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1 HW9

1.1 Section 6.6 problem 1
Question: Establish
1l feg=gof
2 fola+s)=fog+fo%
3. fo(soh)=(feg)eh

1.1.1 Part (a)
From definition

fheg®= [ fe-vg@i

d
Let u =t -1, hence d—i = -1. When 7 = —00 — u = +00 and when 7 = +00 — © = —00, hence the above

becomes
f(t)®g(t)=f f () g (t—u)(—du)

Pulling the minus sign outside and changing the integration limits

F0og0= [ gt-uwf @

But since u is arbitrary, we can relabel u as 7 in the above. Hence the above RHS can be written as

fhegm=[ gt-0f@

But f_:g(t— 7) f (1)d7 = ¢ (t) ® £ (t), hence
fhegt) =g ®f(t)
QED.
1.1.2 Part (b)
From definition
FOO(0+80)= [ FE-0(s0+ @)dr
By linearity of the integral operation, we can break the integral above
[ rt-0m@rso)ac= [ fe-nn@ics [ fe-0g@d
But [ f(t-1)g1 (0)dr = f()@gi (1) and [~ f(t - 1)g1 (1)d7 = f ()@, (1), hence the above becomes
S 1000 @ 5 @)dr= (F0o80) « (f020)

Therefore

fFOO (5B +80))=(fHeg®)+(fHeg®)
QED.



1.1.3 Part (c)

From definition

(Fog)@n)® = L(f@g) (0 h (= 1) d

:f[ff(Tl)g(T—Tl)dTl]h(t—T)dT

R R

:fff(’[l)g(’[—’[l)h(t—’[)d’fld’[
% Ja

By Fubini, we can change order of integration

(Fegien®= [ [ fang@—rne-mdun,

= [ £ [ st mnie-a
R R

By translation, if we add 7; to 7 for both functions in the inner integral above, we obtain
(fog)en)® = Lf(rl) [Lg((’[ +1y) -1 h(t— (T + Tl))d’[]d’cl

:ff(’fl)[f g(T)h((t—Tl)—T)dT]dT1
% %

But now we see that inner integral is L;g (h(t-1)-1)dt = (g ® h) (t — 1), hence the above becomes

(Fegien®= [ fa(sen)¢-mdn
= (fe(son)®
QED

1.2 Section 6.6 problem 2

Find an example showing ( f @1) (t) need not be equal to f (t)

Solution Let f (t) = ¢!, hence

t
(fo1)® = fo fE-7) x1de
= ft et=dr
0
=0 T
:[ -1 :|T:0
=- [e(t—t) - e(t—O)]
-]
-~(-)

=e -1

Which is not the same as ¢/. QED



1.3 Section 6.6 problem 3
Show that (f @f) () is not necessarily non-negative, using f (t) = sin (f)
Solution From definition

t
(fof)® = f sin (7) sin (¢ — 7) dt
0

Using sin AsinB = % (cos (A = B) — cos (A + B)) on the integrand gives
t1
(Fef) = fo 5 (cos (= (t=1)) — cos (T + (- 1)) d
= %ftcos(’c—(t—’())d’c— %ftcos(t)d’c
0 0

1t 1t
:—f COS(ZT—f)dT——fCOS(t)dT
2Jy 2.Jy

For the second integral above, since it is w.r.t 7, then we can pull cos (f) outside, which gives

. 7=t
(f®f)(t) = %(—3111(221—1%)) _O_%COS(t)j:dT

=

1 1
=1 (sin (2t —t) — sin (-t)) — Etcost
= L sin(t) + sin () - St cost
= 4 S1n Sin 2 COS

1
= Esint— Etcost
Let t = 27t then
1
(fef)w=0-3@n
=-7

Which is negative. Hence we showed that ( f® f) () can be negative at some ¢t. QED.

1.4 Section 6.6 problem 4

Find Laplace transform of f (t) = f (t- T)2 cos (21) dt

Solution We see that
f(t) =t ®cos(2t)
Therefore, using convolution theorem

Z{f B} = 2|2} Llcos (21))

2

But g{ﬂ} =3 and Z{cos (2t)} = hence the above becomes

2rol-(5)(7)
_2 1
T 25244

s
s2+4°



1.5 Section 6.6 problem 5
Find Laplace transform of f (t) = Lt e~ sin (1) dt

Solution We see that
f(H)=et@sin(t)
Therefore, using convolution theorem
Z{f )= 2|t} Lisin (1))

1
s2+1°

Zlf®) =

hence the above becomes

1
(s+1) (s2 +1)

But g{e‘t} = ﬁ and Zlsin (t)} =

1.6 Section 6.6 problem 6

Find Laplace transform of f (t) = f (t-1)edr
Solution We see that
fih=t®e
Therefore, using convolution theorem
Z{f )= 2 2|

But 2|t} = le and E{et} = i, hence the above becomes
1 1
“Aro)=(3)(5)

1.7 Section 6.6 problem 7

Find Laplace transform of f (t) = f sin (t — 7) cos tdt

Solution We see that
f(t) = sin(t) ® cos (t)
Therefore, using convolution theorem
E{f(t)} = Zsint} L|cost}

_ 1
T 241

s
T o241

“Aro)=(753) (75)

But #{sin t} and Z{cost} hence the above becomes

1.8 Section 6.6 problem 8

Find the inverse Laplace transform of F(s) = L using convolution theorem.
S



Solution We see that

13
= (g) E(Sin t)
Hence, using convolution theorem
13
f (t) = g ®sint
1 ot
= —f (t- T)Ssin’c dt
6 Jo
Integrate by parts. fudv =uv - fvdu. Let u=(t— T)3 ,dv=sint — du=-3(- T)Z ,U = —cosT, hence
1 1 t
3 j(; (t- T)3 sint dt = g (— [(t - T)3 cos T](t) - j(; =3(t- 7)2 (—cos 1) d’[)

L (— [()f—t)‘o’cost—(t—O)3 cosO]—3ft (t—’c)2 (cosT) d’[)
0

6
=é(—[0—t3]—3ft(t—T)Z(COST) d’[)
0

1/, g 2 )
==-(r-3 - d
6(t fo(t 22 (cos) dt

Integrate by parts. Let u = (t - T)2 ,dv=cost — du=-2(t-1),v =sint, hence
1t 1 [ t t
3 fo (t-1)°sint dr = A (t3 -3 k((t —7)sin T)O - j(; -2 (t - 1) sin ’l’dT])

= % (t3 -3 :((t —#)?sint - (t - 0)° sinO); + 2]: (t-T)sin Td”[])

s =afp= o]
-3|0+2 - d
(t k + j;(t T) sin tdt
t
3-6 —7)sintd
(t j(;(t T)sin T ’l’)

Integrate by parts. Let u = (t — 1) ,dv = sint — du = -1,v = — cos 7, hence above becomes

%j:(t—f)g’sinr dt = %(t3—6[(—(t—”c)c03’[)g—j:cos*[d’[])

-6 [— ((t=t)cost — (t = 0) cos 0) — (sin T)g])

= N

£ -6[-(0-1t) —sint])

N e N N s

Il
—_ — — —

3 —6(t-sin t))

3 — 6t + 6sint)
Hence

(t3 — 6t + 6sin t)

N =

f) =



1.9 Section 6.6 problem 9

Find the inverse Laplace transform of F (s) = using convolution theorem.

S
(s+1)(sz+4)
Solution We see that

Fle) = s
©= 77
= g(e )f(cosZt)

Hence, using convolution theorem

ft)=e't®cos2t
¢
= f e =7 cos 27 dt
0
Integrate by parts. fudv =uv - fvdu Let u = cos2t,dv = ¢ "9 — du = -2sin27,v = ¢
¢ ; ¢
f et cos 27 dr = (cos 2T€_(t_T)) - f e -9 (=2sin 27) dt
0 0 Jo
¢
= (cos 2te"H — cos 08*(“0)) +2 f e~ sin 27dt
0
¢
= (cos 2t — e‘t) + 2f e~ =7 sin 2tdt
0
Integrate by parts. Let u = sin27,dv = e — du = 2 cos27,v = ¢ "9, hence
¢ I ; ¢
f e =0 cos 2t dr = (cos 2t — e‘t) +2 (sin ZTe‘(H))O - f e =12 cos ZTdT]
0 i 0

—t

cos2t—e (sm 2te (D) Zf ~(-7) cos ZTdT]

= ( )+2
= (cos 2t—e t) +2 »sin 2t-2 ft et cos ZTdT]
i 0
= ( )

cos2t —et +251n2t—4f ~(-7) cos 2tdT

Hence
¢ t
f et cos 2t dt + 4 f et cos 2tdt = cos2t — et + 2sin 2t
0 0
t
5 f e (-9 cos 27dT = cos 2t — et + 2 sin 2t
0
t 1
f e = cos 2tdt = = (cos 2t —e~f +2sin Zt)
0 5
Therefore

(cos 2t —et +2sin Zt)

ail =

f() =

1.10 Section 6.6 problem 10

Find the inverse Laplace transform of F (s) = using convolution theorem.

(s+1)2(sz+4)

hence



Solution We see that

1
(s+1)°s%+4

F(s) =
_ 1 .
= c.%(te‘t) 3(— sin Zt)
2
Hence, using convolution theorem
1
f=tete® 5 sin 2t
1
= —f (t-1)e*Dsin2t
2Jy
1 ! 1 !
== f te~ "D sin 2t dr — = f e~ =D sin 27 dt
2Jy 2Jy
The first integral is
¢ ¢
f te"t=Dsin 2t dt = tf e~ =D sin 27 dt
0 0

This is similar to one we did in problem 10 but now we have sin27. Using integration by parts again
as before gives

t 1
tf e~ t=Dgin2t dr = t(— (Ze_t —2cos2t + Sinzt))
0 5
—t 2et -2 2 in2
_g(e —2cos2t+sin t)

t
Now we need to evaluate the second integral L te~*#=9sin 27 dr. This can also be done using integra-
tion by part. But I used CAS here, the result is

f 1
f we 9 5in 2t dt = 5= (~de! + (4-100) cos 2t + (3 -+ 50)sin 2
0

Therefore
JIOE 1t (2¢7 = 2cos (2t) + sin (2#)) - 11 (—4e7 + (4 - 10¢) cos (2f) + (3 + 5t) sin (21))
25 225
2 ot - 2 cosdt— > sin2+ <ot
= —e' - —cos2t— —sin —te

25 25 50 5
111 Section 6.6 problem 11
Find the inverse Laplace transform of F (s) = % using convolution theorem.
Solution We see that

1
F(s) =G(s) 2 - G (s) ZL(sint)

Hence, using convolution theorem

t
FH =gt ®sint = f sin (t - 1) g (1) dt

0

f(t):j:g(t—’[)sin("[)d’c
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