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0.1 Problem 1

1. (10 points)
Show that the total energy associated with each normal mode of oscillation is separately
conserved.

SOLUTION:

The motion in each normal mode is de-coupled from each other mode. Each motion is a simple
harmonic motion in terms of normal coordinates, and reduces to second order differential
equation of the form

i + win; = 0 (1)

Where ¢ ranges over the number of modes. The number of modes is equal to the number of
independent degrees of freedoms in the system. Each mode oscillates at frequency w;. Since
this is a simple harmonic motion, its energy is given by

1 1
E, = —m;n? + —k;n? 2
2 nl 2 n’L ( )

Where k; is the effective stiffness of the mode and w? = % Therefore k; = m;w?.

To show that E is conserved, we need to show that %—f = 0. Hence from (2)

OE;
ot

= mnii + (mawy) i

But from (1) we see that 7j; = —w?2n;. Substituting into the above gives

OFE; . )
o mmi(—w?m) + (miwf) :7;

=0

Therefore energy in each mode is constant.



0.2 Problem 2

2. (10 points)
A uniform horizontal rectangular plate of mass M, length L, and width W rests with its
corners on four similar vertical springs with spring constant k. Assume that the center of
mass of the plate is restricted to move along a vertical line. Find the normal modes of
vibration and prove that their frequencies are in the ratio 1 : V3 /3. (This problem is
simpler if you decide beforehand what the normal modes are and then use the appropriate
generalized coordinates so that the equations of motion are decoupled from the start.)

SOLUTION:

degrees of freedom: z, 61,65

Kinetic energy is . . .
T =_-Mz*+ _1,6% + - 1,62
B 2“4+ 9 191 + 9 2U9
Where [, is moment of inertia of plate around axis y, and I is moment of inertia of plate

around axis z. These are (from tables) :
1

_ 2
L= MW
1 2

L= ML

The potential energy is

o=i(ye) (3o ) o4 3 (5e))

2 2
=2K2? +2K (gel) +2K (592>

1 1
=2Kz2* + §KWQHf + 5KL29§
Where small angle approximation is used in the above. Hence the Lagrangian is
L=T-U
Lo o, 1o 105 o 1o 190
= EMZ + 5.[101 + 5.[202 — 2Kz — EKW 91 - EKL 92



Equation of motion for z

OL
— =—4K
0z ?
OL
= M3
oz ¢
Hence
Mz+4Kz=0
Equation of motion for 6,
oL
— =—-KW?
86, '
L R
a—. == Ile]_
00,

Hence
L,6; + KW?0; =0

Similarly, we find
L6, + KL*05 =0

Therefore

[M]&§+[K]q=0
M 0 0 3 4K 0 0 z 0
(0 I 0) (él) +(0 KwW?2 0 ) (91) = (0)
0 0 L/ \& 0 0 KIL?) \b, 0

Which leads to
4K — Muw? 0 0
det 0 KW? — [w? 0

0 0 KIL? — I
AKBL*W? — MK?L2WW? — AL K*L*w? — ALK2WW? + MILKL?w* + MI,Kw*W? + A LKw* — MI,1
(KL2 — w212) (KW2 — w2I1) (Mw2 —4

Therefore
o KIL2
1= 2
o KWw?2
2 = I,
o JIE
STV M



SMW?, I, = - ML?, the above become

/. KL? . K
w1 = 12ML2_2 3M

Using I; =

Hence =1, 4= \/3,% = /3. Therefore
w1:w2:w3=1:1:\/§

W1 Wy i WwWsg =

3l
3l



0.3 Problem 3

3. (15 points)
A pendulum of mass m and length [ is attached to a support of mass M that can move on
a frictionless horizontal track as shown on the figure below. Find the normal frequencies

and the normal modes of (small) oscillations. Sketch the normal modes.

SOLUTION:

Kinetic energy is

T = %MﬂbQ + %m((w + lﬁ'cosﬁ)2 + (lésinG)Q)
1 1 . . )

= §M:i:2 + ﬁm(a'GQ + 12602 cos® 0 + 216 cos 0 + 1262 sin® 9)

= %Ma’v2 + %m(.’b2 + 2210 cos @ + l292)

And potential energy is
U = —mglcosf




Hence the Lagrangian

L=T-U
1 1 . .
= §Mi2 + §m(5v2 + 22160 cos 6 + l292) + mgl cos 6
Now we find equations of motions. For 6
OL Cih .
0 = —mxlf sin § — mgl sin 0
% = %m(Zdnl cosf + 2l29)
= m(d:l cosf + l29)
d 0L i} s 2
pry i m (&l cos§ — £l6sin 6 + 1°6)
Hence
4oL oL _
dtog 06
m (&l cos§ — £lfsin 0 + 120) + mzlfsind +mglsind = 0
mil cos @ + mi?0 + mglsinf = 0 (1)

Now we find equation of motion for x
oL

% =0
oL .
oL _ 4 )
5 & 4+ m(& + 10 cos )
d oL ; R o
Y Mg +m(% + 16 cos§ — 16”sin )
Hence
doL o _
) dt ax: or
Mdﬁ+m(a'é+l0cos€—l9281n9) =0
&(M +m) +mlfcos§ — mlf*sind =0 (2)

Now we can write them in matrix form [M]{+ [K]q =0, from (1) and (2) we obtain, after
using small angle approximation cosf ~ 1,sin @ ~ # and also 62 ~ 0

™ ) 6+ 6 ) (6) = 0)

Now assuming solution is q(t) = ae*?, then the above can be rewritten as
—w?(M +m) —w?ml a) (0 1)
—w?ml mgl — mi?w?) \ay) \0
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These have non-trivial solution when
—w?(M+m)  —wml
det =
¢ ( —w?ml mgl — ml2w2> 0
MPmw* — glm*w? — Mglmw? =0
w? (Ml2mw2 — glm? — Mglm) =0

Hence w = 0 is one eigenvalue and w = %% is another.
_ g (M+m)
W2=\i1"M

Now that we found w; we go back to (1) to find corresponding eigenvectors. For wy, (1)
becomes

0 0 a1\ 0

0 mgl a1 B 0
Hence from the second equation above

0(111 + mgla21 =0

So a;; can be any value, and as; = 0. So the following is a valid first eigenvector

For wy (1) becomes

(40 ) (M ) — (405 | (au) . <0>

— (%—(M&mv ml mgl — ml? (3 (M-+m)

From first equation we find

_(%%;m)) (M +m)ass — (‘%(MMﬂ) mlag = 0

(M + m) aiz + mla22 =0

Hence a3 = —ﬁam. So the following is a valid second eigenvector
__ml a
a2 = (M+m) 22
22

T = a11M + a127

0 = a1 + axn

Therefore



Where 7; are the normal coordinates. Using relation found earlier, then

T = a1h (2)
ml
0 =————=axm+a 3
(M +m) 2271 + Q2272 (3)
Hence from (2)
x
n= ai
And now (3) can be written as
= (M n m) 22 o1 22712
Therefore
0 1 mix
N2 =

- + -
aze  an (M +m)

ml
—=m g
To sketch the mode shapes. Looking at a; = (a(;l) and a; = ( (M+m) 22) and normalizing
22

we can write

()

So in the first mode shape, the mass M moves with the pendulum fixed to it in the same
orientation all the time. So the whole system just slides along z with § = 0 all the time. In
ml

the second mode, x move by Ly factor to # motion. For example, for M < m, then mode
l

—1 —
2 is < 1 ), hence antisymmetric mode. If M = m then we get ( 12) antisymmetric, but

now the ratio changes. So the second mode shape is antisymmetric, but the ratio depends
on the ratio of m to M.

0.3.1 Appendix to problem 3

This is extra and can be ignored if needed. I was not sure if we should use s = 10 as the
generalized coordinate instead of # in order to make all the coordinates of same units. So this
is repeat of the above, but using s = [f transformation. Starting with equations of motion

&(M +m) +mlf cosd — mlf*sind =0

00;0 +m%sin6=0

mé+m:’é

Will now use s = [0 transformation, and use s as the second degree of freedom, which is the
small distance the pendulum mass swings by. This is so that both x and s has same units of
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length to make it easier to work with the shape functions. Hence the equations of motions

become
" 8 s § /s
E(M +m) + mli cos (Z> - mll—2 sin (Z>
§ .cos () g . /s
ml+m:c i +mls1n<l>
We first apply small angle approximation, which implies cos 2 — 1,sin (2) — ¢ and also

;2 . .
7z — 0, therefore the equations of motions becomes

0

0

EM+m)+ms=0

' 1
mf+mi—+mgf=0

l l )

And now we write the matrix form

(M @)+ 6 ) ()= 6)

Now assuming solution is q(t) = ae™*, then the above can be rewritten as

(2 ) ()= ) 0

These have non-trivial solution when

2 2
det(w(M-l—m) w?m

—wm mé — mw

1
-7 (gm*w® — Mimw* + Mgmw?) =0

2
wz(% — Mmw? +M%m) =0
2 2_ (9 _
w (Mw (l(m+M))> 0
Hence w = 0 is one eigenvalue and w = %(M]‘\Zm) is another.
w1 = 0

o= /125

Now that we found w; we go back to (1) to find corresponding eigenvectors. For wy, (1)

becomes
0 0 ail . 0
0 m% a1 - 0
Oa11 + mgam =0

l
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Hence from the second equation above

Oai1 + mgam =0

l

So a;; can be any value, and as; = 0. So the following is a valid first eigenvector

a; = a11
0

For wy (1) becomes

From first equation we find

(M +m)aiz +mag =0

Hence a3 = —mam. So the following is a valid second eigenvector
—_m .
a2 = (M+m) 22
22

T = a1 + ai2n2

0 = a1am + axn:

Therefore

Where 7; are the normal coordinates. Using relation found earlier, then

r=anm
0= m a +a
= (M T m) 22Th 2272
Hence from (2)
T
= a11
And now (3) can be written as
9 m T4
=———— Q99— +a
(M n m) 22 any 227]2
Therefore
0 mr 1
l=_—+

Qo2 (M + m) CL_11

12

(2)
3)



To sketch the mode shapes. Looking at a; = (a(1)1> and a; = (_ (M+m) a22> and normalizing
Q22

we can write

0

So in the first mode shape, the mass M moves with the pendulum fixed to it in the same
orientation all the time. So the whole system just slides along z with § = 0 all the time. In

the second mode, x move by ﬁ factor to # motion. For example, for M < m, then mode
1

-1
2 is < 1 ), hence antisymmetric mode. If M = m then we get ( 12) antisymmetric, but

now the ratio changes. So the second mode shape is antisymmetric, but the ratio depends
on the ratio of m to M.

<— - - » -« — - -

[ ] [ ]

first mode shape 19

second mode shape
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0.4 Problem 4

4. (15 points)
Consider the simple model for the carbon dioxide molecule CO, shown below. Two end
particles of mass m are bound to the central particle M via a potential function that is
equivalent to two springs with spring constant k. Consider motion in one dimension only,
along the z-axis. Find the normal frequencies and the normal modes. Make a rough sketch
of the normal modes.

SOLUTION:

m m

Kinetic energy
1 1 1
T = Emﬁ + §M¢§ + §ma'c§
Potential energy
1 1
U= 5]9(1‘2 - CL’1)2 + §k($3 — IL‘2)2
Hence the Lagrangian
L=T-U
1 1 1 1 1
= Emzf + EMCI,‘% + meg — 5k($2 - .’131)2 - 5]@(.’53 — $2)2

14



EQM for z;
oL

6_931 = k)(.’l)z — 1)‘1)
6_L =mx
iy
dtoi,
Therefore
mi, — k(zg —x1) =0
ma":l + ]C.'I?l - k.’L‘Q =0 (1)
EQM for z,
OL
6_1:2 = —k(sz — CL'1) + k(xg — .’L'2)
oL
= — Mi
By 2
d OL .
%6__’1:2 = ng
Therefore
Mjg + k(IQ - .’L'l) — k’(xg - Iz) =0
M.’i’z +k5.’172 - kxl — k.’L‘3 +kx2 =0
M.’i'Q + 2]6.’[)2 - k.’El - kl’g =0 (2)
EQM for x3
oL
8_1133 = —k($3 — .’172)
oL .
By
dor _
dt 0is 3
Therefore

mit3 + k(fL‘3 - CL'Q) =0
mis + kxrs — kzre =0 (3)

Now we can write equations (1,2,3) in matrix form [M]{ + [K]q = 0 to obtain

0 M Lo+ |-k 2k —k z2 | =10
0 O T3 0 —k k T3 0

15
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Now assuming solution is q(t) = ae™?, then the above can be rewritten as

k — mw? —k 0 ay 0
-k 2k— Mw? —k az | =10 (4)
0 —k k — mw? as 0

These have non-trivial solution when

k — mw? —k 0
det —k 2k — Mw? —k =0
0 —k k — mw?

wz(k — mw2) (—me2 + Mk + 2km) =0

Hence we have 3 normal frequencies. One of them is zero.

w1=O
k
Wo = —
m
o — kM—f—Zm
5 Mm

For each normal frequency, there is a corresponding eigen shape vector. Now we find these
eigen shapes. For wy, and from (4)

k -k 0 aq 0
-k 2k —k a | =10
0 —k k as 0

Hence
kal — kaz + 003 =0
—ka, + 2kas — kaz =0
O0a; — kay + kaz =0
Or
a;—a; =0
—a1+2a2—a3=O
—Q9 + as = 0

Hence a; = a; and a; = a3. So | 1 | is first eigenvector. Now we find the second one for ws.
1

16



From (4) and using w = \/g

k— m% —k 0 a1 0
-k 2%k-ME  —k a | = |0
0 —k k— m% as 0
0 —k 0 a1 0
—k 2k—M% —k a | =10
0 —k 0 as 0
Hence
—ka2 =0
k
—kaq + (2k—M—> as —kaz =0
m
—ka2 =0
Or
ag = 0
—a1+a2(2— M) —a3=0
m
a9 = 0
1
hence a3 = 0 and a; = —a3. So | 0 | is second eigenvector. Now we find the third one for
-1
ws. From (4) and using w = |/k2+2m
k— m (kMi2m) —k 0 a\ (0
—k 2k — M (k2F2m) —k az] =10
0 —k k — m(k¥i2m) as 0
k— k% —k 0 a1 0
—k 2k — pMt2m —k az] =10
0 —k k— kM2 ) \ag 0
Hence
M+ 2m
k<1_T) al—ka2=0
M +2
—kay —|—k<2— ﬁ) as —kas =0
M +2m
—ka2+k(1 — T) as =0

17



M+2
(1—%)0;1—(12:0
M+2
_a1+(2_£>a2_a3=0
m

M+ 2
_a2+(1_ﬂ>a3=0

M
1
Solution is: a; = a3, as = —%mag So —%m is third eigevector. To sketch the mode shapes,
1
will use the following diagram
m
A
1fs-----1
N~
\ - =~ ~
N
N
N
N
N
N
_2m / N
mode 3

18
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