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0.1 Solution to undamped forced harmonic
0.1.1 Input is 𝐹0 cos𝜔𝑡

𝑚�̈� + 𝑘𝑥 = 𝐹0 cos𝜔𝑡
This model is single degree of freedom system, undamped, with forced harmonice input. Its
solution is given by

𝑥 (𝑡) = 𝑥ℎ (𝑡) + 𝑥𝑝 (𝑡)

Where 𝑥𝑝 (𝑡) is particular solution and 𝑥ℎ (𝑡) is homogenous solution. We know that

𝑥ℎ (𝑡) = 𝑐1 cos𝜔𝑛𝑡 + 𝑐2 sin𝜔𝑛𝑡

And assuming 𝑥𝑝 (𝑡) = 𝑋 cos𝜔𝑡 for the case 𝜔 ≠ 𝜔𝑛 Pluggin this into the ODE, we find that

𝑋 =
𝑥𝑠𝑡

1 − 𝑟2

Where 𝑟 = 𝜔
𝜔𝑛

and 𝑥𝑠𝑡 =
𝐹0
𝑘𝑒𝑞

the static deflection. Hence the solution becomes

𝑥 (𝑡) =
homogeneous

�����������������������������𝑐1 cos𝜔𝑛𝑡 + 𝑐2 sin𝜔𝑛𝑡 +

particular

���������������𝑥𝑠𝑡
1 − 𝑟2

cos𝜔𝑡 (1)

Assuming initial conditions are 𝑥 (0) = 𝑥0, �̇� (0) = �̇�0, then (1) at 𝑡 = 0 becomes

𝑥0 = 𝑐1 +
𝑥𝑠𝑡

1 − 𝑟2

𝑐1 = 𝑥0 −
𝑥𝑠𝑡

1 − 𝑟2
Hence solution (1) now becomes

𝑥 (𝑡) = �𝑥0 −
𝑥𝑠𝑡

1 − 𝑟2
� cos𝜔𝑛𝑡 + 𝑐2 sin𝜔𝑛𝑡 +

𝑥𝑠𝑡
1 − 𝑟2

cos𝜔𝑡

Taking derivative

�̇� (𝑡) = −𝜔𝑛 �𝑥0 −
𝑥𝑠𝑡

1 − 𝑟2
� sin𝜔𝑛𝑡 + 𝑐2𝜔𝑛 cos𝜔𝑛𝑡 − 𝜔

𝑥𝑠𝑡
1 − 𝑟2

sin𝜔𝑡

1
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At 𝑡 = 0 the above becomes

�̇�0 = 𝑐2𝜔𝑛

𝑐2 =
�̇�0
𝜔𝑛

Therefore the solution now becomes (again, this is for 𝜔 ≠ 𝜔𝑛)

𝑥 (𝑡) = �𝑥0 −
𝑥𝑠𝑡

1 − 𝑟2
� cos𝜔𝑛𝑡 +

�̇�0
𝜔𝑛

sin𝜔𝑛𝑡 +
𝑥𝑠𝑡

1 − 𝑟2
cos𝜔𝑡 (2)

0.1.2 Input is 𝐹0 sin𝜔𝑡

𝑚�̈� + 𝑘𝑥 = 𝐹0 sin𝜔𝑡

This model is single degree of freedom system, undamped, with forced harmonice input. Its
solution is given by

𝑥 (𝑡) = 𝑥ℎ (𝑡) + 𝑥𝑝 (𝑡)

Where 𝑥𝑝 (𝑡) is particular solution and 𝑥ℎ (𝑡) is homogenous solution. We know that

𝑥ℎ (𝑡) = 𝑐1 cos𝜔𝑛𝑡 + 𝑐2 sin𝜔𝑛𝑡

And assuming 𝑥𝑝 (𝑡) = 𝑋 sin𝜔𝑡 for the case 𝜔 ≠ 𝜔𝑛 Pluggin this into the ODE, we find that

𝑋 =
𝑥𝑠𝑡

1 − 𝑟2

Where 𝑟 = 𝜔
𝜔𝑛

and 𝑥𝑠𝑡 =
𝐹0
𝑘𝑒𝑞

the static deflection. Hence the solution becomes

𝑥 (𝑡) =
homogeneous

�����������������������������𝑐1 cos𝜔𝑛𝑡 + 𝑐2 sin𝜔𝑛𝑡 +

particular

���������������𝑥𝑠𝑡
1 − 𝑟2

sin𝜔𝑡 (1)

Assuming initial conditions are 𝑥 (0) = 𝑥0, �̇� (0) = �̇�0, then (1) at 𝑡 = 0 becomes

𝑥0 = 𝑐1
Hence solution (1) now becomes

𝑥 (𝑡) = 𝑥0 cos𝜔𝑛𝑡 + 𝑐2 sin𝜔𝑛𝑡 +
𝑥𝑠𝑡

1 − 𝑟2
sin𝜔𝑡

Taking derivative

�̇� (𝑡) = −𝑥0 sin𝜔𝑛𝑡 + 𝑐2𝜔𝑛 cos𝜔𝑛𝑡 + 𝜔
𝑥𝑠𝑡

1 − 𝑟2
cos𝜔𝑡

At 𝑡 = 0 the above becomes

�̇�0 = 𝑐2𝜔𝑛 + 𝜔
𝑥𝑠𝑡

1 − 𝑟2

𝑐2 =
�̇�0
𝜔𝑛

−
𝜔
𝜔𝑛

𝑥𝑠𝑡
1 − 𝑟2

=
�̇�0
𝜔𝑛

−
𝑟

1 − 𝑟2
𝑥𝑠𝑡
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Therefore the solution now becomes (again, this is for 𝜔 ≠ 𝜔𝑛)

𝑥 (𝑡) = 𝑥0 cos𝜔𝑛𝑡 + �
�̇�0
𝜔𝑛

−
𝑟

1 − 𝑟2
𝑥𝑠𝑡� sin𝜔𝑛𝑡 +

𝑥𝑠𝑡
1 − 𝑟2

sin𝜔𝑡 (2)

Notice the di�erence in the solution. Here is summary

ODE solution

𝑚�̈� + 𝑘𝑥 = 𝐹0 cos𝜔𝑡 𝑥 (𝑡) = �𝑥0 −
𝑥𝑠𝑡
1−𝑟2

� cos𝜔𝑛𝑡 +
�̇�0
𝜔𝑛

sin𝜔𝑛𝑡 +

𝑥𝑝

�������������𝑥𝑠𝑡
1−𝑟2 cos𝜔𝑡

𝑚�̈� + 𝑘𝑥 = 𝐹0 sin𝜔𝑡 𝑥 (𝑡) = 𝑥0 cos𝜔𝑛𝑡 + � �̇�0
𝜔𝑛

− 𝑟
1−𝑟2𝑥𝑠𝑡� sin𝜔𝑛𝑡 +

𝑥𝑝

�������������𝑥𝑠𝑡
1−𝑟2 sin𝜔𝑡

0.2 Solution to underdamped forced harmonic

ODE particular solution only

𝑚�̈� + 𝑐�̇� + 𝑘𝑥 = 𝑎0
2 𝑥𝑝 (𝑡) =

𝑎0
2
1
𝑘

𝑚�̈� + 𝑐�̇� + 𝑘𝑥 = 𝑎𝑛 cos (𝑛𝜔𝑡) 𝑥𝑝 (𝑡) =
𝑎𝑛
𝑘

1

�
�1−(𝑛𝑟)2�

2
+(2𝜁𝑛𝑟)2

cos �𝑛𝜔𝑡 − 𝜙𝑛�

𝑚�̈� + 𝑐�̇� + 𝑘𝑥 = 𝑏𝑛 sin (𝑛𝜔𝑡) 𝑥𝑝 (𝑡) =
𝑏𝑛
𝑘

1

�
�1−(𝑛𝑟)2�

2
+(2𝜁𝑛𝑟)2

sin �𝑛𝜔𝑡 − 𝜙𝑛�

Where

𝑟 =
𝜔
𝜔𝑛

𝜙𝑛 = tan−1 �
2𝜁𝑛𝑟

1 − (𝑛𝑟)2
�

0.3 unit Impulse respones
For undamped system 𝑚�̈� + 𝑘𝑥 = 𝛿 (𝑡) the response (solution) is (notes calls these 𝑔 (𝑡))

𝑔 (𝑡) =
1

𝑚𝜔𝑛
sin (𝜔𝑛𝑡)

And for an underdamped 𝑚�̈� + 𝑐�̇� + 𝑘𝑥 = 𝛿 (𝑡) the response is

𝑔 (𝑡) =
1

𝑚𝜔𝑑
𝑒−𝜁𝜔𝑛𝑡 sin (𝜔𝑑𝑡)

0.4 Duhamel Integral
For arbitray forcing function 𝐹 (𝑡) which can be of any forum, the response of the system to
𝐹 (𝑡), assuming the system was at rest is
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𝑥𝑐𝑜𝑛𝑣 (𝑡) = �
𝑡

0
𝐹 (𝜏) 𝑔 (𝑡 − 𝜏) 𝑑𝜏

0.4.1 Some de�nitions

DLF Dynamic locad factor. 𝐷𝐿𝐹 = 𝑥(𝑡)
𝑥𝑠𝑡
. But we really only care for the maximum DLF.

When the input is constant (step input), the 𝐷𝐿𝐹max = 2.

Response spectrum Plots the DLFmax on the 𝑦 axis vs 𝑡
𝑇 where 𝑇 is the period of the

system on the 𝑥 axis. This is done for typical inputs such as unit step, triangle, half sine,
etc...


	Solution to undamped forced harmonic
	Input is F0literalmath @bgroup math @bgroup @@math@bgroup cosmitomega t
	Input is F0literalmath @bgroup math @bgroup @@math@bgroup sinmitomega t

	Solution to underdamped forced harmonic
	unit Impulse respones
	Duhamel Integral
	Some definitions


