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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 35 ]. This is test number [ 2 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi %94.29 (33) | %571 (2)
Mathematica | % 100. ( 35) %0.(0)

Maple % 7714 (27 ) | %22.86 (8)

Maxima % 42.86 (15) | % 57.14 (20)
Fricas % 68.57 (24) | % 31.43 (11)
Sympy % 20. (7) % 80. (28)
Giac % 37.14 (13) | % 62.86 (22)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 91.43 2.86 0. 5.71
Mathematica 68.57 14.29 17.14 0.
Maple 45.71 17.14 14.29 22.86
Maxima 37.14 2.86 2.86 57.14
Fricas 37.14 31.43 0. 31.43
Sympy 11.43 8.57 0. 80.
Giac 20. 14.29 2.86 62.86




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.3 183.58 1.23 83. 1.
Mathematica 0.58 271.77 1.74 102. 1.
Maple 0.05 138.19 1.21 83. 0.84
Maxima 1.44 127.33 1.62 69. 1.66
Fricas 8.69 1996.92 9.6 229.5 4.3
Sympy 5.03 179.86 415 65. 2.32
Giac 1.19 144.08 2.21 100. 1.41
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1.4 list of integrals that has no closed form an-
tiderivative

b

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi

Mathematica

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.



POST PROCESSOR SCRIPT

Mathematica script

-

Test files from Maple script w Program that

Albert Rich Rubi generates the
wensi [ o ron

using input

from the
l Python script to run rubi-in-sympy ' result tables

SageMath/Python

script to test

—»  Fri
X N —m SageMath Fricas
Maxima, Fricas,

Gl
e

Giac .
— Maxima =[[ i—'
|
v

One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

WoOoNOLHWNE
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detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: { [1}[2,[3}[4}[5[6} 9} [10} 11} 12} [13] 14} 15 [16}[17][18} {19, [20} [22} 23} [24} [25} 26} 27 [28} [29)
[30,31}[32,[33} 34435}

B grade: {[21]}

C grade: { }

F grade: {[7}[8}

2.1.2 Mathematica

A grade: { 2P 7040} T 2 3 5 6 7 05 22 25) 27 27 28 200 B B B B 5
B grade: { BT 192053}

C grade: ([ 6, EDEHED)
F grade: { }

2.1.3 Maple

A grade: { (1)) 0} T2 20} 21 22,253 25) 27 503 B2 B3B3
B grade: {311} 79,2020
C grade: (BB

15
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F grade: {[9}[15}[16}[18}[28}[29} 31} [34] }

2.1.4 Maxima

A grades (3537180112 (9, 0L E2, B3,

B grade: {[23]}

C grade: {}

P grades (2555 0 )7 2 2 25 26,27 26 5 O, BT B 5

21.5 FriCAS

A grade: {[1, 2B} 4 5} 9} (12} 15 (LG, L7, [18) L9} [22]}
B grade: ()0} 10314 20, 23,23, 20, 26,3
C grade: { }

F grade: {71525, 27) 25,293 B0 P, B2 B B3

21.6 Sympy

A grade: {|§|,}
B grade: {}
C grade: { }

dfr (A7 [8 01} 12 13} 14 151 16} [17} 18} [20} 21} 23} 24} 25| 26} [27) [28} [29}, B0} BT} B2} 83}
34,85

2.1.7 Giac

A grade: (LBEBEIEED)

B grade: {[2}[19,[20[24} 26 }

C grade: {[4]}

F grade: (7} 503238 51 7 5 25 27 5 2 B0, B B2 B, BB
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — :
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 22 22 77 21 27 82 51 24
normalized size | 1 1. 3.5 0.95 1.23 3.73 232 1.09
time (sec) N/A 0.135 0.061 0.047 1437 1.028 6.845 1.118
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 32 32 24 50 0 116 0 198
normalized size | 1 1. 0.75 1.56 0. 3.62 0. 6.19
time (sec) N/A 0.156 0.017 0.009 0. 1.112 0. 1.149
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 16 16 31 69 14 20
normalized size | 1 1. 0.64 0.64 1.24 2.76 0.56 0.8
time (sec) N/A 0.014 0.009 0.005 0965 1119 0.408 1.101
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 58 58 68 42 151 182 0 58
normalized size | 1 1. 1.17 0.72 2.6 3.14 0. 1.
time (sec) N/A 0.082 0.016 0.012 1.55 1.138 0. 1.097
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Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 50 50 26 42 76 198 925 43
normalized size | 1 1. 0.52 0.84 1.52 3.96 18.5  0.86
time (sec) N/A 0.026 0.033 0.063 0979 1121 11.395 1.11
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 334 334 30 36 0 3152 26 335
normalized size | 1 1. 0.09 0.11 0. 9.44 0.08 1.
time (sec) N/A 0.347 0.004 0.015 0. 1.22 1.2 1124
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A F A C A F(-2) F F
verified N/A N/A NO TBD TBD TBD TBD TBD
size 201 0 430 171 494 0 0 0
normalized size | 1 0. 1.48 0.59 1.7 0. 0. 0.
time (sec) N/A 0.049 0.92 0.096 1.62 0. 0. 0.
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A F B C A F(-2) F F
verified N/A N/A Yes TBD TBD TBD TBD TBD
size 308 0 654 198 510 0 0 0
normalized size | 1 0. 2.12 0.64 1.66 0. 0. 0.
time (sec) N/A 0.043 0.51 0.008 1.614 0. 0. 0.
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 84 84 84 0 0 197 0 0
normalized size | 1 1. 1. 0. 0. 2.35 0. 0.
time (sec) N/A 0.059 0.041 0.017 0. 1.078 0. 0.
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B A F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 41 41 41 34 69 284 112 0
normalized size | 1 1. 1. 0.83 1.68 6.93 2.73 0.
time (sec) N/A 0.193 0.057 0.004 1.427  1.007 10.842 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 73 73 71 175 85 323 0 0
normalized size | 1 1. 0.97 2.4 1.16 4.42 0. 0.
time (sec) N/A 0.108 0.058 0.104 1.458  1.094 0. 0.
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 73 73 52 60 104 305 0 0
normalized size | 1 1. 0.71 0.82 1.42 418 0. 0.
time (sec) N/A 0.271 0.075 0.006 1.461  1.087 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F B F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 365 365 357 109 0 20056 0 0
normalized size | 1 1. 0.98 0.3 0. 54.95 0. 0.
time (sec) N/A 0.859 0.457 0.017 0. 56.984 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B C F B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 337 337 2075 105 0 15946 0 0
normalized size | 1 1. 6.16 0.31 0. 47.32 0. 0.
time (sec) N/A 0.621 5.972 0.011 0. 44.925 0. 0.
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Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 77 77 74 0 0 165 0 0
normalized size | 1 1. 0.96 0. 0. 2.14 0. 0.
time (sec) N/A 0.071 0.038 0.014 0. 6.299 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 118 118 112 0 0 219 0 0
normalized size | 1 1. 0.95 0. 0. 1.86 0. 0.
time (sec) N/A 0.191 0.079 0.02 0. 11.04 0. 0.
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 83 83 85 298 0 240 0 0
normalized size | 1 1. 1.02 3.59 0. 2.89 0. 0.
time (sec) N/A 0.1 0.034 0.011 0. 29.436 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 96 96 98 0 0 297 0 0
normalized size | 1 1. 1.02 0. 0. 3.09 0. 0.
time (sec) N/A 0.084 0.168 0.028 0. 29.32 0. 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 112 49 49 103 65 101
normalized size | 1 1. 4.48 1.96 1.96 412 2.6 4.04
time (sec) N/A 0.075 0.105 0.019 1.447 2105 3.723 1.551
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Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 126 33 47 211 0 100
normalized size | 1 1. 5.04 1.32 1.88 8.44 0. 4.
time (sec) N/A 0.051 0.095 0.071 1.43 2.238 0. 1.269
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A B C A F(-1) B F(-1) A
verified N/A NO NO TBD TBD TBD TBD TBD
size 108 786 478 95 0 718 0 140
normalized size | 1 7.28 443 0.88 0. 6.65 0. 1.3
time (sec) N/A 1.117 6.296 0.062 0. 2.92 0. 1.112
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 56 27 54 182 66 41
normalized size | 1 1. 1.93 0.93 1.86 6.28 228 141
time (sec) N/A 0.02 0.033 0.039 1.302 2292 0.786 1.121
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 26 26 26 20 58 207 0 41
normalized size | 1 1. 1. 0.77 2.23 7.96 0. 1.58
time (sec) N/A 0.013 0.017 0.025 1.822  2.208 0. 1.089
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 110 147 121 366 0 2684 0 366
normalized size | 1 1.34 11 3.33 0. 244 0. 3.33
time (sec) N/A 0.607 0.118 0.113 0. 2.663 0. 1.365
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Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 40 40 54 75 0 0 0 0
normalized size | 1 1. 1.35 1.88 0. 0. 0. 0.
time (sec) N/A 0.081 1.789 0.1 0. 0. 0. 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F B
verified N/A NO NO TBD TBD TBD TBD TBD
size 185 349 910 392 0 1277 0 406
normalized size | 1 1.89 4.92 212 0. 6.9 0. 2.19
time (sec) N/A 0.976 0.524 0.129 0. 2.734 0. 1.216
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 102 102 102 83 0 0 0 0
normalized size | 1 1. 1. 0.81 0. 0. 0. 0.
time (sec) N/A 0.146 0.017 0.028 0. 0. 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 159 159 122 0 0 0 0 0
normalized size | 1 1. 0.77 0. 0. 0. 0. 0.
time (sec) N/A 0.203 0.086 2.18 0. 0. 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 395 395 347 0 0 0 0 0
normalized size | 1 1. 0.88 0. 0. 0. 0. 0.
time (sec) N/A 0.537 0.223 3.147 0. 0. 0. 0.
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 981 981 868 698 0 0 0 0
normalized size | 1 1. 0.88 0.71 0. 0. 0. 0.
time (sec) N/A 1.252 0.481 0.051 0. 0. 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 555 555 1076 0 0 0 0 0
normalized size | 1 1. 1.94 0. 0. 0. 0. 0.
time (sec) N/A 0.712 1.427 0.01 0. 0. 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 313 313 303 252 0 0 0 0
normalized size | 1 1. 0.97 0.81 0. 0. 0. 0.
time (sec) N/A 0.377 0.086 0.017 0. 0. 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 80 80 262 113 113 713 0 0
normalized size | 1 1. 3.28 1.41 1.41 8.91 0. 0.
time (sec) N/A 0.083 0.236 0.097 1483 2474 0. 0.
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 57 57 44 0 42 0 0 0
normalized size | 1 1. 0.77 0. 0.74 0. 0. 0.
time (sec) N/A 0.076 0.054 0.35 1.63 0. 0. 0.
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Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F(-2)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 121 121 131 171 0 0 0 0
normalized size | 1 1. 1.08 1.41 0. 0. 0. 0.
time (sec) N/A 0.109 0.195 0.266 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi

results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

number of rules .

the integrand. Finally the ratio —

integrand size

integral was to solve. In this test, problem number [29] had the largest ratio of [ 1.154 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand T
# | grade steps unique antideri\.zative leaf size togrand leal siz8
used rules leaf size

1 A 1 1 1. 12 0.083

2 A 4 3 1. 19 0.158

3 A 2 2 1. 6 0.333

4 A 5 5 1. 10 0.5

5 A 3 2 1. 7 0.286

6 A 22 9 1. 8 1.125

7 F 0 0 N/A 0 N/A

3 F 0 0 N/A 0 N/A

9 A 4 3 1. 19 0.158

10 A 6 3 1. 25 0.12

11 A 5 2 1. 19 0.105

12 A 6 3 1. 21 0.143

13 A 20 8 1. 28 0.286

14 A 22 9 1. 21 0.429

15 A 2 1 1. 27 0.037
Continued on next page

is given. The larger this ratio is, the harder the




Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;2?22? %
used rules leaf size

16 A 3 2 1. 36 0.056
17 A 7 5 1. 17 0.294
18 A 7 5 1. 17 0.294
19 A 6 6 1. 25 0.24
20 A 7 7 1. 14 0.5
21 B 45 7 7.28 9 0.778
22 A 3 3 1. 8 0.375
23 A 2 2 1. 10 0.2
24 A 11 7 1.34 16 0.438
25 A 5 5 1. 11 0.454
26 A 31 12 1.89 16 0.75
27 A 12 10 1. 16 0.625
28 A 13 12 1. 12 1.
29 A 28 15 1. 13 1.154
30 A 44 10 1. 18 0.556
31 A 35 16 1. 18 0.889
32 A 21 7 1. 14 0.5
33 A 7 4 1. 5 0.8
34 A 5 5 1. 8 0.625
35 A 10 7 1. 14 0.5

25
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Chapter 3

Listing of integrals

f ! dz
\/§+cos(z)+sin(z)

Optimal. Leaf size=22

3.1

1-2sin(z)

- cos(z) — sin(z)

[Out] -((1 - Sqrt[2]*Sin[z])/(Cos[z] - Sin[z]))

Rubi [A] time = 0.135323, antiderivative size = 22, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 1, number of rules used = 1, integrand size = 12, LT

0.083, Rules used = {3114}

integrand size

1-2sin(z)
cos(z) — sin(z)
Antiderivative was successfully verified.

[In] Int[(Sqrt[2] + Cos[z] + Sin[z])~(-1),z]
[Out] -((1 - Sqrt[2]*Sin[z])/(Cos[z] - Sin[z]))

Rule 3114

Int[(cos[(d_.) + (e_.)*(x_)]*(b_.) + (a_) + (c_.)*sin[(d_.) + (e_.)*(x_)])"
(-1), x_Symbol] :> -Simp[(c - a*Sin[d + ex*x])/(c*e*x(c*Cos[d + e*x] - b*Sin[

27
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d + exx])), x] /; FreeQ[{a, b, c, 4, e}, x] && EqQ[a"2 - b™2 - ¢~2, 0]
Rubi steps

f 1 PR V2 sin(z)
V2 + cos(z) + sin(z)  cos(z) - sin(z)

Mathematica [C] time = 0.0607091, size = 77, normalized size = 3.5

(@ +0)-iv2)sin(3) - (V2 + (1 +3i) cos ()
i(V2+ (=1 =0)sin (3) + (V2 + (1 +1)) cos (3)

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[2] + Cos[z] + Sin[z])~(-1),z]

[Out] (-(((1 + 3xI) + Sqrt[2])*Cos[z/2]) + ((1 + I) - IxSqrt[2])*Sin[z/2])/(((1 +
I) + Sqrt[2])#*Cos[z/2] + Ix((-1 - I) + Sqrt[2])*Sin[z/2])

Maple [A] time = 0.047, size = 21, normalized size = 1.

1

(V2-1) (tan (z/2) + V2 + 1)

-2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(z)+sin(z)+2~(1/2)),z)

[Out] -2/(27(1/2)-1)/(tan(1/2%z)+27(1/2)+1)

Maxima [A] time = 1.43676, size = 27, normalized size = 1.23

2
(\/5—1) sin(z) +1

cos(z)+1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(z)+sin(z)+27(1/2)),z, algorithm="maxima"

[Out] -2/((sqrt(2) - 1)*sin(z)/(cos(z) + 1) + 1)

Fricas [A] time = 1.02825, size = 82, normalized size = 3.73

V2 cos (z) + V2 sin (z)-2
2 (cos (z) — sin (z))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(z)+sin(z)+27(1/2)),z, algorithm="fricas")

[Out] 1/2*(sqrt(2)*cos(z) + sqrt(2)*sin(z) - 2)/(cos(z) - sin(z))

Sympy [B] time = 6.84537, size = 51, normalized size = 2.32

Ztan(z) 2\/§tan (g)

_ 2
“tan (2) + V2 tam (2) 41 —tan (2) + Vatan () +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(z)+sin(z)+2**(1/2)),z)

[Out] -2*xtan(z/2)/(-tan(z/2) + sqrt(2)*tan(z/2) + 1) + 2xsqrt(2)*tan(z/2)/(-tan(z
/2) + sqrt(2)*tan(z/2) + 1)

Giac [A] time = 1.1178, size = 24, normalized size = 1.09

2(V2+1)
\/§+tan(%z)+1

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(1l/(cos(z)+sin(z)+27(1/2)),z, algorithm="giac")

[Out] -2*%(sqrt(2) + 1)/(sqrt(2) + tan(1/2*z) + 1)

30
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1

(ViceaviTx)

Optimal. Leaf size=32

3.2 dx

1-x2 1
-—+= sin_l(x)
2x 2x 2

[Out] -1/(2*x) + Sqrtl[l - x~2]/(2%x) + ArcSin[x]/2

Rubi [A] time = 0.156235, antiderivative size = 32, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 19, e e .

integrand size
0.158, Rules used = {6690, 277, 216}

Vi-x2 1

1
- — + —sin" (%)
2x 2x 2

Antiderivative was successfully verified.

[In] Int[(Sqrt[l - x] + Sqrtl[1l + x])~(-2),x]

[Out] -1/(2xx) + Sqrt[l - x72]/(2*x) + ArcSin[x]/2

Rule 6690

Int[(u_.)*((e_.)*Sqrtl(a_.) + (b_)*(x_)"(n_.)] + (f_.)*Sqrtl(c_.) + (d_.)*
(x_)"(n_.)1)"(m_), x_Symbol] :> Dist[(b*e”2 - d*f~2)"m, Int[ExpandIntegrand
[(u*x~(m*n))/(exSqrt[a + b*x"n] - fxSqrtlc + d*x"nl)"m, x], x], x] /; FreeQ
[{a, b, c, d, e, f, n}, x] && ILtQ[m, 0] && EqQ[a*e”2 - c*xf~2, 0]

Rule 277

Int[(Cc_)*(x_))"(m_.)*x((a_) + (b_.)*(x_)"(m_))"(p_), x_Symbol] :> Simp[((c
*x)"(m + 1)*(a + b*x™n) p)/(cx(m + 1)), x] - Dist[(b*n*p)/(c"n*(m + 1)), In
t[(c*x)"(m + n)*(a + bxx™n)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[
n, 0] && GtQ[p, 0] && LtQ[m, -1] && !'ILtQ[(m + n*p + n + 1)/n, 0] &% IntBi
nomialQ[a, b, ¢, n, m, p, x]

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
tlall/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]
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Rubi steps
1 1 2 2V1 -2
f > dx = Z >~ > dx
(\/1 —x+V1+ x) x *
1 1 pv1- x2 p
Co2x 2 X2 *

Mathematica [A] time = 0.0171405, size = 24, normalized size = 0.75

V1-22+xsin (x) -1

2x

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[l - x] + Sqrtl[1l + x])~(-2),x]

[Out] (-1 + Sqrt[l - x72] + x*ArcSin[x])/(2*x)

Maple [B] time = 0.009, size = 50, normalized size = 1.6

1 1 1
5% 5y (— arcsin (x) x — V-22 + 1) V1-xV1+ xﬁ

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/((1-x)"(1/2)+(1+x)~(1/2))"2,%)

[Out] -1/2/x-1/2%(-arcsin(x)*x-(-x"2+1)"(1/2))*(1-x) " (1/2)*(1+x)~(1/2) /x/ (-x"2+1)
~(1/2)
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Maxima [F] time = 0., size = 0, normalized size = 0.

f L 5 dx
(v&+1+vﬁx+n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/((1-x)~(1/2)+(1+x)~(1/2))"2,x, algorithm="maxima"

[Out] integrate((sqrt(x + 1) + sqrt(-x + 1))7(-2), x)

Fricas [A] time = 1.11214, size = 116, normalized size = 3.62

2 x arctan (@) —Vx+1V—x+1+1
B 2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/((1-x)~(1/2)+(1+x)~(1/2))"2,x, algorithm="fricas")

[Out] -1/2%(2*x*arctan((sqrt(x + 1)*sqrt(-x + 1) - 1)/x) - sqrt(x + 1)*sqrt(-x +
1)+ 1/x

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f(vl_—xwm)z "

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/((1-x)*x(1/2)+(1+x)**(1/2))**2,x)

[Out] Integral((sqrt(l - x) + sqrt(x + 1))*x(-2), x)
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Giac [B] time = 1.14937, size = 198, normalized size = 6.19
2

)

z(ﬁ-m Ve )

1 el T xtl 1 x+1

— T+ +1 V2 erl — — + arctan

2 (\/E-\/__m R ) 4 2x 2(V2-v-x+1)
Vx+1 \/E—\/—x+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/((1-x)~(1/2)+(1+x)~(1/2))"2,x, algorithm="giac")

[Out] 1/2*pi + 2%((sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) - sqrt(x + 1)/(sqrt(2) - s
grt(-x + 1)))/(((sqrt(2) - sqrt(-x + 1))/sqrt(x + 1) - sqrt(x + 1)/(sqrt(2)

- sqrt(-x + 1)))72 - 4) - 1/2/x + arctan(1l/2*sqrt(x + 1)*((sqrt(2) - sqrt(

-x + 1))72/(x + 1) - 1)/(sqrt(2) - sqrt(-x + 1)))
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33 [———dx

(1+cos(x))2

Optimal. Leaf size=25

sin(x) sin(x)
3(cos(x) +1) " 3(cos(x) +1)2

[Out] Sin[x]/(3*(1 + Cos[x])"2) + Sin[x]/(3*(1 + Cos[x]))

Rubi [A] time = 0.013607, antiderivative size = 25, normalized size of antiderivative =

. . number of rules
1., number of steps used = 2, number of rules used = 2, integrand size = 6, ———— =

0.333, Rules used = {2650, 2648}

integrand size

sin(x) sin(x)
3(cos(x) +1)  3(cos(x) +1)?

Antiderivative was successfully verified.

[In] Int[(1 + Cos[x])~(-2),x]
[Out] Sin[x]/(3*(1 + Cos[x])"2) + Sin[x]/(3*x(1 + Cos[x]))

Rule 2650

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(b*Cosl[c
+ d*x]*(a + b*Sin[c + d*x]) n)/(axd*x(2*n + 1)), x] + Dist[(n + 1)/(a*x(2*n
+ 1)), Int[(a + b*Sin[c + d*x])~(n + 1), x], x] /; FreeQ[{a, b, c, d}, x] &
& EqQ[a”2 - b2, 0] && LtQ[n, -1] &% IntegerQ[2+n]

Rule 2648

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*x(x_)]1)~(-1), x_Symbol] :> -Simp[Cos[c +
d*x]/(d*(b + axSin[c + dx*x])), x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b
=2, 0]

Rubi steps
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1 3 sin(x) 1 1
f (1 + cos(x))? ax = 3(1 + cos(x))? " 3 f 1 + cos(x) ax
sin(x) sin(x)

= 31+ cos()? | 3(1+ cos(x))

Mathematica [A] time = 0.0088695, size = 16, normalized size = 0.64

sin(x)(cos(x) + 2)
3(cos(x) +1)?

Antiderivative was successfully verified.

[In] Integrate[(1 + Cos[x])~(-2),x]

[Out] ((2 + Cos[x])*Sin[x])/(3*(1 + Cos[x])"2)

Maple [A] time = 0.005, size = 16, normalized size = 0.6

sl ) 33

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cos(x))"2,x)

[Out] 1/6xtan(1/2*x) " 3+1/2*xtan(1/2*x)

Maxima [A] time = 0.964996, size = 31, normalized size = 1.24

sin (x) sin (x)3
2(cos(x) +1)  6(cos (x) +1)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x))~2,x, algorithm="maxima")



[Out] 1/2*%sin(x)/(cos(x) + 1) + 1/6%sin(x)"3/(cos(x) + 1)°3

Fricas [A] time = 1.11919, size = 69, normalized size = 2.76

(cos (x) + 2) sin (x)
3 (cos (x)2 +2 cos(x) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x))~2,x, algorithm="fricas")

[Out] 1/3*(cos(x) + 2)*sin(x)/(cos(x)"2 + 2%cos(x) + 1)

time = 0.408357, size = 14, normalized size = 0.56

tan® (g) tan (E)
+

6 2

Sympy [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x))**2,x)

[Out] tan(x/2)**3/6 + tan(x/2)/2

Giac [A] time = 1.10102, size = 20, normalized size = 0.8

1t 1)\’ 1t 1
- x| + = tan(=
6an 2x 2a 2x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x))~2,x, algorithm="giac")

[Out] 1/6%tan(1/2%x)~3 + 1/2%tan(1/2%*x)
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sin(x)
3.4 [—dx

Optimal. Leaf size=58
2 2
V27 cos(1)S [w / ;\/x + 1] — V2nsin(1)FresnelC [w / ;\/x + 1]

[Out] Sqrt[2*Pi]*Cos[1]*FresnelS[Sqrt[2/Pi]*Sqrt[1 + x]] - Sqrt[2*Pi]*FresnelC[Sq
rt[2/Pi]*Sqrt[1 + x]]*Sin[1]

Rubi [A] time = 0.0815101, antiderivative size = 58, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 10, LT

integrand size
0.5, Rules used = {3306, 3305, 3351, 3304, 3352}

\/2_77008(1)5 (\/%Vx + 1] - \/2_7zsin(1)Fresne1C (\/g\/x + 1]

Antiderivative was successfully verified.

[In] Int[Sin[x]/Sqrt[1l + x],x]

[Out] Sqrt[2*Pi]*Cos[1]*FresnelS[Sqrt[2/Pi]*Sqrt[1 + x]] - Sqrt[2*Pi]*FresnelC[Sq
rt[2/Pi]*Sqrt[1 + x]]1*Sin[1]

Rule 3306

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[Cos
[(d*e - c*f)/d], Int[Sin[(cxf)/d + fx*x]/Sqrtlc + d*x], x], x] + Dist[Sin[(d
xe - cxf)/d]l, Int[Cos[(c*xf)/d + f*x]/Sqrtlc + dxx], x], x] /; FreeQ[{c, 4,
e, £}, x] && ComplexFreeQ[f] && NeQ[d*e - cxf, 0]

Rule 3305

Int[sin[(e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> Dist[2/d
, Subst[Int[Sin[(f*x~2)/d], x], x, Sqrtlc + d*x]], x] /; FreeQ[{c, d, e, f}
, x] && ComplexFreeQ[f] && EqQ[d*e - cxf, 0]

Rule 3351

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne
18[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)])/(f*Rt[d, 2]1), x] /; FreeQ[{d, e, f}, x]
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Rule 3304

Int[sin[Pi/2 + (e_.) + (f_.)*(x_)]1/Sqrtl(c_.) + (d_.)*(x_)], x_Symbol] :> D
ist[2/d, Subst[Int[Cos[(f*x~2)/d], x], x, Sqrtlc + d*x]]1, x] /; FreeQ[{c, d
, e, £}, x] &% ComplexFreeQ[f] && EqQ[d*e - cxf, 0]

Rule 3352
Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]*Fresne

1C[Sqrt[2/Pil*Rt[d, 2]*(e + fxx)])/(f*Rt[d, 2]), x] /; FreeQ[{d, e, f}, x]

Rubi steps

sin(x) sm(l + x) cos(l + x)
f\/1+xd - (1)f (Df V1 +x
= (2cos(1)) Subst (fsin (xz) dx, x, V1 + x) — (2sin(1)) Subst (fcos (xz) dx, x, V1 + x)

~ VEmcos(s [\/%w—] ~arc [\/%vl_) sin(l)

Mathematica [C] time = 0.0161421, size = 68, normalized size = 1.17

2 (mGamma (% —i(x + 1)) +e#Vi(x +1)Gamma (% o 1)))
2Vx +1

Antiderivative was successfully verified.

[In] Integrate[Sin[x]/Sqrt[l + x],x]

[Out] -(Sqrt[(-I)*(1 + x)]*Gammal[1/2, (-I)*(1 + x)] + E~(2*I)*Sqrt[I*(1 + x)]*Gam
mal[1/2, Ix(1 + x)])/(2*E"I*Sqrt[1 + x])

Maple [A] time = 0.012, size = 42, normalized size = 0.7

\/E\/E (cos (1) FresnelS (ﬁxﬂ + x) —sin (1) FresnelC (% 1+ x]]
Tt

\/E
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(x)/(1+x)~(1/2),x)

[Out] 27(1/2)*Pi~(1/2)*(cos(1)*FresnelS(2"(1/2)/Pi~(1/2)*(1+x)~(1/2))-sin(1) *Fres
nelC(2°(1/2)/Pi~(1/2)*(1+x)~(1/2)))

Maxima [C] time = 1.55022, size = 151, normalized size = 2.6

—\/_(((z+1) V2 cos M+@GE-1) V2sin (1)) erf((—z+ ) V2vx +1 ) ((1 1) V2 cos M+@E+1) V2sin (1)) erf((g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+x)~(1/2),x, algorithm="maxima")

[Out] 1/8*sqrt(pi)*(((I + 1)*sqrt(2)*cos(1l) + (I - 1)*sqrt(2)*sin(1))*erf ((1/2*I
+ 1/2)*sqrt(2)*sqrt(x + 1)) + ((I - 1)*sqrt(2)*cos(1) + (I + 1)*sqrt(2)*sin

(1)) *xerf ((1/2+I - 1/2)*sqrt(2)*sqrt(x + 1)) + (-(I - 1)*sqrt(2)*cos(1) - (I

+ 1)*sqrt(2)*sin(1))*erf (sqrt(-I)*sqrt(x + 1)) + ((I + 1)*sqrt(2)*cos(1l) +

(I - 1)*sqrt(2)*sin(1))*erf((-1)~(1/4)*sqrt(x + 1)))

Fricas [A] time =1.13812, size = 182, normalized size = 3.14

VBT VT
o B e L

Verification of antiderivative is not currently implemented for this CAS.

\/—\/Ecos(l)S(

[In] integrate(sin(x)/(1+x)~(1/2),x, algorithm="fricas")

[Out] sqrt(2)*sqrt(pi)*cos(l)*fresnel_sin(sqrt(2)*sqrt(x + 1)/sqrt(pi)) - sqrt(2)
xsqrt (pi) *fresnel cos(sqrt(2)*sqrt(x + 1)/sqrt(pi))*sin(1)

Sympy [F] time = 0., size = 0, normalized size = 0.

f sin (x)
V1
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+x)**(1/2),x%)

[Out] Integral(sin(x)/sqrt(x + 1), x)

Giac [C] time = 1.09736, size = 58, normalized size = 1.

- (}Li + }I) \/Eﬁerf(— (li + 1) \/EM) ¢+ (}Li - 31) \/Eﬁerf((%i - %) \/EM) et

2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sin(x)/(1+x)~(1/2),x, algorithm="giac")

[Out] -(1/4*I + 1/4)*sqrt(2)*sqrt(pi)*erf(-(1/2*I + 1/2)*sqrt(2)*sqrt(x + 1))*e"I
+ (1/4%I - 1/4)*sqrt(2)*sqrt(pi)*erf ((1/2*I - 1/2)*sqrt(2)*sqrt(x + 1))*e”

(-D



42

35 [————dx

(cos(x)+sin(x))®
Optimal. Leaf size=50

cos(x) — sin(x) cos(x) — sin(x) 2 sin(x)
15(sin(x) + cos(x))®  10(sin(x) + cos(x))®  15(sin(x) + cos(x))

[Out] -(Cos[x] - Sin[x])/(10*(Cos[x] + Sin[x])~5) - (Cos[x] - Sin[x])/(15*%(Cos[x]
+ Sin[x])~3) + (2%Sin[x])/(15%(Cos[x] + Sin([x]))

Rubi [A] time = 0.026043, antiderivative size = 50, normalized size of antiderivative =

. . number of rules
1., number of steps used = 3, number of rules used = 2, integrand size = 7, e = =

0.286, Rules used = {3076, 3075}

integrand size

cos(x) — sin(x) cos(x) — sin(x) 2 sin(x)
15(sin(x) + cos(x))®  10(sin(x) + cos(x))®  15(sin(x) + cos(x))

Antiderivative was successfully verified.

[In] Int[(Cos[x] + Sin[x])~(-6),x]

[Out] -(Cos[x] - Sin[x])/(10*(Cos[x] + Sin[x])~5) - (Cos[x] - Sinl[x])/(15*x(Cos[x]
+ Sin[x])~3) + (2*Sin[x])/(15%(Cos[x] + Sin[x]))

Rule 3076

Int[(cos[(c_.) + (d_)*x(x)I*(a_.) + (b_)*sin[(c_.) + (d_)*xx)D])"(n ), x
_Symbol] :> Simp[((b*Cos[c + d*x] - axSin[c + d*x])*(a*Cos[c + d*x] + b*Sin
[c + dxx])"(n + 1))/(d*(n + 1)*x(@"2 + b™2)), x] + Dist[(n + 2)/((n + 1)*(a”
2 + b™2)), Int[(axCos[c + d*x] + b*Sin[c + d*x])~(n + 2), x], x] /; FreeQ[{
a, b, c, d}, x] && NeQ[a"2 + b~2, 0] && LtQ[n, -1] && NeQ[n, -2]

Rule 3075

Int[(cos[(c_.) + (d_.)*(x_)]*(a_.) + (b_.)*sinl[(c_.) + (d_.)*(x_)1)"(-2), x
_Symbol] :> Simp[Sin[c + d*x]/(a*d*(a*Cos[c + d*x] + b*Sin[c + d*x])), x] /
; FreeQ[{a, b, c, d}, x] && NeQ[a"2 + b~2, 0]

Rubi steps
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1 3 cos(x) — sin(x) 2 1 P
f (cos(x) + sin(x))® *= ~10(cos(x) + sin(x))? " 5 f (cos(x) + sin(x))* *

3 cos(x) — sin(x) cos(x) — sin(x) 2 1 P
T 10(cos(x) + sin(x))®  15(cos(x) + sin(x))? " 15 f (cos(x) + sin(x))? *
cos(x) — sin(x) cos(x) — sin(x) 2sin(x)

- 10(cos(x) + sin(x))®  15(cos(x) + sin(x))? ~ 15(cos(x) + sin(x))

Mathematica [A] time = 0.0327017, size = 26, normalized size = 0.52

—-10sin(x) + sin(5x) + 5 cos(3x)
- 30(sin(x) + cos(x))®

Antiderivative was successfully verified.

[In] Integrate[(Cos[x] + Sin[x])~(-6),x]

[Out] -(5*%Cos[3*x] - 10%Sin[x] + Sin[5*x])/(30%(Cos[x] + Sin[x])~5)

Maple [A] time = 0.063, size = 42, normalized size = 0.8

-4 -1 _ # - ;
20+ tan ()7~ (L tan () - o + 2 (L tan () - s

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(x)+sin(x))"6,x)

[Out] 2/(1+tan(x))~4-1/(1+tan(x))-8/3/(1+tan(x)) " 3+2/(1+tan(x))"2-4/5/(1+tan(x))"
5

Maxima [A] time = 0.979376, size = 76, normalized size = 1.52

15 tan (x)4 + 30 tan (x)3 + 40 tan (x)2 +20 tan (x) +7
15 (tan (x)5 +5 tan (x)4 +10 tan (x)3 +10 tan (x)2 +5 tan (x) + 1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(cos(x)+sin(x))~6,x, algorithm="maxima")

[Out] -1/15%(15*xtan(x)"4 + 30*tan(x)”3 + 40*xtan(x)"2 + 20*tan(x) + 7)/(tan(x)"5 +
5xtan(x) "4 + 10*xtan(x)~3 + 10*xtan(x)"2 + b*tan(x) + 1)

Fricas [A] time = 1.12067, size = 198, normalized size = 3.96

8 cos (x)5 —20 cos (x)3 - (8 cos (x)4 + 4 cos (x)2 - 7) sin (x) + 5 cos (x)

30 (4 cos (x)5 + (4 cos (x)4 -8 cos (x)2 - 1) sin (x) — 5 cos (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+sin(x))~6,x, algorithm="fricas")

[Out] -1/30*%(8*cos(x)”5 — 20*cos(x)”3 - (8*%cos(x)"4 + 4*xcos(x)"2 - 7)*sin(x) + 5*
cos(x))/(4*xcos(x)"5 + (4*xcos(x)"4 - 8*xcos(x)”"2 - 1)*sin(x) - 5*cos(x))

Sympy [B] time = 11.3954, size = 925, normalized size = 18.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+sin(x))**6,x)

[Out] -59xtan(x/2)**10/(255*%tan(x/2)**x10 - 2550*tan(x/2)**9 + 8925xtan(x/2)**8 -
10200*tan (x/2) **x7 - 7650*tan(x/2)**6 + 17340*tan(x/2)**5 + 7650%tan(x/2)**4
- 10200*tan(x/2)**3 - 8925*tan(x/2)**2 - 2550*tan(x/2) - 255) + 80*tan(x/2
)*x9/ (255*tan (x/2)**10 - 2550*tan(x/2)**9 + 8925*tan(x/2)**8 - 10200*tan(x/
2)*x7 - 7650*tan(x/2)**6 + 17340*tan(x/2)**5 + 7650*tan(x/2)**x4 - 10200*tan
(x/2)**x3 - 8925%tan(x/2)**x2 - 2550*tan(x/2) - 255) - 25%tan(x/2)**8/(255*ta
n(x/2)**x10 - 2550*tan(x/2)**9 + 8925*xtan(x/2)**8 - 10200*tan(x/2)**7 - 7650
*tan(x/2)**6 + 17340*tan(x/2)**5 + 7650*tan(x/2)**4 - 10200*tan(x/2)**3 - 8
926%tan (x/2) **x2 - 2550%tan(x/2) - 255) - 1040xtan(x/2)**7/(255*xtan(x/2)**10
- 2550*tan(x/2)**9 + 8925%tan(x/2)**8 - 10200*tan(x/2)**7 - 7650xtan(x/2)*
*6 + 17340*tan(x/2)**5 + 7650*tan(x/2)**4 - 10200*tan(x/2)**3 - 8925*tan(x/
2)*%x2 - 2550*tan(x/2) - 255) + 1090*tan(x/2)**6/(255*tan(x/2)**10 - 2550%*ta
n(x/2)**x9 + 8925%tan(x/2)**8 - 10200*tan(x/2)*x7 - 7650*tan(x/2)**6 + 17340
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xtan(x/2)**5 + 7650*tan(x/2)**4 - 10200*tan(x/2)**3 - 8925*tan(x/2)**2 - 25
50xtan(x/2) - 255) - 1090*tan(x/2)**4/(255*%tan(x/2)**10 - 2550*tan(x/2)**9

+ 8925*xtan(x/2)**8 - 10200*tan(x/2)**7 - 7650*tan(x/2)**6 + 17340*tan(x/2)*
*5 + 7650*tan(x/2)**4 — 10200*tan(x/2)**3 - 8925*tan(x/2)**2 - 2550*tan(x/2
) — 255) - 1040*tan(x/2)**3/(255*tan(x/2)**10 - 2550*tan(x/2)**9 + 8925*tan
(x/2)*%*x8 - 10200*tan(x/2)**7 - 7650*xtan(x/2)**6 + 17340*tan(x/2)**5 + 7650%
tan(x/2)**4 - 10200*tan(x/2)**3 - 892b*tan(x/2)**2 - 2550*tan(x/2) - 255) +
25*tan(x/2) **2/ (255*xtan (x/2) *¥10 - 2550*tan(x/2)**9 + 8925*tan(x/2)**8 - 1
0200*tan(x/2) **7 - 7650*tan(x/2)**6 + 17340*tan(x/2)**5 + 7650xtan(x/2)**4

- 10200*tan(x/2)**3 — 8925xtan(x/2)**2 - 2550*tan(x/2) - 255) + 80*tan(x/2)
/ (255*tan(x/2)**10 - 2550*tan(x/2)**9 + 8925*tan(x/2)**8 - 10200%tan (x/2) **
7 - 7650*tan(x/2)**6 + 17340*tan(x/2)*x5 + 7650*tan(x/2)**4 - 10200*tan(x/2
)*x3 - 8925xtan(x/2)**2 - 2550*tan(x/2) - 255) + 59/(255*%tan(x/2)**x10 - 255
O*xtan(x/2)**9 + 8925xtan(x/2)**8 - 10200*tan(x/2)**7 - 7650*tan(x/2)**6 + 1
7340xtan(x/2) **x5 + 7650*tan(x/2)**4 - 10200*tan(x/2)**3 - 8925xtan(x/2) **2

- 2550*tan(x/2) - 255)

Giac [A] time = 1.10987, size = 43, normalized size = 0.86

15 tan (x)4 + 30 tan (x)3 + 40 tan (x)2 + 20 tan (x) +7
15 (tan (x) + 1)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+sin(x))~6,x, algorithm="giac")

[Out] -1/15%(15*tan(x)~4 + 30*xtan(x)”~3 + 40xtan(x)”~2 + 20xtan(x) + 7)/(tan(x) + 1
)75
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3.6 [ log (;—4 + x4) dx

Optimal. Leaf size=334
1 1 1 1
xlog(x4 + F) - 5\/2— \/Elog(xz -2- \/§x+1) + E\/Z— \/Elog(xz +4/2- \/§x+1) - 5\12 + \/Elog(xz - \ﬁ

[Out] -4*x - Sqrt[2 + Sqrt[2]]*ArcTan[(Sqrt[2 - Sqrt[2]] - 2xx)/Sqrt[2 + Sqrt[2]]
] - Sqrt[2 - Sqrt[2]]*ArcTan[(Sqrt[2 + Sqrt[2]] - 2*x)/Sqrt[2 - Sqrt[2]]] +
Sqrt[2 + Sqrt[2]]*ArcTan[(Sqrt[2 - Sqrt[2]] + 2xx)/Sqrt[2 + Sqrt[2]]] + Sq

rt[2 - Sqrt[2]1*ArcTan[(Sqrt[2 + Sqrt[2]] + 2*x)/Sqrt[2 - Sqrt[2]]] - (Sqrt

[2 - Sqrt[2]]*Log[1l - Sqrt[2 - Sqrt[2]]*x + x72])/2 + (Sqrt[2 - Sqrt[2]]*Lo

gll + Sqrt[2 - Sqrt[2]]1*x + x72])/2 - (Sqrt[2 + Sqrt[2]]+*Logl[l - Sqrt[2 + S
qrt[2]]*x + x72])/2 + (Sqrt[2 + Sqrt[2]]*Logll + Sqrt[2 + Sqrt[2]]x*x + x~2]

)/2 + xxLogl[x~(-4) + x74]

Rubi [A] time = 0.347468, antiderivative size = 334, normalized size of antiderivative =
1., number of steps used = 22, number of rules used = 9, integrand size = 8, number of rules _

1.125, Rules used = {2523, 12, 388, 213, 1169, 634, 618, 204, 628}

xlog(x4+ %)—%ﬁlog(ﬂ—\/2—7\/§x+1)+%\/2—7\/§10g(x2+\/2—7\/§x+1)—%\/2+7\/§10g(x2—\ﬁ

integrand size

Antiderivative was successfully verified.

[In] Int[Loglx~(-4) + x74],x]

[Out] -4*xx - Sqrt[2 + Sqrt[2]]*ArcTan[(Sqrt[2 - Sqrt[2]] - 2*x)/Sqrt[2 + Sqrt[2]]
] - Sqrt[2 - Sqrt[2]]*ArcTan[(Sqrt[2 + Sqrt[2]] - 2*x)/Sqrt[2 - Sqrt[2]]] +
Sqrt[2 + Sqrt[2]]*ArcTan[(Sqrt[2 - Sqrt[2]] + 2*x)/Sqrt[2 + Sqrt[2]]] + Sq

rt[2 - Sqrt[2]]*ArcTan[(Sqrt[2 + Sqrt[2]] + 2*x)/Sqrt[2 - Sqrt[2]]] - (Sqrt

[2 - Sqrt[2]]1*Log[1l - Sqrt[2 - Sqrt[2]]1*x + x72])/2 + (Sqrt[2 - Sqrt[2]]*Lo

gll + Sqrt[2 - Sqrt[2]]*x + x72])/2 - (Sqrt[2 + Sqrt[2]]*Logl[l - Sqrt[2 + S
qrt[2]]*x + x72])/2 + (Sqrt[2 + Sqrt[2]]*Logl[l + Sqrt[2 + Sqrt[2]]*x + x72]

)/2 + x*xLogl[x~(-4) + x74]

Rule 2523

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)I*(b_.))"(n_.), x_Symbol] :> Simp[xx*(a +
b*Log [c*RFx~p])"n, x] - Dist[b*n*p, Int[SimplifyIntegrand[(x*(a + bxLogl[c*
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RFx"pl)~(n - 1)*D[RFx, x])/RFx, x], x], x] /; FreeQ[{a, b, c, p}, x] && Rat
ionalFunctionQ[RFx, x] && IGtQ[n, O]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 388

Int[((a_) + (b_)*x(x_)"(m_)) " (p)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(a*d - bxc*(n*(
p+ 1)+ 1))/(*x(nx(p + 1) + 1)), Int[(a + b*xx™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*(p + 1) + 1, 0]

Rule 213

Int[((a_) + (b_.)*(x_)"(n_))~(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b,
4]], s = Denominator[Rt[a/b, 411}, Dist[r/(2xSqrt[2]*a), Int[(Sqrt[2]*r -
s*x~(n/4))/(r~2 - Sqrt[2]*r*s*xx~(n/4) + s~ 2*xx~(n/2)), x], x] + Dist[r/(2xSq
rt[2]*a), Int[(Sqrt[2]*r + s*xx~(n/4))/(r~2 + Sqrt[2]*r*s*x~(n/4) + s~2*x" (n
/2)), x], x]] /; FreeQ[{a, b}, x] && IGtQ[n/4, 1] && GtQ[a/b, 0]

Rule 1169

Int[((d)) + (e_)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtla/c, 2]}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2*c*g*r), Int
[(dxr - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*xqg*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b™2 - 4xaxc, 0] &% NeQ[c*d™2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4x*axc]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> D
ist[(2*xc*xd - bxe)/(2%c), Int[1/(a + b*x + c*x"2), x], x] + Distl[e/(2%c), In
t[(b + 2%c*x)/(a + b*¥x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x°2, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]
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Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQl[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps

1+x
flog(—+x)dx—xlog(—+x) 1+x8 dx

—xlog(—+x) 4 —1+x

1+x8
= —4x + xlog l+x +8f

1+x
= —4x + xlog l4+x (2\/_)f V222 (2\/_)f V24
x 1—v2x2 + x4 1+ V222 + x4

:—4x+x10gl+x +Y2- \/_f' 2+\/_ 1+\/_ +2 - \/_f

1—4/2+V2x + 22

dx

V2(2+V2) +
1+\/2T
2 - V2 +2x

— _\/ Vivx 1 [
:—4x+x10g— ) 2- \/—f \/zﬁz’xsz 2— \/_f

\2+42 \2-42

Mathematica [C] time = 0.0041239, size = 30, normalized size = 0.09

1.9
8xHypergeometric2F1 (g,l =,

1
'3 —xs) +x10g(x4 + E) — 4x

1+\/2 \/_x+x
—4x—%\/2—\/§10g(1—\/2—\/§x+x) %\/2 \/_log(1+\/2 \/_x+x) \/2+\/§l<

—4x — 2 + V2tan™ —‘Z_mc - \/2—7\/§tan‘1 —W + mtan_l i



Antiderivative was successfully verified.

[In] Integratel[Logl[x~(-4) + x74],x]
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[Out] -4*xx + 8*x*Hypergeometric2F1[1/8, 1, 9/8, -x"8] + xxLogl[x~(-4) + x"4]

Maple [C] time = 0.015, size = 36, normalized size = 0.1

8 +1
xln(xxi_ )—4x+ E

_R:RootOf(_z8+1) -

In(x-_R)
R7

Verification of antiderivative is not currently implemented for this CAS.
[In] int(In(1/x"4+x"4),x)

[Out] x*1n((x"8+1)/x"4)-4*x+sum(1/ R~7*1n(x- R), R=RootOf ( Z~8+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
xlog(x8+1)—4xlog(x)—4x+8 fx8+1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l/x"4+x"4),x, algorithm="maxima")

[Out] xxlog(x~8 + 1) - 4xxxlog(x) - 4*x + 8xintegrate(1/(x"8 + 1), x)

Fricas [B] time = 1.21965, size = 3152, normalized size = 9.44

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l/x"4+x~4),x, algorithm="fricas")
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[Out] -1/2%(sqrt(2)*sqrt(sqrt(2) + 2) + sqrt(2)*sqrt(-sqrt(2) + 2))*arctan(-(2*sq
rt(2)*x - sqrt(2)*sqrt(4*x~2 + 2*sqrt(2)*x*sqrt(sqrt(2) + 2) - 2*sqrt(2)*xx*
sqrt(-sqrt(2) + 2) + 4) + sqrt(sqrt(2) + 2) - sqrt(-sqrt(2) + 2))/(sqrt(sqr
t(2) + 2) + sqrt(-sqrt(2) + 2))) - 1/2x(sqrt(2)*sqrt(sqrt(2) + 2) + sqrt(2)
xsqrt (-sqrt(2) + 2))*arctan(-(2*sqrt(2)*x - sqrt(2)*sqrt(4*x~2 - 2xsqrt(2)*
x*sqrt(sqrt(2) + 2) + 2xsqrt(2)*x*xsqrt(-sqrt(2) + 2) + 4) - sqrt(sqrt(2) +
2) + sqrt(-sqrt(2) + 2))/(sqrt(sqrt(2) + 2) + sqrt(-sqrt(2) + 2))) + 1/2x(s
qrt(2) *sqrt(sqrt(2) + 2) - sqrt(2)*sqrt(-sqrt(2) + 2))*arctan((2*sqrt(2)*x
- sqrt(2) *sqrt (4*x~2 + 2*sqrt(2)*x*sqrt(sqrt(2) + 2) + 2*xsqrt(2)*x*sqrt(-sq
rt(2) + 2) + 4) + sqrt(sqrt(2) + 2) + sqrt(-sqrt(2) + 2))/(sqrt(sqrt(2) + 2
) - sqrt(-sqrt(2) + 2))) + 1/2x(sqrt(2)*sqrt(sqrt(2) + 2) - sqrt(2)*sqrt(-s
qrt(2) + 2))*arctan((2xsqrt(2)*x - sqrt(2)*sqrt(4*x~2 - 2xsqrt(2)*x*sqrt(sq
rt(2) + 2) - 2xsqrt(2)*x*sqrt(-sqrt(2) + 2) + 4) - sqrt(sqrt(2) + 2) - sqrt
(-sqrt(2) + 2))/(sqrt(sqrt(2) + 2) - sqrt(-sqrt(2) + 2))) + 1/8%(sqrt(2)*sq
rt(sqrt(2) + 2) + sqrt(2)*sqrt(-sqrt(2) + 2))*log(4*x~2 + 2*sqrt(2)*x*sqrt(
sqrt(2) + 2) + 2*sqrt(2)*x*sqrt(-sqrt(2) + 2) + 4) + 1/8x(sqrt(2)*sqrt(sqrt
(2) + 2) - sqrt(2)*sqrt(-sqrt(2) + 2))*log(4*x~2 + 2xsqrt(2)*x*sqrt(sqrt(2)
+ 2) - 2%sqrt(2)*x*sqrt(-sqrt(2) + 2) + 4) - 1/8*%(sqrt(2)*sqrt(sqrt(2) + 2
) - sqrt(2)*sqrt(-sqrt(2) + 2))*log(4*x~2 - 2xsqrt(2)*x*sqrt(sqrt(2) + 2) +
2xsqrt (2) *x*sqrt(-sqrt(2) + 2) + 4) - 1/8*%(sqrt(2)*sqrt(sqrt(2) + 2) + sqr
t(2)*sqrt(-sqrt(2) + 2))*log(4*x~2 - 2*xsqrt(2)*x*sqrt(sqrt(2) + 2) - 2x*sqrt
(2)*x*sqrt(-sqrt(2) + 2) + 4) + xxlog((x78 + 1)/x74) - sqrt(sqrt(2) + 2)*ar
ctan(-(2%x - 2*sqrt(x”2 + x*sqrt(-sqrt(2) + 2) + 1) + sqrt(-sqrt(2) + 2))/s
grt(sqrt(2) + 2)) - sqrt(sqrt(2) + 2)*arctan(-(2*x - 2*sqrt(x"2 - x*sqrt(-s
qrt(2) + 2) + 1) - sqrt(-sqrt(2) + 2))/sqrt(sqrt(2) + 2)) - sqrt(-sqrt(2) +
2)*arctan(-(2*x - 2*sqrt(x”2 + x*sqrt(sqrt(2) + 2) + 1) + sqrt(sqrt(2) + 2
))/sqrt(-sqrt(2) + 2)) - sqrt(-sqrt(2) + 2)*arctan(-(2*x - 2*sqrt(x”2 - x*s
gqrt(sqrt(2) + 2) + 1) - sqrt(sqrt(2) + 2))/sqrt(-sqrt(2) + 2)) + 1/4*sqrt(s
qrt(2) + 2)*xlog(x~2 + x*sqrt(sqrt(2) + 2) + 1) - 1/4*sqrt(sqrt(2) + 2)*log(
X"2 - x*sqrt(sqrt(2) + 2) + 1) + 1/4*sqrt(-sqrt(2) + 2)*log(x~2 + xxsqrt(-s
qrt(2) + 2) + 1) - 1/4*sqrt(-sqrt(2) + 2)*log(x~2 - xxsqrt(-sqrt(2) + 2) +
1) - 4x*x

Sympy [A] time = 1.19951, size = 26, normalized size = 0.08

1
xlog(x44-;Z)-4x-l{oot8un1(ﬁ-+]1(tketlog(—t4-x»)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1n(1/x**4+x**4) ,x)
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[Out] x*log(x**4 + xx*(-4)) - 4*x - RootSum(_t**8 + 1, Lambda(_t, _t*log(-_t + x)
))

Giac [A] time = 1.12418, size = 335, normalized size = 1.

1 = 2x++4-V2+2| = 2x—~-V2+2| [~ 2:
x log (x4 + F) + V2 + 2arctan + V2 + 2arctan +/-V2 + 2arctan | —
V2 +2 V2 +2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1/x"4+x"4),x, algorithm="giac")

[Out] xxlog(x~4 + 1/x74) + sqrt(sqrt(2) + 2)*arctan((2*x + sqrt(-sqrt(2) + 2))/sq
rt(sqrt(2) + 2)) + sqrt(sqrt(2) + 2)*arctan((2*x - sqrt(-sqrt(2) + 2))/sqrt
(sqrt(2) + 2)) + sqrt(-sqrt(2) + 2)*arctan((2*x + sqrt(sqrt(2) + 2))/sqrt(-
sqrt(2) + 2)) + sqrt(-sqrt(2) + 2)*arctan((2*x - sqrt(sqrt(2) + 2))/sqrt(-s
qrt(2) + 2)) + 1/2*xsqrt(sqrt(2) + 2)*log(x~2 + x*sqrt(sqrt(2) + 2) + 1) - 1
/2%sqrt(sqrt(2) + 2)*xlog(x~2 - x*sqrt(sqrt(2) + 2) + 1) + 1/2*sqrt(-sqrt(2)

+ 2)xlog(x"2 + x*sqrt(-sqrt(2) + 2) + 1) - 1/2*sqrt(-sqrt(2) + 2)*log(x~2

- xxsqrt(-sqrt(2) + 2) + 1) - 4x*x
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3.7 fM dx

x\/1+\/1+x

Optimal. Leaf size=291

\/5(1— \/x+1+1) x/i(l— \/x+1+1) x/i( Vx +14
V2PolyLog|2, - —v2PolyLog|2, —\2PolyLog|2, - —*
yLog - yLog v yLog -

[Out] -8*ArcTanh[Sqrt[1 + Sqrt[l + x]]1] - (2xLogl[l + x])/Sqrt[1 + Sqrt[1l + x]] -
Sqrt [2]*ArcTanh [Sqrt[1 + Sqrt[l + x]]/Sqrt[2]]*Log[l + x] + 2*Sqrt[2]*ArcTa
nh[1/Sqrt[2]]*Log[l - Sqrt[1 + Sqrt[1l + x]]] - 2*Sqrt[2]*ArcTanh[1/Sqrt[2]]
xLog[1 + Sqrt[1 + Sqrt[1 + x]]] + Sqrt[2]*PolyLogl[2, -((Sqrt[2]*(1 - Sqrt[1

+ Sqrt[1 + x]11))/(2 - Sqrt[2]))] - Sqrt[2]*PolylLogl[2, (Sqrt[2]*(1 - Sqrt[1

+ Sqrt[1 + x]1))/(2 + Sqrt[2])] - Sqrt[2]*PolyLogl[2, -((Sqrt[2]*(1 + Sqrt[

1 + Sqrt[1 + x]1))/(2 - Sqrt[2]))] + Sqrt[2]*PolyLog[2, (Sqrt[2]*(1 + Sqrtl[

1 + Sqrt[1 + x]11))/(2 + Sqrt[2])]

Rubi [F] time = 0.0486268, antiderivative size = 0, normalized size of antiderivative = 0.,

. . ber of rul
number of steps used = 0, number of rules used = 0, integrand size = 0, e =

Rules used = {}

integrand size ”

f log(1 + x)
xy1+ Vi+x

Verification is Not applicable to the result.

dx

[In] Int[Logll + x]/(x*Sqrt[l + Sqrt[1 + x]]),x]
[Out] Defer[Int] [Log[l + x]/(x*Sqrt[1l + Sqrt[l + x]]1), x]

Rubi steps

log(1 + x) = log(1 + x) i

fx\/1+\/1Tx 1+ V1 +x
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Mathematica [A] time = 0.919844, size = 430, normalized size = 1.48

-V2 [ZPolyLog

2, L] - PolyLog [2, - (\/E - 2) [; + 1]] + PolyLog [2, (1 + \/E) {—\/E

JVr+1+1 VVr+1+1 Vr+1

Warning: Unable to verify antiderivative.

[In] Integrate[Logl[l + x]/(x*Sqrt[1 + Sqrt[1 + x]1),x]

[Out] -8*ArcTanh[1/Sqrt[1l + Sqrt[l + x]]] - (2%Logl[l + x])/Sqrt[1 + Sqrt[1l + x]]
+ (Logl[l + x]*Log[1l - Sqrt[2]/Sqrt[1 + Sqrtl[l + x]]1])/Sqrt[2] - (Logl[l + x]
*xLog[1 + Sqrt[2]/Sqrt[1 + Sqrtl[1 + x]1]1)/Sqrt[2] - Sqrt[2]*(Logl[l + Sqrt[2]
1*Log[1 + 1/Sqrt[1 + Sqrt[l + x]]1] + Log[-((2 + Sqrt[2])*(-1 + 1/Sqrt[l + S
qrt[1 + x]]1))]*Logl[l - Sqrt[2]/Sqrt[1 + Sqrt[1l + x]]] + 2xPolyLogl[2, Sqrt[2
1/Sqrt[1 + Sqrt[1 + x]]] - PolyLogl[2, -((-2 + Sqrt[2])*(1 + 1/Sqrt[1 + Sqrt
[1 + x]1))] + PolyLogl[2, (1 + Sqrt[2])*(-1 + Sqrt[2]/Sqrt[1 + Sqrt[1 + x]])
1) + Sqrt[2]*(Logl[1 + Sqrt[2]]1*Logl[l - 1/Sqrt[1 + Sqrt[1 + x]1] + Logl[(2 +
Sqrt[2])*(1 + 1/Sqrt[l + Sqrt[l + x]])]*Logl[l + Sqrt[2]/Sqrt[l + Sqrt[l + x
111 + 2xPolylogl[2, -(8qrt[2]/Sqrt[1 + Sqrtl[1 + x]]1)] - PolyLogl[2, (-2 + Sqr
t[2])*(-1 + 1/Sqrt[1 + Sqrt[1l + x]1)] + PolyLogl[2, -((1 + Sqrt[2]1)*(1 + Sqr
t[2]/8qrt[1 + Sqrtl[1 + x11))1)

Maple [C] time = 0.096, size = 171, normalized size = 0.6

L In(1+x) _8Artanh( 1+m>+4 2 1/8[1n(\/1+\/1+x—alpha)ln(1+x)—2di
)

1++vV1+x _alpha:RootOf(_Z2—2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(In(1+x)/x/(1+(1+x)~(1/2))~(1/2) ,x)

[Out] -2*In(1+x)/(1+(1+x)~(1/2))~(1/2)-8*arctanh ((1+(1+x)~(1/2))~(1/2))+4xSum(1/8
*(In((1+(1+x)~(1/2))~(1/2)-_alpha) *1n(1+x)-2xdilog ((1+(1+(1+x)~(1/2))~(1/2)

)/ (1+_alpha))-2*1n((1+(1+x)~(1/2))~(1/2)-_alpha) *1n((1+(1+(1+x)~(1/2))~(1/2
))/(1+_alpha))-2*dilog ((-1+(1+(1+x)~(1/2))~(1/2))/(-1+_alpha))-2*1n((1+(1+x

)7 (1/2))~(1/2)-_alpha) *1n((-1+(1+(1+x)~(1/2))~(1/2))/(-1+_alpha)))*_alpha, _
alpha=Root0f (_Z"2-2))
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Maxima [A] time = 1.6204, size = 494, normalized size = 1.7

% \/Elog —\/__ il - 4 log(x+1)+\/§log(\/z+\/\/x+1+1)log —\54_ it

Vi Vari+1) Vxrl+t V2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l+x)/x/(1+(1+x)~(1/2))~(1/2),x, algorithm="maxima"

[Out] 1/2%(sqrt(2)*log(-(sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) + sqrt(sqrt(x
+ 1) + 1)) - 4/sqrt(sqrt(x + 1) + 1))*log(x + 1) + sqrt(2)*(log(sqrt(2) +
sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) + sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1)
+ 1) + dilog((sqrt(2) + sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1))) - sqrt(2)*(
log(-sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) - sqrt(sqrt(x + 1) + 1)
)/(sqrt(2) + 1) + 1) + dilog((sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1
))) + sqrt(2)*(log(sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) + sqrt(sq
rt(x + 1) + 1))/(sqrt(2) - 1) + 1) + dilog((sqrt(2) + sqrt(sqrt(x + 1) + 1)
)/ (sqrt(2) - 1))) - sqrt(2)*(log(-sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sq
rt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) - 1) + 1) + dilog((sqrt(2) - sqrt(s
grt(x + 1) + 1))/(sqrt(2) - 1))) - 4*log(sqrt(sqrt(x + 1) + 1) + 1) + 4xlog
(sqrt(sqrt(x + 1) + 1) - 1)

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(l+x)/x/(1+(1+x)~(1/2))~(1/2),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F] time = 0., size = 0, normalized size = 0.

log (x +1)

fxﬂﬁ+1

dx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(In(1+x)/x/(1+(1+x)**(1/2))**(1/2),x)

[Out] Integral(log(x + 1)/(x*sqrt(sqrt(x + 1) + 1)), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f log (x +1)
xﬂﬁ+1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(log(1l+x)/x/(1+(1+x)~(1/2))~(1/2),x, algorithm="giac")

[Out] integrate(log(x + 1)/(x*sqrt(sqrt(x + 1) + 1)), x)
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38 f \/1+\/1T;clog(1+x) Iy

Optimal. Leaf size=308

\/5(1— \/x+1+1) \/E(l—\/\/x+1+1) \/E( Vi 4
2V2PolyLog 2, - - 2v2PolyLog|2, - 2v2PolyLog |2, -———
2-2 2+42 2-

[Out] -16*Sqrt[1 + Sqrt[1l + x]] + 16%ArcTanh[Sqrt[1 + Sqrt[1l + x]]] + 4*Sqrt[1 +
Sqrt[1 + x]]xLog[1l + x] - 2*Sqrt[2]*ArcTanh[Sqrt[1 + Sqrt[1 + x]]/Sqrt[2]]*
Logl[l + x] + 4xSqrt[2]*ArcTanh[1/Sqrt[2]]*Logl[l - Sqrt[1 + Sqrt[l + x]]] -
4xSqrt [2] *ArcTanh [1/Sqrt [2]]1*Log[1 + Sqrt[1 + Sqrt[l + x]]] + 2%Sqrt[2]*Pol
yLogl[2, -((Sqrt[2]*(1 - Sqrt[1 + Sqrt[1 + x11))/(2 - Sqrt[2]1))] - 2xSqrt[2]
*PolyLog[2, (Sqrt[2]*(1 - Sqrt[1 + Sqrtl[l + x]1))/(2 + Sqrt[2])] - 2*Sqrt[2
1*PolyLog[2, -((Sqrt[2]*(1 + Sqrt[1l + Sqrtl[1l + x]1))/(2 - Sqrt[2]))] + 2*Sq

rt [2]*PolyLog[2, (Sqrt[2]*(1 + Sqrt[1 + Sqrt[1l + x]11))/(2 + Sqrt[2])]

Rubi [F] time = 0.0432186, antiderivative size = 0, normalized size of antiderivative = 0.,

. . ber of rul
number of steps used = 0, number of rules used = 0, integrand size = 0, =02 o0,

integrand size
Rules used = {}
f V1 + V1 +xlog(l+x) p
X
X

Verification is Not applicable to the result.

[In] Int[(Sqrt[1l + Sqrt[l + x]]*Logll + x])/x,x]
[Out] Defer[Int] [(Sqrt[1 + Sqrt[1 + x]]*Logll + x])/x, x]

Rubi steps

1+ 1 +xlog( + x) 1+v1 +xlog( +x)
pledsen o,
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Mathematica [B] time = 0.510365, size = 654, normalized size = 2.12
~2+2PolyLog (2, - («/E - 1) (\/\/x 141 1)) +2+2PolyLog (2, (1 N x/E) (\/\/x 141 1)) +2+2PolyLog (z

Antiderivative was successfully verified.

[In] Integrate[(Sqrt[1l + Sqrt[l + x]]l*Logll + x])/x,x]

[Out] -16*Sqrt[1 + Sqrt[1l + x]] + 4*Sqrt[l + Sqrt[l + x]]*Logl[l + x] + Sqrt[2]*Lo
gll + x]*Logl[Sqrt[2] - Sqrt[l + Sqrt[1l + x]]] - 8*Logl[-1 + Sqrt[l + Sqrt[1
+ x]]1] - 2xSqrt[2]*Log[Sqrt[2] - Sqrt[1l + Sqrt[l + x]]]*Log[-1 + Sqrt[l + S
grt[1 + x]]1] + 8xLog[l + Sqrt[l + Sqrt[1l + x]]] - 2*Sqrt[2]*Log[Sqrt[2] - S
qrt[1 + Sqrtl[1 + x]]11*Logl[1 + Sqrt[1 + Sqrt[1 + x]]] - Sqrt[2]*Logl[1l + x]*L
oglSqrt[2] + Sqrtl[1l + Sqrtll + x]]1] + 2*Sqrt[2]*Logl[-1 + Sqrt[1l + Sqrt[1l +
x]]1]*Log[Sqrt[2] + Sqrt[l + Sqrt[1l + x]]] + 2*Sqrt[2]*Log[l + Sqrt[l + Sqrt
[1 + x]]]*Log[Sqrt[2] + Sqrt[1 + Sqrt[1l + x]]] - 2xSqrt[2]*Log[-1 + Sqrt[1
+ Sqrt[1 + x]]1]1*Logl(-1 + Sqrt[2])*(Sqrt[2] + Sqrt[l + Sqrt[l + x]])] - 2xS
qrt[2]*Log[1 + Sqrt[1 + Sqrt[1 + x]]]x*Logl[2 + Sqrt[2] + Sqrt[1l + Sqrt[l + x
1] + Sqrt[2]*Sqrt[1 + Sqrt[1 + x]]] + 24Sqrt([2]*Logl[-1 + Sqrt[l + Sqrt[1 +
x]]1]*Log[1 - (1 + Sqrt[2])*(-1 + Sqrt[1 + Sqrt[1l + x]])] + 2*Sqrt[2]*Logl1
+ Sqrt[1 + Sqrt[1 + x]]]*Logl[l - (-1 + Sqrt([2])*(1 + Sqrt[1l + Sqrt[l + x]]1)
1 - 2x%Sqrt[2]*PolyLog[2, -((-1 + Sqrt[2])*(-1 + Sqrt[l + Sqrt[1 + x]]))] +
2*xSqrt [2] #*PolyLog[2, (1 + Sqrt[2])*(-1 + Sqrt[1l + Sqrt[1l + x]]1)] + 2xSqrt[2
1*PolyLog[2, (-1 + Sqrt[2])*(1 + Sqrt[1l + Sqrt[l + x]])] - 2*xSqrt[2]*PolyLo
gl2, -((1 + Sqrt[2]1)*(1 + Sqrt[1 + Sqrtl[l + x]11))]

Maple [C] time = 0.008, size = 198, normalized size = 0.6

41n(1+x)\/1+\/1+x—16\/1+\/1+x—81n(—1+\/1+\/1+x)+81n(1+\/1+\/1+x)+4 2

_alpha=RootOf(_%

Verification of antiderivative is not currently implemented for this CAS.

[In] int(In(l+x)*(1+(1+x)~(1/2))"(1/2)/x,x%)

[Out] 4*1n(1+x)*(1+(1+x)~(1/2))7(1/2)-16%(1+(1+x)~(1/2))~(1/2)-8x1n(-1+(1+(1+x)~(
1/2))7(1/2))+8+1n(1+(1+(1+x)~(1/2)) " (1/2) ) +4*Sum(1/4* (In ((1+(1+x)~(1/2))~ (1
/2)-_alpha)*1n(1+x)-2*dilog ((1+(1+(1+x)~(1/2))~(1/2))/(1+_alpha))-2*1n((1+(
1+x)7(1/2))~(1/2)-_alpha) *1n((1+(1+(1+x)~(1/2))~(1/2))/(1+_alpha))-2*dilog(
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(-1+(1+(1+x)~(1/2))~(1/2)) / (-1+_alpha)) -2*1n((1+(1+x) " (1/2))~(1/2)-_alpha)*
1n((~1+(1+(1+x)~(1/2))~(1/2)) /(-1+_alpha)))* alpha, alpha=RootOf( Z~2-2))

Maxima [A] time = 1.61415, size = 510, normalized size = 1.66

‘/Elog[\/_m]+4\/ﬁ]log(x+l)+2\/§[log(\/§+ \/ﬁ)log[\/h\/ﬁ

\/§+ Vx+1+1 \/§+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l+x)*(1+(1+x)~(1/2))~(1/2)/x,x, algorithm="maxima")

[Out] (sqrt(2)*log(-(sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) + sqrt(sqrt(x + 1)
+ 1)) + 4xsqrt(sqrt(x + 1) + 1))*log(x + 1) + 2*xsqrt(2)*(log(sqrt(2) + sq
rt(sqrt(x + 1) + 1))*log(-(sqrt(2) + sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1) +
1) + dilog((sqrt(2) + sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1))) - 2xsqrt(2)*(
log(-sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) - sqrt(sqrt(x + 1) + 1)
)/(sqrt(2) + 1) + 1) + dilog((sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) + 1
))) + 2*sqrt(2)*(log(sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(-(sqrt(2) + sqrt(
sqrt(x + 1) + 1))/(sqrt(2) - 1) + 1) + dilog((sqrt(2) + sqrt(sqrt(x + 1) +
1))/ (sqrt(2) - 1))) - 2*xsqrt(2)*(log(-sqrt(2) + sqrt(sqrt(x + 1) + 1))*log(
-(sqrt(2) - sqrt(sqrt(x + 1) + 1))/(sqrt(2) - 1) + 1) + dilog((sqrt(2) - sq
rt(sqrt(x + 1) + 1))/(sqrt(2) - 1))) - 16*sqrt(sqrt(x + 1) + 1) + 8xlog(sqr
t(sqrt(x + 1) + 1) + 1) - 8xlog(sqrt(sqrt(x + 1) + 1) - 1)

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l+x)*(1+(1+x)~(1/2))~(1/2)/x,x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError
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Sympy [F] time = 0., size = 0, normalized size = 0.
f\/\/x+1 +110g(x+1)d
x
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(1+x)*(1+(1+x)*x(1/2))**(1/2)/x,%)

[Out] Integral(sqrt(sqrt(x + 1) + 1)x*log(x + 1)/x, %)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/\/mijlog(x+1) 0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(1l+x)*(1+(1+x)~(1/2))~(1/2)/x,x, algorithm="giac")

[Out] integrate(sqrt(sqrt(x + 1) + 1)*log(x + 1)/x, x)
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3.9

f . dx
1+\/x+\/1+7

Optimal. Leaf size=84

1 1 1
VVaZ+1+x+ - +—10g(\/x2+1+x)—210g(\/ x2+1+x+1)

[Out] -1/(2x(x + Sqrt[1 + x72])) + 1/Sqrt[x + Sqrt[l + x~2]] + Sqrtlx + Sqrt[l +
x72]] + Loglx + Sqrt[l + x72]]/2 - 2*Log[l + Sqrt[x + Sqrt[l + x~2]]]

Rubi [A] time = 0.0586596, antiderivative size = 84, normalized size of antiderivative
1., number of steps used = 4, number of rules used = 3, integrand size = 19, number of rules

integrand size
0.158, Rules used = {2117, 1821, 1620}

1 1 1
VVaZ+1+x+ - +—log( x2+1+x)—210g(\/\/x2+1+x+1)
JV2 +1 + x 2(Vx2+1+x) 2

Antiderivative was successfully verified.

[In] Int[(1 + Sqrtlx + Sqrt[l + x~2]])~(-1),x]

[Out] -1/(2%(x + Sqrt[1 + x72])) + 1/Sqrtl[x + Sqrt[1l + x"2]] + Sqrt[x + Sqrt[1l +
x72]] + Loglx + Sqrt[1l + x72]]1/2 - 2*Log[l + Sqrt[x + Sqrt[l + x~2]]]

Rule 2117

Int[((g_.) + (h_.)*((d_.) + (e_.)*(x_) + (f_.)*xSqrtl(a_) + (c_.)*(x_)"2])"(
n_))~(p_.), x_Symbol] :> Dist[1/(2xe), Subst[Int[((g + h*x"n) p*(d"2 + a*xf~”
2 - 2xd*x + x72))/(d - x)72, x], x, d + exx + fxSqrt[a + c*x"2]], x] /; Fre
eQl{a, c, d, e, f, g, h, n}, x] && EqQ[e™2 - cx£f~2, 0] && IntegerQ[p]

Rule 1821

Int[(Pq ) *(x_)"(m_.)*x((a_) + (b_)*(x_)"(n_))"(p_.), x_Symbol] :> Dist[1/nm,
Subst [Int [x~ (Simplify[(m + 1)/n] - 1)*SubstFor[x"n, Pq, x]*(a + b*x)"p, xI]
, X, x’n], x] /; FreeQ[{a, b, m, n, p}, x] && PolyQ[Pq, x"n] && IntegerQ[Si
mplify[(m + 1)/n]]

Rule 1620
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Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol]
:> Int[ExpandIntegrand [Px*(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢
, d, m, n}, x] & PolyQ[Px, x] && (IntegersQ[m, n] || IGtQ[m, -2]) && GtQ[E

xpon[Px, x], 2]

Rubi steps

1 1 1 2
dx = —Subst{dex,x,x+ Vi +x2]

f1+\/x+\/1+x2 2 (1+\/§)x2
1 4
= Subst (fﬁdx,x,\/x+ Vi +x2)
1 1 1 2
- 4 __= A+ A 2
—Subst(f(l+x3 x2+x 1+x)dx,x, X+ 1+x)
1

1 1
- _ + +\/x+\/1+x2+—log(x+\/1+x2)—210g(l+\/;
2(x+ V1+x2) 1’x+\/1+x2 2

Mathematica [A] time = 0.0406454, size = 84, normalized size = 1.

1 1 1
VVaZ+1+x+ - +—log(\/x2+1+x)—210g(\/\/x2+1+x+1)

Antiderivative was successfully verified.

[In] Integrate[(1 + Sqrtl[x + Sqrt[l + x~2]])~(-1),x]

[Out] -1/(2%(x + Sqrt[1l + x72])) + 1/Sqrtlx + Sqrt[1l + x"2]] + Sqrt[x + Sqrt[1l +
x72]] + Logl[x + Sqrt[l + x72]]/2 - 2*Log[1l + Sqrt[x + Sqrt[1 + x~2]]]

Maple [F] time = 0.017, size = 0, normalized size = 0.

-1

[

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/(1+(x+(x"2+1)"(1/2))"(1/2)),%)

[Out] int(1/(1+(x+(x"2+1)7(1/2))~(1/2)),%)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
f dx
VX+ Va2 +1+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+(x+(x"2+1)7(1/2))~(1/2)),x, algorithm="maxima"

[Out] integrate(1/(sqrt(x + sqrt(x”2 + 1)) + 1), x)

Fricas [A] time = 1.07762, size = 197, normalized size = 2.35
1 1
—\/x+\/x2+1(x—\/x +1—1)+ Ex—i\/x2+1—2 log( X+ Va2 +1 +1)+10g( x+Vx2+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+(x+(x"2+1)"(1/2))"(1/2)),x, algorithm="fricas")

[Out] -sqrt(x + sqrt(x”™2 + 1))*(x - sqrt(x™2 + 1) - 1) + 1/2%x - 1/2*sqrt(x”2 + 1
) - 2xlog(sqrt(x + sqrt(x”2 + 1)) + 1) + log(sqrt(x + sqrt(x™2 + 1)))

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f dx
VX+VaZ+1+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+(x+(x**x2+1)**x(1/2))**(1/2)),x)



63

[Out] Integral(1l/(sqrt(x + sqrt(x**2 + 1)) + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
f dx
X+ Va2 +1+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+(x+(x"2+1)7°(1/2))~(1/2)),x, algorithm="giac")

[Out] integrate(1/(sqrt(x + sqrt(x”2 + 1)) + 1), x)
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V1+x

f x+\/1+\/1Tx

Optimal. Leaf size=41

3.10 dx

8 tanh"! [2\/M+1+1)

V5

2Vx+1+
\5

[Out] 2xSqrt[1 + x] + (8*ArcTanh[(1 + 2*Sqrt[1 + Sqrt[1 + x]])/Sqrt[5]1)/Sqrt[5]

Rubi [A] time = 0.193243, antiderivative size = 41, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 3, integrand size = 25, e -

0.12, Rules used = {800, 618, 206}

integrand size

8 tanh-! [2\/M+1+1)
an _

V5

2Vx +1+
\5

Antiderivative was successfully verified.

[In] Int[Sqrt[1 + x]/(x + Sqrt[1l + Sqrt[1 + x]11),x]
[Out] 2*Sqrt[1 + x] + (8xArcTanh[(1 + 2*Sqrt[1 + Sqrt[1 + x]])/Sqrt[51])/Sqrt[5]

Rule 800

Int[(((d_.) + (e_)*x(x_))" (@ )*((f_.) + (g_I)*xx))N/((a_.) + (b_)*(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[((d + exx) m*x(f + gxx))/(a
+ b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b~2 - 4xax
c, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && IntegerQ[m]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps

2

V1
X dx = 2 Subst (f ad dx,x,\/1+x)

fx+ /1+\/m “1+x2+V1+x
-1 1 2 [
:4Subst( ( _1+:c1(+-|;;) dx,x,\1+ V1 +x)
1 [
:4SUbSt(f(x—m) dx,x,\1+ V1+X)

1
=2V1 +x -4 Subst f—dx,x,\/1+\/1+x
-1+ x+x?
1
:2\/1+x+8Subst(f5 dx,x,1+2\/1+\/1+x)

—x2
8t h_l [1+2\/1+\/1+x]
an —_—
V5
=2Vl+x+
\5

Mathematica [A] time = 0.05696, size = 41, normalized size = 1.

8t h_l 24/ Vx+1+1+1
an T
2Vx+1+

5

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1l + x]/(x + Sqrt[l + Sqrt[l + x]11),x]

[Out] 2xSqrt[1 + x] + (8*ArcTanh[(1 + 2*Sqrt[1 + Sqrt([l + x]]1)/Sqrt([5]1])/Sqrt[5]

Maple [A] time = 0.004, size = 34, normalized size = 0.8

2+2V1+x+ 85—\/§Artanh(§ (1 +24/1+ M)]
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Verification of antiderivative is not currently implemented for this CAS.
[In] int((1+x)7(1/2)/ (x+(1+(1+x)7(1/2))~(1/2)) ,%)

[Out] 2+2%x(1+x)~(1/2)+8/5*arctanh(1/5% (1+2x(1+(1+x)~(1/2))~(1/2))*5~(1/2))*5~(1/2
)

Maxima [A] time = 1.42723, size = 69, normalized size = 1.68

4 V5-24Vx+1+1-1
—gx/glog— +2Vx+1+2

VE+24Vxr+1+1+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x)~(1/2)/(x+(1+(1+x)~(1/2))"(1/2)),x, algorithm="maxima"

[Out] -4/5*sqrt(5)*log(-(sqrt(5) - 2*sqrt(sqrt(x + 1) + 1) - 1)/(sqrt(5) + 2xsqrt
(sqrt(x + 1) + 1) + 1)) + 2*sqrt(x + 1) + 2

Fricas [B] time = 1.00712, size = 284, normalized size = 6.93

232 = V5(3x+1) = (V5(x +2) = 5x)Vx + 1+ (VB(x +2) + (V5(2x - 1) - 5)Vx + 1= 5x)y/Vx+1+1+3

4
— 51
5\/_og x2-x-1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x)~(1/2)/(x+(1+(1+x)~(1/2))"(1/2)),x, algorithm="fricas")

[Out] 4/5*sqrt(5)*log((2*x~2 - sqrt(5)*(3*x + 1) - (sqrt(B)*(x + 2) - B*x)*sqrt(x
+ 1) + (sqrt(5)*(x + 2) + (sqrt(B)*(2*xx - 1) - B)*sqrt(x + 1) - B*x)*sqrt(
sqrt(x + 1) + 1) + 3*x + 3)/(x72 - x - 1)) + 2xsqrt(x + 1)
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Sympy [A] time = 10.8422, size = 112, normalized size = 2.73

2@(@4—%)

\/5 acoth =

2
[ 1 5
- m for( \/x+1+1+5) > 2

2Vx+1-16 2\@( '7\/x?+1+%)

\/3 atanh 3

2
[ 1 5
- m for( \/x+1+1+5) <3

Verification of antiderivative is not currently implemented for this CAS.

+2

[In] integrate ((1+x)**(1/2)/(x+(1+(1+x)**(1/2))**x(1/2)),x)

[Out] 2xsqrt(x + 1) - 16%Piecewise((-sqrt(5)*acoth(2*sqrt(5)*(sqrt(sqrt(x + 1) +
1) + 1/2)/5)/10, (sqrt(sqrt(x + 1) + 1) + 1/2)*x2 > 5/4), (-sqrt(5)*atanh(2
*sqrt (6)*(sqrt(sqrt(x + 1) + 1) + 1/2)/5)/10, (sqrt(sqrt(x + 1) + 1) + 1/2)

**2 < 5/4)) + 2

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x)~(1/2)/(x+(1+(1+x)~(1/2))~(1/2)),x, algorithm="giac")

[Out] Exception raised: NotImplementedError
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311 [———dx

x—ﬂ1+V1+x

Optimal. Leaf size=73

é(5+\/§)10g(—2\/ﬁ—\/§+1)+%(5—\@)10g(—2\/ﬁ+\/§+1)

[Out] (2%(5 + Sqrt[5])*Logl[l - Sqrt[5] - 2xSqrt[1 + Sqrt[l + x]1]1)/5 + (2%x(5 - Sq
rt[6])*Log[1 + Sqrt[5] - 2xSqrt[1 + Sqrt[1 + x]1]1)/5

Rubi [A] time = 0.108042, antiderivative size = 73, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 2, integrand size = 19, e e =

integrand size
0.105, Rules used = {632, 31}

;(5+\fs)1og(_z\/m+1_vg+1)+g(s_vg)log(_z\/mﬂmﬂ)

Antiderivative was successfully verified.

[In] Int[(x - Sqrt[1l + Sqrt[1l + x]]1)~(-1),x]

[Out] (2%(5 + Sqrt[5])*Logl[l - Sqrt[5] - 2*Sqrt[1 + Sqrt[l + x]1]1)/5 + (2x(5 - Sq
rt[6])*Log[1 + Sqrt[5] - 2#Sqrt[1 + Sqrt[1l + x]]1])/5

Rule 632

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> W
ith[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(c*d - ex(b/2 - q/2))/q, Int[1/(b/2 - q/
2 + c*x), x], x] - Dist[(cxd - ex(b/2 + q/2))/q, Int[1/(b/2 + q/2 + c*x), X
1, x11 /; FreeQl{a, b, c, 4, e}, x] && NeQ[2*c*d — bxe, 0] && NeQ[b~"2 - 4x*a
xc, 0] && NiceSqrtQ[b~2 - 4*axc]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps
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1 X
f dx = 2 Subst (f dx,x, V1 +x)
x-y14Vitr Lo Vlex

-1
:4Subst(f$dx,x, 1+ V1 +x)

-1-x+x2
:é(2(5_\/5))sub8t[f—_l_lﬁ+xd ,x,\/1+MJ+é( (5+\/_))Subst[ff

(5+\/—log(1 V5241 + 1+x) log(1+\/_ 241 + 1+x)

Mathematica [A] time = 0.0581307, size = 71, normalized size = 0.97

( 5+V_kg( V x+1+1- V§+Q bg( 24/ x+1+1+V§+Q)

Antiderivative was successfully verified.

[In] Integrate[(x - Sqrt[1l + Sqrt[l + x]]1)~(-1),x]

[Out] (2x(5 + Sqrt[56])*Logl[l - Sqrt[5] - 2*Sqrt[1 + Sqrt[l + x]]] - 2%(-5 + Sqrtl
51)*Logl[1 + Sqrt[5] - 2xSqrt[1 + Sqrt[1 + x]111)/5

Maple [B] time = 0.104, size = 175, normalized size = 2.4

2

?Artanh[(zx - \/_) \/—Artanh(\/_ (2 Vi+x+ 1)) + T\/—Artanh(\f (1 +24/1+ M)) Lo x ; -

5
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(x-(1+(1+x)~(1/2))"(1/2)),%)

[Out] 1/5*%57(1/2)*arctanh(1/5%(2*x-1)*5"(1/2))+1/5*%5"(1/2)*arctanh(1/5* (2% (1+x) ~(
1/2)+1)*57(1/2))+2/5*arctanh (1/5* (1+2* (1+(1+x)~(1/2))~(1/2))*5~(1/2))*5~(1/
2)+1/2%1n(x"2-x-1)+1/5%5"(1/2) *arctanh (1/5% (2% (1+x) ~(1/2)-1)*5"(1/2))+2/5%5
~(1/2)*arctanh(1/5% (2% (1+(1+x)~(1/2))7(1/2)-1)*57(1/2))+1n((1+x) ~(1/2) - (1+(
1+x)7(1/2)) " (1/2))-1n((1+x) ~(1/2)+(1+(1+x) ~(1/2))~(1/2) ) +1/2*%1n (x- (1+x) ~(1/
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2))-1/2*%1In(x+(1+x)~(1/2))

Maxima [A] time = 1.45819, size = 85, normalized size = 1.16

) VE-2JVx+1+1+1
—5\/§log - +210g(\/x+1—\/\/x+1+1)
V5+24Vr+1+1-1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x-(1+(1+x)~(1/2))~(1/2)),x, algorithm="maxima"

[Out] -2/5*sqrt(5)*log(-(sqrt(5) - 2*sqrt(sqrt(x + 1) + 1) + 1)/(sqrt(5) + 2xsqrt
(sqrt(x + 1) + 1) - 1)) + 2*xlog(sqrt(x + 1) - sqrt(sqrt(x + 1) + 1))

Fricas [B] time = 1.09437, size = 323, normalized size = 4.42

2x2+\/3(3x+1)+(\/§(x+2)+5x)\/x+1+ (\/§(x+2)+(\/§(2x—1)+5)\/x+1+5x)\/\/x+1 +1+!

X2 -x-1

2
5 ‘/glog

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x-(1+(1+x)~(1/2))~(1/2)),x, algorithm="fricas")

[Out] 2/5*sqrt(5)*1log((2*x~2 + sqrt(5)*(3*x + 1) + (sqrt(B)*(x + 2) + B*x)*sqrt(x
+ 1) + (sqrt(5)*(x + 2) + (sqrt(B)*(2*xx - 1) + B)*sqrt(x + 1) + B*x)*sqrt(
sqrt(x + 1) + 1) + 3*x + 3)/(x"2 - x - 1)) + 2xlog(sqrt(x + 1) - sqrt(sqrt(

x+ 1) + 1))

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f dx
x—\/\/x+1+1

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(x-(1+(1+x)**(1/2))**(1/2)),x)

[Out] Integral(1l/(x - sqrt(sqrt(x + 1) + 1)), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(x-(1+(1+x)~(1/2))~(1/2)),x, algorithm="giac")

[Out] Timed out
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312 [———dx

x+\/1—\/1+x

Optimal. Leaf size=73

8tanh ™’ [—2 ‘ 1_\/Jmﬂ]

V5

(1—v§ITf—4V1—v;IT+2VQIT+ 7

[Out] 2#Sqrt[1 + x] - 4*xSqrt[l - Sqrt[l + x]] + (1 - Sqrt[l + x])~2 + (8xArcTanh[
(1 + 2xSqrt[1 - Sqrt[1 + x1]1)/Sqrt[5]]1)/Sqrt[5]

Rubi [A] time = 0.270541, antiderivative size = 73, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 3, integrand size = 21, e e =

0.143, Rules used = {1628, 618, 206}

integrand size

V5

st [2)

(1—@)2—4\/1—M+ZM+ NG

Antiderivative was successfully verified.

[In] Int[x/(x + Sqrt[1l - Sqrt[1 + x]1),x]

[Out] 2x%Sqrt[1 + x] - 4%Sqrt[1l - Sqrt[l + x]] + (1 - Sqrt[l + x])~2 + (8*ArcTanh[
(1 + 2%Sqrt[1 - Sqrt[1 + x]1)/Sqrt[5]]1)/Sqrt[5]

Rule 1628

Int[(Pq_)*((d_.) + (e_)*x(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*xPg*(a + bxx + c*x72)7p, X
1, x] /; FreeQ[{a, b, c, d, e, m}, x] & PolyQ[Pq, x] && IGtQ[p, -2]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Substl[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b"2 - 4xaxc, 0]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps

x (-1 +x2
ad dx:ZSubstf ( ) dx,x,\/1+x]

x+\/1— 1+x

-1+ V1 —x+x2

x2(1+x)(—2+x2)
:4Substf 5 dx,x, V1 -V1+x

-1+x+x
:4Substf -1-x+x° dx,x, V1+x
—1+x+x2
2 1
=2Vl +x—-441- 1+x+(1 1+x) — 4 Subst f—d x,x, V1 - V1 +x
-1+ x+x?

2
=2Vl +x—-441- 1+x+(1 1+x) +88ubst(f5 dxx1+2\/1 1+x)

(120
=2Vl+x- 4\/1 1+x+(1 1+x) +

V5

5

Mathematica [A] time = 0.0745484, size = 52, normalized size = 0.71

8 tanh™ (—2 1_M+1]

V5

x—4\1-vVx+1+

5

Antiderivative was successfully verified.

[In] Integrate[x/(x + Sqrt[l - Sqrt[1 + x]1]),x]

[Out] x - 4%Sqrt[l - Sqrt[1l + x]] + (8%ArcTanh[(1 + 2xSqrt[1 - Sqrt[1l + x]])/Sqrt
[5611)/Sqrt [5]
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Maple [A] time = 0.006, size = 60, normalized size = 0.8

@—VT132—2+2VT:;—4V1—VT:;+§g§Ammﬂ{%§b+2\h—VT:a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/(x+(1-(1+x)~(1/2))"(1/2)),%)

[Out] (1-(1+x)7(1/2))72-2+2x(1+x) ~(1/2)-4*(1-(1+x)~(1/2))~(1/2)+8/5*arctanh (1/5%(
1+2% (1-(1+x) 7 (1/2)) 7 (1/2))*57(1/2) )57 (1/2)

Maxima [A] time = 1.46052, size = 104, normalized size = 1.42

2 4 V5-24-Vx+1+1-1
(\/x+1—1) —g\/glog - +2Vx+1-4y-Vx+1+1-2
V5 +2+4/-Vx+1+1+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(x+(1-(1+x)~(1/2))~(1/2)),x, algorithm="maxima"

[Out] (sqrt(x + 1) - 1)72 - 4/5*sqrt(5)*log(-(sqrt(5) - 2*sqrt(-sqrt(x + 1) + 1)
- 1)/(sqrt(5) + 2*xsqrt(-sqrt(x + 1) + 1) + 1)) + 2*sqrt(x + 1) - 4xsqrt(-sq
rt(x + 1) +1) - 2

Fricas [A] time = 1.08725, size = 305, normalized size = 4.18

222 - 5@x+1) + (VB(x +2) = 5x)Vx + 1+ (V5(x +2) - (V52x -1) - 5)Vx + 1= 5x)y[-Vx +1+1+

4
— 51
5\/_og X2 -x-1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(x+(1-(1+x)~(1/2))~(1/2)),x, algorithm="fricas")

[Out] 4/5*sqrt(5)*log((2*x~2 - sqrt(5)*(3*x + 1) + (sqrt(B)*(x + 2) - B*x)*sqrt(x
+ 1) + (sqrt(5)*(x + 2) - (sqrt(B)*(2*xx - 1) - B)*sqrt(x + 1) - B*x)*sqrt(
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-sqrt(x + 1) + 1) + 3*x + 3)/(x"2 - x - 1)) + x - 4d*sqrt(-sqrt(x + 1) + 1)

Sympy [F] time = 0., size = 0, normalized size = 0.

fx+\/1—\/m

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(x/(x+(1-(1+x)**(1/2))**(1/2)),x)

[Out] Integral(x/(x + sqrt(l - sqrt(x + 1))), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(x+(1-(1+x)~(1/2))~(1/2)),x, algorithm="giac")

[Out] Exception raised: NotImplementedError
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313 [—— e i dx

V1+x 1+x2

Optimal. Leaf size=365

itan” [(1 zv_)\/xTH/_ﬂ) itan ((1 Nﬁ)\/"T“/F”) ita h—l(‘(“z\h_‘i)‘/m“/l_—i”) itanh‘l(‘(“'

24/i+V1 zw/x+ x+1 2y VI+i-infx+Vx+1 24/ V1-i—iy/x+Vx+1
1-i 1+i 1-i
2./~ 2,/- 2
i+V1-i i-V1+i i-V1-i \

24

2

[Out] ((-I/2)*ArcTan[(2 + Sqrt[l - I] - (1 - 2%Sqrt[1l - I])*Sqrtl[1l + x])/(2*Sqrt[
I + Sqrt[1 - I1I*Sqrtlx + Sqrt[l + x]1)1)/Sqrt[(1 - I)/(I + Sqrt[1 - I])] +
((I/2)*ArcTan[(2 + Sqrt[l + I] - (1 - 2xSqrt[1l + I])*Sqrt[1 + x])/(2*Sqrt[
-I + Sqrt[1 + I1]*Sqrtlx + Sqrt[1l + x]11)1)/Sqrt[(-1 - I)/(I - Sqrt[1 + I])]

+ ((I/2)*ArcTanh[(2 - Sqrt[1 - I] - (1 + 2*Sqrt[1 - I])*Sqrt[l + x])/(2*Sq
rt[-I + Sqrt[1 - I1]1*Sqrtlx + Sqrt[1l + x]1)1)/Sqrt[(-1 + I)/(I - Sqrt[1l - I
1)1 - ((I/2)*ArcTanh[(2 - Sqrt[1l + I] - (1 + 2*Sqrt[1 + I])*Sqrt[l + x])/(2
*Sqrt[I + Sqrt[1 + I]IxSqrt[x + Sqrtl[l + x]11)1)/Sqrt[(1 + I)/(I + Sqrt[1 +
ID]

Rubi [A] time = 0.858984, antiderivative size = 365, normalized size of antiderivative =

1., number of steps used = 20, number of rules used = 8, integrand size = 28, number of rules _

integrand size
0.286, Rules used = {6741, 6728, 990, 621, 206, 1033, 724, 204}

1 2\/_)\/;T+\/_+2J o ((1 zvﬁ)\/ﬁﬂ/ﬁﬂJ i h_l(—(nz\/E)M—\/Eu) itanh‘l(‘(“‘

24/i+V1 z\[x+ x+1 \l 1+i 1\[x+ x+1 2\/\/E—i\lx+\/m
1-i 7 [ 1+i y [ 1-i )
i+V1-i i~V1+i i-V1-i \

itan™!

2+

2

Antiderivative was successfully verified.

[In] Int[Sqrtlx + Sqrt[1l + x]]/(Sqrt[l + x]*(1 + x72)),x]

[Out] ((-I/2)*ArcTan[(2 + Sqrt[1 - I] - (1 - 2*Sqrt[1 - I])*Sqrt[1 + x])/(2xSqrt[
I+ Sqrt[1 - I]1I*Sqrtlx + Sqrtl[l + x11)1)/Sqrt[(1 - I)/(I + Sqrt[1 - I])] +
((I/2)*ArcTan[(2 + Sqrt[1 + I] - (1 - 2xSqrt[1 + I])x*Sqrt[1l + x])/(2%Sqrt[
-I + Sqrt[1 + I1]*Sqrtlx + Sqrtl[1l + x]11)1)/Sqrtl(-1 - I)/(I - Sqrt[1 + I1)]

+ ((I/2)*ArcTanh[(2 - Sqrt[1 - I] - (1 + 2xSqrt[1 - I])*Sqrtl[1l + x])/(2%Sq
rt[-I + Sqrt[1 - I]]*Sqrtl[x + Sqrt[1 + x]1)1)/Sqrt[(-1 + I)/(I - Sqrt[1 - I
1] - ((I/2)*%ArcTanh[(2 - Sqrt[1 + I] - (1 + 2xSqrt[1 + I])*Sqrtl[l + x]1)/(2
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*Sqrt [I + Sqrt[1 + I]J]*Sqrtlx + Sqrtl[l + x]1)1)/Sqrt[(1 + I)/(I + Sqrt[l +
D]

Rule 6741

Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int[v, x] /; v =!
= 11]

Rule 6728

Int[(u)/((a_.) + (b_)*x(x )" (n_.) + (c_)*x(x_)"(n2_.)), x_Symbol] :> With[
{v = RationalFunctionExpand[u/(a + b*x™n + c*x~(2%n)), x]}, Intl[v, x] /; Su
mQ[v]] /; FreeQ[{a, b, c}, x] && EqQ[n2, 2*n] && IGtQ[n, O]

Rule 990

Int[Sqrtl(a_) + (b_)*(x_) + (c_.)*(x_)"2]1/((d_) + (£f_.)*(x_)"2), x_Symbol]
:> Dist[c/f, Int[1/Sqrtla + b*x + c*xx~2], x], x] - Dist[1/f, Int[(cxd - ax
f - bxfxx)/(Sqrtla + bxx + c*¥x"2]*(d + £*x72)), x], x] /; FreeQ[{a, b, ¢, d
, T}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%cxx)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 211)/(Rtl[a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/bl && (Gt
Qla, 01 |l LtQ[b, 01)

Rule 1033

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)*(x_)"2]), x_Symbol] :> With[{q = Rt[-(axc), 2]}, Dist[h/2 + (cxg)/(2*q
), Int[1/((-q + c*x)*Sqrtld + e*xx + f*x72]), x], x] + Dist[h/2 - (c*g)/(2%q
), Int[1/((q + cxx)*Sqrt[d + e*x + f*x~2]), x], x]] /; FreeQl{a, c, 4, e, f
, g, h}, x] && NeQ[e™2 - 4xd*xf, 0] && PosQ[-(axc)]

Rule 724

Int[1/C((d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol]l :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
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xaxe - bxd - (2%c*kd - bxe)*x)/Sqrtl[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~"2 - 4xaxc, 0] && NeQ[2*c*xd - bxe, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rtl[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rubi steps
x+vV1+x V. 2
f—dx = 2 Subst fl-'_—x-'_xzdx,x,\ﬂ +x
VI+x(1+22) 1+ (-1 +2)
VA 2
= 2 Subst M dx,x, V1 +x
2 —2x2 4+ x4
iV-1+x+x2 iV-1+x+x2
= 25ubst f((2+2i)—2x2 22 +2x2) oV +x)
\/— 1 2 \/_1 2
= 2i Subst A dx,x, V1 + x|+ 2i Subst $ dx,x, N1+ x
(2 + 2i) — 2x2 (=2 + 20) + 2x2
2i + 2x 2i —2x
= i Subst f dx,x, V1 + x| —iSubst
( ((2+2i)—2xz)\/—1+x+x2 ] [ \/—1+x+x2((—2+2i)
1 1 1
= —| = (i(=2 = @ = )*2)) Subst f de,x, V1 +x||— = (i (<2 +(
[2(( ) (-2V1—i+2x) V-1 +x+22 2((
1 -4+ 21 - 2—-4v1-1)V1 +2
- (i (—2 -(1- i)3/2)) Subst f dx, x, ( )
-16i +16V1 — i — x2 T+x
I = |2+ (12visi)VTex
i\Ji+ V1 —itan 1
[ 24/i+ iy x+V1+ ) 2+V1+i- (1 —

+V1-i 1
=- i ) ~(1+1)324/=i + V1 +itan™
21 —i 4

Mathematica [A] time = 0.456813, size = 357, normalized size = 0.98

24/-i+V1+

1 —(1-2Vi-i)Vx+1+V1-i+2]| 1 1- 2\/1+1\/_
Z(l—i)3/2\/i+\/1—itan‘1 ( ) +Z(1+i)3/2\/\/1+i—itan_1 (

2fi+ VI ix+ Vo + 1

SN
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Antiderivative was successfully verified.

[In] Integratel[Sqrt[x + Sqrt[1l + x]]/(Sqrt[l + x]*(1 + x72)),x]

[Out] ((1 - I)7(3/2)*Sqrt[I + Sqrt[l - I]1l*ArcTan[(2 + Sqrt[1 - I] - (1 - 2*Sqrt[
1 - I])*Sqrt[l + x])/(2xSqrt[I + Sqrt[l - I]]l*Sqrt[x + Sqrt[l + x]])])/4 +
((1 + I)°(3/2)*%Sqrt[-I + Sqrt[1 + I]]*ArcTan[(2 + Sqrt[1l + I] - (1 - 2*Sqrt
[1 + I])*Sqrt[l + x])/(2%Sqrt[-I + Sqrt[l + I]]*Sqrt[x + Sqrt[1l + x]])]1)/4
- ((1 - I)°(3/2)*Sqrt [-I + Sqrt[1 - I]]*ArcTanh[(2 - Sqrt[1 - I] - (1 + 2x8
grt[1 - I])*Sqrt[l + x])/(2xSqrt[-I + Sqrt[l - I]]xSqrtl[x + Sqrtl[1l + x1]1)]1)
/4 - ((1 + I)7(3/2)*Sqrt [I + Sqrt[1 + I]]l*ArcTanh[(2 - Sqrt[1 + I] - (1 + 2
xSqrt[1 + I])*Sqrt[1 + x])/(2%Sqrt[I + Sqrt[1l + I]]xSqrtlx + Sqrt[l + x]]1)]

)/4

Maple [C] time = 0.017, size = 109, normalized size = 0.3

5 4 2
1 2 2 RP-5 R*+5 R -1 ln( /x+‘

R”-3 R°+5 R*+10 R*-18 R*>+10 R-1

_R=RootOf(_z%-4_7°+8_7°+20_7*-48_7°+40_7*-8_7+1) —
Verification of antiderivative is not currently implemented for this CAS.

[In] int((x+(1+x)7(1/2))7(1/2)/(x72+1)/(1+x)~(1/2) ,x)

[Out] -1/2*sum((2% R"5-5% R™4+5% R~2-1)/( R"7-3% R"5+5% R~4+10% R"3-18% R"2+10% R
~1)*1n((x+(1+x) " (1/2)) " (1/2) - (1+x) ~(1/2)-_R),_R=Root0f (_Z"8-4* 7 6+8% Z 5+2
0% Z~4-48% Z7°3+40% Z°2-8% Z+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

x+Vx+1
f (x2 + 1)\/m

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/(x"2+1)/(1+x)~(1/2) ,x, algorithm="maxima"

[Out] integrate(sqrt(x + sqrt(x + 1))/((x"2 + 1)*sqrt(x + 1)), x)
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Fricas [B] time = 56.984, size = 20056, normalized size = 54.95

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/(x"2+1)/(1+x)~(1/2),x, algorithm="fricas")

[Out] -1/4x*sqrt(sqrt(1/8*I + 1/8) + sqrt(-1/8*I + 1/8) - 2*sqrt(-3/64+*(4xsqrt(1/8
*I + 1/8) - I + 1)72 - 3/64x(4*xsqrt(-1/8*I + 1/8) + I + 1)72 - 1/32%(4*sqrt
(1/8+I + 1/8) - I + 1)*(4xsqrt(-1/8*I + 1/8) + I - 3) + 1/2*sqrt(-1/8+I + 1
/8) + 1/8+I + 1/8) - 1/2)*log(1/4*x(2*x(((3*%x - 1)*sqrt(x + 1) + 4*x - 3)*(4x
sqrt(-1/8+I + 1/8) + I + 1) - 3*%(3*%x - 1)*sqrt(x + 1) - 7*x + 9)*sqrt(x + s
grt(x + 1))*(4xsqrt(1/8+I + 1/8) - I + 1)72 + 2x(((3*x - 1) *sqrt(x + 1) + 4
*x — 3)x(4xsqrt(-1/8*%I + 1/8) + I + 1)72 - 4x((3*x - 1)*sqrt(x + 1) + 4xx -
3)x(4*sqrt(-1/8*I + 1/8) + I + 1) + 2x(7*x + 1)*sqrt(x + 1) + 12*%x - 14)xs
grt(x + sqrt(x + 1))*(4*sqrt(1/8*I + 1/8) - I + 1) + 16x((((3*x - 1)*sqrt(x
+ 1) + 4xx - 3)*(4xsqrt(-1/8%I + 1/8) + I + 1) - 3*(3*x - 1)*sqrt(x + 1) -
7xx + 9)*sqrt(x + sqrt(x + 1))*(4xsqrt(1/8+I + 1/8) - I + 1) - ((3*(3xx -
D*xsqrt(x + 1) + 7*x - 9)*(4xsqrt(-1/8*I + 1/8) + I + 1) - 2x(11*x - 7)*sqr
t(x + 1) - 16xx + 22)*sqrt(x + sqrt(x + 1)))*sqrt(-3/64*(4*xsqrt(1/8xI + 1/8
) - I +1)72 - 3/64%(4*sqrt(-1/8*I + 1/8) + I + 1)72 - 1/32%(4*sqrt(1/8I +
1/8) = I + 1)*(4*sqrt(-1/8*%I + 1/8) + I - 3) + 1/2*sqrt(-1/8+I + 1/8) + 1/
81 + 1/8) - 2x((3%(3*x - 1)*sqrt(x + 1) + 7xx - 9)*(4*xsqrt(-1/8%I + 1/8) +
I+ 1)72 - 2x((7*x + 1)*sqrt(x + 1) + 6%x - 7)*(4*xsqrt(-1/8*I + 1/8) + I +
1) - d¥xsqrt(x + D)x(x - 7) - 12%xx + 44)*sqrt(x + sqrt(x + 1)) + ((3*x"2 -
(x72 + 2%(3*%x + 4)*sqrt(x + 1) + 8*x + 5)*(4*sqrt(-1/8+I + 1/8) + I + 1) +
2% (9%x + T)*sqrt(x + 1) + 24*x + 15)*(4*sqrt(1/8+I + 1/8) - I + 1)72 + (3*x
T2 + 2%(9%x + T)*sqrt(x + 1) + 24xx + 15)*(4*sqrt(-1/8*%I + 1/8) + I + 1)72
- 68%x72 - ((x72 + 2%(3*x + 4)*sqrt(x + 1) + 8%x + 5)*(4xsqrt(-1/8*I + 1/8)
+ I+ 1)72 - 2%x72 - 4% (x72 + 2%x(3*x + 4)*sqrt(x + 1) + 8*x + 5)*x(4*xsqrt(-
1/8+%1 + 1/8) + I + 1) + 4x(7xx + 6)*sqrt(x + 1) + 24xx + 30)*(4d*xsqrt(1/8%I
+1/8) - I + 1) + 2%(x72 - 2x(7*x + 6)*sqrt(x + 1) - 12*x - 15)*(4x*sqrt(-1/
8xI + 1/8) + I + 1) - 8%(14xx"2 - (3*x72 - (x72 + 2%(3*x + 4)*sqrt(x + 1) +
8*x + 5)*(4*xsqrt(-1/8*%I + 1/8) + I + 1) + 2x(9xx + 7)*sqrt(x + 1) + 24*x +
15) % (4xsqrt(1/8+I + 1/8) - I + 1) - (3*x72 + 2%(9*x + 7)*sqrt(x + 1) + 24x
X + 15)*(4*sqrt(-1/8+I1 + 1/8) + I + 1) + 4x(11xx + 8)*sqrt(x + 1) + 72*xx +
30) *sqrt (-3/64* (4xsqrt(1/8+I + 1/8) - I + 1)72 - 3/64x(4*sqrt(-1/8*I + 1/8)
+ I+ 1)72 - 1/32%(4*sqrt(1/8+I + 1/8) - I + 1)x(4xsqrt(-1/8+I + 1/8) + I
- 3) + 1/2xsqrt(-1/8*I + 1/8) + 1/8+I + 1/8) - 8*(11lxx + 3)*sqrt(x + 1) - 6
4xx - 20)*sqrt(sqrt(1/8*I + 1/8) + sqrt(-1/8+I + 1/8) - 2xsqrt(-3/64*(4*sqr
t(1/8%I + 1/8) - I + 1)72 - 3/64*(4*sqrt(-1/8*I + 1/8) + I + 1)72 - 1/32*(4
xsqrt(1/8+I + 1/8) - I + 1)*(4xsqrt(-1/8%I + 1/8) + I - 3) + 1/2%sqrt(-1/8%
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I +1/8) + 1/8+I + 1/8) - 1/2))/(x"2 + 1)) + 1/4*sqrt(sqrt(1/8*I + 1/8) + s
qrt(-1/8*%I + 1/8) - 2*xsqrt(-3/64*(4*sqrt(1/8*I + 1/8) - I + 1)72 - 3/64*(4x
sqrt(-1/8+I + 1/8) + I + 1)72 - 1/32x(4xsqrt(1/8+I + 1/8) - I + 1)*(4xsqrt(
-1/8%I + 1/8) + I - 3) + 1/2*sqrt(-1/8*I + 1/8) + 1/8%I + 1/8) - 1/2)xlog(1
/4% (2% (((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4*sqrt(-1/8+I + 1/8) + I + 1) - 3
*(3*xx — D)*sqrt(x + 1) - 7xx + 9)*sqrt(x + sqrt(x + 1))*(4*sqrt(1/8*I + 1/8
) = I+ 1)72 + 2x(((3*x - 1D)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1/8+I + 1/8) +
I+ 1)72 - 4x((3%x - 1)*sqrt(x + 1) + 4xx - 3)*(4*xsqrt(-1/8%I + 1/8) + I +
1) + 2x(7*xx + 1)*sqrt(x + 1) + 12*x - 14)xsqrt(x + sqrt(x + 1))*(4*sqrt(1/
8*I + 1/8) - I + 1) + 16%x((((3*x - 1)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1/8%I
+1/8) + I + 1) - 3*%(3%x - 1)*sqrt(x + 1) - 7*x + 9)*sqrt(x + sqrt(x + 1))
*x(4xsqrt(1/8+I + 1/8) - I + 1) - ((3*%(3xx - 1)*sqrt(x + 1) + 7xx - 9)*(4xsq
rt(-1/8+I + 1/8) + I + 1) - 2%(11xx - 7)*sqrt(x + 1) - 16%x + 22)*sqrt(x +
sqrt(x + 1)))*sqrt(-3/64*(4*xsqrt(1/8+I + 1/8) - I + 1)72 - 3/64*x(4*xsqrt(-1/
81 + 1/8) + I + 1)72 - 1/32%(4*xsqrt(1/8+I + 1/8) - I + 1)*(4*sqrt(-1/8*I +
1/8) + I - 3) + 1/2*%sqrt(-1/8*%I + 1/8) + 1/8+I + 1/8) - 2% ((3x(3*x - 1)*sq
rt(x + 1) + 7*xx - 9)*(4*xsqrt(-1/8*I + 1/8) + I + 1)72 - 2x((7*x + 1)*sqrt(x
+ 1) + 6%x — 7)*(4*sqrt(-1/8*I + 1/8) + I + 1) - 4dxsqrt(x + D*x(x - 7) - 1
2%x + 44)*sqrt(x + sqrt(x + 1)) - ((3*%x72 - (x72 + 2% (3*x + 4)*sqrt(x + 1)
+ 8%x + B)*x(4xsqrt(-1/8+I + 1/8) + I + 1) + 2*(9*x + 7)*sqrt(x + 1) + 24xx
+ 15)*(4*xsqrt(1/8+I + 1/8) - I + 1)72 + (3*x72 + 2%(9*x + 7)*sqrt(x + 1) +
24%x + 15)*(4xsqrt(-1/8*I + 1/8) + I + 1)72 - 68*x72 - ((x72 + 2% (3*x + 4)*
sqrt(x + 1) + 8*%x + B)*x(4*xsqrt(-1/8*%I + 1/8) + I + 1)72 - 2%xx72 - 4*%(x72 +
2% (3*%x + 4)*sqrt(x + 1) + 8%x + 5)*(4*xsqrt(-1/8%I + 1/8) + I + 1) + 4x(7*x
+ B6)xsqrt(x + 1) + 24*xx + 30)*(4*sqrt(1/8%I + 1/8) - I + 1) + 2x(x"2 - 2%(7
*X + 6)xsqrt(x + 1) - 12%x - 15)*(4*sqrt(-1/8*I + 1/8) + I + 1) - 8*%(14%xx"2
- (3%x72 - (x72 + 2%(3*x + 4)*sqrt(x + 1) + 8*x + B5)*(4*sqrt(-1/8*I + 1/8)
+ I + 1) + 2%x(9%x + T)*sqrt(x + 1) + 24*x + 15)*(4*sqrt(1/8*I + 1/8) - I +
1) - (3*x72 + 2%x(9%x + T)*sqrt(x + 1) + 24*x + 15)*(4*sqrt(-1/8+I + 1/8) +
I+ 1) + 4x(11*x + 8)*sqrt(x + 1) + 72%x + 30)*sqrt(-3/64*(4*sqrt(1/8*I +
1/8) - I + 1)72 - 3/64*(4*sqrt(-1/8+I + 1/8) + I + 1)72 - 1/32%(4*xsqrt(1/8%
I+1/8) - I + 1)*(4*sqrt(-1/8*%I + 1/8) + I - 3) + 1/2%sqrt(-1/8*I + 1/8) +
1/8%xI + 1/8) - 8*(11*x + 3)*sqrt(x + 1) - 64*x - 20)*sqrt(sqrt(1/8*I + 1/8
) + sqrt(-1/8%I + 1/8) - 2xsqrt(-3/64*(4*sqrt(1/8*I + 1/8) - I + 1)"2 - 3/6
4% (4xsqrt(-1/8+I + 1/8) + I + 1)72 - 1/32x(4xsqrt(1/8+I + 1/8) - I + 1)*(4x
sqrt(-1/8+I + 1/8) + I - 3) + 1/2*sqrt(-1/8+I + 1/8) + 1/8+I + 1/8) - 1/2))
/(x"2 + 1)) - 1/4xsqrt(sqrt(1/8+I + 1/8) + sqrt(-1/8*I + 1/8) + 2*sqrt(-3/6
4% (4*xsqrt(1/8*I + 1/8) - I + 1)72 - 3/64*%(4xsqrt(-1/8+I + 1/8) + I + 1)72 -
1/32% (4*sqrt(1/8*%I + 1/8) - I + 1)*(4*sqrt(-1/8+I + 1/8) + I - 3) + 1/2%xsq
rt(-1/8%I + 1/8) + 1/8*%I + 1/8) - 1/2)*log(1/4*(2*%(((3*x - 1)*sqrt(x + 1) +
4xx - 3)x(4xsqrt(-1/8+I + 1/8) + I + 1) - 3*(3*x - 1D)*sqrt(x + 1) - 7*x +
9 *sqrt(x + sqrt(x + 1))*(4d*sqrt(1/8+I + 1/8) - I + 1)72 + 2x(((3*x - 1)*sq
rt(x + 1) + 4*xx - 3)*(4*xsqrt(-1/8*I + 1/8) + I + 1)72 - 4x((3*x - 1)*sqrt(x
+ 1) + 4xx - 3)*(4*xsqrt(-1/8*I + 1/8) + I + 1) + 2x(7xx + 1)*sqrt(x + 1) +
12xx - 14)*sqrt(x + sqrt(x + 1))*(4*xsqrt(1/8+I + 1/8) - I + 1) - 16%x((((3*
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X — 1)*sqrt(x + 1) + 4xx - 3)*(4xsqrt(-1/8+I + 1/8) + I + 1) - 3*(3*x - 1)*
sqrt(x + 1) - 7*x + 9)*sqrt(x + sqrt(x + 1))*(4*sqrt(1/8*I + 1/8) - I + 1)
- ((3*%(3*%x - D)*sqrt(x + 1) + 7*x - 9)*(4*sqrt(-1/8*I + 1/8) + I + 1) - 2x%(
11xx - 7)*sqrt(x + 1) - 16%x + 22)*sqrt(x + sqrt(x + 1)))*sqrt(-3/64*(4xsqr
t(1/8*xI + 1/8) - I + 1)72 - 3/64*(4*xsqrt(-1/8%I + 1/8) + I + 1)72 - 1/32*(4
xsqrt (1/8*I + 1/8) - I + 1)*(4xsqrt(-1/8*I + 1/8) + I - 3) + 1/2%sqrt(-1/8%
I+ 1/8) + 1/8%I + 1/8) - 2*%((3*(3*x - 1)*sqrt(x + 1) + 7*xx - 9)*(4*xsqrt(-1
/81 + 1/8) + I + 1)72 - 2x((7*x + 1)*sqrt(x + 1) + 6%x - 7)*(4*xsqrt(-1/8%I
+1/8) + I + 1) - 4d*xsqrt(x + D)*x(x - 7) - 12%x + 44)*sqrt(x + sqrt(x + 1))
+ ((3*x72 - (x72 + 2%(3*x + 4)*sqrt(x + 1) + 8*x + 5)*(4*sqrt(-1/8+I + 1/8
) + I+ 1) + 2%(9%x + 7)*sqrt(x + 1) + 24%x + 15)*(4xsqrt(1/8*I + 1/8) - I
+ 1)72 + (3*%x72 + 2% (9%x + 7T)*sqrt(x + 1) + 24xx + 15)*(4xsqrt(-1/8xI + 1/8
) + 1+ 1)72 - 68%x72 - ((x72 + 2%(3*%x + 4)*sqrt(x + 1) + 8*%x + 5)*(4*xsqrt(
-1/8%I + 1/8) + I + 1)72 - 2*x72 - 4x(x72 + 2%(3*x + 4)*sqrt(x + 1) + 8*x +
5)*(4*xsqrt(-1/8*I + 1/8) + I + 1) + 4x(7xx + 6)*sqrt(x + 1) + 24*x + 30)*(
4xsqrt(1/8+I + 1/8) - I + 1) + 2%(x72 - 2%(7*x + 6)*sqrt(x + 1) - 12*x - 15
)k (4xsqrt(-1/8*I + 1/8) + I + 1) + 8%(14*x72 - (3*x72 - (x72 + 2% (3*x + 4)*
sqrt(x + 1) + 8*x + B)*(4*sqrt(-1/8*I + 1/8) + I + 1) + 2x(9%x + 7)*sqrt(x
+ 1) + 24*x + 15)*(4xsqrt(1/8+I + 1/8) - I + 1) - (3*%x72 + 2x(9%x + 7)*sqrt
(x + 1) + 24%x + 15)*(4*xsqrt(-1/8*I + 1/8) + I + 1) + 4x(11xx + 8)*sqrt(x +
1) + 72*x + 30)*sqrt(-3/64*(4*sqrt(1/8*I + 1/8) - I + 1)72 - 3/64*(4*xsqrt(
-1/8+%I + 1/8) + I + 1)72 - 1/32x(4*sqrt(1/8*I + 1/8) - I + 1)*(4*sqrt(-1/8%
I+1/8) + I - 3) + 1/2%xsqrt(-1/8%I + 1/8) + 1/8+I + 1/8) - 8*(11xx + 3)*sq
rt(x + 1) - 64*xx - 20)*sqrt(sqrt(1/8+I + 1/8) + sqrt(-1/8*%I + 1/8) + 2*sqrt
(-3/64x(4*sqrt(1/8+I + 1/8) - I + 1)72 - 3/64*(4*sqrt(-1/8+I + 1/8) + I + 1
)72 - 1/32%(4*sqrt(1/8*I + 1/8) - I + 1)*(4*sqrt(-1/8+I + 1/8) + I - 3) + 1
/2*%sqrt(-1/8%I + 1/8) + 1/8%I + 1/8) - 1/2))/(x"2 + 1)) + 1/4*sqrt(sqrt(1/8
*I + 1/8) + sqrt(-1/8*I + 1/8) + 2*sqrt(-3/64*(4*sqrt(1/8*I + 1/8) - I + 1)
"2 - 3/64%(4xsqrt(-1/8+I + 1/8) + I + 1)72 - 1/32x(4x*sqrt(1/8+I + 1/8) - I
+ 1) x(4xsqrt(-1/8+I + 1/8) + I - 3) + 1/2*%sqrt(-1/8*%I + 1/8) + 1/8+I + 1/8)
- 1/2)*log(1/4*x (2% (((3*x - 1)*sqrt(x + 1) + 4*xx - 3)*(4*xsqrt(-1/8*I + 1/8)
+ I+ 1) - 3*%(3*%x - 1)*sqrt(x + 1) - 7*x + 9)*sqrt(x + sqrt(x + 1))*(4*xsqr
t(1/8+%I + 1/8) - I + 1)72 + 2x(((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4xsqrt(-1
/81 + 1/8) + I + 1)72 - 4x((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4*xsqrt(-1/8%I
+1/8) + I + 1) + 2x(7*x + 1)*sqrt(x + 1) + 12%x - 14)*sqrt(x + sqrt(x + 1
))*(4*xsqrt(1/8+I + 1/8) - I + 1) - 16+%((((3*x - 1)*sqrt(x + 1) + 4*xx - 3)*(
4xsqrt(-1/8*I + 1/8) + I + 1) - 3*(3*%x - 1)*sqrt(x + 1) - 7*x + 9)*sqrt(x +
sqrt(x + 1)) *(4*sqrt(1/8*I + 1/8) - I + 1) - ((3*%(3*x - 1D)*sqrt(x + 1) + 7
*x — 9)x(4xsqrt(-1/8*I + 1/8) + I + 1) - 2%(11xx - 7)*sqrt(x + 1) - 16%x +
22)*xsqrt(x + sqrt(x + 1)))*sqrt(-3/64*(4*xsqrt(1/8+xI + 1/8) - I + 1)°2 - 3/6
4% (4*sqrt(-1/8+I + 1/8) + I + 1)72 - 1/32x(4xsqrt(1/8+I + 1/8) - I + 1)*(4x
sqrt(-1/8+I + 1/8) + I - 3) + 1/2xsqrt(-1/8*I + 1/8) + 1/8+I + 1/8) - 2%((3
*(3*%x - Dxsqrt(x + 1) + 7xx - 9)*(4xsqrt(-1/8*I + 1/8) + I + 1)72 - 2% ((7*
X + 1)*sqrt(x + 1) + 6%x — 7)*(4*sqrt(-1/8*%I + 1/8) + I + 1) - 4xsqrt(x + 1
Yk(x = 7) - 12%x + 44)*sqrt(x + sqrt(x + 1)) - ((3*%x72 - (x72 + 2%(3*x + 4)
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xsqrt(x + 1) + 8%x + B)*(4xsqrt(-1/8%I + 1/8) + I + 1) + 2%(9%x + 7)*sqrt(x
+ 1) + 24%x + 15)*(4xsqrt(1/8+I + 1/8) - I + 1)72 + (3*%x72 + 2% (9%x + 7)*s
grt(x + 1) + 24*x + 15)*(4*sqrt(-1/8+I + 1/8) + I + 1)72 - 68*x~2 - ((x72 +
2% (3*x + 4)*sqrt(x + 1) + 8*x + 5)*(4*xsqrt(-1/8%I + 1/8) + I + 1)72 - 2*x~
2 - 4x(x72 + 2%(3xx + 4)*sqrt(x + 1) + 8*x + 5)*(4*sqrt(-1/8*I + 1/8) + I +
1) + 4x(7*xx + 6)*sqrt(x + 1) + 24*x + 30)*(4*sqrt(1/8+I + 1/8) - I + 1) +
2% (x72 - 2x(7*x + 6)*sqrt(x + 1) - 12*%x - 15)*(4*sqrt(-1/8*I + 1/8) + I + 1
) + 8%(14xx72 - (3*x72 - (x72 + 2%(3*%x + 4)*sqrt(x + 1) + 8*%x + 5)*(4*xsqrt(
-1/8%I + 1/8) + I + 1) + 2x(9%x + 7T)*sqrt(x + 1) + 24%xx + 15)*(4*sqrt(1/8*I
+1/8) - I + 1) - (3*%x72 + 2%x(9%x + 7)*sqrt(x + 1) + 24*xx + 15)*(4*sqrt(-1
/81 + 1/8) + I + 1) + 4x(11*x + 8)*sqrt(x + 1) + 72%x + 30)*sqrt(-3/64* (4x
sqrt(1/8*I + 1/8) - I + 1)72 - 3/64*x(4*sqrt(-1/8+I + 1/8) + I + 1)72 - 1/32
*x(4xsqrt(1/8+I + 1/8) - I + 1)*(4xsqrt(-1/8*I + 1/8) + I - 3) + 1/2*sqrt(-1
/81 + 1/8) + 1/8%I + 1/8) - 8x(1l*x + 3)*sqrt(x + 1) - 64*x - 20)*sqrt(sqr
t(1/8*xI + 1/8) + sqrt(-1/8*I + 1/8) + 2*sqrt(-3/64x(4*sqrt(1/8*I + 1/8) - I
+ 1)72 - 3/64x(4*xsqrt(-1/8*%I + 1/8) + I + 1)72 - 1/32%(4*sqrt(1/8*I + 1/8)
- I+ 1)*(4*xsqrt(-1/8*%I + 1/8) + I - 3) + 1/2%sqrt(-1/8*I + 1/8) + 1/8%I +
1/8) - 1/2))/(x"2 + 1)) + 1/2*sqrt(-1/2*sqrt(1/8+I + 1/8) + 1/8+I - 1/8)*1
og(-((((3*x - 1)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1/8+I + 1/8) + I + 1) - 3%
(3*x - D)*sqrt(x + 1) - 7*x + 9 *sqrt(x + sqrt(x + 1))*(4*sqrt(1/8*I + 1/8)
=TI+ 1)72 + (((3*x - D*sqrt(x + 1) + 4*xx - 3)*(4*sqrt(-1/8*I + 1/8) + I
+ 1)72 - 4%x((3*%x - D*sqrt(x + 1) + 4xx - 3)*(4xsqrt(-1/8*I + 1/8) + I + 1)
+ 2% (7*x + 1D)*sqrt(x + 1) + 12%xx - 14)*sqrt(x + sqrt(x + 1))*(4*xsqrt(1/8*I
+1/8) - I + 1) + (((3*%x - 1)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1/8*I + 1/8)
+ I+ 1)73 - 4x((3*x - 1)*sqrt(x + 1) + 4*xx - 3)*(4*xsqrt(-1/8%I + 1/8) + I
+ 1)72 + 4x((3*%x - 1)*sqrt(x + 1) + 4xx - 3)*(4*sqrt(-1/8+I + 1/8) + I + 1
) + 2%(3%x - D*sqrt(x + 1) - 2%x + 14)*sqrt(x + sqrt(x + 1)) + ((x72 + 2x%(
3xx + 4)*sqrt(x + 1) + 8*x + 5)*(4*sqrt(-1/8*I + 1/8) + I + 1)73 - (3*x"2 -
(x72 + 2%(3*x + 4)*sqrt(x + 1) + 8*x + B)*(4*sqrt(-1/8+I + 1/8) + I + 1) +
2% (9xx + T)*sqrt(x + 1) + 24*x + 15)*(4*sqrt(1/8+I + 1/8) - I + 1)72 - 4x(
X72 + 2%(3*x + 4)*sqrt(x + 1) + 8*x + B)x(4*xsqrt(-1/8*%I + 1/8) + I + 1)72 -
18%xx72 + ((x72 + 2%x(3*x + 4)*sqrt(x + 1) + 8xx + 5)*(4xsqrt(-1/8*I + 1/8)
+ I+ 1)72 - 2%x72 - 4*%(x72 + 2%x(3*x + 4)*sqrt(x + 1) + 8xx + 5)*(4xsqrt(-1
/81 + 1/8) + I + 1) + 4x(7*xx + 6)*sqrt(x + 1) + 24*x + 30)*(4*sqrt(1/8*I +
1/8) = I + 1) + 4%(x72 + 2*%(3*x + 4)*sqrt(x + 1) + 8*x + 5)*(4d*sqrt(-1/8%*I
+1/8) + I + 1) - 4x(7*x + 1)*sqrt(x + 1) + 16*x - 10)*sqrt(-1/2xsqrt(1/8%
I+ 1/8) + 1/8+1 - 1/8))/(x"2 + 1)) - 1/2xsqrt(-1/2*sqrt(1/8+I + 1/8) + 1/8
*I - 1/8)*1og(-((((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4*xsqrt(-1/8*I + 1/8) +
I+ 1) - 3%(3*%x - 1)*sqrt(x + 1) - 7*xx + 9)*sqrt(x + sqrt(x + 1))*(4xsqrt(l
/8%1 + 1/8) - I + 1)72 + (((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4xsqrt(-1/8%I
+1/8) + I + 1)72 - 4x((3*%x - 1)*sqrt(x + 1) + 4*x - 3)*(4*sqrt(-1/8*I + 1/

8) + I + 1) + 2x(7*xx + L)xsqrt(x + 1) + 12xx - 14)*sqrt(x + sqrt(x + 1))*(4
xsqrt(1/8+I + 1/8) - I + 1) + (((3*%x - 1)*sqrt(x + 1) + 4*x - 3)*(4*xsqrt(-1
/8%1 + 1/8) + I + 1)73 - 4x((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4*xsqrt(-1/8%I
+1/8) + I + 1)72 + 4x((3*%x - 1)*sqrt(x + 1) + 4*xx - 3)*(4*sqrt(-1/8*I + 1
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/8) + I + 1) + 2x(3*x - 1)*sqrt(x + 1) - 2xx + 14)*sqrt(x + sqrt(x + 1)) -
((x72 + 2%(3*x + 4)*sqrt(x + 1) + 8%x + B)*(4*sqrt(-1/8+I + 1/8) + I + 1)73
- (3%x72 - (x72 + 2%(3*x + 4)*sqrt(x + 1) + 8*x + B5)*(4*sqrt(-1/8*I + 1/8)
+ I+ 1) + 2%x(9%x + T)*sqrt(x + 1) + 24*x + 15)*(4*sqrt(1/8+I + 1/8) - I +
1)72 - 4%(x72 + 2% (3*x + 4)*sqrt(x + 1) + 8*x + B)x(4*xsqrt(-1/8%I + 1/8) +
I+ 1)72 - 18%x72 + ((x72 + 2x(3*x + 4)*sqrt(x + 1) + 8*x + 5)*(4*xsqrt(-1/
8xI + 1/8) + I + 1)72 - 2*%x72 - 4%(x72 + 2% (3*x + 4)*sqrt(x + 1) + 8*x + 5)
*x(4xsqrt(-1/8*I + 1/8) + I + 1) + 4*(7*x + 6)*sqrt(x + 1) + 24xx + 30)*(4x*s
qrt(1/8+I + 1/8) - I + 1) + 4%(x72 + 2*%(3*x + 4)*sqrt(x + 1) + 8*x + 5)*(4x
sqrt(-1/8+I + 1/8) + I + 1) - 4% (7xx + 1)*sqrt(x + 1) + 16%x - 10)*sqrt(-1/
2%sqrt(1/8*I + 1/8) + 1/8+I - 1/8))/(x72 + 1)) + 1/2%sqrt(-1/2*sqrt(-1/8%I
+ 1/8) - 1/8xI - 1/8)*1og(((((3*x - 1)*sqrt(x + 1) + 4*xx - 3)*(4d*sqrt(-1/8%
I+1/8) + I+ 1)73 - ((3*%x - 1)*sqrt(x + 1) + 9%x - 3)*(4*sqrt(-1/8*I + 1/
8) + I+ 1)72 - 2x((x + 3)*sqrt(x + 1) - 2*x - 1)*(4*sqrt(-1/8+I + 1/8) + I
+ 1) - 10*%(3*x - 1)*sqrt(x + 1) - 30*x + 10)*sqrt(x + sqrt(x + 1)) + ((x72
+ 2% (3*%x + 4)xsqrt(x + 1) + 8*x + 5)*(4*sqrt(-1/8+I + 1/8) + I + 1)73 - (x
"2 4+ 6x(x + 3)*sqrt(x + 1) + 8*x + 5)*(4*sqrt(-1/8+I + 1/8) + I + 1)72 + 10
*x72 + 2% (3*%x72 - 2*sqrt(x + 1)*(x - 2) + 4xx - 5)*(4xsqrt(-1/8%I + 1/8) +
I+ 1) - 20*%(x + 3)*sqrt(x + 1) - 80*x - 30)*sqrt(-1/2*sqrt(-1/8+I + 1/8) -
1/8+%1 - 1/8))/(x"2 + 1)) - 1/2*sqrt(-1/2*sqrt(-1/8*I + 1/8) - 1/8xI - 1/8)
*Log (((((3*x - 1)*sqrt(x + 1) + 4xx - 3)*(4xsqrt(-1/8+I + 1/8) + I + 1)73 -
((3*x - 1)*sqrt(x + 1) + 9*%x - 3)*(4*xsqrt(-1/8*I + 1/8) + I + 1)72 - 2x((x
+ 3)xsqrt(x + 1) - 2xx - 1)*(4xsqrt(-1/8*I + 1/8) + I + 1) - 10%(3*xx - 1)x*
sqrt(x + 1) - 30*x + 10)*sqrt(x + sqrt(x + 1)) - ((x72 + 2% (3*x + 4)*sqrt(x
+ 1) + 8%x + 5)*(4*xsqrt(-1/8%I + 1/8) + I + 1)73 - (x72 + 6*(x + 3)*sqrt(x
+ 1) + 8xx + 5)*(4xsqrt(-1/8*I + 1/8) + I + 1)72 + 10*%x72 + 2% (3*x72 - 2xs
grt(x + 1)*(x - 2) + 4*x - B)*(4*sqrt(-1/8*I + 1/8) + I + 1) - 20%(x + 3)*s
qrt(x + 1) - 80*x - 30)*sqrt(-1/2*sqrt(-1/8*I + 1/8) - 1/8+I - 1/8))/(x72 +
1)

+
+
+
+

+ + + +

Sympy [F] time = 0., size = 0, normalized size = 0.

[l

Vx+1 x2+1

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)*x(1/2))**(1/2)/(x**2+1)/(1+x)**(1/2) ,%)

[Out] Integral(sqrt(x + sqrt(x + 1))/(sqrt(x + 1)*(x*x2 + 1)), x)
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Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/(x~2+1)/(1+x)~(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError
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314 [V

1+x2
Optimal. Leaf size=337

1 —(1-2V1-i)Vx+1+V1-i+2]| 1 —1-2V1+i)Vx+1+V1+i+2
5i\/i+\/1—itan‘1 ( ) —Ei\/\/1+i—itan‘1 ( )
2Jr+¢l V&+Vx+1 2JV1+%4V&+Vx+1

[Out] (I/2)*Sqrt[I + Sqrt[1 - I]]l*ArcTan[(2 + Sqrt[1 - I] - (1 - 24Sqrt[1 - I])*S
grt[1 + x])/(2*%Sqrt[I + Sqrt[1 - I]]*Sqrtlx + Sqrtl[l + x]]1)] - (I/2)*Sqrt[-

I + Sqrt[l + I]]*ArcTan[(2 + Sqrt[1l + I] - (1 - 2xSqrt[1 + I])*Sqrt[1 + x])
/(2%Sqrt[-I + Sqrt[1 + IJ1*Sqrtlx + Sqrt[1l + x]]1)] + (I/2)*Sqrt[-I + Sqrt[1

- I]1*ArcTanh[(2 - Sqrt[1 - I] - (1 + 24Sqrt[1 - I1)*Sqrt[1 + x]1)/(2xSqrtl[

-I + Sqrt[1 - I]1xSqrtlx + Sqrtl[1 + x]11)] - (I/2)*Sqrt[I + Sqrt[1 + I]]xArc
Tanh[(2 - Sqrt[1 + I] - (1 + 2*%Sqrt[1 + I])*Sqrt[l + x])/(2xSqrt[I + Sqrt[1

+ I]1*Sqrt[x + Sqrt[1 + x]1)]

Rubi [A] time = 0.621143, antiderivative size = 337, normalized size of antiderivative
1., number of steps used = 22, number of rules used = 9, integrand size = 21, M =

integrand size
0.429, Rules used = {6741, 6728, 1021, 1078, 621, 206, 1033, 724, 204}

1 —(1-2V1-i)Vx+1+V1-i+2]| 1 —(1-2VI+i)Vx+1+V1+i+2
Ei\/i +V1-itan™ ( ) - Ei\/\/l +i—itan”} ( )
2Jr+¢1 J&+Vx+1 2JV1+L¢Q&+Vx+1

Antiderivative was successfully verified.

[In] Int[Sqrtlx + Sqrt[l + x]]1/(1 + x72),x]

[Out] (I/2)*Sqrt[I + Sqrt[l - I]l*ArcTan[(2 + Sqrt[1l - I] - (1 - 2xSqrt[1 - I])*S
grt[1 + x])/(2xSqrt[I + Sqrt[1 - I]]*Sqrtl[x + Sqrt[l + x]1)] - (I/2)*Sqrtl[-

I + Sqrt[1 + I]]*ArcTan[(2 + Sqrt[l + I] - (1 - 2*%Sqrt[1 + I])*Sqrt[l + x])
/(2xSqrt[-I + Sqrt[1 + I]]xSqrt[x + Sqrt[1l + x]]1)] + (I/2)*Sqrt[-I + Sqrtl[1

- I]]*ArcTanh[(2 - Sqrt[1l - I] - (1 + 2%Sqrt[1l - I])*Sqrtl[1l + x])/(2*Sqrtl

-I + Sqrt[1 - I]I*Sqrtlx + Sqrtl[l + x]1)] - (I/2)*Sqrt[I + Sqrt[1 + I]]l*Arc
Tanh[(2 - Sqrt[l + I] - (1 + 2%Sqrt[1 + I])*Sqrtl[1l + x])/(2*Sqrt[I + Sqrt[1

+ I1]1*Sqrtx + Sqrt[l + x]1]1)]

Rule 6741
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Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int[v, x] /; v =!
= u]

Rule 6728

Int[(u)/((a_.) + (b_)*&x )" (m_.) + (c_.)*(x_)"(n2_.)), x_Symbol] :> With[
{v = RationalFunctionExpand[u/(a + b*x™n + c*x~(2%n)), x]}, Int[v, x] /; Su
mQ[v]] /; FreeQ[{a, b, c}, x] && EqQ[n2, 2*n] && IGtQ[n, O]

Rule 1021

Int[((g_.) + (h_)*x(x_))*x((a_) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_)*((d_) + (£
_D)*(x_)"2)7(q ), x_Symbol] :> Simp[(h*(a + b*x + c*x72)7p*x(d + £*x72)7(q +
D)/ (2xfx(p + q + 1)), x] - Dist[1/(2*f*x(p + q + 1)), Int[(a + b*xx + c*x72
)7 (p - Dx*(d + £xx72)"g*Simp [h*px(bxd) + ax(-2xg*xf)*(p + q + 1) + (2xh*px(c
*d - a*xf) + bk(-2xgkf)*(p + q + 1))*x + (h¥px(-(b*f)) + cx(-2gxf)*(p + q +
1))*x72, x], x], x] /; FreeQ[{a, b, ¢, d, £, g, h, q}, x] && NeQ[b~2 - 4x*a
xc, 0] && GtQ[p, O] && NeQ[p + q + 1, 0]

Rule 1078

Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +

(e_)*(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f
*x~2], x], x] + Dist[1/c, Int[(A*c - a*C + Bkcxx)/((a + c*x"2)*Sqrt[d + ex*xx
+ f*xx~2]), x], x] /; FreeQ[{a, c, d, e, f, A, B, C}, x] && NeQ[e™2 - 4xdxf
, 0]

Rule 621

Int[1/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2xcxx)/Sqrtla + bxx + cxx~2]]1, x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 1033

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)x(x_)"2]), x_Symbol]l :> With[{q = Rt[-(a*c), 2]}, Dist[h/2 + (cxg)/(2xq
), Int[1/((-q + c*x)*Sqrtld + e*xx + f*x72]), x], x] + Dist[h/2 - (c*g)/(2%xq
), Int[1/((q + cxx)*Sqrt[d + e*x + f*x~2]), x], x]] /; FreeQl{a, c, 4, e, f
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, g, h}t, x] && NeQ[e™2 - 4xdxf, 0] && PosQ[-(a*xc)]

Rule 724

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d”2 - 4xbxd*e + 4*a*xe™2 - x72), x], x, (2
xaxe - bxd - (2%c*kd - bxe)*x)/Sqrtl[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/Rt[-a, 21*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rubi steps
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Mathematica [B]

NN

1+x

2

dx = 2 Subst

89

V1 2
fx +XxX+Xx \/m

5 dx, X,
1+ (—1 +x2)
N 2
= 2 Subst ﬂ dx,x, V1 + x
2 —2x2 4 x4
e/ 2 ien/— 2
= 2 Subst f i 1Tx+x + 2 1-|jx+x dx,x, V1 + x
(2+2i)—2x2 (-2 +2i) +2x2
V-1 2 V-1 2
= 2iSubst ﬂ dx,x, V1 + x|+ 2i Subst w dx,x, V1 +x
(2 + 2i) — 2x2 (=2 + 2i) + 2x2
, (1 + 1) + 2ix + x? , (=1 + 1) + 2ix — x?
= i Subst f dx,x, V1 + x| —1iSubst
( (@ +2i) - 2x2) V-1 + x + 22 V-1 +x + 22 (=2 + 2i) -
1, (—4 — 4i) — dix 1. (—4 + 4i)
—iSubst f dx,x, V1 + x|| - =iSubst
2 [ ((2+2i)—2x2)\/—1+x+x2 ]] 2 [ V—1+x+x2((—2
1
-1-iVvl - i) Subst f dx,x, N1 +x|| - (—1 +iV1l - i) Sub
( ( (-2V1—i+2x) V-1 +x + 22
-4 -2Vl —i—(-2+4V1—-i) V1 +x
(2 (1 A z)) Subst f - ! —— dx, x, ( )
-16i-16V1 —i—x /x+m

1 2+V1-i—(1-2v1-i)V1+x| 1 2+ V1 +i-
:Ei\/i+\/1—itan‘1 ( ) — Ziy—i+ VI +itan™ | ————

2\/i+\/1—i\/x+\/1+x 2 PRVE R

time = 5.97203, size = 2075, normalized size = 6.16

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integratel[Sqrt[x + Sqrtl[1l + x]1]1/(1 + x72),x]

[Out] (1/8 + I/8)*(-2xSqrt[(1 + I)/(I + Sqrtl[1l + I])I*((1 - I) + Sqrt[l + I])*Arc
Tan[(-10 - (10 - 5xI)xSqrt[1 + I] - (1 - 2*I)*((5 + 2+I) + bxSqrt[1 + I])*x
+ (16 + 8*I)*Sqrt[1 + x] + (10 + B5*I)*Sqrt[1 + I]J*Sqrt[l + x] + (4 - 2xI)x
Sqrt[(-1 + I) + (1 + I)"(3/2)]*Sqrtl[x + Sqrt[1l + x]] + (8 - 4*I)*Sqrt[(-1 +
ID + (1 + I)7(3/2)1*Sqrt[1 + x]*Sqrt[x + Sqrt[l + x]] + 4%Sqrt[I + Sqrt[1
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+ I]]*Sqrtlx + Sqrt[1l + x]]*(1 + 2*%Sqrt[1l + x]))/((-15 - 5%I) - 10*Sqrt[1 +
I] + ((-6 + 15%I) + (2 + 12*%I)*Sqrt[l + I])*x + (14 + 20%I)*Sqrt[l + x] +
(22 + 12*I)*Sqrt[1 + I]*Sqrt[l + x])] + 2*Sqrt[(-1 + I)/(-I + Sqrt[1l - I])]
*((1 + I) + Sqrt[l - I])*ArcTan[((-2 + 4%I) - (4 - 3*xI)*Sqrt[1l - I] + ((-5
+ 2%I) - bxSqrt[1 - I])*x - (8xI)*Sqrt[l + x] - (5xI)xSqrt[1 - I]*Sqrt[1 +
x] + (2%I)*Sqrt[(1 + I) - (1 - I)7(3/2)]*Sqrt[x + Sqrt[l + x]] + (2 + 2*I)x*
Sqrt[I - Sqrt[1l - I]]x*Sqrtlx + Sqrtl[l + x]]*((1 + I) - (1 + 2*I)*Sqrt[l + x
1 - (@2xID)*Sqrt[1 - I]*Sqrt[1 + x]))/((-8 + 6*I) - (6 - 2xI)*Sqrt[1 - I] + (
(-1 + 10*I) - (4 - 8*xI)*Sqrt[l - I])*x + (2 + 4*I)*Sqrt[l + x] + (2 + 6xI)*
Sqrt[1 - Il*Sqrtl[l + x])] - 2xSqrt[(1 + I)/(I - Sqrt[l + II)]I*((-1 + I) + S
grt[1 + I])*ArcTan[(((9 - 8xI) - (5 - 10xI)*Sqrt[1 + I])*x - (2xI)*Sqrt[I -
Sqrt[1 + I]]1*(-2+I + (1 + 2xI)xSqrt[1 + I])*Sqrtl[x + Sqrt[l + x]I*(1 + 2xS
grt[l + x]) + (2 + I)*x((4 - 2%I) - (3 - 4*xI)*Sqrt[1l + I] - 8*Sqrt[l + x] +
5xSqrt[1 + I]xSqrt[1l + x]))/((156 + 5xI) - 10*Sqrt[1 + I] + ((6 - 15*I) + (2
+ 12%I)*Sqrt[1 + I1)*x - (14 + 20%I)*Sqrt[1 + x] + (22 + 12%I)*Sqrt[1 + I]
*Sqrt[1 + x])] - (2¢I)*((-1 - I) + Sqrt[1l - I])*Sqrt[(1 - I)/(I + Sqrt[1l -
I])]*ArcTanh[((4 + 2%I) - (3 + 4*xI)xSqrt[1l - I] + (2 + 5xI)*x - (5xI)*Sqrt[
1 - I]*x - 8%Sqrt[l + x] + 5xSqrt[1l - I]J*Sqrt[l + x] + 4*Sqrt[I + Sqrt[l -
I]1*Sqrtx + Sqrt[l + x]] - 2%Sqrt[(1 + I) + (1 - I)~(3/2)]1*Sqrt[x + Sqrt[1
+ x]] + (8%Sqrt[1 + x]*Sqrtlx + Sqrt[l + x]]1)/Sqrt[(1 - I)/(I + Sqrt[1l - I
1] - (6 + 2xI)*Sqrt[I + Sqrt[1 - I11*Sqrtl[l + x]*Sqrtlx + Sqrt[1 + x11)/((
8 - 6%I) - (6 - 2+I)xSqrt[1 - I] + ((1 - 10%I) - (4 - 8*I)*Sqrt[1 - I])*x -
(2 + 4xI)*Sqrt[1 + x] + (2 + 6*%I)*Sqrt[1l - I]*Sqrt[1l + x])] + I*Sqrt[(-1 +
I)/(-I + Sqrtl[1 - I1DI*((1 + I) + Sqrtl[l - I])*Logl[(Sqrt[1 - I] - Sqrt[1 +
x])72] - I*Sqrt[(1 + I)/(I + Sqrt[1l + I])I*((1 - I) + Sqrt[l + I])*Logl(Sq
rt[1 + I] - Sqrtll + x])72] + I*((-1 - I) + Sqrt[1 - I])*Sqrt[(1 - ID/(I +
Sqrt[1 - I])]*Logl(Sqrt[1 - I] + Sqrtl[l + x])~2] + Sqrt[(1 + I)/(I - Sqrt[1
+ I]1)]*((1 + I) - I*Sqrtl[l + I])*Logl(Sqrt[1 + I] + Sqrt[l + x])~2] + ((1
+ I) + IxSqrt[l + I])*Sqrtl[(1 + I)/(I + Sqrtl[l + I])]xLogl(11l + 2*I) + (7 -
I)xSqrt[1 + I] + ((8 + 7*I) + (9 + 3*I)*Sqrt[l + I])*x - (2 - 2*I)*Sqrt[1
+ x] - (1 - 3*I)*Sqrt[1 + I]*Sqrt[l + x] + 8*Sqrt[(-1 + I) + (1 + I)~(3/2)]
*Sqrt[1 + x]*Sqrt[x + Sqrtl[l + x]] - (2 + 2*I)*Sqrt[I + Sqrt[1 + I]]*(2 + S
grt[1 + I] - (3 - I)*Sqrt[l + x])*Sqrt[x + Sqrt[l + x]J]] - I*Sqrtl[(-1 + I)/
(-I + Sqrt[1 - I]1)I*((1 + I) + Sqrt[1l - I])*Log[Ix((15 + 20%I) + (5 + 15%I)
xSqrt[1 - I] + ((-2 + 25%I) - (9 - 15xI)*Sqrt[l - I])*x - (22 - 10*I)*Sqrt[
1+ x] - (19 + 6xI)*Sqrt[1 - I]*Sqrt[l + x] + (2 + 6*xI)*Sqrt[(1 + I) - (1 -
I)7(3/2)I*Sqrt[x + Sqrtl[l + x]] + (4 + 12xI)*Sqrt[(1 + I) - (1 - I)~(3/2)]
xSqrt[1 + x]*Sqrt[x + Sqrt[l + x]] + (4 + 4xI)*Sqrt[I - Sqrt[1l - I]]*Sqrtlx
+ Sqrt[1 + x]]*(1 + 2xSqrt[1l + x]))] - Ix((-1 - I) + Sqrt[l - I])*Sqrt[(1
- I)/(I + Sqrt[1 - I])I*Logl(20 - 156%I) - (15 - B*I)*Sqrt[1 - I] + ((25 + 2
xI) - (156 + 9xI)*Sqrt[1 - I])*x + (10 + 22%I)*Sqrt[1 + x] + (5 - 19*%I)*Sqrt
[1 - I]xSqrt[1l + x] - (6 - 2*I)*Sqrt[(1 + I) + (1 - I)~(3/2)]1*Sqrt[x + Sqrt
[1 +x]] - (12 - 4xI)*Sqrt[(1 + I) + (1 - I)~(3/2)]*Sqrt[l + x]*Sqrt[x + Sq
rt[1 + x]] + (4 - 4*%I)*Sqrt[I + Sqrt[l - I]]*Sqrt[x + Sqrt[l + x]]*(1 + 2xS
grt[1 + x])] + I*Sqrt[(1 + I)/(I - Sqrtl[l + I])]1*((-1 + I) + Sqrt[1l + I])*L

+ +
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ogl(-11 - 2%I) + (7 - I)*Sqrt[1l + I] + ((-8 - 7*I) + (9 + 3*xI)*Sqrt[1 + I])
xx + (2 - 2%xI)*Sqrt[l + x] - (1 - 3*I)*Sqrt[1 + I]*Sqrt[l + x] + (2 + 2*I)*
Sqrt[I - Sqrt[l + I]]*Sqrtlx + Sqrt[l + x]J]*(2 - Sqrt[1l + I] - (3 - I)*Sqrt
[1 + x] + (4xSqrt[1l + x])/Sqrtl1l + I1)])

Maple [C] time = 0.011, size = 105, normalized size = 0.3

6 5
% E "R°-2 R°+2 R+1 ln( /x+\/

7 5 1 3 2
_R=RootOf(_z%-4_7°+8_7°+20 _7*-48 _7°+40_77-8_7+1) R-3_ R'+5 R"+10_R"-18 R"+10_R~-1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x+(1+x)7(1/2))"(1/2)/(x72+1) ,%)

[Out] 1/2*sum(( R™6-2% R°5+2% R+1)/(_R"7-3* R°5+5% R"4+10% R~3-18% R™2+10% R-1)*1
n((x+(1+x)~(1/2))~(1/2)-(1+x) ~(1/2)- R), R=Root0f (_Z"8-4% Z 6+8% Z~5+20% Z"
4-48% 7°3+40%_Z~2-8% Z+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

[

x?+1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/(x"2+1),x, algorithm="maxima"

[Out] integrate(sqrt(x + sqrt(x + 1))/(x"2 + 1), x)

Fricas [B] time = 44.9248, size = 15946, normalized size = 47.32

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/(x"2+1),x, algorithm="fricas")
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[Out] -1/4x*sqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4*I + 1/4) - 2*sqrt(-3/16*(2*sqrt(1/4
*I + 1/4) + I)72 - 1/8%(2xsqrt(1/4*I + 1/4) + I)*(2%sqrt(-1/4*I + 1/4) - I)
- 3/16%(2*sqrt(-1/4*I + 1/4) - I)72))*log(-1/4*x(2*x(((2*x + 1)*sqrt(x + 1)
- 9xx - 2)*x(2xsqrt(1/4%I + 1/4) + I) + 4x(2xx + 1)*sqrt(x + 1) - x - 8)*sqr
t(x + sqrt(x + 1))*x(2xsqrt(-1/4xI + 1/4) - I)72 + 2x(((2*x + 1)*sqrt(x + 1)
- 9%x - 2)*(2%sqrt(1/4*I + 1/4) + I)72 + (3*x - 16)*sqrt(x + 1) + 4*xx - 3)
xsqrt(x + sqrt(x + 1)) *(2*sqrt(-1/4*I + 1/4) - I) + 8*x((((2xx + 1)*sqrt(x +
1) - 9%x - 2)*%(2*%sqrt(1/4*%I + 1/4) + I) + 4*%(2*x + 1)*sqrt(x + 1) - x - 8)
xsqrt(x + sqrt(x + 1)) *(2*sqrt(-1/4*I + 1/4) - I) + ((4*%(2*x + 1)*sqrt(x +
1) - x - 8)*x(2xsqrt(1/4*I + 1/4) + I) - (3*x - 16)*sqrt(x + 1) - 4*x + 3)*s
grt(x + sqrt(x + 1)))*sqrt(-3/16*%(2*xsqrt(1/4*I + 1/4) + I)72 - 1/8*(2*sqrt(
1/4%T + 1/4) + I)*(2*sqrt(-1/4*I + 1/4) - I) - 3/16%x(2*sqrt(-1/4*I + 1/4) -
I)72) + 2x((4%(2xx + 1)*sqrt(x + 1) - x - 8)*(2*sqrt(1/4*I + 1/4) + I)"2 +
((3*x - 16)*sqrt(x + 1) + 4*x - 3)*(2*sqrt(1/4*I + 1/4) + I) + 12%x(2xx + 1
)*ksqrt(x + 1) + 32%x + 46)*sqrt(x + sqrt(x + 1)) + ((3*x72 + 8*xsqrt(x + 1)*
(x = 2) - 16%x + B)*x(2xsqrt(1/4*I + 1/4) + I)72 + (3*x72 - 2% (4xx"2 - sqrt(
X + D*x(x = 2) + 2xx - B)*(2xsqrt(1/4%I + 1/4) + I) + 8xsqrt(x + D*x(x - 2)
- 16*x + 5)*(2*sqrt(-1/4*I + 1/4) - I)72 + 44*x72 - 2% (6%x72 + (16%x + 3)*
sqrt(x + 1) + 3*x + 10)*(2xsqrt(1/4*I + 1/4) + I) - 2x((4*x"2 - sqrt(x + 1)
x(x - 2) + 2%x - B)*(2%sqrt(1/4*I + 1/4) + I)72 + 6*x72 + (16*x + 3)*sqrt(x
+ 1) + 3xx + 10)*(2*xsqrt(-1/4*I + 1/4) - I) + 4%(12*%x"2 + (3*x"2 + 8*sqrt(
x + D)*x(x - 2) - 16%x + 5)*(2*%sqrt(1/4*I + 1/4) + I) + (3*x72 - 2% (4*x"2 -
sqrt(x + 1)*(x - 2) + 2%x - 5)*(2*sqrt(1/4*I + 1/4) + I) + 8*sqrt(x + 1)*(x
- 2) - 16*x + B)*(2*sqrt(-1/4%I + 1/4) - I) + 2x(16%x + 3)*sqrt(x + 1) + 6
*x + 20)*sqrt(-3/16%(2*sqrt(1/4*I + 1/4) + I)72 - 1/8x(2xsqrt(1/4xI + 1/4)
+ I)*(2*sqrt(-1/4%I + 1/4) - I) - 3/16%(2*sqrt(-1/4*I + 1/4) - I)72) + 24%s
grt(x + 1*(x - 2) + 92%x - 20)*sqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4xI + 1/4)
- 2%sqrt(-3/16%x(2xsqrt (1/4*I + 1/4) + I)72 - 1/8%(2*sqrt(1/4xI + 1/4) + I)
*(2xsqrt (-1/4*I + 1/4) - I) - 3/16%(2xsqrt(-1/4*I + 1/4) - 1)72)))/(x"2 + 1
)) + 1/4*sqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4*I + 1/4) - 2*xsqrt(-3/16*(2*sqrt
(17451 + 1/4) + I)72 - 1/8%(2xsqrt(1/4*I + 1/4) + I)*(2*sqrt(-1/4*I + 1/4)
- I) - 3/16%(2*sqrt(-1/4*I + 1/4) - I)72))*log(-1/4%(2x(((2*x + 1)*sqrt(x +
1) = 9xx - 2)*(2xsqrt(1/4*I + 1/4) + I) + 4x(2*%x + D*sqrt(x + 1) - x - 8)
xsqrt(x + sqrt(x + 1))*(2*sqrt(-1/4*I + 1/4) - I)72 + 2*%(((2*x + 1)*sqrt(x
+ 1) - 9%x - 2)*%(2%sqrt(1/4*xI + 1/4) + I)72 + (3*x - 16)*sqrt(x + 1) + 4xx
- 3)*sqrt(x + sqrt(x + 1))*(2%sqrt(-1/4xI + 1/4) - I) + 8x((((2*x + 1)*sqrt
(x + 1) - 9%x - 2)*(2%sqrt(1/4*I + 1/4) + I) + 4%(2xx + D)*sqrt(x + 1) - x
- 8)*xsqrt(x + sqrt(x + 1))*(2%sqrt(-1/4*I + 1/4) - I) + ((4x(2%x + 1)*sqrt(
X + 1) - x - 8)x(2xsqrt(1/4*I + 1/4) + I) - (3*x - 16)*sqrt(x + 1) - 4xx +
3)*sqrt(x + sqrt(x + 1)))*sqrt(-3/16%(2*sqrt(1/4*I + 1/4) + I)72 - 1/8%(2x%s
qrt(1/4xI + 1/4) + I)*(2xsqrt(-1/4*%I + 1/4) - I) - 3/16*(2*sqrt(-1/4*I + 1/
4) - I)72) + 2x((4x(2xx + D*sqrt(x + 1) - x - 8)*(2xsqrt(1/4*I + 1/4) + I)
"2 + ((3*%x - 16)*sqrt(x + 1) + 4*x - 3)*(2*sqrt(1/4*I + 1/4) + I) + 12%(2*x
+ D)*xsqrt(x + 1) + 32%x + 46)*sqrt(x + sqrt(x + 1)) - ((3*%x"2 + 8*sqrt(x +
Dx(x - 2) - 16%x + 5)*x(2xsqrt(1/4*I + 1/4) + I)72 + (3*%x72 - 2% (4*x"2 - s
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grt(x + 1)*(x - 2) + 2xx - 5)*(2xsqrt(1/4*I + 1/4) + I) + 8*sqrt(x + 1)*(x
- 2) - 16%x + 5)*(2%sqrt(-1/4*I + 1/4) - I)72 + 44*x72 - 2%(6%x72 + (16%x +
3)*ksqrt(x + 1) + 3*x + 10)*(2*sqrt(1/4*I + 1/4) + I) - 2x((4*x"2 - sqrt(x
+ Dx(x - 2) + 2%x - B)*(2*sqrt(1/4*I + 1/4) + I)72 + 6*%x72 + (16*x + 3)*sq
rt(x + 1) + 3xx + 10)*(2*sqrt(-1/4*I + 1/4) - I) + 4x(12%x72 + (3*%x™2 + 8%s
grt(x + D*(x - 2) - 16%x + 5)*(2%sqrt(1/4*I + 1/4) + I) + (3*x72 - 2% (4*x"
2 - sqrt(x + D*x(x - 2) + 2%x - 5)*(2xsqrt(1/4xI + 1/4) + I) + 8*sqrt(x + 1
Yk(x - 2) - 16%x + 5)*(2*sqrt(-1/4*I + 1/4) - I) + 2x(16%x + 3)*sqrt(x + 1)
+ 6*x + 20)*sqrt(-3/16%(2xsqrt(1/4xI + 1/4) + I)72 - 1/8%(2*sqrt(1/4*I + 1
/4) + I)*(2*sqrt(-1/4*I + 1/4) - I) - 3/16%(2*xsqrt(-1/4*I + 1/4) - I)72) +
24*sqrt(x + 1)*(x - 2) + 92xx - 20)*sqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4*I +
1/4) - 2xsqrt(-3/16%(2*sqrt(1/4*I + 1/4) + I)72 - 1/8x(2*sqrt(1/4*I + 1/4)
+ I)*(2%sqrt(-1/4%I + 1/4) - 1) - 3/16%(2*sqrt(-1/4*I1 + 1/4) - 1)72)))/(x"2
+ 1)) - 1/4xsqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4*I + 1/4) + 2*sqrt(-3/16x%(2%
sqrt(1/4*I + 1/4) + I)72 - 1/8x(2xsqrt(1/4%I + 1/4) + I)*x(2xsqrt(-1/4xI + 1
/4) - I) - 3/16%(2*sqrt(-1/4*I + 1/4) - I)72))*log(-1/4*(2+x(((2*x + 1)*sqrt
(x + 1) - 9%x - 2)*(2*sqrt(1/4*I + 1/4) + I) + 4%(2%x + 1)*sqrt(x + 1) - x
- 8)*xsqrt(x + sqrt(x + 1))*x(2%sqrt(-1/4*I + 1/4) - I)72 + 2x(((2*x + 1)*sqr
t(x + 1) - 9%x - 2)*(2xsqrt(1/4*I + 1/4) + I)72 + (3*%x - 16)*sqrt(x + 1) +
4xx - 3)xsqrt(x + sqrt(x + 1))*(2*sqrt(-1/4*I + 1/4) - I) - 8*x((((2xx + 1)x*
sqrt(x + 1) - 9*xx - 2)*x(2xsqrt(1/4xI + 1/4) + I) + 4x(2*x + 1)*sqrt(x + 1)
- x - 8)*sqrt(x + sqrt(x + 1))*(2*%sqrt(-1/4*I + 1/4) - I) + ((4x(2xx + 1)*s
grt(x + 1) - x - 8)*(2*sqrt(1/4*I + 1/4) + I) - (3*x - 16)*sqrt(x + 1) - 4x
X + 3)*sqrt(x + sqrt(x + 1)))*sqrt(-3/16*(2*sqrt(1/4*I + 1/4) + I)"2 - 1/8%
(2%sqrt(1/4*I + 1/4) + I)*(2*sqrt(-1/4%I + 1/4) - I) - 3/16%x(2xsqrt(-1/4%I
+1/4) - I)72) + 2x((4*(2xx + 1)*sqrt(x + 1) - x - 8)*(2*sqrt(1/4*I + 1/4)
+ I)72 + ((3*%x - 16)*sqrt(x + 1) + 4%x - 3)*(2%sqrt(1/4*I + 1/4) + I) + 12%
(2%x + D)*sqrt(x + 1) + 32%xx + 46)*sqrt(x + sqrt(x + 1)) + ((3*x"2 + 8*sqrt
(x + D)x(x - 2) - 16%x + 5)*(2xsqrt(1/4*I + 1/4) + I)72 + (3*%x72 - 2% (4*x72
- sqrt(x + D*(x - 2) + 2*%x - 5)*(2*%sqrt(1/4*%I + 1/4) + I) + 8*sqrt(x + 1)
x(x - 2) - 16%x + 5)*x(2ksqrt(-1/4*I + 1/4) - I)72 + 44xx72 - 2x(6*x"2 + (16
*x + 3)*sqrt(x + 1) + 3xx + 10)*(2*xsqrt(1/4*I + 1/4) + I) - 2*%((4*x"2 - sqr
t(x + Dx(x - 2) + 2%x - B)*(2%sqrt(1/4*I + 1/4) + I)72 + 6*%x"2 + (16*x + 3
Yksqrt(x + 1) + 3*x + 10)*(2*sqrt(-1/4*I + 1/4) - I) - 4x(12*%x72 + (3*x"2 +
8xsqrt(x + 1)*(x - 2) - 16%x + B)*x(2*sqrt(1/4*I + 1/4) + I) + (3*x72 - 2x(
4xx72 - sqrt(x + 1)*(x - 2) + 2%xx - 5)*(2xsqrt(1/4xI + 1/4) + I) + 8*sqrt(x
+ D)*x(x - 2) - 16*x + 5)*(2*sqrt(-1/4*I + 1/4) - I) + 2x(16*x + 3)*sqrt(x
+ 1) + 6*%x + 20)*sqrt(-3/16x(2*sqrt(1/4*I + 1/4) + I)72 - 1/8*(2*xsqrt(1/4%I
+ 1/4) + I)*(2*sqrt(-1/4*I + 1/4) - I) - 3/16%(2*sqrt(-1/4*I + 1/4) - I)72
) + 24xsqrt(x + 1)*(x - 2) + 92%x - 20)*sqrt(sqrt(1/4*I + 1/4) + sqrt(-1/4%
I+ 1/4) + 2xsqrt(-3/16*%(2xsqrt(1/4xI + 1/4) + I)72 - 1/8%(2*sqrt(1/4*I + 1
/4) + I)*(2+sqrt(-1/4%1 + 1/4) - I) - 3/16%(2*sqrt(-1/4*I + 1/4) - 1)°2)))/
(x72 + 1)) + 1/4*xsqrt(sqrt(1/4xI + 1/4) + sqrt(-1/4*I + 1/4) + 2%sqrt(-3/16
*(2xsqrt(1/4*I + 1/4) + I)72 - 1/8%(2xsqrt(1/4*I + 1/4) + I)*(2*sqrt(-1/4%I
+ 1/4) - I) - 3/16%x(2xsqrt(-1/4xI + 1/4) - I)72))*log(-1/4x(2x(((2*x + 1)*
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sqrt(x + 1) - 9%x - 2)*(2*sqrt(1/4*I + 1/4) + I) + 4%(2%x + 1)*sqrt(x + 1)
- x - 8)*ksqrt(x + sqrt(x + 1))*(2*sqrt(-1/4*I + 1/4) - I)72 + 2x(((2%x + 1)
xsqrt(x + 1) - 9xx - 2)*x(2xsqrt(1/4*I + 1/4) + I)72 + (3*x - 16)*sqrt(x + 1
) + 4xx - 3)xsqrt(x + sqrt(x + 1))*(2*sqrt(-1/4*I + 1/4) - I) - 8x((((2*x +
D*sqrt(x + 1) - 9xx - 2)*(2xsqrt(1/4%I + 1/4) + I) + 4x(2*xx + 1)*sqrt(x +
1) - x - 8)*sqrt(x + sqrt(x + 1))*(2*sqrt(-1/4*I + 1/4) - I) + ((4*(2*x +
D*sqrt(x + 1) - x - 8)*x(2*sqrt(1/4*I + 1/4) + I) - (3*x - 16)*sqrt(x + 1)
- 4xx + 3)*xsqrt(x + sqrt(x + 1)))*sqrt(-3/16*%(2xsqrt(1/4*I + 1/4) + I)"2 -
1/8%(2xsqrt (1/4%I + 1/4) + I)*(2xsqrt(-1/4*I + 1/4) - I) - 3/16*(2*sqrt(-1/
4xI + 1/4) - I)72) + 2%((4x(2*x + 1)*sqrt(x + 1) - x - 8)*(2xsqrt(1/4*I + 1
/4) + I)72 + ((3*x - 16)*sqrt(x + 1) + 4xx - 3)*(2xsqrt(1/4*I + 1/4) + I) +
12%(2*x + 1)*sqrt(x + 1) + 32*x + 46)*sqrt(x + sqrt(x + 1)) - ((3*x"2 + 8%
sqrt(x + 1)*(x - 2) - 16%x + 5)*(2*%sqrt(1/4*I + 1/4) + I)72 + (3*x72 - 2x(4
*x72 - sqrt(x + 1)*(x - 2) + 2%xx - 5)*(2xsqrt(1/4*I + 1/4) + I) + 8*sqrt(x
+ Dx(x - 2) - 16xx + 5)*x(2xsqrt(-1/4xI + 1/4) - I)72 + 44*x72 - 2% (6%x72 +
(16*x + 3)*sqrt(x + 1) + 3*x + 10)*(2xsqrt(1/4xI + 1/4) + I) - 2x((4%x"2 -
sqrt(x + 1)*(x - 2) + 2xx - 5)*x(2xsqrt(1/4*I + 1/4) + I)72 + 6%x72 + (16%x
+ 3)xsqrt(x + 1) + 3xx + 10)*(2*%sqrt(-1/4*%I + 1/4) - I) - 4*(12%x"2 + (3*x
T2 + 8xsqrt(x + 1)*(x - 2) - 16*x + 5)*(2*sqrt(1/4*I + 1/4) + I) + (3*x"2 -
2% (4xx72 - sqrt(x + 1)*(x - 2) + 2%xx - 5)*(2xsqrt(1/4xI + 1/4) + I) + 8%sq
rt(x + 1)*(x - 2) - 16%x + 5)*(2xsqrt(-1/4*I + 1/4) - I) + 2x(16%x + 3)*sqr
t(x + 1) + 6*%x + 20)*sqrt(-3/16%x(2xsqrt(1/4*I + 1/4) + I)72 - 1/8*%(2*sqrt(1
/4*%1 + 1/4) + I)*(2*sqrt(-1/4%I + 1/4) - I) - 3/16%(2xsqrt(-1/4*I + 1/4) -
I)72) + 24*xsqrt(x + 1)*(x - 2) + 92%x - 20)*sqrt(sqrt(1/4*I + 1/4) + sqrt(-
1/4%T + 1/4) + 2*xsqrt(-3/16*(2*sqrt(1/4*I + 1/4) + I)72 - 1/8%(2*sqrt(1/4*1
+ 1/4) + D)*(2*xsqrt(-1/4*I + 1/4) - I) - 3/16%(2*xsqrt(-1/4*I + 1/4) - I)"2
)))/(x72 + 1)) + 1/2%sqrt(-1/2*%sqrt(-1/4*I + 1/4) + 1/4%I)*log(((((2*x + 1)
xsqrt(x + 1) - 9%x - 2)*x(2xsqrt(1/4*I + 1/4) + I) + 4x(2xx + 1)*sqrt(x + 1)
- x - 8)*xsqrt(x + sqrt(x + 1))*x(2xsqrt(-1/4*I + 1/4) - I)72 + (((2*xx + 1)x*
sqrt(x + 1) - 9%x - 2)*(2%sqrt(1/4*I + 1/4) + I)72 + (3*x - 16)*sqrt(x + 1)
+ 4xx - 3)*sqrt(x + sqrt(x + 1))*(2xsqrt(-1/4*I + 1/4) - I) + (((2*x + 1)%
sqrt(x + 1) - 9%x - 2)*(2%sqrt(1/4*I + 1/4) + I)73 - 6%(2*%x + 1)*sqrt(x + 1
) - 16*xx - 23)*xsqrt(x + sqrt(x + 1)) + (2%x(4*x72 - sqrt(x + 1)*(x - 2) + 2%
X - B)*(2xsqrt(1/4*I + 1/4) + I)73 - (3*%x72 - 2%(4*x72 - sqrt(x + D)*(x - 2
) + 2%x - B)*x(2%sqrt(1/4*I + 1/4) + I) + 8xsqrt(x + 1)*(x - 2) - 16*x + B)*
(2%sqrt(-1/4%I + 1/4) - I)72 + 22*x72 + 2% ((4*x72 - sqrt(x + L)*(x - 2) + 2
*x — B)*x(2xsqrt(1/4*I + 1/4) + I)72 + 6%x72 + (16%x + 3)*sqrt(x + 1) + 3x*x
+ 10)*(2*sqrt(-1/4*I + 1/4) - I) + 12xsqrt(x + 1)*(x - 2) + 46%x - 10)*sqrt
(-1/2*%sqrt(-1/4*%I + 1/4) + 1/4%I))/(x"2 + 1)) - 1/2xsqrt(-1/2*sqrt(-1/4*I +
1/4) + 1/4*%I)*1log(((((2*x + 1)*sqrt(x + 1) - 9*x - 2)*(2*sqrt(1/4*I + 1/4)
+ I) + 4x(2xx + D)*sqrt(x + 1) - x - 8)*sqrt(x + sqrt(x + 1))*(2xsqrt(-1/4
*I + 1/4) - I)72 + (((2*%x + 1)*sqrt(x + 1) - 9%x - 2)*(2xsqrt(1/4*I + 1/4)
+ I)72 + (3*xx - 16)*sqrt(x + 1) + 4*x - 3)*sqrt(x + sqrt(x + 1))*(2xsqrt(-1
/41 + 1/4) - I) + (((2%xx + 1)*sqrt(x + 1) - 9xx - 2)*(2xsqrt(1/4*I + 1/4)
+ I)73 - 6%(2%x + 1)*sqrt(x + 1) - 16%xx - 23)*sqrt(x + sqrt(x + 1)) - (2%(4



95

*x72 - sqrt(x + 1)*(x - 2) + 2xx - 5)*(2xsqrt(1/4*I + 1/4) + I)73 - (3%x"2
- 2% (4*%x72 - sqrt(x + D)*(x - 2) + 2%x - 5)*(2%sqrt(1/4*I + 1/4) + I) + 8xs
grt(x + D*(x - 2) - 16%x + B)*(2*sqrt(-1/4*I + 1/4) - I)72 + 22%xx72 + 2x*((
4xx72 - sqrt(x + 1)*(x - 2) + 2xx - 5)*x(2xsqrt(1/4*I + 1/4) + I)72 + 6xx72
+ (16xx + 3)*sqrt(x + 1) + 3*%x + 10)*(2*sqrt(-1/4*I + 1/4) - I) + 12*sqrt(x
+ Dx(x - 2) + 46xx - 10)*sqrt(-1/2*sqrt(-1/4*I + 1/4) + 1/4xI))/(x"2 + 1)
) + 1/2%sqrt(-1/2*%sqrt(1/4*I + 1/4) - 1/4%I)*log(-((((2*xx + 1)*sqrt(x + 1)
- 9xx - 2)x(2xsqrt(1/4%I + 1/4) + I)73 - (4x(2xx + L)*sqrt(x + 1) - x - 8)*
(2%sqrt(1/4*I + 1/4) + I)72 - ((3*x - 16)*sqrt(x + 1) + 4*x - 3)*(2*sqrt(1/
4xI + 1/4) + I) + 10%(2xx + 1)*sqrt(x + 1) - 20%x + 1B5)*sqrt(x + sqrt(x + 1
)) + (2% (4*%x72 - sqrt(x + D*(x - 2) + 2%x - 5)*(2*%sqrt(1/4*I + 1/4) + I)”3
+ (3*%x72 + 8*xsqrt(x + 1)*(x - 2) - 16%x + 5)*(2xsqrt(1/4x*I + 1/4) + I)"2 +

10%x72 - 2% (6*%x72 + (16*x + 3)*sqrt(x + 1) + 3*x + 10)*(2xsqrt(1/4*I + 1/4
) + I) - 20*sqrt(x + 1)*(x - 2) - 30*%x - 30)*sqrt(-1/2*sqrt(1/4*I + 1/4) -
1/4*%1))/(x"2 + 1)) - 1/2*sqrt(-1/2*sqrt(1/4*I + 1/4) - 1/4xI)*1log(-((((2*x
+ 1)*sqrt(x + 1) - 9xx - 2)*(2xsqrt(1/4*I + 1/4) + I)73 - (4*x(2*x + 1)*sqrt
(x + 1) - x - 8)*x(2*xsqrt(1/4*I + 1/4) + I)72 - ((3*x - 16)*sqrt(x + 1) + 4x
X - 3)*(2xsqrt(1/4*I + 1/4) + I) + 10%(2*x + 1)*sqrt(x + 1) - 20*x + 15)*sq
rt(x + sqrt(x + 1)) - (2%x(4xx"2 - sqrt(x + 1)*(x - 2) + 2xx - 5)*(2xsqrt(1/
41 + 1/4) + I)73 + (3*%x72 + 8*sqrt(x + 1)*(x - 2) - 16%x + 5)*(2*xsqrt(1/4x%
I+ 1/4) + I)72 + 10*%x72 - 2%(6%x72 + (16%x + 3)*sqrt(x + 1) + 3*x + 10)*(2
xsqrt (1/4%I + 1/4) + I) - 20*sqrt(x + L)*(x - 2) - 30*x - 30)*sqrt(-1/2*sqr
t(1/4%1 + 1/4) - 1/4x1))/(x"2 + 1))

Sympy [F] time = 0., size = 0, normalized size = 0.

[

x2 41

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)**(1/2))*x(1/2)/(x**2+1) ,x)

[Out] Integral(sqrt(x + sqrt(x + 1))/(x*x2 + 1), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate((x+(1+x)~(1/2))~(1/2)/(x"2+1),x, algorithm="giac")

[Out] Timed out
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315 | 1+\/§c+\/1+2\/§+2xdx

Optimal. Leaf size=77

zw+mﬂ(ww_(z_@mu)

154/x

[Out] (2*%Sqrt[1 + Sqrt[x] + Sqrt[1l + 2*xSqrt[x] + 2*x]]1*(2 + Sqrt[x] + 6%x~(3/2) -
(2 - Sqrtx])*Sqrt[1 + 2*Sqrt[x] + 2*x]))/(16%Sqrt[x])

Rubi [A] time = 0.0710915, antiderivative size = 77, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 27, LT

integrand size
0.037, Rules used = {2114}

2w+mﬂ(&mw(z_@mﬁ)

15v/x

Antiderivative was successfully verified.

[In] Int[Sqrt[1 + Sqrtl[x] + Sqrtl[1 + 2#Sqrt[x] + 2xx]],x]

[Out] (2xSqrt[1l + Sqrtlx] + Sqrt[l + 2*xSqrtl[x] + 2*xx]]*(2 + Sqrt[x] + 6*xx~(3/2) -
(2 - Sqrtx])*Sqrt[1 + 2*Sqrt[x] + 2xx]))/(16%Sqrt[x])

Rule 2114

Int[((g_.) + (h_.)*(x_))*Sqrt[(d_.) + (e_.)*(x_) + (f_.)*Sqrtl(a_.) + (b_.)
*(x_) + (c_.)*(x_)"2]]1, x_Symbol] :> Simp[(2x(f*(5*b*c*g™2 - 2*b~2xgxh - 3x
axckgxh + 2%axbxh™2) + ckxf*(10%cxg™2 - bkxgxh + a*h™2)*x + 9xc™2*f*gkh*x™2 +
3xc”2xfxh”"2%x"3 - (exg - dxh)*(b*cxg - 2xb*h + cxhxx)*Sqrt[a + b*x + c*xx™2
1)*Sqrt[d + e*x + f*Sqrtla + bxx + c*xx"2]]1)/(15%c™2+f*(g + h*x)), x] /; Fre
eQl{a, b, c, d, e, £, g, h}, x] && EqQl(e*xg - d*h)~"2 - £72%(c*g™2 - bxg*h +
axh”2), 0] && EqQ[2*e~2*g - 2xd*exh - f72%(2xc*g - bxh), 0]

Rubi steps
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f\/1+\/§+\/1+2\/§+2xdx:2Subst(fx\/1 +x+\/1+2x7+2x2dx,x,\/§)
2\/1+\/§+M(2+\/_+6x3/2—(2—\/§)M)

X
154/x

Mathematica [A] time = 0.037998, size = 74, normalized size = 0.96

2N+ e 2T L (665 T (V- 2) o 24 1 4]

15v/x

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 + Sqrt[x] + Sqrt[l + 2*Sqrt[x] + 2*x]],x]

[Out] (2*%Sqrt[1 + Sqrt[x] + Sqrt[l + 2*xSqrt[x] + 2*x]]1*(2 + Sqrt[x] + 6*x~(3/2) +
(-2 + Sqrt[x])*Sqrt[1 + 2xSqrt[x] + 2*x]))/(15%Sqrt[x])

Maple [F] time = 0.014, size = 0, normalized size = 0.

f\/1+\/§+\/1+2x+2\/§dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+x~(1/2)+(1+2xx+2*x~(1/2))~(1/2))~(1/2) ,x)

[Out] int((1+x~(1/2)+(1+2%x+2%x~(1/2))~(1/2))~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/m+\/§+1dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x~(1/2)+(1+2*x+2xx~(1/2))~(1/2))~(1/2),x, algorithm="maxima"

[Out] integrate(sqrt(sqrt(2*x + 2*sqrt(x) + 1) + sqrt(x) + 1), x)

Fricas [A] time = 6.29931, size = 165, normalized size = 2.14

2(6x2+w/2x+2\/E+1(x—2\/§)+x+2\/§)\/w/2x+2ﬁ+1+\/§+1
1

5x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x~(1/2)+(1+2*x+2xx~(1/2))~(1/2))~(1/2),x, algorithm="fricas")

[Out] 2/15%(6%x72 + sqrt(2*x + 2*sqrt(x) + 1)*(x - 2xsqrt(x)) + x + 2*sqrt(x))*sq
rt(sqrt(2*x + 2*sqrt(x) + 1) + sqrt(x) + 1)/x

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/\/E+\/2\/a_c+2x+1+1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x**(1/2)+(1+2xx+2%xx*x*(1/2))**(1/2))**(1/2) ,%)

[Out] Integral(sqrt(sqrt(x) + sqrt(2*sqrt(x) + 2*x + 1) + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/m+\/§+1dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1+x~(1/2)+(1+2*x+2xx~(1/2))~(1/2))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(sqrt(2*x + 2xsqrt(x) + 1) + sqrt(x) + 1), x)
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3.16 f\/\/§+\/§+\/2+2\/§\/§+2xdx

Optimal. Leaf size=118

2\/5\/\/§+\/E,/x+x/§\/§+1+x/§(3x/§x3/2+V§\/E—x/§(2x/§—\/§),/x+x/§\/§+1+4)
15+/x
[Out] (2*%Sqrt[2]*Sqrt[Sqrt[2] + Sqrt[x] + Sqrt[2]*Sqrt[1l + Sqrt[2]*Sqrtl[x] + x]]x*

(4 + Sqrt[2]*Sqrt[x] + 3*Sqrt[2]*x~(3/2) - Sqrt[2]*(2*Sqrt[2] - Sqrt[x])*Sq
rt[1 + Sqrt[2]1*Sqrtx] + x]))/(156%Sqrt[x])

Rubi [A] time = 0.190937, antiderivative size = 118, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 36, e -

integrand size
0.056, Rules used = {2115, 2114}

2V + Vo VYR + 1+ VB (32 + VaE VB (23 -y s VR ¢4
154/x

Antiderivative was successfully verified.

[In] Int[Sqrt[Sqrt[2] + Sqrt[x] + Sqrt[2 + 2*Sqrt[2]*Sqrt[x] + 2*x]],x]

[Out] (2*%Sqrt[2]*Sqrt[Sqrt[2] + Sqrt[x] + Sqrt[2]*Sqrt[1l + Sqrt[2]*Sqrtl[x] + x]]x*
(4 + Sqrt[2]*Sqrt[x] + 3*Sqrt[2]*x~(3/2) - Sqrt[2]*(2*Sqrt[2] - Sqrt[x])*Sq
rt[1 + Sqrt[2]1*Sqrtl[x] + x]))/(156%Sqrt[x])

Rule 2115

Int[(Cu)) + (£_)*((G_.) + (k_.)*Sqrtlv_1))"(n_.)*x((g_.) + (h_.)*(x_)) " (m_.
), x_Symbol] :> Int[(g + h*x) m*(ExpandToSum[u + fx*j, x] + fxk*Sqrt[ExpandT
oSum[v, x]]1)°n, x] /; FreeQ[{f, g, h, j, k, m, n}, x] && LinearQ[u, x] && Q
uvadraticQ[v, x] && !(LinearMatchQ[u, x] && QuadraticMatchQ[v, x] && (EqQ[j
, 0] || EqQ[f, 11)) && EqQ[(Coefficient[u, x, 1]*g - hx(Coefficient[u, x, O
1 + £%j))"2 - £72xk™2x(Coefficient[v, x, 2]*g~2 - Coefficient[v, x, 1]*g+*h
+ Coefficient[v, x, 0]*h~2), 0]

Rule 2114
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Int[((g_.) + (h_.)*(x_))*Sqrt[(d_.) + (e_.)*(x_) + (f_.)*Sqrt[(a_.) + (b_.)
x(x_) + (c_.)*x(x_)"2]], x_Symbol] :> Simp[(2*%(f*(5xb*ckg™2 - 2%b~2xg*h - 3x
axcxg*xh + 2kaxb*h™2) + cxfx(10*c*g™2 - bxgxh + a*h™2)*x + 9xc ™ 2xf*gkh*x"2 +
3xc”2xfxh"2xx"3 - (exg - dxh)*(b*cxg - 2xb*h + c*xhxx)*Sqrtl[a + b*x + cxx™2
1)*Sqrt[d + exx + f*Sqrtla + bxx + cxx72]]1)/(15%c™2*f*(g + hx*x)), x] /; Fre
eQl{a, b, c, d, e, f, g, h}, x] && EqQ[(e*g - d*h)"2 - £72x(c*g™2 - b*gxh +
axh™2), 0] && EqQ[2*e”2xg - 2*d*exh - f~2%(2xc*g - b*h), 0]

Rubi steps

f\/\/i+\/§+\/2+2\/§\/§+2xdx:23ubst fx\/x+\/§(1+\/1+\/§x+x2)dx,x,\/§]
=2 Subst fx\/\/i+x+\/§\/1+\/§x+x2dx,x,\/§]

] VI V2 4V + VB # VBV + x4+ VN + 336 VE(245 - E
- 15yx

Mathematica [A] time = 0.0787935, size = 112, normalized size = 0.95

2\5(3xﬁx3/2+\/§ﬁ+xﬁ(ﬁ—2\/§)mw)\/xfz(mﬂ)hﬁ

15v/x

Antiderivative was successfully verified.

[In] Integrate[Sqrt[Sqrt[2] + Sqrtl[x] + Sqrt[2 + 2xSqrt[2]*Sqrt[x] + 2xx]],x]

[Out] (2*%Sqrt[2]*(4 + Sqrt[2]*Sqrt[x] + 3*Sqrt[2]*x~(3/2) + Sqrt[2]*(-2*%Sqrt[2] +
Sqrt [x])*Sqrt[1 + Sqrt[2]*Sqrt[x] + x])*Sqrt[Sqrt[x] + Sqrt[2]*(1 + Sqrt[1
+ Sqrt[2]*Sqrt[x] + x]1)]1)/(15*Sqrt[x])

Maple [F] time = 0.02, size = 0, normalized size = 0.

f\/\/§+\/§+\/2+2x+2\/§\/§dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((27(1/2)+x7(1/2)+(2+2*xx+2%27 (1/2)*x~(1/2))~(1/2))~(1/2) ,x)

[Out] int((27(1/2)+x~(1/2)+(2+2%x+2%2~(1/2)*x~(1/2))~(1/2))~(1/2) ,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/\/i+\/2\/§\/5+2x+2+\/§dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((27(1/2)+x~(1/2)+(2+2*x+2x27(1/2)*x~(1/2))~(1/2))~(1/2),x, algori
thm="maxima"

[Out] integrate(sqrt(sqrt(2) + sqrt(2*sqrt(2)*sqrt(x) + 2*x + 2) + sqrt(x)), x)

Fricas [A] time = 11.0405, size = 219, normalized size = 1.86

2(6x2+(\/Ex—4\/§)\/2\/§\/§+2x+2+4\/§\/§+2x)\/\/§+\/2\/5\/§+2x+2+\/§

15x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((27(1/2)+x~(1/2)+(2+2*x+2%27(1/2)*x~(1/2))~(1/2))~(1/2) ,x, algori
thm="fricas")

[Out] 2/156%(6*x72 + (sqrt(2)*x - 4*xsqrt(x))*sqrt(2xsqrt(2)*sqrt(x) + 2*xx + 2) + 4
xsqrt (2) *sqrt(x) + 2*xx)*sqrt(sqrt(2) + sqrt(2*sqrt(2)*sqrt(x) + 2*x + 2) +
sqrt(x))/x

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/\/;+\/2\/§\/E+2x+2+\/§dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((2xx(1/2)+x*x(1/2)+(2+2%x+2%2x* (1/2)*xx*x(1/2) ) **(1/2))*x(1/2) ,x)

[Out] Integral(sqrt(sqrt(x) + sqrt(2*sqrt(2)*sqrt(x) + 2*x + 2) + sqrt(2)), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((27(1/2)+x~(1/2)+(2+2*x+2x2~(1/2)*x~(1/2))~(1/2))~(1/2) ,x, algori
thm="giac")

[Out] Timed out
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317 —Vf_ dx

Optimal. Leaf size=83

x+vVx+1 1 Vx+1+3 3

1] 1-3vx+1
2\/x+\/x+1 2\/x+\/x+1

[Out] -(Sqrtlx + Sqrt[1l + x]]1/x) - ArcTan[(3 + Sqrt[1l + x])/(2*Sqrt[x + Sqrt[1l +
x]11)1/4 + (3*%ArcTanh[(1 - 3*Sqrt[l + x])/(2*Sqrt[x + Sqrt[l + x]]1)]1)/4

Rubi [A] time = 0.100013, antiderivative size = 83, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 17, i L

integrand size
0.294, Rules used = {1014, 1033, 724, 206, 204}

x+Vx+1 1 4| Vx+1+3 3

) 1-3vx+1
Xt + 2 tanh | 22—

x 4 2\/x+\/x+1 4 2\/x+\/x+1

Antiderivative was successfully verified.

[In] Int[Sqrtlx + Sqrt[l + x]]/x72,x]

[Out] -(Sqrtlx + Sqrt[l + x]]1/x) - ArcTan[(3 + Sqrt[l + x])/(2xSqrt[x + Sqrt[1l +
x]11)1/4 + (3%ArcTanh[(1 - 3*Sqrt[1 + x])/(2%Sqrt[x + Sqrt[l + x]1)])/4

Rule 1014

Int[((g_.) + (h_)*(x_))*((a_) + (c_)*(x_)"2)7(p_)*((d_) + (e_)*(x_) + (£
_D*(x_)"2)7(q ), x_Symbol] :> Simp[((a*xh - gxc*xx)*(a + c*xx"2)"(p + 1)*(d +
exx + £xx72)7q)/(2*%axcx(p + 1)), x] + Dist[2/(4*xa*xcx(p + 1)), Int[(a + c*x
“2)7(p + 1)x(d + e*xx + £*xx72)7(q - 1)*Simp[gkcxd*(2*p + 3) - ax(h*exq) + (g
xckex(2xp + q + 3) - ax(2xh*xfxq))*x + gxcxf*x(2xp + 2xq + 3)*x"2, x], x], x]
/; FreeQ[{a, c, d, e, f, g, h}, x] && NeQ[e™2 - 4xdxf, 0] && LtQ[p, -1] &&
GtQlq, 0]

Rule 1033

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[-(a*xc), 2]}, Dist[h/2 + (c*xg)/(2xq
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), Int[1/((-q + c*x)*Sqrt[d + exx + £*x72]), x], x] + Dist[h/2 - (cxg)/(2%q
), Int[1/((q + c*x)*Sqrt[d + e*x + f*x72]), x], x]] /; FreeQl[{a, c, d, e, £
, £, h}, x] && NeQl[e™2 - 4xdxf, 0] && PosQ[-(axc)]

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
xaxe — bxd - (2*c*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 0])

Rubi steps

dx, x,
—1+x2)2 v

+V1+ - 2
[l jxdx_zsubst[fx—v“m v—m]

—

1+x
2

Sub
o St(f(_mz)m

x+ V1l +x

b

dx,x, V1 + x]

1
+ — Subst
4118

=

+
=

—_

+

=

1 3
dx,x, N1 + x) + = Subst(
f(1+x)\/—1+x+x2 4 f

1

(-1 +x)V-1 +.

2

A _ 2
4-x x+V1l+x

x+Vl+x 1 1 -3-1 3 1 -1+ 31
:_—_EsubSt f dx, x, +x] Subst[f4 5 dx, x, il
- X

2\/x+ V1 +x

B

3+\/1Tx] 3 h1[1—3x/1TxJ

1 -1
—Ztan ———— |+ —tan
2\/x+ V1 +x

x+\1
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Mathematica [A] time = 0.0337009, size = 85, normalized size = 1.02

x+vVx+1 1 4| —Vx+1-3 3 | 3vx+1-1

—f+—tan ——— |- - tanh | —/——
24x+ Vx +1 24/x +Vx +1

Antiderivative was successfully verified.

[In] Integratel[Sqrt[x + Sqrt[1l + x]]/x72,x]

[Out] -(Sqrtlx + Sqrt[1l + x]]1/x) + ArcTan[(-3 - Sqrt[1l + x])/(2*Sqrt[x + Sqrt[1l +
x]11)1/4 - (3%ArcTanh[(-1 + 3*Sqrt[1 + x])/(2*Sqrt[x + Sqrt[l + x]11)])/4

Maple [B] time = 0.011, size = 298, normalized size = 3.6

((1+VT:Q —2+3VT:agtJ+\E:;yl+iJ(1+VT:a —2+3VI+x+= h{§+VTI}+\ﬂ

I\JI’—‘

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x+(1+x)~(1/2))~(1/2)/x"2,x)

[Out] -1/2/(-1+(1+x)~(1/2))* ((-1+(1+x) " (1/2)) "2-2+3* (1+x) ~(1/2) )~ (3/2)+3/4* ((-1+(
1+x) 7 (1/2) ) 72-2+3*x (1+x) ~(1/2))~(1/2)+1/2*1n(1/2+(1+x) ~(1/2) +((-1+(1+x) ~(1/2
))"2-2+43%(1+x) " (1/2))~(1/2))-3/4*arctanh (1/2* (-1+3* (1+x)~(1/2)) / ((-1+(1+x) "~
(1/2))72-2+3*%(1+x) ~(1/2)) " (1/2) ) +1/4x (2% (1+x) ~(1/2) +1) * ((-1+(1+x) ~(1/2) ) ~2-

2+3% (1+x) ~(1/2))~(1/2)-1/2/ (1+(1+x) = (1/2) ) * ((1+(1+x) " (1/2) ) "2-2-(1+x) " (1/2)

)7 (3/2)-1/4x((1+(1+x) ~(1/2))"2-2-(1+x) ~(1/2))~(1/2)-1/2x1n(1/2+(1+x) ~(1/2) +
(A+(1+x)~(1/2))"2-2-(1+x)~(1/2) )~ (1/2))+1/4*arctan(1/2*x (-3-(1+x)~(1/2)) / ((
1+(1+x) " (1/2))"2-2-(1+x)~(1/2)) ~(1/2))+1 /4% (2x (1+x) ~(1/2)+1) = ((1+(1+x) ~(1/2
))72-2-(1+x)"(1/2))~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

\/x +Vx+1
f—xz dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/x72,x, algorithm="maxima"

[Out] integrate(sqrt(x + sqrt(x + 1))/x72, x)

Fricas [A] time = 29.4364, size = 240, normalized size = 2.89

z‘/xﬂ/m(«m_s))+3xlog(z\/ﬁm(mﬂ)_ax_zm_z)_ sreial

x—8 x

x arctan (

4x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)~(1/2))~(1/2)/x"2,x, algorithm="fricas")

[Out] 1/4*(x*arctan(2*sqrt(x + sqrt(x + 1))*(sqrt(x + 1) - 3)/(x - 8)) + 3*x*log(
(2xsqrt(x + sqrt(x + 1))*(sqrt(x + 1) + 1) - 3*x - 2*ksqrt(x + 1) - 2)/x) -
dxsqrt(x + sqri(x + 1)))/x

Sympy [F] time = 0., size = 0, normalized size = 0.
VX +Vx+1
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x+(1+x)*x(1/2))**(1/2)/x**2,%)

[Out] Integral(sqrt(x + sqrt(x + 1))/x**2, x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((x+(1+x)~(1/2))7(1/2)/x72,x, algorithm="giac")

[Out] Timed out
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3.18 f\/,/1+§+§dx

Optimal. Leaf size=96

[Out] Sqrt(Sqrt[1l + x~(-1)] + x~(-1)]*x + ArcTan[(3 + Sqrt[1 + x~(-1)])/(2*Sqrt[S
qrt[1 + x~(-1)] + x~(-1)1)1/4 - (3*ArcTanh[(1 - 3*Sqrt[1 + x~(-1)])/(2*Sqrt
[Sqrt[1 + x~(-1)] + x~(-1)1)1)/4

Rubi [A] time = 0.0838966, antiderivative size = 96, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 17, e -

integrand size
0.294, Rules used = {1014, 1033, 724, 206, 204}

1 1
1 1 1 A-t+1+3 3 _ 1-34/-+1
\%/—+1+—x+—tmf1——JL—————-——mmhl —
X X 4 1 1 4 1 1

2 +1+ 2 +1+
X X X X

Antiderivative was successfully verified.

[In] Int[Sqrt[Sqrt[l + x~(-1)] + x~(-1)],x]

[Out] SqrtlSqrt[l + x~(-1)] + x~(-1)]*x + ArcTan[(3 + Sqrt[1 + x~(-1)])/(2%Sqrt[S
qrt[1 + x~(-1)] + x~(-1)]1)]1/4 - (3*ArcTanh[(1 - 3*Sqrt[1 + x~(-1)])/(2*Sqrt
[Sqrt[1 + x~(-1)] + x~(-1)1)1)/4

Rule 1014

Int[((g_.) + (h_D*(x_))*((a ) + (c_)*(x_)72)7(p_)*((d_) + (e_)*(x_) + (£
_D)*(x_)"2)7(q ), x_Symbol] :> Simp[((a*h - gxc*xx)*(a + c*xx"2)7(p + 1)*(d +
exx + £xx72)7q)/(2*%axcx(p + 1)), x] + Dist[2/(4*xa*xcx(p + 1)), Int[(a + c*x
“2)7(p + 1)x(d + exx + £*xx72)7(q - 1)*Simp[gkcxd*(2*p + 3) - ax(h*exq) + (g
xckex(2xp + q + 3) - ax(2xhxfxq))*x + gxcxfx(2xp + 2xq + 3)*x"2, x], x], x]
/; FreeQ[{a, c, d, e, f, g, h}, x] && NeQ[e~2 - 4xdxf, 0] && LtQ[p, -1] &&
GtQlq, 0]
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Rule 1033

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[-(a*c), 2]}, Dist[h/2 + (c*xg)/(2xq
), Int[1/((-q + c*x)*Sqrtld + e*xx + f*x72]), x], x] + Dist[h/2 - (c*g)/(2%q
), Int[1/((q + c*x)*Sqrt[d + e*x + f*x~2]), x], x]1] /; FreeQl[{a, c, d, e, £
, g, h}, x] && NeQ[e™2 - 4xdxf, 0] && PosQ[-(a*c)]

Rule 724

Int[1/C((d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d”™2 - 4xbxd*e + 4*axe”2 - x72), x], x, (2
*xaxe — bxd - (2%cxd - bke)*x)/Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rubi steps
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/ [ NA 2
f 1+1+1dx:— 2 Subst \[‘X1$+2xdx,x,w/1+1
X X (—1+x2) X
1
1 1 5 +X 1
:\f\/1+—+—x—Subst f 2 dx,x,4/1+ —
X X [ (—1+x2)\/—1+x+x2 XJ
1 1 1 1 1 3 1
:\/\/1+—+—x——Subst f dx,x,4/1+ — |- = Subst f—
x x4 1 +x)V-1+x+x? x) 4 ( (-1+x)V-1

1 ,
1 1 1 1 Byt | 3 1 -1+,
1+ -+ —x+ = Subst f dx, x, ————| + = Subst f dx, x,
x x 2 —4 — x2 T 2 4 —x2
: |
1

1 34+ 41+ | 1-3 1+
T+ —+-x+-tan | —=—Z_ |- tanh ™ | ———"2
x x 4 T 1| 4 T 4
2 1+—+; 2 14+-+-

Mathematica [A] time = 0.168488, size = 98, normalized size = 1.02

1 1 1 —,/1+1—3 3 4| 3 Ti1-1
41+ -—x--tan | —Z——o— |+ tanh | —2ee———
x x 4 4 T 1
2 24 [~/ +1+=
X X

L

X X
Antiderivative was successfully verified.
[In] Integrate[Sqrt[Sqrtl[l + x~(-1)] + x~(-1)],x]

[Out] SqrtlSqrt[1l + x~(-1)] + x~(-1)]*x - ArcTan[(-3 - Sqrt[l + x~(-1)])/(2*Sqrt[
Sqrt[1 + x~(-1)] + x~(-1)1)]1/4 + (3*%ArcTanh[(-1 + 3*Sqrt[1 + x~(-1)])/(2%Sq
rt[Sqrt[l1 + x~ (-] + x~(-1)1)1)/4

Maple [F] time = 0.028, size = 0, normalized size = 0.

f\/x‘l + V14 xldx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((1/x+(1+1/x)7(1/2))~(1/2),%)

[Out] int((1/x+(1+1/x)~(1/2))~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size =

f\/ Lol dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/x+(1+1/x)~(1/2))~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(sqrt(il/x + 1) + 1/x), x)

Fricas [A] time = 29.3198, size = 297, normalized size = 3.09

x+1 2 x+1 3 xv%-'—l x+1
nW—+1 g N7 7oX X 3 x+1 X +1 x+1
X| —— + — arctan +Zlog2x +x||———+2x4/— +2x
X b X

X 4 8x-1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/x+(1+1/x)~(1/2))~(1/2),x, algorithm="fricas")

[Out] x*sqrt((x*xsqrt((x + 1)/x) + 1)/x) + 1/4*xarctan(2*(xxsqrt((x + 1)/x) - 3*x)*
sqrt ((x*sqrt((x + 1)/x) + 1)/x)/(8*x - 1)) + 3/4*log(2*(x*sqrt((x + 1)/x) +
x)*xsqrt ((x*xsqrt((x + 1)/x) + 1)/x) + 2xx*ksqrt((x + 1)/x) + 2*x + 3)

Sympy [F] time = 0., size = 0, normalized size = 0.

f\Nl+1+1dx
XX
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/x+(1+1/x)**x(1/2))**(1/2) ,%)

[Out] Integral(sqrt(sqrt(l + 1/x) + 1/x), %)

Giac [F] time = 0., size = 0, normalized size =

f\/ L dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1/x+(1+1/x)~(1/2))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(sqrt(i/x + 1) + 1/x), x)
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Vi+e™
319 [——dx
Optimal. Leaf size=25
\2

[Out] -(Sqrt[2]*ArcTanh([Sqrt[1 + E~(-x)]/Sqrt[2]])

Rubi [A] time = 0.0749026, antiderivative size = 25, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 6, integrand size = 25, number of rules

0.24, Rules used = {2282, 1446, 1469, 627, 63, 206}

—V2 tanh [T]

integrand size

Antiderivative was successfully verified.

[In] Int[Sqrt[l + E"(-x)]/(-E~(-x) + E"x),x]
[Out] -(Sqrt[2]*ArcTanh[Sqrt[1 + E~(-x)]/Sqrt[2]1])

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionO0fExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w )*((a_.)*(v_ )" (n_ ))"(m_) /; FreeqQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 1446

Int[((a_.) + (c_)*(x_)"(mn2_.))"(p_.)*((d) + (e_)*(x_)"(n_.))"(q_.), x_8S
ymbol] :> Int[((d + e*x"n) g*(c + a*xx~(2%n)) p)/x” (2*n*p), x] /; FreeQ[{a,
c, d, e, n, qf, x] & EqQ[mn2, -2*n] && IntegerQ[p]

Rule 1469

Int[(x_ )" (m_.)*((a_) + (c_)*x_)"(m2_.))"(p_)*((d_ ) + (e_)*(x_)"(m_))"(q
_.), x_Symbol] :> Dist[1/n, Subst[Int[(d + e*x)"g*x(a + c*x"2)7p, x], x, x"n
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1, x] /; FreeQ[{a, c, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && EqQ[Simplify
[m - n+ 1], 0]

Rule 627

Int[((d_) + (e_.)*x(x_)) " (m_.)*x((a_) + (c_.)*x(x_)"2)"(p_.), x_Symbol] :> Int
[(d + exx)"(m + p)x(a/d + (c*x)/e)p, x] /; FreeQ[{a, c, d, e, m, p}, x] &&
EqQlcxd~2 + a*e”2, 0] && (IntegerQ[p] || (GtQl[a, 0] && GtQ[d, 0] && Intege
rQm + pl))

Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rubi steps
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»\/1 + —X 1 + -
- € ix = Subst = dx, x,e*
-~ + ¢~ -1+ x?
1+2
= Subst f —1xdx, x,e*
Bk
V1+
=- Subst( 1= xzx dx, x, e‘x]

dx,x,e™* )

1
= —Sub _
! St(f(l—x)\/1+x
=- (2 Subst (f 5 —1x2 dx,x, V1 + e‘x))

3 1| VI +e™
= —v2tanh ( 7 )

Mathematica [B] time = 0.104817, size = 112, normalized size = 4.48

e2\ex +1 (log (l - ex/z) —log (ex/z + 1) + log (\/E\/m —e¥2 + 1) —log (\/E\/exj +e2 + 1))

Antiderivative was successfully verified.

[In] Integrate[Sqrt[l + E~(-x)]/(-E~(-x) + E"x),x]

[Out] (E~(x/2)*Sqrt[1 + ET(-x)]1*(Logl[l - E"(x/2)] - Logl[l + E~(x/2)] + Logl[l - E
(x/2) + Sqrt[2]*Sqrt[1 + E"x]] - Logl[l + E~(x/2) + Sqrt[2]*Sqrt[1 + E"x]]))
/(Sqrt [2]*Sqrt[1 + E~x])

Maple [B] time = 0.019, size = 49, normalized size = 2.

V2 1+ e* 1+3e%)v2 1 1
e\/_ —eArtanh( e)\/—

2 et 4 \/(ex)Z 4 ex V(I +e¥) e

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((1l+exp(-x))~(1/2)/(-exp(-x)+exp(x)),x)

[Out] -1/2*((1+exp(x))/exp(x))~(1/2)*exp(x)/((1+exp(x))*exp(x))~(1/2)*27(1/2)*arc
tanh (1/4x(1+3*exp(x))*27(1/2) / (exp(x) "2+exp(x)) ~(1/2))

Maxima [A] time = 1.44735, size = 49, normalized size = 1.96

1 V2 - Vel +1
~V2log| ——————
2 V2 + Vel +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+exp(-x))~(1/2)/(-exp(-x)+exp(x)),x, algorithm="maxima")

[Out] 1/2*sqrt(2)*log(-(sqrt(2) - sqrt(e”(-x) + 1))/(sqrt(2) + sqrt(e”(-x) + 1)))

Fricas [A] time = 2.1053, size = 103, normalized size = 4.12

-1

1
1 2\/§Vex+1e(5x)—3ex—1
2 \/Elog ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+exp(-x))~(1/2)/(-exp(-x)+exp(x)),x, algorithm="fricas")

[Out] 1/2*sqrt(2)*log((2xsqrt(2)*sqrt(e”™x + 1)*e”(1/2%x) - 3*e"x - 1)/(e"x - 1))

Sympy [A] time = 3.72265, size = 65, normalized size = 2.6

\/Eacoth(%)
- forl+e*>2
2 )
2

\/E atanh

- 5 forl+e*<2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1+exp(-x))**(1/2)/(-exp(-x)+exp(x)),x)

[Out] 2xPiecewise((-sqrt(2)*acoth(sqrt(2)*sqrt(l + exp(-x))/2)/2, 1 + exp(-x) > 2
), (-sqrt(2)*atanh(sqrt(2)*sqrt(l + exp(-x))/2)/2, 1 + exp(-x) < 2))

Giac [B] time = 1.55128, size = 101, normalized size = 4.04

\/_1 V2-1 \/_ -2 V2 +2 Vel + e - 26 + 2)
-= + = V2log

V2 +1 |2\/§+2\/e(2x)+ex 2€x+2|
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+exp(-x))~(1/2)/(-exp(-x)+exp(x)),x, algorithm="giac")

[Out] -1/2x*sqrt(2)*log((sqrt(2) - 1)/(sqrt(2) + 1)) + 1/2xsqrt(2)*log(abs(-2*sqrt
(2) + 2*sqrt(e”(2*x) + e7x) - 2*xe"x + 2)/abs(2xsqrt(2) + 2*sqrt(e”(2*x) + e

“x) - 2%e"x + 2))
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320  [+V1+e*csch(x)dx

Optimal. Leaf size=25

1| Ve +1
~2y2tanh ( 5 J

[Out] -2#Sqrt[2]*ArcTanh[Sqrt[1 + E~(-x)]/Sqrt[2]]

Rubi [A] time = 0.0510541, antiderivative size = 25, normalized size of antiderivative =
1., number of steps used = 7, number of rules used = 7, integrand size = 14, number of rules

0.5, Rules used = {2282, 12, 1446, 1469, 627, 63, 206}

1| Ve +1
~22 tanh ( 7 )

integrand size

Antiderivative was successfully verified.

[In] Int[Sqrt[l + E~(-x)]*Csch[x],x]

[Out] -2*Sqrt[2]*ArcTanh[Sqrt[1 + E~(-x)]/Sqrt[2]]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 1446

Int[((a_.) + (c_)*(x_)"(mn2_.))"(p_.)*((d) + (e_)*x(x_)"(n_.))"(q_.), x_8S
ymbol] :> Int[((d + e*x"n) g*(c + a*x~(2%n)) p)/x~(2*n*p), x] /; FreeQ[{a,
c, d, e, n, qf, x] & EqQ[mn2, -2*n] && IntegerQ[p]
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Rule 1469

Int[(x_)"(m_.)*((a_) + (c_)*x_)"(m2_.))"(p_.)*((d_) + (e_)*(x_)"(m_))"(q
_.), x_Symbol] :> Dist[1/n, Subst[Int[(d + exx) "gx(a + c*xx~2)7p, x], x, x"n
1, x] /; FreeQl{a, c, d, e, m, n, p, q}, x] && EqQ[n2, 2#n] && EqQ[Simplify
[m-n + 1], 0]

Rule 627

Int[((d_) + (e_.)*(x D))" (m_.)*x((a_) + (c_.)*x(x_)"2)"(p_.), x_Symbol] :> Int
[(d + exx)"(m + p)*(a/d + (c*x)/e)”p, x] /; FreeQ[{a, c, d, e, m, p}, x] &&
EqQlcxd~2 + a*e”™2, 0] && (IntegerQ[p] || (GtQl[a, 0] && GtQ[d, 0] && Intege
rQ[m + pl))

Rule 63

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x"(p*(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rubi steps



122

2.1 +1

f\/l + e~*csch(x) dx = Subst f X dx, x, e*

-1+ x2

wﬂ-kl
X

-1+ x2

= 2 Subst dx,x,e*

= 2 Subst

1 —X
——(ZSUbSt (f(l_x)—lmdx,x,e ))
=- (4 Subst (f 5 —1x2 dx,x, V1 + e‘x))

= —2v2 tanh (TJ

Mathematica [B] time = 0.0949289, size = 126, normalized size = 5.04

V2e2Afex +1 (log (1 - e‘x/z) +log (e"‘/z +1) - log (e (\/5 eX +1+ "2 - 1)) —log (e‘x/z (\/5 e+ 1+ + 1)):

e +1

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 + E~(-x)]*Csch[x],x]

[Out] (Sqrt[2]*E~(x/2)*Sqrt[1 + E"(-x)]1*(Log[l - E"(-x/2)] + Logl[l + E~(-x/2)] -
Log[(-1 + E~(x/2) + Sqrt[2]*Sqrt[l + E"x])/E~(x/2)] - Logl[(1 + E~(x/2) + Sq
rt[2]1*Sqrt[1 + E"x]1)/E~(x/2)1))/Sqrt[1 + E7x]

Maple [A] time = 0.071, size = 33, normalized size = 1.3

~2V2y/(tanh (x/2) + 1) yianh (42) + TArtanh (\/tanh 2 + 1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((1l+exp(-x))~(1/2)/sinh(x),x)

[Out] -2%27(1/2)*(1/(tanh(1/2*%x)+1)) " (1/2)*x(tanh(1/2*x)+1)~(1/2)*arctanh((tanh(1/
2xx)+1)~(1/2))

Maxima [A] time = 1.4304, size = 47, normalized size = 1.88

\/Elog(——
V2 + Ve +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+exp(-x))~(1/2)/sinh(x),x, algorithm="maxima"

[Out] sqrt(2)*log(-(sqrt(2) - sqrt(e”(-x) + 1))/(sqrt(2) + sqrt(e™(-x) + 1)))

Fricas [B] time = 2.23759, size = 211, normalized size = 8.44

2 (\/5 cosh (x) + V2sinh (x))1 /% —3 cosh (x) — 3 sinh (x) -1
V2 log

cosh (x) + sinh (x) -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l+exp(-x))~(1/2)/sinh(x),x, algorithm="fricas")

[Out] sqrt(2)*log((2*(sqrt(2)*cosh(x) + sqrt(2)*sinh(x))*sqrt((cosh(x) + sinh(x)
+ 1)/(cosh(x) + sinh(x))) - 3*cosh(x) - 3*sinh(x) - 1)/(cosh(x) + sinh(x) -

1)

Sympy [F] time = 0., size = 0, normalized size = 0.

fm

sinh (x)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l+exp(-x))**(1/2)/sinh(x),x)

[Out] Integral(sqrt(l + exp(-x))/sinh(x), x)

Giac [B] time = 1.26869, size = 100, normalized size = 4.

V2-1 |—2\/§+2Ve(2x)+ex—26x+2|
—\/Elog +\/§10g
+ 2V2+2Vele¥) +eX¥ —2e% +2
V2 +1 V2 + 2 Ve

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l+exp(-x))~(1/2)/sinh(x),x, algorithm="giac")

[Out] -sqrt(2)*log((sqrt(2) - 1)/(sqrt(2) + 1)) + sqrt(2)*log(abs(-2*sqrt(2) + 2%
sqrt(e”(2%x) + e7x) - 2xe"x + 2)/abs(2*sqrt(2) + 2*xsqrt(e”(2*x) + e™x) - 2%

e"x + 2))
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1
3.21 f (cos(x)+cos(3x))° ax

Optimal. Leaf size=108

437 sin(x) N 203 sin(x) 17 sin(x) N sin(x) 523 fanh~ (sin(@) + 14831

512(1-2sin%(x) 768 (1 - 25in(x))’ 192 (1-2sin’()” 32(1-2sin’(w) 20

[Out] (-523%ArcTanh([Sin[x]])/256 + (1483*ArcTanh[Sqrt[2]*Sin[x]])/(512xSqrt[2]) +
Sin[x]/(32%(1 - 2xSin[x]~2)"4) - (17%Sin[x])/(192%(1 - 2%Sin[x]~2)"3) + (2
03%Sin[x])/(768x(1 - 2%Sin[x]"2)72) - (437xSin[x])/(512*x(1 - 2xSin[x]"2)) -
(43%Sec[x]*Tan[x]) /256 - (Sec[x] " 3*Tan[x])/128

Rubi [B] time = 1.11659, antiderivative size = 786, normalized size of antiderivative =

7.28, number of steps used = 45, number of rules used = 7, integrand size = 9, number of rules

= 0.778, Rules used = {12, 2073, 207, 638, 614, 618, 206}

integrand size

451 (tan (’2-‘) +1) 15 tan(g) + 89 89 —15 tan(g) 451 (1
512 (~ tan? (3) - 2tan (3) +1) 64 (- tan? (3)-2tan(3)+1) 64 (~tan®(3) +2tan (3) +1) 512 (- tan? E

Warning: Unable to verify antiderivative.

[In] Int[(Cos[x] + Cos[3*x])~(-5),x]

[Out] (-523*ArcTanh([Sin[x]])/256 - (1483*Logl[2 + Sqrt[2] + Cos[x] + Sqrt[2]*Cos[x
] - Sin[x] - Sqrt[2]*Sin[x]1)/(2048*Sqrt[2]) - (1483*Logl[2 - Sqrt[2] + Cos[
x] - Sqrt[2]*Cos[x] + Sin[x] - Sqrt[2]1*Sin[x]])/(2048%Sqrt[2]) + (1483xLogl
2 - Sqrt[2] + Cos[x] - Sqrt[2]*Cos[x] - Sin[x] + Sqrt[2]1*Sin[x]])/(2048*Sqr
t[2]) + (1483xLogl[2 + Sqrt[2] + Cos[x] + Sqrt[2]*Cos[x] + Sin[x] + Sqrt[2]=*
Sin[x]])/(2048*Sqrt[2]) - 1/(128*(1 - Tan([x/2])74) + 1/(64*(1 - Tan[x/2])"3
) - 47/(256%(1 - Tan[x/2])72) + 45/(256%(1 - Tan([x/2])) + 1/(128*%(1 + Tan[x
/21)"4) - 1/(64%(1 + Tan[x/2])73) + 47/(256%(1 + Tan[x/2])"2) - 45/(256%*(1
+ Tan([x/2])) - (7 - 17*xTan([x/2])/(4*(1 - 2xTan([x/2] - Tan[x/2]172)74) + (119
*(1 + Tan([x/2]))/(48%x(1 - 2*Tan[x/2] - Tan[x/2]72)73) - (11*(1 + 3xTan[x/2]
))/(12x(1 - 2*Tan[x/2] - Tan([x/2]72)73) - (1 - 43*Tan[x/2])/(32*(1 - 2*Tan[
x/2] - Tan([x/2]172)72) - (65%(1 + Tan[x/2]))/(384x(1 - 2*Tan[x/2] - Tan[x/2]
~2)72) + (451*%(1 + Tan[x/2]))/(512%(1 - 2xTan[x/2] - Tan[x/2]72)) - (89 + 1
5xTan[x/2])/(64%x(1 - 2*Tan[x/2] - Tan[x/2]172)) + (7 + 17*Tan[x/2])/(4*x(1 +
2xTan[x/2] - Tan[x/2]172)74) + (11*(1 - 3*Tan[x/2]))/(12*%(1 + 2*Tan[x/2] - T
an[x/2]172)73) - (119%(1 - Tan([x/2]))/(48*(1 + 2*Tan[x/2] - Tan[x/2]72)73) +
(65%(1 - Tan[x/2]))/(384x(1 + 2*Tan[x/2] - Tan[x/2]172)72) + (1 + 43*Tan[x/
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21)/(32%(1 + 2*Tan[x/2] - Tan[x/2]172)"2) + (89 - 15%xTan[x/2])/(64*(1 + 2xTa
n[x/2] - Tan[x/2]172)) - (451%x(1 - Tan[x/2]))/(512%(1 + 2xTan[x/2] - Tan[x/2
172))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 2073

Int[(P_)~(p_)*(Q_)"(q_.), x_Symbol] :> With[{PP = Factor[P /. x -> Sqrt[x]]
}, Int[ExpandIntegrand[(PP /. x -> x72)"p*Q~q, x], x] /; !SumQ[NonfreeFact
ors[PP, x]]] /; FreeQlq, x] && PolyQ[P, x~2] && PolyQ[Q, x] && ILtQ[p, 0]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rule 638

Int[((d_.) + (e_.)*x(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simp[((b*d - 2*a*e + (2*cxd - b*e)*x)*(a + b*x + c*x"2)7(p + 1))/((p +
1)*(b~2 - 4xaxc)), x] - Dist[((2*p + 3)*(2*c*d - bxe))/((p + 1)*(b"2 - 4xa
*xc)), Int[(a + bxx + cxx"2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e}, x] &&
NeQ[2*c*d - bxe, 0] && NeQ[b~2 - 4*a*c, 0] && LtQ[p, -1] && NeQlp, -3/2]

Rule 614

Int[((a_.) + (b_D)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xc*x
Y¥(a + b*xx + cxx”2)"(p + 1))/ ((p + 1)*(b"2 - 4xaxc)), x] - Dist[(2xcx(2xp +
3))/((p + 1)*(b™2 - 4xaxc)), Int[(a + b*x + c*xx"2)"(p + 1), x], x] /; Free
Q{a, b, c}, x] && NeQ[b~2 - 4*axc, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
egerQ [4*p]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps

| ) (1+22)" »
f (cos(x) + cos(3x))° dx = 2 Subst [f 3 (1 72 4 7o x6)5 ax, %, tan (E)

1 (1 + X2)14 X
= — Subst f = dx, x, tan (—)
16 (1 —7x2 + 7x% - x6) 2

1 1 3 47 45 1 3
= 16 Subst f[

+ + + - +
2(-1+x)°  4(-1+x)* 8(-1+x)3 16(-1+x)2 21+x)° 41+

_ 1 N 1 ~ 47 N 45 .
128 (1 - tan (g))4 64 (1 - tan (g))3 256 (1 - tan (g))2 256 (1 —tan (g)) 128
= —% tanh_l(sin(x)) - ! 7t ! 3 Y 2 T,
256 128(1-tan(3)) 64(1-tan(3)) 256(1-tan(3))” %
523 1. 9log (2 + V2 + cos(x) + V2 cos(x) — sin(x) - \/Esin(x)) 9log
= ——— tanh “(sin(x)) — -
256 162
523 . 129 log (2 +V2+ cos(x) + V2 cos(x) — sin(x) — V2 sin(x)) 12¢
= ——— tanh “(sin(x)) — - —
256 25642
_ 523 canl (s 387 log (2 +V2+ cos(x) + V2 cos(x) — sin(x) — V2 sin(x)) 38
= ~gg tan (sin(x)) — 5122 - —
_ 523 canl (s 111 log (2 +V2+ cos(x) + \/Ecos(x) — sin(x) - \/zsin(x)) 111
= ~gg tan (sin(x)) - P~ - —

_ 523 s 1483 log (2 +V2+ cos(x) + V2 cos(x) — sin(x) — V2 sin(x)) 14
= "oeg tanh™ " (sin(x)) — 20483 - —
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Mathematica [C] time = 6.29602, size = 478, normalized size = 4.43

1483log (2sin(x) + V2) 83 sin(x) sin(x) 437 437
10242 " 512(cos(x) — sin(x))2 " 128(cos(x) — sin(x))* - 1024(cos(x) — sin(x)) " 1024(sin(x) + cos

Warning: Unable to verify antiderivative.

[In] Integrate[(Cos[x] + Cos[3x*x])~(-5),x]

[Out] (((-1483%I)/1024)*ArcTan[(Cos[x/2] - Sin[x/2] - Sqrt[2]*Sin[x/2])/(-Cos[x/2
1 + Sqrt[2]*Cos[x/2] - Sin[x/2]1)]1)/Sqrt[2] + ((1483/2048 + (1483%I)/2048)*(
(-1 - I) + Sqrt[2])*ArcTan[(Cos[x/2] + Sin[x/2] - Sqrt[2]*Sin[x/2])/(Cos[x/
2] + Sqrt([2]*Cos[x/2] - Sin[x/2])]1)/((-1 + I) + Sqrt[2]) + (523*Log[Cos[x/2
1 - 8in[x/2]11)/256 - (523*Logl[Cos[x/2] + Sin[x/2]]1)/256 + (1483xLog[Sqrt[2]
+ 2xSin[x]])/(1024xSqrt[2]) - (1483xLogl[2 - Sqrt[2]*Cos[x] - Sqrt[2]*Sin[x
11)/(2048*Sqrt [2]) + ((1483/4096 - (1483%I)/4096)*((-1 - I) + Sqrt([2])*Logl
2 + Sqrt[2]*Cos[x] - Sqrt[2]*Sin[x]]1)/((-1 + I) + Sqrt[2]) - 1/(512%(Cos[x/
2] - Sin[x/2])"4) - 43/(512x(Cos[x/2] - Sin[x/2])72) + 1/(612%(Cos[x/2] + S
in[x/2])74) + 43/(512%(Cos[x/2] + Sin[x/2])72) - 17/(768*%(Cos[x] - Sin[x])~
3) - 437/(1024x(Cos[x] - Sin[x])) + Sin[x]/(128*(Cos[x] - Sin[x])~4) + (83x
Sin[x])/(5612x(Cos[x] - Sin[x])~2) + Sin[x]/(128%(Cos[x] + Sin[x])~4) + 17/(
768%(Cos[x] + Sin[x])~3) + (83*3in[x])/(512%(Cos[x] + Sin[x])~2) + 437/(102
4% (Cos[x] + Sin[x]))

Maple [A] time = 0.062, size = 95, normalized size = 0.9

-4

1 437 (sin(v))] 3527 (sin(x))® 3257 (sin(x))’ 331 sin(x)) 1483 Artanh (sin (x) v2)-
2 iy -1) T 56 153 3072 2088 )7 1024

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(cos(x)+cos(3*x))"5,x)

[Out] -4*(-437/256%sin(x) ~7+3527/1536*sin(x) ~5-3257/3072*sin(x) ~3+331/2048*sin (x)
)/ (2*sin(x) "2-1) "4+1483/1024*arctanh(sin(x)*2~(1/2))*2°(1/2)-1/512/ (-1+sin(
x))"2+43/512/(-1+sin(x))+523/512*1n(-1+sin(x))+1/512/ (1+sin(x) ) ~2+43/512/(1
+s8in(x))-523/512*x1n(1+sin(x))
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Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+cos(3*x))~5,x, algorithm="maxima"

[Out] Timed out

Fricas [B] time = 2.92037, size = 718, normalized size = 6.65

2 cos(x)z—Z \/Esin(x)—3 ) -
- — 62

2 cos(x)2—1

4449 (16 \/zcos (x)12 -32 \/zcos (x)10 +24 \/zcos (x)8 -8 \/Ecos (x)6 + \/Ecos (x)4) log (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+cos(3*x))~5,x, algorithm="fricas")

[Out] 1/6144%(4449%(16*sqrt(2)*cos(x)~12 - 32*sqrt(2)*cos(x)~10 + 24*sqrt(2)*cos(

X)7"8 - 8xsqrt(2)*cos(x)”6 + sqrt(2)*cos(x)~4)*log(-(2%cos(x)"2 - 2*sqrt(2)*

sin(x) - 3)/(2*cos(x)72 - 1)) - 6276*(16*cos(x)~12 - 32*cos(x)~10 + 24x*cos(

x)78 - 8xcos(x)"6 + cos(x)”"4)*log(sin(x) + 1) + 6276%(16%cos(x)~12 - 32*cos
(x)710 + 24x*cos(x)78 - 8*cos(x)"6 + cos(x)”4)*xlog(-sin(x) + 1) - 4%(14616%c

0s(x)~10 - 25420%*cos(x)~8 + 15570*cos(x)”~6 - 3677*cos(x)"4 + 162*cos(x)"2 +
12)*sin(x))/(16%cos(x)~12 - 32*cos(x)~10 + 24*cos(x)~8 - 8*cos(x)”6 + cos(

x)74)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+cos(3*x))**5,x)

[Out] Timed out
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Giac [A] time = 1.11205, size = 140, normalized size = 1.3

1483 o o |—2 V2 + 4 sin (x)|] , $Bsin (x)* — 45 sin (¥) , 10488 sin (x)” — 14108 sin (x)° + 6514 sin (x)° — 993
" . 5 4
2048 |2 V2 + 4 sin (v)| 256 (sin (x)* - 1) 1536 (2 sin (x)* - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cos(x)+cos(3*x))~5,x, algorithm="giac")

[Out] -1483/2048*sqrt(2)*log(abs(-2*sqrt(2) + 4*xsin(x))/abs(2*sqrt(2) + 4x*sin(x))
) + 1/256%(43*sin(x)~3 - 45*sin(x))/(sin(x)”2 - 1)72 + 1/1536%(10488*sin(x)

~7 - 14108*sin(x) "5 + 6514*sin(x)~3 - 993x*sin(x))/(2*sin(x)”"2 - 1)74 - 523/
512*%log(sin(x) + 1) + 523/512%log(-sin(x) + 1)
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1
3.22 f T dx

x)+sin(x))?

Optimal. Leaf size=29

X cos(x) — sin(x)
~log (tan (5) * 1) - sin(x) + cos(x) + 1

[Out] -Logl[l + Tan[x/2]] - (Cos[x] - Sin[x])/(1 + Cos[x] + Sin[x])

Rubi [A] time = 0.0201917, antiderivative size = 29, normalized size of antiderivative =

. . number of rules
1., number of steps used = 3, number of rules used = 3, integrand size = 8, ————— =

0.375, Rules used = {3129, 3124, 31}

integrand size

X cos(x) — sin(x)
~log (tan (E) " 1) - sin(x) + cos(x) +1

Antiderivative was successfully verified.

[In] Int[(1 + Cos[x] + Sin[x])~(-2),x]

[Out] -Logl[l + Tan[x/2]] - (Cos[x] - Sin[x])/(1 + Cos[x] + Sin[x])

Rule 3129

Int[(cos[(d_.) + (e_.)*(x_)]*(b_.) + (a_) + (c_.)*sin[(d_.) + (e_.)*(x_)1)"
(n_), x_Symbol] :> Simp[((-(c*Cos[d + exx]) + b*Sin[d + e*x])*(a + bxCos[d
+ exx] + c*Sin[d + exx])"(n + 1))/(ex(n + 1)*x(a"2 - b™2 - ¢c72)), x] + Dist[
1/((n + 1)*x(@"2 - b2 - ¢c72)), Int[(ax(n + 1) - bx(n + 2)*Cos[d + exx] - c*
(n + 2)*Sin[d + exx])*(a + b*Cos[d + exx] + c*Sin[d + exx]) " (n + 1), x], x]
/; FreeQ[{a, b, c, d, e}, x] && NeQ[a"2 - b™2 - ¢c”2, 0] && LtQ[n, -1] && N
eQ[n, -3/2]

Rule 3124

Int[(cos[(d_.) + (e_.)*(x_)]*(b_.) + (a_) + (c_.)*sin[(d_.) + (e_.)*(x_)1)"
(-1), x_Symbol] :> Module[{f = FreeFactors[Tan[(d + e*x)/2], x]}, Dist[(2%f
)/e, Subst[Int[1/(a + b + 2*xcxfxx + (a - b)*f"2*%x"2), x], x, Tan[(d + e*x)/
2]1/f1, x1]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[a"2 - b™2 - c¢~2, 0]

Rule 31
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Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]11/b, x] /; FreeQ[{a, b}, x]

Rubi steps

1 3 cos(x) — sin(x) 1 P
f (1 + cos(x) + sin(x))? r= 1+ cos(x) + sin(x) - f 1 + cos(x) + sin(x) *
3 cos(x) — sin(x) 1 X
" 1+cos(x) +sin(x) 25ubst ( 2 +2x ax, , tan (E))
cos(x) — sin(x)

= —log (1 + tan (32_6)) 1+ cos(x) + sin(x)

Mathematica [A] time = 0.0327142, size = 56, normalized size = 1.93

%tan (;) + log (cos (g)) + o (fSi)n+((2_32)S (f) —log (sin (JZ—C) + cos (;—C))

2 2

Antiderivative was successfully verified.

[In] Integrate[(1 + Cos[x] + Sin[x])~(-2),x]

[Out] Logl[Cos[x/2]] - Logl[Cos[x/2] + Sin[x/2]] + Sin[x/2]/(Cos[x/2] + Sin[x/2]) +
Tan([x/2]/2

Maple [A] time = 0.039, size = 27, normalized size = 0.9

Lo (2) - e ton () -t an (3)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cos(x)+sin(x))"2,x)

[Out] 1/2*tan(1/2*x)-1/(1+tan(1/2*x))-1n(1+tan(1/2*x))
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Maxima [A] time = 1.30164, size = 54, normalized size = 1.86

sin (x) 1 sin (x)
- Clog (22
2(cos(x)+1) _sn® 4 cos(x) +1
cos(x)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)+sin(x))~2,x, algorithm="maxima"

[Out] 1/2%sin(x)/(cos(x) + 1) - 1/(sin(x)/(cos(x) + 1) + 1) - log(sin(x)/(cos(x)
+ 1) + 1)

Fricas [A] time = 2.29235, size = 182, normalized size = 6.28

(cos (x) + sin (x) + 1) log (% cos (x) + %) — (cos (x) + sin (x) + 1) log (sin (x) + 1) — 2 cos (x) + 2 sin (x)

2 (cos (x) + sin (x) +1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)+sin(x))~2,x, algorithm="fricas")

[Out] 1/2*%((cos(x) + sin(x) + 1)*log(l/2*cos(x) + 1/2) - (cos(x) + sin(x) + 1)*lo
g(sin(x) + 1) - 2%cos(x) + 2xsin(x))/(cos(x) + sin(x) + 1)

Sympy [B] time = 0.785549, size = 66, normalized size = 2.28

X

2log (tan (g) + 1) tan (g) 2log (tan (;—C) + 1) tan? (5) 3
- 2tan(§)+2 - 2tan(§)+2 +2tan(g)+2_2tan(g)+2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cos(x)+sin(x))**2,x)

[Out] -2*%log(tan(x/2) + 1)*tan(x/2)/(2*tan(x/2) + 2) - 2xlog(tan(x/2) + 1)/(2*tan
(x/2) + 2) + tan(x/2)**2/(2xtan(x/2) + 2) - 3/(2*tan(x/2) + 2)
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Giac [A] time = 1.12091, size = 41, normalized size = 1.41
1 1 1
tan|{-x|+1||+ < tan|=-x

Verification of antiderivative is not currently implemented for this CAS.

tan (% x) (
— " —log

1
tan (5 x) +1

[In] integrate(1/(1+cos(x)+sin(x))~2,x, algorithm="giac")

[Out] tan(1/2+*x)/(tan(1/2*x) + 1) - log(abs(tan(1/2*x) + 1)) + 1/2%tan(1/2%x)
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323 [ +1+tanh(4x)dx

Optimal. Leaf size=26
tanh_l (\/tanh(4x)+1)
V2
22

[Out] ArcTanh[Sqrt[1 + Tanh[4*x]]/Sqrt[2]]/(2*Sqrt[2])

Rubi [A] time = 0.0134693, antiderivative size = 26, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 10, e e .

0.2, Rules used = {3480, 206}

integrand size

tanh_l ( Vtanh(4x)+1 )
V2

22

Antiderivative was successfully verified.

[In] Int[Sqrt[1 + Tanh[4x*x]],x]
[Out] ArcTanh[Sqrt[1 + Tanh[4*x]]/Sqrt[2]]/(2xSqrt[2])

Rule 3480

Int[Sqrtl(a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]]1, x_Symbol] :> Dist[(-2*b)/d,
Subst[Int[1/(2*a - x72), x], x, Sqrtla + b*Tan[c + d*x]]], x] /; FreeQ[{a,
b, ¢, d}, x] && EqQ[a"2 + b~2, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps
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f V1 + tanh(4x) dx = % Subst (f Z—sz dx, x, 1+ tanh(4x))

V1+tanh(4x) )

-1
) tanh ( 7

- ™

Mathematica [A] time = 0.0167125, size = 26, normalized size = 1.

Vtanh(4x)+1 )
V2

tanh™! (

22

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 + Tanh[4*x]],x]

[Out] ArcTanh[Sqrt[1 + Tanh[4*x]]/Sqrt[2]]/(2*Sqrt[2])

Maple [A] time = 0.025, size = 20, normalized size = 0.8

V2 \6\/1 + tanh (4 x)]

4 2

Artanh [

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+tanh(4*x))~(1/2),x)

[Out] 1/4*arctanh(1/2*(1+tanh(4*x))~(1/2)*27(1/2))*27(1/2)

Maxima [B] time = 1.82197, size = 58, normalized size = 2.23
V2
1 V2- Ve 941
—~V2log|-— e
8 V2 + V2

e(=89)41
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+tanh(4*x))~(1/2),x, algorithm="maxima"

[Out] -1/8x*sqrt(2)*log(-(sqrt(2) - sqrt(2)/sqrt(e”(-8*x) + 1))/(sqrt(2) + sqrt(2)
/sqrt (e~ (-8%x) + 1)))

Fricas [B] time = 2.20844, size = 207, normalized size = 7.96

% V2 log [—2 \/E\/ o (Z(jcs)h—(:gh @) (cosh (4 x) + sinh (4 x)) — 2 cosh (4 x)2 —4 cosh (4 x)sinh (4 x) — 2 sinh (4:

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+tanh(4*x))~(1/2),x, algorithm="fricas")

[Out] 1/8*sqrt(2)*log(-2*sqrt(2)*sqrt(cosh(4+*x)/(cosh(4*x) - sinh(4*x)))*(cosh(4x
x) + sinh(4xx)) - 2%cosh(4*x)~2 - 4*cosh(4*x)*sinh(4*x) - 2*sinh(4*x)"2 - 1

)

Sympy [F] time = 0., size = 0, normalized size = 0.

f vtanh (4x) + 1 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+tanh(4*x))**(1/2),x)

[Out] Integral(sqrt(tanh(4*x) + 1), x)

Giac [A] time = 1.08865, size = 41, normalized size = 1.58

£ V2{log (VST 41 +1) - log (Ve 59 +1 1))

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1+tanh(4xx))~(1/2),x, algorithm="giac")

[Out] 1/8*sqrt(2)*(log(sqrt(e”(-8%x) + 1) + 1) - log(sqrt(e”(-8xx) + 1) - 1))
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tanh(x)
3.24 f \/ﬁ dx

Optimal. Leaf size=110

tan‘l( i—(1-2i)e* ) tan‘l( (1+2i)e* +i )
2TriVese®) 2T Vo1&

V1+i 1-1

[Out] (2%Sqrt[E"x + E"(2*x)])/E"x - ArcTan[(I - (1 - 2*I)*E"x)/(2*Sqrt[1 + I]*Sqr
t[E™x + E7(2%x)]1)]1/Sqrt[1 + I] + ArcTan[(I + (1 + 2%xI)*E"x)/(2*%Sqrt[1 - I]x*
Sqrt[E"x + E~(2%x)])]1/Sqrt[1 - I]

2e7*¥VeX 4 2% —

Rubi [A] time = 0.606929, antiderivative size = 147, normalized size of antiderivative =
number of rules

1.34, number of steps used = 11, number of rules used = 7, integrand size = 16,
= 0.438, Rules used = {2282, 6724, 1586, 6725, 94, 93, 208}
PN N e -1 ‘/E\/e_‘) NN —1(@\/;)
2(ex+1)_(1 1)¥2/ex\/e* + 1 tanh (W _(1+z) Verver +1 tanh T

eX + e2x ex + e2x eX + e2x

integrand size

Antiderivative was successfully verified.

[In] Int[Tanh[x]/Sqrtl[E"x + E~(2*x)],x]

[Out] (2%(1 + E"x))/Sqrt[E~x + E7(2*x)] - ((1 - I)~(3/2)*Sqrt[E"x]*Sqrt[1 + E~x]*
ArcTanh[(Sqrt[1 - I]*Sqrt[E"x])/Sqrt[1 + E"x]]1)/Sqrt[E"x + E~(2*x)] - ((1 +
I)~(3/2)*Sqrt [E"x] *Sqrt [1 + E"x]*ArcTanh[(Sqrt[1 + I]*Sqrt[E"x])/Sqrt[1l +
E~x]]1)/Sqrt[E"x + E~(2*x)]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_ )*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6724

Int[(u_)*((a_)*x(x_)"(r_.) + (b_)*(x_)"(s_.))"(m_), x_Symbol] :> With[{v
= (axx”r + b*x"s) FracPart[m]/(x" (r*FracPart[m])*(a + b*x~ (s - r)) FracPart
[m])}, Dist[v, Int[u*x”™(m*r)*x(a + b*x~(s - r))"m, x], x] /; NeQ[Simplify[v]
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, 111 /; FreeQl[{a, b, m, r, s}, x] & !'IntegerQ[m] && PosQ[s - r]

Rule 1586

Int[(u_.)*(Px_ )~ (p_.)*(Qx_)"(q_.), x_Symbol] :> Int[u*PolynomialQuotient [Px
, Qx, x]7pxQx~(p + q), x] /; FreeQlq, x] && PolyQ[Px, x] && PolyQ[Qx, x] &&
EqQ[PolynomialRemainder [Px, Qx, x], 0] && IntegerQ[p] && LtQ[p*q, O]

Rule 6725

Int[(u)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 94

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_D)*xD))"(n_.)*x((e_.) + (f_.)*(x_
))~(p_.), x_Symbol] :> Simp[((a + b*x)~(m + 1)*(c + d*x) nx(e + fxx)"(p + 1
))/((m + 1)*x(bxe - a*f)), x] - Dist[(n*x(d*xe - c*£))/((m + 1)*(bxe - axf)),

Int[(a + b*x)"(m + 1)*(c + d*x)"(n - 1)*(e + f*x)7p, x], x] /; FreeQ[{a, b,
c, d, e, £, m, p}, x] & EqQ[m + n + p + 2, 0] && GtQ[n, 0] && ! (SumSimpl
erQlp, 1] && !SumSimplerQ[m, 1])

Rule 93

Int[(((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_))/((e_.) + (f_.)*(x
_)), x_Symbol] :> With[{q = Denominator[m]}, Dist[q, Subst[Int[x~(q*(m + 1)
- 1)/(bxe - axf - (dxe - c*xf)*x"q), x], x, (a + b*¥x)"(1/q)/(c + d*x)~(1/q)
1, x]1]1 /; FreeQ[{a, b, ¢, d, e, f}, x] && EqQ[m + n + 1, 0] && RationalQ[n]
&& LtQ[-1, m, O] && SimplerQ[a + b*x, c + d*x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rubi steps



ftan—h(x)dx—Substf l4x dx, x, "

VeX + e2x x(1+x2)m "

Very1 + e¥) Subst idx,x,e"
(Verv

x3/2 1+x(1+x2)

Ve~ + e
(\/e_x\/l + ex) Subst( LVl dx,x,e )

)
1 1\/—x 1 \/—x
(Ve VI + ) Subst [ [ [_ (2(1 22;: N (ZXS/i()H: ] dx, x, ex)
) e + 2

2 2
= +
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N = N e v

Ve~ + e
X X 1
_2(1+€x) (\/e—\/].'|'e)Subst(~f(l_x)\/_—x\/m

Ve~ + e

dx, x, ex) (\/e_x\/1+—6x) Subst (f !

\/E(i+x)\/1+x dx

+

- VeX + e2x - Ve* + e2x

ex + e

2(1+ ex) (2\/6_"\/1 + ex) Subst (f dx, x, VX ) (2\/e—x\/1 + ex) Subst (f ! dx, x

i+(1-1)x2

i—(1+i)x2 V1+eX 4

X + % e* + e

V1+e*

2(1+¢Y) (1—1')3/2\/6_"\/1+extanh_1(m@) (1+1)3/2\/e_x\/1+—e"tanh1( 1““6_")

Mathematica [A] time = 0.118181, size = 121, normalized size = 1.1

— (1 —i)¥2e24/e* + 1 tanh™ (‘/_ex/ ) (1 + i32¢"2y/e + 1 tanh™ («/ﬁ ex/z)

Ve~ + e ) Vex + e Ve + e

Ver+1
Ve¥(e¥ +1)

Antiderivative was successfully verified.

[In] Integrate[Tanh[x]/Sqrt[E"x + E~(2*x)],x]

[Out] (2 + 2%E"x - (1 - I)"(3/2)*E~(x/2)*Sqrt[1 + E"x]*ArcTanh[(Sqrt[1 - I]J*E~(x/
2))/Sqrt[1 + E"x]] - (1 + I)"(3/2)*E”~(x/2)*Sqrt[1 + E"x]*ArcTanh[(Sqrt[1 +

I1*E~(x/2))/Sqrt[1 + E™x]])/Sqrt[E"x*(1 + E"x)]
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Maple [B] time = 0.113, size = 366, normalized size = 3.3

[,/tanh +1\/2+2\/—ln[tanh +1—1/tanh +1\/2+2x/§+\/_)\/—2+2\/_\/—\f

—2+2\/_

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)/(exp(x)+exp(2*x))~(1/2),x)

[Out] -1/4%27(1/2)*((tanh(1/2*x)+1)~(1/2)*(2+2%27(1/2))~(1/2) *1n(tanh(1/2*x)+1-(t
anh (1/2*x)+1) "~ (1/2) % (2+2%27(1/2)) ~(1/2)+27(1/2) ) * (-2+2*x27(1/2) )~ (1/2)*2~(1/
2)-(tanh(1/2*x)+1) "~ (1/2)*(2+2*27(1/2))~(1/2) *1n(tanh (1/2*x)+1+(tanh (1/2*x)+
1D 7(1/2)*x(2+42%x27(1/2) ) ~(1/2)+27(1/2) ) * (-2+2%27(1/2) ) ~(1/2)*2~(1/2) - (tanh (1/
2xx)+1) " (1/2) % (2+2%2~(1/2))~(1/2) *1n(tanh (1/2%x)+1- (tanh (1/2*x)+1) ~(1/2)* (2
+2%27(1/2)) 7 (1/2)+27(1/2) ) *(-2+2%27(1/2) )~ (1/2) +(tanh (1/2*x) +1) ~(1/2) * (2+2%
27(1/2)) " (1/2)*1n(tanh (1/2xx) +1+(tanh (1/2*x)+1) ~(1/2) * (2+2*2~(1/2) )~ (1/2)+2
~(1/2)) % (—2+2%27(1/2)) " (1/2)+4*x (tanh (1/2*x)+1) ~(1/2) *arctan ((2*x (tanh (1/2%*x)
+1)7(1/2)-(2+2%27(1/2))~(1/2)) / (=2+2%27(1/2)) ~(1/2) ) +4* (tanh (1/2*x)+1) ~(1/2
)*arctan ((2*x(tanh(1/2*%x)+1) " (1/2)+(2+2%2~(1/2))~(1/2)) / (-2+2%2~(1/2))~(1/2)
)+8% (-2+2%27(1/2))~(1/2))/ ((tanh(1/2*x)+1) /(tanh (1/2*x)-1)"2)~(1/2)/(tanh (1
/2xx)-1) /(-2+2x27(1/2))~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

tanh (x)

—— dx
Vel2%) 4 px

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(exp(x)+exp(2*x))~(1/2),x, algorithm="maxima")

[Out] integrate(tanh(x)/sqrt(e”(2*x) + e7x), x)

Fricas [B] time = 2.66269, size = 2684, normalized size = 24.4

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(exp(x)+exp(2*x))~(1/2),x, algorithm="fricas")

[Out] -1/8%(87(1/4)*sqrt(2*sqrt(2) + 4)*(sqrt(2) - 2)*e"xxlog(2*(8~(1/4)*(sqrt(2)
- 1*e"x - 87(1/4))*sqrt(2xsqrt(2) + 4) - 2x(87(1/4)*sqrt(2*sqrt(2) + 4)*(
sqrt(2) - 1) + 4xe"x)*sqrt(e”(2*x) + e7x) + 4*sqrt(2) + 8*%e”(2%x) + 4xe"x +
4) - 87(1/4)*sqrt(2*xsqrt(2) + 4)*(sqrt(2) - 2)*e "xxlog(-2%(87(1/4)*(sqrt(2
) - Dxe”x - 87(1/4))*sqrt(2*sqrt(2) + 4) + 2x(87(1/4)*sqrt(2*sqrt(2) + 4)*
(sqrt(2) - 1) - 4xe"x)*sqrt(e”(2*x) + e7x) + 4xsqrt(2) + 8xe”(2xx) + 4xe”x
+ 4) + 4%x87(1/4)*sqrt (2)*sqrt(2*xsqrt(2) + 4)*arctan(1l/7*(sqrt(2)*(5xsqrt(2)
+ 6) + 8*sqrt(2) + 4)xe”"x + 1/112x(8*sqrt(2)*(5xsqrt(2) + 6) + (87(3/4)*(5
xsqrt(2) + 6) + 8%x87(1/4)*(2*sqrt(2) + 1))*sqrt(2xsqrt(2) + 4) + 64*sqrt(2)
+ 32)*sqrt (2% (87 (1/4)*x(sqrt(2) - 1)*e"x - 87(1/4))*sqrt(2*sqrt(2) + 4) - 2
*(87(1/4) *sqrt (2*sqrt(2) + 4)*(sqrt(2) - 1) + 4xe"x)*sqrt(e”(2*x) + e"x) +
4xsqrt(2) + 8xe”(2xx) + 4xe”x + 4) + 1/56%((87(3/4)*(5*xsqrt(2) + 6) + 8%87(
1/4)*(2%sqrt(2) + 1))*e"x + 87(3/4)*(sqrt(2) + 4) - 8%87(1/4)*(sqrt(2) - 3)
)*sqrt (2%sqrt(2) + 4) + 1/7*sqrt(2)*(sqrt(2) + 4) - 1/56%(8*sqrt(2)*(5*sqrt
(2) + 6) + (87(3/4)*(b*xsqrt(2) + 6) + 8x87(1/4)*(2xsqrt(2) + 1))*sqrt(2*sqr
t(2) + 4) + 64*xsqrt(2) + 32)*sqrt(e”(2*x) + e7x) + 3/7*sqrt(2) + 5/7)*e"x +
4x8~(1/4)*sqrt (2) *sqrt (2*sqrt(2) + 4)*arctan(-1/7*(sqrt(2)*(5*sqrt(2) + 6)
+ 8*sqrt(2) + 4)xe”"x - 1/112%(8*sqrt(2)*(5xsqrt(2) + 6) - (87(3/4)*(5*sqrt
(2) + 6) + 8%87(1/4)*(2xsqrt(2) + 1))*sqrt(2*sqrt(2) + 4) + 64xsqrt(2) + 32
)*sqrt (2% (87 (1/4) *(sqrt(2) - 1)xe"x - 87(1/4))*sqrt(2*sqrt(2) + 4) + 2x(8~
(1/4) *sqrt (2*sqrt(2) + 4)*(sqrt(2) - 1) - 4xe"x)*sqrt(e”(2*x) + e7x) + 4xsq
rt(2) + 8*%e”(2xx) + 4*xe"x + 4) + 1/56%((87(3/4)*(5*sqrt(2) + 6) + 8x87(1/4)
*(2xsqrt(2) + 1))*e"x + 87(3/4)*(sqrt(2) + 4) - 8x87(1/4)*(sqrt(2) - 3))*sq
rt(2xsqrt(2) + 4) - 1/7*sqrt(2)*(sqrt(2) + 4) + 1/56*(8*sqrt(2)*(5*sqrt(2)
+ 6) - (87(3/4)*%(b*xsqrt(2) + 6) + 8%87(1/4)*(2*sqrt(2) + 1))*sqrt(2*xsqrt(2)
+ 4) + 64*xsqrt(2) + 32)*sqrt(e”(2*x) + e"x) - 3/7*sqrt(2) - 5/7)xe"x - 16%
sqrt(e”(2*x) + e7x) - 16xe"x)*e” (-x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f tanh (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(exp(x)+exp(2*x))**(1/2),x%)
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[Out] Integral(tanh(x)/sqrt((exp(x) + 1)*exp(x)), x)

Giac [B] time = 1.36504, size = 366, normalized size = 3.33

—(1ﬁ+i)V2VE—2(V; 1+1%ogP\hOV§—L4—5v§ 7+1)+@h+8)VAZ0+ex—@H+8)éﬁk&—4)+

4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(exp(x)+exp(2*x))~(1/2),x, algorithm="giac")

[Out] -(1/4%I + 1/4)*sqrt(2*sqrt(2) - 2)*(I/(sqrt(2) - 1) + 1)*log(2*sqrt(10*sqrt
(2) - 14)*(-I/(bxsqrt(2) - 7) + 1) + (4xI + 8)xsqrt(e”(2*x) + e"x) - (4*I +
8)*e"x + 8xI - 4) + (1/4*%I + 1/4)*sqrt(2xsqrt(2) - 2)*(I/(sqrt(2) - 1) + 1
)*log(-2*sqrt (10*sqrt(2) - 14)*(-I/(5*sqrt(2) - 7) + 1) + (4*I + 8)*sqrt(e”

(2%x) + e7x) - (4*%I + 8)*e"x + 8+I - 4) - (1/4xI + 1/4)*sqrt(2xsqrt(2) + 2)
*(I/(sqrt(2) + 1) + 1)*log(2*sqrt(2*sqrt(2) - 2)*(-I/(sqrt(2) - 1) + 1) + 4
xsqrt(e”(2xx) + e7x) - 4%e"x - 4xI) + (1/4xI + 1/4)*sqrt(2*xsqrt(2) + 2)*(I1/
(sqrt(2) + 1) + 1)*log(-2*sqrt(2*sqrt(2) - 2)*(-I/(sqrt(2) - 1) + 1) + 4xsq
rt(e”(2xx) + e7x) - 4xe"x - 4xI) + 2/(sqrt(e”(2*x) + e"x) - e7x)



145

325 [ +/sech(x)sinh(2x)dx

Optimal. Leaf size=40

mv5¢mmn@E(g—§iﬂ
Visinh(x)

[Out] ((2xI)*Sqrt[2]*EllipticE[Pi/4 - (I/2)*x, 2]*Sqrt[Sinh[x]])/Sqrt[I*Sinh[x]]

Rubi [A] time = 0.0812508, antiderivative size = 40, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 11, e -

0.454, Rules used = {4398, 4400, 4221, 4309, 2639}

integrand size

. e ix
ZZE(Z _E

2) /sinh(2x)sech(x)
Visinh(x)

Antiderivative was successfully verified.

[In] Int[Sqrt[Sech[x]*Sinh[2*x]],x]

[Out] ((2*I)*EllipticE[Pi/4 - (I/2)*x, 2]*Sqrt[Sech[x]*Sinh[2*x]])/Sqrt[I*Sinh [x]
]

Rule 4398

Int[(u_.)*x((a_)*(v_))"(p_), x_Symbol] :> With[{uu = ActivateTriglu], vv = A
ctivateTrig[v]}, Dist[(a"IntPart[p]*(a*vv) FracPart[p])/vv FracPart[p], Int
[uuxvv~p, x], x]] /; FreeQ[{a, p}, x] && !IntegerQ[p] && !InertTrigFreeQl[
v]

Rule 4400

Int[(u_D)*((v_) " (m_D)*(w_)"(n_.))"(p_), x_Symbol] :> With[{uu = ActivateTri
glul, vv = ActivateTriglv], ww = ActivateTrig[w]}, Dist[(vv m*ww™n) FracPar
t [pl/ (vv~ (m*FracPart [p]) *ww™ (n*FracPart [p])), Int[uuxvv™ (m*p)*ww™ (n*p), x],

x]] /; FreeQ[{m, n, p}, x] && !IntegerQ[p] && ( !'InertTrigFreeQ[v] || !'I
nertTrigFreeQ[w])

Rule 4221
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Int[(u_)*((c_.)x*sec[(a_.) + (b_.)*(x_)]1)"(m_.), x_Symbol] :> Dist[(c*Sec[a
+ b*x]) “m*(c*Cos[a + b*x])"m, Int[ActivateTriglul/(c*Cos[a + b*x])"m, x], x
1 /; FreeQ[{a, b, c, m}, x] && !IntegerQ[m] && KnownSineIntegrandQ[u, x]

Rule 4309

Int[(cos[(a_.) + (b_.)*x(x_)]*(e_.)) " (m_.)*((g_.)*sin[(c_.) + (d_.)*x(x_)]1)"(
p_), x_Symbol] :> Dist[(g*Sin[c + d*x]) p/((exCos[a + b*x]) p*Sinf[a + b*x]~
p), Int[(exCos[a + b*x])~(m + p)*Sinl[a + bxx]"p, x], x] /; FreeQ[{a, b, c,
d, e, g, m, p}, x] && EqQ[b*c - axd, 0] && EqQ[d/b, 2] && !IntegerQ[p]

Rule 2639
Int[Sqrtlsinl(c_.) + (d_.)*(x_)]1], x_Symbol] :> Simp[(2#EllipticE[(1*(c - P

i/2 + d*x))/2, 21)/d, x] /; FreeQl{c, d}, x]

Rubi steps

f J5eeh() Sinh(E) dx = y/sech(x) sinh(2x) f visech(x) sinh(2x) dx
- +/isech(x) sinh(2x)
_ sech(x) sinh(2x) [ Vsech(x)+/i sinh(2x) dx
- v/sech(x)v/isinh(2x)
(\/cosh(x)\/sech(x) sinh(2x)) i &%) dx

Visinh(2x)
_ Vsech(x) sinh(2x) f +/isinh(x) dx

Visinh(x)
2iE (% - %| 2) +v/sech(x) sinh(2x)
- Vismh(0)

Mathematica [C] time = 1.78887, size = 54, normalized size = 1.35

) 1 7
_g\ﬁm tanh (;—C) (MHypergeometricQFl (E' Z, T tanh? (;)) B 3)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[Sech[x]*Sinh[2*x]],x]
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[Out] (-2*Sqrt[2]*(-3 + Hypergeometric2F1[1/2, 3/4, 7/4, Tanh[x/2]"2]*Sqrt[Sech[x
/2]172])*Sqrt [Sinh[x]]*Tanh[x/2])/3

Maple [A] time = 0.1, size = 75, normalized size = 1.9

\/ i (sinh (x) + 7)y/—i (- sinh (x) + i)+/i sinh (x) (ZElhptlcE (\/ —isinh (x),1/2V2 ) EllipticF( 1 —isinh (x),1,
cosh (x) v/sinh (x)

Verification of antiderivative is not currently implemented for this CAS.
[In] int((sinh(2*x)/cosh(x))~(1/2),x)

[Out] 2% (-I*(sinh(x)+I))~(1/2)*(-I*(-sinh(x)+I))~(1/2)*(I*sinh(x))~(1/2)*(2*Ellip
ticE((1-I*sinh(x))~(1/2),1/2%27(1/2))-EllipticF ((1-I*sinh(x))~(1/2),1/2%27(

1/2)))/cosh(x)/sinh(x)~(1/2)

Maxima [F] time = 0., size = 0, normalized size =

sinh (2 x)
f “cosh (x) (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((sinh(2+*x)/cosh(x))~(1/2),x, algorithm="maxima"

[Out] integrate(sqrt(sinh(2#x)/cosh(x)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

inteeral sinh (2 x)
ceta cosh (x) X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((sinh(2*x)/cosh(x))~(1/2),x, algorithm="fricas")



[Out] integral(sqrt(sinh(2#*x)/cosh(x)), x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f sinh (2x) P
cosh (x) *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((sinh(2#x)/cosh(x))**(1/2),x)

[Out] Integral(sqrt(sinh(2#*x)/cosh(x)), x)

Giac [F] time = 0., size = 0, normalized size =

f sinh (2 x)
“cosh (x) (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((sinh(2#*x)/cosh(x))~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(sinh(2*x)/cosh(x)), x)
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3.26 [ log (x2 +V1 - xz) dx

Optimal. Leaf size=185

TV 1)

1
1-x2 2

xlog (x2 +V1- xz) + % (1 + \/E) tan™! [MJ - (\/E - 1) tanh ™! [ ] —2x —sin" (%) 4

[Out] -2*x - ArcSin[x] + Sqrt[(1 + Sqrt([5])/2]*ArcTan[Sqrt[2/(1 + Sqrt[5])]*x] +
Sqrt[(1 + Sqrt[5])/2]*ArcTan[(Sqrt[(1 + Sqrt[5]1)/2]*x)/Sqrt[1 - x~2]] + Sqr
t[(-1 + Sqrt[5])/2]*ArcTanh[Sqrt[2/(-1 + Sqrt[5])]*x] - Sqrt[(-1 + Sqrt([5])
/2]*ArcTanh [(Sqrt [(-1 + Sqrt([5])/2]*x)/Sqrt[1 - x72]] + x*Log[x™2 + Sqrt[1

- x72]]

Rubi [A] time = 0.976096, antiderivative size = 349, normalized size of antiderivative =

. . ber of rul
1.89, number of steps used = 31, number of rules used = 12, integrand size = 16, /e o
integrand size

= 0.75, Rules used = {2548, 6742, 1293, 216, 1692, 377, 207, 203, 1166, 1130, 1174, 402}

xlog(x2+\/1——x2)+2 %(2+\/§)tan1[@]—w/f—o(l+\/§)tan1[—@]—,/%(@—1

Warning: Unable to verify antiderivative.

[In] Int[Log[x~2 + Sqrt[1 - x~2]],x]

[Out] -2*%x - ArcSin[x] - Sqrt[(1 + Sqrt([5])/10]*ArcTan[Sqrt[2/(1 + Sqrt[5])]1x*x] +
2xSqrt [(2 + Sqrt[5])/5]*ArcTan[Sqrt[2/(1 + Sqrt[5])]*x] - Sqrt[(1 + Sqrt[5
1)/10]*ArcTan[(Sqrt [(1 + Sqrt[5])/2]*x)/Sqrt[1 - x~2]] + 2*Sqrt[(2 + Sqrt[5
1)/5]1*ArcTan[(Sqrt[(1 + Sqrt[5])/2]#*x)/Sqrt[1 - x~2]] + 2%Sqrt[(-2 + Sqrt[5
1) /5] *ArcTanh[Sqrt[2/(-1 + Sqrt[5])]1*x] + Sqrt[(-1 + Sqrt[5])/10]*ArcTanh[S
qrt[2/(-1 + Sqrt([5])]1*x] - 2*Sqrt[(-2 + Sqrt[5])/5]*ArcTanh[(Sqrt[(-1 + Sqr
t[561)/21*x)/Sqrt[1 - x72]]1 - Sqrt[(-1 + Sqrt[5]1)/10]*ArcTanh[(Sqrt[(-1 + Sq
rt[5])/2]*x)/Sqrt[1 - x72]] + x*Log[x~2 + Sqrt[1l - x~2]]

Rule 2548

Int[Loglu_J], x_Symbol] :> Simp[x*Logl[ul, x] - Int[SimplifyIntegrand[(x*D[u,
x])/u, x], x] /; InverseFunctionFreeQ[u, x]

Rule 6742
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Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 1293

Int [CCCE_D)*(x))"(m_.)*x((d_.) + (e_.)*(x_)"2)"(q_))/((a_) + (b_.)*x(x_)"2 +
(c_.)*(x_)"4), x_Symbol] :> Dist[(exf"2)/c, Int[(f*x)"(m - 2)*(d + exx"2)~
(g - 1), x], x] - Dist[f"2/c, Int[((f*x)"(m - 2)*(d + exx"2)"(q - 1)*Simp[a
xe — (cxd - b*xe)*x"2, x])/(a + b*x"2 + c*x"4), x], x] /; FreeQ[{a, b, c, d,
e, f}, x] && NeQ[b~2 - 4*xaxc, 0] && !IntegerQlql && GtQ[q, 0] && GtQ[m, 1
1 && LeQ[m, 3]

Rule 216

Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[(Rt[-b, 2]*x)/Sqr
t[all/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 1692

Int [(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)72 + (c_.)*(x_)"4)"
(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(d + exx"2) gx(a + b*x"2 + c*x”4
)7p, x1, x] /; FreeQ[{a, b, ¢, d, e, q}, x] && PolyQ[Px, x72] && NeQ[b~2 -
4xaxc, 0] && NeQ[c*xd"2 - bxdxe + a*xe”™2, 0] && IntegerQ[p]

Rule 377

Int[((a ) + (b_)*xx_D)"(m_ )" (p_)/((c_) + (d_)*(x_)"(n_)), x_Symbol] :> Su
bst[Int[1/(c - (b*c - a*d)*x"n), x], x, x/(a + bxx"n)~(1/n)] /; FreeQ[{a, b
, ¢, dY, x] && NeQ[b*c - axd, 0] && EqQ[n*p + 1, 0] && IntegerQ[nl]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQla
, 01 |l GtQ[b, 01)

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 1166
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Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2%c*d - bxe)/(2*q), Int[1/(b/2
- q/2 + c*xx72), x], x] + Dist[e/2 - (2%cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ ¢c*x”2), x], x]] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlc*xd™2 - a*xe”™2, 0] && PosQ[b~2 - 4*axc]

Rule 1130

Int[((d_.)*(x_))"(m_)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)~"4), x_Symbol] :> Wi
th[{q = Rt[b"2 - 4xaxc, 2]}, Dist[(d"2*(b/q + 1))/2, Int[(d*x)"(m - 2)/(b/2
+ q/2 + c*x72), x], x] - Dist[(d"2x(b/q - 1))/2, Int[(d*x)"(m - 2)/(b/2 -
q/2 + c*xx72), x], x]] /; FreeQ[{a, b, c, d}, x] && NeQ[b~2 - 4x*a*c, 0] && G
eQ[m, 2]

Rule 1174

Int[((d_) + (e_.)*(x_)"2)"(q )/((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4), x_Symb
ol] :> With[{r = Rt[b™2 - 4*axc, 2]}, Dist[(2%c)/r, Int[(d + exx"2)"q/(b -
r + 2%cxx"2), x], x] - Dist[(2*c)/r, Int[(d + exx"2)7q/(b + r + 2%c*x"2), x
1, x]1]1 /; FreeQ[{a, b, c, d, e, q}, x] & NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2
- bxdxe + a*e”2, 0] && !IntegerQ[q]

Rule 402

Int[((a_) + (b_.)*(x_)"2)"(p_.)/((c_) + (d_.)*(x_)"2), x_Symbol] :> Dist[b/
d, Int[(a + b*x"2)"(p - 1), x], x] - Dist[(b*c - axd)/d, Int[(a + b*xx~2)"(p
- 1)/(c + d*x~2), x], x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - ax*d, 0] &&
GtQ[p, 0] && (EqQlp, 1/2] || EqQ[Denominator[p], 4])

Rubi steps
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1
( Vl—xZ)
log(x +V1- x2) dx—xlog(x +V1- xz) f dx
f x2 + V1 - x2
2x? x?
= g(x2+ 1- xz) f( -~ )dx
¥+ V1-x2 1-x2+x2V1-x?
) x? x?
= g(x + V1 - xz) 2f—dx+f dx
x% + V1 — x2 1-x% +x2V1 — x?
21 _ 12 2 2
= (x+\/1 xz) 2f1—x 1-x + 1-x dx+f L a
“1+x2+x* —1+x2+x4 iz -1+x22
Vise 2V1-x2 1-x? 1
= 2vexlog(@ e Vi) 2 [ ST [ oo Nk
1 1—2x?
:—2x+sin_1(x)+xlog(x2+V1—x2)—2f\/1_2dx—2f\/1_2( 1i m 4)clx+
—-x —x2(-1+x2+x
P -1 2 1 2
=-2x-sin" (x) - (1+\/—)tan 1+\/§x §(2+\/—)tan 1+\/gx +
. =1 -1 2 1 2
=-2x—sin" (x) - (1+\/_)tan 1+\/§x §(2+\/—)tan 1+\/§x +
1 2 1 2
PSR | 1 -1 <
=-2x—-sin" (x) - 10(1+\/5)tan 1+\/§x 5(2+\/_)tan 1+\/§x
= —2x —sin"}(x) — —(1+\/5)tan_1 2 X 1/1(2+\/_)tam 2 X
10 1++5 5 1++5

Mathematica [C]

4\/510g (x2 + V1 - xz) X — 8\/§x - 4\/§sin_1(x) +4/10 (—1 + \/5) tan™! (, /ﬁx) +54/2 (—1 + \/5) tan™! ( ﬁx

time = 0.524187, size = 910, normalized size = 4.92

J

Warning: Unable to verify antiderivative.

[In] Integrate[Log[x~2 + Sqrt[1 - x~2]],x]



153

[Out] (-8*Sqrt[5]*x - 4*Sqrt[5]*ArcSin[x] + 5xSqrt[2x(-1 + Sqrt[5])]*ArcTan[Sqrt[
2/(1 + Sqrt[56])]*x] + Sqrt[10*(-1 + Sqrt[5])]*ArcTan[Sqrt[2/(1 + Sqrt[5])]*
x] - (-5 + Sqrt[5])*Sqrt[2*(1 + Sqrt[5])]*ArcTanh[Sqrt[2/(-1 + Sqrt[5])]*x]
- 6xSqrt[2 + Sqrt[5]]*Log[-Sqrt[(-1 + Sqrt([5])/2] + x] + 3*Sqrt[56%(2 + Sqr
t[61)]xLog[-Sqrt[(-1 + Sqrt[5]1)/2] + x] + 5*Sqrt[2 + Sqrt[5]1*Logl[Sqrt[(-1
+ Sqrt[5]1)/2] + x] - 3*Sqrt[5*(2 + Sqrt[5])]*Logl[Sqrt[(-1 + Sqrt[5])/2] + x
1 - (5*%I)*Sqrt[-2 + Sqrt[5]1]*Log[(-I)*Sqrt[(1 + Sqrt[51)/2] + x] - (3*I)*Sq
rt [6x(-2 + Sqrt[5])]*Log[(-I)*Sqrt[(1 + Sqrt[5])/2] + x] + (5*I)*Sqrt[-2 +
Sqrt [6]]1*Log[I*Sqrt[(1 + Sqrt([5])/2] + x] + (3*I)*Sqrt[6%(-2 + Sqrt[5])]*Lo
glI*Sqrt[(1 + Sqrt[5])/2] + x] + 4xSqrt[5]*xxLog[x~2 + Sqrt[1l - x72]] + (5%
I)*Sqrt[-2 + Sqrt[5]]*Log[2 - IxSqrt[2*(1 + Sqrt[5])I*x + Sqrt[2*(3 + Sqrt[
5])1*Sqrt[1 - x72]] + (3*I)*Sqrt[6x(-2 + Sqrt[5])]*Log[2 - I*Sqrt[2*(1 + Sq
rt[6])]*x + Sqrt[2*(3 + Sqrt[5])]*Sqrt[1 - x72]] - (6xI)*Sqrt[-2 + Sqrt[5]]
xLog[2 + IxSqrt[2x(1 + Sqrt[5])]*x + Sqrt[2*(3 + Sqrt[5])]*Sqrt[1l - x~2]] -
(3*xI)*Sqrt [6x(-2 + Sqrt[5])]*Logl[2 + I*Sqrt[2*(1 + Sqrt[5])]*x + Sqrt[2*(3
+ Sqrt[5])1*Sqrt[1 - x72]] + 5xSqrt[2 + Sqrt[5]1*Log[2 - Sqrt[2+(-1 + Sqrt
[51)1*x + Sqrt[2]*Sqrt[(-3 + Sqrt[5])*(-1 + x72)]] - 3*Sqrt[5*(2 + Sqrt([5])
IxLog[2 - Sqrt[2*(-1 + Sqrt[5])]*x + Sqrt[2]*Sqrt[(-3 + Sqrt[5])*(-1 + x72)
11 - 5%Sqrt[2 + Sqrt([5]]1*Logl[2 + Sqrt[2*(-1 + Sqrt[5])]*x + Sqrt[2]*Sqrt[(-
3 + Sqrt[6])*(-1 + x72)]] + 3*Sqrt[6%(2 + Sqrt[5])]*Log[2 + Sqrt[2x(-1 + Sq
rt[5]1)]*x + Sqrt[2]*Sqrt[(-3 + Sqrt[6])*(-1 + x~2)11)/(4%Sqrt[5])

Maple [B] time = 0.129, size = 392, normalized size = 2.1

1 X N ‘Vg
\J2+2+5 \/2+2x/§] \J2+245

Verification of antiderivative is not currently implemented for this CAS.

X

1
\/2+2\/§] J-2+2+5

Artan]

xIln (x2 +V=x2 + 1) + arctan [2 arctan [2

[In] int(In(x"2+(-x"2+1)"(1/2)),x)

[Out] x*In(x"2+(-x"2+1)"(1/2))+1/(2+2%5"(1/2)) " (1/2)*arctan (2*x/ (2+2%5~(1/2))~(1/
2))+57(1/2) / (2+2x57(1/2) )~ (1/2) *arctan (2*x/ (2+2x57(1/2) ) ~(1/2) ) -1/ (-2+2x57(
1/2))7(1/2)*arctanh (2*x/ (-2+2*%57(1/2))~(1/2))+56~(1/2) / (-2+2*%57(1/2) )~ (1/2) *
arctanh (2*x/ (-2+2*57(1/2))~(1/2))-2%x-3/2/(2+57(1/2) )~ (1/2) *arctan (((-x"2+1
)= (1/2)-1)/x/(2+57(1/2))~(1/2))-1/2x5"(1/2) / (2+5~(1/2) )~ (1/2) *arctan(((-x"2
+1)7(1/2)-1)/x/(2+57(1/2))~(1/2))+3/2/(-2+5"(1/2) )~ (1/2) *arctanh (((-x~2+1) "
(1/2)-1)/x/ (=2+57(1/2))~(1/2))-1/2%5"(1/2) / (-2+5"(1/2) )~ (1/2) *arctanh (((-x~
2+1)°(1/2)-1) /x/ (=2+5=(1/2))~(1/2))-1/2%5"(1/2) / (-2+5~(1/2) )~ (1/2) *arctan ((
(-x72+1)"(1/2)-1)/x/(-2+5"(1/2))~(1/2))+1/2/(-2+5"(1/2) )~ (1/2) *arctan (((-x~
2+1)~(1/2)-1)/x/(-2+57(1/2))~(1/2))-1/2%5"(1/2) / (2+57(1/2) )~ (1/2) *arctanh ((
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(-x"2+1)"(1/2)-1) /x/(2+57(1/2))~(1/2))-1/2/(2+5°(1/2) )~ (1/2) *arctanh (((-x"2
+1)7(1/2)-1)/x/(2+5~(1/2))~(1/2))-arcsin(x)

Maxima [F] time = 0., size = 0, normalized size = 0.

422 1 1
xlog(x2+\/x+1\/—x+1)—x—f a a dx+§ log(x+1)—§ log (—x +1)

-2+ (xz _ 1)6(% 10g(X+l)+% log(—x+1))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x~2+(-x"2+1)"(1/2)),x, algorithm="maxima")

[Out] xxlog(x~2 + sqrt(x + 1)*sqrt(-x + 1)) - x - integrate((x"4 - 2*%x72)/(x74 -
x"2 + (x72 - D)*e”(1/2xlog(x + 1) + 1/2xlog(-x + 1))), x) + 1/2%log(x + 1)
- 1/2xlog(-x + 1)

Fricas [B] time = 2.73356, size = 1277, normalized size = 6.9

VB +1arctan (% Va2 25+ 2(V5V2 - ﬁ)\/vg +1- jI (V5vax - ﬁx)\/vg ; 1) _ VZAJV5 + 1 arctan

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x~2+(-x"2+1)7(1/2)),x, algorithm="fricas")

[Out] -sqrt(2)*sqrt(sqrt(5) + 1)*arctan(l/8*sqrt(4*x~2 + 2xsqrt(5) + 2)*(sqrt(5)*
sqrt(2) - sqrt(2))*sqrt(sqrt(5) + 1) - 1/4%(sqrt(5)*sqrt(2)*x - sqrt(2)*x)*
sqrt(sqrt(5) + 1)) - sqrt(2)*sqrt(sqrt(5) + 1)*arctan(1/8*(sqrt(2)*(sqrt(-x
2 + D)x(sqrt(5)*sqrt(2) - sqrt(2)) + sqrt(b)*sqrt(2) - sqrt(2))*sqrt(sqrt(
5) + D)xsqrt((x™4 - 4*x72 - sqrt(5)*(x74 - 2xx72) - 2*(sqrt(5)*x"2 - x72 +
2)*sqrt (-x72 + 1) + 4)/x74) + 2%sqrt(-x"2 + 1)*(sqrt(5)*sqrt(2) - sqrt(2))*
sqrt(sqrt(5) + 1))/x) + x*log(x™2 + sqrt(-x"2 + 1)) + 1/4*xsqrt(2)*sqrt(sqrt
(6) - 1)*log(2*x + sqrt(2)*sqrt(sqrt(b) - 1)) - 1/4*sqrt(2)*sqrt(sqrt(b) -
D*xlog(2xx - sqrt(2)*sqrt(sqrt(5) - 1)) + 1/4xsqrt(2)*sqrt(sqrt(5) - 1)*log
(-(2%x72 + (sqrt(2)*sqrt(-x~2 + 1)*x - sqrt(2)*x)*sqrt(sqrt(5) - 1) + 2*sqr
t(-x"2 + 1) - 2)/x72) - 1/4*sqrt(2)*sqrt(sqrt(5) - 1)*log(-(2*xx~2 - (sqrt(2
Y*sqrt(-x72 + 1)*x - sqrt(2)*x)*sqrt(sqrt(56) - 1) + 2xsqrt(-x"2 + 1) - 2)/x
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~2) - 2*%x + 2*arctan((sqrt(-x~2 + 1) - 1)/x)

Sympy [F] time = 0., size = 0, normalized size = 0.

flog (x2 + \/1——x2) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1ln(x*¥2+(—x**2+1)**(1/2)),x)

[Out] Integral(log(x**2 + sqrt(l - x**2)), x)

Giac [B] time = 1.2163, size = 406, normalized size = 2.19

x V-x2+1-
v 1 1 x 1 it
xlog(x2+ —x2+1)—§715gn(x)+5\12\/5+2arctan ————|-=+2V5+2arctan _ Nz .

NENES V25 +2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x~2+(-x"2+1)"(1/2)),x, algorithm="giac")

[Out] xxlog(x~2 + sqrt(-x"2 + 1)) - 1/2*pi*sgn(x) + 1/2*sqrt(2*sqrt(5) + 2)*arcta
n(x/sqrt(1/2*xsqrt(5) + 1/2)) - 1/2xsqrt(2xsqrt(5) + 2)*arctan(-(x/(sqrt(-x~

2+ 1) - 1) - (sqrt(-x"2 + 1) - 1)/x)/sqrt(2*sqrt(5) + 2)) + 1/4*sqrt(2*sqr

t(5) - 2)*log(abs(x + sqrt(1/2*sqrt(5) - 1/2))) - 1/4*xsqrt(2xsqrt(5) - 2)*1
og(abs(x - sqrt(1/2*sqrt(5) - 1/2))) - 1/4*sqrt(2xsqrt(5) - 2)*log(abs(sqrt
(2%sqrt(6) - 2) - x/(sqrt(-x"2 + 1) - 1) + (sqrt(-x"2 + 1) - 1)/x)) + 1/4%*s

qrt (2*sqrt(5) - 2)*log(abs(-sqrt(2*sqrt(5) - 2) - x/(sqrt(-x"2 + 1) - 1) +
(sqrt(-x"2 + 1) - 1)/x)) - 2*x - arctan(-1/2*xx((sqrt(-x"2 + 1) - 1)72/x72

- 1)/(sqre(-x"2 + 1) - 1))
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327 [y

1+e2

Optimal. Leaf size=102

1 1 i 1 1 i 1 1 i
—PolyLog (2, —e*) - EPolyLog (2, (E - é) (e + 1)) - EPolyLog (2, (E + %) (e + 1)) ~5 log ((E - é) (—e* + i)) log

[Out] -(Logl(1/2 - I/2)*(I - E"x)]1*Logl[l + E"x]1)/2 - (Logl[(-1/2 - I/2)*(I + E"x)]
*Log[1 + E"x])/2 - PolylLog[2, -E"x] - Polylog[2, (1/2 - I/2)*(1 + E"x)]1/2 -
PolyLog[2, (1/2 + I/2)*(1 + E"x)]/2

Rubi [A] time = 0.146247, antiderivative size = 102, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 10, integrand size = 16, e o e

= 0.625, Rules used = {2282, 266, 36, 29, 31, 2416, 2391, 260, 2394, 2393}

integrand size

1 1 i 1 1 i 1 1 i
—PolyLog (2, —€*) - EPolyLog (2, (E - %) (e + 1)) - EPolyLog (2, (5 + %) (e + 1)) -3 log ((E - %) (—e* + z')) log

Antiderivative was successfully verified.

[In] Int[Logl[l + E"x]/(1 + E~(2*x)),x]

[Out] -(Logl(1/2 - I/2)*(I - E"x)]*Logl[l + E"x])/2 - (Logl[(-1/2 - I/2)*(I + E"x)]
xLog[1 + E"x])/2 - PolyLog[2, -E"x] - PolyLog[2, (1/2 - I/2)*(1 + E"x)]/2 -
PolyLog[2, (1/2 + I/2)*(1 + E"x)]/2

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunctionlu, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w )*((a_.)*(v_)"(n_ ))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 36
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Int[1/(((a_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- a*xd), Int[1/(a + bxx), x], x] - Dist[d/(b*c - a*d), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], xI]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]11/b, x] /; FreeQ[{a, b}, x]

Rule 2416

Int[((a_.) + Logl(c_.)*((d_) + (e_)*x(x))"(n_.)1*(b_.))"(p_.)*((h_.)*(x_))
“(m_D)*((f) + (g_I)*x(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLog[c*(d + e*x)"n]) p, (h*x) " mx(f + g*x"r)~q, x], x] /; FreeQ[{a, b, ¢
, d, e, f, g, h, m, n, p, q, r}, x] && IntegerQ[m] && IntegerQ[q]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxe*xx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 2394

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_))"(n_)1*x(_.))/((f_.) + (g_.)*x(x_
)), x_Symbol] :> Simp[(Logl[(ex(f + g*x))/(exf - dxg)]l*(a + b*Loglcx(d + ex*x
)°nl))/g, x] - Dist[(bxe*n)/g, Int[Logl(ex(f + g*x))/(exf - dxg)]/(d + exx)
, x1, x] /; FreeQ[{a, b, c, d, e, f, g, n}, x] && NeQ[exf - dxg, O]

Rule 2393

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*(b_.))/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*xexx)/gl)/x, x], x, f + gxx
1, x]1 /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[exf - d*g, 0] && EqQ[g + cx
(exf - dxg), 0]



Rubi steps

X
fbg(l—-;e)dx = Subst fk)g(l—-i_x)dx’xrex
L+e™ x(1+x2)

_ Subst (f(log(l +x) xlog(l + x)) . ex)

X 1+ x2

1 |
= Subst (f M dx, x, e") — Subst (f M dx, x, ex)

X 1+ x2

L. ~ _log(1+x) log(1 + x) .
= —Li, (—€Y) Subst(f( 2= + 26+ )dx,x,e)

158

1 log(1 1 log(1
= —Li, (—e¥) + 5 Subst (f M dx, x, e") -5 Subst (f L—;x) dx, x, e")

1+

1—X

1 1 i 1 1 i
———log( E—%)(i—ex))log(1+ex)—§log( —E—%)(i+ex)

1 1 1 i
:—Elog( 5 %)(z—e"))log(l+ex)——log( —E—%)(i+ex)
:—élog( % %)(z—e"))log(1+ex)——log( —%—é)(z#ex)

Mathematica [A] time = 0.0171325, size = 102, normalized size = 1.

1
log (1 +¢*) — Li, (—€*) + 5 Subst

1
log (1 +¢*) — Li, (—¢*) + 5 Subst

1

-
P

lOg (1 + ex) - le (—ex) - %Liz ((

1 1 i 1 1 i 1 1
~PolyLog (2, —¢") - 5 PolyLog (2, (E - %) (" + 1)) - 5PolyLog (2, (5 + %) (e + 1)) -5 log ((E - E)( & + z)) log

Antiderivative was successfully verified.

[In] Integrate[Logl[l + E"x]/(1 + E~(2%*x)),x]

[Out] -(Logl(1/2 - I/2)*(I - E"x)]*Logll + E"x])/2 - (Logl(-1/2 - I/2)*(I + E"x)]
xLog[1 + E"x])/2 - PolylLog[2, -E"x] - PolyLogl[2, (1/2 - I/2)*(1 + E"x)]/2 -

PolyLog[2, (1/2 + I/2)*(1 + E"x)]/2

Maple [A] time = 0.028, size = 83, normalized size = 0.8

In(1 * X ] In (1 x
Mln(__e_+1a+ex)) In( +e9
2 2 2 2 2

e~ . 1 . 1 .. 1
111(5—5__(1+6))_—dllog(—__+ (1+e)) Edllog(—

ex

2 2 2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(In(1l+exp(x))/(1+exp(2%*x)),x)

[Out] -1/2%1n(1l+exp(x))*1n(1/2-1/2%exp(x)+1/2*xIx(1+exp(x)))-1/2*1n(1+exp(x))*1n(1
/2-1/2%exp(x)-1/2xI*(1+exp(x)))-1/2*dilog(1/2-1/2*exp(x)+1/2*%I* (1+exp(x)))-
1/2+dilog(1/2-1/2%exp(x)-1/2*I*(1+exp(x)))-dilog(1l+exp(x))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 S|
fog(e+)dx

e@% +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(l+exp(x))/(l+exp(2*x)),x, algorithm="maxima"

[Out] integrate(log(e™x + 1)/(e~(2*x) + 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

log (e* +1) )

lntegral (W,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(l+exp(x))/(1+exp(2%*x)),x, algorithm="fricas")

[Out] integral(log(e™x + 1)/(e”(2*x) + 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

flog(ex+1)d
———dx

e +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(l+exp(x))/(1+exp(2*x)),x)
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[Out] Integral(log(exp(x) + 1)/(exp(2*x) + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f log (e* +1)

31 N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(l+exp(x))/(1+exp(2#*x)),x, algorithm="giac")

[Out] integrate(log(e”™x + 1)/(e~(2*x) + 1), x)
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3.28 f cosh(x) log2 (1 + coshz(x)) dx
Optimal. Leaf size=159

22

4iV2PolyLog|2,1 - ———
Y g( V2 + isinh(x)

] + 8sinh(x) + sinh(x) log2 (sinhz(x) + 2) — 4 sinh(x) log (sinhz(x) + 2) +4iV2

[Out] -8*Sqrt([2]*ArcTan[Sinh[x]/Sqrt[2]] + (4*I)*Sqrt[2]*ArcTan[Sinh[x]/Sqrt[2]]~
2 + 8%Sqrt[2] *ArcTan[Sinh[x]/Sqrt[2]]*Log[(2*Sqrt[2])/(Sqrt[2] + I*Sinh[x])

1 + 4%Sqrt[2]*ArcTan[Sinh[x]/Sqrt[2]]*Log[2 + Sinh[x]~2] + (4*I)*Sqrt[2]*Po
lyLog[2, 1 - (2*Sqrt[2])/(Sqrt[2] + I*Sinh[x])] + 8xSinh[x] - 4xLog[2 + Sin
h[x]~2]*Sinh[x] + Logl[2 + Sinh[x]~2]~2*Sinh[x]

Rubi [A] time = 0.202866, antiderivative size = 159, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 13, number of rules used = 12, integrand size = 12, il
integrand size

= 1., Rules used = {4358, 2450, 2476, 2448, 321, 203, 2470, 12, 4920, 4854, 2402, 2315}

2V2

4i\2PolyLog (2,1 -
o8 ( V2 + isinh(x)

] + 8 sinh(x) + sinh(x) log2 (sinhz(x) + 2) —4sinh(x) log (sinhz(x) + 2) +4iV2

Antiderivative was successfully verified.

[In] Int[Cosh[x]*Log[l + Cosh[x]~2]72,x]

[Out] -8*Sqrt[2]*ArcTan[Sinh[x]/Sqrt[2]] + (4*I)*Sqrt[2]*ArcTan[Sinh[x]/Sqrt[2]]~
2 + 8*Sqrt[2]*ArcTan[Sinh[x]/Sqrt[2]]*Log[(2*Sqrt[2])/(Sqrt[2] + I*Sinh[x])

] + 4xSqrt[2]*ArcTan[Sinh[x]/Sqrt[2]]1*Log[2 + Sinh[x]~2] + (4*I)*Sqrt[2]*Po
lyLog[2, 1 - (2%Sqrt[2])/(Sqrt[2] + I*Sinh[x])] + 8xSinh[x] - 4xLog[2 + Sin
h[x]~2]*Sinh[x] + Log[2 + Sinh[x]~2]~2*Sinh [x]

Rule 4358

Int[Cosh[(c_.)*((a_.) + (b_.)*x(x_))]1*(u_), x_Symbol] :> With[{d = FreeFacto
rs[Sinh[c*(a + b*x)], x]}, Dist[d/(b*c), Subst[Int[SubstFor[1, Sinh[c*x(a +
b*x)]1/d, u, x], x], x, Sinh[c*(a + b*x)]/d], x] /; FunctionOfQ[Sinh[c*x(a +
b*x)]/d, u, x]] /; FreeQ[{a, b, c}, x]

Rule 2450

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)]*(b_.))"(q_), x_Symbo
1] :> Simp[x*(a + b*Loglc*(d + e*x™n) pl)~q, x] - Dist[bxe*n*p*q, Int[(x"nx
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(a + b*Loglc*x(d + exx™n)"p])~(q - 1))/(d + exx™n), x], x] /; FreeQ[{a, b, ¢
, d, e, n, pt, x] & IGtQ[lq, 0] && (EqQ[q, 1] || IntegerQ[n])

Rule 2476

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_)"(n_)) " (p_.)1*(b_.))"(q_.)*(x_)"(m
_Ox((£) + (g_)*x(x)"(s)) " (r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b
*Loglc*x(d + exx™n)"pl)~q, x"m*x(f + g*x"s)"r, x], x] /; FreeQ[{a, b, c, d, e
, f, g, m, n, p, q, r, s}, x] && IGtQlq, 0] && IntegerQ[m] && IntegerQ[r] &
& IntegerQ[s]

Rule 2448

Int[Logl(c_.)*((d) + (e_)*(x_)"(m_)) (p_.)], x_Symbol] :> Simp[x*Log[cx(d
+ e*x"n)"pl, x] - Dist[e*n*p, Int[x"n/(d + e*x"n), x], x] /; FreeQ[{c, d,
e, n, pr, xJ

Rule 321

Int[((c_)*(x D))" (m )*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*(c*xx)"(m - n + D*x(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 0] || GtQ[b, 01)

Rule 2470

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_)"(n_)) " (p_.)Ix(b_.))/((£f_) + (g_.)
x(x_)"2), x_Symbol] :> With[{u = IntHide[1/(f + gxx~2), x]}, Simp[ux(a + bx
Loglcx(d + e*xx™n)"pl), x] - Dist[b*e*n*p, Int[(uxx~(n - 1))/(d + e*x"n), x]
, x]11 /; FreeQl{a, b, ¢, d, e, f, g, n, p}, x] && IntegerQ[n]

Rule 12
Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match

Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 4920
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Int[(((a_.) + ArcTan[(c_.)*(x )I*x(b_.))"(p_)*x(x_))/((d) + (e_.)*x(x_)"2),
x_Symbol] :> -Simp[(I*(a + bxArcTan[c*x])~(p + 1))/(b*ex(p + 1)), x] - Dist
[1/(c*d), Int[(a + bxArcTan[c*x]) p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c~2%d] && IGtQ[p, O]

Rule 4854

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]

:> -Simp[((a + b*ArcTan[c*x]) “pxLog[2/(1 + (e*xx)/d)])/e, x] + Dist[(b*c*p)
/e, Int[((a + b*ArcTan[c*x])~(p - 1) *Logl[2/(1 + (exx)/d)])/(1 + c~2*x"2), x
1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 + e~2, 0]

Rule 2402

Int[Logl[(c_.)/((d) + (e_)*(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, f, g}, x] & EqQlc, 2*d] && EqQle~2+f + d~2xg, 0]

Rule 2315
Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*xd, 0]

Rubi steps
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f cosh(x) log (1 + cosh (x)) dx = Subst ( f log 2 + x dx x, sinh(x)

242
210g(2+x2)

= log? (2 + sinh (x)) sinh(x) — 4 Subst f(log 2 + x 2

( x? log 2 +x ) . )
= log (2 + sinh (x)) sinh(x) — 4 Subst dx, x,sinh(x)

) dx, x, sin]

= log (2 + sinh (x)) sinh(x) — 4 Subst flog 2 + x dx,x smh(x)) + 8 Subst (J

inh
= 4y2tan™" (Sm (x)) log (2 + sinhz(x)) —4log (2 + sinhz(x)) sinh(x) + log2 (2 +

V2

= 4V2 tan™! (M) log (2 + sinhz(x)) + 8sinh(x) — 4log (2 + Sinhz(x)) sinh(x)

V2

. : 2 .
= —8V2tan™ (smh(x)) +4iv2 tan™ (smh(x)) +4v2tan™! (smh(x)) log (2 + si

V2 V2 V2

: _ ) '
_ _g\2tan™! (smh(x)) + 4iV2 tan! (Smh(X)) + 83 tan? (smh(x)) log

S
S

V2

V2 +

: _ ) '
_ _g\2tan™! (smh(x)) + 4iV2 tan! (Smh(X)) + 83 tan? (smh(x)) log

S

V2 V2

V2 +

inh inh
= —8\/5 tan™! (sm (x)) + 41'\/5 tan™! (sm (x

5
S

V2

Mathematica [A] time = 0.0862541, size = 122, normalized size = 0.77

V2 sinh(x) + 2i

4iv2PolyLog|2,
Y g( V2 sinh(x) — 2i

] + sinh(x) (10g2 (sinhz(x) + 2) —4log (sinhz(x) + 2) + 8) +4v2tan™ (

Warning: Unable to verify antiderivative.

[In] Integrate[Cosh[x]*Log[l + Cosh[x]~2]72,x]

2 .
)) +8V2tan™! (smh(x)) log

V2 +

V2

sinh(x)) (1
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[Out] 4xSqrt[2]*ArcTan[Sinh[x]/Sqrt[2]]*(-2 + I*ArcTan[Sinh[x]/Sqrt[2]] + 2*Logl[(
4x1)/(2*I - Sqrt[2]*Sinh[x])] + Log[2 + Sinh[x]~2]) + (4*I)*Sqrt[2]*PolyLog

[2, (2*I + Sqrt[2]*Sinh([x])/(-2*I + Sqrt[2]*Sinh[x])] + (8 - 4xLog[2 + Sinh
[x]~2] + Log[2 + Sinh[x]~2]72)*Sinh[x]

Maple [F] time = 2.18, size = 0, normalized size = 0.
f cosh (x) (ln (1 + (cosh (x))z))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(x)*1n(1+cosh(x)"2)72,x)

[Out] int(cosh(x)*1n(l+cosh(x)~2)"2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(l+cosh(x)~2)"2,x, algorithm="maxima"

[Out] 1/2%(e”(2*x) - 1)*e”(-x)*log(e”(4*x) + 6%e”(2*x) + 1)72 - 2x(e”(-x) + integ
rate((e”(2xx) + 6)*e"x/(e”(4*x) + 6*%e”(2xx) + 1), x))*log(2)72 + 2x(e"x - 1
ntegrate ((6xe~(2xx) + 1)*e"x/(e”(4*x) + 6%e”(2*x) + 1), x))*log(2)72 + 14x*i
ntegrate(e”(3xx)/(e” (4*x) + 6%e”(2*x) + 1), x)*log(2)”2 + 14*xintegrate(e™x/
(e”(4xx) + 6*%e”(2%x) + 1), x)*x1log(2)72 + 4xintegrate(x*xe”(6*x)/(e”(5*x) + 6
xe” (3*x) + e7x), x)*log(2) + 28*integrate(xxe”(4*x)/(e”(5*xx) + 6%e”(3xx) +
e"x), x)*log(2) + 28*xintegrate(x*e”(2*x)/(e”(5xx) + 6*%e~(3*x) + e"x), x)*lo
g(2) - 2xintegrate(e”(6*x)*log(e”(4*x) + 6*%e~(2xx) + 1)/(e”(5*x) + 6%e”(3*x
) + e7x), x)*xlog(2) - l4xintegrate(e”(4*xx)*log(e~(4xx) + 6xe”(2xx) + 1)/(e”
(5xx) + 6%e”(3*x) + e7x), x)*log(2) - l1l4*integrate(e” (2*x)*log(e” (4*x) + 6%
e~ (2%x) + 1)/(e”(b*x) + 6%e~(3*x) + e7x), x)*xlog(2) + 4xintegrate(x/(e” (5*x
) + 6%xe”(3*%x) + e7x), x)*log(2) - 2xintegrate(log(e”(4*x) + 6%e”(2*xx) + 1)/
(e~ (b*x) + 6%e”(3*x) + e7x), x)*log(2) + 2xintegrate(x~2*xe”(6*x)/ (e~ (5*x) +
6xe~(3*x) + e"x), x) + ldxintegrate(x™2xe”(4*x)/(e”(5xx) + 6*%e”(3*x) + e7x
), x) + ldxintegrate(x™2*e” (2xx)/(e”(b*x) + 6%e”(3*x) + e7x), x) - 2xintegr
ate(xxe” (6*xx)*log(e”(4xx) + 6xe”(2xx) + 1)/(e”(5*x) + 6%e”(3*x) + e7x), x)
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- l4xintegrate(x*e” (4*x)*log(e” (4*x) + 6*%e”(2xx) + 1)/(e”(5xx) + 6%e”(3*x)

+ e7x), x) - l4xintegrate(x*e”(2xx)*log(e”(4*x) + 6xe”(2*x) + 1)/(e~(5*x) +
6xe~(3*x) + e"x), x) + 2*xintegrate(x~2/(e”(5*x) + 6%e~(3*x) + e7x), x) - 2
xintegrate(x*log(e™ (4*x) + 6*xe”(2xx) + 1)/(e”(5*x) + 6*%e”(3*x) + e7x), x) -
4xintegrate(e” (6*xx)*log(e”(4*xx) + 6xe~(2xx) + 1)/(e”(5*x) + 6*e”(3*x) + e~

x), x) - 8xintegrate(e”(4*x)*log(e”(4*x) + 6%e”(2%x) + 1)/(e”(5*x) + 6%e”(3
*x) + e7x), x) + 12xintegrate(e”(2*x)*log(e~(4*x) + 6xe~(2*x) + 1)/(e”(5*x)
+ 6%e”(3%x) + e7x), Xx)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (cosh (x)log (COSh (x)2 + 1)2 , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(l+cosh(x)~2)~2,x, algorithm="fricas")

[Out] integral(cosh(x)*log(cosh(x)"2 + 1)72, x)

Sympy [F] time = 0., size = 0, normalized size = 0.
5 2
f log (cosh (x) +1) cosh (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*1ln(1l+cosh(x)**2)**2,x)

[Out] Integral(log(cosh(x)**2 + 1)**2xcosh(x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f cosh (x) log (cosh (x)2 + 1)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(l+cosh(x)~2)~2,x, algorithm="giac")
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[Out] integrate(cosh(x)*log(cosh(x)”2 + 1)72, x)
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3.29 f cosh(x) 1og2 (coshz(x) + sinh(x)) dx

Optimal. Leaf size=395

2isinh(x) - V3 + z) ~ (1 ~ 1\/5) PolyLog (2’ 2isinh(x) + V3 +i

- (1 + 1\/5) PolyLog (2, - " 3

) + 8 sinh(x) + sinh(x) log2

[Out] -4%Sqrt([3]*ArcTan[(1 + 2%Sinh[x])/Sqrt[3]] - ((1 - I*Sqrt([3])*Logl[l - I*Sqr
t[3] + 2*Sinh([x]]172)/2 - (1 + I*Sqrt[3])*Logl((I/2)*(1 - I*Sqrt[3] + 2*Sinh
[x]))/Sqrt[3]1]*Log[1 + IxSqrt[3] + 2xSinh[x]] - ((1 + I*Sqrt[3])*Logl[1l + Ix*
Sqrt[3] + 2*Sinh([x]]72)/2 - (1 - I*Sqrt[3])*Logl[l - IxSqrt[3] + 2*Sinh[x]]*
Log[((-I/2)*(1 + I*Sqrt[3] + 2xSinh[x]))/Sqrt[3]] - 2xLogl[l + Sinh[x] + Sin
h[x]~2] + (1 - I*Sqrt[3])*Logl[l - I*Sqrt[3] + 2xSinh[x]]*Log[l + Sinh[x] +
Sinh[x]~2] + (1 + I*Sqrt[3])*Logll + I*Sqrt[3] + 2*Sinh[x]]*Logl[l + Sinh[x]
+ Sinh[x]~2] - (1 + I*Sqrt[3])*PolyLogl[2, -(I - Sqrt[3] + (2*I)*Sinh([x])/(
2%Sqrt[3])] - (1 - I*Sqrt([3])*PolylLog[2, (I + Sqrt[3] + (2*I)x*Sinh[x])/(2%S
qrt[3])] + 8*Sinh[x] - 4xLog[l + Sinh[x] + Sinh[x]~2]*Sinh[x] + Log[l + Sin
h[x] + Sinh[x]~2]72*Sinh[x]

Rubi [A] time = 0.536977, antiderivative size = 395, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 28, number of rules used = 15, integrand size = 13, oo e
integrand size

= 1.154, Rules used = {4358, 2523, 2528, 773, 634, 618, 204, 628, 2524, 2418, 2390, 2301,
2394, 2393, 2391}

2isinh(x) - V3 + z) ~ (1 ~ 1\/5) PolyLog (2’ 2isinh(x) + V3 +i

- (1 + z\/g) PolyLog (2, - 2\/5 2\/§

) + 8 sinh(x) + sinh(x) log2

Antiderivative was successfully verified.

[In] Int[Cosh[x]*Log[Cosh[x]~2 + Sinh[x]]~2,x]

[Out] -4%Sqrt[3]*ArcTan[(1 + 2%Sinh[x])/Sqrt[3]] - ((1 - I*Sqrt([3])*Logl[l - I*Sqr
t[3] + 2%Sinh[x]]172)/2 - (1 + I*Sqrt([3])*Logl((I/2)*(1 - I*Sqrt[3] + 2*Sinh
[x1))/Sqrt[3]1]1*Log[1 + I*Sqrt[3] + 2*Sinh[x]] - ((1 + I*Sqrt[3])*Logl[l + Ix*
Sqrt[3] + 2*Sinh([x]]72)/2 - (1 - I*Sqrt[3])*Logl[l - IxSqrt[3] + 2*Sinh[x]]*
Log[((-I/2)*(1 + IxSqrt[3] + 2*Sinh([x]))/Sqrt[3]] - 2xLog[l + Sinh[x] + Sin
h[x]~2] + (1 - I*Sqrt[3])*Logl[l - I*Sqrt[3] + 2xSinh[x]]*Log[l + Sinh([x] +
Sinh[x]~2] + (1 + I*Sqrt[3])*Logl[l + I*Sqrt([3] + 2xSinh[x]]*Log[l + Sinh[x]

+ Sinh[x]~2] - (1 + IxSqrt[3])#*PolyLogl[2, -(I - Sqrt[3] + (2xI)*Sinh[x])/(
2%Sqrt[3])] - (1 - IxSqrt([3])#*PolyLogl2, (I + Sqrt[3] + (2*I)*Sinh[x])/(2%S
qrt[3])] + 8*Sinh[x] - 4xLog[l + Sinh[x] + Sinh[x]~2]*Sinh[x] + Log[l + Sin
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h[x] + Sinh[x]~2]"2*Sinh[x]

Rule 4358

Int[Cosh[(c_.)*((a_.) + (b_.)*x(x_))]1*(u_), x_Symbol] :> With[{d = FreeFacto
rs[Sinh[c*x(a + b*x)], x]}, Dist[d/(b*c), Subst[Int[SubstFor[1, Sinh[c*(a +
b*x)1/d, u, x], x], x, Sinh[c*(a + b*x)]1/d], x] /; FunctionOfQ[Sinh[c*x(a +
b*x)]/d, u, x]] /; FreeQ[{a, b, c}, x]

Rule 2523

Int[((a_.) + Logl[(c_.)*(RFx_)"(p_.)1*(b_.))"(n_.), x_Symbol] :> Simp[x*(a +
b*Log [c*RFx~p])"n, x] - Dist[b*n*p, Int[SimplifyIntegrand[(x*(a + bxLogl[c*
RFx~pl)~(n - 1)*D[RFx, x])/RFx, x], x], x] /; FreeQ[{a, b, c, p}, x] && Rat
ionalFunctionQ[RFx, x] && IGtQ[n, O]

Rule 2528

Int[((a_.) + Logl[(c_.)*(RFx_)~(p_.)1*(b_.))"(n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + b*Log[c*RFx“p]) n, RGx, x]}, Int[u, x] /; SumQ[u
11 /; FreeQ[{a, b, c, p}, x] && RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

Rule 773

Int[(((d_.) + (e_)*(x_))*((£)) + (g_)*(x)))/((a_.) + (b_)*(x_) + (c_.)*
(x_)72), x_Symbol] :> Simp[(exg*x)/c, x] + Dist[1/c, Int[(ckd*f - akxexg + (
cxexf + cxdxg - bkexg)*x)/(a + b*x + c*xx”2), x], x] /; FreeQ[{a, b, ¢, d, e
, T, g¥, x] && NeQ[b~2 - 4*axc, 0]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2*xc), Int[1/(a + b*x + cxx"2), x], x] + Distl[e/(2*%c), In
t[(b + 2xc*x)/(a + b¥x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x°2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rtl[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 2524

Int[((a_.) + Logl(c_.)*(RFx_)"(p_.)I*(b_.))"(n_.)/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[(Logl[d + exx]*(a + b*Logl[c*RFx"pl)~n)/e, x] - Dist[(b*nx*p)/e
, Int[(Logl[d + exx]*(a + b*Logl[c*RFx~p])~(n - 1)*xD[RFx, x])/RFx, x], x] /;
FreeQ[{a, b, c, d, e, p}, x] && RationalFunctionQ[RFx, x] && IGtQ[n, O]

Rule 2418

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x ))"(n_.)]1*(_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Loglc*(d + e*x)"n]) p, RFx, x]},

Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

Rule 2390

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_)) " (n_.)1*x(b_.))"(p_.)*x((f_) + (g_.
)*(x_))~(q_.), x_Symbol] :> Dist[1/e, Subst[Int[((f*x)/d) gx(a + b*Loglc*xx~
n])7p, x1, x, d + exx], x] /; FreeQ[{a, b, ¢, d, e, f, g, n, p, q}, x] & E
qQ[exf - dxg, 0]

Rule 2301

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]*(b_.))/(x_), x_Symbol] :> Simp[(a + bxLo
glc*x™n])~2/(2*%b*n), x] /; FreeQ[{a, b, c, n}, x]

Rule 2394

Int[((a_.) + Logl(c_.)*x((d_) + (e_)*x(x_))"(n_)1*x(b_.))/((£f_.) + (g_.)*x(x_
)), x_Symbol] :> Simp[(Logl[(ex(f + g*x))/(exf - dxg)]l*(a + b*Loglcx(d + e*x
)°nl))/g, x] - Dist[(bxe*n)/g, Int[Logl[(ex(f + g*x))/(exf - dxg)]/(d + exx)
, x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2393
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Int[((a_.) + Logl(c_.)*((d_ ) + (e_.)*(x_))]1*(b_.0)/((£_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*xexx)/gl)/x, x], x, f + g*x
1, x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[exf - d*xg, 0] && EqQ[g + cx*
(exf - dxg), 0]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rubi steps
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f cosh(x) log2 (coshz(x) + sinh(x)) dx = Subst ( f log2 (1 +x+ xz) dx, x, sinh(x))

x(1 + 2x) log (1 + X+ x°

_ 2 . .12 : _
=log (1 + sinh(x) + sinh (x)) sinh(x) — 2 Subst f Tt rt 22

2.
= log2 (1 + sinh(x) + sinhz(x)) sinh(x) — 2 Subst f [2 log (1 +x+ x2) - (—

f(2+x)log(1+x+x2)

_ 2 . 2 1.2 .
= log (1 + sinh(x) + sinh (x)) sinh(x) + 2 Subst T+ x1 22

= —4log (1 + sinh(x) + Sinhz(x)) sinh(x) + 10g2 (l + sinh(x) + sinhz(x)) sinh

= 8sinh(x) — 4log (1 + sinh(x) + sinhz(x)) sinh(x) + log2 (1 + sinh(x) + sinh

(1 - z\/g) log (1 —iV3 + Zsinh(x)) log (1 + sinh(x) + sinhz(x)) + (1 + z\/g)

=-2log (1 + sinh(x) + sinhz(x)) + (1 - z\/g) log (1 —-iV3+2 sinh(x)) log (1 -

~4\/3tan™! (14—25—1nh(x)) —2log (1 + sinh(x) + sinhz(x)) + (1 - l\/g) log

V3

— V3 + 2sinh(x)) |

2\/5 og (1

—4y/3tan™ (—1 i 2\S/i§nh(x)) - (1 + 1\/3) log (i (l

= —4+/3tan™? (1-|—28—1nh(x)) - % (1 - z\/g) 10g2 (1 —iV3+ ZSinh(x)) - (1 +

V3

= —4V3tan™ (Lmh(x)) - % (1 - z\/g) log® (1 -iV3+ Zsinh(x)) - (1 +

V3

Mathematica [A] time = 0.222666, size = 347, normalized size = 0.88

1, , —2isinh(x) + V3 - z') , , [ (21' sinh(x) + V3 +i _
—~i(v/3 - )| 2PolyLog]| 2, + log (2sinh(x) + V3 +1)[ 210 + log (2 sin]
2 ( )( Y g( 243 g( ® ) & 243 g(

Antiderivative was successfully verified.
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[In] Integrate[Cosh[x]*Log[Cosh[x]"2 + Sinh[x]]~2,x]

[Out] -4*Sqrt[3]*ArcTan[(1 + 2%Sinh[x])/Sqrt[3]] - 2*Log[l + Sinh[x] + Sinh[x]~2]
+ (1 - IxSqrt[3])#*Log[l - IxSqrt[3] + 2*Sinh[x]]*Log[l + Sinh[x] + Sinh([x]

~2] + (1 + IxSqrt[3])#*Logl[l + I*Sqrt[3] + 2+Sinh[x]]*Log[l + Sinh[x] + Sinh
[x]~2] - (I/2)*(-I + Sqrt[3])*(Logl[l + IxSqrt[3] + 2*Sinh[x]]*(2xLog[(I + S
qrt[3] + (2xI)*Sinh([x])/(2%Sqrt[3])] + Logl[l + I*Sqrt[3] + 2*Sinh([x]]) + 2%
PolyLogl[2, (-I + Sqrt[3] - (2%I)*Sinh[x])/(2%Sqrtl[3]1)]1) + (I/2)*(I + Sqrt[3
1)*(Log[1l - IxSqrt[3] + 2*Sinh[x]]*(2*xLog[(-I + Sqrt[3] - (2xI)x*Sinh[x])/(2
*3qrt[3]1)] + Logl[l - I*Sqrt([3] + 2*Sinh[x]]) + 2*PolyLog[2, (I + Sqrt[3] +
(2%I)*Sinh[x])/(2*%Sqrt[3]1)]) + 8*Sinh[x] - 4xLog[l + Sinh[x] + Sinh[x]~2]*S
inh[x] + Logl[l + Sinh[x] + Sinh[x]~2]72*Sinh[x]

Maple [F] time = 3.147, size = 0, normalized size = 0.

f cosh (x) (ln ((cosh (x))2 + sinh (x)))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(x)*1n(cosh(x) " 2+sinh(x))~2,x)

[Out] int(cosh(x)*1n(cosh(x) "2+sinh(x))"2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(cosh(x) 2+sinh(x))~2,x, algorithm="maxima"

[Out] 1/2%(e”(2%x) - 1)*e”(-x)*log(e™ (4*x) + 2%e™(3*x) + 2%e”(2%x) - 2%e"x + 1)72
+ 2%(2xx - e7(-x) - integrate((2*e”(3*x) + b*e™(2%x) + 6*%e”x - 2)*e”"x/(e”(

4xx) + 2xe”(3*x) + 2%e”(2xx) - 2*%e"x + 1), x))*log(2)"2 - 4*(x - integrate(
(e”(3*%x) + 2xe~(2xx) + 2xe"x - 2)*e7x/(e”(4*x) + 2%e”(3*x) + 2%e” (2*x) - 2%

e"x + 1), x))*log(2)72 + 2x(e"x - integrate((2xe”(3*x) + 2*e~(2*x) - 2*e"x

+ Dxe"x/(e7(4xx) + 2%xe~(3*x) + 2%e”(2*x) - 2%e™x + 1), x))*1log(2)72 + 4%in
tegrate(e” (4*x)/ (e~ (4*x) + 2xe~(3*x) + 2xe”(2*x) - 2*e"x + 1), x)*log(2)72



174

+ 6xintegrate(e” (3*x)/(e” (4*x) + 2%e™(3*x) + 2%e”(2*x) - 2%e"x + 1), x)*log
(2)72 + 6xintegrate(e”x/(e”(4*xx) + 2xe”(3*x) + 2%e”(2*x) - 2%e"x + 1), x)*1
0g(2)~2 + 4xintegrate(xxe” (6*x)/(e” (5*x) + 2%e”(4xx) + 2xe”(3*x) - 2%e” (2*x
) + e7x), x)*xlog(2) + 8*xintegrate(xxe” (5*x)/(e”(5*x) + 2%e”(4xx) + 2xe” (3*x
) - 2%e”(2*%x) + e7x), x)*xlog(2) + 12xintegrate(x*e”(4*x)/(e” (5*x) + 2%e” (4x
Xx) + 2%e”(3*x) - 2xe”(2%x) + e7x), x)*log(2) + 12xintegrate(x*e”(2*x)/(e”(5
*x) + 2xe”(4xx) + 2%e”(3xx) - 2%e”(2%x) + e7x), x)*log(2) - 8xintegrate(xxe
“x/(e”(b*x) + 2%e” (4xx) + 2*xe”(3*x) - 2%e”(2*x) + e7x), x)*log(2) - 2xinteg
rate(e” (6*x)*log(e” (4*x) + 2%e~(3xx) + 2xe”(2*x) - 2%e”x + 1)/(e”(5*x) + 2%
e~ (4*x) + 2*e”(3*x) - 2*e”(2*x) + e7x), x)*log(2) - 4xintegrate(e”(5xx)*log
(e™(4%x) + 2%e™(3*x) + 2%e™(2xx) - 2%e"x + 1)/(e”(bxx) + 2%e”(4*x) + 2%e”(3
*x) — 2xe”(2xx) + e7x), x)*log(2) - 6xintegrate(e” (4*x)*log(e”(4*xx) + 2xe”(
3xx) + 2%xe”(2xx) - 2xe"x + 1)/(e”(5xx) + 2%xe”(4xx) + 2%e”(3*x) - 2%e”(2%x)
+ e7x), x)*log(2) - 6xintegrate(e”(2*x)*log(e” (4*x) + 2%e”(3*x) + 2%xe” (2%*x)
- 2%e”x + 1)/(e”(b*xx) + 2%e”(4xx) + 2xe”(3*x) - 2%e”(2*x) + e7x), x)*log(2
) + 4xintegrate(e"xxlog(e”(4*x) + 2xe”(3%x) + 2*%e”(2%x) - 2*%e"x + 1)/(e”(bx
X) + 2%e”(4xx) + 2xe”(3*x) - 2%e”(2*x) + e7x), x)*log(2) + 4xintegrate(x/(e
~(bxx) + 2xe”(4*x) + 2%e”(3%x) - 2*%e”(2%x) + e7x), x)*log(2) - 2*integrate(
log(e™ (4*x) + 2%e”(3*x) + 2*xe~(2%x) - 2xe"x + 1)/(e”(5*x) + 2%e” (4*x) + 2%e
“(3xx) - 2xe”(2*x) + e7x), x)*log(2) + 2*xintegrate(x~2*e” (6%x)/(e”(5*xx) + 2
xe” (4xx) + 2xe”(3xx) - 2%e”(2%x) + e7x), x) + 4xintegrate(x~2xe”(5xx)/(e” (5
*xx) + 2%xe”(4*x) + 2%e”(3%x) - 2%e”(2xx) + e7x), x) + 6*integrate(x"2¥e” (4*x
)/ (e (5%x) + 2*%e” (4xx) + 2*%e”(3*x) - 2%e”(2*x) + e7x), x) + 6*integrate(x”2
xe” (2%x) /(e (5*xx) + 2%e”(4xx) + 2xe”(3*x) - 2%e”(2*x) + e7x), x) - 4xintegr
ate(x"2xe"x/(e” (bxx) + 2xe~ (4*x) + 2*%e”(3*x) — 2*%e~(2*x) + e7x), x) - 2*int
egrate(x*xe” (6%x)*log(e”(4*xx) + 2xe~(3*x) + 2xe~(2xx) - 2xe"x + 1)/(e”(5%x)
+ 2xe” (4xx) + 2xe”(3*x) - 2%e”(2%x) + e7x), x) - 4*xintegrate(x*e” (5%x)*log(
e~ (4%x) + 2%e”(3%x) + 2%xe”(2%x) - 2%e"x + 1)/(e”(5*x) + 2%e”(4*x) + 2%e” (3%
X) - 2*%e"(2xx) + e7x), x) - 6*integrate(x*xe”(4*x)*log(e” (4*x) + 2%e~(3xx) +
2xe” (2*%x) - 2xe"x + 1)/(e”(5*x) + 2xe”(4xx) + 2xe”(3*x) - 2%xe”(2%x) + e7x)
, X) - 6xintegrate(x*e” (2*x)*log(e” (4*x) + 2%e”(3%x) + 2xe~(2*x) - 2xe"x +
1)/(e”(bxx) + 2xe”(4*x) + 2%e”(3%x) - 2%e~(2%x) + e7x), x) + 4*xintegrate(xx*
e"x*xlog(e” (4*x) + 2%e~(3*x) + 2%e~(2*x) - 2xe"x + 1)/(e”(5*x) + 2xe” (4*x) +
2xe”(3*x) - 2%e”(2*x) + e7x), x) + 2xintegrate(x”2/(e”(5xx) + 2xe”(4*x) +
2%e~(3*x) - 2xe”(2*x) + e7x), x) - 2xintegrate(x*log(e”(4*x) + 2%e~(3xx) +
2%e” (2%x) - 2*%e"x + 1)/(e”(5*x) + 2%e”(4*x) + 2*e”(3*x) - 2%~ (2*x) + e7x),
x) - 4xintegrate(e”(6*x)*log(e”(4*x) + 2xe” (3%x) + 2%e”(2%x) - 2%e"x + 1)/
(e~ (b*x) + 2%e”(4*x) + 2%e”(3xx) - 2*xe”(2%x) + e"x), x) - 6*xintegrate(e” (5%
x)*xlog(e™(4xx) + 2xe”(3*x) + 2%e”(2xx) - 2*%e"x + 1)/(e”(b*x) + 2xe”(4*x) +
2%e~(3xx) - 2xe”(2*x) + e7x), x) + 8xintegrate(e”(3*x)*log(e” (4*x) + 2%e”~(3
*x) + 2%eT(2%x) - 2%e"x + 1)/(e”(5*x) + 2xe” (4xx) + 2%e”(3*x) - 2%e”(2*x) +
e"x), x) + 4xintegrate(e”(2xx)*log(e”(4xx) + 2%e~(3*x) + 2%e”(2%x) - 2*e"x
+ 1)/(e”(5xx) + 2*%e”(4*x) + 2%e~(3*x) - 2%e~(2%x) + e"x), x) - 2*integrate
(e"xxlog(e” (4*x) + 2*xe~(3*x) + 2*xe~(2*x) - 2xe"x + 1)/(e”(5*x) + 2xe” (4xx)
+ 2%e”(3*x) - 2*xe”(2*x) + e7x), X)



175

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (cosh (x) log (cosh (x)2 + sinh (x))2 , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(cosh(x) "2+sinh(x))~2,x, algorithm="fricas")

[Out] integral(cosh(x)*log(cosh(x)”~2 + sinh(x))~2, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*1n(cosh(x)**2+sinh(x))**2,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

sage,x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)*log(cosh(x) " 2+sinh(x))~2,x, algorithm="giac")

[Out] sageO*x
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log(ﬁ+ 1+x)

330 | X

Optimal. Leaf size=981

1+x2

result too large to display

[Out] (I/2)*LoglSqrt[1 - I] - Sqrtl[1l + x]]*Loglx + Sqrt[1l + x]] - (I/2)*LoglSqrtl
1 + I] - Sqrt[1l + x]]*Loglx + Sqrt[l + x]] + (I/2)*LoglSqrt[1l - I] + Sqrt[1
+ x]]*Logl[x + Sqrt[1 + x]] - (I/2)*Logl[Sqrt[l + I] + Sqrt[l + x]]*Loglx +
Sqrt[1 + x]] - (I/2)*LoglSqrt[1 - I] + Sqrt[1l + x]]l*Log[(1 - Sqrt[5] + 2%Sq
rt[1 + x]1)/(1 - 2%Sqrt[1 - I] - Sqrt[5]1)] - (I/2)*LoglSqrt[1 - I] - Sqrt[1
+ x]1*Log[(1 - Sqrt[5] + 2xSqrt[1 + x])/(1 + 2*Sqrt[1 - I] - Sqrt[5])] + (I
/2)*Log[Sqrt[1 + I] + Sqrt[l + x]]*Logl[(1 - Sqrt([5] + 2*Sqrt[1 + x])/(1 - 2
*3qrt [1 + I] - Sqrt[5])] + (I/2)*LoglSqrt[1 + I] - Sqrt[1 + x]]*Logl[(1 - Sq
rt[6] + 2*Sqrt[1 + x])/(1 + 2*Sqrt[1 + I] - Sqrt[5]1)] - (I/2)*LoglSqrt[1l -
I] + Sqrt[1l + x]]*Logl[(1 + Sqrt[5] + 2*Sqrt[l + x])/(1 - 2xSqrt[1 - I] + Sq
rt[51)] - (I/2)*LoglSqrt[1 - I] - Sqrtl[l + x]]*Logl[(1 + Sqrt[5] + 2*Sqrt[1
+ x])/(1 + 2%Sqrt[1 - I] + Sqrt(5])] + (I/2)*Logl[Sqrt[1l + I] + Sqrtl[l + x]]
xLog[(1 + Sqrt[5] + 2*Sqrt[l + x])/(1 - 2*Sqrt[1 + I] + Sqrt[5])] + (I/2)*L
oglSqrt[1 + I] - Sqrt[1l + x]]*Log[(1 + Sqrt[5] + 2*Sqrt[l + x])/(1 + 2%Sqrt
[1 + I] + Sqrt[5]1)] - (I/2)*PolylLogl[2, (2*(Sqrtl[l - I] - Sqrt[l + x]))/(1 +
2%Sqrt[1 - I] - Sqrt[5])] - (I/2)*PolyLog[2, (2*(Sqrt[1 - I] - Sqrt[l + x]
))/(1 + 2+Sqrt[1 - I] + Sqrt([5])] + (I/2)*PolylLogl2, (2*(Sqrt[1 + I] - Sqrt
[1 + x]1))/(1 + 2x3qrt[1 + I] - Sqrt[5])] + (I/2)*PolyLogl[2, (2x(Sqrt[1 + I]
- Sqrt[1 + x1))/(1 + 2*Sqrt[1 + I] + Sqrt[5]1)] - (I/2)*PolyLogl2, (-2*(Sqr
tll - IJ + Sqrtll + x]))/(1 - 2%Sqrt[1 - I] - Sqrt[5])] - (I/2)*PolyLogl2,
(-2%(Sqrt[1 - I] + Sqrtll + x]1))/(1 - 2xSqrt[1 - I] + Sqrt[5])] + (I/2)*Pol
yLogl[2, (-2*(Sqrt[1 + I] + Sqrt[l + x]))/(1 - 2*Sqrt[1 + I] - Sqrt[5])] + (
I/2)*PolyLog[2, (-2x(Sqrt[l + I] + Sqrt[l + x]))/(1 - 2xSqrt[1 + I] + Sqrt[

51)]

Rubi [A] time = 1.25169, antiderivative size = 981, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 44, number of rules used = 10, integrand size = 18, i
integrand size

= 0.556, Rules used = {2530, 1591, 203, 6741, 2528, 2524, 2418, 2394, 2393, 2391}

%ilog(\ll—i—Vx+1)log(x+Vx+1)—%ilog(\/1+i—\/x+1)log(x+ x+1)+%ilog(\/x+1+\/1—i)log(x

Antiderivative was successfully verified.

[In] Int[Loglx + Sqrt[1l + x]1/(1 + x72),x]
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[Out] (I/2)*LoglSqrt[1 - I] - Sqrt[1l + x]I*Loglx + Sqrt[l + x]] - (I/2)*Logl[Sqrtl
1 + I] - Sqrt[l + x]]*Loglx + Sqrt[l + x]] + (I/2)*LoglSqrt[1 - I] + Sqrt[1
+ x]]*Logl[x + Sqrt[1 + x]] - (I/2)*Logl[Sqrt[1 + I] + Sqrt[l + x]]*Loglx +
Sqrt[1 + x]] - (I/2)*Logl[Sqrt[l - I] + Sqrt[l + x]]l*Logl[(1 - Sqrt[5] + 2%Sq
rt[1 + x])/(1 - 2%Sqrt[1 - I] - Sqrt[5])] - (I/2)*LoglSqrt[1 - I] - Sqrt[1
+ x]]1*Log[(1 - Sqrt[5] + 2xSqrt[1 + x])/(1 + 2*Sqrt[1 - I] - Sqrt[5])] + (I
/2)*Log[Sqrt[1 + I] + Sqrt[l + x]]*Logl[(1 - Sqrt[5] + 2*Sqrt[1l + x])/(1 - 2
*Sqrt [1 + I] - Sqrt[56])] + (I/2)*Logl[Sqrt[1 + I] - Sqrt[1 + x]]*Logl[(1 - Sq
rt[6] + 2%Sqrt[1 + x])/(1 + 2%Sqrt[1 + I] - Sqrt[5])] - (I/2)*LoglSqrt[l -
I] + Sqrtl[1l + x]]*Logl(1 + Sqrt[5] + 2*Sqrt[l + x])/(1 - 2xSqrt[1 - I] + Sq
rt[5]1)] - (I/2)*LoglSqrt[1 - I] - Sqrt[1 + x]]*Log[(1 + Sqrt[5] + 2%Sqrt[1
+ x])/(1 + 24Sqrt[1 - I] + Sqrt[5])] + (I/2)*LoglSqrt[1 + I] + Sqrt[l + x]]
xLog[(1 + Sqrt[6] + 2*Sqrt[l + x])/(1 - 2*Sqrt[1 + I] + Sqrt[5])] + (I/2)*L
oglSqrt[1 + I] - Sqrt[l + x]]*Log[(1 + Sqrt[5] + 2*Sqrt[l + x])/(1 + 2%Sqrt
[1 + I] + Sqrt[5]1)] - (I/2)*PolyLogl2, (2*(Sqrt[i - I] - Sqrtl[1l + x1))/(1 +
2%Sqrt[1 - I] - Sqrt[5])] - (I/2)*PolyLog[2, (2*(Sqrt[1 - I] - Sqrt[1l + x]
))/(1 + 2%Sqrt[1 - I] + Sqrt[5])] + (I/2)*PolyLog[2, (2*(Sqrt[1 + I] - Sqrt
[1 +x]))/(1 + 2xSqrt[1 + I] - Sqrt[5])] + (I/2)*PolyLogl2, (2x(Sqrt[1 + I]
- Sqrt[1 + x1))/(1 + 2*Sqrt[1 + I] + Sqrt[5])] - (I/2)*PolyLogl2, (-2*(Sqr
tl1 - I] + Sqrt[1 + x1))/(1 - 2*xSqrt[1 - I] - Sqrt[5])] - (I/2)*PolyLogl2,
(-2%(Sqrt[1 - I] + Sqrtl[1 + x]))/(1 - 2%Sqrt[1 - I] + Sqrt[5])] + (I/2)*Pol
yLogl2, (-2*%(Sqrt[1 + I] + Sqrtl[l + x]))/(1 - 2*Sqrt[1 + I] - Sqrt[5]1)] + (
I/2)*PolyLogl[2, (-2x(Sqrt[l + I] + Sqrt[l + x]))/(1 - 2xSqrt[1 + I] + Sqrt[

51)]

Rule 2530

Int[((a_.) + Loglu_l*(b_.))*(RFx_), x_Symbol] :> With[{lst = SubstForFracti
onalPowerOfLinear [RFx*(a + b*Log[ul), x]}, Dist[1lst[[2]]*1st[[4]], Subst[In
t[1st[[1]1], x], x, 1st[[3]1]1°(1/1st[[2]11)], x] /; !FalseQ[lst]l] /; FreeQ[{a
, b}, x] && RationalFunctionQ[RFx, x]

Rule 1591

Int[((a_.) + (b_.)*(Pq_)"(n_.))"(p_.)*(Qr_), x_Symbol] :> With[{q = Expon[P
q, x], r = Expon[Qr, x]}, Dist[Coeff[Qr, x, r]/(q*Coeff[Pq, x, ql), Subst[I
nt[(a + b*x"n)7p, x], x, Pql, x] /; EqQlr, q - 1] && EqQ[Coeff[Qr, x, r]l*D[
Pq, x], g*Coeff[Pq, x, ql*Qrl] /; FreeQ[{a, b, n, p}, x] && PolyQ[Pq, x] &&
PolyQ[Qr, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQla
, 01 Il GtQ[b, 01)
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Rule 6741

Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int[v, x] /; v =!
= U.]

Rule 2528

Int[((a_.) + Logl(c_.)*(RFx_ )~ (p_.)1*(b_.)) " (n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + b*Log[c*RFx“p]) n, RGx, x]}, Int[u, x] /; SumQ[u
11 /; FreeQ[{a, b, c, p}, x] && RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

Rule 2524

Int[((a_.) + Logl[(c_.)*(RFx_)"(p_)1*(_.))"(n_.)/((d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[(Logl[d + e*x]*(a + b*Logl[c*RFx"pl)~n)/e, x] - Dist[(b*nxp)/e
, Int[(Logl[d + exx]*(a + b*Logl[c*RFx“p])~(n - 1)*xD[RFx, x])/RFx, x], x] /;
FreeQ[{a, b, c, d, e, p}, x] && RationalFunctionQ[RFx, x] && IGtQ[n, O]

Rule 2418

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + bxLog[c*(d + e*x)"n])” p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

Rule 2394

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)) " (n_.)I*x(b_.0)/((£f_.) + (g_.)*x(x_
)), x_Symbol] :> Simp[(Log[(ex(f + g*x))/(exf - dxg)]l*(a + b*xLoglc*(d + e*x
)°nl))/g, x] - Dist[(b*exn)/g, Int[Logl(ex(f + gxx))/(exf - d*xg)]/(d + exx)
, x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2393

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*(b_.))/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*xexx)/gl)/x, x], x, f + g*x
1, x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - dxg, 0] && EqQ[g + c*
(exf - dxg), 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxe*xx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]
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Rubi steps
log (x + V1 +x xlog (-1 + x + x?
f g( )dx:ZSubstf g( )dx,x,\/1+x
1+ a2 1+(—1+x2)2
xlog (-1 + x + x?
= 2 Subst f g( )dx,x,\/1+x
2 —2x2 + x4
ixlog (—1 +x+ xz) ixlog (—1 +x+ xz)
=2 btf dx, x, V1
Subs ( Q+2)-22 | (2+2) 22 |THEVTA

x log (—1 +x+ x2)
(=2 + 2i) + 2x2

L log(—1+x+x2) log(—l+x+x2) , ‘ 108;(‘
_21Subst(f(— o ; (e ]dx,x,ﬁ]+21$ubbt[f[4—(\

1 log (-1 + x + 22 1 log (-1 + x + 22
:—(EiSubst[f g( )dx,x,\/1+x)]+§i8ubst(f g( )dX,X,‘/i

1-i—« 1+i-x

xlog (-1 + x + x?
= 2i Subst (f g( ) dx,x, V1 +x] + 2iSubst{ dx,x,\/f

(2 + 2i) - 2x2

i

:%ilog(\/l—i—\/1+x)log X+ 1+x)—%ilog(\/1+i—\/1+x)log(x+ 1+x)+

N =

i

1
)—Eilog(\/1+i—\/1+x)log(x+ 1+x)+

N =

(
= %ilog (\/1?— \/1+_x) log (x +
(

103 3

1 1
:Eilog(\/1—i—\/1+x)log X+ 1+x)—Eilog(\/1+i—\/1+x)log(x+ 1+x)+

i

N =

:

1 1 1
= Eilog(Vl—i—Vl+x)log(x+ 1+x)—Eilog(\/1+i—\/1+x)log(x+ 1+x)+§i]

1T 5 - e 5

1 1 1
= Eilog(\/l—i—\/1+x)1og(x+\/1 +x)—Eilog(\/1+i—\/1+x)log(x+ 1+x)+§i]
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Mathematica [A] time = 0.481055, size = 868, normalized size = 0.88

Z(E—M) lo ( x+1—ﬁ+l]—10 2(\/1?_@)
T+2vioi-5 | ¢ Sl 1r2vicio\s

%i[2itan_1(x) log (\/x +1- ﬁ + 1] + log[

2 2 2 2

Antiderivative was successfully verified.

[In] Integrate[Logl[x + Sqrt[1l + x]]1/(1 + x72),x]

[Out] (I/2)*((2*I)*ArcTan[x]*Logl[1/2 - Sqrt([5]/2 + Sqrt[l + x]] + Logl(2*(Sqrt[1
- I] - Sqrtl1l + x]1))/(1 + 2xSqrt[1 - I] - Sqrt[5])]1*Logl1/2 - Sqrt[5]/2 + S
grt[1 + x]] - Log[(2*(Sqrt[1 + I] - Sqrt[l + x]))/(1 + 2xSqrt[1 + I] - Sqrt
[561)1*Logl[1/2 - Sqrt[5]1/2 + Sqrt[1 + x]1 + Log[(2*(Sqrt[1 - I] + Sqrt[l + x
1))/(-1 + 2+Sqrt[1 - I] + Sqrt[5])]1*Logl[1/2 - Sqrt[5]/2 + Sqrtl[l + x]] - Lo
gl(2*%(Sqrt[1 + I] + Sqrtll + x]))/(-1 + 2xSqrt[1 + I] + Sqrt([5])]*Logl1/2 -
Sqrt[56]1/2 + Sqrt[1l + x]] + (2*I)*ArcTan[x]*Log[(1 + Sqrt([5])/2 + Sqrt[1l +
x]] + Log[(2%(Sqrt[1 - I] - Sqrtl[1l + x]1))/(1 + 2xSqrt[1 - I] + Sqrt([5])]*Lo
gl(1 + Sqrt[5])/2 + Sqrtl[1 + x]] - Logl[(2*(Sqrt[1 + I] - Sqrtl[l + x]1))/(1 +
2%Sqrt[1 + I] + Sqrt[5])]1*Logl(1 + Sqrt[51)/2 + Sqrtl[l + x]] + Logl[(2x(Sqr
t[1 - I] + Sqrtl[l + x]))/(-1 + 2%Sqrt[1 - I] - Sqrt[5])]1*Log[(1 + Sqrt[5])/
2 + Sqrt[1 + x]] - Logl(2%(Sqrt[1 + I] + Sqrtl[l + x]))/(-1 + 2xSqrt[1 + I]
- Sqrt[5])]1*Logl[(1 + Sqrt[5])/2 + Sqrt[l + x]] - (2*I)*ArcTan[x]*Log[x + Sq
rt[1 + x]] + PolyLog[2, (-1 + Sqrt[5] - 2*Sqrt[1l + x])/(-1 + 2*xSqrt[1 - I]
+ Sqrt[5])] - PolyLog[2, (-1 + Sqrt[5] - 2*Sqrt[l + x])/(-1 + 2xSqrt[1 + I]
+ Sqrt[56])] + PolyLogl[2, (1 - Sqrt[5] + 2*Sqrt[1 + x])/(1 + 2%Sqrt[1 - I]
- Sqrt[5])] - PolyLog[2, (1 - Sqrt[5] + 2#Sqrt[1 + x])/(1 + 2xSqrt[l + I] -
Sqrt[5])] + PolyLog[2, (1 + Sqrt[5] + 2*Sqrt[1l + x])/(1 - 2xSqrt[1 - I] +
Sqrt[5])] + PolyLogl[2, (1 + Sqrt[5] + 2*Sqrt[1l + x])/(1 + 2%Sqrt[l - I] + S
qrt[5]1)] - PolyLogl[2, (1 + Sqrt[5] + 2*Sqrt[1 + x])/(1 - 2*Sqrt[1 + I] + Sq
rt[5])] - PolyLogl[2, (1 + Sqrt[5] + 2*Sqrt[l + x])/(1 + 2*Sqrt[1 + I] + Sqr
t61HD

Maple [A] time = 0.051, size = 698, normalized size = 0.7

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int(An(x+(1+x)~(1/2))/(x"2+1),x)

[Out] -1/2+Ix1n((1+x)7(1/2)-(1-I)7(1/2))*1n((-1+57(1/2)-2*x(1+x)~(1/2))/(-2%(1-1)~
(1/2)-1+57(1/2)))-1/2*I*dilog ((-1+57(1/2)-2* (1+x) " (1/2)) /(2% (1-I)~(1/2)-1+5
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“(1/2)))+1/2xI*1n((1+x) " (1/2)-(1+I) " (1/2) ) *1n((-1+5~(1/2) -2x (1+x) ~(1/2)) / (-
2% (1+I1)~(1/2)-1+45"(1/2)))-1/2*%I*1n(x+(1+x) " (1/2) ) *1n((1+x) "~ (1/2)-(1+I)~(1/2
) +1/2+%Tx1n((1+x) 7 (1/2) - (1+I) " (1/2) ) *In((1+57 (1/2) +2* (1+x) ~(1/2) ) / (1+2% (1+1
)7 (1/2)+57(1/2)))+1/2xIx1n((1+I) " (1/2)+(1+x) ~(1/2))*1n((-1+57(1/2) -2* (1+x) ~
(1/2))/ (2% (1+I)~(1/2)-1+5"(1/2)))+1/2*I*1n(x+(1+x) " (1/2))*1n((1-I) "~ (1/2)+(1
+x)7(1/2))-1/2*%I*dilog((-1+57(1/2)-2*% (1+x)~(1/2)) / (-2%(1-I)~(1/2)-1+5"(1/2)
))+1/2%I*xdilog ((=1+57(1/2)-2% (1+x)~(1/2)) / (2*x (1+I)~(1/2)-1+5"(1/2)) ) -1/2*Ix*
dilog((1+567(1/2)+2x(1+x)~(1/2))/(1+2*%(1-I)~(1/2)+57(1/2)) ) +1/2*I*x1n((1+I) ~(
1/2)+(1+x) 7 (1/2))*1n((1+57 (1/2) +2x (1+x) " (1/2) ) / (1-2% (1+I) " (1/2)+57(1/2))) -1
/2%T*1n((1+x) 7 (1/2)-(1-1) " (1/2))*1n((1+57 (1/2)+2* (1+x) ~(1/2)) / (1+2%x (1-1)~ (1
/2)+57(1/2)))-1/2*I*1n((1-I)~(1/2)+(1+x) " (1/2) ) *1n((1+5~ (1/2) +2* (1+x) " (1/2)
)/ (1-2%(1-1)"(1/2)+57(1/2)))-1/2%I*dilog ((1+5~(1/2)+2* (1+x)~(1/2)) / (1-2%(1-
D~(1/2)+57(1/2)))-1/2*IxIn(x+(1+x) " (1/2) ) *1n((1+I)~(1/2)+(1+x) ~(1/2) ) +1/2%
Ixdilog((-1+57(1/2)-2x(1+x)~(1/2))/ (-2%(1+I)~(1/2)-1+57(1/2)) ) +1/2*I*dilog(
(1+57(1/2)+2x (1+x) 7 (1/2) ) / (1-2% (1+I) " (1/2)+57(1/2) ) ) +1/2*I*1n(x+(1+x) " (1/2)
)*¥In((1+x) " (1/2)-(1-1)"(1/2))+1/2*I*dilog ((1+57 (1/2)+2x (1+x) ~(1/2) )/ (1+2% (1
+I1)7(1/2)+57(1/2)))-1/2*Ix1n((1-I)~(1/2)+(1+x) ~(1/2) ) *1n((-1+57(1/2) -2* (1+x
)7 (1/2))/ (2x(1-1)~(1/2)-1+57(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

flog (x+ \/ﬁ)

x?+1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/(x72+1),x, algorithm="maxima"

[Out] integrate(log(x + sqrt(x + 1))/(x"2 + 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

log (x + \/ﬁ) x]

x2+1

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/(x72+1),x, algorithm="fricas")
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[Out] integral(log(x + sqrt(x + 1))/(x"2 + 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

flog (x+ \/ﬁ)

x2+1

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(ln(x+(1+x)**(1/2))/(x**2+1) ,x)

[Out] Integral(log(x + sqrt(x + 1))/(x**2 + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

flog(x+ x+1)

x2+1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/(x"2+1),x, algorithm="giac")

[Out] integrate(log(x + sqrt(x + 1))/(x"2 + 1), x)
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logz(x+- 1+x)

331 dx
(1+x)2
Optimal. Leaf size=555

6PolyLog [2, —21‘{:‘751] ~ (3 + V5) PolyLog (z, _2\/9721\;5«/5 il 1) ~ (3~ V5) PolyLog [2, 2\/xT; \J/rg V5 + 1] )

[Out] Logl[l + x] + (2*Loglx + Sqrt[1l + x]])/Sqrt[l + x] - 6*Logl[Sqrt[1 + x]]*Logl
x + Sqrt[l + x]] - Loglx + Sqrt[1l + x]1°2/(1 + x) - (1 + Sqrt[5])*Logl[l - S
qrt[6] + 2xSqrt[1 + x]] + 6*Logl[(-1 + Sqrt[5])/2]*Logl[l - Sqrt[5] + 2xSqrt[
1 + x]] + (3 + Sqrt[56])*Loglx + Sqrt[1 + x]]*Log[l - Sqrt[5] + 2*Sqrt[1l + x
11 - ((3 + Sqrt[56])*Logl1l - Sqrt[5] + 2*Sqrt[1 + x1172)/2 - (1 - Sqrt[5])*L
ogll + Sqrt[5] + 2*Sqrt[1 + x]] + (3 - Sqrt[5])*Loglx + Sqrt[1l + x]]x*Logl1
+ 8qrt[56] + 2xSqrt[1 + x]] - (3 - Sqrt[5])*Logl[-(1 - Sqrt[5] + 2xSqrt[1l + x
1)/(2x8qrt[6])]*Log[1 + Sqrt[5] + 2xSqrt[1 + x]] - ((3 - Sqrt[5])*Log[l + S
qrt[5] + 2xSqrt[1 + x]1]172)/2 - (3 + Sqrt([5])*Logl[l - Sqrt[5] + 2*Sqrt[l + x
11*Log[(1 + Sqrt([5] + 2xSqrt[1 + x])/(2%Sqrt[5])] + 6xLogl[Sqrt[l + x]]*Logl
1 + (2%Sqrt[1l + x])/(1 + Sqrt[5])] + 6xPolyLogl[2, (-2*Sqrt[l + x])/(1 + Sqr
t[51)] - (38 + Sqrt[5])*PolyLog[2, -(1 - Sqrt[5] + 2*Sqrt[1 + x])/(2xSqrt[5]
)] - (3 - Sqrt[5])*PolylLogl[2, (1 + Sqrt[5] + 2xSqrt[1 + x])/(2%Sqrt([5])] -
6*PolyLog[2, 1 + (2#Sqrt[1 + x])/(1 - Sqrt[5])]

Rubi [A] time = 0.711506, antiderivative size = 555, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 35, number of rules used = 16, integrand size = 18, il
integrand size

= 0.889, Rules used = {2525, 2528, 800, 632, 31, 2524, 2357, 2316, 2315, 2317, 2391, 2418,
2390, 2301, 2394, 2393}

6PolyLog [2, —ZXCT\/;] ~ (3 +V5) PolyLog (2, _2‘/9?21\;5\/5 + 1) ~ (5 B) PolyLog [2’ 2\/xT; Jg V5 + 1] )

Antiderivative was successfully verified.

[In] Int[Loglx + Sqrtl[1l + x]1]172/(1 + x)~2,x]

[Out] Logl[l + x] + (2xLogl[x + Sqrt[1l + x]])/Sqrt[1l + x] - 6*Logl[Sqrt[1 + x]]x*Logl
x + Sqrt[l + x]] - Loglx + Sqrt[l + x]172/(1 + x) - (1 + Sqrt[5])*Logl[l - S
qrt[5] + 2xSqrt[1 + x]] + 6xLog[(-1 + Sqrt([5])/2]*Log[l - Sqrt[5] + 2*Sqrt[

1 + x]] + (3 + Sqrt[6])*Loglx + Sqrt[1l + x]]l*Logl[l - Sqrt[5] + 2*Sqrt[l + x

11 - ((3 + Sqrt[5])*Logl[l - Sqrt[5] + 2*Sqrt[1 + x]172)/2 - (1 - Sqrt[5])*L

ogll + Sqrt[5] + 2*Sqrt[1l + x]] + (3 - Sqrt[5])*Loglx + Sqrt[1l + x]]x*Logl1
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+ Sqrt[5] + 2*Sqrt[1 + x]] - (3 - Sqrt[5])*Log[-(1 - Sqrt[5] + 2*Sqrt[l + x
1)/ (2%Sqrt [5])1*Logl[1 + Sqrt[5] + 2*xSqrt[1 + x]] - ((3 - Sqrt[5])*Logll + S
qrt[5] + 2xSqrt[1 + x]1]172)/2 - (3 + Sqrt([5])*Logl[l - Sqrt[b] + 2*Sqrt[l + x
11*Log[(1 + Sqrt([5] + 2xSqrt[1 + x])/(2%Sqrt[5])] + 6xLogl[Sqrt[l + x]]*Logl
1 + (2#Sqrt[1 + x])/(1 + Sqrt[5])] + 6*PolylLogl[2, (-2*Sqrt[1l + x])/(1 + Sqr
t[61)] - (3 + Sqrt[5])*PolyLog[2, -(1 - Sqrt[5] + 2*Sqrt[1 + x])/(2xSqrt[5]
)] - (3 - Sqrt[5])*PolylLog[2, (1 + Sqrt[5] + 2xSqrt[1 + x])/(2%Sqrt([5])] -

6xPolylLog[2, 1 + (2*Sqrt[1 + x])/(1 - Sqrt[5])]

Rule 2525

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)I*(b_.))"(n_.)*((d_.) + (e_.)*(x_)) " (m_.
), x_Symbol] :> Simp[((d + e*x)~(m + 1)*(a + b*Logl[c*RFx"pl) n)/(ex(m + 1))
, x] - Dist[(b*n*p)/(ex(m + 1)), Int[SimplifyIntegrand[((d + e*xx)"(m + 1)*(
a + bxLog[c*RFx"p])~(n - 1)*D[RFx, x])/RFx, x], x], x] /; FreeQ[{a, b, c, d
, €, m, pt, x] &% RationalFunctionQ[RFx, x] && IGtQ[n, 0] &% (EqQ[n, 1] ||
IntegerQ[m]) && NeQ[m, -1]

Rule 2528

Int[((a_.) + Logl(c_.)*(RFx_ )~ (p_.)1*(b_.)) " (n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + b*Logl[c*RFx“"p]l) n, RGx, x]}, Intlu, x] /; SumQ[u
11 /; FreeQ[{a, b, c, p}, x] && RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

Rule 800

Int [(((d_.) + (e_)*(x_))"(m )*x((£_.) + (g_.)*(x)))/((a_.) + (b_.)*(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[((d + e*x) mx(f + g*x))/(a
+ b*x + c*x72), x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] && NeQ[b™2 - 4x*ax
c, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && IntegerQ[m]

Rule 632

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> W
ith[{q = Rt[b"2 - 4xaxc, 2]}, Dist[(c*d - ex(b/2 - q/2))/q, Int[1/(b/2 - q/
2 + c*x), x], x] - Dist[(cxd - ex(b/2 + q/2))/q, Int[1/(b/2 + q/2 + c*x), X
1, x]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*cxd - bxe, 0] && NeQ[b~2 - 4x*a
xc, 0] && NiceSqrtQ[b~2 - 4xaxc]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI]
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Rule 2524

Int[((a_.) + Logl(c_.)*(RFx_)"(p_.)I*(b_.))"(n_.)/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[(Logl[d + exx]*(a + b*Logl[c*RFx"pl)~n)/e, x] - Dist[(b*nx*p)/e
, Int[(Logl[d + exx]*(a + b*Logl[c*RFx~p])~(n - 1)xD[RFx, x])/RFx, x], x] /;
FreeQ[{a, b, c, d, e, p}, x] && RationalFunctionQ[RFx, x] && IGtQ[n, O]

Rule 2357

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]*(b_.))"(p_.)*(RFx_), x_Symbol] :> With[{
u = ExpandIntegrand[(a + b*Logl[c*x"n])~p, RFx, x]}, Int[u, x] /; SumQ[ul] /
; FreeQ[{a, b, c, n}, x] && RationalFunctionQ[RFx, x] && IGtQ[p, O]

Rule 2316

Int[((a_.) + Logl(c_.)*x(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[
((a + bxLog[-((cxd)/e)])*Logld + e*xx])/e, x] + Dist[b, Int[Log[-((e*x)/d)]/
(d + exx), x], x] /; FreeQ[{a, b, c, d, e}, x] && GtQ[-((c*xd)/e), 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_ ) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
c¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 2317

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symb
ol] :> Simp[(Log[1l + (exx)/d]l*(a + bxLoglc*x"n]) p)/e, x] - Dist[(b*n*p)/e,
Int[(Logl[l + (e*x)/dl*(a + b*Loglcxx™n])~(p - 1))/x, x], x] /; FreeQ[{a, b
, ¢, d, e, n}, x] && IGtQ[p, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxe*xx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 2418

Int[((a_.) + Logl(c_.)*((d_ ) + (e_.)*(x_))"(n_.)]1*(b_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + bxLog[c*(d + e*x)"n])” p, RFx, x]},
Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

Rule 2390
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Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_)) " (n_.)1*x(b_.))"(p_.)*x((f_) + (g_.
)*(x_))~(q_.), x_Symbol] :> Dist[1/e, Subst[Int[((f*x)/d) gx(a + b*Loglc*xx~
n])7p, x1, x, d + exx], x] /; FreeQ[{a, b, ¢, d, e, f, g, n, p, q}, x] && E
qQ[exf - dxg, 0]

Rule 2301

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]*(b_.))/(x_), x_Symbol] :> Simp[(a + bxLo
glc*x™n])~2/(2*%b*n), x] /; FreeQ[{a, b, c, n}, x]

Rule 2394

Int[((a_.) + Logl(c_.)*x((d_) + (e_)*x(x_))"(n_)1*x(_.))/((£f_.) + (g_.)*x(x_
)), x_Symbol] :> Simp[(Logl[(ex(f + g*x))/(exf - dxg)]l*(a + b*Loglcx(d + e*x
)7°nl))/g, x] - Dist[(bxe*n)/g, Int[Logl(ex(f + g*x))/(exf - dxg)]/(d + exx)
, x], x]1 /; FreeQ[{a, b, c, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2393

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*(b_.))/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*exx)/gl)/x, x], x, f + g*x
1, x1 /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - d*g, 0] && EqQlg + c*
(exf - dxg), 0]

Rubi steps
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x3

log” (x + v log” (- 2
f o8 (x+ 1+x)dx:28ubst(f o8 ( 1+x+x)dx,x,\/1+xJ

log? (x+\/1 +x) (1+2x)log(—1+x+x2)
=_ T + 2 Subst f xz(—1+x+x2) dx,x, V1 + x
log? (x+\/1 +x) log(—1+x+x2) 310g(—1+x+x2) (4 + 3x) log
=- + 2 Subst f - - +
1+x x2 -1 -
log® (x + V1 +x log(-1+x+x 4+ 3x)1
=— 5 (1+x )—ZSubst f g( 2 )dxx\/1+x)+28ubst(f( )

210g(x+ 1+x

—_

1+x

( \/1TX) log® (

+3)lo

—6 og

1 1+x

210g(x+ 1+x

[uy

log (x+ 1+x

— 2 Subst

(
—6log(

210g(x+ 1+x

oo 53

V1+x

=log(1 +x) + i T
2log(x+ V1 +x log? (x + V1 +x
=log(1 +x) + g(\/l_ )—610g(\/1+x)log(x+ 1+x)— & <1+x )+6
+ x
2log(x + V1 +x log? x+V1+x
=log(1 + x) + g(\/l— )—610g(\/1+x)10g(x+ 1+x)— & (1+x )—(1
+ x
2log(x+ V1 +x log? (x + V1 +x
= log(l + x) + g( )—610g V1+x)log(x+ V1+x)- g( )—1
1+x 1+x
2log(x + V1 +x log? x+V1+x
=log(1 + x) + g(\/l— )—610g(\/1+x)log(x+ 1+x)— & (1+x )—(1
+ x
2log(x+ V1 +x log? x+V1+x
=log(1 +x) + g(\/l— )—610g(\/1+x)log(x+ 1+x)— & (1+x )—(1
+ X
Mathematica [A] time = 1.42651, size = 1076, normalized size = 1.94
1 5 1 2y 5 1
= \/glog2 Vx+1—\/—_+ +310g x+1—£+— -12log x+ log| Vx 1—£+— +6log(x +1
2 2 2 -1++5 2 2

1+x

) 610g (VIT3) o+ ¥ -

-2 Subst [

log (x+ 1+x)

i
+(:
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Warning: Unable to verify antiderivative.

[In] Integratel[Logl[x + Sqrt[l + x]]172/(1 + x)~2,x]

[Out] (2%Logl[1l + x] - 6*Logl[(1 + Sqrt[5])/2]*Logl[l + x] - 12xLog[(2*Sqrt[1 + x])/
(-1 + Sqrt[5])]#*Logl[1/2 - Sqrt[5]/2 + Sqrt[1 + x]] + 6+Logl[l + x]*Logl[1/2 -
Sqrt[56]/2 + Sqrt[1 + x]] - 6%Logl[-1 + Sqrt[5] - 2*Sqrt[1 + x]]*Logl[1/2 - S
qrt[5]/2 + Sqrt[1 + x]] - 2xSqrt[5]*Log[-1 + Sqrt[5] - 2%Sqrt[1 + x]]x*Logl1
/2 - Sqrt([5]/2 + Sqrt[1 + x]] + 3*Logl[1/2 - Sqrt[5]/2 + Sqrt[l + x]]172 + Sq
rt[6]*Log[1/2 - Sqrt[5]/2 + Sqrt[1l + x]]172 + 6*Log[l + x]*Log[(1 + Sqrt[5])
/2 + Sqrt[1 + x]] - 6xLogl[-1 + Sqrt[5] - 2*Sqrt[1 + x]]xLogl(1 + Sqrt[5])/2
+ Sqrt[1 + x]] - 2*%Sqrt([5]*Log[-1 + Sqrt[5] - 2*Sqrt[1 + x]]*Log[(1 + Sqrt
[6]1)/2 + Sqrt[1l + x]] + 3*Logl[(1 + Sqrt([5])/2 + Sqrt[l + x]]72 - Sqrt[5]*Lo
gl(1 + Sqrt([5])/2 + Sqrt[l + x]]1°2 + (4*xLoglx + Sqrtl[1l + x]])/Sqrt[l + x] -
6*xLog[1 + x]*Logl[x + Sqrt[1l + x]] + 6xLogl[-1 + Sqrt[5] - 2*Sqrt[1 + x]]xLo
glx + Sqrt[1 + x]] + 2*Sqrt[5]*Logl[-1 + Sqrt[5] - 2*Sqrt[1 + x]]*Logl[x + Sq
rt[1 + x]] - (2%Loglx + Sqrt[1 + x]1]172)/(1 + x) - 2*xLogl[l - Sqrt[5] + 2*Sqr
t[1 + x]] - 2*%Sqrt[b5]*Logl[l - Sqrt([5] + 2xSqrt[1 + x]] + 3*Log[5]*Logl[l - S
qrt[5] + 2xSqrt[1 + x]] + Sqrt[5]*Logl[5]l*Logl[l - Sqrt[5] + 2xSqrt[1 + x]] -
2xLog[1 + Sqrt[5] + 2*Sqrt[1 + x]] + 2*Sqrt[5]*Logl[l + Sqrt[5] + 2xSqrt[1
+ x]] - 6*Logl[1/2 - Sqrt([5]/2 + Sqrt[l + x]]*Logl[l + Sqrt[5] + 2xSqrt[l + x
11 + 2%Sqrt[6]*Logl[1/2 - Sqrt[5]/2 + Sqrt[1 + x]]*Logl[l + Sqrt[5] + 2*Sqrtl[
1 + x]] - 6%Log[(1 + Sqrt[5])/2 + Sqrt[1l + x]]l*Logl[l + Sqrt[5] + 2*Sqrt[1 +
x]] + 2xSqrt[6]*Logl[(1 + Sqrt[5])/2 + Sqrt[1l + x]]*Logl[l + Sqrt[5] + 2xSqr
t[1 + x]] + 6xLoglx + Sqrt[1l + x]]xLogl[l + Sqrt[5] + 2xSqrt[l + x]] - 2*Sqr
t[6]*Loglx + Sqrt[1 + x]]*Logl[l + Sqrt[5] + 2xSqrt[1l + x]] + 6xLogl[1/2 - Sq
rt[5]/2 + Sqrt[1 + x]]*Log[(1 + Sqrt[5] + 2+Sqrt[1 + x])/(2%Sqrt[5])] - 2xS
qrt [5]*Log[1/2 - Sqrt[6]/2 + Sqrt[l + x]]*Logl[(1 + Sqrt[5] + 2*Sqrt[1 + x])
/(2%Sqrt [5]1)]1 + 12*PolyLog[2, (-2*Sqrt[1 + x1)/(1 + Sqrt[51)] - 4*Sqrt[5]*P
olyLog[2, (-1 + Sqrt[5] - 2*Sqrt[1 + x])/(2xSqrt[5])] - 12xPolyLogl2, (-1 +
Sqrt[6] - 2#Sqrt[1 + x])/(-1 + Sqrt[5])]1)/2

Maple [F] time = 0.01, size = 0, normalized size = 0.

[ L (1n(x+ M))Z dx

1+x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(An(x+(1+x)~(1/2))"2/(1+x)"2,x)
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[Out] int(In(x+(1+x)~(1/2))72/(1+x)"2,%)

Maxima [F] time = 0., size = 0, normalized size = 0.

_log(x+\/m>2 +f (2x+M+2)1og(x+\/E)

dx
x3+2x2+(x2+2x+1)\/x+1+x

x+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))~2/(1+x)"2,x, algorithm="maxima")

[Out] -log(x + sqrt(x + 1))72/(x + 1) + integrate((2*x + sqrt(x + 1) + 2)xlog(x +
sqrt(x + 1))/(x73 + 2*%x72 + (x72 + 2%x + 1)*sqrt(x + 1) + x), %)

Fricas [F] time = 0., size = 0, normalized size = 0.

log (x + M)z x]

integral
1n egra[ x2+2x+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))"2/(1+x)"2,x, algorithm="fricas")

[Out] integral(log(x + sqrt(x + 1))72/(x72 + 2%x + 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

flog(x+ x+1)2

(x+1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(In(x+(1+x)**(1/2))**2/(1+x)**2,x)
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[Out] Integral(log(x + sqrt(x + 1))**2/(x + 1)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f log (x + \/ﬁ)z

(x +1)?

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))~2/(1+x)"2,x, algorithm="giac")

[Out] integrate(log(x + sqrt(x + 1))72/(x + 1)72, x)
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3.39 f log(x+ 1+x) dx

X

Optimal. Leaf size=313

2(1-vVx+1) 2(1-vVx+1) 2(Va+1+1) 2(Va+1
-PolyLog |2, ——————= [ - PolyLog |2, ———————= |- PolyLog|2, ————=—= | - PolyLog|?2,
3-+5 3++5 1-+5 1+

[Out] Logl[-1 + Sqrt[1 + x]]xLogl[x + Sqrt[l + x]] + Logl[l + Sqrt[l + x]]*Logl[x + S
qrt[1 + x]] - Logl[-1 + Sqrt[1 + x]]*Logl[(1 - Sqrt[5] + 2*Sqrt[1 + x])/(3 -
Sqrt[5]1)] - Logl[l + Sqrt[1l + x]I*Log[-((1 - Sqrt[5] + 2#Sqrt[l + x])/(1 + S
qrt[5]))] - Logl[l + Sqrt[1l + x]]*Log[-((1 + Sqrt[5] + 2*Sqrt[l + x])/(1 - S
qrt[5]))] - Logl[-1 + Sqrt[1 + x]]*Log[(1 + Sqrt[5] + 2*xSqrt[l1 + x])/(3 + Sq
rt[6]1)] - PolyLogl[2, (2x(1 - Sqrt[1 + x]))/(3 - Sqrt[5])] - PolyLogl[2, (2x(

1 - Sqrtl[1 + x1))/(3 + Sqrt[5])] - PolyLogl[2, (2*(1 + Sqrt[1 + x]))/(1 - Sq
rt[5])] - PolyLogl[2, (2x(1 + Sqrt[1l + x]))/(1 + Sqrt[5])]

Rubi [A] time = 0.377384, antiderivative size = 313, normalized size of antiderivative =

1., number of steps used = 21, number of rules used = 7, integrand size = 14, number of rules _

integrand size
0.5, Rules used = {2530, 2528, 2524, 2418, 2394, 2393, 2391}

2(1—\/x+1) 2(1—\/x+1) 2(\/x+1+1) 2(\/x+]
—PolyLog|2, —— = [ - PolyLog|2, ——— = | - PolyLog|2, —— = | - PolyLog|?2,
3- \/5 3+ \/5 1- \/5 1+

Antiderivative was successfully verified.

[In] Int[Loglx + Sqrtl[1l + x]]/x,x]

[Out] Logl[-1 + Sqrt[1 + x]]*Loglx + Sqrt[1l + x]] + Logll + Sqrt[1l + x]]*Logl[x + S
qrt[1 + x]] - Logl[-1 + Sqrt[1 + x]]*Logl[(1 - Sqrt[5] + 2*Sqrt[1 + x])/(3 -
Sqrt[5])] - Logl[l + Sqrtl[1l + x]]*Log[-((1 - Sqrt[5] + 2*Sqrt[1 + x])/(1 + S
qrt[5]))] - Logl[l + Sqrt[1l + x]]*Log[-((1 + Sqrt[5] + 2*Sqrt[1l + x])/(1 - S
qrt[5]))] - Logl[-1 + Sqrt[1 + x]]*Log[(1 + Sqrt[5] + 2*Sqrt[l + x])/(3 + Sq
rt[5]1)] - PolyLog[2, (2%(1 - Sqrt[1 + x]))/(3 - Sqrt[5])] - PolyLog[2, (2x(

1 - Sqrtl[l + x]1))/(3 + Sqrt[5])] - PolyLogl[2, (2*(1 + Sqrt[1 + x]))/(1 - Sq
rt[5])] - PolyLog[2, (2*(1 + Sqrt[1 + x]))/(1 + Sqrt[5])]

Rule 2530

Int[((a_.) + Loglu_l*(b_.))*(RFx_), x_Symbol] :> With[{lst = SubstForFracti
onalPowerOfLinear [RFx*(a + b*Loglul), x]}, Dist[1lst[[2]]*1st[[4]], Subst[In
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t[1st[[1]], x], x, 1st[[3]]1°(1/1st[[2]])], x] /; !FalseQ[lst]] /; FreeQ[{a
, by, x] && RationalFunctionQ[RFx, x]

Rule 2528

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)1*(b_.)) " (n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + b*Log[c*RFx“"p]) n, RGx, x]}, Intlu, x] /; SumQ[u
11 /; FreeQ[{a, b, c, p}, x] && RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

Rule 2524

Int[((a_.) + Logl(c_.)*(RFx_)"(p_.)I*(b_.))"(n_.)/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[(Logl[d + exx]*(a + b*Logl[c*RFx"pl)~n)/e, x] - Dist[(b*nx*p)/e
, Int[(Logl[d + exx]*(a + b*Logl[c*RFx~p])~(n - 1)*xD[RFx, x])/RFx, x], x] /;
FreeQ[{a, b, c, d, e, p}, x] && RationalFunctionQ[RFx, x] && IGtQ[n, O]

Rule 2418

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x ))"(n_.)]1*(_.))"(p_.)*(RFx_), x_Sy
mbol] :> With[{u = ExpandIntegrand[(a + b*Loglc*(d + e*x)"n]) p, RFx, x]},

Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c, d, e, n}, x] && RationalFunctionQ[
RFx, x] && IntegerQ[p]

Rule 2394

Int[((a_.) + Logl(c_.)*((d_ ) + (e_.)*(x_))"(n_)1*(_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[(Logl(ex(f + gxx))/(exf - d*xg)]*(a + bxLoglcx(d + exx
)"nl))/g, x] - Dist[(b*e*n)/g, Int[Logl(ex(f + gxx))/(exf - dxg)]/(d + e*x)
, x1, x] /; FreeQ[{a, b, c, d, e, f, g, n}, x] && NeQ[exf - dxg, O]

Rule 2393

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*x(b_.))/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*xexx)/gl)/x, x], x, f + gxx
1, x1 /; FreeQ[{a, b, ¢, d, e, £, g}, x] && NeQlexf - dxg, 0] && EqQlg + cx
(exf - dxg), 0]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLog[2

, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps
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N _ 2
flog(x+ 1+x) dx:ZSubst(fxmg( 1+3;+x )dX,x, Vl+x]
X -1+x
_ 2 _ 2
= 2 Subst (f(log (2(i1++xx-|)-x ) + log (2(11-:_x;-x )] dx,x, V1 +x]

lo —1+x+x log (-1 + x + x?
= Subst f g( dx,x, 1+x|+ Subst g( )dx,x, V1+x
-1+x 1+x

:log(1+\/m> ( 1+x)

+lo
-1+ V1+ ) @+ 1+x)+bg1+

]3

)

g(1+M)lOg(x+\/m> Subst( (1+_2;
( )1og(x+\/m) Subst( f(zllig\(
e )

Vi) log (x+

log|x + V1+ x) 2 Subst ( %

log(1+ 1+x)log(x+ 1+x)+log )
Y\

=log(-1+ 1+x)log(x+\/1+x)+log(1+ 1+ x|log

\
1+x)—log(—1+\/1+x)

:log(—1+\/1 +x)log(x+\/1+x)+log(1+\/1+x)1og(x+\11 +x)—10g(—1+\/1+x\

/

:log(—l+V1+x)log(x+Vl+x)+log(1+\/1+x)log(x+\/1+x)—10g(—1+\/1+x\

/

Mathematica [A] time = 0.0863093, size = 303, normalized size = 0.97

2(Vx+1+1 2Vx+1- 1 2Vx+1-v5+1
—PolyLog 2,g + PolyLog| 2, x+1-V5+ + PolyLog|2, - +1-V5+
1-+5 3-15 1++5

Antiderivative was successfully verified.

) + PolyLog (2,

[In] Integratel[Logl[x + Sqrt[1l + x]]/x,x]

[Out] Logl[l - Sqrt[1l + x]]*Loglx + Sqrt[l + x]] + Logl[l + Sqrt[1l + x]]*Loglx + Sq
rt[1 + x]] - Logl[(3 - Sqrt[5])/2]*Logl[l - Sqrt[5] + 2xSqrt[1 + x]] - Logl(1
+ Sqrt[5])/2]*Log[1 - Sqrt[5] + 2xSqrt[1 + x]] - Logl[(3 + Sqrt[5])/2]*Logl
1 + Sqrt[5] + 2xSqrt[1 + x]] - Logll + Sqrt[l + x]]*Logl[-((1 + Sqrt[5] + 2%
Sqrt[1 + x1)/(1 - Sqrt[51))] - PolyLogl[2, (2+(1 + Sqrtl[1l + x]))/(1 - Sqrt([5



194

1)] + PolyLogl[2, (1 - Sqrt[5] + 2xSqrtl[l + x])/(3 - Sqrt[5])] + PolyLogl2,
-((1 - Sqrt[6] + 2*Sqrt[1 + x])/(1 + Sqrt[5]))] + PolyLogl[2, (1 + Sqrt[5] +
2%Sqrt[1 + x])/(3 + Sqrt[5])]

Maple [A] time = 0.017, size = 252, normalized size = 0.8

=

34—V§

1n(_1+m)ln(x+m)_m(_1+m)1n(v;_3(_1+va_zm))_1n(_1+m)m(

Verification of antiderivative is not currently implemented for this CAS.

[In] int(In(x+(1+x)~(1/2))/x,x)

[Out] In(-1+(14x)~(1/2))*1In(x+(1+x)~(1/2))-1n(-1+(1+x)~(1/2))*1n((-1+5"(1/2)-2*x(1
+x)7(1/2))/(57(1/2)=-3))-1n(-1+(1+x) " (1/2) ) *In((1+5~ (1/2) +2* (1+x) ~(1/2)) / (3+
57(1/2)))-dilog((=1+5~(1/2)-2%(1+x)~(1/2))/ (57 (1/2)-3))-dilog ((1+5~(1/2)+2%
(1+x)7(1/2))/(3+57(1/2)) ) +1n(1+(1+x) ~(1/2) ) *1n(x+(1+x) " (1/2) ) -1n(1+(1+x) ~ (1
/2))*¥1n((-1+57(1/2) -2*x (1+x)~(1/2)) /(57 (1/2)+1))-1n(1+(1+x) ~(1/2) ) *1n ((1+57(
1/2)+2x (1+x)~(1/2)) /(57 (1/2)-1) ) -dilog ((-1+57(1/2) -2* (1+x)~(1/2)) /(5= (1/2) +
1))-dilog((1+5~(1/2)+2* (1+x)~(1/2)) /(67 (1/2)-1))

Maxima [F] time = 0., size = 0, normalized size = 0.

X

flog(x+ x+1)d

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/x,x, algorithm="maxima")

[Out] integrate(log(x + sqrt(x + 1))/x, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

log (x + «/ﬁ) x)

X

integral (



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/x,x, algorithm="fricas")

[Out] integral(log(x + sqrt(x + 1))/x, x)

195

Sympy [F] time = 0., size = 0, normalized size = 0.

flog (x+ \/ﬁ)

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(In(x+(1+x)**(1/2))/x,x)

[Out] Integral(log(x + sqrt(x + 1))/x, x)

Giac [F] time = 0., size = 0, normalized size = 0.

flog (x+ \/ﬁ)

X

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(log(x+(1+x)~(1/2))/x,x, algorithm="giac")

[Out] integrate(log(x + sqrt(x + 1))/x, x)
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3.33  [tan'(2tan(x))dx
Optimal. Leaf size=80
—lPolyLog 2 lem + 1PolyLog (2 3€2ix) + 1z'x log (1 - 3€2ix) - 1z'x log |1 - 1ez"x + xtan" (2 tan(x))
4 "3 4 ’ 2 2 3

[Out] x*ArcTan[2*Tan[x]] + (I/2)*x*Logl[l - 3*E~((2xI)*x)] - (I/2)*xxLogl[l - E~((2
*xI)*x)/3] - PolyLogl[2, E~((2%I)*x)/3]/4 + PolyLogl[2, 3*E~((2*I)*x)]/4

Rubi [A] time = 0.0832127, antiderivative size = 80, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 4, integrand size = 5, e -

integrand size
0.8, Rules used = {5167, 2190, 2279, 2391}

1 1, 1 : 1 . 1 1 ..
2 2 ; 2 ; 2 -1
—L—LPolyLog (2, ge ”‘) + ZPolyLog (2, 3e ”‘) + i log (1 —3e ”C) -5 log (l - 56 ’x) + xtan™" (2 tan(x))

Antiderivative was successfully verified.

[In] Int[ArcTan[2*Tan[x]],x]

[Out] x*ArcTan[2#Tan([x]] + (I/2)*x*Logl[l - 3*E~((2xI)*x)] - (I/2)*x*xLogl[l - E~((2
*1)*x)/3] - PolyLogl[2, E~((2*I)*x)/3]/4 + PolyLogl[2, 3*E~((2*I)*x)]/4

Rule 5167

Int[ArcTan[(c_.) + (d_.)*Tan[(a_.) + (b_.)*(x_)]], x_Symbol] :> Simp[x*ArcT
an[c + d*Tan[a + b*x]], x] + (Dist[b*x(1 - Ixc - d), Int[(x*¥E"(2xI*a + 2%Ix*b
¥x))/(1 - I*c + d + (1 - I*c - d)*E~(2*xI*a + 2xI*b*x)), x], x] - Dist[b*x(1
+ Ixc + d), Int[(x*E~(2*I*a + 2xI*b*x))/(1 + I*c - d + (1 + Ixc + d)*E~(2%I
xa + 2xI*bxx)), x], x]) /; FreeQ[{a, b, c, d}, x] && NeQ[(c + Ixd)~2, -1]

Rule 2190

Int [CCF_)"((g_D*((e_.) + (£_.)*(x))))"(n_)*((c_.) + (d_)*x_D)"(m_.))/
((a_) + (_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279
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Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rubi steps

21x 2zx
ftan L2 tan(x)) dx = x tan™ (2 tan(x)) - 3 f T3 = d f 3 esz

1 1.. 1 . 1
= xtan"!(2 tan(x)) + sz log (1 362’x) — sz log (1 - 3¢ ”‘) - Eiflog (1 - 332”‘) dx + Elf

1 . 1 1.. 1 log(1 -3
= xtan"!(2 tan(x)) + Eix log (1 - 362’x) - Eix log {1 - gez”‘) ~1 Subst (f M dx, x, e

1 . 1 1.. 1 1.. 1 .
= xtan"!(2 tan(x)) + Eix log (1 - 332”‘) - Eix log (1 - gezl") - ZLiZ (562”‘) + é_LLiz (362”‘)

Mathematica [B] time = 0.235709, size = 262, normalized size = 3.28

_ 1. 2 tan(x) — 1 6 tan(x) — 3i . (5 _
1 _Z i AN B Drar\Wt) ok 12 1
xtan " (2 tan(x)) 41 [1 (PolyLog (2, 6 tan(x) + 31,) PolyLog (2, S tan(y) + 1 )) + 2i cos (3) tan™" (2 tan(x)) +

Antiderivative was successfully verified.

[In] Integrate[ArcTan[2+*Tan[x]],x]

[Out] x*ArcTan[2*Tan[x]] - (I/4)*((4*I)*x*ArcTan[Cot[x]/2] + (2xI)*ArcCos[5/3]*Ar
cTan[2*Tan[x]] + (ArcCos[5/3] + 2*ArcTan[Cot[x]/2] + 2*ArcTan[2*Tan[x]])*Lo
g[((2*I)*Sqrt[2/3])/(E~ (I*x)*Sqrt[-5 + 3*Cos[2*x]])] + (ArcCos[5/3] - 2*Arc
Tan[Cot[x]/2] - 2%ArcTan[2*Tan[x]])*Log[((2*I)*Sqrt[2/3]*E~(I*x))/Sqrt[-5 +

3*Cos [2*xx]]] - (ArcCos[5/3] - 2*xArcTan[2xTan[x]])*Log[(4*I - 4x*Tan([x])/(I

+ 2%Tan[x])] - (ArcCos[5/3] + 2*ArcTan[2+Tan[x]])*Log[(4*(I + Tan[x]))/(3*I

+ 6xTan[x])] + I*(-PolyLogl[2, (-3*I + 6*Tan[x])/(I + 24Tan[x])] + PolyLogl

2, (-I + 2+Tan[x])/(3*I + 6xTan[x])]))
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Maple [A] time = 0.097, size = 113, normalized size = 1.4

. . 2 . 2 .
arctan (2 tan (x)) arctan (tan (x)) — % arctan (tan (x)) In (1 - %) - jzpolylo [2, %) + %

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan(2*tan(x)),x)

[Out] arctan(2*tan(x))*arctan(tan(x))-1/2*xI*arctan(tan(x))*1n(1-1/3*(1+I*tan(x))”
2/ (tan(x) "2+1))-1/4*polylog(2,1/3*x(1+I*tan(x)) "2/ (tan(x) "2+1))+1/2xI*arctan
(tan(x))*1n(1-3*(1+Ixtan(x)) "2/ (tan(x) "2+1))+1/4*polylog(2,3*(1+I*tan(x)) "2
/(tan(x)~2+1))

Maxima [A] time = 1.48328, size = 113, normalized size = 1.41

1 ) ) 1 ) 4 , 4\ 1.
xarctan (2 tan (x)) — 3 log (4 tan (x)” + 4) log (4 tan (x)° + 1) + 3 log (4 tan (x)° + 1) log (§ tan (x)” + 5) ~1 Li,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(2*tan(x)),x, algorithm="maxima"

[Out] x*arctan(2*tan(x)) - 1/8xlog(4*tan(x)”~2 + 4)*log(4*tan(x)”2 + 1) + 1/8xlog(
4xtan(x)"2 + 1)*xlog(4/9*tan(x) "2 + 4/9) - 1/4*xdilog(2*I*tan(x) - 1) + 1/4xd
ilog(2/3*Ixtan(x) + 1/3) + 1/4*dilog(-2/3*Ixtan(x) + 1/3) - 1/4*dilog(-2*Ix
tan(x) - 1)

Fricas [B] time = 2.47376, size = 713, normalized size = 8.91

2(2 tan (x)” + 3i tan (x) - 1)] 1 (2 (2 tan (x)* +i tan (x) + 1)] 1 (2
4 4 B

xarctan (2 tan (x)) — —ixlog + —ixlog - —ixlog
4 tan (x)° +1 3 (tan ()% + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(2*tan(x)),x, algorithm="fricas")
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[Out] x*arctan(2xtan(x)) - 1/4xIxxxlog(2*(2*tan(x)”~2 + 3*I*tan(x) - 1)/(tan(x)"2
+ 1)) + 1/4*T*x*log(2/3*(2xtan(x) "2 + Ixtan(x) + 1)/(tan(x)"2 + 1)) - 1/4xI
*xx*1og(2/3*x(2xtan(x) "2 - Ixtan(x) + 1)/(tan(x)"2 + 1)) + 1/4xIxx*xlog(2*x (2%t
an(x)~2 - 3*xIxtan(x) - 1)/(tan(x)"2 + 1)) + 1/8*dilog(-2*(2*tan(x)~2 + 3*Ix
tan(x) - 1)/(tan(x)"2 + 1) + 1) - 1/8+dilog(-2/3*(2*tan(x)~2 + Ixtan(x) + 1
)/(tan(x)"2 + 1) + 1) - 1/8*%dilog(-2/3*(2xtan(x)~2 - Ixtan(x) + 1)/(tan(x)”

2 + 1) + 1) + 1/8+dilog(-2*(2*tan(x)"2 - 3*I*tan(x) - 1)/(tan(x)"2 + 1) + 1

)

Sympy [F] time = 0., size = 0, normalized size = 0.

fatan (2tan (x))dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(2*tan(x)),x)

[Out] Integral(atan(2*tan(x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f arctan (2 tan (x)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(2*tan(x)),x, algorithm="giac")

[Out] integrate(arctan(2*tan(x)), x)
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-1
3 34 ftan (x) log(x) dx

X

Optimal. Leaf size=57
1, . 1, . 1, . 1, .
—EzPolyLog(3, —ix) + EzPolyLog(E‘a, ix) + EZ log(x)PolyLog(2, —ix) — Ezlog(x)PolyLog(Z, ix)

[Out] (I/2)*Logl[x]*PolyLogl[2, (-I)*x] - (I/2)*Loglx]*PolyLogl[2, I*x] - (I/2)*Poly
Log[3, (-I)*x] + (I/2)*PolyLogl3, I*x]

Rubi [A] time = 0.075564, antiderivative size = 57, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 8, e =

integrand size
0.625, Rules used = {4848, 2391, 5005, 2374, 6589}

1 1 1 1
—EiPolyLog(B, —ix) + EiPolyLog(fS, ix) + Ei log(x)PolyLog(2, —ix) — Ei log(x)PolyLog(2, ix)

Antiderivative was successfully verified.

[In] Int[(ArcTan[x]*Logl[x])/x,x]

[Out] (I/2)*Loglx]*PolyLog[2, (-I)*x] - (I/2)*Loglx]*PolyLogl[2, I*x] - (I/2)*Poly
Log[3, (-I)*x] + (I/2)*PolyLogl3, I*x]

Rule 4848

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> Simp[a*Logl[x], x]
+ (Dist[(I*b)/2, Int[Logll - Ixc*x]/x, x], x] - Dist[(I*b)/2, Int[Logl[l +
Ixcxx]/x, x], x1) /; FreeQ[{a, b, c}, x]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rule 5005

Int[(ArcTan[(c_.)*(x_)~(n_.)]*Log[(d_.)*(x_)~(m_.)])/(x_), x_Symbol] :> Dis
t[I/2, Int[(Logld*x"m]*Logl[l - I*cxx"nl])/x, x], x] - Dist[I/2, Int[(Logl[d*x
“m]*Log[1 + Ixcxx"n])/x, x], x] /; FreeQl{c, d, m, n}, x]

Rule 2374
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Int[(Logl[(d_.)*((e_ ) + (£_.)*(x_)"(m_.))]*((a_.) + Logl(c_.)*(x_)"(n_.)]1*(b
_ )7 (p_))/(x_), x_Symbol] :> -Simp[(PolyLog[2, -(d*f*x"m)]*(a + b*Loglc*x
“n])7p)/m, x] + Dist[(b*n*p)/m, Int[(PolyLogl[2, -(d*f*x"m)]*(a + bxLogl[c*x"~
n])~(p - 1))/x, x], x] /; FreeQ[{a, b, ¢, d, e, £, m, n}, x] && IGtQ[p, O]
&& EqQld*e, 1]

Rule 6589

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_)) " (p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, pt, x] && EqQ[bxd, axe]

Rubi steps

dx = =i
X X X

f tan™!(x) log(x) 1. f log(1 — ix) log(x) e — li f log(1 + ix) log(x) i
2

1. Lo 1, L 1.  Liy(-ix) 1 f Li, (ix)
= 2zlog(x)le(—zx) - 2zlog(x)le(zx) 21 f " dx + 21 p dx

1 1 1 1
= Eilog(x)Liz(—ix) - Ez’log(x)Liz(ix) - EiLi3(—ix) + EiLig,(ix)

Mathematica [A] time = 0.0536139, size = 44, normalized size = 0.77

1
Ei(—PolyLog(B», —ix) + PolyLog(3, ix) + log(x)PolyLog(2, —ix) — log(x)PolyLog(2, ix))

Antiderivative was successfully verified.

[In] Integrate[(ArcTan[x]*Log[x])/x,x]

[Out] (I/2)*(Loglx]*PolyLog[2, (-I)*x] - Loglx]*PolyLog[2, I*x] - PolyLogl[3, (-I)
*x] + PolyLogl[3, I*x])

Maple [F] time = 0.35, size = 0, normalized size = 0.

f arctan (x) In (x) i

X

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(arctan(x)*1n(x)/x,x)

[Out] int(arctan(x)*1n(x)/x,x)

Maxima [A] time = 1.62968, size = 42, normalized size = 0.74
1. . 1. . ... . 1. .
_EZLIZ (ix)log(x) + EZ Li, (=i x) log (x) + El Liz(ix) - EZ Liz(—ix)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)*log(x)/x,x, algorithm="maxima"

[Out] -1/2%I*dilog(I*x)*log(x) + 1/2*I*dilog(-I*x)*log(x) + 1/2*I*polylog(3, I*x)
- 1/2*%Ixpolylog(3, -I*x)

Fricas [F] time = 0., size = 0, normalized size = 0.

. arctan (x) log (x) )
integral ” X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)*log(x)/x,x, algorithm="fricas")

[Out] integral(arctan(x)*log(x)/x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f log (x) atan (x)
— dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(x)*1ln(x)/x,x)

[Out] Integral(log(x)*atan(x)/x, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f arctan (x) log (x) i
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)*log(x)/x,x, algorithm="giac")

[Out] integrate(arctan(x)*log(x)/x, x)
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-1
3.35  [V1+x2tan™(x)?dx
Optimal. Leaf size=121
itan” 1(x)PolyLog( et tan- (x)) itan"!(x)PolyLog (2, ieitan_l(x)) PolyLog( e tan (x)) + PolyLog (3 jeitan”

[Out] ArcSinh[x] - Sqrt[1l + x"2]*ArcTan[x] + (x*Sqrt[1l + x"2]*ArcTan[x]~2)/2 - Ix
ArcTan[E~ (I*ArcTan[x])]*ArcTan[x]~2 + I*ArcTan[x]*PolyLog[2, (-I)*E~(I*ArcT
an[x])] - I*ArcTan[x]*PolyLog[2, I*E~(I*ArcTan[x])] - PolyLogl[3, (-I)*E~(Ix
ArcTan[x])] + PolyLog[3, I*E~(I*ArcTan[x])]

Rubi [A] time = 0.109459, antiderivative size = 121, normalized size of antiderivative

1., number of steps used = 10, number of rules used = 7, integrand size = 14, Rumber of rules _

integrand size
0.5, Rules used = {4880, 4888, 4181, 2531, 2282, 6589, 215}

itan” 1(x)PolyLog( et tan- (x)) itan~!(x)PolyLog (2, ieitan_l(’“)) PolyLog( e tan (")) + PolyLog (3 jeitan”

Antiderivative was successfully verified.

[In] Int[Sqrt[1l + x"2]*ArcTan[x]~2,x]

[Out] ArcSinh[x] - Sqrt[l + x"2]*ArcTan[x] + (x*Sqrt[l + x"2]*ArcTan[x]~2)/2 - Ix
ArcTan[E~ (I*ArcTan[x])]*ArcTan[x] "2 + I*ArcTan[x]*PolyLog[2, (-I)*E~(I*ArcT
an[x])] - IxArcTan[x]*PolyLog[2, I*E~(I*ArcTan[x])] - PolyLogl[3, (-I)*E~(Ix
ArcTan([x])] + PolyLogl[3, I*E~(I*ArcTan[x])]

Rule 4880

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p)*((d) + (e_)*(x)"2)"(q_.), x_
Symbol] :> -Simp[(b*p*(d + e*x~2)~g*(a + b*ArcTan[c*x])~(p - 1))/ (2*xcxq* (2%
q+ 1)), x] + (Dist[(2%d*q)/(2xq + 1), Int[(d + e*x"2)"(q - 1)*(a + bxArcTa
nlc*xx])"p, x], x] + Dist[(b™2*xd*p*(p - 1))/(2xg*(2%q + 1)), Int[(d + e*x"2)
“(q - *(a + b*ArcTan[c*x])~(p - 2), x], x] + Simp[(x*(d + e*x"2)7g*(a + b
*ArcTan[c*x])"p)/(2*%q + 1), x]) /; FreeQ[{a, b, c, d, e}, x] && EqQle, c™2x
d] && GtQ[q, 0] && GtQlp, 1]

Rule 4888

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))"(p_.)/Sqrt[(d_) + (e_.)x(x_)"2], x_S
ymbol] :> Dist[1/(c*Sqrt[d]), Subst[Int[(a + b*x) p*Sec[x], x], x, ArcTanl[c
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*x]], x] /; FreeQ[{a, b, c, 4, e}, x] && EqQle, c~2xd] && IGtQ[p, 0] && GtQ
[d, 0]

Rule 4181

Int[cscl(e_.) + Pix(k_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol
1 :> Simp[(-2%(c + d*x) “m*ArcTanh[E~(I*k*Pi)*E~(Ix(e + fxx))])/f, x] + (-Di
st[(d*m)/f, Int[(c + d*x)"(m - 1)*Log[l - E~(I*k*Pi)*E~(Ix(e + f*x))], x],
x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Log[l + E~(I*kxPi)*E~(I*(e + f*x))
1, x1, x1) /; FreeQl{c, 4, e, £}, x] &% IntegerQ[2*xk] && IGtQ[m, O]

Rule 2531

Int[Logll + (e_)*((F)~((c_)*((a_.) + (b_)* DN "(a_)I*x((£f_.) + (g_)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)])/ (bxcxnxLog[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*x(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential([u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)x((a_.) + (b_.)*(x_)) " (p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[b*xd, axe]

Rule 215
Int[1/Sqrtl(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSinh[(Rt[b, 2]*x)/Sqr

t[al]/Rt[b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && PosQ[b]

Rubi steps
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1 1 [ tan™ (x)? 1
f\/l +x2tan " (0)2 dx = -V1 + 22 tan"L(x) + =xV1 + 2 tan~}(x)? + = f fan_ () dx + f dx
2 2J Vi+a2 V1 + 22
_ 1 1 ‘
= sinh ™ (x) - V1 + 22 tan™} (x) + Ex\'l +x2tan" (x)? + > Subst (f x2 sec(x) dx, x, tan " (x)
_ 1 L
=sinh ' (x) - V1 + 22 tan " (x) + Ex\ll +x2 tan 1 (x)2 — i tan ! (el tan 1(x)) tan~(x)2 — Subst
_ 1 |
= sinh ™ (x) - V1 + 22 tan™' (x) + Ex\/l +x2tan" (x)2 —itan™! (eltan (")) tan™!(x)2 + i tan~
= sinh ™ (x) - V1 + 22 tan™}(x) + %x\ll +x2tan (x)2 —itan”! (eitan_l(x)) tan'(x)? + i tan~

_ 1 |
=sinh ' (x) - V1 + 22 tan"'(x) + EXV1 + 22 tan 1 (x)2 — itan~! (et @) tan L (x)? + i tan™

Mathematica [A] time = 0.194612, size = 131, normalized size = 1.08

itan” 1(x)PolyLog( et tan- (x)) itan~!(x)PolyLog (2, ieitan_l(x)) PolyLog( e tan (x)) + PolyLog (3 jeitan”

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[l + x"2]*ArcTan[x]~2,x]

[Out] -(Sqrt[1 + x"2]*ArcTan[x]) + (x*Sqrt[l + x"2]*ArcTan[x]~2)/2 - IxArcTan[E~(
I*xArcTan[x])]*ArcTan[x] "2 + ArcTanh([x/Sqrt[1 + x72]] + I*ArcTan[x]*PolyLogl

2, (-I)*E~(I*ArcTan[x])] - I*ArcTan[x]*PolyLog[2, I*E~(I*ArcTan[x])] - Poly
Log[3, (-I)*E~(I*ArcTan[x])] + PolyLogl[3, I*E~(I*ArcTan[x])]

Maple [A] time = 0.266, size = 171, normalized size = 1.4

2
arctan (x) (x arctan (x) — 2) Va4 (arctazn (x))

1 (arctan (x))2
2 ) -

Va2 +1 2

1n(1—i(1+ix) ln(l+i(1+ix)

1
Va2 +
Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctan(x) 2*(x"2+1)"(1/2),x)

[Out] 1/2*x(x"2+1)~(1/2)*arctan(x)*(x*arctan(x)-2)+1/2*arctan(x) "2*1n(1-I*(1+I*x)/
(x72+1)7(1/2))-1/2*arctan(x) "2x1n(1+I* (1+I*x) /(x"2+1) " (1/2))-I*arctan(x)*po
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lylog(2,I*(1+I%x)/(x72+1)~(1/2))+polylog(3,I*(1+I*x)/(x"2+1)~(1/2))+I*arcta
n(x)*polylog(2,-I*(1+I*x)/(x72+1)"(1/2))-polylog(3,-I*(1+I*x)/(x"2+1)~(1/2)
)-2xIxarctan((1+I*x)/(x"2+1)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/x2 +1arctan (x)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x) ~2*(x"2+1)7(1/2),x, algorithm="maxima"

[Out] integrate(sqrt(x~2 + 1)*arctan(x)~2, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (V x2 + 1arctan (x)?, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)~2*(x"2+1)7(1/2),x, algorithm="fricas")

[Out] integral(sqrt(x~2 + 1)*arctan(x)”2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f Va2 +1atan? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atan(x)**2*(x**2+1)**(1/2),x)

[Out] Integral(sqrt(x**2 + 1)*atan(x)**2, x)




Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctan(x)~2*(x"2+1)7(1/2),x, algorithm="giac")

[Out] Exception raised: TypeError
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

94
95
96
97
98
99
100
101
102

o e S R
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems




11
12
13

14
15
16
17
18
19
20
21
22
23
24
25
26
27

28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then




56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74

75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101

if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417




102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148

is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
© 00 N O O WN -
I

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by )
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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