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Chapter

Introduction

1.1 Course description

This course part of my Masters degree in Applied Mathematics at California State University,
Fullerton

Course description (from CSUF catalogue)

MATH 504A Simulation Modeling and: Prerequisites:

Math 501A,B; 502A,B; 503A,B. Corequisite: Math 504B.
Advanced techniques of simulation modeling, including

the design of Monte Carlo, discrete event, and continuous
simulations. Topics may include output data analysis,
comparing alternative system configurations,
variance-reduction techniques, and experimental design
and optimization.Units: (3)

MATH 504B Applications of Simulation Modeling
Techniques

Description: Prerequisites: Math 501A,B; 502A,B; 503A,B.
Corequisite: Math 504A. Introduction to a modern

simulation language, and its application to simulation
modeling. Topics will include development of computer
models to demonstrate the techniques of simulation modeling,
model verification, model validation, and methods

of error analysis.Units: (3)

N
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1.2 Instructor

Professor Gearhart, W. B. CSUF Math department.

1.3 Class description handout /flyer

/‘/c/bv/ ot //22 Loald

Math 504: Simulation Modelling and Analysis

Text The course is based on notes written by the instructor. However, Mat,
many of the course topics are covered in the text entitled Introduction 24
to Probability Models, by S. Ross and published by Academic Press. 2l

This text is an excellent reference in applied probability.

Instructor W. B. Gearhart

Office MH 182F

Phone 714-278-3184

Email wegearhart@fullerton.edu

Office Hours MW 4-5 pm, MWThF 2-3 pm. If you wish to see me any
other time, just let me know, and we will arrange a meeting.

Course Description The course concerns the development and analysis
of models of stochastic systems. There are three phases to the course.
The first provides an introduction to the theory of stochastic processes.
The second concerns modelling discrete event systems using simulation.
The software Extend will be used to provide an introduction to the
structure and use of a simulation environment. The third and last
phase is devoted to further topics in stochastic modelling, and may
include statistical aspects of simulation modelling, Brownian motion,

signal processing, and Kalman filtering.

. T
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Grading There will be two exams, scheduled approximately every five to
six weeks. Also, there will be a comprehensive final exam. Homework
will be assigned and graded. The course grade will be based on the
weighted average of the homework (5%), the average of the two exams
(60%), and the final exam (35%). In cases when a student’s calculated
percentage is borderline, the instructor may raise the grade based on
class participation and attendance, or any other evidence of a strong
effort to do the course work.

Grade Scale A: 90-100 B: 80-89 C: 70-79 D: 60-69 F: 0-59

Attendance Class attendance is required. Please arrive on time. If you
happen to miss a class, it is your responsibility to obtain from your
classmates any missed lecture notes and assignments. However, see the
instructor concerning class handouts.

Class Participation In addition to attending class, you are expected to ac-
tively participate in your own learning. In particular, you should come
to class prepared, having studied the assigned readings and problems,
and be ready to ask questions and participate in the class discussion.

Homework Homework due dates will be specified well in advance. Late
papers will not be accepted.

Exam Make-up Policy No make-up exams will be given, unless you have
a medical emergency or death in the family. These emergencies require
valid documentation, and the instructor must be notified within 24
hours of the exam. The grade for a missed exam is zero.
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Academic Dishonesty Academic dishonesty is obtaining or attempting to

=

obtain credit for work by the use of any dishonest, deceptive, fraudu-
lent, or unauthorized means. Academic dishonesty also includes helping
someone commit an act of academic dishonesty. Examples of academic
dishonesty include, but are not limited to:

. Unacceptable examination behavior - communicating with fellow stu-

dents, copying material from another student’s exam or allowing an-
other student to copy from an exam, possessing or using unauthorized
materials, or any behavior that defeats the intent of an exam.

Plagiarism - taking the work of another and offering it as one’s own
without giving credit to that source, whether that material is para-
phrased or copied in verbatim or near-verbatim form.

Unauthorized collaboration on a project, homework or other assign-
ment where an instructor expressly forbids such collaboration.

Documentary falsification including forgery, altering of campus docu-
ments or records, tampering with grading procedures, fabricating lab
assignments, or altering medical excuses.

Students who violate university standards of academic honesty are subject to

disciplinary sanctions, including failure in the course, and suspension from

the university. Since dishonesty in any form harms the individual, other

students, and the university, policies on academic dishonesty are strictly

enforced.

Emergency Information In the event of an emergency such as an earth-

quake or fire:

. Take all your personal belongings and leave the classroom (or lab). Use

the stairways located at the east, west, or center of the building.

Do not use the elevator. They may not be working once the alarm
sounds.
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3. Go to the lawn area towards Nutwood Avenue. Stay with class mem-
bers for further instruction.

4. For additional information on exits, fire alarms and telephones, Build-
ing Evacuation Maps are located near each elevator.

5. Anyone who may have difficulty evacuating the building, please see the
instructor.

Comments

1. Retain this course description and refer to it as needed during the
semester.

2. All personal electronic devices, in particular cell phones, must be turned
off during class.

3. Keep in mind that grades are not given, they are earned.

4. You are responsible for managing your outside responsibilities (work,
family, and social) in order to allow sufficient time to meet the course
requirements.
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Handouts given during the course
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2.1 instructor class notes

We followed mostly the instructor class notes

2
O MATH 504AB
!

- .a B. GEARHART
{4
A

California State University, fullerton
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Introduction to
Analysis and Simulation
of
Probability Models

William B. Gearhart
Department of Mathematics
California State University, Fullerton



CHAPTER 2. HANDOUTS GIVEN DURING THE COURSE

14

Table of Contents

Introduction to
Analysis and Simulation
of
Probability Models

Unit 1 Probability Theory

Chapter 1
Chapter 2
Chapter 3

Basic Probability Theory
Random Variables
Conditional Expectation

Unit 2 Markov Chains

Chapter 4
Chapter 5
Chapter 6
Chapter 7
Chapter 8

Markov Chains

Classification of States

Finite Chains

A Random Walk Model

Markov Chain Monte Carlo Methods

Unit 3 Continuous-Time Markov Chains

Chapter 9
Chapter 10

The Poisson Process
Continuous-Time Markov Chains

Unit 4 Simulation Modeling

Chapter 11
Chapter 12
Chapter 13
Chapter 14
Chapter 15

Static Simulation Models

Simulation of Discrete-Event Systems
Preparation of Simulation Model Inputs
Random Number Generation

Analysis of Simulation Model Outputs



CHAPTER 2. HANDOUTS GIVEN DURING THE COURSE

15

Unit 1

Probability Theory

Chapter 1 Basic Probability Theory
Chapter 2 Random Variables
Chapter 3 Conditional Expectation

This unit covers basic topics from probability theory that are needed in the text.
Much of the material is review and the presentation is concise. However, some of the
topics in Chapter 3 may be new, and you will need to read this material more carefully.
Chapter 3 concerns conditional expectation which is especially important in the study of
stochastic processes.
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Chapter 1
Basic Probability Theory

1.1 Introduction Probability models are based on the concept of a statistical
experiment. An experiment is an action by which an observation is made. The individual
observations which can result when the experiment is performed are called outcomes. For
example, the experiment might be: Toss a coin and observe whether heads or tails
appears . The individual outcomes are then heads or tails. A set of outcomes is called an
event. The set of all possible outcomes is called the sample space. In these notes, we will
typically denote the sample space by S.

Example 1.1.1 Suppose the experiment is to toss a coin three times and observe the
sequence of heads and tails. Let H indicate that a head appears on a toss, and let T'
indicate that tails appears on a toss. Then we can describe the sample space as S =
(HHH,HHT, HTH,HTT,THH,THT,TTH,TTT} . If A denotes the event that
exactly one head appears in the sequence, then A = {HTT,THT,TTH}. O

1.2 The probability function For an event A of an experiment, we assign a number
P(A) called the probability of the event. This number is intended to reflect the frequency
interpretation of probability; namely, that if the experiment is performed a large number
of times, then P(A) is the fraction of times that the event A occurs. To form this
function, and stay consistent with the frequency interpretation, we require the following

axioms :
a. P(A)>0.
b. P(S)=1.

c. For mutually exclusive (disjoint) events A and B, P(AU B) = P(A)+ P(B).
A probability model is developed by making assumptions about the experiment. Then,
using the axioms, probabilities of events can be determined.
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1.2 Unit 1: Probability Theory
Example 1.2.1 For the experiment of tossing a coin, we have the two outcomes H W/
(heads appears) and T (tails appears). Thus S = {H,T}. Suppose we assume the coin is
fair, which means that P(H) = P(T'). Then the axioms tell us that
1= P(S)=P(H)+ P(T) =2P(H),andso P(H) = P(T) =1/2. O
More generally, using the same reasoning as in this example, it can be shown that if a
sample space consists of a finite number of outcomes, each with the same chance of
occurrence, the probability of an event A is simply
n(4)
P(A) = —=
where the symbol n( - ) denotes the number of outcomes in the specified event.
Several useful formulas and relationships can be derived from the axioms. These
include
a. If A C B, then P(A) < P(B).
b. Forany events A and B, P(AU B) = P(A) + P(B) — P(AN B).
c. P(A)=1- P(A), where A denotes the set of all outcomes not in A. This set is »
often called the compliment of A. —

d. If A is an event consisting of a finite number of outcomes, then P(A) is the sum
of the probabilities of the outcomes in A.

Example 1.2.2 Consider again the experiment of Example 1.1. Recall that the
sample space is S = {HHH,HHT, HTH,HTT,THH,THT,TTH,TTT}. If we
assume the coin is fair, then we may assume that each of these 8 outcomes has the same
chance of occurring, and so each has a probability of 1 /8. Let A be the event that at least
one heads appears. Then A consists of 7 outcomes, and so by the formula in (d),
P(A) = 7/8. Alternatively, we could observe that A = {TTT}, and so, by the formula
in (c), we conclude that P(A) =1—- P(A) =1-1/8=17/8. 0

1.3 Conditional probability The concept of conditional probability is the
cornerstone of much analysis in probability theory. For events A and B, the conditional
probability of A given B is defined by

(AN B)

P(A|B) = PP(B) , providled P(B)#0.
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Chapter 1: Basic Probability Theory 1.3

We think of P(A | B) as the chance that the event A occurs, given that B has occurred,
and can interpret it as the long-run fraction of times that A occurs among those times that
B occurs. Often, conditional probabilities are found directly without using this formula.
In fact, a common use of the formula is to find P(AN B), as we have P(AN B) =
P(A| B)P(B).

Example 1.3.1 A bag contains 20 apples, of which 4 are rotten. We select one apple
at random from the bag, and then select at random a second apple from the remaining 19
apples. Let A be the event that the second apple is rotten, and let B be the event that the
first apple is rotten. Then we find directly that P(A | B) = 3/19. Indeed, given that B
has occurred (the first apple is rotten), we are faced at the second selection with 19 apples
of which 3 are rotten. To find the probability that both apples are rotten; that is, to find
P(AN B), note first that P(B) = 4/20, and so

P(ANB) = P(A| B)P(B) = (3/19)(4/20) = 3/95. |

Events A and B are said to be statistically independent if P(A | B) = P(A). In
other words, events A and B are independent if the chance of A occurring is the same
whether or not the event B has occurred. When events A and B are independent, it
follows from the definition of conditional probability that P(A N B) = P(A)P(B).
Often, statistical independence can be determined from the nature of the experiment. For
example, in the previous Example 3.1, the events A and B are evidently not independent
since the probability of selecting a rotten apple on the second selection depends on the
outcome of the first selection.

Example 1.3.2 Suppose 60% of registered voters will vote yes on a certain
proposition. Then the probability is 0.6 that a voter selected at random will vote yes for
the proposition. If two voters are selected at random and independently, the probability
that both will vote yes is (0.6)(0.6) = 0.36 . O
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Exercises

1.1 The number of hurricanes reaching the east coast of the United States during a year is
observed to have the following pattern.

number of hurricanes 0 1 2 3 4 5 6 or more
frequency 0.15 0.28 0.27 0.17 0.08 0.03 0.02

What is the probability that the number of hurricanes reaching the east coast of the
United States is (a) at most 2, (b) at least 3, (c) either 0,1, 0r 2.

1.2 Under controlled conditions, a white rat will contract disease A with probability 0.6,
will contract disease B with probability 0.7, and will contract both diseases with
probability 0.5. Suppose a white rat is exposed to both disease A and disease B. (a)
What is the probability of contracting at least one these diseases? (b) What is the
probability of contracting neither?

1.3 A card is drawn at random from an ordinary deck of 52 cards. (a) What is the
probability of selecting a queen or a heart? (b) What is the probability of selecting
neither a queen nor a heart?

1.4 A fair die is rolled twice. (a) What is the probability that at least one die shows four
dots? (b) What is the probability that at least one die shows four dots, or the total
number of dots is ten?

1.5 A system consists of two components. The first component works with probability
0.9 and the second works with probability 0.8. In order for the system to work, both
components must work. Assume the components function independently of each other.
(a) What is the probability the system works? (b) What is the probability the system
fails?

1.6 A system consists of two components, in which the second serves only as a backup
for the first. The first component works with probability 0.9 and the second works with
probability 0.6. Assume the components function independently of each other. (a)
What is the probability the system works? (b) What is the probability the system fails?

1.7 A fair die is rolled twice. Let A be the event that the sum of the dots showing is 7,
and let B be the event that the amount on the first die is even. Are these events
independent?

1.8 Referring to Example 1.1.1, suppose the coin is not fair, and instead shows heads
with probability 0.7.. Assume the three tosses are made independently. (a) What is the
probability of the outcome THT™? (b) What is the probability of the event exactly one
head?
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Chapter 2

Random Variables

2.1 Introduction A random variable is a function defined on a sample space. In
these notes, we will consider only random variables that are real-valued.

Example 2.1.1 Suppose the experiment is toss a coin three times and observe the
sequence of heads and tails. Let X be the random variable equal to the number of heads
in a sequence. Then, for example, X({HTH}) = 2and X({HTT}) = 1. O

Typically, uppercase letters such as X or Y’ are used to denote random variables, and
lower case letters are used to denote the possible values of random variables.

2.2 Discrete random variables A random variable X is said to be discrete if the set
of its possible values is countable. To describe the probabilistic structure a discrete
random variable we use a probability distribution function which is defined for each
possible value z of X by P(X = x).

Example 2.2.1 For the experiment of Example 2.1.1, assume the coin is fair. Define
X as the number of heads in an outcome. Then the possible values of X are 0, 1,2, and
3. The event {X = 2}, for example, consists of the outcomes HHT', HT'H, and THH.
As these outcomes are equally likely, we conclude that P(X = 2) = 3/8. Similarly one
shows that P(X = 0) = 1/8, P(X =1) = 3/8, and P(X = 3) = 1/8. O

Example 2.2.2 For a specified probability p, the Bernoulli random variable is
defined as the random variable X which has value 1 with probability p, and value 0 with
probability ¢ =1—p. Thus, the probability distribution function is given by
P(X =1) =p, and P(X = 0) = g. For example, in the experiment of tossing a fair
coin, if we define the random variable X by X(H) =1 and X(T') =0, then X is
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Bernoulli with p = 1/2. The Bernoulli random variable is a basic building block for
several other random variables, such as the binomial random variable and the geometric
random variable. O

Example 2.2.3 An important example of a discrete random variable is the
binomial random variable, which is based on the Bernoulli random variable mentioned in
Example 2.2.2. For a specified probability p, consider a sequence of n independent
Bernoulli trails, in each of which the value 1 occurs with probability p, and value 0
occurs with probability ¢ = 1 — p. The binomial random variable X is defined as the
number of 1's that appear in the sequence. The possible values of X are 0, 1,2, -+, 7, and
it can be shown that
n!

P(X =zx) - (:;)p“”q"'z , for t=0,1,2,---,n, where (Z) = m .

The term (:) equals the number of subsets, consisting of z items, which can be formed
from a set of n items. O

2.3 Continuous random variables A random variable X is said to be

continuous if there is a function f(z) defined on the entire real line, such that for any
numbers a < b,

Pla< X <b) =/bf(:c)da:.

For example, the experiment might be to select a person at random and measure their
height. The random variable in this case assigns the observed height to the person
selected. This random variable would be viewed as continuous. Another example,
fundamental in the field of life insurance, is to select a person at random, and observe
how long they live. Lifetimes are modeled as continuous random variables.

The function f(x) that is used to describe the random variable is called the density
function of X. A density function is required to satisfy the two conditions:

f(z) >0 forall z, and /oo f(z)dz=1.
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Chapter 2: Random Variables 2.3

Example 2.3.1 Perhaps the most widely used density function in applications is the
normal density. This density is given by

1
f(z) = 5 e~@W127 | for — 0o <z <00.
o/ 2w

The parameters p and o > 0 need to be specified, and can be estimated from sample
values of the random variable. O

Example 2.3.2 Another widely used density function is the gamma density. This
density is given by
_ 1
~ eT(e)

The density is equal to zero for x < 0. The parameters o > 0 and B8 > 0 need to be

e 2/B | forz >0.

f(z)

specified, and can be estimated from sample values of the random variable. The term
I'(c) is known as the gamma function. When the argument ¢ is a positive integer, we
have I'(a) = (a — 1)!. An important special case is & = 1. The density is then called the
exponential density, and is given by

fx)=le‘$/ﬁ, forz >0. O
B

To specify a density function, we usually indicate the form of the function only over
the domain on which the density is positive.

2.4 Expected value and variance Distribution functions and densities give a
complete probabilistic description of a random variable. However, it is helpful to
summarize the quantitative nature of a random variable in terms of just a few numbers.
Foremost among such numbers are the expected value and the variance. The expected
value, also called the mean, is defined in the discrete case by

E(X)=) zP(X=1),

T

where the sum is taken over all possible values of X. In the continuous case, it is defined
by

B(X) = /Z:cf(x) dz .
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2.4 Unit 1: Probability Theory

The expected value of a random variable can be interpreted as the long-run average of the
values of the random variable. Indeed, consider the discrete case and suppose the
experiment associated with X is performed a large number of times, say N. Of the N
observations, the fraction P(X = z) of them would be equal to z, and so we would count
NP(X = ) observations with the value z . Thus, when we sum all the observed values

of X and divide by N to get the usual average, we would get approximately,

% Y z(NP(X =z)), whichequals E(X) .

A similar argument can be made in the continuous case. |

The expected value is a measure of location or central tendency. Roughly, we
could view the values of a random variable X as forming a set of points along the real
line. The mean F(X) is then a measure of the location or center of this set of numbers.
On the other hand, to measure how far the values of the random variable deviate away
from the mean, we commonly use the variance. For convenience, denote the mean E(X)
by p. Then the variance of X is defined in the discrete case by

Var(X)=) (z-p)’P(X =2) ,

and in the continuous case by

(o]

Va'r(X)z/ (x—p)if(z)dz .

—00

Note that the variance is the expected value of the random variable (X — p)2, which is
the square of the deviation of X from the mean y. It can be shown that Var(X) =
E(X?) — p?. This formula is often more convenient for calculations.

The variance is usually denoted by 02, and the square root of the variance, or o,
is known as the standard deviation of X. For many random variables, the bounds
p % 20 include most of the possible values of the random variable. For example, this
estimate covers about 95% of the values of a normally distributed random variable. In
fact, for any random variable, these bounds will contain at least 75% of the values.

Example 2.4.1 Consider the experiment of Example 2.2.1, in which a fair coin is
tossed three times, and the sequence of heads and tails observed. As shown in that
example, for the random variable X equal to the number of heads in a sequence, the
probability distribution is P(X =0) =1/8, P(X =1) =3/8, P(X =2) =3/8, and
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Chapter 2: Random Variables 2.5

P(X =3) = 1/8. Thus, the expected value of X is

1 3 3 1 3
E(X)=0-= i i 2=2
()08+18+28+38 5

Since the coin is fair, we would anticipate the expected value to be in the center of the
possible values of X, which are the integers from 0 to 3. To find the variance, we have

1 3 3 1
E(X?)=0%-2+12. 2422 +3%. - =
(x*) gtlgt¥ gt g=3

and so Var(X)=3—(3/2)? =3/4. The standard deviation of X is then 4/3/4.

Finally, using the rule for estimating bounds on the possible values of X, we find the

interval to be % +24/3/4,0r 1.5+ 1.7, which is a fair estimate of the range of this

random variable. G O
\-

It can be shown for the normal distribution that the expected value is equal to the
parameter y, and the variance is equal to the parameter o . For the gamma distribution,
the expected value is 1 = o/f and the variance is 0% = aff?. For the binomial random
variable with parameters n and p (recall Example 2.2.3), the expected value is p = np,

and the variance is 0% = npq, whereg =1 — p.

2.5 Functions of random variables Often in applications, random variables are
formed as functions of other random variables. Given a random variable X and a real-
valued function h, a new random variable Y can be formed as Y = h(X). From the
distribution of X, the distribution of Y can be determined, and then the parameters of Y,
such as the mean and variance, can be found. However, there is a more direct and usually
simpler way to find the parameters of Y. Indeed, it can be shown that

E(Y)=)_ h@)P(X=1),
T
when X is a discrete random variable, and
(o¢]
BY) = [ h@)f(e)de,
—00

when X is a continuous random variable and f(z) is its density function.



CHAPTER 2. HANDOUTS GIVEN DURING THE COURSE

2.6 Unit1: Probability and Statistics

Example 2.5.1 Suppose X isa continuous random variable with exponential density
1
f(z) = Ee"‘/z forz >0 .

Form a new random variable Y asY = X 2 Then

E(Y) =/ z*f(z) dx =/ $2%e_z/2dx =8.
- 0

00

The last integral was evaluated using integration by parts twice. O

Exercises

2.1 For the experiment in Example 1.1, assume the probability of heads is 0.6. (a) What
is the probability distribution of X ? (b) What are the mean and variance of X.

9.9 A fair die is rolled. Let X denote the random variable equal to the number of dots
showing. Find the expected value and the standard deviation of X .

9.3 Find the mean y and the standard deviation ¢ of a random variable X that follows the
exponential distribution with parameter 3. What is the probability that the random
variable lies in the interval p & 20?

9.4 A distribution of fundamental importance is the uniform distribution on the interval
(a,b) . The density function f (z) is equal to 1/(b — a) fora <z < b, and is equal to 0
otherwise. Suppose X is a uniform random variable on (a,b).

(a) Show that for any interval (c,d) which is contained in (a,b), the probability
P(c < X < d)isequalto(d— c)/(b—a).

(b) What are the mean p and variance o2 of X. Compare the interval p & 20 with the
actual range of X.

9.5 Suppose a random variable X follows the gamma distribution with parameters & = 2
and B = 4. What are the expected value and standard deviation of X.

2.6 A sum of k independent and identically distributed exponential random variables
follows the gamma distribution with mean ky and B = p. Write a MATLAB program
which will generate 1000 independent observations of a gamma random variable with
mean 6 and 8 = 2. Tabulate a relative frequency histogram over the range [0, 20] with
intervals of length two. A relative frequency histogram is a table which shows the
fraction of observations that fall in each of the intervals. Print a table listing each
interval midpoint and the relative frequency for that interval.
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N 2.7 For the previous problem, plot the histogram as a bar chart, and compare the shape of
this graph with the graph of the density function. Why would you expect these two
shapes to be similar? To address this question, develop the following line of reasoning.
Suppose X is a continuous random variable with density f(z). Assume a large number
of random and independent observations of X are obtained, and the results summarized
in a relative frequency histogram with intervals (z;_1, ;) fori = 1,2, -+, n.

(a) Find an approximate expression for the fraction of observations that will fall in
the interval (z;_;, z;). Write this expression as an integral of the density function
f(z). Next assume that z;; and z; are very close, and approximate this
expression in terms of z; — ;_1, and the value of the density function f(z) at the
midpoint of the interval.

(b) Use the result of part (b) to argue that the relative frequency histogram and the
density function f(z) of X should be approximately scaled versions of each other,
and estimate the scale factor.

Expand the program written for the previous problem by including a table of the values
of the gamma density at each interval midpoint. Compare this table with the relative
frequency chart to estimate the scale factor, and then compare this estimate with the
value predicted by your analysis above.
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R QUi
Conditional Expectation
——————— 3 IntroductionConditional-expectation is fundamental in probability theory and is

especially useful in the analysis of stochastic processes. Recall that for events A and B,
the conditional probability of A, given that B has occurred, is defined by P(A|B) =
P(ANB)/P(B), whenever P(B) # 0. For a given event B, we can think of the
sample space as being restricted to those outcomes in the event B, with associated
probability function P(-|B). The function P(-|B) has all the properties of a
probability function.

Example 3.1.1 Let X and Y be independent binomial random variables, each with
parameters n and p. Then, with ¢ =1 — p,
PUX = kY. =m k)

P(X+Y =m)

P(X=k|X+Y =m)=

_ (Ot (e () ()
(&g &)

for k = 0,1, ---, m. Note that the hypergeometric distribution is obtained. Since XandY

are independent and identically distributed, this result might be expected. Indeed, we
could view the event X =k, given X +Y =m, as selecting a subset of size m from
the 2n trials for X and Y, and asking for the probability that k of them are among those
belonging to the trials for the X variable. O

3.2 Conditional Expectation For jointly continuous random variables X and Y, the

conditional expectation of Y given X = z is defined by

o0

E(Y|X=:v)=/ yf(ylz)dy

—00
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where f(y|z) is the conditional distribution of Y given X = z. In the discrete case, a
similar formula holds with the integral replaced by a sums.

Example 3.2.1 Let X and Y be jointly continuous random variables with density

f(a:,y)=4z(y—:c)e‘(z+”) ,for 0<z<y, 0<y<oo.

Then the marginal distribution of X is
f(z) = / f(z,y)dy = / dz(y — z)e @) dy = 4re™? | for 0 < z < o0,
x T

where the substitution © = y — x and integration by parts were used to find the integral.
Thus,

f(x’y) —(y-z)
)=t =(y—x)e V¥ [for y>=z.
flyl=z) @) (y — ) Y
It follows that
Ewwx=x)=/'my—@awﬂwy=x+2,fm z>0. O

A formula of especial importance is E(Y) = E(E(Y | X)). For jointly continuous
random variables, a brief demonstration of this result is obtained by first setting

o) =B | X =2)= [ o2 8ay,
and then noting that
B 1) =560 = [ ([ vLePay) ) e = Bv)

Example 3.2.2 Consider a Bernoulli experiment with probability p of success on
each trial. Let X denote the number of trials until the first success occurs. To find E(X),
condition on the outcome of the first toss. Suppose the random variable Y is defined as 1
if the first toss is a success, and defined as 0 if the first toss is a failure. Then we have
E(X|[Y =1)=1, and E(XIY =0) =1+ E(X). Thus,

E(X)=pEX|Y =1)+(1 -p)E(X|Y =0)=p+(1-p)(1+ E(X)).

l

R
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Solving for E(X) gives us E(X) = 1/p. In the same way, one can find the variance of

X, and this calculation is left as an exercise. O
u:\u \
Example 3.2.3, 2. 3\ Consider a Bernoulli experiment with probability p of success on \Y \Lo”‘
each trial. Let X » denote the number of trla_ls until k consecutive successes occur. To find L’ T ‘ﬁ N _
E(Xy), we first determine the conditional expectation ¢(n) = E(X k|Xk_1 =) By w V\cl'v““
v

conditioning on the result of the next toss, we obtain

$(n) = E(Xe|Xp-1=n) =p(n+1) + (1 -p)[(n+ 1)+ E(Xy)] .
=n+1+(1-p)E(X}), and since E(X;) = E(¢(Xk-1)), it follows that
E(Xy_1) + 1+ (1 — p)E(X}) . Thus, solving for E(Xy) we get

E(Xy) = % + %E(Xk_l), for < =1

Thus, ¢(n)
B(Xy) =

These equations can be solved recursively, starting with E(X;) = 1/p, to get
/| 1
EXg)==4+—++— for k=21.
p P p
Using the formula for the sum of a geometric series, this result can be written a little more

simply as

E(Xk)zé(p"k—l), for k>1. O

The formula E(Y) = E(E(Y | X)) provides not only a convenient way to calculate
expected values, but yields also the law of total probability. Indeed, if A is an event,
define the random variable Y by Y =1 if A occurs, and ¥ =0 otherwise. Then
P(A) = E(Y) and also P(A| X = z) = E(Y | X = z). Hence, again assuming X is a
continuous random variable, we have

4 (00] (0]
P(4) = E(Y) = / B | X =a)f(@ds = / P(A| X = 2)f(z)de
—00
Thus we have a formula for P(A) which is obtained by conditioning on the random

variable X . In the discrete case, the integral is replaced by a sum.
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Example 3.2.4 Suppose the number N of accidents per year at a certain industrial
site follows the Poisson distribution with parameter A. Denote by p the probability that an
accident will result in a claim over $10,000. Let Y denote the number of accidents per
year which result in a claim over $10, 000. Then, setting g =1 — p,

P(Y=k|N=n)=(:)pkq""‘, for n>k ,

andP(Y=k|N=n)=0if’n.<k.ToﬁndP(Y=k), we have

P(Y:k)=i(2)p"qn‘ke"‘£ = = PQY\N) PU\\D

e (Ap)* i (@) _ 00 o _ - O

(n— k)| k! k!

Thus, the unconditional distribution of Y is Poisson with parameter Ap. O

Exercises

3.1 Find E(X | Y = y), for random variables X and Y with joint density

e_z/ye“ﬂ
f(z,y) = ” , 0<z<00,0<y<00

3.2 Let X be a random variable with range 0, 1,2, -+ . Show that

BE(X) = ip(x >n) = f:P(x >n) .

3.3Let X;, i = 1,2, - be independent uniform (0, 1) random variables. Define N as the
smallest integer n such that X, < X,_1, where Xo=z. Let f(z) =E(N). (a)
Derive an integral equation for f(z) by conditioning on X;. Solve this equation by
differentiating both sides with respect to z. (b) As a second approach, determine
P(N >n) directly, and then use this result to find E(IN). Help: Note that
P(N>n)= Pz<X1<X3<--< X,,). Find this probability by integration. By
the way, you could find this probability by conditioning on X;, but this way leads to
steps similar to those of part (a).

3.4 Here is another approach to the problem in Example 3.2.3. Let N denote the number
of trials until the first failure occurs. Then N follows that geometric distribution and
P(N =n) =p" g, for n=1,2,--. Argue that E(Xx|N =n) =n+ E(Xx), if
1<n<k, and that E(Xx|N =n) =k, if n> k. Use this result to find F(Xk).
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”

wab@ Consider a sequence of independent trials, on each of which any one of m outcomes
A is
(&

Chapter 3: Conditional Expectation 35

Remark: The random variable N gives a handle on the probability distribution of Xj.
Indeed, for j > k, P(Xx =j|N=n)=0, ifn>j—k, andif 1 <n <j—k, then
P(Xy = j| N =n) = P(X; = j—n). Now, conditioning on N yields a formula for
P(X; = j) in terms of P(Xy = j— 1), P(Xx = k). This formula can then be used
to find the values of P(Xj =j), starting with P(Xy =j) =0 for j<k, and
P(Xy = k) = p*.

3.5 Let X;,i=1,2,---, be independent uniform (0,1) random variables. Fix a:
0<a<1, and let N denote the smallest value of n such that X; + Xo +---
+ X, >a. Show that P(N >n)=a"/n!, n=1,2,--, and hence find E(N).
Help : Use induction on n, and then condition on X, in the formula for P(N > n).

equally likely to occur. Let N denote the number of trials until the same outcome
occurs k consecutive times. Show that E(N) = 1+m +m? +--- + mF-1, Help: Let
N; denote the number of trials until the same outcome occurs i consecutive times. Find
E(N; | Ni—1), and then use E(N;) = E(E(N; | Ni-1)) to find a recursive formula for
the B (N,)

3.7 Let X;, i =1,2,--- be independent uniform (0, 1) random variables. Given A > 0,
let N denote the smallest value n such that

n n+l 0
HXi >e > HXi’ where we define HXi =1.
i=1 i=1 i=1

Show that IV follows the Poisson distribution with parameter A . Help: Use induction on
n, and find P(N =n) by conditioning on Xj, keeping in mind that
P(N=n|Xi=z)=0ifz <e™

]3.8’An urn contains w white balls and b black balls. At each trial, a ball is drawn at

andom. If the ball is white, it is returned, while if it is black, it is replaced by a white
ball. Find the expected number of white balls in the urn after n trials. Help: Let N,
denote the number of white balls in the urn after n trials. Find a recurrence formula for
E(N,) by conditioning on Np_;.

3.9| Let X;, X5,--- be a sequence of independent, identically distributed, continuous

Tandom variables. A record is said to occur at time n > 2 if X, > maz{X1, X2,
c++, Xn1}. The value of the first variable X; is considered a record at time n = 1.
Define the random variable I; to be 1 if a record occurs at time %, and to be zero
otherwise. (a) Show that P(I; =1) = 1/i, for i > 1. Help: For i > 2, P(I;=1)is
equal to P(X1 < X, X3 < Xiy-+, Xim1 < Xi). Condition on X; to solve this
equation. (b) Let N, equal the number of records that occur up to time n. Find the
expected value and variance of N, . Help: Note that N, = I; + --- + I, , and assume
without proof that the variables I; are independent. (c) Let T be the first time greater
than 1 at which a record occurs. Find the probability distribution of T, and show that
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P(T < 00) =1, while E(T)=oo. Help: Note that P(T >n) = P(Xz < Xy,
X3 < Xy, Xn < X1), and condition on X;.

3.10 Recall the multinomial distribution
n!

P(Xl = 1, "'aXn=$H)= |p:lzlp:2':2"'p§1l )
n!

T 'xz' T
for non negative integers 1, 2, ", Tn which sum to n. Find cov(X;, X;) . Help: Write
the covariance in terms of expectations, and condition on one of the variables, say X .
Then recall that X; by itself is a binomial random variable.
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Unit 2

Markov Chains

Chapter 4
Chapter 5
Chapter 6
Chapter 7
Chapter 8

Markov Chains

Classification of States

Finite Chains

Random Walks

Markov Chain Monte Carlo Methods

This unit provides an introduction to the fundamental ideas of Markov chains. The
chapters cover standard topics found in most texts. Of particular interest for this course,
however, is the material in Chapter 8 which concerns the recent applications of Markov
chains to problems in statistical mechanics and combinatorial optimization.
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Chapter 4

Markov Chains

4.1 Introduction A stochastic process is a family of random variables
{X(t) | t € T'}. In applications, the elements of the index set T" often relate to time. The
set of possible values the random variables X (¢) is called the state space. In these notes,
the index set 7" and the state space will be a subsets of the real line. A stochastic process
is said to have the Markov property if, whenever ¢y < t; < --- < t, are in T', we have

P(X(tn) < zn | X(ta-1) = Tn-1, -+, X(to) = z0)

= P(X(ts) < Zn | X(tnot) = Tu_y).

In other words, probabilities concerning the chain at time ¢, conditioned on a finite set of

past values, depend only on the latest conditioned state.

Definition 4.1.1 A stochastic process {X, |n = 0,1, -} is called a Markov chain

if (a) the process has the Markov property, (b) the state space is countable, and (c) the
conditional probabilities P(X,1; = j | X, = 1) do not depend on n. V/X’v O
>

In some settings, property (b) is not required, in which case the chain is said to be
non-denumerable. Also, property (c) is sometimes not required, in which case the chain
is said to be non-homogeneous.

4.2 Transition probabilities Let / denote the state space of a Markov chain. For
states ¢, j € I, set p;; = P(X,41 = 7| X, = ©). These probabilities are called transition
probabilities. Observe that

Zje] pij =1, foranystate:ie I .

]

P(’Xmm{%ﬂ) dive N et A“P%%_OT_” s
— }rbmqemao

(' e ('Mwé\x)
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For each time n = 0, 1,--- and state ¢, we say the chain is in state ¢ at time n if Xp, =%

set 1" = P(Xn = 1). The probabilities {{"’ | & € I} describe the initial distribution of e’
the chai the states. For any state j € I, I :
) iec ain over y ] o e d’ASJ""ﬂL
eoaac/%w g 7 = P(Xo1 = 1) = 3 P(Xnia =4, Xn=1)
{af )
M i PR T I p-[ry]
=S P(Xu1 = 5| Xa =D P(Xn =9 = S e ™ i - J

o6 SH=

These equations can be expressed in matrix form. Let P denote the (possibly infinite) f« | | fo

matrix whose (%,7)-th entry is pij, and let # denote the row vector whose i-th

component is 1r§"’. Then the previous equations can be written

W@ ab Zw_t_

Cgnveg=©
(4.2.1) 7 t) = g®P | forn=0,1,2,-.
The matrix P is called the probability transition matrix. Using this formula, and
starting with the initial distribution over the states, the state probabilities at any future
time are determined:
7™ =g@pr  forn=0,1,2,"" -
-’/

Thus, the evolution of 2 Markov chain is completely determined by the initial distribution

and the transition probability matrix.

Example 4.2.1 Consider a Markov chain with state space I = {1, 2}. Suppose the
transition probabilities are py = 0.2, p2 = 0.8, pa1 = 0.6, and pyp =0.4. Then the

0.2 038
P= [0.6 0.4] =

probability transition matrix is

The n-step transition probabilities are defined by

pg”) =P(Xyn=31%X = i), foreachstate i,j € I and timen > 0.

The 1-step transition probabilities are simply the transition probabilities introduced
above. In general, the multistep transition probabilities are related by the Chapman-

Kolmogorov equations: For any times n and m,

OSSN E L LS ot B
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Indeed,

P(.Xn+m == j, X() - 'l)
P(Xo =9)

P(Xn+m =7,X0= iy, Xn = V)

p™ = P(Xnim = 3| Xo =1) =
. 1
B P(Xo= i) vel
.
= P(Xq = 1) ~vel
= Zue] P(Xn4m =17 | Xn = v)P(Xn,=v | Xo= i) = Z Pz:) px(/n;) i

P(Xnim = | Xo =4, Xo =) P(Xo =4, Xn = V)

For each time n, let P(™ denote the (possibly infinite) matrix whose (i, j)-th entry is

pgl). Then the Chapman-Kolmogorov equation can be written

ptm) — p@ pm  forn,m >0 .

In particular, for any time n > 0, we have pm) = pr,

4.3 Examples of Markov chains This section presents a few well known examples

of Markov chains.

Example 4.3.1 — A random walk model. Let {Si|i=1,2, -} be independent and
identically distributed random variables with possible values {0, =1, =2, -}. Set

=Y 8, forn=1,2-, with Xo=0.
=1

Then {X, | n=0,1,2,---} is a Markov chain. One could think of this chain as modeling
the motion of a particle moving along the z-axis. The motion starts at the origin, and
takes a step of amount Sp4; at time 7. Thus, X,, is the position of the particle at time n.O

,—\

Example 4.3.2 - A simple inventory model. A store sells a certain item for which

the weekly demands are assumed to be independent and identically distributed random
variables with probability distribution {d; | 7> 0} . The inventory is managed using an
(s,S) policy: If at the beginning of the week the amount in inventory is s or higher, then
no order is placed; otherwise, an order is placed to bring the amount in inventory up to S.
It is assumed that orders are placed only at the beginning of each week, and there is no
lag-time, meaning that orders are filled immediately. Also, it is assumed that demand

Wthh cannot be met 1mmed1ately is lost. Let X, denote the amount in mventory at the
end of the n-th week and let D,, denote the demand during the n- -th week. Then for
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n=0,1,2,---, we have Xo = S, while Xpy1 = maz{0, X, — Dpta} if Xn 25, and
Xp41 = maz{0, S — Dpn}if Xn<s. The state space is {0, 1, -+, S}. The transition
probabilities are given as follows. For j =0,

[o¢] o0
po=3 dy, ifi<s, and po=) dy, ifi2s.
v=S v=i
Next, forz<sand0<_7<S wehavep”—ds_J,wmleforz>sand0<J<z we
have p;; = di—; . The remaining transition probabilities are equal to zero. O

Example 4.3.3 — The M/G/1 queue. Consider a single server queue in which an
arriving customer is served immediately if the server is idle, and otherwise the customer
joins a line to wait for service. When a customer has completed service, the first person in
line is served next. Assume the service times of successive customers are independent
and identically distributed random variables with common density f(t). Assume further
that customers arrive according to a Poisson process, which means the following. First,
customers arrive at a fixed arrival rate A > 0, so that during any time interval of length ¢,
the number of arriving customers N; follows a Poisson distribution with parameter At .
Thus

)
P(Nt=j)=e"\‘£7,t|)—, forj=0,1,2,--- .

Secondly, during disjoint intervals of time, the numbers of arriving customers are
independent random variables. Let X, denote the number of customers in the system at
the end of the n-th service, and let Y, denote the number of customers that arrive during
the service of the (m+1)-st customer. Then, for any n2>1, if X, =0, then
Xp41 = Yy, while if X, > 0, then Xn+1 = X — 1+ Y,. Conditioning on service time
yields

00 J
w]=P(Yn=j)=/0 e"\tg—;—!)—f(t)dt, forj=0,1,2,--- .

The assumption of Poisson arrivals tells us that the Y, are independent random variables,
and therefore {X, | n = 1,2, -} is a Markov chain with transition probabilities:

poj = wj, =05 Pij=Wiit1, j2i—120; and p;; =0, otherwise. [



CHAPTER 2. HANDOUTS GIVEN DURING THE COURSE

38

Chapter 4: Markov Chains 4.5

Exercises

4.1 Consider Example 4.3.1, and suppose the probability distribution of the step sizes is
{bx | k=0, £1, -, m}. Thus, by is the probability that a step of k units is taken,
and the possible values of k are 0, +1,---, £m. Determine the transition probabilities
in terms of these probabilities.

4.2 Verify the expressions for the transition probabilities in Example 4.3.3.

4.3 [In Example 4.3.3, let p denote the average number of arrivals during a service period.
us,

[e o]
p= ijj .
=0

This average p is a measure of traffic intensity for the system. Let S be a random
variable denoting service time of a customer, and having density f(t). (a) Show that
p = AE(S). (b) Suppose the service time S of a customer has the exponential density

ft) =pe ™ for t>0,

where p1 > 0 is the service rate. Find p, and find also the transition probabilities. (c) JF
p is not too large, the state probability vectors, 7™ converge as n — oo to a
probability distributon 7, which is the same for any choice of initial state probability
distribution 7. Assume this convergence holds, and that the exponential density of
part (b) is in effect. Taking the limit in (4.2.1) as n — oo, it follows that the limiting
distribution 7 satisfies m = wP. Show that when p < 1, a unique solution 7 of this
equation exists and that m; = c(\/ p)i, i=0,1,---, for some constant c. Find the
constant c. Help : Starting with the first equation in the set of equations 7 = ar;
show that any solution must have this form. Then find the constant c.

4.5 (a) Model the experiment in Example 3.2.3 of the last chapter as a Markov chain. (b)
Do the same for the experiment in problem 3.6. (c) Do the same for problem 3.8.
)@Consider a Bernoulli experiment with probability p of success on a trial. We wish to
study the number of independent trials needed until the pattern SFFSFS appears.
Model this problem as a Markov chain, and specify the probability transition matrix.
Help: Let S denote the state that the last trial was a success, with the previous state, if
any, being a success. Define SF to be the state that the last two results were a success
followed by failure, and the third previous result, if any, was a success. Similarly,
define the states SFF, SFFS, SFFSF, and SFFSF'S.

V4"

/4.7 For a Markov chain, define IN; to be the number of time steps that the process, having
just entered state ¢, stays in state 7 before making a jump to another state. (a) Find the
probability distribution of N;. (b) Define gij = P(Xnt1 = J| Xn =1, Xat1 # i).
These probabilities might be called jump probabilities, as they are transitions

&
ok
‘3,9@«"5
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probabilities under the conditi

Determine expressions for the g;

on that a jump to a different state has occurred.

; in terms of the one-step transition probabilities.



CHAPTER 2. HANDOUTS GIVEN DURING THE COURSE 40

Chapter 5

Classification of States

5.1 Introduction To study the behavior of a Markov chain, it is important to
understand the nature of the states in the chain. We say a state j is accessible from state 1

if pg’) > 0 for some n. Two states are then said to communicate if each state is

accessible from the other. It can be shown that communication is an equivalence relation,
and this relation partitions the state space into a collection of equivalence classes. In this
chapter we study the properties of the states in these classes.
foarit
5.2 Recurrent and transient states Let T;; denote the first time a chain enters state f}f 5 @/ﬁl
. . . . . /
j, given that it starts in state 4. The time T}; is called a first entrance time. Set g?qt”
- .
{nd 6]
f0 = P(Ty=n), n=1,2,, and fiy= Y f) = P(Tyj <o) . dzéﬂ'f!
n=1 /7 e 7 a
State i is called recurrent if f; = 1, and is called transient f; < 1. _A“r J% e‘nﬁ'ﬂh e
meg

Theorem 5.2.1 Suppose a Markov chain starts in a transient state 7. Let N denote the
number of visits to this state. Then N follows a geometric distribution with
P(N =n)= {;-'"1(1 — fii), for n > 1. Hence, the expected number of visits to state 7 is
1/(1 — fi). On the other hand, if state ¢ is recurrent, then the chain returns to this state
infinitely often.

Proof Suppose state i is transient. Define a Bernoulli trial as follows. The random
variable T}; is sampled and if it is finite (with probability f;;), we imagine returning to
state 4, while if it is infinite (with probability 1 — f;;), we imagine leaving state 7 forever.
Define success on a trial to mean Tj; is infinite. Then the event {IN = n} occurs when we
observe a success for the first time on trial . The trials are independent because of the
Markov property, and so it follows that N is a geometric random variable with
probability of success 1 — f;;. Thus, the results for a transient state follow. If the starting
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state 7 is recurrent, however, the chain will necessarily return to that state. When this
happens, the Markov property implies that the process starts over probabilistically, and
the chain will again return to state i. Thus, the process will return to this state infinitely

often. 0
\

e ‘ 1j CI’WV 'f‘e/v is‘ ‘}’7 an G
%\ / Theorem 5.2.2/ State i is v5¢ 47%“5 7 ok e

}L transient if Z pfln ) < 00, and recurrent if Z p(")
Tww 4 n=0 n=0
m v)( Proof Define the indicator variable I, to be 1 if X,, = 4, and to be zero otherwise.

A /0\ e ,{A Then the sum Iy + I; + --- equals the number of time periods the chain is in state 1.

However,
E(ni;fn | Xo = z) - gE(In | Xo = i>= Z%P(Xn =i = z) - gpg).

But the expected number of time periods a chain spends in a state is finite for a transient

Q 1'[) A

state, and infinite for a recurrent state, the conclusion of the theorem follows. O

One application of this theorem is to show that states which communicate must be of
the same type.
r
* W f two states communicate, then they are either both transient or both
recurrent.

Proof Suppose states 7 and j communicate. Then there are integers n and m such that

pgl) > 0 and p](-;") > 0. For any integer k£ > 0, we have
n+k+m k n+k+m n) (k
pz(z+ +m) S > pl(J)pL)p;Z m) . and p( +htm) < > p;'i)pz(i )pz(;_n) )

The first inequality holds because the term on the left is the probability of going from
state 7 to state ¢ in n 4+ m + k steps, while the term on the right is the probability of the
same transition, but along a certain path going through state j. A similar argument holds

for the second inequality. These inequalities show that the sums
S () S ()
>_pi and ) p
n=1 n=1

converge or diverge together. The conclusion of the theorem follows. O
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If a state is transient, then we might expect that as time goes on, visits to this state
would become less likely. Indeed, the following result holds.

+5

Theorem 5.2.4 Assume state j is transient. For any state 4, p( " 0asn—oco. X dQé TL(
w

ij
Proof Use a proof similar to that of Theorem 5.2.2 to show that the sum Q;\‘f"'(jO
0 q SS 'J
Zpg.’) is convergent .
= ia. el
+ I/Lr*@ U

jdv: in O

5.3 Structure of the state space A set of states S is said to be closed if p;; =0

. ey =l
The conclusion of then follows. $.1 ¢ Sv a | L
Clas el
Sef

whenever i € S and j € S . By the Chapman-Kolmogorov equations, it follows that for a
closed set S, we have pg“) =0, for any n >0, whenever i € .S and j € S. Indeed,

denote by I the state space,

pU prpv] szl/pl/] 2l prpu] pr O=F Z 0- Pvj = 0.

vel vesS VES ves VES

Continuing by induction completes the proof. It follows now that if a set of states is

- closed, then upon entering that set, it is not possible to leave it.

Theorem 5.3.1 In a Markov chain, the recurrent states can be partitioned uniquely
into a collection of closed sets such that all states in a set communicate with each other.
In addition, the chain may also contain a set of transient states from which it is possible to
reach states in the closed sets, but not vice-versa.

Proof Suppose i is a recurrent state. Let C) be the set of states that communicate
with this state. Then Cj is a closed set of recurrent states which communicate with each
other. Next, suppose state j is recurrent but not in Cy. Let Cy be the set of all states that
communicate with this state. Then C, is a closed set of recurrent states that communicate
with each other, and this set is disjoint from the set C;. Continuing in this fashion yields
the collection of closed sets consisting of recurrent states. Any remaining states will be

transient states. 5|

A Markov chain is said to be irreducible if its state space contains no proper subset

that is closed.

“ |yyedudble
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Theorem 5.3.2 In an irreducible Markov chain, each state can be reached from any
other state. Also, all states are of the same type; that is, either all states are recurrent or all

states are transient.
Proof The set of all states that can be reached from a given state is a closed set. Thus
the first part of theorem holds. The second part follows from Theorem 5.2.3 . ]

Markov chains with a finite number of states are of special interest. In view of

Theorem 5.2.1, we would expect the following result.

Theorem 5.3.3 In a Markov chain with a finite number of states, not all states can be

transient.
Proof Let {1,2,--,m} denote the state space. Then

1

p’ =1, forany n>1.
i=1

But Theorem 5.2.4 tells us that if j is a transient state, then pgl) — 0, as n — oo. Thus,

not all states can be transient. O

It follows now that in an irreducible Markov chain with a finite number of states, all

states must be recurrent.

5.4 First entrance times In general it is difficult to get a good picture of the
probability distributions for the various first entrance times. However, there are some

formulas which allow us to compute these probabilities. For example, we have

(5.4.1) p = £ 4 g0 o fo D g £

Indeed, the event that a transition from state 1 to state j is made in n steps will occur in
exactly of n ways : either state j is entered for the first time in n steps, and this event
occurs with probability fz] , Or state ] is entered for the first time in n — 1 steps, and this
event occurs with probability f;; o p” , and so on. Starting with f” = p;; for a given
pair of states ¢ and j, formula (5.4.1) can be used to calculate recursively the
probabilities fi(;l) = P(Tiy=n); forn=1,2,--

Consider next the calculation of the probabilities f;; = P(Tj; < 00). Recall that fy; is
the probability that there is finite first entrance time into state 7, given that the process

starts in state 7. Equivalently, we can interpret f;; as the probability that the process
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eventually reaches state j, given that it started in state 4. In the following, let I denote the
state space of the Markov chain, let R denote the set of recurrent states, and let T" denote
the set of transient states. Two cases can be found by direct reasoning. If both < € R and
j € R, then f;; is either 1 or O depending on whether i and j communicate, while if
i€ R and j € T, then fij =0 by Theorem 5.3.1. For the case € T' and j € T, it is

generally of more interest to find the expected number of visits to state j, given that the / }/ X

process started in state <. We will consider this computation later in the next chapter.

For now therefore, we consider only the case 2 € T and j € R. Conditioning on the

next state gives us

,:))‘4,2; £
s é// f‘}jb

fij=P(Ty <o0) =Y. P(Ty <oo|X; =k Xo=1) P(Xy = k| Xo =1).

However, from the Markov property, P(Ti; < oo|X; =k, Xo = 1) = P(T}; < o0).
Therefore, recalling that P(X; = k| Xo = 1) = py, yields

fis =Y o P(Thj < 00)pir = Y ey Pikfii -

Let C(j) denote the set of states which communicate with state j, and denote by B the

set of states which are not in 7" and which also are not in C'(j). Then
fis = ZkeTPik Jri + ZkeC(j) pik frj + EkEB Pik S -

However, when k € B, we have f;; = 0. Indeed, since k is not a transient state, it must
be a recurrent state, and therefore as state k does not communicate with state j, it is not
possible to reach state j from state k. Next observe that when k € C(j), then k is a
recurrent state which communicates with state j, and therefore it is certain that the first

entrance time into state j from state k is finite. Thus, fi; = 1. We have therefore
fi =D erPisfui+ Zke(}(]’) B

These equations, for each fixed j, listed for each 7 € T', yield a system of equations
which can be solved, in principle at least, for the f;;.

To consider a special case, suppose the state space [ is finite. Let R denote the set of
recurrent states. Assume there are m recurrent states, numbered 1,2,---,m, and that
there are n transient states, numbered m + 1,m + 2,---,m +n. Let Q) be the n x n
matrix consisting of the py, for the transient states, and let F' be the n x m matrix
consisting of the f;;, where ¢ is a transient state, and j is a recurrent state. Finally, let Z
be the n x m matrix whose (i, 7)-th entry is the second sum on the right side of the

equations above. Then these equations can be written in matrix form as F' = QF' + Z, or
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equivalently (I — Q)F = Z. We will show later that the matrix I — @ is invertible.
Thus, we can write F' = (I — Q)~'Z.

Example 5.4.1 Consider the Markov chain with probability transition matrix

S? = e bhkq\’
0 0 0 5; = dod 8

S’L = {1);—%
i (a,53
\({

Then R = {1, 2,3}, T = {4,5}, and
4 4 fa Jae f43]
= F = ;
¢ [-2 -4] ’ |:f51 fs2 fs3
To form the matriz Z, note first that C(1) = {1}, C(2) = {2,3}, and C(3) = {2,3}. It
follows that
L Al i
4% [0 4 .4} '

The matrix F' can now be determined, and is given by F' = (I — Q)™ Z. Performing this
calculation yields

0.2143 0.7857 0.7857
0.0714 0.9286 0.9286 |

Note that columns 2 and 3 are identical, as they must be. Indeed, since states 2 and 3 are
recurrent and communicate, the first entrance time into state 2 is finite if and only if the
first entrance time into state 3 is finite. Thus, the probabilities of these two events must be
equal. Note also that in each row, the entry in the first column, and the entry in either the
second or third column, sum to one. Indeed, starting in either transient state 4 or 5, the

process must enter in finite time either the closed set {1}, or the closed set {2, 3}.
A

(&>

+ ' 5.5 Stationary distributions Let 7r§”) = P(X,, = 9): Thus, 7r§”) is the probability
that a Markov chain is in state ¢ at time n. Write the state space as I = {0,1,2, -t
Then,

o0
7r§."+1) = Z wg")pij , foranyn >0.
=0
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;{ as%;gj
What can we say about these state probabilities 7™ asn — 00? Suppose it is the case ‘ 3

j
that for each state j, we have 7r§") — m; as n — oo. Then, taking the limit (at least

formally) in the last equation, we get

o0
= Zm Dij -
=0
A vector m = (g, m,---) which satisfies this equation and which has nonnegative
components summing to one, is called a stationary distribution for the chain. Note that
if the initial state probability distribution 7@ = (m()o), 7r§0), .--) is a stationary
distribution, then all subsequent state probability distributions will be the same as this
initial distribution. Hence the term stationary is used. %_) 3
It is of interest to know when a Markov chain has a stationary distribution. Toward ?Og ! '
this end, we introduce a few definitions. Recall that a Markov chain returns to a recurrent @ e 197 Lbaet

state infinitely often. A recurrent state is called positive recurrent if the expected value

of the time to return to that state is finite, and is called null recurrent if this expected
value is infinite. The period of state i is the greatest common divisor of the integers
n > 1 such that pg’) > 0. If pg') = 0 for all n > 1, the period is defined to be 0. A state ﬂe
will be called periodic if its period is at least 2, and it will be called aperiodic if its
period is 1. States that are positive recurrent and aperiodic are called ergodic. ‘ G)Q (;di
To derive conditions under which a Markov chain has a stationary distribution is ,
lengthy and involved. However, we will highlight steps which lead to a central result in Qr@ O‘Q‘C"
the theory. This result (Theorem 5.5.3 below) states that for an irreducible and aperiodic
Markov chain, a stationary distribution exists if and only if the chain is ergodic. We begin
by recording, without proofs, certain fundamental results needed later. 4 by Q'F(v\'j b 0.
ber pane Pga: '%&-f.-)
Theorem 5.5.1 For a Markov chain with n-step transition probabilities pg.‘), wehave Ve

pg') — 0 as m — oo whenever state j is transient or null recurrent, while if state j is

positive recurrent and aperiodic, then p@ — fij/u; as m — oo, where f;; is the
probability that the first entrance time into state j from state ¢ is finite, and y; is the

expected time of return to state j (which is finite since j is positive recurrent).

The case in which state j is transient was shown in Section 5.2. The other two cases
have somewhat technical and lengthy proofs. It was shown also in Section 5.2 that for a 2.
irreducible chain, either all states are transient or all states are recurrent. It is possible to
say more, as the next result shows.
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Theorem 5.5.2 In an irreducible Markov chain, either (a) all states are transient, (b)
all states are positive recurrent, or (c) all states are null recurrent. Further, all states have

the same period. b il \ N
T\ A LOeck-<
exQ u&\) \:; I S € Q oA

Aime v 04

Theorem 5.5.3 Consider an irreducible and aperiodic Markov chain. Then a
stationary distribution exists if and only if all states are positive recurrent. Moreover,
when all states are positive recurrent, the stationary vector is unique, and given by
7 = (mo, 1, ), where m; is the limit of pgl) as n — oo for each j. In addition, the
stationary vector 7 is the limit of the state probability distributions 7™ as n — oo, for
any initial state probability distribution 70,

Proof Suppose first that the chain has a stationary distribution 7. Then

o0
mi= Zmpg.’) , foranyn>1.
=0

Since the chain is irreducible the states must be either all transient, all positive recurrent,
or all null recurrent. But it can not be the case that all states are transient, or that all states
are null recurrent, for then we would have pz(-n) — 0 as n — oo, and taking the limit as
n — oo in this equation would show that each m; is zero, which is not possible. Thus,
each state is positive recurrent.

Conversely, suppose each state is positive recurrent. By assumption each state is also
aperiodic. Let 7r; be the limit of pg?) as n — oo. From Theorem 5.1, each 7; = 1/p; > 0.

Using the Chapman-Kolmogorov equations,

o0
(5.5.1) p,(f;-ﬂ) — Zp,(,?)pij , for any state v .
i=0

Taking the limit as n — oo yields
(e8]
= Zﬂ' iPij -
=0

Hence 7 = (mo, 71, - ) satisfies the stationary equations. The solution is unique, for if

there is another stationary vector, say v, then for each state 7,
o0
vj = Zvipg) , foranyn>1.
=0

But taking the limit as n — oo, the right side converges to m;, showing that v; = ;.

S
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Finally, for an arbitrary initial state probability distributions 7, we have

o0 o0
(5.5.2) n = s - <Z“§O)> Mj =Tj, 88N — 00,
1=0 1=0

which proves that last statement of the theorem. O

Theorem 5.5.3 gives us a way to identify the irreducible and aperiodic chains for
which all states are positive recurrent. Namely, these are the chains for which a stationary
distributions exists. A similar chacterization is possible to identify the irreducible chains
that have all transient states.

Theorem 5.5.4 In an irreducible Markov chain, with state space I = {0, 1,---}, all
states are transient if and only if the system of equations

o0

(553) T; = Zpiuxu y 1=1,2,--,

v=1

has a nonzero, bounded solution.
Proof Suppose first that all states are transient. For each ¢ = 1,2,---, set xg“) =

P(Typ > n), forn=1,2,---. Then

00 0
(554) mgl) = Zp'il/ ’ and x§n+l) = prxn(/n) y M= 1, 2,
v=1

v=1

These equations follow by conditioning on the next state. For each ¢, the limit
(n)

z; = lim z;7

n—00

exists, and by taking the limit as n — oo in (5.5.4), it follows that the vector
z = (x1, Ty, - --) satisfies (5.5.3). This solution z is bounded. To show that it is nonzero,

note that for each ¢,

L= Jinc}oxf") =P(Tip=00) =1~ fio.

But if all states are transient, then fi < 1 for at least one s € {1,2,---}.
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Conversely, suppose that (5.5.3) has a nonzero bounded solution y = (1, Y2, *)-
We may assume that each component is bounded by one. Now, for each 1,

o0 o0
il <> palwl <3 om =2
v=1 v=1

Therefore,

o0 (2]
il <3 pulwl < Y puad) =
v=1

v=1

Continuing in this fashion yields |y;| < mgn) for each 4, and any n > 1. Thus, in the limit
as n — oo, we have |y;| <1 — fi, for each i. However, as the solution y is nonzero,
fio < 1 for at least one 1, and therefore state O is transient. But the chain is irreducible,

and so all states are transient. O

Example 5.5.1 Consider the Markov chain with state space I={0,1,2,---}, and

transition probabilities

po=1/2,pm=1/2, and piiyn=1/2, pig1=1/2, fori=1

This - chain is irreducible and aperiodic. Attempting to solve the stationary equations
shows that all components of a solution must be equal, which is not possible as the
components must sum to one. Therefore no stationary solution exists, and so by Theorem
5.5.2, either all states are null recurrent, or all states are transient. Applying Theorem
5.5.4 above and attempting to find a solution of (5.5.3), say = = (z1, 22, "), shows that
for each i > 2, we have z; = iz;. Therefore no nonzero, bounded solution exists. It
follows that the chain does not consist of all transient states. The only possibility that
remains is that all states are null recurrent. O

Exercises

5.1 (a) Show that communication is an equivalence relation. (b) Show that if the state ¢

is recurrent and does not communicate with state j, then p;; = 0. (c) Suppose state jis
accessible from a recurrent state 4. Show that f; = 1.

5.2 Complete the proof of Theorem 5.2.4.

5.3 (a) Show that the sets constructed in the proof of Theorem 5.3.1 are closed. (b) Show
that the set of all states that can be reached from a given state forms a closed set.
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5.4 Show that for a transient state j, and any initial state z,
e A C )

Help: For i = j, use the idea of the proof of Theorem 2.2, and the result of Theorem
5.2.1. For i # j, assume the chain starts in state i, and let V' denote the number of
visits to state j. Relate the expected value E(V) to the sum, using the idea in the proof
of Theorem 2.2. Next express E (V') using conditional expectation, conditioning on the
event that the first entrance time from state i to state j is finite. Then use the result of
Theorem 5.2.1.

5.5 Verify the limits in (5.5.1) and (5.5.2) in the proof of Theorem 5.5.3. Help : For
(5.5.1), first bound the sum on the right below by the sum as i ranges from O to an
arbitrary m > 1. Then take the limit to show that each m; is bounded below by
Topoj + T1p1; + -+ - Finally, if strict inequality holds for some j, then summing j yields
a contradiction. For (5.5.2), note that for any fixed j, given € > 0, the sum on the right
can be approximated to within € by a finite sum.

5.6 For an irreducible, ergodic Markov chain, let y; denote the mean time to return to

state 7. Give a heuristic argument that the stationary probabilities satisfy m; = 1 Wiy -

2 / 5% Consider an irreducible Markov chain with a finite number of states {0,1,2, -+, m}.

Let Q; = P(visit state m before state 0 | start in state ¢). Then Qo = 0 and (B
(a) Find a system of m — 1 linear equations that is satisfied by Q1,Q2, -, @m-1-
Help: Condition on the next state. (b) Show that the matrix which arises in part (a) is
nonsingular. Help: Assume this matrix, say A, is singular so that there exists a vector
v # 0 such that Av = 0. Normalize v so that one component is 1, and the rest are < 1.
You will need the irreducible property.

5.8 Consider an r-state Markov chain for which the probability distribution of the states

at time n, 7™, converges to a probability distribution 7 as n — oo. Suppose that
whenever the process enters state i, a reward of amount R(3) is earned. Then the total
reward earned up to time n is 3.7 R(X,), where X, denotes the state at time s.
Show that

E (nL-i-l ;R(XQ) — ;mR(i), as n— 00.

Help: If a sequence {z;}s>0 converges to = as s — 00, then

1
n+1

n
Exs—>a:,asn—>oo.
s=0
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5.9 Consider a Markov chain for which the probability distribution of the states at time
n, w™, converges to a probability distribution 7 = (71,2, -++) as n—co. (a)
Explain why 7;, in addition to being the long run fraction of time the process is in state
i, is also the fraction of transitions into state i, as well as the fraction of transitions
from state i. Help: Suppose you observe the process for a large number of transitions.
Then the number of occasions the process is in state i, the number of transitions into
state 4, and the number of transitions from state i, differ by at most one. (b) Give an
interpretation of m;p;; as the fraction of transitions of a certain type. Use this
interpretation to interpret >, mipij- Finally, use these interpretations, and the result of
part (a) to explain the formula 7; = > mipij. (c) Let A denote a set of states, and let
A denote the compliment of A. Give an interpretation of the quantity

ZieAZjeZ TiPig -
Use this intrepretation to explain the identity

ZieZZjeA Tibij = ZieAZjeZ Tibij -

5.10 For the Markov chain in Example 5.4.1, find f,g‘) for n = 1,2,and 3. It will help to
use computing software, such as MATLAB. Also calculate these probabilities by direct
reasoning. For this part you will not need computing software.

5.11 Consider the Markov chain with probability transition matrix

07 0 0 0 0 03]
01 0 0 04 05 0
0 0 02 0 08 O
0 07 03 0 0 O
0 0 08 0 02 0
04 0 0 0 0 06

Use the graph of the chain to partition the state space into closed sets of communicating
recurrent states, and a set of transient states. Use this partition to re-number the states so
that the probability transition matrix is block diagonal, with blocks also along the lower
part of the matrix. In other words, the matrix has the form

where the entries above are themselves matrices.

D, 0 0 O

0 D, 0 O

0 0o 0|’
S1 S Q
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5.12 For the Markov chain of the previous problem, find the probabilities f;; for each

transient state ¢ and recurrent state j. As in the previous problem, re-number the states
first.

5.13 Consider the queueing model of Example 4.3.3. (a) Show that if p > 1, then all
states are transient. Help: Use Theorem 5.5.4. Show that when p > 1, the system of
equations has a solution z; = ¢, i = 1,2,-.-, forsomer: 0 <7 < 1. (b) Show that
if p < 1, then all states are positive recurrent. Help: Use Theorem 5.5.3, and apply the
z-transform to show that the stationary equations have a solution. (c) Show that if

p=1, then all states are null recurrent. Help: Recall first that when p=1, a

stationary solution does not exist. Next, use a proof by contradiction to show that when
p = 1, the system of equations in Theorem 5.5.4 has no solution.

5.14 Show that in Markov chain with a finite number of states, there can be no null
recurrent states. Help: First note that for a null recurrent state, the set of a states that
communicate with it form a closed set. Then use Theorem 5.5.1, and an argument
similar to the one used to prove Theorem 5.3.3.
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Chapter 6

Finite Markov Chains

6.1 Introduction A finite Markov chain is a Markov chain with a finite number of
states. This case turns out to be much simpler than that of an infinite state space. There
are a few special types of finite Markov chains which are of interest, and this chapter

concerns two of them.
Absatbins
6.2 Absorbing Markov chains A state i is said to be absorbing if the transiton =~ MA Ko :

probability p; = 1. A finite Markov chain is called an absorbing chain if there is at least

one absorbing state, and from each state that is not absorbing, it is possible to reach a

state that is absorbing. In other words, if % is a state that is not absorbing, then there is an

absorbing state j such that pg‘) > 0 for some n. This definition implies that the absorbing 2 ff” b:i 41‘:
states are the only recurrent states, and all other states are transient. The transition matrix .\, feu wrew
for an absorbing Markov chain can be written, possibly after reordering the states, in the 3

form

(6.2.1) P= [}I:i g] ,

where I is an identity matrix. The first set of rows correspond to the absorbing states, and
the last set of rows correspond to the transient states. The n-step probability transition

matrix is then

I 0
(622) R Q
for some matrix R,.

Example 6.2.1 Consider a simplified model of a charge account system in which an
account is said to be in state n if its oldest unpaid debt is n months old as of the billing
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date for that debt. When a payment is made, the dollars go to reduce the oldest debts in
the account. Suppose there are five states {u, b,0, 1,2}, where u designates paid up, and
b desiginates bad debt. States u and b are viewed as absorbing states. Referring to
(6.2.1), suppose the transition matrix, with this ordering of the states, has

3 0 6 .1 0
R=|2 0|, and Q=1]2 5 .1
1 .1 2 2 4

Thus, the first column of the matrix R corresponds to the paid-up state, and the second
column corresponds to the bad debt state. The states {0, 1,2} are transient, and from any
transient state it is possible to reach an absorbing state. a
(n)

Theorem 6.2.1 For each transient state j, we have p,;

;;, — 0 as n— oo, for any

initial state 7.

This result was shown in the previous chapter, and holds for any Markov chain. For
the case at hand, it tells us that Q™ — 0 as n — oo. This property will be needed later.

Theorem 6.2.2 Let A™ = Q"R. Then the (i, ;) element of A™ is equal to the
probability that the process reaches the absorbing state j W in n + 1 steps,
given that the process started in transient state <. Redundest

Proof From the Chapman-Kolmogorov equations, we see that the desired probability,
namely, that the process reaches the absorbing state j for the first time in n + 1 steps,
given that the process started in state ¢, is equal to

Z qg:)Tkj )

keT

where qgn) is the (%,k) element of the matrix Q™, and T denotes the set of transient

states. By matrix multiplication, this sum is seen to be the (%, j) element of the matrix

A, (?) O
L

Consider now the matrix R + QR + Q?R + - -- . Using Theorem 6.2.2, it follows that

entry (¢, 7) of this matrix is the probability that the process eventually reaches absorbing

state j, given that it starts in transient state . But using Theorem 6.2.1, it can be shown

that the matrix I — @ is invertible, and that the inverse is

N=(I-Q'=I+Q+@*+--.
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Thus
R+QR+QR+--=(I+Q+@*+--)R=NR.

This result is summarized in the next theorem.

Theorem 6.2.3 The probability that the process eventually reaches absorbing state j,
given that it starts in transient state , is given by the (i, ) entry of the matrix N R, where
N=(I-Q)™

Example 6.2.2 Consider the simplified model of a charge account system given in
Example 6.2.1. Then we have

e e 1,99 .01

NR =X1:— Q)—lz‘ﬂf 96 .04

et 8218
From the second column of this matrix, for instance, we find that 1% of the new debts (0
months old) will eventually become bad debts, about 4% of the one month old debts will

eventually become bad debts, and about 18% of the two month old debts will eventually
become bad debts. a

6.3 Regular Markov chains A finite Markov chain is said to be regular if for some
integer m, all entries in the m-step probability matrix P(™) are positive. Equivalently, a
finite chain is regular if it is irreducible and aperiodic. The inventory model considered
earlier in the introductory notes on Markov chains is an example of a regular chain.

Example 6.3.1 Suppose the probability transition matrix is given by

60 .40
P= [.13 .87] '

The probabilities, by the way, are based on rainfall data in Tel-Aviv over the years 1923
to 1970. The first row and column correspond to the wet-day state, and the second row
and column correspond to the dry-day state. A day is considered wet if total rainfall is at
least 0.1 mm during that day. ‘ O

Theorem 6.3.1 Let P be the probability transition matrix for a regular finite Markov
chain with r states. Let e denote the column r-vector, each of whose components is one.
Then for any column r-vector z, there is a scalar )\, such that P"z — \;e, asn — oo.

¥

v

e
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Proof Assume first that the result is true when P > 0. Suppose then that P™ > 0.

For integer n > m, setn = km + [, for nonnegative integers k and . Then
Pz = P'PFmg = PY(P* g — M) + P'(\ze) = PPz — Ae) + Age.

Note that the last result holds because the sum of the elements in any row of P! is one
(when [ =0, P'is the identity matrix). Now, since the first term on the right converges
to zero as k — oo, the conclusion follows. Thus, we now suppose that P > 0.

Let d be the magnitude the smallest entry in P. Then 0 < d < 1/2. Consider the
sequence {z™} for n=0,1,---, where (¥ =z, and 2t = Pz for n > 0. For
each n, denote by a, and b, the smallest and largest entry in the vector z™ respectively.
Let v be the index of the smallest entry in (™). Then, for each component k,

2 = Zpkingn) i Z#l’pkimgn) < Pryan + (1 — pro)bn .
=1

But the term on the right is equal to b, — p,, (b, — an,) Which is bounded above by
b, — d(b, — ap). It follows that

bosr < by — d(by — ay) .

Using analogous reasoning, it can be shown that

(6.3.1) Ung1 > Gy + d(by — ap) .

These two equations give us

bpt1 — Gng1 < [bn — d(bn — an)] — [an + d(bn — an)] < (1 = 2d)(bn — an) .

But 0 < 1 — 2d < 1. Therefore, b, — a, — 0as n — oo, which completes the proof. L[]

Some consequences of this theorem are immediate. Let e; be the r-column vector
with 1 in the i-th component, and zeros elsewhere. Then there is a scalar w; such that
Pme; — w;e as n — oo. Let w be the m-row vector whose i-th component is w;, and let
W be the r x r matrix whose i-th row is the vector w. Then (a) Let v be any row
probability r-vector (the components of v are nonnegative and sum to 1). Then
uP® > w, as n—oo, (b)) PP—>W as n—oo, (c) PW=WP=W, and in
particular wP = w, (d) w > 0, (e) w is the unique solution, up a scalar multiple, of the
equation zP = x, where x is a row r-vector.

Denote the state probability vector at time n by m™. Thus, 7rz(-") = PIX.=1); and
at any time n, 7 = 7@ P where (¥ is the initial state probability vector. For a
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regular Markov chain, it follows that 7™ — w as n — oco. Hence, we can interpret w as

the long-run state probability vector for the process.

Example 6.3.2 Consider the weather model of Example 6.3.1. Solving the equation
wP = w, subject to the components of w summing to 1, yields the approximate
stationary solution w = (0.25, 0.75). Thus, in the long-run, there is a 25% chance of
having a wet day in Tel-Aviv, and a 75% chance of having a dry day. O

Exercises

a) Verify that the matrix 7 — @ is invertible. Help: Show there is no nonzero vector

such that (I — @)z = 0. (b) Set S, =1+ Q + --- + Q. Show that the limit of S,

as n — oo exists, and that this limit is the inverse of I — (). Help: consider the matrix

(I — @)S,. (c) Find an expression for the matrix R, in the n-step transition matrix
(6.2.2). Show that the limit of R,, as n — oo exists and find an expression the limit.

Consider an absorbing Markov chain with probability transition matrix (2.1) for

which
S 4513
R_[.3 .1] wil/ 8P Q_[.s .1]'

Find the probability that the process will eventually reach absorbing state 1, given that
it started in transient state 4.

\3(3 For an absorbing Markov chain, let V;; denote the number of visits made to transient
state j before absorption, given that the process starts in transient state 7. Let B be the
matrix whose (i, j)-th entry is b;; = E(V;;). (a) Show that B=N = (I — Q).
Help: Condition on the next state X;. Write out the resulting equations for each (%, 7),
and then appeal to matrix multiplication to get the result. For ¢ = j, include this initial
condition as one of the visits to state j, among possibly others before absorption. (b)
Given that the process starts in transient state ¢, give a formula for the expected number

of steps until absorption.

6.4 Regarding the proof of Theorem 6.3.1, derive equation (6.3.1) and show that
0 < d < 1/2. Further, verify the results listed in the paragraph after the statement of
Theorem 6.3.1.

\X“‘\ @Consider a regular Markov chain, and denote by Tj; the first entrance time into state
4, given that the process starts in state ¢. Set m; = E(Tj;). (a) Show that
mij =14+ k£; PikTuej - Help: Use conditional expectation, and condition on the next
state. (b) Let (w1, wy, ---, w,) be the stationary probability vector for the process. Show
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that m;; = 1/wj, for each state j. Help: Use the result of (a). Multiply the i-th
equation by w;, and then sum over i. (c) Give a heuristic argument to justify the result
of part (b).

@how that a finite chain is regular if and only if it is irreducible and aperiodic. Help:
o0 show the if-part, use Theorem 5.5.1 and Theorem 5.5.2 from Chapter 5.

6.7 Let us say that a finite Markov chain with one-step transition probability matrix P is
asymptotic if the limit of P" as n — oo exists. For irreducible finite Markov chains,
show that a chain is asymptotic if and only if it is regular. Using the result of problem
6.6, what is the only way in which an irreducible finite chain could not be asymptotic?

The Pallet Problem

Several breweries in Canada cooperate in maintaining a collection of pallets for
distribution of their product. Pallets are used for shipment to retail outlets and for the
return of empty bottles. The use of common bottles and pallets by breweries allowed the
return of empties to any brewery. New bottles, when shipped to the breweries from the
glass manufacturers, were shipped on new pallets. The bill for new pallets was included

" with the bill for the new bottles. Also, additional pallets could be ordered by the

individual breweries. Records of purchases were kept, and at the end of the year, the costs
would be split proportionately among the breweries. The portion of the total expenses
paid by a particular brewery was determined by the number of new purchases times the
market share of that brewery. The pallet pool consisted of about 200, 000 pallets.

The policy for maintaining pallets was to repair them as needed. However, increasing
labor costs raised concern that this policy may become too expensive, and so a study of
possible maintanence policies was begun.

Information and data

Records were available which showed the average damage rates for pallets. These are
summarized in the following table. The table indicates the pallets according to condition.
The entries show the percentage of pallets that are damaged for the first time in the

specified year.
Pallet condition yr. one | yr.two | yr. three | yr. four
New pallet 22 45 33 -
Pallet repaired in year one | — 47 48 5
Pallet repaired in year two | — - 83 17

Thus, for example, of the pallets that were damaged and repaired in year one, 47 percent
were next damaged in year two, 48 percent were next damaged in year three, and 5
percent were next damaged four. The third row of the table refers to pallets that were
repaired in year two, but which may also have been repaired in year one.

The foreman in charge of maintanence estimated that approximately 10 percent of
damaged pallets were unrepairable. Further, pallets over two years old were not
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considered worth repairing and thus were scrapped. Pallets last only four years, and then
are scraped. In our analysis we will assume a pallet is damaged only once in a year.

Based on recent records, it was estimated that the average cost of a new pallet was $
4.47, and that the average slavage value was $ 0.55. However, salvage value depended on
condition, and had been as much as $0.75. The foreman thought that a pallet in good
condition could be salvaged for as much as $ 1.50. The average cost of reparing a pallet
was $2.07. Records showed that during the last year, 59,000 new pallets were purchased,
and 32, 000 were sold as scrape.

A Markov Chain Model

To model the effect of the current maintenance policy, the use of a regular Markov
chain is suggested. The discussion below shows how to form such a model. Your task
will be to complete the analysis, and then develop similar models for the other specified
maintenance policies listed below.

The states of the Markov chain model, indicated below, are based on the age and
condition of a pallet.

1. Zero years old.

2. One year old and undamaged

3. Two years old and undamaged

4. One year old, and repaired in year one

5. Two years old and repaired in year two (and possibly in year one)
6. Two years old and repaired in year one only

7. Three years old.

The transition probabilities are estimated using the data in the table above.

Transitions from state 1 : The only possible next states are 1, 2 and 4. A transition
from state 1 to 1 means that a new pallet was damaged in year one and had to be scraped.
Thus, p1; = (0.22)(0.10) = 0.022, since there is a 22 percent chance that a new pallet is
damaged year one, and given that it is damaged, a 10 percent chance that it needs to be
scraped. Next, p12 = 1 — 0.22 = 0.78, since 22 percent of new pallets are damaged in
year one. Finally, p14 = (0.22)(0.90) = 0.198, since there is a 22 percent chance that a
new pallet is damaged in year one, and given that it is damaged, a 90 percent chance that
it is repairable.

Transitions from state 2 : The possible next states are 1, 3 and 5. A transition from
state 2 to 1 means that a new pallet was damaged for the first time in year two, and had to
be scraped. Thus, py; = (0.45/0.78)(0.10) = 0.0577. The first factor is the probability
that a new pallet is damaged in year two given that it was not damaged in year one. The
second factor accounts for the 10 percent of damaged pallets that need to be scraped.
Next, po3 = 1 — (0.45/0.78) = 0.423, since the term in parenthesis is the probability
that a new pallet is damaged in year two, given that it was not damaged in year one.
Finally, pos = (0.45/0.78)(0.90) = 0.519, using the same reasoning as above to justify

Ppa1.
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Transitions from state 3 : The first row of the table above tells that such a pallet
will be damaged in year three, and being over two years old, it will be scraped. Thus, the
only next state is 1, and so ps; = 1.

Transitions from state 4 : The possible next states are 1, 5 and 6. A transition from
state 4 to 1 means that a pallet damaged and repaired in year one, was damaged in year
two and had to be scraped. Thus, pg = (0.47)(0.10) = 0.047, since from the table, a
pallet damaged in year one has a 47 percent chance of being damaged in year two and
there is a 10 percent chance that a damage pallet needs to be scraped. Next, by similar
reasoning, pss = (0.47)(0.90) = 0.423. Finally, pss = 1 — (0.47) = 0.530, since a pallet
is damaged in year one has a 47 percent chance of being damaged in year two.

Transitions from state 5 : The possible next states are land 7. A transition from
state 5 to 1 to mean that a pallet repaired in year two was damaged in year three. Thus,
from the table, ps; = 0.830, where the factor of 10 percent is not used, since damaged
pallets over two years old are scraped. Next, again directly for the table, we have
ps7 = 0.17.

Transitions from state 6 : The possible next states are 1 and 7. A transition from
state 6 to 1 means that a pallet repaired in year one only was damaged in year three. Thus,
from the table, pg; = (0.48)/(0.53) = 0.906, which is the conditional probability that a
pallet, damaged in year, is damage in year three, given that it was not damaged in year
two. Again, the factor of 10 percent is not used, since damaged pallets over two years old
are scraped. Finally, pe7 = (0.05)/(0.53) = 0.094, which is the conditional probability
that a pallet, damaged in year one, is not damage in year three, given that it was not
damaged in year two.

Transitions from state 7 : The only next state is 1. Thus, pi1 = 1.

Problem Analysis

As mentioned earlier, your task is to complete the analysis above, and then develop
similar models for the other specified maintenance policies listed below. Use the
Markov chain model to determine the long-run state probabilities. From these long-run
probabilities, form the following cost function to evaluate the policy :

C =cnfn+crfr—csfs

where fy is the long-run fraction of new pallets per year, fr is the long-run fraction of
pallets repaired per year, and fs is the long-run fraction of pallets that are scraped per
year. Also, cy is the average cost of a new pallet, cp is the average cost to repair a pallet,
and cg is the average salvage value. Use the long-run state probability distribution to
estimate the fractions fx, fr, and fs.

Note that in the Markov chain model, it is assumed that a scraped pallet is replaced by
a new one. The records indicate however that 59,000 new pallets were introduced into



CHAPTER 2. HANDOUTS GIVEN DURING THE COURSE

62

Chapter 6. Finite Markov Chains 6.9

the system and only 32,000 were salvaged. We shall interpert this to mean that not all
scraped pallets were salvagable. Thus, although we might otherwise take fs = fn, we
can use the data to set fs = afy, where o is a fraction around 32, 000/59, 000.

Possible maintenance policies In your analysis, consider at least the following
policies for maintaining the pallets.

1. Repair as needed. This is the current policy.
2. Repair only once.

3. Repair only in the first year.

4. Do not repair.
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A Random Walk Model

7.1 Introduction Consider a Markov chain with state space the integers, and one-
step transition probabilities given by pii-1 =4¢i, Pii =Ti, Pii+1 = Pis and p;; =0
otherwise. Thus, for each state i, g;, p;, and r; are nonnegative numbers that sum to one.
We shall refer to such a Markov chain as a randoem walk. This chapter considers two
examples in which this type of chain arises.

7.2 A gambler's ruin problem One way to think of the random walk model is to
imagine that the states represent a gambler's fortune, and state 0 represents ruin. Fix a
state n > 1, and for each state 4, 0 < 7 < n, consider the probability of reaching state 0
before reaching state n. Denote this probability by P;. Using a conditional probability
argument, it follows that

(7.2.1) P; = qiPi-y + 1P + piPiy1

with boundary conditions Py =1 and P, = 0. Since 1 —r; = g; + pi, this difference
equation can be written as pid; = ¢;d;—1, where d; = Piy1 — B, fori=1,2,--,n—1.
It follows that d; = a;dy, where

_ %1

aj=——, for i=1,2,---,n—1.
DiPi-1°- P

Since dg + dy + + -+ + dn—1 = P, — Py = —1, we can solve for dj to obtain

-1

do = .
1+a+ay+--+an

Finally, using P, = 1 +do + dy + --- + d;—1, giveus

_ a;+ -+ ap-1
l4+a;+ay+-+ap

i , for 1=1,2,--,n—1.
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This expression for the probability of ruin is not easily analysed. However, we can see
that it is decreasing with 4, as would be expected. Indeed, the greater our initial funds, the
less chance there is of ruin. Under special assumptions concerning the transition
probabilities, simpler expressions are possible. For example, suppose p and g are positive
numbers such that p + ¢ = 1, and assume that for each state i>1,q=gq, 7i=0, and
p; = p, while go =0, 7o = ¢, and py = p. Setp = q/p. Then, for p # 1, we have

n__ ot
(7.2.2) P=P"F  for i=01,2-n,

pn_l »
and for p =1,
(7.2.3) P,-:l—%, for i=0,1,2,--,n .

7.3 A queueing model Consider a single server queue that is modeled as follows.
Time as divided into 4ntervals of some specified length h. It is assumed that (a) at most
one customer arrives during a time interval, (b) at most one service completion occurs in
a time interval, (c) arrivals in separate time intervals occur independently, as do service
completions. Also, arrivals and service completions occur independently of each other.
Finally, (d) the probability of a simultaneous arrival and departure is negligible.

For this model, we shall suppose that if a customer arrives and finds there are m
customers in the system, waiting or being served, then that customer does not join the
system. Denote by p the probability of an arrival during an interval of time h, and denote
by  the probability of a service completion, given that service is in progress. Define X,
as the number of customers in the system at the end of the n-th time interval. Then we
have a random walk with states 0,1,2,---,m. The rows of the transition probability

matrix P are
1=0: ro=1-—p, po=p
1<i<m-1: ¢g=Q=p)r, =1-(1-r)p—(1-p)r, pi=(1—71)p
1=m: Qm =T, Tm=1—7

Assuming that 0 <7 <1 and 0<p<1, we have a regular Markov chain. The
stationary vector for this chain is the solution of the system of equations wP = w, where
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w = (wo, w1, ***, Wm). Suppose m > 1. Starting with the first equation, and working
with each successive equation, one can show that

w; = wy, w;=swi_1, for 2<i<m—1, and wp=5(1—-p)wn-1,

s
1—7r
where s = (1 —7)p/(1 — p)r. In the following, we will consider only the case s # 1.

Since the components of w must sum to one, it follows that

1-p
(1-r)—(1~-pps™’

w=k (1 —r,88%,,s™ (1 —p)sm), where k =

and where p = p/r. This parameter p can be viewed as a measure of traffic intensity. The
expression for w does not lend itself easily to analysis, but some observations are
possible. For example, if p < 1 and m is very large, then k = (1 — p)/(1—r), and so
wp ~ 1 — p. Thus, when traffic intensity is not too large (p < 1), and arriving customers
stay even though many customers are there already (m large), the fraction of time the
system is empty is approximately 1 — p. On the other hand, if p > 1 and m is large, then
wm = 1 — (1/p). Thus, when the system tends to grow (p > 1), and arriving customers
will stay even though many customers are there already (m large), the fraction of time
the system attains maximum capacity is approximately 1 — (1/p).

An approximate expression for w is obtained if we assume that the length of the time
interval h is very small, and that p = Ak + o(h) and 7 = ph + o(h), for some fixed
parameters A and p. Then s and p are each approximately A /p, andif p # 1,

1-p

wzk(l,p,pz,m,pm), where k = T:W .

This expression is more tractable. For example, denoting by N the number of customers
in the system, then we can find

E(N)~k(0-1+1-p+2p>+---+mp™),

which can be evaluated in closed form. Using this expression, it can be shown, as
indicated in an exercise below, that for large m, E(N) = p/(1 — p) when p < 1.

Exercises

7.1 Determine the probability of ruin for the model in Section 2 when p; = g; for each
i=1,2, -yn—1
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7.2 Verify the basic recurrence formula (7.2.1) for the probability of ruin. Also, verify
formulas (7.2.2) and (7.2.3) for the probability of ruin in the special case considered.

7.3 Let Q; denote the probability that state n is reached before state 0, given that we start
in state 4. Use the conditional probability argument of Example 7.1 to form a recurrence
formula for Q;, and thus find expressions for these quantities. Verify that P, + Q; =1
for each 4.

7.4 For the single server queue model of Section 7.3, take p # 1, and use the simplifying
assumption of a small time interval h, as indicated at the end of the section. (a) Verify
the given approximate expression for E(N) when m is large, and p < 1. (b) Let L
denote the number of waiting customers. Find a formula for E(L), the expected value
of L, under the steady state conditions. Help: For both parts (a) and (b), form the
derivative of f(z) =1+ z+---+z™ to get an expression for the sum involved. For
part (b), note that E(L) =1-wy +2- w3+ + (m—1)wn .

7.5 Consider the special case of the gamblers ruin model presented at the end of Section
7.2. The states are 0,1,2, -+, and for positive numbers p and ¢ such that p+q =1,
the transition probabilities are : fori>1, ¢i =g, 7 =0, and p; = p, while go =0,
ro = q, and pp = p. Set p = q/p. Following the steps below, show that this Markov
chain consists of all transient states if p < 1, but consists of all recurrent states when
p>1. (a) Recall that T;; denotes the first entrance time into state j, given that the
process starts in state 4. Suppose the process starts in state 0. Condition on the next state
to show that

P(Too <OO)=(]+PP(T10 <00) .

(b) The probability F; defined in Secton 2 is equal to P(Tj < Tin). But Tin 2 n — i,
and so it is reasonable to take P(Tj < 0o) as the limit of P; as n — oo. Assume this
result and find P(Tjp < o0). (c) Combine the results of parts (a) and (b) to determine
when P(Tgo < 00) is less than 1, and when it is equal to 1. Thus find the conditions
under which state 0 is transient and under which it is recurrent. Finally, note that the
chain is irreducible, and so the states are either all transient or all recurrent.
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Markov Chain Monte Carlo Methods

8.1 Introduction This chapter introduces some of the basic ideas used in Markov
chain Monte Carlo methods. These techniques provide a way to generate random
observations from a specified probability distribution function. The idea is to construct a
Markov chain whose limiting distribution is the specified distribution, and then to
simulate the Markov chain to obtain the random observations. In these notes, we consider
only finite chains. However, finite chains occur in many applications of Markov chain
Monte Carlo methods.

8.2 Time reversible Markov chains An important role is played in Markov chain
Monte Carlo methods by time reversible Markov chains, and so we begin with a review
of this topic. Consider an irreducible, positive recurrent Markov chain {X, |
n=0,1,---}, with transition probabilities p(z,y) and stationary probabilities m(z).
Following notation that is common in the literature, we will denotes states by letters such
as z and y, and drop the subscript notation for the transition probabilities and state
distributions.

Suppose the chain has been in operation a long time, so that the stationary distribution
describes the state probabilities. Suppose we follow the states backward in time; that is,
we consider the process---- X,, X1, Xn-2, -~ . This sequence of states forms a
Markov chain with transition probabilities 7(z, y) given by
PXm =9y, Xm+1 =2)

P(Xmy1 = 1)

7(z,y) = P(Xmn = Y[ Xmp1 = 2) =

_ P(Xm=9) PXmn = 2| Xn =y) _ m(¥)p(y,z)
P(X"—H.] = x) TI'(IL') .

1) r(xiy) = 7T0) Ply,x)
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)Z To show that the reverse chain has the Markov property, let B denote any event involving <’

)gg

~.

g u(z) = 7(z) for all z. Solving the system of equatlonsl u( )p(:c y) = u(y)p(y, ), ?for

states Xpm42, Xn+3, - . Then we must show that
P(Xm =y| Xm+1 =z,B) = P(Xn =y| Xmn =zx).
However,

P(Xm = anm+1 = x’B)
P(Xm+1 =z, B)

P(Xp = y| Xmy1 = ,B) =

In the numerator we have

P(Xpn =Y, Xm+1 =z, B) = P(B| Xm = 9, Xm+1 = ) P(Xm = ¥, Xmt1 =z).

But the forward chain has the Markov property, and so
: -
P(Xm =y, Xm+1 = 2, B) = Piggmikzﬁp(xm = yJ X1 = x)P(Xm+1 = :L‘)

Next, in the denominator we have )
P(Xmi1 =, B) = P(B| Xns1 = 2) P(Xnsi = 2) -

Returning to the ratio with the last two expressions gives the desired result.

The reverse chain is therefore a Markov chain with transition probabilities r(z, y). If
r(z,y) = p(z,y), then the chain is said to be time reversible with respect to the
distribution 7. Thus, from the formula above for r(z,y), the requirement for time
reversibility can be expressed as m(z)p(z, y) = 7(y)p(y, x), for all z,y. These equations
are sometimes called the balance equations. Indeed, they say that for a time reversible
chain, the rate at which the process moves from state x to state y is the same as the rate at

which the process moves from state y to z.

Ny
AF \Q\\* To find the stationary distribution of a time reversible chain, the following result is

useful. Suppose we can find nonnegative numbers u(z) which sum to one, and satisfy the
equations{u(z)p(z, y) = u(y)p(y, ) | for all z, y. Then summing over z, we find that

> u(z)p(z, y) = uly Zp Y,z

T

Therefore, by uniqueness of the solution to the statlonary equatlons it follows that

all z and y, is often a convenient way to determine the stationary solution.
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Suppose the transition matrix of an irreducible and aperiodic chain is symmetric.
Then the stationary distribution is the uniform distribution (see Exercise 8.2), and it then
follows that the chain is time reversible. The next example uses this observation.

Example 8.2.1 Let S denote the set of all N x N matrices with entries 0 or 1. For a
given matrix, define the nearest neighbors of entry (3,7) as the entries in positions
(G,j—1), (4,5 +1), (i—1,5) and (i + 1, 7). Denote by T the subset of S consisting of
matrices such that if an entry is 1, then the nearest neighbors are each 0. Suppose we
wish to select a matrix in T at random, or, equivalently, we wish to place a uniform
distribution on T. If we could conveniently list the elements of T, this task would not
pose a problem. But for even moderate values of N, an enumeration of T is not easy. It is
not even known in general how many elements are in T'. However, use of a Markov chain
Monte Carlo method allows us to do the selection without having to know this number.
The Markov chain, and the simulation of the chain, are implemented as follows. We start
with an element M € T. Next, an entry of M is chosen at random, and we consider
changing that entry. Thus, an entry of 0 would be changed to 1, and vice-versa. If the
resulting matrix is still in 7', then we accept the new matrix¥ Otherwise, we do not
change the matrix' In this way, we are simulating a Markov chain with state space T'. The
entries in the probability transition matrix are as following : If M and L are in T, and
differ in exactly one entry, then p(M,L) = N2, and if they differ b3; more than one
entry, then p(M, L) = 0. Finally, p(M, M) is determined so that the row sum is one. It
is evident that the transition matrix is symmetric. Further, the chain is irreducible since all
states communicate. Also, since p(M, M) > 0 for some M € T, the chain is aperiodic.
Finally, since the chain is finite, all states are positive recurrent. It follows that the chain
is time reversible and the stationary distribution is the uniform distribution on 7. O

8.3 Markov chain Monte Carlo methods Let X be a discrete random variable,
perhaps vector-valued, and let S denote the set of possible values of X. We are
concerned with situations in which the probability distribution m(z) = P(X = z), for
z € S, is difficult to use analytically, and a direct simulation of the random random
variable X is not practical. It is assumed however that the probability distribution 7 is
known up to the normalizing constant that is needed so that the probabilities sum to one.
One general formulation of Markov chain Monte Carlo methods is the Hastings-

Metropolis algorithm. This algorithm constructs a Markov chain whose stationary

distribution is the probability distribution 7. A key feature of the construction is that it is
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done without having to know the normalizing constant for m(z), which may be difficult

to find in practice.

The algorithm begins with selection of an irreducible Markov chalg whose state space

is S. In practice, and as the examples below indicate, the choice of this chain is usually

motivated by the particular application. Let q(z,y) denote the transition probabilities for

A U/L& this Markov chain. &F hen a time reversible Markov chain {X,|n =0, 1, -} s

y '™\ constructed as follows. Suppose the process is in state . Generate a random observation,

\L7 say y, from the probability distribution {q(z, z) | z € S}. Then, with a certain probability
\‘%% B(z,y), move to state y, and otherwise stay at state z. The probabilities §(z,y) are
determined so that Markov chain {X, [n = 0,1, ...} is time reversible with respect to 7.

To find them, note first that the transition probabilities for the chain 1 =015

() e -amBey, oryte, md s =1- 3,00,

Thus, we need (z) p(z,y) = 7(y) p(y,z), fory # z, or equivalently
(z) q(z,) Bz, y) = 7(v) a(y,2) Bly,z), for y#<T.

When g(z,y) =0, we do not specify B(z,y) as p(z,y) will be zero anyway. Since
m(z) > 0 forall z € 5, we can set 7(z,y) = m(y) q(y, z)/m(z) q(z,y) . Then f(z,y) =
7(z,y) By, ) . Now, if r(z,y) <1, then a solution is to take B(y,z) =1 and
B(z,y) = T(z,y). Otherwise, take Bly,z) =1/7(z,y) and f(z,y) = 1. In summary,

(2“) B(z,y) = min{l,r(m,y)} = mz’n{l W—)} .

' m(x)q(z, y)

% With this choice of 3, if the chain {Xn|n=0,1,--} is irreducible and aperiodic, or in
other words regular, then it also time-reversible, and its stationary distribution is 7. Thus,
in this case, this stationary distribution will be the limiting distribution.

e In general, one needs to check that the final chain is irreducible and aperiodic. A

Kg}"’&@ ffici i re e e .

V' 0 sufficient condition for irreducibility is that q(y, z) > 0 whenever q(z,y) >-0. In this
Xd Yo o caseyBlx,y) >0 whenever g(z,y) > 0, and hence p(z,y) > 0 whenever q(z,y) > 0.
N A L R Therefore, the irreduciblity of the original chain implies the same for the final chain. That
S\,\ Jf the new chain will be aperiodic is likely, since it may well be that p(z, z) > 0 for some z.
—~  Moreover, if the original chain is regular, and (3(z,y) > 0 whenever q(z,y) > 0, then

the new chain will also be regular.
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S—
!Example 8.3.1.} Here, we consider first a simple example, just to illustrate the

algorithm. Suppose we wish to generate a random observation from the distribution
7 = {1/6, 1/3, 1/2}. Introduce the irreducible Markov chain with state space {1, 2, 3},
and probability transition matrix

g=[1/2 0 1/2

0 1/2 1/2 seigind q )
172 172 0 |

Then the probabilities 5(z,y), for z # y, are determined from the formula

o )
Bla,y) {1’w<m>q(z,y)}'

el

For example, e —

[ m(2)(1/2) [, /3
1,2) = —_— ) = — =1,
B(1,2) mzn{l, T(D/2) miny 1, 1/6 1
In the same way, we find that §(1,3) =1, 8(2,1) =1/2, £(2,3) =1, p(3,1) =1/3,
B(3,2) = 2/3. Thus, the probability transition matrix for the Markov chain used in the

simulation is

0 1/2 1/2
p=|1/4 174 12| . Conshrchs p(x)
1/6 1/3 1/2

This chain is irreducible, time reversible, and has stationary distribution 7. Further,
because the chain is regular, the stationary distribution is also a limiting distribution, and
thus simulation can be used to generate a random observation from 7. Note, by the way,
that had we started the algorithm with the irreducible chain whose probability transition
matrix is

_ 8 (1) (1) eabnible oK ?’”:w(lw'.
q_ 10 of wtint ot Yegnl~s i

PN 8o
‘%‘.‘H&-

the algorithm would fail. The resulting Markov chain would have a probability transition
matrix equal to the identity, and thus the chain would not be irreducible as required. [

A more interesting application of the Hasting-Metropolis method is the following.
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ni arkov Chains \0’\5 6{ 6\ » e Q
7 N
OX %
@‘«&' Example 8.3.2 — The Ising model Let S be the set of N x N matrices with entries
1 or —1. Recall that matrix entries at (4, j) and (s,t) are nearest neighbors if li—s| +

li—tl= 1. Define the energy of M € S by o n ot '
— 437}} NPT, o naesh bop
KN E(M) = ) M) M(s,1) , "
. «\g-' %ﬂﬁfw‘ztm olzm.(m;(‘ “6 s@iu 4 neernt T b -
\© where the sum is taken over all nearest neighbors. The value M (3, j is called the spin at L
W e
~\4\“'° . site (4,7) and the energy is minimized when all spins are the same. The Ising model ]
W specifies the following probability distribution on S which weighs matrices of lowest
energy highest. Givenr > 0, define for M € S, - ( N\) = QXP(—\‘ E(N‘})

t{ﬂ 5@\}‘“" A‘W“: M) = exp(—rE(M)) e\ Laxem
—eS (M) = ZBesexp(—TE@)/)/ o M'm“"‘“‘u;ﬁ

\
o X =
/ - Note that calculation of the denominator in this expression requires some effort.
G However, this calculation is unnecessary with the Markov chain Monte Carlo approach.
v T The Markov chain is traversed as follows. Start with M € S, select an entry at random
75" ] and consider reversing its value. Thus, the underlying irreducible Markov chain is E

0)://‘/ B specified by the transitions probabilities ﬁ mese $ R )L ¢ S 7@\@

W 1 % Q

Wi o(RL)= 7 fr R~L, A D) -
Ny

and q(R,L) =0 otherwise,-except-for-the-diagenal-entry. The notation R ~ L means that
the matrices differ in exactly one entry. Now let B denote the matrix which would result

if the randomly chosen value of M is reversed. Then we accept B with probability

L m(B)(1/N)\ _ . - (B)
B(M,B) = mm{l, _——_—WT(M)(l/Nz)} = mm{l, WT(M)} .

Thus, the transition probabilities for the Markov chain are defined by

p(M,B) = %min{l, ::((ﬁ))} , M~B,

and P(M, M) is defined so that the row sum is one.

The original chain in this case is irreducible, but it is periodic with period two.
However, we have (M, B) > 0 whenever q(M, B) > 0. Hence, the final ‘chain is also
irreducible. Further, for at least one M € S, we will have 0 < B(M,B) < 1 for some B
such that M ~ B. Therefore, P(M,M) >0 for this M, and hence the final chain is
aperiodic. Thus, the final Markov chain is regular, and so it is time-reversible with

stationary distribution 7, . The simulation is intuitively reasonable. It encourages a move
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from matrix M to a matrix B which has lower energy than M, or equivalently, for which
m-(B) is larger than 7.(M). O

8.4 Gibbs sampling A setting for Gibbs sampling is the following. Assume X is a
vector-valued random variable, X = (X1, Xy, -+, X,), with probability distribution
f(x) which may be specified only up to a constant multiplier. Let A denote a given
subset of the possible values of X. Then we wish to generate a random vector whose
distribution is the conditional distribution of X, given that X € A. This conditional
distribution is

f(=z)
mz)=PX=z|X€eA) ===, for z€A.
(@ =PX=z|Xed)=pren
The approach is to form a Markov chain with state space .A, which is time reversible

with respect to distribution m(z). It is assumed that we are able to generate observations
from the conditional distribution

ci(z)=P(X,~=z|Xj=xj,forj7éi) .

The transitions are determined as follows. Suppose we are in state z. First,-a coordinate
index 7 is chosen at random from among the indices 1,2,---,m. Next, a random
observation is generated from this conditional distribution ¢;(2) = P(X; = z| X; = z;,
for j # ). Suppose the observed value is u. Then the candidate for the next state is taken
tobey= (Z1, " Ti-1,U Tit1,  *, ZTn). If y € A, then y is accepted as the next state.
Otherwise the process stays in state z.

The transition probabilities for the resulting Markov chain are

1 ] f()
=—-P(X;=u|X;=z;j, fi = -
p(m7y) n ( 1 'LLl J z]’ Or]#l) nP(ijx], for]#l) )
when z and y belong to A and differ in only the ¢-th component. Otherwise, p(z,y) = 0,
while p(z, ) is determined so that the row sum is one. To verify the balance equations,
consider states z and y in A which differ only in the i-th component, and have common

components 1, T3, -, Ti—1, Ti+l," "y Tn. Then

1 f(z)f(y)
m(z)p(z,y) = n P(X; = zj, forj # i)P(A) ’
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However, because z and y have in common the components 1, T2, ***, Ti-1, Titly ~*"
Z,, it follows that

_1 f(z)
P(y:z) = n P(X; = z;, forj #1i)

Therefore

B f@)i (@)
WP %) = L P(X, = 0;, forj # §)P(A)

Hence the balance equations hold. For the chain to be irreducible, however, the set A
must be connected in the sense that it is possible to travel from any one element in A to
any other by making changes in only one component at a time.

There is another version of Gibbs sampling which is perhaps simpler. Suppose we
have n variables, each of which can take on values {v1, v, **+ vm}. Let G denote the set
of m™ possible n-tuples of values that the n variables can achieve. Let g be a positive
function defined on G and suppose we wish to sample from the distribution

g(mla T2, "y xn)
2€G 9(21,22,"',%)

(8.4.1) (1, T2, s Tn) = 5

Starting in state T = (z1,%2," ", Tn), the algorithm selects at random an index
ie{1,2,--,n}, and the component z; is then changed to a value u generated from the
conditional distribution

g(mli ey i1y 2 Titls "y xn)
ZT=1 9(z1, -+ Tim1, Uss Tit1, """ Tn)

The transition matrix for the Markov chain is therefore

1 g(m1>"')zi—lau?xi+la"',xn)
p(z,y) =
, n ZT:lg(xh"',x‘i—lavs’mi-f-li"'3mn) ’

when z = (x1,-+,Zn), and y = (xl,"',xi_l,u,xi+1,“',xn), and u # z;. Showing
that the balance equations hold follows the same steps shown in the previous version of
Gibbs sampling. Also, we see that the chain is irreducible since it is possible to travel
from any one n-tuple in G to another by changing only one component at a time.

The Ising model considered earlier in Example 8.3.2 can be treated using this Gibbs
sampling approach. For G we take the set of N x N matrices with entries 1 or —1. This
set was previously denoted by S in Example 8.3.2. Thus, the variables refer to the N2
entries in an N x N matrix, so that n = N2. The v-values are 1 and —1, so that m = 2.
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Finally, g is taken to be g(M) = ezp(—rE(M)), for M € G. This Gibbs sampling
approach, however, yields a different Markov chain than the one obtained in Example
8.3.2. Here we get instead the transition probabilities

_ 1 g(B) N
p(M’B)_Nz———g(M)+g(B)’ when M ~ B.

where the matrices M and B differ in at most one entry.

8.5 Simulated annealing We consider now the application of Markov chain Monte
Carlo methods to optimization. Let S be a finite set, and let f be positive function
defined on S. The elements of S are viewed as states of the system. Each state z € S has
specified a set of adjacent or neighbor states, denoted by S(z). We can imagine a graph
in which the states are nodes and an edge connects each state to its neighbors. Assume
this graph is strongly connected in the sense that it is possible to travel from any one
state to anothier, and if y € S(z) then z € S(y), for any two states z and y.

We seek a point in S at which f achieves its minimum value. Define a probability

distribution on S by 1 May) be W”f‘ ox F (v foxi)
n(z) = gemp(-rf(@), where C=3 ceap(-rf(z)) . THI"= ool i)
o YesS

and where r > 0 is a constant. The basic idea is to form a regular Markov chain whose
stationary distribution is 7.

The Markov chain The Markov chain is traversed as follows. Given that the process
is in state z, a state y in S(z) is selected at random. Then, this state y is accepted as the
next state with probability B(z,y), where the probability B(z,y) is determined by the
Hastings-Metropolis criterion :

Blz,y) = mz'n{l, 7r(y)(l/IS(y)D} _ mm{l ()| ()| }

(z)(1/15(<)]) * m(2)|S(y)l

The symbol |S(z)| denotes the number of elements in the set S(z). The one-step
transition probabilities for the resulting Markov chain are then

ple) = iy o), foryeS(e), and plos) =1= 30, pe ).
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Note that in the special case in which each neighborhood set S(z) has the same number
of elements, then

Ba.) = min 1, - min{ 1, p(rlf @) - s} -

The process will then move from state to y if f(z) > f(y), and otherwise will accept y
as the next point with probability

exp (r{f(z) - F®)]) -

Observe that in this case, if the function f is not constant on S, the resulting Markov
chain is irreducible and aperiodic.

In general now, assuming that the Markov chain is regular, or equivalently,
irreducible and aperiodic, it follows that for large n,

P(X,=z)=7(z)= —é—exp(—rf(x)), where C = Zzes exp(—rf(z)) -

Suppose the function f achieves its minimum value on S, say v, on a set of points
O c S. In other words, v < f(z) for all z ¢ 0, and v = f(z) for all z € O. Then for
large n,

zp(—T -
P(Xn € O) ~ eroe pC( f(m)) — (1 + l—lo_IZz¢Oe$p ('r[v - f(.’l:)])) .

But for a large value of 7 >0, the sum on the right will be small. Therefore, the
algorithm has a good chance of converging to the optimal solution in this case.

The optimization algorithm In theory, one would now simulate the Markov chain,
and after a suitably large number of steps, accept the current state as the optimal solution.
Thus, considering the special case in which all adjacent states have the same number of

elements, the algorithm would have the form

Initialize: xstart, r
k := 0;
x := xstart;
do until stopping criterion:
generate: y from S (x)
if £(y) < f£(x), then X:=Yy
else
if rand < exp(r(f(x)—f(y)), then x:=Y
end
end
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In this code, "rand" denotes a uniform (0, 1) random variable.

In practice however, the implementation takes on a modified form, designed to
improve convergence. The modification concerns the parameter r. In principle, a large
value of r is desirable, but may slow convergence in the initial stages. Therefore, a

sequence of r-values is used. The following ideas seem to work well.

1. Initially, 7 = 7o is chosen small enough so that the acceptance criterion holds for

most of the transitions generated.

2. Then a sequence of r-values is generated, often using a simple method such as
Tes1 = QTk, for k =0,1,2,---, where the factor o is around 1.01to 1.25. It seems
however that these 7-values can not increase too rapidly, and that a bound of the

form 7, < 7log(k + 2), for constant r, is needed.

3. For each rj, value, the above simulation is carried out for N steps. The value of Ny
is required to be long enough so that a certain minimum number of accepted
transitions is achieved, but it is also bounded above so that extremely long chains

are not generated.

4. A stopping criterion is based on the number of consecutive steps for which no

improvement in the objective is obtained. Also, an upper bound for the r-values is

specified.
Using these ideas the code above would then be expanded as follows. (2055 ¢ L
TP
Initialize: xstart, r(0), N(0)
k 3= 0;
¥ »= Xorarrj

do until stopping criterion:

generate: y from S(x)
if f(y) < f£(x), then x:=y
[ else
if rand < exp(r(f(x)-£f(y)), then x:=y
end
-end

[for n = 1 to N(k)

k := k+1;
calculate length N (k)
calculate control r (k)

end
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In general, it is difficult to offer more specific rules for the implementation of these
special steps. Procedures need to be worked out on a case by case basis.

Example 8.5.1 The traveling salesperson problem Suppose we are given an
n x n matrix D = (d;;) of positive numbers, where d;; represents the distance between
city i and city j. A tour is a closed path that passes through each city exactly once. We
can represent a tour as a permutation p of the integers {1,2,---,n}, where p(1) is the city
visited immediately after city 7. There are (n — 1)! tours. However, if we are concerned
only the length of a tour, then we have only (n — 1)!/2 tours to consider, since a given
tour can be traversed in either of two directions. We shall refer to these tours, when the
order of traversal is ignored, as routes. The traveling salesperson problem is to find a
route that has least distance.

In terms of the formalism above, take the set S to consist of all possible routes. Thus,
S consists of (n — 1)!/2 elements. Each route then is a state of the system. For the
neighborhood structure, take S(z) to be the set of routes that can be obtained from the
route by altering exactly 2 edges. The function to be minimized assigns to each route in
S its total distance. Thus, f is defined by

n
f(z) = Zdi,p(i) )
i=1

where the route z € S is defined by the permutation p.

Exercises

W 8.1 Consider the Markov chain with transition matrix

P=

o 3
_No o
Q Q O

where 0 < p < 1. (a) Determine the transition matrix of the reverse chain. (b) Is

this process time reversible? Explain.

W 8.2 A key result that was needed in Example 8.2.1 was that if the transition matrix of an
irreducible and aperiodic chain is symmetric, then the stationary distribution is the
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- uniform distribution. Show this result. Help: Show directly that the row vector e with
all ones satisfies e = e P, where P is the one-step transition matrix.

W Verify the calculations of Example 8.3.1. Also verify that the matrix mentioned at the
end of the example fails to work.

AW ) 8.4&Let G = (V, E) be an undirected, connected graph, with the property that each vertex
is connected to at most 7 vertices. Let f be a positive function defined on V, and let 7

denote the probability distribution et
vy = 1D
Evevf(v) L,,L "
If (z,y) € E, define the transition probability . “}j‘) ";M {(')
0 o
1 . ] Uﬂf «U > M ?, o
p(sc,y) = _mzn{L I@_)'} ) . ﬁ/ﬂ g:(ﬂLAJ N"’)';,,}W‘;
r f(.’II) 1% /Jﬂn So z‘:l,r?l ne
with p(z,y) = 0 otherwise, except that p(z, ) is determined so that the rows sum to v, e 3

one. (i) Show that the Markov chain determined by p is irreducible. (i) Determine J
conditions under which the chain is regular. (i) Show the chain is time reversible with

respect to 7. w s
' /wn[mw !

p H @Suppose G = (V, E) is an undirected, connected graph. For each vertex v € V, let
edge(v) denote the number of edges that are connected to v. Let f be a positive
function defined on V, and let 7 denote the probability distribution

f(z)
ZvGVf(v) N

(a) Implement the Hastings-Metropolis method to find a regular Markov chain whose
limiting distribution is 7. Start with the initial irreducible chain defined by

_1
edge(z) ’

m(z) =

q(z,y) = whenever (z,y) € E .

Note that the Markov chain with this one-step transition matrix is traversed by selecting
at random one of the edges connected to z, and then making the transition to the
corresponding node. (al) Show the Markov chain is irreducible. (a2) Determine
conditions under which the chain is regular. (a3) Show the chain is time reversible with
respect to 7. (b) Write a MATLAB program that determines the one-step probability
matrix resulting from this method. The input to this program is the function f, and the
graph, represented by an adjacency matrix. An adjacency matrix is an n X n matrix,
where 7 is the number of nodes in the graph, and where entry (i, j) is one if there is an
edge connecting nodes ¢ and j, and is zero otherwise. Use this adjacency matrix to
compute the function edge(v) at each node. Apply your program to the graph
G = (V,E), where V ={1,2,3,4}, and E = {(1,2), (1,3), (2,3), (2,4), (3,4)},
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and where f(1) = 2, f(2) =8, f(3) =6, and f(4) = 4. Verify (using MATLAB) that
the resulting chain is regular and has the required limiting state probability distribution.

8.6 Verify that the Markov chain constructed in Example 8.3.2 of the Ising model is
irreducible and that the balance equations hold with respect to the stationary
distribution 7.

8.7 Verify that the function k(z) given in equation (8.4.2) is a conditional probability,
and in fact that

h(z) = P(X; =2z | X1 =21, ", Xic1 = Tic1, Xig1 = Tig1-+, Xn = Tn) .

where X7, Xa, ---, X, denote the n variables, and the underlying probability function
onGis, as given by (8.4.1).

8.8 Show that any two-state regular Markov chain is time reversible with respect to its
stationary distribution.

8.9 Referring to the method of simulated annealing, verify that if f is not a constant
function, and each neighborhood set S(z) has the same number of elements, then the
Markov chain is irreducible and aperiodic. In other words, the chain is regular in this
case.

8.10 For the traveling salesperson problem, verify that for a given route z, if two edges
are removed, and they do not have node in common, then only one new route can be
formed. How many new routes can be formed if the two removed edges are adjacent;
that is, they have a node in common. For a given route 2, how many elements are in the

. neighborhood structrue S(z)?
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Unit 3

Continuous-Time Markov Chains

Chapter 9 The Poisson Process
Chapter 10  Continuous-Time Markov Chains

The notion of a Markov chain is extended in this unit to the case in which time is
treated as a continuous variable. This extension permits us to model a number of discrete-

event systems. In particular, we will consider waiting line models.
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Chapter 9

The Poisson Process

9.1 Introduction A stochastic process {N(t) |t > 0} which counts the number of
events that have occurred up to time ¢ is called a counting process. For example, a
counting process might count the number of customers that arrive at a service facility, or
the number of machine break-downs at a repair shop. Observe that for times s < ¢, the
random variable IV (t) — N(s) is equal to the number of events that have occurred in the
interval (s,t]. A counting process is said to have independent increments if the number
of events in disjoint intervals of time are independent random variables. The process is
said to have stationary increments if the probability distribution of the number of events
that occur in an interval of time depends only on the length of the interval. Thus, the
probability distribution of N (s + t) — N(s) depends only on ¢.

9.2 The Poisson process A counting process { N () |t > 0} is said to be a Poisson

— process with rate constant A >0 if (a) N(0) =0, (b) the process has independent.
increments, and (c) the probability distribution of the number of events in an interval of
length ¢ is Poisson with parameter At. In other words, for s,¢ > 0, 0
e

)\t n A WNE )V
P(N(S+t)—N(s):n)=e—’\t£—)—, =100 %4 ot

n! , ?u’ 6ees
Note that E(N(t)) = At. The parameter A can be interpreted as the average rate per unit
time, at which events occur.

3y  There is an equivalent definition of the Poisson process that can be helpful when
property (c) is not evident. Under this definition, a counting process {N(t) |t > 0} is
said to be a Poisson process with rate constant A > 0 if (a) N(0) = 0, (b) the process
has independent and stationary increments, (c) P(N(h) =1) = Ah +o(h) as h — 0%
and (d) P(N(h) > 2) = o(h) as h — 0*. To see that this definition implies the previous

one, suppose the interval (0, ¢] is divided into a large number of intervals, say m, each of
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length h > 0. Thus mh = t, and we have

P(N (1) =) =lim, (7:) (A + o(R))*(1 — b+ o(R))™ ™ .

It follows that

P(N() =) = lim, m(m = 1) n(lm =7+ (b 4 o(R))" (1 = A + o(R))"™"

 [mAll(m = Dh)[(m—n+Dh] _A+O(R))" m
iisz n! =+ o(R)" (1= Ah+o(h))™.

Using t = mh, this expression is approximately, for small A > 0,

(A1) e ™M, ash—0".

tn
i A" (1 — AR)Y" . which converges to

9.3 Interarrival times and waiting times For a Poisson process, let T; denote the
time between the occurrence of the (i — 1)-st and the i-th events. Then we have

P(Ty>t) = P(N(t)=0)=e™*. e

Thus, T} follows the exponential distribution with mean 1/X. Next, by conditioning on

Ty, we can write
o0
P(T) > t) = / P(Ty > t| T, = 5) (e ™) ds .
0

But the term P(Ty >t | Ty = s) is the probability that no events occur in the interval of
time (s,s +t), and is thus equal to e—>._ Tt follows that T is independent of T}, and
performing the integration gives us P(T > t) = e, so that Tj is seen to follow the
exponential distribution with mean 1/\. Continuing by induction, suppose that T1, T2,
..+, Ty, are independent and each follow the exponential distribution with mean 1/X. By

conditioning, we can write P(Tp41 > t) as
o0 o0
/ / P(Tn+1>t|T1=51,T2=82,---,Tn=Sn)fn(s)d51“-dsn,
0 0

where f, denotes the joint probability density of {Th, T3, ..., T} . Using the induction
hypothesis, this joint density is

fn(sl,32,~--,sn) =\, where s=s1+8s+ + 8 -
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Further, the term P(T41 >t |11 = 81,15 = s9,++, T, = sy is the probability that no
events occur in the interval of time (s,s +t), and is thus equal to e, It follows that
Tn41 is independent of Ti, Tb,---,T;,, and performing the integration gives us
Pl isil) = e, so that T}, is seen to follow the exponential distribution with
mean 1/, completing the induction argument.
Consider next the waiting time until the occurrence of the m-th event, which is
S,=T1+Ty+--+T, To find its probability distribution, note that the event ’?
{S, <t} occurs if and only if {N(t) > n}. Thus, denoting by G, and g, the cdf and //V\/ZU/';ZM%
density of S,, respectively, we have

Gl =Plo = ty= PNl >m)= ie"’\t ()\Vt!)” .

Since g,(t) = GL(t), we find by differentiating this expression with respect to ¢, and

doing some algebra, that

gn(t) = —(71—:\—1—)—' (e at,

Thus, S, follows the gamma distribution with parameters & = n and f = 1/,

9.4 The G/ M /1 Queue Consider the single server queue in which customers arrive
and are served immediately if the server is idle, but otherwise they join the end of a single
line to wait for service. When a service is completed, the next waiting customer is served.
It will be assumed that service times of customers are independent and identically
distributed random variables with common exponential density ue™# for ¢ > 0, where 4
is a fixed parameter. It will be assumed further that customer arrive according to a general
renewal process, which means that the times between successive arrivals are viewed as
independent and identically distributed random variables with common density f(t).

Let X, denote the number of customers in the system after the n-th arrival, and let
W,, denote the number of customers served during the time between the arrival of the n-
th and the (n + 1)-st customers. Then the sequence {X, | n=1,2,---} is a stochastic
process with state space {1, 2, ---}. To see that it is also a Markov chain, note first that for
eachn > 1,

(9.4.1) S ARREES, TN, (N /S

Let A denote the interarrival time between two successive customers (so, as indicated

above, A is a random variable with density f ). Given A = ¢, and X,, = ¢, and given any
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history of the states previous to time n, it follows from the memoryless property of the
exponential distribution that the probability distribution of W, depends only on the
values of ¢ and i. Indeed, consider the event {W,, = k}, conditioned on this information.
When k < i, this event is equivalent to the occurrence of k Poisson events (with
parameter ) in the interval (0,t), and when k =4, this event is equivalent to the
occurrence of at least i Poisson events in the interval (0,t). For k > i, the event
{W,, = k} is not possible. Thus, the probability P(W, =k | A =t, Xy =14, Xn1, =+
Xo) is given by
o0
e’“t(—/;—?li, for k<4, and Ze'“tgﬁyt!l, for k=1,

v=i
and equals 0 otherwise. Thus, conditioning on A, we can write for k < ¢

P(Wn=k|Xn=i)=/ooe—utM

e st

while

PW@=iL&Fﬂ%=§3ngMQ§iﬂﬂﬁ,

V=1

and P(W, = k | X, = 4) = 0 for k > i. It follows from this reasoning and from formula
(9.4.1), that {X,} is a Markov chain. The transition probabilities are

pn=PXny1 =1|Xn=1)=PWp=1|Xn=14) = Z/O e"“t(—ﬂl—/t—!)if(t)dt

V=1

andforl<j<i+1,
pij = P(Xnp1 =7 | Xn =1)

" " 0 (i+1-7)! ’

with p;; = 0 otherwise.

Exercises

9.1 (a) Suppose the waiting time for an event follows that exponential distribution with
parameter \. Show that if the event has not yet occurred up to some time ¢ > 0, then
the probability that is does occur in the next time interval of length h is asymptotically
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equal to Ak + o(h) as h — 0T. (b) Suppose an event I occurs randomly according to
the following properties: (i) There is a constant A such that the probability £ occurs
during a time interval of length h is Ak + o(h), (i7) the probability that £ occurs two
or more times during an interval of length h is o(h), and (i) the occurrences of £
during disjoint time intervals are independent events. Let 7" be the waiting time for this
event E to occur. Show that T follows the exponential distribution with parameter A.

9.2 Consider two independent Poisson processes, type 1 having rate A;, and type 2
having rate \p. Show that the combined process, where events are observed without
regard to type, is again Poisson and that the rate is A; + As.

—Lg.jronsider a Poisson process such that each time an event occurs, it is of type 1 with
probability p > 0, or it is type 2 with probability ¢ =1 —p > 0. Assume these two
types appear independently from event to event. Show that these two processes each are
Poisson processes and that they are independent of each other. Help: Let Ni(t) and
Ny (t) be the counting processes for each type of event. Find the joint distribution by
conditioning on N (t), where N (t) = Ny (t) + No(t).

9.4 Let N(t) be a Poisson counting process with rate constant A. Let X; be independent
and identically distributed random variables, with common mean . Fix times ¢ and s,
with t > s, and define the random variable

N(t)

Y = H X .

i=N(s)+1

Assume the product equals one if N(s) = N(t). Show that E(Y) = g ARGl
)\ : . :
L<:9.5 vehicle-controlled traffic light will stay green for 7 seconds after a car passes
through the intersection, and if no cars arrive during a period of time 7, then it turns red.
Let X denote the number of cars that pass through the intersection following
dissapation of the initial queue and until the light next turns red. Assume cars arrive
according to a Poisson process with rate A. Find the probability distribution of X and
find the expected value of X. Help: Note that the event {X > n} occurs if the
interarrival times of the next n arriving cars are each no more than 7.

9.6 An investor must decide on just one investment to make during a fixed period of time
T. The opportunities are of two types : those of profit L and those of profit H, where
L < H. Opportunities appear at random according to a Poisson process of rate A. Each
time an opportunity appears it is worth L with probability p, and worth H with
independent probability ¢ = 1 — p. Consider the following strategy : For a given time
7 < T, we invest only if an opportunity of profit A occurs. After this time, we invest in
the next opportunity that appears, if any.
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(a) Show that the expected profit is

G(r)=H( —e™) + (pL + gH) (e —eT) .

(b) Find the optimal value of 7. Further, what is the probability under the optimal rule
that the profit is zero. How might we modify 7, so as to increase the probability
of some profit.

9.7 Consider the G/M /1 model.

(a) Is the chain irreducible? Is the chain aperiodic? Help: Write the transition
probability matrix with a +, say, for each entry that is positive, and a 0
otherwise.

(b) Find the transition probabilities when the interarrival time distribution 1is
exponential with parameter .

(c) Under the assumption of part (b), find the stationary distribution?
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Continuous-Time Markov Chains g‘ffj’;j ﬁ?ﬁm

1 heo ko g0 b o
adpt S

10.1 Introduction A stochastic process {X(t) | t > 0} is called a continuous-time

Markov chain if the state space is the nonnegative integers, and if the process has the we sl hare

property that ' a &+ 4
st

P(X(s+1t) =j| X(s) =1, X(u) specified for any u < s)
=P(X(s+t)=j]| X(s) =1).

The process is said to be homogeneous or stationary if the transition probabilities

P(X(s+t) = j| X(s) = i) depend only on t. In this case, define )
i) = P(X(s+1) = 1 X(s) = 1) . Py = Pyt

A continuous-time stochastic process, with discrete state space, can be visualized as a
process that moves from state to state over time, and once having entered a particular
state, it stays there for a random amount of time, and then moves to another state. For a
stationary continuous-time Markov process, however, the length of time spent in a state
must follow the exponential distribution. To see this property, let T; be a random variable
denoting the amount of time the process stays in state ¢ before making a transition to
another state. Consider the probability P(T; > s +t | T; > s), in which it is given that
the process has been in state ¢ for a peridd of time s By the Markov property and _\4me Gﬁs
stationarity, the possible evolution of the process after this time, depends only on this
state 4, and not how long the process has been there. Thus, the probability that the
process stays ?n state 7 for another ¢ units of time is the same as if the process had just o X &W
entered state i. In other words, P(T; > s+t | T; > s) = P(T; > t). Therefore, T; has
the memoryless property, and hence follows the exponential distribution. Using similar
reasoning, one can show that the time the process spends in a given state, and the time it

spends in the next state, are independent random variables.
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To determine the probability distributions that govern jumps to the next state, we will

assume that the transition probabilities can be written

pi(h) =1 —vih +o(h), andfor j#i, pij(h) = qijh +o(h), ash — ot

for some constants v; and g;; for i # j. A stationary continuous-time Markov chain
satisfying these assumptions is sometimes called a pure jump process. The first of these
equations implies that once the process enters state 4, it will stay in that state for a length
of time that is exponentially distributed with rate v;. At the end of that time, the process
jumps to a different state j, according to certain jump probabilities, say Qij, for j # 1.
These jump probabilities are specified by the requirement that asymptotically as h — 0,

P(X(t)=3j|X(t) #1, X(t—h) =1) = Qi+ O(h).
For j # 1,

P(X(t) = j, X(t) #i, X(t—h)=1)
P(X(t) #14, X(t—h) =1)

P(X(t) = | X(t) # i, X(t—h) =) =

_ P(X(t) =4, X(t—h) =1)
T P(X(t) #4, X(t—h)=1)

_ P(X(t) =4 | X(t—h) =) P(X(t—h) = )
P(X(2) £1| X(t—h) =) P(X(t—h) =1)

_P(X(®) =] X(t=h) =)
P(X(t) #1| X(t—h) = 1)

_ gijh + o(h) _ gih+ o(h) L, %

= = h — 0t
1- pii(h) vih + O(h) Vi » B

Thus, the jump transition probabilities are given by
Q=2 forj#i.

Another way to obtain these transition probabilities is to imagine a large number of
entities which move through the states according to the stochastic process. During a small
time interval of length h, of those entities that now are in state i, the fraction 1 — pi(h)
will leave the state 3, and of these, the fraction Qi; will go to state j. Thus, the fraction
leaving state ¢ and entering state j is Qij(1 — pii(h)). However, this fraction is also equal
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to pyj(h). Thus, for small h, we have approximately Q;;(1 — pii(k)) ~ pi;(h), and in the
limit as h — O, we get Qi]"l}i = (¢ij, Or Qij = Qij /Ui .

10.2 A differential equation for the pure jump process Consider a stationary

Markov process. During a time interval of length h, we can write

pi]'(t + h) = pU pJJ + pr t)pl/] ) .
v#j

For the pure jump process, this equation becomes

pz'j(t +h) = pz] )(1— U] )+ ZPW (quih +o(h) .
V#]
The quantities lumped into the o(h) term depend in general on v, however, we will
assume the resulting sums are such that the limits, taken below, as h — 0 are allowable.
Such limits would be allowable, for example, if the state space is finite. Now, dividing

through by h, we get

pij(t + h}z =mll) ., . pii(t)v; + D pu(t)guj +o(h) /1,
v

and taking the limit as h — 0 gives us

d

dtpw(t) pl] ’U] + pr Quj - Qn,s)fé”m v L;» Vo

! o OV
v#£j ?V‘ﬁ-/¢

Let P(t) be the matrix whose (i, j)-th entry is p;;(t), and let B be the matrix whose
(i, §)-th entry is gi; for i # j, and along the diagonal are —vy, —vg, --. In matrix form,

the last equation is

For t = 0, we have P(0) = I. When the state space is finite, we can write the solution of

this initial value problem as
P(t)=¢3 .

In principle, the analysis of the long-run behavior of the process can be done using this
solution. However, the analysis involves the eigenvalues and eigenvectors of B.
Suppose now that z(t) is the row vector representing the probability distribution of

the states at time t. Thus, the i-th component of z(¢) is the probability
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— (1) = 7[5) P(J\')

il

/
g =

10.4 Unit 3: Continuous-Time Markov Chains s _(9) )
nt = s

= (]
z(t) = P(X(t) = ¢). In particular, z(0) is the row vector representing the initial
probability distribution of the states. Then z(t) = z(0)P(t), and so

Z'(t) = 2(0)P'(t) = 2(0)P(t)B = 2(t)B .

Suppose that as t — oo, 2(t) — 7 and P'(t) — 0. Then 7B =0, and so 7 is a left
eigenvector of B with eigenvalue 0. Writing out the equations mB = 0 componentwise,
we find that

"SI | SR,

v#j € )(,‘\\j ”\v[ O
Note that these equations could be interpreted as balance equations, in the sense that the
term on the left represents flow of the process out of state j, and the term on the right

represents flow into state j from the other states.

10.3 The birth-and-death process An important example of a pure jump process is
the birth-and-death process. A stationary continuous-time Markov chain is called a birth-
and-death process if for i > 1: piip1(h) = Aih + o(h), pii-1(h) = pih +o(h), and
pii(h) =1— (X + pi)h +o(h), and for i=0: po1(h) = Aoh + o(h), and poo(h)

= 1— X\oh + o(h). For all other (4, 7), pij(h) = o(h). The parameters {\i | i >0} are -
called the arrival rates, and the parameters {y; | ¢ > 1} are called the departure rates.
Thus, when a birth-and-death process enters state i 2> 1, it will stay in that state for a
period of time that is exponentially distributed with rate A; + ;. At the end of that period
of time, it will jump to state ¢ + 1 with probability Qi1 = i/ (Ni + pi), or it will jump
to state 7 — 1 with probability Qi -1 = pi/(Ai + 14;). When the process enters state 0, it
will stay there for a period of time that s exponentially distributed with rate Ao, and then

will necessarily jump to state 1, as Qo1 = 1.

Example 10.3.1 — The M /M /s queue. Consider a queueing model with s > 1
servers, Poisson arrivals at rate )\, independent and exponentially distributed services
times with rate x, and a single line for which arriving customers join the end of the line
and the first customer in line is served by the next available server. Let X (t) denote the
number of customers in the system at time ¢. Then we have a birth-and-death model. For

1> 8,

piis1(h) = (Ah+o(h)) (1 — ph+ o(h))’ + o(h) = Ah +o(h), and
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piic1(h) = (1= Ah+ o(k)) (suh + o(h)) + o(h) = sph +o(h) .
Forl <1 <s,

piin(h) = (A +o(h)) (1 — ph + o(h))i +o(h) = Ah +o(h), and

pii-1(h) = (1—Xh+ o(h)) (iph + o(h)) +o(h) = iph + o(h)

Finally, for i = 0, po1(h) = Ah -+ o(h). Thus, the departure rates are ; = sy for i > s,
and p; = ip for 1 < i < s, while the arrival rates are A; = Afors > 0.

Balance equations for the birth-and-death process For a birth and death process in
which arrivals occur at a slower rate than departures, one might expect that a steady-state
probability distribution for the states would exist. If such is the case, denote this long-run
probability distribution by {7; [ i =0,1,2,-- -}. We interpret ; as the fraction of time in
the long-run that the process spends in state 7. These probabilities can be calculated by

appealing to the balance equations:

\iTti = Mip17i+1, foreachstate 1=20,1,2,---.

These balance equations can be derived from the balance equations developed earlier in
Section 10.2. Alternatively, a justification for these equations is seen by starting with
state 0, and reasoning for each successive pair of states, that over a long period of time T,
the average number of transitions from state i to state ¢ + 1 is Ai(mT), while the average
number of transitions from state ¢ 4+ 1 to state 7 is pi1(miy17"). These flows must be
equal in the steady-state situation.

From the balance equations we get

Ai—1Ai—2' Ao
M= "

= 0o, fori=1,2,---,
Foi fli—1 0 1

and using Ty + 71 + -+ = 1, allows us to solve for all the 7; .

Example 10.3.2 — The M /M /s queue. Recalling Example 10.3.1, the departure i

rates are p1; = sy for i > s, and p; = ip forl < <s, while the arrival rates are A; = A
for ¢ > 0. It follows that

(/) (A p)'

Mg, forii>s,

i g, fori=1,2,--,s—1, and m=

1! slgi—s
4;) 4448
ARY: ooy
Car S
/
A TR =7
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and provided p = A/sp < 1,

1 S0 /w)
_=Z( /1)

10.4 First entrance times for a birth-and-death process Let T;; denote the first
entrance time into state j, after the process has just entered state i. For a birth-and-death
process, consider the calculation of the expected value of T;i+1. We shall find this
expected value by conditioning on the next state. Thus, let S denote the event that the
next state is ¢ + 1. Then

E(Tyin1) = E(Tin1 | S)P(S) + E(Tin | S)P(S)

Note that S is the event that the next state is 7 — 1, sinc