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1 problem1

3.41 in text: A periodic disturbance consists of a sequence of exponentially pulse re-
—-At

peated at intervals T, such that Q(f) = Fe T for 0 < t < T, and Q(t £ T) = Q(t). The
parameter A is nondimensional. Determine the complex Fourier series representing the
force. Evaluate the first 5 coefficients when A = 0.1,1,10. What does this reveal regarding
the influence of A on the frequency spectrum?

Let Q(t) be the Fourier series approximation to Q(t) given by

~ 1 & 2T
Q=7 ) Fue" T’ (1)
n=-oo
Where
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For A =01
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H)=F|——— ' T+ ————7'T' + + R
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47
= F{(6.026 x 1075 + 7.572 x 10‘3i)e_17t

27
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n (2.41 %1074 +1.514 x 10‘2i)e_i
+0.952

.21

+ (2.4099 x 1074 - 1.5142 x 10—2i)e’T*

4m
+ (6.026 x 1075 = 7.572 x 10‘3i)eth}



1-et any 1-¢! 2r, 1-¢! 1-¢! j2n, 1-¢! 4n
—e T + —— +———eT +—
1-i4n 1-12m 1 1+i2n 1+idn

A7 .21 .21
= F{(0.00398 + 0.051')6_th + (0.016 + 0.098i)e_17t + 0.632 + (0.016 + 0.098i)eth + (0.00398 + 0.051):

For A =10

Q(t) =F + - +
) (10—i4ne 10 - 27 10 10+i2n 10+ idn

T—e™ amy 11— omy 1-¢10 110 21y 10 i4—”t)
T T

An
= F{(3.877 1072 + 4.872 x 102i)e ' T'
27
+(7.169 x 1072 + 4.505 X 10 2i)e ' T
+0.1
.2_7'[t
+ (7169 x 1072 - 4.505 x 10%)e' T
Y
+(3.877 x 1072 - 4.872 X 1072i)¢' T}
We notice that as A became larger, the DC term became smaller. Since the DC term
represents average value of the whole signal, then we can say that as A gets larger, then

the average becomes smaller. This means the energy of the signal becomes smaller as A
becomes larger.

1.1 Verification using Matlab ffteasy.m
From above, we found for A =1
2F
(1)

F = —
T im2n-A
2F

and the first 5 found to be

-2 | 0.00398 + 0.05:
-1 | 0.016 + 0.098i
0 |0.632

1 | 0.016 - 0.098i
2 | 0.00398 - 0.05:

To verify the result with ffteasy.musing A =1, Using F =1, and using T = 1. This below
shows the result for Fy, F1, F, and we see that the DC term F, agrees, and that complex
component of Fy, F, also agrees. The real parts are little larger than what I obtained using
the above. This might be a scaling issue, and I was not able to determine the reason for
it at this time.

EDU>> T=1; del=0.01; t=0:del:T; lambda=1; xt=exp(-lambda*t/T);
EDU>> (1/length(t))*fft_easy(xt,t)

ans =

0.6326 + 0.00001
0.0190 - 0.09861
0.0072 - 0.05021



2 problem 2

3.50 The sketch depicts a one-degree-of-freedom
model of an automobile traveling to the right at
constant speed v when the road is not smooth. The
mass is 1200 kg, the natural frequency of the sys-
tem is 5 Hz, and the critical damping ratio is 0.4.
The elevation of a certain road is a sequence of
periodic 50 mm high bumps spaced at a distance
of 4 m, specifically, z = (x — 5x2) if 0 < x < 0.2
m,z=0if02 <x <4m,z(x + 4) =z(x).

(a) What speeds v would cause the vertical dis-

placement y to be resonant if the dashpot were not
present?

(b) Determine the steady-state displacement y
when v = 5 m/s.

We are given that m =1200 kg, f =5 Hz, { = 0.4 and

x-5x2 0<x<02
z(x) =
0 02<x<4

A plot of z(x) for first 20 meters is

z[x_ ] := Piecewise[{{x - 5 x72, 0 <= x < 0.2}, {0, 0.2 <= x <= 4}}]
z[x 1 /; x> 4 := z[Mod[x, 4]];
Table[{x, z[x]}, {x, 0, 21, .1}];



ListLinePlot[%, PlotRange -> {All, {0, .07}}, Frame -> True,
FrameLabel -> {{"z(x) hight or road (mm)", None}, {"meter",
"bumps on road"l}}]
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We need to be able to express z(t) as Re{Zeth} where T is the period of the function z(t).

Hence we need to represent z(x) as Fourier series approximation then replace x = vt and
use the result.

The period T = 4 meter. Let Z(x) be the Fourier series approximation to z(x), hence

~ 1 J inz—nx
Z(x) = EFO + Re ZFne T

n=1
Where
5 T , ) 2/10 , 2/10 . 2/10
F, = ?!Z(X)E_ZHTde ot !(x —~ 5x2)e_m§xdx =5 E)fxe‘”fli"dx -5 J‘xze_mixdx

. T
—msXx

Using integration by parts f udv = uv - f vdu, letting u = x and dv = e 2" then



—hence
nl
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Now we do the second integral f x2e "2V dx.
0

Integration by parts, f udv = uv — f vdu, letting u = x? and dv = e "2*
hence

. T
L TIingX

ie 2
then v =

I
3
2/10 2 2/10
1 . —inZyx]10 1 . —inZ
) _inzx 216 zn2x ie mzx
x%e 2 dx = |xf———

= —f2x

” —nn dx
0 2 0 2
. —in® . 2/10
8 ie "0 4 —inlx
= — —— | xe "27dx
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0
2/10

But f xe 2% dx was solved before and its results is Eq 2.1, hence

0
2/10 D
] 5 —inTx 4 i 4i o 4 2i 4
xe 2dx= ——7— - — 10 -
J 100 n= nm n?n?  bnm) n?m?
8i ;




Putting all the above together, we obtain F, as

2/10 2/10

1 4 5 .
F, = —fxe_mfxdx— —fxze "2 dx
2 2
0 0
U g 4 2 4 | 5[ wz( 8 _16i 8 \ 16
= —|e - ——le -
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Now
) T ) 2/10 .
Fy = —fz(x)dx =5 f(x —5x2)dx 300
0 0
Hence
N 2n
Z(x) = =Fg + Re[ D |F,e" T")
n=1
N .
_ 40i 2 2 401 n
- _ 1R in— insx
600 enz::l(e (n?’n?’ nznz) n?m? n3n3)
1 Ny (404 2 L ) 40i
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600 € nz::f n3d  n2n? ¢ n?m2  ndmd
N
-40 1 i -1 2 i1 -1 2 Ty 40 1 ;.7
= — + R — 2 10/ — 2 10/ — —
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But x = vt, hence
1 N —401 Ly (fmopmmy 2 gy 40 1 g
Z() = — + R — 2 10) — — 2 10/ — - -
(1) 600 e(gln% i 22’ n?m? n373 i

Therefore the forcing frequency is no; = n%v or from 27 f; = %v, hence f; = ZHZ.The
above can be written as

1 X —40 1 e, ) 2 j(rmmy
Z(t) = — + R —e\2 " 10/)]— R 27 10
() 600 ;12::1 e(n37'c3 i ;::1 \ w22
N N
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1 N, -40 nr N2 nm
= + in(noit——|- ), o1t — —
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N2 N 40
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n:ln Tt n:ln n

nm
@ - —2 sm(ncht - —) - nz Z cos(ncalt - ﬁ)
2 & 40 Y
- ? F COS(Tl(Dlt) + §Z$ Sin(ncht)

Where @1 = —



To verify the above, here is a plot for different number of fourier series terms showing
that approximation improves as N increases. This was done for v = 5m/s and for 5
seconds.

z(t) for N=1 z(t) for N=2 z(t) for N=3
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2.1 Part(a)

The equation of motion is

my"’ + c(y' - z’) + k(y - z) =0
my” +cy’ +ky =cz’ +kz (2.1)

From earlier, we found that fourier series approximation to z(t) is

-40 1 (mt_ﬂ) 2 i(not-1%) 2 . 40 1 .
z() = — + Re 0/ — ——p 10/ — emwt + _emot
= 600 1121113713 n2m? n2m? n3m3 i
— L + Re i —40 e ’ﬁlem@t _ 2 e—i%einot _ 2 einmt +— 40 1ezn(Dt
600 33 i n2m? n2m? n313 i
1 N 40 _ymm,7m 2 _nmm 2 40 _;=
= — 4+ Re| Neinat| —_—_, Z(10+2)__3110__.|__e 2
600 Z [n3n3 n?m? n’m?  n3md
Let
e (2 2 _m 2 40 ~iZ
n T st n272 n?m?2 - ndrd

Then above can be simplified to

1 o
z(t) = o0t Re(Ze’”‘Dth)

n=1



O
Where @ = 7 hence

Z(t) = Re(Zin(Dei”‘Dth)

n=1

Hence, let

Yss(H) = Re DY,
n=1

Hence Eq 2.1 becomes

;12:1 mn?@?Y,e"t + EzcmDY et 4 ZkY et = ;:lzcncae’”‘DtZ + 61(; 5 ikeimtzn
2.2 ot _ ot

Z}l( Mn=@* + ichd + k)Y e ;:l(zcma +k)Z, "ot — 500

g( —mn?@? + icnd + k)Y einot = oo+ Z(zcmD +k)Z, et
Hence

v, = — 000 g 2)
—-m(no)” + icno + k
Let
D(r, 0 = icn® + k

—m(ncD)2 +icno + k
20Mw N + w?,m

—m(n@)* + 20Mw, nd + w2,m
22 +1
Wyt
0] 2 )
—(n ) +12Cn
Wyat Wyt
1+ 12Cr,
(1-73) +i2cr,

+1

. . 2 . Lo
Where in the above r, = —— where @ is ?n which means it is the fundamental frequency

Wnat

of the forcing function and w,,;; is the natural frequency.

Then Eq [2|becomes
Y, = D(r,, OZ,

And the steady state solution y(t) becomes

k
Yss(t) = 600 + RG(ZD(T’W 0Z, em@t)
Now we can answer the question. When ¢ = 0 then D(r,, ) reduces to S——m K T -
-mnw) +
1 1
—7 = P hence
1_(n “’nat)
Yull) = = + Re(fj z ei”‘Dt)
SS n
600 “1 -1
So the displacement y,(t) will be resonant when r,, =1 or ZZZ =lorv= 2?:7’;”*

Hence
3 2(27t5) 3 20

nrt
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Hence v = 20,10, 5,2.5,1.25, --- meter/sec will each cause resonance. To verify, here is a
plot of y.(t) with no damper for speed near resonance v = 19.99 and comparing this for
speeds away from resonance speed. This plot shows that when speed v is close to any
of the above speeds, then the displacement y,,(t) becomes very large. Once the speed is
away from those values, then y(f) quickly comes down to steady state F/k value.

k=107 +1200;
Grid[
Partition[

Plot[vy[t, k, 10, #], {t, 0, B}, PlotRange + {{0, 5}, {0, 100}},
AxesOrigin— {0, 0}, Frame -+ True, GridLines -+ Automatic,
GridLinesStyle —» LightGray,

FrameLabel —+ {{"y (L)', None},
{"time", Row[{"speed=", #, " m/s"}]}}] & /@
{19.999 . 19.98,:9.999, 9.98, 15, 7.5}, 211

speed=19.809 m/s speed=1998 m/s
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time time
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time time
3 problem 3

3.) (20 points) Find the steady-state response of the system in Problems 3.45 and 3.46
from Ginsberg using FFT techniques. Perform your analysis with T = m/(3®,) as stated in
the problem and also repeat the analysis for T=3n/0,. Which harmonic is dominant in
the response in each case? Why? Create a plot of the steady-state displacement for each
case.
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' A one—degree-of—freedom, underdamped sys-
having mass 7, natural freqx-lency @ray and
il damping ratio { =0.Q4 is subjected to
cntl_ a] triangular pulse excitation, as shown
bcﬁljl; What is the largest harmonic in the

- ?
response when 7 = T3 Wy,

——

/ > |
1 T

EXERCISES 3.45, 3.46

346 Use FFT techniques to determine and graph
the steady-state displacement and acceleration of
the system in Exercise 3.45 for the parameters
stated there.

The function is periodic with period T = 27

Py

O<t<rt
fy=°
0 T<t<27T

and f(t+T) = f(t). Let f (t) be the Fourier series approximation to f(t), hence
7 1 J inz—nx
fit) = 5Fo +Re ;Fne T (3)
Where
2 T 2n
F, == f F(he " T dt
T
0
2 ( P _inZy
=— | —te "7 at
Zbe T ¢

T
P —inZt
=— |te "t dt
’czf
0

Using integration by parts f udv = uv - f vdu, letting u = t and dv = ¢ "7 then v =
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le—mgt T T
—in—t
P
T n-— n-—
0 0
—-in—t —in—t t
P ie e T
=_2 T T - T T
T n— n—\ —imm-
T T T 0
3 Tz le—i}’lﬂ + TZ (e—li’l Et)'f
2 nm n2m 0
—inm 2
S [ L i R
72 nm n2m?

e~ = cos(nm) = (-1)", hence

Li(-1)" 2
b= 5[ )+ (e )

Hence for even n

=p—
nm
and for odd n
E P ) 1 5 72
L | T
o2 nm n2m2
ot
=———+i
nm\nmn
P T
Fo=—
0= [t
0
PR\ P(7?
2\ 2 0_72 2
_ P
)
Now Eq[3|becomes
o1 N iz
f) = —F0+Re(ZFHeZ T )
2 n=1
_ 1F inZZt in22t
= —Fy+Re ZFne T+ EFHe T
2 even n odd n
. 2m
_P, ( Z P m_t E —i(i +i)emTt)
4 e oy Hm\nm
P / 2n 2n
:E+Re(— Z i m t——z (—+1)e Tt)
4 TC et 1 T s\ T
A ] .21
2 +Re(£ ) Lanr L D (% + i)emTt)
4 T ot 11 T g\ 1

To verity, here is a plot of the above, using P =1 and 7 = 0.5 sec for t = 0 --- 2 seconds.
This shows as more terms are added, the approximation becomes very close to the
function. At N = 40 the approximation appears very good.



f(t) using 1 terms

f(t) using 3 terms
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f(t) using 3 terms
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Now we need to write f(t) as sum of exponential to answer the question.

Hence, let y,s =

n=—0oo

o

Remz

n=-—00

n=—0o

n=1

)} Y,e"®, then

[o0]

E (—m(n(p)2 + icno + k)Yneina)t

Nn=-—00
Hence
F 1
v, =t L
(1—(n © ) )+i2Cn ©
Whpat Whnat
_F, 1
k (1 - (nr)z) + 12Cnr
Hence . .
Yss = =Fo + Re(ZYnei"@t)
2 n=1
. . _ T
Finding Y/, for 7 = o
where r = -2 .When( = 0.04and 7 = —
Wnat 3wyat

1 N o
ft) = 5Fo+ Re(EFnem T

|

where @ is the fundamental frequency of the force given by ZTH =—=

(oe] (e}
— (@)Y, et + ¢ ), in@Y,e"t +k Y)Y,

n=—0o

21

Q1A

2T

1 J in22y
= SFo+Re| 2 Fue"T

n=1

1 Noooom
SFo+ Re(ZFnem T x)
n=1

21

, hence now r = = —

QRT)wWpat
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therefore
_F, 1
"k (1-Gn)?) +i6(0.04)n
F,
k

1
(1 - 9n2) +10.24n

The largest Y,, will occur when the denominator of the above is smallest. Plotting the

2
modulus of the denominator \/ (1 - 9n2) + (O.24n)2 for different n values shows that
n =1 is the values which makes it minimum.

This happens since for any n > 1 the denominator will become larger due to n* and
hence Y,, will become smaller. So n = 1 will be used.

1

Showing how - changes with n

H
200 [ pa
_ 150} i
é - i
S 10l i
so b ]
I} -_ 1 1 1 1 1 1]

1] 1 2 3 4 3
n
For n =1, we obtain
K 1

"= k (1-9) +i6(0.04)

But F; = —g(% + i), hence

P2 . E+.
le‘;;“ 1 P \z T

kK (1-9)+i6(0.04) 7k -8 +i0.24
p 2+i  p (% + i)(8 +0.24)
= — Tt = —
k8 —i0.24 ~ 7tk (8 — i0.24)(8 + i0.24)
j2

= —(0.075759 + 0.127271)
1tk

Therefore p
Y1 = (0024115 + 0.04050)

Here is a list of Y, for n = 1---10 with the phase and magnitude of each (this was done
for2 =1)
k



15

r=3, C£=0.04
n |¥p Yn Arg[Yp]
1 |0.0241149 +0.0405122 1 0.04714e2 59_2367
2 [0.000062351 - 0.00454¢43 1 0.00454¢686 -89.2143
3 |0.000265948% +0.00132872 1 0.00135577 78.5348
4 |3.73568x%x10°%-0.0005564611i |0.000556473 |-89.6154
5 |(0.0000346626 + 0.00028435%1 1 |0.000286496 |83.0509
6 |7.3223x10°7-0.000164243 1 0.000164245 |(-89.744¢
7 |9.00427x10°%+0.000103382i |0.000103773 |85.0223
8 |2.31058%x10°"-0.000069197 i |0.0000691974 |-89.8087
9 |3.29231x10°%+0.00004859191 |0.0000487033 |86.1239
10 |9.45233%x10°% - 0.0000354069 i |0.000035407 |-689.847

From the above we see that most of the energy in the response will be contained in
Y; and adding more terms will not have large effect on the response shape. This is

confirmed by the plot that follows.
Plot for the steady state

Since ) .
yss = 5Fo + Re(ZYneimf)
n=1

271 _ 271
T)wpgt (2 3w7:mt )wnat
1

eina)t

k (1 - (nr)z) + 12Cnr

i

pP— 1

nrt

eina)t

nrt

k (1 - (nr)z) + 12Cnr

eimat

Where now r = w(D .When( =004 and 7 = %, hence now r =
nat nat
therefore| r =3
Yss = Z +Re _Z Y, et + _Z Ynei”@t)
n=1,35--- n=2,4,6---
= E + Re i Fn(’dd 21 - ein(Dt + i Pneven
4 n=1,3,5 - k (1 - (7’17’) ) + 12Cnr n=2,4,6-+
_i(i + 1)
p o nn\nn 1 . a
=< +Re pinot Z
4 n=135 k (1 - (nr)z) + 12Cnr N=22 6
p p - nm\nn . -
=+ Re _ ezncat
4 k n:§5... (1 - (nr)z) + i2Cnr n:§6--~ (1 - (nr)z) + i2Cnr

Now let r = 3, C = 0.04. Normalizing the equation for @ = 1 which implies 7 = 7w and

k =1 and p =1, then the above becomes

1(2 .
S EN .
nm\nm

i

nm int

1 .
= — 4+ Re — eint
BT AT - GnP) + 20,093

n=tzt- (1= (3n)°) +i2(0.04)3n

e

Here is a plot of the above for t = 0 --- 20 seconds for different values of n
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Yss (L) in red, as more terms are added. Black color is force

08

0.6

1 o0s
1 05
04f
02—
0.0

Lo
0ef
1 o6t
1 o4l
02}
0.0

We see from the above plot, that y(t) does not change too much as more terms are
added, since when r = 3, then Y, for n = 1 contains most of the energy, hence adding
more terms did not have an effect.

Repeating the calculations for 7 =

Wyat
@ 3n 21 2m 1
r= .When(=004and 7 = , hence now r = = = -, therefore
Wnat Wnat 2T wpat (23—n)wwt 3
Wnat
F 1
Y, =— TN
k (1 — (nr) ) + 12Cnr
_F, 1
Tk 1\ 2
(1 - (gn) ) + 15(0.04)71
_F, 1
- 7 2
k (1 - 3) +10.0267n

The largest Y,, will occur when the denominator of the above is smallest. Similar to
above, we can either find n which minimizes the denominator (by taking derivative
and setting it to zero and solve for 1) or we can make a plot and see how the function
behaves. Making a plot shows this
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1
| ¥ |

Showing how changes with n

|[denominaton

From the above we see that the smallest value of the denominator happens when n = 3.

so using n = 3 we find

Y. = F3 1
Tk (1-Gr?) + 203
_F; 1
Tk 1\? ) 1
(1 - (35) ) + 12(0.04)35
K1
~ k i0.08
ButF, = —i(i + i), hence
nmt\nm
P2
F3=——+1
3n(3n )
Therefore
_ﬂ(i )
3n\ 371 1
Ya =
3 k i0.08
Hence

Y, = %(—1.3263 + 0.28145)

Here is a list of Y, for n =1 ---10 with the phase and magnitude of each (this was done
for£ =1)
k



r=1/3, [=0.04
n |¥, ¥n Arg[Yg]
1 [-0.238501-0.3509441 0.424316 -124.2
2 |0.0272508 +0.283863 1 0.285168 B4 .51¢64
3 [-1.32629 +0.2814461 1.355B2 168.018%
4 |0.0137726 - 0.100425 1 0.101365 -82.1921
5 (0.00186323 + 0.035949%¢6 1 0.0359979 (87,0331
© |(0.000940465-0.0176337 1 0.0176588 |-86.9471
7 10.0004959 - 0.0102524 1 0.0102e46 |87.2085
g8 |0.000227012 - 0.006502%61 (0.006506%2 |-88.0007
9 |0.000179929 +0.004426371 |0.00443002 |87.6722
10 |0.0000829656 - 0.00314553 1 |0.00314703 |-BB8.4853
We see from the above that |Y3| is the largest harmonic.
Plot for the steady state
Since
1 ..
Yss = 5Fo +Re(z_]ynem@f)
n=1
In} 3n 2n
Where now r = —. When(=0.04and 7 = —, hence now r = =
nat nat

therefore from above

PP N 1 ( 2 ) 1
s« = —+—Re -—|—+1
/ 4 k [n:l,ZS,Sm nic\nm (1 - (nr)z) +12Cnr

Now let r = %, C = 0.04, and assuming 7 = 0.5 then ® = 2n

then the above becomes

inot \ 1
e 3 L

n=246--1

_ Tt
2t~ 057

QT)wpat B (2 3n

Wnat

18

1

4

einth

1 1 — 1 (2 1 in T
]/ss__"‘_Re E -—|—+1i 5 55t
4 k _{5%.. nm\nm 1
n=1,9 1- (ng) +i2(0.04)=n
iird Y L ! o35t
k =i T

(1 - (n%)z) +i2(0.04)5n

Here is a plot of the above for t = 0 --- 20 seconds for different values of n

U (1 - (nr)z) + i2Cnr

and assuming k =1,
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Vas L) as more terms are added
number of terms - 1 number of terms ;2 number of terms : 3
wER B A osf || III \ ,ﬂl L3 l '\ A A
Py ) \ | | [ 10 ' f" |
LI T TR e i Irll I 03 Il'ull I|I|| |"I' | I'\Ill |
5 |
aibl { Yo / SR A e II||I||||!II!H|
f | [ 02t il 3 _Djlll‘||| VT VT
00l | / 8, I|I ll I A WAV “H || ||| L || |
YRR emaemvam = A IR
—02 v | o2h Y J 15 ! U \
0 3 10 15 20 0 5 10 15 20 0 3 10 i 20
t t ¢
number of terms : 4 number of terms : 3 number of terms : §
15t o o i 15 A | 15 A
1.0 I| || \ |I| || || |I ’ II| { 1.0 | || | / I (| |I I 1.0 I| (l |\ I|I || ||FI| ||
05 | |I|| 1}.5I|| ||| '||||||||||| D.5||||||||||||||I|||
f’-°|. I"'I||| v I 0'D|'u il'..'||' VT 0 '-."'Ii'..'|| J'Il
055 * || “ ||‘|| —03| || | |||||| Rl —0-5'f L) |||| ”H
_10t/ || I.I | Voo V] el Y V] -l ] ||I |\
-15 I V -isf | Vo fl-sp U V'
0 i 10 13 20 0 3 10 13 20 0 3 10 13 20
t t ¢
number of terms : 7 number of terms : § number of terms : @
5 i 5 R & o] 2 r E il
: I \ 1 op ' : f N
1.0 'F'II [ || ||I I lr'I |'II I| I|| || 10 |\ I' \ ( |IIII II| 10 I|I || fl ||'I I|I| IIf'I i I| |'I|
0_i|||||||||l '||| I}.Sll ||||I||||||| 0-5II'|I||'|I|III'|||
o0 | |'|| | oof U L] I | | i ARTAYANAIANANAIATAN
-0.5"’ II'“|’I|““’| -05 ||”|| ||I|”~|” -o.5|"||||ll“"|||||| "J||U
10| \ -tof] | Il | o\ YV Y
I.' J v ||
-15 -15 | \ -15 | Iu |
0 i 10 13 20 0 3 10 13 20 0 3 10 13 20
t t ¢

We see now that after n = 3 that the response did not change much by adding more
terms, this is because more of the energy are contained in the first 3 harmonics with Y,

being the the largest.
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