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HW 4, EECS 152A DSP.

Problem 4.53 , Digital Signal Processing, 3rd edition, Proakis, anolakis
by Nasser Abbasi

UCI, Fall 2004.

Question

Derive the expression for the resonant frequency of a 2 pole filter with the poles at p; = re?® and p; =

gign by 4.5.25
Solution

Here, wg =6
Hence 4.5.25 is

2
wy = cos™! (1 ;—: cos 0)

We know that

Uy (W) = /14712 —2rcos(f —w)

and

Uz (w) = /1 +72 — 2rcos (6 +w)

Take the product of U;1U; and minimize the result and solve for w = w,

DUz = /1+72—2rcos(d —w)y/1+72 —2rcos(f —w)
d d d
%(U1U2) = U1%(U2)+U2Zu- (Uh)

But a% (Ul) = % \/1+r2—21r cos(f—w) (21‘ sin (9 - w) (_1)) =" \/l+::i—n2(::;)(9—w)
d _ ‘l 1 . — rsin(f+w)
and dw (U2) T2 \/l+r2—2rcos(9+w) (27’ sin (0 + w) (1)) ¢1+r2—2rcos(9W)
Hence
d d d
o (htr) = Ula; (U2) + U2% (th)
/1472 —2rcos (0 — w)rsin (6 +w) B V1412 —2rcos (6 + w)rsin(f —w)
V1472 —2rcos (8 +w) V1472 —2rcos(f — w)

Take common denomenator

(1472 —2rcos(§ —w)) rsin(§ +w) — (L+72~2rcos(§ +w)) rsin(f —w)
V1412 —=2rcos (0 +w)y/1+72 —2rcos (0 —w)

This derivative is mimumum when the numerator is zero.
Hence

d
%(Ule) =

0= (L+r*—2rcos(d —w)) rsin(d+w)— (1+r2—2rcos(f+w)) rsin(f—w)
But for r # 0 , divide the above by r to simplify, we get

0= (1+r*—2rcos(d —w)) sin(d+w)— (1+72—2rcos(d +w)) sin(f—w)

Expand (1) and use the following relations to simplify
sin (# + w) = cosfsinw + sin f cosw
sin (f — w) = sin# cosw — cosPsinw
cos (f — w) = cosf cosw + sinfsinw
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cos (0 + w) = cosf cosw — sin fsinw
Hence (1) becomes:

Il

(L+7% —2rcos(f — w)) (cos@sinw + sin cosw)

- (1 + 7% — 2rcos (0 +w)) (sinfcosw — cosfsinw)

(cos @ sinw + sin # cosw) + 2 (cos @sinw + sin # cosw) — 2r cos (@ — w) (cos @ sinw + sin @ cosw)

2

— (sinf cosw — cosfsinw) — r* (sinf cosw — cos B sinw) + 2r cos (0 + w) (sinf cosw — cos O sinw)

. . 9 . 9 . .
cos fsinw + sin f cosw +r* cosfsinw + r° sin f cosw —2r cos (f — w) cos fsinw — 2r cos (f — w) sin b cosw
e

—sinf cosw + cos @sinw —r? sin f cosw +r? cos B sinw + 2r cos (6 4 w) sin @ cosw — 2r cos (8 + w) cos @ sin w

2cos@sinw + 2r% cos Asinw — 2r cos B sinw (cos (§ — w) + cos (8 + w)) — 27 sin B cosw (cos (8 — w) — cos (0 +69

2 cos @sinw + 2r? cos fsinw — 2 cos O sinw (cos § cosw + sin @ sinw + cos # cosw — sin fsinw)

—2rsinf cosw (cos @ cosw + sinf sinw — cos f cosw + sin @ sinw)

2 cos Osinw + 2r? cos fsinw — 2r cos @ sinw (2 cos f cosw) — 2r sin 0 cos w(2 sin f sinw)
2 cos fsinw + 272 cos fsinw — 47 cos® fsinw cosw — 47 sin® f cosw sin w)

. . . 2 <9
2 cos @ sinw + 272 cos fsinw — 4rsinw cosw (cos® 0 + sin* f)

2 cosfsinw + 2r® cos 0 sinw — 47 sinw cosw

So the solution to 2cosfsinw + 2r? cos fsinw — 47 sinw cosw = 0 will give us w,

M 2 x W
2cosfsinw + 2r cosfsinw — drsinwcosw = 0

sinw [‘2 cos @ + 2r% cos ) — 4r cos u,] =

Hence, we get first solution as sinw = 0 or

and we get the second solution when

2cosb + 2r? cosf — drcosw =
(2 + 27"2) cosf — dr cosw

drcosw =
(2-&-27‘2)
cosw = —-———=cosf
4r \/
(1+’I‘2)
Cosw = TCOSH
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HW 4, EECS 152A DSP.

Problem 4.69 , Digital Signal Processing, 3rd edition, Proakis, anolakis

by Nasser Abbasi

UCI, Fall 2004.

Question

Determine the gain by for the digital resonator described by 4.5.28 so that |H (wp)| = 1
Solution

From page 342, equation 4.5.28 is

] =g dm
Hw)=0b - . 4.5.28
(tb) ¥ (]_ —_ re.‘}‘(wﬂ*h’)) (1 — fr‘e—J(WU'HU)) ( )
1 — (cos 2w — jsin2w)
H(UJ) = b[) ) .. 5 2 , 7 @1 ' 3
(1 =7 (cos (wo — w) + jsin(wg — w))) (1 — 7 cos (wo + w) + jsin (wp + w))
Set w = wy
1 — (cos 2wp — 7 sin 2wy)
H(w) = b — i e
(1 =7 (cos (wo — wo) + jsin (wg — wo))) (1 — 7 cos (wo + wo) + j sin (wo + wp))
— 1 — cos 2wy + 7 sin 2wy
(= 7) (1 = 7 cos 2wy + j sin 2wy)
_ 1 — cos 2wg + 7 sin 2wy
"1 —rcos (2wp) + jsin 2wq — 7 + 72 cos 2wy — jr sin 2wy
_ (1 — cos2wyq) + j sin 2wy
(1= rcos2wy — 1 + r2cos 2wq) + j (sin 2wq — 7 sin 2wg)
Hence

\/(1 — c0s 2wp)* + sin? 2wy

|H (W)] = bo

2

\/(1 — rcos 2wy — 7 + r?cos 2&)0)2 + (sin 2wy — 7 sin 2wy)

\/ 1 + cos? 2wy — 2 cos 2wg + sin? 2wy
° vV (L+72 = 27) (1 4 72 — 2r cos 2wp)
V2 (1 — cos 2wp)
’ v/ (L +72=2r) (14 72 — 2r cos 2wyp)
Set |H (w)| = 1 and solve for by

/2 (1 — cos 2wp)
/(L + 72 —27) (1 + r2 — 2r cos 2wp)
V(1472 —2r) (1412 — 2r cos 2uwy)
/2 (1 — cos 2uw)
\/(1 —1)? (1 + 72 — 2r cos 2wp)
V2 (1 — cos 2uwy) ¥
V1412 — 2r cos 2wy

V2 — 2¢0s 2wy

1=b{)

by =

bgf—(l*-’F)
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HW6_EECS_152.nb

In(118]:=

(*To TA, I could not simplify this any more, so I solved it
using Mathematica, please see solution for b0 below *)

(*solution by Nasser Abbasi for HW 6, 152 )

Pl=0.BExp[I » 2Pi/9];

p2 =0.8Exp[-I x 2Pi/9];

p3=0.8Exp[I = 4Pi/9];

p4=0.8Exp[-I =« 4Pi/9];

zl= s

z2 =-1;

z3 =Exp[3IPi/4];

z4 = Exp[-3IPi/4];

(z-2zl) (z-22) (z-23) (z-4)
(z-pl) (z-p2) (z-p3) (z-pd)
result = H[Exp[Iw]];

Print["Result before substitution for w is= ", result];

H[z_] :=

result =result /. w-» 5Pi/12;
Print["Result before substitution for w is= ", result];

gain = Solve[Abs[result] =1, b0];

Print["Gain is = ", gain];

Result before substitution for w is=

(b0 (-4 - e¥) (-1-e') (1+e'™) (-e T+ ~e'*)) /(((-0.612836-0.514234) +e'¥)
{(-0.612836+0.514231) +el¥) ((-0.138919-0.7878461) +&'*) ((-0.138919+0.7878461) + %))
Result before substitution for w is= (19.967-10.68481) b0
Solve::ifun : Inverse functions are being used by Solve, so some

sclutions may not be found; use Reduce for complete solution information. More..

Gain is = {{b0--0.0441577}, (b0 - 0.0441577}) n
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Printed by Mathematica for Students
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