
WEEK 1 STUDY NOTES 
 
Read Chapter 1.1.  Pay special attention to the Well-Ordering Principle, as it underlies 
everything that follows in a discussion of the integers. We will go through the “Well-Ordering 
Axiom Worksheet” in class, where you will pick apart the statement of the axiom to see what 
parts are necessary, and which are not. This will be done by looking at examples.  This is an 
example of a process that you should do with all definitions, axioms and theorems.  You will end 
with a slightly different version of the axiom that has a bit more information (punch?) than the 
one in the book.  This wo0rk in class will show you how you can use the worksheets throughout 
the semester. 
 
Now read the statement of the division algorithm.  This theorem should already be familiar to 
you, although you might not have seen such a formal statement before.  Think about how you 

convert an improper fraction 

! 

a

b
 into a mixed number, and notice how the division algorithm is 

 used.  Where do the quotient q and the remainder r appear in the mixed number? 
 
Now read the homework problems assigned from Chapter 1.1.  If the question does not make 
sense at first, experiment with some definite numbers (don’t forget to use negative integers in 
examples!) to help clarify things. 
 
Now we will analyze the proof, so we can understand what is being done, and why.   
First, read the statement of the theorem.  It says that there exist quotient and remainder, and that 
these are unique.  You may recall from Math 280 that the proof must therefore have two parts: 
one showing existence, and the second showing uniqueness.   
 
The first paragraphs deal with existence.  You may want to pick values for a and b and actually 
work out the proof using definite numbers, e.g. a = 61 and b = 8.  Create the set S = {a - bx | a - 
bx ≥ 0} = {61 - 8x | 61 - 8x  ≥ 0}, by actually writing out some of the elements: S = {69, 77, 61, 
53, 181, 7, . . .}.  The Well-Ordering Principle asserts there is a least element; what is it?  How 
does that relate to the result of dividing 61 by 8?  What is the value of x that produces that least 
element?  How does that relate to the result of dividing 61 by 8?   
 
The extra, confusing verbiage at the beginning of the proof has to do with insuring that the set S 
is truly non-empty.  In my example, I picked a positive value for a (= 61) (most of us would do 
this). If we set x = 0, we see that 61 + 8 x 0 is in our set S.  If we had been a little more creative, 
and chosen a = -73, we would then see that things aren’t quite so easy.  We will have to work to 
find a value of –73 + 8x that is nonnegative. 
 
We finish the existence part of the proof by making sure that the least element r really has the 
property 0 ≤ r ≤ b. 
 
The second part of the proof establishes uniqueness.  There are two ways to prove that something 
is unique.  Method One (direct proof): assume you have two examples of the item in question, 
and prove that they are equal.  Method Two (indirect proof): assume you have two examples of 
the item in question that are not equal, and argue to a logical contradiction.  Which method is 



used in this proof?  Here, as in the proof that the set is nonempty, the authors write a proof that 
covers all cases at once, but is pretty confusing.  I will show you an alternate proof in class. 
 
Read Ch. 1.2, through Theorem 1.3 for Friday’s class.  After you have read through the first 
remarks on p.7, try to prove this little fact: for a, b integers, b ≠ 0, b | a if and only if (-b) | a.  
Then prove: For a, b both nonzero integers, if b | a, then |b| | |a|.  (sorry, the vertical line for 
“divides” is the same size as that for absolute value!  Now does it make sense that a nonzero 
integer has a finite number of divisors?  But what about 0?  How many divisors does it have?  
Why is the discussion above (and in the text) not valid when a = 0? 
 
Make sure you familiarize yourself thoroughly with all the definitions and concepts by making 
up and working with lots of examples.  Make up examples of definitions, but also make up 
counterexamples, for example, have examples ready of pairs of integers that are not relatively 
prime. 
 
Now read through Theorem 1.3.  Notice that this time, it asserts existence, but not uniqueness, so 
the structure of its proof will be different from Thm. 1.1.  More about this proof is available in 
the Week 2 Study Notes. 
 


