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CHAPTER 1. INTRODUCTION 4

I took this course in Spring 2009 at CSUF to learn more about Vibration and control of vibration. Not part
of a degree program. In the Mechanical Eng. department.

1.1 course description
EGME 431 - 01 Mechanical Yibrations

FRETURM TO RESULTS

CLASS DETAILS

Status O Cpen Carear Undergraduate

Class Mumber 1z328 Dates 1/24/2009 - 5f15/2009
Lession Regular Academic Session Grading Undergraduate Student
Units 3 units Cptian

Location Fullerton Carmpus

Instructon Mode In Persan
Campus Fullerton Campus

Class Components Dizcuzsion Fequired

Meeting Information

Days & Times Room Instuctor Meating Dates
Move 4:00PM - 172472009 -
S 1SEM E 042 - Lecture Roorn  Sang June Oh S/15/2009

EMROLLMENT IMFORMATION

Enrollment Requirements EGEM 205, EGEN 2028 and EGCE 302 are prerequisites,

DESCRIPTIOMN

Prerequizites: EGSEN 205 and 308, and EGCE 202, Modeling and analysis of zsingle and
rmultiple degrees of freedor systerns. Response to forcing functions, Vibrations of
machine elernents. Design of vibration izolation systems, Balancing of rotating machinery,
F.andorm excitation and response of mechanical structures,

Figure 1.1: class info

1.2 Textbook

Engineering Vibration (3rd Edition) (Hardcover)

by Caniel J. Inman (Author)
b 9 1.9 ~| (7 customer reviews)

List Price: $45800

price: $119.75 & this item ships for FREE with Super
Saver Shipping. Details
You Save: $38.25 (24%)

In Stock.

Ships from and sold by Amazon.com. Gift-wrap available,

want it delivered Monday, February 27 COrder it in the next 0 hours
and 23 minutes, and choose One-Day Shipping at checkout. Details

20 new from $6&.45 30 used from $58.98

Figure 1.2: Text book
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1.3 Instructor

Dr Sang June Oh

sjoh@fullerton.edu 714-278-2458

1.4
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3.1.1 Description of HW
My grade is 66/70.

1. Equation of motion of spring mass on an incline surface.
2. Equation of motion of pendulum attached to spring.
3. Solving 2nd order ODE’s.

4. Equation of motion of mass attached to 2 pulley’s.

3.1.2 Problem 1.6

Figure P1.5

/fla Find the equation of motion for the system of Figure P1.6 and compute the formula for

\.__“ the natural frequency. In particular, using static equilibrium along with Newton’s law,
determine what effect gravity has on the equation of motion and the system’s natural
frequency. Assume the block slides without friction.

/\’i@

Frictionless
surface

Figure P1.6

Figure 3.1: Problem

Taking displacement along the x-direction shown to be from the static equilibrium position, then applying
> F, = mi along the shown z direction, we obtain

mi = —kx
k
i+ —x=0
m
which is the equation of motion. To obtain the natural frequency, we consider free vibration & + %x =0,
which implies that w, = \/% , hence we see that the natural frequency is independent of g.

We see that gravity has no effect on the spring mass system, this is because we use z to be from the static
equilibrium position of the spring.
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3.1.3 Problem 1.16

- [1.16) A machine part is modeled as a pendulum connected to a spring as illustrated in
" Figure PL16. Ignore the mass of pendulum’s rod and derive the equation of motion.
Then, following the procedure used in Example 1.1.1, linearize the equation of motion,
and compute the formula for the natural frequency. Assume that the rotation is small
enough so that the spring only deflects horizontally.

LSS

/
Ho
r S

L

N

SO

Figure P1.16

Figure 3.2: Problem

First we need to derive the equation of motion. Considering the following diagram

—

L CosB

s - L Cost
_/\/‘-—«L = N

LSing |

Using as generalized coordinates 6, we obtain

1 -\ 2

1
U= ik(L sin 0)® + mg(L — Lcos )
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Notice that in the calculation of U above, we assumed that the spring stretches by L sin @ in the horizontal
direction only, which we are allowed to do for small 6.

Now we can find Lagrangian

L=T-U

= 1m(L19)2 - %kL2 sin? @ — mgL(1 — cos )

2
d(9L\ 9L
dt \ 96 00

%(mL%‘) — (~=kL?sinfcos — mgLsin6) =0

Hence the equation of motion is

mL?0 + kL?sin 0 cos § + mgLsinf = 0

The above is nonlinear equation. Linearize around # = 0 (equilibrium point) using Taylor series, and for
small  we obtain sinf =~ § and cosf =~ 1, hence the above becomes

mLO + kL0 + mgf = 0

@)’+<mg+kL>9:0
mL

Hence effective w,can be found from
W2 — mg + kL

" mL

_ 9.k
Wn = L+m
g

Comparing the above to the natural frequency of pendulum with no spring attached which is w,=,/1, we
can see the effect of adding a spring on the natural frequency: The more stiff the spring is, in other words,
the larger k is, the larger w, will become, and the smaller the period of oscillation will be. We conclude that

a pendulum with a spring attached to it will always oscillate with a period which is smaller than the same

pendulum without the spring attached. This makes sense as a mass with spring alone has w, = %

Hence

3.1.4 Problem 1.32
LN 5\1.32. Solve ¥ + 2x + 2x = Ofor x, = 0 mm, v, = 1 mm/s and sketch the response. You may
“—" wish to sketch x(#) = e and x(t) = —e ™ first.
12 Narive tha farm Af A and ) aivaen hu annatinn (1 21 fram annatinn (1 972\ and tha

We need to solve % + 2% + 2z = 0 for g = Omm and vo = lmm/s

The characteristic equation is A2 4+ 2\ + 2 = 0 which has roots A2 = —bt V;f_‘l‘w = _2i2" -8 — 14 j

Hence the solution is
zp, = e *(Acost + Bsint)

is the general solution. Now we use I.C. to find A, B. When t =0
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0=A

Hence z;, = Be~tsint, and ), = Be tcost — Be tsint and at t = 0, we obtain 0.01 = B

Then

zp = 0.0le tsint
This is a plot of the solution for ¢ up to 50 seconds

001 &~ sinf)

0.00=0

0.002%5

0.0020

x(t)

0.0015

0.0010 F

00005 f| |

0.0000

10 20 30 40 S0

tithe

3.1.5 Problem 1.43

Ko = 100 mm.
(1 43}’Solve % — % + x = Owith xo = 1 and v, = 0 for x(¢) and sketch the response.
(i

1.44. A spring-mass—damper system has mass of 100 kg, stiffness of 3000 N/m, ajnd dampmg
coefficient of 300 ke/s. Calculate the undamped natural frequency, the damping ratio, and

We need to solve £ — % +x =0 for o =1 and vo =0

The characteristic equation is A2 — A + 1 = 0 which has roots A; 2 = —bt "222_4“ =1 V21_4 % + j?

Hence the solution is

3 3
T = st (A cos %t + Bsin \g_t>

is the general solution. Now we use I.C. to find A, B. When ¢t =0
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1=A
Hence zj, = ezt (cos @t + Bsin @t), and
(VB VBN, wf VB. V3 . V3 B
xh—ie (coszt—i-anzt) +e —7sm7t+37cos7t
and at t = 0, we obtain
1 V3
—_-4+BY?
0 2 + 2
-1
B=—
V3
Hence
zn = ez | cos @t— isin ﬁt
b 2 /3 2
This is a plot of the solution for ¢ up to 12 seconds
L e YEX NEER2)
- |3 cos -4/ 3 sin
3 2 2
[T T T T T T T T T T T T |_| T T T T
[ L A
5 '-- x"-\.
e %,
of —_— — S
1
5
\ ]
1 ]
—snk \ 4
|
w -0t |
[ |
[ f
- I -
—150 | [
| [
i . (-
I ! | ]
I \ ]
—200 + Y f .
.“\..e"lll
1 1 1 1 1 1 1 1 1 1 1 1 |
2 4 fa 2 10 12
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3.1.6 Problem 1.62

e e A A

. )
—S  (1.62) Use Lagrange’ ¢ undamped natural frequency?

L/ y IS
k

y

Figure P1.62

This is a single degree of freedom linear system. Assume z from static equilibrium, then (using parallel
springs) we obtain

1
T:§m$2

1, 5 2 _ 1.2
U—zkx +2kw =kzx

Hence L =T — U = $md? — kz? and the Lagrangian equation is

dafory oL _
dt \ 0% or

d, .
%(mx) —(—2kz)=0

Hence equation of motion is

mi + 2kzx =0

And w, = \/%
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3.1.7 Problem 1.90

Section 1.8 (see also Frobiem 1.43)

0

/1.90.) Consider the system of Figure P1.90. (a) Write the equations of motion in terms of the
— ./ angle, 8, the bar makes with the vertical. Assume linear deflections of the springs and lin-
earize the equations of motion. (b) Discuss the stability of the linear system’s solutions in
terms of the physical constants, m, k, and L. Assume the mass of the rod acts at the center
as indicated in the figure.

k k
. -T— I c.g {
3 |
Y
- O
Figure P1.90

3.1.7.1 Part(a)

g%r;: R Ténson

<L o i 7 r
) "f" N Mg W\é}fc 25/ v

1 [1.\2
T== m|~-

()
%ml%’z

1 1
UspTings = Ek(l sin0)2 + Ek(l sin 0)2
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Assuming small angle oscillation, sin § ~ 6, hence

Usprings = kl202

and for the mass, since it losses potential, we have

l
Unass = —mg<; — 5 COS 0)

Hence Lagrangian L is
L=T- (Usprings + Umass)

= éleH'Q - (kl202 - mg%(l — cos 0)>

_ 1o 000 [
—8m10 kl“6 +m92 mg2c080

Now find the Lagrangian equation

oL 1

= 29
Y 4ml 0

d (oL 1 .
oL

l
—_— — 2 — 1
0 — 2kl9+mgzsln0

Hence
d (0L OL 1 5= 9 l .
dt(ae) ~ %0 = 4:ml [ < 2kl 0+mg2s1n0>
= iml2é+2k129 —mg% sin 6

And the equation of motion is

imﬁé + 2k1%0 — mg% sinf =0

i1 %0 99n9-0
m l

Linearize by setting sin 6 ~ 6§ we obtain equation of motion

é+o<f:—2‘;’>= (1)

Hence
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3.1.7.2 Part (b)

To discuss stability, we need to determine the location of the roots of the characteristic equation of the
homogeneous EQM, hence from equation (1), we see that

0+w20=0

And assuming solution 6(¢) = e** leads to the characteristic equation

M4+w2=0
2= —w?
e
= £jV/w}
Since w2 > 0, then
A= tjw,

Since roots of the characteristic equation on the imaginary axis, this is a | marginally stable system | regardless
of the values of m, [, k.

Since we are looking at the linearized system, there is only one equilibrium point, and the system is either
stable or not. Here we found it is marginally stable. The effect of changing k,l, m is to change the period of
oscillation around the equilibrium point.
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3.1.8 Key for HW1

,H i /C€P)

1.6 Find the equation of motion for the system of Figure P1.6, and find the natural frequency.
v In particular, using static equilibrium along with Newton’s law, determine what effect
K%V gravity has on the equation of motion and the system’s natural frequency. Assume the
block slides without friction.

/ Frictionless
surface

Figure P1.6

Solution:
Choosing a coordinate system along the plane with positive down the plane, the free-

body diagram of the system for the static case is given and (a) and for the dynamic case

in (b):
L v 1
> I x I X,
-fx m -k(x+tx,) m
mgsin® ) mgsin®
|' mgcos0 ! mgcos0

In the figures, N is the normal force and the components of gravity are determined by the
angle 0 as indicated. From the static equilibrium: —kx, + mgsiné=0. Summing forces

in (b) yields:

3 F, = mi(t) = m¥(1) = —k(x + x,) + mgsin@
= mf(t)+kx=—kx,+mgsin6=0
= mi(t) +kx=0

=>co,,=\Iz rad/s
_ym
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1.16 A machine part is modeled as a pendulum connected to a spring as illustrated in Figure
P1.16. Ignore the mass of pendulum’s rod and derive the equation of motion. Then
following the procedure used in Example 1.1.1, linearize the equation of motion and
compute the formula for the natural frequency. Assume that the rotation is small enough
so that the spring only deflects horizontally.

C

YIS IIIII IV

OOUONONONNNNNNNN

Figure P1.16

Solution: Consider the free body diagram of the mass displaced from equilibrium:
N

+

9 £cos® _ \W)

/ —'m’"g
£sin@

There are two forces acting on the system to consider, if we take moments about point O

(then we can ignore any forces at O). This yields
Y M, =J,a= mt'd=—mglsin6 - kisin0 £cosO
= mf*0 + mg{sin + k* sinfcosf =0

Next consider the small 8 approximations to that sin@ ~ 8 and cos@=1. Then the

linearized equation of motion becomes:
by + (M] 0(r)=0
mé

Thus the natural frequency is

mg+kf ‘w»)
@, = d/
3 1’ -y, rad/s
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1.32 Solve ¥+2x+2x =0 for x,=0 mm, v, = 1 mm/s and sketch the response. You
may wish to sketch x(t) = e” and x(t) =-¢" first.
Solution:
Given ¥+ 2x+x=0 where x,=0, v, = 1 mm/s
Let: x=ae” = x=are" = ¥=ar’e"
Substitute into the equation of motion to get
ar’e” +2are” +ae" =0=>r*+2r+1=0=>r,=—1%i

So

x= cle(-l+i)1

+ e = k= (—1+i) ™ +(=1-i) e
Initial conditions:

% =x(0)=¢+c,=0 = ¢ =-— )
v, = 2(0)= (+1+i)¢ +(~1-i)c, =1 )

Substituting equation (1) into (2)

Vo = (1+i)g —(-1-i)g =1

1, 1,
G==zh 6=7i
1 . (=l4)e | . (=i}t 1 o ~tf it —it
)= —— += =——ie '(e" —e
x(1r) e Sle > ( )

Applying Euler’s formula

x(f)= —;—ie—'(cos t+isin t—(cos t —isin 1))
x(t)=¢"'sint

Alternately use equations (1.36) and (1.38). The plot is similar to figure 1.11.
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1.43 Solve ¥—x+x=0 with x, = 1 and v, =0 for x(z) and sketch the response.

Solution: This is a problem with negative damping which can be used to tie into
Section 1.8 on stability, or can be used to practice the method for deriving the
solution using the method suggested following equation (1.13) and eluded to at
the start of the section on damping. To this end letx(f) = Ae" the equation of
motion to get:

A -1+1ne¥=0
This yields the characteristic equation:

/‘Lz—l+]=0=l=%i§j, where j=\/-—_1

There are thus two solutions as expected and these combine to form
A A
2

x(t)=e"¥(Ae’ +Be )
Using the Euler relationship for the term in parenthesis as given in Window 1.4,
this can be written as
x(1) =" (A, cos?ﬁ A, sin i23-1)

Next apply the initial conditions to determine the two constants of integration:
x(0)=1= A1)+ A,(0)=> A =1

Differentiate the solution to get the velocity and then apply the initial velocity
condition to get
x(1)=

V3 V3 V3 V3

1
Ee"(Al cosgﬂ +A, sin730)+ e 7(—:‘11 sin-2—30+ A, cos—2—0)= 0

=>A,+J§(A,)=0=>A2=-%,
os, N3 1 .3

cos—1 — —=sin—1

( N )

This function oscillates with increasing amplitude as shown in the following plot
which shows the increasing amplitude. This type of response is referred to as a
flutter instability. This plot is from Mathcad.

=x(t)=e
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(“W 1.62 Use Lagrange’s formulation to calculate the equation of motion and the natural
frequency of the system of Figure P1.62. Model each of the brackets as a spring
of stiffness k, and assume the inertia of the pulleys is negligible.

LA S S

ST S

Figure P1.62

Solution: Let x denote the distance mass m moves, then each spring will deflects
a distance x/4. Thus the potential energy of the springs is

2
U=2xlk hd =—k--xz
v2 \4 16

The kinetic energy of the mass is
- w 1

=—-7nx'2
2

Using the Lagrange formulation in the form of Equation (1.64):

afaf1 . a(k) . . d, N k__
E(ax(zm DJ’ax{ 16 ]_o: 2™ g =0

=>mic'+-’£x=0=>a) =l1’—k— rad/s
8 " 2\¥2m
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1.64 Lagrange’s formulation can also be used for non-conservative systems by adding

the applied non-conservative term to the right side of equation (1.64) to get

d(a:r] aT U R _
—) = |-—t—=+===0
dt\d4,) dq, 9g, ag,

Here R, is the Rayleigh dissipation _ﬁmctionb defined in the case of a viscous
damper attached to ground by
1 .
R = cdf
Use this extended Lagrange formulation to derive the equation of motion of the
damped automobile suspension of Figure P1.64

Figure P1.64

Solution: The kinetic energy is (see Example 1.4.1):
1 J..
T= E(m + -r—z)xz

The potential energy is:
U= 1 b
2
The Rayleigh dissipation function is
R=tcs®
2

The Lagrange formulation with damping becomes
d(ar) or U 3R _.

a\3q,) dq, 3, 3,

i i l i =2 i _l_ 2 _2_ l 2|
= dt(af(2(m+rz)x D+ax(2kx ]+ai(2cx ]—0

=>(m+iz)f+ci+kx=0
r
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Problems and Solutions Section 1.8 (1.90 through 1.93)

1.90 Consider the system of Figure 1.90 and (a) write the equations of motion in terms
of the angle, 6, the bar makes with the vertical. Assume linear deflections of the
springs and linearize the equations of motion. Then (b) discuss the stability of the
linear system’s solutions in terms of the physical constants, m, k, and £. Assume
the mass of the rod acts at the center as indicated in the figure.

k k

Figure P1.90
Solution: Note that from the geometry, the springs deflect a distance
kx = k(£sin6) and the cg moves a distance %cos@. Thus the total potential
energy is : /4
. i
| gf | ok
U =2 x —k(£sin8)? - —=—cos6. mall 4 5\ :
2 Nz~

and the total kinetic energy is '\ (5(%

=—J ez_lﬁez

The Lagrange equation (1.64) becomes

2
%(g—g)+?;9] %(%9)+2k£sm90059——mg£sm9 0

Using the linear, small angle approximations sin@ =~ 8 and cos =1 yields
2
2) —"’3‘;6+(2kﬁ ngz)e 0

Since the leading coefficient is positive the sign of the coefficient of 8 determines
the stability.

if 2k£—%£>0=>4k>%=> the system is stable
b) if 4k=mg= 0(f)=at+ b= the system is unstable

if 2ke—-";ﬁ<o=>4k<l"f-=> the system is unstable

Note that physically this results states that the system’s response is stable as long
as the spring stiffness is large enough to over come the force of gravity.
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3.2.1 Description of HW

1. Find solution to spring mass system with forcing function for different IC.

2. Compute IC for spring mass system to cause it to oscillate at some frequency.
3. Find EQM for spring-damper-mass system on incline surface.

4. Car and passengers and different speeds, deflection calculations.

5. The unbalanced mass rotating, the washing machine problem.

3.2.2 Problem 2.7

( 2.7/ Consider the system in Figure P2.7, write the
Tesponse assuming (a) that the system is initiall
Initial displacement of 0.05 m.

€quation of motion, and calculate the
y atrest, and (b) that the system hag

= x()

> 10sin10: N
Friction-

free

surface

Solution sketch: Obtain the Lagrangian, find EQM, solve in terms of general initial conditions z(0) = z¢ and
%(0) = o, then solve parts (a) and (b) using this general solution.

This is one degree of freedom system. Using x as the generalized coordinates, we first obtain the Lagrangian
L

L=T-U
Where
1
T=§m:i:2
1
U=§kx2
_ Ll o Ll o
L—me 2kx
6—L—m5£
0:
4oL _
dt 0
6—L=—kw
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Hence the EQM is (using the Lagrangian equation), and F' = 10 and w = 10 rad/sec. (the forcing frequency)

mi + kxr = Fsinwt
L+ —x=—sinwt
m m
F
i+ wir= Esinwt (1)
Where w2 = £ The solution is
z(t) = zn(t) + zp(t) (2)

To obtain zpt(t)
ip(t) +wizn(t) =0

Assume 7 (t) = e* and substitute in the above ODE we obtain the characteristic equation

M +w2=0
A= tjw,
Hence
zp(t) = Acoswpt + Bsinwp,t (3)
Guess

xp(t) = c1 coswt + cp sinwt

Zp(t) = —wer sinwt + wep coswt

2 2

Zp(t) = —wcq coswt — w?cy sinwt

Notice, the above guess is valid only under the ‘condition that w # wy, ‘ which is the case in this problem.
Now, substitute the above 3 equations into (1) we obtain

2 2. 2 . F
(—w?cy coswt — w?casinwt) + wj (c1 coswt + co sinwt) = — sinwt
m
F
sinwt(—w?es +w2eo) + coswt(—w?ect + wier) = —sinwt
m

By comparing coefficients, we obtain

F/m

2T W2 —w?)

and ¢; = 0, hence

zp(t) = @?%2) sinwt

Then from (2) we obtain
2(t) = zn(t) + zp(t)

F
=zp(t) + _F/m sinwt
(Wi —w?)

Using (3) in the above

z(t) = Acoswy,t + Bsinw,t + (w;/_nzuz) sin wt (4)
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Now assume z(0) = zo and %(0) = vo For the condition z(0) = o we obtain
For the condition %(0) = vp we obtain
F
z(t) = —Awy, sinwpt + Bwy, cos wy,t + w¢ cos wt
(Wi —w?)
. F/m
ZL'(O) =V = Bwn +WW
Hence
v w F/m
p=2_%_ J/m_
Wn Wy (W2 —w?)
Hence (4) can be written as
z(t) = zo coswpt + w_w_Fjm sinwpt + F/imsinwt
T T\ wn (@2 - w?) T (WE - w?)
Let ﬁ = r, the above becomes
F
Vo o . F/m .
a:(t) = Tgcoswnt + (u)n — ‘*’%(1_7"2)> sinw,t + W sin wt
But w2 = £ hence
F F
z(t) = zg coswyt + B m" o t+-—" sinwt
I N T E(1—12) T E (2
Therefore, the general solution is
F F 1
f(t) =X Coswnt + ((Zi —_ k(]_—r'r2)> Sinwnt + Em Sinwt (5)
3.2.2.1 Part(a)
When zy = 0,vp = 0 we obtain from (5)
F r ) F 1 .
z(t) = (_k(1—7‘2)> sinwp,t + P sin wt (6)

Substitute numerical values, and plot the solution. F' = 10, w = 10 rad/sec., k = 2000, m = 100, w,, = 4/ % =
44721,r= > = T30+ = 2.236 1, then equation (6) becomes

10 22361 \ . 10 ) |
=) = (_ 2000 (1 — 2.236 12)) sin 447210+ 2600 (1 — 2.236 12) 10

= 0.002795sin 4.472 1¢ — 0.001250 sin 10¢

In the following plot, we show the homogeneous solution and the particular solution separately, then show
the general solution.
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3.2.2.2 Part(b)

When zy = 0.05 and vy = 0 we obtain from (5)

F r F 1
z(t) = 0.05 cosw +< A (1_7_2)>s1nw t+ P sin wt

Substitute numerical values found in part(a), then the solution becomes

10 22361
2000 (1 — 2.23612)

=0.05co0s4.472 1t + 0.002795 sin 4.472 1¢ — 0.001250 sin 10¢

10 1
in4.472 1t in 10¢
) S * 2000 (1 - 2.23612) ™"

z(t) = 0.05cos4.472 1t + (

In the following plot, we show the homogeneous solution and the particular solution separately, then show
the general solution.
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3.2.3 Problem 2.10

e

( 2.10.) Compute the initial conditions such that the response of

| mx + kx = F,coswt
oscillates at only one frequency (w).

Following the approach taken in problem 2.7, the EQM is
F
F+wir = =2 coswt
m

And z(t) = zx(t) + zp(t) where z(t) = Acoswpt + Bsinwyt. For z,(t), guess z,(t) = ¢1 coswt + cp sinwt
and following the same steps in problem 2.7, we obtain

F
sinwt(—w?es + w2ea) + coswt(—wcr + wier) = 29 coswt
m

Notice that the above guess is valid only under the ‘ condition that w # wy, ‘ . Compare coefficients, we find
co =0 and

(ool
T mw? —w?
Hence 7 1
0
.’L'p(t) = EW cos wt
Then, the general solution is
F 1
z(t) = Acoswnt + Bsinw,t + —Oﬁ cos wt (1)
m w2 —w
Let, at t = 0, z(0) = zo, and £(0) = vg,then from (1), we find
F, 1
—A40 -
T + ™l — o
F 1
A=ao—— 2 _ 2
m w2 —w
And since 7 1
z(t) = —Awy, sinw,t + Bwy, cos w,t — w2 ——— sinwt
m w2 —w
Then
v9 = Bw,
)
= o

Therefore, the general solution is (from (1))

— _Fo__1 Vo i Fo_ 1
z(t) = (aco 0 w%_w2> coswpt + ¢ sinwnt + 12 STz €08 wt
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To make the response oscillate at frequency w only, we can set vg = 0 to eliminate the sinw,t, and set
zo = £2 1 to eliminate the coswyt term. Hence, the initial conditions are

Vo = 0
R 1
e
3.2.4 Problem 2.29

/f\
Q9D Write the equation of motion fo

F(t) = Fcosot and the surface is fri
of oscillation?

F(r)

Figure P2.29

2 W A frnt e 3.1 0

This is one degree of freedom system. Using z along the inclined surface as the generalized coordinates, we
first obtain the Lagrangian L
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We first note that kA = mg cosf and the mass will lose potential as it slides down the surface. We measure

everything from the relaxed position (not the static equilibrium.) This is done to show more clearly that the
angle do not affect the solution.

L=T-U
Where

1 (d 2
= 1ma’:2

U= %k(m + A)? —mg(z + A)cosf
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Hence

L= %mﬁ - (;k(a: + A)? —mg(z + A) cos 0)
1 1
= §m5v2 - Ek(a: + A)? + mgz cos 6 + mgA cos 0

oL _ .

ox
4oL _
dt 0

oL

% = —k(z+ A) + mgcos6
= —kx — kA + mgcosf

But KA = mgcos 6, hence the above reduces to

oL
Yk
Ox v
Hence the EQM is (using the Lagrangian equation)
d oL 0L
%a — % = Fcoswt

mi + kx = F coswt

., 2 _F
I+ w,r = —coswt
m

(1)

Where w2 = % We see that the angle 6 is not in the EQM. Hence the solution does not involve § and the

oscillation magnitude is not affected by the angle ‘ Intuitively, the reason for this is because the angle effect
is already counted for to reach the static equilibrium. Once the system is in static equilibrium, the angle no

longer matters as far as the solution is concerned.

3.2.5 Problem 2.46

if three passengers total-
f the passengers on the
added passenger mass

’ i a illustrated in Figure P2.46,

sider Example 2.4.1 for car 1,1 :
‘&46' i(mZ(l)Otkg are riding in the car. Calculate the c.ffect of the me}s; o
1degflection at 20, 80, 100, and 150 km/h. What 1s the effect of the

on car 27

1 with

IVIUULL UL G4 veaas Oy

l‘lguu: e L\ ] -
y(6) the mass of the occupants, 171, included.

e imecisn cuctem for car 2
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From example 2.4.1, we note the following table

TABLE 2.1

DISPLACEMENT FOR TWO DIFFERENT CARS

COMPARISON OF CAR VELOCITY, FREQUENCY, AND

Speed (km/h) p 2 ry Xy (cm) X, (cm)
20 5.817 0.923 1.158 3.19 2.58
80 23.271 3.692 4.632 0.12 0.07
100 29.088 4.615 5.79 0.09 0.05
150 43.633 6.923 8.686 0.05 0.03

Also, from example 2.4.1, the mass of car 1 is 1007kg and the mass of car 2 is 1585kg. Hence we write

my1 = 1007kg
mg = 1585kg

To find the deflection of the car, we use equation 2.70 in the book, which is

X:Y\/ L+ ()’
(1—=72)" + (2¢7)

Where X is the magnitude of the steady state deflection and Y is the magnitude of the base deflection, which
is given as 0.01 meters in the example.

Hence, for each speed, we calculate w;, and then we find w, =

— c
é- = 2y/k(mi+my)

car my). Next, we do the same for car mo. These calculation are shown in the following table. Note also that
¢ =2000 N s/m as given in the example and k = 4 x 10* N/m

k " and then find r = 5—: and then find

mi+m

and then using equation(1), we calculate X. This is done for each different speed (all for

car 1
_ _ k _w _ 1+(2¢
v (km/h) | wp=02909 v | wn = /o | T=00 | €= s A | X Y\/ Ty (em)
20 5.818 5.756 7 1.0106 | 0.14392 3.571
80 23.272 5.756 7 4.0426 | 0.14392 0.0997 car
100 29.09 5.756 7 5.0632 | 0.14392 0.0718
150 43.635 5.756 7 7.5799 | 0.14392 0.0425
_ _ & _w _ _ 14(2¢r)?
v (k‘m/h) Wp = 0.2909 v Wp = matm, T = ﬁ € = W\/% X = Y\/(l_*?&)(g%g (cm)
20 5.818 4.7338 1.229 0.11835 1.7726
2 80 23.272 4.7338 4.9161 | 0.11835 0.066141
100 29.09 4.7338 6.1452 | 0.11835 0.04797
150 43.635 4.7338 9.2178 | 0.11835 0.02857

Observations: The heavier car (car 2) has smaller defection (X values) for all speeds.

Adding passengers,

causes wy, to change. This results in making the deflection smaller when passengers are in the car as compared
without them. Heaver cars and heavier passenger results in smaller deflection values. For the lighter car
however, adding the passenger did not result in smaller deflection for all speeds. For speed v = 20, adding
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the passenger caused a larger defection (3.19 vs. 3.571). As car 1 speed became larger, the deflection became

smaller for both cars.

So, in conclusion: lighter cars have larger deflections at bumps, and the faster the car, the smaller the

deflection.

3.2.6 Problem 2.57

257 Consider a typical unbaianced machine

: problem as given in Figure P2.57 with -
chine mass of 120 kg, a mount stiffness of 800 kN/m, znd a dam gin Val“ ! ‘;]lth o
The amplitude of the out-of-balance f bing vaue of 500 kg/s.

: : orce is measured to be 374 N at a i
speed of 3000 rev/min. (a) Determine the amplitude of motion due to the out of kr)z?qr::eg

(b) If the Out-Of-balanCe mass iS esti ed to be 0 O
mat 9 i
. . /( f the tOtaI mass, estimate the

Guide Guid
\ uide

Machine x(t)

of total mass m

Friction-free

Rubber floor mounting
surface

modeled as a spring
and a damper

Figure P2.57 Typical unbalanced machine problem.

Given m = 120 kg, k = 800 x 103N/M, ¢ = 500 kg/s, and mass mg has angular speed of w, = % = 1007
radians per seconds

3.2.6.1 Part(a)

The rotating mass will cause a downward force as the result of the centripetal force moew? sin (w,t). Hence
the reaction to this force on the machine will be in the upward direction. Hence

F, = moew? sin (wy,t)
Hence the machine equation of motion is
mi + ci + kx = moew? sin (wyt)

&+ 2w +wiz = %ewf sin (wyt) (1)
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By guessing z, = X sin(w,t—0) then we find that (The method of undetermined coefficients is used, derivation

is show in text book at page 115)
2

mee r
™o @) 4 2r)?

This is the maximum magnitude of motion in steady state. In the above, r = U‘:’—; Hence to find X we
substitute the given values in the above expression. We first note that we are told that mgew? = 374N, hence
mee = %4 but we found that w, = 1007 rad/sec, hence

X = (2)

4

Mot = Lz — 0.003789 4

(100 )

And L _00m _ 1007 o

ERYE SRV
And

500
f=_—° - —0.025516
o2vkm  2v/800 x 10° x 120

Substituting into (2) gives

. (0.0037894) 3.84762
120/ /(1 - 3.8476%)° + (2 x 0.02551 6 x 3.8476)°
=3.3863 x 1075 meter

3.2.6.2 Part(b)
We are told that m, = 0.01 x m, hence m, = 0.01 x 120 = 1. And since we are told that moew? = 374N then

374 374
e= 5 = 5 = 3.8 X 103 meter
mow; 1. x (1007)
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3.2.7 Key for HW2
v

EGHME 43| Hond<t  3]16( HiW 2 SDLUTIO\I

2.7  Consider the system in Figure P2.7, write the equation of motion and calculate the
response assuming a) that the system is ‘initially at rest, and b) that the system has an
initial displacement of 0.05 m.
- 2(4

kg " Wainied

Solution: The equation of motion is
mx+ kx =10sin10¢
Let us first determine the general solution for
i+elx=fsinot
Replacing the cosine function with a sine function in Eq. (2.4) and following the same
argument, the general solution is:

x() = A sinw,t+ A cosmt + ,f" Tsin @t
w, -0
Using the initial conditions, x(0) = x, and x(0) = v,, a general expression for the
response of a spring-mass system to a harmonic (sine) excitation is:
x() = (—Z)L" —a)ﬂ” . P wz)sin @,t+ X, cos@,t +-m”,—istin ot
o Given: £=2000 N/m, m=100 kg, =10 rad/s,

k2000 F, 10 )
= & = 222 = 20 rad/s = 4.472 rad/ =2 =—=0.1Nk
\/; V100 Voordis=44T2madls m 100 &

a) x=0m,vp=0m/s
Using the general expression obtained above:

x(1)=0- J_F—I[F)st_HOnLE?—I—FsmlOt

=2.795%1075in4.472¢ - 1.25% 107 sin 10¢
b) x=0.05m, vo —Om/s

1 0.1
N=0-—7== 201 +0.05 cos~/20r + 10t
x(1) =( -J— ﬂ)sm COs: m-sm

=0.002795sin4.472¢ + 0.05cos4.472¢ — 0.00125sin 10¢
=5.01x102sin(4.472¢+1.515)=1.25x 10> sin10¢
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2.10

Compute the initial conditions such that the response of:
mx thkx= Fg cosmt

oscillates at only one frequency (®).
Solution: From Eq. (2.11):
So So

vy .
x(t)= =9 sin Wt +(xg — 2)cos Ot +—— 5 €S ot
Oy - — 0 0, -

For the response of m %+ kx = F,cos @t 1o have only one frequency content, namely,

of the frequency of the forcing function, w, the coefficients of the first two terms are set
equal to zero. This yields that the initial conditions have to be

Xy = —z—f“— and v, =0
2
0, -0
Then the solution becomes
x() = -Tf“——zcos ot
w —

n

2.29 Write the equation of motion for the system given in Figure P2.29 for the case
that F(f) = F cos@ ¢ and the surface is friction free. Does the angle® effect the
magnitude of oscillation?

7

Solution:

Free body diagram:

(Forces that are normal
to the x direction are F(t)=F cos @t
neglected)

Assuming x = 0 to be at the equilibrium:
Y F.= F+mgsin@ - F, = mx

mgsin @

where F, = k(x + ) and F(t)= Fcoswt

Then the equation of motion is:
mx+ kx = Fcoswt

Note that the equation of motion does not contain 6 which means that the
magnitude of the response is not affected by the angle of the incline.

<)



CHAPTER 3.

HWS 43

2.46

Consider Example 2.4.1 for car 1 illustrated in Figure P2.46, if three passengers totaling
200 kg are riding in the car. Calculate the effect of the mass of the passengers on the
deflection at 20, 80, 100, and 150 km/h. What is the effect of the added passenger mass
on car 2?

Figure P2.46 Model of a car suspension with the mass of the occupants, m,, included.

Solution:

Add a mass of 200 kg to each car. From Example 2.4.1, the given values are:
m, = 1207 kg, m, = 1785 kg, k= 4x10* N/m; ¢ =2,000 kg/s, », = 0.29v.

4
Car 1: a),=J:=J4xm =5.76 rad/s
m 1207
{ == =
'2Jkm, 2,J(4x10°)(1207)
4
Car2: o,= \/7 ,}4’“0 = 4.73 rad/s
1785

2J—; 2J(4 % 105 XI785)

1+ (2Lr)?
(A-r'y +(20ry

12
Using Equation (2.71): X=Y [ ] produces the following:

Speed (km/h) @, n n X X,
(rad/s) (cm) (cm)

20 5.817 1.01 1.23 3.57 1.77

80 23.271 3.871 4.71 0.107 0.070

100 29.088 5.05 6.15 0.072 0.048

150 ,2.40 7.58 9.23 0.042 0.028

At lower speedq there is little effect from the passengers weight, but at higher speeds the
added weight reduces the a.mplitude particularly in the smaller car.

" a oo
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2.57 Consider a typical unbalanced machine problem as given in Figure P2.57 with a machine \W
mass of 120 kg, a mount stiffness of 800 kN/m and a damping value of 500 kg/s. The out
of balance force is measured to be 374 N at a running speed of 3000 rev/min. a)
Determine the amplitude of motion due to the out of balance. b) If the out of balance
mass is estimated to be 1% of the total mass, estimate the value of the e.

Gaide Giide

Yy

|

Trictios Fre
suface

Hachize oftoh! mssw

Fi lgure P2.57 Typlcal unbalance inéi:hmé problem.

Solution:
a) Using equation (2.84) with moe = Fo/w,” yields:
= 800- 1000 =120 ¢ =500 FO := 374 w
wr 1= 100-n . k = 8°10°
k t 1D —
wn = [—
m 2-q|‘k~m
o 81.65
= — wn = 81.
on r = 3.848 ¢ = 0.026
+
o P
or'm J (1 - (2.1 X =3.386°107
b) Use the fact that Fo= moew,” to get
o= FO
T e = 3.158-107°
wr - {0.01-m)
in meters.
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3.3.1 Description of HW

1. Find solution to second order ODE with impulse as input.

2. Spring-damper-mass dropped from height h, find resulting EQM.

3. Find solution to second order ODE with 2 impulses as input, one delayed.

4. Find response of undamped system to half sin input force, using convolution.
5. As above, but the forcing function is triangle looking. Use convolution also.
6. Find Fourier series for sawtooth function.

7. Solving 2nd order ODE with impulse as input using Laplace transform.

8. Find shock response spectrum to half-sine input (hard).

9. Find H(s), the transfer function for ODE.

10. Find the frequency response for the above H(s), i.e. set s = jw and plot.

3.3.2 Problem 3.2

Problem
Calculate the solution to & + 2¢ + 3z = sint + §(¢ — 7) with IC z(0) = 0,£(0) = 1 and plot the solution.
Answer

Z+2%+ 3z =sint+6(t — )
&+ 2bwnd + wiz = sint + §(t — )

Hence and 2éw,, = 2, hence | £ = % = 0.577 35, hence this is’ underdamped system |.

Since z = zp, + T;, then
Tp = e_§W”t(A coswgt + B sinwgt)

We have 2 particular solutions. The first z,, is due to sint¢ and the second z,, is due to §(¢ — w). When the
forcing function is sint, we guess
Tp, =c1co8t+ casint

and when the forcing function is §(¢ — 7) the response is

1
Tp, = me_gw"(t_ﬂ) sinwd(t — 71') <I>(t — 71')

From z,, we find &,, and &,, and plug these into & + 2& + 3z = sint to find ¢; and ¢z, next we find A, B by
using the IC, and then at the end we add the solution z,,. Notice that z,, do not enter into the calculation
of A, B since the impulse §(t — ) is not effective at ¢t = 0.

Tp, = —c1sint + cpcost

Ip, = —cicost —cpsint
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Hence

Zp, + 2&p, + 3Tp, = sint
(—c1cost — casint) + 2(—cy sint + ¢ cost) + 3(cq cost + cpsint) = sint

sint(—cg — 2¢1 + 3c2) + cost(—cy + 2¢2 + 3¢1) = sint

Hence (—2c¢; + 2¢2) = 1 and (2¢3 + 2¢1) = 0. This results in

1
Ccl = ——
1
Cy = Z
Hence
Tp, = —i cost + %sint
Therefore

1 1
Th+ Tp, = e~8“nt (A coswgt + Bsinwgt) — 1 cost + 1 sint

Now we use IC’s to find A, B. At t = 0 we obtain

=

And
1
Th 4+ Tp, = _gwne—ﬁ%t (4 cos wyt + Bsin wdt>
VAR 11
+ e S¥n —de sin wgt + wgB coswgt | + 1 sint + 1 cost

At t = 0 we have

4
g i)
wq
2
But wg = wpy/1 — €2 =+/34/1 — (%) =3 %, Hence then the above becomes
B= %

Hence the final solution is
z(t) = zh + Tp, + Tp,

1 1 1 1 1
= g~ Swnt (4 coswgt + 7z sin wdt> ~1 cost + 1 sint + Wd—me_g“’"(t_”) sinwg(t — ) ®(t — )

Substitute values for the parameters above we obtain

z(t) =e? (% cosv/2t + T sin \/it) — Jcost+ isint+ %e‘“"r) sin v/2(t — ) ®(t — )

This is a plot of the solution superimposed on the forcing functions
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3.3.3 Problem 3.8

o R

hit by the cam?

(3.8.) The vibration of packages dropped from a height of 4 meters can be approximated by

N~ considering Figure P3.8 and modeling the point of contact as an impulse applied to the
system at the time of contact. Calculate the vibration of the mass m after the system falls
and hits the ground. Assume that the system is underdamped.

Figure P3.8 Vibration model of a
package being dropped onto the ground.

BRIOE .
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The magnitude of the impulse resulting when the mass hits the ground is given by the change of momentum
that occurs. Hence
F =Ft=m(fina — vo)

But assuming the mass is dropped from rest, hence vg = 0, and vfina; = gt where t = 2% where h is the
height that mass falls. Hence

A

F= MY final

= m~/2gh

Hence the equation of motion is

| mi(t) + ci(t) + k() = my/3gha ()

Since underdamped, z(t) = h(t) = miwe_é“’"t sin wqt, hence the solution is

2gh
z(t) = %e_gw’” sin wgqt

v2gh
— V9B —twnt sin ot
wq

Taking ¢ = 0 as time of impact.

3.3.4 Problem 3.11
Problem

Compute response of the system 3%(t) + 64(t) + 12z(t) = 36(¢) — 6(t — 1) with IC z(0) = 0.01m and
v(0) = 1m/s. Plot the response.

Answer

35(t) + 6(t) + 122(t) = 36(t) — (¢t — 1)
(1) + 2(8) + da(t) = 5(t) — %5@ —1)
&+ 28w i +wiz = 6(t) — %5(t —1)

Where m = 1,w? = 4, hence w, = 2 and 2w,, = 2, hence £ = % This is an underdamped system.

Wq = wpy/1 — €2 =24/1— (%)2 =2,/3, Hence wqy = /3
Th = e‘ﬁ“’"t(A coswgt + B sinwgt)

The response due to the forcing function §(t) is given by

1
Zp, () = Wd—me_gw"t sin (wqt)

The response due to the other forcing function &(¢t — 1) is given by

11
Tp, (1) = —gme_gwn(t_l) sinwg(t—1)®(t — 1)



CHAPTER 3. HWS

Now we determine A, B from IC’s
zp(0) + zp, (0) = 0.01

1
= e %“nt(A coswyt + Bsinwgt) + ——e 5 sin (wgt)
wgqgm

Hence | A = 0.01 | Now to find B

Ep(t) + @p, (t) = —Ewne (A coswat + Bsinwgt) + e ™9t (— Aw, sin wgt + Buwg cos wgt)

t=0

sin (wat) + —2
wgm

_gwn e_gwnt

et cos (wqt)
wgam

_|_

But 4(0) + 2p, (0) = 1, hence from the above, and noting that m =1

1=—-Afw, + Bwg +1
Aé.wn

wa

0.01(3) 2

V3

B =

Hence 1

B=—_
100v/3

Therefore

zp = e &Wnt (1 coswgt + 1 sin wdt)
100 100+/3

Now we can combine the above solution to obtain the final solution

2(t) = 2(h) + zp, () + 2p, (t)

= g fwnt <1 coswgt + # sinw, t>
100 4T 100v3°0 ¢
1
+ ——e “ntgin (wyt)
wqm
- lie_g‘”"(t_l) sinwg(t —1)®(t — 1)
3wgm

Substitute numerical values for the above parameters, we obtain

z(t) =

a0 (cos B+ Jgem V) + Joetsin (V) = 5 Jae(Vsn (Ve ~ 1) ate 1)

This is a plot of the response
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o ¢ 51-_1]
solution to |x°'[(f) +2x (F] +4x(f) = d[f) — ; J

I.D: I ——T— T T——T1—

ngl ]

0.6

0.4 ]

x(t)

I
e
_

nal

0.0 [ —

N2k i

a 3 10 15
time t

3.3.5 Problem 3.16

LLLLLLLLLL Y OREAMSLLESAL AN WAL LEL LIV L,

\316 Calculate the response of an underdamped system to the excitation given ir
Figure P3.16.

(@)

|
0 T 21

Figure P3.16 Plot of a pulse input of the form f(¢) = F,sint.
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Let the response by z(t). Hence z(t) = zx(t) + z,(t), where z,(t) is the particular solution, which is the
response due the the above forcing function. Using convolution

t

2,(t) = [ Fr) bt ~7)dr

0

Where h(t) is the unit impulse response of a second order underdamped system which is

e—fwnt

h(t) =

sin wgt
mwq

hence
" t
zp(t) = m—id/ sin (1) e~ (=) gin (wg(t — 7)) dr
0

t
Foe—Ewnt

/eﬁ‘*’"" sin (7) sin (wg(t — 7)) d7

0

Using sin Asin B = }[cos (A — B) — cos (A + B)] then

mwq

sin (7) sin (wgq(t — 7)) = %[cos (T —wyq(t — 7)) — cos (T + wqa(t — 7))]
Then the integral becomes

Foe_g“’"t

zp(t) = 2mwg

¢ t
/eﬁ“’nf cos (T —wq(t — 7)) dr — /egwnr cos (7 +wa(t — 7)) dr
0

0

Consider the first integral I; where

t
IL = /e‘f“’"" cos (T —wq(t — 7)) dr
0

Integrate by parts, where [udv = uv— [ vdu, Let dv = e5“»7 — v = ez::T and let u = cos (7 — wqy(t — 7)) —
du = —(1 4 wy) sin (1 — wg(t — 7)), hence

L= [cos(T—wd(t—T)) t}:

n

¢ efwnr
/ [—(1 + wa) sin (7 — wa(t — 7))] dr
0

6§wnt 1
— Joos e —walt = 1) .~ — c0s(0 - walt ~ 0) ¢

t
+ (12;:@/6&*’” sin (7 — wa(t — 7)) dr

t

= g% [cos (t) 5" — cos (wat)] (1 T /e&mr sin (7 — wa(t — 7)) dr (1)

0
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ef“’n"’

Integrate by parts again the last integral above, where [udv = uwv — [ vdu, Let dv = ef9nT 5y = o and
let u =sin (7 — wq(t — 7)) = du = (1 + wq) cos (T — wqa(t — 7)), hence

EwnT t

t
/ §wnT sin (17 — wy(t — 7)) dr = [SIH(T_wd(t_T)) eﬁw
n 1o

EwnT
/ ¢ (1 4+ wqg) cos (1 — wq(t — 7)) d7

[sm (t) €¥“n* + sin (wqt)] —

 wn
(L+wa) [* ewr
Ewn /0 e*“nT cos (T — wy(t — 7)) dr (2)

Substitute (2) into (1) we obtain

L= e [cos (t) et — cos (wqt)] +
(15—:):}”[) <§wn [sin (t) ef“rt 4+ sin (wat)] — (1;:@ /Ot ef“nT cos (T — wy(t — 7)) dT)
(14 waq)

= Ewin [cos (t) et — cos (wqt)] + o

5> [sin (t) €5 + sin (wat)]

B CE ) AN
G ottt =)
= 5% [cos (t) €5 — cos (wat)] + ((16‘::)’;) [sin (£) €57 + sin (wat)] — (1( —:}:)d) L
Hence
I 1+ UJd)2 1 Ewnt (14 wa) ;. font o o

Lt Wll = twon [cos (t) " — cos (wat)] + o)’ [sin (t) €5 + sin (wqt)]
I ((éwn) (;(1);_ wa) > - g%n [cos (t) €5t — cos (wat)] + (25: "‘)’g) [sin (£) et + sin (wqt)]

L= ( (n)” 2)

(é-wn) + (1 + wd)
(1 + wd)

(5317» [cos (t) efWnt _ oog (wat)] + 5~ [sin (t) eswnt 4 gin (wdt)]>

(§wn)

_ Ewn [cos (t) e8nt — cos (wat)] + (1 + wa) [sin (¢) e + sin (wqt)]
(€wn)® + (1 +wa)?

Now consider the second integral I, where

¢
L = /eg“’“ cos (T +wy(t — 7)) dr
0
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Integrate by parts, where [udv = uv— [ vdu, Let dv = e5*»7 — v = eZ)’: and let u = cos (T + wq(t — 7)) —
du = —(1 — wg) sin (T + wq(t — 7)), hence

e&wn‘r t p eﬁwn‘r .
- [—(1 — wgq) sin (T + wg(t — 7))] d7
0

L= _cos (T + wa(t —7)) £ t

n

i eﬁwnt 1
= |cos (t + wqa(t — t)) £ —cos (0 + wg(t — 0)) gwn}
t
/egw” sin (7 + wq(t — 7)) dr
0

(1 — Wq
wn

t

/65 sin (T + wg(t — 7)) dr 3)

0

o [cos (t) 5" — cos (wqt)] +

§wn

Integrate by parts again the last integral above, where [udv = uv — [ vdu, Let dv = efWnT 5y = ez:?: and
let w=sin (7 + wa(t — 7)) = du = (1 — wq) cos (T + wq(t — 7)), hence

t

EwnT t EwnT
/eﬁw"T sin (T + wq(t — 7)) d7 = |sin (7 + wa(t — 7)) € } —/ € (1 — wg) cos (1T + wq(t — 7)) dr
5 Ewn, 0 o Swn

= 6:‘[}” [sin (t) e~ — sin (wat)| — (lg_u:d) /Ot e5“nT cos (T + wq(t — 7)) dr
(4)
Substitute (4) into (3) we obtain
I, = €w [cos (t) et — cos (wqt)] +
(1 — wd) (1 — wd)

wn (fwn [sin (£) %" — sin (wat)] — /Ot et“nT cos (T + wy(t — 7)) dT)

Ewn

o [cos (t) e — cos (wqt)] + ((1&; a);;) [sin () e¥“~* — sin (wat)]

(1 —wa)?

' EwnT —
o)’ /0 e cos (T + wq(t — 7)) dr

= éi [COS (t) eﬁwnt — COoS (Wdt)] + (1 - w;) [sin (t) efwnt +sin (Wdt)] (1 — wd) U-wa)

Wn (é‘wn) ( w'ﬂ)
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Hence
(1- wd)2 _ i[
(Ewn)® ° Ewn

L <<§wn>2 +(1- wd>2>
(6wn)

(1 — wd)
(fwn)Z

(1 —wq)
)

I + cos () €5 — cos (wqt)| +

[sin (t) e + sin (wqt)]

_ 1 [cos (t) €5 — cos (wqt)] +

n (wn

Ew
I, = ( 2(§wn)2 2)
(¢wn)” + (1 — wa)

(5‘*1171 [cos (t) €5~ — cos (wat)] +

> [sin (t) €5~ + sin (wat)]

(1—wd

(€wn)?

[sin () e£“~* + sin (wdt)]>

_ &wn [cos (t) e8“nt — cos (wat)] + (1 — wa) [sin (¢) e5“n* + sin (wat)]
(wn)* + (1 — wa)”

Using the above expressions for I, Iz, we find (and multiplying the solution by (®(t) — ®(¢ — 7)) since the
force is only active from ¢t = 0 to ¢t = w, we obtain

e~ swnt
zp(t) = F(;de(fl —Ip) (®(t) — @(t — 7))

— (B(t) — B(t — ) *
Foent Lwy, [cos (t) €54t — cos (wqt)| + (1 + wq) [sin (¢) €6~ + sin (wqt)

2mewa (6wn)” + (1 + wa)’
_ Fpemtwnt £wy [cos (t) e5nt — cos (wat)] + (1 — wq) [sin (t) e¥~* + sin (wat)] %)
2muwa (wn)” + (1 — wa)”

Hence z,(t) = (®(t) — ®(t — 7))

Fo  —wnt Ewn [cos(t)eﬁwnt_cos(wdt)] +(14wq) {Sin(t)eé“’"’-i-sin(wdt)] Ewn [cos(t)eﬁ“’"t—cos(wdt)] F(1—wa) [Sin(t)esw"t—i-sin(wdt)]
2mwq (§wn)?+(1+wa)® - (§wn)?+(1—wa)?

But
(§wn)2 +(1+ wd)2 =202 + 1+ w2+ 2wy
=Wl +1+wi(1—€) +2wq
=14 2wg+ w?
and

Ewn)? + (1 —wg)? =1— 2wy +w?

Hence z,(t) can now be written as

_ Foe™ ! Lw,, cos (t) €547t — Ewy, cos (wat) + (1 + wa) sin () €57 + (1 4 wy) sin (wqt)

t) =
zp(t) 2mwyg 14+ 2wy + w2
Foe&nt gw,, cos (t) e59nt — Ewy, cos (wat) + (1 — wy) sin (t) e5¥nt + (1 — wy) sin (wat)
2muwyq 1— 2wy + w2

And
zp(t) = e 8"t (A coswyt 4+ B sin wgt)
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Hence the overall solution is
z(t) = e %" (A coswat + Bsinwgt) + z,(t)

The above solution is a bit long due to integration by parts. I will not solve the same problem using Laplace
transformation method. The differential equation is

B(t) + 2wnd(t) + wiz(t) = f(t)
Take Laplace transform, we obtain (assuming z(0) = zo and £(0) = vg)

(sX — s2(0) — £(0)) + 26wn(sX — 2(0)) + w2 X = F(s)
(5°X — s20 — v0) + 26wn(sX — 0) + W2 X = F(s) (7

Now we find Laplace transform of f(t)

o0
F(s) = / =L (1) dt
0
K
= /e_StFO sint dt
0
T
= Fy /e_St sint dt
0
Integration by parts gives
F(s) = F, 1+e™™ (8)
T 12
Substitute (8) into (7) we obtain
1 —TSs
(s°X — sm0 — vo) + 28wn(sX — o) + w2 X = Fy {1-:_682]
F 1 —TS
X (8% + 26wps + w2) — sz — vo — 26wy To = %
Fo(l+e7 7
X (s* + 2bwps +w2) = % + sz + Vo + 2€wnTo
Fo(14e7™) + (1+s2) szo + vo(1 + 52) + 2wnzo (1 + 52)

1+ s2

Hence

x o Folt+e™) + (1+5%) szo 4 vo (1 + %) + 2lwnzo (1 + 5?)
(1+ s2)(s? + 2bwns +w2)
Fy 4+ vg + 5& + szo + s2vp + $3xg + 2wy + 25%Ewnxo
- (14 s2) (8% + 26wps + w2)

Now we can use inverse Laplace transform on the above. It is easier to do partial fraction decomposition and
use tables. I used CAS to do this and this is the result. I plot the solution z(¢). I used the following values
to be able to obtain a plot £ = 0.5,w, = 2,Fy = 10,29 = 1,99 =0
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Solution by Laplace Transform
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3.3.6 Problem 3.21

(3.21.

17

A machine resting on an elastic support can be modeled as
spring—mass system arranged in the vertical direction. The
motion y(¢) of the form illustrated in Figure P3.21. The machin
and the support has stiffness 1.5 x
machine.

y(1) (mm)

input.

T OO |

a single-degree-of-freedom

ground is subject to a
¢ has a mass of 5000 kg

10° N/m. Calculate the resulting vibration of the

= 1(s)  Figure P3.21 Triangular pulse
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The acceleration & of the mass is measured w.r.t. to the inertial frame, but the spring length is measured
relative to the ground which is moving with displacement y(t), hence the equation of motion of the mass m
is given by

mi(t) + k(z(t) —y(y)) =0

Therefore
mi(t) +k z(t) =k y(t) (1)
Where y(t) is given as
2.5t 0<t<0.2
y®)={ 075-1.25t 02<t<0.6
0 06 <t

The solution to (1) is given by z(t) = z4(t) + x,(t) where z,(t) can be found using convolution, and z(t) is
as usual given by
zp = Acosw, + Bsinw,

Let us first find z,(t). Note that the impulse response h(t) to undamped system is given by

1
h(t) = sin wpt
mwn,

Hence for 0 < ¢ < 0.2,

Zp0-02)(t) = / £(7) (kh(t — 7)) dr

=/ 2.57-( i sinwn(t—T)) dr
0 mwn

2.5k [*
= / Tsinwy(t —7) dr
mwy Jo
t
= 2.5wn/ Tsinwy,(t —7) dr (2)
0
Integration by parts, [udv = uv — [ vdu where u = 7, dv = sinwy(t — 7), hence v = %"St_f)), therefore

(2) becomes

t

Tp(0.--0.2) (t) = 2.5wp, ( |:TCOSLUn(t—T):| . - /Ot w dT)

Wn Wn

n

= 2500 (L + s ente =) )

= 2500 (L + Ly fmune— 1) —sinan(o)] )

n wn

_ 9k (t 3 smwnt>
Wn,
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For 0.2 <t <0.6
0.2 ¢
Tp(0.2--0.6)(t) = Wn / 2.57sinw,(t —7) dr + / f(r) (kh(t — 7)) dr
0 0.2
0.2 t k
= 2.5wn/ Tsinw,(t —7) dr + / (0.75 — 1.257) ( sin wy, (t — 'r)) dr
0 0.2 Mn
0.2
= 2.5wp, / Tsinwy,(t —7) dr+
0
' k
/ 0.75 sinwy,(t — 1) dr
0.2 mwy,
t k
- / 1.257 sinwy, (t — 7)dr (3)
0

2 mwy,

For the first integral in (3), we obtain

0.2
I = 2.5wn/ Tsinwy,(t —7) dr
0

~ 250, ( poosenlt =n))"_ [ cofenlt ) dT)

Wn 0 Wn
coswy(t—02) 1 . 0.2
= 2.5wy, (0.2"‘% + w—%[sm (wn(t—7))o )
t—0.2 1
= 2.5wy, (0.2coswno(J) + E(sinwn(t -0.2) — sinwnt)>

= 0.5coswy, (t —0.2) + 1—5 sinwy, (t — 0.2) — 25 sinwpt

Wn
For the second integral in (3) we obtain

t
I = 0.75wn/ sinwy,(t —7)dr
0.2

= 0.75[cos wy (t — 7')]6.2
= 0.75(1 — coswy (t — 0.2))

For the third integral in (3) we obtain

t

k

I; = / 1.257 sinwy, (t —7)dr
0.2 mwn

t
= 1.25wn/ Tsinwy,(t —7)dr
0.2

Integration by parts gives

Iy = 1.25(#,1([7005‘*’"@_T)I).2 - /Ot 0os (wn(t = 7)) d7>

Wn .2 Wn

t coswy(t—02) 1 . ¢
t t—0.2 1

= 1.25wy, ( - O.ZM + — [~ sinwy(t - 0.2)] )
n wn wn

1
=1.25 <t — 0.2coswy(t — 0.2) — o sinwy, (t — 0.2) )
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Hence
Tp.2.-0.6)(t) = + 12 — I3
2. 2.
= 0.5 coswy (t —0.2) + 25 sinwy, (t — 0.2) — 25 sin wpt+
Wn Wn
0.75(1 — coswy (t — 0.2))
1
—1.25 (t — 0.2 coswp(t — 0.2) — — sinwy, (¢t — 0.2) )
n
2.5 2.5
= 0.5coswp(t —0.2) + . sinwy,(t — 0.2) — — sinw,t+
0.75 — 0.75 cos wp (t — 0.2)
1.25
— 1.25¢ 4+ 0.25 cos wy, (t — 0.2) + . sinwy, (t — 0.2)
n
3.75 2.5
=0.75 — 1.25t + — sinw, (t — 0.2) — — sinwy,t
Wn, Wn,
For t > 0.6

0.6

0.2
Tp(0.6--t)(t) = 2.5wn/ Tsinwy(t —7) dr +/ (0.75 — 1.257) ( k sinwy, (t — T)) dr
0 0 mw

.2 n

0.2
= 2.5wn/ Tsinwy(t —7) dr+
0

0.6
0.75 sinwy, (t — 7) dr
0.2 MWy,
0.6 k
- 1.2 inw, (t — 4
/0.2 Smen sinwy, (t — 7)d7 (4)

For the first integral in (4), we obtain
2.5 2.5
I =0.5co8wy,(t—0.2) + — sinwy, (t — 0.2) — — sinwit
Wn Wn,
For the second integral in (4) we obtain

0.6
I, = O.75wn/ sinwy(t —7)dr
0.2

= 0.75[cos wp (t — T)]gzg
= 0.75(cos wp (t — 0.6) — coswy, (t — 0.2))
= 0.75 coswy, (t — 0.6) — 0.75 cos wy, (t — 0.2)

For the third integral in (4) we obtain

0.6 k
I; = / 1.257 sinwy(t —7)dr
0.2 MWy,

0.6
= 1.25wy, / Tsinwy,(t —7)dr
0.2
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Integration by parts gives
I = 1.25w, {TCOS“’"“_T)]O’G _ /0’6 cos (wn(t—17)) .
Wn 02 Jo2 Wr

coswy(t —0.6) 0,958 wn(t —0.2)
Wn, ' Wn,

w%(smwn(t —0.6) —sinwn (t —0.2)) >

= 1.25w, <0.6

1.25 1.25
= 0.75 cos wy, (t — 0.6) — 0.25 coswy, (t — 0.2) — o sinwy, (t — 0.6) + o sin wy, (t — 0.2)

Hence
Tp.6.-1)(t) = 1 + Iz — I
2. 2.5
= 0.5coswy,(t —0.2) + 25 sinwy, (t — 0.2) — — sinwy,t
Wn, Wn,
+ 0.75 cos wy,(t — 0.6) — 0.75 coswy (t — 0.2)
1.25 1.25
—0.75 cos wp (t — 0.6) + 0.25 cos wy, (t — 0.2) + — sinwy, (t — 0.6) — —— sinwy, (t — 0.2)

Wn Wn

= 3.75 sin wy, (t — 0.2) — 1—5 sinwpt — ? sinwn (¢ — 0.6)

Hence, the overall response is, assuming zero initial conditions, is given by

2.5(t — sent ) 0<t<02
x(t) = 0.75 — 1.25¢ + 275 sin wy (t — 0.2) — 25 sinwyt 02<t<0.6
ﬂsmwn(t—()2)— —smwnt— @smwn(t—ﬂﬁ) t>0.6
Noting that w,, = % = % = 0.54772, the above becomes
2.5t — 4.564 4sinwyt 0<t<0.2
z(t) = 0.75 — 1.25¢ + 6. 846 6 sin wy, (t — 0.2) — 4. 564 4 sin w, t 02<t<0.6
6.846 6 sinwy, (t — 0.2) — 4. 564 4 sinw,t — 2. 2822 sin wy, (t — 0.6) t>0.6

This is a plot of the solution superimposed on top of the forcing function
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3.3.7 Problem 3.29

on of the sawtooth curve illustra

) i i =sentatl
@9) Determine the Fourier series represen

Figure P3.29.

)
1

4 6w S

2 Figure P3.29 Sawtooth periodic, |

Let f(t) be the function shown above. Let f(t) be its approximation using Fourier series. Hence

o0
~ _ agp 27T . 27T
f(t) = 5 + ngzlan cos ( T nt) + by, sin < T nt)
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Where T is the period of f(¢) and

0 T
0
2 r 2
anzf/f(t)cos <;nt> d n=1,2,---
0
2 r 2
. 71' -
b, = T f(t)sin (Tnt> dt n=1,2,

For f(t) we see that T = 2m and f(t) = % for 0 < ¢ < T, hence

2T

¢

2t

o T/T
0

T

1 t2 2w
~ 2n2 [2}0
1

= gz 4]

1

And

2
2 [t
an=T/Tcos(nt)dt n=12--
0

2m
2 1
= %/%tcos (nt) dt
0
2m

1
= Z—ﬂ/tcos (nt) dt
0

X o 27
1 sinnt 1 .
=—1|t — — [ sinnt dt
272 no o n
0
2
1 1 | cosnt
= —(o+=
272 nl n |,

1 1
=52 (n2[cos 2nm — 1])
s
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And
9 27
t . .
bn—T/Tsm(nt)dt n=12,
0
9 27
[
0
o 2

1 tcosnt cosnt
=— |- + dt

272 n 0 n
_ 1 [—27rcos 27rn] 1 {Sinnt} m

272 n nl n |,
_ i —27 cos 2mn
T og2 n
_ —cos2mn
h nmw
_-1
T onw

Hence

These are few terms in the series

= 1 1 1 1
f(t)=5—;Sint—%sin2t—3—%sin3t—---

This is a plot of the above for increasing number of n
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n=2 n=3
Fit) F
1.0} o
0.8}
06
04l
0.2

fi
10}

0.8
06
0.4
0.2

Ji
1.0
0.a
0.4
0.4

0.2F
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3.3.8 Problem 3.38
Problem

Solve the following system using Laplace transform 100Z(t) + 2000x(¢t) = 506(¢t) where the units are in
Newtons and the initial conditions are both zero.

Answer

Divide the equation by 50 we obtain
2% (t) + 40z (t) = 6(t)

Let m = 2, k = 40,hence the equation becomes
mi(t) + kz(t) = 4(¢)

Applying Laplace transform
m(s*X(s) — szo —vo) + kX(s) =1

But due to zero initial conditions, the above simplifies to

ms?X(s)+kX(s) =1
X(s) [ms* +k] =1
1

X(s) = ms2 + k

From tables, the inverse Laplace transform of 524;%.42 is sin at, but

Hence, letting |a = 4/ % we see that inverse laplace transform of m is the same as the inverse laplace
transform of%é (32 jr"a2 ) which is %é sin at
But o = w,, hence
1 .
z(t) = sin wpt

mwy,
or

1 /40
t) = ——=siny/ -t
z(t) 2\/§SIH 5

=0.1118sin (4.4721¢)
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3.3.9 Problem 3.44
Problem

Calculate the response spectrum of an undamped system to the forcing function

Fsin &t 0<t<t
F@)= { 08I 3, =r=" assuming zero initial conditions.

0 t>1t
Answer

Solution sketch: Find the response z(t) of the system to the above input. Then find ¢ where this response is

maximum, call this x,.x, then plot (azmaxF%) Vs, o

The system EQM is

F(t)
For 0 < t < ti,
z1(t) = zn(t) + zp (1)
= Acoswy,t + Bsinw,t + z,(t)
Guess ‘zp(t) = c¢; coswt + cpsinwt ‘, hence z,(t) = —we;sinwt + wep coswt and z)) (t) = —w?c; coswt —

w?cy sin wt, hence substitute these into the EQM and compare, we obtain

. 2 . Fy . «t
cosinwt) + wi (c1 coswt + ¢ sinwt) = — sin .
m 1

(—w?c; coswt — w?

The input is half sin where wt = %, hence |w =

us

¢ phence the above becomes

F
(—w?c1 + wler) coswt + (—w?es + wiep) sinwt = =9 sin wt
m

g4

Hence and 3 (—w? + w2) = £ o ¢; = 57257 » Then the solution becomes

Fo

z1(t) = Acoswpt + Bsinw,t + ﬁ sin wt
n

And since z(0) = 0 then A = 0 and take derivative we obtain

Fo
7} (t) = wyp B coswyt + wﬁ coswt

And since z/(0) = 0 then the above results in

Fo

Fy
B=Y__m
Wp, W2 — w2
n n
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Hence the solution becomes
w B By
T1(t) = — 2 —sinw,t + —2——sinwt
1(®) Wy, w? — w2 n+w,2l—w2
B w
= % (sin wt — — sin wnt)
w2 —w Wh
Fy
=2 w
= % (sin wt — —sin wnt)
w
w2 [1 ~(2) ] n
Fo
=2 w
= % (sin wt — — sin wnt)
AREII
m Wn
Hence
Fo w
z1(t) = % <Sinwt - sinwnt> 0<t<ty (1)
e

Now we need to find where the maximum is. Take derivative, and set it to zero, we obtain

F 1
B () =7

-]

coswt — cosw,t =0

Using cos A — cos B = —2sin ("H'TB) sin (A%B), then the above becomes

—2sin ((w +2w") t) sin ((w _2“’")t) =0

sin ((w +2wn) t) sin ((w _2w") t) =0

Hence, either % =nm or % = nnfor n = +1,42,--- or the time ¢, which makes the maximum
z(t) is one of the following

(wcoswt —wcoswyt) =0

For w # w,, we need to solve

2nm
W—Wn

2nm
tp={ whwn n=41,+2,.

We now need to find which one of the above 2 solution gives a larger maximum. Using the first solution
t, = 22T then (1) becomes

w+twny?
Fy . 2nm w . 2nw
Tmax(tp,) = —————= [ sinw — —sinw,
w \2 w + wy, Wn w + wy,
k(l1—(*

= Fo sin 2n7r:’—n il sin 2nm
N w2 1+ 2 Wn, 1+ ¢
k 1 — (T) Wn Wn

n

And at t, = 22" then (1) becomes

wW—wy ?

Fy . 2nm w . 2nm
Tmax(tp,) = ——— 57 | sinw| — — —sinwy | —
& [ 1 ( - ) } W — Wy, Wn W — Wy,

= Fo (sin<2mr“i> d sin( 2nm )>
- 2 w T w
k[l_(;)} 2-1) e \Z-1
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Need now to find which of the above is larger. Let us take the difference and see if the result is positive or
negative (is there an easier way?)

_ Fo/k [ 20w [ 2nmt w 2nm w o, 2nm
z(tp,) — z(tp,) = [1_(‘0)2} (sm(l_i_:; —sin T —w—sm T+ = +w—nsm i)
Fo/k [ 2nm = . [ 2nm = w 2nm w o, 2nm
={1_(w)2} sin 1+:7 — sin 4,:‘)7_1 —w—nsm 1+57 +w—nsm :7_1
Wn

Not sure how to continue. Now let us look at ¢ > ¢;. The solution here is

z2(t) = Acoswpt + Bsinwyt

But with IC given by z;1(¢1) and z/(¢1), hence from (1)

o w
z1(t1) = % (sinwtl - sinwntl)
ey

and . )
zi(t) = ?0 (wcoswt; — wcoswyty)
- ()]
Hence Pk
z2(t1) = Acoswyty + Bsinwpty = 07/2 (Sinwtl — Y sin wntl) 3)
S
And
' . Fo/k
z5(t1) = —wpAsinwpt + Bw,, cosw,t = (wcoswt; — wcoswyty) 4)

We need to solve (3) and (4) for A and B. Combining (3) and (4) we obtain
Fg/k
COs wpty sin wy, t1 A 1— w 2
—wy sinw,t  wpcoswpt| |B| FO/’“

[1—(41 |

sinwt; — - sin wntl)
n

wcoswt; — w oS wpt)

This is in the form Ax = b, solve for x, we obtain

Wn

{A] 1 {wn coswpt; —sin wntl} (sin wty — 2= sin wntl) Fy/k
(wcoswt; — wcoswyty) {1

Wp, Sinwpt cos wyt w )2
- (2

Hence

1 Fo/k . w ., .

= T, ey |Yn coswpty | sinwty — — sinwyt; | — sinwyt; (W coswit; — w coswyty)
n (i) n
1 Fo/k . . . .

= o T, 7 [wn COS wnt1 sinwty — w cos wyty Sinwy,t; — wsinw,t; coswt; + w sin wy,t; cos wntl]
- ()
1 Fy/k . .

=— 5 [wn, cOs wyty sinwt] — wsinwy,t; coswty]

=)
Wn,
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And
1 Fo/k? . . w .
B=—————— |wpsinwpts | sinwt; — — sinwnty | + cos Wity (wcoswty — w coswpty)
(@) -
1=1or
1 Rk
= — _07/2_ [wp, SIn Wyt sinwt) — wsinwy,ty sinwpty + w cos wpty coswty — w cos wyty oS wpt]
()
1 Rk
= — _07/2_ [wr, SIn Wyt sinwt) — wsinwy,ty sinwpty + w cos wpty coswty — w cos wyty CoSwpt]
Wn
- (2)
Wn,

Ask about the above, why can’t I get the answer shown in notes?

3.3.10 Solving 3.44 using convolution

To find the response z(t) use convolution. Since this is an undamped system, then the impulse response is

1
h(t) = sin wpt
mwn,

Hence, for 0 <t <t
t
o(t) = / F(r) h(t — 1) dr
0

¢
1
= / (FO sin M) sinwy, (t — 7)dr
0 t1 ) mw,

F toomT
=0 / sin — sinwy, (t — 7) dr
mwy Jo t1

Using sin Asin B = 1(cos (A — B) — cos (A + B)), then

A
D — 1 T 1 T
sin — sinw,(t—7) = zcos | — —wp(t—7) | —-cos | — +wp(t—17)
3] 2 t1 2 t1

Hence the convolution integral becomes
F, (1 1
z(t) = —2 / = cos E—wn(t—r) — ~Cos E+wn(t—r) dr
0 2 t1 2 tl

Fy ¢ T ¢ T
= o {/0 cos (t1 — wy(t — 7')) dr —/O cos (t1 + wn(t— T)):l
t

t
F sin (% —wn(t—'r)) sin <7tr—17 +wn(t—'r)>
2mwn, t’; + wp, % — Wp,
0 0
o (mt
F sin (t1 ) sin (—wnt) s (tl ) sin (wnt)
2mwn, % + wy, &t wn % Wr, % — Wy,
F sin 7t t sin T inw. t
_ F b sinwpt t sin wy,
s us
2mwy, i twn twn £ —wn i~ Wn
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And for t > t;

t1

F(r)h(t—7)dr +

t1
/ (Fo sin M)
0 ti
Fy, [
/

sin — sinwy, (t — 7) d7
MWn, 1

¢
0x h(t—T1)dr

t1

sinwy, (t — 7)dr

n

As was done earlier, perform integration by parts, we obtain

t1
F sin (— —wn(t—T)) sin (% -I-wn(t—T))
t) =
z(t) 2mwn, & +wn & —Wn
1 1
0 0
Fy [|sin(m—wn(t—t1)) sin(-wnt) sin(w + wp(t—1t1))  sin(wpt)
2muwn, i T wn i T wn i~ Wn i~ Wn
Fy |sin(m—wyp(t—t1)) sin(wpt) sin(w + wn(t—t1))  sin(wnt)
2muwy, i+ wn i+ wn i~ Wn i —Wn
But sin (7 — &) = sina and sin (7 + @) = — sin «, hence the above becomes
o(t) = Fy |sinw,(t—t1) sin(wpt) sinw,(t—1t1) = sin(w,t)
2mwn, % + wy, % + wp, % — Wn ﬁ Wn,
Therefore, the final solution is
Fo sin ?Tt sinwpt sin :Tt sinwn,t 0<t<t
.’E(t) _ 2mwn { 7 Twn 7 Twn i —Wn 7 Wn } 1 (1)
Fy {sinwn(t—tl) + sin(wnt) + smwn(t t1) + sin(wnt)} t>t
2mwn, 7 Twn 7 Twn i~ Wn i —Wn 1
We can simplify the above more as follows
F, xt 1 1 . 1 1
2(t) = i (0 (e — e ) stment (o + 2200) | PR
T {smwn(t t1) (%flwn-l- Llwn) + sin (wnt) (%ﬁ+ Llwn)} t>1t
Hence
Fo_J gin 7t o ((zen) —(fren) + sinwp,t (7 zen) + (7 +en) 0<t<ty
Bmen (& o) (o) "\ (Ben) (£ -wn)
"= (1o} ) (fmen)+ (30 W
T {sinwn(t—tl ( i) Tl T > + sin (wpt) | ~A G )} t>t
= (5von) () (von) (5 o)
Hence
F{ st —2wWnp, . 25
T {sm o ((;)S‘J—%%) + sinwpt <(:>§1_w%> } 0<t<ty
z(t) = ; ' 1)
o sinwy, (t—t1) | oo | +sin (wnt) | —2— t>t
e (%) - (&) -2
or

1
2

Fo

z
t

1

)

s
t

~

-

—wﬁ)
W Fo
2 mw

2mwn{—2wn sm— +21s1nwnt} 0<t<t:

(t — 1) — sin (wnt)} t>1
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Hence

t1

(m) mL&{—wnsinf—f—i—%sinwnt} 0<t<t
z(t) = A

<<">“’2_uﬂ> mlz)n {sinwp(t — t1) — sinw,t} t>1

1 n

To find where ,.x is, we need to find z,.x. Take the derivative, we obtain

1 F, ¢
(mz_%) m—&{—wn% cosf—l+%wncoswnt} 0<t<ty
&(t) =
(ﬁé_—(ﬂ) mL‘gn{wn coswp,(t — t1) — wy coswyt} t>t
t1 n

Now let @(t) = 0 for t > ¢1 to find tpeqk.

w

5 0 {wn coswp(tp —t1) — wpcoswpty} =0
(&) ) ™
t1 n
CoSwy(tp — t1) — coswpt, =0 (2)
But
coswy, (tp — t1) = oS wptp COSWpt1 + sinwpty, sinwyty

Substitute the above into (2) we obtain
(coswnty cOswrty + sinwyt, sinwpt) — coswpty, =0
Divide by coswnt,

coswpty + tanwpt,sinwyt; —1=0
(1 — coswytr)

tanwyt, = -
P sin wy, t1

1 — coswy,t
wnt, = tan~! (‘”1)
sin wytq
Hence, the hypotenuse is \/(1 — cos wnt1)2 + sin? wpt; = /2 (1 — coswyt1) and so sinwpt, = — % (1 — coswnty)

—sinwpty

Nl and using these into (1) we find Zpax when t > ¢; as

and coswyt, =

Fo . .
Tmax = mu(jn {sinwy, (tp, —t1) — sinwytp}
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But sinwy, (t, — t1) = sinwpty cOSwyts — cOswytp sinwy,ty, hence

Tmax = <w2 Cjw%> {smwnt COS Wpt1 — COSWptp Sinwpty — sinwpty}
Fy sin wptq ) 1
= — 1 — nt nt nt —(1-— nt
<w2—w2> mwn{ 2 COS Wpt1) COSwpty + 70 —cosod)) sinwpt] + 2( cos w. 1)}
_ < > Fy | —(1 = coswpty) coswpty + sin? w,t; + (1 — coswpts)
w? —w2 ) mwy, /2 (1 — coswpty)
_ < > Fy | —coswpti + cos? wpty + sin® wpti + 1 — coswpty
w? —w2 ) mw, 2 (1 — coswpty)
_ < ) Fy | —coswpt; +1+1—coswyty
w? —w2 ) mw, V2 (1 — coswpty)
_ ( ) 2F, 1 — coswpty
w? —w? ) mwn | \/2(1 — coswnty)
Fy
= <w2 — w%) men \/1 — coswntl}
Hence
_ w F()
Tmax = m 2mwn vV 1 — cos wnt1
w wn V1= coswyt
= —_— —_ wn
w? —w? ) 2mw? !
w
oo F
= wwig 2—]:\/1 — coswpti
(&) -1
Hence

k 1
xmaxﬁo = (rzr_l) 5\/1 — COos wpty

Where r = £
Wn

A plot of xmaxFiO vs. r gives the response spectrum

3.3.11 Problem 3.49

Problem Calculate the compliance transfer function for a system described by az’”’ +bz"’ +cx" +dx’' +ex =
f(t) where f(t) is the input and z(¢) is the displacement.

Answer
Take Laplace transform (assuming zero IC) we obtain
as*X(s) + bs3X (s) + cs2X (s) + dsX (s) + eX(s) = F(s)

Hence
X(s) [as* +bs® + cs> +ds +e] = F(s)

Hence

X
[V
N—r
Il
5
bay
=
[

1
F(s) ast+bs3+cs2+ds+e
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3.3.12 Problem 3.50
Problem

Calculate the frequency response function for the system of problem 3.49 fora =1,b=4,c=11,d = 16,e =8

Answer
1
H =
(s) ast+bs3+cs2+ds+e
1
T st +4s34+11s2 4+ 165+ 11
Let s = jw
. 1
H(J"J) = 3 . 2 .
(Jw)” +4(jw)” + 11 (jw)” + 16 (jw) + 11
1
T wt —4jwd — 11w? + 16jw + 11
1
C (wt = 11w? +11) + 5 (16w — 4w3)
Hence
. 1
|H(jw)| = - -
\/(w4 —11w? 4+ 11)° + (16w — 4w?)
. 1
Vwd — 6w + 15w + 14w? + 121
and

16w — 4w?
P H(j = — == ==
hase(H (jw)) tan ( T 1102 11)

This is a plot of the magnitude and phase

EDU>> num=1;
EDU>> den=[1 4 11 16 11]
EDU>> sys=tf (num,den)

Transfer function:
1

s74 + 4573+ 11872+ 16s + 11

EDU>> w = logspace(-1,1);
EDU>> freqs(num,den,w)
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Magnitude

Phase (degrees)

10 1|:|':' 1|:|1
Frequency (rad/s)
200

100

-100

200 L
10

Frequency (rad/s)
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3.3.13 Key for HW3

32

\éera{z-; H‘M‘&E} " 'L@o
4% | Vibmhan  csvE SPT) 1

Calculate the solution to
£+2%+3x=sint+58(t- )
x(0)=0 x(0)=1

and plot the response.

Solution: Given: %+ 2% + 3x =sint + 5(1 - n), x(O) =0, x(()) =0

k
w"=\/;=l.732rad/s,§= L =05774, 0,= 0,1~ =1.414 rad/s

2kn

x(l)=xh+x“ O<t<nm

Total Solution:

x(t)=x,+x,+x, 1>7
Homogeneous: Eq. (1.36)
x, (t) = Ae™* sin(a)dt + ¢) = Ae”’ sin(l A4t + ¢)
Particular: #1 (Chapter 2)

. F,

xl_l(t)= Xsm(a)t—@), where @ =1 rad/s . Note that f, = L=
m

I

J(co: -0*) +(2%w,0)
= x,(r)=03536sin(¢ - 0.7854)

_— e

20w o
2wt
"

=>X=

=0.3536, and 6 = tan"[ ]: 0.785 rad

Particular: #2 Equation 3.9

IR Sy PR Y S _
x,(0)= pory e sinw, (1-7)= (l)(l.4l4)e sin1.414(t - )
= x,,(1)=07071¢"sin1 414(s - )

The total solution for 0< /<n becomes:
()= 4 sin(1.4141+ ¢)+0.3536sin(t - 0.7854)
#(1)=—Ae” sin(1.4141 + §) + 1 414 4¢™ cos(1.4141 + 9) + 0.3536cos(t - 0.7854)
0= Asing—025= 4=
sing

)=
#(0)=1=—4sing+14144cos¢+025=0.75 = 0.25—1.414(0.25)ta+1¢

X

x(O

=¢$=034and 4=0.75
Thus for the first time interval, the response is
x(r)= 0.75¢7'sin(1.4141-+0.34) + 0.3536sin (1~ 0.7854)  0<t<7

Next consider the application of the impulse at £ =
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x(t) =x,+ X, + X

x(t)=—0.433¢" sin 14141 + 0.6155) + 0.3536sin 1 ~ 0.7854) - 0.7071e " sin(1.414t-7) t>7

The response is plotted in the following (from Mathcad):

05 T

0

-054

5

AWAWA

VA

20
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38

3- 10

The vibration packages dropped from a height of # meters can be approximated by
considering Figure P3.8 and modeling the point of contact as an impulse applied to the
system at the time of contact. Calculate the vibration of the mass m after the system falls
and hits the ground. Assume that the system is underdamped.

Solution: When the system hits the ground, it responds as if an impulse force acted on it.

=9,

Fe o F
; 0

From Equation (3.6): x(t) = sinw,¢  where

d

Calculate vy:

For falling mass: x= lat2

2

So, v, = g, where 1" is the time of impact from height /

Let ¢ = 0 when the end of the spring hits the ground

. 2gh _tw. .
The response is x(f)= NEER ool singo 1

o,

Where @, @y, and { are calculated from m, ¢, k. Of course the problem could be solved

as a free response problem with xo = 0, vo = J2gh or an impulse response with impact
model as the unit velocity given.



CHAPTER 3. HWS

3.11 Calculate the response of the system
35(1) + 6%(1) + 12x(¢) = 38(¢) - 6t~ 1)

subject to the initial conditions x(0) =0.01 m and W(0) = 1 m/s. The units are in Newtons.
Plot the response.

Solution: First compute the natural frequency and damping ratio:

conz\lg?l=2 rad/s, §=5—§—§=0.5, ®, =2y1-0.5% =1.73 rad/s
so that the system is underdamped. Next compute the responses to the two impulses:

x ()= F ootsine FE
! mw, 3(1.73)

A

F —foy (1-1) ¢
ty=——e ™" o,(-D=
L= e e tD=55

Now compute the response to the initial conditions from Equation (1.36)

¢ sin1.73(t — 1) = 0.577¢ ' sin1.731, > 0

e'sinl.73t=0.193¢""sin1.73(t = 1), > |

x, (t) = Ae”*™ sin(wdt + ¢)

AzJ(vo+€(D,,xo)z+(xowd)z, ¢=tan—1|:_x£1_:|=0'07lrad

2
) v, + o, x,

= x,(t)=0.5775¢" sin(¢ +0.017)
Using the Heaviside function the total response is
x(t) = 0.577¢™ sin1.73¢ +0.583¢™ sin (¢ +0.017)+0.193¢™“"" sin1.73(¢ — @ - 1)
This is plotted below in Mathcad:

e-bron ft—1

-t.wn.t
x(t) 1= (e -sin(wd't] + A-e";"””"-sin(md-t + ¢)) + [
wd

8.5 "-/\
:_tﬂ A N .

o5l

)
-sinfod- (t - 1)]]«1»(: -1)

Note the slight bump in the response at ¢ = 1 when the second impact occurs.
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3.16 Calculate the response of an underdamped system to the excitation given in
Figure P3.16.
Plot of a pulse input of the form f{r) = Fsint.
fig

4 v

T
Figure P3.16
Solution:
l X2} t T
x(l)=Ee & "'B[[F(‘t)eg " smwd(t—r)]dr
F(f)=Fsin(t)  t<z (From Figure P3.16)

Fort<m, x(t) = —r;w"—e'gm"' _’[(sin 1 sinw ; (t - 'L‘)) dt
d []

x(l) = jo_e":”"' X

ma,
2[1 " 2ald " mnz]_{ecm,,: [(wd - l)sint— (o, cost]—— (a)d - I)sinwdt -{o, cosa)dt}
+ T 2(; " wnz]{ecw,.' [(‘"d ~1)sint - ¢, cost]+ (@, - )sinw,t Lo, coscodt}

Fort > x,: J: f(@)h(t-7)dT = _[: f@OA(t-7)dt+ I;(O)h(t -1)dt
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n

x(1)= % e !(sin e sinw, (1)) de

F, .
=0 7

ma)d

1 {efw[(a»,-r)sin[w,,(r-n)]—cwncos[wd(r—n)]]}

2[I+2wd+co"’] -(wd—l)sinmdt—g'w"coswdt

1 {e“"“ [(wd +1)sin[ @, (- 7)]+¢w cos{ @, (- n)ﬂ}

+
2[1+20, + o] +(e, = 1)sine ¢ - {w, cos,¢

Alternately, one could take a Laplace Transform approach and assume the under-damped
system is a mass-spring-damper system of the form

mi(t)+cx(t)+ ke(t) = F(t)
The forcing function given can be written as

F(r)= Fy(H ()~ H(1- m))sin(2)
Normalizing the equation of motion yields

(1) + 28w, % (1) + 02x(¢) = £, (H (t)- H (¢ - x))sin(¢)
FO

where f, =2 and m, c and k are such that0 < < 1.
m

Assuming initial conditions, transforming the equation of motion into the Laplace domain
yields

f(1+e™)

s+ l)(s2 +2{w, s+ co,f)

X(s)= (
The above expression can be converted to partial fractions

2= () (28 1) o)

+1 s?+2lw,s+ 0}

where A, B, C, and D are found to be
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_ 2o,
(1-02) +(28w,)’
B= w? -1
(1- @} )2 +(2¢w,)’
_ 20w,

(I-a):)2 +(28w,)
e (1- au,f):(zg’a),,)2
(1-@2) +(20,)

Notice that X(s) can be written more attractively as

X(s)= f. As+B+ Cs+D fe As+B+ Cs+D
L+l s +2ws+w?) ° S£+1 5 +200,s+ 0}

= f (G(s) + e'”‘G(s))

Performing the inverse Laplace Transform yields
x(t)= f,(g(e)+ H(t— ) g(r - m))

where g(¢) is given below

g(t) = Acos(r)+ Bsin(t)+ Ce ™™ cos(w,¢) + (BZ_C:C_COA) e sin(a,1)

0,
@, is the damped natural frequency, ®, = @,/1-{ .

Let m=1 kg, c=2 kg/sec, k=3 N/m, and F=2 N. The system is solved numerically. Both
exact and numerical solutions are plotted below
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— Exact Solution
—  Numericel Solution

Time{get)

Figure 1 Analytical vs. Numerical Solutions

Below is the code used to solve this problem

3. 21

% Establish a time vector
t=[0:0.001:10];

% Define the mass, spring stiffness and damping coefficient
m=1;

c=2;

k=3;

% Define the amplitude of the forcing function
F0=2;

% Calculate the natural frequency, damping ratio and normalized force amplitude
zeta=c/(2*sqrt(k*m));

wn=sqrt(k/m);

f0=F0/m;

% Calculate the damped natural frequency
wd=wn*sqrt(1-zetar2);

% Below is the common denominator of A, B, C and D (partial fractions
% coefficients)
dummy=(1-wnA2)A2+(2*zeta*wn)*2;

% Hence, A, B, C, and D are given by
A=-2*zeta*wn/dummy;
B=(wn*2-1)/dummy;
C=2*zeta*wn/dummy;
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D=((1-wn*2)+(2*zeta*wn)A2)/dummy;

% EXACT SOLUTION
%
************************************************************************
%
%
************************************************************************
*
for i=1:length(t)
% Start by defining the function g(t)
g(i)=A*cos(t(i))+B*sin(t(i))+C*exp(-zeta*wn*t(i))*cos(wd*t(i))+((D-
C*zeta*wn)/wd)*exp(-zeta*wn*t(i)) *sin(wd*t(i));
% Before t=pi, the response will be only g(t)
if t(i)<pi
xe(i)=f0*g(i);
% d is the index of delay that will correspond to t=pi
d=i;
else
% After t=pi, the response is g(t) plus a delayed g(t). The amount
% of delay is pi seconds, and it is d increments
xe(i)=f0*(g(i)+g(i-d));
end;
end;

% NUMERICAL SOLUTION
%

************************************************************************
*

%
************************************************************************
*®

% Start by defining the forcing function
for i=1:length(t)
if t(i)<pi
f(i)=f0*sin(t(i));
else
1(i)=0;
end;
end;

% Define the transfer functions of the system
% This is given below

% 1

%
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% sM2+2*zeta*wn+wn2

% Define the numerator and denominator
num={1];

den=[1 2*zeta*wn wn’2];

% Establish the transfer function
sys=tf(num,den);

% Obtain the solution using lsim
xn=lsim(sys,f,t);

% Plot the results

figure;

set(gcf,'Color',' White");

plot(t,xe,t,xn,'--");

xlabel("Time(sec)");

ylabel('Response’);

legend('Forcing Function','Exact Solution',Numerical Solution’);
text(6,0.05,uparrow','FontSize',18);

axes("Position',[0.55 0.3/0.8 0.25 0.25])
plot(t(6001:6030),xe(6001:6030),t(6001:6030),xn(6001:6030),'--);
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3.21 A machine resting on an elastic support can be modeled as a single-degree-of-
freedom, spring-mass system arranged in the vertical direction. The ground is subject to
a motion y(¢) of the form illustrated in Figure P3.221. The machine has a mass of 5000
kg and the support has stiffness 1.5x10° N/m. Calculate the resulting vibration of the
machine.

.‘("}:m}

s

-
02 0e i

Solution: Given m = 5000 kg, k = 1.5x10° N/m, w,= \/k_/’; = 0.548 rad/sand that
the ground motion is given by:
2.5t 0<:<0.2
y()=40.75-1.25t 02<1<0.6
0 1206
The equation of motion is m¥ + k(x— y)=0 or m¥+ kx = ky = F(t) The impulse
response function computed from equation (3.12) for an undamped system is

h(it—1)= m:u sin@, (1-17)

n

This gives the solution by integrating a yh across each time step:
x(t) = 7::0_ jo ky(t)sino (1—7)dT = 0, j; WT)sinw, (t - 1)dt
For the interval 0< t'_l<_ 0.2:
x()=o, [ 25tsin (- 1)dt
= x(f) = 2.5t —4.565in0.548t mm 0</<0.2
For the interval 0.2< ¢ < 0.6:
x(0)=, [ 25150, (1~ T)dT+ 0, [, (0.75-1257)sine, (-~ 1)de

=0.75—0.5c0s0.548(t — 0.2) — 1.25¢ + 2.285in 0.548(: — 0.2)
Combining this with the solution from the first interval yields:
x(£)=0.75+1.25t—0.5c050.548(1 — 0.2)

+6.485in0.548(7 — 0.2) - 4.565in0.548(r - 0.2) mm 0.2<1< 0.6
Finally for the interval ¢ >0.6:
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x0 =, 251sin0, (- 7)dr+ o, [ (0.75-1250sin@,( ~ )dr + o, [ (O)sine, (- )ds <
=—0.5c050.548(¢ — 0.2) — 2.285in 0.548(s — 0.6) + 2.28sin 0.548(1 — 0.2)
Combining this with the total solution from the previous time interval yields:
x(t) = —0.5c050.548(¢ — 0.2) + 6.845in 0.548(¢ — 0.2) — 2.285in 0.548( - 0.6)
—4.565in0.548t mm¢2>0.6
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Determine the Fourier series representation of the sawtooth curve illustrated in Figure

P3.29:
AN
| A i

&;u En
Solution: The sawtooth curve of period T is
I
F(f)==—=t oOs<t<2n
2

T
Deterinine coefficients a . a ,b :

27 2r 2w
a = —J' F(f]cos nw, (dt, where @, = —=—=
s T 2n

2 2 l l 2n
=——{J [—1)(:05:115#}:.——{'[ tcosnldfj|
2|y \ 27 27
=] (1-1)+5(0-0) |0

{ n
o T n

172 M

1 g o
= {#cesmﬁ-—lsmm}

| o

T 2n 2
h = Tj F(!)sinr1w7.ldr=%lij (E];tjsinma’:}zir—zh fsinmdt}

0 = o

2|
2" | n n

1 2r) -1
272\ n n

IF'ourier Series

b
Il
N__.
| O
| —
——
[e=]
|
~—
|

| —
—_
o]
- |
|
<
S —
e}

| [1 ) 1 ]
= —Ssin nf ——rcosnl

F(r) = %+ y (;—ljsin nt

n=

F([)Z%—%i r:;sinnr

n=1
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338 Solve the following system for the response x(f) using Laplace transforms:

1005(f) + 2000x(f) = 505(¢)

where the units are in Newtons and the initial conditions are both zero.

Solution:

First divide by the mass to get
#+20x(1)=0.56(1)

Take the Laplace Transform to get
(s* +20)X(5)=0.5

So

0.5

X(s)=
() s2+20

Taking the inverse Laplace Transform using entry 5 of Table 3.1 yields

0.5

(1))
X(s)=
A

1
= x(f) = —=sin 201
45

where @ = \/56
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Calculate the response spectrum of an undamped system to the forcing function

!

Fusin£ QIS
F(z): f

0 1>1,

assuming the initial conditions are zero.

Solution: Letw=m/f. The solution is the homogeneous solution xp(f) and the

particular solution xp(t) orx(t)th(t)-%xp(l). Thus

. I .
x(l) = Acosw f+ Bsinw { +| ——— [sinw¢
k— maw
where 4 and B are constants and @, is the natural frequency of the system:
Using the mitial conditions x(O) = x(O) =0 the constants 4 and B are
_]Tna)

P .

[0} (!c - ma)z)

. F 1k i W .

so that x(f):—“—z{smmt——smm"!}, 0=t
o l-(e/e,)

n

Which can be written as (where 6 = F, / k the static deflection)

x(1) I

{ A A
——————<sin sin
6 g | ¢
=)
and where 7= 2x /@ . After  the solution is a free response
x(1)= A'cosw,f+ B'sinw 1,1 > 1,

where the constants 4' and B' can be found by using the values of x(¢r = ) and
#{t=1),¢>¢,. Thisgives

,\'(i = ’;) = a[~?isin %} = A'cosw t, + B'sinw 1,

2l T

! T

r m 2w . .

A"(r = I]) = a{———— —cos—‘} = —a)"A'smcuni'l + cu"B cosm !
{
1 1

where

I'hese are solved to yield
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P

(R

So that after #; the solution is

(1) _

(¢71)

sinw ¢

nl?

é

2{1—(7/24

B'=-

r}[ﬁnZE(t

an
o1,

n

i L

T T

[l +cosm”t|]

t . t
]— sin 275—:l, 121
T

3- 60
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3.50 Calculate the frequency response function for the compliance of Problem 3.49.

Solution: From problem 3.49,
1
H(s)-— as* +bs’ +cs* +ds+e
Substitute s = jw to get the frequency response function:
1
Hljo)=
be) a(jo)' +b(jo) +c(jo) +d(jo)+e

H(ja)) _ aw' - cw’ +e— j(—bco3 + dco)

(aa)“ —cw? + e)2 + (—ba)3 + da))z

3.49 Calculate the compliance transfer function for a system described by
@ + b + ci+ di+ex = f(t)

where f{/) is the input force and x(?) is a displacement.
(%.af Solution:

. . X(s)
The compliance transfer function is

F(s)

Taking the Laplace Transform yields

(as‘+bs3+cs2 +ds+e)X(s)= F(s)

X(s) !
So, =
F(s) as* +bs* +cst+ds+e
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