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1.1 problem 1

1.1.1 Solving as quadratureode . . . . . .. ... ... ... ..... 4
1.1.2 Maple step by step solution . . . . ... ... ... .......

Internal problem ID [7317]
Internal file name [OUTPUT/6298_Sunday_June_05_2022_04_39_08_PM_28030563/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 1.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

1.1.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

|
o
S

Summary
The solution(s) found are the following

y==a (1)



Figure 1: Slope field plot

Verification of solutions

Verified OK.

1.1.2 Maple step by step solution

Let’s solve
y =0
° Highest derivative means the order of the ODE is 1

/

Yy
° Integrate both sides with respect to x
[y'dz = [0dz + ¢
° Evaluate integral
y=a
° Solve for y
y=a



Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 5

Ldsolve(diff(y(x),x)=0,y(x), singsol=all)

y() =a

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 7

LDSolve[y‘[x]==0,y[x],x,IncludeSingularSolutions -> True]

y(z) = a



1.2 problem 2
1.2.1 Solving as quadratureode . . . . . .. ... ... ... ... [
1.2.2 Maple step by step solution . . . . ... ... ... ....... K]

Internal problem ID [7318]
Internal file name [OUTPUT/6299_Sunday_June_05_2022_04_39_10_PM_29992107/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 2.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature'
Maple gives the following as the ode type

[_quadrature]

1.2.1 Solving as quadrature ode

y=/adx

Integrating both sides gives

=za+C
Summary
The solution(s) found are the following
y=1za+c; (1)
Verification of solutions
Yy=2xa+c

Verified OK.



1.2.2 Maple step by step solution

Let’s solve
y=a

° Highest derivative means the order of the ODE is 1

/

Y

° Integrate both sides with respect to x
[y'dz = [adz + ¢

° Evaluate integral
Y =2xa+C

° Solve for y

Yy=2xa+c

Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 9

tdsolve(diff(y(x),x)=a,y(x), singsol=all)

y(x) =ax+

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 11

LDSolve[y'[x]==a,y[x],x,IncludeSingularSolutions -> True]

y(x) > ax+ ¢



1.3 problem 3

1.3.1 Solving as quadratureode . . . . . . ... ... ... ... ... )
1.3.2 Maple step by step solution . . . . . ... ... ... ... ... 10}

Internal problem ID [7319]
Internal file name [OUTPUT/6300_Sunday_June_05_2022_04_39_11_PM_31027850/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 3.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

1.3.1 Solving as quadrature ode

y=/xdw

2

Integrating both sides gives

=
=—+c
g Ta
Summary
The solution(s) found are the following
2
x
Yy = E +c1 (1)
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Figure 2: Slope field plot

Verification of solutions

y=—-+ta
Verified OK.

1.3.2 Maple step by step solution

Let’s solve
y=z

° Highest derivative means the order of the ODE is 1

/

Yy
° Integrate both sides with respect to x
[ydx = [zdx+c
° Evaluate integral
x2
y=% ta
° Solve for y

10



y=§+01

Maple trace

-

“Methods for first order ODEs:
‘——— Trying classification methods ---

‘trying a quadrature
‘<— quadrature successful”

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 11

Ldsolve (diff (y(x),x)=x,y(x), singsol=all)

2

y(z) = % +c

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 15

LDSolve[y'[x]==x,y[x],x,IncludeSingularSolutions -> True]

2

x
y(z) — 5 +

11



1.4 problem 4

1.4.1 Solving as quadratureode . . . . . .. ... ... ... ..., 12]
1.4.2 Maple step by step solution . . . . ... ... ... ....... 13|

Internal problem ID [7320]
Internal file name [OUTPUT/6301_Sunday_June_05_2022_04_39_13_PM_53209903/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 4.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

1.4.1 Solving as quadrature ode

y=/1dx

=4+

Integrating both sides gives

Summary
The solution(s) found are the following

y=z+c 1)

12
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Verification of solutions

Verified OK.
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Figure 3: Slope field plot

y=x+C

1.4.2 Maple step by step solution

Let’s solve

y=1
° Highest

/

Y

derivative means the order of the ODE is 1

° Integrate both sides with respect to x
[ydz = [ldz+ ¢

° Evaluate integral

y=cr+c

° Solve for y

y=x+0

13




Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 7

Ldsolve(diff(y(x),x)=1,y(x), singsol=all)

yx)=z+c

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 9

LDSolve[y‘[x]==1,y[x],x,IncludeSingularSolutions -> True]

y(z) >+

14



1.5 problem 5
1.5.1 Solving as quadratureode . . . . . .. ... .. ... ... ... 151
1.5.2 Maple step by step solution . . . . ... ... ... ... ... . 161

Internal problem ID [7321]
Internal file name [OUTPUT/6302_Sunday_June_05_2022_04_39_14_PM_63413816/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 5.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

1.5.1 Solving as quadrature ode

y=/:cadx

2

Integrating both sides gives

az®
=—+c
2 1
Summary
The solution(s) found are the following
2
ax
Yy = T +c (1)
Verification of solutions
az? N
=—+c
Y 9 1

Verified OK.

15



1.5.2 Maple step by step solution

Let’s solve

y =za

° Highest derivative means the order of the ODE is 1

/

Y

° Integrate both sides with respect to x
[ydz = [ zadz + ¢;

° Evaluate integral
y="+c

° Solve for y

2
— ax
y—7+61

Maple trace

“Methods for first order ODEs:
‘——— Trying classification methods ---

‘trying a quadrature
‘<— quadrature successful”

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 12

dsolve(diff (y(x),x)=a*x,y(x), singsol=all)

N

y(x) = T +Cl

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 16

-

LDSolve[y'[x]==a*x,y[x],x,IncludeSingularSolutions -> True]

-/

2

ax
y(x) — 5 + ¢

16



1.6 problem 6

1.6.1 Solving as separableode . . . . . ... ... ... ... ..... 17
1.6.2 Solving aslinearode . . . . . .. . ... ... ... ... ... 18]
1.6.3 Solving as homogeneousTypeD2ode . ... ... ........ 191
1.6.4 Solving as first order ode lie symmetry lookup ode . . . .. .. 201
1.6.5 Solvingasexactode . ... .................... 23
1.6.6 Maple step by step solution . . . . . ... ... ... ...... 201

Internal problem ID [7322]
Internal file name [OUTPUT/6303_Sunday_June_05_2022_04_39_16_PM_84203885/index. tex|

Book: First order enumerated odes
Section: section 1

Problem number: 6.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "exact", "linear", "separable",
"homogeneousTypeD2", "first_ order__ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[_separable]

y —azy=0
1.6.1 Solving as separable ode
In canonical form the ODE is
y =F(z,y)
= f(2)9(v)
= azry

17



Where f(z) = za and g(y) = y. Integrating both sides gives

1
—dy = zadzr

)
1
/—dy:/xadx
Y
a z?

In(y) = 74‘01

y:eT

azz

:cle 2

Summary
The solution(s) found are the following

Verification of solutions

Verified OK.

1.6.2 Solving as linear ode

Entering Linear first order ODE solver. In canonical form a linear first order is

Y +p(z)y = q(z)

Where here
p(z) = —za
q(z) =0
Hence the ode is
v —azy=0
The integrating factor u is
o= ef —zadx
2
= e_%

18

2
+c1

1)



The ode becomes
d

Integrating gives

_aw2

e Ty =1
QZ2
Dividing both sides by the integrating factor 4 = e~ 2~ results in

aa:2

Y = ci€e 2

Summary
The solution(s) found are the following

y=ce?2 (1)
Verification of solutions

Verified OK.

1.6.3 Solving as homogeneousTypeD2 ode

Using the change of variables y = u(z) z on the above ode results in new ode in u(z)
u'(z) z +u(z) —az’u(z) =0

In canonical form the ODE is

19



Where f(z) = 22=! and g(u) = u. Integrating both sides gives

-1
= du _arol,
-1
/ du = / ez’ =1,
az?
In (u) = T—ln( z) + co
u=e 4 —In(z)+c2
= 02e72_1n( 2)
Which simplifies to
azz
. Ce 2
u(z) = 22
Therefore the solution y is
Y = TU
az2
= C9€ 2
Summary
The solution(s) found are the following
022
Yy = coe 2 (1)
Verification of solutions
(ll}z
Y= czeT
Verified OK.
1.6.4 Solving as first order ode lie symmetry lookup ode
Writing the ode as
/
Yy =ary
Yy =w(z,y)
The condition of Lie symmetry is the linearized PDE given by
Mo +w(ny — &) — W2€y —we§ —wyn =0 (A)

20



The type of this ode is known. It is of type 1inear. Therefore we do not need to solve
the PDE (A), and can just use the lookup table shown below to find £, 7

Table 6: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n
linear ode Yy = f(z)y(x) + g(z) 0 el fdz
separable ode Yy = f(z)g(y) % 0
quadrature ode y = f(x) 0 1
quadrature ode vy =g(y) 1 0
homogeneous ODEs of | ¢/ = f (%) x Y
Class A

homogeneous ODEs of | 3 = (a + bz + cy)™ 1 —!
Class C

homogeneous class D | y = £ + g(z) F(¥) z? xY
first IDoider special | ¥ = g(x) M@ 4 f(z) e Jof ;?;‘;x—h(@ f@e=/ ;’Z;?d””‘h(“”)
orm

polynomial type ode

/— a1ztbhiyta
Yy azx+boy+c

a1basz—aobix—bico+bacy

a1bay—asbiy—aico—ascy

a1ba—azb;

a1ba—azb;

Bernoulli ode

Y = f(z)y+g(z)y"

¢ /(=Df (@)dzyn

Reduced Riccati

Y = fi(z)y + folz) y?

e J frdz

The above table shows that

(A1)

The next step is to determine the canonical coordinates R, .S. The canonical coordinates
map (z,y) = (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _
13 n

21

as

1)




The above comes from the requirements that (5 a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R==x
S is found from
1
S= [ -dy
n
1
= / w22 dy
e 2
Which results in
S = e_%y

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

as _ S tw(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R,, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) = azy

Evaluating all the partial derivatives gives

R, =1
R,=0

az2
Sy =—zae” 2y
Sy —e 2

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
as
dR

We now need to express the RHS as function of R only. This is done by solving for z,y

in terms of R, S from the result obtained earlier and simplifying. This gives

as _
dR

0 (2A)

0

22



The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S. Integrating the above
gives

S(R) = ¢, (4)

To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

Which simplifies to

Which gives

Summary
The solution(s) found are the following

Yy=-ce?2 (1)
Verification of solutions

Verified OK.

1.6.5 Solving as exact ode
Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

M(z,) + N(z,y) B =0 (4)

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. x gives

< oa,9) =0

23



Hence

09 Opdy
oz " oydr 0 (B)
Comparing (A,B) shows that
09
5 =
99
dy
But since % = (,;9; g; then for the above to be valid, we require that
oM  ON
By Oz

If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(z,y) but at least we know now that we can do that since the condition
66: g’y = % is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for

exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
1
(@> dy = (z)dz
1
(—z)dz + (@> dy=0 (2A)
Comparing (1A) and (2A) shows that
M($, y) =T
1
N(z,y) = —
(z.9) = o

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied
OM ON
oy Oz
Using result found above gives
oM 0
)
9y Oy
=0

24



And
oN_ o (1
0xr Oz \ay
=0

Since %i; = %%’, then the ODE is exact The following equations are now set up to solve

for the function ¢(z,y)

0p

g—x =M (1)
¢ N

dy 2

Integrating (1) w.r.t. z gives

@dx=/Mdm
or

0¢ .
%dx— /—zdx

2

b=—-5 +fW) 3)

Where f(y) is used for the constant of integration since ¢ is a function of both = and
y. Taking derivative of equation (3) w.r.t y gives

99
=0 ! 4
=0+ 1 (@
But equation (2) says that g—i = é Therefore equation (4) becomes
=0+ 1) ©)
ay v

Solving equation (5) for f'(y) gives

f@%=£

25



Integrating the above w.r.t y gives

[rwa=[ (5 )a

Where c¢; is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢

¢=_ﬁ+m@)
2

+c

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢ is new constant and
combining ¢; and ¢y constants into new constant c; gives the solution as

q__ﬁ In (y)
2 a

The solution becomes

y — e%aw2+cla
Summary
The solution(s) found are the following

y — e%ax2+cla (1)
Verification of solutions

y — e%aw2+cla

Verified OK.

1.6.6 Maple step by step solution

Let’s solve
y —azxy =0
° Highest derivative means the order of the ODE is 1

/

Y

° Separate variables

26



!
L =za
Y

. Integrate both sides with respect to x
f%dw = [zadz + ¢

° Evaluate integral
In(y) = a,Twz +c

° Solve for y

2
y = e%_’_cl

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful’

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 13

Ldsolve(diff(y(x),x)=a*x*y(x),y(x), singsol=all)

y(a) = cie >

v/ Solution by Mathematica
Time used: 0.032 (sec). Leaf size: 23

LDSolve[y'[x]==a*x*y[x],y[x],x,IncludeSingularSolutions -> True]

(1172

y(z) = cre 2
y(z) =0

27



1.7 problem 7

1.7.1 Solving aslinearode . . . . . .. ... ... ... 28]
1.7.2  Solving as first order ode lie symmetry lookup ode . .. .. .. 29]
1.7.3 Solvingasexactode . . ... ... .. .. ... .........
1.7.4 Maple step by step solution . . . . ... ... ... ....... 301

Internal problem ID [7323]
Internal file name [OUTPUT/6304_Sunday_June_05_2022_04_39_17_PM_62816172/index.tex|

Book: First order enumerated odes
Section: section 1

Problem number: 7.

ODE order: 1.

ODE degree: 1.

nn

The type(s) of ODE detected by this program : "linear", "exactWithIntegrationFac-
tor", "first_ order_ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[[_linear, ~class A"]]

Y —y=za

1.7.1 Solving as linear ode

Entering Linear first order ODE solver. In canonical form a linear first order is

¥ +p(@)y = q(z)

Where here
p(z) =-1
q(z) = za
Hence the ode is
/
y —y=uza
The integrating factor u is
= e_a:

28



The ode becomes

2 (uy) = (1) (za)

%(e_wy) = (e_””) (za)

d(e_””y) = (ma e_””) dx
Integrating gives
e 'y = /xa e “dr
ey=—(1+4+z)ae "+
Dividing both sides by the integrating factor u = e™* results in
y=—e"(14+z)ae™ +ce”
which simplifies to
y=—a(l+z)+ce”

Summary
The solution(s) found are the following

y=—a(l+z)+ce” (1)

Verification of solutions

y=—a(l+2z)+c€”
Verified OK.

1.7.2 Solving as first order ode lie symmetry lookup ode

Writing the ode as

v =za+y
Y = w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Ne +w(my — &) — ‘*‘-’25?; —wz —wyn =0 (A)

29



The type of this ode is known. It is of type 1inear. Therefore we do not need to solve
the PDE (A), and can just use the lookup table shown below to find £, 7

Table 9: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class

Form I3 n
linear ode vy = f(@)y(z) + g(z) 0 el fde
separable ode vy = f(z) g(y) % 0
quadrature ode Yy = f(x) 0 1
quadrature ode Yy =9(y) 1 0
homogeneous ODEs of | y = f(¥) x Y
Class A
homogeneous ODEs of | 3 = (a4 bz + cy)™ 1 —2
Class C
homogeneous class D | ¢ = £ 4 g(z) F(¥) x? zy

. . z e— J bf(z)dz—h(x) — Jbf(z)de—h(z)

First order special | ' = g(z) M@+ + f(x) e fz)e @)
form ID 1

polynomial type ode

! amzt+bhiyta
Yy az2z+bay—+ca

ai1boz—agbiz—bica+bacy

a1bey—agbiy—aice—azcy

a1ba—aszb1

a1ba—aszb;

Bernoulli ode

Y = f(x)y+g(z)y"

e~/ (=D f@)dzyn

Reduced Riccati

¥ = fi(@)y+ folz)y?

e~ J frdz

The above table shows that

£(z,y) =0
n(z,y) = e

(A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _
13 n
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The above comes from the requirements that (5 a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R==x
S is found from
1
S= [ —dy
n
1
= | —=d
e y
Which results in
S=e"y

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

as _ S tw(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) =za+y

Evaluating all the partial derivatives gives

R, =1
R,=0
Se=—€e""y
Sy=¢e"

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

das

dR
We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

IR = Rae

=zae™” (2A)
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The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S. Integrating the above
gives

S(R)=—(R+1)ae ®+¢ (4)

To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

efy=—(1+z)ae+¢
Which simplifies to
(al+z)+y)e—c=0
Which gives
y=—(zae®+ae ™ —c)e€”

Summary
The solution(s) found are the following

y=—(zae ™ +ae ™ —c)e€” (1)

Verification of solutions

y= —(zae_’” +ae™® — cl) e’

Verified OK.
1.7.3 Solving as exact ode

Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form
d
M(z,y) + N(z,y) 52 =0 (A)

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. x gives

d
Hence 06 06 d
op  opay _
Oox Oydx 0 (B)
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Comparing (A,B) shows that

09
T M
ox
9 _ n
Oy
But since aa;gy = ;; g’x then for the above to be valid, we require that
oM _ oN
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
59;, gy = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

dy = (za+vy)dz
(—za—y)dz+dy =0 (2A)

Comparing (1A) and (2A) shows that
M(z,y) = —za—y
N(z,y)=1

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _oN
oy Oz
Using result found above gives
oM_ 0
0y Oy Y
=-1
And
oN _ 2
oxr Oz
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Since %i; # %—]Z, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

L L(oM_oN
N\ Oy Oz
=1((-1) - (0))
=-1
Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor p is
—e JAdz

— ef—lda:

I

The result of integrating gives

p=e

=€

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

M =uM
=e “(—za —y)
= —e *(za+y)
And

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M+NY g
dx
dy
Az -2\ =4 _
(—e*(za+y)) + (e )dx
The following equations are now set up to solve for the function ¢(z,y)
op —
— =M 1
e (1)
oo —
=N 2
o &)
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Integrating (1) w.r.t. z gives

%dw = /de
or

op . e
gdx—/—e (za+y)de

¢=(za+a+y)e™ + f(y) (3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

0o _w
=e

oy + f'(v) (4)

But equation (2) says that g—‘z = e~*. Therefore equation (4) becomes
e " =e"+ f(y) (5)
Solving equation (5) for f’(y) gives
f'y) =0
Therefore
fly)=a
Where ¢; is constant of integration. Substituting this result for f(y) into equation (3)

gives ¢
p=(ra+a+y)e*+acr

But since ¢ itself is a constant function, then let ¢ = c; where ¢ is new constant and
combining ¢; and ¢y constants into new constant c; gives the solution as

a=(xat+a+y)e”

The solution becomes

y=—(zae " +ae ™ —¢)e€”

Summary
The solution(s) found are the following

y=—(zae " +ae ™ —c)e€” (1)
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Verification of solutions

x T

y=—(zae®+ae ™ —q)e

Verified OK.

1.7.4 Maple step by step solution

Let’s solve
Yy —y=1zxa
° Highest derivative means the order of the ODE is 1

/

Yy
° Isolate the derivative
Yy =mzaty

° Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE
Y —y=za
° The ODE is linear; multiply by an integrating factor u(x)
u(z) (v —y) = p(z) za
o Assume the lhs of the ODE is the total derivative & (u(z) y)
wz) (v —y) = w(x)y + p(z)y
e  Isolate p/(x)
w(z) = —p(z)
° Solve to find the integrating factor

T

pu(z) =e”

° Integrate both sides with respect to x

J (L (u(z)y)) de = [ p(z) zadz + ¢
° Evaluate the integral on the lhs

wz)y = [ u(e)zade + e,

° Solve for y

_ [ u(@)zadz+ecr
Yy=""uw

o Substitute u(z) = e™*

__ [mae %dztcy

y —
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° Evaluate the integrals on the rhs

y= —(1+wgg:*z+q
° Simplify

y=—a(l+z)+ ci€”

Maple trace

"Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful"

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 15

Ldsolve(diff(y(x),x)=a*x+y(x),y(x), singsol=all)

y(x) =c1e® —a(z+1)

v/ Solution by Mathematica
Time used: 0.03 (sec). Leaf size: 18

LDSolve [y' [x]==a*x+y[x],y[x],x,IncludeSingularSolutions -> Truel

y(x) = —a(x + 1) + c1€°
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1.8 problem 8

1.8.1 Solving aslinearode . . . . . .. . ... ... ... ... .. 38
1.8.2 Solving as first order ode lie symmetry lookup ode . .. .. .. 391
1.8.3 Solvingasexactode . .. ... .. ... ... .......... 42
1.8.4 Maple step by step solution . . . . ... ... ... .. ..... 461

Internal problem ID [7324]
Internal file name [OUTPUT/6305_Sunday_June_05_2022_04_39_19_PM_55719783/index.tex|

Book: First order enumerated odes
Section: section 1

Problem number: 8.

ODE order: 1.

ODE degree: 1.

nn

The type(s) of ODE detected by this program : "linear", "exactWithIntegrationFac-
tor", "first_ order_ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[[_linear, “class A~]]

y —by=za

1.8.1 Solving as linear ode

Entering Linear first order ODE solver. In canonical form a linear first order is

Y +p(z)y = q(z)

Where here
p(z) = —b
q(z) = za
Hence the ode is
y —by=za
The integrating factor u is
= el ~bde
— g—ab
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The ode becomes
d
35 W) = (u) (za)

%(e_“by) = (e_“b) (za)
d(e_”’by) = (a:a e_“b) dx

Integrating gives

e %y = / zae ®dz

_ zb+1)ae™®
e Py = L bz + ¢
Dividing both sides by the integrating factor u = e~2° results in
e”(zb+ 1)ae
y=— ( b2 ) 4 1 ewb
which simplifies to
c16%0% — abx — a
Summary
The solution(s) found are the following
_ ce”? —abz —a
Verification of solutions
c1€°%0? — abz — a
Yy= b2

Verified OK.

1.8.2 Solving as first order ode lie symmetry lookup ode

Writing the ode as

v =za+by
Yy =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Nz + W(ﬂy - 5:1:) - w2€y - wzf - Wy"? =0
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The type of this ode is known. It is of type 1inear. Therefore we do not need to solve
the PDE (A), and can just use the lookup table shown below to find £, 7

Table 12: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class

Form I3 n
linear ode vy = f(@)y(z) + g(z) 0 el fde
separable ode vy = f(z) g(y) % 0
quadrature ode Yy = f(x) 0 1
quadrature ode Yy =9(y) 1 0
homogeneous ODEs of | y = f(¥) x Y
Class A
homogeneous ODEs of | 3 = (a4 bz + cy)™ 1 —2
Class C
homogeneous class D | ¢ = £ 4 g(z) F(¥) x? zy

. . z e— J bf(z)dz—h(x) — Jbf(z)de—h(z)

First order special | ' = g(z) M@+ + f(x) e fz)e @)
form ID 1

polynomial type ode

! amzt+bhiyta
Yy az2z+bay—+ca

ai1boz—agbiz—bica+bacy

a1bey—agbiy—aice—azcy

a1ba—aszb1

a1ba—aszb;

Bernoulli ode

Y = f(x)y+g(z)y"

e~/ (=D f@)dzyn

Reduced Riccati

¥ = fi(@)y+ folz)y?

e~ J frdz

The above table shows that

£(x,y) =0
n(z,y) =e

b

(A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _
13 n
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The above comes from the requirements that (5 a% + n%) S(z,y) = 1. Starting with
the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R==x

n
1

S = e_mby

S is found from

Which results in

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

as _ S tw(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) = za+ by

Evaluating all the partial derivatives gives

R, =1
R,=0

S, = —be %y
S, =e

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

ﬁ = zae™ ™
dR

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

iR = Rae

(24)
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The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S. Integrating the above
gives
(Rb+1)ae

S (R) = — b2 + (4)
To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

e ™y = — (b + 2 ae™” + ¢
Which simplifies to
ey = — (b 11)3 ae™” +a
Which gives
(zabe™™ — ;0% + ae™) e
Yy=- b2
Summary

The solution(s) found are the following

xabe ® — ;b + ae~P) et
y=- v +oe?) o)

Verification of solutions

(zabe ™ — c1b* + ae™) ™
Yy=—- b2

Verified OK.

1.8.3 Solving as exact ode
Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

M(w,y)+N(x,y)Z—i=0 (A)

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. x gives

d
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Hence

0p O¢dy
— —_—— T B
Oor Oydx 0 (B)
Comparing (A,B) shows that
o
M
Oz
09
TN
Oy
But since % = % then for the above to be valid, we require that
oM _ 0N
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
;’: gy = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

dy = (za + by) dz
(—za—by)dz+dy =0 (2A)

Comparing (1A) and (2A) shows that

M(z,y) = —za — by
N(z,y)=1

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _oN
oy Oz
Using result found above gives
oM 0
By a—y(—m - by)
=-b
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And

Slnce 7$ , then the ODE is not exact. Since the ODE is not exact, we will try to
find an 1ntegrat1ng factor to make it exact. Let

- (-2)
= 1((=b) = (0))
= —b

Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor p is

p=e [ Adz
—e J —bdz
The result of integrating gives
= e—mb
— e—xb

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

M = uM
= e "(—za — by)
= —e ™(za + by)
And

N = uN
— e—zb(l)

— e—xb

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

T+

dx
b —xb %_
(—e ™ (za +by)) + (e )dx_o
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The following equations are now set up to solve for the function ¢(z,y)

0p —
—gx =M (1)
¢ _w

Integrating (1) w.r.t. = gives
@ dx = / M dx
ox

a¢ _ b
adx—/ e " (za + by) dz

2 —xb
b= (a,bx+blg);2+a)e + ) 3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

¢

G =+ W) @

But equation (2) says that g—Z’ = e, Therefore equation (4) becomes
e—zb — e—xb 4 f/(y) (5)

Solving equation (5) for f'(y) gives
f'ly) =0
Therefore
fy)=a
Where c; is constant of integration. Substituting this result for f(y) into equation (3)

gives ¢

abx + b2y + a) e~ %P
¢=( ég ) +c

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining ¢; and ¢y constants into new constant c; gives the solution as

(abz + b*y + a) e~
b2

C1 =
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The solution becomes

(zabe ™™ — c1b% + ae™) e
y=- b2

Summary
The solution(s) found are the following

zabe ™ — c;b? + ae~t) e?
L v 0

Verification of solutions

(zabe ™™ — c1b% + ae™) e
y=- b2

Verified OK.

1.8.4 Maple step by step solution

Let’s solve
y —by=za
° Highest derivative means the order of the ODE is 1

/

Yy
° Isolate the derivative
y =za+by

° Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE
y — by = zxa
° The ODE is linear; multiply by an integrating factor u(x)
w(x) (v —by) = p(z) za
° Assume the lhs of the ODE is the total derivative %(,u(x) Y)
wz) (v —by) = p'(z)y + p(=)y
° Isolate p/(z)
p(z) = —p(x)b

. Solve to find the integrating factor

p(z) =e ™

° Integrate both sides with respect to x
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[ (E(u(z)y)) de = [ p(z) zadz + c1

° Evaluate the integral on the lhs

p@)y = [ p()zads + ¢

° Solve for y
| p(z)zadz+c1
V="

o Substitute p(z) = e~

_ [zae*bdz+cy

y —
° Evaluate the integrals on the rhs
_ _(zb+1£;e_zb ter
Y= ——=
° Simplify
y = actJabn=a

Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful’

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 26

-

Ldsolve(diff(y(x),x)=a*x+b*y(x),y(x), singsol=all)

-/

ecb? —azb—a

y(z) = 7
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v/ Solution by Mathematica
Time used: 0.054 (sec). Leaf size: 25

kDSolve [y' [x]==a*x+b*y[x],y[x],x,IncludeSingularSolutions -> True]

b
y(z) — _aa;)# + c e
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1.9 problem 9
1.9.1 Solving as quadratureode . . . . . .. ... ... ... ... 49|
1.9.2 Maple step by step solution . . . . . ... ... ... ... ... 50!

Internal problem ID [7325]
Internal file name [OUTPUT/6306_Sunday_June_05_2022_04_39_22_PM_77223765/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 9.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"

Maple gives the following as the ode type

[_quadrature]

y—y=0

1.9.1 Solving as quadrature ode

Integrating both sides gives

/ldy=x—|—cl
)
In (y

)=zxz+4+c
y — e:c—i—cl
y = ce”
Summary
The solution(s) found are the following
y = cie (1)
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Figure 4: Slope field plot

Verification of solutions

y =ce”
Verified OK.

1.9.2 Maple step by step solution

Let’s solve
y—y=0
° Highest derivative means the order of the ODE is 1

/

Y
° Separate variables
¥ 1
y
° Integrate both sides with respect to x

f%dz’:fldx—l—cl

° Evaluate integral
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In(y)=z+ac
° Solve for y

y — em—i—cl

Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 8

Ldsolve(diff(y(x),x)=y(x),y(x), singsol=all)

y(x) = c1€”

v/ Solution by Mathematica
Time used: 0.022 (sec). Leaf size: 16

LDSolve[y'[x]==y[x],y[x],x,IncludeSingularSolutions -> True]

y(z) = c1€”
y(z) =0
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1.10 problem 10
1.10.1 Solving as quadratureode . . . . . . ... ... ... .. .... 2]
1.10.2 Maple step by step solution . . . . . ... ... ... .. ... 58]

Internal problem ID [7326]
Internal file name [OUTPUT/6307_Sunday_June_05_2022_04_39_24_PM_88182402/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 10.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

Yy —by=0

1.10.1 Solving as quadrature ode

1
“dy= [ d
/byy/x

Integrating both sides gives

In éy) =T+
Raising both side to exponential gives

e _ ata
Which simplifies to

y% = c9€”

Summary
The solution(s) found are the following

y = (cz¢")" (1)
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Verification of solutions

Verified OK.

y = (c2e”)’

1.10.2 Maple step by step solution

Maple trace

Let’s solve
y—by=0
Highest derivative means the order of the ODE is 1

/

Y
Separate variables

v
"=

Integrate both sides with respect to x
JLdz = [bdz +c,

Evaluate integral

In(y) =2b+ 1

Solve for y

y= exb—i—cl

"Methods for first order ODEs:
--- Trying classification methods ---

trying a quadrature

trying 1st order linear

<- 1st order linear successful"
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v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 10

Ldsolve(diff(y(x),x)=b*y(x),y(x), singsol=all)

y(x) = e?cy

v/ Solution by Mathematica
Time used: 0.03 (sec). Leaf size: 18

LDSolve [y' [x]==b*y[x],y[x],x,IncludeSingularSolutions -> True]

y(x) — c1e”
y(z) — 0
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1.11 problem 11
1.11.1 Solving asriccatiode . . . . . . . . .. ... ... ... ... 5ol

Internal problem ID [7327]
Internal file name [OUTPUT/6308_Sunday_June_05_2022_04_39_26_PM_47091222/index . tex]

Book: First order enumerated odes
Section: section 1

Problem number: 11.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type

[[_Riccati, _specialll]

Y — by’ = za
1.11.1 Solving as riccati ode
In canonical form the ODE is
y = F(z,y)
=by’+2a

This is a Riccati ODE. Comparing the ODE to solve
Yy =by® +za
With Riccati ODE standard form

y' = folz) + fi(z)y + fo(z)y?

Shows that fo(z) = za, fi(z) =0 and fo(z) = b. Let

_u’

B f2u

= T (1)

Y

%)



Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(z) which is

fou"(x) = (fo + fufa) W' (z) + f5 fou(z) = 0 (2)
But
fa=0
fifa=0
f22f0 = b’za

Substituting the above terms back in equation (2) gives
b’ (x) + b*zau(z) =0

Solving the above ODE (this ode solved using Maple, not this program), gives

ol

u(z) = c1 AiryAi (—(ab) zc) + co AiryBi (—(ab)% x>

The above shows that

u'(z) = (— AiryAi (1, —(ab)% a:) ¢; — AiryBi (1, —(ab)% x) cz> (ab)

W=

Using the above in (1) gives the solution

(— AiryAi (1, —(ab)% x) c; — AiryBi (1, —(ab)% x) Cz) (ab)%
b (Cl AiryAi <— (ab)* w) + ¢ AiryBi <_ (ab)? x))

Yy=-

Dividing both numerator and denominator by c; gives, after renaming the constant
£ = ¢3 the following solution

C1

(AiryAi (1,~(ab)* @) ¢ + AiryBi (1, ~ (ab)* ) ) (ab)?
b (03 AiryAi (— (ab)% x) + AiryBi (— (ab)% x))

Summary
The solution(s) found are the following

(All‘yAl (1 —(ab)3 x) c3 + AiryBi (1 —(ab) S ) ab)%

b (Cg AiryAi (— (ab)§ x) + AiryBi ( (ab)% a:))

y = (1)
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Verification of solutions

(AiryAi (1, —(ab)? x) ¢s + AiryBi (1, —(ab)? x)) (ab)?
b ((:3 AiryAi (— (ab)% a:) + AiryBi (— (ab)% x))

Verified OK.
Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries
trying Riccati

trying Riccati Special

<- Riccati Special successful”

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 59

|dsolve(diff (y(x),x)=a*x+b*y(x)"2,y(x), singsol=all)

(ab)% <AiryAi <1, —(ab)% x) ¢ + AiryBi (1, —(ab)% x))

yo)=— (c1 AiryAi (~ (ab)* z) + AiryBi (— (ab)* ) )
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v/ Solution by Mathematica
Time used: 0.163 (sec). Leaf size: 331

kDSolve [y' [x]==a*x+b*y[x]~2,y[x],x,IncludeSingularSolutions -> True] J

y(x)
Va/bz/? (—2 BesselJ (—%, %ﬁ\/l_)x3/2> +c (BesselJ (%, %ﬁ\/Ex3/2> — BesselJ (—%, %ﬁ\/l_):c3/2>
% /

2bx (BesselJ (%, g\/ax/l_)ﬁ’/?) + ¢; BesselJ <_%, %ﬁﬁﬁﬂ))

y(z) —

\/aV/bz?/? Bessel] (—‘—;, %ﬁ\/gx:w) — /a\/bz?/? BesselJ (%, g\/a\/z?x3/2> + BesselJ (—%, 2\/av/ba
2bz BesselJ (—1 2\/6\/5333/2)

3’3
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1.12 problem 12

1.12.1 Solving as quadratureode . . . . . . ... ... ... .. .... HOl
1.12.2 Maple step by step solution . . . . . ... ... ... ...... 601

Internal problem ID [7328]
Internal file name [OUTPUT/6309_Sunday_June_05_2022_04_39_29_PM_10393416/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 12.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

y'c=0

1.12.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

|
o
S

Summary
The solution(s) found are the following

y==a (1)
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Figure 5: Slope field plot

Verification of solutions

Verified OK.

1.12.2 Maple step by step solution

Let’s solve
yc=0
° Highest derivative means the order of the ODE is 1

/

Yy
° Integrate both sides with respect to x
[y'cdz = [0dz + ¢
° Evaluate integral
cy=c
° Solve for y
y="7
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Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 5

Ldsolve(c*diff(y(x),x)=0,y(x), singsol=all)

y() =a

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 7

LDSolve[c*y'[x]== ,y[x],x,IncludeSingularSolutions -> True]

y(z) = a
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1.13 problem 13

1.13.1 Solving as quadratureode . . . . . . ... ... ... .. .... 62]
1.13.2 Maple step by step solution . . . . . .. ... ... ... .... 631

Internal problem ID [7329]
Internal file name [OUTPUT/6310_Sunday_June_05_2022_04_39_31_PM_47734585/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 13.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

yc=a

1.13.1 Solving as quadrature ode

y=/gdx
c

Integrating both sides gives

za
= — + Cl
c
Summary
The solution(s) found are the following
za
y=—+q0 (1)
Verification of solutions
za
y=-—-+ta

Verified OK.
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1.13.2 Maple step by step solution

Let’s solve
yYc=a
° Highest derivative means the order of the ODE is 1

/

Yy

° Integrate both sides with respect to x
[ycdz = [adz + ¢

° Evaluate integral

cYy = xa+ ¢

° Solve for y
y = a:a—ci—cl

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.015 (sec). Leaf size: 12

Ldsolve(c*diff(y(x),x)=a,y(x), singsol=all)

axr
y(z) = o +c

v Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 14

LDSolve[c*y'[x]==a,y[x],x,IncludeSingularSolutions -> True]

y(x) — ~ + ¢
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1.14 problem 14
1.14.1 Solving as quadratureode . . . . . . ... ... ... .. .... 64
1.14.2 Maple step by step solution . . . . . ... ... ... ...... 651

Internal problem ID [7330]
Internal file name [OUTPUT/6311_Sunday_June_05_2022_04_39_32_PM_74264084/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 14.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

y'c=za

1.14.1 Solving as quadrature ode

Integrating both sides gives

z’a
=—+c
2c !
Summary
The solution(s) found are the following
r’a
Y= 90 +c (1)
Verification of solutions
z’a N
=—+c
Y % 1

Verified OK.
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1.14.2 Maple step by step solution

Let’s solve

yc=za

° Highest derivative means the order of the ODE is 1

/

Y

° Integrate both sides with respect to x
[ycdz = [ zadz + ¢;
° Evaluate integral

2
— ax
cy == +ca

° Solve for y
2
y= ax 240—201

Maple trace

“Methods for first order ODEs:
‘——— Trying classification methods ---

‘trying a quadrature
‘<— quadrature successful”

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 15

Ldsolve(c*diff(y(x),x)=a*x,y(x), singsol=all)

2

y(x) = % +01

v Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 19

-

LDSolve[c*y'[x]==a*x,y[x],x,IncludeSingularSolutions -> True]

-/

azr?

2 +C

y(z) —
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1.15 problem 15

1.15.1 Solving aslinearode . . . . . .. . .. ... ... ... ... . 66!
1.15.2 Solving as first order ode lie symmetry lookup ode . . . .. .. 68}
1.15.3 Solvingasexactode . . ... ... ... ... ... ..., [71]
1.15.4 Maple step by step solution . . . . . ... ... ... ... ... [74

Internal problem ID [7331]
Internal file name [OUTPUT/6312_Sunday_June_05_2022_04_39_34_PM_10323726/index.tex|

Book: First order enumerated odes
Section: section 1

Problem number: 15.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "linear", "exactWithIntegrationFac-
tor", "first_ order_ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[[_linear, ~class A"]]

yc—y=rzxa

1.15.1 Solving as linear ode

Entering Linear first order ODE solver. In canonical form a linear first order is

Y +p(z)y = q(z)

Where here
1
p(z) = e
za
q(z) = C
Hence the ode is
, Y _za
Yy ——=—
c c
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The integrating factor u is

The ode becomes

Integrating gives

e cy=—(c+x)ae c +c

Dividing both sides by the integrating factor ;1 = e~ < results in

y=—ec(c+x)ae s +clec
which simplifies to

y=—a(c+z)+cee

Summary
The solution(s) found are the following

z
c

y=—a(c+z)+ce

Verification of solutions

y = —a(c+ )+ cree

Verified OK.
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1.15.2 Solving as first order ode lie symmetry lookup ode

Writing the ode as

y, _ xra +y
C
Y =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Nz + w(ny - gx) - wzé.y - wx§ - wy'r] =0

(A)

The type of this ode is known. It is of type linear. Therefore we do not need to solve
the PDE (A), and can just use the lookup table shown below to find £,

Table 20: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n
linear ode Yy = f(@)y(z) + g(z) 0 el fde
separable ode vy = f(z) g(y) % 0
quadrature ode Yy = f(z) 0 1
quadrature ode Yy =9(y) 1 0
homogeneous ODEs of | y/ = f (%) z Y
Class A
homogeneous ODEs of | 3 = (a4 bz + cy)™ 1 —2
Class C
homogeneous class D | ¢ = £ 4 g(z) F(¥) z? zy

. . /I h(xz)+b e— Jbf(z)dz—h(z) f(z)e_ [bf(z)dz—h(z)
First order special | ' = g(z) M@+ + f(z) ——m @)
form ID 1

polynomial type ode

/ — smzt+bhiyta
Yy az2z+bay+ca

a1basr—aobix—bica+bacy

a1bey—agbiy—aice—azcy

a1ba—azb;

ai1ba—azby

Bernoulli ode

Y = f(x)y+g(z)y"

e~ f(n—l)f(z)dwyn

Reduced Riccati

Y = fil@)y+ folz)y?

e~ J frdz
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The above table shows that
£(z,y) =0
n(z,y) =e

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

z
c

(A1)

The characteristic pde which is used to find the canonical coordinates is
dr dy
& n

The above comes from the requirements that <§ a% + n%) S(z,y) = 1. Starting with

ds (1)

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R==x

52/1@
n
_ 1

—/ =dy
ec

S = e_%y

S is found from

Which results in

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating
ﬁ _ Sz + w(z,y)S, (2)
dR R, +w(z,y)R,
Where in the above R,, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

ra+y
w(z,y) =
c
Evaluating all the partial derivatives gives
R, =1
Ry=0
Sp=—""Y
c
Sy = e e
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Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

ﬁ B Tae ¢
dR ¢

(24)

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

ﬁ B Rae ©
dR c

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S. Integrating the above
gives

S(R)=—(R+c)ae < +¢ (4)

To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

x

e cy=—(ct+z)ae s +c
Which simplifies to
(alc+z)+y)e e —c; =0
Which gives
Y= —(ae_%c+ rae e — cl) ec

Summary
The solution(s) found are the following

y= —(ae_%c+ zae ¢ — cl) ec (1)

Verification of solutions

Y= —(ae_%c+xae_% — cl) ee

Verified OK.
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1.15.3 Solving as exact ode
Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

M(z,) + N(z,) 2 =0 ()

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

d
Hence 96 06d
Y
— —_—— T B
or + Oy dx 0 (B)
Comparing (A,B) shows that
09
9 M
09
TN
Oy
But since a‘fgy = aa: g; then for the above to be valid, we require that
oM  ON
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
g: g’y = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

(c)dy = (za +y)dz
(—za —y)dz+(c)dy =0 (2A)

Comparing (1A) and (2A) shows that
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The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _oN
oy Oz
Using result found above gives
oM_ 0
dy Oy Y
=-1
And
ON 0
o~ 5
=0

Since %—A; # %—JZ, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

. <8M 8N)

~ N\oy Oz

Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor p is

p=e JAdz
—e J —% dz

The result of integrating gives

=
Il
ml
o8 o8

|
)

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

M = uM
= e (~za—y)
= —eF(sa+y)
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And
N =uN

e

o8

c)

_z
c

ce

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is
M + N _ 0
dz

(—e_%(xa -I-y)) + (ce_%) % =0

The following equations are now set up to solve for the function ¢(z,y)

0p  —
¢ _w

Integrating (1) w.r.t. z gives
% dx = / M dx
ox

op . =
£dx—/—e (za+y)dx

¢ = (alc+2) +y)e cc+ f(y) (3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and

y. Taking derivative of equation (3) w.r.t y gives

0 z
5 = e+ 1) @)

But equation (2) says that g—‘z = ce~ <. Therefore equation (4) becomes

ce e =ce c + f'(y)

Solving equation (5) for f'(y) gives
flly)=0
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Therefore
fy)=a
Where c; is constant of integration. Substituting this result for f(y) into equation (3)
gives ¢
o= (alc+z)+y)e ccta

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining c¢; and ¢, constants into new constant c; gives the solution as

¢ = (alc+x)+y)e ec

The solution becomes

_z 2 _z z
(e cac”+e cacw—cl)ec

y=-
c

Summary
The solution(s) found are the following

_z 2 _z z
(e cac’ +e cacx—cl)ec

y=— - (1)

Verification of solutions

(e cac* +e cacz — ;) e-

y=-
C

Verified OK.

1.15.4 Maple step by step solution

Let’s solve
yc—y=za

° Highest derivative means the order of the ODE is 1

/

Y
° Isolate the derivative
yl — Yy + za
C C

° Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE

I _ Y — za
Y c c
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° The ODE is linear; multiply by an integrating factor u(x)
W) (y —¥) = o

o Assume the lhs of the ODE is the total derivative - (u(z)y)
p) (y' =) =p(@)y+p@)y

e  Isolate p/(x)

pl(z) = -

° Solve to find the integrating factor
pz) =e<

° Integrate both sides with respect to x
[ () )) dz = [ "2z 4 ¢,

° Evaluate the integral on the lhs
plz)y = [ #0224z 4 ¢,

° Solve for y

_ 7”(mc)mdx+cl
V="

o Substitute u(z) = e ¢

-z
J‘ zaec c dw-‘rCl
e

y="—=

° Evaluate the integrals on the rhs
Y= _—(C+$Z¢i%_%+cl

° Simplify

y = —a(c+ 1)+ ce-

Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful’

75



v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 19

Ldsolve(c*diff(y(x),x)=a*x+y(x),y(x), singsol=all)

y(z) = ecc; — alc+ )

v/ Solution by Mathematica
Time used: 0.05 (sec). Leaf size: 22

LDSolve [c*xy' [x]==axx+y[x],y[x],x,IncludeSingularSolutions -> True]

y(z) = —a(c+z) + cree
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1.16 problem 16

1.16.1 Solving aslinearode . . . . . .. ... ... ... ... ... . (77
1.16.2 Solving as first order ode lie symmetry lookup ode . .. .. .. 79]
1.16.3 Solvingasexactode . . ... ... .. ... ... ........ 821
1.16.4 Maple step by step solution . . . . . ... .. .. ... ... .. 801

Internal problem ID [7332]
Internal file name [OUTPUT/6313_Sunday_June_05_2022_04_39_36_PM_41636995/index.tex|

Book: First order enumerated odes
Section: section 1

Problem number: 16.

ODE order: 1.

ODE degree: 1.

nn

The type(s) of ODE detected by this program : "linear", "exactWithIntegrationFac-
tor", "first_ order_ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[[_linear, ~class A"]]

y'ce—by = za

1.16.1 Solving as linear ode

Entering Linear first order ODE solver. In canonical form a linear first order is

Y +p(z)y = q(z)

Where here
b
p(z) = ;az
q(z) = C
Hence the ode is
by _ma
c c
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The integrating factor u is

The ode becomes

Integrating gives

b (zb+c)ae ¢

e_szz — b2 +c

Dividing both sides by the integrating factor u = e~'¢ results in

e (zb+c)ae™ e

bz
y:— b2 clec

which simplifies to

crecb? — a(zb + c)

Summary
The solution(s) found are the following

crecb? — a(zb + c)
Y= b2

Verification of solutions

cre'eb? — a(zb + c)

Verified OK.
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1.16.2 Solving as first order ode lie symmetry lookup ode

Writing the ode as

, za+by
y =

c
Yy =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Ne +w(ny — &) — w2§y —wz§ —wyn =0 (A)

The type of this ode is known. It is of type linear. Therefore we do not need to solve
the PDE (A), and can just use the lookup table shown below to find £,

Table 23: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n

linear ode v = f(2)y(z) + g(x) 0 el fdz

separable ode Yy = f(x)g(y) % 0

quadrature ode Yy = f(x) 0 1

quadrature ode Yy =9(y) 1 0

homogeneous ODEs of | y = f(¥) x Y

Class A

homogeneous ODEs of | ¥ = (a + bz + cy)ﬁ 1 —(—IZ

Class C

homogeneous class D | ¥ = £ + g(z) F (%) x? zy

First order special | ' = g(x) eh@)+by 4 f(z) e_fbf;?:;z_h(z) fee f;g;)dm—h(z)
form ID 1

polynomil ype ode | ¥ = Stbeze D
Bernoulli ode y = f(z)y+g(x)y™ 0 e~ /(=D f(@)dzyn
Reduced Riccati v = filz)y+ folx)y? |0 e~/ fide
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The above table shows that

(A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) = (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _ dy _

F=y =48 1)

The above comes from the requirements that <§ a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R==x

n
1
ec

S = e_szy

S is found from

Which results in

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

ﬁ _ Szt w(z,y)Sy (2)
dR R, +w(z,y)R,

Where in the above R,, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

za + by
w(z,y) = —
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Evaluating all the partial derivatives gives

R,=1

R,=0

g :_be_b%y
e c

Sy:e_b%

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
ds _ za e
dR ¢

We now need to express the RHS as function of R only. This is done by solving for z,y

in terms of R, S from the result obtained earlier and simplifying. This gives

(24)

bR

dS Rae ¢

dR~ ¢
The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S. Integrating the above
gives

bR+ c)ae ¢
s(ry = -URHAICE (@
To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

bx
_be (xb+c)ae <
e cy=-— b2 +c
Which simplifies to
bx
_ba xb+c)ae ¢
e ¢ Y= —( b)2 +c

Which gives

(xabe_b?z tae Fc— clb2> e
y=—- b2

Summary
The solution(s) found are the following

<xabe_b?z tae Fc— clb2> es
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Verification of solutions

(xabe_b% tae Fc— clb2> e
y=—- b2

Verified OK.

1.16.3 Solving as exact ode
Entering Exact first order ODE solver. (Form one type)
To solve an ode of the form

dy
x
We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the

ode. Taking derivative of ¢ w.r.t. z gives

d
Hence 06 06d
Yy _
Oox + oydr 0 (B)

Comparing (A,B) shows that

0p

P M

99

TN

Oy

But since % = % then for the above to be valid, we require that

OM ON

By Or
If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(z,y) but at least we know now that we can do that since the condition
;j gy = Zf: 5’; is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
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Therefore

(c)dy = (za + by) dz
(—za —by)dz+(c)dy =0 (2A)

Comparing (1A) and (2A) shows that

M(z,y) = —za — by
N(z,y)=c

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ oN
oy  Ox
Using result found above gives
oM 0
By 8_y(_m — by)
=-b
And
ON 0
o~ os°
=0

Since %i: # %—IZ, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

4] (aM aN)

~ N\dy Oz
1

= (-8 - (0)

Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor p is

:efAdx

_ ef—%dx
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The result of integrating gives

M:e c
:e?

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

M =uM

bx

=e ¢ (—za — by)
= e (za + by)

And

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M+N%=0
dz

<—e_67z(a:a+by)> + <ce_b7z> ﬁ =0

The following equations are now set up to solve for the function ¢(z,y)

0p

Integrating (1) w.r.t. = gives

%dx: /de
or

oo . _bz
adx—/—e (za + by) dz

R e L ®
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Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

0 be
o= £ W) @)

But equation (2) says that g—‘f; — ce™ . Therefore equation (4) becomes

bz

ce ¢ = ce‘sz + f’(y) (5)

Solving equation (5) for f'(y) gives
f'ly)=0
Therefore
fy) =a
Where c; is constant of integration. Substituting this result for f(y) into equation (3)
gives ¢

c(abz + b2y + ac)e™ <
¢ = B2

&1

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining c¢; and c; constants into new constant c; gives the solution as

bz

c(abz + b*y +ac)e” <
C1 = b2

The solution becomes

bx bx bz
(e‘?abcw +e cac®— c1b2> ec

b2c

Yy=-

Summary
The solution(s) found are the following

be _be be
(e_ cabcx +e cac®— clb2) ec

Yy=- b2c (1)

Verification of solutions

bz bx bx
(e‘?abcw +e cac®— clb2> ec

b2c

Yy=-

Verified OK.

85



1.16.4 Maple step by step solution

Let’s solve
y'c—by =za
° Highest derivative means the order of the ODE is 1

/

Yy
° Isolate the derivative
y =2+

° Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE

I _ by _ za
Y c ¢

° The ODE is linear; multiply by an integrating factor u(x)
uiz) (y = %) = e

o Assume the lhs of the ODE is the total derivative - (u(z) y)
we) (v =) = p(@)y + plz)y

o Isolate ()

1 (z) = _u(:)b
° Solve to find the integrating factor
_bz
p(z) =e
. Integrate both sides with respect to x

[ (L(u(@)y) dz = [ 2224z + ¢

° Evaluate the integral on the lhs
p)y=[ @dw +a

° Solve for y
) 7“(mc)mdw+c1
Y="ww

e  Substitute u(z) = e~

_bzx
2L dztc,

Yy= iz
e ¢
° Evaluate the integrals on the rhs
b
_ (mb+clae c +e1
Y= —""T8=
e c
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° Simplify

c1ebTac b2 —a(zb+c)

Y= 52

Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 29

Ldsolve(c*diff(y(x),x)=a*x+b*y(x),y(x), singsol=all)

bx
eccib® —albx+c
y(o) = — b2( )

v Solution by Mathematica
Time used: 0.055 (sec). Leaf size: 28

LDSolve[c*y'[x]==a*x+b*y[x],y[x],x,IncludeSingularSolutions -> Truel

a(bx +c b
y(x) — —% + et
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1.17 problem 17

1.17.1 Solving as quadratureode . . . . . . ... ... ... .. .... 8]
1.17.2 Maple step by step solution . . . . .. ... ... ... ..... 89

Internal problem ID [7333]
Internal file name [OUTPUT/6314_Sunday_June_05_2022_04_39_37_PM_13778214/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 17.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature
Maple gives the following as the ode type

[_quadrature]

yc—y=0

1.17.1 Solving as quadrature ode

/dy—/dx

cn(y)=z+ac1

Integrating both sides gives

Raising both side to exponential gives

ecln(y) — eac+cl
Which simplifies to
yc = cye”
Summary
The solution(s) found are the following
1
Yy = (ce”) (1)
Verification of solutions
1
y = (ce”)

Verified OK.
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1.17.2 Maple step by step solution

Maple trace

Let’s solve
Yec—y=0
Highest derivative means the order of the ODE is 1

Yy

Separate variables
Yy 1

Y c

Integrate both sides with respect to x
f%’dx:f%dw—i-cl

Evaluate integral

In(y)=2+c

Solve for y

cictz

y:e c

“Methods for first order ODEs:
--- Trying classification methods ---

trying a quadrature

trying 1st order linear

<- 1st order linear successful"
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v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 12

Ldsolve(c*diff(y(x),x)=y(x),y(x), singsol=all)

y(z) = eccy

v/ Solution by Mathematica
Time used: 0.023 (sec). Leaf size: 20

LDSolve [cxy' [x]==y[x],y[x],x,IncludeSingularSolutions -> True]

y(x) — clec
y(z) =0
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1.18 problem 18
1.18.1 Solving as quadratureode . . . . . . ... ... ... .. .... OT]
1.18.2 Maple step by step solution . . . . .. ... ... ... ..... 92]

Internal problem ID [7334]
Internal file name [OUTPUT/6315_Sunday_June_05_2022_04_39_39_PM_83415849/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 18.
ODE order: 1.
ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

ye—by=0

1.18.1 Solving as quadrature ode

C
“dy= [ d
/byy/x

cln (y)
b

Integrating both sides gives

=+

Raising both side to exponential gives

In(y)
oW 2y

Which simplifies to

Summary
The solution(s) found are the following

y = (cre”)? (1)
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Verification of solutions

Verified OK.

b
y = (coe”)e

1.18.2 Maple step by step solution

Maple trace

Let’s solve

yec—by=0

Highest derivative means the order of the ODE is 1
y/

Separate variables

¥ _b

y  c

Integrate both sides with respect to x
f%dmsz—jdx—i—cl
Evaluate integral

1n(y)=%"”+cl

Solve for y
cictzb
y = e c

“Methods for first order ODEs:
--- Trying classification methods ---

trying a quadrature

trying 1st order linear

<- 1st order linear successful"
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v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 13

Ldsolve(c*diff(y(x),x)=b*y(x),y(x), singsol=all)

ylx)=ecy

v/ Solution by Mathematica
Time used: 0.025 (sec). Leaf size: 21

LDSolve [cxy' [x]==b*y[x],y[x],x,IncludeSingularSolutions -> Truel

y(x) — clesz
y(z) =0
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1.19 problem 19
1.19.1 Solving asriccatiode . . . . . .. ... ... ... ... .. 94

Internal problem ID [7335]
Internal file name [OUTPUT/6316_Sunday_June_05_2022_04_39_41_PM_32606779/index . tex]

Book: First order enumerated odes
Section: section 1

Problem number: 19.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type

[[_Riccati, _specialll]

y'c—by’ =za
1.19.1 Solving as riccati ode
In canonical form the ODE is
y =F(z,y)
by’ +za
B c

This is a Riccati ODE. Comparing the ODE to solve

by? za
ylzi_'__
c c

With Riccati ODE standard form

y' = fo(z) + fi(z)y + fa(z)y®

Shows that fo(z) = 22, fi(z) =0 and fy(z) = 2. Let
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(z) which is

fou"(z) — (fo + fufe) w'(2) + f3 fou(z) = 0 (2)
But
fa=0
fifa=0
0 b’zra
fifo= 3

Substituting the above terms back in equation (2) gives

b'(z) bPzau(z)

c c =0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(z) = ¢ AiryAi <— (a_Qb) ) x) + ¢ AiryBi (— (a_zb) ) :c)
c c

The above shows that

o (z) = (_ AiryBi (1, - (“—f) 3 x) ¢ — AiryAi (1, - (%’) ’ x) Cl) (%’) 3
C 15 ¢

Using the above in (1) gives the solution

(— AiryBi (1,—(2)* 2) &2 — AiryAi (1,—(2) 2) 1) ()"
- b (cl AiryAi (— (‘C’—é’)% m) + co AiryBi <— (3—3)% x))

Dividing both numerator and denominator by c; gives, after renaming the constant
2 = c3 the following solution

(AiryAi (1, —(2—3)% x> cs + AiryBi (1, —(‘c‘—é’)% w)) (2—3)% c
b (s AiryAi (— (%) z) + AiryBi (- (%) 2) )

y:
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Summary
The solution(s) found are the following

<AiryAi <1, —(2—2)% x) cs + AiryBi (1, —(‘c‘—;’,’)% w)) (2—3)% c
b (s AiryAi (— (%) z) + AiryBi (- (2)7 2) )

Verification of solutions

(1)

y:

(AiryAi (1,—(%)7 ) cs + AiryBi (1,— (%) ) ) (2)* e
b <03 AiryAi (— (‘c‘—f)% :c) + AiryBi <— (Z—g)% x))

y:

Verified OK.
Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries
trying Riccati

trying Riccati Special

<- Riccati Special successful’

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 75

Ldsolve(c*diff(y(x),x)=a*x+b*y(x)‘2,y(x), singsol=all)

(g—‘;)% (AiryAi (1, —(‘c’—g)% a:) c1 + AiryBi <1, —(b—Q)% x)) c
b (e AiryAi (— (%) z) + AiryBi (- (&) 2) )

y(z) =

wie| &
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v/ Solution by Mathematica
Time used: 0.21 (sec). Leaf size: 628

kDSolve [cxy' [x]==a*x+b*y[x] ~2,y[x],x,IncludeSingularSolutions -> True] J

y(z)

2bz (BesselJ <3, 3ffx3/2> + ¢; Bessel] (—%,% Ve by

_>

y(z) =
c<x3/2\/§\/§BesselJ (—%,% Ve 3/2> 3/2\/_\/>BesselJ (3, 3\/_\/; 3/2) + BesselJ <—% 2

Vi
2bz BesselJ ( 3 3\/_ \[ x3/2>
\[

c 3/2> 3/2\/_\/>BesselJ (3’ 3\/_\/; 3/2) + BesselJ <—% 2
2bz BesselJ ( 3 3\/— \[ x3/2>

y(z) -

c<x3/2\/§\/§BesselJ (—%,% Ve
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1.20 problem 20

1.20.1 Solving asriccatiode. . . . . .. . . ... ... ... ... O8]

Internal problem ID [7336]
Internal file name [OUTPUT/6317_Sunday_June_05_2022_04_39_43_PM_56669206/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 20.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type

[[_Riccati, _speciall]

b2
y/c_@:

0

1.20.1 Solving as riccati ode

In canonical form the ODE is

y =F(z,y)
by’ +za
T re
This is a Riccati ODE. Comparing the ODE to solve

,=b_y2+a:a

re re
With Riccati ODE standard form

y' = fo(z) + fr(z)y + fa(z)y®
Shows that fo(z) = 22, fi(z) =0 and fy(z) = 2. Let

_ru’

v= f2u
== (1)

cr
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(z) which is

fou" (@) — (fy + fifz) ' () + f3 fou(z) = 0 (2)
But
fs=0
fif2=0
0 b’zra
fifo= 313

Substituting the above terms back in equation (2) gives

b'(z) bPzau(z)

cr c3r3

=0
Solving the above ODE (this ode solved using Maple, not this program), gives
1

A ab \3 . ab \?
u(z) = ¢ AiryAi (— <@) ac) + ¢y AiryBi (— (@> 1’)

The above shows that

A ab \ L. ab \ 3 ab \ 3
u'(z) = (— AiryAi (1, —(@> x) ¢ — AiryBi (1, _(W) x) Cz) <@)

Using the above in (1) gives the solution

(— AiryAi (1,—(:£) 7 2) e1 — AiryBi (1,— () 2) &) (;8)F er
y=- 1 T
b (cl AiryAi (— (%) 8 w) + co AiryBi <— (%) 8 93))

Dividing both numerator and denominator by c; gives, after renaming the constant
2 = c3 the following solution

(AiryAi (1, —(%)% x) cs + AiryBi (1, —(T‘QL’C’Z)% z)) (T;"gz)% cr
b(es AiryAi (= (2)° o) + AiryBi (- (:8) =

y:
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Summary
The solution(s) found are the following

(AiryAi (1, —(%)% x) cs + AiryBi (1, —(r‘;zz)% z)) (T‘ngz)% cr
b (s AiryAi (— () o) + AiryBi (- (8) =

Verification of solutions

y:

(AiryAi (1,- ()7 o) cs + AiryBi (1, (;2)
b <03 AiryAi (— (%)% :c) + AiryBi <— (1310’2)% x

[
8
N——
N————
—
3
Nlo
Q.S
N
SN—
W=
Q
ﬁ

y:

Verified OK.
Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries
trying Riccati

trying Riccati Special

<- Riccati Special successful’

v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 91

Ldsolve(c*diff(y(x),x)=(a*x+b*y(x)‘2)/r,y(x), singsol=all)

<ng2)% (AiryAi (1’ _(%)% 37) c1 + AiryBi <1, _<rgzz)% x)) re
b (cr AiryAi (= ()P o) + AiryBi (— () o)

y(z) =
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v/ Solution by Mathematica
Time used: 0.222 (sec). Leaf size: 517

kDSolve [cxy' [x]==(a*x+b*y[x]~2) /r,y[x] ,x,IncludeSingularSolutions -> Truel J

y(z)

N cr (m3/2 \/g\/g(_Z BesselJ <—§, §\/§\/§x3/2> +c <BesselJ <§, %\/g\/gzﬁ/z) — BesselJ (—%, %
2bx (BesselJ (%, %@\/gx:”/?) + ¢; BesselJ (—%,% clr\/

y(z) =
cr <x3/2\/g\/gBesselJ (—‘—;, %@\/gm?’ﬂ) - x3/2\/g\/§ BesselJ (%, g\/g\/gﬁm) + BesselJ
2bx BesselJ (—%, %@\/gxi%/Z)
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1.21 problem 21
1.21.1 Solving asriccatiode . . . . . . . . . ... ... ... 102l

Internal problem ID [7337]
Internal file name [OUTPUT/6318_Sunday_June_05_2022_04_39_45_PM_69908985/index . tex]

Book: First order enumerated odes
Section: section 1

Problem number: 21.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type

[_rational, _Riccatil

b2
o Tat
rx

0

1.21.1 Solving as riccati ode

In canonical form the ODE is

y =F(z,y)
by’ +za
T rzc
This is a Riccati ODE. Comparing the ODE to solve

by, o

rxc rc

With Riccati ODE standard form

Y = fo(z) + fi(z)y + foz)y®

Shows that fo(z) = £, fi(z) =0 and fy(z) = -=. Let

y:
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Using the above substitution in the given ODE results (after some simplification)in a

second order ODE to solve for u(z) which is

fu"(z) = (fz + frfo) W/ (2) + f3 fou(z) =

But
b
[ —
o= cr x?
fif2=0
b%a
f1fo = B3rdg2

Substituting the above terms back in equation (2) gives

bu () N b/ () N b’au(z)

=0
cre cr 2 cAriz?

Solving the above ODE (this ode solved using Maple, not this program), gives

u(z) = ¢, BesselJ ( 2\/_0\/_> + co BesselY ( 2\/_\/_>

rc

The above shows that

(— BesselY <1, 2‘/‘2‘/5) ¢y — BesselJ (1, 2@‘””) c1> Vab

vie) = reyT

Using the above in (1) gives the solution

(_ BesselY (1, M:—bﬁ> cy — BesselJ (1, M%ﬁ) Cl) Vab+/z
b ((c1 Bessel (0, 2/2Y%) 4 ¢, BesselY (0, 2222 ) )

Yy=-

(2)

Dividing both numerator and denominator by c; gives, after renaming the constant

£ = ¢3 the following solution

C1

(BesselJ (1, M) cs + BesselY < Q‘F‘f)> Vab\/z
b <c3 BesselJ <O 2‘F‘[> + BesselY (0, M:—CV”E))

y:
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Summary
The solution(s) found are the following

(BesselJ (1, 2‘/7%‘/‘%) cs + BesselY <1, M%VE)) Vab\/z
b (c;:, BesselJ <O, M) + BesselY (0, M%ﬁ»

y:

rc

Verification of solutions

(BesselJ (1, @) c3 + BesselY <1, M%ﬁ)) Vab\/z
b (Cs BesselJ (0, @) + BesselY (0, 2‘/T%‘/”Z»

y:

Verified OK.
Maple trace

“Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
<- Abel AIR successful: ODE belongs to the OF1 l-parameter (Bessel type) c
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v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 94

Ldsolve(c*diff (y(x) ,x)=(a*x+b¥y(x)~2)/(r*x),y(x), singsol=all) J

\/ 2% cr (BesselY (1 2 ’””“) ¢; + BesselJ ( g;))
b (cl BesselY <O, 24 /%) + BesselJ <0’ 9 %))

v/ Solution by Mathematica
Time used: 0.295 (sec). Leaf size: 207

y(z) =

LDSolve [cxy! [x]==(a*x+b*y[x] ~2) /(r*x),y[x],x,IncludeSingularSolutions -> True]J

\/5\/5<2 BesselY (1 M) + ¢; BesselJ (1, %))
Vb (2 Bessel Y (O 2fff) + ¢1 BesselJ (0 2\/Ef ﬁ)>

Va\/z BesselJ< ZIJI)
/b BesselJ <O, W)

y(z) -

y(z) =
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1.22 problem 22
1.22.1 Solving asriccatiode . . . . . . . . .. ... ... 106

Internal problem ID [7338]
Internal file name [OUTPUT/6319_Sunday_June_05_2022_04_39_48_PM_63185761/index . tex]

Book: First order enumerated odes
Section: section 1

Problem number: 22.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type

[_rational, _Riccatil

b 2
Je— ma+2y —0
rx

1.22.1 Solving as riccati ode

In canonical form the ODE is

y = F(z,y)
by’ +za
T ra2e

This is a Riccati ODE. Comparing the ODE to solve
,_ by a

rx2c rzc

With Riccati ODE standard form

Y = fo(z) + fi(z)y + foz)y®

Shows that fo(z) = -%, fi(z) =0 and fo(z) = -%;. Let

crz?’

y_fzu
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(z) which is

fou" (@) = (f3 + fifa) W' (2) + f3 fou(z) = 0 (2)
But
, 2b
f2= or a3
fif2=0
b2
f2 fo= c3r3i:5

Substituting the above terms back in equation (2) gives

b () N 2o (x) | bPau(z)

cr x2 crz3 cArigd

Solving the above ODE (this ode solved using Maple, not this program), gives

c; BesselJ (

) + co Bessel Y (1, ﬁ)
N

u(z) =

The above shows that

(— BesselY (0, e

) — BesselJ <O, ;7) c ) Vab

T’re

u'(z) =

Using the above in (1) gives the solution

<— BesselY (0, 2;7) — BesselJ ( , 2 f) ) Vab\/z

b (01 BesselJ ( 2?) + ¢ BesselY (1 2‘{;))

y=-

Dividing both numerator and denominator by c; gives, after renaming the constant
E—j = ¢3 the following solution

(BesselJ (0 ?) cs + BesselY < >) Vab\/z

b (03 BesselJ ( 2?) + BesselY ( 2@))
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Summary
The solution(s) found are the following

(BesselJ (O 25) cs + BesselY < >> Vab\/z

b (03 BesselJ ( ; T‘G) + BesselY (1, m@)) (1)

y:

Verification of solutions

<BesselJ <O 2\‘7) c3 + BesselY < >> Vab\/z
b (03 BesselJ ( f) + BesselY (1 ‘/‘7))

) rey/T ) rey/x
Verified OK.
Maple trace

“Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
<- Abel AIR successful: ODE belongs to the OF1 l-parameter (Bessel type) c
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v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 106

Ldsolve (c*diff (y(x) ,x)=(axx+b*y(x)~2) /(r*x~2),y(x), singsol=all) J

a<BesselY (0, 24/ c;%gg) c1 + BesselJ (0, 2 (;2%95))

cr\/ 2% <01 BesselY (1,2 021;;“230) + BesselJ (1’2 ba >>

c2riz

y(z) =

v/ Solution by Mathematica
Time used: 0.358 (sec). Leaf size: 492

LDSolve [cxy! [x]==(a*x+b*y[x]~2) /(r*x~2) ,y[x] ,x,IncludeSingularSolutions -> Truel

y(z)
2\/5\/5\/2

cr

2cr BesselY <1,

) — 2/a/bBesselY (2, %) — iy/avbe, B

Vb /1
2b\/g (2 BesselY (1, 2f\c/f\/:) — ic; Bes:

avb /1
2/a+/bBesselY (0, 2[1/:3\/:) +

8~

_>

y(z)

x (\/E\/E\/g BesselJ (O, 2\/&\/5\/:> + cr BesselJ (1, Qﬁf ) - \/E\/l_)\/% BesselJ (2, %))

8

cr

_>

avb. /1
2b BesselJ (1, %)

109



1.23 problem 23

1.23.1 Solving as first order ode lie symmetry lookup ode . .. .. .. 1101
1.23.2 Solving as bernoulliode . . . .. ... ... ... ... ..... 113l
1.23.3 Solvingasexactode . . .. ... ... .. ... ... ... . 116}

Internal problem ID [7339]
Internal file name [OUTPUT/6320_Sunday_June_05_2022_04_39_50_PM_19538571/index.tex|

Book: First order enumerated odes
Section: section 1

Problem number: 23.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "bernoulli", "exactWithIntegra-
tionFactor", "first_ order__ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[_rational, _Bernoullil

b2
o Tty _
Yy

0

1.23.1 Solving as first order ode lie symmetry lookup ode

Writing the ode as

) = by? + za
yc
Y = w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Ne + W(ny — &) — w2€y —wz§ —wyn =0 (A)

The type of this ode is known. It is of type Bernoulli. Therefore we do not need to
solve the PDE (A), and can just use the lookup table shown below to find £,
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Table 28: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n

linear ode Yy = f(z)y(x) + g(x) 0 el fdo

separable ode vy = f(z) g(y) % 0

quadrature ode Yy = f(z) 0 1

quadrature ode vy =g(y) 1 0

homogeneous ODEs of | ¢ = f(¥) x Y

Class A

homogeneous ODEs of | 3 = (a + bz + cy)™ 1 —:

Class C

homogeneous class D | ¢’ = £ 4 g(z) F (g) z? Yy

First order special | ¥ = g(z) M@+ 4 f(z) e_fbf;z# f)e” f;(;?dw_h(z)
form ID 1

polynomial type ode | 3/ = 2z D
Bernoulli ode v = f(x)y+g(z)y" 0 e~ J(n=D)f(@)dzyn
Reduced Riccati v = fi(x)y + folx) y? 0 e~/ fide

The above table shows that

£(z,y) =

e c

2bx

n(z,y) =

(A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _ dy _
§ n

The above comes from the requirements that ({f a% + n%) S(z,y) = 1. Starting with

ds (1)

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
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canonical coordinates, where S(R). Since £ = 0 then in this special case

R=«x

5= [ Lan
n
il

Y

S is found from

Which results in

9 _2bz

ye
S =
2

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

as _ S tw(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

by? + za
w(z,y) = ——
yc
Evaluating all the partial derivatives gives
R, =1
R,=0
2b —2%”
g _ Y
c
Sy = y e_%Tz

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
as e za
dR c
We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

(24)

__2bR

@_e c Ra
dR c
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The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S. Integrating the above
gives

(2bR+c)e "¢ a

S(R)= -2 "0, @

To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

ye e (2zb + c) e *a N
=— c
2 452 '
Which simplifies to
ye (2zb+ ¢) e *a N
=— c
2 4p2 '
Summary
The solution(s) found are the following
2 — 2z _2be
e e 2zb+c)e” e a
ve - _ (wbto +o (1)

2 4b2
Verification of solutions

yle= e (2zb+c) e a

2 T 4 Ta
Verified OK.
1.23.2 Solving as bernoulli ode
In canonical form, the ODE is
y =F(z,y)
by’ +za
="
This is a Bernoulli ODE.
, b zal
y=-y+—- (1)
c cy
The standard Bernoulli ODE has the form
y' = fo(z)y + fi(z)y" (2)
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The first step is to divide the above equation by y™ which gives

Y _ fy@y "+ fia) 3)

<

The next step is use the substitution w = y'~" in equation (3) which generates a new
ODE in w(z) which will be linear and can be easily solved using an integrating factor.
Backsubstitution then gives the solution y(z) which is what we want.

This method is now applied to the ODE at hand. Comparing the ODE (1) With (2)
Shows that

fo(z) ZIE)
fi(z) = x_ca
n=-1

Dividing both sides of ODE (1) by y™ = i gives

by? =za
yy=—+— (4)
c c
Let
w = 1-n
=y’ (5)

Taking derivative of equation (5) w.r.t = gives
w' = 2yy (6)
Substituting equations (5) and (6) into equation (4) gives

w'(z)  bw(z) L e

2 c c

2b 2
w = 2% e (7)
C C

The above now is a linear ODE in w(z) which is now solved.

Entering Linear first order ODE solver. In canonical form a linear first order is

w'(z) + p(z)w(z) = q(z)

114



Where here

2b
p(z) = -
2za
q(z) = —
Hence the ode is
W (z) — 2bw(x) _ 2za
c c
The integrating factor y is
o= ef—%da:

The ode becomes

Integrating gives

_2be
_ 26 2e ¢ xa
e cw= | ——dz

26 (2zb + ¢) e 2a

€ cw= 22 +c

Dividing both sides by the integrating factor u = e~ results in
w(z) = e’ (2wb+c)e *a 4+ oo
a 20? '

which simplifies to

2bx
R
() c1e ' 2(x 2) a

Replacing w in the above by y? using equation (5) gives the final solution.

2 _ cle’Eh? — (xb—i— g) a

Y b2
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Solving for y gives

\/4cle2%m b? — 4abx — 2ac
- 2b
\/4cle2bTmb2 — 4abz — 2ac
2b

Summary
The solution(s) found are the following

\/4cle¥ b2 — 4abx — 2ac
y= 5% (1)

\/ 4cle% b? — 4abx — 2ac
y=— 5 (2)

Verification of solutions

\/4cle2b7zb2 — 4abx — 2ac
v= 2%

Verified OK.

\/ 4cle% b? — 4abx — 2ac
T 2b

Y

Verified OK.

1.23.3 Solving as exact ode
Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

M(w,y)+N(x,y)Z—i=0 (A)

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

d
%Qb(xa y) =0
Hence 06 06 d
op 994y _
Or Oydx 0 (B)
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Comparing (A,B) shows that

09
T M
ox
9 _ n
Oy
But since aa;gy = ;; g’x then for the above to be valid, we require that
oM _ oN
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
59;, gy = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
(ye)dy = (by® + za) dz
(=by? — za) dz +(yc)dy = 0 (2A)
Comparing (1A) and (2A) shows that
M(z,y) = —by® — za
N(z,y) = yc

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _oN
oy Oz
Using result found above gives
oM 0
T (bt —
Oy 8y( y* - za)
= —2by
And
ON 0
or %(yc)
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Since %i; # %—]Z, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

am k(2o

- N Jy Oox
- i((—zbm — (o)
_ 2

Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor p is

p=e [Adz
—e J —%b dz

The result of integrating gives

_2bx
/_1,:6 c
_2bz
= e c

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

And
N =uN
_2bz
=e < (yc)
_2bz
=yce c

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M+N3—z =0
(—e_% (by2 +xa)> + (yce_m;w) j—z =0

118



The following equations are now set up to solve for the function ¢(z,y)

o¢

oz M (1)
0 —

Integrating (1) w.r.t. z gives

(9_<de= /de
ox

o¢ _ | %=y 2
6_zdx_/ e e (by’+za)dz

2bx

_ c(2y°0* 4 2abz + ac)e” o
B 4p?

¢ + f(y) 3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

0 2bs
5 = vee ¥ 4 1) @)

But equation (2) says that g—?‘f = yce~¢". Therefore equation (4) becomes

2bx 2bx

yce e =yce < + f(y) (5)

Solving equation (5) for f’(y) gives

f'ly) =0
Therefore

fly)=a
Where ¢, is constant of integration. Substituting this result for f(y) into equation (3)
gives ¢
_ c(2y?V® + 2abz + ac) e’
- 4p?

¢ +a
But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining ¢; and ¢y constants into new constant c; gives the solution as

2bx

_ c(2y?V + 2abz +ac)e” ¢
B 4p?

&1
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Summary
The solution(s) found are the following

2bx

c(20?y? + 2abx + ac)e” e
4h?

&1

Verification of solutions

2bx

c(2b*y? + 2abx + ac)e” e
4h?

=Cl

Verified OK.
Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

<- Bernoulli successful"

v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 69

Ldsolve(c*diff(y(x),x)=(a*x+b*y(x)“2)/y(x),y(x), singsol=all)

\/4 e%clb2 — 4axb — 2ac
T 2b
\/4 e¥clb2 — 4axb — 2ac
y(z) = 5

y(z)
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v/ Solution by Mathematica
Time used: 5.371 (sec). Leaf size: 85

kDSolve [cxy' [x]==(a*x+b*y[x]~2) /y[x],y[x] ,x,IncludeSingularSolutions -> Truel J

i\/abx + % + b (—e¥>

y(z) > — 2

i\/abx + %5 + by (—e%)

b

y(z) —
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1.24 problem 24
1.24.1 Solving as quadratureode . . . . . . ... ... ... ... ... 1221
1.24.2 Maple step by step solution . . . . . ... ... ... ...... 123]

Internal problem ID [7340]
Internal file name [OUTPUT/6321_Sunday_June_05_2022_04_39_53_PM_21514280/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 24.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

asin (z)yzy =0

1.24.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

|
o
A

Summary
The solution(s) found are the following

y=a (1)
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Figure 6: Slope field plot

Verification of solutions

Verified OK.

1.24.2 Maple step by step solution

Let’s solve
asin (z)yzy =0
° Highest derivative means the order of the ODE is 1

/

Y

° Integrate both sides with respect to x
[ asin (z) yzy'de = [ 0dz + ¢
° Cannot compute integral

[ asin (z) yzy'dz = ¢
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Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 9

Ldsolve(a*sin(x)*y(x)*x*diff(y(x),x)=0,y(x), singsol=all)

v/ Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 12

LDSolve[a*Sin[x]*y[x]*x*y'[x]== ,y[x],x,IncludeSingularSolutions -> True]

y(z) =0
y(z) =
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1.25 problem 25

1.25.1 Solving as quadratureode . . . . . .. .. ... ... .. ...
1.25.2 Maple step by step solution . . . . .. ... ... ... . ....

Internal problem ID [7341]

Internal file name [OUTPUT/6322_Sunday_June_05_2022_04_39_55_PM_63703193/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 25.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

f(z)sin (z) yzy'm =0

1.25.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

|
o
A

Summary
The solution(s) found are the following

y=a
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Figure 7: Slope field plot

Verification of solutions

Verified OK.

1.25.2 Maple step by step solution

Let’s solve

f(z)sin (z) yzy'm =0
° Highest derivative means the order of the ODE is 1

/

Yy

° Integrate both sides with respect to x
[ f(z)sin (z) yzy'mdz = [0dz +

° Cannot compute integral

[ f(z)sin (z) yzy'mdz = ¢
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Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 9

Ldsolve(f(x)*sin(x)*y(x)*x*diff(y(x),x)*Pi=0,y(x), singsol=all) J

v/ Solution by Mathematica
Time used: 0.004 (sec). Leaf size: 12

LDSolve[f(x)*Sin[x]*y[x]*x*y'[x]*Pi==O,y[x],x,IncludeSingularSolutions -> Trug}

y(z) =0
y(z) =
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1.26

problem 26

1.26.1 Solving aslinearode . . . . . . . . .. .. ... ... ... ... 128]
1.26.2 Solving as first order ode lie symmetry lookup ode . . . .. .. 1301
1.26.3 Solvingasexactode . . ... ... ... ... ... ..., 134
1.26.4 Maple step by step solution . . . . . ... .. ... ... ... 138]

Internal problem ID [7342]
Internal file name [OUTPUT/6323_Sunday_June_05_2022_04_39_57_PM_86742712/index.tex|

Book: First order enumerated odes
Section: section 1

Problem number: 26.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "linear", "exactWithIntegrationFac-
tor", "first_ order_ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[[_linear, ~“class A~]]

y —y=sin(z)

1.26.1 Solving as linear ode

Entering Linear first order ODE solver. In canonical form a linear first order is

Y +p(x)y = q(z)

Where here

Hence the ode is

y —y=sin(z)

The integrating factor u is

—XT

=€
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The ode becomes

Integrating gives

e Ty = /sin (x) e *dzx

z cos(r)e™® sin(x)e™
e y=- (2) - ( 2) +a

Dividing both sides by the integrating factor u = e™* results in

S <_cos (z)e _ sin (ag)e ) bl

which simplifies to

sin (z cos (x
ym e ) ox(@)

Summary
The solution(s) found are the following
sin ()  cos(x)

ymae T T T Ty
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Figure 8: Slope field plot

Verification of solutions

sin (x cos (x
= e - 20 _co(@)

Verified OK.

1.26.2 Solving as first order ode lie symmetry lookup ode

Writing the ode as

y =sin(z) +y
Y =w(z,y)

The condition of Lie symmetry is the linearized PDE given by
Nz + w(ny - fﬂc) - w2€y —w€ — Wy = 0 (A)

The type of this ode is known. It is of type 1linear. Therefore we do not need to solve
the PDE (A), and can just use the lookup table shown below to find £,
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Table 32: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n
linear ode Yy = f(z)y(x) + g(x) 0 el fdo
separable ode vy = f(z) g(y) % 0
quadrature ode Yy = f(z) 0 1
quadrature ode vy =g(y) 1 0
homogeneous ODEs of | ¢ = f(¥) x Y
Class A
homogeneous ODEs of | 3 = (a + bz + cy)™ 1 —:
Class C
homogeneous class D | ¢’ = £ 4 g(z) F (g) z? Yy
First order special | i = g(z)e" @+ 4 f(z) | & Jof ;?;‘;f—h(@ f@)e=/ ;’{;’)”d“‘h(”
form ID 1
: __ aiz+biy+c a1bax—agbiz—bica+b a1boy—azbiy—aice—asc
polynomial type ode y = . +b;Z o T 2 ajb;?iazilz 20
Bernoulli ode v = f(x)y+g(z)y" 0 e~ J(n=D)f(@)dzyn
Reduced Riccati v = fi(x)y + folx) y? 0 e~/ fide

The above table shows that

(A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _
§ n

as

1)

The above comes from the requirements that (f a% + 77(%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
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canonical coordinates, where S(R). Since £ = 0 then in this special case

R=z

1
S=/—dy

n

1

S=e"%y

S is found from

Which results in

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

as _ S +w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) =sin (z) +y

Evaluating all the partial derivatives gives

R, =1
R,=0

Sy =—e "%y
Sy=e"

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

ds ) _m
Jp = oin (x)e (2A)
We now need to express the RHS as function of R only. This is done by solving for z,y

in terms of R, S from the result obtained earlier and simplifying. This gives

ds . _R
1R =sin (R)e

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
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integration when the ode is in the canonical coordiates R, S. Integrating the above
gives

e ®(cos (R) + sin (R))

S(R) =i - ) @
To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

_z cos(z)+sin(z))e™™

oy = @ e

Which simplifies to

cos + si e ®
oy (BE@ TGN

Which gives

Y= _ e’(sin (z) e™® + cos (z) e™* — 2c1)
B 2

The following diagram shows solution curves of the original ode and how they transform
in the canonical coordinates space using the mapping shown.

Canonical ) . )

.. . . . ODE in canonical coordinates

Original ode in z,y coordinates coordinates (R, S)
transformation ’
Y _ o S _ o R
Y =sin(z)+y ¢z =sin(R)e

PEEE P E ittt P N
SRR RR RN AR RN
PRTIAP LI A I P R RN B
R RN Yy SRR N sossasaan:
RNy AR SRy, R Lo TN B
FrIPI A A RIS SS A FLL L ANY e eoo o s
A RtttV VAN A S A et R R
A e el A e R— Pyl AN
Pl S N N S A A e S - Ly ; T e
7 AN NN T AT NN B 5 70 Y W B s ey
RERONNNNNN NN S=e"y R I e ea—
AR AR A RN N ————,--
\\\\\&ML%\\\\\\\\M Pyl oo e
N N (NS N N NN A R B
T Y I N N NN N B e
R Y NN N Pl LY Nt
R R i) R A SN B NN
A L Pl AN
IR R R NIRRT IR IR L I B O B R R e

Summary
The solution(s) found are the following
e”(sin (x) e™* + cos () e™* — 2¢;)
y=- ; 1)
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Figure 9: Slope field plot

Verification of solutions

Y= _ e’(sin (z) e™® + cos (z) e~ — 2c1)
B 2

Verified OK.

1.26.3 Solving as exact ode
Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

M(z,) + N(z,9) 2 =0 *)

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. x gives

d

Hence
0¢ L9 Opdy
oz Oy dr
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Comparing (A,B) shows that

09
T M
ox
9 _ n
Oy
But since aa;gy = ;; g’x then for the above to be valid, we require that
oM _ oN
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
59;, gy = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

dy = (sin (z) + y) dz
(—sin(z) —y)dz+dy =0 (2A)

Comparing (1A) and (2A) shows that

M(z,y) = —sin (z) —y
N(z,y) =1

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _oN
oy Oz
Using result found above gives
oM 0 .
a_y = a_y(_ Sin (.’E) — y)
=-1
And
oN _ 2
oxr Oz
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Since %i; # %—IZ, then the ODE is not exact. Since the ODE is not exact, we will try to
find an integrating factor to make it exact. Let

1 /0M ON
A=N(a—y‘a—x>
=1((-=1) = (0))

=-1

Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor p is

,U,=6fAdx

—e J—1dz
The result of integrating gives

p=e

—X

=€

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

M = uM
= e *(—sin(z) —y)
= —e *(sin (z) + y)
And

Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

M+N@=0
dz

(—e™*(sin (z) + y)) + (e7°) j—z =0

The following equations are now set up to solve for the function ¢(z,y)

o
g—x—M (1)
¢ _~
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Integrating (1) w.r.t. z gives

/%dx=/ﬂdx
¢

0

S4c - <t

_ (2y+cos(z) +sin(z))e™™
2

¢ + f(y) 3)

Where f(y) is used for the constant of integration since ¢ is a function of both = and
y. Taking derivative of equation (3) w.r.t y gives

8¢ —T /
ay = F ') (4)

But equation (2) says that g—?‘f = e~*. Therefore equation (4) becomes
e " =e""+ f(y) (5)
Solving equation (5) for f'(y) gives

fly)=0

Therefore
fy)=a
Where ¢, is constant of integration. Substituting this result for f(y) into equation (3)
gives ¢
(2y + cos (z) +sin(z)) e~
2

¢ = +

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢ is new constant and
combining ¢; and ¢y constants into new constant c; gives the solution as

o — (2y + cos (z) +sin (z)) e™®
2

The solution becomes

e”(sin (x) e™* + cos () e™* — 2¢;)
y=-
2
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Summary
The solution(s) found are the following

e”(sin (z) e™® + cos () e™* — 2¢;)

= — 1
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Figure 10: Slope field plot

Verification of solutions

Y= _ e’(sin (z) e™® + cos (z) e~ — 2c1)
B 2

Verified OK.

1.26.4 Maple step by step solution

Let’s solve

y' —y=sin(z)
° Highest derivative means the order of the ODE is 1

/

Y

° Isolate the derivative
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y =sin(z) +y

Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE
Y —y = sin (z)

The ODE is linear; multiply by an integrating factor u(x)

w(z) (¥ — y) = p(z) sin ()

Assume the lhs of the ODE is the total derivative - (u(z) y)

u(z) (' —y) = () y + p)y

Isolate ()

w(z) = —p(z)

Solve to find the integrating factor

T

p(z) =e”
Integrate both sides with respect to x

[ (=) )) dz = [ p(z)sin (z)dz +
Evaluate the integral on the lhs

u(@)y = [ u(e)sin (@) de + o

Solve for y
_ [ u(z)sin(z)dz+c1
V="

Substitute u(z) = e~

__ [sin(z)e ®dz+cy
Y= e—<

Evaluate the integrals on the rhs

T T

. _sin(:v2)e7 _ cos(z)e” +er
Y= e~
Simplify

_ z _ sin(x)  cos(x)
Yy=ace 2 2
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Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.015 (sec). Leaf size: 17

Ldsolve(diff(y(x),x)=sin(x)+y(x),y(x), singsol=all)

() = _cos2(m) B Sin2(x) Lo

v/ Solution by Mathematica
Time used: 0.04 (sec). Leaf size: 24

LDSolve[y'[x]==Sin[x]+y[x],y[x],x,IncludeSingularSolutions -> True]

y(z) = _s1n2(a:) B 0032(30) +ope®
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1.27 problem 27
1.27.1 Solving asriccatiode . . . . . . . . . .. ... 141

Internal problem ID [7343]
Internal file name [OUTPUT/6324_Sunday_June_05_2022_04_39_59_PM_66980461/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 27.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type

[_Riccati]

y' —y* = sin (z)

1.27.1 Solving as riccati ode
In canonical form the ODE is
y =F(z,y)
= sin (z) + ¢*
This is a Riccati ODE. Comparing the ODE to solve

y = sin (z) +y°

With Riccati ODE standard form

y' = fo(z) + fi(z)y + fo(z)y®

Shows that fo(z) =sin(z), fi(z) =0 and fo(x) = 1. Let

B fzu

- 1)

U

Y
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(z) which is

fou"(x) = (fy + fufo) W' (z) + f3 fou(z) = 0 (2)
But
fa=0
fifae=0

f3fo =sin (z)
Substituting the above terms back in equation (2) gives
u"(z) + sin (z) u(z) =0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(z) = ¢; MathieuC (O, -2, T,

1 2) + ¢ MathieuS (0, -2, _T + f)

4 2
The above shows that

_a MathieuCPrime (0, —2, —% + £) Lo MathieuSPrime (0, —2, —Z + Z)

u'(z) 5 5

Using the above in (1) gives the solution

c1 MathieuCPrime (0,—2,— X+ £) + c2 MathieuSPrime (0,—2,— 5 +%)
2 2

"¢ MathieuC (0, —2,— % + £) + c; MathieuS (0, —2, — % + %)

y:

Dividing both numerator and denominator by c; gives, after renaming the constant

2 = c3 the following solution
1

_ —cg MathieuCPrime (0, —2, - + %) — MathieuSPrime (0, -2, -5 + %)
Y T 9¢, MathieuC (0, -2, — % + £) + 2 MathieuS (0, —2, — + £)
Summary
The solution(s) found are the following
—c3 MathieuCPrime (0, —2, —% + 2) — MathieuSPrime (0, -2, — T + £)

y = (1)

i
2c; MathieuC (0, —2, —% + £) 4 2 MathieuS (0, -2, —% + £)
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Figure 11: Slope field plot
4

2c3 MathieuC (0, —2, —% + £) + 2MathieuS (0, -2, —

—c3 MathieuCPrime (0, —2, —

y:

Verification of solutions

Verified OK.



Maple trace

s N

“Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati Special
trying Riccati sub-methods:
trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE", diff(diff(y(x), x), x) = -y(x)*sin(x), y(x)"° *kk S
Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moebiu
-> trying a solution of the form rO(x) * Y + ri(x) * Y where Y = exp(int(r(x), dx)) *
-> Trying changes of variables to rationalize or make the ODE simpler
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Trying an equivalence, under non-integer power transformations,
to LODEs admitting Liouvillian solutioms.
-> Trying a Liouvillian solution using Kovacics algorithm
<- No Liouvillian solutions exists
-> Trying a solution in terms of special functionms:
-> Bessel
-> elliptic
-> Legendre
-> Whittaker
-> hyper3: Equivalence to 1F1 under a power @ Moebius
-> hypergeometric
-> heuristic approach
-> hyper3: Equivalence to 2F1, 1F1 or OF1 under a power @ Moebius
-> Mathieu
-> Equivalence to the fiﬁional form of Mathieu ODE under a power @ Moebius
Equivalence transformation and function parameters: {t = 1/2*t+1/2}, {kappa =
<- Equivalence to the rational form of Mathieu ODE successful

» LY SR T Y . S 1




v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 59

Ldsolve(diff (y(x),x)=sin(x)+y(x)~2,y(x), singsol=all)

—c; MathieuSPrime (O, -2,-7+ ) — MathieuCPrime (0, -2,—

2 1
2¢; Mathieu$ (0, -2, —% + £) + 2MathieuC (0, -2, - % + £)

+3)

y(z) =

v Solution by Mathematica
Time used: 0.208 (sec). Leaf size: 105

LDSolve [y' [x]==Sin[x]+y[x]~2,y[x],x,IncludeSingularSolutions -> Truel

(2) > —MathieuSPrime [0, —2, (7 — 2z)] + ¢;MathieuCPrime[0, —2, (7 — 2z)]
y(z
2

i
2 (Mathieu$ [0, —2, 1(2z — )] + c;MathieuC [0, —2, (7 — 22)])
MathieuCPrime [0, —2, (7 — 2z)]
2MathieuC [0, —2, (7 — 2z)]

—_

y(z) =
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1.28 problem 28

1.28.1 Solving aslinearode . . . . . .. ... ... ... ... ... . 146
1.28.2 Solving as homogeneousTypeD2ode . . ... ... ... .. .. 148
1.28.3 Solving as first order ode lie symmetry lookup ode . . . .. .. 149
1.28.4 Solvingasexactode . . ... ... .. ... .. ... ..... 153
1.28.5 Maple step by step solution . . . . . ... .. ... .. ... .. 158

Internal problem ID [7344]
Internal file name [OUTPUT/6325_Sunday_June_05_2022_04_40_08_PM_2578982/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 28.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "linear", "homogeneousTypeD2",
"exact WithIntegrationFactor", "first_ order_ ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[_linear]

Yy — = = cos (x)

1.28.1 Solving as linear ode

Entering Linear first order ODE solver. In canonical form a linear first order is

Y +p(z)y = q(z)

Where here
1

p(z) = Tz

q(z) = cos ()
Hence the ode is

P Y
y - = cos ()
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The integrating factor u is

The ode becomes

Integrating gives

8

I
Q
e}
[©)]
—~
8
N—r
o
8

Ci(z) +

8 I 8w

Dividing both sides by the integrating factor u = % results in
y=z Ci(z)+az

which simplifies to
y=1z(Ci(z) + 1)

Summary
The solution(s) found are the following

y ==(Ci(z) +c) (1)
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Figure 12: Slope field plot

Verification of solutions

=z(Ci(z) + ¢1)
Verified OK.

1.28.2 Solving as homogeneousTypeD2 ode

Using the change of variables y = u(x) x on the above ode results in new ode in u(z)
v (z) z = cos (x)

Integrating both sides gives

Therefore the solution y is

Yy =zTU

= z(Ci(z) + ¢2)
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Summary
The solution(s) found are the following

y =z(Ci(z) + ) (1)
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Verification of solutions

Verified OK.

Figure 13: Slope field plot

y = z(Ci(z) + ¢2)

1.28.3 Solving as first order ode lie symmetry lookup ode

Writing the ode as

, xzcos(z)+y

y=—_-—"
z

y =w(z,y

The condition of Lie symmetry is the linearized PDE given by

Nz + w(ny - gz) - wzfy —wg€ — Wy = 0
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The type of this ode is known. It is of type 1inear. Therefore we do not need to solve
the PDE (A), and can just use the lookup table shown below to find £, 7

Table 35: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class

Form I3 n
linear ode vy = f(@)y(z) + g(z) 0 el fde
separable ode vy = f(z) g(y) % 0
quadrature ode Yy = f(x) 0 1
quadrature ode Yy =9(y) 1 0
homogeneous ODEs of | y = f(¥) x Y
Class A
homogeneous ODEs of | 3 = (a4 bz + cy)™ 1 —2
Class C
homogeneous class D | ¢ = £ 4 g(z) F(¥) x? zy

. . z e— J bf(z)dz—h(x) — Jbf(z)de—h(z)

First order special | ' = g(z) M@+ + f(x) e fz)e @)
form ID 1

polynomial type ode

! amzt+bhiyta
Yy az2z+bay—+ca

ai1boz—agbiz—bica+bacy

a1bey—agbiy—aice—azcy

a1ba—aszb1

a1ba—aszb;

Bernoulli ode

Y = f(x)y+g(z)y"

e~/ (=D f@)dzyn

Reduced Riccati

¥ = fi(@)y+ folz)y?

e~ J frdz

The above table shows that

£(z,y) =0

n(z,y) ==

(A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _
13 n
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The above comes from the requirements that (5 a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since £ = 0 then in this special case

R==x

S is found from

Which results in
s=Y
T

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

as _ St w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R, R,,S;, S, are all partial derivatives and w(x,y) is the right
hand side of the original ode given by

zcos(z) +y
T

w(m,y) =

Evaluating all the partial derivatives gives

R, =1
R,=0
)
Se=—3
1
Sy =

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
dS _ cos(x)
dR =z

We now need to express the RHS as function of R only. This is done by solving for z,y

in terms of R, S from the result obtained earlier and simplifying. This gives
dS _ cos(R)
dR R

(24)
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The above is a quadrature ode. This is the whole point of Lie symmetry method.

It converts an ode, no matter how complicated it is, to one that can be solved by

integration when the ode is in the canonical coordiates R, S. Integrating the above

gives

S(R) =

(ﬁ(R)+Cl

(4)

To complete the solution, we just need to transform (4) back to z,y coordinates. This

results in

Which simplifies to

Which gives

=Ci(z)+a

=Ci(z)+a

y=z(Ci(z) +a)

The following diagram shows solution curves of the original ode and how they transform

in the canonical coordinates space using the mapping shown.

Canonical

. . . . ODE in canonical coordinates

Original ode in z,y coordinates coordinates (R, S)
transformation ’
dy __ zcos(z)+y dS __ cos(R)
dzx T dR R

R T TR T O O O b B A A e e r N\ f e a e
SNANANNN Lt A e N[ f e
SNANNNNNN VS sre o e
\:tétt\\it;;;;/»»»// »»»»»»»xti;j»ﬂ\\\»ﬂa
~a At 7 A —— T _F_T_¥ e I e g
ENENNN \,yé"\} N E N I LTSRS
NN NN NN e ——er v r e\ e
=N NN T A N N N e e r v v e \|[f e
B N NS | == W WA Y Sy =\ Y| e
i e} A S e S== e SN L B
/»\\x»//ff&\\\\&\\\é T e N R
Y e B LB e N f A
Ao 2P LAY NN YN NN e N s
Dt b B I R S O e o r N | f e
ottt A = £ IR s e N e e
AAmmm 2 PPV VYN N N N B e e N e
pooaA PP HEL VNN Bttt N | g

Summary
The solution(s) found are the following

y=2z(Ci(z) + 1)
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Verification of solutions

Verified OK.
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Figure 14: Slope field plot

y=z(Ci(z) + ¢1)

1.28.4 Solving as exact ode

Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

d
Aﬂ%w+N@whﬁ=0

(A)

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the

ode. Taking derivative of ¢

Hence

w.r.t. T gives

d

%Qb(xay) =0
op  O¢dy _,
or  Oydx
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Comparing (A,B) shows that

But since % = 86—2194’— then for the above to be valid, we require that
0y yOx

OM  ON

By Or
If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(z,y) but at least we know now that we can do that since the condition
59; E‘fy = (96: g; is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for

exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
_ Y
dy = (cos (z) + x> dz
<— cos (z) — %) de+dy=0 (2A)

Comparing (1A) and (2A) shows that

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ 0N
oy Oz
Using result found above gives
oM 0 Y
w ~ ey em@ =)
__1
oz
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And

Since 75 aN , then the ODE is not exact. Since the ODE is not exact, we will try to
find an mtegratmg factor to make it exact. Let

i)

oy Oz
(-
_ !

Since A does not depend on y, then it can be used to find an integrating factor. The
integrating factor p is

p=e JAdz
— ef —% dz
The result of integrating gives
p=e" In(z)
1
oz

M and N are multiplied by this integrating factor, giving new M and new N which
are called M and N for now so not to confuse them with the original M and N.

M = uM

And
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Now a modified ODE is ontained from the original ODE, which is exact and can be
solved. The modified ODE is

m+NY _o
dz

(=) ()

The following equations are now set up to solve for the function ¢(z,y)

0p —
T
oy 2

Integrating (1) w.r.t. = gives

09 . [—
a—zdx—/de
/—d _/—xcos(;v)—ydaC
x

o=—Ci(@)+2+/) 3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

8¢1

ERrREA (4)

But equation (2) says that g—;’j = 1. Therefore equation (4) becomes

L) ©
Solving equation (5) for f’'(y) gives

f'y) =0
Therefore

fy)=a

156



Where ¢; is constant of integration. Substituting this result for f(y) into equation (3)
gives ¢
o= —Ci(z)—i—%—kcl

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining ¢; and ¢y constants into new constant c¢; gives the solution as

cl=—Ci(33)+g
The solution becomes
=z(Ci(z) + ¢1)
Summary
The solution(s) found are the following
y ==z(Ci(z) + 1) (1)
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Figure 15: Slope field plot

Verification of solutions

=z(Ci(z) + 1)

Verified OK.
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1.28.5 Maple step by step solution

Let’s solve
Yy — % =cos(z)

° Highest derivative means the order of the ODE is 1

/

Y

° Isolate the derivative
y' =cos(z) + 2
° Group terms with y on the lhs of the ODE and the rest on the rhs of the ODE
Yy — % = cos (z)
° The ODE is linear; multiply by an integrating factor u(x)
() (v — %) = p(z) cos (z)
o Assume the lhs of the ODE is the total derivative - (u(z) y)
wa) (v —2) =p(@)y+ @)y
o Isolate p/'(x)

W (z) = -2

° Solve to find the integrating factor
p(z) =3

° Integrate both sides with respect to x

J (G (u(z)y)) de = [ p(z) cos (z) dz + &1
° Evaluate the integral on the lhs
u(@)y = [ p() cos («) da +

° Solve for y

[ p(=) cos(z)dz+c1
LT

e  Substitute p(z) = 2
Y= x(f _cosz(m)dx + Cl)
° Evaluate the integrals on the rhs

y = z(Ci(z) + c1)
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Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 10

Ldsolve(diff(y(x),x)=cos(x)+y(x)/x,y(x), singsol=all)

y(z) = (Ci(z) + 1)z

v/ Solution by Mathematica
Time used: 0.038 (sec). Leaf size: 12

LDSolve[y'[x]==Cos[x]+y[x]/x,y[x],x,IncludeSingularSolutions -> True]

y(z) — z(Coslntegral(z) + ¢1)
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1.29 problem 29

1.29.1 Solving asriccatiode . . . . . . . . .. ... ... ...

Internal problem ID [7345]

Internal file name [OUTPUT/6326_Sunday_June_05_2022_04_40_10_PM_8112400/index. tex]

Book: First order enumerated odes
Section: section 1

Problem number: 29.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type

[ _Riccatil]

2
y — Y cos (z)

x
1.29.1 Solving as riccati ode
In canonical form the ODE is
y =F(z,y)
_xcos(z) + ¥

x
This is a Riccati ODE. Comparing the ODE to solve

2

Y
,_
y —cos(x)-l-—w

With Riccati ODE standard form

Y = fo(z) + fi(2)y + fa(2)y®
Shows that fo(z) = cos (), fi(z) =0 and fa(z) = 1. Let

_u/

v= f2u

u
T
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(z) which is

fou" (@) = (f3 + fifa) W' (2) + f3 fou(z) = 0 (2)
But
|
fo= _;
fifa=0
£2f, = coigw)

u'(z)  u(x) 4 cos () u(z)

=0
T 2 2

Solving the above ODE (this ode solved using Maple, not this program), gives

u(x) = DESol ( {_ Vi(z) + =) 4 08 (@) V() } A Y(m)}>

T T

The above shows that

o(z) = % DESol ({_ Yi(z) + =& 08(2) _¥) } A Y(x)})

T T

Using the above in (1) gives the solution

(DBl ({_¥"(@) + —X@ 4 = Y@ ¢ yig1)) s
DESol ({_ Y () + —L@ 4 C°S(’”); Yo } : {_Y(w)})

y=-

Dividing both numerator and denominator by c; gives, after renaming the constant

2 = c3 the following solution

(£ DESol ({_¥"() + V@) cotm) Y(”’} A_Y@)}))e
DESol ({_Y" (z) + = Y(“”) + =@ YO { y(n)})

y=-
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Summary

The solution(s) found are the following
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Figure 16: Slope field plot

Verification of solutions

S
N
/N |/
|
~—~ —
21 &
P~ |
L {_
}\|\7J
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Verified OK.
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-

Maple trace

“Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:
trying Riccati_symmetries
trying Riccati to 2nd Order
-> Calling odsolve with the ODE", diff(diff(y(x), x), x) = -(diff(y(x), x)
Methods for second order ODEs:
--- Trying classification methods ---
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a

/x-cos (x) *y (x)

power @ Moebiu

-> trying a solution of the form rO(x) * Y + ri(x) * Y where Y = exp(int(r(x), dx)) *

-> Trying changes of variables to rationalize or make the ODE simpler
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y

-> Heun: Equivalence to the GHE or one of its 4 confluent cases under a power @ Moe

-> trying a solution of the form rO(x) * Y + ri1(x) * Y where Y = exp
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
-> trying with_periodic_functions in the coefficients
trying a symmetry of the form [xi=0, eta=F(x)]
checking if the LODE is missing y
-> Heun: Equivalence to the GHE or one of its 4 confluent cases unde:
-> trying a solution of the form rO(x) * Y + ri(x) * Y where Y = exp
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear
trying symmetries linear in x and y(x)
trying to convert to a linear ODE with constant coefficients
<- unable to find a useful chanf€ of variables
trying a symmetry of the form [xi=0, eta=F(x)]
trying 2nd order exact linear

I I T . T T T, T A

(int(r(x), dx))

r a power @ Moe
(int(r(x), dx))




X Solution by Maple

Ldsolve(diff(y(x),x)=cos(x)+y(x)‘2/x,y(x), singsol=all)

No solution found

X Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0

LDSolve[y'[x]==Cos[x]+y[x]“2/x,y[x],x,IncludeSingularSolutions -> True]

Not solved
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1.30 problem 30
1.30.1 Solving asriccatiode. . . . . .. ... ... ... ... ... 165

Internal problem ID [7346]
Internal file name [OUTPUT/6327_Sunday_June_05_2022_04_40_15_PM_24901680/index . tex]

Book: First order enumerated odes
Section: section 1

Problem number: 30.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "riccati"

Maple gives the following as the ode type

[_Riccati]

Y —y—by' =z

1.30.1 Solving as riccati ode

In canonical form the ODE is
Yy = F(z,y)
=by’+z+y
This is a Riccati ODE. Comparing the ODE to solve
Y =by’+z+y

With Riccati ODE standard form

y' = folz) + fi(z)y + fo(z)y?

Shows that fo(z) =z, fi(z) =1 and fo(z) = b. Let

_u’

B f2u

= T (1)

Y
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Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(z) which is

fou"(x) = (f5 + fufa) v () + f3 fou(z) = 0 (2)
But
fo=0
fifo=0b
f22f0 =z b’

Substituting the above terms back in equation (2) gives
b (z) — bu/(z) + zb*u(z) =0
Solving the above ODE (this ode solved using Maple, not this program), gives

z 4xb — 4xb — 1
u(xz) = e2 | AiryAi C—l—AII‘Bl( 5 )c)
K ( Y ( 4b3 ) S w3 )

3 3

The above shows that

N 4xb — 4xb — 1
u'(z) = —ez | b3 AiryAi (1, — ¢ + b3 AiryBi (1,— > ) c
@) i (1, -2 ) e 404 iy e,

4wb 1 4acb 1
A1ryA1 ( ] ) c A1ryB1 ( ] ) Co
2 2

Using the above in (1) gives the solution

Y

AiryAi (— 4’”’;1 ) c1 AiryBi (— 4xb51 ) c2
463 _ 43

LA ; 4zb—1 Lo : 4xb—1
B b3 AiryAi (1, 5 ) c1 + b3 AiryBi (1, —4{)—%> co — 5 5

b (AiryAi ( 42: 1) c1 + AiryBi ( %) cg>

Dividing both numerator and denominator by c; gives, after renaming the constant

2 = c3 the following solution
1
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)
2b3 AiryAi ( — dabs 1) cs + 2b3 AiryBi < 4’“’—}) AiryAi ( Azb 1) cs — AiryBi (—4’“’—}1>
4b3 4b3 4b3 4b3

) 2b (AiryAi (—41’;;) c3 + AiryBi (—%;1»

4b3

Summary
The solution(s) found are the following

y (1)
b3 AiryAi (1, —4”“’—§1> c3 + 2b3 AiryBi <1, —%) — AiryAi < dzb— 1> cs — AiryBi <—%§1>
4b3 4b3 43 4b3

) 2b <AiryAi < 42: 1> cs + AiryBi (—%))

Verification of solutions

)
1. .  dzb-1 1. . _dwb—1) _ A . 4zb 1 _ _4zb—1
2b5 AiryAi (17 2 ) c3 + 2b3 AiryBi <1, P > AiryAi < ol > cs — AiryBi < 3 >

‘ (oA (-7) s Ao (57
Verified OK.

Maple trace

"Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
trying separable
trying inverse linear
trying homogeneous types:
trying Chini
differential order: 1; looking for linear symmetries
trying exact
Looking for potential symmetries
trying Riccati
trying Riccati sub-methods:
<- Abel AIR successful: ODE belongs to the OF1 O-parameter (Airy type) class
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v/ Solution by Maple
Time used: 0.015 (sec). Leaf size: 105

Ldsolve(diff (y(x),x)=x+y (x)+b*y (x) "2,y (x), singsol=all) J
y(z)

2b3 AiryAi (1, —41%3}1) a1 + 2 AiryBi < 4(;95 1) b — AiryAi ( 41;2 1) ¢, — AiryBi ( %z;rl)
) 2b (AiryAi (—4ZZ%I> c1 + AiryBi (—4’:;—%1»

v Solution by Mathematica
Time used: 0.222 (sec). Leaf size: 211

LDSolve [y' [x]==x+y[x]+b*y[x]~2,y[x] ,x,IncludeSingularSolutions -> True] J

y(z) —

—(—b)2/3 AiryBi ( 2 /3> + 2b AiryBiPrime < o2 /3> +c <2b AiryAiPrime < - b;%) — (—b)?/3 Airy

2(—b)5/3 (All'yBl (( b)2/3) + ¢; AiryAi <(1b)2f3>>

1_
—-b AiryAiPrime ( %)

-
AiryAi (( 0273 )
2b

+1

y(z) > —
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1.31 problem 31
1.31.1 Solving as quadratureode . . . . . . ... ... ... ...... 169
1.31.2 Maple step by step solution . . . . ... ... ... ... .... 1701

Internal problem ID [7347]
Internal file name [OUTPUT/6328_Sunday_June_05_2022_04_40_18_PM_23675789/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 31.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

zy' =0

1.31.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

|
o
S

Summary
The solution(s) found are the following

y==a (1)
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Figure 17: Slope field plot

Verification of solutions

Verified OK.

1.31.2 Maple step by step solution

Let’s solve
zy' =0
° Highest derivative means the order of the ODE is 1

/

Yy

° Integrate both sides with respect to x
[zy'dz = [0dz + ¢;

° Cannot compute integral
[zy'dz =c;
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Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 5

Ldsolve(x*diff(y(x),x)=0,y(x), singsol=all)

y() =a

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 7

LDSolve[x*y'[x]== ,y[x],x,IncludeSingularSolutions -> True]

y(z) = a
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1.32 problem 32
1.32.1 Solving as quadratureode . . . . . . ... ... ... .. .... 172l
1.32.2 Maple step by step solution . . . . ... ... ... ... .... 173l

Internal problem ID [7348]
Internal file name [OUTPUT/6329_Sunday_June_05_2022_04_40_19_PM_96928607/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 32.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

50 =0

1.32.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

|
o
S

Summary
The solution(s) found are the following

y==a (1)
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Figure 18: Slope field plot

Verification of solutions

Verified OK.

1.32.2 Maple step by step solution

Let’s solve
5y =0
° Highest derivative means the order of the ODE is 1

/

Y

° Integrate both sides with respect to x
[5y'dz = [0dz + ;1

° Evaluate integral
oY =¢;

° Solve for y

—
Yy=7%
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Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 5

Ldsolve(S*diff(y(x),x)=0,y(x), singsol=all)

y() =a

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 7

LDSolve[S*y'[x]==0,y[x],x,IncludeSingularSolutions -> True]

y(z) = a
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1.33 problem 33
1.33.1 Solving as quadratureode . . . . . . ... ... ... .. .... 175
1.33.2 Maple step by step solution . . . . .. ... ... ... ..... 176]

Internal problem ID [7349]
Internal file name [OUTPUT/6330_Sunday_June_05_2022_04_40_21_PM_37418029/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 33.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

ey =0

1.33.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

|
o
S

Summary
The solution(s) found are the following

y==a (1)
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Figure 19: Slope field plot

Verification of solutions

Verified OK.

1.33.2 Maple step by step solution

Let’s solve
ey =0
° Highest derivative means the order of the ODE is 1

/

Yy
° Integrate both sides with respect to x
[ey'dz = [0dz + ¢
° Evaluate integral
ey =0
° Solve for y
y="7°
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Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 5

Ldsolve(exp(l)*diff(y(x),x)=0,y(x), singsol=all)

y() =a

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 7

LDSolve[Exp[l]*y‘[x]==0,y[x],x,IncludeSingularSolutions -> True]

y(z) = a
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1.34 problem 34

1.34.1 Solving as quadratureode . . . . . . ... ... ... .. ....
1.34.2 Maple step by step solution . . . . .. ... ... ... . ....

Internal problem ID [7350]

Internal file name [OUTPUT/6331_Sunday_June_05_2022_04_40_22_PM_77794828/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 34.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

my =0

1.34.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

|
o
S

Summary
The solution(s) found are the following

y=a
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Figure 20: Slope field plot

Verification of solutions

Verified OK.

1.34.2 Maple step by step solution

Let’s solve
7wy =0
° Highest derivative means the order of the ODE is 1

/

Y

° Integrate both sides with respect to x
[ my'dz = [0dz +

° Evaluate integral
TY = ¢

° Solve for y

—
Y=
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Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 5

Ldsolve(Pi*diff(y(x),x)=0,y(x), singsol=all)

y() =a

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 7

LDSolve[Pi*y'[x]==0,y[x],x,IncludeSingularSolutions -> True]

y(z) = a
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1.35 problem 35

1.35.1 Solving as quadratureode . . . . ... ... .. ....
1.35.2 Maple step by step solution . . . . ... ... ... ... ....

Internal problem ID [7351]

182

Internal file name [OUTPUT/6332_Sunday_June_05_2022_04_40_24_PM_66895747/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 35.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

y'sin (z) =0

1.35.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

|
o
A

Summary
The solution(s) found are the following

y=a
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Figure 21: Slope field plot

Verification of solutions

Verified OK.

1.35.2 Maple step by step solution

Let’s solve
y'sin (z) =0
° Highest derivative means the order of the ODE is 1

/

Yy

° Integrate both sides with respect to x
[y'sin(z)dz = [0dz + ¢;

° Cannot compute integral

[y'sin(z)dz =
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Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 5

Ldsolve(sin(x)*diff(y(x),x)=0,y(x), singsol=all)

y() =a

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 7

LDSolve[Sin[x]*y‘[x]==0,y[x],x,IncludeSingularSolutions -> True]

y(z) = a
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1.36 problem 36

1.36.1 Solving as quadratureode . . . . . .. ... ... ... .....
1.36.2 Maple step by step solution . . . . .. ... ... ... .....

Internal problem ID [7352]

1801

Internal file name [OUTPUT/6333_Sunday_June_05_2022_04_40_26_PM_13619755/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 36.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

fl@)y' =0

1.36.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

|
o
A

Summary
The solution(s) found are the following

y=a
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Figure 22: Slope field plot

Verification of solutions

Verified OK.

1.36.2 Maple step by step solution

Let’s solve
f@)y' =0
° Highest derivative means the order of the ODE is 1
yl
° Integrate both sides with respect to x
[ f(z)ydz = [0dz + 1
° Cannot compute integral

[ f@)ydz = c
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Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 5

Ldsolve(f(x)*diff(y(x),x)=0,y(x), singsol=all)

y() =a

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 7

LDSolve[f[x]*y'[x]==0,y[x],x,IncludeSingularSolutions -> True]

y(z) = a
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1.37 problem 37

1.37.1 Solving as quadratureode . . . . . . .. ... ... ... .... 187
1.37.2 Maple step by step solution . . . . .. ... ... ... . .... 188]

Internal problem ID [7353]
Internal file name [OUTPUT/6334_Sunday_June_05_2022_04_40_27_PM_93838805/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 37.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

zy =1

1.37.1 Solving as quadrature ode

y=/ldx
x

=In(z)+ ¢

Integrating both sides gives

Summary
The solution(s) found are the following

y=In(z)+c 1)
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Figure 23: Slope field plot

Verification of solutions

y=In(z)+a
Verified OK.

1.37.2 Maple step by step solution

Let’s solve
zy =1
° Highest derivative means the order of the ODE is 1

Yy

° Separate variables
V=3

° Integrate both sides with respect to x
[ydz = [1dz+c

° Evaluate integral
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y=In(z)+a
° Solve for y

y=In(z)+a

Maple trace

“Methods for first order ODEs:

‘——— Trying classification methods ---
‘trying a quadrature

‘<— quadrature successful’

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 8

Ldsolve(x*diff(y(x),x)=1,y(x), singsol=all)

y(z) =In(z)+c

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 10

-

tDSolve[x*y'[x]==1,y[x],x,IncludeSingularSolutions -> True]

—

y(z) — log(z) + 1
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1.38 problem 38
1.38.1 Solving as quadratureode . . . . . . . ... ... ... ..... 190
1.38.2 Maple step by step solution . . . . .. ... ... ... .... 191

Internal problem ID [7354]
Internal file name [OUTPUT/6335_Sunday_June_05_2022_04_40_29_PM_52270518/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 38.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

zy' = sin (z)

1.38.1 Solving as quadrature ode

Integrating both sides gives

Summary
The solution(s) found are the following

y="5i(z) +a (1)
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Figure 24: Slope field plot

Verification of solutions

y=Si(z)+a
Verified OK.

1.38.2 Maple step by step solution

Let’s solve
xy' = sin (z)

° Highest derivative means the order of the ODE is 1

/

Yy
° Separate variables
y/ _ sinw(m)

° Integrate both sides with respect to x
[ydz= [ —Sinx(m) dr + ¢,

° Evaluate integral

191



y = Si(z) + ¢
° Solve for y

y=Si(z) +

Maple trace

“Methods for first order ODEs:

‘——— Trying classification methods ---
‘trying a quadrature

‘<— quadrature successful’

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 8

Ldsolve(x*diff(y(x),x)=sin(x),y(x), singsol=all)

y(z) =8Si(z) +a

v/ Solution by Mathematica
Time used: 0.015 (sec). Leaf size: 10

-

kDSolve[x*y'[x ==Sin[x],y[x],x,IncludeSingularSolutions -> Truel

—

y(z) = Si(z) +
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1.39 problem 39

1.39.1 Solving as quadratureode . . . . . . ... ... ... .. ....
1.39.2 Maple step by step solution . . . . .. ... ... ... .....

Internal problem ID [7355]

Internal file name [OUTPUT/6336_Sunday_June_05_2022_04_40_31_PM_79609722/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 39.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

-1y =0

1.39.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

|
o
A

Summary
The solution(s) found are the following

y=a
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Figure 25: Slope field plot

Verification of solutions

Verified OK.

1.39.2 Maple step by step solution

Let’s solve
(z-1)y' =0

° Highest derivative means the order of the ODE is 1
Y

° Integrate both sides with respect to x
[(z—1)y'dz = [0dz+ ¢

° Cannot compute integral

[(z—=1)ydz =¢
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Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 5

Ldsolve((x-l)*diff(y(x),x)=0,y(x), singsol=all)

y() =a

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 7

LDSolve[(x-l)*y'[x]==0,y[x],x,IncludeSingularSolutions -> True]

y(z) = a

195



1.40 problem 40
1.40.1 Solving as quadratureode . . . . . . ... .. ... ... ... 196
1.40.2 Maple step by step solution . . . . ... .. ... ... . .... 197

Internal problem ID [7356]
Internal file name [OUTPUT/6337_Sunday_June_05_2022_04_40_32_PM_82675100/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 40.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

yy =0

1.40.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

|
o
S

Summary
The solution(s) found are the following

y==a (1)
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Figure 26: Slope field plot

Verification of solutions

Verified OK.

1.40.2 Maple step by step solution

Let’s solve

yy' =0
° Highest derivative means the order of the ODE is 1

/

Y

° Integrate both sides with respect to x
Jyy'dz = [0dz + ¢

° Evaluate integral

° Solve for y

{y=vav2,y=—y/av2}
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Maple trace

“Classification methods on request
Methods to be used are: [exact]

* Tackling ODE using method: exact
--- Trying classification methods ---
trying exact

<- exact successful”

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 11

Ldsolve(y(x)*diff(y(x),x)=0,y(x), singsol=all)

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 12

LDSolve[y[x]*y'[x]==0,y[x],x,IncludeSingularSolutions -> True]

y(z) =0
y(z) = a
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1.41 problem 41

1.41.1 Solving as quadratureode . . . . . .. .. ... ... .. ....
1.41.2 Maple step by step solution . . . . ... ... ... .......

Internal problem ID [7357]

Internal file name [OUTPUT/6338_Sunday_June_05_2022_04_40_34_PM_33765645/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 41.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

zy'y=0

1.41.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

|
o
S

Summary
The solution(s) found are the following

y=a
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Figure 27: Slope field plot

Verification of solutions

Verified OK.

1.41.2 Maple step by step solution

Let’s solve
zy'y =0
° Highest derivative means the order of the ODE is 1

/

Yy

° Integrate both sides with respect to x
[ zy'ydz = [0dz + 1

° Cannot compute integral
[ zy'ydz = ¢
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Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 9

Ldsolve(x*y(x)*diff(y(x),x)=0,y(x), singsol=all)

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 12

LDSolve[x*y[x]*y'[x]==0,y[x],x,IncludeSingularSolutions -> True]

y(z) =0
y(z) =
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1.42 problem 42
1.42.1 Solving as quadratureode . . . . . . ... ... .. ... ... 202
1.42.2 Maple step by step solution . . . . . ... .. ... ....... 203]

Internal problem ID [7358]
Internal file name [OUTPUT/6339_Sunday_June_05_2022_04_40_36_PM_8332014/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 42.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

zysin (z)y' =0

1.42.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

|
o
A

Summary
The solution(s) found are the following

y=a (1)
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Figure 28: Slope field plot

Verification of solutions

Verified OK.

1.42.2 Maple step by step solution

Let’s solve
zysin (z)y' =0
° Highest derivative means the order of the ODE is 1

/

Y

° Integrate both sides with respect to x
[ zysin (z) y'dz = [0dz + ¢;
° Cannot compute integral

[ zysin (z) y'dz = ¢
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Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 9

Ldsolve(x*y(x)*sin(x)*diff(y(x),x)=0,y(x), singsol=all)

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 12

LDSolve[x*y[x]*Sin[x]*y'[x]==0,y[x],x,IncludeSingularSolutions -> True]

y(z) =0
y(z) =
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1.43 problem 43
1.43.1 Solving as quadratureode . . . . . . ... ... ... .. .... 205]
1.43.2 Maple step by step solution . . . . .. ... ... ... . .... 206

Internal problem ID [7359]
Internal file name [OUTPUT/6340_Sunday_June_05_2022_04_40_38_PM_29944544/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 43.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

mysin(z)y =0

1.43.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

|
o
A

Summary
The solution(s) found are the following

y=a (1)
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Figure 29: Slope field plot

Verification of solutions

Verified OK.

1.43.2 Maple step by step solution

Let’s solve
mysin (z)y' =0
° Highest derivative means the order of the ODE is 1

/

Y

° Integrate both sides with respect to x
[ mysin (z) y'dz = [0dz +
° Cannot compute integral

[ mysin (z)y'dz = ¢
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Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 9

Ldsolve(Pi*y(x)*sin(x)*diff(y(x),x)=0,y(x), singsol=all)

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 12

LDSolve[Pi*y[x]*Sin[x]*y'[x]==0,y[x],x,IncludeSingularSolutions -> Truel

y(z) =0
y(z) =
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1.44 problem 44

1.44.1 Solving as quadratureode . . . . . . ... ... ... .. ... 208]
1.44.2 Maple step by step solution . . . . ... ... ... ....... 209

Internal problem ID [7360)]
Internal file name [OUTPUT/6341_Sunday_June_05_2022_04_40_40_PM_90922818/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 44.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

sin(z)y'z =0

1.44.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

|
o
A

Summary
The solution(s) found are the following

y=a (1)
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Figure 30: Slope field plot

Verification of solutions

Verified OK.

1.44.2 Maple step by step solution

Let’s solve
sin (z)yz =0

° Highest derivative means the order of the ODE is 1

/

Y

° Integrate both sides with respect to x
[sin(z)y'zdz = [0dz + ¢
° Cannot compute integral

[sin(z) y'zdz = ¢

209



Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 5

Ldsolve(x*sin(x)*diff(y(x),x)=0,y(x), singsol=all)

y() =a

v/ Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 7

LDSolve[x*Sin[x]*y'[x]==0,y[x],x,IncludeSingularSolutions -> True]

y(z) = a
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1.45 problem 45
1.45.1 Maple step by step solution . . . . . ... ... ... ...... 212

Internal problem ID [7361]
Internal file name [OUTPUT/6342_Sunday_June_05_2022_04_40_41_PM_12780467/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 45.

ODE order: 1.

ODE degree: 2.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

zsin (z)y” =0

Solving the given ode for ¢’ results in 2 differential equations to solve. Each one of these
will generate a solution. The equations generated are

y =0 1)
y =0 (2)
Now each one of the above ODE is solved.

Solving equation (1)

Integrating both sides gives

y:/Odw

=c
Summary
The solution(s) found are the following

y=a (1)
Verification of solutions

y=a

Verified OK.
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Solving equation (2)

Integrating both sides gives

y=/0dx

= 02
Summary
The solution(s) found are the following

Yy=2=ce (1)
Verification of solutions

y==ac

Verified OK.

1.45.1 Maple step by step solution

Let’s solve
zsin (z)y? =0

° Highest derivative means the order of the ODE is 1

/

Yy

. Integrate both sides with respect to x
[ zsin (z)y*de = [ 0dz + ¢,

. Cannot compute integral

[ zsin (z)y?dr = ¢,

Maple trace

"Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

<- differential order: 1; missing y(x) successful’
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v/ Solution by Maple
Time used: 0.015 (sec). Leaf size: 5

Ldsolve(x*sin(x)*diff(y(x),x)“2=0,y(x), singsol=all)

y() =a

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 7

LDSolve [x*Sin[x]*y' [x] "2==0,y[x],x,IncludeSingularSolutions -> True]

y(z) > a
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1.46 problem 46
1.46.1 Maple step by step solution . . . . . ... ... ... ...... 215

Internal problem ID [7362]
Internal file name [OUTPUT/6343_Sunday_June_05_2022_04_40_43_PM_41266990/index . tex]

Book: First order enumerated odes
Section: section 1

Problem number: 46.

ODE order: 1.

ODE degree: 2.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

yy'? =0

Solving the given ode for y results in 2 differential equations to solve. Each one of these
will generate a solution. The equations generated are

y =0 (1)
Yy =0 (2)

Now each one of the above ODE is solved.

Solving equation (1)

Integrating both sides gives

y=/0dx

= ¢
Summary
The solution(s) found are the following

y=a (1)
Verification of solutions

y=a

Verified OK.
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Solving equation (2)

Integrating both sides gives

Summary
The solution(s) found are the following

Verification of solutions

Verified OK.

1.46.1 Maple step by step solution

Let’s solve

yy'”? =0
° Highest derivative means the order of the ODE is 1

/

Yy

° Integrate both sides with respect to x
[yy’dz = [0dz + c;

o Cannot compute integral
[yy’dz =

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~
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v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 9

Ldsolve(y(x)*diff(y(x),x)“2=0,y(x), singsol=all)

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 12

LDSolve [y [x]*(y' [x])~2==0,y[x],x,IncludeSingularSolutions -> Truel

y(z) = 0
y(z) =
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1.47 problem 47
1.47.1 Solving as quadratureode . . . . . . ... ... .. ... ... 217
1.47.2 Maple step by step solution . . . . . ... ... ... ... ... 218

Internal problem ID [7363]
Internal file name [OUTPUT/6344_Sunday_June_05_2022_04_40_44_PM_95841037/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 47.

ODE order: 1.

ODE degree: 0.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

1.47.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

Il
o
S

Summary
The solution(s) found are the following

y==aq (1)
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Figure 31: Slope field plot

Verification of solutions

Verified OK.

1.47.2 Maple step by step solution

Let’s solve
y" =0
° Highest derivative means the order of the ODE is 1

/

Yy

° Integrate both sides with respect to x
[y"dz = [0dz +

° Cannot compute integral
[y"dz =
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Maple trace

“Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

<- differential order: 1; missing y(x) successful”

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 5

e

tdsolve(diff(y(x),x)‘n=0,y(x), singsol=all)

L

y(@) = a

v/ Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 15

-

LDSolve[(y'[x])‘n== ,y[x],x,IncludeSingularSolutions -> True]

-/

y(z) — 0"z 4 ¢
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1.48 problem 48

1.48.1 Solving as quadratureode . . . . . . ... ... ... .. ....
1.48.2 Maple step by step solution . . . .. ... ... ....

Internal problem ID [7364]

Internal file name [OUTPUT/6345_Sunday_June_05_2022_04_40_46_PM_4803324/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 48.

ODE order: 1.

ODE degree: 0.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

zy" =0

1.48.1 Solving as quadrature ode

Integrating both sides gives

y=/0dx

Il
o
S

Summary
The solution(s) found are the following

y=a
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Figure 32: Slope field plot

Verification of solutions

Verified OK.

1.48.2 Maple step by step solution

Let’s solve
zy" =0
° Highest derivative means the order of the ODE is 1

/

Yy

° Integrate both sides with respect to x
[ zy"dz = [0dz + 1

° Cannot compute integral
[zy"dz = ¢
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Maple trace

“Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

<- differential order: 1; missing y(x) successful”

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 5

e

Ldsolve(x*diff(y(x),x)‘n=0,y(x), singsol=all)

L

y(@) = a

v/ Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 15

-

LDSolve[x*(y'[x])‘n==0,y[x],x,IncludeSingularSolutions -> True]

-/

y(z) — 0"z 4 ¢
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1.49 problem 49
1.49.1 Maple step by step solution . . . . . ... ... ... ...... 224

Internal problem ID [7365]
Internal file name [OUTPUT/6346_Sunday_June_05_2022_04_40_48_PM_7391507/index . tex]

Book: First order enumerated odes
Section: section 1

Problem number: 49.

ODE order: 1.

ODE degree: 2.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

12

I
8

Solving the given ode for ¢’ results in 2 differential equations to solve. Each one of these
will generate a solution. The equations generated are

y =z (1)
Yy =—Vz 2)
Now each one of the above ODE is solved.

Solving equation (1)

Integrating both sides gives

y=/«/9_cdfc

212
== 3 + C1
Summary
The solution(s) found are the following
9
y="+a (1)
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Verification of solutions

Verified OK.
Solving equation (2)

Integrating both sides gives

y=/—x/:?dw

212
- — 3 + Ca
Summary
The solution(s) found are the following
213
y=- 3 C2
Verification of solutions
2w2
Yy=- 3 C2

Verified OK.

1.49.1 Maple step by step solution

Let’s solve

2
y =z

° Highest derivative means the order of the ODE is 1

/

Yy

° Integrate both sides with respect to x
[y%dz = [zdzx +c;

° Cannot compute integral

[y%dx = %24-61
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Maple trace

“Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

<- differential order: 1; missing y(x) successful”

v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 21

e

tdsolve(diff(y(x),x)‘2=x,y(x), singsol=all)

L

v/ Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 33

LDSolve[(y'[x])“2==x,y[x],x,IncludeSingularSolutions -> True]

21.3/2
y(z) = — 3

21133/2
y(z) — 3 +c

+c1
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1.50 problem 50

1.50.1 Solving as first order nonlinear p but linear in x y ode . . . . . 226
1.50.2 Solving as dAlembert ode . . .. ... ... ... ... .... 228]

Internal problem ID [7366]
Internal file name [OUTPUT/6347_Sunday_June_05_2022_04_40_50_PM_66979101/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 50.

ODE order: 1.

ODE degree: 2.

The type(s) of ODE detected by this program : "dAlembert", "first_ order_ non-
linear p_ but_ linear in_x_y"

Maple gives the following as the ode type

[[_homogeneous, “class C], _dAlembert]

12
Yy —y=7xw

1.50.1 Solving as first order nonlinear p but linear in x y ode

The ode has the form
()" =az+by+c (1)

Where n =2,m =1,a =1,b =1,c = 0. Hence the ode is

W) =z+y
Let
u=ar+by+c
Hence
v =a+by
J = u’b—a
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Substituting the above in (1) gives

Plugging in the above the values for n,m, a, b, c gives
(W(z) = 1) =u

Therefore the solutions are

Rewriting the above gives

u'(z) = Vu+1
u(z) = —Vu+1l

Each of the above is a separable ODE in u(x). This results in

du

NOES
du

—Vu+1
Integrating each of the above solutions gives

du
Vu+1

du
—Vu+1

dx

dz

=4+

=+
But since
u=ar+by+c

Then the solutions can be written as

T+yY 1
/ 7_+1d7'=x+cl

z+y 1

—/T+1

dr=z+¢
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Summary
The solution(s) found are the following

T+yY 1

T+y 1

——d
—/T+1

T=x4+¢ (2)

Verification of solutions

z+y 1
/ 7_+1d7'=z+cl

Verified OK.

z+y 1 p
/ ——\/F-i'l T=T+C

Verified OK.

1.50.2 Solving as dAlembert ode

Let p = ¢ the ode becomes

P-y=z
Solving for y from the above results in

y=p'—=z (1A)
This has the form

y=zf(p) +9(p) *)

Where f, g are functions of p = y/'(z). The above ode is dAlembert ode which is now
solved. Taking derivative of (*) w.r.t. z gives

p=f+(af +9) P

p—f=@f +9) L @)

Comparing the form y = zf + g to (1A) shows that

f=-1
g="p’
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Hence (2) becomes

p+1=2pp'(z) (2A)

The singular solution is found by setting g—z = 0 in the above which gives

p+1=0
Solving for p from the above gives
p=-1
Substituting these in (1A) gives
y=1—-=zx

The general solution is found when g—z # 0. From eq. (2A). This results in

oy pE)+1

This ODE is now solved for p(z). Integrating both sides gives

d_
/p+1p r+c

2p—2ln(p+1)=x+¢

Solving for p gives these solutions

p1 = — LambertW (—e_l_%_%> -1
= — LambertW (—cle_l_%) -1

Substituing the above solution for p in (2A) gives

y = (— LambertW (—cie™'72) — 1)2 —x

Summary
The solution(s) found are the following
y=1-z (1)
= (— LambertW (—cle_l_%) - 1)2 —x (2)
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Verification of solutions

y=1—=z
Verified OK.
Y= (— LambertW (—cle_l_%) - 1)2 —x

Verified OK.
Maple trace

"Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

trying dAlembert

<- dAlembert successful’

v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 33

Ldsolve(diff(y(x),x)“2=x+y(x),y(x), singsol=all) J

y(z) = LambertW (—cle_%_l)2 + 2 LambertW (—cle‘%‘l) —z+1

v/ Solution by Mathematica
Time used: 18.817 (sec). Leaf size: 100

‘DSolve[(y'[x])“2==x+y[x],y[x],x,IncludeSingularSolutions -> True]

y(z) > 1—z
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1.51 problem 51

1.51.1 Solving as first order nonlinear p but separable ode . . . . . . .
1.51.2 Solving as dAlembert ode . . .. ... ... ... ........

Internal problem ID [7367]

Internal file name [OUTPUT/6348_Sunday_June_05_2022_04_40_55_PM_62329261/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 51.

ODE order: 1.

ODE degree: 2.

The type(s) of ODE detected by this program : "dAlembert", "first_ order_ non-

linear_p_ but_ separable"

Maple gives the following as the ode type

[[_homogeneous, “class A"], _rational, _dAlembert]

1.51.1 Solving as first order nonlinear p but separable ode

The ode has the form

()™ = f(z)g(y)
Wheren=2,m=1, f = %,g = y. Hence the ode is

ne _ Y
)" =~
Solving for y' from (1) gives
¥ =V/fg
¥y =-Vfg

To be able to solve as separable ode, we have to now assume that f > 0,g > 0.

1
->0
x

y>0
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Under the above assumption the differential equations become separable and can be

written as
v =Vf\3g
Y =—Vfv3g
Therefore
1

Integrating gives

Therefore
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Summary
The solution(s) found are the following

1 c

x\/;cl-l—zl-l—x (1)
1 c

x\/;cl-l—zl-l—x (2)

1 c
y=zr\/—Cc1+—+2x
x 4

Verified OK. {0 < y, 0 < 1/x}

1 a
y=x\/—-c+—-+=x
z 4

Verified OK. {0 < y, 0 < 1/x}

Y

Y

Verification of solutions

1.51.2 Solving as dAlembert ode

Let p = ¢ the ode becomes

P-2=0
x
Solving for y from the above results in
y=p'z (1A)
This has the form
y=zf(p) +9(p) (*)

Where f, g are functions of p = y/(z). The above ode is dAlembert ode which is now
solved. Taking derivative of (*) w.r.t. z gives

p=f+(af +9) P

p—f=f +d) L @)

Comparing the form y = zf + g to (1A) shows that

f=r
g=>0
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Hence (2) becomes
—p* + p = 2zpp'(2) (24)

The singular solution is found by setting g—x = 0 in the above which gives

—p*+p=0
Solving for p from the above gives
p=0
p=1
Substituting these in (1A) gives
y=0
y=1

The general solution is found when g—z # 0. From eq. (2A). This results in

pla) = o) ®)

This ODE is now solved for p(x).

Entering Linear first order ODE solver. In canonical form a linear first order is

p'(z) + p(x)p(z) = q(z)

Where here
1
p(z) = %
1
q(z) = %
Hence the ode is
/ p(z) _ 1
( ) + 2r 2z
The integrating factor u is
b= ef %dz
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The ode becomes

d 1
L e = va) (5)
1
d =(=—x=]d
(ver) = (g ) do
Integrating gives
1
= [ —=d
Ve / 2z
VIp=+Vr+a
Dividing both sides by the integrating factor u = 1/ results in
C1
=14 =
p(z) =1+ NG

Substituing the above solution for p in (2A) gives

()

Summary
The solution(s) found are the following
y=0 (1)
y=z (2)
C1 2
=(14— 3
v=(1+3%) - @)
Verification of solutions
y=20
Verified OK. {0 < y, 0 < 1/x}
y=g

Verified OK. {0 < y, 0 < 1/x}

Verified OK. {0 < y, 0 < 1/x}
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Maple trace

“Methods for first order ODEs:
*k* Sublevel 2 **x*
Methods for first order ODEs:
-> Solving 1st order ODE of high degree, 1st attempt
trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE
trying 1st order ODE linearizable_by_differentiation
trying differential order: 1; missing variables
trying dAlembert
<- dAlembert successful’

v/ Solution by Maple
Time used: 0.015 (sec). Leaf size: 39

Ldsolve(diff(y(x),x)*2=y(x)/x,y(x), singsol=all) J
y(z) =0
2
T+ /azr
y(w)=—( o )
2
-z +,/az
y(w)=( )

X

v/ Solution by Mathematica
Time used: 0.048 (sec). Leaf size: 46

‘DSolve[(y'[x])” ==y [x]/x,y[x] ,x,IncludeSingularSolutions -> True]

y(x) — %(—2\/5 +c1)?

y(z) — }1(2\/5 +c1)?

y(z) >0
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1.52 problem 52
1.52.1 Solving as first order nonlinear p but separable ode . . . . . . . 2317
1.52.2 Maple step by step solution . . . . . ... ... ... .. .... 239

Internal problem ID [7368]
Internal file name [OUTPUT/6349_Sunday_June_05_2022_04_40_59_PM_62601205/index . tex]

Book: First order enumerated odes
Section: section 1

Problem number: 52.

ODE order: 1.

ODE degree: 2.

The type(s) of ODE detected by this program : "first__order__nonlinear_ p_ but__sep-
arable"

Maple gives the following as the ode type
[_separable]

1.52.1 Solving as first order nonlinear p but separable ode
The ode has the form

¥)" = f2)g(y) (1)
Wheren=2,m=1, f = %,g = y2. Hence the ode is

Solving for ' from (1) gives

¥y =-Vfg
To be able to solve as separable ode, we have to now assume that f > 0,g > 0.
1

->0
x

>0
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Under the above assumption the differential equations become separable and can be
written as

v =Vf\3g
v =—VfV3

Therefore

Integrating now gives the solutions.

1 1
[ giio= [ Reve
1 1

Integrating gives

yil/lgj) = 2x\/g+c1
_yil/lg) =2z %+cl
Therefore
yl\/nyéy) =2z é-i—cl
_yl\/n?%/) =2z %-l—cl
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Summary
The solution(s) found are the following

1
=2z 5+Cl (2)

Verification of solutions

Verified OK. {0 < 1/x, 0 < y~2}
1.52.2 Maple step by step solution

Let’s solve
2 2
y - =0

° Highest derivative means the order of the ODE is 1

/

Y

° Separate variables

v _ L
Yy Vz

. Integrate both sides with respect to x

f%dxzf\/i;d:c—i-cl

. Evaluate integral
In(y) =2vz+a

° Solve for y
y= 62\/54-01
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Maple trace

“Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

trying simple symmetries for implicit equations

<- symmetries for implicit equations successful

v/ Solution by Maple
Time used: 0.031 (sec). Leaf size: 27

-

Ldsolve(diff (y(x),x)"2=y(x)"2/x,y(x), singsol=all)

-/

y(z) =0
y(x) = cle”2VE
y(z) = c1e®V®

v/ Solution by Mathematica
Time used: 0.068 (sec). Leaf size: 38

e

LDSolve[(y'[x])‘2==y[x]‘2/x,y[x],x,IncludeSingularSolutions -> True]

~—

y(x) — cle 2V
y(x) — c e?V®
y(z) =0
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1.53 problem 53
1.53.1 Solving as first order nonlinear p but separable ode . . . . . . . 24T]

Internal problem ID [7369]
Internal file name [OUTPUT/6350_Sunday_June_05_2022_04_41_01_PM_39470954/index . tex]

Book: First order enumerated odes
Section: section 1

Problem number: 53.

ODE order: 1.

ODE degree: 2.

The type(s) of ODE detected by this program : "first__order__nonlinear_ p_ but__sep-
arable"

Maple gives the following as the ode type

[[_homogeneous, “class G ]]

1.53.1 Solving as first order nonlinear p but separable ode

The ode has the form

¥)™ = f(2)g(y) (1)
Where n =2,m =1, f = 1, g = y®. Hence the ode is

Solving for ¢ from (1) gives
¥ =fg
Y =-V/fg
To be able to solve as separable ode, we have to now assume that f > 0,9 > 0.

1
->0
x

¥ >0
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Under the above assumption the differential equations become separable and can be
written as

v =Vf\3g
v =—Vfvg

Therefore

Integrating now gives the solutions.

1 1
1 1

Integrating gives

Therefore

8%\/% + 461

3
823 (1) + 6x\/%c% +c +12¢1x

81:\/% +4c;

3
8z3 (1) + Gm\/gcf + ¢ + 1217

y:

y:
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Summary
The solution(s) found are the following

Sx\/g +4ey

3
8z3 (1) + Gx\/%c% + 3 + 1217

Sx\/g +4c¢;

3
8z3 (1) + 6$\/%c§ + ¢ + 121z

y:

y:

Verification of solutions

893\/% +4c;

3
823 (1) + 63:\/50% +c + 1212

y:

Verified OK. {0 < 1/x, 0 < y~3}

Sx\/g +4c;

3
8z3 (1) + 6$\/§c§ + ¢ + 121z

y:

Verified OK. {0 < 1/x, 0 < y~3}

Maple trace

(1)

(2)

“Methods for first order ODEs:

‘-> Solving 1st order ODE of high degree, 1st attempt
‘trying 1st order WeierstrassP solution for high degree ODE
‘<— 1st_order WeierstrassP successful”

v Solution by Maple
Time used: 0.015 (sec). Leaf size: 27

Ldsolve(diff(y(x),x)‘2=y(x)‘3/x,y(x), singsol=all)

y(z) =0
_ WeierstrassP (1,0, 0) 25

y(z) = <\/52% —}—61)2
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v/ Solution by Mathematica
Time used: 0.073 (sec). Leaf size: 42

kDSolve [(y'[x])~2==y[x]~3/x,y[x],x,IncludeSingularSolutions -> True]

4
—2yz+¢c1)?
4

y(z) — avita)?
y(z) =0

y(z) = (
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1.54 problem 54
1.54.1 Solving as first order nonlinear p but separable ode . . . . . . . 245

Internal problem ID [7370]
Internal file name [OUTPUT/6351_Sunday_June_05_2022_04_41_05_PM_32553168/index . tex]

Book: First order enumerated odes
Section: section 1

Problem number: 54.

ODE order: 1.

ODE degree: 3.

The type(s) of ODE detected by this program : "first__order__nonlinear_ p_ but__sep-
arable"

Maple gives the following as the ode type

[[_homogeneous, “class G°], _rational]
2
3
/ _ y_ — 0
T

1.54.1 Solving as first order nonlinear p but separable ode

The ode has the form

W)= = f(z)g(y) (1)

Wheren =3, m=1, f = %,g = y2. Hence the ode is

N _ W
W) ==
Solving for y' from (1) gives
y' = (fg)?
y _(fg)é L3 (2fg)é
. (f9)? _iV3(f9)®
Y 2 2
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To be able to solve as separable ode, we have to now assume that f > 0,g > 0.

1
->0
z

>0

Under the above assumption the differential equations become separable and can be
written as

y = f3gs
/=f%g%(i\/§_1)
Y 2
,__f%g%<1—|-i\/§)
y 2
Therefore
1 1
“dy=(f3) do
g§ ( )
2 1
- dy=1(f3)d
g5 (ivV3-1) y (f) o

g% (1 + Z\/g)

Replacing f(z), g(y) by their values gives

1 1\?
- = — dx
(¥*)° ’ ””> )
2 1\3
- dy = - dx
(v?)° (iV3—1) <$) >
— - 2 dy = 1 3) dz
(y2)§ (1+i\/§) x

Integrating now gives the solutions.

[ - /(;)fdm
[z (2) wra

/_(yz)% (12+ iv3) W= / (%>édm+cl
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Integrating gives

=l

(iV3-1)

ialle)

(¥?)

M

Therefore

)
6

)
6

=l

6

Summary

The solution(s) found are the following

(1)

(2)

3)

)
6
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Verification of solutions

2 1
y- 2 20 )i g

6 27
Verified OK. {0 < 1/x, 0 < y~2}
2 1
2 22(L\3. ()52 3
8 4 6 27
Verified OK. {0 < 1/x, 0 < y~2}
2 1
2 22(L\3. ()52 3
8 4 6 27

Verified OK. {0 < 1/x, 0 < y~2}
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Maple trace

-

“Methods for first order ODEs:
*%*% Sublevel 2 **x*
Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE

trying 1st order JacobiSN solution for high degree ODE

trying
trying
trying

i1st

order ODE linearizable_by_differentiation

differential order: 1; missing variables
simple symmetries for implicit equations

Successful isolation of dy/dx: 3 solutions were found. Trying to solve eacl

*x* Sublevel 3 ***

Methods for first order ODEs:

--- Trying classification methods
trying homogeneous types:

trying homogeneous G

trying an integrating factor from
<- integrating factor successful
<- homogeneous successful

* Tackling next ODE.
*x*x Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods
trying homogeneous types:
trying homogeneous G
trying an integrating factor from
<- integrating factor successful
<- homogeneous successful

* Tackling next ODE.
*x*x Sublevel 3 ***
Methods for first order ODEs:
--- Trying classification methods
trying homogeneous types:
trying homogeneous G
trying an integrating factor from
<- integrating factor successful
<- homogeneous successful’

the

the

the

invariance group

invariance group

invariance group
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v/ Solution by Maple
Time used: 0.047 (sec). Leaf size: 353

Ldsolve(diff(y(x),x)‘3=y(x)‘2/x,y(x),

singsol=all)

y(z) =0
3zic, 3zi & 2P
y(z) = - - t=
8 8 8 ' 8
@)_3p4¢§—nch§+3qa—w¢®x§_E§+§f
v = 6 6 8 8§
3(iv3—1) x5 3(1+iv3)azs & 22
gy = 2OV3-Yaat 31 +ivSast o o
16 16 8 ' 8
_ 3zscy | 3wac} | & P
y(@) = 32 64 8
(z) = 3(—iv3-1) c%x% 3(iv/3—1) c1x c_i‘ N x_2
v = 64 32 648
y(z) = 3(iv3-1)cdzs  3ci(—iv3-1)z5 ¢ N
B 64 32 64 ' 8
3zic; 3z B 22
y(#) =5 32:@+§ 4
(z) = 3(=iv3-1)cfzs  Bci(l—iv3)as o  a?
v = 64 32 64 8
(@) = 3(iv3 — 1) clas N 31+ czs &  a?
v = 64 32 64 " 8

v/ Solution by Mathematica
Time used: 0.083 (sec). Leaf size: 152

LDSolve[(y'[x])”3==y[x]”2/x,y[x],X,In

cludeSingularSolutions -> True]

1
y(x) — m(3x2/3 +2¢;) °

1
y(x) — 316 (1&’ <\/§ + z) e 2z?® — 27i<\/§ — z) 1?2712 + 8013>
y(x) — % <—18i(\/§ — z) ci22?® + 274 (\/g + z> cz® + 2722 + 8013)
y(z) =0
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1.55 problem 55
1.55.1 Solving as first order nonlinear p but separable ode . . . . . . . 251]

Internal problem ID [7371]
Internal file name [OUTPUT/6352_Sunday_June_05_2022_04_41_12_PM_61719047/index . tex]

Book: First order enumerated odes
Section: section 1

Problem number: 55.

ODE order: 1.

ODE degree: 2.

The type(s) of ODE detected by this program : "first__order__nonlinear_ p_ but__sep-
arable"

Maple gives the following as the ode type

[[_homogeneous, ~class G~ ]]

12 1

R
yT

1.55.1 Solving as first order nonlinear p but separable ode

The ode has the form
()= = f(z)g(y) 1)

Wheren=2,m=1,f=1¢g= i Hence the ode is

Solving for y' from (1) gives

¥ =V/fg
¥y =-Vfg
To be able to solve as separable ode, we have to now assume that f > 0,g > 0.
1

->0
z

1
->0
)
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Under the above assumption the differential equations become separable and can be
written as

v =VfV3
Y =-VfV3g

Therefore
Ldy = <\/?) dx
_ﬁ dy = <\/?> dz

Replacing f(z), g(y) by their values gives

-5

Integrating now gives the solutions.

/Ldy=/\/1dw+cl
Vo St
y
/—idyz/\/Idz+cl
Vo St
y

Integrating gives

2 1
Y _ 236\/j +c
3,/ @
2 1
- 2z4/ =+
3,/ @
Therefore
2 1
Yo —omy /- +c
3,/ z
2 1
A Y +c
x

[GV]
o
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Summary
The solution(s) found are the following

2y
1
3y
2y

2y
3\/1
Yy

Verified OK. {0 < 1/x, 0 < 1/y}

Verified OK. {0 < 1/x, 0 < 1/y}

Verification of solutions
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Maple trace

“Methods for first order ODEs:
-> Solving 1st order ODE of high degree, 1st attempt
trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE
trying 1st order ODE linearizable_by_differentiation
trying differential order: 1; missing variables
trying simple symmetries for implicit equations
Successful isolation of dy/dx: 2 solutions were found. Trying to solve each r
**x*x Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying homogeneous types:
trying homogeneous G
1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful
<- homogeneous successful

* Tackling next ODE.
**k*x Sublevel 2 **x*
Methods for first order ODEs:
--- Trying classification methods ---
trying homogeneous types:
trying homogeneous G
1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful
<- homogeneous successful’

v/ Solution by Maple
Time used: 0.031 (sec). Leaf size: 51

) Var @ — e =3z _
VT

y(z) \/zy () — c14/T + 3T _o
VT

254

esulting ODE.

Ldsolve(diff(y(x),x)“2=1/(y(x)*x),y(x), singsol=all) J



v/ Solution by Mathematica
Time used: 3.748 (sec). Leaf size: 53

-

kDSolve [(y'[x])~2==1/(y[x]*x),y[x],x,IncludeSingularSolutions -> True]

—

2/3

(~2vZ+ )

ym%+(>m
(2)

(2\/5 + Cl) 2/3

y(z) —
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1.56 problem 56
1.56.1 Solving as first order nonlinear p but separable ode . . . . . . . 256

Internal problem ID [7372]
Internal file name [OUTPUT/6353_Sunday_June_05_2022_04_41_18_PM_57592104/index . tex]

Book: First order enumerated odes
Section: section 1

Problem number: 56.

ODE order: 1.

ODE degree: 2.

The type(s) of ODE detected by this program : "first__order__nonlinear_ p_ but__sep-
arable"

Maple gives the following as the ode type

[[_homogeneous, ~class G~ ]]

1

12

— =0
Yy v

1.56.1 Solving as first order nonlinear p but separable ode

The ode has the form
()= = f(z)g(y) 1)

Where n=2,m=1, f =1 g= L. Hence the ode is
x y
1
AV

(y) - y3$
Solving for y' from (1) gives

Yy =+fg

¥y =-VTfg
To be able to solve as separable ode, we have to now assume that f > 0,9 > 0.

1

->0
x

1
E>O
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Under the above assumption the differential equations become separable and can be
written as

v =VfV3
Y =-VfV3g

Therefore
1

—dy = <\/?> dx
——dy = (\/?

Replacing f(z), g(y) by their values gives

Integrating gives

2 1

4 = 2x\/— +c
5¢/ 5 z
2 1

. - 2z4/ =+
5./% z

Therefore

2 1

Y —ogy/- +c
5,/% v
2 1

L +
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Summary
The solution(s) found are the following

2y
5/
2y

1
5/

Verification of solutions

2y
53

Verified OK. {0 < 1/x, 0 < 1/y~3}

Verified OK. {0 < 1/x, 0 < 1/y~3}

=2z\/ -+
x
1
=2z\/— 4+
x
1
=2r\/— 4+
x
1
=2z\/— 4+
x
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Maple trace

“Methods for first order ODEs:
-> Solving 1st order ODE of high degree, 1st attempt
trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE
trying 1st order ODE linearizable_by_differentiation
trying differential order: 1; missing variables
trying simple symmetries for implicit equations
Successful isolation of dy/dx: 2 solutions were found. Trying to solve each r
**x*x Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying homogeneous types:
trying homogeneous G
1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful
<- homogeneous successful

* Tackling next ODE.
**k*x Sublevel 2 **x*
Methods for first order ODEs:
--- Trying classification methods ---
trying homogeneous types:
trying homogeneous G
1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful
<- homogeneous successful’

v/ Solution by Maple
Time used: 0.046 (sec). Leaf size: 55

2y (@) y(z)’ — 1v/T — 5z _
Jz
Vay @ y(@)’ — e +5r _
Jz

0
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esulting ODE.

Ldsolve(diff(y(x),x)“2=1/(x*y(x)‘3),y(x), singsol=all) J



v/ Solution by Mathematica
Time used: 0.112 (sec). Leaf size: 53

-

kDSolve [(y' [x])~2==1/(x*y[x]~3),y[x],x,IncludeSingularSolutions -> Truel

—

2/5

(~2vz+ )

ym%+(>%
(3)

(2\/5 + Cl) 2/5

y(z) —
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1.57 problem 57
1.57.1 Solving as first order nonlinear p but separable ode . . . . . . . 2611
1.57.2 Maple step by step solution . . . . . ... ... ... .. .... 263]

Internal problem ID [7373]
Internal file name [OUTPUT/6354_Sunday_June_05_2022_04_41_22_PM_83742797/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 57.

ODE order: 1.

ODE degree: 2.

The type(s) of ODE detected by this program : "first__order__nonlinear_ p_ but__sep-
arable"

Maple gives the following as the ode type
[_separable]

1.57.1 Solving as first order nonlinear p but separable ode

The ode has the form
()" = f(z)g(y) 1)

Where n=2,m=1,f=%,9= 3% Hence the ode is

1
2 _
(y’) —W

Solving for y' from (1) gives

¥y =V/fg
¥y =-Vfg
To be able to solve as separable ode, we have to now assume that f > 0,9 > 0.
1
z?
1

— >0
Y3

>0
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Under the above assumption the differential equations become separable and can be

written as

v =VfV3
Y =-VfV3g

Therefore

~

Ldy= <\/_> dx
—ﬁdy: <\/_> dz

Replacing f(z), g(y) by their values gives

=3
~

Integrating gives

=1/ rhn(z)+c

Therefore

=1/ zIn(z)+a

=4/ zzln(z)+c

ot
@wl,_.
WS w
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Summary
The solution(s) found are the following

2 1
yl =\/a?zln(a:)+cl (1)
Vv
2 1
—5 yl =\/Emln(x)—|—cl (2)
i

2 1
yl =1/ rIn(z)+a
/5 V7

Verified OK. {0 < 1/x72, 0 < 1/y~3}

2 1
— yl =4/ zzln(z)+c
) 7 z

Verified OK. {0 < 1/x72, 0 < 1/y~3}

Verification of solutions

1.57.2 Maple step by step solution

Let’s solve
y' = =0

° Highest derivative means the order of the ODE is 1

/

Yy
° Separate variables
3 _ 1
yyz =3
° Integrate both sides with respect to x
fy’y%da: = [ldz+c
. Evaluate integral

5

22 =In(z) +

° Solve for y
y = (som(x):soCl)%
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Maple trace

“Methods for first order ODEs:

-> Solving 1st order ODE of high degree, 1st attempt

trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE

trying 1st order ODE linearizable_by_differentiation

trying differential order: 1; missing variables

trying simple symmetries for implicit equations

<- symmetries for implicit equations successful

v/ Solution by Maple
Time used: 0.047 (sec). Leaf size: 29

-

Ldsolve(diff(y(x),x)‘2=1/(x“2*y(x)“3),y(x), singsol=all)

-/

ln(x)—%—cle
5
2(x)?

In(z) + y(5$) —c =0

v Solution by Mathematica
Time used: 0.139 (sec). Leaf size: 45

LDSolve[(y'[x])‘2==1/(x‘2*y[x]‘3),y[x],x,IncludeSingularSolutions -> True]

y(z) =

y(z) = (g) " (—log(z) + c1)%/®
(

5\ 2/5
3) (ogta) + e
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1.58 problem 58

1.58.1 Solving as first order nonlinear p but separable ode . . . . . . .

Internal problem ID [7374]

Internal file name [QUTPUT/6355_Sunday_June_05_2022_04_41_26_PM_32107100/index. tex]

Book: First order enumerated odes
Section: section 1

Problem number: 58.

ODE order: 1.

ODE degree: 4.

The type(s) of ODE detected by this program : "first__order__nonlinear_ p_ but__sep-

arable"

Maple gives the following as the ode type

[[_homogeneous, “class G°], _rational]
14 1
— 5, =0
Y°x

1.58.1 Solving as first order nonlinear p but separable ode

The ode has the form

W)™ = f(z)g(y)

Where n =4,m=1, f = %,g = y—13 Hence the ode is

, 1
(y )4 = yg_z
Solving for 3 from (1) gives
y = (fg)*
Y =1i(fg)*
1
Yy =—(fg)*
y = —i(fg)*
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To be able to solve as separable ode, we have to now assume that f > 0,g > 0.

1
->0
T
1
E>0

Under the above assumption the differential equations become separable and can be
written as

y = figs
y =ifigh
y =—figi
y =—ifig
Therefore
g%dy = (f%) do
_gii dy = (f%> dz
—g%dy — (f%> dz
g%dy = (1%) do

()
e (@)
e (G

()
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Integrating now gives the solutions.

[ e () e
o /(E)fzm
/_@idy: () arva

[ e () e

Integrating gives

\]
/N
. <dw|._.
——
N
w

\]
/N
Q=
—
N
w

\]
/N
. <¢w|._.
—
N
w

\]
/N
S
—
N
w

Therefore

\]
VRS
S
——
N
w

3
/N
U:;Jl,_.
N——
=
w

\]
VRS
S
N——
N
w
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Summary
The solution(s) found are the following

\]
/
. cdw|._.
——
N

N
VS
@wl,_.
N———
=

BN |
/N
. ‘ﬁw|._\
N——
=

\]
S
g
—
NI
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Verification of solutions

Verified OK. {0 < 1/x,

Verified OK. {0 < 1/x,

Verified OK. {0 < 1/x,

Verified OK. {0 < 1/x,

1
4 dz(l)d
v $%) o
7(5)
0 < 1/y°3}
1
4 4g(L)3
- Zyl= :E(;) +c
4
(%)
0 < 1/y~3}
1
4 4z (L)1
M x(;) e
()
0 < 1/y°3}
1
4 4g(L)4
zy7= :L'(;) +c
4
(%)
0 < 1/y~3}
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Maple trace

-

“Methods for first order ODEs:
-> Solving 1st order ODE of high degree, 1st attempt
trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE
trying 1st order ODE linearizable_by_differentiation
trying differential order: 1; missing variables
trying simple symmetries for implicit equations
Successful isolation of dy/dx: 4 solutions were found. Trying to solve each r
**x*x Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying homogeneous types:
trying homogeneous G
1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful
<- homogeneous successful

* Tackling next ODE.
**k*x Sublevel 2 **x*
Methods for first order ODEs:
--- Trying classification methods ---
trying homogeneous types:
trying homogeneous G
1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful
<- homogeneous successful

* Tackling next ODE.
**k*x Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying homogeneous types:
trying homogeneous G
1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful
<- homogeneous successful

* Tackling next ODE.

**k*x Sublevel 2 ***

Methods for first order ODEs:

--- Trying classification methods 570
trying homogeneous types:
trying homogeneous G

A4 L 1 I I . . 1 P T . ST T . B

esulting ODE.




v/ Solution by Maple
Time used: 0.063 (sec). Leaf size: 123

Ldsolve(diff(y(x),x)*4=1/(x*y(x)“3),y(x), singsol=all)

7% — 3y(x) (x?’y(ac))% + ez
- 9

=0
T4
3
—72% + 3iy(z) (3y(2)) T — izt 0
. -
3 9
T’ + 3iy(2) (z°y(2))* — et _
- -
3 9
75+ 3y(0) (y(a)* —enr!
L =
€xr4

v/ Solution by Mathematica
Time used: 7.225 (sec). Leaf size: 129

tDSolve[(y'[x])‘4==1/(x*y[x]‘3),y[x],x,IncludeSingularSolutions -> True]

oy, 5T
xTr) —
Y 2v/2
= (Tey — Zigd/4) 47
2v/2
B/t + Tey) 47
2v/2
T G )
) —
Y 2v/2

y(z

y(z) = (
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1.59 problem 59
1.59.1 Solving as first order nonlinear p but separable ode . . . . . . . 272
1.59.2 Maple step by step solution . . . . .. ... ... ... ... .. 274

Internal problem ID [7375]
Internal file name [OUTPUT/6356_Sunday_June_05_2022_04_41_31_PM_62105651/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 59.

ODE order: 1.

ODE degree: 2.

The type(s) of ODE detected by this program : "first__order__nonlinear_ p_ but__sep-
arable"

Maple gives the following as the ode type
[_separable]

1.59.1 Solving as first order nonlinear p but separable ode

The ode has the form
()" = f(z)g(y) 1)

L Hence the ode is

Wheren=2,m=1,f=$i3,g ”

Solving for y' from (1) gives

¥y =V/fg
¥y =-Vfg
To be able to solve as separable ode, we have to now assume that f > 0,9 > 0.

1
>0

73
1
¥>0
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Under the above assumption the differential equations become separable and can be

written as

v =VfV3
Y =-VfV3g

Therefore

~

Ldy= <\/_> dx

—ﬁdy: <\/_> dz

Replacing f(z), g(y) by their values gives

=3
~

1
/— - dy = —dz + ¢
\V o*
Integrating gives
1
y_— -2 S ta
3¢/ v’U
1
- —2z\/ 5+
3,/ % z
Therefore
1
y = —2x ) + C1
3,/% Vo
/1
- y = -2z 3 + C1
3/ z
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Summary
The solution(s) found are the following

<

w
I
le —_

+c (2)

Verification of solutions

/1
Y_— 9 S ta
3¢/ z

Verified OK. {0 < 1/x73, 0 < 1/y~4}
/1
— y = —2x ) + C1
3,/ z

Verified OK. {0 < 1/x73, 0 < 1/y~4}

1.59.2 Maple step by step solution

Let’s solve
Y = g =0

° Highest derivative means the order of the ODE is 1

/

Yy
° Separate variables
y'y: ==
xr2
. Integrate both sides with respect to x

[y'y*dz = [ L%dx +c

° Evaluate integral
% - _\/li + C1
° Solve for y

W=

y= <3c1£—6>

274



Maple trace

“Methods for first order ODEs:
-> Solving 1st order ODE of high degree, 1st attempt
trying 1st order WeierstrassP solution for high degree ODE
trying 1st order WeierstrassPPrime solution for high degree ODE
trying 1st order JacobiSN solution for high degree ODE
trying 1st order ODE linearizable_by_differentiation
trying differential order: 1; missing variables
trying simple symmetries for implicit equations
Successful isolation of dy/dx: 2 solutions were found. Trying to solve each r
**x*x Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
<- Bernoulli successful

* Tackling next ODE.
*kx Sublevel 2 ***
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
trying Bernoulli
<- Bernoulli successful”
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v/ Solution by Maple
Time used: 0.047 (sec). Leaf size: 137

Ldsolve(diff(y(x),x)*2=1/(x‘3*y(x)‘4),y(x), singsol=all)

o) - (w——6>é

y(z)
<w>§ Gy
VT +
( v }
av/ere )3 (14
y(m)z— Jz )2(1+ \/_)
eEr6) 3 m
y(ﬂc)=< - )2(\/5 !
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v/ Solution by Mathematica
Time used: 3.775 (sec). Leaf size: 157

kDSolve [(y'[x])~2==1/(x"3*y[x]~4),y[x],x,IncludeSingularSolutions -> Truel
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1.60 problem 60
1.60.1 Solving as homogeneousTypeC ode

1.60.2 Solving as first order ode lie symmetry lookup ode

Internal problem ID [7376]

Internal file name [OUTPUT/6356_Wednesday_July_13_2022_06_14_16_PM_9550685/index. tex]

Book: First order enumerated odes
Section: section 1

Problem number: 60.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "homogeneousTypeC", "first_ or-

der__ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[[_homogeneous, “class C], _dAlembert]

Yy —/1+6x+y=0

1.60.1 Solving as homogeneousTypeC ode

Let

z=1+6zx+y
Then

Z(z) =6+
Therefore

y =2(z)—6
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This is separable first order ode. Integrating

|y -

T+c =2vz—6In(vz+6)+6In(—6++2z) —6In(—36+2)

Replacing z back by its value from (1) then the above gives the solution as

2\/1+ 6z +y 6ln<\/1+6x+ +6)
+6ln<—6+\/1+6m+y>—61n (—=35+62+7y) =z +c

Summary
The solution(s) found are the following

2\/1+ 6z +y 61n(\/1+6x+ —|—6>
+61n(—6—|—s/1+6x+y)—61n 354 6r+y)=z+a

NN\

i NONONON NN NN NN
A N R e N

I N R R O R N N O N N
e A N N A A A A A A A A A e A A A e A —a

N N N N NN
Ly

N N e e i e e
DO o i i i i i, i, s, i,
L L i T i i i, i i, i i, i, i, i, i, i, i i

e e e S S S

O R e T e e e e e e

I
w

|
[\S]

(.
—_—
()
—_

Figure 33: Slope field plot
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Verification of solutions

2\/1+6x+y—61n<\/1+6x—|—y+6>
+61n<—6+\/1+6x+y> _6ln(—35+62+y) =z +c

Verified OK.

1.60.2 Solving as first order ode lie symmetry lookup ode

Writing the ode as

y=+/14+6z+y

Y =w(z,y)
The condition of Lie symmetry is the linearized PDE given by
Nz + w(ny - gz) - w2§y - ww‘f — Wyl = 0 (A)

The type of this ode is known. It is of type homogeneous Type C. Therefore we do not
need to solve the PDE (A), and can just use the lookup table shown below to find &, 7
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Table 60: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n
linear ode Yy = f(z)y(x) + g(x) 0 el fdo
separable ode vy = f(z) g(y) % 0
quadrature ode Yy = f(z) 0 1
quadrature ode vy =g(y) 1 0
homogeneous ODEs of | ¢ = f(¥) x Y
Class A
homogeneous ODEs of | 3 = (a + bz + cy)™ 1 —:
Class C
homogeneous class D | ¢’ = £ 4 g(z) F (g) z? Yy
First order special | i = g(z)e" @+ 4 f(z) | & Jof ;?;‘;f—h(@ f@)e=/ ;’{;’)”d“‘h(”
form ID 1
: __ aiz+biy+c a1bax—agbiz—bica+b a1boy—azbiy—aice—asc
polynomial type ode y = . +b;Z o T 2 ajb;?iazilz 20
Bernoulli ode v = f(x)y+g(z)y" 0 e~ J(n=D)f(@)dzyn
Reduced Riccati v = fi(x)y + folx) y? 0 e~/ fide

The above table shows that

£(z,y) =1

n(z,y) = —6

(A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _
§ n

as

1)

The above comes from the requirements that (f a% + 77(%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
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canonical coordinates, where S(R). Therefore

dy _m
dr &
_=6
1
=—6
This is easily solved to give
y=—6x+c

Where now the coordinate R is taken as the constant of integration. Hence

R=6z+y
And S is found from
dx
dS = —
§
_do
1

Integrating gives

S

IE:
T
xz

Where the constant of integration is set to zero as we just need one solution. Now
that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

@ — Sm +w(x’y)Sy (2)
dR R, +w(z,y)R,

Where in the above R,, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) =+/1+6z+y

Evaluating all the partial derivatives gives

R, =6
R,=1
S, =1
S, =0
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Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

dS 1
dR~ \/I+6z+y+6

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

as 1
dR 1+ R+6

The above is a quadrature ode. This is the whole point of Lie symmetry method.

(24)

It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S. Integrating the above
gives

S(R)=2VT+R -6 (VI+E+6) +6In(-6+VI+E)—6In(-35+F)+c,
(4)

To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

z=2/1+6z+y 6ln<\/l+6x+ +6>+6ln< 6+\/1+6x+y>—61n(—35+6a:+y)+cl

Which simplifies to

z=21+6z+y 6ln<\/1—|—6x+ +6>+61n< 6+\/1+6m—|—y>—61n(—35+6x+y)+cl

Which gives

x _q 1_=x _q
12 c1 12 12 c1
—2LambertW< 3 >+6—z—2 — LambertW <—e 3 >+12—I—1

y=e —12e
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The following diagram shows solution curves of the original ode and how they transform
in the canonical coordinates space using the mapping shown.

Canonical . . )
. . . . ODE in canonical coordinates
Original ode in z,y coordinates coordinates (R, S)
transformation ’
dy _ das _ 1
o =vV1itobr+y iR = VT
AArEEEEEEEES N
A ) N
~gprrrrtrrttt R
T S teseeseees
YO AR r R ittt S(R) I
mMALLEEEE AN 2>
SRRy P ISR
, SRS REN R=6x+y , N DS
2 TR s G S i
sanin - ESsssssssass
7 N Dt
rrrrrrrry ST
AEIEEILLY L
VAV | N
—44 A/ f f f f f f f B e e
Zrrrtrrrt B S
Lttt N
Summary
The solution(s) found are the following
°1_z 4 €1 _z 4
—2LambertW<—m6ﬁ>+c61—z—2 —LambertW(—W)—f-%—fg—l
Yy=-e —12e —6$+$5)
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Figure 34: Slope field plot

Verification of solutions

c1
— LambertW <— el2

—12e

-2

8lo

—2 LambertW (—

(S

y:

Verified OK.
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Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---

trying homogeneous types:

trying homogeneous C

1st order, trying the canonical coordinates of the invariance group

-> Calling odsolve with the ODE™, diff(y(x), x) = -6, y(x)° *x* Subleyel 2 *xx*

Methods for first order ODEs:
-—— Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

<- 1st order, canonical coordinates successful

<- homogeneous successful”

N\ J

v/ Solution by Maple
Time used: 0.015 (sec). Leaf size: 57

‘dsolve(diff(y(x),x)=(1+6*x+y(x))“(1/2),y(x), singsol=all)

w—2\/1+6w+y(x)+6ln<6—|—\/1+6x+y(w))
—6ln (—6—|—\/1+6x+y(m)> +61n(—35+y(z) +62) —c; =0

v/ Solution by Mathematica
Time used: 13.35 (sec). Leaf size: 65

‘DSolve[y'[x]==(1+6*x+y[x])”(1/2),y[x],x,IncludeSingularSolutions -> Truel ‘

y(z) — 36W (—%eé<—6m—73+601>) 2 4 T2W (—%eé<—6z—73+601>) — 6z +35

y(z) — 35 — 6z
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1.61 problem 61

1.61.1 Solving as homogeneousTypeCode . . . . .. ... ... .... 287
1.61.2 Solving as first order ode lie symmetry lookup ode . .. .. .. 289

Internal problem ID [7377]
Internal file name [OUTPUT/6357_Wednesday_July_13_2022_06_14_18_PM_75656588/index . tex|

Book: First order enumerated odes
Section: section 1

Problem number: 61.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "homogeneousTypeC", "first_ or-
der__ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[[_homogeneous, “class C], _dAlembert]

y — (1+62+y)F =0

1.61.1 Solving as homogeneousTypeC ode
Let

z=1+6x+y (1)
Then

Z(z)=6+y
Therefore

y =2(x)—6
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This is separable first order ode. Integrating

/dw=/ 11 dz
z23 +6

T+ = 3§ —361n (2% — 625 +36) +72In (2 + 6) +361n (216 + 2) — 182

Replacing z back by its value from (1) then the above gives the solution as
3(1+ 6z +y)*
2
1
+721n (1462 +)5 +6) +361n (217 + 63 + y) — 18(1 + 6z + )

—361n ((1+6x+y)% —6(1+6z+y)% +36>

W=

=+

Summary
The solution(s) found are the following
3(1+ 6z +y)?
2
+721n ((1+62+y)° +6) +361n (217 + 62+ y) — 18(1 + 62 + 1)

—36In ((1+6z+y)§ —6(1+6m+y)%+36) 0

W=

=+

NN\
NONONNCNCNON NN N

A N R N R NN
I N O N Y S NN

N N N e N e N
N e N e S S NN
NN N N e N T e

N N N e e N SN

e T S e e e T e T T S
B e T e T e e e

T N . N S N SN

|
w

|
S

|
—_
o
—

Figure 35: Slope field plot
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Verification of solutions

2
31+ 62”” ) PN ((1+62+9)% — 6(1+ 62 +3)° +36)
+72In ((1+6x+y)% +6) +361n (217 + 62 +1) — 181+ 6z +9)5 =z +¢;
Verified OK.
1.61.2 Solving as first order ode lie symmetry lookup ode
Writing the ode as
y = (1+6x+y)%
Y =w(z,y)
The condition of Lie symmetry is the linearized PDE given by
Mo +w(ny — &) — w8y — we€ —wyn =0 (A)

The type of this ode is known. It is of type homogeneous Type C. Therefore we do not
need to solve the PDE (A), and can just use the lookup table shown below to find &, 7
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Table 62: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n
linear ode Yy = f(z)y(x) + g(x) 0 el fdo
separable ode vy = f(z) g(y) % 0
quadrature ode Yy = f(z) 0 1
quadrature ode vy =g(y) 1 0
homogeneous ODEs of | ¢ = f(¥) x Y
Class A
homogeneous ODEs of | 3 = (a + bz + cy)™ 1 —:
Class C
homogeneous class D | ¢’ = £ 4 g(z) F (g) z? Yy
First order special | i = g(z)e" @+ 4 f(z) | & Jof ;?;‘;f—h(@ f@)e=/ ;’{;’)”d“‘h(”
form ID 1
: __ aiz+biy+c a1bax—agbiz—bica+b a1boy—azbiy—aice—asc
polynomial type ode y = . +b;Z o T 2 ajb;?iazilz 20
Bernoulli ode v = f(x)y+g(z)y" 0 e~ J(n=D)f(@)dzyn
Reduced Riccati v = fi(x)y + folx) y? 0 e~/ fide

The above table shows that

£(z,y) =1

n(z,y) = —6

(A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _
§ n

as

1)

The above comes from the requirements that (f a% + 77(%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
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canonical coordinates, where S(R). Therefore

dy _m
dr &
_=6
1
=—6
This is easily solved to give
y=—6x+c

Where now the coordinate R is taken as the constant of integration. Hence

R=6z+y
And S is found from
dx
dS = —
§
_do
1

Integrating gives

S

IE:
T
xz

Where the constant of integration is set to zero as we just need one solution. Now
that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

@ — Sm +w(x’y)Sy (2)
dR R, +w(z,y)R,

Where in the above R,, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

=

w(z,y) = (1+6z +y)

Evaluating all the partial derivatives gives

R, =6
R,=1
S, =1
S, =0
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Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as 1
AR (1+46z+1y)% +6

(24)

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

as 1
dR (14 R)s +6

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S. Integrating the above
gives

3(1+ R)S
2

W=
W=

S(R) = —36In ((1+ R)* —6(1+ R)* +36) +72In (1 + R)® +6) +361n (217 + R) — 18(

(4)

To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

wlN

3(1+6
p= S0+ ;“’) — 361 ((1+62+y)F —6(1+62+y)

Which simplifies to

=
=

+36) +721n ((1+ 62 +y)* +6) +361n

N

3(1+6 2
p= S0+ 2"’+y) —361n((1+6x+y)§—6(1+6x+y)

wl=

+36) + 72In ((1+ 62 +)* +6) +36In
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The following diagram shows solution curves of the original ode and how they transform

in the canonical coordinates space using the mapping shown.

C ical
.. ) ) anqnlca ODE in canonical coordinates
Original ode in z,y coordinates coordinates (R, S)
transformation ’
d 3 das _ 1
ﬁ=(1+6x+y)3 dR (1+R)§I+6
AARFEEEL LS
AANrEEEELLLS
RN
Arrrrrrrtrt
wo LI
AR
VIV INIEY
, SN NENEEY, R=6z+y ,
TR | g -
AAPPETLLL =7
s rrrrrtts
APPPIIIILS
IR RN
AEIPLLLLL
| SPPIIIIS
AEIPLIILS
APPIPIII
Summary
The solution(s) found are the following
2
3(1+6z+y) 2 1
z= X +2+y —36In ((1+62+y)° —6(1+6z+y)" +36) (1)
1
+721n (1462 +)5 +6) +361n (217 + 62 + y) — 18(1 + 62+ y)° + ¢
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Figure 36: Slope field plot

Verification of solutions

1 %
-t +6w+y —361n <1+6w+y3—6(1+6w+y)3+36>
+

Wl
W=

—|—721n<(1—|—6x+y) 6>+361n(217+6x+y)—18(1+6:c+y) + o

Verified OK.
Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---

trying homogeneous types:

trying homogeneous C

1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful

<- homogeneous successful’
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v/ Solution by Maple
Time used: 0.015 (sec). Leaf size: 79

Ldsolve(diff(y(x),x)=(1+6*x+y(x))“(1/3),y(x), singsol=all)

30+ 6x2+ Y@)* oy (6 +(1+6z+ y(x))%)

+361n ((1+ 6z +y(z))* —6(1 + 62 +y(x))* +36)
— 361n (217 + y(z) + 62) + 18(1 + 62 + y(x))’ — 1 =0

v Solution by Mathematica
Time used: 0.246 (sec). Leaf size: 66

LDsolve[y'[x]==(1+6*x+y[x])A(1/3),y[x],x,IncludeSingularSolutions -> Truel

Solve E (y(x) — 9(y(z) + 6z + 1)2/3 + 108¢/y(z) + 6z + 1
— 648 log (\S/y(ac) +6x+1+ 6> + 6z + 1) — @ = cl,y(x)}
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1.62 problem 62

1.62.1 Solving as homogeneousTypeCode . . . . .. ... ... .... 296
1.62.2 Solving as first order ode lie symmetry lookup ode . .. .. .. 298]

Internal problem ID [7378]
Internal file name [OUTPUT/6358_Wednesday_July_13_2022_06_14_18_PM_49721640/index.tex|

Book: First order enumerated odes
Section: section 1

Problem number: 62.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "homogeneousTypeC", "first_ or-
der__ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[[_homogeneous, “class C], _dAlembert]

Y — (1+6z+y)i =0

1.62.1 Solving as homogeneousTypeC ode
Let

z=1+6x+y (1)
Then

Z(z)=6+y
Therefore

y =2(x)—6
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This is separable first order ode. Integrating

/dx=/ 11 dz
2446

T+ = 4% — 4321n (24 +6) +432In (24 — 6) — 2161n ( — 1296)
—12/Z — 2161n (=36 + /z) + 216 In (v/z + 36) + 14421

Replacing z back by its value from (1) then the above gives the solution as

3
4(1 1
( +6§c+y) ~ 43210 (1 + 62 +y)* +6) +432In ((1+ 62 +)* —6)

—2161n(~1295+ 6z +y) — 12/T+ 65+ — 2161n (—36 + /T + 62 +y)

+2161n (\/1+6x+y+36> + 1441+ 6z +y)i =z + ¢

Summary
The solution(s) found are the following

A1 : : 1
( +6;+y) — 4321In ((1+ 62 +9)% +6) +432In ((1+ 62+ y)* - 6)

—2161n (—1295+ 62 +y) — 124/1+ 6z +y — 2161n (—36+ \/1+6x+y> (1)

+2161n (\/1+6x+y+36> +144(1+ 6z +y)i =z 40
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Figure 37: Slope field plot

Verification of solutions

3
41+ 6z + y)3 : 3
(1+ ;J’y) —4321n((1+6z+y)3*+6>+4321n((1+6m+y)i‘6)

— 2161n (—1295 + 63+ y) — 12/T+ 62 +y — 2161n (~36 + /T + 62 + y

+2161n (\/T+62+y+36) + 1441+ 62 +y): =z -+

Verified OK.

1.62.2 Solving as first order ode lie symmetry lookup ode
Writing the ode as
y = (14—633-|—y)i
y =w(z,y)
The condition of Lie symmetry is the linearized PDE given by
Mo+ w1y — &) — W€y — wef —wyn =0 (A)

The type of this ode is known. It is of type homogeneous Type C. Therefore we do not
need to solve the PDE (A), and can just use the lookup table shown below to find &, 7
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Table 64: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n
linear ode Yy = f(z)y(x) + g(x) 0 el fdo
separable ode vy = f(z) g(y) % 0
quadrature ode Yy = f(z) 0 1
quadrature ode vy =g(y) 1 0
homogeneous ODEs of | ¢ = f(¥) x Y
Class A
homogeneous ODEs of | 3 = (a + bz + cy)™ 1 —:
Class C
homogeneous class D | ¢’ = £ 4 g(z) F (g) z? Yy
First order special | i = g(z)e" @+ 4 f(z) | & Jof ;?;‘;f—h(@ f@)e=/ ;’{;’)”d“‘h(”
form ID 1
: __ aiz+biy+c a1bax—agbiz—bica+b a1boy—azbiy—aice—asc
polynomial type ode y = . +b;Z o T 2 ajb;?iazilz 20
Bernoulli ode v = f(x)y+g(z)y" 0 e~ J(n=D)f(@)dzyn
Reduced Riccati v = fi(x)y + folx) y? 0 e~/ fide

The above table shows that

£(z,y) =1

n(z,y) = —6

(A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _
§ n

as

1)

The above comes from the requirements that (f a% + 77(%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
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canonical coordinates, where S(R). Therefore

dy _m
dr &
_=6
1
=—6
This is easily solved to give
y=—6x+c

Where now the coordinate R is taken as the constant of integration. Hence

R=6z+y
And S is found from
dx
dS = —
§
_do
1

Integrating gives

S

IE:
T
xz

Where the constant of integration is set to zero as we just need one solution. Now
that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

@ — Sm +w(x’y)Sy (2)
dR R, +w(z,y)R,

Where in the above R,, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

™

w(z,y) = (1+6z +y)

Evaluating all the partial derivatives gives

R, =6
R,=1
S, =1
S, =0
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Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as 1

D 1 (2A)
AR (1462 +y)" +6

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

as 1
dR (14 R)i +6

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S. Integrating the above
gives

S(R) = —2161n (—R + 1295) — 12/1 + R — 216 1n (—36 +V1+ R) +2161n (\/1 TR+ 36) + 144(1 4
(4)

To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

g =—2161In(—y — 6z + 1295) — 12,/1 + 6z + y — 2161n (—36+ x/1+6x+y> +2161n (\/1+6m+y

Which simplifies to

z=—2161In(—y — 6z + 1295) — 12,/1 + 6z + y — 2161n (—36+ \/1+6x+y) +2161n («/1+6z+y
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The following diagram shows solution curves of the original ode and how they transform

in the canonical coordinates space using the mapping shown.

Canonical . . .
. . . . ODE in canonical coordinates
Original ode in z,y coordinates coordinates (R, S)
transformation ’
dy __ % as _ 1
e _— 1
& = (1+6z+y) dR "~ (11R)1+6
ARy, — o rrr
AAPFIIILLLNS e
ARPLLLIINL G B
¥V B
»(x) ArArrrrr 2 S(RY ., .
WALALPLLLLLL 2 e o> > oo o>
A > ® > > > > > > > > > >
, AN YINYY, R=6z+y e D
_4 > 0 Vi ; ; ;2; /4 ; é ; ; S —4 _ — g
Vi =z P >
VNN, ot
A AAPPIILLS i B

Summary
The solution(s) found are the following

z=—2161In(—y — 6z + 1295) — 12,/1+ 6z + y — 2161n (—36+ \/1—|—6a:+y)

+2161n (\/1 +6w+y+36> +144(1 + 6z + y) — 4321n ((1 + 63 +y)T +f@)

3
414+ 6x+y)*
( y) +c

+4321n ((1+6x+y)i —6) +

3

302




NN\
NN N N NN

A N N N N N NN

AN N W N N N N N N N N N N N N N
AN N N N S N N NN
R N NN N N N Y NN
R N N R N N N
N O O O
e N N O O N
N N N N

NN N . e e Y
R N N N T N N N N T S N N N Y

I

w
I

2o
| 4
—_
o
—_

Figure 38: Slope field plot

Verification of solutions

%= —2161n (—y — 62+ 1295) — 12,/T+ 62 + y — 2161n (=36 + /1 + 62 + )
+2161n (/1462 +y+36) + 144(1 + 63+ ) — 4321n ((1+ 62+ )  +6)

41+ 6z +y)t
xXr
3 Y +c

+4321n ((1+6z+y)i —6) +

Verified OK.
Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---

trying homogeneous types:

trying homogeneous C

1st order, trying the canonical coordinates of the invariance group
<- 1st order, canonical coordinates successful

<- homogeneous successful”
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v/ Solution by Maple
Time used: 0.015 (sec). Leaf size: 109

Ldsolve(diff(y(x),x)=(1+6*x+y(x))“(1/4),y(x), singsol=all)

z+2161n (—y(z) — 6z + 1295) + 121/1 + 6z + y (=
+2161n <\/1+6x+y m 36) —2161n <\/1+6w+y(w +36>

— 144(1 + 6z + y(z ))4+432ln<6+(1+6m+y( ))* )

— 43210 (1 + 62+ y(2))* — 6) — 4+ 6””; y@)t g

wlw

v/ Solution by Mathematica
Time used: 2.535 (sec). Leaf size: 79

tDSolve[y'[x]==(1+6*x+y[x])‘(1/4),y[x],x,IncludeSingularSolutions -> True]

Solve{ (y(x) 8(y(x) + 6z + 1)¥* + 72\/y(x) + 6z + 1 — 864y/y(z) + 62 + 1
+ 5184 log <\4/y(33) +6x+1+ 6) + 6z + 1) — @ = ¢1,y(x)

304



1.63 problem 63

1.63.1 Solving as homogeneousTypeCode . . . . .. ... ... ....
1.63.2 Solving as first order ode lie symmetry lookup ode . .. .. .. 306]

Internal problem ID [7379]
Internal file name [OUTPUT/6359_Wednesday_July_13_2022_06_14_19_PM_21072012/index.tex|

Book: First order enumerated odes
Section: section 1

Problem number: 63.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "homogeneousTypeC", "first_ or-
der__ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[[_homogeneous, “class C], _dAlembert]

Y —(a+zb+y)* =0

1.63.1 Solving as homogeneousTypeC ode

Let

z=a+zb+y (1)
Then

Z(z)=b+7vy
Therefore

y =2 (z)—b

Hence the given ode can now be written as

Z(x) — b=z
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This is separable first order ode. Integrating

1
/dm-/z4+bdz

1
8bi

3

£ 4+ 1) + 2 arctan <‘ﬁ—z — 1))

INE

b

r+c =

Replacing z back by its value from (1) then the above gives the solution as

1
(a+ab+y)®—b1 (atab+y)vV2+VD b

\/é (ln ((a+mb+y)2+bil1(a+a:b+y)\/§+\/5) + 2arctan (f(a+mb+y) + > + 2arctan (\/i(a-l-la:b+y) . 1))
§
b1

=+

Summary
The solution(s) found are the following

1
(a+xb+y)®—b1 (a+zb+y)vV2+Vb

V2 (ln ((“+mb+y)2+b%{(“+"’b+y)‘/§+\/g) + 2arctan ( (“”b”) + > + 2arctan (—‘/5 (atzbty) 1))
o )
b1

=T+

Verification of solutions

I
(a+zb+y)2—b1 (a+zb+y)vV2+vb

V2 (ln ((a+wb+y)2+b211(a+zb+y)\/§+\/l;) + 2arctan (f(a+xb+y) i 1> 1 2arctan (% _ 1))
%

=x+cC
Verified OK.

1.63.2 Solving as first order ode lie symmetry lookup ode

Writing the ode as

= (zb+a+y)’
Y =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Nz + w(ny - é.x) - wzé.y —wz€ — Wyl = 0 (A)

306



The type of this ode is known. It is of type homogeneous Type C. Therefore we do not
need to solve the PDE (A), and can just use the lookup table shown below to find &, 7

Table 66: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class

Form I3 n
linear ode v = f(z)y(z) + g(z) 0 el fdz
separable ode vy = f(z) g(y) % 0
quadrature ode Yy = f(x) 0 1
quadrature ode Yy =9(y) 1 0
homogeneous ODEs of | y = f(¥) x Y
Class A
homogeneous ODEs of | 3 = (a4 bz + cy)™ 1 —2
Class C
homogeneous class D | ¢ = £ 4 g(z) F(¥) x? zy

. . z e— J bf(z)dz—h(x) — [bf(z)dz—h(z)

First order special | ' = g(z) M@+ + f(x) e fz)e @)
form ID 1

polynomial type ode

! amzt+bhiyta
Yy az2z+bay—+ca

ai1boz—agbiz—bica+bacy

a1bey—agbiy—aice—azcy

a1ba—aszb1

a1ba—aszb;

Bernoulli ode

Y = f(x)y+g(z)y"

e~/ (=D f@)dzyn

Reduced Riccati

¥ = fi(@)y+ folz)y?

e~ J frdz

The above table shows that

{(z,y) =1

n(x’y) ==b

(A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _
13 n
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The above comes from the requirements that (5 a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Therefore

dy _n
de €&
_ b
1
=-b
This is easily solved to give
y=—ab+c

Where now the coordinate R is taken as the constant of integration. Hence

R=zb+y
And S is found from
dz
dS = —
§
_ds
1

Integrating gives
dx
S= [ —
/7
=z

Where the constant of integration is set to zero as we just need one solution. Now
that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

as _ St w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) = (zb+a+y)
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Evaluating all the partial derivatives gives

R,=b
R,=1
S, =1
S, =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
as 1
dR b+ (zb+a+y)’

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

as 1
dR b+ (R+a)’
The above is a quadrature ode. This is the whole point of Lie symmetry method.

It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S. Integrating the above

(24)

gives
S(R) = / 1
] R*+4R3a+6R2a2+4Ra3+a*+b

To complete the solution, we just need to transform (4) back to z,y coordinates. This

dR + C1 (4)

results in

Y 1
;1;:/ 1 3 5 d_(l+01
(xb+ _a)" +4(xb+_a)a+6(xb+_a) a®>+4(xb+_a)a®>+a*+b

Which simplifies to

Y 1
= / 1 3 3 d_a +c
(xb+_a)" +4(zb+_a)’a+6(zb+_a) a®>+4(zb+_a)a®+a*+b
This results in
Y 1
= / 1 3 2 d_a+c
(xb+ _a)" +4(xb+_a)’a+6(xb+_a) a®>+4(xzb+_a)a3+a*+b
Summary
The solution(s) found are the following
/ 1 :
= a
(zb+_a)* +4(zb+_a)’a+6(xb+_a)’a2+4(zb+_a)ad+at+b

+c1

(1)
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Verification of solutions

1

+Cl

Verified OK.
Maple trace

y
d _a
/ (zb+_a)* +4(zb+_a)’a+6(zb+_a)’a2+4(zb+_a)a®+at+b

“Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying homogeneous C

Methods for first order ODEs:

trying a quadrature
trying 1st order linear
<- 1st order linear successful

<- homogeneous successful’

--- Trying classification methods ---

<- 1st order, canonical coordinates successful

1st order, trying the canonical coordinates of the invariance group
-> Calling odsolve with the ODE™, diff(y(x), x) = -b, y(x)°

*%*% Sublevel 2 *x*x*

v Solution by Maple
Time used: 0.015 (sec). Leaf size: 49

e

Ldsolve(diff(y(x),x)=(a+b*x+y(x))‘(4),y(x), singsol=all)

-

1

_z
y(z) = —bz + RootOf (—:c +/
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v/ Solution by Mathematica
Time used: 0.429 (sec). Leaf size: 163

kDSolve [y' [x]==(a+b*x+y[x])~(4) ,y[x],x,IncludeSingularSolutions -> Truel J

2v/2 arctan (1 - W) — 2v/2arctan (W + 1) +v2log ((a + bz +y())? — 1

b
8b3

Solve
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1.64 problem 64

1.64.1 Solving as homogeneousTypeCode . . . . .. ... ... ....
1.64.2 Solving as first order ode lie symmetry lookup ode . .. .. .. 314!

Internal problem ID [7380]
Internal file name [OUTPUT/6360_Wednesday_July_13_2022_06_14_20_PM_26296455/index . tex|

Book: First order enumerated odes
Section: section 1

Problem number: 64.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "homogeneousTypeC", "first_ or-
der__ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[[_homogeneous, “class C], _dAlembert]

y’—(7r+x+7y)%:()

1.64.1 Solving as homogeneousTypeC ode

Let
z=m+z+ Ty (1)
Then
Z(x)=1+T7y
Therefore
Z(z) 1
I — R
e T
Hence the given ode can now be written as
/
1
Lf) 1o
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This is separable first order ode. Integrating

/dx:/ 1 4
T2z2 +1

(ot ) (s )

R=RootOf(49_2"-1) — + R=RootOf(7_Z"+1)  —
343 49

(56
(

r+c =—

R=RootOf (7_Z7—1) —
49

Replacing z back by its value from (1) then the above gives the solution as

< Z In (7r+m+;;16—_R) > < Z In (@—_R) )

R=RootOf (49_Z"-1) — R=RootOf (7_Z"+1) —

343 49
n(vrta+Ty-_R)
Z R5
_ R=RootOf (7_Z7—1) —
49

=+

Summary
The solution(s) found are the following

In 7r+m+7y—_R
_ R=RootOf(49_27"—1) —
343
n(vrta+Ty—_R)
Z R5
_ R=RootOf (7_2"+1) —
49
1n(\/m—_R)
Z RS
_ R=RootOf (7_2"-1) —
49

=+
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Figure 39: Slope field plot

Verification of solutions

( 5 IH(HHEG__R)) ( 5 ln(@__z%))

R=RootOf (49_Z"-1) — R=RootOf(7_Z"+1) —

343 49
n(vatetTy-_R)
Z R5
_ R=RootOf (7_27—1) —
49

=4+
Verified OK.

1.64.2 Solving as first order ode lie symmetry lookup ode
Writing the ode as

7
2

Y =(m+a+Ty)
Y =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Nz + w(ny - €z) - w2€y —wg€ — Wyt = 0
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The type of this ode is known. It is of type homogeneous Type C. Therefore we do not
need to solve the PDE (A), and can just use the lookup table shown below to find &, 7

Table 68: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n
linear ode vy = f(@)y(z) + g(z) 0 el fde
separable ode Yy = f(x)g(y) % 0
quadrature ode Yy = f(x) 0 1
quadrature ode Yy =9(y) 1 0
homogeneous ODEs of | y = f(¥) x Y
Class A
homogeneous ODEs of | ¥’ = (a + bz + cy)ﬁ 1 —2
Class C
homogeneous class D | ¢ = £ 4 g(z) F(¥) x? zy

. . ’ h(x)+b e~/ bf(@)dw—h(z) fz)e J bl (@)dz—h(z)
First order special | y' = g(z) M@+ + f(x) —— @)
form ID 1

polynomial type ode

/ — aztbiyter
Yy a2z+b2y+ca

ai1boz—agbiz—bica+bacy

a1bey—agbiy—aico—azci

a1ba—aszb

a1ba—aszby

Bernoulli ode

y = f(x)y+g(z)y"

e/ (n=Df(@)dryn

Reduced Riccati

Y = fi(z)y+ folz) y?

e J frdz

The above table shows that

£(z,y) =1

1

77(%?/) = _?

(A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _
13 n
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The above comes from the requirements that (5 a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Therefore

dy _
dr

m3

=

|,_.|
-

|

This is easily solved to give

= x+c
y= 7 1

Where now the coordinate R is taken as the constant of integration. Hence

T
R—y—i-?
And S is found from

dz

dS = —

§

_do

1

Integrating gives
dx
S=|[| =
/7
=z

Where the constant of integration is set to zero as we just need one solution. Now
that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

aS _ S;+w(z,y)Sy @)
dR R, +w(z,y)R,

Where in the above R,, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

NI

w(z,y) = (m+x + Ty)
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Evaluating all the partial derivatives gives

1
R.=
R,=1
S, =1
S, =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

s 7
AR 7(r+z+Ty)?+1

(24)

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

as 7
AR 7(r +7R) +1

The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S. Integrating the above
gives

7

)= / Ta3/m + TR + 147Tn2R/7 + TR + 10297 R2\/7 + TR + 2401R3/7 + TR + 1
(4)

To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

S(R

dR+Cl

4 7
/ T+ +T_a+ 14772 (_a+E) /T +z+7_a+ 10297 (_a+ %)2 VT +z+7_a+2401 (_

Which simplifies to

Y 1
z—1T / d a)l—c=0
T(r+z+7_a)2+1

y
z—17 / 1 - d al—c=0
T(n+z+7_a)?+1

NI~

This results in
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Summary
The solution(s) found are the following

y
-7 / L d al—c=0
T(m+z+7_a)2+1

[NIEN

yixy of MITTLLEL

=711

Figure 40: Slope field plot

Verification of solutions

y
-7 / L d al—c=0
T(m+z+7_a)?2+1

NI

Verified OK.
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Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---

trying homogeneous types:

trying homogeneous C

1st order, trying the canonical coordinates of the invariance group

-> Calling odsolve with the ODE, diff(y(x), x) = -1/7, y(x)° **k* Sublevel 2 *xx*

Methods for first order ODEs:
-—— Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful

<- 1st order, canonical coordinates successful

<- homogeneous successful”

N\ J

v/ Solution by Maple
Time used: 0.031 (sec). Leaf size: 33

‘dsolve(diff(y(x),x)=(Pi+x+7*y(x))*(7/2),y(x), singsol=all)

7
y(z) = —Z + RootOf | —z +7 / ! d_a) +ec
7 1+7(r+7_a)

v/ Solution by Mathematica
Time used: 30.556 (sec). Leaf size: 43

NI

LDSolve[y'[x]==(Pi+x+7*y[x])“(7/2),y[x],x,IncludeSingularSolutions -> True] J

2
Solve {—(7y(w)+x+7r) (Hypergeometric2Fl (5, 1, g, —7(x+7y(x)+7r)7/2) — 1)

- Ty(o) = (o)
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1.65 problem 65

1.65.1 Solving as homogeneousTypeCode . . . . . . ... ... .. .. 320
1.65.2 Solving as first order ode lie symmetry lookup ode . .. .. ..

Internal problem ID [7381]
Internal file name [OUTPUT/6361_Wednesday_July_13_2022_06_14_22_PM_50797711/index.tex|

Book: First order enumerated odes
Section: section 1

Problem number: 65.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "homogeneousTypeC", "first_ or-
der__ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[[_homogeneous, “class C], _dAlembert]

y —(a+xb+cy)’ =0

1.65.1 Solving as homogeneousTypeC ode

Let
z=a+xb+cy (1)
Then
Z(z)=b+7vyc
Therefore
) = Z(x)—b
c

Hence the given ode can now be written as

/ —
z(x) b:ZG
c
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This is separable first order ode. Integrating

[ -

V3() (24307 2+ (D)) (ﬂaman?%+¢ﬂ

_+_

m—'—Cl:

1 126 1 1 o
V(%) In (22 = V3 ()t 2+ (1))
- 126
(g)é arctan ( 22— \/§> (b) arctan ( 1)
+ (8)° N Bk
6b 3b

Replacing z back by its value from (1) then the above gives the solution as

VB In (a4 )’ + VB (%)} (atab )+ (1)°)

12b
(b) arctan (w—l—ﬁ)
b)6
’ o6 | |
¢§(Vﬂn«a+xb+qﬂ-—V§@Y%a+xb+q0+<9§)
_ 12b

(g)% arctan (Mf# - \/§> (b) arctan <%}sﬂ>
() ; o

6b 3b

* =T+
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Summary
The solution(s) found are the following

=

\/g(g)% In ((a+acb—|-cy)2 + \/ﬁ(g)% (a+zb+cy) + (%)
12b

(g)% arctan (% + \/§>
b

)

_|_

6b
V3 (%) In ((a+ b+ ey’ - V3 (2)° (a+ b+ cy) + (1)
12b

(Y s arctan (—2”2:?207’ — \/§> (Y s arctan (—“JE”:;*?>
c

W=

)

c

+ 6b + 3b

=r4+Cc

Verification of solutions

=

V3(2)n ((a+ b+ cp)? + VB (D) (@t abt ) + (2)

)

12b
(ﬁ)é arctan (%ﬁ# + \/§>
" e 1 |
V3()"n ((“+xb+cy)2 —vV3(2)% (a+zb+cy) + (lz’)g)
B 12b
(3) artan (2“2:% B \/§> (2)* arctan (%)
+ = c " - : Cpie
Verified OK.

1.65.2 Solving as first order ode lie symmetry lookup ode

Writing the ode as

y = (zb+cy +a)°
y =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

UE + W(ﬂy - fﬂc) - w2€y - wxf - Wy"? =0
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The type of this ode is known. It is of type homogeneous Type C. Therefore we do not
need to solve the PDE (A), and can just use the lookup table shown below to find &, 7

Table 70: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n
linear ode Yy = f(z)y(x) + g(z) 0 el fdo
separable ode Yy = f(z)g(y) % 0
quadrature ode y = f(x) 0 1
quadrature ode vy =g(y) 1 0
homogeneous ODEs of | ¢/ = f (%) x Y
Class A

homogeneous ODEs of | 3 = (a + bz + cy)™ 1 —:
Class C

homogeneous class D | 3/ = ;;i +g(x) F (g) x? Ty
?‘irst IDoider special | ¢’ = g() ehl@)+by 4 f(z) | &= : bf;?;d)x_h(m) flele fgb{:)v)dw_h(w)
orm

polynomial type ode

/ — a1ztbhiyta
Yy azx+boy+c

a1baz—aobix—bico+bacy

a1bay—asbiy—aico—ascy

a1ba—azb;

a1ba—azb;

Bernoulli ode

y = f(x)y+g(z)y"

¢= /(=Df (@)dzyn

Reduced Riccati

Y = fi(z)y + foz) y?

e J frdz

The above table shows that

£(z,y) =

b
n(z,y) = -

(A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _
13 n
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The above comes from the requirements that (5 a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Therefore

dy _m
de £

This is easily solved to give

y=——+4+0
C

Where now the coordinate R is taken as the constant of integration. Hence

_xwb+cy
o

R

And S is found from

Integrating gives
dx
S= [ —=
/7
=z

Where the constant of integration is set to zero as we just need one solution. Now
that R,S are found, we need to setup the ode in these coordinates. This is done by
evaluating

as _ S+ w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R,, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) = (zb+ cy +a)°

324



Evaluating all the partial derivatives gives

R,="

C
R, =1
S, =1
S, =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

s 1
dR b+ (zb+cy+a)

(24)

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

s 1

dR l—c’ + (Rc+a)®
The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by

integration when the ode is in the canonical coordiates R, S. Integrating the above
gives

S(R) = / ¢ dR +c
| RS¢" 4+ 6R5acb + 15R%a2c® + 20R3a3¢* + 15R2a%c3 + 6Ra’c? + aSc + b !

(4)

To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

cy+zb

c c

T = d a+c
_a8c"+6_a%ac®+15 a*a’c® 4+ 20 adadct+ 15 a2atcd +6_aa’c?+aSc+b ta

Which simplifies to

cy+zb
c c

T = d a+c

_a%c"+6_a%act +15 a*a’c® + 20 adadct + 15 a2a*c® +6_aa’c?+abc+b — ta
Summary
The solution(s) found are the following
T (1)

cy+zb

c
d_a
_a%c"+6_adact +15 a*a?c® 4+ 20 _adadct +15 a2a*c®+6_aa’c2+abc+b —

+C
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Verification of solutions

z
cy+zb
= ’ ¢ d_a
_a%c"+6_adact +15 a*a?c® 4+ 20 _adadct +15 a2a*c®+6_aa®c2+abc+b —
+c
Verified OK.

Maple trace

“Methods for first order ODEs:

-—- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying homogeneous C

1st order, trying the canonical coordinates of the invariance group
-> Calling odsolve with the ODE", diff(y(x), x) = -b/c, y(x)"

Methods for first order ODEs:

--- Trying classification methods ---

trying a quadrature
trying 1st order linear
<- 1st order linear successful

<- 1st order, canonical coordinates successful

<- homogeneous successful’

*kx Sublevel 2 ***

v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 94

Ldsolve(diff(y(x),x)=(a+b*x+c*y(x))“6,y(x), singsol=all)

y(z)

_Z 1
RootOf ((f G516 0Pacdi15_GRa?P120__GPa3A115__GPaicP16__ QG adcetabeth

d

a>c—x+cl>c—bx
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v/ Solution by Mathematica
Time used: 1.941 (sec). Leaf size: 274

kDSolve [y' [x]==(a+b*x+c*y[x])~6,y[x] ,x,IncludeSingularSolutions -> Truel J

6 6 6
—4v/barctan (—\/E(aer”cy(z) )) + 2vV/barctan ( 32 \/E(a+bm+cy(m))> — 2v/barctan (—2 Yetatbora
v Vi Vs

Solve

- Ll(fc) = ¢, y(x)
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1.66 problem 66

1.66.1 Solving as separableode . . . . . . . ... ... ... ..... 328]
1.66.2 Solving as first order special form ID 1ode. . . . . . . . .. .. 330
1.66.3 Solving as first order ode lie symmetry lookup ode . . . .. .. B3]
1.66.4 Solvingasexactode . . ... ... ... ... ..........
1.66.5 Maple step by step solution . . . . ... ... ... ....... 3391

Internal problem ID [7382]
Internal file name [QUTPUT/6483_Saturday_August_06_2022_05_19_34_AM_9550685/index.tex]

Book: First order enumerated odes
Section: section 1

Problem number: 66.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "exact", "separable", "first order
special form ID 1", "first_ order_ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type
[_separable]

y/ _ ex+y =0

1.66.1 Solving as separable ode

In canonical form the ODE is

y/ = F(.’L',y)
= f(z)g(y)

=e"e?

Where f(z) = e® and g(y) = V. Integrating both sides gives

1 xT
e—ydy=e dx

1 €T
/e—ydy=/e dx

—e V=e"4+¢
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Which results in

Summary
The solution(s) found are the following

— 31 —_——— 7 7 ]

-3 -2 —1 0 ] 2 3

Figure 41: Slope field plot

Verification of solutions

Verified OK.

329



1.66.2 Solving as first order special form ID 1 ode
Writing the ode as

yl — e:t-l—y

And using the substitution © = e™¥ then

UI — _y/e—y
The above shows that
y =—u(z)e
_ u(=z)
N U
Substituting this in (1) gives
u'(r) e
v u
The above simplifies to
u'(z) = —€”

Now ode (2) is solved for u(x) Integrating both sides gives

u(z) = /—e’” dz

=—e"+¢
Substituting the solution found for u(z) in u = e gives
y =—1In(u(z))

=—In(—€"+¢)
=—In(—e"+¢)

Summary
The solution(s) found are the following

y=—In(—e"+¢)
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Figure 42: Slope field plot

Verification of solutions

y=—In(—e"+¢)
Verified OK.
1.66.3 Solving as first order ode lie symmetry lookup ode

Writing the ode as

y/ — ez—i—y
Y = w(z,y)
The condition of Lie symmetry is the linearized PDE given by
Ny + w(ny - gz) - wzfy - wzg —Wyn = 0 (A)

The type of this ode is known. It is of type separable. Therefore we do not need to
solve the PDE (A), and can just use the lookup table shown below to find £, 7
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Table 72: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n
linear ode Yy = f(z)y(x) + g(x) 0 el fdo
separable ode vy = f(z) g(y) % 0
quadrature ode Yy = f(z) 0 1
quadrature ode vy =g(y) 1 0
homogeneous ODEs of | ¢ = f(¥) x Y
Class A
homogeneous ODEs of | 3 = (a + bz + cy)™ 1 —:
Class C
homogeneous class D | ¢’ = £ 4 g(z) F (g) z? Yy
First order special | i = g(z)e" @+ 4 f(z) | & Jof ;?;‘;f—h(@ f@)e=/ ;’{;’)”d“‘h(”
form ID 1
: __ aiz+biy+c a1bax—agbiz—bica+b a1boy—azbiy—aice—asc
polynomial type ode y = . +b;Z o T 2 ajb;?iazilz 20
Bernoulli ode v = f(x)y+g(z)y" 0 e~ J(n=D)f(@)dzyn
Reduced Riccati v = fi(x)y + folx) y? 0 e~/ fide

The above table shows that

£(z,y) =e"

n(z,y) =0

(A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _dy _
§ n

as

1)

The above comes from the requirements that (f a% + 77(%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
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canonical coordinates, where S(R). Since n = 0 then in this special case

R=y
S is found from
1
S = / —dzx
13
1
= [ —dz
e xT
Which results in
S=¢"

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

as _ S +w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) = ™Y

Evaluating all the partial derivatives gives

R, =0
R,=1
S, =¢"
S, =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

% =e ¥ (2A)

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

ds

- = e_R

dR
The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
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integration when the ode is in the canonical coordiates R, S. Integrating the above
gives

S(R) = —e_R +c (4)

To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

e =—e?Y+q
Which simplifies to
e =—e?V+q
Which gives
y=—In(—e"+¢)

The following diagram shows solution curves of the original ode and how they transform
in the canonical coordinates space using the mapping shown.

Canonical ) ) ,

.. ) ) : ODE in canonical coordinates

Original ode in x,y coordinates coordinates (R, S)

transformation ’
dy z+y a8 _ o—R

dz — © ar — ©
N N tttfr e
27ttt rrtr et I hatatacnanenansnsnd
iR ISR R e .
BN RRR IRRES SRRy seeasane:
— v 7 A7 o —p
»4»///})f$fff7f istR) J o
L IR R R e .
B P N I R EER ttttpolrrr e ——
44444 IR ER R . IR I N I I N
$$j14»4_7)//d/£; ;2‘; i ] S . A ; ;_% ; ;g/’//v,z.c.»—>7fa>a>
44444444 —> | 7 —_— Vg — >
e R R R € NN S S
. N A RN ttt gl
4444444444 S YRR IR I N ] .
ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁ BT A R R RN N .
IR T S N ] .
4 oo e g ff th PP Aot
—— o A tt bt Aot
e I S N .

Summary
The solution(s) found are the following
y=—In(—e"+¢) (1)
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Verification of solutions

Verified OK.

1.66.4 Solving as exact

-3 -2 -1 0 1 2

[US \ NN ——

Figure 43: Slope field plot

y=—In(—€"+c)

ode

Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

d
M(w,y)+N(w,y)£=0

(A)

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. x gives

Hence

d

%Qb(xay) =0
op  O¢dy _,
or  Oydx
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Comparing (A,B) shows that

09
T M
ox
9 _ n
Oy
But since aa;gy = ;; g’x then for the above to be valid, we require that
oM _ oN
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
59;, gy = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
(e7¥)dy = (") dz
(—e")dz +(e7¥)dy =0 (2A)
Comparing (1A) and (2A) shows that
M(z,y) = —€"
N(z,y) =e™

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _oN
oy Oz
Using result found above gives
oM _ 0
0y Oy
And
ON 0, _
o ")
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Since %M = 5. N then the ODE is exact The following equations are now set up to solve

for the function ¢(z,y)

9
g—x—M (1)
¢ _
=N @)

Integrating (1) w.r.t. = gives

09
%dx=/Mdz
gidx—/—e’”dx
¢ =—e"+ f(y) (3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

9¢

9y — 0+ (4)

But equation (2) says that g—‘z = e~ Y. Therefore equation (4) becomes
eV =0+ f(y) (5)
Solving equation (5) for f'(y) gives
flly)=e™
Integrating the above w.r.t y gives
[ o=
fly)=—e"+ac
Where c¢; is constant of integration. Substituting result found above for f(y) into

equation (3) gives ¢

p=—¢€"—e?+
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But since ¢ itself is a constant function, then let ¢ = c; where ¢ is new constant and
combining ¢; and cy; constants into new constant c; gives the solution as

cg=—e"—e™Y

The solution becomes
y=—In(—e"—¢)

Summary
The solution(s) found are the following
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/
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Figure 44: Slope field plot

Verification of solutions

y=—In(—e"—¢)

Verified OK.
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1.66.5 Maple step by step solution

Let’s solve
y/ _ ex-{—y — O

° Highest derivative means the order of the ODE is 1

/

Yy
° Separate variables
Yo
° Integrate both sides with respect to x
fg—;dcc = [e%dz + ¢
° Evaluate integral
_ely =e% + c
° Solve for y

y=n(~ks)

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

<- separable successful’

v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 13

Ldsolve(diff(y(x),x)=exp(x+y(x)),y(x), singsol=all)

-1 (-k)
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v/ Solution by Mathematica
Time used: 0.876 (sec). Leaf size: 18

-

kDSolve [y' [x]==Exp[x+y[x]],y[x],x,IncludeSingularSolutions -> True]

—

y(xz) = —log (—€® — ¢1)
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1.67 problem 67
1.67.1 Solving as first order special form ID 1 ode. . . . . .. ... .. [341]
1.67.2 Solving as first order ode lie symmetry lookup ode . . . .. .. [3441

Internal problem ID [7383]
Internal file name [OUTPUT/6484_Saturday_August_06_2022_05_19_35_AM_71634107/index.tex|

Book: First order enumerated odes
Section: section 1

Problem number: 67.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "first order special form ID 1",
"first_ order__ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[[_homogeneous, “class C'], _dAlembert]

y —e™V =10

1.67.1 Solving as first order special form ID 1 ode
Writing the ode as

y =10+ (1)

And using the substitution u = e™¥ then

v =—y'e?
The above shows that
Y = —u(@)e
__u(z)
N U
Substituting this in (1) gives
! T
v@) ¢,
U U
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The above simplifies to

—u'(z) = € + 10u(z)
u'(z) + 10u(z) = —€”

Now ode (2) is solved for u(x)

Entering Linear first order ODE solver. In canonical form a linear first order is

u'(z) + p(z)u(z) = ¢(z)

Where here

p(z) =10

Hence the ode is

The integrating factor y is

The ode becomes

Integrating gives

10z, _ _©
e U= 11 +c

10z

Dividing both sides by the integrating factor u = e¢™® results in

e—lOmellm

’U,(CL') = —T + Cle_lox
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(1)

11

11

(e* — 11¢y

—In (u(z))

“h (_

~——————~——

=1In(11) — In ((—€'™ + 11¢1) 7'%%)
y=1In(11) —In ((—€"™ + 11¢1) %)

Substituting the solution found for u(z) in u = e™¥ gives
Y

The solution(s) found are the following

which simplifies to
Summary

— —————
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~— ——————

————————————
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Figure 45: Slope field plot
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y=1In(11) —In ((—€"™ + 11¢1) %)

Verification of solutions

Verified OK.



1.67.2 Solving as first order ode lie symmetry lookup ode

Writing the ode as

y =10+ e"Y
Y = w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Nz + W(ny - fz) - w2€y —wg€ — Wy = 0

(A)

The type of this ode is known. It is of type first order special form ID 1. There-
fore we do not need to solve the PDE (A), and can just use the lookup table shown

below to find &, 7

Table 75: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n
linear ode vy = f(@)y(z) + g(z) 0 el fde
separable ode vy = f(z) g(y) % 0
quadrature ode Yy = f(x) 0 1
quadrature ode Yy =9(y) 1 0
homogeneous ODEs of | y = f(¥) x Y
Class A
homogeneous ODEs of | ¥’ = (a + bz + Cy)% 1 —2
Class C
homogeneous class D | ¢ = £ 4 g(z) F(¥) x? zy

. . - h(z)+b e— J bf(z)dz—h(x) f(z)e~ J bf(2)dz—h(z)
First order special | y' = g(z) M@+ + f(x) —— @)
form ID 1

polynomial type ode

/— smzthiyta
Yy a2z+bay-+ca

ai1boz—agsbiz—bica+bacy

a1bey—agbiy—aice—azcy

a1bs—aszby

a1ba—aszb;

Bernoulli ode

Y = f(x)y+g(z)y"

e~ (=D f@)dzyn

Reduced Riccati

Y = filz)y+ folz)y?

e~ J frdz

344




The above table shows that

E(x,y) =e 1"
n(z,y) =10+ e (A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) = (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

de _dy _
§ n

The above comes from the requirements that <§ 2 4+ n%) S(z,y) = 1. Starting with

ds (1)

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Therefore

dy _m
de ¢
10 _|_ e—llz
T e

=1+10e!!®

This is easily solved to give

10ell®
11

Where now the coordinate R is taken as the constant of integration. Hence

Yy=x+ +c

10 ella:
11

R=—x— +y

And S is found from

dz
dS = —
§

_ dz

e—llz

Integrating gives

dz
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Where the constant of integration is set to zero as we just need one solution. Now
that R, S are found, we need to setup the ode in these coordinates. This is done by
evaluating

ﬁ — Sx +UJ(.’E,y)Sy (2)
dR R, +w(z,y)R,

Where in the above R, R,,S;, S, are all partial derivatives and w(x,y) is the right
hand side of the original ode given by

w(z,y) =10 + "1
Evaluating all the partial derivatives gives

R,=—-1—10e'""

R,=1
Szzellm
S, =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
ds B ellz
dR 9 —10e!l® + etV

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

(24)

s 118(R) 1111

dR  _11§(R)Ti eR+105(R) 4 (1108 (R) — 9) 111
The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by

integration when the ode is in the canonical coordiates R, S. Integrating the above
gives

_2In(S(R)) N 2In (S(R)ﬁ eR+1oS(R)) 21n (11% + S(R)1t eR+1OS(R)>

11 11 - 11 —a=0
(4)

To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

& (o112 2 oy I (ellw 2 ey—T
9210 (%) 21n (1111( 11)H y ) 21n (1151_’_1111( ll)ﬁ Y )
— + - —c=0

11 11 11
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Which simplifies to

2In(11) 20z 2y 2In(11+e)

- —c1 =0
11 TTRIET! 11 “
Which gives
11 11
y=10x + In (— TS ) “
—11 +ellet 2 2

The following diagram shows solution curves of the original ode and how they transform
in the canonical coordinates space using the mapping shown.

Canonical

.. . . . ODE in canonical coordinates
Original ode in z,y coordinates coordinates

(R,5)

transformation

a5 _
dy _ T+ dR
7 = 10 +e"™Y 118(R)117T

2
—118(R) T1 eR+10S(R) 4 (110S(R)—9)11 1T

BN

S UG U A I . I
——Pe N —b—b bbbt —>

— bbb BB —B—b—B—B—b—B—b—b—>

— bbb bbb —b—B—b—b—b—>—b—>—>
——b—b—b—b—b—b—b—b—b>—b—b—b—>—>—D—D—>—b
— bbb bbb BB bbb bbb
—
—_
{
i
4
i
i
i
{
i
/
/
~a
Y
¥
4
'
1
1
'
1
i

%wﬁ%wﬁﬁﬂw*ﬁwﬂ%wﬁ%wﬁ%
IEGSGGeeaa eaaeaaaae:
e o o SN CECR S
IEGSGGeetCIeaaeaaaae:
IEGGGSGea IeaaaaaaN
G ESSaN IeEaaEEaae:
BEGSGEGSEF DES
BEGSGaaaaN

DS

SIS

BEGSEE

B

T

B

Summary
The solution(s) found are the following

11 11
y=10z+1In | — 0 | + a (1)
—11 + et 5" 2
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Figure 46: Slope field plot

Verification of solutions

1101
2

)+

1lcy
2

11
—11 + elt®*

y =10z + In (—

Verified OK.
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Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---

trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying homogeneous C

1st order, trying the canonical coordinates of the invariance group

Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1st order linear
<- 1st order linear successful
<- 1st order, canonical coordinates successful

<- homogeneous successful”

-> Calling odsolve with the ODE", diff(y(x), x) = -1, y(x)° *x*% Subleyvel 2 *x**

v Solution by Maple
Time used: 0.031 (sec). Leaf size: 26

e

tdsolve(diff(y(x),x)=10+exp(x+y(x)),y(x), singsol=all)

~—

e1lav

v Solution by Mathematica
Time used: 3.4 (sec). Leaf size: 42

LDSolve[y'[x]==10+Exp[x+y[x]],y[x],x,IncludeSingularSolutions -> True]

11610m+11c1

y(z) — log (—11e™®)
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1.68 problem 68
1.68.1 Solving as first order special form ID 1ode. . . . . . .. .. .. 350
1.68.2 Solving as first order ode lie symmetry lookup ode . .. .. .. 353]

Internal problem ID [7384]
Internal file name [OUTPUT/6485_Saturday_August_06_2022_05_19_37_AM_49721640/index.tex|

Book: First order enumerated odes
Section: section 1

Problem number: 68.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "first order special form ID 1",
"first_ order__ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[[_1st_order, "~ _with_symmetry_[F(x),G(x)] 1]

y —10e™Y = 22

1.68.1 Solving as first order special form ID 1 ode
Writing the ode as

y =10e"1 4 2 (1)

And using the substitution u = e™¥ then

u/ — _y/e—y

The above shows that

y = —u(z)e!

u'(x)

Substituting this in (1) gives

/ 10:1:
_ul(z) _ 106" o
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The above simplifies to

—u'(z) = 10e” + z%u(x)
v (z) + 2%u(z) = —10€”

Now ode (2) is solved for u(x)
Entering Linear first order ODE solver. In canonical form a linear first order is
v'(z) + p(z)u(z) = g(x)

Where here

p(z) = 2*
q(z) = —10€°

Hence the ode is
v (7) + ru(z) = —10€”

The integrating factor u is

The ode becomes

Integrating gives

23
Dividing both sides by the integrating factor u = e results in

z3 m(x2+3) z3
u(z) =e" 3 (/—IOe 3 da:) +cie” s
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which simplifies to

u(z) = &5 (—10(/ ew(z?g)dm> + cl)

Substituting the solution found for u(z) in u = e gives

y = —In (u(z))

=-4ncrf(—m(/£4ﬂﬂhm)+c0)
=-4nQrf(—m(/édﬁ”%m)+cO)
Summary

The solution(s) found are the following

y=—In (e_w33 (—10 (/ ez(z?g)daz) + cl)>

SENEERRE
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(1111177771111
(1111177777101 111
A 11177 s
(1111177071111
1114177777771 1111
3111117777771 111
-3 -2 —1 0 1 2 3
X

Figure 47: Slope field plot

Verification of solutions

y=—In (e_ms3 (—10 </ ex(z?g)dm> + cl)>

Verified OK.
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1.68.2 Solving as first order ode lie symmetry lookup ode

Writing the ode as

y =10e"1Y 4 22

Y =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Nz + W(ny - fz) - w2€y —wg€ — Wy = 0

(A)

The type of this ode is known. It is of type first order special form ID 1. There-
fore we do not need to solve the PDE (A), and can just use the lookup table shown

below to find &, 7

Table 77: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n
linear ode vy = f(@)y(z) + g(z) 0 el fde
separable ode vy = f(z) g(y) % 0
quadrature ode Yy = f(x) 0 1
quadrature ode Yy =9(y) 1 0
homogeneous ODEs of | y = f(¥) x Y
Class A
homogeneous ODEs of | ¥’ = (a + bz + Cy)% 1 —2
Class C
homogeneous class D | ¢ = £ 4 g(z) F(¥) x? zy

. . - h(z)+b e— J bf(z)dz—h(x) f(z)e~ J bf(2)dz—h(z)
First order special | y' = g(z) M@+ + f(x) —— @)
form ID 1

polynomial type ode

/— smzthiyta
Yy a2z+bay-+ca

ai1boz—agsbiz—bica+bacy

a1bey—agbiy—aice—azcy

a1bs—aszby

a1ba—aszb;

Bernoulli ode

Y = f(x)y+g(z)y"

e~ (=D f@)dzyn

Reduced Riccati

Y = filz)y+ folz)y?

e~ J frdz
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The above table shows that

e—%aﬁ—z
£(z,y) = 10
e—%xs—x
n(z,y) = z° + T (A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

de _dy _

F=, = 1)

The above comes from the requirements that (ﬁ a% + 77(%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Therefore

dy _n
de £
.’L‘2+ e 310
T et

o(22+3)

=10e 5 z22+1

This is easily solved to give

zzz+3
yz/(lOe (3 )x2+1)dx+cl

Where now the coordinate R is taken as the constant of integration. Hence

R=—(/ (10ew(wz+3)x2+1) d:v) +y

And S is found from
dS = —

dz

e—%z3—z
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Integrating gives
dx
S=[| =
/7
= / 1037 dg

Where the constant of integration is set to zero as we just need one solution.

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---

trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries

trying inverse_Riccati

trying an equivalence to an Abel ODE

differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation

-—— Trying Lie symmetry methods, 1st order ---

*, "> Computing symmetries using: way = 3
*, “-> Computing symmetries using: way = 4
*, “-> Computing symmetries using: way = 5

trying symmetry patterns for 1st order ODEs

-> trying a symmetry pattern of the form [F(x)*G(y), 0]

-> trying a symmetry pattern of the form [0, F(x)*G(y)]

<- symmetry pattern of the form [0, F(x)*G(y)] successful”
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v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 30

Ldsolve(diff(y(x),x)=10*exp(x+y(x))+x‘2,y(x), singsol=all)

y(x) = %3 —In (—cl - 10 (/em(iﬂ) d:c))

v/ Solution by Mathematica
Time used: 0.431 (sec). Leaf size: 115

LDSolve [y' [x]==10*Exp [x+y [x]]1+x~2,y[x],x,IncludeSingularSolutions -> Truel

y(a) T 1 e
Solve [ / —%e_K[Z] <10€K[2] / —1—0e“§] KB K [1)2dK 1] +e3) dK[2]
1 1

z 3 3
+/ <1_106K[31] _y(z)K[l]Q + eK[sl] +K[1]> dK[]_] = Cl,y(l')]
1
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1.69 problem 69
1.69.1 Solving as first order special form ID 1ode. . . . . . . . .. .. 357
1.69.2 Solving as first order ode lie symmetry lookup ode . .. .. .. 360

Internal problem ID [7385]
Internal file name [OUTPUT/6486_Saturday_August_06_2022_05_19_40_AM_11615872/index.tex|

Book: First order enumerated odes
Section: section 1

Problem number: 69.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "first order special form ID 1",
"first_ order__ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[[_1st_order, "~ _with_symmetry_[F(x),G(x)] 1]

y — "z = sin (z)

1.69.1 Solving as first order special form ID 1 ode
Writing the ode as

y = e""z + sin (x) (1)

And using the substitution © = e™¥ then

ul — _y/e—y
The above shows that
y =—u(z)e’
__u(z)
N U
Substituting this in (1) gives
/ x
_v() = + sin (z)
U U
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The above simplifies to

—u/(z) = ze” + sin (z) u(z)

v (z) + sin (z) u(z) = —z€”

Now ode (2) is solved for u(x)
Entering Linear first order ODE solver. In canonical form a linear first order is
v'(z) + p(z)u(z) = g(z)

Where here

p(z) = sin (z)

q(z) = —we’
Hence the ode is
v/ (z) + sin (z) u(z) = —z€”
The integrating factor y is
= el sn(@)d
— o cos(@)

The ode becomes

3z ) = (1) (—ze)

%(e—cos(z)u) = (e=@) (~ze?)
d(e_ cos(x)u) _ (—x ex—cos(a:)) da

Integrating gives

e cos(x)u — / —x ex—cos(m) dz

e cos(a:)u — / —z ez—cos(m)dm +¢
Dividing both sides by the integrating factor p = e~ °*® results in

U(]J) — ecos(z) </ —x ex—cos(m)dx) + clecos(z)
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which simplifies to

u(x) — ecos(z) (_ (/xem—cos(w)dx) + Cl)

Substituting the solution found for u(z) in u = e™¥ gives

y = —1In(u(z))

——In (ecos(ac) (_ (/ xez—cos(w)dx) + Cl))
= —1In (ecos(z) (_ (/ xem—cos(w)dx) + cl))

The solution(s) found are the following

y=— In (ecos(x) (_ (/ xew—cos(w)dx) + Cl))

Summary
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Figure 48: Slope field plot

W ~~—a—a—a—

y=— In (ecos(x) (_ </ meac—cos(x)dl,> + Cl))

Verified OK.
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1.69.2 Solving as first order ode lie symmetry lookup ode

Writing the ode as

y = x e +sin (x)

Y =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Nz + W(ny - fz) - w2€y —wg€ — Wy = 0

(A)

The type of this ode is known. It is of type first order special form ID 1. There-
fore we do not need to solve the PDE (A), and can just use the lookup table shown

below to find &, 7

Table 79: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n
linear ode vy = f(@)y(z) + g(z) 0 el fde
separable ode vy = f(z) g(y) % 0
quadrature ode Yy = f(x) 0 1
quadrature ode Yy =9(y) 1 0
homogeneous ODEs of | y = f(¥) x Y
Class A
homogeneous ODEs of | ¥’ = (a + bz + Cy)% 1 —2
Class C
homogeneous class D | ¢ = £ 4 g(z) F(¥) x? zy

. . - h(z)+b e— J bf(z)dz—h(x) f(z)e~ J bf(2)dz—h(z)
First order special | y' = g(z) M@+ + f(x) —— @)
form ID 1

polynomial type ode

/— smzthiyta
Yy a2z+bay-+ca

ai1boz—agsbiz—bica+bacy

a1bey—agbiy—aice—azcy

a1bs—aszby

a1ba—aszb;

Bernoulli ode

Y = f(x)y+g(z)y"

e~ (=D f@)dzyn

Reduced Riccati

Y = filz)y+ folz)y?

e~ J frdz
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The above table shows that
cos(z)—z
e

£(z,y) =

T
cos(z)—z

n(z,y) = sin (z) + (A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.
The characteristic pde which is used to find the canonical coordinates is
dr dy
&

The above comes from the requirements that <§ a% + n%) S(z,y) = 1. Starting with

ds (1)

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Therefore

dy _n
de ¢
_sin(z) + ecos(:)_m

ecos(z)—x

T
— ea:—cos(z) (.’L’ sin (lL') 4+ ecos(z)—m)

This is easily solved to give
y = / g=cos(2) (:v sin (z) + ec"s(“’)_”’“') dx + ¢

Where now the coordinate R is taken as the constant of integration. Hence

R=— ( / "~ (g sin (z) + «=(*)~*) dx) +y
And S is found from

Integrating gives
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Where the constant of integration is set to zero as we just need one solution.

Maple trace

-

"Methods for first order ODEs:

-—- Trying classification methods ---

trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries

trying inverse_Riccati

trying an equivalence to an Abel ODE

differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation
--- Trying Lie symmetry methods, 1st order ---

) 3

4

» —> Computing symmetries using: way = 5

, —> Computing symmetries using: way

, —> Computing symmetries using: way
trying symmetry patterns for 1st order ODEs

-> trying a symmetry pattern of the form [F(x)*G(y), O]
-> trying a symmetry pattern of the form [0, F(x)*G(y)]

<- symmetry pattern of the form [0, F(x)*G(y)] successful’

N

v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 29

{dsolve(diff(y(x),x)=x*exp(x+y(x))+sin(x),y(x), singsol=all)

o) = —cxs) (e ([ re-ms)
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v/ Solution by Mathematica
Time used: 3.93 (sec). Leaf size: 100

e

kDSolve [y' [x]==x*Exp [x+y [x]]+Sin[x],y[x],x,IncludeSingularSolutions -> True] J

Solve [ / (— K M=eosCI ] — g eostKID~v(@) gin(K[1])) dC[1] + /
1 1

—e cos(z)—K|[2] <ecos(m)+K[2] / e cos(K[1])—K[2] SlIl(K[].])dK[].] _ 1) dK[2] =c, y(m)]
1
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1.70 problem 70
1.70.1 Solving as first order special form ID 1ode. . . . . . . . .. .. 3641
1.70.2 Solving as first order ode lie symmetry lookup ode . .. .. .. 367

Internal problem ID [7386]
Internal file name [OUTPUT/6487_Saturday_August_06_2022_05_19_42_AM_71234662/index.tex|

Book: First order enumerated odes
Section: section 1

Problem number: 70.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "first order special form ID 1",
"first_ order__ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type
[[_1st_order, "~ _with_symmetry_I[F(x),G(x)] 1]

y' — 56”2 — gin (z)

1.70.1 Solving as first order special form ID 1 ode
Writing the ode as

y =56 2% L gin (z) (1)

And using the substitution u = e72% then

u = —20y'e 20
The above shows that
. _’U,I(IE) e20y
y= 20
u'(z)
20u

Substituting this in (1) gives

_u(z) _ 5e"
20u  wu

+ sin (z)
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The above simplifies to
_u(=)
20
W' (z) + 20sin (z) u(z) = —100 e

=5e” + sin (z) u(x)

Now ode (2) is solved for u(x)
Entering Linear first order ODE solver. In canonical form a linear first order is
v'(z) + p(z)u(z) = g(z)

Where here

p(x) = 20sin (z)

q(z) = —100€*
Hence the ode is

W' (z) + 20sin (z) u(z) = —100*

The integrating factor u is

= ef 20sin(z)dz

— e—20 cos(z)

The ode becomes

L (w) = () (-100¢")

%(e—ZOcos(z)u) — (e—ZOcos(z)) (_100 em2>

d(e—2OCos(z)u) _ (_100 emz—QOCos(m)) dr
Integrating gives

e—2OCos(m)u — /_100 emz—ZOcos(z) dz

e—20cos(z),, /_100 ex2—20cos(x)dx 1

—20 cos(

Dividing both sides by the integrating factor u = e 2) results in

’U/(.I) — e2OCos(z) </ ~100 ex2—2OCos(m)dx) + Cle2OCos(m)
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which simplifies to

M@Z&MM@CJW</&LWM@M)+Q)

Substituting the solution found for u(z) in u = e=2% gives

_ In(u(a))
20
In <620005(x) (_100 (f ex2—20005(x)dx> + Cl))

20
i (6o (100 ( [ M)z +.6,))

20

Summary
The solution(s) found are the following

o (oo (—100( [ M)z +.6,))

y=- 20

y(x) o [PACNSS S
| =~NNN\NN\\~N~—=~ 7777 ]
NN\ N\\\\N~— 7)) 7
NN\ S S S S s
~~\\\\\\N~—> 777 ) ] m—
~\\\\\\N\~—> )] 7
=2l =~ \\\\\N~—>r 7)) ] 7
-~ \\\\\\N~—> 7)) ] m—
-~ N\\\\\\N\~—> 777 ) ] m—
—H =N\ \\\\N~—>r ) ) ) 7

-3 -2 -1 0 ] 2 3
X

Figure 49: Slope field plot

366



Verification of solutions

In <e20 cos(x) (_100 (f ez2—20 cos(z)dx> + Cl))
20

y=—
Verified OK.
1.70.2 Solving as first order ode lie symmetry lookup ode
Writing the ode as

y' = 5> 2% 4 gin ()

Yy =w(z,y)
The condition of Lie symmetry is the linearized PDE given by

e+ w(y — &) — W€y —w€ —wyn =0 (A)

The type of this ode is known. It is of type first order special form ID 1. There-
fore we do not need to solve the PDE (A), and can just use the lookup table shown
below to find &, 7
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Table 81: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n

linear ode Yy = f(z)y(x) + g(x) 0 el fdo

separable ode vy = f(z) g(y) % 0

quadrature ode Yy = f(z) 0 1

quadrature ode vy =g(y) 1 0

homogeneous ODEs of | ¢ = f(¥) x Y

Class A

homogeneous ODEs of | 3 = (a + bz + cy)™ 1 —:

Class C

homogeneous class D | ¢’ = £ 4 g(z) F (g) z? Yy

First order special | ¥ = g(z) M@+ 4 f(z) e_fbf;z# f)e” f;(;?dw_h(z)
form ID 1

polynomial type ode | 3/ = 2z D
Bernoulli ode v = f(x)y+g(z)y" 0 e~ J(n=D)f(@)dzyn
Reduced Riccati v = fi(x)y + folx) y? 0 e~/ fide

The above table shows that

20 cos(z)—z?

5

(&

£(z,y) =

n(z,y) = sin (z) + -

20 cos(z)—z?

)

(A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.
The characteristic pde which is used to find the canonical coordinates is
dr dy
&

The above comes from the requirements that ({f a% + n%) S(z,y) = 1. Starting with

ds (1)

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
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canonical coordinates, where S(R). Therefore

dy _n

dr ¢
. 620005(1)712
sin (z) + ——5—
e20<;os(a:)—m2
5

= <5 sin (a}) + e20 cos(a:)—g;2> e$2—20 cos(z)

This is easily solved to give
y= / (5 sin (.’13) + e2Ocos(w)—w2> ew2—20cos(w)dx +¢

Where now the coordinate R is taken as the constant of integration. Hence

R=— (/ (5 sin (.’E) + e20cos(ac)—w2) ex2_20cos(w)dx) +y

And S is found from

dz
as =4
£
_ dz
- e20cos(ar:)—a:2
5

Integrating gives

dz
s= %
— /5ew2—20cos(z)dx

Where the constant of integration is set to zero as we just need one solution.
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Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---

trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

trying inverse linear

trying homogeneous types:

trying Chini

differential order: 1; looking for linear symmetries
trying exact

Looking for potential symmetries

trying inverse_Riccati

trying an equivalence to an Abel ODE

differential order: 1; trying a linearization to 2nd order
--- trying a change of variables {x -> y(x), y(x) -> x}
differential order: 1; trying a linearization to 2nd order
trying 1st order ODE linearizable_by_differentiation

--- Trying Lie symmetry methods, 1st order ---

*, "> Computing symmetries using: way = 3
*, “-> Computing symmetries using: way = 4
*, ~-> Computing symmetries using: way = 5

trying symmetry patterns for 1st order ODEs

-> trying a symmetry pattern of the form [F(x)*G(y), 0]

-> trying a symmetry pattern of the form [0, F(x)*G(y)]

<- symmetry pattern of the form [0, F(x)*G(y)] successful”

v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 33

Ldsolve(diff(y(x),x)=5*exp(x“2+20*y(x))+sin(x),y(x), singsol=all)

In (20) In <—c1 - 5<f ewz_zoms(“’)dx))

y(z) = —cos(z) — —5~ 20
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v/ Solution by Mathematica
Time used: 10.354 (sec). Leaf size: 140

e

kDSolve [y' [x]==5%Exp [x~2+20*y [x]]+Sin[x],y[x],x,IncludeSingularSolutions -> Trﬁ.\e]

o1 y(2)
Solve [ [ =g - (sin(R 1) + 5K ) R 1] + [
1 1
_rioe—20 cos(z)—20K[2] (100620 cos(z)+20K[2] /z (%6_20 cos(K[1])—20K[2] (Sin(K[l])+56K[1]2+20K[2]) _eK[1]2_20 e
1

- 1) dK|[2] = cl,y(:v)]
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2.1
2.2
2.3

section 2 (system of first order ode’s)

problem 1
problem 2
problem 3
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2.1 problem 1

Internal problem ID [7387]
Internal file name [OUTPUT/6633_Monday_November_27_2023_11_02_13_PM_16279652/index. tex|

Book: First order enumerated odes

Section: section 2 (system of first order ode’s)
Problem number: 1.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "system of linear ODEs"

Solve

Z(t) +y'(t) = =(t) +y(t) +1¢

'"(t) + 9/ (t) = 2z(t) + 3y(t) + €’
The system is
() +y'(t) = 2(t) +y(t) + ¢ (1)
o' (t) + o/ (t) = 22(t) + 3y(t) + € (2)

Since the left side is the same, this implies

z(t) + y(t) +t = 2z(t) + 3y(t) + €’

z(t) € ¢t
t)=——>— — 4+ =
y)=-"2 =S+ Q
Taking derivative of the above w.r.t. ¢ gives
z'(t) e 1
"(t) = — —— 4= 4
Y =-"3" -5+ @

#'(t) e 1 xzt) e 3t
5 2 T3T 3 373
2(t) =z(t) + 3t — 1 (5)

Which is now solved for z(t).

Entering Linear first order ODE solver. In canonical form a linear first order is

z'(t) + p(t)x(t) = q(t)
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Where here

Hence the ode is

The integrating factor y is

The ode becomes

Integrating gives

p(t) = -1
q(t) =3t—1

< (uz) = () (3t — 1)

4 (e7'z) = (e7") (3t — 1)

dt
d(e7'z) = (3t —1)e7") dt

ez = / (3t —1)e*dt

elr=-03Bt+2)e "+

Dividing both sides by the integrating factor y = e™* results in

which simplifies to

z(t) = —€' (3t +2) e " + 1€

z(t) = =3t — 2+ cy€

Given now that we have the solution

z(t) = =3t — 2+ cy€

Then substituting (6) into (3) gives

t t

ce e
)=2t4+1— 2 — =
yO) =2t +1-— — 3
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v/ Solution by Maple
Time used: 0.015 (sec). Leaf size: 31

Ldsolve([diff(x(t),t)+diff(y(t),t)—x(t)=y(t)+t,diff(x(t),t)+diff(y(t),t)=2*x(t}+3*y(t)+exp(t)

z(t) = =3t — 2+ c€
t t
cie e
t)=2t+1—— — =
y(t) =2t + 5 ~ 5

v Solution by Mathematica
Time used: 0.042 (sec). Leaf size: 37

LDSolve [{x' [t]+y' [t]-x[t]==y[t]l+t,x' [t]+y' [t]==2*x[t]+3*y[t]+Exp[t]},{x[t],y [t}] },t,IncludeSin

z(t) = =3t + (1 + 2c1)e’ — 2
y(t) =2t — (1+c)et +1
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2.2 problem 2

2.2.1 Solution using Matrix exponential method . . . . . . .. .. ..
2.2.2  Solution using explicit Eigenvalue and Eigenvector method . . . 378
2.2.3 Maple step by step solution . . . . . ... ... 384

Internal problem ID [7388]
Internal file name [OUTPUT/6634_Monday_November_27_2023_11_02_14_PM_68593190/index.tex|

Book: First order enumerated odes

Section: section 2 (system of first order ode’s)
Problem number: 2.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "system of linear ODEs"

Solve

T'(t) = —xz(t) — 2y(t) +t — €&
y'(t) = 3z(t) + 5y(t) — t + 2¢€'

2.2.1 Solution using Matrix exponential method

In this method, we will assume we have found the matrix exponential e? allready.

There are different methods to determine this but will not be shown here. This is a
system of linear ODE’s given as

() | | -1 -2 z(t) t—et
y'(t) 3 5 y(t) —t+2¢

Since the system is nonhomogeneous, then the solution is given by
Z(t) = Tn(t) + Zp(t)

Where Z,(t) is the homogeneous solution to #'(t) = AZ(t) and Z,(t) is a particular
solution to Z'(t) = AZ(t) + G(t). The particular solution will be found using variation
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of parameters method applied to the fundamental matrix. For the above matrix A, the
matrix exponential can be found to be

(1+\/§>e‘(‘/§—2)t e(2+‘/§)t(\/§—1) (—e(2+‘/§)t+e_(‘/§_2>t)\/§
At — 2 - 2 3
_e(2+\/§)t e_(ﬁ_2)t V3 _ e—(ﬁ—z)t e(2+\/§)t
B ( +2 ) 3 ( x/§+1)2 N 2(1+\/§)

Therefore the homogeneous solution is

1 \/gef(ﬁfz)t o(2+V3)t Vi1 _o(2+va)t —(va-2)r V3
| At ey () .
(_e(2+\/§)t+e—(\/§—2)t)\/§ (_\/§+1>e—(\/§—2)t e(2+\/§)t<1+\/§) Co
L - 2 2 + 2
( (Lva)e (20 (29 (y5_0) ) (-4 (520 ey
2 - 2 ¢+ 3

_(2+va)t, —(v3-2)t Vil ~ (Va2 (esvA)
() +<<«§+1>2< r >2<1+«§>>02

((301+202)\/§+301)e_ (v3—2)s ((C1+2%> \/§—C1)e(2+‘/§>t

— 6 5
((_Cl _02)\/?:—"_62) e (ﬁ_z)t + ((01 +cz)\/§+cz> e(2+ﬁ)t
2 2

The particular solution given by

But

e—At — (eAt)—l

((_\/3+1)e—(\/§—2)t+e(2+¢§)t(H\/g))e_u V3eit (_e(2+\/§)t+e—(\/§—2)t)
_ 2 3
B Vet [_o(2+VB)t ~(vB-2)i it (5e- (VB-2)t_ 3 (3+vB)t o ~(VB-2)r (2+V3)¢
o iy N U T h )
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Hence

<1+\/§)e_(‘/§_2)t B e(2+‘/§)t(\/§—1> (—e(2+‘/§)t+e_(‘/§_2)t)«/§
fp(t) = 2 2 °
(_e<2+\/§)t+e—(\/§—2)t)\/§ (_\/§+1)e—(\/§—2)t e(2+\/§)t(1+\/§)
L - 2 2 + 2
<1+\/§)e*(‘/§*2)t e(”ﬁ)t(ﬁ—l) (—e(2+\/§)t+e*(‘/§72)t)x/§
_ 2 o 2 3
(—e(2+‘/§)t+e_(‘/§_2)t)~/3 <—\/?:+1)e_(\/§_2)t e(2+‘/§)t<1+x/§)
L - 2 2 + 2
_ -3t —11
| 247-¢

Hence the complete solution is

Z(t) = Zn(t) + Zp(t)

(301+202 \[+301> —(\/5—2)4‘, n ((—301—2cz)\/§+301>e(2+‘/§)t
6

V3— V3
e (e VO e

—-3t—-11

2.2.2 Solution using explicit Eigenvalue and Eigenvector method

This is a system of linear ODE’s given as

—

Z(t) = AZ() + G(t)

z'(t) -1 -2 z(t) N t—et
y'(t) 3 5 y(t) —t+2¢

Since the system is nonhomogeneous, then the solution is given by

(t) = Bn(t) + T, (1)

8y

/

(Vo))
2

V3e 4t (—e (2-“/5:
2

((5t+19)\/§—9t—33) o (
6

(7-|—(—4—t)\/§+2t> o (2+v3)

2

Where Z,(t) is the homogeneous solution to #'(t) = AZ(t) and Z,(t) is a particular
solution to Z'(t) = AZ(t) + G(t). The particular solution will be found using variation

of parameters method applied to the fundamental matrix.
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The first step is find the homogeneous solution. We start by finding the eigenvalues of
A. This is done by solving the following equation for the eigenvalues A

det(A—A)=0
Expanding gives
-1 -2 10
det - A =0
3 5 01
Therefore
—1-X =2
det =0
3 5—A

Which gives the characteristic equation
AN —4r+1=0
The roots of the above are the eigenvalues.

A =243
Aa=2-+3

This table summarises the above result

eigenvalue | algebraic multiplicity | type of eigenvalue

2—-4/3 1 real eigenvalue

2+1/3 1 real eigenvalue

Now the eigenvector for each eigenvalue are found.
Considering the eigenvalue \; = 2 — /3

We need to solve A7 = A7 or (A — AI)¥ = 0 which becomes

-1 -2 10 0
(- NE

3 5 01 Vo 0

—3+43 =2 v | |0

3 3++3 Vo 0
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Now forward elimination is applied to solve for the eigenvector #. The augmented
matrix is

—3+4/3 =2 |0
3 3+v31(0
3R —-3++3 =210
R2:R2_—1:> \/_
—-34+3 0 010

Therefore the system in Echelon form is

—3++43 =2 o 0
0 0 Vs 0

The free variables are {ve} and the leading variables are {v;}. Let v = t. Now we start
back substitution. Solving the above equation for the leading variables in terms of free

. . . 2
variables gives equation {vl =57 \/g}
Hence the solution is
2t 2t
-3+v3 | _ | -3+Vv3
t t

Since there is one free Variable, we have found one eigenvector associated with this
eigenvalue. The above can be written as

2t 2
—34+3 — —3+3

t 1

Let t = 1 the eigenvector becomes

2t 2
-3+v3 | _ | -3+v3

t ] 1]

Which is normalized to i} _ -
—3?\/5 _ ﬁ

t ] 1]

Considering the eigenvalue Ay = 2+ /3
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We need to solve A7 = A or (A — AI)¥ = 0 which becomes

-1 -2 10 v 0
—(2+\/§> =

3 5 01 Vg 0

-3-v3 -2 v | |0

3 3—3 Vs 0

Now forward elimination is applied to solve for the eigenvector #. The augmented
matrix is

-3-v3 -2 |0
3 3—30
3R -3—-v3 -2|0
R2 = R2 — o > \/_
-3—-+/3 0 00
Therefore the system in Echelon form is
-3—-v3 -2 v | |0
0 0 Vg 0

The free variables are {ve} and the leading variables are {v;}. Let vy = t. Now we start
back substitution. Solving the above equation for the leading variables in terms of free

variables gives equation {vl =— 3ff/§}
Hence the solution is
2t 2t
3+V3 | _ 3+v3
t t

Since there is one free Variable, we have found one eigenvector associated with this
eigenvalue. The above can be written as

2 2
3+v3 | _ ¢ 3+v3
t 1
Let t = 1 the eigenvector becomes
2t __2
3+v3 | _ 3+v3
t 1
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Which is normalized to

2
3+v3 | _ |  3+v3
t 1

The following table gives a summary of this result. It shows for each eigenvalue the
algebraic multiplicity m, and its geometric multiplicity k£ and the eigenvectors associated
with the eigenvalue. If m > k then the eigenvalue is defective which means the number
of normal linearly independent eigenvectors associated with this eigenvalue (called the
geometric multiplicity k) does not equal the algebraic multiplicity m, and we need to
determine an additional m — k generalized eigenvectors for this eigenvalue.

multiplicity
eigenvalue | algebraic m | geometric k | defective? | eigenvectors

N

243 1 1 No S
-~ 1 =
N

23 1 1 No -3

1

Now that we found the eigenvalues and associated eigenvectors, we will go over each
eigenvalue and generate the solution basis. The only problem we need to take care of
is if the eigenvalue is defective. Since eigenvalue 2 + /3 is real and distinct then the
corresponding eigenvector solution is

.’El (t) = 1716(2+\/§)t

_ﬁg e(2+\/§)t
1

Since eigenvalue 2 — v/3 is real and distinct then the corresponding eigenvector solution
is

Therefore the homogeneous solution is

ﬂ_'fh(t) = lel(t) + Cgfg(t)
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Which is written as

2e(2+‘/§)t 26(2_\/§)t

z(t) —e | T 3B T 33
=C + co

y(t) o(21V3)t o(2-V3)t

Now that we found homogeneous solution above, we need to find a particular solution
Zp(t). We will use Variation of parameters. The fundamental matrix is

P = [51 Ty - ]
Where Z; are the solution basis found above. Therefore the fundamental matrix is

)t

2

S

_ 2 e(2+\/§)t 2 e(
q)(t) — 3+v3 3—

V3
e(2+\/§)t e(z—\/??)t

The particular solution is then given by

But

\/ge—(2+\/§)t V3 (3+\/§>e_(2+‘/§)t

(I)_1 _ 2 6
aeli2)e A (—aeva)
- 2 6
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Hence

poev) v T [ gcGeva)e vE(34vE)e (RO t
ORI ; ez |
o) e || s A | | —te2e
- - L 2 6
2Vt oVt | [ gt (08 | e(14vE) _ (VR
—| s s /‘ 2 *e I dt
_ e<2+\/§)t 6(2—\/5)75 _ _ _ﬁet(z\/g—l) +et<\/§—1) _e(ﬁ:)tt
_m@(«H@¢a%+@a%%fw+;4HﬁM_2§_@)_
[ Ze(2+\/§)t 2e(2_\/§)t | 2
| w5 6(1+v3) (2+v3)
o(2tV3)t  (2-vB) _5(((t+%)\/§—%—g)e(ﬁ‘zhet(ﬁ*) (—wa))ﬁ
' ' o(33) (o)
| -st-u
| 2a+7-%

Now that we found particular solution, the final solution is

2(t) = n(t) + Zp(2)

C e(2+\/§)t C: e(z_\/g)t
o(t) | _ | M5 N —lae L -
y(t) Cle<2+\/§>t 626(2—\/5)15 204+7-%
Which becomes
ca(3+V3 e_(ﬁ_z)t c1(—3+V3 e(2+ﬁ)t
o) | |~ 4l —3t—11
y(®) cle(2+ﬁ>t +ce (va-2)e +2+7-S

2.2.3 Maple step by step solution

Let’s solve
[2'(t) = —z(t) — 2y(t) + t — e,y (t) = 3z(t) + 5y(t) — t + 2¢€]

° Define vector
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Convert system into a vector equation

-1
3

-2
)

System to solve

-1
3

-2
)

t—et

—t+2¢t

t—e

—t+2¢t

Define the forcing function

t— e

f(t)
—t+2¢

Define the coefficient matrix
-1 =2
3 5

A

Rewrite the system as
_)
T =A-Z0)+ f
To solve the system, find the eigenvalues and eigenvectors of A

Eigenpairs of A

2

2
T 3-v3 2+ 3, T 3+3
1 1

2_\/§a

Consider eigenpair

2

3—V3
1

2_\/§)

Solution to homogeneous system from eigenpair

__2
3—V3
1

—_
r1=¢€

(o).
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Consider eigenpair

__2
2+ \/3, 3+/3
1

Solution to homogeneous system from eigenpair

__2
2 e(2+\/§)t ) 3+V3
1
General solution of the system of ODEs can be written in terms of the particular solution Zp(
;(t) = 015')1 + 025)2 + E)p(t)
Fundamental matrix
Let ¢(t) be the matrix whose columns are the independent solutions of the homogeneous syst

_2e(2—\/§)t _2e(2+\/§)t
£ — 3—/3 3+v3
o) e(z—x/??)t e(2+\/§)t

The fundamental matrix, ®(¢) is a normalized version of ¢(¢) satisfying ®(0) = I where [ is tk
o(t) = o(t) - 5357
Substitute the value of ¢(t) and ¢(0)

26(2—\/§)t 2e(2+\/§)t
(I)(t)= B 3—v3 o 3+v3 . 1
i o | [~
1 1

Evaluate and simplify to get the fundamental matrix

((3+\/§) o= (Vi2)t  (2+va)e (—3+\/§>>\/§ (—e(2+‘/§)t+e_(‘/§_2)t) V3
o(t) = 6 ’
(—e(2+ﬁ)t+e_ (ﬁ_2)t>\/§ <—\/§+1>e_ (\/5_2)t e(2+\/§)t<1+\/§>
- 2 2 + 2

Find a particular solution of the system of ODEs using variation of parameters

Let the particular solution be the fundamental matrix multiplied by v (t) and solve for v (t)
— —
Z(t) = 0(t) - T(0)

Take the derivative of the particular solution
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—/

Z(t) = ®(t)- v(t) + () - v (t)
Substitute particular solution and its derivative into the system of ODEs
— —/ — -
) -v(t)+ @) v (t)=A-Pk)-v(t)+ f(t)
The fundamental matrix has columns that are solutions to the homogeneous system so its der
%
A-B(t)-T()+ ) -7 (1) =A-B(t)-3(t) + F(t)
Cancel like terms
—/ -
o(t) - v (t) = f(?)
Multiply by the inverse of the fundamental matrix
—/ 1 -
3() = 5 - F0)
Integrate to solve for v (£)
— t 1 -
V) = fy oy £ (5)ds
Plug ?}(t) into the equation for the particular solution
—
Zy(t) = @(t) - (Jy 5 /() ds)
Plug in the fundamental matrix and the forcing function and compute

(33+20\/:§) o (Vi-2)t, (33—20\/??) (PV3)t_18: 66

Z,(t) = 6(v3-2) (2+v8)
_ — e_(‘/g_Q)t — e(2+\/§)t t
(-ov3 132 +(9\/§ 132 fot—t 4T

Plug particular solution back into general solution
(33+20\/§)e‘(‘/g‘z)t+(33—20\/§)e(2+‘/§)t—18t—66
6(v3-2)" (2+v3)’

_ _ ef(\/Efz)t - e(2+\/§)t
(9\/3? 132 +(9\/§ 132 +2t—%t+7

a_f(t) = 0131 + 0232 +

Substitute in vector of dependent variables

201 4+20)v/3—6¢;+33) e (V32)t 203—20)v/3—6c+33 ) e (2HV3)?
z(t) (20 61+> G 6”) 311

y(t) (4c1—9\/§—13>e_ (\/§—Z)t <4C2+9\/§—13>e(2+\/§)t
1 + 1

+2— S 47

Solution to the system of ODEs
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gt 11, y(h) = o)

(~2e1+20)VB-6er+38)e" (2" ((2ep-20)vB-6es 33)e (V)"
{x(t) - ( 6 ) + ( 5 )

v Solution by Maple
Time used: 0.015 (sec). Leaf size: 95

Ldsolve([2*diff(x(t),t)+diff(y(t),t)—x(t)=y(t)+t,diff(x(t),t)+diff(y(t),t)=2*x £)+3%y (t) +exp(

z(t) = e(2+\/§>tcg +e (_2+\/§>tcl —3t—11
- _e(2+\/?7)t02\/§ + e <_2+f) \/— 36 (2+f) 30 (—2+\/§)tcl ot
v = 2 2 2 2 2

v/ Solution by Mathematica
Time used: 10.209 (sec). Leaf size: 174

LDSolve [{2*x' [t1+y' [t]-x[t]==y [t]+t,x' [t]1+y' [t]==2%x[t]+3+y[t]+Exp[t]},{x[t] ,yJ[t] },t,IncludeS

z(t) — ée‘((ﬁﬂ)t) ( 6e(V* ) (3¢ 4 11) + ( 3(\/5_ 1) o — 2\/302) G2Vt
+3(1+V3) e + 2\/302)
y(t) = %<4t— e+ (—\/501 —V3c, +CQ> e_((\/gﬂ)t) + <\/§C1 + <1 + \/§> C2> e<2+¢§)t

+ 14)
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2.3 problem 3

Internal problem ID [7389]
Internal file name [OUTPUT/6635_Monday_November_27_2023_11_02_14_PM_64086885/index. tex|

Book: First order enumerated odes

Section: section 2 (system of first order ode’s)
Problem number: 3.

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "system of linear ODEs"

Solve

z'(t) + o' (t) = z(t) + y(¢) + t + sin () + cos (¢)
T'(t) + v/ (t) = 2z(t) + 3y(t) + €

The system is

z'(t) + o' (t) = z(t) + y(¢) + t + sin () + cos (¢) (1)
' (t) + o/ (t) = 2z(t) + 3y(¢t) + ¢ (2)

Since the left side is the same, this implies

z(t) + y(t) + t + sin (£) + cos (t) = 2z(t) + 3y(t) + €'

u(t) = _? B %t % sin2(t) N cos2(t) 3)

Taking derivative of the above w.r.t. ¢ gives

J(t) = _x’ét) 3 %t N % 4 COSQ(t) 3 sin2(t) ()

Substituting (3,4) in (1) to eliminate y(t),y (t) gives

#'(t) e 1 cos(t) sin(t) =x(t) e 3t 3sin(t) , 3cos(t)
2 273t T T3 T T2tttz T3
z'(t) = z(t) + 3t + 4sin () + 2cos (t) — 1 (5)

Which is now solved for z(t).

Entering Linear first order ODE solver. In canonical form a linear first order is

z'(t) + p(t)x(t) = q(t)
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Where here

p(t) = —1
q(t) = 3t +4sin (t) + 2cos (t) — 1

Hence the ode is
z'(t) — z(t) = 3t + 4sin (t) + 2cos (t) — 1

The integrating factor y is

l’l’ — ef(_l)dt

= e_t

The ode becomes
%(,uz) — (1) (3¢ + 4sin (£) + 2 cos (£) — 1)

d —t _ —t i
&(e z) = (e7") (3t + 4sin (¢) + 2 cos (t) — 1)

d(e~*z) = ((3t + 4sin () + 2cos (¢) — 1) e™) d¢
Integrating gives
ety = / (3t +4sin () + 2cos (t) — 1) e *dt
elz=-3e"t—2e " —3etcos(t) —sin(t)e " +
Dividing both sides by the integrating factor y = e™* results in
z(t) =€ (—3e7"t —2e™" —3e " cos (t) —sin (t) e ") + c1€’
which simplifies to
z(t) = —2 + c1e" — 3t — sin () — 3cos (t)
Given now that we have the solution
z(t) = —2 + c1e" — 3t — sin () — 3cos (t)
Then substituting (6) into (3) gives

c et et
y(t)=1- - + 2t +sin (t) + 2cos () — 5
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v/ Solution by Maple
Time used: 0.078 (sec). Leaf size: 45

Ldsolve([diff(x(t),t)+diff(y(t),t)—x(t)=y(t)+t+sin(t)+cos(t),diff(x(t),t)+diff}y(t),t)=2*x(t)

z(t) = —sin (t) — 3cos (t) + c1e’ — 3t — 2
. clet et
y(t) = sin (t) + 2 cos (t) — - +2%4+1— 3

v Solution by Mathematica
Time used: 0.055 (sec). Leaf size: 54

LDSolve[{x'[t]+y'[t]-x[t]==y[t]+t+Sin[t]+Cos[t],x'[t]+y'[t]==2*x[t]+3*y[t]+Eprt]},{x[t],y[t]

z(t) — —3t + e’ —sin(t) — 3cos(t) + 2c e’ — 2
y(t) — 2t — €' +sin(t) + 2cos(t) — cie’ + 1
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