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ME106 Course Notes 4eowe  Frob 7 Bolero
This class has a combination of mathematical analysis and experimentation. It
1s important for you to understand the mathematical analysis if you wish to improve
upon an existing design. Most designs have weaknesses that can be corrected if one
understands both the theoretical and practical aspects of their operation. It is also
important for you to be able to experimentally test a given design, otherwise, you
would not understand its practical limitations. We begin with the most important
mathematical concepts which will be used throughout the quarter.

1 Complex Variables

Much of the analysis in this class will be in the frequency domain rather than time
domain. A function f(1) is transformed from time to frequency domain using the
Laplace transform. In frequency domain analysis, the independent variable is com-
piex, and has the form
s =0+ juw, (1)

where both ¢ and w are real numbers, and j = /—1 or j* = ~1. We see that s has
a rezl part, o, and an imaginary part w. Often we write Re{s) = o and Im(s) = w.
A function of a complex variable F(s) is also complex, and we often need its real
and imaginary parts Re(F(s)), and Im(F(s}).

It is helpful to think of a complex variable as a two dimensional vector in a plane,
or s-plane as shown in figure below.
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If we say that R is the length of the vector s, then R® = ¢® + w?, or equivalently,
R = |s|. The beauty of this representation is that we can define the same point as

. /e
s= Re’®, where § = tan™! (w) (2)

To show that this representation works, recall the definition
e’ = cos + 7 sind. (3

Hence. s = Re’’ = Rcosf + jRsin§ = o + jw from geometry shown in the figure,
Sometimes we also write s = R{# for shorthand. Also note that Re{s) = ¢ and
Im(s} = « are both non-imaginary real numbers.
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1.1 Multiplication and Division

Suppose we have two complex numbers s, and s,, that we would like to multiply or
divide. Using the above notation,

§ = Rzejéi = R;(f?ﬁ
8g = Rjejgg = Rg{g‘:.

then
&18y = Rleje‘Rgeje"’ = RlRiejleﬁ_ﬁﬁ
or
Sqdn = R1<8132<92 = RlR“z({f}}. + 5:}}.
Simitarly,
81 Ri(gi R,
= = et e (B —
Sq Rg(gg R‘z(( . 2)
since,
Rlejél R1 {8 wd
: nEIPS EC z)
Rge"@’ Hq

Note that the hard way is to multiply components as

5182 = {0y + Jwy oo + Juwy)
= 010 + Jwo + Jwy oy + Jlnwe

= (0'10'2 “*wl(.dg)"‘}-j({&?ggl +W10'2).

Then the real part, Re(s15,) = 0100 —wywo = Ry R2cos{@, +85), and the imaginary
part, Im(s,82) = wy0y + w0y = Ry Rasin(f, + 6,).

Example 1 mdhipheation 5,

Suppose s; = 5 = 5(0, and s, = 14+ j = /12 + 17(45°. This'can be interpreted
as multiplication of a vector by a scalar, so the direction should not change. Now,
8187 = 5(1+7) = 5+ 5j. Also, 818, = (5(0)(v/2(45°) = 5v/2(45°. The sketch below
shows that they are the same numbers.
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Example 2

Suppose 5, = 37 = 3(90°, and s, = ~37. First note that s, = 3{-80° = 3{270°,
but that s, 31’ 90° since the coefficient of the exponent must always be & positive
number (why?). Then, 8,8, = (37}(-37) = &, or

s157 = (3(90°)(3(=90") = 9(0 = 9(360° = 0.
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1.2  Evaluating Functions of s Using Poles and Zeros (Sip Ths See ‘WW"&>
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The mmost important use of the vector representation is for the evaluation of functions
of 5 at certain points. A function of s, say G{s), will also have an imaginary and
a real part which will need to be computed for a given value of 5. We will do this
many times in later experiments. For instance, a second order rational polynomial
in & might have the form

as+b
Gis) = ——,

S +es+d
which can also be written in factored form as

_ {s — s,k
Gl = o5 — o)

where s, = —%, k=a, and s, , = zeE/eToAd

- 4
The value s, is called a zero of G(s) since |G (s, )| = 0. The values s, and s, are
called poles of G(s) since |G{s;)] = |G(s2)| = oc. If we plot the points s., s1, and s,
on the s plane, we can evaluate G(s) graphically.
For example, suppose

s+ 1 _ s+ 1 _ s+ 1
s+2+20(s+2-25) (542 +4 s*+4s+8

G{s} = 0

which 15 of form
&~ 8,

(5 —38)(s~ 82}’
where 5, = =1, & = -2 27, sy = —-2+27.

Say we want to evaluate G(41), i.e. the value of G at s = j. We can either plug
s = j into G{s) and do some algebra, or we can use the poles and zeros of G{s), and
graphically compute G(j) from a pele-zero plot:

G(s) =

The figure shows that s~ s, can also be thought of as a vector whose tip is at s and
tail is at s,. Then, at s =j, s —s, = Jj— =1l =1+7 s—8 =7 (=227} =
2+37, and s— 8y = j —{=2+2) = 2~ j. Now using the exponential form of each
factor we have:

s — 8,0 {s -3,

Gis) =

i5— 8] {3 — s ) (I8 — 8l {5 — 82}
¢ (4 L \



V2(45°

Gls=73) =
V13{(tan™? 3 Va(—tan~! L
2 ) 2
2 ——l
56.31° 26.55°
= 13“ - {45° — 56.31° + 26.56°
-5
2
= %<15255

Finally, we could have alternatively evalvated G(s = j} algebraically as

GG = s+1 _ L+ l4]
s? + 45+ 81, ~144j4+8 T+4j
14 T4\ T-4i+Tj+4
- ?+4j(?’—4j>_ 49 + 16
11 3

= mteT 0.169 + 70.0486

Note that the two methods are completely identical, since
{2
65(15,25" = (L1754 (cos 15.25+ jsin 15.25) = 0.169 + 70.046.

The most appropriate method to use to evaluate functions (s} at given points s
will usually be clear from the problem.

2 Laplace Transforms

A function f(t) can be transformed to the frequency domain using the Laplace
Transform if the following integral exists for some value of s.

F(s)= LIf(t)] = ]f(t)e””dt (an improper integrai). (4)
T
- rh_.gi‘ofg ftye stdt (5)

For instance, if Re{s) > 0, e=* and f(¢) might look like

1 -

&St £

+

For f(t) to be transformable, the product f{i)e™* must go to zero as { —
for the integral to exist. The mathematical condition is |f(¢)] < Me® for some
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M >0, c>0andallt > 0. For instance, if f{t) =

e a)
2 L ~
/e‘ e”*dt = oc = no Laplace Transform.
B
A few important exampies of {ransformable functions are given below.

Step Function.

A I

o T
0 fort<0
Let f{t) = Au(t), where u(t) = { 1 fort>0 -
T B R e S [N
/ s s S

Note that ¢ is integrated out of the function, and we are left with a new function of
s only.
Exponential e~

o o0
L™} = /e"“e"‘”dim /e‘{“*"}‘dt
0 o

N L)
s+a s+a
1
= — you will see this one a lot! (7}
s+a
Sinusoid sinwi.
First note that ) _
o ejﬂ - ew;@ g
sin f = —————,
o= 2o ®)

which can be verified using the fact that ’® = cos# + jsin 6. Also note that
f (f(t) + Lald))e™dt = / hityedt + / Flt)e™"at
8 s /

LIAD] + L{f28)],

s0, using the transform of the exponential in {7},

(L[] = Le)

( ) ,i((S%jw}_(é’~jw}"
8~ Jiw s+]m)m‘2j L (s—Jwi{s + jw) )

W

o
52-*-LJ.J”

LIfi(t) + fal2)]

H

Llsinwt] =

ﬁiwiﬁ?ls—‘

(9




These transforms and other common ones encountered in linear system theory are
tabulated in the attached tables from Ogata “Modern Control Engineering.”

2.1 Differentiation using Laplace Transforms
The most important property of Laplace Transforms is the relationship between

L iii and L[f ()], where f(t} is any differentiable function of time. It is:

af
L) =srtio1-£0) = sF (s) - (10)
To show this, use the definition of the transform (4) on the derivative L _{%] =

f %e“"di‘, and integrate this expression by parts: [ udv = uv ~ [ vdu. To do this,
g
choose u = e”*,and dv = i{»dﬁ = df. Then

= e T - 7f(f)(—se““)dt
= e (oo) = F(0)+ sff(t)e—“df
/4] = spyol- 1o (11)

We will see this many times as L{#] = sX{s) — 2(0), where (1) is used in place
of f(t), and # was used for £. Note that we can obtain L [Z] recursively as follows.
Let £ = v,s0 ¢ = %, Then

L&) = L[#] = sV(s) — »(0),

but
Vis)= Liv)= L[#] = sX(s) — z(0)
$0
LiF] = 35"X(s)~ sz (0) — & (0) {12)
Example

If we are given that the derivative of sinwt is w coswt, we can use (10) to derive
L {coswt] from L [sinwt]. Recall that for f (1) = sinwt, its transform is F'(s) = iy
as derived before. Then becatse | (t) = wcoswt, we have
=L{f]
[

- %(_sF(s) ~ F(OY)

il

Licoswt]

[
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where we have used the fact that f(0) = sinw0 = (.
In a manner similar to finding L[4, we can derive L{f f(2)], which is

F{S}_;_}'/fdt;t;{)
8 &

L [ f(i)dzf} =

2.2 Solving Differential Equations

One big use of Laplace Transforms is to manipulate and solve differential equations.
A very common first order example is to solve

= az+h,

where a,b are constants and z{0) = z,. First take the Laplace Transform of both
sides of the differential equation

sX—x{,:aX»%»é,
s

where we have assumed that b is applied at ¢ = 0 (so its really bu(t)). Now solve for
the unknown X

Xisma)= 2 gy = 202
or
. bt zps
T s(s~a)

The final step is to determine z(t) given X{s). Since there is no expression of
this form in our table of transform pairs, we can use a partial fraction expansion to
find an equivalent form. That is,

b 4+ Tp8 A B
X i T [E—
(s) s{s—a}) s Ryt (14)
where A and B are unknowns that we can determine. Once we know A and B,
the terms on the right hand side are in the transform table, and hence their time
domain counterparts are known. To determine A and B, note that this equation is
true for any s, so multiply both sides of (14) by s and let s = 0 to get A.

(F25) =4+ (=)

Similasly, multiply both sides of (14) by s — a and set s = a to find B

B= (22 ) (o= ) =

b+ zpa
s{s—a ’

143

50

—bj/a  (b+zsa)/a

& s—4a

X(s)=

-1



Table 1-1 Laplace Transform Pairs
fn Fis}
I Unit impuise 8(2) i
2 Unit step 1(8) -}
1
3 t &
Jse I t
4 —— = 1,23 ... -
TR 2.3 4 e
!
5 - (n = 1,23, . . ) }'..HTT
& e~ !
s+ u
—a !
7 te Gt ar
1 , 1
eaareed S =12
8 n - D n 3 G+ ar
_ 5 n!
g t"e (n=123.... P
. {3
10 Sif ol R
5
It COs w! &+ wl
2 sinh wf = g
13 cosh w? s
& -
1 ) 1
14 ~{l ~ &~
aﬂ e s+ a)
1 1
1 e T TS
; b-—a{e e s+ ais+ b
& o - ge” e
! B a(be ae™™) (s + a¥{s + B}
7 1 1 . . v
prd L s(s + a)s + b)

74




Table 1-1 Cont’d
18 — (] ~ 7% — ate”™} S
& s(s + a)?
i
19 —fat =1 +e™™ wmiw
a s + a)
20 e~ sin wr _—
(s + af + &
21 e” " cos we ____f_i_f’__:
(s + ay¥ + &
@, J— w?
22 S % ginw, V] — 221 e
1 -8 me. V-8 £+ Aw,s + w
i
——We“““‘sin({n. -2t~ )
5
23 Vi= ¢ £ 4+ Uws + o
& = tap "} e
4
i
] = e " gin (w, V] — 2P
m { 1 I &) o
4 . =
2 VI =7 S8+ Uw,s + wd)
¢ = an"!
L
25 1 ~ cos oo JMW
S 4+ wy
3
26 - wf — Sin af ————:w—*-;“
S+ o)
3
27 Sin wt — W COS i —,—-2--‘”“*-:
(5 + o’
i 5
28 - I 50wl B e
Zw (£ + o
29 t Cos wi i_‘:.ffi:w
(3= + wy.
10 . 2 {COS ! — €05 Wyl) (w} # wi) —*‘-*“"MSW”———'
Wi (5" + a5 + o}
| T
31 5;; (sip w! + w7 cos @i} m

78




Table 1-2

Properties of Laplace Transforms

1 FLAf(D] = AF(s)
2 LA = fo)] = Fi(5) = Fals)
3 &[ifm} = sF(s) — fl0%)
dt
4* N .
4 £o|=mf0)| = SF) ~ fO=) - fO=)
da n {k—%)
—‘fx[zt—,.f(f)] = S"F(s) — 2, s"THf0=)
5 k=]
(k=33 k-1
where  f(5)= Z?:Tf“’
6 - ff(r) dr}
®. ffmdt:t _F PR it
i s £
, ,_ [ [roa [ [ 70 a dr}
7 & J’}‘ drdt| = w N dr=0x + r=
=1 | (S dr r‘ =34 = .
. Flis) « 1
g &erK ' vff{f)(dt} ] =— + ;W U . .Jf(,)(d,)k]”ﬂz
ol _
9 55[ L £ dr} ==
10 ] fodt = lim F(s) if f FUt) dr exists
¢ s} o
11 Ple~* f(1)] = F(s + a)
12 LIfir — a)l{t — a)] = e “F{(s) a=(
dF (5}
13 Ffn) = ~ i
dz
14 LIf(n] = 5 F
RATS = 1"511-“ | = 1,23
15 irf(f)}wiw)ds,, ") n=1,23,...
16 2[%,’(:)]- o f F(s) ds
I
17 el it =
[f (a)] aF{as)

7e



Now, using the table,

b b z.a
2(t) = ~=u(l) + Cent,

a

Note that the initial conditions are satisfied, z (0) = ~% 4+ 2208 = 7, and if
a < 0, the final value of z is £ {00) = ~% (See the figure). I a > 0, z(o0) = oo since
e® — oo in this case.

Ko o

B e e

plor
|

T

Also note that the poles of this system are s = 0, and s = ¢. They characterize the
response of the system since the two time dependent terms in the inverse transform,
u(t) and e®, arise because of these poles. That is why the expression that determines
the roots of the denominator of X(s),i.e. s{s~a) = 0 is called the characieristic
equation.

3 Electronic Elements, Impedance, and Block Diagrams

3.1 Resistor

Our first experiment uses capacitors and resistors, which have dynamic properties
that we need to understand mathematically. A resistor has the symbol
R/\?/\r-:
i
the voltage across the resistor is proportional to current, or

v = Ri. (15)

The Laplace Transform of this expression is V{(s) = RI(s}. A block diagram can
be used to describe the same relation. For this case it is

Vi) "é“ I T

The block diagram shows %’%ﬁ%ﬁ( = —é%% = % in the box, where all the initial
conditions are assumed to be zero (for the case of a resistor the initial conditions do
not matter). For a general system a rational polynomial will be in the box called
the transfer function. Multiplication of the input by the transfer function gives the
output.

Again, a
Lloutput]

LR LA 16
Liinput}’ (26)

Transfer Funection =



assuming zero initial conditions. It is up to you to choose what the input and the
output of the system are. The choice is usually clear from the problem that is being
solved.

3.2 Capacitor
A capacitor has the symbol Vo
c
with the voltage across the capacitor proportional to the charge on its plates, or
g = [ idt = Cv. Differentiating this expression with respect to time gives
dv .
f o= e 7
i 7 (17}

Taking the Laplace Transform of both sides with zero initial conditions, [ (s) =

CsV(s)or Vv
V(s) = _C%f(s). = —wE—D T

The coefficient of I{s) is called the impedance. For a capacitor the impedance is —é-;,
for a resistor it is just B. The impedance is often labeled as Z(s), so

Vs) = Z(s)}(s). (18)
3.3 Inductor
An inductor has the symbol E L E
“+ -
e
P

with the voltage across it proportional te the change in current through it, or

p = [—

o (19)

Taking the Laplace Transform gives V (s) = LsI (s}, so the impedance is Ls, and
i

if we assume voltage is the input, the transfer function for an inductor is 7.

V —&

3.4 Combinations of Elements

To analyze a series LRC circuit as shown,

.
i

<
3
~
x
p

1l
E<
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sum the transformed voltages around the loop to obtain

I i
T 4 [ S ! e e 1
V =RI+ Lsi+ o (R+ Ls+ Csﬂ

We see that the coefficient of I, or the impedance is

Z(s) = {R-f;» Ls+

In general, for series circuits

e = ..'g.! z_z e b e zw.
v/ T

For parallel circuits,

L
Cs

).

i

13 1

— -

V(s) = ZyI(s) and I; = & for each branch.

s

I:ZI‘:ZZBV;IEE’

1=l i=1

so0V = —wt—T and Zipy = ——.

P 2%
LT3 =i
Example 1
Two resistors in parallel: +
v Kl R'}_
P 1 1 E.R,
tot — R = R = T .
R T Fa BB R; H Rj

10

T
-—----’

Vo |28




Example 2 . k
A resistor and capacitor in parallel: v R % A

RE R

Z.. = =
1o R—i—ﬁ- 1+ Res

3.5 Semiconductors, the Diode and the MOSFET

The following notes were taken from Radio Shack’s Getting Started in Electronics.
You may need to purchase a MOSFET for use with two experiments, and possibly
your project. For more detailed information on these elements, refer to Horowitz
and Hill: The Art of Electronics, or Millman and Halkias: Integrated Electronics.

bk
[y



2. SEMICONDUCTORS
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1  Operational-Amplifiers

Operational amplifiers are the most common elements of analog circuits. Nearly all electronic
controllers use some op-amp circuit to provide the desired signal conditioning. We will use these
devices for many of our experiments. The schematic symbol is

YV, v,

You can buy electronic chips with four op-amps on each chip for about $1.25 each. We use a such
a quad op-amp chip in the lab called an LM324. The four amplifiers are connected to the output

leads as: _
S s S W ae T N Se BN 3 Rt 5

L .

TOP VIEW

Power must be input to the chip through a positive supply voltage at pin 4, and a negative voltage
or ground at pin 11. Circuits that use op-amps are sometimes called active filters because power
may*added to the circuit by the amplifier. Circuits that don’t use op-amps, such as R-C networks
are called passive filiers because they can only absorb power. The voltages vy, vz, and vo in the
schematic diagram are related by the block diagram

Yy Ve v
P K e

or

’UUEK(ng‘”‘“Ui), (1)
where K is a large gain (K = 1x 10°). In reality, the op-amp has some dynamics which means that
K is a function of frequency, or K = K(s), but we assume it acts as a pure gain, so the dynamics
are neglected.
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1.1 A Voltage Follower

Suppose we hook v up to v:

hence »; = v, and, using (1)

or

Py = e P 22 Uy,

since '(W%{gff_‘ a1 for large values of K. This is called a voltage follower circuit. With this circuit
volt) = valt) for all g%??reésr?a‘uﬁckly time varying signals. As explained below, this simple circuit
is used in almost every electronic instrument because the output vo(t) draws no current from the
input vy(t). For fast signal variations, the dynamics of the amplifier gain K (s} can not be ignored.
You will test this in Experiment 2.

The inputs to the op-amp v; and v, are applied to the base of internal field effect transistors
(FET) which require no current at their base to operate, they only use the field produced by the
electric potential. Hence, no current flows into the + and - inputs. An analysis similar to what we
used for the voltage follower will show that whenever there is any feedback path from v, to vy, the
amplifier forces v, to equal v,. The feedback path can be through any network. Thus, to analyze
op-amp circuits that have negative feedback (a path from v, to 7, ), we always make the following
basic assumptions.

1.2 Three Op-Amp Assumptions.

Use these assumptions whenever negative feedback is present in an op-amp circuit.
}. ty = Vg
2. No current flows into the 4 or - inputs.

3. The op-amp is an ideal gain, or K{s) = K, a constant

For the- lab experiment we make the circuit:
PR
. Yin
F; oTef\‘i'z::ms'e e -
-5

@4



If the op-amp is working correctly v, = v, regardless of Ry. The output current is i, = 2.
QOur op-amps can only output about i, = 0.020 amp before the internal transistors seiuraie, or
reach their current limit. This means that for small loads {high R; ) everything works fine, and
for high loads (low R.) the operational amplifier no longer ampiifies as it should. You will find the
saturation current in the second experiment.

A plot of v,y: versus v, lor some load R; might look like

4134 - , Elﬁ 2. \ {_" Sa*‘u::.if;:g&
v f \_" Scc‘ruro.’t:bw
Smal R Current = Vo
/ %
a3 .4
E ' ‘ \
e e Vin i3 115

The voltage follower circuit acts like an ideal voltage source as long as %, is below the saturation
current. Note that the input voltage v, is not affected by changes in i, and K, because no current
can flow into the op-amp. That is why the voltage follower is also called a buffer or an isolation
amplifier.

1.3 An Inverting Gain

Another useful circuit is the inverting gain.

Qar

In reality this equation remains true for any v; that causes v, to be less than some saturation voliage
that is determined by the voltage used to provide power to the op-amps. The operational amplifier
can not do its job of maintaining a lirear input-output voltage relationship if the input voltage is
trying to produce an output voltage is beyond the saturation level.

]
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1.4 A Noninverting Gain.

A circuit performs the same function as the last, but with no minus sign is the noninverting gain.
i

Sr
BN

J:
/

The voltage at the minus input is the voltage between the two resistors, which is UOFE?%E‘ Then,
using assumption 1, '

A7

A

Vo

_ (Ry + Rz)y_

7 .
Note that the gain of this circuit is always greater than one, while for the previous circuit this is
not the case.

]

1.5 A General Circuit.

One general op-amp circuit that is commonly used has the form

Ze

where the Z;(s) are general impedances of networks of capacitors and/for inductors. Using assump-
tions 1 and 2 we have

_Vils) _ w. V%, . Vals)
Zf(S) 21 E ZQ ' ! Z,-,,(S)
or ()
2L Vils
Vils) = ~&; o (2}
il Z‘A(‘S)
1.6 Example: A Differentiator.
For instance, if there is just one input to a capacitor,
Ke
c VAA
‘ -
Z= JLIN— Ve
.5
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then {2} gives,
Vois) = ~R;CUsVia(s).

Note that the above equation is in the frequency domain. In the time domain, the same eguation

15
d?){ﬁ

dt
Hence, this circnit takes the time derivative of a any input voltage as 2 function of time, provided
that it is differentiable. If it is not differentiable, then noise is output.

Vy = meC (3}

1.7 Example: An Integrator.

Tf we swap the resistor and the capacitor of the above circuit we get an integrator.

1S
v i1
A% Y i v
ein I + °
(2) gives,
ERAC
Ve(s) Cs Hin

In the time domain, the same equation is

1
= — i QL.
ve R:’nc /vﬁﬁd

Because of the integration property of this circuit, if we input a square wave to this system, we
get out a triangle wave.

LIk
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1.8 The Concept of Lead and Lag

Suppose a sin wave is input from a function generator into the above differentiator circuit. That
is,
oy, = 4 Sinwl,

then. the above analysis in (3) shows that
v, = —RyCawcoswt

We see that, although the output has the same frequency as the input, the amplitude of the output
depends on the frequency, and the phase of the cutput is different than the input. To understand
the phase relationship, consider the three waves sketched below.

-

CO.S th' # 5

SN -d. ST T
/
smast 1 P v’

e

The function coswt is said to lead sinwt by 90°. The sin wave is behind (or lags) the cos wave by
the time corresponding to w7 = = /2(= 90°). If it were shifted ahead in time by T seconds it is said
to be in phase with the cos wave. This is stated mathematically as

. T
coswt = sin{wt + —2—}

The wave coming out of the circuit above is a negative cos wave, which lags the input sin wave
by 90°. Finally, note that it is also correct o say that this wave leads the input by 270°, since
sinf = sin{f £ 27).



- The cocer! of fedeect

. Feedbeack s & VheaSurameﬁ'{’ O\C 78 Sgs+€m‘5 Owi"?ud-.
YOL.& Cown  ksSe ‘H-\'»is ‘Fﬁe,ébaclﬁ -i‘g (‘_\/\c\mc}e '\'lqe_ ;.ﬂzuyjf
Te  The _SgsJi'ew* ”\’o ,msd(_e \,Jf do __\A)\nogt Yot w@v\{

N i % Yo . \‘:“o\f RSN SJFG\Y‘_____CEL) Supposcfl

W the 'm._gwjf.. Lcjt m_an 3 b be l,;“%h\?
etk consbants, Theg wagh clus ot
‘T\me =\a ')Yem pev“a%(uufe, \)\)L\m s \ma\gz,s ‘ti/\e,

Ouj—pxﬁ’ Lﬂ .»:.,\osve, “\'o, ﬁja (d mean s c\esaredl ?

Mk, e be uséi tea wma ke L‘j““-) \ﬁd 'E;ov’"

29



%
{o(,k Ci\a
"‘3‘(’@{\1‘1’\:

Y4
Wi~ Y EN\_—_‘
e
jgs‘iﬂew\\ﬁ U\.T;}L\E
v

et
. |
- From (V) K(%-v>

3 =
wm K (ve-9)+ =

wm kK
ME Dd Wk “
N v

 (aek) G
o \”t‘ § B

B i
y >
D)
TR
in the limt

{im
Y = A

o= &

. Nal=1 0 A
. N V\O [

23
26



, anstey  runtions dre wsualiv “
o
W
o ; - 1 o | . L h}‘
a seX o Solve o ke Toooed f"S?cng{ [y T 2 ©
—
+ T e b U D . - .
T s Qw’\_ R W O Py Pk L R pe-S AN ;\3“? - - S
- L 1. i - ., A o
Oy T e Ty @y §ien T tGS'ﬁf;ng-\:, L T ee Ce>?cn5<) s e
' N % . Jr ' K & : i
ﬂﬁed T rnd g Ly VLG o \Sf\uw\b .
— e ~~ 1
din "”“P Lo, we hau g
i
JR—-
T
4“# \ <I-,r }\1
Vv R L J—
£ i ,-;,’ ' - s . _ /
We nees \*\"f\;) quen  A=O and V() =V,
" V -~ f
—_ N ; Fay
J M— L\W&H]\'L _/L" - Q.. \‘r}\,z‘if:c\/";‘:}‘ A—*‘""’\—/‘:'\/
s
d 1
dV
o 7
SN = TR —'{"p e
H { | "y .
avN oo ] T g 'S ke x=zax<clb
it
e - ) \
= X m\.—i 'b_, £ I - P
VAD L R Y - A A E o
P 3
| ol e \
5 I | e AT X(““”\’: Q’”_C"‘Y ?L{u\)
i
w .
L —imi \/(,\ Vu
R Y L& -
‘f(\ I 6 . h
e L -
- 3 g Tintg Lol il
T T e

4



& 177

3'2} o N

2;;_’\\ + Maanik
7 [‘f’ermaw Makﬁ? "é’

' . ) - Arma{'wra
DL Maters DV e 2. 3.3

WQW?CW

. -S .in W\"»V\‘j &xpe,mw*-s J
WC{- Pro}é‘,ﬂ"rf" 'H'\Jw Mcjd'\. W\.Q(’M A -

v s

—S5 1,

i

At

] { \jew&. \/L:;:\A "(’M m‘%‘or SL\Q\{"\’ '?‘XQQQ & =0 . waﬂ
epply o cComsTant vo\¥chg

Wmfor an cbudc.v- \;E\c;)c_,\ l?n]

o V": L‘_,C__:O:.L.. ‘_%_fadt-‘c E@, ﬁ\ﬁo TOTO\LQ“‘ KL; '?WQQ_Q @'

ﬁi*o Gwﬂ)ﬁ

Sa. . m,,,w./bji’or c»c’_:lt‘i lx\c_e, L= ?u\(ﬁ \{‘egxs’%of u\_,iﬂ\ \/q {,1,{_

w,,jﬁe,___._,.fczv:%taﬂ: T fﬂ*ﬁ} ,E,,@@L 2 <1_Jﬂfm .,_,,,,,,,§»,,{‘9§Li‘,::2rf%esff- _OMJ 'sw k*si»as t‘\é

. -k« == Smd.ﬂ o —_—— ‘{'ZU‘L MDTLG'CM
/L O . C(A'— e C'wsag
o
_ V ~

2 TE Mo shelY com Spin (vzﬁ;\u} 5 P L@.,.Cb = smc,l?,i el
.,.:fe¢_§{§ P ,wm,/

E%/_,W %Lﬂ 4/&&@ foad sfvee;c{,f

= ms-{.a"“"'é (‘(jou. 5367‘ ZLK:J__

Heo zécr‘ I/Péwéd Lty [




?PIP"SZL &C{Er‘ Suj fEms
A Al i T T -v-ﬂ-‘:m-‘u

}v\c\nuﬂ! S\'fsl\-&w’\.ﬁ MVE "ﬂ(\e \D\O(_\:\ dﬁa\rc\m -

P i |

=
U - 5 X s

v ; IO kg L
Lopien Lavres'{:gnas Yo the ditferewteldl et

5
f i £
_/X — T‘; e _..-: .

X

This 15 & 1{‘&'\'5* ordey S"‘!S%{?W\ w\‘\f\n w‘fgrcmg Fupcjuyﬂ Wi+ G\r\i:.Si -hme

. . . N -
C'M Pr' 1% e a?t)h‘j o UJHT S%ﬁf’ %:u'\/\d-iay\ u(s)fﬁ ‘}-,_) rog

“S:fS/.em Wl-;t’i Zero ”“TLM-;\[ C;ov\jr/}gyg_&;

-1
when T2 Seconds, The outpad (D)= 1T & = LGBT e 2%

P

—

{ £ racd \ .
OF The way o the & volue w(ay =4, Heace T seconds 3
-~ ol . v : , z
A masSure oF how Test ﬁ\s’: S‘-iS}LQM Y’?_S\;\c\\&'ﬁ “E, (_L\a‘\jgg in the mPMI..

e

ke mani howrs g"r Hrermal ‘5‘-}?&'&?-&\3 o Mo Eaends Sor gieetieal ‘Eﬁﬁﬁé‘w'

i !»-\'
Tn e‘(i{)e\f’\\'\'\em’\f 1 w0 e G MOWL DosS Sokes




[
LA

A0 woe ,pv\?u/j( o Aftu.cud& weNe  to o W@Mr’ Yas amk?u}f \..__)\-\\
inpy
Kol \‘\LL g

e el Lo TEQS AT ’f,pmM Tra ouﬂ’?*ﬁv.

{ —
- s, We con Gl wse %‘reg Sug_mg:é
u.sma\ T\me, C}{~CV’V\ sy Gadure Mt’ﬂ . e
o Tolle
Ctomom-\ me,"r\nb&& S T - 5.

QLI mo&_j %-\.{\5 measmvaw\an{- We  hause aclenh%-\ecﬁ' ‘\‘iv., Sxis'{'&w\

Frequency Restonse
S 7 "

The west t‘mFori‘m\* mm.e(:*‘ oF This class s the wotion o

,.‘!'(“Ec%&ﬁv\o? resvfﬁb f o a\fv\aw\\a, S»;s‘te,m Tf e wmpuX oo

,?pmﬂ WIANIE. %c::- S \\near C;js)tw) "\'"ne, D\L}TFW\ Wg\t e oo S\\ne..
wwove of the Soame 'rf‘tiueamvx wFa @ A lerert um?n-—m&e_ andl

Phase . .
AL } >
é;(sv l
U= aswmeot x= b gm@gh QZS)

+ >

/7N // ponlr= @) =
S
&

. | . o
For the g\cjnais Shown 25 laas w( \33 ¢ . and s
fFhalt C;if <0 .



LY

We com predick The oniput amphtde b oamd phese @ T we

\ ’ r 1 13 ' y
have < MQi\hem‘:\i\‘\mk wicoe\ or The SysTem, Consider a G\av\era&
Sy

‘v\ﬂ" or ey Km{{ar' %*—isfim

—é:‘..i "'i“ q“-! CA

x *.‘”-"CtaX'*D*d""*.b

-7

n—zo{‘ Yeowe \Dau\

ES AT x0T AT

Lohere the G omdl O

The La? lace Tr“&v\sgorm

" wmt
X(S - “f’“\{\-\5 T

H 3 f\f\“ H ;
are ConstewnT coerTicients , NGL««‘ Ta&.a

i
Acsd

o 9\0\ = \U &\Uw’xsw N bn——f’ﬁﬂ ‘OA + TCG) )
N~ —

1

2 ()

. . . s b v :' : "
ubhere IC{}'} 1s Co ?O‘W}homd S ‘k’\ncﬁ' arses "Frcm The mﬁ‘na.i w“&x}nw\s .

Solve of R,

X= 59_2 U +
Ae)

O
A {s)

A 5 celied The C%a@«mmrﬁ”exieﬁ{c_ polynarmcl  of +he ssfs{'em. T
3 - f

e solve ~ae The wn roots <F Qb} 3 5, ,5, T Swy Wo Cant

k)v‘ﬁ‘@. ‘1'% 12 'l?&c}\‘of‘e& (”:‘c:n"‘

W Gs

Q@) = [s- NEENEE (5-5n) .

A 1’:‘«'%@5& S N, a"%ﬁ;w

C;S‘ “'i‘("’y\e, e

Jr
iz € >

= L ‘ < L}
e 7 Re(sy) SO The

_ K _—
= X{sﬁ worth U(S)=O will then be & Funcioa

" & roeat] ‘ \\
Sn LLE s ;
~c, e’ e LT 2T s

3 ‘ ;
ouT?'.;"e X(”H & QO&\T € K?C}W’ &.\a_,k‘\"-} WL‘\-:V\
;/

- %



2w :
The @u,i%'\i“f,\f»\ YT B Sand o be shable . gﬂ,\mwclew*r\j, T
GL\\ "‘\‘\Mz rooii"s cﬁ J(\me Chqvo.,cke,"‘ 1{\{’\:, ?Q\{gmm\c&
jeft half 3 olane The system s Shoble,

Now, assume we have & stobie s»}efem) cnd w2 c:"ffij he wpul

ALY = O;-Smkf\{

U -
[$1 =

Thew cfe’mu]s te zero
Xo= B aw

Dy s

For an m{)ukj Hhe Contribuhion of the respense Sut o e
niha!  condibons C}\Qm\.}f +f zeve Since AW g stable |

Ncw ool o Yhe Torced ?cnx”c St Fhe Tespains

X(g):: B g - + e L Ko %\@, 5 e

Ry St () (5eyd) (s-s) (5-32)
» Fy S
rodty o ﬁ”»‘)

('cﬂ_‘f\rs ¢F 51"'{'(-&3?"

Toke The mverse Lu\ﬂia.c_e, Transform

e -
'/.E‘ sy [
..»\;C-O*- iu.ﬁ” I ///&?%_ L 31*“
@) ke ke ~ks@ TR et e

— + : .
The terms & demj fo gerc simce Re(si)<C.

3

K= Ao aw (s

B strw”

- QQlw\ a w

B '5”3 -7 J i~

- -

B} B
toherz  Q@E T Osy

= -»% é{?i

30



Similacly,
“‘ % Gl

s g
Now  Express GCSW\} = \CX{}u»\X\eJGé J and  nore et ?L”}w} '
2N =\(;¢3m3\e,'3¢

The {-—OW\PEe‘C C-ch}mf-)f:j{-t a? C—,{_‘E'W‘J ar <

. -t
i o)

3§ e
So x(t) = -%\@\@, ¢e. * @._..\(J\e,

K\ k-z_

T )
/

B

.

J

Sn® = 2‘: (6;19- ';‘19)) So

Y

o fee)
lé«(<~e‘}t Ty e

but

(i) = e C:x(,jw)\ Sw (st + g) .

‘In Stava Oy y )
& - a\ér(\wl\s‘“(‘“"’**qﬂ
2 smaT 6 o
U —>

onere (Z = éfﬁ(’w? = '%‘av\”' M .

amplrude of owtout -
€ & LS W, . . .
P £ = Dmpiiade ratio,

Hﬁn&f’- (@Cjw)[-ﬁ amfi‘;‘i’u\.e&t a'; m?us.

q

L3N

(:mwsat&ez’ ‘H’\:. S‘Tsi“&m a{; Q.)‘-?E*"\('*"'\t"/'«'j‘7

A
J=— X
T Tg4 '
| z



: \ e

-
—

ot = — .

{
| = - { = ' +W:\\ A s
\ bty"”\’\ - V\*’r"\‘&{” [_C(J i\ - L ;

~ : i
At low "rr&Euanods <=

4 ~ \ | ‘
&= 1 @ =0 Jence  the Term \ow oot Q‘HW\)

A L‘%E« gre%m},\ea e >7 -%:

lGl—0o  @— -90°

o= T @)= —use

1

o the am(;{\ML o Yhe oﬁgﬁt wave when W ";,c 1S
707 X (ameii-%u&«e. T The wnpwt wcwe\ , Gad the owkput \&%‘5 the
panpuX bé 4s®

p——n

The gre%wcé w:‘j{, ocalled Hae corwer Tres b e er

banciu.;\c&*cb\ oF  thag Sj%ﬁ?vxx.

- y ) H 3 ' i F'w Y
Zlmgw“: "-rrc:iwermws k\j&\af‘ than The bondwidtih are Tiitgret or

Ao st d

35



Bode Ylot  Tas 15 o

[

lC)‘{;w}\ Ok ¢ o 2

ble can o\se ,{;iD{'
‘\o:iw\e{lw)l VETSAS W, FO\” ol E}iqm?\a}ﬂﬁ m‘&?jng%ucjﬁ
a

C

“Dic;“{" 5
OC\ \ N
%»—“}t ‘|§ s

log- !

-
carner "’Ff@ﬂu.eﬂc, o
-y

L 20) [k
,{./ -2 Jg Fc;w\'i'

M 5 ¢ o}
ik -z = o
(~20) d° -1 ¢ e =
Falgd-Na1d
Q"'QO) -7 |
f
!1 -
20 4 . 5= oo

o {red/gec )

!

ﬁcde Pk &F 6= T+t

Somebrmes the wnts of deabels @R) are used for The
,Qoa‘él ax.\s. T‘V\Q Y\umber GQ 4% [l P2 be_ Cam?uh& ;q‘ \(:;l bv

* dB= Zo ioaw\é’%w')\.

F

P(‘f' the corner é‘re;%u_aaca w* S 20 RG&\G-\: AZ_Q g_oaé(.‘}g’ﬂ:- -3 .U
So -Hms ‘F%‘eckuemj (s re(:‘ev“ec@ = as H\e ~—3c§,8 tom‘(’

CQ AQC«A\\QG} '\55\ L,u'\.tji' (A—Séé‘ c(itétﬂal‘th-f ‘f’a S rg ‘qu m‘&'euﬁ%v} u%'

cound nemed arter  Alexender & Bel\ . (C&a;‘b&( = oAk Bel -Belz ,Qoamvz tae
teg o1 Haw ane(}

s abse w‘:u\::ii&j Pio{'{‘ei) fov owt oge b sl

Ti-xe_ {Jha\se ant}\a CZ«“
i _61,/7 .t{,? E/‘Y QW/)Y
3 '

T ]

s 19 e

3
v

<
1Y
1 4
-
|
|

§é -



—ofz :‘EWW ConTROL

. . : . ~ - . ~ -
/ ! e L : e e
,:-\n w\}fere.s*wxg 5&.";3@\&\ Lt & TronvgTe T ruan o o A+ |

[}

O mz_ﬁ'ow ve{oc:\%vg Ccv\'\“‘“b\ ggs'kew‘ “Tha re\c“l\“\w bel?guegm
-

© 1 . | .
C‘«.n%v&c»v' VET-(GL\T\‘ ok wmoter ”‘E‘D‘f‘ﬂuﬁ %

T= j@ 5 where T s twe ’{'@V‘%\u\ﬁ. a?f’\\eg Fo The wotor

J ' N — . - L
Lj +tha moqn@grc, -rr\e\&) T 15 mass rmomedt  of wmerTe. of The
I O‘%‘uﬁ'\vﬂ Fot“hﬁm i)s: J\”\na YY\O\Cf aws('» Ci \ A‘Tadneé %eo«“s conell

\\r\hc«-)a_ Q!\C{ @ {3 The angufc\r a.caefera‘{'mm_

Su‘:?os‘e Ljou\.. warit to control the anﬁm\c\v‘ vdccfk"'] @ LU

r‘c7 aawraﬁ(j} and. 79% Canw a.Fr\—) ﬁnj ‘i’orau&_ LSOM \Axln"’\" T
Te The motor SL\QQ’R Q %oca& centeol law l_S

=-K (.rz -1y |
where. K s & Qe (Lons bant)  ondk .QA s the deared
anjuda\r ve,(ocl&\j . T_n{‘m‘hve,\x] ‘Q S 7 _.D.cg

The wostor 1S
furnmg Too fast, So woe appi @& herjarwe “i‘cr::&\.-.a to stows it dewn .
-'r{: _ﬂ(-._'{l_cl e “F?j o ‘Pohltwe orcg\gw +<.a S\D&A 1*‘ ug?
Ths

Conbral lans works yery well fer this case , and (5 called

A r\”o?ar'?\cmoi < ’(P“ w“‘rc\ SL‘S}VQW\)SMQ: ‘H/\é’_ md\‘cr '("orcgqe
i ?m?or“&o«ac T= H’\& ahc)w\csr ;,ebcilr\‘) £ryey Cﬂ -9—@)

We Lan Shou w‘n‘? 'H’uj C««:wtjfro\ aw  worles M&%Lttwﬂv{\m\\j
s ?m\\ow?.

G0



Nko’\'o«' Oi’ns’maw\'\iﬁ‘ . T = JSL { L= @)
Consealler ' T = i (L _O._CA (miso celled Hﬂi/&,&‘g%&r\:’s@f Y

e%uf);{\:ﬂv\ o‘{: a)mb\n&ﬁ ) --é- = K (_{L»__Q__&\J
Sth“f‘f:m :
i

~ ' g}'é + (_TLC; ‘Q—) - e \ _Q-.
. W\Oc_\d. -D\afa\‘a.w\ : :T“T

|
Y" \A‘E;Wj blodw ci\casjw:\m Gy(Dje,‘D\'o.}
Ris) M\ E (%) 2 Cs <

Lﬁpl&ﬁ-ﬂf Trenskorm - |
covtroller — oo

Tl T e

- c
i KE:_\-\ } C_‘m@;-c?’t)& = C(HGH) = R& of -é_'“ =

S‘W\C—‘e’—

. !
s colled The crosedd \ag_?_ Ty G TRWA
|+C—:H !

Ter  owr case +he clesed \Oc\: %\;s*em s Fowed by seﬁ;né

6= 5 s H=L. desired angelar el smar
<E’ velews hf / veim%\{
Sld ) L
- J S+l \

: - e . T |
Se the Tume constenl for the closed loop system & 7= Secandis .

To reduce 4, just Increase the %a(m L

2



i

Second Tvrder Sysm@nas

Second oeder it consTonT

i3

. i « ! = -~
el The Time c\ujmc\w\\(ﬁ) Tee
g X
e A
- PR——
I
W
1 k

Ay ver| ;fv;fae«‘%-aﬂt dz?(éfaﬂ"‘ic& eius\ilw i EngitedCing '
“ J

Pa
-t 1
meﬁn:a eEnT T,

o~
=
S
<1
[
v
——— ' N .-’—E’J
s {&gm%xcﬁi\ Gri ies =
g o
1%8”‘%&?\&@
L s N
k. : %E’/tn
<L Ve
1
A Wﬁmhf:_\:_w
f} A

where %X 15 tHhe 3\39\0@,\4«3\,«* as\: The wess Frow T Linde ?QV"Y‘F\-&J

S?rl'mﬂ ?ass*‘\&ﬂ) and £} 5 2a Q?phé& Qowce. We Swnd Hae

€2 uatioma oF wmaliow f:c:av“ ‘i‘HlS S\.,s’f'e.vw b‘j C‘«‘(‘G\\ASMG\ (ol ‘iT'(‘ee“ bad\-j
<

L P N ' Pos
_qaaﬁmM c‘? Hae TorCes &ckmrj v VV\’) @%5mwtnj The -Sa.fsri‘em

(s net ot rest (?Csfoj X#E) . IF e assieme X70, X770

+ . TobT
thevt The poeslwe Torces are  lobeled

Cx
‘ e~
j <
L
Lo Z FX g\‘\ies
T r L
Mx = T ~Cx — K%
The i;n".f){ao.:, Fronstovem oF vy <5 waliom
_ G
15
X (mstt gt k)
o he

[ 3
e C}\%(c\m VS

&g

M";‘ ‘i‘C-;""Y‘ kx: ‘;

T v .“ v N N
Tl o i hed ;;wc}-\{"\,w\s

‘:,FTH)

B —

1
T
-
>( !
[,
[
B

e te o - ke

F ol X
motrosr e 1 *

42



‘)

‘Anmw;y gm“n[gm c,;rf‘ = €d::v':&_ :,srrfc’.r* s;;sﬁfm 8 an RLC «;/mw'r‘c

. R <
e Vi I /j

;V/

. 7 . ) . L
el g e e S36ud (B Firm f;r_rf ferfure That

r f

V‘—"i£r‘£-$f~c:’§.7£ ery VT [est s Res+l

4 Cs _
,....._..,,_,,__—._;’b L
lecs*r Res + | .

Bt of these %ﬂé‘k‘awxs Aca\r\o;w‘xmc:}‘foﬂf can be exPrtsie& o The
Corm

(1) ST+ 2w, + wy .

For the tmcxss-s‘”)r;mg osc:‘“cr’:ar) dwide Hhae wumerator and

c}encm\;\ahbw \aj w to  make {‘ke ch‘{:"c;c;\e\n{' o{: Sz' be 4.

Hence

£ 2 _ &
2.“3@}'\: [N a.vv‘.& wmw W‘\)

r
L 15 ca.@ﬁx.c@ ‘{'ke, W&(&m?é& v\c&'uwc.\ ?rec:‘sw&nc.%

s C;c‘i\e@ ‘H\@, C‘GMP\\’LCQ‘ ?-e.:‘he‘

N

LTS

oy

The roots of (I) are

= ~Liwn T \/ijz'w?;“ H o

e

2

i

v o

I it

- -Su.;m x a_:ﬂ\}-?z-—!

The ln‘{’erc.G‘!'u;oe\ cibckiom 15 whien %41 . L 'i?-i we haye

-

5

Twe real rooTs | omd Tae response X)) el oe The scwm

473



Evd
W

~ Step Lesponss
IS5 o step Soxe s __agphed Yo _Yhe ,,,ms-s,:,s\wmﬁ_,_gﬂg{:am ferm Ao

A .
LEG = I ,._}___ﬁwu,u(‘._cs_gcwsa AS

lole  we know \'(‘:‘

From__the. _tmnstor ? <1 . o
G S Y -'g""“ fo
e F(s) = &(5“’-+ l‘gwws +wd ) :% e = - ﬁ SMQA{‘F?A— ¢)
S ._,.ﬁéw:__i- Tt - e

i e Y

(\/Ou wall_derve Huis velabon Sor _:}_L\g \a,\p_uc,rk ‘)

NSa for  our. s%ﬁew ﬁ
I @r”‘fﬂ-mj

FaY A\
;?:):\ \”\r,'_‘g“’ Sin

‘ﬂ'r— - SR il
. - Lo
alikay Mf%b <

W- c.,t J( £57 Gi ¥y
Ve Sce Yool the o r sponse  decaus ﬁx‘{)o ew 4 -

L .
acd T B ST L m@e‘swﬁfw.n_&‘ hous imck,{p; the su STEw  TEALNES




3

The %mcm{*:flf C—O”.!V/.i {= ‘fz 2 log. s celled  The _clam?_eaf__ natural
‘;r“_._?-'jbwe,ﬂc%‘ . FW Swn:.«{,i daﬁm‘ama j = ZS;%MK \s .Smﬂa e

N ,IJ“- ; QXP@\”‘;Y"\OW)V 3}m u}eb;« é&%&f‘mw\&, . \§ _6W~°Q Oon e%lmmwg .-

JRN S 5 ;

 Onewethod 15 _te_\ooke gk The ra_é’.),,,u,-,mcof_c&éi,w Cespovise of
the. Sjs%ﬁm on_The ,,,AOSC‘,.LHQS cope s The Form of Hie Solu e

J,S o ‘Hq_e. ,Same,.._as___.,(?,), . \.A\kL\ no swg-—_s‘m{*e . ‘h’»\':w ; E’ti«e.i } U

3 I-? —You e as et 'hﬂt‘;»m\ol‘“’fuﬂtﬂ O? Succesive ,PQGA.\A-SA},,,,,%).EF R N WP

o
o Ljou__«, o es“‘(\mc:tza*s Q,S.,:Goﬂaw S o e

ke ,?e.f,;}_ od. betiveen ___gem‘v,:.q;.[; ;s'{’t\ehm“n"j‘a%_ — sfm.@_-'-gf :b_ﬁ) -
e osellake. R
o )_'_@& CN]? +Q§l" [wﬁfqzﬁl"—;br o

o

o B Ko . ‘
The retip - 7 which Yo L8N measure, . Mo

o called the
T legqrrﬂ\m;;_ desrem

Vq[ o g-jnw“(}‘+7} - 3

FoT = Fwa 2T = fwnir o 42 2§

[

2 2.1
“ “ NG

i j C
be accwrale cloowl 1T, measur€. . Ae .. o
\\“g aﬂ

N
b
e
SN

¥ ki



[}
[$1)

a\"‘
s o ‘ B
I é 2 An Go = -,‘f”__z.f_"___f“,‘zﬂ__,,‘} — _,OL?__...SQI\AEVL? fov f, ;-
av\ ———
I I T * — .
A A
fa red _ e
_ 2 a 0
( 3) (j B [ g ke ™~ {? T\ — _
Va2 + ) ~

. 5ot compule § ) wmeasure  Go Wy Gy Thea solve Fov 3

ownd _wse (3.

T:f f‘Q‘ t\%c.sz;f RE.S?O‘V\S'Q

A noJChex‘Qm @L@Mfﬁmw&p; S

Secomd _ordec sysfern . Ougese wie  Gpply o sevamve
Lo

U, M___T:Q ,jj’.lﬁ«m j.&?ﬁ.tﬂ%@l&?w“%.afuwgﬂrvwgm».4_ __E";C jhe« -

[mg;;;%" 1S

& Sin wt,
e 2

Then 'qu. oi.«.:L?u;;g__ij e

- alG Cju)lk,, Sw @J‘:i____gé_)__nw,,,,ﬁ,, &= ZGC Je) s

- Nowo c.ur_‘de_ﬁGng Qs

— GCJ"—Q} - <J,.§1

1}
!)
|
2
&



. The wamuwm ?\3‘\—&6 _response _occurs Whew.

o wemw\im2

wlmc,\ﬂ s ealled “*L\ﬁ,,ﬁ_..vi@,aqhi,, ﬁ.{.‘ﬁimuj.‘_ e
\) =

, CS’) : \6 CJ“O?}\ L \ : TR VI &W?\LJ(‘*‘;GL@- _takio
R 23X \)x-~e'~ . I
e e _Cesovant -~f£:‘m=7 - lﬁu wa i C}@er (‘Q ahaU (5) +mf” ,

e Jab wiite Upa. jaheml e, ooy oo, bt H/zej

are ,.L.Lsuallj very c.l.ose., o

.Eg“aﬁo% (5) shows fhat as. o [GC)M’)I —> o0
Phgs:mfy 7%5 means  that an und’r’amgeé S’wﬁ‘ém will
blow wp (break) uohen foccect. b s wnetued & ,*rag\uswu‘[

i

A ?‘me 77 LSt 20 ﬁ@a\équ«) vs. = is___.____ﬁl«_aau,o,n,,,

‘!\"G( {JtCsz\ 3 o '%‘V\& &¢Y+ Fc‘jk- L



20

Qut 0.2 0.4 0608 1 2 4 & B 10

4y



. . B ! i . . ,
A common vibretion Pv;;_b\__e,m 6 due e ,,i‘vc:>'§“_r»:%wmX __W\Q.CL‘\\"_\ECU\....\U\%\A
4

Cunbelonced \ooss.  Cewsider The wmodel ;ujs%am

X e mee”
;v

= e
e e e céﬂsfm“%‘ -

L where v s am____w_m_bqic;mecﬂMm;,s_sn__,.mf‘,cﬂ‘cﬁc\'mj_@s{'\n .{_,_Qr%w,\,c\v\/ei_o;x\‘ﬁﬂ .

B=cw>. The force That m ospplies on M e ﬁac,i,{gl}s-}__ e
~ Qw@?_ﬁe@n&.m?,_mmg;\&uc?c CFr et The _cam ?an.c,njt...._ée,,, R
Cthis force o the x_dicedon 1§ mrwteng . For

_Cons {‘am‘il - é}ufi)_z_wt 3 S j'iﬂg’lj:czwama . gungj\‘jvﬁm — ‘.-S,,,, e

] = meesmeet o _
This sime. wave produces _a. Qrcc&ue.w&7 response o?f The .

. machune as. Jusf’ desc:r:!aed but note that The. amp(:fud’e of
The ,,,,inpufi_ ave 15_a Function _of  w?, Se gt nereases
coith meter v c[oc.},/’,‘f__* ]

i4'4‘5’— QP:‘LY\Q 1 c.ou\& r“e?resew% 5;1Lvuc{‘u,m~5 F%td+k7 Tn e,xfoe;;w'av\%

u.)“ V\:&U@ i« mm‘ta(‘ Q,UH/\ G um\o&\amoﬂcg‘ oq_cl Mswm"ca;‘\ a

Lo

G CGM’ eveved Eea_m. R

-
\r.-’;‘.

44




LY
LD

I k=P P _ 3e1

- Tre _sprvey Coomchont o5 Fhe sSowctuce con e found R
StrencTh of welerale beol Froe the lead - dericehan
v
relation S e
P
______ B . o , N
A T T~ lA A =P

. T 2 BET e -

; ) l _i s

tohere P s an cpphed load, B s the deflechon of The beam

. ‘{:‘p ) E s + fne.__nmodq(,uswcg_elA,,.fo‘{'__t.;ca.;é:.;;_g__@nr?_;mmﬁwjhamm:w%%‘,

o LAY

. . - .
. lr!\ome,m‘li“ B C;;k: ma\{:{:\c». G,T'WJ(ELJMm___&E‘_oss_‘;Sac:bcm. —or

. be,t:\m e S .
(t):

R _ ..,,_V‘E b H___m S

lhe . sSpr w7 Conste. ‘f‘ }s
LT i - visitten| (5. =SB
X O /QB

 Because the beam vkself has mass, M _sheuid be _imcressed .

. Bn. approxw‘wd-a _emomnt__ "I"OWJQQKE&.S&__M?_J‘.S”_‘ZS em, wohere
w15 the Tolad picss oF The beame_ This _aumber an be fowndl

o us}na energy vethods oF  vibrahon. _avalysir. e eshmeked
ratural ?rclwamj NSl
z ok 2B e
L T (4 SN _

CThis s onlvy an aPPY"mﬁmc.f‘,y&h , bfﬁv’t_._.&_%uf?g‘?i__ D“ﬁ’w,-,,,,T‘*‘e-fd-_&Cﬁ_.%i‘i-f?__mm.,ﬁ,,,,,

J
, .\f\;?‘f\@w o neni s y .Or. cther nakorel ?.f‘.@t.):ﬁ%m:;g"oﬁ the beawn_ag

,_Ljom.wilf Tes E-h ,‘?.xp*zn;»e_n*i::___%'?., R



'SG'CO“C( Crdev Cov{?!“ral ‘Sﬁs‘f&nj on pose 28 5n mwofor vef‘ocrfi? CxniTol
et
; act‘aalfj

m‘%‘iu)wgif‘ fhe odtowe dscussion  mdicates
Loy —» Wiy () worth Fioe c,ams‘f"aw{‘ /}’;
does ot woork Se coell becayse T-’/re-a{'ic"s‘y? ff'\c:,,ﬁ beein
fimared; I- Yout Towch The rcmim? shatrt 1w

.QK{;Q:mM,@-w‘l{ W (jcu., u..n\\ 'M"f'r‘o&u\g:a E¥yo v Qme Lot D m:{hmi

_Usech fo Qlmwmete the ecror 15 ¥a add. \_v_xkea__;m__cm‘cva o

ockion o fellows, o

- ' ' E- ¢ .
l\\(}f, WA s oy Ckk-;wcxmw_ﬁ ms\&\ TYhctmn QY e

O, _T* T{»‘ = j C:J S
U Loheve Tc i< 'H/\e, “\'Qrut;ax& Aeie + gﬁdl"tcm - ) AT S-S
| The  focw oF c\_ﬁpmeorkxmqﬁ Contrallen
LS I
S Tekee, o
m%e,rg € - (w-wd}, , the ervov D‘F“H’\Q &C{'ucz 6.\"03‘&1&\/“ S
e oc\f\if ‘fr‘e.wm ‘H«L Aesire d  value d_.“_wﬂae_iqrm - S
?_rﬁggnhaﬂ.gﬂ phus nkears)  coubeol s e
_ M . + . L
T=k,e -k Sedt, o Mj]f,»)_ﬂi;&“?(iﬁf_ﬂ *f;.)
_ S L c > , 2
Wheye Ky s _the. ﬂ+€% rcx,k %% _wa z{; €CT’7¢ _sen. tg,' ~
15 SO WS‘_{@\M‘" C Then. _mS:G— &t_,_m v yg,seﬁA,ﬁ,_w_z..ﬁ:x,,vﬁ,mt._wﬁV\_QL o

e\f&%m Héj ;ﬁf\e_tﬁemt\&gw‘bus me s . ,(mcshw £ Vtouﬁ o 't‘u_ Oviyrcome

CEewehien .

5k



- ¢ ST Cam oy A5
The imkock 5\...,:;4';‘“9«««\ ot & e-% ?{3#\5&‘-\'{3

{s§§K+K£ i\ e
— " 5 T

»

N

N D PL_conkedd cwent can be. ,,&W\?Rﬂmey&ea‘ withh
o0 - G S O e e
Y g ) z
) - R, e
Coa - Z Q pRipa b Qrwa {mPed&wge,S -
, . e o MC_:-‘:’ _ \n_Sewies)..
W ™ \ __L_,__ ) _
] oz =t - &;5-\/«% e
i
T""}vé = r@“- R Y _,"7_‘5{, s - e
[ R,  R.CS
| A R
KR RTRE -




To show how The whde Stfsf‘em works  mrattewal %U\\j} lock &t

The _clowed \oop Su(g%ﬂm‘ For ey = C,oﬂﬁ’avlJY = "—:3 heace.

e
J—
? _._... —

= —_
e
1

~pe -k Sw “Te= Je

‘Ee k e+ k §w _mc .
Now take the dervehve oF s e%uaiam with Yespeet o time.
and &Ssume  Tp F Constant +o que
36. -+ k € + k € 0.
_Tais. 18 .@n uvx?of‘:-ﬂcﬂ Secand ovder S\,Sf’e_m Fhat il converge to
=0 as,,,fohj,_ as _the rosts of the ehavaderishe eiucvﬁem
are in the left half s Plane . This. means that Ke?®  and K20

. H’be. LTeSR ownie  Caen b@. Tou\m&‘emw o M e e e
t/‘-s“q,'hql LQM(&‘J@WS

o E@) (35 * Kfs p ﬁ;\/ lces
o CTIsra ks 2 s kesy s Ky
o e
s tonE  F and 2 f“) " a.ncz these numbers con be

L Set fo ke Gn Values _]qu {97 &dj u:{'w 'T{wa jamr !"’.a and k

T — , | 53

\/- H \ ; Loy £L Lo :
fow should  confire Set Hhu atiher the Shove differstie! gruations L



83

S
5
S
IS
R
B _PD mofer QQ‘&LJG:CX_\WLQE\;{KQ\. systevn . ”;’)5
= 4

,%b?,v\g?\r,f j he. _m o,_s,fﬁﬁfom mmhwc;:ﬂfﬁo \57 5,{”imwus€c£miu ._ﬂmég«s‘il‘:ﬁ . -
. MLS 4_yno

R _ o )
Tor_pesinon_Control\en. Sxamdes are robol aem conirelers,
. ' : \ Ty e
e _{@QLMCME‘TS% Si’émi%mavkmm.mﬁ;jww wrre “Qd 2% Ly ne wasciaaes an 4

lathes, vemote controlled toys, ...

MCQ‘%Q‘LA&C*,GMORQSG:L\Q%{&Mtoubnt._@cm )

i o

J
R

. Fuest suppose Thers s _vo Sechou_ond_ne %ﬁ@y;&_j aWe have

f‘t‘e_wa&m\\l&% e _QP?MI GM\}; +cm§*£ T e wont e the Gram

R __feom o D _wm 5‘:::\:. __tHow _ wwwgwéem:a n. & ¢ c:v\l‘(‘r aMee b ;C}r\

. WU;A&LJK;_\CJ&\.H‘_QQS:&E&L_%LQ!‘ZW’L&OW%W _deswred_on q le Sy ?

m&lémgiﬂ‘_m*%@w@:qgoiﬁmu\__u&oﬁemwg_ﬂc;’_s?,eviw T

oot

e

— Djﬂ%ﬁ;}&ﬂ&cﬁﬁn T= j_é G 1= s? 3-— SIO)

e I

o e LowkroMer
U

= ,.“\1;:__(@ - er_Dm > Tmsgfuﬁ,hg_.ugts.mm&_s@!_.

“%k_j“ = me“SwL&#ﬁWﬂho_k.?ﬁfeﬂgs&mei&f _____ :
L Closed leep. system

o 4

P— { /

e & ET&F,Q@.,:,@A).,,




y i

o
L deTine

ez G&-5 ‘,...M_;iww@dwiw@l\g j‘jpmh; S=e

i ee 7‘3,..,5&1 _S_’{:em W{‘.S

T 15 The  sawme _,gcx:m_waswan.._w.whd;m,g?ﬁ.&m

et _‘3 ~€‘ - ._wkm f_f' — O.W.vs_,,m_ﬁwn SN
_____Mm_.c_LS.. .5_ _.MS ?, MT,.WS‘S#,&#
f ) A L

duad. T desed

(e, mxalkxza). Tue System ummar%{mi\u stable | so fthe
’ J

T e Anwe
|

AN

ey

Late ey

’ N W

1] . z f
 robol arm weld _oscllate f alooet the wnstretclred s{:rma

B .,,,MEWQSWL:E:L;.:»WWG = Oy -

I Yerms of Blode AL&QBYC\MS :

|

e e e_,cl + - e __k? T \ —T &
—‘*—‘?( )——! '} e
8 - ]

e . S T
~ o The_ c,L@_se,_iJ mgmimmﬁf_j&ngﬁwf
e Er e
. :4,, et i — o — “,% VN, %“@_-P@ m(.a‘ = jgﬁ_ _ ‘\r 7
e e e )+6 +G ;-;_E-e_ :?5"- “i‘.."h?
Js*
e hece § =0 &v_x._c( ‘}’L\eay:e.ﬁqc_e. 7 rop:\‘:{; i) %hewilmgﬂ.u&tﬁwm.

P

To__Lfix_the_problewn, woe need to
P 1

_Sawelow SAAAA Mfig,m Fl n j

e the system, _ I _a _iagho_mﬁgf_msm%ﬁg\__i}mgygls&a&oh_j the.

Y QL\O\A;W)&\ conteol o vovks

L

5y

i i g
L e TEoinowmeTe



-k,
n

L %o e vow lhave dhe ?giulfﬂé doapine, Terwa.

. ...31@6&-,?\6\;5(&«\;;, e

Jhe..._doee.cl‘ ..‘c»oe . S‘fﬁi'ﬁm S

T8 = -ko(emei)-k B .
Lor. . Ttk kO,

o

,_____s_(:tﬁbkeﬁ,ﬁon_,,aw% KyTO &vsokkm\;f.?@d.w e

©4 ] ke /T
\LS‘L 4 Kgﬁ_s e ‘Cg/z

Jé




N

Tupeslly  condrol System desianecs cace very much abord Bertofmonce.

1

\
Thot g, The want e®)= e- -84 to. Qe o zeto quiskly .
, Theywant e®= _ te.ge To. il

CWe wid o e last lechure thed the ,,%\me.___c@_v;ﬁ_‘t‘avi,froﬁ.w_c\ e

N M,Seco-md order 5\}(53“8\«'\ ..,,.\S, T L \ng\ .. .H’ Rt \De Shown N_Z\Y\C\_QCL I

AT Yo coout = 4 _seconds aftes an mpﬁi s qu1eaﬁ the .
__mogaie%:aw witl be cothin 2% of its firal velue. This

. ‘ e U
. L,SWCaL{a.:«g .._h,‘%(j:\.e.vﬁnaﬁ_,lmg%mjlmﬁ 5.) = /PuJ_,,,AY - . S
> i

S o \Mcs?c( mnswm\ clestqm S?eau%c,di"w Vw:u-j Cﬁ.\\ *gcw . N

se.f_ﬂmok ‘hme ei . 1— __Secownch w\*\ﬂ =Y “S OCY '7 s
Qc&-} fo do Has e\ed(mch_b‘ .s:nj,_;ﬁoe_ G;QH‘S k? avdw;t_ V e
e S

! E"!\?_t:._@} o\:)[, R _3-____’ e

\,_WZ-SQD

8
PP P s T

R 5 T P s 3"(3_ Tm (gy,&_
{3 2513



¥7

Systems  with Two Modes of Vibrahon

Mo structume can ever be micdelled eXaCﬂ7. ucsr‘nj ),L.«s“(” the
_s;_mP’c mogsh—_spm'n? psc: llatovr . LTa raal'\%v] Yhere are |

} _.O-—kwmfu ,bu'c}\ae{... _.gre_.fg..euc.\.l MQ$L§ oF Vt\coro&{cn \'Jf__CSEYQ_T____

g C\mu},,,S%’CL&CKYMCTEN, LEven in Experment 3, opu probably

- ‘ ' * N : i ~
noticed c:5cn\\<?\'iﬁans ok ,,‘f..\sc\l'\ex__ fr e.eEM.emc.x_e_s Thewn Tm_____%unqtam.en{?ak
v

,G?‘.ﬁiasf'___one,):, pr,csevili, wn tae Ghm-er:\etgme&ﬁﬁ ___cz__\_k?wxs S\%na_\ B

—

s ,goﬂcﬁ,,,gx?V\.;ﬁ-A Yo, , end  K,,%  arc the Fc‘sﬁ‘m'—ns
sf _m, ond_ . . relebive to a Fixed ceference Srame.
Do o Qwea,k,}oa&_‘.} é\&%f‘ﬂmﬁ\‘\"c Oeteen the eﬁu&f\\ms dgﬁ-' Mo‘\:C,BV\,,z,

CBssume. X RER20 el

~

. VVH X;:‘z‘.. '{:“{" kz('ﬂs_"’)‘ L) o kkx Vo

: W\'Z.;;l': r----kz.(%‘z.."—“xQB '.'.‘5'3 P

m?_>'<.,,_ - k-.zx-k -+ (KL‘?.;:%\.?(;‘ =L .

. i I
o v mo\}?\"a-;g Terveyy . . e e e I

"2 N , =
(2) Lo w3 L ke

B Expec,xfmenﬁ,A.S e e e



YE

.~ kjm__oh;:-.i hw_wa,f ﬁkfe_a_mmn;ﬂ:._j_\xe&-ﬁ &%

S 10\ oM%Kt

- boner

K= (\:\D (\/\"‘ ] K = chm ;;<1m o —& )

E’Gt}u\-oj&lm (\) -1,g; o \/&rw}i ‘i&)ene.caz‘ gov'mm.__ﬁujt acks Cov Su(‘k‘emi
S borta  ang numbey of waasses  Wio gy oo e,fc;,.w It can _—
‘oe‘_ﬁhamu__\.&s.xmﬁ__&neram methods Thek M ond K ot oMuoMs
QW&HIC ) cnS M Mﬂ?} = L \T &emi"&,sm‘_’ffgns@&_)@mm
To_selve. foc _the tmgtiom x(® j&gm e ws.__m_n_ﬁs}&%\lw\wga&w?la%# .
b,
Frensforms __on { _(F9)
F={o7/
Sotten A
7\\\ i v
M2 X+ KX = F:le, 7(=(3((53> andd
- i = e / - A 7
B Ty i '

s a vector c\nsmci Yromm YThe \th(\;LWL@nALhM
Solume _Tor  Xis)

St

Wt howe

et e lXx= F+Tw

o A
£ =[Mse]) (£41)

1w this cese W& s c:p&x_} to wvert a 2%X2  wetewx erawse
SR - - F-a—p—f——y

j
M-Ti‘"‘} :

e — e - bhfc@%m-‘;
A= \L koo B = .At{—@:f)%( e 59 .



+4

st kerka -k,

Se Msk =

. and e nverse. formule. .3“.‘_‘5_

—[:1- . _mz_S‘L*_Bf‘&?,

| ‘ St karks K,
Ml = L

W\
(vv\ S +X:+k )(mqs +k+i:z> k«L \VH “ K “ | “qu. %:\J.\;.._m

Z.

_P/ujrjm:; ‘/‘Au mbe (@) anc/ /cckmj at the 74/‘51" compmenf oi[‘ X _3,ves
Ns) = _F(s). (mzs + k +k33 (i I O)

(O e

\/Ov» could. alse relede . 1E ) sy b‘j ‘SQ\UMB S

_Z. ec‘g\cﬁfm Candd L wbepons i Haowks ﬁ.xf\xc.\?\u\ mverJﬂwj S

[ MsTee .
Now Suppsse ,$ (H1 = Smca\‘ and e  tocnt x| ("t*}  Frowm
(’.’: the Fransfer Funchon /;: kunewn . H ence
Xi (j"@) — sz‘“‘)+ k +k> .
= M, S +k\*kz\ﬁf‘mn*-f_ + kKt l(‘s) .......... 2?’

‘H’Lﬁ— — C)’&\"‘ ;am‘maﬁi LB 9 -

=2
pe
L

e ex‘om&m

Ko o Cmeed rkvks)
S mmy St o ..w?‘_(,ma,(K;*kﬂﬁ"mi (k.z,ﬂsﬁ ; (Eakﬁkgkﬁ@;

-

Neote Ahet ...ﬁm,,,&nomm:&c;r 5 Ctuadﬂra{’\c I"s LOF, So the

‘;‘“o@e%fi‘ C{omée%} Con loe %Mc& ot Hf\e Q\Mmﬂ‘m rorw\m\ae 6O



S

. In sowme Coses o et Loadttostop

S 49 & M Erom.. v LJ\’GGT\nﬁ L YEn '_‘f‘ﬂ_m_w}k e CDSL\\\&&\Wﬁ tocce s

>

e R hed To wm, W&M_Sbmhgfeiw\i\j o=, .
cku.at_‘_'i'_\_cz?ﬂ (L{') Si’lc:;p..)ws ‘Hﬂc&

\ %wat’)‘\ = O Lohen

N (- C,\/\,OC).Sﬁ k7~+ ks — w'l; "tc> m(,f,_l:_-e, —Hﬂﬁ
. Mgy N
V\umefa“i‘ofwcf (‘H Yo, ¥ Mo choose Mo 1;,__}5.:.5

Cm‘»f—,carah;x% To ‘{"haw&mlé,oiﬁmgoxM&lBﬁJ,_Qf)WM 5 (ohom wl=Ltlg o Tf’\af

s, mass _ wm, coll_net move \f - F= st This s a

Cowmmaon me‘H‘lc.cﬁ 'FQY‘ \A‘OV‘o{ilQm \,sg{ai'\w - \1/0&-\.. Wll( E‘w\&)

(og Fov _a awen Kyyky,m, i Experionent S

_ Equeben () dlse shews thet

- — \ tashies
r“zg}: (=T — & V\
o aFPmo&d«es_@*roaLof +eo devomiralor. . This Occuars

tuco. destinct_fre grekmcies, ~ sy Lo Gnd 0O, . USM\(? )

w! < MO C C'E)_,:?_w,.

¥

‘ . { ,
e \(m W‘\\ Ae—\ﬁfmmc’ ol Ytheee 4rq\w@a¢x@m¢§§§ﬁm2nﬁu? . Exp 5,

A




o

Modes o Vibvation
W

. " ., . . . ‘ s
More  mSiaht s .,ﬂa_mﬁci..__ r_.c‘-.gfwci_!_n?\_ The molion of The S\ STem
: '

s ’ i ) - -
o we consider The case oT ?r:_e_.yslowﬁ’ﬂons} e, rinzo.

Aes;swe_.......'ﬁ/\aﬁ?.m,.m X@ hes The farm. }_&'C,SW\@J{" +‘¢) ; Seo

- e ) “, N
(5 L R= (L( )> (‘Km Sm@ﬁ &) | Ko (smeteg) .

TR e .
The ,Vﬁ.d"or:. ~XeE Ko S 'H«e. amF\L"ﬂ'\ae\e. of \n\DraTmn Cor goclh

RN o Y- -1 I N_qw___Smb.sh}mi'e <‘5 ) wte

x o CP;O{'G‘ s

M«c& %o Sw(w‘{"—FQS 4+ KX sxm((:d‘"*@)

Qv

@ [,w MK Dme= 0 (oot ot 5 o sede) o

W".—

Now ity (8) by M =[S %N e ebimin

NOP\?) C-/) hos  The %@n@fﬁf‘# forw LQ\"’ }I/l ¥=0

s c,q\\eck,. LB axc\ewa\wa \Dm\me‘fn . lhe

T
Lonion

westion 1S , Gre

There. eny. values ST ke O Thek %C\J(\S;LT (7) ¢ 7

—

l =
TOr. LK, TO. Te ST C*u.: x - M K‘L st be SQnﬁw\c\;) LE.
: ' I - ‘ i ! '
net invertible, 10 . were wverfble | the only Solutiomn.
w (7 eddd he X=O o

&



5l

PR - ] C; ""Lﬂim‘_- wqf", R v tl‘/m‘_ ,,,,,,,,, e
(&) E—@". TR =\ S
— K&//m?— (k—,_"{" kg‘j/m:* [
— E‘*:" -L”‘" M K‘—\ To be 5\\/‘10\{.&_\&\(‘
} det Q' w1+ M"@ =0 or

Etk, o™ kptks =) e k: —

e ( ;+_£f - C.Q)( elT Y% Ytk #,m - >N S
(1) (ke = o) (kaths et = ke =0 .

(he, Va- WAE @g L*-) 'Hr\j\' Scu%xggxeim__*‘hxs__e%ua‘{'lm S_ e
i plse. e _Fole_,wogmf\:b,&Mi*m\\gsfﬁg funchion v (4) . Tt s .
o celle am e‘%ﬁ)emva},u.e. £ MK . Supfgsa _wee Salue

 for the Twoo_values oF ijd@f;_ﬁ:ﬁg;««/ (9] _ane

2

deaote _them _as G _w_.ag«,,c?w oy ,as. before, so Tthat

def([@ I+ M<D Aa T <ﬂ

A\"ﬁ' Ti/aﬁ’sa B CV‘“”’\»&&MCAES H‘ zs, FC&S{L:) "{'c:, \'\qvc. YiownZero
Kie

-Gl lTuc{;is ....Cai - Vle’C\,“\'_’\bm Se  The _..%,t“.?lli‘fd@-?_ Xy ——A._Q m>w :
63



(10) M= a e

O = u_,’ Cor Lo=Sd. L tﬁ LO\ 5 VCY{? ”T"’{“

ik exacfi‘:_{j the refico  Koo= =k

't'lma.JV Sa‘\’\s'j (_7_) Tor (= W, gy = Wéﬂjﬁmn_ =0

,b%.v{\aw&. /\)'o‘f‘«-e “f'\r\c&_' there _‘.15_. ne Scslu.w::v\ p;sﬁb\c.

L fer X C»f'avw} _?!’t%y&,m..caj_____cfhexf CTthen Wz, or Lo,

, U;)V“& 7 The forw oF (7)os

Ao, and def(A) =0 fer
W= — Heace, He fows. of A sre linear d_gemJer\T
S R T > =

on one  GnasgTher ot SRR L A e T Sa\j -

fomes b
A o dm |

The 2 ¢ ..,,L«Q—h?ﬂﬁ .Con%c:m. WQSG e \\r\?or maJ(\.o\n,.. \MQ— ]
<ee ot the top e%%{low Shows

1

—

=
lonere ko = ".kz./m‘, cnel C‘\—“"jﬁ .k{'?',k-;,_)/m‘“' Lo J for
L

r- Ve
[ fov

___wst,«cvl\im g the, widion . That ES) the amp lifudes  wust. be

i~ ovidey  Tor. free

L

Xoos Q.

vibrafion Te be possible & A\, y
fe4

S e_xG\mP\e-__} équtcgaw 'H\e ose wL\*:Vx Wi =W, = \Q K"l: -:."

.



—cf (% \) ‘(3“"""

- e
[-eorT- K] = \. l'w’l:’rq'

—T\ne, er\é‘\vac.:\-é:v"\s’h(, k] \0"" ("'ﬂ A8 ‘ Al=0: .

(2-FNa-F)-\ =0 e ~
o ..._‘/:E)Lf -4 Wj*‘ e (_mio sez. Jfr_\emcinenaﬁ;mf%v:_._wi‘ﬂ)_ﬂ

&*

: —
Iha_amph‘hfd'ﬁs T'Lai’ Carr‘f,sf:ova +e J{'if\e root (—Qg 1 ooqu Q-:f fL.,

zakst Lj_mQ LS N -
[, K]a -

J‘ECV\CE S '_?_S,a__,\'\c\s Hhe foevm .

16-12 = 234 = 4 or 3,

*
g P ———

J
i
L

i

e —— o ~ -
. Re® &\_\md O S an& the super W‘F{‘&:ﬁg
A

_ Where o 13 . Sc:.lcw- C\MP{‘ Facle (:orwm[’)»;s]i_in  YWCSSES L uc,nc_e,\ in

Move. fj‘a _The fe‘r_{',__ amé{f!jfn'_t._ﬁ('oﬁ,efﬁ,ev: __;nmfa@c,’c. v.,m_ﬁxe..ms:amaq ?\.«_ehs,e,q.,

_ Ii/le.'w,,@me\{é‘ucies,,,k Hick correspond To the_ rodt_ wi:f_”" __'5,%56}‘\%“{_‘:}

e ® i(‘“ gﬂ‘f\z, i_:m o .

For The. ‘5ac,w<§. wide then X o wes the sore

OV — ST NT - J e e IS



Ay

Iy

_ E“‘*“j . wote. Fhat the \/zbrc‘i'uom solakion

directions, or_ 1ae®  owk_ ok Phase, They de s ok o \nigjkw o

}

?rz%w%ul .

ohereas

..,No%’e. %fjrhe .U’—.r}f“”@f" ‘EPt:tna deforms ,;m ,‘Hr;\i, Mcxﬁe.
,‘\{" 'F@v};lq&-ms MVdeCoftrh.Qc.‘i w\ %e_ﬁiﬁ:\f“s{‘ Moie.} Cmc'i ‘ﬁm;

{e Lu‘ﬁ:is mere _energ-. 0 win dhe Utbrc&haﬁ. .
[ g7

A 3@@3@4{, _?z:ez',,,,\abroaﬁm_ can be ,&zgf_;ss_ed?,,as I

) = Xy sm (W, BB R sm (w6

Becanse This selulion %*\S?\%Q)_;Or‘ woth X ; ﬁ,@n&wjfz_. U

Hewe o ____3emer«i“,.,,mut{aw s et \As-wi\j ol . Cne wande

or the o{ihu‘) b el inears __c,s_:amgmc& on o?.....tiae,, fwo ..

ii’* ‘H‘\;S excvmftlﬁ- ,,;3,,,,,31;'3%..__‘0__7 e i

1—

Ere:&wuj for my.

fo bz



