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0.1 Problem 1Math 320 (Smith): Practice Ax = b Problems

Not Due

1. Write the following system as Ax = b and determine for what values of k the system
has (i) a unique solution, (ii) no solution, and (iii) infinitely many solutions. In the case
of (i) or (iii), find the solution(s).

2x1 + 2x2 − x3 = 1

3x2 + 3x3 = 3

4x1 + x2 + kx3 = −1 (1)

2. For what values of k does Ax = b have (i) no solution, (ii) a unique solution, or (iii)
an infinite number of solutions? In the case of (ii) or (iii), find the solution(s).

A =





2 0 −2
−1 1 k
3 1 4



 , b =





8
4
20



 (2)

3. In the following exercises, we write the augmented coefficient matrix for Ax = b.
Determine for what values of the parameter p the system has (i) an unique solution, (ii) no
solution, (iii) an infinite number of solutions. In case (i), find the unique solution. In case
(iii), determine if there is a one-parameter family of solutions, or a two-parameter family
of solutions, and find an expression for the solutions x in terms of the parameter(s).





2 1 3 1
0 p 0 1
−1 −2 4 3



 (3a)





1 1 2 1
2 p 4 2
3 p+ 1 6 p+ 1



 (3b)





−2 3 p 1
4 3/2 2 2
3 3 5/2 5/2



 (3c)

1

solution
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 2 −1
0 3 3
4 1 𝑘

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1
𝑥2
𝑥3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
3
−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

The augmented matrix is
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 2 −1 1
0 3 3 3
4 1 𝑘 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

We start by converting the above to Echelon form
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 2 −1 1
0 3 3 3
4 1 𝑘 −1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑅3=𝑅3−2𝑅1⟶

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 2 −1 1
0 3 3 3
0 −3 𝑘 + 2 −3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑅3=𝑅3+𝑅2⟶

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 2 −1 1
0 3 3 3
0 0 𝑘 + 5 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

We see that the last equation now has the form

(𝑘 + 5) 𝑥3 = 0

If 𝑘 + 5 = 𝑛 ≠ 0 then the equation becomes 𝑛𝑥3 = 0, which means 𝑥3 = 0 is only choice,
since 𝑛 ≠ 0. This means, from the second equation, 3𝑥2 + 3𝑥3 = 3 or 𝑥2 = 1 and from the
first equation, 2𝑥1 + 2𝑥2 − 𝑥3 = 1 or 2𝑥1 + 2 = 1 or 𝑥1 =

−1
2 . Hence a unique solution. But

if 𝑘 + 5 = 0 then last equation gives 0𝑥3 = 0, which means any 𝑥3 will do the job. Hence
infinite number of solutions.

Therefore, (i) 𝑘 ≠ −5 gives unique solution. (ii) Not possible. (iii) 𝑘 = −5 gives infinite
solutions.
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3

0.2 Problem 2

Math 320 (Smith): Practice Ax = b Problems

Not Due

1. Write the following system as Ax = b and determine for what values of k the system
has (i) a unique solution, (ii) no solution, and (iii) infinitely many solutions. In the case
of (i) or (iii), find the solution(s).

2x1 + 2x2 − x3 = 1

3x2 + 3x3 = 3

4x1 + x2 + kx3 = −1 (1)

2. For what values of k does Ax = b have (i) no solution, (ii) a unique solution, or (iii)
an infinite number of solutions? In the case of (ii) or (iii), find the solution(s).

A =





2 0 −2
−1 1 k
3 1 4



 , b =





8
4
20



 (2)

3. In the following exercises, we write the augmented coefficient matrix for Ax = b.
Determine for what values of the parameter p the system has (i) an unique solution, (ii) no
solution, (iii) an infinite number of solutions. In case (i), find the unique solution. In case
(iii), determine if there is a one-parameter family of solutions, or a two-parameter family
of solutions, and find an expression for the solutions x in terms of the parameter(s).





2 1 3 1
0 p 0 1
−1 −2 4 3



 (3a)





1 1 2 1
2 p 4 2
3 p+ 1 6 p+ 1



 (3b)





−2 3 p 1
4 3/2 2 2
3 3 5/2 5/2



 (3c)

1

solution
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 −2
−1 1 𝑘
3 1 4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1
𝑥2
𝑥3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

8
4
20

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

The augmented matrix is
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 −2 8
−1 1 𝑘 4
3 1 4 20

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

We start by converting the above to Echelon form. Swap the second and third row
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 −2 8
3 1 4 20
−1 1 𝑘 4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

Now
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 −2 8
3 1 4 20
−1 1 𝑘 4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑅2=𝑅2−
3
2𝑅1⟶

𝑅3=𝑅3+
1
2𝑅1

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 −2 8
0 1 7 8
0 1 𝑘 − 1 8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑅3=𝑅3−𝑅2⟶

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 0 −2 8
0 1 7 8
0 0 𝑘 − 8 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

From last equation, we obtain (𝑘 − 8) 𝑥3 = 0.

(i) No solution case is not possible.

(ii) When 𝑘 ≠ 8, then unique solution. Hence 𝑥3 = 0. Which means from second equation
that 𝑥2 = 8 and from first equation, 2𝑥1 = 8 or 𝑥1 = 4.

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1
𝑥2
𝑥3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

4
8
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(iii) infinite number of solutions when 𝑘 = 8. This gives 0 (𝑥3) = 0, hence any 𝑥3 will do the
job. Let 𝑥3 = 𝑡, the second equation gives 𝑥2 + 7𝑡 = 8 or 𝑥2 = 8 − 7𝑡. and the first equation
gives 2𝑥1 − 2𝑡 = 8 or 𝑥1 = 4 − 𝑡. Hence solution is

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1
𝑥2
𝑥3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

4 − 𝑡
8 − 7𝑡
𝑡

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

4
8
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ 𝑡

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1
−7
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
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0.3 Problem 3

Math 320 (Smith): Practice Ax = b Problems

Not Due

1. Write the following system as Ax = b and determine for what values of k the system
has (i) a unique solution, (ii) no solution, and (iii) infinitely many solutions. In the case
of (i) or (iii), find the solution(s).

2x1 + 2x2 − x3 = 1

3x2 + 3x3 = 3

4x1 + x2 + kx3 = −1 (1)

2. For what values of k does Ax = b have (i) no solution, (ii) a unique solution, or (iii)
an infinite number of solutions? In the case of (ii) or (iii), find the solution(s).

A =





2 0 −2
−1 1 k
3 1 4



 , b =





8
4
20



 (2)

3. In the following exercises, we write the augmented coefficient matrix for Ax = b.
Determine for what values of the parameter p the system has (i) an unique solution, (ii) no
solution, (iii) an infinite number of solutions. In case (i), find the unique solution. In case
(iii), determine if there is a one-parameter family of solutions, or a two-parameter family
of solutions, and find an expression for the solutions x in terms of the parameter(s).





2 1 3 1
0 p 0 1
−1 −2 4 3



 (3a)





1 1 2 1
2 p 4 2
3 p+ 1 6 p+ 1



 (3b)





−2 3 p 1
4 3/2 2 2
3 3 5/2 5/2



 (3c)

1

solution

0.3.1 Part a

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 1 3
0 𝑝 0
−1 −2 4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1
𝑥2
𝑥3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1
3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

The augmented matrix is
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 1 3 1
0 𝑝 0 1
−1 −2 4 + 3

2 3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑅3=𝑅3+
1
2𝑅1⟶

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 1 3 1
0 𝑝 0 1
0 −3

2
11
2

7
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑅3=𝑅3+
3
2𝑝𝑅2

⟶

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 1 3 1
0 𝑝 0 1
0 0 11

2
1
2𝑝
�7𝑝 + 3�

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

We now convert the above to reduced Echelon form. First we make each leading entry 1
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1
2

3
2

1
2

0 1 0 1
𝑝

0 0 1 1
𝑝

�7𝑝+3�

11

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Now we zero out all entries in column above leading entries
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1
2

3
2

1
2

0 1 0 1
𝑝

0 0 1 1
𝑝

�7𝑝+3�

11

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑅1=𝑅1−
1
2𝑅2⟶

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 3
2

1
2𝑝
�𝑝 − 1�

0 1 0 1
𝑝

0 0 1 1
𝑝

�7𝑝+3�

11

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑅1=𝑅1−
3
2𝑅3⟶

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 − 5
11𝑝

�𝑝 + 2�

0 1 0 1
𝑝

0 0 1 1
𝑝

�7𝑝+3�

11

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Hence, the last equation says

𝑥3 =
1
𝑝
�7𝑝 + 3�

11
Therefore, if 7𝑝 + 3 ≠ 0 then 𝑥3 is parameterized by 𝑝 and we have infinite number of solutions.
In this case the solution vector is

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1
𝑥2
𝑥3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 5
11𝑝

�𝑝 + 2�
1
𝑝

1
𝑝

�7𝑝+3�

11

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

But if 7𝑝 + 3 = 0 then 𝑥3 = 0, and this means 𝑝 = −3
7 . Then from second equation we
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5

obtain 𝑥2 = −7
3 and from first equation 𝑥1 = − 5

11�− 3
7 �
�−3

7 + 2� = 5
3 . Hence in this case the

solution is unique
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1
𝑥2
𝑥3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

5
3
−7
3
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

In both cases, we assumed 𝑝 ≠ 0. It is no possible to obtain the case (ii) which is no solu-
tion.

0.3.2 Part b

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 2
2 𝑝 4
3 𝑝 + 1 6

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1
𝑥2
𝑥3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
2

𝑝 + 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

The augmented matrix is
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 2 1
2 𝑝 4 2
3 𝑝 + 1 6 𝑝 + 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑅2=𝑅2−2𝑅1⟶
𝑅3=𝑅3−3𝑅1

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 2 1
0 𝑝 − 2 0 0
0 𝑝 − 2 0 𝑝 − 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑅3=𝑅3−𝑅2⟶

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 2 1
0 𝑝 − 2 0 0
0 0 0 𝑝 − 2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

We see from last equation that 0 (𝑥3) = 𝑝 − 2. This means that if 𝑝 − 2 ≠ 0 then there is
no solution. This means if 𝑝 ≠ 2 then no solution. On the other hand, if 𝑝 = 2 then last
equation becomes 0 (𝑥3) = 0, which means any 𝑥3 will do. Let 𝑥3 = 𝑡. From second equation,
we have

�𝑝 − 2� 𝑥2 = 0
0 (𝑥2) = 0

So any 𝑥2 will do. Let 𝑥2 = 𝑠. Then the first equation becomes 𝑥1+𝑠+2𝑡 = 1 or 𝑥1 = 1− 𝑠−2𝑡.
Hence solution vector

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1
𝑥2
𝑥3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 − 𝑠 − 2𝑡
𝑠
𝑡

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ 𝑠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1
1
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ 𝑡

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2
0
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

Case (ii) do not apply. This is two family solution.

0.3.3 Part c

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2 3 𝑝
4 3

2 2
3 3 5

2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1
𝑥2
𝑥3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
2
5
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

The augmented matrix is
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2 3 𝑝 1
4 3

2 2 2
3 3 5

2
5
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑅2=𝑅2+2𝑅1⟶
𝑅3=𝑅3+

3
2𝑅1

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2 3 𝑝 1
0 15

2 2 + 2𝑝 4
0 15

2
5
2 +

3
2𝑝 4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

𝑅3=𝑅3−𝑅2⟶

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2 3 𝑝 1
0 15

2 2 + 2𝑝 4
0 0 1

2 −
1
2𝑝 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Last equation gives �12 −
1
2𝑝� 𝑥3 = 0. If 1

2−
1
2𝑝 = 0 or 𝑝 = 1, then there are infinite number of solutions.

Let 𝑥3 = 𝑡. From second equation, 15
2 𝑥2 + �2 + 2𝑝� 𝑥3 = 4 or 15

2 𝑥2 + 4𝑡 = 4, which gives

𝑥2 =
8
15 −

8
15 𝑡 and from first equation −2𝑥1 + 3𝑥2 + 𝑥3 = 1 or −2𝑥1 + 3 � 8

15 −
8
15 𝑡� + 𝑡 = 1, hence

𝑥1 =
3
10 −

3
10 𝑡. The solution vector is

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1
𝑥2
𝑥3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

3
10 −

3
10 𝑡

8
15 −

8
15 𝑡

𝑡

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

If 1
2 −

1
2𝑝 ≠ 0, then last equation gives 𝑛𝑥3 = 0 which is only possible if 𝑥3 = 0. This means



1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72

6

if 𝑝 ≠ 1, then 𝑥3 = 0. Second equation gives 15
2 𝑥2 = 4 or 𝑥2 = 8

15 and first equation gives

−2𝑥1 + 3𝑥2 + 𝑥3 = 1 or −2𝑥1 + 3 � 8
15
� = 1, or 𝑥1 =

3
10 , hence solution vector is

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1
𝑥2
𝑥3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

3
10
8
15
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

case (ii) is not possible.
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