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1 Problem 1

𝑥′1 = −𝑘1𝑥1
𝑥′2 = 𝑘1𝑥1 − 𝑘2𝑥2

Where

𝑘1 =
10
𝑉1(𝑡)

=
10
25

=
2
5

𝑘2 =
10
𝑉2(𝑡)

=
10
50

=
1
5

𝑥1(0) = 15
𝑥2(0) = 0

a) Find the amount of salt in each tank at time 𝑡 ≥ 0. b) Find the maximum amount of
salt ever in tank 2.

Solution

1.1 Part a
The system in matrix form is

𝑥′ = 𝐴𝑥
⎡
⎢⎢⎢⎢⎢⎢⎣
𝑥′1(𝑡)

𝑥′2(𝑡)

⎤
⎥⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
−𝑘1 0

𝑘1 −𝑘2

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑥1
𝑥2

⎤
⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−2
5 0

2
5 −1

5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑥1
𝑥2

⎤
⎥⎥⎥⎥⎥⎦

The eigenvalues of 𝐴 are found from solving det (𝐴 − 𝜆𝐼) = 0 or

�

�

−2
5 − 𝜆 0

2
5 −1

5 − 𝜆

�

�
= 0

�−
2
5
− 𝜆� �−

1
5
− 𝜆� = 0

Hence 𝜆1 = −
2
5 , 𝜆2 = −

1
5 . Now the eigenvector for each eigenvalue is found.

𝜆1 = −
2
5

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−2
5 − 𝜆1 0

2
5 −1

5 − 𝜆1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−2
5 − �−

2
5
� 0

2
5 −1

5 − �−
2
5
�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 0
2
5

1
5

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦
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Hence 𝑣1 = 𝑡 is free variable and 𝑣2 is base variable. From second row 2
5 𝑡 +

1
5𝑣2 = 0 or

2𝑡 + 𝑣2 = 0 or 𝑣2 = −2𝑡. The solution is
⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
𝑡
−2𝑡

⎤
⎥⎥⎥⎥⎥⎦ = 𝑡

⎡
⎢⎢⎢⎢⎢⎣
1
−2

⎤
⎥⎥⎥⎥⎥⎦

Choosing 𝑡 = 1 this gives the first eigenvector

�⃗�1 =

⎡
⎢⎢⎢⎢⎢⎣
1
−2

⎤
⎥⎥⎥⎥⎥⎦

𝜆2 = −
1
5

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−2
5 − 𝜆2 0

2
5 −1

5 − 𝜆2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−2
5 − �−

1
5
� 0

2
5 −1

5 − �−
1
5
�

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
5 0

2
5 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

𝑅2 = 𝑅2 − 2𝑅2 ⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1
5 0

0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑣1
𝑣2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
0
0

⎤
⎥⎥⎥⎥⎥⎦

Hence 𝑣1 is base variable and 𝑣2 = 𝑡 is free variable. Therefore 1
5𝑣1 = 0 or 𝑣1 = 0. The

eigenvector is

�⃗�2 =

⎡
⎢⎢⎢⎢⎢⎣
0
𝑡

⎤
⎥⎥⎥⎥⎥⎦ = 𝑡

⎡
⎢⎢⎢⎢⎢⎣
0
1

⎤
⎥⎥⎥⎥⎥⎦

Choosing 𝑡 = 1 this gives the second eigenvector is

�⃗�2 =

⎡
⎢⎢⎢⎢⎢⎣
0
1

⎤
⎥⎥⎥⎥⎥⎦

Therefore the solution basis are

�⃗�1(𝑡) = 𝑒𝜆1𝑡�⃗�1 = 𝑒
− 2
5 𝑡

⎡
⎢⎢⎢⎢⎢⎣
1
−2

⎤
⎥⎥⎥⎥⎥⎦

�⃗�2(𝑡) = 𝑒𝜆2𝑡�⃗�2 = 𝑒
−1
5 𝑡

⎡
⎢⎢⎢⎢⎢⎣
0
1

⎤
⎥⎥⎥⎥⎥⎦

And the solution is linear combination of the above basis, which gives

�⃗�(𝑡) = 𝑐1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑒−
2
5 𝑡

−2𝑒−
2
5 𝑡

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
+ 𝑐2

⎡
⎢⎢⎢⎢⎢⎢⎣

0

𝑒
−1
5 𝑡

⎤
⎥⎥⎥⎥⎥⎥⎦ (1)
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The scalar solutions are therefore

𝑥1(𝑡) = 𝑐1𝑒
− 2
5 𝑡

𝑥2(𝑡) = −2𝑐1𝑒
− 2
5 𝑡 + 𝑐2𝑒

−1
5 𝑡

Now 𝑐1, 𝑐2 are found from initial conditions. At 𝑡 = 0, 𝑥1 (0) = 15, 𝑥2(0) = 0. Hence (1)
becomes ⎡

⎢⎢⎢⎢⎢⎣
15
0

⎤
⎥⎥⎥⎥⎥⎦ = 𝑐1

⎡
⎢⎢⎢⎢⎢⎣
1
−2

⎤
⎥⎥⎥⎥⎥⎦ + 𝑐2

⎡
⎢⎢⎢⎢⎢⎣
0
1

⎤
⎥⎥⎥⎥⎥⎦

Or
⎡
⎢⎢⎢⎢⎢⎣
1 0
−2 1

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑐1
𝑐2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
15
0

⎤
⎥⎥⎥⎥⎥⎦ (2)

The augmented matrix is ⎡
⎢⎢⎢⎢⎢⎣
1 0 15
−2 1 0

⎤
⎥⎥⎥⎥⎥⎦

𝑅2 = 𝑅2 + 2𝑅1 gives ⎡
⎢⎢⎢⎢⎢⎣
1 0 15
0 1 30

⎤
⎥⎥⎥⎥⎥⎦

Hence (2) becomes ⎡
⎢⎢⎢⎢⎢⎣
1 0
0 1

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣
𝑐1
𝑐2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
15
30

⎤
⎥⎥⎥⎥⎥⎦

Second row gives 𝑐2 = 30 and first row gives 𝑐1 = 15. Hence
⎡
⎢⎢⎢⎢⎢⎣
𝑐1
𝑐2

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣
15
30

⎤
⎥⎥⎥⎥⎥⎦

And the solution (1) becomes

𝑥1(𝑡) = 15𝑒
− 2
5 𝑡

𝑥2(𝑡) = −2 (15) 𝑒
− 2
5 𝑡 + 30𝑒

1
5 𝑡

Or

𝑥1(𝑡) = 15𝑒
− 2𝑡

5 (3)

𝑥2(𝑡) = −30𝑒
− 2𝑡

5 + 30𝑒
−𝑡
5

The above is the amount of salt in each tank for 𝑡 ≥ 0.

1.2 Part b
The solution in (3) above shows that at 𝑡 → ∞ then 𝑥2(𝑡) → 0 because both exponential
are raised to negative power of 𝑡. This is as expected, as with time, and with more
fresh water coming in and mixture discharges, we expect the initial salt in the tank to
eventually vanish leaving only pure water in the tank. The following plot shows how
the amount of salt changes in each tank as function of time



5

5 10 15 20
time (sec)

5
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15
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tank2

Figure 1: salt amount vs. time for each tank

The above shows that salt starts in tank 1 at amount 𝑥1(0) = 15which is the initial value,
and continues to decreases exponentially where is becomes close to zero after about 15
seconds. While for tank 2, which initially has no salt, its salt content initially increases
to a maximum value after about 3 seconds and then starts to decrease where it will
eventually becomes zero. The initial increase in tank 2 is because of the salt coming
from tank 1 in the mixture. But as salt decrease in tank 1 with time, so will the salt in
tank 2 as well.

Code used for the plot above is� �
ClearAll[x1,x2,t];
x1[t_] := 15*Exp[-2/5*t]
x2[t_] := -30*Exp[-2/5*t]+30*Exp[-t/5]

Plot[{x1[t],x2[t]},{t,0,20},
AxesLabel->{"time (sec)","salt (lb)"},
BaseStyle->14,
GridLines->Automatic,GridLinesStyle->LightGray,
PlotLegends->{"tank 1","tank2"}

]� �
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2 Problem 2
Determine all the equilibrium points of the given system.

𝑥′ = 𝑥 − 𝑥2 − 𝑥𝑦
𝑦′ = 3𝑦 − 𝑥𝑦 − 2𝑦2

Solution

The equilibrium points are the solutions 𝑥, 𝑦 to

𝑥 − 𝑥2 − 𝑥𝑦 = 0 (1)
3𝑦 − 𝑥𝑦 − 2𝑦2 = 0 (2)

We can start with either equation, find one unknown from it, and use that to solve for
the second unknown using the second equation. Starting with (1) and solving for 𝑥.
Writing (1) as

𝑥2 + 𝑥 �𝑦 − 1� = 0

𝑥 �𝑥 + �𝑦 − 1�� = 0

Then the solutions are

𝑥 = 0
𝑥 + �𝑦 − 1� = 0

Or

𝑥 = 0 (3)
𝑥 = 1 − 𝑦 (4)

For each one of the above solutions, we go back to (2) and solve for 𝑦 now. When 𝑥 = 0,
then (2) gives

3𝑦 − 2𝑦2 = 0
𝑦 �3 − 2𝑦� = 0

Hence 𝑦 = 0, 𝑦 = 3
2 are the solutions. So now we have the following solutions found for

the case when 𝑥 = 0

�(0, 0) , �0,
3
2��

(5)

And when 𝑥 = 1 − 𝑦 then (2) gives

3𝑦 − �1 − 𝑦� 𝑦 − 2𝑦2 = 0
2𝑦 − 𝑦2 = 0
𝑦 �2 − 𝑦� = 0

Hence 𝑦 = 0, 𝑦 = 2 are the solutions. When 𝑦 = 0, the corresponding 𝑥 from 𝑥 = 1 − 𝑦 is
1. And when 𝑦 = 2, the corresponding 𝑥 is −1, So now we have the following solutions
found

{(1, 0) , (−1, 2)} (6)

Adding (6,5) gives the list of equilibrium points as

�(0, 0) , �0,
3
2�
, (1, 0) , (−1, 2)�
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3 Problem 3
Using the definition of Laplace transform, determine Laplace transform of

𝑓(𝑡) = 𝑡𝑒𝑡

Solution

By definition

ℒ�𝑓(𝑡)� = lim
𝑁→∞

�
𝑁

0
𝑓(𝑡)𝑒−𝑠𝑡𝑑𝑡

Therefore

ℒ�𝑓(𝑡)� = lim
𝑁→∞

�
𝑁

0
𝑡𝑒𝑡𝑒−𝑠𝑡𝑑𝑡

= lim
𝑁→∞

�
𝑁

0
𝑡𝑒−𝑠𝑡+𝑡𝑑𝑡

= lim
𝑁→∞

�
𝑁

0
𝑡𝑒𝑡(1−𝑠)𝑑𝑡

Integration by parts.∫𝑢𝑑𝑣 = 𝑢𝑣−∫𝑣𝑑𝑢. Let 𝑢 = 𝑡, 𝑑𝑣 = 𝑒𝑡(1−𝑠), therefore 𝑑𝑢 = 𝑑𝑡, 𝑣 = 𝑒𝑡(1−𝑠)

1−𝑠 .
Hence the above becomes

ℒ�𝑓(𝑡)� =
1

1 − 𝑠
lim
𝑁→∞

�𝑡𝑒𝑡(1−𝑠)�
𝑁

0
− lim

𝑁→∞
�

𝑁

0

𝑒𝑡(1−𝑠)

1 − 𝑠
𝑑𝑡 (1)

=
1

1 − 𝑠
lim
𝑁→∞

�𝑡𝑒𝑡(1−𝑠)�
𝑁

0
−

1
1 − 𝑠

lim
𝑁→∞

�
𝑁

0
𝑒𝑡(1−𝑠)𝑑𝑡

But

lim
𝑁→∞

�𝑡𝑒𝑡(1−𝑠)�
𝑁

0
= lim

𝑁→∞
�𝑁𝑒𝑁(1−𝑠)� − 0

= lim
𝑁→∞

�𝑁𝑒𝑁(1−𝑠)�

But
lim
𝑁→∞

�𝑁𝑒𝑁(1−𝑠)� = lim
𝑁→∞

𝑁 lim
𝑁→∞

𝑒𝑁(1−𝑠)

= (∞) � lim
𝑁→∞

𝑒𝑁(1−𝑠)�

For 𝑠 > 1, lim𝑁→∞ 𝑒𝑁(1−𝑠) = 𝑒−∞ = 0 since 1−𝑠 < 0, and therefore the exponential is raised
to negative infinity. Hence the above becomes

lim
𝑁→∞

�𝑁𝑒𝑁(1−𝑠)� = (∞) (0)

= 0
Therefore (1) simplifies to

ℒ�𝑓(𝑡)� =
1

1 − 𝑠
lim
𝑁→∞

�
𝑁

0
𝑒𝑡(1−𝑠)𝑑𝑡

=
1

𝑠 − 1
1

1 − 𝑠
lim
𝑁→∞

�𝑒𝑡(1−𝑠)�
∞

0

=
1

(𝑠 − 1) (1 − 𝑠)
lim
𝑁→∞

�𝑒𝑡(1−𝑠)�
∞

0

But for 𝑠 > 1 then lim𝑁→∞ �𝑒𝑡(1−𝑠)�
∞

0
= lim𝑁→∞ 𝑒𝑁(1−𝑠) − 1 = 0 − 1 = −1. The above then

becomes

ℒ�𝑓(𝑡)� =
−1

(𝑠 − 1) (1 − 𝑠)

=
1

(𝑠 − 1) (𝑠 − 1)

=
1

(𝑠 − 1)2

For 𝑠 > 1.
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4 Problem 4
Find the inverse Laplace transform of the given functions

a 𝐹(𝑠) = 2
𝑠(𝑠−2)

b 𝐹(𝑠) = 2𝑠+2
𝑠2+2𝑠+5

Solution

4.1 Part a
Using partial fractions, let

2
𝑠 (𝑠 − 2)

=
𝐴
𝑠
+

𝐵
𝑠 − 2

Therefore

𝐴 =
2

(𝑠 − 2)
�
𝑠=0

= −1

𝐵 =
2
𝑠
�
𝑠=2

= 1

Hence
2

𝑠 (𝑠 − 2)
= −

1
𝑠
+

1
𝑠 − 2

Using Table 10.2.1 in textbook,

ℒ −1 �
1
𝑠�
= 1 𝑠 > 0

ℒ −1 �
1

𝑠 − 2�
= 𝑒2𝑡 𝑠 > 2

Therefore, by linearity ofℒ −1

ℒ −1 �
2

𝑠 (𝑠 − 2)�
= −ℒ −1 �

1
𝑠�
+ℒ −1 �

1
𝑠 − 2�

= −1 + 𝑒2𝑡 𝑠 > 2

4.2 Part b

𝐹(𝑠) =
2𝑠 + 2

𝑠2 + 2𝑠 + 5
Completing the squares in the denominator

𝑠2 + 2𝑠 + 5 = (𝑠 + 𝐴)2 + 𝐵
= 𝑠2 + 2𝑠𝐴 + 𝐴2 + 𝐵

Comparing coefficients of 𝑠 shows that

2𝐴 = 2
𝐴2 + 𝐵 = 5

Hence 𝐴 = 1 and 𝐵 = 4. Therefore

2𝑠 + 2
𝑠2 + 2𝑠 + 5

=
2𝑠 + 2

(𝑠 + 1)2 + 4

=
2 (𝑠 + 1)

(𝑠 + 1)2 + 4
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Using the first shifting property (theorem 10.5.1 in book, which says)

ℒ�𝑒𝑎𝑡𝑓(𝑡)� = 𝐹 (𝑠 − 𝑎)

Then for 𝑎 = −1, we see that

ℒ�𝑒−𝑡𝑓(𝑡)� = 𝐹 (𝑠 + 1) (1)

Where 𝑓(𝑡) = ℒ −1 (𝐹(𝑠)). Therefore we just now need to find 𝑓(𝑡) using

𝑓(𝑡) = ℒ −1 �
2𝑠

𝑠2 + 4�

To complete the solution. Butℒ −1 � 𝑠
𝑠2+4

� = cos 2𝑡 for 𝑠 > 0 from Table 10.2.1. Hence

ℒ −1 �
2𝑠

𝑠2 + 4�
= 2 cos (2𝑡) 𝑠 > 0

Therefore using (1) the final result is given by

ℒ −1 �
2𝑠 + 2

𝑠2 + 2𝑠 + 5�
= 𝑒−𝑡ℒ −1 �

2𝑠
𝑠2 + 4�

= 𝑒−𝑡 (2 cos (2𝑡))
= 2𝑒−𝑡 cos 𝑠 (2𝑡) 𝑠 > 0
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5 Problem 5
Use the Laplace transform to solve the following given initial-value problems

a 𝑦′ + 𝑦 = 8𝑒3𝑡, 𝑦(0) = 2

b 𝑦′′ + 𝑦′ − 2𝑦 = 10𝑒−𝑡, 𝑦(0) = 0, 𝑦′(0) = 1

Solution

5.1 Part a

Taking the Laplace transform of both sides of 𝑦′ + 𝑦 = 8𝑒3𝑡 gives (using linearity)

ℒ�𝑦′� +ℒ (𝑦) = 8ℒ�𝑒3𝑡�

Assuming ℒ(𝑦) = 𝑌(𝑠), and using the property that ℒ�𝑦′� = 𝑠ℒ (𝑦) − 𝑦(0) and from
table 10.2.1ℒ�𝑒3𝑡� = 1

𝑠−3 , 𝑠 > 3, then the above becomes

𝑠𝑌(𝑠) − 𝑦(0) + 𝑌(𝑠) =
8

𝑠 − 3

but 𝑦(0) = 2, hence the above simplifies to

𝑠𝑌(𝑠) − 2 + 𝑌(𝑠) =
8

𝑠 − 3

𝑌(𝑠) (𝑠 + 1) − 2 =
8

𝑠 − 3

𝑌(𝑠) (𝑠 + 1) =
8

𝑠 − 3
+ 2

𝑌(𝑠) =
8

(𝑠 − 3) (𝑠 + 1)
+

2
(𝑠 + 1)

(1)

Looking at first term above, and using partial fractions

8
(𝑠 − 3) (𝑠 + 1)

=
𝐴

(𝑠 − 3)
+

𝐵
(𝑠 + 1)

Therefore
𝐴 =

8
(𝑠 + 1)

�
𝑠=3

=
8
4
= 2

And
𝐵 =

8
(𝑠 − 3)

�
𝑠=−1

=
8
−4

= −2

Therefore (1) becomes

𝑌(𝑠) =
2

(𝑠 − 3)
−

2
(𝑠 + 1)

+
2

(𝑠 + 1)

=
2

(𝑠 − 3)

From table 10.2.1ℒ�𝑒3𝑡� = 1
𝑠−3 , 𝑠 > 3. Hence

𝑦(𝑡) = ℒ −1 �
2

(𝑠 − 3)�

= 2ℒ −1 �
1

(𝑠 − 3)�

= 2𝑒3𝑡
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5.2 Part b
Taking the Laplace transform of both sides of 𝑦′′ + 𝑦′ − 2𝑦 = 10𝑒−𝑡 gives (using linearity)

ℒ�𝑦′′� +ℒ�𝑦′� − 2ℒ (𝑦) = 10ℒ�𝑒−𝑡� (1)

Assumingℒ(𝑦) = 𝑌(𝑠), and using the property that

ℒ�𝑦′� = 𝑠ℒ (𝑦) − 𝑦(0)

And
ℒ�𝑦′′� = 𝑠2ℒ(𝑦) − 𝑠𝑦(0) − 𝑦′(0)

And from table 10.2.1ℒ�𝑒−𝑡� = 1
𝑠+1 , 𝑠 > −1, then (1) becomes

�𝑠2ℒ(𝑦) − 𝑠𝑦(0) − 𝑦′(0)� + �𝑠ℒ (𝑦) − 𝑦(0)� − 2ℒ (𝑦) = 10 �
1

𝑠 + 1�

�𝑠2𝑌 − 𝑠(0) − 1� + (𝑠𝑌 − 0) − 2𝑌 = 10 �
1

𝑠 + 1�

𝑠2𝑌 − 1 + 𝑠𝑌 − 2𝑌 = 10 �
1

𝑠 + 1�

𝑌 �𝑠2 + 𝑠 − 2� = 10 �
1

𝑠 + 1�
+ 1

𝑌 =
10

(𝑠 + 1) �𝑠2 + 𝑠 − 2�
+

1
�𝑠2 + 𝑠 − 2�

But �𝑠2 + 𝑠 − 2� = (𝑠 + 2) (𝑠 − 1). The above becomes

𝑌 =
10

(𝑠 + 1) (𝑠 + 2) (𝑠 − 1)
+

1
(𝑠 + 2) (𝑠 − 1)

(2)

Using partial fractions to simplify the above, the first term becomes
10

(𝑠 + 1) (𝑠 + 2) (𝑠 − 1)
=

𝐴
𝑠 + 1

+
𝐵

𝑠 + 2
+

𝐶
𝑠 − 1

Hence

𝐴 =
10

(𝑠 + 2) (𝑠 − 1)
�
𝑠=−1

=
10

(−1 + 2) (−1 − 1)
= −5

𝐵 =
10

(𝑠 + 1) (𝑠 − 1)
�
𝑠=−2

=
10

(−2 + 1) (−2 − 1)
=
10
3

𝐶 =
10

(𝑠 + 1) (𝑠 + 2)
�
𝑠=1

=
10

(1 + 1) (1 + 2)
=
5
3

And for the second term in (2)
1

(𝑠 + 2) (𝑠 − 1)
=

𝐷
(𝑠 + 2)

+
𝐸

(𝑠 − 1)
Hence

𝐷 =
1

(𝑠 − 1)
�
𝑠=−2

=
1

(−2 − 1)
= −

1
3

𝐸 =
1

(𝑠 + 2)
�
𝑠=1

=
1

(1 + 2)
=
1
3

Using all the above in (2) gives

𝑌 =
𝐴
𝑠 + 1

+
𝐵

𝑠 + 2
+

𝐶
𝑠 − 1

+
𝐷

(𝑠 + 2)
+

𝐸
(𝑠 − 1)

= −5
1

𝑠 + 1
+
10
3

1
𝑠 + 2

+
5
3

1
𝑠 − 1

−
1
3

1
(𝑠 + 2)

+
1
3

1
(𝑠 − 1)

= −5
1

𝑠 + 1
+ 3

1
𝑠 + 2

+ 2
1

𝑠 − 1
(3)
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But from table 10.2.1

ℒ −1 �
1

𝑠 + 1�
= 𝑒−𝑡 𝑠 > −1

ℒ −1 �
1

𝑠 + 2�
= 𝑒−2𝑡 𝑠 > −2

ℒ −1 �
1

𝑠 − 1�
= 𝑒𝑡 𝑠 > 1

Using these results in (3) gives the final solution as

𝑦(𝑡) = ℒ −1 (𝑌(𝑠))

= −5ℒ −1 �
1

𝑠 + 1�
+ 3ℒ −1 �

1
𝑠 + 2�

+ 2ℒ −1 �
1

𝑠 − 1�

= −5𝑒−𝑡 + 3𝑒−2𝑡 + 2𝑒𝑡
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