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2 Homework Solution for section 5.4 

2.1 Problem section 5.4, 2(a) 

quest ion: Find the minimal solutio n for :r 1X2 = b 

answer: 

F irst writ e t he problem as 

[1 1] [~J = [b] 

:-'Iinimal solut ion is i = A+b, so we need to find A+. F ind A = P DQ , then A+ = QHD+pH 

F irst find the set ofUj vectors to go to the Q matrix. I will use the economical SVD met hod. 

1IA
A = [n [1 1] 

[~ n 
Hence r = 1
 

Hence 1.4 - Al l = 
1 -

1 
A 1 I 2 )
I-A =O ---+ (I-A) - 1=0 ---+ I+X--2A -1 =0 ---+A (/\ -2) = 

°
1 

Hence Al = 2. A2 = °---+ 0"1 = vfj.0"2 = ° 
Find eigenvectors Ul . I/2. 

For Al = 2 ---+ [1 - 2 1 .] [.YI] [0] ---+ [- 1 1 ] [Yl] _ [0] 
1 1 - 2 lJ2 ° 1 -1 Y2 ° 

~ [~l ~] [~:] [~] ~ - ~ 0~ iii = [:] ''''''''''l~'''' '''' 2 [ ~]!II +!J2 

For A2 = °---+ [1 ~ ° 1 ~ 0] [~~ ] = [~] ---+ U ~] [~~] = [ ~] 

[11][Yl] [0] [-1]uorruu lizr- uorru 2 [ -IM~] 
---+ ° ° :1)2 = ° ::::}.YI + Y2 = °::::} 1/2= 1 ---+ V L. 

V2
 

_ II I _ 1 1

Hence Q - [--TT] - [ 11 ] I:)

1/2 - 1 v L. 

Not to find the P matrix. AA H = [1 1] [n = [2]
 

The eigenvalue is 2 -A = °---+ A = 2. Hence the eigenvecto r is 2,1)1 = 0 ---+,1)1 = anything---+ [1]
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Hence the P matrix is [1]
 

The D matrix is m x n, hence 1 x 2, t hen D = [(}1 0]
 

Hence this completes the SVD. We have t hat
 

[1 1] = [1] [(}1 0] [~1 ~J ~ 

= [1] [J2 0] [ ~1 U~ 

= [J2 0] [~1 U~ 
1 

=[J2 V2]J2 

= [1 1] 

So the SVD is verified. Not find 

A+ = QHD+pH 

= [1 1]H _1 [J2 Or [l ]H 
-1 1 vt2 

= ~ [~ ~1] [~] [1] 

Notice tha t D + mean we also t ake the conjuga te transp ose of D and t hen we take the 
reciprocal of each ent ry. Hence if D is In x n then D + isn x In 

A+ = _1 [1]
J2 y} 

= [tJ
 
Hence 

.1: = A+b 

S· 1 . . 1 1 " b 1:2 = :2bo t Ie nununa so ut.ion IS ·1:1 = :2 ' ·
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2.2 Problem 5. 4 , 10 

Problem: Prove the following prop er ties of A + 

a)A ++ = A 

b)A+lI = AH + 

answer:
 

a)(A+t = ((PDQ t t = (QHD+PH)+ = (pH)H (D+t (911)H
 

But (PH)H = P and (QH)l1 = Q, and the rec iPro~~f a reciprocal gives us back the 
original value, hence (D+)+ = D 

1
Hence we 11<:1ve (p l1 / (D+)+ (Ql1)H = PDQ = A 

b) 

(..1+) 11 = (QHD+pH)H 

= (pH)H (D+)H (QH )l1 

= P (D+)H Q (1) 

and 

A1I + = ( (PDQ)H) + 

= (QHDI1 pH )+ 

= (pH)H (DHt (QH)l1 

=P(DHtQ (2) 
i 

Hence (1)=(2) if DH+ = D+H. But t his is the case . Since DH ~~and D+J-J = D 
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~;:::? b Q 

M ( A-~"!-) =-0 

cW- ( l' DQ - )-.::t) =0 

M (p (DQ - ). P- ' ) ) =cl 

dJ- ( ~ (D  ~ ?- \a-')Q ) :::-0 

~ (?) clJ; ( 1) - 'A r- I(fj- j JO (t() ~ o 

hA-'t '?-\ -=' 

_\ 
rk 

t\ 

-

5.; U (1)~\ ~ (Q~) -() , 

7 
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2. 4 Problem 5.4, 34 

problem: prove t hat if A is symmetric then so is A+ 

answer: 

Assuming complex matrix t hen symmetr ic means A = A H 

PDQ = (P D Q) H 

= QHDH pH 

= QHDpH 

hence 

(1) 

Hcnc e PDQ = QHDpl1 -----7 DQ = P -1QHDpli -----7 D = P - IQH DpI1Q- 1 

But since pH = p - 1 and QH = Q- 1 then the above becomes 

(2) 

now 

Sub (2) int o the above equat ion we obtain 

.4+ = QH (p Il QHDpHQH t pH 

= QH ( (PHQH)li D + (PHQH)li) pH 

= QH ((QP) D + (QP) ) pH 

= QlIQPD+QPpll 

But QHQ = I and ppH = I 

Hence the above becom es 

But 

(A+)H = (QHD+pH)H 

=PD+Q 

(3) 

(4) 

Compa re (3) and (4) . they are the sa me . 

Hence A -t is symme tr ic. 
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2 .5 Problem 5.4, 39 

probl em: prove t hat eigenvalues of posit ive semi definite matrix are nonnegative 

answer: 

positive semi definite means ZI'Ai ~ 0 for all s =J 6 
Hence .rI'Ar = 5~I' »s = A.rT s 
But 5fr £ = 11 5;'11:2 

Hence lI'Af = AII.ill :2 

We are told the ab ove is ~ O. Assume f =1= 0 , then we have AX the norm, which is positive 
quantity ~ O. hence this is possible only if A was zero (for the = 0 case) or A > 0 for the > 0 
case. It is not possible to have A negative and multiply it by positive qu antity and obta in a 
positive qua nti ty. 

Now Assume .r= 0, hence t he norm is zero. Hence A5: = 6and so eigenvalues is zero . Hence 
eigenvalues can be eit her positi ve or zero . Hence nonnegative 
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CJX -2 

Yl -=- s ~/ 

-' S lJ 

~ ~t 0 0fa J r , J	 P2.. 

?o-= Co
 
P\= Po + C\ ( t -X o) :::. Co T C \ eX-Xc.)
 

r'L. ~ r-:	 -+ P, -t- c.1..- C X-x,» lX-XI) '::: (0 -+ C, (X-X ~) -t-C2CX-xQ ) ( X- XI ) 

?s -=: ~~~ \t~i.tC.3 (x- Yl.l) (x-y0(X Xl) 

S .:J 'PCJ -= c 0 
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Po ~~CjJo ('i)
 

~\ ~ peJi- -Q\ (-f)
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Y\ 
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J::Q 

jti 

L
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J-::U 
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Ql = ,7T 
1.-
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probJ 7.nb 
-- ----< 

• Problem 37, section 6. \ , Mathematics 50 \ . CSUF,spring 2007. by NasserAbbasi 

I n [162] ; = 

p oints = {{ 2 , 1885}, rs, 19l7}, {2, 1919}, {3, 1932 }, {4 , 1958}, 

{5 , 1963 }, { 6 , 1968}, {8 , 1971}, {10, 1974}, {15, 1978}, { 1 8 , 1981}, 

{20, 1981}, {22 , 1985}, {29, 1991}, {32, 1995}, {33 , 1999} , {34, 2 0 0 1 } } ; 

points2 = {{1885 , 2 }, {1917, 3 }, {1919, 2 }, {1932, 3 }, {1958 , 4}, 

{l963 , 5}, {1968, 6}, {1971, 8}, {1974, 10}, {1978 , 15}, {1981 , l8}, 

{1981 , 2 0 }, {1985 , 22}, {1991, 29}, {1995, 32}, {1999, 33}, {2001 , 34}} ; 

MatrixForm[points2] 

Ou t[ 1 6 4] //Ma t r i x Fo rm = 

1 8 8 5 2
 
1 91 7 3
 
1 91 9 2
 
1 932 3
 

1 95 8 4
 

1 96 3 5
 
1 96 8 6
 

1 971 8
 
1 97 4 1 0
 

1 97 8 1 5
 

1 98 1 1 8
 

1 98 1 20
 
1 98 5 2 2
 
1 991 29
 

1 9 95 32
 

1 9 9 9 33
 
2 0 0 1 3 4
 

I n[1 65] ; = 

n Points =Leng t h [points ] 

Ou t [165 ]= 

17 

In[166 ] ; = 

basis =Table [xi , {i , 0, nPoints - 1}] 

Out[ 1 66] = 

x10 x 12 x13 X 14 x16 }{l, X , X ·· f x 3 , x 4 , x5 , x 6 , x7 , x8 , x9 , , X l I , , , , X I S , 

In [1 67 ] ; = 

poly =Fit [points2, basis , x ] 

Out [1 67] =
 

-1 .0077 8 x 1011 + 1. 3 1165 X l OBx- I 0 2 4 6 . 6 x2 - 26 . 1148 x ' - 0 .007 37 3 34 x 4 +
 

2 .383 3 8 x 1 0 . 6 x 5 + 3 . 0 017 1 x 1 0- 9 x 6 + 1. 1 52 84 x 1 0- 12 X 7 - 5 .4 9 X 1 0. 17 x 8 


9 10
 3 .3 0 197 x 1 0 . 19 x - 1 . 91 0 4 3 x 1 0- 2 2 x - 2 .76573 x 1 0 -2 6 x ll + 3 . 7 4687 ;< 1 0- 2 9 X 12 + 
14 2 .877 37 X 1 0 - 32 x 13 + 1 . 52 6 68 X 1 0- 3 6 X - 9 .8697 x 1 0- 3 9 x 15 + 2 .059 6 6 x 1 0- 4:: X 16 
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2 probl Z.nb 

In[l68} : = 

p L = ListPlot[points2 , PlotStyle -+ PointSize [0.02] , AxesLabel -+ { "year", "c o s t " } ] 

cost 

30 • 
25 

•20 •• 
15 •
 
10
 

5 ••
• 
yea r 

1920 1 940 1960 19 80 2 000 

Out[l 68} = 

- Graphi c s 

I n [l 71j : = 

p2 = Plot [poly, {x, 1885, 200l} , PlotRange -+ All,
 

AxesLabel-+ {"year" , "cost"}, AxesOrigin-+ {188S , 2}]
 

cos t 

30 

20 

10 

ye a r o 190 0 1 92 0 19 40 1 960 1980 2000 

Ou t [17 l} = 

- Graph ics 



-- -- ---------

prob37.fib 3 

I n {174} : = 

Show [{pl , p 2}, AxesLabel --+ {"year" , "cost"}, AxesOrigin --+ {l88S, 2}, PlotRange --+ All] 

cos t 

30 

20 

10 

o 19 0 0 1920 1940 1960 1980 
year

2 00 0 

Out[174}= 

- Graphics 

Out [ 173 } = 

-8 .77912 xl0 10 

In[ 178} ; = 

Plot [poly , {x, 2000, 2020}] 

1 40 

12 0 

100 

8 0 

60 

5 20 10 2015 2020 
j I 

Ou t [ 1 78) =
 

- Graphics 
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4 pr obi Z.nb 

In{l80} : = 

Plot [poly , {x, 2000 , 2060} ] 

10000� 

80 00� 

6000� 

400 0� 

2000� 

20 10 2020 2030� 

Out[ 180 }= 

- Gr a ph i c s 


