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I took this course in Spring 2009 at CSUF to learn more about Vibration and control of vibration. Not part
of a degree program. In the Mechanical Eng. department.

1.1 course description

Figure 1.1: class info

1.2 Textbook

Figure 1.2: Text book
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1.3 Instructor
Dr Sang June Oh

sjoh@fullerton.edu 714-278-2458

1.4 sheetsheet
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3.1.1 Description of HW
My grade is 66/70.

1. Equation of motion of spring mass on an incline surface.

2. Equation of motion of pendulum attached to spring.

3. Solving 2nd order ODE’s.

4. Equation of motion of mass attached to 2 pulley’s.

3.1.2 Problem 1.6

Figure 3.1: Problem

Taking displacement along the x-direction shown to be from the static equilibrium position, then applying∑
Fx = mẍ along the shown x direction, we obtain

mẍ = −kx

ẍ+ k

m
x = 0

which is the equation of motion. To obtain the natural frequency, we consider free vibration ẍ + k
mx = 0,

which implies that ωn =
√

k
m , hence we see that the natural frequency is independent of g.

We see that gravity has no effect on the spring mass system, this is because we use x to be from the static
equilibrium position of the spring.
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3.1.3 Problem 1.16

Figure 3.2: Problem

First we need to derive the equation of motion. Considering the following diagram

Using as generalized coordinates θ, we obtain

T = 1
2m
(
Lθ̇
)2

U = 1
2k(L sin θ)2 +mg(L− L cos θ)
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Notice that in the calculation of U above, we assumed that the spring stretches by L sin θ in the horizontal
direction only, which we are allowed to do for small θ.

Now we can find Lagrangian

L = T − U

= 1
2m
(
Lθ̇
)2 − 1

2kL
2 sin2 θ −mgL(1− cos θ)

Hence the equation of motion is

d

dt

(
∂L

∂θ̇

)
− ∂L

∂θ
= 0

d

dt

(
mL2θ̇

)
−
(
−kL2 sin θ cos θ −mgL sin θ

)
= 0

mL2θ̈ + kL2 sin θ cos θ +mgL sin θ = 0

The above is nonlinear equation. Linearize around θ = 0 (equilibrium point) using Taylor series, and for
small θ we obtain sin θ ≈ θ and cos θ ≈ 1, hence the above becomes

mLθ̈ + kLθ +mgθ = 0

θ̈ +
(
mg + kL

mL

)
θ = 0

Hence effective ωncan be found from
ω2
n = mg + kL

mL

Hence

ωn =
√

g

L
+ k

m

Comparing the above to the natural frequency of pendulum with no spring attached which is ωn=
√

g
L , we

can see the effect of adding a spring on the natural frequency: The more stiff the spring is, in other words,
the larger k is, the larger ωn will become, and the smaller the period of oscillation will be. We conclude that
a pendulum with a spring attached to it will always oscillate with a period which is smaller than the same
pendulum without the spring attached. This makes sense as a mass with spring alone has ωn =

√
k
m

3.1.4 Problem 1.32

We need to solve ẍ+ 2ẋ+ 2x = 0 for x0 = 0mm and v0 = 1mm/s

The characteristic equation is λ2 + 2λ+ 2 = 0 which has roots λ1,2 = −b±
√
b2−4ac
2a = −2±

√
4−8

2 = −1± j

Hence the solution is
xh = e−t(A cos t+B sin t)

is the general solution. Now we use I.C. to find A,B. When t = 0
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0 = A

Hence xh = Be−t sin t, and ẋh = Be−t cos t−Be−t sin t and at t = 0, we obtain 0.01 = B

Then
xh = 0.01e−t sin t

This is a plot of the solution for t up to 50 seconds

3.1.5 Problem 1.43

We need to solve ẍ− ẋ+ x = 0 for x0 = 1 and v0 = 0

The characteristic equation is λ2 − λ+ 1 = 0 which has roots λ1,2 = −b±
√
b2−4ac
2a = 1±

√
1−4
2 = 1

2 ± j
√
3
2

Hence the solution is

xh = e
1
2 t

(
A cos

√
3
2 t+B sin

√
3
2 t

)

is the general solution. Now we use I.C. to find A,B. When t = 0
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1 = A

Hence xh = e
1
2 t
(
cos

√
3
2 t+B sin

√
3
2 t
)
, and

ẋh = 1
2e

1
2 t

(
cos

√
3
2 t+B sin

√
3
2 t

)
+ e

1
2 t

(
−
√
3
2 sin

√
3
2 t+B

√
3
2 cos

√
3
2 t

)

and at t = 0, we obtain

0 = 1
2 +B

√
3
2

B = −1√
3

Hence

xh = e
1
2 t

(
cos

√
3
2 t− 1√

3
sin

√
3
2 t

)

This is a plot of the solution for t up to 12 seconds
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3.1.6 Problem 1.62

This is a single degree of freedom linear system. Assume x from static equilibrium, then (using parallel
springs) we obtain

T = 1
2mẋ2

U = 1
2kx

2 + 1
2kx

2 = kx2

Hence L = T − U = 1
2mẋ2 − kx2 and the Lagrangian equation is

d

dt

(
∂L

∂ẋ

)
− ∂L

∂x
= 0

d

dt
(mẋ)− (−2kx) = 0

Hence equation of motion is

mẍ+ 2kx = 0

And ωn =
√

2k
m



chapter 3. hws 17

3.1.7 Problem 1.90

3.1.7.1 Part(a)

T = 1
2m
(
l

2 θ̇
)2

= 1
8ml2θ̇2

Usprings =
1
2k(l sin θ)

2 + 1
2k(l sin θ)

2
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Assuming small angle oscillation, sin θ ' θ, hence

Usprings = kl2θ2

and for the mass, since it losses potential, we have

Umass = −mg

(
l

2 − l

2 cos θ
)

Hence Lagrangian L is

L = T − (Usprings + Umass)

= 1
8ml2θ̇2 −

(
kl2θ2 −mg

l

2(1− cos θ)
)

= 1
8ml2θ̇2 − kl2θ2 +mg

l

2 −mg
l

2 cos θ

Now find the Lagrangian equation

∂L

∂θ̇
= 1

4ml2θ̇

d

dt

(
∂L

∂θ̇

)
= 1

4ml2θ̈

∂L

∂θ
= −2kl2θ +mg

l

2 sin θ

Hence

d

dt

(
∂L

∂θ̇

)
− ∂L

∂θ
= 1

4ml2θ̈ −
(
−2kl2θ +mg

l

2 sin θ
)

= 1
4ml2θ̈ + 2kl2θ −mg

l

2 sin θ

And the equation of motion is

1
4ml2θ̈ + 2kl2θ −mg

l

2 sin θ = 0

θ̈ + 8k
m

θ − 2g
l
sin θ = 0

Linearize by setting sin θ ' θ we obtain equation of motion

θ̈ + θ

(
8k
m

− 2g
l

)
= 0 (1)

Hence

ωn =

√
2
(
4 k

m
− g

l

)
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3.1.7.2 Part (b)

To discuss stability, we need to determine the location of the roots of the characteristic equation of the
homogeneous EQM, hence from equation (1), we see that

θ̈ + ω2
nθ = 0

And assuming solution θ(t) = eλt leads to the characteristic equation

λ2 + ω2
n = 0
λ2 = −ω2

n

λ = ±
√
−ω2

n

= ±j
√
ω2
n

Since ω2
n > 0, then

λ = ±jωn

Since roots of the characteristic equation on the imaginary axis, this is a marginally stable system regardless
of the values of m, l, k.

Since we are looking at the linearized system, there is only one equilibrium point, and the system is either
stable or not. Here we found it is marginally stable. The effect of changing k, l,m is to change the period of
oscillation around the equilibrium point.
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3.1.8 Key for HW1
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3.2.1 Description of HW
1. Find solution to spring mass system with forcing function for different IC.

2. Compute IC for spring mass system to cause it to oscillate at some frequency.

3. Find EQM for spring-damper-mass system on incline surface.

4. Car and passengers and different speeds, deflection calculations.

5. The unbalanced mass rotating, the washing machine problem.

3.2.2 Problem 2.7

Solution sketch: Obtain the Lagrangian, find EQM, solve in terms of general initial conditions x(0) = x0 and
ẋ(0) = v0, then solve parts (a) and (b) using this general solution.

This is one degree of freedom system. Using x as the generalized coordinates, we first obtain the Lagrangian
L

L = T − U

Where

T = 1
2mẋ2

U = 1
2kx

2

L = 1
2mẋ2 − 1

2kx
2

∂L

∂ẋ
= mẋ

d

dt

∂L

∂ẋ
= mẍ

∂L

∂x
= −kx
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Hence the EQM is (using the Lagrangian equation), and F = 10 and ω = 10 rad/sec. (the forcing frequency)

d

dt

∂L

∂ẋ
− ∂L

∂x
= F sinωt

mẍ+ kx = F sinωt

ẍ+ k

m
x = F

m
sinωt

ẍ+ ω2
nx = F

m
sinωt (1)

Where ω2
n = k

m . The solution is
x(t) = xh(t) + xp(t) (2)

To obtain xht(t)
ẍh(t) + ω2

nxh(t) = 0

Assume xh(t) = eλt and substitute in the above ODE we obtain the characteristic equation

λ2 + ω2
n = 0
λ = ±jωn

Hence
xh(t) = A cosωnt+B sinωnt (3)

Guess

xp(t) = c1 cosωt+ c2 sinωt
ẋp(t) = −ωc1 sinωt+ ωc2 cosωt
ẍp(t) = −ω2c1 cosωt− ω2c2 sinωt

Notice, the above guess is valid only under the condition that ω 6= ωn which is the case in this problem.
Now, substitute the above 3 equations into (1) we obtain(

−ω2c1 cosωt− ω2c2 sinωt
)
+ ω2

n(c1 cosωt+ c2 sinωt) =
F

m
sinωt

sinωt
(
−ω2c2 + ω2

nc2
)
+ cosωt

(
−ω2c1 + ω2

nc1
)
= F

m
sinωt

By comparing coefficients, we obtain

c2
(
ω2
n − ω2) = F

m

c2 = F/m

(ω2
n − ω2)

and c1 = 0, hence
xp(t) = F/m

(ω2
n−ω2) sinωt

Then from (2) we obtain

x(t) = xh(t) + xp(t)

= xh(t) +
F/m

(ω2
n − ω2) sinωt

Using (3) in the above

x(t) = A cosωnt+B sinωnt+
F/m

(ω2
n − ω2) sinωt (4)
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Now assume x(0) = x0 and ẋ(0) = v0 For the condition x(0) = x0 we obtain

x0 = A

For the condition ẋ(0) = v0 we obtain

ẋ(t) = −Aωn sinωnt+Bωn cosωnt+ ω
F/m

(ω2
n − ω2) cosωt

ẋ(0) = v0 = Bωn + ω
F/m

(ω2
n − ω2)

Hence
B = v0

ωn
− ω

ωn

F/m

(ω2
n − ω2)

Hence (4) can be written as

x(t) = x0 cosωnt+
(
v0
ωn

− ω

ωn

F/m

(ω2
n − ω2)

)
sinωnt+

F/m

(ω2
n − ω2) sinωt

Let ω
ωn

= r, the above becomes

x(t) = x0 cosωnt+
(

v0
ωn

−
F
m r

ω2
n (1− r2)

)
sinωnt+

F/m

ω2
n (1− r2) sinωt

But ω2
n = k

m hence

x(t) = x0 cosωnt+
(

v0
ωn

−
F
m r

k
m (1− r2)

)
sinωnt+

F
m

k
m (1− r2)

sinωt

Therefore, the general solution is

x(t) = x0 cosωnt+
(
v0
ωn

− F

k

r

(1− r2)

)
sinωnt+

F

k

1
(1− r2) sinωt (5)

3.2.2.1 Part(a)

When x0 = 0, v0 = 0 we obtain from (5)

x(t) =
(
−F

k

r

(1− r2)

)
sinωnt+

F

k

1
(1− r2) sinωt (6)

Substitute numerical values, and plot the solution. F = 10, ω = 10 rad/sec., k = 2000,m = 100, ωn =
√

2000
100 =

4.472 1, r = ω
ωn

= 10
4. 472 1 = 2.236 1, then equation (6) becomes

x(t) =
(
− 10
2000

2.236 1
(1− 2.236 12)

)
sin 4.472 1t+ 10

2000
1

(1− 2.236 12) sin 10t

= 0.002795 sin 4.472 1t− 0.001250 sin 10t

In the following plot, we show the homogeneous solution and the particular solution separately, then show
the general solution.
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3.2.2.2 Part(b)

When x0 = 0.05 and v0 = 0 we obtain from (5)

x(t) = 0.05 cosωnt+
(
−F

k

r

(1− r2)

)
sinωnt+

F

k

1
(1− r2) sinωt

Substitute numerical values found in part(a), then the solution becomes

x(t) = 0.05 cos 4.472 1t+
(
− 10
2000

2.236 1
(1− 2.236 12)

)
sin 4.472 1t+ 10

2000
1

(1− 2.236 12) sin 10t

= 0.05 cos 4.472 1t+ 0.002795 sin 4.472 1t− 0.001250 sin 10t

In the following plot, we show the homogeneous solution and the particular solution separately, then show
the general solution.
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3.2.3 Problem 2.10

Following the approach taken in problem 2.7, the EQM is

ẍ+ ω2
nx = F0

m
cosωt

And x(t) = xh(t) + xp(t) where xh(t) = A cosωnt+ B sinωnt. For xp(t) , guess xp(t) = c1 cosωt + c2 sinωt
and following the same steps in problem 2.7, we obtain

sinωt
(
−ω2c2 + ω2

nc2
)
+ cosωt

(
−ω2c1 + ω2

nc1
)
= F0

m
cosωt

Notice that the above guess is valid only under the condition that ω 6= ωn . Compare coefficients, we find
c2 = 0 and

c1 = F0

m

1
ω2
n − ω2

Hence
xp(t) =

F0

m

1
ω2
n − ω2 cosωt

Then, the general solution is

x(t) = A cosωnt+B sinωnt+
F0

m

1
ω2
n − ω2 cosωt (1)

Let, at t = 0, x(0) = x0, and ẋ(0) = v0,then from (1), we find

x0 = A+ F0

m

1
ω2
n − ω2

A = x0 −
F0

m

1
ω2
n − ω2

And since
ẋ(t) = −Aωn sinωnt+Bωn cosωnt− ω

F0

m

1
ω2
n − ω2 sinωt

Then

v0 = Bωn

B = v0
ωn

Therefore, the general solution is (from (1))

x(t) =
(
x0 − F0

m
1

ω2
n−ω2

)
cosωnt+ v0

ωn
sinωnt+ F0

m
1

ω2
n−ω2 cosωt
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To make the response oscillate at frequency ω only, we can set v0 = 0 to eliminate the sinωnt, and set
x0 = F0

m
1

ω2
n−ω2 to eliminate the cosωnt term. Hence, the initial conditions are

v0 = 0

x0 = F0

m

1
ω2
n − ω2

3.2.4 Problem 2.29

This is one degree of freedom system. Using x along the inclined surface as the generalized coordinates, we
first obtain the Lagrangian L
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We first note that k∆ = mg cos θ and the mass will lose potential as it slides down the surface. We measure
everything from the relaxed position (not the static equilibrium.) This is done to show more clearly that the
angle do not affect the solution.

L = T − U

Where

T = 1
2m
(

d

dt
(x+∆)

)2

= 1
2mẋ2

U = 1
2k(x+∆)2 −mg(x+∆) cos θ
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Hence

L = 1
2mẋ2 −

(
1
2k(x+∆)2 −mg(x+∆) cos θ

)
= 1

2mẋ2 − 1
2k(x+∆)2 +mgx cos θ +mg∆cos θ

∂L

∂ẋ
= mẋ

d

dt

∂L

∂ẋ
= mẍ

∂L

∂x
= −k(x+∆) +mg cos θ

= −kx− k∆+mg cos θ

But k∆ = mg cos θ, hence the above reduces to

∂L

∂x
= −kx

Hence the EQM is (using the Lagrangian equation)

d

dt

∂L

∂ẋ
− ∂L

∂x
= F cosωt

mẍ+ kx = F cosωt

ẍ+ ω2
nx = F

m
cosωt (1)

Where ω2
n = k

m . We see that the angle θ is not in the EQM. Hence the solution does not involve θ and the
oscillation magnitude is not affected by the angle . Intuitively, the reason for this is because the angle effect
is already counted for to reach the static equilibrium. Once the system is in static equilibrium, the angle no
longer matters as far as the solution is concerned.

3.2.5 Problem 2.46
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From example 2.4.1, we note the following table

Also, from example 2.4.1, the mass of car 1 is 1007kg and the mass of car 2 is 1585kg. Hence we write

m1 = 1007kg
m2 = 1585kg

To find the deflection of the car, we use equation 2.70 in the book, which is

X = Y

√
1 + (2ξr)2

(1− r2)2 + (2ξr)2

Where X is the magnitude of the steady state deflection and Y is the magnitude of the base deflection, which
is given as 0.01 meters in the example.

Hence, for each speed, we calculate ωp and then we find ωn =
√

k
m1+mp

and then find r = ωp

ωn
and then find

ξ = c
2
√

k(m1+mp)
and then using equation(1), we calculate X. This is done for each different speed (all for

car m1). Next, we do the same for car m2. These calculation are shown in the following table. Note also that
c = 2000 N s/m as given in the example and k = 4× 104 N/m

car 1

v (km/h) ωp = 0.2909 v ωn =
√

k
m1+mp

r = ωp

ωn
ξ = c

2
√

k(m1+mp)
X = Y

√
1+(2ξr)2

(1−r2)2+(2ξr)2 (cm)
20 5.818 5.756 7 1.010 6 0.143 92 3.571
80 23. 272 5.756 7 4.042 6 0.143 92 0.0997
100 29.09 5.756 7 5.053 2 0.143 92 0.0718
150 43.635 5.756 7 7.579 9 0.143 92 0.0425

car

2

v (km/h) ωp = 0.2909 v ωn =
√

k
m2+mp

r = ωp

ωn
ξ = c

2
√

k(m2+mp)
X = Y

√
1+(2ξr)2

(1−r2)2+(2ξr)2 (cm)
20 5.818 4.7338 1.229 0.11835 1.7726
80 23.272 4.7338 4.9161 0.11835 0.066141
100 29.09 4.7338 6.1452 0.11835 0.04797
150 43.635 4.7338 9.2178 0.11835 0.02857

Observations: The heavier car (car 2) has smaller defection (X values) for all speeds. Adding passengers,
causes ωn to change. This results in making the deflection smaller when passengers are in the car as compared
without them. Heaver cars and heavier passenger results in smaller deflection values. For the lighter car
however, adding the passenger did not result in smaller deflection for all speeds. For speed v = 20, adding
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the passenger caused a larger defection (3.19 vs. 3.571). As car 1 speed became larger, the deflection became
smaller for both cars.

So, in conclusion: lighter cars have larger deflections at bumps, and the faster the car, the smaller the
deflection.

3.2.6 Problem 2.57

Given m = 120 kg, k = 800×103N/M, c = 500 kg/s, and mass m0 has angular speed of ωr = 3000×2π
60 = 100π

radians per seconds

3.2.6.1 Part(a)

The rotating mass will cause a downward force as the result of the centripetal force m0eω
2
r sin (ωrt). Hence

the reaction to this force on the machine will be in the upward direction. Hence

Fr = m0eω
2
r sin (ωrt)

Hence the machine equation of motion is

mẍ+ cẋ+ kx = m0eω
2
r sin (ωrt)

ẍ+ 2ξωnẋ+ ω2
nx = m0

m
eω2

r sin (ωrt) (1)
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By guessing xp = X sin(ωrt−θ) then we find that (The method of undetermined coefficients is used, derivation
is show in text book at page 115)

X = moe

m

r2√
(1− r2)2 + (2ξr)2

(2)

This is the maximum magnitude of motion in steady state. In the above, r = ωr

ωn
. Hence to find X we

substitute the given values in the above expression. We first note that we are told that m0eω
2
r = 374N , hence

moe = 374
ω2

r
but we found that ωr = 100π rad/sec, hence

moe =
374

(100 π)2
= 0.003789 4

And
r = ωr

ωn
= 100π√

k
m

= 100 π√
800×103

120

= 3. 847 6

And
ξ = c

2
√
km

= 500
2
√
800× 103 × 120

= 0.02551 6

Substituting into (2) gives

X =
(
0.003789 4

120

)
3. 847 62√

(1− 3. 847 62)2 + (2× 0.02551 6× 3. 847 6)2

= 3. 386 3× 10−5 meter

3.2.6.2 Part(b)

We are told that mo = 0.01×m, hence mo = 0.01× 120 = 1. And since we are told that m0eω
2
r = 374N then

e = 374
m0ω2

r

= 374
1.× (100π)2

= 3.8× 10−3 meter
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3.2.7 Key for HW2



chapter 3. hws 42



chapter 3. hws 43



chapter 3. hws 44



chapter 3. hws 45

3.3 HW3

Local contents
3.3.1 Description of HW . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.3.2 Problem 3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.3.3 Problem 3.8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.3.4 Problem 3.11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.3.5 Problem 3.16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.3.6 Problem 3.21 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.3.7 Problem 3.29 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
3.3.8 Problem 3.38 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
3.3.9 Problem 3.44 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
3.3.10 Solving 3.44 using convolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
3.3.11 Problem 3.49 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.3.12 Problem 3.50 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
3.3.13 Key for HW3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76



chapter 3. hws 46

3.3.1 Description of HW
1. Find solution to second order ODE with impulse as input.

2. Spring-damper-mass dropped from height h, find resulting EQM.

3. Find solution to second order ODE with 2 impulses as input, one delayed.

4. Find response of undamped system to half sin input force, using convolution.

5. As above, but the forcing function is triangle looking. Use convolution also.

6. Find Fourier series for sawtooth function.

7. Solving 2nd order ODE with impulse as input using Laplace transform.

8. Find shock response spectrum to half-sine input (hard).

9. Find H(s), the transfer function for ODE.

10. Find the frequency response for the above H(s), i.e. set s = jw and plot.

3.3.2 Problem 3.2
Problem

Calculate the solution to ẍ+ 2ẋ+ 3x = sin t+ δ(t− π) with IC x(0) = 0, ẋ(0) = 1 and plot the solution.

Answer

ẍ+ 2ẋ+ 3x = sin t+ δ(t− π)
ẍ+ 2ξωnẋ+ ω2

nx = sin t+ δ(t− π)

Hence ωn =
√
3 and 2ξωn = 2, hence ξ = 1√

3 = 0.577 35, hence this is underdamped system .

Since x = xh + xp, then
xh = e−ξωnt(A cosωdt+B sinωdt)

We have 2 particular solutions. The first xp1 is due to sin t and the second xp2 is due to δ(t− π). When the
forcing function is sin t, we guess

xp1 = c1 cos t+ c2 sin t

and when the forcing function is δ(t− π) the response is

xp2 = 1
ωdm

e−ξωn(t−π) sinωd(t− π)Φ(t− π)

From xp1 we find ẋp1 and ẍp1 and plug these into ẍ+ 2ẋ+ 3x = sin t to find c1 and c2, next we find A,B by
using the IC, and then at the end we add the solution xp2 . Notice that xp2 do not enter into the calculation
of A,B since the impulse δ(t− π) is not effective at t = 0.

ẋp1 = −c1 sin t+ c2 cos t
ẍp1 = −c1 cos t− c2 sin t
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Hence

ẍp1 + 2ẋp1 + 3xp1 = sin t
(−c1 cos t− c2 sin t) + 2(−c1 sin t+ c2 cos t) + 3(c1 cos t+ c2 sin t) = sin t

sin t(−c2 − 2c1 + 3c2) + cos t(−c1 + 2c2 + 3c1) = sin t

Hence (−2c1 + 2c2) = 1 and (2c2 + 2c1) = 0. This results in

c1 = −1
4

c2 = 1
4

Hence
xp1 = − 1

4 cos t+
1
4 sin t

Therefore
xh + xp1 = e−ξωnt(A cosωdt+B sinωdt)−

1
4 cos t+ 1

4 sin t

Now we use IC’s to find A,B. At t = 0 we obtain

A = 1
4

And

ẋh + ẋp1 = −ξωne
−ξωnt

(
1
4 cosωdt+B sinωdt

)
+ e−ξωnt

(
−1
4ωd sinωdt+ ωdB cosωdt

)
+ 1

4 sin t+ 1
4 cos t

At t = 0 we have

1 = −ξωn

(
1
4

)
+ (ωdB) + 1

4

B =

(
1 + ξωn

4 − 1
4

)
ωd

But ωd = ωn

√
1− ξ2 =

√
3
√
1−

(
1√
3

)2
=

√
3
√

2
3 , Hence ωd =

√
2 then the above becomes

B = 1√
2

Hence the final solution is

x(t) = xh + xp1 + xp2

= e−ξωnt

(
1
4 cosωdt+

1√
2
sinωdt

)
− 1

4 cos t+ 1
4 sin t+ 1

ωdm
e−ξωn(t−π) sinωd(t− π)Φ(t− π)

Substitute values for the parameters above we obtain

x(t) = e−t
(

1
4 cos

√
2t+ 1√

2 sin
√
2t
)
− 1

4 cos t+
1
4 sin t+

1√
2e

−(t−π) sin
√
2(t− π)Φ(t− π)

This is a plot of the solution superimposed on the forcing functions
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3.3.3 Problem 3.8
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The magnitude of the impulse resulting when the mass hits the ground is given by the change of momentum
that occurs. Hence

F̂ = Ft = m(vfinal − v0)

But assuming the mass is dropped from rest, hence v0 = 0, and vfinal = gt where t =
√

2h
g where h is the

height that mass falls. Hence

F̂ = mvfinal

= m
√
2gh

Hence the equation of motion is

mẍ(t) + cẋ(t) + kx(t) = m
√
2ghδ(t)

Since underdamped, x(t) = h(t) = F̂
mωd

e−ξωnt sinωdt, hence the solution is

x(t) = m
√
2gh

mωd
e−ξωnt sinωdt

=
√
2gh
ωd

e−ξωnt sinωdt

Taking t = 0 as time of impact.

3.3.4 Problem 3.11
Problem

Compute response of the system 3ẍ(t) + 6ẋ(t) + 12x(t) = 3δ(t) − δ(t− 1) with IC x(0) = 0.01m and
v(0) = 1m/s. Plot the response.

Answer

3ẍ(t) + 6ẋ(t) + 12x(t) = 3δ(t)− δ(t− 1)

ẍ(t) + 2ẋ(t) + 4x(t) = δ(t)− 1
3δ(t− 1)

ẍ+ 2ξωnẋ+ ω2
nx = δ(t)− 1

3δ(t− 1)

Where m = 1, ω2
n = 4, hence ωn = 2 and 2ξωn = 2, hence ξ = 1

2 . This is an underdamped system.

ωd = ωn

√
1− ξ2 = 2

√
1−

( 1
2
)2 = 2

√
3
4 , Hence ωd =

√
3

xh = e−ξωnt(A cosωdt+B sinωdt)

The response due to the forcing function δ(t) is given by

xp1(t) =
1

ωdm
e−ξωnt sin (ωdt)

The response due to the other forcing function δ(t− 1) is given by

xp2(t) = −1
3

1
ωdm

e−ξωn(t−1) sinωd(t− 1)Φ(t− 1)
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Now we determine A,B from IC’s

xh(0) + xp1(0) = 0.01

=
[
e−ξωnt(A cosωdt+B sinωdt) +

1
ωdm

e−ξωnt sin (ωdt)
]
t=0

Hence A = 0.01 Now to find B

ẋh(t) + ẋp1(t) = −ξωne
−ξωnt(A cosωdt+B sinωdt) + e−ξωnt(−Aωd sinωdt+Bωd cosωdt)

+ −ξωn

ωdm
e−ξωnt sin (ωdt) +

ωd

ωdm
e−ξωnt cos (ωdt)

But ẋh(0) + ẋp1(0) = 1, hence from the above, and noting that m = 1

1 = −Aξωn +Bωd + 1

B = Aξωn

ωd

=
0.01

( 1
2
)
2

√
3

Hence
B = 1

100
√
3

Therefore
xh = e−ξωnt

(
1

100 cosωdt+
1

100
√
3
sinωdt

)
Now we can combine the above solution to obtain the final solution

x(t) = x(h) + xp1(t) + xp2(t)

= e−ξωnt

(
1
100 cosωdt+

1
100

√
3
sinωdt

)
+ 1

ωdm
e−ξωnt sin (ωdt)

− 1
3

1
ωdm

e−ξωn(t−1) sinωd(t− 1)Φ(t− 1)

Substitute numerical values for the above parameters, we obtain

x(t) = e−t

100

(
cos

√
3t+ 1√

3
sin

√
3t
)
+ 1√

3
e−t sin

(√
3t
)
− 1

3
1√
3
e−(t−1) sin

(√
3(t− 1)

)
Φ(t− 1)

This is a plot of the response
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3.3.5 Problem 3.16
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Let the response by x(t). Hence x(t) = xh(t) + xp(t), where xp(t) is the particular solution, which is the
response due the the above forcing function. Using convolution

xp(t) =
t∫

0

f(τ)h(t− τ) dτ

Where h(t) is the unit impulse response of a second order underdamped system which is

h(t) = 1
mωd

e−ξωnt sinωdt

hence

xp(t) =
F0

mωd

t∫
0

sin (τ) e−ξωn(t−τ) sin (ωd(t− τ)) dτ

= F0e
−ξωnt

mωd

t∫
0

eξωnτ sin (τ) sin (ωd(t− τ)) dτ

Using sinA sinB = 1
2 [cos (A−B)− cos (A+B)] then

sin (τ) sin (ωd(t− τ)) = 1
2 [cos (τ − ωd(t− τ))− cos (τ + ωd(t− τ))]

Then the integral becomes

xp(t) =
F0e

−ξωnt

2mωd

 t∫
0

eξωnτ cos (τ − ωd(t− τ)) dτ −
t∫

0

eξωnτ cos (τ + ωd(t− τ)) dτ


Consider the first integral I1 where

I1 =
t∫

0

eξωnτ cos (τ − ωd(t− τ)) dτ

Integrate by parts, where
∫
udv = uv−

∫
vdu, Let dv = eξωnτ → v = eξωnτ

ξωn
and let u = cos (τ − ωd(t− τ)) →

du = −(1 + ωd) sin (τ − ωd(t− τ)), hence

I1 =
[
cos (τ − ωd(t− τ)) e

ξωnτ

ξωn

]t
0

−
t∫

0

eξωnτ

ξωn
[−(1 + ωd) sin (τ − ωd(t− τ))] dτ

=
[
cos (t− ωd(t− t)) e

ξωnt

ξωn
− cos (0− ωd(t− 0)) 1

ξωn

]

+ (1 + ωd)
ξωn

t∫
0

eξωnτ sin (τ − ωd(t− τ)) dτ

= 1
ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+ (1 + ωd)

ξωn

t∫
0

eξωnτ sin (τ − ωd(t− τ)) dτ (1)
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Integrate by parts again the last integral above, where
∫
udv = uv−

∫
vdu, Let dv = eξωnτ → v = eξωnτ

ξωn
and

let u = sin (τ − ωd(t− τ)) → du = (1 + ωd) cos (τ − ωd(t− τ)), hence

t∫
0

eξωnτ sin (τ − ωd(t− τ)) dτ =
[
sin (τ − ωd(t− τ)) e

ξωnτ

ξωn

]t
0

−
∫ t

0

eξωnτ

ξωn
(1 + ωd) cos (τ − ωd(t− τ)) dτ

= 1
ξωn

[
sin (t) eξωnt + sin (ωdt)

]
−

(1 + ωd)
ξωn

∫ t

0
eξωnτ cos (τ − ωd(t− τ)) dτ (2)

Substitute (2) into (1) we obtain

I1 = 1
ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+

(1 + ωd)
ξωn

(
1

ξωn

[
sin (t) eξωnt + sin (ωdt)

]
− (1 + ωd)

ξωn

∫ t

0
eξωnτ cos (τ − ωd(t− τ)) dτ

)

= 1
ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+ (1 + ωd)

(ξωn)2
[
sin (t) eξωnt + sin (ωdt)

]
− (1 + ωd)2

(ξωn)2
∫ t

0
eξωnτ cos (τ − ωd(t− τ)) dτ

= 1
ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+ (1 + ωd)

(ξωn)2
[
sin (t) eξωnt + sin (ωdt)

]
− (1 + ωd)2

(ξωn)2
I1

Hence

I1 +
(1 + ωd)2

(ξωn)2
I1 = 1

ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+ (1 + ωd)

(ξωn)2
[
sin (t) eξωnt + sin (ωdt)

]
I1

(
(ξωn)2 + (1 + ωd)2

(ξωn)2

)
= 1

ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+ (1 + ωd)

(ξωn)2
[
sin (t) eξωnt + sin (ωdt)

]
I1 =

(
(ξωn)2

(ξωn)2 + (1 + ωd)2

)
(

1
ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+ (1 + ωd)

(ξωn)2
[
sin (t) eξωnt + sin (ωdt)

])

=
ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+ (1 + ωd)

[
sin (t) eξωnt + sin (ωdt)

]
(ξωn)2 + (1 + ωd)2

Now consider the second integral I2 where

I2 =
t∫

0

eξωnτ cos (τ + ωd(t− τ)) dτ
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Integrate by parts, where
∫
udv = uv−

∫
vdu, Let dv = eξωnτ → v = eξωnτ

ξωn
and let u = cos (τ + ωd(t− τ)) →

du = −(1− ωd) sin (τ + ωd(t− τ)), hence

I2 =
[
cos (τ + ωd(t− τ)) e

ξωnτ

ξωn

]t
0
−

t∫
0

eξωnτ

ξωn
[−(1− ωd) sin (τ + ωd(t− τ))] dτ

=
[
cos (t+ ωd(t− t)) e

ξωnt

ξωn
− cos (0 + ωd(t− 0)) 1

ξωn

]

+ (1− ωd)
ξωn

t∫
0

eξωnτ sin (τ + ωd(t− τ)) dτ

= 1
ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+ (1− ωd)

ξωn

t∫
0

eξωnτ sin (τ + ωd(t− τ)) dτ (3)

Integrate by parts again the last integral above, where
∫
udv = uv−

∫
vdu, Let dv = eξωnτ → v = eξωnτ

ξωn
and

let u = sin (τ + ωd(t− τ)) → du = (1− ωd) cos (τ + ωd(t− τ)), hence

t∫
0

eξωnτ sin (τ + ωd(t− τ)) dτ =
[
sin (τ + ωd(t− τ)) e

ξωnτ

ξωn

]t
0
−
∫ t

0

eξωnτ

ξωn
(1− ωd) cos (τ + ωd(t− τ)) dτ

= 1
ξωn

[
sin (t) eξωnt − sin (ωdt)

]
− (1− ωd)

ξωn

∫ t

0
eξωnτ cos (τ + ωd(t− τ)) dτ

(4)

Substitute (4) into (3) we obtain

I2 = 1
ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+

(1− ωd)
ξωn

(
1

ξωn

[
sin (t) eξωnt − sin (ωdt)

]
− (1− ωd)

ξωn

∫ t

0
eξωnτ cos (τ + ωd(t− τ)) dτ

)

= 1
ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+ (1− ωd)

(ξωn)2
[
sin (t) eξωnt − sin (ωdt)

]
− (1− ωd)2

(ξωn)2
∫ t

0
eξωnτ cos (τ + ωd(t− τ)) dτ

= 1
ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+ (1− ωd)

(ξωn)2
[
sin (t) eξωnt + sin (ωdt)

]
− (1− ωd)2

(ξωn)2
I2
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Hence

I2 +
(1− ωd)2

(ξωn)2
I2 = 1

ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+ (1− ωd)

(ξωn)2
[
sin (t) eξωnt + sin (ωdt)

]
I2

(
(ξωn)2 + (1− ωd)2

(ξωn)2

)
= 1

ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+ (1− ωd)

(ξωn)2
[
sin (t) eξωnt + sin (ωdt)

]
I2 =

(
(ξωn)2

(ξωn)2 + (1− ωd)2

)
(

1
ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+ (1− ωd)

(ξωn)2
[
sin (t) eξωnt + sin (ωdt)

])

=
ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+ (1− ωd)

[
sin (t) eξωnt + sin (ωdt)

]
(ξωn)2 + (1− ωd)2

Using the above expressions for I1, I2, we find (and multiplying the solution by (Φ(t)− Φ(t− π)) since the
force is only active from t = 0 to t = π, we obtain

xp(t) =
F0e

−ξωnt

2mωd
(I1 − I2) (Φ(t)− Φ(t− π))

= (Φ(t)− Φ(t− π)) ∗
F0e

−ξωnt

2mωd

ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+ (1 + ωd)

[
sin (t) eξωnt + sin (ωdt)

]
(ξωn)2 + (1 + ωd)2

− F0e
−ξωnt

2mωd

ξωn

[
cos (t) eξωnt − cos (ωdt)

]
+ (1− ωd)

[
sin (t) eξωnt + sin (ωdt)

]
(ξωn)2 + (1− ωd)2

(5)

Hence xp(t) = (Φ(t)− Φ(t− π))[
F0

2mωd
e−ξωnt

(
ξωn

[
cos(t)eξωnt−cos(ωdt)

]
+(1+ωd)

[
sin(t)eξωnt+sin(ωdt)

]
(ξωn)2+(1+ωd)2

−
ξωn

[
cos(t)eξωnt−cos(ωdt)

]
+(1−ωd)

[
sin(t)eξωnt+sin(ωdt)

]
(ξωn)2+(1−ωd)2

)]
But

(ξωn)2 + (1 + ωd)2 = ξ2ω2
n + 1 + ω2

d + 2ωd

= ξ2ω2
n + 1 + ω2

n

(
1− ξ2

)
+ 2ωd

= 1 + 2ωd + ω2
n

and
(ξωn)2 + (1− ωd)2 = 1− 2ωd + ω2

n

Hence xp(t) can now be written as

xp(t) =
F0e

−ξωnt

2mωd

ξωn cos (t) eξωnt − ξωn cos (ωdt) + (1 + ωd) sin (t) eξωnt + (1 + ωd) sin (ωdt)
1 + 2ωd + ω2

n

− F0e
−ξωnt

2mωd

ξωn cos (t) eξωnt − ξωn cos (ωdt) + (1− ωd) sin (t) eξωnt + (1− ωd) sin (ωdt)
1− 2ωd + ω2

n

And
xh(t) = e−ξωnt(A cosωdt+B sinωdt)
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Hence the overall solution is

x(t) = e−ξωnt(A cosωdt+B sinωdt) + xp(t)

The above solution is a bit long due to integration by parts. I will not solve the same problem using Laplace
transformation method. The differential equation is

ẍ(t) + 2ξωnẋ(t) + ω2
nx(t) = f(t)

Take Laplace transform, we obtain (assuming x(0) = x0 and ẋ(0) = v0)(
s2X − sx(0)− ẋ(0)

)
+ 2ξωn(sX − x(0)) + ω2

nX = F (s)(
s2X − sx0 − v0

)
+ 2ξωn(sX − x0) + ω2

nX = F (s) (7)

Now we find Laplace transform of f(t)

F (s) =
∞∫
0

e−stf(t) dt

=
π∫

0

e−stF0 sin t dt

= F0

 π∫
0

e−st sin t dt


Integration by parts gives

F (s) = F0

[
1 + e−πs

1 + s2

]
(8)

Substitute (8) into (7) we obtain

(
s2X − sx0 − v0

)
+ 2ξωn(sX − x0) + ω2

nX = F0

[
1 + e−πs

1 + s2

]
X
(
s2 + 2ξωns+ ω2

n

)
− sx0 − v0 − 2ξωnx0 = F0(1 + e−πs)

1 + s2

X
(
s2 + 2ξωns+ ω2

n

)
= F0(1 + e−πs)

1 + s2
+ sx0 + v0 + 2ξωnx0

=
F0(1 + e−πs) +

(
1 + s2

)
sx0 + v0

(
1 + s2

)
+ 2ξωnx0

(
1 + s2

)
1 + s2

Hence

X =
F0(1 + e−πs) +

(
1 + s2

)
sx0 + v0

(
1 + s2

)
+ 2ξωnx0

(
1 + s2

)
(1 + s2) (s2 + 2ξωns+ ω2

n)

=
F0 + v0 + F0

eπs + sx0 + s2v0 + s3x0 + 2ξωnx0 + 2s2ξωnx0

(1 + s2) (s2 + 2ξωns+ ω2
n)

Now we can use inverse Laplace transform on the above. It is easier to do partial fraction decomposition and
use tables. I used CAS to do this and this is the result. I plot the solution x(t). I used the following values
to be able to obtain a plot ξ = 0.5, ωn = 2, F0 = 10, x0 = 1, v0 = 0
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3.3.6 Problem 3.21
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The acceleration ẍ of the mass is measured w.r.t. to the inertial frame, but the spring length is measured
relative to the ground which is moving with displacement y(t), hence the equation of motion of the mass m
is given by

mẍ(t) + k(x(t)− y(y)) = 0

Therefore
mẍ(t) + k x(t) = k y(t) (1)

Where y(t) is given as

y(t) =


2.5t 0 ≤ t ≤ 0.2

0.75− 1.25t 0.2 < t ≤ 0.6
0 0.6 < t

The solution to (1) is given by x(t) = xh(t) + xp(t) where xp(t) can be found using convolution, and xh(t) is
as usual given by

xh = A cosωn +B sinωn

Let us first find xp(t). Note that the impulse response h(t) to undamped system is given by

h(t) = 1
mωn

sinωnt

Hence for 0 ≤ t ≤ 0.2,

xp(0···0.2)(t) =
∫ t

0
f(τ) (kh(t− τ)) dτ

=
∫ t

0
2.5τ

(
k

mωn
sinωn(t− τ)

)
dτ

= 2.5k
mωn

∫ t

0
τ sinωn(t− τ) dτ

= 2.5ωn

∫ t

0
τ sinωn(t− τ) dτ (2)

Integration by parts,
∫
udv = uv−

∫
vdu where u = τ , dv = sinωn(t− τ), hence v = − cos(ωn(t−τ))

−ωn
, therefore

(2) becomes

xp(0···0.2)(t) = 2.5ωn

([
τ
cosωn(t− τ)

ωn

]t
0
−
∫ t

0

cos (ωn(t− τ))
ωn

dτ

)

= 2.5ωn

(
t

ωn
+ 1

ω2
n

[sin (ωn(t− τ))]t0
)

= 2.5ωn

(
t

ωn
+ 1

ω2
n

[sinωn(t− t)− sinωn(t)]
)

= 2.5
(
t− sinωnt

ωn

)
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For 0.2 < t ≤ 0.6

xp(0.2···0.6)(t) = ωn

∫ 0.2

0
2.5τ sinωn(t− τ) dτ +

∫ t

0.2
f(τ) (kh(t− τ)) dτ

= 2.5ωn

∫ 0.2

0
τ sinωn(t− τ) dτ +

∫ t

0.2
(0.75− 1.25τ)

(
k

mωn
sinωn(t− τ)

)
dτ

= 2.5ωn

∫ 0.2

0
τ sinωn(t− τ) dτ+∫ t

0.2
0.75 k

mωn
sinωn(t− τ) dτ

−
∫ t

0.2
1.25τ k

mωn
sinωn(t− τ) dτ (3)

For the first integral in (3), we obtain

I1 = 2.5ωn

∫ 0.2

0
τ sinωn(t− τ) dτ

= 2.5ωn

([
τ
cosωn(t− τ)

ωn

]0.2
0

−
∫ 0.2

0

cos (ωn(t− τ))
ωn

dτ

)

= 2.5ωn

(
0.2cosωn(t− 0.2)

ωn
+ 1

ω2
n

[sin (ωn(t− τ))]0.20

)
= 2.5ωn

(
0.2cosωn(t− 0.2)

ωn
+ 1

ω2
n

(sinωn(t− 0.2)− sinωnt)
)

= 0.5 cosωn(t− 0.2) + 2.5
ωn

sinωn(t− 0.2)− 2.5
ωn

sinωnt

For the second integral in (3) we obtain

I2 = 0.75ωn

∫ t

0.2
sinωn(t− τ) dτ

= 0.75[cosωn(t− τ)]t0.2
= 0.75(1− cosωn(t− 0.2))

For the third integral in (3) we obtain

I3 =
∫ t

0.2
1.25τ k

mωn
sinωn(t− τ) dτ

= 1.25ωn

∫ t

0.2
τ sinωn(t− τ) dτ

Integration by parts gives

I3 = 1.25ωn

([
τ
cosωn(t− τ)

ωn

]t
0.2

−
∫ t

0.2

cos (ωn(t− τ))
ωn

dτ

)

= 1.25ωn

(
t

ωn
− 0.2cosωn(t− 0.2)

ωn
+ 1

ω2
n

[sinωn(t− τ)]t0.2
)

= 1.25ωn

(
t

ωn
− 0.2cosωn(t− 0.2)

ωn
+ 1

ω2
n

[− sinωn(t− 0.2)]
)

= 1.25
(
t− 0.2 cosωn(t− 0.2)− 1

ωn
sinωn(t− 0.2)

)
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Hence

xp(0.2···0.6)(t) = I1 + I2 − I3

= 0.5 cosωn(t− 0.2) + 2.5
ωn

sinωn(t− 0.2)− 2.5
ωn

sinωnt+

0.75(1− cosωn(t− 0.2))

− 1.25
(
t− 0.2 cosωn(t− 0.2)− 1

ωn
sinωn(t− 0.2)

)

= 0.5 cosωn(t− 0.2) + 2.5
ωn

sinωn(t− 0.2)− 2.5
ωn

sinωnt+

0.75− 0.75 cosωn(t− 0.2)

− 1.25t+ 0.25 cosωn(t− 0.2) + 1.25
ωn

sinωn(t− 0.2)

= 0.75− 1.25t+ 3.75
ωn

sinωn(t− 0.2)− 2.5
ωn

sinωnt

For t > 0.6

xp(0.6···t)(t) = 2.5ωn

∫ 0.2

0
τ sinωn(t− τ) dτ +

∫ 0.6

0.2
(0.75− 1.25τ)

(
k

mωn
sinωn(t− τ)

)
dτ

= 2.5ωn

∫ 0.2

0
τ sinωn(t− τ) dτ+∫ 0.6

0.2
0.75 k

mωn
sinωn(t− τ) dτ

−
∫ 0.6

0.2
1.25τ k

mωn
sinωn(t− τ) dτ (4)

For the first integral in (4), we obtain

I1 = 0.5 cosωn(t− 0.2) + 2.5
ωn

sinωn(t− 0.2)− 2.5
ωn

sinωnt

For the second integral in (4) we obtain

I2 = 0.75ωn

∫ 0.6

0.2
sinωn(t− τ) dτ

= 0.75[cosωn(t− τ)]0.60.2

= 0.75(cosωn(t− 0.6)− cosωn(t− 0.2))
= 0.75 cosωn(t− 0.6)− 0.75 cosωn(t− 0.2)

For the third integral in (4) we obtain

I3 =
∫ 0.6

0.2
1.25τ k

mωn
sinωn(t− τ) dτ

= 1.25ωn

∫ 0.6

0.2
τ sinωn(t− τ) dτ
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Integration by parts gives

I3 = 1.25ωn

([
τ
cosωn(t− τ)

ωn

]0.6
0.2

−
∫ 0.6

0.2

cos (ωn(t− τ))
ωn

dτ

)

= 1.25ωn

(
0.6cosωn(t− 0.6)

ωn
− 0.2cosωn(t− 0.2)

ωn
− 1

ω2
n

(sinωn(t− 0.6)− sinωn(t− 0.2))
)

= 0.75 cosωn(t− 0.6)− 0.25 cosωn(t− 0.2)− 1.25
ωn

sinωn(t− 0.6) + 1.25
ωn

sinωn(t− 0.2)

Hence

xp(0.6···t)(t) = I1 + I2 − I3

= 0.5 cosωn(t− 0.2) + 2.5
ωn

sinωn(t− 0.2)− 2.5
ωn

sinωnt

+ 0.75 cosωn(t− 0.6)− 0.75 cosωn(t− 0.2)

− 0.75 cosωn(t− 0.6) + 0.25 cosωn(t− 0.2) + 1.25
ωn

sinωn(t− 0.6)− 1.25
ωn

sinωn(t− 0.2)

= 3.75
ωn

sinωn(t− 0.2)− 2.5
ωn

sinωnt−
1.25
ωn

sinωn(t− 0.6)

Hence, the overall response is, assuming zero initial conditions, is given by

x(t) =


2.5
(
t− sinωnt

ωn

)
0 ≤ t ≤ 0.2

0.75− 1.25t+ 3.75
ωn

sinωn(t− 0.2)− 2.5
ωn

sinωnt 0.2 < t ≤ 0.6
3.75
ωn

sinωn(t− 0.2)− 2.5
ωn

sinωnt− 1.25
ωn

sinωn(t− 0.6) t > 0.6

Noting that ωn =
√

k
m =

√
1500
5000 = 0.54772, the above becomes

x(t) =


2.5t− 4. 564 4 sinωnt 0 ≤ t ≤ 0.2

0.75− 1.25t+ 6. 846 6 sinωn(t− 0.2)− 4. 564 4 sinωnt 0.2 < t ≤ 0.6
6. 846 6 sinωn(t− 0.2)− 4. 564 4 sinωnt− 2. 282 2 sinωn(t− 0.6) t > 0.6

This is a plot of the solution superimposed on top of the forcing function
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3.3.7 Problem 3.29

Let f(t) be the function shown above. Let f̃(t) be its approximation using Fourier series. Hence

f̃(t) = a0
2 +

∞∑
n=1

an cos
(
2π
T

nt

)
+ bn sin

(
2π
T

nt

)
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Where T is the period of f(t) and

a0 = 2
T

T∫
0

f(t) dt

an = 2
T

T∫
0

f(t) cos
(
2π
T

nt

)
dt n = 1, 2, · · ·

bn = 2
T

T∫
0

f(t) sin
(
2π
T

nt

)
dt n = 1, 2, · · ·

For f(t) we see that T = 2π and f(t) = t
T for 0 ≤ t ≤ T , hence

a0 = 2
T

T∫
0

t

T
dt

= 2
2π

T∫
0

t

2πdt

= 1
2π2

[
t2

2

]2π
0

= 1
4π2

[
4π2]

= 1

And

an = 2
T

2π∫
0

t

T
cos (nt) dt n = 1, 2, · · ·

= 2
2π

2π∫
0

1
2π t cos (nt) dt

= 1
2π2

2π∫
0

t cos (nt) dt

= 1
2π2

[t sinnt
n

]2π
0

− 1
n

2π∫
0

sinnt dt


= 1

2π2

(
0 + 1

n

[
cosnt
n

]2π
0

)

= 1
2π2

(
1
n2 [cos 2nπ − 1]

)
= 1

2n2π2 (cos 2nπ − 1)

= 0
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And

bn = 2
T

2π∫
0

t

T
sin (nt) dt n = 1, 2, · · ·

= 2
2π

2π∫
0

t

2π sin (nt) dt

= 1
2π2

[− t cosnt
n

]2π
0

+
2π∫
0

cosnt
n

dt


= 1

2π2

([
−2π cos 2πn

n

]
− 1

n

[
sinnt
n

]2π
0

)

= 1
2π2

(
−2π cos 2πn

n

)
= − cos 2πn

nπ

= −1
nπ

Hence

f̃(t) = a0
2 +

∞∑
n=1

an cos
(
2π
T

nt

)
+ bn sin

(
2π
T

nt

)

= 1
2 +

∞∑
n=1

−1
nπ

sin (nt)

These are few terms in the series

f̃(t) = 1
2 − 1

π
sin t− 1

2π sin 2t− 1
3π sin 3t− · · ·

This is a plot of the above for increasing number of n
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3.3.8 Problem 3.38
Problem

Solve the following system using Laplace transform 100ẍ(t) + 2000x(t) = 50δ(t) where the units are in
Newtons and the initial conditions are both zero.

Answer

Divide the equation by 50 we obtain
2ẍ(t) + 40x(t) = δ(t)

Let m = 2, k = 40,hence the equation becomes

mẍ(t) + kx(t) = δ(t)

Applying Laplace transform
m
(
s2X(s)− sx0 − v0

)
+ kX(s) = 1

But due to zero initial conditions, the above simplifies to

ms2X(s) + kX(s) = 1
X(s)

[
ms2 + k

]
= 1

X(s) = 1
ms2 + k

From tables, the inverse Laplace transform of α
s2+α2 is sinαt, but

1
ms2 + k

=
1
m

s2 + k
m

= 1
m

1√
k
m


√

k
m

s2 + k
m


Hence, letting α =

√
k
m we see that inverse laplace transform of 1

ms2+k is the same as the inverse laplace

transform of 1
m

1
α

(
α

s2+α2

)
which is 1

m
1
α sinαt

But α = ωn, hence
x(t) = 1

mωn
sinωnt

or

x(t) = 1

2
√

40
2

sin
√

40
2 t

= 0.111 8 sin (4. 472 1t)
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3.3.9 Problem 3.44
Problem

Calculate the response spectrum of an undamped system to the forcing function

F (t) =
{

F0 sin πt
t1

0 ≤ t ≤ t1
0 t > t1

assuming zero initial conditions.

Answer

Solution sketch: Find the response x(t) of the system to the above input. Then find t where this response is
maximum, call this xmax, then plot

(
xmax

k
F0

)
vs. tωn

2π

The system EQM is
x′′(t) + ω2

nx(t) =
F (t)
m

For 0 < t ≤ t1,

x1(t) = xh(t) + xp(t)
= A cosωnt+B sinωnt+ xp(t)

Guess xp(t) = c1 cosωt+ c2 sinωt , hence x′
p(t) = −ωc1 sinωt + ωc2 cosωt and x′′

p(t) = −ω2c1 cosωt −
ω2c2 sinωt, hence substitute these into the EQM and compare, we obtain(

−ω2c1 cosωt− ω2c2 sinωt
)
+ ω2

n(c1 cosωt+ c2 sinωt) =
F0

m
sin πt

t1

The input is half sin where ωt = πt
t1
, hence ω = π

t1
,hence the above becomes

(
−ω2c1 + ω2

nc1
)
cosωt+

(
−ω2c2 + ω2

nc2
)
sinωt = F0

m
sinωt

Hence c1 = 0 and c2
(
−ω2 + ω2

n

)
= F0

m or c2 =
F0
m

ω2
n−ω2 , Then the solution becomes

x1(t) = A cosωnt+B sinωnt+
F0
m

ω2
n − ω2 sinωt

And since x(0) = 0 then A = 0 and take derivative we obtain

x′
1(t) = ωnB cosωnt+ ω

F0
m

ω2
n − ω2 cosωt

And since x′(0) = 0 then the above results in

0 = ωnB + ω
F0
m

ω2
n − ω2

B = ω

ωn

F0
m

ω2 − ω2
n
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Hence the solution becomes

x1(t) =
ω

ωn

F0
m

ω2 − ω2
n

sinωnt+
F0
m

ω2
n − ω2 sinωt

=
F0
m

ω2
n − ω2

(
sinωt− ω

ωn
sinωnt

)
=

F0
m

ω2
n

[
1−

(
ω
ωn

)2](sinωt− ω

ωn
sinωnt

)

=
F0
m

k
m

[
1−

(
ω
ωn

)2](sinωt− ω

ωn
sinωnt

)

Hence

x1(t) =
F0
k[

1−
(

ω
ωn

)2](sinωt− ω

ωn
sinωnt

)
0 < t ≤ t1 (1)

Now we need to find where the maximum is. Take derivative, and set it to zero, we obtain

x′
1(t) =

F0

k

1[
1−

(
ω
ωn

)2] (ω cosωt− ω cosωnt) = 0

For ω 6= ωn, we need to solve
cosωt− cosωnt = 0

Using cosA− cosB = −2 sin
(
A+B

2
)
sin
(
A−B

2
)
, then the above becomes

−2 sin
(
(ω + ωn) t

2

)
sin
(
(ω − ωn) t

2

)
= 0

sin
(
(ω + ωn) t

2

)
sin
(
(ω − ωn) t

2

)
= 0

Hence, either (ω+ωn)tp
2 = nπ or (ω−ωn)tp

2 = nπfor n = ±1,±2, · · · or the time tp which makes the maximum
x(t) is one of the following

tp =
{

2nπ
ω+ωn
2nπ

ω−ωn

n = ±1,±2, · · ·

We now need to find which one of the above 2 solution gives a larger maximum. Using the first solution
tp = 2nπ

ω+ωn
, then (1) becomes

xmax(tp1) =
F0

k

[
1−

(
ω
ωn

)2](sinω( 2nπ
ω + ωn

)
− ω

ωn
sinωn

(
2nπ

ω + ωn

))

= F0

k

[
1−

(
ω
ωn

)2]
(
sin
(
2nπ ω

ωn

1 + ω
ωn

)
− ω

ωn
sin
(

2nπ
1 + ω

ωn

))

And at tp = 2nπ
ω−ωn

, then (1) becomes

xmax(tp2) =
F0

k

[
1−

(
ω
ωn

)2](sinω( 2nπ
ω − ωn

)
− ω

ωn
sinωn

(
2nπ

ω − ωn

))

= F0

k

[
1−

(
ω
ωn

)2]
(
sin
(
2nπ ω

ωn

ω
ωn

− 1

)
− ω

ωn
sin
(

2nπ
ω
ωn

− 1

))
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Need now to find which of the above is larger. Let us take the difference and see if the result is positive or
negative (is there an easier way?)

x(tp1)− x(tp2) =
F0/k[

1−
(

ω
ωn

)2]
(
sin
(
2nπ ω

ωn

1 + ω
ωn

)
− sin

(
2nπ ω

ωn

ω
ωn

− 1

)
− ω

ωn
sin
(

2nπ
1 + ω

ωn

)
+ ω

ωn
sin
(

2nπ
ω
ωn

− 1

))

= F0/k[
1−

(
ω
ωn

)2]
(
sin
(
2nπ ω

ωn

1 + ω
ωn

)
− sin

(
2nπ ω

ωn

ω
ωn

− 1

)
− ω

ωn
sin
(

2nπ
1 + ω

ωn

)
+ ω

ωn
sin
(

2nπ
ω
ωn

− 1

))

Not sure how to continue. Now let us look at t > t1. The solution here is

x2(t) = A cosωnt+B sinωnt

But with IC given by x1(t1) and x′
1(t1) , hence from (1)

x1(t1) =
F0
k[

1−
(

ω
ωn

)2](sinωt1 − ω

ωn
sinωnt1

)

and
x′
1(t1) =

F0

k

1[
1−

(
ω
ωn

)2] (ω cosωt1 − ω cosωnt1)

Hence
x2(t1) = A cosωnt1 +B sinωnt1 = F0/k[

1−
(

ω
ωn

)2](sinωt1 − ω

ωn
sinωnt1

)
(3)

And
x′
2(t1) = −ωnA sinωnt+Bωn cosωnt =

F0/k[
1−

(
ω
ωn

)2] (ω cosωt1 − ω cosωnt1) (4)

We need to solve (3) and (4) for A and B. Combining (3) and (4) we obtain

[
cosωnt1 sinωnt1

−ωn sinωnt ωn cosωnt

] [
A

B

]
=


F0/k[

1−
(

ω
ωn

)2](sinωt1 − ω
ωn

sinωnt1
)

F0/k[
1−

(
ω
ωn

)2] (ω cosωt1 − ω cosωnt1)


This is in the form Ax = b, solve for x, we obtain

[
A

B

]
= 1

ωn

[
ωn cosωnt1 − sinωnt1
ωn sinωnt cosωnt

] [(
sinωt1 − ω

ωn
sinωnt1

)
(ω cosωt1 − ω cosωnt1)

] F0/k[
1−

(
ω
ωn

)2]


Hence

A = 1
ωn

F0/k[
1−

(
ω
ωn

)2][ωn cosωnt1

(
sinωt1 −

ω

ωn
sinωnt1

)
− sinωnt1(ω cosωt1 − ω cosωnt1)

]

= 1
ωn

F0/k[
1−

(
ω
ωn

)2] [ωn cosωnt1 sinωt1 − ω cosωnt1 sinωnt1 − ω sinωnt1 cosωt1 + ω sinωnt1 cosωnt1]

= 1
ωn

F0/k[
1−

(
ω
ωn

)2] [ωn cosωnt1 sinωt1 − ω sinωnt1 cosωt1]
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And

B = 1
ωn

F0/k[
1−

(
ω
ωn

)2][ωn sinωnt1

(
sinωt1 −

ω

ωn
sinωnt1

)
+ cosωnt1(ω cosωt1 − ω cosωnt1)

]

= 1
ωn

F0/k[
1−

(
ω
ωn

)2] [ωn sinωnt1 sinωt1 − ω sinωnt1 sinωnt1 + ω cosωnt1 cosωt1 − ω cosωnt1 cosωnt1]

= 1
ωn

F0/k[
1−

(
ω
ωn

)2] [ωn sinωnt1 sinωt1 − ω sinωnt1 sinωnt1 + ω cosωnt1 cosωt1 − ω cosωnt1 cosωnt1]

Ask about the above, why can’t I get the answer shown in notes?

3.3.10 Solving 3.44 using convolution
To find the response x(t) use convolution. Since this is an undamped system, then the impulse response is

h(t) = 1
mωn

sinωnt

Hence, for 0 ≤ t ≤ t1

x(t) =
∫ t

0
F (τ)h(t− τ) dτ

=
∫ t

0

(
F0 sin

πτ

t1

)
1

mωn
sinωn(t− τ) dτ

= F0

mωn

∫ t

0
sin πτ

t1
sinωn(t− τ) dτ

Using sinA sinB = 1
2 (cos (A−B)− cos (A+B)), then

sin

A︷︸︸︷
πτ

t1
sin

B︷ ︸︸ ︷
ωn(t−τ) = 1

2 cos
(
πτ

t1
− ωn(t− τ)

)
− 1

2 cos
(
πτ

t1
+ ωn(t− τ)

)
Hence the convolution integral becomes

x(t) = F0

mωn

∫ t

0

1
2 cos

(
πτ

t1
− ωn(t− τ)

)
− 1

2 cos
(
πτ

t1
+ ωn(t− τ)

)
dτ

= F0

2mωn

[∫ t

0
cos
(
πτ

t1
− ωn(t− τ)

)
dτ −

∫ t

0
cos
(
πτ

t1
+ ωn(t− τ)

)]

= F0

2mωn


 sin

(
πτ
t1

− ωn(t− τ)
)

π
t1

+ ωn

t

0

−

 sin
(

πτ
t1

+ ωn(t− τ)
)

π
t1

− ωn

t

0


= F0

2mωn


 sin

(
πt
t1

)
π
t1

+ ωn
− sin (−ωnt)

π
t1

+ ωn

−

 sin
(

πt
t1

)
π
t1

− ωn
− sin (ωnt)

π
t1

− ωn


= F0

2mωn

{
sin πt

t1
π
t1

+ ωn
+ sinωnt

π
t1

+ ωn
−

sin πt
t1

π
t1

− ωn
+ sinωnt

π
t1

− ωn

}
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And for t > t1

x(t) =
∫ t1

0
F (τ)h(t− τ) dτ +

∫ t

t1

0× h(t− τ) dτ

=
∫ t1

0

(
F0 sin

πτ

t1

)
1

mωn
sinωn(t− τ) dτ

= F0

mωn

∫ t1

0
sin πτ

t1
sinωn(t− τ) dτ

As was done earlier, perform integration by parts, we obtain

x(t) = F0

2mωn


 sin

(
πτ
t1

− ωn(t− τ)
)

π
t1

+ ωn

t1

0

−

 sin
(

πτ
t1

+ ωn(t− τ)
)

π
t1

− ωn

t1

0


= F0

2mωn

{
sin (π − ωn(t− t1))

π
t1

+ ωn
− sin (−ωnt)

π
t1

+ ωn
− sin (π + ωn(t− t1))

π
t1

− ωn
+ sin (ωnt)

π
t1

− ωn

}

= F0

2mωn

{
sin (π − ωn(t− t1))

π
t1

+ ωn
+ sin (ωnt)

π
t1

+ ωn
− sin (π + ωn(t− t1))

π
t1

− ωn
+ sin (ωnt)

π
t1

− ωn

}
But sin (π − α) = sinα and sin (π + α) = − sinα, hence the above becomes

x(t) = F0

2mωn

{
sinωn(t− t1)

π
t1

+ ωn
+ sin (ωnt)

π
t1

+ ωn
+ sinωn(t− t1)

π
t1

− ωn
+ sin (ωnt)

π
t1

− ωn

}
Therefore, the final solution is

x(t) =


F0

2mωn

{
sin πt

t1
π
t1

+ωn
+ sinωnt

π
t1

+ωn
−

sin πt
t1

π
t1

−ωn
+ sinωnt

π
t1

−ωn

}
0 ≤ t ≤ t1

F0
2mωn

{
sinωn(t−t1)

π
t1

+ωn
+ sin(ωnt)

π
t1

+ωn
+ sinωn(t−t1)

π
t1

−ωn
+ sin(ωnt)

π
t1

−ωn

}
t > t1

(1)

We can simplify the above more as follows

x(t) =


F0

2mωn

{
sin πt

t1

(
1

π
t1

+ωn
− 1

π
t1

−ωn

)
+ sinωnt

(
1

π
t1

+ωn
+ 1

π
t1

−ωn

)}
0 ≤ t ≤ t1

F0
2mωn

{
sinωn(t− t1)

(
1

π
t1

+ωn
+ 1

π
t1

−ωn

)
+ sin (ωnt)

(
1

π
t1

+ωn
+ 1

π
t1

−ωn

)}
t > t1

(1)

Hence

x(t) =


F0

2mωn

{
sin πt

t1

((
π
t1

−ωn

)
−
(

π
t1

+ωn

)
(

π
t1

+ωn

)(
π
t1

−ωn

) )+ sinωnt

((
π
t1

−ωn

)
+
(

π
t1

+ωn

)
(

π
t1

+ωn

)(
π
t1

−ωn

) )} 0 ≤ t ≤ t1

F0
2mωn

{
sinωn(t− t1)

((
π
t1

−ωn

)
+
(

π
t1

+ωn

)
(

π
t1

+ωn

)(
π
t1

−ωn

) )+ sin (ωnt)
((

π
t1

−ωn

)
+
(

π
t1

+ωn

)
(

π
t1

+ωn

)(
π
t1

−ωn

) )} t > t1

(1)

Hence

x(t) =


F0

2mωn

{
sin πt

t1

(
−2ωn(
π
t1

)2
−ω2

n

)
+ sinωnt

(
2 π

t1(
π
t1

)2
−ω2

n

)}
0 ≤ t ≤ t1

F0
2mωn

{
sinωn(t− t1)

(
2 π

t1(
π
t1

)2
−ω2

n

)
+ sin (ωnt)

(
2 π

t1(
π
t1

)2
−ω2

n

)}
t > t1

(1)

or

x(t) =



(
1(

π
t1

)2
−ω2

n

)
F0

2mωn

{
−2ωn sin πt

t1
+ 2 π

t1
sinωnt

}
0 ≤ t ≤ t1(

ω(
π
t1

)2
−ω2

n

)
F0

mωn
{sinωn(t− t1)− sin (ωnt)} t > t1

(1)
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Hence

x(t) =



(
1(

π
t1

)2
−ω2

n

)
F0

mωn

{
−ωn sin πt

t1
+ π

t1
sinωnt

}
0 ≤ t ≤ t1(

ω(
π
t1

)2
−ω2

n

)
F0

mωn
{sinωn(t− t1)− sinωnt} t > t1

(1)

To find where xmax is, we need to find xmax. Take the derivative, we obtain

ẋ(t) =



(
1(

π
t1

)2
−ω2

n

)
F0

mωn

{
−ωn

π
t1
cos πt

t1
+ π

t1
ωn cosωnt

}
0 ≤ t ≤ t1(

ω(
π
t1

)2
−ω2

n

)
F0

mωn
{ωn cosωn(t− t1)− ωn cosωnt} t > t1

Now let ẋ(t) = 0 for t > t1 to find tpeak. ω(
π
t1

)2
− ω2

n

 F0

mωn
{ωn cosωn(tp − t1)− ωn cosωntp} = 0

cosωn(tp − t1)− cosωntp = 0 (2)

But
cosωn(tp − t1) = cosωntp cosωnt1 + sinωntp sinωnt1

Substitute the above into (2) we obtain

(cosωntp cosωnt1 + sinωntp sinωnt1)− cosωntp = 0

Divide by cosωntp

cosωnt1 + tanωntp sinωnt1 − 1 = 0

tanωntp = (1− cosωnt1)
sinωnt1

ωntp = tan−1
(
1− cosωnt1
sinωnt1

)

Hence, the hypotenuse is
√
(1− cosωnt1)2 + sin2 ωnt1 =

√
2 (1− cosωnt1) and so sinωntp = −

√
1
2 (1− cosωnt1)

and cosωntp = − sinωnt1√
2(1−cosωnt1)

and using these into (1) we find xmax when t > t1 as

xmax =

 ω(
π
t1

)2
− ω2

n

 F0

mωn
{sinωn(tp − t1)− sinωntp}
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But sinωn(tp − t1) = sinωntp cosωnt1 − cosωntp sinωnt1, hence

xmax =
(

ω

ω2 − ω2
n

)
F0

mωn
{sinωntp cosωnt1 − cosωntp sinωnt1 − sinωntp}

=
(

ω

ω2 − ω2
n

)
F0

mωn

{
−
√

1
2 (1− cosωnt1) cosωnt1 +

sinωnt1√
2 (1− cosωnt1)

sinωnt1 +
√

1
2 (1− cosωnt1)

}

=
(

ω

ω2 − ω2
n

)
F0

mωn

{
−(1− cosωnt1) cosωnt1 + sin2 ωnt1 + (1− cosωnt1)√

2 (1− cosωnt1)

}

=
(

ω

ω2 − ω2
n

)
F0

mωn

{
− cosωnt1 + cos2 ωnt1 + sin2 ωnt1 + 1− cosωnt1√

2 (1− cosωnt1)

}

=
(

ω

ω2 − ω2
n

)
F0

mωn

{
− cosωnt1 + 1 + 1− cosωnt1√

2 (1− cosωnt1)

}

=
(

ω

ω2 − ω2
n

)
2F0

mωn

{
1− cosωnt1√
2 (1− cosωnt1)

}

=
(

ω

ω2 − ω2
n

)
F0

2mωn

{√
1− cosωnt1

}
Hence

xmax =
(

ω

ω2 − ω2
n

)
F0

2mωn

√
1− cosωnt1

=
(

ω

ω2 − ω2
n

)
ωnF0

2mω2
n

√
1− cosωnt1

=

 ω
ωn((

ω
ωn

)2
− 1
)
 F0

2k
√
1− cosωnt1

Hence
xmax

k
F0

=
(

r
r2−1

)
1
2
√
1− cosωnt1

Where r = ω
ωn

A plot of xmax
k
F0

vs. r gives the response spectrum

3.3.11 Problem 3.49
Problem Calculate the compliance transfer function for a system described by ax′′′′+bx′′′+cx′′+dx′+ex =
f(t) where f(t) is the input and x(t) is the displacement.

Answer

Take Laplace transform (assuming zero IC) we obtain

as4X(s) + bs3X(s) + cs2X(s) + dsX(s) + eX(s) = F (s)

Hence
X(s)

[
as4 + bs3 + cs2 + ds+ e

]
= F (s)

Hence
H(s) = X(s)

F (s) = 1
as4+bs3+cs2+ds+e
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3.3.12 Problem 3.50
Problem

Calculate the frequency response function for the system of problem 3.49 for a = 1, b = 4, c = 11, d = 16, e = 8

Answer

H(s) = 1
as4 + bs3 + cs2 + ds+ e

= 1
s4 + 4s3 + 11s2 + 16s+ 11

Let s = jω

H(jω) = 1
(jω)4 + 4 (jω)3 + 11 (jω)2 + 16 (jω) + 11

= 1
ω4 − 4jω3 − 11ω2 + 16jω + 11

= 1
(ω4 − 11ω2 + 11) + j (16ω − 4ω3)

Hence

|H(jω)| = 1√
(ω4 − 11ω2 + 11)2 + (16ω − 4ω3)2

= 1√
ω8 − 6ω6 + 15ω4 + 14ω2 + 121

and
Phase(H(jω)) = − tan−1

(
16ω − 4ω3

ω4 − 11ω2 + 11

)
This is a plot of the magnitude and phase� �
EDU>> num=1;
EDU>> den=[1 4 11 16 11]
EDU>> sys=tf(num,den)

Transfer function:
1

--------------------------------
s^4 + 4 s^3 + 11 s^2 + 16 s + 11

EDU>> w = logspace(-1,1);
EDU>> freqs(num,den,w)� �
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3.3.13 Key for HW3
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