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1 Problem 3.2

Solution

The rotating mass generates a force of W
0

g
e�!2 where �! is the angular speed of the rotating weight

and e is the distance of the mass from the center of the motor.

Hence the vertical load is
P = m0e�!2 sin � (t)

But � (t) = �!t, hence the vertical force is

P =

F0z }| {
m0e�!2 sin �!t

The physical idealized model is

Hence the equation of motion can now be written from the free body diagram as (whereM is the
mass of the electric motor) and assuming the mass is moving to the right, and taking u relative
to the static equilibrium position.
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F =Ma

F0 sin �!t� c _u� ku =M �u
M �u+ c _u+ ku = F0 sin �!t

The above ODE has the solution

u (t) = e��!nt (A cos!dt+B sin!dt) + u0 sin (�!t� �)

Where u0 = ust Rd, where ust = F0
k
and Rd = 1p

(1�r2)2+(2�r)2
and � = tan�1

�
2�r
1�r2

�
and r = �!

!n

and !n =
q

k
M

At steady state, the transient solution decays to zero thanks to the negative exponential term in
it, and the solution becomes

u (t) = u0 sin (�!t� �)

Which has amplitude of u0. Hence we need to evaluate u0

u0 = ust Rd

=
F0
k

1q
(1� r2)2 + (2�r)2

But motor runs at 900 rpm, hence

�! =
2� (900)

60
= 30�

= 94: 248 rad=sec

We are given that W 0e = 1 lb.in, Hence

F0 =
W 0

g
e�!2

=
1

386
(30�)2

= 23: 012lb
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Now we need to �nd k, the sti¤ness of the beam against bending. For this geometry,

k =
48EI

L3

But E = 30; 000 ksi for steel, and for W8� 31 from tables we �nd Ixx = 110 in4, hence

k =
48� 30� 106 � 110

(15� 12)3

= 27; 160 lb=in

Now to �nd !n:Recall that that W = 1000 lb, hence

!n =

r
k

M

=

r
27160� 386

1000

= 102: 39 rad=sec

Hence

r =
�!

!n

=
30�

102: 39

= 0:920 48

Putting all these together we obtain

u0 =
F0
k

1q
(1� r2)2 + (2�r)2

=
23: 012

27160
� 1q

(1� 0:920 482)2 + (2� 0:1� 0:920 48)2

Hence
u0 = 0:0035422 inch

(Note: The back of the book gives u0 = 0:0037, I think the book used a slightly di¤erent steel
table to obtain Ixx which could have been slightly di¤erent than the one I used.)
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2 Problem 3.3

solution

From the free body diagram:

We see that the forces transmitted to the support are

ftr = c _u+ ku

Where u here is taken as the steady state solution from problem 3.2, which is

u (t) = u0 sin (�!t� �)

Where u0 = ust Rd, and � = tan�1
�
2�r
1�r2

�
: Di¤erentiate the above equation and substitute the

results back into the ftr equation we obtain

ftr = c�!u0 cos (�!t� �) + ku0 sin (�!t� �)

=

q
(c�!u0)

2 + (ku0)
2 sin (�!t� �+ �)

Where � = tan�1
�
k
c�!

�
Hence we see that the maximum force transmitted to the supports are given by

ftr0 = u0

q
(c�!)2 + k2 (1)

We now plug into the above equation the results we obtain from problem 3.2 to determine ftr0.
All the variables in the above expression are known, which are repeated here
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!n = 102: 39 rad/sec

M =
1000

386
lb

� = 0:1

u0 = 0:0037 in

k = 27160 lb/in

�! = 30� rad/ sec

We just need to �nd the damping c. Since � = c
ccr
and ccr = 2!nM , hence

ccr = 2� 102: 39�
1000

386
= 530: 52 lb-sec/in

Hence

c = �ccr

= 0:1� 530: 52
= 53: 052 lb-sec/in

Now substitute all the above values into equation (1) we obtain

ftr0 = 0:0037

q
(53: 052� 30�)2 + 271602

= 102: 18 lb
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3 Problem 3.8

solution

The physical idealized system is the following

Where in the above, u is the absolute displacement of the tower, and ug is the absolute displace-
ment of the ground. The free body diagram is
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Applying newton�s second law we obtain

F = ma

�k(u� ug)� c ( _u� _ug) = m�u

Expand and rearrange

m�u+ c _u+ ku = kug + c _ug (1)

Let the relative motion between the mass and the ground be ur, hence ur = u�ug or u = ur+ug,
similarly

_ur = _u� _ug

_u = _ur + _ug

And

�ur = �u� �ug
�u = �ur + �ug

Using the above expressions for u; _u; �u, we can now rewrite (1) as

m (�ur + �ug) + c ( _ur + _ug) + k (ur + ug) = kug + c _ug (2)

Expand (2) and cancel terms we obtain

m�ur +m�ug + c _ur + c _ug + kur + kug = kug + c _ug

m�ur + c _ur + kur +m�ug = 0

Or
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m�ur + c _ur + kur = �m�ug (3)

The above is the equation of motion of the tower using relative displacement. Hence we can view
the term m�ug as the e¤ective force acting on the tower due to the acceleration of the ground.

Now using the fact that the ground motion is harmonic, we can write

ug = ug0 sin �!t

Where ug0 is the maximum amplitude of the ground displacement, and �! is the ground motion
frequency. Hence from the above we obtain that

�ug = �
0:1gz }| {
ug0 �!

2 sin �!t

Plug the above into (3) we obtain

m�ur + c _ur + kur =

F0z }| {
mug0 �!

2 sin �!t

The above is now in standard 2nd order linear system, the steady state solution for ur is

ur (t) = u0 sin (�!t� �)

Where tan� = 2�r
2�r2 and u0 = ustRd, where ust =

F0
k
=

mug0 �!
2

k
, and Rd = 1p

(1�r2)2+(2�r)2

u0 = ustRd

=
F0
k

1q
(1� r2)2 + (2�r)2

=
mug0 �!

2

k

1q
(1� r2)2 + (2�r)2

But we are told that ug0 �!
2 = 0:1g, Hence the above becomes

u0 =
m� (0:1� g)

k

1q
(1� r2)2 + (2�r)2

We are given that

�! = 2�f

= 2� (10)

= 20� rad/ sec
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and

k =
3000� 103

12

= 2: 5� 105 lb=in

Then

!n =

r
k

m

=

r
2: 5� 105 � 386

100000

= 31: 064 rad/sec

Then

r =
�!

!n

=
20�

31: 064

= 2: 022 7

and since � = 0:1 we obtain

u0 =
0:1m� g

k

1q
(1� r2)2 + (2�r)2

=
0:1� 100000

g
� g

2: 5� 105
1q

(1� 2: 022 72)2 + (2� 0:1� 2: 022 7)2

=
0:1� 100000
2: 5� 105 � 0:320 75

= 0:012 83 in

� 0:013 in
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4 Problem 3.9

Determine the transmissibility of the above problem

Solution

We need to determine �rst the expression that represents the force that is transmitted to the
ground. From the idealized system diagram

We see that the force transmitted to the support is

ftr = c _ur + kur

But
ur = u0 sin (�!t� �)

Where u0 = F0
k
where F0 here is the e¤ective force.

Hence

ftr = c (u0�! cos (�!t� �) + ku0 sin (�!t� �))
= u0 [c�! cos (�!t� �) + k sin (�!t� �)]

= u0

q
(c�!)2 + k2 sin (�!t� �+ �)

Where tan � = c�!
k

Hence Max force transmitted is Atr

Atr = u0

q
(c�!)2 + k2

= ustRd

q
(c�!)2 + k2

=
F0
k
Rd

q
(c�!)2 + k2

But
q
(c�!)2 + k2 = k

q
1 + (2r�)2 hence
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Atr = F0Rd

q
1 + (2r�)2

= F0

q
1 + (2r�)2q

(1� r2)2 + (2�r)2

But Tr = Atr
F0
hence

Tr =

q
1 + (2r�)2q

(1� r2)2 + (2�r)2

Now, since from the earlier problem we found that r = 2: 022 7, and given that � = 0:1; then

Tr =

q
1 + (2� 2: 022 7� :1)2q

(1� 2: 022 72)2 + (2� 2: 022 7� :1)2

= 0:346
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5 Problem 3.12

Solution

We start with the expression for the maximum amplitude steady state displacement given by

u0 = ustRd

= ust
1q

(1� r2)2 + (2�r)2

= ust
1s�

1�
�
�!
!n

�2�2
+
�
2� �!

!n

�2
We have 2 cases, case 1 is when �! = !n (resonance), and the second case is when �! = 1:1!n.
Hence we obtain the following equation

usts�
1�

�
1:1!n
!n

�2�2
+
�
2� 1:1!n

!n

�2 = 1

2

usts�
1�

�
!n
!n

�2�2
+
�
2� !n

!n

�2
2

vuut 1� �!n
!n

�2!2
+

�
2�
!n
!n

�2
=

vuut 1� �1:1!n
!n

�2!2
+

�
2�
1:1!n
!n

�2
2

q
(2�)2 =

q�
1� (1:1)2

�2
+ (2� � 1:1)2

4 (2�)2 =
�
1� (1:1)2

�2
+ (2� � 1:1)2

16�2 = 0:044 1 + 4: 84�2

11: 16�2 = 0:044 1

� =

r
0:044 1

11: 16

= 0:06286 2

Hence
� � 6:3 %
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6 Problem 3.17

Solution

Considering maximum amplitude of steady state is given by

u0 = ustRd

=
ustq

(1� r2)2 + (2�r)2

But ust = F0
k
= me!2

k

We are given one case where ur (resonance) and another case where ur 6=1.When r = 1, we obtain

ur =
1

2�

me!2n
k

(1)

When r 6= 1 we write (where we call u0 when r = r1 as u1)

u1 =
me!21
k

1q
(1� r21)

2
+ (2�r1)

2
(2)

Square equation (1) and (2) and divide by each others we obtain
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u2r
u21
=

�
!2n
!21

�2 
(1� r21)

2
+ (2�r1)

2

(2�)2

!
u2r
u21
=

�
1

r1

�4 
(1� r21)

2
+ (2�r1)

2

(2�)2

!
4�2u2rr

4
1 = u

2
1

�
1� r21

�2
+ 4u21�

2r21

4�2r21
�
u2rr

2
1 � u21

�
= u21

�
1� r21

�2
�2 =

u21 (1� r21)
2

4r21 (u
2
rr
2
1 � u21)

Hence

� =
u1(1�r21)

2r1
p
u2rr

2
1�u21

Since

ur = ustRd

=
Fr
k
Rd

Hence

Fr =
urk

Rd

But Rd = 1
2�
at resonance, hence

Fr = 2urk�

But from �rst part, we found expression for �, which we plug into the above to obtain

Fr = 2kur
u1 (1� r21)

2r1
p
u2rr

2
1 � u21

Hence

Fr =
uru1(1�r21)k
r1
p
u2rr

2
1�u21
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