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1.1 problem 2(a)

1.1.1 Solving as quadratureode . . . . . .. ... ... ... .....
1.1.2 Maple step by step solution . . . . ... ... ... ....... izl

Internal problem ID [2432]
Internal file name [OUTPUT/1924_Sunday_June_05_2022_02_39_42_AM_58612681/index.tex]

Book: Elementary Differential Equations, Martin, Reissner, 2nd ed, 1961
Section: Exercis 2, page 5

Problem number: 2(a).

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

1.1.1 Solving as quadrature ode

y=/2dx

=2x+

Integrating both sides gives

Summary
The solution(s) found are the following

y=2x+c (1)
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Figure 1: Slope field plot
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Highest derivative means the order of the ODE is 1

/

Integrate both sides with respect to x

[ydz = [2dz+ ¢
Evaluate integral

Let’s solve
Solve for y

y =2
y

Y
)

Maple step by step solution
[ J

Verification of solutions

Verified OK.

1.1.2



Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 9

Ldsolve(diff(y(x),x)=2,y(x), singsol=all)

y(x) =2+ ¢

v/ Solution by Mathematica
Time used: 0.002 (sec). Leaf size: 11

LDSolve[y‘[x]==2,y[x],x,IncludeSingularSolutions -> True]

y(xz) = 2x 4+ 1



1.2 problem 2(b)

1.2.1 Solving as quadratureode . . . . . .. .. ... ... ...
1.2.2 Maple step by step solution . . . .. ... ... ......

Internal problem ID [2433]

Internal file name [OUTPUT/1925_Sunday_June_05_2022_02_39_43_AM_28780283/index.tex]

Book: Elementary Differential Equations, Martin, Reissner, 2nd ed, 1961
Section: Exercis 2, page 5

Problem number: 2(b).

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

yl — 2e3$

1.2.1 Solving as quadrature ode

y=/2e3“’ dx

2e3w N
= C
3 1

Integrating both sides gives

Summary
The solution(s) found are the following

2 e3z
3

y= +c
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Figure 2: Slope field plot

Verification of solutions

26393 N
= C
Yy 3 1

Verified OK.

1.2.2 Maple step by step solution

Let’s solve
y/ =9 e3z
° Highest derivative means the order of the ODE is 1

/

Yy

° Integrate both sides with respect to x
[ydz = [2e*dz + ¢

° Evaluate integral

_ QeSz
y= 3 +cl

° Solve for y



23T
y==5-+a

Maple trace

-

“Methods for first order ODEs:
‘——— Trying classification methods ---

‘trying a quadrature
‘<— quadrature successful”

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 12

Ldsolve(diff(y(x),x)=2*exp(3*x),y(x), singsol=all)

2e3m
3

y(z) = +a

v/ Solution by Mathematica
Time used: 0.004 (sec). Leaf size: 17

LDSolve[y'[x]==2*Exp[3*x],y[x],x,IncludeSingularSolutions -> True]

263x

3

y(x) — + ¢



1.3 problem 2(c)
1.3.1 Solving as quadratureode . . . . . . ... ... ... ... ... )
1.3.2 Maple step by step solution . . . . . ... ... ... ... ... 10}

Internal problem ID [2434]
Internal file name [OUTPUT/1926_Sunday_June_05_2022_02_39_45_AM_20320997/index.tex]

Book: Elementary Differential Equations, Martin, Reissner, 2nd ed, 1961
Section: Exercis 2, page 5

Problem number: 2(c).

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"

Maple gives the following as the ode type

[_quadrature]

1.3.1 Solving as quadrature ode

Integrating both sides gives

2
= —dx
Y /\/—m2+1

= 2arcsin (z) + ¢;

Summary
The solution(s) found are the following

y = 2arcsin (x) 4+ ¢; (1)
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Figure 3: Slope field plot

Verification of solutions

y = 2arcsin (z) + ¢;
Verified OK.

1.3.2 Maple step by step solution

Let’s solve

! 2
Y =V=m

° Highest derivative means the order of the ODE is 1

/

Yy

° Integrate both sides with respect to x
[y'dz = f\/%ﬂdx-l-cl

° Evaluate integral
y = 2arcsin (x) 4+ ¢;

° Solve for y

10



y = 2arcsin (x) + ¢;

Maple trace

"Methods for first order ODEs:
‘——— Trying classification methods ---

‘trying a quadrature
‘<— quadrature successful”

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 10

Ldsolve(diff(y(x),x)=2/sqrt(1-x“2),y(x), singsol=all)

y(x) = 2arcsin (z) + 1

v/ Solution by Mathematica
Time used: 0.004 (sec). Leaf size: 28

LDSolve[y'[x]==2/Sqrt[1—x‘2],y[x],x,IncludeSingularSolutions -> True]

z+1

V1= 22
y(r) - —4arctan (_x) +c

11



1.4 problem 2(d)

1.4.1 Solving as quadratureode . . . . . .. ... ... ... ..., 12]
1.4.2 Maple step by step solution . . . . ... ... ... ....... 13|

Internal problem ID [2435]
Internal file name [OUTPUT/1927_Sunday_June_05_2022_02_39_47_AM_51050310/index.tex]

Book: Elementary Differential Equations, Martin, Reissner, 2nd ed, 1961
Section: Exercis 2, page 5

Problem number: 2(d).

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

1.4.1 Solving as quadrature ode

y:/e””2 dz

Integrating both sides gives

fi
_ /7 erfi (z) te
2
Summary
The solution(s) found are the following
m erfi (z
y=Yreie @)

12
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Figure 4: Slope field plot

Verification of solutions

Verified OK.

1.4.2 Maple step by step solution

Let’s solve
y/ — eoc2

° Highest derivative means the order of the ODE is 1

/

Y

° Integrate both sides with respect to x
[ydz = [edz+

° Evaluate integral

y = \/'Tre2rﬁ(z) e

° Solve for y

13



Maple trace

-

“Methods for first order ODEs:
‘——— Trying classification methods ---

‘trying a quadrature
‘<— quadrature successful”

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 13

Ldsolve (diff (y(x) ,x)=exp(x~2),y(x), singsol=all)

o) = YIIRE)

v Solution by Mathematica
Time used: 0.014 (sec). Leaf size: 19

tDSolve[y'[x]==Exp[x“2],y[x],x,IncludeSingularSolutions -> True]

y(x) — %ﬁerﬁ(x) +c

14



1.5 problem 2(e)

1.5.1 Solving as quadratureode . . . . . . ... ... ... ...
1.5.2 Maple step by step solution . . . . . ... ... ... ...

Internal problem ID [2436]

Internal file name [OUTPUT/1928_Sunday_June_05_2022_02_39_49_AM_13964111/index.tex]

Book: Elementary Differential Equations, Martin, Reissner, 2nd ed, 1961
Section: Exercis 2, page 5

Problem number: 2(e).

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

1.5.1 Solving as quadrature ode

y:/xeg”2 dx

2

Integrating both sides gives

T

:7"'61

Summary
The solution(s) found are the following

T

y=—+ta

15
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Figure 5: Slope field plot

Verification of solutions

T

y=—5+a
Verified OK.

1.5.2 Maple step by step solution

Let’s solve
2
y/ — xez

° Highest derivative means the order of the ODE is 1

/

Yy

° Integrate both sides with respect to x
[ydz = [zedz + ¢,

° Evaluate integral
y= % +tc

° Solve for y

16



2
e(L‘
y=73 ta

Maple trace

“Methods for first order ODEs:

‘——— Trying classification methods ---
‘trying a quadrature

‘<— quadrature successful’

v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 12

Ldsolve(diff(y(x),x)=x*exp(x‘2),y(x), singsol=all)

2

e
y(z) = 5 + ¢

v/ Solution by Mathematica
Time used: 0.004 (sec). Leaf size: 17

LDSolve[y'[x]==x*Exp[x”2],y[x],x,IncludeSingularSolutions -> True]

17



1.6 problem 2(a)

1.6.1 Solving as quadratureode . . . . . ... ... ... ... ... 18]
1.6.2 Maple step by step solution . . . . . ... ... ... ... ... 19|

Internal problem ID [2437]
Internal file name [OUTPUT/1929_Sunday_June_05_2022_02_39_50_AM_71357439/index.tex]

Book: Elementary Differential Equations, Martin, Reissner, 2nd ed, 1961
Section: Exercis 2, page 5

Problem number: 2(a).

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

y' = arcsin (z)

1.6.1 Solving as quadrature ode

Integrating both sides gives
y= / arcsin (z) dz
= zgarcsin (z) + vV—22+1+¢

Summary
The solution(s) found are the following

y=czarcsin(z) + vV—22+1+¢ (1)

18
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Figure 6: Slope field plot

Verification of solutions

y=zarcsin(z) +vV—-22+1+¢;
Verified OK.

1.6.2 Maple step by step solution

Let’s solve
y' = arcsin ()

° Highest derivative means the order of the ODE is 1

/

Y

. Integrate both sides with respect to x

[y'dx = [arcsin (z) dz + ¢

. Evaluate integral
y=zarcsin(z) +vV—-22+ 1+ ¢
° Solve for y

19



y=zxarcsin (z) + v—22+ 1+ ¢

Maple trace

"Methods for first order ODEs:
‘——— Trying classification methods ---

‘trying a quadrature
‘<— quadrature successful”

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 19

Ldsolve(diff(y(x),x)=arcsin(x),y(x), singsol=all)

y(z) = zarcsin (z) + V—22+ 1+ ¢

v Solution by Mathematica
Time used: 0.005 (sec). Leaf size: 23

LDSolve[y'[x]==ArcSin[x],y[x],x,IncludeSingularSolutions -> Truel]

y(x) = zarcsin(z) + V1 — 22+ ¢4

20



1.7 problem 3(a)

1.7.1 Solving as separableode . . . . . . .. ... ... ... ..., 21]
1.72 Solving aslinearode . . . . . .. . .. ... ... 23]
1.7.3 Solving as homogeneousTypeD2ode . .. ... ... ...... 27
1.7.4 Solving as first order ode lie symmetry lookup ode . .. .. .. 26
1.75 Solvingasexactode . . ... ... ... ... ... ..... 30
1.7.6 Maple step by step solution . . . . ... ... ... ....... 34

Internal problem ID [2438]
Internal file name [OUTPUT/1930_Sunday_June_05_2022_02_39_52_AM_98288231/index. tex|

Book: Elementary Differential Equations, Martin, Reissner, 2nd ed, 1961
Section: Exercis 2, page 5

Problem number: 3(a).

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "exact", "linear", "separable",
"homogeneousTypeD2", "first_ order__ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type

[_separable]

Yy —yz=0

1.7.1 Solving as separable ode
In canonical form the ODE is
y =F(z,y)

= f(z)g(y)
=2y

21
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Where f(z) = z and g(y) = y. Integrating both sides gives

The solution(s) found are the following
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Figure 7: Slope field plot
22

Verification of solutions

Verified OK.



1.7.2 Solving as linear ode

Entering Linear first order ODE solver. In canonical form a linear first order is

Y +p(z)y = q(z)

Where here
p(z) =—=
q(z) =0
Hence the ode is
Yy —yz=0
The integrating factor u is
p=e [ —zdz
w2
= 6_7
The ode becomes
d
S =0
dz ny

Integrating gives

»

x

Dividing both sides by the integrating factor u = e~z results in

z2
y:cle2

Summary
The solution(s) found are the following

z2
y:cleQ

23
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Figure 8: Slope field plot

Verification of solutions

Verified OK.

1.7.3 Solving as homogeneousTypeD2 ode

Using the change of variables y = u(x) x on the above ode results in new ode in u(z)
u'(z) z +u(z) —u(z)2* =0

In canonical form the ODE is

24



Where f(z) = % and g(u) = u. Integrating both sides gives

2
-1

z dz
T

2 _
/ldu=/x 1dx
U T
In

1
—du =
U

(u) = ﬂr3—2—ln(ac)—i-cz

2
u = e%—lﬂ(w)-{-cz
= ¢y em2 In(z)
Which simplifies to
22
Cce2
u(x) =
@ =2
Therefore the solution y is
Yy =2xu
1:2
= CQeT
Summary
The solution(s) found are the following
m2
y=ce?z (1)

25
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Figure 9: Slope field plot

Verification of solutions

Verified OK.

1.7.4 Solving as first order ode lie symmetry lookup ode

Writing the ode as

Y =azy
Y =w(z,y)

The condition of Lie symmetry is the linearized PDE given by
e +w(ny — &) — W€ — we€ —wyn =0 (A)

The type of this ode is known. It is of type linear. Therefore we do not need to solve
the PDE (A), and can just use the lookup table shown below to find £,

26



Table 7: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n

linear ode Yy = f(z)y(x) + g(x) 0 el fdo

separable ode vy = f(z) g(y) % 0

quadrature ode Yy = f(z) 0 1

quadrature ode vy =g(y) 1 0

homogeneous ODEs of | ¢ = f(¥) x Y

Class A

homogeneous ODEs of | 3 = (a + bz + cy)™ 1 —:

Class C

homogeneous class D | ¢’ = £ 4 g(z) F (g) z? Yy

First order special | ¥ = g(z) M@+ 4 f(z) e_fbf;z# f)e” f;(;?dw_h(z)
form ID 1

polynomial type ode | 3/ = 2z D
Bernoulli ode v = f(x)y+g(z)y" 0 e~ J(n=D)f(@)dzyn
Reduced Riccati v = fi(x)y + folx) y? 0 e~/ fide

The above table shows that

£(z,y) =0

22

n(z,y) =ez (A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _ dy _

ds
§ N

(1)

The above comes from the requirements that ({f a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the

27



canonical coordinates, where S(R). Since £ = 0 then in this special case

R=x

1
Sz/—dy

n

_ 1

—/ —dy
ez

22

S = e_Ty

S is found from

Which results in

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

ﬁ — Sx +w(a:,y)Sy (2)
dR R, +w(z,y)R,

Where in the above R, R,,S;, S, are all partial derivatives and w(x,y) is the right
hand side of the original ode given by

w(z,y) = zy

Evaluating all the partial derivatives gives

R, =1
R,=0
22
Se=—ze 2y
22
Sy = e_T

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
as
dR

We now need to express the RHS as function of R only. This is done by solving for z,y

in terms of R, S from the result obtained earlier and simplifying. This gives

as
dR
The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by

0 (2A)

0

28



integration when the ode is in the canonical coordiates R, S. Integrating the above
gives

S(R)=c1 4)

To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

e 2 y =C
Which simplifies to
2
e_zyzzq
Which gives
z2
Y= 0167

The following diagram shows solution curves of the original ode and how they transform
in the canonical coordinates space using the mapping shown.

Canonical . . )
. . . . ODE in canonical coordinates
Original ode in z,y coordinates coordinates (R, S)
transformation ’

dy _ ds _

dr — LY ar =0
PV bb bbb baN{ Attt
PLbUb bbbzttt
Py bbby vyttt 4
SERSSNRRNATEERRRRE
SRRt AEERRRRY SR]
ALy v v NNttt 23
VYA N VNN NN A
NN B S R R NS — 7
NN NN N —a—sf e o T ¥ 7 g A g A A
5 T IR A : SE

s I _ =
RN T NN S=e 2y R
N W MO -
ttttttr 2oy bbbl
RN YRR
A O A A S . O W W W A A A A
IR YRR %
trrt A ANV E L
trttrrrrr ANV L LV

Summary
The solution(s) found are the following
m2
y=cez (1)

29
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Figure 10: Slope field plot

Verification of solutions

Verified OK.

1.7.5 Solving as exact ode
Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

M(z,) + N(z,) 2 =0 *)

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

d

Hence 8(15 96 d
ay
oz oy dydr (B)

30



Comparing (A,B) shows that

But since % = 86—2194’— then for the above to be valid, we require that
0y yOx

OM  ON

By Or
If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(z,y) but at least we know now that we can do that since the condition
59; gy = (96: g; is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for

exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)
Therefore
1
(;) dy = (z)dz
(—z)do+ (i) dy =0 (24)

Comparing (1A) and (2A) shows that

M(z,y) = —z
N(:E,y) 25

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ oN
oy  Ox
Using result found above gives
oM_ o
dy Oy
=0

31



And

ON _ 0 (1
or Ox\y

=0
Since %Vf = %, then the ODE is exact The following equations are now set up to solve
for the function ¢(z,y)
o¢
—=M 1
e (1)
o
- N 2
o )

Integrating (1) w.r.t. z gives

@dxz/de
or

op .
%dx—/—xdx

2

6= -5 +1) (3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

9¢

20 ! 4

=0+ (@)
But equation (2) says that g—‘;’ = i Therefore equation (4) becomes

]' /

, =~ 0t (5)

Solving equation (5) for f'(y) gives
iy 1
e y

Integrating the above w.r.t y gives

[row=[(5)e

fly)=In(y) +a
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Where ¢; is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢
72
¢ = —?—i-ln(y)-l—cl

But since ¢ itself is a constant function, then let ¢ = c; where ¢, is new constant and
combining ¢; and ¢y constants into new constant c; gives the solution as

2
a=-75 +h()

2
The solution becomes
y:e%_’_cl
Summary
The solution(s) found are the following
y=eito 1)
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X

Figure 11: Slope field plot
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Verification of solutions

2
y = e%+c1

Verified OK.

1.7.6 Maple step by step solution

Let’s solve
Yy —yr=0
° Highest derivative means the order of the ODE is 1

/

Y
° Separate variables
/A
Yy
° Integrate both sides with respect to x

f%dzzfxdx—l—cl
° Evaluate integral
In(y) = % +c
° Solve for y

2
y = e%_'-cl

Maple trace

p

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful"

v Solution by Maple
Time used: 0.015 (sec). Leaf size: 12

dsolve(diff (y(x) ,x)=y(x)*x,y(x), singsol=all)

N\
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v/ Solution by Mathematica
Time used: 0.025 (sec). Leaf size: 22

kDSolve [y' [x]==y[x]*x,y[x],x,IncludeSingularSolutions -> True]

22
y(x) = crez
y() =0
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1.8 problem 3(b)

1.8.1 Solving as separableode . . . . . . ... ... ... ... .. 361
1.8.2 Solving as first order ode lie symmetry lookup ode . .. .. .. 38}
1.8.3 Solvingasexactode . .. ... .. ... ... .......... 42
1.8.4 Solving asriccatiode. . . . . . .. ... ... ... ....... 461
1.8.5 Maple step by step solution . . . . ... ... ... .. .. ... 48

Internal problem ID [2439]
Internal file name [OUTPUT/1931_Sunday_June_05_2022_02_39_53_AM_57998689/index. tex|

Book: Elementary Differential Equations, Martin, Reissner, 2nd ed, 1961
Section: Exercis 2, page 5

Problem number: 3(b).

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "exact", "riccati", "separable",
"first_ order__ode_ lie_ symmetry_lookup"

Maple gives the following as the ode type
[_separable]

y/ _ y2$2 — 0
1.8.1 Solving as separable ode
In canonical form the ODE is
y = F(z,y)
= f(z)g(y)
— 422

Where f(z) = z? and g(y) = y?. Integrating both sides gives

1
Edy=x2dx
1
/z?dy:/ﬁdx
y 3
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The solution(s) found are the following

Which results in
Summary

X
Figure 12: Slope field plot
3 + 3¢
37

Verification of solutions

Verified OK.



1.8.2 Solving as first order ode lie symmetry lookup ode

Writing the ode as

y/ — y2$2

Y =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

Nz + W(ny - fz) - w2€y —wg€ — Wy = 0

(A)

The type of this ode is known. It is of type separable. Therefore we do not need to
solve the PDE (A), and can just use the lookup table shown below to find £, 7

Table 10: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n
linear ode Yy = f(z)y(x) + g(z) 0 el fd=
separable ode Yy = f(z)g(y) % 0
quadrature ode y = f(x) 0 1
quadrature ode vy =g(y) 1 0
homogeneous ODEs of | ¢/ = f (%) x Y
Class A

homogeneous ODEs of | 3 = (a + bz + cy)™ 1 —:
Class C

homogeneous class D | 3/ = Zé +g(x) F (%) z? Ty
first IDoider special | i = g(z) eh@)+by f(z) e_f”f:z# flz)e” fgbga)c)dz—h(w)
orm

polynomial type ode

/ — a1ztbhiyta
Yy az2z+bay+c2

a1baz—aobix—bico+bacy

a1b2y—a2b1 Yy—ai1c2—azCy

a1ba—asgby

a1ba—azby

Bernoulli ode

Y = f(x)y+g(z)y"

¢= /(=Df (@)dzyn

Reduced Riccati

Y = fiz)y + folz) y?

e J frdz
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The above table shows that

£(z,y) = %
n(z,y) =0 (A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

de _ dy _

F=y =48 1)

The above comes from the requirements that (E a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since n = 0 then in this special case

R=y

Sz/édx

1

2

S is found from

Which results in

S=%

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

as _ St w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z,y) = y’z*
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Evaluating all the partial derivatives gives

R, =0
R,=1
S, = z2
Sy =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as 1
-~ 2A
iR (24)
We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

ds 1

dR R2
The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by

integration when the ode is in the canonical coordiates R,S. Integrating the above
gives

S(R)= -5 +o )

To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

z -1 +c
3 = 1
Which simplifies to
z = +c
3 = 1
Which gives
. 3
4 —x3 + 3¢;
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The following diagram shows solution curves of the original ode and how they transform

in the canonical coordinates space using the mapping shown.
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Summary
The solution(s) found are the following

1)

3
—x3 4+ 3¢,

y:
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Figure 13: Slope field plot

Verification of solutions

Verified OK.

1.8.3 Solving as exact ode

Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

d
M(z,y) + N(z,y) 52 =0

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. x gives

5

=]
e
I y___m
= =S
i I
Sy +
]
R

Hence
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Comparing (A,B) shows that

But since % = 86—2194’— then for the above to be valid, we require that
0y yOx

OM  ON

By Or
If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(z,y) but at least we know now that we can do that since the condition
59; gy = (96: g; is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for

exactness, which is
M(z,y)dz +N(z,y)dy =0 (1A)

Therefore

1
— )dy = (2?) dz
(y2) @)
1
(—z?) dz—i—(;) dy=0 (2A)
Comparing (1A) and (2A) shows that
M (1’ ) y) = _xZ
1

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ oN
oy  Ox
Using result found above gives
oM 0 9
oy =y
=0
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And
N _ 0 (1
oxr  Ox \y?
=0

Since %i; = %%’, then the ODE is exact The following equations are now set up to solve

for the function ¢(z,y)

0p

g—x =M (1)
¢ N

dy 2

Integrating (1) w.r.t. z gives

@dx=/Mdm
or

o6 . [
%dx—/ z“dx

3

o= -5 + 1) 3)

Where f(y) is used for the constant of integration since ¢ is a function of both = and
y. Taking derivative of equation (3) w.r.t y gives

9¢ :
3 =0+ 1'(y) (4)

But equation (2) says that g—i = y—12 Therefore equation (4) becomes

1 :
AR ) (5)
Solving equation (5) for f'(y) gives

fly) =

@Nl —
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Integrating the above w.r.t y gives

[rwa=[(5)w

f(?/)=—$+01

Where ¢; is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢
2 1

¢:_§_§+Cl

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining c¢; and cp constants into new constant c¢; gives the solution as

3 1
Cl = —— — —
1 3
The solution becomes
_ 3
y 3 + 3¢
Summary
The solution(s) found are the following
3
=— 1
4 3 + 3¢ (1)

45



11111111 N |
11111111 ~AAN————————
1111111 l//) )///11/’1111
1111111 ~\ 1 I\~
1111111 ~N P N SN———————
111111 ~X A\ NN S ———
SSNNANA A AN NN NN
AAAYY TP T1 111100
RS Y T T O A A (R AR R
SSNNANA A Y TAANNNNSS
111111 ~X\ NN S~ ———————
111111 ~>~\ » NN ———————
1111111 ~\ 1 I\~
1111111 l//) )///1111111
11111111 ~AANe————————
11111111 ~A A N~N—

3 I — - — I 5

X
= F(z,y)
y2x2
46

Figure 14: Slope field plot
y/

y' = fo(z) + fi(z)y + fo(z)y?

This is a Riccati ODE. Comparing the ODE to solve

1.8.4 Solving as riccati ode
In canonical form the ODE is
With Riccati ODE standard form

Verification of solutions

Verified OK.



Shows that fo(z) =0, fi(z) =0 and fo(z) = z*. Let

y =
fou

= (1)

z2u

Using the above substitution in the given ODE results (after some simplification)in a
second order ODE to solve for u(z) which is

fou" () = (f + fufa) w'(z) + f3 fou(z) = 0 (2)
But
fy=20
fifa=0
f3fo=0

Substituting the above terms back in equation (2) gives
2" (z) — 224/ (2) = 0

Solving the above ODE (this ode solved using Maple, not this program), gives

u(z) = 2 + ¢

The above shows that

u'(z) = 3cp2®

Using the above in (1) gives the solution

302

cx3 + ¢

Dividing both numerator and denominator by c; gives, after renaming the constant

2 = c3 the following solution
1

3+ c3
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The solution(s) found are the following

Summary

X
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Figure 15: Slope field plot
0

Highest derivative means the order of the ODE is 1

Separate variables

Let’s solve
yl _ yz 132

1.8.5 Maple step by step solution
[ J

Verification of solutions

Verified OK.



!
5 =1

<

. Integrate both sides with respect to x
fg—;dx = [2%dz + ¢

° Evaluate integral
1 _ z3
—y =73 +c
° Solve for y
_ 3
Y= T 23%+3c1

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

<- Bernoulli successful’

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 15

Ldsolve(diff(y(x),x)=y(x)“2*x”2,y(x), singsol=all)

v/ Solution by Mathematica
Time used: 0.107 (sec). Leaf size: 22

LDSolve[y'[x]==y[x]“2*x“2,y[x],x,IncludeSingularSolutions -> True]
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1.9 problem 3(c)

1.9.1 Solving as separableode . . . . . . ... ... ... ... ... B0l
1.9.2 Solving as first order special form ID 1ode. . . . . . .. .. .. 2]
1.9.3 Solving as first order ode lie symmetry lookup ode . .. .. .. b3
1.94 Solvingasexactode . .. ... .. ... ... .......... la¥i
1.9.5 Maple step by step solution . . . . . ... ... ... ... ... 611

Internal problem ID [2440)]
Internal file name [OUTPUT/1932_Sunday_June_05_2022_02_39_55_AM_49856130/index.tex|

Book: Elementary Differential Equations, Martin, Reissner, 2nd ed, 1961
Section: Exercis 2, page 5

Problem number: 3(c).

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "exact", "separable", "first order
special form ID 1", "first_ order_ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type
[_separable]

v +ze¥ =0
1.9.1 Solving as separable ode
In canonical form the ODE is
y = F(z,y)
= f(z)g(y)
=—xéeY

Where f(x) = —z and g(y) = €Y. Integrating both sides gives

1
e—ydy:—xdac
1
/ady=/—mdx
2
—e_y——%—i-cl
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Which results in

Summary
The solution(s) found are the following
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Figure 16: Slope field plot

Verification of solutions

Verified OK.
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1.9.2 Solving as first order special form ID 1 ode
Writing the ode as

y =—ze¥

And using the substitution © = e™¥ then

UI — _y/e—y
The above shows that
y =—u(z)e
_ u(=z)
N U
Substituting this in (1) gives
u'(r) =z
v u
The above simplifies to
v(r) ==z

Now ode (2) is solved for u(x) Integrating both sides gives

u(z) = /x dz

2

—x-l-c
=3 1

Substituting the solution found for u(z) in u = e gives

Summary
The solution(s) found are the following

y=1In(2) —In (2 + 2¢;)
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Figure 17: Slope field plot

Verification of solutions

y=1In(2) —In (2 + 2¢;)
Verified OK.

1.9.3 Solving as first order ode lie symmetry lookup ode

Writing the ode as

y =—ze¥

Yy =w(z,y)
The condition of Lie symmetry is the linearized PDE given by
Nz + w(ny - gz) - wzéy —wz§ — wyn =0 (A)

The type of this ode is known. It is of type separable. Therefore we do not need to
solve the PDE (A), and can just use the lookup table shown below to find £, 7
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Table 13: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n
linear ode Yy = f(x)y(z) + g(z) 0 el fdo
separable ode vy = f(z) g(y) % 0
quadrature ode Yy = f(z) 0 1
quadrature ode vy =g(y) 1 0
homogeneous ODEs of | ¢ = f(¥) x Y
Class A

homogeneous ODEs of | 3 = (a + bz + cy)™ 1 —:
Class C

homogeneous class D | ¢’ = £ 4 g(z) F (g) x? xy

First order
form ID 1

special

Y = g(z) " + f(z)

o~/ bf(@)de—h(z)
9(z)

f(q;)e_ f bf(z)dz—h(z)
9(z)

polynomial type ode

/a1 z+b1y+c1
Yy a2z+bay+ca

aibosr—aobix—bico+bacy

a1by—agbiy—aica—azcs

a1b2—agby

a1ba—azby

Bernoulli ode

Y = f(x)y+g(z)y"

e/ (=D f@)dzyn

Reduced Riccati

Y = fi(z)y + folz) y?

e J frdz

The above table shows that

§(x,y) = _1

X

n(z,y) =0 (A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dv _ dy _

ds
§ n

(1)

The above comes from the requirements that ({f a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
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canonical coordinates, where S(R). Since n = 0 then in this special case

R=y
S is found from
1
S = / —dx
13
1
Which results in
2
T
=3

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

ﬁ _ Szt w(z,y)Sy (2)
dR R, +w(z,y)R,

Where in the above R,, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

w(z, y) =—ze

Evaluating all the partial derivatives gives

R, =0
R,=1
S, = —x
Sy =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.
ds
dR

We now need to express the RHS as function of R only. This is done by solving for z,y

in terms of R, S from the result obtained earlier and simplifying. This gives

as

- = e_R

dR
The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by

e Y (2A)
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integration when the ode is in the canonical coordiates R, S. Integrating the above

gives
S(R) = —G_R +c (4)

To complete the solution, we just need to transform (4) back to z,y coordinates. This

results in

x
2 +c
Which simplifies to
2
x
Y — e Y4
2 Ta

Which gives

2
y=—In (%-I—cl)

The following diagram shows solution curves of the original ode and how they transform

in the canonical coordinates space using the mapping shown.

Original ode in z,y coordinates

Canonical
coordinates
transformation

ODE in canonical coordinates
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Summary
The solution(s) found are the following

2
y=—In x—+cl
2
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Verification of solutions

Verified OK.
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Figure 18: Slope field plot

2
y=—In (%-I—cl)

1.9.4 Solving as exact ode

Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

d
M(w,y)+N(r,y)£=0

(A)

We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the
ode. Taking derivative of ¢ w.r.t. z gives

Hence

d

09 , dpdy _

Oxr Oydx 0
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Comparing (A,B) shows that

09
T M
ox
9 _ n
Oy
But since aa;gy = ;; g’x then for the above to be valid, we require that
oM _ oN
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition
59;, gy = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for
exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

(—e7¥)dy = (z)dz
(—z)dz+(—e7¥)dy =0 (2A)

Comparing (1A) and (2A) shows that
M(z,y) = —z
N(.’IJ, y) =—e’

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _oN
oy Oz
Using result found above gives
oM_ o
0y Oy
=0
And
ON 0 _
o o)
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Since %i; = ‘%, then the ODE is exact The following equations are now set up to solve

for the function ¢(z,y)
¢ _

or M (1)
0p
i N (2)

Integrating (1) w.r.t. z gives

oo .
%dx—/de

op .,
%dx— /—wdz

.’L‘2

¢=—5 +f 3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

99
— =0 ! 4
=0+ (@)
But equation (2) says that g—‘;’ = —e Y. Therefore equation (4) becomes
—e ¥ =0+ f(y) ()

Solving equation (5) for f'(y) gives
f'ly) = —e

Integrating the above w.r.t y gives

/ fy)dy= / (—e™)dy

fly)=e?+ac

Where ¢; is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢
2

X
¢=—?+e_y+cl

99



But since ¢ itself is a constant function, then let ¢ = c; where ¢ is new constant and
combining ¢; and cy; constants into new constant c; gives the solution as

2

T -
Cl=—5+e v

2
y=—In (%—l—cl)

The solution becomes

Summary
The solution(s) found are the following
72
y=-n(%+a) (1)
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Figure 19: Slope field plot

2
y=—In (%-I—cl)

Verification of solutions

Verified OK.
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1.9.5 Maple step by step solution

Let’s solve
y+ze! =0
° Highest derivative means the order of the ODE is 1

/

Yy
° Separate variables
4 =
° Integrate both sides with respect to x
fg—;dcc = [—zdz+
° Evaluate integral
1 z?2
—w =5 Ta
° Solve for y

y=1In <—_x++zcl>

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

<- separable successful’

v/ Solution by Maple
Time used: 0.016 (sec). Leaf size: 17

Ldsolve(diff(y(x),x)=—x*exp(y(x)),y(x), singsol=all)

y(z) = n (2) + In (ﬁ)
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v/ Solution by Mathematica
Time used: 0.307 (sec). Leaf size: 19

-

kDSolve [y' [x]==-x*Exp[y[x]],y[x],x,IncludeSingularSolutions -> Truel

—

y(z) — log(2) — log (z* — 2¢1)
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1.10 problem 3(d)

1.10.1 Solving as separableode . . . . . . .. ... ... ... ..... 631
1.10.2 Solving as differentialTypeode . . . . . . ... ... ... ... 651
1.10.3 Solving as first order ode lie symmetry lookup ode . . . .. .. 66
1.10.4 Solvingasexactode . . ... ... ... ... ... ..... 70
1.10.5 Maple step by step solution . . . . . ... .. ... ... .. .. [74

Internal problem ID [2441]
Internal file name [OUTPUT/1933_Sunday_June_05_2022_02_39_57_AM_21333843/index.tex|

Book: Elementary Differential Equations, Martin, Reissner, 2nd ed, 1961
Section: Exercis 2, page 5

Problem number: 3(d).

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "exact", "separable", "differential-
Type", "first_ order__ode_ lie_ symmetry_ lookup"

Maple gives the following as the ode type
[_separable]

y'sin (y) = z*

1.10.1 Solving as separable ode

In canonical form the ODE is

Where f(z) = z? and g(y) = m Integrating both sides gives

1
— dy = z? dz
sin(y)
1
/ —dy = / 22 dx
sin(y)
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X
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Figure 20: Slope field plot
T — arccos (
64

Y

e ———————— e e e e e e L

The solution(s) found are the following

Which results in
Summary

Verification of solutions

Verified OK.



1.10.2 Solving as differentialType ode

Writing the ode as

Which becomes
(sin(y)) dy = (z*) dz

But the RHS is complete differential because

Hence (2) becomes

(sin (v)) dy = d(%)

Integrating both sides gives gives these solutions

23
Y = T — arccos (3 + cl> +c

Summary
The solution(s) found are the following

23
Y = T — arccos <§ + cl> +c
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Figure 21: Slope field plot

Verification of solutions

x3+c +c
3 1 1

Yy = m — arccos (

Verified OK.

1.10.3 Solving as first order ode lie symmetry lookup ode

Writing the ode as

sin (y)
Y =w(z,y)

The condition of Lie symmetry is the linearized PDE given by

0

Nz + W(ﬂy - é.m) - w2£y - Usz - Wy"?

The type of this ode is known. It is of type separable. Therefore we do not need to

solve the PDE (A), and can just use the lookup table shown below to find £, 7
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Table 16: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class Form 13 n

linear ode Yy = f(z)y(x) + g(x) 0 el fdo

separable ode vy = f(z) g(y) % 0

quadrature ode Yy = f(z) 0 1

quadrature ode vy =g(y) 1 0

homogeneous ODEs of | ¢ = f(¥) x Y

Class A

homogeneous ODEs of | 3 = (a + bz + cy)™ 1 —:

Class C

homogeneous class D | ¢’ = £ 4 g(z) F (g) z? Yy

First order special | ¥ = g(z) M@+ 4 f(z) e_fbf;z# f)e” f;(;?dw_h(z)
form ID 1

polynomial type ode | 3/ = 2z D
Bernoulli ode v = f(x)y+g(z)y" 0 e~ J(n=D)f(@)dzyn
Reduced Riccati v = fi(x)y + folx) y? 0 e~/ fide

The above table shows that

£(z,y) = %
n(z,y) =0 (A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dv _ dy _

ds
§ n

(1)

The above comes from the requirements that ({f a% + n%) S(z,y) = 1. Starting with

the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
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canonical coordinates, where S(R). Since n = 0 then in this special case

R=y

Sz/%dm

1

2

S is found from

Which results in

S=%

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

as _ St w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R, R, S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

x
w(x,y) - sin (y)
Evaluating all the partial derivatives gives
R,=0
R, =1
S, = z2
Sy =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

% —sin(y) (24)

We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

as

Jp = 5o (R)
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The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by
integration when the ode is in the canonical coordiates R, S. Integrating the above

gives

S(R) = —cos(R) + ¢

(4)

To complete the solution, we just need to transform (4) back to z,y coordinates. This

results in
73
3
Which simplifies to
z?
3

Which gives

—cos(y) + ¢

—cos(y) + ¢

23
9 = arccos (—3 + cl)

The following diagram shows solution curves of the original ode and how they transform

in the canonical coordinates space using the mapping shown.

Original ode in z,y coordinates

Canonical
coordinates
transformation

ODE in canoni

(R,

cal coordinates
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Summary

The solution(s) found are the following

(1)
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Figure 22: Slope field plot

Verification of solutions

x3 N
-~ +c
3 1

arccos (

y:

Verified OK.

1.10.4 Solving as exact ode

Entering Exact first order ODE solver. (Form one type)

To solve an ode of the form

d
M(w,y)+N(x,y)£=0

We assume there exists a function ¢(z,y) = ¢ where c is constant, that satisfies the
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ode. Taking derivative of ¢ w.r.t.  gives

d
Hence 06 06d
Y
I T i A B
ox + Oy dz 0 (B)
Comparing (A,B) shows that
09
h N /s
ox
09
TN
Ay
But since % = (,;9; g; then for the above to be valid, we require that
oM _oN
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need

to determine ¢(z,y) but at least we know now that we can do that since the condition

Ef,: (ffy = % is satisfied. If this condition is not satisfied then this method will not work

and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for

exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore

<

(sin (y)) dy = (2?) dz
(—2?) dz +(sin (y)) dy = 0 (2A)

Comparing (1A) and (2A) shows that
M (ZII, y) = —z’
N(z,y) = sin (y)

The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

oM _ oN
oy Oz

71



Using result found above gives

oM . 0 9
6_y - 3y( .’E)
And
ON o .
%—a(sm(y))
=0

Since %i: = %’, then the ODE is exact The following equations are now set up to solve

for the function ¢(z,y)

96
g—x—M (1)
¢ _

=N @)

Integrating (1) w.r.t. = gives

oo .
%dx—/de

o6 . [
%dx—/ z“dx

3

o=—5 + 1) 3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

0 .
By =0+ f'(y) (4)

But equation (2) says that g—‘z = sin (y). Therefore equation (4) becomes

sin(y) =0+ f'(y) (5)
Solving equation (5) for f’(y) gives

f'(y) = sin (y)
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1)

cos(y) + &1

fly) = —cos(y) +a
cos (y) =1

3
_3_

/f’(y) dy=/(sin (y)) dy

L e———— e ———— = e == = = =& =
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X

Figure 23: Slope field plot
73

—————————————————— === = = a a a a |

Where c¢; is constant of integration. Substituting result found above for f(y) into

equation (3) gives ¢
But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and

combining ¢; and ¢y constants into new constant c; gives the solution as

The solution(s) found are the following

Integrating the above w.r.t y gives

Summary




Verification of solutions

—— —cos(y) =1
Verified OK.

1.10.5 Maple step by step solution

Let’s solve
y'sin (y) = 2?
° Highest derivative means the order of the ODE is 1

/

Yy

° Integrate both sides with respect to x
[y'sin(y) dz = [ 2%dz + ¢

° Evaluate integral

—cos(y) = %—3 +c
° Solve for y

3
Y = T — arccos <% + cl>

Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

<- separable successful”

v Solution by Maple
Time used: 0.0 (sec). Leaf size: 16

Ldsolve(diff(y(x),x)*sin(y(x))=x‘2,y(x), singsol=all)

(z) = T 4 arcsin z—3+c
Y =9 3 1
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v/ Solution by Mathematica
Time used: 0.509 (sec). Leaf size: 37

-

kDSolve [y' [x]*Sin[y[x]]==x"2,y[x],x,IncludeSingularSolutions -> Truel

—

73
y(x) — — arccos —g A

3
y(x) — arccos (—% — cl)
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1.11

problem 3(e)

1.11.1 Solving as separableode . . . . . . .. ... ... ... ..... 76l
1.11.2 Solving as first order ode lie symmetry lookup ode . . . .. .. [78]
1.11.3 Solvingasexactode . ... .. .. ... ... .. ........ 821
1.11.4 Maple step by step solution . . . . . ... .. .. ... ... .. 80l

Internal problem ID [2442]
Internal file name [OUTPUT/1934_Sunday_June_05_2022_02_39_59_AM_77840185/index.tex|

Book: Elementary Differential Equations, Martin, Reissner, 2nd ed, 1961

Section: Exercis 2, page 5
Problem number: 3(e).
ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "exact", "separable", "first__or-
der__ode_ lie_ symmetry lookup"

Maple gives the following as the ode type

[_separable]

zy —/1—y2=0

1.11.1 Solving as separable ode

In canonical form the ODE is

y = F(z,y)
= f(z)9(y)
V= +1

X

Where f(z) = L and g(y) = v/—y? + 1. Integrating both sides gives

! d 1d
J— = —dax
vV-y?+1 ¥=2

| tu= [ o
V=T R

arcsin (y) = In (z) + ¢
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Which results in
y =sin(In (x) + ¢;)

Summary
The solution(s) found are the following

y =sin (In (z) + ¢1)

NN\ J ST
y(X) 0 ~~SOSINNNNN LT

J 7T
YOO

J S
VPt
J T

Figure 24: Slope field plot

Verification of solutions

y =sin(In (z) 4+ ¢;)

Verified OK.
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1.11.2 Solving as first order ode lie symmetry lookup ode

Writing the ode as

X
Y =w(z,y)

VAl

The condition of Lie symmetry is the linearized PDE given by

Nz + w(ny - gx) - wzé.y - wx§ - wy'r] =0

(A)

The type of this ode is known. It is of type separable. Therefore we do not need to
solve the PDE (A), and can just use the lookup table shown below to find &,

Table 19: Lie symmetry infinitesimal lookup table for known first order ODE’s

ODE class

Form I3 n
linear ode vy = f(@)y(z) + g(z) 0 el fde
separable ode vy = f(z) g(y) % 0
quadrature ode Yy = f(z) 0 1
quadrature ode Yy =9(y) 1 0
homogeneous ODEs of | y = f(¥) x Y
Class A
homogeneous ODEs of | 3 = (a4 bz + cy)™ 1 —2
Class C
homogeneous class D | ¢ = £ 4 g(z) F(¥) z? xy
First order special | y' = g(z) M@+ + f(z) W fz)e” j:g;)dm_h(m)
form ID 1

polynomial type ode

/— smzt+bhiyta
Yy az2z+bay-+ca

a1basr—aobix—bica+bacy

a1bey—agbiy—aice—azcy

a1ba—aszb1

a1ba—aszb1

Bernoulli ode

Y = f(x)y+g(z)y"

e/ (=D f@)dzyn

Reduced Riccati

Y = fil@)y+ folz)y?

e~ J frdz
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The above table shows that

{(z,y) =2
n(z,y) =0 (A1)

The next step is to determine the canonical coordinates R, S. The canonical coordinates
map (z,y) — (R, S) where (R, S) are the canonical coordinates which make the original
ode become a quadrature and hence solved by integration.

The characteristic pde which is used to find the canonical coordinates is

dr _ dy _

F=, =4 1)

The above comes from the requirements that (§ a% + n%) S(z,y) = 1. Starting with
the first pair of ode’s in (1) gives an ode to solve for the independent variable R in the
canonical coordinates, where S(R). Since n = 0 then in this special case

R=y
S is found from
1
S = / —dzx
§
= / 1dan
z
Which results in
S =In(x)

Now that R, S are found, we need to setup the ode in these coordinates. This is done
by evaluating

as _ St w(z,y)S, @)
dR R, +w(z,y)R,

Where in the above R,, R,,S;, S, are all partial derivatives and w(z,y) is the right
hand side of the original ode given by

VFFI

wiz,y) = —
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Evaluating all the partial derivatives gives

R, =0
R, =1
1
Sp ==
xr
S, =0

Substituting all the above in (2) and simplifying gives the ode in canonical coordinates.

as 1

-~ - - 2A

dR /—y2+1 (24)
We now need to express the RHS as function of R only. This is done by solving for z,y
in terms of R, S from the result obtained earlier and simplifying. This gives

as 1

dR  —R?+1
The above is a quadrature ode. This is the whole point of Lie symmetry method.
It converts an ode, no matter how complicated it is, to one that can be solved by

integration when the ode is in the canonical coordiates R, S. Integrating the above
gives

S(R) = arcsin (R) + ¢; (4)

To complete the solution, we just need to transform (4) back to z,y coordinates. This
results in

In (x) = arcsin (y) + ¢
Which simplifies to

In (z) = arcsin (y) + ¢;
Which gives

y = —sin(—In(z) + ¢1)
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The following diagram shows solution curves of the original ode and how they transform

in the canonical coordinates space using the mapping shown.

Canonical ) ) )
. . . ) . ODE in canonical coordinates
Original ode in z,y coordinates coordinates (R, 9)
transformation ’
dy _ V=y’+l ds _ 1
de ~— z dR ~ V—R2+1
Y
P A
41 Y
Al
y(x) mm;j;;
%] s
Pl
\»\»\'s\a\ﬁ\'\g\\ \ f///‘t/vﬂ»/yy”” y ' A AN
S & & E ; ARy S 1 _4 - ;ﬂ;; 7 i
—e———b—b—aa A Na P e =
’ n(z) pAsr R
—24 gl
? FAAr
A
P A
-4 Al
2 A
P

Summary
The solution(s) found are the following

y=—sin(—1In(z) +¢1)

81




NN N W W \, f J S
~~~~~~\\\\\/ /s
~~~~~\\\\\\1 [/
y(X) 0 ~~~~~\~\\\\\1//rrrrrr—
\\\\\\\\\\7/////////
—~—=~~~N\N\\\\ /S

Figure 25: Slope field plot

Verification of solutions

y=—sin(—In(z)+c1)
Verified OK.

1.11.3 Solving as exact ode
Entering Exact first order ODE solver. (Form one type)
To solve an ode of the form

dy
A“%yny@JOE_:O (A)
x
We assume there exists a function ¢(x,y) = ¢ where c is constant, that satisfies the

ode. Taking derivative of ¢ w.r.t. x gives

d
E;M%y)_o
Hence 96 0d
Yy _
or  Oydx 0 (B)
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Comparing (A,B) shows that

o
- M
ox
9% _ v
Oy
But since aajgy = ;’: g’x then for the above to be valid, we require that
oM _ 0N
oy Oz

If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(z,y) but at least we know now that we can do that since the condition
aa; gy = 59; g; is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. The first step is to write the ODE in standard form to check for

exactness, which is

M(z,y)dz+N(z,y)dy =0 (1A)

Therefore
1 1
——|dy=(-)d
1 1
——)d ————|dy=0 2A
(=2) o=+ () o &
Comparing (1A) and (2A) shows that

1
M =—=
(@,y) =~
1
V=7 +1
The next step is to determine if the ODE is is exact or not. The ODE is exact when
the following condition is satisfied

N(x7y) =

OM _ ON
oy Oz
Using result found above gives
oM _ o (1
oy Oy\ =z
=0
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And

N _o( 1
or Oz vV=y?+1
=0

Since %i; = %’, then the ODE is exact The following equations are now set up to solve

for the function ¢(z,y)

0p
o0~ M M
0p
_ay =N (2)

Integrating (1) w.r.t. z gives

o6 .
%dx—/de
) 1
¢ =—In(z)+ f(y) (3)

Where f(y) is used for the constant of integration since ¢ is a function of both z and
y. Taking derivative of equation (3) w.r.t y gives

0p )
8_y_0+f(y) (4)

But equation (2) says that g—‘z = \/ﬁ Therefore equation (4) becomes

1

—’——y2 T1 0+ f'(y) (5)
Solving equation (5) for f'(y) gives
N 1

Integrating the above w.r.t y gives

[ o= (szer)

f(y) = arcsin (y) + ¢
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Where ¢; is constant of integration. Substituting result found above for f(y) into
equation (3) gives ¢

¢ = —1In(x) + arcsin (y) + ¢;

But since ¢ itself is a constant function, then let ¢ = ¢, where ¢, is new constant and
combining c¢; and ¢, constants into new constant c; gives the solution as

c1 = —In (z) + arcsin (y)

The solution becomes
y=sin(In(z) + c1)

Summary
The solution(s) found are the following

y =sin(In (x) + ¢;) (1)
3_
2_
k\\\\\\\\\\]/////////
~~~~~\\\\\/ /s
_\\\\\\\\\\1/////////
}Tﬂ 0\\\\\\\\\\1/////////
~~~~~\\\\\\///rrrrmm—
" —~s e\ \, / J S
—9-
—3

Figure 26: Slope field plot

Verification of solutions

y =sin (In (z) + ¢1)

Verified OK.
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1.11.4 Maple step by step solution

Let’s solve
zy —vV/1—9y?2=0

° Highest derivative means the order of the ODE is 1

/

Yy
° Separate variables
y 1
1—y2 x

° Integrate both sides with respect to x
f—ﬁdx = [ldz+c
° Evaluate integral
arcsin (y) = In (z) + ¢
° Solve for y

y=sin(In(z) + ¢1)

Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

trying Bernoulli

trying separable

<- separable successful’

v Solution by Maple
Time used: 0.015 (sec). Leaf size: 9

dsolve(diff (y(x),x)*x=sqrt(1-y(x)~2),y(x), singsol=all)

N

y(x) =sin (In (z) + ¢1)
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v/ Solution by Mathematica
Time used: 0.217 (sec). Leaf size: 29

p
kDSolve [y' [x]*x==Sqrt[1-y[x]~2],y[x],x,IncludeSingularSolutions -> Truel

—

y(z) — cos(log( ) +c1)

()
(z) =
(z) =
()

<

y(z
y(x —>Interval[{ 1,1}
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1.12 problem 3(f)
1.12.1 Maple step by step solution . . . . ... ... ... ... .... 9]

Internal problem ID [2443]
Internal file name [OUTPUT/1935_Sunday_June_05_2022_02_40_01_AM_72065445/index. tex]|

Book: Elementary Differential Equations, Martin, Reissner, 2nd ed, 1961
Section: Exercis 2, page 5

Problem number: 3(f).

ODE order: 1.

ODE degree: 2.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

Solving the given ode for y' results in 2 differential equations to solve. Each one of these
will generate a solution. The equations generated are

Yy =-y (1)
Y=y (2)
Now each one of the above ODE is solved.

Solving equation (1)

Integrating both sides gives

1
/——dy=/dx
Y

—ln(y)=z+ac
Raising both side to exponential gives
1 — ew+61
Y
Which simplifies to
— = cye”
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Summary
The solution(s) found are the following

- 1
y=- (1)
Verification of solutions
e—$
Yy=—
&)
Verified OK.
Solving equation (2)
Integrating both sides gives
1
/ —dy =1+ c3
Y
In(y) =z +cs3
y — ez—l—cs
y = cze”
Summary
The solution(s) found are the following
y = cze” (1)
Verification of solutions
y = cze”

Verified OK.

1.12.1 Maple step by step solution

Let’s solve

/

y' -y’ =0
° Highest derivative means the order of the ODE is 1

/

Yy
° Separate variables
¥ —1
y
. Integrate both sides with respect to x
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f%dm=f1dx+cl

. Evaluate integral
In(y) =2+

° Solve for y
y — ex+c1

Maple trace

“Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful
Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful~

v Solution by Maple
Time used: 0.0 (sec). Leaf size: 17

Ldsolve((diff(y(x),x))‘2—y(x)‘2=0,y(x), singsol=all)

y(x) = e"cy
y(z) =e ¢

v/ Solution by Mathematica
Time used: 0.04 (sec). Leaf size: 28

LDSolve[(y'[x])”2—y[x]‘2==0,y[x],x,IncludeSingularSolutions -> True]

T

y(x) = cre”
y(z) = 1€’
y(z) =0
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1.13 problem 3(g)
1.13.1 Maple step by step solution . . . . ... ... ... ....... 92]

Internal problem ID [2444]
Internal file name [OUTPUT/1936_Sunday_June_05_2022_02_40_04_AM_47833826/index. tex]|

Book: Elementary Differential Equations, Martin, Reissner, 2nd ed, 1961
Section: Exercis 2, page 5

Problem number: 3(g).

ODE order: 1.

ODE degree: 2.

The type(s) of ODE detected by this program : "quadrature"

Maple gives the following as the ode type

[_quadrature]

y? — 3y = -2

Solving the given ode for y results in 2 differential equations to solve. Each one of these
will generate a solution. The equations generated are

y =2 (1)
y =1 (2)
Now each one of the above ODE is solved.

Solving equation (1)

Integrating both sides gives

y=/2dx

=2r + ¢,
Summary
The solution(s) found are the following
y=2z+c (1)
Verification of solutions
y=2r+c

Verified OK.
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Solving equation (2)

Integrating both sides gives

y:/ldx

=x+ Co
Summary
The solution(s) found are the following
y=x+c
Verification of solutions
Yy=x+cCo

Verified OK.

1.13.1 Maple step by step solution

Let’s solve
y? —3y = -2
° Highest derivative means the order of the ODE is 1

/

Y

. Integrate both sides with respect to x
[(y?*=3y)dr = [(-2)dz +c
° Cannot compute integral

[(y*—3y)dr=—22+¢

92



Maple trace

"Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful
Methods for first order ODEs:

--- Trying classification methods ---
trying a quadrature

trying 1st order linear

<- 1st order linear successful’

v Solution by Maple
Time used: 0.0 (sec). Leaf size: 15

Ldsolve(diff (y(x),x)"~2-3*diff (y(x),x)+2=0,y(x), singsol=all)

y(x) =2z + ¢
y(e) =a+z

v/ Solution by Mathematica
Time used: 0.003 (sec). Leaf size: 19

LDSolve[(y'[x])”2—3*y'[x]+2==0,y[x],x,IncludeSingularSolutions -> True]

y(z) > z+ a1
y(xz) = 2x 4+ 1
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1.14 problem 3(h)

1.14.1 Solving as quadratureode . . . . . .. .. .. ... ....
1.14.2 Maple step by step solution . . . . . ... ... ... ...

Internal problem ID [2445]

Internal file name [OUTPUT/1937_Sunday_June_05_2022_02_40_05_AM_55553494/index . tex]

Book: Elementary Differential Equations, Martin, Reissner, 2nd ed, 1961
Section: Exercis 2, page 5

Problem number: 3(h).

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

(m2+1)y’=1

1.14.1 Solving as quadrature ode

Integrating both sides gives
1
= | ——d
y / 2 +1 v
= arctan (z) + ¢;

Summary
The solution(s) found are the following

y = arctan (z) + ¢;
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Figure 27: Slope field plot

Verification of solutions

y = arctan (z) + ¢;
Verified OK.

1.14.2 Maple step by step solution

Let’s solve
(*+1)y =1
° Highest derivative means the order of the ODE is 1

/

Yy
° Separate variables
y, = mzl—}-l

. Integrate both sides with respect to x
[vde = [ Zqde+c

° Evaluate integral
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y = arctan (z) + ¢;
° Solve for y

y = arctan (z) + ¢;

Maple trace

“Methods for first order ODEs:

‘——— Trying classification methods ---
‘trying a quadrature

‘<— quadrature successful’

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 8

Ldsolve((1+x“2)*diff(y(x),x)=1,y(x), singsol=all)

y(z) = arctan (z) + ¢;

v/ Solution by Mathematica
Time used: 0.005 (sec). Leaf size: 10

-

tDSolve[(1+x‘2)*y'[x]==1,y[x],x,IncludeSingularSolutions -> Truel

—

y(z) — arctan(z) + ¢;
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1.15 problem 3(i)

1.15.1 Solving as quadratureode . . . . . .. ... ... ... ..... 97l
1.15.2 Maple step by step solution . . . . .. ... ... ... ... .. O8]

Internal problem ID [2446]
Internal file name [OUTPUT/1938_Sunday_June_05_2022_02_40_07_AM_86851588/index.tex]

Book: Elementary Differential Equations, Martin, Reissner, 2nd ed, 1961
Section: Exercis 2, page 5

Problem number: 3(i).

ODE order: 1.

ODE degree: 1.

The type(s) of ODE detected by this program : "quadrature"
Maple gives the following as the ode type

[_quadrature]

y'sin(z) =1

1.15.1 Solving as quadrature ode

=In (csc (z) — cot (z)) + ¢4

Integrating both sides gives

Summary
The solution(s) found are the following

y =In (csc(z) — cot (z)) + &1 (1)

97



T T T T T T T T T T T T S S — . -

AN N e e e e e N N N N
NN NI NI N

NONNNNNNNNNNNNNNNNNNN R

NNNNNNNNNNNNNNNNNNNN
NANNNNNNNNNNNNNNNNNNN

NONNNNNNNNNNNNNNNNNNN L

NN NINNININNNININNNNN
AN N N N N N N N N

—— - —_—__=
P
VPP AP AV AV A A A AV AV A AV 4V 4y 4y d

VALl a e aal

VA A AV AV AV AV VA A AV AV GV v dv 4
VA A A AV A AV AV A AV A v Ay v avd

VAP A AV A AV A AV AV AV AV AV AV AV AV AV AV AV A

VA A AV A A A AV A A A A v avd
P P g g P G P e e

I S S e

X

Figure 28: Slope field plot

Verification of solutions

y = In (csc (z) — cot (z)) + ¢

Verified OK.

1.15.2 Maple step by step solution

Let’s solve

1

y' sin (x)

Highest derivative means the order of the ODE is 1

/

Y

Separate variables

1
sin(z)

y =

Integrate both sides with respect to x

dx + ¢,

1

= f sin(x)

[y'dx

Evaluate integral
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y = In(csc (z) — cot (z)) + &1
° Solve for y

y = In(csc (z) — cot (z)) + &1

Maple trace

“Methods for first order ODEs:

‘——— Trying classification methods ---
‘trying a quadrature

‘<— quadrature successful’

v/ Solution by Maple
Time used: 0.0 (sec). Leaf size: 14

Ldsolve(diff(y(x),x)*sin(x)=1,y(x), singsol=all)

y(z) = —In (csc (z) + cot (z)) + 1

v/ Solution by Mathematica
Time used: 0.005 (sec). Leaf size: 13

-

tDSolve[y'[x]*Sin[x]==1,y[x],x,IncludeSingularSolutions -> True]

—

y(z) — —arctanh(cos(z)) + ¢
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