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1 problem1

A system has mass M = 20kg and w, = 100 rad/sec. It is observed that steady state re-
sponse is g = 20 cos(110t — 1.5) mm, where t is in seconds. Determine harmonic excitation
causing this response for { = 0 and ¢ = 0.4

Let the harmonic excitation be '
F(t) = Re{Fe*!]

where F is its complex amplitude. Also let
q= Re{Qei“)t]
be the steady state response. We are given that g = 20 x 1072 cos(110¢ — 1.5), therefore
g =Re [20 %1073 ei(lOOt—l.S)}

= Re {20 %1073 e—l.SieﬂOOt}

Therefore ‘
Q =20x103 15

But the transfer function for second order system is
F
k

Q= (1 —r2) + 2ilr

(l} A
where r = —, hence we can now solve for F from the above.

n

F= k(1 - ) + 2icr))

But k = Mw? hence

F=Q(Maw?((1- ) +2iCr))

When C =0 we find

2
. . 110
F=20x 10_36’_1'5{20 X 1002(1 - ( ) D

100

=20 x 1073¢715/(—42000.0)
= —42000.0 x 20 x 1073¢15

= —840.0¢ 1
Hence
E(t) = Re{?eiwt}
= Re{-840.0¢7157i10}
= Re{-840.0¢/100-1:5)}
Therefore

F(t) = -840 cos(100t — 1.5)




When C =04 we find

F = O(Mw}((1- ) +2iCr))

2
/ 110 110
=20 X10_3 —1.5i 2 100211 = == (0.
e ( 0 x 100 (( (100) ]+12(0 4)(1—00)]]

= 20 x 107%1%(20 x 1002(-0.21 + 0.881))
= 4000e~1%(-0.21 + 0.88i)

j jtan~! 88
= 4000e—1-51(\/(0.21)2 +(0.88)%¢" (_0,21))

In[4] := ArcTan[-0.21, 0.88]

Out [4]= 1.80505

Hence
F = 4000e715/(0.90471¢11:50505)
— 3618.88_1'5i+1'80505i
— 3618.860'30505i
Therefore
F(t) = Re{Fei!}
— Re {3618'860.30505iei110t}
- Re [361 8 8i(100+0.30505) }
Hence
F(t) = 3618.8 cos(100t + 0.30505)
2 Problem 2

3.11 Measurement of the steady-state response gf
a one-degree-of-freedom system to a harmonic
excitation Fcos(w?) indicates that at a frequency
of 100 Hz, the response is x = 4sin(wr). It also 1s
observed that 105 Hz is a half-power point.

(a) Determine the phase lag of the response rela-
tive to the excitation at 105 Hz.

(b) Determine the amplitude and phase lag of the
response at 110 Hz.

Let
P(t) = Re{f—"ei“’t}

where F is the complex amplitude of the excitation. Hence by comparing this to P(t) =
Fcoswt = Re[Feiwt] we see that F = F.



/_/Q? ; n
Re{de '2¢@t} = g = Re{4ez(“}t_5)} therefore

When w = 2n100 then the response was g = Re{Qei“’t} = 45sin(2rt100t) hence g =

Q= 4e2
But, from the transfer function of second order system we know that
Q_ﬁ 1
k(1-12)+2iCr

Hence

_ % 1 e—itan_l(%) (1)

u 2Cr
2 1-r2
5 szoo
Wn

) 1- (27;1:0)2 )

When w = 105Hz we are told it is half power point, which means the amplitude there is
0.707 of the maximum amplitude which occurs when r = 1. Hence

1
0. 707— =

‘ \/ - 2) + L)’ \/(1—(@)2)2+(2C(2n105))2
o707 - 1 ”

) o)

We now have 2 equations[2land 3|to solve numerically for C and w,, . Solving and keeping
the positive solutions results in

1

~1

C = 0.0309
w,, = 640.8 rad/sec
=101.987 Hz

Hence at w =105 hz the phase is

6“5 =133.305°
[ 2r(105)
( 640.8 )
In[35] := ArcTan[1 - ((2 Pi 105)/640.8)"2, 2 (0.0309) ((2 Pi 105)/640.8)]1%180/Pi
Out [35]= 133.305

20 2(0.0309)Z
tan~! = tan’!
1-r2)



2.1 Part(b)
When w =100 Hz we found from Eq([I| that

(- (2 el

But we found that w,, = 640.8 rad/sec and C = 0.0309, hence

E_ | 2100\ 20,0300 2100
k- _(640.8) +((' )(640.8))

=

4=

= (0.28733
Atw =110Hz
-1 1
k 2\2 2
(1 3 (2n110) ) 4 (zc(zmm))
Wy Wy
1
= (0.28733
1 _ (1o 2\? 2(0.0309)( 210 2
~ 6408 +(2(0. ) 640.8
=| 1.6288
The phase is
21110
2(0.0309)( )
2 )
tan—l(l CZZ):tan_l 21| =| 157.798°

2

27110
1_(640.8)
In[37]:= ArcTan[1 - ((2 Pi 110)/640.8)"2, 2 (0.0309) ((2 Pi 110)/640.8)]1%180/Pi
Out [37]= 157.798

3 Problem 3

Problem 3: (3e2)
The equations of motion for the 2DOF system studied in class are given
below. If the applied force is f{r)=Fcos(r). then the response of both

coordinates x; and x; will also be harmonic. Use this fact to derive the transfer function between
the force F and the response X;.

m 0]|[x)] [2k —k](x)] [ O
_|_ =
0 m|(x,] [k k]||lx) |f@®)
The two equations are
mxy + 2kx; —kxp =0
mxy —kx1 +kxy = f(t)
Since the responses are harmonic and the input is harmonic, then we can write

x1(t) = Re{f(lei“’t}
x1(t) = Re{f(zei“’t}



Therefore the two equations can be written in terms of the complex amplitudes as

—ma)zf(l + 2kX1 - sz =0 (4:)
—mCL)2XZ - kf(l + kj(z =F (5)
From Eq
. (—ma)2 + Zk) .
A=k

Substitute the above into Eq 5| gives

2(—mw2 +2k) A . (—ma)2 +2k) A
2 4 9
( me kma) 2k) +k-mw?|X; =F
Xl :kP 1

(—mza)4 - mw?2k + k% - kma)z)

Dividing the numerator and denominator of the RHS by k?, and using k* = wjm? and

. [
using r = —

Wn
% = F 1
1= %(—mzw‘1 B mw?2 11— mwz)
wEm? whm wim
. F 1
! k(—r4—2r2+1—r2)

Hence the transfer function is

4 Problem 4

ubjected g

,O() = 100N if g —
i 3w/wna[, Q) = 200 N jf ¢ = 377?5 i (”)I’h<
nat - 11¢

System mass js § g
> g and 4)) =
Mmine and graph the response, >0 rads. Detr ,

Summary of method of solution: There are 2 ways to solve these problem. We will
solve it using both methods. The first method is using known standard solution for step

input, the solution y(t) is found for the period of 0 < t < z—n using zero initial conditions.

n

Next, the solution y(t) and y’'(t) is evaluated again at t = 2% These values are now used

Wy

as the initial conditions for the solution for ¢ > 3—n. The solution for t > 3 will have the

Wy

Wy
same form, but the step input now is 200N instead of 100N.

The second method as follows: Let F(#) = 100h(t) +100h(t _ z—”) or E(t) = 100h(#) +1001(f)
where f = t— i—n, then assuming the transient solution to h(t) is s(t) then the solution to

F(t) is 100s(t) + 1005(?). The second method is simplet than the first method.



Solution using first method:

The system is
my”(£) + ky(t) = F(t)

When F(t) is a fixed input, such as a step input of magnitude F then the response is given

by

/

) = (yo - =) coswt + L2 sina,t + -
y(t) = |yo p CoS W, +a)n sin w,, +k

Where in the above, vy and y; are the initial position and initial velocity. For 0 < t <1.5T),
the solution is

F F
y(t) = = cos w,t + T

F
= %(1 — cos wy,t)

Let F = Q; = 100N, and since k = ma),% then the above becomes

37
—coswyt) O0<t<—
n

y(b) =

S—H) From the above

n

Now we need first to evaluate y(t = %n) and y’(t =

31
y(t) = & sinw,t 0<t<—
mw,, Wy,
Hence
3m) _ A 3y~ O Ql 2Q1
ylt = (1 —cosw,— 2 - cos3m) =
w,]  mw? w,] mw w?
and 3 3
y’(t = _71) = 2 sin(a)n—n) = 2 sin(37) =
Wy, maw,, " mw,
Now letf =t - iTnHence the solution for > 0 is
~ ~ Qz ~ y'(f:()) . T QZ
y(t) = (y(t = O) - na? cos w,t + a)—n sinw,t + T
(201 Q2
=|\=—35 3| cos w,F+ ==
mow; Mg k
Therefore, we have obtain the complete solution, which is
time solution
3w | Qg _ 100 . _ B
0<t< ol (1 -cosw,t) = 5607 (1 — cos 50t) = 0.008(1 — cos 50t)
v_, on 201 @ Q (100) 200 7, 200 _
t=t o (mwn )cos w,f+ == p (5(50)2 5(50)2) w,t + ? 0.016

This is a plot of the solution. Then a numerical ODE solver is used to verify the result



- ylt ] := Piecewise[{{ﬂ.ﬂ{)ﬂ (1-Cos[50t]), 0= t< %} {0.016, True}}l;

Plot[y[t], {t, 0, 0.8}, Exclusions + None,
PlotRange »+ {Automatic, {-0.001, 0.02}}, AxesOrigin—» {0, 0},

Frame + True, GridLines &+ Automatic, GridLinesStyle —+ LightGray,

FrameLabel -+ {{"y(t)", None}, {"time (sec)", "Analytical soclutiocn"}}.

RotateLabel -+ False]

Analytical solution
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Now a numerical ODE solver was used to verify. Here is the result

: force[t ?NumericQ] :=

3. =
Piecewise[{{lﬂﬂ, 0< < } {200, True}, {0, t< {I}H;
force[t]
ode = y''[t] + 50*2y[t] = T;

so0l = NDSelve[{ode, ¥y[0] =0, v'[0] =0}, v, {t, 0, 0.8B}]:

: Plot[Evaluate[y[t] /. sol], {t, 0, 0.8}, Exclu=sions + None,
PlotRange - {Automatiec, {-0.001, 0.02}}, Axe=Origin—» {0, 0},
Frame -+ True, GridLines - Automatic, GridLinesStyle &+ LightGray,

FrameLabel —+
{{"y(t)", None}, {"time (sec)", "Numerical ODE sclver solution"}},

RotateLabel & False]

Numerical ODE solver solution
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We can see the solutions match very well.

Solution using second method:

Let F(t) = 100h(t) + 100h(t - Z—n) then assuming the transient solution to h(t) is s(t) then



the solution to F(t) is 100s(t) + 100s(t - z—n)h(t - S)—n) From appendix B, the solution to
h(t) is given by
1
s(t) = " (1 - cosw,t)

hence the solution to F(t) = 100k(t) + 100h(t - i—n) is

=100+ tou - 2o 2

n a)n
100 100 3 3
= 5(1 —coswy,t) + 2(1 —cosa)n(t— —n))h(t— _7'()
mw? mw? w, w,,

To verify, this is a plot of the above solution. We see it is the same as the first analytical
solution, and it is the same solution as the one using numerical ODE solver as well.

100 "
t = —Cos[wn € +
vit ] rme—: ( [ 1)
100 I 3
(I—Cos[wn (t— —)]) UnitStep[t— —]
mwn™2 50 50

Flot[Evaluate[y[t] /. {m+ 5, wn» 50}], {t, 0, 0.8},
PlotRange -+ {Automatic, {-0.001, 0.02}}, Exclusions &+ None,
AxesOrigin + {0, 0}, Frame &+ True, GridLines + Automatic,
GridLinesStyle + LightGray,
FrameLabel -+ {{"y(t)", None}, {"time (sec)", "Analytical solution"}},
RotateLabel —+ False]

Amnalytical solution
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The input can be written as Foh(t) — Foh(t — T) + Foe P*"Dh(t — T) or, by lettingF = t - T,
the input becomes
Foh(t) - Foh(F) + Foe Ph(F)



10

If the response to h(t) is s(t) and the response to e Pl is sl(f) then the response to the
above becomes
Fos(t) - Fos(?)h(?) + Fosl(?)h(?)

From appendix B, we see that

1
t) = 1- t
s(t) ma),%( cos wyt)

and
1

() = W(fﬁf _ (cos(wnz) ¢ Lin a),ﬁ))h(?)

n
Therefore the the final response is
y(t) = Foh(t) - Foh() + Foe Ph(F)

1 1
=F, o — cos w, Hh(t) - FO

o7 (1 - cos wn?)h(f)+

1 . -8 :
Fow(e pt (COS(C()n ) + a)—n sin a)nt))h(t)

= FO mi)z (1 — COSwyt) — - COS(a)n(t — T)))h(t _ T)+
POW(E_W_T) - (COS(CUn(t -T)+ ;—’[j sinw,,(t - T)))h(t -T)

To plot this, we need to choose values for parameters. Let Fy = 100, w,, = 50rad/sec, m =

5kg,p =1,T =1, then a plot of the above is below, followed by solution from numerical
ODE solver.

Plot of the analytical solution

£0
ylt ] := 5 {1 -Cos[wn t]) -
m wn

f0
m (wn® B?)

UnitStep[t - T]

5 (lL-Cos[wn (t-T)]) UnitStep[t - T] +

]
(Exp[—ﬂ (t-T)] — |[Cos[wn (£ —-T)] —Esin[wn (C—T}]))

parms = {T—+1, B—+1, wn—>50, m—»+5, £0 » 100} ;

Plot[Evaluate[y[t] /. parm=], {t, 0, 3}, Exclusions + None,
PlotRange &+ All, AxesOrigin —»+ {0, 0}, Frame &+ True, GridLines %+ Automatic,
GridLinesStyle -+ LightGray,
FrameLabel &+ {{"y(t)", None}, {"time (sec)", "analytical solution"}},
RotateLabel —+ False]

analytical solution
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time {sec)
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To verify, this is the result from numerical ODE solver

Clear[t, ¥]
T=1; B=1; wn=580; m=5; £0 = 100;
forece[t ?NumerieQ] :=

Piecewise[{{f0, 0 = t < T}, {fOExp[-£ (£-T)] UnitStep[t - T], True}}]:

5 foroce[t]

ode = y''[t] +wn’ y[t] = ————;
so0l = NDSolve[{ode, ¥y[0] =0, vy [0] =0}, ¥, {t, 0, 3}]:
Plot[Evaluate[y[t] /. sol], {t, 0, 3}, Exclusions - None,
PlotRange + All, AxesOrigin -+ {0, 0}, Frame - True, GridLines - Automatico,
GridlLinesStyle + LightGray,
FrameLabel -

i y(e}",;
RotateLabel -+ False]

None}, {"time (sec)", "Numerical ODE solwver scluticn"}},

Numencal ODE solver solution

lM (\ HWI (TR
W:JU U' Ulu}uw\/w H-' | ! Il
o —_ 11

We can see that the solutions agree.
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