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0.1 Problem 1

PROBLEM DESCRIPTION

(1) (10 pts) Solve the non-linear boundary value problem:
.. 3 2
y+10y-5y +ty=t

over the interval, 0 <7 <2, subject to: y(0)=0, y(2)=-1, ¥(2)=0. Use the bvp4c
utility.

SOLUTION

The first step is to convert the system to state space.
Y +10y" - 53 + ty = 12
Let x; =y,x, =y, x3 = y”, therefore
X1 =2
X2 =3
k3 = —10y" + 5y° — ty + £
= —10x3 + 5x3 — tx; + 2
The above i vector is what returned back in the RHS call used by bvp4c. The following shows the

solution obtained and the code used. One difficulty with this problem was to guess the correct initial
solution to use. If the wrong guess was used, then Matlab gives an error

Unable to solve the collocation equations -- a singular Jacobian encountered.

0.1.1 Output

Four plots were generated, with different number of grid points, using N = 20,40, 60,80 grid point,
to see how the solution improves with more grid points added. At N = 80, the solution was smooth.
Here are the results



© 0N s W N

S S T =
B S I S U ST R e =)

0solution to y”(t) + 10y" (t) — 5y(t)® + ty(t) = t*. bvpcd N=20 0 solution to 3" (£) + 10y” (t) — 5y(t)* + ty(t) = t*. bvpcd N=40

0solution to y"(t) + 10y" (t) — 5y(t)® + ty(t) = t*. bvpcd N=60 0 solution to " (t) + 10y"(t) — 5y(t)® + ty(t) = t>. bvpcd N=80

0 0.5 1 1.5 2 0 0.5 1 1.5 2
time time

0.1.2 Source code

function nma_EMA471_HW2_prob_1

% Solves y'''+10 y''-5 y"3 + t y= t72

% over 0<=t<=2, with y(0)=0,y(2)=-1,y''(2)=0 using bvpdc
A

% see HW2, EMA 471

% by Nasser M. Abbasi

A

clc; close all;

reset(0);

set (groot, 'defaulttextinterpreter', 'Latex');
set(groot, 'defaultAxesTickLabellInterpreter', 'Latex');
set(groot, 'defaultLegendInterpreter','Latex');

%solve on different grids 20,40,60,80 points
for i=20:20:80
make test(i);
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end
end

function make_test (N)
%N is the number of grid points.
%hsolves the problem using bvpéc

%Important, must use the following guess initial solution [-1 O 0]
helse this error

% Unable to solve the collocation equations -- a singular
%Jacobian encountered. will be generated (Matlab 2015a)

x_bvp4c = linspace(0,2,N);
solinitl = bvpinit(x_bvp4c,[-1 0 0]);
sol bvp4c (@rhs,@bc,solinitl);

%evaluate at our grid point, to compare with FDM
y_bvp4c = deval(sol,x_bvp4c);
y_bvpdc = y_bvpdc(l,:)"';

figure();
plot (x_bvp4c,y_bvpdc, 'r.',x_bvpidc,y_bvpdc);
xlabel('time'); ylabel('$y(t)$');
title(sprintf( ...
"solution to $y'''"''(£)+10 y'' "' (t)-5 y(£)7"3 + t y(t)= t72$. bvpcd N=Yd',N));

grid;
set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

end
function f = rhs(t,x)

%This function sets up the RHS of the state space setup
%for this problem. similar to ode45 RHS

x1 = x(2);
x2 = x(3);
x3 = -10*x(3)+5*x (1) "3-t*x(1)+t~2;
f=1x1
x2
x3 1;
end
e %

function res = bc(ya,yb)

%This sets up the boundary conditions vector
res = [ ya(l)

yb(1)+1

yb(3)

1;

end




0.2 Problem 2

PROBLEM DESCRIPTION

(2) (15 pts) Consider the linear equation:

" !/ X
y —Yy=e
Solve this over the interval, 0 < x <1, subject to: y(0)=0, y'(0)=-1, y(I)=1, y'(1)=0.
As this is a linear equation, you can employ a finite-difference approximation to compare
to the analytical solution as well as the solution generated by bvp4c.

SOLUTION

The first step is to convert the system to state space. (I used t below as the independent variable,
instead of x as given in the problem statement, to reduce confusion with the x; used for state space
setup).

yW-y =e
Letx; =y, x, =y, x3 =y”,x4 = y'”, therefore
X1 =X
Xy = X3
X3 =Xy
Y=y +e
=x; +e

The above i vector is what returned back in the RHS call used by bvp4c. Now we will solve it
analytically in order to compare the solutions. The homogenous ODE is "/ -y’ = 0, hence the
characteristic equation is A* - A = 0, which has solutions

0

W=

A=
A=

1
_ {1,_

Therefore the homogenous solution is

V3

2

N| =
N| =

)

yp, = AeM + Be'2 + Ces + Dels
1 3 y

:A+Bet+Ce( 2 21) +De( 2

Since the homogenous solution contains e solution, and the forcing function is also ¢/, we can’t guess
¢! as particular solution. We try y, = cte’. Hence

v, = (ctet + cet)

4 (ctet + cet) + ce!
vy = ((ctet + cet) + cet) +cet

v = ((ctet + cet) + cet) + cet) + cet



Substituting this in the original ODE we obtain
(((ctet + cet) + cet) + cet) + cet — (ctet + cet) =et
3cet = ¢t

Hence 3c=1or c= %, therefore y, = %tet and the full solution is

Y=ty

1 3.

= A+ Be +Ce( 2 5’)t+De(

1 3.)
4z 1
2727 4 et

7t i 7t 3 1
=A+Bet+Ce? e2" +De? e2 +§tet

3 1
:A+Bet+ezt(Ccos(ﬁtJ+Dsin(ﬁtn+ —te! (A)
2 2 3
Now we find the constants from initial and boundary conditions. At y(0) = 0 hence
0=A+B+C (1)
From y (1) =1 we obtain
-1 1
1=A+Be+e2 (Ccos(£)+Dsin(£D+—e (2)
2 2 3
To apply the other conditions, we need y’ (). Taking derivative of (A) gives
7 > 1, 1
Yy =Be +e? t (C cos (ﬁt) + Dsin(ﬁt]) +e?’ t(—Cﬁ sin[ﬁt) + Dﬁ cos (ﬁt)] +=et + =tet
2 2 2 2 2 2 3 3
Using v’ (0) =1 gives

V3 o1
=B D— + = 3
0 +C+ > + 3 3)
And from y’ (1) = 0 we find
> 3 3 = 3 3 3 3 2
0=Be+e” |Ccos £ + Dsin £ +e? —Cisin £ +D£cos £ + —e (4)
2 2 2 2 2 2 3
Now we solve Eq (1,2,3,4) for A, B,C, D. With the help of the computer, the above were now solved
and the coefficients substituted back into (A) to give the analytical solution below

1 El 3 -1 3
y(B) = Ste' = 3.956¢" ~161397¢ fcos (gt) - 6.2898¢2 ' sin [gt] +20.096

Now that we have the analytical solution, we now need to find a solution using finite differences as
well as per problem statement. The first step is to set up the grid. The following diagram shows the
grid used
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Total of N grid points is used. Since the solution is known at i = 0 and i = N -1, the solution at
the remaining only N —2 points needs to be determined using finite difference scheme. We will now
derive the FD equations for grid points i = 1,2,3. From grid point i = 3 to i = N, the same pattern
repeats, and the matrix Ay, will be filled using an iteration process as shown below.

The differential equation
y//// (.'X) _ y/ (.'X) — et
In finite differences form is

Yico = 4Yi1 + 6Yi —4Yi1 t Yiva _ Yir1 ~ Vi1 _
It 2h

Where we used centered difference with O (hz) local truncation error for the approximation of 1’ (x)
and 5 points centered difference for the approximation of " (x)

el

Ati=1

Ya-4yot+ oy -4y tys  Ya—Yo _
H 2h

X1

1
Yo =40 + 61 = 4y2 + 3 = 51 (y2 — o) = e

— Ny
2h

To find y_4, since y’ (0) is known, using v’ (0) = y; given y_; = y; —2hy; and the above becomes

1
(v = 20y5) = 4y + 691 — 4yz + ys = 51 (y2 ~ yo) = i*e™
1 1
Yo (—4 + §h3) + 7y1 + Yo (—4 - §h3) + Y3 = h4€x1 + 2hy6

1 1
7]/1 + Yo (—4 - Ehs) +Y3 = h4ex1 + Zhyé + Yo (4 - EhS)

Ati=2
Vo4 6y, -4y +ys  Ys—1h
h4 2h

=e%i
1 3 4 ,x
Yo = 41+ 62— 4ys + ya = 51 (y3 = ) = e

1 1
1 (—4 + EhS) + 6y, + Y3 (—4 —~ Ehs) +yy = hte2 -y,



Ati=3

Vi—4Yya+6ys —4ystYs Ya—Vo _
4 2h

1
yl - 4y2 + 6y3 - 4y4 + y5 — Ehs (y4 — yz) = h4€x3

ers

1 1
]/1 + yz (—4 + Eh?)) + 6y3 + y4 (—4 — 5]’13) + yS = h4ex3

The rest will now be repeated with i being increased by one for each new row, and shifted to the
right by one for each row. For example for i = 4
Yo—4ys +6ys—4ys+Ys Y5~ Y3
h* 2h

1
Y2 = 4Ys + 6ys — 4ys + ys — 51 (y5 — ) = e

= ¥4

1 1
Y2+Ys (_4 + Ehg) +6Ys + s (—4 + EhS) + Y = hters

Therefore, the Ax = b system to solve is

7 (—4 - §h3) 1 0 0 0 0
Y r , 1
(—4 + %h3) 6 (—4 - %h3) 1 0 e 0 0 y: e = 2hyf + g (4 - E113)
4,2
1 (—4+1h3) 6 (_4_1],[3) 1 0 0 s h=e ’_}/0
2 2 h4£’3h
0 1 (—4 + 1113) 6 (—4 + 1113) 1 0 Ya | _ Y
0 0 (—4 + —h3) 6 (—4 + —h3) 1 0 .
YN-2
Yn-1
Un

Now to fill in the last 3 rows. Ati=N
Yn-2 —4Yn-1 T O6YNn — YN T YUN+2 YNl T YN
h4 2h
But we do not know yy,, but since we know y’ (1) = 0, then using

= et

y/ (1) — yf\l+1 — yN+;h_ YN
Hence yy,, = 2hy’ (1) + yy and the above becomes (by also replacing yy,; = y (1), which is known).
Yn-2 —4Yn-1 + 6yn —4ynaa + 20y (D +yn Ynea —Yna

n* 2h

1
Yn-2 —4yn_1 +6yn — 4y (1) + 2hy’ (1) + yy - EhS (y 1 - yN_l) = hteN

= exN

1 1
YN-2 + YN-1 (—4 + 5]’13) + 7yN = h4€xN - Zhy/ (1) + (Eh3 + 4)y(1)
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Ati=N-1
Yn-3 —4YN2 + OYN-1 YN FYNT YN TUN-2
- =e
h 2h
1 3 4,x
Yn-3 ~4Yn-2 + Oyn-—1 —dyn +y (D) - Sh (yn = yn-2) = hten-1
1 1
YN-3 T YN-2 (—4 + §h3) + 6%\!—1 +UN (—4 - Eh?)) = h4€xN_1 -y (1)
Ati=N-2

YN-4 —4Yn-3 + 6YN-2 —4Yn-1 T YN YN-1—YUN-3
n* 2h

= ¢¥N-2

1
YN-1 —4Yn-3 + 6YN-2 —4Yn-1 T YN — Ehg’ (yN—l - ]/N—3> = hten-2

1 1
YN-4 T YN-3 (—4 + §h3) +6YN-2 + YN-1 (—4 - §h3) +yy = hteN-2

The Ax = b system becomes

7 (—4 - %h3) 1 0 0 0 0
(74 + %/13) 6 (74 - %h3) 1 0 0 0 "
1 (-4 + %1;3) 6 (-4 - %h3) 1 0 0 Y2
0 1 (74 + %113) 6 (74 + %h3) 1 0 Zi
0 0 1 (—4 + %113) 6 (-4+ %h3) 1 0 Pl
0 (- +l-% ”) 6 (-4 +~-%113) ‘1 0 :
1 (74 + %;13) 6 (74 - %113) 1 igj
0 0 0 1 (-4+ %h3) 6 (-4- %h3) N
0 0 0 0 1 (74 + %;13) 7
hiel = 2hyl + yo (4 - %h3)
h4 ezh -y (0)
h4 e3h
h4e4h
hteN-2
hieN-1 — y(@)
4 _ ’ 1 3
e = 2y (1) + (zh ; 4)y(1)<

The system is now solved for x, which is the y; solution and plotted. The Matlab code is given below.

0.2.1 Results

The programnma_EMA_471_HW2_prob_2.m generates 4 result for different grid sizes. It uses 8,15, 30,100
grid points each time, to compare the result. bvp4c and the finite difference method, both used the
same grid size each time. Each time, the result is compare with the analytical solution (which used

a much smaller grid than both). W
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x_for_analytic=0:0.001:1;

analytical_solution = get_analytical_solution(x_for_analytic);
make_on_test(8,x_for_analytic,analytical_solution);
make_on_test(15,x_for_analytic,analytical_solution);
make_on_test(30,x_for_analytic,analytical_solution);
make_on_test(100,x_for_analytic,analytical_solution);

At small number of grid points (large /1), bvp4c seems to be more accurate at the boundary. Here is
side by side showing the result for grid size of 8 points over the whole range.

Comparing bvp4c using 8 points and analytical solution 1 Comparing FDM using 8 points and analytical solution
finite difference
0.8 4 0.8 4
0.6 + 4 0.6 4
g g
S o04f . S 04f .
) s}
@ 2
0.2 | 4 0.2} 4
0 4 0he 4
—
0.2 L L L L -0.2 L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

The finite difference was also plotted against the bvp4c solution. The differences between them show
up near where the solution changes most rapidly, around x = 0.2 and near the right boundary also.
Here is the plot when using 8 grid points

Comparing FDM and bvpc4 using 8 points

finite difference

bvpcd
0.8 + 1

0.6 - 4

0.4+ 4

solution

0.2 .

-0.2 . . .
0 0.2 0.4 0.6 0.8 1

To see more clearly the difference, the absolute difference between bvp4c and finite difference solution

was plotted, by plotting |yenn — Yiunsel at each grid point )
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2 | figure();

3
4

stem(x_bvp4c,abs(y_bvp4c-y_FDM)) ;

s %103  absolute error. FDM vs. bvpc4. 8 points
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As more grid points added, the difference between bvp4c and the analytical solution became smaller.
The same for finite difference solution. At 100 grid points, the largest absolute difference between
bvp4c and FDM was 0.00275, near the middle of the range. This is compared to the difference being
0.008 when using 8 grid points.

This plot shows the difference at 100 grid points

3 %103  absolute error. FDM vs. bvpc4. 100 points

iz

H

|buped — FDM |

A total of 16 plots generated (4 for each test case) as described above. Below all 16 plots are given,
with description title of each plot. Then the source code used to generate these plots is listed.

In conclusion: As more grid points added, both bvp4c and FDM approached the analytical solution.
There remains difference between bvp4c and FDM in the middle range. Both converged to the
same result at the boundaries. This is expected, since the solution there is given from the problem
boundary conditions.



8 grid points plots
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1
analytical
3 . finite difference
0.8 + 4 0.8
0.6 | 1 0.6
= o
2 2
£ o04f 1 £ o04f
o) )
@ 2
0.2 4 0.2
0 4 0
0.2 L L L L -0.2 L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8
X X
—3 i
Comparing FDM and bvpc4 using 8 points 8 <10 ab'solute error.' FDM vs. b,Vp cd. 8 pOlIVItS
1 T T T T
7k
——————— bvpcd
0.8 4 ®
6 F
0]
0.6 + ] E 5L
2 3
.S
£ 04} 1 |4 0]
=1 <t
=} Q
@ =
S 3
0.2 + 4
2L
0 4
1F
0.2 L L L L 0 I I I I
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8
x T
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solution

30 grid

solution

solution

Comparing FDM and bvpc4 using 15 points
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100 grid points plots

Comparing bvp4c using 100 points and analytical solution Comparing FDM using 100 points and analytical solution
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0.2.2 Source code

16

function nma_EMA471_HW2_prob_2
%Nasser M. Abbasi

clc; close all;

%generate the analytical solution first, to use to compare
%the numerical results against.

x_for_analytic=0:0.001:1;

analytical_solution = get_analytical_solution(x_for_analytic);

%generate results for different grid sizes
make_one_test(8,x_for_analytic,analytical_solution);
make_one_test(15,x_for_analytic,analytical_solution);
make_one_test(30,x_for_analytic,analytical_solution);
make_one_test(100,x_for_analytic,analytical_solution);
end

%This function generates all the plots for bvp4c and FDM
Jusing specific number of grid points
b

function make_one_test(N,x_anaytic,y_analytical)

%reset for plotting only

reset (0);

set(groot,'defaulttextinterpreter','Latex');
set(groot, 'defaultAxesTickLabellInterpreter', 'Latex');
set(groot, 'defaultLegendInterpreter','Latex');

x_bvp4c = linspace(0,1,N);
solinitl = bvpinit(x_bvpdc,[1 0 0 0]); %use specificed N grid points

%options = bvpset('RelTol',le-6,'AbsTol',1e-6); Was not
/needed at home pc! The above is only needed at school Matlab,
%which is 2014a. But not 2015a for some reason. One only need
%to pick the correct initial guess

sol = bvp4c(@rhs,@bc,solinitl);

hextract the x and y solution for plotting. These
Jvariables are used later in the plots

%hevaluate at our grid point, to compare with FDM
y_bvpdc = deval(sol,x_bvp4c);
y_bvpdc = y_bvpdc(l,:)';

%plot bvp4c vs. analytical

figure();

plot (x_bvp4c,y_bvpdc, 'r.',x_bvpdc,y_bvpdc);
hold on;

plot(x_anaytic,y_analytical);

xlabel('x'); ylabel('solution');
title(sprintf( ...
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'Comparing bvp4c using ’%d points and analytical solution',N));
legend('bvp4c', 'analytical', 'location', 'northwest');
grid;
set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

%0btain FDM solution. Use the same grid spacing as

%bvpdc (ie. same x)

yo =0; yL=1; ydo = -1; ydL = O;

y_FDM = finite_difference_solution(x_bvp4c,y0,yL,yd0,ydL);

%plot finite difference vs. analytical
figure();
plot(x_anaytic,y_analytical);
hold on;
plot(x_bvp4c,y_FDM, 'r.',x_bvp4c,y_FDM);
legend('analytical','finite difference', 'location', 'northwest');
xlabel('x'); ylabel('solution');
title(sprintf(..
'Comparing FDM using %d points and analytical solution',N));
grid;
set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

%plot finite difference vs. bvpéc

figure(Q);

plot(x_bvpéc,y_FDM);

hold on;

plot (x_bvp4c,y_bvpdc);

legend('finite difference', 'bvpcd','location', 'northwest');
xlabel('x'); ylabel('solution');

title(sprintf ('Comparing FDM and bvpc4 using %d points',N));
grid;

set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

%plot error between bvp4c and FDM, to see more

%clearly the difference at each grid point.

figure();

stem(x_bvp4c,abs(y_bvp4c-y_FDM)) ;

xlabel('$x$'); ylabel('$\left|bvpcd-FDM\right|$');
title(sprintf('absolute error. FDM vs. bvpcd. ’%d points',N));
grid;

set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

end

%This function generates the Finite difference solution
%The HW report contains the derivation used

b

function y = finite_difference_solution(x,y0,yL,yd0,ydL)

%Allocate A matrix and b vector
h = x(2)-x(1); %h spacing is the same between each grid point
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N = length(x)-2; Ynumber of internal points.
A = zeros(N,N);
b = zeros(N,1); %allocate RHS, for Ax=b use

%Start filling the A matrix

%£fill in the first 2 rows by hand

A(1,1) = 7;
A(1,2) = -4-1/2%h"3;
A(1,3) = 1;

A(2,1) = -4+1/2%h"3;

A(2,2) = 6;
A(2,3) = -4-1/2%h"3;
AC2,4) = 1;

k=0; ’%column index, used for the loop below, to fill the rest of A
for i = 3:N-2

k = k+1;

A(i,k:k+4) = [1,(-4+1/2%h"3),6,(-4-1/2%¥h"3),1];
end

%£ill in the last 2 rows by hand

k = k+1;

A(N-1,k:k+3) = [1,(-4+1/2*%h"3),6,(-4-1/2%¥h"3)];
k = k+1;

A(N,k:k+2) = [1,(-4+1/2*%h"3),7];

%fill in the b matrix. The first 2 rows by hand
b(1) = h™4*exp(h)+2xh*yd0+y0*(4-1/2xh~3);
b(2) = h™4*exp(2xh)-y0;

%fill the rest of b using loop
for i = 3:N-2

b(i) = h™4*exp(i*h);
end

%fill the last 2 rows of b
b(N-1) = h™4*exp((N-1)*h)-yL;
b(N) = h™4*exp (N*h)-2*hxydL+yL*(4+1/2%h"3) ;

Jnow we solve the system.
y=A\b;

%pad in the left and right boundary values. Known values.
y=[ly0;y;yLl;

end

%This function returns the analytical solution. Solved in the HW report

function y=get_analytical_solution(t)

y=1/3xt.%exp(t)-3.956115643%exp(t)-16.13974994*exp (-.5%t) .*. ..
cos(.866025404x*t) . ..
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162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187

end

%This function used by bvp4c, the RHS. Same as 0DE45 RHS function

-6.289760819*exp (-.5%t) . *sin(.866025404*t)+20.09586558;

function f = rhs(t,x)

x1 = x(2);
x2 = x(3);
x3 = x(4);
x4 = x(D)+exp(t);
f=1[x1
x2
x3
x4 1;
end

%This is the boundary conditions function for bvpdc
function res = bc(ya,yb)
res = [ ya(1l)

end

ya(2)+1
yb(1)-1
yb(2)
1;
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0.3 Problem 3

PROBLEM DESCRIPTION
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(3) (15 pts) One of the topics often discussed in Advanced Mechanics of Materials is the
thick rotating cylinder. It is possible to show that the governing equation can be obtained
in terms of the radial stress:

d’oc, _do 2
r—=+3—~=-G3+v)pw’r
ar’ dr ( P

with the hoop stress obtained after the fact from:

do, 2.2
o,=r +0,+pwr
dr

The second order equation in the radial stress is solved subjected to the constraint that the
radial stress equal the negative of the pressure applied at the inner and outer radii. If
there is no internal or external pressure, the boundary conditions become:

o0,.(r)=0 , 0,(r)=0
Suppose we have a thick cylinder with inner radius 1 cm, outer radius 10 cm with mass
density 1000 kg/m>. It is subjected to a angular velocity of 700 rad/s. Find the peak
radial and hoop stresses for this cylinder. There is an analytical solution to this linear
equation, and it also lends itself to a finite difference solution. Compare both of these to
the solution generated using bvp4c.

SOLUTION

The first step is to determine the analytical solution, in order to compare with the numerical solutions.
The ODE to solve is (below, ¢ is used instead of o, to simplify the notation)

d%c do
_ 2
TW+BE——(3+U)I)CUT’ (1)
Since v, p, w are all constants, the above can be written as
d?c . 3da B
dr? dr

Where k = - (3 + v) pw?. To solve the above, we introduce f = Z—‘: and it becomes a first order ODE

r kr

af
ra +3f =kr
af 3
E + ;f =k (2)
This is separable now, and can be solved for f. Looking at the homogenous ODE first,

df 3
L iZfr=0
dr+rf

af _

7 dr

3
p
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Integrating both sides

Inf=-3Inr+¢q
f — E—31nr+cl

— Cze—31nr
Hence the homogenous solution is
fa=13
h = 3

Where c;, is constant of integration. To find the particular solution f,, and since the RHS of (2) is
constant k, then we guess f, = crk, where c is constant. Hence (2) becomes

ck + §rck =k
7
4c =1
1
=3
Hence
-y
fr=1
And the complete solution is
f=rfu+ fp
T
=Rt

Now that we found f (r), and since f = {Z—j then we have

do ¢ r
sk
Which is separable. Hence

Hence the analytical solution is

_Cl 1 1”2

o, (r=—=+—

=== 5

Where C;,C, are constants of integration, which we will now find from boundary conditions. At
r=r;0,=0and at r =7,,0, =0, hence we obtain two equations

—Cll l"2
0=—5+2k+C
2 2 8 2

k+C, (3)
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Solving these gives

Therefore (3) becomes
k21 2.2
o,(r) = 8(r ro—+r (7’1‘ +ro)

But k = — (3 + v) pw?, hence the above becomes

0, () = S (12 4+ 3) - 2% - ) (4)
Now we will find the analytical solution for the hoop stress
do 5
ag—rd—+o,+pa) r

From (4), we see that

Hence

_ (3+v)pw

2 (222 27’)+a,+pa)2r2 (5)

Now that we have found the analytical solutions, we can implement the numerical solution and
compare. We start with bvp4c to verify the analytical solution with, then implement the finite
difference method. We need first to convert the ODE to state space.

d?c  3do
—+-—=-03+ 2
ar? = rdr B+v)pw
Let x; = 0,, and let x, = Z—j, hence
X1 =2

3
562:—(34'0)[)0)2—;3(2

The boundary conditions are (using bvp4c notations) y, (1) =0,y, (1) =0

0.3.1 Finite difference method

dz—6+31d—a——(3+ ) paw?
drr " Trdr v pw

The following grid is used
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internal grid points

\ l// /{/00.1:0

o oo e
()\} 2 N/ N+1
| -

lh ! ———__ -

.

grid size

N grid points. N — 2 internal grid points

The grid is only over r = 0.01 --- 0.1 meters since this is the distance between the internal radius and
. d . . S : .
the outer radius. For d—rg we use 3 points centered difference approximation, for i =1--- N which has

O (hz) local truncation error

2
d°c  0j41 —20;+0i4

ar? 2

. . d .
Where 0, 0y41 are given as the boundary conditions (both are zero). For d—‘: we use two points

centered difference, which also has O (hz) local truncation error

d_U _ i1~ 0i1
dr 2h
Therefore, the ODE becomes

Oi41 —20;+0i1  ,0i41 —0i1 2
T 2 +3 7 = -3 +v) pwr;

3
Oiy1 —20;+0;1 + 27ﬁ(@‘+1 - 0i1) = -h? (3 +v) pw?
1

3 3
0i-1 (]. - gh) - 2(71' + 041 (1 + gh) = —h2 (3 + U) pa)z
1 1

Where r; = r; + ih = 0.01 + ih, since are starting from 0.01, the above becomes

3
0i1 (1 —_— ) -20;,+0;11 (1 + = -1? (3 + v) pw?

3
T2 2m+mg

Fori=1,
1 5 h| =201 +0,|1+ 5 h| = - (3 + v) pw?
O T ) T2 T ) T v pe

But oy is the boundary conditions, which we move to the RHS, hence

_zm+mh

3
—2071 + 1+
7 “2( 2(r; + )

h)=—h2(3+v)pw2—ao (1 3 )

Fori=2

3 3 . )
61(1 2(ri+2h)h) 202+03(1+2(ri+2h)h)_ h* (3 +v) pw



Fori=3

()] (1

S —
2(r; + 3h)

3 3
)—2U3+U4(

The same pattern repeats. For i = N

ON-1 (1

>
2(r; + Nh)

)—ZGN+O'N+1 (1+

T+—"
T2 +3h)

But oy, is given (the right side boundary conditions, hence

3 .9 9 3
ON-1 (1 2(]/‘1+Nh)h) 2UN =-h (3+U)p(l) ON+1 (1 + 2(1’1+Nh)h)

Andfori=N-1

ON=-2 (1

-2
3h
2(ri+2h)

0

3

2(r; + Nh)
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) =-h?* (3 +v) pa)2

h) =-h(B+v) pa)z

-———————h| =205 +ton|1+ =————————h| = -1? (3 + V) pw?
zm+m>nm) Nt N( 2m+w—nm) G+o)p
Therefore the Ax = b system is below. The A matrix is
3h
2(r+h) 03h
-2 1+ m 0
_ 3 9 3h
2(r;+3h) 2(ri+3h)
0 0 0 0
) 3h 30
: : : 1= _23h T+ o
0 0 0 0 0 ~ oaNh -2

And the x vector is [01 o1

T
ON—2 ON-1 ON] and the b vector is

—h? (3 + v) pw? - g (l
~h? (3 + v) pw?
—h? (3 + v) paw?

—h? (3 + v) pw?
~h? (3 + v) paw?

—%2844Opw2—0NH(1+

Finding numerical solution for hoop stress

3h
2(ri+h)

3h

)

2(r+Nh)

)

. . . . d
To compare the analytical solution for oy with the numerical one, we need to evaluate oy = rd—j +0,+

pw?r? numerically from the numerical solution we found about using finite difference method. Using
finite difference, this expression becomes

2y 0i+1 — 0
0g; = (Fine + i) ————

2h

Loy i+ pw? (rip + ih)

Where 7;,; = 0.01 meter. Since we do not know ¢_; and can not obtain derivative at the edge to
approximate using phantom grid point, we will start from i =1--- N, so that 0,y = 0y which is known.
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Hence for i =1 we have
03 — 0y

o + 01 + pw? (i + hy?

O-Ql = (rint + h)

And fori=N
-0

Ooy = (s + NI 2L 6y 4 e (1 + NIY: ©)

In the above, oy,; and o are the boundary conditions we are given. All other ¢; values are obtained
from the numerical solution we did in the last section (the finite difference solution). This was
implemented in Matlab.

0.3.2 Results
The program was run for 10,15, 20, 25,30,100 grid points. Each time, 4 plots were generated:

1. Plot comparing the analytical and FDM result for o, Title contains location and value of
maximum o, reported by FDM based method.

2. Plot comparing the analytical and bvp4c result for o, Title contains location and value of
maximum o, reported by bvp4c based method

3. Plot comparing bvp4c and FDM result for o,

4. Plot comparing analytical result and FDM for ¢4 Title contains location and value of maximum
og reported by FDM based method.

The result shows that bvp4c was more accurate than FDM for small number of grid points (large /)
since the bvp4c curve was closer to the analytical solution than FDM curve. To get more accurate
numerical hoop stress, the number of grid points needed to be over 50. At N =100 grid points, the
result of 0y matched the analytical solution extremely well as can be seen from the plots below. The
following table gives the maximum radial stress found and the location as reported by bvp4c and
FDM based methods. Units for stress is N/m? and units for r is meters. This shows the maximum
radial stress occurs at left edge = 0.01 meter as expected. This is where the inner hole edge starts.
The maximum radial stress is located at r = 0.032 meter. About 2 cm after the inner hole edge.

N (grid points) | Max o, FDM based, and r location | Max ¢, bvp4c based, and location
10 o, =1,783,600 at r = 0.03 o, =1,733,752 at r = 0.03
15 0, =1,731,188 at r = 0.29 o, =1,752,483 at r = 0.029
20 o, =1,732,767 at r = 0.034 o, =1,741,523 at r = 0.034
25 o, =1,735,518 at r = 0.033 o, =1,741,592 at r = 0.033
30 o, =1,735,984 at r = 0.032 o, =1,740,593 at r = 0.032
100 o, =1,736,401 at r = 0.032 o, =1,736,759 at r = 0.032

The following table gives the maximum hoop stress oy found and the location as reported FDM
based method. Units for stress is N/m? and units for r is meters. Each plot below also display this
information in the title.



There are total of 24 plots below. Four plots for
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N (grid points) | Max ¢, value and location
10 o, =3,626,000 at r = 0.01
15 o, =3,639,120 at r = 0.01
20 o, =3,665,659 at r = 0.01
25 o, =3,697,797 at r = 0.01
30 o, =3,730,811 at r = 0.01
100 o, =4,004,798 at r = 0.01

resulted in more accurate numerical solution.
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function nma_EMA471_HW2_prob_3

%Solves problem 3, HW2. EMA 471, spring 2016

%Nasser M. Abbasi

clc;

close all;

%generate the analytical solution first, to use to compare the numerical
Jiresults against.

ri
ro

x_analytic
density

omega

0.01; Y%meter
= 0.1; Ymeter
ri:0.001:ro;
1000; %kg/m~3
700;

%radians per second
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nu = 0.5; YPoisson's ratio
y_analytic = get_analytical_solution(x_analytic,ri,ro,density,omega,nu);
hgenerate results for different grid sizes

N 100; %select the number of grid points
[x_FDM,y_FDM] make_one_test(N,x_analytic,y_analytic,ri,ro,density,omega,nu);

Jnow find the analytical solution for hoop stress, and compare with

Jthe numerical one

y_analytic_hoop = get_analytical_solution_hoop(x_analytic\
y_analytic,ri,ro,density,omega,nu);

%compare with numerical result for hoop stress
make_one_test_hoop(N,x_FDM,y_FDM,x_analytic,y_analytic_hoop,ri,density,omega);

end

%This function generates all the plots for bvp4c and FDM

%using specific number of grid points

yA

function [x_bvp4c,y_FDM] = make_one_test(N,x_anaytic,...
y_analytical,ri,ro,density,omega,nu)

Jreset for plotting only

reset(0);

set(groot, 'defaulttextinterpreter', 'Latex');
set(groot, 'defaultAxesTickLabellInterpreter', 'Latex');
set(groot, 'defaultLegendInterpreter', 'Latex');

x_bvp4c = 1inspace(ri,ro,N);
solinitl = bvpinit(x_bvp4c,[1 1]); %use specificed N grid points
%options = bvpset('RelTol',le-6,'AbsTol',1e-6); Y%Was not needed for this

sol = bvp4c(@rhs,@bc,solinitl);

hextract the x and y solution for plotting. These variables are used

%later in the plots

y_bvpdc = deval(sol,x_bvp4dc); ’Jevaluate at our grid point, to compare with FDM
y_bvpdc = y_bvpdc(l,:)"';

%plot bvp4c vs. analytical

figure();

plot(x_bvp4dc,y_bvpdc, 'r.',x_bvpdc,y_bvp4c);

[max_radial_stress,I]=max(y_bvp4c);

hold on;

plot(x_anaytic,y_analytical);

xlabel('$r$ (meter)'); ylabel('radial $\sigma_r$ stress');

title({sprintf ('$\\sigma_r$ bvpdc vs. analytical. [%d] grid points',N),...
sprintf ('bvp4c based max $\\sigma_r = %3.1f$ at $r= 73.3f$',max_radial_stress,x_bvp

legend('bvp4c', 'analytical','location', 'northeast');

grid;

set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

4c(IB);
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%0btain FDM solution. Use the same grid spacing as bvp4c (ie. same x spacing)
yo = 0;

yL = @f

y_FDM finite_difference_solution(x_bvp4c,y0,yL,ri,density,omega,nu);
[max_radial_stress,I] = max(y_FDM);

%plot finite difference vs. analytical
figure(Q);
plot(x_anaytic,y_analytical);

hold on;
plot(x_bvp4c,y_FDM, 'r.',x_bvpdc,y_FDM);
legend('analytical','finite difference','location', 'northeast');
xlabel('$r$ (meter)'); ylabel('radial $\sigma_r$ stress');
title({sprintf ('$\\sigma_r$ FDM vs. analytical. [}d] grid points',N),...
sprintf ('FDM based max $\\sigma_r = %3.1f$ at $r= %3.3f$',max_radial_stress,x_bvp4dq
grid;
set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

%plot finite difference vs. bvp4c
figure();
plot(x_bvp4c,y_FDM, 'r',x_bvp4c,y_FDM);

hold on;

plot(x_bvp4dc,y_bvpdc, 'k',x_bvpdc,y_bvp4ic);

legend('finite difference', 'bvp4c', 'location', 'northeast');
xlabel('$r$ (meter)'); ylabel('radial $\sigma_r$ stress');
title(sprintf('$\\sigma_r$ FDM vs. bvpdc. [%d] grid points',N));
grid;

set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

%This internal function used by bvp4c, the RHS. Same as ODE45 RHS function

function f = rhs(t,x)
x1 = x(2);

x2 = -(3+nu)*density*omega”2 - 3/t * x(2);
f=1x1
x2] ;
end
S %

%This internal is the boundary conditions function for bvp4c
function res = bc(ya,yb)
res = [ ya(1)
yb(1)];

end

%This function generate numerical solution for hoop stress, using the
%solution found earlier for the stress from finite difference and

%compare the result to the analytical solution of hoop stress.

function make_one_test_hoop(N,x_FDM,sigma_FDM,x_analytic,y_analytic_hoop,...

(INH;
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ri,density,omega)

%0btain FDM based hoop stress, uses stress allready solved using FDM
h=x_FDM(2)-x_FDM(1);
i=(2:length(x_FDM)-1)';

%tried one point difference for finding hoop stress at initial and

%end points, but since 0(h), it gives bad result. So keep the calculation
%for the internal points only. Block commented out

o

%hoop_stress_FDM=zeros(length(x_FDM),1);

Jhoop_stress_FDM(1) = ri * (sigma_FDM(2)-sigma_FDM(1))/h + ...

yA sigma_FDM(1) + density*omega 2*ri~2;

%hoop_stress_FDM(end) = ro * (sigma_FDM(end)-sigma_FDM(end-1))/h + ...

yA sigma_FDM(end)+density*omega™2* (ro) ~2;

%hoop_stress_FDM(2:end-1) = (ri+(i-1)*h) .* (sigma_FDM(i+1)-sigma_ FDM(i-1))/(2*h) + ...
pA sigma_FDM(i)+density*omega™2*(ri+(i-1)*h)."2;

%This below implements eq(6) in the HW report.
hoop_stress_FDM = (ri+(i-1)#*h) .* (sigma_FDM(i+1)-sigma_FDM(i-1))/(2%h) + ...
sigma_FDM(i)+density*omega~2*(ri+(i-1)*h)."2;

[max_hoop_stress,I] = max(hoop_stress_FDM);

%plot finite difference vs. analytical hoop stress

figureQ);

plot(x_analytic,y_analytic_hoop) ;

hold on;

plot(x_FDM(2:end-1) ,hoop_stress_FDM, 'r.',x_FDM(2:end-1) ,hoop_stress_FDM);

1egend('ana1ytica1','finite difference', 'location', 'northeast');

xlabel('r (meter)'); ylabel('hoop stress $\sigma_\theta$');

title({sprintf ('$\\sigma_\\theta$ stress FDM vs. analytical. [/d] grid points',N),...
sprintf ('FDM based max $\\sigma_\\theta = 3.1f$ at $r= %3.3f$',max_hoop_stress,x_FDM(I

grid;
set(gca, 'TickLabelInterpreter', 'Latex','fontsize',8);

end
%This function returns the analytical solution for hoop stress.

%Solved in the HW report
function y = get_analytical_solution_hoop(r,sigma,ri,ro,density,omega,nu)

k = (3+nu)*density*omega~2/8;
y = kx( 2./(r.72) * ri"2%ro”2 -2 * r.”2) + sigma + density*omega~2*r ."2;
end

%This function returns the analytical solution. Solved in the HW report
function y=get_analytical_solution(x,ri,ro,density,omega,nu)

k = (3+nu)*density*omega~2/8;
y = kx( (ri"2+ro”2)- ri"2*ro”2 ./ (x.72) - x.72);

%This function generates the Finite difference solution

NP
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%The HW report contains the derivation used for Ax=b setup

yA

function y = finite_difference_solution(x,y0,yL,ri,density,omega,nu)
%Allocate A matrix and b vector

h = x(2)-x(1); %h spacing is the same between each grid point

N = length(x)-2; Ynumber of internal points.

A = zeros(N,N);

b = zeros(N,1); %allocate RHS, for Ax=b use

%Start filling the A matrix

%fill in the first row by hand
A(1,1) = -2;
A(1,2) (3%h) /(2% (ri+h))+1;

k=0; Jcolumn index, used for the loop below, to fill the rest of A
for i = 2:N-1

k = k+1;

A(i,k:k+2) = [1-(3%h)/(2*(ri+ixh)),-2, (3%h)/ (2% (ri+i*h))+1];
end

%fill in the last row by hand
k = k+1;
A(N,k:k+1) = [1-(3%h)/(2*(rit+N*h)),-2];

%fill in the b matrix. The first rowl by hand
b(1) = -h~2%(3+nu)*density*omega~2-y0*(1-(3*h) /(2% (ri+h)));

%fill the rest of b using loop
for i = 2:N-1

b(i) = -h"2%(3+nu)*density*omega™2;
end

%fill the last row of b
b(N) = -h~2x(3+nu)*density*omega~2-yL*((3xh)/(2* (ri+Nxh))+1);

Jnow we solve the system.

y=A\b;

y=[y0;y;yL]; %pad in the left and right boundary values. Known values.
end
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