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1 Problem 3.23 (a)

Figure 1: Problem description
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1.1 Part(a)
Labeling the output from the branches as follows

Figure 2: Problem description part(a) labeled

Then the differential equation becomes

y′′1 = u − 2y′1 − 26y1

While the output equation become
y = 29y1

Let x1 = y1
x1 = y1

x2 = y
′
1

}
→

x′1 = y
′
1 = x2

x′2 = y
′′

1 = u − 2y′1 − 26y1 = u − 2x2 − 26x1

}
Hence

(
x′1
x′2

)
=

A︷       ︸︸       ︷(
0 1

−26 −2

) (
x1

x2

)
+

B︷︸︸︷(
0

1

)
u (t)

y (t) =

C︷   ︸︸   ︷(
29 0

) (
x1

x2

)
+

D︷︸︸︷
(0) u (t)

1.2 Part b

To find eAt use the eigenvalue approach. Find find |A − λI |

|A − λI | =

�����
(
0 1

−26 −2

)
− λ

(
1 0

0 1

) ����� =
�����
(
−λ 1

−26 −2 − λ

) ����� = −λ (−2 − λ) + 26

Now solve −λ (−2 − λ) + 26 = 0 or λ2 + 2λ + 26 = 0, which has solutions

λ1 = −1 + 5j

λ2 = −1 − 5j
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Hence we have the following 2 equations to solve for β0 and β1

eλ1t = β0 + λ1β1

eλ2t = β0 + λ2β1

Solving we find

β0 = e−t
(
cos 5t +

1
5
sin 5t

)
β1 =

1
5
e−t sin 5t

Hence

eAt = β0 + β1A

= e−t
(
cos 5t +

1
5
sin 5t

) (
1 0

0 1

)
+
1
5
e−t sin 5t

(
0 1

−26 −2

)
= e−t

(
cos 5t + 1

5 sin 5t
1
5 sin 5t

−26
5 sin 5t cos 5t − 1

5 sin 5t

)

1.3 Part c

To find matrix (jωI −A)−1

jωI −A = jω

(
1 0

0 1

)
−

(
0 1

−26 −2

)
=

(
jω 0

0 jω

)
−

(
0 1

−26 −2

)
=

(
jω −1

26 jω + 2

)
Hence

(
jω −1

26 jω + 2

) −1
=

(
jω + 2 1

−26 jω

)
(jω) (jω + 2) + 26

=

(
jω + 2 1

−26 jω

)
−ω2 + 2jω + 26

=
1

−ω2 + 2jω + 26

(
jω + 2 1

−26 jω

)
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1.4 Part d
To find the frequency response function. Assuming zero initial conditions, from equation 3.10.4
in the book

H (jω) = C (jωI −A)−1 B

=
(
29 0

) 1
−ω2 + 2jω + 26

(
jω + 2 1

−26 jω

) (
0

1

)
=

1
−ω2 + 2jω + 26

(
29 0

) (
1

jω

)
=

29
−ω2 + 2jω + 26

Hence
|H (jω)| =

29
|−ω2 + 2jω + 26|

=
29√

(26 − ω2)
2
+ 4ω2

And phase is

arg (H (jω)) = arg (29) − arg
(
−ω2 + 2jω + 26

)
= − tan−1

2ω
26 − ω2

1.5 Part e
The state solution is

x (t) =

t∫
0

eAτBu (τ )dτ

and

y (t) = Cx (t) =

t∫
0

CeAτBu (τ )dτ

Hence, let u (τ ) = δ (t), then

h (t) = CeAtB

=
(
29 0

)
e−t

(
cos 5t + 1

5 sin 5t
1
5 sin 5t

−26
5 sin 5t cos 5t − 1

5 sin 5t

) (
0

1

)
= e−t

(
29 0

) (
1
5 sin 5t

cos 5t − 1
5 sin 5t

)
= e−t

(
29
5
sin 5t

)
ξ (t)
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