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1 Problem 1

Show that (assuming su�cient smoothness of the domain and the data) 𝑢 is a solution to
the Dirichlet boundary value problem

−Δ𝑢 = 𝑓

In Ω with B.C. 𝑢 = 𝑔 on 𝜕Ω i� 𝑢 is a minimizer of the energy functional, that is

𝐸 (𝑢) = min �𝐸 (𝑣) ∶ 𝑣 ∈ 𝐶2 �Ω̄�� such that 𝑢 = 𝑔 on 𝜕Ω

Here

𝐸 (𝑢) = �
Ω
�
1
2
|∇𝑢|2 − 𝑓𝑢� 𝑑𝐴

(note, I will be using 𝑑𝐴 in the above integral assuming we are in ℝ2. But the above can
also be 𝑑𝑉 for ℝ3 just as well and nothing will change in the derivation below. This is easier
that writing 𝑑𝑥 and saying that 𝑥 is a vector).

Solution

Since the proof is an i�, then we need to show both direction.

Forward direction Given that 𝑢 solves

−Δ𝑢 = 𝑓 (1)

with 𝑢|𝜕Ω = 𝑔. Then we need to show that 𝐸 (𝑣) ≥ 𝐸 (𝑢) for all 𝑣 ∈ 𝐶2 �Ω̄� that also satisfy
same B.C.

Multiplying both sides of (1) by 𝑢 − 𝑣 and integrating over the domain gives

−�
Ω
(Δ𝑢) (𝑢 − 𝑣) 𝑑𝐴 = �

Ω
(𝑢 − 𝑣) 𝑓𝑑𝐴 (2)

For the left integral ∫
Ω
(Δ𝑢) (𝑢 − 𝑣) 𝑑𝐴, we will do integration by parts. Let Δ𝑢 ≡ 𝑑𝑉, 𝑢 − 𝑣 = 𝑈,

then ∫
Ω
𝑈𝑑𝑉 = ∫

𝜕Ω
𝑈𝑉 − ∫

Ω
𝑉𝑑𝑈. Therefore 𝑑𝑈 = ∇ (𝑢 − 𝑣) and 𝑉 = ∇𝑢. After applying

integration by parts the (2) now becomes

− ��
𝜕Ω
(𝑢 − 𝑣)

𝜕𝑢
𝜕𝒏

𝑑𝐿 −�
Ω
∇𝑢 ⋅ ∇ (𝑢 − 𝑣) 𝑑𝐴� = �

Ω
(𝑢 − 𝑣) 𝑓𝑑𝐴

But ∫
𝜕Ω
(𝑢 − 𝑣) 𝜕𝑢𝜕𝒏 𝑑𝐿 = 0 because 𝑢 = 𝑣 on the boundary 𝜕Ω as both are 𝑔. The above now

simplifies to

�
Ω
∇𝑢 ⋅ ∇ (𝑢 − 𝑣) 𝑑𝐴 = �

Ω
�𝑢𝑓 − 𝑣𝑓� 𝑑𝐴

�
Ω
∇𝑢 ⋅ (∇𝑢 − ∇𝑣) 𝑑𝐴 = �

Ω
�𝑢𝑓 − 𝑣𝑓� 𝑑𝐴

�
Ω
|∇𝑢|2 − ∇𝑢 ⋅ ∇𝑣 𝑑𝐴 = �

Ω
�𝑢𝑓 − 𝑣𝑓� 𝑑𝐴

�
Ω
|∇𝑢|2 −�

Ω
𝑓𝑢 𝑑𝐴 = �

Ω
(∇𝑢 ⋅ ∇𝑣) − 𝑣𝑓 𝑑𝐴
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Now we use Schwarz triangle inequality and write ∇𝑢 ⋅ ∇𝑣 ≤ 1
2
�|∇𝑢|2 + |∇𝑣|2�. This comes

from using 𝑎𝑏 ≤ 1
2
�𝑎2 + 𝑏2�. Using this in the RHS of the above gives

�
Ω
|∇𝑢|2 𝑑𝐴 −�

Ω
𝑓𝑢 𝑑𝐴 ≤ �

Ω

1
2
�|∇𝑢|2 + |∇𝑣|2� − 𝑓𝑣 𝑑𝐴

�
Ω
|∇𝑢|2 𝑑𝐴 −�

Ω
𝑓𝑢 𝑑𝐴 ≤ �

Ω

1
2
|∇𝑢|2 𝑑𝐴 + �

1
2 �Ω

|∇𝑣|2 − 𝑓𝑣 𝑑𝐴�

�
Ω

1
2
|∇𝑢|2 𝑑𝐴 −�

Ω
𝑓𝑢 𝑑𝐴 ≤

1
2 �Ω

|∇𝑣|2 − 𝑓𝑣 𝑑𝐴

�
Ω

1
2
|∇𝑢|2 − 𝑓𝑢 𝑑𝐴 ≤

1
2 �Ω

|∇𝑣|2 − 𝑓𝑣 𝑑𝐴

But by definition ∫
Ω

1
2 |∇𝑢|

2 − 𝑓𝑢 𝑑𝐴 = 𝐸 (𝑢) and 1
2
∫
Ω
|∇𝑣|2 − 𝑓𝑣 𝑑𝐴 = 𝐸 (𝑣), therefore the above

becomes

𝐸 (𝑢) ≤ 𝐸 (𝑣)

Which is what we wanted to show. Now we will do the other direction.

Reverse direction Given that 𝑢 minimizes energy among all test functions, i.e. given that
𝐸 (𝑢) = min𝐸 (𝑤), then need to show that −Δ𝑢 = 𝑓.

Consider 𝑤 = 𝑢 + 𝜀𝑣 where 𝑣 is any test function 𝑣 ∈ 𝐶2 �Ω̄� and 𝑣 = 𝑔 at 𝜕Ω. Hence

min (𝐸 (𝑤)) = min (𝐸 (𝑢 + 𝜀𝑣))
Therefore min (𝐸 (𝑢 + 𝜀𝑣)) is achieved when 𝜀 = 0, since this then gives 𝐸 (𝑢) which by as-
sumption is the minimum. Therefore

𝑑
𝑑𝜀
𝐸 (𝑢 + 𝜀𝑣) = 0

At 𝜀 = 0. But the above can be written as the following, using the definition of energy

𝑑
𝑑𝜀 ��Ω

1
2
|∇ (𝑢 + 𝜀𝑣)|2 − 𝑓 (𝑢 + 𝜀𝑣) 𝑑𝐴� = 0

𝑑
𝑑𝜀 ��Ω

1
2
(∇ (𝑢 + 𝜀𝑣) ⋅ ∇ (𝑢 + 𝜀𝑣)) − 𝑓 (𝑢 + 𝜀𝑣) 𝑑𝐴� = 0 (3)

Expanding ∇ (𝑢 + 𝜀𝑣) ⋅ ∇ (𝑢 + 𝜀𝑣) gives

∇ (𝑢 + 𝜀𝑣) ⋅ ∇ (𝑢 + 𝜀𝑣) = (∇𝑢 + 𝜀∇𝑣) ⋅ (∇𝑢 + 𝜀∇𝑣)

= |∇𝑢|2 + 2𝜀∇𝑢 ⋅ ∇𝑣 + 𝜀2 |∇𝑣|2 (4)

Substituting (4) into (3) gives

𝑑
𝑑𝜀 ��Ω

𝑣 �|∇𝑢|2 + 2𝜀∇𝑢 ⋅ ∇𝑣 + 𝜀2 |∇𝑣|2� − 𝑓𝑢 − 𝜀𝑓𝑣 𝑑𝐴� = 0

Now we move the derivative inside the take derivative w.r.t. 𝜀 giving

��
Ω

1
2
�2∇𝑢 ⋅ ∇𝑣 + 2𝜀 |∇𝑣|2� − 𝑓𝑣 𝑑𝐴� = 0
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Evaluate at 𝜀 = 0 the above becomes

�
Ω
(∇𝑢 ⋅ ∇𝑣) 𝑑𝐴 −�

Ω
𝑓𝑣 𝑑𝐴 = 0

Integration by parts for the first integral. Let ∇𝑢 = 𝑈, 𝑑𝑉 = ∇𝑣, then ∫
Ω
𝑈𝑑𝑉 = ∫

𝜕Ω
𝑈𝑉 −

∫
Ω
𝑉𝑑𝑈. Hence the above becomes

��
𝜕Ω
𝑣
𝜕𝑢
𝜕𝒏

𝑑𝐿 −�
Ω
𝑣Δ𝑢 𝑑𝐴� −�

Ω
𝑓𝑣 𝑑𝐴 = 0

But 𝑣 = 0 at boundary 𝜕Ω. The above simplifies to

−�
Ω
𝑣Δ𝑢 𝑑𝐴 −�

Ω
𝑓𝑣 𝑑𝐴 = 0

�
Ω
𝑣 �−Δ𝑢 − 𝑓 � 𝑑𝐴 = 0

Since the above is true for all 𝑣 test function then this implies that −Δ𝑢 − 𝑓 = 0 or

−Δ𝑢 = 𝑓

Which is what we wanted to show.
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2 Problem 7.1.1 f

Find the Fourier transform of (f) 𝑓 (𝑥) =

⎧⎪⎪⎨
⎪⎪⎩
𝑒−𝑥 sin 𝑥 𝑥 > 0

0 𝑥 ≤ 0

Solution

̂𝑓 (𝑘) =
1

√2𝜋
�

∞

−∞
𝑓 (𝑥) 𝑒−𝑖𝑘𝑥𝑑𝑥

=
1

√2𝜋
�

∞

0
𝑒−𝑥 sin 𝑥𝑒−𝑖𝑘𝑥𝑑𝑥

=
1

√2𝜋
�

∞

0
sin 𝑥𝑒−𝑖𝑘𝑥−𝑥𝑑𝑥

=
1

√2𝜋
�

∞

0
sin 𝑥𝑒−𝑥(1+𝑖𝑘)𝑑𝑥 (1)

Integration by parts. ∫𝑢𝑑𝑣 = 𝑢𝑣 − ∫𝑣𝑑𝑢. Let 𝑑𝑣 = 𝑒−𝑥(1+𝑖𝑘), 𝑣 = 𝑒−𝑥(1+𝑖𝑘)

−(1+𝑖𝑘) , 𝑢 = sin 𝑥, 𝑑𝑢 = cos 𝑥.
Hence

𝐼 = �
∞

0
sin 𝑥𝑒−𝑥(1+𝑖𝑘)𝑑𝑥

= �sin 𝑥
𝑒−𝑥(1+𝑖𝑘)

− (1 + 𝑖𝑘)�
∞

0
−�

∞

0
cos 𝑥 𝑒

−𝑥(1+𝑖𝑘)

− (1 + 𝑖𝑘)
𝑑𝑥

=
−1
1 + 𝑖𝑘

�sin 𝑥𝑒−𝑥(1+𝑖𝑘)�
∞

0
+

1
1 + 𝑖𝑘 �

∞

0
cos 𝑥𝑒−𝑥(1+𝑖𝑘)𝑑𝑥

But 𝑒−𝑥(1+𝑖𝑘) = 𝑒−𝑥𝑒−𝑖𝑘𝑥 and this goes to zero as 𝑥 → ∞ and since sin 𝑥 = 0 at 𝑥 = 0 then the
first term above is zero. The above reduces to

𝐼 =
1

1 + 𝑖𝑘 �
∞

0
cos 𝑥𝑒−𝑥(1+𝑖𝑘)𝑑𝑥

Integration by parts. ∫𝑢𝑑𝑣 = 𝑢𝑣 − ∫𝑣𝑑𝑢. Let 𝑑𝑣 = 𝑒−𝑥(1+𝑖𝑘), 𝑣 = 𝑒−𝑥(1+𝑖𝑘)

−(1+𝑖𝑘) , 𝑢 = cos 𝑥, 𝑑𝑢 = − sin 𝑥.
The above becomes

𝐼 =
1

1 + 𝑖𝑘

⎛
⎜⎜⎜⎜⎝�cos 𝑥 𝑒

−𝑥(1+𝑖𝑘)

− (1 + 𝑖𝑘)�
∞

0
−�

∞

0
(− sin 𝑥) 𝑒

−𝑥(1+𝑖𝑘)

− (1 + 𝑖𝑘)
𝑑𝑥
⎞
⎟⎟⎟⎟⎠

=
1

1 + 𝑖𝑘

⎛
⎜⎜⎜⎜⎝�cos 𝑥 𝑒

−𝑥(1+𝑖𝑘)

− (1 + 𝑖𝑘)�
∞

0
−

1
1 + 𝑖𝑘 �

∞

0
sin 𝑥𝑒−𝑥(1+𝑖𝑘)𝑑𝑥

⎞
⎟⎟⎟⎟⎠
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But ∫
∞

0
sin 𝑥𝑒−𝑥(1+𝑖𝑘)𝑑𝑥 = 𝐼. The above becomes

𝐼 =
1

1 + 𝑖𝑘

⎛
⎜⎜⎜⎜⎝�cos 𝑥 𝑒

−𝑥(1+𝑖𝑘)

− (1 + 𝑖𝑘)�
∞

0
−

1
1 + 𝑖𝑘

𝐼
⎞
⎟⎟⎟⎟⎠

=
1

1 + 𝑖𝑘 �
cos 𝑥 𝑒

−𝑥(1+𝑖𝑘)

− (1 + 𝑖𝑘)�
∞

0
− �

1
1 + 𝑖𝑘�

2

𝐼

𝐼 + �
1

1 + 𝑖𝑘�
2

𝐼 =
−1

(1 + 𝑖𝑘)2
�cos 𝑥𝑒−𝑥(1+𝑖𝑘)�

∞

0

Now �cos 𝑥𝑒−𝑥(1+𝑖𝑘)�
∞

0
= 0 − 1 = −1. Hence the above reduces to

𝐼
⎛
⎜⎜⎜⎜⎝1 + �

1
1 + 𝑖𝑘�

2⎞⎟⎟⎟⎟⎠ =
1

(1 + 𝑖𝑘)2

𝐼 =

1
(1+𝑖𝑘)2

1 + � 1
1+𝑖𝑘

�
2

=
1

1 + (1 + 𝑖𝑘)2

=
1

2 − 𝑘2 + 2𝑖𝑘
Therefore

�
∞

0
sin 𝑥𝑒−𝑥(1+𝑖𝑘)𝑑𝑥 = 1

2 − 𝑘2 + 2𝑖𝑘
Using (1) the Fourier transform becomes

̂𝑓 (𝑘) =
1

√2𝜋
1

2 − 𝑘2 + 2𝑖𝑘
This can be written as real and imaginary parts

̂𝑓 (𝑘) =
1

√2𝜋

�2 − 𝑘2� − 2𝑖𝑘

��2 − 𝑘2� + 2𝑖𝑘� ��2 − 𝑘2� − 2𝑖𝑘�

=
1

√2𝜋

�2 − 𝑘2� − 2𝑖𝑘

�2 − 𝑘2�
2
+ 4𝑘2

=
1

√2𝜋
�
2 − 𝑘2

𝑘4 + 4
− 𝑖

2𝑘
𝑘4 + 4�
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3 Problem 7.1.3 (a,b)

Find the inverse Fourier transform of the function 1
𝑘+𝑐 when (a) 𝑐 = 𝑎 is real (b) 𝑐 = 𝑖𝑏 is

pure imaginary.

Solution

3.1 Part a

Using shifting property where ℱ�𝑓 (𝑥)� = ̂𝑓 (𝑘) and let ̂𝑓 (𝑘) = 1
𝑘 then by shifting property

ℱ�𝑒𝑖𝑎𝑥𝑓 (𝑥)� = ̂𝑓 (𝑘 − 𝑎), (Theorem 7.4) therefore

ℱ�𝑒−𝑖𝑎𝑥𝑓 (𝑥)� = ̂𝑓 (𝑘 + 𝑎)

=
1

𝑘 + 𝑎
(1)

We now just need to find 𝑓 (𝑥). From table of Fourier transforms on page 272, we see that

ℱ[sgn (𝑥)] = 1
𝑖�

2
𝜋
1
𝑘 . Hence

ℱ�𝑖
�
𝜋
2

sgn (𝑥)� =
1
𝑘

Therefore 𝑓 (𝑥) = 𝑖�
𝜋
2 sgn (𝑥). Substituting this back into (1) gives

ℱ�𝑖𝑒−𝑖𝑎𝑥
�
𝜋
2

sgn (𝑥)� =
1

𝑘 + 𝑎
Or

ℱ −1 �
1

𝑘 + 𝑎�
= 𝑖𝑒−𝑖𝑎𝑥

�
𝜋
2

sgn (𝑥)

3.2 Part b

Using shifting property, given that ℱ�𝑓 (𝑥)� = ̂𝑓 (𝑘), let ̂𝑓 (𝑘) = 1
𝑘 then by shifting property

(Theorem 7.4) ℱ�𝑒𝑖(𝑖𝑏)𝑥𝑓 (𝑥)� = ̂𝑓 (𝑘 − 𝑖𝑏), then

ℱ�𝑒𝑏𝑥𝑓 (𝑥)� = ̂𝑓 (𝑘 + 𝑖𝑏)

=
1

𝑘 + 𝑖𝑏
(1)

We now just need to find 𝑓 (𝑥). From table of Fourier transforms on page 272, we see that

ℱ[sgn (𝑥)] = 1
𝑖�

2
𝜋
1
𝑘 . Hence

ℱ�𝑖
�
𝜋
2

sgn (𝑥)� =
1
𝑘
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Therefore 𝑓 (𝑥) = 𝑖�
𝜋
2 sgn (𝑥). Substituting this back into (1) gives

ℱ�𝑖𝑒𝑏𝑥
�
𝜋
2

sgn (𝑥)� =
1

𝑘 + 𝑖𝑏
Or

ℱ −1 �
1

𝑘 + 𝑖𝑏�
= 𝑖𝑒𝑏𝑥

�
𝜋
2

sgn (𝑥)
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4 Problem 7.1.13

Prove the Shift Theorem 7.4 which is

Theorem 7.4: if 𝑓 (𝑥) has Fourier transform ̂𝑓 (𝑘), then the Fourier transform of the shifted
function 𝑓 (𝑥 − 𝜉) is 𝑒−𝑖𝑘𝜉 ̂𝑓 (𝑘). Similarly the transform of the product function 𝑒𝑖𝛼𝑥𝑓 (𝑥) for real
𝛼 is the shifted transform ̂𝑓 (𝑘 − 𝛼) (note: using 𝛼 in place of the strange second 𝑘 that the
book uses)

4.1 Part a

Showing if 𝑓 (𝑥) has Fourier transform ̂𝑓 (𝑘), then Fourier transform of the shifted function
𝑓 (𝑥 − 𝜉) is 𝑒−𝑖𝑘𝜉 ̂𝑓 (𝑘). From definition, the Fourier transform of 𝑓 (𝑥 − 𝜉) is given by

ℱ�𝑓 (𝑥 − 𝜉)� =
1

√2𝜋
�

∞

−∞
𝑓 (𝑥 − 𝜉) 𝑒−𝑖𝑘𝑥𝑑𝑥

Let 𝑥 − 𝜉 = 𝑢. Then 𝑑𝑢
𝑑𝑥 = 1. The above becomes (limits do not change)

ℱ�𝑓 (𝑥 − 𝜉)� =
1

√2𝜋
�

∞

−∞
𝑓 (𝑢) 𝑒−𝑖𝑘(𝑢+𝜉)𝑑𝑢

=
1

√2𝜋
�

∞

−∞
𝑓 (𝑢) 𝑒−𝑖𝑘𝑢𝑒−𝑖𝑘𝜉𝑑𝑢

= 𝑒−𝑖𝑘𝜉

̂𝑓(𝑘)

�����������������������������1

√2𝜋
�

∞

−∞
𝑓 (𝑢) 𝑒−𝑖𝑘𝑢𝑑𝑢

Therefore

ℱ�𝑓 (𝑥 − 𝜉)� = 𝑒−𝑖𝑘𝜉 ̂𝑓 (𝑘)

Which is what asked to show.

4.2 Part b

Showing that the Fourier transform of 𝑒𝑖𝛼𝑥𝑓 (𝑥) is ̂𝑓 (𝑘 − 𝛼). From definition, the Fourier
transform of 𝑒𝑖𝛼𝑥𝑓 (𝑥) is

ℱ�𝑒𝑖𝛼𝑥𝑓 (𝑥)� =
1

√2𝜋
�

∞

−∞
𝑒𝑖𝛼𝑥𝑓 (𝑥) 𝑒−𝑖𝑘𝑥𝑑𝑥

=
1

√2𝜋
�

∞

−∞
𝑓 (𝑥) 𝑒−𝑖𝑥(𝑘−𝛼)𝑑𝑥

But 1

√2𝜋
∫∞

−∞
𝑓 (𝑥) 𝑒−𝑖𝑥(𝑘−𝛼)𝑑𝑥 is ̂𝑓 (𝑘 − 𝛼) by replacing 𝑘 with 𝑘 − 𝛼 in the definition of Fourier

transform. Hence

ℱ�𝑒𝑖𝛼𝑥𝑓 (𝑥)� = ̂𝑓 (𝑘 − 𝛼)

Which is what asked to show.
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5 Problem 7.1.20 (a)

The two-dimensional Fourier transform of a function 𝑓 �𝑥, 𝑦� defined for �𝑥, 𝑦� ∈ ℝ2 is

ℱ�𝑓 �𝑥, 𝑦�� = ̂𝑓 (𝑘, 𝑙)

=
1
2𝜋 �

∞

−∞
�

∞

−∞
𝑓 �𝑥, 𝑦� 𝑒−𝑖�𝑘𝑥+𝑙𝑦�𝑑𝑥𝑑𝑦

(a) compute the Fourier transform of the following functions (i) 𝑒−|𝑥|−�𝑦�, (iii) The delta
function 𝛿 (𝑥 − 𝜉) 𝛿 �𝑦 − 𝜂�

(b) Show that if 𝑓 �𝑥, 𝑦� = 𝑔 (𝑥) ℎ �𝑦� then ̂𝑓 (𝑘, 𝑙) = �̂� (𝑘) ℎ̂ (𝑙)

Solution

5.1 Part a

(i) The Fourier transform of 𝑒−|𝑥|−�𝑦� is

̂𝑓 (𝑘, 𝑙) =
1
2𝜋 �

∞

−∞
�

∞

−∞
𝑒−|𝑥|−�𝑦�𝑒−𝑖�𝑘𝑥+𝑙𝑦�𝑑𝑥𝑑𝑦

=
1
2𝜋 �

∞

−∞
�

∞

−∞
𝑒−|𝑥|𝑒−�𝑦�𝑒−𝑖𝑘𝑥𝑒−𝑖𝑙𝑦𝑑𝑥𝑑𝑦

=
1
2𝜋 �

∞

−∞
𝑒−�𝑦�𝑒−𝑖𝑙𝑦 ��

∞

−∞
𝑒−|𝑥|𝑒−𝑖𝑘𝑥𝑑𝑥� 𝑑𝑦 (1)

But ∫
∞

−∞
𝑒−|𝑥|𝑒−𝑖𝑘𝑥𝑑𝑥 is the Fourier transform of 𝑓 (𝑥) = 𝑒−|𝑥| with √2𝜋 factor. In other words

�
∞

−∞
𝑒−|𝑥|𝑒−𝑖𝑘𝑥𝑑𝑥 = √2𝜋�̂� (𝑘)

Where �̂� (𝑘) is used to indicate the Fourier transform of 𝑒−|𝑥|. Hence (1) becomes

̂𝑓 (𝑘, 𝑙) = √2𝜋
2𝜋

̂𝑓1 (𝑘)�
∞

−∞
𝑒−�𝑦�𝑒−𝑖𝑙𝑦𝑑𝑦

But ∫
∞

−∞
𝑒−�𝑦�𝑒−𝑖𝑙𝑦𝑑𝑦 = √2𝜋ℎ̂ (𝑙)Where ℎ̂ (𝑙) is used to indicate the Fourier transform of 𝑒−�𝑦�. The

above becomes

̂𝑓 (𝑘, 𝑙) = √2𝜋
2𝜋

�̂� (𝑘)√2𝜋ℎ̂ (𝑙)

= �̂� (𝑘) ℎ̂ (𝑙) (2)
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So now we need to determine �̂� (𝑘) and ℎ̂ (𝑙) and multiply the result.

�̂� (𝑘) =
1

√2𝜋
�

∞

−∞
𝑒−|𝑥|𝑒−𝑖𝑘𝑥𝑑𝑥

=
1

√2𝜋
��

0

−∞
𝑒𝑥𝑒−𝑖𝑘𝑥𝑑𝑥 +�

∞

0
𝑒−𝑥𝑒−𝑖𝑘𝑥𝑑𝑥�

=
1

√2𝜋
��

0

−∞
𝑒−𝑖𝑘𝑥+𝑥𝑑𝑥 +�

∞

0
𝑒−𝑖𝑘𝑥−𝑥𝑑𝑥�

=
1

√2𝜋

⎛
⎜⎜⎜⎜⎝�
𝑒−𝑖𝑘𝑥+𝑥

1 − 𝑖𝑘 �
0

−∞
+ �

𝑒−𝑖𝑘𝑥−𝑥

−1 − 𝑖𝑘�
∞

0

⎞
⎟⎟⎟⎟⎠

=
1

√2𝜋
�

1
1 − 𝑖𝑘

�𝑒−𝑖𝑘𝑥𝑒𝑥�
0

−∞
−

1
1 + 𝑖𝑘

�𝑒−𝑖𝑘𝑥𝑒−𝑥�
∞

0
�

=
1

√2𝜋
�

1
1 − 𝑖𝑘

(1 − 0) −
1

1 + 𝑖𝑘
(0 − 1)�

=
1

√2𝜋
�

1
1 − 𝑖𝑘

+
1

1 + 𝑖𝑘�

=
1

√2𝜋
�
(1 + 𝑖𝑘) + (1 − 𝑖𝑘)
(1 − 𝑖𝑘) (1 + 𝑖𝑘) �

=
1

√2𝜋
�

2
1 + 𝑘2 �

=
�
2
𝜋

1
1 + 𝑘2

Similarly

ℎ̂ (𝑙) =
1

√2𝜋
�

∞

−∞
𝑒−�𝑦�𝑒−𝑖𝑙𝑦𝑑𝑦

=
�
2
𝜋

1
1 + 𝑙2

Hence from (2) the Fourier transform of 𝑒−|𝑥|−�𝑦� is
̂𝑓 (𝑘, 𝑙) = �̂� (𝑘) ℎ̂ (𝑙)

=
�
2
𝜋

1
1 + 𝑘2�

2
𝜋

1
1 + 𝑙2

=
2
𝜋

1
�1 + 𝑘2� �1 + 𝑙2�
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(ii) The Fourier transform of 𝛿 (𝑥 − 𝜉) 𝛿 �𝑦 − 𝜂�. First we find the Fourier transform of 𝛿 (𝑥 − 𝜉)
and then the Fourier transform of 𝛿 �𝑦 − 𝜂�

�̂� (𝑘) =
1

√2𝜋
�

∞

−∞
𝛿 (𝑥 − 𝜉) 𝑒−𝑖𝑘𝑥𝑑𝑥

=
1

√2𝜋
𝑒−𝑖𝑘𝜉

And

ℎ̂ (𝑙) =
1

√2𝜋
�

∞

−∞
𝛿 �𝑦 − 𝜂� 𝑒−𝑖𝑙𝑦𝑑𝑦

=
1

√2𝜋
𝑒−𝑖𝑙𝜂

Hence the Fourier transform of the product 𝛿 (𝑥 − 𝜉) 𝛿 �𝑦 − 𝜂� is (Using the product rule,
which will be proofed in part b also).

̂𝑓 (𝑘, 𝑙) = �̂� (𝑘) ℎ̂ (𝑙)

=
1
2𝜋
𝑒−𝑖𝑘𝜉𝑒−𝑖𝑙𝜂

The above could be rewritten in terms of trig functions using Euler relation if needed.

5.2 Part b

By definition, the Fourier transform of 𝑓 �𝑥, 𝑦� is

̂𝑓 (𝑘, 𝑙) =
1
2𝜋 �

∞

−∞
�

∞

−∞
𝑓 �𝑥, 𝑦� 𝑒−𝑖�𝑘𝑥+𝑙𝑦�𝑑𝑥𝑑𝑦

But 𝑓 �𝑥, 𝑦� = 𝑔 (𝑥) ℎ �𝑦�. Hence the above becomes

̂𝑓 (𝑘, 𝑙) =
1
2𝜋 �

∞

−∞
�

∞

−∞
𝑔 (𝑥) ℎ �𝑦� 𝑒−𝑖�𝑘𝑥+𝑙𝑦�𝑑𝑥𝑑𝑦

=
1
2𝜋 �

∞

−∞
�

∞

−∞
𝑔 (𝑥) ℎ �𝑦� 𝑒−𝑖𝑘𝑥𝑒−𝑖𝑙𝑦𝑑𝑥𝑑𝑦

=
1
2𝜋 �

∞

−∞
ℎ �𝑦� 𝑒−𝑖𝑙𝑦 ��

∞

−∞
𝑔 (𝑥) 𝑒−𝑖𝑘𝑥𝑑𝑥� 𝑑𝑦

But ∫
∞

−∞
𝑔 (𝑥) 𝑒−𝑖𝑘𝑥𝑑𝑥 = √2𝜋�̂� (𝑘). The above reduces to

̂𝑓 (𝑘, 𝑙) =
1
2𝜋√

2𝜋�̂� (𝑘)�
∞

−∞
ℎ �𝑦� 𝑒−𝑖𝑙𝑦𝑑𝑦

But ∫
∞

−∞
ℎ �𝑦� 𝑒−𝑖𝑙𝑦𝑑𝑦 = √2𝜋ℎ̂ (𝑙). Hence the above becomes

̂𝑓 (𝑘, 𝑙) =
1
2𝜋√

2𝜋�̂� (𝑘)√2𝜋ℎ̂ (𝑙)

= �̂� (𝑘) ℎ̂ (𝑙)

Which is what asked to show.
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6 Problem 7.2.2 (a)

Find the Fourier transform of (a) the error function erf (𝑥) = 2

√𝜋
∫𝑥

0
𝑒−𝑧2𝑑𝑧

Solution

6.1 Part a

Using

1 + erf (𝑥) = 2

√𝜋
�

𝑥

−∞
𝑒−𝑧2𝑑𝑧 (1)

Taking Fourier transform of both sides, and using the known relation from tables which says

ℱ��
𝑥

−∞
𝑓 (𝑢) 𝑑𝑢� =

1
𝑖𝑘

̂𝑓 (𝑘) + 𝜋 ̂𝑓 (0) 𝛿 (𝑘)

And using that Fourier transform of 1 is √2𝜋𝛿 (𝑘) then (1) becomes

√2𝜋𝛿 (𝑘) + ℱ [erf (𝑥)] = 2

√𝜋
�
1
𝑖𝑘

̂𝑓 (𝑘) + 𝜋 ̂𝑓 (0) 𝛿 (𝑘)�

Where ̂𝑓 (𝑘) is the Fourier transform of 𝑒−𝑢2 (Gaussian) we derived in class as 𝑒−𝑢2 ⇔ 1

√2
𝑒
−𝑘2
4 .

The above becomes

√2𝜋𝛿 (𝑘) + ℱ [erf (𝑥)] = 2

√𝜋

⎛
⎜⎜⎜⎜⎝
1
𝑖𝑘

1

√2
𝑒
−𝑘2
4 + 𝜋 �

1

√2
𝑒
−𝑘2
4 �

𝑘=0

𝛿 (𝑘)
⎞
⎟⎟⎟⎟⎠

=
2

√𝜋
�
1
𝑖𝑘

1

√2
𝑒
−𝑘2
4 +

𝜋

√2
𝛿 (𝑘)�

=
2

√𝜋
1
𝑖𝑘

1

√2
𝑒
−𝑘2
4 + √2𝜋𝛿 (𝑘)

Therefore the above simplifies to

ℱ[erf (𝑥)] = 2

√𝜋
1
𝑖𝑘

1

√2
𝑒
−𝑘2
4

=
�
2
𝜋
1
𝑖𝑘
𝑒
−𝑘2
4

= −𝑖
�
2
𝜋
1
𝑘
𝑒
−𝑘2
4
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7 Problem 7.2.3 (d)

Find the inverse Fourier transform of the following functions (d) 𝑘2

𝑘−𝑖

Solution

Using property that

ℱ�𝑓′ (𝑥)� = 𝑖𝑘 ̂𝑓 (𝑘)

ℱ �𝑓′′ (𝑥)� = −𝑘2 ̂𝑓 (𝑘) (1)

Where in the above ℱ�𝑓 (𝑥)� = ̂𝑓 (𝑘). Comparing the above with 𝑘2

𝑘−𝑖 , we see that

̂𝑓 (𝑘) =
1

𝑘 − 𝑖
Hence we need to find inverse Fourier transform of −1

𝑘−𝑖 first in order to find 𝑓 (𝑥), and then
take second derivative of the result. Writing

1
𝑘 − 𝑖

=
1

𝑖 � 𝑘𝑖 − 1�

=
1

𝑖 (−𝑖𝑘 − 1)

=
−1

𝑖 (𝑖𝑘 + 1)

= 𝑖
1

(1 + 𝑖𝑘)
From table (page 272 in textbook) we see that

ℱ −1 �
1

(𝑖𝑘 + 1)�
= √2𝜋𝑒−𝑥𝜎 (𝑥)

Using 𝑎 = 1 in the table entry. Where 𝜎 (𝑥) is the step function. Hence

𝑖ℱ −1 �
1

(𝑖𝑘 + 1)�
= 𝑖√2𝜋𝑒−𝑥𝜎 (𝑥)

Therefore

𝑓 (𝑥) = 𝑖√2𝜋𝑒−𝑥𝜎 (𝑥)

Now we take derivative of the above (using product rule)

𝑓′ (𝑥) = −𝑖√2𝜋𝑒−𝑥𝜎 (𝑥) + 𝑖√2𝜋𝑒−𝑥𝛿 (𝑥)

Where 𝛿 (𝑥) is added since derivative of 𝜎 (𝑥) has jump discontinuity at 𝑥 = 0. Taking one
more derivative gives

𝑓′′ (𝑥) = 𝑖√2𝜋𝑒−𝑥𝜎 (𝑥) − 𝑖√2𝜋𝑒−𝑥𝛿 (𝑥) − 𝑖√2𝜋𝑒−𝑥𝛿 (𝑥) + 𝑖√2𝜋𝑒−𝑥𝛿′ (𝑥)

= 𝑖√2𝜋𝑒−𝑥𝜎 (𝑥) − 2𝑖√2𝜋𝑒−𝑥𝛿 (𝑥) + 𝑖√2𝜋𝑒−𝑥𝛿′ (𝑥)
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Therefore

ℱ −1 �
𝑘2

𝑘 − 𝑖�
= 𝑖√2𝜋𝑒−𝑥𝜎 (𝑥) − 2𝑖√2𝜋𝑒−𝑥𝛿 (𝑥) + 𝑖√2𝜋𝑒−𝑥𝛿′ (𝑥)



16

8 Problem 7.2.12

(a) Explain why the Fourier transform of a 2𝜋 periodic function 𝑓 (𝑥) is a linear combinations
of delta functions ̂𝑓 (𝑘) = ∑∞

𝑛=−∞ 𝑐𝑛𝛿 (𝑘 − 𝑛) where 𝑐𝑛 are the complex Fourier series coe�cients
(3.65) of 𝑓 (𝑥) on [−𝜋, 𝜋]

𝑐𝑛 = �𝑓, 𝑒𝑖𝑛𝑥� =
1
2𝜋 �

𝜋

−𝜋
𝑓 (𝑥) 𝑒−𝑖𝑛𝑥𝑑𝑥 (3.65)

(b) Find the Fourier transform of the following periodic functions (i) sin 2𝑥 (ii) cos3 𝑥 (iii)
The 2𝜋 periodic extension of 𝑓 (𝑥) = 𝑥 (iv) The sawtooth function ℎ (𝑥) = 𝑥mod 1. i.e. the
fractional part of 𝑥

Solution

8.1 Part a

Since 𝑓 (𝑥) is periodic, then its can be expressed as

𝑓 (𝑥) =
∞
�
𝑛=−∞

𝑐𝑛𝑒
𝑖𝑛� 2𝜋𝑇 �𝑥

But the period 𝑇 = 2𝜋 and the above simplifies to

𝑓 (𝑥) =
∞
�
𝑛=−∞

𝑐𝑛𝑒𝑖𝑛𝑥 (1)

Taking the Fourier transform of the above gives

̂𝑓 (𝑘) =
1

√2𝜋
�

∞

−∞
𝑓 (𝑥) 𝑒−𝑖𝑘𝑥𝑑𝑥 (2)

Substituting (1) into (2) gives

̂𝑓 (𝑘) =
1

√2𝜋
�

∞

−∞
�

∞
�
𝑛=−∞

𝑐𝑛𝑒𝑖𝑛𝑥� 𝑒−𝑖𝑘𝑥𝑑𝑥

=
1

√2𝜋
�

∞

−∞
�

∞
�
𝑛=−∞

𝑐𝑛𝑒−𝑖𝑥(𝑘−𝑛)� 𝑑𝑥

Changing the order of summation and integration

̂𝑓 (𝑘) =
1

√2𝜋

∞
�
𝑛=−∞

��
∞

−∞
𝑐𝑛𝑒−𝑖𝑥(𝑘−𝑛)𝑑𝑥�

=
1

√2𝜋

∞
�
𝑛=−∞

𝑐𝑛 ��
∞

−∞
𝑒−𝑖𝑥(𝑘−𝑛)𝑑𝑥� (3)

But from tables we know that ℱ(1) = √2𝜋𝛿 (𝑘). Which means that
1

√2𝜋
�

∞

−∞
𝑒−𝑖𝑥𝑘𝑑𝑥 = √2𝜋𝛿 (𝑘)
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Therefore, replacing 𝑘 by 𝑘 − 𝑛 in the above gives
1

√2𝜋
�

∞

−∞
𝑒−𝑖𝑥(𝑘−𝑛)𝑑𝑥 = √2𝜋𝛿 (𝑘 − 𝑛)

�
∞

−∞
𝑒−𝑖𝑥(𝑘−𝑛)𝑑𝑥 = (2𝜋) 𝛿 (𝑘 − 𝑛) (4)

Substituting (4) into (3) gives

̂𝑓 (𝑘) =
1

√2𝜋

∞
�
𝑛=−∞

𝑐𝑛 (2𝜋) 𝛿 (𝑘 − 𝑛)

= √2𝜋
∞
�
𝑛=−∞

𝑐𝑛𝛿 (𝑘 − 𝑛)

Note: The books seems to have a typo. It gives the above without the factor √2𝜋 at the
front.

8.2 Part b

(i) sin 2𝑥. Since this is periodic, then 𝑐𝑛 =
1
2𝜋
∫𝜋

−𝜋
sin (2𝑥) 𝑒−𝑖𝑛𝑥𝑑𝑥. For 𝑛 = 2 this gives 𝑐2 = −

𝑖
2

and for 𝑛 = −2 it gives 𝑐−2 =
𝑖
2 and it is zero for all other 𝑛 values due to orthogonality of

sin functions. Using the above result obtained in part (a)

̂𝑓 (𝑘) = √2𝜋
∞
�
𝑛=−∞

𝑐𝑛𝛿 (𝑘 − 𝑛)

= √2𝜋𝑐−2𝛿 (𝑘 + 2) + √2𝜋𝑐2𝛿 (𝑘 − 2)

= √2𝜋
𝑖
2
𝛿 (𝑘 + 2) − √2𝜋

𝑖
2
𝛿 (𝑘 − 2)

= 𝑖
�
𝜋
2
𝛿 (𝑘 + 2) − 𝑖

�
𝜋
2
𝛿 (𝑘 − 2)

(ii) cos3 𝑥. Since this is periodic, then 𝑐𝑛 =
1
2𝜋
∫𝜋

−𝜋
cos3 (𝑥) 𝑒−𝑖𝑛𝑥𝑑𝑥. But cos3 (𝑥) = 1

4 cos (3𝑥) +
3
4 cos (𝑥). Hence only 𝑛 = ±1, 𝑛 = ±3 will have coe�cients and the rest are zero.

𝑐−1 =
1
2𝜋 �

𝜋

−𝜋

3
4

cos (𝑥) 𝑒𝑖𝑥𝑑𝑥 = 3
8

𝑐1 =
1
2𝜋 �

𝜋

−𝜋

3
4

cos (𝑥) 𝑒−𝑖𝑥𝑑𝑥 = 3
8

𝑐−3 =
1
2𝜋 �

𝜋

−𝜋

1
4

cos (3𝑥) 𝑒−3𝑖𝑥𝑑𝑥 = 1
8

𝑐3 =
1
2𝜋 �

𝜋

−𝜋

1
4

cos (3𝑥) 𝑒−3𝑖𝑥𝑑𝑥 = 1
8
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Therefore, using result from part (a)

̂𝑓 (𝑘) = √2𝜋
∞
�
𝑛=−∞

𝑐𝑛𝛿 (𝑘 − 𝑛)

= √2𝜋 �
1
8
𝛿 (𝑘 + 3) +

3
8
𝛿 (𝑘 + 1) +

3
8
𝛿 (𝑘 − 1) +

1
8
𝛿 (𝑘 − 3)�

=
1
4�

𝜋
2
(𝛿 (𝑘 + 3) + 3𝛿 (𝑘 + 1) + 3𝛿 (𝑘 − 1) + 𝛿 (𝑘 − 3))

(iii) The 2𝜋 periodic extension of 𝑓 (𝑥) = 𝑥

Since this is periodic, then

𝑐𝑛 =
1
2𝜋 �

𝜋

−𝜋
𝑥𝑒−𝑖𝑛𝑥𝑑𝑥

=
2𝑖
𝑛2
(𝑛𝜋 cos (𝑛𝜋) − sin (𝑛𝜋))

=
2𝑖
𝑛2
�𝑛𝜋 (−1)𝑛�

=
2𝑖
𝑛
𝜋 (−1)𝑛

Therefore, using result from part (a)

̂𝑓 (𝑘) = √2𝜋
∞
�
𝑛=−∞

𝑐𝑛𝛿 (𝑘 − 𝑛)

= √2𝜋
∞
�
𝑛=−∞

2𝑖
𝑛
𝜋 (−1)𝑛 𝛿 (𝑘 − 𝑛)

= 2𝑖𝜋√2𝜋
∞
�
𝑛=−∞

(−1)𝑛

𝑛
𝛿 (𝑘 − 𝑛) 𝑛 ≠ 0

(iv) The sawtooth function

In[ ]:= Plot[FractionalPart[x], {x, -Pi, Pi}, Ticks → {{-Pi, -Pi / 2, 0, Pi / 2, Pi}, Automatic}]

Out[ ]=
-π - π

2

π

2
π

-1.0

-0.5

0.5

1.0

Figure 1: Plot of 𝑓(𝑥) (Fractional part of 𝑥)
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9 Problem 7.3.4

Find a solution to the di�erential equation −𝑑2𝑢
𝑑𝑥2 + 4𝑢 = 𝛿 (𝑥) by using the Fourier transform

Solution

Taking Fourier transform of both sides gives

− (𝑖𝑘)2 �̂� (𝑘) + 4�̂� (𝑘) = ℱ [𝛿 (𝑥)]

𝑘2�̂� (𝑘) + 4�̂� (𝑘) =
1

√2𝜋
Solving for �̂� (𝑘)

�̂� (𝑘) �𝑘2 + 4� =
1

√2𝜋

�̂� (𝑘) =
1

√2𝜋
1

𝑘2 + 4

Finding inverse Fourier transform. From tables we see that ℱ�𝑒−𝑎|𝑥|� = �
2
𝜋

𝑎
𝑘2+𝑎2 . Using 𝑎 = 2

ℱ �𝑒−2|𝑥|� =
�
2
𝜋

2
𝑘2 + 4

�
𝜋
2
1
2
ℱ �𝑒−2|𝑥|� =

1
𝑘2 + 4

�
𝜋
2
ℱ �

1
2
𝑒−2|𝑥|� =

1
𝑘2 + 4

1

√2𝜋�
𝜋
2
ℱ�

1
2
𝑒−2|𝑥|� =

1

√2𝜋
1

𝑘2 + 4
1
2
ℱ �

1
2
𝑒−2|𝑥|� =

1

√2𝜋
1

𝑘2 + 4

ℱ �
1
4
𝑒−2|𝑥|� =

1

√2𝜋
1

𝑘2 + 4
Therefore

𝑢 (𝑥) =
1
4
𝑒−2|𝑥|
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