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1 Problem section 3.2 number 23

In Problems 23–27, determine for what values of 𝑘 each system has (a) a unique solution;
(b) no solution; (c) infinitely many solutions.

3𝑥 + 2𝑦 = 1
6𝑥 + 4𝑦 = 𝑘

Solution

⎡
⎢⎢⎢⎢⎣
3 2
6 4

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
𝑥
𝑦

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣
1
𝑘

⎤
⎥⎥⎥⎥⎦

Augmented matrix is ⎡
⎢⎢⎢⎢⎣
3 2 1
6 4 𝑘

⎤
⎥⎥⎥⎥⎦

𝑅2 → −2𝑅1 + 𝑅2 gives ⎡
⎢⎢⎢⎢⎣
3 2 1
0 0 𝑘 − 2

⎤
⎥⎥⎥⎥⎦

The above is in Echelon form. 𝑥 is the leading variable and 𝑦 is the free variable. Let 𝑦 = 𝑡.
The system in Echelon form becomes

⎡
⎢⎢⎢⎢⎣
3 2
0 0

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
𝑥
𝑡

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

1
𝑘 − 2

⎤
⎥⎥⎥⎥⎦

Last row says that 0 = 𝑘 − 2. This means only 𝑘 = 2 is possible. First row gives 3𝑥 + 2𝑡 = 1.

When 𝑘 = 2, we have infinite number of solutions given by

⎡
⎢⎢⎢⎢⎣
𝑥
𝑦

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣
1−2𝑡
3
𝑡

⎤
⎥⎥⎥⎥⎦. For any 𝑡.

When 𝑘 ≠ 2 there is no solution. There is no unique solution for any 𝑘 since 𝑦 is free
variable. Hence answer is

(a) None (b) 𝑘 ≠ 2 (c) 𝑘 = 2.
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2 Problem section 3.2 number 24

In Problems 23–27, determine for what values of 𝑘 each system has (a) a unique solution;
(b) no solution; (c) infinitely many solutions.

3𝑥 + 2𝑦 = 0
6𝑥 + 𝑘𝑦 = 0

Solution ⎡
⎢⎢⎢⎢⎣
3 2
6 𝑘

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
𝑥
𝑦

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎦

Augmented matrix is ⎡
⎢⎢⎢⎢⎣
3 2 0
6 𝑘 0

⎤
⎥⎥⎥⎥⎦

𝑅2 → −2𝑅1 + 𝑅2 gives ⎡
⎢⎢⎢⎢⎣
3 2 0
0 𝑘 − 4 0

⎤
⎥⎥⎥⎥⎦

We see that when 𝑘 = 4, then 𝑦 is free variable giving ∞ number of solutions. When 𝑘 ≠ 4
then unique solution exist, which is the trivial solution. Hence answer is

(a) 𝑘 ≠ 4 (b) None (c) 𝑘 = 4.

Notice, the answer in back of the book seems wrong. It says (a) is when 𝑘 ≠ 2. It should
be 𝑘 ≠ 4.
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3 Problem section 3.2 number 25

In Problems 23–27, determine for what values of 𝑘 each system has (a) a unique solution;
(b) no solution; (c) infinitely many solutions.

3𝑥 + 2𝑦 = 11
6𝑥 + 𝑘𝑦 = 21

Solution ⎡
⎢⎢⎢⎢⎣
3 2
6 𝑘

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
𝑥
𝑦

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣
11
21

⎤
⎥⎥⎥⎥⎦

Augmented matrix is ⎡
⎢⎢⎢⎢⎣
3 2 11
6 𝑘 21

⎤
⎥⎥⎥⎥⎦

𝑅2 → −2𝑅1 + 𝑅2 gives ⎡
⎢⎢⎢⎢⎣
3 2 11
0 𝑘 − 4 −1

⎤
⎥⎥⎥⎥⎦

We see that when 𝑘 = 4, then inconsistent, since it leads to 0 = −1, hence no solution in
this case. When 𝑘 ≠ 4 then unique solution exist. These are the only two possible cases.
Hence answer is

(a) 𝑘 ≠ 4 (b) 𝑘 = 4 (c) None
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4 Problem section 3.2 number 26

In Problems 23–27, determine for what values of 𝑘 each system has (a) a unique solution;
(b) no solution; (c) infinitely many solutions.

3𝑥 + 2𝑦 = 1
7𝑥 + 5𝑦 = 𝑘

Solution ⎡
⎢⎢⎢⎢⎣
3 2
7 5

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
𝑥
𝑦

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣
1
𝑘

⎤
⎥⎥⎥⎥⎦

Augmented matrix is ⎡
⎢⎢⎢⎢⎣
3 2 1
7 5 𝑘

⎤
⎥⎥⎥⎥⎦

𝑅1 → 7𝑅1, 𝑅2 → 3𝑅2 gives ⎡
⎢⎢⎢⎢⎣
21 14 7
21 15 3𝑘

⎤
⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 𝑅1 gives ⎡
⎢⎢⎢⎢⎣
21 14 7
0 1 3𝑘 − 7

⎤
⎥⎥⎥⎥⎦

The Echelon form shows that there are no free variables. Hence unique solution exist for
all 𝑘 values. Hence the answer is

(a) any 𝑘 (b) None (c) None
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5 Problem section 3.2 number 27

In Problems 23–27, determine for what values of 𝑘 each system has (a) a unique solution;
(b) no solution; (c) infinitely many solutions.

𝑥 + 2𝑦 + 𝑧 = 3
2𝑥 − 𝑦 − 3𝑧 = 5
4𝑥 + 3𝑦 − 𝑧 = 𝑘

Solution
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 1
2 −1 −3
4 3 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥
𝑦
𝑧

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
5
𝑘

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 1 3
2 −1 −3 5
4 3 −1 𝑘

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → −2𝑅1 + 𝑅2 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 1 3
0 −5 −5 −1
4 3 −1 𝑘

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → −4𝑅1 + 𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 1 3
0 −5 −5 −1
0 −5 −5 𝑘 − 12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → −𝑅2 + 𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 1 3
0 −5 −5 −1
0 0 0 𝑘 − 11

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

The Echelon form shows that only when 𝑘 = 11 we get consistent system. And in this case,
𝑧 is the free variable, leading to ∞ solutions. If 𝑘 ≠ 11 then system is inconsistent and no
solution exist.

(a) None (b) 𝑘 ≠ 11 (c) 𝑘 = 11
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6 Problem section 3.2 number 28

Under what condition on the constants 𝑎, 𝑏, and 𝑐 does the system have a unique solution?
No solution? Infinitely many solutions?

2𝑥 − 𝑦 + 3𝑧 = 𝑎
𝑥 + 2𝑦 + 𝑧 = 𝑏

7𝑥 + 4𝑦 + 9𝑧 = 𝑐

Solution
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 −1 3
1 2 1
7 4 9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥
𝑦
𝑧

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑎
𝑏
𝑐

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 −1 3 𝑎
1 2 1 𝑏
7 4 9 𝑐

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → −𝑅1 + 2𝑅2 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 −1 3 𝑎
0 5 −1 2𝑏 − 𝑎
7 4 9 𝑐

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 2𝑅3, 𝑅1 → 7𝑅1 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

14 −7 21 7𝑎
0 5 −1 2𝑏 − 𝑎
14 8 18 2𝑐

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → −𝑅1 + 𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

14 −7 21 7𝑎
0 5 −1 2𝑏 − 𝑎
0 15 −3 2𝑐 − 7𝑎

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → −3𝑅2 + 𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

14 −7 21 7𝑎
0 5 −1 2𝑏 − 𝑎
0 0 0 (2𝑐 − 7𝑎) − 3(2𝑏 − 𝑎)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Or ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

14 −7 21 7𝑎
0 5 −1 2𝑏 − 𝑎
0 0 0 2𝑐 − 6𝑏 − 4𝑎

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

The Echelon form shows that only when 2𝑐 − 6𝑏 − 4𝑎 = 0 or

𝑐 = 3𝑏 + 2𝑎

We get consistent system. And in this case, 𝑧 is the free variable, leading to ∞ solutions. If
𝑐 ≠ 3𝑏 + 2𝑎 then system is inconsistent and no solution exist.
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7 Problem section 3.3 number 37

Show that the homogeneous system in problem 35 has non-trivial solution iff 𝑎𝑑 − 𝑏𝑐 = 0

𝑎𝑥 + 𝑏𝑦 = 0
𝑐𝑥 + 𝑑𝑦 = 0

Solution ⎡
⎢⎢⎢⎢⎣
𝑎 𝑏
𝑐 𝑑

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
𝑥
𝑦

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎦

Augmented matrix is ⎡
⎢⎢⎢⎢⎣
𝑎 𝑏 0
𝑐 𝑑 0

⎤
⎥⎥⎥⎥⎦

𝑅2 → − 𝑐
𝑎𝑅1 + 𝑅2 gives ⎡

⎢⎢⎢⎢⎣
𝑎 𝑏 0
0 𝑑 − 𝑐

𝑎𝑏 0

⎤
⎥⎥⎥⎥⎦

Or ⎡
⎢⎢⎢⎢⎣
𝑎 𝑏 0
0 𝑎𝑑−𝑐𝑏

𝑐 0

⎤
⎥⎥⎥⎥⎦

There are two cases. First case is when 𝑎𝑑−𝑐𝑏
𝑐 = 0 or 𝑎𝑑 − 𝑐𝑏 = 0 then we get infinite number

of solutions since 𝑦 is the free variable. The second case is when 𝑎𝑑 − 𝑐𝑏 ≠ 0 and in this
case, we get unique solution which is the trivial solution 𝑥 = 0, 𝑦 = 0.

Hence only when 𝑎𝑑 − 𝑐𝑏 = 0 do we get non-trivial solution which is what we are asked to
show.
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8 Problem section 3.3 number 38

Use the result of problem 37 to find all values of 𝑐 for which

(𝑐 + 2)𝑥 + 3𝑦 = 0 (1)

2𝑥 + (𝑐 − 3)𝑦 = 0

Has non-trivial solution.

Solution

From problem 37 we found that non-trivial solution exist when

𝑎𝑑 − 𝑐𝑏 = 0 (2)

Where

𝑎𝑥 + 𝑏𝑦 = 0 (3)

𝑐𝑥 + 𝑑𝑦 = 0

Comparing (1) to (3) shows that

𝑎 ≡ (𝑐 + 2)
𝑏 ≡ 3
𝑐 ≡ 2
𝑑 ≡ (𝑐 − 3)

Hence (2) now becomes

(𝑐 + 2)(𝑐 − 3) − (2)(3) = 0
𝑐2 − 𝑐 − 12 = 0

(𝑐 + 3)(𝑐 − 4) = 0

Hence only possible values are 𝑐 = −3, 𝑐 = 4. These values give non-trivial solution.
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9 Problem section 3.5 number 9

Use the method of example 7 to find 𝐴−1 for given 𝐴

𝐴 =
⎡
⎢⎢⎢⎢⎣
5 6
4 5

⎤
⎥⎥⎥⎥⎦

Solution

Augmented matrix is ⎡
⎢⎢⎢⎢⎣
5 6 1 0
4 5 0 1

⎤
⎥⎥⎥⎥⎦

𝑅1 → 4𝑅1, 𝑅2 → 5𝑅2 gives ⎡
⎢⎢⎢⎢⎣
20 24 4 0
20 25 0 5

⎤
⎥⎥⎥⎥⎦

𝑅2 → −𝑅1 + 𝑅2 ⎡
⎢⎢⎢⎢⎣
20 24 4 0
0 1 −4 5

⎤
⎥⎥⎥⎥⎦

𝑅1 →
𝑅1
20 gives

⎡
⎢⎢⎢⎢⎣
1 6

5
1
5 0

0 1 −4 5

⎤
⎥⎥⎥⎥⎦

𝑅1 → 𝑅1 −
6
5𝑅2 ⎡

⎢⎢⎢⎢⎣
1 0 5 −6
0 1 −4 5

⎤
⎥⎥⎥⎥⎦

Since the left half is the identity matrix, then the inverse is the right side. Hence

𝐴−1 =
⎡
⎢⎢⎢⎢⎣
5 −6
−4 5

⎤
⎥⎥⎥⎥⎦
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10 Problem section 3.5 number 10

Use the method of example 7 to find 𝐴−1 for given 𝐴

𝐴 =
⎡
⎢⎢⎢⎢⎣
5 7
4 6

⎤
⎥⎥⎥⎥⎦

Solution

Augmented matrix is ⎡
⎢⎢⎢⎢⎣
5 7 1 0
4 6 0 1

⎤
⎥⎥⎥⎥⎦

𝑅1 → 4𝑅1, 𝑅2 → 5𝑅2 gives ⎡
⎢⎢⎢⎢⎣
20 28 4 0
20 30 0 5

⎤
⎥⎥⎥⎥⎦

𝑅2 → −𝑅1 + 𝑅2 gives ⎡
⎢⎢⎢⎢⎣
20 28 4 0
0 2 −4 5

⎤
⎥⎥⎥⎥⎦

𝑅1 →
𝑅1
20 gives

⎡
⎢⎢⎢⎢⎣
1 7

5
1
5 0

0 2 −4 5

⎤
⎥⎥⎥⎥⎦

𝑅2 →
𝑅2
2 gives

⎡
⎢⎢⎢⎢⎣
1 7

5
1
5 0

0 1 −2 5
2

⎤
⎥⎥⎥⎥⎦

𝑅1 → 𝑅1 −
7
5𝑅2 gives ⎡

⎢⎢⎢⎢⎣
1 0 3 −7

2
0 1 −2 5

2

⎤
⎥⎥⎥⎥⎦

Since the left half is the identity matrix, then the inverse is the right side. Hence

𝐴−1 =
⎡
⎢⎢⎢⎢⎣
3 −7

2
−2 5

2

⎤
⎥⎥⎥⎥⎦
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11 Problem section 3.5 number 11

Use the method of example 7 to find 𝐴−1 for given 𝐴

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 1
2 5 0
2 7 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Solution

Augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 1 1 0 0
2 5 0 0 1 0
2 7 1 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 2𝑅1 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 1 1 0 0
0 −5 −2 −2 1 0
2 7 1 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 2𝑅1 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 1 1 0 0
0 −5 −2 −2 1 0
0 −3 −1 −2 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 3𝑅2, 𝑅3 → 5𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 1 1 0 0
0 −15 −6 −6 3 0
0 −15 −5 −10 0 5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 𝑅2 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 1 1 0 0
0 −15 −6 −6 3 0
0 0 1 −4 −3 5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → −𝑅2
15 gives

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 1 1 0 0
0 1 6

15
6
15 − 3

15 0
0 0 1 −4 −3 5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 −
6
15𝑅3 gives ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 1 1 0 0
0 1 0 2 1 −2
0 0 1 −4 −3 5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅1 → 𝑅1 − 𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 0 5 3 −5
0 1 0 2 1 −2
0 0 1 −4 −3 5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅1 → 𝑅1 − 5𝑅2 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 −5 −2 5
0 1 0 2 1 −2
0 0 1 −4 −3 5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Since the left half is the identity matrix, then the inverse is the right side. Hence

𝐴−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−5 −2 5
2 1 −2
−4 −3 5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
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12 Problem section 3.5 number 12

Use the method of example 7 to find 𝐴−1 for given 𝐴

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 2
2 8 3
3 10 6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Solution

Augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 2 1 0 0
2 8 3 0 1 0
3 10 6 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 2𝑅1 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 2 1 0 0
0 2 −1 −2 1 0
3 10 6 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 3𝑅1 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 2 1 0 0
0 2 −1 −2 1 0
0 1 0 −3 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 2𝑅3 − 𝑅2 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 2 1 0 0
0 2 −1 −2 1 0
0 0 1 −4 −1 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 →
1
2𝑅2 gives ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 2 1 0 0
0 1 −1

2 −1 1
2 0

0 0 1 −4 −1 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 →
1
2𝑅3 + 𝑅2 gives ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 2 1 0 0
0 1 0 −3 0 1
0 0 1 −4 −1 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅1 → 𝑅1 − 2𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 0 9 2 −4
0 1 0 −3 0 1
0 0 1 −4 −1 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅1 → 𝑅1 − 3𝑅2 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 18 2 −7
0 1 0 −3 0 1
0 0 1 −4 −1 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Since the left half is the identity matrix, then the inverse is the right side. Hence

𝐴−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

18 2 −7
−3 0 1
−4 −1 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦



15

13 Problem section 3.5 number 13

Use the method of example 7 to find 𝐴−1 for given 𝐴

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 7 3
1 3 2
3 7 9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Solution

Augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 7 3 1 0 0
1 3 2 0 1 0
3 7 9 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Swap 𝑅1, 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 2 0 1 0
2 7 3 1 0 0
3 7 9 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 2𝑅1 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 2 0 1 0
0 1 −1 1 −2 0
3 7 9 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 3𝑅1 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 2 0 1 0
0 1 −1 1 −2 0
0 −2 3 0 −3 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 + 2𝑅2 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 2 0 1 0
0 1 −1 1 −2 0
0 0 1 2 −7 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 + 𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 2 0 1 0
0 1 0 3 −9 1
0 0 1 2 −7 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅1 → 𝑅1 − 2𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 0 −4 15 −2
0 1 0 3 −9 1
0 0 1 2 −7 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅1 → 𝑅1 − 3𝑅2 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 −13 42 −5
0 1 0 3 −9 1
0 0 1 2 −7 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Since the left half is the identity matrix, then the inverse is the right side. Hence

𝐴−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−13 42 −5
3 −9 1
2 −7 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
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14 Problem section 3.5 number 23

Find matrix 𝑋 such that 𝐴𝑋 = 𝐵

𝐴 =
⎡
⎢⎢⎢⎢⎣
4 3
5 4

⎤
⎥⎥⎥⎥⎦, 𝐵 =

⎡
⎢⎢⎢⎢⎣
1 3 −5
−1 −2 5

⎤
⎥⎥⎥⎥⎦

Solution

Pre-multiplying both sides of 𝐴𝑋 = 𝐵 by 𝐴−1 gives

𝑋 = 𝐴−1𝐵 (1)

But

𝐴−1 =
1

16 − 15

⎡
⎢⎢⎢⎢⎣
4 −3
−5 4

⎤
⎥⎥⎥⎥⎦

=
⎡
⎢⎢⎢⎢⎣
4 −3
−5 4

⎤
⎥⎥⎥⎥⎦

Hence (1) becomes

𝑋 =
⎡
⎢⎢⎢⎢⎣
4 −3
−5 4

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
1 3 −5
−1 −2 5

⎤
⎥⎥⎥⎥⎦

=
⎡
⎢⎢⎢⎢⎣
7 18 −35
−9 −23 45

⎤
⎥⎥⎥⎥⎦
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15 Problem section 3.5 number 24

Find matrix 𝑋 such that 𝐴𝑋 = 𝐵

𝐴 =
⎡
⎢⎢⎢⎢⎣
7 6
8 7

⎤
⎥⎥⎥⎥⎦, 𝐵 =

⎡
⎢⎢⎢⎢⎣
2 0 4
0 5 −3

⎤
⎥⎥⎥⎥⎦

Solution

Pre-multiplying both sides of 𝐴𝑋 = 𝐵 by 𝐴−1 and using 𝐴−1𝐴 = 𝐼 results in

𝑋 = 𝐴−1𝐵 (1)

But

𝐴−1 =
1

49 − 48

⎡
⎢⎢⎢⎢⎣
7 −6
−8 7

⎤
⎥⎥⎥⎥⎦

=
⎡
⎢⎢⎢⎢⎣
7 −6
−8 7

⎤
⎥⎥⎥⎥⎦

Hence (1) becomes

𝑋 =
⎡
⎢⎢⎢⎢⎣
7 −6
−8 7

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
2 0 4
0 5 −3

⎤
⎥⎥⎥⎥⎦

=
⎡
⎢⎢⎢⎢⎣
14 −30 46
−16 35 −53

⎤
⎥⎥⎥⎥⎦
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16 Problem section 3.5 number 25

Find matrix 𝑋 such that 𝐴𝑋 = 𝐵

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 4 1
2 8 3
2 7 4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
, 𝐵 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 3
0 2 2
−1 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Solution

Pre-multiplying both sides of 𝐴𝑋 = 𝐵 by 𝐴−1 and using 𝐴−1𝐴 = 𝐼 results in

𝑋 = 𝐴−1𝐵 (1)

But

𝐴−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 4 1
2 8 3
2 7 4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

−1

Augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 4 1 1 0 0
2 8 3 0 1 0
2 7 4 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 = 𝑅2 − 2𝑅1 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 4 1 1 0 0
0 0 1 −2 1 0
2 7 4 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 = 𝑅3 − 2𝑅1 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 4 1 1 0 0
0 0 1 −2 1 0
0 −1 2 −2 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Swap 𝑅2, 𝑅3 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 4 1 1 0 0
0 −1 2 −2 0 1
0 0 1 −2 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → −𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 4 1 1 0 0
0 1 −2 2 0 −1
0 0 1 −2 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 + 2𝑅3 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 4 1 1 0 0
0 1 0 −2 2 −1
0 0 1 −2 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅1 → 𝑅1 − 𝑅3 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 4 0 3 −1 0
0 1 0 −2 2 −1
0 0 1 −2 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅1 → 𝑅1 − 4𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 11 −9 4
0 1 0 −2 2 −1
0 0 1 −2 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Since the left half is the identity matrix, then the inverse is the right side. Hence

𝐴−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−13 42 −5
3 −9 1
2 −7 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Therefore (1) becomes

𝑋 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

11 −9 4
−2 2 −1
−2 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 3
0 2 2
−1 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

7 −14 15
−1 3 −2
−2 2 −4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦



20

17 Problem section 3.5 number 26

Find matrix 𝑋 such that 𝐴𝑋 = 𝐵

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 1
2 1 −2
1 7 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
, 𝐵 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 1
0 3 2
1 0 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Solution

Pre-multiplying both sides of 𝐴𝑋 = 𝐵 by 𝐴−1 and using 𝐴−1𝐴 = 𝐼 results in

𝑋 = 𝐴−1𝐵 (1)

But

𝐴−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 1
2 1 −2
1 7 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

−1

Augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 1 1 0 0
2 1 −2 0 1 0
1 7 2 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 2𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 1 1 0 0
0 −9 −4 −2 1 0
1 7 2 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 1 1 0 0
0 −9 −4 −2 1 0
0 2 1 −1 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 2𝑅2, 𝑅3 → 9𝑅3 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 1 1 0 0
0 −18 −8 −4 2 0
0 18 9 −9 0 9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 + 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 1 1 0 0
0 −18 −8 −4 2 0
0 0 1 −13 2 9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 + 8𝑅3 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 1 1 0 0
0 −18 0 −108 18 72
0 0 1 −13 2 9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅1 → 𝑅1 − 𝑅3 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 0 14 −2 −9
0 −18 0 −108 18 72
0 0 1 −13 2 9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 →
−1
18𝑅2 ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 0 14 −2 −9
0 1 0 6 −1 −4
0 0 1 −13 2 9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
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𝑅1 → 𝑅1 − 5𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 −16 3 11
0 1 0 6 −1 −4
0 0 1 −13 2 9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Since the left half is the identity matrix, then the inverse is the right side. Hence

𝐴−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−16 −3 11
6 −1 −4
−13 2 9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Therefore (1) becomes

𝑋 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−16 −3 11
6 −1 −4
−13 2 9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 1
0 3 2
1 0 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−21 −9 0
8 −3 −4
−17 6 9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
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18 Problem section 3.6 number 7

In Problems 7–12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1
2 2 2
3 3 3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Solution

We see before starting that the determinant must be zero, since its rows are linearly
dependent. We now show this is the case.

𝑅2 → 𝑅2 − 2𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1
0 0 0
3 3 3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Now we do expansion along 𝑅2. This gives

det(𝐴) = 0�
1 1
3 3

� + 0�
1 1
3 3

� + 0�
1 1
3 3

�

= 0
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19 Problem section 3.6 number 8

In Problems 7–12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 3 4
−2 −3 1
3 2 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Solution

𝑅1 → 𝑅1 + 𝑅2

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 5
−2 −3 1
3 2 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Expansion along first row gives

det(𝐴) = 5�
−2 −3
3 2

�

= 5(−4 + 9)
= 25
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20 Problem section 3.6 number 9

In Problems 7–12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

3 −2 5
0 5 17
6 −4 12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Solution

𝑅3 → 𝑅3 − 2𝑅1

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

3 −2 5
0 5 17
0 0 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Expansion along third row gives

det(𝐴) = 2�
3 −2
0 5

�

= 2(15)
= 30
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21 Problem section 3.6 number 10

In Problems 7–12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−3 6 5
1 −2 −4
2 −5 12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Solution

𝑅1 → 𝑅1 + 3𝑅2

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 −7
1 −2 −4
2 −5 12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Expansion along first row gives

det(𝐴) = −7�
1 −2
2 −5

�

= −7(−5 + 4)
= 7
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22 Problem section 3.6 number 11

In Problems 7–12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 4
0 5 6 7
0 0 8 9
2 4 6 9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Solution

𝑅3 → 𝑅3 − 2𝑅1

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 4
0 5 6 7
0 0 8 9
0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Expansion along last row

det(𝐴) = (−1)𝑖+𝑗(1)
�

�

1 2 3
0 5 6
0 0 8

�

�

Where 𝑖 = 4, 𝑗 = 4 (since it is entry (4, 4)). Hence (−1)𝑖+𝑗 = (−1)8 = 1. So the sign is +. The
above becomes

det(𝐴) = (1)
�

�

1 2 3
0 5 6
0 0 8

�

�

For the second determination, expansion along its third row gives

det(𝐴) = 1
⎛
⎜⎜⎜⎜⎝(−1)

3+38�
1 2
0 5

�

⎞
⎟⎟⎟⎟⎠

= 1
⎛
⎜⎜⎜⎜⎝8�

1 2
0 5

�

⎞
⎟⎟⎟⎟⎠

= 8(5)
= 40
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23 Problem section 3.6 number 12

In Problems 7–12, evaluate each given determinant after first simplifying the computation
(as in Example 6) by adding an appropriate multiple of some row or column to another.

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0 −3
0 1 11 12
0 0 5 13
−4 0 0 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Solution

𝑅4 → 𝑅4 + 2𝑅1

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0 −3
0 1 11 12
0 0 5 13
0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Expansion along last row

det(𝐴) = (−1)4+4(1)
�

�

2 0 0
0 1 11
0 0 5

�

�

=
�

�

2 0 0
0 1 11
0 0 5

�

�

Expansion along last row

det(𝐴) = (−1)3+3(5)�
2 0
0 1

�

= 5(2)
= 10
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24 Problem section 4.3 number 17

In Problems 17–22, three vectors �⃗�1,�⃗�2, and �⃗�3 are given. If they are linearly independent,
show this; otherwise find a

nontrivial linear combination of them that is equal to the zero vector.

�⃗�1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
, �⃗�2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
−3
4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
, �⃗�3 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
5
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Solution

The vectors are Linearly independent if

𝑐1�⃗�1 + 𝑐2�⃗�2 + 𝑐3�⃗�3 = 0⃗

only when 𝑐1 = 𝑐2 = 𝑐3 = 0. If we can find at least one 𝑐𝑖 ≠ 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as 𝐴�⃗� = 0⃗ gives
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3
0 −3 5
1 4 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(1)

The augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 0
0 −3 5 0
1 4 2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → −𝑅1 + 𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 0
0 −3 5 0
0 2 −1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3, 𝑅2 → 2𝑅2 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 0
0 −6 10 0
0 6 −3 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅2 + 𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 0
0 −6 10 0
0 0 7 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Hence the original system (1) in Echelon form becomes

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3
0 −6 10
0 0 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Leading variables are 𝑐1, 𝑐2, 𝑐3. Since there are no free variables, then only the trivial
solution exist. We see this by backsubstitution. Last row gives 𝑐3 = 0. Second row gives
𝑐2 = 0 and first row gives 𝑐1 = 0.

Since all 𝑐𝑖 = 0, then the vectors are Linearly independent.
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25 Problem section 4.3 number 18

In Problems 17–22, three vectors �⃗�1, �⃗�2, and �⃗�3 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero
vector.

�⃗�1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
0
−3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
, �⃗�2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

4
−5
−6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
, �⃗�3 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−2
1
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

The vectors are Linearly independent if

𝑐1�⃗�1 + 𝑐2�⃗�2 + 𝑐3�⃗�3 = 0⃗

only when 𝑐1 = 𝑐2 = 𝑐3 = 0. If we can find at least one 𝑐𝑖 ≠ 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as 𝐴�⃗� = 0⃗ gives
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 4 −2
0 −5 1
−3 −6 3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(1)

The augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 4 −2 0
0 −5 1 0
−3 −6 3 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅1 → 3𝑅1, 𝑅3 → 2𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 12 −6 0
0 −5 1 0
−6 −12 6 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅1 + 𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 12 −6 0
0 −5 1 0
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Hence the system (1) becomes
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 12 −6
0 −5 1
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

The leading variables are 𝑐1, 𝑐2 and free variable is 𝑐3. Since there is a free variable, then
the vectors are Linearly dependent. To see this, let 𝑐3 = 𝑡. From second row −5𝑐2 + 𝑡 = 0 or

𝑐2 =
1
5 𝑡. From first row 6𝑐1 + 12𝑐2 − 6𝑡 = 0. Or 𝑐1 =

6𝑡−12� 15 𝑡�

6 = 3
5 𝑡. Hence

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
5 𝑡
1
5 𝑡
𝑡

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 𝑡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
5
1
5
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

1
5
𝑡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
1
5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Taking ̃𝑡 = 5 the above becomes ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
1
5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Therefore we found one solution where

𝑐1�⃗�1 + 𝑐2�⃗�2 + 𝑐3�⃗�3 = 0⃗

3�⃗�1 + �⃗�2 + 5�⃗�3 = 0⃗

not all 𝑐𝑖 zero. Hence linearly dependent vectors.
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26 Problem section 4.3 number 19

In Problems 17–22, three vectors �⃗�1, �⃗�2, and �⃗�3 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero
vector.

�⃗�1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
0
3
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

5
4
−2
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�3 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
−1
1
−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

The vectors are Linearly independent if

𝑐1�⃗�1 + 𝑐2�⃗�2 + 𝑐3�⃗�3 = 0⃗

only when 𝑐1 = 𝑐2 = 𝑐3 = 0. If we can find at least one 𝑐𝑖 ≠ 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as 𝐴�⃗� = 0⃗ gives
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 5 2
0 4 −1
3 −2 1
0 1 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(1)

The augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 5 2 0
0 4 −1 0
3 −2 1 0
0 1 −1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 2𝑅3, 𝑅1 → 3𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 15 6 0
0 4 −1 0
6 −4 2 0
0 1 −1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 15 6 0
0 4 −1 0
0 −19 −4 0
0 1 −1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 19𝑅2, 𝑅3 → 4𝑅3 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 15 6 0
0 76 −19 0
0 −76 −16 0
0 1 −1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 + 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 15 6 0
0 76 −19 0
0 0 −35 0
0 1 −1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 76𝑅4 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 15 6 0
0 76 −19 0
0 0 −35 0
0 76 −76 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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𝑅4 → 𝑅4 − 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 15 6 0
0 76 −19 0
0 0 −35 0
0 0 −57 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 −
57
35𝑅3 ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 15 6 0
0 76 −19 0
0 0 −35 0
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The above is Echelon form. Hence
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 15 6
0 76 −19
0 0 −35
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Lead variables are 𝑐1, 𝑐2, 𝑐3. There are no free variables. Therefore unique solution exist
and is 𝑐1 = 0, 𝑐2 = 0, 𝑐3 = 0. Hence the vectors are linearly independent.
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27 Problem section 4.3 number 20

In Problems 17–22, three vectors �⃗�1, �⃗�2, and �⃗�3 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero
vector.

�⃗�1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1
−1
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
1
1
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�3 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
1
4
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

The vectors are Linearly independent if

𝑐1�⃗�1 + 𝑐2�⃗�2 + 𝑐3�⃗�3 = 0⃗

only when 𝑐1 = 𝑐2 = 𝑐3 = 0. If we can find at least one 𝑐𝑖 ≠ 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as 𝐴�⃗� = 0⃗ gives
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3
1 1 1
−1 1 4
1 1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(1)

The augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 0
1 1 1 0
−1 1 4 0
1 1 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 0
0 −1 −2 0
−1 1 4 0
1 1 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 + 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 0
0 −1 −2 0
0 3 7 0
1 1 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 0
0 −1 −2 0
0 3 7 0
0 −1 −2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 + 3𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 0
0 −1 −2 0
0 0 1 0
0 −1 −2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 0
0 −1 −2 0
0 0 1 0
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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The above is Echelon form. Hence
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3
0 −1 −2
0 0 1
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Lead variables are 𝑐1, 𝑐2, 𝑐3. There are no free variables. Therefore a unique solution exists
and is the trivial solution 𝑐1 = 0, 𝑐2 = 0, 𝑐3 = 0. Hence the vectors are linearly independent.
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28 Problem section 4.3 number 21

In Problems 17–22, three vectors �⃗�1, �⃗�2, and �⃗�3 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero
vector.

�⃗�1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
0
1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
−1
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�3 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

The vectors are Linearly independent if

𝑐1�⃗�1 + 𝑐2�⃗�2 + 𝑐3�⃗�3 = 0⃗

only when 𝑐1 = 𝑐2 = 𝑐3 = 0. If we can find at least one 𝑐𝑖 ≠ 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as 𝐴�⃗� = 0⃗ gives
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3 1 1
0 −1 2
1 0 1
2 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(1)

The augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3 1 1 0
0 −1 2 0
1 0 1 0
2 1 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 3𝑅3 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3 1 1 0
0 −1 2 0
0 −1 2 0
2 1 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅1 → 2𝑅1, 𝑅4 → 3𝑅4 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 2 2 0
0 −1 2 0
0 −1 2 0
6 3 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 2 2 0
0 −1 2 0
0 −1 2 0
0 1 −2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 2 2 0
0 −1 2 0
0 0 0 0
0 1 −2 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 + 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 2 2 0
0 −1 2 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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The above is Echelon form. Hence
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 2 2
0 −1 2
0 0 0
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Lead variables are 𝑐1, 𝑐2. And free variable is 𝑐3. Since there is a free variable, then non-
trivial solution exist. Hence the vectors are linearly dependent. Let 𝑐3 = 𝑡. From second
row

−𝑐2 + 2𝑐3 = 0
𝑐2 = 2𝑐3 = 2𝑡

From first row

6𝑐1 + 2𝑐2 + 2𝑐3 = 0

𝑐1 =
−2𝑐2 − 2𝑐3

6

=
−2(2𝑡) − 2𝑡

6
= −𝑡

Hence solution is
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−𝑡
2𝑡
𝑡

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
2
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Let 𝑡 = 1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
2
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Therefore

𝑐1�⃗�1 + 𝑐2�⃗�2 + 𝑐3�⃗�3 = 0⃗

−�⃗�1 + 2�⃗�2 + �⃗�3 = 0⃗
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29 Problem section 4.3 number 22

In Problems 17–22, three vectors �⃗�1, �⃗�2, and �⃗�3 are given. If they are linearly independent,
show this; otherwise find a nontrivial linear combination of them that is equal to the zero
vector.

�⃗�1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
9
0
5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
0
9
−7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�3 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4
7
5
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

The vectors are Linearly independent if

𝑐1�⃗�1 + 𝑐2�⃗�2 + 𝑐3�⃗�3 = 0⃗

only when 𝑐1 = 𝑐2 = 𝑐3 = 0. If we can find at least one 𝑐𝑖 ≠ 0 where the above is true, then
the vectors are Linearly dependent.

Writing the above as 𝐴�⃗� = 0⃗ gives
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3 3 4
9 0 7
0 9 5
5 −7 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(1)

The augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3 3 4 0
9 0 7 0
0 9 5 0
5 −7 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 3𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3 3 4 0
0 −9 −5 0
0 9 5 0
5 −7 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅1 → 5𝑅1, 𝑅4 → 3𝑅4 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

15 15 20 0
0 −9 −5 0
0 9 5 0
15 −21 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

15 15 20 0
0 −9 −5 0
0 9 5 0
0 −36 −20 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 + 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

15 15 20 0
0 −9 −5 0
0 0 0 0
0 −36 −20 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 4𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

15 15 20 0
0 −9 −5 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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The above is Echelon form. Hence
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

15 15 20
0 −9 −5
0 0 0
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Lead variables are 𝑐1, 𝑐2. And free variable is 𝑐3. Since there is a free variable, then non-
trivial solution exist. Hence the vectors are linearly dependent. Let 𝑐3 = 𝑡. From second
row

−9𝑐2 − 5𝑐3 = 0

𝑐2 = −
5
9
𝑐3

= −
5
9
𝑡

From first row

15𝑐1 + 15𝑐2 + 20𝑐3 = 0

𝑐1 =
−15𝑐2 − 20𝑐3

15

=
−15�−5

9 𝑡� − 20𝑡

15

= −
7
9
𝑡

Hence solution is
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−7
9 𝑡

−5
9 𝑡
𝑡

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−7
9

−5
9
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
1
9
𝑡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−7
−5
9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Let 𝑡 = −9 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑐1
𝑐2
𝑐3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

7
5
−9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Therefore

𝑐1�⃗�1 + 𝑐2�⃗�2 + 𝑐3�⃗�3 = 0⃗

7�⃗�1 + 5�⃗�2 − 9�⃗�3 = 0⃗
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30 Problem section 4.4 number 15

In Problems 15–26, find a basis for the solution space of the given homogeneous linear
system.

𝑥1 − 2𝑥2 + 3𝑥3 = 0
2𝑥1 − 3𝑥2 − 𝑥3 = 0

Solution

𝐴�⃗� = 0⃗ gives
⎡
⎢⎢⎢⎢⎣
1 −2 3
2 −3 −1

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡
⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎦

The augmented matrix is ⎡
⎢⎢⎢⎢⎣
1 −2 3 0
2 −3 −1 0

⎤
⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 2𝑅1

⎡
⎢⎢⎢⎢⎣
1 −2 3 0
0 1 −7 0

⎤
⎥⎥⎥⎥⎦

Hence the leading variables are 𝑥1, 𝑥2 and the free variable is 𝑥3 = 𝑡. The system becomes

⎡
⎢⎢⎢⎢⎣
1 −2 3
0 1 −7

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡
⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎦

From second row

𝑥2 − 7𝑥3 = 0
𝑥2 = 7𝑥3

= 7𝑡

From first row

𝑥1 − 2𝑥2 + 3𝑥3 = 0
𝑥1 = 2𝑥2 − 3𝑥3

= 2(7𝑡) − 3𝑡
= 11𝑡

Therefore the solution is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

11𝑡
7𝑡
𝑡

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 𝑡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

11
7
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Let 𝑡 = 1, the basis is

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

11
7
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

A one dimensional subspace.
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31 Problem section 4.4 number 16

In Problems 15–26, find a basis for the solution space of the given homogeneous linear
system

𝑥1 + 3𝑥2 + 4𝑥3 = 0
3𝑥1 + 8𝑥2 + 7𝑥3 = 0

solution

𝐴�⃗� = 0⃗ gives
⎡
⎢⎢⎢⎢⎣
1 3 4
3 8 7

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡
⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎦

The augmented matrix is ⎡
⎢⎢⎢⎢⎣
1 3 4 0
3 8 7 0

⎤
⎥⎥⎥⎥⎦

𝑅2 → −3𝑅1 + 𝑅2 gives ⎡
⎢⎢⎢⎢⎣
1 3 4 0
0 −1 −5 0

⎤
⎥⎥⎥⎥⎦

Hence the leading variables are 𝑥1, 𝑥2 and the free variable is 𝑥3 = 𝑡. The system becomes

⎡
⎢⎢⎢⎢⎣
1 3 4
0 −1 −5

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡
⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎦

Last row gives −𝑥2 − 5𝑥3 = 0 or −𝑥2 = 5𝑡. Hence 𝑥2 = −5𝑡. From first row, 𝑥1 + 3𝑥2 + 4𝑥3 = 0,
or 𝑥1 = −3𝑥2 − 4𝑥3 or 𝑥1 = −3(−5𝑡) − 4𝑡 = 11𝑡. Therefore the solution is

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

11𝑡
−5𝑡
𝑡

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 𝑡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

11
−5
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Let 𝑡 = 1. The basis is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

11
−5
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

A one dimensional subspace.
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32 Problem section 4.4 number 17

In Problems 15–26, find a basis for the solution space of the given homogeneous linear
system

𝑥1 − 3𝑥2 + 2𝑥3 − 4𝑥4 = 0
2𝑥1 − 5𝑥2 + 7𝑥3 − 3𝑥4 = 0

solution

𝐴�⃗� = 0⃗ gives

⎡
⎢⎢⎢⎢⎣
1 −3 2 −4
2 −5 7 −3

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
⎡
⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎦

The augmented matrix is ⎡
⎢⎢⎢⎢⎣
1 −3 2 −4 0
2 −5 7 −3 0

⎤
⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 2𝑅1 ⎡
⎢⎢⎢⎢⎣
1 −3 2 −4 0
0 1 3 5 0

⎤
⎥⎥⎥⎥⎦

Leading variables are 𝑥1, 𝑥2 Free variables are 𝑥3 = 𝑡, 𝑥4 = 𝑠. The system becomes

⎡
⎢⎢⎢⎢⎣
1 −3 2 −4
0 1 3 5

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
⎡
⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎦

Second row gives

𝑥2 + 3𝑥3 + 5𝑥4 = 0
𝑥2 = −3𝑥3 − 5𝑥4

= −3𝑡 − 5𝑠

First row gives

𝑥1 − 3𝑥2 + 2𝑥3 − 4𝑥4 = 0
𝑥1 = 3𝑥2 − 2𝑥3 + 4𝑥4

= 3(−3𝑡 − 5𝑠) − 2𝑡 + 4𝑠
= −11𝑠 − 11𝑡

Hence the solution is
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−11𝑠 − 11𝑡
−3𝑡 − 5𝑠

𝑡
𝑠

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−11
−3
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 𝑠

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−11
−5
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Let 𝑡 = 1, 𝑠 = 1, the basis vectors are
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−11
−3
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−11
−5
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

A two dimensional subspace.
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33 Problem section 4.4 number 18

In Problems 15–26, find a basis for the solution space of the given homogeneous linear
system

𝑥1 + 3𝑥2 + 4𝑥3 + 5𝑥4 = 0
2𝑥1 + 6𝑥2 + 9𝑥3 + 5𝑥4 = 0

solution

𝐴�⃗� = 0⃗ gives

⎡
⎢⎢⎢⎢⎣
1 3 4 5
2 6 9 5

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
⎡
⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎦

The augmented matrix is ⎡
⎢⎢⎢⎢⎣
1 3 4 5 0
2 6 9 5 0

⎤
⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 2𝑅1 ⎡
⎢⎢⎢⎢⎣
1 3 4 5 0
0 0 1 −5 0

⎤
⎥⎥⎥⎥⎦

Leading variables are 𝑥1, 𝑥3 Free variables are 𝑥2 = 𝑡, 𝑥4 = 𝑠. The system becomes

⎡
⎢⎢⎢⎢⎣
1 3 4 5
0 0 1 −5

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=
⎡
⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎦

Second row gives

𝑥3 − 5𝑥4 = 0
𝑥3 = 5𝑥4

= 5𝑠

First row gives

𝑥1 + 3𝑥2 + 4𝑥3 + 5𝑥4 = 0
𝑥1 = −3𝑥2 − 4𝑥3 − 5𝑥4

= −3𝑡 − 4(5𝑠) − 5𝑠
= −25𝑠 − 3𝑡

Hence the solution is
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−25𝑠 − 3𝑡
𝑡
5𝑠
𝑠

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−3
1
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 𝑠

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−25
0
5
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Let 𝑡 = 1, 𝑠 = 1, the basis vectors are
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−3
1
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−25
0
5
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
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34 Problem section 4.4 number 19

In Problems 15–26, find a basis for the solution space of the given homogeneous linear
system

𝑥1 − 3𝑥2 − 9𝑥3 − 5𝑥4 = 0
2𝑥1 + 𝑥2 − 4𝑥3 + 11𝑥4 = 0
𝑥1 + 3𝑥2 + 3𝑥3 + 13𝑥4 = 0

solution

𝐴�⃗� = 0⃗ gives
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −9 −5
2 1 −4 11
1 3 3 13

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

The augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −9 −5 0
2 1 −4 11 0
1 3 3 13 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 2𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −9 −5 0
0 7 14 21 0
1 3 3 13 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −9 −5 0
0 7 14 21 0
0 6 12 18 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 −
6
7𝑅2 ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −9 −5 0
0 7 14 21 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Leading variables are 𝑥1, 𝑥2 Free variable is 𝑥3 = 𝑡, 𝑥4 = 𝑠. The system becomes

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −9 −5
0 7 14 21
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

second row gives 7𝑥2 + 14𝑥3 + 21𝑥4 = 0 or 𝑥2 =
−14𝑥3−21𝑥4

7 = −14𝑡−21𝑠
7 = −3𝑠 − 2𝑡. First row gives

𝑥1 − 3𝑥2 − 9𝑥3 − 5𝑥4 = 0 or 𝑥1 = 3𝑥2 + 9𝑥3 + 5𝑥4 or 𝑥1 = 3(−3𝑠 − 2𝑡) + 9𝑡 + 5𝑠 = 3𝑡 − 4𝑠. Hence
the solution is

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3𝑡 − 4𝑠
−3𝑠 − 2𝑡

𝑡
𝑠

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
−2
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 𝑠

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−4
−3
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Let 𝑡 = 1, 𝑠 = 1, hence the basis are
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
−2
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−4
−3
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

A two dimensional subspace.
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35 Problem section 4.4 number 20

In Problems 15–26, find a basis for the solution space of the given homogeneous linear
system

𝑥1 − 3𝑥2 − 10𝑥3 + 5𝑥4 = 0
𝑥1 + 4𝑥2 + 11𝑥3 − 2𝑥4 = 0
𝑥1 + 3𝑥2 + 8𝑥3 − 𝑥4 = 0

solution

𝐴�⃗� = 0⃗ gives
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −10 5
1 4 11 −2
1 3 8 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

The augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −10 5 0
1 4 11 −2 0
1 3 8 −1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → −𝑅1 + 𝑅2 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −10 5 0
0 7 21 −7 0
1 3 8 −1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → −𝑅1 + 𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −10 5 0
0 7 21 −7 0
0 6 18 −6 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 7𝑅3 and 𝑅2 → 6𝑅2 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −10 5 0
0 42 126 −42 0
0 42 126 −42 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → −𝑅2 + 𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −10 5 0
0 42 126 −42 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Leading variables are 𝑥1, 𝑥2 Free variables are 𝑥3 = 𝑡, 𝑥4 = 𝑠. The system becomes

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −10 5
0 42 126 −42
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

second row gives 42𝑥2 + 126𝑥3 − 42𝑥4 = 0 or 42𝑥2 = −126𝑡 + 42𝑠 or 𝑥2 = −126
42 𝑡 +

42
42𝑠 = −3𝑡 + 𝑠.

First row gives 𝑥1−3𝑥2−10𝑥3+5𝑥4 = 0 or 𝑥1 = 3𝑥2+10𝑥3−5𝑥4 or 𝑥1 = 3(−3𝑡 + 𝑠)+10𝑡−5𝑠 = 𝑡−2𝑠.
Hence the solution is ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑡 − 2𝑠
−3𝑡 + 𝑠

𝑡
𝑠

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
−3
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 𝑠

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−2
1
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Let 𝑡 = 1, 𝑠 = 1. The basis are ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
−3
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−2
1
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

A two dimensional subspace.
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36 Problem section 4.4 number 21

In Problems 15–26, find a basis for the solution space of the given homogeneous linear
system

𝑥1 − 4𝑥2 − 3𝑥3 − 7𝑥4 = 0
2𝑥1 − 𝑥2 + 𝑥3 + 7𝑥4 = 0

𝑥1 + 2𝑥2 + 3𝑥3 + 11𝑥4 = 0

solution

𝐴�⃗� = 0⃗ gives
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −4 −3 −7
2 −1 1 7
1 2 3 11

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

The augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −4 −3 −7 0
2 −1 1 7 0
1 2 3 11 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 2𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −4 −3 −7 0
0 7 7 21 0
1 2 3 11 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −4 −3 −7 0
0 7 7 21 0
0 6 6 18 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 −
6
7𝑅2 ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −4 −3 −7 0
0 7 7 21 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Leading variables are 𝑥1, 𝑥2 Free variables are 𝑥3 = 𝑡, 𝑥4 = 𝑠. The system becomes

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −4 −3 −7
0 7 7 21
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Second row gives 7𝑥2 + 7𝑥3 + 21𝑥4 = 0 or 𝑥2 = −7𝑥3−21𝑥4
7 = −7𝑡−21𝑠

7 = −3𝑠 − 𝑡. First row gives
𝑥1 −4𝑥2 −3𝑥3 −7𝑥4 = 0 or 𝑥1 = 4𝑥2+3𝑥3+7𝑥4 = 4(−3𝑠 − 𝑡)+ 3𝑡+7𝑠 = −5𝑠− 𝑡. Hence solution is

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−5𝑠 − 𝑡
−3𝑠 − 𝑡

𝑡
𝑠

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
−1
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 𝑠

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−5
−3
0
𝑠

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Let 𝑡 = 1, 𝑠 = 2, the Basis are ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
−1
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−5
−3
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

A two dimensional subspace.
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37 Problem section 4.4 number 22

In Problems 15–26, find a basis for the solution space of the given homogeneous linear
system

𝑥1 − 2𝑥2 − 3𝑥3 − 16𝑥4 = 0
2𝑥1 − 4𝑥2 + 𝑥3 + 17𝑥4 = 0
𝑥1 − 2𝑥2 + 3𝑥3 + 26𝑥4 = 0

solution

𝐴�⃗� = 0⃗ gives
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −2 −3 −16
2 −4 1 17
1 −2 3 26

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

The augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −2 −3 −16 0
2 −4 1 17 0
1 −2 3 26 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 2𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −2 −3 −16 0
0 0 7 49 0
1 −2 3 26 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −2 −3 −16 0
0 0 7 49 0
0 0 6 42 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 −
6
7𝑅2 ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −2 −3 −16 0
0 0 7 49 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Hence leading variables are 𝑥1, 𝑥3 and free variables are 𝑥2 = 𝑡, 𝑥4 = 𝑠.The system becomes

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −2 −3 −16
0 0 7 49
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Second row gives 7𝑥3 + 49𝑥4 = 0 or 𝑥3 = −7𝑠. First row gives 𝑥1 − 2𝑥2 − 3𝑥3 − 16𝑥4 = 0 or
𝑥1 = 2𝑥2 + 3𝑥3 + 16𝑥4 or 𝑥1 = 2𝑡 + 3(−7𝑠) + 16𝑠 = 2𝑡 − 5𝑠. Hence solution is

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2𝑡 − 5𝑠
𝑡

−7𝑠
𝑠

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
1
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 𝑠

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−5
0
−7
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Let 𝑡 = 1, 𝑠 = 1, therefore the basis are
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
1
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−5
0
−7
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

A two dimensional subspace.
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38 Problem section 4.4 number 23

In Problems 15–26, find a basis for the solution space of the given homogeneous linear
system

𝑥1 + 5𝑥2 + 13𝑥3 + 14𝑥4 = 0
2𝑥1 + 5𝑥2 + 11𝑥3 + 12𝑥4 = 0
2𝑥1 + 7𝑥2 + 17𝑥3 + 19𝑥4 = 0

solution

𝐴�⃗� = 0⃗ gives
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 13 14
2 5 11 12
2 7 17 19

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

The augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 13 14 0
2 5 11 12 0
2 7 17 19 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 2𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 13 14 0
0 −5 −15 −16 0
2 7 17 19 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 2𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 13 14 0
0 −5 −15 −16 0
0 −3 −9 −9 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 −
3
5𝑅2 ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 13 14 0
0 −5 −15 −16 0
0 0 0 3

5 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Hence leading variables are 𝑥1, 𝑥2, 𝑥4 and free variables are 𝑥3 = 𝑡.The system becomes

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 5 13 14
0 −5 −15 −16
0 0 0 3

5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Last equation gives 𝑥4 = 0. Second equation gives −5𝑥2 − 15𝑥3 = 0, or 𝑥2 = −3𝑥3 = −3𝑡. First
equation gives 𝑥1 = −5𝑥2 − 13𝑥3 or 𝑥1 = −5(−3𝑡) − 13𝑡 = 2𝑡. Hence solution is

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2𝑡
−3𝑡
𝑡
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
−3
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Let 𝑡 = 1,therefore the basis is ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
−3
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

A one dimensional subspace.
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39 Problem section 4.4 number 24

In Problems 15–26, find a basis for the solution space of the given homogeneous linear
system

𝑥1 + 3𝑥2 − 4𝑥3 − 8𝑥4 + 6𝑥5 = 0
𝑥1 + 2𝑥3 + 𝑥4 + 3𝑥5 = 0

2𝑥1 + 7𝑥2 − 10𝑥3 − 19𝑥4 + 13𝑥5 = 0

solution

𝐴�⃗� = 0⃗ gives

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 −4 −8 6
1 0 2 1 3
2 7 −10 −19 13

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4
𝑥5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

The augmented matrix is ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 −4 −8 6 0
1 0 2 1 3 0
2 7 −10 −19 13 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 −4 −8 6 0
0 −3 6 9 −3 0
2 7 −10 −19 13 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 2𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 −4 −8 6 0
0 −3 6 9 −3 0
0 1 −2 −3 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 3𝑅3 + 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 −4 −8 6 0
0 −3 6 9 −3 0
0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Hence leading variables are 𝑥1, 𝑥3 and free variables are 𝑥3 = 𝑡, 𝑥4 = 𝑠, 𝑥5 = 𝑟. The system
becomes

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 −4 −8 6
0 −3 6 9 −3
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑡
𝑠
𝑟

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Second equation gives

−3𝑥2 + 6𝑡 + 9𝑠 − 3𝑟 = 0

𝑥2 =
−6𝑡 − 9𝑠 + 3𝑟

−3
= 3𝑠 − 𝑟 + 2𝑡

First equation gives

𝑥1 + 3𝑥2 − 4𝑡 − 8𝑠 + 6𝑟 = 0
𝑥1 = −3𝑥2 + 4𝑡 + 8𝑠 − 6𝑟

= −3(3𝑠 − 𝑟 + 2𝑡) + 4𝑡 + 8𝑠 − 6𝑟
= −3𝑟 − 𝑠 − 2𝑡
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Hence solution is
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑥1
𝑥2
𝑥3
𝑥4
𝑥5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−3𝑟 − 𝑠 − 2𝑡
3𝑠 − 𝑟 + 2𝑡

𝑡
𝑠
𝑟

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= 𝑡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−2
2
1
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 𝑠

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
3
0
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ 𝑟

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−3
−1
0
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Let 𝑡 = 1, 𝑠 = 1, 𝑟 = 1, then the basis are
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−2
2
1
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
3
0
1
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−3
−1
0
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

A three dimensional subspace.
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40 Problem section 4.5 number 1

In Problems 1–12, find both a basis for the row space and a basis for the column space of
the given matrix 𝐴.

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3
1 5 −9
2 5 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

We start by converting the matrix to reduced Echelon form.

𝑅2 → 𝑅2 − 𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3
0 3 −12
2 5 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 2𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3
0 3 −12
0 1 −4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 3𝑅3 − 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3
0 3 −12
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Now to start the reduce Echelon form phase. Notice that this is not needed. But if done,
the row space basis found will be same each time. If we stop here, the row space basis can
look different depending on the reduction was done. But both will work.

The pivots all needs to be 1.

𝑅2 →
1
3𝑅2 ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3
0 1 −4
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅1 → 𝑅1 − 2𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 11
0 1 −4
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

The above is in reduced Echelon form. The pivot columns are 1, 2. The non-zero rows are
rows 1, 2,. Hence row space basis are first and second rows (I prefer to show all basis as
column vectors, instead of row vectors. This just makes it easier to read them).

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
11

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
1
−4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

The dimension is 2. The column space correspond to pivot columns in original A. These
are columns 1, 2. Hence basis for column space are

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
5
5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

The dimension is 2. We notice that the dimension of the row space and the column space
is equal as expected. (This is called the rank of 𝐴. Hence rank(𝐴) = 2.)
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The Null space of 𝐴 has dimension 1, since there is only one free variable (𝑥3). We see that
the number of columns of 𝐴 (which is 2) is therefore the sum of column space dimension
(or the rank) and the null space dimension as expected.
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41 Problem section 4.5 number 2

In Problems 1–12, find both a basis for the row space and a basis for the column space of
the given matrix 𝐴.

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

5 2 4
2 1 1
4 1 5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

We start by converting the matrix to Echelon form.

𝑅1 → 2𝑅1, 𝑅2 → 5𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

10 4 8
10 5 5
4 1 5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

10 4 8
0 1 −3
4 1 5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅1 → 4𝑅1, 𝑅3 → 10𝑅3 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

40 16 32
0 1 −3
40 10 50

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

40 16 32
0 1 −3
0 −6 18

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 + 6𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

40 16 32
0 1 −3
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

The above is in Echelon form. The pivot columns are 1, 2. The non-zero rows are rows 1, 2,.
Hence row space basis are first and second rows

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

40
16
32

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
1
−3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

The dimension is 2. The column space correspond to pivot columns in original A. These
are columns 1, 2. Hence basis for column space are

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

5
2
4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
1
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
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42 Problem section 4.5 number 3

In Problems 1–12, find both a basis for the row space and a basis for the column space of
the given matrix 𝐴.

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −4 −3 −7
2 −1 1 7
1 2 3 11

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

We start by converting the matrix to Echelon form.

𝑅2 → 𝑅2 − 2𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −4 −3 −7
0 7 7 21
1 2 3 11

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −4 −3 −7
0 7 7 21
0 6 6 18

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 −
6
7𝑅2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −4 −3 −7
0 7 7 21
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

The pivot columns are 1, 2. The non-zero rows are rows 1, 2,. Hence row space basis are
first and second rows ⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
−4
−3
−7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
7
7
21

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

The dimension is 2. The column space correspond to pivot columns in original A. These
are columns 1, 2. Hence basis for column space are

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−4
−1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
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43 Problem section 4.5 number 4

In Problems 1–12, find both a basis for the row space and a basis for the column space of
the given matrix 𝐴.

𝐴 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −9 −5
2 1 4 11
1 3 3 13

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

We start by converting the matrix to Echelon form.

𝑅2 → 𝑅2 − 2𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −9 −5
0 7 22 21
1 3 3 13

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −9 −5
0 7 22 21
0 6 12 18

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 −
6
7𝑅2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −3 −9 −5
0 7 22 21
0 0 −48

7 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The pivot columns are 1, 2, 3. The non-zero rows are rows 1, 2, 3. Hence row space basis are

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
−3
−9
−5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
7
22
21

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
−48

7
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

The dimension is 3. The column space correspond to pivot columns in original A. These
are columns 1, 2, 3. Hence basis for column space are

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−3
1
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−9
4
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
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44 Problem section 4.5 number 5

In Problems 1–12, find both a basis for the row space and a basis for the column space of
the given matrix 𝐴. ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1
3 1 −3 4
2 5 11 12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

We start by converting the matrix to Echelon form.

𝑅2 → −3𝑅1 + 𝑅2 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1
0 −2 −6 3
2 5 11 12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → −2𝑅1 + 𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1
0 −2 −6 3
0 3 9 10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 3𝑅2 and 𝑅3 → 2𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1
0 −6 −18 9
0 6 18 20

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅2 + 𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1
0 −6 −18 9
0 0 0 29

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

The above is now in Echelon form. Now we can answer the question. The basis for the
row space are all the rows which are not zero. Hence row space basis are (I prefer to show
all basis as column vectors, instead of row vectors. This just makes it easier to read them).

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1
1
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
−6
−18
9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
29

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The dimension is 3. The column space correspond to pivot columns in original A. These
are column 1, 2, 4. Hence basis for column space are

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
3
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1
5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
4
12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

The dimension is 3. We notice that the dimension of the row space and the column space
is equal as expected. (This is called the rank of 𝐴. Hence rank(𝐴) = 3.)

The Null space of 𝐴 has dimension 1, since there is only one free variable (𝑥3). We see that
the number of columns of 𝐴 (which is 4) is therefore the sum of column space dimension
(or the rank) and the null space dimension as expected.
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45 Problem section 4.5 number 6

In Problems 1–12, find both a basis for the row space and a basis for the column space of
the given matrix 𝐴. ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 4 9 2
2 2 6 −3
2 7 16 3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

We start by converting the matrix to Echelon form.

𝑅2 → 𝑅2 − 2𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 4 9 2
0 −6 −12 −7
2 7 16 3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 2𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 4 9 2
0 −6 −12 −7
0 −1 −2 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 −
1
6𝑅2 ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 4 9 2
0 −6 −12 −7
0 0 0 1

6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The above is in Echelon form. The pivot columns are 1, 2, 4. The non-zero rows are rows
1, 2, 3. Hence row space basis are

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
4
9
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
−6
−12
−7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
1
6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

The dimension is 3. The column space correspond to pivot columns in original A. These
are columns 1, 2, 4. Hence basis for column space are

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

4
2
7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
−3
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
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46 Problem section 4.5 number 7

In Problems 1–12, find both a basis for the row space and a basis for the column space of
the given matrix 𝐴. ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 −1 7
1 4 5 16
1 3 3 13
2 5 4 23

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

We start by converting the matrix to reduced Echelon form.

𝑅2 → −𝑅1 + 𝑅2 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 −1 7
0 3 6 9
1 3 3 13
2 5 4 23

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → −𝑅1 + 𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 −1 7
0 3 6 9
0 2 4 6
2 5 4 23

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → −2𝑅1 + 𝑅4 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 −1 7
0 3 6 9
0 2 4 6
0 3 6 9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 2𝑅2 and 𝑅3 → 3𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 −1 7
0 6 12 18
0 6 12 18
0 3 6 9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → −𝑅2 + 𝑅3 gives ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 −1 7
0 6 12 18
0 0 0 0
0 3 6 9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → −1
2𝑅2 + 𝑅4 gives ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 −1 7
0 6 12 18
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Pivot (leading) columns are 1, 2 and free variables go with 3, 4 columns. The Null space
of 𝐴 is therefore have dimension 2. The above is reduced Echelon form. The basis for the
row space are all the rows which are not zero. Hence row space basis are (dimension 2)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1
−1
7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
6
12
18

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
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The column space correspond to pivot columns in original A. These are columns 1, 2.
Hence basis for column space are (dimension 2)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1
1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
4
3
5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

We notice that the dimension of the row space and the column space is equal as expected.

The Null space of 𝐴 has dimension 2, since there is two free variables. We see that the
number of columns of 𝐴 (which is 4) is therefore the sum of column space dimension and
the null space dimension as expected.
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47 Problem section 4.5 number 8

In Problems 1–12, find both a basis for the row space and a basis for the column space of
the given matrix 𝐴. ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −2 −3 −5
1 4 9 2
1 3 7 1
2 2 6 −3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

We start by converting the matrix to Echelon form.

𝑅2 → 𝑅2 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −2 −3 −5
0 6 12 7
1 3 7 1
2 2 6 −3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −2 −3 −5
0 6 12 7
0 5 10 6
2 2 6 −3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 2𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −2 −3 −5
0 6 12 7
0 5 10 6
0 6 12 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 5𝑅2, 𝑅3 → 6𝑅3 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −2 −3 −5
0 30 60 35
0 30 60 36
0 6 12 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −2 −3 −5
0 30 60 35
0 0 0 1
0 6 12 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 −
6
30𝑅2 ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 −2 −3 −5
0 30 60 35
0 0 0 1
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The above is in Echelon form. The pivot columns are 1, 2, 4. The non-zero rows are rows
1, 2, 3. Hence row space basis are

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
−2
−3
−5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
30
60
35

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

The dimension is 3. The column space correspond to pivot columns in original A. These
are columns 1, 2, 4. Hence basis for column space are
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⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1
1
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−2
4
3
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−5
2
1
−3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
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48 Problem section 4.5 number 9

In Problems 1–12, find both a basis for the row space and a basis for the column space of
the given matrix 𝐴. ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 3 9
2 7 4 8
2 7 5 12
2 8 3 12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

We start by converting the matrix to Echelon form.

𝑅2 → 𝑅2 − 2𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 3 9
0 1 −2 −10
2 7 5 12
2 8 3 12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 2𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 3 9
0 1 −2 −10
0 1 −1 −6
2 8 3 12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 2𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 3 9
0 1 −2 −10
0 1 −1 −6
0 2 −3 −6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 3 9
0 1 −2 −10
0 0 1 4
0 2 −3 −6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 2𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 3 9
0 1 −2 −10
0 0 1 4
0 0 1 14

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 𝑅3 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 3 3 9
0 1 −2 −10
0 0 1 4
0 0 0 10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The above is in Echelon form. The pivot columns are 1, 2, 3, 4. The non-zero rows are rows
1, 2, 3, 4. Hence row space basis are

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
3
3
9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
1

−20
−10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
1
4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
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The dimension is 4. The column space correspond to pivot columns in original 𝐴. These
are columns 1, 2, 3, 4. Hence basis for column space are

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
2
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
7
7
8

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
4
5
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

9
8
12
12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
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49 Problem section 4.5 number 10

In Problems 1–12, find both a basis for the row space and a basis for the column space of
the given matrix 𝐴. ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 1 3
1 3 4 3 6
2 2 4 3 5
2 1 3 2 3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

We start by converting the matrix to Echelon form.

𝑅2 → 𝑅2 − 𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 1 3
0 1 1 2 3
2 2 4 3 5
2 1 3 2 3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 2𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 1 3
0 1 1 2 3
0 −2 −2 1 −1
2 1 3 2 3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 2𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 1 3
0 1 1 2 3
0 −2 −2 1 −1
0 −3 −3 0 −3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 + 2𝑅2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 1 3
0 1 1 2 3
0 0 0 5 5
0 −3 −3 0 −3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 + 3𝑅2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 1 3
0 1 1 2 3
0 0 0 5 5
0 0 0 6 6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 2𝑅3

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 3 1 3
0 1 1 2 3
0 0 0 5 5
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦



68

The above is in Echelon form. The pivot columns are 1, 2, 4. The non-zero rows are rows
1, 2, 3. Hence row space basis are ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3
1
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
1
1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
5
5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

The dimension is 3. The column space correspond to pivot columns in original 𝐴. These
are columns 1, 2, 4. Hence basis for column space are

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1
2
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
3
2
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
3
3
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
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50 Problem section 4.5 number 11

In Problems 1–12, find both a basis for the row space and a basis for the column space of
the given matrix 𝐴. ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 3 3 1
2 3 7 8 2
2 3 7 8 3
3 1 7 5 4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

We start by converting the matrix to Echelon form.

𝑅2 → 𝑅2 − 2𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 3 3 1
0 1 1 2 0
2 3 7 8 3
3 1 7 5 4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 2𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 3 3 1
0 1 1 2 0
0 1 1 2 1
3 1 7 5 4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 3𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 3 3 1
0 1 1 2 0
0 1 1 2 1
0 −2 −2 −4 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 𝑅2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 3 3 1
0 1 1 2 0
0 0 0 0 1
0 −2 −2 −4 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 + 2𝑅2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 3 3 1
0 1 1 2 0
0 0 0 0 1
0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 𝑅3

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 3 3 1
0 1 1 2 0
0 0 0 0 1
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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The above is in Echelon form. The pivot columns are 1, 2, 5. The non-zero rows are rows
1, 2, 3. Hence row space basis are ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1
3
3
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
1
1
2
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

The dimension is 3. The column space correspond to pivot columns in original 𝐴. These
are columns 1, 2, 5. Hence basis for column space are

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
3
3
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3
4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
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51 Problem section 4.5 number 12

In Problems 1–12, find both a basis for the row space and a basis for the column space of
the given matrix 𝐴. ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 3 3 0
−1 0 −2 −1 1
2 3 7 8 1
−2 4 0 6 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

We start by converting the matrix to Echelon form.

𝑅2 → 𝑅2 + 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 3 3 0
0 1 1 2 1
2 3 7 8 1
−2 4 0 6 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 2𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 3 3 0
0 1 1 2 1
0 1 1 2 1
−2 4 0 6 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 + 2𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 3 3 0
0 1 1 2 1
0 1 1 2 1
0 6 6 12 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 3 3 0
0 1 1 2 1
0 0 0 0 0
0 6 6 12 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 6𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 3 3 0
0 1 1 2 1
0 0 0 0 0
0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Swap 𝑅4, 𝑅3 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 3 3 0
0 1 1 2 1
0 0 0 0 1
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The above is in Echelon form. The pivot columns are 1, 2, 5. The non-zero rows are rows
1, 2, 3. Hence row space basis are ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1
3
3
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
1
1
2
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
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The dimension is 3. The column space correspond to pivot columns in original 𝐴. These
are columns 1, 2, 5. Hence basis for column space are

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
−1
2
−2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
3
4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
1
1
7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
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52 Problem section 4.5 number 13

In Problems 13–16, a set 𝑆 of vectors in ℝ4 is given. Find a subset of 𝑆 that forms a basis
for the subspace of ℝ4 spanned by 𝑆

�⃗�1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
3
−2
4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
−1
3
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�3 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

5
1
4
8

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

We set up a matrix made of the above vectors, then find the column space.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 5
3 −1 1
−2 3 4
4 2 8

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 3𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 5
0 −7 −14
−2 3 4
4 2 8

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 + 2𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 5
0 −7 −14
0 7 14
4 2 8

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 4𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 5
0 −7 −14
0 7 14
0 −6 −12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 + 𝑅2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 5
0 −7 −14
0 0 0
0 −6 −12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 −
6
7𝑅2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 5
0 −7 −14
0 0 0
0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Pivot vectors are 1, 2. Hence the column space basis are �⃗�1, �⃗�2

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
3
−2
4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
−1
3
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

These are the basis that span the set 𝑆.
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53 Problem section 4.5 number 14

In Problems 13–16, a set 𝑆 of vectors in ℝ4 is given. Find a subset of 𝑆 that forms a basis
for the subspace of ℝ4 spanned by 𝑆

�⃗�1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
−1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
3
4
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�3 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1
2
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�4 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4
1
8
7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

We set up a matrix made of the above vectors, then find the column space.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 1 4
−1 3 1 1
2 4 2 8
3 1 1 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 + 𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 1 4
0 5 2 5
2 4 2 8
3 1 1 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 − 2𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 1 4
0 5 2 5
0 0 0 0
3 1 1 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 3𝑅1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 1 4
0 5 2 5
0 0 0 0
0 −5 −2 −5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 + 𝑅2

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 1 4
0 5 2 5
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Pivot vectors are 1, 2. Hence the column space basis are �⃗�1, �⃗�2

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
−1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
3
4
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

These are the basis that span the set 𝑆.
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54 Problem section 4.5 number 15

In Problems 13–16, a set 𝑆 of vectors in ℝ4 is given. Find a subset of 𝑆 that forms a basis
for the subspace of ℝ4 spanned by 𝑆

�⃗�1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
2
2
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
1
2
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�3 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4
3
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�4 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3
4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

We set up a matrix made of the above vectors, then find the dimensions of the column
space. ⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3 2 4 1
2 1 3 2
2 2 2 3
2 1 3 4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅1 → 2𝑅1 and 𝑅2 → 3𝑅2 and 𝑅3 → 2𝑅3 and 𝑅4 → 3𝑅4. This gives
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 4 8 2
6 3 9 6
6 6 6 9
6 3 9 12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → −𝑅1 + 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 4 8 2
0 −1 1 4
6 6 6 9
6 3 9 12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → −𝑅1 + 𝑅3 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 4 8 2
0 −1 1 4
0 2 −2 7
6 3 9 12

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → −𝑅1 + 𝑅4 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 4 8 2
0 −1 1 4
0 2 −2 7
0 −1 1 10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 2𝑅2 + 𝑅3 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 4 8 2
0 −1 1 4
0 0 0 15
0 −1 1 10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → −𝑅2 + 𝑅4 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 4 8 2
0 −1 1 4
0 0 0 15
0 0 0 6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 15𝑅4 and 𝑅3 → 6𝑅3 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 4 8 2
0 −1 1 4
0 0 0 90
0 0 0 90

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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𝑅4 → 𝑅3 + 𝑅4 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

6 4 8 2
0 −1 1 4
0 0 0 90
0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Hence, the pivot columns are 1, 2, 4. Therefore the column space basis are �⃗�1, �⃗�2, �⃗�4 given
by

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
2
2
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2
1
2
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
2
3
4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

The above are the basis that span 𝑆.
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55 Problem section 4.5 number 16

In Problems 13–16, a set 𝑆 of vectors in ℝ4 is given. Find a subset of 𝑆 that forms a basis
for the subspace of ℝ4 spanned by 𝑆

�⃗�1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

5
4
2
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�3 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

7
7
2
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�4 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
−1
2
4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, �⃗�5 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

5
4
6
7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

solution

We set up a matrix made of the above vectors, then find the column space.
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

5 3 7 1 5
4 1 7 −1 4
2 2 2 2 6
2 3 1 4 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅1 → 4𝑅1, 𝑅2 → 5𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

20 12 28 4 20
20 5 35 −5 20
2 2 2 2 6
2 3 1 4 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅2 → 𝑅2 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

20 12 28 4 20
0 −7 7 −9 0
2 2 2 2 6
2 3 1 4 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 10𝑅3 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

20 12 28 4 20
0 −7 7 −9 0
0 8 −8 16 40
2 3 1 4 7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 10𝑅4 − 𝑅1 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

20 12 28 4 20
0 −7 7 −9 0
0 8 −8 16 40
0 18 −18 36 50

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 7𝑅3, 𝑅2 → 8𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

20 12 28 4 20
0 −56 56 −72 0
0 56 −56 112 280
0 18 −18 36 50

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅3 → 𝑅3 + 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

20 12 28 4 20
0 −56 56 −72 0
0 0 0 40 280
0 18 −18 36 50

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 56(𝑅4), 𝑅2 → 18(𝑅2)
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

20 12 28 4 20
0 −1008 1008 −1296 0
0 0 0 40 280
0 1008 −1008 2016 2800

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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𝑅4 → 𝑅4 + 𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

20 12 28 4 20
0 −1008 1008 −1296 0
0 0 0 40 280
0 0 0 720 2800

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

𝑅4 → 𝑅4 − 18𝑅3 ⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

20 12 28 4 20
0 −1008 1008 −1296 0
0 0 0 40 280
0 0 0 0 −2240

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Hence, the pivot columns are 1, 2, 4, 5. Therefore the column space basis are �⃗�1, �⃗�2, �⃗�4, �⃗�5
given by ⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

5
4
2
2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

3
1
2
3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
−1
2
4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

5
4
6
7

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

The above are the basis that span 𝑆.
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56 Problem section 4.7 number 5

In Problems 5–8, determine whether or not each indicated set of functions is a subspace
of the space 𝐹 of all real-valued

functions on ℝ.

The set of all 𝑓 such that 𝑓(0) = 0

Solution

The only condition given is that 𝑓(0) = 0. This means the zero function is included.
𝑐𝑓(0) = 𝑐(0) = 0 and 𝑓(0) + 𝑔(0) = 0 + 0 = 0. Hence closed under addition and under scalar
multiplication. Hence subspace.

57 Problem section 4.7 number 6

In Problems 5–8, determine whether or not each indicated set of functions is a subspace
of the space 𝐹 of all real-valued

functions on ℝ.

The set of all 𝑓 such that 𝑓(𝑥) ≠ 0 for all 𝑥.

Solution

Since the zero function is not included, then this can not be a subspace.

58 Problem section 4.7 number 7

In Problems 5–8, determine whether or not each indicated set of functions is a subspace
of the space 𝐹 of all real-valued

functions on ℝ.

The set of all 𝑓 such that 𝑓(0) = 0 and 𝑓(1) = 1

Solution

5𝑓(1) = 5 × 1 = 5

Hence not closed under scalar multiplication. Therefore not a subspace.

59 Problem section 4.7 number 8

In Problems 5–8, determine whether or not each indicated set of functions is a subspace
of the space 𝐹 of all real-valued

functions on ℝ.

The set of all 𝑓 such that 𝑓(−𝑥) = −𝑓(𝑥) for all 𝑥

Solution

This is the definition of an odd function such as sin 𝑥. The odd function is zero at 𝑥 = 0,
since the zero is included. Also adding two odd functions gives an odd function, and
scaling an odd function does not change its oddness. Hence closed. Therefore a subspace.

60 Problem section 4.7 number 9

In Problems 9–12, a condition on the coefficients of a polynomial 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 is
given. Determine whether or not the set of all such polynomials satisfying this condition
is a subspace of the space 𝑃 of all polynomials.

𝑎3 ≠ 0
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Solution

Not a subspace, since we can not obtain the zero polynomial if 𝑎3 ≠ 0 all the time. Hence
not a subspace

61 Problem section 4.7 number 9

In Problems 9–12, a condition on the coefficients of a polynomial 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 is
given. Determine whether or not the set of all such polynomials satisfying this condition
is a subspace of the space 𝑃 of all polynomials.

𝑎3 ≠ 0

Solution

Let 𝑝1 = 3𝑥3 and let 𝑝2 = −3𝑥3, hence 𝑝1 + 𝑝2 = 3𝑥3 − 3𝑥3 = 0 which does not satisfy the
condition that 𝑎3 ≠ 0. Hence not closed under addition. not a subspace

62 Problem section 4.7 number 10

In Problems 9–12, a condition on the coefficients of a polynomial 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 is
given. Determine whether or not the set of all such polynomials satisfying this condition
is a subspace of the space 𝑃 of all polynomials.

𝑎0 = 𝑎1 = 0

Solution

These all polynomials that look like 3𝑥2 + 5𝑥3, −𝑥2 + 𝑥3 and so on. Let 𝑝1 = 𝑎2𝑥2 + 𝑎3𝑥3 and
let 𝑝2 = 𝑏2𝑥2 + 𝑏3𝑥3.

𝑝1 + 𝑝2 = 𝑎2𝑥2 + 𝑎3𝑥3 + 𝑏2𝑥2 + 𝑏3𝑥3

= 𝑥2(𝑎2 + 𝑎3) + 𝑥3(𝑎3 + 𝑏3)

Which satisfies the condition that 𝑎0 = 𝑎1 = 0. Also under scalar multiplication

𝐶𝑝1 = 𝐶�𝑎2𝑥2 + 𝑎3𝑥3�

= 𝐶𝑎2𝑥2 + 𝐶𝑎3𝑥3

Which satisfies the condition that 𝑎0 = 𝑎1 = 0. Hence a subspace

63 Problem section 4.7 number 11

In Problems 9–12, a condition on the coefficients of a polynomial 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 is
given. Determine whether or not the set of all such polynomials satisfying this condition
is a subspace of the space 𝑃 of all polynomials.

𝑎0 + 𝑎1 + 𝑎2 + 𝑎3 = 0

Solution

Let 𝑝1 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 such that 𝑎0 + 𝑎1 + 𝑎2 + 𝑎3 = 0 and let 𝑝2 = 𝑏0 + 𝑏1𝑥 + 𝑏2𝑥2 + 𝑏3𝑥3
such that 𝑏0 + 𝑏1 + 𝑏2 + 𝑏3 = 0 then

𝑝1 + 𝑝2 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 + 𝑏0 + 𝑏1𝑥 + 𝑏2𝑥2 + 𝑏3𝑥3

= (𝑎0 + 𝑏0)𝑥 + (𝑎1 + 𝑏1)𝑥 + (𝑎2 + 𝑏2)𝑥2 + (𝑎3 + 𝑏3)𝑥3

Now,

(𝑎0 + 𝑏0) + (𝑎1 + 𝑏1) + (𝑎2 + 𝑏2) + (𝑎3 + 𝑏3) = (𝑎0 + 𝑎1 + 𝑎2 + 𝑎3) + (𝑏0 + 𝑏1 + 𝑏2 + 𝑏3)
= 0 + 0
= 0
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Hence closed under addition. Also

𝑐𝑝1(𝑥) = 𝑐�𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3�

= 𝑐𝑎0 + 𝑐𝑎1𝑥 + 𝑐𝑎2𝑥2 + 𝑐𝑎3𝑥3

Now

𝑐𝑎0 + 𝑐𝑎1 + 𝑐𝑎2 + 𝑐𝑎3 = 𝑐(𝑎0 + 𝑎1 + 𝑎2 + 𝑎3)
= 𝑐(0)
= 0

Hence closed under scalar multiplication. And since the zero polynomial is also included
(when 𝑎𝑖 = 0), then this is a subspace

64 Problem section 4.7 number 12

In Problems 9–12, a condition on the coefficients of a polynomial 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 is
given. Determine whether or not the set of all such polynomials satisfying this condition
is a subspace of the space 𝑃 of all polynomials.

𝑎0, 𝑎1, 𝑎2, 𝑎3 are all integers.

Solution

Not closed under scalar multiplication. For example

1
2
�𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3� =

1
2
𝑎0 +

1
2
𝑎1𝑥 +

1
2
𝑎2𝑥2 +

1
2
𝑎3𝑥3

But 1
2𝑎0 is not integer when 𝑎0 is integer. Therefore not a subspace
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