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1 HW7

1.1 Section 3.6 problem 1

Use method of variations of parameters to find particular solution and check your solution using
method of undetermined coefficients. y” — 5y’ + 6y = 2¢!

solution
The general solution is

Yy=yntyp
Where y, is the solution to the homogenous ode y”” -5y’ + 6y = 0 and y,, is a particular solution which
is found using variations of parameters and also using undetermined coefficients to compare with.
Finding y,
Since ODE has constant coefficients, then the characteristic equation is used. It is given by r2~5r+6 = 0

or (r—3)(r—2) = 0. Therefore the roots are r; = 3,7, = 2. Hence the two fundamental solutions are

y1=¢e"

Ya=e¢

And the homogenous solution is therefore given by

2t

Yn =C1lY1 + 22
= 1% + ¢yt

Finding y, using variation of parameters

First step is to find Wronskian W given by

3t 2t

e
3e3t 2621‘

Y1 Y| _ e

VA §
Y1 Y2

W(t) = =207 — 3¢ = —¢%

Letting g (f) = 2¢' therefore the particular solution is

Yp (8) = uq () y1 (5) + up () y2 (1)

i (t)=_fy2LV\f(t)dt:-f 2! —dt = 2f Stdt zf e~2tdt = [e_zr =2
(t)—fy1 (t)g(t)dt f 3t2€ f—dt —2fefdt=—2[e_—_lt- =2¢7t

Hence the particular solution becomes

Where

And

Yp = UrY1 + Uzl
— (_e—Zt) o3t + 2ptp2t
= —¢l + 2¢!

=et



Therefore the general solution is
Yy=yntyp
=13 + cpe? + et

Finding y, using undetermined coefficients

From the form of g(t) in the problem, particular solution is assumed to be

yp = Ae!
Hence

y, = Ae'

Y, = Aet

Plugging back into the original ODE gives
Yy =5y, + 6y, = 2¢!
Aet —5A¢t + 6Ae" = 2¢!
Dividing by e # 0 gives

A-BA+6A=2
2A=2
A=1
Therefore
Yp = e

Which agrees with variation of parameters particular solution found earlier. Therefore the same
general solution is obtained as expected. QED.

1.2 Section 3.6 problem 2

Use method of variations of parameters to find particular solution and check your solution using
method of undetermined coefficients. y” —y’ — 2y = 2¢™*

solution
The general solution is
Y=Yn+*Yp

Where yj, is the solution to the homogenous ode y’ -y’ — 2y = 0 and y,, is a particular solution which
is found using variations of parameters and also using undetermined coefficients to compare with.

Finding y,
Since ODE has constant coefficients, then the characteristic equation is used. It is given by r?~r-2 =0

or (r+1)(r—2) = 0. Therefore the roots are r; = —1,7, = 2. Hence the two fundamental solutions are

yp=e’

yp = e



And the homogenous solution is therefore given by

Yn =011 T C2Y2
=cie7t + cpe?

Finding y, using variation of parameters

First step is to find Wronskian W given by
ot o

—e~t 22t

Y1 Y2

Vi Vs

W(t) = = =2¢l + ¢t = 3¢t

Letting ¢ (t) = 2¢™ therefore the particular solution is

Yp () = ur Oy () +ua () y2 (1)

Where
_ (bhg® e2et __gfe_* _ 2
wr () = - [ = - [ ar = -5 [ S =
And
e (t)g(t) e—tze—t Zfe—Zt 2f L 2 e—3t 2 .
p= [P g [ o2 [ =2 P L P
4 () f w4 e =3 ) A=)t =337

Hence the particular solution becomes

Yp = U1Y1 + Uzl
— _%t et — %e—3t62t
3 9

2 2

. . 2 . .
We notice something here. The extra term —§e‘t above is constant times one of the fundamental

solutions (one of the solutions to the homogenous equation), which is y; in this case found earlier.
But adding a multiple of a fundamental solution to a particular solution gives another particular
solution. So the term —ge’t will be merged with the term from the homogenous solution. Therefore
the general solution is

Yy=YntYp

2
= et 4+ cpe?t — Ztet - Zet
3 9

.2 . . .
We can now combine ae‘t that shows up from the particular solution with the c;e”* term from the
homogenous solution, since c; is arbitrary constant, which simplifies the above to
Y=YntYp
—t 2 _ 2y
=" + et = gte

Finding y, using undetermined coefficients

From the form of ¢ (f) in the problem, and since ¢ is already one of the fundamental solutions, then
particular solution is assumed to be

y, = Ate”



Hence
y,=A (e‘t - te‘t)
vy =A (—e‘t —et+ te‘t)
=A (—2@‘* + te‘t)
Plugging back into the original ODE gives
vy =y, =2y, = 2¢7t
A (—Ze‘t + te‘t) -A (e‘t - te‘t) —2Ate™" = 2¢7
Dividing by e™* # 0 gives
A(2+48) - A(l—-f)—2At =2
A+ A-2A)-2A-A=2
-3A=2

-2
A=—
3

Therefore

Yp = ?te‘t

Which agrees with variation of parameters particular solution found earlier. Therefore the same
general solution is obtained as expected. QED.

1.3 Section 3.6 problem 3

Use method of variations of parameters to find particular solution and check your solution using
method of undetermined coefficients. y” + 2y’ +y = 3e™

solution
The general solution is

Y=yt
Where y, is the solution to the homogenous ode y” +2y’ +y = 0 and y, is a particular solution which
is found using variations of parameters and also using undetermined coefficients to compare with.

Finding y,

Since ODE has constant coefficients, then the characteristic equation is used. It is given by r2+2r+1 = 0
or (r +1)(r +1) = 0, Therefore the roots are duplicate r; = 1. Hence the two fundamental solutions
are

n=c'

Yo = tet
And the homogenous solution is therefore given by

Yn =1+ G2l
=cie”t + cptet

Finding y, using variation of parameters




First step is to find Wronskian W given by

—t —t

e te

Y1 Y2

Vi Y2

= (e‘t) (e‘t - te‘t) + (te‘t) (e‘f)
o2t — o2t 4 g2t
2t

W (t) =

—et ettt

=e
Letting g (f) = 3e™" therefore the particular solution is

Yp ) =ur Oy () +uz () y2 (1)
Where

t—t 3—t
ul(f)=—fy2LV\}g(t)dt=—f%dt=—3ftdt=—gt2
And

—t —t
uz(t)zf‘Wdt:fﬂdt=3fdt=3t

o2t

Hence the particular solution becomes

Yp = t1Y1 + Usl
3.\ - )
= (_Et )e t+3t(te t)

3
= —Z 2t 4 31267t

— gtze—t
2

Therefore the general solution is
Y=YntYp
~t ty 30
=’ +optet + Et e

Finding y, using undetermined coeflicients

From the form of g () = 3¢ in the problem, we want to try e but since ¢ is already one of the
fundamental solutions, we then look at te™* but this is also one fundamental solutions, then we look
for t?¢~*. Hence

y, = Ate™!

Hence

(
(Ze‘t —2te”t - (Zte‘t - tze—f))
(2e7 = 2te7 - 2407 + 2¢71)
(Ze‘t —4tet + tze—f)



Plugging back into the original ODE gives
vy + 2y, +y, =3¢
A (Ze’t —4te™t + tze*t) +2A (Zte*t - tze*t) + At?et = 3¢t
Dividing by e # 0 gives
A(2-4t+2)+2A(2t-12)+ AR =3
F(-4A +4A) + 2(A—2A+ A) +2A = 3

3
A==
2
Therefore

3,
Yp = Ete

Which agrees with variation of parameters particular solution found earlier. Therefore the same
general solution is obtained as expected. QED.

1.4 Section 3.6 problem 4

Use method of variations of parameters to find particular solution and check your solution using
t

method of undetermined coefficients. 4y”" — 4y’ +y = 16e2
solution
The general solution is

Y=yntlyp
Where y, is the solution to the homogenous ode 4y” —4y’ +y = 0 and y,, is a particular solution which
is found using variations of parameters and also using undetermined coefficients to compare with.

Finding y,

The first step is to put the ODE in standard form, with the coefficient of " being one. Hence it
becomes

1 L
y// _y/ + _y = 4e2
4
Since ODE has constant coefficients, then the characteristic equation is used. It is given by rz—r+}1 =0

or (r - é) (r - %) = 0, Therefore the roots are duplicate r = % Hence the two fundamental solutions
are
1
Y1 = eit
ot
Yo = te2

And the homogenous solution is therefore given by
Yn =11 + 2l

1 1

=t =t
= Clez + C2t€2

Finding y, using variation of parameters




First step is to find Wronskian W given by

1, 1,
V1o Y2 ez te2

W(t)Z ’ ’ = 1 1t 1t 1 1t
Y1 Y2 sez e2 +Et€2

1t) 011, ( 1t) 11
=le2 2" 4+ —te2' | = [te2' || —e2
(e e Ste e 5¢

1 1
=el + —tel — —te!
2 2

:et

t
Letting g (t) = 4e? therefore the particular solution is

Yp () = ur Oy () +uz () y2 ()
Where

ul(t):—fysz\f(t)dt:—ftezt(iz)dt:—zlftdt:—th

et

And

uz(t)=fylLM}g(t)dt=f@dt=4fdt=4t

ot
Hence the particular solution becomes

Yp = U1y1 T UsY>
1 1
= (-212)e2" + 4t (teit)
1, 1,
= —2t%2" + 4f%e2
1
= 21%3"
Therefore the general solution is
Y=YntYp

1

Y Y 1
= c1e2 +cyte? + 2%e2

Finding y, using undetermined coefficients

t t t
From the form of g(t) = 4e2 in the problem, we want to try e2 but since e2 is already one of the
t
fundamental solutions, we then look at fe2 but this is also one fundamental solutions, then we look

t
for t2¢2. Hence

t
y, = At?e?



Hence
Aloser + Lt
7= A|2te2 + —t<e2
=afoed 5]
! £ LA R
yy = A(Zez +te? +te? + —tzez)
4
£ LA R
=A (262 +2te? + theZ)
Plugging back into the original ODE gives
44 ’ 1 £
Yo —Ypt Z]/p = 4e2
i LA LA 1 i !
Al2e2 +2te2 + —t2e2 | — A2te? + =t%e2 | + — At?e2 = 4e2
4 2 4
t
Dividing by e2 # 0 gives

1 1 1
Al2+2t+ =2 |- A2t + 2|+ -Ar =4

t(2A—2A)+t2(}1A— %A+ }IA)+2A =4
A=2
Therefore
Yy = 220

Which agrees with variation of parameters particular solution found earlier. Therefore the same
general solution is obtained as expected. QED.

1.5 Section 3.6 problem 5

. : 24 — E
Find the general solution of y” +y = tant for 0 <f < 7
solution
The general solution is

Y=yntlyp
Where y, is the solution to the homogenous ode y” +y = 0 and y, is a particular solution which is
found using variations of parameters.

Finding y,
Since ODE has constant coefficients, then the characteristic equation is used. It is given by > +1 =0
or r = +i. Hence the two fundamental solutions are
Y1 = cost
Yo = sint
And the homogenous solution is therefore given by

Yn =11 + 2l
=cycost+cysint



10

Finding y, using variation of parameters

First step is to find Wronskian W given by

v1 Yo| _|cost sint
Vi Y2
Let g (t) = tant, therefore the particular solution is

Yp (£) =ug () y1 () + 1z () y2 ()

W(t) = =cos?t +sin’t =1

—sint cost

Where
g (t) f sinttant f sint f sin?t
t = —dt = t—dt dt
) = f W () 1 sin cos t cost
1- t 2t -1 1
Y e L P
cost cost cost
1
= fcos tdt — f —dt
cost
=sint - fsec tdt
=sint — In (sec(t) + tan(t))
And

_(i)g®) _fcosttant _f sin f _
u, (t) = —W(t) dt = — dt = COSt_ost dt = | sint dt = —cost

Hence the particular solution becomes

Yp = U1y1 + UsY
= (sint — In (sec(f) + tan(t))) cost + (— cost) sin t
= —cos (f) In (sec(t) + tan(t))
Therefore the general solution is
Y=YntlYp

=y cost + cysint — cos (¢) In (sec(t) + tan(t))

1.6 Section 3.6 problem 6

Find the general solution of " + 9y = 9sec?3t for 0 < t < %
solution
The general solution is

Y=Y+l

Where y;, is the solution to the homogenous ode y” + 9y = 0 and y, is a particular solution which is
found using variations of parameters.

Finding y,

Since ODE has constant coefficients, then the characteristic equation is used. It is given by 12 +9 =0



11

or r = +3i. Hence the two fundamental solutions are
y1 = cos 3t
Yo = sin 3t
And the homogenous solution is therefore given by
Yn =11 + Y2
= ¢y cos 3t + ¢, sin 3t

Finding y, using variation of parameters

First step is to find Wronskian W given by

3t in 3t
Wi(t) = S COS_ S =3cos?t+3sin’t=3
v ys| |-3sin3t 3cos3t
Let g (f) = —;, therefore the particular solution is
Yp () =ur Dy (8) + uz () y2 ()
Where
_ [ g, B 9sin(3t) , B f sin (3t)
i (t) = f W(t) dt = 3 cos? (3t) dt = -3 cos? (3t) dt
Let u = cos (3t), hence d— = -3sin3t -» dt = % and the above integral becomes
sin(3) du 1 -1 -1
 (t) = _3f -3sin3t f uzdu " u cos3t sec(3t)
And
y1 (g () 9 cos 3t f 1 f
t) = t= —_— t= t) dt =1 t t
Uy () 0 ——d 3o 3 =3 cos 3D dt =3 | sec(3t) dt =1n(sec(3t) + tan(3t))

Hence the particular solution becomes

Yp = Uiy1 + U2l2
= —sec (3t) cos 3t + In (sec(3t) + tan(3t)) sin 3¢
= -1 + In (sec(f) + tan(t)) sin 3¢
Therefore the general solution is
Yy=yntlyp
= ¢y cos 3t + ¢y sin 3t — 1 + sin 3t In (sec(t) + tan(t))
1.7 Section 3.6 problem 7
Find the general solution of y” + 4y’ + 4y = t2¢7? for t > 0
solution
The general solution is
Yy=yntyp

Where y, is the solution to the homogenous ode i’ +4y’ +4y = 0 and y, is a particular solution which
is found using variations of parameters.

Finding vy,



12

Since ODE has constant coefficients, then the characteristic equation is used. It is given by r>+4r+4 = 0
or (r+2)(r+2) =0. Hence double root r = -2 and the fundamental solutions are

T
Yo = t€_2t
And the homogenous solution is therefore given by
Yn =11 + 22
= e + cpte™?

Finding y, using variation of parameters

First step is to find Wronskian W given by

ot 2t
e te
W(t) = b =2 (e‘Zt - 2te‘2t) +2e72 (te‘Zt)
vy oyl [-2e® e -2t
=4 _2te ¥ 4 DY
"

Let g (t) = t2¢7%, therefore the particular solution is

Yp (£) =ug () y1 () + uz () y2 (£)

Where
S & g® — f w — f 14 — _
uy (t) 0 dt pumy dt tdt In |t

And

~ yl (t)g (t) B e—Ztt—Ze—Zt B o _1
w )= [ dt_f — dt_ft dt = -2

Hence the particular solution becomes
Yp = U1y1 T UsY>
=-Inltfe? - %te‘z‘E
=—2In|t|-e?
Therefore the general solution is

Y=YntYp
=ce 2 +opte? —e 2 In|t| - e

We can combine ¢ that shows up from the particular solution with the c¢;e™ term from the homoge-
nous solution, since c; is arbitrary constant, which simplifies the above to

y=cre 2 + cpte™? — e In It]

1.8 Section 3.6 problem 8

: ion of 1/ + 4y = 3 i
Find the general solution of y” +4y =3—— for 0 <t < -

solution
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The general solution is

Y=Yty
Where y;, is the solution to the homogenous ode y” + 4y = 0 and y, is a particular solution which is
found using variations of parameters.

Finding y,
Since ODE has constant coefficients, then the characteristic equation is used. It is given by > +4 =0
or r = +2i. The fundamental solutions are

y1 = cos2t

Yo =sin2t
And the homogenous solution is therefore given by

Yn =1 + Gl
= ¢ co8 2t + ¢, sin 2t

Finding y, using variation of parameters

First step is to find Wronskian W given by

cos 2t sin 2t
—-2sin2t 2cos2t

Y1 Y2 _
Vi Y2

W () = =2cos22t +2sin®2t =2

Letg(t) = ﬁ, therefore the particular solution is

Yp (£) = up () y1 () + up () y2 (1)

Where
__ [rWBs®, _ (sne@)3 __§f _3
()= wo P77 Zsmar T at =
And
2 2
o< [LO0,  [eos@h3, f cos @)
W (t) 2sin 2t ~2J sin (2t)
Let u = sin2t — du = 2 cos 2tdt and the above integral becomes
2t) d
uz(t):gfcos( )_du f Sdu="> lnlul —lnlsttI
2 2cos2t 2t

Hence the particular solution becomes
Yp = U1y T Usl
-3 3. .. .
= —tcos2t + — In |sin 2¢| sin 2t
2 4
Therefore the general solution is
Y=Yty

. 3 3 . .
=y Ccos2t + ¢y sin 2f — Et cos 2t + 1 sin (2f) In [sin 2¢|
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