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0.1 Problem 1

ECE 332 – Homework #4
Due Thursday, October 15, 2015.

Problem 1: Consider the system with transfer function

G(s) =
Ks + 1

s3 + s2 + (K + k) + 1
.

(a) For K = 1, find the sensitivity SG
k of this transfer function with respect

to k assuming nominal value k = 2. Then plot is magnitude as a function
of frequency.

(b) Repeat (a) with K = 100 and compare the effect of a large loop
gain on the sensitivity.

Problem 2: Consider the block diagram set-up for the disturbance at-
tenuation problem formulated in lecture with

G1(s) =
s + 1

s2 + 10s + 100

and

G2(s) =
1

s + 2
.

(a) Design control blocks H1(s) and H2(s) such that the following two
specifications are satisfied: First,

|Y (jω)

N(jω)
| ≤ 0.01

for all frequencies ω ≥ 0. Second, the output y(t) should respond to
command to r(t) in approximately the same manner in the closed loop as
in the open loop; i.e. for the closed loop, we desire

Y (s) ≈ G1(s)G2(s)R(s).

Note: In class, we did not fully solve for H1; i.e., we never found the con-
stant α. In this homework, a specific solution is sought.

(b) To make your solution “proper,” introduce a second order lowpass
filter as appropriate and solve for the filter parameter ε.

(c) For the compensated system resulting from (b), generate a frequency
response plot for the closed loop transfer function |Y (jω)/R(jω)| and com-
pare it to the target transfer function |G(jω)G2(jω)|. Plot the error be-
tween these two frequency responses as a function of the frequency ω ≥ 0.

SOLUTION:

0.1.1 Part (a)

The second condition which says that the closed loops should approximate the open loop
response, implies that we should use 𝐻2 (𝑠) =

1
𝐺1𝐺2

, i.e. to apply the inversion. This is because
𝑌(𝑠)
𝑅(𝑠) =

𝐻1𝐺1𝐺2
1+𝐻1𝐺1𝐺2𝐻2

�
𝑁=0

and this becomes 𝑌(𝑠)
𝑅(𝑠) ≈ 𝐺1𝐺2 when we set 𝐻2 =

1
𝐺1𝐺2

and also by

making 𝐻1 = 𝛼 where 𝛼 is a large gain. So now we just need to worry about finding 𝛼 s.t.

�
𝑌�𝑗𝜔�

𝑁�𝑗𝜔�
� ≤ 0.01 for all 𝜔 > 0.
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We know that 𝑌(𝑠)
𝑁(𝑠) =

𝐺2
1+𝐺1𝐺2𝐻2𝐻1

, but since we are using the inversion, this reduces to

𝑌 (𝑠)
𝑁 (𝑠)

=
𝐺2

1 + 𝐻1

By setting 𝐻1 (𝑠) = 𝛼 and using 𝐺2 =
1

𝑠+2 and moving to the frequency domain, the above
becomes

𝑌 �𝑗𝜔�

𝑁 �𝑗𝜔�
=

1
𝑗𝜔+2

1 + 𝛼
=

1
�𝑗𝜔 + 2� (1 + 𝛼)

=
1

(1 + 𝛼) 𝑗𝜔 + 2 (1 + 𝛼)

Taking the magnitude

�
𝑌 �𝑗𝜔�

𝑁 �𝑗𝜔�
� =

1

�(1 + 𝛼)
2𝜔2 + 4 (1 + 𝛼)2

We want the above to be smaller than 0.01 for all 𝜔, which implies
1

�(1 + 𝛼)
2𝜔2 + 4 (1 + 𝛼)2

≤ 0.01

1
(1 + 𝛼)2𝜔2 + 4 (1 + 𝛼)2

≤ 0.012

(1 + 𝛼)2𝜔2 + 4 (1 + 𝛼)2 ≥ 10000

𝜔2 ≥
10000 − 4 (1 + 𝛼)2

(1 + 𝛼)2

𝜔2 ≥
10000
(1 + 𝛼)2

− 4

𝜔 ≥
�

10000
(1 + 𝛼)2

− 4

The smallest 𝛼 to allow the above is when 𝜔 = 0, hence we need to solve for 𝛼 from

�

10000
(1 + 𝛼)2

− 4 = 0

10000
(1 + 𝛼)2

− 4 = 0

1
(1 + 𝛼)2

=
4

10000

(1 + 𝛼)2 =
10000
4

= 2500

1 + 𝛼 = 50

Hence

𝛼 ≥ 49

Therefore 𝐻1 (𝑠) = 𝛼 where 𝛼 ≥ 49 and 𝐻1 (𝑠) =
1

𝐺1(𝑠)𝐺2(𝑠)
. This complete this part.
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0.1.2 Part(b)

One problem with the above inversion method for finding 𝐻2 (𝑠) =
1

𝐺1𝐺2
is that 𝐻2 (𝑠) becomes

improper:

𝐻2 (𝑠) =
1

𝐺1𝐺2
=

1
𝑠+1

𝑠2+10𝑠+100
1

𝑠+2

=
�𝑠2 + 10𝑠 + 100� (𝑠 + 2)

𝑠 + 1

=
𝑠3 + 12𝑠2 + 120𝑠 + 200

𝑠 + 1
𝐻2 (𝑠) is improper, since the numerator has a degree larger than the denominator. This
introduces di�erentiator in the feedback loop which is something we do not like to have.

We will now replace 𝐻2 =
1

𝐺1𝐺2
by � 1

𝐺1𝐺2
�𝐻𝐿𝑃 (𝑠) where 𝐻𝐿𝑃 (𝑠) =

1

(𝜀𝑠+1)𝑘
is a low pass filter

where 𝑘 is an integer and 𝜀 is some parameter, both are positive. The goal is to block high

frequency noise content and also make � 1
𝐺1𝐺2

�𝐻𝐿𝑃 (𝑠) become a proper transfer function. We

also want to make sure �
𝑌�𝑗𝜔�

𝑁�𝑗𝜔�
� remain less than 0.01.

Let

𝐻2 (𝑠) =
1

𝐺1𝐺2

1
(𝜀𝑠 + 1)𝑘

=
𝑠3 + 12𝑠2 + 120𝑠 + 200

(𝑠 + 1)
1

(𝜀𝑠 + 1)𝑘

The degree of the numerator is 3. So we want 𝑘 to be at least 2 (it can be more), so that
the denominator has at least degree 3 as well. If we want strict proper, then we make 𝑘 = 3.
Using 𝑘 = 2 we now have

𝐻2 (𝑠) =
1

𝐺1𝐺2

1
(𝜀𝑠 + 1)2

Therefore,
𝑌�𝑗𝜔�

𝑁�𝑗𝜔�
now becomes

𝑌 (𝑠)
𝑁 (𝑠)

=
𝐺2

1 + 𝐺1𝐺2𝐻1 �
1

𝐺1𝐺2

1
(𝜀𝑠+1)2

�

=
1

𝑠+2
1 + 𝛼

(𝜀𝑠+1)2
(1)

Where we used 𝛼 for 𝐻1. We now move to the frequency domain and take the magnitude in
order to solve for 𝜀. We will use the same 𝛼 found in part (1), otherwise, there will be two
free parameters to adjust at the same time, which would make this a hard problem, and the
problem seems to indicate we are to use same 𝛼 value found in part (1) although it did not
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say that explicitly. Therefore (1) becomes (using 𝛼 = 49)

𝑌 (𝑠)
𝑁 (𝑠)

=
(𝜀𝑠+1)2

𝑠+2

(𝜀𝑠 + 1)2 + 49
Hence

�
𝑌 �𝑗𝜔�

𝑁 �𝑗𝜔�
� =

�
�𝜀𝑗𝜔+1�

2

𝑗𝜔+2 �

��𝜀𝑗𝜔 + 1�
2
+ 49�

=

𝜀2𝜔2+1

√𝜔2+4

�−𝜀2𝜔2 + 1 + 2𝜀𝑗𝜔 + 49�

=

𝜀2𝜔2+1

√𝜔2+4

�4𝜀
2𝜔2 + �50 − 𝜀2𝜔2�

2

Hence

�
𝑌 �𝑗𝜔�

𝑁 �𝑗𝜔�
�

2

=
�𝜀2𝜔2 + 1�

2

�𝜔2 + 4� �4𝜀2𝜔2 + �50 − 𝜀2𝜔2�
2
�

We now find 𝜔 where �
𝑌�𝑗𝜔�

𝑁�𝑗𝜔�
� is maximum, which is the same as where the above is maximum.

The above is maximum when the denominator is minimum. Hence
𝑑
𝑑𝜔

�𝜔2 + 4� �4𝜀2𝜔2 + �50 − 𝜀2𝜔2�
2
� = 0

Solving for 𝜔 from the above using computer algebra (the algebra is too complicated to do
by hand. May be there is a short cut) in terms of 𝜀, and plugging the solution 𝜔max back to

�
𝑌�𝑗𝜔�

𝑁�𝑗𝜔�
� and setting the result to 0.01 and solving numerically for 𝜀 that satisfy the equation

gives

𝜀 = 0.0197

To verify this, a small demo was made to plot �
𝑌�𝑗𝜔�

𝑁�𝑗𝜔�
� for di�erent 𝜀 values. The following

plot shows �
𝑌�𝑗𝜔�

𝑁�𝑗𝜔�
� using 𝑘 = 2, 𝜀 = 0.0197 and the maximum magnitude was checked to be

just less than 0.01
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0.1.3 Part (c)

We will now use

𝐻1 = 49

𝐻2 =
1

𝐺1𝐺2

1
(0.0197𝑠 + 1)2

And plot �𝑌(𝑠)𝑅(𝑠) � = �
𝐻1𝐺1𝐺2

1+𝐻1𝐺1𝐺2𝐻2
� against the |𝐺1𝐺2| to see how good the choice of 𝐻1 and 𝐻2 are.

𝑌 (𝑠)
𝑅 (𝑠)

=
𝐻1𝐺1𝐺2

1 + 𝐻1𝐺1𝐺2𝐻2

=
49𝐺1𝐺2

1 + 49𝐺1𝐺2
1

𝐺1𝐺2

1
(0.0197𝑠+1)2

=
49 𝑠+1

𝑠2+10𝑠+100
1

𝑠+2

1 + 49 1
(0.0197𝑠+1)2

=
49 𝑠+1

𝑠2+10𝑠+100
1

𝑠+2
(0.0197𝑠 + 1)2

(0.0197𝑠 + 1)2 + 49
While

𝐺1𝐺2 =
𝑠 + 1

𝑠2 + 10𝑠 + 100
1

𝑠 + 2

The following plot shows �𝑌(𝑠)𝑅(𝑠) � vs. |𝐺1𝐺2| side by side
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The following plot shows both on the same plot

compensated open loop
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The following plot show di�erence between the magnitudes
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Observations:

From the above di�erence plot, we see that the maximum di�erence between |𝐺1𝐺2| and the

compensated � 𝐻1𝐺1𝐺2
1+𝐻1𝐺1𝐺2𝐻2

� occurred at around 𝜔 = 350 and had value of about 0.0014. This
value seems relatively small, and seems to indicate that 𝐻1 and 𝐻2 used for compensation
were a good choice.
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