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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 50 ]. This is test number [ 4 |].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Mathematica | 100.00 ( 50 ) | 0.00 (0)
Rubi 96.00 (48 ) | 4.00 (2)
Fricas 96.00 (48 ) | 4.00 (2)
Giac 82.00 (41) | 18.00 (9)
Maple 66.00 (33 ) | 34.00 (17)
Maxima 48.00 (24 ) | 52.00 ( 26 )
Sympy 38.00 (19) | 62.00 (31)
Mupad | 24.00 (12) | 76.00 (38)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 86.00 4.00 6.00 4.00
Mathematica 78.00 8.00 14.00 0.00
Fricas 60.00 36.00 0.00 4.00
Giac 52.00 30.00 0.00 18.00
Maxima, 42.00 6.00 0.00 52.00
Sympy 30.00 6.00 2.00 62.00
Maple 26.00 20.00 20.00 34.00
Mupad N/A 24.00 0.00 76.00

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 2 100.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %
Maple 17 100.00 % 0.00 % 0.00 %
Fricas 2 0.00 % 100.00 % 0.00 %
Giac 9 100.00 % 0.00 % 0.00 %
Maxima 26 92.31 % 0.00 % 7.69 %
Sympy 31 70.97 % 22.58 % 6.45 %
Mupad 38 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 0.09 66.25 1.25 40.00 1.00
Mathematica | 0.33 118.44 1.70 45.50 1.00
Maple 0.20 192.73 3.06 67.00 1.98
Maxima 3.86 53.67 1.69 26.50 0.88
Fricas 1.07 74.44 1.57 48.50 1.35
Sympy 6.07 43.89 1.47 31.00 0.94
Giac 0.49 88.37 1.61 50.00 1.41
Mupad 0.65 223.25 2.82 69.00 1.98

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better
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list of integrals that has no closed form
antiderivative
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi

Mathematica {9, [45]}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: { [1}[2,[6}7}[8}[9} 10 [23} 24,25, [26} 27} 28} 29, [30} BT
B2 5555 5057 S 0y 0,1 451, 4 7 3 0 )

B grade: { 4[42]}

C grade: { pj[12][13] }

F grade: {[3][45) }

2.1.2 Mathematica

A grade: { (12,56, 70} 1) 6,5} 19} 20022, 25, 27 25,26, 27, 25) 29, B0 51, B B3, B
[35}[36}[38} [39} |40} [42} [43)] |44} [45] [46] 48} |49} [50] }

B grade: { }

C grade: { [B}[8}[0}[12}[13}[37, 47 }

F grade: { }

ﬂ
E
3
E

(=)

2.1.3 Maple

A grade: { [21[6}[7}[9} L9} 24} [27} 32} [34, [36}[37} [43} 48] }

B grade: { [L,[31[4 8} 40, (42| 14} 7, 49} 50 }

C grade: { [5}[12}[18}[28 31} [33} [35}[38} [39} [46] }

F grade: { [L0,[L1}[13|[14} 15} 16} [L7} [20} 21} 22} 23} [25 [26,[29} 30} [41} [45] }

2.1.4 Maxima

A grade: { [1}[2}[3}[0}[L6}[18}[19} 20} [24} [25} 27} [28} [1} [32} 133} [34} |35}, 136, [37} [46] 48] }
B grade: { [7,[40/[43 }

C grade: { }

g}rade: { B,6,B[L0)[L 1} [12,[13}[14[15}[17} 21 [22} 23} 26} 29} 30} 38} [39%} (A1} [42} 44} 45} AT, 4
50
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2.1.5 FriCAS

A gvade: { 1,255,510, 1) [2) T3} 15 75 20, 23,24 25) 2, 27 25, 20, 50, BT} 52, B3, B 55,
56, 89|16, 45 )

B grace: { 16,7 £5) 16} 7 21) 22,7 55 0 ) 42 3, 7 9, 50 )

C grade: { }
F grade: { }

2.1.6 Sympy

A grade: { [0, 15 19, 20,28,25,51, B3 B4 65 B0 6 5 }
B grade: { 28}[37},[40] }

C grade: {[16] }

F@gfla%{.-@@ﬁt@
45, 474149, 50

2.1.7 Giac

A e (BN EBENEEONRNEHEEHDHB0BOEH
}

B grade: { [T, &[7,8}[12}[13}[27} [29}[30, 31} [32, 37, 41} 42, 4] }

C grade: { }

F grade: { [3}[5}[9}[11}[23}[38}[39} 45} [46] }

2.1.8 Mupad

A grade: { }
B grade: { [4[0}[12}[19}[24,[30}, 37} 40} 46} 47} |48} [50) }
C grade: { }

F grade: { [1,[2}/3,[5}(6}7} 8} (L0} [L1} [L3}[14} 15} 16} [17,[18} 20} [21} 22} 23} [25, [26} 27} [28} 29} 31} [32}
4243} (4445, 49] }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

fined as —antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A B A A A B F
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 51 51 52 93 58 54 102 272 -1
N.S. 1 1.00 1.02 1.82 1.14 1.06 2.00 5.33 -0.02

time (sec) N/A 0.020 0.017 0.030 4.014 0661 3.981 0512 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 17 17 17 16 15 15 12 15 -1
N.S. 1 1.00  1.00 0.94 0.88 0.88 0.71 0.88  -0.06
time (sec) N/A 0.020 0.005 0.063 2.559  0.688 0.062 0.456 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A F A B A A F F F
verified N/A N/A Yes TBD TBD TBD TBD TBD TBD
size 69 0 106 251 4 49 0 0 -1
N.S. 1 0.00 1.54 3.64 0.06 0.71 0.00 0.00 -0.01

time (sec) N/A 0.099 0.715 0.578 4.155 22,130 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A B A B F B F(-1) B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 97 332 188 426 0 402 0 235 666
N.S. 1 3.42 1.94 4.39 0.00 4.14 0.00 2.42 6.87
time (sec) N/A 0.452 0.337 0.065 0.000 1.036  0.000 0.519 1.573
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A C C C F A F(-2) F F
verified N/A NO Yes TBD TBD TBD TBD TBD TBD
size 45 289 159 312 0 33 0 0 -1
N.S. 1 6.42  3.53 6.93 0.00 0.73 0.00 0.00 -0.02
time (sec) N/A 0.333 1.503 0.404 0.000 0925 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 56 56 74 64 0 88 0 79 -1
N.S. 1 1.00 1.32 1.14 0.00 1.57 0.00 141 -0.02
time (sec) N/A 0.050 0.087 0.060 0.000 0.751 0.000 0.445 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 15 15 15 12 27 30 0 28 -1
N.S. 1 1.00  1.00 0.80 1.80 2.00 0.00 1.87  -0.07
time (sec) N/A 0.024 0.012 0.108 2.675 0.618 0.000 0.469 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 137 137 99 1604 0 0 0 495 -1
N.S. 1 1.00 0.72 11.711 0.00 0.00 0.00 3.61 -0.01
time (sec) N/A 0.130 3.665 0.464 0.000  0.000 0.000 0.511 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A A F F B
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 41 41 283 42 60 32 0 0 60
N.S. 1 1.00  6.90 1.02 1.46 0.78 0.00 0.00 1.46
time (sec) N/A 0.017 2.922 0.073 2.594 1.058 0.000 0.000 0.417
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 44 62 38 0 0 28 56 46 -1
N.S. 1 1.41 0.86 0.00 0.00 0.64 1.27 1.05 -0.02
time (sec) N/A 0.471 0.132 0.014 0.000 0.780 0.379 0.447 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 68 68 64 0 0 43 0 0 -1
N.S. 1 1.00 094 0.00 0.00 0.63 0.00 0.00 -0.01
time (sec) N/A 0.099 0.038 0.012 0.000 0.869 0.000 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A C C C F A F(-1) B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 141 269 307 439 0 191 0 364 661
N.S. 1 1.91 218 3.11 0.00 1.35 0.00 2.58 4.69
time (sec) N/A 0.533 0.323 0.061 0.000 0.821 0.000 0.452 1.373
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A C C F F A F(-1) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 152 286 2180 0 0 200 0 373 -1
N.S. 1 1.88 14.34  0.00 0.00 1.32 0.00 2.45 -0.01
time (sec) N/A 0.321 3.248 0.095 0.000  0.933 0.000 0.501 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 45 51 44 0 0 63 0 57 -1
N.S. 1 1.13  0.98 0.00 0.00 1.40 0.00 1.27  -0.02
time (sec) N/A 0.083 0.030 180.000  0.000 0.771  0.000 0.470 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F B F(-1) A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 34 34 76 0 0 62 0 36 -1
N.S. 1 1.00 2.24 0.00 0.00 1.82 0.00 1.06  -0.03
time (sec) N/A 0.026 0.085 0.011 0.000  0.678 0.000 0.478 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A B C A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 22 22 22 0 18 56 78 18 -1
N.S. 1 1.00  1.00 0.00 0.82 2.55 3.55 0.82  -0.05
time (sec) N/A 0.014 0.022 0.076 3.798  0.659 18.164 0.465 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 32 32 89 0 0 58 0 36 -1
N.S. 1 1.00 2.78 0.00 0.00 1.81 0.00 1.12  -0.03
time (sec) N/A 0.028 0.068 0.008 0.000  0.509 0.000 0.508 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 43 43 43 89 41 32 34 62 -1
N.S. 1 1.00 1.00 2.07 0.95 0.74 0.79 1.44 -0.02
time (sec) N/A 0.031 0.019 0.033 3.148  0.480 2.311 0.497 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 28 28 28 21 34 34 48 35 174
N.S. 1 1.00 1.00 0.75 1.21 1.21 1.71 1.25 6.21
time (sec) N/A 0.009 0.019 0.125 4.981 0.463 0.556 0.471 0.135
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 26 0 22 22 20 22 -1
N.S. 1 1.00 1.00 0.00 0.85 0.85 0.77 0.85  -0.04
time (sec) N/A 0.023 0.017 0.014 10.711 0.461 3.047 0.452 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 38 38 85 0 0 138 0 38 -1
N.S. 1 1.00 2.24 0.00 0.00 3.63 0.00 1.00 -0.03
time (sec) N/A 0.034 0.060 0.231 0.000  0.497 0.000 0.491 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 70 94 88 0 0 110 0 52 -1
N.S. 1 1.34  1.26 0.00 0.00 1.57 0.00 0.74  -0.01
time (sec) N/A 0.091 0.072 0.526 0.000  0.475 0.000 0.476 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 58 58 58 0 0 48 0 0 -1
N.S. 1 1.00 1.00 0.00 0.00 0.83 0.00 0.00 -0.02
time (sec) N/A 0.096 0.028 0.054 0.000  0.467 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 55 55 41 37 36 35 31 36 27
N.S. 1 1.00 0.75 0.67 0.65 0.64 0.56 0.65 0.49
time (sec) N/A 0.038 0.017 0.022 4.160 0.433 3.441 0.452 0.340
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 26 0 22 22 20 22 -1
N.S. 1 1.00  1.00 0.00 0.85 0.85 0.77 0.85  -0.04
time (sec) N/A 0.022 0.016 0.007 3.066 0.415 3.159 0.454 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 78 78 119 0 0 115 0 122 -1
N.S. 1 1.00 1.53 0.00 0.00 1.47 0.00 1.56  -0.01
time (sec) N/A 0.183 0.047 0.012 0.000  0.457 0.000 0.519 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 39 39 25 35 35 39 0 73 -1
N.S. 1 1.00 0.64 0.90 0.90 1.00 0.00 1.87  -0.03
time (sec) N/A 0.033 0.025 0.028 4.056  0.437 0.000 0.446 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C A A B A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 17 17 17 54 15 23 29 23 -1
N.S. 1 1.00  1.00 3.18 0.88 1.35 1.711 1.35  -0.06
time (sec) N/A 0.019 0.013 0.108 5.548  0.423 0.528 0.473 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 57 57 7 0 0 81 0 104 -1
N.S. 1 1.00 1.35 0.00 0.00 1.42 0.00 1.82  -0.02
time (sec) N/A 0.053 0.050 0.115 0.000  0.474 0.000 0.467 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F(-2) A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 45 45 45 0 0 69 0 108 37
N.S. 1 1.00  1.00 0.00 0.00 1.53 0.00 2.40 0.82
time (sec) N/A 0.028 0.027 0.066 0.000 0.461 0.000 0.474 0.030
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C A A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 29 29 33 56 22 47 19 54 -1
N.S. 1 1.00 1.14 1.93 0.76 1.62 0.66 1.86  -0.03
time (sec) N/A 0.032 0.020 0.115 2.944 0.422 4328 0.498 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 20 19 22 0 40 -1
N.S. 1 1.00 1.00 0.95 0.90 1.05 0.00 1.90 -0.05
time (sec) N/A 0.029 0.012 0.050 2.058 0.454 0.000 0.449 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 34 34 27 119 27 27 29 28 -1
N.S. 1 1.00 0.79 3.50 0.79 0.79 0.85 0.82  -0.03
time (sec) N/A 0.024 0.017 0.037 3.768  0.425 1.404 0.439 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 33 33 21 29 29 33 26 58 -1
N.S. 1 1.00 0.64 0.88 0.88 1.00 0.79 1.76  -0.03
time (sec) N/A 0.028 0.020 0.025 3.665 0441 2776 0.451  0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 35 97 15 15 22 22 -1
N.S. 1 1.00  1.40 3.88 0.60 0.60 0.88 0.88  -0.04
time (sec) N/A 0.018 0.033 0.389 2.439  0.431 16.367 0.456 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 34 34 40 39 25 41 41 44 -1
N.S. 1 1.00 1.18 1.15 0.74 1.21 1.21 1.29 -0.03
time (sec) N/A 0.023 0.014 0.023 3.271 0.410 2.307 0.467 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 46 14 24 29 46 27 13
N.S. 1 1.00 2.88 0.88 1.50 1.81 2.88 1.69 0.81
time (sec) N/A 0.013 0.039 0.039 3.953 0.422 8.703 0.489 0.206
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 23 23 23 112 0 42 0 0 -1
N.S. 1 1.00  1.00 4.87 0.00 1.83 0.00 0.00 -0.04
time (sec) N/A 0.022 0.232 0.185 0.000  0.451 0.000 0.000 0.000
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 23 23 23 112 0 18 0 0 -1
N.S. 1 1.00  1.00 4.87 0.00 0.78 0.00 0.00 -0.04
time (sec) N/A 0.021 0.221 0.136 0.000  0.487 0.000 0.000 0.000
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 22 22 39 54 82 93 105 36 55
N.S. 1 1.00 1.77 2.45 3.73 4.23 4.77 1.64 2.50
time (sec) N/A 0.051 0.034 0.214 5.226  0.423 0.673 0.480 0.381
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 42 42 87 0 0 146 0 90 -1
N.S. 1 1.00 2.07 0.00 0.00 3.48 0.00 2.14 -0.02
time (sec) N/A 0.108 0.062  0.040 0.000  0.461 0.000 0.487 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A B A B F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 28 59 45 91 0 54 0 92 -1
N.S. 1 211 1.61 3.25 0.00 1.93 0.00 3.29  -0.04
time (sec) N/A 0.125 0.030 0.154 0.000  0.454 0.000 0.619 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 34 34 55 37 565 186 0 50 -1
N.S. 1 1.00 1.62 1.09 16.62 5.47 0.00 1.47 -0.03
time (sec) N/A 0.033 0.052 0.071 3.712 0.431 0.000 0.506 0.000
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F(-2) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 39 50 65 67 0 63 0 67 -1
N.S. 1 1.28  1.67 1.72 0.00 1.62 0.00 1.72  -0.03
time (sec) N/A 0.033 0.061 0.261 0.000  0.480 0.000 0.513 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A F A F F F(-1) F F F
verified N/A N/A NO TBD TBD TBD TBD TBD TBD
size 337 0 552 0 0 0 0 0 -1
N.S. 1 0.00 1.64 0.00 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.577 1.482 0.110 0.000  0.000 0.000 0.000 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C A A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 58 1134 67 52 87 0 78
N.S. 1 1.00 0.75 14.73 0.87 0.68 1.13 0.00 1.01
time (sec) N/A 0.157 0.017 2.349 3.138  0.967 0.483 0.000 0.257
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 120 120 95 508 0 287 0 92 413
N.S. 1 1.00 0.79 4.23 0.00 2.39 0.00 0.77 3.44
time (sec) N/A 0.100 0.107 0.062 0.000 0927 0.000 0.676 1.086
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A NO Yes TBD TBD TBD TBD TBD TBD
size 31 37 31 28 26 22 29 27 40
N.S. 1 1.19 1.00 0.90 0.84 0.71 0.94 0.87 1.29
time (sec) N/A 0.010 0.077 0.011 3.098 1.467 42.570 0.584 0.797
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 29 29 29 138 0 60 0 34 -1
N.S. 1 1.00  1.00 4.76 0.00 2.07 0.00 1.17  -0.03
time (sec) N/A 0.018 0.021 0.072 0.000 1.203 0.000 0.605 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 106 106 106 210 0 164 0 111 455
N.S. 1 1.00  1.00 1.98 0.00 1.55 0.00 1.05 4.29
time (sec) N/A 0.077 0.204 0.046 0.000 0.791 0.000 0.622 1.160
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [11] had the largest ratio of [29]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep; uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 8 7 1.00 ) 1.400
2 A 2 2 1.00 15 0.133
3 F 0 0 N/A 0. N/A
4 B 32 13 3.42 14 0.929
5! C ) 4 6.42 19 0.210
6 A 7 7 1.00 13 0.538
7 A 4 4 1.00 13 0.308
3 A 9 7 1.00 14 0.500
9 A 7 7 1.00 12 0.583
10 A 5 5 1.41 19 0.263
11 A 7 8 1.00 29 0.276
12 C 40 15 1.91 14 1.071
13 C 32 16 1.88 27 0.593
14 A 9 11 1.13 18 0.611
15) A 3 4 1.00 24 0.167
16 A 3 4 1.00 12 0.333
17, A 3 4 1.00 22 0.182
18 A 4 4 1.00 15 0.267
19 A 4 4 1.00 13 0.308
20 A 2 3 1.00 23 0.130
21 A ) 6 1.00 17 0.353
22 A 7 8 1.34 15 0.533
23 A 4 9 1.00 25 0.360
24 A 5 5 1.00 27 0.185
25) A 2 3 1.00 23 0.130
Continued on next page
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number of

number of

normalized

#olemde| s | e | asidebaive | (RO e,
26 A 18 11 1.00 27 0.407
27 A 3 3 1.00 17 0.176
28 A 2 2 1.00 13 0.154
29 A 7 6 1.00 17 0.353
30 A ) ) 1.00 15 0.333
31 A 4 4 1.00 15 0.267
32 A 2 2 1.00 17 0.118
33 A 5 5 1.00 13 0.385
34 A 3 3 1.00 15 0.200
35 A 2 2 1.00 13 0.154
36 A ) ) 1.00 13 0.385
37 A 2 2 1.00 11 0.182
38| A 2 2 1.00 24 0.083
39 A 2 2 1.00 24 0.083
40| A 4 5 1.00 10 0.500
41 A 6 7 1.00 12 0.583
42 B 5} ) 2.11 13 0.385
43 A 4 4 1.00 13 0.308
44 A 4 4 1.28 15 0.267
45| F 0 0 N/A 0. N/A
46 A 13 10 1.00 12 0.833
47 A 12 8 1.00 12 0.667
48 A 6 6 1.19 18 0.333
49 A 4 4 1.00 14 0.286
50 A 6 6 1.00 14 0.429
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3.1 [ sin™(z) log(z) dz

Optimal. Leaf size=51
—2v1—22 +tanh™! (\/1 — x? ) — zsin™'(z)(1 — log(z)) + V1 — 22 log(z)

[Out] arctanh((-x"2+1)"(1/2))-x*arcsin(x)*(1-1n(x))-2*%(-x"2+1) " (1/2)+1n(x) *(-x"2+
1)°(1/2)

Rubi [A]
time = 0.02, antiderivative size = 51, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 1.400,

steps used = 8, number of rules used = 7, integrand size = 5,
Rules used = {4715, 267, 2434, 272, 52, 65, 212}

—zArcSin(z) 4+ zArcSin(z) log(z) — 2v1 — 22" + V1 — 22 log(z) + tanh™* (\/ 1— a2 >

Antiderivative was successfully verified.
[In] Int[ArcSin[x]*Logl[x],x]

[Out] -2xSqrt[1 - x72] - x*ArcSin[x] + ArcTanh[Sqrt[1 - x"2]] + Sqrt[1l - x"2]*Log
[x] + x*ArcSin[x]*Logl[x]

Rule 52

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + bxx)"(m + 1D*((c + d*x)"n/(bx(m + n + 1))), x] + Dist[n*((bxc - axd)/(
b*¥(m + n + 1))), Int[(a + b*x) m*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)], x11 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)
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Rule 267

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 2434

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))*x(Px_.)*(F_)[(d_.)*((e_.) + (£f_.)*
(x_))]1"(m_.), x_Symbol] :> With[{u = IntHide[Px*F[d*(e + f*x)]"m, x]}, Dist
[a + bxLoglc*x"n], u, x] - Dist[b*n, Int[Dist[1/x, u, x], x], x]1] /; FreeQ[
{a, b, ¢, d, e, f, n}, x] && PolynomialQ[Px, x] && IGtQ[m, O] && MemberQ[{A
rcSin, ArcCos, ArcSinh, ArcCosh}, F]

Rule 4715

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*Ar
cSin[c*x])"n, x] - Dist[b*c*n, Int[x*((a + bxArcSin[c*x])~(n - 1)/Sqrt[1l -
c™2%x72]), x], x] /; FreeQ[{a, b, c}, x] & GtQ[n, O]

Rubi steps

/sin_l(x) log(z) dz = V1 — x2 log(z) + zsin*(z) log(z) — / < = ; z + sin_l(x)> dzx

N
= V1 —z2? log(z) + zsin'(z) log(z) — 1-2 dr — [ sin™!(z)dz
\/—

dacxx

= —zsin~(z) + V1 — 22 log(z) + zsin~!(x) log(z) — %Subst(

=—2V1—22 —xsin~'(z) + V1 — 22 log(z) + zsin"*(z) log(x) — ESubst (/ e
=—2V1—g22 —xsin"}(z) + V1 — 22 log(z) + xsin"*(x) log(z) + Subst (/ T
= —2v1—22 — zsin"!(z) + tanh™* (\/1 — 2 ) + V1 — 22 log(z) + zsin~!(z) log
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Mathematica [A]
time = 0.02, size = 52, normalized size = 1.02

—2v1 — 22 + zsin(z)(—1 + log(x)) + <—1 + m) log(z) + log <1 + m>

Antiderivative was successfully verified.

[In] Integrate[ArcSin[x]*Logl[x],x]

[Out] -2#Sqrt[1 - x72] + x*ArcSin[x]*(-1 + Logl[x]) + (-1 + Sqrt[1 - x72])*Log[x]
+ Log[1l + Sqrt[1 - x~2]]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 92 vs.

2(45) = 90.
time = 0.03, size = 93, normalized size = 1.82

method | result
resin(x) resin ()
2 arcsin(z) tan ( arcs;n(z) > In < lj::z(z;scsmtz?) ) -2 (ta,n2 (%)) In (W) —2arcsin(z) tan(%) —4

default .
1+tan? (arcs;n(z) )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsin(x)*1n(x),x,method=_RETURNVERBOSE)

[Out] 2*(arcsin(x)*tan(1/2*arcsin(x))*1n(2*xtan(1/2*arcsin(x))/(1+tan(1/2*arcsin(x
))"2))-tan(1/2*arcsin(x)) " 2*x1n(2*xtan(1/2*arcsin(x))/(1+tan(1/2*arcsin(x)) "2
))-arcsin(x)*tan(1/2*%arcsin(x))-2)/(1+tan(1/2*arcsin(x))~2)-1n(1+tan(1/2*ar

csin(x))~2)

Maxima [A]
time = 4.01, size = 58, normalized size = 1.14

A/ —2
(xzlog (z) — z)arcsin (z) + V—22+1 log(z) —2vV—22+1 +log <2|+|+1+%>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)*log(x),x, algorithm="maxima")
[Out] (x*log(x) - x)*arcsin(x) + sqrt(-x~2 + 1)*log(x) - 2*sqrt(-x"2 + 1) + log(2
*sqrt (-x"2 + 1)/abs(x) + 2/abs(x))

Fricas [A]
time = 0.66, size = 54, normalized size = 1.06

z arcsin (z) log (z) — zarcsin (z) + vV—22 + 1 (log (z) — 2) + % log <\/—x2 +1 + 1) - % log (\/—2:2 +1 — 1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)*log(x),x, algorithm="fricas")
[Out] x*arcsin(x)*log(x) - x*arcsin(x) + sqrt(-x"2 + 1)*(log(x) - 2) + 1/2xlog(sq
rt(-x"2 + 1) + 1) - 1/2xlog(sqrt(-x~2 + 1) - 1)

Sympy [A]
time = 3.98, size = 102, normalized size = 2.00

———2%—— —acosh () + ——— forﬁ >1

-1+ a\/—1+ %

= +iasin (1) - ——— otherwise
V1- & ey/1— 25

Verification of antiderivative is not currently implemented for this CAS.

zlog (z) asin (z) — zasin (z) + V1 — 22 log(z) — V1 —22 —

[In] integrate(asin(x)*1n(x),x)

[Out] x*log(x)*asin(x) - x*asin(x) + sqrt(l - x**2)*log(x) - sqrt(l - x**2) - Pie
cewise((-x/sqrt(-1 + x**(-2)) - acosh(1/x) + 1/(x*sqrt(-1 + x**(-2))), 1/Ab
s(x**2) > 1), (I*x/sqrt(l - 1/x**x2) + Ixasin(1/x) - I/(x*sqrt(l - 1/x*%*2)),
True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 272 vs. 2(42) =

84.
time = 0.51, size = 272, normalized size = 5.33

log (V=22 +1 +1 log (V=22 +1 +1 "
arcsin () log (&) + V2T T o &) - 2z arcsin (z) *log (V=7 ) og (V=2 )7 2 log (J«) _ log )

(m“)(ﬁ,q

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)*log(x),x, algorithm="giac")

[Out] x*arcsin(x)*log(x) + sqrt(-x"2 + 1)*log(x) - 2*x*arcsin(x)/((sqrt(-x~2 + 1)
+ D)*(x72/(sqrt(-x"2 + 1) + 1)72 + 1)) + x"2*log(sqrt(-x"2 + 1) + 1)/((sqr
t(-x"2 + 1) + 1)7"2%x(x"2/(sqrt(-x"2 + 1) + 1)72 + 1)) + log(sqrt(-x~2 + 1) +
1)/(x"2/(sqrt(-x"2 + 1) + 1)72 + 1) - x"2xlog(abs(x))/((sqrt(-x"2 + 1) + 1
)"2%(x72/(sqrt(-x"2 + 1) + 1)72 + 1)) - log(abs(x))/(x"2/(sqrt(-x"2 + 1) +

1)72 + 1) + 2%x72/((sqrt(-x"2 + 1) + 1)7"2%(x"2/(sqrt(-x"2 + 1) + 1)72 + 1))

- 2/(x"2/(sqrt(-x"2 + 1) + 1)72 + 1)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.02

/ asin(z) In (z) dz
Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(x)*log(x),x)
[Out] int(asin(x)*log(x), x)
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rsin~
32 [

Optimal. Leaf size=17
r— V1 —22 sin"(z)

[Out] x-arcsin(x)*(-x"2+1)"(1/2)

Rubi [A]
time = 0.02, antiderivative size = 17, normalized size of antiderivative = 1.00, number of
number of rules
= 0.133,
integrand size

steps used = 2, number of rules used = 2, integrand size = 15,
Rules used = {4767, 8}

— V1 — 2% ArcSin(z)

Antiderivative was successfully verified.

[In] Int[(x*ArcSin[x])/Sqrt[1 - x72],x]

[Out] x - Sqrt[1 - x"2]*ArcSin[x]

Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 4767

Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.))"(n_.)*(x_)*((d_) + (e_.)*(x_)"2)"(p_
.), x_Symbol] :> Simp[(d + e*x"2)"(p + 1)*((a + b*ArcSin[c*x]) n/(2*ex(p +

1))), x] + Dist[b*(n/(2%c*(p + 1)))*Simp[(d + e*x"2)"p/(1 - c™2*x~2)"p], In
t[(1 - c™2%x™2)"(p + 1/2)*(a + bxArcSin[c*x])~(n - 1), x], x] /; FreeQ[{a,

b, ¢, d, e, p}, x] & EqQc™2+d + e, 0] &% GtQ[n, 0] &% NeQ[p, -1]

Rubi steps

/%—Z?@C:—m sin_l(x)_|_/1dx
=z —V1—22 sin"(z)

Mathematica [A]
time = 0.01, size = 17, normalized size = 1.00

r— V1 —22 sin"(z)

Antiderivative was successfully verified.



[In] Integrate[(x*ArcSin[x])/Sqrt[1 - x~2],x]
[Out] x - Sqrt[1 - x"2]*ArcSin[x]

Maple [A]
time = 0.06, size = 16, normalized size = 0.94
method | result size
default | x — arcsin () v—22+1 | 16

Verification of antiderivative is not currently implemented for this CAS.
[In] int(x*arcsin(x)/(-x"2+1)~(1/2),x,method=_RETURNVERBOSE)
[Out] x-arcsin(x)*(-x"2+1)"(1/2)

Maxima [A]
time = 2.56, size = 15, normalized size = 0.88

—V—22+1 arcsin(z) +
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*arcsin(x)/(-x"2+1)~(1/2),x, algorithm="maxima")
[Out] -sqrt(-x"2 + 1)*arcsin(x) + x
Fricas [A]
time = 0.69, size = 15, normalized size = 0.88
—V—22+1 arcsin(z) +
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*arcsin(x)/(-x"2+1)~(1/2),x, algorithm="fricas")

[Out] -sqrt(-x"2 + 1)*arcsin(x) + x

Sympy [A]
time = 0.06, size = 12, normalized size = 0.71

z — V1 — 22 asin (z)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*asin(x)/(-x**2+1)**(1/2),x)
[Out] x - sqrt(1l - x**2)*asin(x)
Giac [A]

time = 0.46, size = 15, normalized size = 0.88

—V—x%2+1 arcsin (z) + x

45



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsin(x)/(-x"2+1)~(1/2),x, algorithm="giac")
[Out] -sqrt(-x"2 + 1)*arcsin(x) + x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.06

x asin(x) i

V1—2x2
Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*asin(x))/(1 - x~2)°(1/2),x)
[Out] int((x*asin(x))/(1 - x~2)°(1/2), x)

46
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3.3 [—sin™t (vVz —V1+z) de

Optimal. Leaf size=69

VB +3VTH8 ) —z 4 vEVIFT 1
( 1\/5 —(g-l-a:)sin_ (f—\/ﬂ)

[Out] -(3/8+x)*arcsin(x~(1/2)-(1+x)~(1/2))+1/8*x(x~(1/2)+3%(1+x) ~(1/2) ) *(—x+x~(1/2
)*(1+x)7(1/2))~(1/2)*27(1/2)

Rubi [F]
time = 0.10, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules __
integrand size 0.000,

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/—ArcSin(f — m) dr

Verification is not applicable to the result.
[In] Int[-ArcSin[Sqrt[x] - Sqrt[1 + x]],x]

[Out] -(x*ArcSin[Sqrt[x] - Sqrt[1 + x]]) + Defer[Subst] [Defer[Int] [Sqrt[1 - x~2 +
x*¥Sqrt [-1 + x~2]11, x], x, Sqrtl[l + x]1/Sqrt([2]

Rubi steps
.1 . —z+ /7 V1 a:‘
/—sm <\/37—\/1+—x>da:=—a:sm <f—m)+/\/2;5 T%—m_'_ dz
\/_w+ﬁmdx
= —zsin”! (V& — VIt )+ \/;\723
Subst(f\/l—zQ—l—x\/de,x,
= —gzsin™! <f—m)+ )

Mathematica [A]
time = 0.71, size = 106, normalized size = 1.54

\/—2z+2\/5\/1+x |
VT +V1+zx

S(VE +3VTHT ) 24 2vE VT —wsint (VE - VIFT ) - 2 tan? (
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Antiderivative was successfully verified.

[In] Integrate[-ArcSin[Sqrt[x] - Sqrt[1l + x]1],x]

[Out] ((Sqrtl[x] + 3*Sqrt[1 + x])#*Sqrt[-2*x + 2*Sqrt[x]*Sqrt[1 + x]])/8 - x*ArcSin
[Sqrt[x] - Sqrt[1 + x]] - (3*ArcTan[Sqrt[-2*x + 2%Sqrt[x]*Sqrt[1 + x]]1/(-Sq

rt[x] + Sqrtl[1 + x])1)/8

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 250 vs.

2(49) = 98.
time = 0.58, size = 251, normalized size = 3.64

method | result

arcsin(\/a? V1+z ) (tan8

+2am$n(\/$ —

tan?

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-arcsin(x~(1/2)-(1+x)~(1/2)) ,x,method=_RETURNVERBOSE)

[Out] -1/16%(arcsin(x~(1/2)-(1+x)~(1/2))*tan(1/2*arcsin(x~(1/2)-(1+x)~(1/2)))"8-2
*tan(1/2*arcsin(x”~(1/2)-(1+x)~(1/2))) " 7+2*arcsin(x~(1/2)-(1+x)~(1/2))*tan(1
/2*arcsin(x”(1/2)-(1+x)~(1/2)))"6-6*tan(1/2*arcsin(x~(1/2)-(1+x)~(1/2))) "5+
18*arcsin(x~(1/2)-(1+x)~(1/2))*tan(1/2*arcsin(x~(1/2)-(1+x)~(1/2))) “4+6*tan
(1/2*arcsin(x~(1/2)-(1+x)~(1/2))) ~3+2*xarcsin(x~(1/2)-(1+x) ~(1/2) ) *tan(1/2*a
rcsin(x~(1/2)-(1+x)~(1/2))) ~2+2*%tan(1/2*arcsin(x~(1/2)-(1+x)~(1/2)) ) +arcsin
(x~(1/2)-(1+x)~(1/2)))/(1+tan(1/2*arcsin(x~ (1/2)-(1+x)~(1/2)))"2)"2/tan(1/2
xarcsin(x~(1/2)-(1+x)~(1/2)))"2

Maxima [A]

time = 4.16, size = 4, normalized size = 0.06
L x
—T
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-arcsin(x~(1/2)-(1+x)~(1/2)),x, algorithm="maxima")
[Out] 1/2*pi*x

Fricas [A]
time = 22.13, size = 49, normalized size = 0.71

é(8x+3)arcsin(\/ar—\/:?>+%\/2\/5174-—1\/37—255<3V$+1 +\/5?>
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-arcsin(x~(1/2)-(1+x)~(1/2)),x, algorithm="fricas")
[Out] 1/8%(8*x + 3)*arcsin(sqrt(x + 1) - sqrt(x)) + 1/8xsqrt(2*sqrt(x + 1)*sqrt(x
) - 2%x)*(3*sqrt(x + 1) + sqrt(x))

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

—/asin(f—\/x—l——l)dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(-asin(x**(1/2)-(1+x)**(1/2)),x)
[Out] -Integral(asin(sqrt(x) - sqrt(x + 1)), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(-arcsin(x~(1/2)-(1+x)~(1/2)),x, algorithm="giac")
[Out] integrate(-arcsin(-sqrt(x + 1) + sqrt(x)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/asin(W — \/a?> dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin((x + 1)°(1/2) - x~(1/2)),x)
[Out] int(asin((x + 1)~(1/2) - x~(1/2)), x)
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3.4 [ log (1+x\/1—k7) dx

Optimal. Leaf size=97

—mﬁwm<y+¢g>um*(V—2+v3<x+¢T??v)—¢2Qd+v@)tmm”( 2+¢?<x+

[Out] -2*x+x*1n(1+x*(x~2+1)"(1/2))-arctanh((x+(x"2+1)~(1/2))*(2+45"(1/2))~(1/2) ) *(
-2+2*%57(1/2)) " (1/2)+arctan ((x+(x"2+1)~(1/2) ) *(-2+57(1/2)) ~(1/2) ) * (2+2x5~(1/
2))°(1/2)

Rubi [B] Leaf count is larger than twice the leaf count of optimal. 332 vs. 2(97) = 194.

time = 0.45, antiderivative size = 332, normalized size of antiderivative = 3.42, number of

steps used = 32, number of rules used = 13, integrand size = 14, number of rules _ 0.929,
integrand size

Rules used = {2628, 6874, 267, 1144, 209, 213, 1265, 838, 721, 1107, 1180, 1261, 713}

VEE ) et m) '

B (=2 N T T -
[F el ) B e ) - T e

Antiderivative was successfully verified.
[In] Int[Logl[l + x*Sqrt[1 + x~2]],x]

[Out] -2*x - Sqrt[(1 + Sqrt[5])/10]*ArcTan[Sqrt[2/(1 + Sqrt[5])]*x] + 2*Sqrt[(2 +
Sqrt [5]1) /5] *ArcTan[Sqrt[2/(1 + Sqrt[5])1*x] + Sqrt[2/(6%(-1 + Sqrt[5]))]*A

rcTan[Sqrt[2/(-1 + Sqrt[5])I1*Sqrt[1 + x"2]] + Sqrt[(2*(-1 + Sqrt[5]))/5]*Ar
cTan[Sqrt[2/(-1 + Sqrt[5])1*Sqrt[1 + x~2]] + 2*Sqrt[(-2 + Sqrt[5])/5]*ArcTa

nh[Sqrt[2/(-1 + Sqrt[5])]1*x] + Sqrt[(-1 + Sqrt[5])/10]*ArcTanh[Sqrt[2/(-1 +
Sqrt[6])1*x] + Sqrt[2/(5%(1 + Sqrt([5]))]*ArcTanh[Sqrt[2/(1 + Sqrt[5])]1*Sqr

t[1 + x72]]1 - Sart[(2*(1 + Sqrt[5]))/5l*ArcTanh[Sqrt[2/(1 + Sqrt[5])I*Sqrtl

1 + x72]] + xxLog[1l + x*Sqrt[1 + x72]]

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQb, 01)

Rule 213

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt[b, 2]*(x/Rt[-a, 21)]1, x] /; FreeQ[{a, b}, x] && NegQl[a/bl &&
(LtQ[a, 0] Il GtQlb, 01)

Rule 267

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&



o1

NeQ[p, -1]

Rule 713

Int[Sqrtl(d_.) + (e_.)*x(x_)1/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol]

:> Dist[2*e, Subst[Int[x"2/(c*d"2 - bxd*xe + a*xe™2 - (2%c*d - b*e)*x~2 + cx*
x~4), x], x, Sqrt[d + exx]], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4
xa*xc, 0] && NeQ[c*d™2 - bxdxe + a*e”2, 0] && NeQ[2*c*d - bxe, 0]

Rule 721

Int[1/(Sqrtl(d_.) + (e_.)*(x_)I*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)), x_Sym
bol] :> Dist[2*e, Subst[Int[1/(c*d”2 - bxd*e + a*e”™2 - (2%cxd - b*xe)*x"2 +
c*x~4), x], x, Sqrtld + exx]], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
4xaxc, 0] &% NeQ[c*d™2 - b*d*e + a*xe”™2, 0] && NeQ[2*c*d - b*e, 0]

Rule 838

Int [(((d_.) + (e_.)*x(x_))"(m_)*((£f_.) + (g_.)*(x_)))/((a_.) + (b_.)*(x_) +
(c_.)*(x_)"2), x_Symbol] :> Simp[gx((d + e*x)"m/(c*m)), x] + Dist[1/c, Int[
(d + exx)"(m - 1)*(Simp[cxd*f - axexg + (gkc*d - bkexg + ckexf)*x, x]/(a +
b*x + c*x~2)), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b~2 - 4xax*c
, 0] &&% NeQ[c*d™2 - bxdxe + a*e”™2, 0] && FractionQ[m] && GtQ[m, O]

Rule 1107

Int[((a)) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[b~
2 - 4xaxc, 2]}, Dist[c/q, Int[1/(b/2 - q/2 + c*x72), x], x] - Distlc/q, Int
[1/(b/2 + q/2 + c*x72), x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc,
0] && PosQ[b~2 - 4xaxc]

Rule 1144

Int[((d_)*(x_))"(m_)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :> Wi
th[{q = Rt[b™2 - 4*axc, 2]}, Dist[(d"2/2)*(b/q + 1), Int[(d*x)"(m - 2)/(b/2
+ q/2 + cxx72), x], x] - Dist[(d"2/2)*(b/q - 1), Int[(d*x)~(m - 2)/(b/2 -
q/2 + c*x~2), x], x11 /; FreeQ[{a, b, c, d}, x] && NeQ[b~2 - 4*axc, 0] && G

eQ[m, 2]

Rule 1180

Int[((d) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~"2 - 4xa*c, 2]}, Dist[e/2 + (2*c*d - bxe)/(2*xq), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2*%c*d - b*xe)/(2*q), Int[1/(b/2 + q/2
+ ¢c*x72), x], x]] /; FreeQ[{a, b, ¢, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlcxd”™2 - axe™2, 0] && PosQ[b~2 - 4x*xaxc]
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Rule 1261

Int[(x_)*((d_) + (e_.)*(x_)7"2)7(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(
P_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + e*x)~g*(a + b*x + c*x~2)7p, x],
x, x72], x] /; FreeQl{a, b, c, d, e, p, q}, x]

Rule 1265

Int[(x_)~"(m_.)*x((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + e*x)~gx(a +
b*x + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, c, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 2628

Int[Loglu_], x_Symbol] :> Simp[x*Log[ul, x] - Int[SimplifyIntegrand [x*(D[u,
x]/u), x], x] /; InverseFunctionFreeQ[u, x]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps



z(1 + 22?)
log(1+x\/1+x2> dz =zlog (14 zV1+ 22 / dx
/ z+ 234+ V1+2?

223 )
+ dzx
/<x+z3+\/1+x2 z+z34+ V1422

x3 x
dx—/
/x+z3—|—\/1+x2 z+x34+ V14 x2
1— 22 Vit
=xlog(1+z\/1+m2>—2/(1— ? + v AL

( )-
— g<1+x 1+x2>
log ( )-

1+zvV1+ 22

Vi+g2z —“l4+z?2+zt 1422+

1—22

:—2x+xlog<1+x\/1+x2)+2/%dw—2/—dw+
T

1422+

—1+z+ 22

:—Zx—\/10<1+f> tan_1< 1+2f ) é<2+f> tan_l'

1 V1
=2+ V1+2x2 +zlog <1+mv1+m2 ) +§Subst< udm,x,

1 2 1
=—2x—\/— 1—|—f tan - 2+f tan~!
0 < 1+ V5 ) 5 ) |
=2z — i an! z|+2 1<2+x/§> tan™! |
10 1+ \/ET 5
1 2 /1
=2 —\/— tan T | +24/< (2 + \/g) tan™!
10 ( 1++5 ) 5 ‘
Mathematica [A]
time = 0.34, size = 188, normalized size = 1.94
(5+ v8) tan™! stz : ; (-5+V5)s |57 1 5
ot <\/r “/ﬂ >+V/§(H‘/§) tanil(\ +£ \/T) ( >7V/ 1+\F ta.nh"( —5+§ m)+zlog(1+zm)
\10<1+\/3) \/ (-1+ )

Antiderivative was successfully verified.

[In] Integrate[Log[l + x*Sqrt[1 + x~2]11,x]

[Out] -2*x + ((5 + Sqrt[5])*ArcTan[Sqrt[2/(1 + Sqrt[5])]1#*x])/Sqrt[10*(1 + Sqrt[5]
)] + Sqrt[(1 + Sqrt[5])/2]*ArcTan[Sqrt[1/2 + Sqrt[5]/2]1*Sqrt[1 + x~2]] - ((
-5 + Sqrt[5])*ArcTanh[Sqrt[2/(-1 + Sqrt[5])]1#*x])/Sqrt[10*(-1 + Sqrt[5])] -
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Sqrt[(-1 + Sqrt[5])/2]*ArcTanh[Sqrt[-1/2 + Sqrt[5]/2]*Sqrt[1 + x~2]] + x*Lo
gll + xxSqrt[1 + x~2]]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 425 vs.
2(75) = 150.

time = 0.06, size = 426, normalized size = 4.39

method | result

arctan | ——22 \/ET arctan(r"z) arctanh(zz
( 2+2¢§> V2+2v5 ) V=242V

V2+2v5 " V2+2v5 V=2+2V5

default | zln (1+zvz?2+1) +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(In(1+x*(x~2+1)~(1/2)),x,method=_RETURNVERBOSE)

[Out] x*1n(1+x*(x~2+1)"(1/2))+1/(2+2%57(1/2)) "~ (1/2)*arctan(2*x/ (2+2*5~(1/2))~(1/2
))+57(1/2)/(2+2x5~(1/2) )~ (1/2) *arctan (2*x/ (2+2*x5~(1/2))~(1/2) ) -1/ (-2+2x5~ (1
/2))~(1/2)*arctanh (2*x/(-2+2*57(1/2))~(1/2))+57(1/2) / (-2+2*%5~(1/2) )~ (1/2) *a
rctanh (2xx/ (-2+2*57(1/2))~(1/2))-2*x-1/2/(2+57(1/2) )~ (1/2) *arctanh (((x~2+1)
~(1/2)-x)/(2+57(1/2))~(1/2))-1/2%5"(1/2) / (2+57(1/2) )~ (1/2) *arctanh (((x~2+1)
~(1/2)-x)/(2+5°(1/2))~(1/2))+1/2/(-2+5"(1/2) )~ (1/2) *arctan (((x~2+1) " (1/2)-x
)/ (-2+57(1/2))"(1/2))-1/2%x5"(1/2) / (-2+5~(1/2) )~ (1/2) *xarctan (((x~2+1) ~(1/2) -
x)/(-2+57(1/2))~(1/2))-3/10%5"(1/2) / (2+5~(1/2) )~ (1/2)*arctan(((x~2+1)~(1/2)
-x)/(2+57(1/2))~(1/2))-1/2/(2+57(1/2) )~ (1/2) *arctan(((x~2+1) " (1/2)-x) / (2+5~
(1/2))°(1/2))+1/2/(-2+5"(1/2) )~ (1/2)*arctanh (((x"2+1) ~(1/2)-x) / (-2+57(1/2))
~(1/2))-3/10%5"(1/2)/(-2+5"(1/2) )~ (1/2) *arctanh (((x~2+1)~(1/2)-x) / (-2+5~(1/
2))~(1/2))+2/5%567(1/2)*(2+5°(1/2) )~ (1/2) *arctan(((x~2+1)~(1/2)-x) / (2+5~(1/2
))~(1/2))-2/5%(-2+5"(1/2))~(1/2)*5~(1/2) *arctanh (((x"2+1) " (1/2)-x)/ (-2+5~ (1
/2))~(1/2))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l+x*(x~2+1)~(1/2)),x, algorithm="maxima")

[Out] x*log(sqrt(x~2 + 1)*x + 1) - 2%x + arctan(x) + integrate((2*x"2 + 1)/(x72 +
(x73 + x)*sqrt(x”2 + 1) + 1), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 402 vs.
2(75) = 150.
time = 1.04, size = 402, normalized size = 4.14
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(l+x*(x~2+1)~(1/2)),x, algorithm="fricas")

[Out] -sqrt(2)#*sqrt(sqrt(5) + 1)*arctan(1/4*sqrt(2)*sqrt(4*x~4 + 4*xx~2 + sqrt(5)*
(2%x72 + 1) - 2%(2%x73 + sqrt(B)*x + x)*sqrt(x~2 + 1) + 1)*(sqrt(2)*x + sqr
t(2)*sqrt(x~2 + 1))*sqrt(sqrt(5) + 1) - 1/2xsqrt(2)*sqrt(x”2 + 1)*sqrt(sqrt
(6) + 1)) - sqrt(2)*sqrt(sqrt(5) + 1)*arctan(1/8*sqrt(4*x~2 + 2*sqrt(5) + 2
)*(sqrt(5)*sqrt(2) - sqrt(2))*sqrt(sqrt(5) + 1) - 1/4x(sqrt(5)*sqrt(2)*x -
sqrt (2) *x) *sqrt(sqrt(5) + 1)) + 1/4*sqrt(2)*sqrt(sqrt(5) - 1)xlog(4*x~2 - 4
*xsqrt(x72 + 1)*x + (sqrt(5)*sqrt(2)*x - sqrt(x~2 + 1)*(sqrt(5)*sqrt(2) + sq
rt(2)) + sqrt(2)*x)*sqrt(sqrt(5) - 1) + 4) - 1/4xsqrt(2)*sqrt(sqrt(5) - 1)x*
log(4%x~2 - 4*sqrt(x™2 + 1)*x - (sqrt(5)*sqrt(2)*x - sqrt(x~2 + 1)*(sqrt(5)
xsqrt(2) + sqrt(2)) + sqrt(2)*x)*sqrt(sqrt(5) - 1) + 4) + xxlog(sqrt(x~2 +
1*x + 1) + 1/4*sqrt(2)*sqrt(sqrt(5) - 1)*log(2*x + sqrt(2)*sqrt(sqrt(5) -
1)) - 1/4*%sqrt(2)*sqrt(sqrt(5) - 1)*log(2*x - sqrt(2)*sqrt(sqrt(5) - 1)) -
2%x

Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(1+x*(x**2+1)**(1/2)),x)
[Out] Timed out

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 235 vs. 2(75) =
150.
time = 0.52, size = 235, normalized size = 2.42

- a4 )

— - VEIT +— — o) — — — — — —
,l«,g(w,,},J.;\zm,,,.,.‘.‘..(ﬁ‘— ﬁ)‘;\zrm.‘m( ﬁ) 3V =t (e VT a2 - ) o e JT T ) -V s (e T ) 4V [ v T - ) e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l+x*(x~2+1)~(1/2)),x, algorithm="giac")

[Out] x*log(sqrt(x~2 + 1)*x + 1) + 1/2*sqrt(2*sqrt(5) + 2)*arctan(-(x - sqrt(x~2
+ 1) + 1/(x - sqrt(x~2 + 1)))/sqrt(2*sqrt(5) - 2)) + 1/2xsqrt(2*sqrt(5) + 2
)*arctan(x/sqrt(1/2*xsqrt(5) + 1/2)) - 1/4xsqrt(2*sqrt(5) - 2)*log(-x + sqrt

(x72 + 1) + sqrt(2*sqrt(5) + 2) - 1/(x - sqrt(x"2 + 1))) + 1/4*sqrt(2*sqrt(

5) - 2)*log(abs(x + sqrt(1/2*xsqrt(5) - 1/2))) - 1/4*sqrt(2*sqrt(5) - 2)*log
(abs(x - sqrt(1/2*sqrt(5) - 1/2))) + 1/4*sqrt(2*sqrt(5) - 2)*log(abs(-x + s
qrt(x™2 + 1) - sqrt(2*sqrt(5) + 2) - 1/(x - sqrt(x™2 + 1)))) - 2*x

Mupad [B]
time = 1.57, size = 666, normalized size = 6.87
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x*(x~2 + 1)~(1/2) + 1),x)

[Out] x*log(x*(x~2 + 1)~(1/2) + 1) - 2*x + (log(x - (27 (1/2)*(57(1/2) - 1)~(1/2))
/2)*%(57(1/2)/2 - 5/2))/(2%x(67(1/2)/2 - 1/2)"(1/2) + 4x(5~(1/2)/2 - 1/2)~(3/
2)) - (log(x + (27(1/2)*(57(1/2) - 1)7(1/2))/2)*(5~(1/2)/2 - 5/2))/(2x(5~(1
/2)/2 - 1/2)7(1/2) + 4x(57(1/2)/2 - 1/2)7(3/2)) - (log(x - (27(1/2)*(- 5°(1
/2) - 1)7(1/2))/2)*(67(1/2)/2 + 5/2))/(2x(- 57(1/2)/2 - 1/2)7(1/2) + 4x(- 5
~(1/2)/2 - 1/2)7(3/2)) + (log(x + (27(1/2)*(- 57(1/2) - 1)~(1/2))/2)*(5"(1/
2)/2 + 5/2))/(2x(- 57(1/2)/2 - 1/2)"(1/2) + 4x(- 57(1/2)/2 - 1/2)7(3/2)) +
((Qog(x - (27(1/2)*(57(1/2) - 1)7(1/2))/2) - log((2~(1/2)*xx(57(1/2) - 1)~ (
1/2))/2 + (27(1/2)*(x"2 + 1)~ (1/2)*(57(1/2) + 1)~(1/2))/2 + 1))*((6~(1/2)/2
- 1/2)7(1/2) + 2x(57(1/2)/2 - 1/2)7(3/2)))/((2x(5~(1/2)/2 - 1/2)~(1/2) + 4
*(57(1/2)/2 - 1/2)7(3/2))*(57(1/2)/2 + 1/2)7(1/2)) + ((log(x + (27(1/2)*(5"
(1/2) - 1)7(1/2))/2) - log((2°(1/2)*(x"2 + 1)~(1/2)*(67(1/2) + 1)7(1/2))/2
- (27(1/2)*xx(67(1/2) - 1)7(1/2))/2 + 1))*((67(1/2)/2 - 1/2)"(1/2) + 2x(57(
1/2)/2 - 1/2)7(3/2)))/((2%(57(1/2)/2 - 1/2)~(1/2) + 4x(5~(1/2)/2 - 1/2)~(3/
2))x(57(1/2)/2 + 1/2)7(1/2)) - ((Log((27(1/2)*(x72 + 1)~ (1/2)*(1 - 57(1/2))
~(1/2))/2 - (27(1/2)*x*x(- 57(1/2) - 1)7(1/2))/2 + 1) - log(x + (27 (1/2)*(-
57(1/2) - 1)~(1/2))/2))*((- 57(1/2)/2 - 1/2)~(1/2) + 2*(- 5°(1/2)/2 - 1/2)"
(3/2)))/((2x(- 57(1/2)/2 - 1/2)"(1/2) + 4x(- 5°(1/2)/2 - 1/2)"(3/2))*(1/2 -
57(1/2)/2)7(1/2)) - ((Qog((2~(1/2)*x*x (- 57(1/2) - 1)~(1/2))/2 + (27(1/2)*(
x"2 + 1)7(1/2)*x(1 - 57(1/2))°(1/2))/2 + 1) - log(x - (2°(1/2)*(- 5°(1/2) -
1)7(1/2))/2))*((- 57(1/2)/2 - 1/2)7(1/2) + 2x(- 57(1/2)/2 - 1/2)7(3/2)))/((
2x(- 57(1/2)/2 - 1/2)7(1/2) + 4x(- 67(1/2)/2 - 1/2)7(3/2))*(1/2 - 57(1/2)/2
)~(1/2))
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f cos(x) dx
/1 + cos?(x) + cost(z)

Optimal. Leaf size=45

3.5

z cos(z) (1 4 cos®(z)) sin(z)

1
=+ Ztan™? ‘
3 3 1 4 cos?(x)\/1 + cos?(x) + cost(z)

[Out] 1/3%x+1/3*arctan(cos(x)*(1+cos(x)~2)*sin(x)/(1+cos(x) 2% (1+cos(x) 2+cos(x)"~

4)~(1/2)))

Rubi [C] Result contains higher order function than in optimal. Order 4 vs. order 3 in
optimal.

time = 0.33, antiderivative size = 289, normalized size of antiderivative = 6.42, number of
number of rules _ 91
integrand size e

steps used = 5, number of rules used = 4, integrand size = 19,
Rules used = {6851, 1230, 1117, 1720}

B )6

2y/cos?(z) (tan'(z) + 3tan’ (z) +3) - 493\ cos?(x) (tan' (z) + 3 tan’ () + 3)

3tan’(z) + 3
T

cos?(2) /tan*(z) +3tan*(z) +3 ArcTan ton(z) (14 V) cos’(@) (tan*(a) + V5
|/ tan'(z] () +

Warning: Unable to verify antiderivative.
[In] Int([Cos[x]~2/Sqrt[1 + Cos[x]~2 + Cos[x]~4],x]

[Out] (ArcTan[Tan[x]/Sqrt[3 + 3*Tan[x]~2 + Tan[x]~4]]*Cos[x]~2%Sqrt[3 + 3*Tan[x]~
2 + Tan[x]~4])/(2+Sqrt[Cos[x]~4*(3 + 3*Tan[x]"2 + Tan[x]"4)]) - ((1 + Sqrtl[
31)*Cos [x] "2*EllipticF [2*ArcTan[Tan[x]/37(1/4)], (2 - Sqrt[3])/41*(Sqrt([3]

+ Tan[x]~2)*Sqrt[(3 + 3*Tan[x]~2 + Tan[x]~4)/(Sqrt[3] + Tan[x]"2)~2])/(4*3"
(1/4)*Sqrt [Cos[x]~4*(3 + 3*Tan[x]"2 + Tan[x]"4)]) + ((2 + Sqrt[3])*Cos[x]~2
*E1lipticPi[(3 - 2*Sqrt[3]1)/6, 2*ArcTan[Tan[x]/37(1/4)]1, (2 - Sqrt[31)/41%(
Sqrt[3] + Tan[x]~2)*Sqrt[(3 + 3*Tan[x]~2 + Tan[x]~4)/(Sqrt[3] + Tan[x]"2)"2

1)/ (4x37(1/4)*Sqrt [Cos [x] "4*(3 + 3*Tan[x]"2 + Tan[x]"4)])

Rule 1117

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[(1 + q~2*x"2)*(Sqrt[(a + b*x"2 + c*x~4)/(ax(1 + q~2%x~2)"2)]/
(2xg*Sqrt[a + b*x~2 + c*x~4]))*EllipticF[2*ArcTan[q*x], 1/2 - b*x(q~2/(4*c))
1, x11 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

Rule 1230

Int[1/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4]), x_S
ymbol] :> With[{q = Rtlc/a, 2]}, Dist[(c*d + a*e*xq)/(c*d"2 - axe~2), Int[1/
Sqrt[a + bxx~2 + cxx~4], x], x] - Dist[(a*xex(e + d*q))/(c*d"2 - a*e”2), Int
[(1 + g*x~2)/((d + exx~2)*Sgrt[a + b*x"2 + c*x~4]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - b*xd*e + axe~2, 0] && Ne
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Qlcxd~"2 - axe™2, 0] && PosQ[c/al

Rule 1720

Int [((A) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, Simp[(-(B*d - Axe))*(A
rcTan[Rt[-b + c*x(d/e) + ax(e/d), 2]*(x/Sqrtla + b*x"2 + c*xx"4])]/(2xd*e*xRt [
-b + cx(d/e) + ax(e/d), 2])), x] + Simp[(Bxd + A*e)*(A + B*x~2)*(Sqrt[A~2x*(
(a + b*x"2 + c*xx74)/(ax(A + Bxx"2)72))]/(4*dxexA*q*Sqrt[a + bxx"2 + c*x"4])
)*EllipticPi[Cancel [-(Bxd - Axe)~2/(4*d*exA*B)], 2*ArcTan[qg*x], 1/2 - b*x(A/
(4xaxB))], x]] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~2 - b*d*e + axe”2, 0] && NeQ[c*d~2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA~2 - axB~2, 0]

Rule 6851

Int[(u_.)*((a_)*(v_ )" (m_.)*(w_)"(n_.))"(p_), x_Symbol] :> Dist[a"IntPart[p
1*((a*v~m*w™n) “FracPart [p]/ (v" (m*FracPart [p] ) *w™ (n*xFracPart [p]))), Int[u*v™
(m*p)*w™(n*p), x], x] /; FreeQ[{a, m, n, p}, x] & !'IntegerQ[p] && !FreeQ
[v, x] & !FreeQ[w, x]

Rubi steps
2
cos”(z) - dz = Subst / ! dx,z,tan(x)
V/1+ cos?(z) + cos?(x) 5 [3+3z24 x4
A+22)" | ——
(1+2?)
2 2 a0 1
<cos (z) \/3 + 3tan?®(z) + tan*(z) ) Subst (f PPV v ey dz,

a

\/0054(93) (3 + 3tan?(z) + tan*(z)) |

fan ( o ) cos?(a) /3 + 3 an’(a) + tan'(a)

\/3 + 3tan?(z) + tan*(x)

2 \/cos4 (z) (3 + 3tan?(x) + tan?(x)) |

(<—1 — \/5) cos?(x) \/3 + 3tan’(z) + tan4(m)) Subst <f Vﬁ

2 \/cos4(ac) (3 + 3tan?(z) + tan*(x))



99

Mathematica [C] Result contains higher order function than in optimal. Order 4 vs. order
3 in optimal.
time = 1.50, size = 159, normalized size = 3.53

1 1
, ; L 2 /3 2i tan®(z) 2i tan®(z)
2i cos?(z)II §+£;zsmh ! - tan(z) | |2V 1——=4/1+
()@ 2 —3i+ V3 @ ) vs —3i+ V3 3i+ V3
i ,
————— /15 + 8cos(2x) + cos(4z
U Sis Y (22) + ove{dz)

Antiderivative was successfully verified.

[In] Integrate[Cos[x]~2/Sqrt[1 + Cos[x]~2 + Cos[x]~4],x]

[Out] ((-2%I)*Cos[x]~2%EllipticPi[3/2 + (I/2)*Sqrt[3], I*ArcSinh[Sqrt[(-2*I)/(-3%
I + Sqrt[3])]1*Tan[x]], (3*I - Sqrt[3])/(3*I + Sqrt[3]1)]1*Sqrt[1 - ((2*I)*Tan
[x]172)/(-3*I + Sqrt[3])]*Sqrt[1 + ((2*I)*Tan[x]~2)/(3*I + Sqrt[3])])/(Sqrtl
(-I1)/(-3*I + Sqrt[3])]1*Sqrt[15 + 8*Cos[2*x] + Cos[4*x]])

Maple [C] Result contains higher order function than in optimal. Order 4 vs. order 3.
time = 0.40, size = 312, normalized size = 6.93

method | result

‘ _1+i\/§ cos(2x)—1 | .
2/(cos? (20) + 4 cos (20) + 7) (sin? (20)) (/3 -3) J ((i\/%));os(;)ln) e Vs

default | —

(—1+i\/§) \/(cos (2z) — 1) (cos (2z) + 1) (cos (2z) + 2 -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x)~2/(1+cos(x)~2+cos(x)~4)~(1/2),x,method=_RETURNVERBOSE)

[Out] -2*x((cos(2#*x) " 2+4*xcos(2*x)+7)*sin(2*x)~2)~(1/2)*(I*3~(1/2)-3)*((-1+I*3~(1/2
))*(cos(2*x)-1)/(I*37(1/2)-3) /(cos(2*x)+1) )~ (1/2) *(cos (2*x)+1) 2% ((cos (2*x)
+2+I%37(1/2))/(I*37(1/2)+3)/(cos(2*x)+1) )~ (1/2) * ((I*3~(1/2) -cos (2*x)-2) / (I*
37(1/2)-3)/(cos (2*x)+1))~(1/2) *E11ipticPi (((-1+I*3~(1/2))*(cos (2*x)-1)/(I*3
~(1/2)-3)/(cos(2*x)+1))~(1/2) , (I*37(1/2)-3) / (-1+I*x37(1/2)), ((1+I*37(1/2))*(
Ix37(1/2)-3)/(I*37(1/2)+3)/(-1+Ix37(1/2)))~(1/2))/(-1+Ix3"(1/2) )/ ((cos (2*x)
-1)*(cos(2*x)+1)*(cos (2*x)+2+I*37(1/2) )*(I*3~(1/2)-cos(2*x)-2))~(1/2) /sin(2

*x)/ (cos (2*x) "2+4*cos (2*x)+7) " (1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(x)~2/(1+cos(x)~2+cos(x)~4)~(1/2),x, algorithm="maxima")
[Out] integrate(cos(x)~2/sqrt(cos(x)~4 + cos(x)”"2 + 1), x)

Fricas [A]
time = 0.92, size = 33, normalized size = 0.73

1 2 \/cos (z)* + cos ()* + 1 cos (z)®sin (z)
- arctan 6
6 2 cos(z)” —1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~2/(1+cos(x) " 2+cos(x)~4)~(1/2),x, algorithm="fricas")
[Out] 1/6*arctan(2*sqrt(cos(x)~4 + cos(x)~2 + 1)*cos(x) " 3*sin(x)/(2*cos(x)"6 - 1)

)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)**2/(1+cos(x)**2+cos(x)**4)**(1/2),x)

[Out] Exception raised: SystemError >> excessive stack use: stack is 3062 deep

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~2/(1+cos(x)~2+cos(x)~4)~(1/2),x, algorithm="giac")
[Out] integrate(cos(x)~2/sqrt(cos(x)~4 + cos(x)”"2 + 1), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

cos (z)°
/ dx
cos (z)* + cos (z)* + 1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x)~2/(cos(x)"2 + cos(x)"4 + 1)°(1/2),x)
[Out] int(cos(x)~2/(cos(x)"2 + cos(x)"4 + 1)~(1/2), x)
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3.6 [tan(z) /1 + tan(z) dzx

Optimal. Leaf size=56

tanh_l ( 1—tan?(z)

V2 1/1 + tan'(z )
—% sinh™' (tan®(z)) — \\//5 ¥ tenta) + %\/1 + tan*(z)

[Out] -1/2*arcsinh(tan(x)~2)-1/2*%arctanh(1/2*x(1-tan(x)~2)*2~(1/2)/(1+tan(x)~4)"(1
/2))*27(1/2)+1/2x(1+tan(x) ~4) ~(1/2)

Rubi [A]
time = 0.05, antiderivative size = 56, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.538,

steps used = 7, number of rules used = 7, integrand size = 13
Rules used = {3751, 1262, 749, 858, 221, 739, 212}

tanh_l ( 1—tan?(z) ‘
1 V2 \/tant(z) + 1 1
5 \/tan*(z) +1 — \\//5 -3 sinh™" (tan’(z))
Antiderivative was successfully verified.

[In] Int[Tan[x]*Sqrt[1 + Tan[x]~4],x]

[Out] -1/2%ArcSinh([Tan([x]"2] - ArcTanh[(1 - Tan[x]~2)/(Sqrt[2]*Sqrt[1 + Tan[x]"4]
)1/8qrt[2] + Sqrtl[l + Tan[x]~4]/2

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])]1, x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 739

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*d™2 + a*xe™2 - x72), x], x, (a*e - cxd*x)/Sqrt[a + c*x~2]] /; FreeQ
[{a, c, d, e}, x]

Rule 749



62

Int[((d)) + (e_)*(x_))"(m_)*((a_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
(d+ exx)"(m + 1)*((a + c*xx"2)"p/(ex(m + 2%p + 1))), x] + Dist[2x(p/(ex(m +
2xp + 1))), Int[(d + exx) m*Simp[a*e - c*xd*x, x]*(a + c*xx"2)"(p - 1), x],
x] /; FreeQ[{a, c, d, e, m}, x] && NeQ[c*d~2 + axe~2, 0] && GtQ[p, 0] && Ne
Qm + 2xp + 1, 0] && ( !'RationalQ[m] || LtQm, 1]) && !'ILtQ[m + 2*p, 0] &&
IntQuadraticQ[a, O, c, d, e, m, p, x]

Rule 858

Int[((d_.) + (e_.)*(x_))"(m )*((f_.) + (g_.)*(x_))*((a_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + e*x)"(m + 1)*x(a + c*x"2)7p, x], x] + D
ist[(exf - d*g)/e, Int[(d + e*x) mx(a + c*xx~2)7p, x], x] /; FreeQ[{a, c, 4,
e, f, g, m, p}, x] && NeQ[cxd~2 + a*xe”2, 0] & !IGtQ[m, O]

Rule 1262

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + exx)~gx(a + c*x~2)7p, x], x, x~2], x] /; FreeQ
[{a, c, 4, e, p, q}, x]

Rule 3751

Int[((d_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(£_)*x)D1)" (@ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[cx(£f£f/f), Subst[Int[(d*ff*(x/c)) m*((a + b*x(ff*x)"n) p/(c”2 + ff
~2xx~2)), x], x, cx(Tan[e + f*x]/ff)], x]] /; FreeQ[{a, b, ¢, d, e, £, m, n
, P}, x] && (IGtQlp, 0] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] &% Ration
alQ[n]))

Rubi steps
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v/ 1
/tan(x) 1 + tan*(z) dz = Subst </ % dz,x,tan(x))

/ 2
= 1Subst (/ vitae? dx,z,tan%z))
1+
1 1 l1—2z
= —4/1+tan*(z) + =Subst / dz, z, tan’(x
2 (@) 2 ( (1+2z)V1+ 22 ())
1 1 1
= =41/1+ tan*(z ——Subst(/—dz,x,taan)+Subst /
2 (=) 2 V14 2?2 (@) (142
= —% sinh™" (tan®(z)) + %\/1 + tan*(z) — Subst /ﬁ dz,z, _1-tan
T \/ 1+ tar

[\)

tanh_l ( 1—tan?(z)

ﬁ\>/;+tan4(x) ) +%\/m

= —% sinh™" (tan®(z)) —

Mathematica [A]
time = 0.09, size = 74, normalized size = 1.32

(—2\/5 sinh™!(cos(2z)) cos?(z) — 2tanh ™! <28m2(””)> cos?(z) + /3 + cos(4z) > 1 + tan*(z)

/3 + cos(4zx)

21/3 + cos(4x)

Antiderivative was successfully verified.

[In] Integrate[Tan[x]*Sqrt[1 + Tan[x]~4],x]

[Out] ((-2#Sqrt[2]*ArcSinh[Cos[2*x]]*Cos[x]~2 - 2*ArcTanh[(2*Sin[x]~2)/Sqrt[3 + C
os[4*x]]]1*Cos[x] "2 + Sqrt[3 + Cos[4*x]])*Sqrt[1 + Tan[x]~4])/(2*Sqrt[3 + Co
s[4*x]])

Maple [A]

time = 0.06, size = 64, normalized size = 1.14

method result
‘ \/5 arctanh (—2(tan?@))+2) V
2 2
derivativedivides \/(1 + tan® (z))” — 2 (tan® (z)) __ arcsinh(tan®(z)) 4/ (1 + tan? (z))” — 2
2 > :
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! \/5 arctanh (_2(tan2(z))+2) \/5
default \/(1 + tan® (2))” — 2 (tan” (2)) __ arcsinh(tan?(z)) 11/ (1 + tan® (z))* — 2 (

2 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+tan(x)~4)~(1/2)*tan(x),x,method=_RETURNVERBOSE)

[Out] 1/2*x((1+tan(x)~2)"2-2%tan(x)~2)~(1/2)-1/2*arcsinh(tan(x) ~2)-1/2x2~(1/2)*arc
tanh (1/4*(-2*xtan(x) "2+2)*2~(1/2) /((1+tan(x) ~2) "2-2*tan(x) ~2)~(1/2))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+tan(x)~4)~(1/2)*tan(x),x, algorithm="maxima")
[Out] integrate(sqrt(tan(x)~4 + 1)*tan(x), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 88 vs.
2(43) = 86.
time = (.75, size = 88, normalized size = 1.57

tan (z)* 4 2 tan (z)* + 1

anz4— 3.111'2 3.11.734 fanz2—f
i\/flog(:“ (z)* — 2 tan (z)* + 2/t ()+1( 2’ tan (z) 2>+3)+; Fn(z)‘*u+%1og<—tan(z)2+ /tan(z)4+1>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+tan(x)~4)~(1/2)*tan(x),x, algorithm="fricas")

[Out] 1/4*sqrt(2)*log((3*tan(x)~4 - 2*tan(x)~2 + 2xsqrt(tan(x)~4 + 1)*(sqrt(2)*ta
n(x)"2 - sqrt(2)) + 3)/(tan(x)"4 + 2*xtan(x)"2 + 1)) + 1/2*sqrt(tan(x)”4 + 1
) + 1/2xlog(-tan(x)~2 + sqrt(tan(x)~4 + 1))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ \/tan* (z) + 1 tan (z)dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+tan(x)**4)**(1/2)*tan(x),x)
[Out] Integral(sqrt(tan(x)**4 + 1)*tan(x), x)
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Giac [A]
time = 0.44, size = 79, normalized size = 1.41

1 tan (z)> + V2 — \/tan (z)* +1 +1 1 1
~V2'log [ - + = y/tan (z)* +1 + = log | —tan (z)* + \/tan (z)* + 1
2 g( tan (z)> — v2' — y/tan (z)* + 1 +1> 2 2 g( )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+tan(x)~4)~(1/2)*tan(x),x, algorithm="giac")

[Out] 1/2xsqrt(2)*log(-(tan(x)~2 + sqrt(2) - sqrt(tan(x)~4 + 1) + 1)/(tan(x)"2 -
sqrt(2) - sqrt(tan(x)~4 + 1) + 1)) + 1/2*%sqrt(tan(x)”4 + 1) + 1/2xlog(-tan(

x)"2 + sqrt(tan(x)"4 + 1))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/tan(x) \/tan () + 1 dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)*(tan(x)~4 + 1)~(1/2),x)
[Out] int(tan(x)*(tan(x)~4 + 1)~(1/2), x)
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tan(z) dx

/ /1 + sec3(x)

Optimal. Leaf size=15

3.7

—g tanh ™! ( 1 + sec®(z) )

[Out] -2/3*arctanh((1+sec(x)~3)"(1/2))

Rubi [A]
time = 0.02, antiderivative size = 15, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.308,

steps used = 4, number of rules used = 4, integrand size = 13
Rules used = {4224, 272, 65, 213}

—gta,nh_1 < sec3(z) +1 )

Antiderivative was successfully verified.

[In] Int[Tan[x]/Sqrt[1 + Sec[x]~3],x]
[Out] (-2*ArcTanh([Sqrt[1 + Sec[x]°3]1)/3
Rule 65

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (@_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 213

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 2])]1, x] /; FreeQ[{a, b}, x] && NegQla/b] &&
(LtQla, 0] |l GtQ[b, 01)

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 4224

Int[((a_) + (b_.)*((c_.)*sec[(e_.) + (f£_.)*(x_)1)"(m_)) " (p_.)*tan[(e_.) + (
f_)*(x_ )] (m_.), x_Symbol] :> With[{ff = FreeFactors[Sec[e + f*x], x]}, Di
st[1/f, Subst[Int[(-1 + f£~2%x"2)"((m - 1)/2)*((a + bx(cxff*x)~n) p/x), x],
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x, Sec[e + f*x]/ff], x]1] /; FreeQ[{a, b, c, e, f, n, p}, x] && IntegerQl(m
- 1)/2] & (GtQ[m, 0] || EqQ[n, 2] || EqQ[n, 4] || IGtQ[p, O] || IntegersQ
[2*n, pl)

Rubi steps

tan(z)

1
dx = Subst /—dw,x,sec x )
V' 1+ sec?(z) ( V1423 (@)

1 1
= —Subst —d 3
3Su S (/ xm X, T, Sec (-77))
2 1
= — _— 3
3Subst(/ e dz,x,\/1+ sec?(z) )

- —gtanh_1 ( 1+ sec3(x) )

Mathematica [A]
time = 0.01, size = 15, normalized size = 1.00

—g tanh™* < 1 + sec®(z) )

Antiderivative was successfully verified.

[In] Integrate[Tan[x]/Sqrt[1l + Sec[x]~3],x]
[Out] (-2*ArcTanh[Sqrt[1 + Sec[x]1°311)/3

Maple [A]
time = 0.11, size = 12, normalized size = 0.80

method result size
2a,rctanh< 1 + sec3 (113) )

derivativedivides | — 3 12
2 arctanh 1 + 5603 (117)

default — ( 3 ) 12

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(1+sec(x)~3)~(1/2),x,method=_RETURNVERBOSE)
[Out] -2/3*arctanh((1+sec(x)~3)"(1/2))
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Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 27 vs.

2(11) = 22.
time = 2.68, size = 27, normalized size = 1.80

1 1 1 1
—-lo ——=+1+1]+-lo —+1 -1
3 ¢ (\/ cos (z)° ) 3 ¢ (\/ cos (z)° >

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1+sec(x)~3)~(1/2),x, algorithm="maxima")
[Out] -1/3%log(sqrt(1/cos(x)~3 + 1) + 1) + 1/3xlog(sqrt(1/cos(x)"3 + 1) - 1)
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 30 vs.

2(11) = 22.
time = 0.62, size = 30, normalized size = 2.00

3
1 log [ 2 w cos (z)° — 2 cos (z)* — 1
3 cos ()

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1+sec(x)~3)~(1/2),x, algorithm="fricas")
[Out] 1/3*log(2*sqrt((cos(x)~3 + 1)/cos(x)~3)*cos(x)~3 - 2*cos(x)"3 - 1)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

tan (x) s

/\/sec + 1) (sec? (z) — sec (z) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1+sec(x)**3)*x(1/2),x)

[Out] Integral(tan(x)/sqrt((sec(x) + 1)*(sec(x)**2 - sec(x) + 1)), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 28 vs. 2(11) = 22.
time = 0.47, size = 28, normalized size = 1.87

1 1 1 1
——-lo ——=+1 +1])+3lo +1 -1
3 g(\/ cos (z)° ) 3 g( \ cos ()°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1+sec(x)~3)~(1/2),x, algorithm="giac")
[Out] -1/3%log(sqrt(1/cos(x)"3 + 1) + 1) + 1/3*log(abs(sqrt(1/cos(x)~"3 + 1) - 1))



Mupad [F]
time = 0.00, size = -1, normalized size = -0.07

/ tan(z) s
1
s +1

cos ()

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(1/cos(x)"3 + 1)°(1/2),x%)
[Out] int(tan(x)/(1/cos(x)"3 + 1)°(1/2), x)
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3.8 [ /2 + 2tan(x) + tan®(z) dx

Optimal. Leaf size=137

sinh~(1--tan(z))— % (145 ton 25 — (5+ V5 ) tan(z) )

1/10 (1 + ﬁ) \/2 +2tan(z) + tan®(z)

[Out] arcsinh(1+tan(x))-1/2*arctanh((2%5~(1/2)+(5-5"(1/2))*tan(x))/(-10+10%x5~(1/2
))~(1/2)/ (2+2xtan(x)+tan(x) "2) ~(1/2) ) *(-2+2*%57(1/2) ) ~(1/2)-1/2*arctan ((2%5~
(1/2)-(5+57(1/2))*tan(x))/(10+10%57(1/2))~(1/2) / (2+2*tan(x) +tan(x) ~2) " (1/2)
)*(2+2%57(1/2))~(1/2)

Rubi [A]

time = 0.13, antiderivative size = 137, normalized size of antiderivative = 1.00, number of

number of rules _ (50
’ integrand size ’

(—1+\/5

N~

steps used = 9, number of rules used = 7, integrand size = 14
Rules used = {1004, 633, 221, 1050, 1044, 213, 209}
(5 - \/E) tan(z) + 25

(\/ET - 1) tanh™! : + sinh ™! (tan(z) + 1)
\/10 (\/5 - 1) tan®(z) + 2tan(z) + 2

(1 + ﬁ) ArcTan 25 - (5 il \/g) tan(z) ) _

\/10 (1 + ﬁ)‘\/tanz(z) +2tan(z) + 2

N =
DN =

Antiderivative was successfully verified.
[In] Int[Sqrt[2 + 2*Tan[x] + Tan[x]~2],x]

[Out] ArcSinh[1 + Tan[x]] - Sqrt[(1 + Sqrt[5])/2]*ArcTan[(2*%Sqrt[5] - (5 + Sqrt[5
1)*Tan[x])/(Sqrt[10%(1 + Sqrt[5])]1*Sqrt[2 + 2*Tan([x] + Tan[x]~2])] - Sqrt[(

-1 + Sqrt[5]) /2] *ArcTanh[(2*Sqrt[5] + (5 - Sqrt[5])*Tan[x])/(Sqrt[10*(-1 +
Sqrt[6]1)]1*Sqrt[2 + 2xTan[x] + Tan[x]~2])]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 213

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt[b, 2]*(x/Rt[-a, 21)]1, x] /; FreeQ[{a, b}, x] && NegQl[a/bl &&
(LtQ[a, 0] || GtQ[b, 01)

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(a)]1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]
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Rule 633

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Dist[1/(2xcx(-4*
(c/ ("2 - 4%a*c)))"p), Subst[Int[Simp[1l - x~2/(b"2 - 4*axc), x]7p, x], x, b
+ 2%cxx], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 1004

Int[Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2]/((d_) + (£f_.)*(x_)"2), x_Symbol]
:> Dist[c/f, Int[1/Sqrtla + b*x + c*x~2], x], x] - Dist[1/f, Int[(c*d - ax
f - bkfxx)/(Sqrt[a + bkx + c*x"2]*(d + f*x~2)), x], x] /; FreeQ[{a, b, c, d
, T}, x] && NeQ[b~2 - 4xaxc, O]

Rule 1044

Int[((g_ ) + (h_D*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£
_)*x(x_)"2]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a~2*g*h*c + ax
exx~2, x], x], x, Simp[a*h - gxc*x, x]/Sqrt[d + e*x + fxx~2]]1, x] /; FreeQl
{a, ¢, d, e, f, g, h}, x] && EqQ[a*xh™2*e + 2xg*h*(c*d - axf) - g~2xc*e, 0]

Rule 1050

Int[((g_.) + (h_.)*(x_))/(((a.) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (
f_.)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*xc*e”2, 2]}, Dist
[1/(2%q), Int[Simp[(-a)*h*e - gx(c*d - axf - q) + (hx(cxd - a*f + q) - gkcx
e)*x, x]/((a + cxx"2)*Sqrt[d + exx + f*x~2]), x], x] - Dist[1/(2xq), Int[Si

mp[(-a)*h*e - g*(cxd - axf + q) + (hx(cxd - axf - q) - gkcxe)*x, x]/((a + c
*x~2)*Sqrt[d + e*x + f*xx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4*d*f, 0] && NegQ[(-a)*c]

Rubi steps
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‘ V/ 2
/ \/2 + 2tan(z) + tan®(z) dz = Subst </ 2 _|1_—2me_2|_ ° dz, x, tan(z))

= Subst (/ ! dz,x tan(m)) — Subst / —1- 2
V2+2z+a2 (1+22) V2 + 2z +
Subst (f 5=v5 2Vb s

1 1 x
= —Subst / ————dz,z,2+ 2tan(z) | — (1422 V2 + 20 +
2 2 2v/5
1+ 1

= sinh (1 + tan(z)) — (2 (5 - Subst / 20 + - dz,
T

wﬁ—5+Jﬂ

1+vﬁ \/2+ 2t

(1 + f tan™?

[\DlP—‘

= sinh™'(1 + tan(z)) —

Mathematica [C] Result contains complex when optimal does not.
time = 3.67, size = 99, normalized size = 0.72

sinh~!(1 + tan(z)) + lz VI tanh~! (2+414) + (1 +14) tan(z) ) - VI= % tanh! (4 — 2%) + (2 — 2¢) tan(z) |
2 V1+2i \/2 + 2tan(z) + tan?(z) 2V1—-2i \/2 + 2tan(z) + tan?(x)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[2 + 2xTan[x] + Tan[x]~2],x]

[Out] ArcSinh[1 + Tan[x]] + (I/2)*(Sqrt[1 + 2xI]*ArcTanh[((2 + I) + (1 + I)*Tan[x
1)/(Sqrt[1 + 2*I]*Sqrt[2 + 2*Tan[x] + Tan[x]~2])] - Sqrt[1 - 2*I]*ArcTanh[(

(4 - 2%I) + (2 - 2xI)*Tan[x])/(2*%Sqrt[1 - 2xI]*Sqrt[2 + 2*Tan[x] + Tan[x]"2

DD

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 1603 vs.
2(105) = 210.

time = 0.46, size = 1604, normalized size = 11.71

method result size
derivativedivides | Expression too large to display | 1604

default Expression too large to display | 1604

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((2+2*tan(x)+tan(x)~2)~(1/2),x,method=_RETURNVERBOSE)

[Out] arcsinh(tan(x)+1)-1/10%(10%(-1/2%5"(1/2)+1/2+tan(x))"2/(-1/2%5~(1/2)-1/2-ta
n(x))~2-2x5"(1/2)*(-1/2*5~(1/2)+1/2+tan(x)) "2/ (-1/2*5~(1/2)-1/2-tan(x) ) "2+1
0+2%57(1/2))~(1/2) %5~ (1/2) * (3% (-22+10*5~(1/2) ) ~(1/2) * (-10+10%5~(1/2) ) ~(1/2)
*xarctan (1/80* (-22+10*57(1/2))~(1/2)*((5-5"(1/2) ) * (2x(-1/2*5~(1/2) +1/2+tan(x
))"2/(-1/2%5~(1/2)-1/2-tan(x)) ~2+5~(1/2)+3) )~ (1/2) *(11x5~(1/2) *(-1/2*5~(1/2
)+1/2+tan(x)) "2/ (-1/2%5"(1/2)-1/2-tan(x)) ~2+25%(-1/2*%5" (1/2) +1/2+tan(x)) "2/
(-1/2%5~(1/2)-1/2-tan(x)) ~2+4x5~(1/2)+10) *(-1/2x5~(1/2)+1/2+tan(x) )/ (-1/2%5
~(1/2)-1/2-tan(x))*(5~(1/2)-5)/ ((-1/2%5~(1/2)+1/2+tan(x) ) ~4/(-1/2%5~(1/2) -1
/2-tan(x)) ~4+3x(-1/2x5"(1/2)+1/2+tan(x)) "2/ (-1/2*5~(1/2)-1/2-tan(x)) "2+1) ) *
5 (1/2)+5% (-22+10%5~(1/2))~(1/2) * (-10+10%5~(1/2) ) ~(1/2) *arctan (1/80* (-22+10
*57(1/2))~(1/2)*((6-5"(1/2) )*x(2*x (-1/2%5"(1/2)+1/2+tan(x) ) "2/ (-1/2%5"(1/2) -1
/2-tan(x))~2+57(1/2)+3)) " (1/2)*(11x5~(1/2)*(-1/2*5~ (1/2)+1/2+tan(x) ) "2/ (-1/
2%57(1/2)-1/2-tan(x) ) ~2+25%(-1/2*5~(1/2)+1/2+tan(x)) "2/ (-1/2*5~(1/2)-1/2-ta
n(x))"2+4x5~(1/2)+10)*(-1/2*5~(1/2)+1/2+tan(x) )/ (-1/2*¥5~(1/2)-1/2-tan(x) ) *(
5°(1/2)-5)/((-1/2*5~(1/2)+1/2+tan(x))~4/(-1/2*5~(1/2)-1/2-tan(x)) ~4+3*(-1/2
*57(1/2)+1/2+tan(x)) "2/ (-1/2*x5"(1/2)-1/2-tan(x) ) "2+1) ) -20*arctanh ((10*(-1/2
*57(1/2)+1/2+tan(x)) "2/ (-1/2*5~(1/2)-1/2-tan(x)) ~2-2%5~(1/2) *(-1/2*5"~(1/2) +
1/2+tan(x))"2/(-1/2*x5"(1/2)-1/2-tan(x) ) ~2+10+2*5~(1/2))~(1/2) / (-10+10*5~ (1/
2))~(1/2))*5”~(1/2)+60*arctanh ((10*(-1/2*5~(1/2)+1/2+tan(x))~2/(-1/2*5~(1/2)
-1/2-tan(x))~2-2%5~(1/2)*(-1/2*5"(1/2)+1/2+tan(x)) "2/ (-1/2%5~(1/2)-1/2-tan(
X)) "2+10+2%57(1/2))~(1/2) / (-10+10%5~(1/2))~(1/2))) / (-2x (5~ (1/2) *(-1/2%5~(1/
2)+1/2+tan(x)) "2/ (-1/2%5"(1/2)-1/2-tan(x)) ~2-5%(-1/2x5~(1/2)+1/2+tan(x)) "2/
(-1/2%5~(1/2)-1/2-tan(x))~2-5"(1/2)-5)/((-1/2x5~(1/2)+1/2+tan(x)) / (-1/2*5"(
1/2)-1/2-tan(x))+1)"2)~(1/2)/((-1/2%5~(1/2)+1/2+tan(x) )/ (-1/2*5~(1/2)-1/2-t
an(x))+1)/(57(1/2)-5)/(-10+10%5~(1/2))~(1/2)-1/5*(10* (-1/2x5~ (1/2) +1/2+tan(
x))"2/(-1/2x56"(1/2)-1/2-tan(x) ) ~2-2%5"(1/2) *(-1/2*%5" (1/2)+1/2+tan(x)) "2/ (-1
/2*%5~(1/2)-1/2-tan(x)) ~2+10+2%57(1/2) )~ (1/2)*5~(1/2) * ((-22+10*5~(1/2) )~ (1/2
)*(-10+10%5~(1/2) )~ (1/2) *arctan(1/80* (-22+10%5~(1/2))~(1/2)*((5-5"(1/2) ) *(2
*x(-1/2%57(1/2)+1/2+tan(x)) "2/ (-1/2%5~(1/2)-1/2-tan(x) ) ~2+5~(1/2)+3)) ~(1/2) *
(11%5°(1/2) *(-1/2%5~(1/2)+1/2+tan(x)) "2/ (-1/2x5~(1/2)-1/2-tan(x) ) ~2+25*(-1/
2x57(1/2)+1/2+tan(x)) "2/ (-1/2%5"(1/2)-1/2-tan(x) ) ~2+4%5~(1/2)+10) * (-1/2%5"(
1/2)+1/2+tan(x))/(-1/2%5~(1/2)-1/2-tan(x) ) * (5~ (1/2)-5) / ((-1/2%5~(1/2)+1/2+t
an(x))~4/(-1/2x5~(1/2)-1/2-tan(x)) ~4+3*(-1/2%5~(1/2)+1/2+tan(x) ) "2/ (-1/2%5"~
(1/2)-1/2-tan(x)) ~2+1))*5~(1/2) +5% (-22+10%5~(1/2) )~ (1/2) *(-10+10%5~(1/2)) ~(
1/2)*arctan(1/80%(-22+10%5~(1/2))~(1/2)*((5-5~(1/2) ) * (2% (-1/2%5~(1/2)+1/2+t
an(x))~2/(-1/2%5~(1/2)-1/2-tan(x) ) ~2+5~(1/2)+3)) ~(1/2) * (11x5~(1/2) * (-1/2%5"
(1/2)+1/2+tan(x))~2/(-1/2*5~(1/2)-1/2-tan(x) ) ~2+25* (-1/2*x5~(1/2)+1/2+tan(x)
)"2/(-1/2%5~(1/2)-1/2-tan(x)) ~2+4*5~(1/2)+10)*(-1/2*5~(1/2)+1/2+tan(x) ) /(-1
/2x5~(1/2)-1/2-tan(x))*(5~(1/2)-5)/((-1/2%5~(1/2)+1/2+tan(x)) "4/ (-1/2x5~(1/
2)-1/2-tan(x)) ~4+3x(-1/2x5~(1/2)+1/2+tan(x)) "2/ (-1/2%5~(1/2)-1/2-tan(x) ) "2+
1))-20*arctanh ((10%(-1/2%5~(1/2)+1/2+tan(x)) ~2/(-1/2%5~(1/2)-1/2-tan(x)) ~2-
2x57(1/2)*(-1/2%57(1/2)+1/2+tan(x)) "2/ (-1/2x5"(1/2)-1/2-tan(x) ) “2+10+2*5~ (1
/2))~(1/2)/(-10+10%5"(1/2))~(1/2) ) *5~(1/2)+20*arctanh ((10*(-1/2*x5"(1/2)+1/2
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+tan(x))~2/(-1/2%57(1/2)-1/2-tan(x) ) ~"2-2%57(1/2) *(-1/2%5~(1/2)+1/2+tan(x) )~
2/(-1/2%57(1/2)-1/2-tan(x)) "2+10+2%57(1/2))~(1/2) / (-10+10%57(1/2))~(1/2)))/
(-2%(57(1/2)*(-1/2%5"(1/2)+1/2+tan(x)) "2/ (-1/2%57(1/2)-1/2-tan(x) ) “2-5%(-1/
2%57(1/2)+1/2+tan(x)) "2/ (-1/2%567(1/2)-1/2-tan(x) ) "2-57(1/2)-5) / ((-1/2%5~(1/
2)+1/2+tan(x))/(-1/2%567(1/2)-1/2-tan(x))+1)~2)~(1/2)/ ((-1/2%5~ (1/2) +1/2+tan
(x))/(-1/2%57(1/2)-1/2-tan(x))+1) /(57 (1/2)-5) / (-10+10%57(1/2) )~ (1/2)

Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+2*tan(x)+tan(x)~2)~(1/2),x, algorithm="maxima")

[Out] Exception raised: RuntimeError >> ECL says: Error executing code in Maxima:
sign: argument cannot be imaginary; found %i

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+2*tan(x)+tan(x)~2)~(1/2),x, algorithm="fricas")
[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/tan2 (z) +2tan(z)+2‘ dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+2xtan(x)+tan(x)**2)**(1/2),x)
[Out] Integral(sqrt(tan(x)**2 + 2xtan(x) + 2), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 495 vs. 2(104) =
208.
time = 0.51, size = 495, normalized size = 3.61

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((2+2*tan(x)+tan(x)~2)~(1/2),x, algorithm="giac")

[Out] -1/4*sqrt(2*sqrt(5) - 2)*1log(256*(sqrt(5)*(sqrt(tan(x)”~2 + 2*tan(x) +
tan(x)) + sqrt(5)*sqrt(sqrt(5) - 2) - sqrt(b5) - 2*sqrt(tan(x)”2 + 2xtan(x)
+ 2) - 2xsqrt(sqrt(5) - 2) + 2xtan(x) + 2)72 + 256*(sqrt(5)*(sqrt(tan(x)~2
+ 2xtan(x) + 2) - tan(x)) + sqrt(5) - 2*sqrt(tan(x)”2 + 2*tan(x) + 2) + sqr
t(sqrt(5) - 2) + 2xtan(x) - 2)72) + 1/4*sqrt(2*sqrt(5) - 2)*log(256*(sqrt(5
)*(sqrt(tan(x) "2 + 2*tan(x) + 2) - tan(x)) - sqrt(5)*sqrt(sqrt(5) - 2) - sq
rt(5) - 2xsqrt(tan(x)”2 + 2+tan(x) + 2) + 2xsqrt(sqrt(5) - 2) + 2xtan(x) +
2)72 + 2566x(sqrt(5)*(sqrt(tan(x)~2 + 2*tan(x) + 2) - tan(x)) + sqrt(5) - 2%
sqrt(tan(x)~2 + 2*%tan(x) + 2) - sqrt(sqrt(5) - 2) + 2xtan(x) - 2)72) + 1/4%
(pi + 4xarctan(-1/2x(2*sqrt(5)*sqrt(sqrt(5) - 2) + sqrt(5) + 4xsqrt(sqrt(5)
- 2) + 3)*(sqrt(tan(x)~2 + 2*tan(x) + 2) - tan(x)) + 3/2*sqrt(5)*sqrt(sqrt
(6) - 2) + 1/2xsqrt(5) + 7/2*sqrt(sqrt(5) - 2) + 3/2))*sqrt(2xsqrt(5) - 2)/
(sqrt(5) - 1) - 1/4x(pi + 4xarctan(1/2*(2xsqrt(5)*sqrt(sqrt(5) - 2) - sqrt(
5) + 4xsqrt(sqrt(5) - 2) - 3)*(sqrt(tan(x)~2 + 2*tan(x) + 2) - tan(x)) - 3/
2+sqrt (5) *sqrt (sqrt(5) - 2) + 1/2xsqrt(5) - 7/2*sqrt(sqrt(5) - 2) + 3/2))*s
qrt (2*xsqrt(5) - 2)/(sqrt(5) - 1) - log(sqrt(tan(x)~2 + 2*tan(x) + 2) - tan(
x) - 1)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

L/,VQan(x)2+—2tan(x)ﬁ—2dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2*tan(x) + tan(x)"2 + 2)~(1/2),x)
[Out] int((2*tan(x) + tan(x)~"2 + 2)°(1/2), x)

2) -
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3.9 [ tan™! (\/—1 + sec(x) ) sin(z) dx

Optimal. Leaf size=41

%tan_l < —1 + sec(x) ) — tan™* ( —1 + sec(z) ) cos(z) + %cos(w) —1 + sec(x)

[Out] 1/2*arctan((-1+sec(x))~(1/2))-arctan((-1+sec(x))~(1/2))*cos(x)+1/2*cos(x)*(
-1+sec(x))~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 41, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.583,

steps used = 7, number of rules used = 7, integrand size = 12
Rules used = {4420, 5311, 12, 248, 44, 65, 209}

%ArcTan(W) — cos(:v)ArcTan( sec(z) — 1 ) + %COS(I) sec(z) — 1

Antiderivative was successfully verified.
[In] Int[ArcTan[Sqrt[-1 + Sec[x]]]*Sin[x],x]

[Out] ArcTan[Sqrt[-1 + Sec[x]]]1/2 - ArcTan[Sqrt[-1 + Sec[x]]]*Cos[x] + (Cos[x]*Sq
rt[-1 + Sec[x]])/2

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, ( )*(v_) /; FreeQ[b, x]]

Rule 44

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + bxx)"(m + 1)*((c + d*x)"(n + 1)/((b*c - axd)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((bxc - axd)*(m + 1))), Int[(a + b*x)"(m + 1)*(c + d*x)"n, x], X
] /; FreeQ[{a, b, c, d, n}, x] & NeQ[b*c - a*d, 0] && ILtQ[m, -1] && !Int
egerQ[n] && LtQ[n, 0]

Rule 65

Int[((a_.) + (b_.)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 209



(s

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 248

Int[((a)) + (b_.)*(x_)"(n_))~(p_), x_Symbol] :> -Subst[Int[(a + b/x"n) p/x"~
2, x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0]

Rule 4420

Int[(u_)*(F_) [(c_.)*((a_.) + (b_.)*(x_))], x_Symbol]l :> With[{d = FreeFacto
rs[Cos[cx(a + b*x)], x]}, Dist[-d/(b*c), Subst[Int[SubstFor[1, Cosl[cx(a + b
*x)]/d, u, x], x], x, Cos[cx(a + b*x)]/d], x] /; FunctionOfQ[Cos[cx(a + b*x
)1/d4, u, x, Truel] /; FreeQ[{a, b, c}, x] && (EqQ[F, Sin] || EqQ[F, sinl)

Rule 5311
Int[ArcTan[u_], x_Symbol] :> Simp[x*ArcTan[u], x] - Int[SimplifyIntegrand[x

*(D[u, x]/(1 + u"2)), x], x] /; InverseFunctionFreeQ[u, x]

Rubi steps

/tan_l (\/m) sin(z) dr = —Subst (/ tan™* (y/—l +% ) dz,x, cos(:v))

= —tan™! < —1 + sec(x) ) cos(x) 4 Subst /—

= —tan™! < —1 + sec(x) ) cos(z) — %Subst /;1
V=

1 1
= —tan"! (/=1 +sec(z) ) cos(z +—Subst</—da:,z,
() 2 V—=1+z x2

1

\/—1-|—sec

= —tan~

=—tan 1

—1+sec(z) ) —tan™! ( —1 + sec(z) ) cos(z) + 5

( )

( ) cos(z) + %cos )v/—1 +sec(z) + iSu
= —tan™! <\/—1+T)cos(z %cos )v/—1+ sec(z) —|—;Su

( )

1
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Mathematica [C] Result contains higher order function than in optimal. Order 4 vs. order

3 in optimal.

time = 2.92, size = 283, normalized size = 6.90

ESre=r) ! e - y(-3-2v7 e () (1

Tooea) ) cole) + el y T aee) — 3(~3

Warning: Unable to verify antiderivative.

[In] Integrate[ArcTan[Sqrt[-1 + Sec[x]1]1*Sin[x],x]

[Out] -(ArcTan[Sqrt[-1 + Sec[x]]1*Cos[x]) + (Cos[x]*Sqrt[-1 + Sec[x]])/2 - ((-3 -
2*%Sqrt [2]) *Cos [x/4]1"2% (1 - Sqrt[2] + (-2 + Sqrt[2])*Cos[x/2])*Cot [x/4]*(E1l
lipticF[ArcSin[Tan[x/4]/Sqrt[3 - 2*Sqrt([2]]], 17 - 12xSqrt[2]] - 2*Elliptic
Pi[-3 + 2xSqrt[2], ArcSin[Tan[x/4]1/Sqrt[3 - 2*Sqrt[2]]], 17 - 12*Sqrt[2]])=*
Sqrt[(7 - 5*Sqrt[2] + (10 - 7*Sqrt([2])*Cos[x/2])*Sec[x/4]1"2]*Sqrt[(-1 - Sqr

t[2] + (2 + Sqrt[2])*Cos[x/2])*Sec[x/4]"2]*Sqrt[-1 + Sec[x]]*Sec[x]*Sqrt[3

- 2xSqrt[2] - Tan[x/4]72]*Sqrt[1 + (-3 + 2xSqrt[2])*Tan[x/4]"2])/2

Maple [A]
time = 0.07, size = 42, normalized size = 1.02
method result size
arctan(\/— (% — 1) sec (IE) )
seclz _ arctan —]. + sec (CE)
derivativedivides | — ) + 12 IC(S;C (z) ( 5 ) 42
arctan(\/— <% — 1) sec (CL') )
seclz _ arctan —]. —|— sec (117)
default - e + 12 ;I;C(Sf)c (z) ( 5 ) 42

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan((-1+sec(x))~(1/2))*sin(x),x,method=_RETURNVERBOSE)

[Out] -1/sec(x)*arctan((-(1/sec(x)-1)*sec(x))~(1/2))+1/2%(-1+sec(x))~(1/2)/sec(x)

+1/2*arctan((-1+sec(x))~(1/2))

Maxima [A]
time = 2.59, size = 60, normalized size = 1.46

cos (z) — 1
1 cos (z 1
— arctan _cos(e) =1 cos (z) — (@) + — arctan -
cos (z) 9 (COS(w();l _ 1) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan((-1+sec(x))~(1/2))*sin(x),x, algorithm="maxima")

cos(z) — 1
cos ()

)
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[Out] -arctan(sqrt(-(cos(x) - 1)/cos(x)))*cos(x) - 1/2*sqrt(-(cos(x) - 1)/cos(x))
/((cos(x) - 1)/cos(x) - 1) + 1/2xarctan(sqrt(-(cos(x) - 1)/cos(x)))

Fricas [A]
time = 1.06, size = 32, normalized size = 0.78

_cos(z) -1

cos (@) cos (z)

—% (2 cos (z) — 1) arctan ( sec (z) — 1 ) + %

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan((-1+sec(x))~(1/2))*sin(x),x, algorithm="fricas")
[Out] -1/2%(2*cos(x) - 1)*arctan(sqrt(sec(x) - 1)) + 1/2xsqrt(-(cos(x) - 1)/cos(x
))*cos (x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/Sin (x) atan ( sec(z) — 1 ) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan((-1+sec(x))**(1/2))*sin(x),x)
[Out] Integral(sin(x)*atan(sqrt(sec(x) - 1)), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan((-1+sec(x))~(1/2))*sin(x),x, algorithm="giac")
[Out] undef

Mupad [B]
time = 0.42, size = 60, normalized size = 1.46

3asin () 34/1 — cos (z
cos (z) ( 2005((::/2 > — 12 0 (z) ) V1 — cos(z)
_atan< cosl(w) -1 > cos (z) —
3y —— 1
cos ()

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan((1/cos(x) - 1)~(1/2))*sin(x),x)

[Out] - atan((1/cos(x) - 1)~(1/2))*cos(x) - (cos(x)*((3*asin(cos(x)~(1/2)))/(2*co
s(x)7(3/2)) - (3*(1 - cos(x))~(1/2))/(2*cos(x)))*(1 - cos(x))~(1/2))/(3x(1/
cos(x) - 1)°(1/2))
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3.10

=1
sin™ () .3
ll‘ e $é CZQ?
v1—=x
Optimal. Leaf size=44

1—1065“‘_1(””) <3IE + 22 —3vV1—22 —32%V1 — 22 )

[Out] 1/10%exp(arcsin(x))*(3*xx+x~3-3*%(-x"2+1)~(1/2)-3*x"2*(-x"2+1)~(1/2))

Rubi [A]
time = 0.47, antiderivative size = 62, normalized size of antiderivative = 1.41, number of

number of rules _
integrand size 0.263,

steps used = 5, number of rules used = 5, integrand size = 19,
Rules used = {4920, 6873, 6852, 4519, 4517}

1 3 _ArcSin(x) 3 2" .2 ArcSin(x) 3 2" ArcSin(z) 3 ArcSin(x)
0% ¢ 10\/1 z* x’€ 10\/1 x° e +10xe

Antiderivative was successfully verified.
[In] Int[(E"ArcSin[x]*x73)/Sqrt[1 - x~2],x]

[Out] (3*E"ArcSin[x]#*x)/10 + (E"ArcSin[x]*x73)/10 - (3*E"ArcSin[x]*Sqrt[1 - x~2])
/10 - (3*E~ArcSin[x]*x~2*Sqrt[1 - x~2])/10

Rule 4517

Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol]

Simp [b*c*Log[F]*F~(cx(a + bxx))*(Sin[d + exx]/(e”2 + b~2xc~2*Logl[F]~2)),
] - Simp[exF~(cx(a + b*xx))*(Cos[d + exx]/(e”2 + b~2+c~2xLog[F1°2)), x] /; F
reeQ[{F, a, b, c, d, e}, x] & NeQ[e~2 + b~2xc~2xLog[F]~2, 0]

MV

Rule 4519

Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)]1"(n_), x_Symbo
1] :> Simp[b*c*Log[F]*F~(c*(a + b*x))*(Sin[d + e*x]"n/(e”2*n"2 + b~2*c~2*Lo
glF1°2)), x] + (Dist[(n*x(n - 1)*e~2)/(e”"2*n"2 + b~2*c~2xLog[F]~2), Int[F~(c
x(a + bxx))*Sin[d + e*x]"(n - 2), x], x] - Simp[exn*F~(c*(a + b#*x))*Cos[d +
e*x]*(Sin[d + exx]~(n - 1)/(e”2*n"2 + b~2*c~2*xLog[F]1~2)), x]1) /; FreeQ[{F,
a, b, c, d, e}, x] && NeQ[e™2*n"2 + b~2xc~2*Log[F]~2, 0] && GtQ[n, 1]

Rule 4920

Int[(u_.)*(£f_)"(ArcSin[(a_.) + (b_.)*(x_)]1"(n_.)*(c_.)), x_Symbol] :> Dist[
1/b, Subst[Int[(u /. x -> -a/b + Sin[x]/b)*f~(c*x"n)*Cos[x], x], x, ArcSinl[
a + bxx]], x] /; FreeQ[{a, b, c, f}, x] && IGtQ[n, 0]

Rule 6852
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Int[(u_.)*((a_.)*(v_)"(m_.))"(p_), x_Symbol] :> Dist[a"IntPart[p]*((a*vm)~
FracPart [p] /v~ (m*FracPart[pl)), Int[u*v~(m*p), x], x] /; FreeQ[{a, m, p}, x
] & !IntegerQ[p] && !'FreeQlv, x] && !'(EqQ[a, 1] && EqQ[m, 1]1) & !'(EqQ
[v, x] && EqQ[m, 11)

Rule 6873
Int[u_, x_Symbol] :> With[{v = NormalizelIntegrand[u, x]}, Int[v, x] /; v =!
= u]

Rubi steps
i e = Subst / e cos(z) sin® dx x,sin"!(x)
v1 \/1 — sin?

3
= Subst( e” cos() sin (x) dz, x, sin_l(x))

V/eos?(z)’
_ 1Subst ( / % sin’(z) dz, 7, sin_l(x)>

1 .- 3 .- 3
= i (@3 i @2 /1T g2 4 BSubst (/ e” sin(z) dx,m,sin_l(a:))

10 10
3 .- 1 . 3 .- 3 . _
— Eesm l(x)x + Eesm 1(.77:):’.[,,3 _ 1_Oes1n L(z) /1 — 2 — 1_Oes1n 1(a:)x2 1— 22

Mathematica [A]
time = 0.13, size = 38, normalized size = 0.86

_4_1065in‘1(w) (15 (—a: + m) — 3cos (3sin™'(z)) +sin (3 sin‘l(x)))

Antiderivative was successfully verified.

[In] Integrate[(E"ArcSin[x]#*x~3)/Sqrt[1l - x~2],x]
[Out] -1/40%(E"ArcSin[x]*(15%(-x + Sqrt[1 - x"2]) - 3*Cos[3*ArcSin[x]] + Sin[3*Ar
cSin[x]1))

Maple [F]

time = 0.01, size = 0, normalized size = 0.00
earcsm(z) T

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(exp(arcsin(x))*x~3/(-x"2+1)~(1/2),x)
[Out] int(exp(arcsin(x))*x~3/(-x"2+1)"(1/2),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsin(x))*x~3/(-x"2+1)~(1/2),x, algorithm="maxima")
[Out] integrate(x~3*e~arcsin(x)/sqrt(-x"2 + 1), x)

Fricas [A]
time = 0.78, size = 28, normalized size = 0.64

1 .
1—0 (,’1:3 -3 (.’112 + 1) N — 12 +1 + 3x> earcsm(z)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsin(x))*x~3/(-x"2+1)~(1/2),x, algorithm="fricas")
[Out] 1/10%(x"3 - 3*(x"2 + 1)*sqrt(-x"2 + 1) + 3*x)*e"arcsin(x)

Sympy [A]
time = 0.38, size = 56, normalized size = 1.27

3 asin (z) 3$2 m easin (z) 3pedsin (z) 3 m easin (z)
+ —

z°e _
10 10 10 10

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(asin(x))*x**3/(-x**2+1)**x(1/2),x)
[Out] x*x3%exp(asin(x))/10 - 3*x**x2xsqrt(l - x**2)*exp(asin(x))/10 + 3*x*exp(asin
(x))/10 - 3*sqrt(1 - x**2)*exp(asin(x))/10

Giac [A]
time = 0.45, size = 46, normalized size = 1.05

3 . 2 . .
1 2 earcsm(x) + 5 z ea,rcsm(w) _ g m earcsm(ac)

; 3
(2 arcsin(z) |, © (__ .2
lo(x 1)ze +10( z®+1)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(exp(arcsin(x))*x~3/(-x"2+1)~(1/2),x, algorithm="giac")

[Out] 1/10%(x"2 - 1)*x*e"arcsin(x) + 3/10%x(-x"2 + 1)~ (3/2)*e"arcsin(x) + 2/5*x*e”

arcsin(x) - 3/6xsqrt(-x~2 + 1)*e~arcsin(x)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

.’L'3 easin(av)

—ﬁl — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"3*exp(asin(x)))/(1 - x~2)~(1/2),x)
[Out] int((x"3*exp(asin(x)))/(1 - x72)~(1/2), x)
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| zlog(1+2?) log (x—l— m>

‘ d
V1+ z? v

3.11

Optimal. Leaf size=68

4z—2tan"'(z)—zlog (1 + 2°)—2v1 + 22 log (a:-l— V1 +x2‘>+\/1 + 22 log (1 + z°) log (:c—l— V1+ z2 >

[Out] 4xx-2*arctan(x)-x*1n(x~2+1)-2*%1n(x+(x"2+1)"(1/2))*(x"2+1)~(1/2)+1n(x"2+1)*1
n(x+(x"2+1)7(1/2))*(x~2+1)~(1/2)

Rubi [A]

time = 0.10, antiderivative size = 68, normalized size of antiderivative = 1.00, number of

number of rules _ ( 97g
integrand size ’

steps used = 7, number of rules used = 8, integrand size = 29,
Rules used = {267, 2634, 8, 2637, 12, 2498, 327, 209}

—2ArcTan(z) + z(—log (2> + 1)) + V22 + 1 log (z° + 1) log (Vx2+1 +m) —2v22+1 log (Vx2+1 +x) +4zx

Antiderivative was successfully verified.
[In] Int[(x*Logl[l + x~2]*Loglx + Sqrt[l + x~2]11)/Sqrt[1 + x~2],x]

[Out] 4*x - 2xArcTan([x] - x*Logl[l + x"2] - 2xSqrt[1 + x"2]*Log[x + Sqrt[1 + x~2]]
+ Sqrt[1 + x"2]*Log[l + x"2]*Log[x + Sqrt[1 + x~2]]

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

Rule 12

Int[(a_)*(u_), x_Symboll :> Dist[a, Int[u, x], x] /; FreeQla, x] & !Match
QLu, (b )*(v_ ) /; FreeQ[b, x]]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 267

Int[(x_ )" (m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1l

Rule 327
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Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*(m + n*p + 1))), x] - Dist[
axcn*((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] &% NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2498

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)], x_Symbol]l :> Simpl[x*Log[cx(d
+ exx™n)"pl, x] - Dist[e*n*p, Int[x"n/(d + e*x"n), x], x] /; FreeQ[{c, d,
e, n, p}, xl

Rule 2634

Int[Loglu_J*(v_), x_Symbol]l :> With[{w = IntHide[v, x]}, Dist[Log[ul, w, x]
- Int[SimplifyIntegrand[w*(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w, x
11 /; InverseFunctionFreeQ[u, x]

Rule 2637

Int [Logl[v_]*Loglw_l*(u_), x_Symbol] :> With[{z = IntHidel[u, x]}, Dist[Loglv
1*Loglw], z, x] + (-Int[SimplifyIntegrand[z*Log[w]*(D[v, x]/v), x], x] - In
t[SimplifyIntegrand[z*Log[v]l*(D[w, x]/w), x], x]) /; InverseFunctionFreeQ[z
, x]]1 /; InverseFunctionFreeQ[v, x] && InverseFunctionFreeQ[w, x]

Rubi steps

zlog (1 + z?)log <x+\/1+x2>
/ V1+ 22

dr = V1 + 22 log(1+x2)log<x+\/l+x2 ) —/log(1+x2) dr

=—mlog(1—|—x2)+\/1+x2 log(1+x2)log (x+\/1—|—x2 ) +

=2z — zlog (14 2%) — 2V1 + 22 10g<x+\/1+x2 ) + V1 + 2°
= 4z — 2tan"'(z) — zlog (1 + 7°) — 2V1+ 22 log (x—l—\/1+z2

Mathematica [A]
time = 0.04, size = 64, normalized size = 0.94

4z — 2tan"!(z) — 21 + 22 log <x+ \/1-1—7) + log (1+x2) <—x+ V1+ 22 log (x+ m>>

Antiderivative was successfully verified.
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[In] Integrate[(x*Log[l + x"2]*Logl[x + Sqrt[1 + x~2]])/Sqrt[1 + x~2],x]

[Out] 4*x - 2*ArcTan([x] - 2*Sqrt[1 + x"2]*Logl[x + Sqrt[1 + x72]] + Logl[l + x™2]*(
-x + Sqrt[1 + x"2]*Loglx + Sqrt[1 + x~2]]1)

Maple [F]
time = 0.01, size = 0, normalized size = 0.00

/xln(x2+1)ln<x—|—\/m) ;

z2+1
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*1n(x~2+1)*1n(x+(x"2+1)"(1/2))/(x"2+1)"(1/2) ,x)
[Out] int(x*1n(x~2+1)*1n(x+(x"2+1)"(1/2))/(x"2+1)~(1/2),x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x~2+1)*log(x+(x~2+1)~(1/2))/(x"2+1)~(1/2),x, algorithm="max
ima")

[Out] -(2*x"2 - (x72 + 1)*1log(x"2 + 1) + 2)*log(x + sqrt(x”2 + 1))/sqrt(x"2 + 1)
+ integrate((log(x~2 + 1) - 2)/(x"2 + sqrt(x”2 + 1)*x), x) - integrate(-(2x

Xx"2 - (x72 + 1)*log(x"2 + 1) + 2)/(sqrt(x"2 + 1)*x), x)

Fricas [A]
time = 0.87, size = 43, normalized size = 0.63

Va2 +1 (log (z* +1) —2) log <a:+ V2 +1 ) —zlog (z> + 1) + 4z — 2 arctan (z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x~2+1)*log(x+(x"2+1)~(1/2))/(x"2+1)"(1/2),x, algorithm="fri
cas")

[Out] sqrt(x™2 + 1)*(log(x"2 + 1) - 2)*log(x + sqrt(x”2 + 1)) - xxlog(x"2 + 1) +
4xx - 2*arctan(x)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*1ln(x**2+1)*1n(x+(x*x*2+1)**(1/2))/(x**2+1)**(1/2) ,x)

[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x~2+1)*log(x+(x~2+1)~(1/2))/(x"2+1)~(1/2),x, algorithm="gia
C")
[Out] integrate(x*log(x~2 + 1)*log(x + sqrt(x~2 + 1))/sqrt(x~2 + 1), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

zln(z?+1) ln<w+\/x2+1)

/ dz
24+ 1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*log(x~2 + 1)*log(x + (x72 + 1)7(1/2)))/(x"2 + 1)°(1/2),%)
[Out] int((x*log(x~2 + 1)*log(x + (x72 + 1)°(1/2)))/(x"2 + 1)°(1/2), x)
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3.12 [tan™t (z 4+ V1—12? ) dz

Optimal. Leaf size=141

1., .1 L [-1+V3z 1+v3z —1 4 222 .
—5 sin (x)+1\/§tan <m>+ V3 tan (m) ~V/3 tan (T>+xtan (

[Out] -1/2*arcsin(x)+x*arctan(x+(-x"2+1)~(1/2))-1/4*arctanh(x*(-x"2+1)~(1/2))-1/8
*1n(x~4-x"2+1)-1/4*xarctan(1/3* (2*x~2-1)*3"(1/2))*3~(1/2)+1/4*arctan ((-1+x*3
~(1/2))/(-x"2+1)"(1/2))*3~(1/2)+1/4*arctan ((1+x*3~(1/2)) / (-x~2+1)~(1/2) )*3~

(1/2)

Rubi [C] Result contains complex when optimal does not.

time = 0.53, antiderivative size = 269, normalized size of antiderivative = 1.91, number of

steps used = 40, number of rules used = 15, integrand size = 14, number of rules = 1.071,
integrand size

Rules used = {5311, 12, 6874, 222, 1128, 648, 632, 210, 642, 1188, 399, 385, 211, 1307, 1121}

| =V +i
V"B i
Vi-a?

ArcTan

) 1
+ rAchan<\/1 7+ r) - glog(a* —a*+1)

V3

i PR — . AxTa
( | =B +i ] [ VB +i (
92 |——=—— V1-2? /- —z
7W+EJ§AICT&H(1:/;¢)+1712(f\/§‘+31)A!CT [ fx )+ v ‘/j:?” 112(\/?+31)A1cran[\ \/‘I/Lt’ )+
n —
\1 V3 +i

Antiderivative was successfully verified.

[In] Int[ArcTan([x + Sqrtl[1 - x~2]1],x]

[Out] -1/2%ArcSin[x] + (Sqrt[3]*ArcTan[(1 - 2*x~2)/Sqrt[3]])/4 + ArcTan[x/(Sqrt[-
((I - Sqrt[31)/(I + Sqrt[3]1))1*Sqrtl1 - x72]1)1/Sqrt[3] + ((3*I - Sqrt[3])*A
rcTan[x/(Sqrt[-((I - Sqrt[3]1)/(I + Sqrt[3]1))1*Sqrt[1 - x~21)]1)/12 + ArcTanl[

(Sqrt [-((I - Sqrt[3]1)/(I + Sqrt[3]1))]1*x)/Sqrt[l - x~2]1]1/Sqrt[3] - ((3*I + S

qrt [3])*ArcTan[(Sqrt [-((I - Sqrt[3])/(I + Sqrt[3]))]1*x)/Sqrt[1l - x~2]])/12

+ xxArcTan([x + Sqrt[1l - x72]] - Logll - x™2 + x74]/8

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]
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Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[al)]1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 385

Int[((a)) + (b_)*(x_)"(m_))~(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] &% NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 399

Int[((a_) + (b_)*(x_)"(n))~(p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Di
st[b/d, Int[(a + bxx™n)~(p - 1), x], x] - Dist[(b*c - a*d)/d, Int[(a + b*x"
n)~(p - 1)/(c + d*x"n), x], x] /; FreeQ[{a, b, c, d, p}, x] && NeQ[bxc - ax
d, 0] &% EqQ[n*(p - 1) + 1, 0] && IntegerQ[n]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2*cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQl{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x"2), x], x] + Dist[e/(2*c), In
t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%xc*xd - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 1121

Int[(x_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dist[1/2,
Subst[Int[(a + b*x + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, c, p}, x]

Rule 1128

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dis
t[1/2, Subst[Int[x~((m - 1)/2)*(a + b*x + c*x"2)7p, x], x, x2], x] /; Free
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Ql{a, b, c, p}, x] && IntegerQ[(m - 1)/2]

Rule 1188

Int[((d) + (e_.)*x(x_)"2)"(q )/((a)) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symb
0ol] :> With[{r = Rt[b™2 - 4xax*c, 2]}, Dist[2*(c/r), Int[(d + e*x"2)"q/(b -
r + 2xc*x”2), x], x] - Dist[2*(c/r), Int[(d + exx"2)"q/(b + r + 2%c*x"2), x
1, x11 /; FreeQl{a, b, c, d, e, q}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[c*d~2
- bxdxe + a*e”2, 0] & !IntegerQ[ql

Rule 1307

Int [(CCE_D*(x_))"(m_.)*((d_.) + (e_.)*(x_)"2)"(q))/((a)) + (b_.)*(x_)"2 +

(c_.)*(x_)"4), x_Symbol] :> Dist[ex(£72/c), Int[(f*x)~(m - 2)*(d + exx"2)~
(g - 1, x], x] - Dist[£f72/c, Int[(f*x)"(m - 2)*(d + exx"2)"(q - 1)*(Simp[a
xe - (c*d - b*e)*x"2, x]/(a + b*x~2 + c*x~4)), x], x] /; FreeQ[{a, b, c, d,
e, f}, x] && NeQ[b~2 - 4xaxc, 0] && !IntegerQ[q]l && GtQ[q, 0] && GtQ[m, 1
] && LeQ[m, 3]

Rule 5311

Int[ArcTan[u_], x_Symbol] :> Simp[x*ArcTan[u], x] - Int[SimplifyIntegrand[x
*(D[u, x]/(1 + u"2)), x], x] /; InverseFunctionFreeQ[u, x]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps
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/tan_l <z+ m> dx = rtan™" <x+m> —/m(l_ \/12—302) dz

1
:xtan_1<x+\/1—x2>——/
2 1+ 2vV1—2?
=xtan_1<x+\/1—x2>—1/< i + = )
2 —z+23—vV1—-22 14zV1-—2a?
1 z? 1 T
=xtan‘1<:c—|—\/1—:c2>——/ dm——/—
2) —x+23—V1—2a2 2) 1+zvV1-
1 T z?V1 — 12 1
_ -1 T
= wtan <x+ 1_x2>_§/<1—x2+z4_1—x2+z4) dw_é/‘
1 1 1 T 1
— -1 ) - _ R J—
= ztan <x+\/1 x >+2/mdx 2/1—z2+x4dx 2/
zlsin_l(x)+xtan_1(ac-l—\/l—acz)—ESubst /;dxm:c2 :
2 4 l—z+22 7

= —sin"'(z) + xtan™!

N

1 1
z+V1—2z? ) —§Subst</mdx,x,x2> .

\/5) + ztan™! <x+\/1—x2>—%log(1—z2+:

1 1 [ 1— 222 1/, . 1 :
= 5 sin (x)+4\/??tan (\/?T )+12<3z \/§>tan '
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Mathematica [C] Result contains complex when optimal does not.
time = 0.32, size = 307, normalized size = 2.18

pu——t0 : ) r+i(-1+ V=) 1= 040+ 0 -V P — (Lo vE — - P N
ot (54 V) 3 (-t () - i | T ! ) g (148 + 4= (0= VTT) =2 (14T 404 (1= VT =l (VT = 142+ (VT 2Tk (14 VF = (04 1 VI (1 i ) (14207 50T

Antiderivative was successfully verified.

[In] Integrate[ArcTan[x + Sqrt[1 - x~2]],x]

[Out] x*ArcTan[x + Sqrt[1 - x~2]] + ((-4 - 4*I)*ArcTan[x/Sqrt[1 - x~2]] - (2*I)*A
rcTan[(x + I*(-1 + Sqrt[1 - x72]))/(I + x - (2*D)*x"2 + (I + 2*x)*Sqrt[1 -

x72])] - (4*%I)*Sqrt[3]*ArcTanh[(1 - (1 + I)*x + (1 - I)*Sqrt[1 - x~2])/Sqrt

[3]1]1 - 2#Logll + Sqrt[3] + (1 + I)*x - (1 - I)*Sqrt[1 - x~2]] - (2*I)*Sqrt[
31*Logl[l + Sqrt[3] + (1 + D)*x - (1 - I)*Sqrtll - x72]] - 2+Log[-1 + Sqrt[3

] - @+ Dx*x + (1 - I)*Sqrt[1 - x72]] + (2*I)*Sqrt[3]*Log[-1 + Sqrt[3] - (

1+ I*x + (1 - Dx*Sqrt[1 - x72]] - Logl[(-1 + Ikx + x72)*(-1 + 2%x72 + (2*I
)*xxSqrt[1 - x72]1)1)/8

Maple [C] Result contains complex when optimal does not.
time = 0.06, size = 439, normalized size = 3.11

method | result

(%LQVg)vg“ i¢§h( »

arctan (
default | xarctan (ac +v—12+1 ) _ 1n(m4_8z2+1) _ i B

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan(x+(-x"2+1)"(1/2)),x,method=_RETURNVERBOSE)

[Out] x*arctan(x+(-x~2+1)~(1/2))-1/8*1n(x"4-x"2+1)-1/4*arctan(1/3*(2*xx~2-1)*3~(1/
2))*37(1/2)-1/8*%I*37(1/2) *1n(((-x"2+1) " (1/2)-1)"2/x"2+(1+I*3" (1/2) ) * ((-x"2+
1)7(1/2)-1)/x-1)-1/8*1n(((-x"2+1) " (1/2)-1)~2/x"2+(1+I*37(1/2) ) * ((-x"2+1)~ (1
/2)-1)/x-1)-1/8*1n(((-x"2+1)~(1/2)-1)"2/x"2+(1-I*3~(1/2) ) *((-x~2+1) ~(1/2)-1
)/x-1)+1/8%Ix3~ (1/2)*1n(((-x"2+1)~(1/2)-1)"2/x"2+(1-I*3~(1/2) )*((-x"2+1)~ (1
/2)-1)/x-1)-1/8%I*3"(1/2) *1n(((-x"2+1) " (1/2)-1)"2/x"2+(-1+I*3~(1/2) ) * ((-x"2
+1)7(1/2)-1) /x-1)+1/8*1n(((-x"2+1)~(1/2)-1)"2/x"2+(-1-I*37(1/2) ) * ((-x"2+1) "
(1/2)-1)/x-1)+1/8*1n(((-x~2+1) " (1/2)-1)"2/x" 2+ (-1+I*3~(1/2) ) * ((-x"2+1) ~(1/2
)-1)/x-1)+1/8*Ix3~(1/2) *1n(((-x~2+1)~(1/2)-1)"2/x"2+(-1-I*37(1/2) ) * ((-x"2+1

)~ (1/2)-1)/x-1)+arctan(((-x~2+1)~(1/2)-1) /x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arctan(x+(-x"2+1)~(1/2)),x, algorithm="maxima")

[Out] x*arctan(x + sqrt(x + 1)*sqrt(-x + 1)) - integrate((x~3 + x"2xe”(1/2*log(x
+ 1) + 1/2%log(-x + 1)) - x)/(x"4 + (x”2 - D*e"(log(x + 1) + log(-x + 1))
+ 2%(x"3 - x)*e”(1/2xlog(x + 1) + 1/2xlog(-x + 1)) - 1), x)

Fricas [A]
time = 0.82, size = 191, normalized size = 1.35

WEVEITod VB 1 (VB T VR L
3@ -1) g V3 arctan 3@e-1) + g arctan

1 V=zi+1 1 ‘ 1 2 1
arctan (2 + V=TT ) ~ 1 ( lﬁf ’) -~ glog(zt —a?+1) - e log (~a* 4 27+ 2V A A T +1) + g log (~a' 427~ 2V A H T 1)

1V wean (VB 05 -1) %ﬁmm(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x+(-x"2+1)~(1/2)),x, algorithm="fricas")

[Out] x*arctan(x + sqrt(-x"2 + 1)) - 1/4xsqrt(3)*arctan(1/3*sqrt(3)*(2*xx~2 - 1))
- 1/8xsqrt(3)*arctan(1/3*(4*sqrt(3)*sqrt(-x"2 + 1)*x + sqrt(3))/(2*x"2 - 1)

) - 1/8xsqrt(3)*arctan(1/3*(4*sqrt(3)*sqrt(-x~2 + 1)*x - sqrt(3))/(2*x"2 -

1)) + 1/2*arctan(sqrt(-x"2 + 1)*x/(x"2 - 1)) - 1/8%log(x™4 - x"2 + 1) - 1/1
6xlog(-x"4 + x72 + 2xsqrt(-x"2 + 1)*x + 1) + 1/16%log(-x"4 + x~2 - 2*sqrt(-

X"2 + 1)*x + 1)

Sympy [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(x+(-x**2+1)*x(1/2)),x)
[Out] Timed out

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 364 vs. 2(110) =

220.
time = 0.45, size = 364, normalized size = 2.58

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x+(-x"2+1)~(1/2)),x, algorithm="giac")

[Out] x*arctan(x + sqrt(-x~2 + 1)) - 1/4xpi*sgn(x) + 1/8*sqrt(3)*(pi*sgn(x) + 2xa
rctan(-1/3*sqrt (3) *x*((sqrt(-x~2 + 1) - 1)/x + (sqrt(-x"2 + 1) - 1)72/x72 -
1)/(sqrt(-x"2 + 1) - 1))) + 1/8*xsqrt(3)*(pi*sgn(x) + 2*arctan(1/3*sqrt(3)*
xx((sqrt(-x"2 + 1) - 1)/x - (sqrt(-x"2 + 1) - 1)72/x72 + 1)/(sqrt(-x"2 + 1)
- 1))) - 1/4xsqrt(3)*arctan(1/3*sqrt(3)*(2*xx~2 - 1)) - 1/2*arctan(-1/2*x*(
(sqrt(-x"2 + 1) - 1)72/x72 - 1)/(sqrt(-x"2 + 1) - 1)) - 1/8*log(x"4 - x"2 +
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1) + 1/8%log((x/(sqrt(-x"2 + 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)72 + 2*x/(sq
rt(-x"2 + 1) - 1) - 2x(sqrt(-x"2 + 1) - 1)/x + 4) - 1/8xlog((x/(sqrt(-x"2 +

1) - 1) - (sqrt(-x"2 + 1) - 1)/x)72 - 2*x/(sqrt(-x"2 + 1) - 1) + 2*x(sqrt(-
x"2+ 1) - 1)/x + 4)

Mupad [B]
time = 1.37, size = 661, normalized size = 4.69

e I o e B B e o e e e ] e e

Foa(Ea) on S es(Eo) e (o) em (o) m

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan(x + (1 - x72)"(1/2)),x)

[Out] x*atan(x + (1 - x72)7(1/2)) - asin(x)/2 + (log(x - 37(1/2)/2 - 1i/2)*(3~(1/
2)/2 + (37(1/2)/2 + 1i/2)73 + 1i/2))/(2%37(1/2) - 8%(37(1/2)/2 + 1i/2)"3 +
2i) - (log(x - 37(1/2)/2 + 1i/2)*(37(1/2)/2 + (37(1/2)/2 - 1i/2)"3 - 1i/2))
/(8%x(37(1/2)/2 - 1i/2)"3 - 2%x37(1/2) + 2i) - (log(x + 37(1/2)/2 - 1i/2)*(3~
(1/2)/2 + (37(1/2)/2 - 1i/2)7"3 - 1i/2))/(8*%(37(1/2)/2 - 1i/2)"3 - 2%37(1/2)
+ 2i) + (log(x + 37(1/2)/2 + 1i/2)*(37(1/2)/2 + (37(1/2)/2 + 1i/2)"3 + 1i/
2))/(2%x37(1/2) - 8x(37(1/2)/2 + 1i/2)"3 + 2i) + (log((((x*(37(1/2)/2 + 1i/2
) - Dx*1i)/(1 - (37(1/2)/2 + 1i/2)72)~(1/2) - (1 - x72)~(1/2)*1i)/(37(1/2)/
2 - x + 1i/2))*((37(1/2)/2 + 1i/2)"2 + 1))/((1 - (37(1/2)/2 + 1i/2)~2)~(1/2
)*(2x37(1/2) - 8%x(37(1/2)/2 + 1i/2)73 + 2i)) - (Log((((x*(37(1/2)/2 - 1i/2)
- D*1i)/(1 - (37°(1/2)/2 - 1i/2)72)7(1/2) - (1 - x72)7(1/2)*1i)/(x - 37(1/
2)/2 + 1i/2))*((37(1/2)/2 - 1i/2)"2 + 1))/((1 - (37(1/2)/2 - 1i/2)"2)~(1/2)
*(8x(37(1/2)/2 - 1i/2)73 - 2x37(1/2) + 2i)) + (Log((((x*(37(1/2)/2 - 1i/2)
+ 1)*1i1)/(1 - (37(1/2)/2 - 1i/2)72)"(1/2) + (1 - x72)"(1/2)*11)/(x + 37(1/2
)/2 - 1i/2))*((37(1/2)/2 - 1i/2)"2 + 1))/((1 - (37(1/2)/2 - 1i/2)"2)~(1/2)*
(8%(37(1/2)/2 - 1i/2)"3 - 2%37(1/2) + 2i)) - (Log((((x*x(3~(1/2)/2 + 1i/2) +
D*1i)/(1 - (37(1/2)/2 + 1i/2)72)~(1/2) + (1 - x72)7(1/2)*11)/(x + 37(1/2)
/2 + 1i/2))*((37(1/2)/2 + 1i/2)72 + 1))/((1 - (37(1/2)/2 + 1i/2)72)~(1/2)*(
2x37(1/2) - 8x(37(1/2)/2 + 1i/2)"3 + 2i))
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Jﬁmtan_1<x+—\/i_:?3;7>

T dx

3.13

Optimal. Leaf size=152

1, ., 1 L [-1+V3z) 1 L1+ 1 _4(—1+2ﬁ>
—— Sin T -I-—\/?T tan —— +—\/§ tan — ——\/3? tan — —v].—iI?
2 (=) 4 ( V1 — 22 ) 4 V1 — g2 4 V3

[Out] -1/2*arcsin(x)+1/4*arctanh(x*(-x"2+1)"(1/2))+1/8*1n(x"4-x"2+1)-1/4*arctan(1
/3% (2xx~2-1)*37(1/2))*3~(1/2)+1/4*arctan ((-1+x*3~(1/2) )/ (-x"2+1)~(1/2) ) *3~(
1/2)+1/4*arctan((1+x*3~(1/2))/(-x"2+1)~(1/2))*3"(1/2) -arctan(x+(-x"2+1) " (1/
2))*(-x~2+1)~(1/2)

Rubi [C] Result contains complex when optimal does not.

time = 0.32, antiderivative size = 286, normalized size of antiderivative = 1.88, number of

steps used = 32, number of rules used = 16, integrand size = 27, number of rules _ ) 593
integrand size

Rules used = {267, 5315, 12, 6874, 1121, 632, 210, 1307, 222, 1188, 385, 211, 399, 1261, 648,
642}

ArcSin(z) 1 . 1222 1 A Arel
S gV Arean - 15(~V3 +3i) ArcTan ;

Antiderivative was successfully verified.
[In] Int[(x*ArcTan[x + Sqrt[1 - x~2]])/Sqrt[l - x~2],x]

[Out] -1/2%ArcSin[x] + (Sqrt([3]*ArcTan[(1 - 2*x~2)/Sqrt[3]]1)/4 + ArcTan[x/(Sqrt[-
((I - Sqrt[31)/(I + Sqrt[3]))I*Sqrt[1 - x~2]1)1/(2*Sqrt[3]) - ((3*I - Sqrt[3
1)*ArcTan[x/(Sqrt [-((I - Sqrt[3]1)/(I + Sqrt[3]))]1*Sart[1l - x72]1)1)/12 + Arc
Tan[(Sqrt [-((I - Sqrt[3])/(I + Sqrt[3]))]1*x)/Sqrt[1 - x~2]]1/(2*Sqrt[3]) + (

(3*I + Sqrt[3])*ArcTan[(Sqrt[-((I - Sqrt[3])/(I + Sqrt[3]))]*x)/Sqrtl[l - x~
2]1)/12 - Sqrt[1 - x~2]*ArcTan[x + Sqrt[l - x72]] + Log[l - x"2 + x74]/8

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 211
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al)]1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 267

Int[(x_ )" (m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (b*n*x(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQm, n - 1] &&
NeQ[p, -1]

Rule 385

Int[((a_) + (b_)*(x_)"(@_))"(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[nxp + 1, 0] && IntegerQ[n]

Rule 399

Int[((a)) + (b_)*(x_)"(m_))~(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Di
st[b/d, Int[(a + b*x™n)~(p - 1), x], x] - Dist[(b*c - a*d)/d, Int[(a + b*x~
n)~(p - 1)/(c + d*x"n), x], x] /; FreeQ[{a, b, c, d, p}, x] && NeQ[bxc - a*
d, 0] &% EqQ[nx(p - 1) + 1, 0] && IntegerQ[n]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2*c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*xd - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !'NiceSqrtQ[b~2 - 4*axc]
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Rule 1121

Int[(x_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dist[1/2,
Subst[Int[(a + b*x + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, c, p}, x]

Rule 1188

Int[((d)) + (e_.)*(x_)"2)"(q_)/((a)) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symb
0l] :> With[{r = Rt[b~™2 - 4xa*c, 2]}, Dist[2*(c/r), Int[(d + exx"2)"q/(b -
r + 2%c*x”2), x], x] - Dist[2*(c/r), Int[(d + e*x"2)"q/(b + r + 2%c*xx"2), x
1, x11 /; FreeQ[{a, b, c, d, e, q}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d~2
- bxdxe + a*e”2, 0] & !IntegerQ[ql

Rule 1261

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
P_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + e*x)~g*(a + b*x + c*x~2)7p, x],
x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x]

Rule 1307

Int [(CCE_D*(x_))"(m_.)*((d_.) + (e_.)*(x_)"2)"(q))/((a)) + (b_.)*(x_)"2 +

(c_.)*(x_)"4), x_Symbol] :> Dist[ex(£72/c), Int[(f*x)~(m - 2)*(d + exx"2)~
(g -1, x], x] - Dist[£f72/c, Int[(f*x)"(m - 2)*(d + exx~2)"(q - 1)*(Simp[a
xe - (c*d - b*e)*x"2, x]/(a + b*x~2 + c*x~4)), x], x] /; FreeQ[{a, b, c, d,
e, f}, x] && NeQ[b~2 - 4xaxc, 0] && !IntegerQlql && GtQ[q, 0] && GtQ[m, 1
] && LeQ[m, 3]

Rule 5315

Int[((a_.) + ArcTan[u_J*(b_.))*(v_), x_Symbol] :> With[{w = IntHidelv, x1},
Dist[a + b*ArcTan[u], w, x] - Dist[b, Int[SimplifyIntegrand[w*(D[u, x]/(1
+ u2)), x], x], x] /; InverseFunctionFreeQ[w, x]] /; FreeQ[{a, b}, x] && I
nverseFunctionFreeQ[u, x] && !'MatchQ[v, ((c_.) + (d_.)*x)"(m_.) /; FreeQ[{
c, d, m}, x]] && FalseQ[FunctionOfLinear[vx(a + b*ArcTan[u]), x]]

Rule 6874
Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps
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rxtan ! (z + V1 — 22 12
/ ( )dzz—\/l—:c2 tan™! (z + V1 — 22 —/ v 1-z dz
V1—zx2 2(1+:c\/1—:c2>

=—v1—22 tan™! (z 4+ V1 — 22

=—v1—22 tan ! (z+ V11— 22

/

/ 1+mm_1+wm
/ x 1 V1
/
/

1
( T V1—x2

dz + =

14+zv1—2x2 2] 14z
( x x2v1—x2)a

=—v1—22 tan"' (2 + V1 — 22

=—V1—22 tan"' (2 + V1 — 22 1 T
-z

( )

( )

( )
VT e (54 VIO

( )

( )

( )

=—v1—2122 tan™! (z+ V1 — 22

:—%sin_l(%)—\/l—m2 tan™* x+\/1—x2> —éSubst(/ !

< 1—z+a?
tan~—! (1—2z2)

=—%sin_1(m)—|— 2\/?%/?7 — V1 —22 tan™* (m+\/1—m2>—|—%log1
\

tan~! \/i‘

1— V3

_ N

\/ i+V3 /

1 1 1 — 222
= ——sin"!(x) + Z\/§ tan™* ( ad ) +

2 V3 23

Mathematica [C] Result contains complex when optimal does not.
time = 3.25, size = 2180, normalized size = 14.34

Result too large to show

Antiderivative was successfully verified.
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[In] Integrate[(x*ArcTan[x + Sqrt[1 - x72]])/Sqrt[1 - x~2],x]

[Out] (-24%ArcSin[x] - 48%Sqrt[1 - x"2]*ArcTan[x + Sqrt[1l - x72]] + (2*(-3*I + Sq
rt[3])*ArcTan[(3 - I*Sqrt[3] + (-3 - I*Sqrt[3])*x74 + 2xxx(-6%I + 2xSqrt[3]
- IxSqrt[2 - (2*%I)*Sqrt[3]]1*Sqrt[l - x72]) - 2*x"3*(6*I + 2*Sqrt[3] + I*Sq
rt[2 - (2*I)*Sqrt[3]]1*Sqrt[1 - x72]) - (2*I)*Sqrt[3]*x~2*(6 + Sqrt[2 - (2*I
)*Sqrt [3]1*Sqrt[1 - x72]))/(I - Sqrt([3] + (6*I)*(I + Sqrt[3])*x - 2% (-15%I
+ Sqrt[3])*x72 + 6x(1 + (3*I)*Sqrt[3])*x~3 + (11*I + 3*Sqrt[3])*x~4)])/Sqrt
[(1 - I*Sqrt[3])/6] - (2%(-3*I + Sqrt[3])*ArcTan[(3 - I*Sqrt[3] + (-3 - Ix*S
qrt[3])*x~4 + 2*x73%(6%I + 2xSqrt[3] + I*Sqrt[2 - (2%I)*Sqrt[3]]*Sqrt[1 - x
~2]) + x*(12xI - 4*Sqrt[3] + (2*I)*Sqrt[2 - (2*I)*Sqrt[3]]1*Sqrt[1l - x72]) -
(2+¢I)*Sqrt [3]1*x~2*(6 + Sqrt[2 - (2*I)*Sqrt[3]11*Sqrt[1 - x72]))/(I - Sqrt[3
1 + (6 - (6%I)*Sqrt[3])*x - 2%(-15%I + Sqrt[3])*x~2 + (-6 - (18%I)*Sqrt([3])
*x~3 + (11%I + 3*Sqrt[3])*x~4)]1)/Sqrt[(1 - IxSqrt[3])/6] - (2%(3*I + Sqrt[3
1)*#ArcTan[(-3 - I*Sqrt([3] + (3 - I*Sqrt[3])*x"4 + 2*x~3*(-6%I + 2*xSqrt[3] -
I*Sqrt[2 + (2*%I)*Sqrt[3]]1*Sqrt[1l - x72]) - 2*x*x(6%I + 2*Sqrt[3] + I*Sqrt[2
+ (2*I)*Sqrt[3]]1*Sqrt[1 - x72]) - (2*I)*Sqrt[3]*x~2*(6 + Sqrt[2 + (2*I)*Sq
rt[3]11*Sqrt[1 - x72]))/(-I - Sqrt[3] + (-6 - (6*I)*Sqrt[3])*x - 2%x(16%xI + S
qrt[3])*x72 + 6x(1 - (3*I)*Sqrt[3])*x~3 + (-11*I + 3*Sqrt[3])*x"4)])/Sqrt[(
1 + IxSqrt[31)/6] + (2%(3*I + Sqrt[3])*ArcTan[(-3 - I*Sqrt[3] + (3 - IxSqrt
[31)*x~4 + 2*xx*(6%I + 2%Sqrt[3] + I*Sqrt[2 + (2*I)*Sqrt[3]]*Sqrt[1 - x~2])
+ x"3%(12%I - 4%Sqrt[3] + (2*I)*Sqrt[2 + (2*I)*Sqrt[3]11*Sqrt[l - x~2]) - (2
*I)*Sqrt [3]*x~2%(6 + Sqrt[2 + (2*I)*Sqrt[3]]1*Sqrt[1 - x72]1))/(-I - Sqrt[3]
+ (6 + (6%I)*Sqrt[3])*x - 2%(15*%I + Sqrt[3])*x"2 + (-6 + (18%I)*Sqrt[3])*x~
3 + (-11%I + 3*Sqrt[3])*x~4)]1)/Sqrt[(1 + IxSqrt[3])/6] + 2*Sqrt[3]1*(3*I + S
qrt[3])*Log[-1/2 - (I/2)*Sqrt[3] + x72] + 2*Sqrt[3]*(-3*I + Sqrt[3])*Logl[(I
/2)*(I + Sqrt[3]) + x72] + ((3 - I*Sqrt[3])*Logl[16*(1 + Sqrt[3]*x + x~2)"2]
)/Sqrt[(1 + I*Sqrt[3])/6] + ((3 + I*Sqrt[3])*Log[16%(1 + Sqrt[3]*x + x~2)"2
1)/Sqrt[(1 - I*Sqrt[3])/6] - (I*(-3*I + Sqrt[3])*Logl(4 - 4xSqrt[3]*x + 4x*x
~2)72]1)/8qrt[(1 - I*Sqrt[3])/6] + (I*(3+I + Sqrt[3])*Logl[(4 - 4xSqrt[3]*x +
4%x~2)~2])/Sqrt[(1 + I*Sqrt[3]1)/6] - (I*x(-3*I + Sqrt[3])*Log[3*I + Sqrt[3]
- (-I + Sqrt[3])*x~4 + (2*I)*Sqrt[2 - (2*I)*Sqrt[3]1*Sqrt[1 - x~2] + (5%I)
*x"2%(2 + Sqrt[2 - (2*I)*Sqrt[3]]1*Sqrt[1 - x72]) + x*(3 + (5*%I)*Sqrt[3] + (
3*I)*Sqrt[6 - (6*%I)*Sqrt[3]]1*Sqrt[l - x72]) + Ixx~3%(3xI + 3*Sqrt[3] + Sqrt
[6 - (6xI)*Sqrt[3]11*Sqrt[1 - x721)1)/Sqrt[(1 - I*Sqrt[3]1)/6] + ((3 + I*Sqrt
[31)*Log[3+I + Sqrt[3] - (-I + Sqrt[3])*x~4 + (2*I)*Sqrt[2 - (2+I)*Sqrt[3]]
*Sqrt[1 - x72] + (6*I)*x"2%(2 + Sqrt[2 - (2*I)*Sqrt([3]]1*Sqrt[1 - x72]) + x~
3% (3 - (3*I)*Sqrt[3] - I*Sqrt[6 - (6*I)*Sqrt[3]]1*Sqrt[1 - x72]) - Ikx*(-3*I
+ 5*Sqrt[3] + 3*Sqrt[6 - (6*I)*Sqrt[3]11*Sqrt[1 - x~21)])/Sqrt[(1 - I*Sqrtl
31)/6] + (I*(3*I + Sqrt[3])*Log[-3*I + Sqrt[3] - (I + Sqrt[3])*x~4 - (2*I)*
Sqrt[2 + (2*%I)*Sqrt[3]]1*Sqrt[1 - x72] - (5*I)*x"2%(2 + Sqrt[2 + (2*I)*Sqrt[
31]1*Sqrt[1 - x72]) + x*(3 - (5xI)*Sqrt[3] - (3*I)*Sqrt[6 + (6%I)*Sqrt[3]]*S
grt[1l - x72]) - Ixx"3%(-3*I + 3*Sqrt[3] + Sqrt[6 + (6*I)*Sqrt[3]]*Sqrt[l -
x721)1)/8qrt[(1 + I*Sqrt[3])/6] + ((3 - I*Sqrt[3])*Log[-3+I + Sqrt[3] - (I
+ Sqrt[3])*x74 - (2*I)*Sqrt[2 + (2*%I)*Sqrt[3]]1*Sqrt[1l - x72] - (5*%I)*x~2%(2
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+ Sqrt[2 + (2xI)*Sqrt[3]]*Sqrt[1 - x72]) + x73*%(3 + (3*I)*Sqrt[3] + I*Sqrt
[6 + (6%I)*Sqrt[3]]1*Sqrt[1 - x72]) + I*x*(3*I + 5*Sqrt[3] + 3*Sqrt[6 + (6%I
)*Sqrt [3]11*Sqrt[1 - x72])]1)/Sqrt[(1 + I*Sqrt[3])/6])/48

Maple [F]
time = 0.10, size = 0, normalized size = 0.00
z arctan (z +vV—r2+1 )
/ dx
—1'2 + 1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arctan(x+(-x"2+1)"(1/2))/(-x"2+1)"(1/2) ,x)
[Out] int(x*arctan(x+(-x"2+1)"(1/2))/(-x"2+1)"(1/2) ,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x+(-x"2+1)~(1/2))/(-x"2+1)~(1/2),x, algorithm="maxima")

[Out] -sqrt(x + 1)*sqrt(-x + 1)*arctan(x + sqrt(x + 1)*sqrt(-x + 1)) - integrate(
x/(x72 + 2*x*e”(1/2*%log(x + 1) + 1/2*%log(-x + 1)) + e"(log(x + 1) + log(-x
+ 1)) + 1), x)

Fricas [A]
time = 0.93, size = 200, normalized size = 1.32

3T T+ V3 VBV Tz - V3 =
71\/.”73101‘&11(%\/5(22771))7\/71,2+luclan(z%»\/fﬁAl)*%ﬁmum(/h/? 3(2’fll')*‘/?>7§ﬁmum(1‘/? 3(;:16 ‘/?>+%mclan( T I)+%lng(:p‘712+l)+%lng(f.z"Arzi»Z\/fﬁAlzi»l)71—16lng(fz’+1’272\/71'2+lz+l)
E 7 7= - v \

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x+(-x"2+1)~(1/2))/(-x"2+1)~(1/2),x, algorithm="fricas")

[Out] -1/4*sqrt(3)*arctan(1/3*sqrt(3)*(2*xx~2 - 1)) - sqrt(-x~2 + 1)*arctan(x + sq
rt(-x"2 + 1)) - 1/8*sqrt(3)*arctan(1/3*(4*sqrt(3)*sqrt(-x~2 + 1)*x + sqrt(3
))/(2%x72 - 1)) - 1/8*sqrt(3)*arctan(1/3*(4*sqrt(3)*sqrt(-x"2 + 1)*x - sqrt
(3))/(2*xx~2 - 1)) + 1/2*arctan(sqrt(-x"2 + 1)*x/(x"2 - 1)) + 1/8*log(x"4 -

X"2 + 1) + 1/16%log(-x"4 + x72 + 2*sqrt(-x"2 + 1)*x + 1) - 1/16%log(-x"4 +

X"2 - 2%sqrt(-x"2 + 1)*x + 1)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*atan(x+(-x**2+1)**(1/2))/(-x*x*2+1)**(1/2),x)
[Out] Timed out

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 373 vs. 2(119) =

238.
time = 0.50, size = 373, normalized size = 2.45

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x+(-x"2+1)~(1/2))/(-x"2+1)~(1/2),x, algorithm="giac")

[Out] -1/4*pixsgn(x) + 1/8*sqrt(3)*(pi*sgn(x) + 2*arctan(-1/3*sqrt(3)*x*((sqrt(-x
2+ 1) - 1)/x + (sqre(-x"2 + 1) - 1)72/x72 - 1)/(sqrt(-x"2 + 1) - 1))) + 1
/8*sqrt (3) *(pi*sgn(x) + 2xarctan(1/3*sqrt(3)*x*((sqrt(-x"2 + 1) - 1)/x - (s
qrt(-x"2 + 1) - 1)72/x72 + 1)/(sqrt(-x"2 + 1) - 1))) - 1/4*sqrt(3)*arctan(l
/3*sqrt(3)*(2*x”2 - 1)) - sqrt(-x"2 + 1)*arctan(x + sqrt(-x~2 + 1)) - 1/2%a
rctan(-1/2*x*((sqrt(-x"2 + 1) - 1)72/x72 - 1)/(sqrt(-x"2 + 1) - 1)) + 1/8%*1
og(x™4 - x72 + 1) - 1/8*log((x/(sqrt(-x"2 + 1) - 1) - (sqrt(-x"2 + 1) - 1)/

x)72 + 2xx/(sqrt(-x"2 + 1) - 1) - 2x(sqrt(-x"2 + 1) - 1)/x + 4) + 1/8%log((
x/(sqrt(-x"2 + 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)7°2 - 2*x/(sqrt(-x"2 + 1) -

1) + 2x(sqrt(-x"2 + 1) - 1)/x + 4)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
xatan(x + V1 — 22 )
dx
/ V1 —x?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*atan(x + (1 - x72)7(1/2)))/(1 - x~2)~(1/2) ,x)
[Out] int((x*atan(x + (1 - x72)°(1/2)))/(1 - x°2)~(1/2), %)
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3.14

SIH
/ 1+\/1 — x2

Optimal. Leaf size=45

z sin 1(35) lsm Y(z)? —log (1+m>

1 + V1 — 22
[Out] 1/2*arcsin(x)"2-1n(1+(-x"2+1)"(1/2))-x*arcsin(x)/(1+(-x"2+1)~(1/2))
Rubi [A]

time = 0.08, antiderivative size = 51, normalized size of antiderivative = 1.13, number of

steps used = 9, number of rules used = 11, integrand size = 18, nggé%‘;g&ﬁ glllzlgs = 0.611,

Rules used = {6874, 283, 222, 4875, 4723, 272, 65, 212, 4781, 29, 4737}

_ 2 . . 2 .

V1 —z? ArcSin(z) + ArcSin(z)*  ArcSin(z) tanh-! (M) _ log(z)
z 2 T

Antiderivative was successfully verified.

[In] Int[ArcSin[x]/(1 + Sqrt[1 - x~2]),x]

[Out] -(ArcSin([x]/x) + (Sqrt[1 - x~2]*ArcSin[x])/x + ArcSin[x]~2/2 - ArcTanh[Sqrt
[1 - x72]] - Loglx]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)], x1]1 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 Il LtQ[b, 01)

Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al)]1/Rt[-b, 2], x] /; FreeQl[{a, b}, x] && GtQ[a, 0] && NegQ[b]
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Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 283

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx"n)"p/(cx(m + 1))), x] - Dist[b*n*(p/(c"n*(m + 1))), In
t[(c*x)"(m + n)*(a + bxx™n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQ[p, O] && LtQ[m, -1] && !ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 4723

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[(d*x)~(m + 1)*((a + b*ArcSin[c*x])"n/(d*(m + 1))), x] - Dist[bxcx(n
/(dx(m + 1))), Int[(d*x)"(m + 1)*((a + b*ArcSin[c*x])~(n - 1)/Sqrt[1l - c~2%
x~2]), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] &% NeQ[m, -1]

Rule 4737

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)/Sqrt[(d_) + (e_.)*(x_)"2], x_S
ymbol] :> Simp[(1/(b*c*(n + 1)))*Simp[Sqrt[1 - c"2*x~2]/Sqrt[d + e*x~2]]*(a
+ bxArcSin[c*x])"(n + 1), x] /; FreeQ[{a, b, c, d, e, n}, x] && EqQ[c™2*d
+ e, 0] && NeQ[n, -1]

Rule 4781

Int[((a_.) + ArcSin[(c_.)*(x_)1*(b_.)) " (n_.)*((f_.)*(x_)) " (m_)*Sqrt[(d_) +

(e_.)*(x_)"2], x_Symbol] :> Simp[(f*x)~(m + 1)*Sqrt[d + e*x"2]*((a + b*ArcS
infc*x])"n/(f*(m + 1))), x] + (-Dist[b*c*(n/(f*x(m + 1)))*Simp[Sqrt[d + e*x~
21/8qrt[1 - c~2*x"2]], Int[(f*x)~"(m + 1)*(a + bxArcSin[c*x])~(n - 1), x], x
1 + Dist[(c”2/(£72*(m + 1)))*Simp[Sqrt[d + e*x~2]/Sqrt[1 - c~2*x~2]], Int[(
f*x)~(m + 2)*((a + b*ArcSin[c*x]) n/Sqrt[l - c™2*x~2]), x], x]) /; FreeQ[{a
, b, c, d, e, £}, x] & EqQlc™2+d + e, 0] && GtQ[n, 0] && LtQ[m, -1]

Rule 4875

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.)) " (n_.)*(Px_.)*((£f_) + (g_.)*((d_ ) + (
e_)*x(x_)"2)"(p_))"(m_.), x_Symbol] :> With[{u = ExpandIntegrand[Pxx(f + g*
(d + e*x~2)"p) “m*(a + b*ArcSin[c*x])~n, x1}, Int[u, x] /; SumQ[ul] /; FreeQ
[{a, b, ¢, d, e, f, g}, x] && PolynomialQ[Px, x] && EqQ[c~2*#d + e, 0] && IG
tQlp + 1/2, 0] &% IntegersQ[m, n]
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Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps

sin~!(z) sin~!(z) 1 —z2 sin~!(z)

dzx

/ sin~!(z) / V1 —1z2? sin7(z)
= > dr — 5

T T
_sin~'(z) N V1—1z2? sin™ sin~!(z)

1
("")—/ldwr/;dwr Y g
T T T V1 — 2 V1—zx2

sin"Hz) V1—z2sini(z) 1 . ,, 1 1

= I o tosta) + g [
sa—1 2 qin—1

_ _smx(w) G Vi-¢z xsm (z) -|-%sin‘l(xf—log(x)—Subst( / T 1x2 dz,z, V1

__sn(@) VI sinT@) L) pann? (Vi) —log(a)

T x 2

Mathematica [A]
time = 0.03, size = 44, normalized size = 0.98

(_1+"1_x2>Smf%x)+Esmf%wf——bg<1+~¢f:;3>

T 2

Antiderivative was successfully verified.

[In] Integrate[ArcSin[x]/(1 + Sqrt[1 - x~2]),x]
[Out] ((-1 + Sqrt[1 - x~2])*ArcSin[x])/x + ArcSin[x]~2/2 - Log[1l + Sqrt[1l - x72]]

Maple [F]
time = 180.00, size = 0, normalized size = 0.00

/ arcsin () i
1+ vV—-22+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsin(x)/(1+(-x"2+1)"(1/2)),x)
[Out] int(arcsin(x)/(1+(-x"2+1)"(1/2)),x)
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)/(1+(-x"2+1)"(1/2)),x, algorithm="maxima")
[Out] integrate(arcsin(x)/(sqrt(-x~2 + 1) + 1), x)

Fricas [A]
time = 0.77, size = 63, normalized size = 1.40

zarcsin (z)° — 2zlog (z) — x log (\/—12 +1 + 1) + zlog (\/—:E2 +1 — 1) +2+vV—22+1 arcsin (z) — 2 arcsin ()

2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)/(1+(-x"2+1)"(1/2)),x, algorithm="fricas")

[Out] 1/2*%(x*arcsin(x)~2 - 2*xxlog(x) - x*log(sqrt(-x~2 + 1) + 1) + x*log(sqrt(-x
"2 + 1) - 1) + 2%sqrt(-x~2 + 1)*arcsin(x) - 2*arcsin(x))/x

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

asin ()

vV1—-2z2 41

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] integrate(asin(x)/(1+(-x**2+1)**(1/2)),x)
[Out] Integral(asin(x)/(sqrt(1l - x*x2) + 1), x)
Giac [A]

time = 0.47, size = 57, normalized size = 1.27

1 _ 2 x arcsin (x)
— — —2log(2) +1 2vV—-22+1 +2)—-21 —x2+1 +1
2arcsm(ac) Tt 41 og (2) + og( vV—r2+1 + ) og(V z2+1 + )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)/(1+(-x"2+1)"(1/2)),x, algorithm="giac")

[Out] 1/2*arcsin(x)”2 - x*arcsin(x)/(sqrt(-x~2 + 1) + 1) - 2xlog(2) + log(2*sqrt(
-x"2 + 1) + 2) - 2xlog(sqrt(-x"2 + 1) + 1)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

asin(x)

— 7 dz
vV1—22 41

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(x)/((1 - x~2)°(1/2) + 1),x)
[Out] int(asin(x)/((1 - x~2)~(1/2) + 1), x)

106
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g 2+ VI + 27 )

3.15 dzx
(1-22)%?
Optimal. Leaf size=34
xlog <x+ V14 z? )
——sint (2?) +
2 V1—22
[Out] -1/2*arcsin(x"2)+x*1n(x+(x"2+1)"(1/2))/(-x"2+1)"(1/2)

Rubi [A]
time = 0.03, antiderivative size = 34, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.167,

steps used = 3, number of rules used = 4, integrand size = 24,
Rules used = {197, 2634, 281, 222}

z log ( Vi +1 + a:) _ ArcSin(z?)
V1 — g2 2

Antiderivative was successfully verified.

[In] Int[Loglx + Sqrt[1l + x~2]]1/(1 - x72)7(3/2),x]

[Out] -1/2%ArcSin[x~2] + (x*Logl[x + Sqrt[1 + x~2]11)/Sqrt[1 - x~2]
Rule 197

Int[((a)) + (b_.)*(x_)"(n_))~(p_), x_Symbol] :> Simp[x*((a + b*x"n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[i/n + p + 1, 0]

Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[al)]1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 281

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x"((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], x, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 2634

Int[Loglu_]*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Dist[Log[ul, w, x]
- Int[SimplifyIntegrand[wx(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w, x
1] /; InverseFunctionFreeQ[u, x]
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Rubi steps

log<x+v1+x2> xlog<x+v1+m2> .
dr = —/—dw
/ (1—z2)%? ’ V1— a2 V1 — 2
xlog<z+\/1+w2)
= Vi) Subst(/\/— dx,z,xQ)
—x
1 zlog(w+v1+x2>

T 2
= —5sin (%) + N

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 76 vs. 2(34)

68.
time = 0.08, size = 76, normalized size = 2.24

— xz
1 V1+a? tan 1(@) 2log (z+ VIt o )
V12| = _
! v1-—azt —1+a?

Antiderivative was successfully verified.

[In] Integrate[Log[x + Sqrt[1l + x~2]]1/(1 - x72)~(3/2),x]
[Out] (Sqrtl[1 - x"2]*(-((Sqrt[1 + x~2]*ArcTan[x"2/Sqrt[1 - x~4]])/Sqrt[1 - x74])
- (2xxxLog[x + Sqrt[1 + x72]1)/(-1 + x72)))/2

Maple [F]
time = 0.01, size = 0, normalized size = 0.00

x+\/x2+1>

In
/ ((—w2 + 1)% &

Verification of antiderivative is not currently implemented for this CAS.

[In] int(Qn(x+(x"2+1)"(1/2))/(-x"2+1)"(3/2) ,x)
[Out] int(Qn(x+(x"2+1)"(1/2))/(-x"2+1)"(3/2) ,x%)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(log(x+(x~2+1)~(1/2))/(-x"2+1)~(3/2),x, algorithm="maxima")

[Out] integrate(log(x + sqrt(x~2 + 1))/(-x"2 + 1)°(3/2), x)
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 62 vs.

2(28) = 56.
time = 0.68, size = 62, normalized size = 1.82

vV—z2+1 zlog (a:+ Vz2+1 ) — (2 — 1) arctan (\/:v2+ 1 \12—:1324—1 —1)

B 2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(x~2+1)~(1/2))/(-x"2+1)"(3/2),x, algorithm="fricas")
[Out] -(sqrt(-x~2 + 1)#*x*log(x + sqrt(x"2 + 1)) - (x72 - 1)*arctan((sqrt(x~2 + 1)
xsqrt(-x"2 + 1) - 1)/x72))/(x"2 - 1)

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(x+(x**2+1)**(1/2))/(-x**2+1)**(3/2),%)

[Out] Timed out

Giac [A]
time = 0.48, size = 36, normalized size = 1.06

mxlog<x+\/m> 1

_ _ = . 2
1 arcsin (w )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(x~2+1)~(1/2))/(-x"2+1)~(3/2),x, algorithm="giac")
[Out] -sqrt(-x"2 + 1)*xxlog(x + sqrt(x”2 + 1))/(x"2 - 1) - 1/2xarcsin(x"2)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

a:+\/x2+1>

In
/ ((1 — 22)*? &

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x + (x72 + 1)7(1/2))/(1 - x72)~(3/2),%)
[Out] int(log(x + (x72 + 1)7(1/2))/(1 - x72)7(3/2), x)
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sin~(z
3.16 [ (—(3) d

1422) /2

Optimal. Leaf size=22

zsinTi(z) 1 . _
Vi 2o (@)
[Out] -1/2*arcsin(x~2)+x*arcsin(x)/(x"2+1)~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 22, normalized size of antiderivative = 1.00, number of

number of rules _ ( 333
integrand size ’

steps used = 3, number of rules used = 4, integrand size = 12,
Rules used = {197, 4755, 281, 222}

zArcSin(z)  ArcSin(2?)
z2+1 2

Antiderivative was successfully verified.

[In] Int[ArcSin[x]/(1 + x~2)~(3/2),x]

[Out] (x*ArcSin([x])/Sqrt[1 + x~2] - ArcSin[x~2]/2
Rule 197

Int[((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a])]1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 281

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, n]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*x(a + b*x~(n/k))"p, x], x, x
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] &% IntegerQ[m]

Rule 4755

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x~2)"p, x]}, Dist[a + bxArcSin[c*x], u, x] -
Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1 - c~2*x~2], x], x], x]] /; FreeQl
{a, b, c, d, e}, x] && NeQ[c™2*d + e, 0] && (IGtQ[p, 0] || ILtQ[p + 1/2, O]
)

Rubi steps
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_sin'(z) - zsin~'(z) / T
(1—i—:¢:2)3/2 V14 x? v1—zt
rsin~!(z) 1 1 )
= W - ESUbSt(/ﬁdl',w,flf )
zsin~!(z) B lsin_l (2?)

B V14 z2 2

Mathematica [A]
time = 0.02, size = 22, normalized size = 1.00

zsin~1(z)

1
V14 2 2

Antiderivative was successfully verified.

sin~! (x2)

[In] Integrate[ArcSin[x]/(1 + x72)~(3/2),x]
[Out] (x*ArcSin[x])/Sqrt[1 + x~2] - ArcSin[x~2]/2

Maple [F]
time = 0.08, size = 0, normalized size = 0.00

/ arcsin (z )
Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsin(x)/(x"2+1)~(3/2),x)
[Out] int(arcsin(x)/(x"2+1)~(3/2),x)
Maxima [A]
time = 3.80, size = 18, normalized size = 0.82
zarcsin(z) 1 arcsin (c?)
z2+1 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)/(x"2+1)~(3/2),x, algorithm="maxima")
[Out] x*arcsin(x)/sqrt(x”2 + 1) - 1/2%arcsin(x~2)
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Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 56 vs.
2(18) = 36.
time = 0.66, size = 56, normalized size = 2.55

2 V2 + 1 zarcsin (z) + (z? + 1) arctan (\/932 +1 ;1/_—1902 +1 x2>
2(z2+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)/(x"2+1)~(3/2),x, algorithm="fricas")
[Out] 1/2*%(2*sqrt(x”2 + 1)*x*arcsin(x) + (x72 + 1)*arctan(sqrt(x~2 + 1)*sqrt(-x~2
+ D*x"2/(x"4 - 1)))/(x"2 + 1)

Sympy [C] Result contains complex when optimal does not.
time = 18.16, size = 78, normalized size = 3.55

13 11 1 111
G52 44 290 11 1 G28 0011 o—2im
Z6’6011§10 ot 6.6 _11 10.0.0 *
xasin(x)+ 14020405 101 2:U,0,
3 - 3
z2+1 82 8m2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asin(x)/(x**2+1)*x(3/2),x)

[Out] x*asin(x)/sqrt(x**2 + 1) + I*meijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((0, 1
/4, 1/2, 3/4, 1, 0), ), x*x(-4))/(8xpi**(3/2)) - meijerg(((-1/2, -1/4, O,

1/4, 1/2, 1), O), ((-1/4, 1/4), (-1/2, 0, 0, 0)), exp_polar(-2*xI*pi)/x**4

)/ (8xpix*(3/2))

Giac [A]
time = 0.46, size = 18, normalized size = 0.82
i 1
zarcsin (z) 1 arcsin (?)
x2+1 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)/(x"2+1)~(3/2),x, algorithm="giac")
[Out] x*arcsin(x)/sqrt(x"2 + 1) - 1/2%arcsin(x"2)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.05

asin(zx)
(z2 4+ 1)3/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(x)/(x"2 + 1)°(3/2),x%)
[Out] int(asin(x)/(x"2 + 1)°(3/2), %)



113

log(x-l-\/—]. + xz)

3.17 dx
(1+22)/2
Optimal. Leaf size=32
1 x10g<x+\/—1+x2>
——cosh™! (xQ) +
2 V1+ 22
[Out] -1/2*arccosh(x”2)+x*1n(x+(x"2-1)"(1/2))/(x~2+1)~(1/2)

Rubi [A]
time = 0.03, antiderivative size = 32, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.182,

steps used = 3, number of rules used = 4, integrand size = 22,
Rules used = {197, 2634, 282, 54}

zlog (\/x2 -1 —|—x>
— Zcosh™ (z?)
V2 +1 2

Antiderivative was successfully verified.

[In] Int([Loglx + Sqrt[-1 + x~2]1/(1 + x72)~(3/2),x]

[Out] -1/2%ArcCosh[x"2] + (x*Loglx + Sqrt[-1 + x~2]])/Sqrt[1 + x~2]
Rule 54

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrt[(c_) + (d_.)*(x_)]), x_Symbol] :> Simp[
ArcCosh[b*(x/a)]/b, x] /; FreeQ[{a, b, c, d}, x] && EqQla + c, 0] && EqQ[b
- d, 0] & GtQ[a, O]

Rule 197

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x™n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[i/n + p + 1, 0]

Rule 282

Int[(x_)~"(m_.)*((a1_) + (b1_.)*(x_)"(n_))"(p_)*((a2_) + (b2_.)*(x_)"(n_))"(
p_), x_Symbol] :> With[{k = GCD[m + 1, 2*n]}, Dist[1/k, Subst[Int[x~((m + 1
)/k - 1)x(al + bixx~(n/k))px(a2 + b2*x~(n/k))"p, x], x, xkl, x] /; k !=1
1 /; FreeQ[{ai, b1, a2, b2, p}, x] & EqQ[a2*bl + al*b2, 0] && IGtQ[2*n, O]
&& IntegerQ[m]

Rule 2634
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Int[Loglu_J*(v_), x_Symbol]l :> With[{w = IntHide[v, x]}, Dist[Loglul, w, x]
- Int[SimplifyIntegrand[wx(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w, x
1] /; InverseFunctionFreeQ[u, x]

Rubi steps
log(z+v—1+z2> xlog<x+\/—1+x2> T
dr = —/ : - dx
/ (1+22)*? V14 22 V—1+z2 V1422
xlog<x+\/—1+x2> ,
= ——Subst / dx,a:,x)
V1+taz2 ( V-1+z \/1+x

1 xlog(z+\/—1+x2>
= —Zcosh™" (2%) +
2 V1422

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 89 vs. 2(32) =

64.
time = 0.07, size = 89, normalized size = 2.78

Vv _1 + :)32 (1+.’I72) <log (]_—12) —log <1+z2>>
4xlog(:c+\/—1+ac2>+ \/V_11_:‘ﬂi4 vV—1+4z*
14z
41 + z2

Antiderivative was successfully verified.

[In] Integrate[Log[x + Sqrt[-1 + x"2]]1/(1 + x~2)~(3/2),x]

[Out] (4x*x*Logl[x + Sqrt[-1 + x72]] + (Sqrt[-1 + x"2]*(1 + x"2)*(Log[1 - x"2/Sqrt[
-1 + x74]] - Logll + x~2/Sqrt[-1 + x74]11))/Sqrt[-1 + x74])/(4xSqrt[1 + x~2]

)

Maple [F]
time = 0.01, size = 0, normalized size = 0.00
In <a: +Vz2 -1 >
/ 5 dx
(x2+1)2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(Qn(x+(x"2-1)"(1/2))/(x"2+1)"(3/2),x)
[Out] int(Qn(x+(x"2-1)"(1/2))/(x"2+1)~(3/2),x)
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(x~2-1)"(1/2))/(x~2+1)~(3/2),x, algorithm="maxima")
[Out] integrate(log(x + sqrt(x™2 - 1))/(x"2 + 1)7(3/2), x)
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 58 vs.
2(26) = 52.
time = 0.51, size = 58, normalized size = 1.81

2vVz2+1 zlog (a:-l— Vz?—1 > + (2 + 1) log (—z2+ Va2 +1 V2 — 1‘>

2 (22 + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(x~2-1)"(1/2))/(x~2+1)~(3/2),x, algorithm="fricas")
[Out] 1/2%(2*sqrt(x~2 + 1)*x*xlog(x + sqrt(x”2 - 1)) + (x72 + 1)*log(-x"2 + sqrt(x
"2 + Dxsqre(x”2 - 1)))/(x"2 + 1)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

log<x+m>d
| =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(x+(x**2-1)*%(1/2))/(x**2+1)**(3/2) ,x)
[Out] Integral(log(x + sqrt(x**2 - 1))/(x**2 + 1)*x(3/2), x)

Giac [A]
time = 0.51, size = 36, normalized size = 1.12

x log (x—l-\/m)

241

1
+§10g<:c2— x4—1>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(x~2-1)~(1/2))/(x~2+1)"(3/2),x, algorithm="giac")
[Out] x*log(x + sqrt(x”2 - 1))/sqrt(x”2 + 1) + 1/2xlog(x"2 - sqrt(x™4 - 1))



Mupad [F]
time = 0.00, size = -1, normalized size = -0.03
In (x +vVz2 -1 )
/ (z2 4+ 1)*/?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x + (x"2 - 1)°(1/2))/(x"2 + 1)~(3/2),x)
[Out] int(log(x + (x72 - 1)7(1/2))/(x"2 + 1)7(3/2), x)
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log(r)
3.18 | = dx

Optimal. Leaf size=43

V—1+ x? ~ tanh-! ( T ) N V—1+x? log(x)

x VvV—1+ga?2 z
[Out] -arctanh(x/(x"2-1)"(1/2))+(x"2-1)"(1/2)/x+1n(x)*(x"2-1)"(1/2) /x
Rubi [A]

time = 0.03, antiderivative size = 43, normalized size of antiderivative = 1.00, number of
number of rules _ ( 967
> integrand size D

steps used = 4, number of rules used = 4, integrand size = 15
Rules used = {2373, 283, 223, 212}

Va2 -1 N Va2 — 1 log(z) ~tonhet ( z )

x x x?2—1

Antiderivative was successfully verified.

[In] Int[Loglx]/(x"2*Sqrt[-1 + x~2]),x]

[Out] Sqrt[-1 + x"2]/x - ArcTanh[x/Sqrt[-1 + x~2]] + (Sqrt[-1 + x"2]*Loglx])/x
Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] Il LtQ[b, 01)

Rule 223

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrt[a + b*x~2]] /; FreeQ[{a, b}, x] && !'GtQ[a, 0]

Rule 283

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx"n)"p/(cx(m + 1))), x] - Dist[b*n*(p/(c"n*(m + 1))), In
t[(c*x)"(m + n)*(a + bxx™n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQlp, 0] &% LtQ[m, -1] && !'ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 2373

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))*x((f_.)*(x_)) " (m_.)*((d_) + (e_.)*
(x_)"(r_.))"(q_), x_Symbol] :> Simp[(f*x)~(m + 1)*(d + exx"r)~(q + 1)*((a +
b*Log[c*x~n])/(d*fx(m + 1))), x] - Dist[bx(n/(d*(m + 1))), Int[(f*x) m*(d
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+ exx"r)"(q + 1), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, q, r}, x] && EqQ
[m + rx(q + 1) + 1, 0] &% NeQ[m, -1]

Rubi steps
log(z) V=14 22 log(z) v—1+z2
dz = — dx
22V -1+ 22 x z?
V=142 +\/—1+w2 log(x)_/ 1 i
z z V=14 x?
a 2 2
= 1+e + 1+ 2% log(z) _ Subst (/ 1 5 dz, T, S )
z z l1—2 V—1+ 22
V—1+ 2?2 1 x vV—1+ 22 log(z)
= ———— —tanh +
T V—=1+2? z

Mathematica [A]
time = 0.02, size = 43, normalized size = 1.00

_ 2 _ 2
i S LA e 980 _1og (o -+ V=T+27)

x
Antiderivative was successfully verified.

[In] Integrate[Logl[x]/(x"2*Sqrt[-1 + x~2]),x]
[Out] Sqrt[-1 + x~2]/x + (Sqrt[-1 + x"2]*Logl[x])/x - Loglx + Sqrt[-1 + x~2]]

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 3.
time = 0.03, size = 89, normalized size = 2.07

method | result

_/—signum (> — 1) V=22 +1 /—signum (22 — 1) wwVv"
_\/—signum (22 — 1) arcsin(a) + \/signum (z2 — 1) \/signum (z2 — 1)
\/signum (22 — 1) e

meijerg

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1n(x)/x"2/(x"2-1)"(1/2),x,method=_RETURNVERBOSE)

[Out] -1/signum(x~2-1)~(1/2)*(-signum(x~2-1))~(1/2)*arcsin(x)+(-1/signum(x~2-1)~(
1/2)*(-signum(x~2-1))~(1/2)*(-x"2+1)~(1/2)-1/signum(x~2-1) " (1/2) * (-signum(x
72-1))7(1/2) *1n(x) * (-x"2+1) " (1/2) ) /x
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Maxima [A]
time = 3.15, size = 41, normalized size = 0.95

V2 — Vz2Z —
° ;log(:p)_i_ xw ! —log<2x+2m>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x~2/(x~2-1)"(1/2),x, algorithm="maxima")
[Out] sqrt(x™2 - 1)*log(x)/x + sqrt(x”2 - 1)/x - log(2*x + 2*sqrt(x~2 - 1))

Fricas [A]
time = 0.48, size = 32, normalized size = 0.74

xlog(—x-l-\/m) + V22 -1 (log(z) +1)+ =z

T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x~2/(x~2-1)"(1/2),x, algorithm="fricas")

[Out] (x*log(-x + sqrt(x”2 - 1)) + sqrt(x”2 - 1)*(log(x) + 1) + x)/x
Sympy [A]

time = 2.31, size = 34, normalized size = 0.79

NaN forz < —1

({—sz_l forx>—1/\:c<1)log($)_ aucosh(:r;)——"mzw_1 forz <1

T
NaN otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(x)/x**2/(x**2-1)**(1/2),x)
[Out] Piecewise((sqrt(x**2 - 1)/x, (x > -1) & (x < 1)))*log(x) - Piecewise((nan,
x < -1), (acosh(x) - sqrt(x**2 - 1)/x, x < 1), (nan, True))
Giac [A]
time = 0.50, size = 62, normalized size = 1.44
2
2 log (a) 2 +110g(<x— x2—1> )—log(|sc|)

(VT 41 (s vE 1) 41 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x~2/(x~2-1)"(1/2),x, algorithm="giac")
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[Out] 2*log(x)/((x - sqrt(x™2 - 1))"2 + 1) + 2/((x - sqrt(x”2 - 1))72 + 1) + 1/2%
log((x - sqrt(x”2 - 1))72) - log(abs(x))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02
1
LIRS
2 V2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x)/(x~2%(x~2 - 1)~(1/2)),x)
[Out] int(log(x)/(x~2*(x"2 - 1)~(1/2)), x)
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319 [Vt g,

Optimal. Leaf size=28

2v1+ 23 2
%—gtanh_l (\/1—|—z3 )

[Out] -2/3%arctanh((x~3+1)~(1/2))+2/3*%(x~3+1)~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 28, normalized size of antiderivative = 1.00, number of

: number of rules _ 0.308,
integrand size

steps used = 4, number of rules used = 4, integrand size = 13
Rules used = {272, 52, 65, 213}

V73
% — %’canh_1 (\/x3+1 )

Antiderivative was successfully verified.

[In] Int[Sqrt[1 + x~3]/x,x]

[Out] (2*Sqrt[1 + x~3])/3 - (2*ArcTanh[Sqrt[1 + x~3]11)/3

Rule 52

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Dist[n*((b*c - a*xd)/(
b*(m + n + 1))), Int[(a + b*x) ™ m*x(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[b*c - a*d, 0] &% GtQ[n, O] && NeQ[m + n + 1, 0] && !(IGtQ

[m, 0] && ( !IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 213

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symboll :> Simp[(-(Rt[-a, 2]*Rt[b, 21)~(-
1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 2])]1, x] /; FreeQ[{a, b}, x] &% NegQ[a/b] &&
(LtQla, 0] |l GtQ[b, 01)

Rule 272
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Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQl{a, b
, m, n, p}, x] & IntegerQ[Simplify[(m + 1)/n]]

Rubi steps

\/ 3 /
/%dm: 18ubst</ 1+ dx,x,:c3>

3 x
2v1 3 1 1
_AVIET + —Subst (/—dm,x,x?’)
3 3 zV1+2x
vV 3 1
= Wiva® + 2Subst / dr,z,V1+ 23
3 3 —1+422
\/ 3
= 21%— gtabnh_1 (\/1+x3 )

Mathematica [A]
time = 0.02, size = 28, normalized size = 1.00

vV 3 2
21%—gtanh_l (\/1-!-1:3 )

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 + x~3]/x,x]
[Out] (2*Sqrt[1 + x73])/3 - (2%ArcTanh[Sqrt[1 + x~3]]1)/3

Maple [A]
time = 0.12, size = 21, normalized size = 0.75

method | result size
2 arctanh CL‘3 + 1 /73 [ 1

default | — ( 3 ) + 2 a:3—|— 1 21
2 arctanh .’L‘3 + 1 /73 1 1

elliptic | — ( 3 ) + 2 x3+ 1 21

ln<—w3+2 V 5033 +1 +2>
3 =

trager 2 x3-|— 1 _ 3 33
—2(2-21n(2)43In(@)) /T +4y/T —4y/T VI3 + 1 +4/T ln<;+vw321 )

meijerg | — 56

6v/T
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Verification of antiderivative is not currently implemented for this CAS.
[In] int((x~3+1)~(1/2)/x,x,method=_RETURNVERBOSE)
[Out] -2/3%arctanh((x~3+1)~(1/2))+2/3%(x~3+1)~(1/2)

Maxima [A]
time = 4.98, size = 34, normalized size = 1.21

VAT — s og (VT T 41) + 3 log (VAT T 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~3+1)~(1/2)/x,x, algorithm="maxima")
[Out] 2/3*sqrt(x~3 + 1) - 1/3*log(sqrt(x~3 + 1) + 1) + 1/3*log(sqrt(x~™3 + 1) - 1)

Fricas [A]
time = 0.46, size = 34, normalized size = 1.21

?m_élog(mﬂ)%m(m_l)

3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~3+1)~(1/2)/x,x, algorithm="fricas")
[Out] 2/3*sqrt(x~3 + 1) - 1/3*log(sqrt(x~3 + 1) + 1) + 1/3*log(sqrt(x™3 + 1) - 1)

Sympy [A]
time = 0.56, size = 48, normalized size = 1.71

975 2asinh <:175> 9
- +

1 3 1
3y/14+ — 3z3 1+ —
T X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**3+1)**(1/2)/x,x)
[Out] 2*x**(3/2)/(3*sqrt(l + x**(-3))) - 2*asinh(x**(-3/2))/3 + 2/(3*x**(3/2)*sqr

t(1 + x*x(-3)))

Giac [A]
time = 0.47, size = 35, normalized size = 1.25

3 Ve T — g log (VAT RT +1) + g log (VeI T 1)

3
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~3+1)~(1/2)/x,x, algorithm="giac")

[Out] 2/3*sqrt(x~3 + 1) - 1/3*log(sqrt(x~3 + 1) + 1) + 1/3*log(abs(sqrt(x~3 + 1)
- 1)

Mupad [B]

time = 0.13, size = 174, normalized size = 6.21

x—%+1§ﬁ z+1 3—T+

= NI[8)

~34 \/z?li

3 li. o r+1
%-ﬁ- 3 II %-i-\/;l,asm N
2vVz3 +1 _ 2 2 2 2 3t 3
3 1
1 V31 (1 V3 1 V31 (1 V3
3 (2 2 _ _ (-2 Z

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x~3 + 1)°(1/2)/x,x)

[Out] (2%(x"3 + 1)7(1/2))/3 - (2x((37(1/2)*1i)/2 + 3/2)*((x + (37(1/2)*1i)/2 - 1/
2)/((37(1/2)*1i)/2 - 3/2))7(1/2)*((x + 1)/((37(1/2)*11)/2 + 3/2))~(1/2)*(((
37(1/2)*1i)/2 - x + 1/2)/((37(1/2)*1i)/2 + 3/2))~(1/2)*ellipticPi((37(1/2)*

1i)/2 + 3/2, asin(((x + 1)/((37(1/2)*1i)/2 + 3/2))~(1/2)), -((37(1/2)*1i)/2

+ 3/2)/((37(1/2)*11)/2 - 3/2)))/(x"3 - x*(((37(1/2)*1i)/2 - 1/2)*((37(1/2)
*11)/2 + 1/2) + 1) - ((37(1/2)*1i)/2 - 1/2)*((3~(1/2)*1i)/2 + 1/2))~(1/2)
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xlog(x—l—\/—l + m2>

3.20 = dx
V—=1+z
Optimal. Leaf size=26
—z+V-1+22 log (w+ V—1+ 22 )
[Out] -x+1n(x+(x"2-1)"(1/2))*(x"2-1)"(1/2)

Rubi [A]
time = 0.02, antiderivative size = 26, normalized size of antiderivative = 1.00, number of

number of rules _ (139
integrand size ’

steps used = 2, number of rules used = 3, integrand size = 23,
Rules used = {267, 2634, 8}

\/mlog<m+x>—x

Antiderivative was successfully verified.

[In] Int[(x*Loglx + Sqrt[-1 + x~2]])/Sqrt[-1 + x~2],x]
[Out] -x + Sqrt[-1 + x"2]*Logl[x + Sqrt[-1 + x~2]]
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQl[a, x]

Rule 267

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*n*x(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQm, n - 1] &&
NeQ[p, -1]

Rule 2634

Int[Loglu_J*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Dist[Log[ul, w, x]
- Int[SimplifyIntegrand[wx(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w, x
1] /; InverseFunctionFreeQ[u, x]

Rubi steps
xlog(m+\/—1+x2)
dr=v—-14+22 log |z + V—-1+x2 —/ld:p
/ V—1+ a2 g( >

=—x+mlog<x+m)
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Mathematica [A]
time = 0.02, size = 26, normalized size = 1.00

—z+V—-1+z? log<x+\/—1+x2>

Antiderivative was successfully verified.

[In] Integrate[(x*Logl[x + Sqrt[-1 + x~2]])/Sqrt[-1 + x~2],x]
[Out] -x + Sqrt[-1 + x"2]*Log[x + Sqrt[-1 + x~2]]

Maple [F]

time = 0.01, size = 0, normalized size = 0.00

/x1n<x+m>

2 -1

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*1ln(x+(x~2-1)"(1/2))/(x"2-1)"(1/2),%)
[Out] int(x*1n(x+(x"2-1)"(1/2))/(x"2-1)"(1/2),x)
Maxima [A]

time = 10.71, size = 22, normalized size = 0.85

\/mlog<x+\/m>—x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(x~2-1)"(1/2))/(x~2-1)"(1/2),x, algorithm="maxima")
[Out] sqrt(x”2 - 1)*log(x + sqrt(x”2 - 1)) - x

Fricas [A]

time = 0.46, size = 22, normalized size = 0.85

mlog<x+\/m>—x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(x~2-1)~(1/2))/(x~2-1)"(1/2),x, algorithm="fricas")
[Out] sqrt(x”2 - 1)*log(x + sqrt(x”2 - 1)) - x

Sympy [A]
time = 3.05, size = 20, normalized size = 0.77

—x+\/x2jlog(x+\/m)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*1ln(x+(x**2-1)**x(1/2))/(x**2-1)*x(1/2),x)
[Out] -x + sqrt(x**2 - 1)*log(x + sqrt(x**2 - 1))
Giac [A]

time = 0.45, size = 22, normalized size = 0.85

mlog<x+m>—x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(x~2-1)"(1/2))/(x~2-1)"(1/2),x, algorithm="giac")

[Out] sqrt(x~2 - 1)*log(x + sqrt(x”2 - 1)) - x

Mupad [F]

time = 0.00, size = -1, normalized size = -0.04
/xln(x+\/x2—1>

2 -1

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*log(x + (x72 - 1)7(1/2)))/(x"2 - 1)7(1/2),x)
[Out] int((x*log(x + (x72 - 1)°(1/2)))/(x"2 - 1)~(1/2), x)

127
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3.21 f ZI? sin™

V1 —x4

Optimal. Leaf size=38

1 1 1
1ZV1+ T2 — FV1- rt sin~'(z) + 1 sinh™!(x)

[Out] 1/4*arcsinh(x)+1/4*x*(x"2+1)"(1/2)-1/2*arcsin(x)*(-x"4+1)"(1/2)

Rubi [A]
time = 0.03, antiderivative size = 38, normalized size of antiderivative = 1.00, number of

number of rules
integrand size = 0.353,

steps used = 5, number of rules used = 6, integrand size = 17,
Rules used = {267, 4871, 12, 26, 201, 221}

1 1 1
—5\/1 — z* ArcSin(z) + Z\/acz +1lz+ 1 sinh™!(x)

Antiderivative was successfully verified.

[In] Int[(x"3%ArcSin[x])/Sqrt[1 - x~4],x]

[Out] (x*Sqrt[1 + x~2])/4 - (Sqrtl[1l - x"4]*ArcSin[x])/2 + ArcSinh[x]/4
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 26

Int[(u_.)*((a)) + (b_)*(x_)"(n_.))"(m_.)*x((c_) + (d_)*x_)"(G))"(p_.), x
_Symbol] :> Dist[(-b~2/d)"m, Int[u/(a - b*x"n)"m, x], x] /; FreeQ[{a, b, c,
d, m, n, p}, x] && EqQ[j, 2*n] && EqQ[p, -m] && EqQ[b~2*c + a~2*d, 0] && G
tQ[a, 0] && LtQ[d, O]

Rule 201

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x"n) p/(n*p
+ 1)), x] + Dist[a*n*(p/(n*p + 1)), Int[(a + b*x™n)~(p - 1), x], x] /; Free
Q[{a, b}, x] & IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*pl) || LtQ[Denominator([p + 1/nl],
Denominator [p]l])

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(a)]1/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]
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Rule 267

Int[(x_ )" (m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 4871

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]1}, Dist[a + bxArcSin[c*x], v, x] - Dist[b*c, Int[SimplifyIntegrand[v/
Sqrtl[1 - c~2*x~2], x], x], x] /; InverseFunctionFreeQ[v, x]] /; FreeQ[{a, b
» ¢}, x]

Rubi steps

V1—z? 2 2v1—2z?
1 1 [(V1—2z*
=—=41—z4 1 i B e
5 z* sin (:1:)—!—2 i z
1 1
=—§\/1—x4 sin 1(:10)—|-§/\/1—i-3102 dx
1 1 1 1
P 1 2 _ Z4/1 =24 gin ! ) — 4
FVite 2\/ z* sin (x)+4 T z
1 1 1
:Z:C\/l—l-:c2 —5\/1—01:‘1 sin 1(m)—|—£—lsinh (z)

Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 85 vs. 2(38) =
76.

time = 0.06, size = 85, normalized size = 2.24

: xm 4 gin~! 2 3 1 :
A\ Vi—ez2 B - - - 1—22 V1 —2x4
4(@ 2VT= 2" sin""(a) +log (1 — o) —log (~a + 2" + VI— 2 VI—o" )

Antiderivative was successfully verified.

[In] Integrate[(x~3*ArcSin[x])/Sqrt[1 - x~4],x]

[Out] ((x*Sqrt[1l - x~4])/Sqrt[1l - x72] - 2%Sqrt[1 - x"4]*ArcSin[x] + Log[l - x72]
- Log[-x + x73 + Sqrt[1 - x~2]*Sqrt[1 - x~4]]1)/4

Maple [F]

time = 0.23, size = 0, normalized size = 0.00

z3 arcsin ()

————dx
V—zt+1
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arcsin(x)/(-x"4+1)"(1/2),x)
[Out] int(x"3*arcsin(x)/(-x"4+1)"(1/2),x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsin(x)/(-x~4+1)"(1/2),x, algorithm="maxima")
[Out] -1/2#sqrt(x”2 + 1)*sqrt(x + 1)*sqrt(-x + 1)*arctan2(x, sqrt(x + 1)*sqrt(-x
+ 1)) + integrate(1/2*sqrt(x~2 + 1)/(x"2 + e~ (log(x + 1) + log(-x + 1))), x
)
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 138 vs.
2(28) = 56.
time = 0.50, size = 138, normalized size = 3.63
4V=zt 1 (22 —1)arcsin (z) + 2V—azt + 1 V=22 + Lz + (22 - 1) log( +V=z! +I137; —2?+ ’z) — (a2 —1)log (—’3"’ _Z4+11Lz" —a? + ””)
8(z2—-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsin(x)/(-x"4+1)~(1/2),x, algorithm="fricas")

[Out] -1/8*(4*sqrt(-x~4 + 1)*(x"2 - 1)*arcsin(x) + 2*sqrt(-x"4 + 1)*sqrt(-x"2 + 1
)*¥x + (x72 - 1)*log((x”"3 + sqrt(-x"4 + 1)*sqrt(-x"2 + 1) - x)/(x"3 - x)) -

(x72 - 1)*1log(-(x"3 - sqrt(-x~4 + 1)*sqrt(-x"2 + 1) - x)/(x"3 - x)))/(x"2 -

1)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ z3 asin (z) dz
V=(z—1)(z+1)(z2+1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*asin(x)/(-x**4+1)*x(1/2),x)
[Out] Integral(x**3*asin(x)/sqrt(-(x - 1)*(x + 1)*(x**2 + 1)), x)
Giac [A]

time = 0.49, size = 38, normalized size = 1.00

1 1 1
va2+1 z—év—x‘*—i-l arcsin(w)—z log (—z+\/x2+1>
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsin(x)/(-x"4+1)~(1/2),x, algorithm="giac")
[Out] 1/4*sqrt(x”2 + 1)*x - 1/2*sqrt(-x"4 + 1)*arcsin(x) - 1/4xlog(-x + sqrt(x~2
+ 1))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

z3 asin(z)

VvV1—zt

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] int((x"3*asin(x))/(1 - x~4)~(1/2),x%)
[Out] int((x~3*asin(x))/(1 - x~4)~(1/2), x)
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23 sec™ ()
322 [ 1+x4 do

Optimal. Leaf size=70

/ 1
l1-—==2

v—-1 4 1 1 2
ik V—1+ 2% sec™}(z) + = tanh ™! | F—Z

T

[Out] 1/2*arctanh(x*(1-1/x"2)"(1/2)/(x"4-1)"(1/2))+1/2*arcsec(x)*(x~4-1)"(1/2)-1/
2% (x~4-1)"(1/2)/x/(1-1/x"2)"(1/2)

Rubi [A]
time = 0.09, antiderivative size = 94, normalized size of antiderivative = 1.34, number of

number of rules
integrand size = 0.533,

steps used = 7, number of rules used = 8, integrand size = 15,
Rules used = {267, 5354, 12, 1586, 1266, 879, 889, 209}

Vi—a? ArcTan( \/—Vli) . T
2 7 4 oV/2h 1 secN(z) —

/ 1 2 / 1

Antiderivative was successfully verified.
[In] Int[(x"3%ArcSec([x])/Sqrt[-1 + x~4],x]

[Out] -1/2#Sqrt[-1 + x~4]/(Sqrt[1 - x~(-2)]*x) + (Sqrt[-1 + x~4]*ArcSec[x])/2 + (
Sqrt[1 - x~2]*ArcTan[Sqrt[-1 + x~4]1/Sqrt[1 - x~2]]1)/(2*Sqrt[1 - x~(-2)]1*x)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, xI1]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 267

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]



133

Rule 879

Int [((d_) + (e_.)*(x_))"(m_)*((f_.) + (g_)*(x_))"(m_)*((a_) + (c_.)*(x_)"2
)~ (p_), x_Symbol] :> Simp[(-(d + exx)"m)*(f + g*x)~(n + 1)*x((a + c*xx~2)"p/(
gx(m - n - 1))), x] - Dist[c*m*((exf + d*g)/(e"2*g*x(m - n - 1))), Int[(d +

exx)"(m + 1)*x(f + g*x)"nx(a + c*x"2)"(p - 1), x], x] /; FreeQl{a, c, d, e,

f, g, n}, x] && NeQ[exf - dxg, 0] && EqQ[c*xd~2 + a*e”2, 0] && !IntegerQ[p]
&& EqQm + p, 0] && GtQlp, 0] && NeQ[m - n - 1, 0] && !'IGtQ[n, 0] && !(I
ntegerQ[n + p] && LtQ[n + p + 2, 0]) && RationalQ[n]

Rule 889

Int[Sqrt[(d_) + (e_.)*(x_)]1/C((f_.) + (g_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]
), x_Symbol] :> Dist[2*e”2, Subst[Int[1/(c*(exf + d*xg) + e 2xg*x~2), x], x,
Sqrt[a + c*xx~2]/Sqrtld + e*x]], x] /; FreeQl[{a, c, d, e, £, g}, x] && NeQ[
exf - d*g, 0] && EqQ[c*d"2 + axe~2, 0]

Rule 1266

Int[(x_ )" (m_.)*((d) + (e_.)*(x_)"2)"(g_.)*((a_) + (c_.)*x(x_)"4)"(p_.), x_8S
ymbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx) q*(a + c*x"2)7p, x],
x, x~2], x] /; FreeQ[{a, c, d, e, p, q}, x] && IntegerQ[(m + 1)/2]

Rule 1586

Int[(x_ )" (m_.)*((d_ ) + (e_.)*(x_)"(mn_.))"(q)*((a_) + (c_.)*(x_)"(n2_.))"(
p_.), x_Symbol] :> Dist[(e"IntPart[ql*((d + exx"mn) FracPart[ql/(1 + d*(1/(
x"mn*e))) “FracPart[q]))/x~ (mn*FracPart[q]), Int[x"(m + mn*q)*(1 + d*(1/(x"m
n*e)))~qx(a + c*x"n2)7p, x], x] /; FreeQ[{a, ¢, d, e, m, mn, p, q}, x] && E
qQ[n2, -2*mn] && !'IntegerQ[p] && !'IntegerQlql && PosQ[n2]

Rule 5354

Int[((a_.) + ArcSec[(c_.)*(x_)]*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]}, Dist[a + bxArcSec[c*x], v, x] - Dist[b/c, Int[SimplifyIntegrand[v/
(x~2#Sqrt[1 - 1/(c"2*x~2)]), x], x], x] /; InverseFunctionFreeQ[v, x]] /; F
reeQ[{a, b, c}, x]

Rubi steps
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z3sec!(x) 1 V—1+azt
S———dr=_-V-1+z* sec’}(x —/—dx
/\/—1+w4 2 (@)

1 1 v—-1 4
= 5\/—1 + 24 sec”H(z) — = $da:

1 Vil NS ETs
= —vV—-1+2* sec’(x) — A8 Sk

2

V1 — z2 Subst (f —”\/_11—4'352 dx,x,x2>
— Tz

/ 1

V1—2x2 Subst(f— V- g4 a:2>
\/ — 4 /_ 2 y Ly
Ltz V—1+z* sec”'(z) + cVolto
x

L1
1 2 1

V1 — 22 Subst| [ dx,x,—"_l—"w4>

1
= 5\/—1 + 24 sec”!(z) —

142 /1 _ xQ

1
=1 5\/—1 + x4 sec™(z) +

Mathematica [A]
time = 0.07, size = 88, normalized size = 1.26

1
\/1— = zv-1+2z* 1
— Z +V—1+24 sec‘l(x)—log(x—x3)+10g<1—a:2—\/1—3:2x\/—1+x4>

N =

—1+2?

Antiderivative was successfully verified.

[In] Integrate[(x~3*ArcSec[x])/Sqrt[-1 + x~4],x]

[Out] (-((Sqrt[1 - x~(-2)]*x*xSqrt[-1 + x~4])/(-1 + x72)) + Sqrt[-1 + x"4]*ArcSecl[
x] - Loglx - x73] + Log[l - x72 - Sqrt[1 - x~(-2)]*x*Sqrt[-1 + x~4]]1)/2
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Maple [F]
time = 0.53, size = 0, normalized size = 0.00

z3arcsec(z)

vzt -1

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] int(x"3*arcsec(x)/(x"4-1)"(1/2),x)
[Out] int(x"3*arcsec(x)/(x"4-1)"(1/2),x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsec(x)/(x"4-1)"(1/2),x, algorithm="maxima")

[Out] 1/2*sqrt(x”2 + 1)*sqrt(x + 1)*sqrt(x - 1)*arctan(sqrt(x + 1)*sqrt(x - 1)) -
integrate ((2x(x"3*e~(3/2x1log(x + 1) + 3/2xlog(x - 1)) + x"3*e~(1/2xlog(x +

1) + 1/2%log(x - 1)))*sqrt(x~2 + 1)*log(x) + (x73 + x)*e”(1/2*log(x"2 + 1)

+ 3/2*%log(x + 1) + 3/2xlog(x - 1)))/((x"2 + 1)*x(e”(2xlog(x + 1) + 2*log(x

- 1)) + e (log(x + 1) + log(x - 1)))), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 110 vs.
2(54) = 108.
time = 0.47, size = 110, normalized size = 1.57

(x2—1)log<“2+“w4_1 ~z2—171> —(ac?—l)log(—’z’vz‘l_l NU2_1’1>—{—2\/3v4fl((m2—1)arcsec(x)—\/xzfl)

z2-1 z2—1

4(z2—1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsec(x)/(x"4-1)"(1/2),x, algorithm="fricas")

[Out] 1/4%((x72 - 1)*log((x"2 + sqrt(x™4 - D*sqrt(x”2 - 1) - 1)/(x"2 - 1)) - (x~
2 - 1)*log(-(x"2 - sqrt(x™4 - D*sqrt(x”2 - 1) - 1)/(x"2 - 1)) + 2xsqrt(x~4

- 1)*((x"2 - 1)*arcsec(x) - sqrt(x”2 - 1)))/(x"2 - 1)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ z3 asec (z) i
Vie-1)(@+1)(a+1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x**3*asec(x)/(x**4-1)**(1/2),x)
[Out] Integral(x**3*asec(x)/sqrt((x - 1) *(x + 1)*(x**2 + 1)), x)

Giac [A]
time = 0.48, size = 52, normalized size = 0.74

2vVr2+1 —log(vVx?2+1 +1)+log(vVz2+1 —1
vzt —1 arccos 1) _
x 4sgn (x)

1
2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsec(x)/(x"4-1)"(1/2),x, algorithm="giac")
[Out] 1/2*%sqrt(x”4 - 1)*arccos(1/x) - 1/4*(2*sqrt(x”2 + 1) - log(sqrt(x"2 + 1) +
1) + log(sqrt(x”2 + 1) - 1))/sgn(x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
2 acos (1)

—2"dx
Vat—1
Verification of antiderivative is not currently implemented for this CAS.

[In] int((x~3*acos(1/x))/(x"4 - 1)°(1/2),x)
[Out] int((x~3*acos(1/x))/(x"4 - 1)~(1/2), x)
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| ztan~!(z) log (x+ V1422 )

‘ d
V1+ z? v

3.23

Optimal. Leaf size=58
1 1
—xtan_l(x)+§ log (14 z*)+v1+z? tan'(z)log (x + V1 + 22 >—§ log® (x + V1 + 22 )

[Out] -x*arctan(x)+1/2*1n(x"2+1)-1/2*1n(x+(x"2+1)"(1/2)) " 2+arctan(x) *1n(x+(x"2+1)
~(1/2))*(x"2+1)"(1/2)

Rubi [A]
time = 0.10, antiderivative size = 58, normalized size of antiderivative = 1.00, number of

number of rules _ g6
integrand size ’

steps used = 4, number of rules used = 9, integrand size = 25,
Rules used = {5050, 221, 267, 2634, 8, 5320, 6818, 4930, 266}

V2?2 + 1 ArcTan(zx) log (\/x2 +1 + x) — zArcTan(x) — ;log2 <\/x2 +1 + x) + ;log (£ +1)

Antiderivative was successfully verified.
[In] Int([(x*ArcTan[x]*Loglx + Sqrt[1 + x~2]]1)/Sqrt[1 + x~2],x]

[Out] -(x*ArcTan([x]) + Log[l + x72]/2 + Sqrt[1 + x~2]*ArcTan[x]*Log[x + Sqrt[1 +
x72]] - Loglx + Sqrt[1 + x~2]]172/2

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al)1/Rt[b, 2], x] /; FreeQl{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 266

Int[(x_)~"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 267

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (b*n*x(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQm, n - 1] &&
NeQ[p, -1]

Rule 2634
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Int[Loglu_J*(v_), x_Symbol]l :> With[{w = IntHide[v, x]}, Dist[Loglul, w, x]
- Int[SimplifyIntegrand[wx(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w, x
1] /; InverseFunctionFreeQ[u, x]

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcTan[c*x"n])“p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
- 1)/ + c™2%x~(2#n))), x1, x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 || EqQlp, 11)

Rule 5050

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*(x_)*((d)) + (e_.)*(x_)"2)"(q_
.), x_Symbol] :> Simp[(d + exx"2)~(q + 1)*((a + b*ArcTan[c*x]) “p/(2xex(q +

1))), x] - Dist[b*(p/(2%c*(q + 1))), Int[(d + e*x"2)"g*(a + b*ArcTan[c*x])~
(p -1, x1, x1 /; FreeQ[{a, b, c, d, e, q}, x] && EqQle, c~2*d] && GtQlp,

0] && NeQlqg, -1]

Rule 5320

Int [ArcTan[v_]*Logl[w_]l*(u_), x_Symbol] :> With[{z = IntHide[u, x]}, Dist[Ar
cTan[v]*Log[w], z, x] + (-Int[SimplifyIntegrand[z*Log[w]*(D[v, x]1/(1 + v~2)
), x], x] - Int[SimplifyIntegrand[z*ArcTan[v]*(D[w, x]/w), x], x]) /; Inver
seFunctionFreeQ[z, x]] /; InverseFunctionFreeQ[v, x] && InverseFunctionFree

Qlw, x]
Rule 6818
Int[(u_)*(y_)"(m_.), x_Symbol] :> With[{q = DerivativeDividesl[y, u, x]}, Si

mp [g*x(y"(m + 1)/(m + 1)), x] /; !'FalseQlql]l /; FreeQ[m, x] &% NeQ[m, -1]

Rubi steps

log (a

/ ztan~!(z)log (J: + m>

Vita? dz = v1+ 22 tan ' (z)log <x+ V1422 ) —/tan_l(x) dm—/

1
= —ztan"'(z) + V1 + 22 tan"'(z)log (:c + V1+2? ) - §log2 (z 4
1
= —ztan"'(z) + 3 log (14 z%) + V1+2? tan™'(z)log <x + V14

Mathematica [A]
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time = 0.03, size = 58, normalized size = 1.00

1 1
—ztan™!(z) + ilog (1+2%) + vV1+2? tan™'(z)log <x+ V1+ 22 ) - 510g2 <ac+ V1+ 22 )

Antiderivative was successfully verified.

[In] Integratel[(x*ArcTan[x]*Log[x + Sqrt[1 + x~2]])/Sqrt[1 + x~2],x]

[Out] -(x*ArcTan[x]) + Logl[l + x"2]/2 + Sqrt[1 + x~2]*ArcTan[x]*Log[x + Sqrt[1 +
x72]] - Loglx + Sqrt[1l + x~2]1]172/2

Maple [F]
time = 0.05, size = 0, normalized size = 0.00

dz

/ z arctan (z) In (z + \/m)

z2+1
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arctan(x)*ln(x+(x"2+1)"(1/2))/(x"2+1)"(1/2) ,x)
[Out] int(x*arctan(x)*1ln(x+(x"2+1)"(1/2))/(x"2+1)"(1/2),x%)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x)*log(x+(x~2+1)~(1/2))/(x~2+1)~(1/2),x, algorithm="maxi
mau)

[Out] integrate(x*arctan(x)*log(x + sqrt(x~2 + 1))/sqrt(x”2 + 1), x)

Fricas [A]

time = 0.47, size = 48, normalized size = 0.83

1 2 1
V241 arctan (z) log (a:-}- Va2 +1 ) — zarctan (z) — 2 log <x—|— Va2 41 ) t3 log (z* +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x)*log(x+(x~2+1)~(1/2))/(x~2+1)~(1/2),x, algorithm="fric
as")

[Out] sqrt(x™2 + 1)*arctan(x)*log(x + sqrt(x”2 + 1)) - x*arctan(x) - 1/2xlog(x +
sqrt(x™2 + 1))72 + 1/2xlog(x"2 + 1)



140
Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*atan(x)*1ln(x+(x**2+1)**(1/2))/(x**2+1)**(1/2) ,x)
[Out] Timed out
Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x)*log(x+(x~2+1)~(1/2))/(x"2+1)~(1/2),x, algorithm="giac
n)

[Out] integrate(x*arctan(x)*log(x + sqrt(x~2 + 1))/sqrt(x”2 + 1), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

dz

z atan(z) Iln <x +Vaz+1 )
/ z2+1
Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*atan(x)*log(x + (x72 + 1)7(1/2)))/(x"2 + 1)~(1/2),x)
[Out] int((x*atan(x)*log(x + (x72 + 1)°(1/2)))/(x"2 + 1)~(1/2), x)
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xlog(l—l— 1—x2>
N

Optimal. Leaf size=55

m—log<1+\/1—az2‘>—\/1—x2‘10g<1+m>

[Out] -In(1+(-x"2+1)7(1/2))+(-x"2+1)"(1/2)-In(1+(-x"2+1) " (1/2) ) * (-x"2+1) ~(1/2)

Rubi [A]
time = 0.04, antiderivative size = 55, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.185,

steps used = 5, number of rules used = 5, integrand size = 27
Rules used = {267, 2634, 1605, 196, 45}

m—mlog<m+l>—log<m+l>

Antiderivative was successfully verified.
[In] Int[(x*Logl[l + Sqrtl[1 - x~2]11)/Sqrtl[l - x~2],x]

[Out] Sqrt[l - x72] - Logll + Sqrt[1 - x~2]] - Sqrt[1 - x"2]*Logl[l + Sqrt[1
1]

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] &% NeQ[b*c - a*d, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQ[c, O] && Le
Q[7*m + 4xn + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 196

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[Int[x~(1/n
- Dx*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b, p}, x] && FractionQ[n] &&
IntegerQ[1/n]

Rule 267

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*n*x(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQm, n - 1] &&
NeQ[p, -1]

Rule 1605

Int[((a_.) + (b_.)*(Pq )" (n_.))"(p_.)*(Qr_), x_Symbol] :> With[{q = Expon[P
q, x], r = Expon[Qr, x]}, Dist[Coeff[Qr, x, r]l/(q*Coeff[Pq, x, q]), Subst[I
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nt[(a + bxx"n)"p, x], x, Pql, x] /; EqQ[r, q - 1] && EqQ[Coeff[Qr, x, r]*D[
Pq, x], g*Coeff[Pq, x, ql*Qr]l] /; FreeQl[{a, b, n, p}, x] && PolyQ[Pq, x] &&
PolyQ[Qr, x]

Rule 2634

Int[Loglu_]*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Dist[Log[ul, w, x]
- Int[SimplifyIntegrand[wx(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w, x
11 /; InverseFunctionFreeQ[u, x]

Rubi steps
xlog(1+\/1—w2> T
dr=—vV1—22 log(1+V1—122 ) — dz
/ V1— 22 s 1+v1—22

( )
=—mlog<1+m>—I—ESubst(/—l_'_l\/_ dz,x,l—x2>
= VI g (14 VI= o)
=—V1-—2a? 10g<1+m>+8ubst(/ <1+—11—x> dx,x,m)
= Vi—a? —log(1+ VI—a? ) - Vi—a? log (1+VI-4

Mathematica [A]
time = 0.02, size = 41, normalized size = 0.75

m—<l+m>log<l+m>

Antiderivative was successfully verified.

[In] Integrate[(x*Logl[l + Sqrt[1 - x72]11)/Sqrt[1 - x~2],x]
[Out] Sqrtl[1 - x™2] - (1 + Sqrt[1l - x"2])*Log[l + Sqrt[1 - x~2]]

Maple [A]
time = 0.02, size = 37, normalized size = 0.67

method result size
derivativedivides | —In (1++v—22+1) (1+ V=22 + 1) +1++v—22+1 | 37
default —ln(1+\/—x2+1)(1+\/—w2+1)—|-1+\/—x2+1 37
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*1n(1+(-x"2+1)~(1/2))/(-x"2+1)~(1/2) ,x,method=_RETURNVERBOSE)
[Out] -1n(1+(-x"2+1)~(1/2))*(1+(-x"2+1)"(1/2))+1+(-x"2+1)~(1/2)

Maxima [A]
time = 4.16, size = 36, normalized size = 0.65

—(V=2"FT +1)1og (Voo +1 +1) + V=aZ +1 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(1+(-x~2+1)~(1/2))/(-x"2+1)~(1/2),x, algorithm="maxima")
[Out] -(sqrt(-x"2 + 1) + 1)*log(sqrt(-x"2 + 1) + 1) + sqrt(-x"2 + 1) + 1

Fricas [A]
time = 0.43, size = 35, normalized size = 0.64

—(V=a7+ 1 +1)10g (V=22 +1 +1) + V=22 +1

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*log(1+(-x~2+1)~(1/2))/(-x"2+1)~(1/2),x, algorithm="fricas")
[Out] -(sqrt(-x~2 + 1) + 1)*log(sqrt(-x"2 + 1) + 1) + sqrt(-x"2 + 1)

Sympy [A]
time = 3.44, size = 31, normalized size = 0.56

V1—z2 —<m+1>log(m+1>+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*1n(1+(-x**2+1)*x(1/2))/(-x**2+1)**(1/2),x)
[Out] sqrt(l - x**2) - (sqrt(l - x*x2) + 1)*xlog(sqrt(l - x**2) + 1) + 1

Giac [A]
time = 0.45, size = 36, normalized size = 0.65

~(V=27+ T +1)1og (V=241 +1) + V=22 +1 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(1+(-x"2+1)~(1/2))/(-x"2+1)~(1/2),x, algorithm="giac")
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[Out] -(sqrt(-x~2 + 1) + 1)*log(sqrt(-x"2 + 1) + 1) + sqrt(-x"2 + 1) + 1

Mupad [B]
time = 0.34, size = 27, normalized size = 0.49

—(n (V=27 +1) 1) (V=2 +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*log((1 - x72)7(1/2) + 1))/(1 - x72)7(1/2),x)
[Out] -(log((1 - x72)7(1/2) + 1) - *((1 - x72)7(1/2) + 1)
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otog o+ V1 + 27 )

3.25 5 dx
vi+zx
Optimal. Leaf size=26
—z+ V1+2? log (w+ V14 z? )
[Out] -x+1n(x+(x"2+1)"(1/2))*(x"2+1)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 26, normalized size of antiderivative = 1.00, number of

number of rules _ (139
integrand size ’

steps used = 2, number of rules used = 3, integrand size = 23,
Rules used = {267, 2634, 8}

\/mlog<\/m —I—x)—m

Antiderivative was successfully verified.

[In] Int[(x*Loglx + Sqrt[1 + x~2]]1)/Sqrt[1 + x~2],x]
[Out] -x + Sqrt[l + x"2]*Logl[x + Sqrt[1l + x~2]]
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQl[a, x]

Rule 267

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*n*x(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQm, n - 1] &&
NeQ[p, -1]

Rule 2634

Int[Loglu_J*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Dist[Log[ul, w, x]
- Int[SimplifyIntegrand[wx(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w, x
1] /; InverseFunctionFreeQ[u, x]

Rubi steps
xlog<x+\/1+x2>
dr=+v1+22 log(xz+ VvV1+ 22 —/ldm
/ V1+ 22 g( )

=—x+mlog<x+m>
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Mathematica [A]
time = 0.02, size = 26, normalized size = 1.00

—z+ V1422 log<x+\/1+x2>

Antiderivative was successfully verified.

[In] Integrate[(x*Loglx + Sqrt[1l + x~2]])/Sqrt[1 + x~2],x]
[Out] -x + Sqrt[1 + x"2]*Log[x + Sqrt[1 + x~2]]

Maple [F]

time = 0.01, size = 0, normalized size = 0.00

/xln(x+\/m>

2 +1

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*1n(x+(x"2+1)~(1/2))/(x"2+1)~(1/2),x)
[Out] int(x*1n(x+(x"2+1)"(1/2))/(x"2+1)"(1/2),%)
Maxima [A]

time = 3.06, size = 22, normalized size = 0.85

mlog<x+\/m>—x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(x~2+1)~(1/2))/(x~2+1)~(1/2),x, algorithm="maxima")
[Out] sqrt(x"2 + 1)*log(x + sqrt(x”2 + 1)) - x

Fricas [A]

time = 0.41, size = 22, normalized size = 0.85

\/mlog<x+\/m>—x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(x~2+1)~(1/2))/(x~2+1)~(1/2),x, algorithm="fricas")
[Out] sqrt(x”2 + 1)*log(x + sqrt(x”2 + 1)) - x

Sympy [A]
time = 3.16, size = 20, normalized size = 0.77

—x+\/mlog(x+\/m>



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*1ln(x+(x**2+1)**x(1/2))/(x**2+1)*x(1/2),x)
[Out] -x + sqrt(x**2 + 1)*log(x + sqrt(x**2 + 1))
Giac [A]

time = 0.45, size = 22, normalized size = 0.85

vz +1 log<x+\/x2+1)—m

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(x~2+1)~(1/2))/(x~2+1)~(1/2),x, algorithm="giac")

[Out] sqrt(x~2 + 1)*log(x + sqrt(x”2 + 1)) - x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.04

cIn(z+Ve2+1
[ ( )

241

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*log(x + (x72 + 1)7(1/2)))/(x"2 + 1)7(1/2),x)
[Out] int((x*log(x + (x72 + 1)7(1/2)))/(x"2 + 1)°(1/2), x)

147
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326 | xlog(x—l— 1— x2> ;

V1 — x2 v

Optimal. Leaf size=78

anh™! (V2'z anh™! (V2 V1 — 22
1_$2+t h\/<2_2)—th <j§1 >—mlog<x+m>

[Out] 1/2*arctanh(x*2~(1/2))*27(1/2)-1/2*arctanh(27(1/2)*(-x"2+1)"(1/2))*2~(1/2)+
(-x"2+1) " (1/2) -1n(x+(-x"2+1) " (1/2) ) * (-x~2+1)~(1/2)
Rubi [A]
time = 0.18, antiderivative size = 78, normalized size of antiderivative = 1.00, number of
_ _ : o number of rules _
steps used = 18, number of rules used = 11, integrand size = 27, integrand size 0.407,

Rules used = {267, 2634, 6874, 2132, 327, 212, 455, 52, 65, 213, 396}

tanh ™ (\/5 m> tanh ™ (ﬁx)
¥ TR

\/1—x2‘—\/1—x2‘10g<m +x> —

Antiderivative was successfully verified.
[In] Int[(x*Loglx + Sqrtl[l - x~2]11)/Sqrt[1 - x~2],x]

[Out] Sqrt[l - x72] + ArcTanh[Sqrt[2]*x]/Sqrt[2] - ArcTanh[Sqrt[2]*Sqrt[1 - x~2]]
/Sqrt[2] - Sqrt[1 - x"2]*Logl[x + Sqrt[1 - x~2]]

Rule 52

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a+Db*xx)"(m + D*((c + d*x)"n/(b*(m + n + 1))), x] + Dist[n*((b*xc - a*d)/(
bx(m + n + 1))), Int[(a + b*x) m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[b*c - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] & ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist([p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, 4, m, n, x]

Rule 212
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Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtla, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] |l LtQ[b, 01)

Rule 213

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 2])]1, x] /; FreeQ[{a, b}, x] &% NegQ[a/b] &&
(LtQla, 0] |l GtQ[b, 01)

Rule 267

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 327

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n

- D)*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*x(m + n*p + 1))), x] - Dist[
axcn*x((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] & IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 396

Int[((a_) + (b_.)*(x_)"(n_))"(p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp [d*x*((a + bxx™n)~(p + 1)/(b*(ax(p + 1) + 1))), x] - Dist[(axd - b*c*(n*(
p+1) + 1))/(bx(nx(p + 1) + 1)), Int[(a + b*xx"n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] && NeQ[b*c - axd, 0] && NeQ[nx(p + 1) + 1, 0]

Rule 455

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(m_))"(p_.)*((c_) + (d_.)*x(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)~q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[bxc - a*d, 0] &% EqQ[m - n +
1, 0]

Rule 2132

Int[(x_)~"(m_.)/((d_D*(x_)"(n_.) + (c_.)*Sqrtl(a_.) + (b_)*x(x_)"(p_.)1), x
_Symbol] :> Dist[-d, Int[x"(m + n)/(axc”2 + (b*c™2 - d"2)*x~(2*n)), x], x]
+ Dist[c, Int[(x"m*Sqrt[a + b*x~(2*n)])/(a*xc”™2 + (b*c™2 - d"2)*x~(2*n)), x]
, x] /; FreeQ[{a, b, ¢, d, m, n}, x] && EqQ[p, 2*n] && NeQ[b*c"2 - 472, 0]

Rule 2634
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Int[Loglu_J*(v_), x_Symbol]l :> With[{w = IntHide[v, x]}, Dist[Loglul, w, x]
- Int[SimplifyIntegrand[wx(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w, x
1] /; InverseFunctionFreeQ[u, x]

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps
zlog(:c+\/1—:£2) z—vV1—2z2
de=—V1—-22loglz+V1—22 |- | ————dz
/ V1—2z2 & T+ vV1—1x2
V1 — 22
=—vV1—-22loglzc+V1—2%2)— v - dx
8 z+V1—122 z+V1—22
—1_$2 dzx
V1-—z2 z+vV1—2z2

8
8 T

o2~

( )-/
( )-/
— V= log (o4 VI=a ) - [T+ |
( )+
)

x> mlog<x+m>

1 1 1
5/ 1227 dr — §Subst<

2 A1 — 2
/—xl xde+/

1-—2x

&

V1—23
1— 21

“T 2 YT T ‘ZS“bSt(/i

— +ta“h_;<fx) VT og (o4 VI ) + s -
R tanh—;(im)  tant™ (ﬁg ) g
Y — tanh—;(ix/z*z) tanh”! \/55 vi—a) T g 4

Mathematica [A]
time = 0.05, size = 119, normalized size = 1.53

i(m/ﬁ +2ﬁlog(ﬁ+2z)—ﬂlog(Z—ﬁz+m)—ﬁlog(2+ﬁz+¢2—2zz)—4\/1—12 log(z+m))

Antiderivative was successfully verified.
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[In] Integrate[(x*Logl[x + Sqrt[1 - x~2]])/Sqrt[1l - x~2],x]

[Out] (4%Sqrt[1 - x~2] + 2xSqrt[2]*Log[Sqrt[2] + 2xx] - Sqrt[2]*Log[2 - Sqrt[2]*x
+ Sqrt[2 - 2*%x72]] - Sqrt[2]*Logl[2 + Sqrt[2]*x + Sqrt[2 - 2%x72]] - 4x*Sqrt

[1 - x"2]*Log[x + Sqrt[1 - x~2]])/4

Maple [F]
time = 0.01, size = 0, normalized size = 0.00
zln <x+ vV—zr?2+1 >
/ dx
—x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*1n(x+(-x"2+1)"(1/2))/(-x"2+1)"(1/2) ,x)
[Out] int(x*1n(x+(-x"2+1)"(1/2))/(-x"2+1)"(1/2) ,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(-x~2+1)~(1/2))/(-x"2+1)~(1/2),x, algorithm="maxima")

[Out] (x72 - 1)*log(x + sqrt(x + 1)*sqrt(-x + 1))/(sqrt(x + 1)*sqrt(-x + 1)) - in
tegrate((x~2 - 1)*e~(-1/2*log(x + 1) - 1/2xlog(-x + 1))/x, x) - integrate(l
/(x~2 + sqrt(x + 1)*x*sqrt(-x + 1)), x)

Fricas [A]

time = 0.46, size = 115, normalized size = 1.47

622 —2v2 (222 —3)+2vV—22+1 (3V2 —4) -9 2
1 1 2 2V2 1
—v—:c2+1log(z+\/—:c2+1)+4\/?log< P ( ) +Zﬁlog<%)+ —z2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(-x~2+1)~(1/2))/(-x"2+1)~(1/2),x, algorithm="fricas")

[Out] -sqrt(-x"2 + 1)*log(x + sqrt(-x"2 + 1)) + 1/4*sqrt(2)*log((6*x~2 - 2*sqrt(2
¥ (2%x72 - 3) + 2xsqrt(-x"2 + 1)*(3*sqrt(2) - 4) - 9)/(2*%x"2 - 1)) + 1/4%sq
rt(2)*log((2%x~2 + 2xsqrt(2)*x + 1)/(2%x"2 - 1)) + sqrt(-x"2 + 1)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

xlog(x—l—m)d
V-E-D@tD)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*1ln(x+(-x**2+1)**(1/2))/(-x**2+1)*x(1/2) ,x)
[Out] Integral(x*log(x + sqrt(l - x**2))/sqrt(-(x - 1)*(x + 1)), x)
Giac [A]

time = 0.52, size = 122, normalized size = 1.56

—4ﬁ+2< —xz+171)2_6

=2

1 1 1
—\/—x2+1log(x+\/—x2+1)—2\/510g +Zﬂlog< x—iﬂ‘)-k— —z2+1

z+%ﬂ‘)—iﬁlog<
2
4V2 +

22

CEE

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(-x~2+1)~(1/2))/(-x"2+1)~(1/2),x, algorithm="giac")

[Out] -sqrt(-x"2 + 1)*log(x + sqrt(-x"2 + 1)) - 1/4*sqrt(2)*log(abs(-4*sqrt(2) +
2x(sqrt(-x~2 + 1) - 1)72/x72 - 6)/abs(4*sqrt(2) + 2*(sqrt(-x"2 + 1) - 1)°2/

X"2 - 6)) + 1/4*xsqrt(2)*log(abs(x + 1/2*sqrt(2))) - 1/4*sqrt(2)*log(abs(x -
1/2%sqrt(2))) + sqrt(-x"2 + 1)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
xln<x+\/1—w2 )
dz
/ V1 —x?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*log(x + (1 - x72)7(1/2)))/(1 - x72)7(1/2),x)
[Out] int((xxlog(x + (1 - x72)7(1/2)))/(1 - x72)~(1/2), x)
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log(z)
3.27 | T dx

Optimal. Leaf size=39

VImE gy - VI log(a)

[Out] -arcsin(x)-(-x"2+1)"(1/2)/x-1n(x)*(-x"2+1)~(1/2) /x

Rubi [A]
time = 0.03, antiderivative size = 39, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.176,

steps used = 3, number of rules used = 3, integrand size = 17
Rules used = {2373, 283, 222}

V1—a2 B V1 — 22 log(z)
x x

—ArcSin(z) —

Antiderivative was successfully verified.

[In] Int([Loglx]/(x"2xSqrt[1 - x~2]),x]

[Out] -(Sqrt[1 - x~2]/x) - ArcSin[x] - (Sqrt[1 - x~2]*Logl[x])/x
Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(alD1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQla, 0] && NegQ[bl]

Rule 283

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + bxx"n)"p/(cx(m + 1))), x] - Dist[b*n*(p/(c"n*(m + 1))), In
t[(c*x)"(m + n)*(a + bxx™n)~(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQ[p, 0] &% LtQ[m, -1] && !'ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 2373

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]*(b_.))*x((£_.)*(x_)) " (m_.)*((d_) + (e_.)*
(x_)~(r_.))"(q_), x_Symbol] :> Simp[(f*x)~(m + 1)*(d + exx"r)~(q + 1)*((a +
bxLog[c*x™n])/(dxf*(m + 1))), x] - Dist[b*(n/(d*(m + 1))), Int[(f*x) m*(d
+ exx"r)~(q + 1), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, q, r}, x] & EqQ
[m + rx(q + 1) + 1, 0] &% NeQ[m, -1]

Rubi steps



/ Bg(x—)d= mmg /m
z2V/1 — 22

_\/1—:152 \/1—x2 log(z /
T m

V1— 22 V1 —2? log(z)

-1
=———— —sin" (z) —
- (=)

Mathematica [A]
time = 0.02, size = 25, normalized size = 0.64

Vv1—2% (1+log(z))

X

—sin!(z) —

Antiderivative was successfully verified.

[In] Integrate[Logl[x]/(x"2*Sqrt[1 - x~2]),x]
[Out] -ArcSin[x] - (Sqrt[1 - x~2]*(1 + Loglx]))/x

Maple [A]
time = 0.03, size = 35, normalized size = 0.90

method | result size
—m@)V—22+1 /—22+1 35

meijerg | — arcsin (z) +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1n(x)/x"2/(-x"2+1)"(1/2),x,method=_RETURNVERBOSE)
[Out] -arcsin(x)+(-1n(x)*(-x~2+1)~(1/2)-(-x"2+1)~(1/2))/x
Maxima [A]

time = 4.06, size = 35, normalized size = 0.90

_V—zr*+1log(z) V-z+1

T T

— arcsin (z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x~2/(-x"2+1)"(1/2),x, algorithm="maxima")
[Out] -sqrt(-x"2 + 1)*log(x)/x - sqrt(-x~2 + 1)/x - arcsin(x)
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Fricas [A]
time = 0.44, size = 39, normalized size = 1.00

—°_xz+1_1) — V=22 +1 (log (z) + 1)

2z arctan (
xr

T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x~2/(-x"2+1)~(1/2),x, algorithm="fricas")
[Out] (2#x*arctan((sqrt(-x~2 + 1) - 1)/x) - sqrt(-x"2 + 1)*(log(x) + 1))/x

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ log (z) da
2\/—(z—1)(x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1n(x)/x**2/(-x**2+1)**(1/2),x)

[Out] Integral(log(x)/(x**2*sqrt(-(x - 1)*(x + 1))), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 73 vs. 2(35) = 70.
time = 0.45, size = 73, normalized size = 1.87

1 x V-r?+1 -1 x V=z2+1 -1 ,
log (z) + - 53 — arcsin (z)

2\vV—z2+1 -1 z 2(@-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x~2/(-x"2+1)"(1/2),x, algorithm="giac")
[Out] 1/2%(x/(sqrt(-x"2 + 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)*log(x) + 1/2xx/(sqrt(
-x"2 + 1) - 1) - 1/2%(sqrt(-x"2 + 1) - 1)/x - arcsin(x)

Mupad [F]
time = 0.00, size =

-1, normalized size = -0.03

In (z)

21— 22

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int(log(x)/(x~2*x(1 - x~2)~(1/2)),x)
[Out] int(log(x)/(x™2x(1 - x72)~(1/2)), x)
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3.28 f rtan—

\/1—|-£I32

Optimal. Leaf size=17
—sinh™'(z) + V1 + 22 tan™!(z)

[Out] -arcsinh(x)+arctan(x)*(x"2+1)~(1/2)
Rubi [A]

time = 0.02, antiderivative size = 17, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.154,

steps used = 2, number of rules used = 2, integrand size = 13,
Rules used = {5050, 221}

Vz2 + 1 ArcTan(z) — sinh ™' ()

Antiderivative was successfully verified.

[In] Int([(x*ArcTan[x])/Sqrt[1 + x~2],x]
[Out] -ArcSinh[x] + Sqrt[1 + x~2]*ArcTan[x]
Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
(al)1/Rt[b, 2], x] /; FreeQl{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 5050

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.)) " (p_.)*(x_)*((d_) + (e_.)*x(x_)"2)"(q_
.), x_Symbol] :> Simp[(d + exx"2)"(q + 1)*((a + b*ArcTan[c*x]) “p/(2xex(q +
1))), x] - Dist[b*(p/(2*%cx(q + 1))), Int[(d + e*x"2)"g*(a + bxArcTan[c*x])~
(p - 1), x]1, x] /; FreeQ[{a, b, c, d, e, q}, x] && EqQle, c~2xd] && GtQlp,
0] && NeQ[q, -1]

Rubi steps

ztan~!(x) _ 1
S ——"dr=V1+2? tan"}(z —/—dm
/\/1+x2 (@) V14 2

= —sinh™!(z) + V1 + 22 tan'(2)

Mathematica [A]
time = 0.01, size = 17, normalized size = 1.00

—sinh™(z) + V1 + 22 tan"!(z)
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Antiderivative was successfully verified.

[In] Integrate[(x*ArcTan[x])/Sqrt[1 + x~2],x]
[Out] -ArcSinh[x] + Sqrt[1 + x~2]*ArcTan[x]

Maple [C] Result contains complex when optimal does not.
time = 0.11, size = 54, normalized size = 3.18

method | result size
default | \/(z —i) (z +1) arctan(z) +In (ﬁ - 2) —In (ﬁ - z) 54

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arctan(x)/(x~2+1)~(1/2),x,method=_RETURNVERBOSE)

[Out] ((x-I)*(x+I))~(1/2)*arctan(x)+1n((1+I*x)/(x"2+1)~(1/2)-I)-1n((1+I*x)/(x~2+1
)~ (1/2)+1)

Maxima [A]
time = 5.55, size = 15, normalized size = 0.88

V2?2 + 1 arctan (z) — arsinh (z)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*arctan(x)/(x"2+1)~(1/2),x, algorithm="maxima")
[Out] sqrt(x”2 + 1)*arctan(x) - arcsinh(x)

Fricas [A]
time = 0.42, size = 23, normalized size = 1.35

V2?2 +1 arctan (z) + log (—w +Vz2+1 )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x)/(x"2+1)~(1/2),x, algorithm="fricas")

[Out] sqrt(x”2 + 1)*arctan(x) + log(-x + sqrt(x~2 + 1))
Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 29 vs.

2(14) = 28.
time = 0.53, size = 29, normalized size = 1.71

z? atan (z) atan (z)

7 _asinh (z) + —=
vz 41 (@) vz 41

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*atan(x)/(x**x2+1)**(1/2),x)
[Out] x*x2*atan(x)/sqrt(x**2 + 1) - asinh(x) + atan(x)/sqrt(x**2 + 1)

Giac [A]
time = 0.47, size = 23, normalized size = 1.35

V2 41 arctan (z) + log (—:p+ va?+1 )

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*arctan(x)/(x"2+1)~(1/2),x, algorithm="giac")
[Out] sqrt(x™2 + 1)*arctan(x) + log(-x + sqrt(x~2 + 1))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.06

x atan(x)

vz 41

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] int((x*atan(x))/(x"2 + 1)°(1/2),x)
[Out] int((x*atan(x))/(x"2 + 1)°(1/2), x)
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329 [ ta“_l(w;Q dz

A1 —

Optimal. Leaf size=57

_\/1 — x2 tan"!(z) — tanh~! ( 1= 22 > + /2 tanh™? (—vl—x2>
e ” V2

[Out] -arctanh((-x"2+1)~(1/2))+arctanh(1/2%2~(1/2)*(-x"2+1)~(1/2))*2~(1/2)-arctan
(x)*(-x~2+1)"(1/2) /x

Rubi [A]

time = 0.05, antiderivative size = 57, normalized size of antiderivative = 1.00, number of

number of rules _ ( g53
’ integrand size ’

steps used = 7, number of rules used = 6, integrand size = 17
Rules used = {270, 5096, 457, 85, 65, 212}

_ V1—2? ArcTan(z) tanh~" ( - ) + /7 tanh-l <—V1—$2)
z V2

Antiderivative was successfully verified.
[In] Int[ArcTan([x]/(x"2*Sqrt[1 - x~2]),x]

[Out] -((Sqrt[1l - x"2]*ArcTan[x])/x) - ArcTanh[Sqrt[1 - x~2]] + Sqrt[2]*ArcTanh[S
qrt[1 - x72]/Sqrt[2]]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x]1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 85

Int[((e_.) + (£_)*(x_))"(p_)/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))),
x_Symbol] :> Dist[(b*e - a*f)/(b*c - axd), Int[(e + f*x)~(p - 1)/(a + b*x),
x], x] - Dist[(d*e - cxf)/(bxc - axd), Int[(e + f*x)~(p - 1)/(c + d*x), x]
, x] /; FreeQ[{a, b, ¢, d, e, f}, x] & LtQ[0, p, 1]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)
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Rule 270

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + b*xx"n)"(p + 1)/(axcx(m + 1))), x] /; FreeQ[{a, b, c, m, n,
p}, x] & EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rule 457

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~p
*(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 5096

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))*((£_)*(x_))"(m_.)*((d_.) + (e_.)*(x
_)"2)"(q_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x~2)"q, x]}, Dis
t[a + b*ArcTan[c*x], u, x] - Dist[b*c, Int[SimplifyIntegrand[u/(1 + c~2%x"2
), x1, x], x1]1 /; FreeQ[{a, b, ¢, d, e, £, m, q}, x] && ((IGtQ[q, 0] && !'(
ILtQ[(m - 1)/2, 0] && GtQ[m + 2xq + 3, 0])) || (IGtQ[(m + 1)/2, 0] && !'(IL
tQlq, 0] && GtQ[m + 2xq + 3, 0])) || (ILtQ[(m + 2%q + 1)/2, 0] && !'ILtQ[(m
- 1)/2, 01))

Rubi steps

_tan~'(z) i \/1—172 tan™!( /Vl—x2

22V1 — 22 z(1+2%)

1/ — 72 1 vi—

__Vi-2@ tanm (@) | Sbt( ! im%wﬁ

T 2 :c(l

‘/ — 2 Y

= 1—2° tan” + 1Subst< dz‘ T x) Subst < / = a

5 V1—z (1+7z)

1 2

_ 1—z2 tan™? +28ubst(/2 1—z2>—Subst(/1_1 > AT, T, \
,/ — 72 o v1-—a?

_ ! mxtan —tanh1<v1—x2>+ftanh ( 1\/5m )

Mathematica [A]
time = 0.05, size = 77, normalized size = 1.35

V1 —2? tan~!(z) log (14 22) 108 (3—x2+2v2—2w2 )
— + log(z) — +
: V2 vz

—log<1+m>
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Antiderivative was successfully verified.

[In] Integrate[ArcTan[x]/(x"2*Sqrt[1 - x~21),x]
[Out] -((Sqrt[1 - x"2]*ArcTan[x])/x) + Loglx] - Logl[l + x~2]/Sqrt[2] + Log[3 - x~
2 + 2xSqrt[2 - 2*x~2]]/Sqrt([2] - Logl[l + Sqrt[1 - x~2]]

Maple [F]
time = 0.12, size = 0, normalized size = 0.00

arctan ()

2V —-22+1

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] int(arctan(x)/x~2/(-x"2+1)~(1/2),x)
[Out] int(arctan(x)/x"2/(-x"2+1)"(1/2),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)/x~2/(-x"2+1)"(1/2),x, algorithm="maxima")
[Out] integrate(arctan(x)/(sqrt(-x"2 + 1)*x~2), x)

Fricas [A]
time = 0.47, size = 81, normalized size = 1.42

V2 zlog (xL?ﬁ V—1? +1 _3> —zlog (\/—x2+1 +1) + zlog (\/—m2+1 —1) —2+vV—z%2+1 arctan (x)

241

2z
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)/x"2/(-x"2+1)"(1/2),x, algorithm="fricas")

[Out] 1/2%(sqrt(2)*x*log((x~2 - 2*sqrt(2)*sqrt(-x~2 + 1) - 3)/(x"2 + 1)) - x*log(
sqrt(-x"2 + 1) + 1) + xxlog(sqrt(-x"2 + 1) - 1) - 2xsqrt(-x~2 + 1)*arctan(x

))/x

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

atan (x) d
/x2\/—(r— D(z+1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(atan(x)/x**2/(-x**2+1)**(1/2),x)
[Out] Integral(atan(x)/(x**2%sqrt(-(x - 1)*(x + 1))), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 104 vs. 2(48) =

96.
time = 0.47, size = 104, normalized size = 1.82

1 T 2241 -1 1 V2 — V2P +1 1 1
= — arctan (z) — = V2 log | ~=———— | = Zlog (V=2 +1 +1)+ = log(-vV—-22+1 +1
2(\/—x2+1 -1 z ) @ =3 g<\/5+\/—x2+1 2 g< ) 2 g( )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)/x~2/(-x"2+1)"(1/2),x, algorithm="giac")

[Out] 1/2%(x/(sqrt(-x"2 + 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)*arctan(x) - 1/2*sqrt(
2)*log((sqrt(2) - sqrt(-x~2 + 1))/(sqrt(2) + sqrt(-x"2 + 1))) - 1/2*xlog(sqr
t(-x"2 + 1) + 1) + 1/2%log(-sqrt(-x~2 + 1) + 1)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

atan(z)

z? V1 — x?

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] int(atan(x)/(x"2*x(1 - x~2)"(1/2)),x)
[Out] int(atan(x)/(x"2x(1 - x~2)~(1/2)), %)
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3.30 f rtan—

V1 —x2

Optimal. Leaf size=45

2 1 -1 V2'z
—sin"}(z) — V1 — 22 tan"'(z) + V2 tan (W)

[Out] -arcsin(x)+arctan(x*2~(1/2)/(-x"2+1)"(1/2))*2~(1/2)-arctan(x)*(-x~"2+1)~(1/2
)

Rubi [A]
time = 0.03, antiderivative size = 45, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.333,

steps used = 5, number of rules used = 5, integrand size = 15
Rules used = {5094, 399, 222, 385, 209}

V2 'z
—ArcSin(z) — V1 — z2 ArcTan(z) + \/5 ArcTan
@)~V @ ( —

Antiderivative was successfully verified.
[In] Int[(x*ArcTan[x])/Sqrtl[1 - x72],x]

[Out] -ArcSin[x] - Sqrt[1 - x"2]*ArcTan[x] + Sqrt[2]*ArcTan[(Sqrt[2]*x)/Sqrt[1 -
x"2]]
Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2])]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0I)

Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al)]/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 385

Int[((a_) + (b_.)*(x_)"(@_))"(p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + bxx™n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 399

Int[((a_) + (b_)*(x_)"(@_ )" (p)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Di
st[b/d, Int[(a + b*x™n)~(p - 1), x], x] - Dist[(bxc - a*d)/d, Int[(a + b*x~
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n)~(p - 1)/(c + d*x"n), x], x] /; FreeQ[{a, b, c, d, p}, x] && NeQ[bxc - ax
d, 0] &% EqQ[n*(p - 1) + 1, 0] && IntegerQ[n]

Rule 5094

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))*(x_)*((d_.) + (e_.)*(x_)"2)"(q_.), x
_Symbol] :> Simp[(d + e*x"2)"(q + 1)*((a + bxArcTan[c*x])/(2xe*x(q + 1))), x
1 - Dist[bx(c/(2%ex(q + 1))), Int[(d + exx"2)"(q + 1)/(1 + c"2*%x72), x], x]
/; FreeQ[{a, b, c, 4, e, q}, x] && NeQ[q, -1]

Rubi steps
ztan~!(z) . V1—z2
de:—vl—:ﬁ tan (CL‘)"‘/WC&E

= —v1—122 tan~

l(w)H/ \/1——3621(1+x2) dx_/ﬁdx
= —sin"'(z) — V1—a? tan™'(z) + 2Subst (/ 1 dz, z, * )

1+2$2 o V1 — 12
V2'z
= —sin"}z) — V1 — 22 tan"Y(z) + V2 tan! | ————
@ @ Via?
Mathematica [A]
time = 0.03, size = 45, normalized size = 1.00
V2
—sin™'(z) — V1 — 22 tan '(z) + V2 tan”' | —
@ @ Viea?

Antiderivative was successfully verified.

[In] Integrate[(x*ArcTan[x])/Sqrt[1 - x~2],x]
[Out] -ArcSin[x] - Sqrt[l - x"2]*ArcTan[x] + Sqrt[2]*ArcTan[(Sqrt[2]*x)/Sqrt[1 -
x~2]]

Maple [F]
time = 0.07, size = 0, normalized size = 0.00

x arctan (z)

vV—z2+1

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] int(x*arctan(x)/(-x"2+1)"(1/2),x%)
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[Out] int(x*arctan(x)/(-x"2+1)"(1/2),x)
Maxima [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x)/(-x"2+1)~(1/2),x, algorithm="maxima")

[Out] Exception raised: RuntimeError >> ECL says: Error executing code in Maxima:
sign: argument cannot be imaginary; found %i

Fricas [A]
time = 0.46, size = 69, normalized size = 1.53

1 2 2 _1DvV—z2+1 V—z24+1
5 2 arctan (f(3x ) T )— vV —z2+ 1 arctan (z) + arctan (M)

4 (23 — ) 22 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x)/(-x"2+1)~(1/2),x, algorithm="fricas")

[Out] -1/2*sqrt(2)*arctan(1/4*sqrt(2)*(3*x"2 - 1)*sqrt(-x~2 + 1)/(x"3 - x)) - sqr
t(-x"2 + 1)*arctan(x) + arctan(sqrt(-x~2 + 1) *x/(x"2 - 1))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

x atan (z)
/\/ (z—1)(x+1) &

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*atan(x)/(-x**2+1)**(1/2),x)
[Out] Integral(x*atan(x)/sqrt(-(x - 1)*(x + 1)), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 108 vs. 2(37) =
74.
time = 0.47, size = 108, normalized size = 2.40

\/?:I,‘(Mjll)z— ) x(( —z2+171> B >
— V=22 +1 arctan (z) — arctan | —

4(@—1) 2(@—1)

1 1
-3 wsgn(z) + 3 V2' | msgn(z) + 2 arctan | —

Verification of antiderivative is not currently implemented for this CAS.



166

[In] integrate(x*arctan(x)/(-x"2+1)~(1/2),x, algorithm="giac")

[Out] -1/2#pixsgn(x) + 1/2*sqrt(2)*(pi*sgn(x) + 2*arctan(-1/4*sqrt(2)*x*((sqrt(-x
"2+ 1) - 1)72/x72 - 1)/(sqrt(-x"2 + 1) - 1))) - sqrt(-x~2 + 1)*arctan(x) -
arctan(-1/2*x*((sqrt(-x"2 + 1) - 1)72/x"2 - 1)/(sqrt(-x"2 + 1) - 1))

Mupad [B]
time = 0.03, size = 37, normalized size = 0.82

N .
V2 atan <ﬁ) —atan(z) V1 — 2? — asin(z)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*atan(x))/(1 - x~2)°(1/2),x%)
[Out] 2~ (1/2)*atan((2~(1/2)*x)/(1 - x~2)"(1/2)) - atan(x)*(1 - x~2)"(1/2) - asin(

X)
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3.31 [

\/1—|—:1:2

Optimal. Leaf size=29

2 -1
YA 0 ot (Vide?)

T

[Out] -arctanh((x~2+1)~(1/2))-arctan(x)*(x~2+1)~(1/2)/x

Rubi [A]
time = 0.03, antiderivative size = 29, normalized size of antiderivative = 1.00, number of

number of rules — 0.267,
’ integrand size

steps used = 4, number of rules used = 4, integrand size = 15
Rules used = {5064, 272, 65, 213}

_ Va2 +1 ArcTan(z)

— tanh~! ( 24+ 1 >
T

Antiderivative was successfully verified.

[In] Int[ArcTan[x]/(x"2*Sqrt[1 + x~2]),x]

[Out] -((Sqrt[1 + x~2]*ArcTan[x])/x) - ArcTanh[Sqrt[1 + x~2]]
Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1) *x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)]1, x1]1 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 213

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt[b, 2]*(x/Rt[-a, 21)]1, x] /; FreeQ[{a, b}, x] && NegQl[a/bl &&
(LtQla, 0] |l GtQ[b, 01)

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 5064

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.)) " (p_.)*((f_.)*(x_)) " (m_.)*((d_) + (e_
D*(x_)"2)"(q_.), x_Symbol] :> Simp[(f*x)~(m + 1)*(d + e*x"2)"(q + 1)*((a +
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bxArcTan [c*x]) “p/(d*fx(m + 1))), x] - Dist[b*cx(p/(f*(m + 1))), Int[(f*x)~
(m + 1)*(d + e*x~2)"g*(a + b*ArcTan[c*x])~(p - 1), x], x] /; FreeQ[{a, b, c
, d, e, £, m, q}, x] && EqQ[e, c"2xd] && EqQ[m + 2*q + 3, 0] && GtQ[p, 0] &
& NeQ[m, -1]

Rubi steps
tan=!(z) Qo — — V1+z? tan~!(z) N / 1 i
z2V1 + x2 z L AVARE
T 72 tapn—1
= — L +2? tan™(z) + 1Subst (/ 1 dx,x,xQ)
z 2 zV1l+zx

./ 2 -1
= — 1+2° tan (x)—l—Subst /;dm,.’v,\/l—l—w2
z —1 4 22
Ry -1
— _ 1 + x4 tan (:13) _ tanh_l (m)

x

Mathematica [A]
time = 0.02, size = 33, normalized size = 1.14

\/ 2 -1
_ 1+x mta:n (.T) +10g($) —log (1+ /1+$2 )

Antiderivative was successfully verified.

[In] Integrate[ArcTan[x]/(x"2*Sqrt[1 + x~2]),x]
[Out] -((Sqrt[1 + x~2]*ArcTan[x])/x) + Loglx] - Logl[l + Sqrt[1 + x~2]]

Maple [C] Result contains complex when optimal does not.
time = 0.12, size = 56, normalized size = 1.93

method | result size
\/(.'13 - ’l) (CC + Z) arctan(z) iz41 iz+1
default — Z —In(1 + W + In W -1 56

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan(x)/x"2/(x"2+1)~(1/2),x,method=_RETURNVERBOSE)

[Out] -((x-I)*(x+I))~(1/2)*arctan(x)/x-1n(1+(1+I*x)/(x"2+1)"(1/2))+1n((1+I*x)/(x~
2+1)°(1/2)-1)
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Maxima [A]
time = 2.94, size = 22, normalized size = 0.76

Vz?+ 1 arctan (x) , ( 1 )
— arsinh [ —

x ]

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(arctan(x)/x~2/(x"2+1)~(1/2),x, algorithm="maxima")
[Out] -sqrt(x”2 + 1)*arctan(x)/x - arcsinh(1/abs(x))

Fricas [A]
time = 0.42, size = 47, normalized size = 1.62

xlog(—m+vm2+1 +1)—mlog<—m—|—\/x2+1 —1>+\/m2+1 arctan (z)

T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)/x"2/(x"2+1)~(1/2),x, algorithm="fricas")
[Out] -(x*log(-x + sqrt(x™2 + 1) + 1) - x*log(-x + sqrt(x”2 + 1) - 1) + sqrt(x~2

+ 1)*arctan(x))/x

Sympy [A]
time = 4.33, size = 19, normalized size = 0.66

, (1) V2 +1 atan(x)
—asinh | — | —

T T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(x)/x**2/(x*¥2+1)%*x(1/2),x)

[Out] -asinh(1/x) - sqrt(x**2 + 1)*atan(x)/x
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 54 vs. 2(25) = 50.
time = 0.50, size = 54, normalized size = 1.86

2 arct
are an(a:)2 + arctan (z) — log (‘—x-l— Va2 +1 +1D-|-log (‘—x-l— Va2 +1 —1‘)
(:1:— :Jc2+1) -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)/x~2/(x"2+1)~(1/2),x, algorithm="giac")
[Out] 2*arctan(x)/((x - sqrt(x”2 + 1))72 - 1) + arctan(x) - log(abs(-x + sqrt(x~2
+ 1) + 1)) + log(abs(-x + sqrt(x”2 + 1) - 1))



Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

atan(z)

——— _dz
vz +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan(x)/(x"2*x(x"2 + 1)~(1/2)),x)
[Out] int(atan(x)/(x"2*%(x"2 + 1)~(1/2)), x)

170
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3.32 [

224/1 —:132

V1= mesin_l(w) + log(z)

[Out] 1n(x)-arcsin(x)*(-x"2+1)~(1/2)/x

Rubi [A]
time = 0.03, antiderivative size = 21, normalized size of antiderivative = 1.00, number of

number of rules — 0.118
integrand size ’

Optimal. Leaf size=21

steps used = 2, number of rules used = 2, integrand size = 17,
Rules used = {4771, 29}

V1 — 22 ArcSin(z)

X

log(z) —

Antiderivative was successfully verified.

[In] Int[ArcSin([x]/(x"2*Sqrt[1 - x~2]),x]
[Out] -((Sqrt[1 - x"2]*ArcSin[x])/x) + Logl[x]
Rule 29

Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 4771

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.)) " (n_.)*((f_.)*(x_)) " (m_)*((d_) + (e_.
)*(x_)"2)"(p_), x_Symbol] :> Simp[(f*x)~(m + 1)*(d + e*x"2)"(p + D*((a + b
xArcSin[c*x]) "n/(d*f*x(m + 1))), x] - Dist[b*cx(n/(f*(m + 1)))*Simp[(d + e*x
~2)"p/(1 - ¢c”2%x72)7pl, Int[(f*x)"(m + 1)*(1 - c™2*x"2)"(p + 1/2)*(a + b*Ar
cSin[c*x])~(n - 1), x], x] /; FreeQ[{a, b, c, d, e, f, m, p}, x] && EqQ[c~2
xd + e, 0] && GtQ[n, 0] && EqQ[m + 2*xp + 3, 0] && NeQ[m, -1]

Rubi steps

/ Sil/l% d mxsm‘l(w) +/1da:




Mathematica [A]
time = 0.01, size = 21, normalized size = 1.00

_Vi1- x2xsin_1(x) + log(z)

Antiderivative was successfully verified.

[In] Integrate[ArcSin[x]/(x"2*Sqrtl[l - x~21),x]
[Out] -((Sqrt[1 - x"2]*ArcSin[x])/x) + Loglx]

Maple [A]
time = 0.05, size = 20, normalized size = 0.95

method | result size

-
default | In () — 2esin@) — +1 199

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsin(x)/x"2/(-x"2+1)~(1/2) ,x,method=_RETURNVERBOSE)
[Out] 1n(x)-arcsin(x)*(-x"2+1)~(1/2)/x
Maxima [A]

time = 2.06, size = 19, normalized size = 0.90

VTP 4+ lx arcsin () +log ()

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)/x"2/(-x"2+1)"(1/2),x, algorithm="maxima")
[Out] -sqrt(-x~2 + 1)*arcsin(x)/x + log(x)
Fricas [A]

time = 0.45, size = 22, normalized size = 1.05

zlog (z) — vV—2%+1 arcsin (z)

T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)/x"2/(-x"2+1)~(1/2),x, algorithm="fricas")
[Out] (x*log(x) - sqrt(-x~"2 + 1)*arcsin(x))/x

172
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ asin () s
2\/—(z— 1) (z +1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asin(x)/x**2/(-x**2+1)**(1/2),x)

[Out] Integral(asin(x)/(x*¥2*xsqrt(-(x - 1)*(x + 1))), x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 40 vs. 2(19) = 38.
time = 0.45, size = 40, normalized size = 1.90

(\/ﬁ 1 —:c21- — 1) arcsin (z) + log (|z|)

Verification of antiderivative is not currently implemented for this CAS.

N =

[In] integrate(arcsin(x)/x"2/(-x"2+1)~(1/2),x, algorithm="giac")
[Out] 1/2%(x/(sqrt(-x"2 + 1) - 1) - (sqrt(-x~2 + 1) - 1)/x)*arcsin(x) + log(abs(x
))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.05

asin(z)

21— 2

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] int(asin(x)/(x"2*x(1 - x~2)~(1/2)),x)
[Out] int(asin(x)/(x"2%x(1 - x~2)~(1/2)), x)
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z log(z dx

f\/ 1—|—:c2

Optimal. Leaf size=34

—vV—1+422 +tan™? (\/—1 + 2 > + vV -1+ 22 log(z)

3.33

[Out] arctan((x"2-1)"(1/2))-(x"2-1)"(1/2)+1n(x) *(x~2-1)"(1/2)
Rubi [A]

time = 0.02, antiderivative size = 34, normalized size of antiderivative = 1.00, number of

number of rules
’ integrand size = 0.385,

steps used = 5, number of rules used = 5, integrand size = 13
Rules used = {2376, 272, 52, 65, 209}

ArcTan(x/m) — V2 —1 + V22— 1 log(z)

Antiderivative was successfully verified.

[In] Int[(x*Loglx])/Sqrt[-1 + x~2],x]

[Out] -Sqrt[-1 + x72] + ArcTan[Sqrt[-1 + x72]] + Sqrt[-1 + x~2]*Log[x]

Rule 52

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + D*((c + d*x)"n/(b*(m + n + 1))), x] + Dist[n*x((bxc - axd)/(
b¥(m + n + 1))), Int[(a + b*x) m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[b*c - a*d, 0] && GtQ[n, O] && NeQ[m + n + 1, 0] && !(IGtQ

[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]1))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)]1, x11 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt [b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 272
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Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 2376

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))~(p_.)*x((f_.)*(x_))"(m_.)*((d_) +
(e_.)*x(x_)"(r_))"(q_.), x_Symbol] :> Simp[f~m*(d + e*x"r)~(q + 1)*((a + bxL
oglc*x™n])“p/(exrx(q + 1))), x] - Dist[b*f m*n*(p/(exrx(q + 1))), Int[(d +
exx"r)~(q + 1)*((a + b*Loglc*x™n])~(p - 1)/x), x], x] /; FreeQ[{a, b, c, d,
e, f, m, n, q, r}, x] & EqQ[m, r - 1] && IGtQ[p, 0] && (IntegerQ[m] || Gt
QLf, 0]) && NeQ[r, n] && NeQ[q, -1]

Rubi steps

_zlog(z) iz = V=14 27 log(z) — /\/—1+x2

V—1+ 22
=vV—-1+42?% log(x) — §Subst (/ #dw,x,f)
=—v—-1+22 —I—\/—1+x2log(x)—l—ESubst(/;dx,z,xz)
2 V-l+zz
‘ : 1
=—V—-1+4+22 +vV—-1+ z2 log(:c)+Subst(/mdm,x,\/—l+x2)

=—vV—-1+22 +tan™’ (\/—1 + z2 > + vV —1+ 22 log(z)

Mathematica [A]
time = 0.02, size = 27, normalized size = 0.79

_ tan~! (ﬁ) + VI a2 (~1 + log(2)

Antiderivative was successfully verified.

[In] Integrate[(x*Loglx])/Sqrt[-1 + x~2],x]
[Out] -ArcTan[1/Sqrt[-1 + x~2]] + Sqrt[-1 + x"2]*(-1 + Logl[x])

Mabple [C] Result contains higher order function than in optimal. Order 9 vs. order 3.
time = 0.04, size = 119, normalized size = 3.50

] method \ result
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\/—signum (22 — 1) (2—2 —z2+1 ) \/—signum (22 — 1) () (2—2 —z2+1 )

\/ —sign

+

meijerg

; + ;
44/signum (z2 — 1) 2y/signum (z2 — 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*1n(x)/(x"2-1)"(1/2),x,method=_RETURNVERBOSE)

[Out] -1/4/signum(x~2-1)~(1/2)*(-signum(x~2-1))~(1/2)*(2-2%(-x"2+1)~(1/2))+1/2/si
gnum(x~2-1)"(1/2) *(-signum(x~2-1) )~ (1/2) *1n(x) * (2-2* (-x~2+1)~(1/2))+1/32/si

gnum (x~2-1)~(1/2) *(-signum(x~2-1)) ~(1/2) * (-16+16* (-x~2+1) ~(1/2)-32*1n(1/2+1

/2% (-x"2+1)"(1/2)))

Maxima [A]
time = 3.77, size = 27, normalized size = 0.79

Va7 =T log (z) — Va? T — arcsin (i)

]
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x)/(x72-1)"(1/2),x, algorithm="maxima")
[Out] sqrt(x~2 - 1)*log(x) - sqrt(x™2 - 1) - arcsin(1/abs(x))
Fricas [A]

time = 0.42, size = 27, normalized size = 0.79

Va2 — 1 (log (z) — 1) + 2 arctan (—a: + \/m>

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*log(x)/(x72-1)"(1/2),x, algorithm="fricas")
[Out] sqrt(x”2 - 1)*(log(x) - 1) + 2xarctan(-x + sqrt(x”2 - 1))

Sympy [A]
time = 1.40, size = 29, normalized size = 0.85

vz —1 log(a:)—{\/:pQ—l —acos (1) forz>-1Az<1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*1ln(x)/(x**2-1)**(1/2),x)

[Out] sqrt(x**2 - 1)*log(x) - Piecewise((sqrt(x**2 - 1) - acos(1/x), (x > -1) & (
x < 1)))
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Giac [A]
time = 0.44, size = 28, normalized size = 0.82

Va2 —1 log (z) — V22 — 1 + arctan <m>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x)/(x~2-1)"(1/2),x, algorithm="giac")
[Out] sqrt(x"2 - 1)*log(x) - sqrt(x~2 - 1) + arctan(sqrt(x™2 - 1))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03
1
z In (z) s

V2 -1
Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*log(x))/(x"2 - 1)7(1/2),x)
[Out] int((x*log(x))/(x"2 - 1)~(1/2), x)
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log(z)
3.34 | ) dx

Optimal. Leaf size=33

v/ 2 v/ 2
B 11—:1: + sinh~1(z) — 1+xx log(z)

[Out] arcsinh(x)-(x"2+1)"(1/2)/x-1n(x)*(x"2+1)~(1/2)/x

Rubi [A]
time = 0.03, antiderivative size = 33, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.200,

steps used = 3, number of rules used = 3, integrand size = 15
Rules used = {2373, 283, 221}

V2r+1l Va?41 log(z)
T z

+ sinh™(z)

Antiderivative was successfully verified.

[In] Int([Loglx]/(x~2%Sqrt[1 + x~2]),x]

[Out] -(Sqrt[1 + x~2]/x) + ArcSinh[x] - (Sqrt[1 + x"2]*Loglx])/x
Rule 221

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[Rt[b, 2]*(x/Sqrt
[al)]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 283

Int[((c_.)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(cx
x)"(m + 1)*((a + bxx™n) "p/(cx(m + 1))), x] - Dist[b*n*(p/(c"n*x(m + 1))), In
t[(cxx)"(m + n)*(a + bxx™n)~(p - 1), x]1, x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQlp, 0] && LtQm, -1] && 'ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 2373

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]1*(b_.))*x((f_.)*(x_)) " (m_.)*((d_) + (e_.)*
(x_)~(r_.))"(q_), x_Symbol] :> Simp[(f*x)"(m + 1)*(d + exx"r)~(q + 1)*((a +
bxLog[c*x"n])/(d*f*x(m + 1))), x] - Dist[b*(n/(d*(m + 1))), Int[(f*x) m*(d
+ exx"r)~(q + 1), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, q, r}, x] & EqQ
[m + rx(q + 1) + 1, 0] &% NeQ[m, -1]

Rubi steps
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/ log(z) dr — — \/l-l-ac2 log(z /\/l-l-a:2
z2v1 + x2

__\/1—!—:02 \/1-|—av2 log(z /
z \/l—l—ac2
V1+ 22 V1+ 2?2 log(z)
T

=——" 1" +sinh (z) -
——— tsin (z)

Mathematica [A]
time = 0.02, size = 21, normalized size = 0.64

V1422 (14 log(x))

T

sinh ™! (z) —

Antiderivative was successfully verified.

[In] Integrate[Logl[x]/(x~2#Sqrtl[1 + x~21),x]
[Out] ArcSinh[x] - (Sqrt[1 + x~2]*(1 + Loglx]))/x

Maple [A]
time = 0.02, size = 29, normalized size = 0.88

method | result size

meijerg | arcsinh (z) +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1n(x)/x"2/(x~2+1)~(1/2),x,method=_RETURNVERBOSE)
[Out] arcsinh(x)+(-1n(x)*(x"2+1)"(1/2)-(x"2+1)"(1/2))/x
Maxima [A]

time = 3.66, size = 29, normalized size = 0.88

Vz2+1 log(z) z2+1
T

T

+ arsinh ()

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x~2/(x~2+1)~(1/2),x, algorithm="maxima")
[Out] -sqrt(x~2 + 1)*log(x)/x - sqrt(x”2 + 1)/x + arcsinh(x)
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Fricas [A]
time = 0.44, size = 33, normalized size = 1.00

z log (—x+\/x2+1 ) +vVz2+1 (log(z)+1)+=x

T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x~2/(x~2+1)~(1/2),x, algorithm="fricas")
[Out] -(x*log(-x + sqrt(x™2 + 1)) + sqrt(x”2 + 1)*(log(x) + 1) + x)/x

Sympy [A]
time = 2.78, size = 26, normalized size = 0.79

. V2 +1 log(z) z2+1
asinh (z) — - - -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(x)/x**2/(x**2+1)**(1/2),x)
[Out] asinh(x) - sqrt(x**2 + 1)*log(x)/x - sqrt(x**2 + 1)/x

Giac [A]
time = 0.45, size = 58, normalized size = 1.76
21 2
o8 () 5 + 5 —log <—x+\/x2+1 > + log (|z|)
(e-va?+T) =1 (o-va?+1) -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x~2/(x~2+1)~(1/2),x, algorithm="giac")
[Out] 2*log(x)/((x - sqrt(x”2 + 1))72 - 1) + 2/((x - sqrt(x”2 + 1))72 - 1) - log(
-x + sqrt(x”2 + 1)) + log(abs(x))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

In (x)
2V +1

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] int(log(x)/(x~2*(x~2 + 1)~(1/2)),x)
[Out] int(log(x)/(x™2*(x~2 + 1)~(1/2)), x)
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zsec” (x)
335 [~ 1+x2 dz

Optimal. Leaf size=25

V—1+ 22 sec”}(z) — x%x)

[Out] -x*1n(x)/(x"2)"(1/2)+arcsec(x)*(x"2-1)"(1/2)
Rubi [A]

time = 0.02, antiderivative size = 25, normalized size of antiderivative = 1.00, number of
steps used = 2, number of rules used = 2, integrand size = 13, number of rules _ () 154

integrand size
Rules used = {5344, 29}

Va2 —1 sec”}(z) — xi;i_gx)

Antiderivative was successfully verified.

[In] Int[(x*ArcSec[x])/Sqrt[-1 + x~2],x]

[Out] Sqrt[-1 + x"2]*ArcSec[x] - (x*Loglx])/Sqrt[x~2]
Rule 29

Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 5344

Int[((a_.) + ArcSec[(c_.)*(x_)I*(b_.))*(x_)*((d_.) + (e_.)*x(x_)"2)"(p_.), x
_Symbol] :> Simp[(d + e*xx"2)~(p + 1)*((a + bxArcSec[c*x])/(2*ex(p + 1))), x
1 - Dist[bxcx(x/(2%ex(p + 1)*Sqrt[c™2*x~2])), Int[(d + e*x~2)~(p + 1)/(x*Sq
rt[c™2*x~2 - 1]), x], x] /; FreeQ[{a, b, c, d, e, p}, x] & NeQ[p, -1]

Rubi steps
/de_,/—_lﬂz soci(z) P 2%
V=14 22 V2
- log(z)
= V-1+a2 secM(z) — =
” N

Mathematica [A]
time = 0.03, size = 35, normalized size = 1.40

(=14 ) sec™i(z) — /1 — é z log(x)

‘/—1+$2
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Antiderivative was successfully verified.

[In] Integrate[(x*ArcSec([x])/Sqrt[-1 + x~2],x]
[Out] ((-1 + x"2)*ArcSec[x] - Sqrt[1 - x~(-2)]*x*Log[x])/Sqrt[-1 + x~2]

Maple [C] Result contains complex when optimal does not.
time = 0.39, size = 97, normalized size = 3.88

method | result size
2
defaul 24/ % x arcsec(z) (z % w+x2—1>arcsec(x) % xln((i—i—i - z% > +1> o7
ault | — ; + ‘ + ;
elat V2 —1 V2 —1 V2 —1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arcsec(x)/(x"2-1)"(1/2),x,method=_RETURNVERBOSE)

[Out] -2*I/(x"2-1)"(1/2)*((x"2-1)/x"2)~(1/2)*x*arcsec(x)+1/(x"2-1)"(1/2)*(I*((x~2
-1)/x"2)"(1/2) *x+x~2-1)*arcsec(x)+1/(x"2-1)~(1/2)*((x~2-1) /x~2) ~(1/2) *x*1n(
(1/x+Ix(1-1/x"2)"(1/2))"2+1)

Maxima [A]
time = 2.44, size = 15, normalized size = 0.60

Va2 —1 arcsec(z) — log (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(x)/(x72-1)"(1/2),x, algorithm="maxima")
[Out] sqrt(x™2 - 1)*arcsec(x) - log(x)
Fricas [A]

time = 0.43, size = 15, normalized size = 0.60

Va2 —1 arcsec(z) — log (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(x)/(x"2-1)"(1/2),x, algorithm="fricas")
[Out] sqrt(x”2 - 1)*arcsec(x) - log(x)

Sympy [A]
time = 16.37, size = 22, normalized size = 0.88

Vz? —1 asec(z) — {—log(%) forx >—-1Az <1

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*asec(x)/(x**2-1)**(1/2),x)
[Out] sqrt(x*x2 - 1)*asec(x) - Piecewise((-log(1/x), (x > -1) & (x < 1)))

Giac [A]
time = 0.46, size = 22, normalized size = 0.88

Va7 =T arccos (1) _ log (JzI)

x sgn (x)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*arcsec(x)/(x"2-1)"(1/2),x, algorithm="giac")
[Out] sqrt(x™2 - 1)*arccos(1/x) - log(abs(x))/sgn(x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.04

T acos(%)

Va2 -1

Verification of antiderivative is not currently implemented for this CAS.

dz

[In] int((x*acos(1/x))/(x"2 - 1)°(1/2),x%)
[Out] int((x*acos(1/x))/(x"2 - 1)°(1/2), x)
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z log(x
3.36 [ m

Optimal. Leaf size=34

—vV1+22 4tanh™! (\/1+r2 ) + V1 + 22 log(z)

[Out] arctanh((x~2+1)~(1/2))-(x"2+1)"(1/2)+1n(x)*(x~2+1)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 34, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.385,

steps used = 5, number of rules used = 5, integrand size = 13
Rules used = {2376, 272, 52, 65, 213}

—Vz2+1 + V22 +1 log(x) + tanh™! <\/x2 +1 )

Antiderivative was successfully verified.

[In] Int[(x*Loglx])/Sqrt[1 + x~2],x]

[Out] -Sqrt[1 + x~2] + ArcTanh[Sqrt[1 + x"2]] + Sqrt[1 + x~2]*Log[x]

Rule 52

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + D*((c + d*x)"n/(b*(m + n + 1))), x] + Dist[n*x((bxc - axd)/(
b¥(m + n + 1))), Int[(a + b*x) m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[b*c - a*d, 0] && GtQ[n, O] && NeQ[m + n + 1, 0] && !(IGtQ

[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]1))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)]1, x11 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 213

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-
1))*ArcTanh[Rt[b, 2]*(x/Rt[-a, 21)]1, x] /; FreeQ[{a, b}, x] && NegQl[a/b]l &&
(LtQ[a, 0] |l GtQ[b, 01)

Rule 272
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Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 2376

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))~(p_.)*x((f_.)*(x_))"(m_.)*((d_) +
(e_.)*x(x_)"(r_))"(q_.), x_Symbol] :> Simp[f~m*(d + e*x"r)~(q + 1)*((a + bxL
oglc*x™n])“p/(exrx(q + 1))), x] - Dist[b*f m*n*(p/(exrx(q + 1))), Int[(d +
exx"r)~(q + 1)*((a + b*Loglc*x™n])~(p - 1)/x), x], x] /; FreeQ[{a, b, c, d,
e, f, m, n, q, r}, x] & EqQ[m, r - 1] && IGtQ[p, 0] && (IntegerQ[m] || Gt
QLf, 0]) && NeQ[r, n] && NeQ[q, -1]

Rubi steps

\/ 2
xlOg(x) d:l?: ‘/1+IE2 log(x)_/¥dx

V1422
= V14 x? log(x)—%Subst</ 1;—x dm,x,x2>
‘ ‘ 1 1
=—V1+22 +V1+22 log(z ——Subst(/—dm,:c,ﬁ)
8(z) — 5 ;g
‘ ‘ 1
=—\/1+.’L‘2 +\/1+.’E2 log(x)—SUbSt(/mdx,xy V1+$2)

=—v1+22 +tanh™* (\/1+x2 ) + V1+ 22 log(x)

Mathematica [A]
time = 0.01, size = 40, normalized size = 1.18

—V1+2z2 —log(z) + V1+ z2 log(a:)+log(1+\/1+x2>

Antiderivative was successfully verified.

[In] Integrate[(x*Loglx])/Sqrt[1 + x~2],x]
[Out] -Sqrt[1 + x~2] - Loglx] + Sqrt[1 + x~2]*Logl[x] + Log[l + Sqrt[1 + x~2]]

Maple [A]
time = 0.02, size = 39, normalized size = 1.15

] method \ result \ size ‘
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In(z) [ —2+2vVx2 + 1 5
meijerg | 1 —vz2+1 + ( 5 ) +1In (%—I-HCTH) 39

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*1n(x)/(x"2+1)~(1/2),x,method=_RETURNVERBOSE)
[Out] 1-(x"2+1)"(1/2)+1/2*1n(x)*(-2+2* (x~2+1)~(1/2))+1n(1/2+1/2*x (x~2+1)~(1/2))

Maxima [A]
time = 3.27, size = 25, normalized size = 0.74

1
V22 +1 log(z) — V22 +1 + arsinh (m)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x)/(x"2+1)~(1/2),x, algorithm="maxima")
[Out] sqrt(x~2 + 1)*log(x) - sqrt(x”2 + 1) + arcsinh(1/abs(x))

Fricas [A]
time = 0.41, size = 41, normalized size = 1.21

\/m(log(x)—l)+log<—x+\/m+1> —log(—m+\/m —1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x)/(x"2+1)~(1/2),x, algorithm="fricas")

[Out] sqrt(x”2 + 1)*(log(x) - 1) + log(-x + sqrt(x”2 + 1) + 1) - log(-x + sqrt(x~
2+1) -1)

Sympy [A]
time = 2.31, size = 41, normalized size = 1.21

1 1
—%-ﬁ-\/@'z—l—l log () + asinh (—) -
/ x /
1+— T\ 1+ —
x x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*1n(x)/(x**2+1)**x(1/2),x)
[Out] -x/sqrt(l + x**(-2)) + sqrt(x**2 + 1)*log(x) + asinh(1/x) - 1/(x*sqrt(l + x

**(-2)))
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Giac [A]
time = 0.47, size = 44, normalized size = 1.29

Va2 +1 log(z) — Va2 +1 + = log(\/aﬂ——i-l)——log(\/—l—l)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x)/(x~2+1)~(1/2),x, algorithm="giac")
[Out] sqrt(x~2 + 1)*log(x) - sqrt(x™2 + 1) + 1/2xlog(sqrt(x”2 + 1) + 1) - 1/2%log
(sqrt(x~2 + 1) - 1)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

z In (:c)

1/:11.2

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int((x*log(x))/(x72 + 1)7(1/2),x)
[Out] int((x*log(x))/(x~2 + 1)~(1/2), x)
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3.37 _sin@) _ 4.

1+sin?(z)

Optimal. Leaf size=16

_tanh_1 (%(29”))
V2
[Out] -1/2*arctanh(1/2*cos(x)*2~(1/2))*2~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 16, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.182,

steps used = 2, number of rules used = 2, integrand size = 11,
Rules used = {3265, 212}

tanh_l cos(w))
(5%
V2

Antiderivative was successfully verified.

[In] Int[Sin[x]/(1 + Sin[x]"2),x]

[Out] -(ArcTanh[Cos[x]/Sqrt[2]]1/Sqrt[2])
Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])]1, x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 3265

Int[sin[(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + f*x], x]}, Dist[-ff/f, S
ubst[Int[(1 - ££72%x72)"((m - 1)/2)*(a + b - b*xff~2%x"2)"p, x], x, Cosl[e +
f*x]/££f], x1] /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rubi steps

sin(z) B 1
/ 155’ (@) dx = —Subst (/ 5 2 dz, x, cos(ac))
1

()

o)

tanh™
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Mathematica [C] Result contains complex when optimal does not.
time = 0.04, size = 46, normalized size = 2.88

o () - (55))
V2

Antiderivative was successfully verified.

[In] Integrate[Sin[x]/(1 + Sin[x]"2),x]
[Out] ((-I)*(ArcTan[(-I + Tan[x/2])/Sqrt[2]] - ArcTan[(I + Tan[x/2])/Sqrt[2]]))/S
qrt[2]

Maple [A]
time = 0.04, size = 14, normalized size = 0.88

method | result size

arctanh <C°s(x)2\/5 ) \/5

default | — 14

2
\/E 1n<e2ix—2\/§ eiw+1> \/5 1n(e2ix+2\/§ eiw+1>
4 4

48

risch

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(1+sin(x)~2),x,method=_RETURNVERBOSE)
[Out] -1/2*arctanh(1/2*cos(x)*2~(1/2))*2°(1/2)

Maxima [A]
time = 3.95, size = 24, normalized size = 1.50

1 V2 — cos (z)
4 V2 log (_\/5 +cos(x)>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+sin(x)~2),x, algorithm="maxima")
[Out] 1/4*sqrt(2)*log(-(sqrt(2) - cos(x))/(sqrt(2) + cos(x)))

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 29 vs.
2(13) = 26.
time = 0.42, size = 29, normalized size = 1.81

}Lﬁlog (_cos(x)2—2ﬁcos($)+2)

cos (z)* — 2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+sin(x)~2),x, algorithm="fricas")
[Out] 1/4*sqrt(2)*log(-(cos(x)~2 - 2*sqrt(2)*cos(x) + 2)/(cos(x)"2 - 2))
Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 46 vs.
2(19) = 38.
time = 8.70, size = 46, normalized size = 2.88

V2 log (tan2 (2) —2v2 + 3> V2 log (tan2 (

3
4

) +2v2 +3>

RN

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+sin(x)**2),x)
[Out] sqrt(2)*log(tan(x/2)**2 - 2xsqrt(2) + 3)/4 - sqrt(2)*log(tan(x/2)**2 + 2*sq

rt(2) + 3)/4
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 27 vs. 2(13) = 26.

time = 0.49, size = 27, normalized size = 1.69

—i V2 log <\/§ + cos (x)) - i V2 log (\/? — cos (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+sin(x)~2),x, algorithm="giac")
[Out] -1/4*sqrt(2)*log(sqrt(2) + cos(x)) + 1/4*sqrt(2)*log(sqrt(2) - cos(x))

Mupad [B]
time = 0.21, size = 13, normalized size = 0.81

V2  atanh (M)
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(sin(x)"2 + 1),x)
[Out] -(27(1/2)*atanh((27(1/2)*cos(x))/2))/2
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3.38 I
f (1—x2) vV 1 + £U4

Optimal. Leaf size=23

tanh ™ (%)

V2
[Out] 1/2*arctanh(x*27(1/2)/(x~4+1)~(1/2))*2"(1/2)

Rubi [A]
time = 0.02, antiderivative size = 23, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.083,

steps used = 2, number of rules used = 2, integrand size = 24,
Rules used = {1713, 212}
tanh ™" (ﬂ)
zt 41

V2

Antiderivative was successfully verified.

[In] Int[(1 + x72)/((1 - x~2)*Sqrt[1 + x~4]),x]
[Out] ArcTanh[(Sqrt[2]*x)/Sqrt[1 + x~4]1]/Sqrt[2]
Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 1713

Int[((A) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4])
, X_Symbol] :> Dist[A, Subst[Int[1/(d + 2*a*e*x”2), x], x, x/Sqrtla + c*x"4
11, x]1 /; FreeQl[{a, c, 4, e, A, B}, x] && NeQ[c*d~2 + axe”2, 0] && EqQ[c*d”
2 - axe”2, 0] && EqQ[Bxd + Axe, 0]

Rubi steps

/ 1+a? dx—Subst(/#dsz>
(1—22)V1+azt 1—222 77 /1444
t h—l \/51‘ )
an (—Tﬁ
V2
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Mathematica [A]
time = 0.23, size = 23, normalized size = 1.00

tanh™! (%)

V2

Antiderivative was successfully verified.

[In] Integratel[(1 + x~2)/((1 - x~2)*Sqrt[1 + x~4]),x]
[Out] ArcTanh[(Sqrt[2]#*x)/Sqrt[1 + x~4]1]/Sqrt[2]

Maple [C] Result contains higher order function than in optimal. Order 4 vs. order 3.
time = 0.18, size = 112, normalized size = 4.87

method | result
arctanh <\,1174‘i;a:1\/§> \/7
elliptic 3
RootOf _22—2 r— V 564 + ]-

RootOf(_Z2—2> ln( < (1+:E2(1+m) )
trager — 3

V—iz? +1 Viz? + 1 EdipticF <m< \/25 +\45>1> o(-1iv—iz2 +1 Viz2 +1 EuipticPi((—l)%x,—
default — ‘

(V2+2)VorTT vai+l

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x~2+1)/(-x~2+1)/(x~4+1)~(1/2) ,x,method= RETURNVERBOSE)

[Out] -1/(1/2%27(1/2)+1/2%I*x27(1/2)) *(1-I*x~2) " (1/2)*(1+I*x~2)~(1/2) / (x~4+1)~(1/2
)*E1llipticF (x*(1/2%27(1/2)+1/2*%I*27(1/2)) ,1)-2*x(-1)~(3/4) *(1-I*x~2) ~(1/2) *(
1+Ixx72) " (1/2) /(x~4+1)~(1/2)*E11lipticPi ((-1)~(1/4)*x,-I,(-I1)~(1/2)/(-1)~(1/

4))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(-x"2+1)/(x"4+1)~(1/2),x, algorithm="maxima")
[Out] -integrate((x”2 + 1)/(sqrt(x™4 + 1)*(x"2 - 1)), x)
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Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 42 vs.
2(18) = 36.
time = 0.45, size = 42, normalized size = 1.83

r+2v2 Vi +1 x+2x2+1>

1
~v21
4fog< 4 —2x2 41

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(-x"2+1)/(x"4+1)~(1/2),x, algorithm="fricas")
[Out] 1/4*sqrt(2)*log((x"4 + 2*sqrt(2)*sqrt(x~4 + 1)*x + 2*x72 + 1)/(x"4 - 2*x72
+ 1))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

z? 1
— ‘ - dzr — ‘ - dzx
2Vrt+1 — vVt + 1 2Vrt+1 — vVt +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**2+1)/(-x**2+1)/(x**4+1)**x(1/2) ,x)
[Out] -Integral (x**2/(x**2xsqrt(x**4 + 1) - sqrt(x**4 + 1)), x) - Integral(1/(x*x*
2*sqrt (x*¥*4 + 1) - sqrt(xx*4 + 1)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((x~2+1)/(-x"2+1)/(x"4+1)~(1/2),x, algorithm="giac")
[Out] integrate(-(x"2 + 1)/(sqrt(x”4 + 1)*(x"2 - 1)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.04

/ 2 +1 p
— x
(x2—1) vVt +1
Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"2 + 1)/((x"2 - D)*(x"4 + 1)7(1/2)),x)
[Out] int(-(x"2 + 1)/((x"2 - D*(x"4 + 1)°(1/2)), %)
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339 [— 12 ___dg

(14+22) V1 + 2%
Optimal. Leaf size=23

()

V2
[Out] 1/2*arctan(x*27(1/2)/(x74+1)~(1/2))*27(1/2)

Rubi [A]
time = 0.02, antiderivative size = 23, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.083,

steps used = 2, number of rules used = 2, integrand size = 24,
Rules used = {1713, 209}
ArcTan (A>
zt 41

V2

Antiderivative was successfully verified.

[In] Int[(1 - x72)/((1 + x~2)*Sqrt[1 + x~4]),x]
[Out] ArcTan[(Sqrt[2]*x)/Sqrt[1 + x~4]]/Sqrt[2]
Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 1713

Int[((A) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4])
, X_Symbol] :> Dist[A, Subst[Int[1/(d + 2*a*e*x”2), x], x, x/Sqrtla + c*x"4
11, x]1 /; FreeQl[{a, c, 4, e, A, B}, x] && NeQ[c*d~2 + axe”2, 0] && EqQ[c*d”
2 - axe”2, 0] && EqQ[Bxd + Axe, 0]

Rubi steps

/ 1-a* dz = Subst(/ 1 dz,z m )
(14+2?)V1+azt 1+23% 7777 /1 4 24
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Mathematica [A]
time = 0.22, size = 23, normalized size = 1.00

()

V2

Antiderivative was successfully verified.

[In] Integratel[(1 - x~2)/((1 + x~2)*Sqrt[1 + x~4]),x]
[Out] ArcTan[(Sqrt[2]*x)/Sqrt[1 + x~4]]1/Sqrt[2]

Maple [C] Result contains higher order function than in optimal. Order 4 vs. order 3.
time = 0.14, size = 112, normalized size = 4.87

method | result

arctan(W) \/E

elliptic | — 5
o0otOf _Z‘2 z+ .'134 + 1

RootOf (__Z"+2) In (R < ;Z; )
trager — 5

V—iz? +1 viz? + 1 EllipticF <x< \/25 +\é§>l> a-niv—iz2 +1 Viz2 +1 EuipticPi((—l)%z
default — ;

(V2+2) VT T vai+l

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"2+1)/(x"2+1)/(x~4+1)~(1/2),x,method=_RETURNVERBOSE)

[Out] -1/(1/2%27(1/2)+1/2*%I*27(1/2) ) *(1-I*x"2)~(1/2) *(1+I*x~2)~(1/2) / (x~4+1)~(1/2
)*E1lipticF (x*(1/2%27(1/2)+1/2*%I%27(1/2)) ,I)-2%(-1)~(3/4) *(1-I*x~2) ~(1/2)*(
1+Ixx72)~(1/2) / (x~4+1)~(1/2) *E11lipticPi ((-1)~(1/4)*x,I, (-I)~(1/2)/(-1)~(1/4

)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x~2+1)/(x"2+1)/(x"4+1)~(1/2),x, algorithm="maxima")
[Out] -integrate((x~2 - 1)/(sqrt(x™4 + 1)*(x"2 + 1)), x)
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Fricas [A]
time = 0.49, size = 18, normalized size = 0.78

zt+1

ﬁx)

1

— V2 arct

5 arctan (
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((-x~2+1)/(x"2+1)/(x"4+1)~(1/2),x, algorithm="fricas")

[Out] 1/2*sqrt(2)*arctan(sqrt(2)*x/sqrt(x”4 + 1))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

z? 1
— : -dx — — ‘ - | dx
2Vrt+1 + VvVt +1 2Vrt+1 + vVt +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**2+1)/(x**2+1)/(x**4+1)**x(1/2),%)
[Out] -Integral (x**2/(x**2*sqrt(x**4 + 1) + sqrt(x**4 + 1)), x) - Integral(-1/(x*
*2ksqrt (x**4 + 1) + sqrt(x**4 + 1)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((-x~2+1)/(x"2+1)/(x"4+1)~(1/2),x, algorithm="giac")
[Out] integrate(-(x"2 - 1)/(sqrt(x"4 + 1)*(x"2 + 1)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.04

/ 7?2 —1 i
(x2+1) Vat+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"2 - 1)/((x"2 + 1D)*(x"4 + 1)7(1/2)),x)
[Out] -int((x"2 - 1)/((x"2 + D*(x"4 + 1)°(1/2)), %)
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log(sin(z))
3.40 T+sin(a) OF
Optimal. Leaf size=22
—2 — tanh ™! (cos(z)) — cos(i*c)—i_lc;igaz;(a:))

[Out] -x-arctanh(cos(x))-cos(x)*1n(sin(x))/(1+sin(x))

Rubi [A]
time = 0.05, antiderivative size = 22, normalized size of antiderivative = 1.00, number of

number of rules _ (50
’ integrand size ’

steps used = 4, number of rules used = 5, integrand size = 10
Rules used = {2727, 2634, 2918, 3855, 8}

_ cos(z) log(sin(z))

—z — tanh ™ (cos(z)) sin(z) + 1

Antiderivative was successfully verified.

[In] Int([Log[Sin[x]]1/(1 + Sin[x]),x]

[Out] -x - ArcTanh[Cos[x]] - (Cos[x]*Log[Sin[x]])/(1 + Sin[x])
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 2634

Int[Loglu_]*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Dist[Log[ul, w, x]
- Int[SimplifyIntegrand[wx(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w, x
11 /; InverseFunctionFreeQ[u, x]

Rule 2727

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> Simp[-Cos[c +
d*x]/(dx(b + axSin[c + d*x])), x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b
~2, 0]

Rule 2918

Int[((cos[(e_.) + (£_.)*(x_)I*(g_.))"(p_)*((d_.)*sin[(e_.) + (£_.)*(x_)1)"(
n_.))/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]), x_Symbol] :> Dist[g~2/a, Int[
(g*Cosl[e + f*x])~(p - 2)*(d*Sin[e + £*x])"n, x], x] - Dist[g™2/(b*d), Int[(
g*Cos[e + f*x])~(p - 2)*(d*Sinle + £*x])~(n + 1), x], x] /; FreeQ[{a, b, d,
e, f, g, n, p}, x] && EqQ[a"2 - b~2, 0]
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Rule 3855
Int[cscl[(c_.) + (d_.)*(x_)], x_Symbol]
/; FreeQ[{c, d}, x]

:> Simp[-ArcTanh[Cos[c + d*x]]/d, x]

Rubi steps

/ log(sin(z)) dp — _ cos(z) log(sin(z)) 4 / cos(x) cot(:c) i

1 + sin(zx) v 1 + sin(zx) 1+ sin(z
_ cos(x) log(sin(z)) /ldw + /csc z)dz
1 + sin(z)

— 2 — tanh™ (cos(z)) — Cos(l Jrl(fn?n) z)

Mathematica [A]
time = 0.03, size = 39, normalized size = 1.77

T log(sin sin
—x — 2log (cos <§>> 2cogs§(( )(+)21n (§(

Antiderivative was successfully verified.

[In] Integrate[Log[Sin[x]]/(1 + Sin[x]),x]

[Out] -x - 2xLog[Cos([x/2]] + (2*Log[Sin[x]]*Sin[x/2])/(Cos[x/2] + Sin[x/2])
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 53 vs.

2(22) = 44.
time = 0.21, size = 54, normalized size = 2.45

method | result

—z—xtan(Z)+2tan(%)In (ii:g?z))
norman Ttan(Z) #% +1In (1+ tan® (3))

—21n(e?*® —1)+In(14-e**) +In(e** —1) +im—iIn(14-e'*) e?* —2ix+im csgn(sin(zx) )csgn (i sin(z 2—i7rcsgn sin(z))3—In(1-
(e

. 21n(e'®)
risch o

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1n(sin(x))/(sin(x)+1),x,method=_RETURNVERBOSE)
[Out] (—x-x*tan(1/2*x)+2*tan(1/2*x)*1n(2*tan(1/2*x)/(1+tan(1/2*x)~2)))/(1+tan(1/2

*x))+1n(1+tan(1/2*xx)~2)
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Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 82 vs.

2(22) = 44.
time = 5.23, size = 82, normalized size = 3.73

2 ].Og — 2 sin(z)
_ <<< D) st (S0 ) 101 (Y i (<> . 1>
c:sl?ggja +1 cos () + 1 cos(z) +1 (cos (z) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(sin(x))/(1+sin(x)),x, algorithm="maxima")

[Out] -2xlog(2*sin(x)/((sin(x)~2/(cos(x) + 1)72 + 1)*(cos(x) + 1)))/(sin(x)/(cos(
x) + 1) + 1) - 2*%arctan(sin(x)/(cos(x) + 1)) + 2xlog(sin(x)/(cos(x) + 1)) -
log(sin(x)~2/(cos(x) + 1)72 + 1)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 93 vs.

2(22) = 44.

time = 0.42, size = 93, normalized size = 4.23

4 (cos () + sin (z) + 1) arctan (—zizg;t;;:g;ﬁ) + 42 cos (z) + (cos (z) + sin () + 1) log (} cos (z) + §) — (cos (z) +sin (z) + 1) log (—3 cos (z) + 3) + 2 (cos (z) — sin (z) + 1) log (sin (z)) + 4z sin (z) + 4z

2 (cos () + sin (z) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(sin(x))/(1+sin(x)),x, algorithm="fricas")

[Out] -1/2*%(4x(cos(x) + sin(x) + 1)*arctan(-(cos(x) + sin(x) + 1)/(cos(x) - sin(x
) + 1)) + 4xxxcos(x) + (cos(x) + sin(x) + 1)*log(1/2*cos(x) + 1/2) - (cos(x

) + sin(x) + 1)*log(-1/2*cos(x) + 1/2) + 2*(cos(x) - sin(x) + 1)*log(sin(x)

) + 4xx*sin(x) + 4x*x)/(cos(x) + sin(x) + 1)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 105 vs.

2(20) = 40.
time = 0.67, size = 105, normalized size = 4.77

_ 2 log (tarP (22)

B T tan (g) T el )+
tan (%) +1 tan (g) +1 tan (%)

)ta,n (5) 1o (ta,n (2)+ )ta,n (%) log(tan®(Z)+1) 2log(2)tan (%)
i ) an (3) + * gtan( ) +1 * tfn(g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1n(sin(x))/(1+sin(x)),x)

[Out] -x*tan(x/2)/(tan(x/2) + 1) - x/(tan(x/2) + 1) + 2xlog(tan(x/2)/(tan(x/2)**2
+ 1))*tan(x/2)/(tan(x/2) + 1) + log(tan(x/2)**2 + 1)x*tan(x/2)/(tan(x/2) +
1) + log(tan(x/2)**2 + 1)/(tan(x/2) + 1) + 2*log(2)*tan(x/2)/(tan(x/2) + 1)

Giac [A]
s (52 )

time = 0.48, size = 36, normalized size = 1.64

. 2
—x—M—2log (tan(ix) +1> +2log(

tan (3 z) + 1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(sin(x))/(1+sin(x)),x, algorithm="giac")
[Out] -x - 2*log(sin(x))/(tan(1/2*x) + 1) - 2xlog(tan(1/4#x)~2 + 1) + 2*log(abs(t
an(1/4%x)))

Mupad [B]
time = 0.38, size = 55, normalized size = 2.50

—27z +In (2 sin (z) — cos (z) 2i — 2i) (—1 —i) + In (2 sin (z) — cos (z) 2i + 2i) (1 —i) — p— (x2) Ts(illn(ia):)il —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(sin(x))/(sin(x) + 1),x)

[Out] log(2*sin(x) - cos(x)*2i + 2i)*(1 - 1i) - log(2*sin(x) - cos(x)*2i - 2i)*(1
+ 1i) - 2*x - (2*log(sin(x)))/(cos(x) + sin(x)*1i + 1i)



201

3.41 [log(sin(zx)) /1 + sin(z) dx

Optimal. Leaf size=42

—dtanh-! ( cos(x) > 4 cos(x) 2 cos(z) log(sin(z))

1+ sin(z) " 1+ sin(z) - /1 +sin(z)

[Out] -4*arctanh(cos(x)/(1+sin(x))~(1/2))+4*cos(x)/(1+sin(x))~(1/2)-2*cos(x)*1n(s
in(x))/(1+sin(x))~(1/2)

Rubi [A]
time = 0.11, antiderivative size = 42, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.533,

steps used = 6, number of rules used = 7, integrand size = 12
Rules used = {2725, 2634, 12, 2953, 3060, 2852, 212}

4cos(z)  2cos(z)log(sin(z)) A tanh-1 ( cos(x) >

sin(z) + 1 sin(x) + 1 V/sin(z) + 1

Antiderivative was successfully verified.
[In] Int[Log[Sin[x]]*Sqrt[1 + Sin[x]],x]

[Out] -4*ArcTanh[Cos([x]/Sqrt[1 + Sin[x]]] + (4xCos[x])/Sqrt[1 + Sin[x]] - (2%Cos[
x]*Log[Sin[x]])/Sqrt[1 + Sin[x]]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] Il LtQ[b, 01)

Rule 2634

Int[Loglu_J]*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Dist[Log[ul, w, x]
- Int[SimplifyIntegrand[wx(D[u, x]/u), x], x] /; InverseFunctionFreeQ[w, x
11 /; InverseFunctionFreeQ[u, x]

Rule 2725

Int[Sqrt[(a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[-2*bx*(Cos
[c + d*x]/(d*Sqrt[a + b*Sin[c + d*x]]1)), x] /; FreeQ[{a, b, c, d}, x] && Eq
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Qfa"2 - b2, 0]

Rule 2852

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11/((c_.) + (d_.)*sin[(e_.) + (
f_.)*(x_)]), x_Symbol] :> Dist[-2*(b/f), Subst[Int[1/(b*c + a*d - d*x~2), x
1, x, b*(Cos[e + f*x]/Sqrt[a + bxSin[e + f*x]11)]1, x] /; FreeQ[{a, b, c, d,

e, £}, x] &% NeQ[b*c - a*d, 0] && EqQ[a"2 - b~2, 0] &% NeQ[c™2 - d"2, 0]

Rule 2953

Int[cos[(e_.) + (£_.)*(x_)]1"2x((d_.)*sin[(e_.) + (£_.)*(x_)1)"(n_)*((a_) +
(b_.)*sin[(e_.) + (£_.)*(x_)]1)"(m_), x_Symbol] :> Dist[1/b~2, Int[(d*Sin[e
+ fxx])"nx(a + b*Sin[e + f*x]) " (m + 1)*(a - b*Sin[e + f*x]), x], x] /; Free
Ql{a, b, 4, e, f, m, n}, x] & EqQ[a"2 - b~2, 0] && (ILtQ[m, 0] || 'IGtQ[n
, 01)

Rule 3060

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)11*((A_.) + (B_.)*sin[(e_.) + (
f_)*xx)1)*((c_.) + (d_.)*sinl(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :> Simp
[-2xb*B*Cos[e + f*x]*((c + d*Sin[e + f*x])~(n + 1)/(d*f*(2*n + 3)*Sqrt[a +
b*Sin[e + f*x]]1)), x] + Dist[(Axbxd*(2*n + 3) - B*(b*c - 2xaxd*(n + 1)))/(b
*d*x(2*xn + 3)), Int[Sqrt[a + bxSin[e + f*x]]1*(c + d*Sin[e + f*x])“"n, x], x]
/; FreeQ[{a, b, c, d, e, £, A, B, n}, x] && NeQ[b*c - axd, 0] &% EqQ[a~2 -
b"2, 0] && NeQ[c™2 - 472, 0] && 'LtQ[n, -1]

Rubi steps

/ log(sin(z)) /1 sin(z) dz = — 2208 1os(sin(z)) / _ 2cos(z) cot(z)

V1 +sin(z) 1 + sin(z)
_ 2 cos(z) log(sin(x)) cos(z) cot(x) d

/1 + sin(z) - 1+ sin(z) ’

. _2005(-'1;) log(sin(z)) cse(z)(1 — sin(z sin(z) dz
- el el +2/ (#)(1 - sin(z)) /1 + sin(z) d

_ 4cos(z)  2cos(z)log(sin(z)) cse() /T sinla) de
_\/1+sin(x) V1 + sin(z) +2/ () V1 +sin(z) d

4cos(z)  2cos(z)log(sin(z)) tbe 1 - cos(z)
/14 sin(z) 1 + sin(z) 4S bt(/l—x2d /1 + sin(
— 4tanh-! ( cos(x) ) 4cos(z)  2cos(z)log(sin(z))

/1 +sin(z) 1+ sin(z) /1 +sin(z)
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Mathematica [B] Leaf count is larger than twice the leaf count of optimal. 87 vs. 2(42) =

84.
time = 0.06, size = 87, normalized size = 2.07

2(—1log (1 +cos (%) —sin (£)) + log (1 — cos (£) +sin (£)) — cos (£) (—2 + log(sin(z))) + (—2 + log(sin(z))) sin (%)) /1 + sin(z)

cos (§) +sin (3)

Antiderivative was successfully verified.

[In] Integrate[Log[Sin[x]]1*Sqrt[1 + Sin[x]],x]

[Out] (2x(-Logl[l + Cos[x/2] - Sin[x/2]] + Log[l - Cos[x/2] + Sin[x/2]] - Cos[x/2]
*(-2 + Log[Sin[x]]) + (-2 + Log[Sin[x]])*Sin[x/2])*Sqrt[1 + Sin[x]])/(Cos([x

/2] + Sin[x/2])

Maple [F]
time = 0.04, size = 0, normalized size = 0.00

/ln (sin(z)) /sin(z) + 1 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1n(sin(x))*(sin(x)+1)~(1/2),x)
[Out] int(Q1n(sin(x))*(sin(x)+1)~(1/2),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(sin(x))*(1+sin(x))~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(sin(x) + 1)*log(sin(x)), x)
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 146 vs.

2(36) = 72.
time = 0.46, size = 146, normalized size = 3.48

(cos (¢) + sin (z) + 1) log (mu]"((ua 1)sina) +2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(sin(x))*(1+sin(x))~(1/2),x, algorithm="fricas")

[Out] -((cos(x) + sin(x) + 1)*log(1/2*(cos(x)"2 - (cos(x) - 1)*sin(x) + 2*(cos(x)
- sin(x) + 1)*sqrt(sin(x) + 1) + 2*cos(x) + 1)/(cos(x) + sin(x) + 1)) - (c
os(x) + sin(x) + 1)*log(1/2*(cos(x)"2 - (cos(x) - 1) *sin(x) - 2*(cos(x) - s
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in(x) + 1)*sqrt(sin(x) + 1) + 2xcos(x) + 1)/(cos(x) + sin(x) + 1)) + 2x((co
s(x) - sin(x) + 1)*log(sin(x)) - 2xcos(x) + 2*sin(x) - 2)*sqrt(sin(x) + 1))
/(cos(x) + sin(x) + 1)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ Vvsin (z) + 1 log (sin (x)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(sin(x))*(1+sin(x))**(1/2),x)
[Out] Integral(sqrt(sin(x) + 1)*log(sin(x)), x)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 90 vs. 2(36) = 72.
time = 0.49, size = 90, normalized size = 2.14

v ( oo e s (os (L 22) i (<2 22 (w (’) -~ (<)>) vt (te- ;z))sgn(m (Lot ;z)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(sin(x))*(1+sin(x))~(1/2),x, algorithm="giac")

[Out] sqrt(2)*(2*xlog(sin(x))*sgn(cos(-1/4*pi + 1/2%x))*sin(-1/4*pi + 1/2*x) + (sq
rt(2)*log(abs(-2*sqrt(2) + 4xsin(1/4*pi - 1/2%x))/abs(2*sqrt(2) + 4xsin(1/4
xpi - 1/2%x))) + 4*sin(1/4*pi - 1/2*x))*sgn(cos(-1/4*pi + 1/2%x)))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/ln (sin(z)) v/sin(z) +1 dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(Qlog(sin(x))*(sin(x) + 1)~(1/2),x)
[Out] int(log(sin(x))*(sin(x) + 1)~(1/2), x)
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sec(x) dz

/ v/ —1+sect(z)

Optimal. Leaf size=28

3.42

— cos(z) cot(x -1 + sec4(x)
tanh—! [ <) t@)
—
V2

[Out] -1/2*arctanh(1/2*cos(x)*cot(x)*(-1+sec(x)~4)~(1/2)*2~(1/2))*2"(1/2)

Rubi [B] Leaf count is larger than twice the leaf count of optimal. 59 vs. 2(28) = 56.

time = 0.13, antiderivative size = 59, normalized size of antiderivative = 2.11, number of
number of rules — 0.385
integrand size ’

steps used = 5, number of rules used = 5, integrand size = 13,
Rules used = {4233, 6854, 2013, 2033, 212}

1 — cos*(z) sec?(z)tanh™! ( V2 sina) )
\/ 2sin?(z) — sin*(z)

V2 \/sect(z) — 1

Antiderivative was successfully verified.
[In] Int[Sec[x]/Sqrt[-1 + Sec[x]~4],x]

[Out] -((ArcTanh[(Sqrt[2]*Sin[x])/Sqrt[2*Sin[x]~2 - Sin[x]~4]]*Sqrt[1 - Cos[x]~4]
xSec[x]~2)/(Sqrt [2]*Sqrt[-1 + Sec[x]~4]1))

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 2013

Int[(u_)~(p_), x_Symbol] :> Int[ExpandToSum[u, x]°p, x] /; FreeQlp, x] && T
rinomialQ[u, x] && !TrinomialMatchQ[u, x]

Rule 2033

Int[1/Sqrtl(a_.)*(x_)"2 + (b_.)*(x_)"(n_.)], x_Symbol] :> Dist[2/(2 - n), S
ubst [Int[1/(1 - a*x~2), x], x, x/Sqrt[a*x2 + b*x"n]], x] /; FreeQ[{a, b, n
}, x] && NeQ[n, 2]

Rule 4233
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Int[sec[(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sec[(e_.) + (f_.)*(x_)]1"(n_
))~(p_), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x], x]}, Dist[ff/f,
Subst[Int[(a + b/(1 - ££72%x72)"(n/2)) p/(1 - ££72*xx~2)"((m + 1)/2), x], x,
Sinl[e + f*x]/£ff], x]] /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]
&& IntegerQ[n/2] && !'IntegerQ[p]

Rule 6854

Int[(u_.)*((a_.) + (b_.)*(v_)"(n_))"(p_), x_Symbol] :> Dist[(a + b*v~n) Fra
cPart [p]/ (v~ (n*FracPart [p])*(b + a/v™n) “FracPart([p]), Int[uxv~(a*p)*(b + a/
v'n)7p, x], x] /; FreeQ[{a, b, p}, x] & !IntegerQ[p] && ILtQ[n, 0] && Bin
omialQ[v, x] && !'LinearQ[v, x]

Rubi steps

seo(z) dxz = Subst / ! - dz, z,sin(z)

/=1 + sect(z) (1-2?) \/_1 a —1:v2)2

(\/m sec? ) Subst ( \/1 R -dx, x,sin(x))

\/m
V1= cos(z) sec? Subst| [ —(—1— — dz,x ,sin(z)
_ \/—x
- —1 + sec(x)
— cost(z) sec?(z) ) Subs L sin(z)
__( I—cos'(a) sec?(x)) S bt(flm Gy e x))
- —1 + sec*(z)

tanh™* ( \/ V2 sinG) ) /1 —cost(z) sec?(x)
2sin?(z) — sin*(z)

V2 /=1 + seci(z)

Mathematica [A]
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time = 0.03, size = 45, normalized size = 1.61

tanh ™" <%\/4 — 2sin?(z) ) /3 + cos(2z) sec(x) tan(z)
- 2,/—1 + sec*(z)

Antiderivative was successfully verified.

[In] Integrate[Sec[x]/Sqrt[-1 + Sec[x]~4],x]

[Out] -1/2%(ArcTanh[Sqrt[4 - 2+Sin[x]~2]/2]*Sqrt[3 + Cos[2*x]]*Sec[x]*Tan[x])/Sqr
t[-1 + Sec[x]~4]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 90 vs.

2(23) = 46.
time = 0.15, size = 91, normalized size = 3.25

method | result size
. cos(z)— 2 4 . 1+4cos? (z)
\/§ \/E arcsmh( 1 +C(03 (m; ) —arctanh 4\/1:00\5/2?@ (sin®(z)) m
2
default (H;(OS(?() = 91
8(cos(x)—1) cos(x)? \/— %

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(x)/(-1+sec(x)~4)~(1/2),x,method=_RETURNVERBOSE)

[Out] -1/8%8~(1/2)*2~(1/2)*(arcsinh((cos(x)-1)/(1+cos(x)))-arctanh(1/4*x2~(1/2)*4"
(1/2)/((1+cos(x)~2) / (1+cos(x))~2)~(1/2))) *sin(x) ~3* ((1+cos (x) ~2) / (1+cos(x))
~2)7(1/2)/(cos(x)-1)/cos(x)"2/(-2*%(cos(x)"4-1)/cos(x)"4)~(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)/(-1+sec(x)~4)~(1/2),x, algorithm="maxima")

[Out] integrate(sec(x)/sqrt(sec(x)”4 - 1), x)
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 54 vs.

2(23) = 46.
time = 0.45, size = 54, normalized size = 1.93

. (2 V2 \/ CO(S:os @ cos (z)* — (cos () + 3) sin (x))
4 V2 log | - (cos (z)? — 1) sin (z)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)/(-1+sec(x)~4)~(1/2),x, algorithm="fricas")
[Out] 1/4*sqrt(2)*log(-2*(2*sqrt(2)*sqrt(-(cos(x)~4 - 1)/cos(x)~4)*cos(x)"2 - (co
s(x)"2 + 3)*sin(x))/((cos(x)"2 - 1)*sin(x)))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

sec () d

/ V/(sec(z) — 1) (sec (z) + 1) (sec? (z) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)/(-1+sec(x)**4)**(1/2),x)

[Out] Integral(sec(x)/sqrt((sec(x) - 1)*(sec(x) + 1)*(sec(x)**2 + 1)), x)
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 92 vs. 2(23) = 46.
time = 0.62, size = 92, normalized size = 3.29

1 1 1
ﬁ(log (tan(;z)Z— tan(%z) +1 +1) —log (—tan(;z)2+ tan(%z) +1 +1> + log (—tan(;z)Z—i- tan(%z) +1>)

4sgn (tan (%x)s + 2 tan (%x)3 + tan (3 z))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)/(-1+sec(x)~4)~(1/2),x, algorithm="giac")

[Out] 1/4*sqrt(2)*(log(tan(1/2%x)~2 - sqrt(tan(1/2*x)"4 + 1) + 1) - log(-tan(1/2x
x)"2 + sqrt(tan(1/2*x)"4 + 1) + 1) + log(-tan(1/2*x)~2 + sqrt(tan(1/2*x)~4

+ 1)))/sgn(tan(1/2%x)~5 + 2*tan(1/2*x)~3 + tan(1/2%x))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.04

/ 1 dz
1

cos ()

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(x)*(1/cos(x)~4 - 1)~(1/2)),x)
[Out] int(1/(cos(x)*(1/cos(x)"4 - 1)~(1/2)), x)
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tan(x) dx

/ /1 + tan*(z)

Optimal. Leaf size=34

3.43

tanh_l 1—tan?(z) ‘
V2 \/ 1+ tan*(z)
22

[Out] -1/4*arctanh(1/2*(1-tan(x)~2)*27(1/2)/(1+tan(x)~4)~(1/2))*2~(1/2)

Rubi [A]
time = 0.03, antiderivative size = 34, normalized size of antiderivative = 1.00, number of

: number of rules — 0.308
integrand size ’

steps used = 4, number of rules used = 4, integrand size = 13
Rules used = {3751, 1262, 739, 212}

tanh_l 1—tan?(z) ‘
V2 \/ tan*(z) + 1

2v2

Antiderivative was successfully verified.

[In] Int[Tan[x]/Sqrt[l + Tan[x]~4],x]

[Out] -1/2%ArcTanh[(1 - Tan[x]~2)/(Sqrt[2]*Sqrt[1 + Tan[x]~4]1)]1/Sqrt[2]
Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 739

Int[1/(((d_) + (e_.)*(x_))*Sqrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(c*xd"2 + a*e™2 - x72), x], x, (axe - cxd*x)/Sqrt[a + c*x~2]] /; FreeQ
[{a, c, d, e}, x]

Rule 1262

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*x)~g*(a + c*x~2)7p, x], x, x72], x] /; FreeQ
[{a, ¢, d, e, p, q}, x]

Rule 3751
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Int[((d_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(£_)*x)D1)" (@ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x],
x]}, Dist[cx(£f£f/f), Subst[Int[(d*ff*(x/c)) m*((a + b*x(ff*x)"n) p/(c"2 + ff
~2xx~2)), x], x, cx(Tan[e + f*x]/ff)], x]] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pY, x] && (IGtQ[p, 0] || EqQ[n, 2] || EqQn, 4] || (IntegerQ[p] && Ration
alQ[n]))

Rubi steps

tan(z) dr = Subst( z dz, x,tan(z >
/ /1 + tan'(z) / (1+22) V142t % tan(z)
1 1 2
= §Subst (/ R W dz, z,tan (m))
1 1 1 — tan?(x)
= — | =Subst ——dz,z,
(2 (/ 2 — 12 1 + tan*(z) ))

tanh_l 1—tan?(z) |
V2 \/ 1 + tan*(z)
2v/2

Mathematica [A]
time = 0.05, size = 55, normalized size = 1.62

- /3 + cos(4z) log (\/5 cos(2z) + /3 + cos(4zx) ) sec?(z)
42" (/1 + tan*(z)

Antiderivative was successfully verified.

[In] Integrate[Tan[x]/Sqrt[1 + Tan[x]~4],x]

[Out] -1/4%(Sqrt[3 + Cos[4*x]]*Log[Sqrt[2]*Cos[2*x] + Sqrt[3 + Cos[4*x]]]*Sec[x]~
2)/(Sqrt[2]1#Sqrt[1 + Tan[x]"4])

Maple [A]
time = 0.07, size = 37, normalized size = 1.09

’ method result ‘ size ‘
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VZ arctanh (o)) V2
4\/(1 + tan? (z))® — 2 (tan? (z))

derivativedivides | — 1 37

\/7 arctanh (_2 (tanz(Z)) +2) \/5

default — 4\/(1 + tarf (z))” — 2 (tan® (z)) 37

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(1+tan(x)~4)~(1/2),x,method=_RETURNVERBOSE)

[Out] -1/4%2"(1/2)*arctanh(1/4*(-2*%tan(x)~2+2)*27(1/2)/((1+tan(x)~2) "2-2*tan(x) "2
)~ (1/2))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 565 vs.

2(25) = 50.

time = 3.71, size = 565, normalized size = 16.62

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1+tan(x)~4)~(1/2),x, algorithm="maxima")

[Out] -1/16%sqrt(2)*(log(4*sqrt(2x(6*cos(4*x) + 1)*cos(8*x) + cos(8*x)~2 + 36%cos
(4xx)"2 + sin(8*x) "2 + 12*sin(8*x)*sin(4*x) + 36*sin(4*x)"2 + 12*cos(4*x) +
1)*cos(1/2*arctan2(sin(8*x) + 6*sin(4*x), cos(8*x) + 6*cos(4*x) + 1))72 +
4xsqrt (2*(6*cos(4*x) + 1)*cos(8*x) + cos(8*x)~2 + 36xcos(4*x)”2 + sin(8*x)~
2 + 12*%sin(8*x)*sin(4*x) + 36*sin(4*x)~2 + 12*cos(4*x) + 1)*sin(1/2*arctan2
(sin(8*x) + 6*sin(4#*x), cos(8*x) + 6xcos(4*x) + 1))72 + 32x(2x(6*cos(4*x) +
1)*cos(8*x) + cos(8*x)~2 + 36*cos(4*x)"2 + sin(8*x) "2 + 12*sin(8+*x)*sin(4*
x) + 36*xsin(4*x)"2 + 12*%cos(4*x) + 1)~ (1/4)*cos(1/2*arctan2(sin(8*x) + 6*si
n(4*x), cos(8*x) + 6*cos(4*x) + 1)) + 64) + log(4*cos(4*x)~2 + 4xsin(4*x)"2
+ 4xsqrt (2% (6xcos(4*x) + 1)*cos(8*x) + cos(8*x)~2 + 36*cos(4*x)”2 + sin(8x
X)7"2 + 12*sin(8*x)*sin(4*x) + 36*sin(4*x)~2 + 12xcos(4x*x) + 1)*(cos(1/2*arc
tan2(sin(8*x) + 6*sin(4x*x), cos(8%x) + 6%cos(4*x) + 1))~2 + sin(1/2*%arctan2
(sin(8*x) + 6*sin(4*x), cos(8*x) + 6*cos(4*x) + 1))72) + 8x(2x(6xcos(4*x) +
1)*cos(8*x) + cos(8*x)~2 + 36*cos(4*x)"2 + sin(8*x) "2 + 12*sin(8*x)*sin(4*
x) + 36*sin(4*x)"2 + 12*cos(4*x) + 1)~(1/4)*((cos(4*x) + 3)*cos(1/2*arctan2
(sin(8#*x) + 6*sin(4*x), cos(8*x) + 6*cos(4*x) + 1)) + sin(4*x)*sin(1/2*arct
an2(sin(8*x) + 6*sin(4#*x), cos(8*x) + 6xcos(4*x) + 1))) + 24xcos(4*x) + 36)

)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 186 vs.
2(25) = 50.
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time = 0.43, size = 186, normalized size = 5.47

v 577 tan (z)'® — 1912 tan (z)™* + 4124 tan (¢)'2 - 6216 tan ()" + 7110 tan (z)® — 6216 tan (x)° + 4124 tan (z)* — 1912 tan (z)* + 8 (51 V2 tan (z)™ — 160 V2 tan (2)"* + 330 V2 tan (2)"° — 465 V2 tan (z)* + 465 v2' tan (z)° — 339 V2 tan (z)* + 169 V2 tan (z)* — 51 ﬁ) \/tan (z) +
32 tan ()" + 8 tan ()" + 28 tan (z) + 56 tan (z)™ + 70 tan (z)° + 56 tan (z)° + 28 tan (z)" + 8 tan (z)? + 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1+tan(x)~4)~(1/2),x, algorithm="fricas")

[Out] 1/32%sqrt(2)*log((577*tan(x)~16 - 1912xtan(x)~14 + 4124xtan(x)~12 - 6216%ta
n(x)~10 + 7110*tan(x) "8 - 6216*tan(x) "6 + 4124*tan(x)~4 - 1912*%tan(x)"2 + 8
*(51xsqrt (2)*tan(x) "14 - 169*sqrt(2)*tan(x) 12 + 339*sqrt(2)*tan(x)~10 - 46
Bxsqrt (2) *tan(x) "8 + 465*sqrt(2)*tan(x) 6 - 339*sqrt(2)*tan(x)~4 + 169*sqrt
(2)*tan(x)~2 - 51xsqrt(2))*sqrt(tan(x)~4 + 1) + 577)/(tan(x)"16 + 8*tan(x)”

14 + 28xtan(x)~12 + 56*tan(x)~10 + 70*tan(x)~8 + 56%tan(x)~6 + 28*tan(x)~4

+ 8*tan(x)"2 + 1))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ tan (x)
\/tan* (z) + 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1+tan(x)**4)**(1/2),x)
[Out] Integral(tan(x)/sqrt(tan(x)**4 + 1), x)
Giac [A]

time = 0.51, size = 50, normalized size = 1.47

tan(m)2+f— tan (z)* +1 +1

1
Z_l 2 log —
tan f—\/tan +1 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1+tan(x)~4)~(1/2),x, algorithm="giac")
[Out] 1/4*sqrt(2)*log(-(tan(x)~2 + sqrt(2) - sqrt(tan(x)~4 + 1) + 1)/(tan(x)"2 -
sqrt(2) - sqrt(tan(x)”4 + 1) + 1))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

/ tan
\/tan —|— 1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(tan(x)"4 + 1)~(1/2),x)
[Out] int(tan(x)/(tan(x)"4 + 1)~(1/2), x)
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sin(z) dz

/ /1 — sin’(z)

Optimal. Leaf size=39
ta,nh_l cos(z) (1+sin? (:1;))
\/ 1 — sin®(z)

[Out] 1/6*arctanh(1/2*cos(x)*(1+sin(x)~2)*3~(1/2)/(1-sin(x)~6)~(1/2))*3~(1/2)

Rubi [A]
time = 0.03, antiderivative size = 50, normalized size of antiderivative = 1.28, number of

number of rules — 0.267,
integrand size

3.44

steps used = 4, number of rules used = 4, integrand size = 15,
Rules used = {3295, 2021, 1918, 212}

tanh_l cos(z) (6—3 cos?(z)) >
(2f 3 \/cos®(z) — 3 cost(z) + 3 cos?(x)
2\/37

Antiderivative was successfully verified.
[In] Int[Sin[x]/Sqrt[1 - Sin[x]~6],x]

[Out] ArcTanh[(Cos[x]*(6 - 3*Cos[x]~2))/(2%Sqrt[3]*Sqrt[3*Cos[x]~2 - 3*Cos[x]"4 +
Cos[x]76]1)]1/(2*Sqrt [3])

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

Rule 1918

Int[1/Sqrtl(a_.)*(x_)"2 + (b_.)*(x_)"(n_.) + (c_.)*(x_)"(r_.)], x_Symbol] :
> Dist[-2/(n - 2), Subst[Int[1/(4*a - x~2), x], x, x*((2%a + bxx~(n - 2))/S
qrt[a*x”™2 + b*x"n + c*x7r])], x] /; FreeQ[{a, b, ¢, n, r}, x] && EqQlr, 2*n
- 2] && PosQ[n - 2] && NeQ[b~2 - 4xaxc, 0]

Rule 2021

Int[(u_)~(p_), x_Symbol] :> Int[ExpandToSum[u, x]°p, x] /; FreeQlp, x] && G
eneralizedTrinomialQ[u, x] && !GeneralizedTrinomialMatchQ[u, x]

Rule 3295
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Int[sin[(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"(n_
))~(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + f*x], x]}, Dist[-ff/f
, Subst[Int[(1 - ££72%x72)"((m - 1)/2)*(a + b*(1 - ££72*%x"2)"(n/2))"p, x],
x, Cos[e + fxx]/ff], x]1] /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2
] && IntegerQ[n/2]

Rubi steps

/ \/% = —Subst (/ m dzx, z,cos(x )
(

= —Subst -dz, x,cos(x
V322 — 3zt 4 26 ( )>

. cos(z) (6 — 3cos*(x))
=5 bt(/ 12—x2d " /3 cos?(z) — 3cosi(x )+C°S6(x))

tanh_l ( cos(z) (6—3 cos?(z)) | )
2v/3"\/3 cos?(x) — 3 cost(x) + cosS(x)

B 23
Mathematica [A]
time = 0.06, size = 65, normalized size = 1.67
) \/;(—3+cos(2x)) ‘
tanh™ - | cos(z) /15 — 8 cos(2x) + cos(4z)

/15 — 8 cos(2z) + cos(4x)

B 44/6 — 65sin%(z)

Antiderivative was successfully verified.

[In] Integrate[Sin[x]/Sqrt[1l - Sin[x]~6],x]

[Out] -1/4%(ArcTanh[(Sqrt[3/2]*(-3 + Cos[2*x]))/Sqrt[15 - 8*Cos[2*x] + Cos[4*x]]]
*Cos [x]*Sqrt [15 - 8*Cos[2*x] + Cos[4*x]])/Sqrt[6 - 6+Sin[x]~6]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 66 vs.

2(29) = 58.
time = 0.26, size = 67, normalized size = 1.72

’ method ‘ result ‘ size ‘
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cos(e) \/ cos* (z) — 3 (cos (z)) +3 V/3" arctand (z\/ cos? (ggsiz)?:z)c:)/j(z)) + 3)

51/3 (€052 (2) — 3 (cost (z)) + cos’ (z) 67

default | —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(1-sin(x)~6)~(1/2),x,method=_RETURNVERBOSE)

[Out] -1/6/(3*cos(x)"2-3*cos(x) ~4+cos(x)~6) " (1/2)*cos(x)*(cos(x) "4-3*cos(x)~2+3)"
(1/2)*3~(1/2) *arctanh(1/2*(cos(x) ~2-2)*3~(1/2) / (cos(x) "4-3*cos(x) ~2+3)~(1/2
)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1-sin(x)~6)~(1/2),x, algorithm="maxima")
[Out] integrate(sin(x)/sqrt(-sin(x)"6 + 1), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 63 vs.
2(29) = 58.
time = 0.48, size = 63, normalized size = 1.62

1
E\/glog

cos (z)°

(7 cos (z)® — 24 cos (z)® — 4 \/cos (x)® — 3 cos (z)* + 3 cos (x)2‘ (\/5 cos (z)* — 2 \/5) + 24 cos (m))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1-sin(x)~6)~(1/2),x, algorithm="fricas")

[Out] 1/12%sqrt(3)*1log((7*cos(x)~5 - 24*cos(x)”3 - 4x*sqrt(cos(x)”6 - 3*cos(x)"4 +
3*xcos(x)~2)*(sqrt (3)*cos(x) "2 - 2*sqrt(3)) + 24x*cos(x))/cos(x)"5)

Sympy [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: SystemError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1-sin(x)**6)**(1/2),x)

[Out] Exception raised: SystemError >> excessive stack use: stack is 4847 deep
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Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 67 vs. 2(29) = 58.
time = 0.51, size = 67, normalized size = 1.72

_\/glog (cos(x)2+ V3 - \/cos(z)4—3 cos(z)2+3‘> — V3 log (—cos(:c)2+\/§ + \/cos(x)4—3 cos(:r,)2+3‘)

6 sgn (cos (z))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1-sin(x)~6)~(1/2),x, algorithm="giac")

[Out] -1/6%(sqrt(3)*log(cos(x)~2 + sqrt(3) - sqrt(cos(x)”"4 - 3*cos(x)"2 + 3)) - s
qrt(3)*log(-cos(x)~"2 + sqrt(3) + sqrt(cos(x)~4 - 3*cos(x)"2 + 3)))/sgn(cos(

x))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

sin ()
/ \/1 —sin (z)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(1 - sin(x)"6)~(1/2),x)
[Out] int(sin(x)/(1 - sin(x)~6)~(1/2), x)



217

3.45 f\/—\/—l—l—sec(a:)—l— V/1+sec(z) dx

Optimal. Leaf size=337

\/ =2+ 2v2 (—\/E—\/—1—|—sec(:v)‘—|-\/1—|—sec(x)‘> —mtm

\/5 —1+\/5 tan™* ‘
2\/—\/—1+sec(x)‘ + /1 + sec(z)

[Out] cot(x)*2~(1/2)*(-1+sec(x))~(1/2)*(1+sec(x))~(1/2)*(arctan(1/2*x(-2"(1/2)-(-1
+sec(x))~(1/2)+(1+sec(x))~(1/2))*(-2+2%x27(1/2))~(1/2) / (- (-1+sec(x)) ~(1/2)+(
1+sec(x))~(1/2))~(1/2))*(27(1/2)-1)~(1/2)+arctanh ((2+2*%27(1/2) )~ (1/2) * (- (-1
+sec(x))~(1/2)+(1+sec(x))~(1/2))~(1/2) /(27 (1/2) - (-1+sec(x) )~ (1/2) +(1+sec(x)
)"(1/2)))*(27(1/2)-1)"(1/2)-arctan(1/2* (-2~ (1/2) - (-1+sec(x) )~ (1/2)+(1+sec(x
))"(1/2))*x(2+2%x27(1/2))~(1/2) / (- (~1+sec(x)) ~(1/2)+(1+sec(x))~(1/2))~(1/2)) *
(1+27(1/2))~(1/2) —arctanh ((-2+2%2~(1/2)) " (1/2)* (- (-1+sec(x) )~ (1/2)+(1+sec(x
))~(1/2))~(1/2) /(27 (1/2)-(-1+sec(x) )~ (1/2)+(1+sec(x) )~ (1/2)))*(1+27(1/2) )~ (

1/2))

Rubi [F]
time = 0.58, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _
' integrand size 0.000,

steps used = 0, number of rules used = 0, integrand size = 0
Rules used = {}

/\/—\/WJH/W@

Verification is not applicable to the result.

[In] Int[Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1 + Sec[x]]1],x]

[Out] Defer[Int] [Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1 + Sec[x]11], x]
Rubi steps

/\/—\/—1+sec(ac)+\/1+sec(x)dx:/\/—\/—1+sec(m) + /14 sec(z) ‘dac

Mathematica [A]
time = 1.48, size = 552, normalized size = 1.64

Warning: Unable to verify antiderivative.
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[In] Integrate[Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1 + Sec[x]11],x]

[Out] (27(1/4)*Cos[x]*(Sqrt[-1 + Sec[x]] - Sqrt[l + Sec[x]])~2*(2xArcTan[Cot[Pi/8
] - (Csc[Pi/8]*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1 + Sec[x]1]1)/27(1/4)]1*Cos[Pi
/8] - 2%ArcTan[Cot[Pi/8] + (Csc[Pi/8]*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[l + Se
c[x]111)/27(1/4)]1*Cos[Pi/8] + Cos[Pi/8]*Log[2 + Sqrt[2]*(-Sqrt[-1 + Sec[x]]
+ Sqrt[1 + Sec[x]]) - 2*27(3/4)*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1 + Sec[x]]]
*Sin[Pi/8]] - Cos[Pi/8]*Log[2 + Sqrt[2]*(-Sqrt[-1 + Sec[x]] + Sqrt[1 + Secl
x]]) + 2x27(3/4)*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1 + Sec[x]]]1*Sin[Pi/8]] + 2
*xArcTan[(Sec[Pi/8]*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1 + Sec[x]]]1)/2°(1/4) - T
an[Pi/8]]1*Sin[Pi/8] + 2*ArcTan[(Sec[Pi/8]*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1
+ Sec[x]11)/2~(1/4) + Tan[Pi/8]1*Sin[Pi/8] - Logl[2 - 2*2~(3/4)*Cos[Pi/8]*Sq
rt[-Sqrt[-1 + Sec[x]] + Sqrt[1 + Sec[x]]] + Sqrt[2]*(-Sqrt[-1 + Sec[x]] + S
qrt[1 + Sec[x]]1)]1*Sin[Pi/8] + Logl[2 + 2~ (1/4)*Csc[Pi/8]*Sqrt[-Sqrt[-1 + Sec
[x]] + Sqrt[1 + Sec[x]]] + Sqrt[2]*(-Sqrt[-1 + Sec[x]] + Sqrt[1 + Sec([x]])]
*Sin[Pi/8])*Sin[x]) /(-1 + Cos[2*x] + 2*Cos[x]*Sqrt[-1 + Sec[x]]*Sqrt[1 + Se
clx1D

Maple [F]
time = 0.11, size = 0, normalized size = 0.00

/\/—\/—1+sec(m) + \/1+SeC($)“d93

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-(-1+sec(x))~(1/2)+(1+sec(x))~(1/2))~(1/2),x)
[Out] int((-(-1+sec(x))"(1/2)+(1+sec(x))~(1/2))"(1/2) ,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-(-1+sec(x))~(1/2)+(1+sec(x))~(1/2))~(1/2),x, algorithm="maxima"
)

[Out] integrate(sqrt(sqrt(sec(x) + 1) - sqrt(sec(x) - 1)), x)

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((-(-1+sec(x))~(1/2)+(1+sec(x))~(1/2))~(1/2),x, algorithm="fricas"
)
[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/—\/sec(a:)—l + sec(z) +1 ‘da:

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((-(-1+sec(x))**(1/2)+(1+sec(x))**(1/2))*x(1/2),x)
[Out] Integral(sqrt(-sqrt(sec(x) - 1) + sqrt(sec(x) + 1)), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((-(-1+sec(x))~(1/2)+(1+sec(x))~(1/2))~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(sqrt(sec(x) + 1) - sqrt(sec(x) - 1)), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

1 | 1 |
/J \/cos (x) 1= \/cos (z) 1 de

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/cos(x) + 1)~(1/2) - (1/cos(x) - 1)~(1/2))~(1/2),x)
[Out] int(((1/cos(x) + 1)°(1/2) - (1/cos(x) - 1)~(1/2))"(1/2), x)
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3.46 [ ztan™!(z)?log (1 + z?) dx
Optimal. Leaf size=77

1 1
3z tan_l(x)—g tan_l(x)2—§x2 tan_l(x)z—g log (14 z*)—=z tan " (z)log (1 + x2)+§ (1+ 2*) tan™'(z)*log

[Out] 3*x*arctan(x)-3/2*arctan(x) "2-1/2%x"2*arctan(x) ~2-3/2*1n(x"2+1)-x*arctan(x)
*1n(x"2+1)+1/2*%(x"2+1) *arctan(x) "2*1n(x"2+1)+1/4*1n(x"2+1) "2

Rubi [A]

time = 0.16, antiderivative size = 77, normalized size of antiderivative = 1.00, number of

steps used = 13, number of rules used = 10, integrand size = 12, number of rules _ 0.833,
integrand size

Rules used = {4946, 5036, 4930, 266, 5004, 5143, 5129, 2525, 2437, 2338}

3ArcTan(z)?
2

—%zzArcTan(z)2 + %(zz + 1) ArcTan(z)? log (z* + 1) — zArcTan(z) log (z* + 1) — + 3zArcTan(z) + i log? (22 +1) — %log (£®+1)

Antiderivative was successfully verified.
[In] Int([x*ArcTan[x]~2*Logl[l + x~2],x]

[Out] 3*x*ArcTan[x] - (3*%ArcTan[x]~2)/2 - (x"2*%ArcTan[x]~2)/2 - (3%Logl[l + x~2])/
2 - x*ArcTan[x]*Log[l + x"2] + ((1 + x72)*ArcTan[x] 2xLog[1 + x72])/2 + Log
[1 + x72]"2/4

Rule 266

Int[(x_)~"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 2338

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))/(x_), x_Symbol] :> Simp[(a + bx*Lo
glcxx™n])~2/(2%b*n), x] /; FreeQ[{a, b, c, n}, x]

Rule 2437

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)I*x(b_.))"(p_)*((£f)) + (g_.
)*(x_))"(q_.), x_Symbol] :> Dist[1/e, Subst[Int[(f*(x/d)) gq*(a + b*Log[c*x~
n]l)°p, x], x, d + e*x], x] /; FreeQ[{a, b, ¢, d, e, f, g, n, p, q}, x] & E
qQ[exf - dxg, 0]

Rule 2525

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_)"(m_)) " (p_.)1*(b_.))"(q_.)*(x_)"(m
_Ox((f)) + (g_)*(x_)"(s_))"(r_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Sim
plify[(m + 1)/n] - D *(f + g*x~(s/n)) "r*(a + bxLoglc*(d + e*x)~pl)~q, x], x
, x’n], x] /; FreeQ[{a, b, c, d, e, f, g, m, n, p, q, r, s}, x] && IntegerQ



221

[r] && IntegerQ[s/n] && IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, 0]
1 IGtQ[q, 01)

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ b*ArcTan[c*x"n])“p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
- 1)/ + c™2*xx~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 11 || EqQlp, 11)

Rule 4946

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol] :>
Simp[x~(m + 1)*((a + b*ArcTan[c*x"n])"p/(m + 1)), x] - Dist[b*c*n*(p/(m +
1)), Int[x"(m + n)*((a + bxArcTan[c*x™n])~(p - 1)/(1 + c™2*x~(2*n))), x], x
1 /; FreeQ[{a, b, c, m, n}, x] & IGtQ[p, 0] && (EqQ[p, 11 || (EqQ[n, 1] &&

IntegerQ[m])) && NeQ[m, -1]

Rule 5004

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)/((d ) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, p}, x] && EqQ[e, c"2xd] && NeQ[p, -1]

Rule 5036

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)*((f_.)*(x_))"(m_))/((d_) + (e
_)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)"(m - 2)*(a + bxArcTan[c*x])
“p, x], x] - Dist[d*(£72/e), Int[(f*x)~(m - 2)*((a + bxArcTan[c*x]) p/(d +
exx~2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1]

Rule 5129

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*((d_.) + Logl(f_.) + (g_.)*(x_)"2]*(
e_.)), x_Symbol] :> Simp[x*(d + ex*Logl[f + g*x~2])*(a + b*ArcTan[c*x]), x] +

(-Dist[b*c, Int[x*((d + exLoglf + g*x~2])/(1 + c~2%x~2)), x], x] - Dist[2*
exg, Int[x"2*%((a + b*ArcTan[c*x])/(f + g*x~2)), x], x]) /; FreeQ[{a, b, c,
d, e, £, g}, x]

Rule 5143

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"2*%((d_.) + Logl(f_) + (g_.)*(x_)"2]*
(e_.))*(x_), x_Symbol] :> Simp[(f + g*x~2)*(d + exLog[f + g*x~2])*((a + bxA
rcTan[c*x])~2/(2*xg)), x] + (-Dist[b/c, Int[(d + exLogl[f + g*x~2])*(a + bxAr
cTan[c*x]), x], x] + Dist[b*c*xe, Int[x"2%((a + b*ArcTan[c*x])/(1 + c~2%x"2)
), x], x] - Simplexx~2*((a + b*ArcTan[c*x])~2/2), x]1) /; FreeQ[{a, b, c, d,
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e, £, g}, x] && EqQlg, c™2xf]

Rubi steps

z? tan~!(z)

T+ 2 dr —

/ztan_l(ac)2 log (14 2?) dz = —%xz tan~'(z)* + %(1 + z?) tan™" (z)* log (1 + z°) + /

1 1
= —§x2 tan~'(z)? — ztan"'(z)log (1 + z%) + 3 (1+ 2*) tan™'(z)*log (1 + 2

1 1 1
= ztan"!(z) — 3 tan™'(z)? — §x2 tan~'(z)? — ztan"'(z)log (1 + z%) + 3 (1

1 1
= 3z tan () — gtan_l(x)z — 5:1;2 tan™'(z)? — 5 log (14 2?) — ztan ' (z)1

1
= 3z tan () — gtan_l(x)z — 5:1;2 tan™'(z)? — glog (1+2*) —ztan™'(z)]

Mathematica [A]
time = 0.02, size = 58, normalized size = 0.75

(—4ztan~'(z) (-3 +1log (14 2°)) + (=6 + log (1 + z%)) log (1 + 2°) + 2tan™"(2)* (-3 — 2° + (1 + 2°) log (1 + z°)))

o=

Antiderivative was successfully verified.

[In] Integrate[x*ArcTan[x] 2xLog[l + x~2],x]

[Out] (-4*x*ArcTan[x]*(-3 + Logl[l + x72]) + (-6 + Logl[l + x"2])*Log[l + x~2] + 2%
ArcTan[x]"2*(-3 - x72 + (1 + x"2)*Log[1l + x72]))/4

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 3.
time = 2.35, size = 1134, normalized size = 14.73

method | result size
default | Expression too large to display | 1134

risch Expression too large to display | 113915

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arctan(x) 2*1n(x~2+1),x,method=_RETURNVERBOSE)

[Out] 1n((1+I*x)~2/(x"2+1)+1) " 2+I*csgn(I/(x"2+1)~(1/2)) 2*csgn(I*((1+I*x)~2/(x"2+
1)+1) ) *In((1+I*x) "2/ (x"2+1)+1)*Pi-1/2*arctan(x) "2-1/2*x"2*arctan(x) “2+3*x*a
rctan(x)+I*xcsgn(I/(x72+1)7(1/2)) "2xcsgn(I/ (1+I*x)*(x~2+1)~(1/2))*1n((1+I*x)
~2/(x72+1)+1) #Pi+3*1n((1+I*x) "2/ (x"2+1)+1)-arctan(x) "2*1n((1+I*x)~2/(x~2+1)
+1)-3*I*arctan(x)+1n(2)*arctan(x) “2-arctan(x)*Pixcsgn(I/(x~2+1)~(1/2))*csgn
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(Ix((1+I*x) "2/ (x"2+1)+1) ) *csgn(I/(1+I*x) *(x"2+1)~(1/2))-1/2*I*arctan(x) “2*P
i*csgn(I/(x72+1)~(1/2)) " 2*csgn(I* ((1+I*x)~2/(x"2+1)+1))-1/2*I*arctan(x) “2*P
i*csgn(I/(x72+1)7(1/2)) " 2*csgn(I/ (1+I*x)*(x~2+1)~(1/2))+1/2*I*arctan(x) “2*P
ixcsgn(I/(x72+1)7(1/2)) "3*x"2-I*arctan(x)*Pi*csgn(I/(x"2+1)~(1/2)) "3*x-I*cs
gn(I/(x~2+1)~(1/2))"3*1n((1+I*x)~2/(x"2+1)+1)*Pi+1/2*I*arctan(x) “2*Pi*csgn(
I/(x~2+1)~(1/2)) 3+arctan(x)*Pi*csgn(I/(x~2+1)~(1/2)) "2*csgn(I*((1+Ix*x)~2/(
x"2+1)+1))+arctan(x) *Pixcsgn(I/(x"2+1)~(1/2)) "2*csgn(I/(1+I*x)*(x~2+1)~(1/2
))+2*xI*1n(2)*arctan(x)-arctan(x) "2*1n((1+I*x)~2/(x"2+1)+1)*x"2-arctan(x)*Pi
*xcsgn (I/(x72+1)~(1/2))~3-2*%1n(2)*arctan(x)*x+1n(2)*arctan(x) “2*x~2+2*arctan
(x)*1n((1+Ixx) "2/ (x72+1)+1) *x+(x"2*arctan(x) “2+2*I*arctan(x)+arctan(x) ~2-2%
x*arctan (x)-2*1n((1+I*x) "2/ (x"2+1)+1))*1n((1+I*x)/(x~2+1)~(1/2))+1/2*I*arct
an(x) “2*Pixcsgn(I/(x~2+1)~(1/2))*csgn(I*((1+I*x)~2/(x"2+1)+1))*csgn(I/(1+I*
x)*(x72+1)~(1/2) ) *x~2-I*arctan(x) *Pi*csgn(I/(x"2+1) " (1/2) ) *csgn(I* ((1+I*x)~
2/(x72+1)+1) ) *csgn(I/ (1+I*x) *(x~2+1)~(1/2) ) *x-2*1n ((1+I*x) "2/ (x~2+1)+1) *1n(
2)-I*xPi*1ln((1+I%x)~2/(x"2+1)+1)*csgn(I*((1+I*x)~2/(x"2+1)+1))*csgn(I/(1+I*x
)*(x72+1)7(1/2) ) *csgn(I/(x72+1)~(1/2))+1/2*I*arctan(x) "2*Pi*csgn(I/(x"2+1)"
(1/2) ) *csgn(I*((1+Ixx)~2/(x"2+1)+1))*csgn(I/ (1+I*x)*(x~2+1)~(1/2))-1/2*I*ar
ctan(x) “2*Pixcsgn(I/(x~2+1)~(1/2)) "2*csgn(I*((1+I*x)~2/(x"2+1)+1))*x"2-1/2%
I*xarctan(x) "2*Pixcsgn(I/(x"2+1)~(1/2)) "2*csgn(I/(1+I*x)*(x~2+1)~(1/2) ) *x~2+
Ixarctan(x)*Pi*csgn(I/(x"2+1)~(1/2)) "2*csgn(I* ((1+I*x)~2/(x"2+1)+1))*x+I*ar
ctan(x)*Pixcsgn(I/(x~2+1)~(1/2)) " 2xcsgn(I/(1+I*x)*(x"2+1)~(1/2))*x

Maxima [A]

time = 3.14, size = 67, normalized size = 0.87

—% (2% — (2® + 1) log (z* + 1) + 1) arctan (z)* — (zlog (> + 1) — 3z + 2 arctan (z)) arctan (z) + arctan (z)” + % log (2% + 1)2 - g log (2% +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x) ~2xlog(x~2+1),x, algorithm="maxima")

[Out] -1/2%(x"2 - (x72 + 1)*log(x~2 + 1) + 1)*arctan(x)”2 - (xxlog(x~"2 + 1)
+ 2xarctan(x))*arctan(x) + arctan(x)”2 + 1/4xlog(x”2 + 1)72 - 3/2*xlog(x"2
+ 1)

Fricas [A]
time = 0.97, size = 52, normalized size = 0.68

—% (2% + 3) arctan (z)* + 3z arctan (z) + % ((#* + 1) arctan (z)* — 2z arctan (z) — 3) log (z* + 1) + i log (z° + 1)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x) ~2xlog(x~2+1),x, algorithm="fricas")

[Out] -1/2%(x"2 + 3)*arctan(x)”~2 + 3*x*arctan(x) + 1/2*x((x"2 + 1)*arctan(x)”

xx*¥arctan(x) - 3)*log(x"2 + 1) + 1/4*log(x”2 + 1)72

- 3%x

2 -2
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Sympy [A]
time = 0.48, size = 87, normalized size = 1.13
log (z2 +1)> log (2* + 1) atan? (z) _ 3log(z*+1) 3atan®(z)

2]o (22 + 1) atan? 2 gtan?
log( +2 Jatan® (z) _ = aa2n () —zlog (2z? + 1) atan (z) + 3z atan (z) + 1 5 3 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*atan(x)**2*1ln(x**2+1),x)
[Out] x**2%log(x**2 + 1)*atan(x)**2/2 - x**x2xatan(x)**2/2 - x*log(x**2 + 1)*atan(
x) + 3*x*atan(x) + log(x**2 + 1)**2/4 + log(x**2 + 1)*atan(x)**2/2 - 3*log(

x**2 + 1)/2 - 3xatan(x)**2/2

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x) ~2xlog(x~2+1),x, algorithm="giac")

[Out] integrate(x*arctan(x) 2*log(x~2 + 1), x)

Mupad [B]

time = 0.26, size = 78, normalized size = 1.01

In(z2+1)° 3In(z2+1) 3atan(z)’  In(z2+1) atan(z)? 9 , (atan(z)’® In(2?+1) atan(z)’
1 - 5 - 2 + 5 + z (3atan(z) — In (2* + 1) atan(z)) — ( 5~ 5 )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*log(x~2 + 1)*atan(x)~2,x)
[Out] log(x™2 + 1)72/4 - (3*log(x"2 + 1))/2 - (3*atan(x)~2)/2 + (log(x™2 + 1)*ata
n(x)~2)/2 + x*(3*atan(x) - log(x~2 + 1)*atan(x)) - x"2x(atan(x)"2/2 - (log(

X"2 + 1)*atan(x)~2)/2)
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3.47 [ tan™* (xm) dx

Optimal. Leaf size=120
-1 L L 1 2 .
x tan <x\/1+x2 >—|—§tan <¢§—2v1+x2 )—ﬁtan <\/§ +2v1+x2>—1¢§10g<2+x —/

[Out] -1/2*arctan(-3"(1/2)+2*(x"2+1)~(1/2))+x*arctan(x*(x~2+1)~(1/2))-1/2*arctan(
37(1/2)+2% (x72+1)~(1/2))-1/4*x1n(2+x~2-3"(1/2) *(x~2+1) ~(1/2) )*3~(1/2)+1/4%*1n
(2+x72+37(1/2) *(x~2+1)~(1/2))*3~(1/2)

Rubi [A]

time = 0.10, antiderivative size = 120, normalized size of antiderivative = 1.00, number of

number of rules _ j gg7
' integrand size ’

steps used = 12, number of rules used = 8, integrand size = 12
Rules used = {5311, 1699, 840, 1183, 648, 632, 210, 642}

zArcTan(z\/m) + %ArcTan(\/g 72@) - %ArcTan(Q\/m + \/??) - i\/?? log (zz —V3VaZ+1 +2> +i\/§ log (zz +V3 V41 +2>

Antiderivative was successfully verified.
[In] Int[ArcTan([x*Sqrt[1 + x~2]],x]

[Out] x*ArcTan[x*Sqrt[1 + x"2]] + ArcTan[Sqrt[3] - 2*Sqrt[1 + x"2]]1/2 - ArcTan[Sq
rt[3] + 2xSqrt[1 + x~2]]1/2 - (Sqrt[3]*Logl[2 + x~2 - Sqrt[3]*Sqrt[1 + x~2]1])
/4 + (Sqrt[3]*Log[2 + x"2 + Sqrt[3]*Sqrt[1 + x~2]]1)/4

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4+*axc, 0]

Rule 642

Int[((d)) + (e_)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
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t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 840

Int[((£_.) + (g_.)*(x_))/(Sqrtl(d_.) + (e_.)*x(x_)1*((a_.) + (b_.)*x(x_) + (c
_.)*(x_)"2)), x_Symbol] :> Dist[2, Subst[Int[(exf - dxg + g*x~2)/(c*d™2 - b
xd*e + axe”2 - (2xc*kd - b*e)*x"2 + c*x~4), x], x, Sqrt[d + exx]], x] /; Fre
eQl{a, b, c, d, e, £, g}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d"2 - b*d*e +

axe~2, 0]

Rule 1183

Int[((d_) + (e_.)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[a/c, 2]}, With[{r = Rt[2*q - b/c, 2]}, Dist[1/(2*c*q*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*qg*r), Int[(d*r +

(d - exq)*x)/(q + r*x + x72), x], x]1]1] /; FreeQ[{a, b, c, 4, e}, x] && NeQ
[b°2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe + a*e”2, 0] && NegQ[b~2 - 4x*axc]

Rule 1699

Int [(Px_)*(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[(Px /. x -> Sqrt[x])*(d + e*x)
“gx(a + b*x + c*x"2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x]
&& PolyQ[Px, x~2]

Rule 5311
Int[ArcTan[u_], x_Symbol] :> Simp[x*ArcTan[u], x] - Int[SimplifyIntegrand[x

*(D[u, x]/(1 + u™2)), x], x] /; InverseFunctionFreeQ[u, x]

Rubi steps
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1+ 222
/tan"l (z\/1+z2 ) dx = ztan™? <x\/1—|-a:2 ) — \/H—xg (—|1—+x z 1 dx
z 2+
1 14+ 2x
_ -1 2\ _ = 2
= rtan <x\/1+x> 2Subst( \/H——x(1+z+x2) xw,x)
-1 —1+2.’L'
= zrtan (x\/1+x2>—8ubst md z,V1+ x?
( ) Subst(f %H“ dac,x,\/1+x2> Subst(f—"
=ztan"! (V1 + 22 1-V3 ota? - I+
2v/3’
1 1
:xta,n1<x 1+x2> }1 bst(/1 Jron 2d,$,V1+z2>—ZSubf
—V3z+z
1
=xtan1<:v 1+x2> Zflog<2+w—fv1+x2)+ flog(Z—l—
= rtan” 1<xv1+x2>+%tan 1( 3 —2\/1+w2)——tan 1(\/§ +24/1-

Mathematica [C] Result contains complex when optimal does not.
time = 0.11, size = 95, normalized size = 0.79

—%(1—2‘\/37)1::%’1 (%(1—2\/5) m) —%(l—l—i\/??)tan’l (%<1+z\/§) \/1—%—7) +ztan! (wW)

Antiderivative was successfully verified.

[In] Integrate[ArcTan[x*Sqrt[1 + x~2]],x]

[Out] -1/2%((1 - IxSqrt[3])*ArcTan[((1 - I*Sqrt[3])*Sqrt[1l + x~2])/2]) - ((1 + Ix
Sqrt [3])*ArcTan[((1 + I*Sqrt[3])*Sqrt[1 + x~2]1)/2])/2 + x*ArcTan[x*Sqrt[1 +
x~2]]
Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 507 vs.
2(92) = 184.
time = 0.06, size = 508, normalized size = 4.23

method | result

2(1+x)?
s 42 \/? — 2
2(1+a:) _|_2 (1—x) ; \/5 2((_111—;))2 +

\/5 arctanh

default | rarctan (zvz2+1) + +

[EESCI !
3\/% (}f—iﬂ) 34
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan(x*(x~2+1)~(1/2)),x,method=_RETURNVERBOSE)

[Out] x*arctan(x*(x~2+1)~(1/2))+1/3*%27(1/2)/(((1+x)"2/(1-x)"2+1)/((1+x) /(1-x)+1)~
2)°(1/2)/ ((1+x) / (1-x)+1) * (2*x (1+4x) "2/ (1-x) ~2+2) ~(1/2)*3~ (1/2) *arctanh (1/2* (2
*(1+x) 72/ (1-x)"2+2) ~(1/2) %37 (1/2) )+1/3%27(1/2) / (((-1+x) "2/ (-1-x) "2+1) / ((-1+
x)/(-1-x)+1)"2)"(1/2) / ((-1+4x) / (-1-x) +1) * (2% (-1+x) "2/ (-1-x) "2+2) ~(1/2)*3~ (1/
2)*arctanh (1/2% (2% (-1+x) "2/ (-1-x)"2+2) ~(1/2)*3~(1/2))-1/12%2~ (1/2) * (2% (1+x)
~2/(1-x)"2+2) " (1/2) * (37 (1/2) *arctanh (1/2* (2% (1+x) "2/ (1-x) ~2+2)~(1/2)*3~(1/2
))-3*%arctan(1/((1+x)~2/(1-x) "2+1) * (2% (1+x) "2/ (1-x) "2+2) " (1/2) *(1+x) / (1-x)))
/(C(1+x)72/(1-x)"2+1) / ((1+x) / (1-x)+1)~2)~(1/2) / ((1+x) / (1-x)+1)-1/12%2~(1/2)
*(2x (-14x) "2/ (-1-x) "2+2)~(1/2) * (3" (1/2) *arctanh (1/2* (2% (-1+x) "2/ (-1-x) "2+2)
~(1/2)*37(1/2))-3*arctan(1/((-1+x) "2/ (-1-x) ~2+1) * (2% (-1+x) "2/ (-1-x)"2+2)~(1
/2)*%(-1+x) / (-1-x)) ) / (((-1+x) "2/ (-1-x) "2+1) / ((-1+x) / (-1-x)+1)"2) ~(1/2) / ((-1+
x)/(-1-x)+1)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x*(x~2+1)~(1/2)),x, algorithm="maxima")

[Out] x*arctan(sqrt(x”2 + 1)*x) - integrate((2*x"3 + x)*sqrt(x~2 + 1)/((x"4 + x~2
d)x(x72 + 1) + x72 + 1), x)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 287 vs.
2(92) = 184.
time = 0.93, size = 287, normalized size = 2.39

sacan (V) - V5 og (320448007 432 VB (4 4.2) - 16 (2% 4 V5 (223 1) +-42) VT +32) + VB g (02044 8002 - 32 VE (e 4) <162~ VE (227 +1) 42) VETTT +32) s acton (2522 1295 2021 (29 VB @+ 1)+ 42) VI AT +2 (o4 VETTT) 4V ~2VETT ) tactan (22522 208 00421 (20~ VB 222+ )4 42) VAT 47 (24 VETTT) -5 -2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x*(x"2+1)~(1/2)),x, algorithm="fricas")

[Out] x*arctan(sqrt(x™2 + 1)*x) - 1/4*sqrt(3)*1log(32*%x~4 + 80*x~2 + 32*sqrt(3)*(x
"3 + x) - 16%(2*x"3 + sqrt(3)*(2*x"2 + 1) + 4*x)*sqrt(x"2 + 1) + 32) + 1/4x%

sqrt (3)*1og(32+x~4 + 80*x~2 - 32*sqrt(3)*(x~3 + x) - 16%(2%x~3 - sqrt(3)*(2

*x"2 + 1) + 4*x)*sqrt(x”2 + 1) + 32) + arctan(2*sqrt(2*x~4 + 5*x~2 + 2*sqrt
(B)*(x73 + x) - (2%x73 + sqrt(3)*(2%x72 + 1) + 4*x)*sqrt(x”2 + 1) + 2)*(x +
sqrt(x~2 + 1)) + sqrt(3) - 2*sqrt(x”2 + 1)) + arctan(2*sqrt(2*x~4 + 5*x~2

- 2xsqrt(3)*(x~"3 + x) - (2*%x"3 - sqrt(3)*(2*x"2 + 1) + 4*x)*sqrt(x~2 + 1) +
2)*(x + sqrt(x”2 + 1)) - sqrt(3) - 2*sqrt(x”"2 + 1))
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/atan (x\/ﬂﬁ) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(x*(x**2+1)**(1/2)),x)
[Out] Integral(atan(x*sqrt(x**2 + 1)), x)
Giac [A]

time = 0.68, size = 92, normalized size = 0.77

zarctan(mz)+iﬁlog(22+ﬁm+2)7iﬁlog(z27ﬁm+2)7%arctan(ﬁ+2m)7%arctan(f\/§+2m)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x*(x~2+1)~(1/2)),x, algorithm="giac")

[Out] x*arctan(sqrt(x™2 + 1)*x) + 1/4*sqrt(3)*log(x~2 + sqrt(3)*sqrt(x”2 + 1) + 2
) - 1/4xsqrt(3)*log(x~2 - sqrt(3)*sqrt(x”2 + 1) + 2) - 1/2*arctan(sqrt(3) +
2xsqrt(x~2 + 1)) - 1/2*arctan(-sqrt(3) + 2*sqrt(x”2 + 1))

Mupad [B]
time = 1.09, size = 413, normalized size = 3.44

(in(x-1-E2) - (54 (Eo3) vieT L(\ﬁlj ) (o030 i () VAT -0 ) (540 ) L) (e 4+ 22) (54 (1) T 1 L,(‘ 4o ) 4o ) (oo 30 ) 10 (o og) vEET - L)) (a(0) s o)

V) o () ) V() o (1) e m) V) o (o) VBB o (s re )
Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan(x*(x"2 + 1)7(1/2)),x)

[Out] x*atan(x*(x"2 + 1)7(1/2)) - ((log(x - (37(1/2)*1i)/2 - 1/2) - log(x/2 + (3~
(1/72)/2 + 1i/2)*(x72 + 1)7(1/2) + (37 (1/2)*x*11)/2 + 1))*((37(1/2)*1i)/2 +
2% ((37(1/2)*1i)/2 + 1/2)73 + 1/2))/((((37(1/2)*1i)/2 + 1/2)72 + 1)~ (1/2)*(3
“(1/2)*1i + 4%((37(1/2)*11)/2 + 1/2)"3 + 1)) - ((log(x - (37(1/2)*1i)/2 + 1
/2) - 1log((3~(1/2)/2 - 1i/2)*(x"2 + 1)°(1/2) - x/2 + (37 (1/2)*x*1i)/2 + 1))
*((37(1/2)*11) /2 + 2x((37(1/2)*1i)/2 - 1/2)73 - 1/2))/((((3"(1/2)*1i)/2 - 1
/2)72 + 1)7(1/2)*(37(1/2)*1i + 4%((37(1/2)*1i)/2 - 1/2)73 - 1)) - ((log(x +

(37(1/2)*1i)/2 - 1/2) - log(x/2 + (37(1/2)/2 - 1i/2)*(x"2 + 1)~(1/2) - (3~
(1/2)*x*11) /2 + 1))*((37(1/2)*1i)/2 + 2% ((37(1/2)*1i)/2 - 1/2)73 - 1/2))/((
(3~ (1/2)*1i)/2 - 1/2)72 + 1)~(1/2)*(37(1/2)*1i + 4*((3~(1/2)*1i)/2 - 1/2)"
3-1)) - ((Qoglx + (37(1/2)*1i)/2 + 1/2) - log((3~(1/2)/2 + 1i/2)*(x"2 + 1
)7(1/2) - x/2 - (37(1/2)*x*1i)/2 + 1))*((37(1/2)*1i)/2 + 2% ((37(1/2)*1i)/2
+1/2)73 + 1/2))/((((37(1/2)*11)/2 + 1/2)72 + 1)~ (1/2)*(37(1/2)*1i + 4x((3~
(1/2)*1i)/2 + 1/2)73 + 1))
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3.48 [—tan! (V2 —+142) dz

Optimal. Leaf size=31

@—(l—i—ac)tan_1 (f —\/Zl—i-—x>

[Out] -(1+x)*arctan(x”(1/2)-(1+x)~(1/2))+1/2*x~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 37, normalized size of antiderivative = 1.19, number of

number of rules _
' integrand size 0.333,

steps used = 6, number of rules used = 6, integrand size = 18
Rules used = {5267, 8, 4930, 52, 65, 209}

_ArcTan(\/a?) 1T AT

1
—§£CAI'CT34H(\/E) B + Z + T
Warning: Unable to verify antiderivative.

[In] Int[-ArcTan[Sqrt[x] - Sqrt[1 + x]1,x]
[Out] Sqrt[x]/2 + (Pi*x)/4 - ArcTan[Sqrt([x]]/2 - (x*ArcTan[Sqrt[x]])/2
Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 52

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + bxx)"(m + D*((c + d*x)"n/(bx(m + n + 1))), x] + Dist[n*((bxc - axd)/(
bx(m + n + 1))), Int[(a + b*x) m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] & ( !'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist([p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
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, 01 |l GtQ[b, 01)

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ b*ArcTan[c*x"n])“p, x] - Dist[b*c*n*p, Int[x"n*((a + b*ArcTan[c*x"n])~(p
-1/ + c”2*%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0] &&
(EqQ[n, 1] || EqQ[p, 11)

Rule 5267

Int[ArcTan[(v_) + (s_.)*Sqrtlw_]]*(u_.), x_Symbol] :> Dist[Pi*(s/4), Int[u,
x], x] + Dist[1/2, Int[uxArcTan[v], x], x] /; EqQ[s™2, 1] && EqQ[w, v"2 +
1]

Rubi steps

:E—lxtan_l(\/f)+1 vz dx

4 l1+z

2 42
VT omx 1, 1 1
—T Z—étan (\/;)—éwtan (\/E)

Mathematica [A]
time = 0.08, size = 31, normalized size = 1.00

ﬁ—(l—i—ac)taun_1 (\/a? —\/l—i-—ac>

2

Antiderivative was successfully verified.

[In] Integrate[-ArcTan[Sqrt[x] - Sqrt[1 + x]],x]
[Out] Sqrt[x]/2 - (1 + x)*ArcTan[Sqrt[x] - Sqrt[1l + x]]

Maple [A]
time = 0.01, size = 28, normalized size = 0.90
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method | result size

arctan \/E
default | —zarctan (v/z —v1+z )+ \/23? — (ve) 28

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-arctan(x~(1/2)-(1+x)~(1/2)) ,x,method=_RETURNVERBOSE)
[Out] -x*arctan(x~(1/2)-(1+x)~(1/2))+1/2*x~(1/2)-1/2*%arctan(x~(1/2))

Maxima [A]
time = 3.10, size = 26, normalized size = 0.84

z arctan (x/aT — \/a?> + % N — % arctan (v/z')

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-arctan(x~(1/2)-(1+x)~(1/2)),x, algorithm="maxima")
[Out] x*arctan(sqrt(x + 1) - sqrt(x)) + 1/2*sqrt(x) - 1/2*arctan(sqrt(x))

Fricas [A]
time = 1.47, size = 22, normalized size = 0.71

(m+1)arctan<\/xT —\/3?>+%\/;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-arctan(x~(1/2)-(1+x)~(1/2)),x, algorithm="fricas")
[Out] (x + 1)*arctan(sqrt(x + 1) - sqrt(x)) + 1/2*sqrt(x)

Sympy [A]
time = 42.57, size = 29, normalized size = 0.94

@—xatan(f—Jm)—M

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-atan(x**(1/2)-(1+x)**(1/2)),x)
[Out] sqrt(x)/2 - x*atan(sqrt(x) - sqrt(x + 1)) - atan(sqrt(x))/2

Giac [A]
time = 0.58, size = 27, normalized size = 0.87

1 1
—z arctan <—\/a:+ 1+ \/37) +5 N 5 arctan (v/z')
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-arctan(x~(1/2)-(1+x)~(1/2)),x, algorithm="giac")
[Out] -x*arctan(-sqrt(x + 1) + sqrt(x)) + 1/2xsqrt(x) - 1/2*arctan(sqrt(x))

Mupad [B]
time = 0.80, size = 40, normalized size = 1.29

z+1

xatan(x/x-l——l—\/.?>+\/2;— ( 1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan((x + 1)~(1/2) - x~(1/2)),x)

[Out] x*atan((x + 1)7(1/2) - x~(1/2)) - (Qog((x~(1/2)*1i - 1)72/(x + 1))*1i)/4 +
x~(1/2)/2
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3.49 sin—! z dx
| sin ——

Optimal. Leaf size=29

zsin™? (L> +tan~! (\/1 — 2r2 )

V1—2x2
[Out] x*arcsin(x/(-x"2+1)"(1/2))+arctan((-2*xx~2+1)~(1/2))
Rubi [A]

time = 0.02, antiderivative size = 29, normalized size of antiderivative = 1.00, number of
number of rules _  9gg
integrand size B

steps used = 4, number of rules used = 4, integrand size = 14,
Rules used = {4924, 455, 65, 209}

xArcSin( ) + ArcTan (\/ 1—2x2 )

x
V1—2x2
Antiderivative was successfully verified.
[In] Int[ArcSin[x/Sqrt[1 - x~2]],x]
[Out] x*ArcSin[x/Sqrt[1 - x"2]] + ArcTan[Sqrt[1 - 2*x~2]]
Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist([p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*x(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 455

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)" (@ )) " (p_.)*x((c_) + (d_.)*x(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)~q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] & NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]

Rule 4924
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Int[ArcSin[u_], x_Symbol] :> Simp[x*ArcSin[u], x] - Int[SimplifyIntegrand[x
*(D[u, x]1/Sqrt[1l - u~2]), x], x] /; InverseFunctionFreeQ[u, x] && !Functio
n0fExponentialQ[u, x]

Rubi steps

_/ﬁ(l—xz)dx

1

dz, z, z*
V1-2z (1-1x) )
——dz,x, V1 — 2z? )

Mathematica [A]
time = 0.02, size = 29, normalized size = 1.00

-1 z -1
z sin ——— | +tan (\/1 — 272 )
(\/1 — 2 >

Antiderivative was successfully verified.

[In] Integrate[ArcSin[x/Sqrt[1 - x~2]],x]
[Out] x*ArcSin[x/Sqrt[1 - x"2]] + ArcTan[Sqrt[1 - 2*x~2]]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 137 vs.
2(25) = 50.
time = 0.07, size = 138, normalized size = 4.76

method | result

_2$2

29022—11 <\/ —2%2 + ]_ +arctan<2z_1> —arctan(
e — + 1

_2:1:2

default | zarcsin (\/_;2 n 1> + V=2r2+1 (2+ﬁ) (—2+\/E)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsin(x/(-x"2+1)"(1/2)),x,method=_RETURNVERBOSE)

[Out] x*arcsin(x/(-x"2+1)"(1/2))+((2*x"2-1)/(x"2-1))"(1/2) *((-2*x~2+1)~(1/2) +arct

an((2*xx-1)/(-2xx~2+1)~(1/2))-arctan((1+2*x) / (-2*xx~2+1) " (1/2))) *(-x~2+1)~(1/
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2)/ (-2%x~2+1)~(1/2) /(2+27(1/2) ) / (-2+27(1/2) ) +1/2% ((2%x~2-1) / (x~2-1) ) ~(1/2) *
(-x72+1)7(1/2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x/(-x"2+1)"(1/2)),x, algorithm="maxima")

[Out] integrate(arcsin(x/sqrt(-x"2 + 1)), x)
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 60 vs.

2(25) = 50.
time = 1.20, size = 60, normalized size = 2.07

2x2 -1
2 — .2 _
v 5+ V x+1\/x2_1 1
+ arctan 2

—rxarcsin | ———
< 2 —1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x/(-x"2+1)~(1/2)),x, algorithm="fricas")
[Out] -x*arcsin(sqrt(-x~2 + 1)*x/(x72 - 1)) + arctan((x"2 + sqrt(-x~2 + 1)*sqrt((
2%x72 - 1)/ (x"2 - 1)) - 1)/x72)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

x
asin | ——— | dx
/ < V1 —z? )
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asin(x/(-x**2+1)*x(1/2)),x)

[Out] Integral(asin(x/sqrt(1 - x**2)), x)
Giac [A]
time = 0.61, size = 34, normalized size = 1.17

. z
x arcsin ( Q] > + sgn (@2 —1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arcsin(x/(-x"2+1)~(1/2)),x, algorithm="giac")
[Out] x*arcsin(x/sqrt(-x"2 + 1)) + arctan(sqrt(-2*x~"2 + 1))/sgn(x"2 - 1)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

x
asin| ——— | dz
/ ( V1-—2zx? )
Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(x/(1 - x"2)~(1/2)),x)
[Out] int(asin(x/(1 - x~2)°(1/2)), x)
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3.50 [tan™t (zv1—2?) dz

Optimal. Leaf size=106

1 (/1 N 1 (/T \/1 _ eannet [
2(1+x/§> tan < 2(14—\/5) 1 m2>—|—xtan (m 1 m2>—|— 2( 1—|—\/§) tanh (
[Out] x*arctan(x*(-x"2+1)"(1/2))+1/2*%arctanh(1/2*(-x"2+1)~(1/2)*(-2+2*x5~(1/2))~ (1
/2))*(-2+2%5"(1/2))~(1/2)-1/2*arctan(1/2*x (-x"2+1) ~(1/2) * (2+2x5~(1/2) )~ (1/2)
)*x(2+2%57(1/2))~(1/2)

Rubi [A]
time = 0.08, antiderivative size = 106, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.429,

steps used = 6, number of rules used = 6, integrand size = 14
Rules used = {5311, 1699, 840, 1180, 210, 212}

[ 2 [ 2 - — 2 o [ 2 —
— \/g_lArcTan< m\/l—x )—i—xArcTan(ac\/l >+ 71+\/§ tanh ( 71_}_\/5 V1 >

Antiderivative was successfully verified.
[In] Int[ArcTan[x*Sqrt[1 - x~21],x]

[Out] -(Sqrt[2/(-1 + Sqrt([5])]*ArcTan[Sqrt[2/(-1 + Sqrt[5])]*Sqrt[1 - x~2]]) + xx*
ArcTan[x*Sqrt[1 - x72]] + Sqrt[2/(1 + Sqrt([5])]*ArcTanh[Sqrt[2/(1 + Sqrt[5]
)1*Sqrt[1 - x~2]]

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]1*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 212

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 840

Int[C(£_.) + (g_.)*(x_))/(Sqrt[(d_.) + (e_.)*x(x_)]1*((a_.) + (b_.)*(x_) + (c
_.)*(x_)"2)), x_Symbol] :> Dist[2, Subst[Int[(exf - d*g + g*x~2)/(c*xd”2 - b
xdke + axe”2 - (2kc*d - bxe)*x"2 + c*x~4), x], x, Sqrtld + e*x]], x] /; Fre
eQ[{a, b, c, d, e, f, g}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[c*d"2 - b*dxe +
axe~2, 0]
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Rule 1180

Int[((d) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b"2 - 4xa*c, 2]}, Dist[e/2 + (2*c*d - bxe)/(2xq), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2%cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ c*x72), x], x]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlcxd™2 - a*xe”2, 0] && PosQ[b~2 - 4xaxc]

Rule 1699

Int [(Px_)*(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[(Px /. x -> Sqrt[x])*(d + exx)
“gx(a + b*x + c*x"2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x]

&% PolyQ[Px, x~2]

Rule 5311

Int[ArcTan[u_], x_Symbol] :> Simp[x*ArcTan[u], x] - Int[SimplifyIntegrand[x
*(D[u, x]/(1 + u=2)), x], x] /; InverseFunctionFreeQ[u, x]

Rubi steps

B z(1 — 22?%) i
v1—22 (1422 —2z%)

1 1-2z
— —Subst dz,z, x2)
2 ( Vi—z (1+z—2?)

(=vT=)
(=vT=")

= ztan" <x 1— z2 ) —Subst(/l_—%zdz,x,m)
(=vT=)

1422 — 24

;dx,a:, V1 —1x2 | + Subst
V5o
2

1_
2

2
2 2
= — —tan_1< —\/1—x2>+xtan_1(ac\/1—x2>+\

Mathematica [A]
time = 0.20, size = 106, normalized size = 1.00

N =

1+v5 tan‘1< %(14—\/5?) \/1—:n2>— 145 tanh_1<
V2

(-1+v5) m)

ztan™! <z 1—z2 ) -

Antiderivative was successfully verified.
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[In] Integrate[ArcTan[x*Sqrt[1 - x~21],x]

[Out] x*ArcTan[x*Sqrt[1 - x~2]] - (Sqrt[1 + Sqrt[5]]*ArcTan[Sqrt[(1 + Sqrt[5])/2]
*Sqrt[1 - x72]] - Sqrt[-1 + Sqrt[5]]*ArcTanh[Sqrt[(-1 + Sqrt([5])/2]*Sqrt[1

- x72]]1)/8qrt[2]

Maple [B] Leaf count of result is larger than twice the leaf count of optimal. 209 vs.

2(79) = 158.
time = 0.05, size = 210, normalized size = 1.98

method | result
2 —.’)32+1—12 2 —CL‘2+1—12
(v ) v
\/g arctanh 22 +4+2\/§ \/g arctan 22
W2+5 =2+ +/
default | zarctan (zv/—22+1 )+ : + :
( ) 572+ /5 5v/ =2+ 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan(x*(-x"2+1)~(1/2)),x,method=_RETURNVERBOSE)

[Out] x*arctan(x*(-x"2+1)"(1/2))+1/5%5~(1/2)/(2+5"(1/2))~(1/2)*arctanh(1/4* (2x((-
X"2+1)7(1/2)-1)"2/x"2+4+2x57(1/2)) / (2+57(1/2))~(1/2))+1/5%5"(1/2) / (-2+5~(1/
2))~(1/2)*arctan(1/4* (2% ((-x~2+1)~(1/2)-1)"2/x"2-2*5"(1/2)+4) / (-2+5~(1/2) )~
(1/2))+(1/2+3/10%57(1/2)) /(2457 (1/2) )~ (1/2) *arctanh (1/4* (2% ((-x"2+1)~(1/2)-
1)72/x72+4+2%57(1/2)) /(2+57(1/2))~(1/2))+(-1/2+3/10%5"(1/2) ) / (-2+5~(1/2) )~ (
1/2)*arctan(1/4*(2x ((-x"2+1)~(1/2)-1)"2/x~2-2x5"(1/2)+4) / (-2+5(1/2))~(1/2)

)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x*(-x"2+1)~(1/2)),x, algorithm="maxima")

[Out] x*arctan(sqrt(x + 1)*x*sqrt(-x + 1)) - integrate((2*x~3 - x)*e”(1/2*log(x +
1) + 1/2%log(-x + 1))/(x"2 + (x74 - x"2)*e" (log(x + 1) + log(-x + 1)) - 1)

» X)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 164 vs.

2(79) = 158.

time = 0.79, size = 164, normalized size = 1.55

1 1 1 1 /
carctan (VT Tw) + VI YVE +1 m;..,(ﬁﬁﬁ,m VVB 41 422160485 +8 \/ﬁ+l>+zﬂ\/ﬁ—1 h,,u,((ﬁﬁ+ﬁ)\,ﬁ71 VAT ) ~1VEVVE -1 l(yg(f(ﬁﬂ+ﬁ)\’ﬁfl +4\/T+1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arctan(x*(-x~2+1)~(1/2)),x, algorithm="fricas")

[Out] x*arctan(sqrt(-x"2 + 1)*x) + sqrt(2)*sqrt(sqrt(5) + 1)*arctan(-1/2*sqrt(2)x*
sqrt(-x~2 + 1)*sqrt(sqrt(5) + 1) + 1/8*sqrt(2)*sqrt(-16*x~2 + 8*sqrt(5) + 8
)*sqrt(sqrt(5) + 1)) + 1/4xsqrt(2)*sqrt(sqrt(5) - 1)*log((sqrt(5)*sqrt(2) +
sqrt(2) ) *sqrt(sqrt(5) - 1) + 4*sqrt(-x"2 + 1)) - 1/4*sqrt(2)*sqrt(sqrt(5)
- 1)*log(-(sqrt(5)*sqrt(2) + sqrt(2))*sqrt(sqrt(5) - 1) + 4x*sqrt(-x~2 + 1))

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(x*(-x**2+1)*x(1/2)),x)
[Out] Timed out
Giac [A]

time = 0.62, size = 111, normalized size = 1.05

1 1
V=2 +1 — 5\/5+§

)

1/ —z2+1 1/ /1 1 1
V) _Z Z V5 — ) et i _
warctan( x+1z) 3 ﬁ+2arctan( lf 1)+4 2vV5 210g< 2+1 + 2ﬂ+2> 1 25 2105(

2 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x*(-x"2+1)~(1/2)),x, algorithm="giac")

[Out] x*arctan(sqrt(-x~2 + 1)*x) - 1/2*sqrt(2*sqrt(5) + 2)*arctan(sqrt(-x"2 + 1)/
sqrt(1/2*sqrt(5) - 1/2)) + 1/4*xsqrt(2xsqrt(5) - 2)*log(sqrt(-x"2 + 1) + sqr
t(1/2%sqrt(5) + 1/2)) - 1/4*sqrt(2*sqrt(5) - 2)*log(abs(sqrt(-x"2 + 1) - sq
rt(1/2*xsqrt(5) + 1/2)))

Mupad [B]

time = 1.16, size = 455, normalized size = 4.29

(s vT=F)

(P () o7

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan(x*x(1 - x~2)~(1/2)),x)

[Out] x*atan(x*(1 - x72)7(1/2)) + (Log((((xx(57(1/2)/2 + 1/2)7(1/2) - 1)*1i)/(1/2
- 57(1/2)/2)"(1/2) - (1 - x~2)7(1/2)*11)/(x - (67(1/2)/2 + 1/2)"(1/2)))*((
57(1/2)/2 + 1/2)~(1/2) - 2%(57(1/2)/2 + 1/2)7(3/2)))/((2x(57(1/2)/2 + 1/2)~
(1/2) - 4x(57(1/2)/2 + 1/2)7(3/2))*(1/2 - 57(1/2)/2)7(1/2)) + (Log((((x*(1/
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2 - 57(1/2)/2)"(1/2) - 1)*1i)/(57(1/2)/2 + 1/2)7(1/2) - (1 - x72)7(1/2)*1i)
/(x - (1/2 - 57(1/2)/2)~(1/2)))*((1/2 - 5°(1/2)/2)~(1/2) - 2x(1/2 - 57(1/2)
/2)7(3/2)))/((2%(1/2 - 57(1/2)/2)~(1/2) - 4x(1/2 - 57(1/2)/2)~(3/2))*(5~(1/
2)/2 + 1/2)7(1/2)) + (Qog((((xx(57(1/2)/2 + 1/2)~(1/2) + 1)*1i)/(1/2 - 5°(1
/2)/2)7(1/2) + (1 - x72)~(1/2)*1i)/(x + (67(1/2)/2 + 1/2)~(1/2)))*((57(1/2)
/2 + 1/2)7(1/2) - 2x(57(1/2)/2 + 1/2)7(3/2)))/((2%x(57(1/2)/2 + 1/2)7(1/2) -
4x(57(1/2)/2 + 1/2)7(3/2))*(1/2 - 57(1/2)/2)7(1/2)) + (Log((((x*(1/2 - 57(
1/2)/2)~(1/2) + 1)*11)/(567(1/2)/2 + 1/2)~(1/2) + (1 - x72)7(1/2)*11)/(x + (
1/2 - 57(1/2)/2)~(1/2)))*((1/2 - 57(1/2)/2)~(1/2) - 2*(1/2 - 57(1/2)/2)~(3/
2)))/((2x(1/2 - 57(1/2)/2)7(1/2) - 4x(1/2 - 57(1/2)/2)"(3/2))*(57(1/2)/2 +

1/2)7(1/2))
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then
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if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):
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except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:



254

ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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