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1 Problem 1 (9.5.11)

Figure 1: Problem statement

Solution

𝑆𝑥 =
1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0
1 0 1
0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑆𝑦 =
1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −𝑖 0
𝑖 0 −𝑖
0 𝑖 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑆𝑧 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

1.1 Part a
The first step is to find the eigenvalues of 𝑆𝑧. These are the possible values that can be
obtained when measuring the spin along the 𝑧 axis. Because 𝑆𝑧 is a diagonal matrix,
its eigenvalues are on the diagonal. Hence the eigenvalues are 𝜔1 = 0,𝜔2 = 1,𝜔3 = −1.
Because the eigenvalues are different, 𝑆𝑧 is not degenerate. The values are

𝜔1 = 0
𝜔2 = 1
𝜔3 = −1
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1.2 Part b

Now we need to find the eigenvalues for 𝑆𝑦 and 𝑆𝑥. The factor 1

√2
is not included in the

following calculation, but added again at the end. This is to simplify the algebra.

For 𝑆𝑦

�𝑆𝑦 − 𝜔𝐼� = 0

�
�
�

−𝜔 −𝑖 0
𝑖 −𝜔 −𝑖
0 𝑖 −𝜔

�
�
�
= 0

−𝜔�
−𝜔 −𝑖
𝑖 −𝜔

� + 𝑖�
𝑖 −𝑖
0 −𝜔

� = 0

(−𝜔)�𝜔2 + 𝑖2� + 𝑖(−𝜔𝑖) = 0

(−𝜔)�𝜔2 − 1� − 𝜔𝑖2 = 0
−𝜔3 + 𝜔 + 𝜔 = 0

−𝜔3 + 2𝜔 = 0
𝜔�−𝜔2 + 2� = 0

The eigenvalues are the roots of the above polynomial. They are

𝜔1 = 0

𝜔2 = √2

𝜔3 = −√2

Adding back the factor 1

√2
which was in front of 𝑆𝑦 by multiplying the above results

with it gives

𝜔1 = 0
𝜔2 = 1
𝜔3 = −1

For 𝑆𝑥

|𝑆𝑥 − 𝜔𝐼| = 0

�
�
�

−𝜔 1 0
1 −𝜔 1
0 1 −𝜔

�
�
�
= 0

−𝜔�
−𝜔 1
1 −𝜔

� − 1�
1 1
0 −𝜔

� = 0

(−𝜔)�𝜔2 − 1� − 1(−𝜔) = 0
−𝜔3 + 𝜔 + 𝜔 = 0

−𝜔3 + 2𝜔 = 0
𝜔�2 − 𝜔2� = 0

The eigenvalues are the roots of the above polynomial. They are

𝜔1 = 0

𝜔2 = √2

𝜔3 = −√2
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Adding back the factor 1

√2
which was in front of 𝑆𝑦 by multiplying the above results

with it gives

𝜔1 = 0
𝜔2 = 1
𝜔3 = −1

This table gives a summary of result found so far before going to the next part.
Spin matrix Eigenvalues found

𝑆𝑥 =
1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0
1 0 1
0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝜔1 = 0,𝜔2 = 1,𝜔3 = −1

𝑆𝑦 =
1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −𝑖 0
𝑖 0 −𝑖
0 𝑖 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝜔1 = 0,𝜔2 = 1,𝜔3 = −1

𝑆𝑧 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝜔1 = 0,𝜔2 = 1,𝜔3 = −1

The above table shows that the possible values if we measure the spin along the 𝑥 or 𝑦
axis are {0, 1, −1}.

1.3 Part c
From part (b) and taking the largest eigenvalue of 𝑆𝑥 as 𝜔2 = +1, the question is asking
us to find the associated eigenvector |𝑆𝑥 = 𝜔2⟩. This is found by solving

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−𝜔2
1

√2
0

1

√2
−𝜔2

1

√2

0 1

√2
−𝜔2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

In the above 𝜔2 = 1. Therefore
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1

√2
0

1

√2
−1 1

√2

0 1

√2
−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(1)

𝑅2 = 𝑅2 +
1

√2
𝑅1 gives

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1

√2
0

0 −1
2

1

√2

0 1

√2
−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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𝑅3 = 𝑅3 +
2

√2
𝑅2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1

√2
0

0 −1
2

1

√2

0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The above is now in Echelon form. The system becomes
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1

√2
0

0 −1
2

1

√2

0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑣3 is a free variable, and 𝑣2, 𝑣1 are the leading variables. Let 𝑣3 = 𝑠. Second row gives
−1
2𝑣2 +

1

√2
𝑠 = 0 or 𝑣2 =

2

√2
𝑠. First row gives −𝑣1 +

1

√2
𝑣2 = 0 or 𝑣1 =

1

√2
𝑣2 or 𝑣1 =

1

√2
� 2

√2
𝑠� = 𝑠. Hence the solution (the eigenvector) is

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑠
2

√2
𝑠

𝑠

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑠

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

√2

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Since 𝑠 is a free variable, we will choose it so that the norm is 1. Therefore

𝑠√1 + 2 + 1 = 1

𝑠√4 = 1

𝑠 =
1
2

Hence the state vector for the largest value of 𝑆𝑥 is

|𝑆𝑥 = 1⟩ =
1
2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

√2

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

1

√2

1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

1.4 Part d

𝑆𝑧 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

We first need to find the eigenvectors |𝑆𝑧 = 𝜔𝑖⟩ for 𝑆𝑧. From part (a), the eigenvalues are

𝜔1 = 0
𝜔2 = 1
𝜔3 = −1
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For 𝜔1 = 0 the associated eigenvector is found by solving

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 − 𝜔1 0 0

0 −𝜔1 0

0 0 −1 − 𝜔1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑣2 is a free variable, and 𝑣1, 𝑣3 are the leading variables. Let 𝑣2 = 𝑠. Last row gives 𝑣3 = 0.
First row gives 𝑣1 = 0. Hence the solution is

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
𝑠
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑠

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Choosing 𝑠 = 1 gives

|𝑆𝑧 = 𝜔1⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

For 𝜔2 = 1 we need to solve

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 − 𝜔2 0 0

0 −𝜔2 0

0 0 −1 − 𝜔2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 − 1 0 0
0 −1 0
0 0 −1 − 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0
0 −1 0
0 0 −2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑣1 is a free variable, and 𝑣2, 𝑣3 are the leading variables. Let 𝑣1 = 𝑠. Last row gives 𝑣3 = 0.
Second row gives 𝑣2 = 0. Hence the solution is

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑠
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑠

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Choosing 𝑠 = 1 then

|𝑆𝑧 = 𝜔2⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

For 𝜔3 = −1 the associated eigenvector is found by solving

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 − 𝜔3 0 0

0 −𝜔3 0

0 0 −1 − 𝜔3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 + 1 0 0
0 1 0
0 0 −1 + 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0
0 1 0
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑣3 is a free variable, and 𝑣1, 𝑣2 are the leading variables. Let 𝑣3 = 𝑠. Second row gives
𝑣2 = 0. First row gives 𝑣1 = 0. Hence the solution is

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
𝑠

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑠

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Choosing 𝑠 = 1 gives

|𝑆𝑧 = 𝜔3⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Summary table for 𝑆𝑧
eigenvalue eigenvector

𝜔1 = 0 |𝑆𝑧 = 0⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝜔2 = 1 |𝑆𝑧 = 1⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝜔3 = −1 |𝑆𝑧 = −1⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Calculating |⟨𝑆𝑧 = 𝜔1|Ψ⟩|
2 gives the odds of |𝑆𝑧 = 𝜔1⟩. Ψ is the initial state vector.

Similarly, calculating |⟨𝑆𝑥 = 𝜔1|Ψ⟩|
2 gives find the odds of |𝑆𝑥 = 𝜔1⟩ and similarly for

|𝑆𝑧 = 𝜔3⟩.

Ψ is the state vector from part (c), which is

|Ψ⟩ = |𝑆𝑥 = 1⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

1

√2

1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Hence the odds of |𝑆𝑧 = 0⟩ is

|⟨𝑆𝑧 = 𝜔1|Ψ⟩|
2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

�0 1 0�
∗

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

1

√2

1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

2

= �
1

√2
�
2

=
1
2

And the odds for |𝑆𝑧 = 1⟩ is

|⟨𝑆𝑧 = 𝜔2|Ψ⟩|
2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

�1 0 0�
∗

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

1

√2

1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

2

= �
1
2�

2

=
1
4

And the odds for |𝑆𝑧 = −1⟩ is

�⟨𝑆𝑧 = 𝜔3|Ψ⟩�
2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

�0 0 1�
∗

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

1

√2

1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

2

= �
1
2�

2

=
1
4

The odds for |𝑆𝑧 = 0⟩ is 50%, the odds for |𝑆𝑧 = 1⟩ is 25% and odds for |𝑆𝑧 = −1⟩ is 25%.
The total is 100% as expected.
Summary table of results so far 𝑆𝑧

eigenvalue eigenvector probability of this outcome

𝜔1 = 0 |𝑆𝑧 = 𝜔1⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑃(0) = 50%

𝜔2 = 1 |𝑆𝑧 = 𝜔2⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑃(1) = 25%

𝜔3 = −1 |𝑆𝑧 = 𝜔3⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑃(−1) = 25%
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The state just after the measurement is |𝑆𝑧 = 1⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
since that is the state associated

with the largest eigenvalue 𝜔2 = 1. This now becomes the initial state

|Ψ⟩ = |𝑆𝑧 = 1⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

We know that 𝑆𝑥 =
1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0
1 0 1
0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
with the eigenvalues found earlier as 𝜔1 = 0,𝜔2 =

1,𝜔3 = −1. In part (c)we found that |𝑆𝑥 = 1⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

1

√2

1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

for𝑆𝑥 associatedwith its largest eigenvalue

which is 𝜔2 = 1. Therefore the odds of this is

|⟨𝑆𝑥 = 1|Ψ⟩|
2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
�
1
2

1

√2
1
2�

∗
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

2

= �
1
2�

2

=
1
4
= 25%

This says the odds of getting again the largest value (which is 1) is not likely since it is
not the highest possible odd being only 25%with 3 possible values.

1.5 Part e

𝑆2 = 𝑆2𝑥 + 𝑆2𝑦 + 𝑆3𝑧

=
1
2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0
1 0 1
0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

2

+
1
2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −𝑖 0
𝑖 0 −𝑖
0 𝑖 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

2

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

2

(1)

But
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0
1 0 1
0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

2

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0
1 0 1
0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0
1 0 1
0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 1
0 2 0
1 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −𝑖 0
𝑖 0 −𝑖
0 𝑖 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

2

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −𝑖 0
𝑖 0 −𝑖
0 𝑖 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −𝑖 0
𝑖 0 −𝑖
0 𝑖 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 −1
0 2 0
−1 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

2

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Hence (1) becomes

𝑆2 =
1
2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 1
0 2 0
1 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+
1
2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 −1
0 2 0
−1 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 2 0
0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0
0 2 0
0 0 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Since 𝑆2 is diagonal, then its eigenvalues are on the diagonal. They are all 𝜔 = 2 with
multiplicity 3. It is a degenerate matrix. Since the outcome is the eigenvalue (it is a
measure of the spin angular momentum), then we see that the outcome is always 2,
since that is the only possible eigenvalue.

1.6 Part f
The operators are

𝑆2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0
0 2 0
0 0 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑆𝑥 =
1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0
1 0 1
0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑆𝑦 =
1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −𝑖 0
𝑖 0 −𝑖
0 𝑖 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑆𝑧 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Commutator is defined as
[𝑀,𝑁] = 𝑀𝑁 − 𝑁𝑀

If [𝑀,𝑁] = 0 then they commute. We know that 𝑆𝑥, 𝑆𝑦, 𝑆𝑧 do not commute with each
others per lecture notes. So we only need to check if 𝑆2 commutes with 𝑆𝑥, 𝑆𝑦, 𝑆𝑧 or not.

�𝑆2, 𝑆𝑥� = 𝑆2𝑆𝑥 − 𝑆𝑥𝑆2

=
1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0
0 2 0
0 0 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0
1 0 1
0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−

1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0
1 0 1
0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0
0 2 0
0 0 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 2 0
2 0 2
0 2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−

1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 2 0
2 0 2
0 2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0
0 0 0
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Hence 𝑆2, 𝑆𝑥 commute. And
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�𝑆2, 𝑆𝑦� = 𝑆2𝑆𝑦 − 𝑆𝑦𝑆2

=
1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0
0 2 0
0 0 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −𝑖 0
𝑖 0 −𝑖
0 𝑖 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−

1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −𝑖 0
𝑖 0 −𝑖
0 𝑖 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0
0 2 0
0 0 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −2𝑖 0
2𝑖 0 −2𝑖
0 2𝑖 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−

1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −2𝑖 0
2𝑖 0 −2𝑖
0 2𝑖 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0
0 0 0
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Hence 𝑆2, 𝑆𝑦 commute. And

�𝑆2, 𝑆𝑧� = 𝑆2𝑆𝑧 − 𝑆𝑧𝑆2

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0
0 2 0
0 0 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0
0 2 0
0 0 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0
0 0 0
0 0 −2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0
0 0 0
0 0 −2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0
0 0 0
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Hence 𝑆2, 𝑆𝑧 commute. Therefore there are three sets of commuting operators. They
are �𝑆2, 𝑆𝑥�, �𝑆2, 𝑆𝑦�, �𝑆2, 𝑆𝑧�. So the maximum number of operators such that they all
commute with each others is two.

1.7 Part g

|𝑉⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The norm is √1 + 4 + 9 = √14 . Hence the normalized state is

|𝑉⟩ =
1

√14

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

In part (c) we found the eigenvalues and associated eigenvector for 𝑆𝑧. Here they are
again
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Summary table of results so far 𝑆𝑧
eigenvalue eigenvector

𝜔1 = 0 |𝑆𝑧 = 𝜔1⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝜔2 = 1 |𝑆𝑧 = 𝜔2⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝜔3 = −1 |𝑆𝑧 = 𝜔3⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

We will now find the odds of getting |𝑆𝑧 = 𝜔1⟩ given the current state vector is |𝑉⟩ (after
normalizing). The odds are

|⟨𝑆𝑧 = 0|𝑉⟩|
2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

√14
�0 1 0�

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

2

= �
2

√14
�
2

=
4
14
= 28.571%

And

|⟨𝑆𝑧 = +1|𝑉⟩|
2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

√14
�1 0 0�

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

2

= �
1

√14
�
2

=
1
14
= 7.143%

And

|⟨𝑆𝑧 = −1|𝑉⟩|
2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

√14
�0 0 1�

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

2

= �
3

√14
�
2

=
9
14
= 64.285%

Updated summary table of results so far 𝑆𝑧
eigenvalue eigenvector odd of getting this eigenvalue

𝜔1 = 0 |𝑆𝑧 = 𝜔1⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑃(0) = 4
14 = 28.571%

𝜔2 = 1 |𝑆𝑧 = 𝜔2⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑃(1) = 1
14 = 7.143%

𝜔3 = −1 |𝑆𝑧 = 𝜔3⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑃(−1) = 9
14 = 64.285%
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The statistical average is

𝜔1�
4
14�

+ 𝜔2�
1
14�

+ 𝜔3�
9
14�

= 0�
4
14�

+ 1�
1
14�

− 1�
9
14�

= −
4
7

= −0.571 43 (1)

The above is now compared to Now we compare ⟨𝑉|𝑆𝑧|𝑉⟩

⟨𝑉|(𝑆𝑧|𝑉)⟩ =
1

√14
⟨𝑉|

𝑆𝑧|𝑉⟩

�����������������⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⟩ (2)

But

𝑆𝑧|𝑉⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0
0 0 0
0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
−3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Hence Eq. (2) becomes

⟨𝑉|(𝑆𝑧|𝑉)⟩ =
1

√14

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

√14
�1 2 3�

∗

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
−3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=
1
14
(1 − 9)

=
−8
14

= −0.571 43 (3)

Comparing (1) and (3) shows it is the same value. This is the expectation value when
measuring 𝑆𝑧.

1.8 Part h
Part (g) is now repeated, but using 𝑆𝑥. We found from the above part that

|𝑉⟩ =
1

√14

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

From part(b), we found the eigenvalues for 𝑆𝑥 =
1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0
1 0 1
0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
to be 𝜔1 = 0,𝜔2 = 1,𝜔3 =

−1. But we did not find the associated eigenvectors yet in order to repeat part g as was
done for 𝑆𝑧. So we need now to find the eigenvectors for 𝑆𝑥 before being able to answer
this part for 𝑆𝑥.

For 𝜔1 = 0

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1

√2
0

1

√2
0 1

√2

0 1

√2
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Swapping 𝑅2, 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

√2
0 1

√2

0 1

√2
0

0 1

√2
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 = 𝑅3 − 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

√2
0 1

√2

0 1

√2
0

0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Now it is in echelon form. Hence the system becomes
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

√2
0 1

√2

0 1

√2
0

0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑣3 is free variable. Let 𝑣3 = 𝑠. Second row gives 𝑣2 = 0. First row gives 1

√2
𝑣1 +

1

√2
𝑠 = 0

or 𝑣1 = −𝑠. Hence solution is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−𝑠
0
𝑠

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 𝑠

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Let 𝑠 = 1

√2
. Therefore

|𝑆𝑥 = 𝜔1⟩ =
1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1

√2

0
1

√2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

For 𝜔2 = 1
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−𝜔2
1

√2
0

1

√2
−𝜔2

1

√2

0 1

√2
−𝜔2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1

√2
0

1

√2
−1 1

√2

0 1

√2
−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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𝑅2 = 𝑅2 +
1

√2
𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1

√2
0

0 −1
2

1

√2

0 1

√2
−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 = 𝑅3 +
2

√2
𝑅2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1

√2
0

0 −1
2

1

√2

0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Now it is in echelon form. Hence the system becomes
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 1

√2
0

0 −1
2

1

√2

0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑣3 is free variable. Let 𝑣3 = 𝑠. Second row gives −1
2𝑣2 +

1

√2
𝑠 = 0 or 𝑣2 =

2

√2
𝑠. First row

gives −𝑣1 +
1

√2
𝑣2 = 0 or 𝑣1 =

1

√2
� 2

√2
𝑠� = 𝑠. Hence solution is

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑠
2

√2
𝑠

𝑠

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑠

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

√2

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑠

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

√2

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Let 𝑠 = 1
2 . Therefore

|𝑆𝑥 = 𝜔2⟩ =
1
2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

√2

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

√2
2

1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

1

√2

1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

For 𝜔3 = −1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−𝜔3
1

√2
0

1

√2
−𝜔3

1

√2

0 1

√2
−𝜔3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1

√2
0

1

√2
1 1

√2

0 1

√2
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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𝑅2 = 𝑅2 −
1

√2
𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1

√2
0

0 1
2

1

√2

0 1

√2
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 = 𝑅3 −
2

√2
𝑅2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1

√2
0

0 1
2

1

√2

0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Now it is in echelon form. Hence the system becomes
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1

√2
0

0 1
2

1

√2

0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑣3 is free variable. Let 𝑣3 = 𝑠. Second row gives 1
2𝑣2 +

1

√2
𝑠 = 0 or 𝑣2 = − 2

√2
𝑠. First row

gives 𝑣1 +
1

√2
𝑣2 = 0 or 𝑣1 = −

1

√2
�− 2

√2
𝑠� = 𝑠. Hence solution is

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑣1
𝑣2
𝑣3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑠

− 2

√2
𝑠

𝑠

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑠

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

− 2

√2

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑠

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

−√2

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Let 𝑠 = 1
2 . Therefore

|𝑆𝑥 = 𝜔3⟩ =
1
2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

−√2

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

−√2
2

1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

− 1

√2

1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Summary table of results so far 𝑆𝑥
eigenvalue eigenvector

𝜔1 = 0 |𝑆𝑥 = 𝜔1⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1

√2

0
1

√2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝜔2 = 1 |𝑆𝑥 = 𝜔2⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

1

√2

1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝜔3 = −1 |𝑆𝑥 = 𝜔3⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

− 1

√2

1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The odds of getting |𝑆𝑥 = 𝜔𝑖⟩ given the current state vector is |𝑉⟩ are now found. Ex-
pressing |𝑉⟩ in the eigenbasis of 𝑆𝑥 gives

|𝑉⟩ = 𝑐1 |𝑆𝑥 = 𝜔1⟩ + 𝑐2 |𝑆𝑥 = 𝜔2⟩ + 𝑐3 |𝑆𝑥 = 𝜔3⟩
= 𝑐1 |𝑆𝑥 = 0⟩ + 𝑐2 |𝑆𝑥 = 1⟩ + 𝑐3 |𝑆𝑥 = −1⟩ (1)

Where

𝑐1 = ⟨𝑆𝑥 = 0|𝑉⟩ =
1

√14
�
−1

√2
0 1

√2 �
∗
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

1

√14
�
−1

√2
+

3

√2
� =

1

√14
�
2

√2
�

𝑐2 = ⟨𝑆𝑥 = 1|𝑉⟩ =
1

√14
�
1
2

1

√2
1
2�

∗
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

1

√14
�
1
2
+

2

√2
+
3
2�
=

1

√14
�
2

√2
�

𝑐3 = ⟨𝑆𝑥 = −1|𝑉⟩ =
1

√14
�
1
2 − 1

√2
1
2�

∗
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

1

√14
�
1
2
−

2

√2
+
3
2�
=

1

√14
�2 − √2 �

Eq. (1) becomes

|𝑉⟩ =
1

√14
�
2

√2
�

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1

√2

0
1

√2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
1

√14
�√2 + 2�

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

1

√2

1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+
1

√14
�2 − √2 �

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

− 1

√2

1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The above is the representation of |𝑉⟩ in the eigenbasis of 𝑆𝑥. The odds of each eigenvalue
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is the square of the coefficients |𝑐1|
2, |𝑐2|

2, �𝑐3�
2 above. Therefore

𝑃(0) = �
1

√14
�
2

√2
��

2

=
2
14
= 14.286%

𝑃(+1) = �
1

√14
�√2 + 2��

2

=
1
14
�6 + 4√2 � = 83.263%

𝑃(−1) = �
1

√14
�2 − √2 ��

2

=
1
14
�6 − 4√2 � = 24.51%

Updated summary table for 𝑆𝑥
eigenvalue eigenvector Odds of getting this eigenvalue

𝜔1 = 0 |𝑆𝑥 = 𝜔1⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1

√2

0
1

√2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑃(0) = 2
14 = 14.286%

𝜔2 = 1 |𝑆𝑥 = 𝜔2⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

1

√2

1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑃(1) = 1
14
�6 + 4√2 � = 83.263%

𝜔3 = −1 |𝑆𝑥 = 𝜔3⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2

− 1

√2

1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑃(−1) = 1
14
�6 − 4√2 � = 24.51%

The statistical average is

𝜔1�
2
14�

+ 𝜔2�
1
14
�6 + 4√2 �� + 𝜔3�

1
14
�6 − 4√2 �� = 0�

2
14�

+ 1�
1
14
�6 + 4√2 �� − 1�

1
14
�6 − 4√2 ��

=
4
7√

2

= 0.80812 (1)

The above is now compared to

⟨𝑉|𝑆𝑥|𝑉⟩ =
1

√14
⟨𝑉|

𝑆𝑥|𝑉⟩

�����������������������⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1

√2
0

1

√2
0 1

√2

0 1

√2
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⟩ (2)

But

𝑆𝑥|𝑉⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1

√2
0

1

√2
0 1

√2

0 1

√2
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

√2

2√2

√2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Hence Eq. (2) becomes

⟨𝑉|𝑆𝑥|𝑉⟩ =
1

√14

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

√14
�1 2 3�

∗

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

√2

2√2

√2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=
1
14
�√2 + 4√2 + 3√2 �

= 0.80812 (3)

Comparing (1) and (3) shows it is the same value.This is the expectation value when
measuring 𝑆𝑥
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2 Problem 2
Prove the following results on commutators:

[𝐴, 𝐵 + 𝐶] = [𝐴, 𝐵] + [𝐴, 𝐶]
[𝐴 + 𝐵,𝐶] = [𝐴, 𝐶] + [𝐵, 𝐶]
[𝐴, 𝐵𝐶] = 𝐵[𝐴,𝐶] + [𝐴, 𝐵]𝐶
[𝐴𝐵,𝐶] = 𝐴[𝐵, 𝐶] + [𝐴,𝐶]𝐵

Solution

2.1 Part 1
By definition of commutator, which is [𝐴, 𝐵] = 𝐴𝐵 − 𝐵𝐴, then

[𝐴, 𝐵 + 𝐶] = 𝐴(𝐵 + 𝐶) − (𝐵 + 𝐶)𝐴
= 𝐴𝐵 + 𝐴𝐶 − 𝐵𝐴 − 𝐶𝐴
= (𝐴𝐵 − 𝐵𝐴) + (𝐴𝐶 − 𝐶𝐴)
= [𝐴, 𝐵] + [𝐴,𝐶]

2.2 Part 2
By definition of commutator, which is [𝐴, 𝐵] = 𝐴𝐵 − 𝐵𝐴, then

[𝐴 + 𝐵,𝐶] = (𝐴 + 𝐵)𝐶 − 𝐶(𝐴 + 𝐵)
= 𝐴𝐶 + 𝐵𝐶 − 𝐶𝐴 − 𝐶𝐵
= (𝐴𝐶 − 𝐶𝐴) + (𝐵𝐶 − 𝐶𝐵)
= [𝐴, 𝐶] + [𝐵, 𝐶]

2.3 Part 3
By definition of commutator, which is [𝐴, 𝐵] = 𝐴𝐵 − 𝐵𝐴, then

[𝐴, 𝐵𝐶] = 𝐴(𝐵𝐶) − (𝐵𝐶)𝐴

Adding and subtracting 𝐵𝐴𝐶 on the RHS gives

[𝐴, 𝐵𝐶] =�𝐵𝐴𝐶 + 𝐴𝐵𝐶 − 𝐵𝐶𝐴 −�𝐵𝐴𝐶
= (𝐵𝐴𝐶 − 𝐵𝐶𝐴) + (𝐴𝐵𝐶 − 𝐵𝐴𝐶)
= 𝐵(𝐴𝐶 − 𝐶𝐴) + (𝐴𝐵 − 𝐵𝐴)𝐶
= 𝐵[𝐴,𝐶] + [𝐴, 𝐵]𝐶

2.4 Part 4
By definition of commutator, which is [𝐴, 𝐵] = 𝐴𝐵 − 𝐵𝐴, then

[𝐴𝐵, 𝐶] = (𝐴𝐵)𝐶 − 𝐶(𝐴𝐵)
= 𝐴𝐵𝐶 − 𝐶𝐴𝐵

Adding and subtracting 𝐴𝐶𝐵 on the RHS gives

[𝐴𝐵, 𝐶] =�𝐴𝐶𝐵 + 𝐴𝐵𝐶 − 𝐶𝐴𝐵 −�𝐴𝐶𝐵
= (𝐴𝐵𝐶 − 𝐴𝐶𝐵) + (𝐴𝐶𝐵 − 𝐶𝐴𝐵)
= 𝐴(𝐵𝐶 − 𝐶𝐵) + (𝐴𝐶 − 𝐶𝐴)𝐵
= 𝐴[𝐵, 𝐶] + [𝐴, 𝐶]𝐵
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3 Problem 3
Follow the discussion of 𝑠+ = 𝑠𝑥 + 𝑖𝑠𝑦 for the electron spin to derive the matrix represen-
tation of 𝑠− = 𝑠𝑥 − 𝑖𝑠𝑦
Solution

Experiments show that 𝑆𝑧 has two possible values (eigenvalues) of ℏ
2 , −

ℏ
2 . Using eigen-

basis of 𝑆𝑧

|𝑆𝑧 =
ℏ
2
⟩ =

⎡
⎢⎢⎢⎢⎢⎣
1
0

⎤
⎥⎥⎥⎥⎥⎦ = |1⟩

|𝑆𝑧 = −
ℏ
2
⟩ =

⎡
⎢⎢⎢⎢⎢⎣
0
1

⎤
⎥⎥⎥⎥⎥⎦ = |2⟩

Gives

𝑆𝑧 =
ℏ
2

⎡
⎢⎢⎢⎢⎢⎣
1 0
0 −1

⎤
⎥⎥⎥⎥⎥⎦

Consider 𝑆− = 𝑆𝑥 − 𝑖𝑆𝑦. Then

[𝑆𝑧, 𝑆−] = �𝑆𝑧, 𝑆𝑥 − 𝑖𝑆𝑦�

= [𝑆𝑧, 𝑆𝑥] − 𝑖�𝑆𝑧, 𝑆𝑦� (1)

But, using �𝑆𝑖, 𝑆𝑗� = 𝑖ℏ∑𝑘 𝜖𝑖𝑗𝑘𝑆𝑘. Hence

[𝑆𝑧, 𝑆𝑥] = 𝑖ℏ𝑆𝑦 (2)
�𝑆𝑧, 𝑆𝑦� = −𝑖ℏ𝑆𝑥 (3)

Substituting (2,3) into (1) gives

[𝑆𝑧, 𝑆−] = 𝑖ℏ𝑆𝑦 − 𝑖(−𝑖ℏ𝑆𝑥)
= 𝑖ℏ𝑆𝑦 + 𝑖2(ℏ𝑆𝑥)
= 𝑖ℏ𝑆𝑦 − ℏ𝑆𝑥
= ℏ�𝑖𝑆𝑦 − 𝑆𝑥�

= −ℏ�𝑆𝑥 − 𝑖𝑆𝑦�
= −ℏ𝑆−

Therefore we see that
[𝑆𝑧, 𝑆−] = 𝑆𝑧𝑆− − 𝑆−𝑆𝑧 = −ℏ𝑆−

This implies
𝑆𝑧𝑆− = 𝑆−𝑆𝑧 − ℏ𝑆−

Therefore

𝑆𝑧𝑆−|1⟩ = (𝑆−𝑆𝑧 − ℏ𝑆−)|1⟩
= 𝑆−𝑆𝑧|1⟩ − ℏ𝑆−|1⟩

But 𝑆𝑧|1⟩ =
ℏ
2 |1⟩ then the above becomes

𝑆𝑧𝑆−|1⟩ = 𝑆−
ℏ
2
|1⟩ − ℏ𝑆−|1⟩

= �
ℏ
2
− ℏ�𝑆−|1⟩

= −
ℏ
2
𝑆−|1⟩
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The above shows that 𝑆−|1⟩ is eigenvector (eigenstate) of 𝑆𝑧 with eigenvalue −ℏ
2 which

is compatible with experiments. Because 𝑆𝑧|2⟩ = −
ℏ
2 |2⟩ then let

𝑆−|1⟩ = 𝑐|2⟩ (4)

We now need to find 𝑐. Taking the adjoint of both sides of (4) gives

⟨1|𝑆†− = 𝑐∗⟨2|

Therefore

⟨1|𝑆†− 𝑆−|1⟩ = 𝑐∗𝑐⟨2|2⟩
= |𝑐|2⟨2|2⟩

Since 𝑐 is real. But ⟨2|2⟩ = �0 1�

⎡
⎢⎢⎢⎢⎢⎣
0
1

⎤
⎥⎥⎥⎥⎥⎦ = 1. The above becomes

⟨1|𝑆†− 𝑆−|1⟩ = |𝑐|
2 (5)

To find 𝑐, we need now to calculate ⟨1|𝑆†− 𝑆−|1⟩. But

𝑆†− 𝑆− = �𝑆𝑥 − 𝑖𝑆𝑦�
†
�𝑆𝑥 − 𝑖𝑆𝑦�

= �𝑆†𝑥 + 𝑖𝑆†𝑦��𝑆𝑥 − 𝑖𝑆𝑦�

Since 𝑆𝑥, 𝑆𝑦 are Hermitian operators then 𝑆†𝑥 = 𝑆𝑥 and 𝑆†𝑦 = 𝑆𝑦. The above now becomes

𝑆†− 𝑆− = �𝑆𝑥 + 𝑖𝑆𝑦��𝑆𝑥 − 𝑖𝑆𝑦�
= 𝑆2𝑥 − 𝑖𝑆𝑥𝑆𝑦 + 𝑖𝑆𝑦𝑆𝑥 + 𝑆2𝑦
= 𝑆2𝑥 + 𝑆2𝑦 − 𝑖�𝑆𝑥𝑆𝑦 − 𝑆𝑦𝑆𝑥�
= 𝑆2𝑥 + 𝑆2𝑦 − 𝑖[𝑆𝑥, 𝑆𝑦]

Where [𝑆𝑥, 𝑆𝑦] is the commutator. But [𝑆𝑥, 𝑆𝑦] = 𝑖ℏ∑𝑘 𝜖𝑖𝑗𝑘𝑆𝑘. Using 𝑖 = 1, 𝑗 = 2 for 𝑥, 𝑦, then
[𝑆𝑖, 𝑆𝑖] = 𝑖ℏ(𝜖121𝑆1 + 𝜖122𝑆2 + 𝜖123𝑆3) = 𝑖ℏ𝑆3 = 𝑖ℏ𝑆𝑧. Therefore the above now becomes

𝑆†− 𝑆− = 𝑆2𝑥 + 𝑆2𝑦 − 𝑖(𝑖ℏ𝑆𝑧)
= 𝑆2𝑥 + 𝑆2𝑦 + ℏ𝑆𝑧 (6)

Substituting (6) in (5) gives

⟨1|�𝑆2𝑥 + 𝑆2𝑦 + ℏ𝑆𝑧�|1⟩ = |𝑐|
2

But 𝑆2 = 𝑆2𝑥 + 𝑆2𝑦 + 𝑆2𝑧 . Hence 𝑆2𝑥 + 𝑆2𝑦 = 𝑆2 − 𝑆2𝑧 . Using this in the above gives

⟨1|�𝑆2 − 𝑆2𝑧 + ℏ𝑆𝑧�|1⟩ = |𝑐|
2 (7)

But 𝑆𝑧 =
ℏ
2

⎡
⎢⎢⎢⎢⎢⎣
1 0
0 −1

⎤
⎥⎥⎥⎥⎥⎦. Hence 𝑆2𝑧 =

ℏ2

4

⎡
⎢⎢⎢⎢⎢⎣
1 0
0 −1

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
1 0
0 −1

⎤
⎥⎥⎥⎥⎥⎦ =

ℏ2

4

⎡
⎢⎢⎢⎢⎢⎣
1 0
0 1

⎤
⎥⎥⎥⎥⎥⎦ =

ℏ2

4 𝐼. And since there is

nothing special about the 𝑧 direction, then 𝑆2𝑥 = 𝑆2𝑦 = 𝑆2𝑧 . Therefore 𝑆2 = 𝑆2𝑥 + 𝑆2𝑦 + 𝑆2𝑧 =
ℏ2

4 𝐼 +
ℏ2

4 𝐼 +
ℏ2

4 𝐼 =
3
4ℏ

2𝐼. Eq. (7) now becomes

⟨1|
3
4
ℏ2 −

ℏ2

4
+ ℏ𝑆𝑧|1⟩ = |𝑐|

2

But 𝑆𝑧|1⟩ =
ℏ
2 |1⟩. This is because |1⟩ is an eigenvector for 𝑆𝑧 with an eigenvalue ℏ

2 . The
above becomes

⟨1|
3
4
ℏ2 −

ℏ2

4
+ ℏ

ℏ
2
|1⟩ = |𝑐|2

⟨1|
3
4
ℏ2 −

ℏ2

4
+
ℏ2

2
|1⟩ = |𝑐|2

⟨1|ℏ2|1⟩ = |𝑐|2

ℏ2⟨1|1⟩ = |𝑐|2

ℏ2 = |𝑐|2
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We pick
𝑐 = ℏ

Now that 𝑐 is found, then Eq. (4) above becomes

𝑆−|1⟩ = ℏ|2⟩ (8)

The same method is now repeated for finding 𝑆−|2⟩

𝑆𝑧𝑆−|2⟩ = (𝑆−𝑆𝑧 − ℏ𝑆−)|2⟩
= 𝑆−𝑆𝑧|2⟩ − ℏ𝑆−|2⟩

But 𝑆𝑧|2⟩ = −
ℏ
2 |2⟩. The above becomes

𝑆𝑧𝑆−|2⟩ = −𝑆−
ℏ
2
|2⟩ − ℏ𝑆−|2⟩

= �−
ℏ
2
− ℏ�𝑆−|2⟩

= �−
3ℏ
2 �
𝑆−|2⟩

The above shows that 𝑆−|2⟩ is eigenvector (eigenstate) of 𝑆𝑧 with eigenvalue −3ℏ
2 which

conflicts with experiments. This means

𝑆−|2⟩ = 0|2⟩ (9)

is the only logical result. Therefore now we have all the information to find matrix
representation of 𝑆_ using (8,9), which is

𝑆− =

⎡
⎢⎢⎢⎢⎢⎣
⟨1|𝑆−|1⟩ ⟨1|𝑆−|2⟩

⟨2|𝑆−|1⟩ ⟨2|𝑆−|2⟩

⎤
⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎣
⟨1|ℏ|2⟩ ⟨1|0|2⟩

⟨2|ℏ|2⟩ ⟨2|0|2⟩

⎤
⎥⎥⎥⎥⎥⎦

= ℏ

⎡
⎢⎢⎢⎢⎢⎣
⟨1|2⟩ 0

⟨2|2⟩ 0

⎤
⎥⎥⎥⎥⎥⎦

= ℏ

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�1 0�

⎡
⎢⎢⎢⎢⎢⎣
0
1

⎤
⎥⎥⎥⎥⎥⎦ 0

�0 1�

⎡
⎢⎢⎢⎢⎢⎣
0
1

⎤
⎥⎥⎥⎥⎥⎦ 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= ℏ

⎡
⎢⎢⎢⎢⎢⎣
0 0
1 0

⎤
⎥⎥⎥⎥⎥⎦

Therefore

𝑆− = 𝑆𝑥 − 𝑖𝑆𝑦

= ℏ

⎡
⎢⎢⎢⎢⎢⎣
0 0
1 0

⎤
⎥⎥⎥⎥⎥⎦

Which is what we are asked to show.
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4 Problem 4 (9.6.2)
Find the solutions 𝑥1(𝑡), 𝑥2(𝑡) with initial conditions 𝑥1(0) = 0, 𝑥2(0) = 0 and �̇�1(0) =
𝑣1, �̇�2(0) = 𝑣2.

Solution

m m

k 2k k

x1
x2

Figure 2: Coupled system to solve

The first step is to draw the free body diagram for each mass. Let us assume that first
mass is at some positive distance 𝑥1 > 0 so that the first string is in tension, and that
𝑥2 > 𝑥1 > 0 so that the middle spring is in tension also, and the third spring is in
compression. Any other configuration will also work as well. Based on this, the free
body diagrams are

m

kx1 2k(x2 − x1)

mẍ1

mẍ1 = −kx1 + 2k(x2 − x1)

m
kx2

mẍ2

mẍ2 = −2k(x2 − x1)− kx2

2k(x2 − x1)

x1 x2

Figure 3: Free body diagram

From the free body diagram, we can now write the equation of motion based on 𝐹 = 𝑚𝑎
from each mass. This gives

𝑚�̈�1 = −𝑘𝑥1 + 2𝑘(𝑥2 − 𝑥1)
𝑚�̈�2 = −2𝑘(𝑥2 − 𝑥1) − 𝑘𝑥2

or

𝑚�̈�1 = −𝑘𝑥1 + 2𝑘𝑥2 − 2𝑘𝑥1
𝑚�̈�2 = −2𝑘𝑥2 + 2𝑘𝑥1 − 𝑘𝑥2

or

𝑚�̈�1 = 𝑥1(−𝑘 − 2𝑘) + 𝑥2(2𝑘)
𝑚�̈�2 = 𝑥1(2𝑘) + 𝑥2(−2𝑘 − 𝑘)

or

�̈�1 = −
3𝑘
𝑚
𝑥1 +

2𝑘
𝑚
𝑥2

�̈�2 =
2𝑘
𝑚
𝑥1 − 3

𝑘
𝑚
𝑥2
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In matrix form the above becomes
⎡
⎢⎢⎢⎢⎢⎣
�̈�1
�̈�2

⎤
⎥⎥⎥⎥⎥⎦ =

𝑘
𝑚

⎡
⎢⎢⎢⎢⎢⎣
−3 2
2 −3

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑥1
𝑥2

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
�̈�1
�̈�2

⎤
⎥⎥⎥⎥⎥⎦ +

𝑘
𝑚

⎡
⎢⎢⎢⎢⎢⎣
3 −2
−2 3

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑥1
𝑥2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

|�̈�⟩ + 𝑀|𝑥⟩ = |0⟩ (1)

Where the operator𝑀 is

𝑀 =
𝑘
𝑚

⎡
⎢⎢⎢⎢⎢⎣
3 −2
−2 3

⎤
⎥⎥⎥⎥⎥⎦ (1A)

In (1), the state vector is |𝑥⟩ is represented using basis |1⟩ =

⎡
⎢⎢⎢⎢⎢⎣
1
0

⎤
⎥⎥⎥⎥⎥⎦ and |2⟩ =

⎡
⎢⎢⎢⎢⎢⎣
0
1

⎤
⎥⎥⎥⎥⎥⎦, since we

can write
|𝑥⟩ = 𝑥1|1⟩ + 𝑥2|2⟩

In these basis, called the natural coordinates, we see than operator 𝑀 is not diagonal.
This makes solving (1) harder, since it is now a coupled system of ODE’s.

We would like to decouple (1) to make solving each ODE separate and easier. To do
this, we change the basis of 𝑀. The new basis are |𝐼⟩, |𝐼𝐼⟩. These are the eigenvectors
of 𝑀. Since 𝑀 is Hermitian, then its eigenvalues will be real, and its eigenvectors are
orthogonal. So now we need to first find the eigenvalues of𝑀 given in (1A) by solving

det(𝑀 − 𝜔𝐼) = 0

det

⎛
⎜⎜⎜⎜⎜⎝
𝑘
𝑚

⎡
⎢⎢⎢⎢⎢⎣
3 −2
−2 3

⎤
⎥⎥⎥⎥⎥⎦ − 𝜔

⎡
⎢⎢⎢⎢⎢⎣
1 0
0 1

⎤
⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎠ = 0

det

⎛
⎜⎜⎜⎜⎜⎝
𝑘
𝑚

⎡
⎢⎢⎢⎢⎢⎣
3 − 𝜔 −2
−2 3 − 𝜔

⎤
⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎠ = 0

This gives (we remove the factor 𝑘
𝑚 for now, then add it at the end to simplify the

computation)

(3 − 𝜔)(3 − 𝜔) − 4 = 0
𝜔2 − 6𝜔 + 5 = 0

(𝜔 − 5)(𝜔 − 1) = 0

Hence the eigenvalues are (now we add back the factor 𝑘
𝑚)

𝜔1 =
5𝑘
𝑚

𝜔1 =
𝑘
𝑚

For 𝜔1 =
𝑘
𝑚
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We need to solve
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3𝑘
𝑚 − 𝜔1 −2𝑘

𝑚

−2𝑘
𝑚

3𝑘
𝑚 − 𝜔1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3𝑘
𝑚 − 𝑘

𝑚 −2𝑘
𝑚

−2𝑘
𝑚

3𝑘
𝑚 − 𝑘

𝑚

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2𝑘
𝑚 −2𝑘

𝑚

−2𝑘
𝑚

2𝑘
𝑚

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

𝑅2 = 𝑅2 + 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎣

2𝑘
𝑚 −2𝑘

𝑚

0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

Hence 𝑣2 is free variable. Let 𝑣2 = 𝑠. First row gives 2𝑘
𝑚 𝑣1 −

2𝑘
𝑚 𝑠 = 0 or 𝑣1 = 𝑠. Hence

solution is ⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
𝑠
𝑠

⎤
⎥⎥⎥⎥⎥⎦ = 𝑠

⎡
⎢⎢⎢⎢⎢⎣
1
1

⎤
⎥⎥⎥⎥⎥⎦

Let 𝑠 = 1

√2
then

|𝐼⟩ = |𝑀 = 𝜔1⟩ =
1

√2

⎡
⎢⎢⎢⎢⎢⎣
1
1

⎤
⎥⎥⎥⎥⎥⎦

For 𝜔1 = 5
𝑘
𝑚

We need to solve
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3𝑘
𝑚 − 𝜔2 −2𝑘

𝑚

−2𝑘
𝑚

3𝑘
𝑚 − 𝜔2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3𝑘
𝑚 − 5 𝑘

𝑚 −2𝑘
𝑚

−2𝑘
𝑚

3𝑘
𝑚 − 5 𝑘

𝑚

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−2𝑘
𝑚 −2𝑘

𝑚

−2𝑘
𝑚 −2𝑘

𝑚

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

𝑅2 = 𝑅2 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎣
−2𝑘

𝑚 −2𝑘
𝑚

0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

Hence 𝑣2 is free variable. Let 𝑣2 = 𝑠. First row gives −2𝑘
𝑚 𝑣1 −

2𝑘
𝑚 𝑠 = 0 or 𝑣1 = −𝑠. Hence

solution is ⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
−𝑠
𝑠

⎤
⎥⎥⎥⎥⎥⎦ = 𝑠

⎡
⎢⎢⎢⎢⎢⎣
−1
1

⎤
⎥⎥⎥⎥⎥⎦
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Let 𝑠 = 1

√2
then

|𝐼𝐼⟩ = |𝑀 = 𝜔2⟩ =
1

√2

⎡
⎢⎢⎢⎢⎢⎣
−1
1

⎤
⎥⎥⎥⎥⎥⎦

Summary table of results so far𝑀

eigenvalue eigenfrequncy eigenvector

𝜔1 =
𝑘
𝑚 �

𝑘
𝑚 |𝐼⟩ = 1

√2

⎡
⎢⎢⎢⎢⎢⎣
1
1

⎤
⎥⎥⎥⎥⎥⎦

𝜔2 = 5
𝑘
𝑚 �

5𝑘
𝑚 |𝐼𝐼⟩ = 1

√2

⎡
⎢⎢⎢⎢⎢⎣
−1
1

⎤
⎥⎥⎥⎥⎥⎦

The transformation matrix Φ becomes

Φ = �|𝐼⟩ |𝐼𝐼⟩�

=
1

√2

⎡
⎢⎢⎢⎢⎢⎣
1 −1
1 1

⎤
⎥⎥⎥⎥⎥⎦ (2)

Now that we found the transformationmatrixΦwe can use it to transform |�̈�⟩+𝑀|𝑥⟩ = 0
which is the natural coordinates basis |1⟩, |2⟩, to the modal coordinates based on basis
|𝐼⟩, |𝐼𝐼⟩ as follows

|𝑥⟩ = Φ|𝑋⟩ (3)
|�̈�⟩ = Φ|�̈�⟩ (4)

Where
|𝑋⟩ = 𝑋1|𝐼⟩ + 𝑋2|𝐼𝐼⟩

is the state vector in the modal coordinate and |�̈�⟩ is the acceleration of the state vector
in modal coordinates. Applying Eq. (3,4) to |�̈�⟩ = 𝑀|𝑥⟩ gives the system in the modal
coordinates as

Φ|�̈�⟩ +𝑀Φ|𝑋⟩ = 0

Premultiplying both sides by Φ𝑇 (since Φ is real, then transpose is same as dagger),
gives

Φ𝑇Φ|�̈�⟩ + Φ𝑇𝑀Φ|𝑋⟩ = 0 (5)

But by definition of the modal transformation matrix1

Φ𝑇Φ = 𝐼 (6)

1This can also be shown for Φ = 1

√2

⎡
⎢⎢⎢⎢⎢⎣
1 −1
1 1

⎤
⎥⎥⎥⎥⎥⎦ by working it out. Φ𝑇Φ = 1

2

⎡
⎢⎢⎢⎢⎢⎣
1 1
−1 1

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
1 −1
1 1

⎤
⎥⎥⎥⎥⎥⎦ =

1
2

⎡
⎢⎢⎢⎢⎢⎣
2 0
0 2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
1 0
0 1

⎤
⎥⎥⎥⎥⎥⎦
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And by definition of the transformation matrix 2

Φ𝑇𝑀Φ =

⎡
⎢⎢⎢⎢⎢⎣
𝜔1 0

0 𝜔2

⎤
⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑘
𝑚 0

0 5𝑘
𝑚

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(7)

Using (6,7) in (5) gives the system in modal coordinates

|�̈�⟩ +

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑘
𝑚 0

0 5𝑘
𝑚

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
|𝑋⟩ = 0

⎡
⎢⎢⎢⎢⎢⎢⎣
�̈�1

�̈�2

⎤
⎥⎥⎥⎥⎥⎥⎦ +

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑘
𝑚 0

0 5𝑘
𝑚

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑋1

𝑋2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦ (8)

The above is what solve, since it is now decoupled. Comparing (8) to (1) which is
repeated below

⎡
⎢⎢⎢⎢⎢⎣
�̈�1
�̈�2

⎤
⎥⎥⎥⎥⎥⎦ +

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3𝑘
𝑚 −2𝑘

𝑚

−2𝑘
𝑚

3𝑘
𝑚

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑥1
𝑥2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦ (1)

Shows clearly why (8) is much simpler to solve in the modal coordinates basis |𝐼⟩, |𝐼𝐼⟩
since it is now decoupled, while Eq (1) which is in natural coordinates basis |1⟩, |2⟩ is
coupled.

Eq (8) is now solved for |𝑋⟩, and at the end transformed back to |𝑥⟩ using Eq. (3). Eq
(8) above can be written as two separate ODE’s

�̈�1 +
𝑘
𝑚
𝑋1 = 0

�̈�2 +
5𝑘
𝑚
𝑋2 = 0

Before solving the above, the initial conditions, given in the natural coordinates, needs to
be transformed to modal coordinates. It is not clear which initial conditions we should
use, since book uses

𝑥1(𝑡 = 0) = 𝑥1(0) �̇�1(𝑡 = 0) = 0
𝑥2(𝑡 = 0) = 𝑥2(0) �̇�2(𝑡 = 0) = 0

And in the HW pdf, we are also asked to use the following initial conditions

𝑥1(𝑡 = 0) = 0 �̇�1(𝑡 = 0) = 𝑣1
𝑥2(𝑡 = 0) = 0 �̇�2(𝑡 = 0) = 𝑣2

Should we solve it for both cases, or just the second case? I will solve the problem for
both cases, since I am not sure which to pick.

2This can also be shown by working it out as follows. Φ𝑇𝑀Φ = 1

√2

⎡
⎢⎢⎢⎢⎢⎣
1 −1
1 1

⎤
⎥⎥⎥⎥⎥⎦

𝑇
𝑘
𝑚

⎡
⎢⎢⎢⎢⎢⎣
3 −2
−2 3

⎤
⎥⎥⎥⎥⎥⎦

1

√2

⎡
⎢⎢⎢⎢⎢⎣
1 −1
1 1

⎤
⎥⎥⎥⎥⎥⎦

which becomes Φ𝑇𝑀Φ = 𝑘
2𝑚

⎡
⎢⎢⎢⎢⎢⎣
1 1
−1 1

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
3 −2
−2 3

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
1 −1
1 1

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑘
𝑚

0

0 5𝑘
𝑚

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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4.1 Part 1
Solving using book initial conditions

𝑥1(𝑡 = 0) = 𝑥1(0) �̇�1(0) = 0
𝑥2(𝑡 = 0) = 𝑥2(0) �̇�2(0) = 0

Since |𝑥⟩ = Φ|𝑋⟩ then the inverse is

|𝑋⟩ = Φ−1|𝑥⟩

But Φ−1 = Φ𝑇 therefore

|𝑋(0)⟩ = Φ𝑇|𝑥1(0)⟩
⎡
⎢⎢⎢⎢⎢⎣
𝑋1(0)

𝑋2(0)

⎤
⎥⎥⎥⎥⎥⎦ =

1

√2

⎡
⎢⎢⎢⎢⎢⎣
1 −1
1 1

⎤
⎥⎥⎥⎥⎥⎦

𝑇⎡⎢⎢⎢⎢⎢⎣
𝑥1(0)

𝑥2(0)

⎤
⎥⎥⎥⎥⎥⎦

=
1

√2

⎡
⎢⎢⎢⎢⎢⎣
1 1
−1 1

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑥1(0)

𝑥2(0)

⎤
⎥⎥⎥⎥⎥⎦

=
1

√2

⎡
⎢⎢⎢⎢⎢⎣
𝑥1(0) + 𝑥2(0)

−𝑥1(0) + 𝑥2(0)

⎤
⎥⎥⎥⎥⎥⎦

And

|�̇�(0)⟩ = Φ𝑇|�̇�1(0)⟩⎡
⎢⎢⎢⎢⎢⎢⎣
�̇�1(0)

�̇�2(0)

⎤
⎥⎥⎥⎥⎥⎥⎦ =

1

√2

⎡
⎢⎢⎢⎢⎢⎣
1 1
−1 1

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
�̇�1(0)

�̇�2(0)

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

Since

⎡
⎢⎢⎢⎢⎢⎣
�̇�1(0)

�̇�2(0)

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦. Now that we found the initial conditions in modal coordinates, we

can solve Eq. (8). Here it is again

⎡
⎢⎢⎢⎢⎢⎢⎣
�̈�1

�̈�2

⎤
⎥⎥⎥⎥⎥⎥⎦ +

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑘
𝑚 0

0 5𝑘
𝑚

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑋1

𝑋2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦ (9)

⎡
⎢⎢⎢⎢⎢⎣
𝑋1(0)

𝑋2(0)

⎤
⎥⎥⎥⎥⎥⎦ =

1

√2

⎡
⎢⎢⎢⎢⎢⎣
𝑥1(0) + 𝑥2(0)

−𝑥1(0) + 𝑥2(0)

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣
�̇�1(0)

�̇�2(0)

⎤
⎥⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

The first equation of (9) becomes

�̈�1 +
𝑘
𝑚
𝑋1 = 0

𝑋1(0) =
1

√2
(𝑥1(0) + 𝑥2(0))

�̇�1(0) = 0

The solution is

𝑋1(𝑡) = 𝐴 cos
⎛
⎜⎜⎜⎜⎝�

𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ + 𝐵 sin

⎛
⎜⎜⎜⎜⎝�

𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ (10)
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Where 𝐴,𝐵 are the constants of integrations. At 𝑡 = 0 and from the initial conditions,
the above becomes

1

√2
(𝑥1(0) + 𝑥2(0)) = 𝐴

Taking time derivative of (10) gives

�̇�1 = −𝐴�
𝑘
𝑚

sin
⎛
⎜⎜⎜⎜⎝�

𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ + 𝐵�

𝑘
𝑚

cos
⎛
⎜⎜⎜⎜⎝�

𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠

Since �̇�1(0) = 0 then the above becomes

0 = 𝐵
�
𝑘
𝑚

Hence 𝐵 = 0. Therefore the solution of Eq (10) is

𝑋1 =
1

√2
(𝑥1(0) + 𝑥2(0)) cos

⎛
⎜⎜⎜⎜⎝�

𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ (11)

Tthe second ODE in (9) is now solved.

�̈�2 +
5𝑘
𝑚
𝑋1 = 0

𝑋2(0) =
1

√2
(−𝑥1(0) + 𝑥2(0))

�̇�2(0) = 0

The solution is

𝑋2 = 𝐴 cos
⎛
⎜⎜⎜⎜⎝�

5𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ + 𝐵 sin

⎛
⎜⎜⎜⎜⎝�

5𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ (12)

Where 𝐴,𝐵 are the constants of integrations. At 𝑡 = 0,

1

√2
(−𝑥1(0) + 𝑥2(0)) = 𝐴

Taking time derivative of (12) gives

�̇�2 = −𝐴�
5𝑘
𝑚

sin
⎛
⎜⎜⎜⎜⎝�

5𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ + 𝐵�

5𝑘
𝑚

cos
⎛
⎜⎜⎜⎜⎝�

5𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠

At 𝑡 = 0 the above becomes

0 = 𝐵
�
5𝑘
𝑚

Hence 𝐵 = 0. The solution of Eq (12) becomes

𝑋2 =
1

√2
(−𝑥1(0) + 𝑥2(0)) cos

⎛
⎜⎜⎜⎜⎝�

5𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ (13)

Therefore the solution is

|𝑋⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

√2
(𝑥1(0) + 𝑥2(0)) cos��

𝑘
𝑚 𝑡�

1

√2
(−𝑥1(0) + 𝑥2(0)) cos��

5𝑘
𝑚 𝑡�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(14)

This is the final solution. But it is in modal coordinates. This is transformed back to
natural coordinates using Eq (3)

|𝑥⟩ = Φ|𝑋⟩
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Therefore

|𝑥⟩ =
1

√2

⎡
⎢⎢⎢⎢⎢⎣
1 −1
1 1

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

√2
(𝑥1(0) + 𝑥2(0)) cos��

𝑘
𝑚 𝑡�

1

√2
(−𝑥1(0) + 𝑥2(0)) cos��

5𝑘
𝑚 𝑡�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

√2
(𝑥1(0) + 𝑥2(0)) cos��

𝑘
𝑚 𝑡� −

1

√2
(−𝑥1(0) + 𝑥2(0)) cos��

5𝑘
𝑚 𝑡�

1

√2
(𝑥1(0) + 𝑥2(0)) cos��

𝑘
𝑚 𝑡� +

1

√2
(−𝑥1(0) + 𝑥2(0)) cos��

5𝑘
𝑚 𝑡�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
1
2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(𝑥1(0) + 𝑥2(0)) cos��
𝑘
𝑚 𝑡� + (𝑥1(0) − 𝑥2(0)) cos��

5𝑘
𝑚 𝑡�

(𝑥1(0) + 𝑥2(0)) cos��
𝑘
𝑚 𝑡� − (𝑥1(0) − 𝑥2(0)) cos��

5𝑘
𝑚 𝑡�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(15)

Hence

𝑥1(𝑡) =
𝑥1(0) + 𝑥2(0)

2
cos

⎛
⎜⎜⎜⎜⎝�

𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ +

𝑥1(0) − 𝑥2(0)
2

cos
⎛
⎜⎜⎜⎜⎝�

5𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ (16)

𝑥2(𝑡) =
𝑥1(0) + 𝑥2(0)

2
cos

⎛
⎜⎜⎜⎜⎝�

𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ −

𝑥1(0) − 𝑥2(0)
2

cos
⎛
⎜⎜⎜⎜⎝�

5𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ (17)

The above is the final solution in the natural coordinates. The above is repeated using
the other initial conditions given in the PDF file.

4.2 Part 2
Solving using book initial conditions

𝑥1(𝑡 = 0) = 0 �̇�1(𝑡 = 0) = 𝑣1
𝑥2(𝑡 = 0) = 0 �̇�2(𝑡 = 0) = 𝑣2

Using |𝑥⟩ = Φ|𝑋⟩ then
|𝑋⟩ = Φ−1|𝑥⟩

But Φ−1 = Φ𝑇 then

|𝑋(0)⟩ = Φ𝑇|𝑥1(0)⟩
⎡
⎢⎢⎢⎢⎢⎣
𝑋1(0)

𝑋2(0)

⎤
⎥⎥⎥⎥⎥⎦ =

1

√2

⎡
⎢⎢⎢⎢⎢⎣
1 −1
1 1

⎤
⎥⎥⎥⎥⎥⎦

𝑇⎡⎢⎢⎢⎢⎢⎣
𝑥1(0)

𝑥2(0)

⎤
⎥⎥⎥⎥⎥⎦

=
1

√2

⎡
⎢⎢⎢⎢⎢⎣
1 1
−1 1

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

And

|�̇�(0)⟩ = Φ𝑇|�̇�1(0)⟩⎡
⎢⎢⎢⎢⎢⎢⎣
�̇�1(0)

�̇�2(0)

⎤
⎥⎥⎥⎥⎥⎥⎦ =

1

√2

⎡
⎢⎢⎢⎢⎢⎣
1 1
−1 1

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
�̇�1(0)

�̇�2(0)

⎤
⎥⎥⎥⎥⎥⎦

=
1

√2

⎡
⎢⎢⎢⎢⎢⎣
𝑣1 + 𝑣2
−𝑣1 + 𝑣2

⎤
⎥⎥⎥⎥⎥⎦
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Now that we found initial conditions in modal coordinates, we can finally solve the (8).
Here it is again

⎡
⎢⎢⎢⎢⎢⎢⎣
�̈�1

�̈�2

⎤
⎥⎥⎥⎥⎥⎥⎦ +

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑘
𝑚 0

0 5𝑘
𝑚

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑋1

𝑋2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦ (18)

⎡
⎢⎢⎢⎢⎢⎣
𝑋1(0)

𝑋2(0)

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣
�̇�1(0)

�̇�2(0)

⎤
⎥⎥⎥⎥⎥⎥⎦ =

1

√2

⎡
⎢⎢⎢⎢⎢⎣
𝑣1 + 𝑣2
−𝑣1 + 𝑣2

⎤
⎥⎥⎥⎥⎥⎦

The first equation of (18) becomes

�̈�1 +
𝑘
𝑚
𝑋1 = 0

𝑋1(0) = 0

�̇�1(0) =
1

√2
(𝑣1 + 𝑣2)

The solution is (since SHM)

𝑋1 = 𝐴 cos
⎛
⎜⎜⎜⎜⎝�

𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ + 𝐵 sin

⎛
⎜⎜⎜⎜⎝�

𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ (19)

Where 𝐴,𝐵 are the constants of integrations. At 𝑡 = 0,

0 = 𝐴

The solution (19) becomes

𝑋1 = 𝐵 sin
⎛
⎜⎜⎜⎜⎝�

𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠

Taking time derivative of the above gives

�̇�1 = 𝐵�
𝑘
𝑚

cos
⎛
⎜⎜⎜⎜⎝�

𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠

At 𝑡 = 0 the above becomes

1

√2
(𝑣1 + 𝑣2) = 𝐵�

𝑘
𝑚

𝐵 =
�
𝑚
𝑘

1

√2
(𝑣1 + 𝑣2)

Therefore the solution of Eq (19) is

𝑋1 =
�
𝑚
2𝑘
(𝑣1 + 𝑣2) sin

⎛
⎜⎜⎜⎜⎝�

𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ (20)

The second ODE in (18) is now solved.

�̈�2 +
5𝑘
𝑚
𝑋1 = 0

𝑋2(0) = 0

�̇�2(0) =
1

√2
(−𝑣1 + 𝑣2)
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The solution is

𝑋2 = 𝐴 cos
⎛
⎜⎜⎜⎜⎝�

5𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ + 𝐵 sin

⎛
⎜⎜⎜⎜⎝�

5𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ (21)

Where 𝐴,𝐵 are the constants of integrations. At 𝑡 = 0,
0 = 𝐴

The solution (21) becomes

𝑋2 = 𝐵 sin
⎛
⎜⎜⎜⎜⎝�

5𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠

Taking time derivative gives

�̇�2 = 𝐵�
5𝑘
𝑚

cos
⎛
⎜⎜⎜⎜⎝�

5𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠

At 𝑡 = 0 the above becomes
1

√2
(−𝑣1 + 𝑣2) = 𝐵�

5𝑘
𝑚

𝐵 =
�

𝑚
10𝑘

(−𝑣1 + 𝑣2)

Therefore the solution of Eq (21) is

𝑋2 =
�

𝑚
10𝑘

(−𝑣1 + 𝑣2) sin
⎛
⎜⎜⎜⎜⎝�

5𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ (22)

Therefore the solution state vector is

|𝑋⟩ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�
𝑚
2𝑘
(𝑣1 + 𝑣2) sin��

𝑘
𝑚 𝑡�

�
𝑚
10𝑘

(−𝑣1 + 𝑣2) sin��
5𝑘
𝑚 𝑡�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(23)

This is the final solution. But it is in modal coordinates. It is now transformed back to
natural coordinates using Eq (3)

|𝑥⟩ = Φ|𝑋⟩
Therefore

|𝑥⟩ =
1

√2

⎡
⎢⎢⎢⎢⎢⎣
1 −1
1 1

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�
𝑚
2𝑘
(𝑣1 + 𝑣2) sin��

𝑘
𝑚 𝑡�

�
𝑚
10𝑘

(−𝑣1 + 𝑣2) sin��
5𝑘
𝑚 𝑡�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
1

√2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�
𝑚
2𝑘
(𝑣1 + 𝑣2) sin��

𝑘
𝑚 𝑡� − �

𝑚
10𝑘

(−𝑣1 + 𝑣2) sin��
5𝑘
𝑚 𝑡�

�
𝑚
2𝑘
(𝑣1 + 𝑣2) sin��

𝑘
𝑚 𝑡� + �

𝑚
10𝑘

(−𝑣1 + 𝑣2) sin��
5𝑘
𝑚 𝑡�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�
𝑚
4𝑘
(𝑣1 + 𝑣2) sin��

𝑘
𝑚 𝑡� − �

𝑚
20𝑘

(−𝑣1 + 𝑣2) sin��
5𝑘
𝑚 𝑡�

�
𝑚
4𝑘
(𝑣1 + 𝑣2) sin��

𝑘
𝑚 𝑡� + �

𝑚
20𝑘

(−𝑣1 + 𝑣2) sin��
5𝑘
𝑚 𝑡�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(24)

Hence

𝑥1(𝑡) =
1
2�

𝑚
𝑘
(𝑣1 + 𝑣2) sin

⎛
⎜⎜⎜⎜⎝�

𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ +�

𝑚
20𝑘

(𝑣1 − 𝑣2) sin
⎛
⎜⎜⎜⎜⎝�

5𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ (25)

𝑥2(𝑡) =
1
2�

𝑚
𝑘
(𝑣1 + 𝑣2) sin

⎛
⎜⎜⎜⎜⎝�

𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ +�

𝑚
20𝑘

(−𝑣1 + 𝑣2) sin
⎛
⎜⎜⎜⎜⎝�

5𝑘
𝑚
𝑡
⎞
⎟⎟⎟⎟⎠ (26)

The above is the final solution in the natural coordinates.
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