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1 Problem 1
Find the linear convolution given the following input and impulse response of a linear shift invariant
system
X[n]
y . hinl
1 0
n n
0 12
-1 -1

=  YO=(1@=2

Multiply and add

= Y=

Multiply and add

2
1
h[-(n- 1)]—h[n+1] TT 1
10 ¢

h[-(n-2) = h[-n+2]

2
- T Multipl d add
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I) 1 n > ¥(=1)@)+()(-1)=0

tn=2

R

h[-(n-3) = h[-n+3]

Hence y (n) becomes



y(n)=

o
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_————@
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2 Problem 2

By Explicitly evaluating the convolution sum, evaluate the following vy (1) = h (n) ® x (n)

a® 0<n<N
h(n) =
0 elsewhere

0 n < ng

x(n) = { pre msn

use N=4,1n5=0

Solution: I will evaluate % (n) ® x (n) by flipping h (n), i.e. h(n) ® x (n) = Z x(kYh(n-k)

k=—c0

There are 3 regions to consider.

One when 7 < 0. In this region there are no overlapping between / (—k) and x (k), hence y (1) = 0 for
n<0.

The second region where there is partial overlapping, and this region extends fromn =0ton =N-1.
Hence over this region

y(n) = Y,a kmpk
k=0
— zn:an—kﬁk
k=0

n n k
— anEa—kﬁk — anE (E)
k=0 k=0 \&

aVl

If |§| <1 and N very large, the above simplifies to -



The third region is when / (—k) is completely inside x (k) and this occurs when n > N -1 and over this

region we have

But

hence (1) becomes

Divide by (g)

y (n) = zn: a—(k—n)ﬁk

k=n—(N-1)
k
E) 1)
(64

ﬁn

Now consider the term % If |%| <1, then the above will become e hence to summarize the general

B



solution:

0 n<0
17(5);14—1
a'—— 0<n<N-1
=2
a’ B
y () = ,; 0<n<N-1and |;|<landeerylarge
N
5) _
B = n>N-1
15“ n>N-1 and |%| <1 and N very large
f

Since N = 4 in this problem, the specific solution is

0 n<0
n+l
anﬂ 0<n<N-1
y(n) = 1-£ T
N
ﬁfiﬁ n>N-1
B

For example, for N =4,a = .9, = .8, the following is a plot for up to n = 50

a=9, f=8, N=50
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code used to generate the above plot is

fn_] := Piecewise[{{\[Alpha] n*((1 - (\[Betal/\[Alphal)~(n + 1))/(1 - \[Betal/\[Alphal)),
n <= NN - 1}, {\[Betal™n*((1 - (\[Betal/\[Alphal)~(-(n + 1)))/

(1 - (\[Betal/\[Alphal)~(-1))), n > NN - 1}}]

NN = 4;

\[Beta] = 0.8;

\[Alpha] = 0.9

data = Table[{n, f[n]}, {n, 0, 50}];

ListPlot[data,




Filling -> Axis,

AxesOrigin -> {0, 0},

Frame -> True,

FrameLabel -> {{"f[n]", None}, {"n", "\[Alphal=.9, \[Betal]=.8, N=50"}}
]

3 Problem 3

Let e(n) be an exponential sequence e(n) = " for all n, and let x (n) and y (n) denote 2 arbitrary
sequences. Show that [e (1) x (1)] ® [e (n)y(n)] =e(n) [x (n) @y(n)]

Solution

[e(m)x(n)]® [e (n)y(n)] =a"x(n)®a"y (n)

[ e . —.
= 2 akx (k) a*y (n — k)

k=—c0

= i akakx (k) y (n — k)
k=—00

= ), a'x(k)y(n-k)
k=—00

Move a" outside the summation since does not depend on k, we obtain

[e(m)x(n)]® [e (n)y(n)] =a" E x(k)y (n—k)
k=—oc0

But Z x(k)y (n—k) = x(n) ®y (n), hence the above becomes

k=—00

[e(m)x (] @ [e(n)y ()] = " [x (1) @ y (m) ]
=e(m[x(meym)]

4 Problem 4

Prove X®@Y)eW=X®(Y® W)

Solution

X®Y)eW= f] X®Y)(k Whn-k

k=—c0
= i ( i X(l)Y(k—l))W(n—k)
k=—co \|I=—c0

Move W (n — k) inside the inner sum

XoY)®W = i (ixa)wk—l)wm—k))

k=—00 \|[=—c0

- ( y X(l)W(n—k)Y(k—l))

k=—co \I=—c0

Since summation indices are just dummy variable, we can rename them. Let k be renamed to / and
let I be renamed to k (this can be done in 2 steps using a temporary variable if needed to avoid



confusion). This is equivalent to interchanging the order of integrals in the continuous time domain
case.

After this name switching of the dummy variables we obtain

XeveW= Y | D XOWn-D)Y(-k
|=—00 \k=—00
Now W (n —1) inside the inner sum do not depend on the summation index k, so we can take it

outside the inner sum
(XeY)()

XeY)oW = i iX(k)Y(l—k) Wn-1)

|=—00 | k=—0c0

But now we see that E X (k)Y (I -k)isjust (X®Y)(l) hence the above becomes

k=—c0

XoY)oW = i XoY))Wn-1I)

|=—c0

But the above is a convolution sum. Hence
XeY)oW=XoY)eoW

Which is what we are asked to show.

5 Problem 5

Find causal solution for the 2-sided difference equation y (1) —2.5y (n - 1) + y (n — 2) = 6 (n) for —co <
n<oo

Solution

Let Y (z) be the Z transform of y (n). In addition, since we are told that the system is causal, and the
input occurs at n = 0 only (it is a delta function), then this means that y(n) =0 for n <0.

Now take the Z transform of the above difference equation we obtain
Y(2) - (2527Y (2) + y (1) + (z72Y () + 27y (1) + y(-2)) =1
But the system is causal, hence y (1) = 0 and y (-2) = 0, the above becomes
Y(z)(1-252"1+22) =1

1

Yz —
@) 1-25z714z72



Solve by partial fractions expansion. (1 -25z71+ z‘z) = (z‘1 - %) (2‘1 - 2), hence the above becomes
1
Y@= 1_1 1
(Z‘ - 5) (="-2)
B 1
= -
(5 ~z 1)(2—2 )
B 1
(1-227) (1 - -z—l)
A B
- (1—22‘1> ’ ( ! —1)
1- EZ
Hence
1 A B
(1 _ 22—1) (1 _ lz—l) (1 - 22_1) (1 _ _Z—l)
Therefore,
. 1 1 4
A= hml 1 = 3 = 5
1 (1 - Ez‘l) 1
And
B I 1 1
= lim =-=
w12 (1-2271) 3
Hence
4 1 1 1
Y@ =2 -
3 (1 - 22‘1) 3 (1 _ lz—l)
2
Hence

v =3 @ un -3 (3) won

But the above solution is not stable since the first term above g (2)" u () blows up for large n. I can

find an anti causal solution which is stable, by making the first term —g (2)" u (-n - 1), but the problem
said the system is causal. So I will stop here.

Hence the final solution is
4 1(1\"
=30 u<n>—g(5) u(n)

And it is an unstable system.

6 Problem 6

Solve the one sided difference equation

) = yn =1) + Sy01-2) = ) - 1 =)



for n > 0 where the input is given by 6 (1) and the IC are given by y(-1) =1,y (-2) =0
solution
Let Y (z) be the Z transform of y (1) and X (z) be the Z transform of the input.
Take the Z transform of both side, we obtain
Y@ -[z1Y @) +y (-] + g [22Y (@) + 27y (1) +y (-2)| = X () - [ X (2) + 2 (-1)]

But the input x (1) is 6 (1), hence its Z transform is 1. And x (1) = 6 (-1) = 0 by definition. In addition,
substitute the initial conditions for y () in the above equation and it simplifies to

Y@ -[zY (@ +1]+ % [2Y (@) +271 +0] =1~ [z x1+0]
Y()-zY () -1+ gz‘zY(Z) + gz‘l =1-z1

2 2
Y (z) (1 -z 4 52_2) =1-z141- §Z_1

2- %z‘l
Y(z) = —————
1-z1+ 252
9
14
_ 9 - ?Z
g - gz‘l +272
Now, to find y(n) we need to inverse Z transform the above.
9- U
Y(z) = —
-1_ -1_3
ER
A
i 3) * 3
z71 - 1.3
3 (= -3)
Hence
1n__
9-5z" A B
3\ (o1 * 3
(z1-3) (Z_1 _ 5) (z1-3) (2-1 _ 5)
Therefore
1n__
_9-5z" 9-53 18-33 18-33
A= hlm N = nN=3 -3 -
—153 -1_72 _ 2 b
-3 -3
And
1__4 11
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Hence
1 1
Y(z) =-5 -=
z1-3) 2(,1_3
(1-3) 2(=1-3)
1 2
- _5 3 _ 1 3
11 2(2 4 _
(32 1) (32 1)
5 1 1 1
31 3(2,1_
(Sz 1) (Sz 1)
5 1 1 1
3 (1 - —z*l) (1 - —z*l)
3
Therefore

\%
o

5(1\" 1(2\"
w=3(3) 53] -

The solution is stable since both terms go to zero as n — oo

7 Second solution to Problem 6

This is another way to solve problem 6 above. Solve the one sided difference equation y (n) -y (n —1) +
2 . o .

5y (n-2) = x(n) —x(m—1) for n > 0 where the input is given by 6(n) and the IC are given by
y(-1)=1y(-2)=0

Solution
Since the input is 6 (1), the difference equation is
2
ym-ymn-1)+ §y(n—2) =6(n)-6(n-1)
The homogenous solution is
2
yp(m) -y, (n=1)+ §yh(”—2) =0

Hence the characteristic equation is

z¢-z+=-=0
2 1
[-3)-3) -0
Therefore
2\" 1\"
yh(”)=C1(§) +Cz(§) n>0

Since the input x (1) is an impulse and is zero for n > 0, the particular solution y, = 0. Hence the
general solution is

y(n) =¢q (%) +c) (%) n>0 1)

Now we need to find ¢; and c,. Lets find ¥ (0) and y (1) to help do that. From the difference equation,
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we have forn =0
2
YO -y (D +5y(-2)=50)-5(-)

yO)=1-50)+1
=2

forn=1

Y-y + 2y =60)-50)
7
9
Hence (1) now can be evaluated at # =0 and n = 1 and we obtain 2 equations for c; and c, and they

are

y0)=2=c1+c

7 2 1
w=5=a(3)+a(3)

. . 1 5 . .
Solving we obtain ¢; = 3 and ¢, = > hence the solution is

1(2\" 5/(1\"
y(”)zg(g) +§(§) n>0

Which is the same solution we obtained using the Z transform method.

8 Problem 7

Find the sequence which has the Z transform X (z) = —_—
(1—2’1)(1—22’1)

solution

Since the Z transform is not unique without being given its ROC, we first need to determine the
valid ROC'’s, and for each ROC, determine the corresponding inverse.

Poles are at z=1and z = —% and the zero is at z = 0.

The ROC for a causal system, extends from outside the outermost pole to infinity. Hence for a causal
system, the ROC is |z| > 1. Notice that this system is not stable if it is causal, since the ROC did not
include the unit circle, i.e. |z| = 1.

For an anti causal system, the ROC is the region inside the inner most pole. Hence the ROC is |z| < %
Notice that this system is not stable if it is anti-causal as well since the ROC does not include the
unit circle.

Now we solve the problem.

case 1: ROC is |z| > 1, i.e. causal system:

X(2) = 1 _ A B

-=)(i-2) (-2 (1-2)




Hence
. 1 1
A= hlm n = 5 2
—1-51 e | N
- (-3)
And
B= 1 ! ! 1
= l1m = = —
z7152 (1 - Z_l) (1-2)
Hence
2 1
X(z) = (1—2‘1)_ 1.1
(1-37)
Therefore

0 =200 - 5 oo

1, .
case 2: ROC [z] < 5 Le. anti causal

ym) =-2u(-n-1)+ (%) u(-n-1)

In both cases, the solution is unstable.

9 Problem 8

12

proof that if H (z) is the transfer function of a stable system then |H (ef“’)l <ooforall0 <w <27
Solution

H(z) is the Z transform of the impulse response /(). Hence
H(z) = ih (n)z™
Let z = ¢ _
H(e) = ih (n) e7om

Take the magnitude of both sides

| ()| = |§]h () e
But ih(n) ejon| < i |h (n) e‘j“’”|, so the above becomes

()] < e

= Y ()l

But |e‘f“’”| =1 hence

< Dl

—00

[ ()

1)
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But we are told that this is a stable system, hence by definition of stable system

ih (n) < oo
. Z

|2h ()| < oo

3 ()] < oo @)
From (1) and (2) we obtain N

JH (¢)] < o0

But H (ef‘“) is periodic function in w of period 27. Hence we only need to consider one period, say
[0,2] QED
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