Fourier Transform Pairs:

Integral: F{f(z)} = F(w) = /oo f@)e™ds f_l{F(w)}:f(x):%/_O;F(w)ewxdw
Cosine: F.{f(z) / f(x) cos(waz)dr , F HF(w)}=f(z)= % /000 Fo(w) cos(wz) dw
Sine: Fo{f(x) / f(x) sin(wz)de , F HF(w)}=f(z)= % /OOO Fy(w) sin(w z) dw

If f(x) is continuously differentiable and f(z) — 0 as |z| — oo, then
Fif@)= [ faedo=ivF)
If f(z) is continuously 2-times differentiable and f”(xz) — 0 as |z| — oo, then
F' @} = [ f'@)e e do = (iw) Fw).
If f(x) is continuously n-times differentiable and f™(z) — 0 as |z| — oo, then
F{F™ (z) / F(2) e™ 9% dp = (jw)™ F(w).
Convolution:

FHf@ i) = [ 2 Ft=T)g(r)dr = (F9) (1)

Fourier Series Expansion:

-i— Z an cos( )+ Z by, sin(— ’ where p is half the period and
1 P
where ap = —/ ft)d / f(t) cos( )dt and b, = / f) sin(mrt)dt
PJ-p p
Z o eF  where ey = o / b (2ﬁ)eﬁ”;f>7r dt  and where p is half the period.
D J—p

n=—oc

Expansions and Identities

1/l-z) = 14+z+22+2%+.-. for |z] < 1
- 1.2 2 23
e’ = +1|+2'+§+I+"'
2 -4 6 8
B W m W
cos(z) = 1—§+—'—a+§*
) e et g
@) = qomtyom e
e
cashie) = +§+_+E+ +-
3 5 7
, B 05 % B
-sinh(z) = 1'+ + = & +7—+’~'
sin(zx +y) = sin(z)cos(y) £ sin(y) cos(x)
cos(zx £y) = cos(x)cos(y) F sin(x)sin(y)

—b+Vb? — 4dac

uadratic Eq.: az? +bz+¢c=0 — Roots: 219 =
! 2
a
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) T a + w
0 —o << —k
a —k<t<O0 1 . .
. = = — = + iwk _ —iwl
f. f(» b — F(w) ™ [(b — a) + ae be™"]
0 I<t<ow

Our first objective will be to show that the Fourier transformation distributes over sums of
functions and commutes with scalars. In particular, we have

— (Linearity) If the Fourier transforms of f; and f, exist, then
Fafi + arfa) = aiF(f)) + F(f,)  ay, a, constants
€ PROOF From the definition of the Fourier transformation % and familiar properties of
integrals, we have

Fah +arfy) = f_ [a, /i) + azfo(D]e™™" dt

=g, f filde ™ dt + a, f FaB)e™ " dt
=a,\F(f)) + a:.%(f,) »

The property ascribed to the Fourier transformation by Theorem 1 is also valid for the Fourier
cosine and sine transformations and, in each case, its extension to a linear combination of more than
two functions is immediate. In other words, all three Fourier transformations are linear operators,
as are their inverses.

_ (Symmetry) If F(w) is the Fourier transform of f(2), then 27f(—w) is the trans-
form of F(?).

€ PROOF By hypothesis, — VA% e
g‘»»fx e
® ; I I~ ‘
Flw) = f fe ™ dr and inversely J = o f F(w)e' dw
s T
If in the latter integral we replace ¢ by —t, it becomes .

27f(—D =J’ F(w)e ™ dw

—oo
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. Table of Laplace Transforms of Functions

F(s) = £[f(D](s)

r?\)[,__‘ G | =

n!
gt

ﬂm

S$—a

ot

(s—a)
n!
(s— a)n-H
1
(s—a)(s—0b)
§
G-a)(-b)
1

(@ b)(b—c)c—a)

sin(ar)

cos{ar)

1 —cos{at)

ar —sin(at)

sin(ar) — at cos(at)
sin{at) + at cos{at)
tsin{ar)

rcos(at)

cos(at) — cos(br)
(b—a)b+a)

e sin(br)
&% cos(bt)
sinh(ar)

cosh(at)

sin{at)cosh{ar) — cos(at)sinh(ar)

sin(at)sinh{ar)

(s—a)(s—b)(s—c)
a
(«»/’“‘S‘MA“\(
(2 +a/
i
s(s? +a?)
o
§2(s? +a?)
24°
2as?
2as
(=0
§
(2 +a2) (s +b2)
b
G=af +i?
s—a
Lot
o
s
2 0
443
st +4at
2d’s




26.

gl

28.

29.

30.

31.

32,

33.

34,

35

36.

37.

39.

40.

41.

42.

43.

45.

46.

47.

The |

oo

Faplace

o

 (continued)

f@)

sinh(at) — sin(ar)

cosh(at) — cos{at)
‘1 at

ﬁe (1 -+ 2&'{[)

Jolat)

Jptar)

Jo(2/ar)

;- sin(ar)
%[1 —cos(at)]

%[1 — cosh(ar)]

1 - (a)
L el —
Wi el

1 2 a
b gef ‘erf(—)
Jt J1
e terf(av/T)

e"z’erfc(a\/? )

a
erfe{ —
(z7)
] e 2 14t
~/ 7t
1

V¥ a)
% sin(2a+/1)
()
()
8.(1)

8(t—a)

L,(n

(Laguerre polynomial)

F(s) = 2[f(D](s)

24a°
st —a*
2a%s

st —at

%
aF(as)

aF(as—b)

67”(1 e €~es)

(S




48.

49.

50.

51

32

. (continued)

f(@)

n!
—H, (1
(2}1)' /—’771‘ 271()
(Hermite polynomial)

—n!

~=r oy e ()

ST+ 1)!

(Hermite polynomial)

triangular wave

pf (1)
I Ny
I [ WMTM ‘

g 2a3g 4o

square wave

[

I |

L

B [ e—

sawtooth wave

@)

1 - MQ@«@\\\W@“‘WW@

a. 29 30 4

a 2a

Operational Formulas
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F(s) = L[f(D]()

(1 e S)"
Sn-H/z

(1—s)"

s +3/2

1temh(%)

s

1 e

F(s)
aF(s)+bG(s)
sF(s)— f(0+)

S"F(S) v s"’lf(()) Sy _f{nfl) (O)

lF(s)
s
=k is)

(—1)"F) (s)
/ s

Fs—a)

e E( S)
1

l—e 7

[ e a



-l

e+ 2)(a1-0)

(e aper &

(1-a)e [ 1~ ap)r <

mA%\+ Nuv+a m-ﬁ%\+ Nav

1

xT
1

S

[

4

() °r | M.\(

(2-2)a -

TA%: 2)(A - 7) z

1

(r47-0) x2p
1

[4
z

x

mA L+ NRV
T

2+ %) QH— urs

1

1

ﬁ_k_luvm . Tkl NGV

(0)H {(w1-p)x-}dxs

x
xp urs

o<p .A_a_ulvmxo Eq

61

8T

L1

9t

¢l

14!

£l

4!

11

01

q Zgp spsino ‘g
T qsxsSp 9

TANQ+ NHVR c

14 ré .
(|2lp-)dxe W\z 0<? TTc+ x) | v
w\.l dxo hm.\(l 0<v  (-)dxe | ¢
N.A A+ .0) (30-) wmm (xjp-)axo x | ¢
TT«+ Nuvu M. o<v .A_»._?V&B 1
1p(x)f (op1-)dxa | Ww\( =()d )/

Py

xp(x)f 31%0,_4

=2l (N4

T

(x)f

SULIOJSUBA], JOLINOJ °I-g d[qB]

"(PL6T ‘TL6T) ToBumay1aqQ pue ‘(£861)
ASYILIEINL “(OL6T ‘9S-0S6T) YosIeo( “(S961) AOYIUpNIg pue umpiq “(8561)
13150 pue [roqdure)) (yS61) 7w 12 1K[9PIF 0} PaLISjel SI 15DPBAI OY) *SULIOJSUET)
[eI391UT JO SIST| 9ATISNBYXS IO 'SULIOJSUEI} JO SIsT] 919[dwO9 9IS 0] opew st
1duroye ou sojqe; asetp uf “suoneondde Sunsourfus pue TeorsAyd .Eoﬁmﬁoﬁmﬁ.
Ul oSN UOWUIOd ISOW Ul IO JX3) S} Ul Pald Ieyjle aIe jeyj suonouny
a3 Jo suuioysuen [eI3ajul Jo s3[qe) 140ys Jo 108 & op1aoid am xipusddy sty up

SULIOJSUR T,
[eI33jU] JO SsI[qe],

q xipuaddy




bl uss hhw s0d _+5_ VN _

P TT0) 105 T (1982t Jou 0 ) ¥ uls u_ x| | e
o )] 1Y)
T_.T 1) u ?«I uKL dxo X
[(r-1HZ-1] w,m\, :AM._wxv oy
[(e-nHz~1][(1-)ar}dxa 1&, 5 .wv It
y u8s TA QTVV (yp2-) dxo I\/ _.Acal ) ov
y u8s (yoi—)dxs M\» 1— v .H. X 6
(v-x)g + i L (9-x)H (xv1)dxs
[(p-x)q—]dxs | 2 ’ 8¢
(P=1) @ 1+ Eﬁpﬁ .Imn\( (x)g (xo1)dxo x| £g
T ugs Q+BAMLI~&B X
?.uT_v\_ .II.I..QWNWL w3qurueyoust v (x)g,x | 9€
(P=71) w9t ZTM (xo1)dxo ,x | ¢¢
i-u) ]z WX
A uss .”ET\.-IV M. 1— lml Y€
¥ uds M\r» m €€
() on-)aee [ 2L - )1 (2}

Qv\_mo_ (4 «\v @Tv - xuds |, x| g€
m%.w M\/ xuds | 1¢
Ti&WToo X

wdtl @b S oy e o

X b4
ﬁ«u Emw W\» (Ix|-2)m | 62

7] z

T (1x])ser | s
weisuoo e st v (| ¥|8o] - ) IIM\( HEIR N
(0-7) w9 4 2TN (ro2)dxe x | 9z

bl xz
T uu z (=)H-(*)H | st

A 4
Au\v g+ Aﬁu\ulv dxa | 7 AQ - Rvm Ve

7]
T%I ! g M\, () |
(N we o 2z2p X | T
().¢1 zzp x| 1z
(Ve zgp 1| oz
() f (zop-)dxo | mm\( =(¥)d (x)f




	1
	2
	3
	4
	5
	6
	7

