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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 35 ]. This is test number [ 2 |.

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.

Mathematica 12.3 (64 bit) on windows 10.

. Rubi 4.16.1 in Mathematica 12.1 on windows 10.
. Maple 2021.1 (64 bit) on windows 10.

. Maxima 5.44 on Linux. (via sagemath 9.3)

2
3
4
5.
6
7
8

Fricas 1.3.7 on Linux (via sagemath 9.3)

. Giac/Xcas 1.7 on Linux. (via sagemath 9.3)
. Sympy 1.8 under Python 3.8.8 using Anaconda distribution on Ubuntu.
. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 under win-

dows 10 (64 bit)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi %9429 (33) | %5.71(2)
Mathematica | % 100.00 (35) | % 0.00 (0)
Maple %77.14 (27 ) | %22.86 (8)
Maxima % 42.86 (15) | %5714 (20)
Fricas % 68.57 (24) | %31.43 (11)
Sympy % 20.00 (7) | % 80.00 (28)
Giac % 48.57 (17 ) | %51.43 (18)
Mupad %2571 (9) | %7429 (26)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following table
describes the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf
size.
B Integral was solved and antiderivative is optimal in quality but leaf

size is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the opti-
mal antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 9143 2.86 0.00 5.71
Mathematica 68.57 14.29 17.14 0.00
Maple 45.71 17.14 14.29 22.86
Maxima 37.14 2.86 2.86 57.14
Fricas 37.14 31.43 0.00 31.43
Sympy 11.43 8.57 0.00 80.00
Giac 28.57 17.14 2.86 51.43
Mupad 0.00 25.71 0.00 74.29

Table 1.3: Antiderivative Grade distribution of each CAS



The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).



The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in CAS. This type of error
requires more investigations to determine the cause.

System Number failed | Percentage nor-| Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 2 100.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %

Maple 8 100.00 % 0.00 % 0.00 %

Maxima 20 95.00 % 5.00 % 0.00 %

Fricas 11 81.82 % 0.00 % 18.18 %

Sympy 28 96.43 % 3.57 % 0.00 %

Giac 18 94.44 % 0.00 % 5.56 %

Mupad 26 100.00 % 0.00 % 0.00 %

Table 1.4: Time and leaf size performance for each CAS




1.3 Performance
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The table below summarizes the performance of each CAS system in terms of CPU time
and leaf size of results.

System Mean time | Mean size | Normalized | Median Normalized
(sec) mean size median
Rubi 0.30 183.58 1.23 83.00 1.00
Mathematica | 0.62 286.23 1.78 102.00 1.00
Maple 0.09 139.37 1.21 83.00 0.84
Maxima 1.08 94.33 1.20 51.00 1.23
Fricas 1.21 571.00 2.88 77.00 1.52
Sympy 5.90 168.86 3.97 65.00 2.60
Giac 0.33 110.00 1.62 74.00 1.03
Mupad 0.59 160.00 1.47 49.00 0.94

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used columns from the

above table.
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Normalized mean size of antiderivative
Lower is better

Mean time used (seconds)
Lower is better

1.4 list of integrals that has no closed form an-
tiderivative

{
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1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}
Mupad {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi (129
Mathematica {[7}[14,21}]26,28)[31}35]}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral
was aborted and considered to have failed and assigned an F grade. The time used by
failed integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. The exception message will indicate of the error is due to the interactive
question being asked or not.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_1lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffqrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result
back to SageMath syntax and not because these CAS system were not able to do the
integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy and Giac antideriva-
tives is determined using the following function, thanks to user slelievre athttps://


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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lask.sagemath.org/question/57123/could-we-have-a-leaf count-function-in-baseg-

def tree_size(expr):
i
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, wvectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is Nonme:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which is called directly from Python, the following code is used to obtain the
leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative, Maple was used to determine the leaf size of Mupad output by post
processing.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

integrand = evalin(symengine, 'cos(x)*sin(x)"')
the_variable = evalin(symengine, 'x')
anti = int(integrand,the_variable)

Which gives sin(x)~2/2


https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

Mathematica script w

POST PROCESSOR PROGRAM
;/r\ :
Test files from Maple script E Program that

Albert Rich Rubi generates the
website = Ltex repor

using input

from the
’ Matlab script for Mupad/Symbolic toolbox ; result tables

— Giac 4>
SageMath/Python
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One record (line) per one integral result. The line is CSV comma separated. This is description of each record
. integer, the problem number.

.integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)

. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. number. CPU time used to solve this integral. 0 if failed.
. string. The integral in Latex format . .
. string. The input used in CAS own syntax. ngh level overview of the CAS

. string. The result (antiderivative) produced by CAS in Latex format independent integration test
. string. The optimal antiderivative in Latex format. .
.integer. 0 or 1. Indicates if problem has known antiderivative or not build SyStem
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
The following field present only in Rubi and Mathematica Tables
.integer. 1 if result was verified or 0 if not verified.
The following fields present only in Rubi Tables Nasser M. Abbasi
14. integer. Number of rules used. Ve 20m
15. integer. Integrand leaf size.
16. real number. Ratio of field 14 over field 15
17. integer. 1 if result was verified or 0 if not verified.
18. String of form “{n,n,..}” which is list of the rules used by Rubi
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Chapter 2

detailed summary tables of results

2.1 Listofintegrals sorted by grade for each CAS

2.1.1 Rubi

A grade: (1121038518 BV IO T35 3 1516/ 519 20 3 23 2 25, E8 2 )
B0 BT BRI B

B grade: {21]}

C grade: { }

F grade: {[7}[8] }

2.1.2 Mathematica

A grade (BBBEDMNEHRGEDCEOHIBD0MEZHES)
B grade: {[8|[14}[19,20,[B3]}

C grade: ([BB2IR529)
F grade: { }

2.1.3 Maple

A grode: (1B BB DB DB EOEHE)
B grade: { BT ZH8)

C grade: {[6}[7}[8/[13][14] }

F grade: (B3 [6 I8 016

17
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2,14 Maxima

A grade: { [} B} [7[8 [[0}[TT}[12[19 20,22} 33 ]p4]}
B grade: {23]}
C grade: {{4}

F grade: { 26)9)3) T8 15)6 (7 18) 21 274 25) 26,27 25) 29,50} 51 52 5

2.1.5 FriCAS

A grade: ()2 BB 5021515/ B 1922)
B grade: (10 13/ H/ 2 123232853 )

C grade: { }

F grade: {[7}[8}[25271[28 2950} B1} 52} B4, 85} )

2.1.6 Sympy

A grade: { B][6|[10}[19]}
B grade: {[1}[5|22}
C grade: { }

d}e: {(BB7BPIT T2 13141516 178 20,P1) 23,24 256 27,28 2950 5T} 52, 33|

2.1.7 Giac

A grade: {[1}35}[6} 10 [11}[12, 21} 22} 23]}
B grade: { J[17[19,20,2426]}
C grade: {{4}

F grade: { B D/13/14[15/[16/18,25,27,28/29,50,51, 52333435
2.1.8 Mupad

A grade: { }

B grade: {[}}B/[5 /6121 22} 23, 26}

C grade: { }
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given
as F(-2) if the failure was due to an exception being raised, which could indicate a bug
in the system. If the failure was due to integral not being evaluated within the time limit,
then it is given just an F.

In this table,the column normalized size is defined as

antiderivative leaf size

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 22 22 77 21 20 25 61 18 16
normalized size | 1 1.00 3.50 0.95 091 1.14 2.77 0.82 0.73
time (sec) N/A 0.135 0.069 0.077 1.119 0410 6.726 0.176  0.141
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F A F B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 32 32 24 50 0 44 0 147 49
normalized size | 1 1.00 0.75 1.56 0.00 1.38 0.00 4.59 1.53
time (sec) N/A 0.156 0.024 0.014 0.000 0411 0.000 0.243 0.622
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 16 16 23 20 14 15 14
normalized size | 1 1.00 0.64 0.64 0.92 0.80 0.56 0.60 0.56
time (sec) N/A 0.014 0.012 0.019 0.527 0407 0378 0.170 0.163
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Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 58 58 68 42 112 46 0 43 -1
normalized size | 1 1.00 1.17 0.72 1.93 0.79 0.00 0.74 -0.02
time (sec) N/A 0.082 0.022 0.021 1.378 0.446 0.000 0.175 0.000
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 50 50 26 42 56 67 838 32 88
normalized size | 1 1.00 0.52 0.84 1.12 1.34 16.76  0.64 1.76
time (sec) N/A 0.026 0.044 0.130 0.494 0411 5674 0.168 0.269
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F B A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 334 334 30 36 0 1058 26 248 313
normalized size | 1 1.00 0.09 0.11 0.00 3.17 0.08 0.74 0.94
time (sec) N/A 0.347 0.006 0.033 0.000 0.445 2810 0.197 0.262
Problem 7| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A F A C A F(-2) F F F
verified N/A N/A NO TBD TBD TBD TBD  TBD TBD
size 291 0 430 171 366 0 0 0 -1
normalized size | 1 0.00 1.48 0.59 1.26 0.00 0.00 0.00 -0.00
time (sec) N/A 0.049 1.110 0.170 1.299 0.000  0.000 0.000  0.000
Problem § Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A F B C A F(-2) F F F
verified N/A N/A Yes TBD TBD TBD TBD TBD  TBD
size 308 0 654 198 378 0 0 0 -1
normalized size | 1 0.00 2.12 0.64 1.23 0.00 0.00 0.00 -0.00
time (sec) N/A 0.043 0.600 0.016 1.280 0.000  0.000 0.000 0.000
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Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 84 84 84 0 0 66 0 0 -1
normalized size | 1 1.00 1.00 0.00 0.00 0.79 0.00 0.00 -0.01
time (sec) N/A 0.059 0.046 0.041 0.000 0416 0.000 0.000 0.000
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 41 41 41 34 51 101 112 51 -1
normalized size | 1 1.00 1.00 0.83 1.24 2.46 2.73 124  -0.02
time (sec) N/A 0.193 0.066 0.005 1424 0410 21.078 0.186  0.000
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 73 73 71 175 63 112 0 67 -1
normalized size | 1 1.00 0.97 2.40 0.86 1.53 0.00 0.92 -0.01
time (sec) N/A 0.108 0.069 0.174 1296  0.407 0.000 0.811  0.000
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 73 73 52 60 77 110 0 79 -1
normalized size | 1 1.00 0.71 0.82 1.05 1.51 0.00 1.08 -0.01
time (sec) N/A 0.271 0.083 0.009 1.471 0.408 0.000 0.715 0.000
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 365 365 357 109 0 5235 0 0 -1
normalized size | 1 1.00 0.98 0.30 0.00 1434  0.00 0.00  -0.00
time (sec) N/A 0.859 0.493 0.045 0.000 8433 0.000 0.000 0.000
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Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B C F B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 337 337 2581 105 0 4535 0 0 -1
normalized size | 1 1.00 7.66 0.31 0.00 13.46  0.00 0.00 -0.00
time (sec) N/A 0.621 6.376 0.020 0.000 4999 0.000 0.000 0.000
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 77 77 74 0 0 56 0 0 -1
normalized size | 1 1.00 0.96 0.00 0.00 0.73 0.00 0.00 -0.01
time (sec) N/A 0.071 0.042 0.087 0.000 0.854  0.000 0.000  0.000
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 118 118 112 0 0 73 0 0 -1
normalized size | 1 1.00 0.95 0.00 0.00 0.62 0.00 0.00 -0.01
time (sec) N/A 0.191 0.087 0.221 0.000 1.215 0.000 0.000  0.000
Problem 17] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F A F B F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 83 83 85 298 0 81 0 188 -1
normalized size | 1 1.00 1.02 3.59 0.00 0.98 0.00 2.27 -0.01
time (sec) N/A 0.100 0.045 0.015 0.000 2797  0.000 0.679  0.000
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 96 96 98 0 0 122 0 0 -1
normalized size | 1 1.00 1.02 0.00 0.00 1.27 0.00 0.00 -0.01
time (sec) N/A 0.084 0.202 0.057 0.000 2.856  0.000 0.000 0.000
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Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B B A A A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 25 25 112 49 36 34 65 75 -1
normalized size | 1 1.00 4.48 1.96 1.44 1.36 2.60 3.00 -0.04
time (sec) N/A 0.075 0.130 0.031 1.211 0394 3975 0.249 0.000
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 25 25 126 33 35 55 0 74 -1
normalized size | 1 1.00 5.04 1.32 1.40 2.20 0.00 2.96 -0.04
time (sec) N/A 0.051 0.116 0.120 1.087 0.432 0.000 0.246  0.000
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A B C A F(-1) B F A B
verified N/A NO NO TBD TBD TBD TBD TBD  TBD
size 108 786 478 95 0 219 0 104 307
normalized size | 1 7.28 443 0.88 0.00 2.03 0.00 0.96 2.84
time (sec) N/A 1.117 6.357 0.141 0.000 0.561 0.000 0204 1.247
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 29 29 56 27 40 46 66 30 26
normalized size | 1 1.00 1.93 0.93 1.38 1.59 2.28 1.03 0.90
time (sec) N/A 0.020 0.042 0.084 0.434 0444 0692 0179 0278
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 26 26 26 20 43 68 0 21 19
normalized size | 1 1.00 1.00 0.77 1.65 2.62 0.00 0.81 0.73
time (sec) N/A 0.013 0.019 0.052 0.977 0.415 0.000 0.217 0.162
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 110 147 121 366 0 859 0 377 -1
normalized size | 1 1.34 1.10 3.33 0.00 7.81 0.00 343 -0.01
time (sec) N/A 0.607 0.134 0.180 0.000 0.461 0.000 0.591 0.000
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 40 40 54 75 0 0 0 0 -1
normalized size | 1 1.00 1.35 1.88 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.081 1.930 0.161 0.000 0.471  0.000 0.000  0.000
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F B F B B
verified N/A NO NO TBD TBD TBD TBD TBD  TBD
size 185 349 910 392 0 452 0 301 608
normalized size | 1 1.89 4.92 212 0.00 244 0.00 1.63 3.29
time (sec) N/A 0.976 0.580 0.211 0.000 0.471 0.000 0.386 2.183
Problem 27] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 102 102 102 83 0 0 0 0 -1
normalized size | 1 1.00 1.00 0.81 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.146 0.019 0.065 0.000 0.416  0.000 0.000 0.000
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 159 159 122 0 0 0 0 0 -1
normalized size | 1 1.00 0.77 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.203 0.095 4.107 0.000 0.411  0.000 0.000  0.000
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Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 395 395 347 0 0 0 0 0 -1
normalized size | 1 1.00 0.88 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.537 0.248 6.564 0.000 0.427  0.000 0.000 0.000
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 981 981 868 730 0 0 0 0 -1
normalized size | 1 1.00 0.88 0.74 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 1.252 0.557 0.094 0.000 0.417  0.000 0.000  0.000
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 555 555 1076 0 0 0 0 0 -1
normalized size | 1 1.00 1.94 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.712 1.576 0.113 0.000 0.416  0.000 0.000  0.000
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 313 313 303 252 0 0 0 0 -1
normalized size | 1 1.00 0.97 0.81 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.377 0.105 0.025 0.000 0.424 0.000 0.000 0.000
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A B A A B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 80 80 262 113 84 220 0 0 -1
normalized size | 1 1.00 3.28 1.41 1.05 2.75 0.00 0.00 -0.01
time (sec) N/A 0.083 0.256 0.172 1.009 0.454 0.000 0.000 0.000
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Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 57 57 44 0 31 0 0 0 -1
normalized size | 1 1.00 0.77 0.00 0.54 0.00 0.00 0.00 -0.02
time (sec) N/A 0.076 0.059 0.592 1.151  0.435 0.000 0.000  0.000
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 121 121 131 171 0 0 0 0 -1
normalized size | 1 1.00 1.08 141 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.109 0.218 0.382 0.000 0436  0.000 0.000 0.000

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size
number of rules

of the integrand. Finally the ratio -

integrand size

the integral was to solve. In this test, problem number [29] had the largest ratio of [1.154]

is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized
. integr and number of rules
# grade steps unique antiderivative riczrand loaf size
) leaf size &
used rules leaf size

A 1 1.00 12 0.083

2 A 4 1.00 19 0.158

A 2 1.00 6 0.333
Continued on next page




Table 2.1 — continued from previous page

number of number of normalized
# | grade steps unique antiderivative ntegrand %
o . o leaf size integrand leaf size
4 A 5 5 1.00 10 0.500
5 A 3 2 1.00 7 0.286
6 A 22 9 1.00 8 1.125
4 F 0 0 N/A 0 N/A
& F 0 0 N/A 0 N/A
9 A 4 3 1.00 19 0.158
10| A 6 3 1.00 25 0.120
11 A 5 2 1.00 19 0.105
12/ A 6 3 1.00 21 0.143
13| A 20 8 1.00 28 0.286
14/ A 22 9 1.00 21 0.429
15/ A 2 1 1.00 27 0.037
16/ A 3 2 1.00 36 0.056
17| A 7 5 1.00 17 0.294
18| A 7 5 1.00 17 0.294
19| A 6 6 1.00 25 0.240
200 A 7 7 1.00 14 0.500
21 B 45 7 7.28 9 0.778
22/ A 3 3 1.00 8 0.375
23| A 2 2 1.00 10 0.200
24| A 11 7 1.34 16 0.438
25| A 5 5 1.00 11 0.454
26| A 31 12 1.89 16 0.750
27 A 12 10 1.00 16 0.625
28| A 13 12 1.00 12 1.000

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized
. integr and number of rules
# | grade steps unique antiderivative PRv—T—
. leaf lee mi egran ear size
used rules leaf size
29 A 28 15 1.00 13 1.154
30 A 44 10 1.00 18 0.556
31 A 35 16 1.00 18 0.889
32 A 21 7 1.00 14 0.500
33 A 7 4 1.00 5 0.800
34 A 5 5 1.00 8 0.625
35 A 10 7 1.00 14 0.500

29
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Chapter 3

Listing of integrals

3.1 dz

1
f V2 +cos(z)+sin(z)
Optimal. Leaf size=22
_1-V2sin(z)
cos(z) — sin(z)
[Out] (-1+sin(z)*27(1/2))/(cos(z)-sin(z))

Rubi [A] time = 0.14, antiderivative size = 22, normalized size of antiderivative = 1.00,

. ) number of rules
number of steps used = 1, number of rules used = 1, integrand size = 12, ————— =

0.083, Rules used = {3114}

integrand size

_ 1-+2 sin(z)
cos(z) — sin(z)
Antiderivative was successfully verified.
[In] Int[(Sqrt[2] + Cos[z] + Sin[z])~(-1),z]
[Out] -((1 - Sqrt[2]*Sin[z])/(Cos[z] - Sin[z]))
Rule 3114

Int[(cos[(d_.) + (e_)*(x_)]*(b_.) + (a_) + (c_.)*sin[(d_.) + (e_.)*x(x)1)"
(-1), x_Symbol] :> -Simp[(c - a*Sin[d + e*x])/(c*ex(cxCos[d + exx] - b*Sin[
d + e*xx])), x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[a"2 - b~2 - ¢~2, 0]

Rubi steps
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1-2 sin(z)

dz = _cos(z) — sin(z)

1
f V2 + cos(z) + sin(z)

Mathematica [C] time = 0.07, size = 77, normalized size = 3.50

(@ +i)-iv2)sin(3) - (V2 + (1 +3i)) cos (5)
i(V2 + (-1-i))sin () + (V2 + (1 + 1) cos (5)

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[2] + Cos[z] + Sin[z])~(-1),z]

[Out] (-(((1 + 3%I) + Sqrt[2])*Cos[z/2]) + ((1 + I) - I*Sqrt[2])*Sin[z/2])/(((1 +
I) + Sqrt[2])*Cos[z/2] + Ix((-1 - I) + Sqrt[2])*Sin[z/2])

fricas [A] time = 0.41, size = 25, normalized size = 1.14

V2 cos(z) + V2 sin(z) — 2

2 (cos(z) — sin(z))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(z)+sin(z)+27(1/2)),z, algorithm="fricas")
[Out] 1/2*(sqrt(2)*cos(z) + sqrt(2)*sin(z) - 2)/(cos(z) - sin(z))

giac[A] time = 0.18, size = 18, normalized size = 0.82

2(\/5 +1)
\/E +tan(%z)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(z)+sin(z)+27(1/2)),z, algorithm="giac")
[Out] -2x(sqrt(2) + 1)/(sqrt(2) + tan(1/2*z) + 1)

maple [A] time = 0.08, size = 21, normalized size = 0.95

2

(B 1) (an(5) +v2 +1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(z)+sin(z)+27(1/2)),2z)
[Out] -2/(27(1/2)-1)/(tan(1/2%z)+27(1/2)+1)
maxima [A] time = 1.12, size = 20, normalized size = 0.91
B 2
(V2-1)sin(z)

cos(z)+1

+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(z)+sin(z)+27(1/2)),z, algorithm="maxima"
[Out] -2/((sqrt(2) - 1)*sin(z)/(cos(z) + 1) + 1)

mupad [B] time = 0.14, size = 16, normalized size = 0.73

2

_tan (g) (\/E —1) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(z) + sin(z) + 27(1/2)),z)
[Out] -2/(tan(z/2)*(27(1/2) - 1) + 1)
sympy [B] time = 6.73, size = 61, normalized size = 2.77

198 N 14042

_239tan (g) +169V2 tan (g) —~70v2 +99 -239tan (g) +169V2 tan (g) — 702 +99

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(z)+sin(z)+2%*(1/2)),2)

[Out] -198/(-239*tan(z/2) + 169*sqrt(2)*tan(z/2) - 70*sqrt(2) + 99) + 140%*sqrt(2)
/(-239xtan(z/2) + 169*sqrt(2)*tan(z/2) - 70xsqrt(2) + 99)
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3.2 [————dx

(VE:§+ 1+x)2

Optimal. Leaf size=32

1—x2 1 1
7 —£+Esm (x)

[Out] -1/2/x+1/2%arcsin(x)+1/2*%(-x"2+1)7(1/2)/x

Rubi [A] time = 0.16, antiderivative size = 32, normalized size of antiderivative = 1.00,

. ) number of rules
number of steps used = 4, number of rules used = 3, integrand size =19, ————— =

integrand size
0.158, Rules used = {6690, 277, 216}
1-x2 1

1
__+_
SR R L)

Antiderivative was successfully verified.

[In] Int[(Sqrt[1 - x] + Sqrt[1 + x])~(-2),x]

[Out] -1/(2*x) + Sqrt[l - x72]/(2*x) + ArcSin[x]/2
Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 277

Int[(Cc_)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x™n) p)/(cx(m + 1)), x] - Dist[(b*n*p)/(c”n*(m + 1)), In
t[(c*x)"(m + n)*(a + bxx™n)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] & GtQ[p, 0] && LtQ[m, -1] && !'ILtQ[(m + n*p + n + 1)/n, 0] && IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 6690

Int[(u_.)*((e_.)*Sqrtl[(a_.) + (b_)*(x_)"(n_.)] + (£_.)*Sqrtl[(c_.) + (d_.)*
(x_)"(n_.)1)"(m_), x_Symbol] :> Dist[(b*e”2 - d*f~2)"m, Int[ExpandIntegrand
[(u*x~ (m*n))/(exSqrtla + b*x"n] - f*Sqrtlc + d*x"n])"m, x], x], x] /; FreeQ
[({a, b, ¢, d, e, £, n}, x] && ILtQ[m, O] &% EqQla*e”2 - c*xf~2, 0]

Rubi steps
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f 1 _1 [2 2\/1—x2de
(\/1—x+\/1+x)2 4

2x 2 x2

1 +V1—x2 +1f 1 p
= - = X

2x 2x 2J \V1-x2

1 1—x2

Mathematica [A] time = 0.02, size = 24, normalized size = 0.75

V1-x2 + xsin}(x) -1

2x

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[l - x] + Sqrt[l + x])~(-2),x]
[Out] (-1 + Sqrt[l - x72] + x*ArcSin[x])/(2*x)

fricas [A] time = 0.41, size = 44, normalized size = 1.38

Zxarctan(w) —Vx+1vV-=x+1+1
2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/((1-x)~(1/2)+(1+x)~(1/2))"2,x, algorithm="fricas")

[Out] -1/2%(2xx*arctan((sqrt(x + 1) *sqrt(-x + 1) - 1)/x) - sqrt(x + 1) *sqrt(-x +
1) + 1)/x

giac [B] time = 0.24, size = 147, normalized size = 4.59

el

2(vw—1 R )

1 N 1 x+1

— 7T+ x+ V2 le — — + arctan

2 (ﬁ_\/—_m R ) g 2 2(V2 - vV=x+1)
Vx+1 \/E—\/—x+1

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/((1-x)~(1/2)+(1+x)~(1/2))"2,x, algorithm="giac")

[Out] 1/2*pi + 2x((sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) - sqrt(x + 1)/(sqrt(2) - s
grt(-x + 1)))/(((sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) - sqrt(x + 1)/(sqrt(2)

- sqrt(-x + 1)))72 - 4) - 1/2/x + arctan(1/2xsqrt(x + 1)*((sqrt(2) - sqrt(

-x + 1))72/(x + 1) - 1)/(sqrt(2) - sqrt(-x + 1)))

maple [B] time = 0.01, size = 50, normalized size = 1.56

1 (—xarcsin(x) —V-x2+1 ) V-x+1+vVx+1

2 2V-x2+1x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((1-x)"(1/2)+(x+1)"(1/2))"2,%)

[Out] -1/2/x-1/2*(-arcsin(x)*x-(-x"2+1)"(1/2))*(1-x) " (1/2) *(x+1)~(1/2) /x/ (-x"2+1)
~(1/2)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

1
f 5 dx
(\/x+1 +\/—x+1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/((1-x)~(1/2)+(1+x)~(1/2))"2,x, algorithm="maxima"
[Out] integrate((sqrt(x + 1) + sqrt(-x + 1))°(-2), x)

mupad [B] time = 0.62, size = 49, normalized size = 1.53

X 1
(5+5) 1-x Viox -1
- — —2atan| —
Vxrl | 2x Vil -1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((x + 1)7(1/2) + (1 - x)7(1/2))72,x)

[Out] ((x/2 + 1/2)*(1 - x)7(1/2))/(xx(x + 1)7(1/2)) - 1/(2*x) - 2*atan(((1 - x)7(
1/2) - 1)/((x + 1)7(1/2) - 1))

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f ! 5 dx
(\/1—x+\/x+1)



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/((1-x)*x(1/2)+(1+x)**(1/2))**2,x)

[Out] Integral((sqrt(l - x) + sqrt(x + 1))**x(-2), x)
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1
3.3 f m dx

Optimal. Leaf size=25
sin(x) N sin(x)
3(cos(x) +1) = 3(cos(x) +1)?

[Out] 1/3*sin(x)/(1+cos(x))"2+1/3*sin(x)/(1+cos(x))

Rubi [A] time = 0.01, antiderivative size = 25, normalized size of antiderivative =

. . ber of
1.00, number of steps used = 2, number of rules used = 2, integrand size = 6, number of rules

= 0.333, Rules used = {2650, 2648}

integrand size

sin(x) sin(x)
3(cos) + 1) 3(cos(x) +1)2

Antiderivative was successfully verified.

[In] Int[(1 + Cos[x])~(-2),x]

[Out] Sin[x]/(3%(1 + Cos[x])~2) + Sin[x]/(3*(1 + Cos[x]))
Rule 2648

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> -Simp[Cos[c +
d*x]/(d*(b + a*Sin[c + d*x])), x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b
=2, 0]

Rule 2650

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(b*Cos[c
+ d*x]*(a + b*Sin[c + d*x])"n)/(axd*(2*n + 1)), x] + Dist[(n + 1)/(ax(2*n
+ 1)), Int[(a + b*Sin[c + d*x])"(n + 1), x], x] /; FreeQ[{a, b, c, d}, x] &
& EqQ[a™2 - b~2, 0] && LtQ[n, -1] && IntegerQ[2*n]

Rubi steps
1 3 sin(x) 1 1
f (1 + cos(x))? r= 3(1 + cos(x))? T3 f 1 + cos(x) ax
sin(x) sin(x)

3+ cos()? 31 + cos(x))



Mathematica [A] time = 0.01, size = 16, normalized size = 0.64

sin(x)(cos(x) + 2)
3(cos(x) + 1)2

Antiderivative was successfully verified.

[In] Integrate[(1 + Cos[x])~(-2),x]
[Out] ((2 + Cos[x])*Sin[x])/(3*(1 + Cos[x])~2)
fricas [A] time = 0.41, size = 20, normalized size = 0.80

(cos(x) + 2) sin(x)
3 (Cos(x)2 + 2 cos(x) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x))~2,x, algorithm="fricas")
[Out] 1/3*(cos(x) + 2)*sin(x)/(cos(x)”"2 + 2*cos(x) + 1)

giac[A] time = 0.17, size = 15, normalized size = 0.60

11 3+1t 1
6an2x 2an2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x))~2,x, algorithm="giac")
[Out] 1/6%tan(1/2%x)7~3 + 1/2*%tan(1/2*x)
maple [A] time = 0.02, size = 16, normalized size = 0.64
3(x x
(tan® (3)) _ tan(3)

+
6 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cos(x))"2,x)
[Out] 1/6%tan(1/2*x)~3+1/2*tan(1/2%x)
maxima [A] time = 0.53, size = 23, normalized size = 0.92

sin(x) . sin(x)3
2(cos(x) +1)  6(cos(x) + 1)°
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x))~2,x, algorithm="maxima")
[Out] 1/2%sin(x)/(cos(x) + 1) + 1/6x%sin(x)~3/(cos(x) + 1)73

mupad [B] time = 0.16, size = 14, normalized size = 0.56

tan (g) (tan (g)z + 3)

6

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(x) + 1)72,x)
[Out] (tan(x/2)*(tan(x/2)"2 + 3))/6

sympy [A] time = 0.38, size = 14, normalized size = 0.56

tan® (g) . tan()z—c)
6 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x))**2,x)

[Out] tan(x/2)**x3/6 + tan(x/2)/2
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sin(x)
34 [

Optimal. Leaf size=58
2 2
V27 cos(1)S (\ [ — Vx +1 ) — V27t sin(1) FresnelC (w [ = Vx +1 ]

[Out] cos(1)*FresnelS(27(1/2)/Pi~(1/2)*(1+x)~(1/2))*27(1/2)*Pi~(1/2)-FresnelC(27(
1/2)/P1™(1/2)*(1+x) = (1/2) ) *sin(1)*27 (1/2) %P1~ (1/2)
Rubi [A] time = 0.08, antiderivative size = 58, normalized size of antiderivative = 1.00,

. . ber of rul
number of steps used = 5, number of rules used = 5, integrand size = 10, e T o

0.500, Rules used = {3306, 3305, 3351, 3304, 3352}

V2r cos(1)S (\/% Vx +1 J ~\2n sin(1)FresnelC (\/g Vx +1 ]

integrand size

Antiderivative was successfully verified.
[In] Int[Sin[x]/Sqrt[l + x],x]

[Out] Sqrt[2#Pi]*Cos[1]*FresnelS[Sqrt[2/Pi]l*Sqrt[1 + x]] - Sqrt[2*Pi]*FresnelC[Sq
rt[2/Pi]*Sqrt[1 + x]]*Sin[1]

Rule 3304

Int[sin[Pi/2 + (e_.) + (£_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[dxe - cxf, 0]

Rule 3305

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQl[{c, d, e, f}
, x] && ComplexFreeQ[f] && EqQ[d*e - cx*f, 0]

Rule 3306

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(dxe - c*f)/d], Int[Sin[(cxf)/d + f*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe - cxf)/d], Int[Cos[(cxf)/d + f*x]/Sqrtlc + d*x], x], x] /; FreeQ[{c, d,
e, £}, x] &% ComplexFreeQ[f] && NeQ[d*e - cxf, 0]

Rule 3351
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Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
1S[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)]1)/(f*Rt[d, 21), x] /; FreeQ[{d, e, f}, x]

Rule 3352
Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1C[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rubi steps

sin(x) sin(1 + x) cos(1 + x)
dx = 1 dx — 1
f\/1+x I ()f V1 +x *osn ()f V1 +x

= (2 cos(1)) Subst (f sin (xz) dx, x, V1 + x) — (2sin(1)) Subst (f cos (xz) dx, x, V1 + x)
= V27t cos(1)S [\/% V1+ x] - \/EC[\/% V1+ x]sin(l)

Mathematica [C] time = 0.02, size = 68, normalized size = 1.17

- (\/m Gamma (% —i(x + 1)) + e?+/i(x + 1) Gamma (% i(x + 1)))
24x+1

Antiderivative was successfully verified.

[In] Integrate[Sin[x]/Sqrtl[1l + x],x]

[Out] -1/2%(Sqrt[(-I)*(1 + x)]*Gamma[1/2, (-I)*(1 + x)] + E7(2*I)*Sqrt[I*(1 + x)]
xGamma [1/2, I*(1 + x)])/(E"I*Sqrt[l + x])

fricas [A] time = 0.45, size = 46, normalized size = 0.79

wﬁ) (IC[IW

\/_\/E cos(1) S( N N

] sin(1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+x)~(1/2),x, algorithm="fricas")

[Out] sqrt(2)*sqrt(pi)*cos(l)*fresnel_sin(sqrt(2)*sqrt(x + 1)/sqrt(pi)) - sqrt(2)
xsqrt (pi) *fresnel cos(sqrt(2)*sqrt(x + 1)/sqrt(pi))*sin(1)
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giac [C]  time = 0.18, size = 43, normalized size = 0.74

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+x)~(1/2),x, algorithm="giac")

[Out] -(1/4%I + 1/4)*sqrt(2)*sqrt(pi)*erf(-(1/2+I + 1/2)*sqrt(2)*sqrt(x + 1))*e"I
+ (1/4%I - 1/4)*sqrt(2)*sqrt(pi)*erf ((1/2*I - 1/2)*sqrt(2)*sqrt(x + 1))*e”
(-I)

maple [A] time = 0.02, size = 42, normalized size = 0.72

M] + cos(1)S [@D
Vr Vr

V2 \n (— sin(1) FresnelC[

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(x+1)"(1/2),x)

[Out] 27 (1/2)*Pi~(1/2)*(cos (1) *FresnelS(2~(1/2)/Pi~(1/2)*(x+1)~(1/2))-sin(1) *Fres
nelC(2°(1/2)/Pi~(1/2)*(x+1)~(1/2)))

maxima [C] time = 1.38, size = 112, normalized size = 1.93

éﬁ(((z#l) \/Ecos(1)+(z—1)\/—sm(l))erf((—z+ )\/_\/x+ ) ((1—1) \/_COS(1)+ (i+1) V2 sin

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+x)~(1/2),x, algorithm="maxima"

[Out] 1/8%sqrt(pi)*(((I + 1)*sqrt(2)*cos(1) + (I - 1)*sqrt(2)*sin(1))x*erf ((1/2xI
+ 1/2)*sqrt(2)*xsqrt(x + 1)) + ((I - 1)*sqrt(2)*cos(l) + (I + 1)*sqrt(2)*sin
(D) *erf ((1/2%I - 1/2)*sqrt(2)*sqrt(x + 1)) + (-(I - 1)*sqrt(2)*cos(1l) - (I

+ 1) *sqrt(2)*sin(l) ) *erf (sqrt(-I)*sqrt(x + 1)) + ((I + 1)*sqrt(2)*cos(1l) +

(I - 1)*sqrt(2)*sin(1))*erf((-1)~(1/4)*sqrt(x + 1)))

mupad [F] time = 0.00, size = -1, normalized size = -0.02

f sm(x)
Vx +1

Verification of antiderivative is not currently implemented for this CAS.



[In] int(sin(x)/(x + 1)°(1/2),x)
[Out] int(sin(x)/(x + 1)°(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

in (x)
S

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+x)**x(1/2),x)
[Out] Integral(sin(x)/sqrt(x + 1), x)
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1
3.5 f (cos(x)+sin(x))® dx
Optimal. Leaf size=50

cos(x) — sin(x) cos(x) — sin(x) 2 sin(x)
15(sin(x) + cos(x))®  10(sin(x) + cos(x))5  15(sin(x) + cos(x))

[Out] 1/10*%(-cos(x)+sin(x))/(cos(x)+sin(x))"5+1/16%(-cos(x)+sin(x))/(cos(x)+sin(x
))~3+2/15%sin(x)/(cos(x)+sin(x))

Rubi [A] time = 0.03, antiderivative size = 50, normalized size of antiderivative =

. . ber of rul
1.00, number of steps used = 3, number of rules used = 2, integrand size = 7, e ot e

= 0.286, Rules used = {3076, 3075}

integrand size

cos(x) — sin(x) cos(x) — sin(x) 2 sin(x)
15(sin(x) + cos(x))®  10(sin(x) + cos(x))>  15(sin(x) + cos(x))

Antiderivative was successfully verified.
[In] Int[(Cos[x] + Sin[x])~(-6),x]

[Out] -(Cos[x] - Sin[x])/(10*(Cos[x] + Sin[x])"5) - (Cos[x] - Sin[x])/(15%(Cos[x]
+ Sin[x])~3) + (2%Sin[x])/(15%(Cos[x] + Sin[x]))

Rule 3075

Int[(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*sin[(c_.) + (d_)*x)D])"(-2), x
_Symbol] :> Simp[Sin[c + d*x]/(a*d*(a*xCos[c + d*x] + b*Sin[c + d*x])), x] /
; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]

Rule 3076

Int[(cos[(c_.) + (d_.)*(x_)]l*(a_.) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x
_Symbol] :> Simp[((b*Cos[c + d*x] - a*Sin[c + d*x])*(axCos[c + d*x] + b*Sin
[c + d*x])"(n + 1))/(d*(n + 1)*(a"2 + b72)), x] + Dist[(n + 2)/((n + 1)x(a”
2 + b™2)), Int[(axCos[c + d*x] + b*Sin[c + d*x])~(n + 2), x], x] /; FreeQ[{
a, b, ¢, dF, x] && NeQ[a"2 + b~2, 0] && LtQ[n, -1] && NeQ[n, -2]

Rubi steps
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1 3 cos(x) — sin(x) 2 1 P
f (cos(x) + sin(x))® r= ~10(cos(x) + sin(x))® " 5 f (cos(x) + sin(x))* *

_ cos(x) — sin(x) cos(x) — sin(x) 2 1 p
"~ 10(cos(x) + sin(x))®  15(cos(x) + sin(x))3 " 15 f (cos(x) + sin(x))? *
cos(x) — sin(x) cos(x) — sin(x) 2 sin(x)

- _10(cos(x) + sin(x))° - 15(cos(x) + sin(x))®  15(cos(x) + sin(x))

Mathematica [A] time = 0.04, size = 26, normalized size = 0.52

—10 sin(x) + sin(5x) + 5 cos(3x)
30(sin(x) + cos(x))°

Antiderivative was successfully verified.

[In] Integrate[(Cos[x] + Sin[x])~(-6),x]
[Out] -1/30*%(5*%Cos[3*x] - 10*Sin[x] + Sin[5%x])/(Cos[x] + Sin[x])~5

fricas [A] time = 0.41, size = 67, normalized size = 1.34

8 cos(x)® — 20 cos(x)® - (8 cos(x)* + 4 cos(x)? - 7) sin(x) + 5 cos(x)

30 (4 cos(x)® + (4 cos(x)* — 8 cos(x)? — 1) sin(x) -5 cos(x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+sin(x))~6,x, algorithm="fricas")

[Out] -1/30%(8*cos(x)”5 - 20*cos(x)"3 - (8*cos(x)"4 + 4*xcos(x)”"2 - 7)*sin(x) + bx*
cos(x))/(dxcos(x)"5 + (4*xcos(x)"4 - 8*cos(x)"2 - 1)*sin(x) - 5*xcos(x))

giac[A] time = 0.17, size = 32, normalized size = 0.64

15 tan(x)* + 30 tan(x)? + 40 tan(x)? + 20 tan(x) + 7
15 (tan(x) + 1)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+sin(x))~6,x, algorithm="giac")

[Out] -1/15%(15*tan(x)~4 + 30*xtan(x)”~3 + 40xtan(x)~2 + 20*tan(x) + 7)/(tan(x) + 1
)~5
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maple [A] time = 0.13, size = 42, normalized size = 0.84

2 ) 4 ) 8 N 2 1
(tan(x) +1)*  5(tan(x) +1)° 3(tan(x) +1)° (tan(x) +1)* tan(x)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(x)+sin(x))”"6,x)
[Out] 2/(tan(x)+1)"4-4/5/(tan(x)+1)"5-8/3/(tan(x)+1)"3+2/(tan(x)+1)"2-1/(tan(x)+1
)

maxima [A] time = 0.49, size = 56, normalized size = 1.12

15 tan(x)* + 30 tan(x)? + 40 tan(x)? + 20 tan(x) + 7
15 (tan(x)5 + 5 tan(x)* + 10 tan(x)3 + 10 tan(x)? + 5 tan(x) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+sin(x))~6,x, algorithm="maxima"

[Out] -1/15%(15*%tan(x)~4 + 30*tan(x)~3 + 40*tan(x)"2 + 20*tan(x) + 7)/(tan(x)"5 +
Bxtan(x) "4 + 10*tan(x)”"3 + 10*tan(x)”2 + Bxtan(x) + 1)

mupad [B] time = 0.27, size = 88, normalized size = 1.76

2 tan (g) (15 tan (2)8 — 60 tan (2)7 + 100 tan (2)6 + 20 tan (g)s — 118 tan (§)4 —20tan (2)3 + 100 tan (g)z +

15 (—tan (2)2 + 2tan (g) + 1)5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(x) + sin(x))~6,x)

[Out] (2*tan(x/2)*(60*tan(x/2) + 100*tan(x/2)"2 - 20%tan(x/2)"3 - 118xtan(x/2)"4
+ 20*%tan(x/2)"5 + 100*tan(x/2)"6 - 60*xtan(x/2)"7 + 15%tan(x/2)"8 + 15))/(15
*(2%tan(x/2) - tan(x/2)"2 + 1)75)

sympy [B] time = 5.67, size = 838, normalized size = 16.76

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+sin(x))**6,x)
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[Out] -30*tan(x/2)**x9/(15*tan(x/2)**10 - 150*tan(x/2)**9 + 525*xtan(x/2)**8 - 600*
tan(x/2)**7 - 450*tan(x/2)**6 + 1020*tan(x/2)**5 + 450*tan(x/2)**4 - 600*ta
n(x/2)**3 - 525xtan(x/2)**2 - 150*tan(x/2) - 15) + 120%tan(x/2)**8/(15*tan(
x/2)**x10 - 150*tan(x/2)**9 + 525*xtan(x/2)**8 - 600*tan(x/2)**7 - 450%tan(x/
2)**6 + 1020%tan(x/2)**5 + 450*tan(x/2)**4 - 600*tan(x/2)**3 — 525*tan(x/2)
**%2 — 150*tan(x/2) - 15) - 200xtan(x/2)**7/(15xtan(x/2)**10 — 150*tan(x/2)*
*9 + 526*tan(x/2)**8 - 600*tan(x/2)**7 - 450*tan(x/2)**6 + 1020*tan(x/2)**5
+ 450%tan(x/2)**4 - 600*xtan(x/2)**3 - 525*xtan(x/2)**2 - 150*tan(x/2) - 15)
- 40*tan(x/2)**6/(15*%tan(x/2)**10 - 150*tan(x/2)**9 + 525*xtan(x/2)**8 - 60
O*xtan(x/2)**7 — 450%tan(x/2)**6 + 1020*tan(x/2)**5 + 450*tan(x/2)**4 - 600%
tan(x/2)**3 - B25xtan(x/2)**2 - 150*tan(x/2) - 15) + 236*tan(x/2)**x5/(15*xta
n(x/2)**x10 - 150*tan(x/2)**x9 + 52bxtan(x/2)**8 - 600*xtan(x/2)**7 — 450*tan(
x/2)*%*%6 + 1020*tan(x/2)**5 + 450*tan(x/2)**4 - 600*tan(x/2)**3 - 525*tan(x/
2)**2 - 150xtan(x/2) - 15) + 40xtan(x/2)**4/(15*tan(x/2)**10 - 150*tan(x/2)
*%x9 + B526*xtan(x/2)**8 - 600*tan(x/2)**7 - 450*tan(x/2)**6 + 1020*tan(x/2)*x*
5 + 450%tan(x/2)**4 - 600*tan(x/2)**3 - 52bxtan(x/2)**2 - 150*tan(x/2) - 15
) — 200*tan(x/2)**3/(15*tan(x/2)**10 - 150*tan(x/2)**9 + 525xtan(x/2)**8 -
600*tan(x/2)**7 — 450*tan(x/2)**6 + 1020*tan(x/2)**5 + 450*tan(x/2)**4 - 60
O*tan(x/2)**3 - 525xtan(x/2)**2 - 150*tan(x/2) - 15) - 120*tan(x/2)**2/(15%
tan(x/2)**¥10 - 150*tan(x/2)**9 + 525*tan(x/2)**8 - 600*tan(x/2)**7 - 450*ta
n(x/2)**x6 + 1020*tan(x/2)**5 + 450*tan(x/2)**4 - 600*xtan(x/2)**3 — 525*tan(
x/2)**%2 - 150*tan(x/2) - 15) - 30*xtan(x/2)/(15xtan(x/2)**10 - 150*tan(x/2)*
*9 + 526*tan(x/2)**8 - 600*tan(x/2)**7 - 450*tan(x/2)**6 + 1020*tan(x/2)**5
+ 450*tan(x/2)**x4 - 600*tan(x/2)**3 - 525xtan(x/2)**2 - 150*tan(x/2) - 15)
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36 [log (;—4 + x4) dx

Optimal. Leaf size=334

xlog (x4 + %)—%\/2—7\/5 log (xz - \/2—7\/5x + 1)+%\/2—7\/§ log (xz + \/2—7\/5x + 1)—%\/%7\/5 lo

[Out] -4*x+x*1n(1/x"4+x"4)-arctan((-2*%x+(2+27(1/2))7(1/2))/(2-27(1/2))~(1/2))* (2~
27(1/2)) 7 (1/2) +arctan ((2*x+(2+27(1/2))7(1/2)) /(2-27(1/2)) " (1/2) ) * (2-27(1/2)

)7 (1/2)-1/2+1n (1+x72-xx(2-27(1/2) )~ (1/2) ) *(2-27(1/2) ) = (1/2) +1/2+1n (1+x"2+x*
(2-27(1/2))~(1/2))*(2-27(1/2))~ (1/2) —arctan ((-2*x+(2-27(1/2) ) ~(1/2) ) / (2+27(
1/2))7(1/2))*(2+27(1/2))~ (1/2) +arctan ((2xx+(2-27(1/2)) " (1/2)) / (2+27(1/2)) ~(
1/2))*(2+27(1/2)) " (1/2)-1/2+1In (1+x"2-x+ (2+27 (1/2) ) ~(1/2) ) * (2+27(1/2) )~ (1/2)
+1/2%1n (14+x72+x% (2427 (1/2) ) 7 (1/2) ) * (2+27(1/2) )~ (1/2)

Rubi [A] time = 0.35, antiderivative size = 334, normalized size of antiderivative =
. . ber of rul
1.00, number of steps used = 22, number of rules used =9, integrand size = 8§, qumper o7 e

= 1.125, Rules used = {2523, 12, 388, 213, 1169, 634, 618, 204, 628}

xlog (x4 + ;—4)—%\/2—7\/5 log (x2 - \/2—7\/§x + 1)+%\/2‘7‘/§ log (x2 + \/2—7\/§x + 1)—%\/2+7\/§ lo

integrand size

Antiderivative was successfully verified.
[In] Int[Logl[x~(-4) + x74],x]

[Out] -4xx - Sqrt[2 + Sqrt[2]]*ArcTan[(Sqrt[2 - Sqrt[2]] - 2xx)/Sqrt[2 + Sqrt[2]]
] - Sqrt[2 - Sqrt[2]]*ArcTan[(Sqrt[2 + Sqrt([2]] - 2*x)/Sqrt[2 - Sqrt[2]]] +
Sqrt[2 + Sqrt[2]]*ArcTan[(Sqrt[2 - Sqrt[2]] + 2xx)/Sqrt[2 + Sqrt[2]]] + Sq

rt[2 - Sqrt[2]]*ArcTan[(Sqrt[2 + Sqrt([2]] + 2*x)/Sqrt[2 - Sqrt[2]]] - (Sqrt

[2 - Sqrt[2]]1*Log[1l - Sqrt[2 - Sqrt[2]]1*x + x72])/2 + (Sqrt[2 - Sqrt[2]]*Lo

gll + Sqrt[2 - Sqrt[2]]*x + x72])/2 - (Sqrt[2 + Sqrt[2]]*Logl[l - Sqrt[2 + S
qrt[2]]*x + x72])/2 + (Sqrt[2 + Sqrt[2]]*Logl[l + Sqrt[2 + Sqrt[2]]*x + x72]

)/2 + x*xLogl[x~(-4) + x74]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int([u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 204
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 21*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 213

Int[((a_) + (b_.)*(x )" (n_))~(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b,
4]], s = Denominator[Rt[a/b, 4]]}, Dist[r/(2xSqrt[2]*a), Int[(Sqrt[2]*r -
s*x~(n/4))/(r"2 - Sqrt[2]*r*s*x~(n/4) + s”2*x~(n/2)), x], x] + Dist[r/(2xSq
rt[2]*a), Int[(Sqrt[2]*r + s*xx~(n/4))/(r~2 + Sqrt[2]*r*s*x~(n/4) + s72*x" (n

/2)), x1, x11 /; FreeQ[{a, b}, x] && IGtQ[n/4, 1] && GtQ[a/b, 0]

Rule 388

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si

mp[(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(a*xd - b*xc*(n*(

p+ 1)+ 1))/ (bx(nx(p + 1) + 1)), Int[(a + bxx"n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*(p + 1) + 1, 0]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d)) + (e_)*x(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*xd - bx*e, 0]

Rule 634

Int[((d_.) + (e_)*(x_))/((a)) + (b_.)*(x_ ) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*xx"2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~™2 - 4xa*xc, 0] && !'NiceSqrtQ[b~2 - 4x*axc]

Rule 1169

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtl[a/c, 2]}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2*c*q*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*q*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
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[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4x*axc]

Rule 2523

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)1*(b_.))"(n_.), x_Symbol] :> Simp[x*(a +
b*Log[c*RFx~p])"n, x] - Dist[b*n*p, Int[SimplifyIntegrand[(x*(a + b*Logl[c*
RFx~p])~(n - 1)*D[RFx, x])/RFx, x], x], x] /; FreeQ[{a, b, c, p}, x] && Rat
ionalFunctionQ[RFx, x] && IGtQ[n, O]

Rubi steps

_ 8
flog(% )dx—xlog(xl+x) f%dx

_xlog(—+x4 4f—1+x
1+ 8
1

= —4x + xlog F—HC +8f1+x8

oo (g o) (08) [ s (08) [

1+ V222 + x4

— V22 + x4

dx

= —dx +xlog|— +x*| + 2 - \/_f' 2+\/_ 1+\/_ +4/2 - \/_f\/

1—~/2+V2 x+x2

:—4x+xlog(l4 )—%\/2_\/5[ —\2-V2 +2x dx+% /2_\/51'_\/27
1 1

—\2-V2x+22

+¢

:—4x—— 2-12 log( Mx+x2)+%\/2—7\/§log(l+\/2—7\/§x+x2)—

=_4x—\/+7‘/§tan \/2_7\/5_2’5 —\/2—7\/Etan‘1 \/24-7\/——29(

V2 +2 J2-12

Mathematica [C] time = 0.01, size = 30, normalized size = 0.09

1 9 1
8x,F; (g,l; g;—xg) +xlog (x4 + F) — 4x

Antiderivative was successfully verified.

+ 2+
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[In] Integratel[Log[x~(-4) + x74],x]
[Out] -4xx + 8*x*Hypergeometric2F1[1/8, 1, 9/8, -x78] + xxLogl[x~(-4) + x74]

fricas [B] time = 0.45, size = 1058, normalized size = 3.17

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l/x"4+x~4),x, algorithm="fricas")

[Out] -1/2%(sqrt(2)*sqrt(sqrt(2) + 2) + sqrt(2)*sqrt(-sqrt(2) + 2))*arctan(-(2*sq
rt(2)*x - sqrt(2)*sqrt(4*x~2 + 2xsqrt(2)*x*sqrt(sqrt(2) + 2) - 2xsqrt(2)*x*
sqrt(-sqrt(2) + 2) + 4) + sqrt(sqrt(2) + 2) - sqrt(-sqrt(2) + 2))/(sqrt(sqr
t(2) + 2) + sqrt(-sqrt(2) + 2))) - 1/2x(sqrt(2)*sqrt(sqrt(2) + 2) + sqrt(2)
xsqrt (-sqrt(2) + 2))*arctan(-(2*sqrt(2)*x - sqrt(2)*sqrt(4*x~2 - 2*sqrt(2)*
x*sqrt(sqrt(2) + 2) + 2xsqrt(2)*x*sqrt(-sqrt(2) + 2) + 4) - sqrt(sqrt(2) +
2) + sqrt(-sqrt(2) + 2))/(sqrt(sqrt(2) + 2) + sqrt(-sqrt(2) + 2))) + 1/2*(s
qrt(2) *sqrt(sqrt(2) + 2) - sqrt(2)*sqrt(-sqrt(2) + 2))*arctan((2*sqrt(2)*x
- sqrt(2) *sqrt (4*%x72 + 2*xsqrt(2)*x*sqrt(sqrt(2) + 2) + 2xsqrt(2)*x*sqrt(-sq
rt(2) + 2) + 4) + sqrt(sqrt(2) + 2) + sqrt(-sqrt(2) + 2))/(sqrt(sqrt(2) + 2
) - sqrt(-sqrt(2) + 2))) + 1/2x(sqrt(2)*sqrt(sqrt(2) + 2) - sqrt(2)*sqrt(-s
qrt(2) + 2))*arctan((2xsqrt(2)*x - sqrt(2)*sqrt(4*xx~2 - 2*sqrt(2)*x*sqrt(sq
rt(2) + 2) - 2xsqrt(2)*x*xsqrt(-sqrt(2) + 2) + 4) - sqrt(sqrt(2) + 2) - sqrt
(-sqrt(2) + 2))/(sqrt(sqrt(2) + 2) - sqrt(-sqrt(2) + 2))) + 1/8x(sqrt(2)*sq
rt(sqrt(2) + 2) + sqrt(2)*sqrt(-sqrt(2) + 2))*log(4*x~2 + 2*sqrt(2)*x*sqrt(
sqrt(2) + 2) + 2*sqrt(2)*x*sqrt(-sqrt(2) + 2) + 4) + 1/8%(sqrt(2)*sqrt(sqrt
(2) + 2) - sqrt(2)*sqrt(-sqrt(2) + 2))*log(4*x~2 + 2*sqrt(2)*x*sqrt(sqrt(2)
+ 2) - 2*xsqrt(2)*x*sqrt(-sqrt(2) + 2) + 4) - 1/8x(sqrt(2)*sqrt(sqrt(2) + 2
) - sqrt(2)*sqrt(-sqrt(2) + 2))*log(4*x~2 - 2*sqrt(2)*x*sqrt(sqrt(2) + 2) +
2xsqrt (2) *x*sqrt (-sqrt(2) + 2) + 4) - 1/8x(sqrt(2)*sqrt(sqrt(2) + 2) + sqr
t(2)*sqrt(-sqrt(2) + 2))*log(4*x~2 - 2xsqrt(2)*x*sqrt(sqrt(2) + 2) - 2*sqrt
(2)*x*sqrt(-sqrt(2) + 2) + 4) + xxlog((x78 + 1)/x74) - sqrt(sqrt(2) + 2)*ar
ctan(-(2*x - 2xsqrt(x”2 + x*sqrt(-sqrt(2) + 2) + 1) + sqrt(-sqrt(2) + 2))/s
qrt(sqrt(2) + 2)) - sqrt(sqrt(2) + 2)*arctan(-(2*x - 2*sqrt(x~2 - x*sqrt(-s
qrt(2) + 2) + 1) - sqrt(-sqrt(2) + 2))/sqrt(sqrt(2) + 2)) - sqrt(-sqrt(2) +
2)*arctan(-(2*x - 2*sqrt(x”2 + x*sqrt(sqrt(2) + 2) + 1) + sqrt(sqrt(2) + 2
))/sqrt(-sqrt(2) + 2)) - sqrt(-sqrt(2) + 2)*arctan(-(2*x - 2*sqrt(x”2 - x*s
grt(sqrt(2) + 2) + 1) - sqrt(sqrt(2) + 2))/sqrt(-sqrt(2) + 2)) + 1/4xsqrt(s
qrt(2) + 2)*xlog(x~2 + x*sqrt(sqrt(2) + 2) + 1) - 1/4*sqrt(sqrt(2) + 2)*log(
X"2 - x*sqrt(sqrt(2) + 2) + 1) + 1/4*xsqrt(-sqrt(2) + 2)*xlog(x~2 + x*sqrt(-s
qrt(2) + 2) + 1) - 1/4*xsqrt(-sqrt(2) + 2)*xlog(x~2 - x*sqrt(-sqrt(2) + 2) +
1) - 4xx
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giac[A] time = 0.20, size = 248, normalized size = 0.74

1 2x+\/— 2+2 2x—\/— 2 +2
xlog (x4 + E)+\/\/§ + 2 arctan +\/\/§ + 2 arctan +4/-V2 + 2 arc
\/E +2 \/\/E +2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l/x"4+x"4),x, algorithm="giac")

[Out] x*log(x~4 + 1/x74) + sqrt(sqrt(2) + 2)*arctan((2*xx + sqrt(-sqrt(2) + 2))/sq
rt(sqrt(2) + 2)) + sqrt(sqrt(2) + 2)*arctan((2*x - sqrt(-sqrt(2) + 2))/sqrt
(sqrt(2) + 2)) + sqrt(-sqrt(2) + 2)*arctan((2*x + sqrt(sqrt(2) + 2))/sqrt(-
sqrt(2) + 2)) + sqrt(-sqrt(2) + 2)*arctan((2*x - sqrt(sqrt(2) + 2))/sqrt(-s
qrt(2) + 2)) + 1/2*xsqrt(sqrt(2) + 2)*log(x”"2 + x*sqrt(sqrt(2) + 2) + 1) - 1
/2%sqrt (sqrt(2) + 2)*xlog(x~2 - x*sqrt(sqrt(2) + 2) + 1) + 1/2*xsqrt(-sqrt(2)

+ 2)xlog(x~2 + x*sqrt(-sqrt(2) + 2) + 1) - 1/2*sqrt(-sqrt(2) + 2)*log(x~2

- xxsqrt(-sqrt(2) + 2) + 1) - 4x%x

maple [C] time = 0.03, size = 36, normalized size = 0.11

xS +1 In (— RootOf (_ZS + 1) + x)
xln ( 1 ) —4x + -
x RootOf (_Z8 + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(In(1/x"4+x"4),x)
[Out] x*1n((x"8+1)/x74)-4*x+sum(1/ R~7*1n(x-_R), R=Root0f( Z~8+1))
maxima [F] time = 0.00, size = 0, normalized size = 0.00

1

d
8 +1 X

xlog (x® +1) - 4xlog(x) —4x +8 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1/x"4+x74),x, algorithm="maxima")
[Out] x*xlog(x~8 + 1) - 4xx*log(x) - 4*x + 8*integrate(1/(x"8 + 1), x)

mupad [B] time = 0.26, size = 313, normalized size = 0.94

x+/=V2 =2 2097152i x+/2 = V2 2097152i

2097152 \/2 -2 \/—«/E -2 +2097152V2 2097152 \/2 -2 \/—\/E ~2+2

1 4
x In - +x —4 x+atan
X



54

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(1/x"4 + x74),x)

[Out] x*log(1/x"4 + x74) - 4%x + atan((xx(- 27(1/2) - 2)~(1/2)*2097152i) /(2097152
*(2 - 27(1/2))"(1/2)x (- 27(1/2) - 2)7(1/2) + 2097152x27(1/2)) - (x*x(2 - 27(
1/2))°(1/2)*2097152i) /(2097152 (2 - 2°(1/2))~(1/2)* (- 27(1/2) - 2)°(1/2) +
2097152%27(1/2)))*((- 27(1/2) - 2)~(1/2)*1i - (2 - 27(1/2))"(1/2)*1i) - ata
n((xx(27(1/2) - 2)~(1/2)%20971521)/(2097152%2~(1/2) + 2097152%(2~(1/2) - 2)
“(1/2)%(27(1/2) + 2)7(1/2)) + (xx(27(1/2) + 2)~(1/2)*2097152i)/(2097152%2"(
1/2) + 2097152%(27(1/2) - 2)~(1/2)*(27(1/2) + 2)~(1/2)))*((2~(1/2) - 2)~(1/
2)x1i + (27(1/2) + 2)7(1/2)*1i) + atan(xx(27(1/2) + 2)°(1/2)*(1/2 + 1i/2) -
(27 (1/2)*xx (27 (1/2) + 2)7(1/2))/2)*((2°(1/2)*1i)/2 - (1/2 + 1i/2))*(27(1/2
) + 2)7(1/2)*2i - atan(x*x(27(1/2) + 2)7(1/2)*(1/2 - 1i/2) + (27(1/2) *x*x (27 (
1/2) + 2)7(1/2)*1i)/2)*(2°(1/2)/2 - (1/2 - 1i/2))*(27(1/2) + 2)~(1/2)*2i

sympy [A] time = 2.81, size = 26, normalized size = 0.08
log (x* + | - 4x - RootSum (£ + 1, (t > tlog (¢
xlog|x* + 7 | —4x—Roo um( + ,(|—> og (- +x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(1/xx*4+x**4) ,x)

[Out] x*log(x**4 + x**x(-4)) - 4*x - RootSum(_t*+*8 + 1, Lambda(_t, _t*log(-_t + x)
))
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3.7 f log(1+x) dx

x\/1+\/1+x

Optimal. Leaf size=291

x/E(l— MH)
2-v2

~v2 PolyLog |2, -—
e 3 yLog

\/E PolyLog|2, - —\/E PolyLog| 2,

[Out] -8*arctanh((1+(1+x)~(1/2))"(1/2))-arctanh(1/2*x(1+(1+x)~(1/2))~(1/2)*2"(1/2)
)*1n(1+x)*2~(1/2)+2%arctanh (1/2%2~(1/2) ) *1n(1-(1+(1+x)~(1/2))~(1/2))*2~(1/2
)-2%arctanh (1/2*27(1/2))*1n(1+(1+(1+x)~(1/2))~(1/2))*2~(1/2) +polylog(2,-2"(
1/2)*(1-(1+(1+x)~(1/2))~(1/2))/(2-27(1/2) ) )*2~(1/2) -polylog (2,2~ (1/2) * (1-(1
+(1+x)~(1/2))7(1/2)) /(2427 (1/2)))*27(1/2) -polylog(2,-2~ (1/2) * (1+(1+(1+x) ~ (1
/2))"(1/2))/(2-27(1/2))) %2~ (1/2)+polylog (2,2~ (1/2) * (1+(1+(1+x)~(1/2))~(1/2)

)/ (2+27(1/2)))*27(1/2) -2%1n(1+x) / (1+(1+x) ~(1/2))~(1/2)

Rubi [F] time = 0.05, antiderivative size = 0, normalized size of antiderivative = 0.00,

. . number of rules
number of steps used = 0, number of rules used = 0, integrand size = 0, —————— =

0.000, Rules used = {}

integrand size

log(1 + x)

fx\ﬂ + \/1Tx

Verification is Not applicable to the result.

dx

[In] Int[Logl[l + x]/(x*Sqrt[1l + Sqrt[l + x]]),x]
[Out] Defer[Int] [Log[1l + x]/(x*Sqrt[1 + Sqrt[l + x]1), x]

Rubi steps

log(1 + x) g log(1 + x)

fx\/1+\/1Tx x\/1+\/1Tx

Mathematica [A] time = 1.11, size = 430, normalized size = 1.48

dx

2 1
-2 |2 PolyLog 2,L — PolyLog |2, - (\/E —2) ———— +1|||+PolyLog|2, (1+\/§
Vx+1 +1 Vx+1+1
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Warning: Unable to verify antiderivative.

[In] Integrate[Logl[l + x]/(x*Sqrt[1 + Sqrt[1 + x]11),x]

[Out] -8xArcTanh[1/Sqrt[1 + Sqrt[1l + x]]] - (2*Logl[l + x])/Sqrt[1l + Sqrt[l + x]]
+ (Logll + x]*Logl[l - Sqrt[2]/Sqrt[1 + Sqrt[l + x]]1]1)/Sqrt[2] - (Logl[l + x]
*xLog[1 + Sqrt[2]/Sqrt[1 + Sqrt[1l + x]11)/Sqrt[2] - Sqrt[2]*(Logll + Sqrt[2]
1*Log[1l + 1/Sqrt[1 + Sqrt[1l + x]]1] + Log[-((2 + Sqrt[2])*(-1 + 1/Sqrt[1l + S
qrt[1 + x]]1))]1*Logl[l - Sqrt[2]/Sqrt[1 + Sqrt[1l + x]]] + 2*PolyLogl[2, Sqrt[2
1/Sqrt[1 + Sqrt[1 + x]]] - PolyLogl[2, -((-2 + Sqrt[2])*(1 + 1/Sqrt[1 + Sqrt
[1 + x]]1))] + PolyLogl[2, (1 + Sqrt[2])*(-1 + Sqrt[2]/Sqrt[l + Sqrt[1 + x]])
1) + Sqrt[2]*(Log[l + Sqrt[2]]*Log[l - 1/Sqrt[1l + Sqrt[l + x]]1] + Logl[(2 +
Sqrt[2])*(1 + 1/Sqrt[1 + Sqrt[1 + x]])]*Logl[l + Sqrt[2]/Sqrt[1l + Sqrt[l + x
111 + 2#Polylog[2, -(Sqrt[2]/Sqrt[1 + Sqrt[1 + x]1]1)] - Polylog[2, (-2 + Sqr
t[2])*(-1 + 1/Sqrt[1 + Sqrt[l + x]])] + PolyLog[2, -((1 + Sqrt[2])*(1 + Sqr
t[2]/Sqrt[1 + Sqrt[1 + x]1))1)

fricas [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1+x)/x/(1+(1+x)~(1/2))"(1/2),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Error detected within library code: integ
rate: implementation incomplete (constant residues)

giac [F] time = 0.00, size = 0, normalized size = 0.00
log (x +1)

fx\/\/m +1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(log(1l+x)/x/(1+(1+x)~(1/2))~(1/2),x, algorithm="giac")
[Out] integrate(log(x + 1)/(x*sqrt(sqrt(x + 1) + 1)), x)

maple [C] time = 0.17, size = 171, normalized size = 0.59

(—ZIn(Hla;ﬂm]ln(—_a+\/1+\/x+l)—2ln[ 1+\ix_T11
—8arctanh( 1+vVx+1 )+4 Z

_a=RootOf(_z*-2)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(In(x+1)/x/(1+(x+1)"(1/2))"(1/2),%)

[Out] -2*1n(x+1)/(1+(x+1)"(1/2))~(1/2)-8*arctanh ((1+(x+1)~(1/2))~(1/2))+4*Sum(1/8
*(In((1+(x+1)"(1/2))~(1/2)-_alpha) *1n(x+1)-2*dilog ((1+(1+(x+1)~(1/2))~(1/2)

)/ (1+_alpha))-2*1n((1+(x+1)~(1/2))~(1/2)-_alpha) *1n((1+(1+(x+1)~(1/2))~(1/2
))/(1+_alpha))-2*dilog(((1+(x+1)~(1/2))~(1/2)-1)/(-1+_alpha))-2*1In((1+(x+1)
~(1/2))7(1/2)-_alpha) *1n(((1+(x+1)~(1/2))~(1/2)-1)/(-1+_alpha)))*_alpha,_al
pha=Root0f (_Z"2-2))

maxima [A] time = 1.30, size = 366, normalized size = 1.26

% \/Elog —\/__ il - : 10g(x+1)+\/§ log(\/§+\/\/x+1 +1)10g —\/§+i

V2 44 Vx+1 +1) [Vr+1 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l+x)/x/(1+(1+x)~(1/2))~(1/2),x, algorithm="maxima")

[Out] 1/2*(sqrt(2)*log(-(sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) + sqrt(sqrt(x
+ 1) + 1)) - 4/sqrt(sqrt(x + 1) + 1))*log(x + 1) + sqrt(2)*(log(sqrt(2) +
sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) + sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1)
+ 1) + dilog((sqrt(2) + sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1))) - sqrt(2)*(
log(-sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) - sqrt(sqrt(x + 1) + 1)
)/(sqrt(2) + 1) + 1) + dilog((sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1
))) + sqrt(2)*(log(sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) + sqrt(sq
rt(x + 1) + 1))/(sqrt(2) - 1) + 1) + dilog((sqrt(2) + sqrt(sqrt(x + 1) + 1)
)/ (sqrt(2) - 1))) - sqrt(2)*(log(-sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sq
rt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) - 1) + 1) + dilog((sqrt(2) - sqrt(s
qre(x + 1) + 1))/(sqre(2) - 1))) - 4xlog(sqrt(sqrt(x + 1) + 1) + 1) + 4*log
(sqrt(sqrt(x + 1) + 1) - 1)

mupad [F]  time = 0.00, size = -1, normalized size = -0.00
In(x+1)

fx\/\/m +1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int(log(x + 1)/(xx((x + 1)7(1/2) + 1)7(1/2)),x)
[Out] int(log(x + 1)/(x*x((x + 1)7(1/2) + 1)7(1/2)), %)



sympy [F] time = 0.00, size = 0, normalized size = 0.00

log (x +1)

fx\/\/m +1

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1n(1+x)/x/(1+(1+x)**(1/2))**(1/2),%)

[Out] Integral(log(x + 1)/(x*sqrt(sqrt(x + 1) + 1)), x)

58
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3.8 f \/1+\/1TJ:C log(1+x) dx

Optimal. Leaf size=308

x/i(l— MH)
2-2

ﬁ(l—\/ﬁ)

2+\/§

22 PolyLog |2, - ~2v2 PolyLog |2, ~2v2 PolyLog |2, -

[Out] 16*arctanh((1+(1+x)~(1/2))"(1/2))-2*arctanh(1/2*(1+(1+x)~(1/2))~(1/2)*2~(1/
2))*1In(1+x) *27 (1/2) +4*arctanh (1/2%27(1/2) ) *1In(1-(1+(1+x)~(1/2)) " (1/2))*2" (1
/2)-4*arctanh(1/2*27(1/2))*1n(1+(1+(1+x)~(1/2))~(1/2))*2~(1/2)+2*polylog(2,

=27 (1/2)*x(1-(1+(1+x)~(1/2))~(1/2)) /(2-27(1/2) ) )*2~(1/2) -2*polylog(2,2~(1/2)
*(1-(1+(1+x) 7 (1/2))~(1/2)) / (2+27(1/2) ) ) *27 (1/2) -2*polylog(2,-27 (1/2) * (1+(1+
(1+x)~(1/2))~(1/2))/(2-27(1/2)) ) *2~ (1/2) +2*polylog (2,27 (1/2) *» (1+(1+(1+x) ~ (1
/2))7(1/2))/(2+27(1/2)))*27(1/2) =16+ (1+(1+x) " (1/2)) ~(1/2) +4*x1n(1+x) * (1+(1+x
)7(1/2))~(1/2)

Rubi [F]  time = 0.04, antiderivative size = 0, normalized size of antiderivative = 0.00,

. . number of rules
number of steps used = 0, number of rules used = 0, integrand size = 0, —————— =

0.000, Rules used = {}
f\/l-i-i \/1+xlog(l+x)d
x

Verification is Not applicable to the result.

integrand size

X

[In] Int[(Sqrt[1l + Sqrt[l + x]]*Logll + x])/x,x]
[Out] Defer[Int] [(Sqrt[1 + Sqrt[1l + x]]*Logl[l + x])/x, x]

Rubi steps

f\/1+\/1Tx log(1 + x) dx:f\/lJr\/lTx log(1 + x) i
x X

Mathematica [B] time = 0.60, size = 654, normalized size = 2.12

~2+2 PolyLog (2,—((\/5 —1) (wm i1 —1)))+2\/§ PolyLog (2, (1 +2 ) (wm +1 —1))+2\/§
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Antiderivative was successfully verified.

[In] Integrate[(Sqrt[1l + Sqrt[1 + x]]x*Logll + x])/x,x]

[Out] -16*Sqrt[1 + Sqrt[1 + x]] + 4*Sqrt[l + Sqrt[l + x]]x*Logl[l + x] + Sqrt[2]*Lo

gll + x]*xLog[Sqrt[2] - Sqrt[l + Sqrt[1 + x]]] - 8*Log[-1 + Sqrt[1 + Sqrt[1

+ x]]1] - 2xSqrt[2]*Log[Sqrt[2] - Sqrt[l + Sqrt[l + x]]]*Logl[-1 + Sqrt[l + S
qrt[1 + x]]1] + 8*Log[l + Sqrt[1 + Sqrt[1l + x]1] - 2*Sqrt[2]*Logl[Sqrt[2] - S
qrt[1 + Sqrt[1l + x]]]*Log[l + Sqrt[1 + Sqrt[1l + x]]] - Sqrt[2]*Logl[l + x]*L
ogl[Sqrt[2] + Sqrt[1l + Sqrtll + x]]] + 2*Sqrt[2]*Logl[-1 + Sqrt[1 + Sqrt[1l +

x]]1]*Log[Sqrt[2] + Sqrt[l + Sqrt[1l + x]]] + 2xSqrt[2]*Log[l + Sqrt[1l + Sqrt
[1 + x]]]*Log[Sqrt[2] + Sqrt[1l + Sqrt[l + x]]] - 2%Sqrt[2]*Logl[-1 + Sqrt[1

+ Sqrt[1 + x]]]1*Logl[(-1 + Sqrt[2])*(Sqrt[2] + Sqrt[l + Sqrt[1 + x]])] - 2x*S
qrt[2]*Log[1 + Sqrt[1 + Sqrt[1l + x]]]*Logl[2 + Sqrt[2] + Sqrt[l + Sqrt[l + x
1] + Sqrt[2]*Sqrt[1 + Sqrt[1l + x]]] + 2*Sqrt[2]*Log[-1 + Sqrt[1l + Sqrt[1l +

x]]1]*Log[1 - (1 + Sqrt[2])*(-1 + Sqrt[1l + Sqrt[1 + x]])] + 2*Sqrt[2]*Logl1

+ Sqrt[1 + Sqrt[1l + x]]]xLog[l - (-1 + Sqrt[2])*(1 + Sqrt[l + Sqrt[1 + x]])
1 - 2xSqrt[2]*PolyLogl[2, -((-1 + Sqrt[2])*(-1 + Sqrt[1l + Sqrt[1l + x]1))] +

2xSqrt [2] #*PolyLog[2, (1 + Sqrt[2])*(-1 + Sqrt[1l + Sqrt[l + x]])] + 2*Sqrt[2
1*PolyLog[2, (-1 + Sqrt[2])*(1 + Sqrt[1l + Sqrt[1l + x]])] - 2*Sqrt[2]*PolyLo
gl2, -((1 + Sqrt[2])*(1 + Sqrt[1 + Sqrt[1l + x]11))]

fricas [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l+x)*(1+(1+x)~(1/2))~(1/2)/x,x, algorithm="fricas")

[Out] Exception raised: TypeError >> Error detected within library code:
rate: implementation incomplete (constant residues)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f\/\/x+1 +1 10g(x+1)d
x
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l+x)*(1+(1+x)~(1/2))~(1/2)/x,x, algorithm="giac")

[Out] integrate(sqrt(sqrt(x + 1) + 1)xlog(x + 1)/x, x)

integ
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maple [C] time = 0.02, size = 198, normalized size = 0.64

Lzm(ii%%ﬁz}nt;a+ﬂl+Vx+l)—Zm{—i%gii}n(;a+ﬂl+Vx+l
S )Y

_azRootOf(_ZZ—Z)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(Qn(x+1)*(1+(x+1)"(1/2))"(1/2)/x,x)

[Out] 4%1n(x+1)*(1+(x+1)"(1/2))"(1/2)-16%(1+(x+1)~(1/2))~(1/2)-8*1n((1+(x+1)~(1/2
D)7 (1/2)-1)+8*1n(1+(1+(x+1)~(1/2))~(1/2) ) +4*Sum(1/4* (In(x+1)*1n(-_alpha+(1+
(x+1)7(1/2))7(1/2))-2*dilog ((1+(1+(x+1)~(1/2))~(1/2))/(_alpha+1))-2*1n((1+(
1+(x+1)7(1/2))7(1/2))/(_alpha+1) ) *1n(-_alpha+(1+(x+1)~(1/2))~(1/2))-2*dilog
(C(1+(x+1)7(1/2))~(1/2)-1)/(_alpha-1) ) -2*In(((1+(x+1) ~(1/2))~(1/2)-1)/(_alp
ha-1))*1n(-_alpha+(1+(x+1)~(1/2))~(1/2)))*_alpha,_alpha=Root0f(_Z~2-2))

maxima [A] time = 1.28, size = 378, normalized size = 1.23

\/_—\/ x+1+1
\/Elog - +4\/ x+1+1 log(x+1)+2\/_log(\/§+\/ x+1 +1)lo
\/§+\/ x+1+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l+x)*(1+(1+x)~(1/2))~(1/2)/x,x, algorithm="maxima")

[Out] (sqrt(2)*log(-(sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) + sqrt(sqrt(x + 1)
+ 1))) + 4xsqrt(sqrt(x + 1) + 1))*log(x + 1) + 2*sqrt(2)*(log(sqrt(2) + sq
rt(sqrt(x + 1) + 1))*log(-(sqrt(2) + sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1) +
1) + dilog((sqrt(2) + sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1))) - 2*sqrt(2)*(
log(-sqrt(2) + sqrt(sqrt(x + 1) + 1))xlog(-(sqrt(2) - sqrt(sqrt(x + 1) + 1)
)/(sqrt(2) + 1) + 1) + dilog((sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1
))) + 2*sqrt(2)*(log(sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) + sqrt(
sqrt(x + 1) + 1))/(sqrt(2) - 1) + 1) + dilog((sqrt(2) + sqrt(sqrt(x + 1) +
1))/ (sqrt(2) - 1))) - 2*sqrt(2)*(log(-sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(
-(sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) - 1) + 1) + dilog((sqrt(2) - sq
rt(sqrt(x + 1) + 1))/(sqrt(2) - 1))) - 16*sqrt(sqrt(x + 1) + 1) + 8xlog(sqr
t(sqrt(x + 1) + 1) + 1) - 8*log(sqrt(sqrt(x + 1) + 1) - 1)

mupad [F]  time = 0.00, size = -1, normalized size = -0.00

dx

fln(x+1) Vx+1+1

X



Verification of antiderivative is not currently implemented for this CAS.

[In] int((log(x + )*x((x + 1)7(1/2) + 1)~(1/2))/x,%)
[Out] int((log(x + L)*((x + 1)°(1/2) + 1)~(1/2))/x, x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/\/m +1log(x +1) i
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(In(1+x)*(1+(1+x)*x(1/2))**(1/2)/x,%)

[Out] Integral(sqrt(sqrt(x + 1) + 1)*log(x + 1)/x, x)
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3.9

f ! dx
1+\/x+m

Optimal. Leaf size=84

1 1 1
VVxZ+1 +x+ — +—log(\/x2+1 +x)—210g(\/\/x2+1 +x +1)
JV2 +1 + x 2(Vx2+1 +x) 2

[Out] 1/2*1ln(x+(x"2+1)7(1/2))-2*x1n(1+(x+(x"2+1)~(1/2))~(1/2))-1/2/ (x+(x~2+1)~(1/2
D+1/ (x+(x72+1)7(1/2) )~ (1/2) + (x+(x72+1) " (1/2) )~ (1/2)

Rubi [A] time = 0.06, antiderivative size = 84, normalized size of antiderivative = 1.00,
. : ber of rul
number of steps used = 4, number of rules used = 3, integrand size = 19, DTN e =

integrand size
0.158, Rules used = {2117, 1821, 1620}

1 1 1
VVx2+1 +x+ — +§log(\/x2+l +x)—210g(\/\/x2+1 +x +1)
1,\/x2+1 +x 2(Vx2+1 +X)

Antiderivative was successfully verified.

[In] Int[(1 + Sqrt[x + Sqrt[l + x~2]]1)~(-1),x]

[Out] -1/(2*(x + Sqrt[l + x72])) + 1/Sqrtlx + Sqrt[1l + x"2]] + Sqrt[x + Sqrt[1 +
x72]] + Loglx + Sqrt[1l + x72]]1/2 - 2*Log[l + Sqrt[x + Sqrt[l + x~2]]]

Rule 1620

Int[(Px )*((a_.) + (b_.)*(x_)) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand[Px*(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E
xpon[Px, x], 2]

Rule 1821

Int[(Pq )*(x_)"(m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_.), x_Symbol] :> Dist[1/n,
Subst [Int [x~ (Simplify[(m + 1)/n] - 1)*SubstFor[x"n, Pq, x]*(a + b*x) p, x]
, X, x’n], x] /; FreeQ[{a, b, m, n, p}, x] && PolyQ[Pq, x"n] && IntegerQ[Si
mplify[(m + 1)/n]]

Rule 2117

Int[((g_.) + (h_)*((d_.) + (e_.)*(x_) + (f_.)*Sqrtl(a_) + (c_.)*(x_)"2])7(
n ))~(p_.), x_Symbol] :> Dist[1/(2%e), Subst[Int[((g + h*x"n) p*(d~2 + a*xf~
2 - 2xd*x + x72))/(d - x)72, x], x, d + e*x + fxSqrt[a + c*x"2]], x] /; Fre
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eQl{a, c, d, e, £, g, h, n}, x] && EqQ[e”2 - c*xf~2, 0] && IntegerQ[p]

Rubi steps

1+ x2
—dx,x,x+\/1+x2]

1 1
f dx:—Subst(f
2 2
1+ /x + V1 + 2 (1+\/§)x
1 4
= Subst(fﬁdx,x,\/x+\/l + x2 )

1 1 1 2
:Subst(f(1+———+———)dx,x, x+V1+x2)

X3 X2 x 1+x

1 1 1
=- + +Vx + VI + 22 +§10g(x+\/1+x2)—210|

2(x+\/1+—xz) Jrx+ V1 +22

Mathematica [A] time = 0.05, size = 84, normalized size = 1.00

VVaZ+1 +x+ ! - ! +%log(\/x2+1 +x)—210g(\/\/x2+1 + X +1)

Antiderivative was successfully verified.

[In] Integrate[(1 + Sqrt[x + Sqrt[l + x~2]])7(-1),x]

[Out] -1/2%1/(x + Sqrt[l + x72]) + 1/Sqrt[x + Sqrt[l + x72]] + Sqrt[x + Sqrt[1l +
x72]] + Logl[x + Sqrt[1l + x72]]1/2 - 2xLog[l + Sqrt[x + Sqrt[1l + x~2]]]

fricas [A] time = 0.42, size = 66, normalized size = 0.79
1 1
—Vx+ VaZ +1 (x— Vaz +1 —1)+5x—§ VaZ +1-2 log(\/x+ Vaz +1 +1)+10g( X+ VaZ +1 )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+(x+(x"2+1)~(1/2))~(1/2)),x, algorithm="fricas")

[Out] -sqrt(x + sqrt(x™2 + 1))*(x - sqrt(x”2 + 1) - 1) + 1/2%x - 1/2xsqrt(x”2 + 1
) - 2xlog(sqrt(x + sqrt(x”2 + 1)) + 1) + log(sqrt(x + sqrt(x™2 + 1)))

giac [F] time = 0.00, size = 0, normalized size = 0.00

1
f dx
VX+ Va2 +1 +1




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+(x+(x"2+1)~(1/2))~(1/2)),x, algorithm="giac")
[Out] integrate(1/(sqrt(x + sqrt(x”2 + 1)) + 1), x)
maple [F] time = 0.04, size = 0, normalized size = 0.00

1

f1+\/x+\/am

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] int(1/(1+(x+(x"2+1)"(1/2))"(1/2)),%)
[Out] int(1/(1+(x+(x"2+1)7(1/2))"(1/2)),%)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

1
f dx
WX+ Va2 +1 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+(x+(x"2+1)"(1/2))"(1/2)),x, algorithm="maxima")

[Out] integrate(1/(sqrt(x + sqrt(x”2 + 1)) + 1), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

1
f dx
VX + Va2 +1 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((x + (x72 + 1)7(1/2))7(1/2) + 1),x)
[Out] int(1/((x + (x72 + 1)7(1/2))~(1/2) + 1), %)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f dx
Vx+VaZz+1 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+(x+(xx¥2+1)*x(1/2))**(1/2)),x%)

[Out] Integral(1l/(sqrt(x + sqrt(x**2 + 1)) + 1), x)
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310 | VI

x+ﬁ1+V1+x

Optimal. Leaf size=41

8 tanh-! [2\/M+1+1]
an _—

V5

2Vx +1 +
\5

[Out] 8/5*%arctanh(1/5%(1+2%x(1+(1+x)~(1/2))"(1/2))*5-(1/2))*5~(1/2)+2x(1+x)~(1/2)

Rubi [A] time = 0.19, antiderivative size = 41, normalized size of antiderivative = 1.00,

. ) number of rules
number of steps used = 6, number of rules used = 3, integrand size = 25, ————— =

0.120, Rules used = {800, 618, 206}

integrand size

V5

3t h_l [2\1\/9&1 +1 +1]
an —_—
2Vx +1 +

V5

Antiderivative was successfully verified.

[In] Int[Sqrt[1 + x]/(x + Sqrt[1 + Sqrtl[l + x1]1),x]

[Out] 2*Sqrt[1 + x] + (8xArcTanh[(1 + 2*Sqrt[1 + Sqrt[1 + x]1)/Sqrt[51])/Sqrt[5]
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 618

Int[((a_.) + (b_)*(x) + (c_.)*(x.)~2)~(-1), x Symbol]l :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] &&% NeQ[b~2 - 4xaxc, 0]

Rule 800

Int [(C(d_.) + (e_)*x(x_)) " (m_)*x((f_.) + (g_.)*x(x_)))/((a_.) + (b_.)*x(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[((d + ex*x) mx(f + g*x))/(a
+ b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b~2 - 4xax
c, 0] && NeQ[c*d~2 - bxd*e + a*e”2, 0] &% IntegerQ[m]
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Rubi steps
1+x x?
f dszSubstf . dx,x,V1+x
x+41+V1I+x 1+t +Vl+x
-1+ x)(1 + x)? [
= 4 Subst ( D + ) dx,x,\1+ V1 +x
-1+x+x2
1
:4Substfx—— dx,x, 1+ V1+x
~1+x + x2
1
= 2V1 + x — 4Subst f—dx,x,\/1+\/1+x
-1+x+x2

1
=2Vl +x +85ubst(f5

2 dx,x,1+241+ V1l +x )
8 tanh™! (1+2\/1+\/1+x )
an e

V5

=2Vl +x +
\5

Mathematica [A] time = 0.07, size = 41, normalized size = 1.00

8 tanh”] [Zw/\/x-k_1+1+1]
an —_—

V5

2Vx +1 +
\5

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 + x]/(x + Sqrt[l + Sqrt[l + x]1),x]
[Out] 2*Sqrt[1 + x] + (8xArcTanh[(1 + 2*Sqrt[1 + Sqrt[1 + x]1)/Sqrt[51])/Sqrt[5]

fricas [B] time = 0.41, size = 101, normalized size = 2.46

2x2—\/§(3x+1)—(\/§(x+2)—5x)\/x+1 +(\/§(x+2)+(\/5(2x—1)—5)\/x+ —5x)ﬁ

x2—x-1

4
g\/glog

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x)~(1/2)/(x+(1+(1+x)~(1/2))~(1/2)),x, algorithm="fricas")
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[Out] 4/5%sqrt(5)*log((2xx"2 - sqrt(5)*(3*xx + 1) - (sqrt(5)*(x + 2) - bxx)*sqrt(x
+ 1) + (sqrt(B)*(x + 2) + (sqrt(8)*(2*x - 1) - B)*sqrt(x + 1) - 5xx)*sqrt(
sqrt(x + 1) + 1) + 3*x + 3)/(x72 - x - 1)) + 2%sqrt(x + 1)

giac [A] time = 0.19, size = 51, normalized size = 1.24

4 V5 —24/Vx+1 +1 -1
—g\/glog— +2Vx+1+2

V5 +24Vx+1 +1 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x)~(1/2)/(x+(1+(1+x)~(1/2))"(1/2)),x, algorithm="giac")

[Out] -4/5*sqrt(5)*log(-(sqrt(5) - 2*sqrt(sqrt(x + 1) + 1) - 1)/(sqrt(5) + 2*sqrt
(sqrt(x + 1) + 1) + 1)) + 2*xsqrt(x + 1) + 2

maple [A] time = 0.00, size = 34, normalized size = 0.83

(1+2Jﬁ)«/§

5

8\/5 arctanh
+2Vx+1 +2

5

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x+1)7(1/2)/(x+(1+(x+1)~(1/2))~(1/2)) ,x)

[Out] 2*%(x+1)~(1/2)+2+8/5*xarctanh(1/5%x(1+2x (1+(x+1)~(1/2))"(1/2))*5"(1/2))*5"(1/2
)

maxima [A] time = 1.42, size = 51, normalized size = 1.24

V5 —2+4/Vx+1 +1 -1
——\/_ log |- +2Vx+1+2
\/§+2\/\/x+1 +1 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x)~(1/2)/(x+(1+(1+x)~(1/2))~(1/2)),x, algorithm="maxima"

[Out] -4/5*sqrt(5)*log(-(sqrt(5) - 2*sqrt(sqrt(x + 1) + 1) - 1)/(sqrt(5) + 2*sqrt
(sqrt(x + 1) + 1) + 1)) + 2*sqrt(x + 1) + 2

mupad [F] time = 0.00, size = -1, normalized size = -0.02

J e
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((x + 1)7(1/2)/(x + ((x + 1)7(1/2) + 1)7(1/2)),%)
[Out] int((x + 1)7(1/2)/(x + ((x + 1)7(1/2) + 1)7(1/2)), x)
sympy [A] time = 21.08, size = 112, normalized size = 2.73

2\@(#@+1+%)
\/gacoth — 2
- n fM(VVx+1+1+%)>Z
2Vvx+1 -16 +2
2«6(\/M+1+%)
- m ﬁH(VVx+1+1+%)<Z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((1+x)**(1/2)/(x+(1+(1+x)*x(1/2))**(1/2)),x)

[Out] 2x*sqrt(x + 1) - 16*Piecewise((-sqrt(5)*acoth(2*sqrt(5)*(sqrt(sqrt(x + 1) +
1) + 1/2)/5)/10, (sqrt(sqrt(x + 1) + 1) + 1/2)**2 > 5/4), (-sqrt(5)*atanh(2
xsqrt (5) *(sqrt(sqrt(x + 1) + 1) + 1/2)/5)/10, (sqrt(sqrt(x + 1) + 1) + 1/2)

**2 < 5/4)) + 2
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311 [ ————dx

x—4/1+V1+x

Optimal. Leaf size=73

%(5+\/g)log(—2\/ﬁ -5 +1)+§(5—\/5)10g(—2\/ﬁ +5 +1)

[Out] 2/5*In(1+57(1/2)-2*(1+(1+x)~(1/2))~(1/2))*(5-57(1/2))+2/5x1n(1-57(1/2)-2*(1
+(1+x)7(1/2))~(1/2))*(5+567(1/2))

Rubi [A] time =0.11, antiderivative size = 73, normalized size of antiderivative = 1.00,
number of rules

number of steps used = 5, number of rules used = 2, integrand size = 19,
0.105, Rules used = {632, 31}

%(5+\/§)log(—2\/ﬁ -5 +1)+§(5—\/5)10g(—2\/ﬁ +5 +1)

Antiderivative was successfully verified.

integrand size

[In] Int[(x - Sqrt[1 + Sqrtl[l + x]])~(-1),x]

[Out] (2*%(5 + Sqrt[5])*Logll - Sqrt[6] - 2xSqrt[1 + Sqrtl[l + x111)/5 + (2%(5 - Sq
rt[6])*Log[1l + Sqrt[5] - 2*Sqrt[1 + Sqrt[l + x]1]1)/5

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 632

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> W
ith[{q = Rt[b"2 - 4*axc, 2]}, Dist[(cxd - ex(b/2 - q/2))/q, Int[1/(b/2 - q/
2 + c*x), x], x] - Dist[(cxd - ex(b/2 + q/2))/q, Int[1/(b/2 + q/2 + c*x), X
1, x11 /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*cxd - bxe, 0] && NeQ[b~2 - 4xa
xc, 0] && NiceSqrtQ[b~2 - 4*axc]

Rubi steps
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i dx,x,\/1+x)

1
f dszSubst(f .
SN EACR

:4Subst(f%d \/1+\/E)
(2(5—\/5))Subst[f%d \/1+MJ+5( (5+V5)) Subs

(5+\/_)10g(1 V5 241+ 1+x) log(1+\/_ 2\/T

a1l

Mathematica [A] time = 0.07, size = 71, normalized size = 0.97
1
5(2(5+ \/g)log(—Z\/\/x+1 +1 -5 +1) -2(V5 —5)log(—2\/\/x+1 +1+5 +1))

Antiderivative was successfully verified.

[In] Integratel[(x - Sqrtl[l + Sqrtl[l + x]11)~(-1),x]

[Out] (2x(5 + Sqrt[5])*Logll - Sqrt[5] - 2*Sqrt[l + Sqrt[l + x]]] - 2*%(-5 + Sqrt[
5])*Log[1 + Sqrt[5] - 2xSqrt[1 + Sqrtl[1l + x]]1]1)/5

fricas [B] time = 0.41, size = 112, normalized size = 1.53

2x2+\/§(3x+1)+(\/§(x+2)+5x)\/x+1 +(\/§(x+2)+(\/§(2x—1)+5)\/x+1 +5x)\/?/

x2-x-1

2
g\/glog

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x-(1+(1+x)~(1/2))~(1/2)),x, algorithm="fricas")

[Out] 2/5*sqrt(5)*log((2*xx~2 + sqrt(5)*(3*x + 1) + (sqrt(5)*(x + 2) + bxx)*sqrt(x
+ 1) + (sqrt(B)*(x + 2) + (sqrt(5)*(2%x - 1) + B)*sqrt(x + 1) + bxx)*sqrt(
sqrt(x + 1) + 1) + 3*xx + 3)/(x72 - x - 1)) + 2xlog(sqrt(x + 1) - sqrt(sqrt(

x + 1) + 1))

giac [A] time = 0.81, size = 67, normalized size = 0.92

|—\/§+2\/m—1
Nl M A

2
5 V5 log

|

+210g(
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x-(1+(1+x)~(1/2))"(1/2)),x, algorithm="giac")

[Out] -2/5*sqrt(5)*log(abs(-sqrt(5) + 2*sqrt(sqrt(x + 1) + 1) - 1)/abs(sqrt(5) +
2xsqrt(sqrt(x + 1) + 1) - 1)) + 2xlog(abs(sqrt(x + 1) - sqrt(sqrt(x + 1) +
1))

maple [B] time = 0.17, size = 175, normalized size = 2.40

(1+2\/ﬁ)«/§

2 1-1)vV5 2 1-
24/5 arctanh 5 \5 arctanh((zx_;)\@) \/5 arctanh (@) \5 arcta nh(( \/be_
5 i 5 " 5 " 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(x-(1+(x+1)~(1/2))"(1/2)),%)

[Out] 1/2*1n(x"2-x-1)+1/5%5"(1/2)*arctanh(1/5*%(2*xx-1)*5~(1/2))+1/5%5"(1/2)*arctan
h(1/5%(2x(x+1)~(1/2)+1)*57(1/2))+2/5*arctanh (1/5% (1+2* (1+(x+1)~(1/2))~(1/2)
)*57(1/2))*57(1/2)+1/2*%1n(x-(x+1) " (1/2))-1n((x+1) " (1/2)+(1+(x+1)~(1/2))~(1/
2))+1n((x+1)~(1/2) - (1+(x+1)~(1/2))~(1/2))-1/2*%1n(x+(x+1) ~(1/2))+1/5%x5~(1/2)
*arctanh (1/5% (2% (x+1)~(1/2)-1)*5"(1/2))+2/5%5"(1/2) *arctanh (1/5% (2*x (1+(x+1)
~(1/2))°(1/2)-1)*%57(1/2))

maxima [A] time = 1.30, size = 63, normalized size = 0.86

2 \/5—2\/\/x+1 +1 +1
~z 5 log| - +2log(\/x+ -V Vx+1 +1)
VB +24Vxr+1 +1 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x-(1+(1+x)~(1/2))~(1/2)),x, algorithm="maxima")

[Out] -2/5*sqrt(5)*log(-(sqrt(5) - 2*sqrt(sqrt(x + 1) + 1) + 1)/(sqrt(5) + 2*sqrt
(sqrt(x + 1) + 1) - 1)) + 2xlog(sqrt(x + 1) - sqrt(sqrt(x + 1) + 1))

mupad [F] time = 0.00, size = -1, normalized size = -0.01

1
f dx
x—4/Vx+1 +1

Verification of antiderivative is not currently implemented for this CAS.




[In] int(1/(x - ((x + 1)7(1/2) + 1)7(1/2)) ,x)
[Out] int(1/(x - ((x + 1)7(1/2) + 1)7(1/2)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f dx
x—yVx+1+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x-(1+(1+x)**(1/2))**(1/2)),x)
[Out] Integral(1l/(x - sqrt(sqrt(x + 1) + 1)), x)

73
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3.12 f - dx

x+41-VI+x

Optimal. Leaf size=73

8tanh™ (—2 12V +1J

V5

(1_m)2_4\/1_\/m +2Vx+1 + 7

[Out] 8/5%arctanh(1/5x(1+2%(1-(1+x)7(1/2))7(1/2))*57(1/2))*57 (1/2)+(1-(1+x)~(1/2)
) 724+2% (1+x) 7 (1/2) -4 (1-(1+x) ~(1/2) )~ (1/2)

Rubi [A] time = 0.27, antiderivative size = 73, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 6, number of rules used = 3, integrand size =21, — =

0.143, Rules used = {1628, 618, 206}

integrand size

s [

V5

(1-VerT) 4y VT e2veed 4 =

Antiderivative was successfully verified.
[In] Int[x/(x + Sqrt[1l - Sqrt[1 + x]1),x]

[Out] 2*Sqrt[1 + x] - 4*Sqrt[1 - Sqrt[l + x]] + (1 - Sqrt[l + x])~"2 + (8*ArcTanhl[
(1 + 2xSqrt[1 - Sqrt[1 + x]1)/Sqrt[511)/Sqrt[5]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtl[a, 2]1*#Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 1628

Int[(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x72)7p, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] & PolyQ[Pq, x] && IGtQ[p, -2]
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Rubi steps
x (-1 +x2
f il dx:2Substf ( ) de,x,\/1+x]
x2(1+x)(—2+x2)
:4Substf dx,x,\\1-V1+x
-1+x+x?
1
:4Substf—1—x+x3—— dx,x, V1 -V1 +x
-1+ x + x2

—oVitx—4y1-Vitx +( 1+x) _ 4Subst f—dxx 1-v
1+ x+ x?

—oVi+x—4y1-Vitx +( 1+x) +8Subst(fmdx,x,1+2\/l—\/
8 tanh-! 1+24/1-V1+x
2 a \5
=2Vl +x - 4\/1 1+x +( 1+x) +
\5

Mathematica [A] time = 0.08, size = 52, normalized size = 0.71

8tanh ™ (—2 1oV +1]

V5

x—4\1-Vx+1 + 7

Antiderivative was successfully verified.

[In] Integratel[x/(x + Sqrt[l - Sqrtl[1l + x]]),x]

[Out] x - 4xSqrt[l - Sqrt[1l + x]] + (8*ArcTanh[(1 + 2*Sqrt[1 - Sqrt[l + x]])/Sqrt
[5611)/Sqrt[5]

fricas [A] time = 0.41, size = 110, normalized size = 1.51

22 - \E@x+1)+ (VB +2) - S)VIFT + (VB +2) - (VBQ2x—1) - 5)Va+ 1 - 5x)y—

x2-x-1

4
g\/glog

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(x+(1-(1+x)~(1/2))~(1/2)),x, algorithm="fricas")
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[Out] 4/5%sqrt(5)*log((2xx"2 - sqrt(5)*(3*xx + 1) + (sqrt(5)*(x + 2) - bxx)*sqrt(x
+ 1) + (sqrt(B)*(x + 2) - (sqrt(8)*(2*x - 1) - B)*sqrt(x + 1) - 5xx)*sqrt(
-sqrt(x + 1) + 1) + 3*%x + 3)/(x"2 - x - 1)) + x - 4*xsqrt(-sqrt(x + 1) + 1)

time = 0.71, size = 79, normalized size = 1.08

|—\/§ +2+4/-Vx+1+1+1
+2Vx+1 —44-Vx+1+1-2

2 4
(\/x+1 —1) ——\/glog
> \/§+2\/—\/x+1 +1 +1

Verification of antiderivative is not currently implemented for this CAS.

giac [A]

[In] integrate(x/(x+(1-(1+x)~(1/2))"(1/2)),x, algorithm="giac")

[Out] (sqrt(x + 1) - 1)72 - 4/5%sqrt(5)*log(abs(-sqrt(5) + 2xsqrt(-sqrt(x + 1) +
1) + 1)/(sqrt(5) + 2*sqrt(-sqrt(x + 1) + 1) + 1)) + 2*sqrt(x + 1) - 4*xsqrt(
-sqrt(x + 1) + 1) - 2

time = 0.01, size = 60, normalized size = 0.82

maple [A]
(1+z\/1_vm )\/E
8\/5 arctanh z

+(1—«/ﬁ)2—2+2\/97—4\/1—\/m

5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/(x+(1-(x+1)"(1/2))"(1/2)),%)

[Out] (1-(x+1)"(1/2))"2-2+2%(x+1)~(1/2)-4x(1-(x+1)~(1/2))~(1/2)+8/5*arctanh (1/5%(
1+2% (1-(x+1)~(1/2))~(1/2))*6~(1/2))*5~(1/2)

time = 1.47, size = 77, normalized size = 1.05

V5 -24-Vx+1 +1 -1
+2Vx+1 —44/-Vx+1 +1-2

2 4
(\/x+1 —1) ~ -5 log|-
> \/§+2\/—\/x+1 +1 +1

Verification of antiderivative is not currently implemented for this CAS.

maxima [A]

[In] integrate(x/(x+(1-(1+x)~(1/2))"(1/2)),x, algorithm="maxima"

[Out] (sqrt(x + 1) - 1)72 - 4/5xsqrt(5)*log(-(sqrt(5) - 2*sqrt(-sqrt(x + 1) + 1)
- 1)/(sqrt(b5) + 2xsqrt(-sqrt(x + 1) + 1) + 1)) + 2xsqrt(x + 1) - 4xsqrt(-sq

rt(x + 1) +1) -2



mupad [F] time = 0.00, size = -1, normalized size = -0.01

X

fx+\/1—\/m

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/(x + (1 - (x + 1)7(1/2))"(1/2)),%)
[Out] int(x/(x + (1 - (x + 1)°(1/2))°(1/2)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

X

fx+\/1—\/m

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(x+(1-(1+x)**(1/2))**(1/2)),x)
[Out] Integral(x/(x + sqrt(l - sqrt(x + 1))), x)

77
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313 | oo v dx

Vi+x (1+22)

Optimal. Leaf size=365

itan_l(_((l_zvﬁ)m)+ 1—i+2] itan_l[_((l_zvm)m)+ 1+i+2] itanh_l(_((mv—)v—) \/_z+2] .
24)i+V1-i \/x+ e+l 2\/@—1'\/“ x+1 2\/@—1'\/“ e+l

1-i 1+i 1-i
2. (- 2 |- :
i+V1-i i—V1+i i—V1-i

2

[Out] 1/2*%Ikxarctanh(1/2%(2-(1-I)7(1/2)-(1+2*%(1-1)"(1/2))*(1+x)~(1/2))/(-I+(1-I)"(
1/2))7(1/2) / (x+(1+x)~(1/2))~(1/2)) / ((-1+I) /(I-(1-1)~(1/2)))~(1/2)-1/2*I*arc
tan(1/2%(2+(1-I)~(1/2)-(1-2%x(1-I)~(1/2) ) *(1+x) ~(1/2)) / (I+(1-1)~(1/2) )~ (1/2)

[ (x+(1+x)7(1/2))7(1/2)) / ((1-1) / (I+(1-1)"(1/2)) )~ (1/2) +1/2*I*arctan (1/2* (2+(

1+ 7 (1/2) - (1-2%x(1+1) 7 (1/2) ) * (1+x) 7 (1/2) ) / (-I+(1+I) " (1/2) ) ~(1/2) / (x+(1+x) " (
1/2))7(1/2))/ ((-1-1) /(I-(1+1)~(1/2)))~(1/2)-1/2*I*arctanh (1/2*(2-(1+I) " (1/2

) - (142 (1+I) 7 (1/2))*(1+x) = (1/2) ) / (I+(1+I)~(1/2) )~ (1/2) / (x+(1+x) ~(1/2) )~ (1/2

D)/ ((1+I) /(T+(1+I1)~(1/2)))~(1/2)

Rubi [A] time = 0.86, antiderivative size = 365, normalized size of antiderivative
= 1.00, number of steps used = 20, number of rules used = 8, integrand size = 28,

number oL les _ ).286, Rules used = {6741, 6728, 990, 621, 206, 1033, 724, 204}

integrand size

, (VT )Ver vimie2 | L [V e VIR 2 ) L [~V Ve Vi)
itan~! itan itanh itanh
2\i+ V1T v+ Vel 2 VIti—i \Jr+ Ve 2 VIDi =i x4 V31
1-i 1+i 1-i
Vi N R

Antiderivative was successfully verified.
[In] Int[Sqrtlx + Sqrt[1l + x]1/(Sqrtl[l + x]*(1 + x72)),x]

[Out] ((-I/2)*ArcTan[(2 + Sqrt[1 - I] - (1 - 2*Sqrt[1 - I])*Sqrt[1 + x])/(2*Sqrtl[
I+ Sqrt[1l - I]1I*Sqrtlx + Sqrtl[l + x]11)1)/Sqrtl[(1 - I)/(I + Sqrt[l - I1)] +
((I/2)*ArcTan[(2 + Sqrt[1 + I] - (1 - 2xSqrt[1 + I])*Sqrtl[1l + x])/(2*Sqrtl[
-I + Sqrt[1 + I]I*Sqrtlx + Sqrt[l + x]11)1)/Sqrt[(-1 - I)/(I - Sqrt[1 + I1)]

+ ((I/2)*ArcTanh[(2 - Sqrt[1l - I] - (1 + 2xSqrt[1 - I])*Sqrtl[1l + x])/(2%Sq
rt[-I + Sqrtl[1 - I]1]1*Sqrtlx + Sqrtl[l + x]11)1)/Sqrt[(-1 + I)/(I - Sqrt[l - I
D1 - ((I/2)*ArcTanh[(2 - Sqrt[1 + I] - (1 + 2*Sqrt[1 + I])*Sqrt[1 + x]1)/(2
*xSqrt [I + Sqrt[1 + I]]*Sqrtlx + Sqrtl[l + x]]1)]1)/Sqrtl[(1 + I)/(I + Sqrt[l +
ID]

Rule 204
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 21*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (LtQ[
a, 0] ||l LtQ[b, 0])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]1), x] /; FreeQl[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*x(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%c*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d"2 - 4xbxdxe + 4xaxe”™2 - x72), x], x, (2
xaxe - bxd - (2xc*d - bxe)*x)/Sqrtla + bxx + c*x72]]1, x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 990

Int[Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2]/((d_) + (f_.)*(x_)"2), x_Symbol]

:> Dist[c/f, Int[1/Sqrtla + b*x + c*xx~2], x], x] - Dist[1/f, Int[(c*d - ax*
f - b*f*x)/(Sqrt[a + bkx + c*x~2]*(d + f*x~2)), x], x] /; FreeQ[{a, b, c, d
, 1, x] && NeQ[b~™2 - 4xaxc, 0]

Rule 1033

Int[((g_.) + (h_)*(x_))/(((a)) + (c_.)*(x_)"2)*3qrt[(d_.) + (e_.)*x(x_) + (
f_)*(x_)"2]), x_Symbol] :> With[{q = Rt[-(a*c), 2]}, Dist[h/2 + (cxg)/(2*q
), Int[1/((-q + c*x)*Sqrt[d + e*xx + f*x72]), x], x] + Dist[h/2 - (c*xg)/(2xq
), Int[1/((q + cxx)*Sqrt[d + e*x + fxx~2]), x], x]] /; FreeQ[{a, c, d, e, f
, &, h}, x] && NeQ[e™2 - 4xdxf, 0] && PosQ[-(axc)]

Rule 6728

Int[(u_)/((a_.) + (b_)*x(x_)"(n_.) + (c_)*(x_)"(n2_.)), x_Symbol] :> With[
{v = RationalFunctionExpand[u/(a + b*x"n + c*x~(2*n)), x]}, Int[v, x] /; Su
mQ[v]] /; FreeQ[{a, b, c}, x] & EqQ[n2, 2*n] && IGtQ[n, 0]
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Rule 6741

Int[u_, x_Symbol] :> With[{v = NormalizelIntegrand[u, x]}, Int[v, x] /; v =!
= 11]

Rubi steps

fw/“m fvm W]

dx = 2 Subst dx, x,
\/1+x(1+x2) 1+(—1+x2)2
V-1 2
= 2 Subst At dx,x, V1 + x
2 —2x2 4 x4

+
2+2i)—2x2 (-2 +2i) +2x2

VT 7 T 5
= 2 Subst f[ﬂ/ Ty iV-l+x+x ]dx,x,\/1+x]

V-1 2 V-1 2 |
= 2i Subst &dx,x,\ll + x | + 2i Subst +?c+x dx,x, V1 + x
(2 + 2i) — 2x2 (=2 + 2i) + 2x2
20+ 2x 21 -
= i Subst f dx,x, V1 + x | —iSubst f
( ((2+2i)—2x2)\/—1+x+x2 ] [ V-1 +x + x2 ((
1 1 1
= | = (i(~2-@ - substf dex, V1+x||-=
[2(( ) (-2V1-i+20)V-1+x+22 2
1 442Vl —-i—(-2-4V1-
= (i (-2 - (1 - 1)¥?)) Subst f : — dx, x, (
-16i +16V1 -1 —x x+\VI+x

Zx/ﬁ tan™! [2+«/E_(1_2@ ) Vixx

o ] 1 2+
S o L +-o(1+ i)3/2\/—i+7\/1_+i tan™!
21— 4

Mathematica [A] time = 0.49, size = 357, normalized size = 0.98

i(l—i)3/2 i tanc] ~((1-2v1-i)Vx+1)+V1-i+2 %(1”)3/2 (o7t tanct —((1-2v
23+ VI i yx+ Vit 2V

Antiderivative was successfully verified.
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[In] Integrate[Sqrt[x + Sqrtl[1l + x]]/(Sqrtl[1l + x]*(1 + x72)),x]

[Out] ((1 - I)"(3/2)*Sqrt[I + Sqrt[1 - I]]*ArcTan[(2 + Sqrt[l - I] - (1 - 2*Sqrt[
1 - I])*Sqrt[l + x])/(2%Sqrt[I + Sqrt[1l - I]]*Sqrtlx + Sqrtl[l + x]1)]1)/4 +

((1 + I)°(3/2)*Sqrt[-I + Sqrt[l + I]J]*ArcTan[(2 + Sqrt[1l + I] - (1 - 2%Sqrt

[1 + I])*Sqrtl[l + x])/(2xSqrt[-I + Sqrt[1 + I]J]*Sqrt[x + Sqrt[l + x]1)])/4

- ((1 - I)°(3/2)*Sqrt [-I + Sqrt[1 - I]]*ArcTanh[(2 - Sqrt[l - I] - (1 + 2%S

grt[1l - I])*Sqrtl[l + x])/(2xSqrt[-I + Sqrt[1 - I]]*Sqrtl[x + Sqrt[l + x]1)1)

/4 - ((1 + I)”(3/2)*Sqrt[I + Sqrt[1 + I]]*ArcTanh[(2 - Sqrt[1 + I] - (1 + 2
xSqrt[1 + I])=*Sqrt[1 + x])/(2%Sqrt[I + Sqrt[l + I]]*Sqrt[x + Sqrt[1l + x]])]

)/4

fricas [B] time = 8.43, size = 5235, normalized size = 14.34

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))7(1/2)/(x"2+1)/(1+x)~(1/2),x, algorithm="fricas")

[Out] -1/4*sqrt(sqrt(1/8*I + 1/8) + sqrt(-1/8*%I + 1/8) - 2*xsqrt(-3/64*(4*sqrt(1/8
*xI + 1/8) - I + 1)72 - 3/64*x(4xsqrt(-1/8xI + 1/8) + I + 1)72 - 1/32x(4*sqrt
(1/8+I + 1/8) - I + 1)*x(4*xsqrt(-1/8*I + 1/8) + I - 3) + 1/2%sqrt(-1/8*I + 1
/8) + 1/8+1 + 1/8) - 1/2)*1og(1/4%(2x(((3*x - 1)*sqrt(x + 1) + 4*x - 3)*(4*
sqrt(-1/8+I + 1/8) + I + 1) - 3%(3*%x - 1)*sqrt(x + 1) - 7*xx + 9)*sqrt(x + s
grt(x + 1))*(4xsqrt(1/8+I + 1/8) - I + 1)72 + 2x(((3*x - 1)*sqrt(x + 1) + 4
*x — 3)x(4xsqrt(-1/8+I + 1/8) + I + 1)72 - 4x((3*%x - 1)*sqrt(x + 1) + 4*x -
3)*(4xsqrt(-1/8*I + 1/8) + I + 1) + 2x(7*xx + 1)*sqrt(x + 1) + 12%x - 14)x*s
qrt(x + sqrt(x + 1))*(4xsqrt(1/8+I + 1/8) - I + 1) + 16x((((3*x - 1)*sqrt(x
+ 1) + 4xx - 3)*%(4*xsqrt(-1/8*%I + 1/8) + I + 1) - 3*(3*x - 1)*sqrt(x + 1) -
7xx + 9)*sqrt(x + sqrt(x + 1))*(4*sqrt(1/8*I + 1/8) - I + 1) - ((3*%(3*x -
Dxsqrt(x + 1) + 7+x - 9 x(4xsqrt(-1/8+I + 1/8) + I + 1) - 2*x(11*x - 7)*sqr
t(x + 1) - 16%x + 22)*sqrt(x + sqrt(x + 1)))*sqrt(-3/64*(4xsqrt(1/8*I + 1/8
) - I+ 1)72 - 3/64x(4*sqrt(-1/8*I + 1/8) + I + 1)72 - 1/32%(4*sqrt(1/8*I +
1/8) = I + 1)*(4*sqrt(-1/8*%I + 1/8) + I - 3) + 1/2*sqrt(-1/8*I + 1/8) + 1/
8*xI + 1/8) - 2x((3%(3*x - 1)*sqrt(x + 1) + 7xx - 9)*(4xsqrt(-1/8*I + 1/8) +
I+ 1)72 = 2%((7xx + 1)*sqrt(x + 1) + 6xx - 7)*(4xsqrt(-1/8+I + 1/8) + I +
1) - 4dxsqrt(x + 1)*(x - 7) - 12%xx + 44)*sqrt(x + sqrt(x + 1)) + ((3*x"2 -
(x72 + 2%(3*%x + 4)*sqrt(x + 1) + 8*x + 5)*(4*sqrt(-1/8*I + 1/8) + I + 1) +
2% (9*%x + T)*sqrt(x + 1) + 24*x + 15)*(4*sqrt(1/8*I + 1/8) - I + 1)72 + (3*x
T2 + 2%(9%x + T)*sqrt(x + 1) + 24xx + 15)*(4*sqrt(-1/8*%I + 1/8) + I + 1)72
- 68%x72 - ((x72 + 2%x(3xx + 4)*sqrt(x + 1) + 8%x + b)*(4*sqrt(-1/8+I + 1/8)
+ I+ 1)72 - 2%x72 - 4x(x72 + 2%x(3*x + 4)xsqrt(x + 1) + 8%x + B5)*(4dx*sqrt(-
1/8+%1 + 1/8) + I + 1) + 4*x(7*x + 6)*sqrt(x + 1) + 24*x + 30)*(4*sqrt(1/8*I
+1/8) - I + 1) + 2%x(x72 - 2x(7*x + 6)*sqrt(x + 1) - 12%xx - 15)*(4*sqrt(-1/
8I + 1/8) + I + 1) - 8*x(14%x72 - (3*x72 - (x72 + 2%(3*x + 4)*sqrt(x + 1) +
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8xx + 5)*(4xsqrt(-1/8%I + 1/8) + I + 1) + 2%(9%x + T)*sqrt(x + 1) + 24xx +
15) % (4xsqrt(1/8+I + 1/8) - I + 1) - (3*x72 + 2x(9*x + 7)*sqrt(x + 1) + 24x%
X + 15)*(4*sqrt(-1/8*I + 1/8) + I + 1) + 4x(11*x + 8)*sqrt(x + 1) + 72*x +
30) *sqrt (-3/64*(4*sqrt(1/8+I + 1/8) - I + 1)72 - 3/64*(4*sqrt(-1/8*I + 1/8)
+ I+ 1)72 - 1/32%x(4*sqrt(1/8+I + 1/8) - I + 1)x(4xsqrt(-1/8+I + 1/8) + I
- 3) + 1/2xsqrt(-1/8I + 1/8) + 1/8*I + 1/8) - 8*(11*x + 3)*sqrt(x + 1) - 6
4xx - 20)*sqrt(sqrt(1/8+I + 1/8) + sqrt(-1/8*%I + 1/8) - 2*sqrt(-3/64x(4*xsqr
t(1/8*I + 1/8) - I + 1)72 - 3/64%(4*sqrt(-1/8*I + 1/8) + I + 1)7°2 - 1/32x(4
xsqrt(1/8+I + 1/8) - I + 1)*(4*sqrt(-1/8+I + 1/8) + I - 3) + 1/2*sqrt(-1/8%
I+1/8) + 1/8%I + 1/8) - 1/2))/(x"2 + 1)) + 1/4*sqrt(sqrt(1/8*I + 1/8) + s
qrt(-1/8*I + 1/8) - 2xsqrt(-3/64*(4*xsqrt(1/8+I + 1/8) - I + 1)72 - 3/64*(4x
sqrt(-1/8+I + 1/8) + I + 1)72 - 1/32*(4*sqrt(1/8*I + 1/8) - I + 1)*(4xsqrt(
-1/8%I + 1/8) + I - 3) + 1/2%sqrt(-1/8*I + 1/8) + 1/8xI + 1/8) - 1/2)*log(1
/4% (2% (((3xx - 1)*sqrt(x + 1) + 4%x - 3)*x(4*sqrt(-1/8+I + 1/8) + I + 1) - 3
*(3*xx - Dxsqrt(x + 1) - 7*x + 9)*sqrt(x + sqrt(x + 1))*(4*xsqrt(1/8*I + 1/8
) = I+ 1)72 + 2x(((3*%x - 1)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1/8*I + 1/8) +
I+ 1)72 - 4x((3*%x - 1)*sqrt(x + 1) + 4xx - 3)*(4*xsqrt(-1/8*I + 1/8) + I +
1) + 2x(7*xx + D)*xsqrt(x + 1) + 12xx - 14)*sqrt(x + sqrt(x + 1))*(4*xsqrt(1/
8*I + 1/8) - I + 1) + 16%((((3*x - 1)*sqrt(x + 1) + 4*xx - 3)*x(4d*xsqrt(-1/8*I
+1/8) + I + 1) - 3*%(3*%x - 1)*sqrt(x + 1) - 7*x + 9)*sqrt(x + sqrt(x + 1))
*x(4xsqrt(1/8+I + 1/8) - I + 1) - ((3*%(3*x - 1)*sqrt(x + 1) + 7*x - 9)*(4*sq
rt(-1/8+I + 1/8) + I + 1) - 2*%(11*x - 7)*sqrt(x + 1) - 16%x + 22)*sqrt(x +
sqrt(x + 1)))*sqrt(-3/64*(4xsqrt(1/8*I + 1/8) - I + 1)72 - 3/64*(4*sqrt(-1/
8xI + 1/8) + I + 1)72 - 1/32x(4*sqrt(1/8*I + 1/8) - I + 1)*(4*sqrt(-1/8%I +
1/8) + I - 3) + 1/2xsqrt(-1/8xI + 1/8) + 1/8xI + 1/8) - 2+%((3*x(3*x - 1)*sq
rt(x + 1) + 7*x - 9)*(4*sqrt(-1/8+I + 1/8) + I + 1)72 - 2x((7*x + 1)*sqrt(x
+ 1) + 6%x - 7)*(4*xsqrt(-1/8%I + 1/8) + I + 1) - 4xsqrt(x + D)*x(x - 7) - 1
2%x + 44)*sqrt(x + sqrt(x + 1)) - ((3*x72 - (x72 + 2%(3*x + 4)*sqrt(x + 1)
+ 8*%x + D) *(4xsqrt(-1/8%I + 1/8) + I + 1) + 2%x(9%x + T7)*sqrt(x + 1) + 24*x
+ 15)*(4*xsqrt(1/8*I + 1/8) - I + 1)72 + (3*x72 + 2%(9%x + T7)*sqrt(x + 1) +
24*x + 15)*(4xsqrt(-1/8*I + 1/8) + I + 1)72 - 68*x72 - ((x72 + 2%(3*x + 4)*
sqrt(x + 1) + 8*x + B)*(4*sqrt(-1/8*I + 1/8) + I + 1)72 - 2%x72 - 4*%(x"2 +
2% (3*x + 4)*sqrt(x + 1) + 8xx + 5)*(4xsqrt(-1/8*I + 1/8) + I + 1) + 4x(7*x
+ 6)xsqrt(x + 1) + 24xx + 30)*(4*sqrt(1/8*I + 1/8) - I + 1) + 2%(x"2 - 2*(7
*x + 6)*sqrt(x + 1) - 12%x - 15)*(4*sqrt(-1/8+I + 1/8) + I + 1) - 8x(14*x"2
- (3%x72 - (x72 + 2%(3*x + 4)*sqrt(x + 1) + 8*x + 5)*(4*sqrt(-1/8*I + 1/8)
+ I+ 1) + 2%(9%x + 7)*sqrt(x + 1) + 24*x + 15)*(4*sqrt(1/8+I + 1/8) - I +
1) - (3%x72 + 2%(9%x + T)*sqrt(x + 1) + 24*x + 15)*(4xsqrt(-1/8xI + 1/8) +
I+ 1) + 4x(11*x + 8)*sqrt(x + 1) + 72%x + 30)*sqrt(-3/64*(4*xsqrt(1/8*I +
1/8) - I + 1)72 - 3/64*(4*xsqrt(-1/8*I + 1/8) + I + 1)72 - 1/32*%(4*sqrt(1/8%
I+ 1/8) - I + 1)*(4*sqrt(-1/8*I + 1/8) + I - 3) + 1/2%sqrt(-1/8+I + 1/8) +
1/8%I + 1/8) - 8%(11*x + 3)*sqrt(x + 1) - 64*x - 20)*sqrt(sqrt(1/8*I + 1/8
) + sqrt(-1/8%I + 1/8) - 2xsqrt(-3/64*(4*sqrt(1/8+xI + 1/8) - I + 1)°2 - 3/6
4x(4xsqrt(-1/8*%I + 1/8) + I + 1)72 - 1/32x(4*sqrt(1/8*I + 1/8) - I + 1)*(4x
sqrt(-1/8+I + 1/8) + I - 3) + 1/2*sqrt(-1/8+I + 1/8) + 1/8*%I + 1/8) - 1/2))
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/(x72 + 1)) - 1/4xsqrt(sqrt(1/8*I + 1/8) + sqrt(-1/8+I + 1/8) + 2*sqrt(-3/6
4x(4xsqrt(1/8+I + 1/8) - I + 1)72 - 3/64*(4xsqrt(-1/8*I + 1/8) + I + 1)72 -
1/32%(4*sqrt (1/8*I + 1/8) - I + 1)*(4*sqrt(-1/8*I + 1/8) + I - 3) + 1/2%sq
rt(-1/8*I + 1/8) + 1/8xI + 1/8) - 1/2)*Llog(1/4*(2*x(((3*x - 1)*sqrt(x + 1) +
4xx - 3)x(4xsqrt(-1/8+I + 1/8) + I + 1) - 3*(3*x - 1)*sqrt(x + 1) - 7*x +
9)*sqrt(x + sqrt(x + 1))*(4*xsqrt(1/8+I + 1/8) - I + 1)72 + 2x(((3*x - 1)*sq
rt(x + 1) + 4xx - 3)*(4xsqrt(-1/8*I + 1/8) + I + 1)72 - 4*x((3*x - 1)*sqrt(x
+ 1) + 4xx - 3)*(4*xsqrt(-1/8*%I + 1/8) + I + 1) + 2% (7*x + 1)*sqrt(x + 1) +
12xx - 14)*sqrt(x + sqrt(x + 1))*(4xsqrt(1/8*I + 1/8) - I + 1) - 16x((((3*
X - D)*sqrt(x + 1) + 4xx - 3)*(4*xsqrt(-1/8%I + 1/8) + I + 1) - 3*(3*x - 1)*
sqrt(x + 1) - 7*x + 9)*sqrt(x + sqrt(x + 1))*(4*xsqrt(1/8+I + 1/8) - I + 1)
- ((3*(3xx - D)*sqrt(x + 1) + 7*x - 9)*(4*sqrt(-1/8+I + 1/8) + I + 1) - 2x(
11xx - 7)*sqrt(x + 1) - 16%x + 22)*sqrt(x + sqrt(x + 1)))*sqrt(-3/64*(4*sqr
t(1/8+I + 1/8) - I + 1)72 - 3/64*(4*sqrt(-1/8+I + 1/8) + I + 1)72 - 1/32*(4
*xsqrt(1/8+I + 1/8) - I + 1)*(4xsqrt(-1/8I + 1/8) + I - 3) + 1/2*xsqrt(-1/8%
I +1/8) + 1/8%I + 1/8) - 2x((3*%(3*%x - 1)*sqrt(x + 1) + 7*xx - 9)*(4*xsqrt(-1
/8%1 + 1/8) + I + 1)72 - 2x((7xx + 1)*sqrt(x + 1) + 6xx - 7)*(4xsqrt(-1/8%I
+1/8) + I + 1) - 4*sqrt(x + 1)*(x - 7) - 12%x + 44)*sqrt(x + sqrt(x + 1))
+ ((3*x72 - (x72 + 2%(3*x + 4)*sqrt(x + 1) + 8*x + 5)x(4*sqrt(-1/8*I + 1/8
) + I + 1) + 2%(9%x + T)*sqrt(x + 1) + 24*x + 15)*(4*sqrt(1/8+I + 1/8) - I
+ 1)72 + (3%x72 + 2%(9%x + 7)*sqrt(x + 1) + 24*x + 15)*(4xsqrt(-1/8*I + 1/8
) + 1+ 1)72 - 68%x72 - ((x72 + 2%x(3*xx + 4)*sqrt(x + 1) + 8*x + 5)*(4x*sqrt(
-1/8+%I + 1/8) + I + 1)72 - 2*%x72 - 4*(x72 + 2%(3*x + 4)*sqrt(x + 1) + 8%x +
5)*(4xsqrt(-1/8xI + 1/8) + I + 1) + 4% (7xx + 6)*sqrt(x + 1) + 24*x + 30)*(
4xsqrt(1/8+I + 1/8) - I + 1) + 2%(x72 - 2x(7*x + 6)*sqrt(x + 1) - 12xx - 15
)k (4*xsqrt(-1/8*%I + 1/8) + I + 1) + 8x(14*x72 - (3*xx72 - (x72 + 2% (3*x + 4)*
sqrt(x + 1) + 8*x + B5)*(4*sqrt(-1/8*I + 1/8) + I + 1) + 2x(9xx + 7)*sqrt(x
+ 1) + 24*x + 15)*(4*sqrt(1/8*I + 1/8) - I + 1) - (3*x72 + 2x(9*x + 7)*sqrt
(x + 1) + 24%x + 15)*(4xsqrt(-1/8*I + 1/8) + I + 1) + 4*(11xx + 8)*sqrt(x +
1) + 72xx + 30)*sqrt(-3/64*(4xsqrt(1/8+«I + 1/8) - I + 1)72 - 3/64x*(4*sqrt(
-1/8%I + 1/8) + I + 1)72 - 1/32%(4*xsqrt(1/8*I + 1/8) - I + 1)*(4*xsqrt(-1/8%
I+1/8) + I - 3) + 1/2xsqrt(-1/8%I + 1/8) + 1/8%I + 1/8) - 8*(11xx + 3)*sq
rt(x + 1) - 64*x - 20)*sqrt(sqrt(1/8*I + 1/8) + sqrt(-1/8+I + 1/8) + 2xsqrt
(-3/64*(4*sqrt(1/8*%I + 1/8) - I + 1)72 - 3/64*(4*sqrt(-1/8*I + 1/8) + I + 1
)72 - 1/32%(4*sqrt(1/8*I + 1/8) - I + 1)*(4*sqrt(-1/8+I + 1/8) + I - 3) + 1
/2*%sqrt(-1/8+I + 1/8) + 1/8xI + 1/8) - 1/2))/(x"2 + 1)) + 1/4*xsqrt(sqrt(1/8
*xI + 1/8) + sqrt(-1/8*%I + 1/8) + 2*xsqrt(-3/64*(4*sqrt(1/8*I + 1/8) - I + 1)
"2 - 3/64%(4xsqrt(-1/8+I + 1/8) + I + 1)72 - 1/32%(4*xsqrt(1/8+I + 1/8) - I
+ 1)*x(4*sqrt(-1/8*I + 1/8) + I - 3) + 1/2xsqrt(-1/8%I + 1/8) + 1/8*I + 1/8)
- 1/2)*log(1/4x(2x(((3*x - 1)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1/8*I + 1/8)
+ I + 1) - 3%(3*%x - 1)*sqrt(x + 1) - 7*xx + 9)*sqrt(x + sqrt(x + 1))*(4*sqr
t(1/8*xI + 1/8) - I + 1)72 + 2x(((3*x - 1)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1
/8%1 + 1/8) + I + 1)72 - 4x((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4xsqrt(-1/8%I
+1/8) + I + 1) + 2%(7*x + 1)*sqrt(x + 1) + 12*%x - 14)*sqrt(x + sqrt(x + 1
D)) x(4xsqrt(1/8+I + 1/8) - I + 1) - 16%((((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(
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4xsqrt(-1/8+I + 1/8) + I + 1) - 3*%(3*x - 1)*sqrt(x + 1) - 7*x + 9)*sqrt(x +
sqrt(x + 1))*(4*sqrt(1/8%I + 1/8) - I + 1) - ((3%(3*x - 1)*sqrt(x + 1) + 7
*x — 9)x(4xsqrt(-1/8*I + 1/8) + I + 1) - 2x(11*x - T7)*sqrt(x + 1) - 16%x +
22)*sqrt(x + sqrt(x + 1)))*sqrt(-3/64*(4*sqrt(1/8+*I + 1/8) - I + 1)72 - 3/6
4% (4*sqrt(-1/8+I + 1/8) + I + 1)72 - 1/32x(4*sqrt(1/8*I + 1/8) - I + 1)x*(4x%
sqrt(-1/8+I + 1/8) + I - 3) + 1/2*sqrt(-1/8+I + 1/8) + 1/8%I + 1/8) - 2x((3
*(3%x - Dxsqrt(x + 1) + 7*x - 9)*(4*sqrt(-1/8+I + 1/8) + I + 1)72 - 2x((7*
X + 1)*sqrt(x + 1) + 6*%x - 7)*(4xsqrt(-1/8*I + 1/8) + I + 1) - 4*sqrt(x + 1
Yk(x - 7) - 12%x + 44)*sqrt(x + sqrt(x + 1)) - ((3*x72 - (x72 + 2% (3*x + 4)
xsqrt(x + 1) + 8%x + B)*x(4*sqrt(-1/8+I + 1/8) + I + 1) + 2*%(9%x + 7)*sqrt(x
+ 1) + 24%x + 15)*x(4xsqrt(1/8*I + 1/8) - I + 1)72 + (3*x72 + 2% (9%x + 7)*s
qrt(x + 1) + 24xx + 15)*(4*sqrt(-1/8*I + 1/8) + I + 1)72 - 68*x72 - ((x72 +
2x(3xx + 4)*sqrt(x + 1) + 8xx + 5)*(4xsqrt(-1/8*I + 1/8) + I + 1)72 - 2%x~
2 - 4x(x72 + 2%x(3*x + 4)*sqrt(x + 1) + 8xx + B)*x(4xsqrt(-1/8*I + 1/8) + I +
1) + 4x(7*xx + 6)*sqrt(x + 1) + 24*x + 30)*(4*sqrt(1/8*I + 1/8) - I + 1) +
2% (x72 - 2x(7xx + 6)*sqrt(x + 1) - 12%x - 15)*(4*sqrt(-1/8*I + 1/8) + I + 1
) + 8%(14xx72 - (3*%x72 - (x72 + 2%(3xx + 4)*xsqrt(x + 1) + 8*x + 5)*(4x*sqrt(
-1/8+%I + 1/8) + I + 1) + 2*(9%x + T7)*sqrt(x + 1) + 24*x + 15)*(4*sqrt(1/8*I
+1/8) = I + 1) - (3*%x72 + 2%x(9%x + 7)*sqrt(x + 1) + 24*x + 15)*(4*sqrt(-1
/81 + 1/8) + I + 1) + 4x(11*x + 8)*sqrt(x + 1) + 72*x + 30)*sqrt(-3/64* (4%
sqrt(1/8*%I + 1/8) - I + 1)72 - 3/64x(4*sqrt(-1/8*%I + 1/8) + I + 1)72 - 1/32
*x(4xsqrt(1/8+I + 1/8) - I + 1)x(4xsqrt(-1/8+I + 1/8) + I - 3) + 1/2*xsqrt(-1
/81 + 1/8) + 1/8xI + 1/8) - 8x(11l*xx + 3)*sqrt(x + 1) - 64*x - 20)*sqrt(sqr
t(1/8*xI + 1/8) + sqrt(-1/8*I + 1/8) + 2*xsqrt(-3/64*(4*sqrt(1/8*xI + 1/8) - I
+ 1)72 - 3/64x(4*xsqrt(-1/8*I + 1/8) + I + 1)72 - 1/32%(4*sqrt(1/8*I + 1/8)
- I+ 1)*(4*xsqrt(-1/8%I + 1/8) + I - 3) + 1/2%sqrt(-1/8*%I + 1/8) + 1/8%I +
1/8) - 1/2))/(x"2 + 1)) + 1/24sqrt(-1/2%sqrt(1/8+I + 1/8) + 1/8%I - 1/8)%1
og(=((((3*x - 1)#*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1/8*I + 1/8) + I + 1) - 3%
(3*x - D*sqrt(x + 1) - 7*x + 9)*sqrt(x + sqrt(x + 1))*(4xsqrt(1/8+I + 1/8)
- I+ 1)72 + (((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4xsqrt(-1/8xI + 1/8) + I
+ 1)72 - 4%((3*xx - 1)*sqrt(x + 1) + 4xx - 3)*(4*sqrt(-1/8+I + 1/8) + I + 1)
+ 2% (7*x + 1)*sqrt(x + 1) + 12%x - 14)*sqrt(x + sqrt(x + 1))*(4*xsqrt(1/8*I
+1/8) - I + 1) + (((3*x - L)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1/8*I + 1/8)
+ I+ 1)73 - 4x((3*%x - 1)*sqrt(x + 1) + 4xx - 3)*x(4xsqrt(-1/8*I + 1/8) + I
+ 1)72 + 4% ((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4*sqrt(-1/8+I + 1/8) + I + 1
) + 2%(3*%x - D)*sqrt(x + 1) - 2*x + 14)*sqrt(x + sqrt(x + 1)) + ((x72 + 2x(
3xx + 4)*xsqrt(x + 1) + 8xx + B)x(4xsqrt(-1/8+I + 1/8) + I + 1)73 - (3*x"2 -
(x72 + 2%(3*x + 4)*sqrt(x + 1) + 8xx + 5)*(4xsqrt(-1/8xI + 1/8) + I + 1) +
2x(9xx + T)*sqrt(x + 1) + 24*xx + 15)*(4*sqrt(1/8*I + 1/8) - I + 1)72 - 4x%(
X"2 + 2%(3%x + 4)*sqrt(x + 1) + 8*x + B)*(4*sqrt(-1/8*I + 1/8) + I + 1)72 -
18%xx72 + ((x72 + 2%(3*x + 4)*sqrt(x + 1) + 8%x + B)*(4*sqrt(-1/8+I + 1/8)
+ 1+ 1)72 - 2%xx72 - 4% (x72 + 2%(3xx + 4)*sqrt(x + 1) + 8*x + b)*(4xsqrt(-1
/8%1 + 1/8) + I + 1) + 4x(7xx + 6)*sqrt(x + 1) + 24*xx + 30)*(4*sqrt(1/8*I +
1/8) - I + 1) + 4x(x72 + 2x(3*x + 4)*sqrt(x + 1) + 8*x + 5)*(4*sqrt(-1/8*I
+1/8) + I + 1) - 4x(7xx + 1)*sqrt(x + 1) + 16*x - 10)*sqrt(-1/2*sqrt(1/8*
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I+ 1/8) + 1/8+I - 1/8))/(x"2 + 1)) - 1/2xsqrt(-1/2xsqrt(1/8*I + 1/8) + 1/8
*I - 1/8)*1og(-((((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4*sqrt(-1/8+I + 1/8) +
I+ 1) - 3%(3*x - 1)*sqrt(x + 1) - 7*x + 9)*sqrt(x + sqrt(x + 1))*(4d*sqrt(1
/81 + 1/8) - I + 1)72 + (((3*x - 1)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1/8%I
+1/8) + I + 1)72 - 4x((3*%x - 1)*sqrt(x + 1) + 4xx - 3)*(4xsqrt(-1/8*I + 1/
8) + I + 1) + 2x(7*xx + 1)*sqrt(x + 1) + 12*x - 14)*sqrt(x + sqrt(x + 1))*(4
*sqrt(1/8+I + 1/8) - I + 1) + (((3*x - 1)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1
/8%I + 1/8) + I + 1)73 - 4x((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4xsqrt(-1/8%I
+1/8) + I + 1)72 + 4x((3*xx - 1)*sqrt(x + 1) + 4*xx - 3)*x(4d*xsqrt(-1/8*I + 1
/8) + I + 1) + 2%(3*x - 1)*sqrt(x + 1) - 2%x + 14)*sqrt(x + sqrt(x + 1)) -
((x72 + 2% (3*x + 4)*sqrt(x + 1) + 8%x + B)*(4*sqrt(-1/8+I + 1/8) + I + 1)73
- (3*%x72 - (x72 + 2%(3*x + 4)*sqrt(x + 1) + 8xx + B)*(4*xsqrt(-1/8*I + 1/8)
+ I+ 1) + 2x(9%x + 7)*sqrt(x + 1) + 24*x + 15)*(4*sqrt(1/8*I + 1/8) - I +
1)72 - 4x(x72 + 2% (3*x + 4)*sqrt(x + 1) + 8*x + 5)*(4*xsqrt(-1/8*I + 1/8) +
I+ 1)72 - 18%xx72 + ((x72 + 2%x(3%x + 4)*sqrt(x + 1) + 8%x + B)*(4x*sqrt(-1/
8xI + 1/8) + I + 1)72 - 2*%x72 - 4%(x72 + 2*%(3*%x + 4)*sqrt(x + 1) + 8*x + 5)
*(4xsqrt(-1/8*%I + 1/8) + I + 1) + 4x(7*x + 6)*sqrt(x + 1) + 24xx + 30)*(4x*s
qrt(1/8+I + 1/8) - I + 1) + 4*%(x72 + 2x(3*x + 4)*sqrt(x + 1) + 8*x + 5)* (4%
sqrt(-1/8+I + 1/8) + I + 1) - 4x(7*x + 1)*sqrt(x + 1) + 16%x - 10)*sqrt(-1/
2%sqrt (1/8*I + 1/8) + 1/8*I - 1/8))/(x72 + 1)) + 1/2*sqrt(-1/2*sqrt(-1/8%*I
+ 1/8) - 1/8%I - 1/8)*1og(((((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4xsqrt(-1/8%
I +1/8) + I+ 1)73 - ((3*x - 1D)*sqrt(x + 1) + 9*x - 3)*(4*sqrt(-1/8+I + 1/
8) + I + 1)72 - 2x((x + 3)*sqrt(x + 1) - 2xx - 1)*(4d*sqrt(-1/8*I + 1/8) + I
+ 1) - 10%(3*x - 1)*sqrt(x + 1) - 30*x + 10)*sqrt(x + sqrt(x + 1)) + ((x72
+ 2% (3%x + 4)*sqrt(x + 1) + 8*x + 5)*(4*sqrt(-1/8+I + 1/8) + I + 1)73 - (x
T2 + 6%(x + 3)*xsqrt(x + 1) + 8xx + B5)*x(4xsqrt(-1/8+I + 1/8) + I + 1)72 + 10
*x"2 + 2% (3*%x72 - 2*sqrt(x + 1)*(x - 2) + 4xx - B5)x(4xsqrt(-1/8xI + 1/8) +
I+ 1) - 20*%(x + 3)*sqrt(x + 1) - 80*x - 30)*sqrt(-1/2*sqrt(-1/8*I + 1/8) -
1/8+%1 - 1/8))/(x"2 + 1)) - 1/2*sqrt(-1/2*sqrt(-1/8+I + 1/8) - 1/8+I - 1/8)
*1og (((((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4*sqrt(-1/8+I + 1/8) + I + 1)73 -
((3*x — 1)*sqrt(x + 1) + 9xx - 3)*(4xsqrt(-1/8+I + 1/8) + I + 1)72 - 2x((x
+ 3)*sqrt(x + 1) - 2%x - 1)*(4*sqrt(-1/8+I + 1/8) + I + 1) - 10*%(3*x - 1)*
sqrt(x + 1) - 30*x + 10)*sqrt(x + sqrt(x + 1)) - ((x72 + 2*%(3*x + 4)*sqrt(x
+ 1) + 8*x + B)x(4*xsqrt(-1/8*I + 1/8) + I + 1)73 - (x72 + 6*(x + 3)*sqrt(x
+ 1) + 8%x + 5)*(4*xsqrt(-1/8*%I + 1/8) + I + 1)72 + 10%x72 + 2%(3*x"2 - 2%*s
grt(x + D*(x - 2) + 4*%x - 5)*(4*xsqrt(-1/8*%I + 1/8) + I + 1) - 20*%(x + 3)*s
grt(x + 1) - 80*x - 30)*sqrt(-1/2*sqrt(-1/8+I + 1/8) - 1/8%I - 1/8))/(x"2 +
1))

giac [F] time = 0.00, size = 0, normalized size = 0.00

sageox
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/(x"2+1)/(1+x)~(1/2) ,x, algorithm="giac")
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[Out] sageO*x

maple [C] time = 0.04, size = 109, normalized size = 0.30

(2 RootOf (_28 —4 748 7°+20 7*—48 7%

- 7
(RootOf( 78 4 7548 75420 7% -48 73 +40 72 -8 7 + 1) — 3RootOf (_28 —4 748 7° 420

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x+(x+1)7(1/2))7(1/2)/(x72+1)/(x+1)~(1/2) ,%)

[Out] -1/2*sum((2*x_R"5-5% R~4+5%x R72-1)/(_R"7-3*_R"5+5% R"4+10%*_R7"3-18*% R"2+10%*_R
-D*In((x+(x+1)7(1/2))"(1/2)-(x+1)"(1/2)-_R), _R=Root0f (_Z"8-4* Z 6+8* Z 5+2

0% Z~4-48% Z~3+40% Z~2-8% Z+1))
time = 0.00, size = 0, normalized size = 0.00

vl
f(xm)m *

maxima [F]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))7(1/2)/(x72+1)/(1+x)~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(x + sqrt(x + 1))/((x"2 + 1)*sqrt(x + 1)), x)

time = 0.00, size = -1, normalized size = -0.00

mupad [F]
oV
f(xm)m *

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x + (x + D7(1/2))7(1/2)/((x72 + D*(x + 1)7(1/2)) ,x)
[Out] int((x + (x + 1)7(1/2))7(1/2)/((x"2 + D*(x + 1)7(1/2)),

time = 0.00, size = 0, normalized size = 0.00

f\/x+ x+1 P
X

Vx+1 x2+1

Verification of antiderivative is not currently implemented for this CAS.

X)

sympy [F]




[In] integrate((x+(1+x)*x(1/2))**x(1/2)/(x*x*2+1)/(1+x)*x(1/2) ,%)

[Out] Integral(sqrt(x + sqrt(x + 1))/(sqrt(x + 1)*(x**2 + 1)), x)

87
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s1a [V

1+x2
Optimal. Leaf size=337

%i AN ~((L-2Vi-i) Ve T) +oi-i 2] 1 (o e ~((1-2vi+i)Vx+1

2 i+V1—i¢x+Vx+1 2 V 1+z—zﬂ

[Out] 1/2xI*arctanh(1/2%(2-(1-I)7(1/2)-(1+2x(1-I)~(1/2))*(1+x)~(1/2))/(-I+(1-I)~(
1/2))7(1/2) / (x+(1+x) " (1/2))~(1/2) ) *(-I+(1-I)~(1/2))~(1/2)+1/2*I*arctan(1/2*
(2+(1-1)7(1/2)-(1-2%(1-1) 7 (1/2) )% (1+x) ~(1/2)) / (I+(1-I1) " (1/2) ) ~(1/2) / (x+(1+x
)7(1/2))7(1/2))*(I+(1-I)~(1/2))~(1/2)-1/2*I*arctan(1/2* (2+(1+I) " (1/2) - (1-2%
(A+D)~(1/2))*(1+x) = (1/2) ) / (I+(1+I) " (1/2) )~ (1/2) / (x+ (1+x) ~(1/2) )~ (1/2) ) * (-1
+(1+I)7(1/2))~(1/2)-1/2xI*xarctanh (1/2% (2-(1+I)~(1/2) - (1+2% (1+I)~(1/2) ) * (1+x
)7 (1/2)) /(T+(1+I)~(1/2)) " (1/2) / (x+(1+x) " (1/2)) " (1/2) ) * (I+(1+I)~(1/2))~(1/2)

Rubi [A] time = 0.62, antiderivative size = 337, normalized size of antiderivative
= 1.00, number of steps used = 22, number of rules used = 9, integrand size = 21,

number of rules _ 0.429, Rules used = {6741, 6728, 1021, 1078, 621, 206, 1033, 724, 204}

integrand size

%i\/ﬁm—l —(1-2vV1-i)Va+T +V1-i+2 —L\/Htan—l S(1-2viT ) Ve AT+
2i4VImiyxs Vol ) 2 NN

Antiderivative was successfully verified.
[In] Int[Sqrt[x + Sqrtl[l + x]1]/(1 + x72),x]

[Out] (I/2)*Sqrt[I + Sqrt[l - I]J]*ArcTan[(2 + Sqrt[1 - I] - (1 - 2xSqrt[1 - I])*S
qrt[1 + x]1)/(2%Sqrt[I + Sqrt[1 - I]1]*Sqrtlx + Sqrt[1 + x]1)] - (I/2)*Sqrt[-

I + Sqrt[l + I]]*ArcTan[(2 + Sqrt[l + I] - (1 - 2xSqrt[1 + I])=*Sqrt[1 + x])
/(2xSqrt[-I + Sqrt[1l + I]J]*Sqrtl[x + Sqrt[l + x]]1)] + (I/2)*Sqrt[-I + Sqrt[1

- I]1*ArcTanh[(2 - Sqrt[1 - I] - (1 + 2*Sqrt[1 - I1)*Sqrtl[1 + x]1)/(2xSqrt(

-I + Sqrt[1 - I]]*Sqrtlx + Sqrtl[l + x]11)] - (I/2)*Sqrtl[I + Sqrt[1 + I]]*Arc
Tanh[(2 - Sqrt[1 + I] - (1 + 2xSqrt[1 + II)*Sqrt[1 + x])/(2*Sqrt[I + Sqrt[1

+ I]1*Sqrt[x + Sqrt[1 + x]11)]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 206



89

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] |l LtQ[b, 0])

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrtl[a + b*x + c*x~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, O]

Rule 724

Int[1/C((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d"2 - 4xbxd*e + 4xaxe”™2 - x72), x], x, (2
xaxe - bxd - (2xcxd - bxe)*x)/Sqrtla + bxx + c*x72]]1, x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 1021

Int[((g_.) + (h_)*(x_))*((a_) + (b_.)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (f
_I)*(x_)72)7(q), x_Symbol] :> Simp[(h*(a + b*x + c*xx~2) px(d + £*x72)7(q +
D)/ (2xfx(p + q + 1)), x] - Dist[1/(2*f*(p + q + 1)), Int[(a + b*x + c*x72
)7 (p - Dx(d + £xx72)"g*Simp [h*p*(b*xd) + a*x(-2xg*xf)*(p + q + 1) + (2%h*px(c
*d - axf) + bk(-2*g*f)*x(p + q + 1))*x + (hxpx(-(b*f)) + c*x(-2*g*f)*(p + q +
1)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, £, g, h, qf, x] && NeQ[b~2 - 4x*a
*c, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1033

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)*(x_)"2]), x_Symbol] :> With[{q = Rt[-(axc), 2]}, Dist[h/2 + (c*g)/(2*q
), Int[1/((-q + c*x)*Sqrt[d + e*x + f*x72]), x], x] + Dist[h/2 - (c*xg)/(2%q
), Int[1/((q + c*x)*Sqrt[d + e*x + f*x~2]), x], x]] /; FreeQl[{a, c, 4, e, f
, g, h}, x] && NeQ[e™2 - 4xdxf, 0] && PosQ[-(axc)]

Rule 1078

Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) +

(e_)*(x_) + (£_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrt[d + e*x + f
*x72], x], x] + Dist[1/c, Int[(A*c - a*C + Bkc*x)/((a + c*x"2)*Sqrt[d + exx
+ f*x~2]), x], x] /; FreeQl{a, c, d, e, f, A, B, C}, x] && NeQ[e~2 - 4xdxf
, 0]

Rule 6728
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Int[(u)/((a_.) + (b_)*x )" (m_.) + (c_.)*(x_)"(n2_.)), x_Symbol] :> With[
{v = RationalFunctionExpand[u/(a + b*x"n + c*x~(2*n)), x]}, Int[v, x] /; Su
mQ[v]] /; FreeQ[{a, b, c}, x] && EqQ[n2, 2*n] && IGtQ[n, O]

Rule 6741

Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int[v, x] /; v =!
=u]

Rubi steps
Vx+ V1l +x V=1 +x + x?
fl—zdx=28ubst fx Y 5 dx,x, V1 + x
+x 1+(—1+x2)
V-1 + x + x2
= 2Subst x2 2x2x a dx,x, V1 +x

= 2Subst

f[ix\/—1+x+x2 ix\/—1+x+x2]dx x,ﬁ]

+
(2+20)—2x2  (=2+2i)+2x2

=2i Subst( x(2 :_1241_)3(_2;2 dx, x, \/EJ + 2i Subst ( f ?—2_4% ;l)x _:;:2 dx, x, V1+x ]
-isub G, T | s [ LD (:
=- %iSubst [ f @ Zig_fz;j)i)\/_jiiiw dx, x, V1 + xn - %iSubst f m
= - (—1 —i\/E)Subst(f (—2@ +2;)\/Tx+x2 dx,x, V1 +x ]—(—1 +i\/1—
— 42T -
= (2(1—1\/:))Subst f—16i—16\1/1_—i—x2dx’x’ 22Vl \/% l

1 24+V1-1—-(1-2V1-i)V1+x 1 24
=§i i+V1-i tan™? ( ) —Ei\/—i+\/1+itan_1 —

2\i+ Vi yx+ Vitx

Mathematica [B] time = 6.38, size = 2581, normalized size = 7.66

Result too large to show
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Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[x + Sqrt[l + x]1/(1 + x72),x]

[Out] (((1 + I) + Sqrt[l - I])*ArcTan[((2 - 3*I) + (3 - I)*Sqrt[1 - I] - 8xSqrt[1
+ x] - B*Sqrt[l - I]*Sqrt[l + x] + (2 + 5xI)*x(1 + x) + (6xI)*Sqrt[1 - I]x*(
1 + x) + 4*xSqrt[I - Sqrt[l - I]]*Sqrt[x + Sqrtl[l + x]] + 2xSqrt[1 - I]*Sqrt
[I - Sqrt[1l - I]]*Sqrtlx + Sqrt[l + x]] - (6 + 2xI)*Sqrt[I - Sqrt[1 - I]]*S
qrt[1 + x]*Sqrt[x + Sqrt[l + x]] - (8%Sqrt[I - Sqrt[1 - I]]*Sqrt[l + x]*Sqr
t[x + Sqrtl[l + x]11)/Sqrt[1l - I1)/((-4 + 7xI) - (6 - 2xI)*Sqrt[l - I] + (4 -
2xI)*Sqrt[1 + x] + (6 - 2xI)*Sqrt[l - I]*Sqrt[l + x] + (10 + I)*(1 + x) +
(8 + 4xI)*Sqrt[1 - I1*(1 + x))1)/(2*%Sqrt[1 - I1*Sqrt[I - Sqrtl[1 - I]1) + ((
(-1 - I) + Sqrt[1l - I])*ArcTan[((-2 + 3%I) + (3 - I)*Sqrt[l - I] + 8*Sqrtl[1
+ x] - B*Sqrt[1 - I]*Sqrt[l + x] - (2 + 6xI)*(1 + x) + (B*%I)*Sqrt[1 - I]x*(
1 + x) - 4*xSqrt[I + Sqrt[l - I]]*Sqrtl[x + Sqrtl[1l + x]] + 2*Sqrt[1 - I]x*Sqrt
[T + Sqrt[1 - I]]x*Sqrt[x + Sqrt[l + x]] + (6 + 2%xI)*Sqrt[I + Sqrt[1 - I]]*S
grt[1 + x]*Sqrt[x + Sqrt[l + x]] - (8xSqrt[I + Sqrt[l - I]]*Sqrt[l + x]*Sqr
tlx + Sqrt[1 + x]1)/Sqrt[1l - I1)/((4 - 7*I) - (6 - 2xI)*Sqrt[1 - I] - (4 -
2%I)*Sqrt[1 + x] + (6 - 2xI)*Sqrt[1 - I]*Sqrt[l + x] - (10 + I)*(1 + x) + (
8 + 4xI)xSqrt[1 - II*(1 + x))]1)/(2*Sqrt[1 - I]*Sqrt[I + Sqrt[l - I]]) - ((I
/2)*%((-1 + I) + Sqrt[1l + I])*ArcTan[((1 + 8+I) - 5x(1 + I)~(3/2) - (16 + 8%
I)*Sqrt[1 + x] + (10 + B5*I)*Sqrt[l + I]*Sqrt[l + x] + (9 - 8*xD)x(1 + x) - (
5 - 10*%I)*Sqrt[1 + I1*(1 + x) - 4*Sqrt[I - Sqrt[1l + I]]*Sqrtl[x + Sqrt[l + x
11 + (4 - 2%I)*Sqrt[1 + IJ*Sqrt[I - Sqrt[1l + I]]*Sqrt[x + Sqrt[l + x]] - 8%
Sqrt[I - Sqrt[1 + I]J]*Sqrt[l + x]*Sqrtlx + Sqrtl[l + x]] + (8 - 4xI)*Sqrt[1
+ I]*Sqrt[I - Sqrt[1l + I]]*Sqrt[l + x]*Sqrtl[x + Sqrt[1l + x]1])/((9 + 20%I) -
12%x(1 + I)7(3/2) - (14 + 20*I)*Sqrt[1 + x] + (22 + 12*%I)*Sqrt[1 + I]x*Sqrt[
1 +x] + (6 - 15xI)*x(1 + x) + (2 + 12%I)*Sqrt[1 + I]1*x(1 + x))]1)/(Sqrt[1 + I
1%Sqrt[I - Sqrt[l + I]1]) - ((I/2)*((1 - I) + Sqrt[l + I])*ArcTan[((-1 - 8*I
) - 5x(1 + I)7(3/2) + (16 + 8*I)*Sqrt[1l + x] + (10 + 5*I)*Sqrt[1 + I]*Sqrtl[
1 +x] - (9 -8«xI)*x(1 + x) - (b - 10xI)*Sqrt[1 + I]J*(1 + x) + 4*xSqrt[I + Sq
rt[1 + I]]*Sqrt[x + Sqrt[l + x]] + (4 - 2%xI)xSqrt[1 + I]*Sqrt[I + Sqrt[l +
I]1*Sqrt[x + Sqrt[1l + x]] + 8xSqrt[I + Sqrt[1l + I]]*Sqrt[l + x]*Sqrt[x + Sq
rt[1 + x]] + (8 - 4*xI)*Sqrt[1 + I]*Sqrt[I + Sqrt[1l + I]]*Sqrt[1l + x]*Sqrtl[x
+ Sqrt[1 + x11)/((-9 - 20%I) - 12x(1 + I)"(3/2) + (14 + 20*%I)*Sqrt[1 + x]
+ (22 + 12%I)*Sqrt[1 + I]*Sqrtl[l + x] - (6 - 16xI)*(1 + x) + (2 + 12%I)*Sqr
t[1 + I1*(1 + x))1)/(Sqrt[1 + I]*Sqrt[I + Sqrtl[1 + I1]) + ((I/4)*((1 + I) +
Sqrt[1 - I])*Logl(Sqrt[1l - I] - Sqrt[1l + x])72])/(Sqrtl[l - I]*Sqrt[I - Sqr
t[1 - I]11) + (((1 - I) + Sqrt[1 + I])*Log[(Sqrt[1l + I] - Sqrt[1l + x])~2])/(
4xSqrt[1 + I1*Sqrt[I + Sqrtl[1 + I11) + ((I/4)*((-1 - I) + Sqrt[1l - I])*Logl
(Sqrt[1 - I] + Sqrtll + x])72])/(Sqrt[1l - I]*Sqrt[I + Sqrt[1 - I]]) + (((-1
+ I) + Sqrtl[1l + I])*Logl(Sqrt[1 + I] + Sqrt[l + x])~2])/(4*Sqrt[l + I]*Sqr
t[I - Sqrtl[1l + I11) - ((I/4)*((1 + I) + Sqrtl[l - I])*Logl(5 + 17*xI) + (14x*I
)*¥Sqrt[1 - I1 - (10 + 22xI)*Sqrt[1l + x] + (5 - 19%I)*Sqrt[1l - I]*Sqrt[l + x
1 - (25 + 2%xI)*(1 + x) - (156 + 9*I)*Sqrt[1l - I]*(1 + x) - (4 - 4*I)*Sqrt[I
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- Sqrt[1l - I]]*Sqrtlx + Sqrt[1l + x]] - (6 - 2*%I)*Sqrt[l - I]*Sqrt[I - Sqrtl[
1 - I]]#Sqrtlx + Sqrtl[l + x]] - (8 - 8*I)*Sqrt[I - Sqrt[1l - I]]*Sqrtl[l + x]
xSqrt[x + Sqrt[l + x]] - (12 - 4*I)*Sqrt[1 - I]*Sqrt[I - Sqrt[1 - I]]*Sqrtl
1 + x]*Sqrt[x + Sqrt[l + x]1]11)/(Sqrt[l - I]*Sqrt[I - Sqrt[1 - I11) - ((I/4)
*((-1 - I) + Sqrtl1l - I])*Logl(-5 - 17*I) + (14xI)*Sqrt[1l - I] + (10 + 22x*I
)*Sqrt[1 + x] + (5 - 19%xI)xSqrt[1 - I]J*Sqrt[l + x] + (256 + 2xD)x(1 + x) - (
15 + 9xI)*Sqrt[1 - I]*x(1 + x) + (4 - 4xI)*Sqrt[I + Sqrt[l - I]]xSqrt[x + Sq
rt[1 + x]] - (6 - 2%I)*Sqrt[1 - I]*Sqrt[I + Sqrt[l - I]]*Sqrt[x + Sqrt[1l +
x]] + (8 - 8*I)*Sqrt[I + Sqrt[1 - I]]*Sqrt[1l + x]*Sqrtlx + Sqrt[1 + x]] - (
12 - 4xI)*Sqrt[1 - I]*Sqrt[I + Sqrt[l - I]]l*Sqrt[l + x]*Sqrt[x + Sqrt[l + x
111)/(Sqrt[1 - II*Sqrt[I + Sqrtl[l - I11) - (((-1 + I) + Sqrt[1l + I])x*Logl(-
3 + 5xI) - (2 + 4xI)xSqrt[1 + I] + (2 - 2xI)*Sqrt[l + x] - (1 - 3xI)*Sqrt[1
+ I]*Sqrt[l + x] - (8 + 7xD)*x(1 + x) + (9 + 3xI)*Sqrt[l + I]x(1 + x) + (4
+ 4xI)*Sqrt[I - Sqrt[l + I]]*Sqrt[x + Sqrtl[l + x]] - 2x(1 + I)~(3/2)*Sqrt([I
- Sqrt[l + I]]*Sqrtlx + Sqrt[1l + x]] - (8 + 4*I)*Sqrt[I - Sqrt[1l + I]]x*Sqr
t[1 + x]*Sqrt[x + Sqrt[l + x]] + 8%Sqrt[1 + I]*Sqrt[I - Sqrt[1 + I]J]x*Sqrt[1
+ x]*Sqrt[x + Sqrt[1l + x]]1]1)/(4*Sqrt[l + I]*Sqrt[I - Sqrt[1 + I]]) - (((1
- I) + Sqrt[1l + I])*Logl(3 - 6%I) - (2 + 4*xI)*Sqrt[l + I] - (2 - 2*I)*Sqrt[
1+ x] - (1 - 3%xI)*Sqrt[1 + I]*Sqrt[l + x] + (8 + 7xI)*(1 + x) + (9 + 3xI)*
Sqrt[1 + I]*x(1 + x) - (4 + 4xI)*Sqrt[I + Sqrt[1l + I]]*Sqrtl[x + Sqrt[l + x]]
- 2%(1 + I)7(3/2)*Sqrt[I + Sqrt[1l + I]]*Sqrtlx + Sqrtl[l + x]] + (8 + 4xI)x*
Sqrt[I + Sqrt[l + I]]*Sqrt[l + x]*Sqrt[x + Sqrt[l + x]] + 8*Sqrt[1 + I]*Sqr
t[I + Sqrt[l + I]]*Sqrt[l + x]*Sqrtlx + Sqrtl[1l + x]1])/(4*Sqrt[1 + I]*Sqrtl
I + Sqrtl[1 + I11)

fricas [B] time = 5.00, size = 4535, normalized size = 13.46

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/(x"2+1),x, algorithm="fricas")

[Out] -1/4xsqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4*I + 1/4) - 2*xsqrt(-3/16*(2*xsqrt(1/4
*I + 1/4) + I)72 - 1/8%(2xsqrt(1/4*I + 1/4) + I)*(2*sqrt(-1/4*I + 1/4) - I)
- 3/16%(2*sqrt(-1/4*I + 1/4) - I)72))*log(-1/4*(2x(((2*x + 1)*sqrt(x + 1)
- 9xx - 2)x(2%sqrt(1/4*I + 1/4) + I) + 4x(2%x + 1)*sqrt(x + 1) - x - 8)*sqr
t(x + sqrt(x + 1))*x(2%sqrt(-1/4*I + 1/4) - I)72 + 2%x(((2*%x + 1)*sqrt(x + 1)
- 9%x - 2)*(2*sqrt(1/4*I + 1/4) + I)72 + (3*x - 16)*sqrt(x + 1) + 4xx - 3)
xsqrt(x + sqrt(x + 1)) *(2*%sqrt(-1/4*I + 1/4) - I) + 8+x((((2*x + 1)*sqrt(x +
1) = 9xx - 2)*(2xsqrt(1/4*I + 1/4) + I) + 4x(2*x + 1) *sqrt(x + 1) - x - 8)
xsqrt(x + sqrt(x + 1))*x(2*sqrt(-1/4%I + 1/4) - I) + ((4*%(2*x + 1)*sqrt(x +
1) - x - 8)*x(2xsqrt(1/4*I + 1/4) + I) - (3*%x - 16)*sqrt(x + 1) - 4*x + 3)x*s
grt(x + sqrt(x + 1)))*sqrt(-3/16*%(2xsqrt(1/4*I + 1/4) + I)72 - 1/8*(2*sqrt(
1/4%T + 1/4) + I)*(2*sqrt(-1/4*I + 1/4) - I) - 3/16%(2*sqrt(-1/4*I + 1/4) -
I)72) + 2x((4*x(2%x + 1)*sqrt(x + 1) - x - 8)*x(2xsqrt(1/4*I + 1/4) + I)"2 +
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((3*x - 16)*sqrt(x + 1) + 4*xx - 3)*(2xsqrt(1/4*I + 1/4) + I) + 12*%(2*x + 1
Y*xsqrt(x + 1) + 32*x + 46)*sqrt(x + sqrt(x + 1)) + ((3*x72 + 8*xsqrt(x + 1)*
(x = 2) - 16%x + B)*(2*sqrt(1/4*I + 1/4) + I)72 + (3*x72 - 2x(4*xx"2 - sqrt(
X+ Dx(x - 2) + 2%x - 5)*(2%sqrt(1/4*I + 1/4) + I) + 8*sqrt(x + 1)*(x - 2)

- 16%x + 5)*x(2xsqrt(-1/4*I + 1/4) - I)72 + 44*x72 - 2% (6*x72 + (16*x + 3)*
sqrt(x + 1) + 3*x + 10)*(2*sqrt(1/4*I + 1/4) + I) - 2%((4*x"2 - sqrt(x + 1)
x(x - 2) + 2xx - B)*(2xsqrt(1/4*I + 1/4) + I)72 + 6%x72 + (16*x + 3)*sqrt(x

+ 1) + 3%x + 10)*(2*sqrt(-1/4*I + 1/4) - I) + 4%(12%xx72 + (3*x72 + 8*sqrt(
X + D)x(x - 2) - 16%x + 5)*(2xsqrt(1/4*I + 1/4) + I) + (3*x72 - 2%x(4%x"2 -
sqrt(x + 1)*(x - 2) + 2xx - B)*x(2xsqrt(1/4*I + 1/4) + I) + 8xsqrt(x + 1)*(x

- 2) - 16*x + B)*(2*sqrt(-1/4*I + 1/4) - I) + 2x(16%x + 3)*sqrt(x + 1) + 6
*x + 20)*sqrt(-3/16%(2xsqrt(1/4*I + 1/4) + I)72 - 1/8%(2*sqrt(1/4*I + 1/4)
+ D)*x(2%sqrt(-1/4*I + 1/4) - I) - 3/16%x(2xsqrt(-1/4*I + 1/4) - I)72) + 24x*s
grt(x + D*(x - 2) + 92%x - 20)*sqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4*I + 1/4)

- 2%sqrt(-3/16%(2xsqrt (1/4*I + 1/4) + I)72 - 1/8%(2xsqrt(1/4*I + 1/4) + I)
*(2xsqrt (-1/4*I + 1/4) - I) - 3/16%(2xsqrt(-1/4*I + 1/4) - 1)72)))/(x"2 + 1
)) + 1/4*sqrt(sqrt(1/4%I + 1/4) + sqrt(-1/4xI + 1/4) - 2xsqrt(-3/16*(2*sqrt
(1/4%1 + 1/4) + I)72 - 1/8%(2*sqrt(1/4*I + 1/4) + I)*(2*xsqrt(-1/4*I + 1/4)
- I) - 3/16%(2xsqrt(-1/4*I + 1/4) - I)72))*log(-1/4x(2x(((2*x + 1)*sqrt(x +

1) - 9%x - 2)*(2*sqrt(1/4*I + 1/4) + I) + 4*%(2*x + 1)*sqrt(x + 1) - x - 8)
xsqrt(x + sqrt(x + 1))*(2*sqrt(-1/4*I + 1/4) - I)72 + 2% (((2*xx + 1)*sqrt(x
+ 1) - 9%x - 2)*(2xsqrt(1/4*I + 1/4) + I)72 + (3*x - 16)*sqrt(x + 1) + 4*x
- 3)*sqrt(x + sqrt(x + 1))*(2*sqrt(-1/4*I + 1/4) - I) + 8x((((2*x + 1)*sqrt
(x + 1) - 9%x - 2)*%(2*%sqrt(1/4*I + 1/4) + I) + 4*%(2*x + 1)*sqrt(x + 1) - x
- 8)*xsqrt(x + sqrt(x + 1))*(2*sqrt(-1/4*I + 1/4) - I) + ((4*%(2*x + 1)*sqrt(
X + 1) - x - 8)x(2xsqrt(1/4*I + 1/4) + I) - (3*%x - 16)*sqrt(x + 1) - 4*x +
3)*sqrt(x + sqrt(x + 1)))*sqrt(-3/16*(2*sqrt(1/4*I + 1/4) + I)72 - 1/8%(2%*s
qrt(1/4*I + 1/4) + I)*(2*sqrt(-1/4*I + 1/4) - I) - 3/16%(2*xsqrt(-1/4*I + 1/
4) - I)72) + 2%((4*x(2%x + D *sqrt(x + 1) - x - 8)*x(2xsqrt(1/4*I + 1/4) + I)
"2 + ((3%x - 16)*sqrt(x + 1) + 4*x - 3)*(2*sqrt(1/4*%I + 1/4) + I) + 12%(2xx

+ Dxsqrt(x + 1) + 32%x + 46)*sqrt(x + sqrt(x + 1)) - ((3*x"2 + 8*sqrt(x +

D*x(x - 2) - 16%x + 5)*x(2xsqrt(1/4*I + 1/4) + I)72 + (3*x72 - 2% (4*x"2 - s
qrt(x + D*(x - 2) + 2%x - 5)*(2*sqrt(1/4*I + 1/4) + I) + 8*sqrt(x + 1)*(x
- 2) - 16%x + B)*(2*sqrt(-1/4*I + 1/4) - I)72 + 44xx72 - 2x(6*x"2 + (16%x +

3)*sqrt(x + 1) + 3*xx + 10)*(2*%sqrt(1/4*I + 1/4) + I) - 2*%((4*x"2 - sqrt(x
+ Dx(x - 2) + 2%x - B)*(2*sqrt(1/4*%I + 1/4) + I)72 + 6*%x"2 + (16%x + 3)*sq
rt(x + 1) + 3*x + 10)*x(2xsqrt(-1/4*I + 1/4) - I) + 4x(12*x"2 + (3*x"2 + 8%*s
qrt(x + D*(x - 2) - 16%x + B)*x(2xsqrt(1/4*I + 1/4) + I) + (3*%x72 - 2% (4xx~
2 - sqrt(x + 1)*(x - 2) + 2xx - 5)*x(2xsqrt(1/4*I + 1/4) + I) + 8*sqrt(x + 1
)k(x = 2) - 16*x + 5)*(2*sqrt(-1/4*I + 1/4) - I) + 2%(16*x + 3)*sqrt(x + 1)

+ 6%x + 20)*sqrt(-3/16*(2xsqrt(1/4*I + 1/4) + I)72 - 1/8%(2*sqrt(1/4*I + 1
/4) + I)x(2*sqrt(-1/4*I + 1/4) - I) - 3/16%x(2xsqrt(-1/4*I + 1/4) - I)72) +
24*xsqrt(x + 1)*(x - 2) + 92%x - 20)*sqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4%I +
1/4) - 2%sqrt(-3/16%(2*xsqrt(1/4*I + 1/4) + I)72 - 1/8%(2xsqrt(1/4*I + 1/4)
+ D)*x(2xsqrt (-1/4*I + 1/4) - I) - 3/16x(2*xsqrt(-1/4*I + 1/4) - 1)72)))/(x"2
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+ 1)) - 1/4xsqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4*I + 1/4) + 2*sqrt(-3/16x*(2%*
sqrt(1/4*I + 1/4) + I)72 - 1/8%(2*xsqrt(1/4*I + 1/4) + I)*(2*sqrt(-1/4xI + 1
/4) - I) - 3/16%(2*xsqrt(-1/4*I + 1/4) - I)72))*log(-1/4*%(2*x(((2*xx + 1)*sqrt
(x + 1) - 9%x - 2)*%(2*sqrt(1/4*I + 1/4) + I) + 4*%(2*x + 1)*sqrt(x + 1) - x
- 8)*xsqrt(x + sqrt(x + 1))*(2*sqrt(-1/4*I + 1/4) - I)72 + 2*x(((2*x + 1)*sqr
t(x + 1) - 9%x - 2)*(2xsqrt(1/4*I + 1/4) + I)72 + (3*x - 16)*sqrt(x + 1) +
4xx - 3)*sqrt(x + sqrt(x + 1))*(2xsqrt(-1/4*I + 1/4) - I) - 8x((((2*x + 1)*
sqrt(x + 1) - 9%x - 2)*(2*sqrt(1/4*I + 1/4) + I) + 4%(2*x + 1)*sqrt(x + 1)
- x - 8)*sqrt(x + sqrt(x + 1))*(2xsqrt(-1/4*I + 1/4) - I) + ((4x(2*x + 1)*s
grt(x + 1) - x - 8)*(2*xsqrt(1/4*I + 1/4) + I) - (3*x - 16)*sqrt(x + 1) - 4%
X + 3)*sqrt(x + sqrt(x + 1)))*sqrt(-3/16*(2*sqrt(1/4*I + 1/4) + I)"2 - 1/8%
(2xsqrt (1/4*I + 1/4) + I)*(2*%sqrt(-1/4*I + 1/4) - I) - 3/16%(2xsqrt(-1/4%I
+ 1/4) - I)72) + 2x((4%(2*xx + 1)*sqrt(x + 1) - x - 8)*(2*sqrt(1/4*I + 1/4)
+ I)72 + ((3*xx - 16)*sqrt(x + 1) + 4*x - 3)*x(2*sqrt(1/4*I + 1/4) + I) + 12%
(2%x + 1)*sqrt(x + 1) + 32xx + 46)*sqrt(x + sqrt(x + 1)) + ((3*x72 + 8*sqrt
(x + D)x(x - 2) - 16%x + 5)*x(2xsqrt(1/4*I + 1/4) + I)72 + (3*x72 - 2% (4*x"2

- sqrt(x + D*(x - 2) + 2%x - 5)*(2*sqrt(1/4*I + 1/4) + I) + 8*sqrt(x + 1)
x(x - 2) - 16%x + B)*x(2xsqrt(-1/4*I + 1/4) - I)72 + 44xx72 - 2x(6*%x"2 + (16
*x + 3)*ksqrt(x + 1) + 3*xx + 10)*(2*sqrt(1/4*I + 1/4) + I) - 2*x((4*x"2 - sqr
t(x + Dx(x - 2) + 2%x - B)*(2*sqrt(1/4*%I + 1/4) + I)72 + 6*%x"2 + (16%x + 3
Yksqrt(x + 1) + 3*x + 10)*(2*sqrt(-1/4*1 + 1/4) - I) - 4x(12%x72 + (3*x72 +

8xsqrt(x + 1)*(x - 2) - 16*x + 5)*(2*sqrt(1/4*I + 1/4) + I) + (3*xx72 - 2x%(
4xx72 - sqrt(x + 1)*(x - 2) + 2xx - B)*x(2xsqrt(1/4*I + 1/4) + I) + 8*sqrt(x

+ D*(x - 2) - 16%x + 5)*(2xsqrt(-1/4*I + 1/4) - I) + 2*x(16*x + 3)*sqrt(x
+ 1) + 6%x + 20)*sqrt(-3/16%(2*sqrt(1/4*I + 1/4) + I)"2 - 1/8%(2xsqrt(1/4%I

+ 1/4) + I)*(2*sqrt(-1/4*I + 1/4) - I) - 3/16%(2*%sqrt(-1/4*I + 1/4) - I)72
) + 24xsqrt(x + 1)*(x - 2) + 92*x - 20)*sqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4%
I+ 1/4) + 2xsqrt(-3/16*(2*sqrt(1/4*I + 1/4) + I)72 - 1/8%(2*sqrt(1/4*I + 1
/4) + I)*(2+sqrt(-1/4*I + 1/4) - I) - 3/16%(2*xsqrt(-1/4xI + 1/4) - 1)°2)))/
(x72 + 1)) + 1/4xsqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4%I + 1/4) + 2*sqrt(-3/16
*x(2xsqrt (1/4*1 + 1/4) + I)72 - 1/8%x(2xsqrt(1/4*I + 1/4) + I)*(2xsqrt(-1/4%I

+ 1/4) - I) - 3/16%(2xsqrt(-1/4*%I + 1/4) - I)72))*log(-1/4x(2x(((2*x + 1)*
sqrt(x + 1) - 9*xx - 2)*x(2xsqrt(1/4*I + 1/4) + I) + 4x(2*xx + 1)*sqrt(x + 1)
- x - 8)*ksqrt(x + sqrt(x + 1))*(2%sqrt(-1/4*I + 1/4) - I)72 + 2%x(((2*x + 1)
xsqrt(x + 1) - 9xx - 2)*(2xsqrt(1/4*I + 1/4) + I)72 + (3*x - 16)*sqrt(x + 1
) + 4xx - 3)*sqrt(x + sqrt(x + 1))*(2xsqrt(-1/4*%I + 1/4) - I) - 8x((((2*x +

D*xsqrt(x + 1) - 9xx - 2)*x(2xsqrt(1/4*I + 1/4) + I) + 4x(2xx + 1)*sqrt(x +

1) - x - 8)*xsqrt(x + sqrt(x + 1))*(2xsqrt(-1/4*%I + 1/4) - I) + ((4x(2*x +
Dxsqrt(x + 1) - x - 8)*(2xsqrt(1/4*I + 1/4) + I) - (3*x - 16)*sqrt(x + 1)
- 4xx + 3)xsqrt(x + sqrt(x + 1)))*sqrt(-3/16%(2xsqrt(1/4*I + 1/4) + I)72 -
1/8%(2xsqrt (1/4*I + 1/4) + I)*x(2xsqrt(-1/4*I + 1/4) - I) - 3/16%(2xsqrt(-1/
41 + 1/4) - I)72) + 2x((4x(2xx + 1)*sqrt(x + 1) - x - 8)*(2*sqrt(1/4*I + 1
/4) + I)72 + ((3*x - 16)*sqrt(x + 1) + 4xx - 3)*x(2xsqrt(1/4*I + 1/4) + I) +

12%(2%x + 1)#*sqrt(x + 1) + 32xx + 46)*sqrt(x + sqrt(x + 1)) - ((3*x72 + 8%
sqrt(x + 1)*(x - 2) - 16%x + 5)*(2xsqrt(1/4*I + 1/4) + I)72 + (3*x"2 - 2*(4
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*x72 - sqrt(x + 1)*(x - 2) + 2xx - B5)*x(2xsqrt(1/4%I + 1/4) + I) + 8xsqrt(x
+ 1)*%(x - 2) - 16%x + 5)*(2*sqrt(-1/4*I + 1/4) - I)72 + 44*xx72 - 2% (6%x"2 +
(16%x + 3)*sqrt(x + 1) + 3*%x + 10)*(2xsqrt(1/4*I + 1/4) + I) - 2*x((4*x"2 -
sqrt(x + 1)*(x - 2) + 2%x - 5)*(2*xsqrt(1/4*I + 1/4) + I)72 + 6*%x72 + (16%x
+ 3)xsqrt(x + 1) + 3*x + 10)*(2xsqrt(-1/4*%I + 1/4) - I) - 4*x(12%x72 + (3*x
T2 + 8xsqrt(x + 1)*(x - 2) - 16%x + 5)*(2xsqrt(1/4xI + 1/4) + I) + (3*x72 -
2% (4*x72 - sqrt(x + 1)*(x - 2) + 2%x - 5)*(2*sqrt(1/4*I + 1/4) + I) + 8%sq
rt(x + 1)*(x - 2) - 16%x + 5)*(2*%sqrt(-1/4*I + 1/4) - I) + 2%(16%x + 3)*sqr
t(x + 1) + 6*xx + 20)*sqrt(-3/16%(2*sqrt(1/4*I + 1/4) + I)72 - 1/8x(2*sqrt (1
/4*%T + 1/4) + I)*(2*sqrt(-1/4%I + 1/4) - I) - 3/16%x(2xsqrt(-1/4xI + 1/4) -
I)72) + 24*xsqrt(x + 1)*(x - 2) + 92%x - 20)*sqrt(sqrt(1/4*I + 1/4) + sqrt(-
1/4%1 + 1/4) + 2xsqrt(-3/16%(2*sqrt(1/4*I + 1/4) + I)72 - 1/8x(2*xsqrt(1/4%I
+ 1/4) + I)*(2xsqrt(-1/4*I + 1/4) - I) - 3/16%(2*sqrt(-1/4*I + 1/4) - I)"2
)))/(x72 + 1)) + 1/2%sqrt(-1/2%sqrt(-1/4*%I + 1/4) + 1/4%I)*log(((((2*x + 1)
xsqrt(x + 1) - 9%x - 2)*(2%sqrt(1/4*I + 1/4) + I) + 4%(2%x + 1)*sqrt(x + 1)
- x - 8)*xsqrt(x + sqrt(x + 1))*(2*sqrt(-1/4*I + 1/4) - I)72 + (((2%x + 1)*
sqrt(x + 1) - 9%x - 2)*x(2xsqrt(1/4*I + 1/4) + I)72 + (3*x - 16)*sqrt(x + 1)
+ 4xx — 3)xsqrt(x + sqrt(x + 1))*(2xsqrt(-1/4*I + 1/4) - I) + (((2*x + 1)*
sqrt(x + 1) - 9%x - 2)*(2*sqrt(1/4*I + 1/4) + I)73 - 6%(2%x + 1)*sqrt(x + 1
) - 16%x - 23)*sqrt(x + sqrt(x + 1)) + (2%(4*x72 - sqrt(x + D)*(x - 2) + 2%
X - B)*(2xsqrt(1/4*I + 1/4) + I)73 - (3*%x72 - 2%(4*x72 - sqrt(x + D*(x - 2
) + 2%x - B)*x(2%sqrt(1/4*I + 1/4) + I) + 8xsqrt(x + 1)*(x - 2) - 16%x + 5)*
(2%sqrt(-1/4%I + 1/4) - I)72 + 22xx72 + 2% ((4*x"2 - sqrt(x + D*(x - 2) + 2
*x — B5)*(2xsqrt (1/4*I + 1/4) + I)72 + 6%x72 + (16*x + 3)*sqrt(x + 1) + 3*x
+ 10)*(2xsqrt (-1/4*I + 1/4) - I) + 12%sqrt(x + 1)*(x - 2) + 46%x - 10)*sqrt
(-1/2*sqrt(-1/4*1 + 1/4) + 1/4x1))/(x"2 + 1)) - 1/2*sqrt(-1/2*sqrt(-1/4*I +
1/4) + 1/4*%I1)*1log(((((2*%x + 1)*sqrt(x + 1) - 9*x - 2)*(2*sqrt(1/4*I + 1/4)
+ I) + 4x(2xx + Dxsqrt(x + 1) - x - 8)*sqrt(x + sqrt(x + 1))*(2*sqrt(-1/4
*I + 1/4) - I)72 + (((2%x + D)*sqrt(x + 1) - 9%x - 2)*(2%sqrt(1/4*I + 1/4)
+ I)72 + (3%x - 16)*sqrt(x + 1) + 4*x - 3)*sqrt(x + sqrt(x + 1))*(2*sqrt(-1
/4*%1 + 1/4) - I) + (((2*xx + D) *sqrt(x + 1) - 9*x - 2)*x(2*sqrt(1/4*I + 1/4)
+ I)73 - 6%(2%x + 1)*sqrt(x + 1) - 16xx - 23)*sqrt(x + sqrt(x + 1)) - (2*(4
*x72 - sqrt(x + 1)*(x - 2) + 2xx - B)*x(2xsqrt(1/4*I + 1/4) + I)73 - (3*x"2
- 2% (4%x72 - sqrt(x + 1)*(x - 2) + 2%x - B)*(2%sqrt(1/4*I + 1/4) + I) + 8xs
grt(x + D *(x - 2) - 16%x + B)*(2*sqrt(-1/4*I + 1/4) - I)72 + 22xx72 + 2% ((
4xx72 - sqrt(x + 1)*(x - 2) + 2%x - B)*(2*sqrt(1/4*I + 1/4) + I)72 + 6*x"2
+ (16*%x + 3)*sqrt(x + 1) + 3*xx + 10)*(2*sqrt(-1/4*I + 1/4) - I) + 12*sqrt(x
+ D*x(x - 2) + 46%x - 10)*sqrt(-1/2*sqrt(-1/4*I + 1/4) + 1/4x1))/(x"2 + 1)
) + 1/2%sqrt(-1/2*%sqrt(1/4*I + 1/4) - 1/4*%I)*log(-((((2*x + 1)*sqrt(x + 1)
- 9%x - 2)*x(2*sqrt(1/4*I + 1/4) + I)73 - (4x(2%x + 1)*sqrt(x + 1) - x - 8)*
(2%sqrt(1/4*I + 1/4) + I)72 - ((3*x - 16)*sqrt(x + 1) + 4xx - 3)*(2xsqrt(1/
41 + 1/4) + I) + 10*%(2*x + 1)*sqrt(x + 1) - 20*x + 15)*sqrt(x + sqrt(x + 1
)) + (2% (4*x72 - sqrt(x + D)*(x - 2) + 2%x - 5)*(2xsqrt(1/4xI + 1/4) + I)°3
+ (3*%x72 + 8*sqrt(x + 1)*(x - 2) - 16%x + 5)*(2%sqrt(1/4*I + 1/4) + I)"2 +
10%x72 - 2% (6*%x72 + (16%x + 3)*sqrt(x + 1) + 3*x + 10)*(2*sqrt(1/4*I + 1/4
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) + I) - 20*%sqrt(x + D)*x(x - 2) - 30*xx - 30)*sqrt(-1/2*sqrt(1/4xI + 1/4) -
1/4x%1))/(x"2 + 1)) - 1/2*sqrt(-1/2*sqrt(1/4*I + 1/4) - 1/4xI)*log(-((((2x*x
+ 1)*sqrt(x + 1) - 9xx - 2)*(2xsqrt(1/4*I + 1/4) + I)73 - (4x(2xx + 1)*sqrt
(x + 1) - x - 8)*%(2%sqrt(1/4*I + 1/4) + I)72 - ((3*x - 16)*sqrt(x + 1) + 4x
X - 3)*(2xsqrt(1/4*I + 1/4) + I) + 10%(2*x + 1)*sqrt(x + 1) - 20*x + 15)*sq
rt(x + sqrt(x + 1)) - (2%x(4*x72 - sqrt(x + 1)*(x - 2) + 2%x - b5)*(2*sqrt(1/
4xI + 1/4) + I)73 + (3*x72 + 8*sqrt(x + 1)*(x - 2) - 16%x + 5)*(2*sqrt(1/4%
I+ 1/4) + I)72 + 10%x72 - 2*%(6%x”2 + (16%x + 3)*sqrt(x + 1) + 3*xx + 10)*(2
*xsqrt (1/4*I + 1/4) + I) - 20*sqrt(x + 1)*(x - 2) - 30*x - 30)*sqrt(-1/2*sqr
t(1/4*%I + 1/4) - 1/4x1))/(x"2 + 1))

giac [F] time = 0.00, size = 0, normalized size = 0.00
sagepx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/(x"2+1),x, algorithm="giac")
[Out] sageO*x

maple [C] time = 0.02, size = 105, normalized size = 0.31

(RootOf (Lz°-4.72°+8.2°+20_2*-48_7° +

7
2R00KM%_Z8—4_Z6+8_Z5+20_Z4—48_Z3+40_Z2—8_Z-+1)-—6R00KM%_Z8—4_Z6+8_Z5+20;Z

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x+(x+1)7(1/2))7(1/2)/(x"2+1),x)

[Out] 1/2*sum(( R"6-2% R™5+2% R+1)/( R"7-3% R™5+5% R~4+10% R~3-18% R™2+10% R-1)%1
n(-_R+(x+(x+1)7(1/2))~(1/2)-(x+1)~(1/2)) ,_R=RootOf (_Z"8-4*_Z"6+8%_Z 5+20%_Z
~4-48% 7°3+40% Z"2-8% Z+1))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

(v,

X% +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))"(1/2)/(x72+1),x, algorithm="maxima")

[Out] integrate(sqrt(x + sqrt(x + 1))/(x"2 + 1), x)



mupad [F] time = 0.00, size = -1, normalized size = -0.00

(v,

X2 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x + (x + 1)7(1/2))7(1/2)/(x"2 + 1),x%)
[Out] int((x + (x + 1)7(1/2))~(1/2)/(x"2 + 1), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

(v,

x2 41

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)**(1/2))*x(1/2)/(x**2+1) ,x)

[Out] Integral(sqrt(x + sqrt(x + 1))/(x**2 + 1), x)

97
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315 | 1+\/§+\/1+2\/§+2x dx

Optimal. Leaf size=77

2\/\/§+m+1 (6x3/2+\/_—(2—\/§)m +2)

154/x

[Out] 2/15%(2+6%x~(3/2) +x~ (1/2)-(2-x"(1/2) ) * (1+2*x+2%x~ (1/2) )~ (1/2) ) * (1+x~ (1/2) +(
1+2xx+2%x7(1/2)) 7 (1/2))~(1/2) /%~ (1/2)

Rubi [A] time = 0.07, antiderivative size = 77, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 2, number of rules used = 1, integrand size = 27, e e

0.037, Rules used = {2114}

quﬂ(6xa/z+f_<z_ﬁ)m+z)

15+/x

integrand size

Antiderivative was successfully verified.
[In] Int[Sqrt[1 + Sqrt[x] + Sqrt[1 + 2xSqrt[x] + 2*x]],x]

[Out] (2*%Sqrt[1 + Sqrtl[x] + Sqrt[l + 2*Sqrt[x] + 2*x]]1*(2 + Sqrt[x] + 6*x~(3/2) -
(2 - Sqrt[x])*Sqrt[1 + 2*Sqrt[x] + 2xx]))/(16%Sqrt[x])

Rule 2114

Int[((g_.) + (h_.)*(x_))*Sqrt[(d_.) + (e_.)*(x_) + (f_.)*Sqrt[(a_.) + (b_.)
x(x_) + (c_.)*(x_)"2]], x_Symbol] :> Simp[(2x(f*(5xb*cxg~™2 - 2*b~2*g*h - 3%
axcxg*xh + 2%axb*h™2) + cxf*x(10%xc*g™2 - bxg*h + axh™2)*x + 9*c™2*f*gxh*x™2 +
3xc”2xfxh"2xx"3 - (exg - dxh)*(b*cxg - 2xb*h + ckxhxx)*Sqrt[a + b*x + cxx~2
1)*Sqrt[d + e*xx + f*Sqrtla + bxx + cxx72]]1)/(15*%c™2*f*(g + h*x)), x] /; Fre
eQl{a, b, c, d, e, f, g, h}, x] && EqQ[(e*g - dxh)~"2 - £72*(c*g”™2 - b*g*h +
axh~2), 0] && EqQ[2*e~2*xg - 2*d*exh - f~2*(2*c*g - bxh), 0]

Rubi steps
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f\/1+\/§+\/1+2\/3—c +2x dx:ZSubst(fx\/1+x+m dx,x,\/i)
2\/1+\/E+\/m (2+\/_+6x3/2—(2—\/§)m

X
15+/x

Mathematica [A] time = 0.04, size = 74, normalized size = 0.96

2VE 2R 14 (0 + (4 -2) ey 4 4]

15+/x

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 + Sqrt[x] + Sqrt[l + 2xSqrt[x] + 2*x]],x]
[Out] (2*%Sqrt[1 + Sqrtlx] + Sqrt[l + 2xSqrt[x] + 2*x]]*(2 + Sqrt[x] + 6*x~(3/2) +
(-2 + Sqrt[x])*Sqrt[1 + 2*Sqrt[x] + 2*x]))/(16%Sqrt[x])

fricas [A] time = 0.85, size = 56, normalized size = 0.73

2(6x2+,/2x+2\/§ +1(x—2\/§)+x+2\/§)\/,/2x+2\/§ +1 ++/x +1

15x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x~(1/2)+(1+2*x+2xx~(1/2))~(1/2))~(1/2),x, algorithm="fricas")

[Out] 2/156%(6*x72 + sqrt(2*x + 2*sqrt(x) + 1)*(x - 2*sqrt(x)) + x + 2*sqrt(x))*sq
rt(sqrt(2*x + 2*sqrt(x) + 1) + sqrt(x) + 1)/x

time = 0.00, size = 0, normalized size = 0.00

f\/m+\/§+1dx

Verification of antiderivative is not currently implemented for this CAS.

giac [F]

[In] integrate((1+x~(1/2)+(1+2*x+2xx~(1/2))~(1/2))~(1/2) ,x, algorithm="giac")

[Out] integrate(sqrt(sqrt(2*x + 2*sqrt(x) + 1) + sqrt(x) + 1), x)
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maple [F] time = 0.09, size = 0, normalized size = 0.00

f\/\/E +14/2x +2vx +1 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+x~(1/2)+(1+2%x+2xx~(1/2))~(1/2))"(1/2),x%)
[Out] int((1+x~(1/2)+(1+2xx+2%x~(1/2))~(1/2))~(1/2),x%)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f\/m+\/§+ldx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x~(1/2)+(1+2*x+2*x~(1/2))~(1/2))~(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(sqrt(2*x + 2*sqrt(x) + 1) + sqrt(x) + 1), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f\/m+\/§+ldx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((2*x + 2*xx~(1/2) + 1)°(1/2) + x~(1/2) + 1)°(1/2),x)
[Out] int(((2%x + 2*%x~(1/2) + 1)°(1/2) + x~(1/2) + 1)~(1/2), %)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/\/E+\/2\/§ +2x+1 +1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x**(1/2)+(1+2xx+2%xx**x(1/2))**(1/2))*x(1/2) ,%)

[Out] Integral(sqrt(sqrt(x) + sqrt(2*sqrt(x) + 2*x + 1) + 1), x)
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3.16 f\/\/i+\/§+\/2+2\/§\/§+2x dx

Optimal. Leaf size=118

2\/5\/\/§+\/§\/x+\/§\/§ +1+42 (3\/§x3/2+\/§\/_—\/§(2\/§—\/§)\/x+\/§\/§ +1 +4)
15+/x

[Out] 2/15%27(1/2)*(4+3%x~(3/2)*27(1/2)+27(1/2)*x~ (1/2)-27(1/2) *(2%2~(1/2)-x~ (1/2
))x (1+x+27(1/2)*x~(1/2)) 7 (1/2) ) * (27 (1/2) +x~ (1/2)+27 (1/2) * (1+x+27 (1/2) *x~ (1/
2))~(1/2))~(1/2)/x~(1/2)

Rubi [A] time = 0.19, antiderivative size = 118, normalized size of antiderivative =
number of rules

1.00, number of steps used = 3, number of rules used = 2, integrand size = 36,
= 0.056, Rules used = {2115, 2114}

integrand size

2VE\V + VI VENR 15V (3325 4 V2% B (232 ~F) i VBV +1 44
154/x

Antiderivative was successfully verified.
[In] Int([Sqrt[Sqrt[2] + Sqrt[x] + Sqrt[2 + 2*Sqrt[2]*Sqrt[x] + 2*x]],x]

[Out] (2*%Sqrt[2]*Sqrt[Sqrt[2] + Sqrtl[x] + Sqrt[2]*Sqrt[1 + Sqrt[2]*Sqrt[x] + x]]*
(4 + Sqrt[2]*Sqrt[x] + 3*Sqrt[2]*x~(3/2) - Sqrt[2]*(2xSqrt[2] - Sqrt[x])*Sq
rt[1 + Sqrt[2]*Sqrt[x] + x]))/(15%Sqrt[x])

Rule 2114

Int[((g_.) + (h_.)*(x_))*Sqrt[(d_.) + (e_.)*(x_) + (f_.)*Sqrt[(a_.) + (b_.)
x(x_) + (c_.)*x(x_)"2]], x_Symbol] :> Simp[(2*(f*(5xb*cxg™2 - 2*b~2%g*h - 3%
axckgxh + 2%axbxh™2) + ckf*(10%cxg™2 - bkgxh + axh™2)*x + 9xc™2*f*gxh*xx"2 +
3kc72xf*xh"2%x"3 - (exg - dxh)*(b*c*g - 2xbxh + cxh*x)*Sqrt[a + b*x + c*x™2
1) *Sqrt[d + exx + f*xSqrtla + bxx + c*x72]]1)/(16xc™2*xf*(g + hx*x)), x] /; Fre
eQl{a, b, ¢, d, e, f, g, h}, x] && EqQ[(exg - dxh)~2 - £72x(c*xg™2 - b*gxh +
axh~2), 0] && EqQ[2*e~2xg - 2*d*exh - f~2x(2xc*g - b*h), 0]

Rule 2115

Int[((u_) + (£_)*((G_.) + (k_)*Sqrtlv_1))~(n_.)*((g_.) + (h_.)*(x_)) " (m_.
), x_Symbol] :> Int[(g + h*x) “m*(ExpandToSum[u + f*j, x] + fxk*Sqrt[ExpandT
oSum[v, x]]1)°n, x] /; FreeQ[{f, g, h, j, k, m, n}, x] && LinearQ[u, x] && Q



102

uvadraticQ[v, x] && !(LinearMatchQ[u, x] && QuadraticMatchQ[v, x] && (EqQ[j
, 01 || EqQ[f, 1])) && EqQ[(Coefficient[u, x, 1]*g - h*(Coefficient[u, x, O
1 + £%j))~2 - £72xk"2x(Coefficient[v, x, 2]*g~2 - Coefficient[v, x, 1]*g*h
+ Coefficient[v, x, 0]*h~2), 0]

Rubi steps

f\/\/§+\/§+\/2+2\/§\/§+2x dx = 2 Subst fx\/x+\/§(1+\/1+\/§x+x2)dx,x,x/%
= 2 Subst fx\/\/§+x+\/§\/1+\/§x+x2 dx, x, \x

2\/5\/\/5 +4/x +\/§\/1+\/§\/§ +x (4+\/§\/§ +3v2x32 -

154/x

Mathematica [A] time = 0.09, size = 112, normalized size = 0.95

2v2 (3\/§x3/2+\/§\/5+\/§(\/§—2\/§)\/x+\/§\/§ +1 +4)\/\/§ (\/x+\/§\/§ +1 +1)+\/§
15+/x

Antiderivative was successfully verified.

[In] Integrate[Sqrt[Sqrt[2] + Sqrt[x] + Sqrt[2 + 2xSqrt[2]*Sqrt[x] + 2xx]],x]

[Out] (2xSqrt[2]*(4 + Sqrt[2]*Sqrt[x] + 3*Sqrt[2]*x~(3/2) + Sqrt[2]*(-2xSqrt[2] +
Sqrt [x])*Sqrt[1 + Sqrt[2]*Sqrt[x] + x])*Sqrt([Sqrt[x] + Sqrt[2]*(1 + Sqrt[1
+ Sqrt[2]*Sqrt[x] + x]1)]1)/(15*Sqrt[x])

fricas [A] time = 1.21, size = 73, normalized size = 0.62

2(6x2+(\/§x—4\/§)\/2x/§\ﬁ +2x+2 +4V24x +2x)\/\/§ +\/2\/§\/§ +2x+2 +4/x

15x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((27(1/2)+x~(1/2)+(2+2*x+2x2~(1/2)*x~(1/2))~(1/2))~(1/2) ,x, algori
thm="fricas")



103

[Out] 2/16%(6%x72 + (sqrt(2)*x - 4xsqrt(x))*sqrt(2*sqrt(2)*sqrt(x) + 2*x + 2) + 4
xsqrt (2) *sqrt(x) + 2xx)*sqrt(sqrt(2) + sqrt(2*sqrt(2)*sqrt(x) + 2*x + 2) +
sqrt(x))/x

giac [F(-2)] time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((27(1/2)+x~(1/2)+(2+2*x+2%27(1/2)*x~(1/2))~(1/2))~(1/2) ,x, algori
thm="giac")

[Out] Exception raised: TypeError >> An error occurred running a Giac command:INP
UT:sage2:=int (sage0,x) : ;OUTPUT:Warning, need to choose a branch for the roo
t of a polynomial with parameters. This might be wrong.The choice was done
assuming [x]=[-28]Warning, integration of abs or sign assumes constant sign

by intervals (correct if the argument is real):Check [abs(x)]Warning, need

to choose a branch for the root of a polynomial with parameters. This migh

t be wrong.The choice was done assuming [x]=[79]sym2poly/r2sym(const gen &
e,const index_m & i,const vecteur & 1) Error: Bad Argument ValueEvaluation

time: 0.47

maple [F] time = 0.22, size = 0, normalized size = 0.00

f\/\/}+\/§+\/2x+2\/§\/§+2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((27(1/2)+x~(1/2)+(2+2*x+2%27 (1/2)*x~(1/2))~(1/2))~(1/2) ,x)
[Out] int((27(1/2)+x~(1/2)+(2+2*x+2*27(1/2)*x~(1/2))~(1/2))~(1/2),x%)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

f\/\/§+\/2\/§\/E +2x+2 +/x dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((27(1/2)+x~(1/2)+(2+2*x+2%27(1/2)*x~(1/2))~(1/2))~(1/2) ,x, algori
thm="maxima"

[Out] integrate(sqrt(sqrt(2) + sqrt(2xsqrt(2)*sqrt(x) + 2xx + 2) + sqrt(x)), x)
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mupad [F] time = 0.00, size = -1, normalized size = -0.01

f\/\/2x+2\/§\/§+2 +V2 +x dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((2%x + 2%27(1/2)*x~(1/2) + 2)7(1/2) + 27(1/2) + x~(1/2))~(1/2) ,%)
[Out] int(((2*x + 2+27(1/2)*x~(1/2) + 2)7(1/2) + 27(1/2) + x~(1/2))~(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/\/}J,\/z\/E\/E +2x+2 + V2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((2%*(1/2)+x%*(1/2)+(2+2xx+2%2%x (1/2) xx*x* (1/2) ) **(1/2))**(1/2) ,x)

[Out] Integral(sqrt(sqrt(x) + sqrt(2*sqrt(2)*sqrt(x) + 2*x + 2) + sqrt(2)), x)



105

3.17 f —'%;/m dx

Optimal. Leaf size=83

x+vVx+1 1 | vx+1+3 3

_ 1-3vVx+1
—f—ztan' + Ztanh 1 *
2\/x+\/x+1 24/x+ Vx +1

[Out] -1/4*arctan(1/2*(3+(1+x)~(1/2))/(x+(1+x)~(1/2))~(1/2))+3/4*arctanh(1/2*(1-3
*(1+x) 7 (1/2)) / (x+(1+x) = (1/2)) " (1/2)) - (x+(1+x)~(1/2))~(1/2) /x

Rubi [A] time = 0.10, antiderivative size = 83, normalized size of antiderivative = 1.00,

. . ber of rul
number of steps used = 7, number of rules used = 5, integrand size = 17, Y T o

integrand size
0.294, Rules used = {1014, 1033, 724, 206, 204}

x+vVx+1 1 Vx+1+3 3

————tan_l +—tanh_1 1-5vx+l

X 4 2\/x+\/x+l 4 24/x + Vx +1

Antiderivative was successfully verified.

[In] Int[Sqrt[x + Sqrtl[l + x]1]/x72,x]

[Out] -(Sqrtlx + Sqrt[l + x]1/x) - ArcTan[(3 + Sqrt[l + x])/(2%Sqrt[x + Sqrt[1 +
x]11)1/4 + (3*ArcTanh[(1 - 3*Sqrt[1 + x])/(2*%Sqrtlx + Sqrt[1l + x]])]1)/4

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] |l LtQ[pb, 0]1)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d"2 - 4xbxdxe + 4xa*xe”™2 - x72), x], x, (2
xaxe - bxd - (2xcxd - bxe)*x)/Sqrtla + bxx + c*x72]]1, x] /; FreeQ[{a, b, c,
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d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 1014

Int[((g_.) + (h_D*(x_))*((a_) + (c_)*(x)"2)7(p_)*((d_) + (e_)*(x_) + (£
_I)*(x_)72)7(q), x_Symbol] :> Simp[((a*h - gkcxx)*x(a + cxx"2) " (p + 1)*(d +
exx + £xx72)7q)/(2*axcx(p + 1)), x] + Dist[2/(4xa*xcx(p + 1)), Int[(a + c*x
"2)7(p + 1)x(d + exx + f*xx72)7(q - 1)*Simp[gkcxd*(2xp + 3) - ax(h*exq) + (g
xckex(2xp + q + 3) - ax(2xhxfx*xq))*x + gkcxf*x(2%p + 2%q + 3)*x72, x], x], xl]
/; FreeQ[{a, c, d, e, f, g, h}, x] && NeQ[e~2 - 4xd*f, 0] && LtQ[p, -1] &&
GtQlq, 0]

Rule 1033

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[-(axc), 2]}, Dist[h/2 + (c*g)/(2*q
), Int[1/((-q + cxx)*Sqrt[d + exx + f*x72]), x], x] + Dist[h/2 - (c*xg)/(2xq
), Int[1/((q + c*x)*Sqrt[d + e*xx + f*x~2]), x], x]] /; FreeQ[{a, c, 4, e, f
, g, h}, x] && NeQ[e™2 - 4xdxf, 0] && PosQ[-(axc)]

-1+

Rubi steps
Vx+Vl+x V-1+x+x2
f—zdx:ZSubst fx * 2x dx,x, V1 + x
x (—1+x2)
[ 1
x+V1+x S5 tx —
:——+Substf 2 dx/x/ 1+x
X (—1+x2)\/—1+x+x2
VX+Vi+x 1 1 3
=Y 4 _Subst f dx,x,\/1+x)+—8ubst(f
x 4 1 +x)V-1+x+x? 4
Vr+vVl+x 1 1 3-V1+ 3 1
=S| [ e = |- 3subst| [ g e
x+V1l+x
Vx+vVli+x 1 4| 3+ Vl+x 3 | 1-3Vl+x
:—7——’:&&1 + — tanh

4 2\/x+\/1+x 4 2\/x+\/1+x
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Mathematica [A] time = 0.05, size = 85, normalized size = 1.02

x+vVx+1 1 4| —Vx+1-3 3 1) 3vx+1 -1
— + —tan — —tanh

x 4 2\/x+\/x+1 4 2\/x+\/x+1

Antiderivative was successfully verified.

[In] Integrate[Sqrt[x + Sqrt[l + x]]1/x72,x]

[Out] -(Sqrt[x + Sqrt[l + x]]/x) + ArcTan[(-3 - Sqrt[1l + x])/(2%Sqrt[x + Sqrt([1l +
x]1)1/4 - (3%ArcTanh[(-1 + 3*Sqrt[1 + x])/(2%Sqrt[x + Sqrt[l + x]1)]1)/4

fricas [A] time = 2.80, size = 81, normalized size = 0.98

2 x4Vl m_s)] +3xlog[zw/x+m(mﬂ)_gx_zm_z] _4\/x+7 1

x arctan [
x—8 X

4x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/x"2,x, algorithm="fricas")

[Out] 1/4*(x*arctan(2*sqrt(x + sqrt(x + 1))*(sqrt(x + 1) - 3)/(x - 8)) + 3*x*log(
(2*sqrt(x + sqrt(x + 1))*(sqrt(x + 1) + 1) - 3*x - 2*sqrt(x + 1) - 2)/x) -
4xsqrt(x + sqrt(x + 1)))/x

giac [B] time = 0.68, size = 188, normalized size = 2.27

2{Wx+Vx+1 —vVx+1 3—3 X+ Vr+1 —Vx+1| —x+Vr+1 +Vx+1 +1
Ky ) [y ) -

( x+Vx+1 —\/x+1)4—2( x+Vx+1 —\/x+1)2+4\/x+\/m —4x+1

2

1 /
+§ arctan( X +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/x"2,x, algorithm="giac")

[Out] -(2*%(sqrt(x + sqrt(x + 1)) - sqrt(x + 1))73 - 3x(sqrt(x + sqrt(x + 1)) - sq
rt(x + 1))72 - sqrt(x + sqrt(x + 1)) + sqrt(x + 1) + 1)/((sqrt(x + sqrt(x +

1)) - sqrt(x + 1))74 - 2%(sqrt(x + sqrt(x + 1)) - sqrt(x + 1))72 + 4xsqrt(
X + sqrt(x + 1)) - 4*sqrt(x + 1)) + 1/2*%arctan(sqrt(x + sqrt(x + 1)) - sqrt

(x + 1) - 1) - 3/4*log(abs(sqrt(x + sqrt(x + 1)) - sqrt(x + 1) + 2)) + 3/4x%
log(abs(sqrt(x + sqrt(x + 1)) - sqrt(x + 1)))
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maple [B] time = 0.02, size = 298, normalized size = 3.59

3 arctanh L3l arctan Sl 2
1
2 (-1 VT 43V -2 2 (14 Vo1 i -2 1“(5 VT + (VL) 3
- + +
4 4 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x+(x+1)7(1/2))"(1/2)/x72,%)

[Out] -1/2/(-1+(x+1)~(1/2))*((-1+(x+1)~(1/2))"2+3*%(x+1) " (1/2)-2)~(3/2)+3/4* ((-1+(
x+1)7(1/2))"2+3%(x+1)~(1/2)-2) " (1/2)+1/2*1n(1/2+(x+1) " (1/2) +((-1+(x+1) "~ (1/2

)) T2+3%x (x+1) " (1/2)-2)"(1/2))-3/4*arctanh (1/2* (-1+3* (x+1) ~(1/2)) / ((-1+(x+1)~
(1/2))7243% (x+1)~(1/2)-2) " (1/2) ) +1/4x (2% (x+1) ~(1/2) +1) * ((-1+(x+1) ~(1/2)) "2+
3x(x+1)7(1/2)-2)"(1/2)-1/2/ 1+ (x+1) " (1/2) ) * ((1+(x+1) " (1/2) ) "2-(x+1) "~ (1/2)-2

)7 (3/2)-1/4% ((1+(x+1)~(1/2))"2-(x+1)~(1/2)-2)~(1/2)-1/2*1In((x+1) " (1/2)+1/2+
(A+(x+1)"(1/2))"2-(x+1) " (1/2)-2) "~ (1/2) )+1/4*arctan (1/2% (-3-(x+1) " (1/2)) / ((
1+(x+1)7(1/2))"2-(x+1) " (1/2)-2) " (1/2))+1/4x (2% (x+1) ~ (1/2) +1) * ((1+ (x+1) " (1/2
))"2-(x+1)"(1/2)-2)"(1/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00
Vr+ Vx+1
f — 2
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/x72,x, algorithm="maxima")
[Out] integrate(sqrt(x + sqrt(x + 1))/x72, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
x+Vx+1
[RiaalEu
x

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x + (x + 1)7(1/2))"(1/2)/x"2,%)
[Out] int((x + (x + 1)7(1/2))"(1/2)/x72, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

x+Vx+1
[t
x
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)*x(1/2))**(1/2)/x**2,%)

[Out] Integral(sqrt(x + sqrt(x + 1))/x**2, x)
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3.18 f\/‘/1+i+§dx

Optimal. Leaf size=96

[Out] 1/4*arctan(1/2*(3+(1+1/x)~(1/2))/(1/x+(1+1/x)~(1/2))~(1/2))-3/4*arctanh(1/2
*(1-3%x(1+1/x) 7 (1/2)) / (1/x+(1+1/x) " (1/2)) = (1/2) ) +x*x (1 /x+(1+1/x) " (1/2) ) ~(1/2)

Rubi [A] time = 0.08, antiderivative size = 96, normalized size of antiderivative = 1.00,
number of rules

number of steps used = 7, number of rules used = 5, integrand size = 17,
0.294, Rules used = {1014, 1033, 724, 206, 204}

integrand size

Antiderivative was successfully verified.
[In] Int[Sqrt[Sqrtl[l + x~(-1)] + x~(-1)],x]

[Out] Sqrt[Sqrt[l + x~(-1)] + x~(-1)]*x + ArcTan[(3 + Sqrt[1 + x~(-1)]1)/(2xSqrt[S
grt[1 + x~(-1)] + x7(-1)]1)]/4 - (3*xArcTanh[(1 - 3*Sqrt[1 + x~(-1)])/(2%Sqrt
[Sqrt[1 + x~(-1)] + x~(-1)1)1)/4

Rule 204

Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 724
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Int[1/CC(d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4*b*d*e + 4*axe”™2 - x72), x], x, (2
xaxe — bxd - (2%c*d - bxe)*x)/Sqrtl[a + b*x + c*xx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b"2 - 4xaxc, 0] && NeQ[2%c*d - bxe, 0]

Rule 1014

Int[((g_.) + (h_)*(x_))*((a_) + (c_)*(x_)"2)7(p)*((d_) + (e_.)x(x_) + (£
_D)*(x_)72)7(q ), x_Symbol] :> Simp[((a*h - gkcxx)*(a + cxx"2)"(p + 1)*(d +
exx + fxx72)7q)/(2xaxcx(p + 1)), x] + Dist[2/(4xa*xcx(p + 1)), Int[(a + c*x
“2)7(p + 1)x(d + exx + £xx72)7(q - 1)*Simp[gxcxd*(2xp + 3) - ax(h*exq) + (g
xckex(2xp + q + 3) - ax(2xhxfx*q))*x + grcxfx(2%p + 2*q + 3)*x”2, x], x], x]
/; FreeQ[{a, c, d, e, f, g, h}, x] && NeQ[e™2 - 4*dxf, 0] && LtQ[p, -1] &&
GtQ[lq, 0]

Rule 1033

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[-(axc), 2]}, Dist[h/2 + (c*g)/(2*q
), Int[1/((-q + c*x)*Sqrt[d + e*xx + f*x72]), x], x] + Dist[h/2 - (c*xg)/(2xq
), Int[1/((q + c*x)*Sqrt[d + e*xx + f*x~2]), x], x]] /; FreeQ[{a, c, d, e, f
, g, h}t, x] && NeQ[e™2 - 4xdxf, 0] && PosQ[-(a*c)]

Rubi steps
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1 ~1+x+x2 1
f ‘/1+—+ dx = —|2Subst fxwdx 1+
x (1+x2) *
J_;_;__ Sub s 141
+ — + —x —Subst +-_
Vi*s 1+xz)m
L1, 1Sbtj“ 1 Sbt
_ [N P — |- =Subs
VRS (roviiare =
1
n 1 1 1 -3 - 1+; 3 1
X

1+-+-
X
T 1 1 3+yl+: | 3 | 1-31+1
= 1+- +-x+-tan™" Z — —tanh z
X X 4 T 1 4 T 1
24/+/1+ = + = 24[1+ = +=
X X X

Mathematica [A] time = 0.20, size = 98, normalized size = 1.02

[1 1
1 1 1 —/-+1-3 3 34-+1 -1
w/—+1 +-x-—tan’! 2l + Ztanh™! 2l
X X 4 4 T 1
2+[~/=+1 + -
X X

1 1
2 -+1+-
X X

Antiderivative was successfully verified.

[In] Integrate[Sqrt[Sqrt[l + x~(-1)] + x~(-1)],x]

[Out] Sqrt[Sqrt[1l + x~(-1)] + x~(-1)]*x - ArcTan[(-3 - Sqrt[1 + x~(-1)])/(2*Sqrt[
Sqrt[1 + x~(-1)] + x~(-1)1)]1/4 + (3*%ArcTanh[(-1 + 3*Sqrt[1 + x~(-1)]1)/(2%Sq

rt[Sqrt[l + x~ (-] + x~(-1)1)1)/4

fricas [A] time = 2.86, size = 122, normalized size = 1.27

x+1 X T+1 x+1
|_V11 PO il O A S N | A S Y 5
X 4 8x-1 4 & X X X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/x+(1+1/x)~(1/2))~(1/2),x, algorithm="fricas")

[Out] x*sqrt((x*sqrt((x + 1)/x) + 1)/x) + 1/4*xarctan(2x(x*xsqrt((x + 1)/x) - 3*x)*
sqrt((xxsqrt((x + 1)/x) + 1)/x)/(8*x - 1)) + 3/4*xlog(2x(xxsqrt((x + 1)/x) +
x)*sqrt((x*xsqrt((x + 1)/x) + 1)/x) + 2xx*ksqrt((x + 1)/x) + 2*x + 3)

time = 0.00, size = 0, normalized size = 0.00

1 1
f\/w/—+1 + — dx
x x

Verification of antiderivative is not currently implemented for this CAS.

giac [F]

[In] integrate((1/x+(1+1/x)~(1/2))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(sqrt(il/x + 1) + 1/x), x)

time = 0.06, size = 0, normalized size = 0.00

/1 1
f —4+4/=-+1 dx
X X

Verification of antiderivative is not currently implemented for this CAS.

maple [F]

[In] int((1/x+(1+1/x)7(1/2))"(1/2),%)
[Out] int((1/x+(1+1/x)7(1/2))~(1/2),%)

time = 0.00, size = 0, normalized size = 0.00

//1 1
f —+1+—dx
x x

Verification of antiderivative is not currently implemented for this CAS.

maxima [F]

[In] integrate((1/x+(1+1/x)~(1/2))~(1/2),x, algorithm="maxima"

[Out] integrate(sqrt(sqrt(1/x + 1) + 1/x), x)

time = 0.00, size = -1, normalized size = -0.01

1 1
f\/w/—+1 + — dx
x x

mupad [F]



Verification of antiderivative is not currently implemented for this CAS.

[In] int(((1/x + 1)7(1/2) + 1/x)7(1/2),x)
[Out] int(((1/x + 1)7(1/2) + 1/x)7(1/2), x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

// 1 1
f 1+ - +—dx
X X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/x+(1+1/x)**(1/2))**(1/2),x)
[Out] Integral(sqrt(sqrt(l + 1/x) + 1/x), x)
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V1+e™
319 [T dx
—e X 4pX
Optimal. Leaf size=25
~vV2 tanh™ o+l
V2

[Out] -arctanh(1/2*(1+exp(-x))~(1/2)*27(1/2))*27(1/2)
Rubi [A] time = 0.07, antiderivative size = 25, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 6, number of rules used = 6, integrand size = 25, ———— =

0.240, Rules used = {2282, 1446, 1469, 627, 63, 206}

—/2 tanh™ [ e+l ]

integrand size

V2

Antiderivative was successfully verified.

[In] Int[Sqrt[l + E~(-x)]/(-E~(-x) + E"x),x]

[Out] -(Sqrt[2]*ArcTanh([Sqrt[1 + E~(-x)]/Sqrt[2]])
Rule 63

Int[((a_.) + (b_)*(x)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)]1, x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, O] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 627

Int[((d_) + (e_.)*x(x ))"(m_.)*x((a_) + (c_.)*x(x_)"2)"(p_.), x_Symbol] :> Int
[(d + exx)"(m + p)*x(a/d + (c*x)/e)"p, x] /; FreeQ[{a, c, d, e, m, p}, x] &&
EqQlc*d™2 + axe”2, 0] && (IntegerQ[p] || (GtQla, 0] && GtQ[d, 0] &% Intege
rQm + pl))

Rule 1446
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Int[((a_.) + (c_)*x_ )" (@mn2_.))"(p_)*((d) + (e_)*(x_)"(n_.))"(q_.), x_S
ymbol] :> Int[((d + e*x"n) gx(c + axx”(2*n)) p)/x"(2*n*p), x] /; FreeQ[{a,
c, d, e, n, qF, x] & EqQ[mn2, -2*n] && IntegerQ[p]

Rule 1469

Int[(x )" (m_.)*((a_) + (c_)*x )" (m2_.))"(p_)*((d) + (e_)*xx )" ))"(q
_.), x_Symbol] :> Dist[1/n, Subst[Int[(d + e*xx)"g*(a + c*x72)7p, x], x, x"n
1, x]1 /; FreeQ[{a, c, d, e, m, n, p, g}, x] && EqQ[n2, 2*n] &% EqQ[Simplify
[m - n + 1], 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]J] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_]l /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rubi steps

dx,x,e*

[ 1
1/1 -X 1+ -
f e dx = Subst X

—e™* + ¥ -1+ x?

1
1+ -
= Subst f (—x dx, x, €*
1

1
_ |42
xz)x

V1
= —Subst f yrx dx,x,e™™
1-—x2

dx,x,e”™ )

1
Sub S
! St(fa_x)m
:—(ZSubst(fz_lx2 dx,x,\/1+e‘x))

1| VIi+e™
~2 tanh [ 7 ]
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Mathematica [B] time = 0.13, size = 112, normalized size = 4.48

e2Vex +1 (log (1 - %) —log (72 +1) + log (V2 Ver +1 - 2 +1) —log (V2 Ve* +1 + 2 + 1))

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 + E"(-x)]/(-E~(-x) + E7x),x]

[Out] (E~(x/2)*Sqrt[1 + E~(-x)1*(Logl[l - E"(x/2)] - Logl[1l + E~(x/2)] + Logl[l - E~
(x/2) + Sqrt[2]*Sqrt[1 + E"x]] - Logll + E~(x/2) + Sqrt[2]*Sqrt[1 + E~x]]1))

/(Sqrt[2]*Sqrt[1 + E~x])

fricas [A] time = 0.39, size = 34, normalized size = 1.36

1
1 2x/§x/eX+1e(5x)—3eX—1
E\/Elog er—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+exp(-x))~(1/2)/(-exp(-x)+exp(x)),x, algorithm="fricas")

[Out] 1/2*sqrt(2)*log((2xsqrt(2)*sqrt(e”x + 1)*e~(1/2*x) - 3*e"x - 1)/(e"x - 1))

giac [B] time = 0.25, size = 75, normalized size = 3.00

V2 - J 15, (|—2\/§ +2Vel@") + e —2¢% + 2
O

——\/_1
\/_+ |2\/§ +2V€(2x)+€x—2€x+2|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+exp(-x))~(1/2)/(-exp(-x)+exp(x)),x, algorithm="giac")

[Out] -1/2*sqrt(2)*log((sqrt(2) - 1)/(sqrt(2) + 1)) + 1/2xsqrt(2)*log(abs(-2*sqrt
(2) + 2*xsqrt(e”™(2*x) + e7™x) - 2*%e"x + 2)/abs(2*sqrt(2) + 2*sqrt(e”™(2*x) + e

“x) - 2%e"x + 2))

maple [B] time = 0.03, size = 49, normalized size = 1.96

- (Be'+1)V2
\/(ex +1)e™> V2 arctanh( o )

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((1+exp(-x))~(1/2)/(-exp(-x)+exp(x)),x)

[Out] -1/2%((exp(x)+1)/exp(x))~(1/2)*exp(x)/((exp(x)+1)*exp(x))~(1/2)*27(1/2)*arc
tanh (1/4*(1+3%exp(x))*27(1/2)/(exp(x) "2+exp(x))~(1/2))

maxima [A] time = 1.21, size = 36, normalized size = 1.44

1 V2 = Ve +1
~ V2 log|-
2 V2 + Ve +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+exp(-x))~(1/2)/(-exp(-x)+exp(x)),x, algorithm="maxima"
[Out] 1/2*sqrt(2)*log(-(sqrt(2) - sqrt(e”(-x) + 1))/(sqrt(2) + sqrt(e”™(-x) + 1)))

mupad [F] time = 0.00, size = -1, normalized size = -0.04

\/eT
f —ex

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(exp(-x) + 1)~(1/2)/(exp(-x) - exp(x)),x)
[Out] -int((exp(-x) + 1)7(1/2)/(exp(-x) - exp(x)), x)
sympy [A] time = 3.97, size = 65, normalized size = 2.60

\/5 acoth( V2 ;H’_x )
- 5 forl+e™>2
2
\/5 atanh( V2 ;H_x )
- 5 forl+e™* <2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+exp(-x))**(1/2)/(-exp(-x)+exp(x)),x)

[Out] 2#Piecewise((-sqrt(2)*acoth(sqrt(2)*sqrt(l + exp(-x))/2)/2, 1 + exp(-x) > 2
), (-sqrt(2)*atanh(sqrt(2)*sqrt(1 + exp(-x))/2)/2, 1 + exp(-x) < 2))
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3.20 f V1 + e* c¢sch(x) dx

Optimal. Leaf size=25
Ve +1
~2v2 tanh™ ‘
V2

[Out] -2*arctanh(1/2*(1+exp(-x))~(1/2)*27(1/2))*27(1/2)

Rubi [A] time = 0.05, antiderivative size = 25, normalized size of antiderivative = 1.00,
f rul
number of steps used = 7, number of rules used = 7, integrand size = 14, number of rules _

0.500, Rules used = {2282, 12, 1446, 1469, 627, 63, 206}

1| Ve r +1
~24/2 tanh ( 7 ]

integrand size

Antiderivative was successfully verified.

[In] Int[Sqrt[1 + E~(-x)]*Csch([x],x]

[Out] -2#Sqrt[2]*ArcTanh[Sqrt[1 + E~(-x)]/Sqrt[2]]
Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int([u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)x(c - (axd)/b +
(d*x"p)/b)"n, x], x, (a + bxx)~(1/p)], x]] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 627

Int[((d)) + (e_)*x(x D))" (m_.)*x((a_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int
[(d + exx)"(m + p)x(a/d + (c*x)/e)"p, x] /; FreeQ[{a, c, d, e, m, p}, x] &&
EqQlc*d~2 + a*e”™2, 0] && (IntegerQlp] || (GtQ[a, 0] && GtQ[d, O] && Intege
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rQlm + pl))

Rule 1446

Int[((a_.) + (c_)*(x_)"(mn2_.))"(p_.)*((d) + (e_)*(x_)"(n_.))"(q_.), x_8S
ymbol] :> Int[((d + e*x"n) g*(c + axx”(2*n)) p)/x"(2*n*p), x] /; FreeQ[{a,
c, d, e, n, qt, x] & EqQ[mn2, -2*n] && IntegerQ[p]

Rule 1469

Int[(x_ )" (m_.)*((a_) + (c_)*x )" (m2_.))"(p_)*((d ) + (e_)*xx )" (. ))"(q
_.), x_Symbol] :> Dist[1/n, Subst[Int[(d + e*x)"g*(a + c*x"2)7p, x], x, x"n
1, x] /; FreeQ[{a, c, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && EqQ[Simplify
[m - n+ 1], 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*x((a_.)*(v_)"(n_)) (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]1]

Rubi steps
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1
241+ -
f V1 + e* csch(x) dx = Subst f - x; dx, x, e*

dxxe

,/1+—
= 2 Subst f

1+ -
= 2 Subst f(—xdxxex
1-—

l2) x2 4 7
V1 +
= —|2Subst f 1 xf dx,x,e‘x))

1
= —|2Subst f— dx, x, e‘x))
1-x)Vl+x
1
= — |4 Subst fz 2 dx,x, V1 + e‘x))

B gl VI+e™
= —2\/5 tanh (T]

Mathematica [B] time = 0.12, size = 126, normalized size = 5.04

\/Eex/zm (log (1 - e‘x/z) + log (e‘x/z + 1) - log (e‘x/z (\/E\/m + 2 — 1)) - log (e‘x/z (\/E\/m

eX+1

Antiderivative was successfully verified.

[In] Integrate[Sqrt[l + E~(-x)]*Csch[x],x]

[Out] (Sqrt[2]*E~(x/2)*Sqrt[1 + E~(-x)]*(Log[l - E~(-1/2*x)] + Logl[l + E~(-1/2%x)
] - Logl(-1 + E"(x/2) + Sqrt[2]*Sqrt[l + E"x])/E~(x/2)] - Logl(1 + E~(x/2)
+ Sqrt[2]*Sqrt[1 + E"x])/E~(x/2)1))/Sqrt[1 + E"x]

fricas [B] time = 0.43, size = 55, normalized size = 2.20

cosh(x)+sinh(x)

(\/_ cosh(x) + V2 smh(x))\/ cosh(@+sinh@)+l _ 4 cosh(x) — 3 sinh(x) — 1
V2 log

cosh(x) + sinh(x) —
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+exp(-x))~(1/2)/sinh(x),x, algorithm="fricas")

[Out] sqrt(2)*log((2*(sqrt(2)*cosh(x) + sqrt(2)*sinh(x))*sqrt((cosh(x) + sinh(x)
+ 1)/(cosh(x) + sinh(x))) - 3*cosh(x) - 3*sinh(x) - 1)/(cosh(x) + sinh(x) -

1))
time = 0.25, size = 74, normalized size = 2.96

giac [B]
1 V2 -1 N | 242 +2Vel) ¢ — 26" +2|
-vV2 1o + V2 log
BlV2 +1 2V2 +2Ve@D + v - 267+ 2|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+exp(-x))~(1/2)/sinh(x),x, algorithm="giac")

[Out] -sqrt(2)*log((sqrt(2) - 1)/(sqrt(2) + 1)) + sqrt(2)*log(abs(-2xsqrt(2) + 2%
sqrt(e”(2%x) + e7x) - 2xe"x + 2)/abs(2*sqrt(2) + 2xsqrt(e”(2xx) + e7x) - 2%

e"x + 2))
time = 0.12, size = 33, normalized size = 1.32

1
~2v2 —_— w/tamh(f) +1 arctanh( tanh (E) + 1]
tanh (5) +1 2 2

Verification of antiderivative is not currently implemented for this CAS.

maple [A]

[In] int((1l+exp(-x))~(1/2)/sinh(x),x)
[Out] -2*2°(1/2)*(1/(tanh(1/2*x)+1))~(1/2)*(tanh(1/2*x)+1) " (1/2)*arctanh((tanh(1/

2xx)+1)7(1/2))
time = 1.09, size = 35, normalized size = 1.40

V3 -VEIT
\/Elog( \/§+\/e(—x7+)

Verification of antiderivative is not currently implemented for this CAS.

maxima [A]

[In] integrate((1l+exp(-x))~(1/2)/sinh(x),x, algorithm="maxima")
[Out] sqrt(2)*log(-(sqrt(2) - sqrt(e”(-x) + 1))/(sqrt(2) + sqrt(e”(-x) + 1)))
time = 0.00, size = -1, normalized size = -0.04

f»\/ —x

smh(x)

mupad [F]



Verification of antiderivative is not currently implemented for this CAS.

[In] int((exp(-x) + 1)7(1/2)/sinh(x),x)
[Out] int((exp(-x) + 1)7(1/2)/sinh(x), x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

f\/1+7

sinh (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+exp(-x))**(1/2)/sinh(x),x)
[Out] Integral(sqrt(l + exp(-x))/sinh(x), x)
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321 [——

(cos(x)+cos(3x))°

Optimal. Leaf size=108

437 sin(x) 203 sin(x) 17 sin(x) sin(x) 523 1, 1483
_512 u? + RURCE - 5+ R tanh ~(sin(x))+——
( sim (x)) 768 (1 —2sin (x)) 192 (1 —2sin (x)) 32 (1 —2sin (x))

[Out] -523/256%*arctanh(sin(x))+1/32*sin(x)/(1-2*sin(x)~"2)"4-17/192*sin(x)/(1-2*si
n(x)~2)"3+203/768*sin(x)/(1-2*xsin(x) ~2) "2-437/512*xsin(x)/(1-2*sin(x) ~2)+148
3/1024*arctanh(sin(x)*2~(1/2))*2"(1/2)-43/256%*sec(x)*tan(x)-1/128*sec(x) ~3x*
tan(x)

Rubi [B] time = 1.12, antiderivative size = 786, normalized size of antiderivative =

ber of rul
7.28, number of steps used = 45, number of rules used =7, integrand size =9, e e

= 0.778, Rules used = {12, 2073, 207, 638, 614, 618, 206}

integrand size

451 (tan(g) + 1) 15 tan(g) +89 89 -15 tan(g) 451 (]
512 (— tan? (g) —2tan (g) + 1) _64 (— tan? (g) —2tan (g) + 1) 64 (— tan? (g) + 2tan (g) + 1) _512 (— tan? (

Warning: Unable to verify antiderivative.
[In] Int[(Cos[x] + Cos[3*x])~(-5),x]

[Out] (-523%ArcTanh[Sin[x]])/256 - (1483x*Logl[2 + Sqrt[2] + Cos[x] + Sqrt[2]*Cos[x
] - Sin[x] - Sqrt[2]*Sin[x]1)/(2048*Sqrt[2]) - (1483xLog[2 - Sqrt[2] + Cosl[
x] - Sqrt[2]*Cos[x] + Sin[x] - Sqrt[2]*Sin[x]])/(2048*Sqrt[2]) + (1483*Logl
2 - Sqrt[2] + Cos[x] - Sqrt[2]*Cos[x] - Sin[x] + Sqrt[2]*Sin[x]])/(2048*Sqr
t[2]) + (1483*Log[2 + Sqrt[2] + Cos[x] + Sqrt[2]*Cos[x] + Sin[x] + Sqrt[2]*
Sin[x]])/(2048*Sqrt[2]) - 1/(128*(1 - Tan([x/2])"4) + 1/(64x(1 - Tan[x/2])"3
) - 47/(256%(1 - Tanl[x/2])"2) + 45/(256*%(1 - Tanl[x/2])) + 1/(128*%(1 + Tanl[x
/21)°4) - 1/(64%(1 + Tan[x/2])7"3) + 47/(256%(1 + Tan[x/2])72) - 45/(256%(1
+ Tan[x/2]1)) - (7 - 17*Tan[x/2]1)/(4x(1 - 2*Tan[x/2] - Tan[x/2]1°2)"4) + (119
*(1 + Tan[x/2]))/(48*x(1 - 2*Tan[x/2] - Tan[x/2]°2)"3) - (11%(1 + 3*Tan[x/2]
))/(12%(1 - 2*Tan[x/2] - Tan[x/2]172)"3) - (1 - 43*xTan[x/2])/(32%(1 - 2*Tanl[
x/2] - Tan[x/2]172)72) - (65%(1 + Tan[x/2]))/(384*(1 - 2*Tan[x/2] - Tanl[x/2]
~2)72) + (451x(1 + Tan([x/2]))/(512*%(1 - 2*xTan[x/2] - Tan[x/2]72)) - (89 + 1
5«Tan[x/2])/(64*x(1 - 2xTan([x/2] - Tan[x/2]172)) + (7 + 17«Tan[x/2])/(4*x(1 +
2xTan[x/2] - Tan[x/2]172)74) + (11%(1 - 3*Tan[x/2]))/(12%(1 + 2*Tan[x/2] - T
an[x/2]72)73) - (119*%(1 - Tan[x/2]))/(48*x(1 + 2xTan[x/2] - Tan[x/2]72)73) +

(65%(1 - Tan[x/2]))/(384*(1 + 2+Tan[x/2] - Tan[x/2]°2)"2) + (1 + 43*Tan[x/
21)/(32%(1 + 2*xTan[x/2] - Tan[x/2]72)72) + (89 - 15«Tan[x/2])/(64*x(1 + 2*Ta
nlx/2] - Tan[x/2]172)) - (451%(1 - Tan[x/2]))/(512%(1 + 2*Tan[x/2] - Tan[x/2
172))
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Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int([u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 207

Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rule 614

Int[((a_.) + (b_.)*(x_ ) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xcxx
)k(a + b*xx + c*xx”2)7(p + 1))/((p + 1)*(b"2 - 4xa*xc)), x] - Dist[(2xc*(2*p +
3))/((p + 1)*(b™2 - 4xaxc)), Int[(a + b*x + c*x"2)"(p + 1), x], x] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4*axc, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
egerQ [4xp]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 638

Int[((d_.) + (e_)*(x_))*x((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 > Simp[((b*d - 2%a*xe + (2%c*xd - b*xe)*x)*(a + bkx + c*xx™2) " (p + 1))/((p +
D*(0b72 - 4xa*xc)), x] - Dist[((2xp + 3)*(2xc*xd - b*e))/((p + 1)*(b"2 - 4x*a
*xc)), Int[(a + b*x + c*x"2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e}, x] &&
NeQ[2%c*d - bke, 0] && NeQ[b~2 - 4*axc, 0] && LtQ[p, -1] && NeQ[p, -3/2]

Rule 2073

Int[(P_)~(p_)*(Q_)"(q_.), x_Symbol] :> With[{PP = Factor[P /. x —> Sqrt[x]]
}, Int[ExpandIntegrand[(PP /. x -> x72)"p*Q~q, x], x] /; !SumQ[NonfreeFact
ors[PP, x]]1] /; FreeQlq, x] && PolyQ[P, x~2] && PolyQ[Q, x] && ILtQ[p, O]



Rubi steps

126

1 (l + x2)14 x
f 5 dx =2 Subst f 5 dx/ X, tan (_)
(cos(x) + cos(3x)) 32 (1 - 742 + 7x* - x0) 2

1
= — Subst
16Sus

14

2
f (1 tr ) = dx, x, tan (g)]
(1 —7x2 + 7x% - x6)

1 Subst f 1 N 3 N 47 N 45 _ 1 N
16 ) 20 x T At T8+ x?  16(1+x? 20 +xp
1 1 47 45
- ) 0y O 256(1—tan(2))
128(1-tan(3)) 64(1-tan(35))" 256 (1-tan(3)) >
523 _ 1 1 47
= ~>5¢ tanh 1(sin(x)) - —at —3 2
128(1-tan(3)) 64(1-tan(3)) 256 (1-tan(3))
523 1 9log (2 +2 + cos(x) + V2 cos(x) — sin(x) — V2 sin(x))
= ——— tanh “(sin(x)) —
256 16V2
523 1 1291og (2 +2 + cos(x) + V2 cos(x) — sin(x) — V2 sin(x
= ———tanh “(sin(x)) -
256 2562
523 3871og (2 + V2 + cos(x) + V2 cos(x) — sin(x) — V2 sin(x
= ——— tanh “(sin(x)) -
256 51242
523 1 1111log (2 +2 + cos(x) + V2 cos(x) — sin(x) — V2 sin(x)
= ——— tanh “(sin(x)) -
256 2562
523 1 1483 log (2 +2 + cos(x) + V2 cos(x) — sin(x) — V2 sin(;
= ——— tanh “(sin(x)) -
256 20482
Mathematica [C] time = 6.36, size = 478, normalized size = 4.43
1483 log (2sin(x) + V2) 83 sin(x) sin(x) 437 437

10242 T B12(cos(x) — sin(x))? | 128(cos(x) — sin(x))®  1024(cos(x) — sin(x)) | 1024(sin(x) +
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Warning: Unable to verify antiderivative.

[In] Integrate[(Cos[x] + Cos[3*x])~(-5),x]

[Out] (((-1483%I)/1024)*ArcTan[(Cos[x/2] - Sin[x/2] - Sqrt[2]*Sin[x/2])/(-Cos[x/2
1 + Sqrt[2]*Cos[x/2] - Sin[x/2]1)]1)/Sqrt[2] + ((1483/2048 + (1483*I)/2048)*(
(-1 - I) + Sqrt[2])*ArcTan[(Cos[x/2] + Sin[x/2] - Sqrt[2]*Sin[x/2])/(Cos[x/
2] + Sqrt[2]*Cos[x/2] - Sin[x/21)1)/((-1 + I) + Sqrt[2]) + (523*Log[Cos[x/2
] - Sin[x/2]1])/256 - (523%Log[Cos[x/2] + Sin[x/2]])/256 + (1483%*Log[Sqrt[2]
+ 2%Sin[x]])/(1024*%Sqrt[2]) - (1483*Log[2 - Sqrt[2]*Cos[x] - Sqrt[2]*Sin[x
11)/(2048*Sqrt[2]) + ((1483/4096 - (1483*I)/4096)*((-1 - I) + Sqrt[2])*Logl
2 + Sqrt[2]*Cos[x] - Sqrt[2]*Sin[x]])/((-1 + I) + Sqrt[2]) - 1/(512%(Cos[x/
2] - Sin[x/2])74) - 43/(512%(Cos[x/2] - Sin[x/2])72) + 1/(512%(Cos[x/2] + S
in[x/2])"4) + 43/(512%(Cos[x/2] + Sin[x/2])"2) - 17/(768%(Cos[x] - Sin[x])~
3) - 437/(1024x(Cos[x] - Sin[x])) + Sin[x]/(128%(Cos[x] - Sin[x])"4) + (83«
Sin[x])/(512%(Cos[x] - Sin[x])~2) + Sin[x]/(128*(Cos[x] + Sin[x])~4) + 17/(
768*(Cos[x] + Sin[x])~3) + (83*Sin[x])/(512%(Cos[x] + Sin[x])~2) + 437/(102
4% (Cos[x] + Sin[x]))

fricas [B] time = 0.56, size = 219, normalized size = 2.03

2 cos(x)2-2 V2 sin(x
2 cos(x)2-1

4449 (16 V2 cos(x)'? - 32 V2 cos(x)10 + 24 V2 cos(x)® — 8 V2 cos(x)® + V2 cos(x)4) log (—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+cos(3*x))~5,x, algorithm="fricas")

[Out] 1/6144x%(4449*(16*sqrt(2)*cos(x) 12 - 32xsqrt(2)*cos(x)~10 + 24*sqrt(2)*cos(

x) 78 - 8xsqrt(2)*cos(x)"6 + sqrt(2)*cos(x)~4)*log(-(2xcos(x)~2 - 2*sqrt(2)*

sin(x) - 3)/(2*xcos(x)”2 - 1)) - 6276%(16%cos(x)~12 - 32*cos(x)~10 + 24*cos(

X)78 - 8xcos(x)76 + cos(x)~4)*log(sin(x) + 1) + 6276%(16*cos(x)~12 - 32xcos
(x)710 + 24*cos(x)”8 - 8*cos(x)”6 + cos(x)"4)*log(-sin(x) + 1) - 4x(14616%c

0s(x)~10 - 25420*cos(x)~8 + 15570%cos(x)~6 - 3677*cos(x)”4 + 162xcos(x)"2 +
12)*sin(x))/(16*cos(x)"12 - 32%cos(x)”"10 + 24*cos(x)”8 - 8*cos(x)"6 + cos(

x)~4)

giac [A] time = 0.20, size = 104, normalized size = 0.96

1483 Vilo | —2v2 +4 sm(x)| +43 sin(x)® - 45 sm(x) 10488 sin(x)” — 14108 sin(x)® + 6514 sin(x)? -
- 2 4
2048 |2 V2 +4 sm(x)l 256 (sm(x) ) 1536 (2 sin(x)? — )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(l/(cos(x)+cos(3%*x))~5,x, algorithm="giac")
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[Out] -1483/2048*sqrt(2)*log(abs(-2*sqrt(2) + 4xsin(x))/abs(2*sqrt(2) + 4*sin(x))
) + 1/256%(43*sin(x)”3 - 45*%sin(x))/(sin(x)"2 - 1)72 + 1/1536%(10488*sin(x)

7 - 14108%*sin(x)”5 + 6514xsin(x)~3 - 993*sin(x))/(2*sin(x)"2 - 1)74 - 523/
512xlog(sin(x) + 1) + 523/512*log(-sin(x) + 1)

maple [A] time = 0.14, size = 95, normalized size = 0.88

. 4
1483v2 arctanh (V2 sm(x))+523 In (sin(v) ~1)_523In(sin(x) +1) | 1 43

+ —_
1024 512 512 512 (sin(x) + 1)2 512 (sin(x) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(x)+cos(3*x))~5,x)

[Out] 1/512/(sin(x)+1)"2+43/512/(sin(x)+1)-523/512*1n(sin(x)+1)-4*(-437/256*sin(x
)" 7+3527/1536*sin(x) "5-3257/3072*sin(x) ~3+331/2048*sin(x) )/ (2*sin(x)"2-1)"4
+1483/1024*arctanh(sin(x)*27(1/2))*2°(1/2)-1/512/(sin(x)-1)"2+43/512/(sin(x
)-1)+523/512*%1n(sin(x)-1)

maxima [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+cos(3#*x))~5,x, algorithm="maxima"
[Out] Timed out

mupad [B] time = 1.25, size = 307, normalized size = 2.84

sm(

)
)

NI =

COS(

NI R

11492 sin (3x) + 18218 sin (5x) + 12230 sin (7 x) + 7466 sin (9 x) + 3654 sin (11 x) + 276144 atanh (

|

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(3*x) + cos(x))~5,x)

[Out] -(11492*sin(3*x) + 18218*sin(b*x) + 12230*sin(7+*x) + 7466*sin(9*x) + 3654%*s
in(11*x) + 276144*atanh(sin(x/2)/cos(x/2)) + 4764*sin(x) + 502080%*cos (2*x)*
atanh(sin(x/2)/cos(x/2)) + 389112*cos(4*x)*atanh(sin(x/2)/cos(x/2)) + 25104
O*cos(6*x)*atanh(sin(x/2)/cos(x/2)) + 125520*cos (8*x)*atanh(sin(x/2)/cos(x/
2)) + 50208*cos(10*x)*atanh(sin(x/2)/cos(x/2)) + 12552*cos(12*x)*atanh(sin(
x/2)/cos(x/2)) - 97878%27(1/2)*atanh(2”(1/2)*sin(x)) - 177960*2" (1/2)*atanh
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(27(1/2)*sin(x) ) *cos (2*x) — 137919%27(1/2)*atanh(2"(1/2)*sin(x))*cos(4*x) -
88980*2~ (1/2)*atanh (2~ (1/2) *sin(x))*cos(6*x) - 44490%2~(1/2)*atanh(2°(1/2)
*sin(x))*cos(8*x) — 17796%27(1/2)*atanh(27(1/2)*sin(x))*cos(10*x) - 4449%2~
(1/2)*atanh (27 (1/2) *sin(x) ) *cos (12*x))/(122880*cos (2*x) + 95232*cos(4*x) +
61440*cos (6*x) + 30720*cos(8*x) + 12288*cos(10*x) + 3072*cos(12*x) + 67584)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

1
f = dx
(cos (x) + cos (3x))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+cos(3%*x))**5,x)

[Out] Integral((cos(x) + cos(3xx))*x(-5), x)
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322 [——

(1+cos(x)+sin(x))?2

Optimal. Leaf size=29

X cos(x) — sin(x)
~log (tan (5) " 1) - sin(x) + cos(x) +1

[Out] -1In(1+tan(1/2*x))+(-cos(x)+sin(x))/(1+cos(x)+sin(x))

Rubi [A] time = 0.02, antiderivative size = 29, normalized size of antiderivative =

. . ber of rul
1.00, number of steps used = 3, number of rules used = 3, integrand size = 8, qumper o7 fues

= 0.375, Rules used = {3129, 3124, 31}

X cos(x) — sin(x)
~log (tan (E) " 1) ~ Sin(0) + cos() + 1

integrand size

Antiderivative was successfully verified.

[In] Int[(1 + Cos[x] + Sin[x])~(-2),x]

[Out] -Logll + Tan[x/2]] - (Cos[x] - Sin[x])/(1 + Cos[x] + Sin[x])
Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 3124

Int[(cos[(d_.) + (e_.)*(x_)]1*(b_.) + (a_) + (c_.)*sin[(d_.) + (e_.)*x(x_)1)~
(-1), x_Symbol] :> Module[{f = FreeFactors[Tan[(d + exx)/2], x]}, Dist[(2xf
)/e, Subst[Int[1/(a + b + 2%c*xf*xx + (a - b)*f"2*x"2), x], x, Tan[(d + ex*x)/
21/f], x]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[a"2 - b™2 - ¢c~2, 0]

Rule 3129

Int[(cos[(d_.) + (e_.)*(x_)1*(b_.) + (a_) + (c_.)*sin[(d_.) + (e_.)*(x_)1)~
(n_), x_Symbol] :> Simp[((-(c*Cos[d + e*x]) + b*Sin[d + e*x])*(a + bxCos[d
+ exx] + c*xSin[d + exx])"(n + 1))/(ex(n + 1)*x(a"2 - ™2 - ¢c72)), x] + Dist[
1/((n + 1)*x(@"2 - b2 - ¢c72)), Int[(ax(n + 1) - bx(n + 2)*Cos[d + exx] - c*
(n + 2)*Sin[d + exx])*(a + b*Cos[d + exx] + c*xSin[d + exx]) " (n + 1), x], x]
/; FreeQ[{a, b, c, d, e}, x] && NeQ[a"2 - b™2 - ¢”2, 0] && LtQ[n, -1] && N
eQ[n, -3/2]

Rubi steps
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1 3 cos(x) — sin(x) 1 p
(1 + cos(x) + sin(x))2 r= 1+ cos(x) + sin(x) - f 1 + cos(x) + sin(x) *
3 cos(x) — sin(x) 1 X
"1+ cos(x) +sin(x) 2 Subst (f 24 2x ax, X, tan (E))
x)) _ cos(x) — sin(x)

= ~log (1 + tan (E 1 + cos(x) + sin(x)

Mathematica [A] time = 0.04, size = 56, normalized size = 1.93

X

% tan (g) + log (COS (g)) + - (;n_'_(z())s (f) - log (sin (g) + cos (%))

2

Antiderivative was successfully verified.

[In] Integrate[(1 + Cos[x] + Sin[x])~(-2),x]

[Out] Logl[Cos[x/2]] - LoglCos[x/2] + Sin[x/2]] + Sin[x/2]/(Cos[x/2] + Sin[x/2]) +
Tan([x/2]/2

fricas [A] time = 0.44, size = 46, normalized size = 1.59

(cos(x) + sin(x) + 1) log (% cos(x) + %) — (cos(x) + sin(x) + 1) log (sin(x) + 1) — 2 cos(x) + 2 sin(x)

2 (cos(x) + sin(x) + 1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)+sin(x))~2,x, algorithm="fricas")

[Out] 1/2*%((cos(x) + sin(x) + 1)*log(l/2xcos(x) + 1/2) - (cos(x) + sin(x) + 1)x*lo
g(sin(x) + 1) - 2%cos(x) + 2*sin(x))/(cos(x) + sin(x) + 1)

giac [A] time = 0.18, size = 30, normalized size = 1.03
1
Bl ch t L +1 +1t !
an | x 5 tan| S x

1
tan (E x) +1
Verification of antiderivative is not currently implemented for this CAS.

—log(

[In] integrate(1/(1+cos(x)+sin(x))~2,x, algorithm="giac")
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[Out] tan(1/2#*x)/(tan(1/2*x) + 1) - log(abs(tan(1/2*x) + 1)) + 1/2xtan(1/2%x)

maple [A] time = 0.08, size = 27, normalized size = 0.93

X tan (g) 1
—In (tan(—) +1) + - =
2 2 tan(z) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cos(x)+sin(x))~2,x)
[Out] 1/2*tan(1/2*x)-1n(tan(1/2*x)+1)-1/(tan(1/2*x)+1)

maxima [A] time = 0.43, size = 40, normalized size = 1.38

sin(x) 1 sin(x)
- — -log| ———+1
2(cos(x) +1) _sn® 4 cos(x) +1
cos(x)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)+sin(x))~2,x, algorithm="maxima")
[Out] 1/2*sin(x)/(cos(x) + 1) - 1/(sin(x)/(cos(x) + 1) + 1) - log(sin(x)/(cos(x)

+ 1) + 1)

mupad [B] time = 0.28, size = 26, normalized size = 0.90
X
tan (E) 1

> —ln(tan(g)+1)—W

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(x) + sin(x) + 1)72,x)
[Out] tan(x/2)/2 - log(tan(x/2) + 1) - 1/(tan(x/2) + 1)

sympy [B] time = 0.69, size = 66, normalized size = 2.28

2log (tan (g) +1) tan (g) 2log (tan (g) +1) tan® (g) 3
) 2tan (g) +2 *

2tan(§)+2 2tan(§)+2 2tan(§)+2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)+sin(x))**2,x)
[Out] -2*xlog(tan(x/2) + 1)*tan(x/2)/(2*tan(x/2) + 2) - 2*log(tan(x/2) + 1)/(2xtan
(x/2) + 2) + tan(x/2)**2/(2*xtan(x/2) + 2) - 3/(2*xtan(x/2) + 2)
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323 [ +/1+tanh(4x) dx

Optimal. Leaf size=26

tanh”! (\/tanh(4x)+1 )
V2

22

[Out] 1/4*arctanh(1/2*(1+tanh(4x*x))~(1/2)*27(1/2))*2~(1/2)

Rubi [A] time = 0.01, antiderivative size = 26, normalized size of antiderivative = 1.00,

. ) number of rules
number of steps used = 2, number of rules used = 2, integrand size = 10, ————— =

0.200, Rules used = {3480, 206}

integrand size

tanh_l (\/tanh(4x)+1 )
V2

22

Antiderivative was successfully verified.

[In] Int[Sqrt[1l + Tanh[4*x]],x]

[Out] ArcTanh([Sqrt[1 + Tanh[4*x]]/Sqrt[2]]/(2*Sqrt[2])
Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 3480

Int[Sqrtl(a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]], x_Symbol] :> Dist[(-2xb)/d,
Subst [Int[1/(2%¥a - x~2), x], x, Sqrt[a + bxTan[c + d*x]]], x] /; FreeQ[{a,
b, c, d}, x] && EqQ[a“2 + b~2, 0]

Rubi steps

1 1
f V1 + tanh(4x) dx = 5 Subst ( f T2 dx, x, 1+ tanh(4x))

tanh_l (\/1+tanh(4x) )

2
2v2
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Mathematica [A] time = 0.02, size = 26, normalized size = 1.00

tanh_l (\/tanh(4x)+1 )
V2

22

Antiderivative was successfully verified.

[In] Integrate[Sqrt[l + Tanh[4xx]],x]
[Out] ArcTanh[Sqrt[1 + Tanh[4*x]]/Sqrt[2]]/(2*Sqrt[2])

fricas [B] time = 0.41, size = 68, normalized size = 2.62

1 \/’ log[ 22 \/ — (Z(;Sh—(iﬁh 7 (cosh (42) + sinh (42)) ~2 cosh (4 x)? - 4 cosh (4x) sinh (4x) — 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+tanh(4*x))~(1/2),x, algorithm="fricas")

[Out] 1/8*sqrt(2)*log(-2*sqrt(2)*sqrt(cosh(4*x)/(cosh(4*x) - sinh(4*x)))*(cosh(4*
x) + sinh(4*x)) - 2*cosh(4%*x)”~2 - 4xcosh(4x*xx)*sinh(4*x) - 2*sinh(4*x)"2 - 1
)

giac [A] time = 0.22, size = 21, normalized size = 0.81
—— \/— log(\/ 8x) 41 6(4"))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+tanh(4xx))~(1/2),x, algorithm="giac")
[Out] -1/4xsqrt(2)*log(sqrt(e”(8*x) + 1) - e~ (4%*x))

maple [A] time = 0.05, size = 20, normalized size = 0.77

\/E arctanh ( Vtanh(@x)+1 V2 )
2

4
Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+tanh(4xx))~(1/2),x)
[Out] 1/4*arctanh(1/2*x(1+tanh(4*x))~(1/2)*2~(1/2))*2"(1/2)
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maxima [B] time = 0.98, size = 43, normalized size = 1.65

V2
2 —
\/— Ve(=8%) 41
V2
R L
\/_ Ve(=8%) 41

1
—g‘/ilog -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+tanh(4*x))~(1/2),x, algorithm="maxima"
[Out] -1/8x*sqrt(2)*log(-(sqrt(2) - sqrt(2)/sqrt(e”(-8*x) + 1))/(sqrt(2) + sqrt(2)

/sqrt(e™(-8%x) + 1)))

mupad [B] time = 0.16, size = 19, normalized size = 0.73

V2 tanh(4 x)+1
V2 atan ({0

4
Verification of antiderivative is not currently implemented for this CAS.

[In] int((tanh(4*x) + 1)~(1/2),x%)
[Out] (27(1/2)*atanh((27(1/2)*(tanh(4*x) + 1)7(1/2))/2))/4

time = 0.00, size = 0, normalized size = 0.00

f Veanh (4x) + 1 dx

Verification of antiderivative is not currently implemented for this CAS.

sympy [F]

[In] integrate((1+tanh(4*x))**(1/2),x)

[Out] Integral(sqrt(tanh(4*x) + 1), x)
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tanh(x) dx

Optimal. Leaf size=110

3.24 f

tan-1 ( i—(1-2i)e* ) tan‘l( (1+2i)e* +i )
21+ Vex+e2% 217 Ver+e2¢

+
V1+i V1-i

[Out] arctan(1/2*(I+(1+2xI)*exp(x))/(1-I1)7(1/2)/(exp(x)+exp(2*x))~(1/2))/(1-I1)~(1
/2)-arctan(1/2x(I+(-1+2xI)*exp(x))/(1+I)~(1/2) /(exp(x)+exp(2*x))~(1/2))/(1+
I)~(1/2)+2* (exp (x) +exp (2*x) ) ~(1/2) /exp (x)

2e7¥VeX + 2% —

Rubi [A] time = 0.61, antiderivative size = 147, normalized size of antiderivative
= 1.34, number of steps used = 11, number of rules used = 7, integrand size = 16,

number of rules _ ) 438, Rules used = {2282, 6724, 1586, 6725, 94, 93, 208}

integrand size

2(e* + 1) - 1)3/2\/_ VeX +1 tanh™ (\/\/__;/1_) 1+ i)3/2\/e—x\/m tanh ! (\/\1/37\/167)

Ve~ + e Ve~ + e Ve~ + e

Antiderivative was successfully verified.

[In] Int[Tanh([x]/Sqrtl[E~x + E~(2*x)],x]

[Out] (2%x(1 + E™x))/Sqrt[E"x + E7(2*x)] - ((1 - I)~(3/2)*3qrt[E~x]*Sqrt[1 + E~x]*
ArcTanh[(Sqrt[1 - I]*Sqrt[E"x])/Sqrt[1 + E"x]])/Sqrt[E"x + E~(2*x)] - ((1 +
I)~(3/2)*Sqrt [E"x] *Sqrt [1 + E"x]*ArcTanh[(Sqrt[1 + I]*Sqrt[E"x])/Sqrt[1 +
E~x]]1)/Sqrt[E"x + E~(2*x)]

Rule 93

Int[(((a_.) + (b_)*(x_))"(m_)*x((c_.) + (d_)*x_))"(m))/((e_.) + (f_)*(x
_)), x_Symbol] :> With[{q = Denominator[m]}, Dist[q, Subst[Int[x~(g*x(m + 1)
- 1)/(bxe - axf - (dxe - c*xf)*x"q), x], x, (a + b*x)~(1/q)/(c + d*x)~(1/q)
1, x1]1 /; FreeQ[{a, b, c, d, e, f}, x] && EqQ[m + n + 1, 0] && RationalQ[n]
&& LtQ[-1, m, 0] && SimplerQ[a + b*x, c + dxx]

Rule 94

Int[((a_.) + (b_)*(x_))"(m)*((c_.) + (d_D*xx_D)"(n_)*((e_.) + (f_.)*(x_
))~(p_.), x_Symbol] :> Simp[((a + b*x)~(m + 1)*x(c + d*x)"n*(e + f*x)"(p + 1
))/((m + 1)*(b*xe - axf)), x] - Dist[(n*x(d*e - c*f))/((m + 1)*(bxe - axf)),
Int[(a + b*x)"(m + 1)*(c + d*x)"(n - 1)*x(e + £xx)7p, x], x] /; FreeQ[{a, b,
c, d, e, f, m, p}, x] && EqQ[m + n + p + 2, 0] && GtQ[n, O] &% !(SumSimpl
erQlp, 1] && !'SumSimplerQ[m, 11)
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Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQ[a/b]

Rule 1586

Int[(u_.)*(Px_ )~ (p_.)*(Qx_)"(q_.), x_Symbol] :> Int[uxPolynomialQuotient [Px
, Qx, x]17p*Qx~(p + q), x] /; FreeQlq, x] && PolyQ[Px, x] && PolyQ[Qx, x] &&
EqQ[PolynomialRemainder [Px, Qx, x], 0] && IntegerQ[p] && LtQ[p*q, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v]l, x]] /; Functi
onOfExponentialQ[u, x] && 'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6724

Int[(u_)*((a_)*x(x_)"(r_.) + (b_)*(x_)"(s_.))"(m_), x_Symbol] :> With[{v
= (a*x"r + b*x"s) FracPart[m]/(x" (r*FracPart[m])*(a + b*x"(s - r)) FracPart
[m])}, Dist[v, Int[u*x”(m*r)*(a + b*x~(s - r))"m, x], x] /; NeQ[Simplifyl[v]
, 111 /; FreeQ[{a, b, m, r, s}, x] && !'IntegerQ[m] && PosQ[s - r]

Rule 6725

Int[(u)/((a_ ) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
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f tanh(x) Jx = Subst f -1+x P .
——— dx = Subs X, X, e
Vex + e2x x(l + xz) Vx + x2

—1+x2
(\/e_x V1 + e* ) Subst (f m dx,x/ ex)

Ve¥ + 2
(\/e_x V1 + X ) Subst CLVie dx, x, e")

x3/2(1+x2)

¥ + e

(\/e_x\/l +ex)Subst f[—(; ;)m + (; Z)W] dx,x,ex]

(i—x)x3/2 x32(i+x)

Vex + e2x

1 i Vi+x 1 i Vitx
) _((E ; g) VENT+ & ) Subst ( [ v, ex) ) ((2 - g) VEVite ) Subst ( [ 2
Ve¥ + 2~ Ver + e
1
2(1+¢%) (\/e_x V1 +e* ) Subst (f PPN el dx, x, e") (\/— V1 +e* ) Subst f \/§(1+x

= - +

\/ex + er eX + er X + 2x

201+ ex) (2\/e_x V1 + ex)Subst (f Ry dx, x, %) (Zx/e_x V1 + ex)Subs (f

- Vex + e2x Vex + e2x Vex + e2x

2(1+ex) (1—1)3/2\/_ V1 + e tanh (Vvi_e\{(;) (1+13/2\/—\/1+—€xtanh 1( 1+z\/€_"

- Vex + e2x VeX + e2x VeX + e2x

l+

Mathematica [A] time = 0.13, size = 121, normalized size = 1.10

31212\ [ -1 (V=i ) 3/2%/2/p% —1(@6"/2)
—-(1-1) e* +1 tanh (\/e_+ 1 +1) ve* +1 tanh e +2

ex(e* +1)

Antiderivative was successfully verified.

[In] Integrate[Tanh[x]/Sqrt[E"x + E~(2*x)],x]

[Out] (2 + 2%E"x - (1 - I)"(3/2)*E~(x/2)*Sqrt[1 + E"x]*ArcTanh[(Sqrt[1 - I]*E~(x/
2))/8qrt[1 + E™x]] - (1 + I)"(3/2)*E~(x/2)*Sqrt[1 + E"x]*ArcTanh[(Sqrt[1 +
I1*E~(x/2))/Sqrt[1 + E™x]])/Sqrt[E"x*(1 + E"x)]
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fricas [B] time = 0.46, size = 859, normalized size = 7.81

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(exp(x)+exp(2*x))~(1/2),x, algorithm="fricas")

[Out] -1/8%(87(1/4)*sqrt(2xsqrt(2) + 4)*(sqrt(2) - 2)*e x*log(2*(87(1/4)*(sqrt(2)
- Dxe”x - 87(1/4))*sqrt(2*sqrt(2) + 4) - 2%(87(1/4)*sqrt(2*sqrt(2) + 4)x*(
sqrt(2) - 1) + 4xe"x)*sqrt(e”(2*xx) + e7x) + 4*xsqrt(2) + 8xe” (2*x) + 4*e”x +
4) - 87(1/4)*sqrt(2*xsqrt(2) + 4)*(sqrt(2) - 2)*e"x*log(-2%(87(1/4)*(sqrt(2
) — 1)*xe"x - 87(1/4))*sqrt(2*sqrt(2) + 4) + 2*x(87(1/4)*sqrt(2*sqrt(2) + 4)*
(sqrt(2) - 1) - 4xe"x)*sqrt(e”(2xx) + e7x) + 4xsqrt(2) + 8xe”(2xx) + 4*e”x
+ 4) + 4x87(1/4)*sqrt(2)*sqrt(2*sqrt(2) + 4)*arctan(1l/7*x(sqrt(2)*(5*xsqrt(2)
+ 6) + 8*%sqrt(2) + 4)*xe"x + 1/112%(8*sqrt(2)*(5xsqrt(2) + 6) + (87(3/4)*(5
xsqrt(2) + 6) + 8%x87(1/4)*(2*sqrt(2) + 1))*sqrt(2*sqrt(2) + 4) + 64*sqrt(2)
+ 32)*sqrt (2*%(87(1/4)*(sqrt(2) - 1)*e"x - 87(1/4))*sqrt(2*sqrt(2) + 4) - 2
*(87(1/4) *sqrt (2*sqrt(2) + 4)*(sqrt(2) - 1) + 4xe"x)*sqrt(e”(2*x) + e7x) +
4xsqrt(2) + 8xe”(2xx) + 4xe"x + 4) + 1/56%((87(3/4)*(5*sqrt(2) + 6) + 8*%87(
1/4)*(2*sqrt(2) + 1))*e"x + 87(3/4)*(sqrt(2) + 4) - 8%87(1/4)*(sqrt(2) - 3)
)*sqrt (2*%sqrt(2) + 4) + 1/7*xsqrt(2)*(sqrt(2) + 4) - 1/56%(8*sqrt(2)*(5*xsqrt
(2) + 6) + (87(3/4)*(5*sqrt(2) + 6) + 8%87(1/4)*(2xsqrt(2) + 1))*sqrt(2*sqr
t(2) + 4) + 64xsqrt(2) + 32)xsqrt(e”(2xx) + e7x) + 3/7*sqrt(2) + 5/7)*e"x +
4%87(1/4) *sqrt (2) *sqrt (2*xsqrt(2) + 4)*arctan(-1/7x(sqrt(2)*(5*xsqrt(2) + 6)
+ 8*sqrt(2) + 4)*e”x - 1/112%(8*sqrt(2)*(5*xsqrt(2) + 6) - (87(3/4)*(b*sqrt
(2) + 6) + 8%87(1/4)*(2xsqrt(2) + 1))*sqrt(2*xsqrt(2) + 4) + 64*sqrt(2) + 32
)*sqrt (-2x(87(1/4) *(sqrt(2) - 1)*xe"x - 87(1/4))*sqrt(2*sqrt(2) + 4) + 2%(8~
(1/4) *sqrt (2*sqrt(2) + 4)*(sqrt(2) - 1) - 4xe"x)*sqrt(e”(2*x) + e7x) + 4x*sq
rt(2) + 8*e~(2xx) + 4xe"x + 4) + 1/56%((87(3/4)*(5*sqrt(2) + 6) + 8%87(1/4)
*x(2xsqrt(2) + 1))*e"x + 87(3/4)*(sqrt(2) + 4) - 8%87(1/4)*(sqrt(2) - 3))*sq
rt(2xsqrt(2) + 4) - 1/7*sqrt(2)*(sqrt(2) + 4) + 1/56%(8*sqrt(2)*(5*xsqrt(2)
+ 6) - (87(3/4)*(bxsqrt(2) + 6) + 8%x87(1/4)*(2*sqrt(2) + 1))*sqrt(2*sqrt(2)
+ 4) + 64*sqrt(2) + 32)*xsqrt(e”(2*x) + e"x) - 3/7*sqrt(2) - 5/7)*e"x - 16%
sqrt(e”(2*x) + e7x) - 16%e”x)*e” (-x)

giac [B] time = 0.59, size = 377, normalized size = 3.43

—GH i) \2V2 —2( i +1)1og(\/§((20i+40) Ve@9 et — (20i + 40) ex) +10V210V2 14 4

V2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(exp(x)+exp(2*x))~(1/2),x, algorithm="giac")

[Out] -(1/4%I + 1/4)*sqrt(2*sqrt(2) - 2)*(I/(sqrt(2) - 1) + 1)*log(sqrt(2)*((20*I
+ 40)*xsqrt (e~ (2xx) + e"x) - (20%I + 40)*e”x) + 10*sqrt(2)*sqrt(10*sqrt(2)
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- 14) + (40*%I - 20)*sqrt(2) - (2*I + 14)*sqrt(10*sqrt(2) - 14) - (28*I + 56
Yxsqrt(e”(2xx) + e7x) + (28*I + 56)*e”x - 561 + 28) + (1/4%I + 1/4)*sqrt(2
xsqrt(2) - 2)*(I/(sqrt(2) - 1) + 1)*log(sqrt(2)*((20*%I + 40)*sqrt(e”(2*x) +
e"x) - (20%I + 40)*e"x) - 10*sqrt(2)*sqrt(10*sqrt(2) - 14) + (40*%I - 20)*s
qrt(2) + (2%xI + 14)*sqrt(10*sqrt(2) - 14) - (28I + 56)*sqrt(e”(2*x) + e7x)
+ (28*%I + 56)*e"x - 56*I + 28) - (1/4xI + 1/4)*sqrt(2*sqrt(2) + 2)*(I/(sqr
t(2) + 1) + 1)*log(4*sqrt(2)*x(sqrt(e”™(2*x) + e7x) - e7x) + 2*sqrt(2)*sqrt(2
xsqrt(2) - 2) - 4xI*xsqrt(2) - (2%xI + 2)*sqrt(2*sqrt(2) - 2) - 4xsqrt(e”(2x*x
) + e"x) + 4xe”x + 4xI) + (1/4*I + 1/4)*sqrt(2*xsqrt(2) + 2)*(I/(sqrt(2) + 1
) + D) xlog(4*sqrt(2)*(sqrt(e”(2*x) + e7x) - e7x) - 2*sqrt(2)*sqrt(2*xsqrt(2)
- 2) - 4xIxsqrt(2) + (2%I + 2)*sqrt(2xsqrt(2) - 2) - 4xsqrt(e”(2*x) + e7x)
+ 4xe”x + 4xI) + 2/(sqrt(e”(2*x) + e7x) - e7x)

maple [B] time = 0.18, size = 366, normalized size = 3.33

\/E (41 [tanh (g) +1 arctan[2 ‘tanh\(/%%zﬁ ] + 4, /tanh (g) +1 arctan[2 tanhf/%%zﬁ ] + \/taTr

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)/(exp(x)+exp(2¥x))~(1/2),x%)

[Out] -1/4%27(1/2)*((tanh(1/2xx)+1)~(1/2)*27(1/2)*(-2+2%27(1/2))~(1/2)*1n(tanh(1/
2%x) +1-(tanh (1/2xx)+1) 7 (1/2)*(2+2%27 (1/2) )~ (1/2)+27 (1/2) ) % (2+2%2~ (1/2) ) ~ (1/
2)-(tanh(1/2*x)+1)~(1/2)*27(1/2) % (-2+2%27(1/2) )~ (1/2) *1n(tanh (1/2*x) +1+(tan
h(1/2%x)+1) 7 (1/2) * (2+2%27(1/2) )~ (1/2)+27 (1/2) ) * (2+2%27(1/2) )~ (1/2) +4* (tanh(
1/2xx)+1) "~ (1/2)*arctan((2* (tanh (1/2+x)+1) " (1/2) - (2+2+27(1/2)) " (1/2) ) / (-2+2x
27(1/2))7(1/2) ) +4x (tanh (1/2*x)+1) " (1/2) *arctan ((2* (tanh (1/2*x)+1) " (1/2) +(2+
2x27(1/2))7(1/2)) / (=2+2%27(1/2) )~ (1/2) ) - (tanh (1/2*x)+1) " (1/2) * (-2+2+27(1/2)
)7 (1/2)*1n(tanh(1/2%x)+1-(tanh(1/2*x)+1) 7 (1/2) ¥ (2+2%27(1/2)) " (1/2)+27(1/2))
*(2+2%27(1/2)) 7 (1/2) +(tanh (1/2*x)+1) = (1/2) * (-2+2%27(1/2) )~ (1/2) *1n(tanh (1/2
*x) +1+(tanh (1/2%x)+1) 7 (1/2) % (2+2%27(1/2) )~ (1/2)+27(1/2) ) * (2+2%27(1/2) )~ (1/2
)+8x(-2+2%27(1/2))7(1/2)) / (=2+2%27(1/2)) " (1/2) / (tanh (1/2*x)-1) / ((tanh (1/2xx
)+1)/(tanh(1/2*x)-1)"2)"(1/2)

maxima [F] time = 0.00, size = 0, normalized size = 0.00
f tanh(x)
Vel2x) 4 ex
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(exp(x)+exp(2*x))~(1/2),x, algorithm="maxima"



[Out] integrate(tanh(x)/sqrt(e”(2*x) + e"x), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f tanh( x)
Ve?¥ + ex

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)/(exp(2*x) + exp(x))~(1/2),x)
[Out] int(tanh(x)/(exp(2xx) + exp(x))~(1/2), x)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

f tanh (x)
Vie* +1) ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(exp(x)+exp(2*x))**(1/2),%)
[Out] Integral(tanh(x)/sqrt((exp(x) + 1)*exp(x)), x)

141
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325 [ +/sech(x)sinh(2x) dx

Optimal. Leaf size=40

2i2 \Sinh(x) E (g -

i sinh(x)

’)

[Out] 2*I*(sin(1/4*Pi+1/2%Ix*x)~2)~(1/2)/sin(1/4*Pi+1/2xI*x)*EllipticE(cos(1/4*Pi+
1/2%I*x),27(1/2))*27(1/2)*sinh(x) ~(1/2) /(I*sinh(x))~(1/2)

Rubi [A] time = 0.08, antiderivative size = 40, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 5, number of rules used = 5, integrand size = 11, ————— =

0.454, Rules used = {4398, 4400, 4221, 4309, 2639}

integrand size

2iE (% - % 2) +/sinh(2x)sech(x)

i sinh(x)

Antiderivative was successfully verified.
[In] Int[Sqrt[Sech[x]*Sinh[2*x]],x]

[Out] ((2*%I)*EllipticE[Pi/4 - (I/2)*x, 2]*Sqrt[Sech[x]*Sinh[2*x]])/Sqrt[I*Sinh [x]
]

Rule 2639

Int[Sqrtlsinl[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2%EllipticE[(1*(c - P
i/2 + d*x))/2, 21)/d, x] /; FreeQl{c, d}, x]

Rule 4221

Int[(u_)*((c_.)*sec[(a_.) + (b_.)*(x_)])"(m_.), x_Symbol] :> Dist[(c*Sec[a
+ b*x]) “m* (c*Cos[a + b*x])"m, Int[ActivateTriglul/(c*Cos[a + b*x])"m, x], x
1 /; FreeQ[{a, b, c, m}, x] && !'IntegerQ[m] && KnownSineIntegrandQ[u, x]

Rule 4309

Int[(cos[(a_.) + (b_.)*x(x_)]*(e_.)) " (m_.)*((g_.)*sin[(c_.) + (d_.)*(x_)]1)"(
p_), x_Symbol] :> Dist[(g*Sin[c + d*x]) p/((exCos[a + b*x]) pxSin[a + bxx]~
p), Int[(exCos[a + b*x])~(m + p)*Sinl[a + bxx]"p, x], x] /; FreeQl[{a, b, c,
d, e, g, m, p}, x] && EqQ[bxc - a*xd, 0] && EqQ[d/b, 2] & 'IntegerQ[p]

Rule 4398

Int[(u_.)*((a_)*(v_))~(p_), x_Symbol] :> With[{uu = ActivateTrigl[ul, vv = A
ctivateTrig[v]}, Dist[(a"IntPart[pl*(a*xvv) FracPart[p])/vv FracPart[p], Int
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[uuxvvTp, x], x]] /; FreeQ[{a, p}, x] && !IntegerQ[p] && !InertTrigFreeQ[
v]

Rule 4400

Int[(u_D)*((v ) "(m_)*(w_ ) (n_.))"(p_), x_Symbol] :> With[{uu = ActivateTri
glul, vv = ActivateTrigl[v], ww = ActivateTrig[w]}, Dist[(vv m*ww™n) “FracPar
t[pl/ (vv~ (m*FracPart [p] ) *ww™ (n*FracPart [p])), Int[uuwkvv™ (m*p)*ww™ (n*xp), x],

x]] /; FreeQ[{m, n, p}, x] & 'IntegerQ[p] && ( !'InertTrigFreeQ[v] || !I
nertTrigFreeQ[w])

Rubi steps
f Jsooh(3) k() dx = +/sech(x) sinh(2x) f visech(x) sinh(2x) dx
- +/isech(x) sinh(2x)
_ sech(x) sinh(2x) [ V/sech(x) v/isinh(2x) dx
- v/sech(x) v/isinh(2x)
_ (\/cosh(x) y/sech(x) smh(2x)) ) '\}%
i sinh(2x)

_ sech(x) sinh(2x) [ +/isinh(x) dx
- Tsinh(x)

2iE ( - - E ) +/sech(x) sinh(2x)
B Visinh(x)

Mathematica [C] time = 1.93, size = 54, normalized size = 1.35

—%ﬁm tanh(g)( sech? (2) 2P1(1 2.7 tanh? (2))—3)

244

Antiderivative was successfully verified.

[In] Integrate[Sqrt[Sech[x]*Sinh[2*x]],x]

[Out] (-2*Sqrt[2]*(-3 + Hypergeometric2F1[1/2, 3/4, 7/4, Tanh[x/2]"2]*Sqrt[Sech[x
/21721)*Sqrt [Sinh[x]]*Tanh[x/2])/3

fricas [F] time = 0.47, size = 0, normalized size = 0.00

nt 1 sinh (2 x)
integra cosh() , X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((sinh(2+*x)/cosh(x))~(1/2),x, algorithm="fricas")
[Out] integral(sqrt(sinh(2*x)/cosh(x)), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f sinh (2 x) P
cosh(x) *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((sinh(2*x)/cosh(x))~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(sinh(2*x)/cosh(x)), x)

maple [A] time = 0.16, size = 75, normalized size = 1.88

2/ SInh(0) + 1) V=T (= sinh(x) + ) \isinh() (2EllipticE (\/—isinh(x)+1,§)—Empﬁc}?( —7sinh(x)

cosh(x)+/sinh(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((sinh(2*x)/cosh(x))~(1/2),x)

[Out] 2% (-I*(sinh(x)+I))~(1/2)*(~I*(-sinh(x)+I))~(1/2)*(I*sinh(x))~(1/2)*(2xEllip
ticE((1-I*sinh(x))~(1/2),1/2%27(1/2))-E1llipticF((1-I*sinh(x))~(1/2),1/2%27(
1/2)))/cosh(x)/sinh(x)~(1/2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f sinh (2 x) p
cosh(x) *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((sinh(2*x)/cosh(x))~(1/2),x, algorithm="maxima"
[Out] integrate(sqrt(sinh(2+*x)/cosh(x)), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

f sinh (2 x) p
cosh(x) *



Verification of antiderivative is not currently implemented for this CAS.

[In] int((sinh(2*x)/cosh(x))~(1/2),x)
[Out] int((sinh(2*x)/cosh(x))~(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f sinh (2x) P
cosh (x) *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((sinh(2*x)/cosh(x))**(1/2),x)

[Out] Integral(sqrt(sinh(2+*x)/cosh(x)), x)
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326  [log (xz + V1 - xz) dx

Optimal. Leaf size=185

xlog (x2 + V1 - x2)+\/% (1 + \/g) tan! 2 (itf)x - % (\/5 - 1) tanh ™" % —2x—sin~

[Out] -2*x-arcsin(x)+x*1n(x"2+(-x"2+1)"(1/2))+1/2*arctanh(x*2"(1/2)/(57(1/2)-1)"(
1/2))*(-2+2%57(1/2))~(1/2)-1/2*%arctanh (1/2*x* (-2+2%5~(1/2))~(1/2) / (-x~2+1) "
(1/2))*(=2+2%57(1/2))~(1/2)+1/2*arctan(x*2~(1/2) /(57 (1/2)+1) " (1/2) ) ¥ (2+2*5~
(1/2))"(1/2)+1/2*%arctan(1/2*xxx (2+2%5~(1/2)) ~(1/2) / (-x"2+1) ~(1/2) ) * (2+2%5~ (1
/2))7~(1/2)

Rubi [A] time = 0.98, antiderivative size = 349, normalized size of antiderivative
= 1.89, number of steps used = 31, number of rules used = 12, integrand size = 16,

number of rules _ 4y 750, Rules used = {2548, 6742, 1293, 216, 1692, 377, 207, 203, 1166, 1130,

integrand size

1174, 402}
2(1++5 JE(1+45
xlog(x2+‘\/1—x2)+2 1(2+\/§) tan™? 2( +\/—)x —1/l(1+\/§) tan~1 2( +\/_)x _ l(
5 1 — 42 10 1 - 42 10

Warning: Unable to verify antiderivative.
[In] Int[Log[x~2 + Sqrt[1 - x~2]],x]

[Out] -2*x - ArcSin[x] - Sqrt[(1 + Sqrt[5])/10]*ArcTan[Sqrt[2/(1 + Sqrt[5])]*x] +
2x3qrt [(2 + Sqrt[5])/5]1*ArcTan[Sqrt[2/(1 + Sqrt[5])I*x] - Sqrt[(1 + Sqrt[5
1)/10]*ArcTan[(Sqrt [(1 + Sqrt[5])/2]*x)/Sqrt[1l - x72]] + 2xSqrt[(2 + Sqrt[5
1)/5]*ArcTan[(Sqrt[(1 + Sqrt[5])/2]*x)/Sqrt[1 - x~2]] + 2xSqrt[(-2 + Sqrt[5
1) /5] *ArcTanh [Sqrt[2/(-1 + Sqrt[5])]*x] + Sqrt[(-1 + Sqrt([5])/10]*ArcTanh[S
qrt[2/(-1 + Sqrt([5])]1*x] - 2*xSqrt[(-2 + Sqrt[5])/5]*ArcTanh[(Sqrt[(-1 + Sqr
t[6])/2]*x)/Sqrt[1 - x72]] - Sqrt[(-1 + Sqrt[5])/10]*ArcTanh[(Sqrt[(-1 + Sq
rt[5])/21*x)/Sqrt[1 - x72]] + x*Log[x”"2 + Sqrt[1 - x~2]]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
l[a, 2]11)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQla
, 01 Il GtQ[b, 01)

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]1*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQ[a
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, 01 Il GtQ[b, 01)

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tla]ll/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 377

Int[((a_) + (b_)*x(x_)"(m_)) " (p_)/((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*xd)*x"n), x], x, x/(a + b*x"n)~(1/n)] /; FreeQ[{a, b
, ¢, d}, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[n]

Rule 402

Int[((a_) + (b_.)*(x_)"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Dist[b/
d, Int[(a + b*x"2)"(p - 1), x], x] - Dist[(bxc - axd)/d, Int[(a + b*xx"2)"(p
- 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - ax*xd, 0] &&
GtQlp, 0] && (EqQlp, 1/2] || EqQ[Denominator[p], 4])

Rule 1130

Int[((d_)*(x D))" (m_ )/((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :> Wi
th[{q = Rt[b"2 - 4xaxc, 2]}, Dist[(d"2*(b/q + 1))/2, Int[(d*x)"(m - 2)/(b/2
+ q/2 + c*x72), x], x] - Dist[(d™2x(b/q - 1))/2, Int[(d*x)"(m - 2)/(b/2 -
q/2 + c*x72), x], x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ[b~2 - 4xaxc, 0] && G

eQm, 2]

Rule 1166

Int[((d_) + (e_.)x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*x(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2%c*d - bxe)/(2xq), Int[1/(b/2
- q/2 + c*x72), x], x] + Distl[e/2 - (2*c*d - b*e)/(2*q), Int[1/(b/2 + q/2
+ c*xx”2), xJ, x]1] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4x*xaxc, 0] && Ne
Qlc*xd™2 - a*e”™2, 0] && PosQ[b~2 - 4xaxc]

Rule 1174

Int[((d_) + (e_)*(x_)"2)"(q_)/((a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4), x_Symb
0ol] :> With[{r = Rt[b~2 - 4xax*c, 2]}, Dist[(2*c)/r, Int[(d + exx"2)"q/(b -
r + 2%c*xx”2), x], x] - Dist[(2%c)/r, Int[(d + exx"2)7q/(b + r + 2%c*x"2), x
1, x]11 /; FreeQ[{a, b, c, d, e, q}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d~2
- bxd*e + axe”2, 0] && !'IntegerQ[q]
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Rule 1293

Int[(CCE_D)*(x_))"(m_.)*((d_.) + (e_.)*(x_)"2)"(q))/((a_) + (b_.)*(x_)"2 +

(c_.)*(x_)"4), x_Symbol] :> Dist[(exf~2)/c, Int[(f*x)"(m - 2)*(d + e*x"2)"
(g - 1), x], x] - Dist[f72/c, Int[((f*x)"(m - 2)*(d + e*x"2)"(q - 1)*Simp[a
xe — (cxd - bxe)*x"2, x])/(a + b*x"2 + c*x~4), x], x] /; FreeQ[{a, b, c, d,
e, £}, x] &% NeQ[b~2 - 4xa*xc, 0] && !IntegerQ[ql && GtQ[q, 0] && GtQ[m, 1
1 && LeQ[m, 3]

Rule 1692

Int [(Px_)*((d_) + (e_.)*(x_)"2)"(q_)*((a_) + (b_.)*(x_)72 + (c_.)*(x_)"4)~
(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(d + e*xx”2)7gx(a + bxx"2 + c*x~4
)7p, x1, x] /; FreeQ[{a, b, ¢, d, e, q}, x] & PolyQ[Px, x~2] && NeQ[b~2 -
4xaxc, 0] && NeQ[c*d™2 - bxdxe + a*xe”™2, 0] &% IntegerQ[p]

Rule 2548

Int[Loglu_], x_Symbol] :> Simp[x*Loglu], x] - Int[SimplifyIntegrand[(x*D[u,
x]1)/u, x], x] /; InverseFunctionFreeQ[u, x]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps



flog(x + V1 - xz)dx—xlog x5+ V1 -x2

29 - V8t [ 2L 4B \/
= —2x —sin"}(x) - mtan_l 1+2 \/gx mtan \/
mtan_l 1+2\/§x +2 %(2+\/g)tan_1\/
e (e %(2+\/_)tan—1\/

Mathematica [C]

log

O'Q

—2x+xlog(x2+ 1- x2)+2f

—2x +sin”!(x) + xlog (x2 + V1 -2 ) —~

—2x —sin"}(x

—2x —sin}(x ”10 1+v5) tan”

(¢
vlog
(x2+ 1-
vlog

x+m) 2f(1—

)~
) -
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) o,
2+l -2
2x? x?
xz)f - dx
x2+\/1 x2 1-x2+x2V1 - x?
2
X
xz) 2f dx+f dx
x2+\/1 x2 1—x2 4+ x2V1 - x2
x2V1 = x2 . 1-x2 P +f 1
A+2+0 A+ 1 — 22

V1 - x2 1—x?
—dx+f—
—1+x2+x4 -1 +x%+ x4 v
1 1-2x2
[ o
V1 - x2 V1 - x2 (—1 + x2

time = 0.58, size = 910, normalized size = 4.92

4+/5 log(x2+\/1——x2)x—8\/§x—4\/§ sin‘l(x)+,/10(—1+\/§) tan™! (\/7 ) ,/ 1+\/— tan

Warning: Unable to verify antiderivative.

[In] Integrate[Log[x~2 + Sqrt[1 - x~2]],x]
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[Out] (-8*Sqrt[5]*x - 4*Sqrt[5]*ArcSin[x] + 5*Sqrt[2*(-1 + Sqrt[5])]*ArcTan[Sqrt[
2/(1 + Sqrt[51)1*x] + Sqrt[10*(-1 + Sqrt[5])]*ArcTan[Sqrt[2/(1 + Sqrt[5])]*
x] - (-5 + Sqrt[5])*Sqrt[2*(1 + Sqrt[5])]*ArcTanh[Sqrt[2/(-1 + Sqrt[5])]*x]
- bxSqrt[2 + Sqrt[5]]*Logl[-Sqrt[(-1 + Sqrt[5])/2] + x] + 3*%Sqrt[5x(2 + Sqr
t[51)]xLog[-Sqrt[(-1 + Sqrt[5]1)/2] + x] + 5*Sqrt[2 + Sqrt[5]]*Log[Sqrt[(-1
+ Sqrt[5])/2] + x] - 3*Sqrt[5*%(2 + Sqrt[5])]*Log[Sqrt[(-1 + Sqrt[5])/2] + x
1 - (5*%I)*Sqrt[-2 + Sqrt[5]]1*Log[(-I)*Sqrt[(1 + Sqrt[6])/2] + x] - (3*I)*Sq
rt[6% (-2 + Sqrt[5])]*Log[(-I)*Sqrt[(1 + Sqrt[5])/2] + x] + (5*I)*Sqrt[-2 +
Sqrt [6]]*Log[I*Sqrt[(1 + Sqrt[5])/2] + x] + (3*I)*Sqrt[5*x(-2 + Sqrt[5])]*Lo
g[I*Sqrt[(1 + Sqrt[b])/2] + x] + 4xSqrt[5]*x*Log[x~2 + Sqrt[1l - x72]] + (6%
I)*Sqrt[-2 + Sqrt[5]]*Log[2 - I*Sqrt[2*(1 + Sqrt[5])]1*x + Sqrt[2*(3 + Sqrt[
51)1*Sqrt[1 - x72]]1 + (3*I)*Sqrt[5*(-2 + Sqrt[5])1*Logl[2 - I*Sqrt[2*(1 + Sq
rt[5])]*x + Sqrt[2*(3 + Sqrt[6])1*Sqrt[1 - x72]] - (5*I)*Sqrt[-2 + Sqrt[5]]
*Log[2 + IxSqrt[2*(1 + Sqrt[5])]1*x + Sqrt[2x(3 + Sqrt[5])]*Sqrt[1 - x~2]1] -

(3*I)*Sqrt [6%(-2 + Sqrt[5])]*Logl[2 + I*Sqrt[2*(1 + Sqrt[5])]*x + Sqrt[2*(3
+ Sqrt[5])]1*Sqrt[1 - x72]] + 6xSqrt[2 + Sqrt[5]]*Logl[2 - Sqrt[2*(-1 + Sqrt
[51)1#*x + Sqrt[2]*Sqrt[(-3 + Sqrt[56])*(-1 + x~2)]1] - 3*Sqrt[5*(2 + Sqrt[5])
1*Log[2 - Sqrt[2x(-1 + Sqrt[5])]*x + Sqrt[2]*Sqrt[(-3 + Sqrt[5])*(-1 + x~2)
11 - 5xSqrt[2 + Sqrt[5]]1*Log[2 + Sqrt[2*(-1 + Sqrt[5])]1*x + Sqrt[2]*Sqrt[(-
3 + Sqrt[6])*(-1 + x72)]] + 3*%Sqrt[5*(2 + Sqrt[5])]*Logl[2 + Sqrt[2*(-1 + Sq
rt[6])]*x + Sqrt[2]*Sqrt[(-3 + Sqrt[6])*(-1 + x~2)]1]1)/(4*Sqrt[5])

fricas [B] time = 0.47, size = 452, normalized size = 2.44

Va5 +1 arctan(é\/“mvg #2(V5V2 V2V +1 - 1 (V5 V2x - Vax)y5 +1)_ﬁ\ﬁ

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x~2+(-x"2+1)7(1/2)),x, algorithm="fricas")

[Out] -sqrt(2)*sqrt(sqrt(5) + 1)*arctan(l/8*sqrt(4*x~2 + 2*xsqrt(5) + 2)*(sqrt(5)*
sqrt(2) - sqrt(2))*sqrt(sqrt(6) + 1) - 1/4x(sqrt(5)*sqrt(2)*x - sqrt(2)*x)*
sqrt(sqrt(5) + 1)) - sqrt(2)*sqrt(sqrt(5) + 1)*arctan(1/8*(sqrt(2)*(sqrt(-x
2 + 1)*(sqrt(5)*sqrt(2) - sqrt(2)) + sqrt(5)*sqrt(2) - sqrt(2))*sqrt(sqrt(
5) + L)xsqrt((x74 - 4*%x72 - sqrt(5)*(x74 - 2*x72) - 2x(sqrt(B)*x72 - x72 +
2)*sqrt(-x72 + 1) + 4)/x74) + 2*xsqrt(-x"2 + 1)*(sqrt(5)*sqrt(2) - sqrt(2))*
sqrt(sqrt(5) + 1))/x) + x*log(x”™2 + sqrt(-x"2 + 1)) + 1/4xsqrt(2)*sqrt(sqrt
(6) - 1)*log(2*x + sqrt(2)*sqrt(sqrt(5) - 1)) - 1/4xsqrt(2)*sqrt(sqrt(5) -
1) *xlog(2*x - sqrt(2)*sqrt(sqrt(5) - 1)) + 1/4xsqrt(2)*sqrt(sqrt(5) - 1)*log
(-(2*%x72 + (sqrt(2)*sqrt(-x"2 + 1)*x - sqrt(2)*x)*sqrt(sqrt(5) - 1) + 2*sqr
t(-x"2 + 1) - 2)/x72) - 1/4*sqrt(2)*sqrt(sqrt(5) - 1)*log(-(2*xx"2 - (sqrt(2
)*sqrt(-x72 + 1)xx - sqrt(2)*x)*sqrt(sqrt(5) - 1) + 2xsqrt(-x"2 + 1) - 2)/x
~2) - 2xx + 2xarctan((sqrt(-x"2 + 1) - 1)/x)
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giac [B] time = 0.39, size = 301, normalized size = 1.63

X
1 1 1 =
xlog (xz +V=x2+1 )_E nsgn(x)+§ \2V5 +2 arctan % B \/2\/5 +2 arctan | - Y22l
V2 V5 +3 V25

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x~2+(-x"2+1)"(1/2)),x, algorithm="giac")

[Out] x*log(x~2 + sqrt(-x~2 + 1)) - 1/2*pi*sgn(x) + 1/2xsqrt(2*sqrt(5) + 2)*arcta
n(x/sqrt(1/2*sqrt(5) + 1/2)) - 1/2xsqrt(2*sqrt(5) + 2)*arctan(-(x/(sqrt(-x~

2+ 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)/sqrt(2xsqrt(5) + 2)) + 1/4xsqrt(2*sqr

t(5) - 2)*log(abs(x + sqrt(1/2*sqrt(5) - 1/2))) - 1/4*sqrt(2*sqrt(5) - 2)*1
og(abs(x - sqrt(1/2*sqrt(5) - 1/2))) - 1/4*sqrt(2*sqrt(5) - 2)*log(abs(sqrt
(2xsqrt(5) - 2) - x/(sqrt(-x"2 + 1) - 1) + (sqrt(-x"2 + 1) - 1)/x)) + 1/4%s

qrt (2xsqrt(5) - 2)*log(abs(-sqrt(2xsqrt(5) - 2) - x/(sqrt(-x"2 + 1) - 1) +
(sqrt(-x"2 + 1) - 1)/x)) - 2*x - arctan(-1/2*x*x((sqrt(-x"2 + 1) - 1)72/x72

- 1)/(sqrt(-x"2 + 1) - 1))

maple [B] time = 0.21, size = 392, normalized size = 2.12

3arctanh[ el _1] \5 arctanh( 1o 1) \5 arctanh[ - 1) arctar

\/—2+\/§ X 3 \l—2+\/§ X \l2+\/§ X
24/-2+15 24/-2+5 2+/2 + 5 2

Verification of antiderivative is not currently implemented for this CAS.

xIn (xz +V=x2+1 )—2x+

[In] int(In(x"2+(-x"2+1)"(1/2)),x)

[Out] x*1n(x"2+(-x"2+1)"(1/2))+1/(2+2%5°(1/2)) "~ (1/2)*arctan(2*x/ (2+2*x5~(1/2))~(1/
2))+57(1/2)/(2+2*%57(1/2) )~ (1/2) *arctan (2*x/ (2+2x5~(1/2) ) ~(1/2) ) -1/ (-2+2%5~ (
1/2))~(1/2) *arctanh (2*x/ (-2+2x57(1/2))~(1/2))+57(1/2) / (-2+2x5~(1/2) )~ (1/2) *
arctanh (2*xx/ (-2+2*x57(1/2))~(1/2))-2*x-3/2/(2+57(1/2) )~ (1/2) *arctan (((-x"2+1
)" (1/2)-1)/x/(2+57(1/2))~(1/2))-1/2%5"(1/2) / (2+57(1/2) )~ (1/2) *arctan (((-x~2
+1)7(1/2)-1)/x/(2+57(1/2))~(1/2))+3/2/(-2+5"(1/2)) ~(1/2) *arctanh (((-x"2+1) "~
(1/2)-1)/x/(=2+57(1/2))~(1/2))-1/2%5"(1/2) / (-2+57(1/2) )~ (1/2) *arctanh (((-x~
2+1)°(1/2)-1)/x/(-2+5"(1/2))~(1/2))-1/2%x5"(1/2) / (2+5~(1/2)) " (1/2) *arctanh ( (
(-x"2+1)"(1/2)-1)/x/(2+5°(1/2))~(1/2))-1/2/ (245" (1/2) )~ (1/2) *arctanh (((-x"2
+1)7(1/2)-1)/x/(2+57(1/2))~(1/2))-1/2%5"(1/2) / (-2+5~(1/2) )~ (1/2) *arctan(((-
x"2+1)7(1/2)-1) /x/(-2+57(1/2))~(1/2))+1/2/(-2+57(1/2) )~ (1/2) *arctan (((-x"2+
1)°(1/2)-1) /x/(-2+5~(1/2))~(1/2))-arcsin(x)
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maxima [F]  time = 0.00, size = 0, normalized size = 0.00

4242 1 1
xlog (x2 +Vx+1vV-x+1 )—x—f ad a dx+§ log (x + 1)—5 log (-x+1)

YA 2 4 (xz _ 1)6(% log(x+1)+% log(—x+1))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x~2+(-x"2+1)7(1/2)),x, algorithm="maxima"

[Out] x*log(x~2 + sqrt(x + 1)*sqrt(-x + 1)) - x - integrate((x™4 - 2*x72)/(x"4 -
x72 + (x72 - 1)*e”(1/2%1log(x + 1) + 1/2xlog(-x + 1))), x) + 1/2*xlog(x + 1)
- 1/2%log(-x + 1)

mupad [B] time = 2.18, size = 608, normalized size = 3.29

2 2 2

ln(x—\/E \/5_1](£—§) ln(x+@](§—§) ln(x—\/i\/:

x In (x2 + V1 -2 )—asin(x)—2 x+
s Y51
2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x™2 + (1 - x~2)"(1/2)),x)

[Out] x*log(x”2 + (1 - x72)7(1/2)) - asin(x) - 2*xx + (log(x - (27(1/2)*(57(1/2) -
1)7(1/2))/2)*(57(1/2)/2 - 5/2))/(2x(57(1/2)/2 - 1/2)7(1/2) + 4x(57(1/2)/2
- 1/2)7(38/2)) - (Qlog(x + (27(1/2)*(57(1/2) - 1)7(1/2))/2)*(57(1/2)/2 - 5/2)
)/ (2%(67(1/2)/2 - 1/2)7(1/2) + 4x(57(1/2)/2 - 1/2)7(3/2)) - (log(x - (27(1/
2)*(- 57(1/2) - 1)7(1/2))/2)*(67(1/2)/2 + 5/2))/(2x(- 57(1/2)/2 - 1/2)"(1/2
) + 4x(- 57(1/2)/2 - 1/2)7(3/2)) + (log(x + (27(1/2)*(- 57(1/2) - 1)~(1/2))
/2)x(57(1/2)/2 + 5/2))/(2x(- 567(1/2)/2 - 1/2)7(1/2) + 4x(- 57(1/2)/2 - 1/2)
~(3/2)) + (QLog((((xx(57(1/2)/2 - 1/2)7(1/2) + 1)*1i)/(3/2 - 57(1/2)/2)~(1/2
) + (1 - x72)7(1/2)%11) /(x + (67(1/2)/2 - 1/2)7(1/2)))*((3%¥57(1/2))/2 - 5/2
))/((2x(67(1/2)/2 - 1/2)7(1/2) + 4%x(57(1/2)/2 - 1/2)7(3/2))*(3/2 - 57(1/2)/
2)7(1/2)) - (Log((((xx(- 57(1/2)/2 - 1/2)~(1/2) + 1)*1i)/(67(1/2)/2 + 3/2)~
(1/2) + (1 - x72)7(1/2)*1i)/(x + (- 57(1/2)/2 - 1/2)7(1/2)))*((3%57(1/2)) /2
+ 5/2))/((2x(- 57(1/2)/2 - 1/2)7(1/2) + 4*x(- 57(1/2)/2 - 1/2)7(3/2))*(5~(1
/2)/2 + 3/2)7(1/2)) - (Log((((x*x(57(1/2)/2 - 1/2)7(1/2) - 1)*1i)/(3/2 - 57(
1/2)/2)~(1/2) - (1 - x72)7(1/2)*1i)/(x - (67(1/2)/2 - 1/2)7(1/2)))*((3*5~ (1
/2))/2 - 5/2))/((2%(57(1/2)/2 - 1/2)7(1/2) + 4x(567(1/2)/2 - 1/2)7(3/2))*(3/
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2 - 57(1/2)/2)7(1/2)) + (Log((((x*x(- 57(1/2)/2 - 1/2)~(1/2) - 1)*1i)/(5~(1/
2)/2 + 3/2)7(1/2) - (1 - x72)"(1/2)*1i)/(x - (- 57(1/2)/2 - 1/2)~(1/2)))*((
3x567(1/2))/2 + 5/2))/((2x(- 57(1/2)/2 - 1/2)~(1/2) + 4x(- 5°(1/2)/2 - 1/2)~
(8/2))*(57(1/2)/2 + 3/2)~(1/2))

sympy [F] time = 0.00, size = 0, normalized size = 0.00
flog(x2 +V1 —xz)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(x**2+(-x**2+1)**(1/2)),x)

[Out] Integral(log(x**2 + sqrt(l - x*%*2)), x)
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327 [y

1+e2x
Optimal. Leaf size=102

W1 (A 1 AN 1 1 i .
—PolyLog (2, —¢ )_E PolyLog (2, 5773 (e +1) ~3 PolyLog (2, §+§ (e +1) —Elog 573 (—e* +1)

[Out] -1/2%1n((1/2-1/2*I)*(I-exp(x)))*1n(1+exp(x))-1/2*%1n((-1/2-1/2*I)* (I+exp(x))
)*1n(1+exp(x))-polylog(2,-exp(x))-1/2*%polylog(2, (1/2-1/2*I)*(1+exp(x)))-1/2
*polylog(2, (1/2+1/2*I)* (1+exp(x)))

Rubi [A] time = 0.15, antiderivative size = 102, normalized size of antiderivative
= 1.00, number of steps used = 12, number of rules used = 10, integrand size = 16,

number of rules _ ) 625, Rules used = {2282, 266, 36, 29, 31, 2416, 2391, 260, 2394, 2393}

integrand size
1 1 i), 1 (A 1 1 i .
-PolyLog (2, —¢ )—EPolyLog (2, (E - E) (e + 1))—§PolyLog (2, (E + E) (e + 1))—5 log ((E - E) (—e* + 1))

Antiderivative was successfully verified.
[In] Int[Logl[1l + E"x]1/(1 + E~(2*x)),x]

[Out] -(Logl[(1/2 - I/2)*(I - E~x)]*Logll + E"x])/2 - (Logl[(-1/2 - I/2)*(I + E"x)]
xLog[1 + E"x])/2 - PolyLog[2, -E"x] - PolyLog[2, (1/2 - I/2)*x(1 + E"x)]/2 -
PolyLog[2, (1/2 + I/2)*(1 + E"x)]/2

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 36

Int[1/(((a_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(b*c - axd), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]
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Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x)"(@m_)) (p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_1 /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2391

Int[Log[(c_.)*x((d ) + (e_.)*x(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 2393

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*(b_.))/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + b*Logl[l + (cxexx)/gl)/x, x], x, f + g*x
1, x] /; FreeQ[{a, b, c, 4, e, f, g}, x] && NeQ[exf - dxg, 0] && EqQlg + c*
(exf - dxg), 0]

Rule 2394

Int[((a_.) + Logl(c_.)*x((d_ ) + (e_)*(x_))"(n_.)I*x(_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[(Logl(ex(f + g*x))/(exf - dxg)]l*(a + b*Loglcx(d + e*x
)°nl))/g, x] - Dist[(b*e*n)/g, Int[Logl(ex(f + g*x))/(exf - dxg)]/(d + ex*x)
, x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2416

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*(x_))"(n_.)I*(b_.)) " (p_.)*x((h_.)*(x_))
“(m_D)*((f) + (g_)*x(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLoglcx(d + e*x)"n]) p, (h*x) mx(f + g*x"r)"q, x], x] /; FreeQ[{a, b, c
, d, e, f, g, h, m, n, p, q, r}, x] && IntegerQ[m] && IntegerQ[q]

Rubi steps



fwdx:Subst fwdx,x’ex
1+ e x(l+x2)
_ Subst f log(1 + x) _xlog(1+x) dx, x, ¢
X 1+ x2
= Subst f wdx,x,ex — Subst f wdx,x,ex
X 1+ x2
L . log(1+x) log(l+x) .
= —Li, (—¢Y) Subst(f( 2= ) 277 dx, x, e
L w1 log(1 + x) 1 log(1 + x) N
= le(e)+25ubst(f e dx,x,e) 2Subst(f " dx,x,e)
=—1 1—i('— 911 (1+x)—11 —1—1('+ )| log (1 + ¢*) — Li (—x)+-‘
—ogzzzeogezogzzzeoge126j
1 i 1 1) . . |
:——log((——E 1—ex))10g(1+ex)——log(( 575 (i+¢e*)|log (1 +e¥) — Liy (—€*) + -
——11 1—1 -9l (1+x)——1 1 i'('+ )l1log (1 + €*) — Li (—")—-j
—Zogzzzeoge ogzzzeogelze:

Mathematica [A] time = 0.02, size = 102, normalized size = 1.00

1 1 i 1 1
— Pol —¢%)—= Pol Z - 2] (e +1)|-= Pol
olyLog (2, —e*) > 0yLog(2,(2 2)(6 + )) > oyLog(Z,(2

Antiderivative was successfully verified.

[In] Integratel[Logl[l + E~x]/(1 + E~(2*x)),x]

156

1

R

[Out] -1/2%(Logl(1/2 - I/2)*(I - E"x)]*Logl[l + E"x]) - (Logl(-1/2 - I/2)*(I + E7x

)1*Log[1 + E"x])/2 - PolyLog[2, -E"x] - PolyLogl[2,

- PolylLogl2, (1/2 + I/2)*(1 + E"x)1/2
fricas [F] time = 0.42, size = 0, normalized size = 0.00
‘ log (e* +1)
mtegral (W,x

Verification of antiderivative is not currently implemented for this CAS.

(1/2 - 1/2)*(1 + E"x)]/2
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[In] integrate(log(l+exp(x))/(1+exp(2*x)),x, algorithm="fricas")
[Out] integral(log(e™x + 1)/(e”(2*x) + 1), x)
giac [F] time = 0.00, size = 0, normalized size = 0.00

flog (e*+1) i

e +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(i+exp(x))/(1+exp(2*x)),x, algorithm="giac")
[Out] integrate(log(e”™x + 1)/(e~(2*x) + 1), x)

maple [A] time = 0.06, size = 83, normalized size = 0.81

e 1 ie*+1) e 1  i(e*+1)
_ln(ex+1)ln(—3+z 2 )_ln(ex+1)ln(—?+5 2 )

2 2

dilog (—%x + % - i(ex;l))
—dilog (e* +1)- > -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(In(exp(x)+1)/(exp(2*x)+1),x)

[Out] -dilog(exp(x)+1)-1/2*1n(exp(x)+1)*1n(1/2-1/2%exp(x)+1/2xI*(exp(x)+1))-1/2*1
n(exp(x)+1)*1n(1/2-1/2*xexp(x)-1/2*%I*(exp(x)+1))-1/2xdilog(1/2-1/2*exp(x)+1/
2xIx (exp(x)+1))-1/2+dilog(1/2-1/2xexp(x)-1/2*I* (exp(x)+1))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

flog (e*+1) i

e2Y) +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(il+exp(x))/(1+exp(2*x)),x, algorithm="maxima")
[Out] integrate(log(e™x + 1)/(e”(2*x) + 1), x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

f In(e*+1) i

e’* +1
Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(exp(x) + 1)/(exp(2*x) + 1),x)
[Out] int(log(exp(x) + 1)/(exp(2*x) + 1), x)
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sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(1l+exp(x))/(1+exp(2*x)) ,x)

[Out] Timed out
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3.28 f cosh(x) log2 (1 + coshz(x)) dx
Optimal. Leaf size=159

22

V2 + isinh(x)

4iV2 PolyLog [2, 1- ]+8 sinh(x)+sinh(x) log” (sinh’(x) + 2)~4 sinh(x) log (sinh?(x) + 2)+4

[Out] 8*sinh(x)-4*1n(2+sinh(x)~2)*sinh(x)+1n(2+sinh(x)~2) "2*sinh(x)-8*arctan(1/2x*
sinh(x)*27(1/2))*2~(1/2)+4*xI*xarctan(1/2*sinh(x) *2~(1/2)) " 22" (1/2)+4*arctan
(1/2*sinh(x)*2~(1/2))*1n(2+sinh(x) ~2)*2~(1/2)+8*arctan(1/2*sinh(x) *2~(1/2))

*x1n (2*%27(1/2) /(I*sinh(x)+27(1/2)))*27(1/2) +4*I*polylog(2,1-2%x27(1/2) /(I*sin
h(x)+27(1/2)))*27(1/2)

Rubi [A] time = 0.20, antiderivative size = 159, normalized size of antiderivative

= 1.00, number of steps used = 13, number of rules used = 12, integrand size = 12,
number of rules _ 1.000, Rules used = {4358, 2450, 2476, 2448, 321, 203, 2470, 12, 4920, 4854,

integrand size

2402, 2315}

22

V2 +isinh(x)

4iV2 PolyLog (2, 1- )+8 sinh(x)+sinh(x) log2 (sinhz(x) + 2)—4 sinh(x) log (sinhz(x) + 2)+4
Antiderivative was successfully verified.
[In] Int([Cosh[x]*Log[l + Cosh[x]~2]72,x]

[Out] -8%Sqrt[2]*ArcTan[Sinh[x]/Sqrt[2]] + (4*I)*Sqrt[2]*ArcTan[Sinh[x]/Sqrt[2]]~
2 + 8*Sqrt[2]*ArcTan[Sinh[x]/Sqrt[2]]*Log[(2*Sqrt[2])/(Sqrt[2] + I*Sinh[x])

1 + 4xSqrt[2]*ArcTan[Sinh[x]/Sqrt[2]]*Log[2 + Sinh[x]~2] + (4xI)*Sqrt[2]*Po
lyLog[2, 1 - (2%Sqrt[2])/(Sqrt[2] + I*Sinh[x])] + 8*Sinh[x] - 4xLog[2 + Sin
h[x]~2]*Sinh[x] + Logl[2 + Sinh[x]~2]"2%Sinh[x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 21*Rt[b, 2]1), x] /; FreeQl[{a, b}, x] && PosQla/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 321
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Int[((c_)*(x D))" (m )*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(c~(

n - D*(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™n*(m - n + 1))/(bx(m + n*xp + 1)), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] &% GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQl{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 2402

Int[Log[(c_.)/((d.) + (e_)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2448

Int[Log[(c_.)*x((d_) + (e_.)*x(x_)"(n_))"(p_.)], x_Symbol] :> Simp[x*Logl[cx*(d
+ exx"n)"pl, x] - Distl[e*n*p, Int[x"n/(d + e*x"n), x], x] /; FreeQ[{c, 4,
e, n, pr, xJ

Rule 2450

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_)"(n_)) (p_.)]1*(b_.))"(q_ ), x_Symbo
1] :> Simp[x*(a + b*Loglc*(d + e*x"n) pl)~q, x] - Dist[b*e*nxp*q, Int[(x"n*
(a + bxLoglc*(d + exx™n)7pl)~(q - 1))/(d + exx"n), x], x] /; FreeQ[{a, b, c
, d, e, n, pr, x] && IGtQ[q, 0] && (EqQlq, 1] || IntegerQ[n])

Rule 2470

Int[((a_.) + Logl(c_.)*x((d_) + (e_)*(x_)"(n_))"(p_.)I*x(b_.))/((f_) + (g_.)
*(x_)72), x_Symbol] :> With[{u = IntHide[1/(f + g*x~2), x]}, Simp[ux(a + bx
Loglc*(d + exx"n)"pl), x] - Dist[bxexnxp, Int[(uxx~(n - 1))/(d + exx"n), x]
, x]1 /; FreeQ[{a, b, ¢, d, e, f, g, n, p}, x] && IntegerQ[n]

Rule 2476

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_)"(n_)) " (p_.)1*(b_.))"(q_.)*x(x_)"(m
_Ox((f) + (g_)x(x_)"(s_)) " (r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b
*xLoglc*x(d + exx™n)"pl)~q, x"m*x(f + g*x"s)"r, x], x] /; FreeQ[{a, b, c, d, e
, f, g, m, n, p, q, r, s}, x] && IGtQ[q, 0] && IntegerQ[m] && IntegerQ[r] &
& IntegerQ[s]
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Rule 4358

Int[Cosh[(c_.)*((a_.) + (b_.)*x(x_))]1*(u_), x_Symbol] :> With[{d = FreeFacto
rs[Sinh[cx(a + b*x)], x]}, Dist[d/(b*c), Subst[Int[SubstFor[1, Sinh[c*(a +
b*x)]/d, u, x], x], x, Sinh[c*x(a + b*x)]/d], x] /; FunctionOfQ[Sinh[c*(a +
bxx)1/d, u, x]]1 /; FreeQl[{a, b, c}, x]

Rule 4854

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]

:> -Simp[((a + b*ArcTan[c*x]) “pxLog[2/(1 + (exx)/d)])/e, x] + Dist[(b*cxp)
/e, Int[((a + b*ArcTan[c*x])~(p - 1)*Log[2/(1 + (exx)/d)])/(1 + c™2*x72), x
1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 + e~2, 0]

Rule 4920

Int[(((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d ) + (e_.)*x(x_)"2),
x_Symbol] :> -Simp[(I*(a + bxArcTan[c*x])~(p + 1))/(bxex(p + 1)), x] - Dist
[1/(c*d), Int[(a + bxArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c™2xd] && IGtQ[p, O]

Rubi steps
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cosh(x)log” (1 + cosh? (x)) dx = Subst| | lo 2 + x dx x, sinh(x)
g 8

242

2
f[log 2+x M]d

2 + x2

x?1 2
log (2 + sinh (x)) sinh(x) — 4Subst( og i ) dx, x, sinh(x))
log (2 + sinh (x)) sinh(x) — 4 Subst(

log (2 + sinh (x)) sinh(x) — 4 Subst f log 2 + x dx X, smh(x)) +8S

= 4V2 tan™ (%hz(x)) log (2 + sinhz(x)) —4log (2 + sinhz(x)) sinh(x) + lc

= 4V2 tan™? (sinh(x)) log (2 + sinhz(x)) + 8sinh(x) — 4log (2 + sinhz(x))

V2

= —8V2 tan™! (sin\/hi(x)) +4iV2 tan™! (sin\g(x)) +4V2 tan™! (Slrj%(x)) Ic

, 2 .

= -8V2 tan” ( N; )+4\/—t ( 1n\/hz(x)) +8V2 tan™! (Slrj%(x))lc
: 2 .

= —8V2 tan”! (sui/hi(x)) +4iV2 tan” (sni/hgx)) +8V2 tan™? (su\l/hz(x)) lc
i . 2 ,

= -8V2 tan™! (smjlz(x)) +4iV2 tan™! (sui/hi(x)) +8V2 tan™! (Slrj%(x)) Ic

Mathematica [A] time = 0.10, size = 122, normalized size = 0.77

V2 sinh(x) + 2i
V2 sinh(x) — 2i

)““‘h(@ (log? (sinh?(x) + 2) ~ 41og (sinh’(x) +2) +8) +4V2 tan™" (_n}

\/

4i\2 PolyLog [2,

Warning: Unable to verify antiderivative.



163

[In] Integrate[Cosh[x]*Log[l + Cosh[x]~2]72,x]

[Out] 4x*Sqrt[2]*ArcTan[Sinh([x]/Sqrt[2]]1*(-2 + I*ArcTan[Sinh[x]/Sqrt[2]] + 2xLogl[(
4xI)/(2%I - Sqrt[2]*Sinh[x])] + Logl[2 + Sinh[x]~2]) + (4*I)*Sqrt[2]*PolyLog

[2, (2*I + Sqrt[2]*Sinh[x])/(-2%I + Sqrt[2]*Sinh[x])] + (8 - 4*Log[2 + Sinh
[x]~2] + Logl[2 + Sinh[x]~2]72)*Sinh [x]

fricas [F] time = 0.41, size = 0, normalized size = 0.00

integral (cosh(x) log (cosh(x)2 + 1)2 , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(l+cosh(x)~2)"2,x, algorithm="fricas")
[Out] integral(cosh(x)*log(cosh(x)~2 + 1)72, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
2
f cosh(x) log ((:osh(x)2 + 1) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(l+cosh(x)~2)72,x, algorithm="giac")
[Out] integrate(cosh(x)*log(cosh(x)~2 + 1)72, x)

maple [F] time =4.11, size = 0, normalized size = 0.00
’ 2
f cosh(x) In (cosh (%) +1) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(x)*1n(l+cosh(x)~2)"2,x)
[Out] int(cosh(x)*1n(1+cosh(x)~2)"2,x)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(l+cosh(x)~2)"2,x, algorithm="maxima"

[Out] 1/2*%(e”(2*x) - 1)*e”(-x)*log(e”(4*x) + 6*e~(2xx) + 1)72 - 2x(e”(-x) + integ
rate((e”(2xx) + 6)*xe"x/(e”(4*xx) + 6%xe”(2xx) + 1), x))*Llog(2)72 + 2x(e"x - 1
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ntegrate ((6xe~ (2*xx) + 1)*e”x/(e”(4*x) + 6%e”(2*x) + 1), x))*1log(2)72 + 14x*i
ntegrate(e”(3*x)/ (e~ (4*x) + 6%e”(2*x) + 1), x)*log(2)~2 + l14xintegrate(e”x/
(e~ (4*xx) + 6*%e”(2*x) + 1), x)*log(2)"2 + 4xintegrate(x*e”(6*x)/(e”(5*x) + 6
*e” (3*x) + e7x), x)*log(2) + 28xintegrate(x*e”(4*x)/(e”(5*x) + 6*%e”(3*x) +
e"x), x)*log(2) + 28xintegrate(x*e” (2xx)/(e”(5*x) + 6%e”(3*x) + e7x), x)*lo
g(2) - 2xintegrate(e”(6*x)*log(e”(4*xx) + 6*xe”(2*x) + 1)/(e”(5xx) + 6%e” (3*x
) + e7x), x)*xlog(2) - l4xintegrate(e”(4xx)*log(e”(4*x) + 6xe~(2*x) + 1)/(e”
(bxx) + 6%e”(3%x) + e7x), x)*log(2) - 14*xintegrate(e” (2*x)*log(e”(4*x) + 6%
e~ (2%x) + 1)/(e”(5*x) + 6%e~(3*x) + e"x), x)*log(2) + 4*xintegrate(x/(e” (5*x
) + 6%e”(3*%x) + e7x), x)*log(2) - 2xintegrate(log(e”(4*x) + 6*e”(2xx) + 1)/
(e~ (b*x) + 6%e”(3*x) + e7x), x)*log(2) + 2xintegrate(x~2xe” (6*x)/(e” (5*x) +
6*xe”(3*%x) + e7x), x) + l4xintegrate(x~2xe” (4*x)/(e”(5*x) + 6%e”(3*x) + e7x
), x) + ldxintegrate(x™2xe”(2xx)/(e”(b*x) + 6%e”(3%x) + e7x), x) - 2*integr
ate(xxe” (6*xx)*log(e”(4xx) + 6xe”(2%x) + 1)/(e”(5*x) + 6*%e~(3*x) + e7x), %)
- 14xintegrate(x*e” (4*xx)*log(e”™(4xx) + 6xe”(2*x) + 1)/(e”(b*x) + 6%e”(3%x)
+ e7x), x) - ldxintegrate(xxe” (2*x)*log(e” (4xx) + 6xe”(2*x) + 1)/(e”(5xx) +
6xe~(3*x) + e"x), x) + 2xintegrate(x”2/(e”(5*x) + 6%e~(3*x) + e7x), x) - 2
*integrate(xxlog(e”™ (4*x) + 6%e”(2%x) + 1)/(e”(5*x) + 6%e”(3*x) + e7x), x) -
4xintegrate(e” (6*x)*log(e” (4*x) + 6*%e”(2%x) + 1)/(e”(5%x) + 6%e”(3*x) + e~
X), x) - 8xintegrate(e” (4*xx)*log(e”(4*x) + 6%e”(2*xx) + 1)/(e”(5*x) + 6*e” (3
xx) + e7x), x) + 12xintegrate(e” (2*xx)*log(e”(4*x) + 6%e”(2*x) + 1)/(e”(5*x)
+ 6%e” (3%x) + e7x), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
2 2
f In (cosh(x) + 1) cosh(x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(cosh(x)~2 + 1) 2*cosh(x),x)
[Out] int(log(cosh(x)~2 + 1)~ 2*cosh(x), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
5 2
f log (cosh (x) + 1) cosh (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*1ln(l+cosh(x)**2)**2, x)

[Out] Integral(log(cosh(x)**2 + 1)**2*cosh(x), x)
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3.29 f cosh(x) log2 (coshz(x) + sinh(x)) dx

Optimal. Leaf size=395

0 sinh(x) — . visinh :
—(1+i\/§)PolyLog[2,— isinh(x) - V3 +l)—(1—i\/§)PolyLog(2, isinh(x) + V3 +i

24/3 24/3

[Out] -2*1n(1l+sinh(x)+sinh(x)~2)+8*sinh(x)-4*1n(1+sinh(x)+sinh(x)~2)*sinh(x)+1n(1
+sinh(x)+sinh(x)~2) "2*sinh(x)+1n(1+sinh(x)+sinh(x) "2) *1n(1+2*sinh(x)-I*3~ (1
/2))*x(1-Ix37(1/2))-1/2%1n(1+2*sinh(x)-I*3"(1/2)) 2% (1-I*37(1/2) )-1n(1+2*sin
h(x)-I*37(1/2))*1n(-1/6*I*(1+2*sinh (x)+I*37(1/2))*37(1/2))*(1-I*37(1/2))-po
lylog(2,1/6%(I+2*I*sinh(x)+37(1/2))*37(1/2))*(1-I*37(1/2))+1n(1+sinh(x)+sin
h(x)"2)*1n(1+2*sinh (x)+I*37(1/2) ) *(1+I*x37(1/2))-1/2*1n(1+2*sinh(x)+I*3~(1/2

))"2x (1+I%37(1/2))-1n(1+2*sinh (x)+I*37(1/2) ) *1n(1/6*I* (1+2*sinh(x)-I*3~(1/2
))*37(1/2))*(1+Ix37(1/2))-polylog(2,1/6%(-I-2*I*sinh(x)+37(1/2))*37(1/2))*(
1+I*x37(1/2) ) -4*arctan(1/3*(1+2*sinh(x))*3~(1/2))*3"(1/2)

)+8 sinh(x)+sinh

Rubi [A] time = 0.54, antiderivative size = 395, normalized size of antiderivative
= 1.00, number of steps used = 28, number of rules used = 15, integrand size = 13,

number of rules _ 1,154, Rules used = {4358, 2523, 2528, 773, 634, 618, 204, 628, 2524, 2418,
integrand size
2390, 2301, 2394, 2393, 2391}

B (1 N 1\/5) PolyLog [2/ _21 sinh(x) — V3 + Z)—(l ~ 1\/§) PolyLog (2/ 2isinh(x) + V3 +i

243 243

)+8 sinh(x)+sinh

Antiderivative was successfully verified.
[In] Int[Cosh[x]*Log[Cosh[x]~2 + Sinh[x]]"2,x]

[Out] -4xSqrt[3]*ArcTan[(1 + 2%Sinh[x])/Sqrt[3]] - ((1 - I*Sqrt[3])*Logl[l - I*Sqr
t[3] + 2%Sinh([x]172)/2 - (1 + I*Sqrt[3])*Logl((I/2)*(1 - IxSqrt[3] + 2*Sinh
[x]))/Sqrt[3]]1*Log[1 + IxSqrt[3] + 2*Sinh[x]] - ((1 + I*Sqrt([3])*Logl[l + Ix
Sqrt[3] + 2*xSinh[x]1]72)/2 - (1 - I*Sqrt[3])*Logll - I*Sqrt[3] + 2*Sinh[x]]=*
Log[((-I/2)*(1 + IxSqrt[3] + 2xSinh[x]))/Sqrt([3]] - 2*Log[l + Sinh[x] + Sin
h[x]72] + (1 - IxSqrt[3])#*Logl[l - I*Sqrt[3] + 2*Sinh[x]]*Log[l + Sinh[x] +
Sinh[x]~2] + (1 + I*Sqrt[3])*Logl[l + I*Sqrt[3] + 2*Sinh[x]]*Log[l + Sinh[x]
+ Sinh[x]72] - (1 + I*Sqrt[3])#*PolyLogl[2, -(I - Sqrt[3] + (2*I)*Sinh[x])/(
2%Sqrt[3])] - (1 - IxSqrtl[3])*PolyLogl[2, (I + Sqrt[3] + (2*I)*Sinh[x])/(2%S
qrt[3]1)] + 8*Sinh[x] - 4*Log[l + Sinh[x] + Sinh[x]~2]#*Sinh[x] + Log[l + Sin
h[x] + Sinh[x]~2]"2*Sinh[x]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 21*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (LtQ[
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a, 0] |l LtQ[b, 0])

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x))/((a_) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*xx"2), x], x] + Dist[e/(2%c), In
t[(b + 2%xcxx)/(a + b*x + c*xx"2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~™2 - 4xa*xc, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 773

Int[(C(d_.) + (e_)*x(x_))*((f_) + (g_I)*(x_)))/((a_.) + (b_.)*(x_) + (c_.)*
(x_)72), x_Symbol] :> Simp[(exg*x)/c, x] + Dist[1/c, Int[(cxd*f - axexg + (
ckexf + ckdxg - b¥exg)*x)/(a + bkx + c*xx"2), x], x] /; FreeQ[{a, b, c, d, e
, T, g¥, x] && NeQ[b~2 - 4*axc, 0]

Rule 2301

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]1*(b_.))/(x_), x_Symbol] :> Simp[(a + bxLo
glc*x™n])~2/(2%b*n), x] /; FreeQ[{a, b, c, n}, xl]

Rule 2390

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))"(p_)*x((£f_) + (g_.
)*(x_))~(q_.), x_Symbol] :> Dist[1/e, Subst[Int[((f*x)/d) g*x(a + b*Logl[c*x"
n])7p, x], x, d + exx], x] /; FreeQ[{a, b, ¢, d, e, £, g, n, p, 9}, x] && E
qQ[exf - dxg, 0]

Rule 2391

Int[Logl[(c_.)*x((d ) + (e_.)*x(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]
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Rule 2393

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*(b_.0)/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*xexx)/gl)/x, x], x, f + g*x
1, x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - dxg, 0] && EqQ[g + c*
(exf - dxg), 0]

Rule 2394

Int[((a_.) + Logl(c_.)*x((d_ ) + (e_)*(x_))"(n_.)I*x(_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[(Log[(ex(f + gxx))/(exf - dxg)lx(a + bxLoglcx(d + exx
)°nl))/g, x] - Dist[(b*e*n)/g, Int[Logl(ex(f + g*x))/(exf - d*xg)]/(d + exx)
, x], x]1 /; FreeQ[{a, b, c, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2418

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_))"(n_.)I*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Loglc*(d + exx)"n])” p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] &% IntegerQ[p]

Rule 2523

Int[((a_.) + Logl(c_.)*x(RFx_)~(p_.)]*(b_.))"(n_.), x_Symbol] :> Simp[x*(a +
bxLog[c*RFx~p]) "n, x] - Dist[b*n*p, Int[SimplifyIntegrand[(x*(a + b*Logl[c*
RFx"pl)~(n - 1)*D[RFx, x])/RFx, x], x], x] /; FreeQ[{a, b, c, p}, x] && Rat
ionalFunctionQ[RFx, x] && IGtQ[n, O]

Rule 2524

Int[((a_.) + Logl(c_.)*x(RFx_)~(p_.)]1*(b_.))"(n_.)/((d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[(Logl[d + exx]x(a + b*Logl[c*RFx~pl)~n)/e, x] - Dist[(b*n*p)/e
, Int[(Logl[d + exx]x(a + bxLogl[c*RFx~p])~(n - 1)*D[RFx, x])/RFx, x], x] /;
FreeQ[{a, b, ¢, d, e, p}, x] && RationalFunctionQ[RFx, x] && IGtQ[n, 0]

Rule 2528

Int[((a_.) + Logl(c_.)*(RFx_ )~ (p_.)1*(b_.))"(n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + b*Logl[c*RFx~pl)~n, RGx, x]}, Int[u, x] /; SumQ[u
11 /; FreeQ[{a, b, c, p}, x] && RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

Rule 4358

Int[Cosh[(c_.)*((a_.) + (b_.)*x(x_))]1*(u_), x_Symbol] :> With[{d = FreeFacto
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rs[Sinh[c*(a + b*x)], x]}, Dist[d/(b*c), Subst[Int[SubstFor[1, Sinh[cx(a +
b*x)]/d, u, x], x], x, Sinh[c*(a + b*x)]/d], x] /; FunctionOfQ[Sinh[c*(a +
b*x)]1/d, u, x]]1 /; FreeQ[{a, b, c}, xl]

Rubi steps
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f cosh(x) log” (coshz(x) + sinh(x)) dx = Subst ( f log® (1 +x+ xz) dx, x, sinh(x))

f x(1 +2x)log (f

12 : 1.2 . B
= log (1 + sinh(x) + sinh (x)) sinh(x) — 2 Subst Tora

= log” (1 + sinh(x) + sinh’(x)) sinh(x) — 2 Subst f [2 log (1 +x+

f(2+x)10g(1 -

12 . 12 .
= log (1 + sinh(x) + sinh (x)) sinh(x) + 2 Subst Tore

= —4log (1 + sinh(x) + sinh®(x)) sinh(x) + log” (1 + sinh(x) + sinh
= 8sinh(x) — 4log (1 + sinh(x) + sinhz(x)) sinh(x) + log2 (1 + sinh
= (1-iV3)log(1-iV3 + 2sinh(x)) log (1 + sinh(x) + sinh’(x)) +

= -2log (1 + sinh(x) + sinhz(x)) + (1 - 1\/5) log (1 —1V3 + 2sinh

1 + 2sinh(x)

V3

= —4V3 tan™! —2log (1 + sinh(x) + sinh®(x)) + (1 -

1+ 2sinh i(1-1V3 + 2sinh(:
= —4V3 tan™? 1 +2sinh(x) —(1+i\/§)log[ ( (

V3 243

= —4/3 tan™! (Lmh(x)) - % (1 - 1\/5) log® (1 —iV3 + 2 sinh(

V3

= —4V3 tan™! (Lmh(x)) - % (1-iV3)log®(1-iV3 + 2sinh(

V3

Mathematica [A] time = 0.25, size = 347, normalized size = 0.88

_%i (\/5 - i) (2 PolyLog (2, 2 sinhz(a\c/); V3 - i] + log (2 sinh(x) +1V3 + 1) (2 log{Zi sinh(;ci/; V3 + i] -
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Antiderivative was successfully verified.

[In] Integrate[Cosh[x]*Log[Cosh[x]~2 + Sinh[x]]~2,x]

[Out] -4*Sqrt[3]*ArcTan[(1 + 2%Sinh[x])/Sqrt[3]] - 2*Log[l + Sinh[x] + Sinh[x]~2]
+ (1 - I*Sqrt([3])*Logl[l - IxSqrt[3] + 2*Sinh[x]]*Logl[l + Sinh[x] + Sinh[x]

2] + (1 + I*Sqrt[3])*Logl[l + I*Sqrt([3] + 2xSinh[x]]*Log[l + Sinh[x] + Sinh
[x]~2] - (I/2)*(-I + Sqrt[3])*(Logl[l + I*Sqrt[3] + 2*Sinh[x]]*(2*Log[(I + S
qrt[3] + (2xI)*Sinh[x])/(2*%Sqrt[3])] + Logl[l + I*Sqrt[3] + 2*Sinh[x]]) + 2%
PolyLog[2, (-I + Sqrt([3] - (2xI)*Sinh[x])/(2%Sqrt[3])]) + (I/2)*(I + Sqrt[3
1)*(Log[1l - I*Sqrt[3] + 2*xSinh[x]]*(2%Log[(-I + Sqrt[3] - (2*I)*Sinh[x])/(2
xSqrt[3])] + Logl[l - I*Sqrt[3] + 2*Sinh([x]]) + 2*PolyLog[2, (I + Sqrt([3] +
(2%I)*Sinh[x])/(2*Sqrt[3]1)]) + 8*Sinh[x] - 4*Log[1 + Sinh[x] + Sinh[x]~2]*S
inh[x] + Log[1l + Sinh[x] + Sinh[x]~2]72*Sinh/[x]

fricas [F] time = 0.43, size = 0, normalized size = 0.00

integral (cosh(x) log (cosh(x)2 + sinh(x))2 , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(cosh(x) 2+sinh(x))~2,x, algorithm="fricas")
[Out] integral(cosh(x)*log(cosh(x)~2 + sinh(x))~2, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
2
f cosh(x) log (cosh(x)2 + sinh(x)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(cosh(x)~2+sinh(x))~2,x, algorithm="giac")
[Out] integrate(cosh(x)*log(cosh(x)~2 + sinh(x))~2, x)

maple [F] time = 6.56, size = 0, normalized size = 0.00
2 . 2
f cosh(x) In (cosh (x) + smh(x)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(x)*1n(cosh(x) " 2+sinh(x))”~2,x)
[Out] int(cosh(x)*1n(cosh(x) " 2+sinh(x))"2,x)
maxima [F] time = 0.00, size = 0, normalized size = 0.00

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(cosh(x) 2+sinh(x))~2,x, algorithm="maxima")

[Out] 1/2*%(e”(2*x) - 1)*e”(-x)*log(e”(4*x) + 2%e”(3*x) + 2*%xe~(2%x) - 2%e"x + 1)72
+ 2% (2%x - e (-x) - integrate((2*e~(3*x) + bxe” (2*x) + 6*e"x - 2)*e"x/(e”(
4xx) + 2xe”(3*x) + 2%e”(2xx) - 2*xe"x + 1), x))*log(2)72 - 4*x(x - integrate(
(e7(3*x) + 2%e™(2%x) + 2%e"x - 2)*e"x/(e” (4*xx) + 2%e”(3*x) + 2%e”(2*x) - 2%
e"x + 1), x))*log(2)"2 + 2x(e"x - integrate((2*e”(3*x) + 2*e”(2%x) - 2*e"x
+ Dxe"x/(e7 (4xx) + 2xe”(3*x) + 2%e”(2*x) - 2*%e"x + 1), x))*log(2)72 + 4*in
tegrate(e”™ (4*xx)/ (e~ (4*x) + 2xe”(3*x) + 2%e~(2xx) - 2%xe"x + 1), x)*1log(2)72
+ 6xintegrate(e” (3*x)/ (e~ (4xx) + 2xe”(3*x) + 2%e”(2*x) - 2*e"x + 1), x)*log
(2)72 + 6xintegrate(e”x/ (e~ (4xx) + 2%e”(3*x) + 2*e”(2*x) - 2*%e"x + 1), x)*1
0g(2)72 + 4xintegrate(x*e” (6%x)/ (e~ (bxx) + 2%e”(4*x) + 2%e” (3*x) - 2%e™ (2*x
) + e7x), x)*log(2) + 8*integrate(x*e” (5*x)/(e”(5*x) + 2xe” (4xx) + 2%e” (3*x
) - 2%e”(2*xx) + e7x), x)*log(2) + 12xintegrate(x*e” (4*x)/(e”(5xx) + 2xe” (4%
X) + 2%e”(3xx) - 2xe”(2*x) + e7x), x)*log(2) + 12*xintegrate(xxe”(2*x)/(e”(5
*x) + 2%e”(4xx) + 2%e”(3*x) - 2*e”(2*x) + e7x), x)*log(2) - 8*integrate(x*e
“x/(e7(b*xx) + 2%xe”(4*xx) + 2%xe”(3xx) - 2%e”(2%x) + e7x), x)*log(2) - 2xinteg
rate(e” (6*x)*xlog(e” (4*x) + 2xe~(3*x) + 2xe~(2*x) - 2xe"x + 1)/(e”(5*x) + 2%
e~ (4xx) + 2*%e”(3*x) - 2xe”(2*x) + e7x), x)*log(2) - 4xintegrate(e” (5*x)*log
(e7(4*xx) + 2%e™(3*x) + 2%e”(2*x) - 2%e"x + 1)/(e”(5*x) + 2xe” (4xx) + 2xe” (3
*x) — 2%xe”(2xx) + e7x), x)*log(2) - 6xintegrate(e”(4*x)*log(e”(4*x) + 2%e™(
3%x) + 2%xe”(2%x) - 2xe"x + 1)/(e”(b*x) + 2xe”(4*x) + 2xe” (3*x) - 2xe” (2%x)
+ e7x), x)*log(2) - 6*integrate(e”(2*x)*log(e”™(4*x) + 2%xe”(3*x) + 2%e”(2%x)
- 2%e”x + 1)/(e”(5*xx) + 2%e”(4xx) + 2xe”(3*x) - 2%e”(2*x) + e7x), x)*log(2
) + 4xintegrate(e”xxlog(e”(4*x) + 2%e”(3%x) + 2*%e~(2xx) - 2xe"x + 1)/(e”(b*
X) + 2%e”(4xx) + 2xe”(3*x) - 2%e”(2*x) + e7x), x)*log(2) + 4xintegrate(x/(e
“(5*%x) + 2xe”(4xx) + 2xe”(3xx) - 2%e”(2%x) + e7x), x)*log(2) - 2xintegrate(
log(e”™(4*x) + 2xe~(3*x) + 2xe~(2xx) - 2%e"x + 1)/(e”(5*x) + 2%e” (4*x) + 2%e
“(3%x) - 2*xe7(2*x) + e7x), x)*log(2) + 2*xintegrate(x"2*e” (6*x)/ (e~ (5*x) + 2
xe” (4*x) + 2%e”(3*x) - 2*xe”(2%x) + e7x), x) + 4xintegrate(x"2*xe”(5xx)/(e” (5
*xx) + 2xe”(4*x) + 2%e”(3*x) - 2*%e~(2%x) + e7x), x) + 6*xintegrate(x"2*e” (4xx
)/ (e~ (5xx) + 2xe”(4xx) + 2%e”(3*x) - 2*e”(2*x) + e7x), x) + 6xintegrate(x~2
xe” (2xx)/(e” (b*x) + 2%e” (4*x) + 2*%e”(3*x) - 2*e~(2*x) + e"x), x) - 4*integr
ate(x"2%e"x/(e7(5*x) + 2%xe” (4*x) + 2%e”(3%x) - 2%xe”(2*x) + e7x), x) - 2*int
egrate (x*xe” (6xx)*log(e” (4*x) + 2%e”(3*x) + 2*%e~(2%x) - 2%e"x + 1)/(e”(5*x)
+ 2%e” (4xx) + 2%e”(3*x) - 2%xe”(2*x) + e7x), x) - 4xintegrate(x*e” (5xx)*log(
e~ (4*x) + 2%e”(3%x) + 2xe”(2xx) - 2%e"x + 1)/(e”(b*x) + 2%e”(4*x) + 2%e” (3%
x) - 2%xe”(2xx) + e7x), x) - 6*integrate(x*e”(4*x)*log(e”(4*x) + 2%e”(3*x) +
2%e”(2%x) - 2%e"x + 1)/(e”(5*x) + 2%e” (4*xx) + 2%e”(3%x) - 2%e”(2*x) + e7x)
, X) - 6xintegrate(x*e” (2*x)*log(e” (4*x) + 2%e”(3*x) + 2*xe~(2%x) - 2%e"x +
1)/ (e~ (bxx) + 2xe”(4*x) + 2*%e”(3xx) - 2xe”(2*x) + e7x), x) + 4xintegrate(x*
e"x*xlog(e” (4xx) + 2%e”(3*x) + 2%e”(2*x) - 2*%e"x + 1)/(e”(5*x) + 2%e”(4*x) +
2xe”(3*x) - 2%e”(2*x) + e7x), x) + 2%integrate(x”2/(e”(b*x) + 2%e” (4*x) +
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2%e~(3*x) - 2xe”(2*x) + e7x), x) - 2xintegrate(x*log(e” (4*x) + 2*%e~(3*x) +
2%e” (2%x) - 2*%e"x + 1)/(e”(5*x) + 2%e” (4*x) + 2*xe”(3*x) - 2%~ (2*x) + e7x),
x) - 4xintegrate(e”(6*x)*log(e”(4*x) + 2%e”(3%x) + 2xe”~(2xx) - 2*e”x + 1)/
(e~ (b*x) + 2%e”(4xx) + 2*xe~(3*x) - 2%e”(2*x) + e7x), x) - 6xintegrate(e” (5%
x)*xlog(e™(4xx) + 2xe”(3%x) + 2%e~(2xx) - 2xe"x + 1)/(e”(b*x) + 2%e” (4*x) +
2%e~(3*x) - 2%e”(2*x) + e7x), x) + 8xintegrate(e” (3*x)*log(e~(4*x) + 2xe”(3
*x) + 2%eT(2%x) - 2%e"x + 1)/(e”(5*x) + 2%e”(4*x) + 2xe”(3xx) - 2%e”(2*x) +
e"x), x) + 4xintegrate(e” (2*x)*log(e” (4*x) + 2%e”(3%x) + 2%e”(2*x) - 2%e’x
+ 1)/(e”(5xx) + 2%e”(4xx) + 2%e”(3*x) - 2¥e”(2*x) + e7x), x) - 2*integrate
(e"x*xlog(e”™(4*xx) + 2xe~(3*x) + 2%e”(2xx) - 2*%e"x + 1)/(e”(5*x) + 2%e” (4*x)
+ 2%xe”(3*xx) - 2*xe”(2*x) + e7x), X)

mupad [F] time = 0.00, size = -1, normalized size = -0.00
2 s
f cosh(x) In (cosh(x) + smh(x)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(x)*log(sinh(x) + cosh(x)~2)72,x)
[Out] int(cosh(x)*log(sinh(x) + cosh(x)~2)72, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
. 2 4)\?
f log (smh (x) + cosh (x)) cosh (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*1ln(cosh(x)**2+sinh(x))**2,x)

[Out] Integral(log(sinh(x) + cosh(x)**2)**2xcosh(x), x)
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1 1
330 [V g

1+x2
Optimal. Leaf size=981

%ilog(\ll—i —Vx+1)log(x+\/x+1)—%ilog(\/1+i —Vx+1)log(x+Vx+1)+%ilog(\/x+1 +V1

[Out] -1/2%I*polylog(2,2*((1-I)"(1/2)-(1+x)~(1/2))/(1+2x(1-I)"(1/2)+57(1/2)))+1/2
*Ix1n((1-I) 7 (1/2)-(1+x) "~ (1/2) ) *1n (x+(1+x) " (1/2) ) -1/2*%I*1n((1-1) ~(1/2) - (1+x)
“(1/2))*In((1-5"(1/2)+2x (1+x) ~(1/2) ) / (1+2x(1-1)~(1/2)-5"(1/2) ) )+1/2*xI*1n((1
+I1)7(1/2)+(1+x) " (1/2))*1n((1-57"(1/2) +2x (1+x) ~(1/2) ) / (1-2x (1+I)~(1/2)-5"(1/2
)))+1/2%Ix1In((1+I)~(1/2)-(1+x)~(1/2) ) *1n((1+57(1/2) +2*x (1+x) ~(1/2) ) / (1+2% (1+
D-(1/2)+57(1/2)))+1/2*I*1n((1+I) " (1/2) - (1+x) ~(1/2))*1n((1-57(1/2) +2* (1+x)~
(1/2))/(1+2%(1+I)~(1/2)-5"(1/2)))+1/2*I*polylog(2,2+ ((1+I)~(1/2)-(1+x)~(1/2
D)/ (1+2x (1+I)~(1/2)+57(1/2)))-1/2*I*polylog(2,2* ((1-I)~(1/2)-(1+x)~(1/2)) /(
142%(1-I)"(1/2)-5"(1/2)))+1/2+I*1In((1+I) " (1/2)+(1+x) " (1/2) )*1n( (145~ (1/2)+2
*(1+x) 7 (1/2))/(1-2%x(1+I)~(1/2)+567(1/2)) ) +1/2*I*polylog (2,2 ((1+I)~(1/2)-(1+
x)7(1/2))/ (1+2x (1+1)~(1/2)-5"(1/2)) ) -1/2*I*1n((1+I)~(1/2) - (1+x) " (1/2) ) *1n(x
+(1+x) 7 (1/2))+1/2+I*x1n(x+(1+x) ~(1/2))*1n((1-I) " (1/2)+(1+x) ~(1/2) ) +1/2*Ixpol
ylog(2,-2x((1+I)~(1/2)+(1+x)~(1/2))/(1-2%(1+I)~(1/2)-5"(1/2)))+1/2*I*polylo
g(2,-2x((1+I)~(1/2)+(1+x)~(1/2)) / (1-2%(1+I)~(1/2)+567(1/2)) ) -1/2*%I*1n((1-I)~
(1/2)+(1+x) " (1/2) ) *1n((1+57(1/2) +2*x (1+x) ~(1/2) ) / (1-2x (1-1)~(1/2)+56"(1/2)) )~
1/2xIxpolylog(2,-2%((1-I)~(1/2)+(1+x)~(1/2))/(1-2x(1-I1)~(1/2)+57(1/2)))-1/2
*xI*polylog(2,-2*%((1-I)~(1/2)+(1+x)~(1/2))/(1-2%(1-1)~(1/2)-5"(1/2)) ) -1/2*I*
In((1-I)"(1/2)-(1+x)~(1/2) )*In((1+57(1/2) +2x (1+x) ~(1/2) ) / (1+2x (1-1)~(1/2) +5
~(1/2)))-1/2*Ix1n((1-1)~(1/2)+(1+x) ~(1/2) ) *1n((1-5"(1/2)+2* (1+x)~(1/2)) / (1-
2x(1-1)"(1/2)-5"(1/2)))-1/2*I*1n(x+(1+x) " (1/2)) *1n((1+I) " (1/2)+(1+x)~(1/2))

Rubi [A] time = 1.25, antiderivative size = 981, normalized size of antiderivative
= 1.00, number of steps used = 44, number of rules used = 10, integrand size = 18,

number of rules _ ) 556, Rules used = {2530, 1591, 203, 6741, 2528, 2524, 2418, 2394, 2393,

integrand size

2391}

1 1 1
Eilog(\/l—i —\/x+1)log(x+\/x+1)—§ilog(\/l+i —Vx+1)log(x+\/x+1)+5ilog(\/x+1 + 1

Antiderivative was successfully verified.
[In] Int[Logl[x + Sqrt[1l + x]1/(1 + x72),x]

[Out] (I/2)*Logl[Sqrt[l - I] - Sqrt[l + x]]l*Loglx + Sqrt[1l + x]] - (I/2)*LoglSqrtl[
1 + I] - Sqrt[1 + x]]*Log[x + Sqrt[l + x]] + (I/2)*Logl[Sqrt[1 - I] + Sqrt[1
+ x]]*Loglx + Sqrt[1l + x]] - (I/2)*Logl[Sqrt[1l + I] + Sqrt[l + x]]*Loglx +
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Sqrt[1 + x]] - (I/2)*Logl[Sqrt[1 - I] + Sqrt[l + x]]*Log[(1 - Sqrt[5] + 2*Sq
rt[1 + x])/(1 - 2%Sqrt[1 - I] - Sqrt[5])] - (I/2)*Log[Sqrt[1 - I] - Sqrt[1
+ x]1*Log[(1 - Sqrt[5] + 2xSqrt[1 + x])/(1 + 2xSqrt[1 - I] - Sqrt[5])] + (I
/2)*Log[Sqrt[1 + I] + Sqrt[l + x]]*Logl[(1 - Sqrt[5] + 2*Sqrt[l + x])/(1 - 2
*Sqrt[1 + I] - Sqrt[5]1)] + (I/2)*Log[Sqrt[1 + I] - Sqrtl[1 + x]]1*Logl[(1 - Sq
rt[6] + 2xSqrt[1 + x])/(1 + 2xSqrt[1 + I] - Sqrt[5])] - (I/2)*Log[Sqrt[1 -
I] + Sqrt[1l + x]]1*Logl[(1 + Sqrt[5] + 2*Sqrt[1 + x])/(1 - 2%Sqrt[1 - I] + Sq
rt[51)] - (I/2)*LoglSqrt[1 - I] - Sqrtl[l + x]]*Logl[(1 + Sqrt[5] + 2*Sqrt[1
+ x])/(1 + 2%Sqrt[1 - I] + Sqrt[5])] + (I/2)*LoglSqrt[1 + I] + Sqrt[l + x]]
xLog[(1 + Sqrt[5] + 2*xSqrt[l + x])/(1 - 2*%Sqrt[1 + I] + Sqrt([5])] + (I/2)xL
oglSqrt[1 + I] - Sqrt[1l + x]]*Log[(1l + Sqrt[5] + 2xSqrt[1 + x])/(1 + 2%xSqrt
[1 + I] + Sqrt[5]1)] - (I/2)*PolyLogl[2, (2*(Sqrt[1 - I] - Sqrtl[l + x1))/(1 +
2%Sqrt[1 - I] - Sqrt[5])] - (I/2)*Polylogl[2, (2*(Sqrt[1 - I] - Sqrt[l + x]
))/(1 + 2%Sqrt[1 - I] + Sqrt[5])] + (I/2)*PolyLogl2, (2*(Sqrt[1 + I] - Sqrt
[1 +x]1))/(1 + 2%8qrt[1 + I] - Sqrt[5])] + (I/2)*PolyLogl2, (2*(Sqrt[1 + I]
- Sqrtl[1 + x]))/(1 + 2%Sqrt[1 + I] + Sqrt[5]1)] - (I/2)*PolyLogl[2, (-2*(Sqr
t[1 - I] + Sqrtl[l + x]1))/(1 - 2xSqrt[1 - I] - Sqrt[5])] - (I/2)*PolyLogl2,
(-2%(Sqrt[1 - I] + Sqrt[1l + x1))/(1 - 2#Sqrt[1 - I] + Sqrt[5])] + (I/2)#Pol
yLogl[2, (-2%(Sqrtl[1 + I] + Sqrtl[l + x]1))/(1 - 2xSqrt[1 + I] - Sqrt[56])] + (
I/2)*PolyLog[2, (-2*(Sqrt[1 + I] + Sqrt[l + x]))/(1 - 2%Sqrt[1 + I] + Sqrtl[
51)]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]1)/(Rtla, 2]1*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/bl && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 1591

Int[((a_.) + (b_.)*(Pq_ )" (n_.))"(p_.)*(Qr_), x_Symbol] :> With[{q = Expon[P
q, x], r = Expon[Qr, x]}, Dist[Coeff[Qr, x, r]/(q*Coeff[Pq, x, ql]), Subst[I
nt[(a + b*x"n)"p, xJ, x, Pql, x] /; EqQlr, q - 1] && EqQ[Coeff[Qr, x, r]*D[
Pq, x], g*Coeff[Pq, x, ql*Qrl] /; FreeQ[{a, b, n, p}, x] && PolyQ[Pq, x] &&
PolyQ[Qr, x]

Rule 2391

Int[Log[(c_.)*x((d ) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 2393

Int[((a_.) + Logl(c_.)*x((d_) + (e_)*(x_))1*x(b_.))/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*xexx)/gl)/x, x], x, f + g*x
1, x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - dxg, 0] && EqQ[g + c*
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(exf - dxg), 0]

Rule 2394

Int[((a_.) + Logl(c_.)*x((d_) + (e_)*(x_))"(n_.)I*x(_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[(Log[(ex(f + gxx))/(exf - dxg)lx(a + bxLoglcx(d + exx
)°nl))/g, x] - Dist[(b*e*n)/g, Int[Logl(ex(f + g*x))/(exf - d*g)]/(d + exx)
, x]1, x] /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] & NeQ[exf - dxg, 0]

Rule 2418

Int[((a_.) + Logl(c_.)*((d_) + (e_)*x(x_))"(n_.)I*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + bxLogl[c*(d + e*xx)"n])” p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

Rule 2524

Int[((a_.) + Logl(c_.)*(RFx_)"(p_.)1*x(_.))"(m_.)/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[(Logl[d + exx]*(a + bxLogl[c*RFx"pl)~n)/e, x] - Dist[(b*n*p)/e
, Int[(Logl[d + exx]x(a + bxLogl[c*RFx~p])~(n - 1)*D[RFx, x])/RFx, x], x] /;
FreeQ[{a, b, c, d, e, p}, x] && RationalFunctionQ[RFx, x] && IGtQ[n, O]

Rule 2528

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)1*(b_.))"(n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + b*Logl[c*RFx"pl) n, RGx, x]}, Int[u, x] /; SumQ[u
11 /; FreeQ[{a, b, c, p}, x] && RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

Rule 2530

Int[((a_.) + Loglu_l*(b_.))*(RFx_), x_Symbol] :> With[{lst = SubstForFracti
onalPowerOfLinear [RFx*(a + b*Log[ul), x]}, Dist[1lst[[2]]*1st[[4]], Subst[In
tl1st[[1]1], x], x, 1st[[3]17(1/1st[[2]1)], x] /; !'FalseQ[lst]] /; FreeQ[{a
, b}, x] && RationalFunctionQ[RFx, x]

Rule 6741
Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int([v, x] /; v =!

=u]

Rubi steps
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_ 2
flog(x+\/1+x)dx:25ubst fxlog( 1+x+;c)dx,x, T

1422 1+ (-1+22)

xlog (-1 + x + x2
= 2 Subst f g( )dx,x,\/1+x
2-2x2 4+ x4

ixlog (-1 + x + x%2) ixlog (-1 + x + x?
= 2 Subst f[ g( )+ g( )]dx,x,\/1+xJ

(2 + 2i) — 2x2 (=2 + 2i) + 2x2
xlog (—1 +x+ xz)
. dx,
(=2 + 20) + 222

xlog (-1 + x + 12
:2iSubst(f g( )dx,x,\/1+x)+2i5ubst[

(2 + 2i) — 222

L log(-1+x+x%) log(-1+x+2?) ,
_ZzSubst(f[— 4( 1—i—x) + 4(\/1_—i+x) dx,x, V1 + x +218ubstf

log (-1 + x + x2 log (-1 + x + x2
=- 1iSubst f g( )dx,x,\/l +x ||+ 1iSubst f g( )d.
2 1-i—-x 2 Vi+i—x

= %ilog(\/: —\/1Tx)log(x+\/1Tx)—%ilog(\/m —\/1Tx)log(x+\/1_+

= 1ilog(\/l_—i —\/1Tx)log(x+\/1Tx)—lilog(\/1_+i ~V1+x

T2

1 BN av 1
ziilog( 1-i- 1+x)log(x+\/1+x)——ilog(\/1+i—\/1Tx

2

log (x + 1+

N

)
)log(x+\/1_-+

= %ilog(\/m —\/1Tx)10g(x+\/1Tx)—%ilog(\/m —\/1Tx)log(x+\/1_+

= %ilog(‘/ﬁ —M)log(x+\/E)—%ilog(\/m —M)log(x+\/ﬂ

= %ilog(\/l_—i —\/1Tx)log(x+\/1Tx)—%ilog(\/1_+i —\/1Tx)log(x+\/1_+

Mathematica [A] time = 0.56, size = 868, normalized size = 0.88
1 5 1 2(VI-i-vx+1 51 2(Vi+i
Ei[Zitanl(x)log(\/x+l —£+—]+log[ ( )]log(\/x+1 —£+—]—log( (

1+2\/f

2 2 1+2V1-i-+5 2 2
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Antiderivative was successfully verified.

[In] Integrate[Loglx + Sqrt[1l + x]]1/(1 + x72),x]

[Out] (I/2)*((2*%I)*ArcTan[x]*Logl[1/2 - Sqrt([5]/2 + Sqrt[1l + x]] + Logl[(2*(Sqrt[1
- I] - Sqrtl1l + x1))/(1 + 2xSqrt[1 - I] - Sqrt[5])]1*Logl[1/2 - Sqrt[6]/2 + S
grt[l + x]] - Logl[(2*(Sqrt[1 + I] - Sqrt[l + x]))/(1 + 2*Sqrt[1 + I] - Sqrt
[561)]#*Logl[1/2 - Sqrt[5]/2 + Sqrt[1 + x]] + Log[(2x(Sqrt[1 - I] + Sqrt[l + x
1))/(-1 + 2+Sqrt[1 - I] + Sqrt[5])]*Logl[1/2 - Sqrt[5]1/2 + Sqrt[1 + x]] - Lo
gl(2*%(Sqrt[1 + I] + Sqrtll + x]))/(-1 + 2xSqrt[1 + I] + Sqrt([5])]*Logl1/2 -
Sqrt[5]1/2 + Sqrt[l + x]] + (2*I)*ArcTan[x]*Logl[(1 + Sqrt[5])/2 + Sqrt[1 +
x]] + Log[(2*(Sqrt[1 - I] - Sqrtl[1l + x]))/(1 + 2xSqrt[1 - I] + Sqrt([5])]*Lo
gl(1 + Sqrt[5])/2 + Sqrt[l + x]] - Logl(2%(Sqrt[1 + I] - Sqrtl[l + x]))/(1 +
2%Sqrt[1 + I] + Sqrt[5])]1*Logl(1 + Sqrt[5])/2 + Sqrt[1l + x]] + Logl[(2*(Sqr
tl1 - I] + Sqrt[1 + x]))/(-1 + 2+8qrt[1 - I] - Sqrt[5])]*Logl(1 + Sqrt[5])/
2 + Sqrt[1 + x]] - Logl(2*%(Sqrt[1 + I] + Sqrt[l + x]))/(-1 + 2%Sqrt[1 + I]
- Sqrt[5])]1*Logl[(1 + Sqrt[5])/2 + Sqrt[1l + x]] - (2*I)*ArcTan[x]*Logl[x + Sq
rt[1 + x]] + PolyLog[2, (-1 + Sqrt[5] - 2*Sqrt[1 + x])/(-1 + 2xSqrt[1 - I]
+ Sqrt[5])] - PolyLog[2, (-1 + Sqrt[5] - 2xSqrt[l + x])/(-1 + 2*Sqrt[1 + I]
+ Sqrt[5])] + PolyLogl[2, (1 - Sqrt[5] + 2*Sqrt[1 + x])/(1 + 2*Sqrt[1 - I]
- Sqrt[51)] - PolyLogl2, (1 - Sqrt[5] + 2*Sqrtl[1 + x]1)/(1 + 2*Sqrt[1 + I] -
Sqrt[5])] + PolyLog[2, (1 + Sqrt[5] + 2*Sqrt[l + x])/(1 - 2*Sqrt[1l - I] +
Sqrt[5])] + PolyLogl[2, (1 + Sqrt[5] + 2*Sqrt[1l + x])/(1 + 2*Sqrt[1 - I] + S
qrt[51)] - PolyLog[2, (1 + Sqrt[5] + 2#Sqrt[1 + x])/(1 - 24Sqrt[1 + I] + Sq
rt[5])] - PolyLogl[2, (1 + Sqrt[5] + 2xSqrt[1 + x])/(1 + 2xSqrt[1 + I] + Sqr
t[61)1)

fricas [F] time = 0.42, size = 0, normalized size = 0.00

log(x+\/m> x]

integral
integra ( 211

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/(x"2+1),x, algorithm="fricas")
[Out] integral(log(x + sqrt(x + 1))/(x"2 + 1), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

flog(x+\/m>

X% +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/(x"2+1),x, algorithm="giac")
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[Out] integrate(log(x + sqrt(x + 1))/(x"2 + 1), x)
maple [A] time = 0.09, size = 730, normalized size = 0.74

. -5 +2vx+1 , . -5 +2vx+1 . V5 +2x+1
_zln(%)ln(\ﬂ—z+Vx+1)_zln(%)ln(\/x+ —Vl—z);ln(%)ln(\/ﬁ

2 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(An(x+(x+1)"(1/2))/(x"2+1),x)

[Out] 1/2*%T*dilog((1+5™(1/2)+2*(x+1)7(1/2))/(1+2% (1+I)~(1/2)+5"(1/2)))+1/2*I*1n((
x+1)7(1/2) = (1+1) 7 (1/2))*1n ((1-57(1/2) +2* (x+1) " (1/2)) / (1+2% (1+1) ~ (1/2) -5~ (1/
2)))-1/2*Ix1n((x+1) " (1/2) - (1-1) " (1/2) ) *1n((1+57 (1/2)+2% (x+1) ~(1/2)) / (1+2% (1
-1)7(1/2)+57(1/2)))-1/2%T*dilog ((1+57(1/2)+2* (x+1) ~(1/2)) / (1-2%(1-1)~(1/2)+
5 (1/2)))+1/2xT*x1n ((1+1) " (1/2)+(x+1) " (1/2))*1n((1-5"(1/2)+2* (x+1)~(1/2)) / (1
-2%(1+I)7(1/2)-5"(1/2)))+1/2*%I*1n((x+1) ~(1/2)-(1+I)~(1/2) ) *1n((1+5~(1/2) +2x%
(x+1)7(1/2)) / (1+2% (1+1) " (1/2)+5° (1/2)) ) +1/2*T*dilog ((1+5" (1/2) +2% (x+1) " (1/2
))/(1-2% (1+1) "~ (1/2)+57(1/2))) -1/2*T*dilog (145~ (1/2)+2* (x+1) " (1/2)) / (1+2* (1
~I)7(1/2)+57(1/2)))-1/2+Ix1n (x+ (x+1) " (1/2) ) *x1n((x+1) " (1/2) - (1+1)~(1/2))-1/2
*#T#1n (x+ (x+1) 7 (1/2))*¥1n ((1+1) " (1/2) +(x+1) 7 (1/2) ) +1/24 Tk 1n (x+ (x+1) ~ (1/2) ) ¥1n
((1-1)7(1/2)+(x+1)7(1/2))-1/2%Ixdilog ((1-57 (1/2)+2x (x+1)7(1/2)) / (1-2% (1-1)~
(1/2)-5"(1/2)))-1/2*%I*dilog ((1-57(1/2)+2* (x+1)~(1/2)) / (1+2x (1-1)~(1/2)-5"(1
/2)))-1/2%T*1n((1-1)~ (1/2)+(x+1) " (1/2) ) *x1n((1+57(1/2)+2% (x+1) " (1/2)) / (1-2%
1-I)"(1/2)+57(1/2)) ) +1/2%I*1n(x+(x+1) " (1/2) ) *1n((x+1)~(1/2)-(1-I1)~(1/2))-1/
2 I*1n ((x+1)~(1/2) - (1-1)~(1/2)) *1n((1-5~ (1/2)+2% (x+1) ~(1/2) ) / (1+2% (1-1)~ (1/
2)-57(1/2)))-1/2xIx1n((1-I) "~ (1/2)+(x+1) "~ (1/2))*1n((1-5"(1/2) +2% (x+1)~(1/2))
/(1-2%(1-I)"(1/2)-5"(1/2)))+1/2*T+1n((1+I) " (1/2)+(x+1) " (1/2) ) *1n((1+5~(1/2)
+2x (x+1)7(1/2)) / (1-2x(1+I) " (1/2)+57(1/2) ) ) +1/2*I*dilog ((1-57(1/2) +2* (x+1) ~(
1/2))/(1-2%(1+I1)~(1/2)-57(1/2)))+1/2*I*dilog ((1-5"(1/2) +2* (x+1)~(1/2)) / (1+2
*(1+41)~(1/2)-5~(1/2)))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

flog(x+\/m>

d
x2+1 :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/(x72+1),x, algorithm="maxima"
[Out] integrate(log(x + sqrt(x + 1))/(x"2 + 1), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

fln(x+\/m)

d
x2+1 X




Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x + (x + 1)7(1/2))/(x"2 + 1),x)
[Out] int(log(x + (x + 1)7(1/2))/(x"2 + 1), %)
sympy [F] time = 0.00, size = 0, normalized size = 0.00

flog(x+\/m)

d
x2+1 X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(In(x+(1+x)**(1/2))/(x**2+1),x)

[Out] Integral(log(x + sqrt(x + 1))/(x**2 + 1), x)
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log”(x+ 1
331 [l

(1+x)2

Optimal. Leaf size=555

6 PolyLog (2’_21\137\/51 )_(3 N \/E)PolyLog(z,_z‘/’Tz \/—g«/@ +1J_(3_ x/E)PolyLog[z, z\/yri \;% V5

[Out] 1n(1+x)-3*x1n(1+x)*1n(x+(1+x)~(1/2))-1n(x+(1+x)~(1/2)) "2/ (1+x)+6%x1n(1/2%5" (1
/2)-1/2)*1n(1-5"(1/2)+2% (1+x) ~(1/2) ) +3*1n(1+x) *In (1+2x (1+x) ~(1/2) / (5~ (1/2)+
1))+6xpolylog(2,-2*(1+x)~(1/2)/(57(1/2)+1))-6*polylog(2,1+2*(1+x)~(1/2) /(-5
“(1/2)+1))-1n(1+567(1/2) +2x (1+x) ~(1/2) ) * (=57 (1/2) +1) +1n(x+(1+x) " (1/2) ) *1n(1+
57(1/2)+2x (1+x)~(1/2))*(3-57(1/2) ) -1n(1/10*x (-1+57(1/2) -2« (1+x) ~(1/2))*5~(1/
2))*1n(1+57(1/2)+2*% (1+x) " (1/2) )*(3-57(1/2))-1/2x1n(1+57 (1/2) +2* (1+x) " (1/2))
~2%(3-57(1/2))-polylog(2,1/10%(1+5~(1/2)+2x (1+x)~(1/2))*5~(1/2))*(3-5"(1/2)
)-In(1-5"(1/2)+2x(1+x) " (1/2))* (57 (1/2)+1)+1In(x+(1+x) " (1/2) )*1n(1-5"(1/2) +2x*
(1+x)7(1/2))*(3+57(1/2))-1/2*%1n(1-5"(1/2) +2x (1+x) " (1/2) ) "2*(3+57(1/2) ) -1n(1
=57 (1/2)+2x (1+x) ~(1/2))*1n(1/10% (1+5~(1/2) +2* (1+x) ~(1/2) )*5~(1/2) ) *(3+5~(1/
2))-polylog(2,1/10*%(-1+57(1/2)-2* (1+x)~(1/2))*57(1/2) ) *(3+57(1/2) ) +2*1n (x+(
1+x)~(1/2)) / (1+x)~(1/2)

Rubi [A] time = 0.71, antiderivative size = 555, normalized size of antiderivative
= 1.00, number of steps used = 35, number of rules used = 16, integrand size = 18,
number of rules _ ). 889, Rules used = {2525, 2528, 800, 632, 31, 2524, 2357, 2316, 2315, 2317,
integrand size

2391, 2418, 2390, 2301, 2394, 2393}

2Vx +1 2vVx+1 -5 +1 2vVx +1 +/5 -
6PolyLog |2, — —(3 +v/5) PolyLog| 2, - —(3 = v5) PolyLog]| 2,
Y g[ 1+\/§]( ) Y g( 2+/5 )( ) Y g( 2+/5

Antiderivative was successfully verified.
[In] Int[Logl[x + Sqrtl[1l + x]]1°2/(1 + x)~2,x]

[Out] Logll + x] + (2*Loglx + Sqrtl[l + x]1)/Sqrt[1l + x] - 6%LoglSqrt[1 + x]]*Logl
x + Sqrt[1 + x]] - Loglx + Sqrt[1 + x]172/(1 + x) - (1 + Sqrt[5])*Logl[l - S
qrt[5] + 2xSqrt[1 + x]] + 6xLog[(-1 + Sqrt[5])/2]*Logl[l - Sqrt[5] + 2*Sqrtl[
1 + x]] + (3 + Sqrt[6])*Loglx + Sqrt[1l + x]]*Logll - Sqrt[5] + 2*Sqrt[l + x
11 - ((3 + Sqrt[5])*Logl[l - Sqrt[5] + 2*Sqrt[l + x]]172)/2 - (1 - Sqrt[5])*L
ogll + Sqrt[5] + 2*Sqrt[l + x]] + (3 - Sqrt[5])*Loglx + Sqrt[l + x]]*Logl[1l
+ Sqrt[5] + 2*Sqrt[1 + x]] - (3 - Sqrt[5])*Log[-(1 - Sqrt[5] + 2*Sqrt[l + x
1)/ (2%Sqrt [5])1*Log[1 + Sqrt[5] + 2*Sqrt[1 + x]] - ((3 - Sqrt[5])*Logl[l + S
qrt[5] + 2xSqrt[1 + x]1]172)/2 - (3 + Sqrt[5])*Logl[l - Sqrt([5] + 2xSqrt[l + x
11*Log[(1 + Sqrt[5] + 2*Sqrt[1 + x])/(2*Sqrt[5])] + 6*Logl[Sqrt[1 + x]]*Logl
1 + (2#Sqrt[1 + x])/(1 + Sqrt[5])] + 6+PolyLogl[2, (-2%Sqrt[1 + x])/(1 + Sqr
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t[51)] - (3 + Sqrt[5])*Polylog[2, -(1 - Sqrt[5] + 2xSqrt[1 + x])/(2xSqrt[5]
)] - (8 - Sqrt[5])*PolyLogl[2, (1 + Sqrt[5] + 2xSqrt[1 + x])/(2*Sqrt[5]1)] -
6xPolylog[2, 1 + (2*Sqrt[1 + x])/(1 - Sqrt[5])]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 632

Int[((d_.) + (e_)*x))/((a_) + (b_)*(x_) + (c_.)*(x_)~2), x_Symbol] :> W
ith[{q = Rt[b"2 - 4xaxc, 2]}, Dist[(c*d - ex(b/2 - q/2))/q, Int[1/(b/2 - q/
2 + c*x), x], x] - Dist[(c*xd - ex(b/2 + q/2))/q, Int[1/(b/2 + q/2 + c*x), x
1, x1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b*e, 0] && NeQ[b~2 - 4xa
xc, 0] && NiceSqrtQ[b~2 - 4*axc]

Rule 800

Int[(C(d_.) + (e_)*(x_))"(m_)*x((f_.) + (g_)*(x_)))/((a_.) + (b_.)*x(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[((d + ex*x) mx(f + g*x))/(a
+ bxx + c*x72), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b~2 - 4xax
c, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] &% IntegerQ[m]

Rule 2301

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]1*(b_.))/(x_), x_Symbol] :> Simp[(a + bxLo
glc*x™n])~2/(2%b*n), x] /; FreeQ[{a, b, c, n}, xI]

Rule 2315

Int[Logl[(c_.)*x(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLogl[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rule 2316

Int[((a_.) + Logl(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[
((a + b*Log[-((c*d)/e)])*Logld + exx])/e, x] + Dist[b, Int[Log[-((e*x)/d)]/
(d + exx), x], x] /; FreeQ[{a, b, c, d, e}, x] && GtQ[-((cx*d)/e), 0]

Rule 2317

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]x(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symb
0l] :> Simp[(Log[l + (exx)/d]*(a + bxLogl[c*x"n]) p)/e, x] - Dist[(b*nx*p)/e,
Int[(Logl[l + (e*x)/d]*(a + bxLoglc*x™n])~(p - 1))/x, x], x] /; FreeQl[{a, b
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, ¢, d, e, n}, x] && IGtQ[p, O]

Rule 2357

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]1*(b_.)) " (p_.)*(RFx_), x_Symbol] :> With[{
u = ExpandIntegrand[(a + b*Logl[c*x™n]) p, RFx, x]}, Int[u, x] /; SumQ[ul]l /
; FreeQ[{a, b, c, n}, x] && RationalFunctionQ[RFx, x] && IGtQ[p, O]

Rule 2390

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)]1*(b_.))"(p_)*x((£f_) + (g_.
)*(x_))~(q_.), x_Symbol] :> Dist[1/e, Subst[Int[((f*x)/d) g*(a + bxLoglc*x™
n])7p, x], x, d + exx], x] /; FreeQ[{a, b, ¢, d, e, £, g, n, p, q}, x] && E
qQlexf - dxg, 0]

Rule 2391

Int[Log[(c_.)*((d_) + (e_.)*x(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLog[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 2393

Int[((a_.) + Logl(c_.)*((d.) + (e_)*x(x_)N)I*x(M_.))/((£f_.) + (g_)*x(x)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*xe*x)/gl)/x, x], x, £ + g*x
1, x]1 /; FreeQ[{a, b, ¢, d, e, £, g}, x] && NeQ[exf - dxg, 0] &% EqQ[g + c*
(exf - dxg), 0]

Rule 2394

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)]1*x(b_.))/C(f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[(Log[(ex(f + gxx))/(exf - dxg)lx(a + bxLoglcx(d + exx
)7°nl))/g, x] - Dist[(b*e*n)/g, Int[Logl(ex(f + g*x))/(exf - d*xg)]/(d + exx)
, x1, x] /; FreeQ[{a, b, ¢, 4, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2418

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_))"(n_.)I*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Loglc*(d + e*x)~n]) p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

Rule 2524

Int[((a_.) + Logl(c_)*@RFx_ )~ (p_)1*(_))"(a_.)/(d_.) + (e_.)*x(x)), x_8S
ymbol] :> Simp[(Logl[d + e*x]*(a + b*Log[c*RFx~pl)"n)/e, x] - Dist[(b*n*p)/e
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, Int[(Logl[d + exx]x(a + bxLogl[c*RFx~p])~(n - 1)*D[RFx, x])/RFx, x], x] /;
FreeQ[{a, b, ¢, d, e, p}, x] && RationalFunctionQ[RFx, x] && IGtQ[n, 0]

Rule 2525

Int[((a_.) + Logl(c_.)*(RFx_ )~ (p_)I1*x(b_.))"(n_.)*x((d_.) + (e_.)*(x_))"(m_.
), x_Symbol] :> Simp[((d + e*x)~(m + 1)*(a + b*xLogl[c*RFx~p]) n)/(ex(m + 1))
, x] - Dist[(b*n*p)/(ex(m + 1)), Int[SimplifyIntegrand[((d + e*x) (m + 1)*(
a + b*Loglc*RFx"pl)~(n - 1)*D[RFx, x])/RFx, x], x], x] /; FreeQ[{a, b, c, d
, €, m, pt, x] & RationalFunctionQ[RFx, x] && IGtQ[n, 0] && (EqQ[n, 1] ||
IntegerQ[m]) && NeQ[m, -1]

Rule 2528

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)1*(b_.))"(n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + b*Logl[c*RFx~pl) n, RGx, x]}, Int[u, x] /; SumQ[u
11 /; FreeQ[{a, b, c, p}, x] && RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

Rubi steps
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10g2(x+\/1+x)

1 + x)2

dx =
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log? (-1 + x + x2
ZSubst[f 8 ( )dx,x,\/1+x]

x3

log? (x + V1 + x 1+ 2x)log (-1 + x + x?
- g( )+28ubst f( ) g( )dx,x,\/1+x]

1+x xz(—1+x+x2)

log2 (x+ V1 +x)

1+x

+ 2 Subst 5 +
X X

f[ log(—1+x+x2) 3log(—1+x+x2) (4 +

log? (x + V1 + x log (-1 + x + x? 4
- g( )—ZSubstf g( )dx,x,\/1+x)+28ubst(f(—

1+x x?
210 X+ 1+x log? (x + V1 +x
280 o (7 o i) L)
V1+x 1+x
210 X+ 1+x log? (x + V1 +x
= g( 6log( 1+x) (x+\/1+x) g( )—ZSub
V1+x 1+x
2log |x + V1 + x log? x+\/f
= log(1l + x) + g(\/lTx )—610g(\/1+x)10g(x+\/1+x)—g(f+x
2log(x+V1+x log? (x + V1-
= log(1l + x) + g(\/lTx )—6log(\/1+x)log(x+\/1+x)—g(ﬁ
2log(x+V1+x log? (x + V1-
= log(1l + x) + g(\/lTx )—6log(\/1+x)log(x+\/1+x)—g(ﬁ
2log |x + V1 + x log? x+\/f
log(1 + x) + g(\/lT )—6log(\/1+x)1og(x+\/1+x)—g(f+x
X
2log(x+V1+x log? (x + V1-
=log(1 + x) + g(—1+x )—6log(\/1+x)log(x+\/1+x)——g (1+x
2log(x+V1+x log? (x + V1-
log(1 +x) + g(—1+x )—610g(\/1+x)10g(x+\/1+x)—g(f+x



185

Mathematica [A] time = 1.58, size = 1076, normalized size = 1.94

%[Vglogz(vgiri-—1§i4—1)-k310g (Vgiff-—1[:4—l)—]zlog(zVGi:I)log(vgirf-—)@54-1)+

2 -1++5 2 2
Warning: Unable to verify antiderivative.

[In] Integratel[Logl[x + Sqrt[l + x]]172/(1 + x)~2,x]

[Out] (2xLogll + x] - 6*%Logl(1 + Sqrt([5])/2]*Logl[l + x] - 12xLogl[(2*Sqrt([1 + x])/
(-1 + Sqrt[5])1*Logl[1/2 - Sqrt[5]/2 + Sqrt[l + x]] + 6xLogl[l + x]*Log[1/2 -
Sqrt[56]1/2 + Sqrt[1 + x]] - 6*Log[-1 + Sqrt[5] - 2*Sqrt[1 + x]I*Logl[1/2 - S
qrt[5]/2 + Sqrt[1 + x]] - 2xSqrt[5]*Logl[-1 + Sqrt[5] - 2*Sqrt[1 + x]]*Logl[1l
/2 - Sqrt([5]/2 + Sqrt[1l + x]] + 3xLogl[1/2 - Sqrt[5]/2 + Sqrt[l + x]]172 + Sq
rt[6]*Log[1/2 - Sqrt([5]/2 + Sqrt[1l + x]]72 + 6*Log[l + x]*Log[(1 + Sqrt[5])
/2 + Sqrt[1 + x]] - 6xLogl[-1 + Sqrt[5] - 2*Sqrt[1 + x]I*Logl[(1 + Sqrt([5])/2
+ Sqrt[1 + x]] - 2xSqrt[5]*Log[-1 + Sqrt[5] - 2*Sqrt[1 + x]]*Log[(1 + Sqrt
[6])/2 + Sqrt[1l + x]] + 3*%Logl[(1 + Sqrt[5])/2 + Sqrt[1l + x]]~2 - Sqrt[5]*Lo
gl(1 + Sqrt([5])/2 + Sqrt[l + x]]172 + (4*xLoglx + Sqrtl[1l + x]])/Sqrt[l + x] -
6xLog[1 + x]*Logl[x + Sqrt[1 + x]] + 6xLog[-1 + Sqrt[5] - 2*Sqrt[l + x]]*Lo
glx + Sqrt[1 + x]] + 2*Sqrt[5]*Logl[-1 + Sqrt[5] - 2xSqrt[1l + x]]*Log[x + Sq
rt[1 + x]] - (2%Loglx + Sqrt[1l + x1172)/(1 + x) - 2xLogl[l - Sqrt[b] + 2*Sqr
t[1 + x]] - 2*%Sqrt[5]*Log[l - Sqrt([5] + 2xSqrt[1 + x]] + 3*Logl[5]*Logl[l - S
qrt[5] + 2xSqrt[1 + x]] + Sqrt[5]*Log[5]*Log[l - Sqrt[5] + 2*Sqrt[1l + x]] -
2xLog[1 + Sqrt[5] + 2xSqrt[l + x]] + 2*Sqrt[5]*Log[l + Sqrt[5] + 2%Sqrt[1
+ x]] - 6*Logl[1/2 - Sqrt[5]/2 + Sqrt[1 + x]]l*Logl[l + Sqrt[5] + 2*Sqrt[l + x
11 + 2#Sqrt[5l*Log[1/2 - Sqrt[5]/2 + Sqrt[l + x]I*Logl[l + Sqrt[5] + 2*Sqrtl[
1 + x]] - 6%Log[(1 + Sqrt[5])/2 + Sqrt[1l + x]]*Logl[l + Sqrt[5] + 2*Sqrt([1 +
x]] + 2xSqrt[6]*Logl[(1 + Sqrt[5])/2 + Sqrt[1l + x]]*Logl[l + Sqrt[5] + 2*Sqr
t[1 + x]] + 6*Loglx + Sqrt[1l + x]]*Log[l + Sqrt[5] + 2xSqrt[1l + x]] - 2xSqr
t[6]*Loglx + Sqrt[1 + x]]*Logl[l + Sqrt[5] + 2*Sqrt[1 + x]] + 6xLogl[1/2 - Sq
rt[6]/2 + Sqrtl[l + x]]*Logl[(1 + Sqrt[5] + 2*Sqrt[1 + x])/(2*Sqrt[5])] - 2%S
qrt [5]*Log[1/2 - Sqrt[5]/2 + Sqrt[l + x]]1*Logl[(1 + Sqrt[5] + 2xSqrt[1 + x])
/(2%Sqrt[5])] + 12*%PolyLogl2, (-2xSqrt[1 + x1)/(1 + Sqrt[5]1)] - 4xSqrt[5]*P
olyLogl[2, (-1 + Sqrt[5] - 2*Sqrt[1 + x])/(2%Sqrt[5])] - 12*PolyLogl[2, (-1 +
Sqrt[5] - 2#Sqrt[1 + x])/(-1 + Sqrt[5])1)/2

fricas [F] time = 0.42, size = 0, normalized size = 0.00

log (x+Vx+1) ]

int 1
megra[ x2+2x+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))~2/(1+x)"2,x, algorithm="fricas")
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[Out] integral(log(x + sqrt(x + 1))72/(x72 + 2*x + 1), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

flog(x+\/m>2

(x +1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))"2/(1+x)~2,x, algorithm="giac")
[Out] integrate(log(x + sqrt(x + 1))72/(x + 1)72, x)

maple [F] time = 0.11, size = 0, normalized size = 0.00

dx

fm@+ﬁ3ﬂ2

(x +1)°
Verification of antiderivative is not currently implemented for this CAS.

[In] int(In(x+(x+1)"(1/2))"2/(x+1)"2,x)
[Out] int(In(x+(x+1)"(1/2))"2/(x+1)"2,%)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

_log(x+\/m)2 +f(2x+\/m +2)log(x+\/m)

dx
x+1 B +222+ (2 +2x +1)Vx +1 +x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))~2/(1+x)"2,x, algorithm="maxima")

[Out] -log(x + sqrt(x + 1))72/(x + 1) + integrate((2*x + sqrt(x + 1) + 2)*log(x +
sqrt(x + 1))/(x73 + 2*%x72 + (x72 + 2%x + D)*sqrt(x + 1) + x), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

fm@+ﬁ7ﬂ2

dx
(x +1)°

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x + (x + 1)7(1/2))"2/(x + 1)72,%)



[Out] int(log(x + (x + 1)°(1/2))"2/(x + 1)72, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

flog(x+\/m>2

(x +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(In(x+(1+x)**(1/2))*x2/(1+x)**2,x)
[Out] Integral(log(x + sqrt(x + 1))**2/(x + 1)**2, x)

187



188

1 1
332 [ g

X
Optimal. Leaf size=313
2(1-vVx+1) 2(1-+x+1) 2(Va+1 +1) 2 (Va

—PolyLog|2, —— = [-PolyLog |2, ——— = |-PolyLog|2, —— = [-PolyLog]| 2,
o T o 2T 2T

[Out] In(-1+(14x)~(1/2))*1n(x+(1+x) " (1/2))+1n(1+(1+x) " (1/2)) *1n(x+(1+x)~(1/2))-1n
(=1+(1+x)~(1/2))*1n((1-5"(1/2)+2*x (1+x) ~(1/2)) / (3-5"(1/2) ) ) -1n(1+(1+x) ~(1/2)
)*In((-1+57(1/2)-2%(1+x)~(1/2)) /(67 (1/2)+1) ) -1n(1+(1+x) ~(1/2) ) *1n((-1-5"(1/
2)=-2%(1+x)"(1/2)) /(-5 (1/2)+1))-1n(-1+(1+x) " (1/2) ) *1n((1+5~ (1/2) +2* (1+x) ~ (1
/2))/(3+57(1/2)))-polylog(2,2*(1-(1+x)~(1/2))/(3-57(1/2)))-polylog(2,2* (1-(
1+x)~(1/2))/(3+567(1/2)) ) -polylog(2,2x (1+(1+x)~(1/2))/(-57(1/2)+1) ) -polylog(
2,2x(1+(1+x)~(1/2)) /(67 (1/2)+1))

Rubi [A] time = 0.38, antiderivative size = 313, normalized size of antiderivative
= 1.00, number of steps used = 21, number of rules used = 7, integrand size = 14,

number of rules _ 0,500, Rules used = {2530, 2528, 2524, 2418, 2394, 2393, 2391}

PolyL 22(1_ x+1) PolyL 22(1_ x+1) PolyL 22( x+1+1) PolyL 2
—PolyLo ,——~ |-PolyLo ,—— = |-PolyLo , —PolyLo ,
Y-8 3—\/5 y-o8 3+\/§ Y-8 1—\/5 Y-8

Antiderivative was successfully verified.

integrand size

2(Vx

[In] Int[Logl[x + Sqrtl[l + x]]/x,x]

[Out] Logl[-1 + Sqrt[1 + x]]*Loglx + Sqrt[l + x]] + Logll + Sqrt[1l + x]]*Log[x + S
qrt[1 + x]] - Log[-1 + Sqrt[1 + x]]1*Logl[(1 - Sqrt[5] + 2*Sqrt[1 + x])/(3 -
Sqrt[5])] - Logl[l + Sqrt[1l + x]]*Logl[-((1 - Sqrt[5] + 2*xSqrt[l + x])/(1 + S
qrt[5]))] - Logl[l + Sqrt[1l + x]]*Log[-((1 + Sqrt[5] + 2*Sqrt[l + x])/(1 - S
qrt[5]))] - Logl[-1 + Sqrt[1 + x]]*Logl[(1 + Sqrt([5] + 2xSqrt[1 + x])/(3 + Sq
rt[5])] - PolyLogl[2, (2%(1 - Sqrt[il + x]))/(3 - Sqrt[5])] - PolyLogl[2, (2%(

1 - Sqrt[1 + x]))/(3 + Sqrt[5]1)] - PolyLog[2, (2%(1 + Sqrt[1 + x]))/(1 - Sq
rt[5])] - PolyLogl[2, (2%(1 + Sqrt[1 + x]))/(1 + Sqrt[5])]

Rule 2391

Int[Log[(c_.)*x((d ) + (e_.)*x(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 2393

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))]*(b_.0)/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + b*xLogl[l + (cxexx)/gl)/x, x], x, f + g*x
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1, x]1 /; FreeQ[{a, b, ¢, d, e, £, g}, x] && NeQ[exf - dxg, 0] &% EqQ[g + c*
(e*f - d*g): O]

Rule 2394

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_)) " (n_.)]1*(b_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[(Log[(ex(f + gxx))/(exf - dxg)lx(a + bxLoglcx(d + exx
)7°nl))/g, x] - Dist[(b*e*n)/g, Int[Logl(ex(f + g*x))/(exf - d*g)]/(d + e*x)
, x1, x] /; FreeQ[{a, b, ¢, d, e, £, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2418

Int[((a_.) + Logl(c_.)*x((d_) + (e_)*(x_))"(n_.)I*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Loglc*(d + e*x)"n]) p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] &% IntegerQ[p]

Rule 2524

Int[((a_.) + Logl(c_.)*x(RFx_)~(p_.)]1*(b_.)) " (n_.)/((d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[(Logl[d + exx]*(a + b*Logl[c*RFx~pl)~n)/e, x] - Dist[(b*nx*p)/e
, Int[(Logl[d + exx]x(a + bxLogl[c*RFx~p])~(n - 1)*D[RFx, x])/RFx, x], x] /;
FreeQ[{a, b, ¢, d, e, p}, x] && RationalFunctionQ[RFx, x] && IGtQ[n, 0]

Rule 2528

Int[((a_.) + Logl(c_.)*(RFx_ )~ (p_.)1*(b_.))"(n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + b*Logl[c*RFx~pl)~n, RGx, x]}, Int[u, x] /; SumQ[u
11 /; FreeQ[{a, b, c, p}, x] && RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

Rule 2530

Int[((a_.) + Loglu_l*(b_.))*(RFx_), x_Symbol] :> With[{lst = SubstForFracti
onalPowerOfLinear [RFx*(a + b*Loglul), x]}, Dist[1lst[[2]]*1st[[4]], Subst[In
t[1st[[11], %I, x, 1st[[31]1°(1/1st[[2]11)], x] /; !FalseQ[lst]] /; FreeQ[{a
, b}, x] && RationalFunctionQ[RFx, x]

Rubi steps



_ 2
flog(x+\/1+x)dx=28ubst[fxlog( 1+x+x )dx,x, '—1+x)

X -1+ x?
log (—1 +x+ x2) log (—1 +x+ xz)
—ZSubst[f[ 2T + 2077 dx,x, V1 + x

-1+x 1+x

log (-1 + x + x2 log (-1 + x + x2
:Subst(f g( )dx,x,\/1+x]+8ubst[f g( )dx,x,\/1+

Y

:log(—l+M)log(x+M)+log(1+\/m>10g(x+\/E)—log(—1-

:log(—l+M)log(x+\/m>+log(1+\/m>10g(x+\/E)—log(—1-

Mathematica [A] time = 0.10, size = 303, normalized size = 0.97

2(Vx+1 +1 24/ - 1 24 - 1
—PolyLog| 2, Q +PolyLog| 2, * \/g il +PolyLog|2, - s \/5 al +PolyLog
1-+5 3-45 1++5

Antiderivative was successfully verified.

[In] Integrate[Logl[x + Sqrt[1l + x]]/x,x]

[Out] Logl[l - Sqrt[1 + x]]*Loglx + Sqrt[1l + x]] + Logl[l + Sqrt[1l + x]]*Log[x + Sq
rt[1 + x]] - Logl[(3 - Sqrt[5])/2]*Log[1l - Sqrt[5] + 2*Sqrt[1 + x]] - Logl[(1
+ Sqrt[5])/2]*Log[1 - Sqrt[5] + 2%Sqrt[l + x]] - Log[(3 + Sqrt[5])/2]*Logl
1 + Sqrt[5] + 2xSqrt[1 + x]] - Logl[l + Sqrt[1l + x]]*Log[-((1 + Sqrt[5] + 2%
Sqrt[1 + x])/(1 - Sqrt[51))] - PolyLogl[2, (2%(1 + Sqrt[l + x]))/(1 - Sqrt[5
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1)] + PolyLog[2, (1 - Sqrt[5] + 2%Sqrt[1 + x])/(3 - Sqrt[5])] + PolyLogl2,
-((1 - Sqrt[5] + 2*%Sqrt[1 + x])/(1 + Sqrt[5]))] + PolyLog[2, (1 + Sqrt[5] +
2x3qrt[1 + x])/(3 + Sqrt[5])]

fricas [F] time = 0.42, size = 0, normalized size = 0.00

log<x+\/m> x]

X

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/x,x, algorithm="fricas")
[Out] integral(log(x + sqrt(x + 1))/x, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

flog(x+\/m>

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/x,x, algorithm="giac")
[Out] integrate(log(x + sqrt(x + 1))/x, x)

maple [A] time = 0.02, size = 252, normalized size = 0.81

“1+5 -2Vx+1 “1++5 -2vVx+1 1+V5 +2vVx +
_m[ s )m(_um)_m[ 0 )1n(1+ﬁ)—ln( 0

Verification of antiderivative is not currently implemented for this CAS.

[In] int(In(x+(x+1)7(1/2))/x,%)

[Out] In(1+(x+1)7(1/2))*In(x+(x+1)7(1/2))-1n(1+(x+1)~(1/2))*1In((-1+57(1/2)-2% (x+1
)7(1/2)) /(57 (1/2)+1) ) -In(1+(x+1) = (1/2) ) *In ((1+57 (1/2) +2* (x+1) = (1/2)) / (5~ (1/
2)-1))-dilog((-1+57(1/2)-2%(x+1)~(1/2)) /(67 (1/2)+1))-dilog ((1+57(1/2) +2* (x+
1)7(1/2)) /(67 (1/2)-1)) +1In(-1+(x+1) " (1/2) ) *In(x+(x+1) " (1/2) ) -1In(-1+(x+1) " (1/
2))*1n((-1+57(1/2)-2x(x+1)~(1/2)) /(67 (1/2)-3) ) -1n(-1+(x+1) " (1/2) ) *1n ((1+57(
1/2)+2%(x+1)7(1/2)) /(3+567(1/2)) ) -dilog ((-1+57(1/2)-2*(x+1) "~ (1/2)) /(57 (1/2) -
3))-dilog((1+57(1/2)+2*(x+1)~(1/2))/(3+57(1/2)))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

dx

flog(x+\/m)

X



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/x,x, algorithm="maxima")
[Out] integrate(log(x + sqrt(x + 1))/x, x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.00

fln(x+\/m>

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(log(x + (x + 1)7(1/2))/x,%)
[Out] int(log(x + (x + 1)7°(1/2))/x, %)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

flog(x+\/m)

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(x+(1+x)**(1/2))/x,x)
[Out] Integral(log(x + sqrt(x + 1))/x, x)
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333  [tan'(2tan(x))dx

Optimal. Leaf size=80
1 PolyLog (2, L), L PolyLog (2, 362ix)+lix log (1 - 362ix)—lix log |1 - L tan"1(2 tan(x))
4 3 4 2 2 3

[Out] x*arctan(2*tan(x))+1/2*xI*x*1n(1-3*exp(2*I*x))-1/2*I*x*1n(1-1/3*%exp(2xI*x))-
1/4*polylog(2,1/3*%exp(2*I*x))+1/4*polylog(2,3*exp(2*xI*x))

Rubi [A] time = 0.08, antiderivative size = 80, normalized size of antiderivative =

ber of rul
1.00, number of steps used = 7, number of rules used = 4, integrand size = 5, e o e

= 0.800, Rules used = {5167, 2190, 2279, 2391}

integrand size

1 1.\ 1 N 1 N 1 1 ..
—;FolyLog (2, EeZZx)+ZPolyLog (2, 3e2”‘)+§ix log (1 — 3e2x )—Eix log (1 - 5621x)+x tan}(2 tan(x))

Antiderivative was successfully verified.
[In] Int[ArcTan[2*Tan[x]],x]

[Out] x*ArcTan[2*Tan([x]] + (I/2)#*x*Logl[l - 3*E~((2xI)*x)] - (I/2)*xxLogl[l - E~((2
*x1)*x)/3] - PolyLogl[2, E~((2*%I)*x)/3]/4 + PolyLogl[2, 3*E~((2*I)*x)]/4

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_))))"(a_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (f_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (bx(F~(gx(e + fxx)))"n)/al)/(bxfxg*n*Log[F]), x] - Di
st [(d*m) / (b*f*gxnxLog[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*x((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, 0]

Rule 2391
Int[Logl(c_.)*x((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl[{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 5167
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Int[ArcTan[(c_.) + (d_.)*Tan[(a_.) + (b_.)*(x_)]], x_Symbol] :> Simp[x*ArcT
an[c + d*Tan[a + b*x]], x] + (Dist[b*x(1 - Ixc - d), Int[(x*E~(2xI*a + 2*Ix*b
*x))/(1 - Ixc + d + (1 - Ixc - d)*E~(2*Ixa + 2*I*b*x)), x], x] - Dist[b*x(1
+ I*xc + d), Int[(x*¥E~(2*I*a + 2*I*b*x))/(1 + I*c - d + (1 + I*xc + d)*E~(2xI
*xa + 2xIxb*x)), x], x]) /; FreeQ[{a, b, c, d}, x] && NeQ[(c + Ixd)"2, -1]

Rubi steps

elex eszx
+ 3¢ 21x 3 — esz

f tan~!(2 tan(x)) dx = x tan}(2 tan(x)) - 3 f =

1 A 1.. 1 )
= xtan~' (2 tan(x)) + Eix log (1 - 3e21x) - Eix log |1 - gezlx - Eiflog (1 _ 3e2”‘) dx +

1. 1. 1.\ 1 log(1 - 3x)
— -1 21 2
= xtan™ (2 tan(x)) + i log (1 - 3e x) - 5ix log |1 - 3¢ o 1 Subst (f . d

1 . 1 1., 1 1 1 .
_ -1 ; 2 : 2 2 : 2
= xtan™ (2 tan(x)) + Elx log (1 —3e ”“) - sz log |1 - 56 "l - -Li, (—e ”‘) + ZLIZ (36 .

4 3

Mathematica [B] time = 0.26, size = 262, normalized size = 3.28

M)) +2icos™! (g) tan™!(2 tan(x)

2 tan(x) — i PolvLoe |2
' OYRo8 |~ 2 tan(x) + i

1
19 ——i|i|PolyLog |2, ———
x tan™" (2 tan(x)) 1! 1( oly Og( "6 tan(x) + 3i

Antiderivative was successfully verified.

[In] Integrate[ArcTan[2+Tan[x]],x]

[Out] x*ArcTan[2*Tan[x]] - (I/4)*((4*I)*xxArcTan[Cot[x]/2] + (2*I)*ArcCos[5/3]*Ar
cTan[2*Tan[x]] + (ArcCos[5/3] + 2%ArcTan[Cot[x]/2] + 2*ArcTan[2*Tan[x]])*Lo
g[((2*I)*Sqrt[2/3])/(E™ (I*x)*Sqrt[-5 + 3*Cos[2*x]])] + (ArcCos[5/3] - 2*Arc
Tan[Cot[x]/2] - 2xArcTan[2*Tan([x]])*Log[((2*I)*Sqrt[2/3]1*E~(I*x))/Sqrt[-5 +

3*Cos [2*xx]]] - (ArcCos[5/3] - 2*xArcTan[2+*Tan[x]])*Log[(4*I - 4*Tan([x])/(I

+ 2%Tan[x])] - (ArcCos[5/3] + 2xArcTan[2*Tan[x]])*Logl[(4*(I + Tan[x]))/(3x*I

+ 6%Tan[x])] + I*(-PolyLog[2, (-3*I + 6*Tan[x])/(I + 2xTan[x])] + PolyLogl[

2, (-I + 2xTan[x])/(3*I + 6xTan[x])]))

fricas [B] time = 0.45, size = 220, normalized size = 2.75

2 (2 tan(x)? + 3i tan(x) — 1)) 1 (2 (2 tan(x)? + i tan(x) + 1)) 1 [2
og ixlog| -

1
x arctan (2 tan(x))—-ixlo +-ix1 ——
( () i tan(x) +1 3 (’cam(x)2 + 1) 4

4
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(2*tan(x)),x, algorithm="fricas")

[Out] x*arctan(2*tan(x)) - 1/4*I*xxxlog(2*(2*tan(x)~2 + 3*Ixtan(x) - 1)/(tan(x)"2
+ 1)) + 1/4xIxx*xlog(2/3*(2*tan(x) "2 + I*tan(x) + 1)/(tan(x)"2 + 1)) - 1/4%I
xx*x1og(2/3*x(2xtan(x) "2 - Ixtan(x) + 1)/(tan(x)"2 + 1)) + 1/4xI*x*xlog(2*(2xt
an(x)~2 - 3*xIxtan(x) - 1)/(tan(x)"2 + 1)) + 1/8*dilog(-2*(2*tan(x) "2 + 3*Ix*
tan(x) - 1)/(tan(x)"2 + 1) + 1) - 1/8*dilog(-2/3*(2*tan(x)~2 + I*tan(x) + 1
)/(tan(x)"2 + 1) + 1) - 1/8%dilog(-2/3*(2*tan(x)~2 - I*tan(x) + 1)/(tan(x)”

2 + 1) + 1) + 1/8xdilog(-2*(2*tan(x) "2 - 3*Ixtan(x) - 1)/(tan(x)"2 + 1) + 1

)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f arctan (2 tan(x)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(2*tan(x)),x, algorithm="giac")
[Out] integrate(arctan(2*tan(x)), x)
maple [A] time = 0.17, size = 113, normalized size = 1.41

(itan(x)+1)2 )

: _ 36tan@+)®  arctan (tan(x)) In (1 — 200D
iarctan (tan(x)) In (1 TR ) (tan(x)) 3(tan2(0+1)

2 - 2

arctan (2 tan(x)) arctan (tan(x))+

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan(2*tan(x)),x)

[Out] arctan(2*tan(x))*arctan(tan(x))+1/2xI*arctan(tan(x))*1n(1-3*%(1+I*tan(x))"2/
(tan(x)~2+1))+1/4*xpolylog(2,3*(1+I*xtan(x)) "2/ (tan(x) "2+1))-1/2*I*arctan(tan
(x))*1n(1-1/3*(1+I*xtan(x)) "2/ (tan(x) "2+1))-1/4*polylog(2,1/3*x(1+I*tan(x)) "2
/(tan(x)~2+1))

maxima [A] time = 1.01, size = 84, normalized size = 1.05

x arctan (2 tan(x))—1 log (4 tan(x)? + 4) log (4 tan(x)? + 1)+1 log (4 tan(x)? + 1) log i tan(x)? + z —11
8 8 9 9) 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(2*tan(x)),x, algorithm="maxima")
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[Out] x*arctan(2*tan(x)) - 1/8xlog(4*tan(x)~2 + 4)*log(4*tan(x)”2 + 1) + 1/8*log(
4xtan(x) "2 + 1)*log(4/9xtan(x) "2 + 4/9) - 1/4xdilog(2xIxtan(x) - 1) + 1/4%d
ilog(2/3*Ixtan(x) + 1/3) + 1/4*dilog(-2/3*I*tan(x) + 1/3) - 1/4*dilog(-2%Ix*
tan(x) - 1)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
f atan (2 tan(x)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan(2*tan(x)),x)
[Out] int(atan(2*tan(x)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f atan (2 tan (x)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(2*tan(x)),x)

[Out] Integral(atan(2*tan(x)), x)
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n—l
3.34 f tan™" (x) log(x) dx

X

Optimal. Leaf size=57
1, 1 .1 Ny .
_El PolyLog(3, —ix) + El PolyLog(3, ix) + El log(x) PolyLog(2, —ix) — El log(x) PolyLog(2, ix)

[Out] 1/2*Ix1n(x)*polylog(2,-I*x)-1/2*I*1n(x)*polylog(2,I*x)-1/2*xI*polylog(3,-I*x
)+1/2%I*polylog(3,I*x)

Rubi [A] time = 0.08, antiderivative size = 57, normalized size of antiderivative =

ber of rul
1.00, number of steps used = 5, number of rules used = 5, integrand size = 8, e e

= 0.625, Rules used = {4848, 2391, 5005, 2374, 6589}

integrand size

1 1 1 1
—EiPolyLog(C%, —ix) + EiPolyLog(?y, ix) + Ei log(x)PolyLog(2, —ix) — Ei log(x)PolyLog(2, ix)

Antiderivative was successfully verified.
[In] Int[(ArcTan[x]*Logl[x])/x,x]

[Out] (I/2)*Loglx]*PolyLogl[2, (-I)*x] - (I/2)*Loglx]*PolyLogl[2, I*x] - (I/2)*Poly
Log[3, (-I)*x] + (I/2)*PolyLogl[3, Ixx]

Rule 2374

Int[(Logl(d_.)*((e_ ) + (£_)*(x_ )" (m_.))]*((a_.) + Logl(c_.)*x(x_ )" (n_.)I*(b
_ )" (p_))/(x_), x_Symbol] :> -Simp[(PolyLog[2, -(d*f*x"m)]*(a + b*Logl[c*x
“n])7p)/m, x] + Dist[(b*n*p)/m, Int[(PolyLogl[2, -(d*f*x"m)]*(a + b*Log[c*x™
n])~(p - 1))/x, x], x] /; FreeQl{a, b, ¢, d, e, f, m, n}, x] && IGtQ[p, O]
&& EqQld*e, 1]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxe*x"n)]1/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 4848

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> Simpl[ax*Log[x], x]
+ (Dist[(I*b)/2, Int[Logl[l - Ixc*x]/x, x], x] - Dist[(I*b)/2, Int[Logl[l +
Ixcx*x]/x, x], x]) /; FreeQ[{a, b, c}, xl]

Rule 5005
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Int[(ArcTan[(c_.)*(x_ )~ (n_.)]*Logl(d_.)*(x_)~(m_.)])/(x_), x_Symbol] :> Dis
t[I/2, Int[(Logld*x"m]*Logl[l - I*c*x"n])/x, x], x] - Dist[I/2, Int[(Logld*x
“m]*Log[1 + I*c*x"nl)/x, x], x] /; FreeQ[{c, d, m, n}, x]

Rule 6589

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.01/((@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + bxx)"pl/(e*p), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] && EqQ[bx*d, axel

Rubi steps

tan~!(x) log(x) , 1. log(l—ix)log(x) 1, rlog(1 +ix)log(x)
f " dx—Ezf " dx—Ezf " dx

1. . 1, o 1.  Liy(-ix) 1.  Liy(ix)

= 2110g(x)L12( ix) 21log(x)L12(1x) 21 f " dx + 21 f ” dx

1 1 1 1
= Ei log(x)Liy(—ix) - Eilog(x)Liz(ix) - EiLig,(—ix) + EiLig,(ix)

Mathematica [A] time = 0.06, size = 44, normalized size = 0.77
1
Ei(_ PolyLog(3, —ix) + PolyLog(3, ix) + log(x) PolyLog(2, —ix) — log(x) PolyLog(2, ix))

Antiderivative was successfully verified.

[In] Integrate[(ArcTan[x]*Logl[x])/x,x]

[Out] (I/2)*(Loglx]*PolyLogl[2, (-I)*x] - Logl[x]*PolyLog[2, I*x] - PolyLog[3, (-I)
*xx] + PolyLog[3, I*x])

fricas [F] time = 0.43, size = 0, normalized size = 0.00

integral ( arctan(;c) log(x) ’ x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)*log(x)/x,x, algorithm="fricas")
[Out] integral(arctan(x)*log(x)/x, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f arctan(jz) log(x) I
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)*log(x)/x,x, algorithm="giac")
[Out] integrate(arctan(x)*log(x)/x, x)

maple [F] time = 0.59, size = 0, normalized size = 0.00

f arctan(x) In(x)

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan(x)*1n(x)/x,x)
[Out] int(arctan(x)*1n(x)/x,x)

maxima [A] time = 1.15, size = 31, normalized size = 0.54
1. . ... ... 1. .
—EZL12 (ix)log(x) + 51L12 (=ix)log(x) + 51L13(1 X) — §1L13(—1x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)*log(x)/x,x, algorithm="maxima")

[Out] -1/2%I*xdilog(I*x)*log(x) + 1/2*Ixdilog(-Ix*x)*log(x) + 1/2*I*polylog(3, I*x)
- 1/2*%Ixpolylog(3, -I*x)

mupad [F] time = 0.00, size = -1, normalized size = -0.02

fatan(x) In(x) i

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int((atan(x)*log(x))/x,x)
[Out] int((atan(x)*log(x))/x, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f log (x) atan (x) i

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(x)*1ln(x)/x,x)

[Out] Integral(log(x)*atan(x)/x, x)
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335 [ V1+x2tan'(x)?dx

Optimal. Leaf size=121
itan™" (x) PolyLog (2, —ie' 2" (x)) —itan™!(x) PolyLog (2 iettan” (x)) PolyLog( iettan” (x))+PolyLog (3 ietta

[Out] arcsinh(x)-I*arctan((1+I*x)/(x"2+1)7(1/2))*arctan(x) 2+I*arctan(x)*polylog(
2,-Ix(1+I*x)/(x"2+1)~(1/2))-I*arctan(x)*polylog(2,I*(1+I*x)/(x"2+1)~(1/2))-
polylog(3,-Ix(1+I*x)/(x"2+1)~(1/2))+polylog(3,I*(1+I*xx)/(x~2+1)~(1/2))-arct
an(x)*(x72+1) 7 (1/2)+1/2*x*arctan(x) "2x(x~2+1) " (1/2)

Rubi [A] time = 0.11, antiderivative size = 121, normalized size of antiderivative
= 1.00, number of steps used = 10, number of rules used = 7, integrand size = 14,

number of rules _ ), 500, Rules used = {4880, 4888, 4181, 2531, 2282, 6589, 215)

integrand size

itan” 1(x)PolyLog( ieftan” (")) —itan™!(x)PolyLog (2, jeitan”™ () ) PolyLog( jeitan” () )+PolyLog (3 iettar

Antiderivative was successfully verified.
[In] Int[Sqrt[1 + x"2]*ArcTan[x]"2,x]

[Out] ArcSinh[x] - Sqrt[l + x"2]*ArcTan[x] + (x*Sqrt[l + x"2]*ArcTan[x]~2)/2 - Ix
ArcTan[E~ (I*ArcTan[x])]*ArcTan[x]~2 + IxArcTan[x]*PolyLog[2, (-I)*E~(I*ArcT
an[x])] - I*ArcTan[x]*PolyLog[2, I*E~(I*ArcTan[x])] - PolyLogl[3, (-I)=*E~(Ix
ArcTan[x])] + PolyLogl[3, I*E~(I*ArcTanl[x])]

Rule 215

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr
tlall/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)Iv.1 /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_.)*x((a_.) + (b_)*(x_))))"(m_D1*x((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(c*x(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -



201

1)*PolyLog[2, -(ex(F~(cx(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, f
, g, n}, x] && GtQ[m, O]

Rule 4181

Int[csc[(e_.) + Pix(k_.) + (f_.)*(x_)]*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
1 :> Simp[(-2*%(c + d*x) “m*ArcTanh[E~(Ixk*Pi)*E~(I*(e + f*x))])/f, x] + (-Di
st[(d*m)/f, Int[(c + d*x)~(m - 1)*Log[l - E~(I*k*Pi)*E~(I*(e + f*x))], x],

x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Logl[l + E~(I*k*xPi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, d, e, f}, x] && IntegerQ[2+k] && IGtQ[m, O]

Rule 4880

Int[((a_.) + ArcTan[(c_.)*(x )]1*(b_.))"(p )*((d) + (e_.)*(x)"2)"(q_.), x_
Symbol] :> -Simp[(b*p*(d + e*x"2) g*(a + bxArcTan[c*x])~(p - 1))/ (2*cxq* (2%
q+ 1)), x] + (Dist[(2%d*q)/(2*%q + 1), Int[(d + e*x"2)"(q - 1)*(a + b*ArcTa
nlcxx])"p, x], x] + Dist[(b™2xdxpx(p - 1))/(2%q*(2%q + 1)), Int[(d + e*x"2)
“(q - 1)x(a + bxArcTan[c*x])~(p - 2), x], x] + Simp[(x*(d + exx"2)"gx(a + b
xArcTan[c*x])"p)/(2*%q + 1), x]) /; FreeQ[{a, b, c, d, e}, x] && EqQle, c~2x
d] && GtQlq, 0] && GtQlp, 1]

Rule 4888

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/Sqrtl(d_) + (e_.)*(x_)"2], x_S
ymbol] :> Dist[1/(c*Sqrt[d]), Subst[Int[(a + b*x) p*Sec[x], x], x, ArcTan[c
*x]1], x] /; FreeQ[{a, b, c, 4, e}, x] && EqQle, c™2+d] && IGtQ[p, O] && GtQ
[d, 0]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x) pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}y, x] & EqQ[bxd, axel]

Rubi steps
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1 1 [ tan~(x)?
V1 + 22 tan}(x)?dx = =V1 + x2 tan~ (%) + =xV1 + x2 tan~' (x)% + = f dx + f
f 2 2J N1+ x2 V1+ x2

= sinh™ ' (x) - V1 + 22 tan"(x) + %x 1+ x2 tan}(x)% + > Subst ( f x? sec(x) dx, x, t
= sinh ' (x) = V1 + 22 tan"}(x) + ;x 1+ x2 tan~}(x)? —itan! (eita“_l(")) tan~! (x)? -
= sinh ' (x) = V1 + 22 tan"(x) + x\/l-l——x2 tan~!(x)? —itan™! (el tan”™ () ) tan~! (x)? -
= sinh ' (x) = V1 + 22 tan"(x) + Ex\/l-l——xz tan~!(x)? —itan™! (el tan”!(x) )t “1(x)? 4
G

_ 1 _
= sinh }(x) - V1 + 22 tan" (x) + > 1+22 tanL(x)2 — itan™! (/¥ @) tan~1(x)?

Mathematica [A] time = 0.22, size = 131, normalized size = 1.08

itan™" (x) PolyLog (2, —ie' 2" (x)) —itan~!(x) PolyLog (2, ie'*"" (x)) PolyLog (3, —e't*" (x))+PolyLog (3,ie't

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[1l + x"2]*ArcTan([x]"2,x]

[Out] -(Sqrt[1 + x"2]*ArcTan[x]) + (x*Sqrt[l + x"2]*ArcTan[x]~2)/2 - I*ArcTan[E~(
I*ArcTan[x])]*ArcTan[x] "2 + ArcTanh([x/Sqrt[1 + x"2]] + IxArcTan[x]*PolyLogl[

2, (-I)*E~(I*ArcTan([x])] - I*ArcTan[x]*PolyLog[2, I*E~(I*ArcTan[x])] - Poly
Log[3, (-I)*E~(I*ArcTan[x])] + PolyLogl[3, I*E~(I*ArcTan[x])]

fricas [F] time = 0.44, size = 0, normalized size = 0.00

integral (sz +1 arctan(x)?, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)~2*(x"2+1)7(1/2),x, algorithm="fricas")
[Out] integral(sqrt(x”2 + 1)*arctan(x)”2, x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f Va2 +1 arctan(x)? dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(arctan(x)~2*(x"2+1)7(1/2),x, algorithm="giac")
[Out] integrate(sqrt(x~2 + 1)*arctan(x)~2, x)

maple [A] time = 0.38, size = 171, normalized size = 1.41

i(ix+1) 2 i(ix+1)
arctan(x)? In (1 - 1—) arctan(x)“ In (1 + —) v+ 1 coo
Va2el) Ll WA polylog (2, —M) arctan(x)—i polylog (2, £ ix
2 2 Va2 +1 Va2 -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan(x) 2*(x"2+1)"(1/2),x)

[Out] 1/2*(x"2+1)~(1/2)*arctan(x)*(x*arctan(x)-2)-1/2*arctan(x) "2*1n(1+I* (1+Ixx)/
(x72+1)7(1/2))+1/2*arctan(x) "2*1n(1-I* (1+I*x)/(x72+1) " (1/2))+I*arctan(x)*po
lylog(2,-I*(1+I*x)/(x"2+1)~(1/2))-I*arctan(x)*polylog(2,I*(1+I*x)/(x"2+1)"(
1/2))-polylog(3,-I*(1+I*x)/(x"2+1)~(1/2))+polylog(3,I*(1+Ixx)/(x~2+1)~(1/2)
)=2xIxarctan((1+I*x)/(x"2+1)~(1/2))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

f Vx2 +1 arctan(x)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)~2*(x"2+1)7(1/2),x, algorithm="maxima")
[Out] integrate(sqrt(x”2 + 1)*arctan(x)”2, x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01
f atan(x)® Va2 + 1 dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int(atan(x)"2*(x"2 + 1)°(1/2),x)
[Out] int(atan(x)~2*x(x"2 + 1)°(1/2), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f Vx2 +1 atan? (x) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(x)**2* (x*x*2+1)**x(1/2),x%)

[Out] Integral(sqrt(x**2 + 1)*atan(x)**2, x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: x)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal] *)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex*)

(¥ "C" if result involves higher level functions than necessaryx*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
I1f [ExpnType [result] <=ExpnType [optimall],
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If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result] <=2*LeafCount [optimal],
IIA" s
||Bll] ,
||Cl|] s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
||Cl| s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*xexpression based on the functions it involves*)

(1
(¥2 = algebraic functionx)

rational functionx)

(¥3 = elementary functionx*)

(x4 = special functionx)

(*5 = hyperpergeometric functionx)
(6 = appell functionx)

(¥7 = rootsum functionx)

(*8 = integrate functionx)

(¥9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn] ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType lexpn[[1]1]1],2]1],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunction@[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]1],
If [SpecialFunctionQ[Head [expnl],
Apply [Max, Append [Map [ExpnType, Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]l],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]],
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If [Head [expn]===RootSum,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

},funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, Coshlntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{Hypergeometric1F1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]

4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount (result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType (result);
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",
ExpnType_optimal);
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
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if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do not
as well");
fi;
if leaf_ count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:
#

# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
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#

#Nasser 032417

is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function
hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

H OH HF H OH HF H H H R H
© 0 N O O WN -
n

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest(expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)])))
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elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2. .nops(u),u))
end if
end proc:
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#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count (expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfil]
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def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow):  #type(expn,' ~""')

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, ' *™")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args([1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))




214

elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(O,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,
return max(7,ml1)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count_result
leaf_count_optimal

leaf _count(result)
leaf_count (optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

debug=False;

def tree_size(expr):
i
Return the tree size of this expression.
win
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is Nonme:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_function(func):
debug=False
m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot','sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh','cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch'
'arctan2', 'floor', 'abs'
]
if debug:
if m:

,'sgn',
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print ("func ", func , " is elementary_function")
else:

print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
debug=False
if debug: print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi', 'fresnel sin','fresnel cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi','cosh_integral', 'gamma’','log_gamma', 'psi,zeta’,
'polylog','lambert_w', 'elliptic_£f','elliptic_e',
'elliptic_pi','exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):

return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):
debug=False

if debug: print ("Enter is_atom")

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:

if expn.parent() is SR:
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return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.argsl[1i],

Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()
[1]1)) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]))
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return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)

return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it

#is checked before calling the grading function that is passed.
#but kept it here.

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

if debug: print ("Enter grade_antiderivative for sagemath")

leaf _count_result = tree_size(result) #leaf_count(result)
leaf_count_optimal = tree_size(optimal) #leaf_count(optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
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if leaf_count_result <= 2x%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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