) + a)
a”2 - x72)/x72) - a))/(axx)

Sympy [C] Result contains complex when optimal does not.
time = 1.39, size = 27, normalized size = 0.84

gl>1

—acosh (%) for

_acse (%) i asin (%) otherwise

x a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(a/x)/x**2,x)

88

- xxlog(x*sqrt ((

[Out] -acsc(a/x)/x + Piecewise((-acosh(a/x), Abs(a**2/x**2) > 1), (I*asin(a/x), T

rue))/a

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 61 vs. 2(30) = 60.

time = 0.45, size = 61, normalized size = 1.91

a(log( a+\/c:2 — 2 D - log( —a+\/:12 — 2 D)

Verification of antiderivative is not currently implemented for this CAS.

_ arcsin (%)

2|al x

[In] integrate(arccsc(a/x)/x"2,x, algorithm="giac")

[Out] -1/2%a*(log(abs(a + sqrt(a”2 - x72)))/a - log(abs(-a + sqrt(a”™2 - x72)))/a)

/abs(a) - arcsin(x/a)/x

Mupad [B]
time = 0.59, size = 30, normalized size = 0.94

atanh

z) l1——

B asin(a

x a
Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(x/a)/x"2,x)
[Out] - asin(x/a)/x - atanh(1/(1 - x"2/a"2)~(1/2))/a
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SAiS]

314  [= gy

Optimal. Leaf size=38

2
1=75  ArcSin(2)
2z B 212
[Out] -1/2*arcsin(x/a)/x"2-1/2%x(1-x"2/a"~2)~(1/2)/a/x

Rubi [A]
time = 0.02, antiderivative size = 38, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.300,

steps used = 3, number of rules used = 3, integrand size = 10
Rules used = {5373, 4723, 270}
72
1- a2 ArcSin(%)
2azx 22

Antiderivative was successfully verified.

[In] Int[ArcCscla/x]/x"3,x]

[Out] -1/2#Sqrt[1 - x~2/a"2]/(a*x) - ArcSin[x/al/(2*x"2)
Rule 270

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx™n) " (p + 1)/(a*xcx(m + 1))), x] /; FreeQ[{a, b, c, m, n,
p}, x] && EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rule 4723

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[(d*x)~(m + 1)*((a + b*ArcSin[c*x])"n/(d*(m + 1))), x] - Dist[b*c*x(n
/(d*(m + 1))), Int[(d*x)"(m + 1)*((a + bxArcSin[c*x])~(n - 1)/Sqrt[l - c™2%
x~2]1), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] && NeQ[m, -1]

Rule 5373
Int[ArcCsc[(c_.)/((a_.) + (b_)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[

uxArcSin[a/c + b*(x"n/c)]"m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rubi steps
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1
/ p dz
sin? (2) VT
g2 + 2a
2
_ Vite sy
o 2azx 212

Mathematica [A]
time = 0.02, size = 35, normalized size = 0.92

.’L‘2 -1 (a
x 1—¥ +acsc™! (2)

2az2

Antiderivative was successfully verified.

[In] Integrate[ArcCscla/x]/x"3,x]
[Out] -1/2%(x*Sqrt[1 - x"2/a"2] + axArcCscla/x])/(a*x"2)

Maple [A]
time = 0.51, size = 54, normalized size = 1.42

method result size
a2arccsc(%) z(;%_1>
222 + 2 1
Vet
2 P) a
derivativedivides | — e E— 54
2
azarccs;:(%) " z(ﬁ—l)
x 1
RN[CEE
2 a2 a
default — — 54

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(a/x)/x"3,x,method=_RETURNVERBOSE)

[Out] -1/a~2x(1/2/x"2*a"2*arccsc(a/x)+1/2/((a~2/x"2-1)*x"2/a"2) " (1/2)*x/ax(a~2/x"
2-1))
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Maxima [A]
time = 0.46, size = 32, normalized size = 0.84

72
arccsc (%) a2 +1
2 x2 2azx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x"3,x, algorithm="maxima")

[Out] -1/2%arccsc(a/x)/x"2 - 1/2xsqrt(-x~2/a"2 + 1)/(a*x)

Fricas [A]
time = 0.38, size = 38, normalized size = 1.00
u 042 _ .’L'2
a® arcesc (%) + z? .

2 a%x?
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(arccsc(a/x)/x~3,x, algorithm="fricas")
[Out] -1/2%(a"2*arccsc(a/x) + x"2xsqrt((a”2 - x72)/x72))/(a"2*x"2)

Sympy [C] Result contains complex when optimal does not.
time = 0.73, size = 51, normalized size = 1.34

fa2 _
2
xT
-y = for

a

WoEer
——Y —  otherwise

acsc (2) P
22 2a

>1

a_
(E2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(a/x)/x**3,x)
[Out] -acsc(a/x)/(2*x**2) + Piecewise((-sqrt(ax*2/x**2 - 1)/a, Abs(a**2/x**2) > 1
), (~Ixsqrt(-a**2/xx*2 + 1)/a, True))/(2*a)

Giac [A]
time = 0.46, size = 61, normalized size = 1.61

at+V a? — x2 T
@ P (o — 22 ez
<a+ ot -z >“ arcsin (2)

B 41al 2 22
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x"3,x, algorithm="giac")
[Out] -1/4%a*x((a + sqrt(a”2 - x72))/(a"2*x) - x/((a + sqrt(a™2 - x72))*a~2))/abs(

a) - 1/2*arcsin(x/a)/x"2

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

/asing(a) s
T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(x/a)/x"3,x)
[Out] int(asin(x/a)/x"3, x)
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~1(a
3.15 [ Wy

Optimal. Leaf size=60

2
N toaht (/1=
T a2 ArcSin(%) a

6az? 3z3 6a3

[Out] -1/3*arcsin(x/a)/x~3-1/6*arctanh((1-x"2/a~2)~(1/2))/a~3-1/6*(1-x"2/a~2)"~(1/
2)/a/x"2

Rubi [A]

time = 0.03, antiderivative size = 60, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.600,

steps used = 6, number of rules used = 6, integrand size = 10,
Rules used = {5373, 4723, 272, 44, 65, 214}

2
1 2 tanh™* 1-— :c_2
) a ArcSin(f)

a2
6az? 6a3 3x3

Antiderivative was successfully verified.
[In] Int[ArcCscla/x]/x"4,x]

[Out] -1/6%Sqrt[1 - x~2/a~2]/(a*x"2) - ArcSin[x/a]/(3*x~3) - ArcTanh[Sqrt[1 - x72
/a~2]1/(6%a~3)

Rule 44

Int[((a_.) + (b_.)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+ b*x)"(m + 1)*((c + d*x)~"(n + 1)/((b*c - axd)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((bxc - a*xd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*x(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]
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Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 4723

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[(d*x)~(m + 1)*((a + b*ArcSin[c*x])"n/(d*(m + 1))), x] - Dist[bxcx(n
/(dx(m + 1))), Int[(d*x)"(m + 1)*((a + b*ArcSin[c*x])~(n - 1)/Sqrt[1l - c~2%
x~2]), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, O] &% NeQ[m, -1]

Rule 5373

Int[ArcCsc[(c_.)/((a_.) + (b_)*(x_)"(n_.))]1"(m_.)*(u_.), x_Symbol] :> Int[
uxArcSin[a/c + b*(x"n/c)]"m, x] /; FreeQ[{a, b, ¢, n, m}, x]

Rubi steps
-1(a s 1 (z
/csc 4(1) " =/sm 4(a) .
T T
i L dz
2
I ) I
- 33 3a
Subst | [ ——— dz, z,z?
_ sin~! (a \/ 1= ;
o 33
Subst | [ ——— dz, z,2?
2 1
B 1— a2 sin7! (%) NV ﬁ
- 6az? 3z3 12a3
2 Subst | [ Lz d T
T ubst ———— 4T, T, —
_ ViTe s (2) @
o 6azr? 33 6a
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Mathematica [A]
time = 0.04, size = 69, normalized size = 1.15

x? u x?
a?xy\/1— pol 2a3 csc™t (£) — 23 log(z) + 23 log (1 +y1-5 )

6a3z3

Antiderivative was successfully verified.

[In] Integrate[ArcCscla/x]/x"4,x]

[Out] -1/6*(a"2*x*Sqrt[1 - x~2/a"2] + 2*a~3*ArcCscla/x] - x"3*Log[x] + x"3*Logl[1
+ Sqrt[1 - x72/a"2]1])/(a"3%x"3)

Maple [A]
time = 0.51, size = 91, normalized size = 1.52

method result size
a2
@ Ve mb (e
z2 — % +In| Z+ 22 x
asarccsc(%)
33 + 2
(&-1)«
. . .. 6 a? @
derivativedivides | — " 91
a
2 _q | Vel [ fe_
2 +In| Z+ 22 T
a3arccsc( 2
3:1:3 (I) + 2
\/ (-1)e
o T .
default — . 91

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(a/x)/x"4,x,method=_RETURNVERBOSE)
[Out] -1/a"3*(1/3/x"3*a"3*arccsc(a/x)+1/6x(a~2/x"2-1)"(1/2)*(1/x*a*x(a"2/x"2-1)"(1
/2)+1n(a/x+(a"2/x"2-1)"(1/2)))/((a~2/x"2-1)*x"2/a~2) " (1/2) *x/a)

Maxima [A]
time = 0.45, size = 64, normalized size = 1.07

2
x
/-2 41
log a +
|z] [z] 2
-2 41
a a
— + 1 arcesc (£)

B 6a B 3x3



96

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x"4,x, algorithm="maxima")
[Out] -1/6*(log(2*sqrt(-x~2/a"2 + 1)/abs(x) + 2/abs(x))/a"2 + sqrt(-x~2/a"2 + 1)/
x~2)/a - 1/3%arccsc(a/x)/x"3

Fricas [A]
time = 0.36, size = 92, normalized size = 1.53

o — 22 a2 — 22 a2 — 22
4a®arcese (2) + z8log (:1: R a) — z%log <m T a) + 2ax? p

12 @323

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a/x)/x"4,x, algorithm="fricas")

[Out] -1/12%(4*a"3*arccsc(a/x) + x"3*log(x*sqrt((a”2 - x72)/x72) + a) - x"3*log(x
xsqrt((a™2 - x72)/x72) - a) + 2¥a*x"2*xsqrt((a”2 - x72)/x72))/(a~3%x73)

Sympy [A]
time = 1.61, size = 99, normalized size = 1.65
(
@ _1
- x;az - aco;I;Z(;) for Z_; > 1
ia2 e L - : + iaS;I;Q(%) otherwise
2cseC (%) N \29:3\/—2—24-1 2ax\/—;—2+1
33 3a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(a/x)/x**4,x)

[Out] -acsc(a/x)/(3*x**3) + Piecewise((-sqrt(a**2/x*x2 - 1)/(2xa*x) - acosh(a/x)/
(2xax*2) , Abs(a*x*2/x**2) > 1), (I*a/(2*x**3*sqrt(-a*x*2/xx*2 + 1)) - I/(2*ax
xksqrt (—ax*2/x**2 + 1)) + Ixasin(a/x)/(2*ax*2), True))/(3*a)

Giac [A]
time = 0.45, size = 80, normalized size = 1.33
Va2 — 72 o a2 — 22
a<10g<a+ :LB T D _1og< + aZL x D L2 g

ata? ) arcsin (2)
B 12]al B

33

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arccsc(a/x)/x"4,x, algorithm="giac")
[Out] -1/12*%ax(log(abs(a + sqrt(a”2 - x72)))/a"3 - log(abs(-a + sqrt(a™2 - x72)))
/a”3 + 2xsqrt(a”2 - x72)/(a"2%x72))/abs(a) - 1/3*arcsin(x/a)/x"3

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/wdm

4
Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(x/a)/x"4,x)
[Out] int(asin(x/a)/x"4, x)
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3.16 [ @ gy

Optimal. Leaf size=69

icsc! (az™)? csc! (az™) log (1 - eQiCSC‘l(aw")> iPolyLog (2, e2icsc_1(az")>
- +

2n n 2n

[Out] 1/2*I*arccsc(a*x"n) 2/n-arccsc(a*x"n)*1n(1-(I/a/(x"n)+(1-1/a"2/(x"n)"2)~(1/
2))~2)/n+1/2*I*polylog(2, (I/a/(x"n)+(1-1/a"2/(x"n)"2)"(1/2))"2)/n

Rubi [A]
time = 0.07, antiderivative size = 69, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.600,

steps used = 7, number of rules used = 6, integrand size = 10
Rules used = {5327, 4721, 3798, 2221, 2317, 2438}

1Lz (e%CSC_l(wn)> icse! (az™)? csc! (az™) log <1 — eZiCSC_l(‘”")>

2n 2n n

Antiderivative was successfully verified.
[In] Int[ArcCscl[a*x"n]/x,x]

[Out] ((I/2)*ArcCscl[a*x"n]~2)/n - (ArcCsc[a*x"n]*Log[l - E~((2*I)*ArcCsc[a*x"n])]
)/n + ((I/2)*PolyLog[2, E~((2*I)*ArcCsc[a*x"n])])/n

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))°n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438
Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 3798
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Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E~ (2%Ixk*Pi) * (E~(2%xIx(e + f*x))/(1 + E~(2%xI*xk*Pi)*E~(2*xI*(e + f*x)))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4xk] && IGtQ[m, O]

Rule 4721

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x) n*Cot[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 5327
Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*ArcSin[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, xl

Rubi steps

/ csc! (az™) o Subst (f M dz, , x")

T
Subst( dac z,T ")
Subst(fxcot z)dz, z,sin! (%))
n
isin~! (%)2 (24)Subst (f &2 dr,x,sin”! <§>)
- 2n + n
i () o (%) s (1 B eziml(z;n)) Subst( [ log (1 - ¢**) dz,z,
- 2n B n + -
isin~? (%)2 sin™? <§) log (1 — ezism_l(m;n)> iSubst (f logli=a) gy, 7 (2"
2n n 2n
isin”! <L>2 sin~! (£ ) log (1 - 62"““_1@")) iLis (e%si“‘l(’”l"))
2n B n - 2n

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
4 in optimal.
time = 0.06, size = 63, normalized size = 0.91

x—n3F2(l 11.3 §.m—j"> .

272721272 qa

- + (csc_1 (ax™) — ArcSin(x—)> log(z)
a

an
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Antiderivative was successfully verified.

[In] Integrate[ArcCscl[a*x"n]/x,x]

[Out] -(HypergeometricPFQ[{1/2, 1/2, 1/2}, {3/2, 3/2},
) + (ArcCsc[a*x"n] - ArcSin[1/(a*x"n)])*Logl[x]

1/(a"2*x~(2*n) )]/ (a*n*x"n)

Maple [A]
time = 1.32, size = 155, normalized size = 2.25
method result
M—arccsc(aac") ln< —" -1/ 1-— )—arccsc(ax") In <1+” 1-— >+zpolylog<
derivativedivides —
iarccsc(a zn)2 —-n r—2n ) r—2n
———5 ———arccsc(az™)In| 1 1— —arcesc(az™) In 1+”” 1-— ~+i polylog | 2
default —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(a*x"n)/x,x,method=_RETURNVERBOSE)

[Out] 1/n*(1/2*I*arccsc(a*x"n) 2-arccsc(a*x™n)*1n(1-I/a/(x"n)-(1-1/a"2/(x"n)~2)~(
1/2))-arccsc(a*x"n)*1n(1+I/a/(x"n)+(1-1/a"2/(x"n)~2)~(1/2) )+I*polylog(2,I/a
/(x"n)+(1-1/a"2/(x"n)~2)~(1/2) )+I*polylog(2,-I/a/(x"n)-(1-1/2a"2/(x"n)"2)~ (1

/2)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a*x™n)/x,x, algorithm="maxima")

[Out] a"2*n*integrate(sqrt(a*x™n + 1)*sqrt(a*x™n - 1)*log(x)/(a"4*x*x~(2*n) - a~2
*x), x) + arctan2(1, sqrt(a*x™n + 1)*sqrt(a*x™n - 1))*log(x)

Fricas [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a*x"n)/x,x, algorithm="fricas")

[Out] Exception raised: TypeError >> Error detected within library code: integ

rate: implementation incomplete (constant residues)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ acsc (azx™) s

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(a*x**n)/x,x)

[Out] Integral(acsc(a*x**n)/x, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(a*x™n)/x,x, algorithm="giac")
[Out] integrate(arccsc(a*x"n)/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/asin(#) p
— az®/ g

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1/(a*x"n))/x,x)
[Out] int(asin(1l/(a*x"n))/x, x)
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3.17 [ z*csc™(a + bx) dz
Optimal. Leaf size=197

1 1 1

2 2 l1—- —— 1llaz? 1—-—— 3 1—-—— (
a(20 + 53a2) (a + bx) @ity e(atibo) @ibap Cletbo) @rba) |
- 3065 - 6063 * 202 -

[Out] 1/5*a”~5*arccsc(b*x+a)/b~5+1/5%x"5*xarccsc(b*x+a)+1/40*(40*%a"~4+40*%a"~2+3) *arct
anh((1-1/(b*x+a)~2)~(1/2))/b~5-1/30*a* (53*xa~2+20) * (b*x+a) * (1-1/ (b*x+a) ~2) ~(
1/2) /b75-11/60*a*x~2*x (b*xx+a) * (1-1/(b*x+a) ~2) ~(1/2) /b~3+1/20*x"3* (b*x+a) * (1-
1/ (bxx+a)~2)~(1/2) /b"2+1/120*% (58%a~2+9) * (b*x+a) ~2* (1-1/ (b*x+a) ~2)~(1/2) /b~5

Rubi [A]
time = 0.17, antiderivative size = 197, normalized size of antiderivative = 1.00, number of

number of rules _ g0
integrand size ’

steps used = 9, number of rules used = 8, integrand size = 10,
Rules used = {5367, 4512, 3867, 4141, 4133, 3855, 3852, 8}

[ — 5 — 7

. f 1 . 2 | 1 t a0+ 3 ot [ ] 1 R f 1 s f
)y |1 — 72 [1— ———= (40" + 40a? + 3) tanh - — 1lag’ Y R — ) [1
o ese(a b ba) (534’ +20)u(a+b¢)v vy (58a* +9) (a + bx) \/’ @rto? (40a* + 40a® + 3) tan] \’ @iy az?(a + bx) \«" @+by & (a+b¢)\fr
- + + - +
5

5b° 306° 1200° 400° 600° 200%

" (a+bo)?
n ézs csc(a + ba)

Antiderivative was successfully verified.
[In] Int[x"4*ArcCscl[a + b*x],x]

[Out] -1/30*%(a*(20 + 53*a~2)*(a + b*x)*Sqrt[1l - (a + b*x)~(-2)]1)/b"5 - (1lkxa*xx 2
(a + b*x)*Sqrt[1 - (a + b*x)~(-2)]1)/(60%b~3) + (x"3*(a + b*xx)*Sqrt[1l - (a +
bxx)~(-2)1)/(20%b"2) + ((9 + 58*a~2)*(a + bxx)~2xSqrt[1 - (a + b*x)~(-2)])
/(120%b~5) + (a~5*ArcCscla + b*x])/(56xb~5) + (x"5xArcCscla + b*x])/5 + ((3

+ 40%a”2 + 40*a~4)*ArcTanh[Sqrt[1 - (a + bxx)~(-2)]1]1)/(40%b~5)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855
Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rule 3867
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + bxCsc[c + d*x])"(n - 2)/(d*x(n - 1))), x] + Dist[1/(n - 1)
, Int[(a + bxCsc[c + d*x])~(n - 3)*Simp[a~3*(n - 1) + (bx(b"2x(n - 2) + 3*a
“2%(n - 1)))*Csclc + d*x] + (a*xb™2*(3*n - 4))*Cscl[c + d*x]~2, x], x], x] /;
FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] &% IntegerQ[2*n]

Rule 4133

Int[((A_.) + cscl(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e_.) + (£_.)x(x_)]"2*(C_.
Nx(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[(-b)*C*Cscl[e +
fxx]*(Cot[e + f*xx]/(2%f)), x] + Dist[1/2, Int[Simp[2*A*a + (2*B*a + b*(2*A
+ C))*Cscle + fxx] + 2x(axC + B*b)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a,
b, e, £, A, B, C}, x]

Rule 4141

Int[((A_.) + cscl(e_.) + (£_.)*(x_)]1*x(B_.) + cscl(e_.) + (£_.)*x(x_)]"2*(C_.
N*(cscl(e_.) + (£_)*(x)1*(b_.) + (a_))"(m_.), x_Symbol] :> Simp[(-C)=*Cot
[e + f*x]*((a + b*Csc[e + f*x])™m/(f*x(m + 1))), x] + Dist[1/(m + 1), Int[(a
+ bxCscle + f*x])~"(m - 1)*Simp[axA*(m + 1) + ((A*b + axB)*x(m + 1) + b*Cxm)
*Csc[e + f*x] + (b*Bx(m + 1) + a*C#m)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{
a, b, e, f, A, B, C}, x] && NeQ[a"2 - b~2, 0] && IGtQ[2*m, O]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)]1*Cscl(c_.) + (d_.)*(x_)I*(Cscl(c_.) + (d_.)*(x_)
Ix(b_.) + (@)~ (n_.)*((e_.) + (f_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx) " m)*((a + bxCsclc + d*x])"(n + 1)/(bxdx(n + 1))), x] + Dist[f*(m/ (bxdx*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + bxCsc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCscl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])™m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps
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B Subst ([ z cot(z) cse(z)(—a + csc(z))* dz, z, csc™ (a + bz))

/z4 csc (a + bx) dzr =

5
1y Subst( [ (—a + csc(z))® dz, z, csc ™ (a + bz))
= paose (a+ bzx) o
3(a+bx), |1 — ;2
(a + bz) N 1 “Ua+ ba) Subst( [ (—a + csc(z))? (—4a -
= —z°csc(a + bx) —
20562 5
1laz?®(a+ bz), |1 — 1 z3(a+bx), |1 — 1
(a + bx)? (@+bz)* 1, |
- 600° + 2002 +gziose (et
1 1
11&1’2(01 + bl') 1-— m Z'3(CL + bl') 1-— m (9 + 58&2) (a +
= 6003 + 2002 +
1 1
11@1‘2(& + bx) 1 — m IL'3(CL —|- blL‘) 1 —_ m (9 + 58&2) (a +
- 6003 + 2002 +
1 1
11@932(0 + bl‘) 1 —_ m 933(CL + bl’) 1 —_ m (9 + 58(12) (a +
- 6003 + 2002 +
1 1
CL(2O + 53&2) (a + bl‘) ]. —_ (a,—|——b,’1;)2 1].CL.’L'2(CL —+— bl’) ]. — m 1’3(0
T 3005 B 6063

Mathematica [A]
time = 0.15, size = 174, normalized size = 0.88

(a(71 + 154a%) + 2a(31 + 48a%) bz — 9(1 + 4a?) b*z” + 16ab’z® — 6b'z") + 24b°2° s~ (a + bx) + 24a°ArcSin (75 ) + 3(3 + 40a* + 40a*) log

N,
-1+ a?+ 2abs + 222
\/ (a+ bzx)?

—

[~1+a® + 2aba + b2’
(a + bx) <1 + \//W

1206°

Antiderivative was successfully verified.

[In] Integrate[x~4*ArcCsc[a + b*x],x]

[Out] (-(Sqrt[(-1 + a2 + 2%a*b*x + b~2*x"2)/(a + b*x) 2]*(a"2x(71 + 154xa~2) + 2
*ax (31 + 48*a~2)*b*x - 9x(1 + 4%a~2)*b"2*x"2 + 16*a*b”~3*x"3 - 6*b~4%x74)) +
24%b"5*%x"5*ArcCsc[a + b*x] + 24*a~5*ArcSin[(a + b*x)~(-1)] + 3*%(3 + 40*a"2

+ 40%a~4)*Log[(a + bxx)*(1 + Sqrt[(-1 + a2 + 2%a*b*x + b~2%x"2)/(a + b*x)
~21)1)/(120%b~5)
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Maple [A]
time = 0.30, size = 329, normalized size = 1.67

method result

5
— w +arcesc(bz+a)at (bz+a)—2 arcesc(bz+a)a (bz+a)? 42 arcesc(br+a)a? (br+a)® —arcesc(bz+a) a(bo+

derivativedivides

5
— w +arcesc(bz+a)a? (bz+a)—2 arcesc(bz+a)ad (bz+a) 242 arcesc(bz+a)a? (br+a)® —arcesc(bz+a) a(bo+

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"4*arccsc(b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/b"5%(-1/5*arccsc(b*x+a)*a”5+arccsc(b*xx+a)*a~4*(b*x+a)-2*arccsc(b*x+a)*a”3
* (bxx+a) "2+2*arccsc (b*x+a) *a”~2* (b*x+a) “3-arccsc (bxx+a) *a* (b*x+a) “4+1/5*arcc
sc(bxx+a) * (bxx+a) “5-1/120* ((b*x+a) ~2-1) ~(1/2) *(-24*a~5*arctan (1/ ((b*x+a) ~2-
1)7(1/2))-120*%a"4*1n (b*xx+a+((b*x+a) "2-1) ~(1/2) ) +240*a~3* ((b*x+a) ~2-1)~(1/2)
-120*a”2* (b*x+a) * ((b*x+a) ~2-1) " (1/2) +40*ax* (b*xx+a) ~2* ((b*x+a) "2-1) ~(1/2) -6%(
bxx+a) “3* ((b*xx+a) ~2-1) ~(1/2)-120*a"2*1n (b*x+a+((b*x+a) ~2-1) " (1/2) ) +80*ax* ((b

*x+a) “2-1) 7 (1/2) -9* (bxx+a) * ((b*x+a) “2-1) ~(1/2) -9*1n (b*x+a+((b*x+a) ~2-1) ~(1/

2)))/ (((b*x+a) ~2-1) / (bxx+a) ~2) ~(1/2) / (b*x+a))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*arccsc(b*x+a),x, algorithm="maxima")

[Out] 1/5*x"B*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + integrate(1/5*(b~
2*x"6 + a*xb*x~5)*e”~(1/2xlog(b*x + a + 1) + 1/2%log(b*x + a - 1))/(b™2*x"2 +
2%axbxx + a”2 + (b72*x"2 + 2*kaxbxx + a”2 - 1)*e"(log(b*x + a + 1) + log(b*
x+a-1)) - 1), x)

Fricas [A]

time = 0.40, size = 151, normalized size = 0.77

24b°z® arcesc (bz + a) — 48 a° arctan (—bz —a+ Vba? +2abr +a? - 1 ) —3(40a* +40a® + 3) log (—ba: —a+ Vba? +2abr +a? - 1 ) + (6b°2° — 22ab%z? — 154a° + (58 a2 + 9)bx — T1a)Vb22? + 2abz + a2 — 1
1206°
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*arccsc(b*x+a),x, algorithm="fricas")

[Out] 1/120%(24*b~5*x"6*arccsc(b*x + a) - 48*a~b*arctan(-b*x - a + sqrt(b™2*x~2 +
2%axbxx + a”2 - 1)) - 3*%(40%a~4 + 40%a"2 + 3)*log(-b*x - a + sqrt(b™2*x"2

+ 2kaxbxx + a”2 - 1)) + (6%b73*x"3 - 22%a*b”2xx"2 - 154*a”3 + (58*a"2 + 9)*

b*xx - 71%a)*sqrt(b~2*x~2 + 2%a*b*x + a2 - 1))/b”5

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ z* acsc (a + bx) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**4*acsc(b*x+a),x)
[Out] Integral(x**4*acsc(a + b*x), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 408 vs. 2(173) =
346.
time = 0.55, size = 408, normalized size = 2.07

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*arccsc(b*x+a),x, algorithm="giac")

[Out] -1/960%b*(192*(b*x + a) 5*(5%a/(b*x + a) - 10*%a~2/(b*x + a)~2 + 10*a~3/(b*x
+ a)”3 - 5%a”4/(b*x + a)~4 - 1)*arcsin(-1/((b*x + a)*(a/(b*x + a) - 1) - a
))/b76 + (3*(bxx + a)~4*(sqrt(-1/(b*x + a)~2 + 1) - 1)74 + 40*(b*x + a)~3*a
*(sqrt(-1/(b*x + a)”2 + 1) - 1)73 + 240*(b*x + a)~2xa"2x(sqrt(-1/(bxx + a)~
2 + 1) - 1)72 + 960*(b*x + a)*a~3x(sqrt(-1/(b*x + a)~2 + 1) - 1) + 24x(b*x
+ a)"2*(sqrt(-1/(b*x + a)"2 + 1) - 1)72 + 360*(bxx + a)*a*(sqrt(-1/(b*x + a
)72 + 1) - 1) + 24%(40*%a"4 + 40%a"2 + 3)*log(-(sqrt(-1/(b*x + a)"2 + 1) - 1
)*abs(b*x + a)) - (120%(8*a~3 + 3*a)*(b*x + a)~3x(sqrt(-1/(b*x + a)~2 + 1)
- 1)73 + 24*%(10%a”2 + 1)*(b*x + a)~2*%(sqrt(-1/(b*x + a)"2 + 1) - 1)72 + 40%
(b*x + a)*ax(sqrt(-1/(bxx + a)"2 + 1) - 1) + 3)/((bxx + a)~4*(sqrt(-1/(b*x
+a)”2+1) - 1)74))/b"6)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/a:4asin< 1 )dw
a+bx




107

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~4*asin(1/(a + b*x)),x)
[Out] int(x~4*asin(1/(a + b*x)), x)
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3.18 [ z?csc™(a + bx) dz
Optimal. Leaf size=155

1 \ 1 1
- br), |1 — ——— br)?, [1— ——
@1 boy? z*(a + bzx) (@t bo)? a(a + bz) @+ gt esel(

1264 + 1267 - 354 15

(2 + 17a?) (a + bzx)

[Out] -1/4*a”~4x*arccsc(b*x+a)/b~4+1/4*xx"4*xarccsc(b*x+a)-1/2*a*(2*a”~2+1)*arctanh((1
-1/ (b*x+a) ~2)~(1/2)) /b~4+1/12x (17*a~2+2) * (b*xx+a) * (1-1/ (b*x+a) ~2) ~(1/2) /b~4+
1/12%x~2x (b*xx+a) * (1-1/ (b*x+a) ~2) ~(1/2) /b~2-1/3*a* (b*x+a) “2*(1-1/ (b*x+a) ~2) "~

(1/2) /b4

Rubi [A]
time = 0.11, antiderivative size = 155, normalized size of antiderivative = 1.00, number of

number of rules — 0.700,
integrand size

steps used = 8, number of rules used = 7, integrand size = 10,
Rules used = {5367, 4512, 3867, 4133, 3855, 3852, 8}

1
2 + -———  (2a®+1)atanh™ |, [1- ———= /1 +ba), 1
ot s (a4 b) (17a* +2) (a +bx) /1 (@t bo) (2a ) atan ( @ bz ) a(a+ bz)? a+bz)2 z*(a + bz) @ bz
+ - 9: csc (a+ bx)

4b* 12b* 20* 126%

Antiderivative was successfully verified.
[In] Int[x"3*ArcCscl[a + b*x],x]

[Out] ((2 + 17*a"2)*(a + b*x)*Sqrt[1 - (a + b*x)~(-2)1)/(12*b"4) + (x"2*(a + b*x)
xSqrt[1 - (a + b*x)~(-2)])/(12%b"2) - (a*x(a + b*x)~2xSqrt[1l - (a + b*x)~(-2
)1)/(3%b~4) - (a~4*ArcCscl[a + bxx])/(4x¥b~4) + (x"4xArcCscl[a + b*x])/4 - (a*

(1 + 2#%a”2)*ArcTanh[Sqrt[1 - (a + b*x)~(-2)]1]1)/(2xb~4)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x~2)~(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855
Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rule 3867
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + bxCsc[c + d*x])"(n - 2)/(d*x(n - 1))), x] + Dist[1/(n - 1)
, Int[(a + bxCsc[c + d*x])~(n - 3)*Simp[a~3*(n - 1) + (bx(b"2x(n - 2) + 3*a
“2%(n - 1)))*Csclc + d*x] + (a*xb™2*(3*n - 4))*Cscl[c + d*x]~2, x], x], x] /;
FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] &% IntegerQ[2*n]

Rule 4133

Int[((A_.) + cscl(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e_.) + (£_.)x(x_)]"2*(C_.
Nx(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[(-b)*C*Cscl[e +
fxx]*(Cot[e + fxx]/(2%f)), x] + Dist[1/2, Int[Simp[2xA*a + (2*B*a + b*x(2%A
+ C))*Cscle + f*x] + 2x(a*C + B*b)*Cscle + f*x]~2, x], x], x] /; FreeQl[{a,
b, e, £, A, B, C}, x]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)]*Cscl[(c_.) + (d_.)*(x_)]*(Cscl(c_.) + (d_.)*(x.)
Ix(b_.) + (al))"(m_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
f*x)"m)*((a + b*Csclc + d*x])~(n + 1)/(bxd*x(n + 1))), x] + Dist[f*(m/ (b*d*(
n+ 1))), Int[(e + f*x)"(m - 1)*(a + b*Csc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)1*(_.))"(p_)*((e_.) + (f_.)*(x_)) " (m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + fxCsc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, O] && IntegerQ[m]

Rubi steps
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/z3 ese(a -+ br) do = _Subst(f z cot(z) csc(x)(—a —Z4csc(x))3 dz,z,csc7(a + bz))
1, Subst( [ (—a + csc(z))* dz, z, csc ™ (a + bz))
= L& csc (a+ bzx) i
z2(a + bx) S
(a+bz)* 1 Subst ([(—a+ csc(z)) (—3a® +
= + x csc” (a + bx)
1262
1
72 l1
(a + bx) " et e a(a + bx)? @t b:v
= 1952 + x csc”(a + bx) —
1
z*(a + bz ———  afa+bzx)?
B ( )  (a+ba) ( a—i—bx _a*csc” a+bz)+1
B 1202 At 4
1
*(a + bz ———  afa+bzx)?
B ( ) ~ (a+b2)? ( a—i—bx _atese a+bz)+1
B 122 At
1
2 + 1702 —_—
(24 17a?) (a + bx) T —|—ba:)2 %(a + bx) (a+ba: a(a + bx)?
- 12p* 1202

Mathematica [A]
time = 0.19, size = 149, normalized size = 0.96

—1+ a? + 2abz + b%z?

—1+ a? + 2abz + b%a?
(a + bzx)?

(2a + 134® + 2bz + 9a%bz — 3ab?z? + b*z®) + 3b*z* csc™! (a + bx) — 3a*ArcSin () — 6a(1 + 2a%) log ((a + bx) (1 + @b
a+bz

12b*

Antiderivative was successfully verified.

[In] Integrate[x~3*ArcCscla + b*x],x]

[Out] (Sqrt[(-1 + a2 + 2*a*b*x + b~2*x"2)/(a + b*x)~2]*(2%a + 13*%a”3 + 2%b*x + 9
*a"2%b*x - 3*axb”2*x"2 + b~3%x73) + 3*b~4xx"4*ArcCsc[a + b*x] - 3*a~4*ArcSi

nl(a + b*x)~(-1)] - 6%ax(1 + 2*¥a~2)*Logl[(a + b*x)*(1 + Sqrt[(-1 + a2 + 2*a

*xbxx + b"2*x72)/(a + b*x)~2])])/(12*%b"4)

Maple [A]

time = 0.31, size = 249, normalized size = 1.61

’ method \ result
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S

4 2 2 4
arccsc(lzlz-ka)a _arccsc(bx+a)a3(bz+a)+3arccsc(ba:+;)a (bz+a) _arccsc(bx+a)a(bw+a)3+arccsc(bm-};a)(bm-ka) _

derivativedivides

S

4 2 2 4
arccsc(l;z+a)a _arccsc(bx+a)a3(bx+a)+3arccsc(bx+§)a (bz+a) _arccsc(bx+a)a(bx+a)3+arccsc(ba:-la)(bz-}—a) _

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arccsc(b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/b~4x(1/4*arccsc(b*x+a)*a”4-arccsc(b*x+a)*a~3*(bxx+a)+3/2*arccsc (b*xx+a)*a”
2% (b*x+a) ~2-arccsc (b*xx+a) *a*x (b*x+a) ~3+1/4*xarccsc(b*x+a) * (b*xx+a) ~4-1/12* ((bx*

x+a) "2-1)"(1/2)*(3*a~4*arctan(1/ ((b*x+a) "2-1) ~(1/2))+12*a~3*1n (b*x+a+ ( (b*xx+
a)"2-1)"(1/2))-18*a~2x ((b*x+a) ~2-1) ~(1/2) +6*xax* (bxx+a) * ((b*x+a) ~2-1) ~(1/2)-(
bxx+a) ~2% ((bxx+a) "2-1) ~(1/2) +6*ax1ln (bxx+a+ ((bxx+a) "2-1)~(1/2) ) -2*%((b*x+a) "2
-1)7(1/2))/ (((b*x+a) ~2-1) / (b*x+a) ~2) ~(1/2) / (b*x+a) )

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(b*x+a),x, algorithm="maxima")

[Out] 1/4*x~4xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + integrate(1/4x*(b~
2%x75 + a*b*x"4)*e”(1/2xlog(b*x + a + 1) + 1/2+log(b*x + a - 1))/(b"2*x"2 +
2%axbxx + a”2 + (b72*x"2 + 2*kaxbxx + a”2 - 1)*e"(log(b*x + a + 1) + log(b*
x+a-1)) - 1), x)

Fricas [A]

time = 0.37, size = 129, normalized size = 0.83

3 btz arcese (bz + a) + 6 a* arctan (—bzfu+vb7zz+2abz+a2fl ) +6(2a®+a)log (7bz—a+ V22?2 + 2abx + % — 1 ) + V0222 + 2abz + a? — 1" (b?a? — 4abs + 13a® + 2)
124*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(b*x+a),x, algorithm="fricas")

[Out] 1/12%(3xb~4*x"4*arccsc(b*x + a) + 6*%a~4xarctan(-bxx - a + sqrt(b™2*x"2 + 2%
axbxx + a”2 - 1)) + 6%(2%a"3 + a)*log(-b*x - a + sqrt(b™2*x"2 + 2*axbxx + a
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"2 - 1)) + sqrt(b”2*x72 + 2*%axb*x + a”2 - 1)*x(b72*x"2 - 4*xaxbxx + 13%a”2 +
2))/b"4

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ z® acsc (a + bzx) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*acsc(b*x+a),x)
[Out] Integral(x**3*acsc(a + b*x), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 300 vs. 2(135) =

270.
time = 0.47, size = 300, normalized size = 1.94

(1 \ (1

e B (PO SostoY (e e M) it U} ﬁ“‘ ’,‘“““‘ S NCED)

)
)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(b*x+a),x, algorithm="giac")

[Out] -1/96%b*(24*(b*x + a)~4*(4*a/(b*x + a) - 6*a~2/(b*x + a)”2 + 4*a~3/(b*x + a
)~3 - 1)*arcsin(-1/((b*x + a)*(a/(b*x + a) - 1) - a))/b"5 - ((b*x + a)~3*(s
qrt(-1/(b*x + a)~2 + 1) - 1)73 + 12x(b*x + a) 2xa*x(sqrt(-1/(b*x + a)~2 + 1)

- 1)72 + 72%(b*x + a)*a"2x(sqrt(-1/(bxx + a)~2 + 1) - 1) + 9*(b*x + a)*(sq
rt(-1/(bxx + a)~2 + 1) - 1) + 48%(2xa"3 + a)*log(-(sqrt(-1/(b*x + a)~2 + 1)

- 1)*abs(b*x + a)) - (9x(8%a”2 + 1)*(bxx + a) 2*(sqrt(-1/(b*x + a)~2 + 1)

- 1)72 + 12*(bxx + a)*a*(sqrt(-1/(b*x + a)~2 + 1) - 1) + 1)/((bxx + a)~3*(s
qrt(-1/(b*xx + a)~2 + 1) - 1)73))/b"5)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/w3asin( 1 )dw
a+bx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*asin(1/(a + b*x)),x)
[Out] int(x~3*asin(1/(a + b*x)), x)
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3.19 [ z%csc™(a + bx) dz
Optimal. Leaf size=116

1 1
Sa(a+bz) |1 — ——— z(a+bz)/1— —= (1 + 6a?
( ) (a+ bx)? ( ) \ (@+0x)*> g3csca+br) 1 5 _,

— e + e + 303 —|—§x csc (a+bx)+

[Out] 1/3*a"3*arccsc(b*x+a)/b~3+1/3*x"3*arccsc(bxx+a)+1/6*(6*a~2+1)*arctanh((1-1/
(b*x+a)~2)~(1/2))/b~3-5/6*a* (bxx+a) * (1-1/ (b*xx+a) ~2) ~(1/2) /b~ 3+1/6*x* (b*x+a)
*(1-1/(b*xx+a)~2)~(1/2) /b2

Rubi [A]
time = 0.06, antiderivative size = 116, normalized size of antiderivative = 1.00, number of

number of rules — 0.600,
integrand size

steps used = 7, number of rules used = 6, integrand size = 10,
Rules used = {5367, 4512, 3867, 3855, 3852, 8}

6a’ +1)tanh ™ | (/1 — ———— bz)y /1 b 1/
a®csc™(a + bx) (6a”+1) tem ( (a-‘rbz > Sa(a +bz) +bw a+be) a+ba:
+

303 613 + x csc™ a+bx

Antiderivative was successfully verified.
[In] Int[x"2*ArcCsc[a + b*x],x]

[Out] (-5*ax(a + bxx)*Sqrt[1l - (a + b*x)~(-2)])/(6%xb~3) + (xx(a + b*x)*Sqrt[1 - (
a + b*x)~(-2)]1)/(6xb~2) + (a~3*ArcCscl[a + b*x])/(3*b"3) + (x"3*ArcCsc[a + b
*x])/3 + ((1 + 6*%a~2)*ArcTanh[Sqrt[1 - (a + b*x)~(-2)]11)/(6*b~3)

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3867

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + b*Csclc + d*x])"(n - 2)/(d*(n - 1))), x] + Dist[1/(n - 1)
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, Int[(a + bxCsc[c + d*x])~(n - 3)*Simp[a~3*(n - 1) + (bx(b"2x(n - 2) + 3*a
~2%(n - 1)))*Csclc + d*x] + (a*xb™2%(3*n - 4))*Cscl[c + d*x]~2, x], %1, x] /;
FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && GtQ[n, 2] && IntegerQ[2*n]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)]*Cscl[(c_.) + (d_.)*(x_)]*(Cscl(c_.) + (d_.)*(x.)
Ix(b_.) + (a_))"(a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx) " m)*((a + bxCsclc + d*x])"(n + 1)/(bxdx(n + 1))), x] + Dist[f*(m/ (bxdx*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Csc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCscl(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])"m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, O] && IntegerQ[m]

Rubi steps

B Subst ([ = cot(z) cse(z)(—a + csc(z))? dz, z, csc ™ (a + bz))

/z2 csc”!(a + bz) dz =

b3
3 -1
_ %x3 ese(a+ be) — Subst( [(—a + csc(x;)b?)dx, z,csc”a + br))
z(a+bx), |1 — !
(a+bx)* 1, Subst ([ (—2a® + (1 + 6a?) esc(:
= + —z°csc” (a + bx) —
6b? 3
z(a+bx)y[1— ! |
_ (a + bx)? N a®csc™(a + bx) N 1x3 esc(a + bz) + (5a)Subst (
6b2 3b3 3
1 2
_ wlatba)y 1 (a + bx)? N a®csc™' (a 4 bx) L3 esc~(a + ba) + trer)te
6b? 3b3 3
5a(a+bx), /1 — @ +1b:c)2 z(a+bxr),|1— !

(a + bx)? N a®csc(a + bx)

603 + 602

Mathematica [A]

3b3
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time = 0.13, size = 129, normalized size = 1.11

—1+ a? + 2abzx + b2x? —1+ a? + 2abx + b%z?
k2 2,2 3,3 nan—1 3 . 1 1 21 1
(—5a? — 4abz + b*z?) @+ bha)? + 2b°23 csc™ (a + bz) + 203 ArcSin () + (14 6a?) log ((a+bz) ( + — arb? ))

663
Antiderivative was successfully verified.

[In] Integrate[x~2xArcCscla + b*x],x]

[Out] ((-5%a”2 - 4xaxb*x + b~2xx"2)*Sqrt[(-1 + a2 + 2%a*b*x + b~2*x72)/(a + b*x)
~2] + 2xb~3*x"3*ArcCsc[a + b*x] + 2+¥a”3xArcSin[(a + b*x)~(-1)] + (1 + 6%a"2
)*xLog[(a + b*x)*(1 + Sqrt[(-1 + a”2 + 2*xaxbxx + b™2*x72)/(a + b*x)"2])])/(6

*b~3)

Maple [A]

time = 0.30, size = 190, normalized size = 1.64

method result

bz +a)® —1 |2

arccsc(bz+a) (bz+a)3 +
3

3
- w +arcesc(bz+a)a? (bz+a)—arcesc(bz+a)a(bz+a)?+

derivativedivides

(bz +a)® — 1 |23

3 3
— w +arcesc(bz+a)a? (bz+a)—arcesc(bz+a)a(bz+a) 2+ arccsc(bx_;a) (bzta)” 4

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arccsc(b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/b~3*(-1/3*arccsc(b*x+a)*a”3+arccsc(b*xx+a)*a~2* (b*xx+a)-arccsc(b*x+a) *a*x (b*
x+a) "2+1/3*arccsc(b*x+a) * (b*x+a) “3+1/6* ((b*x+a) "2-1) ~(1/2) *(2*a~3*arctan(1/
((b*xx+a)~2-1)"(1/2))+6*a"~2*1n(b*x+a+((b*x+a) ~2-1)~(1/2))-6*xax((b*x+a)~2-1)"
(1/2)+(b*x+a) *((b*x+a) ~2-1) " (1/2) +1n(b*x+a+ ((b*x+a) "2-1)~(1/2))) / (((b*x+a)~
2-1) / (b*x+a) ~2) ~(1/2) / (bxx+a))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(b*x+a),x, algorithm="maxima")
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[Out] 1/3*x"3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + integrate(1/3x*(b~
2*x"4 + a*xb*x”"3)*e”(1/2xlog(b*x + a + 1) + 1/2%log(b*x + a - 1))/ (b™2*x"2 +
2*axbxx + a”2 + (b72*x"2 + 2*axbxx + a”2 - 1)*e~(log(b*x + a + 1) + log(b*
x+a-1)) - 1), x)

Fricas [A]
time = 0.37, size = 117, normalized size = 1.01

26323 arcese (b + a) — 4 a® arctan (—b:c—a+ Vb2z? + 2abz + a? — 1 ) — (6a%+1)log (—bz—a+ Vb22? + 2abz +a? — 1 ) + Vb222 +2abz + a2 — 1 (bz — 5a)
603

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(b*x+a),x, algorithm="fricas")

[Out] 1/6%(2*%b~3*x"3*arccsc(b*x + a) - 4xa~3*arctan(-b*x - a + sqrt(b”™2*x"2 + 2%a
xbxx + a”2 - 1)) - (6*%a”2 + 1)*log(-b*x - a + sqrt(b™2*x"2 + 2*axbxx + a~2
- 1)) + sqrt(b™2*x"2 + 2xaxbxx + a”2 - 1)*(b*x - 5%a))/b"3

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ z® acsc (a + bzx) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*acsc(b*x+a),x)
[Out] Integral(x**2*acsc(a + b*x), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 203 vs. 2(100) =
200.
time = 0.47, size = 203, normalized size = 1.75

R —

(b;c+u)2<v“‘—m+l 71) +12(hz+u)a(\;—m+l —1>+4(6u2+1)log ({Vm“ —l)\br+a\> i
T 2 ' borar?| | [— S +1a
1, 8(bw +a)’ (22 - 2 — 1) arcsin Gm) N (boto) (\ )

24 bt bt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(b*x+a),x, algorithm="giac")

[Out] -1/24xbx(8*(b*x + a)~3x(3*a/(b*x + a) - 3*a~2/(b*x + a)~2 - 1)*arcsin(-1/((
b*x + a)*(a/(b*x + a) - 1) - a))/b”4 + ((b*x + a)~2*(sqrt(-1/(b*x + a)~2 +

1) - 1)72 + 12%(b*x + a)*a*x(sqrt(-1/(b*xx + a)"2 + 1) - 1) + 4x(6%a"2 + 1)*1
og(-(sqrt(-1/(b*xx + a)~2 + 1) - 1)*abs(b*x + a)) - (12x(b*x + a)*a*x(sqrt(-1
/(bxx + a)”2 + 1) - 1) + 1)/((b*x + a)"2x(sqrt(-1/(b*xx + a)~2 + 1) - 1)72))

/b~4)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/xzasin( 1 )dw
a+bx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*asin(1/(a + b*x)),x)
[Out] int(x~2*asin(1/(a + b*x)), x)
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3.20 [z csc™Ha + br) dzx

Optimal. Leaf size=79

1 1
a+bx)y/l— ———+— atanh™* 1—-——
( ) \ (a+ bx)? _a’csci(a+bx) 1 (a-+bz)— ( (a + bx)? )

12 1
2b? TR R 2

[Out] -1/2*a~2*arccsc(b*x+a)/b~2+1/2*x"2*arccsc(b*x+a)-a*arctanh((1-1/(b*xx+a)~2)~
(1/2)) /v72+1/2*% (bxx+a)*(1-1/ (b*x+a)~2)~(1/2) /b2

Rubi [A]
time = 0.04, antiderivative size = 79, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.750,

steps used = 6, number of rules used = 6, integrand size = 8,
Rules used = {5367, 4512, 3858, 3855, 3852, 8}

1 1
(a+ bx)F atanh™! ( l1—-F——+
2 -1 a + bx)? (a +bz)?
_a*csc™(a + bx) + ( ) _ + 11'2 csc ™ (a + bx)

2b2 2b2 b2 2

Antiderivative was successfully verified.
[In] Int[x*ArcCscl[a + b*x],x]

[Out] ((a + bxx)*Sqrt[l - (a + b*x)~(-2)]1)/(2¥b~2) - (a~2*ArcCscla + bx*x])/(2*%b"2
) + (x"2%ArcCscl[a + b*x])/2 - (a*ArcTanh[Sqrt[1 - (a + b*x)~(-2)1]1)/b"2

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3852

Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Dist[-d"(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)~(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, O]

Rule 3855

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 3858

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))"2, x_Symbol] :> Simp[a~2xx, x] +
(Dist[2*a*b, Int[Csc[c + d*x], x], x] + Dist[b~2, Int[Cscl[c + d*x]~2, x],
x]) /; FreeQ[{a, b, c, d}, x]
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Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)]*Cscl[(c_.) + (d_.)*(x_)]*(Cscl(c_.) + (d_.)*(x_)
Ix(b_.) + (@)~ (m_.)*((e_.) + (f_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
f*xx)"m)*((a + bxCsclc + d*x])~(n + 1)/(bxdx(n + 1))), x] + Dist[f*x(m/ (b*d*(
n+ 1))), Int[(e + f*x)"(m - 1)*(a + bxCsclc + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCscl(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])"m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, O] && IntegerQ[m]

Rubi steps

Subst( | z cot(z) csc(z)(—a + csc(x)) dz, z, csc™ (a + b))

/xcsc_l(a + bz)dr = —

b2
_ %xQ esc(a + br) — Subst( [(—a + csc(x)z);d:v, z,csc” a + bx))
a’cscta+bxr) 1, Subst ( [ csc?(z) dz, z, csc™ (a + bz))
— 53 + 2" csc (a +bx) — oh? +
. 1
atanh 11— — Subst
_d’cscMa+bx) 1 (a + bx)

= 52 + 53:2 csc ' (a + bx) —

1
a+bz),[1- ——
( ) (a+ bzx)? _ d’csc”(a + ba)

_ 1 2 -1
= 252 5h2 + 57 esc (a+bx) —

b2

atanh™! ( \/

Mathematica [A]
time = 0.08, size = 110, normalized size = 1.39

—1+ a2 + 2abz + 222 9 8 1 9 . —1+ a2 + 2abz + b2z2
—a’A ——) —2al 1
(a+ bx)\/ (@t bo)? +b%2% csc™' (a + br) — a®ArcSin () — 2alog | (a+bz) | 1+ (at b2

2v?

Antiderivative was successfully verified.

[In] Integrate[x*ArcCscla + b*x],x]
[Out] ((a + b*x)*Sqrt[(-1 + a~2 + 2*%axb*x + b~2*x"2)/(a + b*x)~2] + b~2*xx"2*ArcCs

cla + bxx] - a”2*ArcSin[(a + b*x)~(-1)] - 2*a*Log[(a + b*x)*(1 + Sqrt[(-1 +
a”2 + 2*xa*xb*x + b~2*x72)/(a + b*x)"2])])/(2%b~2)
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Maple [A]
time = 0.30, size = 108, normalized size = 1.37

method result

\/(bz ta)?—1 (_ \/(bx +a)’ - 1+2aln(bz+a+\/(bx7+

2
w —arccsc(bz+a)a(br+a)—

2(bz+a) (bz+a)2_1‘
eta)\/ ~ o 3
.. . . b
derivativedivides > (bz+a)
\/(bl’ + a)2 -1 (— \/(bCL‘ + a)2 -1 +2aln(bz+a+\/ (bCL‘ +
2
§£5951é§j§9£é5j194~—arccsc(bw—%a)a(bz—ka)—- ‘
. (bz+a)?—1
2(ba+e) (bz+a)?

default =

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arccsc(b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/b"2*(1/2*arccsc(b*x+a)*(b*x+a) “2-arccsc (b*x+a) *a* (b*x+a)-1/2* ((b*x+a) ~2-1
)~ (1/2) % (- ((b*x+a) "2-1) 7 (1/2) +2*a*x1n (b*x+a+ ((b*x+a) "2-1)~(1/2)) ) / (bxx+a) / ((
(bxx+a)~2-1)/ (b*xx+a)~2)~(1/2))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a),x, algorithm="maxima")

[Out] 1/2*x"2xarctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + integrate(1/2x(b~
2%x"3 + a*b*x"2)*e”(1/2*log(b*x + a + 1) + 1/2xlog(b*x + a - 1))/(b™2*x"2 +
2%axbxx + a”2 + (b72*x"2 + 2*kaxbxx + a”2 - 1)*e"(log(b*x + a + 1) + log(b*
x+a-1)) -1), x)

Fricas [A]

time = 0.39, size = 102, normalized size = 1.29

b?z? arcesc (bz + a) + 2 a® arctan (—bz—a+ b222 + 2abz + a% — 1 ) +2alog (—bz—a+ Vb2z? +2abx + a2 — 1 ) + Vo222 + 2abx + a2 — 1
22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a),x, algorithm="fricas")

[Out] 1/2*%(b~2*x"2*arccsc(b*x + a) + 2*a~2*arctan(-b*x - a + sqrt(b~2*x"2 + 2xa*b
*Xx + a”2 - 1)) + 2*xaxlog(-b*x - a + sqrt(b™2*x"2 + 2*%axbxx + a”2 - 1)) + sq
rt(b™2%x72 + 2%axb*x + a2 - 1))/b"2
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ zacsc (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*acsc(b*x+a),x)
[Out] Integral(x*acsc(a + b*x), x)
Giac [A]

time = 0.47, size = 134, normalized size = 1.70
2 (bz + a)z(b:ﬁ — 1) arcsin (7 1 >

1 1 1
(lmc+a)<1 7W+1 —1>+4alog<7< 7W+171>|bx+a|>7 \/ - : )
(o+a)| | ———5 +1 1
(o) (52 —1) e (bz + a)

“1° 3 - 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a),x, algorithm="giac")
g g g

[Out] -1/4%b*(2*(bxx + a)~2*(2xa/(b*x + a) - 1)*arcsin(-1/((b*x + a)*(a/(b*x + a)
- 1) - a))/b”3 - ((bxx + a)*x(sqrt(-1/(b*x + a)~2 + 1) - 1) + 4*xaxlog(-(sqr
t(-1/(b*x + a)"2 + 1) - 1)*abs(b*x + a)) - 1/((b*x + a)*(sqrt(-1/(bxx + a)~
2+1) -1)))/v73)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/xasin( 1 )dx
a+bx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*asin(1/(a + b*x)),x)
[Out] int(x*asin(1/(a + b*x)), x)
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3.21 [ csc™Ha + bx) dx

Optimal. Leaf size=36

T
(a + bz) csc™(a + bx) (a + bz)
b * b

[Out] (b*x+a)*arccsc(b*x+a)/b+arctanh((1-1/(b*x+a)~2)~(1/2))/b

Rubi [A]
time = 0.02, antiderivative size = 36, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.833,

steps used = 5, number of rules used = 5, integrand size = 6,
Rules used = {5359, 379, 272, 65, 212}

tanh ™" 1—- ;2
(a + bx) csc™(a + bx) (a + bz)
b * b

Antiderivative was successfully verified.

[In] Int[ArcCscl[a + b*x],x]

[Out] ((a + b*x)*ArcCscl[a + b*x])/b + ArcTanh[Sqrt[1 - (a + b*x)~(-2)]11/b
Rule 65

Int[((a_.) + (b_.)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist([p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 212

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 379
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Int[(u_)"(m_.)*((a_) + (b_.)*(v_)"(n_))"(p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]1*v"m), Subst[Int[x"m*(a + b*x"n)"p, x], x, v], x] /; FreeQ[{
a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 5359
Int[ArcCsc[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d*x)*(ArcCsclc + dxx]
/d), x] + Int[1/((c + d*xx)*Sqrt[1 - 1/(c + d*x)~2]), x] /; FreeQ[{c, d}, x]

Rubi steps

a + bzx) csc™(a + bx) N / 1

/csc_l(a + bx) dxz = ( 2

1

(a+ bx) 1—m

Subst | [ ——dz,z,a + bz

1
_ (a+bzx)csc(a+ bx) N \ 1- 22

B b b

-1 1
_ (a4 bx)csc!(a + bx) Subst <f V1—1a dz, z, (a+bm)2)

b 2b

1
Subst| [ L5 dz,z, |1 — ————
(a + bz) csc™(a + bx) (f e (a + bx)? )
b * b

tanh ™" 1-— ;2
(a+ bzx) csc™(a + bx) (a + bx)
b + b

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 336 vs. 2(36) =
72.
time = 0.18, size = 336, normalized size = 9.33

forim)y

Antiderivative was successfully verified.

[In] Integrate[ArcCscl[a + b*x],x]

[Out] x*ArcCscl[a + b*x] + ((a + bxx)*Sqrt[(-1 + a2 + 2xaxb*x + b~2xx"2)/(a + b*x
)"2]*(2xax(b + Sqrt[b~2])*ArcTan[a + Sqrt[b~2]*x - Sqrt[-1 + a2 + 2xa*b*x



124

+ b~2%x72]] + 2%a*(-b + Sqrt[b~2])*ArcTan[a - Sqrt[b~2]*x + Sqrt[-1 + a~2 +

2*axbxx + b"2*x~2]] - Sqrt[b~2]*Log[-a - Sqrt[b~2]*x + Sqrt[-1 + a~2 + 2*a
*bxx + b~2*x"2]] + bxLogla - Sqrt[b~2]*x + Sqrt[-1 + a"2 + 2*a*b*x + b~2*x"
2]] - Sqrt[b~2]*Logla - Sqrt[b~2]*x + Sqrt[-1 + a”2 + 2*axb*x + b™2*x~2]] -
bxLog[a*b~2 + (b~2)~(3/2)*x - b~2xSqrt[-1 + a”2 + 2*axbxx + b™2*x~2]]1))/(2
*b~2%Sqrt[-1 + a2 + 2%axb*x + b~2xx72])

Maple [A]
time = 0.07, size = 43, normalized size = 1.19

method result size
arccsc(bz+a)(bz+a)+1n <bac—+—a+(bz-|—a)1 /1 — m )

derivativedivides 5 43
arccsc(bz+a)(bz+a)+1n <bz+a+(bz+a)1 /1 — b L 5 >

default 5 Geta) 43

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a),x,method=_RETURNVERBOSE)
[Out] 1/b*(arccsc(b*xx+a)* (b*x+a)+1n(b*x+a+(b*x+a)*(1-1/(b*x+a)~2)"(1/2)))

Maxima [A]
time = 0.26, size = 55, normalized size = 1.53

2 (bz + a) arcesc (bx + a) + log <\/—ﬁ+l +1> —log <—\/—ﬁ+1 +1>
z+a z+a
2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a),x, algorithm="maxima")
[Out] 1/2%(2*(b*x + a)*arccsc(b*x + a) + log(sqrt(-1/(b*x + a)”2 + 1) + 1) - log(
-sqrt(-1/(b*x + a)~2 + 1) + 1))/b

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 75 vs.
2(34) = 68.
time = 0.37, size = 75, normalized size = 2.08

bx arccsc (bx + a) — 2 a arctan (—ba:—a—l— Vb222 + 2abz + a2 — 1 ) —log (—bz—a—}— V222 + 2abz + a2 — 1 )
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a),x, algorithm="fricas")
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[Out] (bxx*arccsc(b*x + a) - 2xa*arctan(-b*x - a + sqrt(b™2#x72 + 2xaxb*x + a~2 -
1)) - log(-b*x - a + sqrt(b™2*x~2 + 2*ax*bxx + a”2 - 1)))/b

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ acsc (a + bx) dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a),x)

[Out] Integral(acsc(a + b*x), x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 81 vs. 2(34) = 68.
time = 0.46, size = 81, normalized size = 2.25

1 1
S N (e T B ety

1, (ba+a) (2 -
2 b? b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a),x, algorithm="giac")

[Out] 1/2*b*x(2x(bxx + a)*arcsin(-1/((b*x + a)*(a/(b*x + a) - 1) - a))/b"2 + (log(
sqrt(-1/(b*x + a)"2 + 1) + 1) - log(-sqrt(-1/(b*x + a)"2 + 1) + 1))/p"2)

Mupad [B]
time = 0.88, size = 33, normalized size = 0.92

atanh 1 +asin(5-) (a+bz)

w_%
(a+bx)

b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1/(a + b*x)),x)
[Out] (atanh(1/(1 - 1/(a + b*x)"2)~(1/2)) + asin(1/(a + b*x))*(a + b*x))/b
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3.99 f csc_lfva+b:1:) dx

Optimal. Leaf size=210

- _icsc”!(a+bx)

. _icsc™!(a+bx) iae

rae

csc Ha+bz)log | 1+ ———— | +csc H(a+bz)log | 1+ ————— | —cse (a+bz) log (1 — e
(w+ba)log [ 1+ (a+bo)log | 1+ = —— (a-+ba) log (

[Out] -arccsc(b*x+a)*1n(1-(I/(b*x+a)+(1-1/(b*xx+a)~2)~(1/2)) 2)+arccsc(b*x+a)*1n(1
+I*a*(I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a"2+1)~(1/2)))+arccsc(b*x+a) *1n
(1+I*xax(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a"2+1)~(1/2)))+1/2*I*polylog(

2, (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))~2)-I*polylog(2,-I*a*x(I/(b*x+a)+(1-1/(b*
x+a)~2)7(1/2))/(1-(-a"2+1)~(1/2)) ) -I*polylog(2,-I*a*(I/(b*xx+a)+(1-1/(b*x+a)
~2)°(1/2))/(1+(-a"2+1)~(1/2)))

Rubi [A]
time = 0.21, antiderivative size = 210, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.800,

steps used = 14, number of rules used = 8, integrand size = 10
Rules used = {5367, 4648, 4625, 3798, 2221, 2317, 2438, 4615}

iaeicse (a+bz) iqeiese (atba) iqeicse (atba) iaeicse (atba) 1 o o
—iLiy ( —iLiy +csc M (a+ba)log | 1+ +csc ' (a+bz)log | 1 + EiLi;; (62““ ‘('”"1)) —csc™(a + b) log (1 — gliese ](““’z))

+
1-v1-a? Vi—a? +1 1-vV1-a? Vi—a? +1

Antiderivative was successfully verified.
[In] Int[ArcCscl[a + b*x]/x,x]

[Out] ArcCscla + b*x]*Log[l + (I*axE~(I*ArcCsc[a + b*x]))/(1 - Sqrt[l - a=2])] +
ArcCscla + b*x]*Log[l + (I*axE~(I*ArcCscla + b*x]))/(1 + Sqrt[1 - a~2])] -
ArcCscl[a + b*x]*Log[l - E~((2*I)*ArcCsc[a + b*x])] - I*PolyLogl[2, ((-I)*a*E
~(I*ArcCscla + b*x]))/(1 - Sqrt[1 - a~2])] - IxPolyLogl[2, ((-I)*a*E~(I*ArcC
scla + b*x]))/(1 + Sqrt[1 - a~2])] + (I/2)*PolyLogl[2, E~((2*I)*ArcCscla + b
*x]) ]

Rule 2221

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*x((F_)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))"n/a)l, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logl[a + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]
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Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E” (2%I*k*Pi) ¥ (E~(2xIx(e + f*x))/(1 + E~(2%I*xk*Pi)*E~(2xI*x(e + f*x)))), x],
x] /; FreeQl{c, d, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4615

Int[(Cos[(c_.) + (d_.)*(x_)]*((e_.) + (£_)*(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[(-I)*((e + f*x)"(m + 1)/(bxfx(m + 1
))), x]1 + (Int[(e + f*x) " m*x(E~(I*(c + d*x))/(a - Rt[a"2 - b™2, 2] - I*b*xE~(
Ix(c + d*x)))), x] + Int[(e + fxx)"m*x(E~(I*(c + d*x))/(a + Rt[a"2 - b™2, 2]
- I*b*E~(I*(c + d*x)))), x]) /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, O]
&& PosQ[a"2 - b~2]

Rule 4625

Int[(Cot[(c_.) + (d_.)*(x_)]1 " (n_.)*((e_.) + (f_.)*(x_))"(m_.))/((a_) + (b_.
)*¥Sin[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Cot[c +
d*x]"n, x], x] - Dist[b/a, Int[(e + f*x) m*Cos[c + d*x]*(Cot[c + d*x]~"(n -
1)/(a + b*Sin[c + d*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m,
0] && IGtQ[n, O]

Rule 4648

Int[((Ce_.) + (£_)*(x_)) " (m_.)*(F_)[(c_.) + (d_)*(x_)1"(n_.)*(G_)[(c_.) +

(d_)*(x_)1"(p_.))/(Cscl(c_.) + (d_.)*(x_)1*(b_.) + (a_)), x_Symbol] :> In
t[(e + fxx) m*Sin[c + d*x]*F[c + d*x] "n*(G[c + d*x]~p/(b + a*Sin[c + d*x]))
, x] /; FreeQ[{a, b, c, d, e, £}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
, n, pl

Rule 5367

Int[((a_.) + ArcCscl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f£_.)*(x_)) " (m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps
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—1
/ w i — —Subst (/ x cot(z) csc(x) dz, z, csc (a + bz))

x —a + csc(x)
= —Subst (/ % dz,z,csc”(a + bx))
—( aSubst /Ls(x) dz,z,csc”'(a+bx) | | — Subst /mcot(ac) dz,z,csc™(c
1 — asin(x)
o2ty it
= 2iSubst / _ dz,z,csc” (a + bz ) — aSubst( dx,x,«
( 1— e ( ) \/1—a2 + iae’®

= csc™ a-l-bz

etcsc™ L(a+bzx) et csc~!(a+bx)
+csc  (a+bx)log | 1 —|— —c
1-vi-a? © 14++vV1—a?

14++vV1—a?

etosc™ L(a+bzx)

et csc L(a+bx)
1+ +csct(a + br)log | 1+ c
) 8 1—|—\/1—a2>

= csc ' (a + bz) log

etosc™ L(a+bzx) el csc ~1(a+bx)
=csc ' (a+bz)lo 1—|— + csc™!(a + bx) log 1—|— —cC

V1-—a?

Mathematica [A]
time = 0.29, size = 375, normalized size = 1.79

Antiderivative was successfully verified.

[In] Integrate[ArcCscl[a + b#*x]/x,x]

[Out] (I*(Pi - 2xArcCscl[a + b*x])~2 - (32*I)*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Arc
Tan[((1 + a)*Cot[(Pi + 2*ArcCscl[a + b*x])/4]1)/Sqrt[1 - a~2]] - 4x(Pi - 2%Ar
cCscla + b*x] + 4xArcSin[Sqrt[(-1 + a)/al/Sqrt([2]]1)*Logl[l + (I*(-1 + Sqrt[1

- a~2]))/(a*E~(I*ArcCsc[a + b*x]))] - 4*(Pi - 2*ArcCsc[a + b*x] - 4%ArcSin
[Sqrt[(-1 + a)/al/Sqrt[2]]1)*Logll - (I*(1 + Sqrt[1l - a~2]))/(a*xE~(I*ArcCscl

a + bxx]))] - 8xArcCscla + b*x]*Log[l - E~((2*I)*ArcCscl[a + b*x])] + 4*x(Pi

- 2%ArcCsc[a + bxx])*Log[(b*x)/(a + b*x)] + 8xArcCsc[a + b*x]*Log[(b*x)/(a

+ bxx)] + (8%I)*(PolyLogl[2, ((-I)*(-1 + Sqrt[1 - a~2]))/(a*E~(I*ArcCscla +
b*x]))] + PolyLog[2, (I*(1 + Sqrt[1 - a~2]))/(a*E~(IxArcCscla + bxx]))]) +
(4xI)*(ArcCsc[a + b*x]~2 + PolyLog[2, E~((2*I)*ArcCsc[a + b*x])]))/8

Maple [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 1143 vs. 2(269) = 538.
time = 6.02, size = 1144, normalized size = 5.45 Too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)/x,x,method=_RETURNVERBOSE)

[Out] -1/2*I*arccsc(b*x+a)/(a~2-1)"(1/2)*1n((-(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))*a
+I-(a"2-1)"(1/2))/(I-(a"2-1)"(1/2)))-I/(a"2-1)*dilog ( (- (I/(b*x+a)+(1-1/(b*x
+a)~2)"(1/2))*a+(a"2-1)"(1/2)+I)/(I+(a~2-1)"(1/2)))*a~2+1/2*a"2*arccsc (b*xx+
a)/(a~2-1)*1n((-(I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2) ) *a+I-(a~2-1)"(1/2))/(1-(a~
2-1)"(1/2)))-1/2*arccsc(b*x+a) /(a~2-1) *1n(((I/ (b*x+a)+(1-1/(b*x+a) ~2)~(1/2)
)*xa+(a”2-1)"(1/2)-1I)/(-I+(a"2-1)"(1/2)))+1/2%I/(a"2-1) *dilog ( (- (I/ (b*x+a)+(
1-1/(b*x+a)~2) " (1/2))*a+I-(a~2-1)"(1/2))/(I-(a"2-1)"(1/2)))+1/2*arccsc (b*x+
a)/(a"2-1)*1n(((I/(bxx+a)+(1-1/(b*x+a) ~2)~(1/2))*a+(a~2-1)"(1/2)-1) /(-I+(a"
2-1)"(1/2)))*a~2-1/2xI/(a"2-1)*dilog (((I/ (b*x+a)+(1-1/(b*xx+a) ~2)~(1/2))*a+(
a”2-1)"(1/2)-1)/(-1+(a"2-1)"(1/2)) ) *a~2+I/(a"2-1) *dilog ( (- (I/ (b*x+a)+(1-1/(
bxx+a) “2) ~(1/2))*a+(a”2-1)~(1/2)+I)/(I+(a"2-1)"(1/2)) ) +arccsc(b*x+a)/(a~2-1
)*1n((-(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))*a+(a"2-1)~(1/2)+I)/(I+(a"2-1)"(1/2
)))*a~2+Ixdilog(1+I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))+1/2*I*arccsc(b*x+a)/(a”2
-1)~(1/2)*1n(((I/(b*x+a)+(1-1/(b*x+a) ~2) ~(1/2) ) *a+(a"2-1)"(1/2)-I) /(-I+(a"2
-1)7(1/2)))+1/2/(a"2-1)"(1/2) *dilog (((I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))*a+(a
~2-1)"(1/2)-1)/(-I+(a"2-1)"(1/2)))-1/2*%I*a~2/(a"2-1) *dilog ( (- (I/ (b*x+a) +(1-
1/ (b*x+a)~2)~(1/2))*a+I-(a"2-1)"(1/2))/(I-(a~2-1)"(1/2)))-I*dilog(I/ (b*x+a)
+(1-1/(b*x+a)~2)~(1/2))+1/2%I/(a"2-1) *dilog (((I/(b*x+a)+(1-1/(b*x+a)~2)~(1/
2))*xa+(a"2-1)"(1/2)-1)/(-I+(a~2-1)"(1/2)) ) -arccsc(b*x+a) /(a~2-1)*1n((-(I/(b
xx+a)+(1-1/(b*x+a) ~2) ~(1/2) ) *a+(a"2-1)~(1/2)+I)/(I+(a~2-1)"(1/2)))-1n(1+I/(
b*x+a)+(1-1/(b*x+a) ~2) ~(1/2) ) *arccsc(b*x+a)-1/2*arccsc(b*x+a)/(a~2-1)*1n((-
(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))*a+I-(a"2-1)"(1/2))/(I-(a"2-1)"(1/2)))-1/2
/(a"2-1)"(1/2)*dilog((-(I/ (bxx+a)+(1-1/(b*x+a)~2)~(1/2))*a+I-(a~2-1)"(1/2))
/(I-(a"2-1)"(1/2)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x,x, algorithm="maxima")
[Out] integrate(arccsc(b*x + a)/x, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x,x, algorithm="fricas")



[Out] integral(arccsc(b*x + a)/x, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ acsc (a + br) i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)/x,x)

[Out] Integral(acsc(a + b*x)/x, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x,x, algorithm="giac")
[Out] integrate(arccsc(b*x + a)/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ a‘Sin(a-l—lbz) dz

T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1l/(a + b*x))/x,x)
[Out] int(asin(1/(a + b*x))/x, x)
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3.23 f cse™ 1 (a+bx) dx

xz

Optimal. Leaf size=69

29bArcT. a—tan(% cscfl(a‘—f-ba:))
_bescl(a+bx)  cscT'(a+bx) bArc an( V1-a2

a z - aVvV'1—a?

[Out] -b*arccsc(b*x+a)/a-arccsc(b*x+a)/x-2xb*arctan((a-tan(1/2*arccsc(b*x+a)))/ (-
a~2+1)~(1/2))/a/(-a"2+1)~(1/2)

Rubi [A]
time = 0.07, antiderivative size = 69, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.600,

steps used = 6, number of rules used = 6, integrand size = 10,
Rules used = {5367, 4512, 3868, 2739, 632, 210}

a—tan( % csc™!(a+bz))

2bArcTan( V1—a? ) _bescl(a+bx)  csc'(a+bx)

aVv1—a? a z

Antiderivative was successfully verified.
[In] Int[ArcCscla + b*x]/x"2,x]

[Out] -((b*ArcCsc[a + b*x])/a) - ArcCscl[a + b*x]/x - (2%b*ArcTan[(a - Tan[ArcCsc[
a + b*x]/2])/Sqrt[1 - a~2]]1)/(a*Sqrt[1 - a~2])

Rule 210

Int[((a_) + (b_.)*(x_)~2)~(-1), x_Symboll :> Simp[(-(Rt[-a, 21*Rt[-b, 21)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax*
e~2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b°2, 0]

Rule 3868
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Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d}, x
] && NeQ[a~2 - b~2, 0]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)]*Cscl[(c_.) + (d_.)*(x_)]*(Cscl(c_.) + (d_.)*(x.)
Ix(b_.) + (a_))"(a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx) " m)*((a + bxCsclc + d*x])"(n + 1)/(bxdx(n + 1))), x] + Dist[f*(m/ (bxdx*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Csc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCscl(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])"m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, O] && IntegerQ[m]

Rubi steps

22 (—a + csc(z))?

—1
— _csc” (a+bx) + bSubst (/ v dz,r,csc(a + bz))
T —a + csc(x)

bese(a + bz) - csc(a + bx) N bSubst (f #m(m) dz,z,csc™(a + bx))

a x a
~(a + bx) B csc™i(a + bx) N (2b)Subst ( [ m dz, z,tan (3 csc™!(a + bz)

bcsc
= _ . “ :
bescH(a+bx)  csc(a + bx) (4b)Subst <f m dz,x,—2a + 2tan (1 cs
a 7 ;
a—tan (L csc—1(a+bx
_ besc(a+bx) csc!(a+ bx) 2btan~! ( ¢ \(/21 - a(2 +b )))
N ’ l ! ) av1—a?

Mathematica [C] Result contains complex when optimal does not.
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time = 0.27, size = 115, normalized size = 1.67

—1+ a2 + 2abx + b2x2
(a+ bx)?

vV1—a?

( 1+a2+abz
2 —a(a+bx)

ilog ta

b —ArcSin(aJrlbm) + Ji—a

csc Y(a + bz
e tatbe) |

Antiderivative was successfully verified.

[In] Integrate[ArcCscl[a + b*x]/x"2,x]

[Out] -(ArcCscla + b*x]/x) + (b*(-ArcSin[(a + b*x)~(-1)] + (I*Log[(2*(((-I)*a*(-1
+ a”2 + axb*x))/Sqrt[1 - a”2] - ax(a + bxx)*Sqrt[(-1 + a2 + 2*%axb*x + b~2
*x~2)/(a + bxx)~2]))/(b*x)])/Sqrt[1 - a~2]))/a

Maple [A]
time = 0.63, size = 127, normalized size = 1.84

method result

(bl‘ + CL)2 -1 (arctan( ‘
2
arccsc(bz+a) \/(bx + a) -1

derivativedivides | b| — 5 —
z (bz—i—a) —1
(bz+a)?

1 )1/61/2_1111(2(12_:I-1
1

(bz+a)a a? —

2 a2—1«

(bCL' + a)2 -1 (arctan( 1 ‘ CL2 —1 -
2
arccsc(bz+a) \/(bx + a‘) -1

default bl — - -
(bm+a) (bz—f-a aV a?—1

(bz+a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)/x"2,x,method=_RETURNVERBOSE)

[Out] b*(-1/b/x*arccsc(b*x+a)-((b*xx+a) ~2-1)"(1/2)*(arctan(1/((b*x+a)~2-1)"(1/2))*
(a”2-1)"(1/2)-1n(2*((a"2-1) " (1/2) *((b*x+a) "2-1) " (1/2) +a* (b*x+a)-1) /b/x) ) / ((
(bxx+a) ~2-1) / (b*x+a) ~2) ~(1/2) / (bxx+a) /a/(a"2-1)"(1/2))
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"2,x, algorithm="maxima")

[Out] -(x*integrate((b~2*x + axb)*e”(1/2xlog(b*x + a + 1) + 1/2%log(b*x + a - 1))
/(b72%x73 + 2¥axb*x”2 + (a2 - 1)*x + (b72%x"3 + 2*%a*xb*x"2 + (2”2 - 1)*x)*e
“(log(b*x + a + 1) + log(b*x + a - 1))), x) + arctan2(1l, sqrt(b*x + a + 1)x*
sqrt(bxx + a - 1)))/x

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 132 vs.

2(63) = 126.
time = 0.40, size = 278, normalized size = 4.03

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"2,x, algorithm="fricas")

[Out] [(2%(a™2 - 1)*b*x*arctan(-b*x - a + sqrt(b™2*x~2 + 2*axbxx + a”2 - 1)) + sq
rt(a”2 - 1)*b*xx*log((a™2xb*xx + a~3 + sqrt(b™2*x"2 + 2*a*b*x + a”2 - 1)*(a"2

+ sqrt(a”2 - 1)x*a - 1) + (a*xb*x + a”2 - )*sqrt(a™2 - 1) - a)/x) - (@73 -
a)*arccsc(b*x + a))/((a"3 - a)*x), (2x(a”2 - 1)*b*x*arctan(-b*x - a + sqrt(
b~2%x72 + 2xaxb*x + a”2 - 1)) - 2xsqrt(-a”2 + 1)*bxx*arctan(-(sqrt(-a”2 + 1

)*¥b*x - sqrt(b~2*x"2 + 2*%axb*x + a”2 - 1)*sqrt(-a”2 + 1))/(a"2 - 1)) - (a”3

- a)*arccsc(b*x + a))/((a"3 - a)*x)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ acsc (a2+ bx) i
T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)/x**2,x)
[Out] Integral(acsc(a + b*x)/x**2, x)
Giac [A]
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time = 0.47, size = 96, normalized size = 1.39

(bz+a) 1 +1 -1
T+a —_— -1 |+a
(bx + a)®

2 arctan ‘
vV—a? +1
. 1
arcsin | —
s B ( (ba+a) (525 -1) —a)
_a2 + la a(baﬁl—a - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"2,x, algorithm="giac")

[Out] -b*(2*arctan(((b*x + a)*(sqrt(-1/(b*x + a)~2 + 1) - 1) + a)/sqrt(-a"2 + 1))
/(sqrt(-a~2 + 1)*a) - arcsin(-1/((bxx + a)*(a/(bxx + a) - 1) - a))/(ax(a/(b

*xx +a) - 1)))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1

/ aSin(a-l—b:E) dl'

x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1/(a + b*x))/x"2,x)
[Out] int(asin(l/(a + b*x))/x"2, x)
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3.24 f csc_l(a+b:1:) dx

3
Optimal. Leaf size=123

1 -
b(a + bfL‘) 1—- — 1—9 2 2A T a—tan(§ csc™!(a+bz))
(a + bz)? +b2 csc'(a+bz) csc(a+ bx) ( @) b ArcTan V1—a?
2a(1—a?)x 2a2 22 a2 (1 — a2)*?

[Out] 1/2*%b~2*arccsc(b*x+a)/a~2-1/2*%arccsc(b*xx+a)/x"2+(-2*a~2+1)*b~2*arctan((a-ta
n(1/2*xarccsc(b*x+a)))/(-a~2+1)~(1/2))/a~2/(-a~2+1) ~(3/2) -1/2*b* (b*x+a) * (1-1
/(b*x+a)~2)~(1/2)/a/(-a~2+1) /x

Rubi [A]
time = 0.15, antiderivative size = 123, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.800,

steps used = 8, number of rules used = 8, integrand size = 10,
Rules used = {5367, 4512, 3870, 4004, 3916, 2739, 632, 210}

oo 1
1 — 2a?) b*ArcTan a—tan(j cso” H(a+ba)) bla+bzr),[1— s
( < V1 —a? n b? csc™(a + bx) B (a+ bx) B csc(a + bz)

a2 (1 — a?)*? 2a? 2a(1-a?)z 222

Antiderivative was successfully verified.
[In] Int[ArcCscl[a + b*x]/x"3,x]

[Out] -1/2%(bx(a + b*x)*Sqrt[1 - (a + b*x)~(-2)])/(a*x(1 - a~2)*x) + (b~2xArcCsc[a
+ bxx])/(2%¥a"2) - ArcCscla + bxx]/(2*x"2) + ((1 - 2*a~2)*b~2xArcTan[(a - T
an[ArcCsc[a + bxx]/2])/Sqrt[1 - a~2]1])/(a"2*(1 - a~2)~(3/2))

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2]1)~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 21)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*x(e/d), Subst[Int[1/(a + 2*bke*x + ax
e"2xx~2), xJ], x, Tan[(c + d*x)/2]1/e]l, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
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a~2 - b2, 0]

Rule 3870

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2xCot[
c + d*x]*((a + b*Csclc + d*x])"(n + 1)/(a*d*(n + 1)*(a"2 - b~2))), x] + Dis
t[1/(ax(n + 1)*(a"2 - b™2)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a™2 - b
“2)*x(n + 1) - axbx(n + 1)*Cscl[c + d*x] + b™2x(n + 2)*Cscl[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2*n]

Rule 3916

Int[cscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(b*c - a*d)/a, Int[Cscle + f*x
1/(a + b*Cscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*xc -
axd, 0]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)]*Csc[(c_.) + (d_.)*(x_)]*(Cscl(c_.) + (d_.)*(x))
1x(b_.) + (@) " (m_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx)"m)*((a + bxCsclc + d*x])~(n + 1)/(bxd*x(n + 1))), x] + Dist[f*(m/(b*xd*(
n+ 1))), Int[(e + f*x)"(m - 1)*(a + bxCsc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCscl(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (f_.)*x(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~(-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + fxCsc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps
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-1
[ T (T )

a3 (—a+ csc(x))?

-1
— _w + %bZSubst (/ ( 1 5 dz,x, csc_l(a + bx))

212 —a + csc(x))

1
b b l— 0 —a?—acsc(z —
B (a+bz) (a + bx)? _escatba) b*Subst (f KTSC(;))dz,x,csc Ya
N 20 (1—a?)z 212 2a (1 —a?)
1
bla+br)/l— ——
B ( ) (a + bx)? . B csc(a + bz) - cse(a + be) - ((1 — 2a?) b?) Sul
N 20 (1—a?)zx 2a2 212
1
bla+bx)y|1l— ——
o ( ) (a + bx)? B csc(a + bz) - cse(a + be) - ((1 — 2a?) b?) Sul
N 20(1—a®)z 2a2 222
1
bla+bx)/1— ———
B ( ) (a+ bzx)? N B*csc!(a+bx) cscM(a+bz) ((1- 2a%) b?) Sul
N 20(1—a®)zx 2a2 222
1
bla+bx)/1— ——— |
- ( ) (a + b:z;)2 N b2 csc_l(a + b:I:) B csc_l(a + bx) N (2(1 — 2a2) b2) St
B 2a¢(1—a?)z 2a? 222
b(a + bx) 1— ;2 (1 _ 2&2) b2 tan_:
_ (a + bzx) N b*csc'(a+bx) csc”'(a+ bx)

2a(1—-a?)z 2a? 222 a2 (]

Mathematica [C] Result contains complex when optimal does not.
time = 0.57, size = 199, normalized size = 1.62

| i) =1k 2aba 4 bt
4(=14a)a2(1+a) Vi Hatba) (@ bo)?

i(—142a2)b?z? log

1 (—1+202)22
—1+ a? + 2abzx + b2z?
bz(a+bx) W

a(—1+a?)

b%ﬂArcSin(ﬁ)
a2

—csc™H(a + bz) + +

2x2

a2(1-a2)%/?

Antiderivative was successfully verified.

[In] Integrate[ArcCscl[a + b*x]/x"3,x]

[Out] ((b*xx(a + bxx)*Sqrt[(-1 + a2 + 2xa*b*x + b~2%x"2)/(a + b*x)~2])/(a*x(-1 +
a~2)) - ArcCscla + b*x] + (b™2%x"2%ArcSin[(a + b*x)~(-1)]1)/a"2 + (I*(-1 + 2
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*a~2) *b~2*x"2*Log[(4* (-1 + a)*a~2*%(1 + a)*((I*(-1 + a~2 + axbxx))/Sqrt[1 -
a”2] + (a + bxx)*Sqrt[(-1 + a~2 + 2*xaxb*x + b"2*xx~2)/(a + b*x)~"2]))/((-1 +
2xa”2)*b"2xx)])/(a”2%(1 - a~2)7(3/2)))/(2*x~2)

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 455 vs.
2(109) = 218.
time = 0.64, size = 456, normalized size = 3.71

method result
(biL‘ + a)2 —_ ]. ( arctan( 1 ‘ ) (a2—1) %a?’—i—arctan(
bz +a)’ —1 bx
derivativedivides | b? | — arcc2s§2(1;m2+a) + \/( ) (
(b.’IJ + (l)2 -1 (— arctan( L ‘ ) (a%-1) ga3+arctan(
br +a)> -1 \/ (bz
default b? _arcc2s§§1;2+a) + \/( ) (

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)/x~3,x,method=_RETURNVERBOSE)

[Out] b~2%(-1/2/b"2/x"2%arccsc(b*xx+a)+1/2*((b*x+a) ~2-1)~(1/2)*(-arctan(1/ ((b*x+a)

~2-1)"(1/2))*(a~2-1)"(3/2)*a"3+arctan(1/ ((b*x+a) ~2-1)~(1/2))*(a~2-1)~(3/2) *
a~2x (bxx+a)+2*x1n(2*x((a~2-1) " (1/2) *((b*x+a) "2-1) ~(1/2) +a* (b*x+a)-1) /b/x) *a”5
-2x1n(2*x((a~2-1)"(1/2) *((b*x+a) "2-1) " (1/2) +a* (b*x+a)-1) /b/x) *a~4x* (b*xx+a) + ((
b*xx+a) "2-1)~(1/2)*(a~2-1)~(3/2) *a+arctan(1/((b*x+a) ~2-1)~(1/2))*(a"2-1)~(3/
2)*a-arctan(1/((b*x+a)~2-1)"(1/2))*(a~2-1)~(3/2) *(b*x+a) -3*1n(2*x((a~2-1)~(1
/2)*((bxx+a) ~2-1)~(1/2)+a* (bxx+a)-1) /b/x) *a~3+3*x1n (2% ((a~2-1) ~(1/2) *((b*x+a
)"2-1)"(1/2)+a*x(b*x+a)-1) /b/x) *a~2x (b*xx+a)+a*1n(2*x ((a~2-1) ~(1/2) * ((b*x+a) "2
-1)"(1/2)+a* (b*x+a)-1) /b/x)-1n(2*((a~2-1) "~ (1/2) * ((b*x+a) "2-1) ~(1/2) +a* (b*x+
a)-1) /b/x) *(bxx+a) )/ (((b*x+a) "2-1) / (b*xx+a) “2) ~(1/2) / (b*x+a) /a~2/(a"2-1)~(5/
2)/b/x)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"3,x, algorithm="maxima")
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[Out] -1/2%(2*x~2*xintegrate(1/2*(b~2*x + axb)*e”(1/2xlog(b*x + a + 1) + 1/2%log(b
xx + a - 1))/(b"2*%x74 + 2*%a*xb*x"3 + (2”2 - 1)*x72 + (b"2%x"4 + 2¥axb*x~3 +

(a”2 - 1)*x"2)*e" (log(b*x + a + 1) + log(b*x + a - 1))), x) + arctan2(1l, sq
rt(b*x + a + 1)*sqrt(b*x + a - 1)))/x"2

Fricas [A]

time = 0.42, size = 428, normalized size = 3.48

{ roal o 6~ 20+ ) +) 22 - )Tt (- EE L EEE A= TYaTET ) - et -2 ) + - e MJ

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"3,x, algorithm="fricas")

[Out] [1/2*%((2*a"2 - 1)*sqrt(a”2 - 1)*b~2*xx"2x1log((a~2*b*x + a~3 + sqrt(b™2*x"2 +
2%axbxx + a”2 - 1)*(a”2 - sqrt(a”2 - 1)*a - 1) - (a*b*x + a”2 - 1)*sqrt(a”
2 -1) - a)/x) - 2x(a”™4 - 2¥a”2 + 1)*b"2xx"2*arctan(-b*x - a + sqrt(b~2*x"2

+ 2%axbkx + a”2 - 1)) + (2”3 - a)*b"2*x"2 + sqrt(b"2*x"2 + 2*axbxx + a~2 -
1)*x(a”3 - a)*bxx - (a”6 - 2*a"4 + a~2)*arccsc(b*x + a))/((a"6 - 2xa~4 + a~
2)*x72), 1/2%(2%(2*a"2 - 1)*sqrt(-a”2 + 1)*b~2*x"2xarctan(-(sqrt(-a~2 + 1)x*
b*x - sqrt(b”2*x"2 + 2*kaxbxx + a”2 - 1)*sqrt(-a”2 + 1))/(a"2 - 1)) - 2x(a"4

- 2%a”2 + 1)*b"2*x"2*arctan(-b*x - a + sqrt(b"2*x"2 + 2*axbxx + a”2 - 1))
+ (273 - a)*b"2*%x"2 + sqrt(b"2*x"2 + 2xaxbxx + a”2 - 1)*(a”3 - a)*b*x - (a”

6 - 2xa”4 + a"2)*arccsc(b*x + a))/((a"6 - 2¥a"4 + a~2)*x"2)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ acsc (a + bx) i

3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)/x**3,x)
[Out] Integral(acsc(a + b*x)/x**3, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 217 vs. 2(108) =

216.
time = 0.48, size = 217, normalized size = 1.76

1
vt | ([~ +1 1|4
‘ +)( (bz + a)’ 1)+
2(2a% —b)arctan | ——————————— 4

V—a®+1

2 (bw + a)ab (/ bz+a‘+1 1>+b> (#_b)amm< H)(l - ﬂ)
+
(a* —a?)V—a? +1 ) a (T_l)
((bz+a) < o i 5 +1 — 1) +2(bz+a)a < bz+a)2+1 71>+1) (a® —a) b

1
Eb

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arccsc(b*x+a)/x"3,x, algorithm="giac")

[Out] 1/2*%bx(2%(2*a~2*b - b)*arctan(((b*x + a)*(sqrt(-1/(b*x + a)"2 + 1) - 1) + a
)/sqrt(-a~2 + 1))/((a"4 - a"2)*sqrt(-a~2 + 1)) + 2*((b*x + a)*axbx(sqrt(-1/

(b*x + a)72 + 1) - 1) + b)/(((b*x + a)~2x(sqrt(-1/(b*x + a)"2 + 1) - 1)72 +

2% (b*x + a)*ax(sqrt(-1/(b*x + a)"2 + 1) - 1) + 1)*(a”3 - a)) - (2xa*b/(b*x

+ a) - b)*arcsin(-1/((b*x + a)*(a/(b*x + a) - 1) - a))/(a"2*(a/(b*x + a) -
1)°2))

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

asin (L)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1/(a + b*x))/x~3,x)
[Out] int(asin(1/(a + b*x))/x"3, x)
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3.95 f csc_l(a+b:1:) dx

x4
Optimal. Leaf size=180

1 1

a+bz)®  B3csc(a + br) _csc(a+ba)

(2-

6a (1 — a?) z2 + 6a2 (1 —a2)’z 3a3 33

[Out] -1/3*b~3*arccsc(b*x+a)/a~3-1/3*arccsc(b*x+a)/x"3-1/3*(6*a"~4-5%xa~2+2) *xb~3*ar
ctan((a-tan(1/2*arccsc(b*x+a)))/(-a~2+1)~(1/2))/a~3/(-a~2+1)~(5/2)-1/6*b*x (b

xx+a) * (1-1/(b*x+a) ~2)~(1/2) /a/(-a"2+1) /x"2+1/6% (-5*%a”~2+2) xb~2* (b*x+a) * (1-1/
(b*xx+a)~2)~(1/2)/a~2/(-a~2+1)"2/x

Rubi [A]

time = 0.22, antiderivative size = 180, normalized size of antiderivative = 1.00, number of

steps used = 9, number of rules used = 9, integrand size = 10, number of rules _ 0.900,
integrand size

Rules used = {5367, 4512, 3870, 4145, 4004, 3916, 2739, 632, 210}

1 1 1 -1
2—-5a})b*(a+bz)y/l— ——— bla+bz)/l— ——o 4 _ 5,2 3 a—tan(; csc ! (a+ba))
b csc™(a + bz) ( A ) (a+ bz)? ( ) (a+bz)? (6a” —5a” +2)b ArcTan( V1—a? _cscMa+b)

3a® 6a2 (1 —a2)’z 6a (1 — a?)z? 3a3 (1 — a2)*? 343

Antiderivative was successfully verified.
[In] Int[ArcCscl[a + b*x]/x"4,x]

[Out] -1/6%(bx(a + b*x)*Sqrt[1 - (a + b*x)~(-2)])/(ax(1 - a~2)*x"2) + ((2 - 5*xa~2
)*¥b~2*%(a + bxx)*Sqrt[1 - (a + bxx)~(-2)]1)/(6*%a"2*x(1 - a~2)"2*x) - (b~3*ArcC

scla + b*x])/(3*a"3) - ArcCscla + b*x]/(3*x73) - ((2 - 5%a”2 + 6*a~4)*b~3*A
rcTan[(a - Tan[ArcCscl[a + b*x]/2])/Sqrt[1 - a~2]]1)/(3*a"3*(1 - a~2)~(5/2))

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]1*(x/Rt[-a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2*cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 2739

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*exx + ax
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e"2¥x"2), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQ[{a, b, c, d}, x] && NeQ[
a™2 - b~2, 0]

Rule 3870

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))~(n_), x_Symbol] :> Simp[b~2xCot[
c + dxx]*((a + bxCscl[c + d*x])"(n + 1)/(axd*(n + 1)*(a"2 - b72))), x] + Dis
t[1/(ax(n + 1)*(a"2 - b~2)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a”™2 - b
“2)*%(n + 1) - axbx(n + 1)*Csc[c + d*x] + b™2*(n + 2)*Csc[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2*n]

Rule 3916

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] & NeQ[a"2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)1*(b_.) +

(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(b*c - a*d)/a, Int[Cscle + f*x
1/(a + b*Cscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*xc -
axd, 0]

Rule 4145

Int[((A_.) + cscl(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e_.) + (£_.)*x(x_)]"2*(C_.
Nx(cscl(e_.) + (£_)*(x)]1*(b_.) + (a_))"(m_), x_Symbol] :> Simp[(A*b~2 -

a*b*B + a"2*C)*Cot[e + f*x]*((a + b*Cscle + f*x])"(m + 1)/(a*f*(m + 1)*(a"2
- b72))), x] + Dist[1/(ax(m + 1)*(a"2 - b~2)), Int[(a + b*Cscl[e + f*x]) (m
+ 1)*Simp[A*(a™2 - b~™2)*(m + 1) - ax(A*b - a*B + b*C)*(m + 1)*Csc[e + f*x]
+ (A*%b~2 - axbxB + a~2*%C)*(m + 2)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a,

b, e, £, A, B, C}, x] && NeQ[a"2 - b~2, 0] && LtQ[m, -1]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)1*Cscl(c_.) + (d_.)*(x_)]*(Cscl(c_.) + (d_.)*(x_)
Ix(b_.) + (@)~ (m_.)*((e_.) + (f_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
f*x)"m)*((a + bxCsclc + d*x])~(n + 1)/(bxd*x(n + 1))), x] + Dist[f*(m/(b*d*(
n+ 1))), Int[(e + f*x)"(m - 1)*(a + b*Csc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCscl[(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
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x]*(d*e - cxf + f*Csc[x])"m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] &% IGtQ[p, 0] && IntegerQ[m]

Rubi steps

1
/ w o <b3Subst( x cot(z) csc(x) dz, z,csc (a + bx)))

zt (—a + csc(z))*

csci(a+bz) 1, 1 1
=3 + §b Subst (/ ot (@)’ dz,z,csc (a+ bw))

1
b(a + bCL’) 1——— 2(1—a?)—2a csc(z)—csc?(z)
B (a + bx)? ~ csc_l(a—i- bz) ~ b3Subst (f (Catosc(2)? dx,
B 6a (1 — a?) 22 33 6a (1 — a?)
1 1
bla+bx)y/l— —— 2-5a*)b*(a+bzx)y 1 — ——— |
I ( @+0P o i(a+bo
B 6a (1 — a?) 2? 6a2 (1 —a2)’z 33
1 1
b b l——— 2 —5a%)b*(a+b 1—-—
B (a+bc) (a + bx)? N ( @) b{a+ba) (a + bz)? _ bPesci(a+
B 6a (1 — a?) 2? 6a2 (1 —a2)’z 3a3
1 1
b b l——— 2 —5a%*)b*(a+b 1—-—
_ (abe) (a+ bz)? " et (a+b2)*  pPesci(a+
- 6a (1 — a?) 2? 6a2 (1 —a2)’z 3a3
1 1
b b l——— 2 —5a%)b*(a+b 1—-—
_ (abe) (a+ bz)? " e (a+b2)*  pPesci(a+
- 6a (1 — a?) 2? 6a2 (1 —a2)’z 3a3
1 1
b b l——— 2 —5a%)b*(a+b 1—-—
_ fabe) (a+ bz)? + et (a+b2)*  pPesci(a+
- 6a (1 — a?) 2? 6a2 (1 —a?)’x 3a3
1 1
b b l1——— 2 —5a%)b*(a+b 1——
— abe) (a+ bz)? i ( @)rerio) (a +bz)? _ bPescl(a+
- 6a (1 — a?) 2? 6a2 (1 —a?)’x 3a3

Mathematica [C] Result contains complex when optimal does not.
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time = 0.34, size = 241, normalized size = 1.34

i(creyas) |14 a® + 2abo + b2?
N (@b
252 H

0
[—1+ a? 4 2abz + b?z?

) b\/ @tboe (a* + abz — 4a®bx + 2b%2? — a®(1 + 5b%z?))

2csc”!(a+bz) 26° ArcSin (5) .
3 ;

a2 (-1 +a?)’z? B z a? a3 (1—a2)”?

Antiderivative was successfully verified.

[In] Integrate[ArcCscla + b*x]/x74,x]

[Out] ((b*Sqrt[(-1 + a~2 + 2xaxb*x + b~2xx"2)/(a + b*x)~2]*(a"4 + axb*x - 4*a~3%*b
*x + 2*¥b72xx72 - a”2%(1 + 5xb"2xx72)))/(a"2* (-1 + a~2)"2*x"2) - (2*ArcCscla

+ bxx])/x"3 - (2*b~3*ArcSin[(a + b*x)~(-1)]1)/a"3 + (I*(2 - 5*xa”2 + 6*a”~4)*
b~3*Log[(12*a~3* (-1 + a~2)"2x(((-I)*(-1 + a~2 + axb*x))/Sqrt[l - a~2] - (a

+ bxx)*Sqrt[(-1 + a2 + 2xa*b*x + b~2%x"2)/(a + b*x)~2]))/((2 - 5%a~2 + 6%*a
~4)*b~3*x)])/(a"3*%(1 - a~2)~(5/2)))/6

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 969 vs.
2(160) = 320.
time = 0.65, size = 970, normalized size = 5.39 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)/x"4,x,method=_RETURNVERBOSE)

[Out] b~3%(-1/3/b~3/x"3%arccsc(b*x+a)+1/6*((b*xx+a) ~2-1)~(1/2)*(-8*arctan(1/ ((b*xx+
a)~2-1)"(1/2))*(a"2-1)~(3/2) *a~3* (b*x+a) +4xarctan(1/((b*x+a) ~2-1) ~(1/2) ) *(a
~2-1)"(3/2)*a~2*x(b*x+a) ~2+4*xarctan(1/((b*xx+a) ~2-1)~(1/2))*(a~2-1)"(3/2)*a"5
* (bxx+a)-2*arctan(1/ ((b*x+a) ~2-1) " (1/2))*(a~2-1) ~(3/2) *a~4* (bxx+a) ~2-5* ((b*
x+a)"2-1)"(1/2)*(a"2-1) " (3/2) *a~3* (b*xx+a) -2*x1n (2% ((a~2-1) " (1/2) * ((b*x+a) ~2-
1)~ (1/2)+a* (b*x+a)-1) /b/x) *a~2+4*arctan(1/ ((b*x+a) ~2-1)~(1/2))*(a~2-1)~(3/2
Y*xa~4+22%1n (2% ((a~2-1) " (1/2) * ((b*x+a) ~2-1) " (1/2) +a*x (b*x+a)-1) /b/x) *a~5* (b*x
+a)-11*1n(2*((a~2-1) " (1/2) *((b*x+a) "2-1) ~(1/2) +a* (b*x+a)-1) /b/x) *a~4* (b*x+a
)"2-3%((b*x+a) "2-1)"(1/2)*(a~2-1)~(3/2)*a~2-2*arctan(1/ ((b*xx+a) ~2-1)"(1/2))
*(a~2-1) " (3/2)*a"~2-2*arctan(1/ ((b*x+a) ~2-1)~(1/2))*(a~2-1) " (3/2) * (b*x+a) ~2-
12%1n(2*x((a~2-1) " (1/2) *((b*x+a) "2-1) " (1/2) +ax(b*x+a)-1) /b/x) *a~7* (b*x+a) +6*
In(2*%((a~2-1) " (1/2) *((b*x+a) ~2-1) " (1/2) +a* (b*x+a)-1) /b/x) *a~6* (b*xx+a) ~2+6%*(
(bxx+a)~2-1)"(1/2)*(a~2-1)~(3/2)*a~4-2*arctan(1/ ((b*x+a) ~2-1)~(1/2))*(a~2-1
)~ (3/2)*a~6+4*x1n (2% ((a~2-1) " (1/2)*((b*x+a) ~2-1) " (1/2) +a* (b*x+a)-1) /b/x) *a*(
b*x+a)-14*1n(2*((a~2-1) " (1/2) *((b*x+a) ~2-1) " (1/2) +a* (b*x+a)-1) /b/x) *a~3* (b*
x+a)+7*x1n(2*x((a~2-1)~(1/2) *((b*x+a) ~"2-1) "~ (1/2) +a*x (b*x+a)-1) /b/x) *a~2* (b*xx+a
)"2-2%1n(2*x((a~2-1) " (1/2) * ((b*x+a) ~2-1) ~(1/2) +ax (b*x+a)-1) /b/x) * (b*x+a) ~2+6
*1n (2% ((a™2-1)"(1/2) *((b*x+a) "2-1) " (1/2) +a* (b*x+a)-1) /b/x) *a~8-11*1n(2* ((a~
2-1)"(1/2) *((b*x+a) ~2-1) " (1/2) +a* (b*x+a)-1) /b/x) *a~6+7*1n(2* ((a~2-1) ~(1/2) *
((bxx+a)~2-1)"(1/2)+a*x(b*x+a)-1) /b/x) *a~4+2* ((b*x+a) "2-1)~(1/2)*(a~2-1)~(3/
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2) *xax* (b*xx+a)+4*xarctan(1/((b*x+a) ~2-1)"(1/2))*(a~2-1) ~(3/2) *a*x (b*x+a) )/ (((b*
x+a) ~2-1)/(bxx+a)~2)~(1/2)/ (b*x+a)/a~3/(a~2-1)"(7/2)/v"2/x"2)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"4,x, algorithm="maxima")

[Out] -1/3%(3*x"3*integrate(1/3*(b"2*x + a*b)*e~(1/2*log(b*x + a + 1) + 1/2xlog(b
xx + a - 1))/(b"2*%x75 + 2*%a*xb*x"4 + (2”2 - 1)*x"3 + (b™2%x"5 + 2%axb*x~4 +

(™2 - 1)*x"3)*e”" (log(b*x + a + 1) + log(b*x + a - 1))), x) + arctan2(1l, sq
rt(b*x + a + 1)*sqrt(b*x + a - 1)))/x"3

Fricas [A]
time = 0.42, size = 548, normalized size = 3.04

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"4,x, algorithm="fricas")

[Out] [1/6%((6*%a~4 - 5*%a~2 + 2)*sqrt(a”2 - 1)*b~3*x"3*log((a~2*b*x + a~3 + sqrt(b
T2xx72 + 2*%axb*x + a”2 - 1)*(a”2 + sqrt(a”2 - 1)*a - 1) + (a*xb*x + a2 - 1)
xsqrt(a”2 - 1) - a)/x) + 4%(a”6 - 3*a"4 + 3*a”"2 - 1)*b~3xx"3*arctan(-b*x -
a + sqrt(b™2*%x”2 + 2%axb*x + a”2 - 1)) - (5%xa”5 - 7*a"3 + 2%a)*b~3*xx"3 - 2%
(a”9 - 3*%a”7 + 3*%a”5 - a"3)*arccsc(b*x + a) - ((5*xa”5 - 7*a"3 + 2%a)*b~2*x~
2 - (276 - 2*%a"4 + a~2)*b*x)*sqrt(b"2*xx"2 + 2*axb*x + a”2 - 1))/((a”9 - 3*a
“7 + 3*%a”5 - a”3)*x"3), -1/6%(2*(6%xa~4 - 5*a”2 + 2)xsqrt(-a”2 + 1)*b~3*x"3x
arctan(-(sqrt(-a”"2 + 1)*b*x - sqrt(b~2*x"2 + 2%a*b*x + a2 - 1)*sqrt(-a~2 +
1))/(@"2 - 1)) - 4%(a"6 - 3*a"4 + 3*a”2 - 1)*b~3*x"3*arctan(-b*x - a + sqr
t(b™2*x”"2 + 2%axbkx + a”2 - 1)) + (6xa”b - 7*a”3 + 2*a)*b”3*%x"3 + 2%(a”9 -
3%a~7 + 3*%a”b5 - a"3)*arccsc(b*x + a) + ((5%a”5 - 7*a"3 + 2*xa)*b"2*x"2 - (a~
6 - 2xa”4 + a~2)*b*xx)*sqrt(b"2*x"2 + 2*kaxbxx + a”2 - 1))/((a”9 - 3*%a”7 + 3%
a”6 - a”3)*x"3)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ acsc (a + bx) i

4
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)/x**4,x)
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[Out] Integral(acsc(a + b*x)/x**4, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 450 vs. 2(156) =
312.
time = 0.50, size = 450, normalized size = 2.50

A ca PR N =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x"4,x, algorithm="giac")

[Out] -1/3%b*((6%a~4%b~2 - 5%a~2xb~2 + 2xb~2)*arctan(((b*x + a)*(sqrt(-1/(b*x + a
)72 + 1) - 1) + a)/sqrt(-a”2 + 1))/((a”7 - 2¥a”5 + a~3)*sqrt(-a”2 + 1)) + (
4% (bxx + a)~3*a~3xb~2*(sqrt(-1/(b*x + a)~2 + 1) - 1)°3 + 10*(b*x + a)~2*a™4
*b~2%(sqrt(-1/(b*x + a)™2 + 1) - 1)72 - (b*x + a)~3xa*b”~2*x(sqrt(-1/(b*x + a
)72 + 1) - 1)73 + (b*x + a)~2*a"2*b"2*(sqrt(-1/(b*x + a)"2 + 1) - 1)72 + 16
*(b*x + a)*a~3*b"2*%(sqrt(-1/(b*x + a)"2 + 1) - 1) - 2*(bxx + a) 2+%b~2*(sqrt
(-1/(b*x + a)”2 + 1) - 1)72 - 7*(bxx + a)*a*b~2*x(sqrt(-1/(b*x + a)”2 + 1) -
1) + 5%xa”2*%b"2 - 2%b72)/((a"6 - 2¥a"4 + a~2)*((bxx + a) 2*(sqrt(-1/(b*x +
a)"2 + 1) - 1)72 + 2x(b*x + a)*ax(sqrt(-1/(b*x + a)"2 + 1) - 1) + 1)72) + (
3xa*xb~2/(b*x + a) - 3*a~2*b~2/(b*x + a)~2 - b~2)*arcsin(-1/((b*x + a)*(a/(b
*x + a) - 1) - a))/(@ 3x(a/(b*x + a) - 1)73))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
1

/ aSin(m) dx

4
Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(l/(a + b*x))/x"4,x)
[Out] int(asin(1/(a + b*x))/x"4, x)
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3.26 f cse™ 1 (a+bx) dx

)
Optimal. Leaf size=239

I _42) B2 U 172 4\ 13 L
bla+bx)/1 EE (3—8a*)b*(a+bx),/1 R (6 — 17a* + 26a*) b*(a + bx) 4 |1 @
— _+_ —
12a (1 — a2) 23 24a2 (1 — a2)” 22 24a3 (1 —a2)’z

[Out] 1/4x*b~4*arccsc(b*x+a)/a~4-1/4*arccsc(b*x+a)/x"4+1/4%(-8*%a~6+8*a~4-T+a"~2+2) *
b~4*arctan((a-tan(1/2*arccsc(b*x+a)))/(-a~2+1)~(1/2))/a~4/(-a~2+1)~(7/2)-1/

12+b* (b*x+a) * (1-1/ (b*x+a) ~2)~(1/2) /a/(-a"2+1) /x"3+1/24* (-8*a"2+3) b~ 2 (b*x+
a)*x(1-1/(bxx+a)~2)~(1/2)/a~2/(-a~2+1) "2/x"2-1/24* (26*xa~4-17*a~2+6) *b~3* (b*x
+a)*(1-1/(b*x+a) ~2)~(1/2)/a~3/(-a~2+1)"3/x

Rubi [A]
time = 0.32, antiderivative size = 239, normalized size of antiderivative = 1.00, number of

number of rules _ 0.900,
integrand size

steps used = 10, number of rules used = 9, integrand size = 10,
Rules used = {5367, 4512, 3870, 4145, 4004, 3916, 2739, 632, 210}

— —

/ 1 1 / 1
3—8a%) b (a+bz)|[1- —— bla+bzr)[1- —— 848 4 _ g2 4 a—tan(} cse”! (a+bz)) 260 — 17a% + 6) b*(a + bz) /1 — ————
¥ ese(a+ bz) ( ) b%( )V @t by ( ) @+ o) (—8a® + 8a* — 7a® + 2) b*ArcTan o ( ) b( )V @t by s atba)
)

4a 24a? (1 — a2)* 22 12a(1 - a?) a? dat (1 —a2)"? 24a? (1 - a?)’z 4zt

Antiderivative was successfully verified.
[In] Int[ArcCscl[a + b*x]/x"5,x]

[Out] -1/12%(b*(a + b*x)*Sqrt[1 - (a + b*x)~(-2)1)/(a*x(1 - a~2)*x"3) + ((3 - 8*a"~
2)*b~2%(a + b*x)*Sqrt[1 - (a + b*x)~(-2)]1)/(24*a"2%(1 - a~2)"2*%x"2) - ((6 -
17*a~2 + 26*a”~4)*b~3*(a + b*x)*Sqrt[1 - (a + bxx)~(-2)]1)/(24*a~3*(1 - a~2)

~3xx) + (b~4xArcCscla + bxx])/(4*%a~4) - ArcCscla + b*x]/(4*x74) + ((2 - 7*a

~2 + 8*%a~4 - 8*a~6)*b~4*ArcTan[(a - Tan[ArcCsc[a + b*x]/2])/Sqrt[1 - a~2]])
/(4%a~4%x(1 - a~2)~(7/2))

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 2739
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Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x1}, Dist[2*(e/d), Subst[Int[1/(a + 2%b*e*xx + ax*
e~2xx~2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b"2, 0]

Rule 3870

Int[(cscl(c_.) + (d_.)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2xCot[
c + dxx]*((a + bxCscl[c + d*x])"(n + 1)/(axd*(n + 1)*(a"2 - b72))), x] + Dis
t[1/(a*x(n + 1)*(a”2 - b72)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a”2 - b
“2)x(n + 1) - axbk(n + 1)*Cscl[c + d*x] + b™2*(n + 2)*Csc[c + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b2, 0] && LtQ[n, -1] &% Intege
rQ[2*n]

Rule 3916

Intlcscl(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (a/b)*Sin[e + f*x]), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 4004

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)1*(b_.) +
(a_)), x_Symbol] :> Simp[c*(x/a), x] - Dist[(b*c - a*d)/a, Int[Csc[e + f*x

1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[bxc -
axd, 0]

Rule 4145

Int[((A_.) + cscl(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e_.) + (£_.)*x(x_)]"2*(C_.
Nx(cscl(e_.) + (£_)*(x)]1*(b_.) + (a_))"(m_ ), x_Symbol] :> Simp[(A*b~2 -

a*xbxB + a~2+C)*Cot[e + f*x]*((a + b*Cscle + f*x])"(m + 1)/(a*xfx(m + 1)*(a"~2
- b72))), x] + Dist[1/(ax(m + 1)*(a"2 - b"2)), Int[(a + bxCscl[e + f*x]) " (m
+ 1)*Simp[A*(a™2 - b~™2)*(m + 1) - ax(Axb - a*B + b*C)*(m + 1)*Csc[e + f*x]
+ (A*%b~2 - axbxB + a~2*%C)*(m + 2)*Cscle + f*x]~2, x], x], x] /; FreeQ[{a,

b, e, £, A, B, C}, x] && NeQ[a"2 - b~2, 0] && LtQ[m, -1]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)1*Cscl(c_.) + (d_.)*(x_)]*(Cscl(c_.) + (d_.)*(x_)
Ix(b_.) + (@)~ (m_.)*((e_.) + (f_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
f*x)"m)*((a + bxCsclc + d*x])"(n + 1)/(bxdx(n + 1))), x] + Dist[f*x(m/ (b*d*(
n+ 1))), Int[(e + f*x)"(m - 1)*(a + bxCsclc + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367
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Int[((a_.) + ArcCscl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])"m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, O] && IntegerQ[m]

Rubi steps



-1
/csc (a+bx) dp —

x5
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~(vsubst( [ 7UDEL) g, +00)) )

cscHa+bz) 1, 1 1
g + Zb Subst </ (“a+ csc(@))? dz,x,csc” (a+ bx))
1
b(a + bx 1—-— 3(1—a?)—3acsc(z)—2 csc?(x)
( ) (a+bx)? B csc !(a + bx) B b*Subst (f ( )(—a—i-csc(w))?' a
12a (1 — a?) 23 4zt 12a (1 — a?)
1 1
bla+br)/l1—- ——- (3—8a?)b*(a+bx)(/l— —F=
(a + bx)? (@+bx)>  cscl(a+b
12a (1 — a2) z3 * 24a2 (1 — a2)” 22 - 4z
1 2\ 12 1 2
bla+bx),/1 R (3—8a*)b*(a+bx),/1 R (6 —17a* 4
12a (1 — a?) 2 * 24a? (1 — a?)’ 22 -
1 2\ 12 1 2
bla+bx),/1 R (3—8a*)b*(a+bx),/1 R (6 —17a* 4
12a (1 — a?) 2 * 24a? (1 — a?)’ 22 -
1 2\ 12 1 2
bla+bx),/1 R (3—8a*)b*(a+bx),/1 R (6 —17a* 4
12a (1 — a?) 23 * 2402 (1 — a?)® 22 -
1 2\ 12 1 2
bla+bx),/1 R (3—8a*)b*(a+bx),/1 R (6 —17a* 4
12a (1 — a2) 23 * 24a? (1 — a?)? a2 -
1 2\ p2 1 2
bla+bx),/1 AT (3—8a*)b*(a+bx),/1 R (6 —17a* 4
12a (1 — a?) 23 * 24a? (1 — a?)’ 22 -
1 2\ p2 1 2
bla+bz),/1 (a7t by (3—8a%)b*(a+bx),/1 (a7 ba)? (6 —17a 4
12a (1 — a?) 23 * 24a? (1 — a?)’ 22 -

Mathematica [C] Result contains complex when optimal does not.
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time = 0.35, size = 307, normalized size = 1.28

i(—2+ 7a? — 8a' + 8a%) b' log

—_——
[t e+ 2abe 4 b
p, | L@t 20be & ba”
1|7y (a+0b2)?

B 30 (-1 +a?)’ 2

24" — 6alba + 3ab%c? + 6b%7 + (2 — 66%22) + 2a7(—2 + 9b%22) + aba(T + 266%¢2) — a?(bx + 176"
( (. ) + 2% )+ atba( ) - a( ) (ot ) | W ArcSin()
- = 2

+

Antiderivative was successfully verified.

[In] Integrate[ArcCscl[a + b*x]/x"5,x]

[Out] ((b*Sqrt[(-1 + a~2 + 2xaxb*x + b~2xx72)/(a + b*x)~2]*(2*%a~7 - 6*a~6*b*x + 3

*axb"2*x"2 + 6xb"3*x"3 + a"3*%(2 - 6xb"2*x"2) + 2*xa"5%(-2 + 9*xb”"2*x"2) + a”4

*xb*x*k (7 + 26%b~2%x"2) - a~2x(bxx + 17*b~3*x73)))/(3*a"3*(-1 + a~2) " 3%x"3) -
(2xArcCscla + b*x]) /x4 + (2*xb~4xArcSin[(a + b*x)~(-1)])/a"4 + (I*x(-2 + 7%

a™2 - 8xa"4 + 8xa”6)*b~4xLog[(16*a~4*(-1 + a~2)"3*((Ix(-1 + a~2 + a*bx*x))/S

qrt[1 - a”2] + (a + b*x)*Sqrt[(-1 + a”2 + 2*axbxx + b™2*x~2)/(a + b*x)~2]))

/((-2 + T*a™2 - 8%a~4 + 8*a~6)*b~4xx)])/(a"4x(1 - a~2)~(7/2)))/8

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1701 vs.

2(215) = 430.
time = 0.67, size = 1702, normalized size = 7.12

method result size
derivativedivides | Expression too large to display | 1702

default Expression too large to display | 1702

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)/x"5,x,method=_RETURNVERBOSE)

[Out] b~4*x(-1/4/b"4/x"4*arccsc(b*xx+a)-1/24*((b*x+a) ~2-1)"(1/2)*(18*arctan(1/((b*x
+a)"2-1)"(1/2))*(a"2-1) " (3/2)*a"~7*x(b*x+a) ~2+27*1n(2* ((a~2-1) " (1/2) * ((b*x+a)
~2-1)"(1/2)+a*(b*x+a)-1) /b/x) *a~5-6*arctan(1/ ((b*x+a) ~2-1)~(1/2))*(a~2-1) " (
3/2)*a”6* (b*x+a) “3+54*arctan(1/ ((b*x+a)~2-1)"(1/2))*(a"2-1) " (3/2) *a"6* (b*x+
a)-54x*arctan(1/((b*xx+a) "2-1)"(1/2))*(a~2-1) " (3/2) *a~5*(b*x+a) ~2+18*arctan(1
/ ((b*x+a) "2-1)"(1/2))*(a"2-1) " (3/2) *a~4* (bxx+a) ~3+60* (a~2-1) " (3/2) * ((b*x+a)
~2-1)"(1/2)*a~6x(b*x+a)-26*(a~2-1) ~(3/2) *((b*x+a) ~2-1) " (1/2) *a~5* (b*x+a) ~2-
B54xarctan(1/((b*x+a)~2-1)~(1/2))*(a"2-1)~(3/2) *a~4* (b*x+a)+54*arctan(1/ ((b*
x+a)"2-1)"(1/2))*(a~2-1) " (3/2) *a"~3* (b*xx+a) “2-18*arctan(1/ ((b*x+a) ~2-1)~(1/2
))*(a"2-1)"(3/2) *a~2x(b*x+a) ~3-45* (a~2-1) " (3/2) * ((b*xx+a) “2-1) ~(1/2) *a~4x* (b*
x+a)+17x(a"2-1) " (3/2) *((b*x+a) ~2-1) ~(1/2) *a”~3* (b*x+a) “2-18*arctan(1/ ((b*x+a
)"2-1)"(1/2))*(a"2-1) " (3/2) *a* (b*x+a) "2+15% (a~2-1) " (3/2) * ((b*x+a) "2-1)~(1/2
)*a~ 2% (b*xx+a)-6*(a~2-1) ~(3/2) * ((b*x+a) "2-1) ~(1/2) *a* (b*x+a) “2-18*arctan(1/(
(bxx+a)~2-1)"(1/2))*(a"2-1) " (3/2) *a~8* (b*x+a) -6*1n(2* ((a~2-1) "~ (1/2) * ((b*x+a
)"2-1)"(1/2)+a*x(b*x+a)-1) /b/x) *a~3+6*xarctan(1/((b*x+a) "2-1)"(1/2))*(a"2-1)"
(3/2)*(b*x+a) ~3-11%(a~2-1) " (3/2) * ((b*x+a) ~2-1) ~(1/2) *a~3+81*1n(2* ((a~2-1) ~(
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1/2) *((b*x+a) "2-1)~(1/2)+a* (b*x+a)-1) /b/x) *a~3* (b*x+a) ~2-27*1n (2% ((a~2-1) ~(
1/2) * ((b*x+a) ~2-1) ~(1/2) +a*x (b*x+a) -1) /b/x) *a~2* (b*xx+a) ~3+72*x1n(2* ((a~2-1) ~(
1/2) *((b*x+a) ~2-1) " (1/2) +a* (b*x+a)-1) /b/x) *a~10* (b*x+a)-72*x1n (2% ((a~2-1) " (1
/2) *((b*x+a) ~2-1)~(1/2)+a* (b*x+a)-1) /b/x) *a~9* (b*x+a) ~2+24*1n (2% ((a~2-1)"(1
/2) % ((bxx+a) ~2-1)~(1/2) +a*(b*xx+a)-1) /b/x) *a~8* (b*xx+a) ~3-18*arctan(1/((b*x+a
)72-1)"(1/2))*(a"2-1)"(3/2) *a~7-36*(a"2-1) " (3/2) * ((b*x+a) "2-1) " (1/2) *a~7-14
4x1n(2*x((a~2-1) " (1/2) *((b*x+a) ~2-1) " (1/2)+ax(b*x+a)-1) /b/x) *a"~8* (bxx+a)+144
*1n (2% ((a™2-1) " (1/2) *((b*x+a) "2-1) ~(1/2) +a* (b*x+a)-1) /b/x) *a”~7* (b*x+a) ~2-48
*1n(2*%((a~2-1) " (1/2) *((b*x+a) ~2-1) " (1/2) +a*x (b*x+a)-1) /b/x) *a~6* (b*x+a) ~3+18
xarctan(1/((bxx+a) ~2-1)~(1/2))*(a~2-1)~(3/2) *a~5+32*(a"2-1) ~(3/2) * ((b*x+a) ~
2-1)"(1/2) *a~5+135*x1n (2% ((a~2-1) " (1/2) * ((b*x+a) "2-1) ~(1/2) +a* (b*x+a)-1) /b/x
)*a~6* (b*x+a)-135*%1n(2*x ((a~2-1) " (1/2) *((b*x+a) ~2-1) " (1/2)+ax(b*x+a)-1) /b/x)
*a~ 5% (b*xx+a) ~2+6*arctan(1/((b*x+a)~2-1)"(1/2))*(a"2-1)~(3/2)*a~9-18*1n (2% ((
a~2-1)"(1/2)*((b*x+a) ~2-1) " (1/2) +a* (b*x+a)-1) /b/x) *a* (b*x+a) ~2+45%1n(2* ((a~
2-1)"(1/2) *((b*x+a) ~2-1) " (1/2) +a* (b*x+a)-1) /b/x) *a~4* (b*x+a) ~3-6*arctan(1/(
(bxx+a)"2-1)"(1/2))*(a~2-1)"(3/2)*a~3-24*x1n(2*x ((a~2-1) " (1/2) *((b*x+a) ~2-1) "
(1/2)+a*(b*xx+a)-1) /b/x)*a~11+48*1n(2*x ((a~2-1) " (1/2) * ((b*x+a) ~2-1) " (1/2) +ax*(
b*xx+a)-1)/b/x)*a”~9-45*x1n(2*((a~2-1) "~ (1/2) * ((b*x+a) ~2-1) ~(1/2) +a* (b*x+a)-1)/
b/x)*a~7+6*x1n(2*((a~2-1) " (1/2) *((b*x+a) ~2-1) " (1/2) +a* (b*x+a)-1) /b/x) * (bxx+a
) "3+18*1n(2*%((a~2-1) " (1/2) *((b*x+a) ~2-1) ~(1/2) +a* (b*x+a) -1) /b/x) *a~2* (b*x+a
)-81%x1n(2*x((a~2-1) " (1/2) *((b*x+a) ~2-1)~(1/2)+a* (b*x+a)-1) /b/x) *a"~4* (b*x+a) +
18*arctan(1/((b*x+a)~2-1)"(1/2))*(a~2-1)~(3/2) *a~2* (b*x+a) ) / (((b*x+a) ~2-1)/
(bxx+a)~2)~(1/2)/(b*x+a)/a~4/(a~2-1)"(9/2) /b~3/x73)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x~5,x, algorithm="maxima")

[Out] -1/4*(4*x"4*xintegrate(1/4*(b~2*x + axb)*e”(1/2xlog(b*x + a + 1) + 1/2*log(b
*x + a - 1))/(b72%xx"6 + 2*%axb*xx”5 + (2”2 - 1)*x"4 + (b~2%x"6 + 2*axb*x”5 +

(a”2 - 1)*x"4)*e" (log(b*x + a + 1) + log(b*x + a - 1))), x) + arctan2(1, sq
rt(b*x + a + 1)*sqrt(b*x + a - 1)))/x74

Fricas [A]
time = 0.44, size = 673, normalized size = 2.82

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x~5,x, algorithm="fricas")
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[Out] [1/24%(3%(8*%a"6 - 8%a~4 + 7xa~2 - 2)*sqrt(a”™2 - 1)*b~4xx"4*log((a~2*bxx + a
"3 + sqrt(b”™2*x"2 + 2%a*xbxx + a”2 - 1)*(a”2 - sqrt(a”2 - 1)*a - 1) - (axb*x
+a”2 - 1)xsqrt(a™2 - 1) - a)/x) - 12%(a"8 - 4*a”6 + 6*%a"4 - 4*a"2 + 1)x*b~
4xx~4*arctan(-b*x - a + sqrt(b~2*x"2 + 2%axb*x + a”2 - 1)) + (26%a”7 - 43%a
“5 + 23%a”3 - 6%a)*b"4*xx"4 - 6%(a”12 - 4*a~10 + 6%a”8 - 4*a~6 + a"4)*arccsc
(b*x + a) + ((26%a”7 - 43%a”5 + 23*%a~3 - 6*a)*b”~3*x"3 - (8%¥a"8 - 19*%a"6 + 1
4xa~4 - 3*%a~2)*b"2xx"2 + 2%x(a”9 - 3*a”7 + 3*a”5 - a”3)*b*x)*sqrt(b"2*x"2 +
2¥axbxx + a”2 - 1))/((a”12 - 4%a”~10 + 6%a”8 - 4*a”6 + a~4)*x"4), 1/24%(6%(8
*a~6 - 8%a"4 + T¥a"2 - 2)*sqrt(-a”2 + 1)*b~4xx"4*arctan(-(sqrt(-a~2 + 1)*bx
x - sqrt(b™2#x"2 + 2%axb*x + a”2 - 1)*sqrt(-a”2 + 1))/(a"2 - 1)) - 12%(a"8
- 4xa”6 + 6%a"4 - 4%a”2 + 1)*b"4xx"4*arctan(-b*x - a + sqrt(b”2*x"2 + 2xaxb
*x + a”2 - 1)) + (26%a”7 - 43%a”b + 23*a"3 - 6*%a)*b"4*x"4 - 6x(a”12 - 4*a”1
0 + 6%¥a”8 - 4xa”6 + a~4)*arccsc(b*x + a) + ((26%xa~7 - 43%a”b5 + 23*a”~3 - 6#*a
)*b~3%x73 - (8%a"8 - 19%a”6 + 14*a”4 - 3%a”2)*b"2*x"2 + 2%(a”9 - 3*a~7 + 3%
a”5 - a”3)*bxx)*sqrt(b”2*x"2 + 2*xaxbxx + a”2 - 1))/((a”12 - 4%xa~10 + 6*a”8
- 4%a”6 + a"4)*x"4)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ acsc (a + bx) i

75
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)/x**5,x)
[Out] Integral(acsc(a + b*x)/x**5, x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 841 vs. 2(209) =
418.
time = 0.49, size = 841, normalized size = 3.52

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/x~5,x, algorithm="giac")

[Out] 1/12%b*(3*(8*a~6%b"3 - 8%a~4*b~3 + 7*a"2*b~3 - 2*b~3)*arctan(((b*x + a)*(sq
rt(-1/(b*xx + a)”2 + 1) - 1) + a)/sqrt(-a”2 + 1))/((a"10 - 3*%a"8 + 3*a”6 - a
“4)*xsqrt(-a”2 + 1)) + (18*(b*x + a)~5*a~5xb~3*(sqrt(-1/(b*x + a)"2 + 1) - 1
)75 + 84*(b*x + a) 4*a"6xb~3*(sqrt(-1/(b*x + a)~2 + 1) - 1)74 + 104*(b*x +
a)"3*%a”~7xb~3*(sqrt(-1/(b*x + a)~"2 + 1) - 1)73 - 6*(b*x + a) 5*a"~3*b~3*(sqrt
(-1/(b*xx + a)"2 + 1) - 1)75 - 12*(b*x + a) ~4*a~4*b~3*(sqrt(-1/(b*x + a)~2 +

1) - 1)74 + 88x(b*x + a) 3*a"~5*b~3*(sqrt(-1/(b*x + a)~2 + 1) - 1)"3 + 3x*(b
*x + a) 5*a*b”~3*(sqrt(-1/(b*x + a)~2 + 1) - 1)75 + 228x(b*x + a) " 2xa~6*b~3x%
(sqrt(-1/(b*x + a)~2 + 1) - 1)72 - 3*(b*x + a) 4*a"2*b~3x(sqrt(-1/(b*x + a)
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"2 + 1) - 1)74 - 78x(bxx + a)~3%a”3*b"3x(sqrt(-1/(b*x + a)"2 + 1) - 1)73 -

114*(bxx + a) 2*a"4*b~3*(sqrt(-1/(b*x + a)~2 + 1) - 1)72 + 6x(b*x + a)~4x*b~
3x(sqrt(-1/(b*x + a)"2 + 1) - 1)74 + 138*(b*x + a)*a”~5*b~3*(sqrt(-1/(b*x +

a)"2 + 1) - 1) + 36%(b*x + a) 3*a*xb”"3x(sqrt(-1/(b*x + a)"2 + 1) - 1)°3 + 24
*x(bxx + a)~2%a”2xb"3*(sqrt(-1/(b*x + a)~2 + 1) - 1)72 - 96*(b*x + a)*a~3*b~
3k (sqrt(-1/(b*x + a)~2 + 1) - 1) + 26%a"4%b"3 + 12x(b*x + a) " 2*b~3*(sqrt(-1
/(bxx + a)”2 + 1) - 1)72 + 33%(bxx + a)*a*b”~3*(sqrt(-1/(b*x + a)”2 + 1) - 1
) - 17*a"2*%b~3 + 6xb~3)/((a”9 - 3*a~7 + 3*a~5 - a~3)*((b*x + a)~2*(sqrt(-1/
(b*x + )72 + 1) - 1)72 + 2x(b*x + a)*ax(sqrt(-1/(b*x + a)”2 + 1) - 1) + 1)
~3) - 3x(4*a*xb~3/(b*x + a) - 6*a”2xb~3/(b*x + a)”2 + 4xa~3%b~3/(b*x + a)”3

- b™3)*arcsin(-1/((b*x + a)*(a/(b*x + a) - 1) - a))/(a"4x(a/(bxx + a) - 1)~
4))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00
asin(ﬁ)
[,

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1/(a + b*x))/x75,x)
[Out] int(asin(1/(a + b*x))/x~5, x)
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3.27 [ z?csc™ (a + bx)? dx

Optimal. Leaf size=366

1 -1 2 / 1 -1
@ (a4 bo) (a+bx)|1— @+ bo)? csc H(a+bzx) 3a’(a+bzx),/1— @+ bo)? csc ' (a+bx) a(c
= +

Ty 19p 354 + b T

[Out] -a*x/b~3+1/12*(b*x+a) "2/b"4-1/4*a"4*xarccsc(b*x+a) ~2/b"4+1/4*x"4*arccsc (bxx+
a) ~2-2*axarccsc (b*x+a) *arctanh (I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/b"4-4%a"3%a
rccsc(bxx+a) *arctanh (I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b"4+1/3*%1n(b*x+a) /b"4
+3*%a”~2x1n(b*x+a) /b~4+2*I*a~3*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2)) /b~
4-2xI*a”~3*polylog(2,I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/b~4-I*a*polylog(2,I/(b
xx+a)+(1-1/(b*x+a) ~2) ~(1/2)) /b~4+I*a*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(
1/2))/b~4+1/3* (b*x+a) *arccsc (b*xx+a) * (1-1/ (b*x+a) ~2) " (1/2) /b~4+3*a"2* (b*x+a)
*arccsc (b*x+a)*(1-1/(b*x+a) ~2) " (1/2) /b~ 4-a* (b*x+a) “2*arccsc (bxx+a) * (1-1/ (b*
x+a)~2)~(1/2) /b~4+1/6* (b*x+a) “3*arccsc (b*x+a) *(1-1/(b*x+a) ~2)~(1/2)/b"4
Rubi [A]

time = 0.20, antiderivative size = 366, normalized size of antiderivative = 1.00, number of

_ —Q ; e number of rules _
steps used = 20, number of rules used = 9, integrand size = 12, integrand size 0.750,

Rules used = {5367, 4512, 4275, 4268, 2317, 2438, 4269, 3556, 4270}

—— O s w SN s S

) o+ be) 1 - L o) o)t i) alarbe 1= h ) (b
o+ b ™ (o ) , st s bm) s e ) (e ) (wriel oot o) V' T
G W G w G S 7

Antiderivative was successfully verified.
[In] Int[x"3%ArcCscl[a + b*x]~2,x]

[Out] -((a*x)/b~3) + (a + b*x)~2/(12%b"4) + ((a + b*x)*Sqrt[l - (a + bxx)~(-2)]*A

rcCscla + b*x])/(3*xb~4) + (3*xa~2*(a + b*x)*Sqrt[1l - (a + b*x)~(-2)]*ArcCsc[

a + bxx])/b"4 - (ax(a + bxx)"2xSqrt[1 - (a + b*x)~(-2)]*ArcCsc[a + b*x])/b~

4 + ((a + b*x)"3*Sqrt[1 - (a + bxx)~(-2)]*ArcCscla + b*x])/(6%b~4) - (a"4*A

rcCscla + b*x]72)/(4%b"4) + (x"4xArcCsc[a + bxx]~2)/4 - (2xa*ArcCsc[a + b*x

1*ArcTanh [E™ (I*ArcCsc[a + b*x])])/b"4 - (4*a~3*ArcCscla + b*x]*ArcTanh[E~ (I

xArcCsc[a + b*x])]) /b4 + Logla + b*x]/(3*%b”4) + (3*a"2*Logl[a + b*x])/b~4 +
(IxaxPolyLog[2, -E~(I*ArcCscla + b*x])])/b"4 + ((2+I)*a~3*PolyLog[2, -E~(I

*ArcCscla + b*x])])/b~4 - (I*a*PolyLog[2, E~(I*ArcCsc[a + b*x])])/b"4 - ((2

*1)*a~3*PolyLog[2, E~(I*ArcCsc[a + b*x])])/b~4

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438
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Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, x]

Rule 4268

Int[cscl(e_.) + (£_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) "m*x(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[1l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Log[1 + E~(I*(e + fx*x))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, O]

Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)*
Cotl[e + fxx], x], x] /; FreeQ[{c, 4, e, £}, x] && GtQ[m, O]

Rule 4270

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
Simp[(-b~2)*(c + d*x)*Cot[e + f*x]*((b*Cscle + f*x])"(n - 2)/(f*(n - 1))),
x] + (Dist[b™2*%((n - 2)/(m - 1)), Int[(c + d*x)*(b*Cscl[e + f*x])~(n - 2),

x], x] - Simp[b~2*d*((b*Cscle + f*x])~(n - 2)/(f72%(n - D*x( - 2))), x]) /
; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && NeQ[n, 2]

Rule 4275

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a))~(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)1*Cscl(c_.) + (d_.)*(x_)]*(Cscl(c_.) + (d_.)*(x))
Ix(b_.) + (@)~ (m_.)*((e_.) + (f_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
f*x)"m)*((a + bxCscl[c + d*x])~(n + 1)/(bxdx(n + 1))), x] + Dist[f*x(m/ (b*d*(
n+ 1))), Int[(e + f*x)"(m - 1)*(a + bxCsclc + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367
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Int[((a_.) + ArcCscl[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])"m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, O] && IntegerQ[m]

Rubi steps

/m3 ese (a4 br)? dz = — Subst ([ z* cot(z) csc(z)(—a Z;CSC(:L.))E; dz,z,csc (a + bz))

4

Subst( [ z(—a + csc(z))* dz, z, csc ™} (a + bz))

1
=% csc(a + bx)? — bt

Subst( [ (a*z — 4a®z csc(z) + 64z csc?(z)

— dax csc®(x) + :

1
= Zx‘* csc(a + bx)? —

a* csc™(a + bx)?

2b*
_ Subst ([z csc4(z) dz,z,csc™(a + br)

1
= — + xcscla—i-bx

A bl
3a®(a + bx) cscl(a+bx) ala+bx)?,|1-
__a (a+ bx) B
b3 12b*

(a + bz)
ar  (a+ bx)?

cscH(a+bx) 3a’(a+bx),[1—

BT 1o +

\/ a—l—b
(a+ bx) cscl(a+bzx) 3a*(a+bx),[1—
_azx (a+ bz)?
\/ a+b

TS *

(a + bx) cscl(a+bzx) 3a*(a+bx),[1—
__ (a + bzx)? N
b 120

Mathematica [A]
time = 3.48, size = 420, normalized size = 1.15

Warning: Unable to verify antiderivative.

[In] Integrate[x~3%ArcCscla + b*x]~2,x]

[Out] (-16%(6%a - 2%(1 + 9*%a~2)*ArcCsc[a + b*x] + 3*(a + 2*%a~3)*ArcCsc[a + b*x]"2

)*Cot [ArcCscl[a + b*x]/2] + 2%(2 - 24xaxArcCscl[a + b*xx] + (3 + 36*%a~2)*ArcCs
cla + b*x]~2)*Csc[ArcCscl[a + b*x]/2]"2 + 3*xArcCscl[a + b*x] “2*Csc[ArcCsc[a +
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b*x]/2]74 - (2*%ArcCsc[a + b*x]*(-1 + 6*a*ArcCsc[a + b*x])*Csc[ArcCsc[a + b
*xx]/2]174)/(a + b*x) - 64x(1 + 9*¥a~2)*Logl[(a + b*x)~(-1)] + 192*%(a + 2*a”~3)*
(ArcCscla + b*x]*(Log[1 - E~(I*ArcCsc[a + b*x])] - Logl[l + E~(I*ArcCscla +
bxx])]) + Ix(PolyLog[2, -E~(I*ArcCscl[a + b*x])] - PolyLog[2, E~(I*ArcCscla
+ b*x])])) + 2%(2 + 24*a*ArcCsc[a + b*x] + (3 + 36*a~2)*ArcCsc[a + b*x]"2)*
Sec[ArcCsc[a + b*x]/2]"2 + 3*ArcCsc[a + b*x] 2*Sec[ArcCsc[a + b*x]/2]"4 - 3
2% (a + b*x) "3*ArcCscla + b*x]*(1 + 6*axArcCscl[a + b*x])*Sin[ArcCsc[a + b*x]
/2174 - 16%(6*a + 2x(1 + 9*xa~2)*ArcCsc[a + b*x] + 3*(a + 2*a~3)*ArcCsc[a +
b*x] “2)*Tan [ArcCsc[a + b*x]/2])/(192%b"4)

Maple [A]
time = 12.52, size = 703, normalized size = 1.92

method result

i — 1 i — 1 i — 1 _
(o2 (* 1 m)+( 1 m) m(mﬂﬂ ora) )
12 -

—a

3 3 3
derivativedivides
In| 1+ -2 1-— L 2ln| —t— 1-— L In| —t— 1-— L 1
(riw? -\ (botay ) "\wrat (botay ) "\ wrat (beta)® ~
2 3 + 3 - 3 -
default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arccsc(b*x+a)”2,x,method=_RETURNVERBOSE)

[Out] 1/b74*(-1/3*1n(1+I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))+1/12*(b*x+a) ~2+2/3*1n(I/(

b*x+a)+(1-1/(bxx+a)~2) ~(1/2))-1/3*1n(I/ (b*x+a)+(1-1/(b*x+a) ~2) " (1/2)-1)-a*(
b*x+a)-a*arccsc(b*x+a)*1n(1+I/ (b*x+a)+(1-1/(b*x+a) ~2) ~(1/2))+I*a*polylog(2,
-I/(b*xx+a)-(1-1/(b*xx+a)~2)~(1/2))+a*arccsc(b*x+a)*1n(1-I/(b*x+a)-(1-1/(b*x+
a)~2)7(1/2))-I*a*polylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))-2*a"3*arccsc(b*
x+a)*1n(1+I/ (b*x+a)+(1-1/(b*x+a) ~2) ~(1/2))+2*I*a"~3*polylog(2,-I/(b*x+a)-(1-
1/ (b*x+a)~2) " (1/2))+2*xa"3*arccsc(b*x+a) *1n(1-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2
))-2*xI*a~3*polylog(2,I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))-arccsc(b*x+a) ~2*%a~3%(
b*x+a)+3/2*arccsc(b*x+a) “2*xa”~2*x (b*x+a) “2-arccsc(b*x+a) ~2*xax* (b*x+a) “3+1/6*ar
ccsc(bkxx+a) * (((bxx+a) ~2-1) / (b*xx+a) ~2) ~(1/2) * (b*x+a) ~3-3*I*a~2*arccsc (b*x+a)
+1/3*arccsc(b*x+a)* (((b*x+a) ~2-1)/(b*x+a) ~2) ~(1/2) * (bxx+a) +3*arccsc (b*xx+a) *
(((b*x+a)~2-1)/(b*x+a)~2) " (1/2) *a~2x (b*x+a) -arccsc (b*x+a) * (((b*xx+a) ~2-1) /(b
xx+a) ~2) " (1/2) *ax (b*x+a) "2-3*a~2*x1n (I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2)-1)-3*a~
2%1n(1+I/(b*x+a)+(1-1/(b*x+a)~2) ~(1/2))+6*a~2*1n(I/ (b*x+a)+(1-1/(b*x+a)~2)"~
(1/2))+1/4*arccsc (b*x+a) “2% (b*x+a) “4-1/3%I*arccsc (bxx+a))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~3*arccsc(b*x+a)~2,x, algorithm="maxima")

[Out] 1/4*x"4xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/16*x"4*log(b~
2%x"2 + 2%a*xbxx + a”"2)72 + integrate(1/4x(2*sqrt(b*x + a + 1)*sqrt(b*x + a

- 1)*b*x"4xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - 4x(b"3*x"6 + 3
*axb~2*%x”"5 + (3*a”2 - 1)*b*x"4 + (a”3 - a)*x"3)*log(b*x + a)~2 + (b"3*x"6 +
2%axb~2%x”5 + (a2 - 1)*bxx"4 + 4x(b"3*x"6 + 3*axb”2%x"5 + (3%a”2 - 1)*b*x

“4 + (2”3 - a)*x"3)*log(b*x + a))*log(b~2xx~2 + 2*xaxbxx + a~2))/(b"3%x"3 +
3*axb™2%x"2 + a~3 + (3%a”2 - 1)*b*x - a), x)

Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(b*x+a)~2,x, algorithm="fricas")
[Out] integral(x~3*arccsc(b*x + a)~2, x)
Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ z3 acsc? (a + bx) dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*acsc(b*x+a)**2,x)
[Out] Integral(x**3*acsc(a + b*x)**2, x)
Giac [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(b*x+a)”~2,x, algorithm="giac")

[Out] Exception raised: RuntimeError >> An error occurred running a Giac command:
INPUT:sage20UTPUT:Warning, integration of abs or sign assumes constant sign

by intervals (correct if the argument is real):Check [abs(sageVARa+sageVAR
bxsageVAR

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

1 2
/x?’asin( ) dz
a+bzx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*asin(1/(a + b*x))"2,x)
[Out] int(x~3*asin(1/(a + b*x))"2, x)
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3.28 [ z%csc™ (a + bx)? dx

Optimal. Leaf size=272

1 1
2a(a+bx)/1 — ——— csc Ha+bzx) (a+bx)? /1 —-—~— csci(a+bx
T ( ) (a + bz)? ( ) ) \ (a + bz)? ( )+a3 csc™!(a + bz

362 b3 + 363 363

[Out] 1/3*x/b"2+1/3*a”~3*arccsc(bxx+a) 2/b~3+1/3*x"3*arccsc(b*x+a) ~2+2/3*arccsc (bx
x+a)*arctanh (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b~3+4xa"2*xarccsc(b*x+a)*arcta
nh(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b~3-2*ax1n(b*x+a) /b~3-1/3*I*polylog(2,-

I/ (bxx+a)-(1-1/(b*x+a)~2)~(1/2))/b"3-2*I*a"~2*polylog(2,-I/(b*x+a)-(1-1/(b*x
+a)~2)~(1/2)) /b~3+1/3*I*polylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2)) /b~ 3+2xI*
a~2xpolylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b~3-2*%a*(b*x+a)*arccsc(b*x+a
)*(1-1/(bxx+a) ~2) ~(1/2) /b~ 3+1/3* (b*x+a) “2*arccsc (bxx+a) * (1-1/ (b*x+a) ~2) ~(1/
2)/b"3

Rubi [A]

time = 0.16, antiderivative size = 272, normalized size of antiderivative = 1.00, number of

_ —Q o number of rules __
steps used = 17, number of rules used = 9, integrand size = 12, integrand size 0.750,

Rules used = {5367, 4512, 4275, 4268, 2317, 2438, 4269, 3556, 4270}

, \ y " 2u(a+b actatte) (@b 1ot et b i)
dose apbe)? | BatLia(—eT ) pitliy(eoe o) ga?esea+ )t (7 000) ity (el tosto) (o) gy 201 g etorbe (bt - G eat ) g aei(a s g e (oo tom) L
3 - & + & + & - Ed + Ed e + Ed B dgreeetb) gy

Antiderivative was successfully verified.
[In] Int[x"2%ArcCscl[a + b*x]~2,x]

[Out] x/(3*%b~2) - (2*ax(a + b*x)*Sqrt[1 - (a + b*x)~(-2)]*ArcCsc[a + b*x])/b~3 +
((a + b*x)~2%Sqrt[1 - (a + b*x)~(-2)]*ArcCsc[a + b*x])/(3*¥b~3) + (a~3%ArcCs
cla + bxx]"2)/(3%b~3) + (x"3xArcCscla + b*x]~2)/3 + (2xArcCscl[a + bkx]*ArcT
anh[E~ (I*ArcCscla + b*x])]1)/(3%¥b~3) + (4*a~2*ArcCsc[a + b*x]*ArcTanh[E~(I*A
rcCscla + b*x])1)/b"3 - (2¥axLogla + b¥x])/b"3 - ((I/3)¥Polylogl2, -E”(I*Ar
cCscla + b*x])]1)/b~3 - ((2%I)*a~2%PolyLog[2, -E~(I*ArcCsc[a + b*x])])/b~3 +
((1/3)*PolyLog[2, E~(I*ArcCsc[a + b*x])]1)/b~3 + ((2*I)*a~2%PolyLogl[2, E~(I
*ArcCscl[a + b*x])])/b"3

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]
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Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/4, x] /; FreeQl{c, d}, x]

Rule 4268

Int[cscl(e_.) + (£_.)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) m*x(ArcTanh[E~(Ix(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Log[l + E~(Ix(e + f*xx))], x], x]) /; FreeQ[{c, d, e, f}, x] && IGtQ
[m, O]

Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + fxx]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)x*
Cotl[e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 4270

Int[(cscl(e_.) + (£_.)*(x_)I1*(b_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
Simp[(-b~2)*(c + d*x)*Cot[e + f*x]*((b*Cscle + f*x])"(n - 2)/(f*(n - 1))),
x] + (Dist[b"2x((n - 2)/(a - 1)), Int[(c + d*x)*(b*Cscle + f*xx])"(n - 2),

x], x] - Simp[b~2*d*((bxCsc[e + f*x])~(n - 2)/(f"2x(n - 1)*(n - 2))), x]) /
; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && NeQ[n, 2]

Rule 4275

Int[(cscl(e_.) + (£_)*(x_)]*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*x(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)”"m, (a + b*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)I*Csc[(c_.) + (d_.)*(x_)]1*(Cscl(c_.) + (d_.)*(x_)
1x(b_.) + (@) " (m_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx)"m)*x((a + bxCscl[c + d*x])~(n + 1)/(bxdx(n + 1))), x] + Dist[f*x(m/ (b*dx*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + bxCsc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - cxf + f*Csc[x])"m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
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d, e, f}, x] & IGtQ[p, 0] &% IntegerQ[m]

Rubi steps

_ Subst( [ 2* cot(z) csc(z)(—a + csc())® dw, z, csc™' (a + bz))

/x2 csc(a + bx)* dz =

b3
1y ,  2Subst([ z(—a + csc(z))? dz, z, csc™ (a + bx))
= 3@ csc (a+ bx)* — 253
1, a4 ba)? 2Subst( [ (—a*z + 3a’z csc(z) — 3az csc?(z) + z csc3(z)) da
= —z’csc”(a + bx)® —
3 3p3
a®csc™(a + bx)? N ,  2Subst([ zcsc®(z) dz, z, csc™ (a + b))
= 353 + g7 csc (a+bzx)* — 35
1
1 - — -1 2 1— .
e 2a(a + bx) R csc ' (a + bx) ) (a+bx)?y/ @t b csc
302 b3 3b3
1 1
2 1 - - -1 2 1 - .
e a(a+bz), | CETE csc”'(a + bx) ) (a+bx)?y/ (@t bo)? csc
-3 b3 3b3
/ 1 -1 2 | 1 |
. 2a(a+bx)/1 (a5 bo)? csc™(a + br) . (a+bx)*y /1 PR cse
32 b3 3p3
1
2 1—-—— -1 2 1 — — .
e a(a + bx) R csc ' (a + bx) ) (a+bx)?y/ (@t bo? csc
302 b3 3b3

Mathematica [A]
time = 3.14, size = 314, normalized size = 1.15

) o )+ 0.+ 0) (e 4 b) g (1 - o)

Warning: Unable to verify antiderivative.

[In] Integrate[x~2*ArcCsc[a + b*x]~2,x]

[Out] -1/24%(-2%(2 - 12*a*ArcCsc[a + b*x] + (1 + 6*a~2)*ArcCsc[a + b*x]~2)*Cot[Ar
cCscla + b*x]/2] + 2*ArcCsc[a + b*x]*(-1 + 3*axArcCsc[a + b*x])*Csc[ArcCsc|[

a + bxx]/2]72 - (ArcCscl[a + b*x]~2+Csc[ArcCsc[a + b*x]/2]74)/(2%(a + b*x))

- 48*axLog[(a + b*x)~(-1)] + 8%(1 + 6%xa~2)*(ArcCsc[a + b*x]*(Log[l - E~(I*A
rcCscla + b*x])] - Logl[l + E"(I*ArcCscla + b*x])]) + I*(PolyLogl[2, -E~(I*Ar
cCscla + b*x])] - PolyLog[2, E~(I*ArcCscl[a + b*x])])) + 2*ArcCscla + b*x]*(
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1 + 3%axArcCscl[a + bxx])*Sec[ArcCsc[a + b*x]/2]"2 - 8x(a + b*x) " 3*ArcCscla
+ b*x] ~2*Sin[ArcCscl[a + b*x]/2]"4 - 2%(2 + 12%axArcCscl[a + b*x] + (1 + 6%a~
2)*xArcCscl[a + b*x]~2)*Tan[ArcCsc[a + b*x]/2])/b"3

Maple [A]

time = 10.44, size = 500, normalized size = 1.84

method result

2 3 [ (bz+a)?—1
arcesc(bz+a)Za? (bw—i—a)—arccsc(bw+a)2a(bw+a)2+arccsc(bm+;) (bzta)” o arccsc(bz+a) %r a(br+a)+ -

al

derivativedivides

arccsc(bm+a)2(bz+a)3 (bz+a)2—1
3 (bz+a)?

arcesc(bz+a)?a2 (bz+a)—arcesc(bz+a)a(bz+a) 2+ —2 arccsc(bz+a)

al

a(bz+a)+-—

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arccsc(b*x+a)”2,x,method=_RETURNVERBOSE)

[Out] 1/b~3*(arccsc(b*x+a) ~2*xa~2*(b*x+a)-arccsc(b*x+a) ~2*a* (b*x+a) ~2+1/3*arccsc(b
*x+a) " 2% (b*x+a) “3-2*arccsc (b*xx+a) * (((b*x+a) "2-1) / (b*x+a) ~2) ~ (1/2) *a* (b*x+a)
+1/3*arccsc (bxx+a) * (((bxx+a) “2-1) / (b*x+a) ~2) ~(1/2) * (bxx+a) “2+1/3*I*polylog(
2,I/(bxx+a)+(1-1/(b*xx+a)~2)~(1/2))+1/3*b*x+1/3*a+1/3*arccsc (b*x+a)*1n(1+I/(
bxx+a)+(1-1/(b*x+a) ~2) ~(1/2) ) +2*xI*arccsc (b*x+a) *a-1/3*arccsc(b*x+a)*1n(1-I/
(bxx+a)-(1-1/(b*x+a)~2)~(1/2) ) -2*xI*xa~2*polylog(2,-I/(b*x+a)-(1-1/(b*x+a) ~2)
~(1/2))+2*a*x1n(1+I1/ (b*x+a)+(1-1/(b*x+a) ~2) " (1/2) ) +2*xa*1n(I/ (bxx+a)+(1-1/ (b*
x+a)"2)~(1/2)-1)-4*ax1n(I/ (b*x+a)+(1-1/(b*x+a) ~2) ~(1/2))+2*a"2*arccsc(b*x+a
)*1n(1+I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))-1/3*I*polylog(2,-I/(b*x+a)-(1-1/(b*
x+a)~2)~(1/2))-2*xa"2*arccsc(b*x+a) *1n(1-I/(b*x+a)-(1-1/(b*x+a) ~2) " (1/2))+2*
I*xa~2*polylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(b*x+a)~2,x, algorithm="maxima")

[Out] 1/3*x"3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/12xx"3%log(b~
2*x"2 + 2%a*xbxx + a”2)"2 + integrate(1/3*x(2*sqrt(b*x + a + 1)*sqrt(b*x + a

- 1)*b*x~3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - 3*(b"3*x"5 + 3
*axb”2%x"4 + (3%a”2 - 1)*bxx"3 + (a”3 - a)*x"2)*log(b*x + a)~2 + (b73*x"5 +
2%axb~2*x"4 + (a”2 - 1)*bxx”~3 + 3*(b"3*x"5 + 3%axb"2*%x"4 + (3%a”2 - 1)*b*x

~3 + (273 - a)*x"2)*log(b*x + a))*log(b~2%x"2 + 2xaxb*x + a~2))/(b~3%x"3 +
3*axb"2*x"2 + a~3 + (3*%a”2 - 1)*b*x - a), x)
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Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~2*arccsc(b*x+a)~2,x, algorithm="fricas")
[Out] integral(x~2+*arccsc(b*x + a)~2, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ z?acsc? (a + bz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*acsc(b*x+a)**2,x)

[Out] Integral(x**2*acsc(a + b*x)**2, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(b*x+a)”~2,x, algorithm="giac")
[Out] integrate(x~2*arccsc(b*x + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

1 2
/x2asin< ) dz
a+bzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*asin(1/(a + b*x))~2,x)
[Out] int(x"2*asin(1/(a + b*x))"2, x)
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3.29 [z cescHa + bz)* dz

Optimal. Leaf size=145

1
(a+bx), |1 - ———5 csc '(a+ bx)
a + bx)? 2 ool 2
( _alese (atbo) +1x2 cse” ! (a+bz)?—

b2 2b2 2

4a csc™!(a + br) tanh ™! (.
b2

[Out] -1/2*a~2*arccsc(bxx+a)~2/b~2+1/2xx"2*arccsc(b*x+a) “2-4*a*arccsc(b*x+a)*arct
anh (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b"2+1n(b*x+a) /b~ 2+2*I*a*polylog(2,-I/(
bxx+a)-(1-1/(b*x+a)~2)~(1/2))/b~2-2*I*a*polylog(2,I/(b*x+a)+(1-1/(b*x+a) ~2)
~(1/2)) /b~2+(b*x+a) *arccsc (b*xx+a) * (1-1/(b*x+a) ~2)~(1/2) /b~2

Rubi [A]

time = 0.09, antiderivative size = 145, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.800,

steps used = 11, number of rules used = 8, integrand size = 10,
Rules used = {5367, 4512, 4275, 4268, 2317, 2438, 4269, 3556}

1
. — —1 _
a?cse(a + ba)? 2iaLiy (—e‘csc’](““’)) 2iaLi, (e‘csc’](““’)) log(a + bz) (a+bz) \ 1 (a + bz)? esc™ (a+ ba) 4acsc™'(a+ br)tanh™* <e”5° ](‘””’”)> 1
+ + +

_ _ T2 -1 2
T b2 7 & 7 7 + % osc (a+ bx)

Antiderivative was successfully verified.
[In] Int[x*ArcCscl[a + b*x]~2,x]

[Out] ((a + b*xx)*Sqrt[1 - (a + b*x)~(-2)]*ArcCscl[a + b*x])/b~2 - (a~2*ArcCsc[a +
b*x]~2)/(2¥b"2) + (x"2*ArcCscl[a + b*x]~2)/2 - (4xaxArcCsc[a + bxx]*ArcTanh[
E~(I*ArcCsc[a + b*x])])/b"2 + Logla + b*x]/b~2 + ((2xI)*a*PolyLog[2, -E~(I*
ArcCscla + b*x])])/b~2 - ((2*I)*a*PolyLog[2, E~(I*ArcCscl[a + b*x])])/b~2

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 3556
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d

*x], x11/4, x] /; FreeQl{c, d}, x]

Rule 4268
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Int[cscl(e_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) "mx(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[1l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Logl[l + E~(Ix(e + fxx))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, O]

Rule 4269

Int[cscl(e_.) + (£_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + f*x]/f), x] + Dist[d*x(m/f), Int[(c + d*x)~(m - 1)*
Cotle + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 4275

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)]*Csc[(c_.) + (d_.)*(x_)]*(Csc[(c_.) + (d_.)*(x_)
Ix(b_.) + (a_))"(a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx) " m)*((a + bxCsclc + d*x])"(n + 1)/(bxdx(n + 1))), x] + Dist[f*(m/ (bxdx*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + bxCsc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])™m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rubi steps
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Subst ( [z cot(z) csc(z)(—a + csc(z)) dz, z, csc™ (a + bz))

/zcsc_l(a +bz)?dr = —

b2
Subst( [ (- 2 4z, csc~L(a + b
_ %xz esc (a4 be)? — ubst ([ z( a—f—csc(x;) z,z,csc” (a + br))
_ 1. esc (a4 bo)? — Subst( [ (a®z — 2az csc(x) + z csc?(z)) dz, z, csc™(a + bx)
-2 b
a’csc (a+br)? 1 _ Subst( [ z csc®(z) dz, z, csc™ (a + bz)
= — 2(b2 ) + 5.’172 csc (a + br)? — ( B
1
(a+bx),|1— ——-+— csc!(a+ bx)
(a + bz)? a’csca+bx)?> 1, | ;
= ® - 2h2 + 5 csc (a + bx)
1
a+bzr),|1— ——— cscHa+bx
( ) (a + bx)? ( ) a’csc(a+bx)?> 1, | :
= 7 - T + 5@ esc (a + bx)
1
a+bzx),/1— ——— csci(a+bx
( (a + bz)? ) a’cscMa+bz)> 1 , ;
= ® - op2 + 5@ csc (a + bx)

Mathematica [A]
time = 0.62, size = 213, normalized size = 1.47

[F1xa + 20b + e [+ a4 2ab 1 Ba? . - e
2uv *‘(;;‘L;J' il M*‘(mm)ﬂmv‘% escMa+b2) — a? se™ (0 + ba)? + B cse a+ ba)? + dacse (o + o) log (1 €704 ) — dacse(a + ba) o (1-+ €7@+ ) — 2log () + diaPolyLog (2, —'>¢44)) — diaPolyLog (2,1 @449}

27

Antiderivative was successfully verified.

[In] Integrate[x*ArcCscla + b*x]~2,x]

[Out] (2xa*Sqrt[(-1 + a”2 + 2*axbxx + b"2*x"2)/(a + b*x) 2]*ArcCsc[a + bxx] + 2x%b
*xx*xSqrt[(-1 + a”2 + 2%a*b*x + b~2*x72)/(a + b*x) 2]*ArcCsc[a + b*x] - a"2xA
rcCscla + b*x]~2 + b~2*x"2%ArcCsc[a + b*x]~2 + 4xaxArcCsc[a + b*x]*Logl[l -
E~(I*ArcCsc[a + b*x])] - 4*axArcCsc[a + b*x]*Log[l + E~(I*ArcCscla + b*x])]

- 2xLog[(a + b*x)~(-1)] + (4*I)*a*PolyLog[2, -E~(I*ArcCscl[a + b*x])] - (4%
I)*axPolyLog[2, E~(I*ArcCscl[a + b*x])])/(2*%b~2)

Maple [A]
time = 1.05, size = 214, normalized size = 1.48

method result

—aarcesc(bz+a)? (br+a)+2a arcesc(bz+a) In <1— ﬁ— A/ 1-— m > —2aarccsc(br+a) In <1+b£j_a+ /1 —

derivativedivides
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—aarcesc(bz+a)? (br+a)+2a arcesc(bz+a) In <1— ﬁ— A/ 1-— m > —2a arccsc(bz+a) In <1+ b:vi—a +4/ 1-— "

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arccsc(b*x+a)~2,x,method=_RETURNVERBOSE)

[Out] 1/b~2*x(-a*arccsc(b*x+a) ~2*(b*x+a)+2*xa*arccsc (b*x+a)*1n(1-I/(b*x+a)-(1-1/(b*
x+a) ~2)~(1/2))-2*axarccsc (b*x+a)*1n(1+I/ (b*xx+a)+(1-1/(b*x+a) ~2) ~(1/2) ) +2*I*
axdilog(1+I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))-2*I*a*dilog(1-I/(b*x+a)-(1-1/(b*
x+a)~2)~(1/2))+1/2*arccsc(b*x+a) ~2*x (b*x+a) “2+arccsc (b*x+a) * (((b*xx+a) ~2-1)/(
b*xx+a) ~2) ~(1/2) * (b*x+a)-1n(1/ (b*x+a)))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a)”~2,x, algorithm="maxima")

[Out] 1/2*x"2xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/8%x"2*log(b~2
*X~2 + 2*kaxbxx + a"2)"2 + integrate(1/2x(2*sqrt(b*x + a + 1)*sqrt(b*x + a -

1) *¥b*x~2*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - 2x(b"3*x"4 + 3%
a¥b™2*%x"3 + (3*a”2 - 1)*b*x"2 + (a”3 - a)*x)*log(b*x + a)~2 + (b™3*x"4 + 2%
a*b™2xx73 + (a”2 - 1)*b*x72 + 2%(b”"3*x"4 + 3*a*xb~2xx"3 + (3*%a”2 - 1)xbxx"2
+ (273 - a)*x)*log(b*x + a))*log(b~2*x~2 + 2*a*xb*x + a~2))/(b~3*x"3 + 3*a*b
“2%x72 + a3 + (3*%a”2 - 1)*b*xx - a), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a)”~2,x, algorithm="fricas")

[Out] integral(x*arccsc(b*x + a)~2, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/x acsc? (a + br) dz

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*acsc(b*x+a)**2,x)

[Out] Integral(x*acsc(a + b*x)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a)”~2,x, algorithm="giac")
[Out] integrate(x*arccsc(b*x + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1 2
/xasin( ) dz
a+bzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*asin(1/(a + b*x))~2,x)
[Out] int(x*asin(1/(a + b*x))"2, x)
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3.30 [escHa + bx)* dzx

Optimal. Leaf size=86

(a+ be) csc(a + bz)? 4 csc”!(a + bz) tanh ™! <ei CSC_I(“"”“)) 2iPolyLog (2, —é CSC_I(””””) 2iPolyLog<
+ - +
b b b

[Out] (b*x+a)*arccsc(b*x+a) "2/b+4d*arccsc(b*xx+a)*arctanh(I/ (b*x+a)+(1-1/(b*xx+a)~2)
~(1/2)) /b-2*I*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))/b+2xI*polylog(2,I
/ (bxx+a)+(1-1/(b*x+a)~2)~(1/2)) /b

Rubi [A]
time = 0.04, antiderivative size = 86, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.750,

steps used = 8, number of rules used = 6, integrand size = 8,
Rules used = {5361, 5325, 3843, 4268, 2317, 2438}

2iLiy (_eiCSC‘l(aerz)) 2iLiy (ei CSC‘I(aerz)) (a+ be) csc™ (a + bz)? 4csc(a+ bz) tanh ™! <ei CSC_I(““’Z))
- b * b b * b

Antiderivative was successfully verified.
[In] Int[ArcCscla + b*x]"2,x]

[Out] ((a + b*x)*ArcCscl[a + b*x]~2)/b + (4xArcCsc[a + b*x]*ArcTanh[E~(I*ArcCsc[a
+ b*x])]1)/b - ((2%I)*PolyLog[2, -E~(I*ArcCsc[a + b*x])])/b + ((2*I)*PolyLog
[2, ET(I*ArcCsc[a + b*x])])/b

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Rule 3843

Int[Cot[(a_.) + (b_.)*(x_)"(n_.)]1"(q_.)*Cscl(a_.) + (b_.)*(x_)"(n_.)]1"(p_.)
*(x_)~(m_.), x_Symbol] :> Simp[(-x"(m - n + 1))*(Csc[a + b*x"n] p/(b*n*p)),
x] + Dist[(m - n + 1)/(b*n*p), Int[x"(m - n)*Cscla + b*x"n]"p, x], x] /; F
reeQ[{a, b, p}, x] & IntegerQ[n] && GeQ[m, n] && EqQ[q, 1]

Rule 4268
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Int[cscl(e_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) "m*x(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[1l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Logl[l + E~(I*(e + fxx))], x], x]) /; FreeQl{c, 4, e, £}, x] && IGtQ
[m, O]

Rule 5325

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Dist[-c~(-1), Sub
st[Int[(a + b#*x) “n*Csc[x]*Cot[x], x], x, ArcCsclc*x]], x] /; FreeQ[{a, b, c
, n}, x] && IGtQ[n, O]

Rule 5361

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)]1*(b_.))"(p_.), x_Symbol] :> Dist[1/d,
Subst [Int[(a + b*ArcCsc[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d},
x] && IGtQ[p, O]

Rubi steps

Subst( [ csc7(z)* dz, z,a + bx)
b
Subst ( [ z* cot(z) csc(z) dz, z, csc™ (a + bz))
- b
(a+bz)csc™!(a+bx)*  2Subst([ z csc(z) dz, 3, csc™' (a + ba))
b b
(a+bz)csc(a+bz)? 4 cse™'(a + br) tanh ™! (ei = (a+bm)> 2Subst ( [ log (1
b - b *
(a+ b eseN(a+ br)?  4ese ' (a+ ba)tanh ! (e @) (27)Subst( [ 8
b * b -
(a n b.’t) csc_l(a n b:L‘)2 4CSC_1((L + bx) tanh™! (6z’ csc—l(a+bw)> 2iLis (_ei csc™(a
_|_ —
b b b

/csc_l(a +bz)?dr =

Mathematica [A]
time = 0.10, size = 99, normalized size = 1.15

csc™(a + br) ((a + bz) cse!(a + bz) — 2log (1 - eicsc*l(““’z)) + 2log (1 + e“sc*l(““’“))) — QiPolyLog(Q, —eicscfl(’”bz)) + 2iPolyLog (2, e‘vCSC*l(“‘*’bﬂ”))
b

Antiderivative was successfully verified.

[In] Integrate[ArcCscl[a + b*x]~2,x]
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[Out] (ArcCscla + b*x]*((a + b*x)*ArcCsc[a + b*x] - 2xLog[l - E~(I*ArcCsc[a + b*x
1)1 + 2#Log[1 + E~(IxArcCsc[a + b*x])]) - (2xI)*PolyLog[2, -E~(I*ArcCscl[a +
bxx])] + (2%I)*PolyLog[2, E~(I*ArcCscl[a + b*x])])/b

Maple [A]
time = 0.56, size = 150, normalized size = 1.74
method result
arcesc(bz—+a)? (br+a)—2 arcesc(br+a) 1n< tora 1/ (bx+a)2 >+2arccsc(bx-|—a) ln<1+b$+a+4/ (bx+c
derivativedivides
arcesc(bz—+a)? (br+a)—2 arcesc(br+a) ln< 5ada A /1 (bm+a)2 >-|—2 arccsc(bz+a) In <1+ bz+a+1 /1 (bz-i—c
default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)~2,x,method=_RETURNVERBOSE)

[Out] 1/bx(arccsc(b*x+a) 2% (b*x+a)-2*xarccsc(b*x+a)*1n(1-I/(bxx+a)-(1-1/(b*xx+a) ~2)
~(1/2))+2*arccsc(bxx+a) *1n(1+I/ (bxx+a)+(1-1/ (bxx+a) ~2) ~(1/2))-2*I*dilog(1+I
/ (bxx+a)+(1-1/(b*x+a) ~2) ~(1/2) )+2*xI*xdilog(1-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2)

))
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”~2,x, algorithm="maxima")

[Out] x*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - 1/4*xxlog(b~2*x"2 + 2
*xa*xb*x + a~2)72 + integrate((2*sqrt(b*x + a + 1)*sqrt(b*x + a - 1)*b*x*arct
an2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - (b™3*%x"3 + 3*a*b™2*xx"2 + a~3
+ (3*%a”2 - 1)xb*xx - a)*log(b*x + a)~2 + (b~3%x"3 + 2xa*xb”2*x"2 + (a”2 - 1)*
b*xx + (b73*%x"3 + 3*a*b”"2*x"2 + a3 + (3*%a”2 - 1)*bxx - a)*log(b*x + a))*log
(b~™2%x72 + 2%a*xb*xx + a”2))/(b73%x"3 + 3%axb~2*%x"2 + a”3 + (3*%a”2 - 1)*bxx -

a), x)

Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”~2,x, algorithm="fricas")



[Out] integral(arccsc(b*x + a)~2, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ acsc’ (a + bz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)**2,x)

[Out] Integral(acsc(a + b*x)**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~2,x, algorithm="giac")
[Out] integrate(arccsc(b*x + a)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1 2
/asin( ) dz
a+bzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1/(a + b*x))~2,x)
[Out] int(asin(1/(a + b*x))"2, x)
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3.31 f cse™ 1 (a+bx)2 dx

X
Optimal. Leaf size=324

iaetcsc L(a+bzx)

1++vV1—a?

iaetcsc” L(a+bx)

1—+v1—a2

CSC_l(a,-l-sz')2 log (1 + > +CSC_1(a+b.’I})2 IOg (1 + ) —CSC_l(a+b.'I})2 IOg (1 . ezic

[Out] -arccsc(b*x+a) ~2*x1n(1-(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))~2)+arccsc(b*x+a) 2%
1n(1+Ixa* (I/(b*xx+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/2)))+arccsc(b*x+a
) "2*1n (1+I*a*x (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1)~(1/2)))+I*arccsc
(bxx+a)*polylog(2, (I/(b*x+a)+(1-1/(b*x+a) ~2)~(1/2))~2)-2xI*arccsc(b*x+a)*po
lylog(2,-I*xa*(I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/2)))-2xI*arcc
sc(b*x+a) *polylog(2,-I*a*(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a"2+1)~(1/2
)))-1/2xpolylog(3, (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))~2)+2*polylog(3,-I*a*(I/
(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/2)) ) +2*polylog(3,-I*a* (I/(b*x
+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1)~(1/2)))

Rubi [A]

time = 0.34, antiderivative size = 324, normalized size of antiderivative = 1.00, number of

steps used = 17, number of rules used = 9, integrand size = 12, nllrllltnez?gr?é glilzlgs = 0.750,

Rules used = {5367, 4648, 4625, 3798, 2221, 2611, 2320, 6724, 4615}

iagiectart) igete arte) igetetarte) igeiet arte) iagiee atn) P o N . o
2icse™ (a + br)Lig | — —2icse™ (a + br)Li. +2Lis e | +2Lis +esc!(a+ be)log | 1+ ——— | +esc™ (a+bz)*log | 1+ +iese™ (a + ba)Lip (2409 ) — Spjg (2704 ) _ cse!(a + br)? log (1 — €% )
@+t ( 17\/1741) ot 2( \/17#71) ( 17\/17th> ( Vi—a@ +1) o+t g( 17/17112) ¢ g( i-@ +1) (ot ) =3t ) o+t g )

Antiderivative was successfully verified.
[In] Int[ArcCsc[a + b*x]"2/x,x]

[Out] ArcCscl[a + bxx]~2xLog[l + (I*a*E~(I*ArcCscla + b*x]))/(1 - Sqrt[l - a~2])]
+ ArcCscla + b*x]"2*Logl[1l + (I*a*E~(I*ArcCscl[a + b*x]))/(1 + Sqrt[1l - a~2])

] - ArcCscl[a + b*x]~2*Log[1l - E~((2*I)*ArcCsc[a + b*x])] - (2*I)*ArcCscla +
bxx] *PolyLog[2, ((-I)*a*E~(IxArcCscl[a + b*x]))/(1 - Sqrt[l - a~2])] - (2%I
)*¥ArcCsc[a + bxx]*PolyLog[2, ((-I)*a*xE~(I*ArcCscla + b*x]))/(1 + Sqrt[l - a
~2])] + I*ArcCscl[a + b*x]#*PolyLog[2, E~((2*I)*ArcCsc[a + b*x])] + 2xPolyLog

[3, ((-I)*a*xE~(I*ArcCscla + b*x]))/(1 - Sqrt[1l - a~2])] + 2*PolyLog[3, ((-I
)*a*E~ (I*ArcCsc[a + b*x]))/(1 + Sqrt[1 - a~2])] - PolyLog[3, E~((2*I)*ArcCs

cla + b*x])]1/2

Rule 2221

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))"n/a)l, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]
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Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_)1*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*x(a +
b*x)))"n]/(b*cxnxLog[F])), x] + Dist[g*(m/(b*c*n*Log[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))~nl, x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (£_.)*(x_)], x_Symbol
1 :> Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E~ (2% Ixk*Pi)* (E~(2%Ix(e + f*x))/(1 + E~(2%Ixk*Pi)*E~(2*Ix(e + f*x)))), x],
x] /; FreeQl{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4615

Int[(Cos[(c_.) + (d_.)*(x_)1*((e_.) + (f_.)*(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (d_.)*(x_)1), x_Symbol] :> Simp[(-I)*((e + f*x)"(m + 1)/(bxfx(m + 1
))), x] + (Int[(e + f*xx) " m*x(E~(I*(c + d*x))/(a - Rt[a"2 - b2, 2] - I*b*E~(
Ix(c + d*x)))), x] + Int[(e + fxx) " m*x(E~(I*x(c + d*x))/(a + Rt[a"2 - b~2, 2]
- Ixb*E~(I*(c + d*x)))), x]1) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0]
&& PosQ[a"2 - b~2]

Rule 4625

Int[(Cot[(c_.) + (d_.)*(x )1 (n_.)*((e_.) + (f_)*(xx))"(m_.))/((a)) + (b_.
)*Sin[(c_.) + (d_.)*(x_)]1), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Cot[c +
d*x]"n, x], x] - Dist[b/a, Int[(e + f*x) m*Cos[c + d*x]*(Cot[c + d*x]~(n -
1)/(a + b*Sin[c + d*x])), x], x] /; FreeQl{a, b, c, d, e, £}, x] && IGtQ[m,
0] && IGtQ[n, O]

Rule 4648

Int[((Ce_.) + (£_D)*x.))"@_ )*F)[(c_.) + (d_.)*(x )1 (m_.)*(GC )[(c_.) +
(d_)*x )1~ (p_.))/(Cscllc_.) + (d_.)*(x_)I*(b_.) + (a_)), x_Symbol] :> In
t[(e + £*x)"m*Sinl[c + d*x]#F[c + d*x] n*(G[c + d*x]~p/(b + a*Sin[c + d*x]))
, x]1 /; FreeQ[{a, b, c, 4, e, f}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
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, n, p]

Rule 5367

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (f_.)*(x_)) " (m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x))), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, d
> €, I, P}, X] && EqQ[b*d, a*e]

Rubi steps

—1 2 2
/ cse (a+bz) dx = —Subst (/ 2" cot(x) cse(z) dz,z,csc(a + bx))

x —a + csc(z)
z? cot(x) 1
= —Subst (/ Tsin(x)dl',x, CsC (a—l—bx))
2
= — | aSubst /Ls(z) dz,z,csc(a +bx) | | — Subst /wz cot(z) dz, z, csc™
1 — asin(x)

6.’[3

— V1 —a2 +zae“‘

gt csc 1(a+bzx) et csc ~1(a+bx)

+esc(a+bz)log [ 14°
1—0,) ( ) g( 14+v1—a?

e2zxx2
= 2iSubst (/ ——dz,z,cs¢” (a + bx)) - aSubst<

= csc a+bw

gl csc ~1(a+bz) et csc ~1(a+bx)

= csc”!(a + bz)? +csc(a + br)? log

et csc ~1(a+bx)

(s

() (f
= csc ™} (a + bz)? log (1 + ) +csc (a + ba) log (1 -

1) o

el csc —1(a+bx) et csc —1(a+bx)

= csc '(a + bx)®log 1+

V1—a?

)
o)
gicsc™ (a+bz) ) _
)

Mathematica [A]
time = 0.24, size = 408, normalized size = 1.26

i
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Antiderivative was successfully verified.

[In] Integrate[ArcCscl[a + b*x]~2/x,x]

[Out] (I/6)*Pi~3 - (I/3)*ArcCscla + b*x]~3 - ArcCsc[a + b*x]"2xLog[l - E~((-I)*Ar
cCscla + b*x])] - ArcCsc[a + b*x] 2xLog[1 + E~(I*ArcCsc[a + bxx])] + ArcCsc
[a + bxx]~2*Log[1l - (I*a*E~(IxArcCscla + b*x]))/(-1 + Sqrt[1l - a"2])] + Arc
Cscla + b*x]~2*Log[1l + (I*a*xE~(I*ArcCscla + b*x]))/(1 + Sqrt[1l - a~2])] - (
2xI)*ArcCsc[a + b*x]*PolyLog[2, E~((-I)*ArcCsc[a + bxx])] + (2xI)*ArcCscla
+ bxx]*PolyLog[2, -E~(I*ArcCsc[a + b*x])] - (2*I)*ArcCsc[a + bxx]*PolyLog[2
, (I*a*E~(IxArcCscl[a + b*x]))/(-1 + Sqrt[1l - a"2])] - (2*I)*ArcCscla + b*x]
*PolyLog[2, ((-I)*axE~(Ix*ArcCscla + b*x]))/(1 + Sqrt[1l - a~2])] - 2*PolyLog
[3, E((-I)*ArcCsc[a + b*x])] - 2*PolyLog[3, -E~(I*ArcCscla + b*x])] + 2*Po
lyLog[3, (I*a*E~(I*ArcCscl[a + b*x]))/(-1 + Sqrt[1l - a~2])] + 2*PolyLogl[3, (
(-I)*a*E~ (I*ArcCscl[a + b*x]))/(1 + Sqrt[1 - a~2])]

Maple [F]
time = 2.38, size = 0, normalized size = 0.00

2
/ arccsc(Zx +a) i

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)~2/x,x)
[Out] int(arccsc(b*x+a)~2/x,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~2/x,x, algorithm="maxima")
[Out] integrate(arccsc(b*x + a)~2/x, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~2/x,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)~2/x, x)



Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

2
/acsc (;L—l—b:l?) i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)**2/x,x)

[Out] Integral(acsc(a + b*x)**2/x, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~2/x,x, algorithm="giac")
[Out] integrate(arccsc(b*x + a)~2/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ asin(wﬁ)2 e

X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1/(a + b*x))~2/x,x)
[Out] int(asin(1/(a + b*x))~2/x, x)
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3.32 f csc™Ha+-bz)? dx

x2
Optimal. Leaf size=254

2ibcsc™ (a + bz) log (1 + %) 2ibcsc™!(a + bx) log (l +
1-vV1—a

besc™!(a+bx)? cscl(a+ba)® N
a z aVv'1—a? aVv'1—a?

[Out] -b*arccsc(b*x+a)~2/a-arccsc(b*x+a) ~2/x-2*I*b*arccsc(b*x+a)*1n(1+I*a*(I/(b*xx
+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/2)))/a/(-a~2+1) ~(1/2) +2*xI*b*arccs
c(b*x+a) *1n(1+Ixa*x(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1)~(1/2)))/a/(
-a~2+1)~(1/2)-2xb*polylog(2,-I*a*(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a"2
+1)7(1/2)))/a/(-a~2+1) "~ (1/2) +2xb*polylog(2,-Ixa*(I/(b*x+a)+(1-1/(b*x+a) ~2)~
(1/2))/(1+(-a~2+1)~(1/2))) /a/(-a~2+1)~(1/2)

Rubi [A]
time = 0.28, antiderivative size = 254, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.667,

steps used = 12, number of rules used = 8, integrand size = 12
Rules used = {5367, 4512, 4276, 3404, 2296, 2221, 2317, 2438}

~1(atbx) 71-“““"(”»1-) iqeicsc ™ (a+ba) ese™ ! (a+ba)

e ) ip (| —foctee 0 ibesc! ) gibese(a + ba) log ( 14 e )
2bL12< i > . 2bL12( T +1> - 2ibcese™(a + bz) log (1 + T ) . ibcsc!(a + bz)log ( 1+ o ~ bese(a + ba)? - esc(a + ba)?
av1—a? aV'1—a? av1—a? av1—a? a z

Antiderivative was successfully verified.
[In] Int[ArcCscla + b*x]~2/x"2,x]

[Out] -((b*ArcCsc[a + b*x]~2)/a) - ArcCscla + b*x]~2/x - ((2%I)*b*ArcCscl[a + b*x]
xLog[1 + (I*a*E~(I*ArcCscla + b*x]))/(1 - Sqrt[1l - a~2])])/(axSqrt[1 - a~2]

) + ((2*I)*b*ArcCsc[a + bxx]*Log[l + (I*xaxE~(I*ArcCscl[a + b*x]))/(1 + Sqrt[

1 - a”2])]1)/(a*Sqrt[1 - a”2]) - (2%b*PolyLogl[2, ((-I)*a*E~(I*ArcCscl[a + b*x
D)/ - Sqrt[1 - a~2]1)]1)/(axSqrt[1 - a~2]) + (2xb*PolyLogl[2, ((-I)*a*xE~(I*
ArcCscla + b*x]))/(1 + Sqrt[1 - a~2])])/(a*Sqrt[1 - a~2])

Rule 2221

Int [(((F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))"n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2296

Int [((F_)~(u_)*((f_.) + (g_.)*(x_)) " (m_.))/((a_.) + (b_.)*(F_)~(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[2*(c/q), Int[
(f + gxx)"m*x(F"u/(b - q + 2xcxF~u)), x], x] - Dist[2*(c/q), Int[(f + g*x)"m
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*(F7u/(b + q + 2%c*¥F~w)), x], x]] /; FreeQ[{F, a, b, c, £, g}, x] && EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logl[a + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Log[(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3404

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1), x_Sy
mbol] :> Dist[2, Int[(c + d*x) " m*x(E~(I*(e + f*x))/(I*b + 2xa*xE~(I*(e + f*x)
) — IxbxE~(2*%I*(e + f*x)))), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[
a"2 - b"2, 0] && IGtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, 4, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)I*Csc[(c_.) + (d_.)*(x_ )]1*(Csc[(c_.) + (d_.)*(x.)
1x(b_.) + (a_))"(n_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx) " m)*((a + bxCsclc + d*x])"(n + 1)/(bxdx(n + 1))), x] + Dist[f*(m/ (bxdx*(
n+ 1))), Int[(e + f*x)"(m - 1)*(a + bxCsclc + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCscl(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])"m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, O] && IntegerQ[m]

Rubi steps
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/ csc!(a + bx)? dp = — (bSubst (/ z? cot(x) csc() dz,z,csc(a + bx)))

z? (—a + csc(x))?

-1 2
=& (‘;Jr Y2)” 1 (o0)Subst ( / ;dx,z,csc‘l(ﬁbw))

—a + csc(x)

-1 2
= —CSC (Z+ bx) + (2b)SUbSt (/ (_g + ° ) d$, z, CSC_I(G’ + bl‘))

a(l — asin(x))

a T a
ey

besc(a + bx)? - csc1(a + bx)? N (2b)Subst <f #m(z)dm,x,csc_l(a—l— b:v))

besc!(a+bx)?  csc”(a + bx)? + (4b)Subst (f “iarac e AT, T, 08¢ (@ +

a T a
. ) . ,  (4b)Subst| [ oz dz,x,csc™
__bescMa+bx)*  cscT(a+ba) N 2-2/1 — a2 +2iaei

a x V1—a?
2ibcsc™!(a + bx) log <1 + lae

1-vV1—a?

besc'(a+bx)?  cscTl(a+bx)®

icse™ 1 (a+bzx)

a z aVvl1—a?

icsc L (a+bx)

. -1 iae
_bcsc_l(a + bx)? B csc!(a + bx)? 2ibesc™ (a + br)log | 1+ V1 — a2

a r av'1—a?

icse™ 1 (a+bzx)

2% -1 1 1 iae
besc™(a +bx)?  csc™l(a + bx)? ibese™ (a+ bz log < + 1-v1 — a?

a z avl—a?

Mathematica [B] Both result and optimal contain complex but leaf count is larger than
twice the leaf count of optimal. 802 vs. 2(254) = 508.
time = 2.13, size = 802, normalized size = 3.16

Antiderivative was successfully verified.

[In] Integrate[ArcCscl[a + b*x]~2/x72,x]

[Out] -((bx(((a + b*x)*ArcCsc[a + b*x]~2)/(b*xx) + (2*PixArcTan[(a - Tan[ArcCsc[a
+ bxx]/2]1)/Sqrt[1 - a~2]]1)/Sqrt[1 - a~2] + (2*(-2*ArcCos[a”~(-1)]I*ArcTanh[((

1 + a)*Cot [(Pi + 2%ArcCsc[a + b*x])/4])/Sqrt[-1 + a”2]] + (Pi - 2%ArcCscla

+ bxx])*ArcTanh[((-1 + a)*Tan[(Pi + 2%ArcCsc[a + b*x])/4])/Sqrt[-1 + a~2]]

+ (ArcCos[a”~(-1)] + (2*I)*(-ArcTanh[((1 + a)*Cot[(Pi + 2*ArcCsc[a + b*x])/4
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1)/Sqrt[-1 + a~2]] + ArcTanh[((-1 + a)*Tan[(Pi + 2*ArcCsc[a + b#*x])/4])/Sqr
t[-1 + a~2]]1))*Log[((1/2 + I/2)*Sqrt[-1 + a~2])/(Sqrt[al*E~((I/2)*ArcCscla
+ bxx])*Sqrt [-((b*x)/(a + b*x))]1)] + (ArcCos[a~(-1)] + (2*I)*ArcTanh[((1 +

a)*Cot [(Pi + 2*%ArcCsc[a + b*x])/4]1)/Sqrt[-1 + a~2]] - (2*I)*ArcTanh[((-1 +

a)*Tan[(Pi + 2xArcCscla + b*x])/4]1)/Sqrt[-1 + a~2]]1)*Log[((1/2 - I/2)*Sqrt[
-1 + a"2]*E~((I/2)*ArcCsc[a + b*x]))/(Sqrt[al*Sqrt[-((b*x)/(a + b*x))])] -

(ArcCos[a~(-1)] - (2*I)*ArcTanh[((1 + a)*Cot[(Pi + 2*ArcCsc[a + b*x])/4])/S
qrt[-1 + a~2]])*Log[((-1 + a)*(I + I*a + Sqrt[-1 + a"2])*(-I + Cot[(Pi + 2%
ArcCscla + b*x])/4]1))/(ax(-1 + a + Sqrt[-1 + a~2]*Cot[(Pi + 2*ArcCsc[a + bx
x1)/41))] - (ArcCos[a~(-1)] + (2*I)*ArcTanh[((1 + a)*Cot[(Pi + 2*ArcCsc[a +
b*x])/4])/Sqrt[-1 + a~2]]1)*Logl[((-1 + a)*(-I - Ixa + Sqrt[-1 + a~2])*(I +

Cot[(Pi + 2*ArcCscl[a + b*x])/4]1))/(a*(-1 + a + Sqrt[-1 + a"2]*Cot[(Pi + 2*A
rcCscla + b*x])/4]1))] + Ix(-PolyLogl[2, ((1 - I*Sqrt[-1 + a"2])*(1 - a + Sqr
t[-1 + a~2]*Cot [(Pi + 2xArcCscla + b*x])/4]))/(ax(-1 + a + Sqrt[-1 + a~2]*C
ot [(Pi + 2xArcCsc[a + b*x])/4]1))] + PolyLogl[2, ((1 + I*Sqrt[-1 + a”2])*(1 -
a + Sqrt[-1 + a~2]*Cot[(Pi + 2*ArcCscl[a + b*x])/4]))/(ax(-1 + a + Sqrt[-1
+ a”2]*Cot [(Pi + 2xArcCscla + b*x])/4]1))]1)))/Sqrt[-1 + a~2]))/a)

Maple [A]
time = 6.84, size = 302, normalized size = 1.19

method result

_<ﬁ+, /11— m; >a+\/a2 —1 4
2 arccsc(bz+a) In

i+\/ a2 — 1‘
b _(bm+a)arccsc(b:1:+a)2 _

derivativedivides :
bxa @ \/ a2 —1

i 1
2 arcesc(bz+a) In ( - <ﬁ+ \/%) a+m+i

) 2 arccse(bz
_|_

wVa?—1
default p| — (atajarcesolbata)® + |
bzra - \/a2 —

) 2 arccsc(bz-
+

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)~2/x"2,x,method=_RETURNVERBOSE)

[Out] b*x(-(b*x+a)*arccsc(b*x+a) ~2/b/x/a-2/a*arccsc(b*x+a)/(a~2-1)"(1/2)*1n((-(I/(

bxx+a)+(1-1/(b*x+a)~2)~(1/2))*a+(a~2-1)"(1/2)+I)/(I+(a~2-1)"(1/2)))+2/a*arc
csc(b*x+a)/(a"2-1)"(1/2)*1n((-(I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2) ) *a+I-(a"2-1)
~(1/2))/(I-(a"2-1)"(1/2)))+2*I/a/(a~2-1)"(1/2) *dilog ((- (I/ (b*x+a)+(1-1/(b*x
+a)~2)~(1/2))*a+(a~2-1)"(1/2)+I)/(I+(a~2-1)"(1/2)))-2xI/a/(a"2-1) " (1/2) *dil
og ((-(I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))*a+I-(a~2-1)"(1/2))/(I-(a"2-1)"(1/2))
))



Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)”~2/x"2,x, algorithm="maxima")
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[Out] -1/4%(4xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 + 4xx*integrate ((
2xsqrt(b*x + a + 1)*sqrt(b*x + a - 1)xb*x*arctan2(1l, sqrt(b*x + a + 1)*sqrt
(bxx + a - 1)) + (b73%x"3 + 3xaxb™2*xx"2 + a”3 + (3*%a”2 - 1)*b*xx - a)*log(bx
x + a)”2 + (b™3*%x"3 + 2%a*b"2*%x"2 + (a”2 - 1)*b*x - (b73*x"3 + 3*axb~2*x"2
+ a3 + (3%¥a”2 - 1)*b*x - a)*log(b*x + a))*log(b~2*x"2 + 2*axbxx + a~2))/(b
“3xx75 + 3*axb”2*x"4 + (3*%a”2 - 1)xb*x”3 + (a”3 - a)*x"2), x) - log(b~2*xx"2

+ 2xaxbxx + a~2)72)/x
Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~2/x"2,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)~2/x"2, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

2
/ acsc” (a + bx) i

x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)**2/x**2,x)
[Out] Integral(acsc(a + b*x)**2/x**2, x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~2/x"2,x, algorithm="giac")

[Out] integrate(arccsc(b*x + a)~2/x72, x)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

1

/ a;Sin(m>2 dx

xr2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1/(a + b*x))"2/x"2,%)
[Out] int(asin(1/(a + b*x))"2/x"2, %)
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3.33 [ z%csc™ (a + bx)® dx

Optimal. Leaf size=464

1
3a(a+bx), /1 — ——— csc ' (a+bx)® (a+bx)*([1—-
(a +bz)csc™'(a +bx) 3iacsc™(a + bx)® (a + bx) |

= = - = +

[Out] (bx*x+a)*arccsc(b*x+a)/b~3+I*arccsc(b*x+a)*polylog(2,I/(b*x+a)+(1-1/(b*x+a)"~
2)~(1/2))/p"3+1/3*a"3*arccsc(b*x+a) “3/b~3+1/3*x"3*arccsc(b*x+a) “3+arccsc (b*
x+a) "2xarctanh (I/(b*x+a)+(1-1/(b*x+a) ~2)~(1/2)) /b~3+6*a~2xarccsc (b*x+a) ~2*a
rctanh(I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/b"3+arctanh((1-1/(b*x+a)~2)~(1/2))/
b~3+6*axarccsc(b*x+a)*1n(1-(I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))"2) /b"3-3*I*a*p
olylog(2, (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))~2)/b~3-3*I*a*arccsc(b*x+a)~2/b~3
-I*arccsc(b*x+a)*polylog(2,-I/(bxx+a)-(1-1/(b*x+a)~2)~(1/2))/b"3+6*I*a"2*ar
ccsc(b*x+a) *polylog(2,I/ (b*x+a)+(1-1/(bxx+a)~2)~(1/2))/b~3-6*%I*a~2*arccsc(b
*xx+a)*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))/b~3+polylog(3,-I/(b*x+a)-
(1-1/(b*x+a)~2)~(1/2)) /b~3+6%a"2*polylog(3,-I/(b*x+a)-(1-1/(b*x+a) ~2)~(1/2)
)/b~3-polylog(3,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b~3-6%a~2xpolylog(3,I/(b*x
+a)+(1-1/(b*x+a)~2)~(1/2)) /b~3-3*a* (b*x+a) *arccsc (b*x+a) "2* (1-1/ (b*x+a) ~2)~
(1/2) /b~3+1/2% (b*x+a) ~2*arccsc(b*x+a) “2x(1-1/(b*x+a) ~2) ~(1/2) /b~3

Rubi [A]
time = 0.28, antiderivative size = 464, normalized size of antiderivative = 1.00, number of

steps used = 25, number of rules used = 14, integrand size = 12, number of rules _ 1.167,
integrand size

Rules used = {5367, 4512, 4275, 4268, 2611, 2320, 6724, 4269, 3798, 2221, 2317, 2438, 4271,
3855}

Antiderivative was successfully verified.
[In] Int[x~2*ArcCsc[a + b*x]~3,x]

[Out] ((a + bxx)*ArcCscla + b*x])/b~3 - ((3*I)*a*ArcCscla + b*x]~"2)/b"3 - (3*ax(a
+ bxx)*Sqrt[1 - (a + b*x)~(-2)]*ArcCscla + b*x]~2)/b~3 + ((a + b*x)~2%Sqrt
[1 - (a + bxx)~(-2)]*ArcCsc[a + b*x]~2)/(2%b"3) + (a~3*ArcCscl[a + b*x]~3)/(
3*b~3) + (x"3*ArcCsc[a + b*x]~3)/3 + (ArcCsc[a + b*x] 2*ArcTanh[E~ (I*ArcCsc
[a + bxx])]) /"3 + (6*%a~2xArcCsc[a + b*x] 2*ArcTanh[E~ (I*ArcCsc[a + b*x])])
/b~3 + ArcTanh[Sqrt[1 - (a + b*x)7(-2)]]1/b"3 + (6*a*ArcCscla + b*x]*Logl[l -
E~((2*I)*ArcCscla + b*x])])/b~3 - (I*ArcCsc[a + b*x]*PolyLog[2, -E~(I*ArcC
scla + b*x])]) /b3 - ((6%I)*a~2*ArcCsc[a + bxx]*PolyLog[2, -E~(I*ArcCscl[a +
b*x])])/b"3 + (IxArcCscla + b*x]*PolyLog[2, E~(I*ArcCsc[a + b*x])])/b"3 +
((6%I)*a~2*ArcCsc[a + bxx]*PolyLog[2, E~(I*ArcCscl[a + b*x])])/b~3 - ((3*I)=*
a*PolyLog[2, E~((2*I)*ArcCsc[a + b*x])])/b~3 + PolyLog[3, -E~(I*ArcCscla +
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b*x])]/b~3 + (6*%a~2*PolyLog[3, -E~(I*ArcCsc[a + b*x])])/b~3 - PolyLog[3, E~
(IxArcCscla + b*x])]/b"3 - (6*xa~2+PolyLog[3, E~(I*ArcCscl[a + b*x])])/b~3

Rule 2221

Int [(((F_)~((g_)*((e_.) + (£_D*(x_))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(bxf*g*n*xLog[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))"n/a)l, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, 0]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rule 2611

Int[Logl[l + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_.)1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x)~m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x)))~n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*cxnxLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x1, x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (£f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2+I, Int[(c + d*x)"m
*E~ (2xI*k*Pi)* (E~(2%I*(e + f*x))/(1 + E~(2%Ixk*Pi)*E~(2*I*(e + f*x)))), x],
x] /; FreeQl{c, d, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 3855
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, 4}, x]

Rule 4268

Int[cscl(e_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Logl[l + E"(Ix(e + £xx))], x], x]) /; FreeQl{c, 4, e, £}, x] && IGtQ
[m, O]

Rule 4269

Int[cscl(e_.) + (£_)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + fxx]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)x*
Cotle + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]

Rule 4271

Int[(cscl(e_.) + (£_.)*x(x_)1*(b_.)) " (n_)*((c_.) + (d_.)*(x_))"(m_), x_Symbo
1] :> Simp[(-b"2)*(c + d*x) “m*Cot[e + f*x]*((bxCscle + f*x])~(n - 2)/(fx(n
-1))), x] + (Dist[b"2xd™2«m*x((m - 1)/(f"2x(n - 1)*(n - 2))), Int[(c + d*x)
“(m - 2)*(b*Cscl[e + f*xx])~(n - 2), x], x] + Dist[b™2*x((n - 2)/(n - 1)), Int
[(c + d*x) m*(b*Csc[e + f*x])~(n - 2), x], x] - Simp[b~2*d*m*(c + d*x)~(m -
1)*((b*Cscle + f*x])~(n - 2)/(f"2x(n - 1)*(n - 2))), x]) /; FreeQ[{b, c, d
, e, T}, x] && GtQ[n, 1] && NeQ[n, 2] && GtQ[m, 1]

Rule 4275

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscle + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] & IGtQ[m, 0] && IGtQ[n, 0]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)I*Csc[(c_.) + (d_.)*(x_ )]1*(Cscl(c_.) + (d_.)*(x.)
1x(b_.) + (a_))"(n_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx) m)*((a + bxCsclc + d*x])"(n + 1)/(bxdx(n + 1))), x] + Dist[f*(m/ (bxdx*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + b*Csc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, ¢, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCscl(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - cxf + f*Csc[x])"m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
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d, e, f}, x] & IGtQ[p, 0] &% IntegerQ[m]
Rule 6724
Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x)), x_S

ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] && EqQ[bxd, axel

Rubi steps

_ Subst ([ #® cot(z) csc(z)(—a + csc(z))? dx, z, csc ™ (a + b))

/m2 csc Ha + bx)? dr =

b3
_ §x3 ese(a+ ba) — Subst( [ #*(—a + csc(:nl)l)3 dz,z,csc™(a + bz))
_ §x3 ese (a4 ba) — Subst ([ (—a®z? + 3a*z? csc(z) — 3aa? cbsac2 (z) + 2% csc?(z))
3csc?! bx)® 1 Subst ( [ 2% csc3(x) dz, z, csc™(a + bx
_ e 3(ba3 + bz) + §x3 csc t(a + bx)? — U ( )b3 ( )
1
3a(a+br) /1 — ——+— cscHa+bx)? (a+ br)?
_ (a+bzx)csc (a+ bx) (a + bx)? !
- b3 o b3 +
1 -1
3a(a+bz) /1 — ——— csc™(
_(a+bx)esc M (a+bx) 3Biacsc™'(a+ bx)? (a+ bzx)
B b3 - b - b3
3a(a +bx), /1 — ———5 csc™'(.
_(a+bzx)esc M (a+bx) 3Biacsc™'(a+ bx)? (a+ bzx)
- b3 B b - b
1 -1
3a(a+bz) /1 — ——— csc™i(
_(a+bx)escH(a+bx) 3Biacsc™'(a+ bx)? (a+ bzx)
- b3 - b - b
3a(a +bx) /1 — ———5 csc™'(.
(a+bx)csc™i(a+bx) 3iacsc™(a+ bx)? (a + bx)
- b3 - B3 - b3

Mathematica [A]
time = 5.99, size = 656, normalized size = 1.41
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Warning: Unable to verify antiderivative.

[In] Integrate[x~2xArcCsc[a + b*x]~3,x]

[Out] -1/24%((72xI)*a*ArcCsc[a + b*x]~2 - 12*ArcCsc[a + b*x]*Cot[ArcCsc[a + b*xx]/
2] + 36*ax*ArcCscl[a + b*x] “2*Cot[ArcCsc[a + b*x]/2] - 2*ArcCsc[a + b*x] ~3*Co
t[ArcCsc[a + b*x]/2] - 12*%a~2xArcCsc[a + b*x] “3*Cot[ArcCsc[a + b*x]/2] - 3%
ArcCsc[a + b*x] "2xCsc[ArcCsc[a + b*x]/2]"2 + 6*a*ArcCsc[a + b*x] “3*Csc[ArcC
sc[a + b*x]/2]"2 - (ArcCsc[a + b*x] " 3*Csc[ArcCsc[a + b*x]/2]74)/(2*(a + b*x
)) + 12xArcCsc[a + b*x]"2*Log[l - E~(I*ArcCsc[a + b*x])] + 72*a~2xArcCscla
+ bxx]"2xLog[1 - E~(I*ArcCsc[a + b*x])] - 12*%ArcCsc[a + b*x]~2xLog[l + E~(I
xArcCsc[a + b*x])] - 72*a"2xArcCsc[a + b*x] "2*Log[l + E~(I*ArcCsc[a + b*x])
1 - 144xa*xArcCsc[a + bxx]*Log[l - E~((2+I)*ArcCsc[a + bxx])] + 24xLog[Tan[A
rcCscla + b*xx]/2]] + (24*I)*(1 + 6*a~2)*ArcCscl[a + b*x]*PolyLog[2, -E~(I*Ar
cCscla + bxx])] - (24*I)*(1 + 6%a~2)*ArcCsc[a + b*x]*PolyLog[2, E~(I*ArcCsc
[a + bxx])] + (72*I)*a*PolyLog[2, E~((2*I)*ArcCsc[a + b*x])] - 24*PolyLogl[3
, "E"(IxArcCsc[a + b*x])] - 144xa~2*PolyLog[3, -E~(I*ArcCsc[a + b*x])] + 24
*PolyLog[3, E~(I*ArcCscla + bx*x])] + 144*a~2*PolyLog[3, E~(I*ArcCscl[a + b*x
1)] + 3xArcCscl[a + b*x] ~2%Sec[ArcCsc[a + b*x]/2]"2 + 6*xaxArcCsc[a + b*xx] 3%
Sec[ArcCsc[a + b*x]/2]72 - 8%(a + b*x) ~3xArcCsc[a + b*x]~3*Sin[ArcCsc[a + b
*x] /2] "4 - 12xArcCsc[a + b*x]*Tan[ArcCsc[a + b*x]/2] - 36*axArcCscl[a + b*x]
~2xTan[ArcCsc[a + b*x]/2] - 2*ArcCsc[a + b*x] “3*Tan[ArcCsc[a + b*x]/2] - 12
*a~2xArcCsc[a + b*x] “3*Tan[ArcCsc[a + b*x]/2])/b"3

Maple [A]
time = 9.85, size = 749, normalized size = 1.61 Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*arccsc(b*x+a)”3,x,method=_RETURNVERBOSE)

[Out] 1/b73*(1/6*arccsc(b*x+a)*(6*arccsc(b*x+a) ~2*a~2* (b*x+a)-6*arccsc(b*x+a) ~2+*a
* (bxx+a) “2+2xarccsc (b*x+a) ~2* (b*x+a) “3-18+*arccsc (b*xx+a) * (((b*x+a) "2-1) / (b*x
+a)~2) " (1/2) *a* (b*x+a) +3*arccsc (b*x+a) * (((b*x+a) “2-1) / (b*x+a) ~2) = (1/2) * (b*x
+a) “2+18xI*arccsc(b*x+a)*at+6xb*x+6%a)-1/2*arccsc(b*x+a) “2*1n(1-I/(b*x+a)-(1
-1/ (b*x+a)~2)~(1/2))-6*I*a*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))-poly
log(3,I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))+1/2*arccsc(b*x+a) “2*1n(1+I/ (b*xx+a)+(
1-1/(bxx+a)~2)~(1/2))-I*arccsc(b*x+a)*polylog(2,-I/(bxx+a)-(1-1/(b*x+a)~2)"
(1/2) )+polylog(3,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))+2*arctanh(I/(b*x+a)+(1-1
/ (bxx+a)~2)~(1/2))-6xI*a*polylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))+6*a*arc
csc(bxx+a)*1n(1-I/(b*x+a)-(1-1/(b*x+a) ~2) ~(1/2))+6*I*a~2*arccsc(b*x+a)*poly
log(2,I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))+6*a*arccsc(b*x+a)*1n(1+I/(b*xx+a)+(1-
1/ (bxx+a)~2)~(1/2))+Ixarccsc(b*x+a)*polylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/
2))-3*%a~2*arccsc(b*x+a) “2*1n(1-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))-6*I*arccsc(
b*x+a) “2*a-6%a~2*xpolylog(3,I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))+3*a~2*arccsc (b*
x+a) "2%1n (1+I/ (b*x+a)+(1-1/(b*x+a) ~2) " (1/2))-6xI*a~2*arccsc(b*x+a) *polylog(
2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))+6*a~2*polylog(3,-I/(bxx+a)-(1-1/(b*x+a)
~2)7(1/2)))
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(b*x+a)~3,x, algorithm="maxima")

[Out] 1/3*x"3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))73 - 1/4*x"3*arctan2
(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))*log(b™2%x"2 + 2*xaxb*x + a”2)"2 - i
ntegrate(1/4*(12x(b~3*xx"b*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) +
3*axb~2*x"4*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (3*a"2*arcta
n2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - arctan2(l, sqrt(b*x + a + 1)*s
qrt(b*x + a - 1)))*b*xx~3 + (a~3*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a -
1)) - axarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*x"2)*log(b*x + a)
~2 - (4xb*x~3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - b*x"3*log
(b™2%x72 + 2*%axb*x + a~2)72)*sqrt(b*x + a + 1)*sqrt(b*x + a - 1) - 4x(b"3*x
“b*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 2*axb~2*x"4*arctan2(1,
sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (a"2*arctan2(1, sqrt(b*x + a + 1)*s
qrt(b*x + a - 1)) - arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x"3
+ 3x(b~3xx"b*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 3*a*b”~2*x"4x
arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (3*a"2*arctan2(1, sqrt(b*
X + a+ 1)*sqrt(b*x + a - 1)) - arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a -
1)))*b*x~3 + (a~3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - a*arct
an2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*x"2)*log(b*x + a))*log(b~2*x"2
+ 2%axbxx + a~2))/(b"3%x"3 + 3*axb"2*x"2 + a~3 + (3*%a"2 - 1)*b*x - a), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(b*x+a)~3,x, algorithm="fricas")

[Out] integral(x~2*arccsc(b*x + a)~3, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ z? acsc® (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*acsc(b*x+a)**3,x)



[Out] Integral(x**2*acsc(a + b*x)**3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*arccsc(b*x+a)”~3,x, algorithm="giac")

[Out] integrate(x~2*arccsc(b*x + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

1 3
/x2asin( ) dz
a+bzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*asin(1/(a + b*x))"3,x)
[Out] int(x"2*asin(1/(a + b*x))~3, x)
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3.34 [zcescHa + bx)3 dz

Optimal. Leaf size=264

-1 2
5 csc”'(a + br)

o ) o+ bz) 9 1 3 1 6a csc
3icsc™(a + bx) _a’csc (a +bz) + =22 csc (atbx)3—

2b2 + 2b2 2b2 2

3(a + bx) 1—(

[Out] 3/2*xI*arccsc(b*x+a)”2/b~2-1/2*%a"2*arccsc(b*x+a) ~3/b"2+1/2*x"2*arccsc(b*xx+a)
~3-6*axarccsc (b*x+a) “2*arctanh (I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b"2-3*arccs
c(bxx+a) *1n(1-(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))"2) /b~ 2+6*I*a*arccsc(b*x+a)*
polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))/b~2-6*I*a*arccsc(b*x+a)*polylog
(2,I/(b*x+a)+(1-1/(b*x+a) ~2)~(1/2)) /b~2+3/2xI*polylog(2, (I/(b*x+a)+(1-1/(b*
x+a)~2)~(1/2))"2) /b"2-6*a*polylog(3,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))/b"2+6
*xa*xpolylog(3,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/b"2+3/2* (bxx+a)*arccsc (b*x+a)
~2%(1-1/(b*x+a)~2)~(1/2)/b~2

Rubi [A]
time = 0.19, antiderivative size = 264, normalized size of antiderivative = 1.00, number of

_ _ : o number of rules
steps used = 16, number of rules used = 12, integrand size = 10, integrand size 1.200,

Rules used = {5367, 4512, 4275, 4268, 2611, 2320, 6724, 4269, 3798, 2221, 2317, 2438}

——

e ok byt Gese 4 be)lia (e 0) G o (e 0000 ity (o) iy (e o) gty et 3(a+ hr)\‘s‘l T @b st s bay 3ot bl (1 B 0)  acsc o bPtanh (o)
2 * W B ® 2 B W G * 2 * 2 B B G Hgreelathy)
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Antiderivative was successfully verified.
[In] Int[x*ArcCsc[a + b*x]"3,x]

[Out] (((3*I)/2)*ArcCscla + b*x]~2)/b"2 + (3*%(a + b*x)*Sqrt[1l - (a + bxx)~(-2)]*A
rcCscla + b*x]72)/(2%b~2) - (a~2*ArcCscl[a + b*x]~3)/(2*b~2) + (x"2*ArcCscla

+ bxx]~3)/2 - (6*%axArcCscla + b*x] “2*ArcTanh[E~(I*ArcCsc[a + b*x])])/b"2 -
(3*%ArcCscla + b*x]*Log[l - E~((2*I)*ArcCscla + b*x])])/b~2 + ((6%I)*a*ArcC
sc[a + b*x]*PolyLog[2, -E~(I*ArcCsc[a + b*x])])/b~2 - ((6%I)*a*ArcCscla + b
*xx] *PolyLog[2, E~(I*ArcCscla + b*x])])/b"2 + (((3*I)/2)*PolyLog[2, E~((2*I)
xArcCsc[a + b*x])]) /b2 - (6*a*PolyLog[3, -E~(I*ArcCscla + b*x])]1)/b~2 + (6
*axPolyLog[3, E~(I*ArcCscla + b*x])])/b~2

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))°n/a)], x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317
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Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQu, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 2611

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_)]1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLogl[2, (-e)*(F~(cx(a +
b*x)))“n]/(b*c*nxLog[F])), x] + Dist[gx(m/(b*c*nxLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))~n], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E” (2%I*k*Pi) * (E~(2xIx(e + f*x))/(1 + E~(2%I*xk*Pi)*E~(2xI*x(e + f*x)))), x],
x] /; FreeQl{c, d, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4268

Int[cscl(e_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) m*x(ArcTanh[E~(Ix(e + f*x))]/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[1l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - D*Logl[l + E"(Ix(e + £xx))], x], x]) /; FreeQl{c, 4, e, £}, x] && IGtQ
[m, O]

Rule 4269

Int[cscl(e_.) + (f_.)*(x_)]1"2%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp
[(-(c + d*x)"m)*(Cot[e + fxx]/f), x] + Dist[d*(m/f), Int[(c + d*x)"(m - 1)x*
Cotl[e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && GtQ[m, O]
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Rule 4275

Int[(cscl(e_.) + (f_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)I*Csc[(c_.) + (d_.)*(x_ )]1*(Csc[(c_.) + (d_.)*(x.)
1x(b_.) + (@ ))"(n_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx) " m)*((a + bxCsclc + d*x])"(n + 1)/(bxdx(n + 1))), x] + Dist[f*(m/ (b*xdx*(
n+ 1))), Int[(e + f*x)"(m - 1)*(a + bxCsclc + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 5367

Int[((a_.) + ArcCscl(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*xe - cxf + f*Csc[x])"m, x], x, ArcCsc[c + d*x]], x] /; FreeQ[{a, b, c,
d, e, £}, x] && IGtQ[p, O] && IntegerQ[m]

Rule 6724

Int [PolyLogln_, (c_.)*x((a_.) + (b_.)*x(x_))~(p_.01/C(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(exp), x] /; FreeQl[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps
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Subst ( [ z3 cot(z) csc(z)(—a + csc(z)) dz, z, csc ™ (a + bz))

/xcsc_l(a +bz)?dr = —

b2
_ %xQ esc (a4 ba)® — 3Subst( [ z*(—a + <:s<:(21;))2)2 dz,z,csc (a + bz))
_ %12 esc (a4 ba)® — 3Subst( [ (a’z? — 2az? csc(z) -;ba:; csc?(x)) dx, x, csc™(a +
ZescHa+bz)? 1 3Subst( [ 2% csc?(z) dzx, z, csc™ (a + ¢
_ 4% Q(ba2 z) + 51'2 csc(a + bx)® — gl ( ;bQ (
1
3(a+bx),|1— csc™!(a + bz)?
_ (a + bx)? _ a’csc”!(a + ba)? N 1, L + b
= 55 e 5T osc (a+ b
1
3(a+bz) (|1 — ———5 csc'(a+ bx)?
_ 3icsc™!(a + bx)? N (a + bx) _a’csc”!(a + ba)
B 2b2 2b? 2b?
1
3(a+bzx), /1 - ———5 csc'(a+ bx)’
_ 3icsc™!(a + bx)? (a + bz) _ a’csc!(a+ba)
B 2 2 2b?
1
3(a+bx), /1 — ———5 csc'(a+ bz)?
_ 3icsc(a + br)? N (a+ bx) _a’csc”!(a+ba)
- 202 20> 22
1
3(a+bx) /1 — —+— csc(a+ bx)?
_ 3icsc™!(a + bx)? N \ (a+ bzx)? ( ) a?csc™!(a + bx)
B 22 22 2b2

Mathematica [A]
time = 0.59, size = 314, normalized size = 1.19

Lot abe s b Seyryryy
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Antiderivative was successfully verified.

[In] Integrate[x*ArcCscl[a + b*x]~3,x]

[Out] ((3*I)*ArcCscl[a + b*x]~2 + 3*a*xSqrt[(-1 + a2 + 2xaxb*x + b~2xx"2)/(a + b*x
)"2]*ArcCsc[a + bxx]~2 + 3*b*x*Sqrt[(-1 + a”2 + 2*xaxb*x + b~2*x"2)/(a + b*x
)~2]*ArcCsc[a + b*x]~2 - a"2xArcCscla + b*x]~3 + b~2*x"2*%ArcCsc[a + b*x]~3
+ 6xaxArcCsc[a + bxx] 2xLog[l - E~(I*ArcCsc[a + b*x])] - 6*axArcCsc[a + b*x
172xLog[1 + E~(I*ArcCscl[a + b*x])] - 6*%ArcCscla + b*x]*Log[l - E~((2*I)*Arc
Cscla + b*x])] + (12xI)*axArcCscla + b*x]*PolyLog[2, -E~(I*ArcCsc[a + b#*x])
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1 - (12#I)*axArcCsc[a + bxx]*PolyLog[2, E~(I*ArcCsc[a + b*x])] + (3*I)*Poly
Log[2, E~((2*I)*ArcCsc[a + bxx])] - 12*axPolyLog[3, -E~(I*ArcCscla + b*x])]
+ 12xaxPolyLog[3, E~(I*ArcCscl[a + b*x])])/(2xb~2)

Maple [A]
time = 6.13, size = 425, normalized size = 1.61
method result
9 5 (br+a)?—1
arccsc(bz+a)“ | 2 arcesc(bz+a)a(br+a)—arccsc(bz+a)(bz+a)“—3 W (bz+a)+3i
— 5 —3aarccsc(bz+a)? In <1-|— bwi—a |
derivativedivides
9 5 (bz+a)?—1
arccsc(bz+a)“ | 2 arcesc(bz+a)a(bz+a)—arccsc(bz+a)(bz+a)“—3 W (bz+a)+3i
— 5 —3aarccsc(bx+a)2ln<1+bwi_ |
default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arccsc(b*x+a)~3,x,method=_RETURNVERBOSE)

[Out] 1/b~2%(-1/2*arccsc(b*x+a) ~2*(2*arccsc(b*x+a) *a* (bxx+a)-arccsc(b*x+a) * (bxx+a
)~2-3*% (((b*x+a) "2-1) / (b*x+a) ~2) " (1/2) * (b*x+a) +3*I) -3*a*arccsc (b*x+a) “2*x1n (1
+I/ (b*x+a)+(1-1/(b*x+a) ~2) ~(1/2) ) +3*a*arccsc(b*x+a) “2*x1n(1-I/(b*x+a)-(1-1/(
b*x+a)~2)~(1/2))-3*arccsc(b*x+a) *1n(1+I/ (bxx+a)+(1-1/(b*x+a) ~2) ~(1/2) ) +6*I*
a*arccsc (bxx+a)*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))-6*a*xpolylog(3,-
I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))-3*arccsc(b*x+a)*1n(1-I/(b*x+a)-(1-1/(b*x+a
)~2)~(1/2))-6*I*a*xarccsc(b*x+a)*polylog(2,I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))+
6*axpolylog(3,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))+3*I*arccsc(b*x+a) “2+3*I*poly
log(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))+3*xI*polylog(2,I/(b*x+a)+(1-1/(b*x+a

)72)7(1/2)))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a)”~3,x, algorithm="maxima")

[Out] 1/2*x"2xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))~3 - 3/8*x"2*arctan2
(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))*log(b™2%x"2 + 2*xaxb*x + a”2)"2 - i
ntegrate(3/8%(8*(b~3*x"4*arctan2(1l, sqrt(b*x + a + 1)*sqrt(bxx + a - 1)) +
3*axb~2*x"3*%arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (3*a"2*arctan

2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - arctan2(1, sqrt(b*x + a + 1)*sq
rt(b*x + a - 1)))*b*x"2 + (a"3xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a -

1)) - a*xarctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*x)*log(b*x + a)~2
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- (4xb*xx~2xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - b*x"2*log(b~
2*x"2 + 2%axbxx + a”2)"2)xsqrt(b*x + a + 1)*sqrt(b*x + a - 1) - 4*x(b~3*x"4x
arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 2%axb~2xx"3xarctan2(1, sq
rt(b*x + a + 1)*sqrt(b*x + a - 1)) + (a"2*arctan2(1, sqrt(b*x + a + 1)*sqrt
(b*x + a - 1)) - arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x~2 + 2
*(b~3*x"4*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 3xa*xb~2*x"3*arc
tan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (3*a"2*arctan2(1, sqrt(b*x +
a + 1)*sqrt(b*x + a - 1)) - arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)
))*bxx~2 + (a~3%arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - a*arctan2
(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*x)*log(b*x + a))*log(b~2*xx~2 + 2%
axbxx + a72))/(b"3%x"3 + 3*axb™2*x"2 + a”3 + (3%a"2 - 1)*b*x - a), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a)”~3,x, algorithm="fricas")
[Out] integral(x*arccsc(b*x + a)~3, x)
Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ zacse® (a + bx) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*acsc(b*x+a)**3,x)
[Out] Integral(x*acsc(a + b*x)**3, x)
Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arccsc(b*x+a)”~3,x, algorithm="giac")
[Out] integrate(x*arccsc(b*x + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

1 3
/a:asin( ) dz
a+bzx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*asin(1l/(a + b*x))~3,x)
[Out] int(x*asin(l/(a + b*x))"3, x)
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3.35 [ csc™Ha + bx)3 dzx
Optimal. Leaf size=140

(a+ bx) csc=(a + bz)? O csc™(a + bz)? tanh ™! (ei CSC_I(“*’””)) 6i csc™* (a + bx)PolyLog (2, —gicsc (atba

b + b b

[Out] (b*x+a)*arccsc(b*x+a) ~3/b+6*arccsc(b*x+a)  2*arctanh(I/(b*x+a)+(1-1/(b*x+a)”
2)~(1/2)) /v-6*xI*arccsc(b*x+a)*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2)~(1/2))/b
+6*I*arccsc(bxx+a)*polylog(2,I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/b+6*polylog(3
,—I/(bxx+a)-(1-1/(b*x+a)~2)~(1/2))/b-6%polylog(3,I/(b*x+a)+(1-1/(b*x+a)~2)~
(1/2))/v

Rubi [A]
time = 0.08, antiderivative size = 140, normalized size of antiderivative = 1.00, number of

number of rules _ ( g75
integrand size ’

steps used = 10, number of rules used = 7, integrand size = 8,
Rules used = {5361, 5325, 3843, 4268, 2611, 2320, 6724}

6i cse(a + bz)Lis (_elcsc"(u+bm)) 66 cse(a + be)Lis (etcsc’](ad»b:c)) 6Lis <_ezcsc’](a+bz)) 6Lis (etcsc’](tﬁ»bw)) (0 ba)osea + bry® O @+ ba)? tanh~! (evcsc"(a+bz))
b * b * b - b * b * b

Antiderivative was successfully verified.
[In] Int[ArcCscl[a + b*x]~3,x]

[Out] ((a + bxx)*ArcCscla + b*x]~3)/b + (6%ArcCsc[a + b*x] 2xArcTanh[E~(I*ArcCscl[
a + bxx])])/b - ((6%I)*ArcCsc[a + b*x]*PolyLog[2, -E~(I*ArcCscla + b*x])])/

b + ((6*%I)*ArcCsc[a + b*x]*PolyLog[2, E~(I*ArcCsc[a + b*x])])/b + (6*PolyLo

g[3, -E~(I*ArcCsc[a + b*x])])/b - (6xPolyLogl[3, E~(IxArcCscl[a + b*x])])/b

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(a_)]1*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) “n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] && GtQ[m, O]

Rule 3843
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Int[Cot[(a_.) + (b_.)*(x_)"(n_.)1"(q_.)*Cscl(a_.) + (b_.)*(x_)"(a_.)1"(p_.)
*(x_)"(m_.), x_Symbol] :> Simp[(-x"(m - n + 1))*(Cscl[a + b*x"n]"p/(b*n*p)),
x] + Dist[(m - n + 1)/(b*n*p), Int[x"(m - n)*Cscla + b*x™nl"p, x1, x]1 /; F
reeQ[{a, b, p}, x] & IntegerQ[n] && GeQ[m, n] && EqQlq, 1]

Rule 4268

Int[cscl(e_.) + (f_.)*(x )I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2% (c + d*x) “m*(ArcTanh[E~(I*(e + f*x))1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)~(m - 1)*Log[l - E~(Ix(e + f*x))1, x]1, x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Logl1l + E~(Ix(e + £xx))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 5325

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Dist[-c~(-1), Sub
st[Int[(a + b#*x) “n*Csc[x]*Cot[x], x], x, ArcCsclc*x]], x] /; FreeQ[{a, b, c
, n}y, x] && IGtQ[n, O]

Rule 5361

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)1*(b_.))"(p_.), x_Symbol] :> Dist[1/d,
Subst [Int[(a + b*ArcCsc[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d},
x] && IGtQ[p, O]

Rule 6724

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps
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Subst (f cscY(z)3dx, z,a + bx)

/csc_l(a + bz)3dx =

_ Subst ( [ z* co’lc)(x) csc(z) dz, z, csc™ (a + b))

_ (a+bz)csc(a+ bz)? Ii 3Subst ( [ z* csc(z) da: z,csc” (a + br))
b

_ (a+bx)csc(a+ bx)? N 6csc™'(a + bz)” tanh ™ (ewsc_l(wbx)) N 6Subst ([ zlog
b

_ (a+bx)esca+ ba)? 6 csc™(a + bx)? tanh ™! <e”sc_1(“+b“")> 6icsc™!(a + bz
b

_ (a+bz)csc(a+ bz)? N 6 csc™'(a + bx)?tanh™! (e“sc*l(“*b“’)) 6icsc(a + bx
b

_ (a+bz)esc (a+ba)?  Oosc ~'(a +bz)* tanh™* (BZCSC_I(“JFI’”)) 6i csc (a + bz
b

Mathematica [A]
time = 0.08, size = 162, normalized size = 1.16

acse™(a+ ba)? + boese (a+ ba)® — 3ase (a+ ba)?log (1= el 449) 4 3cse (a+ ba)? log (1 4+ €% '449)) — i cse (a + ba)PolyLog (2, e/ "¢442)) + i cse(a + ba)PolyLog (2, ¢/ '##42)) + 6PolyLog(3, —e'** (@) — GPolyLog(3, e "(@+4)
b

Antiderivative was successfully verified.

[In] Integrate[ArcCsc[a + b#*x]~3,x]

[Out] (axArcCscla + b*x]~3 + bxx*ArcCsc[a + bxx]~3 - 3*ArcCsc[a + bxx]~2xLog[l -
E~(I*ArcCsc[a + b*x])] + 3xArcCsc[a + b*x] 2xLog[1 + E~(I*ArcCsc[a + b*x])]

- (6%I)*ArcCsc[a + b*x]*PolyLog[2, -E~(I*ArcCscl[a + b*x])] + (6*I)*ArcCscl[

a + b*x]*PolyLog[2, E~(I*ArcCsc[a + b*x])] + 6*%PolyLog[3, -E~(I*ArcCscla +
b*x])] - 6*%PolyLog[3, E~(I*ArcCscla + b*x])])/b

Maple [A]
time = 1.15, size = 224, normalized size = 1.60

method result

arccsc(bz+a)® (bz+a)—3arcesc(bz+a)? ln< bora 1/ (bw+a) >+61arccsc(bz+a) polylog< N 1/
arccsc(bz+a)® (bz+a)—3arcesc(br+a)? ln< bz+a 1/ (ba:+a)2 >+6zarccsc(bz+a) polylog( bz+a 1/

derivativedivides

default
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)~3,x,method=_RETURNVERBOSE)

[Out] 1/b*(arccsc(b*x+a) ~3*(b*x+a)-3*arccsc(b*x+a) “2*x1n(1-I/(b*x+a)-(1-1/(b*x+a)”
2)~(1/2))+6*I*arccsc(b*x+a)*polylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))-6%po
lylog(3,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))+3*arccsc(b*x+a) “2*1n(1+I/ (b*x+a)+(
1-1/(b*x+a)~2)~(1/2))-6xI*arccsc(b*x+a)*polylog(2,-I/(b*x+a)-(1-1/(b*x+a)~2

)~ (1/2))+6*polylog(3,-I/(bxx+a)-(1-1/(b*x+a)~2)~(1/2)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~3,x, algorithm="maxima")

[Out] x*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))~3 - 3/4*x*arctan2(1l, sqrt
(bxx + a + 1)*sqrt(b*x + a - 1))*log(b~2*x"2 + 2%a*b*x + a~2)"2 - integrate
(3/4* (4% (b~3*x"3*arctan2(l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 3*axb™2x
x"2xarctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + a"3*arctan2(1, sqrt(b
*x + a + 1)*sqrt(bxx + a - 1)) + (3*a"2+arctan2(1l, sqrt(b*x + a + 1)*sqrt(b
*x + a - 1)) - arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x - axarc
tan2(1, sqrt(b*x + a + 1)x*sqrt(b*x + a - 1)))*log(b*x + a)~2 - (4xbxx*arcta
n2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - bxx*log(b~2*x"2 + 2*axb*x +
a”2)"2)*sqrt(b*x + a + 1)*sqrt(b*x + a - 1) - 4x(b~3*x"3*arctan2(1, sqrt(b*
X + a + 1)*sqrt(b*x + a - 1)) + 2*a*b~2*x"2*arctan2(l, sqrt(b*x + a + 1)*sq
rt(b*x + a - 1)) + (a"2*xarctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - a
rctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x + (b~3*x"3*arctan2(1, s
qrt(b*xx + a + 1)*sqrt(b*x + a - 1)) + 3*a*b”~2*x"2xarctan2(1l, sqrt(b*x + a +

1) *sqrt(b*x + a - 1)) + a~3*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)
) + (3*%a"2*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - arctan2(1, sqr
t(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x - ak*arctan2(1l, sqrt(b*x + a + 1)*sqr
t(b*xx + a - 1)))*log(b*x + a))*log(b~2*x~2 + 2*axbxx + a~2))/(b"3*x"3 + 3*a
*b"2%x"2 + a”3 + (3*%a”2 - 1)*b*x - a), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~3,x, algorithm="fricas")



[Out] integral(arccsc(b*x + a)~3, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ acsc® (a + bz) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)**3,x)

[Out] Integral(acsc(a + b*x)**3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~3,x, algorithm="giac")
[Out] integrate(arccsc(b*x + a)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1 3
/asin( ) dz
a+bzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1/(a + b*x))~3,x)
[Out] int(asin(1/(a + b*x))~3, x)

205
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3.36 f cse™ 1 (a+bx)3 dx

X
Optimal. Leaf size=448

iaetcsc L(a+bzx)

1++vV1—a?

iaetcsc” L(a+bx)

1—+v1—a2

CSC_l(a+sz')3 log (1 + > +CSC_1(a+b.’I})3 IOg (1 + ) —CSC_l(a+b.'I})3 IOg (1 . ezic

[Out] -arccsc(b*x+a) ~3*1n(1-(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))~2)+arccsc(b*x+a) 3%
1n(1+Ixa* (I/(b*xx+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/2)))+arccsc(b*x+a
) ~3%1n(1+I*a*x(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1)~(1/2)))+3/2*I*ar
ccsc(b*x+a) “2*polylog(2, (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))~2)-3*I*arccsc(b*x
+a) "2*%polylog(2,-I*a*(I/(bxx+a)+(1-1/(bxx+a)~2)~(1/2))/(1-(-a"2+1)~(1/2)))-
3xIxarccsc(b*x+a) "2*polylog(2,-I*a*(I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a
~2+1)~(1/2)))-3/2*arccsc(b*x+a) *polylog(3, (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))
~2)+6*xarccsc(b*x+a)*polylog(3,-Ixax(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a
~2+1)~(1/2)) ) +6*arccsc(b*x+a) *polylog(3,-I*ax(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/
2))/(1+(-a"2+1)~(1/2)))-3/4*I*polylog(4, (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))"2
)+6*%I*polylog(4,-I*a*(I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a"2+1)~(1/2)))+
6*xIxpolylog(4,-TI*xa*x(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a~2+1)~(1/2)))
Rubi [A]

time = 0.39, antiderivative size = 448, normalized size of antiderivative = 1.00, number of

_ _ ; e number of rules _
steps used = 20, number of rules used = 10, integrand size = 12, integrand size 0.833,

Rules used = {5367, 4648, 4625, 3798, 2221, 2611, 6744, 2320, 6724, 4615}

Antiderivative was successfully verified.
[In] Int[ArcCscl[a + b*x]~3/x,x]

[Out] ArcCscla + b*x]~3*Log[l + (I*axE~(I*ArcCscl[a + b*x]))/(1 - Sqrt[1l - a~2])]
+ ArcCscla + b*x]~3*Log[l + (I*a*xE~(I*ArcCscla + b*x]))/(1 + Sqrt[1 - a~2])
] - ArcCsc[a + bxx]~3%Logl[l - E~((2*I)*ArcCsc[a + b*x])] - (3*I)*ArcCscla +
bxx] “2xPolyLog[2, ((-I)*a*E~(I*ArcCscl[a + b*x]))/(1 - Sqrt[1 - a~2])] - (3
*xI)*ArcCsc[a + b*x]“2#PolyLog[2, ((-I)#*a*E~(I*ArcCsc[a + b*x]))/(1 + Sqrt[1
- a"2])] + ((3*I)/2)*ArcCsc[a + b*x]“2*PolyLog[2, E~((2*I)*ArcCsc[a + bxx]
)] + 6xArcCsc[a + b*x]*PolyLog[3, ((-I)*a*xE~(I*ArcCscla + b*x]))/(1 - Sqrtl[
1 - a”2])] + 6xArcCsc[a + b*x]*PolyLog[3, ((-I)*a*E~(I*ArcCscla + bxx]))/(1
+ Sqrt[1 - a"2])] - (3*ArcCsc[a + b*x]*PolyLog[3, E~((2*I)*ArcCscl[a + b*x]
)1)/2 + (6*%I)*PolyLogl[4, ((-I)*a*E~(I*ArcCscl[a + b*x]))/(1 - Sqrt[1l - a~2])
1 + (6%I)*PolyLog[4, ((-I)*a*E~(I*ArcCscl[a + b*x]))/(1 + Sqrt[1l - a~2])] -
((3%I)/4)*PolyLog[4, E~((2*I)*ArcCscl[a + b*x])]

Rule 2221
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Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~"m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(a_)]1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) “n]/(b*cxnxLog[F])), x] + Dist[gx(m/(b*c*n*xLog[F])), Int[(f + g*x)~(m
- 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl], x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3798

Int[((c_.) + (@_.)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 :> Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E~ (2% I*k*Pi)*(E~(2%I*(e + f*x))/(1 + E~(2*I*k*Pi)*E~(2*I*(e + f*x)))), x],
x] /; FreeQl{c, d, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4615

Int[(Cos[(c_.) + (d_.)*(x_)]1*((e_.) + (£_)*(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[(-I)*((e + f*x)~"(m + 1)/(bxfx(m + 1
))), x] + (Int[(e + f*x) " m*x(E~(I*(c + d*x))/(a - Rt[a"2 - b"2, 2] - I*b*xE~(
Ix(c + d*x)))), x] + Int[(e + f*x) m*x(E~(I*(c + d*x))/(a + Rt[a"2 - b~2, 2]
- I*b*E~(Ix(c + d*x)))), x]) /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, O]
&& PosQ[a"2 - b~2]

Rule 4625

Int[(Cot[(c_.) + (d_.)*(x_)]1 " (n_.)*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.
)*¥Sin[(c_.) + (d_.)*(x_)]), x_Symbol] :> Dist[1/a, Int[(e + f*x) m*Cot[c +
d*x]"n, x], x] - Dist[b/a, Int[(e + f*x) m*Cos[c + d*x]*(Cot[c + d*x]~(n -
1)/(a + bxSin[c + d*x])), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && IGtQ[m,
0] && IGtQ[n, O]



208

Rule 4648

Int[((Ce_.) + (£_)*x )" (m_)*F_)[(c_.) + (@_D)*&)D]1"(@_.)*G ) [(c_.) +

(d_)*(x)]1"(p_.))/(Cscl(c_.) + (d_.)*(x_)]1*(b_.) + (a_)), x_Symbol] :> In
t[(e + f*x)"m*Sin[c + d*x]*F[c + d*x] n*(G[c + d*x] p/(b + a*Sin[c + d*x]))
, x] /; FreeQl{a, b, ¢, d, e, £}, x] && TrigQ[F] && TrigQ[G] && IntegersQ[m
, 0, pl

Rule 5367

Int[((a_.) + ArcCsc[(c_ ) + (d_.)*(x_)1*(b_.))"(p_)*((e_.) + (f£_.)*(x_)) " (m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - c*f + f*Csc[x])™m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, d
> €, I, P}, X] && EqQ[b*d, a*e]

Rule 6744

Int[((e_.) + (£_.)*(x_))"(m_.)*Polylogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*(F~(c*(a
+ b*x)))~pl/(bxcxp*Log[F])), x] - Dist[f*(m/(bxcxp*Logl[F])), Int[(e + fxx)~
(m - 1)*PolyLogln + 1, d*(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, 0]

Rubi steps
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time = 0.22, size = 554, normalized size = 1.24

Antiderivative was successfully verified.

[In] Integrate[ArcCscl[a + b*x]~3/x,x]

[Out] (I/8)*Pi~4 - (I/4)*ArcCscl[a + b*x]~4 - ArcCsc[a + b*x]~3xLog[l - E~((-I)*Ar
cCscla + b*x])] - ArcCsc[a + b*x]~3xLog[1 + E~(I*ArcCsc[a + bxx])] + ArcCsc
[a + b*x]"3*Log[1l - (I*a*E~(I*ArcCscla + b*x]))/(-1 + Sqrt[1l - a”2])] + Arc
Cscla + b*x]~3*Log[1l + (I*axE~(I*ArcCscla + b*x]))/(1 + Sqrt[1l - a~2])] - (
3*I)*ArcCsc[a + b*x]~2xPolyLog[2, E~((-I)*ArcCsc[a + b*x])] + (3*I)*ArcCscl
-E~(I*ArcCsc[a + b*x])] - (3*I)*ArcCscl[a + b*x] ~2%Pol

a + bxx]~2xPolyLogl[2,
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xArcCsc[a + b*x]*PolyLog[3, E~((-I)*ArcCsc[a + b*x])] - 6*%ArcCscl[a + b*x]*P
olyLog[3, -E~(IxArcCsc[a + b*x])] + 6xArcCsc[a + b*x]*PolyLog[3, (I*axE~(Ix
ArcCscla + b*x]))/(-1 + Sqrt[1 - a~2])] + 6*ArcCsc[a + b*x]*PolyLog[3, ((-I
)*axE~(I*ArcCscla + b*x]))/(1 + Sqrt[1 - a~2])] + (6*I)*PolyLogl[4, E~((-I)*
ArcCscla + b*x])] - (6xI)*PolyLog[4, -E~(IxArcCscl[a + b*x])] + (6*I)*PolyLo
gl4, (I*xa*E~(I*ArcCscla + b*x]))/(-1 + Sqrt[1 - a~2])] + (6%I)*PolyLogl[4, (
(-I)*a*E~ (I*ArcCsc[a + b*x]))/(1 + Sqrt[1 - a~2])]

Maple [F]
time = 2.53, size = 0, normalized size = 0.00
3
/ arccsc(bz + a) i
x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)~3/x,x)
[Out] int(arccsc(b*x+a)~3/x,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~3/x,x, algorithm="maxima")
[Out] integrate(arccsc(b*x + a)~3/x, x)
Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~3/x,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)~3/x, x)

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ acsc® (a + bx) i

T

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(acsc(b*x+a)**3/x,x)

[Out] Integral(acsc(a + b*x)**3/x, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~3/x,x, algorithm="giac")
[Out] integrate(arccsc(b*x + a)~3/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

1

/ ausin(awrm)3 i

T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1/(a + b*x))~3/x,x)
[Out] int(asin(1/(a + b*x))~3/x, x)

211



212

3.37 f cse™ 1 (a+bx)3 dx

2
Optimal. Leaf size=378
icse™1 (a+bx)

: -1 21 1 iae : -1 21 1
bese(a + bz)* csc(a + ba)? 3ibcsc(a + bx)? log ( + 1—@) 3ibcsc(a + bx)? log < +

a v = " =
[Out] -b*arccsc(b*x+a)~3/a-arccsc(b*x+a) ~3/x-3*I*b*arccsc(b*x+a) “2*1n(1+I*a*x(I/(b
*xx+a)+(1-1/ (b*x+a)~2)~(1/2))/(1-(-a~2+1)~(1/2)))/a/(-a~2+1) ~(1/2) +3*xIxb*arc
csc(b*x+a) "2x1n (1+I*a*(I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a"2+1)~(1/2)))
/a/(-a~2+1)~(1/2) -6*b*arccsc(b*x+a) *polylog(2,-I*a*x(I/(b*x+a)+(1-1/(b*x+a)~
2)7(1/2))/(1-(-a~2+1)"(1/2)))/a/(-a~2+1) " (1/2) +6*b*arccsc (b*x+a) *polylog(2,
-Ixax(I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2))/(1+(-a"2+1)"(1/2))) /a/(-a"2+1) " (1/2)
-6xIxbxpolylog(3,-I*a*(I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1-(-a"2+1)~(1/2)))
/a/(-a~2+1)~(1/2)+6*I*b*polylog(3,-I*a* (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))/(1
+(-a™2+1)7(1/2)))/a/(-a"2+1)~(1/2)
Rubi [A]
time = 0.42, antiderivative size = 378, normalized size of antiderivative = 1.00, number of

steps used = 14, number of rules used = 9, integrand size = 12, nllrllltlgc);%r?cfl 1;111Zlgs = 0.750,

Rules used = {5367, 4512, 4276, 3404, 2296, 2221, 2611, 2320, 6724}

5 cse-1 )L, [ — iaetee et s i, [ —dneieHarin) ibLis [ — iact ettt sibLin [ — iaetes Maton) 3ibese—! )2 igetese (atb) 3ibese—! )2 igeteee (atbe)
6bcsc(a +bL)LIQ< ﬁ) N 6bese (a+ bL)le( — “) B mbLn( S — ) N mbLn( — “) _ dibose (a+ba)?log (1 + ﬁ) N 3ibese™ (a + bz)2log (1 + ﬁ) s ot b oseat b
aVv1l—a? avl—a? aVvl—a? aVvl—a? aVvl—a? aVvl—a? a z

Antiderivative was successfully verified.
[In] Int[ArcCscl[a + b*x]~3/x"2,x]

[Out] -((b*ArcCsc[a + b*x]~3)/a) - ArcCscl[a + b*x]~3/x - ((3*I)*bxArcCscla + b*x]
~2xLog[1 + (I*a*E~(I*ArcCscla + b*x]))/(1 - Sqrt[1l - a~2])]1)/(a*Sqrt[1l - a~

2]) + ((3%I)*b*ArcCscl[a + b*x]~2xLog[l + (I*a*E~(I*ArcCscla + b*x]))/(1 + S
qrt[1 - a~2])]1)/(a*Sqrt[1 - a~2]) - (6*%bxArcCsc[a + b*x]*PolyLog[2, ((-I)*a
*E~(IxArcCsc[a + b*x]))/(1 - Sqrt[l - a~2])])/(a*Sqrt[1 - a~2]) + (6*b*ArcC

sc[a + b*xx]*PolyLog[2, ((-I)*a*E~(I*ArcCscl[a + b*x]))/(1 + Sqrt[l - a~2])])
/(axSqrt[1 - a~2]) - ((6+I)*bxPolyLog[3, ((-I)*a*E~(I*ArcCscla + bxx]))/(1

- Sqrt[1 - a~2])])/(a*Sqrt[1 - a~2]) + ((6*I)*bxPolyLogl[3, ((-I)*a*E~(I*Arc
Cscla + b*x]))/(1 + Sqrt[1 - a~2])])/(a*Sqrt[1 - a~2])

Rule 2221

Int [CC(F)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol]l :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*x(e + f*x)
))"n/a)l, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]
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Rule 2296

Int [((F_)~(u)*((f_.) + (g_.)*(x_)) " (m_.))/((a_.) + (b_.)*(F_)~(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b"2 - 4xa*c, 2]}, Dist[2*(c/q), Int[
(f + g*xx)"m*(F"u/(b - q + 2%cxF~u)), x], x] - Dist[2x(c/q), Int[(f + g*x)"m
*(F~u/(b + q + 2%¥cxF"w)), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] & EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] & !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))=*
(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2611

Int[Log[l + (e_.)*((F_)~((c_.)*((a_.) + (b_)* NN~ (_)I*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x))) “n]/(bxc*n*Log[F])), x] + Dist[gx(m/(bxc*n*Log[F])), Int[(f + g*x) (m
- 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e,
f, g, n}, x] & GtQ[m, O]

Rule 3404

Int[((c_.) + (d_.)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]), x_Sy
mbol] :> Dist[2, Int[(c + d*x) m*x(E~(Ix(e + f*x))/(I*b + 2xa*xE~(I*(e + f*x)
) - IxbxE~(2*%Ix(e + f*x)))), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[
a~2 - b~2, 0] && IGtQ[m, O]

Rule 4276

Int[(cscl(e_.) + (£_)*(x_)]*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*x(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rule 4512

Int[Cot[(c_.) + (d_.)*(x_)]*Csc[(c_.) + (d_.)*(x_)]*(Cscl(c_.) + (d_.)*(x))
1x(b_.) + (@) " (a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e +
fxx) m)*((a + bxCsclc + d*x])~(n + 1)/(bxd*x(n + 1))), x] + Dist[f*(m/(b*xd*(
n+ 1)), Int[(e + f*x)"(m - 1)*(a + bxCsc[c + d*x])~(n + 1), x], x] /; Fre
eQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]
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Rule 5367

Int[((a_.) + ArcCscl(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(m
_.), x_Symbol] :> Dist[-(d"(m + 1))~ (-1), Subst[Int[(a + b*x) p*Csc[x]*Cot[
x]*(d*e - cxf + f*Csc[x])"m, x], x, ArcCsclc + d*x]], x] /; FreeQ[{a, b, c,
d, e, f}, x] &% IGtQ[p, 0] && IntegerQ[m]

Rule 6724

Int [PolyLog[n_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*x(a + b*x)~pl/(exp), x] /; FreeQl[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps
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B a T a

_bescl(a+bx)®  cscTl(a+ ba)? (6ib)Subst (f 2241 — a2 4 2iacic dz, T, csc”

’ v Vi—a
. _icsc™1(atbx
3'Lb CSC_l((Z + bx)z log 1 + iae (a+b )>
_|_

_bescl(a+bx)®  cscl(a+bx)® 1-vV1 — a2

‘ v -
; z'csc_1 a+bx

. 3ibese\(a + bx)?log (1 N $>

- +

1-v1 —a?

_bescM(a+bx)®  cscT'(a + bx)

a z avl1—a?

: -1
3 b -1 b 2 1 1 jaetcsc  (atbz)
_besc(a+bx)®  cscT(a+ ba)? ibese™(a +bo) log | 1+ 1-v1 — a2

a z aVvl1—a?

- ; icsc_1 a+bx
3ibesc™(a + bx)? log (1 4 daetese (athn) “’))
+

1-v1 —a?

_bescM(a+bx)®  cscT!(a + bx)’

a T aV1—a?

Mathematica [A]
time = 0.34, size = 289, normalized size = 0.76

o - - - - -
A (17 Mm)i I <1+ w.,)q (ersmyPolyLo (2, (w,>+2, (erbmPolyLo (:, ‘"'“”)upm o (3» (am)izpol o (37 W.MD
(atbr) csc M (atba)s | ' (Cw e 1—a? o * 1—a e lenmToV08 /l—a? ot TOV 08 V1 —a? . —1:V1 —a? yhoe i—a?
z V1-—a?

Antiderivative was successfully verified.

[In] Integrate[ArcCscla + b*x]~3/x72,x]

[Out] -((((a + bxx)*ArcCscl[a + b*x]~3)/x + ((3*I)*b*(ArcCsc[a + bxx]~2xLog[l - (I
*xaxE~ (IxArcCsc[a + b*x]))/(-1 + Sqrt[1 - a”2])] - ArcCscla + b*x] 2*Log[1l +
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(Ixa*xE~(IxArcCscla + b*x]))/(1 + Sqrt[1l - a~2])] - (2xI)*ArcCscla + b*x]*P
olyLog[2, (I*a*E~(I*ArcCscla + b*x]))/(-1 + Sqrt[1 - a~2])] + (2xI)*ArcCscl
a + b*x]*PolyLog[2, ((-I)*a*E~(I*ArcCscla + b*x]))/(1 + Sqrt[l - a"2])] + 2
*PolyLog[3, (I*a*E~(I*ArcCscl[a + b*x]))/(-1 + Sqrt[1l - a~2])] - 2*PolyLogl[3
, ((-I)*a*E~(I*ArcCsc[a + b*x]))/(1 + Sqrt[l - a~2])]1))/Sqrtl[l - a~2])/a)
Maple [F]
time = 2.86, size = 0, normalized size = 0.00

/ arcesc(bz + a)® i

T2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)~3/x"2,x)
[Out] int(arccsc(b*x+a)~3/x72,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~3/x72,x, algorithm="maxima")

[Out] -1/4%(4*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))73 - 3*xarctan2(1, sq
rt(b*x + a + 1)*sqrt(b*x + a - 1))*log(b™2%x"2 + 2xa*b*x + a~2)"2 - 4#x*int
egrate(-3/4*(4x(b~3*x"3*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 3
*axb~2*x"2*arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + a~3*arctan2(1,
sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + (3*a"2*arctan2(1, sqrt(b*x + a + 1)
xsqrt(b*xx + a - 1)) - arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x
- axarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*log(b*x + a)~2 + (4xbx
xxarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1))72 - bxxxlog(b"2*x"2 + 2*a
*bxx + a”2)"2)*sqrt(b*x + a + 1)*sqrt(b*x + a - 1) + 4x(b~3*x"3*arctan2(1,
sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 2*%a*b"2*x"2*arctan2(1, sqrt(b*x + a
+ 1)*sqrt(b*x + a - 1)) + (a"2xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a -
1)) - arctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x - (b~3*x"3*arcta
n2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + 3*axb~2*x"2*arctan2(1, sqrt(b*
X + a + 1)*sqrt(b*x + a - 1)) + a"3xarctan2(1, sqrt(b*x + a + 1)*sqrt(b*x +
a - 1)) + (3*a~2*arctan2(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) - arctan2
(1, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)))*b*x - a*arctan2(1l, sqrt(b*x + a +

1) *sqrt(bxx + a - 1)))*log(b*x + a))*log(b~2*x"2 + 2*a*b*x + a~2))/(b~3*x~
5 + 3*%axb™2*xx"4 + (3*%a"2 - 1)*b*x"3 + (2”3 - a)*x"2), x))/x

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~3/x"2,x, algorithm="fricas")

[Out] integral(arccsc(b*x + a)~3/x72, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

3
/ acsc (a2 + bx) i
T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)**3/x**2,x)

[Out] Integral(acsc(a + b*x)**3/x**2, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)~3/x"2,x, algorithm="giac")
[Out] integrate(arccsc(b*x + a)~3/x72, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

1)3

asin (
a+bzx d
—— ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(1/(a + b*x))~3/x"2,x)
[Out] int(asin(1/(a + b*x))~3/x"2, %)
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3.38 [z?csc™ (a + bz*) dz

Optimal. Leaf size=48

tanh_l 1-— ;42
(a+ bz*)csc™! (a + bx?) N (a + bz*)
4b 4b

[Out] 1/4%(b*x"4+a)*arccsc(b*x"4+a)/b+1/4*arctanh((1-1/(b*x"4+a)~2)~(1/2))/b

Rubi [A]
time = 0.05, antiderivative size = 48, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.500,

steps used = 6, number of rules used = 6, integrand size = 12,
Rules used = {6847, 5359, 379, 272, 65, 212}

tanh_l 1-— ;42
(a + bx?) csc™! (a + bz?) N (a + bz*)
4b 4b

Antiderivative was successfully verified.
[In] Int[x"3*ArcCsc[a + b*x"4],x]

[Out] ((a + b*x"4)*ArcCscl[a + b*x"4])/(4xb) + ArcTanh[Sqrt[1 - (a + b*x"4)~(-2)]]
/ (4xb)

Rule 65

Int[((a_.) + (b_.)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] |l LtQ[b, 01)

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 379
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Int[(u_)"(m_.)*((a_) + (b_.)*(v_)"(n_))"(p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]1*v"m), Subst[Int[x"m*(a + b*x"n)"p, x], x, v], x] /; FreeQ[{
a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 5359

Int[ArcCscl[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d*x)*(ArcCscl[c + dxx]
/d), x] + Int[1/((c + d*x)*Sqrt[1 - 1/(c + d*x)~2]), x] /; FreeQ[{c, d}, x]

Rule 6847
Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +

1), u, x], x], x, x“(m + 1)), x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQx"(m + 1), u, x]

Rubi steps

1
/m3 csc! (a+ bm4) dr = ZSubst </ csc ' (a + bx) dz, =, $4>

_(a+bzY)csc! (a+bzt) | 1
= 1 + 4Subst
(a + bx) )2
Subst | [ —-— dz,z,a+ bz )
_(a+ bz*)csc™ (a + bz?) N \ 1- ﬁ ’
4b 4b

(a+bx*)csc! (a+bat) Subst (f \/sz dz, z, W
4b b

d:vz:v

Subst| [ 5 dz,z, /1 — ;2
(a + bx*) csc™! (a + bzt) N (a + bz*)

4b 4b
tanh_l 1-— ;42
(a+ bz*)csc™! (a + bx?) N (a + bz?)
N 4b 4b

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 127 vs. 2(48) =
96.




220

time = 0.17, size = 127, normalized size = 2.65

-1+ (a + b.’L‘4)2 —log [1- a+bzt ] +log [ 1+ a+bz? ‘
(a+ bz*) csc™! (a + bat) 4 \/—1 + (a + bzt)? \/—1 + (a + bzt)?

1
(a+ bzt)?

4b
8b(a+bxt) /11—

Antiderivative was successfully verified.

[In] Integrate[x~3*ArcCscl[a + b*x"4],x]

[Out] ((a + b*x"4)*ArcCscla + b*x~4])/(4*b) + (Sqrt[-1 + (a + b*x"4)~2]*(-Logl[l -
(a + b*x"4)/Sqrt[-1 + (a + b*x"4)"2]] + Log[l + (a + b*x"4)/Sqrt[-1 + (a +
b*xx~4)~2]1))/(8*b*(a + b*x~4)*Sqrt[1 - (a + b*xx"4)~(-2)])

Maple [A]
time = 0.08, size = 54, normalized size = 1.12
method result size
arcesc(bz*+a) (ba*+a)+In <bw4+a+ (bzt+a) ~ aiia >
\/ (bz*+a) 54
)

derivativedivides T3
(

1 _15
\/ 1- (bz41+a)E )
54

Verification of antiderivative is not currently implemented for this CAS.

arccsc (b a:4+a) (b m4+a) +In <b z*+a+(bzt+a
default o3

[In] int(x"3*arccsc(b*x~4+a),x,method=_RETURNVERBOSE)
[Out] 1/4/v*(arccsc(b*x~4+a)*(b*x~4+a)+1n(b*x"4+a+(b*x~4+a)*(1-1/(b*xx~4+a)~2)"(1/
2)))

Maxima [A]
time = 0.26, size = 63, normalized size = 1.31

1 | 1 |
2 (bz* + a) arcesc (bz* + a) + log <\/—m+l +1> —log (—\/—m—Fl +1>

8b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(b*x~4+a),x, algorithm="maxima")
[Out] 1/8%(2*(b*x~4 + a)*arccsc(b*x™4 + a) + log(sqrt(-1/(b*x"4 + a)"2 + 1) + 1)
- log(-sqrt(-1/(b*x"4 + a)"2 + 1) + 1)) /b
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Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 88 vs.

2(42) = 84.
time = 0.37, size = 88, normalized size = 1.83

bz* arcesc (bz* + a) — 2 a arctan <—bw4 —a+ V2B + 2abzt + a2 — 1'> —log (—bz4 —a+ Vb8 + 2abat + a2 — 1‘)
4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(b*x~4+a),x, algorithm="fricas")
[Out] 1/4*(b*x"4*arccsc(b*x™4 + a) - 2*axarctan(-bxx~4 - a + sqrt(b~2*x"8 + 2xax*b
*Xx"4 + a”2 - 1)) - log(-b*x"4 - a + sqrt(b”2*xx"8 + 2*axb*x"4 + a”2 - 1)))/b

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*acsc(b*x**4+a),x)

[Out] Timed out
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 91 vs. 2(42) = 84.
time = 0.50, size = 91, normalized size = 1.90

1 1
2 (bx* + a) arcsin ( ——— L — log | /———; s+1 +1) —log| —/————5+1 +1
(bat+a) ( 1)-a N (bz* + a) (bz* + a)

—a
bzlta

1
8 b b2 b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arccsc(b*x~4+a),x, algorithm="giac")

[Out] 1/8*b*(2*(b*x"4 + a)*arcsin(-1/((b*x~4 + a)*(a/(b*x"4 + a) - 1) - a))/b"2 +
(log(sqrt(-1/(b*x"4 + a)"2 + 1) + 1) - log(-sqrt(-1/(b*x"4 + a)"2 + 1) + 1

))/v72)

Mupad [B]
time = 1.03, size = 44, normalized size = 0.92

atanh
-
(bz* + a)® N asin (571 ) (ba* +a)
4b 4b
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*asin(1/(a + b*x~4)),x)

[Out] atanh(1/(1 - 1/(a + b*x"4)"2)"(1/2))/(4xb) + (asin(1l/(a + b*x"4))*(a + b*x~
4))/(4%b)
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3.39 [z csc™t (a + bx™) dz

Optimal. Leaf size=48

tanh~t | J1—
(a+ bz™) csc™t (a + bz™) (a+ bz™)
_I_
bn bn

[Out] (at+b*x~n)*arccsc(atb*x~n)/b/n+arctanh((1-1/(a+b*x"n)~2)~(1/2))/b/n

Rubi [A]
time = 0.05, antiderivative size = 48, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.429,

steps used = 6, number of rules used = 6, integrand size = 14,
Rules used = {6847, 5359, 379, 272, 65, 212}

banh ™ ( J1- L
(a+ bz™) csc™! (a + bz™) (a + bz")
_|_
bn bn

Antiderivative was successfully verified.
[In] Int[x~(-1 + n)*ArcCsc[a + b*x"n],x]

[Out] ((a + b*x"n)*ArcCsc[a + b*x"n])/(b*n) + ArcTanh[Sqrt[1 - (a + b*x"n)~(-2)]]
/ (b*n)

Rule 65

Int[((a_.) + (b_.)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[

{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*(c - a*x(d/b) +
dx(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ

[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 379
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Int[(u_)~"(m_.)*((a_) + (b_.)*(v_)"(n_))"(p_.), x_Symbol] :> Dist[u"m/(Coeff
icient[v, x, 1]1*v°m), Subst[Int[x"m*(a + b*x"n)"p, x], x, v], x] /; FreeQ[{
a, b, m, n, p}, x] && LinearPairQ[u, v, x]

Rule 5359

Int[ArcCsc[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d*x)*(ArcCscl[c + d*x]
/d), x] + Int[1/((c + d*x)*Sqrt[1 - 1/(c + d*x)~2]), x] /; FreeQ[{c, d}, x]

Rule 6847
Int[(u_)*(x_)"(m_.), x_Symbol] :> Dist[1/(m + 1), Subst[Int[SubstFor[x~(m +

1), u, x], xI, x, x“(m + 1)1, x] /; FreeQ[m, x] && NeQ[m, -1] && FunctionO
fQx"(m + 1), u, x]

Rubi steps

Subst( [ csc™!(a + bz) dz, z, ")

/z‘”” csc™! (a + br") dx =

-dz, T, "

Subst | [
1
(atbo) g |1 — ———5
_ (a+bz™)csc! (a+ bz™) N (a+ bzx)

bn n
Subst | [ 1 - dz,z,a+ bz"
(a+ bz™) csc™ (a + bz™) 1- 22 °
= +
bn bn
1 1
_ (a+bz™)csc! (a+ bz™) B Subst (f N dz, z, (a+bw")2)
B bn 2bn
Subst | [ 25 dz,z, |1 — ;2
(a + bz") csc™! (a + bz™) (a + bz™)
= +
bn bn
tanh™* 1— ;2
(a + bz™) csc™! (a + bz™) (a4 bz")
= +
bn bn

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 130 vs. 2(48) =
96.
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time = 0.19, size = 130, normalized size = 2.71

\/—1+ (a+ bzn)? (— log (1 - \/ actber ) + log (1 + atbo™ ) )

(@ + bz") csc™! (a + bz™) + ~1+ (a+ ban)? \/—1 + (a + bz)®
bn b b 1
%bn,(a+ ban) | |1 —
n(a+bo") (a + bzn)?

Antiderivative was successfully verified.

[In] Integrate[x~(-1 + n)*ArcCsc[a + b*x"n],x]

[Out] ((a + b*x"n)*ArcCsc[a + b*x"n])/(b*n) + (Sqrt[-1 + (a + b*x"n)~2]*(-Log[1l -
(a + b*x"n)/Sqrt[-1 + (a + b*x"n)"2]] + Log[l + (a + b*x"n)/Sqrt[-1 + (a +
b*x"n)~2]1))/(2*b*n*(a + b*x"n)*Sqrt[1 - (a + b*x"n)~(-2)])

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

/ " arcesc(a + bx™) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(-1+n)*arccsc(a+b*x"n),x)
[Out] int(x~(-1+n)*arccsc(a+b*x"n),x)

Maxima [A]
time = 0.27, size = 66, normalized size = 1.38

1 | 1 |
2 (bx™ + a) arccsc (bz™ + a) + log (\/_(b—i—)Q—'_l +1> — log (—\/—M—I—l +1>
" +a " +a
2bn

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+n)*arccsc(a+b*x"n),x, algorithm="maxima")
[Out] 1/2%(2*(b*x™n + a)*arccsc(b*x™n + a) + log(sqrt(-1/(b*x™n + a)”2 + 1) + 1)
- log(-sqrt(-1/(b*x™n + a)~2 + 1) + 1))/ (b*n)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 94 vs.
2(46) = 92.
time = 0.39, size = 94, normalized size = 1.96

ba™ arcesc (bz™ + a) — 2 a arctan (—bx" —a+ Vb2 + 2abz" + a2 — 1‘) — log (—bx" —a+ Vb2 + 2abz + a2 — 1‘>
bn

Verification of antiderivative is not currently implemented for this CAS.



226

[In] integrate(x~(-1+n)*arccsc(a+b*x"n),x, algorithm="fricas")

[Out] (b*x"n*arccsc(b*x™n + a) - 2xaxarctan(-b*x"n - a + sqrt(b™2*x~(2*n) + 2*a*b
*x™n + a”2 - 1)) - log(-b*x"n - a + sqrt(b”2*x~(2*n) + 2xa*b*x™n + a~2 - 1)

))/ (b*n)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(-1+n)*acsc(a+b*x**n),x)

[Out] Exception raised: SystemError >> excessive stack use: stack is 5008 deep

Giac [A]
time = 0.50, size = 74, normalized size = 1.54

1 L + 1‘ ! L + 1‘
- I ) 1| -log| =y [— 77— +1
2 (bz™+a) arcsin(ﬁ) " (b:])n + a) (bx" —+ CL)

b b2 52

2n
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(-1+n)*arccsc(a+b*x"n),x, algorithm="giac")

[Out] 1/2*%b*(2*(b*x"n + a)*arcsin(1/(b*x"n + a))/b~2 + (log(sqrt(-1/(b*x"n + a)~2
+ 1) + 1) - log(-sqrt(-1/(b*x™n + a)"2 + 1) + 1))/b"2)/n

Mupad [B]
time = 0.73, size = 42, normalized size = 0.88

atanh L +asin(3-=) (a+ba™)

\/1 __ 1
(a+bzxn)

bn

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(n - 1)*asin(1/(a + b*x"n)),x)
[Out] (atanh(1/(1 - 1/(a + b*x™n)"2)"(1/2)) + asin(1/(a + b*x"n))*(a + b*x"n))/(b

*n)
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3.40 [esc™? (ce”bx) dx

Optimal. Leaf size=85

i csc—l (Cea+bz)2 cse~ ! (Cea+bz) log (1 _ eQiCSC—l(cetH-bw)) iPolyLog (27 62icsc—1(cea+bz)>

% - b + %

[Out] 1/2*I*arccsc(c*exp(b*x+a)) ~2/b-arccsc(ckexp(b*x+a))*1n(1-(I/c/exp(b*x+a)+(1
-1/c”2/exp(b*x+a) ~2)~(1/2))~2) /b+1/2*%I*polylog(2, (I/c/exp(b*x+a)+(1-1/c"2/e
xp(b*x+a)~2)~(1/2))"2) /b

Rubi [A]

time = 0.06, antiderivative size = 85, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.700,

steps used = 7, number of rules used = 7, integrand size = 10
Rules used = {2320, 5327, 4721, 3798, 2221, 2317, 2438}

T 2 2i csc—1 (ceatbz . 2 -1 a+bx _ 2i csc—1 (ceatbe
iLis (e ( )> icscl (certbr)® oS (ce™)log (1 —e ( )

2b 2b b

Antiderivative was successfully verified.
[In] Int[ArcCsc[c*E~(a + b*x)],x]

[Out] ((I/2)*ArcCsc[c*E~(a + b*x)]~2)/b - (ArcCsc[c*E~(a + b*x)]*Logl[l - E~((2*I)
*ArcCsc[c*E~(a + b*x)])])/b + ((I/2)*PolyLogl[2, E~((2*I)*ArcCsc[c*E~(a + b*
x)1)1) /o

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))"n/a)l, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2320

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQl
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
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(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2438

Int[Logl(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E~ (2%I*k*Pi) * (E~(2*xIx(e + f*x))/(1 + E~(2%I*xk*Pi)*E~(2*xI*(e + f*x)))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4xk] && IGtQ[m, O]

Rule 4721

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x) nxCot[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 5327
Int[((a_.) + ArcCsc[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b

xArcSin[x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Rubi steps
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Subst ( i %1(””) dz, z, e““’””)

/ csc™! (ce®t) dx = >

Subst <f w dz, z, e‘“‘b’”>

b
Subst (fxcot(x) dz,z,sin™! (e_ac—bz>>
b
i sin—1 (e—“c"’”>2 (24)Subst (f % dz,z,sin™* (6_a bm))
2 " b
N2y [ emamte Q2isin (< =)
e (P () s
2 b
- (e—ac—‘””>2 sin-1 ( o—a— b:v) log< 2z'sin —a— bx ) zSubst< log(l z) d
= 2 - b
i sin-1 <e—ac—’w>2 sin™! ( e bz) log <1 _ e2isin S ) ( 2isin 1 (£
2 - b 2

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 280 vs. 2(85) =

170.
time = 0.46, size = 280, normalized size = 3.29

ot (4y/ZT @A) AreTan (V=T + @) (2br = log (o)) + VT = 26t (log? (¢%e449) — log (2e++49) log (} (1+ VI = X)) + 2log” (3 (1+ VI= 2eer) ) ) — 4/1= @e2er) PolyLog(2, } (1 - VI= 2w’ ))

zese™! (cet) +

o 2latb)
Bbr\ h- =

Antiderivative was successfully verified.

[In] Integrate[ArcCsc[c*E~(a + b*x)],x]

[Out] x*ArcCsc[c*E~(a + b*x)] + (E"(-a - b*x)*(4*Sqrt[-1 + c”2+xE~(2x(a + b*x))]*A
rcTan[Sqrt[-1 + c™2*E~(2*(a + b*x))]]*(2xb*x - Log[c™2+E~(2*(a + b*x))]) +

Sqrt[1 - c™2xE~(2*(a + b*x))]*(Logl[c™2*E~(2*(a + b*x))]"2 - 4xLog[c™2xE~ (2%

(a + b*x))]*Log[(1 + Sqrt[1l - c™2+#E~(2*(a + b*x))])/2] + 2xLogl[(1 + Sqrt[1

- ¢c"2*xE~(2x(a + b*x))])/2]172) - 4xSqrt[1 - c"2*E~(2x(a + b*x))]*PolyLog[2,

(1 - Sqrtl1l - c™2*xE~(2x(a + b*x))]1)/2]))/(8*b*c*Sqrt[1 - 1/(c"2*xE~(2x(a + b
*x)))])

Maple [A]
time = 1.21, size = 188, normalized size = 2.21
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method result
i ba+ta,)? bgp— —2bz—2 - _bo— :
reosene 9 (e2 C) —arccsc (ebx“'ac) In <1—Ze bcz *_4/1—¢ cz ‘ —arccsc (ebz"'“c) In| 14 : ¢ +14/1 — €
derivativedivides 5
. brta,)?2  _be— —2bz—2 o be— .
iarccsc (92 C) —_arecsc (eba:+ac) In <1_ ie CZ a 1 _ e CI; a —arcesc (ebz+ac) In| 1+ ie CID a n 1 _ e
default 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(exp(b*x+a)*c),x,method=_RETURNVERBOSE)

[Out] 1/b*(1/2*I*arccsc(exp(b*x+a)*c) 2-arccsc(exp(b*x+a)*c)*1n(1-I/exp(b*x+a)/c-
(1-1/exp(b*x+a)~2/c~2)~(1/2))-arccsc(exp(b*x+a)*c) *1n(1+I/exp(b*x+a) /c+(1-1
/exp(b*xx+a)~2/c~2)~(1/2))+I*polylog(2,I/exp(b*x+a)/c+(1-1/exp(b*x+a)~2/c”2)
~(1/2))+I*polylog(2,-I/exp(b*x+a)/c-(1-1/exp(b*x+a)~2/c"2)~(1/2)))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(c*exp(b*x+a)),x, algorithm="maxima")

[Out] 1/2%(2xb~2*c~2*integrate(x*e” (2xb*x + 2%a + 1/2*log(c*e”(b*x + a) + 1) + 1/
2xlog(c*xe”(b*x + a) - 1))/(c"2xe”(2xbxx + 2*a) + (c™2*%e” (2*%b*xx + 2%a) - 1)*
e"(log(cxe~(bxx + a) + 1) + log(cxe~(b*x + a) - 1)) - 1), x) - 2*I*b~2*c"2x
integrate(x*e” (2%b*x + 2xa)/(c"2*e” (2%bxx + 2%a) + (c™2*e” (2*b*x + 2xa) - 1

)*¥e~ (log(cxe™(b*x + a) + 1) + log(c*e™(b*x + a) - 1)) - 1), x) + I*b™2%x"2

- Ixbxx*log(c™2xe~(2xb*xx + 2%a)) + Ixb*x*xlog(c*e”(b*x + a) + 1) + Ix*bxxx*log
(-cxe“(b*x + a) + 1) - 2x((-I*a - arctan2(1l, sqrt(cxe”(b*x + a) + 1)*sqrt(c
xe~(bxx + a) - 1)))*b - Ixbxlog(c))*x + Ix*dilog(cxe~(b*x + a)) + Ixdilog(-c

*xe~ (b*x + a)))/b

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(c*exp(b*x+a)),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Error detected within library code: integ
rate: implementation incomplete (constant residues)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ acsc (ce®*™*) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(c*xexp(b*x+a)),x)

[Out] Integral(acsc(c*exp(a + b*x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(cxexp(b*x+a)),x, algorithm="giac")
[Out] integrate(arccsc(c*e”(b*x + a)), x)

Mupad [B]
time = 1.25, size = 91, normalized size = 1.07

. e—a—bz ) . e—a—bz s Ca—bz
polylog (2, ein(=) 2‘) 1i asin(e_a_”>2 1i In (1 _ min(=) 2‘) asin(e - )
+ 20 - b

2b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(exp(- a - b*x)/c),x)
[Out] (polylog(2, exp(asin(exp(- a - b*x)/c)*2i))*1i)/(2*%b) + (asin(exp(- a - b*x
)/c)~2%11)/(2%b) - (log(l - exp(asin(exp(- a - bx*x)/c)*2i))*asin(exp(- a -

b*x)/c)) /b
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3.41 | e05¢(a2) 2.2 e

Optimal. Leaf size=95

4 _ 123\ (1+3¢) csc™1(ax) 3 _ 3 9.5 _ i.,2icsc(ax) 8 _ 24i\ ,(143i)csc™(ax) 3 _ % A4.5 _ i.,2icscT
(5—%)e oF1(5— 3533 —35€ (E—%)e 2F1(5— 542 — 3¢

a3 a3

[Out] (4/5-12/5%I)*exp((1+3*I)*arccsc(a*x))*hypergeom([3, 3/2-1/2%I],[5/2-1/2%I],
(I/a/x+(1-1/a"2/x72)"(1/2))"2)/a"3+(-8/5+24/5*1) *exp ((1+3*I)*arccsc(a*x))*h
ypergeom([4, 3/2-1/2%I],[5/2-1/2*I],(I/a/x+(1-1/a"2/x"2)~(1/2))"2)/a"3

Rubi [A]

time = 0.08, antiderivative size = 95, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.400,

steps used = 6, number of rules used = 4, integrand size = 10,
Rules used = {5375, 12, 4559, 2283}

4 _ 125\ ,(143i)csc(az) 3 _ i 9.5 _ i. 2icsc (ax) 8 _ 24i) ,(143i)csc™(az) 3 _ i 4.5 _ i. 2icsc”(ax)
(5 5)6 2 P15 =535 —5e (5 5)e 2Fi{3 =545 —5€

a? a

Antiderivative was successfully verified.
[In] Int[E~ArcCscla*x]*x"2,x]

[Out] ((4/5 - (12%I)/5)*E~((1 + 3*I)*ArcCsc[a*x])*Hypergeometric2F1[3/2 - I/2, 3,
5/2 - 1/2, E~((2xI)*ArcCscla*x])])/a~3 - ((8/5 - (24xI)/5)*E~((1 + 3*I)*Ar
cCsc[a*x])*Hypergeometric2F1[3/2 - 1/2, 4, 5/2 - 1/2, E~((2*I)*ArcCsc[a*x])
1)/a"3

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]1]

Rule 2283

Int[((a_) + (b_)*(F_)"((e_.)*((c_.) + (d_.)*(x_))))~(p_)*(G_)~((h_.)*((f_.
) + (g_.)*(x_))), x_Symbol] :> Simp[a~p*(G~(h*(f + g*x))/(g*h*Log[G]))*Hype
rgeometric2F1[-p, gxh*(Log[G]/(d*e*Logl[F]l)), gxh*(Log[Gl/(d*exLogl[Fl)) + 1,
Simplify[(-b/a)*F~(ex(c + d*x))]], x] /; FreeQ[{F, G, a, b, c, d, e, £, g,
h, p}, x] & (ILtQ[p, 0] || GtQla, 0])

Rule 4559

Int[(F_)"((c_)*((a_.) + (b_.)*(x_)))*(G_)[(d_.) + (e_.)*(x_)]1"(m_.)*(H_) [(
d_.) + (e_.)*(x_)]"(n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(c*(a + b*x)),
G[d + exx] "m*H[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQ[
m, 0] & IGtQ[n, 0] &% TrigQ[G] && TrigQ[H]
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Rule 5375

Int[(u_.)*(£_)~(ArcCsc[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Dist[
-b~(-1), Subst[Int[(u /. x => -a/b + Csc[x]/b)*f~(c*x"n)*Csc[x]*Cot [x], x],
x, ArcCscla + b*xx]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rubi steps

et a) 2 Subst (f %&“3(”’) dz, z, csc_l(am)>
/e r’dr = — -

Subst ( | €” cot(z) csc®(z) dz, z, csc ™ (az))

ad

Subst(f ( 1600307 | _8eC0m ) da:,z,csc‘l(aw)>

(—14e2iz)? (—1+€2iz)3

a3
i) _ ( ES —
B 8Subst(f%dw,x,csc 1(ax)) 168ubst<f%;d$,x, csc 1(ax)>
- a3 o a3
(451 _ %) e(1+3i) csc~1(ax) 2F1 (% _ %’, 3, g _ %, eZicsc_l(am)) (% _ %ﬁ) e(1+3i) csc™(ax) 2F1'
N a? B ¢

Mathematica [A]
time = 0.34, size = 79, normalized size = 0.83

emﬂW%M+MkMKW”ﬂGG—i1%—%wmmﬂw)+ﬁﬁ6—am@%f%wﬁ+ﬁn@%f%wnn

2 " 2
12a3

Antiderivative was successfully verified.

[In] Integrate[E~ArcCsc[a*x]*x~2,x]

[Out] (E"ArcCsclaxx]*((4 + 4*I)*E~(I*ArcCsc[a*x])*Hypergeometric2F1[1/2 - I/2, 1,
3/2 - 1/2, E-((2xI)*ArcCscl[a*xx])] + a~3*x"3*%(5 - Cos[2*ArcCsc[a*x]] + Sin[
2%ArcCscla*xx]])))/(12*xa~3)

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

/earccsc(am)xZ dr

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arccsc(a*x))*x"2,x)



[Out] int(exp(arccsc(a*x))*x~2,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))*x~2,x, algorithm="maxima")
[Out] integrate(x~2*e~(arccsc(a*x)), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(exp(arccsc(a*x))*x~2,x, algorithm="fricas")
[Out] integral(x~2*e~(arccsc(a*x)), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/x26acsc (ax) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(acsc(a*x))*x**2,x)

[Out] Integral (x**2*exp(acsc(a*x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))*x~2,x, algorithm="giac")

[Out] integrate(x~2*e”(arccsc(a*x)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/.’52 asin(i) d.’L‘

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*exp(asin(1/(a*x))),x)
[Out] int(x"2*exp(asin(1/(a*x))), x)

234
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3.42 | R CIIN

Optimal. Leaf size=87

(% + %) e(1+2i) csc™! (ax) o Fy <1 _ %" 2:2 — %; e2icsc_1(ax)) (% + %) e(1+2i) csc™ ! (az) o Fy (1 _ %‘, 3:;2— %‘; e2icsc”

a? a?

[Out] (8/5+4/5%I)*exp((1+2*I)*arccsc(a*x))*hypergeom([2, 1-1/2%I],[2-1/2%I],(I/a/
x+(1-1/a"2/x72)~(1/2))"2) /a~2-(16/5+8/5*I) *exp ((1+2*I) *arccsc(a*x) ) xhyperge
om([3, 1-1/2%I],[2-1/2%I],(I/a/x+(1-1/a"2/x72)"(1/2))"2)/a"2

Rubi [A]
time = 0.08, antiderivative size = 87, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.500,

steps used = 6, number of rules used = 4, integrand size = 8,
Rules used = {5375, 12, 4559, 2283}

(% + %) e(1+2i) csc ! (azx) o F <1 _ %, 2:2 — %, eZicsc_l(aa:)> (% + %) e(l+2i) csc ! (azx) o (1 _ %7 32— %, e2icsc_1(az))

a? a?

Antiderivative was successfully verified.
[In] Int[E~ArcCscla*x]*x,x]

[Out] ((8/5 + (4%I)/5)*E~((1 + 2xI)*ArcCsc[a*x])*Hypergeometric2F1[1 - I/2, 2, 2
- I/2, E((2*I)*ArcCscla*x])])/a~2 - ((16/5 + (8*I)/5)*E~((1 + 2*I)*ArcCscl[
axx] ) *Hypergeometric2F1[1 - I/2, 3, 2 - I/2, E~((2*I)*ArcCscla*x])])/a"2

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2283

Int[((a_) + (b_.)*(F_)~((e_.)*((c_.) + (d_.)*(x_))))"(p_)*(G_)~((h_.)*((f_.
) + (g_.)*(x_))), x_Symbol] :> Simp[a~p*(G~(h*(f + g*x))/(gxh*Log[G]))*Hype
rgeometric2F1 [-p, gxh*(Logl[Gl/(d*exLog[F])), g+h*(Logl[G]/(d*exLogl[Fl)) + 1,
Simplify[(-b/a)*F~(ex(c + d*x))]1], x] /; FreeQ[{F, G, a, b, c, d, e, £, g,
h, p}, x] & (ILtQlp, 01 || GtQ[a, 01)

Rule 4559

Int[(F_)"((c_)*((a_.) + (b_.)*(x_)))*(G_)[(d_.) + (e_.)*(x_)]1"(m_.)*(H_) [(
d_.) + (e_.)*(x_)]"(n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(c*(a + b*x)),
G[d + exx] "m*H[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQ[
m, 0] & IGtQ[n, 0] &% TrigQ[G] && TrigQ[H]
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Rule 5375

Int[(u_.)*(£f_)~(ArcCsc[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Dist[
-b~(-1), Subst[Int[(u /. x -> -a/b + Csc[x]/b)*f~(c*x"n)*Csc[x]*Cot[x], x],
x, ArcCscla + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rubi steps

B Subst (f M dz,z, CSC_l(CLLE)>
/ecsc (aw)a; dr = —
a
Subst( | e” cot(z) csc?(z) dz, z, csc ™ (az))
a2

Subst(f (— BieI 1207 die(t2)r ) dx,x,csc‘l(ax)>

(—14e2iz)3 (—1+e2iz)?

a2
(44)Subst ( i CSRERLy csc_l(ax)) (84)Subst ( i il o csc‘l(ax)>
_ m? g m )
- a? + a?
(g + %) 6(1-i-2i) csc™(azx) oF <1 _ %, 2, 92— %'; eZz’csc*I(ax)> (1_555 + %) e(1+2z’) csc™(azx) o F} (1 _
B a? B a?

Mathematica [A]
time = 0.19, size = 101, normalized size = 1.16

a2
Antiderivative was successfully verified.

[In] Integrate[E~ArcCsc[a*x]*x,x]

[Out] ((1/5 + I/10)*E~ArcCscla*x]*((2 - I)*a*x*(Sqrt[l - 1/(a"2*x"2)] + a*x) + (1
+ 2xI)*Hypergeometric2F1[-1/2%I, 1, 1 - I/2, E~((2*I)*ArcCscla*x])] + E~((
2xI)*ArcCsc[a*x] ) *Hypergeometric2F1[1, 1 - I/2, 2 - I/2, E~((2*I)*ArcCsc[a*

x]1)1))/a"2

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

/ earccsc(az) xdr

Verification of antiderivative is not currently implemented for this CAS.




[In] int(exp(arccsc(a*x))*x,x)
[Out] int(exp(arccsc(a*x))*x,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))*x,x, algorithm="maxima")
[Out] integrate(x*e”(arccsc(a*x)), x)
Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))*x,x, algorithm="fricas")
[Out] integral(x*e~(arccsc(a*x)), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/xeacsc (az) dr

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(acsc(a*x))*x,x)
[Out] Integral(x*exp(acsc(a*x)), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))*x,x, algorithm="giac")
[Out] integrate(x*e~(arccsc(a*x)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/weasin(alz) d$
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*exp(asin(1/(a*x))),x)
[Out] int(x*exp(asin(1/(a*x))), x)
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3.43 | eosc(az) o

Optimal. Leaf size=87

_ 2icsc™1(a:

(1 _ Z-)e(l—i—i) csc™!(az) oy (% _ %', 1; % _ %'; e2icsc_1(aac)> (2 _ 22')6(1+i) csc™(az) 2F1<

— +
4

i 9.3 i.
31215~ g5€

1
2
a

[Out] (-1+I)*exp((1+I)*arccsc(a*x))*hypergeom([1, 1/2-1/2%I],[3/2-1/2*I],(I/a/x+(
1-1/a"2/x72)~(1/2))"2) /a+(2-2*I) *exp ((1+I) *arccsc(a*x))*hypergeom([2, 1/2-1
/2%1], [3/2-1/2%1], (I/a/x+(1-1/a"2/x72)"(1/2))"2)/a

Rubi [A]
time = 0.07, antiderivative size = 87, normalized size of antiderivative = 1.00, number of

number of rules _ 0.500,
integrand size

steps used = 5, number of rules used = 3, integrand size = 6,
Rules used = {5375, 4559, 2283}

(2 _ 2i)6(1+i) csc~1(az) o (% _i9.3_ 1'; 62icsc_1(aac)) (1 _ i)e(1+i) csc™1(az) 2F1<

e?icsc_l(aw)
277 2 2

i 1.3 i.
_5’1a§_§a

1
2
a

a

Antiderivative was successfully verified.
[In] Int[E~ArcCscla*x],x]

[Out] ((-1 + I)*E~((1 + I)*ArcCsclax*x])*Hypergeometric2F1[1/2 - I/2, 1, 3/2 - I/2
, ET((2xI)*ArcCsclaxx])])/a + ((2 - 2*xI)*E~((1 + I)*ArcCsc[a*x])*Hypergeome
tric2F1[1/2 - 1/2, 2, 3/2 - 1/2, E~((2*I)*ArcCscla*x])])/a

Rule 2283

Int[((a_) + (b_.)*(F_)~((e_.)*((c_.) + (d_.)*(x_))))"(p_)*(G_)~((h_.)*((f_.
) + (g_.)*(x_))), x_Symbol] :> Simp[a~p*(G~(hx(f + g*x))/(gxh*Logl[G]))*Hype
rgeometric2F1[-p, g*h*(Log[G]/(d*exLogl[F])), gxh*x(Logl[Gl/(d*exLogl[F])) + 1,
Simplify[(-b/a)*F~(ex(c + d*x))]], x] /; FreeQ[{F, G, a, b, c, d, e, £, g,
h, p}, x] & (ILtQ[p, 0] || GtQ[a, 0I)

Rule 4559

Int [(F_)~((c_.)*((a_.) + (b_.)*(x_)))*(G_)[(d_.) + (e_.)*(x_)]1"(m_.)*(H_) [(
d_.) + (e_.)*(x_)]1"(n_.), x_Symbol] :> Int[ExpandTrigToExp[F~(c*(a + b*x)),
G[d + e*x] m*H[d + e*x]"n, x], x] /; FreeQ[{F, a, b, c, d, e}, x] && IGtQ[
m, 0] && IGtQ[n, 0] && TrigQ[G] && TrigQ[H]

Rule 5375

Int[(u_.)*(£f_)"(ArcCscl[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Dist[
-b~(-1), Subst[Int[(u /. x -> -a/b + Csc[x]/b)*f~(c*x"n)*Csc[x]*Cot[x], x],
x, ArcCscla + b*x]], x] /; FreeQ[{a, b, c, £}, x] && IGtQ[n, O]
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Rubi steps

a
Subst (f <2e(l+i)w 4eCH)” ) d:v,m,csc_l(az))

1—e?i@ — (_]ye2i)?

/ecsc—l(aw) i — _ Subst ([ €® cot(z) csc(z) dz, z, csc™ (az))

a
N ) . Subst ([ <0 o, 7, cse ™ (o))
_ ’ i
(1- i)e(1+i) cse™ (a2) 2F1 <% - %, 1; % — %; ezicsc—1(a$)> .\ (2 — 2i)6(1+i) csc™! (azx) 2F1< — %’:
T a

Mathematica [A]
time = 0.07, size = 54, normalized size = 0.62

é“4@@0w+%1+ik““4m“zﬂ<%_%J&%‘%Wﬁwﬁ%”0>

a

Antiderivative was successfully verified.

[In] Integrate[E~ArcCsc[a*x],x]

[Out] (E~ArcCscla*x]*(a*xx + (1 + I)*E~(I*ArcCsc[a*x])*Hypergeometric2F1[1/2 - I/2
, 1, 3/2 - 1/2, E~((2*I)*ArcCsc[a*x])]))/a

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

/ earccsc(aa:) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arccsc(a*x)),x)
[Out] int(exp(arccsc(a*x)),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x)),x, algorithm="maxima")



[Out] integrate(e~(arccsc(a*x)), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x)),x, algorithm="fricas")
[Out] integral(e~(arccsc(a*x)), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/eacsc (azx) dr

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(acsc(a*x)),x)

[Out] Integral(exp(acsc(a*x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x)),x, algorithm="giac")
[Out] integrate(e~(arccsc(a*x)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ easin(i) dLE

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(asin(1/(a*x))),x)
[Out] int(exp(asin(1/(a*x))), x)
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ecsc_1 (ax)
3.44 [ g

X

Optimal. Leaf size=43

_iecsc_l(am) + Ziecsc_l(az) o Fy (_%’ 1’ 1— %, e2icsc_1(a:c))

[Out] -Ixexp(arccsc(a*x))+2*I*xexp(arccsc(a*x))x*hypergeom([1, -1/2*%I], [1-1/2*I],(I
/a/x+(1-1/a"2/x72)"(1/2))"2)

Rubi [A]
time = 0.04, antiderivative size = 43, normalized size of antiderivative = 1.00, number of

number of rules _ o 500,
integrand size

steps used = 6, number of rules used = 5, integrand size = 10,
Rules used = {5375, 12, 4528, 2225, 2283}

Qiecsc_l(ax) o1 (—%, 1;1— %; e%CSC_l(az)) _ iecsc—l(ax)

Antiderivative was successfully verified.
[In] Int[E"ArcCscla*x]/x,x]

[Out] (-I)*E"ArcCscla*x] + (2*I)*E”ArcCsc[a*x]*Hypergeometric2F1[-1/2*I, 1, 1 - I
/2, E~((2*I)*ArcCscla*x])]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x1]

Rule 2225

Int[((FL)~((c_)*((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(cx(a +
b*x))) “n/(bxc*n*Log[F]), x] /; FreeQ[{F, a, b, c, n}, x]

Rule 2283

Int[((a_) + (b_.)*(F_)~((e_.)*((c_.) + (d_.)*(x_))))~(p_)*(G_)~((h_.)*((f_.
) + (g_.)*(x_))), x_Symbol] :> Simp[a~p*(G~(h*(f + g*x))/(g*h*Log[G]))*Hype
rgeometric2F1[-p, g*h*(Logl[G]/(d*e*Logl[F])), g*h*(Logl[Gl/(d*exLogl[F]l)) + 1,
Simplify[(-b/a)*F~(ex(c + d*x))1], x] /; FreeQ[{F, G, a, b, c, d, e, £, g,
h, p}, x] && (ILtQ[p, 0] || GtQ[a, 0])

Rule 4528

Int[Cot[(d_.) + (e_.)*(x_ )] (n_.)*(F_)~((c_.)*((a_.) + (b_.)*(x_))), x_Symb
0l] :> Dist[(-I)"n, Int[ExpandIntegrand[F~(c*(a + b*x))*((1 + E~(2*I*(d + e
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*x)))"n/(1 - E7(2%I*(d + e*x)))"n), x], x], x] /; FreeQ[{F, a, b, c, d, e},
x] && IntegerQ[n]

Rule 5375

Int[(u_.)*(£_)~(ArcCsc[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Dist[
-b~(-1), Subst[Int[(u /. x => -a/b + Csc[x]/b)*f~(c*xx"n)*Csc[x]*Cot [x], x],
x, ArcCscla + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rubi steps

Tr =

/ ecsc_l(az) d Subst (f ae® COt(.’ﬂ) dl’, z, CSC_I(G-'L'))
T a

= —Subst (/ e” cot(z) dz, x, csc_l(az))

. . 2e” _
= iSubst </ (—e - m) dx, z,csc l(ax))
_ T -1 o e’ -1
= (zSubst (/e dz,z,csc (ax))) 21Subst (/ e dz,z,csc (aa:)>

— _iecsc—l(ax) + 2ieCSc—1(ax) oF, (_%’ 11— %; eZicsc_l(ax))

Mathematica [A]
time = 0.04, size = 75, normalized size = 1.74

i _jesc7(az) F _E 11_1 2icsc™(az) | _ 1_% (1424) csc 1 (ax) F (1 1_12_1 2icsc™ ! (azx)
Z( € 2 1< 2) ) 276 5 5 € 241 ) 27 276

Antiderivative was successfully verified.

[In] Integrate[E~ArcCsc[a*x]/x,x]

[Out] (-I)*(-(E~ArcCsc[a*x]*Hypergeometric2F1[-1/2*I, 1, 1 - I/2, E~((2*I)*ArcCsc
[a*x])]) - (1/5 - (2*I)/5)*E~((1 + 2*I)*ArcCsc[a*x])*Hypergeometric2F1[1, 1
- 1/2, 2 - 1/2, ET((2*I)*ArcCscla*x])])

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

arccsc(az)
[
T

Verification of antiderivative is not currently implemented for this CAS.



[In] int(exp(arccsc(a*x))/x,x)
[Out] int(exp(arccsc(a*x))/x,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x,x, algorithm="maxima")
[Out] integrate(e”(arccsc(a*x))/x, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(exp(arccsc(a*x))/x,x, algorithm="fricas")

[Out] integral(e~(arccsc(a*x))/x, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

acsc (ax)
/ € dx
T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(acsc(a*x))/x,x)
[Out] Integral(exp(acsc(a*x))/x, x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x,x, algorithm="giac")
[Out] integrate(e”(arccsc(a*x))/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

asin(ﬁ)
/ © dx
x
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(asin(1/(a*x)))/x,x)
[Out] int(exp(asin(1/(a*x)))/x, x)
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ecsc_l(ax)

Optimal. Leaf size=39
1 . 1 ecsc_l(ax)
__—_ csc 1 (ax) 1— _
2%¢ V a’x? 2z

[Out] -1/2*exp(arccsc(a*x))/x-1/2*a*exp(arccsc(axx))*(1-1/a"2/x72)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 39, normalized size of antiderivative = 1.00, number of

number of rules _ 0.300,
integrand size

steps used = 3, number of rules used = 3, integrand size = 10,
Rules used = {5375, 12, 4518}

csc™1(ax)

1 1

-1 e
- 1— csc”(az) _
2a

a’x? 2z

Antiderivative was successfully verified.

[In] Int[E"ArcCscla*x]/x"2,x]

[Out] -1/2%(a*xE~ArcCscla*x]*Sqrt[1 - 1/(a"2*x~2)]) - E~ArcCsc[a*x]/(2*x)
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 4518

Int[Cos[(d_.) + (e_.)*(x_)]1*(F_)"((c_.)*((a_.) + (b_.)*(x_))), x_Symbol] :>
Simp [b*c*Log[F]*F~(cx(a + bxx))*(Cos[d + exx]/(e”2 + b~2xc~2*Logl[F]~2)), x
] + Simp[exF~(cx(a + b*xx))*(Sin[d + e*xx]/(e”2 + b~2*c~2*xLog[F1°2)), x] /; F
reeQ[{F, a, b, c, d, e}, x] & NeQ[e~2 + b~2xc~2xLog[F]~2, 0]

Rule 5375

Int[(u_.)*(£f_)"(ArcCscl[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Dist[
-b~(-1), Subst[Int[(u /. x -> -a/b + Csc[x]/b)*f"(c*x"n)*Csc[x]*Cot[x], x],
x, ArcCscl[a + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, 0]

Rubi steps
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eese” ' (a2) Subst( [ a’e” cos(z) dz, z, csc ™ (az))
| - .
=— (aSubst </ e” cos(x) dz, x, csc_l(ax)> >
1 1 ecsc_l(am)

csc~1(ax) 1—

= ——ae —
2 a’x? 2x

Mathematica [A]
time = 0.03, size = 33, normalized size = 0.85

Antiderivative was successfully verified.

[In] Integrate[E~ArcCsclax*x]/x"2,x]
[Out] -1/2%(a*E"ArcCscla*x]*(Sqrt[1 - 1/(a"2*x~2)] + 1/(a*x)))

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

earccsc(aa:)
/ =
T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arccsc(a*x))/x~2,x)
[Out] int(exp(arccsc(a*x))/x"2,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"2,x, algorithm="maxima")
[Out] integrate(e”(arccsc(a*x))/x"2, x)
Fricas [A]
time = 0.40, size = 23, normalized size = 0.59
(VaZa? =T 4 1) eloreesclon)
2z
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"2,x, algorithm="fricas")

[Out] -1/2*(sqrt(a”2#*x"2 - 1) + 1)*e”(arccsc(a*x))/x

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

acsc (ax)
€
/ = dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(acsc(a*x))/x**2,x)

[Out] Integral(exp(acsc(a*x))/x**2, x)

Giac [A]
time = 0.45, size = 42, normalized size = 1.08

1( [ 1 o e(aresin(5))
_ o (arcsul(a)) -
2 ( a?z? tle + azx X

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(exp(arccsc(a*x))/x"2,x, algorithm="giac")
[Out] -1/2%(sqrt(-1/(a"2*x"2) + 1)*e”(arcsin(1/(a*x))) + e~ (arcsin(1/(a*x)))/(a*x

))*a

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

asin(-L.)
e azx
/ . dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(asin(1/(a*x)))/x"2,x)
[Out] int(exp(asin(1/(a*x)))/x"2, x)
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ecsc_l(ax)

Optimal. Leaf size=41

1 - 1 1
gaQeCS‘: 1(92) cos (2¢csc™(az)) — 1—0a2e"s° (@) sin (2¢esc™(az))

[Out] 1/5*%a~2xexp(arccsc(a*x))*cos(2*arccsc(a*x))-1/10%a"2*exp(arccsc(a*x))*sin(2
*arccsc(a*x))

Rubi [A]

time = 0.03, antiderivative size = 41, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.400,

steps used = 5, number of rules used = 4, integrand size = 10,
Rules used = {5375, 12, 4557, 4517}

1 - 1 -

3(1260“ '(92) cosg (2¢csc™(az)) — 1—0a26CSC '(92) 5in (2¢esc™ (az))
Antiderivative was successfully verified.

[In] Int[E"ArcCscla*x]/x"3,x]

[Out] (a"2*E~ArcCscl[a*x]*Cos[2*ArcCscl[a*x]])/5 - (a~2*%E~ArcCsc[a*x]*Sin[2*ArcCscl
a*x]])/10

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI1]

Rule 4517

Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol] :>
Simp [b*c*Log[F]1*F~(cx(a + bxx))*(Sin[d + exx]/(e”2 + b~2xc~2*Logl[F]~2)), x
] - Simp[exF~(cx(a + b*x))*(Cos[d + e*x]/(e”2 + b"2xc~2xLog[F]1~2)), x] /; F
reeQ[{F, a, b, c, d, e}, x] & NeQ[e™2 + b~2*c~2*Log[F]~2, 0]

Rule 4557

Int[Cos[(f_.) + (g_.)*(x_)]1"(n_.)*(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_
)+ (e_)*(x_)]"(m_.), x_Symbol] :> Int[ExpandTrigReduce[F~(cx(a + bx*x)),
Sin[d + e*x] m*Cos[f + g*x]“n, x], x] /; FreeQ[{F, a, b, c, d, e, £, g}, x]
&& IGtQ[m, 0] && IGtQ[n, O]

Rule 5375

Int[(u_.)*(£f_)~(ArcCsc[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Dist[
-b~(-1), Subst[Int[(u /. x => -a/b + Csc[x]/b)*f~(c*x"n)*Csc[x]*Cot [x], x],
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x, ArcCscla + b*x]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rubi steps

Tr =

/ eese™ (a2) p Subst ([ a’e® cos(z) sin(z) dz, z, csc ™ (az))
x3 a

- _ <a2Subst (/ e cos(x) sin(z) dz, z, csc‘l(ax)))

=— (aQSubst </ %ez sin(2z) dz, z, csc_l(aa:)) )
=— <%a28ubst </ e”sin(2x) dz, x, csc"l(a:v)) >

1 - 1 -
= gaQeCSC '(92) cog (2¢csc™(az)) — 1—0a26CS° '(a2) gin (2csc™(az))

Mathematica [A]
time = 0.04, size = 30, normalized size = 0.73
1

—1—0(12605‘:_1(”) (—2cos (2csc™'(az)) + sin (2csc™ ' (az)))

Antiderivative was successfully verified.

[In] Integrate[E~ArcCscla*x]/x"3,x]
[Out] -1/10%(a~2*E~ArcCsc[a*x]*(-2*%Cos[2*ArcCsc[a*x]] + Sin[2*ArcCscl[a*x]]))

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

earccsc(a:c)
[
x3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arccsc(a*x))/x"3,x)
[Out] int(exp(arccsc(a*x))/x"3,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(exp(arccsc(a*x))/x"3,x, algorithm="maxima")
[Out] integrate(e”(arccsc(a*x))/x"3, x)

Fricas [A]
time = 0.41, size = 32, normalized size = 0.78

<a2x2 _ m _ 2) e(arccsc(az))

5 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"3,x, algorithm="fricas")

[Out] 1/5%(a~2*x"2 - sqrt(a”2*x"2 - 1) - 2)*e”~(arccsc(a*x))/x"2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

acsc (ax)
e
/ o dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(acsc(a*x))/x**3,x)

[Out] Integral(exp(acsc(a*x))/x**x3, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"3,x, algorithm="giac")
[Out] integrate(e”(arccsc(a*x))/x"3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

asin(i)
e azx
/ o dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(asin(1/(a*x)))/x"3,x)
[Out] int(exp(asin(1/(a*x)))/x~3, x)



252

ecsc_l(ax)

Optimal. Leaf size=84

1 3 1 2 csc ! (ax) 1 _ 3 3
_§a3ecsc L(ax) /1 — e _ae - +Ea3ecsc L(azx) cos (3 CSC_l(CL:L'))+4—Oa3€CSC Yax) sin (3 CSC_l(a.’I;))

[Out] -1/8*a~2xexp(arccsc(a*x))/x+1/40*a~3xexp(arccsc(a*x))*cos(3*arccsc(a*xx))+3/
40*a~3*exp (arccsc(a*x))*sin(3*arccsc(a*x))-1/8%a~3*exp(arccsc(a*x))*(1-1/a~
2/x72)"(1/2)

Rubi [A]

time = 0.05, antiderivative size = 84, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.400,

steps used = 6, number of rules used = 4, integrand size = 10,
Rules used = {5375, 12, 4557, 4518}

i 3 _csc~!(azx) (3 —1( )) + i 3 _csc(az) o (3 —1( )) N a26csc’1(az) . 1 3./1_ csc1(az)
4OG e COS CsC axr 40(1 (& sin Csc axr T ga W (&

Antiderivative was successfully verified.
[In] Int[E"ArcCscla*x]/x"4,x]

[Out] -1/8%(a"3*E~ArcCscla*x]*Sqrt[1 - 1/(a"2%x72)]) - (a~2*E~ArcCsc[a*x])/(8*x)
+ (a~3*E~ArcCsc[a*x]*Cos[3*ArcCsc[a*xx]]) /40 + (3*a~3*E~ArcCsc[a*x]*Sin[3*Ar
cCscla*x]])/40

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 4518

Int[Cos[(d_.) + (e_.)*(x_)]1*(F_)~((c_.)*((a_.) + (b_.)*(x_))), x_Symbol] :>
Simp [bxcxLog[F]1*#F~(c*(a + b*x))*(Cos[d + e*xx]/(e”2 + b~2*c~2*Log[F]~2)), x
] + Simp[exF~(cx(a + b*x))*(Sin[d + e*x]/(e”2 + b"2*c~2xLog[F]1~2)), x] /; F
reeQ[{F, a, b, c, d, e}, x] & NeQ[e™2 + b~2*c~2xLog[F]~2, 0]

Rule 4557

Int[Cos[(f_.) + (g_.)*(x_)]1 " (n_.)*(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_
)+ (e_)*(x_)]1"(m_.), x_Symbol] :> Int[ExpandTrigReduce[F~(cx(a + bx*x)),
Sin[d + e*x] m*Cos[f + g*x]“n, x], x] /; FreeQ[{F, a, b, c, d, e, £, g}, x]
&& IGtQ[m, 0] && IGtQ[n, O]

Rule 5375



253

Int[(u_.)*(f_)~(ArcCscl(a_.) + (b_.)*(x_)1"(n_.)*(c_.)), x_Symbol] :> Dist[
-b~(-1), Subst[Int[(u /. x -> -a/b + Csc[x]/b)*f~(c*x"n)*Csc[x]*Cot [x], x],
x, ArcCscla + bxx]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, 0]

Rubi steps

T =

/ eese” ' (a2) J Subst( [ ae” cos(z) sin®(z) dz, z, csc ™ (az))
x? a

= — (a3Subst ( / e® cos(z) sin®(z) dz, , csc_l(ax)>>

=— (a3Subst </ (}lex cos(z) — }le”” COS(35U)) dz, z, CSC_l(ax)))

=— (ia?’Subst (/ e” cos(z) dz, , csc_l(aa:))) + ia3Subst (/ e® cos(3z) dx, z, csc™ ! (ax

2 csc”(ax
— _éa3ecsc_1(ax) 1— 1 a-e )

1 - 3 _
+ Ea:’;ecsc Yax) cos (3 csc_l(ax)) + 2 g3ecse o

a2z® 8z 40

Mathematica [A]
time = 0.10, size = 54, normalized size = 0.64

1 3 csc(ax 1 5 -1 : -1
10%°¢ ( )<—5\/1 — 3 g T oo (3csc™'(az)) + 3sin (3esc (ax)))

Antiderivative was successfully verified.

[In] Integrate[E~ArcCsclax*x]/x"4,x]

[Out] (a~3#E"ArcCscla*x]*(-5%xSqrt[1 - 1/(a"2*x"2)] - 5/(a*x) + Cos[3*ArcCsc[axx]]
+ 3*Sin[3*ArcCsc[axx]])) /40

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

earccsc(az)
/ g
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arccsc(a*x))/x"4,x)

[Out] int(exp(arccsc(a*x))/x"4,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"4,x, algorithm="maxima")
[Out] integrate(e”(arccsc(a*x))/x"4, x)

Fricas [A]
time = 0.42, size = 41, normalized size = 0.49

<(l2$2 _ (a2x2 + 1)\/0/21.2—_1 _ 3) e(arccsc(az))

10 23

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"4,x, algorithm="fricas")
[Out] 1/10%(a"2*x"2 - (a™2*x"2 + 1)*sqrt(a”2*x~2 - 1) - 3)*e”(arccsc(a*x))/x"3

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

acsc (ax)
€
/ o dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(acsc(a*x))/x**x4,x)

[Out] Integral(exp(acsc(a*x))/x**4, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"4,x, algorithm="giac")

[Out] integrate(e”(arccsc(a*x))/x"4, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

asin(-L)
e ax
/ por dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(asin(1/(a*x)))/x"4,x)
[Out] int(exp(asin(1/(a*x)))/x"4, x)
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-1
csc” *(ax)
3.48 [ ——dx
X
Optimal. Leaf size=81

1 4 _csc™1(azx) -1 1 4 _csc(ax) -1 1 4 _csc1(azx) : -1 1 4 cs
0% e cos (2csc™ ' (az)) 21%¢ cos (4 csc™ ' (az)) 507 € sin (2 csc (ax))+136a e

[Out] 1/10%a~4x*exp(arccsc(a*x))*cos(2*arccsc(axx))-1/34*a"4*exp(arccsc(a*x))*cos(
4xarccsc(a*x))-1/20*%a"4*exp(arccsc(a*x))*sin(2*arccsc(a*x))+1/136*%a~4x*exp(a
rccsc(a*x))*sin(4*arccsc(a*x))

Rubi [A]
time = 0.05, antiderivative size = 81, normalized size of antiderivative = 1.00, number of

number of rules _ 0.400
integrand size ’

steps used = 6, number of rules used = 4, integrand size = 10,
Rules used = {5375, 12, 4557, 4517}

1 - 1 - 1 - 1 -
Ea“e“C '@ cos (2cs¢ 7 (az)) — ﬂaﬁeCSC '(@2) cos (4.csc™ (az)) — 2—0a46CSC '(@®) sin (2 csc ™ (az)) + ﬁa‘*eCSC '@ sin (4csc™ (az))

Antiderivative was successfully verified.
[In] Int[E~ArcCscla*x]/x"5,x]

[Out] (a~4*E~ArcCsc[a*xx]*Cos[2*%ArcCsc[a*x]])/10 - (a~4*xE~ArcCsc[a*x]*Cos[4*xArcCsc
[a*xx]])/34 - (a~4*E~ArcCsc[a*x]*Sin[2*%ArcCsc[a*x]])/20 + (a~4*E~ArcCsc[ax*x]
*Sin[4*ArcCsc[a*x]])/136

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x1]

Rule 4517

Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol] :>
Simp [b*c*Log[F1*F~(cx(a + b*x))*(Sin[d + exx]/(e”2 + b~2xc~2*Logl[F]~2)), x
] - Simp[exF~(c*(a + b*x))*(Cos[d + exx]/(e”2 + b~2*c~2*Log[F]1~2)), x] /; F
reeQ[{F, a, b, c, d, e}, x] && NeQ[e™2 + b~2*c"2xLog[F]~2, 0]

Rule 4557

Int[Cos[(f_.) + (g_.)*x(x_)]1"(n_.)*(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_
)+ (e_)*(x_)]1"(m_.), x_Symbol] :> Int[ExpandTrigReduce[F~(cx(a + bx*x)),
Sin[d + e*x] m*Cos[f + g*x]“n, x], x] /; FreeQ[{F, a, b, c, d, e, £, g}, x]
&& IGtQ[m, 0] && IGtQ[n, O]

Rule 5375
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Int[(u_.)*(f_)~(ArcCscl(a_.) + (b_.)*(x_)1"(n_.)*(c_.)), x_Symbol] :> Dist[
-b~(-1), Subst[Int[(u /. x -> -a/b + Csc[x]/b)*f~(c*x"n)*Csc[x]*Cot[x], x],
x, ArcCscla + bxx]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, O]

Rubi steps

xTr =

/ eese™ (az) 4 Subst ([ a’e® cos(z) sin®(z) dz, z, csc ™! (az))
x® a

= (a4Subst </ e® cos(z) sin®(z) dz, , csc_l(aac)>)

— —( a*Subst }Lez in(2z) — éew sin(4z) | dz, o, csc™ (az)
(etsum( / (

1 1

= §a4Subst (/ e”sin(4z) dz, z, Csc_l(aa:)) - Za4Subst (/ e”sin(2zx) dz, z, csc_l(ax)>

= ia‘lecs‘:_l(“”) cos (2csc™ (az)) — ia‘lecsc_l(““’) cos (4csc™ ! (az)) — ia‘lem_l(‘w) sin (2 csc
10 34 20

Mathematica [A]
time = 0.09, size = 50, normalized size = 0.62

—@%a“e“c_l(‘w) (—68 cos (2csc™ (az)) + 20 cos (4csc™" (az)) + 34sin (2csc™ ' (az)) — 5sin (4 csc ' (az)))

Antiderivative was successfully verified.

[In] Integrate[E~ArcCscl[ax*x]/x"~5,x]

[Out] -1/680%(a~4*E~ArcCsc[a*xx]*(-68*Cos[2*xArcCsc[a*x]] + 20%*Cos[4*ArcCscl[a*xx]] +
34xSin[2*xArcCsc[a*x]] - 5%Sin[4*ArcCscl[a*x]]))

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

earccsc(az)
[
s

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arccsc(a*x))/x"5,x)
[Out] int(exp(arccsc(a*x))/x~5,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x~5,x, algorithm="maxima")
[Out] integrate(e”(arccsc(a*x))/x75, x)

Fricas [A]
time = 0.40, size = 51, normalized size = 0.63

<6 az? + 3 a’z? — (6 a’x? + 5)\/m — 20) elarcesc(az))
85 x4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"5,x, algorithm="fricas")

[Out] 1/85%(6*%a”~4*x"~4 + 3*a~2*%x"2 - (6%a”2xx"2 + 5)*sqrt(a™2*x~2 - 1) - 20)*e~(ar
ccsc(axx))/x"4

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

eacsc (az)
/ 5 dx
T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(acsc(a*x))/x**5,x)

[Out] Integral(exp(acsc(a*x))/x**x5, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arccsc(a*x))/x"5,x, algorithm="giac")

[Out] integrate(e”(arccsc(a*x))/x"5, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

asin(i)
e ax
/ o dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(asin(1/(a*x)))/x"5,x)
[Out] int(exp(asin(1/(a*x)))/x~5, x)
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3.49 f csc_l(a+b:1:) dx

%d-l-da:

Optimal. Leaf size=69

i csc™\(a + bx)? csc(a + bx) log (1 — e%CSC_l(”bz)) iPolyLog (2, 62““_1(”’””))
2d d + 2d

[Out] 1/2*%Ixarccsc(bxx+a) 2/d-arccsc(b*x+a)*1n(1-(I/(bxx+a)+(1-1/(b*x+a)~2)~(1/2)

)~2) /d+1/2*%I*polylog(2, (I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))~2)/d

Rubi [A]
time = 0.07, antiderivative size = 69, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.421,

steps used = 8, number of rules used = 8, integrand size = 19
Rules used = {5365, 12, 5327, 4721, 3798, 2221, 2317, 2438}

Liz <e2i CSC_I(Hbz)) icsc™(a + bx)? csc™(a + bx) log <1 —e% CSC_I(“JF”“))
2d * 2d - d

Antiderivative was successfully verified.
[In] Int[ArcCscl[a + b*xx]/((axd)/b + d*x),x]

[Out] ((I/2)*ArcCscl[a + b*x]~2)/d - (ArcCscl[a + b*x]*Logl[l - E~((2*I)*ArcCsc[a +
b*x])])/d + ((I/2)*PolyLog[2, E~((2+I)*ArcCscla + b*x])])/d

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (M )*(v_) /; FreeQ[b, x]]

Rule 2221

Int [CC(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[1l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*(e + f*x)
))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438
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Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3798

Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (£_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E~ (2% I*k*Pi)*(E~(2%I*(e + f*x))/(1 + E~(2*I*k*Pi)*E~(2*I*(e + f*x)))), x],
x] /; FreeQl{c, d, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4721

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + bxx) n*Cot[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 5327

Int[((a_.) + ArcCsc[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a + b
*ArcSin[x/cl)/x, x], x, 1/x] /; FreeQ[{a, b, c}, xI]

Rule 5365

Int[((a_.) + ArcCsc[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(m
_.), x_Symbol] :> Dist[1/d, Subst[Int[(f*(x/d)) m*(a + b*ArcCsc[x])~p, x],
x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - c*f, 0] &&
IGtQ[p, 0]

Rubi steps
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cse(a + b) Subst (f bcscd—;l(z) dz,z,a+ b:v)
/ — dr =
Subst (f Csc;w dz,r,a+ b:L')
- d
_Subst (f = @ gz, x, a+1bw>
d

Subst ( [ 2 cot(z) dz, z,sin™! ()
- d

isin—! (ﬁf (22’)Subst(f16_21‘%chr:,av,sin_1 (ﬁ))
- 2 d

1

o s (L) log (1— &Fen (o) .

isin” (h) atbe N Subst ([ log (1 — €*?) dz,
2d d d

sin™ (335 ) log (1 - e”sm_l(wlbz)> iSubst ( [ om0 g g e

a+bx

2d B d B 2d
Sin_l (ﬁ) log <1 _ e2isin—1(a+1m>> ’LLIQ (eQisin—l(thleag))

- 2d B d + 2d

Mathematica [A]
time = 0.04, size = 59, normalized size = 0.86

—csc (a + bx) log (1 —e% Csc_l(‘”bx)) + 30 (csc_l(a + bz)? + PolyLog (2, e Csc_l(‘”bx)))
d

Antiderivative was successfully verified.

[In] Integrate[ArcCscl[a + b*x]/((a*d)/b + d*x),x]

[Out] (-(ArcCscl[a + b*x]*Log[l - E~((2*I)*ArcCsc[a + b*x])]) + (I/2)*(ArcCscla +
b*x]~2 + PolyLog[2, E~((2*I)*ArcCsc[a + b*x])]))/d

Maple [A]
time = 0.88, size = 167, normalized size = 2.42

’ method \ result
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; 1 ) 1
barccsc(bz+a)ln| 1— 4 —— 1 - ibpolylog | 2, —%—+ 1 - 5 barccsc(bx
ibarccsc(bz+a)2 _ ( bata (bz+a)2 ) n ( bx+a (ba:—i—a) B
d

derivativedivides 2d d 5
. 1 . / 1
barccsc(bz+a) ln l—ﬁ— 1 — 5 ) ib polylog (Q,ﬁ—f— 1 —_— P} ) barccsc(bz
ibarcosc(bz+a)? _ ( ba+ (bz+a) n bx+ (bz+a) B
default 2d d d -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arccsc(b*x+a)/(a*d/b+d*x) ,x,method=_RETURNVERBOSE)

[Out] 1/b*(1/2*I*b/d*arccsc(b*x+a) ~2-b/d*arccsc(b*x+a)*1n(1-I/(b*x+a)-(1-1/(b*x+a
)~2)~(1/2))+I*b/d*polylog(2,I/(b*x+a)+(1-1/(b*x+a)~2)~(1/2))-b/d*arccsc(b*x

+a) *1n (1+I/ (b*x+a)+(1-1/(b*x+a)~2)~(1/2) ) +I*b/d*polylog(2,-I/(b*x+a)-(1-1/(
bxx+a)~2)~(1/2)))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(bxx+a)/(a*d/b+d*x),x, algorithm="maxima")

[Out] 1/2*%(2*b*d*integrate(sqrt(b*x + a + 1)*sqrt(b*x + a - 1)*log(b*x + a)/(b~3*
d*x~3 + 3xaxb”2xd*x"2 + (3*a”~2 - 1)*bxdxx + (a~3 - a)*d), x) - 2*Ixbkd*xinte
grate(log(bxx + a)/(b~3xd*x~3 + 3*axb~2*d*x"2 + (3*a”2 - 1)*b*d*x + (a~3 -

a)*d), x) + (2xarctan2(1l, sqrt(b*x + a + 1)*sqrt(b*x + a - 1)) + Ixlog(-b*x

- a + 1))*log(b*x + a) - Ix*log(b~2%x"2 + 2*xaxb*x + a~2)*log(b*x + a) + Ixl
og(b*x + a + 1)xlog(b*x + a) + Ixlog(b*x + a)~2 + Ix*dilog(b*x + a) + I*dilo
g(-bxx - a))/d

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/(a*d/b+d*x),x, algorithm="fricas")

[Out] integral(b*arccsc(b*x + a)/(b*xd*x + a*xd), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

bf acst;—(s;bx) dz

d




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(acsc(b*x+a)/(a*d/b+d*x),x)
[Out] b*Integral(acsc(a + b*x)/(a + b*x), x)/d
Giac [A]

time = 0.66, size = 114, normalized size = 1.65

1
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1
(bee) (bz + a)2
b

2 1
2 (bz + a)” arcsin (((bﬁa)(ﬁA) ) (b$1a71)+a>

1
+11)

+

_ 1
4b 3d

b3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arccsc(b*x+a)/(a*d/b+d*x),x, algorithm="giac")

[Out] -1/4%b~2x(2*(b*x + a)~2*arcsin(1/(((b*x + a)*(a/(b*x + a) - 1)
+a) - 1) +a))/(73%d) + ((bxx + a)*(sqrt(-1/(b*x + a)"2 + 1) - 1)
b*x + a)*(sqrt(-1/(b*x + a)"2 + 1) - 1)))/(b"3%d))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ asin(ﬁ) s

d
dz + %°
Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(l/(a + b*x))/(d*x + (a*xd)/b),x)
[Out] int(asin(1/(a + b*x))/(d*x + (axd)/b), x)

- a)*(a/(b*xx
- 1/((C
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then
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if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):
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except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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