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1 problem1
y
- C
F
EXERCISE 3.9

3.9 The shock absorber consists of an outer tube
of mass m, that is restrained by spring k and an

. inner piston of mass m,. Orifices in the piston
permit passage of a viscous fluid that fills the
tube; the coefficient of damping between the pis-
ton and the tube is . An unknown force F@) is
applied to the piston, with the result that the abso-
lute displacement of the piston is y = Asin(wr).
The parameters of the system are: m; =0.5 kg,
m, = 1.0 kg, k =3.2 kN/m, p. =40 N-s/m, and
A =20 mm. Determine the amplitude and phase
of the force F(f) relative to the displacement y(f)
when w =75 rad/s and @ = 85 rad/s.

Assuming the 2 masses move together (else we will have 2 systems and 2 equations of
motions. Hence I assumed that they move together as one body).

(my +mp)y” +y'u+ky = f(t)
Since y(t) = Asin(wt) hence B
_ S iwt
y(t) = Re( - e )

Let 3
_ — Li(wt)
f(t) = Re( ie )

Where F is the complex amplitude of the force. Now we substitute all these in the differ-
ential equation above.

y = Re(a)Aei“’t)
Y’ = Re(ia)eri“’t)

(my +my)y” +y'u+ky =Re|—e

1 1 A t] — i(wt)
Re(ia)er“”t)(ml + my) + Re(cuAe’“’t)y + kRe(7el“) ) = Re| e

1 . ”
Re[(ia)z(m]L +1my) + wp + ;k)Ae””t] = Re[ —e/@)

1 F
(ia)z(ml + mz) twu+ ;k A= 7

Hence

A

F= (—a)z(ml +1my) +iwu + k)A



k=32x10% Nm, p =40 Ns/m,A = 0.02 meter. When w = 75rad/sec the above becomes

F

(-75%(1.5) + i75 x 40 + 3.2 X 10%)0.02
~104.75 + 60.0i

60.0

Hence Re(f-" ) = —104.75N and the phase is tan'l(—m) = 2.62 rad/sec.

When w = 85

N

40
F= 1.5(—852 + 1'85E + 2133.3)0.02

= -152.75 + 68.0i

68

Re(ﬁ) = -152.75 N and the phase is tan_l(—m) = 2.722 rad/sec.

2 problem 2

Problem 2: (3e1) (20 points)
A 450 kg generator. modeled as a rigid mass, must be installed on the
same floor as some sensitive laboratory equipment. The operation of the I fit)
generator results in a vertical foree. flr). being applied to the generator :
(rigid mass) whose amplitude is 20kN and whose frequency is 1800 rpm. = L o
Use a damiping ratio of £ = 0.03 for both (a) and (b) below.
a.) Find the stiffness of the support. k. such that the force transmitted
to the ground is no more than 2kN. c k-
b.) Take your result from part (a) and compute the amplitude of the
generator as the machine starts up. (As the machine starts up.
assume that the force amplitude is constant at 20kN. but the
frequency inereases very slowly from zero to 1800 rpm. Do a worst-case analysis — just
assure that the steady-state amplitude of the machine is less than 10mm for any forcing
frequency between 0 and 1800 rpm.)
¢.) Using your results from (a) and (b). suppose that the startup amplitude must not exceed
10mm. The startup amplitude can be decreased by adding mass to the generator while
also inereasing the stiffness of the support to keep the natural frequency of the system
constant. How much mass must be added to keep the amplitude below 10mm?

2.1 Part(a)

Force transmitted to floor is given by

Fy, =cz +kz

Let f(t) = Fcos(wt) = Re(Fei“’t) = Re(Fei“’t) where we are given that F = 20 x 10° N.
w = 24%) = 607 = 188.50 rad /sec or 30 Hz.

1

Let z,, = Re(%lDlei(wt_(P)) where ¢ = tan_l(ﬁ) and |D| = .and r = —

1-12
’ (1—r2)2+(20’)2

Hence 2’ = Re(iw%lDlei(“’t_(p)) = Re(w%IDlei(wt_wg)). Therefore
F o ilwt—o+Z F o ilwi-
F,, = cRe(a)ElDlez(wt ¢+2)) + kRe(EIDlel(wt ¢))

Where ¢ = 2Cw,m and When F,, = 2 X 10°N . We now solve for k from

F o i(wt—p+Z F _ ilwi
2 x10° > 2Caw,m Re(a)EIDIe’(wt <¢>+2)) + kRe(ElDlel(“’t ¢))



Taking the maximum case for RHS where exponential are unity magnitude, hence

F
2x10° = 2Lw,mw|D| + FID|

(]

F (1 + 2Cwn%w)
\/ (1 — rz)z + (20

[ @
Where r = — == Hence the above becomes
n i

5=

F(1+2Cw, )

-4 )

In the above everything is known except for k which we solve for. Plugging the numerical

values given. w = 27‘((%)%1 =450,F = 20 x 103, C = 0.03 hence

2x10% =

3 k450
20 x 10 (1 +2(0.08)/ 75 & (60n))

2
2,2
J(l - O ) + (2(0.03)—60;z ]
Vi

6
Hence k = 1.2135 x 10° N/m. Hence w, = \/; = o = 51.929 rad/sec or 8.265
Hz.

2%x10% =

2.2 part(b)
The total displacement is given by
Z(t) = Ztransient(t) + Zss(t)
L .
= e@nt(A cos wyt + Bsinw,t) + Re(%lDlel(wt_(P))
Where
Ziransiont(t) = €759t (A cos wyt + B sin wyt)

Assuming at t = 0 the system is relaxed hence z(0) = 0 and z’(0) = 0 we can determine
A, B from Eq ??.

Att =0,

z(0)=0

F .
=A+ Re(%lDle‘“P)

Hence F
A= —Re(ElDle‘@)



and
2/ (t) = —Cw, e (A cos wyt + Bsin wyt) + e~nt(—w, A sin wyt + wyB cos w,t)
F o o+l

+ Re(a)EIDIeZ( ¢+2))

Henceatt =0
Z/(0) =0
£ pjei-e+3)
= —Cw,A + w B + Re wEIDIe 2

Hence

1 F T
B= ¥y —Re(a)ElDlel( ¢+2))

Wy @Wyg
F . 1 F T
= 5 pe(Eipie) = L Re[wEipleil-#+3)
a)d k a)d k

Therefore the displacement is

F : F , 1 F o i(-p+Z
z(t) = e"“nt[ - Re| =|Dle”™® | cos wyt + S Re| Dle"¢ | - — Rew=—|DJe!"?*2) sin w,t
k wg k Wy k
i Re(EIDIei(wt_g_¢))
k
Hence expressed in sin and cos
F , : F 1( F
z(t) = _(ElDl cos ¢))e—éwnt cos wyt + e—Cwnt{_%(ElDl cos cj)) - w—d(a)ElDl sin qb)} sin wgt
F
+ E'Dl cos(a)t - q,‘))
—zwt EID|

= - E|D| cos ¢ |e@nt cos wyt + e
k wy

+ %lDI cos(a)t — gi))

F 1
= E|D|e‘cw"t[— cos ¢ cos wyt + —(—Ca)n cos @ — wsin qb) sin wyt
Wq

Since ¢ = 0.03 then w; = w,V1 - = w,V1-0.032 = 0.99955(w,,). Therefore in the
above we can just replace w; by w, with very good approximation, hence we now obtain

+ %IDI cos(a)t — qb)

F 1
z(t) = E|Dle—lwnt[_ Cos ¢ cos w,t + —(—Ca)n cos @ — wsin qi)) sinw,t
)

n

F W F
= E|D|e‘Cwnt[_ COS @ cos w,,t — (C cos @ + — sin <p) sinw,t |+ ElDl cos(a)t - (P)
w

n

[}

,and ¢ = tan™! —*. The
% ? o \\2 1—(“—))
] )
transient solution usually goes away after 5 or 6 cycles. Hence let us assume that the
start up time takes 6 X 2= px 2L = 6x ——=E— =(.72597 seconds. Or 1 second at

2m
wy [k 1.2135x106
m 450

Therefore we can now plot the amplitude for t = 0 to t = 1 second in increments of
0.1 second, and each time advance, we can increment w from 0 to 607 in linear fashion,
hence each 0.1 second we update w by an amount 67. After 1 second has passed, the

This is the amplitude. In the above |D| = !

worst.

p (—Ca)n cos ¢ — wsin (p) sin w,t + §|D| COS(a)t - Qb)



system is assumed to be in steady state, and then we keep w fixed at 607 rad/sec. This
is a plot showing z(t) for t = 0 to 2 seconds given the above method of changing w

To avoid going over 10mm, this means we have to avoid the case of ¥ = 1 or w = w,,.
When [ first just incremented w,, such that r = 1 was not avoided, resonance caused the
amplitude to go over 10mm as given in this plot. The transient solution itself stayed just
below 10mm but the steady state solution went over 10mm due to resonance

tranzisnt ampliteds 2= w cheanges steady stats amplineds 2= w changss
15
200
10
"l. | 150
|
Ft) mm ] B e Wt mam 100 | |
g 0 |
SHIM | i
10 o2 pablal [l Lo s
Vi ||' |/ i
-15 _50 |I
0 x 4 & 2 0 ) 4 6 g
time= (z20) timea (z20)

totzl amplituds 28 w changes

200
150
s mm 100 I
50 'l
(I
o |I|I!F||“'|||| ||| T
TR L
0 V

2.3 Part(c)

To insure that the amplitude does not go over 10mm, we need to add mass to the gener-

F1 20x103 1
. imum i is gi —— = =0.27 74m
ator. Maximum amplitude is given by - 20 = 12135x108 20.09) 0.27469 meter or 274mm
. . 20x10% 1
So to insure maximum does not exceed 10mm , solve for new k from 0.01 = 2003
3 )
, k . 3.3333x107
hencek,, = 3.3333x107. Since ,, = 51.929 = /m—” then new massism, = oo = 12361 kg
B .
using these values, the above plot now are redone. This is the result
tranzient smpliteds 2= w chengss steady state amplitude a3 w changes
0.6F g
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4
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We see that now the maximum displacement remained below 10 mm.



3 Problem 3

: " i
beam is 10 mm. It also is observed that a 5 .
S tion rate of 145 rev/min, the radial line 10 the ant
ol i 2 ter of mass of each rotor is 75° above hopan &
3.19 The total mass of a motor is 80 kg. It is Sien, the hes ot W 3
observed that gently placing the motor on a beam ey e A 15 AL 165 static refergiy posiﬁ“
: gently g (where ¢ = 0).

produces a static downward displacement of 40
mm. When the motor rotates at an angular speed
of 145 rev/min, the steady-state amplitude of the

50 mm

EXERCISE 3.19

(a) Determine the damping ratio { for the system,
(b) Determine the imbalance em.

(¢) Determine the smallest possible amplitude of
vibration of the beam if the motor turns at a rate
that is much larger than the natural frequency of
the system.

Let ¢ = 50mm = 0.05m be the distance of the unbalance mass m. Let M = 80kg be the
mass of the motor. The equation of motion is given by

(M +m)y” +cy’ +ky = meQ? sin(Qt)

77 ’ m 2 1 iQf
y +2C&)ny +w%y=m€Q Re(iel )

k _ Y o .
Where w,, = ,/m and C = m Lety = Re(;el ) This leads to

m Q0?2
Cm+Mao?-Q2 +2ilw,Q

Since static deflection is 40mm, then

. (M +m)g
o 0.04

k__ Mg g S e 15.66 rad/sec or 2.492 Hz.
But wj; = mM . 0.0&(M+m) _ 0.04’ hence w, = /77 /

3.1 part(a)

145
Since at steady state the displacement is 10 mm, then Q = 2r—= =15.184 or| 2.4167 Hz

hence

Y . em r i(Q-1)

— _ 10t - R 2
y_Re(ie ) em+M(1—r2+2iCr)

_ emr ! Re{e-ie€:-3)

m+M \/((1 j r2)2 R (2Cr)2)



Where ¢ = tan‘l(%). r = C% = % = 0.9696 |hence the above becomes, at steady
state
2 n
0.01 = (0-(_)‘_5;7;1 0-96296 Re(ei(15.184 t—E—(]f)))
m \/ (1-0.96962)" + (200.9696)°
(0.05)m 0.96962

= sin(15.184 - ¢)) (1)
m + 80 \/ (1- 0.96962)2 + (200.9696)

We are now told that at Q = 15.184 and when Qt = 75° then the displacement is zero,

hence

0.05 0.96962
o = (00m sin(75° - )

2
m + 80 \/ (1-0.96962)" + (2£0.9696)°

or
sin(75O - (p) =0
750~ =0
¢ = 759

Since ¢ = tan_l(ﬁ) then

75(1) ~ tan-l 200.9696
180/ 1 -0.96962

o1 200.9696
1-0.9696?

Hence

) =1.3090

2009696 _ (1.3090)

1-096962 V-

200.9696

e = 37321

1-096962 77
Hence| ¢ = 0.11523
3.2 Part(b)
From Eq]]

(0.05)m 0.96962 ‘
0.01 = sin(15.184 - ¢))

m + 80 \/ (1- 0.96962)2 + (200.9696)>

The maximum amplitude is when

2
0.0l = (0.05)m 0.9696

2
m + 80 \/ (1-0.96962)" + (20.9696)"

But C = 0.11523, hence we now solve for m

(0.05)m 0.96962
0.01 =

2
m + 80 \/ (1-0.96962)" + (2(0.11523)0.9696)*

Hence

m=41kg

Hence em = (0.05)(4.1) = 0.20 kg meter




3.3 Part(c)

since

emr? 1 (T~
y:m+M > Ree(QtZ‘P))
\/((1 —rz) + (ZCr)z)

2
As Q) becomes much larger than w,, then (1 - 7,2) — r* . Now dividing numerator and
denominator by 72 gives

em

y= sin( Q¢ -
m+ M4 000) ( (P)

472
as r becomes large then riZ — 0 hence

The smallest possible amplitude is

FILE
N=21+80
= 2.3781 x 1073 meter

or
ly| = 2.38 mm
4 problem 4
3.23 A counter-rotating eccentric mass exciter is and the angular position of the eccentric masses
attached to a block, which is supported by a light- when the block passes its equilibrium position.

weight beam. Stroboscopic measurement at an
angular speed @ =900 rev/min indicates that the
block passes its static equilibrium position with an

: - : Q Q
upward velocity at the instant when the eccentric /@ \
masses are at their highest position. The amplitude

of vertical displacement at this speed is 8.5 mm. The
total mass of the system is m = 200 kg and the rotat- M
ing imbalance of each rotor is 0.5 kg-m. Determine

(a) The natural frequency of the system. _L

(b) The damping constant c. c
(c) For the case where () = 1000 rev/min, the
amplitude of the vertical displacement of the mass

EXERCISES 3.23, 3.24

4.1 Part(a)

(note: total mass of system includes the small unbalanced masses) Since static deflection
is 8.5mm, then

M
Tg — 0.0085
k= Mg
"~ 0.0085
k M 9.81
But w? = i 0.008g5M = 0'0%85, hence w,, = \/——— = 33.972 rad/sec or 5.4068 Hz

0.0085



10

4.2 Part(b)

The equation of motion is (angle ) is now measured from horizontal, anti-clock wise
positive)

1 ,
My" + ¢y’ = 2meQ?sin(Qt) = Re(;ZmeQzel(Qt))

Let y(t) = Re(%Ye"Qt) hence v/(t) = Re(YQeiQt),y”(t) = Re(iYQZeiQt), hence the above

becomes

Re(iYQ2) + Re(YQele) Re(lzm‘€Q zﬂt)

Re((lQZ )YezQ ) (1 nggz th)

12 Q2
Y me

Q"-+—
BTM

Hence

Now we are told when Qt = E (upright position) then y = 0(since it passes static equi-
900

librium). At this moment Q) = 21 = 94.248 rad/sec |, At this moment the centripetal

forces equal the damping force downwards (since the mass was moving upwards).
Hence

meQ? = cy' ()

But from above we found that

y'(f) = Re

2meQ)? it
icQ — MQ?

(0.5)94.2482 i
= Re| - 594.248¢ 2
ic(94.248) — 200(94.248)
8.3718 x 10° ig)

94.248ic — 1.7765 x 105°

= Re

Hence

meQ? = cly’(¢)|

8.3718 x 10°
(0.5)94.248% = ¢

2
(94.2480)” + (1.7765 x 109)
C

1/8882.7¢2 + 3.1560 x 1012

4441.3 = 8.3718 x 10°

Solving numerically for ¢ gives

¢ =1.0882 x 10* N second per meter



4.3 Part(c)

When Q) = (271%) =104.72 rad/sec or 16.667 Hz. From

2
y = Re 1 2meQ i(Qt))

7ieQ - MQ2°
2(0.5)(104.72) (i(10472-3)
i(1.0882 x 10)104.72 - 200(104.72)°

10966. (i(10472:-3)
11.1396 x 10° — 2.1933 x 10

|y| =44 mm

= Re

= Re
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