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1 Questions

2 Problem 2.30

Problem

Determine and sketch the autocorrelation function of the following

(b) 𝑔 (𝑡) = 𝑒−𝑎|𝑡|

(c) 𝑔 (𝑡) = 𝑒−𝑎𝑡𝑢 (𝑡) − 𝑒𝑎𝑡𝑢 (−𝑡)

2.1 part(b)

𝑔 (𝑡) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

𝑒−𝑎𝑡 𝑡 > 0
1 𝑡 = 0
𝑒𝑎𝑡 𝑡 < 0

Assume 𝑎 > 0 for the integral to be defined. From definition, autocorrelation of a function
𝑔 (𝑡) is
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𝑅 (𝜏) = �
∞

−∞
𝑔 (𝑡) 𝑔∗ (𝑡 − 𝜏) 𝑑𝑡

Since 𝑔 (𝑡) in this case is real, then 𝑔∗ (𝑡 − 𝜏) = 𝑔 (𝑡 − 𝜏), hence

𝑅 (𝜏) = �
∞

−∞
𝑔 (𝑡) 𝑔 (𝑡 − 𝜏) 𝑑𝑡

Consider the 3 cases, 𝜏 < 0 and 𝜏 > 0 and when 𝜏 = 0

case 𝜏 > 0

g(t)

gt  



t

t

Figure 1: Case 1 Part b

Break the integral over the 3 regions, {−∞, 0} , {0, 𝜏} , {𝜏,∞}

𝑅 (𝜏) = �
0

−∞
𝑒𝑎𝑡𝑒𝑎(𝑡−𝜏)𝑑𝑡 +�

𝜏

0
𝑒−𝑎𝑡𝑒𝑎(𝑡−𝜏)𝑑𝑡 +�

∞

𝜏
𝑒−𝑎𝑡𝑒−𝑎(𝑡−𝜏)𝑑𝑡

But ∫
0

−∞
𝑒𝑎𝑡𝑒𝑎(𝑡−𝜏)𝑑𝑡 = 𝑒−𝑎𝜏∫

0

−∞
𝑒2𝑎𝑡𝑑𝑡 = 𝑒−𝑎𝜏

�𝑒2𝑎𝑡�
0

−∞
2𝑎 = 𝑒−𝑎𝜏 [1−0]2𝑎 = 𝑒−𝑎𝜏

2𝑎

and ∫
𝜏

0
𝑒−𝑎𝑡𝑒𝑎(𝑡−𝜏)𝑑𝑡 = 𝑒−𝑎𝜏∫

𝜏

0
1𝑑𝑡 = 𝜏𝑒−𝑎𝜏

and ∫
∞

𝜏
𝑒−𝑎𝑡𝑒−𝑎(𝑡−𝜏)𝑑𝑡 = 𝑒𝑎𝜏∫

∞

𝜏
𝑒−2𝑎𝑡𝑑𝑡 = 𝑒𝑎𝜏

�𝑒−2𝑎𝑡�
∞

𝜏
−2𝑎 = 𝑒𝑎𝜏

�0−𝑒−2𝑎𝜏�

−2𝑎 = 𝑒−𝑎𝜏

2𝑎

Hence for 𝜏 > 0 we obtain

𝑅 (𝜏) =
𝑒−𝑎𝜏

2𝑎
+ 𝜏𝑒−𝑎𝜏 +

𝑒−𝑎𝜏

2𝑎

=
𝑒−𝑎𝜏

𝑎
+ 𝜏𝑒−𝑎𝜏

= 𝑒−𝑎𝜏 �1𝑎 + 𝜏�

case 𝜏 < 0
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g(t)

gt  



t

t

0

0

Figure 2: Case 2 Part b

Break the integral over the 3 regions, {−∞, 𝜏} , {𝜏, 0} , {0,∞}

𝑅 (𝜏) = �
𝜏

−∞
𝑒𝑎𝑡𝑒𝑎(𝑡−𝜏)𝑑𝑡 +�

0

𝜏
𝑒−𝑎𝑡𝑒𝑎(𝑡−𝜏)𝑑𝑡 +�

∞

0
𝑒−𝑎𝑡𝑒−𝑎(𝑡−𝜏)𝑑𝑡

Now ∫𝜏

−∞
𝑒𝑎𝑡𝑒𝑎(𝑡−𝜏)𝑑𝑡 = 𝑒−𝑎𝜏∫

𝜏

−∞
𝑒2𝑎𝑡𝑑𝑡 = 𝑒−𝑎𝜏

�𝑒2𝑎𝑡�
𝜏

−∞
2𝑎 = 𝑒−𝑎𝜏

�𝑒2𝑎𝜏−0�

2𝑎 = 𝑒𝑎𝜏

2𝑎

and ∫
0

𝜏
𝑒−𝑎𝑡𝑒𝑎(𝑡−𝜏)𝑑𝑡 = 𝑒−𝑎𝜏∫

0

𝜏
1𝑑𝑡 = −𝜏𝑒−𝑎𝜏

and ∫
∞

0
𝑒−𝑎𝑡𝑒−𝑎(𝑡−𝜏)𝑑𝑡 = 𝑒𝑎𝜏

�𝑒−2𝑎𝑡�
∞

0
−2𝑎 = 𝑒𝑎𝜏

−2𝑎
(0 − 1) = 𝑒𝑎𝜏

2𝑎

Hence

𝑅 (𝜏) =
𝑒𝑎𝜏

2𝑎
− 𝜏𝑒−𝑎𝜏 +

𝑒𝑎𝜏

2𝑎

= 𝑒𝑎𝜏 �1𝑎 − 𝜏�

When 𝜏 = 0

𝑅 (0) gives the the maximum power in the signal 𝑔 (𝑡). Now evaluate this

𝑅 (𝜏) = �
0

−∞
𝑒𝑎𝑡𝑒𝑎𝑡𝑑𝑡 +�

∞

0
𝑒−𝑎𝑡𝑒−𝑎𝑡𝑑𝑡

=
�𝑒2𝑎𝑡�

0

−∞
2𝑎

+
�𝑒−2𝑎𝑡�

∞

0
−2𝑎

=
1
𝑎

Hence

𝑅 (𝜏) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

𝑒−𝑎𝜏 �1𝑎 + 𝜏� 𝜏 > 0
1
𝑎 𝜏 = 0

𝑒𝑎𝜏 �1𝑎 − 𝜏� 𝜏 < 0

Or we could write

𝑅 (𝜏) = 𝑒−|𝜏|𝑎 �1𝑎 − (− |𝜏|�
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This is a plot of 𝑅 (𝜏), first plot is for 𝑎 = 1 and the second for 𝑎 = 4

f[t_] := Exp[a (-Abs[t])]
1 + a (-Abs[t])

a

Show[{Plot[f[t] /. a → 1, {t, -6, 6}, PlotRange → All, PlotStyle → Red, AxesOrigin → {0, 0}]}, AxesLabel -> {"τ", "R(τ)"},

PlotLabel → "Autocorrelation function for part(a), when a=1"]

-6 -4 -2 2 4 6
τ

0.2

0.4

0.6

0.8

1.0

R(τ)
Autocorrelation function for part(a), a=1

Show[{Plot[f[t] /. a → 4, {t, -6, 6}, PlotRange → All, PlotStyle → Red, AxesOrigin → {0, 0}]}, AxesLabel -> {"τ", "R(τ)"},

PlotLabel → "Autocorrelation function for part(a), when a=4"]

-6 -4 -2 2 4 6
τ

0.05

0.10

0.15

0.20

0.25

R(τ)
Autocorrelation function for part(a), when a=4

Figure 3: final part

2.2 part(c)

𝑔 (𝑡) = 𝑒−𝑎𝑡𝑢 (𝑡) − 𝑒𝑎𝑡𝑢 (−𝑡)

Assume 𝑎 > 0.

Consider the 3 cases, 𝜏 < 0 and 𝜏 > 0 and when 𝜏 = 0

case 𝜏 > 0

gt  

t

exp(-at) u(t)

-exp(at) u(-t)

gt

t

eatut  

eatut  


case   0

0

0

Figure 4: Case 1 Part c

Break the integral into 3 parts, {−∞, 0} , {0, 𝜏} , {𝜏,∞}
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𝑅 (𝜏) = �
0

−∞
𝑔 (𝑡) 𝑔 (𝑡 − 𝜏) 𝑑𝑡 +�

𝜏

0
𝑔 (𝑡) 𝑔 (𝑡 − 𝜏) 𝑑𝑡 +�

∞

𝜏
𝑔 (𝑡) 𝑔 (𝑡 − 𝜏) 𝑑𝑡

= �
0

−∞
−𝑒𝑎𝑡 �−𝑒𝑎(𝑡−𝜏)� 𝑑𝑡 +�

𝜏

0
𝑒−𝑎𝑡 �−𝑒𝑎(𝑡−𝜏)� 𝑑𝑡 +�

∞

𝜏
𝑒−𝑎𝑡 �𝑒−𝑎(𝑡−𝜏)� 𝑑𝑡

= 𝑒−𝑎𝜏�
0

−∞
𝑒2𝑎𝑡𝑑𝑡 − 𝑒−𝑎𝜏�

𝜏

0
1𝑑𝑡 + 𝑒𝑎𝜏�

∞

𝜏
𝑒−2𝑎𝑡𝑑𝑡

= 𝑒−𝑎𝜏
�𝑒2𝑎𝑡�

0

−∞
2𝑎

− 𝜏𝑒−𝑎𝜏 + 𝑒𝑎𝜏
�𝑒−2𝑎𝑡�

∞

𝜏
−2𝑎

= 𝑒−𝑎𝜏
[1 − 0]
2𝑎

− 𝜏𝑒−𝑎𝜏 + 𝑒𝑎𝜏
�0 − 𝑒−2𝑎𝜏�
−2𝑎

=
𝑒−𝑎𝜏

2𝑎
− 𝜏𝑒−𝑎𝜏 +

𝑒−𝑎𝜏

2𝑎

= 𝑒−𝑎𝜏 �
1
2𝑎
− 𝜏 +

1
2𝑎�

= 𝑒−𝑎𝜏 �
1
𝑎
− 𝜏�

case 𝜏 < 0

gt  

t

exp(-at) u(t)

-exp(at) u(-t)

gt

t

eatut  

eatut  


0

0

case   0

Figure 5: Case 2 Part c

Break the integral into 3 parts, {−∞, 𝜏} , {𝜏, 0} , {0,∞}

𝑅 (𝜏) = �
𝜏

−∞
𝑔 (𝑡) 𝑔 (𝑡 − 𝜏) 𝑑𝑡 +�

0

𝜏
𝑔 (𝑡) 𝑔 (𝑡 − 𝜏) 𝑑𝑡 +�

∞

0
𝑔 (𝑡) 𝑔 (𝑡 − 𝜏) 𝑑𝑡

= �
𝜏

−∞
−𝑒𝑎𝑡 �−𝑒𝑎(𝑡−𝜏)� 𝑑𝑡 +�

0

𝜏
−𝑒𝑎𝑡𝑒−𝑎(𝑡−𝜏)𝑑𝑡 +�

∞

0
𝑒−𝑎𝑡𝑒−𝑎(𝑡−𝜏)𝑑𝑡

= 𝑒−𝑎𝜏�
𝜏

−∞
𝑒2𝑎𝑡𝑑𝑡 − 𝑒𝑎𝜏�

0

𝜏
1𝑑𝑡 + 𝑒𝑎𝜏�

∞

0
𝑒−2𝑎𝑡𝑑𝑡

= 𝑒−𝑎𝜏
�𝑒2𝑎𝑡�

𝜏

−∞
2𝑎

+ 𝜏𝑒𝑎𝜏 + 𝑒𝑎𝜏
�𝑒−2𝑎𝑡�

∞

0
−2𝑎

= 𝑒−𝑎𝜏
�𝑒2𝑎𝜏 − 0�

2𝑎
+ 𝜏𝑒𝑎𝜏 + 𝑒𝑎𝜏

[0 − 1]
−2𝑎

=
𝑒𝑎𝜏

2𝑎
+ 𝜏𝑒𝑎𝜏 +

𝑒𝑎𝜏

2𝑎

= 𝑒𝑎𝜏 �
1
𝑎
+ 𝜏�
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At 𝜏 = 0, we see that 𝑅 (0) = 1
𝑎 , hence the final answer is

𝑅 (𝜏) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

𝑒−𝑎𝜏 �1𝑎 − 𝜏� 𝜏 > 0
1
𝑎 𝜏 = 0

𝑒𝑎𝜏 �1𝑎 + 𝜏� 𝜏 < 0

Or we could write

𝑅 (𝜏) = 𝑒−|𝜏|𝑎 �1𝑎 − |𝜏|�

This is a plot of 𝑅 (𝜏), first plot is for 𝑎 = 1 and the second for 𝑎 = 4

f[t_] := Exp[a (-Sign[t] t)]
1

a
- Sign[t] t

Show[{Plot[f[t] /. a → 1, {t, -6, 6}, PlotRange → All, PlotStyle → Red, AxesOrigin → {0, 0}]}, AxesLabel -> {"τ", "R(τ)"},

PlotLabel → "Autocorrelation function for part(a), when a=1"]

-6 -4 -2 2 4 6
τ

0.2

0.4

0.6

0.8

1.0

R(τ)
Autocorrelation function for part(a), when a=1

Show[{Plot[f[t] /. a → 4, {t, -6, 6}, PlotRange → All, PlotStyle → Red, AxesOrigin → {0, 0}]}, AxesLabel -> {"τ", "R(τ)"},

PlotLabel → "Autocorrelation function for part(a), when a=4"]

-6 -4 -2 2 4 6
τ

0.05

0.10

0.15

0.20

0.25

R(τ)
Autocorrelation function for part(a), when a=4

Figure 6: Part c

3 Problem 2.32

problem: Determine the autocorrelation function of 𝑔 (𝑡) = 𝐴 sinc (2𝑊𝑡) and sketch it

solution:

𝑅 (𝜏) =
∞

�
−∞

𝑔 (𝑡) 𝑔∗ (𝑡 − 𝜏) 𝑑𝑡

The above is di�cult to do directly, hence we use the second method.

Since the function 𝑔 (𝑡) is an energy function, hence 𝑅 (𝜏) and the energy spectrum density
Ψ𝑔 �𝑓� of 𝑔 (𝑡)make a Fourier transform pairs.

𝑅 (𝜏) ⇔ Ψ𝑔 �𝑓�

Therefore, to find 𝑅 (𝜏), we first find Ψ𝑔 �𝑓�, then find the Inverse Fourier Transform of

Ψ𝑔 �𝑓�, i.e.

𝑅 (𝜏) = ϝ−1 �Ψ𝑔 �𝑓�� (1)
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But

Ψ𝑔 �𝑓� = �𝐺 �𝑓��
2

(2)

and we know that

𝐴 sinc (2𝑊𝑡) ⇔
𝐴
2𝑊

𝑟𝑒𝑐𝑡 �
𝑓
2𝑊�

Hence

𝐺�𝑓� =
𝐴
2𝑊

𝑟𝑒𝑐𝑡 �
𝑓
2𝑊�

The (2) becomes

Ψ𝑔 �𝑓� = �
𝐴
2𝑊

𝑟𝑒𝑐𝑡 �
𝑓
2𝑊��

2

= �
𝐴
2𝑊�

2

�𝑟𝑒𝑐𝑡 �
𝑓
2𝑊��

2

But �𝑟𝑒𝑐𝑡 � 𝑓
2𝑊
��
2
= 𝑟𝑒𝑐𝑡 � 𝑓

2𝑊
�, since it has height of 1, so

Ψ𝑔 �𝑓� = �
𝐴
2𝑊
�
2
𝑟𝑒𝑐𝑡 � 𝑓

2𝑊
�

Hence from (1)

𝑅 (𝜏) = ϝ−1
⎛
⎜⎜⎜⎜⎝�
𝐴
2𝑊�

2

𝑟𝑒𝑐𝑡 �
𝑓
2𝑊�

⎞
⎟⎟⎟⎟⎠

= �
𝐴
2𝑊�

2

ϝ−1 �𝑟𝑒𝑐𝑡 �
𝑓
2𝑊��

Hence

𝑅 (𝜏) = � 𝐴
2𝑊
�
2
sinc (2𝑊𝜏)

This is a plot of the above function, for 𝑊 = 4, and 𝐴 = 1

A = 1;

W = 2;

f[t_] :=
A

2 W

2

Sinc[Pi 2 W t]

Show[{Plot[f[t], {t, -6, 6}, PlotRange → All, PlotStyle → Red, AxesOrigin → {0, 0}]}, AxesLabel -> {"τ", "R(τ)"},

PlotLabel → "Autocorrelation function when A=1,W=4"]

-6 -4 -2 2 4 6
τ

0.02

0.04

0.06

R(τ)
Autocorrelation function when A=1,W=4

Figure 7: Plot for 𝑊 = 4, and 𝐴 = 1
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4 Problem 2.33

The Fourier transform of a signal is defined by �sinc �𝑓��. Show that 𝑅 (𝜏) of the signal is
triangular in form.

Answer:

Since

𝑅 (𝜏) ⇔ �𝐺 �𝑓��
2

Then

𝑅 (𝜏) ⇔ �sinc �𝑓��
2

⇔ sinc2 �𝑓�

Hence to find 𝑅 (𝜏) we need to find the inverse Fourier transform of sinc2 �𝑓�

But

ϝ−1 �sinc2 �𝑓�� = ϝ−1 �sinc �𝑓� × sinc �𝑓��

= ϝ−1 �sinc �𝑓�� ⊗ ϝ−1 �sinc �𝑓��

But ϝ−1 �sinc �𝑓�� = 𝑟𝑒𝑐𝑡 (𝑡), hence

ϝ−1 �sinc2 �𝑓�� = 𝑟𝑒𝑐𝑡 (𝑡) ⊗ 𝑟𝑒𝑐𝑡 (𝑡)

=
∞

�
−∞

𝑟𝑒𝑐𝑡 (𝜏) 𝑟𝑒𝑐𝑡 (𝑡 − 𝜏) 𝑑𝜏

This integral has the value of 𝑡𝑟𝑖 (𝑡) (we also did this in class) Hence

𝑡𝑟𝑖 (𝜏) ⇔ sinc2 �𝑓�

Hence

𝑅 (𝜏) = 𝑡𝑟𝑖 (𝜏)

Where 𝑡𝑟𝑖 (𝜏) is the triangle function, defined as

𝑡𝑟𝑖 (𝑡) =

⎧⎪⎪⎨
⎪⎪⎩
1 − |𝑡| |𝑡| < 0
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

5 Problem 2.35

Consider the signal 𝑔 (𝑡) defined by

𝑔 (𝑡) = 𝐴0 + 𝐴1 cos �2𝜋𝑓1𝑡 + 𝜃� + 𝐴2 cos �2𝜋𝑓2𝑡 + 𝜃�

(a) determine 𝑅 (𝜏)

(b) what is 𝑅 (0)

(c) has any information been lose in obtaining 𝑅 (𝜏) ?

Answer:

(a)

Take the Fourier transform of 𝑔 (𝑡) we obtain
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𝐺�𝑓� = 𝐴0𝛿 �𝑓� +
𝐴1
2
�𝑒𝑗𝜃𝛿 �𝑓 − 𝑓1� + 𝑒−𝑗𝜃𝛿 �𝑓 + 𝑓1�� +

𝐴2
2
�𝑒𝑗𝜃𝛿 �𝑓 − 𝑓2� + 𝑒−𝑗𝜃𝛿 �𝑓 + 𝑓2��

Hence �𝐺 �𝑓��
2
= 𝐺 �𝑓�𝐺∗ �𝑓�, so we need to find 𝐺∗ �𝑓�

𝐺∗ �𝑓� = 𝐴0𝛿 �𝑓� +
𝐴1
2
�𝑒−𝑗𝜃𝛿 �𝑓 − 𝑓1� + 𝑒𝑗𝜃𝛿 �𝑓 + 𝑓1�� +

𝐴2
2
�𝑒−𝑗𝜃𝛿 �𝑓 − 𝑓2� + 𝑒𝑗𝜃𝛿 �𝑓 + 𝑓2��

So

𝐺�𝑓�𝐺∗ �𝑓� = 𝐴2
0𝛿 �𝑓� +

𝐴2
1
4
�𝛿 �𝑓 − 𝑓1� + 𝛿 �𝑓 + 𝑓1�� +

𝐴2
2
4
�𝛿 �𝑓 − 𝑓2� + 𝛿 �𝑓 + 𝑓2��

So

𝑆𝑔 �𝑓� = 𝐴2
0𝛿 �𝑓� +

𝐴2
1
4
�𝛿 �𝑓 − 𝑓1� + 𝛿 �𝑓 + 𝑓1�� +

𝐴2
2
4
�𝛿 �𝑓 − 𝑓2� + 𝛿 �𝑓 + 𝑓2��

So

𝑅 (𝜏) = ϝ−1 �𝑆𝑔 �𝑓��

= ϝ−1 �𝐴2
0𝛿 �𝑓�� +

𝐴2
1
4
ϝ−1 �𝛿 �𝑓 − 𝑓1� + 𝛿 �𝑓 + 𝑓1�� +

𝐴2
2
4
ϝ−1 �𝛿 �𝑓 − 𝑓2� + 𝛿 �𝑓 + 𝑓2��

Hence

𝑅 (𝜏) = 𝐴2
0 +

𝐴2
1
2 cos 2𝜋𝑓1𝜏 +

𝐴2
2
2 cos 2𝜋𝑓2𝜏 (1)

Part (b)

𝑅 (0) = 𝐴2
0 +

𝐴2
1
2
+
𝐴2
2
2

=
1
2
�2𝐴2

0 + 𝐴2
1 + 𝐴2

2�

part(c)

In obtaining 𝑅 (𝜏) we have lost the phase information in the original signal as can be seen
from (1) above

6 extra Problem

(a) find 𝜉 (𝑡) ⊗ 𝜉 (𝑡) where 𝜉 (𝑡) is unit step function

(b)Find 𝑡𝜉 (𝑡) ⊗ 𝑒𝑎𝑡𝜉 (𝑡) where 𝑎 > 0

(c)find 𝑢 (𝑡) ⊗ ℎ (𝑡) where ℎ (𝑡) = 𝑒−3𝑡𝑢 (𝑡) and 𝑢 (𝑡) is as shown

U(t)

t
4T

1

Figure 8: Extra problem
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To DO

7 Key solution
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8 my graded HW
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