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Chapter 1

Introduction

Took this course in Fall 2013. Part of MSc. in Engineering Mechanics.

Instructor: Professor [Douglass L. Henderson|

Hard course, lots of Math, and lots of HWs. but very useful. Teacher was very good in the
subject, and very helpful, spending lots of time after class answering all students questions.
Text book was good also.

Textbook: Peter V. ONiel, Advanced Engineering Mathematics, 6th edition 2007.
Here is the

Link to [school course description|



https://directory.engr.wisc.edu/ep/faculty/henderson_douglass
http://courses.engr.wisc.edu/ema/ema547.html
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2.1 Summary of HWs
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2.1. Summary of HWs

CHAPTER 2. HW

HW about grade

HW1 first chapter. Solving first order ODE. Different types, Exact, | 54.5/55
integrating factor, generlaized integrating factors, Bernulli and
Riccati.

HW2 reduction of order, linear operators, linear dependent and inde- | 50/55
pendent, inhomogeneous ODE with constant coefficients, finding
particular solutions

HW3 variation of parameters, reduction of order, Euler Cauchy ODE, | 39/40
Wronskian

HW4 Using Laplace to solve ODE’s, system of equations, Electric cir- | 41/41
cuit spring mass system, partial fractions

HW5 More Laplace and inverse Laplace. Using Laplace on periodic | 38/38
functions convolution, using Laplace for solving PDE (the long
problem)

extra credit lots of differential equations 25/25

HW6 solving integral equations 46/48

HW7 system of equations, reduction/diagonalization, variation of pa- | 40/42
rameters

HW8 Fourier series 26/26

HW9 Fourier transform 23/23

HW10 complex variables 33/36

HW11 complex variables 56/70

second extra | complex variables 25/25

credit
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22 HWI1

2.2.1 Problems to solve

Homework Set No. 1 NEEP 547
Due September 13, 2013 DLH

Separable Eqs.; Solve the initial valued problems:
1. (4pts) O’Neal, page 20, prob. 14: 2yy’ = vy, y(4) = -2

2. (4pts) O’Neal, page 20, prob. 15: yy' = 2z sec(3y); y(2/3) = /3

Exact Differential Egs.; Solve the initial valued problems:
3. (5pts) (2zy + e¥) dx + (22 + ze¥) dy = 0; y(1) = In(2)

4. (5pts) O’Neal, page 32, prob. 14: eV + (ze¥ — 1)y’ = 0; y(5) =0

General Integrating Factor:
5. (6pts) Bz —y)dx + By +z)dy =0

6. (6pts) O’Neal, page 38, prob. 17; Solve the initial valued problem: 2zy + 3y’ = 0; y(0) = 4

(Hint; try p(z,y) = y° e*® where a and b are constants)

7. (6pts) O’Neal, page 38, prob. 20; Solve the initial valued problem: 322y + y3 + 2zy%y = 0;
y(2)=1

Homogenous, Bernoulli and Ricatti Eqgs.:

8. (5pts) O’'Neal, page 45 prob. 12; find the general solution: z3y’ = 2%y — 3

9. (7pts) O’Neal, page 45, prob. 17; find the general solution: y’ = 3;;5;19

10. (5pts) Find the general solution: (2x% — 4?)dx + 3zydy =0

11. (4pts) Show that if one solution, say y = u(z), of the Riccati equation ¢ = P(z)y*+Q(z)y+
R(z) is known, then the substitution y = u + % will transform this equation into a linear
first-order equation in the new dependent variable z.

2.2.2 Problem 1, O’Neal page 20 (section 1.2) , problem 14

2yy’ = e"‘yz;y(él) =-2
Writing the above as
dy ¢

E - eyz
Zyeyzdy = etdx

Hence the ode is separable. Integrating both sides gives

2fyey2 dy = fexdx (1)

Using f yeyz dy = %eyz the above reduces to
¢ ="+ C

Initial conditions are now used to find the constant of integration C. Letting y = -2 and
x =4 in the above gives

et=et+C
C=0

Hence the solution is
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Or

y=+Vx
To verify the solution, it is substituted back into the ode. When y = +/x the differential
equation becomes 2+/x (ﬁ) = orl=1

2.2.3 Problem 2, O’Neal page 20 (section 1.2), problem 15
Solve yy’ = 2xsec(3y) with initial conditions y (;) = g

Writing the ODE as
dy
Y ix

Lcly = 2xdx

sec (3y)
Hence it is separable. Integrating both side

fse%(fﬁy)dy: fodx
fy cos (3y) dy = 2fxdx (1)

Using integration by parts for f Y cos (Sy) dy. f udv = [uv] - f vdu. Let u = y;dv = cos (Sy)

= 2xsec (3y)

then
sin (30) 1 (3
fy cos (3_1/) dy = ysmSM] - fwdy
- Yo
_ %ysin (3y) v sin (33]/0)] - [% (_% cos (3y)) +C
= %y sin (3y) + % cos (3y) +C
Where C; is new constant that includes C and yow. Eq. (1) becomes

3

%y sin (3y) + %cos (3y) =x>+ G,

Where C, is new constant. Initial conditions are now used to find C,. Letting x = g and

y= g the above becomes

1 | ry 1 Tt 2\
——sm(3—)+—cos(3—): -1 +C,

33 3/ 9 3 3
1 4 -5

C:————:—

27 9 9 9

Hence solution is

3y sin (3y) + cos (3y) =9x% -5

2.2.4 Problem 3

Solve (ny + ey) dx + (x2 + xey) dy=0;,y(1) =1n(2)
This ODE is not separable. To check if it is exact, it is written as

M(x,y)dx+N(x,y)dy =0

d d . . . . .
Then ai; =2x +¢Y and &—Ij = 2x + ¢Y. Since they are the same, the differential equation is

exact.



22. HW 1 CHAPTER 2. HW

ap|(x, Iplx,
Now let # =M (x, y) and ¢§;y) =N (x, y) and the ode becomes

99 (xy)  Ieluy)dy _
dx dy dx

or

d
P (xy@)=0

Which means that ¢ (x,y(x)) = C. To find ¢ (x,y(x)) the equation @ =M (x, y) is used
and integrated as follows
d
@8(3;,]/) = M(x,y) = 2xy +¢&Y
[ (x,y) = f (ny + ey) dx
=x%y +xe¥ +¢ (y) 1)
Where ¢ (y) is a function of y that needs to be found. Since Q(pa(;c,y) =N (x, y) then
py) (g;c Y) = (x? + xeV) (2)

dp(x,
But from Eq. (1) # =x? +xe¥ + ¢’ ( ) hence Eq. (2) becomes

/

x? + xe¥ + ¢’ (y) (x + xey)
(y) = x% + xe¥ — x* — xe¥
=0
Hence, since g’ (y) =0 then g (y) = 0 can be chosen as solution. Therefore Eq. (1) becomes
@ (x, y) = x%y + xe¥ but ¢ (x,y(x)) = C hence
x?y + xe¥ = C

Initial conditions are used to find C. Since y = In(2) when x = 1, the above becomes
In (2) +¢™®@ = C or C = In (2) + 2. Therefore, the implicit solution is

x2y + xe¥ = In(2) +2

problem 3 solution

i

1o

00y 1 Lot

Figure 2.1: problem 3 solution

To verify: Taking derivative w.r.t. x gives

2y dy

2xy + x +e¥+x—=eY=0
Y dx

(2xy+ey) + Z—‘Z (x +xey) =0

Which is the same as the original ODE.

2.2.5 Problem 4 O’Neal page 32 (section 1.4), problem 14
Solve ¢/ + (xe¥ —=1)y’ =0,y (5) =
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Writing the above as e¥dx + (xe¥ —1)dy = 0.Letting M (x, y) =¢/ and N (x, y) = (xe¥ -1). To
verify first this is exact: %/I =¢Y and %\CI = ¢¥ hence they are the same and the differential

equation is exact.

o¢(x, Ip(x, dp(xy)  Ig(x,
Letting # = M(x,y) and # = N(x,y) the ode becomes % —(P(S;Cy)z_z =0 or
Ip(xy)

d%go (x,y(x)) =0 hence ¢ (x,y (x)) =C. To find ¢ (x,y(x)) the first equation = M (x, y)

is used

Ip %y
8(x ) :M(x,y) =¢Y
(p(x,y) = feydx
=/ +g(y) (1)
Where ¢ (y) is a function of y that needs to be found. Since 20(s) = N(x, y) then
d
M = (xe¥ —-1) (2)
9y
From Eq. (1) a(p;;y) =e¥ +¢ (y), hence Eq. (2) becomes

ey+g’(y) =xe¥ -1
g’(y) =e/(x-1)-1
Hence g(y) = f(ey (x=1)-1)dy = e¥ (x —1) —y + C; Therefore
(p(x,y) =+ (x-1)-y+C
=xe¥ —y+Cy
but qo(x, y(x)) = C hence
xe¥ —y=0C,

Initial conditions are used to find C,. Letting y = 0 when x = 5 the above becomes
5(1) -0 = C, hence C, = 5. Therefore, the implicit solution is

xe¥ —y=>5
y(x) = xe¥™ -5

problem 4 solution

Figure 2.2: Problem 4 plot of solution

2.2.6 Problem 5

Solve (Sx - y) dx + (3]/ + x) dy = 0 using general integrating factor

The ODE is Checked if it is exact: M(x, y) = 3x —y hence aa—]\; = -1 and N(x, y) =3y +x,
then c;—l;l = 1. Therefore it is not exact. The ODE can be made exact by using a general

integration factor.
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Trying I = (x2 + yz)p the ODE becomes
(x2 + yz)p (Bx - y) dx + (x2 + yz)p (3]/ + x) dy =0

Hence
M= (x2 + yz)p (3x - y)
e (o) (=) )
and
N = (xz + yz)p (By + x)
IN _ (2, 2y 2, .2\
I —p(x +y ) (2x)(3y+x)+(x +y )
For an exact ode the following is required
IM _JN
dy  dx

2py (x2 + yz)p_l (3x - y) - (x2 + yz)p = 2px (x2 + yZ)P_l (By + x) + (x2 + yz)p

Dividing by (xz + yz)p_l
p(2y) (Bx—y) - (2 +37) =p@x) By +x) + (@ +17)

2py (3x - y) - (x2 + yz) - 2px (3y + x) - (x2 + yz) =0
and Letting p = -1

-2y (3x - y) - (x2 + yz) +2x (Sy + x) - (x2 + yz)
—6yx + 2y% — x% — y? + 6xy + 2x% — x2 — 12
0

0
0
0

Hence the integrating factor is

= (2+)
The ode is now multiplied by this integrating factor
If(3x—y)dx+1f(3y+x)dy =0

(x2 + yz)_l (3x - y) dx + (x2 + yz)_l (3y + x) dy =0

-1

Now M (x, y) = (x2 + yz)_l (3x - y) and N (x, y) = (xz + yz) (3y + x) :

ap(x, o9(x,
= N(x,y) the ode becomes (Plgzy) + (pa(;y)% =0 or

d%qo (x,y (x)) =0 hence ¢ (x,y (x)) =C. To find ¢ (x,y (x)) ,the first equation a(pa(jy) =M (x, y)

is used

Q(P(xr]/) _ M(x,y) and 3(/3(5;‘&)

Let >

(Ma(: Y o (v9) = (2 +4) (3x-)

(p(x,y):f(Bx_y)dx

(2 +2)
= g In (x2 + yz) — arctan (g) +g (y) 1)
Where g (y) is a function of y that needs to be found. Since a(pa(;'y) =N (x, y) then

dp (x, y) _ (By + x)
dy  x2+? @

dolx,
9(xy) _ X%y +q (y), hence Eq. (2) becomes

dy 2+

But from Eq. (1)

+3y 3y +x
)= 2
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Since g’ (y) =0theng (y) = 0 is assumed. Therefore ¢ (x, y) = gln (xz + yz) —arctan (;) but
[ (x,y(x)) = C hence

g In (x2 + yz) — arctan (;) =C

To find C initial conditions can be used but in this problem these are not given.

2.2.7 Problem 6 O’Neal page 38 (section 1.5), problem 17
Solve 2xy + 3y’ = 0;y (0) = 4, using I = y“ebxz where a,b are constants

Here M (x, y) =2xy and N (x, y) = 3, hence the ODE is not exact. Multiplying the ODE by
I gives
f8

y”ebxz (ny) dx + y“ebxz 3)dy =0

Hence
M= zxya+lebx2
M
8_y =2(a+1) xy“eb"2
and
N = 3y“eb"2

JdN
o 6l7xy”ebx2

So for exact the following is required

JM JN
dy  dx
2(a+1) xy“eb"2 = 6bxy”eb"2
(a+1)=3b
Hence b =1,a = 2. Therefore
If= yzexz

Multiplying the ODE by the above integrating factor gives
(yze"z) 2xy + (yze"z) 3y =0=0
Where now M (x, y) = (yzexz) 2xy and N (x, y) =3 (yZexz)

(9(p(x,y)
%y

dp|x,
Letting # = M(x,y) and

a(p(x,y) (9<p(x,y) d_y
dx dy dx

d _ _ . Ip(xy)

=9 (x,y(x)) = 0 hence ¢ (x,y (x)) =C. To find ¢ (x,y(x)) the first equation —— =M (x, y)

is used

= N(x,y) the ode becomes =0 or

29 (x,
¢$w=M@ﬂ=W¢PW

(p(x, y) = f 213x0* dx

=1e" +¢() (1)
. . . dg(wy)
Where g (y) is a function of y that needs to be found. Since Fy N (x, y) then
Ip (x,y) )
— 220X
2y 3y“e (2)
dp(x,
From Eq. (1) % = 3y%e" +¢’ (y), hence Eq. (2) becomes
3y2€x2 + g/ (y) — 3y2€x2
g (v)=0

Since g’ (y) = 0 then g(y) = 0 is assumed. Therefore (p(x, y) = y3ex2 but ¢ (x,y(x)) =C
11
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hence
y3ex2 =C
Initial conditions are used to find C
473l =C
8 =C

Hence the solution is

[SS IR

y(x) = (43e‘x2)

or
2

y(x) = 46_%

paoblem § zolution

)

Figure 2.3: problem 6 plot of solution

2.2.71 small question on the above problem

Why can’t one start by dividing by y in order to obtain 2x + gy’ = 0. Hence now M = 2x

and N = 3 and so it is exact. Therefore

?—f = M = 2x, hence ¢ = fodx =x’+g (y) This means Z_j =g (y) but we also know that
% _ N = §’ therefore
Iy y
3
8 \y) =~
=2

Hence g (y) =3Iny + c; where we can set c; to any values and we choose zero. Therefore

since the potential ¢ (x, y) = C some constant, this means
C=x*>+g¢ (y)
C=x*+3Iny
From initial conditions C = 0+ 31n4, hence

3In4 =x2+3Iny

1
Iny = In4--x2
ny=lInd-_x
Or
:eln4—%x2
2
:4@3

Which is the same solution found inthe key solution.

2.2.8 Problem 7 O’Neal page 38 (section 1.5), problem 20
Solve 3x%y + > + 2xy%y’ = 0,y (2) = 1

Here M (x, y) =3x?y+y° and N (x, y) = 2xy?, hence %A = 3x? + 3y? and %\C] = 212, therefore
the ODE is not exact.
12



22. HW 1 CHAPTER 2. HW

Multiplying the ODE by I = ; gives

322 +y? + 2xyy’ =0
To verify that the ODE is not exact
M =3x% + 12
M,
Iy
and
N = 2xy

N
(9x_y

Ip|x,
They are the same, hence the ODE is exact. Picking the first equation M =M

Ix
and integrating

dp (x, y)
— 392 4 42
P 3x°+y
0] (x, y) = f?)xz +y2dx
=x3 +y2x+g(y)
Where ¢ (y) is a function of y that needs to be found. Since a(p(gi'y) =N (x, y) then
Ao (x,
p(vy) -
Iy
But from Eq. (1) %;’y) =2yx+ g’ (y), hence Eq. (2) becomes

2ux+ g’ (y) = 2xy
g (y)=0

(xv)

(1)

(2)

Since ¢’ (y) =0 then g(y) = 0 is assumed. Therefore ¢ (x, y) = x° + y?x but ¢ (x,y(x)) =C

hence
¥ +y?x=C

Initial conditions are used to find the constant of integration. Using y (2) =1

22+12(2)=C
C=10
Hence the solution
X3 +1%x =10
yo+ 10 — x3
X

problem T solution, x>0

Figure 2.4: problem 7 plot of solution

13
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2.2.9 Problem 8 O’Neal page 45 (section 1.6), problem 12

Find the general solution to x3y’ = x?y — y°

The ODE is
dy 1 1
oA @

hence it is in the form

y+p@y=f@y"
where p (x) = _71 and f (x) = ;—; therefore a Bernoulli equation of third order since n = 3. To

solve, it is first linearized using u = y'™"

u=y? (2)
du
= _y3
dy 4
Hence Z—Z = ;yg’
dy dydu
dx  dudx
1 .du
27
Also from Eq. (2)
y=uy
Substituting the above 2 equations into Eq. (1) gives
-1 ,du 1 1
Lt 1os__ 1.3
27 ax Y e
Dividing by > gives
“ldu 1 1
2dx x A8
du 2 2
U=

This is a linear ODE in u (x). Multiplying by integrating factor I

12y =2

R -y =J]—

dx " x x3

X 2

But %(Iu) = I'u + Iu’, hence comparing to the above shows that I’ = I; or ] = ef -
e2In¥ = x2 The ode can now be written as
2

d
E (Il/l) = IE

2
ux? = f—3x2dx +C
x

=2lnx+C

u(x) = %(21nx+C)

1

%7

But u = y~2 or y = —=, hence

y(x) ==

1
1/;—2(21nx+C)

1

xV2Inx+C

2.2.10 Problem 9 O’Neal page 45 (section 1.6), problem 17

3x-y-9
x+y+1

=+

Solve i’ =

ax+by+c

This is of the form y’ = F ( ), since ae = 3 and bd = -1 hence ae - bd = 4 # 0, therefore
dx+ey+r

this can be transformed to nearly homogeneous using X = x +h and Y =y + k as follows.

14
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x=X-h, hence dx =dX and y = Y -k, hence dy = dY. The ODE becomes
day 3X-h-(Y-k-9

AX  (X-h)+(X-k+1
_3X-3h-Y+k-9
 X-h+Y-k+1
_3X-Y+(-B3h+k-9)
X+ Y+(-h-k+1)
Now h,k are found to make (-3h +k~-9) = 0 and (-h —k +1) = 0. Solving for these gives
h =-2,k =3, hence

x=X+2
y=Y-3
And the ODE becomes
Ay 3X-Y
X X+Y
_3-Y/X
S 1+Y/X

For| X #0 |or x # 2. Letting Y = UX, then % = Z—;IX + U and Eq. (1) becomes

(1)

_3-u-u@+u
- 1+U
_3-2u-Uu?
- 1+U
Hence it is now separable
1+U
3-2U-U?
1+U
3-2U-U?
1 2\ —
—Eln(B—ZU—U)—ln(X)+C

3-2U - uZ — 6_2 In(X)+C
3-2U-U?=CX?

Ao

3X?2-2XY-Y?=C

Transforming back to x,y. From X = x -2 and Y = y + 3, the above becomes

1
au = }—{dX

dU =1n(X)+C

Since Y = UX then

3(x—2)2—2(x—2)(y+3)—(y+3)2:C

The above is the general solution.

2.2.11 Problem 10

Find general solution to (23(2 - yz) dx + 3xydy = 0
This is of the form

d_]/ _ ]/2 _ 2x2

dx  3xy

dy _ y* 22

dx 3xy 3xy
dy 1 2x
=y 1
dx 3x 3 @

y+p@y=foy"
15
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Where p (x) = ;—i and f(x) = —%x and n = -1, hence it is a Bernoulli equation of order —1.
Using the substitution u = y'™"
u=y* (2)
du
ay =
Hence by _ 1
du 2y
dy dydu
dx — dudx
_1du
= Za
And from Eq. (2)
y=—

ldu 1 A
2dx 3x 3
du 2 3 4x
dx 3x 3

du 2 —4x
I——I—u=I|{—
dx 3 3
But * L , , L2 _ [Zar _ Zix _ -2
ut E(I”) =T'u+Iu, hence I’ = —I§ or] =¢ 37 =¢3 = x 3, and the above ode
becomes
d —4x
“(uw) =11—=
dx( “) ( )

2
But I = x 3, therefore

Since u = y?, then y = +4/u, and the solution becomes
2
y(x) = +V-x%+Cx3

2.2.12 Problem 11

Problem: Show that if one solution, say y = u(x), of the Riccati equation v’ = P(x)y?+ Q(x)y +
R(x) is known, then the substitution y = u + % will transform this equation into a linear
first-order equation in the new dependent variable z.

16
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Using y =u + % theny =u’ - Zl—zz’. Substituting this into the original ODE
1 1)’ 1
w—-—=z'=Plu+-| +Qlu+-]+R
z z z

1 U
zzu’—z’:ZZP(u2+—2+2— +22Qu + 2= + 2°R
z z

28
Z

22y -z =P (zzu2 +1+ ZZu) +2%Qu +zQ + z°R
7' = 221’ — Pz*u® - P - 2Pzu — z°Qu — zQ — z°R
=22 (' - Pu = Qu-R) +z(-2Pu- Q) - P 1)
For this to be linear, the term multiplying z> must vanish. Hence
A=u -Pu>-Qu-R

must be shown to be zero. Now, since v’ = ¢’ and u = y and u? = y? this term can be
written as

A:y'—(Py2+Qy+R)

But from the original ODE itself, it is seen that y’ = Py? + Qy + R, therefore
A=0
And Eq(1) becomes
zZ=z(-2Pu-Q)-P
Or
z' (x) +z(x) 2P (x) u (x) + Q (x)) = —P (x)

This is now in the form

Z (x)+ A(x)z(x) = B(x)

Where A (x) = 2P (x) u (x) + Q(x) and B (x) = —P(x). Since this derivation was carried out
using general expressions, then it is valid for any solution u (x). Hence if one solution is
known, the ODE can be transformed to linear first order in the new variable.

17
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2.2.13 key solution

Homework Set No. 1 NEEP 547
Due September 13, 2013 DLH

Separable Eqgs.; Solve the initial valued problems:
N (4pts) O'Neal, page 20, prob. 14: 2y’ = e¥°, y(4) = -2
™ 2. (4pts) O’Neal, page 20, prob. 15: yy' = 2z sec(3y); y(2/3) =7/3

Exact Differential Egs.; Solve the initial valued problems:
© 3. (5pts) (2zy + e¥) dz + (2% + ze¥) dy = 0; y(1) = In(2)

~ 4. (5pts) O'Neal, page 32, prob. 14: e¥ + (e — 1)y =0; y(5) =0

General Integrating Factor:
5. (6pts) (3z —y)dz+ (3y +z)dy =0

6. (6pts) O’Neal, page 38, prob. 17; Solve the initial valued problem: 2y + 3y’ = 0; y(0) = 4
(Hint; try u(z,y) = y° el”"z7 where a and b are constants)

~7. (6pts) O’Neal, page 38, prob. 20; Solve the initial valued problem: 3z%y + ¢® + 2zyy = 0;
y(2)=1

Homogenous, Bernoulli and Ricatti Eqgs.:
8. (5pts) O’Neal, page 45 prob. 12; find the general solution: 3y = a?y — g3

9. (5pts) O’'Neal, page 45, prob. 17; find the general solution: ¢ = z’;:v’{”lg

XIO. (5pts) Find the general solution: (222 — y2) dz + 32y dy = 0

11 (4pts) Show that if one solution, say y = u(z), of the Riccati equation ' = P(z)y?+Q(x)y+
R(z) is known, then the substitution y = u + % will transform this equation into a linear
first-order equation in the new dependent variable z.
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23 HW 2

2.3.1 Problems to solve

Homework Set No. 2 NEEP 547
Due September 20, 2013 DLH

Nonlinear Eqs. reducible to first order:

1. (5pts) Find the general solution to the differential equation:
y' =1+ (y/)2]3/2
2. (bpts) page 72, prob. 13c; Find the general solution to the differential equation:
yy' =v*y' + ()
Linear Operators

3. (6pts) First factor the equation using operator notation and then find the general solution

to the differential equation:
Py | dy
2
T r——y=0
dz? + de Y
4. (6pts) First factor the equation using operator notation and then find the general solution

to the differential equation:

Py | dy 2

Linear dependent or independent solutions.

5. (4pts) page 69, prob. 8. : Show that y;(x) = x and y2(z) = 22 are linearly independent

solutions of 22y —2z 3/ +2y = 0 on [-1,1], but that W (0) = 0. Why does this not contradict
Theorem 2.3.1 in this interval?

Theorem 2.3: Wronskian Test : Let y1 and yo be solutions of y" + p(z)y' + q(x)y = 0 on
the open interval I. Then,

2.8.1. Either W(x) =0 for all x in I, or W(x) # 0 for all x in I.

2.8.2. y1 and yy are linearly independent on I if and only if W(z) #0 on I.

6. (4pts) page 69, prob. 10: Show that y;(x) = 3€2® — 1 and ya(z) = e~ + 2 are solutions of
yy"+2y' —(y)? = 0, but neither 21 nor y; +» is a solution. Why does this not contradict
Theorem 2.27
Theorem 2.2: Let y1 and yo be solutions of y" + p(x)y' + q(z)y = 0 on an interval I. Then
any linear combination of these solutions is also a solution.

Homogeneous Linear Differential Equations with Constant Coefficients:
7. (6pts) Solve the initial-value problem: (D? — 6 D? 4+ 11D — 6)y = 0 where D" = d‘ﬁ;; with
conditions: y =14’ = 0 and 3’ = 2 when z = 0.

8. (6pts) Solve the initial-value problem: 8y — 44" + 6y’ + 5y = 0 with conditions: y = 0,y" =
y' =1 when z = 0.

Nonhomogeneous Equations with Constant Coefficients
9. (6pts) O’Neil, page 93 prob. 16; find the general solution: y” — 2y’ +y = 3z + 25 sin(3x)

10. (7pts) find the general solution: y™ 4 33" — 4y = sinh(zx) — sin?(x)

2.3.2 Problem 1 reduction of order (book 2.3 section)

Nonlinear Eq, reducible to first order.

3

Find the general solution to y’ = (1 + (y’)z)z

This is non-linear, second order differential equation. Since x does not appear explicitly,
let u =y, then u” =y’ and the above differential equation becomes
3

u = (1 + uz)E
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The above is now separable and solved for u

du = dx
(1 + uz)E
u
— x+C
The above is solved explicitly for u
u? 2
T2 (x+C)

u? = (1+uz)(x+C)2
uz—uz(x+C)2:(x+C)2

2= (x +C)
~(x+C)
_ . / (x + C)? (x+C)
e w/1—(x+C)2
Since u =y’ therefore
(x+C)

y=t—
J1-(x+C)

This is separable, hence the solution is

(x)—+f (x+0O)

\1- (x+C
:i\fl—(x+C) +C,

=+V1-22-20C+C2+ G,

2.3.3 Problem 2 O’Neil page 72, problem 13c

Find general solution to yy” = y?y’ + (y’)2
Solution: This is non-linear, second order differential equation.
dy _ ody  (dy)’

Va2 T ¥ ax dx "\ dx

2
dy ydy L1 dy
d® Tdx "y \dx

Multiply by Z—;
2 1
Fyds _ 1dy
dx? dy ydx
Let

d
u(v) =%

u here is function of y.The differential equation becomes
dul 1
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. dx . _ d_y
Multiply by & and using that u = -~ the above reduces to

dxdy_yudy y dy
du_ L[y} dx
dy_y y\dx) dy
1 (dy
“ (@)
—y+ iy
/ y
Hence
du _u _
iy y Y

This is solved for u (y) ‘The integrating factor is I; =y hence
d(yu)=yly=1

ylu=y+C
u=y>+Cyy
But u = Z—Z hence
dy ”
g _ C
x y+Ly
dy _
¥~ Cwy=0
This is first order non-linear ODE. It is separable, hence
d
A dx
(v2 + Cly)
Applying partial fractions to the LHS gives
dy 1 dy

_— — —— = x
Ciy CiCi+y

Integrating both sides now gives

1 1
C—llny—c—lln(y+C1):x+C2

lny— In (y + Cl) = Clx + C3
Where C3 = C1C2

1 =
ny+cl C1X+C3
Y Cix
= C et
y+C o

y= yC4eC1" + C;CyeC1¥
Yy — yCye“1¥ = C1CyeC1”
y (1= CaeCr¥) = C;CeSr
C,CeCr
Y= T Cum

2.3.4 problem 3, linear operators

First factor the equation using operator notation and then find the general solution

Xy +xy -y =0
Let D = %.The ODE can be written as

(D2 +xD-1)y =0
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—b£Vb2—dac  -x£V22+4x2

The roots of the characteristic equation x?A? + xA — 1 are m =

e 5 : 2a 2x2
—x+xV5 -1+v5 -1 5
= T n o Hence the roots are
-1+ \/5
=0
-1- \/5
mz =
2x
The ODE becomes
(D-my)(D-my)y =0
Let
(D-my)y=v (1)
hence

(D-my)v=0
Solution of (D —m)v = 0 is solution of v" — mv = 0 which is v (x) = Ae™ hence the solution
of the above becomes
v (x) = Ae™*

“145
= Ae( 12x S)X

Al

~1+45
2 ) = C;.Now from Eq. (1)

Hence v (x) is constant and does not depend on x. Let Ae(
(D-my)y=0v=C
d
d_z —mpy = C4
dy 1+ \/5
-+
dx 2x
The solution to the homogenous equation is
d 1++v5
dy 14N5
dx 2x

y=0C

(149
yp = Coxe 2

yp = Cax
1+v5

2x

d
For the particular solution, using the trial y, = C, hence D _ may, = Cy or 0 - C =0(Cyq,

c dx
hence C; = 74, so
Cy

yp:?

Therefore the general solution is

Y=YntYp

C
:C3x+—4
X

Where Cg4, C;3 are constants that can be determined from initial or boundary conditions

2.3.5 problem 4

xy” +y =3x%-x
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First the homogenous equation is solved. Let D = ;—x hence
(xD2 + D)y, =0
~bVb2—dac  -1+V1 _ -1x1

The roots of the characteristic equation (x)\z + /\) are m = ” = — -— hence
the roots are
-1+1 0
m = =
! 2x
-1-1 1
mZ = = ——
2x X
Therefore
(D = 1m15) (D = my) y = 0
(D—-my) D)y, =0 (1)
Let
D)yn=v (2)
Hence
(D—-my)v(x) =0
do
I myv (x) =0
d
o Mydx
v
-1
Inv = f —dx+C
X
Inv=-Inx+C
Hence
C
v(x) = =1
X
Where C; is new constant. Eq. (2) becomes
Cy
D = = —
D)yn=v .
,_ G
Y= ~
C
dy, = —dx

Y =Cilnx+C,
To find particular solution, let
yp:ax3+bx2+cx+d
and y;, = 3ax? + 2bx + ¢ and y;’ = 6ax + 2b hence the original ODE becomes

x (6ax + 2b) + (3ax2 + 2bx + c) =3x2-x

9ax% + 4bx +c=3x% —x

Hencec=0and a = % and4b=-1lorb= —i, therefore

1, 1
Yp=3% ¥
And the full solution is
Y=Untyy
= Cllnx+C2+1x2—1x
3 4

2.3.6 Problem 5 (linear dependent and independent solution)
Problem page 69, problem 8

Show that y; (x) = x and y, (x) = x? are linearly independent solutions to x?y” —2xy’ +2y = 0
on [-1,1] but that W(0) = 0. Why does this not contradict theorem 2.3.1 in this interval?
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Theorem 2.3: Wronskian test: Let v, 1, be solutions of y”” +p (x) ¥’ + g (x) y = 0 on the open
interval I, then the following is true

1. Either W(x) =0 for all x in I, or W(x) # 0 for all x in [
2. y; and y, are linearly independent on I iff W (x) # 0 on I
Answer:

First we show that y,1, are solutions to the ODE. Looking at y;, then y; = 1,7 = 0.
Substituting into the ODE gives

—2x+2x=0
Hence y; is a solution. Looking now at y,, then y; = 2x,y”” = 2. Substituting into the ODE
gives
2x% — 4x? + 2x2 = 0
Hence y, is also a solution. Now we will show they are linearly independent. Let
ay, +by, =0

Where a,b are constants. If there are non-zero constants a,b that will make the above true,
then y,,y, are linearly dependent. Another way to say this, is that if and only if when
a = b =0 then the above is true, then yy,y, are linearly independent.

Let us assume that for all x the following is true
ax +bx? =0

Let x =1, then a+b = 0. Let x = -1 then b —a = 0. Solving for a,b from these two equations
shows that 2b = 0 or b = 0, hence a = 0. Therefore, for ay; + by, to be zero then a = b = 0.
This shows that y;,y, are linearly independent.

The above showed that y;,1, are solutions to the ODE and that they are linearly indepen-
dent functions. Now the Wronskian test is applied

Vi Y x x?

il 12
At point 0 we see that W (0) = 0. This seems like a conflict. But the Abel’s stronger statement
applies only for solutions of an ODE, which says that for second order ODE, if y,,1, are
linearly independent solutions of the ODE, then W can not be zero at any point in the
interval. However, there is no conflict in this case, since at x = 0 this statement does not
even apply, as we see that when x = 0 the first and second terms of the ODE itself vanish
and we no longer have an ODE in first place. At any other point x, where the ODE remain
in effect as stated, then W (x) # 0, and hence there is no conflict.

W= =2x% —x? = x?

Summary: To show that two functions are linearly independent on an interval, it is enough
to show that the W is not zero on any one point in the interval. We do not need to check
at each point. It is only when these two functions are also solutions of the ODE, then we
need to check that W is not zero on each point in the interval, where the ODE is defined.
In this problem, it happened that at x = 0 the ODE itself is not defined since a5 = 0 there.

2.3.7 Problem 6 page 69 problem 10
Show that y; (x) = 3¢* -1 and y, (x) = ¢ +2 are solutions of yy”’ +2y - (y’)z = 0 but neither
2y1 nor y; + Y, is a solution. Why does this not contradict theorem 2.2?

Theorem 2.2: Let y,,y, be solutions of y” +p (x) ¥’ + g (x) y = 0 on interval I, then any linear
combination of these solutions is also a solution.

Solution

First we show that the y; and y, are solutions. This is done by substitution into the ODE
and checking for identity. Starting with 1
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y] = 6¢%*,y} =12¢%*, hence the ODE become

iyt + 25— () = (362 =1) (1262) + 2 (662 - (60
= 366 — 126%* + 12¢% — 36e*
=0

This shows that y, is a solution. Now for y, we have y; = —e™,y3 = ¢™¥, hence the ODE
become

2
yivy + 205 = (i) = (€ +2)(€) + 2 (e ™) - (—e)°
=e X 20— 2 — ¥
=0

Therefore y, is also a solution. now to Check if 2y, is a solution. Let y3 = 2y; = 6¢** -2
hence v} = 12¢** and y4 = 24¢%*. Substitution into the ODE gives

Yayy + 2y — (yg)2 = (602 - 2) (24¢%) + 2 (126%) - (12e2x)2
= 1446% — 4867 + 246> — 144e*
= —24¢>
#0

Hence y3 = 2y, is not a solution.

Now to check that y; +v;, is a solution or not. Let y; = y; +y, = 3¢* —1+e ¥ +2 = 3e¥ +¢ " +1,
hence v} = 6¢** — ¢ and y} = 12¢** + ¢™¥, and substitution into the ODE gives

Yayy + 2y, - (yjl)z = (Sezx +e ¥+ 1) (1262" + e‘x) +2 (662" - e‘x) - (662" - e‘x)z
= 366% + 3¢* +126% + e + 1202 + 7 +12% — 267 — 36e* — 72 + 12¢*
= 27¢% — e™* + 24e*
+#0

Hence y, = y; + y, is not a solution.

Now to answer the question. Since the ODE given is not linear, and not of the form
v +p@y +gq((x)y = 0, then we need to check first that when using the solution 2y; or
Y1 + Yo, the ODE remains of the same form shown above for these to be also solutions.

Let us try 2y; and substituting this into the ODE. This results in
w2y = (y) =0

(2n) (20)" +2(2m) - [ 2y, ) ]2

(201) 207 +2 (21) - (21 )2

)

2
dyryy + 45 -4 (y

Dividing by 4
’/’ / / 2
iyl + 1 - (y1) =0
Comparing this with the original ODE, we see it is not the same ODE. The second term

was 2y’ and now it is y;. Hence 2y, is not a solution. The reason is due to the nonlinearity
of the ODE, the theorem did not apply to it.
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Checking now for the second trial solution y; + 1, and substituting this into the ODE
2
"+ 2y - ( ) =

(3/1 +}/2)(}/1 +y2),’+2(}/1 +Y2 —[ i) ]

(v +92) (07 +95) +2(v4 + ) — (o4 +93)’

(1 +v2) (7 + ) +2 (i +v5) - (1) - (3) - 2393 = 0

(v +y195) + (vat + vav) + 24 + 20— () — (v3) —2¥fwp = 0
[ylyi’ + 2y - (yi)z] + [yzyé’ + 2y - (yé)z] + 15 + Yoyl — 29y =0

The terms in square brackets are zero, since they are solutions of the ODE and hence
vanish, hence the above reduces to

Y12 +Yay1 — 212 =0
This is not the same ODE we started with. For y; = y; + y, to be a solution, the ODE
2
obtain ysy3 + 2y5 - (yg) = 0. The reason is due to the nonlinearity of the ODE.

2.3.8 Problem 7

Solve the IC problem (D3 -6D?+11D - 6)y =0withICy=y" =0and y” =2 whenx =0

We need to factor the characteristic equation A% - 612 +111 — 6 = 0. Guessing a root, we see
A3-6A%+111-6
A-2
equation is (/\2 —4A + 3) (A =2). Now we factor the quadratic giving the final answer of

(A=1)(A -3)(A —2). The ODE is now written as

(D-1)(D-3)(D-2)y=0

that A = 2 is a root. Long division gives = A% — 41 + 3, hence the characteristic

Let (D -2)y = v then
(D-1)(D-3)v=0
Let (D - 3)v = u then

D-1Nu=0

w-u=0
d
=@

Inu=x+c¢
U =ce*
Backtracking to the previous ODE
(D-3)v=u
dv
i 3v = cie*

Integrating factor is Iy = ¢™> hence
d
o (va) = Iycie
Ipo = flfcle"dx +cy

= f e Xdx + ¢,

-1
=0 (?e‘z") +c

v= Loy 2
De—3x e3x
€1
= —¢* + e
2

43



2.3. HW 2 CHAPTER 2. HW

Now backtracking to the first ODE
(D-2)y=v

d —C
% -2y = 713" + cpe3*

Integrating factor is I; = ¢ hence

d —C1 " X
E(Ify) :If (76 +C2€3 )
e 2y = fe‘zx (_Tcle" + 0263") dx +c3

—C
= f (716"‘ + czex) dx +c3

a _
:Ee Y+ 0" +c3

!
y=e+ cr€% + cze*

or letting %1 = c; (new constant) then
Y (x) = c1€* + o€ + cze®
Now the constants are found from IC. y =y’ =0 and y"” =2
When x =0 then y = 0, hence
O=ci+c+c3 1)
Taking derivative, then
Y (%) = c1€* + 300> + 2c56%
Hence
0=rc;+3c; +2c3 (2)
Taking derivative again
Y (x) = c16° + 9cpe>* + Acze™
Atx=0
2 =1c1+9c, +4c;3 (3)
Solving Egs. (1),(2),(3) for the constants gives ¢; =1,c, =1,c3 = —2. The final solution is

y(x) = e° + &% — 2%

2.3.9 Problem 8
Solve the IC problem 8" —4y” + 6y’ +5y =0 with ICy =0,y" =y =1 whenx =0
Solution:

Writing the ODE as (8D3 —-4D? + 6D + 5) y = 0. The first step is to factor the characteristic
equation 843 =442 + 61 +5 = 0.

By guessing an initial root as A = ~1 with some trials, now performing long Division to

reduce it to a quadratic and then applying the quadratic equation to obtain the remaining

3_412
two roots. Hence 222241 _ 32 _ g7 110,

A+z

The characteristic equation now becomes (A + %) (8/\2 -84+ 10). Factoring the quadratic

. ~b+Vb2-4ac _ 8+\6A—4(®)(10) _ 8+V64-320 _ 8+16i _ 1+2i . 1.
gives = Blo _ m =< = 5 This means the roots are 5 .

2a - 16
Hence the ODE becomes

e

Let (D + %)y = v The ODE becomes
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Let (D - (% - 1)) v =u. The ODE becomes

oo

du (1 ciluzo
o (27T
(1+i)x
This is separable with solution u = c;e\?> /" backtracking to the previous ODE and solving

o
2ol

1 .
Integrating factor is I = e_(z_l)x hence

% (1r0) = Ifcle(%H) '

Therefore
v(x)=¢; ;e(%_l)x + Cze(%_i)x

N )
i+ |x —i+5 |x
:cle( 2/ et 2

Where ¢; = %1 Backtracking to the first ODE, we now solve

1
(D + E)y =v
Z—Z + %y =c e( 2)x + cze(_Hi)x

The integrating factor is ¢i* hence
d (i+l)x (—i+1)x
e (Ify) = Iy (cle A AN )
1 .1 .1
Iy = feix (cle(HE)x + cze(_Hz)x) dx + c5

= f 1D oo DX gy 4 g

(1) 1-0x

o] T +cy 17 +c3
Therefore
e(1+i)x = e(l—i)x 1 1
y=0c 1+i€2 +eo———e?2 +ee?
Iy —a e 1,
= e2 (Cll_-l-i +c21_1_) + cze2
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But ¢ = cosx + isinx and e™™ = cosx —isinx, hence combining the above gives

1

cosx +isinx

cosx —isinx

-1

“x —X
=e2 |c , +c , +cze2
Y DR 271 ) 3
3 e%x 1 (1 —i)(cosx +isinx)+cy (1 +1)(cosx —isinx) N c3e_71x
A+i)@-1i)
1.(cy(cosx+isinx —i(cosx +isinx))+ ¢y (cosx —isinx +i(cosx —isinx)) -1,
=e2 > + c3e2
1. (cy(cosx+isinx —icosx+sinx)+ ¢, (cosx —isinx +icosx + sinx) 1
=e2 > + cze 2
1. (cosx(c; —icy +cy +icy) +sinx(cq +icy —icy + Cp) 1
=e2 +c3e2
2
c1—icy+cp+ic c1+ici—icy+c
Let % = ¢, and let ariaiete) _ cs, then the above reduces to
1 —=x
Yy =e2 (cgcosx + c5sinx) + cze 2
This is the general solution. c3, ¢y, c5 are found from IC. y =0,y =y’ =1
Whenx=0andy =0
0= Cqy +C3 (1)
Now
1 1 1 2,
y = 532 (c4cosx + c5sinx) +e2” (—cy sinx + ¢5 cos x) — e3¢ 2
Hence at x =0
1 1
1= §C4 +C5 — §C3 (2)
and
1, 1x
Yy’ = Zez (c4 cOSX + C58in X) + 56’2 (—cgsinx + c5 cos x)
11, 11, 1 2,
+ 562 (—cysinx + c5cosx) + 562 (—c4cosx —c5sinx) + ZC3€ 2
Hence at x =0
. 1 N 1 N 1 1 N 1
= —C4+ =C5+ —C5— =C4 + —C
447270727 2Ty
= 03— 7C4+C5 (3)

4 4
Solving Egs. (1),(2),(3) for the constants gives c3 = 0,c4 = 0,c5 =1, hence the solution is
1
y=e2 sinx

A plot of the solution is

solution to problem &, HW2, Fall 2013

2% ain(x)

EMR 547,

—4l

Figure 2.5: plot of solution to problem 8 HW2

2.3.10 Problem 9, Nonhomogeneous equations with constant
coefficients

O’Neil. page 93, problem 16. Find general solution to y”" — 2y’ + y = 3x + 25sin (3x)
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Write as (D?-2D +1)y = 3x + 25sin (3x), where L = D2 -2D +1 = (D-1)(D-1). This
will be solved two ways. The first using variation of parameters to obtain the particular
solution, and the second by finding particular solution to each separate forcing function
and adding.

2.3.10.1 First method (variation of parameters)

(D-1)(D -1y, =0
Let (D-1)y, = v, then
(D-1)v=0
do
il 0
Solution is v = c;e*. We now backtrack and solve
D-Dy,=v

dy

P Yp = et

Integrating factor is e hence

d
I (Iryn) = € (cre")
ey, =c1x+cp

Yp = c1xe* + cpe*

Hence y; = xe* and y, = ¢* are the two linearly independent solutions of the homogenous
ODE. Let the particular solution be

Yp = Y1 + U2l2

where 1 (x), u, (x) are functions of x to be found. Hence
Yp = uiyr + uryy + ugys + ugY;
and
Yp = uiyr +uyy +ugyy oyt +upyo + upls + iy + gy
Therefore, the ODE y/ -2y, +y, = 3x + 25sin (3x) becomes
uyyy UYL Y Yy up Yo+ Ugls + Ugl; + gl
-2 (uiyl +uyy + Yy + uzyé) + Uy + u2ly2

= 3x + 25 sin (3x)
Collecting terms
uy [y = 291 + 1 [z [y = 205 + yo [Futl yr+uih v g +us oy +ubys—2 (uhyy + uy,) = 3x+25sin (3x)

But terms in brackets vanish since this is the ODE with the homogeneous solutions, hence
the above reduces to

uyy + 155+ 155+ 15 Yo + uhys + uays — 2 (uhys + 3y,) = 3x + 25sin (3x)

Wy + U+ gy, + uhyh +uhy + uhyh — 2 (uhyy + uhy,) = 3x + 25sin (3x)

d .
e (u’lyl + uéyz) + (uiyi + uéyé) -2 (uiyl + uéyz) = 3x + 255sin (3x)
If
Y1 +uizys =0 (1)
then the above becomes
(uﬁyi + uéyﬁ) = f(x) = 3x + 25sin (3x) (2)

Hence we have two equations Egs. (1),(2) to solve for u,u,

Y2 Y2
= —_— d = d
“ f - V) Wl O
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But

Hence

X
4y = f _;x (3x + 25 sin (3x)) dx
= f e~ (3x + 25 sin (3x)) dx
=3 f xe™* +25 f e sin (3x) dx
15 5
=e™* (—3 - 3x - ) cos (3x) — > sin (3x))

and

Uy = Wy(lx)f (x)dx

X
= f _x;x (Bx + 25 sin (3x)) dx

=- f xe ™ (3x + 25 sin (3x)) dx
=-3 f x2e *dx — 25 f e *xsin (3x) dx
~ , 3 15 . 5 .
=e*[6+6x+3x°+ Ecos3x+ 7xcosSx—281n3x+ Exsme
Therefore
Yp = i1 T U2l

15 5
_ X [_3 —3x— > cos (3x) — > sin (3x)}xex

_ , 3 15 . 5 .
+ e (6 + 6x+ 3x +EcosBx+?xCOSBx—281n3x+§xsm3x e*

, 15 5 . , 3 15 ) 5 .
= -3x-3x —?xcos(3x)—Ex81n(3x)+6+6x+3x +Ecos3x+ExcosBx—281n3x+§xsm3x

3
:3x+§cos3x—ZSin3x+6

Hence the total solution is
Y=YntYp

3 .
= cyxe* + cpe* + 3x + Ecos3x—25m3x+6

2.3.10.2 Second method (using linearity to add the two separate particular
solutions)

This will be solved by breaking the forcing functions and solving for each separately and
then adding the solutions at the end since the ODE is linear. Hence we will solve the
following two ODE’s

V=2 +y = 3%

Yy —2y5 + Y, = 25sin (3x)
and the solution will be y = y; +1,. Starting with the first one, we solve for the homogeneous
and then for the particular.

D-1)(D-Dy1,=0

Now we processed as before. Let (D -1)y, , = v, then

(D-1)v=0
do 0
— -0 =
dx
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Solution is v = c;¢*. We now backtrack and solve

DO-Dyp=v
dy
% —Yip = C1€

Integrating factor is e™* hence

2 (1y1) = e )
e Y =X + 03
Yy = c1xe* + cpet
Now we find the particular solution y .
Let y;, = ax® + bx + ¢, hence Yip = 2ax +b and yy, = 24, therefore the ODE becomes
2a -2 (2ax + b) + ax® + bx + c = 3x
x*(a) +x(—4a +b) +2a—2b+c = 3x

Hence 4 = 0 and -2b + ¢ = 0 and b = 3. Therefore ¢ = 6 and the forcing function is
Y1, = 3x + 6, hence

Yy = cyxe* +ce* +3x + 6
We now solve the second ode
vy = 2y5 + Yo = 25sin (3x)

The homogenous solution is the same as above, y,;, = c;xe* + cye*. Only the particular
solution needs to be found again. Let y,, = Asin3x + Bcos3x, hence y;, = 3Acos3x -
3Bsin3x and yy, = ~9Asin3x — 9B cosx. The ODE becomes

—9Asin3x —9Bcosx — 2 (3A cos3x — 3B sin 3x) + Asin3x + B cos 3x = 25 sin (3x)

sin3x (-9A + 6B + A) + cos3x (—9B — 6 A + B) = 25sin (3x)

Therefore, (-8A + 6B) = 25 and (-8B — 6A) = 0, from the first equation A = %, and from

6B-25 9-25

the second —8B—6T =0or -64B-36B+150 = 0 or B =1.5, hence A = = -2, therefore

8
— 1 3
Yop = —28In3x + 5 cos 3x
And the general solution is

3
Yy =cyxe* +ce* +3x + 6 —2sin3x + Ecos3x

This answer matches the answer obtained above using variation of parameters.

2.311 Problem 10
Find general solution y® + 3y” — 4y = sinh (x) — sin” x
First the homogenous solution is find using the operator method. Let
(D*+3D? - 4)y = sinh (x) - sin® x
The characteristic equation is A* + 312 — 4 = 0. Let A% = u, hence u?> —u —4 = 0, and the

roots are u = {1,-4}. Hence when u = 1,A = 1 and when u = -4, 1 = +2i, therefore we
obtain the 4 roots as {1, -1,2i,—-2i} and the factorization is

(D-1)(D +1) (D - 2i) (D + 2i) y = sinh (x) — sin® x
Solving the homogenous part first.
(D-1)(D+1)(D-2))(D+2i)y=0
Let (D + 2i) y = v, hence
D-1)(D+1)(D-2))v=0
Let (D - 2i)v = u hence
D-1)D+1)u=0
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Let (D +1)u = r hence

(D-1)r=0
dr 0
— -7 =
dx

And the solution is r(x) = c;e*, backtracking now we solve
(D+1)u=ce*
du

— 4+ u=ce
dx

Integration factor is ¢*, hence

i (e*u) = e* (c1€%)

dx
cu=c fez"dx +cy
er
=c— +c¢
175 2
Therefore
e .
U=c1— +cye
15 T
1
Let ¢; = 5C1 hence
U =cre* +ce’™
Backtracking, we now solve
(D-2)v=u
dvo _.
— —2iv =c1e* + e
dx

Integration factor is ¢~2 hence

d ‘ .
— (3‘21"0) = e 2% (10" + cpe ™)
dx

e~y = f e (cre* + cpe ™) dx + 3

=0 f e 22X dx 4 ¢y f e 72X Xy 4 ¢4

e—21x+x e—le—x

=c - +c ; +cC
241 P2i-1 0 ?
Hence
—2ix+Xx o 2ix—x
2ix 2ix 20x
v = o — + eep——— + ¢
T2i+1 2 2i-1 3
e e .
— 21X
=0 ————+c0——— +ec
' 2i+1 " P2i-1 ’
Now we backtrack one last time and solve for y,
(D + 21) yy =0
dyy, e e~ ,
= 2
T + 2iy;, = Cl—2i+1 +C2—2i—1 + e“cy
Integration factor is ¢** hence
d .. , e* e ,
_ (EZnyh) — esz 1 ' +0p . + €21xC3
dx -2i+1 -2i-1
, . e’ e ,
2y, = f o] —— + cp——— + 25 |dx + ¢4
-2i+1 -2i—-1
1 -+ 2ix €2 —x+2ix dix
=51 e dx+ﬁ e dx + | e*czdx + ¢y
c ex+2ix c e—x+2ix )
= 1 2 + _3641x +Cy

2i+11+42i —2i-1-1+2i 4i
_ ! xX+2ix C2 —x+2ix C3 4ix
=—e - —=e + = +c

5 5 4i 4
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Hence

Yy = €2 (C_l 2 _ 2 pvidiv | O3 i c4)
5 5 4i

€1 G2

= = - =

5 5

Let % =, and _?CZ =, and _TCS = c3 the above simplifies to

C3 5 Yy
e X+ Zech +cqe 2ix
1

esz

Yp = 165 + e - e+ cy %X

= 16" + cpe ™ + c5ie?™ + cqeX
Convert to trig using Euler’s we obtain
Yp = 16" + o™ + 31 (cos 2x + i sin 2x) + ¢4 (cos 2x — i sin 2x)
= c16° + cpe™* + cos (2x) (ic3 + c4) + sin (2x) (—c3 —icy)
Let (ic3 + ¢4) = c5 and (—c3 — icy) = ¢4, new constants, hence

Yp = 16" + e + 5 €0s (2x) + cg Sin (2x)

2.311.1 Finding the particular solutions
To find the particular solution, using superposition. Since (D4 +3D? - 4) y = sinh (x)—sin® x,
we solve first for the first forcing function
(D* +3D? - 4)y = sinh (x)
sinh (x) can not be used for trail solution, as the homogeneous solution include ¢* in it and
sinh (x) = —% + % Therefore we will use Axe* + Cxe™ as trial solution. Hence
Yp = Ae* + Bxe® + Ce™ + Dxe™
Yy = Ae* + Be® + Bxe* — Ce™ + De™ — Dxe™
Yy = Ae” + Be® + Be® + Bxe® + Ce™ — De™ — De™ + Dxe™
= Ae* + 2Be* + Bxe* + Ce™ — 2De™ + Dxe™
Yy = Ae* +2Be* + Be* + Bxe* — Ce™ + 2De™ + De™ — Dxe™
= Ae* + 3Be* + Bxe* — Ce™ + 3De™ — Dxe™™
y;,’l” = Ae* + 3Be* + Be* + Bxe* + Ce™ —3De™ — De™ + Dxe™

= Ae* + 4Be* + Bxe* + Ce™ —4De™ + Dxe™

Therefore the ODE becomes, and using % - ? for sinh (x)
D*+3D? -4 = (Ae* + 4Be* + Bxe® + Ce™ — 4De™ + Dxe™)
Yp1
+ 3 (Ae* + 2Be* + Bxe* + Ce™ — 2De™ + Dxe™™)
et ™
-4 (Ae* + Bxe* + Ce™ + Dxe™) = 33

Hence, comparing coefficients

X —X

" (A +4B + 3A + 6B — 4A)+¢~* (C — 4D + 3C — 6D — 4C)+xe* (B + 3B — 4B)+xe™ (D + 3D — 4D) = %—%

Hence
1
A+4B+3A+6B—-4A= 5
1
C—4D+3C—6D—4C:—§
Hence
10B—1
2
10D = !
2
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Hence
1
B=—
20
D= 1
20
Therefore
1
X 4 X
Yip = zoxe + 20xe

To find second particular solution,
(D*+3D? - 4)y = —sin®x
2

: : 1 1 o : _ . . -
Since sin“x = > -, (e Ty eZ”‘) and the functions e*?* are in the homogeneous solution, let

the trial function be y,, = a +bxe** + cxe*™. Plug-in this into the ODE and expanding gives

) . 1 1 . .
e72% (32ib + 16xb — 12ib — 4bx) + ™ (=32ic + 16xc + 12ic — 12cx — 4bx) — 4a = 571 (e—sz + ez”‘)

This can be used to find y,, (need to more time to work this out). The final solution will
then be

Y=YntYp tYp
1 1
Y = c16° + e + 5 cos (2x) + cg sin (2x) + %xex + 2—Oxe‘x +Yp2
note:

I verified the solution using Mathematica. The homogeneous solution appears to be correct,
but need to work more on the particular solution. Here is the result

y(x) = c1e* + ce™ + ¢5 008 (2x) + ¢6 8in (2%) + Y,
Where y, was given as %e‘xA where
A = —80¢* — 202" + 40e**x + 40x — 20¢* sin?(2x) + 20e*x sin(2x)
+ 5e* sin(2x) sin(4x) + 10e* cos3(2x) — 20e* cos?(2x)+
166" cos(2x) — 326" sin(2x) sinh(x) — 32¢* cos?(2x) sinh(x) + 20

I tried using the variational method, but needed more time to complete finding the partic-
ular solution.
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2.3.12 Kkey solution

Homework Set No. 2 NEEP 547
Due September 20, 2013 DLH

Nonlinear Egs. reducible to first order:

M. (5pts) Find the general solution to the differential equation:
3/2
¥ =1+ @)% /

o (5pts) page 72, prob. 13c; Find the general solution to the differential equation:
vy =y + (v)?

Linear Operators

~ 3. (6pts) First factor the equation using operator notation and then find the general solution
to the differential equation:
d*y y
2
T —-—y=0
dz? te aw Y
\ 4. (6pts) First factor the equation using operator notation and then find the general solution
to the differential equation:
d*y | dy

P AT A S
zdzz+dz 3z°—2z

Linear dependent or independent solutions.

~ 5. (4pts) page 69, prob. 8. : Show that 1, (z) = = and y(z) = 2? are linearly independent
solutions of 2% 4" ~2zy'+2y = 0 on [-1,1], but that W(0) = 0. Why does this not contradict
Theorem 2.3.1 in this interval?
Theorem 2.3: Wronskian Test : Let y; and ya be solutions of y" +p(x)y' + q(z)y =0 on
the open interval I. Then,
2.8.1. Either W(z) =0 for allz in I, or W (z) # 0 for allz in I.
2.3.2. y1 and yz are linearly independent on I if and only if W(z)#£0onl.

6. (4pts) page 69, prob. 10: Show that y1(z) =3e?* — 1 and ya(z) = % + 2 are solutions of
vy’ +2y — (') = 0, but neither 2 Y1 nor y1 +ys2 is a solution. Why does this not contradict
Theorem 2.27
Theorem 2.2: Let y; and yy be solutions of y" + p(x) ' + q(x)y =0 on an interval I. Then
any linear combination of these solutions is also a solution.

Homogeneous Linear Differential Equations with Constant Coefficients:

7. (6pts) Solve the initial-value problem: (D3 —6D2 + 11D — 6)y = 0 where D" = a‘%; with
conditions: y =y =0 and y” = 2 when z = 0.

* 8. (6pts) Solve the initial-value problem: 8y — 4y” + 6y + 5y = 0 with conditions: y = 0,y" =
y =1 whenz=0.

Nonhomogeneous Equations with Constant Coefficients
Mo, (6pts) O'Neil, page 93 prob. 16; find the general solution: 3" — 2y’ +y =3z + 25 sin(3z)

AN .
10. (7pts) find the general solution: y™ + 33" — 4y = sinh(z) — sin?(x)
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24 HW3

2.4.1 Problems to solve

Homework Set No. 3 NEEP 547
Due September 27, 2013 DLH

Nonhomogeneous Equation (Variation of Parameters)

1. (6pts) page 93, prob. 22: Find the general solution to the differential equation:
22y’ + 3y + y=4/x

2. (6pts) Using the variation of parameters show that
1 x
y = ¢1 cosh(kx) + ¢o sinh(kz) + z / sinh(k(z — s)) f(s)ds
0

is a complete solution of the equation y” — k?y = f(z), where k # 0 and f is everywhere
continuous. Hint: Introduce the dummy variable s in the integrals which define u; and ws.
Then move yi(x) and y2(x) into the integrands of the respective integrals and combine the
two integrals.

Reduction of Order

3. (6pts) page 72, prob. 8.: Verify that the given function is a solution of the differential
equation. Derive the equation satisfied by u(z), give its solution and give the general solution
of the second order equation: y” — (2z/(1 +z%))y' + (2/(1 + 2%))y = 0; y1(x) = .

4. (6pts) Use the one solution indicated to find the complete solution:
2z -2y +2(x - 1)y -2y =0 p(x) =z -1

Euler Equation
5. (6pts) page 81, prob. 20: z2y" —9xy’ + 24y = 0; y(1) = 1, ¥/(1) = 10.

6. (6pts) To reduce the Euler equation to a linear equation, we use the substitution, z = log(z)
to convert the equation from y(z) to an equation for y(z). If we use the operator notation
D = d/dx and D = d/dz, show that

1)@ =Dy = lDy or zDy=Dy
dz x
L dy 1
11).@ = D% = 2 (’DQy — Dy) or 2D’y =D(D-1)y

iii). and hence, that 2*D3y =D(D—1)(D - 2)y

7. (6pts) Find the complete solution of the equation:
xs y/// + 4x2y” _ 5my’ _ 15y — $4

First Order Equation

8. (6pts) The differential equation below has the boundary condition y(1) = b. Find the only
value of b for which y(0) is finite.

dy 1 e

£+(5—1)y:*~

2.4.2 Problem 1 Page 93, problem 22 (Variation of parameters)

: : 2,01 ’ _ é
Find the general solution to x7y"” +3xy’ +y = -

Solution: This is Euler differential equation. The homogeneous solution yj, is first found,
then variation of parameters method is used to find the particular solution y,. The general
solution can then be written as y =y, +y,

Comparing the homogeneous part to the standard form of Euler differential equation,
which is given by

x?y"” + Axy’ + By =0
Where in the above y(x) is a function of x, shows that A =3 and B =1.
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Applying the transformatiot = In(x) to the original ODE converts it to
v +(A-1)y'+By=0
v +2y +y=0 (1)
Where y(t) is now a function of t and not x. This new ODE is solved for y(t). The solution

is then converted back to be a function of x.

Since Eq. (1) now is a constant coefficients ODE, direct application of characteristic roots

—_bh+Vp2— _
method can be used. The roots of A2+21+1 = 0 are A = 0 —4¢ _ 2+‘/_ = -1 (repeated).

2
Therefore the solution to Eq. (1) is !

y(t) = cret + cote”!
The above solution is converted back to be a function of x using t = In(x).This results in
vy (¥) = cre” 0 4 ¢y In (x) e 10
c In (x
S L @
X X
This is valid for x > 0 and x < 0 but not for x = 0. The solution can also be written as
In (Jx])
X
Now that the homogeneous solution is found, the particular solution is obtained using
variation of parameters. Let the two linearly independent solutions of the homogeneous
part of the solution to the ODE as shown in Eq. (2) be

1

]/1=;

In (x)
x

c
) == +c

Y2 =
The particular solution y, is
Yp = Y1 + Y2

Where u;,u, are two functions to be determined. Using the standard formula derived in
class, these functions are

—Ya f(x) (x) ix
W(x) ag

[ @
2" W(x) ag

Where f (x) = - and ag = x*. The Wronskian is

1)

Uup =

(2)

1 In(x)
- — 1 1 1 1
vi Yo |-z —zlhh@+5| X 2] x

In(x) 1 In(x)
= tEt T
1

s
uy is found from Eq (1)

= 2 In (x) In (x)
- - nix nx
= [ [ (20T
x3
= —21n (x)?

uy is found from Eq. (2)

1See page 79, textbook Advanced engineering mathematics, 6th ed. by Peter O’Neil.
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Therefore the particular solution becomes

Yp = Y1 + U2ly2
In (x)

1
=2In(x)?*= +41n ()
X

x
2 2
_ _2111 (x) N 4ln (x)
x x
_,n (x)?
x
And finally the general solution is obtained
Y=YntYp
1 ()2
_a +C21n(x) o n (x)
x x x

Hence

Y= 31_c (c1 +cyIn(x)+2In (x)z)

2.4.3 Problem 2 (Variation of parameters)

Using variation of parameters, show that
1 X
y = ¢ cosh(kx) + ¢, sinh(kx) + p f sinh(k(x - s)) f(s) ds
0

Is a complete solution of the equation y” — k?y = f(x), where k # 0 and f is everywhere
continuous. Hint: Introduce the dummy variable s in the integrals which define u; and u5.
Then move y,(x) and y,(x) into the integrands of the respective integrals and combine the
two integrals.

solution: Since the ODE is constant coefficients, direct application of the roots of the
characteristic equation is used to obtain the homogeneous solution y;,. The roots of the

—b+Vb2-4ac +V4k2

characteristic equation are A = —- = —— = =k, hence

kx kx

Yp = €% + cpe”
= ¢; cosh (kx) + ¢, sin (kx)
Let
yp = cosh (kx)
y» = sinh (kx)

The Wronskian is

h (k. inh (k
W = [ Yol | coshln) o sinh) | 7 + kesinh (k)
v ys| |ksinh (kx) kcosh (kx)
=k
Let the particular solution be
Yp = il + U2l
hence
—Y2 f (%)
= — 1
Uy W dx (1)
_(n S
2= | 0 _ﬂo dx (2)
Therefore

ul:fwﬂx)dx

iy = f coslllc(kx) £ () d

Applying Egs. (1) and (2) gives the particular solution
Yy = %Cosh (kx) ( f ~sinh (kx) f (%) dx) + %sinh (kx) ( f cosh (k) f (x) dx)
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Let s = x, hence ds = dx. The integration remains non-definite and can now be written as

Yy = %cosh (kx) (f— sinh (ks) f (s) ds) + %sinh (kx) (f cosh (ks) f (s) ds)

Now cosh (kx) and sinh (kx) can be moved inside the integrals since they do not depend on
the new dummy variable s and are hence treated as constants inside the integration. This
results in

Yy = %( f _ cosh (kx) sinh (ks)  (s) ds) ; % ( f sinh (kx) cosh (ks) f (5) ds)

= % f (sinh (kx) cosh (ks) — cosh (kx) sinh (ks)) f(s) ds (3)
Using the trigonometric relation
sinh A cosh B — cosh Asinh B = sinh (A - B)
Eq. (3) becomes

v, = %fsinh(k(x—s)) £(s) ds
Therefore, the general solution is
Yy=YntlYp
= ¢y cosh (kx) + ¢, sin (kx) + % f sinh (k (x —s)) f(s) ds

which is what was asked to show. Note: The question asks to show the final integral as
definite with limits l;x. However in the solution obtained above, the integral is non-definite

f . Need more clarification on this point.

2.4.4 Problem 3, reduction of order

Problem 8, page 72: Verify that the given function is a solution of the differential equation.
Derive the equation

satisfied by u(x), give its solution and give the general solution of the second order equation:
2x 2
Ul 1+x2y, t ey = 0 yp () =x

Solution:

Let the second solution of the ODE be y, = uy; where u(x) is a function of x to be
determined. The derivatives of y, are now found and substituted back into the ODE to
solve for u.

Yo =Wy +up 1)
Y2 =ulyn 'yt ulyy +uyy (2)
Since y, is assumed to be a solution of the original ODE, then it satisfies it. Hence
., 2x 2
y2_1+x2y2+1+x2y2:0 (3)

Using Egs. (1) and (2) into (3) gives

2 2
(s + vy + s+ ) = =5 (s + ) + = () = 0

2x 2x 2
w” (yr) + (Zyi - mm) +u (yi’ S R xzyl) =0
But y; is a solution of the ODE, hence the last term in the above vanish resulting in
2x
u’y +u (Zy{ - myl) =0

But y; = x and y] =1 hence the above becomes

2x% \ 1
1+ xz)

2
u”+u’( 3):0
X+ X

u’ +u' |2 - - =
x
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Let / = v, the above becomes

This is now separable

Integrating both sides

1
lnv:—2f(x+x3)dx+c1

—Zfl Ty +
B PRETPCRRES

1 x
:—2f;dx+2f1+x2dx+cl

= —21nx+2(%ln(l+x2)) +0

= —21nx+ln(1 +x2)+c1

Hence

0= Cle—Z lnx+ln(1+x2)

— Cl (3—2 lnxeln(1+x2))
1

— 2

= =z (1 +x )

1
=C 1+;

Since only one second solution y, is needed, let c; =1.

Now that v (x) is found, then u is found by solving

uw=uv
du_1+ 1
dx x?2

Hence

1
u:f1+;dx+c2

[+
=lx--|+c
x

Since only one second solution y, is needed, let c, = 0 hence

[}

Therefore, since y, = uy;, and y; = x then

Y2 =UuYyr
[+-3)
=|x——|x
x
Hence
v = (22 -1)

And finally, the general solution is
Y=oty
=X+ 0y (x2 —1)
To verify the above solution, it is substituted back into the ODE y”" - %y’ + 157_1/ to check
if the result is zero.
Yy =c1+c(2x)
Yy’ =2c,
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Hence the ODE becomes

O_ 17 2x /+
-y 1+x2y 1+x2y
2x 2
= (2¢,) - T (c1 + ¢ (2%)) + T (clx +0 (xz - 1))
2 2x 2 2x + 2 + (2 1) 2
=2c,—¢C — 2xc c1x cy (X% -
2 2 21402 a2 "2 1+x2

=2c, (1 + x2) —201x — 4x%cy + 201X + 20y (x2 - 1)
=20y + 205X — 201x — 4x?%cy + 201X + 2¢,x? — 2¢,
= 4cyx? — 4x%cy
=0

Verified OK.

> ode:=diff (y (x) ,x52) - (2%x/ (1+x2) ) *diff (y (x) ,x) +(2/ (1+x*2)) *y (%) ;
, ; 2xy'(x) | 23(x)
ode=y"(x) — 53—+ 55—
O+1 r+1
> dsolve (ode=0,y(x)) ;
Hx=_clx+_c2(£—1)

E

nfz0= ClearAll[y, x]:
sol = y[x] /. First@DSolve[y''[x] - (2x/ (1+x*2)) ¥'[x] + (2/ (1+x%2)) y[x] = 0, ¥[x], x]
®)2C[1] +xC[2]

2
22} Smpllf}[l}[snl, (%, 211 - (2x/ (1 +x~2)) D[sol, x] + (1 Az] 501]
+x

2.4.5 Problem 4 reduction of order

Use the one solution indicated to find the complete solution. (Zx - x2) yV'+2(x-1)y -2y =
0y (¥) =x-1

Solution:
The ODE can be written as y” + 2 1) y - 2
(2x—x2) (2x—x2)

solution of the ODE be

y = 0. (assuming x # 0) Let the second

Y2 = uyy
where u (x) is a function of x to be determined. The derivatives of y, are now found and
substituted back into the ODE to solve for u.

Yo = Uy +up 1)
Y2 = uy 'y 'y oy (2)
Since y, is assumed to be a solution of the original ODE, then it satisfies it. Hence
2(x—1) 2
"4 ’ =0 3
Y2 (2x _ xz)l/z (2x _ xz)yZ (3)

Using Egs. (1) and (2) into (3) gives
2(x-1)

(g1 + 'y + w'y + uyy) + ) (s +uy}) - (

)’

o 2,+2(x—1) i ,,+2(x—1) , 2 ~0
Uit Y1 (2x B xz) 1 At (2x B xz)yl (2x B xz)yl

But y; is a solution of the ODE, hence the last term in the above vanishes resulting in

144 ’ / z(x_l)
uyy+u' |2y + ——=y1 [ =0
(Zx—xz)

70



24. HW 3

CHAPTER 2. HW

But yy; = x -1 and y] =1 hence the above becomes (assuming x # 1)

u”(x—1)+u’[2+M(x—1) =0

(2x - xz)

u’ +u 2 +2(X—1) -0
(x-1) (Zx—xz) -

2(20-22) +2(x-1) (x - 1)

u” +u =0

(Zx—xz)(x—l)

L [4x—2x% +2x% +2 - 4x

u’ +u =0

(Zx—xz) (x—1)

I/+ ’ 2 O

W+ | ——m———| =
3x2 - 2x — x5

Let u’ = v, the above becomes

v ro[—2 | =0
3x2 —2x —x3
v’_ 2
v \3x2-2x-2x3

1
1nvz—2f—dx+c
3x2 —2x —x3 !
Partial fraction decomposition on the integrand gives

| 2f ! + ! 1d +
no=- ——ax +c
2(x-2) x-1 2 !

f L zf L +f1d +
= - — —dx + ¢
(x-2) x-1 X !

=ln(x-2)-2In(x-1)+Inx+¢

This is now separable

Integrating both sides

Hence
0 = cgeM-D-2In(x-D+Inx
= (022 In(-1) I x
_ (x-2)x
Ty

Since only one second solution y, is needed, let c; =1.

Now that v (x) is found, then u is found by solving

u =0
d_u _ (x-2)x
dx  (x-1)7

Hence

x% - 2x
u:f >dx +¢p
(x-1)

- L +
=x+—=+cC
x-1 2
Since only one second solution y, is needed, let c, = 0 hence
Uu=x+——r-
x-1
Therefore, since y, = uy;, and y; = x —1 then

YV2=Uul
1
:(x+xj)(x—l)
=x(x-1)+1
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And finally, the general solution is
y=ay1+ ks
=qx-D+cx(x-1)+1)
=0 (x—1)+c2(x2—x+1)
By letting c3 = (c; — cp) the above can be simplified to
y(x) = c3(x = 1) + cpx?

Or by constants renaming

y(x) = c(x = 1) + cpx?

26-1) , 2
(Zx—xz) Y (Zx—xz) Y

To verify the above solution, it is substituted back into the ODE y" + =0
to check if the result is zero.
Yy =c1+20x
Y’ =2c
Hence the ODE becomes
0= (Zx—xz)y” +2(x-1)y -2y
= (2x -~ x2) 2c, + (2x = 2) (c1 + 2cx) = 2 (cl (x-1)+ czxz)
= 4eyx — 209X% + 201X + 4cpx? — 201 — deyx — 201X + 204 — 2052
= 4cyx + 2c1x — 2¢1 —4cyx — 2c1x + 201
=4cyx — 4cyx
=0
Verified OK.

2.4.6 Problem 5 Euler equation, page 81
Problem 20, page 81. Solve x?y” —9xy’ + 24y = 0;y (1) =1, (1) = 10
Solution:

This is Euler differential equation. Comparing to the standard form of Euler differential
equation, which is given by

x?y"” + Axy’ + By =0
Where in the above y(x) is a function of x, shows that A = -9 and B = 24.

Applying the transformatiorﬂt = In(x) to the original ODE converts it to
yv'+(A-1)y'+By =0
y' =10y’ +24y =0 (1)

Where y(t) is now a function of t and not x. This new ODE is solved for y(t). The solution
is then converted back to be a function of x.

Since Eq. (1) is now a constant coefficients ODE, direct application of characteristic roots

havVh2— +/100=2024)
method can be used. The roots of A2 —101 +24 = 0 are A = bV Aac _ 10+v1007404) _

2a 2
10i2\/41 = % = {6,4}. Therefore the solution to Eq. (1) is

y(t) = c1€% + cpett
The above solution is converted back to be a function of x using t = In(x).This results in
Y (x) = ;6100 4 cped @
=1 X0 + cpxt (2)
This is valid for x > 0 and x < 0 but not for x = 0.

Y = 601x° + depx®

2See page 79, textbook Advanced engineering mathematics, 6th ed. by Peter O’Neil.
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Atx =1,y =1, hence
l=c+0c,
Atx =1,y (1) =10, hence
10 = 6c¢; + 4cy

Hence ¢; =1 -c¢y, then 10 = 6 (1 —¢;) + 4c; or 10 =6 —2¢, or ¢, = -2, hence ¢; =1+2 =3,
therefore the final solution is

y=3x%—2x4

2.4.7 Problem 6

Question:

To reduce the Euler equation to a linear equation, we use the substitution, z = In(x) to
convert the equation from y(x) to an equation for y(z). If we use the operator notatiorﬂ

D, =< and D, = ﬂ show that

X7 dx
1Y =-D Dy =D
. dx_ xy - Zyorx xy Zy
2. =¥ = D% = 5 (D%~ D.y) or D3y = D, (D, - 1)y

3. an?cy = Dz (Dz _1) (Dz _Z)y

Answer
2471 Partl
dy dy dz _1
—=-—-—bu t— - hence
dy 1dy
dx xdz
Using operator notation
1
Dy = ;Dzy
or
xDyy =Dy
Part 2
ﬁ = D2y by definitions. This can be written as
dy _ d (dy
dx® ~ dx \dx

but from part(1) it was found that Z—z = ;—y, hence the above becomes

dy _d (ldy
d?  dx \xdz

%] used the notation D, and D, instead of those given in the problem statment as easier to read on the
screen
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Applying chain rule
dy -1dy 1ddy

A2~ x2dz " xdxdz
_ ‘_1d_y+1i(d_1/)(@)
x2dz  xdz\dz)\dx
_ —_1d_y+ld2_y(%)
x2dz  xdz? \dx
‘_1d_y+1d2_y(l)
x2dz  xdz? \x
1 (d?y dy
- —z(ﬁ‘d—)

Using operator notation

1
D}y = — (D2y - D.y)

or
xzDazcy = Dz (Dz - 1)y
2.47.2 Part3
3
272 = D3y by definitions. This can be written as
Ay d (d¥y
dx3  dx \da?

Py _dy

o dz), hence the above becomes

2
but from part(2) it was found that ZTZ = xlz (

Applying chain rule

dz?2  dz)] x?\dxdz? dxdz

-2 (d*y dy\ 1 (ddPydz ddydz
dz?2  dz) x?\dzdz?2dx dzdzdx

By dPy
(‘ZE”E)*(@‘@”
d

Using operator notation
1
D3y = — (D2y -3DZy +2D.y)
¥*Dy = (D} - 3D? + 2D, )y

Writing the RHS as (/13 —-3A% + 2/\), then it is seen it can be factored as A (Az -3+ 2) =
A (A =1) (A -2), hence the above can be written as

x3D§cy = Dz (Dz - 1) (Dz - 2)y

2.4.8 Problem 7

Find the complete solution of x*y"”" + 4x?y” - 5xy’ — 15y = x*
solution:

This is a Euler differential equation since it is of the form a,x"y™ + a,_;x" 1y + ... +

74



24. HW 3 CHAPTER 2. HW

d . .
ay-y +agy = f(x). Let z=1In(x), orx = ¢* to convert the equation from y(x) to an equation

for Y(z). hence = % and using results from problem 6 above summarized below

dx
dy 1dY
dx ~ xdz
dzy_ 1 (d?>Y dy
d___(d_d_)

Py 1 [dY | d*Y LY
dxd a8 |dz3 T dz? dz

The homogeneous part of the ODE is first solved. Substituting the above three relations

into the ODE gives

L[RY Y dY] L1 (RY dy) o 1dy
Pyr=|l—-3—+2— ¥—=|—-—|-5x—— - =
x3 | dz8 dz? dz x2\dz2 dz x dz

Where Y is function of z and y is the original function of x.The above becomes

1713’_Y_3d2_Y+2d_Y+4(d2_Y_d_Y)_5d_Y_15Y:0
dz3 dz? dz dz2  dz dz

BY dy dy

a3 P g =0

This is now a constant coefficient ODE, which can be solved directly using the characteristic
roots method.

AB+A2-71-15=0
The roots are {3,-2 —i,-2 + i}, hence the solution is
Y (z) = c16% + cpe( 72707 4 cye(-2+1)2

— C1€3Z + Cze(—Z—i)z + CS€(—2+1’)Z

= 32 + Cze—Zze—iz + C3e—ZZeiz

=67 % (cze‘iz + c3eiz)

= 1% + 7% (cy (cos z — isin z) + c3 (cos z + i sin z))

= 16% + 7% (cy oSz — Cpi sin z + €3 COS Z + C3i Sin z)

= 1% + e % ((cy + c3) cosz + (€3 — ¢p) isin z)
Let (c, + c3) be new constant ¢4, and (c3 — ¢p) i new constant cs, hence

Y (z) = c1%% + 7% (c4 cOS Z + ¢58in 2)

Converting back to x using z = In (x)

Y (x) = c1e31"% + ¢7210% (¢, cos (In x) + c5 sin (In x))
1
=013+ = (c4 cos (In x) + cs sin (In x))

The above is the homogeneous part of the solution. The particular solution is now found.

. . . . .. 1 1 .
Since the homogeneous solution has the following forms of solutions in it x, = COs (Inx), = sin (Inx),
then using variation of parameters, assume

Yp = WY1 + UpYy + Uzys

where
— .3
Yy1=x

1
Yo = 2 cos (In x)

Y3 = %sin (In x)
Therefore

LT ICH

R ECICH

R ECICH
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Where f (x) = x* and
Vi Y2 Y3
WO =i vy v
vivioys

3

X % cos (Inx) é sin (In x)

= [3x2 ;—f cos (Inx) - 13 sin (In x) ;f sin (Inx) + 13 cos (Inx)

1
=4 (26 cos? (In x) + 50 cos (In x) sin (In x) + 36 sin® (In x))

And
Wi () = (1> W (2, y5)
W, (%) = (1> W (y1, y5)
Ws (x) = (-1)°7° W (y1,v2)
Hence
1 1.
= cos (Inx) = sin (In x)
Wi (x) = (-1)° yf yf’ =2 ¥ 1. P 1
Yo Y3 — COs (Inx) - S sin (Inx) — sin (Inx) + = COs (Inx)
1
=5 (cos2 (Inx) + sin? (In x))

1.
Wy = P2 Bl P, @D S - cos(ng)
A 3x? = sin(Inx) + — cos (Inx)
W; (x) = (-1)°° © ’%COS(IHX) 5cos (Inx) — sin (In x)
= (- _ =- nx) —sin (In
’ 3x? x—§ cos (Inx) — % sin (In x)

Hence?]

(WM
Uy = W) g dx

f % (cos2 (Inx) + sin? (In x))
N
a(

xdx
26 cos? (In x) + 50 cos (In x) sin (In x) + 36 sin? (In x))

X
T 26
And
W, (x) f (x)
W @
_ f 5sin (In x) — cos (In x)
% (26 cos? (Inx) + 50 cos (In x) sin (In x) + 36 sin? (In x))

Uy =

xdx

— 29
= —xb | — xbsin(l
962x cos(n(x))+%2x sin (In x)

and

W@ )
Uz = W) dx

f -5 cos (Inx) — sin (In x)
=

xdx

26 cos? (In x) + 50 cos (In x) sin (In x) + 36 sin? (In x))

= ——xbcos(l - —xbsin(l
962x cos (In (x)) 962x sin (In x)

Hence

Yp = WY1 + Ugls + UzY3

26 962 962

*CAS was used to evaluate these integrals
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The above reduces to

x4

Y= 37

Hence the final solution is
4

1 1
y= c1x3 + c4; cos (In x) + 05; sin (In x) + ;_7

249 Problem 8

2x
The differential equation % + (Jl—c - 1) y= 67 has boundary condition y (1) = b. Find the only
value of b for which y (0) is finite.

Solution:

The complete solution is first found. The y;, is found first

This is separable

ﬂ:(l_l)d
y x
Iny=x-Inx+c
yzcex—lnx
_cet
T x

2x -
For the particular solution, try y, = A%, hencey, = A (x_;er + §€2x)’ and the ODE becomes

-1 2 1 e o
A _232x+_€2x +|--1]|A— = —
X x x x X
-A 2A Ae* e o
S =t —— - A— = —
x x X x x X
2x 2x

%ez" A

X x X

Aer er

X x

Hence A =1 and the complete solution is

ce* er
= — 4+ —
Y= X
At y (1) the above becomes
b = ce + é?
=ce(l+e)
Hence
b
c=
e(l+e)

Therefore the solution is
b er er

= —+
e(l+e)x «x

:1 b ex—1+62x
x\l+e

y
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Now at x = 0 the solution is required to be finite.

b
lim = lim = lim x—1 2X
x1—>0y(X) x1—>OXx1—>0(1 +€e e )

(b
=lim—-|—-e"'+1
—0x\l+e

1 b
=lim - 2+1
x—0x \e+e

1 b+e+ez)

= lim — 5
x—0 X e+e

But e + ¢2 = k = 10.107, a known constant, hence the above

gy ) = gl S0+ 4
Ifb+k=xy=0, then lim,_,, b:—k — 0, since lim,_,, g = 0, therefore
b=-k
Hence
b =-10.107

Is the only value.
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2.410 key solution

Homework Set No. 3 NEEP 547
Due September 27, 2013 DLH

Nonhomogeneous Equation (Variation of Parameters)

1L (6pts) page 93, prob. 22: Find the general solution to the differential equation:
22y +3zy + y =4/

~2. (6pts) Using the variation of parameters show that
l T
y = ¢; cosh(kz) + ¢2 sinh(kz) + 7 / sinh(k(z — s)) f(s)ds
0

is a complete solution of the equation y” — k?y = f(z), where k # 0 and f is everywhere
continuous. Hint: Introduce the dummy variable s in the integrals which define u; and ug.
Then move y1 () and y2(x) into the integrands of the respective integrals and combine the
two integrals.

Reduction of Order

"3. (6pts) page 72, prob. 8.: Verify that the given function is a solution of the differential
equation. Derive the equation satisfied by u(z), give its solution and give the general solution
of the second order equation: y” — (2z/(1+ 22)) ¢/ + (2/(1 + 2%) y = 0; 11 (z) = z.

~4. (6pts) Use the one solution indicated to find the complete solution:
Rz —22)y"+2(x- 1)y -2y =0;p(z) =z — 1

Euler Equation
5. (6pts) page 81, prob. 20: 2%y — 9z y/ + 24y = 0; y(1) =1, ¢/(1) = 10.

6. (6pts) To reduce the Euler equation to a linear equation, we use the substitution, z = In(z)
to convert the equation from y(z) to an equation for y(z). If we use the operator notation
D = d/dx and D = d/dz, show that

dy 1

i))==Dy=-Dy or zDy=Dy
dx x
o Py 2 1 2 22 |
“)'@”Dy*;z"<py_py) or z°D*y=D(D-1)y

iif). and hence, that a*D% =D(D —1)(D - 2)y

7. (6pts) Find the complete solution of the equation:
28y 4 daty’ — 5xy’ — 15y = ot

First Order Equation

* 8. (6pts) The differential equation below has the boundary condition y(1) = b. Find the only
value of b for which y(0) is finite.
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2.5.1 Problems to solve

Homework Set No. 4 NEEP 547
Due October 4, 2013 DLH

1. (5pts) Use the Laplace transform to solve the following problem:
Y’ — 4y’ 4+ 4y = t3e?* with initial conditions; y(0) = 0 and 3/(0) = 0.

2. (6pts) Use the Laplace transform to solve the following problem:
y'—4y +3y=1—-H({t—2)— H(t —4) + H(t — 6), with initial conditions; y(0) = 0 and
y'(0) =0.

3. (6pts) Use the Laplace transform to solve the following problem:

y" —4y +13y =6(t — m) 4+ §(t — 3w) with initial conditions; y(0) =1 and y'(0) = 0.

4. (6pts) Solve the boundary valued problem using the Laplace Transform:

d?y
t— —(t+3

dy

7 +4y=t—-1 where: y(0) =y(1) = 0.

. (7pts) Solve the following system of equations for the unknown functions, y(¢) and z(¢):

ot

3y +8y+22 +5z=et

y+27+2=0
where the initial conditions are y(0) = 2 and 2(0) = —2.

6. (8pts) page 148, prob. 12: Solve for the currents in the circuit of Figure 3.37, assuming that
the currents and charges are initially zero and that E(t) =2 H(t —4) — H(t — 5).

7. (8pts) page 149, prob. 15: Solve for the displacement functions in the system of Figure 3.38
if fi(t)=1— H(t—2) and fa(t) = 0. Assume zero initial displacements and velocities.

2.5.2 Problem 1

Use the Laplace transform to solve y” — 4y’ + 4y = t3¢?* with IC y(0) =0 and v’ (0) =0
Solution:

Let Y(s) = (y (t)). Taking Laplace transform of the above ODE gives
(s2Y (5) = sy (0) — ¥/ (0)) — 4 (5Y (5) - y (0)) + 4Y (5) = £ (Fe?) (1)
But ff(t”e”t) = (-1)" % (ff(e”t)), where g(e”t) = ﬁ, therefore

Hpe) = (1P ()

a1
4‘”@(5_—2)

B 6
(-2
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Eq. (1) becomes

s2Y (s) —4sY (s) + 4Y (s) = o 2)4

Y (s) (52 —4s +4) = P

6
s-2)* (52—4s+4)
B 6
-2 (-2
B 6
C(5-2°

1
) =t 1 (s—”) , the above reduces to

Y(s) =

1

(s-a)"

Using the property 1 (

y(t) = 6e2 L1 (51—6)

. 4 1 £ 1 £
Since ¥ 1( ) == hence (5—6) = o0 and the above becomes

sh+1

1
_ 5,2t
y@) = 2ote

2.5.3 Problem 2
Use Laplace transform to solve
y' -4y +3y=1-H(t-2)-H(t-4)+ H(t-6) with IC y(0) =0 and y’' (0) =0
solution:
Let Y(s) = & (y (t)). Taking Laplace transform of the above ODE gives
(Y (5) =5y (0) = ¥/ (0)) - 4 (sY (5) =y (0)) +3Y (5) = L(L - H(t-2) —~H(t - 4) + H(t - 6)) (1)

But (1) = % and X (H(t—a)) = e;j, hence the above becomes

1 ~2s —4s —6s
2Y () —4sY (s) +3Y(s) =~ — — - & 4 &
S S S S
1= 25 — s 4 p6s
Y (s) =
s (52 —4s + 3)
1- 3_25 — 3_45 + e—65
T T S6-3)6-1)
The inverse Laplace transform of m is found first. Let the result be f (). Then the

relation #~1 {¢™F (s)} = f (t —a)H(t — a) is used to obtain the final answer. Using partial
fractions. Let

1 _A+ B N C
ss-3)(s-1) s s-3 s-1
: 1 1 : 1 1 . 1 1
Then A = llmsﬁom =3 and B = hms_)g,@ =z and C = lim,_; it hence

1 _ 11 1 1 11
-1 — 1) - L
<z {5(5—3)(5—1)} < {3s+6s—3 25—1}

1 1. 1
I R
376 T2°

The above is f (t). Therefore, using L He™F(s)) = f(t-a)H(t-a)
y(t) =1 (1 —eB g 4 3‘65) F(s)
— FO—f(E=DH(E-2)~ fE-4H(E—4) + f(E-6)H(t—6)
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Hence the answer is

1 1 1 1

1 1
y(t) = (g + ge3t - Eet) - (g + gea(t_z) - Ee(t_z))H(t = 2)

1 1 1 1 1 1
2 p 230 2 — )+ [ =+ 20306 — 26 | (£ — 6
(3 6 2° (t=9+|3+5 2° (-6

2.5.4 Problem 3
Use Laplace transform to solve y”" -4y’ +13y = 6 (t — )+ 06 (t - 3m) with IC y (0) =1,/ (0) =0
Solution:

The property (6 (f —a)) = e=® will be used. Taking the Laplace transform of the ODE
gives
(s2Y (5) = sy (0) = ¥/ (0)) — 4 (Y (5) =y (0)) + 13Y () = ™ + ¢ 1)
Hence
(SZY(S) - s) —4(sY(s) 1) +13Y (s) = e + ¢
[SZY (s) — 4sY (s) +13Y (s)] +(—s+4)=eT5 4757
Y (s) (52 — 45+ 13) =T 4075 4 (s —4)
e 4+ 7™ + (5 - 4)

s2 -4s5+13
¢S 4 737 (s —4)

= +
$2—-4s+13 s2—-4s+13
e e (5-2) -2

= +
s2-45+13  (s-2)*+9

Y(s) =

, (s-2)-2 . : —1( (s-a) ) _
To find the inverse Laplace of " the following property is used & "
e”ti"l( ° ), Hence
s"+b

g_l((s—Z)—Z):eZtg_l(s—Z)
(s-2)*+9 s2+9

2t 2
= e [cos 3t — 5811131‘

1
= geZt (3 cos 3t — 2 sin 3t) (2)
—T(S 4 ,—37TS
Now the inverse Laplace transform of “s——— is found. Writing this as
54—454+13
e s 4 e—37zs T e—37‘£s
= +
2-4s5+13 s2-4s+13 s2-4s+13
s 8—3715

:(5—2)2+9+(s—2)2+9

To be able to use the property .,S”‘l( i) ) = e 1 ( F(S)) the terms in the numerator

(s—a)"+b s"+b
are converted as follows

e TS 4 6—3715 e—n(s—Z) 6—37'((5—2)

— p27 —67
— =¢ +e

s*—4s+13 (s-2°+9 (s-2°+9
Now the property can be used, hence

—T1S —37s —71S -37s
-1 (3 te ) — g 2mp2t o1 ( € ) 4 o 62t -1 ( € )

s2 -4s5+13 s249 s249

— 2t [ p2m o1 e 4 o6n -1 e
$2+9 $2+9

Now another property is used to find ! of the remaining terms. This is .~ (e"*F (s)) =
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f(t—a)H(t —a). The above becomes
o TS 4 7S _ 1
1 P H(t - 61 p-1 H(f —
(52—4s+13) ¢ (e (sz+32) (t-m)+e (52+32) ( 37-())
1 _ 1
:eZt(ge ny 1(52 +32)H(t—n)+ 3¢ or 7 1(
1

3
2 +32)H(t—3n))

= ¢? (—6‘2” sinB(t—n)H(t-n)+ 56‘6” sin (3 (t—3m))H (t - 371)) (3)
The full solution is now found, combining Eq. (2) and Eq. (3) gives

1

3

y (t) = —=e* (3 cos 3t — 2 sin 3t)+e* (—e‘zn sin(3(t—n)H(t-n) + 56_671 sin (3 (t—3m))H (t - 37'())
Taking common factors out gives

y () = —z¢* (25in (3t) - 3cos (3t) + e ¥ sin (3 (t — 7)) H (t — 1) + €™ sin (3 (¢ — 3m)) H (¢ - 310))
The above can be reduced more. Since sin (1 (t — 7)) = -1" sinnt for integer n, hence the
above simplifies to

For t > 0.

y(t) = —geZt (2 sin (3t) — 3 cos (3t) — e 2" sin (3t) H (t — 71) — e ®™ sin (3t) H (t — 37'())

solution to problem 3, HW4
B AN S e s S
0 L ™ .
\\
.
) ™
.,
N,
= 4l
/
] L \\ ;_..
~f \ /
L " )
[ \\ /
—8r | | ! ! S
0.0 02 04 0.6 0.8 1.0

Figure 2.6: plot of solution problem 3 HW 4
2.5.5 Problem 4

Solve the boundary valued problem using Laplace transform

ty" —(t+3)y' +4y =t -1 where y (0) =y (1) =0

Solution:

The following property will be used & (t” f (t)) = (-1)" % (3 ( f (t))). Taking Laplace trans-
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form of the above gives

d d 11
% (s2Y (5) = sy (0) - v/ (0)) + T (sY(5) -y (0) =3 (sY (5) -y (0)) +4Y (s) = 5

_% (SZY(S) ~y (0)) + %SY (s) =3sY(s) +4Y (s) = 51_2 - %

- (ZSY (s) +s2Y’ (s)) + (Y (s) +5Y"(5)) =3sY (s) +4Y (s) = 51—2 - %

—25Y (s) =Y’ (s) + Y (s) +sY’ (s) = 3sY (s) + 4Y (s) = 31_2 _ %
Y’ (s) (—52 + s) —55Y (s) +5Y (s) = lz 1
2 s

1

(6 - 2 5 _ 775

re (—52 + s) Ye)+ (—52 + s) Ye) (—52 + s)
/ 5s . 5 _ 1-s
Y’ (s) + ) Y (s) En Y (s) = . =

Y’ (s) + §Y(s) = 13
s s

1
Integrating factor is In (If) =[ ?ds, hence I; = 1 3% = s = s°, therefore

1
_ 5
d(zfy)_ss—3
IfY:fszds+c
$
= — +
3 T¢
Then
Y(s) = = + &
° TS

1

sh+l

Using the property 1 ( e ) =t"forn=1,2,3,- then £} (

gh+l

) = t—', therefore taking
n!
the inverse Laplace transform of the above gives

O =Lrich
YW =3

1 t
=—-t+c—
3T

To find the constant c, from the second boundary condition

y1)=0

Hence

2.5.6 Problem 5

Solve the following system of equations for y(t) and z (t)
3y +8y+2z +5z=¢"
y+z'+z=0
Where the IC are y(0) =2 and z(0) = -2

Solution:
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Taking Laplace transform of the system of equation gives
1
3(5Y (5) -y (0)) + 8Y (5) + 2(sZ (5) - z(0)) + 5Z (5) = —
(sY (5) =y (0) + (5Z (s) - z(0) + Z(s) = 0

Applying IC gives

3(8Y(s)—2)+8Y(s)+2(sZ(s)+2)+5Z(s) = 51?

(sY(s)=2)+(sZ(s)+2)+ Z(s) =0

Simplifying in order to solve for Y (s) and Z (s)

Y(s)(3s+8)+Z(s)(25+5):S%+2 (1)

sY(S)+Z(s)(1+s)=0
From the second Eq.

v = Z00+9

Substituting this in the first equation above gives

ZOWES) o g 7 (6)2545) = —— +2
S s+1

Simplifying
_Z(S)(l+S)(3S+8)+Z(S)S(ZS+S):Sj_l+25
2 1
Z(S)[—(l+s)(3s+8)+s(25+5)]:S+S+(Sl+)
2 _gs_g|= it BErD
Z()[-2-65-8] = ——%
Z(S):— 5(25+3)
(5+1)(52+6S+8)
_ s(2s +3)
T GHD N +2)
i i ; 5(25+3) A B
Using Partial fractions, let 6D~ o T o T e hence
A=l s@2s+3)  -1(-2+3) 1
TN GG+ (A4 (1+2) 3
Bo lim S&+3) _-4(8+3) 10
TGt G6+2) A+ (4+2) 3
C=1li s(2s +3) B ~2(~4 +3) .
TG )64 (2+1)(2+4)
Or
ze=-(-2 B , C
V= (5+1) (S+4) s+ 2
1 1 10 1 1
_§(S+1)_€(S+4)+5+2 (2)
Hence

1
z(t) = ée‘t - ge“” +e2

Now Y (s) will be found and solved for. Using the value for Z (s) from Eq. (2) and substituting
this in Eq. (1) gives

Y (s)(3s +8) + 1 1 10 _1 + ! (2s +5) ! +2
s) (3s = - = S =—
3(s+1) 3(s+4) s+2 s+1

B 12s+5) 10(2s+5) (25+5)
YOG+ =T +2-370 D) T3 618 si2
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Hence
Y = 1 L2 1 (@+5 10 (545 (2s+5)
(s+1)(B3s+8) (Bs+8) 3Bs+8)(s+1) 3 (Bs+8)(s+4) (s+2)(3s+38)
2543
" 2+65+8
B 2s+3
C(s+4)(s+2)

2543 _ A B

(s+4)(s+2) ~ (s+4) = s+2°
. (2s+3) (-8+3)

A= lim = =
s——4 (S + 2) (—4 + 2)

(2s+3) (-4+3) -1

hence

Using Partial fractions, let

>
2

B=1li = = —
s 5+4)  (2+4) 2
Or
B
Y(s) = —
©) (s+4) " s+2
5 1
S 2(s+4) 2(s+2)
Then
5 1
y(t) — §€_4t _ Ee—Zt
Summary

1 10
z(t) = et — —eH 4072
3 3

5 1
== -4t _ — -2t
y () 26 2e

2.5.7 Problem 6 page 148, problem 12

Solve for the currents in the circuit assuming currents and charges are initially zero and
actthat E() =2H({—-4)-H(-5)

12. Solve for the currents in the circuit of Figure 3.37,
assurmning that the currents and charges are initially
zero and that E(r) =2H(r—4)— H(r—35).

210 111
ANN AN
E(1) () K 5H E 40
30
ANA—

Answer:

For reference, these are the laws to remember: Ohm’s law V = Ri for voltage across resistor,
V = Li’ for voltage across inductor, V = Q/C for voltage across capacitor, i = g4° for current

£ .
capacitor relation, hence V = % £ i (1) dt for voltage across capacitor.

Applying Kirchoff’s voltage law to each loop gives

. d . d .
51] + 5—11 — 5—12 = E(t)

dt dt
5i+5di 5di—0
N T T

Taking Laplace transform, and using property < (H (t — a)) = %e‘“s gives (writing [; to mean
I; (s) and I, to mean I, (s))

511 +5 (511 - il (O)) -5 (SIZ - iz (O)) = %6_45 - 26_55
512 +5 (SIZ - i2 (0)) -5 (Sll - il (O)) =0
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Setting initial conditions, the above becomes

2 1
11 (5 + 55) - 5512 = 53_45 - g3—55 (1)
12 (5 + 55) — 55[1 =0
Solving for I; (s) from the second equation gives
12 (5 + 55)
=222
5s
Substituting this into Eq. (1) gives
IL,(5+5 2 1
M (5+5s) = 5sl, = Zeds _ Zp5s
5s S S

I, (2552 + 505 + 25) — 25521, = 10e™% - 5¢7%
I, (50s + 25) = 10e™% — 5¢75

L= 10e~% — 5g=s
27 50s+25

10 e 4 5 ( s
S 25\2s+1) 25\2s+1
_101[e—45] 51[@‘55]
" 252 1] 252 1
S+2 S+2
e—4s 1 e—5s
T 1o (2)
S+E S +

1
2
) = H(t-a) £ ! (ﬁ) and the property that

1

5

E—IZS

(s+b)

To be able to use the property 3‘1(

. 1 . .
Z1 (E) = ¢ Hence the inverse Laplace transform is

5= g d30) CH(-5) S

= éH t—ayel 2t 11—0H(t _5)el )

Hence
1 _¢ 15
iz (t) = ge 2 (EZH(t - 4) - EEZH(t - 5))
Now I, from Eq. (2) is substituted back into Eq. (1) to solve for I;. Hence Eq. (1) becomes
1 —4s 1 —5s 2 1
I (5 +55) — 5| = | = - |- = e_l = Zeh - —¢s
5 S+ = 10 s+ E S S

2
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Hence
( + 1) Se4 (s + 1) 1e75 4 st — L5
I = 2 2) s :
5(1+5s) (s + 5)
(S * %) 58_45 (S * %) %e—a«: 1 ses 1 se™>s
B 5(1 +s)(s+ %) 5(1+s)(s+ %) 5(1+s)(s+ %) 10(1+s)(s+ %)
2 et 1 e 1 se™% 1 se™>s

= — — = + — - —
55(1+s) 5s(1+s) 5(1+S)(S+%) 10(1+S)(S+%)

The inverse Laplace transform of each term is now found. The following properties will
be used

g—l( e” ):H(t—a)g‘l(sj_—b):H(t—u)f(t—a)

(s+Db)
1
w1 — bt
(s + b) ¢
L . . _ A B
Finding partial fractions of s T e hence
A=1li L
- sl—r>% (1 + S) B
B=lim-=-1
s—=-18§
Hence
1 1 1

s(l+5s) s s+l
Therefore, inverse Laplace of first term in Eq. (3) gives

2 e 2 1 1
-1[= — S 1z
Zz (55(1+s)) SH(t HZ (s s+1)

= %H(t —4)(H(t-4) - t9)

= % (H (t-4)-H(t-4) e—<f-4))

And for the second term in Eq. (3)

1 e 1 1 1
-1(2 — H(f - S
<z (55(1+s)) SH(t %)< (s s+1)

= 1H(t -5) (H (t—4) - =9)

5
1
=z (H(t-5)-H(t-5)e )
For the third term, partial fractions of — is needed. Let
(1+s)(s+§)
s A B
1\ 1+5s) * 1
(1+s)(s+5) (s+5)
. S -1
A= lim =—=2
s—-1 1 _z
(S + E) 2
_1
B = lim =25 =-1
S—)—% (1 + S) (1 E)
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Hence
1 s 1 2 1
F1 —Ll =-H(t-4).21 - -
5(1+s)(s+5) 5 (1+5) (s+5)
1 L(t-a
= EH (t—4) (26_(t_4) —ez ))
For the last term in Eq. (3)
1 =5 1 _ 2 1
Z1 —Ll = —H(t-5) %! - N
10(1+s)(s+§) 10 (1+5) (s+§)

1 Lo
= gH(t-5) (2e—<f—5) —e 2! 5))
Putting all this together gives
2
C(F) = (-4
()= (H(t-4) - H(t-4)e )
1
-z (H(t-5)-H(t-5)e )
+ %H (t—4) (2@‘“‘4) - e_%(H))
1 Lo
-gHt-5) (2e—<f—5) —e 2" 5>)
This can be simplified to

2 2 2 1 L,
i (f) = ZH(E=4) + H(t - 4) (—ge—“—@ + ge—(f—4> - 5¢ 2 4))

1 1 1 1 1
_ _ _BY| Zp=(t-5) _ Z,~(t-5) L — ,~3(tD)
5H(t 5)+ H(t 5)(56 56 +1Oe
Hence, summary of final results:
, 2 1 1 Loy 1 “Lis)
=ZH(t-4)- —H(t -5+ =H(t-4)e 2 —H(t-5)¢ 2
ip (1) z (t-4) z (t 5)+5 (t—4)e 10 (t-5)e
1 _t 15

ip () = ¢ (ezH(t —-4)- EeZH(t -~ 5))

Here is a plot of the solutions for t = 0 --- 8 sec showing the input E (t) and the currents i, (t)
and i, (¢).

Input, E(t)
20¢
15¢
10}
03t
. ~ (s
2 4 6 8 m
h(t) L)
020
023 / "
020 J [ 0.15 \
0.13 010
0.10 )
0.05 0.05 ]
i - t{sec i - tzec)
2 4 6 g8 10 2 4 10

Figure 2.7: plot of solution problem 6
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2.5.8 Problem 7, page 149, problem 15

o ey — i gy —

15. Solve for the displacement functions in the system
of Figure 3.38 if fi(t) =1 —H(t—=2) and f7{r) =0.
Assume zero initial displacements and velocities.

A{%

AMAEDANN—EDAA
g

my =1

==
(]
Il
[

my =1

b
e
I

]

},

FIGURE 3.38

Solution

Assuming the generalized coordinate for m, is y; and for m;, is y, and these are measured
when the system is relaxed, hence force due to weight is already accounted for. Assume
positive is upwards. For mass m; applying F = ma gives

ki1 =k (y1 = v2) + f1 (8) = myyy (¢)
and for mass m,
~ksy1 — k2 (y1 — y2) = mayy (¢)
Or
myyy () +y1 (ky + ko) —kayo = f1(#) 1)
mayy (1) = ya (ko) +yy (ks + kp) =0

Or, in matrix form

0 my)\y3 —ky k3 +ky J\y2 0

The stiffness matrix is symmetric and positive definite. OK. Now Laplace transform is
applied to the above, using Y to mean Y (s), the Laplace transform of y (t), hence

[ml o)[52y1-sy1 ©0) -, (0)]+[k1+k2 —k, [Yl]:[g_ge—zs]
0 myJ{s*Y2 — sy, (0) — 5 (0) —ky k3 t+ky J\ Y 0
Applying IC, gives

(ml O][52Y1)+(k1+k2 o (n): g_ge—b]

0 my)|2Y,) | ky  kst+ko)lY, 0

s + (ky + kp) —ky Y1) (5-ce®
—k2 mzsz + (k3 + k2) Yz - 0
To speed the typing, numerical values are now substituted for the symbolic values above

(but it is best to delay this to the end otherwise so that same solution can be applied to
different numerical values)

L+8 -2 |(vi)_(z-ze®
-2 2+5)|Y,] | o0
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Hence
Y| [s*+8 -2 N %—%e‘zs
Y, | =2 $2+5 0
_ 1 s2+5 2 % - %e‘zs
_(52+8)(52+5)—4 2 $2+8 0
Therefore
_ s> +5 11,
1= (52+8)(52+5)—4 (S 5" S)
Y, = z (1 - 18—2s)
P (2+8)(24+5)-4\s s
Or
1 s2+5 _16_25 s2+5
5(52+8)(52+5)—4 s (52+8)(52+5)—4
SRR T TR
PUs(2+8)(245)-4 s (2+8)(2+5)-4
But (52 + 8) (52 + 5) —4= (s2 + 4) (52 + 9), hence the above becomes (after writing s?> + 5 as
(s2 + 4) +1)
_1 (g1 1, (P44l
- S(sz+4) (sz+9) s (52+4) (52+9)
Yp= i e &

(52 + 4) (52 + 9) s (52 + 4) (52 + 9)

This can be written as

ge R e e | R er R e T

2[5(52+4) (52+9)]_2e_25(5(52+4; (52+9)) (2)

. 1
So there are only 3 common terms that needs to be inverse Laplace. These are —— and
S

YZZ

(52+9)
1
s(sz+4)(52+9)
2.5.9 First term
1 _A N Bs+C
s(sz+9)_5 $2+9
Then
1 :A(52+9)+B52+Cs
Let s = 0 hence A = é. Now, comparing s? coefficients gives % +B=0orB= —é. And
finally comparing s coefficients shows that C = 0, therefore
1 11 1 s
5(52+9) 95 95249
Hence
11 1 1 1
R Pt P Y
9s 9s2+9) 9 9
and
s L 1 1
L e ———|=H({t-2)|=H(t-2)— =cos(3(t-2))
s (52 + 9) 9 9
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2.5.9.1 Second term

Now looking at the term
1 _ A Bs+C Ds+G
S(R+a)(#+9) 5 2Ad 249
Comparing coefficients gives
1=A(s*+1352 +36) + (Bs + C) (s> + 9s) + (Ds + G) (s° + 4s)
1= A(s*+1352 +36) + Bs* + 9Bs? + Cs® + 9Cs + Ds* + 4Ds? + Gs® + 4Gs

Hence
1=5*(A+B+D)+s3(C+G)+5s*(13A+9B +4D) +5(9C + 4G) + 36A
Therefore, A = % and

A+B+D=0
C+G=0
13A+9B+4D =0
9C+4G =0

C =0 and G = 0 since the second and the fourth equation do not have solution other than
zero. Hence the above becomes
A+B+D=0
13A+9B+4D =0

i = _1_ ion 249 (-L —
From the first equation, B = ———D, hence from the second equation 2=+9 ( % D)+4D =0

4 4 1 11 1
r ——-5D =0, henc D:—:—Thrfr B=——-D=->-—=——
Or 35 =9 0, hence 36X5 eretore 36 36 45 20

Therefore
1 11 1 S 1 s

= — - — — + —_
s(2+4)(2+9) 36s 202+4 45(249)
Now the inverse Laplace transform can be taken

411 1 s 1 s 1 1 1
—— - — + — = — — —cos2t + — cos 3t
36s 20s®>+4 45 (52 + 9) 36 20 45

Hence

S

2.5.10 Final solution

Now that all terms have been inverse Laplace, the solution can be written down. From
above,

:H(t—2)(31—6H(t—2)—21—00052(1‘—2)+%0083(t—2))

o) e o w e

1 1
Y, =2 — 2072 2
2 (s(sz+4)(52+9)] (s(sz+4)(sz+9)) ?
Hence
@t = L %+1 L %+1 3t
yp (f) = g Cos 3%~ 70 %% 15 08
—H(t—2)( H(t-2)- 1(:08(3(1‘—2)))
-H({t-2) H(t—2)—l 2(t—2)+l 3(-2)
55 8 15 €08
Simplifying

5 1 4 4 1
() = %—%00821‘—Ecos?)t—H(t—Z)(%—Ecos(3(t—2))——Cos(Z(t—Z)))
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and
2 2 2 1 1 1
yz(t):%—Ecos2t+Ecosl%t—ZH(t—Z)(%H(t—Z)—%COSZ(t—2)+ECOS3(t—2))
1 1 2 1 1 2
= — — —cos2t+ —cos3t—-H(t-2)| = — = cos(2(t-2)) + — )
T 10COS +45COS3 ( )(18 1Ocos(( ))+45cos3( ))

This is a plot of the solutions, with the input force

force f1it)
1.0
0.3
0.6
04
02

-01
-02

Figure 2.8: plot of solution problem 7 HW 4
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2.5.11 key solution

Homework Set No. 4 NEEP 547
Due October 4, 2013 DLH

“1. bts) Use the Laplace transform to solve the following problem:

Y’ — 4y’ + 4y = t%¢? with initial conditions; y(0) =0 and 3/(0) = 0.

-2 (6'£>ts) Use the Laplace transform to solve the following problem:

y' —4y +3y=1-H(t—2) - H(t— 4) + H(t — 6), with initial conditions; y(0) = 0 and
"

y'(0) =0.

~ 3. (6}:ts) Use the Laplace transform to solve the following problem:
Y — 4y + 13y =6(t — 1) + 8(t — 3n) with initial conditions; y(0) = 1 and y'(0) = 0.
4. (6pts) Solve the boundary valued problem using the Laplace Transform:
’ d*y dy
twf(t+3)it+4y:t~l where: 3(0) = y(1) = 0.

N5, (~7;ts) Solve the following system of equations for the unknown functions, y(t) and z(t):
3y +8y+22 +52=¢"t
yY+27+2=0
where the initial conditions are y(0) = 2 and 2(0) = —2.

6. (8pts) page 148, prob. 12: Solve for the currents in the circuit of Figure 3.37, assuming that
the currents and charges are initially zero and that E(t)=2H(t—4) — H(t - 5).

7. (8pts) page 149, prob. 15: Solve for the displacement functions in the system of Figure 3.38
if fi(t) =1— H(t—2) and fo(t) = 0. Assume zero initial displacements and velocities.
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26 HW S5

2.6.1 Problems to solve

Homework Set No. 5 NEEP 547
Due October 11, 2013 DLH

1. (4pts) Find the inverse Laplace transform of the following function:

241
g(s) = log <s(s—|—1))

2. (6pts) Use the Laplace transform to solve the following problem:
(1—¢)y" +ty —y = 0 with initial conditions; y(0) = 3 and y'(0) = —1.

Periodic function

3. (8pts) Solve the initial value problem where is f(¢) is a periodic function:

/ NS . . . )1 for0<t<?2
Y +4y+3 fpyt)dt f(t)7y(0)17vv1thf(t){ 1 for2<ted

Convolution Theorem
4. (10pts) Consider the equation of motion for a damped harmonic oscillator:

A’z

dx 9
2o\ — =
mes + )\dt +wiz = f(t)

with a general forcing function f(¢) and initial conditions 2(0) = 0 and 2/(0) = vy. Express
the general solution of the equation in terms of the convolution integral. Determine the
solution for function a). f(t) = P4(t) and b) f(t) = Fp sin(wt). Note: the oscillator is
under damped, i.e. w, > A.

wt

. (10pts) Heat Conduction Equation (0 < z < £ and ¢ > 0):

oU 0*U Cat
" k@ =ae with I.C.: U(z,0) =0 and B.C.: U(0,t) =U(¢,t) =0

where k, a and « are positive constants.

2.6.2 Problem 1

Find the inverse Laplace transform of

s2+1
so=m ()

Answer:
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Using the property ,?(tg (t)) = —:—SG(S), then tg(t) = —#1 (%G(s)). Let f(s) = ;:i) then
266 = 2 (F6)
“ 7
s(s+1)d [ s*+1
T 241 %(s(s+1))
s(s+1) d s? 1
241 %(s(s+1)+s(s+1))
s(s+1)|d S d 1
T 211 %((s+1))+%(s(s+1))
_s(s+1) 1 1 2s+1
241 (5+1° P (s+1)
s 1 12s+1
:sz+1[s+1_?(s+1)
3 s 1 2s+1
_(52+1)(s+1) S(sz+1)(s+1)
2251
s(sz+1)(s+1)
Using partial fractions ﬁ = é + lz;:f + % , hence

52—25—1:A(sz+1)(s+1)+(Bs+C)s(s+1)+Ds(sz+1)
:A(s3+sz+s+1)+(Bs3+Bsz+Csz+Cs)+Ds3+Ds

=s2(A+B+D)+s?2(A+B+C)+s(A+C+D)+ A

Comparing coefficients gives,

A=-1
And
B+D=1
B+C=2
C+D=0

Hence B =1 - D, and from second equation1-D + C =2 or C = D +1, hence from third
equation D+1+ D = -1 or D = -1 hence C =0 and B = 2, therefore

s2-2s—1 1 2s 1

= —— + e —
s(sz+1)(s+1) s s2+1 s+1

Now the inverse Laplace transform can be found. Using -~ (ﬁ) = cos (at) then #1 (sZi 1) =
cost and

1 2s 1
(1) == (_E " s2+1 s+1)
= —(—1 +2COSt—€_t)
Therefore
1
t

g(h = (1—2(:ost+e‘t)

2.6.3 Problem 2
Use Laplace transform to solve (1 -t)y” +ty’ —y = 0 with IC y(0) =3 and vy’ (0) = -1
Answer:

L=ty +ty —y)= Ly -ty +ty —y)

= (s2Y sy (0) - v/ (0)) + % (s2Y = sy (0) -y (0)) a (sY-y(©@)-Y

ds
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Substituting IC gives
3((1—t)y”+ty’—y) =(SZY—3S+1)+%(SZY—3S+1)—%(SY—3)—Y
=s2Y —35s+1+25Y +s2Y' -3-Y —-sY' - Y
:Y’(sz—s)+Y(sz+25—2)—3s—2
Therefore
Y’(sz—s)+Y(sz+2s—2) =3s+2
(52+2s—2) 35+ 2

F=

Y +Y

(52 +25—2)

S
Integrating factor is Ir = e (=) " where

2 —
fMdS: 1+L+gds
(52—5) s—1 S

=s+In(s-1)+2Ins

Hence

If — e(s+21ns+ln(s—1))
=es%(s—1)
Hence

35+ 2
&Yzbf&é;?%%+f
:fessz(s—l)—3s+2ds+c

(-3)

= fess(3s+2)ds+c

= f 3s%e°ds + f 2seds + ¢
:3€S(SZ—ZS+2)+2€S(S—1)+C
Hence
3€S(SZ—ZS+2)+2€S(S—1) c
+
e5s2 (s —1) e5s2 (s —1)
(52—25+2) 21 oS
42—+
s2(s—1) 272 (s-1)

Y =

Therefore, inverse Laplace transform is
y(t) =3¢ —4t+cH(t-1) (e(f‘l) —1-(t- 1))
=3¢l — 4t + cH (t - 1) (e — 1)

And the solution is

3¢t — 4t 0<t<l1
yO =y ., (t-1)
3e —4t+c(e —t) 1<t

Notice that there is not enough information given in the problem to find the constant ¢ for
the solution 1 < t.
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2.6.4 Problem 3, periodic function

Solve the initial value problem where f (¢) is periodic

t
y’+4y+3f0 y(t)dt = f(t)

And
1 O<t<?2
B =
f® { -1 2<t<4
And y(0) = 1.
Solution:

The Laplace transform of periodic function f (t) with period k is

1 k
FO) = 1—% fo F(Hestdt

For the above function k = 4 and

2
f F(Hetdt = f estdf - f st
0 0 2

4
e—st e—st
—S —S
0 2
-1 1
_ - (6_25 _ 1) + - (6_45 _ 3—25)
S S
—6_25 1 e—4s e—25
= + — —
S S S S

Hence

o == [
e resy )0
_1(1-e)

s (1 + 6—25)

3 —25

. 1 . .
Using —=1-x+ x? — x3+ --- the above can be written as (using e as x)

F(s) = % (1 _ 6—23) (1 — 025 445 _ o654 p85 _ p-10s )

1
— [(1 — 025 4 o5 _ p65 4 p85 _ p=10s 4 ) + (_e—zs o4 _ p65 4 =85 _ p—10s )]
S

1
= —(1-20% +2e7% - 2075 + 2675 + )
S

Now taking the Laplace transform of the ODE gives

¢
(SY - }/(0)) +4Y + 33([ y(7) dT) = % (1 — 2075 +2¢74 — 26765 4+ 2¢78 + )
0

Using the property that %! (%Y(s)) = 1:]/(’[) dt, therefore %Y(s) = g(fy(f) dT) where
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Y(s) = g(y (t)), hence the above becomes
Y 1
(SY=1)+4Y +3— == (1-2e% + 274 - 2075 + 275 + .)
s s

3 1
Y(s+4+ —) =1+ (1-20% +207% — 20765 4+ 2675 + ...
S S

1
= — > + . (1—26_25+2€_45—2€_6S+2€_85+-'-)
s2 +4s+3 s(s+4+g)
5 1 -2 -4 -6 -8
= + (1—26 S+ 2% —2e7% + 2e S+~-~)
2 +45+3 s24+4s5+3
S 1
= + 12672 + 2745 — 26765 4278 ...
+3)(5+1) (s+3)(s+1)( ¢ ¢ < ¢ )
_ s . 1 2¢72%
T (5+3)s+1) (+3)(s+1) (s+3)(s+1)
23—45 26_65 26_85

T G+3)6+1) G+3)G+D) G435+l

1 1 . . 1 1 1
TRl i and Partial fractions of D~ 26D~ 2613

_ 3 _ : -1 (,—as _
GreTD © 268~ 2610 and using the property ¥ (e f(s)) =

H(t—a) f (t — a) and since 3‘1$ =¢' and 3‘1$ =¢73 hence the inverse Transform of
the above can be written as

3 1
y®) =~ 1(2(s+3) _2(s+1))

Partial fractions of

and partial fractions of

1 1 1
+ —
2(s+1) 2(s+3)
_3_1 6_25 _ e—Zs
s+1 s+3
-4 —4
+$_1 e S _ e S
s+1 s+3
-6 -6
_3—1 e — e + ..
s+1 s+3
Hence
H == -3t _ — -t
y(t) 26 26
PP
2 2
—-fi(t—-Z)(e‘“‘z)—-e‘3“‘m)
+—f1(t—-4)(e‘“‘4)—-e‘SG‘Q)
_H(t_6) (e_(t_6)_e_3(t_6))+ ven
Or

y () =P —H(t-2) (et - e3E2) 1 H(t - 4) (e7 = D) —H (t - 6) (10 = ¢30)) 1 ...

Here is a plot of the solution. It shows the response to be periodic, of same period as the
forcing function.

2.6.5 Problem 4 convolution

4. (10pts) Consider the equation of metion for a damped harmenic oscillator:

d*x da
S 2N — 4wl = f(t
mog 2N flt)

under damped, i.e. wo > A

Solution:

The problem as stated had a typo in it. It was updated to read
f®

X7+ 2Ax + wix = —=

m
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solution to problem 3

oell
0.6F

o4l |

¥
)

ook — f \ | |

—0.4 L

Figure 2.9: plot of solution problem 3 HW 5

Where A = ﬁ where p is the damping coefficient and wy = \/g is the natural frequency and

k is the stiffness. Using the above form, and letting F (s) be the Laplace transform of f (t)
and X (s) the Laplace transform of the solution x (t) and applying the Laplace transform
results in

1
(X = 5x(0) = ¥’ (0)) +2A (X - x(0)) + w3X = —F(s)
Applying initial conditions
1
(X - vg) +2AsX + wfX = —F
m

X(sz+2/\s+a)§): %F+UO

1 F
X = + Y% 1)

Mms2+2As + wi  $2+21As + wj

Finding the roots of the characteristic equation s? + 2As + w? gives

b+ Vb2 -4 E—
V:TQC:—/\i Az—a)g

Since underdamped, therefore w > A then the quantity under the radical is negative and
the roots are complex conjugate

A2 2
r:—Aii,/wg—AZ:—Aiiwo,/l——z:—%iia)m/l—fﬁ
w§ m2w

2
But —— = &2 where & = —— is the damping ratio. Hence the above can be written in the
4mw 2may

more common form as

2
r:—%iiwo 1- 2 =ty iwgV1- &

Am2w?

In addition, defining

wy = woy1 — &2

as the natural damped frequency, hence

r= —% + iwgV1 - &2 = —Eay + iwy

Let r; = —dwq + 1wy, 1) = —Ewy — iwy. Eq. (1) can now be written as
1 F (%)

M- G-r)  G-m)G-r)

Let
1
O =TG-
A N B
- (s—r) (s—17)
Where
1 1 1

A o) ™ Clan + faog = (Eawp—iag) 2y
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And

= lim - 1 - = 1
s—or2 (s —17) T (- Ewy —iwg — (—wg + iwy))  —2iwy

Therefore

=f4m@»=5ﬂ( (I R )

2iwgVI—E (=11  2iwgyI -2 (6~ 1)
1 3_1( 1 )
QiwgV1 - & (s—=r1) (s—12)

= — erlt _ erzf
21wd ( )

— L (e(—§a10+iwd)t _ e(—éwo—iwd)t)
Zia)d

— 21 (e—éwoteiwdt _ e—éwote—ia)dt)
1w
e—&uot
— eiwdt _ e—iwdt)
Zia)d
—Ewot
= Sy (2isin (wy4t))

e_‘E(UOt

sin (wyt)

Therefore the general solution is

—Eawot

x(t) = —c.% LF(s)G(s)) + v

sin (wg4t)

But 1 (F(s)G(s)) = £ f (t = ) g (1) dt, hence the above becomes

8(7)

—Ewo’[ —Ewpt
sin (wy7T) [dT + vy

sin (wg t)

w)= o [ fe-0| %

[f f(t— 1) e *¥0T sin (wy7) dT + muge <¥0! sin (a)dt)]
mawg,

Now the problem can be solved for different f (t).

2.6.5.1 Part(a)
When f (t) = P5(t) then the solution is

x(t) = — [f P (t — T) e ¢“07 sin (wyT) dT + moy e sin (wdt)]
But
fté(t— D r () dT = £ (8)
Hence 0
x(t) = [Pe cwot sin (wyt) + moge=ot sin (a)dt)]

Wy
—Ewgt
= (P + muvy)
mw

sin (wgt)

We see that the effect of having an initial velocity is to contribute an additional impulse of
magnitude mvy. Therefore, this response is the same to one where an impulse of amplitude
(P + mvy) instead of P was applied to the same system when all its initial conditions are
zero.

p

2mawg

To express the above solution using the terms in the original ODE, then using & =
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2
and w; = w4 [1 - ( P ) then the solution is
meo

_Py

2
x(t) = (P + moyp) ¢ 2sin[a)0 1—( P )t]

2mawy
mawpr |1 — [ =2
0 2711(4)0

2.6.5.2 Part(b)

When f (t) = Fysin (wt) then the solution is

1 t
x(f) = — [f Fysin (w (t — 7)) 75907 sin (w,7) dT + moge~ 0! sin (a)dt)]
mawg 0

The f sin (w (t — 7)) €707 sin (wy7) dT can be done be repeated use of integration by parts
by starting with writing
sin (w (t — 7)) = coswtsinwt — coswtsinwt
The final result can be found to bel’
E ((l - 1,2) sin wt — 2&r cos a)t)

x () = €507 (A cos wyt + Bsinwgt) + — 5
MW (1-72) + @&ry?

Where
@
r=—
Wy
and
2rF& 1
A= w2 2 2
0 (1-72)" +(2ér)
and
F(1-1r2 2%F 1
B = Yo _ ( ) 4 + i

Wi MO0 (1) 4 e MO0 (1 2) 1 26

2.6.6 Problem 5, heat conduction

ForO<x<Landt>0
du  J%u
ot Ix
IC u(x,0) =0and BC: u(0,t) = u(L,t)=0
Solve using convolution.

Solution:

Lower case u is used for u(x,t) in the time domain so to be able to use U(x,s) as the
transform so to keep the notation simple. Now, Taking Laplace transform, using ¢ as the
corresponding independent variable for s, hence

ff(gu b 2ty t)) =a ()

Jt dx?
(sU (x, 5) — 1 (x,0)) —kdzi;f’s) -- fa
Now this is a second order ODE in U (x,s)
P o=t

To solve, it requires two boundary conditions. The boundary condition are transformed

5CAS was used for the integration
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to Laplace, hence U (0,s) =0 and U(L,s) = 0. The homogenous solution is
U, (x,s) = Ae_‘/gx + Be‘/;x

and the particular solution is (since RHS is constant)
a

1
U, (x,s) = -
p(x9) ss+a

Hence the solution is

U(x,s) =U,+ U,

= (Ae_‘/gx + Be‘/éx) + 1 a

ss+a
When x =0
-1
=2 _(A+B 1)
s s+a
and when x =L
-1 _[s s
-1_a :(Ae ‘/;L+Be‘/;L) (©)
s s+a

From (1), A=- (li + B), hence from Eq. (2)

s sta
-1 1 e s
- :—(— a +B)e ‘/ZL+Be‘/;L

S S+« Ss+«

-1 a 1 a _Js e s
N - —— e ‘/;L_Be \/;L+Be‘/;L
S st+ua Ss+ «

__1 a + 1 a e_\/EL =B (e‘/éL — e_\/gL)

S S+« ss+«

1 a (e‘ Pl 1) — 2B (sinh(\ﬁL])
ss+ k

1 (e-ﬁL _ 1)

S S+a
Zsinh(\/gL)
i
1 4 (e 1)

$8+aoginh (\/%L)

-1 a 1 a (e 1)
T s s+a Ss+a2sinh(\/§L)
-

1
-1+ -z
2

sinh (\/;L)

B =

Therefore

1 a
Css+a
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And the solution is

U(X,S) = (Ae_\/gx + Be\/gx) + 1 a

1 a

SS+«

1 a

ss+«

_la —e_‘/E +1+ (

ss+«

_1.a —e_‘/E +1+4 =

ss+«

14 —e_‘/gx+1+

1
Sst+a 2smh(\/§L)
1 [ 1
-2 | ‘/;x+1+—
SS+

Hence

1 a
Y(s) = -
(s) SS+a

1 a

ss+«

1 a
T ss+a

—€

ss+«a

‘/_L—l

2 inh \[L

()

2 inh \[L
\/_L—l)

2 inh (\[ L)

[ FEN

ss+a2$1nh(fL)

\/_L—l) e\/g
" einh \[ L)

\/?

) i

(V)
N ey

SS+«

2sinh (\/;L)

; e\/E (x-L)

sinh (\/;L)

_\/?L_\/? _\/? _\/?L\/? \/?
(e Ve VE — e NF o VEeNE — pNET

(e_‘/g(x”“) + e\/g(x—L) + - (e_‘/gx + e‘/%x

1 _ s 1 S(x— _ /s
= - 4 —e ‘/;x +1+ — (e‘/;(x b +e ‘/;(HL) - [2 cosh (\/ELD
S5+a 2 sinh (\/%L) k

e_‘/g (x+L)

J
S —

- i)

e—ﬁ (x+L)

: INECSS

’ (ff) ' (o

Now the inverse Laplace transform is found. Let
1 a
ss+a

and

P(s):l—e_‘/%x+

=1—€_\/§x+

G(s) =

e\/§ (x-L)

e_‘/g (x+L)

s S
5T _\/TL
eVk  +e VK

S S+ S
N A
e‘/;—ek eVk  —e

e\/; (x-L)

S S s
s S
e—\/; (x+L) P 7L

. ) Cosh(\/éL)]
2sinh (\/%L) 2sinh (\/gL) sinh (\/%L)

| Tt (\[ )

Vi)
" einh (\[ L) 2sinh (\[ L) COth(\[ J]

S s + S
i
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hence
u(x,t)= 21 (F(s)G(s))
t
:j;f(’[)g(t—T)dT (3)
Where
- (i52)
( a(s+a))
— E_E —at
o o«
And

S S S S
AieD) AV EeD) AL il
S S + S S - s S - S S
e\/;L - e_\/;L e\/;L — e_\/;L e\/;L — e_\/;L e\/;L - e_\/;L

_[s 1 = 1
¥ (e ‘/Zx) =2 e for\/jx >0
2 VT(k t2 k

§(x—L)

M
N
s
e\/;(x—ZL)
s
(1 - e_z‘/;L)
1 . .
Now — =1+z+ z2 + --- by series expansion, hence the above becomes

_Z \/_XZL) x—2L 2L 4L 6L
( :ﬁ) A >(1+ o, i, e )

— (e\/é(x—ZL) + e‘/é(x_u) + e‘/g(x_&) + )

(x+L

ﬁ_ef

fity=211 —e‘ﬁx + (4)

Note:

To find the inverse Laplace of dividing by e‘/;Lthe numerator and denominator

gives

Similarly, to find Laplace of ——— ,dividing by e‘/;L the numerator and denominator

gives
e—\/g(x+2L)
(1 - 3_2‘/§L)
Now 11: =1+z+z%+ - by series expansion, hence the above becomes
—\/?(x+2L)
e Yk -2 gy Y —J2
B :e\/;(x+2L)(1+€\/;2L+€\/;4L+€ \/;6L+"')
(l - 6_2\/;L)
_ Vi, reean | rerel) | freesn

°L

e
S S
R

Similarly, to find Laplace of ,dividing by e‘/;L the numerator and denominator

gives
1

1- e_Z‘/gL
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1 . .
Now — =1+z+2z%+ --- by series expansion, hence the above becomes

-z
;( e R T
L

1- e_z‘/;T

NSNS

F L
:— ,dividing by e‘/_ the numerator and denominator gives
N
S
6—2\/;L
s
1- e_Z‘/;L

1 . .
Now — =1+z+ z2 + --- by series expansion, hence the above becomes

2\/:;_ —2\/—L (1 te N + e_4‘/§L + e_é‘EL + )
- it
= e—ZﬁL + 6_4‘/§2L + 3_6‘/§L + e_g‘/EL +oee

Applying all these results to Eq. (4) above

e\/;(x—L) . e—\/é(x+L) e oL s )
I N L e L L N L
= 1 1 (e‘\/%")

NS
e‘/gL - e_‘/EL
e—\/é(x+L)
e‘/gL - e_‘/EL
e_‘/EL

And to find Laplace of

ft)y=2" 1—6‘\/§x+

+ ¥

+ ¥

_

_ 1

Hence

_x2

1

fH=0(t)-
V t2
L o e\/;(x—ZL) . e\/%(x—4L) . e\/g(x—&) . )

\ e_\/%(ﬁzL) . e—\/%(x+4L) . e—\/g(x+6L) N e—\/é(x+8L) N )
-1+ e_z‘/%L + 6_4\/§L + 6_6‘/§L + )
- w1 e_Z‘EL + 3_4‘/§2L + e_6‘/§L + e_s‘gL + )
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This can be written as

Fy=56()-

=2
Y
§€
TC t2

+ 71 e_‘/é(ZL_x) + e_‘/gm_x) + e_‘/g(&_x) + )
N N N e RN S SN SO )
T e )

Hence the result becomes

2

f)=6()- —3€m
TC tE

L~ x) 1 et L x) 1 (6L x) 1t
2Vm tz 2Vm t2 PAY tz

(x + 2L) 1 —<x+2L (x + 4L) 1 —<x+4L (x + 6L) 1 ~(x+601)°

4kt 4kt + .-
2 V tz 2 V tz 2 V tz
-1 -(aL)? (6L

sm- 2L L w1 S ! S

2@;}% 2\/_ k43 2\/_ k43

Hence

0 :—Zj_%em

(2L x) 1 —<2L—x> (4L x) 1 —<4L x) (6L x) 1 —(6ka) .

2\/_ tz 2\/_ tz 2\/_ K

(x+2L)1 a1 (x+4L)1 <x4++ (x+6L)1 (T(’f)er

2\/_ t2 2\/_ t2 2‘/_ tz

2, 1 - 4L) 1 *(4L) (6L) 1 —(6L
. zmt_ge N 2\/_1‘2 2\/_tz N

Now convolution can be carried out. From Eq. (3)

t
u(x,t):f(;f(f)g(t—’c)d’[
' a _ a4 -t
iz
g( fo ' Fydr - fo t f(T)e_a(t_T)dT)

4kt
2vmk 43 2Tk g 2k g "oV g
NCEE) 1 ﬂ | (e+dn) 1 M , (e+6l) 1 —<x+6L>
akt 4kt Akt 4 .-
2Vrk 43 2Vrk 43 2Vrk t2
2L 1 e’ @4l) 1 e’ (6l) 1 —<6L>
4kt T4kt T4kt

-— ¢ - —e
th; 2k t; 2\/_ t2

t t —(2L 0?2
f f(T) e =1t = f - 1 (2L X) 1 Tk 4 .. et g

The last 2 integral, when evaluated give the solution u (x, t)

ff(r)df—fo L eL-x1 e (AL - Y1l L1

and
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2.6.7 key solution

Homework Set No. 5 NEEP 547
Due October 11, 2013 DLH

1. (4pts) Find the inverse Laplace transform of the following function:

$+1
=n( 2 T%
g(s)=1In <s(s+1)
2. (6pts) Use the Laplace transform to solve the following problem:
(1-8)y"+ty —y =0 with initial conditions; y(0) = 3 and 3/(0) = —1.
Periodic function
3. (8pts) Solve the initial value problem where is f(t) is a periodic function:

/ b N g . _ . oy )1 for0<t<?2
y+4y+3f0y(t)dt_f(t),y([])fl,wmhf(t)f{_1 for2<t<d

Convolution Theorem

4. (10pts) Consider the equation of motion for a damped harmonic oscillator:

d’z dz 5 ft) p k
22 i A here: A = £ . ==
o 2\ ¥ +wiz where: A o and w,

with a general forcing function f(¢) and initial conditions z(0) = 0 and z’ (0) = vo. Express
the general solution of the equation in terms of the convolution integral. Determine the

solution for function a). f(¢) = P4(t) and b) f(¢) = Fp sin(wt). Note: the oscillator is
under damped, i.e. w? > A2,

5. (10pts) Heat Conduction Equation (0 < z < £ and t > 0):

ot Oz?

where £, @ and « are positive constants.

=ae " with 1.C.: U(z,0) =0 and B.C.: U(0,¢) = U(¢,t) =0
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Solue sle fallowiye Ci=w)y"vtyioyzo )= 3yt =

7 ”“é\/’/ b ‘L\/"\/ =0 /_c/“((l ‘)(Q[J ‘J’[Q,, L‘L/}’é«—c 7}04«\/54“/"—~

A

2
,/s >/(S)“' SV¢e) = \ (0 +ﬁ ( /;@?-§ /(0 ) //@}j i\w,é‘ _i/'/olf

{e'gu-3s - ) (25360« <™y %) 'YfO/)’(7/J/4-57/.f))'7(41 -

/o2 oy TS 5 .
(c*gu) - (zrz Lecpisl <3) - (6125 () -1 =
\:7,_.;}\.,\}7’(,5,;' *‘—(SL'FQS ‘/_/>7CS) - 3 +/-3 =0
Sls-0)y'es) + (’5142,5«2/\7@,; = =33

($743C-3 ] 3L
= T_”*

T/’f(_s)f, S(g—1) 76

—_— —f/‘s"'—_{ (5= =YL = },f:_,__," .
2 ) Hsam) g Y9 > aeen

. S LX), _ v
vior (£ + 5 lgw == Er

= 3( ef - Jasetds) +2 [refdy
=%020° - “/(s»ef,—,fe,fdl:)
=3’ o Yot v YeS 4

)2 Saalst o Yo &
/ S e (-)s e (i-1)s* e c¢-1)s* ef(f-1) s*

:356-%8!

"75} )b

T - /'h»-}:'r‘- L/!'JJ
«5(7/4—}:, 432)”\7({) = ?(‘Zj—):ji x »l%yv eu(w e ( :
f( )+l ic) S ) 1 -
B =E (=05
0/((\ ) \_(L))z ] 3;,(;;_) )(e(f 1) )J(
X(s)(e (s=1) ) /€ (35+2) s hs = [ej/z: e )ds = BJ/s"e“;Qf x szerfof..r
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27 HW 6

2.7.1 Problems to solve

Homework Set No. 6 NEEP 547
Due October 25, 2013 DLH

Integral Equation (Homogeneous)

1. (6pts) Show that the only values of A for which

1
F@) = [ oy@+y) @) dy
has a non-trivial solution are the roots of the equation
A2 4120\ — 240 = 0.

(Hint: This is an eigenvalue problem for the case of a homogeneous Fredholm Eq. It can be
solved by the differential equation method.)

Integral Equation (Neumann series solution method)
2. (6pts) Solve the following integral equation using the Neumann series method:

2

v =1+ 5 - [e-uwa

3. (6pts) Determine 9 (x) using the Neumann series method:
T
Y(x) =xcosz+ / top(t) de
0

Integral Equation (Differential equation solution method)

4.(6pts) 2cosh(z) —sinh(z) —(2—2z) = 1+ /Ow (2—x+t)y(t)dt
5.(6pts) u(x) = cos(z)—x—2+ /Oac (t —x)u(t)dt

1
6.(6pts) u(z) —= x—i—)\/o (142 +t)ult) dt

dy(t 21t
7.(6pts) Zi) = 2- 5~ 1/0 y(7)dr, with I.C.: y(0) = 0.

Integral Equation

8. (6pts) Solve the integral equation using any technique:

y(z) = f(z) — A/j ot e y(t)dt

2.7.2 Problem 1 (integral equation (homogeneous)

Show that the only value of A for which

f@)=Aj:xwx+wf@ﬂw
has a non-trivial solution the roots of the equation
A% +120A - 240 =0
solution

The integral equation is a homogeneous Fredholm of the second kind. Normally it is
written as

1
wm=yﬁk@www@ 1)

Where in our case the kernel K (x, y) = xy(x +y). Hence the kernel is separable and can
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be written as

K (x, y) = x%y + xy?
- S0 1)
Where M; = x*,N; =y, M, = x,N, = 2, ther]efore Eq. (1) can be written as
p) = A fo 1 (iMj (¥)N; (y)] P(y) dy
Interchanging summation with integration

2
@(x) :/\ZM]-(L
)

Now Ll N; (y) ¢(y) dy is a constant. Lets call it ¢;,

1
N; (v) @) dy)

¢ = J: N;j (y) P(y)dy
Therefore Eq. (2) becomes
px)=A EZJM]-CJ-
To find c; we multiply both side by N; and inte]grate w.r.t. x which gives
J(;l N;(x)p(x)dx = A 22: a;iC;
Where ]

1
ajj :j(; N; (x) M; (x) dx

(2)

(3)

Which can be evaluated to a numerical values. Going back to Eq. (3) we see that the LHS

is just c;, hence Eq. (3) can be written as

2
¢ = A E ElijC]'

j
0 -1 a1 4|t
C2 a1 dxpJ\C2
C2 az) d

C1 1- /\Elll —/\ﬂlz -0
Cy —Aﬂ21 1- Aazz B

Writing this in matrix for

c
For a non-trivial solution to exist, [ 1] can’t be zero. Hence the only possibility is that
€2

1- Aﬂll —Aﬂlz
—/\Elzl 1- /\llzz

=0

(4)

Now we evaluate the a;; coefficients. Recall from eariler that M, (x) = x%,N; (y) =y,M;(x) =
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x, N (y) = y?, hence

1 1 1
allzf N; (x) M; (x) dx:f x3dx:1
0 0
1 1 1
ﬂ12=f N; (x) M, (x) dx:f xzdng
0 0
1 1 1
a21:f N, (x) M (x) dx:f x4dx:g
0 0
1 1 1
Elzzzf Nz(X)Mz(X) dx:f x3dx:1
0 0
Therefore
1 1
Ay 1-A
or
4=\ (4=2)_(=A)(=A) _
4 4 3)\5)
1 1
—A2-ZA41=0
240 2

A% +120A - 240 =0

Therefore, the values of A which satisfy this polynomial will allow a non-trivial solution.
In otherwords, the roots of this polynomial. This is what was required to show.

2.7.3 Problem 2 (integral equation, Neumann series method)

Solve the following integral equation using Neumann series method

@@—1+——f<ww¢@w
Solution:

The above is in the form
o) = f(x) - f K (x, ) p(b) dt 1)
0

Lets makes it in standard form, by changing the sign in front of the integral to + instead
of -

0
P = @+ [ Keohe®d

Hence it is a Volterra of the second kind. We start by approximating ¢(x) to f (x)

Po(x) = f (x)
Then
0
P = [ K Dgot)d
0
P20 = [ K beit)dt
. 0
a0 = [ K@Dt dt
Therefore
2
Po¥) =1+

o1 (x) = f(x—t)(1+2‘)dt —(% x—4)
Pa(x) = .[w—ﬂ ) (ﬂ ;ﬁ

4
$3(x) = f (x_t)(_Jr%) (720 40320)
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Therefore, we now see the sequence as

P(x) ~ @o(x) + P1(x) + Pa(x) + P3(x) + -+

x? 2 Xt x*t a® x® X8
=|l+=|-|=+=|+|=+==|-|z=+ + .-
2! 2 24 24 720 720 40320

Hence the solution is

p(x) =1

2.7.4 Problem 3

Solve the following integral equation using Neumann series method

@(x) =xcosx + f to(t) dt
Solution: 0
The above is in the form
o =@+ [ K
Hence it is a Volterra of the second kind. We start by approximating ¢(x) to f (x)
@o(x) = f(x) = xcosx

Then
0
P = [ Kot d
0
P20 = [ K@ Heuodr
0
Pu0) = [ K@Dt dt
Therefore

Po(x) = xcosx
P1(x) = f t(tcost) dt
0

= 2XxCos X + (—2+x2)sinx = x2

sinx + 2xcosx —2sinx

©o(x) = f t(2 (tcost —sint) + 2 sin t) dt
0

3cosx + 5x2sinx —12sin x + 12x cos x

= —x
X

P3(x) = f t (—t3 cost +5t2sint —12sint + 12t cos t) dt
0

45in x — 9x3 cos x + 39x% sin x — 90 sin x + 90x cos x

= —x
X

P4(x) = f t (—t4 sint — 9t cos t + 39t sin t — 90 sin t + 90t cos t) dt
0

5

= x° cosx — 14x* sin x — 95x3 cos x + 375x2% sin x — 840 sin x + 840x cos x

X
Ps5(x) = f t (t5 cost —14t*sin t — 95t cos t + 375t% sin t — 840 sin t + 840t cos t) dt
0

(1)

= x0sin x + 20x° cos x — 195x* sin x — 1155x° cos x + 4305x2 sin x — 9450 sin x + 9450x cos x
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Therefore, we now see the sequence as
P(x) = @o(x) + P1(x) + Qa(x) + P3(x) + -+
= (x cos x)
+ x%sinx + 2x cosx — 2 sin x

3cosx + 5x?sinx —12sinx + 12x cos x

—x
—x*sinx — 9x3 cos x + 39x2 sin x — 90 sin x + 90x cos x

+ x° cos x — 14x* sin x — 953 cos x + 375x2 sin x — 840 sin x + 840x cos x

+ x® sin x + 20x° cos x — 195x% sin x — 1155x3 cos x + 4305x2 sin x — 9450 sin x + 9450x cos x

+ ...

Collecting
@(x) = cosx (x + 2x + 12x + 90x + 840x + 9450x + ---)
+CoS X (—x3 - 9x3 - 95x3 — 1155x3 )

+ cosx(x5 +20x° + )

+sinx (-2 —12 — 90 — 840 — 9450 ---)
+ sinx (x2 + 522 + 3922 + 375x% + 430522 + -+
+ sinx (~14x* = 19544 - -+
+ sinx(x6 + )
or
X + 2x + 12x + 90x + 840x + 9450x + ---
@(x) = cosx —x3 —9x3 — 95x3 — 11553 - --
+x° + 2020 + -+
—2-12 - 90 — 840 — 9450 ---
+x2 + 5x2 + 39x% + 375x% + 4305x% + ---
~14x* —195x* — -
X654

+ sinx

But 1 2 A x® d si x>
ut Cosx = —3+ﬁ—%+---an smx—x—z+

5
1% —--- then the above can be written as
) A 6 X+ 2x +12x + 90x + 840x + 9450x + ---

x- X X
(p(x):(1_3+ﬁ—ﬁo+---) —x% — 9x% - 9523 — 115543 -+
+x° +20x° + -+

-2-12-90-840—-9450---
( x3 s x° ) +x2 + 5x% + 39x% + 375x2 + 4305x% + ---
—14x* —195x* — -+
X0 4 ...
Looking at few terms

X+ 2x +12x + 90x+ ) X+ 2x +12x + 90x+ 1 X+ 2x +12x + 90x+
X X
P) =] x> —9x>-95x3 - —5 —x% —9x% - 9513 -+ * —x% —9x3 - 95x3 -
+2° +20x° + -+ +x° +20x° + -+ +2° +20x° + -+
2-12-90—-- 2-12-90— - 2-12-90- -
+x2 4+ 5x% + 39x2 - - 23| +x% +5x2 +39x2 .- 0| 422 +5x% +39x2 -
+x -= + —
—14x* —195x* — - 6 | —14x*-195x% ... 120 | —14x* —195x* — ...

X6y X6 X6 ..
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Hence
3 5 5 5
X X X X 45
X+ 2x +12x + 90x+ —— =% —6x° — 45x°+ aT ottt
5
_ 3 3 3 X 9 5 95 5 X 9 7 95 7
x) = —X _9x _95x + z Z - + - _ - _ =
(p() 5 5 +2 -:Zx + Zx 24 924x 24
x X 20
+x° + 20x° + _3_10x7+... +£+£X9+
1 5
2x—=12x—-90x — --- +§x3+2x3+15x3_"' —%—f—ox5_2x5_...
5
X 5 39 5 39
+x3 + 5.7(3 + 39x3 - = EXS - 6 x5 +@x7 + ﬁx7 + EXJ
i RV ER TN bl B N CN B TR T-0
6 6 120 120
7 29 10
X+ - .. 4.
6 120

Hence, collecting terms. In this we start with the smallest coefficients of each power of x
found in all the above, and add them

px)=x1+2+12+90+----2-12-90—--)

1 1
+x3(§—§—1—1+2+5—6+15+39—45—---)

FUTT R N T
x —— — — —_— e —
60 24 12 12 10

or
1 451
px) =x+x° (_6 + O(h)) +x° (m + O(h))
May be a
sin (x)
3 5
since sin (x) = x — % + 1’;—0 —---? This problem is too hard but the above is my final answer.

2.7.5 Problem 4, integral equations, differential equation method
Solve
2cosh(x)—sinh(x)-2-x)=1+ f(Z—x+ t) o (t)dt
0
Solution:

Taking derivative w.r.t. x gives

2sin (x) — cosh (x) +1 = f%(2—x+t)(p(t)dt+Z—i((Z—x+x)(p(x))—0
0

2sin(x) —cosh(x) +1 = f —@ (t)dt + 2¢ (x)
0

2sinh (x) — cosh (x) +1 -2 (x) = @ (t)dt

J
cosh (x) = 2sinh (¥) =1 + 2 (x) = f o () dt 1)
0
Differneting again w.r.t. x
X d dx
inh (x) - 2 cosh () = f 4 & -
sinh (x) — 2 cosh (x) + 2¢’ (x) . dxgo(t)dt+dx (go(x)) 0

=)
Hence the ODE is

@’ (x) - %(p (x) = cosh (x) — % sinh (x)
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Integrating factor is e_ghence the solution is

_x _x 1 _x

d(e Zgo(x)) = fe 2 cosh (x) — Efe 2 sinh (x)
_x X 1 3x . X 1 . 3x
e 2¢ (x) = cosh (5) -3 cosh (7) + sinh (E) + 3 sinh (?)
1. X 1 . 3x X 1 3x
-5 [Slnh (E) ~3 sinh (?) + cosh (5) + 3 cosh (?)] +C

Simplfying RHS

e_g(p (x) = cosh (g) 1 cosh (B_x) + sinh (E) + ! sinh (32_x) 1 sinh (f)

3 2 2 3 2 2
1 3x 1 X 1 3x
—sinh|— |- = h—)—— h|—
+6s1n (2) 2cos. (2 6cos (2)+C

1 1 1 3 1 1 1 3
= > cosh (Ex) ) cosh (Ex) + 5 sinh (Ex) + > sinh (Ex) +C
Therefore
03 1 3\ {1\ (3 x
P (x) = 0} (cosh (Ex) — cosh (Ex) + sinh (Ex) + sinh (Ex)) + Ce2

Where the constant of integration C. To find this constant, looking at Eq. (1) above,
repeated below

X
cosh (x) = 2sinh (¥) =1 + 2 (x) = f o (1) dt
0
We see that at x = 0 the above gives
1-1+2¢(0)=0
(0)=0
Therefore, we let x = 0 in the solution itself and find C which gives
1
p0)=0= 5(1—1+0+0)+C
C=0

1 3 ) 1 ) 3
(cosh (Ex) — cosh (Ex) + sinh (Ex) + sinh (Ex))

Hence the solution is

Nltr?:m

@ (x) =

2.7.6 Problem 5
Solve

u(x):cos(x)—x—2+fx(t—x)u(t)dt
0

solution

Taking derivative w.r.t. x

u’(x):—sin(x)—1+f

0

X

d
(=X u (Bt +

dx
E(x—x)u(x)—O]

X
— _sin(x)-1- f () dt
0
Taking another derivative w.r.t. x
X d
u”’ (x) = —cos (x) - (f —u(t)dt + —xu(x) - 0)
0 dx dx
=—cos(x)—u(x)

The differential equation is

u” (x) +u(x) = —cosx (1)
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The homogeneous solution is

uy = AeM* + Belo¥

Where A, = iT\/:L = +i, hence
u, = Acosx + Bsinx
To find the particular solution, let
U, = C1X COSX + Coxsinx
hence
Up = €1 COSX — C1XSINX + €2 SINX + X COS X
Uy = —cySinx — €1 SINX = €1X COSX + € COSX + €5 COSX — (X SIn X
Substituting all the above in the original ODE Eq. (1)
—C18INX — €1 SINX — C]X COSX + Cp COSX + Cy COS X — CoX SIN X + (C1X COS X + Cpx SinX) = — COs X

2c, cosx —2¢ySinx = —cosx

Hence ¢c; =0 and ¢, = —%, therefore, the particular solution is
— 1 3
Up = —oxsinx

This gives the complete solution
1
u:Acosx+Bsinx—§xsinx 1)

At x =0, the original integral equation becomes
0
1) =cos(0)-0-2+ [ (t-x)u(td
0

=1-2=-1
Hence Eq.(1) when x = 0 gives
-1=A
Hence the solution now is
u:—cosx+Bsinx—%xsinx (2)

Now to find B we take derivative of the integral equation and evaluate it at x = 0 which
gives

0
W (0) = —sin (0) -1 —f () dt
0
=-1
But the derivative of Eq (2) is
1
u’ =sinx+ Bcosx — > (sinx + x cosx)

And at x =0 it gives
u' (0)=B

Hence B = -1 and the solution is

: 1 .
U= —cosx —siny ~ Sxsinx

2.7.7 Problem 6

Solve 1 (x) :x+)\£l (1 +x+0u()dt

solution
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Taking derivative w.r.t. x

u’(x):1+/\j:%(1+x+t)u(t)dt

1
1+ f u () dt
0
Taking derivative w.r.t. x again
1 4
W () = A f 2wt
0 dx
=0
Hence the solution is
u(x)=Ax+B
We can rewrite the integral equation as

u(x):x+/\(fx(1+x+t)u(t)dt+f1(1+x+t)u(t)dt)
0 X

And it will give the same answer ofcourse. x is some point between 0 and 1. Now we
processed as before. Taking derivative w.r.t. x

u'(x)=1+A(fxdi(1+x+t)u(t)dt+d—x(1+x+x)u(x)—o)
0

+A(f —(1+x+t)u(t)dt+0——(1+x+x)u(x))

:1+/1(fxu(t)dt+(1+2x)u(x))+/\(f1u(t)dt—(l+2x)u(x))
0 X

Taking derivative w.r.t. x one more time

u” (x) = (fx —u(t)dt +

+A(f —u(t)dt+[0—d—u(x)]——(1+2x)u(x))

—u(x) 0 + — (1 +2x)u(x))

=A@ +2u(x)+ A +2x)u’ (x)) + A (—u(x) —2u (x) — (1 + 2x) 1’ (x))

=AM +2x)u (x) + A (=1 +2x) ' (x))
=0
Hence the solution is
u(x)=Ax+B (1)

To find the constants of integrations, we see that at x = 0 the integral equation gives
0
1 (0) = O+Af (1 +x+ 6 u(f)dt =
0

Hence from Eq. (1) at x = 0 we find B = 0, hence the solution is
u(x) = Ax (2)
Taking derivative u’ (x) = A, but from original integral equation we found that
1
W (x) =1 +Af u () dt
0
Hence at x =0
u0)=1
Therefore A =1 and the solution is

ux) =x
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2.7.8 Problem 7

d 21 ot
Solve &2 =2 -2 — 2 ['y(r)dt
Solution

If we integrate from 0 to f, then

fotdy(T)d —f2d7 f—d’[——f( tly(’cz)d'cz)

£ o1
v -y =277 [ (-ny@
m_m————fu—@mﬂﬁ
Check the above. Can I do this below? Taking derivative w.r.t. ¢

&2y () 1((d dt
L _4——(fgﬁumr+awn—o

= t- 2y

Hence
+ ! (t) = —t
/=

i
The roots are 550 hence
t

t
=Bcos 7 +Csin -
Yy (:052 sz

For particular solution, let
Yp = cit+ ¢y
and substituting in the ODE gives %cl =-1orc; =4, so
yp = —4t

Hence the solution is

y= Bcos% +Csin£ — 4t
When x =0

0=B
Hence the solution becomes
y(t) = Csiné — 4t

To find the constant C, from the integral equation, at t =0

dy(0) 0 1f0
o =2 571 Oy(r)d’[

=2
And from Eq. (1) v/ (f) = C% cos% —4, hence at t =0

1
2=C=-4

2
c=12

Hence the solution in Eq. (1) becomes

.t
y(t) =12$1I1§ — 4t

2.7.9 Problem 8

Solve the integral equation using any method

ye) = @)~ Afo“%ww
148
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Solution:

The above is a Volterra integral equation, inhomogeneous since f (x) exist, and second
kind since the function we solving for is under the integral as well. We start by removing
x dependencies from inside the integral to the outside

Y @) = f(x) - Axel® f ety (1) dt
0

Now divide by xe’* (notice that x can not be zero, hence initial conditions must start at
some other value).

yW) _ % _Afox te~My (t) dt

e/\x

Let ¢ (x) = y( ) and F (x) = f( ) the above becomes
¢ (x) =F(x) - Af te My (t) dt
Now inside the integral, multiply by —- in order to obtain the same form as on LHS

¢(x)=Fx) - Aj(; te~Mtelt (%) dt

= F(x)—Afxtch(t)dt
0
Taking derivative
Y d d
O (x)=F(x)- A (fo Etng (t)dt + £x2q5 (x) - 0)

= F' (x) - Ax*¢ (x)
@' (x) + Ax?¢ (x) = F’ (x)

f Ax2dx

Integrating factor is e = eA?, hence

d (eAx?qb (x)) = ATE ()

Integrate both sides from 0 to x
3

* AZ_3 _ X A%dF
fod(e 3@/)(2))—foe d—zdz
56 (0 - (0) = [eAZ?P] - fx Fd (eAZ?)
, Yo
eﬁwa%¢@:@%fm—n@—f¥&%%ﬁ
0
eAx?gb(x):¢(O)+eA%F(x)—F(O)—fXFAzzeA%dz
0

¥3 P K3 2
¢ (x) = e_A?qb ) +F(x)—e *3F(0)- A5 fozzeA?dz

But ¢ (x) = zf‘)

AX, therefore the above becomes (what to do with the division

by zero?)
X3 XS
V) ok O @ af SO s (1@ a5,
xex lim,_, xe e lim,_, o xet* . zeMz
3 3
—AT +Ax 0 —AT +Ax 0 A )\x B
y(x)=xe( 3 )ﬁ+f(ﬂ—xe( 3 )ﬁ—x + f f(Z)Z€A3dZ
x—0 x—0

Assuming zero initial conditions for now, which means f (0) = 0 and y (0) = 0, then in the
limit the above reduces to
Az3

f 2f (2) —dz

er/"‘

y() =f()-

eS
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2.7.10 key solution

Homework Set No. 6 NEEP 547
Due October 25, 2013 DLH

Integral Equation (Homogeneous)

1. (6pts) Show that the only values of A for which

1
F@) =2 [ ay@+y) @)y
has a non-trivial solution are the roots of the equation
A2+ 1201 — 240 = 0.

(Hint: This is an eigenvalue problem for the case of a homogeneous Fredholm Eq. It can be
solved by the differential equation method.)

Integral Equation (Neumann series solution method)

2. (6pts) Solve the following integral equation using the Neumann series method:

722

Y(@) =1+ 5 -

T
JRCENOL
0
3. (6pts) Determine v(z) using the Neumann series method:
z
P(z) =z cosz + / te(t) de
0

Integral Equation (Differential equation solution method)

4.(6pts) 2cosh(z) — sinh(z) — (2—2) = }} /0 “@—zt 0yt
5.(6pts) u(z) = cos(z)—z—2+ /I (t—z)u(t)dt
L 0
6.(6pts) u(z) = m+)\/0 (142 + 6)u(t) dt

2 ¢
7.(6pts) iljjii—t) = 2- 7~ i/o y(7) dr, with I.C.: y(0) = 0.

Integral Equation

8. (6pts) Solve the integral equation using any technique:

y(z) = fz) — A/: ot @0 y(t)at
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28 HWY7

2.8.1 Problems to solve

Homework Set No. 7 NEEP 547
Due November 1, 2013 DLH

Solve the system with use of the Fundamental Matrix

1. (6pts) Solve the following system of equations with the initial conditions, z(1) = 3 and
y(1) = 1:

¥ = 3z+y—2sin(t)

y' = 4z +3y+6 cos(t).

Solve the system with use of the variation of parameters

2. (6pts) Find the complete solution of the system with the initial conditions, z(0) = —1,
y(0) =2 and 2(0) = 8.

r = 3r—=z
= 224+ 2y+z
7 = 8z -3z

Diagonalization
3. (6pts) page 339, prob. 6
Solve system with Diagonalization

4. (6pts) Find the general solution of the system:

r = —z+4+3y
y = 3v-—y
7 = —2r—-2y+6z

5. (6pts) Find the general solution of the following system:

o~

22 +x+y +2y
32 —Tx+3y +y =

=R

Matrix Exponential

6. (6pts) Using the relation [ eAt dt = eAt x A~ determine the general solution of the

following matrix equation; o
dN _ AN(t)+ F(t)
dt

where F(t) = Bt? and B is a constant vector.

7. (6pts) Solve problem 5 using the Matrix Exponential method outlined in class.

2.8.2 problem 1 (fundamental matrix, variation of parameters)

Solve the following system of equations using initial conditions x (0) = 3;y(0) =1
x' =3x+y-2sin(t)
Yy =4x + 3y + 6cos (t)

Solution:

Writing the above in matrix form

’ 31 —2sin (¢
X x+ sin (t)

Y 4 3)\y 6 cos (t)
In vector/matrix notations it becomes
X =Ax+f

The eigenvalues of A are {5,1} and the matrix whose columns are the corresponding
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eigenvectors (in same order as the eigenvalues) is

1 1
p_lz 2
1 1

The fundamental matrix Q is given by

15 1t
et ——e
Q= 2
[eSt et ]
Since |P| =1 # 0, hence these solutions are linearly independent eigenvectors, (This check

was not needed in this case, since the eigenvalues are distinct).

x, = Qc

(=
et et e
Now the particular solution x, is found using the variation of parameters method for
systems of equations.
X =X+ X, (4)
To find the particular solution, assume
x, = Qu
and u is found
x, = Q'u+ Qu’
Substituting the above in the ode x” = Ax + f gives
Qu+Qu =(AQu+f
But Q' = AQ (since Q is a fundamental solution) then the above becomes
Qu+Qu =Q'u+f
Qu' =f
w=Q7f
u= f Q-1fdt

-e = o= —2sin (¢
ButQ=|2_ 2 |henceQ'=|¢ %[ andf= & hence the above becomes
e e 7 o 6 cos(t)

1 1
5 5.5t —ZSin(t)
— e 2¢
" f(—l ! )(6cos(t)]dt

et 2¢t

3coss;i? _2si;t
= ¢ S| at
f cost 2 .
3—— + > sint
e e

[ L5t (sint - cos t)J

Ee‘t (sint —5cost)
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Then ﬂ since x, = Qu then
Lost —%et) ( Le=5t (sin t — cos t) ]
¢

x, =12
P ot Ee‘t (sint —5cost)

e
—iete‘t (sint —5cost) — ie‘5t65t (cost —sin t)]

%ete‘t (sint —5cost) — %e‘SteSt (cost —sint)

_ cost
sint — 3 cost
Substituting the above into Eq. (4) gives

x:Qc+xp

st 1t
_ 5€ ! N cost
e et )] |sint-3cost

Applying initial conditions x(0) = 3;y(0) = 1 the constants are found by solving the

% Another way to find particular solution is by gussing. But problem asks to use the variation of parameters
method. But this is how the guessing method would work: Let

X, = Asint + Bcost

And
Y, = Csint + Dcost

Then x, = Acost - Bsint and y, = Ccost — Dsint and the ODE system becomes

Acost—Bsint =3(Asint+ Bcost)+ (Csint + D cost) — 2sin (f)
Ccost—Dsint =4(Asint + Bcost) +3(Csint + D cost) + 6 cos (t)

comparing coefficients

sint(-B-3A-C) + cos(t) (A—-3B - D) = -2sin (f)
sint(-D —4A -3C) + cost(C —4B - 3D) = 6 cos (t)

Hence
-B-3A-C=-2
A-3B-D=0
-D-4A-3C=0
C-4B-3D=6
4 equations in 4 unknowns
-3 -1 -1 0 -2

The solution is

A 0

B| |1

cl |1

D -3
Therefore

X, = Asint + Bcost
= cost

and

Y, =Csint + Dcost

=gsint-3cost
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following

Hence

And the final solution is

x:Qc+xp
15 154
X _ ;€ —5e 4 N cost
y e et J|0) |sint-3cost

X = cost + 2e

y =sint —3cost + 4e>!

2.8.3 Problem 2 (fundamental matrix, diagonalization)

Find the complete solution of the system with initial conditions x (0) = -1,y (0) =2,z(0) =8
X =3x-z
y=-2x+2y+z

7/ =8x -3z

solution:

x 3 0 -1)(x
vi=1-2 2 1]|ly
z’ 8 0 -3J\z
x = Ax
To diagonalize A, its eigenvectors matrix P is found. Then the matrix D is
PAP=D

D is a matrix with the eigenvalues of A on its diagonal. P has the eigenvectors as its
columns. In this problem it is found that

!

I

|

I
= O NI
o = O

And

-
I
(e}

Now to decouple A, let

x =Pz

Hence the problem becomes
x' =Pz’
= Ax
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Therefore
Pz’ = Ax
= APz
or
z/ =P APz
=Dz
The new system is which is diagonalizable (decoupled) hence easy to solve. Solving for z
gives
4 -1 0 zq
zp | = 1 Zy
z3 0 z3
Hence
2 et 0 0)(c
=10 ¢ 0]|c
z3 0 0 e)lcs
z=Q,c

Where c; are the constants of integration and Q, is the fundamental matrix in the z space.

Now, since x = Pz then the solution is converted back

x=PQ,c
T3 O)fet 0 0)(a
=|-z 0 1{[0 ¢ 0
1 1 0J)l0o 0 ¢&)lc
o ]
=[-ze" 0 &l
et e 0\
Applying initial conditions x (0) = -1,y (0) =2,z(0) =8
-1 }L % 0)(cy
2 |= ~z 01 [cz
8 1 1 0)lcs
Hence
a) (7 5 0 Ty (20
o=+ 0 1| |2]|=]"12
a) |1 10 8] 2
Therefore, the final solution is
x () }le‘t %et 0)( 20
y(|=|-zet 0 |12
z(t) et e 0 13—6
x (t) 5t — 6et
y(h|= 13—663—%6*
z(t) 20e~t —12¢!

2.8.4 problem 3 (Show matrix is diagonalizable)

Produce a matrix that diagonalizes A =

Solution:

, or show the matrix is not diagonalizable.

o = O
— o O
W N O
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The eigenvalues of A are

A é17+§
A |=|5-3V17
A3 0

Since the eigenvalues are distinct then the matrix is diagonalizable. The corresponding
eigenvectors are

0 0 -2
B 3001 3
P=[V17-5 —VI7-> -3

1 1 1

Where the first column is the first eigenvector associated with first eigenvalue A; and
the second column is second first eigenvector associated with the second eigenvalue A,.
Therefore the diagonalized matrix of A is the matrix D given by

D =P 'AP

D does not need to be computed from the above, since it is given also by

AL 00
D= 0 Az 0
0 0 A3
1 3
> 17 + 3 X ? 0
= 0 E - E\/1_7 0
0 0 0
3.5616 0 0
= 0 -0.5616 0
0 0 0

Note that Jordan form of the matrix is its diagonalizable matrix (if it is diagonalizable).

2.8.5 problem 4 (solve system of equations with diagonalization)

Find the general solution to

X' =-x+3y

y =3x-y

7/ =-2x-2y+6z

solution:

x -1 3 0)(x
yvi=13 -1 0lly
z’ -2 -2 6)\z
x = Ax

The eigenvalues of A are {—4,2, 6}, hence the matrix is diagonalizable (since all its eigen-
values are distinct). Therefore

PlAP=D
-4 0 0
= 2 0
0 6
The eigenvector matrix P is

-1 10

P=f1 10

0 11
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Where the first column if the eigenvector a
on. Now, let

ssociated with the first eigenvalues —4 and so

x = Pz

Which leads to (as was done in problem 2)
in the z space

zl

Now the new system is decoupled.

in order to decouple the system of equations

=Dz

Solving for z

4 -4 0 0)(z
z|=10 2 0]z
z5 0 0 6J\z
Hence
2} e 0 0)(a
=0 ¢ 0l|c
z3 0 0 e lcs
z=Q,c

Where c are the constants of integration and ), is the fundamental matrix in the z space.
Since x = Pz then

x=PQ,c
11 0\fe® 0 0)(g
=[1 1 0[]l 0 € 0]|c
0 1 1JL0 0 ¢)lcs
—e 4 g2t 1
=le* e 0|c,
0 eZt e6t Cs
oo — e
= cye? + cpe
cpe?t + cet

2.8.6 Problem 5 (solve system of equations with diagonalization)

Find the general solution for
2 +x+y +2y=¢
3x' =7x+3y' +y=0

solution:

First the equations are transformed such that each equation contains only x” or ¥’ on its
own. This is to allow the system to be written as x’ = Ax. Solving for x’,y" gives

Hence

The eigenvalues of A are {-1 + 2i, -1 - 2i}. Since they are distinct, the matrix is diagonaliz-
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able. The P matrix of eigenvectors is

1 1
-1+2i 0
D= ]
0 -1- 21)
Let
x =Pz

Hence x" = Ax + f becomes decoupled as follows
z =Dz +Plf
=Dz+G

7 .6 7 6.
Where G = P71f = (_E AT 1_71)
1

, 1 5\,
z1| [-1+2i 0 zl+_§+gle
Z5 B 0 -1-2i)lz, —(%—Ei)et

6

Solving for z

Since the system is decoupled it can be solved as each equation on its own as follows

1 5
21 =(-1+2i)z - (5 + —z)e

zp = (-1 - 21)22—(———1 e

)
)
)

The solution is

z1+ (1 -2i)z :(

NI*—‘ NI’—‘
O\IU‘I O\I()‘I

zp+(1+20)zy = (—
Hence, using integrating factor

d(ef(l—Zi)dt _ef(l 2i)dt

1
2
d(ef(1+2i)dt _ef(1+21)d1( %

Therefore
d (e(l—Zz')tzl) — p(1-20t (_% _ 21) ot
d (e(1+2i)t22) — p(1+20)t (_% + 21) et
Hence
(1-20t5, = (_% _ gl)f (A-200+t g 4 ¢
e(1+2i)tzz _ (_% + 2 )fe(1+21)t+t dr + Cy
or
e(l—Zi)tZl _ (_% _ gl) (411 " i) o2it+2t | 0
e(1+21)tz _ (_% + 21) (41I _ i) eZit+2t +cp
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or
1 5)\(1 i . ‘ _
z1 = (_E _ 6l) (Z + Z) e—21t+2t—(1—21)t + Cle—(l—ZZ)t
1 5)\(1 i ) . _
Zp = (_E + gl) (Z _ Z) eZzt+2t—(1+21)t + Cze—(1+21)t
Hence

1 1 .
Z1 = (1—2 - gl) @t + Cle_(l_ZZ)t

11 s
Zy = (E + §l) et + cpe~ (1420t

But x = Pz therefore

x = 17 17 17 17

7 6. 7 6. 1T 134 —(1-2i)t
4+ -7 - - (E—gl)e +C1€( )
1 1

1,14 —(1+2i)t
(12 + 3z)e + cpe

1 7 6. ; 7 6. ‘
e S —(1-2it _ (L L 2 —(1+2i)t
_|&® (17 171) “e (17 * 171) c2e

1 _(1_9; _ -
get +cqe (1-2i)t +ce (1+2i)t

The final solution is

1 7 6 . 7 6 .
H== t_ | = —(1-2i)t _ | + —i —(1+2i)t
x(h)=ge (17 171) ac 17 " 17
y(b) = %et + cye (120t 4 (1420
or
7 ‘ 6 . 7 ‘ 6 . 1
x(t) — _ (1—7C1€_(1_21)t _ 1_7icle—(1—21)t) _ (1_7C28—(1+21)t + 1_71'C2€—(1+21)t) + 6et
. 1
y(t) = crete?t + cpete 2t + get
or
1 7 . 6 . 7 , 6 .
x(t) = get —et (1—7c162” —~ ﬁiclez’t) —et (ﬁcze‘mt + 1—7icze‘21t)
1
y(t) = et (¢ (cos2t +isin 2t) + ¢, (cos 2t — isin 2t)) + get
or
(7 . 6 . .
x(t) = —e™" | ==cq (cos 2t + isin 2t) — —icq (cos 2t + i sin 2t)
17 17
(7 ) 6 . . 1,
—e | —=cp(cos2t —isin2t) + —icy (cos2t —isin2t) | + —e
17 17 6
_t - . 1,
y(t) = 7" (cq cos 2t + cqisin 2t + ¢, cos 2t — ic, sin 2t) + ge
or
x(t) =—et 7c cos 2t + 7ic sin 2t —ic 6 cos2t+c¢ 6 sin 2t
17! 171 17 17
et 7c cos 2t i7c sin 2t + 6 icy cos 2t + 6c sin 2t | + 1ef
- — —i—cy sin — —(y sin -
17 2 17 2 17 72 17 2 6
1
y(t) = et ((cg + cp) cos 2t +i(cy — ¢p) sin2t) + get
or
1 L 01 cos 2t + Licy sin 2t — ic; = cos 2t + ¢ sin 2t
X (t) _ —et _ e_t( 1—77C1 COS 2l + ﬁécl Sin lCéﬁ COSs + C161—7 sin ]
6 —17C2 €08 2t + 17-Co Sin 2t — 1;1C2 COS 2t — T7C28in 2t
1
y(t) = et ((cg + cp) cos2t +i(cy — ¢p) sin 2t) + gef
or

1 7 7 6 6
x(t) = et —et (1—7 (c1 — ¢y) cos 2t + iﬁ (c1 + cp) sin 2t — iﬁ (c1 + Cp) cOs 2t + T (c1 — ¢p) sin Zt)

6
_t . ) 1,
y () =e " ((cq + cp) cos2t —i(c; — cp)sin2t) + ge
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Let (¢c; + ¢y)i = A and let (c; — ¢;) = B then above becomes

1 7 7 . 6 6 _ .
x(t) = =" —e'| =Bcos2t - —Asin2t + —Acos2t + —Bsin 2t
6 17 17 17 17

1
y(t) = get —ie7t (Bsin2t + A cos2t)

I am not sure how to move the remaining complex number into the constants over both
solutions. According to CAS, the answer should be real

1 1

y@t) = get - ge‘t (7B cos 2t + 7A sin 2t + 6 A cos 2t — 6B sin 2t)
1

x(t) = get + et (Bsin2t + Acos2t)

May be I am close, but do not see it now. So will stop here.

2.8.7 problem 6 Matrix exponential
Using [e4dt = eA*A™! determine general solution of the following matrix equation dl;—:t) =
AN (t) + F (t) where F(t) = Bt> and B is constant vector.

solution:

% = AN(t) + F(t)
AN (1) B
— AN =F()

fo ' (4N (@) = A ()
e AN () - N (0) = f eAE(f) du
N (f) = N(0) + f eAE(f) do
N () = eMN(0) + e f eAE () de
N () = AN (0) + e f e ABR dr

But e?* = PeP'P~!,where P be the matrix of eigenvectors of A and D be the matrix of
eigenvalues of A on its diagonal. then

N(f) = PP'P-IN(0) + Peltp-1 f Pe-DIP1BE d7
= PeP'PIN (0) + PeP! f e Ptp-1Bt? dr

The solution due to the forcing function is contained in Pe™ f e Pip-1B12 dt

2.8.8 Problem 7 (Matrix exponential)
Solve problem 5 above using the matrix exponential method.

solution:

2 +x+y +2y=¢
3 -7x+3y" +y=0

solution:

First we solve the above such that each equation contains only x’ or ¥’ on its own. This is
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to allow us to write the system as x" = Ax. By solving for x’,y” we find

X = 1Ox 5 +et
, 17 N 4 ;
=—Xx+=-y-—e¢
y 3 3y
Hence
/ _I0 Y ot
3 AN, ¢
X =Ax+f
The general solution is
t
x = PeP'P-1x (0) + PeP! f e D p-1Fdt (1)
0
Where the eigenvalues of A are {-1 + 2i, -1 - 2i}, hence, as was found in problem 5
_Ty 8 _T_ 5,
p=| 17 UV VAT
1 1
D= -1+2i 0
Lo -1-2i
_7 (1420t [_7 _ 6\ (-1-2it
o= |5+ 5 (5 i)
ol 1+21)t (12}t
Now
o e/llt 0 ~ e(—1+2i)t 0
e = 0 e/\zt - 0 e(—l—Zi)t
and
b e—/llt 0 e(l—Zi)t 0
—UT —
€ - 0 e—/\zt - 0 e(1+2i)t
and

A TR A PN R S
P—l :{ 17 17 17 17 ) :( 1%2 f 2)
2

Hence Eq. (1) becomes

t
x = PePtP~1x(0) +Peth e PTp-1Fdr

0
7 6 7 6. 7 651
_4 (—1+2i)t _r S L _ 5
N T t € TAETANETANETL x(0)
1 el 21>f 1 1

7 6 .
+ [ 71w 17 17

1 1
t((1-2i _7
[ 70 =5

ol 0 et

Simplifying gives
1 7. - 5. ;
2z (1+21)t E —(1-2i)t P —(1=-20)t _ 2 —(1+20)t
_ (2 121)6 (2 + 121)6 1218 1216
*e 17, -(2ipt _ 17,120 75\ pasane o (L 7)) a2 *©)
12 12 2 12 2 12
7 _ 7 15\ -2
(7 _ a2t _ (7 @20t) _(_ 4 _Z)e
+ (17 171) (17 * 171)6 2 6 dt
1 5, ;
- (1-20)t o~ (1420t ol (E N gl) 2420t

The integration yields

RET ™ T3

1 i et 20
[__ T3t T TS ]
1 i e(2+21)t Z'e(2+21)t
123
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Hence the above simplifies to

. ; 7 . i 5. _(qoit 5 i —(142i
L_ 7 a2 4 (L 7 ) ~-20 S jp-(1-2i) _ 3 j—(1+2i)t
2 12 212 12 12 )
*= 17, ~(+2ipt _ 17 —(1-2i)t 1+7i[m%hkl_li5@%fx
2’ IR 212 2 12
31 10\ —ax2ip _ (L L) —a-2i o (L _ L) —(1+2it @2 (1 1) ~(1-20)t p(2-20)t
— - =+ +|(=—zi)e e +(= +-ie e
(204 1021)3 2 s)¢ 12 6 126
L L) pas2itpee2ie _ (L2 La) —a-2ie _ (L _ 1) -as2ie o (L 1) (20 -2
(E+31)e ¢ 2 3¢ 2 3¢ 12 3
2.8.9 key solution
Homework Set No. 7 NEEP 547
DLH

Due November 1, 2013

Solve the system with use of the Fundamental Matrix

1. (6pts) Solve the following system of equations with the initial conditions, z(0) = 3 and
y(0) =1

¥ = 3z+y-—2sin(t)
Yy = 4z +3y+6cos(t).
Solve the system with use of the variation of parameters

2. (6pts) Find the complete solution of the system with the initial conditions, z(0) =
y(0) =2 and 2(0) = 8.

¥ = 3z—z
Yy = —22+2%+z
7 = 8z-3z

Diagonalization
3. (6pts) page 339, prob. 6
Solve system with Diagonalization

4. (6pts) Find the general solution of the system:

¥ = —-x+3y
Yy = 3z-y
Y = —2z-2y+62

5. (6pts) Find the general solution of the following system:

2 +r+y +2y =
32 — Tz +3y +y =

Matrix Exponential

6. (6pts) Using the relation [ et dt = At x A~!, determine the general solution of the
following matrix equation; -
dN — —
= AN() +F()

where F(t) = Bt? and B is a constant vector.

7. (6pts) Solve problem 5 using the Matrix Exponential method outlined in class.
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29 HWS

2.9.1 Problems to solve

Homework Set No. 8 NEEP 547
Due November 8, 2013 DLH

Fourier expansions

1. (4pts) Find the Fourier expansions of the periodic function whose definition on one period

is
. t forO<t<?2
f(t)_{él—t for 2 <t < 4.

2. (6pts) Find the complex exponential Fourier series of the periodic function whose definition
on one period is f(t) = cosh(t) —-1<t<1.

3. (8pts) Find the solution of the following differential equation which satisfies the given initial
conditions:

T, _ . MmN . )1 forO<t<m
y' =3y +2y=f(t) ;y(0)=y(0)=0 dLnclf(t)—{o for 7 < £ < 2.

(Hint: solve for the homogeneous Eqn. using O.D.E techniques and expand f(t) in a Fourier
series).

4. (8pts) A vibrating string, clamped at x = 0 and at « = ¢, is in a resisting medium which
damps it motion. Its motion is described by the damped wave equation

O%u(z,t) 2 O?u(z, 1) - k@u(z,t)
ot? 0z? ot

Ou(z,0)
ot
where v and k are constants and represent the propagation speed and damping coefficient,
respectively. Find the displacement of the string (motion of the string) assuming the damping

is large. Assume a Fourier expansion of the form

u(z,t) = nicjl by, (t) sin <%x) .

Why did we use the sine series and not the cosine series?

with L.C.: u(z,0) = f(z) and = g(x) and B.C.: u(0,t) = u(¢,t) = 0.

2.9.2 problem 1 (Fourier expansion, periodic function)
Find Fourier expansion of the periodic function whose definition on one period is

t O<t<?2

f= 4t 2<t<4

Solution:
The function f (t) is (for 3 periods)

flt_] := Piecewise[{{t, 0 <t <2}, {4 - t, 2 <t < 4}, {0, True}}]
Plot[UnitStep[#] f[t - #] & /@ {0, 4, 8}, {t, 0, 12},
PlotRange -> All, Frame -> False, AxesLabel -> {"t", "f(t)"}]

The period is T = 4. Let Fourier series approximation of f(t) be f(t), hence from the
definition

~ QO i 27—( . 27—(
fh=—+ 2 a, cos (—nt) + b, sin (—nt)
2 n=1 T T

This is an even function, hence b, = 0 and only 4, needs to be found. Hence

~ a i 271
f= 30 + ,;1 a, cos (?nt)

190



29. HW 8 CHAPTER 2. HW

1o Y !

Figure 2.10: f (t) drawn for 3 periods for illustration

1 T 1/{ 2
aO:T_/zfo f(t)dtzi(fo tdt+jj(4—t)dt)
1(12T7 2T 1 16 4
=EUEH‘”TL}z(2+(16‘7)‘(8‘5))

1
==-(2+8-6
S (2+8-6)

=2
And

a, = TL/Z j(;T cos (z?nnt)f(t) dt = (fz t cos (—nt) dt + fA (4 - t)cos (Z?nt) dt)

But T = 4, hence the above simplifies to

- 8 sin® ( > )cos (1tn)

2n?
Looking at few terms

sin® (g) cos (1) gin? (17) cos (27) sin” (3771) cos (37) sin? (27) cos (4m)

n = 4 ! 71222 ! 71232 ! 11242 a
g {cos gn),O, 0082(371), 0, cos (571), }
I 71232 11252
(a4
B Pl R
Hence
0= p— n=1,35,
Therefore
had 2
ft)= ?O + nz::l a, cos (?nnt)
8 i 1 T
=1- ﬁn—;g:s .ﬁcos(znt)
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This is a plot of f(#) showing the approximation as 7 is increased for few terms. Sum
needed to go to only n = 7 to obtain a very good approximation.

tb = Tablel
Plot [{UnitStep[#] f[t - #] & /@ {0, 4, 8}, glt, nl}, {t, 0, 8},
PlotRange -> All, AxesLabel -> {"t", Style[Row[{"N=", n}], 161},
ImageSize -> 300], {n, 1, 7, 2}];
Grid[Partition[tb, 2]]

N=3
A A ) A /A
10 .: /j V’\‘ f/‘” ‘\1}‘ 10 \ / \
W \/ \ |

4 6 8 F 4 [ 8

Figure 2.11: Showing Fourier series approximation

2.9.3 Problem 2

Find the complex exponential Fourier series of the periodic function whose definition on
one period is f (t) = cosh(t);-1 <t <1

Solution:

The period is T = 2. Let Fourier series approximation of f(t) be f(t), hence from the
definition

Fh= Y o™

n=-o00

T
Cy = 1 f(t)e_iz%”tdt n=0,+1,+2, -
n — T T — VY, Il, Tz
2

1 .21
c, = —f cosh () e ' T"dt

1 .
== f cosh (t) et dt
1 e—t et )
- —mntdt
1( 2 2)6
l . 1 .
(f e(—znn—l)tdt+f e(—mn+1)tdt)
-1
1
—1]

6( intn-1) _ e(mn+1) e(—inn+1) _ e(irm—l))

|
+

|%

NI~ NI~ N

MH MH u>|»—\ u>|»—\ MH o | =

e( inn— 1)t (—irm+1)t

—imtn +1

+
( —inn -1 —inn +1
(( imn +1) e — (=i + 1) ™D 4 (—imn — 1) e+ — (—imn — 1) e(i””‘l))

(=irn —1) (—imn + 1)
—17'(7’16( imtn—1) +€( inn—1) + l7'(7’l€(mn+l) _e(zrm+1) —1711’16( intn+1) —6( inn+1) + Zﬂﬂe(mn 1) +e(mn 1))

—-2n2 -1
—17'(7’16( imtn—1) + 6( intn-1) + lnne(mnH) _e(zrm+1) _ ZTU”IB( intn+1) _ e( inn+1) + ln”e(mn 1) + e(mn 1))

—2n2 -1
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Collect terms

1 (—imnee™™ + el 4 imnee™ — ee™ — imne™™ — ee” ™ + imne”le™ + el
7y —mZn? -1 )

1 (ele ™ (—inn +1 +inn +1) + ee™ (inn -1 - inn — 1)

T4 -m?n? -1 )

1 ze—le—inn _ zeeinn

T4 -m?n? -1 )

1 e~ (cosnm — isinnm) — e (cos nm + isin nmn)

T2 —m?n? -1 )

But 7 is an integer therefore sinnm =0

1 (e7! cosnm —ecosnm
=3 ( —mZn? -1 )
1 (cos nm (1 - ez)
“3{ )
1 (cos nm (ez - 1)]
2e 1 + 72n?
Looking at few terms
n=-1 n=0 n=1 n=2
1 (cos(-m) (6’2 - 1) 1 (cos(0) (62 - 1) 1 (cosmt (ez - 1) 1 (cos2m (62 - 1)
“ 2| T }Zf_TTﬁ_qii_Tiﬁfqi{_Tﬂﬁﬁ_}”
{ 1 (-1 (62—1)) 1 [(62 —1)] 1 (—1 (62 —1)] 1 [ (62—1) ) 1 (—1 (32 —1)] }
2e| 14m2 ['2|1+72 ) 2| 14m2 | 2|1+7222) 2| 1+7m232 |
Hence
¢, = (1) (ez _ ) n=4+1,+2,

The first few terms are

-0.108118, 0.02903, —-0.013083, 0.0073952, ---}

Hence
. 0 .21
f(t) — 2 CnelTnt
n=—o0

(32 B 1) (32 ~ 1) N (_1)|”| eimnt

i} 22e T (e )
B0, iaiZ@(W””mﬂ
Sy
- (‘322; 1) 1+ zi Y )cos (nnt)]

Here is a plot of the function, and its approximation f (f) for few terms. This shows the
convergence is rapid and at N = 4 it was very close to the original periodic function

2.9.4 Problem 3

Solution

Since the D.E. is constant coefficients, then the homogeneous solution is found from the
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ET-1 = 1F
Sglt,m]i=—— |1+2)" ¢ ) — Cos[Pin t]
== 2E Fiepin?

Labeled [Show [Plot[g[t, 1], {t, -3, 3}, PlotStyle » Dashed], Plot[Cosh[t], {t, -1, 1}],
Plot[Cosh[t + 2], {t, -3, -1}], Plot[Cosh[t-2], {t, 1, 3}], PlotRange » {{-2, 2}, {.8, 1.6}},
AxesOrigin -+ {0, 0}, GridLines » Automatic, GridlLinesStyle » LightGray], "N-1"]

L&
, [ A
i
L Iy
{1 !
AN A
'u'l ik B 3
4 1 % \‘
of W L '.l'll i
of T of \\I
i AN r ¥ '
/’ 12k f N
/{r L / N
» o B
S o, A u,
¢/ ’ \#_ Py %
EEE == =
0.8
=2

18
N=4

Figure 2.15: Approximation at N = 4

3. (8pts) Find the solution of the following differential equation which satisfies the given initial

conditions:

1 forO<t<m

" =3y +2y=f(t) :u(0)=¢(0)=0 and f(t)= { 0 formeteor

(Hint: solve for the homogencous Eqn. using O.D.E techniques and expand f(¢) in a Fourier
series).

Figure 2.16: Problem 3 description
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—b+V2-4ac _ 3+\O-(#(2) _ 3+

. . . 1
roots of the characteristic equations. The roots are A = ” = 5 = ; , hence
A1 =2,A; =1 and the homogeneous solution is

y, = Ae? + Be!

To find the particular solution, f (t) is first expressed in its Fourier series approximation
form. A plot of f(t) is (assuming it is periodic) shows the period is T = 27t Let Fourier

= £[t ] := Plecewise[{{1, 0 = £ < Pi}, {0, Pi < £ < 2PFi}}]
Plot[UnitStep[#] F[t- #] & /@ {0, 4Pi, 2Pi}, {t, 0, 16}, PlotRange + All, Frame -+ False,
AxesLabel » {"t", "f(t)"}, Ticks» {{0, Pi, 2Pi, 3Pi, 4Pi, 5Pi, 6 Pi}, Automatic}]

Figure 2.17: Showing the periodic forcing function

series approximation of f (f) be f (t), hence from the definition

Fr= Y e

n=-o00

T
Cp = 1 f(t)e_iz%"tdt n=0,+1,+2, -
n — T _I — VY, L1, 1z,
2

Forn=0

1 T

2
COZ? If(t)dt

2

1 7T

=— dt
27'[ 0

For all other values of n

27T
= o (f 1xe T"tdt+ Oxe T”tdt)
T T
—zntdt
27zf
g TT .
:L ETnt :;[e_int]n
21t | —in 0 2mn 0
i .
— % (6 mnm _1)

-

But 1 -7 =1 - (-1)" which is zero for n even and 2 for n odd, Hence

1
fy==+ E c,e™
n=—oco

n#0

S EIIE-

n odd
n#0

l\)

N =

This is a plot of f () showing the approximation as 7 is increased for few terms.
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- glt, m]:=1/2+TotaleTable[If[n =0, 0, (2/Pi) (1/(21)) (1/7) Exp[Inzll, {8, -2, B, 2}1;
£[t ] := Plecewise[{{l, 0< t<Pi}, {0, Pi< t<2Pi}}]:
b = Table[
Plot([{UnitStep[#] f[t - #] &/@{0, 4P1, 2Pi}, g[t, n]}, {t, O, 16}, PlotRange » All,
Ticks - {{0, Pi, 2Pi, 3Pi, 4Pi, 5Pi, 6Pi}, Automatic}, AxesLabel » {"t", Style[Row[{"N-", n}], 16]},
InageSize + 2501, {n, 1, 15, 2}1;
Grid[Partition[th, 211

N=1 N=3
Ty WaN Va\ A oA
osf/ | /o [N sl

| . n N o n]
EEI PN T
N=11
4 fis 1 A Il
10 ‘ frArey ‘l 4 LO fipssify r;\-—wt Li-v‘-‘—frr‘
o8 ot
. .
01 0t
. o2
paa] Lol I L o] .
N TR AR T A
N=15
ana '.' H’ .',’ Lo '“—‘Ak“v-, AR A L wh ™ i
ot
os
os
o2
i FAME =y sy i

Figure 2.18: Showing Fourier series approximation of the periodic forcing function

Now that the forcing function form is found, a particular solution can be guessed. Let

(]
yp — Z Cnemt

n=—oo
o

Yy = Z inc,e™
n=—oo
o0

y;/ — 2 _nZCnemt
Nn=—00

Now ¢, needs to be found. The D.E. becomes

" _ 3y 4D 1 + i 2 1 1 int
— = — — P — e
W=t = 5 2 \7 )\ 2\ n
n odd
n#0
_ 2 mt_3 : znt+2 znt:_+ i N i I e 77
5 e 3 e vz 3 gt =3+ 3 (2)(3 (n ’
n odd
n#0
— , 1 - [(2\(1)\(1) .
2 ; int int
-n“-3in +2 =—+ —|Il=|l-
3 (r-sinedae =3+ 3 (2)|3 (n ¢
n odd
n#0
— , 1 - [(2\(1)\(1) .
2cn + _2_3' +2 mt:_+ A=) 2 pint
o n;m( n in )cne >t 2 (7)\% (n e
n#0 n odd
n#0
Therefore, by comparing
1
Co = 4_1
And then rest of the terms are given by
— — [2)\[1)/1
-n?-3in+2)c, = —Il=]l-
2 (o= 3 ()
n#0 n odd
n#0
(£))6)
n)\2i)\n
= dd 0
“T T2 ginsr MO0
2 (1 1
=\ T dd, ?50
7'[(21) -n3 —3in% + 2n " oaaH
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Therefore,

1) .
= — — Z _ emt
T nEt — 31n2 +2n (2 )

n odd
n#0

The above is converted to a sum from 1 to infinity. The first step is to break it into 2 sums

1 2 1 1) .. 1 1\ .
= — 4+ — _ | pint + — | yint
= nn;oo 18 — 3in? + 2n (2i)e nz;; 13— 3in? + 21 (21')6

odd odd

To take care of the odd part of the sum, for the E;i_oo part, let n = 2m + 1 and the E:’zl
part of the sum let n = 2m — 1. The above becomes

_1.2 < 1 (1
=y —Qm+1)° =3i@m+1)% +2Q2m +1) \2i
2

7,
i 1 1 z(2m 1)t
1 2i
ol
1

) i(2m+1)t

+

T =1 —Q2m-— 1) -3i(2m - 1) +2(2m-1)
2;11:_ is change

n—co DY Teplacing m with —m in the first sum above, giving

dto
% E 1 (1) i(2(=m)+1)t
T oo —(2(— m)+1) -3i2(- m)+1) +2Q(=m)+1)\2

i 1 (1 ) i(2m-1)t
e —em-17 -3i@m-1*+2@m -1) \2i

Simplifying by extracting a minus from the first sum to make all terms the same as the
second sum

‘Z
2
71

= 1 E i": 1 (1) —i(2m-1)t
4 T - (- @m-1)) -3i(-@m-1))" +2(-@m-1)) \2
% i 1 (1) i(2m-1)t
T — (2m - 1) -3i(2m - 1) +202m-1)\2
Or
we1+23 ! [L)emn
4 A om-1°-3i@m-1°>-202m-1) \2i
+Ei 1 (1)1(2m 1t
T —em-1)° -3i2m -1 +22m-1) \2i

To simplify this more, let (2m —1) = A302m —1) = B,2(2m-1) = C, hence the above

becomes
1 1 ) 1 1\ .
| ,—i2m-1)t + | yi(2m-1)t
—Bi—C(Zi)e —A—Bi+C(2i)e
1 l e—i(2m—1)t + 1 l ei(Zm—l)t
(A-C)-Bi\2i —-(A-C)-Bi\2i

; l p~i@m-1)t _ 1 l pl@m=1)t
(A-C)-Bi\2i (A-C)+Bi\2i

1 l e—i(Zm—l)t _ 1 l ei(2m—1)t
D -Bi\2i D+ Bi\2i

1 D+Bif1l pi2m-1t _ 1 D-Bif1l pi2m-1t
D—-BiD + Bi \2i D+BiD-Bi\2i

" D+Bi 1 pi@m=1)t _ D-Bi (1 pi2m=1)t
B2+D2 2i B2 + D2 \2{

S
|
+
NgE
S

3
I
—

3
I
p—

1
NN
+ +
AN 3N AN
DM

3
I
—-

NgE

Let A-C =D then
1

+

=
|
ipe

m

+

+
AN I 3N Al 3N

1l
—_

/\/\/‘\
N

§M

D+Bz 1
B2 + D2

) —i(2m-1)t _ z ' D-Bi (1

+ i(2m-1)t
2i mz::l B2 + D? 21)
1
+

m=1
i D —1(2m l)t 2 i Bi 1 —z(2m 1)t
“~ B2+ D? 2i B2 + D2 \2i

1B
D 1 z(2m 1)t 2 i BZ 1 ei(Zm—l)t
{ B2+ D2 \2i B2+ D2 \2i

8

s I S I N e N N Y Y

m
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Now common terms can be combined
1 + 3 i L l (e—i(Zm—l)t _ ei(Zm—l)t)
yP B2 + D2

! 2
3 i i ( ~i2m=1)t 4 i(2m—1)t)
n & B2+ D2 ¢ ¢
Hence
- -D 2 & B
Yp = E Y sin (nt) + — E 52 O (nt)

‘; B D
E BiDe cos (nt) — BiD? sin (nt)

2
T
2
T

u>|>—‘ »MH

Replacing back values for B and D. Since D = A-C = (2n - 1)3—2 2n-1) =

and B=3(2n - 1)2, therefore
1 28 3(2n -1y
Yp=—+— cos (nt)
4o 2231 9(2n-1)* +(@2n -1y’ —2(2n—1))2
Qn-1°-2@2n-1) ,
- 5 sin (nt)
9@n-1)"+(@n-1°-2(@n-1))

or
1 2 3
4= t
S 7'(;::116n4—32n3+44n2—28n+1()cos(n)
—4n? +4n +1

+ ) .
321/15 — 80;14 + 1207’13 _ 100n2 + 4871 -10 Sin (I’Z )

And the solution is
y = Ae* + Be' +y,
When ¢ = 0;y = 0 hence
2 & 3
0=A+B+-+—
4 E 16m% — 3213 + 44n2 — 28n + 10

Taking derivative

2 —3nsi t
y' =2Ae* + Be! +—E nsin (nf)

16n* — 3213 + 44n2 — 28n + 10
(—411 +4n + 1) n cos (nt)

+
32n° — 80n* + 12013 — 10012 + 481 — 10
When t = 0,1’ =0 hence

0244 B 7 & (—4n2+4n+1)n
+B+ =
E 32n° — 80n* + 12013 — 10012 + 48n — 10

Subtract Eq. (1) from Eq. (2) gives
X —4n? +4n+1)n
0=A+——-+= E ( )
4 32n° — 80n* + 12013 — 10012 + 48n — 10
3

 16m% — 3213 + 44n2 — 28n + 10

Azl__ (-4n% +4n+1)n 3

S_12n2+2n+1

(1)

(2)

1 Zi —4n3 +4n? - 5n + 3
4w 43265 - 80nt + 12013 — 10012 + 481 - 10
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And from Eq. (1), B can now be found
1 23 3
B=-A-L42¥
4 1= 16n* - 32n% +44n? - 28n + 10

_ 1+2§] —4n3 + 4n* -5n+3
! ~ 3215 — 80n* + 12013 — 10012 + 481 — 10
1 2 3
S
4 1~ 16n* - 32n% +44n? - 28n + 10
1 2 —4n3 +4n* -5n+3 3

B=—+— +
2 Z 3215 — 80n% +120n3 —100n2 + 48n —10  16n* — 3213 + 44n? — 28n + 10

—4n“+4n +1
S
2 1 =2 16n° - 40nt + 60n® — 50n% + 24n - 5
Hence the solution is

y = Ae® + Be' +y,t

(1 2§ —4n° + 4n“ -5n + 3 2t
|4 3215 — 80nt + 12013 — 10012 + 481 — 10

1 S 1 —4n3 +4n® +n ,
( 2 7 21 21615 — 40n* + 601% — 5012 + 247 — 5)3
1
T3
2 & 3 cos (nt) (—4n2 +4n + 1) sin (nt)
; zz: [16n4 3213 + 44n? — 28n + 10 * 32n° — 80n* + 12013 — 10012 + 48n — 10

This is a plot of the solution for n = 4. Notice that the system as given is unstable. This
is because the damping is negative. Hence the solution below blows up. I think the ODE

should have been y” + 3y + 2y = f (t) and not y"’ — 3y + 2y = f (). May be a typo. But here
is the solution plot

-4n®+4n?-5n

[ Y - Z (2 ¢
¥ -- = Exp[2 t] +

— 4 7w £1320°-80n%+1200° -1000% + 481 - 10

1 2 &1 And+4n?+n 1

—— = - Exp[ ] |+ = +

[ 2 x;'[z 161‘.57401‘.4+601‘.37501‘.2+241‘.75] ] 1

2 i[ 3cos[n ] (-4n2 +4n+1) Sin[n £]

- .

7 31160t -32n% + 4407 - 280 +10 320° - 80n* +1201% - 10007 + 481 - 10

Plot[y[t, 5], {t, 0, 5}, Frame » True,
FrameLabel » {{"y(t)", None}, {"t (sec)", "Solution for N=5"}}]

Solution for N=3

4000

3000

Figure 2.19: Solution showing the system is unstable, for N = 5 terms.

2.9.4.1 Appendix for problem 3

The Fourier series approximation using the classical definition can be obtained as follows

~ s 2 2
f@= ﬂz_o + Z a, cos (Tnnt) +b, sin(Tnnt)

n=1

O:T—f (t)dt:%(f()ndt+f2n0dt)
—1

Where

And

nrt

1 ™ 2n 1 1 [sinnt]" 1 |
an:—f coS ?nt dt:—f cos (nt)dt = — . = —sinnn =0
TTJdo T Jo Tt 0

199



29. HW 8 CHAPTER 2. HW

And
1 . (27 1 7 . 1r7-cosnt7" -1
b, = —f sin| —nt|dt = —f sin (nt) dt = —[—] = — (cosnm —1)
mJg T nJg T n g nm
-1
-y
nm
1 + (_1)1’[+1
B nm
Therefore
~ 1 & (27
f) ==+ Z b, sin (—nt
2~ T
1
1 1+
:—+E ) sin (nt)
2~ Tt
2.9.5 Problem 4
4. {8pts) A vibrating string, clamped at = = 0 and at © = £, is in a resisting medium which
damps it motion. Its motion is described by the damped wave equation
Fulx,t) :1_20%@ ) _,Oulrt)
o2 O ot

Oz,

ot
where v and k are constants and represent the propagation speed and damping coefficient

0
with I.C.: w(x,0) = f(z) and ) =g(zr) and B.C.: u(0,t) = u(f,t) = 0.

respectively. Find the displacement of the string (motion of the string) assuming the damping
is large. Assume a Fourier expansion of the form

u(a,t) = 3 blt) sin (%4) .
n=1

Why did we use the sine series and not the cosine series?

Figure 2.20: problem 4 description

Solution:

The reason to select sin series for the spatial solution is to satisfy boundary conditions.
We are told the solution at f > 0 must be zero at x = 0 and at x = L. This is satisfied by
sin (%x) If we had a cos (%x) term in the spatial solution then that will not vanish at x = 0
nor at x = L.

In this problem, we need to find b, (t), which is the temporal part of the general solution
since the spatial solution is provided and it already satisfies the boundary conditions. Hence
we just need to determine the form of b, (t) which will satisfy the two initial conditions
given. b, (t) will contain two constants to be determined from these initial conditions, and
this will complete the solution.

To find the general temporal solution, we can start using the standard method of separation
of variables. This will lead to second order differential equation to solve for in order to
find b, (t). But with the eigenvalues determined from the spatial solution. This is standard
separation of method approach.

Let
u(x,t) =T() X (x)

where T () is a function that depends on time only and X (x) is a function that depends on
x only. We know what X (x) in this problem. We are given this as sin (nfnx) However, we
will continue the separation of variables approach in order to find T () and assign this to
b, (t) and in order to find the eigenvalues.

Since we assumed u (x, f) = T (t) X (x), we will now take derivatives and substitute all these
back into the PDE.

M _ iy
ot
& =T"X
ot?
My
Jx
& =TX"
dx?
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Therefore the PDE becomes
T"X = v®TX"” —kT'X
Dividing by TX
"X ,TX" T'X
TX ° TX 'TX

We now follow the standard argument of separation of variables and say that the LHS is a
function of time only and this is equal to the RHS which is a function of x only. Therefore,
for this to hold, both sides must be equal to some constant, and we choose this constant
to be negative, say —w?. (A positive or zero eigenvalues will not lead to real solutions).
Therefore, we end up with two differential equations

T// T’
— +k—= = -w?

T T
02 X _ _a)z

X

)2
We always start by the spatial differential equation, which leads to X" + (;—ZX = 0. Since the

stiffness term C:—Zzis positive, then the solution is sinusoidal and stable, hence
X = Acos (Qx) + Bsin (gx)
v v
This will lead to the solution given in the problem. But to verify, let us find A, B. When
x =0, X(0) =0, hence 0 = A. Hence X (x) = Bsin (%x) When x = L, X (L) = 0, therefore
0 = Bsin (%)L) Since we can’t have B = 0 else there will be no solution left to use, we force
sin (%L) = 0 which means %L = nn for integer n and for any B # 0. Therefore,
nm

wn:vf n=1,2,--
(We do not need the constant B any more at this stage, as we can choose B =1 here. The
constants will come from the temporal part of the solution). The spatial solution therefore

X (x) = sin (%x)
Which is the solution given.

Now we are ready to find the general solution for T () since we now know the eigenvalues
w,. We go back to the ODE for T (f) and solve it. Here it is again
T// T/
T + k? = —a)%
T” + kT’ + w3T =0

This is a standard second order ODE that represents a damped system with stiffness term.
The solution depends on the damping. For underdamped system, the solution would look
like

-k
T,(H) =e2' (A, cos (wyt) + B, sin (wyt))

Where w; is the damped natural frequency (this is due to the roots of the characteristic
equation being complex conjugates). But here we are told that the damping is large. This
must mean it is overdamped, and hence the roots of the characteristic equation are both
real and distinct (The solution would have been easier if it is underdamped). Therefore,
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we can write down the solution as

T, (t) = AeM! + Bet2!
ko [(k)? k K\
= V(z) —wﬁ)* . Bne(‘f H sz

Where w, = WTn These fundamental solutions can now be added to obtain the general
solution

= Ane[

ulx, )= Y TX, (1)
n=1
:Z}l Ane[ 2V t+Bne V() ) sm(nan)
We see now that
N T [__ f:z_w,g]
b, (t) :Ane{ ’ ( ) t+Bne ' (2) t

We are now ready to find A,, B, from initial conditions. When ¢t =0, u (x,0) = f (x), hence
from Eq. (1) we obtain

F) :g(An+Bn)sin(nTnx) 0<x<L

To find A, we need to apply the orthogonality relation by multiplying each side by sin (%x)
and integrating and using the fact that

L nm\ . (mm 0 m#+n
f sin (—x) sm(—x) dx =
0 L L L m=n

1
2
Therefore
L ) I
f f (x)sin (@x) dx = Z (A, +B,) f sin (Ex) sin (@x)
0 L n=1 0 L L
L L
f F(x)sin (@x) dx = = (A, +B,)
0 L 2
Hence

A, +B, = % fo " sin(%x) dx )

Now using the second initial conditions. First, we need to take time derivative of the
general solution, which results in

du (x,t) 3
ot
2 2
| (k[ ) [ ) (L2} {‘§+ (2) ‘“"%]t _(nm
e R i R Rl B

At t = 0 the above becomes
PN LN L T N A (nn )
-—=-1/lz] ~w -= =| —wi||sin|—x
" 2 2 ! " 2 2 ! L
“This can be seen by finding the roots of the characteristic equation which are

b+ Vb —dac -k =+ Vk? - 4w}

2a 2

[se]

IEEDY

n=1

A

2
onT .
But w? = (T) . Hence we can write the above as

Hence the roots are both real.
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[s¢]

To find B,, we need to apply the orthogonality relation by multiplying each side by sin (%x)
fL s (mn ) p E
in(— =
. g () sin | ——x ) dx

and integrating. Hence
2 2
k k k k
2o NHEY 22 i AT I
I N [ ][ 0 ﬂ
s () sin ()
. sin T x| sin I X
L L k K\ k K\
j;g(x)sin(%x)dxzz[fln[—i— (E) —a),%]+Bn[—§+ (E) —a),%]]

2 2
k k k k 2 L nmn
__ —1 -2 __ |l =21 =Z= : _ 9
An[ > (2) wn]+Bn( 5t (2) a)n] Lfog(x)sm(Lx)dx (2)
We now have two equations to solve for A,, B,. From Eq (1),
2 L
A,=-B, + Zfo f (x)sin (%x) dx

Substituting this in Eq. (2) gives

(—Bn + % fOLf(x) sin (%x) dx) [g - (;)2 - a)%]

Ay

Hence

Solving for B, gives

sl o5

Hence

Now that B, is found, we can find A, from
2 L
A,=-B,+ Zj;) f (x)sin (nfnx) dx
This complete the solution, all terms are now found. The solution is

u(x,t) = i b, (t) sin (nfnx)
n=1
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Where
N T N A
b, (t) :Ane( 2 (2) ]t+Bne[ 2 (2) t
L . (nm
A,=-B,+— . f(x)sm(fx)dx
Z£ g(x)sm(fx)d —%[—g— (g)z—w%]L f(x)sm(fx)dx
B, =
2 (g)z—w%

29.5.1 Appendix for problem 4

In the above solution, system was assumed to be overdamped. This was done because the
problem said the damping is large. It was not clear if this meant overdamped or not. Here
is a solution assuming underdamped, which means the solution T, (t) will have complex
roots. Assuming underdamped, the time solution is

— 2 2
Tn(t)=67kt[Ancos[ w%—(g) f]+anin[ w%_(g) t]]

Where w, = ? These fundamental solutions can now be added to obtain the general
solution

u (x/ t) = i T, X, (1)

n=1

— k¢ , [k 2 . , [k 2 . (nm
:nz::lez A, cos|y\|wg — 5 t|+ B, sin|y|wg — 5 t sm(fx)
We see now that
2 2
k k
a),%—(i) t]+Bn SIH[ a),%—(i) t]]

We are now ready to find A,, B, from initial conditions. When ¢ =0, u (x,0) = f (x), hence
from Eq. (1) we obtain

-k
b,(H)=e2'| A, cos

f(x)=2Ansin(nTnx) 0<x<L
n=1

To find A, we need to apply the orthogonality relation by multiplying each side by sin (%x)
and integrating and using the fact that

L ynm\ . (mm 0 m#n
f sin (—x) sin (—x) dx =14
0 L L ;L m=n

Therefore
L mm >, L nm mm
n(T)ar= X4, [ sin(Tx)sin ()
j(;f(x)sm(Lx)x ;;::1 " Osm Lxsm Lx
L mmn L
in|—ux|dx=-A
fof(x)sm(Lx) X > Am
Hence

L nm
A, = f f(x) sin(—x) dx
0 L
We are not given the form of f(x) so we determine the exact value of A,. Now we will try
to find B, using the second initial conditions. First, we need to take time derivative of the
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general solution, which results in

du(r,) S k K\ 3%
ugtc ) = 2 5¢ 2" A, cos||w? - (5) t] +B, sin[ w2 - (5) t]} sin(%x)
2 2 2 2
- =X K\~ . k k k
+nz:]162t -A, a),%—(z) sm[ a),%—(i) t]+Bn a),%—(z) cos[ a),%—(z) t]]

sin | —=x
L
At t =0 the above becomes

[s¢]

g =Y

n=1

{ 2
k k
_EA" + B\ |w? - (E) ]sin (nfnx)

To find B,, we need to apply the orthogonality relation by multiplying each side by sin (%x)
and integrating. Hence

f:g(x) sin (%x) dx = 2[21‘1” + Bn\/a}% - (g)z] LL sin (%x) sin (%x)

L . (mm L
j(;g(x)sm(Tx)dx—E

2

k k 2 L

_EA" + B, |w? - (5) =7 . ¢ (x)sin (%x) dx

2

k 2 L

B,\|w? - (5) =7 . g(x)sm(nfnx dx + EA”
2 L b4 k L
_ Z£ g (x) Sln(%x)dX+ E£ f(x)sm(fx)dx

This complete the solution. The solution is

mLﬂ:i@ﬂnm(%g
n=1

A, [ w} - (g)t] vB, Sin[ @i~ (g)t]]

A, = fo(x) sin (%x) dx
0

Where

by () =e?'
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2.9.6 key solution

Homework Set No. 8 NEEP 547
Due November 8, 2013 DLH

Fourier expansions

L. (4pts) Find the Fourier expansions of the periodic function whose definition on one period

is
for0<t <2

t
ft) = { 4—t for2<t<4.
2. (6pts) Find the complex exponential Fourier series of the periodic function whose definition
on one period is f(¢) = cosh(t) —-1<¢< 1.
3. (8pts) Find the solution of the following differential equation which satisfies the given initial
conditions:
rw, _ . ey _J 1 forO<t<m
Y -3y 42y =11 ;y(0)=y(0)=0 and f(2) ~{ 0 form<t<n

(Hint: solve for the homogeneous Eqn. using O.D.E techniques and expand f(t) in a Fourier
series).

4. (8pts) A vibrating string, clamped at z = 0 and at = ¢, is in a resisting medium which
damps it motion. Its motion is described by the damped wave equation

0%u(z, 1) 22 (92u(2;, t kau(% t)

ot? Ox ot
) du(z,0)
with I.C.: u(z,0) = f(x) and ~5 = g(z) and B.C.: u(0,¢) = u(4,t) = 0.

where v and k are constants and represent the propagation speed and damping coefficient,
respectively. Find the displacement of the string (motion of the string) assuming the damping
is large. Assume a Fourier expansion of the form

u(z,t) = i b (t) sin (%ﬁx) .

n=1

Why did we use the sine series and not the cosine series?
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2.10.1 Problems to solve

Homework Set No. 9 NEEP 547
Due November 15, 2013 DLH

Fourier Cosine, Sine and Integral Transforms
—at

1. (5pts) page 672, prob. 2: Find the fourier cosine and sine transform of f(t) =te

2. (5pts) Find the inverse transform of

1— 672“‘)
—w?+4diw+3
3. (10pts) Find the deflection in the beam
0 for —oco <z < 4
d*y Pyl +z)/0? for —£<z<0
Elﬁ +k y(w) = —p(z) where p(z) = Pyt —x)/0? forO<z <t

0 for £ < x < 0.

4. (10pts) Find the solution to the one Dimensional Wave Equation: (—co < 2 < oo and ¢ > 0):

2 2
% = ,Q% with I.C.: y(z,0) = sin (%) (H(x) — H(x — a))
y B
and — =F,(H(z) — H(z — a))
Ot li=o

and where k is a positive constant and H(z) is the Heaviside function

2.10.2 problem 1

Find the Fourier cosine and Fourier sin transforms of f (t) = te™ for positive a
solution
f (t) is plotted in time domain to see what its shape using a = 0.5 for illustration

a = .5;
Plot[t Exp[-a t], {t, -1.5, 1.5}, AxesLabel -> {t, Defer[f[t]]},
AxesOrigin -> {0, 0}]

Figure 2.21: showing f (t) for some positive a

2.10.21 part 1 (cosine Fourier transform)

The Fourier cosine transform of f (¢) is

F.(w) = f " £ () cos (wh) dt

0
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f () is first verified that it is smooth and l;oo |f ()| dt < oo (i.e absolutely integrable function).
f (t) is clearly smooth function since it is the product of two smooth functions. KO | f (t)| dt =

Loo |te=!| at = LOO te~dt = alZ’ hence the integral converges. This means the Fourier cosine
transform can be used. Evaluating F, (w).

F.(w) = f te™™ cos (wt) dt
0
Integration by parts 2 times in order to obtain the same original integral, Let
I= f te™™ cos (wt) dt
0

Using [udv = [uo] - [vdu, let u = te™ and dv = cos(wt), then du = ¢™ - ate™ and
v = f cos (wt)dt = Sm(wt) , hence

0
I= [t‘e—”’t—sin (a)t)] - f —sin (@?) (e“” - ate‘”t) dt
w | w
_ _fsin (a)t)e‘”tdt N f sin (wt)ate‘”tdt
w w

1 a
:——J}Wﬂn@0m+—:fwwmnwﬂm

f e sin (wt) dt can be integrated by parts giving — .- For the second term f te™™ sin (wt) dt,
integrating by parts again, but now let u = te™ and dv = sin (wt), then du = e — ate™™ and

v= f sin (wt)dt = _Cos(wt) , hence the above becomes

0

I= 1 (L) + 2 —te—at cos (@) _foo o\t (@!) (e—at - ate“”) dt
w\a?+w?)  w w ) Jo )

1 @ a(l _ _
=-= (m) + - (51; cos (wt) (e % _ ate ”t) dt)

a
a2 +w? I

sl | ) )
=—— cos (wt)e ™ —a f te~ cos (wt) dt
az + (1)2 0 0

The original integral I is obtained in the RHS. Solving for I and simplifying gives
TR Y
T o) T2\

1 a? a’l
=z 2]t T2
ac+w a)z(a2+a)2) @

(#-o?)
w0(2+w?
1_($;;
{1)2
- (az _ wz) w2
2 (a2 + a)z) (a)z + az)
Therefore
(-0
I'=F () 2
(az + a)z)
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2.10.2.2 Part 2, sin Fourier transform
From the definition, the Fourier sin transform of f (¢) is
F, (w) :f te™ sin (wt) dt
0

This can be integrated by parts 2 times in order to obtain the same integral we started
with. Let

I= f te™™ sin (wt) dt
0

Using f udv = [uv] - f vdu, let u = te and dv = sin(wt), then du = e — ate™ and

v= fsin (wt)dt = —COS(M), hence
0
I = |—t€_atM:| +IM (e—ﬂt — ate_at) dt
w w
- f COS @) gy f COS@I) ooty
w w

1
= —fe‘”t cos (wt) dt — Efte‘”t cos (wt) dt
w w

— . P a —
f e cos (wt) dt can be integrated by parts giving —.z- For the second term f te™ cos (wt) dt,
integrating by parts again, but now let u = te™ and dv = cos (wt), then du = ™ —ate™™ and

v= fcos (wt)dt = Sin:)t), hence the above becomes
0
1 a a sin (wt) | ® sin (wt
I=— (—) - — te‘“tg —f sin (@i) (e‘”t - ate‘“t) dt
w\a?2+w?] w w | Jo w

1 a a(l r*®
_ . —at —at
) (a2 +a)2) w (a)j; sin (w?) (e " ate” )dt)

w
”2 +w2 I

1 a a o0 .
== (—) + — f sin (wt) e~ —a f te~ sin (wt) dt
w\a?2+w?]  w?|J, 0

The original integral I appeared again in the RHS. Solving for I and simplifying gives

1= 2 () ()
= | _—_a
w\a?2 +w?)  w?\a?+ w?

_ a aw a?l
- a)(a2+a)2) * a)z(a2+a)2) w@?
; a_ZI _ a a
w? @ (a2 + a)z) 13 (a2 + a)z)
I(a)2 + az) _ 2a
w? ) (az + a)z)
2a
w(a?+w?
e
2
I 2aw?
w (az + a)z) (a)z + az)
Therefore
[=F ()= 2aw i
(u2 + wz)
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2.10.3 Problem 2 Inverse Fourier Transform

. . . 1_6—2iw
Find the inverse Fourier transform of F (v) = ————
—w*+4iw+3

solution:

Using the following definitions
1 = .
— iwt
ft)= o ﬁmF(w)e dw
F = [ foed

Now
1= e—Zia) 1= e—Ziw 1= e—Zia)
Flw)= —5—— = : = . .
~w? +4iw +3 _(w2_41w_3) —(w = 3i) (w — 1)
e2iw 1
= (@ = 3i) (w - i)
Let
1 A B
@-3)@-10) (@=-3) (@=-9
Hence
. 1 1 —i
A= lim — = — = —
w-3i(w—-1) 2i 2
And
B =lim L = L = 1
w—1 (a) - 3i) -2i 2
Hence

1 1o 1
@-3)(@=1) 2@=-3) 2@=-1

g2 —1 ( | ie‘Zi“’) (1 —i 1 i )

= + — —_ + —
(w = 3i) (w —1i) 2(w =31 2(w —1i) 2(w-3i) 2(w-i)
—j 2w iedo 1 i 1
== =S —— - ——
2 (w=-3i)) 2w-i) 2(w-3]) 2(w-1i)
1 20 1 20 1 1 1 1

T 2Gw+3) 2Gw+1) 2Gw+3)  2Gw+1)

From table,

H) e & -
1w + o
And

H(t-ty) f(t—ty) & e ®F (w)

Hence, using the above two relations we now find the inverse Fourier transform

F1 el =H(t-2) 1e—3<f—2> ~H(t-2) 1e—<f-2> —-H(t) 1e—3f +H() 1e—f
(w = 3i) (w —1i) 2 2 2 2

= %H (t-2) (6‘3”6 - e‘”z) + %H (t) (e‘t - e‘3t)

2.10.4 Problem 3, deflection in beam

3. (10pts) Find the deflection in the beam
0 for —co <> < —F

dy C o L Po(l+x)/f2 for —f <2 <0
— 4k y(x) = —p(x) where p(z) = T
EI T +kylx) p(x) where p(x) Poll— o) /2 for0 < <0

0 for £ <z < oo.

Figure 2.22: Problem description

Solution:

Method overview: Load p(x) is expressed in the Fourier transform space . The LHS
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is also converted to Fourier transform space. Y (w) is then solved for algebraically. The
inverse Fourier transform is used to obtain y (), the solution.

Plotting the load p (x) for some values, in order to see its shape (let L =1, Py = 1), gives
the following

p0O =1; L = 1;

plx_] := Piecewise[{{p0 (L + x)/L72, -L < x < 0}, {p0 (L - x)/L"2,
0 < x <L}, {0, Truel}}]

Plot[p[x], {x, -2 L, 2 L}]

1ok
i

r A
Il
Y1 !
%

B A
o4k i

Figure 2.23: showing that p (x) is an even function

p (x) is an even function. Assuming simply supported beam, symmetry of load implies that
the deflection will also be even. Hence an even function for a solution is assumed and the
cos Fourier transform is therefore used.

y(x) = %foooYcos(a)x)da)

where Y = Y (w) is the Fourier transform on y (x) to be found. Taking 4 derivative w.r.t. x
gives

2 00
y@ (x) = —f w*Y cos (wx) dw
TJg
The load p (x) is
2 00
p@ == f P (@) cos () dw 1)
0
Where P (w) is the Fourier transform of p (x). P (w) can be found since p (x) is given

P(w) = j:op(x) cos (wx) dx

L P L —
= f o 2 (L2 ») cos (wx) dx
0

L p P
= f Y cos (wx)dx - Oxcos (wx) dx
o L L2

. L
= % [smc(ua)x)] - ILig fOLxcos (wx)dx (2)

Solving ﬁ x cos (wx) dx, by integration by parts. Using [udv = [uv] - [vdu, let u = x and

sin

(@) hence

dv = cos(wt), thendu =1 and v = fcos (wx)dx = ”

. L :

focos (wx)dx = [xsm (a)x)] - fL de
0 w o 0 w

= £sin(cuL)— l[

w

@

—cos (wx) -
|

= L sin (wL) + iz (cos(wL) -1)
w w
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Substituting the above in Eq. (2) results in

P(w) = &M - & (g sin (wL) + % (cos(wL) — 1))

P P P
w—OL sin (wL) — w—OL sin (wL) - a)ZOLz (cos (wL) - 1)

P
= _wzoLz (cos(wL)-1)

Substituting the above in Eq. (1) gives

p(x) = %2 fo " a)li(£2 (cos (wL) — 1) cos (wx) dew

Therefore, the original ODE now becomes

Ely(4) () +ky (x) =p(x)

2 2 -2 M~ P
EI—f w*Y cos (wx) dw + k—f Y cos (wx)dw = —f % (cos (wL) — 1) cos (wx) dw
ntJy tJy n Jy w4L

Hence

2 [ P
- f [ElaﬂY +kY + % (cos (wL) — 1)] cos (wx)dw =0
nnJdy w*L

Since the integral is zero, and cos (wx) # 0, then it must be that
P
Elw*Y + kY + — (cos (wL) ~1) = 0
w?[2?

Solving for Y from the above gives

P P
4 0 0
Y(Ela) +k) = ) 2cos(a)L)+ 272

v —Py cos(wL) Py 1
12 Elw® + w?k L2 Elw® + w?k
Taking the inverse Fourier cosine transform in order to find y (x)
1 > (-Py cos(wL) Py 1
yW = fo ( IZ Elwb + w?k L2 Elwb + ka) cos (0x)dw
_ 1Py [ cos(wL)cos (wx) 1 Py ™ cos(wx)
B Eﬁfo Elob+w?k " 2nl2 o Elw®+ w?k @

The final step to compute the above was not required to do per class announcement.

2.10.5 Problem 4, wave equation

4. (10pts) Find the solution to the one Dimensional Wave Equation: (—oo < 2 < oo and t > 0):

Py _ 2%y

e with LC.: y(z,0) = sin (“ )(H(.r’) _H(z—a))

T
Ed o )
and ﬁ‘ =F,(H(z)-H(z—a))
3t | o

and where k is a positive constant and H(z) is the Heaviside function

Figure 2.24: problem 4 description

Solution

Method review: Laplace transform is used to obtain a differential equation in Y (x,s). Then
Fourier transform is used to obtain an algebraic equation in Y (w, s). The inverse Laplace
transform is used to obtain Y (w,t) and finally the inverse Fourier transform is used to
obtain y (x, t) .Let

X

F() = y(x,0) = sin(7) (H (x) - H(x - a))

And let its Fourier transform be

ey a(l +e‘i”“’)n
F(a)):y(f(x)):‘[(;SHl(T)@lxdxzm
And let

§() =y (x,0) = Fy(H(x) - H(x - a))
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And let its Fourier transform be

Glo) = 7 (50) = [ Foedx = Fy [e] = 2D (oo 1) = 20 (grion 1)

—lw
0

Now, taking the Laplace transform of the PDE gives

d2Y (x,s)
dx?
d2Y (x,s)
dx?

Taking the Fourier transform of the above equation. The following relation is used
(iw)" Y (w), dy( ) —w?Y (w) hence
s2Y (w,s) — sF (w) — G (w) = -k*w?Y (w)

s2Y (x,8) — sy (x,0) — v (x,0) = k?

s2Y (x,8) —sf (x) — g (x) = k? (1)

d"y(x)

Solving for Y (w,s) gives
Y (@w,s) = sF(w) + G (w)
([ + K2a?)

1

(2 )

cos (kwt). Taking inverse Laplace transform of %, from (21—2) < sin(at), hence
se+a

s
—k2 5+ G (a))

Taking inverse Laplace transform of —— k2 5.Using

= F(w)

S
&~ COs (Elt), hence 211202

1 1 sin(kwt)
kw s2+k2w? kw

Therefore inverse Laplace of Eq. (2) is

Y (@, 1) = F () cos (kot) + G (@ )Sm(k“’t)

(3)

ikwt | ,~ikwt
Taking the inverse Fourier transform of the above. Writing cos (kwt) = % and

and applying the definition of inverse Fourier transform, results in

sin (kwt) ) oo

zkmt e—lka) t

sin (kwt) = >

y(x, t)_2 f l‘”x(F(a))cos(ka)t)+G(a))

ik —ik ik —k(
f o F(a)) 1wt+e tkawt G(a))e’ wt _ ' tkawt o
2 2 kw 21

47_( fp(a)) 1(x+kt)w + pllx= kt)a)) dw + — f G (w) ( i(x+kbow _ ei(x—kt)w) dow

4n J - ikw
Hence, breaking the above into 4 integrals gives
flc+kt) fle=kt)
y(x, ) = f F (@) efkDodq + - f F () ek e

(o]

1 1 < ei(x+kt)w 1 ei(x—kt)a)
= do - — f d
M 2k {271 _f G (@) iw @ 27 . G@) iw @

1 1 111 P pllctktiw _ pi(x—kt)w
Y@=k +of -k + o | [ G@) . dw]

iw
(&)

x+kt

1 1 1 1 7 .
:Ef(x"‘kt)"'if(x—kt)"'ﬂ f[g_!;G(a))e&”da)Jdé

x—kt

x+kt

1 1 1
= Sf et kt)+ of (= kD) + fg(é)dé

x—kt
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Where
g(&) =Fy(H(&) -H(& - a))

Hence the final solution is
x+kt

1 1 1
Y@= Sf k) +of (kD) + o koo<H<5>—H<5—a>>d5
x—kt

- %sin(n(x+kt))(H(x+kt)—H(x+kt—a))
+ %sin(n(x_kt))(H(x—kt)—H(x—kt—a))

x+kt

1
+ o [Fot© - H(E - a)de

x—kt
But
x+kt x+kt x+kt
[ FoE©-HE-adc=F [HEdc-F [ HE-ade
x—kt x—kt x—kt
Hence
x+kt x+kt
2Fkt 0 —kt and kt
Ry [[H©deFy [ HE-ade =R+ k) - (e-kn) = = o R
okt okt otnerwise

Hence, for 0 < x — kt and x + kt < a, the solution is
1 + kt
vy =7 (sm(”(xa )

+ ZFokt

7t (x — kt)

)(H(x+kt)—H(x+kt—a))+sin( )(H(x—kt)—H(x—kt—a)))

Otherwise, the solution is

y(x,t):%(sin(n(x-l_kt) 7t (x — kt)

)(H(x+kt)—H(x+kt—a))+sin( )(H(x—kt)—H(x—kt—a)))
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2.10.6 key solution

Homework Set No. 9 NEEP 547
Due November 15, 2013 DLH

Fourier Cosine, Sine and Integral Transforms

1. (5pts) page 672, prob. 2: Find the fourier cosine and sine transform of f(t) = te=%t.
2. p?ﬁts) Find the inverse transform of

1— e—21w
—w? +4iw+3’

3‘\ pts) Find the deflection in the beam

0 for —co<az <~
dly Pye+z)/? for —L<z<0
BIgza+kyl(z) = —plz) where p(z) = Pol—z)/ forO<a<{

0 for ¢ < z < co.

4. Qﬂ'pts) Find the solution to the one Dimensional Wave Equation: (—co < z < co and t > 0):

2 2
%Eg = 22}% with I.C.: y(z,0) = sin (?)(H(a:)*H(xwa))
and % =F,(H(z)— H(z — a))
Ot l1—p

and where k is a positive constant and H(z) is the Heaviside function .
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211 HW 10

2.11.1 Problems to solve

Homework Set No. 10 NEEP 547
Due November 22, 2013 DLH

1. Evaulate the following integrals:

z+4

@iDe-D dz, where C is the circle |z| = 2.

(a) (3pts) /01+i e**dz and  (b) (3pts) /C

2. What is the value of

sin(2z)
—————dz, for:
/c 2 _dz+5 0

(a) (3pts) if C is the circle |z] =17
(b) (3pts) if C is the circle |z —2i| =37
(c) (3pts) if C'is the circle |z —1+2i|=27

3. page 1005, problems 4, 6 and 10: Evaluate the [ f(z)dz for the given function and closed
(positively) oriented path (T').

2 3
4). 3pts)  f(z) = ﬁ; where I' is the rectangle having vertices 4 £ and — 4 £ 1.
-
6). 3pts)  f(z) = %; where I' is any path enclosing — 2.
z+2i

10). (3pts)  f(z) = (z —1)? where I' is the semicircle of radius 1 about 0 from i to — 4.
4. Expand f(z) = 1/(2%2 + 3z + 2) in a Taylor series (a) (3pts) about the point z = 0 and (b)
(3pts) about the point z = 2. Determine the radius of convergence for each case.

5. page 1018, problems 6 and 8: Find the Taylor series of the function about the indicated
point and determine the radius of convergence: (6) (3pts) f(z) = 1/(2 + z), point: 1 — &
and (8) (3pts) f(z) = 14 1/(2 + 22), point: 1.

6. Obtain two distinct Laurent expansions for f(z) = (3z +1)/(22 — 1) around z = 1 and tell
where each converges.

2.11.2 problem 1

Evaluate (a) £l+i ¢?*dz and (b) L ( 2:;? _Ddz where C is the circle |z| =2
Solution:
part a.

Checking if the function f (z) is analytic ( This is not actually needed for this part, since
integration is not over a closed path).

Let z = x + iy, hence f (z) = ¢* = ) , hence

f(z) =e* (cos 2y +isin Zy)

= €% cos 2y + ie** sin 2y
=u+1iv
Hence u = ¢®* cos 2y, v = ¢ sin 2y and
du
i 2¢%* cos 2y
d
a—v = 2¢%* cos 2y
du _ dv
Hence - = 3 and
du
e —2¢?* sin 2y
Jdv
i 2¢% sin 2y
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d 1% . . .
Hence a—; = —3—2, therefore it is analytic function.

Complex integration can be done along any path. Using the direct path gives

1+i 2z 1t
27 €
e“fdz = 7
0 )

_ % (22 -1)

part b:

z+4
(2+1)(z-1)
This function can be verified to be analytic. Verified using CAS

f(2) =

f=0+4/(z2+1 (z-1))
u = ComplexExpand@Re[f /. z -> (x + I y)];
v = ComplexExpand@Im[f /. z -> (x + I y)];

Simplify[D[u, x] == D[v, yl]
True
Simplify[D[u, y] == - D[v, x]]

True

The function f (z) is analytic but it does have singularity at z =1, —i, +i, therefore it is not
an entire function (An entire function is analytic everywhere and has no singularity).

flz) = (=) (z+1)(==1)

z+4

has all its poles inside C, therefore, using residual theory L f(2)dz =

271 Y, residual ( f (z)) gives
k k

I/ z+4 z+4 z+4

L

= 27

1+4 —-i+4 i+4
A-0a+D)  (i-d(i-1 (i+i)(i—1))

(5 —-i+4 i+4
=2mi| =+ - + -
2 242 -2-2i
(5 —-i+4 i+4
=2mi| = + -+ -
2 242 -2-2i
5 5
=2mi|=-=
il 3 2)
=0

2.11.3 Problem 2

Solution
The integrand f (z) is

part a

[iv]

. What is the value of

sin(22) .
— dz, for:
/c- 22 _4x 4 o

o

(a) (3pts) if C is the cirele |2] =17
(b) (3pts) if C'is the circle |2 —2i| =3 7
(¢) (3pts) if C'is the circle |z =1+ 2¢ =27

Figure 2.25: Problem description

sin(2z)

TSy hence it is poles at zy =2 -iand z, =2 +i
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In this case, both poles are outside C, which is unit circle centered at 0, hence L &dz =
0 (z=(2-0))(z—(2+1))

part b

In this case, the circle is centered at 27 and its radius is 3. A plot shows the location so of
poles

Labeled[Graphics [{
Circle[{0, 2}, 31,
{PointSize[Large], Point[{{2, -1}, {2, 1}}1},
{Dashed, Arrow[{{0, 2}, {3 Cos[30 Degreel, 2 + 3 Sin[30 Degreel}}1}
}, Axes -> True], "Poles locations reference to C loop"]

Poles locations reference to € loop

We see there is one pole inside C from the plot. But to determine if each pole is inside C or
not, we check for |z; — center| and see if this is less than the circle radius or not. We do this
for each pole. For pole z; = 2 —i we obtain |(2-1i) - (2])| = 2+ 31| = V4+9 = V13 = 3.605
hence this pole is outside C as shown in the diagram. For pole z, = 2 + i we obtain
|2 +1)— (2)] = 2 —i] = V4 +1 = /5 = 2.236 which is smaller that the radius of the circle C
hence this pole is inside. Therefore, using the residual theorem we obtain

L sin (2z)
fC f (2)dz =2 [(m)z=(2+i)]

B 27Ii( sin (2 (2 +1)) )
- (2+1)-(2-1)
_, sin (4 + 2i)

=27 ———

= 7rsin (4 + 2i)

Part ¢

In this case, the circle is |z - (1 - 2i)| = 2 , hence it is centered at point (1, -2i) and its radius
is 2.
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For pole zy =2 —i we obtain |[2-1)-(1-2i)| =1 +1] = V2 hence this pole is inside C as
shown in the diagram below. For pole z; = 2 + i we obtain [(2+1) - (1 -2i)| = [1+3i] =

V1+9 = 10 = 31623 which is larger than the radius of the circle C hence this pole is
outside.

Labeled [Graphics[{
Circlel[{1, -2}, 21,
{PointSize[Large], Point [{{2, -1}, {2, 1}}1},
{Dashed,
Arrow[{{1, -2}, {1 + 2 Cos[30 Degree], -2 + 2 Sin[30 Degree]}}]}
}, Axes -> True], "Poles locations reference to C loop"]

Poles locations reference to C loop

Therefore, using the residual theorem

L sin (2z)
j; f(2)dz = 2mi [(m)p(z—i)]

B 2ni( sin (2 (2 - 1)) )

- (2-1)-(@2+1)
sin (4 — 2i)

T

= —7rsin (4 + 2i)

2114 problem 3

3. page 1005, prohlems 4, 6 and 10: Evaluate the [ f(2) dz for the given function and closed
(positively) oriented path (T').
1), (3pts)  f(2) = (;" 12)2: where T is the rectangle having vertices 4 & 7 and — 4+,
6). (3pts)  f(2) = ((0“12“)‘; where [ is any path enclosing — 2i.

10). (3pts)  f(2) =(2—i)? where T is the semicirele of radius 1 about 0 from i to — i.

Figure 2.26: Problem description

Solution

Part (a)

The poles of f(z) = (27“23)2 are at z = 2 (order 2). The following plot shows the location of
2

the pole relative to T’

Labeled[Graphics[{
{EdgeForm[Thick], Opacity[.05], Rectangle[{-4, -1}, {4, 1}]1},
{PointSize[Large], Point[{{2, 0}}]}
}, Axes -> True], "Pole locations reference to C loop"]
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Ly

+ 2
—05E

Pole locations reference to C loop

The pole is inside I' hence using residual we obtain

) 1 dn—l
j;f (Z> dz = 2mi [m (dz”_l 223)222

Where n = 2 in the above, since that is the order of the pole. Therefore

fc F(2)dz = 2ni ‘(%223)222}

= (2mi) (62?)

= (2mi) (6 (2)°)
= 48mi

Part b

The poles of f(z) = C(OS(;?. The poles are at z = -2i of order 3. Therefore I includes the
z+21
pole inside it, and we can use the residual, hence

[ @z =2mi| (L cos -
Cf z)dz = 2mi (=11 \ a2 cos(z—1 .
Where n = 3 in the above, since that is the order of the pole. Therefore

J1(a? .
fcf (z)dz = 2mi 5 (@ cos (z — z))zz_zj
11(d ) .
= 2mi E (E (-sin(z - z)))Z:_J

1 .
= 27 E (—cos(z - 1))Z=_2i]

- 27'(1% (- cos (=2i — 7))

= —mi cos (—3i)

f F(2)dz = —incosh (3)
C

Part c

f(2) = (z - )* has no poles. Hence if we can show it is analytic, then the closed path integral
will be zero by Cauchy theorem. We can verify also it is analytic. Let z = x + iy, hence

F@ = ((x+iy)-i)
=x% +2ixy - 2ix —y* + 2y -1
= (x2 -2 - 1) +i (2xy - 2x)

2

Therefore u = x> - y> -1 and v = 2xy — 2x and

&u_
$—2x
@=2x
Iy
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Ju _ Jv

Hence —= = M and
du
-
dv
Ev 2y -2
Hence Z—; = —%, therefore it is analytic function and the integral is zero.

211.5 problem 4

Expand f(z) = 22+;Z+2 in Taylor series. (a) About point z = 0 (b) about point z = 2.

Determine the radius of convergence for each case.

Solution:

21151 part (a)

Taylor series is defined as

_ ’ (Z — a)z 1 (Z — a)n_l (n-1)
f(z)—f(a)+(z—a)f (ﬂ)+Tf (11)+"'+Wf (a)+Rn
However, we do not calculate the series directly from the above definition. Instead, using

power series method, we can formulate this to finding the series

f(Z) = E e (z - ZO)H
n=0
Where z is the point to expand around. In this case it is zero. We need to find c,,.

To find radius of convergence p, we draw a circle, centered at the point of expansion, and

extend it all the way to the first pole. f(z) = hence it has a pole at z = -2 and

1
(z+2)(z+1)
z = —1 .therefore,

p=1

Here is a diagram

Poles locations reference unit circle

Now the Taylor series is found. We need to write f (z) in the form f (z) = %u SO we can use

1
the geometric series which will be valid for only when |u| <1

f@) = !

243242 (z+2)(z+1)
1 1

z+1 z+2
1 1 1

TI- 21-(3)

ad 1 & z\"
=Y ()2 - =Y 1) (2
,Z%( Yz 2;:]0< )(2)

Where the first geometric series converges for |z| <1 and the second converges for |§| <1
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or |z| < 2. The series is

[0e]

< n_n 1 n z\"
f@ =05 B (3)

n=0 n=0

1 22 2 A
:(1—z+zz—z3+z4+~-~)—§(1— +———+—4+-~-)

_1 2 1 3
_E_Z 1——2 +z 1—5 —Z 1—2—4+
1 3 7 15
=--——z+=2-—2+
2 4 8 16

211.5.2 Partb

(Z) E cn(z - ZO)
Where z; is the point to expand around. In th1s case it is 2.

To find radius of convergence p, we make a circle, centered at the point of expansion, and
extend it all the way to the first pole. Therefore radius of convergence is

p=3

As shown in this diagram

.

Poles lorations reference unit circle

We need to find c,,. Writing

1 1
f(z)_zz+3,z+2 CzZ+2)(z+1)
1 1
Cz+1 z42
1 1
T (z-2)+3 (z-2)+4
1 1 1 1

S
=—Z<1)”(Z 2) -—Z( )n(z 2)

. . z-2
Where the first geometric series converges for
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z-2 . .
second converges for |T| <1or|z-2| <4 or |z] < 6. And the series is

f@) = %%(—1)“(2;2) —}LE:]OH)”( )

2 2
= %(l—%(z—2)+(%) (2—2)2—(§) (z—2)3+---]

2 3
—i(l—i(z—Z)+(i) (z—Z)Z—(}L) (z—2)3+---)

z-2
4

1 1 1 , 1 3
= z-D+=(-2-=(z-2°+-
(3 9 ( ) 27 ( ) 27 ( ) )
1 1 1 , 1 2
- = -2+ =22 — -2+
(4 165 2 e E 72 g 72 )
1 7 37 , 229 3
= e - (z-2 - e (z-2)% 4
2 mE Y 2
2.11.6 problem 5
page 1018, problems 6 and 8: Find the Taylor series of the function about the indicated
point and determine the radius of convergence: (6) (3pts) f(2) = 1/(2 + z), point: 1 —8i
and (8) (3pts) f(2) = 1+ 1/(2+ 22), point: i.

solution

part (a)

1
2+2z

f2)=
around point 1 - 8i.
To find radius of convergence p, we make a circle, centered at the point of expansion, and

extend it all the way to the first pole. f(z) = L hence it has a pole at z = -2, Therefore,

2+z

p=V32+8=173

As seen by this diagram.

Poles locations reference unit circle

Now the Taylor series is found

f@) =0 (z—2)"
n=0
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Where z is the point to expand around. In this case it is 1 —-8i. We need to find c,,. Writing

1 1
&= T ra—a-s)ra-s)
1
" (3-80) + (z— (1-8i)
o1 1
(B=8)1+ — (z-(1-80)
1 & 1) o
= (3_81.)”2:]0(—1> (—3_81.) (z~(1-80)
Hence
- (! 1-8i Ly 1-8i))
F0= g1 (2 e~ 0 -8+ (575 e-a-sre
= 1 f— 1 f— f— / [— —_ ‘2 cee
=G 8 (3—81')2 (z-(1 81))+(3—8i)3 (z-(1-80)) +
(3 LB (55 B ey (22 PO ) g
_(73+73)+(5329 5329)(Z -8 (389017+389017)(Z A-80)y+
part (b)

fl) =1+ 2:7 around point i. In this case, the center of circle is at i and hence

p=V12+22=15

As shown in this diagram

Poles locations reference unit circle

And Taylor series is

f@)=1+

2+ 72
1

(- iv2) (2 + V2)

=1+

Doing partial fractions gives

f@)=1+ LI

1 1
+
2\/5\/5—1’2 2\/5\/§+iz

Convert so that z —i appears. iz = i(z —i) — 1, hence

fl) =1+ ! ! + ! !
O 2V2V2- (- -1 2V2V2+(i(z-1)-1)
1 1 1 1
_1+2\/§\/§—i(z—i)+1+2\/§\/§+i(z—i)—1
1 1 1 1
=1
+2\/§(\/§+1)—i(z—i)+2\/§(\/§—1)+i(z—i)
I 1 L1 1 "
2x/§(x/§+1)1—(ﬁl+1)(z—i) 2«/5(«/5—1)1+N£_1)(z-i)
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Now geometric series can be used.

- i(—] iy

-G @9 (V2 +1)
i . A2 i 3 1 N
=1+ (z-1)-——(@=z-i)" - (z—1)" + (z—1)" -
V2+1 (V2+1)° (vV2+1)° (V2+1)"
And
1 & i)
— =2(—1>"( ] -’
1+(\/§_1)(z—z) n (\/5—1)
i ; 1 w2 1 w3 1 w4
=1l-— -+ —@z-1) - (z-1) + (z=1)" -
N (N T ]

Substituing the above into Eq. (1) gives

i i)——l S (z— i) - i

1 1

2\/5(\/§+1)(1+\/§+1(Z (V2+1) (V2 +1)
P 1—;‘(z—i)+ L 5 (z— i) +
(VT ) (V)

Looking at coefficient of term (z —i)" power. For n = 0 power the term is
1 1 1 1

fz=1+ z -+ 1 (Zi)4...]

(va+1)

i

Ty ”]

o E(Va1)  a(Vao)
=2
And for ¢; it is
11 i1 i
Cl_z«/i(«/i+1)\/§+1 2v2 (V2-1)V2-1
= i
And for ¢,
1 111 1
TR (VEr ) (vae1) 2V2(V2-1) (V1)
-5
And for c;
11 i1 1 i
TRV (Vaer) 22 (VE-1) (va-1)
— 12i

and so on. Hence the series is
f@=co+cr(z—i)+cy(z—if +c3(z—1) +--
=2-2i(z=i) =5z -1 +12i (z—i)° + ---
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2.11.7 key solution

Homework Set No. 10 NEEP 547
Due November 22, 2013 DLH

1. Evaulate the following integrals:

t ? = 2.
(a) ( 19 S) / 52 2 an ( ) ( P S) /(; ( ) )( ) 2, ere 18 the circie Iz[

2. What is the value of

sin(2z) )
/C mdz, for:

(a) (3pts) if C is the circle 2| =1 ?
(b) (3pts) if C is the circle [z — 2i| =3 ?
(c) (3pts) if C is the circle |z — 1+ 2i| =2 ?
3. page 1005, problems 4, 6 and 10: Evaluate the [ f(z)dz for the given function and closed
(positively) oriented path (T).

3
4). 3pts) f(z) = 2%5; where T is the rectangle having vertices 4 &4 and — 4 +1.

0. @) )= T,

10). (3pts) f(z) = (z—14)? where I is the semicircle of radius 1 about 0 from i to — .

where I' is any path enclosing — 2i.

4. Expand f(z) = 1/(22 + 32 + 2) in a Taylor series (a) (3pts) about the point z = 0 and (b)
(3pts) about the point z = 2. Determine the radius of convergence for each case.

5. page 1018, problems 6 and 8: Find the Taylor series of the function about the indicated
point and determine the radius of convergence: (6) (3pts) f(z) = 1/(2 + 2), point: 1 — 8;

and (8) (3pts) f(z) = 1+ 1/(2 + 2?), point: i.
6. Optaintwo distinct Lauréli% expapsigﬂ% for f/(z')"gti(Sz + /2% — 1) around z = 1 and tell
e%ch/c(flveﬁ?gis 7 e (e [ - -
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212 HW 11

2.12.1 Problems to solve

Homework Set No. 11 NEEP 547
Due December 13, 2013 DLH

1. (5pts) Obtain two distinct Laurent expansions for f(z) = (3z 4+ 1)/(z? — 1) around 2z = 1
and tell where each converges.

2. If C is the circle |z — 1| = 3, evaluate [, f(z)dz using the Residue Theorem for each of the
following;:

z+1 2 1

a). (3pts) f(z) = 2 b). (3pts) f(z) = m c). (3pts) f(z) = 224614

(z+2)

3. (4pts) Show that the following function has a simple pole at the origin and find its residue

there:
cosh(z) — 1

sinh(z) — z°

f(z) =

4. Evaluate the following integrals by the method of residues:

2% dz

a). (5pts) T

™ cos(26) df D). (5 )/2" sin?(0) df

el Skl 2\ wh ). m
) Teos(0) 15 o+ beos(d) where 0 <b<a ¢ (5pts)'/7oo

5. (6pts) Evaluate the following integral by integration around suitably indented contours in
the complex plane:

o
/ Mdm where a > 0 and b > 0.
0o x(z?+b?)

6. Evaluate the integrals:

00 EPT _ 4T o0 | 211
a). (6pts) /700 %dr where 0 <p<land0<g<1 D). (5pts) /O %dm
7. Determine the Laplace inversion of the following functions:
s+1 1
. (6pts) F(s) = =————— b). (bpts) F(s) = ——F—«——F—
). (691s) F(5) = g b (6018) Fls) = s

8. (8pts) In homework 9, problem 3, we solved for the deflection of the beam, y(x), in Fourier
transform space using the following equation:

0 for —co <z < 4
d*y Py(t+x)/0? for —f<z<0
EI@ +ky(@) = —p(z) where p(z) = Pt—2)/? for0<z<{

0 for ¢ < x < 0.
and obtained the following integral:

—2P, [* /1 — cos(wl cos(wx
o) = 25 [T (Aot (e Y o,
g4 0 w FEluw*+k
Evaluate the integral in the complex plane using the Residue theorem to obtain the complete
solution for y(x).
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Example summary NEEP 547
Lecture date December 6, 2013 DLH

Summary of example given in class on Friday.

Below are the full details of the complex plane integration for the example given at the end of class Friday.

Example:

X o3 ; 3 .
]:/ Mdm, where (a > 0,b > 0,t > 0)
0 22 + b2

We begin by using the cosine identities for the subtraction and addition of two angles to arrive at a
substitution for the product of the two sine functions under the integral. The identities are

cos(tx — ax) = cos(tx) cos(ax) + sin(tz) sin(ax) and cos(tz + ax) = cos(tx) cos(ax) — sin(tz) sin(az)
Subtracting the second from the first and going to the complex plane one arrives at
2 sin(tz) sin(az) = (cos((t — a)x) — cos((t + a)x)).

Substitution of the above into the integral and extending the lower limit to —oo (note integrand is an even
function) gives

1 (% cos((t —a)z) — cos((t + a)z)
1 /0 dz

2 22 + b2

1 oo _ oo
_ 1 / cos((t a)z)d27/ cos((t+a)z)dz ‘
A4\ ) o 22+ R
Substituting the complex exponential for the cosine and remembering to take the real part (Re) of the
solution gives
1 oo e'i,(tfu)z) o ei(t+(z)z) 1
I= ZRG </_Oo mdz — /_Oo mdz) = ZRC(Il — D).
The poles are at z = +ib. We begin the evluation with the second integral:
et(t+a)z) e~ b(t+a) T b(tta)
I> = Res(z = ib in the UHP) = (271) li — ) —————— ) = (2mi)———— = —ebltta
2 es(z = ib in the )=( wz)zﬁb ((z i )(z+ib)(z—ib)> (2mi) 270 5 ¢

To evaluate I, we must examine three cases: (1) t —a >0, (2) t —a <0, and (3) t —a =0:

ei(f,*(z)z) e*b(tfa,) T _y
Case 1: I = Res(z = ib in the UHP) = (27¢) lim ((z - zb)(7)> = (2mi) = — Wt

z—ib z+ zb)(z —ib 2ib b
Case 2: I = R b in the LHP o) 1 p )T bia)
: [ =Res(z=—tbint = (=2mi) 1 D) ——————— | = (=273 = e\,
ase 1 es(z ib in the ) = (—2mi) Jim ((z + ib) Gz zb)) i) b e

For case 3 either the UHP or LHP closed curve is permissible. They both give the same answer. We choose
the UHP contour:

Case 3: I} = Res(z = ib in the UHP) = (277) lim ((z - 7b)m> = (271'2')%[) =
z+1ib)(z — i i

z—ib

Sl

Thus we have

,—b(t—a) _ 7b(t+a)) fort—a>0

oo . e e or a

I= / 75111(%) SIZQ(MC) dz = ﬁ (1 — e~bt+a)) fort—a=0
0 x° + (eb(t—a) _ e—b(t+a)) for t —a < 0,

or more concisely

/00 sin(tx) Sin(al‘)dx _ T (e—b|t—a| _ e—b(H—a)) ]
0 2+ b2 4

o

212.2 problem 1
Obtain two distinct Laurent expansions for f(z) = % around z =1 and tell where each
converges.

Solution

f (z) has singularities at z = +1 and the expansion is around one of these singularities.
Looking at the diagram

Region A is annulus between z =1 and z = -1 but does not include z = 1 where the small
circle is shown since that is a singularity. Region B is all the region outside the large circle
shown.

3z+1 2 1

z-1D(@z+1) o1 +z+1

f@)=
Region A
For %, since its pole is at z =1 and so we expand outwards, and hence it is already in

. 1. .
form of Laurent series around z =1, and for — since its pole is at z = -1, hence we expand
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inwards, and so it is expanded in Taylor series

Laurent — Taylor
—_—— —_—

2 1
= — 4+ —
@ z-1 z+1
Looking at the second term above, expand in Taylor series
1 1 1 1 1

z+1 @E-D+1+1 (-1D+2 271L;_q
2

1y (1Y .
:51;:%(—1) (5) (z-1) lz-1]<2

Therefore, for region A

2 18 8 ,

f2)= j+§1§)( ( ) (z-1)
Z%+%(1——(z 1)+~ (z—1)2—11—6(z—1)3+---
21 1 , 1 3
Z_l E-z(Z-l)-i-g(Z—l) —R(Z—l) + .-

Thisis validfor 0 < |z-1| <2,z #1
Region B

This is the region outside the large circle to infinity. Since expanding outwards, both terms

will use Laurent series now.
Laurent  Laurent
—_—— —_——

2 1
f@ = z-1 z+1
% is already in Laurent series, for the second term
1 1 B 1 1 1
z+1 @E-D+1+1 (z-1)+2 (z-1)74+ 2
z-1
1 & 2"
= (-1)" lz-1|>2
o2V Ty
Hence
2 1 & 2"
=4 -1)"
f&)= 73 (z—1)n§( T
_2 1 ( 2 4 8,
(z-1) z-1) (z-1? (z-17°
2 1 2 4 8
= + B 7t 3 1t
z-1 z-1 (z-1° (z-1 (z-1)
3 2 4 8

21 17 -1 -1
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This is valid for |z —-1| > 2

2.12.3 problem 2

2. I €' is the cirele |z — 1] = £, evaluate [ f(+)ds using the Residue Theorem for each of the

following:

241 B . 2 N N N 1
h D) Br) J() = iy - (009 £(2)

2)- (Bpts) f(=) = Z(=+2) A — ot A Py

212.31 Part (a)

f2) = %, Poles are z = 0 order 2 and z = -2 order 1. The pole z = -2 is outside C
hence it will not have an effect. To find the residue due to pole z =0

1 o d
2-1) lim = (£ )

_ d 2 z+1
=250 dz z2(z +2)

) d(z+1)
= lim —
z—-0dz \z+2

) ( 1 (z+1))
= lim

Z‘*'Z_(z+2)2

residue (z = 0) =

Hence

212.3.2 Part (b)

22

2
5 the poles are the roots of (z2 +3z + 2) = 0 which is (z+2)(z + 1))2 =0 or

zZ) =
f( ) (zz+3z+2)
(z+ 2)2 (z+ 1)2 =0, hence poles at (z + 2)2 =0Qorz=-2and (z+ 1)2 =0 or z = -1 Only pole
at z = -1 is inside C. This is order 2 since the denominator is order 2. Hence

(z+1) f(2)

residue (z = -1) = m Zlirfll dilz (

. od : )
zliﬁll dz ((Z ) (z+ 2)2 (z+ 1)2

= lim i( 2 )
z=-1dz \(z +1)°

—222(z + 2)‘3)

im ( B
z=-1\(z 4+ 2)

) ( 2z 272 )
lim 5 = 3
z=-1\(z + 2) (z+2)

(-2 2(-1)
_h4+#_eumJ
= (-2-2)

= -4

Hence
3§ F(2)dz = 27 (~4)

= -8
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2.12.3.3 Part (c)

1 1 1
(z) = = = . Since V5 -3 = -5.2361 and

@ = ) = TV e) . )V

~V5 -3 =-0.76393 then only z = (-5 - 3) is inside C.

Hence poles are z=0 and z = (—\/5 - 3) and both is order 1.

residue (z = 0) = £1_r)% (z f (z))
e PR —
20 z(z2+6z+4)

T [ —
0 (22 + 6z + 4)

And
residue (z = (—\/5 - 3)) = lim

Qo oy Y
(¥5-9) ((—v51 -3)-(¥5-3))
) (—%—3)(415—3—@3)
(- ;) (-245)

= " +16\/§

Hence

0 1
SEf(z)dz:zm(flO%\/g)

== Tt
2 5+35

= 0.5854mi

2.12.4 Problem 3

cosh(z)-1
sinh(z)-z

Show that f (z) =

has simple pole at z = 0 and find its residue there.

Solution

Expanding cosh (z) and sinh (z) in series gives

f(Z) _ 2! 4! 6! _ E Z a
N 23 5 7 T8 ST
Ztyteata) % wTE T
Divide by z2
1 22 4
f( ) — 2! 4! 6!
z 23 P
1 z2 z4
2 a1t a
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Therefore, f (z) has simple pole at z = 0. The residue is
residue (z = 0) = lim (z f (z))
z—0

. cosh (z) 1
=lim|(z
z—0 smh (z)-z
+ Z Z4
= liny 2 2'1 2tu e
7—> Z Z
45*5*%

1 z2 24

. 2 4 el
—lim |24 e

z—0 1 Z2 Z4
G+a+ﬁ

(O8] N|O\Q|>—\|E|>—l

2.12.5 Problem 4

Tl cos(26)
5+4 cos 9

Evaluate the following using the method of residues (a) £

where 0 < b < a and (c) j_mlié X

21251 part(a)

Let

[ = f” cos (20) 0
o D+4cosO

Since the integrand is even then
= 1 ™ cos(20)
2J_.5+4cos6

= f ™ _cos(26) do, hence

L7t 5+4cos 6

Let Il

I—lI
=50

a+bcos 6

0 (b) LZTI sin® 6

Now we evaluate I;. Let z = re!?, and for a unit circle, r = 1, hence dz = i¢'%d0 or d9 =

dz

. .d . . .
—i = —z;z. Now we need to convert the integrand from function of 6 to function of z.

120 4 o120
2

0410 1

cos (26) = = %(zz+z‘2) and cos6 =

becomes

2 T2

@)
) Re§ 5 +4(% (z+z—1)) (_Zd_)

z

12, -2
. . . E(Z +z )
The contour is over the unit circle. Let I, = 95

5+4(%(z+z’1))

252
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now we evaluate I,.

z
i 22+722  dz
2J 542 (z +z 1) z
2441
i = dz

2J sz2(24) z

z

i 4 +1 dz
2 5zz+22(zz+1) z
: 4
i z*+1

=—= dz

2J 5283 4272 (22 + 1)

fﬁ 2 +1 _z+l
2 523 +2.z4 + 222

24 +1
= dZ
2J 2 (222+5:z+2)
i 24 +1
LN S S

4 zz(zz+;z+1)

] +1
= —i SE - N dz
zz(z+2)(z+ 5)
The poles are z =0 of order 2 and z=-2 and z = —%, hence only z = —% is inside the unit
circle. Lets find the residues of each now.
d A +1

1
res1due(z—0)_11 0(2-1)dz <2f())_E m

= lim[(;2 (425 +15z% + 823 -4z - 5)]

7201 (222 + 5z + 2)
2 5
(e9)-
And
residue (z = —%) = Zl_lffl% (( )f (Z)) s M ( zZZ;LZ-:.lZ))
4
e
= 2
E[ee
17
6
Hence

24 +1 A 5 17
§ N dz = 2mi —§+g
zz(z+2)(z+5)

2.
= —in
3
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Hence
z'gg z*+1 p ( z')z_
—— z=|—=]=in
4 zz(z+2)(z+%) 4/ 3
(1)2
~|2)3"
1
= -7
6
Hence
I 1
=-7
276
But I; = Re(l,), hence I; = %n. And ] = %Il, hence
[ = 1
1"

2.12.5.2 Part(b)

.2
I:£2n sin” 6 dO where 0 < b < a.

a+bcos 6O

We need to convert this to contour integral over the unit circle. Let z = r¢’, and for a unit
circle, r = 1, hence dz = ie’?d6 or dO = —i;% = —ii—z. Now we need to convert the integrand
from function of 6 to function of z.

619_'_6—19 ¢ 9—6_19

cos (0) = = %(Z +2z- ) and sin 6 = 1 (z z” ), Hence

o

Therefore the integral becomes

-6 %(2“2‘2—2)( &)

_1_

a+b1(z+z‘1) 2
22+z2-2 dz
4§ (z +1) z

2441-272
72

4 az+b1(zz+1)
22241

§ 2 4 -2z (#2241
"2 ZZaz+b 22+1)
§ 1 z4-222 +1d
z2bz2 +2az+ b
1z —22 +1
— 4

2a
2 —biVb2—4ac V b a 1 4a2
Roots of z% + ?az +1 are ” =—; E‘/ ‘/ -) —1 Hence

dz

and

a a\2
SRR

Since a > b then rq is outside the unit circle. but 7, is inside. The integral is now

9§ -222+1 Zozl
) zz(z—rl)(z—rZ)
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pole at z =0 or order 2. To find the residue for this pole
2
res(z =0) = 111% o= 1)' ( f(z))

( P | )
=lim|———MM——

z—0 (Z — 7‘1) (Z - 1’2)
3 1
- (=r1) (=12)
-

riro

To find the residue for this r,
res(z =1y) = lim ((z=72) f ()

(A =222 41
= lim
-\ 22(z-1)
13-2ra+1
15 (ry —11)

Therefore,

i 1 rB-25+1
2mi + 5
217 rry o ry(ry—17)
—n( 1 r§—2r§+1)
nry  13(ra—1)

b

This is the value of the integral, where r1, r, are given as above. To simplify this final result,
CAS was used for this step

4 2
a [a? a a2
n 1 ( E —2 1) —2(—E+ b—z—l) +1
== ; =\ " ; ;
a a a a ﬂ ﬂ Ll a a a
s 2v(a-b)(a+Db)
=——|1
b " b
T 2Va? — b?
=— |14+ ——
b b
Therefore

IZ(—b—ZM)n

bZ

2.12.5.3 Part(c)

x
o1+

We first need to determine if the integral over the upper half plan vanish when R — oo,

and for this we just need to show that lim, ,,, zf (z) = 0 where f (z) = 2 — Hence

lim zf (z) = lim (z z 6)

Z—>00 z—oo\ 1472

: z° _ 1 1
= lim 2| =lim| 5 = =0
2o \1+2z ] e 0+ o0
z

Hence the integral becomes

UHP

o 2
I:j:wlj_z6dz:2ni 2 res(f(z))
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72
Now need to find the poles in UHP. From f (z) = —; the poles are the roots of 1 +2z° =0
1
or z6 = -1, therefore z = —1( ) but -1 = ¢ Hence need to spread 6 poles around 27, which

means the phase changes by — —n between each, hence

n2n 7'[471 71671 7'[871 .El()_n
z—{et’»eé 676 0676 o'e T ele T 6}

iz l'?’_” l'5_” l'7_77 1'9_” ill_”
:{66,66,36,36,e6,66}

Now need to find which of these roots is in UHP. Looking at the phase, we see that

.7 .37 .51

11— 1— 1— . . . .
e6,e 6,e 6 are in UHP since phase is less than 7. So now we need to find residue at each

pole.
ix i 1'5_”
I= 2ni(res (e 6) + res (312) + res (e 6 ))

gl,(é))] to find residue at z = z; (since each is a simple pole). But D’ (z) =
zZ—>Z

Using [

diz (1 + 26) = 62°, hence

2n 2n_om
e 6(6 6) 1,7n -
= 5 = = —f 2 = —
e 6 6 6
And
3n ZZ
() = (ﬁ) 2
z=e 6
.67 H 6_77_15_77
e el(" 6) 1,20 1 38, i
= T 1Brx T =-e 6 =-e =7
P 6 6 6 6
And
51 Z2
w((%)=(5) .
z=e 6
;10n (10_”_25_“)
e e e\ ¢ 1 ;-bm i =i
=—= =_¢ 6 =—¢'2 = —
= 6 6 6
Therefore
T LT .51
I=2mi (res (615) + res (615) + res (el?))
- i i
=2mi|— + - — -
5+
Hence

2.12.6 Problem 5

Evaluate the following integration by integrating around a suitably indented contour in
00 sin(ax)

x(x2+b2)

dx where a >0, b > 0
f sin (ax)
“2J., x x2 + b2
00 inz
S
> Z (22 + bz)

1
"2
1 00 eiuz

_ 17 f
2 m( _mz(z—ib)(z+ib)dz)
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To show that the UHP integral vanish we need to show that limy,_,., zf (z) = 0 then we can
just do the integration over the real line using residues of poles in UHP.

elaz elaz
lim |z——————[= lim — 0
—ool| z (22 + bz) lz—oo| (22 bz)
Since |¢”?| = 1. The poles at the real line are z = 0 and poles in complex plane are z = —ib
and z = ib. Since b > 0 then z = ib is only in UHP.

I= %Im (7ti [res (0)] + 27ti [res (ib)])

To find residue at z = 0, using

_1 elﬂZ _1. elﬂZ 3 1
O e ) S e

And
eiaz eiaz e—ﬂb
b) = lim | (z - ib = li -
res (i) ZEE},((Z : )z(z—ib)(z+ib)) z%(z(zﬂb)) -2b
Therefore
1 ' e—ab
I:EIm(m 7 +2nz[_2b2])
1 e—ub
3| 2bz])
B 1(n me®
2\
Hence
o 7 — e
2K

2.12.7 Problem 6

ep —efx 1n(x2+l)

1+x2 dx

Evaluate the integrals (a) f_ ~ —dx where 0 <p <1,0<g<1 (b) £oo

Solution

2.12.71 Part(a)

00 pPX _ pffX
I= f dx
oo 1 —6*

Break the integral into 2 and use the rectangle grid method to show that each leg of the
integral vanish

1211—12

eP*
n=f
1= 1- eZ
er*
b= f 1- eZ
legl leg2

eP? R pPz R+27i eb? —R+27i eP? -R eb?
Z f Z(JZz+ f Zdz+f Zclz+ f Zd,z
wl-e r1-e R 1l-e Re2mi 1€ Re2mi 1 —€

looking at legl integral, Lmzm o

Where

Looking at I; for now.

—, hence dt = % When
z=R,t =0 and when z = R + 27, t =1, hence the integral for legl becomes

1 pp(2mit+R) 1 pp(2mit+R)

. HmZﬂldtZZTCl . Hmdt

Now we need to show that the above goes to zero as R goes to infinity. Writing the above
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as

pth 1 p2mit
2mi f =27 f dt
1- eszeR 0 o PR _ ezm'teR(l—P)

Now limg_,,, e PR = 0 since p > 0 and limg_,, eR(l_p) = oo since 1 - p is positive, since p < 1.
Therefore the above becomes

1 epZnit

0 0 — e2mitoo

And since |ei"| =1 then the integrand becomes i — 0, hence the integral vanishes. We
need to do the same for the second leg

-R Pz
e
[
Re2ni 1€

Letz=2nit+Rort= Eh hence dt = z_zl When z = —R,t =0 and when z = -R + 2mi, t =1,
hence the integral for leg2 becomes

0 ep(th+R) ’ ' 0 ep(Znit+R) i
1 1- e2mit+R 2muidt = 27t ;1 1- e2mit+R t

Now we need to show that the above goes to zero as R goes to infinity. Writing the above

as
' 1 pp2mit pqR ' 1 ep2mit
271 f W(/‘lt =27 f dt
o 1—e2mite 0 e-dR _ p2nit R(1-P)

Now limg_,,, e R = 0 since p > 0 and limg_, eR(l_p) = oo since 1 - p is positive, since p < 1.
Therefore the above becomes
1 pp2mit
2 || 5= et

. - . 1 . .
And since [¢"| =1 then the integrand becomes — — 0, hence the integral vanishes. So we

are left with these now
ez R eP? —R+2mi eP?
Z f . dz + f . dz
wl-e r1-e Re2mi 1—e

Now we use t = z — 27 for the top edge only. dt = dz, when z = R+ 2mi,t = R and when
z =—-R +2mni,t = —R, hence the above becomes

bz R pPZ —R ep(t+2m‘)
1—eZ f 1—ezdz+f 1-e¢t at
-R R

R bz R ep(t+2m’)

= [ S [ S
r1-¢* R 1-e¢
R pPz R Pt pp2mi

= f —dz - f —dt
rl-e r 1-e

R pPz . R et
= f dz — ep?™ f dt
R 1-—e% R 1- et

R pPZ R Pz
= f dz — eP?™ f dz
R 1-—¢% _R 1-—e?

=10 [ g

N (R o7 N (o o2
But in the limit limg_,, (1 — epzm) fR %dz - (1 — epz’“) f ﬁdz =27 Y res Hence

0 Pz 1 UHP line
f_oo T ezdz = 1 — epZT(i) (2711 E res + 7ui E res)

Now we need to find poles in the rectangle. Poles of f(z) = — are ¢ =1, hence z =
0,i2m,i4m,--- so only z = 0 and z = 12 is of interest to use. The pole at z =0 is on the real
line, so this get iw and the pole at 2 get 27 contribution. But

i
res (27i) = N @) = f = o m, = _gh2mi
D (Z) z=2 : z=2T11i —52711
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And

_[N(@ 3 f _
res0)= [D' (2) Lo B [_ez ]z—o -

Hence

00 pz 1 . ' ‘
J:OO 16_ oz dz = (1 - ePZ”i) (27Tl (—epzm) + 7t (—1))

—2mie?™P — 71
(1 _ epZni)

) (_262711';9 _ 1)
=T\
1 — gP2mi

For I,, the result will be similar, hence

—2e2m — 1
et

1- qum'
Hence
I = 11 - Iz
,(—zezﬂiv - 1) ,(—262””7 - 1)
=T\ |~ T\ ———————
1 _ epan 1 _ qunz
_ (—2e2m'P —1 e - 1)
=Tl — — -
1- epZm 1— qum

212.7.2 Part (b)

~ 2
- [ (?+1)
0

1+ x2

parameterize it as

Differentia w.r.t. a

B jj (1 + x2)x(1 + axz)dx

—lfoo 2 dz
20 (1+zz) (1+u22)

1 00 2
= —f z - dz
20 (14 22) (; +zz)
B l foo ZZ 0
20 J (z—i)(z+i)(z—%)(z+ é)
Poles are at z = +i and z = i%. Pole z = {i, #} are in UHP assuming a > 0. Residue for
z=1is
2
res (i) = lim Z‘ ,
AT e
-1
) (i- )i+ =)
Va Va
.a
=—i
20 -2
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) i
Residue for z = —

\/E

2

e '\/E = 1i z -
res () Zi%(z—i)(z+i)(z+é)

()G ) ()

Va

1
2a

=1

2
Hence
1 > 2 1
Zf : j N = sz(_'zaa 2 +i2a\/52)
— (z—z)(z+z)(z—$)(z+$)
1 =
20+ +/a
Therefore
1 =
I'(a) ==
(a) 2a+ s
Integrate

i 1
I =—f d
(a) > u+\/aﬂ
T
:EZIOg(\/E+1)+C
:nlog(\/ﬁ+1)+c
To find C, from
c>o1n(ax2+1)
I(a):f Sl
0

1+ x2
we see that at 2 = 0 then I(0) = 0 hence

0=mnlog(0+1)+C
C=0
Hence
I(a) = nlog(x/ﬁ+1)
To obtain the integral we started with, let 2 =1, hence

oo In (x2 + 1)
1(1) = J; de

= [n log (\/E + 1)]

=mnlog(1+1)

a=1

Hence

dx = ntlog (2)

foo In (x2 + 1)

1+ x2

2.12.8 Problem 7

1

. . . s+1
Determine the Laplace inversion for (a) F(s) = " m

(52+s+1)

(b)F (s) =
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2.12.8.1 Part(a)

Using Bromwich formula

1 a+ib ;
H=—1 F(s)es'd
a+ib +1
= L [ty
21t b—eo Jo 2 (52 +5+ 1)
A
b
C ]
S
>
a
X A Pointaisto
Poles inside the right of all
| poles
b

The integral is broken into 2 parts, the vertical leg and the integration of the curve shown
above labeled C.

1 a+ib +1 +1
f(t) == lim f _ 0T sy § 0T s
2711 b—eo | J iy 2 (52 +s+ 1) 2 s2 (52 +s+ 1)

We can use the residue theorem on the above integral, but provided the function F (s) e*
is analytic inside the curve shown above (except of course at the poles, if any, inside the
curve). Proof that F(s)e® satisfies this condition is hence assumed. The proof was not
given in class. So we need to calculate the residues of F(s)e* for all the poles.

oles
f= % (Znipz; res (F (siesit))]

So let us find the poles and the residue of each. Given ————¢s = iad st
S

et = e
T AT )
hence the poles are s = 0 or order 2 and s; = (—%i 3 - %) and s, = (%i\/g— %)

Residue for s =0 is

s—0 (s

i 2 (((Ll)e(st))

d ( s2(s+1) e“)

res (0) = lim — $2(s—351) (5—5y)

s—0 % S _Sl) (S —52)
=t
And
s (s+1)
res(sn) = sh—gll s2 (s —sp)
~ ie—%(1+i\/§)t
V3
And

1
res (s;) = lim D

s—s2 82 (s — 81)
(—i 4 \/g)e%(lﬂ'\@)t
- 3i + 3
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Therefore,
o ; 5 (1+iV3)t (i + \/g)e%(lﬂ'\/g)t
- V3 3i+1/3
26_2 sin | —
()

212.8.2 Part (b)

The setup is similar to part(a) and not will be repeated, we will go the step of finding the
residues. For this, we need to first find the poles of

, est
F(s)e" =
(a + b) cosh (a\/E)
The function cosh (x) is zero at J_r%n + 2irtn where n is the set of integers. For cosh (ax/g) this
2
becomes _411:_2 1+ 21/1)2 for n integer. Hence, for n =0
-2 1 , 2\ N(s)
res|s > —|= —— lim s+ —|—=
442 (a+b) - 4a2 | D’ (s)
442
n st
1 stz 2+/se
= lim
(@+b) -=2 asinh (ax/g)
442
— 2 __7122t
1 02y e
C(a+b) a2
asinh |a| =
2

102y 5w
(@+0) usinh(%i)

2

|2y e
“(a+Db) ai
=0

Hence the residue is zero. If we try for n = 1,2, --- we’ll find all residues are zero. Hence

1 ‘poles
f= i (Zm ; res (si)]
=0

I have something wrong. Need more time to work on this.
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2.12.9 Kkey solution

Homework Set No. 11
Due December 13, 2013

NEEP 547

DLH

. (3pts) Obtain two distinct Laurent expansions for f(z) = (32 + 1)/(22 — 1) around z = 1

and tell where each converges.

. If C is the circle |z — 1| = §, evaluate [, f(2)dz using the Residue Theorem for each of the

following:

8). (3pts) f(2) = —2(%) b). (3pts) £(2) = (wﬂ;—ﬂ)g o). (3pts) f(2) = ‘("2?16"+—4)

. (4pts) Show that the following function has a simple pole at the origin and find its residue

there:
l2) = cosh(z) — 1

" sinh(z) — 2z’

. Evaluate the following integrals by the method of residues:

27 oin2 00 2
b). (5pts)/ _Sin”(6)do where 0 <b<a c).(5pts) / a” do
0

™ cos(26) d0
a+ bcos(8) Jooo 1428

@)- (5pts) o 4cos(f) +5

. (6pts) Evaluate the following integral by integration around suitably indented contours in

the complex plane:

% sin(az) )
/0 2@+ ) dz where a > 0 and b > 0.

. Evaluate the integrals:

00 ePT __ 4%
————dz where0<p<land0<g<1l b). (5pts)/
o 1 — €% 0

 In(z? + 1)

i 2 dz

a). (6pts)

. Determine the Laplace inversion of the following functions:

s+1 _ 1

2). (6pts) Fls) = syrgrgy  b)- (6pts) F(o) = (57 b) coshlav/s)

- (8pts) In homework 9, problem 3, we solved for the deflection of the beam, y(x), in Fourier

transform space using the following equation:
0 for —co<z< 4

dly Pyt +z)/6? for —L<z<0
Bl tky(@) =-ple)wherep(z) =\ b1y e fwo<a<e

0 for £ <z < 0.
and obtained the following integral:

_ =2PF, [ (1—cos(wl) cos(wt)
ylz) = w2 /g ( w? ) (EIw4+k> du.
Evaluate the integral in the complex plane using the Residue theorem to obtain the complete
solution for y(x).
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2.13 HW Extra credit problems

2.13.1 Problems to solve

Extra credit NEEP 547
October 18, 2013 DLH
Turn in the day of the exam

I am counting on everyone treating this as an individual effort not a group effort. Not all differential
equation methods we examined are included below.

1. (3pts) Find the solution to the differential equation that satisfies the initial condition
(2zy + €¥) dx + (2% + ze¥) dy = 0; where y(1) = In(2).

2. (3pts) Solve the following differential equation
2xy3(ydr + z dy) = (ydx — = dy) sin(z/y)

(3p ts) Find the solution which satisfies the given condition
(z* 4+ y1) dz = 223 y dy; where y(1) =0
(

3pts) Find the general solution for the equation, using the indicated solution to the homo-
geneous equatlon to reduce the order of the equation
20+ )y — 4z + 1Dy +4y = Qe+ 1)2/x +1);9, =

(
5. (3pts) Find the complete solution for the follow equation:
(D*+D? +3D —5)y = e*.
(

3pts) Find a solutlon for the following equation which satisfies the given conditions:
3xy +y+aiyt=0

7. (3pts) Solve the following equation: (y)%y" =1+ (y/)%.
8. (4pts) Obtain the solution of the simultaneous equations

l,/er/+z — 7eft,
2 +2y +22+2y = 0

which satisfies the initial conditions: z(0) = —1, and y(0) = 1.

2.13.2 Problem 1

Find solution of the differential equation that satisfies the initial conditions (2xy + ey) dx +
(22 + xey) dy = 0 where y(1) = In2

Answer:

This is not separable, so we will try to see if it is exact. We write the ODE as
M(x,y) dx + N(x,y) dy=0

The condition for the ODE to be exact is i—]\y/f = i—];’. Now %4 =2x+¢¥ and %\: =2x+éY,
therefore it is exact. Let
do(x,
20 .
Jx
do(x,
o oy @
dy
Hence the ODE can be written as
I9(ry)  Ie(x )
ox dy
3¢@w v (xy) dy
dx dy dx

d
i (P (@) =
This means that ¢ (x,y(x)) = C, a constant. We need now to find ¢ (x, y). At this point we

281



2.13. HW Extra credit problems CHAPTER 2. HW

can pick either Eq. (1) or Eq. (2). Using Eq. (1) gives

I¢ (%)

2xy + ¥ =
XY + & ox

Integrating
[ (x,y) = foy + e¥dx
= x%y +xe¥ + g (y)

Where ¢ (y) acts here as the constant of integration, since y (x) is a function of x. Taking

derivative of the above w.r.t. y and equating the result to Eq.(2) (or to N (x, y)) gives
x? + xe¥ + ¢’ (y) = x? + xe¥
g'(v)=0

Hence g(y) is constant. We can choose any value for this constant, so we pick zero.
Therefore

0 (x, y) = x%y + xe¥
But ¢ (x, y) = C, hence
x?y + xe¥ = C
What is left is to find C. For this we use the boundary conditions y (1) = In 2, which gives
12(In(2)) +1 x @ = C
C=In@)+2
Hence the solution is
x?y +xe¥ =2 +1n(2)
We can try to find explicit form for y
Y
N e; _ 2 +31C121 2)
Will leave it at this for now.

2.13.3 Problem 2

Solve the following differential equation 2xy> (ydx + xdy) = (ydx - xdy) sin (;)

Answer:

Let us see if it is exact or not. Simplifying
2xytdx + 2x%y3dy = sin (g) ydx — x sin (g) dy
(2xy4 —sin (;) y) dx + (2x2y3 + xsin (g)) dy =0
Now we write the ODE as

M(x,y) dx + N(x,y) dy=0
Where

M (x,y) = 2xy* — sin (5) y
N(x,y) = 2x%1 + xsin (g)

M N

The condition for the ODE to be exact is (Z—y ==

IM _ 8x 3—(sin (f) + (—_x COS(E)))
dy 4 ARV y
() e ]
=8xy’ —sin|— |+ —cos| =
Y y Y
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and
JON . (x) X (x)
— =4xy’ +sin| -]+ —cos|—
Ix y)oy o \y
Therefore it is not exact. To make it exact we need to use a general integrating factor.
Trying I = 1 We multiply the ODE by this factor, which gives

¥
1 1 X
M (x, :—2x4——sin(—)
(vy) = Z2* = sin{ )y

el
=2xy - —sin| -

Y Y
1 1 X
N(x, :—2x23+—xsin(—)
(y) 2 Yy 2 y
= 2x%y + iz sin (E)
Y Y
Hence
et ol )
dy / 2 \y) oy y?
= 4x +—sin(f)+£cos(f)
) TRy
And
N e Lo (K)o 2L (*
el Y yZSmy yzyCOS
= 4x +lsin(f)+£cos(f)
) TRy

Therefore it is exact now. Hence

Y Y
N(x,y) =2x%y + ;—zsm (g)
Let
I (x,
il
N dp (g;y) ©
Hence the ODE can be written as
dp (x, y) dp (x, y)
P dx + 3y dy=0
dp (x,y) . dp (x,y)d_y 0o
dx dy dx

% (¢ (v y@))=0

This means that ¢ (x,y(x)) = C, a constant. We need now to find ¢ (x, y). At this point we
can pick either Eq. (1) or Eq. (2). Using Eq. (1) gives

9
22 - sin (f) - —(pg(i'y)

Yy
Integrating

@ (x,y) = f2xy2 - isin (g) dx
= x%y% + iy oS (;) +g (y)
= x?y? + cos (5) +g (y)
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Where ¢ (y) acts here as the constant of integration, since y (x) is a function of x. Taking

derivative of the above w.r.t. ¥ and equating the result to Eq.(2) (or to N (x, y)) gives

Zyx2 - (—yx—z) sin (5) +g (y) = 2x2y + yx_z sin (E)

y
Zyxz + %sin (;) +9g (y) = Zny + yx—zsin(i)
g (y)=0

Hence g(y) is constant. We can choose any value for this constant, so we pick zero.
Therefore

[0 (x,y) = x%y? + cos (g)
But ¢ (x,y) = C, hence
x? 2+cos(f) =C
I Yy

We are not given more information to find C so we stop here.

2.13.4 Problem 3

Find the solution which satisfies the given condition (x4 + y4) dx = 2x%ydy where y (1) = 0
Solution:
This ODE is not separable, so we first check if it is exact. Writing the above as
(x4 + y4) dx — 2x%ydy = 0
dy

M(x,y) +N(x,y) Ir =0
Hence M (x, y) = (x4 +y*) and N (x,y) = -2xy. Lets check if it is exact first.
M
oy
ON )
% = —6yx

Therefore it is not exact. Finding the generalized integrating factor for the above was not
easy. Using a small program and with the help of a CAS, the following integrating factor
was found

| 1
fm 2
i
. (x4+y4) . -2x%y
Hence the new M(x, y) is > and the new N (x, y) is 5. Therefore, now the
7) )
following ODE is exact
x4+ 4 2 3
( Y )zd - it sy = 0
x(y? - xz) x (yz - xz)
Let
x4+ A 2o (x,
o ) dp(xy) "

x (yz _ x2)2 dx
2y _dp(vy)
©(2-w)

This means that ¢ (x,y(x)) = C, a constant. We need now to find ¢ (x, y). At this point we
can pick either Eq. (1) or Eq. (2). Using Eq. (1) gives

(x4 + y4) _ g (x,y)
x (yz _ X2)2 B dx
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Integrating

(< +v")
(P(x/y):fmdx
12
=1In(x) - 2y +g(y)

Taking derivative of the above w.r.t. y, and comparing the result to N (x, y) gives

20 —22%
(- yz)z 2-p 8 () r(y- x)2 v+ x)2
Simplifying
, —2x%y 2y° 2y
= + +
8 (]/) . (y B x)2 (]/ N x)z (x2 ~ yz)z 2P
g () =0

Hence g(y) is constant. We can choose any value for this constant, so we pick zero.

Therefore
12
In (X) - xz—_yz =C
is the solution. Using the condition y (1) = 0 hence

In(1) - 0

=C
1-0
C=0
Hence the solution is
2
In (x) - 2y =0

(x2 —yZ) In(x)-y*>=0
*In(x)-y*In(x)-y*>=0
(1 +1In(x)) = x2In (x)
,  ¥*In(x)
1+ In(x)

Therefore
. xvIn (x)
R YT

2.13.5 Problem 4

Find the general solution for the equation, using the indicated solution for the homogeneous

2
equation to reduce the order of the equation. 2x+1)y” - 4(x+1)y’ + 4y = (Z:j) where

yl — er
Solution:

Summary of method of solution: We let the second homogeneous solution be y, = u (x) y;
and the substitute this back into the ODE. This gives a new ODE in u which we solve for
u. Once u is found, then homogeneous solution for the original ODE are found. Next we
find the particular solution.

Let the second independent solution of the original ODE be
Yo (x) = u(x)y1 (x)
Hence
Yo =u'yy +uy;
vy =u’yr +uw'yp +u'yy +uyy
=u"y, + 2u'y] + uyy
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Substituting these back in the original ODE gives
(2x +1) (u”y1 +2u'y; + uyi’) -4(x+1) (u’y1 + uyﬁ) +4 (uyl) =0
x+Du"y; +u’ ((2x +1)2y; —4(x +1)y1) +u ((Zx +Dyf —4(x+1)y; + 4y1) =0

But 2x +1)yy — 4 (x + 1) y; + 4y, in the last term above is the ODE itself, hence it is zero,
therefore

x+Du"y; +u’ ((Zx +1)2y] —4(x+ 1)y1) =
Now we substitute the actual value of y; (x) and y] (x) into the above
Rx+Du"e® +u’ ((2x +1)4e* —4(x+1) ezx) =0
Dividing through by ¢* gives
x+Du” +4u" (2x+1)-(x+1)) =0
x+1)u"” +4xu" =0
Let v = v/, hence

2x+1) v +4xv =0

v’+ 4x 3
v (2x+1)
4x
Inv = - d
e o+
2
=—|2- dx
f 2x+1

f2dx+2f
2x + 1

=-2x+Inx+1)+ A
Hence
v=Ae ¥ (2x +1)

Where A is constant. Since only one second solution is needed, let A =1. Therefore we

have

d
& =2 2x+1)
dx

uzfe‘zx(2x+1)dx

= f 2xe X dx + f e~ dx

Integration by parts is used for the first integral. The above simplifies to
—2x

1
S P 2 ) L
4 2 -2

Where B is constant which can be set to zero. Hence

Yo (x) = u(x)y; (x)

-2
= o2 [—2e7% [ = L + )48 i
42 —2

=-1-x

Therefore, the homogeneous is
Yn = C1Y1 + Y2
=ce® —c,(1+x)
=% +c5(1 +x)

Q@x+1)? ;
7+ Using

Now we work on finding the particular solution. The forcing function is

variation of parameters, since y; = ¢?*,y, = (1 + x) then

& (L+x)|

Y1 Y2 _ w1 |7 2 262 (1 4+ x) = =2 (1 + 2x)
e

Vi Y2

Now we assume the particular solution is

Yp = til1 T U2lY2
286
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And recalling that the ODE is

2x +1)°
2x+1)y”" -4 Dy +4y =
2x+1)y (x+1)y +4y |
Hence
(2x+1)%
—of (%) f -1 +x)— f 2x+1) f ,
= dx = dx= | ————dx = Xd
“ W (x)a * -2 (1 +2x) [2x +1] * e (2x +1) * ¢
_ e—Zx
=2
Similarly,
oy (2x+1)2
yif () f e f 1
= d = d = — d
“2 W (x)a * -2 (1 + 2x) [2x + 1] * 1

=-In(1+x)
Therefore, the particular solution is
Yp = 1l1 + Ul

e—2x

= 2ez"—ln(1+x)(1+x)

:—%—ln(1+x)(1+x)

Hence the total solution is y =y +y, or
y:clezx+c3(l+x)—%—1n(l+x)(1+x)
In expanded form
Y =c1e% +c3+c3x — % ~-In1l+x)-xIn(1 +x)

The solution contains two constants of integration which can be found when given initial
conditions.

2.13.6 Problem 5

Find the complete solution of (D3 +D?+3D - 5) y=e*
Solution:

To find the roots of the characteristic equation, since it is a cubic polynomial, we guess
the first root. we see that 1 is a root for A*> + A2 + 31 =5 = 0, now we do long division

(/\3 +A%2+31 - 5) /(A —1) which gives A? + 2A + 5, the roots of this are b 22_4(C)or _Zi;/__m
or -1 + 2i, therefore the homogeneous solution is

Yp, = c16* + cpe T2 4 g1 72

Or in terms of sin and cos the above is
Yp = c1e¥ +e* (Acos (2x) + Bsin (2x))

Now we need to find y,. Since ¢* is part of y;, we have to guess y, = cyxe*. Substituting this
into the original ODE gives

/77

Yp
Now plugging the results of all the derivatives and dividing through by e* gives

+Yy +3y, -5y, =¢

A +1+1+x)+cs(Q+1+x)+3c,(1+x)—5cyx =1
cs (8) +x(cy+cy+3cy—5cy) =1

8C4 =1
3 1
Cq = é
Therefore
1
Yp = gxex
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hence the full solution is y = y;, +y, or

1
¥ = 16" + e (Acos (2x) + Bsin (2x)) + g’

2.13.7 Problem 6

Find the solution for the following equation 3xy’ +y + x?y* = 0

Solution:

Dividing by 3x gives

This is of the form

Y+f@y+g@y"=0

]/+3

! + X4 =0
xy 3]/—

which is a Bernoulli ODE. Hence we start by dividing by " or y* in this case, this gives

Yy

1 X
2y +—y3+2=0
Y¥35Y 73

Now let v(x) = y=3, therefore v’ (x) = -3y~*y’ (x). Now we substitute these into the above
ODE which turns it to an ODE in v that we can solve

Hence

or

2.13.8 Problem 7

Solve () y” =1+ (y)’
Solution

We start by writing the ODE as

—1,+1 +x_
3973737
vV—--v=x

X

1

ﬁ:(x+c)x
1

3 _

= (x+0)x

flxyy)
—_—~

y' = (y’)_z +1

Therefore, f (x, Y, y’) =1+ (y’)2 So we see that f is missing both x and y. i.e. y”" = f (y’). So
we will try both cases covered in class that handle missing x and missing y and see which

produces a solution.

21381 casel (missing x)

Let u (x) =y’ (x), hence ' = y’” and the ODE becomes

wu’ =1+ u?
du 1

E:;-i—].
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This is now separable

du
1

=dx
+1

2
uZ
d :fd
f1+u2u X
1

fl—u2+1du:x+c
u—arctan (u) =x+c

Since u (x) = ¥’ (x), the above becomes

Yy’ —arctan (y’) =x+c
This is an implicit solution for y (x).
2.13.8.2 case 2 (missing y)

Let v (y) = ' (x), but we notice now that v (y) is function of y. Hence y” = vZ—; and the
ODE becomes

This is now separable

——dv=dy
+1

3

)
v
f1+vzdv—fdy
0
f1+vzdv—fdy
v

fv vz+1dv:y+c

Z];—%111(1+vz):y+c

Since v = ¥’ (x), the above becomes
2 2
(y’) -In (1 + (y’) ) =2y +¢

This is an implicit solution for y (x).

2.13.9 Problem 8

Obtain the solutions of the simultaneous equations
X +y +x=—et
X +2y +2x+2y =0
with initial conditions x (0) = -1,y (0) =1
Solution:

Taking the Laplace transform of the above system of equations, and using X = Z(x(t))
and Y = ,S”(y (t)) gives

1
sX—x(O)+sY—y(0)+X——m

X =x(0)+2(sY -y (0)) + 2X +2Y =0

Substituting initial conditions gives

1
sX+1+sY-1+X=-———
s+1

sX+1+2(Y-1)+2X+2Y =0
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Simplifying

X1 +5s)+sY L
§)+sY =—-—
s+1

X(s+2)+Y(2s+2)=1
1+s S X B —ﬁ
s+2 26+DJ{Y) | 1

-1
1+s S L
s+1
s+2 2(s+1) 1
B 1 2s+2 -s —ﬁ
242542 =s-2 s+1]| 1
1
1 (2s+2) (_E) -3
P2 +25+2 | a_m(_L
(-s 2)( s+1)+s+1

1 g 22 J

Hence

Therefore

4

= — s+1
S2+25+2 s+ —(s+2)+1
s+1

2542
_ s+1
— 2+25+2
S+ S+_1 (S+2)+1

S24+25+2

Hence

25+2
3 ol s+2

T T2 42542 242542
1 2
st G+l (s +3s+3)

C 242542 _(s+1)(52+2s+2)

Now the inverse Laplace transform of each is found. Looking at X
s 2

T 242542 242542
B S 1

__(s—a)(s—b)_z(s—a)(s—b)

Where a4 = -1 -i,b = -1 +i. Now from tables, 3‘1( ’ ) = ;Tb(ae”t—bebt), and

(s—a)(s-b)
-1 1 _ 1 t_ bt
< ((S_a)(s_b)) =— (e“ —e ), hence

x(t) = _le (aeat _ bebt) _ 25 (eat _ ebt)
_ 1
T (C1=i) = (-1 +1)
) 1
A1+

((~1-d)e = (-1 +i)e?)

(eat _ ebt)

1 1
:__at_'at+ht_'bt -2
¥ ( e ie e ie ) Y
1 1 1 1 1
= ——e — —ie" + —e! — =it + <" - e
2i 21 2i 2i i i
— leut _ l'ebt _ lieat _ l,ie
2i 21 2i 2i

(eat _ ebt)
bt

bt
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Now substitute the values for 4 and b in the exponents

1 . 1 . 1 . 1 .
H=— (=1-0)t _ = (140t _ — ;,(-1-i)t _ — :,(-1+i)t
x(B)= 50 2i° 2i'° 2i"
1 1 . 1
_ —t it —t it _ 2 (o=t it —t it
—Z(e e’) Z(e e’) 2(6 el) (e el)

L it _ it L et 4 pit
=e - —e
2i 2

e + et
=e _—
2

= —¢7f(sint) — e cost

) —etcost

= —e 7! (sint + cost)
Now to find the inverse Laplace of Y
(52 +3s+ 3)
B (s+1)(sz+25+2)
B 1 1

= +
24+25+2 s+1
1 1

(s—a)(s—b)+s+1

Where a = -1-i,b=-1+i. But #! ( L ) o (e‘” - ebt) == (e(‘l‘i)t - e(‘l‘i)t), Hence

ﬁ -2

(s—a)(s—b)
1 1 ) )
.,C/_l — = (ptpmit _ t it
((s—u)(s—b)) i (e mee)
(et e
=t
2

y ie—it _ ie—it
=e _—
2

And Z! (L) = ¢!, hence

s+1

y(t)=etsint+e!
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2.13.10 key solution

Extra credit NEEP 547
October 18, 2013 DLH
Turn in the day of the exam

I am counting on everyone treating this as an individual effort not a group effort. Not all differential
equation methods we examined are included below.

1. (3pts) Find the solution to the differential equation that satisfies the initial condition
(2zy + e¥) dz + (2% + ze¥) dy = 0; where y(1) = 1In(2).

2. (3pts) Solve the following differential equation
2zyi(yde +xdy) = (ydoe — 2 dy) sin(z/y)

3. (3pts) Find the solution which satisfies the given condition
(z* + y1) dz = 223 y dy; where y(1)=0
4. (3pts) Find the general solution for the equation, using the indicated solution to the homo-

geneous equation to reduce the order of the equation
Qe+ 1)y — 4z + 1)y +4y = 25+ 1)*/(z + 1); 31 = €22

5. (3pts) Find the complete solution for the follow equation:
(D*+D?+3D —5)y = ¢~

e o
6. (3pts) Find a solution faf the following equation:
3zy' +y+ayt =0

7. (3pts) Solve the following equation: (3/)2y" = 1+ )2
8. (4pts) Obtain the solution of the simultaneous equations

2ty +zr = —et
2 +2 +22+2 = 0

which satisfies the initial conditions: 2(0) = —1, and y(0) =1.
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2.14 problem 6 from HW 10 and second extra credit
HW

2.14.1 Problems to solve

Extra credit NEEP 547
November 27, 2013 DLH
Turn in the day of the exam.

(T am counting on everyone treating this as an individual effort not a group effort.)

1. (3pts) Find the Fourier expansions of the periodic function whose definition on one period

0 for —m<t<0
f(t)_{ sin(t) for 0<t¢<m.

1S

2. (3pts) Find the solution of the following differential equation which satisfies the given initial
conditions and where f(¢) is a periodic function:

y'+9y=f(t) ;y(0)=y'(0)=0 and f(t)=[t] for —m <t <.

0 for —co<t<0
3. (3pts) Find the Fourier transform of the function f(t) =< sin(¢t) for0<t <
0 forr <t< oo

using the basic definition of Fourier transform.
4. (3pts) Find the inverse transform of

flw) = sin(w — 2).

w—=2

(Use theorems discussed in class such as the shifting theorem to solve for the inverse. Do
not just copy the inverse from a table of Fourier Transforms).

5. (3pts) Solve the integral equation:
b(x) =1+ A?/ (t — ) (L) dt.
0

6. (3pts) Solve the integral equation:

d!ZTf) =1-sin(t) - /Ot y(7)dr, with 1.C.: y(0) = 0.

7. (2pts) Given the matrix equation x’ = Ax + f, show that the particular solution integral is
given by v(t) = X(t) [ X~1(t)f(t) dt where X(t) is the fundamental matrix of the homoge-
neous equation.

8. (3pts) Obtain the solution of the simultaneous equations
¥4y +r = —e
2 +2y +22+2y = 0
which satisfies the initial conditions: z(0) = —1, and y(0) = 1.

9. (4pts) Solve the following differential equation using Fourier Transforms:
3y" 4+ 10y’ + 3y = 64e(H(t) — H(t —5)) for t > 0 with conditions y(0) = —1 and y'(0) = 0.
Invert the resulting transform expression in the complex plane to obtain the final result
for y(t). (Recall that one can use Fourier Transforms on the half-space (0 < ¢t < o).
The definition of the transforms for y'(¢) and y”(t) are modified and incorporate the initial
conditions similar to Laplace transforms).

2.14.2 problem 6, Laurent series, left from HW 10

. - . 3z+1
Obtain two distinct Laurent expansions for f(z) = % around z =1 and tell where each
converges.

Solution

f (z) has singularities at z = +1 and the expansion is around one of these singularities.
Looking at the diagram Region A is annulus between z = 1 and z = -1 but does not include
z =1 where the small circle is shown since that is a singularity. Region B is all the region
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outside the large circle shown.

f2)=

3z+1 2 1

= +
z-1(=z+1) z-1 z+1
Region A
For Z%l, since its pole is at z = 1 and so we expand outwards, and hence it is already in

. 1 .. .
form of Laurent series around z =1, and for —7 since its pole is at z = -1, hence we expand
inwards, and so it is expanded in Taylor series

Laurent Taylor
—_— —_—

2 1
= — 4+ —
f@ z-1 z+1
Looking at the second term above, expand in Taylor series
1 1 1 1 1

241 z-D+1+1 @E-D+2 2141-1)
2

1 L1 ,
zig(—n (E) (z-1) lz-1 <2

Therefore, for region A

2 1y (1Y ;
f(z):;-i_ig(_l) (5) (z-1)
NG ¥ PR TN DAt S SO B
_z—1+2(1 2(2 1)+4(z 1) 16(2 1) +
2 1 1 1 , 1 3
_ZTl+§_Z(Z_1)+§(Z_1) —E(Z—l) + .-

Thisisvalid for 0 < |z-1| <2,z #1
Region B

This is the region outside the large circle to infinity. Since expanding outwards, both terms

will use Laurent series now.
Laurent  Laurent
—_—— —_—

e 2, L

z-1 z+1
% is already in Laurent series, for the second term
1 1 I T B |
z+1 @E-D+1+1 (z-1)+2 (z-1)714 2
z-1
1 2"
= 1) ——; -1/>2
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Hence
2 1 & .,
f(z):.zj+(z—1)7§)(_l) z-1)

_2+1(1_2+4_8+m
z-1 -\ -1 -1 (z-1°
J— 2 + 1 —_ 2 + 4 — 8 + ...
Cz-1 o z-1 -1 21 -1

3 2 4 8

— + — +...
z-1 z-1° (-1° (-1
This is valid for [z -1| > 2

2.14.3 problem 1

Find the Fourier expansion of the periodic function whose definition on one period is

0 -n<t<0
) =
f® {sint 0<t<m

Solution

The function is The period T = 2n. This function is neither even nor odd. Using the

it) pariodic fmnction peried 2 Pi

fit)

Figure 2.27: The periodic function f (t)

complex expansion form

. ® oo ©
fy= > 0, T" = D e

n=—oo n=—o00
T
1 ) .27 1 i .
¢, = ’1_—‘ ff(t) e—zTnt — g ff(t) e—lnt
T -7

2

0 b4
¢, = 21_71[ f F(Hentdt + Of f(t)e-infdt]

s
1 |
. f sin (£) e~ dt
271 J

Hence

e—mt

Integration by parts, fudv = uv—f vdu, let u = sin(f) = du = cos(t) and dv = ¢ — v =

—in’
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therefore
T
I=[uv]; - f vdu
0
e—int n A —int
[sm () ] - f cos (t)
0 0
0
—inm O L T ,
= [sin () —sin (0) ] + — f cos (t) e " dt
- —in | in

s
1 .
= — f cos (t) e " dt
in J

Integration by parts again, f udv = uv — f vdu, let u = cos(t) — du = —sin (f) and dv =
e—int

et — v = — therefore

1 [ e—int 7-( n e—int
I=—||cos(t) — ] —f—sin(t) —dt
in (| —in g —in

1 (T —inm —in0 1 n ‘
= — | cos () — - cos (0) = ]_ o fSin () e‘mtdt]
| —in —in m d

1 T
- f sin () e mfdt]
lTl

0

1 'e—inn 1
= — — + —
in{| in in

But ¢ = cosnm —isinnn = (-1)" for integer 1, hence

1{C)"+1 1 [ .
I=— [L -— fsin (t) e‘”’tdtJ
m m m

(1) +1

- f sin (£) et

But f sin (t) e dt in the RHS above is I itself. Hence solving for I gives
0

(1)+1 1

I
( 1) (1) +1
T2

( -1 (1) +1

(1) +1 n?
_n2 n2_1

_(—1)”+1

T o1-n2

Therefore

And hence

For ¢,
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Looking at some terms, for n =1 and n = -1, there can not be substituted in the denomina-
tor since that will produce a division by 0, hence L’hospital rule is used. Since -1 = ¢'" then
write —1" = ¢™ to simplify taking derivatives.

im f@) o £ (n) _ % ((—1)11 +1) - im iTe’™ _ ine'™ _ —int _ i
n—>1 g(n) n—>1 ¢’ (n) n—>1 di (27.( (1 _ nz)) n->1 —4mn -4 -4 4
n
and
- & . £ (n) . % ((—1)” +1)  lim iTtei™ _ iTein _ _1_7.( _ —_Z
n—>-1 g(n) n—>-1¢’ (n) n—>-1 % (27’( (1 _ nz)) n->-1 —4mn 47 47t 4

For all other odd #, all terms cancel. This means that for n = +3,+5,--- all ¢,, terms are

3
. -1)7+1 .
zero. For example, for n = 3 the term is ¢; = EU*L _ 0 since all the numerators are zero

(1-9)
for odd n.

For all even n, terms with n = +2,+4, --- are combined into one term as follows
n 2
D +1 G (D71 pi2t — 1 pi2t
27 (1 - nz) 2 (1-4) -3n

2
-1)"+1 pint — - "+ 1e—i2t _ Le—izt

2n (1 - nz) - 2n(1-4) -3n

n=2-— ce =

n=-2—c_e=

Hence

2it _

The same for all other even n. Therefore, all the odd n terms vanish other than for n = +1
and all the even values produce a cosine terms. Hence

. , . 2
cpe?t + c_pe” et 4 e‘z”) = - cos (2t)
-3n

it

- Cleit+C_167
S D S A & 2 : .
(H)=—+ (—elf + —e‘”) + —— (e e
/ o \4 4 ,122;,6,... 21 (1 - nz) ( )
_ 1 1(-1 , 1, N 2 i cosnt
o 2\2i 2i T, ST (1—112)
1 1(et-et\ 2 cos nt
) g
T 1 T =346, (1 n )

oit _pmit )
But | = sin t hence

Therefore

~ _1 . 1 2cos2t 2cos4t 2 cos6t

f(t)— ESID(t)-I—;-I—; 3 +; 15 +g 35 +
To verify this is correct, here is a plot of the Fourier series approximation of f(t) for
increasing number of terms.

flt , m_ ] := Sin[t]/2 + 1/Pi + 2/Pi Sum[ Cos[n t]/(1 - n~2), {n, 2, m, 2}]
pln_] := Plot[f[t, n], {t, -3 Pi, 3 Pi},
Ticks -> {{-6 Pi, -4 Pi, -3 Pi, -2 Pi, -Pi, 0, Pi, 2 Pi, 3 Pi,
4 Pi, 6 Pi}, Automatic}, AxesLabel -> Row[{"N=", n}],
ImageSize -> 300, ImagePadding -> 40];
Grid[Partition[Table([p[n], {n, 2, 8, 2}], 2], Frame -> All]

2.14.4 problem 2

Find the solution of ¥ +9y = f(t);y(0) =y’ (0) =0and f(t) =|t{for -t <t< T
solution

The function f () is

flt_] := Abs[t];
307



2.14. problem 6 from HW 10 and second... CHAPTER 2. HW

N=2 N=4
A ~ 10
A Ly N N A !
/ (\ / 1A / |
[ espf | I\ [T I\
[ || b osf | |1
[ ] | | ° |
[ [ | || | ||
I [ | | oaf [
| o4 1
[ [ [ | | !
{ 1 2 \ 1 | 2 | | |
| e f [} e |
\ | [ |
e En
N=f Ng
n T n n Lop /
\ [ { [\ f
\ 08 [ | f \ 08 | 1 i\
[ [ [ [ | [
| I‘ 0.6 ‘l \ [ [ osff | [
[ | | ‘I | [ [
[ esff | [ [ ] osf | |
| | I‘ | | \I ‘l |
[ e | [ || o2 \ |
\ [ \ | | | | |
- - J I

Figure 2.28: Fourier series approximation. N = 8 is needed to obtain good approximation.

Plot[f[t], {t, -Pi, Pi}, AxesLabel -> "problem 2 f(t)"]

problem 2 £it)

“\ F
R 30F y,

The problem did not say if this is one period of a periodic function of if the function is
zero beyond the given range. I assumed it is periodic and hence using Fourier series to

solve this.

it) periodic fonction pericd 2 BPi

it}

Figure 2.29: The input assumed to be periodic of period 27

The period is therefore T = 2 and using Fourier series gives

Fo= 3 e

n=—oo

1 Tl .
= — t)e~"dt
s an_nfoe

10 1
= — f —te"dt + — f te™"dt
2nJ_, 2nt Jy

B 1 0 1 n,, e 1 [2]° 21 1.9
Forn—O,co—Zf_n—tdt+££ tdt—g[g]_ +—[—] —E[O—(—n)]+a[n ],hence

- 2n | 2 0
1 1
co = — %+ —7?
4r 47t
e
2
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For other n values, Integrate by parts. For the first integral,

-1 0 )
L =— f te M dt
2 J_;

it becomes fte‘i”tdt = [uv]—fvdu, let u = t,dv =™ hencedu=1;v=

te—int 1 .
[ - ]+ - fe‘””clt
—n m

E—znt

c —int 4 _
— and fte dt =

Therefore
0
-1 ([te 1 0
L =— [ : +— f e‘””dt]
2t || —in - inJ_,
0
_1 1 ) 1 e—mt
= — | —— | — N7t 4+ —
2nt| in [0 ( e )] in| —in ]_J
-1 (- ‘ 1 .10
— | - inT _— | ,—int
o \m T [e ]—7'()
-1/-1 . 1 )
—_ | — INTT _ _ plnm
=5\ e + 2 [1 e ])
-1/(-1 . 1 .
= [ —qeinm 4 — _ einm
27t \in n2 n?
For the second integral,
1 .
I, = > f te "t dt
TJo
1 ([te™]" 1 p7
= — [ . ] + — e‘mtdt]
2t \| —in b inJg
1 -1 ) 1 e—int n
=— .—[ne‘1””—0]+,—[ . ] ]
2nt | in | —in |,
1 (-1 . 1 o
_ - —int
=\ e ]0)
1 (—me m .
(e L)
27 n n
1 (-me7m 1 1
- + _e—ll’lﬂ o
27 in n2 nz)
Hence
Cc, = 11 + 12
-1 (-memm 1 1 . 1 [(-me 1 . 1
= — — — — 4 — IR b | E—
2\ in 2 2t ) 27 ( in 2 nz)
1 (me™ 1 1 . -1 1
= _ 4 ,inm P 7
A A T nz)
1 (7 einn e—inrc 1 ' ] )
- |- — _ = | ,inm —inmt) _ =
 2n n(i i )+n2(e e ) n2)
0
1 |l m——— 1 2
=55 (2sinnm) + ) (2cosnm) - )
1 (1 2
=—|=2(-1D)"-=
27 (112 D) nz)
1
= — (")
n

The above is for all n other than n = 0 where ¢y = g The above shows that for ¢, = 0 for
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-2 . . o
even n and ¢, = —; for odd n. Hence, by combining negative and positive n

Fo= 3 e

Nn=—o00
o
LI =2 int
2 A mn?
odd n,n#0
(o]
T, D —2 int
2,
odd n,n#0

To verify, here is a plot showing the approximation

flt_, m_ ] := Pi/2 + Sum[If[n == 0, 0, -2/(Pi n~2) Exp[I n t]], {n, -m, m, 2}]
pln_1 := Plot[f[t, nl, {t, -3 Pi, 3 Pi},
Ticks -> {{-6 Pi, -4 Pi, -3 Pi, -2 Pi, -Pi, 0, Pi, 2 Pi, 3 Pi,
4 Pi, 6 Pi}, Automatic}, AxesLabel -> Row[{"N=", n}],
ImageSize -> 300, ImagePadding -> 40, PlotRange -> All];

Grid[Partition[Table[p[n], {n, 1, 7, 2}], 2], Frame -> All]

o3y

Figure 2.30: Approximation of the forcing function using Fourier series

Therefore, the differential equation is
s - 2 .
" 49y =_ 4 int
YAy =S+ X e

noho TN
odd nn#0

The homogeneous solution is now found
Yy + 9 =0
The characteristic polynomial is A2 + 9 = 0, hence A = +i3 and the solution is
yp = Acos3t + Bsin 3t

For y,, assume it has a Fourier series (using same frequency as forcing function, since
linear system)

y, = Co + Z C,em

n=—0oo
n#0
(0]
Yy = Y, inC, e
n=-—0o
n#0
(o]
y;; — Z —n2C. eint
n=-o0
n#0

Hence the DE becomes

[o¢]

. ha i T 0 _2 )
Z —nZCne”” +9C, + 2 9Cnemt = 5 + E _“ Lint

n=—00 n=—00 n=—00 T(nz
n#0 n#0 odd nn#0
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Forn =0,
9C, = =
072
T
Cyp=—
0718
For all other # the terms can be combined as
-2
2 _
(—7’1 C,+ 9Cn) = %
-2
C,=+——7F— n+0,n+ £3,nodd
(9 - nz) Ttn?

Notice that for n = +3 the above is not defined since the denominator becomes zero. So
this term is not used (what else to do?)

Hence,

The final solution is

Y=YntYp
1 4 & t
=ACOS3t+BSin3t+£——cost—— Z _cosnt
18 2m T, 475, .. (9 - nz) n2
Constants from initial conditions are now found
i 1 4 & 1
0)=0=A+—-——— s
Y 18 2n = n:_;;%” (9 _ nz) n2

Hence
T 2 11
A=-—+— - ——(91-97?
5 mig L)
5
~ 8ln
Taking derivative of the general solution
2 1 & 4nsin(nt
Yy (t) = -3Asin3t + 3B cos 3t + L —sint + — E M
18  4n Tt n=579,- (9 - 1’12) n2
Using initial conditions y’ (0) =0
0=23B
Hence B = 0, and solution is
5 w2 1 & —4cos(nt)
£) = ——— 083t + — — — cost + —
YO = —grocosBt+ g - eost o )

n=>5,7,9,-- (9 - le) 7’[2
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2.14.5 problem 3

0 —00<t<0
Find the Fourier transform of f (t) = { sin(¢) 0<t<m
0 n<t<oo

Solution

By definition

Let

Integration by part fudv = [uv] - fvdu, let u = sint,dv = et hence du = cost;v = —

hence

Integration by part fudv = [uv] - fvdu, let u = cost,dv = ¢! hence du = —sint;v =

F(f ) = f_ " F et
= fn sin (t) e"™@tdt
0

T
I= f sin (f) e~ @tdt
0

— .
e—la}t e—za)t
Iz[sintf] —fcost —dt
—iw —iw
0
1 it
=0+ — | coste@idt
iw

1 )
= — | coste™™@tdt
iw

hence
I
1 e—ia)t i 1 /—’%
I= —|cost——| — — fSIH te—iwt gt

1 (-1 . 1

= — (— [cos te‘“‘”]7T ,—I)
1w \ 1w 0 10
1 (-1 . 1

=—|— [Cosne lwm —1]_ —1I
1 . 1

= ) [cosne Tt —1] + E1

1 1 ‘
1(1 - —2) =— [cos e On —1]
() @
w?-1 _ cos e iwn —
I — = —
[ Cos ne-ion _q _ _eriwm _q B piom 41
T w?2-1 w?-1  1-w?
Hence
1+ e—iam

U0 =507

2.14.6 problem 4

Find the inverse transform of F (w) =

Solution

sin(w-2)

w-2

The inverse Fourier transform of F (w) is

F) = F 1 (F () = i f " F(w) e dew

:if‘” sin(a)—Z)eide
2nd_o w -2
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The first step is to use the frequency shift property
F(w - wy) & e @otf () (1)

sin(w-2)

In this case, F (v — wy) = where wy = 2, hence

sin (w — 2)

(2)

— ei2x97—1 (Slnw)

w -2 w

Now to find .7 1 s . If we take the Fourier transform of a rectangular pulse centered
” g P

sin w

at 0 with height 2 we see it will give =
2 )

0.5

-1 +1

This can be done as follows

. 1 . . . .
1 11 1 —lwx 1 —lw 1w 1-1 —iw _ yiw
F | =rect (x) :f —eTWxdx = — ¢ _ =_ L_L =___ ;
2 12 2\ —iw 9 2\-lw  —lw 2w 1

11 eiw _ e—iw
1)

= - (2si
2@( sin w)

sin w
w

Therefore
sin w

1
< —rect (x)
@ 2

But rect (x) with height of %can be constructed from the difference of two unit step functions

each of height %as shown below. Hence

%rect (x) = %H 1-x) - %H(—x -1)

H(1-x) H(—x—-1)
1/2 7/ 1/2
+1 -1
1/2
1 +1
Therefore

sinw 1

< =rect (x)
w 2

= %(H(l —x)— H(-x-1))
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Adding the frequency shifting from Eq. (2) gives the final result

sin (w - 2) s g (sina))
w -2 W
ein
= T(E(H(l —X)—H(—x—l)))
ein
= T(H(l—x)—H(—x—l))
Or
sin (w —2)

= 1(cos 2x +isin(2x)) (H(1 —x) - H(-x —-1))
-2 4

Here is a plot of the real part

f = 1/4 (Cos[2 x] + I Sin[2 x]) (UnitStep[l - x] - UnitStep[-x - 1])
Plot[Re[f], {x, -3, 3}, Exclusions -> None]

0254,
danf \

01sf
010 f

| oasf

~005 |

-010f \

Figure 2.31: Real part of the inverse Fourier transform

Here is a plot of the imaginary part sin (2x) g (sign (1 — 27tx) + sign (1 — 27x))
Plot[Im[f], {x, -3, 3}, Exclusions -> None]

02l /
[

o1k

Figure 2.32: Complex part of solution

2.14.7 problem 5
Solve the integral equation ¥ (x) =1 + A2 KC (t=x) ¢ (t)dt
solution

Taking derivative w.r.t. x

[ d d
vw=2| [ Se-0ypods T (¢-090)_ -0

t=x

0
—_—

“ g
- fo (O -xp®)dt+ (x- 0 )

:—Azfx¢(t)dt
0
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Taking another derivative

P ) = -2 [ [ oo Z(vo)_ -0
= A% (x)
Hence
P’ (x)+ A% (x) =0
The solution is
Y (x) = Acos Ax + Bsin Ax
When x = 0 then

0
¥ (0) :1+/\2f (t—x) 0 () dt
0
=1
Hence
A cos (A0) + Bsin (A0) =1
A=1
When x = 0 we also have
0
Y0 =22 [ g
0
=0
Hence
0=-AAsin Ax + BA cos Ax
= BA
Hence B = 0 and therefore the final solution is

Y (x) = cos (Ax)

2.14.8 problem 6

dy(t)

Solve the integral equation —— =1 —sin (t) - Ky(f) dt with IC y (0) =

a
Solution:

Taking derivative w.r.t. t gives
"o ‘ td dt
y” () = —cos(f) - [fo Sy (dr+ 2y (t) -0

=—cos(t) —y(t)

Hence

y' ) +y () =—cos(t)

0

Hence y;, (t) = Acost + Bsint and for particular solution, since the homogeneous solution

contains cos then add ¢ to each trial solution, hence let
Yp = c1fcost + oot sint
Therefore
Yp =cq(cost —tsint) + ¢ (sint +tcost)

=cpcost—citsint + cysint + cpt cost

Yy =cy(=sint —(sint + tcost)) + ¢ (cost + (cost — tsint))

= —cysint—cysint —cyjtcost + ¢y cost + ¢y cost — et sint

DE becomes

—cy8int — ¢y sint — cqtcost + ¢y cost + ¢y cost — ¢yt sint + (cqf cost + cpt sint) = —cos (t)

cost (—cyt + 2cy + c1t) + sint (—2¢; — cot + cpt) = —cos (t)

cost(2¢y) + sint (—2cy) = —cos (f)
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Hence
2c, = -1
-1
=7

And

-2c1 =0
c1=0

Hence

Yp = %tsint

Hence the general solution is

y(t) = Acost + Bsint - %tsint
Since y (0) = 0 then
0=A
And the solution becomes

. 1 .
y(t) :B51nt—§tsmt

But
y' (t) = Bcost — % (sint + tcost)
y'(0)=B
But from the integral equation i’ (0) =1 - sin (0) - £O y(7)dt =1Hence

B=1
And the solution is

1
y(t) =sint - Etsint

2.14.9 problem 7

Given the matrix equation x" = Ax + f show that the particular solution integral is given
by v (t) = X(t) fX‘l (t) f(t)dt where X (t) is the fundamental matrix for the homogeneous

equation

Solution

Will use Q (¢) for the fundamental matrix and not X (f) since that is what we used before and
in the text book, to make it less confusing. Hence the problem is to show that particular

solution integral is given by v (t) = Q(t)fQ‘1 (t) f(t)dt where Q(t)
matrix for the homogeneous equation

X =Ax+f
X -Ax=f
The homogeneous solution is the solution to
x, —Axp, =0
The homogeneous solution is given by

x,=Q()c

is the fundamental

Where Q (t) is the fundamental matrix and c is vector of the constants of integration. The

Now the particular solution v, is found using the variation of parameters method for

systems of equations.
x=x,+0,
To find the particular solution, assume

vp:Qu
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And u is now found.
v, = Q'u+ Qv
Substituting the above in the original system ode x” = Ax + f gives
v, =Av, + f
Qu+Qu =(AQu+f

But Q" = AQ (since Q is a fundamental solution, hence it satisfies the homogeneous DE)
then the above simplifies to

Qu+Qu =Q'u+f

Qu' =f
uw=Q7f
u:fQ4ﬁh

Hence, Eq (1) becomes
un:gmfg4mﬂnm

Which is what we are asked to show.

2.14.10 problem 8

Obtain solution to

X +y +x=—et
X +2y +2x+2y=0
With IC x(0) =-1,y(0) =1

Solution:

The first step is to convert the system to x’ = Ax+f form. From first equation x’ = =/ —x—¢™,
substituting this in the second equation gives

-y —x—et+2y +2x+2y =0
Solving for y’ gives
y=-x-2y+e’!
Substituting this in the first equation gives
X tet-x-2y+x=—et

X =—et-et+x+2y—x

=2y —2¢"!
Therefore the system becomes
x' =2y —2e!
Y =-x-2y+e’!
Or
o A . f
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To find the eigenvalues of A, the roots of the characteristic polynomial are found.
[A-All=0

S B
o)

(-A)(2-A)+2=0

A2 420 +2=0
—bxVb2-dac _ -2+VA-§ _ —2+V-4 _ -22i , .
The roots are ” = —,— = —,— = —— = -1+, hence eigenvalues are
{-1-i,-1+1)

To find the eigenvectors
(A-=IN)v; =0

S M

For A; = -1 -1, hence

(— (-1 - i) 2 )[vn (0
-1 -2—-(-1-1)J\vy 0
(1+i 2 )[vn (o
-1 -1+i)loy 0
((1+i)011+2021 (0
—v11 + (-1 + 1) vy 0

Let v;; = 1, and find vy, hence from first equation (1 +1i)v;; +2 = 0 then v;; = ;—i =

2(1-i) 242

A+)(—) _ 141 —1+1

Hence the first eigenvector is

-1+
V1=
! 1

- (—1 + l) 2 U12 _
-1 2—(-1+0))\op)
1-i 2 U12 _

-1 -1-1 U B

(1 - l) U1p + 27)22

—v12 + (-1 =) vy

For Ay = -1+,

o O O o O O

Let v;; = 1, and find vy, hence from first equation (1 -i)v;, +2 = 0 then vy, = =
2014) 22 g
(1-)(1+) ~ 141 !

Hence the second eigenvector is

Therefore, the matrix of eigenvectors is

P = (vl 712)

(14 -1
1 1
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And the matrix of eigenvalues is

-1-1i 0
D = )
0 -1+
Hence the fundamental matrix is
G e L i G e Yl
Q= o1t o1+t

Now the system is decoupled in order to solve it. Let x = Pz hence x’ = Ax + f becomes
Pz’ = APz + f
Premultiply by P! simplifies to (since P7'P =1)
z = P1APz + P7If
=Dz+G

-1
o= ) ()

Where

The above system is decoupled since D is diagonal

4 -1-i 0 |[=z
= , +G
z5 0 -1+i)\z,

“1-i 0 \(z1) 1(1+i)
= , + = e
0 —1+i)Jlz) 2(1-i
(1-dz A +iet
A+ A-iet

Hence

z1(t)=(-1-1)z () + % (1+i)et

1
zo () =(-1+1i)z (1) + 5 1-i)et
The first equation gives

)+ A +i)zy () = %(1 +i)et
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The integrating factor is e/ 1+)% = ¢(1+) hence the solution is
d(e(l+i)tz1 (t)) — e(1+i)t% 1 +i)et
9z ) = [ e(l”)t%(l +i)etdt + Cy
zy (f) = e+t fe(l”)t% (1 +i)etdt + e 1+DIC,

= %e‘(l”)t fe” (1 + i) dt + e+t Cy
_ 16—(1+i)t f (eit + ieit) dt + -1+t C,
1 eit it

2
= Zeteit (S 4 iS4 eOriie,
2 i

1 . . . .
_ ottt (it it —(1+i)t
—zee (ze +e)+e Cq

1 .
= Ee‘t (=i +1) + e~ MHDICy
1

1 .
= ——ie7t + et + e IC
2 2 !

And
()= (-1+1)z )+ % (1-i)et

() + (1 —i)zy(t) = %(1—i)e‘t

Dt _ p(1-i)t

The integrating factor is e/ 0 , hence the solution is

. 1
d (e Dtz (£)) = D= (1 = ) et
(12, () =€ 5 (-i)e
; 1
eIz, () = fe(l‘l)ti (1-i)etdt+C,
. N1 .
5 (t) — e—(l—z)t fe(l_l)ti (1 _ i) e tdt + e—(l—z)tc2

1 . ) .
= Ee‘(l‘l)t fe‘” (1 —i)dt + e 1-DtC,
1 . . . .
— Ee_(l_l)t f (e—zt _ ie—lt) dr + e—(l—z)ifc2
et it ‘
= —e¢fet (— - i—,) +e (170,
2 -1 -1

1 . . . .
— Ee—tezt (l'e—zt + e—lt) + e—(l—l)t‘c2

1 .
= Ee-t (i+1) + e I7DtC,

1 1 .
= —ie7t+ —et 4+~ (17DIC
2 2 2

Hence

z ()] —%ie‘t + %e‘t + e (HIC,
z; (1) %ie‘t + %e‘t +e (170,
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And since x = Pz then

[x (t)] (i —1—1'] [—%ie‘t+ %e_t+e‘(l+i)tcl)

y(®) 1 1 %ie‘t + %e‘t + e 1-iC,

(<1 +1) (—%ie‘t Flete e-<1+i)fc1) F (L) it 4 Lot 4 o Uo0C,
- (—%ie‘t + %e‘t + e‘(l”)tCl) + %ie‘t + %e‘t + e~ (170t C,
(1 ; %z) et — (1= 1) Cye- 1+t 4 cze—ﬂ—i)fJ

et + Cpe~ 1+t 4 C (1t

1. N iy
et + Sie F—(1-1)Ciete™™ + Chete't
et 4+ Crete™ + Cyetelt

e+ %ie‘t — Cyete +iCqete + Cretelt

- et + Crete + Chetelt

The above can be simplified more if needed using Euler relation.
x(t)=et+ %ie‘t — Crete +iCqete™ + Cyete'
y(t) = et + Cete + Chetet

Cy,C, can be found from I.C.

2.14.11 problem 9

(4pts) Solve the following differential equation using Fourier Transforms:

3y + 10y + 3y = 64> (H(t) — H for t > 0 with conditions y(0) = —1 and y'(0) = 0.
Invert the resulti n the complex plane to obtain the final result
for y(t). (Recall that one e Transforms on the half-space (0 < t < o).
The definition of the transfor 1 4"(t) are modified and incorporate the initial

conditions similar to Laplace transforms).

Solution

Using the following relations for 0 < t < co, where .7 ( f (t)) = F(w)
F(f' ) = iwF @) - £ (©0)
F(f” (1) = (i)’ F (@) - iwf (0) - f (0)

Now we need to take the Fourier transform of 3y” (t)+10y’ (t)+3y (t) = 64¢> (H (t) — H (t - 5)).
The first step is to normalize the leading term, this will make it easier later. Hence the
ODE becomes

10 64
y' O+ 3y O +y )= e HE)-H(E-5)
But
4 4 .
9‘(6_6315 (H (t) — H(t — 5))) = 6_ f e3tpmiwt gy
3 3 J,
o
=5 ),
64 [ etiw-3) T g4 -50w-3) _1
- ?[—(ia} —3)]0 T3 —(iw-3)

Hence the Fourier transform of the ODE becomes

o~Hiw=3) g

1 4 —5(iw-3) 1
((@)* F (@) - iwf (0) - £ (0)) + 30 (iwF (@) - £(0)) + F () = %m - %(iw =
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Applying initial conditions
64 e~2(iw=3) 64 1
3 —(iw — 3) 3 (iw - 3)

(~?F (@) + iw) + 1— (iwF (@) +1) + F (o) =

10 10 64 e 5w=3) 64 1
~w?F (w) + iw + —iwF (w) + — + F
W (@) +iw + FiwF @)+ =+ Flo) = = =2+ T
10 64 203 64 1 10
F -w?+ —iw +1| = — +—= —iw — —
(“’)( wrT g ) 3 (w-3) " 3Gw-3 Y73
10 6472003 64 1 10
F(w)|w? - —iw -1 :—e, - —— +iw + —
3 3 (iw-3) 3 (iw-23) 3
Solving for F (w)
64 —5(ia)—3) 64 1
Flw)= 10, 3 10,
3 (iw - 3) (a)2 Siw - 1) 3 (iw - 3)( - Siw - 1)
iw 10
* 10 + 10
2 _10. 2 _ 10, _
(a) 3w 1) 3 (a) 5w 1)
But (a) - gzw 1) (a) - %1) (w — 3i) hence the above becomes
64e!® e~diw 64 1
F(w) = - - = -
3 (ia)—3)(a)—5i)(a)—3i) 3 (ia)—3)(a)—§i)(cu—3i)
iw 10 1
+

+ J—
(a) - %z) (w — 3i0) 3 (a) - %z) (w - 30)
We now start to do inverse Fourier transform. For the first integral, using the Fourier shift
in time property
e PYF(w) & f(t-5)

Hence we just need to find f (f) for the first term and then shift it in time. The first term

now becomes
1

(i - 3) (a) - %z) (@ — 3i)

le

Partial fractions give
1 i 1 i 9 i

Ty=——— o - ————
16w-3i 20w+3i 80, _1
3
: N P R—i 11 )\ _ _at
Using property .7 (ima) =e "H(t) and .F (iw a) = —e"H (-t)
i 1 -1 1
9‘—1 — _9‘—1 - __ —StH t
167 \w-3i)" 16 (a)i+3) 16¢ 110
1 i 1 -1 1
_9‘_1 :—97_1 = —— 3tH t
207 \w+3i) 20 (a)i—3) 20¢ HED
9 ] -1 9
| ! — =—-_—F1 — | = +5=e 3H(t)
80 w-1i] 80 wi+l) 80

Terms with H (-t) do not count, since these are only defined for negative time. The solution
is only valid for t > 0, therefore these terms are ignored in the final solution. Hence

64 15 —5iw 64 15 1 9
F-1 € € - = ¢ ( T e3tH ) + —e 3H(t))
3 (iw - 3) (a) - 51') (w - 30) 3 6 80 t=t-5
64e!® [ 1 9 _t5
= ——e3DH(t-5)+ —¢ 3 H(t-5
3 ( 16° (=5 +gge 2 HE=S
Ok, one term is done. Four more to go. Looking at T, = & L this is the same

3 (im—3)(a)— % i)((u—3i)
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as above, but with no time shift, hence

64 1 64 1 9 _t
71 ? 1 = ? (—Ee_f”H (t) + %6 3H(t))
(iw — 3) (a) - gi) (w — 3i)
Looking at T3 = (w_ 1 ;)(w_Si) partial fractions gives T, = Zﬁ - %ﬁ hence
3 3
9 i 1 i -9 1 ¢
F = - = = —e'H(t)+ - 3H(t
(Sw—Bi sw_lj g ¢ HO)+ge sHO
3
10 . . . 103 i 3 i
And finally, Ty = < (w_li)(w—ai) and partial fractions gives Ty = = (gw—lli - gﬁ), hence
3 3

0 i 10 i 10 _! 10
F = - = = —-e 3H(t)+ —eH(t
[sw_li 8w—3J g ¢ CHO+ g Hb

3

Collecting all terms, the final result is

64e'® (1 9 _t5
t) = ——e3DH (¢t -5)+—¢ 3 H(t-5
yt) =— ( 6¢ (t=5)+25e (t-5)

64 ( 1 9 _t
O (_ 1 -3t 23
+ 3 ( 163 H(t)+80e H(t))

_9 1 t
—eBtH(t) + e 3H (¢
CeTH(O) + 2o TH )
-10 _t 10

?e 3H(t> + ge_BtH(t)

Expanding and collecting

64e15 1 9 _t
= ——H(t-5)|-—e3D+ —¢3
y(t) = —5—H( 5)( 6 T&° )
1 9 .t 9 1.t 10t 10
+H({)|-—e ¥+ —e3——e3+-¢3——¢35+—¢%
()( 16° Ts0t T8° Tt TTRETTRE )
64e15 1 9 _ts
— H _ _ —3(t—5) __p 3
3 (t 5)( T +803 )
1 81 1,
FH(E) | —e ¥ - e
()(168 80° )

Therefore the solution is
645 (1 545 9 -2 1 3 81 -1t
22 |8t 2o 3 —e 3t _ 22,73 <
o = 3 ( ¢ +25¢ +{ e 50¢ 0<t<b
y\= 1 81 14
-3t _ 263

—_— (o]
6¢ %0 5«<t<
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2.14.12 Kkey solution

Extra credit NEEP 547
November 27, 2013 DLH
Turn in the day of the exam.

(T am counting on everyone treating this as an individual effort not a group effort.)

(3pts) Find the Fourier expansions of the periodic function whose definition on one period

is
0 for — 7 <t<0
it = { sin(¢) for 0<t< .

N

(3pts) Find the solution of the following differential equation which satisfies the given initial
conditions and where f(¢) is a periodic function:

' +9%=f(t) ;y(0)=%(0)=0 and f(t)=|t| for —m<t<m.

0 for —oco<t<0
3. (3pts) Find the Fourier transform of the function f(¢) = { sin(t) for0<t<m
0 form <t < oo

using the basic definition of Fourier transform.

'y

. (3pts) Find the inverse transform of

sin(w — 2)
w—2

flw) =

(Use theorems discussed in class such as the shifting theorem to solve for the inverse. Do
not just copy the inverse from a table of Fourier Transforms).

(@2

. (3pts) Solve the integral equation:

(@) =1+ A2 /0m (t — ) P(t) dt.

[=2)

. (3pts) Solve the integral equation:

d_ydi_t) —1—sin(t) - /O " y(r) dr, with 1LC.: (0) = 0.

~

(2pts) Given the matrix equation x’' = Ax + f, show that the particular solution integral is
given by v(t) = X(t) [ X1(t)f(t) dt where X(t) is the fundamental matrix of the homoge-
neous equation.

o

(3pts) Obtain the solution of the simultaneous equations

¥y +r = —e7t
o +2% +224+2% = 0

which satisfies the initial conditions: z(0) = —1, and y(0) = 1.

©

(4pts) Solve the following differential equation using Fourier Transforms:

3y + 10y +3y = 64&3‘(H( ) — H(t—5)) for t > 0 with conditions y(0) = —1 and %'(0) = 0.
“Invert-the-resulting asformexpression-in-the“complex-plane-te-ebtain-the-final-result
for-yft). (Recall that one can use Fourier Transforms on the half-space (0 < ¢ < o0).
The definition of the transforms for y/(¢) and y”(t) are modified and incorporate the initial

conditions similar to Laplace transforms).
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3.1. Integrating factors sheet and... CHAPTER 3. CHEAT SHEETS, STUDY ...

3.1 Integrating factors sheet and Transform tables

These are few reference sheets we used in course from difference references. (integrating
factors, and transform tables)

Fourier Transform Pairs:

8

Integral: F{f(z / f@e™®de , FHFw)}=f(z)= % _/_OC F(w) e dw
Cosine: Fo{f(z)} = Fe(w / f(z) cos(w ) . FYEW)} = f(z) :7_2r /0 F(w) cos(wz) dw
Sine: Fs{f(z / f(z) sin(wz) , FHE(W} = f(z) = ; /OOO Fy(w) sin(wz) dw

If f(z) is continuously differentiable and f(xz) — 0 as |z| — oo, then
F@) = [ f@etrdo=iwFw),
If f(z) is continuously 2-times differentiable and f”(z) — 0 as |z| — oo, then
F{f'@}= [ 1@)e e do = (i) F)
If f(z) is continuously n-times differentiable and f”( :) — 0 as |z| — oo, then
FO@) = [~ 0@ e do = (i) F).
Convolution: h

FU@ @) = [ ft-ngrar=(F+9) 0

Fourier Series Expansion:

=—= + E an, cos( )+ Z by, sin(— where p is half the period and

n=1

Wherea(]:l‘/p f(t)dt; anzl/p S (t) co ( » )dt and b, = — / f(t)sin( pt)dt

ft) = Z G emﬁ_m where ¢, / f t)e 53 dt  and where p is half the period.

Expansions and Identities

1/(1-2) = 1+z4+22+22+-. for |z| <1
s _ 14" z?2 2 ot
e = lEatytyta T
. - 1 22t 2% 8
. R
sin(z) = ﬁingaiﬁlﬁ_'”
2 4 6 8
z> oz x® @
cosh(z) = 1—|—§+Z+a+_g~!+...
3 5 7
. 8 BT
sinh(z) = ﬁ+§+5+ﬁ+“'
sin(z +y) = sin(z)cos(y) % sin(y) cos(z)
cos(z ty) = cos(z)cos(y) F sin(z)sin(y)
; btV 4
Quadratic Eq.: az® +bz+¢c=0 — Roots: 219 = Qb ge
a
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N S PR e DR et s e
O A A O TR NS e e e 563
TABLE 9.2
0 <0
i = Flw) =
B 7} {e"" 0<fa>0 o} a+iw
e t=<0 2a _ e B
. fl = > = ~ -
S P
-e¥ 1<0 —2iw - Ties
L - > o - O
e f) {e_m 0oy >0 Fl@) = ——— T
2
df=e* 0<t Fiw) = \/: =
T a + w
) a>0 5 ®
e f=e" 0<t F:(w)z\/: 3 3
, T a+ w
0 —o L 1< —fk
a —k<r<0 1 . )
. = - = + iwk __ —iwl
f. f(n) b st 2 1 F(w) o [(b—a)+ ae be™H
0 I<ir<o

Our first objective will be to show that the Fourier transformation distributes over sums of
functions and commutes with scalars. In particular, we have

— (Linearity) If the Fourier transforms of f and £, exist, then
Fah + arfs) = aF(fi)) + F(f)  a;, a; constants

€ PROOF From the definition of the Fourier transformation % and familiar properties of
integrals, we have

Fah+afo) = f [a, /(0 + azfr(D]e™™" dt

= alf fi®e ™ dr + azf fz(t)e_""".dt
=a,F(fi)) + F(f) »

The property ascribed to the Fourier transformation by Theorem 1 is also valid for the Fourier
cosine and sine transformations and, in each case, its extension to a linear combination of more than
two functions is immediate. In other words, all three Fourier transformations are linear operators,

as are their inverses.
IR (Symmetry) If F(w) is the Fourier transform of /(#), then 27rf(— ) is the trans-

"“ form of F(1).
VA

i € PROOF By hypothesis, = )
ke {]‘_,[n& e

Flw) = f f@®e ™' dr  and inversely f = 2—177_— f Fw)e™ dw

"SRR

If in the latter integral we replace ¢t by —r, it becomes .

29f(—1) =f F(w)e ™ dw

—oo
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10.

11.
2.
13.
14,

15

19.
20.
2L
27
23.

24.

25

o)

U1, 2,3, 000)

ffl E!U

o b(ear e ebr)

(ae® —be?)

a—b
{c—b)e” +{a—cje" +(b—a)e”

Tab[e of Laplace Transforms of Functions

F(s) = 2[f(D](s)
1
s

1
2

&

!
S"‘Ll

T owmdy

&=

ot

(s—a)
n!
(s— (l)"'H
1
(s—a)(s—b)
§
— (- b)
1

{a—b)(b—c)(c—a)

sin(ar)

cos{ar)

I - c{as(a: )

at —sin(at)

sin(ar) — arcos(at)
sin(at) + at cos(at)
tsin(ar)

tcos(at)

cos(ar) — cos(bt)
{b—a)(b+a)

¢ sin(br)
eV cos(br)
sinh(ar)
cosh(at)

sin{at)cosh{at) — cos( m)sinﬁ( at)

sin(at)sinh{ar)

(s—a)(s=b)(s—c)

2as*
2as
(" =a)
s
b
(—ap+¥
§—a
i
2
s
52 —a?
4a4®
st +4dat
2a%s

109
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118

26.

27

b

29

30.

3L

32,
33T
34
20

36.

37.

39.
40.
41,

42.

43.

45.
46.

47,

f(2)

sinh(at) — sin(ﬁr)

cosh(at} — cos{at)

1
s gt 14+2at
(14 2)

Jolat)

T (ar)

Jo(2+/ar)

ol
;. sin(at)

%[1 & cos(ar}]

%[i — cosh(at)]

e“z’erf(a-\/f_) :

| eTlerfe(av/?)

' a
erfc{ ——
C(zﬁ)
1. e__ 2.#“
“Lart
i

1./':77(f+ a)

. % sin(2a+/7)
2)

| ebf/a.f (é_)

8.(0)
8(t—a)

Ll.l ({)

(Léguene pogiléonnal)

F(s) = 2[f(H)](s)

o e“erfe(Vas)

“(3)

" aF(as)

aF(as—b)

6’7“"“(1.— efe.s‘)
Es

e“ﬂs

1(s~—1 5
- -

N

SR
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(Ebntfﬁuéd )

1)
n!
(2m)t/mt

(Hermite polynomial)

48.

HZN([)

—n!
ﬁ(zn + 1)[ HZn—H (t)
(Hermite polynomial)

49.

50.  triangular wave

‘F ()
1 N
L L@‘*Ml\*w ¢

I g 2a-.30 0 dg

51 square wave

i

| l | l

¢ 2a- 34 4y

—1 JEe— S

52 sawtooth wave
fl

1 : s S
a 2a

Operational Formulas

() |
af(t)+bg(r)
700

190)

[ rman

1f(1)
1" f(1)

B0}
a0
f(t—a)H(t—a)

fa+7) =71
(periodic)

23 E S e ssun ey Sderesee Flprves e te e :
ition and Basic Properfies 111

F(s) = L[f(D)](5)

(1 Daoe s)i!
snH1/2

(15"

S"+3/.2

étanh(%)

1 e
a?  s(l—e®)

F(s)

af{(s)+bG(s)

$F(s) — f(0+)

S"F(s) = 5L f(0) -+~ F01)(0)
: %F(s)
—F'(s)

(-1} P

f aids

Fs— a).
e~ F(s)

fOT e M f(t) dt

Jras e T
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yuls mﬂm\.u SO0 = +_NV_NMTV M\( (18aqur jJ0u 1) x uSs u_ »._ b
oyt i)
A0 e
da-x
[(e-1DrZ-1] M? Is%v w
[o-n)aT-1][(1-p)ar]dxo W? @,
i(1-u) [4 (v-
y u8s WEA»\SIV dxo M\/.T. A ﬁ R.v ob
7 uds (yo1-)dxo wm.\/.? - . i P
(v~x)g + ?...lu@mmo| A (q-x)g (xo1)d
[(»- ¥)qi—|dxa | 2 q-x)g (xvr)dxe | ge
(r-1)we =.~+ﬁ M\’ (*)g (xor)dxe x| L
T u8s Q+§vﬁﬂ§mlvlu_a5 x
::.T_i Illlﬁm\wh I3t uelousi 0 ‘(x)gy,x | 9€
(2=7)w9u! XTH (xor)dxa x| c¢
yuSs IIHAMMW m - l_m -
[4 x
¥ uss i = €€
uﬂ?v\?ﬁlvmxl. n»% =(¥)d (x)f

(12|81 z-v) AM:V % xuss x|z
ﬁw W xuds | 1¢
_HQtSWH_wou X
w1l @eo)s ZH - tomonn) -l o
Y 2
Tuiwv 7 A_»._luvm 6C
2] z
T (st | 52
wwersuoa e st y | ¥|801 z-v) alw\( MESH 7
(r-7) 9 ! TN (xo)dxe x | o
¥ %
T @ z (=)H-(MH | st
ye Tz
T&?!@l &L M\/ (v-0g | 1z
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3.2. command for using principal value... CHAPTER 3. CHEAT SHEETS, STUDY ...

3.2 command for using principal value integration in
Mathematica

Showing how to use Principal value integral

n@Ei= Integrate[l/ x, {X, -1, 1}]
1
Integrate::idiv : Integral of — does not converge on {-1, 1}. >

X
11
out[3]= J — dx
-1X

n4l= Integrate[l/ x, {X, -1, 1}, PrincipalValue - True]

outjal= 0

347



3.3. note on finding integrating factor CHAPTER 3. CHEAT SHEETS, STUDY ...

3.3 note on finding integrating factor

Given N(x,y) y' + M(x,y) = 0, then

IF -- can write it as N(y) y' + M(x) =0
-- where N is function of y only and M function of x only
THEN -- separable, i.e. ON/@x = @M/Qy = 0
-- example: y' +x =0 or y*y' + x+sin(x)=0 (linear)

-- example: (1/1n(y)) y' + x =0
ELSE
IF ON/@x = @M/@y THEN -- exact
-- example (2 xy +1) y' + (x +y"2) =0
-- solve using phi(x,y) potential function method
ELSE -- not exact

IF bernulli -- check for special case
ELSE -- use generalized integrating factor
END IF
END IF
END IF

-- solve as separable, but some non-linear separable have no solut]
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3.4. My write up of first exam CHAPTER 3. CHEAT SHEETS, STUDY ...

3.4 My write up of first exam

This is my post-mortem solution of the first exam, and after seeing the exam review given
in class on Oct. 25, 2013 by professor Henderson. Made an algebra error in problem 3 since
I did not simplify it before doing the derivation. Problem 5 needed the use of convolution

to finish.

3.4.1 problem1

(14pts) Indicate on the blank line next to each statment whether the statement is true (T)
or false (F). (Note that there are 4 other questions so watch you time with this one.)

a). The equation 2(zy + z%)% = y is separable. __[—

b). The equation (322 + y/z) = —(In(z) + 2 y)% is an exact first order equation. __|

c). The equation (zcosh®(y/z) — y®) dz + = dy = 0 is a homogeneous first order equation.

d). For the solutions to an n’th order differential equation. to be linearly independent, the
Wronskian must be equal to zero. _ {—

e). The integrating factor for the equation %}E tory4 1 =e"% i e,

—

(

f). Using operator notation where D = £ the factorization (D+ z)(D+In(z)) y = 0 leads
. 2
to the equation {x%z +z(z + In(z))% + (zln(z) + 1)y =0. _[=
g). If the function, f(¢) has a Laplace transform, the limit of f(¢) as ¢t — co can be found
by the following limit: lims_osf(s). _ T '

{a — false,b — true,c — false,d — false,e — true, f — false,g — true}

3.4.2 problem 2

Solve the initial value problem Z—Z +y=xy%y(0) =1

This is a Bernoulli differential equation. Dividing by 1>

1 dy N 1
—_— — =X
Pdx 2
_1 i _pldy by P du ifferenti -
Let u = 7 hence —- = 2y3 -, or — = —-—- then the differential equation becomes
1 (—y*du
|| +u=x
v ( 2 dx)
-1du N
——tu=x
2 dx
W = 2
— = 2U = -
dx
Integrating factor Iy = ¢, hence
d (e‘zxu) = —2e Xy
e Py =-2 f xe ¥ dx

Il

|

N
—_

<.‘3l

N

=

|
NI =

|
N
~———
~————

+

a

Hence
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1
u = —2¢% (e‘zx (—;—C - Z)) + ce®

1

=x+ = +ce¥
2
But u = ylz’ therefore
1
2 - =
T
3 1
X+l
2
or
1
v ——
X+ -+ ce?
2
Applying initial conditions give
1 2
1= I =
E +c 1+2c
14+2c=2
1
c=2
2
The final answer is
. 1
y==
1,1,
X+ 3 + Ee *

3.4.3 problem 3

Find the general solution to the homogenous differential equation using the reduction in
order method given that one of the solutions is y; = x

3y =3y + x (6 - xz) y - (6 - xz) y=0
Let y, = uy,; where u (x) is a function of x to be determined. Therefore

Yo = ux
Yo =u'x+u
7
Yo =u'x+u +u =u"x+2u

yél/ — ul/lx + ull + zull — u//lx + 31/[”

Hence the original ODE becomes

3w x +3u”) = 3x% (' x +2u') + x (6 - xz) (u'x +u)— (6 - x2) u
u'” (x4) +u” (3x3 - 3x2) +u’ (x2 (6 - x2) - 6x2) +u (x (6 - xz) - (6 - xz) x
w” (x4) —u (x4

u”’ —u

~ — =
1l I I

~

0
0
0
0

Letuw =v
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v -v=0
(D2-1)v=0

Hence the roots are A = +1 and the solution is v (x) = c;e* + c,e™, but since ©’ = v then

u =ce¥ +ce”

Integrating

u=ce*—ce " +c3

Therefore

Yo = ux

= cyxe* —coxe™ + c3x

And the final solution is

y=Ay1+ By,
= Ax + B(cyxe® — coxe™ + c3x)

= Ax + Bcyxe* — Bcyxe™ + Besx

Combining constants and renaming them gives

Y = c1x + cpxe* — czxe™

The three constants can be found from initial conditions.

3.4.4 problem 4

Find the general solution to the following

X2y + 2xy’ -2y = 6x

dz 1
Let x = ¢* or z = In (x), hence — =

dy _dydz _1dy
dx dzdx xdz
dy d (1dy)

a2~ dx\xdz

1dy 1d%ydz

1dy 1d%

= (_d_ d_d_) =i T

Substituting the above in the original ODE gives

2
x2 (_ld_y + ld_]/) +2x(j—cj—y) —Zy = 6¢*

x2dz  x? dz? z
dy dy  dy
—E+E+ZE—2:V—6€
dy dy
A A, WP 1
d22+dz y = oe (1)

Characteristic equation is (AZ +A- 2) = 0 hence (1 —1) (A + 2) = 0 hence the roots are {1, -2}
and the solution is
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Y = 16 + e

To find y, guessing y, = Ae* + Bze* then y, = Ae* + Be* + Bze* and y,) = Ae* + Be* + Be® + Bze*
and substituting this in the Eq. (1) and matching terms gives

Ae* + Be* + Be* + Bze* + Ae* + Be* + Bze* — 2 (Ae* + Bze*) = 6¢*
3B=6
B=2

Hence y, = 2z¢* and the solution is

Y (2) = c16% + cpe2% + 2267

But z = In (x) hence

Y (x) = c1e™* + cpe72I0% 4 2In [x] e *

c
=X+ —§+2xln|x|
X

3.4.5 problem 5

Solve for y (t) using the Laplace transform. Initial conditions are y (0) =1;y"(0) =0

t
Y’ :f(t)+1+j(; (t-1)y(r)dr

Taking Laplace transform, and using ¥ = ¥ (y (t)) and F = ¥ ( f (t)) gives

s?Y —sy(0) -y (0) = F + % +$(t)$(y)

, 11
sY—s:F+—+—2Y

s s

Y -2 - Y =5’F +5
Fs2+s+¢°
Y= ————

st—1
Fs? +s+s3
st-1 s4-1

_ Fs? LS (52 + 1)
(52 + 1) (252 - 1) (52 + 1) (52 - 1)
T (@) (@-1) (2-1)

now . 1—— = cosh (t) and

(+2-1)
Y R B A
< (2 (sz +1)F] 5 j; sin(t—17) f(r)dr

and
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1 1

_ 1t
7 l(imF)_Efosmh(t_T)f(T)dT

Hence the solution is

Y () :COSh(t)+%(fotsin(t—’[)f(’[)dT—kfotsinh(t—’[)f(’[)d’c)
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