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1 Problem 1

Taking 𝑥 as positive as shown, and 𝑦 as positive as shown, then the middle spring is in
compression with change of length Δ = (𝑥 + 𝐿𝜃) and the right most spring is in tension
with change of length Δ = 𝑥, hence

𝑉𝑠𝑝𝑟𝑖𝑛𝑔 =
1
2
𝑘𝑦2 +

1
2
𝑘(𝑥 + 𝐿𝜃)2 +

1
2
𝑘𝑥2

=
1
2
𝑘𝑦2 +

1
2
𝑘�𝑥2 + 𝐿2𝜃2 + 2𝑥𝐿𝜃� +

1
2
𝑘𝑥2

= 𝜃2�
1
2
𝑘𝐿2� + 𝑥2(𝑘) + 𝑦2�

1
2
𝑘� + 𝑥𝜃(𝑘𝐿)

Compare to quadratic form

𝑉𝑠𝑝𝑟𝑖𝑛𝑔 =
1
2
𝐾11𝜃2 +

1
2
𝐾22𝑥2 +

1
2
𝐾33𝑦2 + 𝐾12𝑥𝜃 + 𝐾13𝜃𝑦 + 𝐾23𝑥𝑦

Then

𝐾11 = 𝑘𝐿2

𝐾22 = 𝑘
𝐾33 = 𝑘
𝐾12 = 𝑘𝐿
𝐾13 = 0
𝐾23 = 0
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Hence the 𝐾matrix due to stiffness is
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑘𝐿2 𝑘𝐿 0
𝑘𝐿 𝑘 0
0 0 𝑘

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜃
𝑥
𝑦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Therefore, 𝐾12 had the wrong units. This reason is as follows: result of multiplying the

first row of the 𝐾𝑠𝑝𝑟𝑖𝑛𝑔 matrix with the column

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜃
𝑥
𝑦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
should have units of torque. Therefore

the units should be 𝑓𝑜𝑟𝑐𝑒 × 𝑚𝑒𝑡𝑒𝑟 and hence 𝐾12𝑥 should come out as 𝑁𝑚 units. But as
given in the problem, it has units 𝑁 only, ie. units of force. But now, the units will come
out to be 𝑁𝑚.

Similarly, the second row of the 𝐾 matrix when multiplied by

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜃
𝑥
𝑦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
should have units of

force only (not torque). We can see this this is the case with this correction. So the sign
was correct, but the units did not match before.
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2 Problem 2

2.1 Part a
This is a 2 degrees of freedom system. The first generalized coordinate is taken as 𝛼which
the angle of rotation of the top bar around joint𝐴. The second degree of freedom is taken
as 𝑥which is the sliding distance that mass 𝑚2 moves as it slides over the lower bar
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x

Static equilibrium is at 𝛼 = 0 and 𝑥 = 0.

We start by finding the kinetic energy. Since bar 𝑚1 is fixed at one point to inertial space,
then only its rotational kinetic energy is added to the system kinetic energy

𝑇 =
1
2�

1
12
𝑚1𝐿2�(𝛼′)

2 +
1
2
𝑚2(𝑥′)

2

Nowwefind the potential energy, assuming springs remain straight. Spring 𝑘1 will extend
by amount

Δ1 =
𝐿
2
𝛼

and spring 𝑘2 will extend by amount

Δ2 = 𝐿𝛼 − 𝑥 sin𝜃2

Hence potential energy of the system is

𝑉 =
1
2
𝑘1(Δ1)

2 +
1
2
𝑘2(Δ2)

2 + 𝑚1𝑔
𝐿
2
sin𝛼 + 𝑚2𝑔𝑥 sin𝜃2

Therefore the Lagrangian Φ is
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Φ = 𝑇 − 𝑉

=
1
2�

1
12
𝑚1𝐿2�(𝛼′)

2 +
1
2
𝑚2(𝑥′)

2 − �
1
2
𝑘1(Δ1)

2 +
1
2
𝑘2(Δ2)

2 + 𝑚1𝑔
𝐿
2
sin𝛼 + 𝑚2𝑔𝑥 sin𝜃2�

=
1
2�

1
12
𝑚1𝐿2�(𝛼′)

2 +
1
2
𝑚2(𝑥′)

2 −
⎛
⎜⎜⎜⎜⎝
1
2
𝑘1�

𝐿
2
𝛼�

2

+
1
2
𝑘2(𝐿𝛼 − 𝑥 sin𝜃2)

2 + 𝑚1𝑔
𝐿
2
sin𝛼 + 𝑚2𝑔𝑥 sin𝜃2

⎞
⎟⎟⎟⎟⎠

=
1
24
𝑚1𝐿2(𝛼′)

2 +
1
2
𝑚2(𝑥′)

2 − 𝑘1
𝐿2

8
𝛼2 −

1
2
𝑘2�𝐿2𝛼2 + 𝑥2 sin2 𝜃2 − 2𝐿𝛼𝑥 sin𝜃2� − 𝑚1𝑔

𝐿
2
sin𝛼 − 𝑚2𝑔𝑥 sin𝜃2

EOM for 𝑥 is
𝑑
𝑑𝑡�

𝜕Φ
𝜕𝑥′ �

−
𝜕Φ
𝜕𝑥

= 𝑄𝑥

where 𝑄𝑥 is the generalized for for the 𝑥 coordinate. To find 𝑄𝑥 we make virtual dis-
placement 𝛿𝑥 while fixing all other coordinates and obtain virtual work done by non-
conservative forces. Only non-conservative force acting on 𝑚2 is the friction force 𝑓 = 𝑐2𝑣
where 𝑣 is the speed of the mass 𝑚2. The speed of the mass 𝑚2 is the vertical direction is
𝑣 = 𝑥′ sin𝜃2, hence the non-conservative force acting on 𝑚2 is 𝑐2(�̇� sin𝜃2) and is acting in
negative direction. Hence taking projection of this force along 𝑥 gives

𝛿𝑊 = −𝑐2(𝑥′ sin𝜃2) sin𝜃2𝛿𝑥

Therefore
𝑄𝑥 = −𝑐2𝑥′ sin2 𝜃2

Hence
𝑑
𝑑𝑡�

𝜕Φ
𝜕𝑥′ �

−
𝜕Φ
𝜕𝑥

= −𝑐2𝑥′ sin2 𝜃2

𝑑
𝑑𝑡
(𝑚2𝑥′) − �−𝑘2𝑥 sin2 𝜃2 + 2𝑘2𝐿𝛼 sin𝜃2 − 𝑚2𝑔 sin𝜃2� = −𝑐2𝑥′ sin2 𝜃2

𝑚2𝑥′′ + 𝑐2𝑥′ sin2 𝜃2 + 𝑘2𝑥 sin2 𝜃2 − 2𝑘2𝐿𝛼 sin𝜃2 = −𝑚2𝑔 sin𝜃2

EOM for 𝛼 is
𝑑
𝑑𝑡�

𝜕Φ
𝜕𝛼′ �

−
𝜕Φ
𝜕𝛼

= 𝑄𝛼

where 𝑄𝛼 is the generalized for for the 𝛼 coordinate. To find 𝑄𝛼 we make virtual dis-
placement 𝛿𝛼 while fixing all other coordinates and obtain virtual work done by non-
conservative forces. We see that the work is

𝛿𝑊 = −𝑐(𝐿𝛼′)
𝐿
2
𝛿𝛼 + (𝐹 sin𝜃1)𝐿𝛿𝛼

= �𝐹𝐿 sin𝜃1 −
𝑐𝐿2

2
𝛼′�𝛿𝛼
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Hence
𝑄𝛼 = 𝐹𝐿 sin𝜃1 −

𝑐𝐿2

2
𝛼′

Therefore

𝑑
𝑑𝑡�

𝜕Φ
𝜕𝛼′ �

−
𝜕Φ
𝜕𝛼

= 𝐹𝐿 sin𝜃1 −
𝑐𝐿2

2
𝛼′

𝑑
𝑑𝑡�

1
12
𝑚1𝐿2𝛼′� − �−𝑘1

𝐿2

4
𝛼 − 𝑘2𝐿2𝛼 + 2𝐿𝑥 sin𝜃2 − 𝑚1𝑔

𝐿
2
cos𝛼� = 𝐹𝐿 sin𝜃1 −

𝑐𝐿2

2
𝛼′

1
12
𝑚1𝐿2𝛼′′ + 𝑘1

𝐿2

4
𝛼 + 𝑘2𝐿2𝛼 − 2𝑘2𝐿𝑥 sin𝜃2 + 𝑚1𝑔

𝐿
2
cos𝛼 = 𝐹𝐿 sin𝜃1 −

𝑐𝐿2

2
𝛼′

1
12
𝑚1𝐿2𝛼′′ +

𝑐𝐿2

2
𝛼′ + �𝑘1

𝐿2

4
+ 𝑘2𝐿2�𝛼 − 2𝑘2𝐿𝑥 sin𝜃2 = 𝐹𝐿 sin𝜃1 − 𝑚1𝑔

𝐿
2
cos𝛼

Hence the 2 EOM are

𝑚2𝑥′′ + 𝑐2𝑥′ sin2 𝜃2 + 𝑘2𝑥 sin2 𝜃2 − 2𝑘2𝐿𝛼 sin𝜃2 = −𝑚2𝑔 sin𝜃2
1
12
𝑚1𝐿2𝛼′′ +

𝑐𝐿2

2
𝛼′ + �𝑘1

𝐿2

4
+ 𝑘2𝐿2�𝛼 − 2𝑘2𝐿𝑥 sin𝜃2 = 𝐹𝐿 sin𝜃1 − 𝑚1𝑔

𝐿
2
cos𝛼

Linearize around static equilibrium, 𝛼 = 0, 𝑥 = 0 then we obtain

𝑚2𝑥′′ + 𝑐2𝑥′ sin2 𝜃2 + 𝑘2𝑥 sin2 𝜃2 − 2𝑘2𝐿𝛼 sin𝜃2 = −𝑚2𝑔 sin𝜃2
1
12
𝑚1𝐿2𝛼′′ +

𝑐𝐿2

2
𝛼′ + �𝑘1

𝐿2

4
+ 𝑘2𝐿2�𝛼 − 2𝑘2𝐿𝑥 sin𝜃2 = 𝐹𝐿 sin𝜃1 − 𝑚1𝑔

𝐿
2

In Matrix form
⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1
12𝑚1𝐿2 0

0 𝑚2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝
𝛼′′

𝑥′′

⎞
⎟⎟⎟⎟⎟⎠+

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑐𝐿2

2 0

0 𝑐2 sin2 𝜃2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝
𝛼′

𝑥′

⎞
⎟⎟⎟⎟⎟⎠+

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑘1
𝐿2

4 + 𝑘2𝐿
2 −2𝑘2𝐿 sin𝜃2

−2𝑘2𝐿 sin𝜃2 𝑘2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝
𝛼
𝑥

⎞
⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝
𝐹𝐿 sin𝜃1 − 𝑚1𝑔

𝐿
2

−𝑚2𝑔 sin𝜃2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

I think the weight contributions should be zero. So I need to look more into this, but I
think the OEM should be as follows
⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1
12𝑚1𝐿2 0

0 𝑚2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝
𝛼′′

𝑥′′

⎞
⎟⎟⎟⎟⎟⎠ +

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑐𝐿2

2 0

0 𝑐2 sin2 𝜃2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝
𝛼′

𝑥′

⎞
⎟⎟⎟⎟⎟⎠ +

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑘1
𝐿2

4 + 𝑘2𝐿
2 −2𝑘2𝐿 sin𝜃2

−2𝑘2𝐿 sin𝜃2 𝑘2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝
𝛼
𝑥

⎞
⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝
𝐹𝐿 sin𝜃1

0

⎞
⎟⎟⎟⎟⎟⎠
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3 Part b

Checking the Damping matrix units. First row of 𝐶

⎛
⎜⎜⎜⎜⎜⎝
𝛼′

𝑥′

⎞
⎟⎟⎟⎟⎟⎠ should give units of torque.

looking at 𝑐𝐿2

2 𝛼
′ . viscous damping coefficient 𝑐 has units of 𝑁𝑇

𝐿 , hence the units of the

expression 𝑐𝐿2

2 𝛼
′ are𝑁𝑇

𝐿
(𝐿)2 1𝑇 = 𝑁𝐿, in other words, a torque. (in here, 𝐿 stands for length

units, 𝑇 stands for time units and 𝑁 stands for force units). Now to verify the second row
of 𝐶. We see it is 𝑐2 sin2 𝜃2𝑥′ which has units of force (given in the problem). Since the
second must have units of force, this is verified.

Now checking the stiffness matrix units. First row of 𝐾

⎛
⎜⎜⎜⎜⎜⎝
𝛼
𝑥

⎞
⎟⎟⎟⎟⎟⎠ should have units of torque.

But �𝑘1
𝐿2

4 + 𝑘2𝐿
2�𝛼 has units of torque since 𝑘 has units of force per unit length. and

2𝑘2𝐿 sin𝜃2𝑥 has units of torque also (note 𝛼 has no units as it is an angle).

For the second row of 𝐾, it should have units of force, which it does, since 𝑘2𝑥 has units
of force and −2𝑘2𝐿 sin𝜃2𝛼 has units of force. Hence verified.

Check signs on the 𝑥 EOM:

𝑚2𝑥′′ + 𝑐2𝑥′ sin2 𝜃2 + 𝑘2𝑥 sin2 𝜃2 − 2𝑘2𝐿𝛼 sin𝜃2 = 0
𝑚2𝑥′′ + 𝑐2𝑥′ sin2 𝜃2 + 𝑘2𝑥 sin2 𝜃2 = 2𝑘2𝐿𝛼 sin𝜃2

𝑥′′ > 0, 𝑥′ > 0, 𝑥 > 0 then 𝛼 > 0,checks OK, since when 𝑥 > 0 then the top bar will be
rotating in the positive direction and 𝛼 > 0, i.e. the top bar will be above the horizontal.

Check signs on the 𝛼 EOM:

1
12
𝑚1𝐿2𝛼′′ +

𝑐𝐿2

2
𝛼′ + �𝑘1

𝐿2

4
+ 𝑘2𝐿2�𝛼 − 2𝑘2𝐿𝑥 sin𝜃2 = 𝐹𝐿 sin𝜃1

1
12
𝑚1𝐿2𝛼′′ +

𝑐𝐿2

2
𝛼′ + �𝑘1

𝐿2

4
+ 𝑘2𝐿2�𝛼 = 𝐹𝐿 sin𝜃1 + 2𝑘2𝐿𝑥 sin𝜃2

𝛼′′ > 0, 𝛼′ > 0, 𝛼 > 0 then 𝑥 > 0,checks OK, since when 𝛼 > 0 then the top bar will be
rotating in the positive direction and 𝑥 > 0, means the lower mass𝑚2 is moving upwards.
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4 Problem 3

We solve this in modal coordinates so to de-couple the EOM’s. First find the 2 natural
frequencies

�𝑘

⎛
⎜⎜⎜⎜⎜⎝
1 −1
−1 1

⎞
⎟⎟⎟⎟⎟⎠ − 𝜔

2𝑚

⎛
⎜⎜⎜⎜⎜⎝
1 0
0 2

⎞
⎟⎟⎟⎟⎟⎠� = 0

�

⎛
⎜⎜⎜⎜⎜⎝
1 −1
−1 1

⎞
⎟⎟⎟⎟⎟⎠ − 𝜔

2𝑚
𝑘

⎛
⎜⎜⎜⎜⎜⎝
1 0
0 2

⎞
⎟⎟⎟⎟⎟⎠� = 0

Let 𝜔2 𝑚
𝑘 = 𝜂

2 then

�

⎛
⎜⎜⎜⎜⎜⎝
1 −1
−1 1

⎞
⎟⎟⎟⎟⎟⎠ − 𝜂

2

⎛
⎜⎜⎜⎜⎜⎝
1 0
0 2

⎞
⎟⎟⎟⎟⎟⎠� = 0

�
�

⎛
⎜⎜⎜⎜⎜⎜⎝
1 − 𝜂2 −1

−1 1 − 2𝜂

⎞
⎟⎟⎟⎟⎟⎟⎠
�
�
= 0

�1 − 𝜂2��1 − 2𝜂2� − 1 = 0
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Hence taking positive roots 𝜂 = 1.2247, 𝜂 = 0 . When 𝜂 = 0

⎛
⎜⎜⎜⎜⎜⎜⎝
1 − 𝜂2 −1

−1 1 − 2𝜂2

⎞
⎟⎟⎟⎟⎟⎟⎠

⎧⎪⎪⎨
⎪⎪⎩
𝜑11

𝜑12

⎫⎪⎪⎬
⎪⎪⎭
=

⎧⎪⎪⎨
⎪⎪⎩
0
0

⎫⎪⎪⎬
⎪⎪⎭

⎛
⎜⎜⎜⎜⎜⎝
1 −1
−1 1

⎞
⎟⎟⎟⎟⎟⎠

⎧⎪⎪⎨
⎪⎪⎩
1
𝜑12

⎫⎪⎪⎬
⎪⎪⎭
=

⎧⎪⎪⎨
⎪⎪⎩
0
0

⎫⎪⎪⎬
⎪⎪⎭

Hence 1 − 𝜑12 = 0 or 𝜑12 = 1, therefore 𝜑1 =

⎧⎪⎪⎨
⎪⎪⎩
1
1

⎫⎪⎪⎬
⎪⎪⎭

When 𝜂 = 1.2247
⎛
⎜⎜⎜⎜⎜⎜⎝
1 − 𝜂2 −1

−1 1 − 2𝜂2

⎞
⎟⎟⎟⎟⎟⎟⎠

⎧⎪⎪⎨
⎪⎪⎩
𝜑12

𝜑22

⎫⎪⎪⎬
⎪⎪⎭
=

⎧⎪⎪⎨
⎪⎪⎩
0
0

⎫⎪⎪⎬
⎪⎪⎭

⎛
⎜⎜⎜⎜⎜⎝
−0.5 −1
−1 −2

⎞
⎟⎟⎟⎟⎟⎠

⎧⎪⎪⎨
⎪⎪⎩
1
𝜑22

⎫⎪⎪⎬
⎪⎪⎭
=

⎧⎪⎪⎨
⎪⎪⎩
0
0

⎫⎪⎪⎬
⎪⎪⎭

Hence −0.5 − 𝜑22 = 0 or 𝜑22 = −0.5, therefore 𝜑2 =

⎧⎪⎪⎨
⎪⎪⎩
1

−0.5

⎫⎪⎪⎬
⎪⎪⎭
. Now do mass normalization

𝜇1 = �𝜑�
𝑇

1
[𝑀]�𝜑�

1

=

⎧⎪⎪⎨
⎪⎪⎩
1
1

⎫⎪⎪⎬
⎪⎪⎭

𝑇⎛
⎜⎜⎜⎜⎜⎝
1 0
0 2

⎞
⎟⎟⎟⎟⎟⎠

⎧⎪⎪⎨
⎪⎪⎩
1
1

⎫⎪⎪⎬
⎪⎪⎭

= 3

and

𝜇2 = �𝜑�
𝑇

2
[𝑀]�𝜑�

2

=

⎧⎪⎪⎨
⎪⎪⎩
1

−0.5

⎫⎪⎪⎬
⎪⎪⎭

𝑇⎛
⎜⎜⎜⎜⎜⎝
1 0
0 2

⎞
⎟⎟⎟⎟⎟⎠

⎧⎪⎪⎨
⎪⎪⎩
1

−0.5

⎫⎪⎪⎬
⎪⎪⎭

= 1.5
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Hence

{Φ}1 =
�𝜑�

1

√𝜇1
=

⎧⎪⎪⎨
⎪⎪⎩
1
1

⎫⎪⎪⎬
⎪⎪⎭

√3
=

⎧⎪⎪⎨
⎪⎪⎩
0.57735
0.57735

⎫⎪⎪⎬
⎪⎪⎭

{Φ}2 =
�𝜑�

2

√𝜇2
=

⎧⎪⎪⎨
⎪⎪⎩
1

−0.5

⎫⎪⎪⎬
⎪⎪⎭

√1.5
=

⎧⎪⎪⎨
⎪⎪⎩
0.81650
−0.40825

⎫⎪⎪⎬
⎪⎪⎭

Hence

[Φ] =

⎛
⎜⎜⎜⎜⎜⎝
0.57735 0.81650
0.57735 −0.40825

⎞
⎟⎟⎟⎟⎟⎠

Then the modal EOM are
[Φ]𝑇[𝑀][Φ] + [Φ]𝑇[𝐾][Φ] = [Φ]𝑇{𝐹}

⎛
⎜⎜⎜⎜⎜⎝
1 0
0 1

⎞
⎟⎟⎟⎟⎟⎠

⎧⎪⎪⎨
⎪⎪⎩
�̈�1
�̈�2

⎫⎪⎪⎬
⎪⎪⎭
+

⎛
⎜⎜⎜⎜⎜⎜⎝
𝜂21 0

0 𝜂22

⎞
⎟⎟⎟⎟⎟⎟⎠

⎧⎪⎪⎨
⎪⎪⎩
𝜂1
𝜂2

⎫⎪⎪⎬
⎪⎪⎭
=

⎛
⎜⎜⎜⎜⎜⎝
0.57735 0.57735
0.81650 −0.40825

⎞
⎟⎟⎟⎟⎟⎠

⎧⎪⎪⎨
⎪⎪⎩

0
𝐹0𝛿(𝑡)

⎫⎪⎪⎬
⎪⎪⎭

⎛
⎜⎜⎜⎜⎜⎝
1 0
0 1

⎞
⎟⎟⎟⎟⎟⎠

⎧⎪⎪⎨
⎪⎪⎩
�̈�1
�̈�2

⎫⎪⎪⎬
⎪⎪⎭
+

⎛
⎜⎜⎜⎜⎜⎝
0 0
0 1.5

⎞
⎟⎟⎟⎟⎟⎠

⎧⎪⎪⎨
⎪⎪⎩
𝜂1
𝜂2

⎫⎪⎪⎬
⎪⎪⎭
=

⎧⎪⎪⎨
⎪⎪⎩
0.57735𝐹0𝛿(𝑡)

−0.40825𝐹0𝛿(𝑡)

⎫⎪⎪⎬
⎪⎪⎭

For the first mass, EOM is
�̈�1 = 0.57735𝐹0𝛿(𝑡)

�̇�1 = �
𝑡

0
0.57735𝐹0𝛿(𝑡)𝑑𝑡 + 𝐶1

= 0.57735𝐹0�ℎ(𝑡) −
1
2�
+ 𝐶1

𝜂1(𝑡) = �
𝑡

0
�0.57735𝐹0�ℎ(𝑡) −

1
2�
+ 𝐶1�𝑑𝑡 + 𝐶2

= 0.57735𝐹0𝑡�ℎ(𝑡) −
1
2�
+ 𝑡𝐶1 + 𝐶2

Now initial conditions are zero since

⎧⎪⎪⎨
⎪⎪⎩
𝑥1(0)

𝑥2(0)

⎫⎪⎪⎬
⎪⎪⎭
=

⎧⎪⎪⎨
⎪⎪⎩
0
0

⎫⎪⎪⎬
⎪⎪⎭
and also

⎧⎪⎪⎨
⎪⎪⎩
𝑥′1(0)

𝑥′2(0)

⎫⎪⎪⎬
⎪⎪⎭
=

⎧⎪⎪⎨
⎪⎪⎩
0
0

⎫⎪⎪⎬
⎪⎪⎭
then

⎧⎪⎪⎨
⎪⎪⎩
𝜂1(0)

𝜂2(0)

⎫⎪⎪⎬
⎪⎪⎭
=

⎧⎪⎪⎨
⎪⎪⎩
0
0

⎫⎪⎪⎬
⎪⎪⎭
and also

⎧⎪⎪⎨
⎪⎪⎩
�̇�1(0)

�̇�2(0)

⎫⎪⎪⎬
⎪⎪⎭
=

⎧⎪⎪⎨
⎪⎪⎩
0
0

⎫⎪⎪⎬
⎪⎪⎭
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Initial conditions 𝜂1(0) = 0 implies
𝐶2 = 0

while and �̇�1(0) = 0 implies

𝐶1 = −0.57735𝐹0�ℎ(𝑡) −
1
2�

Hence the solution is

𝜂1(𝑡) = 0.57735𝐹0𝑡�ℎ(𝑡) −
1
2�
+ 𝑡𝐶1 + 𝐶2

= 0.57735𝐹0𝑡�ℎ(𝑡) −
1
2�
− 0.57735𝐹0�ℎ(𝑡) −

1
2�

= 0.57735𝐹0�ℎ(𝑡) −
1
2�
(𝑡 − 1)

Now the second EOM is solved.

�̈�2 + 1.5𝜂2 = −0.40825𝐹0𝛿(𝑡)

Which has solution (using appendix B) and using𝑀 = 1 and 𝜔𝐷 = 𝜔𝑛 = √1.5 = 1.2247
since 𝜁 = 0, hence

𝜂2(𝑡) =
−0.40825𝐹0
1.2247

sin(1.2247𝑡)

Now to obtain the solution in normal coordinates
⎧⎪⎪⎨
⎪⎪⎩
𝑥1(𝑡)

𝑥2(𝑡)

⎫⎪⎪⎬
⎪⎪⎭
= [Φ]

⎧⎪⎪⎨
⎪⎪⎩
𝜂1(𝑡)

𝜂2(𝑡)

⎫⎪⎪⎬
⎪⎪⎭

Then

⎧⎪⎪⎨
⎪⎪⎩
𝑥1(𝑡)

𝑥2(𝑡)

⎫⎪⎪⎬
⎪⎪⎭
=

⎛
⎜⎜⎜⎜⎜⎝
0.57735 0.81650
0.57735 −0.40825

⎞
⎟⎟⎟⎟⎟⎠

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0.57735𝐹0�ℎ(𝑡) −
1
2
�(𝑡 − 1)

−0.40825𝐹0
1.2247 sin(1.2247𝑡)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

So

𝑥1(𝑡) = 0.57735�0.57735𝐹0�ℎ(𝑡) −
1
2�
(𝑡 − 1)� − 0.81650�

0.40825𝐹0
1.2247

sin(1.225𝑡)�

𝑥2(𝑡) = 0.57735�0.57735𝐹0�ℎ(𝑡) −
1
2�
(𝑡 − 1)� + 0.40825�

0.40825𝐹0
1.2247

sin(1.225𝑡)�
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For example, if 𝐹0 = 1 then

𝑥1(𝑡) = 0.57735�0.57735�ℎ(𝑡) −
1
2�
(𝑡 − 1)� − 0.81650�

0.40825
1.2247

sin(1.2247𝑡)�

𝑥2(𝑡) = 0.57735�0.57735�ℎ(𝑡) −
1
2�
(𝑡 − 1)� + 0.40825�

0.40825
1.2247

sin(1.2247𝑡)�

Here is a plot of the solution 𝑥1(𝑡) and 𝑥2(𝑡). The 2 masses move to the right after the
impulse, while in sinusoidal motion at the same frequency, but different amplitudes.
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