CHAP.15 Power Series, Taylor Series

The proof parallels that of Theorem 8.

(a) Let L = 1 — a* < 1. Then by the definition of a limit we have
\n/]z;] < g =1 — %a* <1 for all n greater than some (sufficiently large) N+ 4
|lzn] < g™ < 1 for all n > N*. Absolute convergence of the series z; + z5 + - .
follows by the comparison with the geometric series.

(b) If L > 1, then we also have ‘WIZnI > 1 for all sufficiently large n. Hence IZn]
for those n. Theorem 3 now implies that z; + zo + - - - diverges. ~

(¢) Both the divergent harmonic series and the convergent series :
1+3+3+% +5+ - give L = 1. This can be seen from (In n)/n — 0 and
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1-16| SEQUENCES
Are the following sequences zj, g, = * * , Zp, * * - bounded?
Convergent? Find their limit points. (Show the details of
your work.)

Loz, = (=" + 02" (2 z, = el

Bz, = (DY +i) 4z,=(1+D)"

5.z, =Ln(@ + )" {6z, = (3 + 4)"/n!

7. 2, = sin (nw/4) + i" 5 2, = [(1 + 3)V10]" |2n+1/2a] <17

9. z, = (0.9 + 0.1i)%" 10. z, = 5+ 35)™" . Hlustrate Theorem 2 by an example of your choic
For what n do we obtain the term of greatest absoluf
value of the series in Example 47 About how big is it
First guess, then calculate it by the Stirling formula i
Sec. 24.4.

. Give another example showing that Theorem 7 is mo
general than Theorem 8.

11. TNlustrate Theorem 1 by an example of your own.

12. (Uniqueness of limit) Show that if a sequence
. converges, its limit is unique.

fsz 13.} (Addition) If z,, z, - - - converges with'the limit / and

‘o 7,%, zo%, - - converges with the limit /¥, show that

71t 21%, 29 + 20%, * - - converges with the limit [ + 7%,

14. (Multiplication) Show that under the assumptions of . CAS PROJECT. Sequences and Series. (a) Write

Prob. 13 the sequence z;z;*, z5zs*, = - = converges program for graphing complex sequences. Apply it
with the limit % sequences of your choice that have interesting

“geometrical” properties (e.g., lying on an ellipse,

15. (Boundedness) Show that a complex sequence is o e
spiraling toward its limit, etc.).

bounded if and only if the two corresponding sequences

of the real parts and of the imaginary parts are bounded. (b) Write a program for computing and graphing

numeric values of the first n partial sums of a series

SERIES of complex numbers. Use the program to experiment

Are the following series convergent or divergent? (Give a with the rapidity of convergence of series of your
reason.) choice.

(10 — 159" (—1)™(1 + 20)2+1 30. TEAM PROJECT. Series. (a) Absolute convergence.
S T —(zm)—’— Show that if a series converges absolutely, it is
’ convergent.

15,

0

[ee]
n=

(b) Write a short report on the basic concepts and
properties of series of numbers, explaining in each case
whether or not they carry over from real series
(discussed in calculus) to E:omplex series, with reasons
given.




n the prege

mit L*. If
FL* # 0

ormulal).

152 Power Series R . 677

Formula (6) will not help if L™ does not exist, but extensions of Theorem 2 are still
possible, as we discuss in Example 6 below.

Radius of Convergence
* (2!
By (6) the radius of convergence of the power series E — @—3)"is

o ()

n=

e @n)! / @n+ 2)! ) (2n)! (+ DY 7 (n + 1)2 &
8 _nh—]>nco nH? /((n + N2 ’n,I—>oo 2n + 2)! @h? n1‘>oo @n+2)2n+1) 4

The series converges in the open disk |z — 3i| < § of radius 2 and center 3i.

Extension of Theorem 2
Find the radius of convergence R of the power series
= 1 1 1 1 1
> [1+( n" + —-]z”=3+52+ (2~+ -4—)z2+ — 2+ <2+ _)z4+--~

25 8

Solution. The sequence of the ratios 1/6, 2(2 + 1), 1/(8(2 + ), - - - does not converge, so that Theorem
2 is of no help. It can be shown that :

(6%) R =1L, I = tim Via,].
1M—>00

7 n, - n
This still does not help here, since {V |a,|} does not converge because V|a,| = V1/2" = 1/2 for odd n,
whereas for even n we have

Vid=V2+ 12" >1  as n-so,
so that 'V |ay,| has the two limit points 1/2 and 1. It can further be shown that

n

(6*%) R=1/, T the greatest limit point of the sequence { lay b

Here 7 = 1, so that R = 1. Answer. The series converges for |z| < 1.

Summary. Power series converge in an open circular disk or some even for every z (or
some only at the center, but they are useless); for the radius of convergence, see (6) or
Example 6.

Except for the useless ones, power series have sums that are analytic functions (as we
show in the next section); this accounts for their importance in complex analysis.

= Zol-
=gl = ULY,
convergence 1. (Powers missing) Show that if = a,,z" has radius of n! A 2. 1005 E
convergence R (assumed finite), then = a,,z>™ has radius 5. 2 P z+1) N ST
the ratio test. of convergence VR. Give examples. B n=0
:ntly large 7. 2. (Convergence behavior) lllustrate the facts shown by a5 < [aY . g % 0"
i ] Examples 1-3 by further examples of your own. £ = \b < : ey 227(n1)?
RADIUS OF CONVERGENCE /«,‘, = on
Find the center and the radius of convergence of the 7 (” - )" . 2n)!
{ HADAMARD following power series. (Show the details.) i
co n Va \« 0 n+1 . o n
is i 4
his lifework to 4. 2 zl__'_ @ + 20)" Lll E ) " 12. E o sy
n=0 ™ oo 1T D
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such that all three formulas (6), (6%), and (6**) will

SEC.153

13. S a(n — Dz — 3 + 20" P o —
e N 50. TEAM PROJECT. Radius of Convergence. (a)
[ee) _1 T P % (o] - . £
S (=D 2 @ S on(z - i Formula (6) for R contains la_n/anﬂl', not \an_+.1/a.
e @2n)! ~ o How could you memorize this by using a qualitative
argument? :
@ (243 o B :
16. > o, 17. S —= 2" (b) Change of coefficients. What happens &
el ' ot om0 2" R (0 < R < ) if you (i) multiply all a, by k # 0 P
ot gt (ii) multiply a, by k™ # 0, (iii) replace a, by 1/a,?
@2 ——(;n—)"z (z + mi)" (c) Example 6 extends Theorem 2 to nONCONVerge:
n=0 2M(nl) cases of a,/ay,+1. DO you understand the principle
“mixing” by which Example 6 was obtained? Use thi
19. CAS PROJECT. Radius of Convergence. Write a principle for making up further examples.
program for computing R from (6), (6%), or (6%%), in (d) Does there exist a power series in powers of z th:
this order, depending on the existence of the limits converges at z = 30 + 10 and diverges atz = 31 — 6
needed. Test the program on series of your choice and (Give reason.)
Functions Given by Power Series
The main goal of this section is to show that power series represent analytic function
(Theorem 5). Along our way we shall see that power series behave nicely under addition
multiplication, differentiation, and integration, which makes these series very useful 1
complex analysis.
To simplify the formulas in this section, we take zo = 0 and write
@® Y, ™ THEOR
n=0
This is no restriction because a series in powers of Z — Zo with any zo can always
reduced to the form (1) if wesetz — 2o = Z-
Terminology and Notation. If any given power series (1) has a nonzero radius o
convergence R (thus R > 0), its sum is a function of z, say (). Then we write
PR

@) flo) = 2 apz" = ap T a1z T i

n=0

We say that f(z) is represented by the power series 0t that it is developed in the powé
series. For instance, the geometric series represents the function f(z) = /(1 — 2) in th

interior of the unit circle |z| = 1. (See Theorem 6 in Sec. 15.1.)

Uniqueness of a Power Series Representation.
represented by two different power series with the sa
center. We claim that if f(z) can at all be developed in a power series with center zo,
nt is unique. This important fact is frequently used in complex analysis (as W
Theorem 2. The proof will follow from

a function f(z) cannot be

developme

as in calculus). We shall prove it in

(I < R)

This is our next goal. It means th



