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1 Problem 1 (2.24 of text)

1.1 Part (a)

y (n) = y (n − 1) + y (n − 2) + x (n − 1)

Take the Z transform of the above, assuming zero initial conditions, we obtain

Y (z) = z−1Y (z) + z−2Y (z) + z−1X (z)

H (z) =
Y (z)

X (z)
=

z−1

1 − z−1 − z−2

To find poles and zeros, easier to write in terms of z and not z−1, hence the above becomes

H (z) =
z

z2 − z − 1

=
z(

z −

(
1−

√
5
)

2

) (
z −

(
1+

√
5
)

2

)
≈

z

(z + 0.618 03) (z − 1.618)

So, a pole is at z ≈ −0.618 03, and at z ≈ 1. 618 and zero at z = 0.We need another zero. ButH (z) = 1
z−1− 1

z
so at z = ∞ we have H (∞) → 0, hence another zero at z = ∞

Since this is a causal system, hence the ROC will extend to the outside of the largest pole, which is at
z = 1.618, hence the ROC is |z | > 1.618

Z-plane

-0.618
1.618

ROC is |z|  1. 618

Another zero at 

infinity
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1.2 Part (b)

To find unit sample response. Let X (z) = 1, hence the Z transform of the unit sample response becomes

H (z) = Y (z) =
z−1

1 − z−1 − z−2
=

z

z2 − z − 1

Using the second form above. Multiply both sides by z−1

H (z)

z
=

1
z2 − z − 1

=
1(

z −

(
1−

√
5
)

2

) (
z −

(
1+

√
5
)

2

) = A(
z −

(
1−

√
5
)

2

) + B(
z −

(
1+

√
5
)

2

)
Hence

A = lim

z→

(
1−

√
5
)

2

1(
z −

(
1+

√
5
)

2

) = 1( (
1−

√
5
)

2 −

(
1+

√
5
)

2

) = −
1
5

√
5

and
B = lim

z→

(
1+

√
5
)

2

1(
z −

(
1−

√
5
)

2

) = 1( (
1+

√
5
)

2 −

(
1−

√
5
)

2

) = 1
5

√
5

Hence

H (z)

z
= −

1
5

√
5

1(
z −

(
1−

√
5
)

2

) + 1
5

√
5

1(
z −

(
1+

√
5
)

2

)

H (z)

z
=

√
5
5

©«
−z−1(

1 −

(
1−

√
5
)

2 z−1

) + z−1(
1 −

(
1+

√
5
)

2 z−1

) ª®®®®®®¬
Hence

H (z) =

√
5
5

©«
−1(

1 −

(
1−

√
5
)

2 z−1

) + 1(
1 −

(
1+

√
5
)

2 z−1

) ª®®®®®®¬
Hence

h (n) =

√
5
5

©«−

(
1 −

√
5
)

2


n

u (n) +


(
1 +

√
5
)

2


n

u (n)
ª®®¬

Therefore

h (n) =

√
5
5

(0.618 03n + 1.618n)u (n)

Here is a plot for n = 0 · · · 10



4

Here is a table of few values

We see that this is an unstable system as the response grows without bound with n. This can be seen
also by noting that a pole exist outside the unit circle.

1.3 part (c)

To find a stable non-causal system, we know that its ROC must be inside some circle, and that the circle
must include the unit circle (for it to be stable). The ROC can’t include an poles. But we have a pole at
z = −0.681 and at z = 1.681, so the ROC must be the annular region between |z | = 0.681 and between
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|z | = 1.681

Looking at the H (z) found in part (b)

H (z) =

√
5
5

©«
−1(

1 −

(
1−

√
5
)

2 z−1

) + 1(
1 −

(
1+

√
5
)

2 z−1

) ª®®®®®®¬
=

√
5
5

©«
stable︷                     ︸︸                     ︷
−1

(1 − (−0.618 03) z−1)
+

unstable︷            ︸︸            ︷
1

(1 − 1.618z−1)

ª®®®®¬
We see that the instability came from the part 1

(1−1. 618z−1) because this generated the unstable sequence
Hence, if we make this sequence anti causal, we change

h (n) =

√
5
5
0.618 03nu (n) +

√
5
5
1.618nu (n)

To becomes

h (n) =

√
5
5
0.618 03nu (n) −

√
5
5
1.618nu (−n − 1)

Here is a plot for n = −10 · · · 10
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2 Problem 2 (2.27 of text)

y (n − 1) −
10
3
y (n) + y (n + 1) = x (n)

Assuming zero initial conditions, take the z transform we obtain

z−1Y (z) −
10
3
Y (z) + zY (z) = X (z)

Y (z)

(
z−1 −

10
3
+ z

)
= X (z)

Let the input x (n) = δ (n), hence X (z) = 1 and we obtain the z transform of the impulse response

H (z) = Y (z) =
1

z−1 − 10
3 + z

=
z

1 − 10
3 z + z

2
=

z

(z − 3)
(
z − 1

3

)
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There is a pole at z = 3 and a pole at z = 1
3 and a zero at z = 0 and a zero at z = ∞. Since we are told

the system is stable, then it must contain the unit circle. Hence the ROC must be the annular region
between |z | = 1

3 and between |z | = 3

1

Z-plane

31/3

ROC

Multiply both sides by z−1

H (z)

z
=

1

(z − 3)
(
z − 1

3

) = A

(z − 3)
+

B(
z − 1

3

)
A = lim

z→3

1(
z − 1

3

) = 1(
3 − 1

3

) = 3
8

B = lim
z→ 1

3

1
(z − 3)

=
1( 1

3 − 3
) = −

3
8

Hence
H (z)

z
=

3
8

1
(z − 3)

−
3
8

1(
z − 1

3

)
or

H (z) =
3
8

z

(z − 3)
−
3
8

z(
z − 1

3

)
=

3
8

ROC |z |<3, anticausal︷      ︸︸      ︷
1

(1 − 3z−1)
−
3
8

ROC |z |>1/3, causal︷       ︸︸       ︷
1(

1 − 1
3z

−1
)

with ROC 1
3 < |z | < 3, Hence h (n) is

h (n) = −
3
8
(3)n u (−n − 1) −

3
8

(
1
3

) n
u (n)



8

3 Problem 3

Find Z−1
[
X (z)Y

( 1
z

) ]
Solution:

Let X (z) = = [x (n)] and let Y (z) = = [y (n)]
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From properties of Z transform, we note that Y
( 1
z

)
= = (y (−n))

Let

д (n) = Z−1
[
X (z)Y

(
1
z

) ]
Z [д (n)] = X (z)Y

(
1
z

)
Z [x (n) ~ y (−n)] = X (z)Y

(
1
z

)
But

x (n) ~ y (−n) =
∞∑

k=−∞
x (k)y (n − (−(k)))

=
∞∑

k=−∞
x (k)y (n + k)

Hence Z−1
[
X (z)Y

( 1
z

) ]
is the cross correlation between x (n) and y (n)

4 Problem 4

Problem: Given д (n) = anu (n) where |a | < 1 and f (n) =
∞∑
k=n

д (k), find

(a) F (z)G(z) ,(b) the ROC of F (z)

4.1 Part (a)

G (z) = = (д (n)) =
∞∑
n=0

anz−n =
1

1 − az−1

And

f (n) =
∞∑
k=n

д (k)

= д (n) + д (n + 1) + · · ·

= anu (n) + an+1u (n + 1) + an+2u (n + 2) + · · ·

= anu (n)
(
1 + a + a2 + · · ·

)
= anu (n)

∞∑
l=0

al

= anu (n)
1

1 − a

Hence

F (z) = = (f (n)) = =

(
anu (n)

1
1 − a

)
=

(
1

1 − a

) (
1

1 − az−1

)
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Hence

F (z)

G (z)
=

( 1
1−a

) (
1

1−az−1

)(
1

1−az−1

)
=

(
1

1 − a

)
4.2 Part (b)

The ROC of F (z) is the same as the ROC of д (z), which is |z | > a

5 Problem 5

Given

H (z) =
a∗3 + a

∗
2z

−1 + a∗1z
−2 + z−3

1 + a1z−1 + a2z−2 + a3z−3

Show if H (z) is an all-pass system or not.

Solution:

Let a3 = r3e
jθ3,a2 = r2e

jθ2,a1 = r1e
jθ1 , hence the DTFT of the system can be found be setting z = e jω

and also noting that a∗3 = r3e
−jθ3 and similarly for a∗2 and a

∗
1, hence

H
(
e jω

)
=
r3e

−jθ3 + r2e
−jθ2e−jω + r1e

−jθ1e−2jω + e−j3ω

1 + r1e jθ1e−jω + r2e jθ2e−2jω + r3e jθ3e−j3ω

Hence��H (
e jω

) ��2 = H
(
e jω

)
H ∗

(
e jω

)
=

(
r3e

−jθ3 + r2e
−jθ2e−jω + r1e

−jθ1e−2jω + e−j3ω

1 + r1e jθ1e−jω + r2e jθ2e−2jω + r3e jθ3e−j3ω

) (
r3e

−jθ3 + r2e
−jθ2e−jω + r1e

−jθ1e−2jω + e−j3ω

1 + r1e jθ1e−jω + r2e jθ2e−2jω + r3e jθ3e−j3ω

) ∗
=

(
r3e

−jθ3 + r2e
−jθ2e−jω + r1e

−jθ1e−2jω + e−j3ω

1 + r1e jθ1e−jω + r2e jθ2e−2jω + r3e jθ3e−j3ω

) (
r3e

jθ3 + r2e
jθ2e jω + r1e

jθ1e2jω + e j3ω

1 + r1e−jθ1e jω + r2e−jθ2e2jω + r3e−jθ3e j3ω

)
Which simplifies to 1 Hence

��H (
e jω

) ��2 = 1 or��H (
e jω

) �� = 1

Hence this is an all-pass system.

For the simplification, it was tedious to work out completely, unless I am missing some obvious short
cut, so I used Mathematica, and it reported that the above simplifies to one. Here is the command:
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