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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 50 |. This is test number [ 4 |.

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.3 (64 bit) on windows 10.
. Rubi 4.16.1 in Mathematica 12.1 on windows 10.
. Maple 2021.1 (64 bit) on windows 10.

. Maxima 5.44 on Linux. (via sagemath 9.3)

2

3

4

5. Fricas 1.3.7 on Linux (via sagemath 9.3)

6. Giac/Xcas 1.7 on Linux. (via sagemath 9.3)

7. Sympy 1.8 under Python 3.8.8 using Anaconda distribution on Ubuntu.
8

. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 under win-
dows 10 (64 bit)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.


https://rulebasedintegration.org

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi %96.00 (48) | %4.00 (2)

Mathematica | % 100.00 (50 ) | % 0.00 (0)
Maple % 66.00 (33) | % 34.00 (17 )
Maxima | %48.00 (24) | % 52.00 (26 )

Fricas %96.00 (48) | %4.00 (2)
Sympy %38.00 (19) | % 62.00 (31)
Giac %82.00 (41) | % 18.00 (9)

Mupad | %24.00 (12) | % 76.00 (38)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following table
describes the meaning of these grades.

grade | description

A Integral was solved and antiderivative is optimal in quality and leaf
size.
B Integral was solved and antiderivative is optimal in quality but leaf

size is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the opti-
mal antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.



System % A grade | % B grade | % C grade | % F grade
Rubi 86.00 4.00 6.00 4.00
Mathematica 74.00 8.00 18.00 0.00
Maple 26.00 20.00 20.00 34.00
Maxima 42.00 6.00 0.00 52.00
Fricas 60.00 36.00 0.00 4.00
Sympy 28.00 6.00 4.00 62.00
Giac 52.00 30.00 0.00 18.00
Mupad 0.00 24.00 0.00 76.00

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure

F.



The second is due to time out. CAS could not solve the integral within the 3 minutes

time limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in CAS. This type of error
requires more investigations to determine the cause.

System Number failed | Percentage nor-| Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 2 100.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %
Maple 17 94.12 % 0.00 % 5.88 %
Maxima 26 92.31 % 0.00 % 7.69 %
Fricas 2 0.00 % 100.00 % 0.00 %
Sympy 31 67.74 % 32.26 % 0.00 %
Giac 9 100.00 % 0.00 % 0.00 %
Mupad 38 100.00 % 0.00 % 0.00 %

Table 1.4: Time and leaf size performance for each CAS




1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time
and leaf size of results.

System Mean time | Mean size | Normalized | Median Normalized
(sec) mean size median
Rubi 0.13 66.25 1.25 40.00 1.00
Mathematica | 0.63 152.18 1.98 45.50 1.16
Maple 0.19 253.00 3.85 67.00 1.93
Maxima 1.01 53.67 1.69 26.50 0.88
Fricas 1.37 74.44 1.57 48.50 1.35
Sympy 19.06 43.63 1.45 31.00 0.94
Giac 1.22 88.46 1.61 50.00 1.41
Mupad 0.65 223.25 2.82 69.00 1.98

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used columns from

the above table.

Normalized mean size of antiderivative
Lower is better
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Mean time used (seconds)

Lower is better
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1.4 list of integrals that has no closed form an-
tiderivative

{}

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}
Mupad {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not mean necessarily that the anti-
derivative is wrong, as additional methods of verification might be needed, or more
time is needed (3 minutes time limit was used). These integrals are listed here to make
it easier to do further investigation to determine why it was not possible to verify the
result produced.

Rubi {[5[12,[13/48)
Mathematica {9}[12[45]}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.
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Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call has completed from the time before
the call was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral
was aborted and considered to have failed and assigned an F grade. The time used by
failed integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified
could still be correct. Further investigation is needed on those integrals which failed
verifications. Such integrals are marked in the summary table below and also in each
integral separate section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an inter-
active response from the user to answer a question during evaluation of the integral in
order to complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about
2 percent. This pecrentage can be higher or lower depending on the specific input test
file.

Such integrals can be indentified by looking at the output of the integration in each sec-
tion for Maxima. The exception message will indicate of the error is due to the interactive
question being asked or not.

Maxima integrate was run using SageMath with the following settings set by default
'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
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'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result
back to SageMath syntax and not because these CAS system were not able to do the
integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function
for this purpose at this time. Therefore the leaf size for Fricas and Sympy and Giac
antiderivatives is determined using the following function, thanks to user slelievre at
lhttps://ask.sagemath.org/question/57123/could-we-have-a-leaf count-functidn-
[in-base-sagemath/|

def tree_size(expr):
r|| nn
Return the tree size of this expression.
nnn
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:

return 1 + sum(tree size(a) for a in aa)

For Sympy, which is called directly from Python, the following code is used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative, Maple was used to determine the leaf size of Mupad output by post
processing.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

integrand = evalin(symengine, 'cos(x)*sin(x)"')
the_variable = evalin(symengine, 'x')
anti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

Mathematica script &

POST PROCESSOR PROGRAM
Test files from @ Program that

Albert Rich Rubi generates the

using input

from the
Matlab script for Mupad/Symbolic toolbox o result tables
i
HTML
—» Giac bl
SageMath/Python
script to test SageMath —» Fricas

Maxima, Fricas,
Giac .
—» Maxima b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record
integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.
number. CPU time used to solve this integral. O if failed.
string. The integral in Latex format o o
string. The input used in CAS own syntax. ngh level overview of the CAS

string. The result (antiderivative) produced by CAS in Latex format independent integration test
string. The optimal antiderivative in Latex format. build System

. integer. 0 or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
The following field present only in Rubi and Mathematica Tables
. integer. 1 if result was verified or 0 if not verified.
The following fields present only in Rubi Tables Nesser M. Abbest
14. integer. Number of rules used. Vev, 2021
15. integer. Integrand leaf size.
16. real number. Ratio of field 14 over field 15
17. integer. 1 if result was verified or 0 if not verified.
18. String of form “{n,n,..}” which is list of the rules used by Rubi

ot
Qe
g

ONOUV AW

)
= o

1

w
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Chapter 2

detailed summary tables of results

2.1 Listofintegrals sorted by grade for each CAS

2.1.1 Rubi

A grade: {[1} 2}[6} 78} )10 ROIRT} P2} 23| P4} 25} 6} 27} 28} 29} B0} BT
828384 85}36}[37] 38, B% A0 1) |43} [44; 46} 47} |48} [49] 5] }

B grade: { 4} [42]}

C grade: {[5|[12}[13]}

F grade: { }

E

2.1.2 Mathematica

A grade: [18][19, 20} 22} 23] 24} 25} [26] 27} 28} 29} 30} B 1} 32} 33)
B4} 35| 6} 40} |42} 43} [44} |45} {46} |48} [49} 50| }

B grade: {}

C grade: {[5][8,9}[12}[13][37} B8] 39,47 }

F grade: { }

2.1.3 Maple

A grade: {267 9}[19,2427,8254 36,57, 43} 48] )

B grade: {[1}34}[8) 40|42} {44, 47} 49 50] )

C grade: {[5,[12[1828)81}33, 353839 4]}

F grade: {[10}[11)[13}[1415[16}[17 20} 2T} 2] 23} 25} 26} 29} 30} 4T} 45 )

214 Maxima

A grade: { [T} 2 B}[9}[16,[18} 1920} 24, 25| 27} 28} 31} 32} B3} ]34, 35} 36} B7} 46} 48 }
B grade: {[7}[40}43] }

C grade: { }

g;ade: {WBBBLOLL 1213141517 21} 22 23} 26}[29}30,38) B9} 41} 42} 44 45 47} 49)
50

15
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2.1.5 FriCAS

A grade: { 1)) 10} T2)13) 14 18) ) 20)23 27 25) 26,27} 28,2950, BT 2 3,59
5556 B9 8}

B grade: { {6[7}[15/[16}[17 2T} 22 [B7) ]38} 40} A1) 42} 3] 44 47, 49} 50 }

C grade: { }
F grade: { }

2.1.6 Sympy

A grade: {[1} 2}[T0}[T% 20,2425, B1} 33} 34) 35 36} 46} 48] }

B grade: {28/B7|40] }

C grade: {[16][18]}

F grade: %@E@@@@@
4} 4547, 49,50]}

2.1.7 Giac
@ gég?e: { 2610, [14)[15)[16)[17,[18} [19 20} 21} 22} 24} 25} 26} |28} B3 [34} [35] B6) 40} 43, [47} 48]

B grade: {[1} 478121327, 2930, BT} 32, 87} 41| 12 i)}

C grade: { }

F grade: { B5D/1T}23,B8, 39 4546
2.1.8 Mupad

A grade: { }

B grade: { 45} [12[19 2430, 37,140} 46|47, 48501}

C grade: { }

Fprate (11 B8 IO T 9 T 5 7 5 20 21 23 25 25 25 2 S 3 BT
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is
in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate
a bug in the system. If the failure was due to integral not being evaluated within the

time limit, then it is given just an F.

In this table,the column normalized size is defined as

antiderivative leaf size

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 51 51 52 93 58 54 102 272 -1
normalized size | 1 1.00 1.02 1.82 1.14 1.06 2.00 5.33 -0.02
time (sec) N/A 0.029 0.024 0.062 0.961 0463 7.755 1.152  0.000
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 17 17 17 16 15 15 12 15 -1
normalized size | 1 1.00 1.00 0.94 0.88 0.88 0.71 0.88 -0.06
time (sec) N/A 0.028 0.006 0.077 0958 0417 0210 0.852 0.000
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A F B B A A F F F
verified N/A N/A Yes TBD TBD TBD TBD TBD  TBD
size 69 0 205 251 4 49 0 0 -1
normalized size | 1 0.00 297 3.64 0.06 0.71 0.00 0.00 -0.01
time (sec) N/A 0.153 0.666 0.967 3.854  43.869 0.000 0.000 0.000
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A B A B F B E(-1) B B
verified N/A NO Yes TBD TBD TBD TBD TBD  TBD
size 97 332 194 426 0 402 0 235 666
normalized size | 1 3.42 2.00 4.39 0.00 4.14 0.00 2.42 6.87
time (sec) N/A 0.669 0.404 0.142 0.000 0458 0.000 1.245 1.573
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A C C C F A F(-1) F F
verified N/A NO Yes TBD TBD TBD TBD TBD  TBD
size 45 289 159 312 0 33 0 0 -1
normalized size | 1 6.42 3.53 6.93 0.00 0.73 0.00 0.00 -0.02
time (sec) N/A 0.491 2.205 0.604 0.000  0.536  0.000 0.000 0.000
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Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 56 56 74 64 0 88 0 79 -1
normalized size | 1 1.00 1.32 1.14 0.00 1.57 0.00 1.41 -0.02
time (sec) N/A 0.069 0.119 0.079 0.000 0.551  0.000 1.202  0.000
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 15 15 15 12 27 30 0 28 -1
normalized size | 1 1.00 1.00 0.80 1.80 2.00 0.00 1.87 -0.07
time (sec) N/A 0.031 0.015 0.079 0.422 0.505 0.000 1.229  0.000
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F(-2) F(-1) F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 137 137 99 1605 0 0 0 495 -1
normalized size | 1 1.00 0.72 11.72 0.00 0.00 0.00 3.61 -0.01
time (sec) N/A 0.180 10.296 0.234 0.000 0.000 0.000 1.436  0.000
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A A F F B
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 41 41 283 42 60 32 0 0 60
normalized size | 1 1.00 6.90 1.02 1.46 0.78 0.00 0.00 1.46
time (sec) N/A 0.022 4.377 0.070 1.012 0.482 0.000 0.000 0417
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 44 62 38 0 0 28 56 46 -1
normalized size | 1 1.41 0.86 0.00 0.00 0.64 1.27 1.05 -0.02
time (sec) N/A 0.676 0.172 0.100 0.000 0.470 2.168 1.472  0.000
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 68 68 64 0 0 43 0 0 -1
normalized size | 1 1.00 0.94 0.00 0.00 0.63 0.00 0.00 -0.01
time (sec) N/A 0.146 0.054 0.092 0.000 0.436  0.000 0.000 0.000
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Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A C C C F A F(-1) B B
verified N/A NO NO TBD TBD TBD TBD TBD  TBD
size 141 269 1822 439 0 191 0 364 661
normalized size | 1 1.91 12.92 3.11 0.00 1.35 0.00  2.58 4.69
time (sec) N/A 0.746 3.796 0.096 0.000 0489 0.000 1467 1.373
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A C C F F A F(-1) B F
verified N/A NO Yes TBD TBD TBD TBD TBD  TBD
size 152 286 2180 0 0 200 0 373 -1
normalized size | 1 1.88 14.34 0.00 0.00 1.32 0.00 2.45 -0.01
time (sec) N/A 0.457 4.953 0.103 0.000 0502 0.000 1.568 0.000
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F(-2) F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 45 51 44 0 0 63 0 57 -1
normalized size | 1 1.13 0.98 0.00 0.00 1.40 0.00 1.27 -0.02
time (sec) N/A 0.121 0.045 180.000  0.000 0484 0.000 1.295 0.000
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F(-1) A F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 34 34 64 0 0 62 0 36 -1
normalized size | 1 1.00 1.88 0.00 0.00 1.82 0.00 1.06 -0.03
time (sec) N/A 0.035 0.101 0.101 0.000 0424 0.000 1383 0.000
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A B C A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 22 22 22 0 18 56 78 18 -1
normalized size | 1 1.00 1.00 0.00 0.82 2.55 3.55 0.82 -0.05
time (sec) N/A 0.020 0.028 0.191 0.962 0450 14.501 1.057 0.000
Problem 17] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F B F(-1) A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 32 32 89 0 0 58 0 36 -1
normalized size | 1 1.00 2.78 0.00 0.00 1.81 0.00 112 -0.03
time (sec) N/A 0.041 0.088 0.096 0.000 0426 0.000 1.119 0.000
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Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C A A C A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 43 43 43 89 41 32 37 62 -1
normalized size | 1 1.00 1.00 2.07 0.95 0.74 0.86 144  -0.02
time (sec) N/A 0.045 0.025 0.138 0956 0442 159.336 1.161  0.000
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 28 28 28 21 34 34 48 35 174
normalized size | 1 1.00 1.00 0.75 1.21 1.21 1.71 1.25 6.21
time (sec) N/A 0.009 0.005 0.024 0413 0417 1172 1.011 0.135
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 26 26 26 0 22 22 20 22 -1
normalized size | 1 1.00 1.00 0.00 0.85 0.85 0.77 0.85 -0.04
time (sec) N/A 0.036 0.022 0.115 0.552 0425 9.120 1.096  0.000
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F B F A F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 38 38 85 0 0 138 0 38 -1
normalized size | 1 1.00 2.24 0.00 0.00 3.63 0.00 1.00 -0.03
time (sec) N/A 0.052 0.089 0.409 0.000 0446 0.000 1.101  0.000
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 70 94 88 0 0 110 0 52 -1
normalized size | 1 1.34 1.26 0.00 0.00 1.57 0.00 074  -0.01
time (sec) N/A 0.132 0.101 0.740 0.000 0484 0.000 1.217 0.000
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 58 58 58 0 0 48 0 0 -1
normalized size | 1 1.00 1.00 0.00 0.00 0.83 0.00 0.00  -0.02
time (sec) N/A 0.142 0.041 0.170 0.000 0469 0.000 0.000 0.000
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 55 55 41 37 36 35 31 36 27
normalized size | 1 1.00 0.75 0.67 0.65 0.64 0.56 0.65 0.49
time (sec) N/A 0.053 0.023 0.006 0.415 0.448 5992 1.032 0.340
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 26 26 26 0 22 22 20 22 -1
normalized size | 1 1.00 1.00 0.00 0.85 0.85 0.77 0.85 -0.04
time (sec) N/A 0.033 0.020 0.084 1.059 0.421 4328 1.001  0.000
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 78 78 119 0 0 115 0 122 -1
normalized size | 1 1.00 1.53 0.00 0.00 1.47 0.00 1.56 -0.01
time (sec) N/A 0.271 0.064 0.096 0.000 0.445 0.000 1.303 0.000
Problem 27] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 39 39 25 35 35 39 0 73 -1
normalized size | 1 1.00 0.64 0.90 0.90 1.00 0.00 1.87 -0.03
time (sec) N/A 0.048 0.033 0.109 0.964 0.445 0.000 1.082  0.000
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C A A B A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 17 17 17 54 15 23 29 23 -1
normalized size | 1 1.00 1.00 3.18 0.88 1.35 1.71 1.35 -0.06
time (sec) N/A 0.028 0.016 0.172 0.952 0.463 2330 0927  0.000
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 57 57 77 0 0 81 0 104 -1
normalized size | 1 1.00 1.35 0.00 0.00 1.42 0.00 1.82 -0.02
time (sec) N/A 0.080 0.069 0.335 0.000 0.473  0.000 1.094 0.000
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F(-2) A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 45 45 45 0 0 69 0 108 37
normalized size | 1 1.00 1.00 0.00 0.00 1.53 0.00 2.40 0.82
time (sec) N/A 0.042 0.036 0.227 0.000 0453 0.000 1.021 0.030
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C A A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 29 29 33 56 22 47 19 54 -1
normalized size | 1 1.00 1.14 1.93 0.76 1.62 0.66 1.86 -0.03
time (sec) N/A 0.048 0.026 0.173 0953 0442 7264 1104 0.000
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 21 21 21 20 19 22 0 40 -1
normalized size | 1 1.00 1.00 0.95 0.90 1.05 0.00 1.90 -0.05
time (sec) N/A 0.044 0.015 0.074 0945 0440 0.000 1.035 0.000
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C A A A A F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 34 34 27 119 27 27 29 28 -1
normalized size | 1 1.00 0.79 3.50 0.79 0.79 0.85 0.82 -0.03
time (sec) N/A 0.034 0.020 0.138 0973 0437 2737 1.011 0.000
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 33 33 21 29 29 33 26 58 -1
normalized size | 1 1.00 0.64 0.88 0.88 1.00 0.79 1.76 -0.03
time (sec) N/A 0.042 0.025 0.101 0970 0439 5247 0975 0.000
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 25 25 35 97 15 15 22 22 -1
normalized size | 1 1.00 1.40 3.88 0.60 0.60 0.88 0.88 -0.04
time (sec) N/A 0.029 0.043 0.512 0465 0441 19.712 1.094 0.000
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Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 34 34 40 39 25 41 41 44 -1
normalized size | 1 1.00 1.18 1.15 0.74 1.21 1.21 1.29 -0.03
time (sec) N/A 0.035 0.018 0.101 0962 0422 4342 1115 0.000
Problem 37] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 16 16 46 14 24 29 46 27 13
normalized size | 1 1.00 2.88 0.88 1.50 1.81 2.88 1.69 0.81
time (sec) N/A 0.018 0.053 0.028 0955 0437 22867 1.002 0.206
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 23 23 36 112 0 42 0 0 -1
normalized size | 1 1.00 1.57 4.87 0.00 1.83 0.00 0.00 -0.04
time (sec) N/A 0.032 0.101 0.086 0.000 0459 0.000 0.000 0.000
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F A F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 23 23 40 112 0 18 0 0 -1
normalized size | 1 1.00 1.74 4.87 0.00 0.78 0.00 0.00 -0.04
time (sec) N/A 0.032 0.096 0.025 0.000 0455 0.000 0.000 0.000
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 22 22 39 54 82 93 97 36 55
normalized size | 1 1.00 1.77 2.45 3.73 4.23 4.41 1.64 2.50
time (sec) N/A 0.071 0.051 0.168 0.971 0453 1367 1131 0.381
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B F F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 42 42 87 0 0 146 0 94 -1
normalized size | 1 1.00 2.07 0.00 0.00 3.48 0.00 224  -0.02
time (sec) N/A 0.153 0.094 0.207 0.000 0489 0.000 1370 0.000
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Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A B A B F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 28 59 45 91 0 54 0 92 -1
normalized size | 1 211 1.61 3.25 0.00 1.93 0.00 3.29 -0.04
time (sec) N/A 0.184 0.037 0.250 0.000 0491 0.000 2.218 0.000
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 34 34 55 37 565 186 0 50 -1
normalized size | 1 1.00 1.62 1.09 16.62 5.47 0.00 147  -0.03
time (sec) N/A 0.045 0.073 0.060 1.348  0.441 0.000 1.065 0.000
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F(-1) B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 39 50 65 67 0 63 0 67 -1
normalized size | 1 1.28 1.67 1.72 0.00 1.62 0.00 1.72 -0.03
time (sec) N/A 0.046 0.088 0.409 0.000 0518 0.000 2347 0.000
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A F A F F F(-1) F F F
verified N/A N/A NO TBD TBD TBD TBD  TBD TBD
size 337 0 552 0 0 0 0 0 -1
normalized size | 1 0.00 1.64 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.794 2182 0.261 0.000  0.000 0.000 0.000 0.000
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C A A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 77 77 58 3134 67 52 87 0 78
normalized size | 1 1.00 0.75 40.70 0.87 0.68 1.13 0.00 1.01
time (sec) N/A 0.220 0.022 1.159 0978 0470 2491 0.000 0.257
Problem 47] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 120 120 136 508 0 287 0 92 413
normalized size | 1 1.00 1.13 4.23 0.00 2.39 0.00 0.77 3.44
time (sec) N/A 0.131 0.313 0.053 0.000 0485 0.000 1.151 1.086
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Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A NO Yes TBD TBD TBD TBD TBD  TBD
size 31 37 39 28 26 22 29 27 40
normalized size | 1 1.19 1.26 0.90 0.84 0.71 0.94 0.87 1.29
time (sec) N/A 0.009 0.391 0.020 1126 0493 89.157 1.062 0.797
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 29 29 29 138 0 60 0 34 -1
normalized size | 1 1.00 1.00 4.76 0.00 2.07 0.00 117 -0.03
time (sec) N/A 0.024 0.012 0.124 0.000 0504 0.000 1332 0.000
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 106 106 106 198 0 164 0 111 455
normalized size | 1 1.00 1.00 1.87 0.00 1.55 0.00 1.05 4.29
time (sec) N/A 0.110 0.183 0.088 0.000 0512 0.000 1.458 1.160

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

the integrand. Finally the ratio

number of rules

integrand size

is given. The larger this ratio is, the harder

the integral was to solve. In this test, problem number [1] had the largest ratio of [1.400]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized
. integr and number of rules
# grad_e steps unique antiderivative ntearand loaf size
) leaf size &
used rules leaf size
1 A 8 7 1.00 5 1.400
2 A 2 2 1.00 15 0.133
3 F 0 0 N/A 0 N/A
4 B 32 13 3.42 14 0.929
5 C 4 6.42 19 0.210
6 A 7 1.00 13 0.538
7| A 4 1.00 13 0.308

Continued on next page
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number of number of normalized
# | grade steps unique antiderivative ntegrand %
o . o leaf size integrand leaf size
8 A 9 7 1.00 14 0.500
9 A 7 7 1.00 12 0.583
100 A 5 5 1.41 19 0.263
11 A 7 8 1.00 29 0.276
12 C 40 15 1.91 14 1.071
13 C 32 16 1.88 27 0.593
14| A 9 11 1.13 18 0.611
15 A 3 4 1.00 24 0.167
16/ A 3 4 1.00 12 0.333
171 A 3 4 1.00 22 0.182
18 A 4 4 1.00 15 0.267
19 A 4 4 1.00 13 0.308
20| A 2 3 1.00 23 0.130
21 A 5 6 1.00 17 0.353
22/ A 7 8 1.34 15 0.533
23 A 4 9 1.00 25 0.360
24| A 5 5 1.00 27 0.185
25 A 2 3 1.00 23 0.130
26| A 18 11 1.00 27 0.407
27/ A 3 3 1.00 17 0.176
28 A 2 2 1.00 13 0.154
29 A 7 6 1.00 17 0.353
30| A 5 5 1.00 15 0.333
31 A 4 4 1.00 15 0.267
32| A 2 2 1.00 17 0.118
33 A 5 5 1.00 13 0.385
34| A 3 3 1.00 15 0.200
35 A 2 2 1.00 13 0.154
36| A 5 5 1.00 13 0.385
37| A 2 2 1.00 11 0.182
38 A 2 2 1.00 24 0.083
39 A 2 2 1.00 24 0.083
401 A 4 5 1.00 10 0.500
41 A 6 7 1.00 12 0.583
42 B 5 5 2.11 13 0.385
43 A 4 4 1.00 13 0.308

Continued on next page
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number of number of normalized
. integr and number of rules
# | grade steps unique antiderivative PRV — T
. leaf lee mi egran ear size
used rules leaf size
44 A 4 4 1.28 15 0.267
45 F 0 0 N/A 0 N/A
46 A 13 10 1.00 12 0.833
47| A 12 8 1.00 12 0.667
48 A 6 1.19 18 0.333
49 A 4 4 1.00 14 0.286
50 A 6 1.00 14 0.429
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Chapter 3

Listing of integrals

31  [sin™(x)log(x)dx

Optimal. Leaf size=51

VI -2 +V1- 2 log(x) + tanh ™" (\/1 — %2 ) ~ x(1 ~ log(x)) sin" (x)

[Out] arctanh((-x"2+1)"(1/2))-x*arcsin(x)*(1-1n(x))-2*x(-x"2+1)"(1/2)+1n(x)* (-x"2+
1°(1/2)

Rubi [A] time = 0.03, antiderivative size = 51, normalized size of antiderivative =

ber of rul
1.00, number of steps used = 8, number of rules used = 7, integrand size = 5, /e =

= 1.400, Rules used = {4619, 261, 2387, 266, 50, 63, 206}

integrand size

2V1-x2 + V1 - 22 log(x) + tanh ™’ (‘Vl - x2 ) — xsin~!(x) + xlog(x) sin™(x)

Antiderivative was successfully verified.
[In] Int[ArcSin[x]*Logl[x],x]

[Out] -2xSqrt[1 - x72] - x*ArcSin[x] + ArcTanh[Sqrt[1l - x72]] + Sqrtl[l - x"2]*Log
[x] + xxArcSin[x]*Log[x]

Rule 50

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + 1)*(c + d*x)"n)/(b*(m + n + 1)), x] + Dist[(n*x(b*c - a*xd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, dF, x] && NeQ[bxc - axd, 0] && GtQ[n, O] && NeQ[m + n + 1, 0] && !'(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]1))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + b*xx)~(1/p)], x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 206

Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)
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Rule 261

Int[(x )" (m_.)*((a_) + (b_)*(x)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (o*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 2387

Int[((a_.) + Logl(c_.)*x(x_)"(n_.)I*x(b_.))*(Px_.)*(F_)[(d_.)*x((e_.) + (f_.)x*
(x_))]"(m_.), x_Symbol] :> With[{u = IntHide[Px*F[d*(e + f*x)]"m, x]}, Dist
[a + b*Loglc*x™n], u, x] - Dist[b*n, Int[Dist[1/x, u, x], x], x1] /; FreeQ[
{a, b, ¢, d, e, £, n}, x] && PolynomialQ[Px, x] && IGtQ[m, 0] && MemberQ[{A
rcSin, ArcCos, ArcSinh, ArcCosh}, F]

Rule 4619

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*Ar
cSinl[c*x])"n, x] - Dist[b*c*n, Int[(x*(a + b*ArcSin[c*x]) " (n - 1))/Sqrt[1 -
c~2xx"2], x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, O]

Rubi steps
f sin~!(x) log(x) dx = V1 — x2 log(x) + x sin™(x) log(x) — f ( L ; i + sin_l(x)] dx
V1

— VI -2 log(x) + x sin”! (x) log(x) - f
P | _ -1 _1 1-x _
= —xsin"'(x) + V1 — 22 log(x) + x sin"'(x) log(x) ZSubst( f = dx,x,x2)+ f -

— 2
. dx — f sin”!(x) dx

1
V1—-xx

1 ‘
T dx,x,\/

= —2V1 -2 —xsin"}(x) + V1 - 22 log(x) + x sin™ ! (x) log(x) - %Subst ( f dx,

= 2V1 —x2 —xsin~}(x) + V1 —x2 log(x) + xsin~!(x) log(x) + Subst ( f

= —2V1 -2 —xsin"}(x) + tanh ™ (\/1 - x2 ) +V1 - x2 log(x) + x sin*(x) log(x)

Mathematica [A] time = 0.02, size = 52, normalized size = 1.02

2V1-x2 + (\/1 -x2 - 1) log(x) + log (‘Vl -x% + 1) + x(log(x) — 1) sin™!(x)

Antiderivative was successfully verified.

[In] Integrate[ArcSin[x]*Logl[x],x]

[Out] -2#Sqrt[l - x72] + x*ArcSin[x]*(-1 + Logl[x]) + (-1 + Sqrt[1 - x72])*Log[x]
+ Log[l + Sqrt[1 - x~2]]

fricas [A] time = 0.46, size = 54, normalized size = 1.06

x arcsin(x) log(x)—x arcsin(x)+V-x2 + 1 (log(x) - 2)+% log ( V-x2+1 + 1)—% log ( V-x?+1 - 1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)*log(x),x, algorithm="fricas")

[Out] x*arcsin(x)*log(x) - x*arcsin(x) + sqrt(-x"2 + 1)*(log(x) - 2) + 1/2xlog(sq
rt(-x"2 + 1) + 1) - 1/2*log(sqrt(-x"2 + 1) - 1)

giac [B] time = 1.15, size = 272, normalized size = 5.33

x*log (V—xz +1+ 1)

x arcsin(x) log(x)+V—-x2 + 1 log(x)— 2 xarcsin(x) N _
2
(W+1)L2+1 (m+1) Lz"‘l
(V—x2+1 +1) (\/—x2+1 +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)*log(x),x, algorithm="giac")

[Out] x*arcsin(x)*log(x) + sqrt(-x"2 + 1)*log(x) - 2*x*arcsin(x)/((sqrt(-x~2 + 1)
+ D*x(x72/(sqrt(-x"2 + 1) + 1)72 + 1)) + x"2xlog(sqrt(-x"2 + 1) + 1)/((sqr
t(-x"2 + 1) + 1)72%x(x72/(sqrt(-x"2 + 1) + 1)72 + 1)) + log(sqrt(-x"2 + 1) +

D/ (x72/(sqrt(-x"2 + 1) + 1)72 + 1) - x"2xlog(abs(x))/((sqrt(-x"2 + 1) + 1
)T2x(x72/(sqrt(-x"2 + 1) + 1)72 + 1)) - log(abs(x))/(x"2/(sqrt(-x"2 + 1) +

172 + 1) + 2%x72/((sqrt(-x"2 + 1) + 1)72%x(x"2/(sqrt(-x"2 + 1) + 1)72 + 1))

- 2/(x72/(sqrt(-x"2 + 1) + 1)72 + 1)

maple [B] time = 0.06, size = 93, normalized size = 1.82

arcsin(x) arcsin(x)
2tan| ——— . 2tan| ——— -
2 arcsin(x) In —( 2 ) tan (arcsm(x)) -2In —( 2 ) (tan2 (arcsm('
tan2 ( arcsin(x) )+1 2 ( arcsin(x) ) 2

i _— tan? +1
—-In (’cam2 (M) +1)+ 2 2
2 tan? (%n(x)) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsin(x)*1n(x),x)

[Out] 2*(arcsin(x)*tan(1/2*arcsin(x))*1n(2*tan(1/2*arcsin(x))/(tan(1/2*arcsin(x))
~2+1))-tan(1/2*arcsin(x)) "2*1ln(2*tan(1/2*arcsin(x))/(tan(1/2*arcsin(x)) "2+1
))—arcsin(x)*tan(1/2*arcsin(x))-2)/(tan(1/2*arcsin(x))"2+1)-1n(tan(1/2*arcs
in(x))"2+1)

maxima [A] time = 0.96, size = 58, normalized size = 1.14

(x log(x) — x) arcsin(x) + V-x2 +1 log(x) -2 V-x? +1 + log (ﬂ + 3)

|x] |x]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)*log(x),x, algorithm="maxima"

[Out] (x*log(x) - x)*arcsin(x) + sqrt(-x"2 + 1)xlog(x) - 2*sqrt(-x"2 + 1) + log(2
xsqrt (-x"2 + 1)/abs(x) + 2/abs(x))

mupad [F] time = 0.00, size = -1, normalized size = -0.02
f asin(x) In(x) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(asin(x)*log(x),x)

[Out] int(asin(x)*log(x), x)

sympy [A] time = 7.76, size = 102, normalized size = 2.00
—acosh (1) + L for iz >1
1 x 2|
I3 S
x log (x) asin (x)—x asin (x)+ V1 — x2 log (x)- V1 — x2 - '
+ iasin (1) - otherwise
[ x [1
1_x_ X 1_x_2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asin(x)*1n(x),x)

[Out] x*log(x)*asin(x) - x*asin(x) + sqrt(l - x*x*2)*xlog(x) - sqrt(l - x**2) - Pie
cewise((-x/sqrt(-1 + x**(-2)) - acosh(1/x) + 1/(x*sqrt(-1 + x¥*x(-2))), 1/Ab
s(x*%2) > 1), (Ixx/sqrt(l - 1/x*x2) + I*asin(1/x) - I/(x*sqrt(l - 1/x**2)),

True))
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xsin™! (%)
3.2 f ﬁ dx

Optimal. Leaf size=17

x — V1 —x2 sin"}(x)

[Out] x-arcsin(x)*(-x"2+1)"(1/2)

Rubi [A] time = 0.03, antiderivative size = 17, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 15,

umber LW _ 0,133, Rules used = {4677, 8}

x — V1 —x2 sin”}(x)

integrand size

Antiderivative was successfully verified.

[In] Int[(x*ArcSin([x])/Sqrt[1 - x~2],x]
[Out] x - Sqrtl[l - x"2]*ArcSin[x]
Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 4677

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.)*(x )*x((d_) + (e_.)*x(x_)"2)"(p_
.), x_Symbol] :> Simp[((d + exx"2)"(p + 1)*(a + b*ArcSin[c*x]) n)/(2xex(p +
1)), x] + Dist[(b*n*d"IntPart[p]*(d + exx”2) FracPart[p])/(2xcx(p + 1)*x(1
- ¢72*x72)FracPart([p]), Int[(1 - c™2*x"2)"(p + 1/2)*(a + b*ArcSin[c*x])~(n
- 1), x1, x] /; FreeQ[{a, b, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n

, 01 && NeQ[p, -1]

Rubi steps

-1
f%ﬂg)dx = —V1 -2 sin”}(x) + fl dx
=x - V1 -x2 sin"}(x)

Mathematica [A] time = 0.01, size = 17, normalized size = 1.00
x — V1 -x2 sin"(x)

Antiderivative was successfully verified.

[In] Integrate[(x*ArcSin[x])/Sqrt[1 - x~2],x]
[Out] x - Sqrt[1 - x"2]*ArcSin[x]

fricas [A] time = 0.42, size = 15, normalized size = 0.88
-V=x2 +1 arcsin(x) + x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsin(x)/(-x"2+1)"(1/2),x, algorithm="fricas")



[Out] -sqrt(-x~2 + 1)*arcsin(x) + x

giac[A] time = 0.85, size = 15, normalized size = 0.88
-V=x2 +1 arcsin(x) + x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsin(x)/(-x"2+1)"(1/2),x, algorithm="giac")
[Out] -sqrt(-x~2 + 1)*arcsin(x) + x

maple [A] time = 0.08, size = 16, normalized size = 0.94

x—V-x2 +1 arcsin(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arcsin(x)/(-x"2+1)"(1/2),x)
[Out] x-(-x"2+1)"(1/2)*arcsin(x)

maxima [A] time = 0.96, size = 15, normalized size = 0.88
-V=x2 +1 arcsin(x) + x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsin(x)/(-x"2+1)7(1/2),x, algorithm="maxima")
[Out] -sqrt(-x"2 + 1)*arcsin(x) + x

mupad [F]  time = 0.00, size = -1, normalized size = -0.06

f X asm(x)
V1 - x2
Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*asin(x))/(1 - x~2)7(1/2),x)
[Out] int((x*asin(x))/(1 - x72)7(1/2), x)
sympy [A] time = 0.21, size = 12, normalized size = 0.71

— V1 — 2 asin (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*asin(x)/(-x**2+1)**(1/2),x)

[Out] x - sqrt(l - x**2)*asin(x)

34
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3.3 f—sin‘1 (\/_ - M) dx

Optimal. Leaf size=69

(\/E +3\/x+1) Vevx+1 -x
42
[Out] -(3/8+x)*arcsin(x~(1/2)-(1+x)~(1/2))+1/8*x(x~(1/2)+3*(1+x)~(1/2) ) *(—x+x~(1/2
)*x(1+x)~(1/2))~(1/2)*27(1/2)

Rubi [F] time = 0.15, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

(x+§)sm (V& - Vi+1)

number of steps used = 0, number of rules used = 0, integrand size = 0,
0.000, Rules used = {}

integrand size
f—sin_1 (\/_ -V1 +x) dx

Verification is Not applicable to the result.
[In] Int[-ArcSin[Sqrt[x] - Sqrtl[l + x]]1,x]

[Out] -(x*ArcSin[Sqrt[x] - Sqrt[1 + x]]) + Defer[Subst] [Defer[Int] [Sqrt[1l - x72 +
x*Sqrt[-1 + x~2]], x], x, Sqrt[1 + x]]/Sqrt[2]

Rubi steps
) —x+VxVI+x
f—sin_ (\/E—\/l?) X = —xsin~ (\/_ M) f\/ Vi dx
preii
:—xsin_l(\/_—x/lTx) 2\/_
Subst(f\/l—x2+xm dx,x,ﬁ)
:—xsin_l(\/_—\/lTx)+ N
2

Mathematica [B] time = 0.67, size = 205, normalized size = 2.97

(x+1)(2r - 2vx +1x +1)2(2w/\/§«/m_x(—2x+2x/m\/‘—3)+3\/—4x+4«/m\/‘—21(
_ 8v2 (VitT - &) (x- Ve e Iyk +1)

Antiderivative was successfully verified.

[In] Integrate[-ArcSin[Sqrt[x] - Sqrt[1 + x]],x]

[Out] -(x*ArcSin[Sqrt[x] - Sqrt[l + x]]) - ((1 + x)*(1 + 2*x - 2xSqrt[x]*Sqrt[1 +
x]) 2% (2xSqrt [-x + Sqrt[x]*Sqrt[1l + x]]1*(-3 - 2*x + 2*Sqrt[x]*Sqrt[1 + x])

+ 3*Sqrt[-2 - 4xx + 4*xSqrt[x]*Sqrt[1 + x]]*Logl[2*Sqrt[-x + Sqrt[x]*Sqrt[1

+ x]] + Sqrt[-2 - 4*x + 4xSqrt[x]*Sqrt[1 + x]1]1))/(8+Sqrt[2]*(-Sqrt[x] + Sq

rt[1 + x])73%x(1 + x - Sqrtx]*Sqrt[1 + x])~2)

fricas [A] time = 43.87, size = 49, normalized size = 0.71

B+ Barcsin (Vi+T i)+ £ V2 VT +1VE ~2x(3VE T+ VE

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(-arcsin(x~(1/2)-(1+x)~(1/2)),x, algorithm="fricas")

[Out] 1/8%(8*x + 3)*arcsin(sqrt(x + 1) - sqrt(x)) + 1/8xsqrt(2*sqrt(x + 1)*sqrt(x
) - 2%x)*(3*sqrt(x + 1) + sqrt(x))

giac [F] time = 0.00, size = 0, normalized size = 0.00
f—arcsin (—\/x +1 + \/E) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-arcsin(x~(1/2)-(1+x)"(1/2)),x, algorithm="giac")
[Out] integrate(-arcsin(-sqrt(x + 1) + sqrt(x)), x)

maple [B] time = 0.97, size = 251, normalized size = 3.64

oresin (¥ V7 T) (tans (M)) + 2aresin (VE ~ VX 71) (tané (M)) 2 (tan7

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-arcsin(x~(1/2)-(x+1)"(1/2)),x)

[Out] -1/16*x(arcsin(x~(1/2)-(x+1)"(1/2))*tan(1/2*arcsin(x~(1/2)-(x+1)"(1/2)))~8+2
*arcsin(x”(1/2)-(x+1)~(1/2))*tan(1/2*arcsin(x~(1/2)-(x+1)~(1/2))) "6-2*tan(1
/2*arcsin(x”(1/2)-(x+1)"(1/2))) " 7+18*arcsin(x~(1/2)-(x+1)~(1/2)) *tan(1/2*ar
csin(x~(1/2)-(x+1)"(1/2)))"4-6*tan(1/2*arcsin(x~(1/2)-(x+1)~(1/2))) "5+2*arc
sin(x~(1/2)-(x+1)"(1/2))*tan(1/2*arcsin(x~(1/2)-(x+1)~(1/2))) "2+6*xtan(1/2*a
rcsin(x~(1/2)-(x+1)~(1/2))) "3+arcsin(x~(1/2)-(x+1) ~(1/2))+2*tan(1/2*arcsin(
x~(1/2)-(x+1)"(1/2))))/(tan(1/2*arcsin(x~(1/2)-(x+1)~(1/2)))"2+1)"2/tan(1/2
xarcsin(x~(1/2)-(x+1)~(1/2)))"2

maxima [A] time = 3.85, size = 4, normalized size = 0.06

1
= TIX
5T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-arcsin(x~(1/2)-(1+x)"(1/2)),x, algorithm="maxima")
[Out] 1/2*pi*x

mupad [F] time = 0.00, size = -1, normalized size = -0.01
fasin(\/x+ - \/E) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin((x + 1)~(1/2) - x~(1/2)),x)
[Out] int(asin((x + 1)~(1/2) - x~(1/2)), %)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
—fasin(\/— —\/x+1)dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-asin(x**(1/2)-(1+x)**(1/2)),%)

[Out] -Integral(asin(sqrt(x) - sqrt(x + 1)), x)
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3.4 flog (1 +xV1 + xz) dx

Optimal. Leaf size=97

xlog(ﬁx+1)+ 2(1 + \/5) tan™! (\/\/g -2 (\/am +x))— 2(\/5 —1) tanh ™’ (\/2+ V5 (\/;

[Out] -2*x+x*In(1+x*(x"2+1)"(1/2))-arctanh((x+(x"2+1)~(1/2))*(2+57(1/2))~(1/2)) *(
-2+2%57(1/2)) " (1/2)+arctan ((x+(x"2+1) " (1/2))*(-2+5"(1/2))~(1/2) ) *x(2+2x5~(1/
2))"(1/2)

Rubi [B] time = 0.67, antiderivative size = 332, normalized size of antiderivative
= 3.42, number of steps used = 32, number of rules used = 13, integrand size = 14,

numberofrules _ 5 929, Rules used = {2548, 6742, 261, 1130, 203, 207, 1251, 824, 707, 1093,
integrand size

1166, 1247, 699}
Vx2+ ] / [/ 1\/x2+ )

2
xlog(\/x2+1x+1) 5 tan (

Warning: Unable to verify antiderivative.
[In] Int[Logl[l + x*Sqrt[1 + x~2]],x]

[Out] -2*x - Sqrt[(1 + Sqrt[5])/10]*ArcTan[Sqrt[2/(1 + Sqrt[5])]*x] + 2*Sqrt[(2 +
Sqrt [6])/5]*ArcTan[Sqrt[2/(1 + Sqrt[5])]*x] + Sqrt[2/(5*(-1 + Sqrt[5]))]1*A
rcTan[Sqrt[2/(-1 + Sqrt([5])]1*Sqrt[1 + x"2]] + Sqrt[(2*(-1 + Sqrt[5]))/5]*Ar
cTan[Sqrt[2/(-1 + Sqrt[5])]*Sqrt[1 + x72]] + 2*Sqrt[(-2 + Sqrt([5])/5]*ArcTa

nh[Sqrt[2/(-1 + Sqrt[5]1)]1*x] + Sqrt[(-1 + Sqrt[5])/10]*ArcTanh[Sqrt[2/(-1 +
Sqrt[6]1)]1*x] + Sqrt[2/(6x(1 + Sqrt[5]))]*ArcTanh[Sqrt[2/(1 + Sqrt[5])]*Sqr

t[1 + x72]] - Sqrt[(2*(1 + Sqrt[5]))/5]*ArcTanh[Sqrt[2/(1 + Sqrt[5])]1*Sqrtl[

1 + x72]] + x*xLogl[l + x*Sqrt[1 + x~2]]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rt[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 21]1/(Rt[-a, 21*Rt([b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 |l GtQ[b, 0])

Rule 261

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (o*xnx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 699

Int[Sqrtl(d_.) + (e_.)*(x_)]/((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2), x_Symbol]

:> Dist[2*e, Subst[Int[x"2/(c*d"2 - bxd*e + axe™2 - (2xc*d - b*e)*x"2 + cx*
x"4), x], x, Sqrt[d + e*x]], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4
xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe™2, 0] && NeQ[2*cxd - bxe, 0]

Rule 707
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Int[1/(Sqrt[(d_.) + (e_.)*(x_)I1x((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)), x_Sym
bol] :> Dist[2*e, Subst[Int[1/(c*d"2 - bxd*e + a*e”™2 - (2*c*d — b*e)*x"2 +
c*x~4), x], x, Sqrtld + exx]], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
dxaxc, 0] && NeQ[c*d"2 - bxdxe + ax*e”2, 0] && NeQ[2*cxd - bxe, 0]

Rule 824

Int [(CCA_.) + (e_)*(x_))"(m )*x((£f_.) + (g_.)*(x_)))/((a_.) + (b_.)*(x_) +
(c_.)*x(x_)"2), x_Symbol] :> Simp[(g*(d + e*x)"m)/(c*m), x] + Dist[1/c, Int[
((d + exx)"(m - 1)*Simp[c*d*f - axexg + (g*ckd - bxexg + ckxexf)*x, x])/(a +
b*x + c*x72), x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] && NeQ[b~2 - 4*axc
, 0] && NeQ[c*d™2 - bxd*e + a*xe”2, 0] && FractionQ[m] && GtQ[m, O]

Rule 1093

Int[((a_) + (b_.)*(x_ )72 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[b~
2 - 4xaxc, 2]}, Distl[c/q, Int[1/(b/2 - q/2 + c*x72), x], x] - Dist[c/q, Int
[1/(b/2 + q/2 + c*xx72), x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4x*ax*c,
0] && PosQ[b~2 - 4xaxc]

Rule 1130

Int[((d_)*(x D))" (m_ )/((a_) + (b_)*(x_)"2 + (c_.)*x(x_)"4), x_Symbol] :> Wi
th[{q = Rt[b"2 - 4xaxc, 2]}, Dist[(d"2*(b/q + 1))/2, Int[(d*x)"(m - 2)/(b/2
+ q/2 + c*x72), x], x] - Dist[(d"2*x(b/q - 1))/2, Int[(d*x)"(m - 2)/(b/2 -
q/2 + c*x72), x], x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ[b~2 - 4xaxc, 0] && G

eQm, 2]

Rule 1166

Int[((d_) + (e_)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4x*axc, 2]}, Dist[e/2 + (2%c*d - bxe)/(2xq), Int[1/(b/2
- q9/2 + c*x72), x], x] + Distl[e/2 - (2*c*d - bx*e)/(2*%q), Int[1/(b/2 + q/2
+ c*xx”2), x], x]1] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4x*xaxc, 0] && Ne
Qlc*xd"2 - a*e”™2, 0] && PosQ[b~2 - 4xaxc]

Rule 1247

Int[(x )*((d) + (e_)*x(x )"2)"(q_)*((a_) + (b_)*(x_)"2 + (c_.)*x(x_)"4)~(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + e*x) g*(a + b*x + c*x"2)7p, x],
x, x°2]1, x] /; FreeQ[{a, b, c, d, e, p, q}, x]

Rule 1251

Int[(x_)"(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)74)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + e*x) g*x(a +
b*x + c*x"2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 2548

Int[Loglu_], x_Symbol] :> Simp[x*Logl[ul], x] - Int[SimplifyIntegrand[(x*D[u,
x])/u, x], x] /; InverseFunctionFreeQ[u, x]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]
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Rubi steps

x(1+2x)

lo (1+x 1+x2)dx—xlo 1+ xV1 +x2 dx
f & & X+ x3 + V1 + 22

i) f

w14 VT8 ) [ [ e o
o) -

g

x° x
xlog (1 + xV1 + x? 2f dx—f dx
x+ 13+ VI +x2 x+ 13+ VI + a2

1-x2 V1 + 22
1+x\/1+x2) 2f1— T . 2x i a ¥ 2
Vit “1+x2+xr -1+x2+x -1-
2

3.

X 1-x X
=-2 log |1 1 2) 2f —2f— 2[—
X+ x og( +xV1I+x% |+ mdx —1+x2+x4dx+ =
1 V1 1
:—2x+‘V1+x2+xlog(1+x\/1+xz)+—8ubst udxxx + —
2 -1+ x+ 2 1

1 2 1 2
= -2x—+/—(1+v5) tan™ x[+24/=(2+V5) tan™? X
10( ) 1+4/5 5( 5) 1++/5

1 2 1 2
= 2x—+/—(1+v5) tan™ x[+24/=(2+V5) tan™? X
o ) 1++5 252+ ¥5) 1++5

—_
+
N
E

:—2x—w/%(1+\/5) tan™!

Mathematica [A] time = 0.40, size = 194, normalized size = 2.00

N V5 -1) tan™ L\/xz—+
xlog(\/mx+1)— 2( 5 1)t1 ( A 1) 1/ tanh (1/ \/xz—l) 2x+'

/1 4 2 /1 4 2
= -2x-— E(1+\/5)tan x|+2 §(2+ 5)tan ( 1+\/_x
1
\/g 2+\/_ tan(

—_
+
Ey

G

Antiderivative was successfully verified.

[In] Integrate[Log[l + x*Sqrt[l + x~2]1],x]

[Out] -2*xx + ((5 + Sqrt[5])*ArcTan[Sqrt[2/(1 + Sqrt[5])]*x])/Sqrt[10*x(1 + Sqrt[5]
)] - (Sqrt[2*(-1 + Sqrt[5])]*ArcTan[Sqrt[2/(-1 + Sqrt[5])]*Sqrt[1 + x~2]])/

(1 - 8qrt[5]) - ((-5 + Sqrt[5])*ArcTanh[Sqrt[2/(-1 + Sqrt[5])]1*x])/Sqrt[10%*

(-1 + Sqrt[5])] - Sqrt[2/(1 + Sqrt[5])]*ArcTanh[Sqrt[2/(1 + Sqrt[5])]*Sqrtl

1 + x72]] + x*Logll + x*Sqrt[1 + x72]]

fricas [B] time = 0.46, size = 402, normalized size = 4.14

—\/—\/ 5+1 arctan( \/4x4+4x2+\/—(2x2+1) 2(2x3+\/§x+x)‘\/x2+1 +1(\/§x+\/§\/x_2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(l+x*(x~2+1)~(1/2)),x, algorithm="fricas")
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[Out] -sqrt(2)*sqrt(sqrt(5) + 1)*arctan(l/4*sqrt(2)*sqrt(4*x~4 + 4*x~2 + sqrt(b)*
(2%x72 + 1) - 2%x(2*%x"3 + sqrt(b)*x + x)*sqrt(x”2 + 1) + 1)*(sqrt(2)*x + sqr
t(2)*sqrt(x”2 + 1))*sqrt(sqrt(5) + 1) - 1/2*sqrt(2)*sqrt(x~2 + 1)*sqrt(sqrt
(6) + 1)) - sqrt(2)*sqrt(sqrt(5) + 1)*arctan(1l/8*sqrt(4*x~2 + 2*sqrt(5) + 2
)*(sqrt(56)*sqrt(2) - sqrt(2))*sqrt(sqrt(5) + 1) - 1/4x(sqrt(b)*sqrt(2)*x -
sqrt (2)*x)*sqrt(sqrt(5) + 1)) + 1/4*sqrt(2)*sqrt(sqrt(5) - 1)*log(4*xx~2 - 4
*sqrt(x72 + 1)*x + (sqrt(B)*sqrt(2)*x - sqrt(x”2 + 1)*(sqrt(5)*sqrt(2) + sq
rt(2)) + sqrt(2)*x)*sqrt(sqrt(5) - 1) + 4) - 1/4xsqrt(2)*sqrt(sqrt(5) - 1)*
log(4*x~2 - 4xsqrt(x™2 + 1)*x - (sqrt(B)*sqrt(2)*x - sqrt(x”2 + 1)*(sqrt(5)
xsqrt(2) + sqrt(2)) + sqrt(2)*x)*sqrt(sqrt(5) - 1) + 4) + x*log(sqrt(x™2 +
D*x + 1) + 1/4xsqrt(2)*sqrt(sqrt(5) - 1)*log(2*x + sqrt(2)*sqrt(sqrt(5) -
1)) - 1/4xsqrt(2)*sqrt(sqrt(5) - 1)xlog(2*x - sqrt(2)*sqrt(sqrt(s) - 1)) -
2*x

giac [B] time = 1.25, size = 235, normalized size = 2.42

5 1
1 X=Vxi+l 4+ ——=| 4 X 1
xlog(Vx2+1x+1)+§ V2V5 +2 arctan| - L 2 \2V5 + 2 arctan | ——— |

25 -2 2 N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l+x*(x~2+1)~(1/2)),x, algorithm="giac")

[Out] x*log(sqrt(x™2 + 1)*x + 1) + 1/2%sqrt(2*sqrt(5) + 2)*arctan(-(x - sqrt(x~2
+ 1) + 1/(x - sqrt(x”2 + 1)))/sqrt(2*sqrt(5) - 2)) + 1/2*sqrt(2*sqrt(5) + 2
)*arctan(x/sqrt(1/2*sqrt(5) + 1/2)) - 1/4*sqrt(2*sqrt(b5) - 2)*log(-x + sqrt

(x72 + 1) + sqrt(2*sqrt(5) + 2) - 1/(x - sqrt(x™2 + 1))) + 1/4xsqrt(2*sqrt(

5) - 2)xlog(abs(x + sqrt(1/2*sqrt(5) - 1/2))) - 1/4*sqrt(2*sqrt(5) - 2)*log
(abs(x - sqrt(1/2*xsqrt(5) - 1/2))) + 1/4xsqrt(2xsqrt(5) - 2)xlog(abs(-x + s
qrt(x”2 + 1) - sqrt(2*sqrt(5) + 2) - 1/(x - sqrt(x™2 + 1)))) - 2xx

maple [B] time = 0.14, size = 426, normalized size = 4.39

arctanh | == 4 34/5 arctanh | == hind 2\/—2+\/§ \5 arctanh | =t dina
\-2+5 \-2+5 \-2+5

24-2+ 5 _ 104/-2+ 5 >

Verification of antiderivative is not currently implemented for this CAS.

xln(\/x2 +1x+ 1)—2x+

[In] int(In(1+x*(x~2+1)~(1/2)),%)

[Out] x*In(1+x*(x"2+1)"(1/2))+1/(2+2%5"(1/2))~(1/2)*arctan(2/(2+2x5~(1/2))~(1/2)*
x)+57(1/2) /(2+2x57(1/2) )~ (1/2) *arctan(2/(2+2x57(1/2)) ~(1/2) *x) -1/ (-2+2x57 (1
/2)) " (1/2)*arctanh(2/ (-2+2*57(1/2)) " (1/2) *x)+5~(1/2) / (=2+2*5~(1/2)) ~(1/2) *a
rctanh(2/(-2+2x57(1/2) )~ (1/2)*x) -2*xx-3/10%x5"(1/2) / (2+5~(1/2) ) ~(1/2) *arctan(
((x"2+1)"(1/2)-x)/(2+567(1/2))~(1/2))-1/2/(2+57(1/2) )~ (1/2) *arctan(((x~2+1)~
(1/2)-x)/(2+57(1/2))~(1/2))+1/2/(-2+5"(1/2) )~ (1/2)*arctanh (((x"2+1) " (1/2)-x
)/ (-2+57(1/2))"(1/2))-3/10%5"(1/2)/ (-2+5~(1/2) )~ (1/2)*arctanh (((x~2+1)~(1/2
)-x)/(=2+57(1/2))~(1/2))-1/2/(2+57(1/2) )~ (1/2) *arctanh (((x"2+1) ~(1/2)-x) /(2
+57(1/2))"(1/2))-1/2%5"(1/2) / (2+57(1/2)) " (1/2) *arctanh (((x~2+1) " (1/2)-x) /(2
+57(1/2))°(1/2))+1/2/(-2+5"(1/2)) ~(1/2) *arctan (((x~2+1) " (1/2)-x) / (-2+5"(1/2
)~ (1/2))-1/2%5"(1/2)/ (-2+57(1/2)) " (1/2) *arctan(((x~2+1)~(1/2)-x) / (-2+5~(1/
2))7(1/2))+2/5%57 (1/2)*(2+57(1/2)) ~(1/2) *arctan (((x"2+1) " (1/2)-x) / (2+5~ (1/2
))"(1/2))-2/5%(-2+5"(1/2))~(1/2)*5~(1/2) *arctanh (((x"2+1)~(1/2)-x) /(-2+5" (1
/2))°(1/2))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

2x2+1
xlog(\/x2+1x+1)—2x+arctan(x)+f a dx
x2+(x3+x)\/x2+1 +1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(l+x*(x~2+1)7(1/2)),x, algorithm="maxima")

[Out] x*log(sqrt(x™2 + 1)*x + 1) - 2*x + arctan(x) + integrate((2*x~2 + 1)/(x72 +
(x73 + X)*sqrt(x™2 + 1) + 1), %)

mupad [B] time = 1.57, size = 666, normalized size = 6.87

m[x_ﬁJEJ(ﬁ_g) ln(x+@](£ ) 1nx_MJ

2 2 2 2

x In (x Vaz +1 + 1)—2x+
\5

1
2\ 7 73

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x*x(x"2 + 1)~(1/2) + 1),x)

[Out] x*xlog(x*(x"2 + 1)7(1/2) + 1) - 2xx + (log(x - (27(1/2)*(5"(1/2) - 1)~(1/2))
/2)x(567(1/2)/2 - 5/2))/(2x(67(1/2)/2 - 1/2)7(1/2) + 4x(57(1/2)/2 - 1/2)~(3/
2)) - (Qog(x + (27(1/2)*(57(1/2) - 1)7(1/2))/2)*(57(1/2)/2 - 5/2))/(2x(6"(1
/2)/2 - 1/2)7(1/2) + 4x(67(1/2)/2 - 1/2)7(3/2)) - (log(x - (27(1/2)*(- 57 (1
/2) - 1)7(1/2))/2)*(57(1/2)/2 + 5/2))/(2*x(- 57(1/2)/2 - 1/2)7(1/2) + 4x(- 5
“(1/2)/2 - 1/2)7(38/2)) + (log(x + (27(1/2)*(- 57(1/2) - 1)7(1/2))/2)*(5"(1/
2)/2 + 5/2))/(2x(- 57(1/2)/2 - 1/2)7(1/2) + 4x(- 57(1/2)/2 - 1/2)7(3/2)) +
((Qog(x - (27(1/2)*(57(1/2) - 1)7(1/2))/2) - log((27(1/2)*x*x(57(1/2) - 1)~ (
1/72))/2 + (27(1/2)*(x72 + 1)7(1/2)*(67(1/2) + 1)7(1/2))/2 + 1))*x((67(1/2)/2
- 1/2)7(1/2) + 2x(57(1/2)/2 - 1/2)7(3/2)))/((2x(67(1/2)/2 - 1/2)7(1/2) + 4
*(57(1/2)/2 - 1/2)7(3/2))*(57(1/2)/2 + 1/2)7(1/2)) + ((log(x + (27(1/2)*(5~
(1/2) - 1)7(1/2))/2) - log((27(1/2)*(x72 + 1)7(1/2)*(57(1/2) + 1)7(1/2))/2
- (27 (1/2)*xx(57(1/2) - 1)7(1/2))/2 + 1))*((67(1/2)/2 - 1/2)7(1/2) + 2*(57(
1/2)/2 = 1/2)7(3/2)))/((2x(5~(1/2)/2 - 1/2)"(1/2) + 4x(5~(1/2)/2 - 1/2)~(3/
2))*(57(1/2)/2 + 1/2)7(1/2)) - ((Qog((27(1/2)*(x72 + 1)~ (1/2)*(1 - 57(1/2))
~(1/2))/2 - (27 (1/2)*xx (- 57(1/2) - 1)7(1/2))/2 + 1) - log(x + (27(1/2)*(-
57(1/2) - 1)7(1/2))/2))*((- 57(1/2)/2 - 1/2)7(1/2) + 2x(- 57(1/2)/2 - 1/2)~
(8/2)))/((2%(- 57(1/2)/2 - 1/2)~(1/2) + 4x(- 57(1/2)/2 - 1/2)7(3/2))*(1/2 -
57(1/2)/2)7(1/2)) - ((Qog((27(1/2)*x*x(- 57(1/2) - 1)7(1/2))/2 + (27(1/2)*(
x72 + 1)7(1/2)x(1 - 57(1/2))7(1/2))/2 + 1) - log(x - (27(1/2)*(- 57(1/2) -
1)7(1/2))/2))*((- 57(1/2)/2 - 1/2)7(1/2) + 2x(- 57(1/2)/2 - 1/2)7(3/2)))/((
2x(- 57(1/2)/2 - 1/2)7(1/2) + 4%(- 57(1/2)/2 - 1/2)7(3/2))*(1/2 - 57(1/2)/2
)~ (1/2))

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(l+x*(x**2+1)**(1/2)),x)

[Out] Timed out
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3.5 f cos?(x)

V1+cos2(x)+cost(x)

Optimal. Leaf size=45

§+§tan

x 1. ( sin(x) cos(x) (cosz(x) + 1)

Veost(x) + cos2(x) + 1 cos?(x) +1

[Out] 1/3*x+1/3*arctan(cos(x)*(1l+cos(x) " 2)*sin(x)/(1+cos(x) " 2*x(1+cos(x) " 2+cos(x)”
4)~(1/2)))

Rubi [C] time = 0.49, antiderivative size = 289, normalized size of antiderivative
= 6.42, number of steps used = 5, number of rules used = 4, integrand size = 19,

number of rules _ ) 210, Rules used = {6719, 1216, 1103, 1706}

integrand size

tan4(x)+3 tan? (%)

(tanz(x)+ \3 )2

cos?(x) tan™! { fan) ] Vtant(x) + 3 tan?(x) + 3 (l + \/5) cos?(x) (tan?(x) + V3

\/ tan? (x)+3 tanz(x) +3

2. /cost(x) (tan4(x) + 3 tan?(x) + 3) ) 443 \/ cos?(x) (tan4(x) +3t

Warning: Unable to verify antiderivative.
[In] Int[Cos[x]~2/Sqrt[1 + Cos[x]~2 + Cosl[x]~4],x]

[Out] (ArcTan[Tan[x]/Sqrt[3 + 3*Tan[x]~2 + Tan[x]~4]]*Cos[x]~2*Sqrt[3 + 3*Tan[x]"~
2 + Tan[x]~4])/(2xSqrt[Cos[x]"4*(3 + 3*Tan[x]"2 + Tan[x]"4)]) - ((1 + Sqrtl
3])*Cos [x] "2*EllipticF [2*xArcTan[Tan[x]/37(1/4)], (2 - Sqrt[3])/4]1*(Sqrt[3]

+ Tan[x]"2)*Sqrt[(3 + 3*Tan([x]~2 + Tan[x]~4)/(Sqrt[3] + Tan[x]~2)72])/(4%3~
(1/4)*Sqrt [Cos [x] "4*(3 + 3xTan[x]"2 + Tan[x]"4)]) + ((2 + Sqrt([3])*Cos[x]~2
*E1lipticPi[(3 - 2%Sqrt[3])/6, 2*ArcTan[Tan[x]/37(1/4)], (2 - Sqrt[3])/41x(
Sqrt[3] + Tan[x]~2)*Sqrt[(3 + 3*Tan[x]~2 + Tan[x]~4)/(Sqrt[3] + Tan([x]"2)"2

1)/ (4%37(1/4) *Sqrt [Cos [x] 4% (3 + 3*Tan[x]~"2 + Tan[x]"4)])

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + gq72*x72)*Sqrt[(a + b*xx"2 + c*x74)/(a*x(1 + q~2*x72)72)]*
EllipticF[2*ArcTan[q*x], 1/2 - (b*xq~2)/(4*c)])/(2xq*Sqrt[a + b*x"2 + cxx"4]
), x1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

Rule 1216

Int[1/(((d_) + (e_.)*x(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4]), x_S
ymbol] :> With[{q = Rtlc/a, 2]}, Dist[(c*d + a*xexq)/(c*d"2 - axe”2), Int[1/
Sqrtla + b*x"2 + c*x~4], x], x] - Dist[(axex(e + d*q))/(c*d"2 - a*e”2), Int
[(1 + g*x~2)/((d + exx~2)*Sqrt[a + bxx~2 + cxx~4]), x]1, x]] /; FreeQ[{a, b,
c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe + axe”2, 0] && Ne
Qlc*xd™2 - a*e™2, 0] && PosQ[c/al

Rule 1706

Int [((A) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - A*e)x*Arc
Tan[(Rt[-b + (cxd)/e + (axe)/d, 2]*x)/Sqrtla + bxx"2 + c*x~4]])/(2*xd*e*Rt[-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + B*xx"2)*Sqrt[(A"2*(a
+ b*x"2 + c*x74))/(ax(A + Bxx"2)"2)]*EllipticPi[Cancel[-((B*d - Axe)~2/(4x
dxexAxB))], 2xArcTan[q*x], 1/2 - (bxA)/(4*a*xB)])/(4*dxexAxq*Sqrt[a + bxx"2
+ cxx~4]), x]] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[cxd™2 - a*e”2, 0] && PosQ[c/al && EqQ
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[c*A™2 - axB~2, 0]

Rule 6719
Int[(u_)*((a_)*x(v_ )" (m_.)*x(w_)"(n_.))"(p_), x_Symbol] :> Dist[(a"IntPart[
pl*(a*xv m*w™n) “FracPart [p])/ (v~ (m*FracPart [p] ) *w™ (n*xFracPart[p])), Int[u*xv”
(m*p)*w™ (n*p), x], x] /; FreeQ[{a, m, n, p}, x] && !IntegerQ[p] && !FreeQ
[v, x] & !'FreeQ[w, x]

Rubi steps
cos?(x) 1
f dx = Subst f dx, x, tan(x)
\/1 + cos2(x) + cos*(x) 2\2 3432+t
(1 + x ) >
(1+x2)
2 2 4 1
) (cos (x)\/ 3 + 3tan“(x) + tan*(x) ) Subst ( f W dx, x, tan(x))
\/ cos*(x) (3 + 3 tan?(x) + tan4(x))
B ((—1 -3 ) cosz(x)\/B + 3 tan?(x) + tan*(x) ) Subst( ﬁ dx, x, tan
2\/ cos(x) (3 + 3 tan’(x) + tan4(x))
tan™! fan(x) COSZ(X)\/ 3 + 3 tan?(x) + tan*(x) (1 + ‘/5) cos
\/ 3+3 tan?(x)+tan*(x)
2. [cost(x) (3 + 3 tan?(x) + tan4(x))
Mathematica [ time = 2.21, size = 159, normalized size = 3.53

2i cosz(x)\/ 2151“ ;j 1+ 21\;;3(?1_[( \/— ;isinh™ ( —_31 \/_ tan (x)) ﬁ)

} /—ﬁ /8 cos(2x) + cos(4x) + 15

Antiderivative was successfully verified.

[In] Integrate[Cos[x]~2/Sqrt[1 + Cos[x]~2 + Cos[x]~4],x]

[Out] ((-2%I)*Cos[x]~2#EllipticPil[3/2 + (I/2)*Sqrt([3], I*ArcSinh[Sqrt[(-2*I)/(-3*
I + Sqrt[3])]*Tan[x]], (3*I - Sqrt[3])/(3*I + Sqrt[3])]*Sqrt[1 - ((2*I)*Tan
[x]172)/(-3*I + Sqrt[3])]*Sqrt[1 + ((2*I)*Tan([x]"2)/(3*I + Sqrt[3]1)])/(Sqrtl
(-I)/(-3*I + Sqrt[3])]*Sqrt[15 + 8*Cos[2*x] + Cos[4x*x]])

fricas [A] time = 0.54, size = 33, normalized size = 0.73

1 2 y/cos(x)% + cos(x)2 + 1 cos(x) sin(x)
— arctan
6 2 cos(x)® —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~2/(1+cos(x) 2+cos(x)~4)~(1/2),x, algorithm="fricas")



44

[Out] 1/6*arctan(2*sqrt(cos(x)”4 + cos(x)"2 + 1)*cos(x) " 3*sin(x)/(2xcos(x)"6 - 1)
)

giac [F] time = 0.00, size = 0, normalized size = 0.00

cos(x)?

d
f Veos(x)* + cos(x)? + 1 *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~2/(1+cos(x) "2+cos(x)~4)~(1/2),x, algorithm="giac")
[Out] integrate(cos(x)~2/sqrt(cos(x)”4 + cos(x)"2 + 1), x)

maple [C] time = 0.60, size = 312, normalized size = 6.93

2\/(cos2 (2x) + 4 cos (2x) + 7) (sin2 (2x)) (z\/§ — 3) \/( L+iV3 )(cos(2x)- ( cos (2x) +1) \/ cos(2x)+2+iV3

\3-3 (cos(2x)+1) 3+3 (cos(2x)+1)
(i3

( ~1+iV3 \/(cos (2x) —1) (cos (2x) +1) (cos Qx)+2+ 1\/—) ( cos (2x) +
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x)~2/(1+cos(x) "2+cos(x)~4)~(1/2),x)

[Out] -2*((cos(2*x) "2+4*cos(2*x)+7)*sin(2*x)~2) " (1/2)*(I*3~(1/2)-3) *((-1+I*x37(1/2
))*x(cos(2%x)-1)/(I*37(1/2)-3)/(cos (2*x)+1)) " (1/2) *(cos (2*x)+1) "2* ((cos (2*x)
+2+I*37(1/2))/(I%37(1/2)+3) /(cos(2*x)+1) )~ (1/2) * ((I*3~(1/2) -cos (2*x)-2) / (I*
37(1/2)-3)/(cos(2xx)+1) )~ (1/2) *E11lipticPi (((-1+I*3~(1/2))*(cos(2*x)-1) / (I*3
~(1/2)-3)/(cos(2xx)+1))~(1/2), (I*x37(1/2)-3) / (-1+I*37(1/2)), ((1+I*3~(1/2)) *(
Ix37(1/2)-3)/(I*37(1/2)+3) /(-1+I%x37(1/2)))~(1/2))/(-1+I*37(1/2) )/ ((cos (2%*x)
-1)*(cos(2*x)+1)*(cos (2*xx)+2+I*3~ (1/2) ) *(I*37(1/2) -cos (2*x)-2))~(1/2) /sin(2

*x) / (cos (2*x) "2+4*cos (2*xx)+7) ~(1/2)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

cos(x)?

d
f Veos(x)* + cos(x)? + 1 *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)~2/(1+cos(x) "2+cos(x)~4)~(1/2),x, algorithm="maxima")
[Out] integrate(cos(x)~2/sqrt(cos(x)”4 + cos(x)"2 + 1), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

cos(x)2 I

\/ cos(x)4 + cos(x)2 +1
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x)"2/(cos(x)"2 + cos(x)"4 + 1)°(1/2),x)
[Out] int(cos(x)"2/(cos(x)"2 + cos(x)"4 + 1)°(1/2), x)
sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(x)**2/(1+cos(x)**2+cos(x)**4)**(1/2),x)

[Out] Timed out
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3.6 f tan(x)\/l + tan*(x) dx

Optimal. Leaf size=56

tanh_l[ 1- tanz(x ]

%\/tan4(x)+1 - \/\;Etan o) —s1nh (tanz(x))

[Out] -1/2*arcsinh(tan(x)~2)-1/2%arctanh(1/2*(1-tan(x)~2)*2~(1/2)/(1+tan(x)~"4)"(1
/2)) %27 (1/2)+1/2x(1+tan(x)~4)~(1/2)

Rubi [A] time = 0.07, antiderivative size = 56, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 7, integrand size = 13,

number of rules _ ) 538, Rules used = {3670, 1248, 735, 844, 215, 725, 206}

integrand size

tanh™ [ 1-tan?(x) )
1 V2 (Jtant(x)+1
—+/ tan*(x) +1 — o) _2 smh (tanz(x))
2 V2

Antiderivative was successfully verified.
[In] Int[Tan[x]*Sqrt[l + Tan[x]~4],x]

[Out] -ArcSinh[Tan[x]72]/2 - ArcTanh[(1 - Tan[x]~2)/(Sqrt[2]*Sqrt[1 + Tan[x]~4])]
/Sqrt[2] + Sqrt[l + Tan[x]"4]/2

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 01 |l LtQ[b, 01)

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
t[all/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 725

Int[1/(((d) + (e_.)*(x_))*Sqgrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(cxd™2 + axe™2 - x72), x], x, (axe - c*d*x)/Sqrt[a + c*x"2]] /; FreeQ
[{a, ¢, d, e}, x]

Rule 735

Int[((d) + (e_)*x(x))"(m_)*((a_) + (c_.)*x(x_)"2)"(p_), x_Symbol] :> Simpl[
((d + exx)"(m + 1)*(a + c*xx"2)"p)/(ex(m + 2*p + 1)), x] + Dist[(2*p)/(ex(m

+ 2xp + 1)), Int[(d + e*xx) m*Simp[a*e - c*dxx, x]*(a + c*x~2)"(p - 1), x],

x] /; FreeQ[{a, c, d, e, m}, x] && NeQ[cxd™2 + a*xe”2, 0] && GtQ[p, 0] && Ne
Qlm + 2%xp + 1, 0] && ( !'RationalQ[m] || LtQ[m, 1]) && !'ILtQ[m + 2*p, 0] &&
IntQuadraticQ[a, 0, ¢, d, e, m, p, x]

Rule 844

Int[((d_.) + (e_.)*(x_))"(m)*((f_.) + (g_.)*(x_))*((a_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*(a + c*x"2)7p, x], x] + D
ist[(exf - dxg)/e, Int[(d + e*x) " mx(a + c*xx~2)7p, x], x] /; FreeQ[{a, c, d,
e, f, g, m, p}, x] && NeQ[cxd"2 + a*e”2, 0] && !'IGtQ[m, O]
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Rule 1248

Int[(x )*((d_) + (e_)*(x_)"2)"(q_.)*x((a_) + (c_.)*x(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + exx)~gx(a + c*x~2)7p, x], x, x72], x] /; FreeQ
[{a, ¢, d, e, p, q}, x]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(xD)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +

(f_)*xD1)" ()" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) mx(a + bx(ff*x)"n)"p)/(c”2 + £
f72xx"2), x], x, (cxTan[e + f*x])/ff]l, x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pr, x] && (IGtQ[p, O] || EqQ[n, 2] || EqQn, 4] || (IntegerQ[p] &% Ration
alQ[nl))

Rubi steps

\/1 4

f tan(x)+/1 + tan*(x) dx = Subst f AL dx, x, tan(x)
1+ x2

V1 + x2

1+x

1 1-x
/1 + tan*(x) + = Subst ( f dx, x, tanz(x))
2 (1 +x)V1 + x?

Subst

E-
92)

—

—

dx, x, tanz(x))

NI= NI= N=

1 1 1
{1+ tant(x) - = Subst( dx, x, tanz(x)) + Subst ( f
2 N 1 +2)V1 + 22
1 1 1 [ . 1 1 - tan?(x)
= ——sinh ~ (tan“(x)) + =4/1 + tan®(x) — Subst f dx, x,
2 ( ) 2 2-x? V1 + tan*(x)
tanh_l ( 1—tan2(x)

V2 /1+tan* ] 1
Han + > 1 + tan*(x)
2

\/—

= —% sinh™ (tanz(x)) -

Mathematica [A] time = 0.12, size = 74, normalized size = 1.32

Vtan'(x) +1 (\/m ~ 22 cos?(x) sinh ™ (cos(2x)) — 2 cos?(x) tanh ™! (%))
2+/cos(4x) + 3

Antiderivative was successfully verified.

[In] Integrate[Tan[x]*Sqrt[1 + Tan[x]~4],x]

[Out] ((-2%Sqrt[2]*ArcSinh[Cos[2*x]]*Cos[x]~2 - 2*ArcTanh[(2xSin[x]~2)/Sqrt[3 + C
os[4*x]]]*Cos[x] "2 + Sqrt[3 + Cos[4*x]])*Sqrt[1 + Tan[x]~4])/(2%Sqrt[3 + Co
s[4*x]])

fricas [B] time = 0.55, size = 88, normalized size = 1.57

3 tan(x)* - 2 tan(x)? + 2 y/tan(x)* + 1 (\5 tan(x)? — V2 ) +3) 1

1 1
1 V2 log +5 Vtan(x)* +1 +5 log (— tan(x)?

tan(x)* + 2 tan(x)? + 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+tan(x)~4)~(1/2)*tan(x),x, algorithm="fricas")
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[Out] 1/4*sqrt(2)*log((3*tan(x)~4 - 2xtan(x)”~2 + 2xsqrt(tan(x)”4 + 1)*(sqrt(2)*ta
n(x)"2 - sqrt(2)) + 3)/(tan(x)"4 + 2*tan(x)"2 + 1)) + 1/2*sqrt(tan(x)"4 + 1
) + 1/2*%log(-tan(x) "2 + sqrt(tan(x)~4 + 1))

giac [A] time = 1.20, size = 79, normalized size = 1.41

1 tan(x)? + V2 —tan(x)* +1 +1) 1 1
5 V2 log _tan(x)z Vi Voo 1 1 +5 ytan(x)* +1 +3 log (— tan(x)? + ytan(x)* + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+tan(x)~4)~(1/2)*tan(x),x, algorithm="giac")

[Out] 1/2*sqrt(2)*log(-(tan(x)~2 + sqrt(2) - sqrt(tan(x)”4 + 1) + 1)/(tan(x)"2 -
sqrt(2) - sqrt(tan(x)”4 + 1) + 1)) + 1/2xsqrt(tan(x)”4 + 1) + 1/2*log(-tan(
x)72 + sqrt(tan(x)”4 + 1))

maple [A] time = 0.08, size = 64, normalized size = 1.14

V2 arctanh (-2(tan?(x))+2) V2
arcsinh (tanz(x)) 4\/ ~2(tan?())+(tan?(9) +1)” \/ -2 (tanz(x)) + (tanz(x) + 1)2
—~ +
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+tan(x)~4)"(1/2)*tan(x),x)

[Out] 1/2*%((tan(x)~"2+1)"2-2*xtan(x)"2)"(1/2)-1/2*arcsinh(tan(x)”~2)-1/2*x2"(1/2)*arc
tanh(1/4*(-2*xtan(x) "2+2)*27(1/2) /((tan(x) "2+1) "2-2*xtan(x) ~2)~(1/2))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00
f Vian(@)? +1 tan(x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+tan(x)~4)~(1/2)*tan(x),x, algorithm="maxima")
[Out] integrate(sqrt(tan(x)~4 + 1)xtan(x), x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.02

f tan(x) \/tan(x)4 +1 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)*(tan(x)"4 + 1)°(1/2),x)
[Out] int(tan(x)*(tan(x)~4 + 1)~(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

tan® (x) + 1 tan (x) dx
N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+tan(x)**4)**(1/2)*tan(x),x)

[Out] Integral(sqrt(tan(x)**4 + 1)xtan(x), x)
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tan(x)
7 d
37 e ™

Optimal. Leaf size=15
2 -
3 tanh ™’ (\/sec3(x) +1 )

[Out] -2/3*arctanh((1+sec(x)~3)"(1/2))

Rubi [A] time = 0.03, antiderivative size = 15, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 13,

number ofrules _ ().308, Rules used = {4139, 266, 63, 207}

; tanh ™ (Voo + 1)

integrand size

Antiderivative was successfully verified.

[In] Int[Tan[x]/Sqrt[1 + Sec[x]"3],x]
[Out] (-2*ArcTanh([Sqrt[1 + Sec[x]7311)/3
Rule 63

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist([p/b, Subst[Int[x"(p*(m + 1) - 1) *(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]1*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(@m_)) (p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 4139

Int[((a_) + (b_.)*((c_.)*sec[(e_.) + (f£_.)*x(x_)1)"(n_)) " (p_.)*tanl[(e_.) + (
f_)x(x_)]"(m_.), x_Symbol] :> With[{ff = FreeFactors[Secle + fx*x], x]}, Di
st[1/f, Subst[Int[((-1 + f£72%x72)"((m - 1)/2)*(a + bx(c*ff*x)"n) p)/x, x],
x, Secle + f*x]/ff], x]] /; FreeQ[{a, b, c, e, £, n, p}, x] && IntegerQ[(m
- 1)/2] && (GtQ[m, 0] || EqQ[n, 2] || EqQn, 4] || IGtQ[p, 0] || IntegersQ
[2*n, pl)

Rubi steps
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tan(x) ( 1
dx = Subst —dx, X, sec(x))
f V1 + sec3(x) xV1 + x3
1 1
= — Subst dx, x, sec3(x))
3 ( V1l +x

2 1
= — Subst f dx, x, 1 + sec3(x)
3 -1+ x2
2
=3 tanh ™’ (\/1 + sec3(x))

Mathematica [A] time = 0.02, size = 15, normalized size = 1.00
2 _
3 tanh ™’ (\/sec3(x) +1 )

Antiderivative was successfully verified.

[In] Integrate[Tan[x]/Sqrt[1 + Sec[x]~3],x]
[Out] (-2*ArcTanh([Sqrt[1 + Sec[x]7311)/3

fricas [B] time = 0.50, size = 30, normalized size = 2.00

% log [2 1 /% cos(x)® — 2 cos(x) — 1]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1l+sec(x)~3)7(1/2),x, algorithm="fricas")
[Out] 1/3%log(2*sqrt((cos(x)~3 + 1)/cos(x)~3)*cos(x)~3 - 2*cos(x)”3 - 1)

giac [B] time = 1.23, size = 28, normalized size = 1.87

11 L +1+1+11 L +1 -1
38 cos(x)3 308 cos(x)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1+sec(x)~3)7(1/2),x, algorithm="giac")
[Out] -1/3%log(sqrt(1/cos(x)”3 + 1) + 1) + 1/3*log(abs(sqrt(1/cos(x)”3 + 1) - 1))

maple [A] time = 0.08, size = 12, normalized size = 0.80

2 arctanh (\/ sec3(x) +1 )

3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(1+sec(x)~3)"(1/2),x)
[Out] -2/3*arctanh((1+sec(x)~3)7(1/2))

maxima [B]  time = 0.42, size = 27, normalized size = 1.80

11 L +1+1+11 L +1-1
38 cos(x)3 398 cos(x)3
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1+sec(x)”3)7(1/2),x, algorithm="maxima")
[Out] -1/3%log(sqrt(l/cos(x)”3 + 1) + 1) + 1/3*log(sqrt(1/cos(x)"3 + 1) - 1)

mupad [F] time = 0.00, size = -1, normalized size = -0.07

f tan(x) i
1

+1

cos(x)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(1/cos(x)"3 + 1)7(1/2),x)

[Out] int(tan(x)/(1/cos(x)"3 + 1)7(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
tan (x)

\/ (sec(x) +1) (sec2 (x) — sec (x) + 1)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1+sec(x)**3)*x(1/2),x)

[Out] Integral(tan(x)/sqrt((sec(x) + 1)*(sec(x)**2 - sec(x) + 1)), x)
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3.8 f \/2 + 2 tan(x) + tan®(x) dx

Optimal. Leaf size=137

N
—~

_ /l (1 N \/— -l 245 - (5 + \/—) tan(x) [t tanh_l (5 \/g) tal
2 \/10 1 + \/— \/tanz(x) + 2tan(x) + 2 /10 \/’E

[Out] arcsinh(1+tan(x))-1/2*arctanh((2*x57(1/2)+(5-5"(1/2))*tan(x))/(-10+10%5~(1/2
))"(1/2)/ (2+2*tan(x) +tan(x) "2) " (1/2) ) *(-2+2%57(1/2)) ~(1/2)-1/2*arctan ((2*5~
(1/2)-(5+5"(1/2) ) *tan(x))/(10+10%5~(1/2))~(1/2) / (2+2xtan(x)+tan(x) ~2) ~(1/2)
)x(2+2%57(1/2))~(1/2)

Rubi [A] time = 0.18, antiderivative size = 137, normalized size of antiderivative
= 1.00, number of steps used = 9, number of rules used = 7, integrand size = 14,

number ofrules _ (500, Rules used = {990, 619, 215, 1036, 1030, 207, 203}

integrand size

N (1 . \/— ] 245 - (5+ \/—)tan(x B 1(\/5 _1) T (5— \/g)tal
2 \/10 1 + \/— Vtan2(x) + 2 tan(x) + 2 2 10 (\/5 _ 1) Vtan

Antiderivative was successfully verified.

[In] Int[Sqrt[2 + 2*Tan[x] + Tan[x]~2],x]

[Out] ArcSinh[1 + Tan[x]] - Sqrt[(1 + Sqrt[5])/2]*ArcTan[(2*Sqrt[5] - (5 + Sqrt[5
1) *Tan[x])/(Sqrt [10*(1 + Sqrt[5]1)]1*Sqrt[2 + 2xTan[x] + Tan[x]"2])] - Sqrt((

-1 + Sqrt[5])/2]*ArcTanh[(2xSqrt[5] + (5 - Sqrt[5])*Tan[x])/(Sqrt[10*(-1 +

Sqrt [56]1)]1*Sqrt[2 + 2*Tan([x] + Tan[x]"2])]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 21*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
t[all/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 619

Int[((a_.) + (b_)*(x_) + (c_)*(x)"2)"(p_), x_Symbol] :> Dist[1/(2*c*x((-4
xc)/(b72 - 4*axc))”p), Subst[Int[Simp[l - x72/(b"2 - 4*axc), x]7p, x], x
+ 2*%c*x], x] /; FreeQ[{a, b, c, p}, x] && GtQ[4*a - b~2/c, 0]

Rule 990

Int[Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"21/((d_) + (£_.)*(x_)"2), x_Symbol]
:> Dist[c/f, Int[1/Sqrtla + b*x + cxx~2], x], x] - Dist[1/f, Int[(c*d - ax
f - bxfxx)/(Sqrtla + bxx + c*x"2]*(d + f*x72)), x], x] /; FreeQ[{a, b, c, d
, T}, x] && NeQ[b~2 - 4xaxc, 0]
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Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a~2*xgxh*c + ax
exx”2, x], x], x, Simpl[a*h - gxc*x, x]/Sqrt[d + e*xx + fxx~2]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[axh™2*e + 2*xgxh*(cxd - axf) - g~ 2xc*e, 0]

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a)) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - a*f)~2 + axcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*hxe) - gx(cxd - a*xf - q) + (hx(cxd - axf + q) - gkc*
e)*x, x]/((a + c*xx"2)*Sqrtd + e*x + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(ckd - axf + q) + (hx(cxd - axf - q) - gxcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &&
NeQ[e™2 - 4*d*f, 0] && NegQ[-(a*c)]

Rubi steps

V2 +2x + x2

T2 .2 dx, x, tan(x)
X

f \/ 2 + 2 tan(x) + tan?(x) dx = Subst [ f

-1-2x

1
= Subst ( f —dx,x, tan(x)) — Subst f
V2 + 2x + x2 (1+x2)\/2+2x+x2

5-45-245x
Subst ( f () Voot dx, x, tan(

25

dx,:

dx,x,2 + 2tan(x) | -

:—Substfr

o 1 25 -
= sinh (1 + tan(x)) — (2 (5 - \/E)) Subst [f 0 (1 - \/5) o dx, x, Ny

245 — (5 +15 ) tan(x)

\/10 1 +\/— \/2+2tan(x)+tan

=sinh (1 + tan(x)) 1+ \/— tan™!

N =
—~

Mathematica [C] time = 10.30, size = 99, normalized size = 0.72

o 1. - _ (1 + i) tan(x) + (2 + 1) - _ (2 - 2i) tan(x
h! D+=i|V1+2 nhl( )—\/1—2 hl(
S (tan()+ )+21( ret V1 +2i \/tanz(x) + 2 tan(x) + 2 Han 21 - 2i \/tanz(x)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[2 + 2*Tan[x] + Tan[x]~2],x]

[Out] ArcSinh[1 + Tan[x]] + (I/2)*(Sqrt[1l + 2xI]*ArcTanh[((2 + I) + (1 + I)*Tan[x
1)/(Sqrt[1 + 2xI1*Sqrt[2 + 2xTan[x] + Tan[x]72])] - Sqrt[1 - 2*I]*ArcTanh[(

(4 - 2%I) + (2 - 2*%I)*Tan[x])/(2%Sqrt[1 - 2*I]*Sqrt[2 + 2*Tan[x] + Tan[x]~2

DD

fricas [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+2*tan(x)+tan(x)~2)"(1/2),x, algorithm="fricas")
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[Out] Timed out

giac [B] time = 1.44, size = 495, normalized size = 3.61

_}L V2 V5 -2 log [256 (\/5 (\/tan(x)2 +2 tan(x) + 2 — tan(x)) +5 vV V5 =2 =5 —2+tan(x)? + 2 tar

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+2*tan(x)+tan(x)~2)~(1/2),x, algorithm="giac")

[Out] -1/4xsqrt(2*sqrt(5) - 2)*log(256*(sqrt(5)*(sqrt(tan(x)”~2 + 2*tan(x) + 2) -
tan(x)) + sqrt(b)*sqrt(sqrt(5) - 2) - sqrt(5) - 2xsqrt(tan(x)”2 + 2*tan(x)
+ 2) - 2*xsqrt(sqrt(b) - 2) + 2*tan(x) + 2)72 + 256*(sqrt(5)*(sqrt(tan(x) "2
+ 2%tan(x) + 2) - tan(x)) + sqrt(5) - 2*sqrt(tan(x)”2 + 2xtan(x) + 2) + sqr
t(sqrt(6) - 2) + 2xtan(x) - 2)72) + 1/4*xsqrt(2*sqrt(5) - 2)*log(256*(sqrt(5
)*(sqrt(tan(x) "2 + 2*xtan(x) + 2) - tan(x)) - sqrt(5)*sqrt(sqrt(5) - 2) - sq
rt(5) - 2*sqrt(tan(x)”™2 + 2%tan(x) + 2) + 2*sqrt(sqrt(5) - 2) + 2*xtan(x) +
2)72 + 256*%(sqrt(5)*(sqrt(tan(x)~2 + 2*tan(x) + 2) - tan(x)) + sqrt(b) - 2%
sqrt(tan(x)”2 + 2xtan(x) + 2) - sqrt(sqrt(5) - 2) + 2xtan(x) - 2)72) + 1/4x%
(pi + 4xarctan(-1/2*(2*sqrt(5)*sqrt(sqrt(5) - 2) + sqrt(5) + 4*sqrt(sqrt(5)
- 2) + 3)*(sqrt(tan(x)~2 + 2xtan(x) + 2) - tan(x)) + 3/2*sqrt(5)*sqrt(sqrt
(6) - 2) + 1/2%sqrt(5) + 7/2*sqrt(sqrt(5) - 2) + 3/2))*sqrt(2*sqrt(5) - 2)/
(sqrt(5) - 1) - 1/4%(pi + 4*arctan(1/2*x(2xsqrt(5)*sqrt(sqrt(b) - 2) - sqrt(
5) + 4xsqrt(sqrt(b) - 2) - 3)*(sqrt(tan(x)”2 + 2*tan(x) + 2) - tan(x)) - 3/
2xsqrt (5) *sqrt(sqrt(5) - 2) + 1/2xsqrt(5) - 7/2*xsqrt(sqrt(b5) - 2) + 3/2))*s
qrt(2*sqrt(5) - 2)/(sqrt(5) - 1) - log(sqrt(tan(x)~2 + 2*tan(x) + 2) - tan(
x) - 1)

maple [B] time = 0.23, size = 1605, normalized size = 11.72

Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2+2*tan(x)+tan(x)”~2)"(1/2),x)

[Out] arcsinh(tan(x)+1)+1/10%x(10*%(-1/2%5"(1/2)+1/2+tan(x))"2/(-1/2x5~(1/2)-1/2-ta
n(x))"2-2%x5"(1/2)*(-1/2*%5~(1/2)+1/2+tan(x)) "2/ (-1/2%5"(1/2)-1/2-tan(x)) ~2+1
0+2%57(1/2))~(1/2)*5~(1/2) * (-5*arctan (1/80* (-22+10%57(1/2) )~ (1/2)*((5-5"(1/
2))* (2% (-1/2%5"(1/2)+1/2+tan(x)) "2/ (-1/2x5"(1/2)-1/2-tan(x)) "2+57(1/2)+3) )"~
(1/2)*(11%57(1/2)*(-1/2*%5" (1/2)+1/2+tan(x) ) "2/ (-1/2%5"(1/2)-1/2-tan(x) ) ~2+2
5% (-1/2%5"(1/2)+1/2+tan(x)) "2/ (-1/2*¥5"(1/2)-1/2-tan(x) ) "2+4*5~(1/2)+10) * (-1
/2%57(1/2)+1/2+tan(x) )/ (-1/2*57(1/2)-1/2-tan(x) ) * (57 (1/2)-5) / ((-1/2x5"(1/2)
+1/2+tan(x))~4/(-1/2%5"(1/2)-1/2-tan(x)) ~4+3*x(-1/2*x5"(1/2)+1/2+tan(x)) "2/ (-
1/2%x57(1/2)-1/2-tan(x)) ~2+1) )*(-10+10%5~(1/2) )~ (1/2) * (-22+10%5~(1/2)) ~(1/2)
-3*%arctan(1/80* (-22+10%57(1/2)) "~ (1/2)*((5-5"(1/2) ) *(2*x(-1/2x5"(1/2)+1/2+tan
(x))72/(-1/2%57(1/2)-1/2-tan(x) ) "2+57(1/2)+3) ) ~(1/2) * (11x5~(1/2) *(-1/2x5~ (1
/2)+1/2+tan(x)) "2/ (-1/2%5"(1/2)-1/2-tan(x) ) ~2+25x(-1/2%5"(1/2)+1/2+tan(x) )"~
2/(-1/2x5"(1/2)-1/2-tan(x) ) "2+4*5~(1/2)+10) *(-1/2%57 (1/2)+1/2+tan(x) )/ (-1/2
*x57(1/2)-1/2-tan(x))*(567(1/2)-5)/ ((-1/2%5"(1/2)+1/2+tan(x)) "4/ (-1/2x5"(1/2)
-1/2-tan(x) ) "4+3*(-1/2x5"(1/2)+1/2+tan(x)) "2/ (-1/2*5"(1/2)-1/2-tan(x) ) ~2+1)
)*¥57(1/2) % (=10+10%57(1/2) )~ (1/2)*(-22+10%5"(1/2)) " (1/2) +20*arctanh ((10*x (-1/
2x57(1/2)+1/2+tan(x)) "2/ (-1/2%57(1/2)-1/2-tan(x)) "2-2%5"(1/2)*(-1/2x57(1/2)
+1/2+tan(x)) "2/ (-1/2%5"(1/2)-1/2-tan(x) ) "2+10+2+¥57(1/2)) ~(1/2) / (-10+10*5~ (1
/2))"(1/2))*5"(1/2)-60*arctanh ((10*(-1/2%5~(1/2)+1/2+tan(x)) "2/ (-1/2*x5"(1/2
)-1/2-tan(x))"2-2x5"(1/2)*(-1/2x5"(1/2)+1/2+tan(x))"2/(-1/2*x5"(1/2)-1/2-tan
(x))72+10+2*%57(1/2))~(1/2) / (-10+10%5~(1/2))~(1/2)) )/ (-2*% (5~ (1/2) *(-1/2x5~ (1
/2)+1/2+tan(x)) "2/ (-1/2%x5"(1/2)-1/2-tan(x) ) "2-5*x(-1/2%5"(1/2)+1/2+tan(x) ) "2
/(=1/2%57(1/2)-1/2-tan(x))~2-5"(1/2)-5) / ((-1/2%5"(1/2)+1/2+tan(x) )/ (-1/2*5~
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(1/2)-1/2-tan(x))+1)"2)~(1/2)/((-1/2%5"(1/2)+1/2+tan(x)) /(-1/2%5~(1/2)-1/2-
tan(x))+1)/(57(1/2)-5)/(-10+10*%57(1/2) )~ (1/2)+1/5* (10* (-1/2*5~(1/2) +1/2+tan
(x))"2/(-1/2%5"(1/2)-1/2-tan(x)) "2-2%5"(1/2)*(-1/2x5"(1/2)+1/2+tan(x) ) "2/ (-
1/2%5~(1/2)-1/2-tan(x) ) "2+10+2*%5~(1/2) )~ (1/2)*5~(1/2) * (—arctan(1/80* (-22+10
*57(1/2))"(1/2)*x((5-5"(1/2))*x(2x (-1/2x5"(1/2)+1/2+tan(x) ) "2/ (-1/2%5"(1/2)-1
/2-tan(x))"2+57(1/2)+3)) " (1/2)*(11x5~ (1/2)*(-1/2*5" (1/2)+1/2+tan(x) ) "2/ (-1/
2%57(1/2)-1/2-tan(x) ) "2+25* (-1/2x5~(1/2)+1/2+tan(x)) "2/ (-1/2*¥6"(1/2)-1/2-ta
n(x))"2+4x57(1/2)+10)*x(-1/2%5"(1/2)+1/2+tan(x) )/ (-1/2*x5"(1/2)-1/2-tan(x) ) *(
57(1/2)-5)/((-1/2%5"(1/2)+1/2+tan(x)) "4/ (-1/2*56"(1/2)-1/2-tan(x) ) "4+3*(-1/2
*57(1/2)+1/2+tan(x)) "2/ (-1/2*5"(1/2)-1/2-tan(x) ) "2+1) )*5~(1/2) * (-10+10*5~ (1
/2))"(1/2)*(-22+10%5~(1/2) )~ (1/2) -5*arctan (1/80* (-22+10%5~(1/2) )~ (1/2) * ((5-
57(1/2))* (2% (-1/2x5"(1/2)+1/2+tan(x) ) "2/ (-1/2*5"(1/2)-1/2-tan(x) ) "2+57(1/2)
+3))7(1/2)*(11%57(1/2) *(-1/2%57(1/2)+1/2+tan(x) ) "2/ (-1/2%57(1/2) -1/2-tan(x)
)"2+25% (-1/2%57(1/2)+1/2+tan(x)) "2/ (-1/2%5"(1/2)-1/2-tan(x)) "2+4*5~(1/2)+10
)x(=1/2%57(1/2)+1/2+tan(x) )/ (-1/2x5"(1/2)-1/2-tan(x) )* (57 (1/2)-5) / ((-1/2%5"
(1/2)+1/2+tan(x)) "4/ (-1/2x5"(1/2)-1/2-tan(x) ) ~4+3*x(-1/2*x5~(1/2)+1/2+tan(x))
~2/(-1/2%5"(1/2)-1/2-tan(x)) "2+1) ) * (-10+10*5~(1/2) )~ (1/2) *(-22+10%5"(1/2) )~
(1/2)+20*arctanh ((10*x(-1/2%5~(1/2)+1/2+tan(x)) ~2/(-1/2%x5~(1/2)-1/2-tan(x) )"~
2-2%57(1/2)*(-1/2*x5~(1/2)+1/2+tan(x)) "2/ (-1/2*x57(1/2)-1/2-tan(x) ) "2+10+2x5~
(1/2))°(1/2)/(-10+10%5"(1/2))~(1/2))*5~(1/2) -20*arctanh ((10* (-1/2*57(1/2) +1
/2+tan(x))~2/(-1/2%57(1/2)-1/2-tan(x) ) "2-2x5"(1/2)*(-1/2%57(1/2) +1/2+tan(x)
)"2/(-1/2%5"(1/2)-1/2-tan(x)) ~2+10+2%57(1/2) )~ (1/2) / (-10+10%x5~(1/2))~(1/2))
)/ (=2% (57 (1/2)*(-1/2*5~(1/2)+1/2+tan(x) ) "2/ (-1/2%57(1/2)-1/2-tan(x)) "2-5* (-
1/2%57(1/2)+1/2+tan(x)) "2/ (-1/2%5"(1/2)-1/2-tan(x)) ~"2-5"(1/2)-5) / ((-1/2*5"(
1/2)+1/2+tan(x))/(-1/2%5~(1/2)-1/2-tan(x) )+1)"2) ~(1/2) / ((-1/2%5~(1/2) +1/2+t
an(x))/(-1/2%57(1/2)-1/2-tan(x))+1) /(57 (1/2)-5)/(-10+10*%5~(1/2))~(1/2)

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+2*tan(x)+tan(x)~2)~(1/2),x, algorithm="maxima")

[Out] Exception raised: RuntimeError >> ECL says: Error executing code in Maxima:
sign: argument cannot be imaginary; found %i

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f \/ tan(x)2 + 2tan(x) + 2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((2*tan(x) + tan(x)"2 + 2)°(1/2),x)
[Out] int((2*tan(x) + tan(x)"2 + 2)°(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/tan2 (x) + 2 tan (x) + 2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2+2*tan(x)+tan(x)**2)**x(1/2),x)

[Out] Integral(sqrt(tan(x)**2 + 2*tan(x) + 2), x)
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39 [tan™ (\/—1 + sec(x) ) sin(x) dx

Optimal. Leaf size=41

% cos(x)vysec(x) -1 + % tan~! (\/sec(x) -1 ) — cos(x) tan™! (\/sec(x) -1 )

[Out] 1/2*arctan((-1+sec(x))~(1/2))-arctan((-1+sec(x))~(1/2))*cos(x)+1/2*cos (x)*(
-1+sec(x))~(1/2)

Rubi [A] time = 0.02, antiderivative size = 41, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 7, integrand size = 12,

number of rules _ ) 583, Rules used = {4335, 5203, 12, 242, 51, 63, 203}

integrand size
% cos(x)y/sec(x) —1 + % tan™! (\/sec(x) -1 ) — cos(x) tan™! (\/sec(x) -1 )

Antiderivative was successfully verified.
[In] Int[ArcTan[Sqrt[-1 + Sec[x]]]*Sin[x],x]

[Out] ArcTan[Sqrt([-1 + Sec[x]]]/2 - ArcTan[Sqrt[-1 + Sec[x]]]*Cos[x] + (Cos[x]*Sq
rt[-1 + Sec[x]11)/2

Rule 12

Int[(a_)*(u_), x_Symbol]l :> Distla, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 51

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + bxx)"(m + 1)*(c + d*x)"(n + 1))/ ((b*c - axd)*(m + 1)), x] - Dist[(d*(
m+n+ 2))/((bxc - axd)*(m + 1)), Int[(a + b*xx)"(m + 1)*(c + d*x)"n, x], X
1 /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQla, 0] || (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[nl))) && I
ntlLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + b*xx)~(1/p)], x]] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 242

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> -Subst[Int[(a + b/x"n) p/x"~
2, x], x, 1/x] /; FreeQ[{a, b, p}, x] && ILtQ[n, 0]

Rule 4335

Int[(u_)*(F_) [(c_.)*x((a_.) + (b_.)*(x_))], x_Symbol] :> With[{d = FreeFacto
rs[Cos[cx(a + b*x)], x]}, -Dist[d/(b*c), Subst[Int[SubstFor[1, Cosl[c*(a + b
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*x)]/d, u, x], x], x, Coslc*x(a + b*x)]/d], x] /; FunctionOfQ[Cos[c*(a + b*x
)1/d, u, x, Truel] /; FreeQ[{a, b, c}, x] && (EqQ[F, Sin] || EqQ[F, sin])

Rule 5203

Int[ArcTan[u_], x_Symbol] :> Simp[x*ArcTan[u], x] - Int[SimplifyIntegrand[(
x*xD[u, x]1)/(1 + u2), x], x] /; InverseFunctionFreeQ[u, x]

Rubi steps

f tan™! (\/—1 + sec(x) ) sin(x) dx = — Subst ( f tan™! [w/—l + %J dx, x, cos(x))
= —tan™! (\/—1 + sec(x) ) cos(x) + Subst f -

1
———dx, x, cos(x)
24-1+ !

X
1

_1+1
V x

= —tan! (\/—1 + sec(x) ) cos(x) + % Subst( ﬁ dx, x, sec(x))

= —tan’! (\/—1 + sec(x) ) cos(x) + %cos(x)\/—l + sec(x) + %Subst ( f T

= —tan™! (\/—1 + sec(x) ) cos(x) + %cos(x)\/—l + sec(x) + %Subst ( f ﬁ
( -1+ sec(x)) —tan™! (\/—1 + sec(x) ) cos(x) + %cos(x)\/—l + S

dx, x, cos(x)

=—tan”! (\/—1 + sec(x) ) cos(x) — %Subst f

Mathematica [C] time = 4.38, size = 283, normalized size = 6.90

2 (3248 (V2 ~2) cos (3) VB 1) o (3] -tan (2) ~248 + 3 (25 ~3) ar (3] 41 cor

Warning: Unable to verify antiderivative.

[In] Integrate[ArcTan[Sqrt[-1 + Sec[x]]]*Sin[x],x]

[Out] -(ArcTan[Sqrt[-1 + Sec[x]]]*Cos[x]) + (Cos[x]*Sqrt[-1 + Sec[x]])/2 - ((-3 -
2xSqrt [2]) *Cos [x/4]"2%(1 - Sqrt([2] + (-2 + Sqrt([2])*Cos[x/2])*Cot [x/4]*(ELl
lipticF[ArcSin[Tan[x/4]/Sqrt[3 - 2#Sqrt[2]]], 17 - 12xSqrt[2]] - 2xElliptic
Pi[-3 + 2%Sqrt[2], ArcSin[Tan([x/4]1/Sqrt[3 - 2%Sqrt[2]1]1], 17 - 12*Sqrt[2]])=*
Sqrt[(7 - 5*Sqrt[2] + (10 - 7*Sqrt[2])*Cos[x/2])*Sec[x/4]"2]*Sqrt[(-1 - Sqr

t[2] + (2 + Sqrt[2])*Cos[x/2])*Sec[x/4]72]*Sqrt[-1 + Sec[x]]*Sec[x]*Sqrt[3

- 2x3qrt[2] - Tan[x/4]72]1*Sqrt[1 + (-3 + 2xSqrt[2])*Tan[x/4]172])/2

fricas [A] time = 0.48, size = 32, normalized size = 0.78

1 1 / cos(x) — 1
~3 (2 cos(x) —1)arctan (\/sec(x) - 1) + 5 _T(x) cos(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan((-1+sec(x))~(1/2))*sin(x),x, algorithm="fricas")
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[Out] -1/2%(2%cos(x) - 1)*arctan(sqrt(sec(x) - 1)) + 1/2*sqrt(-(cos(x) - 1)/cos(x

))*cos (x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

undef
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(arctan((-1+sec(x))~(1/2))*sin(x),x, algorithm="giac")

[Out] undef

maple [A] time = 0.07, size = 42, normalized size = 1.02

1
arctan (\/sec(x) -1 ) arctan (\/_ (sec(x) B 1) sec(x) ) \/sec(x) — 1
-~ +

2 sec(x) 2 sec(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan((-1+sec(x))~(1/2))*sin(x) ,x)
[Out] -1/sec(x)*arctan((-(1/sec(x)-1)*sec(x))~(1/2))+1/2*%(-1+sec(x))~(1/2)/sec(x)
+1/2%arctan((-1+sec(x))~(1/2))

maxima [A] time = 1.01, size = 60, normalized size = 1.46

_ cos(x)-1
cos(x) —1 cos(x) 1 cos(x) —1
—arctan |4 |[-————— |cos(x) - —— + < arctan | [-—————
cos(x) 5 (COS(X)—l 3 1) 2 cos(x)

cos(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan((-1+sec(x))~(1/2))*sin(x),x, algorithm="maxima")

[Out] -arctan(sqrt(-(cos(x) - 1)/cos(x)))*cos(x) - 1/2*sqrt(-(cos(x) - 1)/cos(x))
/((cos(x) - 1)/cos(x) - 1) + 1/2*arctan(sqrt(-(cos(x) - 1)/cos(x)))

time = 0.42, size = 60, normalized size = 1.46

mupad [B]
3 asin( y/cos(x) 3+/1=
cos(x) ( 2C(£S(x)3/2 ) 2 cocs(zjch)) 1= cos(x)
—atan —1 | cos(x) -
cos(x) 3 1
cos(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan((1/cos(x) - 1)~(1/2))*sin(x),x)

[Out] - atan((1/cos(x) - 1)~ (1/2))*cos(x) - (cos(x)*((3*asin(cos(x)~(1/2)))/(2*co
s(x)7(3/2)) - (3*%(1 - cos(x))~(1/2))/(2*cos(x)))*(1 - cos(x))~(1/2))/(3*(1/

cos(x) - 1)°(1/2))
time = 0.00, size = 0, normalized size = 0.00

f sin (x) atan (\/sec (x)-1 ) dx

Verification of antiderivative is not currently implemented for this CAS.

sympy [F]

[In] integrate(atan((-1+sec(x))**(1/2))*sin(x),x)

[Out] Integral(sin(x)*atan(sqrt(sec(x) - 1)), x)
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eSin 1(x)x
310 [———dx

Optimal. Leaf size=44

(x ~3V1 - x2x2 - 3V1 - &2 +3x) sin” ()

10

[Out] 1/10%exp(arcsin(x))*(3*x+x"3-3*(-x"2+1)7(1/2)-3*x"2*(-x"2+1)~(1/2))

Rubi [A] time = 0.68, antiderivative size = 62, normalized size of antiderivative
= 1.41, number of steps used = 5, number of rules used = 5, integrand size = 19,

number of rules _ ) 263, Rules used = {4836, 6741, 6720, 4434, 4432}

integrand size

1 " 3 " 3 1 3

 A3sin(x) _ _\/1 _ a2 42,80 (x) _ _\/1 _ A2 psin” (%) + —yesSin (%)
10" ° 0 T 0 TF 10

Antiderivative was successfully verified.

[In] Int[(E"ArcSin[x]*x73)/Sqrt[l - x~2],x]

[Out] (3*E~ArcSin[x]*x)/10 + (E"ArcSin[x]*x73)/10 - (3*E"ArcSin[x]*Sqrt[1 - x~2])
/10 - (3*E"ArcSin[x]*x~2*Sqrt[1 - x72])/10

Rule 4432

Int[(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)], x_Symbol]
Simp [(bxc*Log[F]*F~ (cx(a + b*x))*Sin[d + e*x])/(e”2 + b~2xc~2*xLog[F]~2),
] - Simp[(exF~(c*(a + b*x))*Cos[d + exx])/(e”2 + b~2*xc~2*Log[F]~2), x] /;
reeQ[{F, a, b, c, d, e}, x] && NeQ[e™2 + b~2*c”2*xLog[F]~2, 0]

IR

Rule 4434

Int [(F_)~((c_.)*((a_.) + (b_.)*(x_)))*Sin[(d_.) + (e_.)*(x_)]1"(n_), x_Symbo
1] :> Simp[(b*c*Log[F]*F~(cx(a + b*x))*Sin[d + e*x]™n)/(e”2*n"2 + b~2xc~2*L
oglF172), x] + (Dist[(nx(n - 1)*e72)/(e”2*n"2 + b~2*c"2xLog[F]~2), Int[F~(c
x(a + b*xx))*Sin[d + exx]"(n - 2), x], x] - Simp[(e*n*F~(c*(a + b*x))*Cos[d
+ exx]*Sin[d + exx]”"(n - 1))/(e”2%n"2 + b"2*c"2*xLog[F]1~2), x]) /; FreeQ[{F,
a, b, c, d, e}, x] && NeQ[e~2*n"2 + b~2*c"2*Log[F]~2, 0] && GtQ[n, 1]

Rule 4836

Int[(u_.)*(f_)~(ArcSin[(a_.) + (b_.)*(x_)]"(n_.)*(c_.)), x_Symbol] :> Dist[
1/b, Subst[Int[(u /. x -> -(a/b) + Sin[x]/b)*f~(c*x"n)*Cos[x], x], x, ArcSi
nla + bxx]], x] /; FreeQ[{a, b, ¢, f}, x] && IGtQ[n, 0]

Rule 6720

Int[(u_.)*((a_.)*(v_)"(m_.))"(p_), x_Symbol] :> Dist[(a"IntPart[pl*(a*xv.m)~
FracPart[p])/v™ (m*FracPart[p]l), Int[uxv™(m*p), x], x] /; FreeQ[{a, m, p}, x
1 & !'IntegerQ[p] && !'FreeQl[v, x] && !'(EqQla, 1] && EqQ[m, 11) && !'(EqQ
[v, x] && EqQ[m, 11)

Rule 6741

Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int[v, x] /; v =!
= u]

Rubi steps
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sin"(x),.3 X .3
f - subst[ e cos@sin) 4y, sin_l(x))

1-x2 V1 = sin?(x)

e cos(x) sin’(x)

\/cos?(x)

=1Subst ( f e sin®(x) dx, x, sin_l(x))

= Subst( dx, x, sin‘l(x))

1 3 .- 3
= —in T (W3 10651“ @21 =22 + 5 Subst ( f e* sin(x) dx, x, sin_l(x))

10
— %esinl(x)x+ 11_Oesinl(x)x3 _ 10 eSin” x)\/1 2 - esSin” x)x \/1 2

Mathematica [A] time = 0.17, size = 38, normalized size = 0.86
1
—40 esin” () (15 (Vl -x2 - x) + sin (3 sin_l(x)) —3cos (3 sin_l(x)))

Antiderivative was successfully verified.

[In] Integrate[(E"ArcSin[x]*x73)/Sqrt[l - x72],x]

[Out] -1/40%(E"ArcSin[x]*(15%(-x + Sqrt[1l - x72]) - 3*Cos[3*ArcSin[x]] + Sin[3*Ar
cSin[x]]))

fricas [A] time = 0.47, size = 28, normalized size = 0.64

1 .
— (x3 ~3(x2+1)V-22+1 +3 x)earcsm(")

10
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(exp(arcsin(x))*x~3/(-x"2+1)"(1/2),x, algorithm="fricas")

[Out] 1/10%(x73 - 3*%(x72 + 1)*sqrt(-x~2 + 1) + 3*x)*e"arcsin(x)

giac [A] time = 1.47, size = 46, normalized size = 1.05

3
l (xZ _ 1) xearcsin(x) + — 3 ( x + 1) arcsm(x) + = 2 xearcsm(x) E \/_xz +1 earcsin(x)
10 5 5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsin(x))*x~3/(-x"2+1)7(1/2),x, algorithm="giac")

[Out] 1/10%(x"2 - 1)*x*e"arcsin(x) + 3/10%(-x"2 + 1)~ (3/2)*e"arcsin(x) + 2/5*xxxe”
arcsin(x) - 3/b*sqrt(-x~2 + 1)*e"arcsin(x)

maple [F]  time = 0.10, size = 0, normalized size = 0.00
¥ earcsm(x
=
Verification of antiderivative is not currently implemented for this CAS.

[In] int(exp(arcsin(x))*x~3/(-x"2+1)~(1/2),x)
[Out] int(exp(arcsin(x))*x~3/(-x"2+1)~(1/2),x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f X earcsm(x
Vr2 +
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(arcsin(x))*x~3/(-x"2+1)"(1/2),x, algorithm="maxima")
[Out] integrate(x~3*e"arcsin(x)/sqrt(-x"2 + 1), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

asm(x
[="
Verification of antiderivative is not currently implemented for this CAS.
[In] int((x"3*exp(asin(x)))/(1 - x72)7(1/2),%)

[Out] int((x"3*exp(asin(x)))/(1 - x72)7°(1/2), x)
sympy [A] time = 2.17, size = 56, normalized size = 1.27

x3 easin (x) 3 x2 A /1 —x2 easin (x) 3 xeasin (x) 31 /1 —x2 easin (x)

10 10 T 10

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(exp(asin(x))*x**3/(-x**2+1)**(1/2),x)

[Out] x**3xexp(asin(x))/10 - 3*x**2xsqrt(l - x**2)*exp(asin(x))/10 + 3x*x*exp(asin
(x))/10 - 3*sqrt(1 - x**2)*exp(asin(x))/10
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X 10g(1+x2) log(x+ V1+x2 )
V1+x2

311 | dx

Optimal. Leaf size=68
X (— log (x2 + 1))+‘\/x2 +1 log (x2 + 1) log (‘Vx2 +1 + x)—Z‘\/x2 +1 log ( Va2 +1 + x)+4x—2 tan ™! (x)

[Out] 4*x—-2*arctan(x)-x*1n(x"2+1)-2*1n(x+(x"2+1)"(1/2))*(x"2+1) " (1/2)+1n(x"2+1)*1
n(x+(x"2+1)"(1/2))*(x"2+1)~(1/2)

Rubi [A] time = 0.15, antiderivative size = 68, normalized size of antiderivative
= 1.00, number of steps used = 7, number of rules used = 8, integrand size = 29,

number of iles _ ) 276, Rules used = {261, 2554, 8, 2557, 12, 2448, 321, 203}

integrand size

x (~log (x2 +1))+Va2 +1 log (x? +1) log (sz +1 + x)—ZVx2 +1 log (Vx2 +1 + x)+4x—2 tan 1 (x)

Antiderivative was successfully verified.
[In] Int[(x*Logl[l + x"2]*Loglx + Sqrt[l + x~2]])/Sqrt[l + x72],x]

[Out] 4xx - 2*ArcTan[x] - x*Logl[l + x72] - 2xSqrt[l + x"2]*Logl[x + Sqrt[1l + x~2]]
+ Sqrt[1 + x"2]xLogl[l + x"2]*Loglx + Sqrt[1 + x~2]]

Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQl[a, x] & !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]1]1)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 261

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 321

Int[((c_.)*x(x_))"(m_)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(c~(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + n*xp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2448

Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_))"(p_.)], x_Symbol] :> Simp[x*Logl[c*(d
+ e*¥x"n)"pl, x] - Dist[e*n*p, Int[x"n/(d + e*x"n), x], x] /; FreeQ[{c, d,
e, n, p}, x]
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Rule 2554

Int[Loglu ]*(v_), x_Symbol] :> With[{w = IntHidel[v, x]}, Dist[Loglul, w, x]
- Int[SimplifyIntegrand[(w*D[u, x])/u, x], x] /; InverseFunctionFreeQ[w, x
11 /; InverseFunctionFreeQ[u, x]

Rule 2557

Int[Logl[v_]*Loglw_]*(u_), x_Symbol]l :> With[{z = IntHide[u, x]}, Dist[Loglv
IxLoglw], z, x] + (-Int[SimplifyIntegrand[(z*Logl[w]*D[v, x])/v, x], x] - In
t[SimplifyIntegrand[(z*Logl[v]*D[w, x])/w, x], x]) /; InverseFunctionFreeQ[z
, x]]1 /; InverseFunctionFreeQ[v, x] && InverseFunctionFreeQ[w, x]

Rubi steps

xlog(1+x2)log(x+\/1+x2) 2x1c
f dx = V1 + x? 10g(1+x2)10g(x+ V1+x2)—flog(1+x2) dx—f—
V1 +x2

:—xlog(1+x2)+‘\/1+x2 log(1+x2)log(x+\/1+x2)+2f x2’

1+ x

:2x—x10g(1 +x2)—2‘\/1+x2 log(x+‘\/1+x2)+‘\/1 + x2 log(1+;
:4:x—2tam‘1(x)—xlog(l+x2)—2\/1+x2 log(x+\/1+x2)+\/1+

Mathematica [A] time = 0.05, size = 64, normalized size = 0.94

-2Vx?2 +1 log (‘\/x2 +1 + x)+10g (xz + 1) (‘\/x2 +1 log (‘\/x2 +1+ x) - x)+4x—2 tan ! (x)

Antiderivative was successfully verified.

[In] Integrate[(x*Logl[l + x"2]*Loglx + Sqrt[1 + x~2]1)/Sqrtl[1l + x~2],x]

[Out] 4*x - 2xArcTan[x] - 2*Sqrt[1 + x"2]*Loglx + Sqrt[l + x72]] + Logl[l + x72]*(
-x + Sqrt[1 + x"2]*Logl[x + Sqrt[1 + x72]])

fricas [A] time = 0.44, size = 43, normalized size = 0.63

Va2 +1 (log (xz + 1) — 2) log (x + Va2 +1 ) - xlog (xz + 1) +4x — 2 arctan(x)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*log(x~2+1)*log(x+(x"2+1)7(1/2))/(x"2+1)~(1/2),x, algorithm="fri
cas")

[Out] sqrt(x™2 + 1)*(log(x"2 + 1) - 2)*xlog(x + sqrt(x”"2 + 1)) - x*xlog(x~2 + 1) +
4xx - 2*arctan(x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

xlog(x2 +1)log(x+ Va2 +1)

f dx
x2+1

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*xlog(x~2+1)*log(x+(x~2+1)"(1/2))/(x"2+1)"(1/2),x, algorithm="gia
C")
[Out] integrate(x*log(x™2 + 1)*log(x + sqrt(x™2 + 1))/sqrt(x”2 + 1), x)

time = 0.09, size = 0, normalized size = 0.00

xln(x+\/x2+1)ln(x2+l)

f dx
x2+1

Verification of antiderivative is not currently implemented for this CAS.

maple [F]

[In] int(x*1ln(x"2+1)*1n(x+(x"2+1)"(1/2))/(x"2+1)"(1/2),x)
[Out] int(x*1n(x"2+1)*1n(x+(x"2+1)"(1/2))/(x"2+1)"(1/2) ,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

(2x2—(x2+1)log(x2+1)+2)1og(x+ sz"‘l) log(x +1 f 2x2% - )1 g(x +1
+f X2+ Vx2+1x Va2 +1x

x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x~2+1)*log(x+(x"2+1)7(1/2))/(x72+1)~(1/2),x, algorithm="max

ima"

[Out] -(2*x7"2 - (x72 + 1)*log(x"2 + 1) + 2)*log(x + sqrt(x”2 + 1))/sqrt(x"2 + 1)
+ integrate((log(x™2 + 1) - 2)/(x72 + sqrt(x~2 + 1)*x), x) - integrate(-(2x

Xx72 - (x72 + Dxlog(x™2 + 1) + 2)/(sqrt(x™2 + 1)*x), x)

time = 0.00, size = -1, normalized size = -0.01

xln(x2+1) ln(x+\/3m)
==

Verification of antiderivative is not currently implemented for this CAS.

mupad [F]

dx

[In] int((x*log(x~2 + 1)*log(x + (x72 + 1)°(1/2)))/(x"2 + 1)°(1/2),%)
[Out] int((x*log(x~2 + 1)*log(x + (x72 + 1)7(1/2)))/(x"2 + 1)7(1/2), %)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*1ln(x**2+1)*1n(x+(x**2+1)**(1/2))/(x**2+1)**(1/2) ,x)

[Out] Timed out
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3.12 ftan‘l (x + V1 - xz) dx

Optimal. Leaf size=141

1 3x-1) 1 3 1) 1 2x% -1 1
—\/5 tan~! (\/_x ]+—\/§ tan~! [\/—x il )——\/5 tan~! ( al )+x tan~! (‘\/1 -x2 + x)—— tanh ™! (x‘\/l -
4 Vi-x2) 4 Vi-x2 ) 4 \/5 4

[Out] -1/2*arcsin(x)+x*arctan(x+(-x"2+1)"(1/2))-1/4*arctanh(x*x(-x"2+1)~(1/2))-1/8
*1n(x"4-x"2+1)-1/4*xarctan(1/3%(2*xx"2-1)*3"(1/2))*3~(1/2)+1/4*arctan ((-1+x*3
~(1/2))/(~x~2+1)~(1/2))*3"(1/2)+1/4*arctan ((1+x*3~(1/2)) /(-x~2+1) ~(1/2) ) *3~

(1/2)

Rubi [C] time = 0.75, antiderivative size = 269, normalized size of antiderivative
= 1.91, number of steps used = 40, number of rules used = 15, integrand size = 14,

number of rules _ 1 071, Rules used = {5203, 12, 6742, 216, 1114, 634, 618, 204, 628, 1174,

integrand size

402, 377, 205, 1293, 1107}

—\3+i
1 1 1-222) 1 Ve
3 log (x4 -x% + 1)+Z\/§ tan™! ( a )+E (—\/5 + 31') tan™! a + VB
V3 e CRL N V3

V3 +i

Warning: Unable to verify antiderivative.
[In] Int[ArcTan[x + Sqrtl[l - x72]],x]

[Out] -ArcSin[x]/2 + (Sqrt[3]*ArcTan[(1 - 2*xx72)/Sqrt([3]])/4 + ArcTan[x/(Sqrt[-((
I - Sqrt[3])/(I + Sqrt[3]1))]1*Sqrt[1 - x721)]1/Sqrt[3] + ((3*I - Sqrt[3])*Arc
Tan[x/(Sqrt[-((I - Sqrt[3])/(I + Sqrt[3]))]1*Sqrt[1 - x72]1)])/12 + ArcTan[(S

qrt [-((I - Sqrt[31)/(I + Sqrtl[3]1))1*x)/Sqrt[1l - x72]1/Sqrt[3] - ((3*I + Sqr

t [3])*ArcTan[(Sqrt [-((I - Sqrt([3]1)/(I + Sqrtl[3]))]1*x)/Sqrtl[l - x~2]1)/12 +
xxArcTan[x + Sqrt[1 - x72]] - Logl[l - x72 + x74]/8

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_ ) /; FreeQ[b, x]]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 0])

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_ D))" (p_)/((c) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, Db
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, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 402

Int[((a_) + (b_.)*x(x_)"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Dist[b/
d, Int[(a + b*x"2)"(p - 1), x], x] - Dist[(bxc - axd)/d, Int[(a + b*xx"2)"(p
- 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0] &&
GtQlp, 0] && (EqQlp, 1/2] || EgQ[Denominator[p], 4])

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d) + (e_)*(x ))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [ (d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*xd - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*d - bxe)/(2%c), Int[1/(a + b*x + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*xx)/(a + bxx + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~™2 - 4xa*xc, 0] && !'NiceSqrtQ[b~2 - 4x*axc]

Rule 1107

Int[(x_)*((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dist[1/2,
Subst[Int[(a + b*x + c*x~2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, p}, x]

Rule 1114

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"2 + (c_.)*x(x_)"4)"(p_.), x_Symbol] :> Dis
t[1/2, Subst[Int[x~((m - 1)/2)*(a + b*x + c*x~2)7p, x], x, x~2], x] /; Free
Ql{a, b, c, p}, x] && IntegerQ[(m - 1)/2]

Rule 1174

Int[((d_) + (e_.)*x(x_)"2)"(q_)/((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4), x_Symb
0ol] :> With[{r = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/r, Int[(d + e*x"2)"q/(b -
r + 2%c*xx”2), x], x] - Dist[(2%c)/r, Int[(d + exx"2)7q/(b + r + 2%c*xx"2), x
1, x1] /; FreeQ[{a, b, c, d, e, g}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[c*d~2
- bxdxe + a*xe”2, 0] && !IntegerQlql

Rule 1293

Int [CCCE_D)*(x D))" (m_.)*x((d_.) + (e_)*(x_)"2)"(q_))/((a_) + (b_.)*x(x_)"2 +

(c_.)*(x_)"4), x_Symbol] :> Dist[(exf~2)/c, Int[(f*x)"(m - 2)*(d + e*x"2)"
(g - 1), x], x] - Dist[f72/c, Int[((f*x)"(m - 2)*(d + e*x"2)"(q - 1)*Simp[a
xe — (cxd - bxe)*x”2, x])/(a + b*x"2 + c*x~4), x], x] /; FreeQ[{a, b, c, d,
e, £}, x] && NeQ[b~2 - 4xaxc, 0] && !'IntegerQlql && GtQlq, 0] && GtQ[m, 1
1 && LeQ[m, 3]

Rule 5203
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Int[ArcTan[u_], x_Symbol] :> Simp[x*ArcTan[u], x] - Int[SimplifyIntegrand[(
x*xD[u, x]1)/(1 + u2), x], x] /; InverseFunctionFreeQ[u, x]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps

= )
ftan_l(x+ 1—x2)dx:xtan—1(x+ 1_x2)_f 122) g

2(1+x\/1—x2)
X 1—L)

=xtan ! x + V1 -2 ! de
2J 14xV1-22

x2

— x__
1-x24x% 1-x2+x% 2

[ x x2\/1—x2]d 1

J
[ =i =
J
J

( i + a )dx
x4+ -V1-x2 1+4+xVl-x2

X

1
1—x2

+

1 x 1 x3
dv—> [ [
VI— 2 2J 1T-x2+x4 2J 1-x2+x4

1 1 1 1
= - sin_l(x) + xtan™? (x + V1 - x2) — — Subst f— dx, x, x| - = Subst(
2 1-—x+x2 4

4

1 —\ 1 1 1
= E sin_l(x) +xtan™! (x + V1 - x2) - g Subst (fmdx,x,xz) - g SUbSt(

1-2x2
tan~! ( )
V3

L 1x) +
= — X
2811'1

243
1 1 1 —2x2 1
= —sin!(x) + ~v3 tan™! ( a ) + — (31' - \/5) tan™! a
2 4 \3 12 B
i+\/§

Mathematica [C] time = 3.80, size = 1822, normalized size = 12.92

result too large to display

Warning: Unable to verify antiderivative.

[In] Integrate[ArcTan[x + Sqrt[1 - x~2]],x]

V1 — 2

[Out] x*ArcTan[x + Sqrt[l - x72]] + (-8*ArcSin[x] + 2*Sqrt[2 + (2*I)*Sqrt[3]]*Arc

Tan[((1 + I*Sqrt[3] - 2xx"2)*(-1 + x72))/(-3%I - Sqrt[3] + 2xSqrt[3]*x~4 +

1 1
+xtan™! (x+\/1—x2)—§log(1—x2+x4)+ZSub:

1
12
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x"3*%(-6 - (2*xI)*Sqrt[3] - 2#Sqrt[2 - (2*I)*Sqrt[3]]*Sqrt[1l - x72]) + x*(6 +
(2xI)*Sqrt [3] - 2xSqrt[2 - (2%I)*Sqrt[3]]*Sqrt[l - x72]) + x"2%(3*I - Sqrt
[3] + 2xSqrt[6 - (6*%I)*Sqrt[3]]1*Sqrt[1 - x72]))] - 2xSqrt[2 + (2xI)*Sqrt[3]
I*ArcTan[((1 + I*Sqrt[3] - 2*xx"2)*(-1 + x72))/(-3*%I - Sqrt[3] + 2xSqrt[3]x*x
4 + 2xx*x(-3 - IxSqrt[3] + Sqrt[2 - (2*%I)*Sqrt[3]]1*Sqrt[1l - x72]) + 2*x73*(
3 + IxSqrt[3] + Sqrt[2 - (2xI)*Sqrt[3]]*Sqrt[l - x72]) + x72%(3*I - Sqrt[3]
+ 2%Sqrt[6 - (6*%I)*Sqrt[3]]1xSqrt[1 - x72]))] - 2*Sqrt[2 - (2xI)*Sqrt[3]]*A
rcTan[((-1 + x72)*(-1 + I*Sqrt[3] + 2%x72))/(3*%I - Sqrt[3] + 2*Sqrt[3]*x"4
+ xx(6 - (2%I)*Sqrt[3] - 2*Sqrt[2 + (2xI)*Sqrt[3]]1*Sqrt[1 - x72]) + x~3*%(-6
+ (2%xI)*Sqrt[3] - 2*Sqrt[2 + (2*xI)*Sqrt[3]]*Sqrt[l - x72]) + x"2%(-3*I - S
qrt[3] + 2xSqrt[6 + (6*%I)*Sqrt[3]]1xSqrt[1l - x72]))] + 2*xSqrt[2 - (2xI)*Sqrt
[3]1*ArcTan[((-1 + x"2)*(-1 + I*Sqrt[3] + 2*x72))/(3*I - Sqrt[3] + 2*Sqrt[3
1xx~4 + 2*x73%(3 - IxSqrt[3] + Sqrt[2 + (2*I)*Sqrt[3]]xSqrt[1l - x72]) + 2%*x
*(-3 + I*Sqrt[3] + Sqrt[2 + (2%xI)*Sqrt[3]]*Sqrt[l - x72]) + x"2%(-3*I - Sqr
t[3] + 2xSqrt[6 + (6+I)*Sqrt[3]]1*Sqrt[l - x72]))] - 2*Logl[-1/2 - (I/2)*Sqrt
[3] + x72] + (2%I)*Sqrt[3]*Logl[-1/2 - (I/2)*Sqrt[3] + x72] - 2*xLogl[(I/2)*(I
+ Sqrt[3]) + x72] - (2*%I)*Sqrt[3]*Logl[(I/2)*(I + Sqrt[3]) + x72] - I*Sqrtl[
2 - (2*%I)*Sqrt[3]]*Log[16%(1 + Sqrt[3]*x + x72)72] + IxSqrt[2 + (2*I)*Sqrt[
3]1*Log[16x(1 + Sqrt[3]*x + x72)72] + I*Sqrt[2 - (2*I)*Sqrt[3]]1*Logl[(4 - 4x
Sqrt [3]*x + 4%x72)72] - I*Sqrt[2 + (2*I)*Sqrt[3]]*Logl[(4 - 4*Sqrt[3]*x + 4%
x72)72] - IxSqrt[2 + (2*%I)*Sqrt([3]]*Logl[3*I + Sqrt[3] - (-I + Sqrt[3])*x"4
+ (2xI)*Sqrt[2 - (2*%I)*Sqrt[3]]1*Sqrt[1 - x72] + (5*xI)*x"2%(2 + Sqrt[2 - (2%
D) *Sqrt[3]]*Sqrt[1 - x72]) + x*(3 + (5*I)*Sqrt[3] + (3*xI)*Sqrt[6 - (6%I)*Sq
rt[3]]1*Sqrt[1 - x72]) + I*x"3*%(3*%I + 3xSqrt[3] + Sqrt[6 - (6%I)=*Sqrt[3]]*Sq
rt[1 - x72])] + IxSqrt[2 + (2*I)*Sqrt[3]]*Logl[3*I + Sqrt[3] - (-I + Sqrt[3]
)*¥x74 + (2%xI)*Sqrt[2 - (2%I)*Sqrt[3]]1*Sqrt[l - x72] + (5xI)*x"2%x(2 + Sqrt[2
- (2%xI)*Sqrt[3]]*Sqrt[1 - x72]) + x73%(3 - (3*I)*Sqrt[3] - IxSqrtl[6 - (6*I
)*Sqrt [3]]1*Sqrt[1 - x72]) - Ixx*(-3*I + 5*Sqrt[3] + 3*Sqrt[6 - (6%I)*Sqrt[3
11*%Sqrt[1 - x72])] + I*Sqrt[2 - (2%I)*Sqrt[3]]*Logl[-3*I + Sqrt[3] - (I + Sq
rt[3])*x74 - (2*%I)*Sqrt[2 + (2*%I)*Sqrt[3]]*Sqrt[l - x72] - (GxI)*xx"2%(2 + S
qrt[2 + (2%I)*Sqrt[3]1]1*Sqrt[l - x72]) + xx(3 - (5*I)*Sqrt[3] - (3*I)*Sqrt[6
+ (6%xI)xSqrt[3]]*Sqrt[1 - x72]) - I*x"3%(-3*I + 3*Sqrt[3] + Sqrt[6 + (6%I)
xSqrt [3]1]*Sqrt[1 - x72])] - IxSqrt[2 - (2*I)*Sqrt[3]]xLog[-3*I + Sqrt[3] -
(I + Sqrt[3])*x~4 - (2xI)*Sqrt[2 + (2*I)*Sqrt[3]]*Sqrt[l - x72] - (5*I)*x"2
*(2 + Sqrt[2 + (2%xI)*Sqrt[3]]*Sqrt[1 - x72]) + x73*%(3 + (3*I)*Sqrt[3] + I*S
qrt[6 + (6%I)*Sqrt[3]]1*Sqrt[1 - x72]) + I*xx*(3*I + B5*xSqrt[3] + 3*Sqrt[6 + (
6+I)*Sqrt [3]1]1*Sqrt[1 - x~2]1)]1)/16

fricas [A] time = 0.49, size = 191, normalized size = 1.35

1 1 1 443V-x2 +1 311
x arctan (x +V-x2+1 )_é_l \/5 arctan (5 \/5(2x2 - 1))—§ \/5 arctan( \/_ o \/_ _§ \/5 arct

3(2x2-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x+(-x"2+1)"(1/2)),x, algorithm="fricas")

[Out] x*arctan(x + sqrt(-x"2 + 1)) - 1/4*sqrt(3)*arctan(1/3*sqrt(3)*(2*x"2 - 1))
- 1/8*sqrt(3)*arctan(1/3*(4xsqrt(3)*sqrt(-x~2 + 1)*x + sqrt(3))/(2*xx"2 - 1)

) - 1/8*sqrt(3)*arctan(1/3*(4*sqrt(3)*sqrt(-x~2 + 1)*x - sqrt(3))/(2*x"2 -

1)) + 1/2*xarctan(sqrt(-x"2 + 1)*x/(x"2 - 1)) - 1/8+log(x"4 - x™2 + 1) - 1/1
6xlog(-x"4 + x72 + 2xsqrt(-x"2 + 1)*x + 1) + 1/16*log(-x"4 + x72 - 2*sqrt(-

x"2 + 1)*x + 1)
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giac [B] time = 1.47, size = 364, normalized size = 2.58

-1

\/gx V=x2+1-1 + (m_l)z

x x2

él —_

1 1
x arctan (x +V-x2+1 )_Z_L nisgn(x)+= V3 nisgn(x) + 2 arctan | - + 3

8 3(m_1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x+(-x"2+1)7(1/2)),x, algorithm="giac")

[Out] x*arctan(x + sqrt(-x"2 + 1)) - 1/4xpixsgn(x) + 1/8*sqrt(3)*(pi*sgn(x) + 2xa
rctan(-1/3*sqrt(3)*x*((sqrt(-x"2 + 1) - 1)/x + (sqrt(-x"2 + 1) - 1)72/x72 -
1)/(sqrt(-x"2 + 1) - 1))) + 1/8*sqrt(3)*(pi*sgn(x) + 2*arctan(l/3*sqrt(3)*
x*x((sqrt(-x"2 + 1) - 1)/x - (sqrt(-x"2 + 1) - 1)72/x72 + 1)/(sqrt(-x"2 + 1)

- 1))) - 1/4*sqrt(3)*arctan(1/3*sqrt(3)*(2*x~2 - 1)) - 1/2*%arctan(-1/2*x*(
(sqrt(-x"2 + 1) - 1)72/x72 - 1)/(sqrt(-x"2 + 1) - 1)) - 1/8xlog(x"4 - x72 +

1) + 1/8%log((x/(sqrt(-x"2 + 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)72 + 2xx/(sq
rt(-x72 + 1) - 1) - 2x(sqrt(-x"2 + 1) - 1)/x + 4) - 1/8*%log((x/(sqrt(-x"2 +

1) - 1) - (sqrt(-x"2 + 1) - 1)/x)72 - 2*%x/(sqrt(-x"2 + 1) - 1) + 2*(sqrt(-
X2+ 1) - 1/x + 4)

maple [C] time = 0.10, size = 439, normalized size = 3.11

(_1_i@)(m_1) («/—_x2

2x2-1)/3 ;
m 1 \/§ arctan(( 3)\/_) 1\/3 In x +
x arctan (x +V-x2+1 )+arctan( " )— 7 4 -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan(x+(-x~2+1)"(1/2)),x)

[Out] x*arctan(x+(-x"2+1)7(1/2))-1/8*1n(x"4-x"2+1)-1/4*arctan(1/3*(2xx~2-1)*3"(1/
2))*37(1/2)+1/8*%Ix37(1/2) *1n(((-x"2+1)~(1/2)-1)"2/x72+(-1-I*37(1/2) ) * ((-x"2
+1)7(1/2)-1) /x-1)+1/8*x1n(((-x"2+1)~(1/2)-1)"2/x"2+(-1-I*37(1/2) ) * ((-x"2+1) "~
(1/2)-1)/x-1)-1/8*I*37(1/2)*1n(((-x"2+1) " (1/2)-1)"2/x" 2+ (1+I*x3"(1/2) ) * ((-x~
2+1)7(1/2)-1) /x-1)+1/8*1n(((-x~2+1) " (1/2)-1)"2/x"2+(-1+I*37(1/2) ) * ((-x"2+1)
“(1/2)-1)/x-1)-1/8*xIx3~(1/2) *1n(((-x"2+1) " (1/2)-1)"2/x" 2+ (-1+I*3~(1/2) ) * ((-
x72+1)7(1/2)-1) /x-1)-1/8%1In(((-x"2+1) " (1/2)-1) "2/x72+ (1+I*37 (1/2) ) * ((-x"2+1

)" (1/2)-1) /x-1)+1/8%I*37(1/2) *1n(((-x"2+1) " (1/2)-1)"2/x"2+(1-I*3"(1/2) ) * ((-
x72+1)7(1/2)-1) /x-1)-1/8%1n(((-x"2+1) " (1/2)-1)"2/x72+(1-I*37 (1/2) ) * ((-x"2+1

)" (1/2)-1)/x-1)+arctan(((-x"2+1)~(1/2)-1) /x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

(% log(x+1)+% log(—x+1))

3 1 42 _
xarctan(x+\/x+1\/—x+1)—f rrre * dx

1 1
(2 1) llog(e+1)+log(-x+D)) | o (- x)e(§ log(x+1)+ log(-x+1)) )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x+(-x"2+1)"(1/2)),x, algorithm="maxima"

[Out] x*arctan(x + sqrt(x + 1)*sqrt(-x + 1)) - integrate((x”3 + x72xe”(1/2xlog(x
+ 1) + 1/2%log(-x + 1)) - x)/(x"4 + (x72 - 1)*e"(log(x + 1) + log(-x + 1))
+ 2%(x73 - x)*e”~(1/2%log(x + 1) + 1/2xlog(-x + 1)) - 1), x)
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mupad [B] time = 1.37, size = 661, normalized size = 4.69

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan(x + (1 - x72)°(1/2)),x)

[Out] x*atan(x + (1 - x72)7(1/2)) - asin(x)/2 + (log(x - 37(1/2)/2 - 1i/2)*(37(1/
2)/2 + (37(1/2)/2 + 1i/2)73 + 1i/2))/(2%x37(1/2) - 8*%(37(1/2)/2 + 1i/2)73 +
2i) - (log(x - 37(1/2)/2 + 1i/2)*(37(1/2)/2 + (37(1/2)/2 - 1i/2)"3 - 1i/2))
/(8%(37(1/2)/2 - 1i/2)73 - 2*%37(1/2) + 2i) - (log(x + 37(1/2)/2 - 1i/2)*(3™
(1/2)/2 + (37(1/2)/2 - 1i/2)73 - 1i/2))/(8%(37(1/2)/2 - 1i/2)73 - 2*37(1/2)
+ 21) + (log(x + 37(1/2)/2 + 1i/2)*(37(1/2)/2 + (37(1/2)/2 + 1i/2)"3 + 1i/
2))/(2x37(1/2) - 8%x(37(1/2)/2 + 1i/2)73 + 2i) + (Log((((x*(37(1/2)/2 + 1i/2
) - Dx*1i)/(1 - (37(1/2)/2 + 1i/2)72)7(1/2) - (1 - x72)7(1/2)*11)/(37(1/2)/
2 - x + 1i/2))*((37(1/2)/2 + 1i/2)"2 + 1))/((1 - (37(1/2)/2 + 1i/2)72)~(1/2
)*x(2%37(1/2) - 8%(37(1/2)/2 + 1i/2)73 + 2i)) - (Llog((((xx(37(1/2)/2 - 1i/2)
- Dx*1i)/(1 - (37(1/2)/2 - 1i/2)72)7(1/2) - (1 - x72)7(1/2)*11)/(x - 37(1/
2)/2 + 1i/2))*((37(1/2)/2 - 1i/2)72 + 1))/((1 - (37(1/2)/2 - 1i/2)"2)~(1/2)
*(8x(37°(1/2)/2 - 1i/2)73 - 2x37(1/2) + 2i)) + (Log((((xx(3~(1/2)/2 - 1i/2)
+ D*1i)/(1 - (37(1/2)/2 - 1i/2)72)7(1/2) + (1 - x72)7(1/2)*1i)/(x + 37(1/2
)/2 - 1i/2))*((37(1/2)/2 - 1i/2)72 + 1))/((1 - (37(1/2)/2 - 1i/2)72)"(1/2)*
(8%x(37(1/2)/2 - 1i/2)73 - 2%37(1/2) + 2i)) - (Log((((xx(37(1/2)/2 + 1i/2) +
D=*1i)/(1 - (37(1/2)/2 + 1i/2)72)7(1/2) + (1 - x72)7(1/2)*1i)/(x + 37(1/2)
/2 + 1i/2))*((37(1/2)/2 + 1i/2)72 + 1))/((1 - (87(1/2)/2 + 1i/2)72)7(1/2)*(
2x37(1/2) - 8*(37(1/2)/2 + 1i/2)"3 + 2i))

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(x+(-x**2+1)**x(1/2)),x)

[Out] Timed out
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Xtan X+\/?
3.13 ft v(l—xl )

Optimal. Leaf size=152

dx

i\/g tan‘l(\/\ii_;zl}i\/g tan™ (\/xjx_;l)——\/— an” (zxj/g_l)—\/l——x2 tan~! (\/1——x2 +x)+itanh‘1

[Out] -1/2*arcsin(x)+1/4*arctanh(x*(-x"2+1)7(1/2))+1/8*1ln(x"4-x"2+1)-1/4*arctan(1
/3x(2xx72-1)*37(1/2))*3~(1/2)+1/4*arctan((-1+x*3~(1/2) )/ (-x"2+1)~(1/2) ) *3~(
1/2)+1/4*arctan((1+x*37(1/2))/(-x"2+1)"(1/2))*3"(1/2) —arctan(x+(-x"2+1) ~(1/
2))*(-x"2+1)"(1/2)

Rubi [C] time = 0.46, antiderivative size = 286, normalized size of antiderivative
= 1.88, number of steps used = 32, number of rules used = 16, integrand size = 27,
number of rules _ 1,593, Rules used = {261, 5207, 12, 6742, 1107, 618, 204, 1293, 216, 1174,
integrand size

377,205, 402, 1247, 634, 628}

tan™! +
-V3+i
1 1 1-24%\ 1 i
glog (x4 —-x%+ 1)+Z\/§ tan_l( \/gx )_E (—\/5 + 31') tan! z 2\/3 1
- 3+1\/—

3+z

Warning: Unable to verify antiderivative.
[In] Int[(x*ArcTan[x + Sqrt[1 - x72]])/Sqrt[1 - x~2],x]

[Out] -ArcSin[x]/2 + (Sqrt[3]*ArcTan[(1 - 2*x~2)/Sqrt[3]])/4 + ArcTan[x/(Sqrt[-((
I - Sqrtl[3])/(I + Sqrt[31))I1*Sqrt[1 - x721)]1/(2*Sqrt[3]) - ((3*I - Sqrt([3])
xArcTan [x/(Sqrt [-((I - Sqrt[3])/(I + Sqrt[3]))]1*Sqrt[l - x72])])/12 + ArcTa
n[(Sqrt[-((I - Sqrt[3])/(I + Sqrt[3]))]*x)/Sqrt[1 - x72]]1/(2%Sqrt[3]) + ((3

*I + Sqrt[3])*ArcTan[(Sqrt[-((I - Sqrt[3])/(I + Sqrt[3]))]1*x)/Sqrt[l - x~2]

1)/12 - Sqrt[1 - x72]*ArcTan[x + Sqrt[1l - x72]] + Logl[l - x72 + x74]/8

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] |l LtQ[b, 0])

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 261

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (o*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
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NeQ[p, -1]

Rule 377

Int[((a_) + (b_.)*x(x_)"(n_ )" (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, Db
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 402

Int[((a_) + (b_.)*(x_)"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Dist[b/
d, Int[(a + b*x"2)"(p - 1), x], x] - Dist[(bxc - axd)/d, Int[(a + b*xx"2)"(p
- 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0] &&
GtQlp, 0] && (EqQlp, 1/2] || EqQ[Denominator[p], 4])

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x72, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*ax*xc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*xd - bxe)/(2*xc), Int[1l/(a + b*xx + c*x"2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4xa*xc, 0] && !'NiceSqrtQ[b~2 - 4*axc]

Rule 1107

Int[(x_)*((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dist[1/2,
Subst[Int[(a + b*x + c*x72)7p, x], x, x72], x] /; FreeQ[{a, b, c, p}, xI

Rule 1174

Int[((d_) + (e_.)*x(x_)"2)"(q_)/((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4), x_Symb
0ol] :> With[{r = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/r, Int[(d + e*x"2)"q/(b -
r + 2%c*xx”2), x], x] - Dist[(2%c)/r, Int[(d + exx"2)7q/(b + r + 2%c*xx"2), x
1, x1] /; FreeQ[{a, b, c, d, e, g}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[c*d~2
- bxdxe + a*xe”2, 0] && !IntegerQlql

Rule 1247

Int[(x )*((d) + (e_)*x(x )"2)"(q_)*((a_) + (b_)*(x_)"2 + (c_.)*x(x_)"4)(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + exx) g*(a + b*x + c*x~2)7p, x],
x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x]

Rule 1293

Int [(CCE_D)*(x_))"(m_)*((d_.) + (e_.)*(x_)"2)7(q_))/((a_) + (b_.)*x(x_)"2 +
(c_.)*(x_)"4), x_Symbol] :> Dist[(exf~2)/c, Int[(f*x)"(m - 2)*(d + e*x"2)"
(g - 1), x], x] - Dist[f72/c, Int[((f*x)"(m - 2)*(d + e*x"2)"(q - 1)*Simp[a
xe — (cxd - b*xe)*x"2, x])/(a + b*x"2 + c*x~4), x], x] /; FreeQ[{a, b, c, d,
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e, £}, x] && NeQ[b~2 - 4xaxc, 0] && !'IntegerQlql && GtQ[lq, 0] && GtQ[m, 1

] && LeQ[m, 3]

Rule 5207

Int[((a_.) + ArcTan[u_]*(b_.))*(v_), x_Symbol] :> With[{w = IntHidel[v, x]},
Dist[a + b*ArcTan[u], w, x] - Dist[b, Int[SimplifyIntegrand[(w*D[u, x])/(1
+ u~2), x], x], x] /; InverseFunctionFreeQ[w, x]] /; FreeQ[{a, b}, x] && I
nverseFunctionFreeQ[u, x] && !'MatchQ[v, ((c_.) + (d_.)*x)"(m_.) /; FreeQ[{
c, d, m}, x]] && FalseQ[FunctionOfLinear[v*(a + b*ArcTan[ul]), x]]

Rule 6742

Int[u_, x_Symboll]

]

Rubi steps

xtan™! (x + V1 - xz)

:> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

J ==

Mathematica [C]

V12
dx = — 1—x2tan‘1(x+\/1—x2)—f i Y i
2(1+x\/1—x2)
Vi-2
= - x4 tan " (x + X X — dx
V1-22 tan”! (x + V1 - 22
1+xV1-x2
‘/1— 2
=-V1- xztanl(x+\/1 xz) f * d
2 1+xV1-x2 1+x\/1—x2
N
=-V1- xztanl(x+ 1- xz) f dx + = f—xd
2J 1421 -2 2J 14+xvV1-22
1 Vi-a2
o) L e
T tan Y X 2 1- x2+x4 1—x2+x% 2
1 V1 2 1
=-V1- xztanl(x+ 1- x2) f dx + = —xdx+—J
2J 1- x2+x4 2J 1-x2+x4 2

1
=—Vl-22tan"!{x + V1 - x2 ~1 ubst(f1 x+x2dxxx)——8ubst(f

1 1 1
——sin"'(x) - V1 - x2 tan™! (x + V1 - xz) — — Subst f— dx, x, x% | +
2 8 1—x+x2

1 tan™! (—1 2 ) 1
= ——sin'(x) + — A 1232 tan! (x+ Vl—xz) + —10g(1—x2+x4
2 24/3 8
tan™! +
i-V3
1 1-2x2 gre Al
= ——sin"}(x) + \/—tan_l( a ) Vs ——(3i—\/§)tan
2 V3 23 12

time = 4.95, size = 2180, normalized size = 14.34

Result too large to show
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Antiderivative was successfully verified.

[In] Integrate[(x*ArcTan[x + Sqrt[1 - x72]1)/Sqrt[1 - x72],x]

[Out] (-24%ArcSin[x] - 48%Sqrt[1 - x"2]*ArcTan[x + Sqrt[1l - x72]] + (2%(-3*I + Sq
rt[3])*ArcTan[(3 - IxSqrt[3] + (-3 - I*Sqrt[3])*x"4 + 2*xx(-6%I + 2xSqrt[3]
- IxSqrt[2 - (2%I)*Sqrt[3]]1*Sqrt[1 - x72]) - 2*x73*(6*I + 2*Sqrt[3] + I*Sq
rt[2 - (2%I)*Sqrt[3]]1*Sqrt[1l - x72]) - (2*I)*Sqrt[3]*x~2*%(6 + Sqrt[2 - (2*I
)*Sqrt [3]1*Sqrt[1 - x72]1))/(I - Sqrt[3] + (6*xI)*(I + Sqrt[3])*x - 2*x(-15*I
+ Sqrt[3])*x72 + 6+(1 + (3*I)*Sqrt[3])*x~3 + (11%I + 3*Sqrt[3]1)*x~4)])/Sqrt
[(1 - IxSqrt[3])/6] - (2%x(-3*I + Sqrt([3])*ArcTan[(3 - I*Sqrt[3] + (-3 - Ix*S
qrt[3])*x74 + 2*xx"3*%(6*%I + 2xSqrt[3] + IxSqrt[2 - (2*%I)*Sqrt[3]]1*Sqrt[l - x
~2]) + xx(12+I - 4*%Sqrt[3] + (2*%I)*Sqrt[2 - (2*I)*Sqrt[3]]1*Sqrt[1l - x72]) -
(2%I)*Sqrt [3]*x72%(6 + Sqrt[2 - (2xI)*Sqrt[3]]*Sqrt[1 - x72]))/(I - Sqrt[3
] + (6 - (6%I)*Sqrt[3])*x - 2x(-15%I + Sqrt[3])*x"2 + (-6 - (18*I)*Sqrt[3])
*x~3 + (11xI + 3*Sqrt[3])*x74)])/Sqrt[(1 - I*Sqrt[3])/6] - (2x(3*I + Sqrt[3
1) *ArcTan[(-3 - IxSqrt[3] + (3 - IxSqrt[3])*x74 + 2xx"3*(-6*%I + 2xSqrt[3] -
I*xSqrt[2 + (2*I)*Sqrt[3]]1*Sqrt[1 - x72]) - 2xx*x(6%I + 2*Sqrt[3] + I*Sqrt[2
+ (2xI)xSqrt[3]]*Sqrt[1 - x72]) - (2%I)*Sqrt[3]*x~2*(6 + Sqrt[2 + (2*I)*Sq
rt[3]1*Sqrt[1 - x72]))/(-I - Sqrt[3] + (-6 - (6%¥I)*Sqrt[3])*x - 2x(156%I + S
qrt[3])*x72 + 6%x(1 - (3*I)*Sqrt[3])*x~3 + (-11*I + 3*Sqrt([3])*x~4)])/Sqrt[(
1 + IxSqrt[3])/6] + (2%x(3*xI + Sqrt[3])*ArcTan[(-3 - I*Sqrt([3] + (3 - I*Sqrt
[31)*x~4 + 2*x*(6%I + 2xSqrt[3] + IxSqrt[2 + (2%I)*Sqrt[3]]*Sqrt[l - x~2])
+ x73%(12*%I - 4xSqrt[3] + (2%I)*Sqrt[2 + (2*I)*Sqrt[3]]*Sqrt[1 - x72]) - (2
*1)*Sqrt [3]*x72* (6 + Sqrt[2 + (2xI)*Sqrt[3]]1*Sqrt[1 - x72]1))/(-I - Sqrt[3]
+ (6 + (6*%I)*Sqrt[3])*x - 2%(156%I + Sqrt[3])*x"2 + (-6 + (18*I)*Sqrt[3])*x~
3 + (-11%I + 3xSqrt[3])*x74)]1)/Sqrt[(1 + I*Sqrt([3])/6] + 2xSqrt[3]*(3*I + S
qrt[3])*Log[-1/2 - (I/2)*Sqrt[3] + x~2] + 2*Sqrt[3]*(-3*I + Sqrt[3])*Logl[(I
/2)*(I + Sqrt[3]) + x72] + ((3 - I*Sqrt[3])*Logl[16*(1 + Sqrt[3]*x + x~2)"2]
)/Sqrt[(1 + I*Sqrt[3])/6] + ((3 + IxSqrt[3])*Logl[16+(1 + Sqrt[3]*x + x72)72
1)/8qrt[(1 - IxSqrt[3])/6] - (Ix(-3*%I + Sqrt[3])*Logl[(4 - 4*Sqrt[3]*x + 4x*x
72)721)/8qrt[(1 - I*xSqrt[3]1)/6] + (I*(3*I + Sqrt[3])*Logl(4 - 4xSqrt[3]*x +
4%x72)72])/Sqrt [(1 + IxSqrt[3])/6] - (I*(-3*I + Sqrt[3])*Logl[3*I + Sqrt[3]
- (I + Sqrt[3])*x74 + (2*I)*Sqrt[2 - (2xI)*Sqrt[3]]1*Sqrt[1 - x~2] + (5%I)
*x"2%(2 + Sqrt[2 - (2*%I)*Sqrt[3]]1*Sqrt[1 - x72]) + x*x(3 + (5xI)*Sqrt[3] + (
3xI)*Sqrt[6 - (6%I)*Sqrt[3]]1*Sqrt[1 - x72]) + I*x"3*(3*I + 3*Sqrt[3] + Sqrt
[6 - (6%I)*Sqrt[3]1]1*Sqrt[1 - x72]1)]1)/Sqrt[(1 - IxSqrt[3]1)/6] + ((3 + I*Sqrt
[3])*xLog[3*I + Sqrt[3] - (-I + Sqrt[3])*x74 + (2*xI)*Sqrt[2 - (2%I)*Sqrt[3]]
*Sqrt[1 - x72] + (5*I)*x72%(2 + Sqrt[2 - (2%I)*Sqrt[3]]1*Sqrt[1l - x72]) + x~
3% (3 - (3*I)*Sqrt[3] - IxSqrt[6 - (6*I)*Sqrt[3]]1*Sqrt[l - x72]) - Ixx*(-3%I
+ 5%Sqrt[3] + 3*Sqrt[6 - (6%I)*Sqrt[3]]1*Sqrtl[1 - x72])])/Sqrt[(1 - IxSqrtl
31)/6] + (Ix(3*I + Sqrt[3])*Log[-3*I + Sqrt[3] - (I + Sqrt[3])*x~4 - (2xI)*
Sqrt[2 + (2xI)xSqrt[3]]*Sqrt[1 - x72] - (5*I)*x"2*(2 + Sqrt[2 + (2*I)*Sqrt[
31]1*Sqrt[1 - x72]) + x*(3 - (6%I)*Sqrt[3] - (3*I)*Sqrt[6 + (6%I)*Sqrt[3]]*S
grt[1 - x72]) - Ixx"3*(-3*I + 3*Sqrt[3] + Sqrt[6 + (6+I)*Sqrt[3]]*Sqrt[l -
x72]1)1)/Sqrt [(1 + I*Sqrt[3]1)/6] + ((3 - I*Sqrt([3])*Logl[-3*I + Sqrt[3] - (I
+ Sqrt[3])*x74 - (2*%I)*Sqrt[2 + (2%I)*Sqrt[3]]*Sqrt[l - x72] - (5xI)*x"2%(2
+ Sqrt[2 + (2%I)*Sqrt[3]1]1*Sqrtl[l - x72]) + x73*(3 + (3xI)*Sqrt[3] + I*Sqrt
[6 + (6%xI)*Sqrt[3]]1*Sqrt[1 - x72]) + I*x*x(3*I + 5*Sqrt[3] + 3*Sqrt[6 + (6xI
)*3qrt [3]11*Sqrt[1 - x72]1)]1)/Sqrt[(1 + I*Sqrt([3])/6]1)/48

fricas [A] time = 0.50, size = 200, normalized size = 1.32

L 1 1 4 V=x2 +1
"1 3arCtan(g\/g(ZxZ—l))—\/—x2+1 arctan(x+ —x2+1)—§\/§arctan( V3V-22 +1x+ V3 B

3(2x2-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x+(-x"2+1)7(1/2))/(-x"2+1)~(1/2) ,x, algorithm="fricas")
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[Out] -1/4xsqrt(3)*arctan(1/3*sqrt(3)*(2*%x"2 - 1)) - sqrt(-x~2 + 1)*arctan(x + sq
rt(-x72 + 1)) - 1/8*sqrt(3)*arctan(1/3*(4*sqrt(3)*sqrt(-x~2 + 1)*x + sqrt(3
))/(2xx"2 - 1)) - 1/8*sqrt(3)*arctan(1/3*(4d*sqrt(3)*sqrt(-x"2 + 1)*x - sqrt
(3))/(2xx~2 - 1)) + 1/2*xarctan(sqrt(-x"2 + 1)*x/(x"2 - 1)) + 1/8%log(x™4 -

X2 + 1) + 1/16%1log(-x"4 + x72 + 2*sqrt(-x"2 + 1)*x + 1) - 1/16%log(-x"4 +

X"2 - 2%sqrt(-x"2 + D)*x + 1)

giac [B] time = 1.57, size = 373, normalized size = 2.45

\/§x Vo241 -1 . (V—x2+1 —1)2 i \/

x x2

1 1
1 nsgn(x)+§ V3 nisgn(x) + 2 arctan | - +

3(m_1)

V3 nisgn(x) + 2 arctan [ —

x| =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x+(-x"2+1)7(1/2))/(-x"2+1)~(1/2) ,x, algorithm="giac")

[Out] -1/4xpixsgn(x) + 1/8%sqrt(3)*(pi*sgn(x) + 2*arctan(-1/3*sqrt(3)*x*((sqrt(-x
"2+ 1) - /x4 (sqre(-x"2 + 1) - 1)72/x72 - 1)/(sqrt(-x"2 + 1) - 1))) + 1
/8*sqrt (3)*(pixsgn(x) + 2*arctan(1l/3*sqrt(3)*x*((sqrt(-x"2 + 1) - 1)/x - (s
qrt(-x"2 + 1) - 1)72/x72 + 1)/(sqrt(-x"2 + 1) - 1))) - 1/4*xsqrt(3)*arctan(l
/3*%sqrt(3)*(2%xx"2 - 1)) - sqrt(-x~2 + 1)*xarctan(x + sqrt(-x"2 + 1)) - 1/2%a
rctan(-1/2*x*((sqrt(-x"2 + 1) - 1)72/x72 - 1)/(sqrt(-x"2 + 1) - 1)) + 1/8%*1
og(x™4 - x72 + 1) - 1/8%log((x/(sqrt(-x"2 + 1) - 1) - (sqrt(-x"2 + 1) - 1)/

x)72 + 2xx/(sqrt(-x72 + 1) - 1) - 2x(sqrt(-x"2 + 1) - 1)/x + 4) + 1/8x1log((
x/(sqrt(-x"2 + 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)72 - 2*x/(sqrt(-x"2 + 1) -

1) + 2x(sqrt(-x"2 + 1) - 1)/x + 4)

maple [F] time = 0.10, size = 0, normalized size = 0.00

x arctan (x +V-x2+1 )
f V-x% +1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int(x*arctan(x+(-x"2+1)7(1/2))/(-x"2+1)~(1/2),x%)
[Out] int(x*arctan(x+(-x"2+1)~(1/2))/(-x"2+1)"(1/2),x)
maxima [F]  time = 0.00, size = 0, normalized size = 0.00

—\/x+1\/—x+1arctan(x+\/x+1\/—x+1)—f i dx

1 1
2 4 2xe(5 log(x+1)+5 log(—x+1)) n e(log(x+l)+log(—x+1)) 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x+(-x"2+1)7(1/2))/(-x"2+1)~(1/2) ,x, algorithm="maxima")

[Out] -sqrt(x + 1)*sqrt(-x + 1)*arctan(x + sqrt(x + 1)*sqrt(-x + 1)) - integrate(
x/(x72 + 2*x*xe”(1/2*%log(x + 1) + 1/2*%log(-x + 1)) + e (log(x + 1) + log(-x
+ 1)) + 1), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

xatan(x+ \/1——x2)
==

Verification of antiderivative is not currently implemented for this CAS.

dx




[In] int((x*atan(x + (1 - x72)°(1/2)))/(1 - x"2)°(1/2),x)
[Out] int((x*atan(x + (1 - x"2)°(1/2)))/(1 - x°2)°(1/2), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*atan(x+(-x*¥2+1)**(1/2))/ (-x**2+1)**(1/2) ,x)

[Out] Timed out
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shn_l(x)
3.14 f m dx

Optimal. Leaf size=45

xsinT'(x) 1
) (Vl -x2 + 1) -——+ = sin_l(x)2
& Vi-x2+1 2

[Out] 1/2*arcsin(x) " 2-1n(1+(-x"2+1)"(1/2))-x*arcsin(x)/(1+(-x"2+1)"(1/2))

Rubi [A] time = 0.12, antiderivative size = 51, normalized size of antiderivative
= 1.13, number of steps used = 9, number of rules used = 11, integrand size = 18,

number of rules _ ) 611, Rules used = {6742, 277, 216, 4791, 4627, 266, 63, 206, 4693, 29,

integrand size

4641}

/P .o -1 -1
-2 sin” () —tanh ™ (Vl - x2) - log(x) + %sin_l(x)2 - %(x)

X

Antiderivative was successfully verified.
[In] Int[ArcSin[x]/(1 + Sqrtl[1 - x~2]),x]

[Out] -(ArcSin[x]/x) + (Sqrt[l - x"2]*ArcSin[x])/x + ArcSin[x]~2/2 - ArcTanh[Sqrt
[1 - x72]] - Loglx]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 63

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist([p/b, Subst[Int[x~(p*x(m + 1) - D *(c - (axd)/b +

(d*x"p)/b)°n, x1, x, (a + b*x)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 01)

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[al]l/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl]

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)x(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 277

Int[((c_)*(x_))"(m_.)*x((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + bxx"n)"p)/(cx(m + 1)), x] - Dist[(b*n*p)/(c"nx(m + 1)), In
t[(c*x)"(m + n)*(a + b*x™n)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQlp, 0] && LtQ[m, -1] && !'ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]
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Rule 4627

Int[((a_.) + ArcSin[(c_.)*(x )1*(b_.)) " (n_.)*((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcSin[c*x])"n)/(d*(m + 1)), x] - Dist[(b*c*n
)/(dx(m + 1)), Int[((d*x)~(m + 1)*(a + b*ArcSin[c*x])"(n - 1))/Sqrt[1l - c~2
*x~2], x], x] /; FreeQ[{a, b, ¢, d, m}, x] & IGtQ[n, 0] && NeQ[m, -1]

Rule 4641

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))"(n_.)/Sqrtl[(d_) + (e_.)*(x_)"2], x_S
ymbol] :> Simp[(a + b*ArcSin[cxx])~(n + 1)/(bxc*Sqrt[dl*(n + 1)), x] /; Fre
eQl{a, b, c, d, e, n}, x] && EqQ[c™2+d + e, 0] && GtQ[d, 0] && NeQ[n, -1]

Rule 4693

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)*((£f_.)*(x_)) " (m_)*Sqrt[(d_) +
(e_.)*(x_)"2], x_Symbol] :> Simp[((f*x)~(m + 1)*Sqrt[d + e*x"2]x(a + bxArcS
infc*x])™n)/(fx(m + 1)), x] + (-Dist[(bxc*n*Sqrt[d + exx~2])/(f*(m + 1)*Sqr
t[1 - c™2%x72]), Int[(f*x)"(m + 1)*(a + bxArcSin[c*x])~(n - 1), x], x] + Di
st[(c™2*xSqrt[d + e*xx"2])/(£f72*(m + 1)*Sqrt[1 - c™2*x72]), Int[((f*x)"(m + 2
)*(a + b*ArcSin[c*x]) n)/Sqrt[1 - c2*x~2], x], x]) /; FreeQ[{a, b, c, d, e
, T}, x] &% EqQ[c™2xd + e, 0] && GtQ[n, 0] && LtQ[m, -1]

Rule 4791

Int[((a_.) + ArcSin[(c_.)*(x_)]1*(b_.)) " (n_.)*x(Px_.)*x((f_) + (g_.)*((d_) + (
e_.)*(x_)"2)"(p_)) " (m_.), x_Symbol] :> With[{u = ExpandIntegrand[Px*(f + g*
(d + e*x~2)"p) “m*(a + bxArcSin[c*x])"n, x1}, Intlu, x] /; SumQ[ul] /; FreeQ
[{a, b, c, d, e, £, g}, x] &% PolynomialQ[Px, x] && EqQ[c~2*d + e, 0] && IG
tQlp + 1/2, 0] && IntegersQ[m, n]

Rule 6742
Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

]

Rubi steps

sin”!(x) = sin"!(x) V1 -2a2 sin”!(x) p
f1+\/1_—xz =T i

_ fsin_l(x) iy f V1 - 22 sin"'(x) i

x2 x2

_ _sin_l(x) N V1 - 22 sin"}(x) ~ fldx +f

X X

1 fsm 1(x)
x 1—x2 V1 x2

. =1 ‘/1 2 -1
__sin (¥ + X sin” (%) + —sm L(x)2 ~ log(x) + = Subst ( f — dx, x,xz)
X X 2
1 V1 — 22 sin~! 1 1 A/
__sin"(¥) + X sin (%) + = sin"!(x)? - log(x) — Subst ( f dx, x, V1 - x?
X X 2 1- x2
. -1 V1 =22 sin~! 1
— _smx *) n a xsm ) +5 sin”!(x)2 — tanh™ (‘Vl - xz) — log(x)

Mathematica [A] time = 0.04, size = 44, normalized size = 0.98

~log (\/1——x2 + 1) + (\/1_—x2 _ 1) s + % sin™!(x)?

X

\

/
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Antiderivative was successfully verified.

[In] Integrate[ArcSin[x]/(1 + Sqrtl[l - x721),x]
[Out] ((-1 + Sqrt[l - x"2])*ArcSin[x])/x + ArcSin[x]~2/2 - Logl[l + Sqrt[1 - x~2]]

fricas [A] time = 0.48, size = 63, normalized size = 1.40

x arcsin(x)? - 2 xlog(x) — xlog (\/—x2 +1 + 1) +xlog (\/—x2 +1 - 1) +2V-x2 +1 arcsin(x) — 2 arcsin(x)

2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)/(1+(-x"2+1)~(1/2)),x, algorithm="fricas")

[Out] 1/2*(x*arcsin(x)”2 - 2*x*log(x) - x*xlog(sqrt(-x~"2 + 1) + 1) + x*log(sqrt(-x
"2 + 1) - 1) + 2%sqrt(-x"2 + 1)*arcsin(x) - 2*arcsin(x))/x

giac [A] time = 1.30, size = 57, normalized size = 1.27

1 x arcsin(x)
— arcsin(x)? - ———— -2 log(2) + lo (2 V-x2+1 + 2) ~21o (\/—x2 +1 +1)
2 V-x2+1 +1 & & &

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)/(1+(-x"2+1)"(1/2)),x, algorithm="giac")
[Out] 1/2%arcsin(x)”2 - x*arcsin(x)/(sqrt(-x"2 + 1) + 1) - 2xlog(2) + log(2*sqrt(
-x"2 + 1) + 2) - 2*log(sqrt(-x~2 + 1) + 1)

maple [F(-2)] time = 180.00, size = 0, normalized size = 0.00

f arcsin(x) i
1+ V-x2+1
Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsin(x)/(1+(-x"2+1)"(1/2)) ,x)

[Out] int(arcsin(x)/(1+(-x"2+1)~(1/2)),x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f arcsin(x)
dx
V=22 +1 +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)/(1+(-x"2+1)"(1/2)),x, algorithm="maxima"

[Out] integrate(arcsin(x)/(sqrt(-x"2 + 1) + 1), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

f asin(x)
V1-x? + 1
Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(x)/((1 - x~2)"(1/2) + 1),x%)
[Out] int(asin(x)/((1 - x~2)°(1/2) + 1), x)



sympy [F] time = 0.00, size = 0, normalized size = 0.00

f asin (x)
V1 - x2 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asin(x)/(1+(-x**2+1)**(1/2)),%)
[Out] Integral(asin(x)/(sqrt(1l - x**2) + 1), x)

79
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log(x+ V1+x2 )

)3/2 dx

315 | "

Optimal. Leaf size=34
xlog|Vx2 +1 +x
~Lain (@)
N 5 sin™ (x

[Out] -1/2*arcsin(x"2)+x*1n(x+(x"2+1)"(1/2))/(-x"2+1)"(1/2)

Rubi [A] time = 0.04, antiderivative size = 34, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 4, integrand size = 24,

number of rules _ ) 167, Rules used = {191, 2554, 275, 216}
xlog (sz +1 + x) 1
— —sin™? (xz)

V1 - x? 2

Antiderivative was successfully verified.

integrand size

[In] Int[Logl[x + Sqrt[1l + x~2]]1/(1 - x72)7(3/2),x]
[Out] -ArcSin[x72]/2 + (x*Loglx + Sqrt[1l + x~2]])/Sqrt[l - x~2]
Rule 191

Int[((a_) + (b_)*x(x_ )" (n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) (p + 1)
)/a, x]1 /; FreeQ[{a, b, n, p}, x] & EqQ[1/n + p + 1, 0]

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all/Rt[-b, 21, x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 275

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, n]}, Dist[1/k, Subst[Int[x"((m + 1)/k - 1)*x(a + b*xx~(n/k))"p, x], x, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 2554

Int[Loglu_J*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Dist[Loglul, w, x]
- Int[SimplifyIntegrand[(w*D[u, x])/u, x], x] /; InverseFunctionFreeQ[w, x
11 /; InverseFunctionFreeQ[u, x]

Rubi steps
log(x+\/1+x2) xlog(x+\/1+x2) X
dx = —f dx
f (1—x2 " 1-x? V1 —x
xlog(x+\/1+x2) 1 1
= — = Subst f dx,x,xz)
1 -2 2 ( V1 - x?
1 xlog(x+\/1+x2)
= —=sin’! (xz) +
2 1 — x2
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time = 0.10, size = 64, normalized size = 1.88

1 2x10g( sz +1 + x) sz +1 Sin_l (xz)
Vio2 |- - _
2 xc -1 V1 — x4

Mathematica [A]

Antiderivative was successfully verified.

[In] Integratel[Logl[x + Sqrt[l + x~2]]1/(1 - x72)7(3/2),x]
[Out] (Sqrt[l - x"2]*(-((Sqrt[l + x"2]*ArcSin[x72])/Sqrt[1 - x74]) - (2*x*Log[x +
Sqrt[1 + x72]1)/(-1 + x72)))/2

time = 0.42, size = 62, normalized size = 1.82

V-x2 +1xlog (x + Va? + 1) - (xz - 1) arctan (%)

B x2 -1

fricas [B]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(x~2+1)~(1/2))/(-x"2+1)~(3/2),x, algorithm="fricas")
[Out] -(sqrt(-x~2 + 1)*x*log(x + sqrt(x"2 + 1)) - (x72 - 1)*arctan((sqrt(x~2 + 1)
xsqrt(-x"2 + 1) - 1)/x72))/(x"2 - 1)

giac [A] time = 1.38, size = 36, normalized size = 1.06

\/—x2+1xlog(x+\/x2+1) 1

77 -5 arcsin (xz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(x~2+1)~(1/2))/(-x"2+1)~(3/2),x, algorithm="giac")
[Out] -sqrt(-x"2 + D*x*log(x + sqrt(x”2 + 1))/(x"2 - 1) - 1/2*arcsin(x”2)

time = 0.10, size = 0, normalized size = 0.00

In(x+VaZ+1
ol

(—xz + 1)
Verification of antiderivative is not currently implemented for this CAS.

maple [F]

dx

NI w

[In] int(An(x+(x"2+1)"(1/2))/(-x"2+1)"(3/2) ,x)
[Out] int(In(x+(x"2+1)"(1/2))/(-x"2+1)~(3/2),x%)
time = 0.00, size = 0, normalized size = 0.00

1og(x+\/x2+1)

(—x2 + 1)

maxima [ F]

dx

NI W

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(x~2+1)7(1/2))/(-x"2+1)"(3/2),x, algorithm="maxima"

[Out] integrate(log(x + sqrt(x~2 + 1))/(-x"2 + 1)7(3/2), x)



mupad [F] time = 0.00, size = -1, normalized size = -0.03

In (x4 Va2 +1)
/ (1-22)"

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x + (x72 + 1)7(1/2))/(1 - x72)7(3/2) ,x)
[Out] int(log(x + (x72 + 1)7(1/2))/(1 - x72)7(3/2), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(x+(x**2+1)**(1/2))/(-x**2+1)**(3/2) ,x)

[Out] Timed out

82
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1
316 [ dx

3/2
(1+x2)
Optimal. Leaf size=22
hud i -
xsinT(x) 1 /.,
—— — —sin” " (x
V241 2 ( )

[Out] -1/2*arcsin(x"2)+x*arcsin(x)/(x"2+1)"(1/2)

Rubi [A] time = 0.02, antiderivative size = 22, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 4, integrand size = 12,

number of rules _ ) 333, Rules used = {191, 4665, 275, 216}

integrand size

rem W sin” (@) - lsin_1 (xz)

2+1 2
Antiderivative was successfully verified.
[In] Int[ArcSin[x]/(1 + x~2)~(3/2),x]
[Out] (x*ArcSin([x])/Sqrt[l + x72] - ArcSin[x72]/2
Rule 191

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x™n) " (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 275

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*x(a + b*xx"(n/k))"p, x], x, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 4665

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*xx"2)"p, x]}, Dist[a + b*ArcSin[c*x], u, x] -
Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1 - c™2xx72], x], x], x]1] /; FreeQl
{a, b, c, d, e}, x] && NeQ[c™2*d + e, 0] && (IGtQ[p, 0] || ILtQ[p + 1/2, O]
)

Rubi steps

f sin~!(x) P x sin~}(x) f
X =
( 2)3/2 Vi+x2 Vi- 7

xsinT'(x) 1 Sub t(f 1
= ————"— —Subs —_
Vi+a2 2 V1 - x?

3 xsinTi(x) 1 ) (xz)

T Vize2 27

1+x

dx, x, xz)
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Mathematica [A] time = 0.03, size = 22, normalized size = 1.00

— —sin~

xsinH(x) 1 1 (xz)
241 2

Antiderivative was successfully verified.

[In] Integrate[ArcSin[x]/(1 + x72)7(3/2),x]
[Out] (x*ArcSin[x])/Sqrt[1 + x~2] - ArcSin[x72]/2

fricas [B] time = 0.45, size = 56, normalized size = 2.55

Vi2+1 V=x2+1 22
2 Vx% + 1 xarcsin(x) + (xz + 1) arctan (—x i x4_f =T )

2(x2 +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)/(x"2+1)~(3/2),x, algorithm="fricas")

[Out] 1/2*%(2*sqrt(x”2 + 1)x*x*arcsin(x) + (x72 + 1)*arctan(sqrt(x”2 + 1)*sqrt(-x~2
+ D*x72/(x74 - 1))/ (x72 + 1)

giac [A] time = 1.06, size = 18, normalized size = 0.82

xarcsin(x) 1 (o
———— — < arcsin (x )

x%+1
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(arcsin(x)/(x"2+1)~(3/2),x, algorithm="giac")

[Out] x*arcsin(x)/sqrt(x”2 + 1) - 1/2*arcsin(x”2)

maple [F] time = 0.19, size = 0, normalized size = 0.00

arcsin(x)
[Emene
(x2 + 1) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsin(x)/(x"2+1)"(3/2),x)
[Out] int(arcsin(x)/(x"2+1)"(3/2),x)

maxima [A] time = 0.96, size = 18, normalized size = 0.82

xarcsin(x) 1 (xz)

— — arcsin
Vxz +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)/(x"2+1)7(3/2),x, algorithm="maxima")
[Out] x*arcsin(x)/sqrt(x”2 + 1) - 1/2%arcsin(x"2)
mupad [F] time = 0.00, size = -1, normalized size = -0.05

f ( asin(a)c;/2 i

x2+1
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(x)/(x"2 + 1)7(3/2),%)
[Out] int(asin(x)/(x"2 + 1)7(3/2), x)
sympy [C] time = 14.50, size = 78, normalized size = 3.55

13 11 1 1 .11

teo 11 N |

62 4/4 2/ 2/1’1 1 26 2’ 4/0’ 4/ 2’ 6_2”-[

iGgs 7| Ges 1

10,212 1,0 ’ ' L 0,00 *

xasin(x) /4/ 2/ 4/ 7 4/4 2/ v V4

3 - 3
2 3 3
x4 +1 872 82

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asin(x)/(x**2+1)**(3/2),x)

[Out] x*asin(x)/sqrt(x**2 + 1) + I*meijerg(((1/4, 3/4), (1/2, 1/2, 1, 1)), ((0, 1
/4, 1/2, 3/4, 1, 0), ), xxx(-4))/(8xpi**(3/2)) - meijerg(((-1/2, -1/4, 0,

1/4, 1/2, 1), O), ((-1/4, 1/4), (-1/2, 0, 0, 0)), exp_polar(-2*I*pi)/x*x4

)/ (8*pi**(3/2))
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log(x+ V-1+x2 )

(1 +x2)3/2 ax

3.17 f

Optimal. Leaf size=32

xlog( x? -1 +x) 1

x%+1 2

[Out] -1/2*%arccosh(x"2)+x*1n(x+(x"2-1)"(1/2))/(x"2+1)"(1/2)

Rubi [A] time = 0.04, antiderivative size = 32, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 4, integrand size = 22,

number of rules _ ),182, Rules used = {191, 2554, 276, 52}

integrand size

xlog (\/xz -1+ x)

x2+1

- %cosh_1 (xz)

Antiderivative was successfully verified.

[In] Int[Loglx + Sqrt[-1 + x72]1/(1 + x~2)7(3/2),x]

[Out] -ArcCosh[x"2]/2 + (x*Loglx + Sqrt[-1 + x72]1)/Sqrt[1 + x72]
Rule 52

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]1), x_Symbol] :> Simp[
ArcCosh[(b*x)/al/b, x] /; FreeQ[{a, b, c, d}, x] && EqQ[a + c, 0] && EqQ[b
- d, 0] & GtQ[a, 0]

Rule 191

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x™n) (p + 1)
)/a, x] /; FreeQ[{a, b, n, p}, x] && EqQ[1/n + p + 1, 0]

Rule 276

Int[(x_)"(m_.)*((a1_) + (b1_.)*(x_)"(n_)) " (p_)*((a2_) + (b2_.)*(x_)"(n_))"(
p_), x_Symbol] :> With[{k = GCD[m + 1, 2*n]}, Dist[1/k, Subst[Int[x"((m + 1
)/k - 1)*(al + bl*xx~(n/k))"p*x(a2 + b2*x~(n/k))7p, x], x, x°k], x] /; k !=1
] /; FreeQ[{al, b1, a2, b2, p}, x] && EqQ[a2*bl + alxb2, 0] && IGtQ[2*n, O]
&& IntegerQ[m]

Rule 2554

Int[Loglu_J*(v_), x_Symbol] :> With[{w = IntHidel[v, x]}, Dist[Loglul, w, x]
- Int[SimplifyIntegrand[(w*D[u, x])/u, x], x] /; InverseFunctionFreeQ[w, x
11 /; InverseFunctionFreeQ[u, x]

Rubi steps
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log(x+\/—1+x2) xlog(x+\/—1+x7-) X
dx = —f dx
f (1+ x2)3/2 V1 + x2 V-1 +x2V1 + 22
xlog (x +V-1+ x2)

1
= -5 Subst (

V1 4 x2

dx, x, x2)

1
f\/—l +xVl+x
1 , xlog(x+\/—1+x2)
= —=cosh™ (x?) +
2 ( ) V1 + x?

Mathematica [B] time = 0.09, size = 89, normalized size = 2.78

m(xzﬂ)(log(l—\/jj)—log(\/%ﬂ))

Vat-1

4xlog (\/x2 -1+ x) +

4Vx? +1
Antiderivative was successfully verified.

[In] Integratel[Logl[x + Sqrt[-1 + x72]]1/(1 + x72)7(3/2),x]

[Out] (4xx*Loglx + Sqrt[-1 + x72]] + (Sqrt[-1 + x"2]*(1 + x"2)*(Logl[l - x~2/Sqrt[
-1 + x74]] - Logl[l + x72/Sqrt[-1 + x74]1]1))/Sqrt[-1 + x~4])/(4*Sqrt[1l + x~2]
)

fricas [B] time = 0.43, size = 58, normalized size = 1.81

2Vx2+1xlog(x+\/x2—1)+(x2+1)log(—x2+\/x2+1\/x2—1)

2(x2+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(x~2-1)"(1/2))/(x"2+1)~(3/2),x, algorithm="fricas")

[Out] 1/2*%(2*sqrt(x”2 + 1)*x*xlog(x + sqrt(x”2 - 1)) + (x72 + 1)*log(-x"2 + sqrt(x
2 + D*sqre(x”2 - 1)))/(x"2 + 1)

giac [A] time = 1.12, size = 36, normalized size = 1.12

xlog(x+\/x2—1) 1

5 1og(x2— x4—1)

x? +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(x"2-1)7(1/2))/(x72+1)"(3/2),x, algorithm="giac")
[Out] x*log(x + sqrt(x™2 - 1))/sqrt(x”2 + 1) + 1/2%log(x"2 - sqrt(x”4 - 1))

maple [F] time = 0.10, size = 0, normalized size = 0.00

fln(x+m)

—dx
2
Verification of antiderivative is not currently implemented for this CAS.

(x2 + 1)



[In] int(An(x+(x"2-1)"(1/2))/(x"2+1)"(3/2),x)
[Out] int(ln(x+(x"2-1)"(1/2))/(x"2+1)~(3/2) ,%)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

10g(x+\/ﬂ)

(x2 + 1)

dx

NI

Verification of antiderivative is not currently implemented for this CAS.

88

[In] integrate(log(x+(x~2-1)"(1/2))/(x"2+1)~(3/2),x, algorithm="maxima")

[Out] integrate(log(x + sqrt(x~2 - 1))/(x"2 + 1)7(3/2), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.03

fln(xm/ﬂ)

)3/2 dx

(xz +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x + (x72 - 1)7(1/2))/(x"2 + 1)7(3/2),%)
[Out] int(log(x + (x72 - 1)7(1/2))/(x"2 + 1)7(3/2), %)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(x+(x**2-1)**(1/2))/(x**2+1)**(3/2) ,%)

[Out] Timed out
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log(x)
318 [ =

Optimal. Leaf size=43

X X x2 -1

2 _ 2
Va2 -1 \/x -1 log(x) tanh_l( x )

[Out] -arctanh(x/(x72-1)7(1/2))+(x"2-1)"(1/2)/x+1n(x)*(x"2-1)"(1/2) /x

Rubi [A] time = 0.04, antiderivative size = 43, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 15,

number of rules _ ) 267, Rules used = {2335, 277, 217, 206}

integrand size

X X

Va2 -1 N Va2 -1 log(x) _ tanh_l( X )

Antiderivative was successfully verified.

[In] Int[Logl[x]/(x~2#Sqrt[-1 + x~2]),x]

[Out] Sqrt[-1 + x72]/x - ArcTanh[x/Sqrt[-1 + x72]] + (Sqrt[-1 + x"2]*Logl[x])/x
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] |l LtQ[b, 0])

Rule 217

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Subst[Int[1/(1 - b*x~2), x],
x, x/Sqrtla + b*x~2]] /; FreeQ[{a, b}, x] & !'GtQ[a, 0]

Rule 277

Int[(Cc_)*(x_))"(m_.)*x((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x™n) p)/(cx(m + 1)), x] - Dist[(b*n*p)/(c"n*(m + 1)), In
t[(c*x)"(m + n)*(a + b*x™n)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] &% GtQlp, 0] && LtQ[m, -1] && !'ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 2335

Int[((a_.) + Logl(c_.)*x(x_)"(n_.)I*x(b_.))*((f_.)*(x_))"(m_.)*((d_) + (e_.)x*
(x_ )~ (r_.))"(q)), x_Symbol] :> Simp[((f*x)~(m + 1)*(d + exx"r)~(q + 1)*(a +
b*Log[c*x"n]))/(d*fx(m + 1)), x] - Dist[(b*n)/(d*(m + 1)), Int[(f*x) m*(d
+ exx"r)"(q + 1), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, q, r}, x] && EqQ
[m + rx(qg + 1) + 1, 0] && NeQ[m, -1]

Rubi steps
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dx

f log(x) dx = V-1 + x? log(x) ~ f V-1 +x2
x2V-1 + x? e X x?

V1422 N V-1 + 2 log(x) ~

1
—dx
X X f\/_]_ +x2

—1 + x2 -1+x21 1
= V-1+x + Vlta °8(%) — Subst dx, x, A
X x 1—x2 Vol + 2

V-1 + 2 1 ( X ) V-1 + x? log(x)
= —— —tanh +

Mathematica [A] time = 0.02, size = 43, normalized size = 1.00

Va2 -1 s Va2 -1 log(x) log (m + x)

X x
Antiderivative was successfully verified.

[In] Integratel[Loglx]/(x"2*Sqrt[-1 + x72]),x]
[Out] Sqrt[-1 + x72]/x + (Sqrt[-1 + x"2]*Logl[x])/x - Loglx + Sqrt[-1 + x72]]

fricas [A] time = 0.44, size = 32, normalized size = 0.74

xlog(—x+ \/x2—1)+ \/xz—l(log(x)+1) +x

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x"2/(x72-1)"(1/2),x, algorithm="fricas")
[Out] (x*xlog(-x + sqrt(x"2 - 1)) + sqrt(x™2 - 1)*(log(x) + 1) + x)/x

giac [A] time = 1.16, size = 62, normalized size = 1.44

2

(x_\z/%c))2+1 ) (x— x22—1) +1 ' % log((x_m)z)_bg(lxl)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x"2/(x72-1)"(1/2),x, algorithm="giac")

[Out] 2xlog(x)/((x - sqrt(x”2 - 1))"2 + 1) + 2/((x - sqrt(x™2 - 1))72 + 1) + 1/2%
log((x - sqrt(x”™2 - 1))72) - log(abs(x))

maple [C] time = 0.14, size = 89, normalized size = 2.07
‘/—signum(xz—l) V-22+1 In(x) 1l—signum(xz—l) V-x2+1
\/—signum (xz - 1) arcsin(x) |/signum(x2-1) |fsignum(x2-1)

+
\/signum (x2 — 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(Qn(x)/x"2/(x"2-1)"(1/2),x%)
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[Out] -1/signum(x~2-1)"(1/2)*(-signum(x~2-1))~(1/2)*arcsin(x)+(-1/signum(x~2-1)"(
1/2)*(-signum(x~2-1))~(1/2)*(-x"2+1) " (1/2)-1/signum(x~2-1) ~(1/2) * (-signum(x

"2-1))7(1/2) *1n(x) * (-x"2+1) " (1/2) ) /x
time = 0.96, size = 41, normalized size = 0.95

log(x) - log (2 X +2Vx? - )

maxima [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x"2/(x72-1)"(1/2),x, algorithm="maxima"

[Out] sqrt(x”2 - 1)*log(x)/x + sqrt(x”2 - 1)/x - log(2*x + 2*sqrt(x~2 - 1))

mupad [F] time = 0.00, size = -1, normalized size = -0.02

f ln(x)
22 —
Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x)/(x"2%(x"2 - 1)7(1/2)),x%)

[Out] int(log(x)/(x"2*(x"2 - 1)7(1/2)), x)
time = 159.34, size = 37, normalized size = 0.86

sympy [C]
NaN forx < -1
({ 1 forx>-1Ax<1 log (x) - yacosh (x) — ir — % forx <1
NaN otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(x)/x**2/(xx*2-1)**(1/2),x)
(x > -1) & (x < 1)))*log(x) - Piecewise((nan,

[Out] Piecewise((sqrt(x**2 - 1)/x,
(nan, True))

x < -1), (acosh(x) - Ixpi - sqrt(x**2 - 1)/x, x < 1),
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3.19 dx

f\/@

X

Optimal. Leaf size=28

2Vx3 +1 2
I Ztanh™ (‘Vx3 +1)

3 3
[Out] -2/3*%arctanh((x"3+1)"(1/2))+2/3%(x"3+1)"(1/2)

Rubi [A] time = 0.01, antiderivative size = 28, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 13,

number ofrules _ ) 308, Rules used = {266, 50, 63, 207}

integrand size
2Vx3+1 2 _
XT - gtanh ! (‘Vx3 +1)

Antiderivative was successfully verified.

[In] Int[Sqrt[1l + x73]/x,x]

[Out] (2*Sqrt[1 + x73])/3 - (2%ArcTanh[Sqrt[1 + x73]1)/3
Rule 50

Int[((a_.) + (b_)*(x_))"(m_ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*xx)"(m + D*(c + d*x)"n)/(b*(m + n + 1)), x] + Dist[(n*(b*c - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,

c, dF, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !'(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n

+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*x))" (@ )*((c_.) + (d_)*x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x " (p*x(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)7n, x1, x, (a + b*xx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, O] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 0] |l GtQ[b, 01)

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)x(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rubi steps
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V1 + 3 1 V1
f :x dx:§Subst(f J:_xdx,x,x3)

2V1+x3 1 1
S S —Subst( dx, x, x3)
3 3 xV1 + x
2Vl +x3 2
Sl + — Subst f dx,x, V1 + x3
3 3 -1+ x2
2V1+x3 2 _
= Tx—gtanh 1(\/1 +x3)

Mathematica [A] time = 0.01, size = 28, normalized size = 1.00

Va3 +1 2
2x——i_——’car11r1_1(\/x~°’+1)

3 3
Antiderivative was successfully verified.

[In] Integrate[Sqrt[l + x73]/x,x]
[Out] (2*Sqrt[1 + x73])/3 - (2*ArcTanh[Sqrt[1 + x73]1)/3
fricas [A] time = 0.42, size = 34, normalized size = 1.21

2 1 1
- Vxd+1 -3 log(\/x3+1 +1)+§ log(\/x3+1 —1)

3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~3+1)~(1/2)/x,x, algorithm="fricas")
[Out] 2/3%sqrt(x”3 + 1) - 1/3*log(sqrt(x~3 + 1) + 1) + 1/3*%log(sqrt(x”3 + 1) - 1)

giac [A] time = 1.01, size = 35, normalized size = 1.25
2 1 1
5VX3 +1 - 3 10g(\/x3 +1 +1) *3 log(|‘\/x3 + —1|)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~3+1)7(1/2)/x,x, algorithm="giac")

[Out] 2/3*sqrt(x”™3 + 1) - 1/3*log(sqrt(x~3 + 1) + 1) + 1/3*xlog(abs(sqrt(x~3 + 1)
- 1))

maple [A] time = 0.02, size = 21, normalized size = 0.75

2arctanh( x3 +1) . WB+1

3 3
Verification of antiderivative is not currently implemented for this CAS.

[In] int((x73+1)~(1/2)/x,%)
[Out] -2/3*arctanh((x~3+1)7(1/2))+2/3*(x"3+1)~(1/2)

maxima [A] time = 0.41, size = 34, normalized size = 1.21

1
%Vx3+ —% log(‘\/x3+1 +1)+§ log(‘\/x3+1 —1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~3+1)~(1/2)/x,x, algorithm="maxima")
[Out] 2/3*sqrt(x~3 + 1) - 1/3*log(sqrt(x~3 + 1) + 1) + 1/3*%log(sqrt(x”3 + 1) - 1)

mupad [B] time = 0.13, size = 174, normalized size = 6.21

(3 LV 11) x-3+ ‘“l —X+ g h'asin P

2V R ;ﬂ 2 AT

3 V3 1i V3 V3ii) (1 A3l
3 _ _ N -

N z)(z =) (550 )

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"3 + 1)°(1/2)/x,x)

[Out] (2*x(x"3 + 1)7(1/2))/3 = (2x((3~(1/2)*1i)/2 + 3/2)*((x + (3~ (1/2)*1i)/2 - 1/
2)/((37(1/2)*11)/2 - 3/2))~(1/2)*((x + 1)/((3~(1/2)*1i)/2 + 3/2))~(1/2)*(((
37(1/2)*11)/2 - x + 1/2)/((37(1/2)*11)/2 + 3/2))~(1/2)*ellipticPi((37(1/2)*

1i)/2 + 3/2, asin(((x + 1)/((37(1/2)*1i)/2 + 3/2))~(1/2)), -((37(1/2)*1i)/2

+ 3/2)/((3~(1/2)*1i)/2 - 3/2)))/(x"3 - xx(((3°(1/2)*1i)/2 - 1/2)*((3°(1/2)
*¥1i)/2 + 1/2) + 1) - ((3~(1/2)*11)/2 - 1/2)*((3"(1/2)*1i)/2 + 1/2))"(1/2)

sympy [A] time = 1.17, size = 48, normalized size = 1.71

3 2 asinh (%)
2x2 5 2

x2
T 3 - O A
3 1+—3 3x2 1+—3
X X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**3+1)*x(1/2)/x,x)
[Out] 2*x**(3/2)/(3xsqrt(1 + x**(-3))) - 2*asinh(x**(-3/2))/3 + 2/(3*x*x(3/2)*sqr

t(1 + xxx(=-3)))
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X 10g(x+ V=1+x2 )

Newe R

320 |

Optimal. Leaf size=26

Va2 -1log|(Vx2 -1 +x|-x
g

[Out] —-x+1n(x+(x"2-1)"(1/2))*(x"2-1)"(1/2)

Rubi [A] time = 0.04, antiderivative size = 26, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 3, integrand size = 23,

mamber OIS — 0,130, Rules used = {261, 2554, 8}

Vx2-1log|(Vx2 -1 +x|-—x
g

integrand size

Antiderivative was successfully verified.

[In] Int[(x*Logl[x + Sqrt[-1 + x72]])/Sqrt[-1 + x~2],x]
[Out] -x + Sqrt[-1 + x"2]*Logl[x + Sqrt[-1 + x~2]]
Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 261

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (o*xnx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 2554

Int[Loglu_J*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Dist[Loglul, w, x]
- Int[SimplifyIntegrand[(w*D[u, x])/u, x], x] /; InverseFunctionFreeQ[w, x
11 /; InverseFunctionFreeQ[u, x]

Rubi steps

xlog(x+\/m)
==

dx = V-1 +x? log(x+‘\/—1+x2)—f1dx
=-x+ V-1+x? log(x+\/—1+x2)

Mathematica [A] time = 0.02, size = 26, normalized size = 1.00

Va2 -1log|(Vx2 -1 +x|-x
g

Antiderivative was successfully verified.

[In] Integrate[(x*Logl[x + Sqrt[-1 + x~2]])/Sqrt[-1 + x~2],x]
[Out] -x + Sqrt[-1 + x"2]*Logl[x + Sqrt[-1 + x~2]]

fricas [A] time = 0.42, size = 22, normalized size = 0.85

‘sz—llog(x+‘\/x2—1)—x
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(x"2-1)7(1/2))/(x72-1)"(1/2),x, algorithm="fricas")
[Out] sqrt(x™2 - 1)*log(x + sqrt(x™2 - 1)) - x

giac [A] time = 1.10, size = 22, normalized size = 0.85
Vaz -1 log(x+ sz—l) - X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(x72-1)"(1/2))/(x"2-1)"(1/2),x, algorithm="giac")
[Out] sqrt(x™2 - 1)*log(x + sqrt(x”2 - 1)) - x

maple [F] time = 0.12, size = 0, normalized size = 0.00

xln(x+\/m)

f dx
x2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*1n(x+(x"2-1)"(1/2))/(x"2-1)"(1/2),x)
[Out] int(x*1ln(x+(x"2-1)"(1/2))/(x"2-1)"(1/2),x%)

maxima [A] time = 0.55, size = 22, normalized size = 0.85

sz—llog(x+\/x2—1)—x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(x72-1)7(1/2))/(x"2-1)"(1/2),x, algorithm="maxima")
[Out] sqrt(x™2 - 1)*log(x + sqrt(x”2 - 1)) - x

mupad [F]  time = 0.00, size = -1, normalized size = -0.04

xm(Hm)

f dx
x2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*log(x + (x72 - 1)7(1/2)))/ ("2 - 1)7(1/2),x)
[Out] int((x*log(x + (x72 - 1)7(1/2)))/(x"2 - 1)°(1/2), x)
sympy [A] time = 9.12, size = 20, normalized size = 0.77

-x+ Va2 -1 log(x+ sz—l)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*1n(x+(x*x*2-1)*x(1/2))/(x**2-1)**x(1/2),x%)

[Out] -x + sqrt(x*x*2 - 1)*log(x + sqrt(x*x2 - 1))
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x3 sin 1(x) dx

Vi-xt

Optimal. Leaf size=38

3.21 f

1 1 1 _
5 V1 — x4 sin}(x) + 7 Va2 +1x+ 1 sinh™!(x)

[Out] 1/4*arcsinh(x)+1/4xx*x(x"2+1)"(1/2)-1/2*arcsin(x)*(-x"4+1)~(1/2)

Rubi [A] time = 0.05, antiderivative size = 38, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 6, integrand size = 17,

number of rules _ ),353, Rules used = {261, 4787, 12, 26, 195, 215}

integrand size
1 1 1 _
Z\/x2 +1x- E‘Vl — x4 sin"}(x) + 1 sinh™!(x)

Antiderivative was successfully verified.

[In] Int[(x"3%ArcSin[x])/Sqrtl[1l - x74],x]

[Out] (x*Sqrt[1 + x72])/4 - (Sqrtl[l - x"4]*ArcSin([x])/2 + ArcSinh[x]/4
Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 26

Int[(u_D)*((a_) + (b_)*(x_)"(n_.)) " (m_D)*((c_) + (d_D)*x)"G )" (p_.), x
_Symbol] :> Dist[(-(b"2/d))"m, Int[u/(a - b*x"n)"m, x], x] /; FreeQ[{a, b,
c, d, m, n, pt, x] & EqQ[j, 2*n] && EqQ[p, -m] && EqQ[b~2*c + a~2xd, 0] &&
GtQ[a, 0] && LtQ[d, O]

Rule 195

Int[((a_) + (b_)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) p)/(n*p

+ 1), x] + Dist[(a*nxp)/(n*p + 1), Int[(a + bxx™n)"(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*pl || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] &% IntegerQ[3*pl) || LtQ[Denominator[p + 1/n],
Denominator [p]])

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
t[all/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 261

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p’ -1]

Rule 4787

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]}, Dist[a + b*ArcSin[c*x], v, x] - Dist[b*c, Int[SimplifyIntegrandl[v/
Sqrt[1 - c™2*x72], x], x], x] /; InverseFunctionFreeQ[v, x]] /; FreeQ[{a, b
, ¢}, x]
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Rubi steps

x3 sin~1(x) — . Vi-4
fﬁ 1- x4 sin (X) f 2\/1—x2 dx

1 1 V1 - 4
= ——V1 - x4 sin"}(x) +5 a
2 V1 -
1
= —E‘Vl — x4 sinl(x) + > f‘\/l +x2 dx
1 1 1 1
= ZJC\/l +x2 — E\/l — x4 sin_l(x) + Z f ,—1 2 dx

1 1 1.
= Zxx/l +x2 - E\/1 — x4 sinl(x) + 7 sinh L(%)

Mathematica [B] time = 0.09, size = 85, normalized size = 2.24

1 V1 — x4
—[-2V1 - x4 sin"(x) + log (1 - x2) P Sl log (x +VI-x2V1—x* - x)
4 V1 = x2

Antiderivative was successfully verified.

[In] Integrate[(x~3*ArcSin[x])/Sqrt[1l - x~4],x]

[Out] ((x*Sqrtl[1l - x74])/Sqrt[l - x72] - 2%Sqrt[1 - x"4]*ArcSin[x] + Log[l - x72]
- Log[-x + x73 + Sqrt[1 - x"2]*Sqrt[1l - x74]])/4

fricas [B] time = 0.45, size = 138, normalized size = 3.63

34V Vor2el - 3
4V-x*+1 (xz - 1) arcsin(x) + 2 V-x* +1V-x2 +1x + <x2 — 1) log (x - xtsl_x i x) - (xz _ 1) log (_x_

B 8(x2—1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsin(x)/(-x"4+1)7(1/2),x, algorithm="fricas")

[Out] -1/8%(4*sqrt(-x74 + 1)*(x"2 - 1)*arcsin(x) + 2*sqrt(-x"4 + 1) *sqrt(-x"2 + 1
)*¥x + (x72 - 1)*log((x73 + sqrt(-x"4 + 1)*sqrt(-x"2 + 1) - x)/(x"3 - x)) -
(x72 - D*log(-(x"3 - sqrt(-x"4 + D*sqrt(-x"2 + 1) - x)/(x"3 - x)))/(x"2 -

1)

giac [A] time = 1.10, size = 38, normalized size = 1.00

1 1
Va2 +1x - > V-x*+1 arcsin(x) — 1 log (—x + Va2 +1)

N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsin(x)/(-x"4+1)~(1/2),x, algorithm="giac")

[Out] 1/4*sqrt(x”2 + 1)*x - 1/2xsqrt(-x"4 + 1)*arcsin(x) - 1/4*xlog(-x + sqrt(x~2
+ 1))

maple [F] time = 0.41, size = 0, normalized size = 0.00

f x3 arcsm(x)

Verification of antiderivative is not currently implemented for this CAS.



99

[In] int(x"3*arcsin(x)/(-x"4+1)"(1/2),x)
[Out] int(x"3*arcsin(x)/(-x"4+1)"(1/2),x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

1 2+1
—E\/x2+1\/x+1\/—x+1 arctan(x,\/x+1\/—x+1)+f a dx

2 (xz + e(log(x+1)+log(—x+1)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsin(x)/(-x"4+1)~(1/2),x, algorithm="maxima"

[Out] -1/2%sqrt(x”2 + 1)*sqrt(x + 1)*sqrt(-x + 1)*arctan2(x, sqrt(x + 1)*sqrt(-x
+ 1)) + integrate(1/2*sqrt(x”2 + 1)/(x"2 + e"(log(x + 1) + log(-x + 1))), x
)

mupad [F] time = 0.00, size = -1, normalized size = -0.03

f x3 asm(x

V1 - x4

Verification of antiderivative is not currently implemented for this CAS.
[In] int((x"3*asin(x))/(1 - x74)"(1/2) ,x%)

[Out] int((x"3*asin(x))/(1 - x~4)"(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

x3 asin (x)

f\/ (x-1)(x+1) (x2+1)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*asin(x)/(-x**4+1)**(1/2),x)

[Out] Integral (x**3*asin(x)/sqrt(-(x - L*(x + 1)*(x**2 + 1)), x)
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x3 sec™(x) dx
V-1+x4

Optimal. Leaf size=70

3.22 f

1
4_1q 1 A1-5x
% Vxt -1 sec'l(x) e + —tanh™! N2

[Out] 1/2*%arctanh(x*(1-1/x"2)"(1/2)/(x"4-1)"(1/2))+1/2*xarcsec(x)*(x~4-1)"(1/2)-1/
2% (x~4-1)"(1/2) /x/(1-1/x72)"(1/2)

Rubi [A] time = 0.13, antiderivative size = 94, normalized size of antiderivative
= 1.34, number of steps used = 7, number of rules used = 8, integrand size = 15,

number ol 1S _ (533, Rules used = {261, 5246, 12, 1572, 1252, 865, 875, 203}

integrand size

AVyd—
o 1—x2tan‘1(\/31€_i) .
x — —
_ - - . +§Vx4—1sec_1(x)
2 1—x—2x 2 1—;3(

Antiderivative was successfully verified.
[In] Int[(x~3*ArcSec([x])/Sqrt[-1 + x74],x]

[Out] -Sqrt[-1 + x74]/(2*Sqrt[1 - x~(-2)]1*x) + (Sqrt[-1 + x"4]*ArcSec[x])/2 + (Sq
rt[1 - x72]*ArcTan[Sqrt[-1 + x74]/Sqrt[1 - x72]]1)/(2%Sqrt[1 - x~(-2)]1*x)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtl[a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/bl && (GtQ[a
, 01 || GtQ[b, 01)

Rule 261

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (o*xnx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[P, -1]

Rule 865

Int[((d) + (e_)*x(x D))" (m )*((f_.) + (g_)*(x_))"(m )*((a_) + (c_.)*x(x_)"2
)~ (p_), x_Symbol] :> -Simp[((d + exx) mx(f + gxx)"(n + 1)*(a + c*xx"2)"p)/(g
*(m - n - 1)), x] - Dist[(cxm*x(exf + d*xg))/(e™2xg*x(m - n - 1)), Int[(d + ex
x)"(m + 1)*(f + gxx)"n*x(a + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, c, d, e, £,
g, n}, x] && NeQ[exf - dxg, 0] && EqQlc*d~2 + axe”2, 0] && !IntegerQ[p] &
& EqQ[m + p, 0] && GtQ[p, 0] && NeQ[m - n - 1, 0] && !'IGtQ[n, 0] && !(Int
egerQ[n + pl && LtQ[n + p + 2, 0]) && RationalQ[n]

Rule 875

Int[Sqrtl(d_) + (e_)*(x )]1/(((£f_.) + (g_.)*(x_))*Sqrt[(a_) + (c_.)*(x_)"2]
), x_Symbol] :> Dist[2%e”2, Subst[Int[1/(cx(exf + d*g) + e 2*xgxx~2), x], x,
Sqrtla + c*x”2]/Sqrtld + e*xx]], x] /; FreeQl{a, c, d, e, £, g}, x] && NeQ[
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exf - dxg, 0] && EqQ[c*d™2 + axe”2, 0]

Rule 1252

Int[(x_ )" (m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (c_.)*x(x_)"4)"(p_.), x_S
ymbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + e*x) gx(a + c*x~2)7p, x],
x, x72], x] /; FreeQ[{a, c, d, e, p, g}, x] && IntegerQ[(m + 1)/2]

Rule 1572

Int[(x )" (m_.)*((d_) + (e_)*(x )" (mn_.))"(q)*((a_) + (c_.)*x(x_)"(n2_.))"(
p_.), x_Symbol] :> Dist[(e"IntPart[q]l*(d + e*x"mn) FracPart[q])/(x~ (mn*Frac
Part[q])*(1 + d/(x"mn*e)) FracPart([q]), Int[x"(m + mn*q)*(1 + d/(x"mn*e)) q
x(a + c*xx"n2)7p, xJ, x] /; FreeQ[{a, ¢, d, e, m, mn, p, g}, x] && EqQ[n2, -
2xmn] && !IntegerQlp] && !'IntegerQlq] && PosQ[n2]

Rule 5246

Int[((a_.) + ArcSec[(c_.)*(x_)]*(b_.))*(u_), x_Symbol] :> With[{v = IntHide
[u, x]J}, Dist[a + b*ArcSec[c*x], v, x] - Dist[b/c, Int[SimplifyIntegrand[v/
(x72x8qrt[1 - 1/(c"2*x"2)1), x], x], x] /; InverseFunctionFreeQ[v, x]] /; F
reeQ[{a, b, c}, x]

Rubi steps
3sec! 1 V-1 + x4
de = =V-1+x% sec!(x) - f—xdx
V-1 +x* 2 1-—= x2
1 V-1 + x4
= V=1 + x* sec 1(x)——f ad
2 1
x2
V=144
1 Vi-2 [ —=d
= E\/—1 +x% sec!(x) - AL

, 1
2 1—x—2x

V1 -2 Subst(f L xz)

x/Txx

1
4 1—x—2x

V1-x
—_ 12 d 2
Vo1 + 14 1 V1 -—x Subst(f x,x,x)
S Sl RV A sec™(x) +
1 2 / 1
2 1——2x 4 1——2.')(
X X

1 V-1+x4
/—_1 g 1 V1 — x2 Subst (f 2 dx,x, )
———— + V-1 +x* sec’(x) +

1
= EV—l + x4 secl(x) -

[ 1 2 1
2 1—x—2X 2 1—x—2X

VIrd 1 ! ()
=————— +=V-1+x* sec’!(x) + -
1 2 1
2 1——2.X' 2 1——2x
X X

Mathematica [A] time = 0.10, size = 88, normalized size = 1.26

1/1——\/ -1x
L +log[—x - 1——Vx4 1x+1]

> x* -1 sec” 1(x)—logx x
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Antiderivative was successfully verified.

[In] Integrate[(x"3*ArcSec[x])/Sqrt[-1 + x74],x]

[Out] (-((Sqrt[1 - x~(-2)]*x*Sqrt[-1 + x~4])/(-1 + x72)) + Sqrt[-1 + x"4]*ArcSec[
x] - Loglx - x73] + Logl[l - x72 - Sqrt[1l - x~(-2)]*x*Sqrt[-1 + x~4]])/2

fricas [B] time = 0.48, size = 110, normalized size = 1.57

(xz—l)log(x”mm_l)—(xz—l)log( xZ_\/x4_\/x2_ 1) vV -1 ((x _ )arcsec(x)—‘/xz—l)

x2-1

4(x2 —1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsec(x)/(x74-1)"(1/2),x, algorithm="fricas")

[Out] 1/4*%((x"2 - 1) *log((x72 + sqrt(x™4 - 1)*sqrt(x™2 - 1) - /("2 - 1)) - x~
2 - Dx*log(-(x"2 - sqrt(x™4 - D*sqrt(x™2 - 1) - 1)/(x72 - 1)) + 2*sqrt(x~4
- D*x((x"2 - 1)*arcsec(x) - sqrt(x”2 - 1)))/(x"2 - 1)

giac [A] time = 1.22, size = 52, normalized size = 0.74

2Vx? +1 —log(\/x2+l +1)+log(\/x2+ —1)

4 sgn(x)

N| =

X

1
Vx4 —1 arccos (—) -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsec(x)/(x74-1)"(1/2),x, algorithm="giac")

[Out] 1/2%sqrt(x”4 - 1)*arccos(1/x) - 1/4*%(2*sqrt(x”2 + 1) - log(sqrt(x™2 + 1) +
1) + log(sqrt(x”™2 + 1) - 1))/sgn(x)

maple [F] time = 0.74, size = 0, normalized size = 0.00

fx arcsec(x)
dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*arcsec(x)/(x"4-1)"(1/2),x)
[Out] int(x"3*arcsec(x)/(x"4-1)"(1/2),x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

3 3 1 1
2 (x3e(§ log(x+1)+§ log(x—l)) + x3e(5 10g(x+1)+§ log(x—l)))\/F

%\/x2+1\/x+1\/x—1 arctan(\/ﬁ\/ﬂ)—f

(x2 + 1)(6(2 log(x+1)+2 log(x—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*arcsec(x)/(x74-1)"(1/2),x, algorithm="maxima"

[Out] 1/2*sqrt(x”2 + 1)*sqrt(x + 1)*sqrt(x - 1)*arctan(sqrt(x + 1)*sqrt(x - 1)) -
integrate ((2*(x"3*%e~(3/2*log(x + 1) + 3/2*log(x - 1)) + x"3*e”(1/2xlog(x +

1) + 1/2x1log(x - 1)))*sqrt(x”2 + 1Dxlog(x) + (x73 + x)*e”(1/2xlog(x"2 + 1)

+ 3/2*%log(x + 1) + 3/2*log(x - 1)))/((x72 + 1)*x(e”(2*log(x + 1) + 2xlog(x

- 1)) + e (log(x + 1) + log(x - 1)))), x)



mupad [F] time = 0.00, size = -1, normalized size = -0.01

(ot

e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"3*acos(1/x))/(x"4 - 1)7(1/2),x)
[Out] int((x"3*acos(1/x))/(x"4 - 1)7(1/2), x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

x3 asec (x)

f\/(x 1) +1) (2 +1)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*asec(x)/(x**4-1)**(1/2),x)

[Out] Integral(x**3*asec(x)/sqrt((x - 1)*(x + 1)*x(x*x*2 + 1)),

X)
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xtan"1(x) log(x+ V1+x2 )

T dx

323 |

Optimal. Leaf size=58
—% log® (\/m + x) + %log (x+1)+ Va2 +1 log (\/m + x) tan~!(x) — x tan"!(x)

[Out] -x*arctan(x)+1/2*1n(x"2+1)-1/2+1n(x+(x"2+1)~(1/2)) "2+arctan(x)*1ln(x+(x"2+1)

“(1/2))*(x72+1) " (1/2)

Rubi [A] time = 0.14, antiderivative size = 58, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 9, integrand size = 25,

number of rules _ ), 360, Rules used = {4930, 215, 261, 2554, 8, 5212, 6686, 4846, 260}

integrand size

1 1
5 log2 (\/x2 +1+ x) + > log (x2 + 1) +Vx2 +1 log (\/x2 +1+ x) tan~!(x) — x tan~(x)

Antiderivative was successfully verified.
[In] Int[(x*ArcTan[x]*Logl[x + Sqrt[l + x~2]])/Sqrt[l + x72],x]

[Out] -(x*ArcTan[x]) + Logl[l + x72]/2 + Sqrt[l + x"2]*ArcTan[x]*Logl[x + Sqrt[1 +
x72]] - Loglx + Sqrt[1 + x72]1]172/2

Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 261

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 2554

Int[Loglu_]*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Dist[Logl[ul, w, x]
- Int[SimplifyIntegrand[(w*D[u, x])/u, x], x] /; InverseFunctionFreeQ[w, x
11 /; InverseFunctionFreeQ[u, x]

Rule 4846

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*Ar
cTan[c*x])“p, x] - Dist[b*c*p, Int[(x*(a + b*ArcTan[c*x])~(p - 1))/(1 + c~2
xx~2), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)*(x )*((d_) + (e_.)*x(x_)"2)"(q_
.), x_Symbol] :> Simp[((d + e*xx"2)"(q + 1)*(a + bxArcTan[cx*x]) p)/(2xe*x(q +
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1)), x] - Dist[(b*p)/(2*c*x(q + 1)), Int[(d + exx"2) g*(a + b*ArcTan[cxx])~
(p - 1), x1, x1 /; FreeQ[{a, b, c, d, e, q}, x] & EqQle, c~2+d] && GtQ[p,
0] && NeQlq, -1]

Rule 5212

Int[ArcTan[v_]*Loglw_J]*(u_), x_Symbol] :> With[{z = IntHide[u, x]}, Dist[Ar
cTan[v]*Loglw], z, x] + (-Int[SimplifyIntegrand[(z*Logl[w]*D[v, x])/(1 + v~2
), x], x] - Int[SimplifyIntegrand[(z*ArcTan[v]*D[w, x])/w, x], x]) /; Inver
seFunctionFreeQ[z, x]] /; InverseFunctionFreeQ[v, x] && InverseFunctionFree

Qlw, xI]

Rule 6686

Int[(u_)*(y_)"(m_.), x_Symbol] :> With[{q = DerivativeDivides[y, u, x]}, Si
mp[(g*y~(m + 1))/(m + 1), x] /; !'FalseQl[ql] /; FreeQ[m, x] && NeQ[m, -1]

Rubi steps

xtan™(x)log (x + V1 + 2 )

log(x+\/f
I — =

V1+x

1
= —xtan"!(x) + V1 + x2 tan"}(x) log (x +V1+ xz) —5 log2 (x + V1 +
]

dx = V1 + x2 tan"!(x) log (x +V1+ xz) - ftan‘l(x) dx —f

1
= —xtan ' (x) + > log (1 + xz) + V1 +x2 tan"!(x) log (x + V1 + xZ) -

Mathematica [A] time = 0.04, size = 58, normalized size = 1.00
1 1
-5 log2 (‘Vx2 +1 + x) +5 log (xz + 1) +Vx2 +1 log (‘sz +1 + x) tan~!(x) — x tan™1(x)

Antiderivative was successfully verified.

[In] Integrate[(x*ArcTan[x]*Logl[x + Sqrt[l + x~2]])/Sqrt[l + x72],x]

[Out] -(x*ArcTan[x]) + Log[l + x72]/2 + Sqrt[1l + x"2]*ArcTan[x]*Logl[x + Sqrt[1 +
x72]] - Loglx + Sqrt[1l + x72]]172/2

fricas [A] time = 0.47, size = 48, normalized size = 0.83
1 2 1
Vx? +1 arctan(x) log (x + Va2 + 1) — xarctan(x) — 5 log (x + Va2 + 1) +5 log (xz + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x)*log(x+(x~2+1)~(1/2))/(x"2+1)"(1/2),x, algorithm="fric
as")

[Out] sqrt(x”2 + 1)*arctan(x)*log(x + sqrt(x”2 + 1)) - x*arctan(x) - 1/2xlog(x +
sqrt(x”™2 + 1))72 + 1/2xlog(x"2 + 1)

giac [F] time = 0.00, size = 0, normalized size = 0.00

x arctan(x) log (x + Va2 +1 )
f Va2 +1

Verification of antiderivative is not currently implemented for this CAS.

dx
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[In] integrate(x*arctan(x)*log(x+(x~2+1)~(1/2))/(x"2+1)"(1/2),x, algorithm="giac
n)

[Out] integrate(x*arctan(x)*log(x + sqrt(x~2 + 1))/sqrt(x"2 + 1), x)

maple [F] time = 0.17, size = 0, normalized size = 0.00

x arctan(x) In (x +Vx2 +1 )

f dx
x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arctan(x)*1n(x+(x"2+1)"(1/2))/(x"2+1)"(1/2),x)
[Out] int(x*arctan(x)*1n(x+(x"2+1)"(1/2))/(x"2+1)°(1/2) ,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

x arctan(x) log (x + Va2 +1 )

f dx
x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x)*log(x+(x~2+1)~(1/2))/(x"2+1)~(1/2),x, algorithm="maxi
mall

[Out] integrate(x*arctan(x)*log(x + sqrt(x~2 + 1))/sqrt(x"2 + 1), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

x atan(x) In (x + Va2 +1 )

f dx
x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*atan(x)*log(x + (x72 + 1)7(1/2)))/(x"2 + 1)7(1/2),%)
[Out] int((x*atan(x)*log(x + (x72 + 1)7(1/2)))/(x"2 + 1)°(1/2), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*atan(x)*1n(x+(x**2+1)**(1/2))/(x**2+1)**(1/2) ,x)

[Out] Timed out
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xlog(1+ Vl—xz)

T dx

324 |
Optimal. Leaf size=55

Vi-22 —V1-22 log(\/l——xz +1)—10g(\/1——xz +1)

[Out] -In(1+(-x72+1)7(1/2))+(-x"2+1) " (1/2) -In(1+(-x"2+1) " (1/2) ) * (-x"2+1) " (1/2)

Rubi [A] time = 0.05, antiderivative size = 55, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 27,

number of rules _ ) 185, Rules used = {261, 2554, 1591, 190, 43}

integrand size

Vi-x2 —V1-22 log(\/l——x2 +1)—log(\/1——x2 +1)

Antiderivative was successfully verified.
[In] Int[(x*Log[il + Sqrtl[1 - x72]1]1)/Sqrt[1 - x~2],x]

[Out] Sqrt[l - x72] - Logl[l + Sqrt[l - x72]] - Sqrt[l - x"2]*Logl[l + Sqrt[l - x72
1]

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, 4, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4xn + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 190

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[Int[x~(1/n
- Dx*(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b, p}, x] &% FractionQ[n] &&
IntegerQ[1/n]

Rule 261

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (o*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[P: -1]

Rule 1591

Int[((a_.) + (b_.)*(Pq_)"(n_.))"(p_.)*(Qr_), x_Symbol] :> With[{q = Expon[P
g, x], r = Expon[Qr, x]}, Dist[Coeff[Qr, x, r]/(gq*Coeff[Pq, x, ql), Subst[I
nt[(a + b*x™n)"p, x], x, Pql, x] /; EqQlr, q - 1] && EqQ[Coeff[Qr, x, rl*D[
Pq, x], g*Coeff[Pq, x, ql*Qr]] /; FreeQ[{a, b, n, p}, x] && PolyQ[Pq, x] &&
PolyQ[Qr, x]

Rule 2554

Int[Loglu_J*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Dist[Loglul, w, x]
- Int[SimplifyIntegrand[(w*D[u, x])/u, x], x] /; InverseFunctionFreeQ[w, x
11 /; InverseFunctionFreeQ[u, x]

Rubi steps
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xlog(1+ 1—x2)
f dx:—‘\/l—leog(1+‘\/1 x2) f dx
1 —x2 1+V1-x2
1 1
=—V1—x210g(1+ 1- xz) —Subst(f dx,x,l—xz)
2 1++/x
= -V1 —x2 10g(1+ 1- x2)+Subst( " xdx,x,‘\/l—xz)
= —V1 -2 10g(1+‘\/1 x2)+Subst(f( —1—x) dx, x, Vl—xZ)

=Vi-22 —log(1+\/1—xz)—\/1—x2 10g(1+\/1——xz)

Mathematica [A] time = 0.02, size = 41, normalized size = 0.75

V1 - 22 —(\/1—x2 +1)log(\/1——x2 +1)

Antiderivative was successfully verified.

[In] Integrate[(x*Logl[l + Sqrt[i - x72]1]1)/Sqrtl[l - x~2],x]
[Out] Sqrtl[l - x72] - (1 + Sqrt[l - x"2])*Logl[l + Sqrt[1 - x72]]

fricas [A] time = 0.45, size = 35, normalized size = 0.64

—(V—x2 +1 4+ 1)log (\/—xz +1 + 1) +V=x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(1+(-x"2+1)7(1/2))/(-x"2+1)~(1/2),x, algorithm="fricas")
[Out] -(sqrt(-x"2 + 1) + 1)*log(sqrt(-x"2 + 1) + 1) + sqrt(-x"2 + 1)

giac [A] time = 1.03, size = 36, normalized size = 0.65
—(V—xz +1 +1)log(\/—x2 +1 + 1) +V=x2+1 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(1+(-x"2+1)7(1/2))/(-x"2+1)~(1/2),x, algorithm="giac")
[Out] -(sqrt(-x"2 + 1) + 1)*log(sqrt(-x"2 + 1) + 1) + sqrt(-x"2 + 1) + 1

maple [A] time = 0.01, size = 37, normalized size = 0.67

—(1+\/—x2+1)ln(1+\/—x2+1)+1+V—x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*1n(1+(-x"2+1)"(1/2))/(-x"2+1)"(1/2) ,x)
[Out] -In(1+(-x"2+1)7(1/2))*(1+(-x"2+1)"(1/2))+1+(-x"2+1)~(1/2)

maxima [A] time = 0.41, size = 36, normalized size = 0.65

—(V—x2+1 +1)log(\/—x2+1 +1)+V—x2+1 +1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(1+(-x"2+1)7(1/2))/(-x"2+1)"(1/2),x, algorithm="maxima")
[Out] -(sqrt(-x"2 + 1) + 1)*log(sqrt(-x"2 + 1) + 1) + sqrt(-x"2 + 1) + 1

mupad [B] time = 0.34, size = 27, normalized size = 0.49

—(ln(\/l——xz +1)—1) (m +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*log((1 - x72)7(1/2) + 1))/(1 - x72)7(1/2),x)
[Out] -(log((1 - x72)7(1/2) + 1) - 1)*((1 - x72)7(1/2) + 1)
sympy [A] time = 5.99, size = 31, normalized size = 0.56

inEE—(VT?}E+1)kg(VTi}5+1)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*1n(1+(=x**2+1)*x(1/2))/ (=x**2+1)**(1/2),x)

[Out] sqrt(l - x*x2) - (sqrt(l - x*x*2) + 1)*log(sqrt(l - x**2) + 1) + 1
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xlog(x+ V1+x2 )

— dx

325 |

Optimal. Leaf size=26

Va2 +1 log(‘\/x2 +1 +x) - X

[Out] -x+1n(x+(x"2+1)"(1/2))*(x"2+1)~(1/2)

Rubi [A] time = 0.03, antiderivative size = 26, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 3, integrand size = 23,

mamber O 1415 — 0,130, Rules used = {261, 2554, 8}

Vx2+1log (Va2 +1 +x|—x
g

integrand size

Antiderivative was successfully verified.

[In] Int[(x*Logl[x + Sqrt[l + x~2]])/Sqrt[l + x~2],x]
[Out] -x + Sqrt[l + x"2]*Logl[x + Sqrt[1l + x~2]]
Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 261

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (o*xnx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 2554

Int[Loglu_J*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Dist[Loglul, w, x]
- Int[SimplifyIntegrand[(w*D[u, x])/u, x], x] /; InverseFunctionFreeQ[w, x
11 /; InverseFunctionFreeQ[u, x]

Rubi steps
xlog(x+ V1 +x2)
f dx:V1+leog(x+\/1+x2)—f1dx
V1 +x2

=-x+ V1+x? 10g(x+\/1+x2)

Mathematica [A] time = 0.02, size = 26, normalized size = 1.00

Vx2+1log(Vx2+1 +x)—-x
g

Antiderivative was successfully verified.

[In] Integratel[(x*Logl[x + Sqrt[l + x~2]])/Sqrt[1l + x72],x]
[Out] -x + Sqrt[1l + x"2]xLogl[x + Sqrt[l + x~2]]

fricas [A] time = 0.42, size = 22, normalized size = 0.85

\/x2+1log(x+‘\/x2+1)—x
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(x"2+1)7(1/2))/(x72+1)7(1/2),x, algorithm="fricas")
[Out] sqrt(x™2 + 1)*log(x + sqrt(x™2 + 1)) - x

giac [A] time = 1.00, size = 22, normalized size = 0.85
Va2 +1 log(x+ Va? +1) - X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(x"2+1)~(1/2))/(x"2+1)"(1/2),x, algorithm="giac")
[Out] sqrt(x”™2 + 1)*log(x + sqrt(x”2 + 1)) - x

maple [F] time = 0.08, size = 0, normalized size = 0.00

xln(x+\/am)
===

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int(x*1ln(x+(x"2+1)°(1/2))/(x"2+1)"(1/2),x)
[Out] int(x*1ln(x+(x"2+1)"(1/2))/(x"2+1)"(1/2),x%)

maxima [A] time = 1.06, size = 22, normalized size = 0.85

Vx2+1log(x+\/x2+1)—x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(x"2+1)7(1/2))/(x"2+1)"(1/2),x, algorithm="maxima")
[Out] sqrt(x™2 + 1)*log(x + sqrt(x”2 + 1)) - x

mupad [F] time = 0.00, size = -1, normalized size = -0.04

xln(HW)
J =

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int((x*log(x + (x72 + 1)7(1/2)))/(x"2 + 1)7(1/2),x)
[Out] int((x*log(x + (x72 + 1)7(1/2)))/(x"2 + 1)°(1/2), x)
sympy [A] time = 4.33, size = 20, normalized size = 0.77

-x+ Va2 +1 log(x+ \/x2+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*1n(x+(x*x*2+1)*x(1/2))/(x**2+1)**x(1/2),x%)

[Out] -x + sqrt(x*x*2 + 1)*log(x + sqrt(x**2 + 1))



112

xlog(&+ 1—x2)

V1-x2

326 | dx

Optimal. Leaf size=78

V1-x2 = V1-2 log (\/1——x2 + x) - fank” (://—25\/1_—362) + tanh_:/éx/ix)

[Out] 1/2*arctanh(x*27(1/2))*2~(1/2)-1/2*arctanh(2”(1/2)*(-x"2+1)~(1/2))*2~(1/2)+
(-x72+1) " (1/2) -1In(x+(-x"2+1) " (1/2))* (-x~2+1) ~(1/2)

Rubi [A] time = 0.27, antiderivative size = 78, normalized size of antiderivative
= 1.00, number of steps used = 18, number of rules used = 11, integrand size = 27,

number of rules _ ) 407, Rules used = {261, 2554, 6742, 2107, 321, 206, 444, 50, 63, 207, 388}

integrand size

V1-22 - V1-22log (\/1——x2 + x) - fant” (‘\//—25‘/1—362) - tanh_\l/éx/zx)

Antiderivative was successfully verified.
[In] Int[(x*Logl[x + Sqrt[l - x~2]])/Sqrt[l - x72],x]

[Out] Sqrt[l - x72] + ArcTanh[Sqrt[2]*x]/Sqrt[2] - ArcTanh[Sqrt[2]*Sqrt[1 - x~2]]
/Sqrt[2] - Sqrtl[1l - x"2]*Loglx + Sqrt[1l - x~2]]

Rule 50

Int[(Ca_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*(c + d*x)"n)/(b*(m + n + 1)), x] + Dist[(nx(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) " mx(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,

c, dF, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !'(IGtQ
[m, 0] && ( !IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && 'ILtQ[m + n

+ 2, 0] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1) *(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + bxx)"(1/p)], x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 01 |l LtQ[b, 01)

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rule 261

Int[(x )" (m_.)*((a_) + (b_)*(x )" (@ ))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (o*xnx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
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NeQ[p, -1]

Rule 321

Int[((c_.)*x(x D))" (m_)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(c~(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + n*p + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQl[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 388

Int[((a_) + (b_)*x(x_D)"(m_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(axd - b*c*(n*(
p+ 1)+ 1))/ (bx(nx(p + 1) + 1)), Int[(a + bxx™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*(p + 1) + 1, 0]

Rule 444

Int[(x_)"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_.)*x(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*x(c + d*x)~°q, x], x, x"n], x
1 /; FreeQ[{a, b, c, d, m, n, p, q}, x] && NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]

Rule 2107

Int[(x_)"(m_.)/((d_)*(x_)"(n_.) + (c_.)*Sqrtl(a_.) + (b_)*x(x_)"(p_.)1), x
_Symbol] :> -Dist[d, Int[x"(m + n)/(a*xc”2 + (b*xc”™2 - d"2)*x~(2%n)), x], x]
+ Dist[c, Int[(x"m*Sqrtla + b*x~(2*n)])/(a*c™2 + (b*c™2 - d72)*x"(2%n)), x]
, x] /; FreeQ[{a, b, ¢, d, m, n}, x] && EqQ[p, 2+*n] && NeQ[b*c~2 - 472, 0]

Rule 2554

Int[Loglu J*(v_), x_Symbol] :> With[{w = IntHidel[v, x]}, Dist[Loglul, w, x]
- Int[SimplifyIntegrand[(w*D[u, x])/u, x], x] /; InverseFunctionFreeQ[w, x
11 /; InverseFunctionFreeQ[u, x]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps
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xlog(x+ 1—x2) Y
f dx =-V1-x?log|x+ V1- xz) fx = dx
V1 — 2 x+ V1 —x2
1-x2
=-V1-x?1o (x+\/1 xz) f ad - dx
& x+Vl-x2 x+V1-x2
N Y
= -VI - x? log(x+\/ 2) f . dx+f T i
X+ V1 —x? x + V1 —x2
x? xV1 = x2 xV1 = x2
Y 2 v/ 2 _ _
1-x log(x+ 1-x )+ 1_2x2dx 1222 dx+f[_1+2x2

N

dxxx

1 1 1 V1 -
-V1- x2 log(x+ V1 - x2) Efmdx——SUbSt[f

2 2x

1-
1
-V1- leog(x+ 1- xz)—ZSubst(

1—x2 +tanh_ (\/_ )
2 22 1- 2x)\/_
tanh_l(\/_ 1
:Vl—x2+T V1-x21lo (x+ 1- x2)+18ubst(f\/1_x( -

1 tanh 2V1-x2

1-x% + tanh\/;\/ix)_ - (2\/5 x) 1- leog(x+\/1—x2)—
1 tanh ™ (V2 V1 - 2

e tanh\/éx/ix)_ an (\/E x) — leog(x+ 1_x2)

Mathematica [A] time = 0.06, size = 119, normalized size = 1.53

i(4m_ﬁlog(m_@x+z)_@0g(m # V2 +2) = 4VT = log (V=22 +x)-

Antiderivative was successfully verified.

[In] Integrate[(x*Logl[x + Sqrt[l - x72]])/Sqrt[1 - x72],x]

[Out] (4xSqrt[1l - x72] + 2*xSqrt[2]*Logl[Sqrt[2] + 2xx] - Sqrt[2]*Logl[2 - Sqrt[2]*x
+ Sqrt[2 - 2*x72]] - Sqrt[2]*Logl[2 + Sqrt[2]*x + Sqrt[2 - 2*x"2]] - 4*Sqrt
[1 - x"2]*Log[x + Sqrt[1 - x72]])/4

fricas [A] time = 0.45, size = 115, normalized size = 1.47

6x2—2\,/§(2xz—3)+2\/W<3\/E —4)_9}*_%\610{%(&

2x2 -1

-V-x2 +1 log (x + V—x? +1)+% V2 log[

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(-x"2+1)7(1/2))/(-x"2+1)~(1/2),x, algorithm="fricas")

[Out] -sqrt(-x"2 + 1)*log(x + sqrt(-x"2 + 1)) + 1/4xsqrt(2)*log((6*x"2 - 2xsqrt(2
)k (2*%x72 - 3) + 2*ksqrt(-x"2 + 1)*(3*sqrt(2) - 4) - 9)/(2*xx"2 - 1)) + 1/4xsq
rt(2)*log((2*x~2 + 2*sqrt(2)*x + 1)/(2*x"2 - 1)) + sqrt(-x"2 + 1)



115

giac[A] time = 1.30, size = 122, normalized size = 1.56

2
—4+2 +.E£_:fff:il___6

x2

1 1
—V—x2+1log(x+ V—x2+1)—1\/§log +Z\/§log(

1 1
> x+—\/§|)——\/§10g
2 (Vo 1) 2 4
42 + ———"L -6

x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x+(-x"2+1)7(1/2))/(-x"2+1)~(1/2),x, algorithm="giac")

[Out] -sqrt(-x"2 + 1)*log(x + sqrt(-x"2 + 1)) - 1/4*sqrt(2)*log(abs(-4*sqrt(2) +

2%(sqrt(-x"2 + 1) - 1)72/x72 - 6)/abs(4*sqrt(2) + 2*(sqrt(-x"2 + 1) - 1)72/

X"2 - 6)) + 1/4xsqrt(2)*log(abs(x + 1/2*%sqrt(2))) - 1/4xsqrt(2)*log(abs(x -
1/2%sqrt(2))) + sqrt(-x"2 + 1)

maple [F] time = 0.10, size = 0, normalized size = 0.00

xln(x+ —x2+1)

f dx
-x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*ln(x+(-x"2+1)"(1/2))/(-x"2+1)"(1/2),x)
[Out] int(x*1n(x+(-x"2+1)"(1/2))/(-x"2+1)"(1/2),x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

(2 1) tog (x + VEFTVFT) (2 1)l E ) 1 d
yx+1v-x+1 _f x_fx2+\/x+1x\/—x+1 *

Verification of antiderivative is not currently implemented for this CAS.

X

[In] integrate(x*log(x+(-x"2+1)7(1/2))/(-x"2+1)~(1/2),x, algorithm="maxima")

[Out] (x72 - 1)*log(x + sqrt(x + 1)*sqrt(-x + 1))/(sqrt(x + 1)*sqrt(-x + 1)) - in
tegrate((x"2 - 1)*e”(-1/2xlog(x + 1) - 1/2xlog(-x + 1))/x, x) - integrate(l
/(x"2 + sqrt(x + 1)*x*sqrt(-x + 1)), x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

xln(x+\/1——xz)

f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*log(x + (1 - x72)7(1/2)))/(1 - x72)~(1/2),x)
[Out] int((x*log(x + (1 - x~2)7(1/2)))/(1 - x72)"(1/2), x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00
xlog(x+ V1 —xz)
dx
V=-(x-1)(x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*1n(x+(-x**2+1)**(1/2))/(-x**2+1)**(1/2) ,%)

[Out] Integral(x*log(x + sqrt(l - x**2))/sqrt(-(x - Dx*(x + 1)), x)
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log(x)
327 [ =

Optimal. Leaf size=39

_\/1 - x2 ~ V1 — 22 log(x)
x x

—sin"!(x)

[Out] -arcsin(x)-(-x"2+1)"(1/2)/x-1n(x)*(-x"2+1)~(1/2)/x

Rubi [A] time = 0.05, antiderivative size = 39, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 17,

number ofrules _ ) 176 Rules used = {2335, 277, 216}

integrand size

_\/1 - x2 ~ V1 - 22 log(x)
x x

—sin"'(x)

Antiderivative was successfully verified.

[In] Int[Loglxl/(x"2%Sqrtl[l - x721),x]

[Out] -(Sqrt[1 - x72]/x) - ArcSin[x] - (Sqrtl[l - x"2]*Logl[x])/x
Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tla]l/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 277

Int[(Cc_)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x™n) p)/(cx(m + 1)), x] - Dist[(b*n*p)/(c"n*(m + 1)), In
t[(c*x)"(m + n)*(a + bxx™n)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] & GtQ[p, 0] && LtQ[m, -1] && !'ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 2335

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]*(b_.))*((f_)*(x_)) " (m_.)*x((d_) + (e_.)*
(x_)"(r_.))"(q_), x_Symbol]l :> Simp[((f*x)"(m + 1)*(d + exx"r)~(q + 1)*(a +
b*Log[c*x"n]))/(d*fx(m + 1)), x] - Dist[(b*n)/(d*(m + 1)), Int[(f*x) m*(d
+ exx"r)"(q + 1), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, q, r}, x] && EqQ
[m + r*x(q + 1) + 1, 0] && NeQ[m, -1]

Rubi steps

dx

f log(x) = V1-a? log(x) . f V1 — x2
2

V1 —x? X2
V1 -2 \/1 x? log(x f
= dx
x N Y
1-x2 V1 - x2 log(x)
i sin” " (x) — "

Mathematica [A] time = 0.03, size = 25, normalized size = 0.64

_V1- x2% (log(x) + 1)

X

—sin"!(x)
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Antiderivative was successfully verified.

[In] Integrate[Logl[x]/(x"2%Sqrtl[l - x721),x]
[Out] -ArcSin[x] - (Sqrt[1 - x"2]*(1 + Loglx]))/x

fricas [A] time = 0.44, size = 39, normalized size = 1.00

2 xarctan ( —x2x+1 _1) —V=x2+1 (10g(X) + 1)

X

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(log(x)/x~2/(-x"2+1)~(1/2),x, algorithm="fricas")
[Out] (2*x*arctan((sqrt(-x"2 + 1) - 1)/x) - sqrt(-x"2 + 1)*(log(x) + 1))/x

giac [B] time = 1.08, size = 73, normalized size = 1.87

1 X V-ax2+1 -1 log(x) + X V-ax2+1-1

— arcsin(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x~2/(-x"2+1)7(1/2),x, algorithm="giac")
[Out] 1/2*%(x/(sqrt(-x"2 + 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)*log(x) + 1/2*x/(sqrt(
-x"2 + 1) - 1) - 1/2x(sqrt(-x"2 + 1) - 1)/x - arcsin(x)

time = 0.11, size = 35, normalized size = 0.90

-V-x2 + ln(x -x2 +

maple [A]

—arcsin(x) +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1n(x)/x~2/(-x"2+1)"(1/2),x)
[Out] -arcsin(x)+(-1In(x)*(-x"2+1)"(1/2)-(-x"2+1)"(1/2)) /x
time = 0.96, size = 35, normalized size = 0.90

V=x? +1 log(x) —x2 +1 ‘
- " - — arcsin(x)

X

maxima [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x~2/(-x"2+1)~(1/2),x, algorithm="maxima"

[Out] -sqrt(-x"2 + 1)*log(x)/x - sqrt(-x~2 + 1)/x - arcsin(x)

mupad [F] time = 0.00, size = -1, normalized size = -0.03

f In(x)
x2 V1 - x2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x)/(x"2%(1 - x~2)7(1/2)),x%)
[Out] int(log(x)/(x~2x(1 - x~2)~(1/2)), x)
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sympy [F] time = 0.00, size = 0, normalized size = 0.00

f log (x) i
x2\=(x-1)(x +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(In(x)/x**2/(-x**2+1)*x(1/2),x)
[Out] Integral(log(x)/(x**2%sqrt(-(x - 1)*(x + 1))), x)
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xtanfl(x)
3.28 f ﬁ dx

Optimal. Leaf size=17

22 +1 tan™1(x) - sinh”' (%)

[Out] -arcsinh(x)+arctan(x)*(x"2+1)"(1/2)

Rubi [A] time = 0.03, antiderivative size = 17, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 13,

number of rules _ ) 154, Rules used = {4930, 215}

integrand size

x2 +1 tan"1(x) — sinh ™} (x)

Antiderivative was successfully verified.

[In] Int[(x*ArcTan([x])/Sqrtl[1 + x~2],x]
[Out] -ArcSinh[x] + Sqrt[1 + x"2]*ArcTan[x]
Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 4930

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.)) " (p_.)*(x )*((d_) + (e_.)*x(x_)"2)"(q_
.), x_Symbol] :> Simp[((d + e*x"2)"(q + 1)*(a + bxArcTan[cxx]) p)/(2xe*x(q +
1)), x] - Dist[(b*p)/(2%xc*x(q + 1)), Int[(d + e*xx"2) "g*(a + bxArcTan[c*x])~
(p - 1), x1, x] /; FreeQ[{a, b, c, d, e, qF, x] & EqQle, c~2*d] & GtQlp,
0] && NeQlq, -1]

Rubi steps

x tan~1(x) 1
" dx = V1 + 22 tan" (x) —f dx
f V1 + x2 V1 + %2

= —sinh }(x) + V1 + 22 tan"} (%)

Mathematica [A] time = 0.02, size = 17, normalized size = 1.00
22 +1 tan"1(x) - sinh ' (%)

Antiderivative was successfully verified.

[In] Integrate[(x*ArcTan[x])/Sqrt[l + x~2],x]
[Out] -ArcSinh[x] + Sqrt[1 + x"2]*ArcTan[x]

fricas [A] time = 0.46, size = 23, normalized size = 1.35

Vx? +1 arctan(x) + log (—x + Va2 +1 )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x)/(x"2+1)7(1/2),x, algorithm="fricas")
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[Out] sqrt(x™2 + 1)*arctan(x) + log(-x + sqrt(x~2 + 1))

giac[A] time = 0.93, size = 23, normalized size = 1.35
Vx? +1 arctan(x) + log (—x + Va2 +1 )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x)/(x"2+1)7(1/2),x, algorithm="giac")
[Out] sqrt(x”2 + 1)*arctan(x) + log(-x + sqrt(x”2 + 1))

maple [C] time = 0.17, size = 54, normalized size = 3.18

ix +1 X+ 1
Vx—1)(x +1) arctan(x)+ln( ) —i)—ln( o +i)
Vx2 +1 x2 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arctan(x)/(x"2+1)"(1/2),x)

[Out] ((x-I)*(x+I))~(1/2)*arctan(x)+1n((I*x+1)/(x"2+1)"(1/2)-I)-1n((I*x+1)/(x"2+1
)" (1/2)+1)

maxima [A] time = 0.95, size = 15, normalized size = 0.88
Va2 +1 arctan(x) — arsinh(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x)/(x"2+1)7(1/2),x, algorithm="maxima"
[Out] sqrt(x™2 + 1)*arctan(x) - arcsinh(x)

mupad [F] time = 0.00, size = -1, normalized size = -0.06
f X atan(x)
Va2 +
Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*atan(x))/(x"2 + 1)°(1/2),x)
[Out] int((x*atan(x))/(x"2 + 1)°(1/2), x)

sympy [B] time = 2.33, size = 29, normalized size = 1.71

x? atan (x) atan (x)

———— —asinh (x) +
VaZ +1 Va2 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*atan(x)/(x**2+1)**(1/2),x)

[Out] x**2*atan(x)/sqrt(x**2 + 1) - asinh(x) + atan(x)/sqrt(x*x*2 + 1)
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ta11_1(x)
3.29 f m dx

Optimal. Leaf size=57

M- 2 tan” () —tanh™ (\/1——x2) + 2 tanh™ ( 1= ]
& V2

[Out] -arctanh((-x"2+1)~(1/2))+arctanh(1/2%27(1/2)*(-x"2+1)~(1/2))*2~(1/2)-arctan
() *(-x"2+1)"(1/2) /x

Rubi [A] time = 0.08, antiderivative size = 57, normalized size of antiderivative

= 1.00, number of steps used = 7, number of rules used = 6, integrand size = 17,
number of rules _ ) 353, Rules used = {264, 4976, 446, 83, 63, 206}

_\/1 — x2;an—1(X) _ tanh! (, -z xz) + 2 tanh™! ( V1\/_§xz ]

integrand size

Antiderivative was successfully verified.
[In] Int[ArcTan[x]/(x"2%Sqrtl[l - x~21),x]

[Out] -((Sqrt[l - x"2]*ArcTan[x])/x) - ArcTanh[Sqrt[1 - x72]] + Sqrt[2]*ArcTanh[S
qrt[1 - x72]/Sqrt[2]]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)x(c - (axd)/b +

(d*x"p)/b)"n, x], x, (a + bxx)"(1/p)]1, x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 83

Int[(Ce_.) + (£_D)*(x_))"(p_.)/(((a_.) + (b_.)*x(x_))*((c_.) + (d_.)*(x_))),
x_Symbol] :> Dist[(b*e - axf)/(bxc - axd), Int[(e + f*x)"(p - 1)/(a + bxx)
, xJ, x] - Dist[(d*e - c*f)/(b*c - axd), Int[(e + f*x)"(p - 1)/(c + d*x), x
1, x] /; FreeQ[{a, b, c, d, e, f}, x] && LtQ[0, p, 1]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 264

Int[((c_)*(x_))"(m_.)*x((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol]l :> Simp[((c
*x)7(m + 1)*(a + b*x™n) " (p + 1))/(a*xc*(m + 1)), x] /; FreeQ[{a, b, ¢, m, n,
p}, x] && EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rule 446

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(m_))"(p_)*((c_) + (d_)*(x_)"(n_))" (q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)/n] - 1)*x(a + b*x)"p
x(c + d*x)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*xd, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 4976
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Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.))*((f_.)*(x_)) " (m_.)*((d_.) + (e_.)*(x
)72)"(q_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x~2)"q, x]}, Dis
t[a + b*ArcTan[c*x], u, x] - Dist[b*c, Int[SimplifyIntegrand[u/(1 + c™2x%x72
), x], x1, x1]1 /; FreeQ[{a, b, c, d, e, £, m, g}, x] && ((IGtQ[q, 0] && !(
ILtQ[(m - 1)/2, 0] && GtQ[m + 2%q + 3, 0]1)) || (IGtQ[(m + 1)/2, 0] && !(IL
tQlg, 0] && GtQ[m + 2*q + 3, 01)) || (ILtQ[(m + 2*q + 1)/2, 0] && !'ILtQ[(m
- 1)/2, 01))

Rubi steps
tan1(x) V1 - 22 tan~(x) V1 -2
f il n f T
x2V1 — x2 X x(l +x2)
V1 —x2 tan™! 1 Vi-
- ¥ tan” () + = Subst f dx x, x2
X 2 x(1 + x)
V1 —x2 tan™! 1 1
- » tan” () + — Subs t(f dx, x, xz) — Subst (f—dx, X, xz)
X 2 \/1 XX V1-x(1+x)
1-x2 tan”! 1
= — X xan ) +25ubst( dx,x,‘Vl—xZ)—Subst(fl_ 2dx,x,‘V1—x2)

_ ViRl ( s x2) 3 tanh! [\/1 e ]
X V2

Mathematica [A] time = 0.07, size = 77, normalized size = 1.35

- + —log(\/l - x? +1) - +log(x)
V2 V2 *

Antiderivative was successfully verified.

[In] Integrate[ArcTan[x]/(x"2*Sqrt[1 - x72]),x]

[Out] -((Sqrt[1l - x"2]*ArcTan[x])/x) + Loglx] - Logl[l + x"2]/Sqrt[2] + Logl[3 - x~
2 + 2*%Sqrt[2 - 2%x72]]/Sqrt[2] - Logl[l + Sqrt[1 - x72]]

fricas [A] time = 0.47, size = 81, normalized size = 1.42

V2xlo 22V2 V2413 —xlog|V-x2+1 +1)+xlog(V-x2+1 —1)-2V-x2 +1 arctan(x)
g g g

x2+1

2x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)/x"2/(-x"2+1)~(1/2),x, algorithm="fricas")

[Out] 1/2*%(sqrt(2)*x*xlog((x72 - 2*sqrt(2)*sqrt(-x"2 + 1) - 3)/(x"2 + 1)) - x*log(
sqrt(-x72 + 1) + 1) + xxlog(sqrt(-x"2 + 1) - 1) - 2*sqrt(-x"2 + 1)*arctan(x
))/x

giac [B] time = 1.09, size = 104, normalized size = 1.82

1 V-22+1 -1 1 2 + 1
; \/% —- x : ]arctan(x)—E V2 log[j__ _3;2 ]—— log (V—x2 +1 +1)+§ log (—\/

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arctan(x)/x"2/(-x"2+1)~(1/2),x, algorithm="giac")

[Out] 1/2*%(x/(sqrt(-x"2 + 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)*arctan(x) - 1/2x*sqrt(
2)*Llog((sqrt(2) - sqrt(-x"2 + 1))/(sqrt(2) + sqrt(-x"2 + 1))) - 1/2xlog(sqr
t(-x"2 + 1) + 1) + 1/2xlog(-sqrt(-x"2 + 1) + 1)

maple [F] time = 0.34, size = 0, normalized size = 0.00

arctan(x)

——dx
V-x% +1 x?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan(x)/x"2/(-x"2+1)~(1/2),%)
[Out] int(arctan(x)/x"2/(-x"2+1)"(1/2),x%)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f arctan(x)
V-x2 +1 x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)/x"2/(-x"2+1)7(1/2),x, algorithm="maxima")
[Out] integrate(arctan(x)/(sqrt(-x"2 + 1)*x72), x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.02

f atan(x)
x2 V1 - x2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan(x)/(x"2*x(1 - x72)7(1/2)),x%)
[Out] int(atan(x)/(x"2x(1 - x"2)"(1/2)), %)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
atan (x)
f dx
x2y-(x-1)(x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(x)/x**2/(-x**2+1)*x(1/2),x)

[Out] Integral(atan(x)/(x**2xsqrt(-(x - )*(x + 1))), x)
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xtan™! (%)
3.30 »[‘-f;ﬁffig—'tikf

Optimal. Leaf size=45

V2x

[Out] -arcsin(x)+arctan(x*2”(1/2)/(-x"2+1)"(1/2))*2"(1/2)-arctan(x)*(-x"2+1)~(1/2
)

Rubi [A] time = 0.04, antiderivative size = 45, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 15,

number of rules _ ) 333, Rules used = {4974, 402, 216, 377, 203}

V2 x

~V1-22 tan"'(x) + V2 tan™! ( ) —sin~}(x)

integrand size

~V1-22 tan"}(x) + V2 tan™? ( ) —sin~}(x)
Antiderivative was successfully verified.
[In] Int[(x*ArcTan[x])/Sqrt[l - x~2],x]

[Out] -ArcSin[x] - Sqrt[1l - x"2]*ArcTan[x] + Sqrt[2]*ArcTan[(Sqrt[2]*x)/Sqrt[1l -
x"2]]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQla
, 01 |l GtQ[b, 01)

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x™n)~(1/n)] /; FreeQ[{a, Db
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*xp + 1, 0] && IntegerQ[n]

Rule 402

Int[((a_) + (b_.)*(x_)"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Dist[b/
d, Int[(a + b*x"2)"(p - 1), x], x] - Dist[(bxc - axd)/d, Int[(a + bxx"2)"(p
- 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0] &&
GtQlp, 0] && (EqQlp, 1/2] || EqQ[Denominator[p], 4])

Rule 4974

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))*(x_)*((d_.) + (e_.)*(x_)"2)"(q_.), x
_Symbol] :> Simp[((d + exx"2)"(q + 1)*(a + bxArcTan[c*x]))/(2xex(q + 1)), x
] - Dist[(bxc)/(2%xex(q + 1)), Int[(d + exx"2)"(q + 1)/(1 + c™2*x"2), x], x]
/; FreeQ[{a, b, c, d, e, q}, x] && NeQ[q, -1]

Rubi steps
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t -1 1/1_ 2
fo(x)dx:— 1—x2 tan_l(x)+f a dx
V1 = x2 1+ x2

=—V1 -2 tan”}(

1 1
dx — | —d
x>+2f\/1—x2 (1+x2) * f\/1—x2 *

1 X
= cin L) — VA — 22 tan-1 d
sin™" (x) 1—x* tan (x)+2‘5ubst(f1+2x2 x,x,m)
2
= —sin"'(x) - V1 — &2 tan‘l(x)+\/§tan‘1[ V2x J

1-x?

Mathematica [A] time = 0.04, size = 45, normalized size = 1.00

V2x
i

~V1-22 tan"'(x) + V2 tan™! ( ) —sin~}(x)

Antiderivative was successfully verified.

[In] Integrate[(x*ArcTan[x])/Sqrt[l - x~2],x]

[Out] -ArcSin[x] - Sqrt[l - x"2]*ArcTan[x] + Sqrt[2]*ArcTan[(Sqrt[2]*x)/Sqrt[1l -
x"2]]

fricas [A] time = 0.45, size = 69, normalized size = 1.53

2 _1\v—=42 N
\5(33( 1) ol ] - V=x2 +1 arctan(x) + arctan(ﬂ]

4(x3—x) x2 -1

Verification of antiderivative is not currently implemented for this CAS.

1
_5 \/E arctan(

[In] integrate(x*arctan(x)/(-x"2+1)"(1/2),x, algorithm="fricas")

[Out] -1/2x*sqrt(2)*arctan(1/4*sqrt(2)*(3*x~2 - 1)*sqrt(-x"2 + 1)/(x"3 - x)) - sqr
t(-x72 + 1)*arctan(x) + arctan(sqrt(-x~2 + 1)*x/(x"2 - 1))

giac [B] time = 1.02, size = 108, normalized size = 2.40

2
V=241 -1
V2x ( = ) -1 b
1 1
—= misgn(x)+= V2 nisgn(x) + 2 arctan | - —V=x2 +1 arctan(x)—arctan | —
2 2 4 (\/—xz +1 - 1) 2 (\/——x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x)/(-x"2+1)7(1/2),x, algorithm="giac")

[Out] -1/2*pi*sgn(x) + 1/2*sqrt(2)*(pi*sgn(x) + 2*arctan(-1/4*sqrt(2)*x*x((sqrt(-x

"2+ 1) - 1)72/x72 - 1)/(sqrt(-x"2 + 1) - 1))) - sqrt(-x"2 + 1)*arctan(x) -
arctan(-1/2*x*((sqrt(-x"2 + 1) - 1)72/x72 - 1)/(sqrt(-x"2 + 1) - 1))

maple [F] time = 0.23, size = 0, normalized size = 0.00

f X arctan(x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(x*arctan(x)/(-x"2+1)"(1/2),x)
[Out] int(x*arctan(x)/(-x"2+1)"(1/2),x)

maxima [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x)/(-x"2+1)"(1/2),x, algorithm="maxima")

[Out] Exception raised: RuntimeError >> ECL says: Error executing code in Maxima:
sign: argument cannot be imaginary; found %i

mupad [B] time = 0.03, size = 37, normalized size = 0.82

V2 atan V2 —atan(x) V1 — x2 — asin(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*atan(x))/(1 - x72)°(1/2),x)

[Out] 27 (1/2)*atan((2"(1/2)*x)/(1 - x~2)"(1/2)) - atan(x)*(1 - x2)"(1/2) - asin(
x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

xatan (x)

V=-(x-1)(x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*atan(x)/(-x**2+1)*x(1/2),x)

[Out] Integral(x*atan(x)/sqrt(-(x - D*(x + 1)), x)
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tan~1 (%)
3.31 ”[‘;Ei;éfiig-Ci}:

Optimal. Leaf size=29

x2 +1 tan”1(x)
x

tanh ! ( X2 + 1)

[Out] -arctanh((x"2+1)~(1/2))-arctan(x)*(x"2+1)"(1/2)/x

Rubi [A] time = 0.05, antiderivative size = 29, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 15,

number of rules _ ) 967, Rules used = {4944, 266, 63, 207}

integrand size

Va2 +1 tan™!
Y+ tan (x)—tanh_l(\/x2+1)
X

Antiderivative was successfully verified.

[In] Int[ArcTan[x]/(x"2*Sqrt[1 + x~2]),x]

[Out] -((Sqrt[1 + x"2]*ArcTan[x])/x) - ArcTanh[Sqrt[1 + x~2]]
Rule 63

Int[((a_.) + (b_)*x))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +

(d*x"p)/b)7n, x1, x, (a + b*x)~(1/p)], x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]1*Rt[b, 21), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 0] |l GtQ[b, 01)

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)x(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 4944

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_)*((f_)*(x))"(m_.)*x((d_) + (e_
D*x(x_)"2)"(q_.), x_Symbol] :> Simp[((f*x)"(m + 1)*(d + e*xx"2)"(q + 1)*(a +
b*xArcTan[c*x]) “p)/(d*fx(m + 1)), x] - Dist[(b*c*p)/(f*x(m + 1)), Int[(f*x)~
(m + 1)*(d + exx"2)"g*(a + bxArcTan[c*x])"(p - 1), x], x] /; FreeQ[{a, b, ¢
, d, e, £, m, qF, x] & EqQle, c"2xd] && EqQ[m + 2*q + 3, 0] && GtQ[p, 0] &
& NeQ[m, -1]

Rubi steps
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f tan~! (x) = V14 x2 tan™! (x)
x

e ! d
x2V1 + x2 +fx\/1 + x2 i
_ V1442 tan~! (x) .\ 1

X 2

1

xV1 +x
V1 + 22 tan™? 1
_ Nyt xan ) +Subst(f dx,x, V1 +x2)

-1+ x?

V1 + 22 tan™!
= - X xan ) _tanh! (‘\/1 +x2)

Subst ( dx, x, xz)

Mathematica [A] time = 0.03, size = 33, normalized size = 1.14

2 -1
~log (sz +1 +1) _ Y rltan (0 + log(x)

X

Antiderivative was successfully verified.

[In] Integrate[ArcTan[x]/(x"2*Sqrt[1l + x~2]),x]
[Out] -((Sqrt[1 + x"2]*ArcTan[x])/x) + Loglx] - Logl[l + Sqrt[1 + x~2]]

fricas [A] time = 0.44, size = 47, normalized size = 1.62

xlog (—x +Vx2+1 + 1) - xlog (—x +VxZ+1 - 1) + Vx2 +1 arctan(x)

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)/x"2/(x"2+1)~(1/2),x, algorithm="fricas")

[Out] -(x*log(-x + sqrt(x”2 + 1) + 1) - xxlog(-x + sqrt(x”2 + 1) - 1) + sqrt(x”™2
+ 1)*arctan(x))/x

giac [B] time = 1.10, size = 54, normalized size = 1.86

2

2 arct A/
arctan(z) + arctan(x) — log (|—x +Vx2+1 + 1|) + log (|—x +Vx2+1 - 1|)
(x - Vx% +1 ) -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)/x"2/(x72+1)7(1/2),x, algorithm="giac")

[Out] 2*arctan(x)/((x - sqrt(x”2 + 1))72 - 1) + arctan(x) - log(abs(-x + sqrt(x~2
+ 1) + 1)) + log(abs(-x + sqrt(x™2 + 1) - 1))

maple [C] time = 0.17, size = 56, normalized size = 1.93

—ln(l +

ix+1 )+ln( ix+1 _1)_\/(x—i)(x+i) arctan(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan(x)/x"2/(x"2+1)"(1/2),x)

[Out] -((x-I)*(x+I))"(1/2)*arctan(x)/x-1n(1+(I*x+1)/(x"2+1)"(1/2))+1n((I*x+1)/(x~
2+1)°(1/2)-1)
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maxima [A] time = 0.95, size = 22, normalized size = 0.76

Vx2 +1 arctan(x)

1
- — arsinh
: (%

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)/x"2/(x"2+1)~(1/2),x, algorithm="maxima"
[Out] -sqrt(x~2 + 1)*arctan(x)/x - arcsinh(1/abs(x))

mupad [F] time = 0.00, size = -1, normalized size = -0.03

f atan( x)
x% Va2 +
Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan(x)/(x"2*(x~2 + 1)~(1/2)),x)
[Out] int(atan(x)/(x"2x(x"2 + 1)°(1/2)), x)

sympy [A] time = 7.26, size = 19, normalized size = 0.66

X X

_ (1) Va2 +1 atan (x)
—asinh (-] -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(x)/x**2/(x**2+1)*x(1/2),%)

[Out] -asinh(1/x) - sqrt(x*x2 + 1)*atan(x)/x
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sin”! (x)
3.32 f m dx

Optimal. Leaf size=21

V1 - 22 sin~}(x)

X

log(x) -

[Out] 1n(x)-arcsin(x)*(-x"2+1)"(1/2)/x

Rubi [A] time = 0.04, antiderivative size = 21, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 17,

number of rules _ ) 118 Rules used = {4681, 29}

V1 — 22 sin~}(x)

X

integrand size

log(x) -

Antiderivative was successfully verified.

[In] Int[ArcSin[x]/(x"2*Sqrt[1l - x72]),x]
[Out] -((Sqrt[1 - x"2]*ArcSin[x])/x) + Log[x]
Rule 29

Int[(x_)~(-1), x_Symboll :> Simpl[Loglx], xI

Rule 4681

Int[((a_.) + ArcSin[(c_.)*(x_)]*(b_.)) " (n_.)*x((f_.)*(x_)) " (m_)*((d_) + (e_.
)*(x_)72)7(p_), x_Symbol] :> Simp[((f*x)"(m + 1)*(d + exx"2)"(p + 1)*(a + b
xArcSin[c*x])"n)/(d*fx(m + 1)), x] - Dist[(b*c*n*d~IntPart[pl*(d + e*xx~2)°F
racPart[p])/(fx(m + 1)*(1 - c~2xx"2) FracPart[p]l), Int[(f*x)"(m + 1)*x(1 - ¢
~2%x72) " (p + 1/2)*(a + b*ArcSin[c*x])~(n - 1), x], x] /; FreeQl{a, b, c, d,
e, £, m, p}, x] && EqQ[c™2*d + e, 0] &% GtQ[n, 0] && EqQ[m + 2*p + 3, 0] &
& NeQ[m, -1]

Rubi steps

1 -1
f sin™"(x) i __Vl—xzsm (x)+f%dx

—_——dx =
x2V1 - x2 X
V1 — 22 sin~}(x)
= - " + log(x)

Mathematica [A] time = 0.02, size = 21, normalized size = 1.00

V1 — 22 sin~}(x)

X

log(x) -

Antiderivative was successfully verified.

[In] Integrate[ArcSin[x]/(x"2*Sqrtl[1 - x72]),x]
[Out] -((Sqrt[1l - x"2]*ArcSin[x])/x) + Loglx]
fricas [A] time = 0.44, size = 22, normalized size = 1.05

xlog(x) — V—x2 +1 arcsin(x)

X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)/x72/(-x"2+1)7(1/2),x, algorithm="fricas")
[Out] (x*log(x) - sqrt(-x"2 + 1)*arcsin(x))/x

giac [B] time = 1.03, size = 40, normalized size = 1.90

1 X _\/—x2+ -1
2 V_x2+ _1 X

arcsin(x) + log (|x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)/x"2/(-x"2+1)~(1/2),x, algorithm="giac")

[Out] 1/2*%(x/(sqrt(-x"2 + 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)*arcsin(x) + log(abs(x
)

maple [A] time = 0.07, size = 20, normalized size = 0.95

V-x2 +1 arcsin(x)

X

In(x) -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsin(x)/x"2/(-x"2+1)"(1/2),x)

[Out] 1n(x)-arcsin(x)*(-x"2+1)7(1/2)/x

maxima [A] time = 0.94, size = 19, normalized size = 0.90
V-x2 + 1 arcsin(x)

- " + log(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x)/x"2/(-x"2+1)7(1/2),x, algorithm="maxima")
[Out] -sqrt(-x~2 + 1)*arcsin(x)/x + log(x)

mupad [F] time = 0.00, size = -1, normalized size = -0.05

f asin(x)
x2 V1 - x2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(asin(x)/(x"2*x(1 - x72)7(1/2)),x%)
[Out] int(asin(x)/(x"2x(1 - x~2)"(1/2)), %)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
asin (x)
f dx
x2y-(x-1)(x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(asin(x)/x**2/(-x**2+1)**(1/2),x%)
[Out] Integral(asin(x)/(x**2*sqrt(-(x - D)*(x + 1))), x)



132

x log(x)
3.33 f ﬁ dx

Optimal. Leaf size=34

Va2 -1 +Va2-1 log(x) + tan™! (sz - 1)

[Out] arctan((x"2-1)"(1/2))-(x"2-1)"(1/2)+1n(x)*(x~2-1)"(1/2)

Rubi [A] time = 0.03, antiderivative size = 34, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 13,

number of rules _ ) 385, Rules used = {2338, 266, 50, 63, 203}

integrand size

—Vx2-1 +Vx2-1 log(x) + tan™? (Vx2 -1 )

Antiderivative was successfully verified.

[In] Int[(x*Loglx])/Sqrt[-1 + x72],x]

[Out] -Sqrt[-1 + x72] + ArcTan[Sqrt[-1 + x72]] + Sqrt[-1 + x"2]*Logl[x]
Rule 50

Int[((a_.) + (b_)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*xx)"(m + D*(c + d*x)"n)/(b*(m + n + 1)), x] + Dist[(n*(b*c - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,

c, dF, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !'(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n

+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*x))" @ )*((c_.) + (d_)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +

(d*x"p)/b)"n, x1, x, (a + b*xx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, O] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 21*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)x(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 2338

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.)) " (p_)*((f_.)*(x_)) " (m_.)*x((d_) +
(e_)*(x)"(r_))"(q_.), x_Symbol] :> Simp[(f"m*x(d + exx"r)~(q + 1)x(a + b*L
oglcxx™n]) "p)/(exrx(q + 1)), x] - Dist[(b*f m*n*p)/(exr*(q + 1)), Int[((d +
exx"r)"(q + 1)*(a + b*xLoglcxx™n])~(p - 1))/x, x], x] /; FreeQ[{a, b, c, d,
e, f, m, n, q, r}, x] && EqQ[m, r - 1] && IGtQ[p, 0] && (IntegerQ[m] || Gt
QLf, 0]) &&% NeQ[r, n] && NeQ[qg, -1]
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Rubi steps

A/ — 2
_xlog(x) dx = V-1 + x2 log(x) - f& dx
V-1 + x2 x

1 V-1
= V-1 + 22 log(x) - 5 Subst [f x+ ad dx, x, xz)

1
= -V-1+x2 + V-1+x2 log(x) + > Subst (f dx, x, x2)

1
V-1+xx
1
= —V-1+22 + V-1 +x2 log(x) + Subst (fl 2 dx,x, V-1 +x2)

=—V-1+x2 +tan? (\/—1 + xz) + V-1 + 22 log(x)

Mathematica [A] time = 0.02, size = 27, normalized size = 0.79

Vx2 -1 (log(x) - 1) - tan™? (

1
)

Antiderivative was successfully verified.

[In] Integrate[(x*Loglx])/Sqrt[-1 + x~2],x]
[Out] -ArcTan[1/Sqrt[-1 + x72]] + Sqrt[-1 + x72]*(-1 + Loglx])

fricas [A] time = 0.44, size = 27, normalized size = 0.79

Vaz -1 (log(x) - 1) + 2 arctan (—x + Va2 -1 )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x)/(x72-1)"(1/2),x, algorithm="fricas")
[Out] sqrt(x”™2 - 1)*(log(x) - 1) + 2*arctan(-x + sqrt(x~2 - 1))

giac [A] time = 1.01, size = 28, normalized size = 0.82
Vx2 -1 log(x) - Va2 -1 + arctan (Vx2 -1 )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x)/(x72-1)"(1/2),x, algorithm="giac")
[Out] sqrt(x”2 - 1)*log(x) - sqrt(x”2 - 1) + arctan(sqrt(x™2 - 1))

maple [C] time = 0.14, size = 119, normalized size = 3.50

\/—signum (xz - 1) (2 -2V-x%2 +1 ) In(x) \/—signum (xz - 1) (2 -2V-x2 +1 ) \/—signum (xz - 1) ‘
- +

~

2/sighum (xz - 1) 4,/signum (x2 - 1) :

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*In(x)/(x"2-1)"(1/2),x%)

[Out] -1/4/signum(x~2-1)7(1/2)*(-signum(x~2-1))~(1/2)*(2-2x(-x"2+1)~(1/2))+1/2/si
gnum(x~2-1)~(1/2) *(-signum(x~2-1))~(1/2) *1n(x) * (2-2% (-x~2+1)~(1/2))+1/32/si
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gnum (x~2-1)~(1/2) *(-signum(x~2-1)) ~(1/2) *(-16+16* (-x~2+1) ~(1/2)-32*%1n(1/2+1
/2x(-x"2+1)7(1/2)))

maxima [A] time = 0.97, size = 27, normalized size = 0.79

1
Va2 -1 log(x) - Vx? —1 — arcsin (m)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x)/(x72-1)"(1/2),x, algorithm="maxima")
[Out] sqrt(x™2 - 1)*log(x) - sqrt(x™2 - 1) - arcsin(1/abs(x))

mupad [F]  time = 0.00, size = -1, normalized size = -0.03

f x In(x
N
Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*log(x))/(x72 - 1)7(1/2),x)
[Out] int((x*¥log(x))/(x"2 - 1)~(1/2), x)
sympy [A] time = 2.74, size = 29, normalized size = 0.85

Vaz -1 log(x)—{\/xz—l —acos(%) forx>-1Ax<1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*1n(x)/(x**2-1)**(1/2),x)

[Out] sqrt(x**2 - 1)xlog(x) - Piecewise((sqrt(x**2 - 1) - acos(1/x), (x > -1) & (
x < 1))
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log(x)
334 [ —dx

Optimal. Leaf size=33

241 2411
_\/x +1 Va2 + og(x) +sinh_1(x)

X X

[Out] arcsinh(x)-(x"2+1)7(1/2)/x-1n(x)*(x"2+1)~(1/2)/x

Rubi [A] time = 0.04, antiderivative size = 33, normalized size of antiderivative
= 1.00, number of steps used = 3, number of rules used = 3, integrand size = 15,

number of rules _ ) 200, Rules used = {2335, 277, 215}

integrand size

Va2 +1 Va2 +1 log(x)
x x

+sinh (%)

Antiderivative was successfully verified.

[In] Int[Loglxl/(x"2%Sqrtl[l + x721),x]

[Out] -(Sqrt[1 + x72]/x) + ArcSinh[x] - (Sqrt[1 + x"2]*Log[x])/x
Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 277

Int[(Cc_)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x™n) p)/(cx(m + 1)), x] - Dist[(b*n*p)/(c"n*(m + 1)), In
t[(c*x)"(m + n)*(a + bxx™n)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] & GtQ[p, 0] && LtQ[m, -1] && !'ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 2335

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]*(b_.))*((f_)*(x_)) " (m_.)*x((d_) + (e_.)*
(x_)7(r_.))"(q_), x_Symbol]l :> Simp[((f*x)"(m + 1)*(d + exx"r)~(q + 1)*(a +
b*Log[c*x"n]))/(d*fx(m + 1)), x] - Dist[(b*n)/(d*(m + 1)), Int[(f*x) m*(d
+ exx"r)"(q + 1), x], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, q, r}, x] && EqQ
[m + rx(q + 1) + 1, 0] && NeQ[m, -1]

Rubi steps

dx

log(x) 1+ x2 log(x) 1+ x2
[oB0 Ve elogty iR
x?V1 + x2 x

B V1 + x2 \/1 + x2 log(x) f i
x V1 + x?
V1 + x2 V1 +2x2 1
= - ik () - +xx°g”

Mathematica [A] time = 0.03, size = 21, normalized size = 0.64

Va2 +1 (log(x) + 1)
x

sinh™! (x) -
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Antiderivative was successfully verified.

[In] Integrate[Logl[x]/(x"2%Sqrtl[l + x721),x]
[Out] ArcSinh[x] - (Sqrt[1l + x"2]*(1 + Loglx]))/x

fricas [A] time = 0.44, size = 33, normalized size = 1.00

xlog(—x+\/x2+1)+ \/x2+1(10g(x)+1) + X

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x"2/(x72+1)~(1/2),x, algorithm="fricas")
[Out] -(x*log(-x + sqrt(x”2 + 1)) + sqrt(x™2 + 1)*(log(x) + 1) + x)/x

giac [A] time = 0.97, size = 58, normalized size = 1.76

2108(96)2 N 2 . _10g(—x+Vx2+1)+log(lxl)
(x— x2+1) -1 (x— x2+1) -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x"2/(x72+1)~(1/2),x, algorithm="giac")

[Out] 2xlog(x)/((x - sqrt(x”2 + 1))72 - 1) + 2/((x - sqrt(x™2 + 1))72 - 1) - log(
-x + sqrt(x”2 + 1)) + log(abs(x))
time = 0.10, size = 29, normalized size = 0.88

-Vx2+1 In(x) - Vx2 +1
x

maple [A]

arcsinh(x) +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(In(x)/x"2/(x"2+1)"(1/2),x%)
[Out] arcsinh(x)+(-1n(x)*(x"2+1)"(1/2)-(x"2+1)"(1/2))/x

maxima [A] time = 0.97, size = 29, normalized size = 0.88

Va2 +11 2+1
L +x 05 _ xx+ + arsinh(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x)/x~2/(x72+1)~(1/2),x, algorithm="maxima"

[Out] -sqrt(x”2 + 1)xlog(x)/x - sqrt(x”2 + 1)/x + arcsinh(x)

mupad [F] time = 0.00, size = -1, normalized size = -0.03

f ln(x)
x% Va2 +
Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x)/(x"2*(x"2 + 1)7(1/2)),x%)
[Out] int(log(x)/(x"2*(x"2 + 1)7(1/2)), x)
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sympy [A] time = 5.25, size = 26, normalized size = 0.79

asinh (x) -

Vx? +1 log (x) x2+1
x

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(x)/x**2/(xx*2+1)**(1/2),x)

[Out] asinh(x) - sqrt(x**2 + 1)*log(x)/x - sqrt(x**2 + 1)/x
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xsec! (%)
3.35 f ﬁ dx

Optimal. Leaf size=25

Va2 -1 sec”!(x) - %

[Out] -x*1n(x)/(x"2)"(1/2)+arcsec(x)*(x"2-1)"(1/2)

Rubi [A] time = 0.03, antiderivative size = 25, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 13,

number of rules _ ) 154, Rules used = {5236, 29}

integrand size

Va2 -1 sec (x) — M
Va2
Antiderivative was successfully verified.
[In] Int[(x*ArcSec[x])/Sqrt[-1 + x~2],x]
[Out] Sqrt[-1 + x"2]*ArcSec[x] - (x*Logl[x])/Sqrt[x"2]
Rule 29
Int[(x_)"(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 5236

Int[((a_.) + ArcSec[(c_.)*(x )1*(b_.))*(x )*((d_.) + (e_)*(x)"2)"(p_.), x
_Symbol] :> Simp[((d + e*x72)"(p + 1)x(a + b*ArcSec[c*x]))/(2*ex(p + 1)), x
1 - Dist[(b*c*x)/(2%ex(p + 1)*Sqrtlc™2xx72]), Int[(d + exx"2) " (p + 1)/(x*Sq
rt[c™2*x"2 - 1]), x], x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQlp, -1]

Rubi steps

1
xsec!(x) x [ -dx
19 WV e = VA + 22 secl(x) — L2

f V-1 + x2 Va2

= V-1 +x2 sec™}(x) - %

Mathematica [A] time = 0.04, size = 35, normalized size = 1.40

(xz —~ 1) sec l(x) — /1 - xl—leog(x)

x2 -1

Antiderivative was successfully verified.

[In] Integrate[(x*ArcSec[x])/Sqrt[-1 + x~2],x]
[Out] ((-1 + x"2)*ArcSec[x] - Sqrt[1l - x~(-2)]*xxLogl[x])/Sqrt[-1 + x~2]

fricas [A] time = 0.44, size = 15, normalized size = 0.60
Vx2 —1 arcsec(x) — log(x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*arcsec(x)/(x"2-1)7(1/2),x, algorithm="fricas")
[Out] sqrt(x~2 - 1)*arcsec(x) - log(x)

giac [A] time = 1.09, size = 22, normalized size = 0.88

Vx2 —1 arccos (1) - M

X sgn(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(x)/(x72-1)7(1/2),x, algorithm="giac")

[Out] sqrt(x”2 - 1)*arccos(1/x) - log(abs(x))/sgn(x)

maple [C] time = 0.51, size = 97, normalized size = 3.88
x2-1 VEZT 1 1L ]_2 1 2 'V@EI -1
2i\/—~ xarcsec(x) =z (it T + Xot =7 X arcsec(x)
- = + +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arcsec(x)/(x"2-1)"(1/2),x)

[Out] -2*I/(x"2-1)"(1/2)*((x"2-1)/x"2)"(1/2)*x*arcsec(x)+1/(x"2-1)"(1/2) *(I*((x"2
-1)/x72) " (1/2) *x+x"2-1)*arcsec(x)+1/(x"2-1) " (1/2)*((x"2-1) /x"2) " (1/2) *x*1n(

(1/x+I*x(-1/x72+1)~(1/2)) ~2+1)
time = 0.47, size = 15, normalized size = 0.60

Va2 —1 arcsec(x) — log(x)

maxima [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arcsec(x)/(x72-1)7(1/2),x, algorithm="maxima")
[Out] sqrt(x™2 - 1)*arcsec(x) - log(x)

mupad [F] time = 0.00, size = -1, normalized size = -0.04

1
X acos (—)
x

J =

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int((x*acos(1/x))/(x"2 - 1)7(1/2),x)
[Out] int((x*acos(1/x))/(x"2 - 1)~(1/2), x)

sympy [A] time = 19.71, size = 22, normalized size = 0.88

VaZ -1 asec(x)—{—log(%) forx>-1Ax<1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*asec(x)/(x**2-1)*x(1/2),%)
[Out] sqrt(x**2 - 1)*asec(x) - Piecewise((-log(1/x), (x > -1) & (x < 1)))
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xlog(x)
3.36 L[";Zfiiig'Ci}f

Optimal. Leaf size=34

Va2 +1 + Va2 +1 log(x) + tanh ™! ( x2 + 1)

[Out] arctanh((x"2+1)"(1/2))-(x"2+1)"(1/2)+1n(x)*(x"2+1)~(1/2)

Rubi [A] time = 0.03, antiderivative size = 34, normalized size of antiderivative
= 1.00, number of steps used = 5, number of rules used = 5, integrand size = 13,

number of rules _ ) 385, Rules used = {2338, 266, 50, 63, 207}

integrand size

Va2 +1 + Va2 +1 log(x) + tanh ™’ (‘sz + 1)

Antiderivative was successfully verified.

[In] Int[(x*Loglx])/Sqrt[1 + x72],x]

[Out] -Sqrt[1 + x72] + ArcTanh([Sqrt[1 + x72]] + Sqrt[1 + x"2]*Log[x]
Rule 50

Int[((a_.) + (b_)*(x_))" (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*xx)"(m + D*(c + d*x)"n)/(b*(m + n + 1)), x] + Dist[(n*(b*c - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,

c, dF, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !'(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n

+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*x))" @ )*((c_.) + (d_)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +

(d*x"p)/b)"n, x1, x, (a + b*xx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, O] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 |l GtQ[b, 01)

Rule 266

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)x(a + b*x)7p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 2338

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.)) " (p_)*((f_.)*(x_)) " (m_.)*x((d_) +
(e_)*(x)"(r_))"(q_.), x_Symbol] :> Simp[(f"m*x(d + exx"r)~(q + 1)x(a + b*L
oglcxx™n]) "p)/(exrx(q + 1)), x] - Dist[(b*f m*n*p)/(exr*(q + 1)), Int[((d +
exx"r)"(q + 1)*(a + b*xLoglcxx™n])~(p - 1))/x, x], x] /; FreeQ[{a, b, c, d,
e, f, m, n, q, r}, x] && EqQ[m, r - 1] && IGtQ[p, 0] && (IntegerQ[m] || Gt
QLf, 0]) &&% NeQ[r, n] && NeQ[qg, -1]
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Rubi steps

xlog(x) V1 + x?
fm dx = V1 + x? log(x) —f » dx

1 V1
= V1 + x2 log(x) — 5 Subst (f ;—x dx, x, xz]
1
xV1+x
1
=-V1+22 + V1 +22 log(x) —Subst(f T dx,x, V1 +x2)

=-V1+22 +tanh (\/1 + xz) + V1 + 22 log(x)

1
= —V1+22 + V1 +22 log(x) - 5 Subst (f dx, x, xz)

Mathematica [A] time = 0.02, size = 40, normalized size = 1.18

V2241 +Ve2 +1 log(x) + log (\/x2 i1 +1) ~log(x)

Antiderivative was successfully verified.

[In] Integrate[(x*Logl[x])/Sqrt[1l + x~2],x]
[Out] -Sqrt[1 + x72] - Loglx] + Sqrt[l + x"2]*Logl[x] + Logl[l + Sqrt[1l + x~2]]

fricas [A] time = 0.42, size = 41, normalized size = 1.21

Va2 +1 (log(x) —1) +log(—x+ Va2 +1 +1) —log(—x+ Va2 +1 —1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x)/(x"2+1)~(1/2),x, algorithm="fricas")

[Out] sqrt(x”2 + 1)*(log(x) - 1) + log(-x + sqrt(x”2 + 1) + 1) - log(-x + sqrt(x”
2+ 1) - 1)

giac [A] time = 1.12, size = 44, normalized size = 1.29
1 1
Va2 +1 log(x) — Va2 +1 + > log (‘Vx2 +1 + 1) -5 log (‘Vx2 +1 - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x)/(x72+1)7(1/2),x, algorithm="giac")

[Out] sqrt(x™2 + 1)*log(x) - sqrt(x™2 + 1) + 1/2xlog(sqrt(x”2 + 1) + 1) - 1/2xlog
(sqrt(x”2 + 1) - 1)

maple [A] time = 0.10, size = 39, normalized size = 1.15

(—2 roVEZ A1 ) In(x)

2

1 2+1
+ln[§+x—]+1—\/x2+1

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*1ln(x)/(x"2+1)"(1/2),x%)
[Out] 1-(x"2+1)"(1/2)+1/2%1n(x)* (-2+2%x (x~2+1)~(1/2))+1n(1/2+1/2% (x~2+1)~(1/2))
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maxima [A] time = 0.96, size = 25, normalized size = 0.74

1
Va2 +1 log(x) — Vx2 +1 + arsinh (m)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*log(x)/(x"2+1)~(1/2),x, algorithm="maxima"
[Out] sqrt(x”2 + 1)*log(x) - sqrt(x”2 + 1) + arcsinh(1/abs(x))

mupad [F] time = 0.00, size = -1, normalized size = -0.03

f x In(x
V2 +
Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*log(x))/(x"2 + 1)7(1/2),x)
[Out] int((x*log(x))/(x"2 + 1)~(1/2), x)
sympy [A] time = 4.34, size = 41, normalized size = 1.21

1 1
+ Va2 +1 log (x) + asinh (—)

X
1 X 1
I+3 X1+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*1n(x)/(x**2+1)**(1/2),x)

[Out] -x/sqrt(l + x**x(-2)) + sqrt(x**2 + 1)*log(x) + asinh(1/x) - 1/(x*sqrt(l + x
*x(-2)))
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3.37 fﬂ dx

1+sin? (%)

Optimal. Leaf size=16

-1 [ cos(x)
tanh ( \/5)

V2

[Out] -1/2*arctanh(1/2*cos(x)*27(1/2))*2"(1/2)

Rubi [A] time = 0.02, antiderivative size = 16, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 11,

M = 0182, RUIQS used = {3186/ 206}

integrand size

—1 [ cos(x)
tanh ( «/E)

V2

Antiderivative was successfully verified.

[In] Int[Sin[x]/(1 + Sin[x]~2),x]

[Out] -(ArcTanh[Cos[x]/Sqrt[2]]/Sqrt[2])
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]1*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rule 3186

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + f*x], x]}, -Dist[ff/f, S
ubst [Int[(1 - f£f72*xx72)"((m - 1)/2)*x(a + b - b*xff"2%x"2)"p, x], x, Cosle +
fxx]1/££f], x1] /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rubi steps

IL(JC) dx = — Subst (f ﬁ dx, x, cos(x))

1 + sin?(x)
tanh ™ ( Cos(x))

V2
V2

Mathematica [C] time = 0.05, size = 46, normalized size = 2.88

i(tan‘l (%) —tan”! (%))
) V2

Antiderivative was successfully verified.

[In] Integrate[Sin[x]/(1 + Sin[x]~2),x]

[Out] ((-I)*(ArcTan[(-I + Tan[x/2])/Sqrt[2]] - ArcTan[(I + Tan[x/2])/Sqrt[2]11))/S
qrt[2]
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fricas [B] time = 0.44, size = 29, normalized size = 1.81

1 cos(x)? — 2 V2 cos(x) + 2
4 V2 log| - cos(x)? -2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+sin(x)~2),x, algorithm="fricas")
[Out] 1/4*sqrt(2)*log(-(cos(x)"2 - 2xsqrt(2)*cos(x) + 2)/(cos(x)"2 - 2))

giac [B] time = 1.00, size = 27, normalized size = 1.69
1 1
~1 V2 log (\/5 + cos(x)) + 1 V2 log (\/E - cos(x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+sin(x)~2),x, algorithm="giac")
[Out] -1/4x*sqrt(2)*log(sqrt(2) + cos(x)) + 1/4*sqrt(2)*log(sqrt(2) - cos(x))

maple [A] time = 0.03, size = 14, normalized size = 0.88

\/E arctanh ( V2 Czos(x))
- 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(1+sin(x)~2),x)
[Out] -1/2*arctanh(1/2*cos(x)*27(1/2))*2"(1/2)
maxima [A] time = 0.95, size = 24, normalized size = 1.50

1 V2 - cos(x)
V2 1o |22
4 V2 og( V2 +cos(x)]

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(sin(x)/(1+sin(x)~2),x, algorithm="maxima"

[Out] 1/4*sqrt(2)*log(-(sqrt(2) - cos(x))/(sqrt(2) + cos(x)))

mupad [B] time = 0.21, size = 13, normalized size = 0.81

\/E atanh ( V2 Czos(x))
- 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(sin(x)"2 + 1),x)
[Out] -(27(1/2)*atanh((27(1/2)*cos(x))/2))/2
sympy [B] time = 22.87, size = 46, normalized size = 2.88

\5 log (tan2 (g) - 2\/5 + 3) B \/5 log (tan2 (g) + 2\/5 + 3)

4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+sin(x)**2),x)

[Out] sqrt(2)*log(tan(x/2)*x2 - 2*sqrt(2) + 3)/4 - sqrt(2)*log(tan(x/2)**2 + 2%sq
rt(2) + 3)/4
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1+x
338 | N dx

Optimal. Leaf size=23

tanh ™’ (%)

V2

[Out] 1/2*arctanh(x*27(1/2)/(x"4+1)"(1/2))*2~(1/2)

Rubi [A] time = 0.03, antiderivative size = 23, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 24,

number of rules _ ) 183, Rules used = {1699, 206}

tanh ™’ ( \/f_i )

V2

integrand size

Antiderivative was successfully verified.

[In] Int[(1 + x72)/((1 - x72)*Sqrt[1 + x74]),x]
[Out] ArcTanh[(Sqrt[2]*x)/Sqrt[1 + x~4]]1/Sqrt[2]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtl[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 1699

Int[(CA) + (B_.)*x(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4])
, Xx_Symbol] :> Dist[A, Subst[Int[1/(d + 2*a*e*x”2), x], x, x/Sqrtla + c*x"4
11, x] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*d"2 + axe”2, 0] && EqQ[c*d"
2 - axe”2, 0] && EqQ[B*d + Axe, 0]

Rubi steps

f 1+ x? p Sbt(f 1 p X )
x = Subs ——dx, x, —
(1—x2)\/1+x4 1-2x2 VI + x4
\/zx)
Vieat

V2

tanh ™ (

Mathematica [C] time = 0.10, size = 36, normalized size = 1.57
A (ElliptiCF (i sinh™! (\4/——1 x) , —1) - 211 (i; sin”! ((—1)3/4x)| - 1))

Antiderivative was successfully verified.

[In] Integratel[(1 + x72)/((1 - x"2)*Sqrt[1 + x74]),x]

[Out] (-1)"(1/4)*(EllipticF[IxArcSinh[(-1)"(1/4)*x], -1] - 2*EllipticPi[I, ArcSin
[(-1)7(3/4)*x], -11)
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fricas [B] time = 0.46, size = 42, normalized size = 1.83

A2 V2Vt +1x+2x2+1

A -2x2+1

1
Z\/Elog

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+1)/(-x"2+1)/(x74+1)"(1/2),x, algorithm="fricas")

[Out] 1/4*sqrt(2)*log((x~4 + 2%sqrt(2)*sqrt(x™4 + 1)*x + 2*xx"2 + 1)/(x74 - 2*x"2
+ 1))

giac [F] time = 0.00, size = 0, normalized size = 0.00

X% +1
f dx
Vat + x2 )
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x"2+1)/(-x"2+1)/(x74+1)"(1/2),x, algorithm="giac")
[Out] integrate(-(x"2 + 1)/(sqrt(x™4 + D*(x"2 - 1)), x)
maple [C] time = 0.09, size = 112, normalized size = 4.87

Vo +1 Vi +1 Empﬁcp((i + i)x, i) 2(<1)i V=i +1 Vi +1 EllipticPi ((—1)3Ix, i VT (-
(£+l\/_)‘\/x4+1 x4+1

2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2+1)/(-x"2+1)/(x~4+1)"(1/2),x)

[Out] -1/(1/2%27(1/2)+1/2+Ix27(1/2))*(1-I*x"2) " (1/2)*(1+Ixx"2)~(1/2)/(x~4+1)~(1/2
)*EllipticF (x*(1/2%27(1/2)+1/2%I*27(1/2)) ,1)-2%(-1)~(3/4)*(1-I*x"2) " (1/2) *(
1+Ixx72) " (1/2) / (x~4+1) " (1/2)*E1lipticPi ((-1)~(1/4)*x,-I,(-I)"(1/2)/(-1)~(1/

4))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

x?+1
f dx
Vxt + x2 )
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x"2+1)/(-x"2+1)/(x74+1)~(1/2),x, algorithm="maxima")
[Out] -integrate((x™2 + 1)/(sqrt(x™4 + 1)*(x"2 - 1)), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.04

x“+1
f - dx
(x2 - 1) Vat +1
Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"2 + 1)/((x"2 - D*(x"4 + 1)7(1/2)),%)
[Out] int(-(x"2 + 1)/((x"2 - D)*x(x"4 + 1)°(1/2)), x)



sympy [F] time = 0.00, size = 0, normalized size = 0.00

2

S o= te- [ d
- X — X
2Vxt+1 — Vot +1 2Vxt +1 — Vot +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**2+1)/(~x**2+1)/(x**4+1)**(1/2) ,x)

147

[Out] -Integral (x**2/(x*x2*sqrt(x**4 + 1) - sqrt(x*x4 + 1)), x) - Integral(1/(x**

2%sqrt (x**4 + 1) - sqrt(xx*4 + 1)), x)
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2

1-x
339 | v dx

Optimal. Leaf size=23

tan™! (%)

2
[Out] 1/2*arctan(x*27(1/2)/(x"4+1)"(1/2))*2~(1/2)

Rubi [A] time = 0.03, antiderivative size = 23, normalized size of antiderivative
= 1.00, number of steps used = 2, number of rules used = 2, integrand size = 24,

number of rules _ ) 183, Rules used = {1699, 203}

tan™! ( \/\f_fl )

V2

integrand size

Antiderivative was successfully verified.

[In] Int[(1 - x72)/((1 + x~2)*Sqrt[1 + x~4]),x]
[Out] ArcTan[(Sqrt[2]*x)/Sqrt[1 + x~4]1]1/Sqrt[2]
Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 1699

Int[(CA) + (B_.)*x(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4])
, Xx_Symbol] :> Dist[A, Subst[Int[1/(d + 2*a*e*x”2), x], x, x/Sqrtla + c*x"4
11, x] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*d"2 + axe”2, 0] && EqQ[c*d"~
2 - axe”2, 0] && EqQ[B*d + Axe, 0]

Rubi steps

1—x2 ( 1 X )
dx = Subst f dx,x, ———
f(1+x2)\/1+x4 1+ 2x VI + x4

Mathematica [C] time = 0.10, size = 40, normalized size = 1.74
\4/—_1 (EllipticF (i sinh™! (\4/—_1x) , —1) - 2I1 (—i; isinh ™t ({L/—_l x)| - 1))

Antiderivative was successfully verified.

[In] Integratel[(1 - x72)/((1 + x"2)*Sqrt[1 + x74]),x]

[Out] (-1)"(1/4)*(EllipticF[I*ArcSinh[(-1)"(1/4)*x], -1] - 2#EllipticPi[-I, I*Arc
Sinh[(-1)~(1/4)*x], -11)
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fricas [A] time = 0.46, size = 18, normalized size = 0.78

1 \/Ex
~ /2 arctan
2 Vat +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"2+1)/(x72+1)/(x74+1)~(1/2),x, algorithm="fricas")
[Out] 1/2*sqrt(2)*arctan(sqrt(2)*x/sqrt(x"4 + 1))
giac [F] time = 0.00, size = 0, normalized size = 0.00

-1

fl/ﬁ(m)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"2+1)/(x"2+1)/(x"4+1)~(1/2),x, algorithm="giac")
[Out] integrate(-(x"2 - 1)/(sqrt(x™4 + D*(x"2 + 1)), x)

maple [C] time = 0.02, size = 112, normalized size = 4.87

2 T2

(£+§)m 1

2

. 3 1
Vo +1 Vi +1 ElhpﬁcF((ﬁ + lﬁ)x, i) 2(-1)IV_ix2 11 Vir? + 1 EllipticPi ((-1)1 i, -V (

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"2+1)/(x"2+1)/(x"4+1)"(1/2),%)

[Out] -1/(1/2%27(1/2)+1/2%I*27(1/2) )% (~I*x"2+1) " (1/2)x (I*x"2+1)~(1/2)/ (x~4+1)~(1/
2)*E1lipticF((1/2%27(1/2)+1/2%I%27(1/2) ) *x,1)-2%(-1) " (3/4) * (~I*x"2+1)~(1/2)
*(I*x™2+1) " (1/2) / (x~4+1) " (1/2)*E1lipticPi ((-1)~(1/4)*x,I, (-I)~(1/2)/(-1)~ (1

/4))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00
-1

‘fvm(xm)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"2+1)/(x72+1)/(x74+1)"(1/2),x, algorithm="maxima"
[Out] -integrate((x”2 - 1)/(sqrt(x™4 + 1)*(x"2 + 1)), x)
mupad [F]  time = 0.00, size = -1, normalized size = -0.04

_f x2 -1 i
(x2+1) xt+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"2 - 1)/((x"2 + D*"4 + 1)°(1/2)),%)
[Out] -int((x"2 - 1)/((x"2 + D*(x"4 + 1)~(1/2)), %)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f i d f( 1 )d
- X — — X
2Vt +1 + Vet +1 2Vt +1 + Vet +1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**2+1)/(x**2+1)/(x**4+1)**(1/2) ,%)

[Out] -Integral (x**2/(x**2*xsqrt(x**4 + 1) + sqrt(x**4 + 1)), x) - Integral(-1/(x*
*2%sqrt (x**x4 + 1) + sqrt(xx*4 + 1)), x)
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3.40 [0 gy

1+sin(x)
Optimal. Leaf size=22

cos(x) log(sin(x))
sin(x) + 1

-X - tanh_l(cos(x)) -

[Out] -x-arctanh(cos(x))-cos(x)*1In(sin(x))/(1+sin(x))

Rubi [A] time = 0.07, antiderivative size = 22, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 5, integrand size = 10,

number of rules _ ) 509 Rules used = {2648, 2554, 2839, 3770, 8}

integrand size
cos(x) log(sin(x))

-1
—x — tanh™" (cos(x)) — sin(x) + 1

Antiderivative was successfully verified.

[In] Int[Logl[Sin[x]]1/(1 + Sin[x]),x]

[Out] -x - ArcTanh[Cos[x]] - (Cos[x]*Log[Sin[x1]1)/(1 + Sin[x])
Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

Rule 2554

Int[Loglu_J*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Dist[Loglul, w, x]
- Int[SimplifyIntegrand[(w*D[u, x])/u, x], x] /; InverseFunctionFreeQ[w, x
11 /; InverseFunctionFreeQ[u, x]

Rule 2648

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)])~(-1), x_Symbol] :> -Simp[Cos[c +
d*x]/(d*(b + axSin[c + d*x])), x] /; FreeQ[{a, b, c, d}, x] & EqQ[a"2 - b
=2, 0]

Rule 2839

Int[((cos[(e_.) + (f_.)*(x_)1*(g_.)) " (p_)*((d_.)*sinl[(e_.) + (£_.)*x(x_)]1)"(
n_.))/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]), x_Symbol] :> Dist[g~2/a, Int[
(gxCos[e + f*x])~(p - 2)*(d*Sinf[e + f*x])"n, x], x] - Dist[g~2/(b*d), Int[(
g*Cos[e + f*x])~(p - 2)*(d*Sin[e + f*x])~(n + 1), x], x] /; FreeQ[{a, b, d,
e, f, g, n, p}r, x] && EqQ[a~"2 - b"2, 0]

Rule 3770

Int[ecsc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rubi steps
log(sin(x)) ,  cos(x)log(sin(x)) cos(x) cot(x)
1 + sin(x) T 1+ sin(x) 1 + sin(x)
_ cos(x) log(sin(x))
= —fldx+fcsc(x)dx

cos(x) log(sin(x))
1 + sin(x)

— —x —tanh ™" (cos(x)) -
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Mathematica [A] time = 0.05, size = 39, normalized size = 1.77

—-x —2log (cos (E)) + 2ein (g) log(sin(x))

2 sin(g) + cos (g)

Antiderivative was successfully verified.

[In] Integrate[Log[Sin[x]]/(1 + Sin[x]),x]
[Out] -x - 2*Log[Cos([x/2]] + (2xLoglSin[x]]*Sin[x/2])/(Cos[x/2] + Sin[x/2])

fricas [B] time = 0.45, size = 93, normalized size = 4.23

cos(x)+sin(x)+1

. 1 1
PR 1) + 4 x cos(x) + (cos(x) + sin(x) + 1) log (E cos(x) + 5) — (cos(>

4 (cos(x) + sin(x) + 1) arctan (—

2 (cos(x) + sin(x) + 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(sin(x))/(1+sin(x)),x, algorithm="fricas")

[Out] -1/2*(4*(cos(x) + sin(x) + 1)*arctan(-(cos(x) + sin(x) + 1)/(cos(x) - sin(x
) + 1)) + 4*x*xcos(x) + (cos(x) + sin(x) + 1)*log(l/2*cos(x) + 1/2) - (cos(x

) + sin(x) + 1)*log(-1/2%cos(x) + 1/2) + 2%(cos(x) - sin(x) + 1)*log(sin(x)

) + 4xx*sin(x) + 4*x)/(cos(x) + sin(x) + 1)

giac [A] time = 1.13, size = 36, normalized size = 1.64

' 2
_x_M—Zlog(tanGX) +1]+2108(
tan(EX)+1 :

tan|-x
4

Verification of antiderivative is not currently implemented for this CAS.

|

[In] integrate(log(sin(x))/(1+sin(x)),x, algorithm="giac")

[Out] -x - 2*log(sin(x))/(tan(1/2*x) + 1) - 2xlog(tan(1/4*x)"2 + 1) + 2*xlog(abs(t
an(1/4*x)))

maple [B] time = 0.17, size = 54, normalized size = 2.45

2 tan(g)

o) -

—x tan (g) +2In (tanz(_
2

In (tan2 (E) + 1) + =
2 tan(E) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(In(sin(x))/(sin(x)+1),x)

[Out] (-x-x*tan(1/2*x)+2*tan(1/2*x)*1n(2*xtan(1/2*x)/(tan(1/2*x)"2+1)))/(tan(1/2*x
)+1)+1n(tan(1/2%x) ~2+1)

maxima [B] time = 0.97, size = 82, normalized size = 3.73

2 sin(x)

(—Si“"‘)z +1)(cos(x)+1) , , 2
2
(cot0 Y -2 arctan (—sm(x) )+2 log (—sm(x) )—log (—sm(x) + 1)

sin()_ | ¢ cos(x) +1 cos(x) +1 (cos(x) + 1)2

2 log

cos(x)+1

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(log(sin(x))/(1+sin(x)),x, algorithm="maxima"

[Out] -2%log(2*sin(x)/((sin(x)~2/(cos(x) + 1)72 + 1)*(cos(x) + 1)))/(sin(x)/(cos(

x) + 1) + 1) - 2xarctan(sin(x)/(cos(x) + 1)) + 2xlog(sin(x)/(cos(x) + 1)) -
log(sin(x)~2/(cos(x) + 1)72 + 1)

mupad [B] time = 0.38, size = 55, normalized size = 2.50

-2 x+In (2 sin(x) — cos(x) 2i — 2i) (-1 —i)+In (2 sin(x) — cos(x) 2i + 2i) (1 — i)—COS (xZ) Ts(ls:(lg)l)l T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(sin(x))/(sin(x) + 1),x)
[Out] log(2*sin(x) - cos(x)*2i + 2i)*(1 - 1i) - log(2*sin(x) - cos(x)*2i - 2i)*(1
+ 1i) - 2*x - (2*log(sin(x)))/(cos(x) + sin(x)*1i + 1i)

time = 1.37, size = 97, normalized size = 4.41

sympy [B]
x tan (g) x _log (tan2 (g) + 1) tan (§)+log (tan2 (g) + 1)+210g (tan (g)) tan(§)+2log (2)
tan(g) +1 tan(g) +1 tan (g) +1 tan (g

- X - x
tan(E) +1 tan(z) +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(sin(x))/(1+sin(x)),x)

[Out] -x*tan(x/2)/(tan(x/2) + 1) - x/(tan(x/2) + 1) - log(tan(x/2)**2 + 1)*tan(x/
2)/(tan(x/2) + 1) + log(tan(x/2)*x2 + 1)/(tan(x/2) + 1) + 2xlog(tan(x/2))x*t
an(x/2)/(tan(x/2) + 1) + 2xlog(2)*tan(x/2)/(tan(x/2) + 1)
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3.41 f log(sin(x))y1 + sin(x) dx

Optimal. Leaf size=42

4cos(x)  2cos(x)log(sin(x)) tanht ( cos(x) )
Vsin(x) + 1 Vsin(x) + 1 Vsin(x) + 1

[Out] -4*arctanh(cos(x)/(1+sin(x))~(1/2))+4*cos(x)/(1+sin(x))~(1/2)-2*cos(x)*1n(s
in(x))/(1+sin(x))~(1/2)

Rubi [A] time = 0.15, antiderivative size = 42, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 7, integrand size = 12,

number of rules _ ), 583, Rules used = {2646, 2554, 12, 2874, 2981, 2773, 206}

integrand size

4cos(x)  2cos(x)log(sin(x)) A tanh-) ( cos(x) )
ysin(x) + 1 Vsin(x) + 1 Vsin(x) + 1

Antiderivative was successfully verified.
[In] Int[Logl[Sin[x]]*Sqrt[1 + Sin[x]],x]

[Out] -4*xArcTanh([Cos([x]/Sqrt[1 + Sin[x]]] + (4*Cos([x])/Sqrt[1 + Sin[x]] - (2*Cos[
x]*Log[Sin[x]])/Sqrt[1 + Sin[x]]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Intl[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 2554

Int[Loglu_J*(v_), x_Symbol] :> With[{w = IntHide[v, x]}, Dist[Logl[ul, w, x]
- Int[SimplifyIntegrand[(w*D[u, x])/u, x], x] /; InverseFunctionFreeQ[w, x
11 /; InverseFunctionFreeQ[u, x]

Rule 2646

Int[Sqrtl(a_) + (b_.)*sinl[(c_.) + (d_.)*(x_)1], x_Symbol] :> Simpl[(-2*b*Cos
[c + d*x])/(d*Sqrt[a + bxSin[c + dx*x]]), x] /; FreeQ[{a, b, c, d}, x] && Eq
Q[a"2 - b~2, 0]

Rule 2773

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]11/((c_.) + (d_.)*sin[(e_.) + (
f_)x(x_)]), x_Symbol] :> Dist[(-2xb)/f, Subst[Int[1/(b*c + axd - d*x"2), x
1, x, (b*Cos[e + f*x])/Sqrt[a + b*Sin[e + f*x]]], x] /; FreeQ[{a, b, c, d,

e, £}, x] &% NeQ[b*c - axd, 0] && EqQ[a"2 - b~2, 0] && NeQ[c™2 - 472, 0]

Rule 2874

Intlcos[(e_.) + (f_.)*(x_)]172x((d_.)*sinl[(e_.) + (£_.)*(x_01)"(n_)*((a_) +
(b_.)*sinl(e_.) + (f_.)*(x_)])"(m_), x_Symbol] :> Dist[1/b"2, Int[(d*Sin[e
+ fxx])"n*x(a + bxSin[e + f*x])~(m + 1)*(a - b*Sinl[e + f*x]), x], x] /; Free
Ql{a, b, d, e, f, m, n}, x] && EqQ[a"2 - b~2, 0] && (ILtQ[m, 0] || 'IGtQ[n
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,» 01)

Rule 2981

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]I*((A_.) + (B_.)*sin[(e_.) + (
f Ixx)D*x((c_.) + (d_.)*sinl(e_.) + (f_.)*x(x_)]1)"(n_), x_Symbol] :> Simp
[(-2*%b*BxCos[e + f*xx]*(c + d*Sin[e + f*x]) " (n + 1))/(d*f*(2*n + 3)*Sqrtla +
bxSin[e + f*x]]), x] + Dist[(Axb*d*(2*n + 3) - B*x(b*xc - 2*axdx(n + 1)))/(b
xd*(2*n + 3)), Int[Sqrt[a + b*Sin[e + f*x]]*(c + d*Sinf[e + f*x])"n, x], x]

/; FreeQ[{a, b, ¢, d, e, f, A, B, n}, x] && NeQ[b*c - a*d, 0] && EqQ[a"2 -

b~2, 0] && NeQ[c™2 - d72, 0] && 'LtQ[n, -1]

Rubi steps

. - 3 _2 cos(x) log(sin(x)) ~ 2 cos(x) cot(x)
f log(sin(x))y/1 + sin(x) dx = o) \/HT ——dx

2 cos(x) log sin x)) f cos(x) cot(x)

V1 + sin(x)

_ 2cos(x) log(sin x)) B
e 2 [ ese(t - sin()VI+ i) da

_ 4cos(x) _ 2 cos(x) log(sin(x)) -
— e+ f csc(x)y1 + sin(x) dx
_ 4cos(x) _ 2 cos(x) log(sin(x)) ~ 1 cos(x)

- V1 + sin(x) 1 + sin(x) 45ubst (f 1-x2 ax 1 + sin(x) )

— _4tanh! ( cos(x) ) 4 cos(x) 2 cos(x) log(sin(x))

V1 + sin(x) V1 + sin(x) V1 + sin(x)

1+sm

Mathematica [B] time = 0.09, size = 87, normalized size = 2.07

24/sin(x) +1 (sm( ) (log(sin(x)) - 2) - log( sin (2) + cos ( ) + 1) +log (sm (2) — Cos (g) + 1) — Cos (g

sin(2) +cos (1)

Antiderivative was successfully verified.

[In] Integrate[Log[Sin[x]]*Sqrt[1 + Sin[x]],x]

[Out] (2x(-Logll + Cos[x/2] - Sin[x/2]] + Log[l - Cos[x/2] + Sin[x/2]] - Cos[x/2]
*(-2 + Log[Sin[x]]) + (-2 + Log[Sin[x]])*Sin[x/2])*Sqrt[1 + Sin[x]])/(Cos[x
/2] + Sin[x/2])

fricas [B] time = 0.49, size = 146, normalized size = 3.48

cos(x)2—(cos(x)—1) sin(x)+2 (cos(x)—sin(x)+1) ysin(x)+1 +2 cos(x)+1
2 (cos(x)+sin(x)+1)

(cos(x) + sin(x) +1)log ( ) — (cos(x) + sin(x) + 1) log

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(sin(x))*(1+sin(x))~(1/2),x, algorithm="fricas")

[Out] -((cos(x) + sin(x) + 1)*log(1/2*(cos(x)"2 - (cos(x) - 1)*sin(x) + 2*(cos(x)
- sin(x) + D*sqrt(sin(x) + 1) + 2*cos(x) + 1)/(cos(x) + sin(x) + 1)) - (c

os(x) + sin(x) + 1)*log(1/2x(cos(x)”2 - (cos(x) - 1)*sin(x) - 2x(cos(x) - s

in(x) + 1)*sqrt(sin(x) + 1) + 2*cos(x) + 1)/(cos(x) + sin(x) + 1)) + 2*x((co

s(x) - sin(x) + 1)*log(sin(x)) - 2*cos(x) + 2*sin(x) - 2)*sqrt(sin(x) + 1))
/(cos(x) + sin(x) + 1)
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giac [B] time = 1.37, size = 94, normalized size = 2.24

V2|2 log (sin(x)) sgn (cos (—% T+ 1x)) sin (—% T+ %x) +[v2 log(

(1
n|—Xx| -
an\y

s

t 1 +1
n|{—Xx
M

Verification of antiderivative is not currently implemented for this CAS.

2

[In] integrate(log(sin(x))*(1+sin(x))~(1/2),x, algorithm="giac")

[Out] sqrt(2)*(2*log(sin(x))*sgn(cos(-1/4*pi + 1/2%x))*sin(-1/4*pi + 1/2*x) + (sq
rt(2)*log(abs(tan(1/4*x) + 1)) - sqrt(2)*log(abs(tan(1/4*x) - 1)) + sqrt(2)
xlog(abs(tan(1/4%x))) - 4*sqrt(2)*(tan(1/4*x) - 1)/(tan(1/4%x)"2 + 1))*sgn(
cos(-1/4*pi + 1/2%x)))

maple [F] time = 0.21, size = 0, normalized size = 0.00
f Vsin(x) +1 In (sin(x)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(In(sin(x))*(sin(x)+1)~(1/2),x)
[Out] int(1n(sin(x))*(sin(x)+1)~(1/2),x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00
f Vsin(x) +1 log (sin(x)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(sin(x))*(1+sin(x))~(1/2),x, algorithm="maxima"
[Out] integrate(sqrt(sin(x) + 1)*log(sin(x)), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02
f In (sin(x)) v/sin(x) +1 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(sin(x))*(sin(x) + 1)~(1/2),x)
[Out] int(log(sin(x))*(sin(x) + 1)7(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f ysin (x) +1 log (sin (x)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(sin(x))*(1+sin(x))**(1/2),x%)

[Out] Integral(sqrt(sin(x) + 1)*log(sin(x)), x)
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42 sec(x) d
3 f v/ —1+sect(x) :

Optimal. Leaf size=28

tanh™! (cos(x) cot(x)yseck(x)-1 )
V2

V2

[Out] -1/2*arctanh(1/2*cos(x)*cot(x)*(-1+sec(x)”4)~(1/2)*2"(1/2))*2"(1/2)

Rubi [B] time = 0.18, antiderivative size = 59, normalized size of antiderivative
= 2.11, number of steps used = 5, number of rules used = 5, integrand size = 13,

number of rules _ ) 385, Rules used = {4148, 6722, 1988, 2008, 206}

integrand size

2 sinz(x)—sin4(x)

V2 yfsect(x) -1

Antiderivative was successfully verified.

V1 = cos*(x) sec?(x) tanh ™’ (M)

[In] Int[Sec[x]/Sqrt[-1 + Sec[x]~4],x]

[Out] -((ArcTanh[(Sqrt[2]*Sin[x])/Sqrt[2+Sin[x]~2 - Sin[x]~4]]1*Sqrt[1 - Cos[x]~4]
*xSec[x]72)/(Sqrt[2]*Sqrt[-1 + Sec[x]"4]))

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 1988

Int[(u_)~(p_), x_Symbol] :> Int[ExpandToSum[u, x]7p, x] /; FreeQl[p, x] & T
rinomialQ[u, x] && !TrinomialMatchQ[u, x]

Rule 2008

Int[1/Sqrtl(a_.)*(x_)"2 + (b_.)*(x_)"(n_.)], x_Symbol] :> Dist[2/(2 - n), S
ubst[Int[1/(1 - a*x"2), x], x, x/Sqrtl[a*x”2 + b*x"n]], x] /; FreeQ[{a, b, n
}, x] && NeQ[n, 2]

Rule 4148

Int[sec[(e_.) + (f_D)*x(x )] "(m_.)*((a_) + (b_.)*secl[(e_.) + (f_)*(x_ )] (n_
))~(p_), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x], x]}, Dist[ff/f,
Subst[Int[(a + b/(1 - f£72*x72)"(n/2)) p/(1 - ££72*xx"2) " ((m + 1)/2), x], x,
Sinle + f*xx]/ff], x]] /; FreeQl{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]
&& IntegerQ[n/2] && !'IntegerQ[p]

Rule 6722

Int[Cu_.)*((a_.) + (b_.)*(v_)"(n_))"(p_), x_Symbol] :> Dist[(a + b*v~n) Fra
cPart [p]/ (v~ (n*FracPart [p])*(b + a/v™n) “FracPart([p]), Int[uxv™ (n*p)*(b + a/
v'n)"p, x], x] /; FreeQ[{a, b, p}, x] && !IntegerQ[p] && ILtQ[n, 0] && Bin
omialQ[v, x] && !'LinearQ[v, x]

Rubi steps
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1

sec(x)
dx = Sub dx, x, si
f\/m x ustf(l_xz) _1+( )2 x, x, sin(x)
1-x2
(\/1 — cos?(x) secz(x)) Subst| [ — L dx,x,sin(x)
1—(1—x2)2

- V-1 + sec*(x)
— 4 2 1 .
(\/1 cos*(x) sec (x)) Subst ( f W dx, x, sm(x))
-1 + sec*(x)
\/1 = cos(x) sec?(x)) Subst L dx,x, sint)
_ ( ) f 1-2+2 2 sin?(x)-sin(x)
V-1 + sec?(x)

tanh ™! [ﬂ] 1 — cost(x) sec?(x)

2sin? (x)—sin4 (%)

T V2 /-1 + sect(x)

Mathematica [A] time = 0.04, size = 45, normalized size = 1.61
Vcos(2x) + 3 tan(x) sec(x) tanh™! (%\/4 — 2sin?(x) )
2+/sect(x) -1

Antiderivative was successfully verified.

[In] Integrate[Sec[x]/Sqrt[-1 + Sec[x]~4],x]
[Out] -1/2+(ArcTanh[Sqrt[4 - 2xSin[x]~2]/2]*Sqrt[3 + Cos[2xx]]*Sec[x]*Tan[x])/Sqr
t[-1 + Sec[x]~4]

fricas [B] time = 0.49, size = 54, normalized size = 1.93

(2 V2, [t cos(x) (cos(x)2 + 3) sin(x))

(cos(x)2 - 1) sin(x)

1
Z\/Elog —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)/(-1+sec(x)”4)~(1/2),x, algorithm="fricas")

[Out] 1/4*sqrt(2)*log(-2*(2*sqrt(2)*sqrt(-(cos(x)~4 - 1)/cos(x)"4)*cos(x)"2 - (co
s(x)72 + 3)*sin(x))/((cos(x)"2 - 1)*sin(x)))

giac [B] time = 2.22, size = 92, normalized size = 3.29

\/Eltlzt 411—1t12t14111—t12
Og an Ex an 2 + + Og an E.x + an Ex + + + Og an Ex +\

4 1\’ 5 1\ 1
sgn tan(zx) - tan(zx) +tan(5x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sec(x)/(-1+sec(x)”4)~(1/2),x, algorithm="giac")

[Out] 1/4*sqrt(2)*(log(tan(1/2*x)~2 - sqrt(tan(1/2*xx)"4 + 1) + 1) - log(-tan(1/2%
x)72 + sqrt(tan(1/2*x)"4 + 1) + 1) + log(-tan(1/2*x)72 + sqrt(tan(1/2*x)"4
+ 1)))/sgn(tan(1/2*x)"5 - 2xtan(1/2*x)~3 + tan(1/2%x))

maple [B] time = 0.25, size = 91, normalized size = 3.25

. - V2 4 cos2(x)+1 .3
82 |- h(“’s(x) 1)+ tanh x
\/8 V2 |-arcsin coson1) T arctan et o) (sm ( ))
(cos(x)+1)2

2(cos4(x)—1)

cos(x)4

8 (cos(x) — 1) cos(x)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sec(x)/(-1+sec(x)~4)~(1/2),x)

[Out] 1/8%8~(1/2)*2"(1/2)*(arctanh(1/4%2~(1/2)*4~(1/2)/((14+cos(x)"2)/(1+cos(x)) "2
)~ (1/2))-arcsinh((cos(x)-1)/(1+cos(x))))*sin(x) "3*x((1+cos(x)"2)/(1+cos(x))”
2)"(1/2)/(cos(x)-1)/cos(x)"2/(-2%(cos(x)"4-1)/cos(x)"4)~(1/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00
f sec x)
Vsec(x)*
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)/(-1+sec(x)”4)"(1/2),x, algorithm="maxima")
[Out] integrate(sec(x)/sqrt(sec(x)74 - 1), x)
mupad [F]  time = 0.00, size = -1, normalized size = -0.04

1
1

dx

-1

cos(x) o

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(x)*(1/cos(x)"4 - 1)7(1/2)),x)

[Out] int(1/(cos(x)*(1/cos(x)"4 - 1)~(1/2)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
sec (x)

\/(sec (x) = 1) (sec(x) +1) (sec2 (x) + 1)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sec(x)/(-1+sec(x)**4)*x(1/2),%)
[Out] Integral(sec(x)/sqrt((sec(x) - 1)*(sec(x) + 1)*(sec(x)**2 + 1)), x)
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343 [ 229y

\/1+tan4(x)

Optimal. Leaf size=34

V2 tan4(x)+1
2V2

[Out] -1/4*arctanh(1/2x(1-tan(x)~2)*27(1/2)/(1+tan(x)~4)~(1/2))*27(1/2)

tanh_l( 1—tan2(x) ]

Rubi [A] time = 0.05, antiderivative size = 34, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 13,

numberofrules _ 308, Rules used = {3670, 1248, 725, 206}

integrand size

tanh_l 1-tan? (x)
V2 tan(x)+1

22

Antiderivative was successfully verified.

[In] Int[Tan[x]/Sqrt[1 + Tan[x]"4],x]

[Out] -ArcTanh[(1 - Tan[x]~2)/(Sqrt[2]*Sqrt[1 + Tan[x]"4]1)]/(2%Sqrt[2])
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 || LtQ[b, 01)

Rule 725

Int[1/(((d) + (e_.)*(x_))*Sqgrtl(a_) + (c_.)*(x_)"2]), x_Symbol] :> -Subst[
Int[1/(cxd™2 + axe™2 - x72), x], x, (axe - c*d*x)/Sqrtl[a + c*x"2]] /; FreeQ
[{a, ¢, d, e}, x]

Rule 1248

Int[(x_)*((d_) + (e_.)*x(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*x) g*x(a + c*x"2)7p, x], x, x°2], x] /; FreeQ
[{a, ¢, d, e, p, q}, x]

Rule 3670

Int[((d_.)*tan[(e_.) + (£_)*(x)1)"(m_.)*((a_) + (b_.)*((c_.)*tan[(e_.) +
(f_D)*xD1)" ()" (p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + fx*x],
x]}, Dist[(cxff)/f, Subst[Int[(((d*ff*x)/c) mx(a + bx(ff*x)"n)"p)/(c”2 + £
f~2xx~2), x], x, (c*Tan[e + f*x])/ff]l, x]1] /; FreeQ[{a, b, ¢, d, e, f, m, n
, pY, x] & (IGtQ[p, O] || EqQ[n, 2] || EqQ[n, 4] || (IntegerQ[p] && Ration
alQ[nl))

Rubi steps
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tan(x) X
—————dx = Subst dx, x, t
f V1 + tan*(x) oo (f (1 +x2) V1 + x4 o an(x)]

1 1
= — Subst f dx, x, tanz(x))
2 ( 1+ x)V1 + x2
1 1 1 — tan?(x) ))
= —| = Subst f— ax, x, ————=
(2 ( 2-x* V1 + tan*(x)

tanh_l[ 1—tan2(x) )

V2 w[1+tan4(x)
22

Mathematica [A] time = 0.07, size = 55, normalized size = 1.62

y/cos(4x) + 3 sec?(x) log (\/E cos(2x) + y/cos(4x) + 3)
442 Vtan*(x) +1

Antiderivative was successfully verified.

[In] Integrate[Tan[x]/Sqrt[1 + Tan[x]~4],x]

[Out] -1/4%(Sqrt[3 + Cos[4*x]]*Log[Sqrt[2]*Cos[2*x] + Sqrt[3 + Cos[4*x]]]*Sec[x]~
2)/(8qrt[2]*Sqrt[1 + Tan([x]~4])

fricas [B] time = 0.44, size = 186, normalized size = 5.47

577 tan(x)'® — 1912 tan(x)'* + 4124 tan(x)'? — 6216 tan(x)'? + 7110 tan(x)® — 6216 tan(x)® +
tan(x)’

1
ﬁ\ﬁlog

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1+tan(x)~4)~(1/2),x, algorithm="fricas")

[Out] 1/32%sqrt(2)*1log((577+tan(x)~16 - 1912xtan(x)~14 + 4124xtan(x)”~12 - 6216%ta
n(x)~10 + 7110*tan(x) "8 - 6216*tan(x) "6 + 4124*tan(x)”4 - 1912*%tan(x)”2 + 8
*x(51*xsqrt(2) *tan(x) "14 - 169*sqrt(2)*tan(x)~12 + 339*sqrt(2)*tan(x)”~10 - 46
5xsqrt (2) *tan(x) "8 + 465*sqrt(2)*tan(x) 6 - 339*sqrt(2)*tan(x) "4 + 169*sqrt
(2)*tan(x) "2 - 5lxsqrt(2))*sqrt(tan(x)”4 + 1) + 577)/(tan(x)"16 + 8*tan(x)”

14 + 28*tan(x)~12 + 56%tan(x)~10 + 70*tan(x)~8 + BE6*tan(x) "6 + 28*tan(x) 4

+ 8*tan(x)"2 + 1))

giac[A] time = 1.06, size = 50, normalized size = 1.47

1 Vilo _tan(x)2 +v2 —Jtan(x)* +1 +1
4 & tan(x)? — V2 — yftan(x)* +1 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1+tan(x)~4)~(1/2),x, algorithm="giac")

[Out] 1/4*sqrt(2)*log(-(tan(x)~2 + sqrt(2) - sqrt(tan(x)"4 + 1) + 1)/(tan(x)"2 -
sqrt(2) - sqrt(tan(x)”™4 + 1) + 1))

maple [A] time = 0.06, size = 37, normalized size = 1.09

(—Z(tanz(x))+2) V2

4 \/—Z(tanz(x))+(tan2(x)+1)2
4

\/5 arctanh
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(x)/(1+tan(x)~4)"(1/2),x)

[Out] -1/4%27(1/2)*arctanh(1/4*(-2xtan(x)"2+2)*27(1/2)/(-2*tan(x) "2+ (tan(x)"2+1)~
2)7(1/2))

maxima [B] time = 1.35, size = 565, normalized size = 16.62

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1l+tan(x)~4)~(1/2),x, algorithm="maxima")

[Out] -1/16%sqrt(2)*(log(4*sqrt (2% (6*cos(4*x) + 1)*cos(8*x) + cos(8*x)~2 + 36%*cos
(4%x)"2 + sin(8*x) 72 + 12*sin(8*x)*sin(4*x) + 36*sin(4*x)"2 + 12*cos(4*x) +
1) *cos(1/2*xarctan2(sin(8*x) + 6*sin(4*x), cos(8*x) + 6*cos(4*x) + 1))72 +
4xsqrt (2% (6*cos(4*x) + 1)*cos(8*x) + cos(8*x)~2 + 36*cos(4*x)”"2 + sin(8xx)~
2 + 12*sin(8*x)*sin(4*x) + 36*sin(4*x)~2 + 12*cos(4*x) + 1)*sin(1/2*arctan?
(sin(8*x) + 6*sin(4*x), cos(8*x) + 6*cos(4*xx) + 1))72 + 32%(2*%(6*cos(4x*x) +
1) *cos(8*x) + cos(8*x)72 + 36*cos(4*x)"2 + sin(8*x) "2 + 12*sin(8*x)*sin(4*
x) + 36xsin(4%x)"2 + 12*cos(4*x) + 1)~ (1/4)*cos(1/2*arctan2(sin(8*x) + 6%*si
n(4*x), cos(8*x) + 6*cos(4*x) + 1)) + 64) + log(4*cos(4+*x)"2 + 4*sin(4*x)72
+ 4xsqrt (2% (6*xcos(4*x) + 1)*xcos(8*x) + cos(8*x)~2 + 36%cos(4*x)"2 + sin(8*
X)7"2 + 12x3in(8*x)*sin(4*x) + 36*sin(4*x)"2 + 12*cos(4*x) + 1)*(cos(1/2*arc
tan2(sin(8*x) + 6*sin(4x*x), cos(8*x) + 6xcos(4*xx) + 1))72 + sin(1/2*arctan?
(sin(8*x) + 6*sin(4*x), cos(8*x) + 6*cos(4*x) + 1))72) + 8*x(2*(6*cos(4x*x) +
1)*cos(8*x) + cos(8*x)72 + 36%cos(4+*x)”2 + sin(8*x)~2 + 12*sin(8*x)*sin(4*
x) + 36*sin(4%*x)72 + 12*%cos(4x*x) + 1)7(1/4)*((cos(4*x) + 3)*cos(1/2*arctan?
(sin(8*x) + 6*sin(4*x), cos(8*x) + 6*cos(4xx) + 1)) + sin(4*xx)*sin(1/2*arct
an2(sin(8*x) + 6*xsin(4*x), cos(8*x) + 6*cos(4*x) + 1))) + 24*cos(4*x) + 36)

)

mupad [F] time = 0.00, size = -1, normalized size = -0.03
tan(x)

f \/tan(x)4 +1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int(tan(x)/(tan(x)~4 + 1)~(1/2),x)
[Out] int(tan(x)/(tan(x)"4 + 1)°(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f tan (x) i
Vtan* (x) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(x)/(1l+tan(x)**4)**(1/2),x)

[Out] Integral(tan(x)/sqrt(tan(x)**4 + 1), x)
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3.4 [y

\/1—sin6(x)

Optimal. Leaf size=39

¢ h_1 \/g(sinz(x)+1) cos(x)
an
24/1-sin®(x)
23

[Out] 1/6*arctanh(1/2*cos(x)*(1+sin(x)~2)*37(1/2)/(1-sin(x)~"6)~(1/2))*37(1/2)

Rubi [A] time = 0.05, antiderivative size = 50, normalized size of antiderivative
= 1.28, number of steps used = 4, number of rules used = 4, integrand size = 15,

numberofrules _ 767, Rules used = {3216, 1996, 1904, 206}

integrand size

tan h_1 ( cos(x)(6—3 cos? (x)) )

24/3 V/cosb(x)-3 cos(x)+3 cos?(x)

23

Antiderivative was successfully verified.
[In] Int[Sin[x]/Sqrt[l - Sin[x]~6],x]

[Out] ArcTanh[(Cos[x]*(6 - 3*Cos[x]~2))/(2*xSqrt[3]*Sqrt[3*Cos[x]~2 - 3*Cos[x]"4 +
Cos[x]76])]1/(2%Sqrt[3])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 1904

Int[1/Sqrtl(a_.)*(x_)"2 + (b_)*(x )" (n_.) + (c_.)*(x_)"(r_.)], x_Symbol]

> Dist[-2/(n - 2), Subst[Int[1/(4*a - x"2), x], x, (xx(2%a + bxx"(n - 2)))/
Sqrt[a*x™2 + b*x™n + c*x"r]], x] /; FreeQ[{a, b, ¢, n, r}, x] && EqQ[r, 2*n
- 2] &% PosQ[n - 2] && NeQ[b~2 - 4x*xaxc, 0]

Rule 1996

Int[(u_ )~ (p_), x_Symbol] :> Int[ExpandToSum[u, x]7p, x] /; FreeQlp, x] && G
eneralizedTrinomialQ[u, x] && !GeneralizedTrinomialMatchQ[u, x]

Rule 3216

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*x((a_) + (b_.)*sinl[(e_.) + (f_.)*(x_)]1"(n_
))~(p_.), x_Symbol] :> With[{ff = FreeFactors([Cos[e + f*x], x]}, -Dist[ff/f
, Subst[Int[(1 - f£72*x72)"((m - 1)/2)*(a + bx(1 - ££72%xx72)"(n/2))"p, %],
x, Cos[e + f*x]/ff], x]] /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2
] && IntegerQ[n/2]

Rubi steps
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dx, x, cos(x)

fsm—(x)dx:—Subst f !
V1 - sin®(x) l— (1 _ x2)3

1

= —Subst ( f dx, x, cos(x))

3x2 — 3x% + x6

1 cos(x) (6 -3 cosz(x))
= Subst f 5 dx, x,

12 - x V3 cos2(x) — 3 cos(x) + cosb(x)
¢ h_l Cos(x)(6—3 COSZ(X))
an 243 /3 cos2(x)-3 cos?(x)+cosb (x)

- e

time = 0.09, size = 65, normalized size = 1.67

\/g (cos(2x)-3) )

-1
cos(x)y/—8 cos(2x) + cos(4x) + 15 tanh ( N T T ITTG
446 - 6 sin6(x)

Antiderivative was successfully verified.

Mathematica [A]

[In] Integrate[Sin[x]/Sqrt[1 - Sin[x]~6],x]
[Out] -1/4*(ArcTanh[(Sqrt([3/2]*(-3 + Cos[2*x]))/Sqrt[15 - 8*Cos[2xx] + Cos[4*x]]]
*xCos [x]*Sqrt [15 - 8*Cos[2*x] + Cos[4#*x]])/Sqrt[6 - 6*Sin[x]~6]

fricas [B] time = 0.52, size = 63, normalized size = 1.62

1 7 cos(x)® — 24 cos(x)® — 4 y/cos(x)® — 3 cos(x)* + 3 cos(x)? (\/5 cos(x)? —24/3 ) + 24 cos(x)
— 3 log
12 cos(x)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1-sin(x)~6)7(1/2),x, algorithm="fricas")

[Out] 1/12%sqrt(3)*log((7*cos(x)”5 - 24*cos(x)~3 - 4*sqrt(cos(x)”6 - 3*cos(x)"4 +
3xcos(x)"2)*(sqrt(3)*cos(x)"2 - 2*sqrt(3)) + 24xcos(x))/cos(x)”5)

giac [B] time = 2.35, size = 67, normalized size = 1.72

V3 log (Cos(x)2 + /3 — y/cos(x)* - 3 cos(x)? + 3) ~ 3 log (— cos(x)% + V3 + /cos(x)* — 3 cos(x)? + 3)
- 6 sgn (cos(x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1-sin(x)~6)~(1/2),x, algorithm="giac")

[Out] -1/6%(sqrt(3)*log(cos(x)~2 + sqrt(3) - sqrt(cos(x)”4 - 3*cos(x)"2 + 3)) - s
qrt (3)*log(-cos(x)"2 + sqrt(3) + sqrt(cos(x)”4 - 3xcos(x)"2 + 3)))/sgn(cos(

x))

maple [B] time = 0.41, size = 67, normalized size = 1.72

(cos2 (x)—2) V3
2\/cos4(x)—3(cosz(x)) +3

\/ cos*(x) -3 (cosz(x)) +343 arctanh( ]cos(x)

6\/ cos®(x) - 3 (cos4(x)) +3 (cosz(x))
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(1-sin(x)~6)"(1/2),x)

[Out] -1/6/(3*cos(x)"2-3*cos(x) "4+cos(x)~6) " (1/2)*cos(x)*(3-3*cos(x) "2+cos(x)"4)"~
(1/2)*37(1/2)*arctanh(1/2*(cos(x)~2-2)*37(1/2) /(3-3*cos(x) "2+cos(x)"4)~(1/2
))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

sin(x)
f dx
\/—sin(x)® +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1-sin(x)~6)~(1/2),x, algorithm="maxima"
[Out] integrate(sin(x)/sqrt(-sin(x)"6 + 1), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.03
sin(x)

f \1- sin(x)6

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int(sin(x)/(1 - sin(x)~"6)"(1/2),x)
[Out] int(sin(x)/(1 - sin(x)"6)"(1/2), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1-sin(x)**6)**(1/2),x)

[Out] Timed out
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3.45 f \/ —/-1 + sec(x) + /1 + sec(x) dx

Optimal. Leaf size=337

V2 cot(x)\/sec(x) -1 \/sec(x) +1 \/\6 ~1 tan™ 22 -2 (—\/sec(x) ~ 1 Vsec) 1 - \5) - \/:
2\/\/sec(x) +1 —/sec(x) -1

[Out] cot(x)*2~(1/2)*(-1+sec(x))~(1/2)*(1+sec(x))~(1/2)*(arctan(1/2*x (-2~ (1/2)-(-1
+sec(x)) " (1/2)+(1+sec(x)) ~(1/2)) *(-2+2%x27(1/2)) ~(1/2) / (- (-1+sec(x) ) ~(1/2)+(
1+sec(x))~(1/2))"(1/2))*(27(1/2)-1)"(1/2)+arctanh ((2+2*2~(1/2)) ~(1/2) * (- (-1
+sec(x))~(1/2)+(1+sec(x))~(1/2))~(1/2) /(27 (1/2) - (-1+sec(x) )~ (1/2) +(1+sec(x)
)T(1/2)))x(27(1/2)-1)"(1/2)—arctan(1/2% (-2 (1/2) - (-1+sec(x) )~ (1/2)+(1+sec(x

)T (1/2)) % (2+2x27(1/2))~(1/2) / (- (-1+sec(x)) " (1/2)+(1+sec(x))~(1/2))~(1/2) ) *
(1+27(1/2))"(1/2) —arctanh ((-2+2%2~(1/2) )~ (1/2)* (- (-1+sec(x) )~ (1/2)+(1+sec(x
))~(1/2))7(1/2) /(27 (1/2) - (-1+sec(x)) ~(1/2)+(1+sec(x)) ~(1/2)) ) *x (1+27(1/2))~(

1/2))

Rubi [F] time = 0.79, antiderivative size = 0, normalized size of antiderivative = 0.00,

] ] number of rules
number of steps used = 0, number of rules used = 0, integrand size = 0, ————— =

0.000, Rules used = {}

integrand size

f \/—\/—1 +sec(r) + /1 +sec(x) dx

Verification is Not applicable to the result.
[In] Int[Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1 + Sec[x]]],x]
[Out] Defer[Int] [Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[l1 + Sec[x]]], x]

Rubi steps

f\/—\/—l + sec(x) + \/1 + sec(x) dx = f\/—\/—l + sec(x) + \/1 + sec(x) dx

Mathematica [A] time = 2.18, size = 552, normalized size = 1.64

g) \/\/sec(x)+1 —/sec(x)-1
2

2 sin(x) cos(x) (\/sec(x) -1 —+/sec(x) +1 )2 (2 sin (g) tan™! (Sec( — tan (g) + 2sin (

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1 + Sec[x]]],x]

[Out] (27(1/4)*Cos[x]*(Sqrt[-1 + Sec[x]] - Sqrt[1l + Sec[x]])~2*(2xArcTan[Cot[Pi/8
] - (Csc[Pi/8]*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1l + Sec[x]]])/27(1/4)]*Cos[Pi

/8] - 2*xArcTan[Cot[Pi/8] + (Csc[Pi/8]*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1l + Se
clx]1]11)/27(1/4)1*Cos[Pi/8] + Cos[Pi/8]*Log[2 + Sqrt[2]*(-Sqrt[-1 + Sec[x]]

+ Sqrt[1 + Sec[x]]) - 2%27(3/4)*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1l + Sec([x]]]
*Sin[Pi/8]] - Cos[Pi/8]*Logl[2 + Sqrt[2]*(-Sqrt[-1 + Sec[x]] + Sqrt[1l + Secl

x]]1) + 2x27(3/4)*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[l + Sec[x]]]*Sin[Pi/8]] + 2
*ArcTan[(Sec[Pi/8]*Sqrt [-Sqrt[-1 + Sec[x]] + Sqrt[l + Sec[x]]11)/2°(1/4) - T
an[Pi/8]]*Sin[Pi/8] + 2xArcTan[(Sec[Pi/8]*Sqrt[-Sqrt[-1 + Sec[x]] + Sqrt[1

+ Sec[x]11]1)/27(1/4) + Tan[Pi/8]1]1*Sin[Pi/8] - Logl[2 - 2*27(3/4)*Cos[Pi/8]*Sq
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rt[-Sqrt[-1 + Sec[x]] + Sqrt[1l + Sec[x]]] + Sqrt[2]*(-Sqrt[-1 + Sec[x]] + S
qrt[1 + Sec[x]])]*Sin[Pi/8] + Logl[2 + 27(1/4)*Csc[Pi/8]*Sqrt[-Sqrt[-1 + Sec
[x]] + Sqrt[1 + Sec[x]]] + Sqrt[2]*(-Sqrt[-1 + Sec[x]] + Sqrt[l + Sec[x]])]
*Sin[Pi/8])*Sin[x]) /(-1 + Cos[2*x] + 2*Cos[x]*Sqrt[-1 + Sec[x]]*Sqrt[1 + Se
clx]])

fricas [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-(-1+sec(x))~(1/2)+(1+sec(x))~(1/2))~(1/2),x, algorithm="fricas"
)

[Out] Timed out

giac [F] time = 0.00, size = 0, normalized size = 0.00

f\/\/sec(x) +1 - \/sec(x) -1 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-(-1+sec(x))~(1/2)+(1+sec(x))~(1/2))"(1/2),x, algorithm="giac")
[Out] integrate(sqrt(sqrt(sec(x) + 1) - sqrt(sec(x) - 1)), x)

maple [F] time = 0.26, size = 0, normalized size = 0.00

f\/—\/sec(x) -1+ \/sec(x) +1 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-(sec(x)-1)"(1/2)+(1+sec(x))~(1/2))~(1/2),x)
[Out] int((-(sec(x)-1)"(1/2)+(1+sec(x))~(1/2))"(1/2),x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f\/\/sec(x) +1 - \/sec(x) -1 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-(-1+sec(x))~(1/2)+(1+sec(x))~(1/2))~(1/2),x, algorithm="maxima"
)

[Out] integrate(sqrt(sqrt(sec(x) + 1) - sqrt(sec(x) - 1)), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

f L +1 - ! -1 dx
cos(x) cos(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/cos(x) + 1)°(1/2) - (1/cos(x) - 1)°(1/2))"(1/2),x)
[Out] int(((1/cos(x) + 1)7(1/2) - (1/cos(x) - 1)°(1/2))"(1/2), %)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/—\/sec(x)—l ++/sec(x) +1 dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-(-1+sec(x))**(1/2)+(1+sec(x))**(1/2))*x(1/2),x)

[Out] Integral(sqrt(-sqrt(sec(x) - 1) + sqrt(sec(x) + 1)), x)
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346  [xtan™'(x)’log (1 + xz) dx
Optimal. Leaf size=77

1. 5 3 1 _ 1 _ _ 3
1 log (xz + 1)—5 log (xz + 1)—Ex2 tan 1(x)2+§ (xz + 1) log (xz + 1) tan~!(x)?—x log (xz + 1) tan 1(x)—E t:

[Out] 3*x*arctan(x)-3/2*arctan(x) "2-1/2*x"2*%arctan(x) "2-3/2*1n(x"2+1)-x*arctan(x)
*1n(x"2+1)+1/2%(x"2+1) *arctan(x) "2*1n(x"2+1)+1/4*1n(x"2+1) "2

Rubi [A] time = 0.22, antiderivative size = 77, normalized size of antiderivative
= 1.00, number of steps used = 13, number of rules used = 10, integrand size = 12,

number of rules = 0.833, Rules used = {4852’ 4916, 4846, 260, 4884, 5023, 5009, 2475, 2390,

integrand size

2301}
11 2(.2 3 2 1 2 ~1/+\2 1 2 2 ~1/.2 2 -1 3,
1 og (x +1)—§log(x +1)—§x tan™" (x) +§ (x +1)log(x +1) tan™" (x) —xlog(x +1) tan (x)—E t:

Antiderivative was successfully verified.
[In] Int[x*ArcTan([x] 2*Logl[l + x72],x]

[Out] 3x*x*ArcTan[x] - (3*ArcTan[x]~2)/2 - (x"2*ArcTan[x]"2)/2 - (3*Logl[l + x72])/
2 - x*ArcTan[x]*Log[l + x72] + ((1 + x"2)*ArcTan[x]"2xLog[1 + x~2])/2 + Log
[1 + x72]72/4

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 2301

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]1*(b_.))/(x_), x_Symbol] :> Simp[(a + bxLo
glc*x™n])~2/(2%b*n), x] /; FreeQl[{a, b, c, n}, xI]

Rule 2390

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))"(p_)*x((£f_) + (g_.
)*(x_))~(q_.), x_Symbol] :> Dist[1/e, Subst[Int[((f*x)/d) gx(a + b*Loglc*x"
n])7p, x], x, d + exx], x] /; FreeQ[{a, b, ¢, d, e, f, g, n, p, q}, x] && E
qQ[exf - dxg, 0]

Rule 2475

Int[((a_.) + Logl(c_.)*((d) + (e_)*x(x_)"(n D))" (p_)1*(b_.))"(q_.)*(x_ )" (m

_Ox((f) + (g_)x(x_)"(s_)) " (r_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Sim

plify[(m + 1)/n] - 1)*(f + gxx~(s/n)) rx(a + b*xLoglcx(d + exx)"pl)~q, x], x
, x’n], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n, p, q, r, s}, x] && IntegerQ
[r] && IntegerQ[s/n] && IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, 0]
Il IGtQ[q, 01)

Rule 4846

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*Ar
cTan[c*x])“p, x] - Dist[b*c*p, Int[(x*(a + b*ArcTan[c*x])~(p - 1))/(1 + c~2
xx~2), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 4852

Int[((a_.) + ArcTan[(c_.)*(x_)]1*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)"(m + 1)*(a + b*ArcTan[c*x])"p)/(d*(m + 1)), x] - Dist[(b*cxp
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)/(dx(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTan[cxx])"(p - 1))/(1 + c™2*x72
), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, O] && (EqQ[p, 1] || Integ
erQ[m]) && NeQ[m, -1]

Rule 4884

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((@_ ) + (e_.)*(x_)"2), x_Symbo
1] :> Simp[(a + b*ArcTan[c*x])~(p + 1)/(b*xc*xd*(p + 1)), x] /; FreeQ[{a, b,
c, d, e, pt, x] & EqQ[e, c~2xd] && NeQlp, -1]

Rule 4916

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.)) " (p_.)*x((f_.)*(x_))"(m_))/((d_) + (e
_)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)"(m - 2)*(a + b*ArcTan[c*x])
“p, xJ, x] - Dist[(d*f"2)/e, Int[((f*x)~(m - 2)*(a + bxArcTan[c*x])~p)/(d +
exx”2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & GtQlp, 0] && GtQ[m, 1]

Rule 5009

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))*((d_.) + Logl(f_.) + (g_.)*(x_)"2]*(
e_.)), x_Symbol] :> Simp[x*(d + exLogl[f + gxx~2])*(a + b*ArcTan[c*x]), x] +

(-Dist[b*c, Int[(x*(d + exLogl[f + g*x~2]))/(1 + c™2*x72), x], x] - Dist[2%
exg, Int[(x"2x(a + bxArcTan[c*x]))/(f + g*x~2), x], x]) /; FreeQ[{a, b, c,
d, e, f, g}, xl

Rule 5023

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"2x((d_.) + Logl(f_) + (g_.)*(x_)"2]*
(e_.))*(x_), x_Symbol] :> Simp[((f + g*x~2)*(d + exLogl[f + gxx~2])*(a + bxA
rcTan[c*x])~2)/(2*g), x] + (-Dist[b/c, Int[(d + exLoglf + g*x~2])*(a + b*Ar
cTan[c*x]), x], x] + Dist[b*c*e, Int[(x"2*(a + bxArcTan[c*x]))/(1 + c™2xx"2
), x], x] - Simp[(e*x"2x(a + b*ArcTan[c*x])~2)/2, x]) /; FreeQ[{a, b, c, d,
e, T, g}, x] && EqQlg, c 2x*f]

Rubi steps
1 1 x% tan~!(x)
112 2 _ 20122 2 ~1(4\2 2
fxtan (%) log(1+x)dx——§x tan™" (x) +§(1+x)tan (%) 10g(1+x)+fwdx—ftar
1 1
_ 20 -T22 -1 2 2 ~1(1\2 2) 4 -
——Ex tan™" (x)° — x tan (x)log(1+x)+§(1+x)tan (%) log(1+x)+z
1 1 1
= xtan"'(x) - 5 tan~!(x)? - Exz tan"(x)? — x tan™!(x) log (1 + x2) *5 (1 + xz)
-1 3 v Lo g0 1 2 -1
=3xtan™"(x) - 5 tan™" (x)° - Ex tan™" (x)° - 5 log (1 + x ) - xtan " (x)log (1 .

3 1 3
= 3xtan}(x) — > tan~!(x)? - Exz tan~(x)? — > log (1 + xz) — xtan"(x) log (1 -

Mathematica [A] time = 0.02, size = 58, normalized size = 0.75

((log (xz + 1) - 6) log (xz + 1) +2 (—xz + (x2 + 1) log (xz + 1) —~ 3) tan~(x)2 — 4x (log (x2 + 1) —~ 3) tan~!(x

e

Antiderivative was successfully verified.

[In] Integrate[x*ArcTan[x] 2*Log[l + x~2],x]
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[Out] (-4*x*xArcTan[x]*(-3 + Log[l + x72]) + (-6 + Log[l + x72])*Log[l + x72] + 2%
ArcTan[x]"2%(-3 - x72 + (1 + x"2)*Logl[l + x72]))/4

fricas [A] time = 0.47, size = 52, normalized size = 0.68

—% (x2 + 3) arctan(x)?+3 x arctan(x)+% ((x2 + 1) arctan(x)? — 2 x arctan(x) — 3) log (xz + 1)+% log (x2 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x) 2*log(x~2+1),x, algorithm="fricas")

[Out] -1/2%(x"2 + 3)*arctan(x)”2 + 3*xx*arctan(x) + 1/2%x((x"2 + 1l)*arctan(x)"2 - 2
xx*arctan(x) - 3)xlog(x™2 + 1) + 1/4xlog(x"2 + 1)72

giac [F] time = 0.00, size = 0, normalized size = 0.00
f x arctan(x)? log (x2 + 1) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x) 2*log(x~2+1),x, algorithm="giac")
[Out] integrate(x*arctan(x) 2*log(x”2 + 1), x)

maple [C] time = 1.16, size = 3134, normalized size = 40.70

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*arctan(x) "2*1ln(x"2+1),x)

[Out] -1/2%x"2xarctan(x) ~2+3*x*arctan(x)-1/2*arctan(x) ~2-1/4*I*arctan(x) " 2*Pi*csg
n(I*x(I*xx+1)72/(x72+1) / ((I*x+1)"2/(x"2+1)+1)"2) *csgn(I/((I*x+1)~2/(x"2+1)+1)
“2)xcsgn(Ix(I*xx+1)72/(x72+1))*x”2+1/2xI*arctan(x) *Pi*csgn (I* (I*x+1)~2/(x"2+
1)/ ((Ixx+1) "2/ (x72+1)+1) "2) *csgn (I/ ((I*x+1)72/(x"2+1)+1) "2) *csgn (I* (I*x+1)~
2/ (x72+1))*x-arctan(x) "2*1n((I*x+1) 72/ (x72+1)+1)*x"2+1/2*arctan(x) *Pi*csgn(
Tk (I*xx+1)72/(x72+1) / ((I*x+1) "2/ (x72+1)+1) "2) "3+I*Pi*1n((I*x+1) "2/ (x"2+1)+1)
xcsgn(Ix ((Ixx+1)72/(x72+1)+1) ) *xcsgn(Ix ((I*xx+1)~2/(x72+1)+1)"2) "2+1/2*I*arct
an(x) "2*Pixcsgn(I* (Ixx+1)/(x"2+1)7(1/2))*xcsgn(I* (Ixx+1)~2/(x"2+1)) "2+1/4*I*
arctan(x) "2*Pi*csgn (I* ((I*x+1)72/(x72+1)+1)72) "3*x"2-1/2*I*arctan(x)*Pi*csg
n(I*x((I*x+1)72/(x72+1)+1)"2) "3*x-1/4*xI*arctan(x) "2+Pixcsgn (I* (I*x+1)/(x"2+1
)7 (1/2)) "2*xcsgn(I*x(I*xx+1) "2/ (x72+1))+1/4*xI*arctan(x) “2*Pi*csgn (I* (I*x+1)~2/
(x72+1) / ((I*x+1)72/(x"2+1)+1)"2) "2*xcsgn (I/ ((I*x+1) "2/ (x"2+1)+1)"2)+1/4*xI*ar
ctan(x) "2xPixcsgn(I*(I*x+1)72/(x72+1)/((I*x+1)~2/(x72+1)+1)"2) "2*csgn (I* (I*
x+1)72/(x72+1))+1/4*xI*arctan(x) "2*Pikcsgn (I* ((I*x+1)72/(x72+1)+1)) "2*csgn(I
*((I*x+1)72/(x72+1)+1)"2)-1/4*I*arctan(x) "2*Pi*csgn (I* (I*x+1)~2/(x"2+1)/((I
*xx+1) 72/ (x72+1)+1)72) "3*x"2-1/4*I*arctan(x) “2*Pi*csgn (I* (I*x+1)~2/(x72+1))"~
3xx"2+3*1n ((I*x+1) 72/ (x72+1)+1)-1/2%xI*Pi*1n ((I*x+1) "2/ (x"2+1)+1) *csgn(I*((I
*xx+1) 72/ (x72+1)+1) ) "2*xcsgn (I ((I*x+1) 72/ (x72+1)+1)"2) -1/2xI*Pi*1n((I*x+1) "2
/(x72+1)+1) *csgn (I (I*xx+1) "2/ (x72+1) ) *xcsgn(I* (I*x+1) "2/ (x72+1) / ((I*x+1)~2/(
X72+1)+1)72) 72-1/2*I*Pi*1n ((I*x+1) "2/ (x72+1)+1) *csgn(I/ ((I*x+1)72/(x"2+1)+1
)"2)*xcsgn(I*(I*xx+1)72/(x72+1) / ((I*x+1) "2/ (x72+1)+1)~2) "2+1/2*I*Pi*1n ((I*x+1
)72/ (x72+1)+1) *csgn (I* (I*xx+1) /(x72+1) 7 (1/2)) "2xcsgn(I* (I*x+1) "2/ (x"2+1))-1/
2xIxarctan(x) “2*Pixcsgn (I ((I*x+1)72/(x"2+1)+1) ) *csgn (I*x ((I*x+1)~2/(x"2+1)+
1)72)"2+1/2*I*xarctan(x)*Pikcsgn (I* (I*x+1) "2/ (x"2+1) / ((I*x+1)"2/(x"2+1)+1)"2
) "3*x+1/2xI*arctan(x) *Pixcsgn (I* (I*x+1)72/(x72+1)) " 3*x-I*Pixcsgn (I*(I*x+1)/
(x72+1)7(1/2) ) *csgn (I* (I*x+1) "2/ (x72+1) ) "2xIn((I*x+1) "2/ (x"2+1)+1)+1/2%arct
an(x)*Pixcsgn (I* (I*xx+1)72/(x72+1) /((I*x+1)"2/(x"2+1)+1)"2) *csgn(I/((I*x+1)~
2/ (x72+1)+1)"2) *csgn (I* (I*x+1) 72/ (x72+1) ) +1n((I*x+1) "2/ (x"2+1)+1) "2-3*I*arc
tan(x)+arctan(x) “2*1n(2)-arctan(x) "2*x1n((I*x+1)~2/(x"2+1)+1)+(x"2*arctan(x)



172

~2+2*I*arctan(x)+arctan(x) "2-2*x*arctan(x) -2+1n((I*x+1)~2/(x"2+1)+1))*1n((I
*x+1) /(x72+1) 7 (1/2))-1/2*arctan(x) *Pixcsgn (I* ((I*x+1)~2/(x72+1)+1)~2) "3-2*a
rctan(x)*1n(2)*x+2*xarctan(x)*1n((I*xx+1) "2/ (x"2+1)+1)*x+arctan(x) “2*1n(2)*x"
2+2xIxarctan(x)*1n(2)-2*%1n(2) *1n((I*x+1)~2/(x72+1)+1)+1/2*arctan(x)*Pixcsgn
(I*(I*x+1)72/(x72+1))"3-1/4xI*arctan(x) "2*Pixcsgn(I* (I*x+1)~2/(x72+1))"3+1/
2xIxcsgn(Ix (Ixx+1)72/(x72+1)/ ((I*x+1)72/(x72+1)+1)72) "3*1n((I*x+1) "2/ (x"2+1
)+1)*Pi+1/2*I*xcsgn(I* (I*x+1) "2/ (x72+1)) "3*1n((I*x+1)~2/(x"2+1)+1)*Pi-1/2%I*
csgn(I*x((I*xx+1)72/(x72+1)+1)72) "3*1n((I*x+1)~2/(x"2+1)+1)*Pi-1/2*%arctan(x)*
Pikcsgn (I (I*x+1)72/(x"2+1)/((I*x+1)72/(x72+1)+1)72) "2*csgn(I/ ((I*x+1)72/(x
~2+1)+1)72)-1/2*arctan(x) *Pikcsgn (I* (I*x+1)~2/(x72+1) / ((I*x+1)"2/(x"2+1)+1)
~2)"2*csgn (I* (I*x+1)72/(x72+1))-1/2*%arctan(x) *Pikcsgn (I* ((I*x+1)~2/(x"2+1)+
1)) 2xcsgn(Ix((I*xx+1)72/(x"2+1)+1)"2)+arctan(x) *Pi*csgn (I* ((I*x+1)~2/(x"2+1
)+1)) *csgn(I* ((Ixx+1)72/(x72+1)+1)72)"2+1/2*arctan(x)*Pixcsgn (I* (I*x+1)/(x”
2+1)7(1/2) ) "2*csgn(I*(I*x+1)~2/(x"2+1))-arctan(x) *Pik*csgn (I* (I*x+1)/(x~2+1)
~(1/2))xcsgn(Ix(Ixx+1)"2/(x72+1)) "2+1/4*I*arctan(x) "2*Pi*csgn(I*((I*x+1)~2/
(x72+1)+1)72)"3-1/4*I*arctan(x) "2*xPixcsgn(I* (I*x+1)~2/(x"2+1)/((I*x+1)"2/(x
“2+1)+1)72)"3+1/4xI*arctan(x) "2*Pixcsgn (I* (I*x+1) "2/ (x"2+1) / ((I*x+1)"2/(x"2
+1)+1)72) "2*xcsgn(I/ ((I*x+1) "2/ (x72+1)+1) "2) *x~2-1/4*I*arctan(x) “2*xPixcsgn (I
*(Ikx+1)72/(x72+1) / ((I*x+1) 72/ (x72+1)+1) "2) *csgn(I/ ((I*x+1) "2/ (x72+1)+1)72)
xcsgn (Ix(Ixx+1)72/(x72+1))+1/4xI*arctan(x) “2*xPixcsgn (I* (I*x+1)~2/(x72+1)/((
T*xx+1)72/(x72+1)+1)72) "2*xcsgn (I (I*x+1) "2/ (x72+1) ) *x~2+1/4*I*arctan(x) “2*Pi
xcsgn(Ix ((Ixx+1)72/(x72+1)+1)) "2*csgn (I* ((I*x+1)72/(x72+1)+1)"2) *x"2-1/2*I*
arctan(x) "2*Pixcsgn (I* ((I*x+1)72/(x72+1)+1) ) *csgn(I* ((I*x+1)"2/(x"2+1)+1) "2
) "2%x72-1/2*I*arctan(x)*Pi*csgn (I*(I*x+1)~2/(x"2+1)/((I*x+1)"2/(x"2+1)+1) "2
) "2xcsgn(I/ ((Ixx+1)72/(x72+1)+1)72)*x-1/2*I*arctan(x) *Pixcsgn (I* (I*x+1)72/(
x72+1) / ((I*x+1)72/(x72+1)+1) 7"2) "2*%csgn (I* (I*x+1) "2/ (x72+1) ) *x-1/2*I*arctan(
x)*Pixcsgn (Ix ((I*xx+1)72/(x72+1)+1)) "2*csgn(I* ((Ixx+1) 72/ (x"2+1)+1)"2) *x-I*a
rctan(x)*Pixcsgn(I* (Ixx+1)/(x72+1)7(1/2))*xcsgn(I*(Ixx+1)~2/(x"2+1)) "2*x-1/4
*xIxarctan(x) "2+Pixcsgn (I*(I*x+1)/(x72+1)7(1/2)) "2*csgn(I*(I*x+1)72/(x72+1))
*x"2+1/2*%I*xarctan(x) "2*Pixcsgn (I*(I*x+1)/(x72+1)7(1/2))*csgn(I*(I*x+1)72/(x
"2+1)) "2*x"2+1/2*I*xarctan(x) *Pikcsgn (I* (I*x+1)/(x"2+1) 7 (1/2)) " 2xcsgn(I*(I*x
+1)72/(x72+1) ) *xx+1/2+I*Pi*1In ((I*x+1) "2/ (x"2+1)+1) *csgn(I/ ((I*x+1)~2/(x~2+1)
+1)72) *csgn (I* (I*x+1) 72/ (x72+1) ) *csgn (I (I*x+1) "2/ (x72+1) / ((I*x+1) "2/ (x"2+1
)+1)"2)+Ixarctan(x)*Pi*csgn(I*((I*x+1)72/(x72+1)+1))*csgn(I*((I*x+1)~2/(x72
+1)+1)72) "2*x

maxima [A] time = 0.98, size = 67, normalized size = 0.87
1 1
- ( 2 - (x2 + 1) log (x2 + 1) + 1) arctan(x)z—(x log (x2 + 1) -3x+2 arctan(x)) arctan(x)+arctan(x)2+1 lo

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*arctan(x) 2*log(x~2+1),x, algorithm="maxima"

[Out] -1/2%(x72 - (x72 + 1)*log(x™2 + 1) + 1)*arctan(x)™2 - (x*¥log(x™2 + 1) - 3x*x
+ 2%arctan(x))*arctan(x) + arctan(x)~2 + 1/4xlog(x~2 + 1)72 - 3/2*xlog(x~2
+ 1)

mupad [B] time = 0.26, size = 78, normalized size = 1.01
2
In (xz + 1) 3In (xz + 1) 3atan(x)? In (xz + 1) atan(x)?

7 - > T+ 5 +x (3 atan(x) — In (xz + 1) atan(x))—x

5 atan(x):
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*log(x~2 + 1)*atan(x)”2,x)

[Out] log(x™2 + 1)72/4 - (3xlog(x~2 + 1))/2 - (3*atan(x)"2)/2 + (log(x~2 + 1)*ata
n(x)"2)/2 + x*(3*atan(x) - log(x~2 + 1)*atan(x)) - x"2*(atan(x)~2/2 - (log(
x72 + 1)*atan(x)~2)/2)
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sympy [A] time = 2.49, size = 87, normalized size = 1.13

log (x2 " 1)2 log (x2 + 1) atan’
—xlog (x2 +1) atan (x)+3x atan (x)+ 1 + 2

x?log (xz + 1) atan® (x) x2atan? (x)
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*atan(x)**2x1n(x**2+1),x)

[Out] x*x2xlog(x**2 + 1)*atan(x)**2/2 - x**2*atan(x)**2/2 - x*xlog(x**2 + 1)*atan(
x) + 3xx¥atan(x) + log(x**2 + 1)*x2/4 + log(x**2 + 1)*atan(x)**2/2 - 3xlog(
x*x*%2 + 1)/2 - 3*atan(x)**2/2
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3.47 f tan™! (x\/l + x2) dx

Optimal. Leaf size=120
1 1 1
_Z‘@ log (x2 ~V3Vx2+1 + 2)+Z\/§ log (xz +V3VR2 41 + 2)+x tan™! (x\/x2 +1 )+§ tan™! (\/5 —2Vx?

[Out] -1/2*arctan(-37(1/2)+2%(x"2+1) " (1/2))+x*arctan(x*x(x"2+1)~(1/2))-1/2*arctan(
37(1/2)+2x (x72+1)7(1/2))-1/4x1n(2+x72-3" (1/2) * (x~2+1) " (1/2))*37(1/2)+1/4%1n
(2+x72+37(1/2) * (x~2+1) = (1/2))*3~(1/2)

Rubi [A] time = 0.13, antiderivative size = 120, normalized size of antiderivative
= 1.00, number of steps used = 12, number of rules used = 8, integrand size = 12,

number of rules _ ) 667, Rules used = {5203, 1685, 826, 1169, 634, 618, 204, 628}

integrand size

1 1 1
_A_L\/g log (x2 ~V3Vx2+1 + 2)+ZL\/§ log (x2 + V3V 41 + 2)+x’ca1r1_1 (x‘\/x2 +1 )+§ tan™! (\/5 —2vVx2

Antiderivative was successfully verified.
[In] Int[ArcTan[x*Sqrt[1 + x~2]],x]

[Out] x*ArcTan[x*Sqrt[1 + x72]] + ArcTan[Sqrt[3] - 2*Sqrt[1 + x"2]]/2 - ArcTan[Sq
rt[3] + 2*%Sqrt[1 + x72]]1/2 - (Sqrt[3]*Logl[2 + x72 - Sqrt[3]*Sqrt[1 + x~2]])
/4 + (Sqrt[3]*Log[2 + x~2 + Sqrt[3]*Sqrt[1 + x~2]])/4

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x))/((a_) + (b_)*(x_) + (c_.)*(x_)~"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*xx"2), x], x] + Distl[e/(2%c), In
t[(b + 2xc*xx)/(a + bxx + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*d - bxe, 0] &% NeQ[b~2 - 4xaxc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 826

Int [((£_.) + (g_.)*(x_))/(Sqrtl(d_.) + (e_.)*(x_)]*((a_.) + (b_.)*(x_) + (c
_.)*(x_)72)), x_Symbol] :> Dist[2, Subst[Int[(exf - d*g + gxx~2)/(c*xd”2 - b
xd*e + a*xe”2 - (2xc*d - bxe)*x"2 + c*x74), x], x, Sqrt[d + e*x]], x] /; Fre
eQl{a, b, ¢, d, e, £, g¥, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe +
axe”2, 0]

Rule 1169
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Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rtl[a/c, 2]}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2*c*xq*r), Int
[(d*r - (@ - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*q*r), Int[(d*r +
(d - exq@)*x)/(q + r*x + x72), x], x]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b™2 - 4xaxc, 0] && NeQ[c*d~2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4*axc]

Rule 1685

Int [(Px_)*(x_)*((d_) + (e_.)*x(x_)7"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[(Px /. x -> Sqrt[x])*(d + e*x)
“g*x(a + b*x + c*x”2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x]
&& PolyQ[Px, x~2]

Rule 5203
Int[ArcTan[u_], x_Symbol] :> Simp[x*ArcTan[u], x] - Int[SimplifyIntegrand[(

x*xD[u, x]1)/(1 + u2), x], x] /; InverseFunctionFreeQ[u, x]

Rubi steps

x (1 + 2x2
f’can'1 (x‘\/l + x2) dx = xtan™ ' [xV1+ 22| - f ( ) dx
V1 + x2 (1 +x2+x4)

1+2
ubst[ X )dx, x,xz]

V1+x 1+x+x2

I\JI*—‘

1—x2 4+ x4

Subst(f ~V3 43 dx, \/1+x2) Subst(f V33 dx,

V3 x+x2 1+V3 x+x2

)
)-
)
) ) 23 2V3
)
)-
)

—Subst( id V1+x2)

1
Subst(f—dx X, V1+x2)——Subst(
1-V3x + 2 1-

\/—log(2+x —\/_\/1—|-—xz) \/glog(2+x2+\/§\/
-1 (\/5 —2\/1+—xz) - %tan_1 (\/5 +2\/1+—x2) -

Il
=
-
Q
=

|
=
—-
Q
]
AR
—_— —_— —_— /? —_— —_— —_—
=y —_
+ +
= =
N N

N1 »MH | =

Mathematica [C] time = 0.31, size = 136, normalized size = 1.13

:

1 2V +1 2
7| 4xtan”? (x\/x2+1)+(1+i\/§) 2 -2i\3 tanh! V2y2 41 +(1-iV3)y2+2iV3 tanh™ V2

it J

Antiderivative was successfully verified.

[In] Integrate[ArcTan[x*Sqrt[1 + x~2]],x]

[Out] (4*xx*ArcTan[x*Sqrt[1 + x72]] + (1 + I*Sqrt[3])*Sqrt[2 - (2%I)*Sqrt[3]]*ArcT
anh [(Sqrt[2]*Sqrt[1 + x72])/Sqrt[1 - I*Sqrt([3]]] + (1 - IxSqrt[3])*Sqrt[2 +
(2*%I)*Sqrt [3]1*ArcTanh [(Sqrt[2] *Sqrt[1 + x~2]1)/Sqrt[1 + I*Sqrt[31]11)/4

fricas [B] time = 0.48, size = 287, normalized size = 2.39

1
x arctan (‘\/x2 + 1x)—1 V3 log (32x4 +80x? + 32\/§(x3 + x) -16 (Zx3 + \/3(23(2 + 1) + 4x)‘\/x2 +1+3



176

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x*(x72+1)7(1/2)),x, algorithm="fricas")

[Out] x*arctan(sqrt(x™2 + 1)*x) - 1/4*sqrt(3)*log(32*x~4 + 80*x~2 + 32*sqrt(3)*(x
3 + x) - 16%(2%x73 + sqrt(3)*(2*%x72 + 1) + 4d*x)*ksqrt(x”2 + 1) + 32) + 1/4%
sqrt(3)*1log(32*x~4 + 80*x72 - 32*sqrt(3)*(x~3 + x) - 16%(2*x"3 - sqrt(3)*(2
*x72 + 1) + 4xx)*sqrt(x”2 + 1) + 32) + arctan(2xsqrt(2+x~4 + 5xx~2 + 2*sqrt
(B)*(x73 + x) - (2%x73 + sqrt(3)*(2*x"2 + 1) + 4*x)*sqrt(x”2 + 1) + 2)*(x +
sqrt(x™2 + 1)) + sqrt(3) - 2*sqrt(x”2 + 1)) + arctan(2*sqrt(2*x~4 + 5*x72

- 2xsqrt(3)*(x73 + x) - (2%x73 - sqrt(3)*(2*x72 + 1) + 4*x)*sqrt(x”2 + 1) +

2)*%(x + sqrt(x”2 + 1)) - sqrt(3) - 2*sqrt(x”2 + 1))

giac[A] time = 1.15, size = 92, normalized size = 0.77
1 1 1
xarctan (sz +1 x)+1 V3 log (x2 +V3VR2+1 + 2)—1 V3 log (xz ~V3Vx2+1 + 2)—5 arctan (\/5 +2V

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x*(x~2+1)7(1/2)),x, algorithm="giac")

[Out] x*arctan(sqrt(x™2 + 1)*x) + 1/4xsqrt(3)*log(x~2 + sqrt(3)*sqrt(x”2 + 1) + 2
) - 1/4*xsqrt(3)*log(x”2 - sqrt(3)*sqrt(x”2 + 1) + 2) - 1/2*arctan(sqrt(3) +
2xsqrt(x”2 + 1)) - 1/2%arctan(-sqrt(3) + 2*sqrt(x”2 + 1))

maple [B] time = 0.05, size = 508, normalized size = 4.23

ax1) 2(x+1)
\ -1 +2V3 e
2 1 —X— 2 1 —X+
\2 (x 5 +2 \/5 arctanh| ——— \/_ (x+ 5 +2 \/5 arctanh

2 2

x arctan (‘Vx2 +1 x)+

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan((x~2+1)~(1/2)*x),x)

[Out] x*arctan((x"2+1)~(1/2)*x)+1/3*27(1/2)/(((x-1)"2/(-1-x)"2+1) /((x-1)/(-1-x)+1
)"2)7(1/2) / ((x-1) / (—1-x)+1)* (2% (x-1) "2/ (-1-x) "2+2) " (1/2) *3~ (1/2) *arctanh (1/
2% (2% (x-1) "2/ (-1-x) "242) ~(1/2) %3~ (1/2))+1/3%x2~(1/2) / (((x+1) "2/ (-x+1)~2+1) / (
(x+1)/(=x+1)+1)72) 7 (1/2) / ((x+1) / (-x+1) +1) * (2% (x+1) "2/ (-x+1) "2+2) ~(1/2)*37 (1
/2)*arctanh (1/2* (2% (x+1) "2/ (-x+1)"2+2)~(1/2)*37(1/2))-1/12*%2"(1/2) * (2* (x-1)
~2/(-1-x)"2+2) " (1/2)* (37 (1/2) *arctanh (1/2* (2* (x-1) "2/ (-1-x)"2+2) "~ (1/2)*3~ (1
/2))-3*xarctan(1/((x-1)"2/(-1-x)"2+1) * (2*x (x-1) "2/ (-1-x)"2+2) ~(1/2)*(x-1) /(-1
-x)))/(((x-1)"2/(-1-x)"2+1) / ((x-1) / (-1-x)+1)"2)~(1/2) / ((x-1) / (-1-x)+1)-1/12
*27(1/2) % (2% (x+1) 72/ (—x+1)"2+2) " (1/2)* (37 (1/2) *arctanh (1/2* (2% (x+1) "2/ (-x+1
)"2+2) 7 (1/2)*37(1/2))-3*arctan(1/((x+1) "2/ (-x+1) "2+1) * (2% (x+1) "2/ (-x+1) "2+2
)T (1/2)*x (x+1) / (—x+1))) / (((x+1) 72/ (=x+1) "2+1) / ((x+1) / (-x+1)+1)~2) ~(1/2) / ((x+
1)/ (-x+1)+1)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

(2x3+x) x2 +1

(x4 + xz)(x2 + 1) +x2+1 ax

x arctan (‘Vx2 +1 x) - f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x*(x"2+1)7(1/2)),x, algorithm="maxima"
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[Out] x*arctan(sqrt(x”2 + 1)*x) - integrate((2*x”3 + x)*sqrt(x"2 + 1)/((x"4 + x72
)¥(x72 + 1) + x72 + 1), x)

mupad [B] time = 1.09, size = 413, normalized size = 3.44

On@—%_i@%—h%f+tﬁ+%QV;:T+1+v%ﬁ»(2G+‘6ﬂ3+%+£

2 "\ 2 2 2 2

\/(1+ ﬁ“)zﬂ (4(1+ %“)3+1+x/§11)

2 2 2 2

x atan (x Vaz +1 )—

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan(x*(x~2 + 1)~(1/2)),x)

[Out] x*atan(x*x(x"2 + 1)7(1/2)) - ((Log(x - (37(1/2)*1i)/2 - 1/2) - log(x/2 + (3~
(1/2)/2 + 1i/2)*(x"2 + 1)7(1/2) + (37 (1/2)*x*11)/2 + 1))*((37(1/2)*11)/2 +
2x((37(1/2)*11)/2 + 1/2)73 + 1/2))/((((37(1/2)*1i)/2 + 1/2)72 + 1)~ (1/2)*(3
T(1/2)*1i + 4x((37(1/2)*1i)/2 + 1/2)73 + 1)) - ((Qog(x - (37 (1/2)*1i)/2 + 1
/2) - log((3~(1/2)/2 - 1i/2)*(x"2 + 1)7(1/2) - x/2 + (37 (1/2)*x*1i)/2 + 1))
x((37(1/2)*11) /2 + 2x((3~(1/2)*1i)/2 - 1/2)"3 - 1/2))/((((3~(1/2)*1i)/2 - 1
/2)72 + 1)7(1/2)*(37(1/2)*1i + 4x((37(1/2)*1i)/2 - 1/2)73 - 1)) - ((Qlog(x +

(37(1/2)*1i)/2 - 1/2) - log(x/2 + (37(1/2)/2 - 1i/2)*(x"2 + 1)~(1/2) - (3™
(1/2) *x*x11) /2 + 1))*((3~(1/2)*1i)/2 + 2% ((3~(1/2)*1i)/2 - 1/2)°3 - 1/2))/((
(3~ (1/2)*11)/2 = 1/2)72 + 1)°(1/2)* (37 (1/2)*1i + 4%x((37(1/2)*1i)/2 - 1/2)"
3 - 1)) - ((Qog(x + (3~(1/2)*1i)/2 + 1/2) - log((3~(1/2)/2 + 1i/2)*x(x"2 + 1
)7(1/2) - x/2 - (37(1/2)*x*11)/2 + 1))*((37(1/2)*11i) /2 + 2*x((37(1/2)*1i)/2
+1/2)73 + 1/2))/((((3~(1/2)*11)/2 + 1/2)72 + 1)~ (1/2)*(3~(1/2)*1i + 4%((3~
(1/2)*%1i)/2 + 1/2)73 + 1))

sympy [F] time = 0.00, size = 0, normalized size = 0.00
fatan (x\/x2 +1 ) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(x*(x*x*2+1)**x(1/2)),x)

[Out] Integral(atan(x*sqrt(x**2 + 1)), x)
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3.48 f—tam‘1 (\/_ - M) dx

Optimal. Leaf size=31

g—(x+1)tan_l(\/§— x+1)

[Out] -(1+x)*arctan(x”(1/2)-(1+x)7(1/2))+1/2%x~(1/2)
Rubi [A] time = 0.01, antiderivative size = 37, normalized size of antiderivative

= 1.19, number of steps used = 6, number of rules used = 6, integrand size = 18,
number of rules _ ) 333, Rules used = {5159, 8, 5027, 50, 63, 203}

integrand size

L + ﬂ - 1xtan_1 (\/E) — —tan™? (\/E)

4 2 2

Warning: Unable to verify antiderivative.

[In] Int[-ArcTan[Sqrt[x] - Sqrtl[l + x]],x]

[Out] Sqrt[x]/2 + (Pi*x)/4 - ArcTan[Sqrt[x]1/2 - (x*ArcTan[Sqrt[x]1]1)/2
Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rule 50

Int[((a_.) + (b_)*(x D))" (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(@ + b*xx)"(m + 1)*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(n*x(bxc - a*d))/
(bx(m + n + 1)), Int[(a + b*x)"mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, D,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, O] && NeQ[m + n + 1, 0] && !'(IGtQ
[m, 0] & ( 'IntegerQ[n] || (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)"n, x], x, (a + bxx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1)/(Rtl[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] || GtQ[b, 01)

Rule 5027

Int[ArcTan[(c_.)*(x_)"(n_)], x_Symbol] :> Simp[x*ArcTan[c*x"n], x] - Distl[c
*n, Int[x"n/(1 + c™2xx"(2*n)), x], x] /; FreeQl{c, n}, x]

Rule 5159

Int[ArcTan[(v_) + (s_.)*Sqrt[w_]l*(u_.), x_Symbol] :> Dist[(Pix*s)/4, Intl[u,
x], x] + Dist[1/2, Int[u*ArcTan(v], x], x] /; EqQ[s~2, 1] && EqQ[w, v"2 +
1]
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Rubi steps

f—tan_l(\/E—M) dx:—(lftan_l(\/;) dx)+%rcf1dx

2
_omx 1 1 1
=g () g [
=£+E—1xtan'1(\/§)—1f;dx
2 4 2 4 \/§(1+x)
Vxoomx 1 i 1 1
= v (Vi) - g Subst{ [
x nx 1. 1 -
=t e () e (V)

Mathematica [A] time = 0.39, size = 39, normalized size = 1.26

ﬂ - ltan_1 (\/;) —xtan™! (\/_ - M)

2 2
Antiderivative was successfully verified.

[In] Integrate[-ArcTan[Sqrt[x] - Sqrt[l + x]],x]
[Out] Sqrtlx]/2 - ArcTan[Sqrt[x]]/2 - x*ArcTan[Sqrt[x] - Sqrt[1 + x]]

fricas [A] time = 0.49, size = 22, normalized size = 0.71
1
(x+1)arctan(\/x+ - \/E) + 5\/&

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-arctan(x~(1/2)-(1+x)"(1/2)),x, algorithm="fricas")
[Out] (x + 1)*arctan(sqrt(x + 1) - sqrt(x)) + 1/2*sqrt(x)

giac [A] time = 1.06, size = 27, normalized size = 0.87

1 1
—x arctan (—\/x +1 + \/E) + — \/; ~3 arctan (\/;)

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-arctan(x~(1/2)-(1+x)"(1/2)),x, algorithm="giac")
[Out] -x*arctan(-sqrt(x + 1) + sqrt(x)) + 1/2*sqrt(x) - 1/2xarctan(sqrt(x))

maple [A] time = 0.02, size = 28, normalized size = 0.90

_xarctan(\/} _M)_M N g

2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(-arctan(x~(1/2)-(x+1)"(1/2)),x)
[Out] -x*arctan(x~(1/2)-(x+1)"(1/2))+1/2*xx~(1/2)-1/2*arctan(x~(1/2))

maxima [A] time = 1.13, size = 26, normalized size = 0.84

xarctan(\/ﬁ —\/E) +%\/§ —% arctan(\/;)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-arctan(x~(1/2)-(1+x)~(1/2)),x, algorithm="maxima")
[Out] x*arctan(sqrt(x + 1) - sqrt(x)) + 1/2*sqrt(x) - 1/2*arctan(sqrt(x))

mupad [B] time = 0.80, size = 40, normalized size = 1.29

xatan(\/xT _\/)_C) X g i ln(%) li

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan((x + 1)°(1/2) - x~(1/2)),x%)

[Out] x*atan((x + 1)7(1/2) - x7(1/2)) - (log((x~(1/2)*1i - 1)72/(x + 1))*1i)/4 +
x~(1/2)/2

sympy [A] time = 89.16, size = 29, normalized size = 0.94

g—xatan(ﬁ—M)—mnT(\/_x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-atan(x**(1/2)-(1+x)**(1/2)),%)

[Out] sqrt(x)/2 - x*atan(sqrt(x) - sqrt(x + 1)) - atan(sqrt(x))/2
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| X
3.49 fsm (@) dx

Optimal. Leaf size=29

X sin_1 (

\/1f—x2) + tan™! (@)

[Out] x*arcsin(x/(-x"2+1)"(1/2))+arctan((-2*x"2+1)"(1/2))

Rubi [A] time = 0.02, antiderivative size = 29, normalized size of antiderivative
= 1.00, number of steps used = 4, number of rules used = 4, integrand size = 14,

number of rules _ ) 286, Rules used = {4840, 444, 63, 203)

integrand size

(| e (V-2
X sin + tan 1-2x
( 1-x2

Antiderivative was successfully verified.

[In] Int[ArcSin[x/Sqrt[1 - x72]],x]

[Out] x*ArcSin[x/Sqrt[1 - x72]] + ArcTan[Sqrt[1 - 2*xx"2]]
Rule 63

Int[((a_.) + (b_)*x))" @ )*((c_.) + (d_)*x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +

(d*x"p)/b)°n, x1, x, (a + b*xx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, O] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 444

Int[(x_)"(m_.)*x((a_) + (b_)*(x_)"(n_))"(p_.)*((c_) + (d_)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)~q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]

Rule 4840

Int[ArcSinf[u_], x_Symbol] :> Simp[x*ArcSin[u], x] - Int[SimplifyIntegrand[(
x*¥D[u, x])/Sqrt[1 - u~2], x], x] /; InverseFunctionFreeQ[u, x] && !Functio
n0fExponentialQ[u, x]

Rubi steps
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fsin'l( X ) dx = xsin™? X —f X dx
1—x2 1—x2 V1 —2x2 (1—x2)

1
- E Subst (

dx, x, x2)

1
f\/1—2x(1—x)
1 1
:xsin_l ad +ESUbSt fﬁdx,x, V1 — 2x2
_+_

1—x2

)

= xsin~! X - +tan’! (V1—2x2)
1-x

Mathematica [A] time = 0.01, size = 29, normalized size = 1.00

) e (75
xsin | ————1 + tan 1-2x
(1—x2

Antiderivative was successfully verified.

[In] Integrate[ArcSin[x/Sqrt[1l - x72]],x]
[Out] x*ArcSin[x/Sqrt[1 - x72]] + ArcTan[Sqrt[1 - 2*x~2]]

fricas [B] time = 0.50, size = 60, normalized size = 2.07

2x2-1
P+ V=22 +14 5 -1
2

V-x2+1x

> + arctan
x —

—x arcsin (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x/(-x"2+1)"(1/2)),x, algorithm="fricas")

[Out] -x*arcsin(sqrt(-x"2 + 1)*x/(x"2 - 1)) + arctan((x"2 + sqrt(-x"2 + 1)*sqrt((
2%x72 - 1)/ (x72 - 1)) - 1)/x72)

giac [A] time = 1.33, size = 34, normalized size = 1.17

arctan (V—Z x2+1 )

—x2+1)+ sgn(xz—l)

X arcsin (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x/(-x"2+1)"(1/2)),x, algorithm="giac")
[Out] x*arcsin(x/sqrt(-x"2 + 1)) + arctan(sqrt(-2*x~2 + 1))/sgn(x"2 - 1)

maple [B] time = 0.12, size = 138, normalized size = 4.76

221 [~ (_ ( 2x+1 ) ( 2x-1 ) ) ) \/m
X )+\/ —— V-x*+1 (-arctan o) tarctan | ——= +V-2x2 +1 N A
V-x2 +1 V=222 +1 (2+V2)(-2+v2) 2

X arcsin (

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arcsin(x/(-x"2+1)"(1/2)),x)
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[Out] x*arcsin(x/(-x"2+1)"(1/2))+((2*x"2-1)/(x"2-1)) " (1/2) *(-x"2+1) "~ (1/2) * ((-2*x~
2+1) " (1/2)—arctan((2*x+1) / (-2*x"2+1) " (1/2) ) +arctan((2*x-1) / (-2*x"2+1) ~(1/2)

1)/ (=2%x72+1) " (1/2) / (2+27(1/2) ) / (=2+27(1/2) ) +1/2x ((2*xx~2-1) / (x72-1) ) ~(1/2) *
(-x~2+1)"(1/2)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

X
f arcsin (—) dx
—x2+1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arcsin(x/(-x"2+1)"(1/2)),x, algorithm="maxima"
[Out] integrate(arcsin(x/sqrt(-x"2 + 1)), x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.03

fasm(\/l’i_xz)dx

Verification of antiderivative is not currently implemented for this CAS

[In] int(asin(x/(1 - x~2)~(1/2)),x)
[Out] int(asin(x/(1 - x72)°(1/2)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

fasm(\/l’i_xz)dx

Verification of antiderivative is not currently implemented for this CAS

[In] integrate(asin(x/(-x*¥2+1)*x(1/2)),x)

[Out] Integral(asin(x/sqrt(l - x*%*2)), x)
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3.50 f tan™ (x\/l - xz) dx

Optimal. Leaf size=106

- %(1+\/g)tan_1[ %(1+\/g)\/1——x2]+xtan_l(x\/l——xz)+ (\/g—l)tanh_l[ %(\/g—l)\/l_—

1
2

[Out] x*arctan(xx(-x"2+1)~(1/2))+1/2xarctanh(1/2*x(-x"2+1)~(1/2)*(-2+2x5~(1/2))~ (1
/2))*x(=2+2x57(1/2))~(1/2)-1/2*arctan(1/2*(-x"2+1) ~(1/2) *(2+2*5~(1/2) )~ (1/2)
Y (2+2x57(1/2))°(1/2)

Rubi [A] time = 0.11, antiderivative size = 106, normalized size of antiderivative
= 1.00, number of steps used = 6, number of rules used = 6, integrand size = 14,

number OLIWIES _ 0,429, Rules used = {5203, 1685, 826, 1166, 204, 206)

integrand size

f 2 -1 f 2 V1 -2 [+xtan™ [xV1 — 22 +‘/ 2 anh™’ \/ 2 - x?
_\/g_ltan(\/g_ll ]t (1 ) 1+\/§th[1+\/§\/1 J

Antiderivative was successfully verified.

[In] Int[ArcTan[x*Sqrt[1 - x72]],x]

[Out] -(Sqrt[2/(-1 + Sqrt[5])]*ArcTan[Sqrt[2/(-1 + Sqrt[5])]*Sqrt[l - x~2]]) + x*
ArcTan[x*Sqrt[1 - x72]] + Sqrt[2/(1 + Sqrt[5])]*ArcTanh[Sqrt[2/(1 + Sqrt[5]
)1*Sqrt[1 - x~2]]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] |l LtQ[b, 0])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/bl && (Gt
Qla, 01 |l LtQ[b, 01)

Rule 826

Int[((£_.) + (g_.)*(x_))/(Sqrtl(d_.) + (e_.)*(x_)Ix((a_.) + (b_.)*(x_) + (c
_)*(x_)72)), x_Symbol] :> Dist[2, Subst[Int[(exf - d*g + gxx~2)/(cxd”2 - b
xdxe + axe”2 - (2%c*d - b*xe)*x”2 + c*x"4), x], x, Sqrtl[d + exx]], x] /; Fre
eQl{a, b, ¢, d, e, f, g}, x] && NeQ[b™2 - 4xa*xc, 0] && NeQ[c*xd~2 - b*xd*xe +
axe”2, 0]

Rule 1166

Int[((d_) + (e_)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4x*axc, 2]}, Dist[e/2 + (2%c*d - bxe)/(2xq), Int[1/(b/2
- q/2 + c*x72), x], x] + Distl[e/2 - (2*c*d - b*e)/(2*%q), Int[1/(b/2 + q/2
+ c*xx72), xJ, x]] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4x*xaxc, 0] && Ne
Qlcxd™2 - a*xe™2, 0] && PosQ[b~2 - 4x*xaxc]

Rule 1685

Int[(Px )*(x_)*((d_) + (e_)*(x_)"2)"(q_)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)74)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[(Px /. x -> Sqrt[x])*(d + e*x)
“gx(a + b*x + c*x”2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x]
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&& PolyQ[Px, x72]
Rule 5203

Int[ArcTan[u_], x_Symbol] :> Simp[x*ArcTan[u], x] - Int[SimplifyIntegrand[(
x*xD[u, x]1)/(1 + u2), x], x] /; InverseFunctionFreeQ[u, x]

Rubi steps
x(l Zx)
ftan (x\/l xz)dx—x’cam1 xV1 - xz) f dx
V1 - x2 1+x2—x4)
1
= nl(x\/l xz) — Subst f dx, x, x?
2 V1 - x 1+x x)
1—2x2
_ -1
= xtan (x 1- x2) Subst( 1+x2—x4d 1—x2)
1
= nl(x 1- x2)+Subst f—clx,x,\/l—x2 +Substf
\/— xZ 1+£-
2 72

S [/_mfvl—xz)man (VI=) + | —2— tan

Mathematica [A] time = 0.18, size = 106, normalized size = 1.00

\/7(“( it ([ V2 ) -2vani (ﬁ]]

1+\/_

&

xtan~ (x 1- x2

Antiderivative was successfully verified.

[In] Integrate[ArcTan[x*Sqrt[1 - x72]],x]

[Out] x*ArcTan[x*Sqrt[1 - x72]] - (Sqrt[2/(-1 + Sqrt[5])]*((1 + Sqrt[5])*ArcTan[S
qrt[2/(-1 + Sqrt[5])]1*Sqrt[1 - x72]] - 2%ArcTanh[Sqrt[2 - 2*x~2]/Sqrt[1 + S
qrt[5111))/(1 + Sqrt[5])

fricas [B] time = 0.51, size = 164, normalized size = 1.55

xarctan(\/—x2+1x)+\/§\/\/§ +1 arctan(—%\/i\/—x2+1\/\/§ +1 +%\/§\/—16x2+8\/§ +8\/\/§ -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x*(-x"2+1)7(1/2)),x, algorithm="fricas")

[Out] x*arctan(sqrt(-x~2 + 1)*x) + sqrt(2)*sqrt(sqrt(5) + 1)*arctan(-1/2*sqrt(2)*
sqrt(-x72 + 1)*sqrt(sqrt(5) + 1) + 1/8*sqrt(2)*sqrt(-16*x~2 + 8xsqrt(5) + 8
)*sqrt(sqrt(5) + 1)) + 1/4xsqrt(2)*sqrt(sqrt(5) - 1)*log((sqrt(5)*sqrt(2) +
sqrt(2))*sqrt(sqrt(5) - 1) + 4xsqrt(-x"2 + 1)) - 1/4*sqrt(2)*sqrt(sqrt(5)
- 1)*log(-(sqrt(56)*sqrt(2) + sqrt(2))*sqrt(sqrt(5) - 1) + 4*sqrt(-x~2 + 1))

giac [A] time = 1.46, size = 111, normalized size = 1.05

-x?+1 1 1 1]
xarctam(‘\/—x2 1x) > =425 +2 arctan x—+1 +1 \2V5 -2 log[\/—x2 +1 + E\/g + E]_
)f _ 1 !

2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x*(-x"2+1)~(1/2)),x, algorithm="giac")

[Out] x*arctan(sqrt(-x~2 + 1)*x) - 1/2xsqrt(2*sqrt(5) + 2)*arctan(sqrt(-x"2 + 1)/
sqrt(1/2*%sqrt(5) - 1/2)) + 1/4xsqrt(2xsqrt(5) - 2)*log(sqrt(-x"2 + 1) + sqr
t(1/2*sqrt(5) + 1/2)) - 1/4*xsqrt(2*sqrt(5) - 2)*log(abs(sqrt(-x"2 + 1) - sq
rt(1/2*sqrt(5) + 1/2)))

maple [B] time = 0.09, size = 198, normalized size = 1.87

2 2

4th&4) 4Vq&44) 4Vﬂhﬂ*
— +4+2+5 — = +4+2+/5

arctanh \/5 arctan 2

4~/2+5 4+/2+5 4\/:
x arctan (V—xz +1 x)+ + +

24/2 + 5 24/2 + 5 24/-2 + VF

Verification of antiderivative is not currently implemented for this CAS.

\/5 arctanh

[In] int(arctan((-x"2+1)"(1/2)*x),x)

[Out] x*arctan((-x"2+1)"(1/2)*x)+1/2*57(1/2)/(2+57(1/2)) " (1/2)*arctanh(1/4* (2% ((-
x"2+1)7(1/2)-1)"2/x72+4+2x57(1/2)) / (2+57(1/2) )~ (1/2))+1/2*5~(1/2) / (-2+5~(1/
2))~(1/2)*arctan(1/4* (2% ((-x"2+1) " (1/2)-1)"2/x"2-2x5"(1/2)+4) / (-2+5"(1/2) )~
(1/2))+1/2/(2+57(1/2))~(1/2)*arctanh (1/4* (2x ((-x"2+1)~(1/2)-1) "2/x"2+4+2%5~
(1/2))/(2+57(1/2))~(1/2))-1/2/(-2+5"(1/2))~(1/2) *arctan(1/4*x (2* ((-x"2+1)~ (1
/2)-1)"2/x72-2%57(1/2)+4) / (-2+5"(1/2))~(1/2))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

(2 B x)e(% log(x+1)+3 10g(—x+1))

xarctan(\/x+1x\/—x+1)—f

dx
¥ + (x4 _ xz)e(log(x+1)+log(—x+1)) -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x*(-x"2+1)~(1/2)),x, algorithm="maxima")

[Out] x*arctan(sqrt(x + 1)*x*sqrt(-x + 1)) - integrate((2*x~3 - x)*e”(1/2*log(x +
1) + 1/2%x1log(-x + 1))/(x"2 + (x74 - x72)*e" (log(x + 1) + log(-x + 1)) - 1)
» X)

mupad [B] time = 1.16, size = 455, normalized size = 4.29

(x §+%—1)1i [x ﬂ%—@—l]li

1 5 3/2 5.1
3T V51 V5 1 2 *2 [1_
In %, ( T+5_2(T+E) ) In P ( 2

V723 V277
x atan (x\/l — x?2 )+ 7 +

V51 Vs o1 1 5 1 5 1 5
[2 7+5‘4(7+z) ) 272 (2 5‘7‘4(5‘7)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan(x*x(1 - x~2)~(1/2)),x)

[Out] x*atan(x*(1 - x72)7(1/2)) + (Log((((x*x(57(1/2)/2 + 1/2)7(1/2) - 1)*1i)/(1/2
- 57(1/2)/2)7(1/2) - (1 - x72)7(1/2)*11)/(x - (67(1/2)/2 + 1/2)7(1/2)))*((
57(1/2)/2 + 1/2)7(1/2) - 2x(67(1/2)/2 + 1/2)7(3/2)))/((2x(57(1/2)/2 + 1/2)~
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(1/2) - 4x(57(1/2)/2 + 1/2)7(3/2))*(1/2 - 57(1/2)/2)7(1/2)) + (log((((x*(1/
2 - 57(1/2)/2)7(1/2) - 1D)*11)/(67(1/2)/2 + 1/2)7(1/2) - (1 - x72)7(1/2)*11i)
/(x - (1/2 - 57(1/2)/2)~(1/2)))*((1/2 - 57(1/2)/2)7(1/2) - 2x(1/2 - 57(1/2)
/2)7(3/2)))/((2%(1/2 - 57(1/2)/2)~(1/2) - 4%(1/2 - 57(1/2)/2)"(3/2))*(57(1/
2)/2 + 1/2)7(1/2)) + (Qog((((xx(57(1/2)/2 + 1/2)~(1/2) + 1)*1i)/(1/2 - 5°(1
/2)/2)7(1/2) + (1 - x72)7(1/2)*1i)/(x + (67(1/2)/2 + 1/2)7(1/2)))*((57(1/2)
/2 + 1/2)7(1/2) - 2x(57(1/2)/2 + 1/2)7(3/2)))/((2*%(67(1/2)/2 + 1/2)~(1/2) -
4x(57(1/2)/2 + 1/2)7(3/2))*(1/2 - 57(1/2)/2)7(1/2)) + (Log((((x*(1/2 - 57(
1/2)/2)7(1/2) + 1)*11)/(67(1/2)/2 + 1/2)7(1/2) + (1 - x72)7(1/2)*1i)/(x + (
1/2 - 57(1/2)/2)~(1/2)))*((1/2 - 57(1/2)/2)"(1/2) - 2x(1/2 - 57(1/2)/2)~(3/
2)))/((2%(1/2 - 57(1/2)/2)7(1/2) - 4x(1/2 - 57(1/2)/2)7(3/2))*(57(1/2)/2 +
1/2)7(1/2))

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(x*(—x**2+1)**(1/2)),x)

[Out] Timed out
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in the
test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal] *)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returnsx)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex*)

(x "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(x antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimal],
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result]<=2*LeafCount [optimal],
IIAII ,
llBll] s
"c"1,
If [FreeQ[result,Integrate] && FreeQ[result,Int],
||c|| s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)

(*1 = rational functionx)

(¥2 = algebraic functionx)
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(¥3 = elementary functionx)

(x4 = special functionx)

(*5 = hyperpergeometric function*)
(¥6 = appell functionx)

(x7 = rootsum functionx)

(¥8 = integrate functionx)

(¥9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]11,
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]1]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunction(Q[Head [expnl],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType, Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expnl],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]],
If [Head[expn]l===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LoglIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

},funcl]

HypergeometricFunctionQ[func_] :=

Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]
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AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File:

GradeAntiderivative.mpl

# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser
#Nasser

03/22/2017 Use Maple leaf count instead since buildin
03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
GradeAntiderivative := proc(result,optimal)

local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then

return "B";

fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType (result);
ExpnType_optimal:=ExpnType (optimal) ;

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",

ExpnType_optimal) ;

fi;
# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns
# "F" if the result fails to integrate an expression that
# is integrable
# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal
# antiderivative
# "A" if result can be considered optimal
#This check below actually is not needed, since I only
#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";

end if;

if ExpnType_result<=ExpnType_optimal then
if debug then

print ("ExpnType_result<=ExpnType_optimal");

fi;




if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf_ count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves
# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
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# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' *~') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:
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AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum”™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]
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def is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print ("expn=",expn, "type (expn)=",type (expn))

if is_atom(expn) :
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' "~ ')

if isinstance(expn.args([1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' % ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(1l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum) :
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType
,Apply[List,expnl],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9
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#main function
def grade_antiderivative(result,optimal):

leaf _count_result = leaf_count(result)
leaf_count_optimal

leaf_count (optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

debug=False;

def tree_size(expr):
e
Return the tree size of this expression.
win
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True




197

else:
return False
else:
return False

def is_elementary_function(func):

debug=False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot','sec', 'csc’',
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh','cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',

'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug=False
if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin', 'fresnel cos','Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma','log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

def is_appell_function(func):
return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath

def is_atom(expn):

debug=False
if debug: print ("Enter is_atom")

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:

if expn.parent() is SR:
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return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False
except AttributeError as error:

return False

def expnType (expn) :

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational) :
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer

)

return expnType(expn.operands() [0])  #expnType (expn.args[0])

elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],

Rational)

if type(expn.operands() [0])==Rational: #isinstance(expn.argsl[0],
Rational)

return 1
else:

return max(2,expnType (expn.operands() [0])) #max(2,expnType(

expn.args[0]))

else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()

[1]1)) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)

ml = expnType(expn.operands() [0]) #expnType(expn.args[0])

m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]))

return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)

return max(3,expnType (expn.operands () [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(4,ml) #max (4,m1)

elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(5,m1)  #max(5,ml1)
elif is_appell_function(expn.operator()):
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ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,m1)  #max(6,ml)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

if debug: print ("Enter grade_antiderivative for sagemath")

tree_size(result) #leaf_count(result)
tree_size(optimal) #leaf_count(optimal)

leaf count_result
leaf_count_optimal

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result expnType (result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x*leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2x*leaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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