Modal Analysis for 3 pendulum with springs problem

by Nasser M Abbasi

This small note shows how to use Mathematica to solve symbolically for a problem in vibration to find the natural frequencies
that a system of 3 masses will vibrate in. This digram below describes the problem. We use Lagrangian formulation to determine
the equation of motions, then use modal analysisto decouple the system and solveit. In this system, the springs are attached at a
distant @ From the edge. Each pendulum has length L and has masses m1,m2,m3 attached to the end. The initial conditions are

6(0)={ Pi/4,Pi/4,Pi/4} and §={0,0,0}
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Define a function which acceptsthekinetic and potential energy and return back the stiffnessand the mass matrix

inf1= | Needs["Notation "]

2= | Symnbol i ze[ 61 ]
Synbolize[ 6, ]
Synbol i ze[ O3 ]

Synbol i ze[ r
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]
Synbolize[ ro ]
]

Synbolize[ rs
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inigl= | obtainStiffnessAndMassMatrix [ke_, u_] :=
I\/bdule[{lagrangi an, eql, eq2, eq3, neql, nmeq2, neq3,
seql, seq2, seq3, stiffnessMatrix, massMatri x, any},
| agrangi an = ke - u;
eql = D[D[l agrangi an, e;' [t]], t] -D[lagrangi an, e;[t]] = 0;
eq2 = D[D[l agrangi an, e,' [t]], t] -D[lagrangi an, e,[t]] = 0;
eq3 = D[D[l agrangi an, e3' [t]], t] -D[lagrangi an, es[t]] = 0;

(xl i nearize using snall angle approxinmationx)

eql =eql /. Sin[ei[t]1] ->e61[t];
eq2 =eq2 /. Sin[ex[t]1] ->e62[t1;
eq3 =eq3 /. Sin[ez[t]1] ->e63[t];

Print ["Equation of notion are"];
Print [{eql, eq2, eq3} // Tabl eFormj;

seql =eql /. 61”"[t]_ -0;
seq2 =eq2 /. 6" [t] _ »0;
seq3 =eq3 /. 63"[t]_ -0;

z1 =eql /. any_ == 0 - any;
z2 =seql /. any_ =0 - any;
meql = (eql /. any_==0-any) - (seql /. any_ =0 -»any) // Sinplify;

z1 =eq2 /. any_ == 0 - any;
z2 =seq2 /. any_ =0 - any;
meq2 = (z1-2z2) // FullSinplify;

meq3 = (eq3 /. any_ ==0 - any) - (seq3 /. any_ =0 -any) // Sinplify;

r = Normal [CoefficientArrays [{seql, seq2, seq3}, {ei[t], e2[t], e3[t1}]1];
stiffnessMatrix =Collect [r[[2, All 1], al;

r = Normal [CoefficientArrays [{neql, nmeq2, meq3}, {e:' ' [t]1, &' ' [t], e3"' [t]1}]11;
masshMatrix = Collect [r[[2, ALl 1], al;

{massMatrix, stiffnessMVatrix}

]

Now definethekinetic and potenatial ener gy

1 1 1
1= | ke = > (Ley' [t])2+5n‘2 (Ley' [t1)2+5rrs (Les' [t1)%

1 1
u= Ekl (aey[t] —a61[t1)2+5kz (ad3[t] -a6[t])%+

mgL(1-Cos[ei[t]])+mg L (1-Cos[ez[t]])+mglL (1-Cos[es[t]]);

Now call the above function to generatethe stiffnessand mass matrix. It also printsthe 3 equations of motion

1= | {massMatrix, stiffnessMatrix} =obtainStiffnessAndMasshatrix [ke, ul;
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Equation of notion are

gLmoei[t] -aky (~aei[t]+a6p[t]) +L2m (61)”[t] =0
gLmeyt]+aky (~aei[t]+a6p[t]) -aky (—a6[t]+a63[t]) +L2m (62)7[t] =0
gLmyest] +aky (—a6p[t] +aes[t]) +L2my (63)7[t] =

Now print the STIFFNESS and M ASS matrix

npz]= | vars = {&1' " [t], &' " [t], 3" " [t]1};
deps = {61[t]1, €2[t], 63[t1};
Print [Matri xForm[massMatri x], MatrixForm[Transpose [Li st [vars]]], "+",
Matri xForm[stiffnessMVatrix], MatrixForm[Transpose [Li st [deps]]1]11;

L2m O 0 (61)" [t ] o?ky+glm -a? kg 0 or[t]
0 L2m O (62)7 [t ] |+ -a? kg a? (k1 +kz) +gLm -a? Ky 62 (1] ]
0 0 L2my)\ (83)"[t] 0 a2k, o2k, +glmy )\ O3lt]

Now that we have the stiffnessand mass matrix, we can perform modal analysis. Start by doing thefirst transformation

n[i6l:= | i nvMassMatri x = Mat ri xPower [nnsslvatri X, 7]

Print ["new K matrix= ",
Mat ri xFor m[newK = i nvMassMatri x .stiffnessMatrix .invMassMatrix]];

o?ki+gLm B o2 ky 0
o Jim Vim
K . _ o? ky a? (Ki+kz)+g L m _ o2 ko
new M e Jem n Jim Jim
0 B o? ks o ka+gLmy

VLZm A LPm L2 m

npzoj= | values = {m »1, m->2, m->3, k1 -10, L->1, a>.5, ko »2, g-9.8};
invMassMatri x =invMassMatrix /. val ues;
massMatri x = masshMatri x /. val ues;
newK = newK /. val ues

oupa- | {{12.3, -1.76777, 0}, {-1.76777, 11.3, -0.204124}, {0, -0.204124, 9.96667}}

in241= | {l anbda, ei gvect } = Ei gensyst em[newK];
Print ["Ei genval ues=", | anbdal;

Ei genval ues={13. 6413, 10. 1254, 9.8}

in26]:= | eigvect = Transpose [ei gvect ];
ei gvect =eigvect / Map[Norm eigvect ];
Print ["Ei genvectors=", eigvect ];

Ei genvectors=
{{0.796202, -0.446538, 0.408248}, {-0.6041, -0.5493, 0.57735}, {0.0335579, 0.70631, 0.707107}}
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Now find A matrix

in2ol:= | A = Transpose [ei gvect ]. newK. ei gvect // Chop

out[29)= ‘ ({13.6413, 0, 0}, (0, 10.1254, 0}, {0, 0, 9.8})

Hencethe decoupled system of differential equationsis

In[30]:= vars {rqa" " [t1, ro" " [t], r3" " [t1};
deps = {rq[t1, ra[t], raftl};
Print [MatrixForm[Transpose [Li st [vars]]], "+",
Mat ri xForm[a], MatrixForm[Transpose [Li st [deps]1]11;

(ri)”[t]) (13.6413 0 0 \(rift]
[(fz)”[t} +[ 0  10.1254 0 rzm]
(ra)”[t] 0 0 9.8/ \raft]

Now convert the | C from @ (t) spacetor (t) space

npsi= | initiale={Pi /74, Pi /2, Pi /4};

1
initial R=Transpose [ei gvect ]. Matri xPower [massl\/atri X, —]. initiale// Chop
2

out[36]= ‘ {-0.670986, -0.610119, 2.5651}

in[371:= | initial eDot {0, 0, 03};

i nitial RDot

1
Transpose [ei gvect ]. Mat ri xPower [massMatri X, —]. i nitial eDot
2

out[38]= ‘ {0., 0., 0.}

Now solvether (t) system

nfa21= | eq=rq"" [t1+A[[1, 11]ri[t] =O;
solrl =

First [DSol ve[{eq, r1[0] ==initial R[[1]], r1' [O] ==initialRDot [[1]11}, raft], t11;
Print ["ro[t]=", solrl =rq[t] /. solrl]

rq[t

=-0.670986 Cos [3. 69341t ]

nasl= | eq=r2" " [t]+A[[2, 2]1]r2[t] = O;
solr2 =

First [DSol ve[{eq, ro[0] ==initial R[[2]], r2' [0] ==initial RDot [[2]]}, ra[t], t11;
Print ["ro[t]=", solr2 =r,[t] /. solr2]

r,[t]=-0.610119 Cos [3. 18205t |
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ng= | €q =r3" " [t]+A[[3, 311 rs[t] =0;
solr3 =
First [DSol ve[{eq, r3[0] ==initial R[[3]], r3' [0] ==initial RDot [[3]11}, ra[t], t11;
Print ["ra[t]=", solr3 =r3[t] /. solr3]

rs[t]=2.5651 Cos [3.13051t ]

Now convert solution fromr (t) to 4 (t)

in[s1:= | MatrixForm[sol @ =invMassMatri x. ei gvect. {{solrl}, {solr2}, {solr3}}]

Out[51]//MatrixForm=

1.0472 Cos [3.1305t ] +0. 272441 Cos [3. 18205t ] - 0. 53424 Cos [3. 69341 t ]
1.0472 Cos [3.1305t] +0.236978 Cos [3.18205t ] + 0. 28662 Cos [3. 69341t ]
1.0472 Cos [3.1305t] - 0.248799 Cos [3. 18205t ] - 0. 0130001 Cos [3. 69341 t ]

2= | sol el =sol e[[1]1];
sol e2 =sol e[[2]];
sol 83 =sol e[ [3]1];

Now plot the solutions

nssi= | Print ["ep1[t]=", solel =First [Sinplify[Chop[ExpToTrig([solel /. values]]1111;

61 [t ]=1. 0472 Cos [3. 1305t | + 0. 272441 Cos [3. 18205t ] - 0. 53424 Cos [3. 69341 t ]

insel= | Print ["ex[t]=", sole2 =First [Full Sinplify[Chop[ExpToTrig[sole2 /. values]]]11];

62t ]=1. 0472 Cos [3. 1305t ] + 0. 236978 Cos [3. 18205 t | + 0. 28662 Cos [3. 69341 t ]

nis7= | Print ["es[t]1=", solé3 = First [Sinplify[Chop[ExpToTrig[sole3 /. values]1111;

03[t ]=1. 0472 Cos [3. 1305 t | - 0. 248799 Cos [3. 18205 t ] - 0. 0130001 Cos [3. 69341 t ]
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inse:= | Plot [{sol el, sol &2, sol &3}, {t, 0, 10}1]

Out[58]=
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