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Problem | Evaluate the transfer function of a linear system represented by the blcck
diagram shown in Fig. P2.14.

x(0) > S dr 5 L de yitl

Delay Delay
T T

Figure P2.14

Problem 2.

ta) Determine the overall ampiitude response of the cascade connection shown in P2..5
consisting of V identical stages, each with a time constant RC equal to t,.

tb) Show that as N approaches infinity. the amplitude response of the cascade connection
approaches the Gaussian function exp(—/*T*). where for each value of N. the time
constant T, is selected so that

R
| Buffer ] Buffer I Buffer
¢ I amplifier ¢ I‘ amplifier CT amplifier

Figure P2.15

Problem 5 Determine the pre-envelope g 4ir) corresponding to each of the jollowing two
signals:

g

iby ytri=[ 1 +k cos(2nf,(1)]cos(2nf.r)
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2 Problem 1

Solution Using transfer function cascading, then the overall transfer function for the system

can be written as

H(f) = Hi(f) Hi(f) = [H:(f))?
Where

H1(f) = %
Where
Z(f) =F{/w(7')d7'
1 WO
o f (f) — (f)
Where

W(f) = F{z(t) -zt -T)}

= X(f) = X(f)e /T
= X()[1- e
substitute (3) into (2) we obtain
X(0 /_f—oﬂm
2 = () (L eeim) ¢ YO
— L e J2nfT
= o X(7) [ - )
Hence
—fx<f> 1 esoneT]
X (f)
Hence

Hy(f) = - [1 — 7]

j2rf

Hence from (1)

R
1

- —4m2 f? [1 B e_jzﬂfo
— (2;;)2 [1 _ 26—j27TfT + 6—j47rfT}

(1)

(3)



Hence

H(f) — (27r1f)2 [26—j27rfT _ e—j47rfT _ 1]

3 Problem 2

3.1 Part(a)
Yi(f) 1

Xi(f) 1+j27fRC

Transfer function for each stage is H;(f) =
Since RC' = 19, hence
1
H(f)=—+—
(7) 14 727 fo
Then, for N stages, the overall transfer function is

H(f) = Hi(f) Ha(f) - -- Hn(f)

Since they are identical stages, then the transfer function of each stage is the same, and the

above becomes N
1
Hf )= —"
() (1 +j27rf7'0>

Hence the amplitude of the response is given by

H(p)| = (W)N

1
12 + (27rf70)2

1

- ((1+47r2f%§)%)
1

(1 + 4m2f273)

N
2

2

2 __ _T
Let 79 = ;=3 , the above becomes

H(f) = —

1)
(-5

S




3.2 Part (b)

Let a = f272,8 = 1, then (1) becomes

1
H(f)|l = —5
(1+5)"
But limy_e W = e hence
1
|H(f)| = (=
e 2
_ 32
—=e 2
Which is what we are asked to show.
4 Problem 3
4.1 Part(a)
(a) g(t) = sinc (¢)
9+(t) =g(t) +74(t) (1)

Where §(t) is Hilbert transform of g(¢) defined as §(t) = g(t) ® %

G(f) = —j san(f) G(f)
= —j sgn(f) rect(f)

Now find the inverse Fourier transform.

I derive the above to answer problem 4 part (b). The answer is the following (please see
problem 4 part(b) for the derivation
5(8) = (1 — cost)
= —(l—cosm
g t
In the above, I used sinc () = 2. If one uses sinc (¢) = #2¢ then the answer becomes
N 1
9(t) = (1 — cost) 2)

The problem statement seems to want us to use the second definition of sinc (¢), so I will
continue the rest of the solution using (1).



Substitute (2) into (1) we obtain

—

g+ (t) = sinc (t) + j—(1 — cost)
_sin(t) .1 ( et + e‘jt)
+i-(1-

~

-~ % 2
ledt—e™ 9t 1/ et 4e it
Tt ¢ (J Ty )
ledt —edt  §  1elt 47t
T
t 2 t Tt 2
et 5 1et
Ct2 ot t2j
Hence
g+(t) = 1(j + &)
4.2 Part(b)

g(t) = [1 + k cos 27 f,,,t] cos (27 fe.t)

9+(t) = g(t) +54(t)
Where §(t) is Hilbert transform of g(t) defined as §(t) = g(t) ® .

2G(f)  f>0

G.(f) = { GO) f=0

0 f<o0
But

G(f) = F[1 4+ kcos2mft] ® F [cos (27 f.t)]
But 1
I feos (2nfet)] = J18(F — 1)+ 6(F + 1)

and

F [+ keos2n ] = 5(F) + S18(F — fn) +3(7 + )]



Hence (1) becomes

es; [5(f fc)+5(f+fc)]

1) = {80+ 5180 = ) + 80+ )b © 5160 = 247+ 1)
o(f
R0~ ) 480+ Sl @ 51607 — £+ 8(F + 1)

= SN @b~ £+
5() ® 8(F + £ +
TR SEY TRt
S~ @O+ 1)+
S+ @ o~ 1)+
557+ ) @ 8(F + )

—_

NIl )

Hence

G(f) = 307 + £+
o(f — fo) +
O(f = fm + fo) +
6(f = fm— fo)+
O(f + fm + fo) +
100 + fm = fo)

|??‘H>|??‘H>|??‘H>|??‘l\3l'—‘

Hence for f > 0 ,G4(f) = 2G(f) and we obtain

Gi(f)=06(f—fo) + g[ﬂf — fm+ f) +0(f = fn = o) + 6(F + fn 4+ ) + 6(f + fom — [o)]

Then (since carrier frequency f. > f,,), we could simplify the above, by keeping positive
frequencies f

Go(f) = 87 = )+ £18(F = fn = F) + 37 + fu = £

10



or

G (f) = 8(F = 1)+ 51007 = (i + £) +6(F = (e = )]

Hence

g, (£) = et 4 g( Pr(m ot | gim(fefm))

— ej27rfct + E(ej277fmtej27rfct + ej27rfcte—j27rfmt)
= 6]27cht |:1 _|_ 5 (6.727rfmt _|_ e_JQmet):|

_ gionfet [1 + g(2 cos (27Tfmt))}

= &2t [1 + k cos (2 fnt)]

5 Problem 4

5.1 Part(a)
g(t) = 6(t)

11



5.2 Part(b)
And Since sgn(f) = —1 for f < 0 and sgn(f) =1 for f > 0 then

G(f) =—j {—rect(f—i_i> +7’ect(f:‘_ll>}
2 2

g(t) =51 {rect(f—f%) —rect(f:iﬂ (1)
f+l

2
. _1 .
But f ! (rect(T)) = Lsinc (1t) e %3t and f ! (rect(f—%—‘*)) = Lsinc (1t) e*/?7it hence

2

Hence

(1) becomes

. (1t) elzt —e‘Jgt}
= sinc | = :
2 2g
sinc lt Si Wt}
= sinc | = in —
2 2
in Tt
But sinc (3¢) = 252 hence
2
sin 7
4(t) = —2 sin —t
m Sg
T
= —sin® —¢
i 2

_2(1 1
T at\g 2T

1
= — (1 — cosmt
7rt( cos t)

12



6 problem 5

1
|
l FIGURE 2.47

-2 -1 0 1 2 ! Problem 2.44

2.45 Consider the square wave g(t) shown in Fig. 2.48. Find the power spectral density, average
power, and autocorrelation function of this square wave. Does the wave have dc power? Explain
your answer.

ity

Figure 1: the Problem statement

So(f) = t(£> © rect (g)

Ry(7) = F 71 (S4(f))

Ry(r) = F (Tect (%) Fred (g))
()] (£

= 4sinc (4t) + 2 sinc (2t)

Hence

13



7= Plot[4 Sinc[4 t] +2 Sinc[2t], {t, -4Pi, 4Pi},
PlotRange - All]

out[7]=

PO 5%

LT

10 SLs /\\/QU Un\/f\ 5 10

Figure 2: Plot for problem 5
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7 Key solution

L 4TS |\ fpor # 7 ey o

xi) 4wl 7T 2H) + 77/
@ /. : &

The first integrator input is equal to x(t)-x(t-T). The Fourier transform of this
input signal is [1-exp(-32¢fT)J)X(f). The value of this tramsform is zero at f=0, It
follows therefore that the Fourier transform of the first integrator output is equal to

THt 125 () = X)X W=T)=2 W)= x(F][ Pl

7 Z(ﬂ = g (RO 21y = [ )t _> 28 W 4 1 4 00) 31
e 11//[/:0 = 25{}_ ( £20F 5,/1/[") )fj
The transf!.rZ;)nction of the first stage of the system of ﬁ" s therefore equal
to A}'&/): ' / |
x&) —gnfr J/T,ff T o
Ed J 2 él,éf//‘/: Te Sime(

< 1 .
2 M)z Far DD = e

The second stage of the system is identical to the first stage. The overall transfer

function of the system is therefore !  [/ff) _ ///) X/él//) 42// 7[ 4/2//7‘ —:{z/sz

S8IFT
! [1—exp(~—321rf'1‘)] 4 e -Z 2

(gzae)” v (d277) 2 [d777) 2

exp 2 fT )- —hf‘]
= exp(-jZn'fI) (‘j E) !Xj( )

2
2xp(=325T) [—’i:f(.’”)]

= 12 stne?(fT) exp(-322£T)

2" opeted
THhe f"oﬂ/;cz/)S'e %/W f/ p A /éﬁf / /
) = 5 ) e 2H) =48 A

) = [ L50)-504-7) Tt = 4267
> fK) = /1@7//7/_:_/72) | it

=5 gp) = F TR T %ﬁ/’/f@/fﬁ
L) = G = 7L e (57) &

H(f) =

15



Problem 2.

(a) The transfer function of the {th stage of the system of Fig. p2.6 1is

1
B (£) = 355.7RC

1

1+3 21rf‘ro

wnere it is assumed that the buffer amplifier has a constant gain of one. The overall

transfer function of the system is therefore

N
H(f) I Hi(f)

i=1

1

 (egaer)t

The. corresponding amplitude response is

1

H(E)) =
[1+(21ft°)2]";2
(b) Let
1'2 = Tz
0% T2

Then, we may rewrite the expression for the amplitude response as

1‘ 2 N/2
[H(f)] = |:1+ i-(f'l‘)

In the 1limit, as N approaches infinity, we have

1 » N/2
lim [+ i-(n)'}
Noo

n

fHOE) |

= exp[-% . ﬁ-(f"l')zl

2
= exp(~ 't:z—"‘)

16
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Z° e
Problem .5 _. m,mg // /é//u/y /njcfr

4 GE)
(a) g(t) = sine(t) = ﬂ‘% GlE) = net (7, ,r_:j_,} £
Glt)= 2604 =
We note that - e e {/’ﬁ——f’) /;" :
g(t) _ l-cos(xt) 37‘//)‘ g/”m/é ) EOZ’T L ¥
s AR
S HhH) = S’/me[‘/‘/) J 2’/7' f jg
Therefore, // / 2574 Z
IS ¢ = § > >3 Z\
g, (t) = g(t) + 3g(t) 7 Z / sz /Z)
- sin(nt) . 3 1-cos(nt) 5{) /5&)/ / S/me [/Z//
wt 7t
= %{[1 - cos{mt) - j sin('n't)] ()ff).‘ 577/ J7
= JEU - exp(§mt)] = :’;?[ e ] a/rf[ M% jf’, = ZJ@W#/L )—&j'
(b) g(t) = [1+k cos(2sf t)lcos(2nf t) - g,;,,,c-,[é/?/) e

cos(Zﬂfct) + ; cos[ZW(fc+fm)t] + -‘2(— cos[21r(fc-fm)t]

Since the Hilbert transform of cos(27ft) is equal to sin(27ft), it follows that

;(t) = sin(21rfct) + -g- sin[21r(f‘c+fm)t] + % sinl’.?n(f‘c—f’m)t]

‘where it is assumed that fc>fm. Therefore,

(8) = exp(32n5,t) + & expl2n(f, +f It] + § explyan(s -f )t

1+ % exp(j2nf t) + % exp(-J2nf t) )]exp(JZrt‘ct)

2 [1 + Xk cos(anmt)]exp(j2wfct)

17
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part 1) ) By o e
( 3’ZV£'#%( sin t g/mé[//
7—-"' (0) glt) = —— ,@g‘a&a//{% /Ma//f/é_*
et KPH7 M 2
/2///”1‘/}2['/: The Hilber:t transform of sin t/t is gm?‘[{) /eb{(/) W/fﬂ/
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¢y =3/ -1 dr » 2 7[
BT Lt i) it et
gt STt o> A
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Glopes = C(3%) . 7

1,7 1 1 \
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LA T L € 3
\< ﬂ;&/{) Sﬂ/é _?//-Md{/-l;
- _;ITE ; si: T dt + -1—- st!:rt Y f) _
/ 1 : 7
HYe note that . —_—
2
f- sine(t)dt = 1 | @(f)~_dggn/’€/ 6’[;/-
N = dn5gatf) [ et (T 2 %) et /
Therefore, o °*
oot (B) — e 4 (ﬁ+ )]
J'. S_i_ﬂ_l dr = « é(}/ —A .
- =3l = —inlh g’"‘(ﬂf)][ e

= in
8B T gy =
t-1 -~ T

[l
~

I
-n

® sin(ter) 12 = S e (- g,,,,(%}
T \ L—gm(f/ L(1-e¢,

sin t

- J
—°°=Td1-ccstf —_ dt

T

i sy ﬁﬂé//w‘»az e

| A, J /s -
l(‘l-cos t) //%M /// = 7( / %2&/
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1 Problem 1 5O

Prodlem ) Evaluate the transfer function of a Linear system represented by the block
diagram ihown in Fig. P14

>((+) . WO ZzH . '
Std) oy ?—— L' > (T AR o
Detay - L Detoy b
T T
Figure P2.14

Solution Using transfer function cascading, then the overall transfer function for the system can
be written as

H(f)=Hi(f) Hi (f) = [H. ()] (1)
Where z()
Hi(f) = XU
Where ’
Z(f)=F { /w(T)dT
a1 )
= W )+ =578 (2
Where

W(f)=F{z(t)—z(t-T)}
= X () = X () eIT
=X (f) [t - 2T 3)
substitute (3) into (2) we obtain

S N—
X (0) [1 — 77277}

2= jg%fmn [1—e ]+ 2 5()
B ﬁx (f) [1 — e=32mT] |
Hence
Hy (f) = )Z(_((% .
B X () [1- e

X(f)
21



Hence

Hence from (1)

Hence

Hy () = oy [1— e 92007]

j2nf

H( = (571 e—ﬂw])z
- ﬁ [1 — 2e920IT 4 34w IT]
H (]) = g 2797 — 73T
VG imph ﬁ it
Gee 5ol .



2 Problem 2

Problem }.

iab Determine the overall amplitude response of the cascade connection shown in P23,
consisting of .¥ identical stages, each with a time constant RC equal to 1y

1b) Show that as ¥ approaches infinity. the amplitvde response of the cascade connection
approaches the Gaussian funclion expl =4/ T where for each value of . the time
constant t, is selected so that )

T:

K hdverv

r [ &

c I u:::?:' c TI Buthes CI Bulter
I snplitiat "[' amphitier

Figure P2.15

2.1 Part(a)

Transfer function for each stage is H; (f) = ;;"((’})) =7 +j211r FRC

Since RC = 7y, hence
1

) = 5w

Then, for N stages, the overall transfer function is

H(f)=H,(f)H2(f)---Hn (f)

Since they are identical stages, then the transfer function of each stage is the same, and the above

becomes N
1
410~ (v 7ar7m)

Hence the amplitude of the response is given by

H(f)] = (W}M_TJN

1

V12 + (27rf7'0)2

_ (_1_>”

N




2
Let 78 = ;5 , the above becomes

2.2 Part (b)

Let a = f272, 8 = 3, then (1) becomes

But limy_o ——~ = €*® hence
(1+%)

Which is what we are asked to show.

|H (f)l =

1

2
ez

b4



3 Problem 3

Problem 5 Oetermine the pre-envelope g yiis corresponding to each of the following tww

signals
FAY i = Sancirh (ﬂ“’/ Fde X_/%_?L g !_"__E_"Z_é_ g“/"ub’ﬁ 9/
ib1 girrm {1 +4 cos Ixfoir 1 Jeos 200
(a) g (t) = sinc (t)
9+ () =g () +7a(t) (1)

Where ¢ (t) is Hilbert transform of g (t) defined as §(t) = g (t) ® &

wt

G (f) =—j sgn(f) G(f)
= —j sgn(f) rect(f)

Now find the inverse Fourier transform.

I derive the above to answer problem 4 part (b). The answer is the following (please see problem 4
part(b) for the derivation

The problem statement seems to want us to use the second definition of sinc (t), so [ will continue
the rest of the solution using (1).

Substitute (2) into (1) we obtain

. 1
g+ (t) = sinc (t) +]£é‘1t— co's t) |

__sin(t) N 1/ et + et

“ Tt % 2
left —et 1 et + et

= - ==
t 2t (J 2 )
ledt—e it  j  leit4e it

e B L —|
t 25 t t 2

_let G 1t

_?Z t -t_EJ—x

Hence N

9+ (1) =L(i+e) Cee Gol «

35



3.1 Part(b)

g (t) = [1 + kcos 27 f,t] cos (2m f,t)

9+ () =g(t) +39(t)
Where § (t) is Hilbert transform of g (t) defined as §(t) = g (t) ® 3.

2G(f) >0
G+(f)={ G@O) f=0
0 f<0
But
G(f) = F 1+ kcos2m ft] ® F [cos (27 f.t)] (1)
But )
F leos @nfut)] = 5 [5(F = fo) +6(f + 1)
and

F[1+kcos2mfmt] = 6(f) + [5 (f = fm) + 6 (f + fm)]

Hence (1) becomes

(e [5(f fe) +5(f+fc)]

G(N) = {8+ 5B ~ I+ 57+ ][ 8360 ~ £ +8(F + 1)
=o(f
PR S I @ 5160~ 1) +6 (7 + )]

N =

=50(f)®(f-fo)+
6()@6(f+f)+
70U~ fm) ®6(f — fo) +

2~ F) @+ £+

B3/ + @87 - f+

k

Za(f+fm)®6(f+fc)

| 3N =

g6



Hence

Gf) =387+ 1)+
5~ f)+

§(f = fm+ fo) +
5(F = fn 1)+
710U+ fm+ fo)+
257+ fn 1)

Hence for f > 0 ,G4 (f) = 2G (f) and we obtain

TR IR N~

G () =6 = 1)+ 60 = fu+ SN+ 8(F = fn = S+ 8T+ fn+ £ +8(F + fin = )

Then (since carrier frequency f. > fm), we could simplify the above, by keeping positive frequencies

f

o) =0(f = )+ S 5 ~ o f) 48+ fu— £

or

G () =8(F = f)+ 3 607 = U+ SN +6(F = (fe = fm)]

Hence

g+ (t) — ej?"fct + g (ej2"(fm+fc)t + 87'27r(fc_fm)t)
_ it L K (P2rImte?nlet | GiOnSet =2 fmt)
2

— ej21rfct |:1 + g (ej21rfmt é—j?ﬂfmt):|

— ei2nfet [1 + g (2cos 27Ffmt))]

= /2™ [1 + kcos (27 fint)]

97



4 Problem 4

probs 4] Venly e fellorny 47 -
) o gy = 20) - sW=7

. - est
oof  gU) =L > FH) =

4.1 Part(a)

%8



4.2 Part(b)

~ L
:gm(mt- c) & f_l; -yectl)
And Since sgn (f) = —1 for f <0 and sgn (f) =1 for f > 0 then % T - - +

G(f)= —?ﬁrea (f;f i) :Tz;f(f; i)]
Hence . . _T f+% _ f_4l
g(t)_JF\Trect( ; ) Tect( >]

1)
f+3

1
2
Dt (TeCt (—TA)) = gsine (3) =923t and F ! (Tect (f—_ri)) = 3 sinc (31) €374t hence (1)
2

2
becomes

But sinc (3t) =




5 problem 5

pook g ) Hespond prch 344 of Jou deok

S

[

FIGURE 2.47
17T Problem 2.44

-2

P S -

| i

2.45 Consider the square wave g(¢) shown in Fig. 2.48. Find the power spectral density, average O

_powes, and autocorrelation function of this square wave. Does the wave have dc g)weﬁ Explain

your answer.
-
ol

S, (f) = rect (f: rect (g)

R, (1) = F~ (S, (f)) Pq e = 7

ni=r (ea(f) (D) |
e ()] g s ()]

= 4sinc (4t) + 3sigc (2t)

Hence

f{)

nj7j= Plot[4 Sinc[4 t] +2Sinc[2¢t], {t, -4Pi. 4Pi},
PlotRange - All]

o

Ot J |
: \

: AN B BV AD £
—10™ s \/’ V Y \ Y 710
v




	questions and hints
	Problem 1
	Problem 2
	Part(a)
	Part (b)

	Problem 3
	Part(a)
	Part(b)

	Problem 4
	Part(a)
	Part(b)

	problem 5
	Key solution
	my graded HW

