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Introduction
The following shows how to use Mathematica symbolic computation to determine the Lagrangian of the above
problem and solve numerically for the equations of the motion. The above shows a small disk which rotate inside a
larger disk. The small disk rotate without slip. We need to find the equation of motion of the small disk. In other-
words, find the solution for Θ’[t]

In[1]:=
Needs@"Notation`"D

In[2]:=
SymbolizeB m1 F

SymbolizeB m2 F

SymbolizeB I1 F

SymbolizeB I2 F

Solve for Ω to meet the no-slip condition

In[6]:=
Clear@Ω, R, Φ, Θ, r, m1, m2, I1, I2, gD
noSlipEquation = HR - rL Θ'@tD == R Φ'@tD + r Ω;

Ω = Ω �. First�Solve@noSlipEquation, ΩD

Out[8]= -r Θ
¢@tD + R Θ

¢@tD - R Φ
¢@tD

r
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Find T and V and find the Lagrangian L=T-V

In[52]:=
T =

1

2
m1 HR Φ'@tDL2

+

1

2
I1 Φ'@tD2

+

1

2
m2 IHR Φ'@tD - HR - rL Θ'@tD Cos@Θ@tDDL2

+ HHR - rL Θ'@tD Sin@Θ@tDDL2M +

1

2
I2 IΩ

2M

Out[52]= 1

2
I1 Φ

¢@tD2
+

1

2
m1 R2

Φ
¢@tD2

+

I2 H-r Θ
¢@tD + R Θ

¢@tD - R Φ
¢@tDL2

2 r2
+

1

2
m2 IH-r + RL2 Sin@Θ@tDD2

Θ
¢@tD2

+ H-H-r + RL Cos@Θ@tDD Θ
¢@tD + R Φ

¢@tDL2M

In[53]:=
V = -m2 g HR - rL Cos@Θ@tDD

Out[53]=
-g m2 H-r + RL Cos@Θ@tDD

In[54]:=
L = HT - VL �� FullSimplify

Out[54]= 1

2
2 g m2 H-r + RL Cos@Θ@tDD +

1

r2
III2 + m2 r2M Hr - RL2

Θ
¢@tD2

+

2 Hr - RL R II2 + m2 r2 Cos@Θ@tDDM Θ
¢@tD Φ

¢@tD + II1 r2
+ II2 + Hm1 + m2L r2M R2M Φ

¢@tD2M

Solve for Φ’’[t], note genearlized force is zero

In[55]:=
equationOfMotion1 = D@D@L, Φ'@tDD, tD - D@L, Φ@tDD � 0 �� Simplify

Out[55]= 1

r2
I-m2 r2 Hr - RL R Sin@Θ@tDD Θ

¢@tD2
+

Hr - RL R II2 + m2 r2 Cos@Θ@tDDM Θ
¢¢@tD + II1 r2

+ II2 + Hm1 + m2L r2M R2M Φ
¢¢@tDM � 0

Solve for Θ’’[t], note genearlized force is zero

In[56]:=
equationOfMotion2 = D@D@L, Θ'@tDD, tD - D@L, Θ@tDD � 0 �� Simplify

Out[56]= 1

r
Hr - RL I-g m2 r2 Sin@Θ@tDD + II2 + m2 r2M Hr - RL Θ

¢¢@tD + R II2 + m2 r2 Cos@Θ@tDDM Φ
¢¢@tDM � 0
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Define problem parameters

In[14]:=

parameters = 8g ® 9.8, R -> 1, r -> .1, m1 -> 10, m2 -> 1<;

parameters = UnionBparameters, :I1 ->

m1 R2

2
, I2 ->

m2 r2

2
> �. parametersF

Out[15]= 8g ® 9.8, I1 ® 5, I2 ® 0.005000000000000001, m1 ® 10, m2 ® 1, r ® 0.1, R ® 1<

Numerically solve the equations of motion using some initial conditions

In[64]:=
s = NDSolve@8equationOfMotion1, equationOfMotion2, Φ@0D � 30 Degree,

Φ'@0D == -2, Θ@0D == 0, Θ'@0D � -2< �. parameters, 8Φ@tD, Θ@tD<, 8t, 0, 30<D
Out[64]= 88Φ@tD ® InterpolatingFunction@880., 30.<<, <>D@tD,

Θ@tD ® InterpolatingFunction@880., 30.<<, <>D@tD<<

Plot the solution, motion of small disk, we see the small disk will make an oscillation motion inside the large 
disk as the large disk is rotating

In[73]:=
Plot@Evaluate@Θ@tD �. sD, 8t, 0, 30<, PlotRange ® All, Frame ® True,

FrameLabel ® 88"Θ@tD", None<, 8"time HsecL", "soution Θ@tD"<<,

FrameTicks ® 8Automatic, 8-30 Degree, -15 Degree, 15 Degree, 30 Degree<<D

Out[73]=
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